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1 Divergences and divergence statistics

Let M (k) be the simplex of all discrete probability distributions P = (p; : 1 < j < k)

and
A an

Po= (52 22 1< <) )

a statistic based on the multinomially distributed observations

X, = (X, :1<j<k)~ Multy(n, P,)
for
Po=(pnj:1<j<k)eM((k), n=12,... (2)

If the distributions P, are unknown, then it is often important to decide whether the
uniform hypothesis

H:P,=U2(1/k:1<j<k)eM(k), n=12,... (3)
holds or not. The decision is usually based on the value of one of the ¢-divergence statistics
Ty =Tyn = 2nDy(P,,U) (4)

where on the right is the ¢-divergence of the empirical distribution P, and the hypothetical
distribution U corresponding to a convex function ¢(t), t > 0 with ¢ (1) = 0 and with
¢ (0) defined as the limit for ¢ | 0. For arbitrary distributions P = (p; : 1 < j < k) and
Q= (¢;:1<j<k)e M(k) the ¢-divergence Dy(P, Q) > 0 is defined by the formula

Dy(P,Q) = éqj ¢ (z—) (5)

(for details about the definition (5) and properties of the ¢-divergences, see [9] or [12]).

Next follow several simple but important examples from the class of f,-divergences
Dy, (P, Q) defined for all real a € R in accordance with (5) by the convex functions ¢ = f,,
given in the domain ¢ > 0 by the formula

||

falt) = s 1) (2*7 Mt +1) — (#/*+1)*)  when a#0,1 (6)



and by the corresponding limits

folt) =[t=11/2, (7)
fi(t) =tlogt+ (t +1)log Hil’ log = log, . (8)

The subclass of these functions for nonnegative parameters o > 0 was introduced in [10]
where it was proved that all corresponding f,-divergences define metrics (Dy, (P, Q)™
on the space of probability distributions M (k) for appropriate powers 7(«) > 0 (in fact,
the f,-divergences were introduced and their metricity was proved for the probability
measures on arbitrary measurable space).

Example 1. By (6),

(t—1)*
2(t+ 1) )

The f_;-divergence is called LeCam divergence because it first appeared in [8]. By (5),

faa(t) =

2
k Pi _1q k 2
1 <q- > I (pj—4)
C (P, = = E At = E e 10

The metricity of the square root (LC (P, Q))"? was proved in [7].

Example 2. The function 2fy(t) = |t — 1| (cf. (7)) defines the variational distance

B = el o 1)

which plays an important role in information theory and mathematical statistics (cf. [1]
or [3]).

Example 3. The metricity of the square root (Dy, (P,Q))"? for the fi-divergence given
by the function (8) was established independently in [10] and [2]. In [4] this metric was
further investigated and was shown to be of the negative type, which means that it admits

an isometric embedding into a Hilbert space. Authors of [4] also coined the name Jensen
Shannon divergence for Dy, (P, (). By (5) and (8),

Pie iy 2
1 1)1 12
Z%( g2 (J+ )ogp]H) (12
2(]j
= p; log +qlg >
Z(j T pit g

Example 4. By (6),
falt) = (1 — VP



The function 2f5(t) defines so-called Hellinger divergence taking in accordance with (5)
the form .

H(P,Q) =2 Z (13)
We shall refer to it later.

In (5) is often taken the convex function ¢ which is one of the power functions ¢, of
order a € R given in the domain ¢ > 0 by the formula

t—alt—1)—1

ba(t) alo—1) when a(a—1) #0 (14)
and by the corresponding limits
do(t) = —Int+t—1 and ¢(t) =tlnt—¢+1. (15)
The ¢-divergences
Da(P.Q) £ Dy, (P.Q), a€R (16)

based on (14) and (15) are usually referred to as power divergences of orders a. For
details about the properties of power divergences, see [9] or [12]. Next we mention the
best known members of the family of statistics (4), with a reference to the skew symmetry

D.(P,Q) = D1_.(Q, P) of the power divergences (16).

Example 5. The quadratic divergence (also called x?-divergence)
k

Z (pj - %)2 (17)

PR

N | =

Dy(P,Q) = D1 (Q. P) =

leads to the well known Pearson and Neyman statistics

k

k
(Xn; — ng;)° (Xnj — ng;)*
T2 = TQJ’L = Z n—q] and T_1 = T—l,n = Z X—n]

j=1 j=1
The logarithmic divergence
Dy(P,Q) = Do(Q, P) Zp] 1n (18)
leads to the log-likelihood ratio and reversed log—hkehhood ratio statistics
Xnj na;
Ty=T,= 2ZXW In =" and T =Ty, = 2ng; Zln (19)
ng; nj
Jj=1 Jj=1

The symmetric Hellinger divergence Dy /5(P, Q) = D1/2(Q, P) = H(P,Q) given in (13)
leads to the Freeman—Tukey statistic

2
T1/2 = T1/2,n = < 1/2 nqj 1/2> . (20)
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Remark 6. Metric divergences Dy(P, Q) must be symmetric in P,). The symmetry
condition is

to(1/t) = d(t), t>0 (cf [13] or [9]). (21)

The metric divergences Dy, (P, Q) from Examples 1 - 4 can be obtained by the sym-
metrization of some ¢-divergences Dy(P, Q) based on the formulas

Dy(P,Q) = Doy (P, (P+Q)/2) and  Dy(P,Q) = Dy (Q, (P +Q)/2) (22)

for the convex functions

2—u

f(w) = (2 -u) (ﬁ) and £ (u) = ug ( ) L O<u<2 (23

(cf. (9) in [13]). This leads for every convex ¢(t), t > 0 to the inverse formulas

Dy(P,(P+Q)/2) = Dyoy(P,Q) and  Dy(Q, (P +Q)/2) = Dy (P, Q)

where

¢(1)()1+t¢<1+t) and ¢(2>()1+t¢<1it) t>0 (24)

are the convex functions functions studied previously in [13] and [14]. As a result we get
the symmetrized version of arbitrary ¢-divergence

Dy(P, (P +Q)/2) + Dy(Q, (P + @)/2) = Dyasa (P, Q) (25)

for the convex function

o2 (1) = ¢V (t) + ¢(t), t> 0. (26)

Since it holds
D/t) =P (1) and 19 (1/1) = ¢!V (1), (27)
the symmetry condition (21) holds for ¢"+2)(¢) as it is expected.

Example 7. By definition, for the total variation f, = fol f02 so that the symmetrized
total variation is the total variation itself. For the symmetric Hellinger dlvergence the
corresponding povver function ¢,/ leads to new symmetrized function gbl /2 ) with the

corresponding qﬁ 1/ dlvergence different from the Hellinger divergence. Therefore the
symmetrized Hellinger divergence is not the Hellinger divergence itself. For the quadratic
power function ¢ of (14) it holds <b21+2 (t) = f-1(t) where f_1(t) was defined by (9).
Therefore the LeCam divergence is nothing but the symmetrized Pearson divergence.

Remark 8. If the original ¢-divergence is symmetric then its symmetrized version may
be identical (e.g. the total variation) or not identical (e.g. the Hellinger divergence).
Similarly, the symmetrization may preserve an already symmetrized divergence (see again
the total variation) or it may change it (see e.g. the symmetrization of the symmetrized
Pearson divergence).



2 Consistency of ¢-divergence statistics

Let us consider testing of the hypothesis H of (3) by means of some power divergence
statistic Da(pn, U). This testing is based on the assumption that the alternative to H
is detectable by D, (P,,U) in the sense that the values of the statistic significantly differ
when H is true from the case where the alternative characterized by (2) is true. For
brevity we denote this alternative by the symbol A (we say "under H" when H is true
and "under A" in the opposite case). If the alternative A and the hypothesis H are to be
logically exclusive then at least one of the distributions P, in (2) must be nonuniform.

If D, (P,,U) approximates D, (P,, U) well for large n in the sense that the difference
Do(P,,U)— Dy (P,,U) tends stochastically to zero, then the above mentioned detectabil-
ity is achieved if under A the nonnegative sequence D, (P,,U) has a positive limit since
under H this sequence is identically 0. This motivates the following definition. In this
definition, and in the rest of the paper, we admit that & = k, depends on n in a non-
decreasing manner with k£, — oo but the subscript n is dropped in the sequel.

Note that unless otherwise explicitly stated, the convergences are in this paper con-
sidered for n — oc.

Definition 9. We say that the statistic D¢(]5n, U) is consistent if the alternative is de-
tectable in the sense that there exists 0 < A < oo such that

Dy(P,,U) — A wunder A (28)
and

Dy(P,,U) 250 under H, (29)

Dy(P,,U) 25 A under A. (30)

Note that the test rejecting H when T}, = 2nD¢(Pn, U) exceeds a critical value z,, > 0
is consistent if the statistic Dy (P, U) is consistent in the sense of the present definition.
Indeed, (29) implies that the significance level (probability of the wrong decision under
H)

s = P(T, > 20 | H) = P (Dy( P, U) > - H) (31)

preserves a fixed level between 0 and 1 only if z,,/n — 0. However, then (30) implies
that the test power (probability of the correct decision under A)

T = P(L, > 3, | A) = P (Dy(P,U) > T

A) (32)

tends to 1 which means the consistency of the test.

The importance of consistency of the power divergence statistics for conclusions about
their relative Bahadur efficiencies was investigated in [6]. The present consistency defin-
ition is strictly weaker than the one considered in [6] and [11] (dealing only with a@ = 1
and a = 2) where (29) was replaced by E (Da (]5”, U) | H) — 0. To this end we show
in the next example that this stronger consistency holds for a > 3 only if

n



while later we prove that the present weaker consistency holds for all o > 2 already if
n/(klogk) — oo.

Example 10. For a = 3 we get

RE S 6] -1
6

ED, (ﬁn, U> - (34)

where
P2 =p3; + 3p2; (B; — Puj) — 305 (Bj — Pug)* + (B; — Py)” - (35)
Therefore

A K2p3 — 1 k2 s (3E (B — puy)® )
eon (7)== 3 (B )

=

Since p,; = 1/k under H, we get

E(Ds (PU) 1) :%i (3(1_iék)/k+ %(1_1/1{2(1_2%)) (36)

j=1

R /1 1) k-1

~ 6n < k k3)  6n
7j=1

Hence E (Dg(Pn, U) | H) tends to zero only if (33) holds.

In Section 3 we need the following auxiliary result.
Lemma 11. For0<x<1,0<y<1and1l < a <2 it holds
|y —a® < arHy — a4+ (a = 1)a* P (y — )’ (37)
Proof. Since (o — 1) 22 (y — z)? is nonnegative, it suffices to prove
y* > 2% + o (y — o) (38)

and
Ty —a) + (o -1 (g - o). (39)

But (38) is evident since the function y — y® is convex. We shall prove that the
function

y* <x% 4 ax

Fly)=y* = (¢ + a2 (y —2) + (a = ) a* 2 (y — 2)°) (40)
is non-positive on [0, 1]. First we observe that f(0) = f(1) = 0. By differentiating f (y)
we get

' (y) = ay* - (ozxo‘_l—i—(a —1)z*722 (y—x)) =ay* ' (a—2) 2 H(2-2a) 27y
(41)



so that f’(z) = 0. Differentiating once more we get
ffy)=ala=1)y*?+2-20)2° = (a—1) (ay* > — 22°77). (42)

Thus f"(y) > 0 for y < z, 2 (a/Q)ﬁx and f"(y) < 0 for y > z,. Since z, < x and
f(y) is concave on [z,,1], it is maximized on this interval at y = x where f(z) = 0.
Thus f (y) < 0 on this interval and in particular f(z,) < 0. This together with f(0) =0
and the convexity of f (y) on the interval [0, z,] implies f (y) < 0 on this interval. This
completes the proof of the non-positivity, i.e. the proof of (39). m

The main results of this paper are two general consistency theorems. One of them,
formulated for ¢-divergences, is given in this section. The other one, formulated for power
divergences, is given in the next section. We start with some simple particular results
useful in the proofs of general results, which however might be also of independent interest.

Theorem 12. If the detectability condition (28) holds and

% — 00 (43)
then the Pearson divergence Dy(P,,U) is consistent.

Proof. Since

n n
it is obvious that
i k
E n 1
ED2<PH’P>:Z (P; — Pny)” <> -- (45)
=1 Pn, nj 7j=1 n

Theorem 13. If the detectability conditions (28) and (43) hold then the variational dis-
tance V(P,,U) is consistent.

Proof. Variational distance is a metric so that
V(B U) = V(P U)| < V(P ). (46)

By the Cauchy—Schwarz inequality,

pip? (47)

_1JJ




Hence » . 12
EV(P, ) < (ED; (P P)) < <5) . (48)
| ]

As well known, the right derivative ¢  of the convex function ¢ exists and is non-
decreasing. Define

&, (00) = Jim &, (1), (19)

Remark 14. It is easy to verify that a continuous convex function ¢ : [0;00] — R is
uniformly continuous if and only if ¢, (c0) < oo. Notice that the condition ¢(0) +
¢ (00) < oo is weaker than ¢(0) + ¢*(0) < oo where ¢*(0) is continuous extension
of ¢* (t) = te(1/t) to t = 0 because for every 0 < ¢t < 1

P*(t) =t

7 S (1/1) < ¢ (00). (50)
As proved in [13] (see also [9]), ¢-divergences take on values between 0 and ¢(0) + ¢* (0).
Hence the ¢-divergences with uniformly continuous functions ¢ are bounded but in the
reversed direction this statement is not in general true. It is true e.g. if $(0) < 0 and the
symmetry (21) takes place.

Theorem 15. Let ¢ : [0;00[ — R be uniformly continuous. If the conditions (28) and
43) hold then Dy(P,,U) is consistent.

Proof. First assume that ‘gb’+ (0)| < 00. Then by convexity of ¢ we have ¢/, (0) < ¢ (1) <
¢ (o00) for all x. Define A\ = max{‘(bﬁr (0)| : |ngr (oo)|} Then ¢ is Lipschitz with the
Lipschitz constant A , i.e. |¢(t) — ¢ (s)| < |t — s for all ¢, s > 0. Then

k 1 A~ k 1 ‘
Du( ) = Do) = [ 10 (8) - X 7o () 51
=1 =1
oy () (2
- =k 1/k 1/k
A B
TSk |k 1k
=V (P, P,).
Therefore 12
E]D¢<PR,U>—D¢<PR,U>\ < SEV(P, Py) s5(§> . (52)

If ¢, (0) = —oo choose some t; > 0 and define

. o (t) for t > ty,
o (1) _{ ¢ (to) + ¢, (to) (t —to) for t < ty. (53)

Then
0<o(t)—¢" (1) <9 (0)—¢"(0) (54)

8



and

0< Dy (P,Q) — Dy (P,Q) < ¢(0) — 9" (0). (55)
The function ¢* is Lipschitz with the Lipschitz constant max{|¢’+ (mo)} o (oo)} . This
implies that

X e\ /2
E [ Dy (P, U) = Dy (P, U)| < max{[9), (t0)], o, (o0) } <ﬁ) . (56)
Therefore
N L\ /2
€ [Dals ) = DR )] £2(6(0) — 07 (0) + max (|, )] &L )} (£) 67
and
limsup E|Dy(P,.U) = Do(P, U)| < 2(6/(0) =" (0)). (58)

This holds for all £y > 0. The result follows because ¢* (0) — ¢ (0) for tgo — 0. m

The functions f,(t) defined by (6) - (8) are continuous in 0 < ¢ < oo and differentiable
at ¢t > 0 different from 1 with the derivatives

s e 0 =0
o) =\ iy (27— ) when 0 20,1 i
log2—log%, when o = 1.

By the symmetry condition (21),

fa(t) =tfa(1/t), t>0. (60)
Thus at the differentiability points

!

, 7t
£.(0) = falajp) - 22000, (61)
Together with the above given formulas for f,(¢), this implies
fo(o0) =1, when a=0;
fa(0) = % : 2“;_11_1, when a #0,1 ; (62)
log 2, when o = 1.

Hence we see from Remark 14 that all functions f,(t) defined by (6)—(8) are uniformly
continuous. Hence all f,-divergence statistics are consistent if n/k — oo. The above
directly studied total variation statistic as well as the Le Cam, the Jensen Shannon and
the Hellinger statistics are consistent if n/k — oo. Similarly one can prove that all ¢-
divergence statistics defined by the symmetrized ¢-divergences are consistent if n/k — oo.
However, the above studied Pearson statistic as well as the important log-likelihood statis-
tics are not in this class, and thus their consistency is not covered by the previous general
theorem. The general theorem presented in Section 3 is thus an important complement
of what is established in this section.



3 Consistency of power divergence statistics

In this section we study the consistency of the class of power divergence statistics D,, (Pm U),
a € R, a # 0. We consider the corresponding versions of detectability and consistency,

D.(P,,U) — A, under A (63)
and

Do(P,,U) 250 under H, (64)

Da(f’n, U) L, A, under A. (65)

The main result of the paper is the following theorem.

Theorem 16. If detectability condition (63) holds then Do(P,,U) is consistent provided

n
a<0 and m — OQ, (66)
or
0<a<2 and %—>oo, (67)
or
n
a > 2 and (68)

klogk

Proof. Let a € R be arbitrary fixed. Under H we have D, (P,,U) = D,(U,U) = 0. Hence
it suffices to prove
|Agn] > 0 under both H and A (69)

for Ay, = Da(pn, U) — D,(P,,U). For simplicity we skip the subscript n in the symbols
P,, P,, i.e. we substitute

Po=P=(p;:1<j<k), P,=P=(p:1<j<k). (70)

This leads to the simplified formula A,, = Do(P,U) — Do(P,U). We can without loss
of generality assume that D, (P,U) is constant not only under H (where the constant
is automatically 0) but also under A (where the assumed detectability implies only the
convergence D, (P,U) — A,). In other words, this assumption says that for all n =

1,2, ..
Z% (%)a -1 1 a—1 : (e
ala—1) - ala—1) (k jz_;pj B 1) (1)

under both H and A. Obviously, A, = 0 under H because then P = U 2 (1/k, ... ,1/k)
and 0 < A, < oo under A. Therefore it suffices to prove (69) for

A, =D.(PU) =

Agm = Do(P,U) — A,  with A, given by (71). (72)

If o # 0,1 then (71) leads to the useful formula

10



ij [Aja(a—1) + 1]k (73)

In the proof we treat the following cases separately :
ira<0, ii:0<a<l1, ii:a=1, iv:1<a<2, and v: a>2.
Case i: a < 0. The distribution of the random variable X; = X,,; appearing in
(1) is approximately Poisson, Po (np;), so that
P(p; < bp;) = P(X; < bnp;) < exp{—D1 (Po(bnp;), Po(np;))}.
But

bnp;
Dy (Po(bnp;) , Po(np;)) = bnp;log ——= ", + npj — bnp; =ngy (b) p;

J

for ¢, defined in (15). Therefore the probability
uys é P (UjEnj) (74)

of the union of events E,; = {p; < bp,} is upperbounded by

k

Z exp{—n¢1 (0) pj} < kexp{—n¢; (b) Pmin}

j=1
where, by (73),
Puin > ((Aac (@ —1) +1) klfa)l/a =[Aja(a—1)+ 1]1/a -a)/a (75)
Consequently,
m, < kexp {—ngbl () (Apa (o — 1) + 1)1/04 k(l—a)/a}

= kexp {‘#(ﬁl (b) [Aacr (a0 = 1) + HW}

= exp {lng’ <1 - k‘11/+logkj¢l (b) [AaOé (OZ - 1) + 1]1/a) } .

From here we see that assumption (66) implies the convergence m, — 0. This means
that it suffices to prove (69) under the condition that the random events U;E,; do not
take place, i.e. that

p; >bp; forall 1<j<k. (76)

This is done in the next paragraph.

The second order Taylor expansion of y* gives
Y =1+ a2 (y—2) +ala — 1) ¢ (y— o) /2 (77)

11



for ¢ between x and y. Therefore

ly* — 2| < ax* Ty —al+ala - 1) (y —2)° /2 (78)
<ar® 'y —z|+a(a—1)max {z° %y} (y - z)? /2.

First we note that z — x® is convex so that y® > 2 + az® ! (y — x) . Thus we get

DQ<P,U>:Z%(<%> _1>= ! (ﬁ—?—l) (79)

ala—1) ala—1) k1«

1 pe 4+ apf (b — pj)
> 1

>pi (B — p))
= Bat (v — 1) kl-«

(cf. (73)).

Under (76),

165 =051 < ap§~H1p; =yl + @ (@ = Dymax {p§ 2,552} (B — )’ (80)
< ap§ Py — pil +a(a = 1) b2 (B — py)*.
By inserting this in (72), using the Schwarz inequality and applying (73) we obtain

a—1 |~ o— o= N 2
ij 1|pj_p‘ b 221% 2(pj_pj)

Aol < 81
Al (v —1) kl= ala—1) k- (81)
()" @i -nn”
b S +b°“22p§"2(ﬁj—pj)2
- (v —1) k= ala—1) k-«
a-2 (x 1/2 a2 [
LT PV VSl 9Y o/t ) R D DY 2/ Rt )
(a—1) fi-a ala—1) fi-a '
Since .
a2 (n pi T -p) _ X
EY 05y )’ = = < = (82)
j=1
we see that under (76) the desired relation (69) holds if
a—1
%1]_)] — 0 under both H and A (83)
*n
follows from assumption (66). Here
o < kpl) (84)

a—1
<k ([Aa (a _ 1) + 1]1/a k(l—a)/a) (cf. (75))
= [Aa (a — 1) + 1](04*1)/04 kl_(@—1)2/a.

12



Therefore
21 Ja

Yo [Aa(a—1) 1]V poone 1/
< - - .
i, < A [Aa(a—1)+1] - (85)

Since the right hand side tends to zero under (66), we see that (83) is valid.

Case ii: 0 < a < 1. It is easy to check that in this case the function ¢, (t) given
in (14) is uniformly continuous so that the desired consistency follows from Theorem 15.

Case iii: o = 1. This case was treated in [6]. For the sake of completeness we
repeat the argument here. By (72),

k k
L 1
= (p;logp; — p;logp)) Zpg 10g =N (p; — pj)log — (86)
j=1 j=1 Pj
so that
i 1
|A1n| < Di(P,, P,) Z — P 1og]7 : (87)
7=1 J
Since Dl(ﬁ’n, P, < 2D2(I5n, P,), it holds
i 1
E|Ayn| < 2EDy(P,, P,) Z — p;)log —|. (88)
=1 pj

Let X; = X,,; be the observations introduced in (1) and Cov (X}, X;) and Var (X;) their
covariances and variances. Then, using Jensen’s inequality, the last term in (88) can be
bounded as follows:

1/2

e

k 2
) 1
<|E [Z (p; — ;) log p—j]

Jj=1

) 1
(Dj — pj) log —
Jj=1 Pj

i 1/2
= Z log p; log p;Cov (ﬁwﬁj))

ij=1
1/2
Cov (1, 1)
- :

= Z log p; log p;

i,7=1

Further,

Cov (725, 105) i o Var (1;) Cov (715, 1)
1 1 Z—“ I — 1 i 1 1 ; iy 'l
E og pjlogp ;1 (log p:) +) "logp;log p; —

n? n2
=1 i#£]

np; p 1 1
<D (logp)*h+ ) logpilogpi——5t =~ plogp; + — (ij 10gpj) . (90)
=1 =1 =1

i#]

13



The function 2 — xIn®z is concave in the interval [0;e~!] and convex in the inter-
val [e71;1]. Therefore we we can apply the method of [5, Theorem 3.1] to verify that
Zle pi (Inp;)? attains its maximum for a mixture of uniform distributions on / and [ — 1
points for some [ < k. For [ > 2 we have

i L1 1 llog?1
2 2 . 2
;lpilog pi <) ;T <7> = S <210k (91)

Inequality 91 trivially holds for [ = 1. The sum Zle pilog p; equals minus the entropy,
which has maximum log k. By combining (88), (89) and (90) we get

9 1 2 1/2
EAL < _k <3 o8 k) | (92)
n

Under assumptions (67) the right hand side tends to zero so that the desired relation (69)
holds.

Case iv: 1 < a < 2. Here we get from (72)

afl k
Aa,n Oé — 1 Z pj - p] (93)
j:l
so that Lemma 11 implies
kafl k L ) 9
[Aan| < ala=1D) > (et by — pil + (= 1) pi > (B — py)?) (94)
j=1
2\ 2 1/ 2 2\1/2
(S6)) Sme-0)" e
< o
- (v — 1) kl« * o' ;pj

Employing the expectation formula (82) we see that under condition (76) the desired
relation (69) holds if (83) follows from assumptions (67). To prove the latter take into
account that the function x — 2! is concave and thus the Jensen inequality implies

k k a—1
a—1 pj _ 12—«
ij §k<zz> = ke, (95)
7j=1 7j=1

Therefore ) ,
. ke k
20 . (96)

kl—an — kl-ap  n

so that (67) implies (83).

Case v: « > 2. Here A, , is given by (93) as in the Case iv. Similarly as in (77),
we use the Taylor expansion

Py =05 +apf P —py) + ——— a(&_l) £72(p; —py)” (97)
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where §; is between p; and p;. We need a highly probable upper bound on p;. For this

choose some number b > 1 and consider the random event
Enj(b) = {p; = bmax{p;, 1/k}}.
We shall prove that under assumptions (68)
(b)) 2 P (U;Epy (b)) — 0.

Obviously,
m,(b) <Y P (p; > bmax {p;, 1/k})
J

< Z exp{—D; (Po (bmax {np;,n/k}), Po(np;))}

J

= Zexp {=D; (Po(bn/k),Po(n/k))}

bn/k

= kexp{— (bn/k:log ok +n/k— bn/k:)}
= kexp {_M} _ lnei(b)/(klogh)

k

(98)

(99)

for the function ¢; (b) > 0 introduced in (15). Assumption (68) implies that the exponent
in (99) tends to — oo so that (98) holds. Therefore it suffices to prove (69) under the

condition that the random events U;E,, ;(b) fail to take place, i.e. that
p; > bmax {p;,1/k} forall 1<j<k.

This is done in the next paragraph.
Under (100) it holds &; < {bp;,b/k} and, consequently,

ba—2

&7 < (max {bpy, b/ SV 4

However, (97) together with (101) implies

(@ — 1)b? (

Ao a a—1 A o
|pj_pj|§04pj 1D — pil + 5

Hence, under (100) A, , is bounded above by

n

o— 1 n
P+ kw) (; — p)*.

(100)

(101)

(102)

ke a-1s ala -2 [, 1 - 2
“la 1) > (apj pj — pil + 5 (pj + kw) (p; — p;) ) . (103)

Jj=1
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Using Jensen’s inequality and the expectation bound (82), the mean value of (103) can
be upperbounded by

a1\ 1/2 ok
ala- DAL (To " e & 1\
a(a—1) kl—i‘n + 2 Z Pj i La—2 E (5 —p;)’]
i=1

1/2
Jlote= A+ (ST et 1
- ala—1) kl—en 2 bi ko2 ) n

J=1

1/2
Clae—A+1? (X / L ket yh pe! Lk
B a(a—1) ki-en 2 n 2n

We see that under (76) the desired relation (69) holds if (83) holds under assumption
(68). By Schwarz inequality and (75),
a—2
k k s k a1
Doyt =D () < (ijp}”‘l) (104)
j=1 j=1

J=1 =

ECNTT fa(@—1DA+1\ T (ala—1)A+1)ET
= ;p] S kafl - ka72

so that the validity of (83) under (68) is obvious and the proof is complete. =
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