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Summary

For a system of hyperbolic conservation laws, such as the Euler equations of
compressible flow, in this paper we give an outline of the theory necessary to
derive first and second-order accurate discretisations on a structured, adaptive
finite-volume mesh. The mesh is constructed so that the equations can be
defined on a rather arbitrary domain. and the usual nonlinear multigrid tech-
niques can be used for the solution of the discrete system. During the solution
process the mesh can be adapted to the solution and to the accuracy of the
discrete equations. This requires a sufficiently accurate estimate of the local
truncation error.

After formally introducing the geometric structure and notations, we discuss
the discretisation and we study the various contributions to the local discreti-
sation error. Emphasis is put on the discretisation involving the interfaces
between the coarse and the fine parts of the grid. Our analysis leads to a small
set of requirements, to be satisfied in order to attain a discretisation which is
first or second-order accurate (in a sense that will be specified) with respect
to the mesh size of the partitioning. Then interpolations are presented which
satisfy these conditions.

1 Introduction

In this paper we describe the discretisation of a system of steady conservation laws in two
space dimensions, using a finite volume discretisation with a structured, locally refined
partitioning of the domain of definition.

We consider a system of d conservation laws, defined on an open domain Q C R?, with
g:0—R%s:Q—RY fg:RY— R? given by

df(q(z. dg(g(z.
f(qa(l: v) g(aé(); v) _ s(z.y), (z.y) € Q. (1.1a)

supplemented with appropriate boundary conditions.
For the discretisation we introduce a partitioning of 2. The partitioning forms, pos-
sibly after a smooth coordinate transformation, a set of regular quadrilaterals, called
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the grid. In transformed coordinates. the locally refined grid is composed of a sequence
of nested grids. where each grid is a regular partitioning of a subdomain of . In non-
transformed coordinates. the union of all quadrilaterals is an approximation of the domain
of definition.

Each quadrilateral of the grid is used as a control volume on which the system of
conservation laws. integrated over the control volume. is approximately satisfied. This
leads to a discretisation of a weak formulation of problem (1.1).

The error in the approximation of the weak formulation consists of contributions from
the various steps in the discretisation. The first step is the approximation of the domain
by the partitioning. This approximation has consequences for the accuracy of the discrete
equations defined for quadrilaterals along the boundary of the domain and for the “coarse-
grid” approximation. The approximation of the weak formulation for each quadrilateral
involves the approximation of the mean flux per unit time and ‘area’ across each side of
each quadrilateral. The next step is the approximation of the mean flux across the sides
of the quadrilaterals by the flux at the mean state at each side of a face Finally the state
at the cell face is approximated from the discrete data (the available numerical solution,
a cell-wise constant function). The flux may be evaluated in an upwind fashion, where
each approximated flux depends in an upwind biased sense on the discrete data.

The numerical solution itself approximates the mean of the exact solution of (1.1) over
each cell. Hence. with each cell is associated an approximation of the mean value on the
cell of the solution of the continuous problem. This is the so-called cell-centered approach.

The decision where to refine a given composite grid (or to remove a refinement), may be
based on the local discretisation error. Therefore we study the a-posteriori estimation of
the local discretisation error. However. refinement should not be based solely on the local
discretisation error. Apart from a sufficiently accurate discretisation scheme. an accurate
solution requires that the grid provides sufficient resolution. Resolution of the grid is
measured by the derivatives of the exact solution, as approximated by the numerical
solution. The grid should therefore also be refined on the basis of solution gradients.
For the equations associated with cells near discontinuities in the solution, an estimate
of the local discretisation error is superfluous, since the grid will be refined due to the
approximations of the large gradient in the solution. For the smooth part of the solution
an estimate of the local discretisation error may be obtained with sufficient accuracy and
can be used in a refinement strategy.

In the neighbourhood of fine-coarse grid interfaces, by nature, the discretisation scheme
used is different from the one used elsewhere. Estimating the local truncation error in such
a situation by means of extrapolation techniques, (as in T-extrapolation, (3, 5]), requires
a careful treatment of the various contributions to the local truncation error. Here we
carefully consider these contributions, with emphasis on their accurate estimation.

2 The geometric structure

We study a system of conservation laws. defined on (2, with boundary conditions on
90 C Q, where Q1 denotes the closure of Q. We assume that a rectangular domain @ C R2
exists and a sufficiently smooth surjective mapping M : Q@ — {3, which is also injective in
the interior . The mapping is a transformation of the Cartesian coordinates in Q, the
computational space, into Cartesian coordinates in {7, the physical space.

As the system of conservation laws is discretised by a finite volume method, a regular
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rectangular partitioning of 2 is introduced. consisting of disjoint rectangles. This defines
a partitioning of Q, through the mapping M. A rectangle in the computational space (2,
as well as its image in (. is called a cell. The partitioning is called the grid.

We consider grids on different levels of refinement. A level of refinement {, with
l=012--.isa regular partitioning, denoted by QL of a subdomain in €, and a
surjective mapping M" : : Q@ — . injective in the interior (. We use the notation
Q' = M'(Q') for an image under the mapping M. For the image Q! of O under M!, and
the hull € of all images of Q under the sequence of mappings { M*},cz, we use the notation

Qb= MY(Q), and Q=0 (2.1)
!

A mapping M' is associated with level of refinement [ and is an approximation of M.
Generally we take M' so that it maps a cell vertex from the partitioning Q! to the same
point in R? as the original mapping M does. Then in the sequence of mappings {M'}cz,
M approaches M as | — co. Hence, if Q! = Q, then @ is an approximation of Q.

Since the partitioning of 2 on a level | is regular quadrilateral, each cell on level [ can
be denoted by Q C . The set I of indices present in the approximation is

I={(i.5:) € 2° | 30}, Q.

The grid on level [ is
L= {1 G el}

By the regularity of the partitioning each cell on Q' has either none or only one neigh-
bouring cell at each side, residing at the same level. A cell Q! ; j 1s the northern neighbour
of Qf;_; and the eastern neighbour of Q!_, ;. provided (4,5 — 1,1), (i — 1,5,1) € I. The

boundary BQ C Q’ consists of the four cell faces of the cell, identified through their
relative locations by BQ,J ko k€ D, and 0Q%; = Urep 09 ;, where D = {N, E, S, W}.

Refinements of a cell Q‘ are the cells obtained by subdivision of the corresponding
cell Q’ in the computatlonal domain into 2 x 2 smaller cells of equal size. By applying
the mappmg M to these refinements in the computational domain, we construct the
refinements in the partitioning of the physical domain. Except for cells on the coarsest
grid, each cell is one of the four descendants of a cell on the coarser grid. The coarse-
grid cells on ' and the fine-grid cells on Q! are coexistent (i.e. when cells appear on
QU1 the corresponding coarse-grid cells remain part of Q). A cell on the coarser grids is
called parent and its descendants are called its kids. In this way all cells in the geometric
structure belong to a quad-tree structure.

For the smallest integer coordinates on the coarsest grid, Q°, without loss of generality
we take? =0and j = 0. The mteger coordinates of a cell on Q’“ are so that the kids of Q’
are denoted by Q'qﬂ], Q‘zﬂ_l 2 QbF by 2 i1 and qu 41.2j+1- A cell vertex in the physical domam
is P!; = M'(& .7} ,), where, without loss of generality, P}, = (¢! L) = (274,27Y).

In this paper. functions, function spaces and subdomams defined for the computational
domain are identified by a tilde on the same symbol used for the physical domain.

2.1 The sequence of grids

The geometric structure described so far, is used for multigrid computations on a locally
refined grid. The grid Q% on some basic level I, > 0 covers all M*(Q). The grids !,



! > lp, are adaptively constructed during the computation, when it is decided that cells
should be refined or refinements should be deleted, depending on the computed solution.

where L is the highest level present. Thus. the cells on grid !, I > [, typically do not
cover all of the domain 2. Therefore. the grid ' = Q% U QL consists of a part £} of which
the cells have been refined (for which kids exist on level [ + 1) and a part Q! with cells
that have not been refined (without kids). The set of all non-refined cells is called the
composite grid )., defined by
L
0= o
I=ly
Further, we define sets of indices associated with the different grids and parts of grids
by I' = {(3,5) € 2| (i.;l) € I}. [} = {ij) e I'| Q; € Q’ﬁ, Iy = {(i,j e I'|
(i,7) €T }} For practical purposes we also introduce K, defined by

K(i,§) = {(20.25). (20 + 1.2j), (20.2j + 1), (2 + 1.2 + 1)} (2.2)

The boundary 99 on level | is 8Q' = boundary of U jjen @J_ Following [14], the part of
the boundary of the subdomain Q'. which does neither coincide with a physical boundary
nor with its discrete counterpart. is called a green boundary.

A grid is uniform if, in the computational domain, it covers all of Q) and if it is not
refined anywhere; it is called locally uniform with respect to a discrete operator in a cell.
if no green boundary is involved in the definition of the operator for that cell. A grid that
contains locally non-uniform cells, is called a locally refined grid. Also a composite grid
that consists of cells from more than one level is called locally refined.

3 Finite volume discretisation on a locally
refined grid

3.1 Grids and grid functions

We see that the grid Q on level | consists of cells €2} , (¢, j) € I'. A cell Q}; in the physical
domain is the result of M'(€;), where M is an approximation of M as described above.

We assume that M* is continuous and piecewise affine on each cell face aﬁgﬁ.,k. Then the
grid © in the physical space is a collection of disjoint quadrilaterals. In that situation,
M! can be described as a vector of two continuous functions, both piecewise bilinear in
each Qﬁj Furthermore we assume

L \T 1Bl 1
(Bj)" = M(F;) = M(F;;), (3.1)
i.e. M! is exact at the vertices P!,.
The boundary 99! ; consists of the four faces OQ ., k = N.E,S,W. A cell face

O, ; has a length denoted by s ;. The area of a cell Q; is denoted by A} ;.
If a function u : 2! — R? is defined then also a function @ : ! — R is defined through

(&, m) = u(z"(&n), ¥ (&,n),
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where 2! and y' are given by

&)\ _ apye
( ) ) = M(&n). (3:2)

Y

We denote the unknown vector function in our problem by ¢. The approximating function
¢' defined for the grid on level . is a cell-wise constant function. The value of ¢' in a cell

Q! is denoted by g; ;. hence
;=4 (@y)e;ne.

The function value g}, is called the state in cell Q. The space of all admissible state
vectors is denoted by X, C R¢

3.2 Restrictions

In order to define the relations between the approximations on the different grids, it is
appropriate to define a number of restrictions. The first is R'. the L*(Q)-projection to
the piecewise constant functions on Q'. A projection closely related to this operator is
B, which restricts the piecewise constant functions on level [ to the refined part ij
of the grid. Next, we define the restriction ﬁf +1+ 8iving the piecewise constant function,
which in each ij C Q’f delivers the integral mean of the operand over its kids. Le., if
the collection of kids of ! ; is

[ I+1
L= U Qs

meK (i)
then the restriction R, is defined by
— f:l udQ
L ij
{Rl+1u}i.j = ———le a0 (3.3)

-l = . . . s
Nolte that B = Ry, if the grid is obtained by a piecewise bilinear mapping M* and
M= MY
Another set of three restrictions (denoted without the overbar) gives the relations
between vector functions in the r.h.s. space. The first restriction is the projection R,
defined as the operator giving the cell-wise constant function consisting of the values if
the integral of the operand onl (leach cell on level [. The second restriction is the projection
RH+1 defined similarly as BT, i.e. R' restricted to the area covered by the fine grid
Q. Finally we define a restriction Rf,,, which is related to R,,, in (3.3) through the
operators A' and A"+ which are defined as
Alu(z' ) = Af‘ju(;z', y)., V(') e Qﬁ,j,
and
4l ! P
A ) = Al y). YY) € QﬁJ and (4, j,1) € I.
With these definitions, we define the last restriction by

Rfﬂ = A“H—Rfﬂ(AlH)‘l- (3.4)
18



3.3 The system of discrete equations

In this section we describe the system of equations obtained by the discretisation. We
distinguish between equations obtained for cells on the composite grid and equations
obtained for refined cells.

Equations for a cell on a composite grid

A discretisation of the set of conservation laws (1.1a) on a composite grid is obtained by
considering the weak formulation of the problem: find ¢ from the solution space, satisfying
the boundary conditions and so that for all Q* C Q

Of(g(z.y)) , 99(a(z.y)) ,~ _
/. pe L+ dn_/n_sdn. (3.5)

We assume that g and s are defined on Q. Incase O O Q, we assume that ¢ and s, defined
on Q, can be extended to {2 in a sufficiently regular way. Then (3.5) is approximated by

N(g)=r. (3.6)

where N and r are functions defined on any Q* ¢ . For Q! i C Q we define the restriction
R'N by

{RN(g)}!

= n, n, ds,
g mbf@):+9@)y
where n; and n, are the components of the outward unit normal n on the boundary
Bﬂf.j, in z and y direction respectively. The discretisation of the equations is obtained by
requiring an approximation of (3.6) to hold for each cell on the composite grid. We first
assume that for the discretisation the soutce term s is exactly integrated. In our notation

this implies

ri=Rs. (3.7)
The mean value of the flux across the kth cell face 8, C Q% ; of cell O} ; is
1
l —
k(@) = T Joat f(@)nz + g(q)ny ds.

Hence, a solution of (3.6) exactly satisfies
! o
RN@}, =3 fisldstu=rl; VD€l (3.8)
' keD

Equations (3.8) are approximated by approximating the mean fluxes fi‘_]-‘k across each cell
face O & by a numerical fluz. denoted by F} ;& In general this numerical flux depends

on the functions ¢™, m = ly,...,l. On a level ! the approximation of (3.8) reads for all
Qb el
Z Fi[.j.k(ql;ql‘lv' e qlb)sf,j,k = Tf.y (3.9)
keD

or in operator form
Ni(g'iq' L. ... g®) =1
where N' is defined by
(Vg g d Y = 2 Flaldid T g?) stk
keD

Here, ¢"=!,...,¢" act as parameters to N'. These formulas define the discretisation on
level [. 19



The numerical flux function

N N N n .
The numerical fux F},, depends on the sequence {¢"™}m=t,...s. Usually we assume that
the numerical flux can be written as

F‘ll_].k((11:(],~ ..... gy = F((‘IL)f;j_ka (‘IR)i\,,kq ni,j,lc)’

The arguments (¢5), and (¢7)], denote estimates of the mean of ¢ along oL 4,
dependent on {q™ }n=r,..1- With a bias to the left and right side of 5Qf%k. respectively.
The entry n!, € E denotes the unit normal on oQ! | . pointing outward from € ;, where
E = RYis the unit circle in B2 The function F(gt.¢®.n) is an approximation of the flux
Flging + glgin,. with ¢- and ¢ in the neighbourhood of g.

There are various wavs to define the states ¢* and ¢® and the numerical flux F.
I fact. the choice of F and the states ¢~ and ¢® determine the discretisation method
and its accuracy. The left and right states are usually obtained by piecewise polynomial
reconstruction. using discrete data. i.e. using {q™ }m=i,....o (cf. Section 3.4).

For a hyperbolic set of conservation laws [10], we are interested in an upwind discreti-
sation. which may be obtained by taking for F an (approximate) Riemann solver. The
best-known approximate Riemann solvers are introduced in [13, 22, 12].

Equations for a refined cell

Discrete equations (3.9) are approximations of the conservation equation (3.5) for each
cell that has not been refined. The left and right state for the computation of a numerical
flux depend on the states in neighbouring cells. possibly on different levels. By definition,
for a locally non-uniform grid cell. the left or right state for at least one cell face depends
on coarse-grid states.

The set of equations obtained by applying the discretisation as described at the be-
ginning of this section are under-determined for a locally refined grid. If a neighbouring
cell has been refined (has kids), that neighbour is not part of the composite grid, and no
equation like (3.9) has been defined. Additional equations, however, are obtained by

¢ = {Rad™ Yy VgD ely (3.10)

2,]7

We use the equations (3.9) together with (3.10) to define discretisations on a locally refined
(i.e. composite) grid.

3.4 Left and right states

Here we describe the computation of (¢*); ;, and (¢®):, the left and right state used in
the numerical flux function. We consider first and second-order accurate discretisations,
both for a locally uniform and a locally non-uniform situation. We use the concept of
reconstruction of piecewise C*-functions from the cell-wise constant data. qf‘j, associated
with each cell. This idea was introduced in [21] and [24] for one-dimensional convection
and extended and applied in [1] and [2] for unstructured grids in two spatial dimensions.
Contrary to this work. we do not reconstruct a single, unique (vector) function in each
cell, but we take care that -in a locally non-uniform grid situation- the computation of the
left and right state is so that the resulting scheme is consistent of the required order (at

least in some weak sense, see Section 4). This is done by making a different reconstruction
for each side of each cell face.



Locally uniform composite grids

The computation of the first-order as well as of the second-order consistent discretisation
depends on the mean states. On a locally uniform grid, first-order consistency is obtained
by applying an O(h;) accurate reconstruction. Consider for example the eastern cell face
90 g of a cell Qf; on a locally uniform composite grid, where (i +1,5) € I*. For this
situation we take for the states, as usual in first-order Godunov-type schemes, [4, 8, 18],

@)e = 4 (3.11a)
@Me = Gy (3.11b)

For second-order consistency on a locally uniform grid, the states are based on O(h?)
accurate reconstructions of the state functions. This reconstruction can be done with
a limiter to suppress spurious wiggling of the solution (as proposed e.g. in [15, 19] and
applied in [9]), or without a limiter, like the x-schemes [23] (as e.g. in [7, 16] and [9]).
Again, for the eastern cell face of a cell Q¢ . ; on alocally uniform grid, where (i -1, ), (i +
1,7), (i +2,7) € I', the limiter and n—schemes are given by

igE = C(Qf-u‘ qg,jv‘]fﬂ,j)v (3.12a)
(@he = Claha, ¢y @), (3.12b)

where, C : X, x X, x X, — X, describes the x-scheme or the limiter scheme. Notice
that the x-schemes are recovered by applying certain linear ‘limiter’ functions. However
a k-scheme does not necessarily satisfy monotonicity conditions, see [17].

Locally non-uniform grids

On a locally refined grid, one or more of the mean states in (3.11) or (3.12) are not
available, because the cells with which the states should be associated. do not exist. For
this, we introduce the concept of virtual cell and associated virtual state.

With each integer coordinate pair (2% + r,2"j + 5) ¢ I 0<rs<?2*n>1and
(¢,5) € I', I, <1 < L — n, we associate the virtual cell w2n1+, anjps C {1, given by

Oironies = 27 (M4 2 4 4 1)
X2~ (975 45 275 4 5 1),

In the physical space the virtual cell wéi‘l’-‘ﬂg,.jﬂ c Q is defined as
1 l+n g ~1
w2j‘_?+r.2"j+s = M +n(w2t:l+r 2"]+s) (313)

Note that wht" is exactly Qi*nif the grid would be suﬂ‘iciently refined.

s

With the virtual cell wl j We associate a virtual state v € X, whxch can be interpreted
as an approx1mat10n of the mean of the state vector functwn on w . In general a virtual
state vl ; depends on {¢™ }rm=y,, .-

Vlrtual cells and virtual states are used for the discretisation in the neighbourhood
of green boundaries. To a large extent the virtual states determine the accuracy of the
algebraic equations associated with the locally non-uniform grid.

The concept of virtual states allows us to compute left and right states in a locally

non-uniform grid situation, in a way similar to (3.11) and (3.12). The requirements
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to be satisfied for the proper computation of virtual states, are discussed in Section 4.
Regardless of the way how the virtual states are computed. for first-order consistency we
take for the eastern cell face of QfJ similarly to (8.11), and (i + 1.5) & I

(qL)g.j,E = qg.js (3.14a)
@ = v, (3.14b)
Similar to (3.12), we take for. second-order consistency, if (i +1,7), (2 +2.j) ¢ I'
@ = C(duy dhy vhay) (3.15a)
(qR)g‘j.E = C (U£+2,j’ 'L'£+1,ja qf_,») . (3.15b)
and if (i +1.j) € I*. but (i +2,5) ¢ I!
(qL)ﬁ,j,E = C (qg—l,j? q'ﬁ,js q’z{-(-l,j) ) (316&)
(@e = C(vhay Bery dly) s (3.16b)

Formulae similar to (3.14)-(3.16) are used for the cell faces, 90! g k=N.SW.

4 Error analysis of the discretisation

In this section we study the local discretisation error and the consistency of the discreti-
sation described in Section 3. In the discretisation we distinguish three approximations,
each of which have a contribution to the local discretisation error. These contribution
are:

e approximation of the mapping from the computational space into the physical space;
in equaticns this error is denoted by 7, (q);

e approximation of the mean flux on a cell face by the flux evaluated at the mean state
along the cell face (quadrature rule); in equations this error is denoted by r;(q);

e approximation of the mean state on a cell face by biased reconstructions; in equa-
tions this error is denoted by 7i(g).

Often the approximation of M by M! is not essential, since the change from M to M!,
merely changes the partitioning in the physical domain slightly, without affecting the
accuracy of the resulting set of algebraic equations. However, it does affect the approxi-
mation of the domain of definition of the problem. Hence, for the interior cells of 2 we can
assume M = M' = MY, for some constant [, and Iy < ! < L, without affecting the accu-
racy. At the domain-boundary, 8, the error of this approximation M* can be important.
Here, in general we do not have M = M! = M%. because it results in an approximation of
the boundary, independent of the level . Hence, with increasing levels of refinement, the
geometry of the discrete problem would not converge to the geometry of the continuous
problem. A more important reason to study this approximation is related to a-posteriori
estimation of the local discretisation error and the application of T-extrapolation. This
uses the so-called relative local discretisation errors of two consecutive levels of refinement
(cf. [3, 20]).



The two errors Té(q) and 7!(q) together make up the local truncation error. For the
fluxes approximated with the projection of the true solution. i.e. with ¢ = 7, the exact
solution of the problem, they form the error in the system of algebraic equations. for a
given partitioning.

The analysis presented in this section leads to requirements to be imposed on the
reconstruction of cell-wise smooth functions from the cell-wise constant numerical data.
These requirements. depend on the goal set out to be reached in a particular discretisation.
We distinguish between the goals (i) obtain a given order of consistency and (4i) obtain a
given order of discrete convergence. This distinction is made. since a certain order of the
local discretisation error for all equations may not be essential to obtain a given order of
discrete convergence. Assume a total number of equations of O(h™2). An O(h~!) number
of equations with low-order accuracy may not affect the rate of discrete convergence.
not even in supremum norm. To study this in detail. we have to redefine the notion
of consistency for a non-uniform mesh. In fact, we define a slightly weaker form of
consistency. This weaker form is the discrete L;-norm of the local truncation error for a
collection of discrete equations. The requirements for consistency both in the weak and
in the usual sense are studied.

4.1 Approximation of the mapping

To make an a-posteriori estimation of the local discretisation error, with sufficient accu-
racy, we first study the consequences of approximating A/ by M!. Actually, we are only
interested in the relation between the mappings for two consecutive levels of refinement,
since we want to study the use of two consecutive levels of refinement in the estimation
of the local discretisation error. The relation between the mappings of two consecutive
levels can be established through their relation to M. This relation also allows us study
the accuracy of the restriction to the coarse grid (cf. Section 4.2).
We consider a surjective mapping M : Q — Q, also injective on Q. We also consider
its continuous. piecewise bilinear approximat;ion associated with level of refinement |,
0 Q’ which is exact in the vertices P ¢ ik To simplify notations, in the present
local analysis, we drop the indices which are constant throughout this part of the analysis.
We consider a cell on level of refinement {. In the computational space. the corresponding
cell is denoted by §). Its images in { are

Q M(Q),
Q = M),
where we drop the subscripts. We use a local Cartesian coordinate system (£, 7) in the

computational space, with its origin in the center of Q. Similar to (3.2), we use the
Cartesian coordinates in the physical space as obtained by M

z(€,7) )
= M(&,n).
( yEm ) = MEM

where the origin in the physical space is
(0,0)T = M(0,0). (4.1)

We assume €} being a square with edges h; = 2h, ) = (=h,h)2. The area in the compu-
tational space is 4h2. In the physical space the area is denoted by A for Q and A! for Q.
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The Jacobians of M and M' are denoted by J and J' respectively:

J(¢,n) = TeYn — Tn¥e,
JHEm) = zey, — Thve,

where the subscripts denote differentiation with respect to £ and n respectively. Further,
we assume that M is sufficiently smooth and for (£,7) € Q it can be written

M = mg+mi +man + ma€? + maln + msn®

: 4.2
+ M3 + ma2n 4+ meén® +men® + .. .. (4.2)
Note that by (4.1) mg = (0,0)7. The mapping M' is piecewise bilinear:
M = mg + mi€ + myn + mién.
We define (z,,4:)7. (z},4i)7 by
m; = (zy)T.  i=01,2,...,
m = (g7, i=0.1,24. (4.3)

From the exactness of M' at the cell vertices. given by (3.1), we can express mi, i =
0,1,2,4 in terms of m;, i =0,1,.... This gives

mh = mg+mgh® +msh® + O(hY), (4.4a)
mi = my +msh® +mgh? + O(h), (4.4b)
my = ma+meh® +mgh? + O(hY), (4.4c)
my = my+ O(hY). (4.4d)

As a result, we have M' expressed in terms of M, for |¢|,|n| < h, and
M — M = ma(h?* — €%) + ms(h® — ) + O(h%).

We are now interested in the difference between the weak form (3.5), for = M(f)
and Q' = MY(Q), divided by the respective areas A and A'. This error is denoted by
Tm(q)-

Let a sufficiently smooth, integrable function w : QU Q! — R? be defined, and let its
Taylor series expansion around the origin (z.y) = (0,0) be given by

w(z,y) = wo + Wi T + way + wyax? + ... (4.5)

For the error of the weak form on ' with respect to the weak form on €, it suffices to
consider the difference

tw) = 4 [, wdn - i/deQ. (4.6)

for a sufficiently smooth and integrable function w. For M and M', assuming from this
point that J, J' > 0. this is equal to

o) = fo' -5 [wran,
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where w! = w(z!, y*). With

by =wh - w,

oy =J -,
the integrand w!J! can be written as
W' = wd + 6, J + wéy + 6,0,

An expression for 6, in terms of m; and w; can be obtained by using (4.5) for (z*, ') and
(.y). and by subtraction and substitution of (4.4). From this exercise it appears that
8, = O(h*). Multiplication with J and integration over Q yields

= 8
/ﬁéwvj dQ) = §J0h4{w1($3 + 175) + w?(yfi + ys)} + O(hs)u (47)

where Jp is J(0,0).

Similarly. based on ({.4), we can also find an expression for §;. It appears that
generally 6, = O(h). with the O(h) terms linear in £ or n. A straightforward calculation
yields for the integral of wé;

/, wéj dﬁ =
a
$hH{wo(T1yr — £oyy + Tsys — Tays — TsYs + Tals ~ Ta¥s + Tsya) (4.8)
+wi(~21Z3Y2 + T1T2Y3 ~ T1Tays + Taysy1)
+ wa (=231 + Tay1ys — T1y2ys + Tsyrye) } + O(hS).

The term 6,6, gives only an O(h®) contribution to the integral over €.
By (4.7) and (4.8) we can define C'(w) as the coeflicient in the first term of an asymp-
totic expansion, given by the sum of (4.7) and (4.8), i.e.

/5(“”1 — wJ)df} = hiC(w) + O(K),
with C independent of h. Now we can write
Al — A =R'C(1) + OR%). (4.9)
For the area A we have

A =4h2Jy + O(hY), (4.10)

combination of (4.9) and (4.10) yields after some manipulation

11 cq)
A7 A" e TOW

Using this, it can be easily shown that the difference t(w) satisfies

h’2

3 /
ng(C(w) — weC(1)) + O(B®). (4.11)

tHw) =

With 5 5
Tm(g) =t (-———J;iq) + g—(q)> ,
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we establish the asymptotic relation between the approximation of the weak form on
two consecutive levels of refinement, caused by the approximation of the grid geometry.
Although the difference between the partitioning obtained with M and the partitioning
obtained with M itself is not essential for the convergence of the local discretisation error,
we use the result (4.11) when we show that an a-posteriori error estimation is sufficiently
accurate. Further, we use (4.11) to show that on a composite grid, the equations for a
refined cell (3.10), in general give at best second-order accuracy on the coarse grid. Assume
for (4.11) that w is the differential operator, applied to the solution of the continuous
problem. According to the result in (4.11), in general the discrete equations derived for
boundary cells are at most second-order accurate, because (in general) we cannot use
M = M"= M, Iy a constant, Iy < ! < L, in cells along the boundary of the domain. A
piecewise bilinear mapping M = M* would yield 72,(q) = 0.

4.2 Accuracy of the coarse-grid restriction

We consider the restriction Rﬁ +1, as defined by (3.3). We study the difference between the

restrictions R, +1Rl+1q (cf. (3.3)) and VA l+1q In the computation of the virtual states we

use as the coarse-grid discrete function on {2}, the restricted function g} ; = {Rid '},
o =
(i,7) € I', where ¢t = R i g, while we assume that qu is the mean of ¢ on (%

by 7 H‘1q The error we make with this assumption is studied here.

In our analysis we again drop the unnecessary indices. We consider a cell Q' on level
I, which has refinements on level  + 1. A kid of €' is identified by the subscript m € K,
where K is the set of indices (cf. (2.2)), associated with the cell Q!. For level [ we have
the approximation M* of M and for level [ + 1 we have M*!. Similar to the notations in
the previous subsection, we use the superscripts in our notations to distinguish between
variables for @ = M(Q) (e.g. A, no superscript) and Q! = MY(Q) (e.g. A'). Hence, e.g.
Al me K, denotes the area of the mth kid MIH(QEY.

Consider R, qu“ where ¢'*! = B'"'q. By definition of R}, we have

1j» given

o Al+1ql+1
R Rt = Zmek An dn 412
b ZmEK Ai';im—l ( )
With the results from the previous subsection we find
1 1 Ai,C0)
S AT A s + O, (4.13)
For the numerator in (4.12) we find
~ 1
S Alg o /ﬁqJ dfd + 2741 C(9) + O(hl,.). (4.14)

meR
Multiplication of (4.13) and (4.14) gives for (4.12):
BB = [ara0+ Bt ) - o) + 0.
160y
With (4.6) and (4.11) we obtain
= 1 La1d+ B (c(g) - o) + 008

4Jy
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Hence, the difference between the two restrictions is

_ - = 3 hi
Ry - Rf+1R[+1‘I _ _1_6,_;;_1(0(,]) = qC(1)) + O(h).

4.3 Consistency and weak consistency

Now we consider the approximation of the weak form on a given partitioning by the
set of discrete equations. We assume that M = M! = M%, where [, < I. With (2.1)
this implies Q = M! (Q). This in turn implies that we do not consider the differences
between the discretisation on different levels, due to the differences in mappings from the
computational into the physical space. on each level.

Local discretisation error and consistency

We use the notation as defined in Section 2 and 3. Let N(g) = r denote the continuous
equations (3.5). We denote the solution of this continuous problem by g:

N(@) =r

Let the non-linear operator N be approximated by the discrete finite-volume operator
N, on a level of refinement [ € {0...., L}, of a sufficiently smooth grid, consisting of
quadrilaterals. Further. let projections R' and R be defined properly, for example by
the definitions in Section 3.2, and related to each other through A', as in (3.4). Assume
that the right-hand side of (1.1a) is exactly integrated, as denoted by (3.7). The local
discretisation error for N'(¢';¢*"!) = r* is 7/(g), where ! is given by

r'(q) = (4 (N (R'¢: R 'q) - R'N(g)) -

We define 7/;(q) = {r'(¢)}};. The discretisation N' is called an approximation to N
of order of consistency p, if for all (¢,7,1) € I

7@ = O(h),

for by — 0. Notice that h; — 0, if | — oc.

‘Weak consistency

We also introduce a weak form of consistency, related to the above mentioned consistency
in the usual sense. The new definition of consistency is weaker than the usual definition,
because it considers the collective behaviour of the local discretisation error for a set of
equations, rather than the behaviour of each equation separately. Consider a partitioning
of the domain Q, obtained by refining n times a previously obtained locally refined com-
posite grid. Let a discretisation as described in Section 3 be defined for this new system.
Then the collective local truncation error, T*(g), for an n times completely refined system
is defined by
Ti(q) = AR, ... BITr™ (NF(R™"q) — R*"N(q)) .

1+1 -

In absolute value, this is the discrete L;-norm of the local truncation error for the set of
equations for all descendants of each cell 2 ;. Note that

To(a) = 7'(q). ”



A discretisation V! is called weakly consistent of order p if
(i@}, =0, Vijhel

for n — x.

4.4 Analysis of local truncation error

In this section we study the local truncation error of the discretisation introduced in
Section 3. We use the same assumptions as formulated at the beginning of Section 4.3.
From the analvsis we obtain requirements for the computation of the virtual states, both
for a consistent and weakly consistent discretisation.

As described at the beginning of Section 4. the local discretisation error consists of two
contributions. The first contribution. denoted by Té(q), is a result of the quadrature rule
that is used to approximate the mean value along a cell face, of the flux across that cell
face. This mean value is approximated by the flux evaluated at the mean value of the state
function along that face. Further. the mean value of the state function q along a cell face is
approximated by reconstruction of piecewise polynomial functions from cell-wise constant
functions which represents the average of g in each cell. The reconstruction is done twice
for each cell face, i.e. for each of the two sides. with a bias in both opposite directions.
These reconstructed approximations of the mean value along a cell face is then used in
an approximate Riemann solver. If ¢ is a solution of the continuous equation (1.1a), this
procedure gives a contribution to the local discretisation error, denoted by 7'(q)

Quadrature rule

Similar as before. we drop the indices which are superfluous here. As noted, the mapping
M is assumed to be bilinear on Q. It is given by

M(&.n) = mg + M€ + man + myén, (4.15)

where myg, m,, m; and m4 are defined by (4.3). Note that the cell-wise constant parameters
m; are fully determined by the coordinates of the vertices of that cell. The area of cell
is

.4=/Qdfz=/ﬁJdQ=4h2Jo,

where Jy = I1ys — 21 > 0, the Jacobian of M at the origin.
We denote the mean value of the flux across the kth cell face by fi and since M is
linear at 9, we have

fla) = if [ Flaine + glq)m ds
2h Jods,

The mean of g(r,y) along 9 is denoted by

(4.16)
f(@nz + g(g)ny ds.

1
= — ds.
q se Joo, q
The unit normal along a cell face is constant, and we use the notation

- (ne)k = nzlank ) (ny)k = ny'aﬂk .



By ¢* and g; we denote
¢ = (g,
G = (g0 ()i (ny)e)T,

and by f* we denote the flux in the direction of n = (n,,n,)T, given by

fH(g") = flone + gl@)ny.
The contribution 7,(q) of the'quadrature rule to the local truncation error is given by
Z )) Sk.
A D

An expansion of f*(¢*) around g yields

g = fag)+ aq,u - a)* ir
+25£‘%T (@ —a)*@ —aq) + ..., (417)

where the superscripts denote the components of ¢* and gj, and the summation convention
is used for o, = 1,...,d + 2. We assume that the function g(z(&,n),y(£,n)) can be
written as a Taylor series expansion around the origin of the local Cartesian coordinate
system in the computational space. Now some computation, the details of which are found

in [20] shows that the contribution of the quadrature rule to the local discretisation error
is O(h?).

Reconstruction

Here we study the role of the reconstruction step, in which the left and right states
are computed. This yields requirements which should be satisfied by the reconstruction,
in order to obtain a consistent or a weakly consistent discretisation. Ir the previous
subsections we found that the local truncation error is limited to second-order by the
choice of the mapping and by the choice of quadrature rule. Hence, we are interested in
first and second-order consistency only.

In our notations we again drop indices if convenient. As we are interested in a local
discretisation error, which is O(h?), p = 1.2. we consider the equation for a cell 2 on
some level in the geometric structure. We assume that the solution of the problem is
sufficiently smooth and that the numerical flux function is sufficiently differentiable.

The outward pointing unit normals on 0Q are given by

(0 1 Y 1
i S By | Rl (AP By o
n 1',} + yﬁ e ¢ If + yf N
nw = ( v——y" ) ————-—‘)1 _ . ny = ( /*yf ) __Tl__7
Iy VTE+ 2 0 Te ) T+ Vel

We introduce the unit normal on the Ath cell face 71y, in the physical space, and 3, in
absolute value equal to the length of 9. The 7 and 3, are defined by

{TLk, k=E.N. kz{sk, ]\T=EN,

—ng, k=W.S. e (4.18)

My =



Note that this gives ;5 = ngse. Vi € D. We also introduce the vector w € X2 x E, of
length 2d + 2. given by

w(g.q.n) = (g.¢' . 7),
where ¢. ¢ € X, and 7 € E. For the kth cell face we define

we = Qe e T, (4.19)
wk® = (qF.qf ). (4.20)
Assume that the following. usual conditions hold
Flg.q¢.—n) = =F(q.¢'.n). Vg,d € Xo, NEE, (4.21)
Flq.q.n) = f*(¢*). Vge X,, ne€k.

The local discretisation error due to the reconstruction can now be written as

= Z (Fgk.afni) = £(a0)) sk (4.22)
Al

With (4.19) and (4.21) we now have

N A A (/9 .
Flun) = { ~flg). k=W.S.
and with (4.18), (4.22) can be written as
== 3 (FwFR)s - £(g)sk) - (4.23)
A
We denote the reconstruction error ry, for the kth cell face by
r'y = LU{C‘R — Wk. (424&)
We denote the difference between (wp);, and the mean wy on 0, by
D = wy — (wo)r, (4.24b)

where (wp) is defined by
(wo)x = (0, 90, (Fo)k),

Y2 1
— k=E,W,
(%) b2
(Mo)k = ( —u 21 y2
——— k=N,S.
o ) Vet +ut
Now, first making a Taylor series expansion of F(w) around the mean wy, along cell

face 9 and substitution of it in (4.23) and next, substitution of an expansion of F(w)
around (wp), gives

and (7p), defined by

oF O*F 1
o= = — | (AP P
Ao { Oy, © DWW, HA ) (4.25)
+ 3 5y, Tk(A”NM +if 4 )+ .}Ek.

Here, again the summation convention is used for a, 3 and 7. We use (4.25) to study the
requirements for consistency.



4.5 Consistency requirements

Now we can formulate the requirements to be satisfied in the reconstruction phase in
order to obtain a pth-order consistent or weakly consistent discretisation.

Consistency

We consider the contributions due to the cell faces 8Q, k = E,W. Assume that the
following asymptotic relations hold for p,q, s = 1.2, and for r4 and 6 as defined by (4.24):

rg = O(hI), (4.26a)
rw = re+0O(), r>gq, (4.26b)
Ag = O, (4.26c¢)
Aw = Ag+ O(ht), t2>s. (4.26d)

For the mapping M we also have

sg = O(h), (4.27a)
sw = sg+ O(h?). (4.27b)

With (4.26) and (4.27), and by changing the order of summation, we find for the first
term of (4.25),

TESE +Twidw = TESE'+(7‘E+O(hr))(—§g+0(h2))
O(he+?) + O(h™+).

Hence, a pth-order consistent discretisation requires

> p (4.28a)
r-1 > p, (4.28b)
It can easily be shown that all other terms in (4.25) give an O(h?) or smaller contributions
to 7, provided p,q,s > 1 and (4.28) are satisfied.

Weak consistency

For weak consistency and its requirements with respect to reconstruction, we consider a
cell Q! ; and all its descendants when the composite grid is n times refined. The definitions
of the previous subsections hold, but a superscript specifying the level and a subscript for
the cell number are added. The superscript n denotes level [ + n, subscript r denotes cell
index 2™i + r and subscript s denotes index 2*j + s. The collective local discretisation
error is now given by

1 -l
Tk, = g 2 A7) (4.29)
1,] r.s=0
With 7¢(q) = 74(q) + 7}(q), we have
AR (g) = 3 (P )7 )50 = Fak(@)sh) (4.30)

keD
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Assume the numerical flux F((w™?)2, ) across cell face 9Q7, , to be an O(h{, ) accurate
approximation of the mean flux f}7,.(g). We have

Fl(0R) )2k = FTa(@)5he + OAEEY). (4.31)

Substitution of (4.31) and (4.30) into (4.29) yields a summation over all cell faces on the
‘outer’ boundary 007, , C 6Q”k, vk € D. We consider £k = W and n — oo. For the
contribution of the approximations on these cell faces to {T.}! ; we find with (4.31)

1 = n =N *N n
a > (F((ww)o,s,w)so,s‘w ~ £5 (@G ar)
ij s=0
1 -1
= o 2 (Cihfi + O(RIED)
i s=0
= Cohfyn + OB,

where C; and C, are constants independent of the level n. Similar results hold for
k = N,E,S. Hence, if we have an O(h{,,) accurate approximation of the mean value
along a cell face of the flux across the cell face, then the collective local discretisation er-
ror is O(h{,,,) and hence. the approximation is gth-order weakly consistent. So, a weakly
consistent approximation of order p = 1, 2, is obtained by pth-order accurate approxima-
tion of the mean flux. Let the reconstruction error be defined by (4.24). By the fact that
the quadrature rule yields a second-order contribution, and by expansion of F(w) around
the mean wim, it follows that a reconstruction error of order p = 1,2, yields a pth-order
weakly consistent discretisation.

Note that consistency of order p = 1,2, implies weak consistency, since a necessary
but not sufficient condition for consistency is a reconstruction error of order p, as given
by (4.28a).

5 Interpolations for virtual states

In this section we study a procedure for the computation of the virtual states. We consider
a grid in the physical domain obtained by an affine mapping M! = M. An analysis
for more general mappings would probably require an invariant description in general
coordinates, similar as e.g. in [11]. We derive expressions for the error of the discretisation
due to the computation of the virtual states. For an affine mapping M and a function q
we have

¢; = {Ra}; = / ’ qdd,

This simplifies the analysis, since we can express all in computational (£, ) coordinates.
We first establish the accuracy of the virtual states for first and second-order accurate
discretisations.

We assume a sufficiently smooth function ¢, and a Taylor series expansion, given by

7 = Qo+ Q&+ @+ € + qafn + g1’
+ 68 + @€ + gen® + qon® + ...,

around the centre of the cell 2} ;. We consider the equations for a cell Q51 o Where
onLt! +12j+1,8 15 part of the green boundary on level [ + 1. The virtual state vh, 25+1
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required for these equations. is an approximation of the mean of ¢ on wéﬁz,zj +1- This
mean can be expressed as

1 ~
_-z_/., . qdQ = qo + 2hiq + Shisge
hl+1 :’e'_,:+2.21+1 _— Lo 151 (5.1)
+ Lh§+1‘13 + %hgufh +3hinags + 2higs
+ §hiyiar + 3hiigs + 3h23+1(19 + O(hf+1)~

This equals g5/l 4, in the situation (20 +2.2j +1) € I', since wiily,;,, is the part of Q
that would be Q57ly,,,, if the grid would be sufficiently refined (cf. (3.13)). In [17] it is
shown that qéﬁwi“ (and hence (5.1)) satisfies the requirements for consistency (4.28),
for the reconstructions discussed in Section 3.4. For any virtual state vgﬁzﬁ +1 that differs

O(hf,,), p = 1,2 from (5.1), the reconstructions discussed in Section 3.4 do not satisfy the

. . . -1 . .
consistency requirements and introduce an O(hJ,,) error in the equations for Qéﬁuj -

However, the numerical flux will be a pth-order accurate approximation of the mean value
of the exact flux, and hence pth-order consistency in the weak sense is obtained (cf. 4.5).

5.1 Virtual states for weak consistency

For pth-order weak consistency we only require a pth-order accurate approximation of the
mean flux across a cell face. We consider virtual states for both first and second-order
weak consistency.

First-order

The formula for a first-order accurate virtual state 0’232‘2]- 4118
!
UIZT-:Z.ZJ'+1 = Qit+1,5- (5.2)
For this virtual state we find with the Taylor series expansion
il =qy +2h O(h} 5.3
Ugira2i+1 = 90 1+1q1 + O( l+1)' (5.3)

This differs O(hi,1) from (5.1). Hence, it yields a zeroth-order error for the equations.
However, since the virtual state is Q(h;) accurate, the reconstruction gives a first-order
accurate virtual state, which yields a flux computation which is first-order accurate. This
implies first-order weak consistency.

T+T TF1
QQi,2j+l 921‘4-1,24 +1 o
o o X i+l

2,2
o] [e] d

\O
Ql+l Q?ZT-}-I. /
X

Figure 5.1: Virtual state for first-order weak consistency on a locally refined grid; o: avail-
able state; e: left or right state; x: virtual state.
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Second-order

A similar situation for second-order weak consistency is found, if the virtual states are
computed with the second-order accurate formulas

1+1 = 3gl 1ol
Vgir22j+1 = 4Qz+1.] 1%+ (5.4a)
1+1 P

Vgirsgjrl = 341 T 3425410 (5.4b)

Again, the virtual state vbly,;., is an approximation of the mean of ¢ on wylly ;. 1, given
n (5.1). For the virtual state computed in this way, we have

Uéwz 241 = qot hl+1111 + hz+1‘12 + 2 hz+1(13 (5.5)
+ hl+1Q5 + O(hl+1)

A similar result is obtained for véfjuj +1- Apparently, this is a second-order accurate
approximation of (5.1). Similar to the first-order weakly consistent situation, the consis-
tency requirements (4.28) are not satisfied for p = 2. However, the flux is second-order
accurate, hence (5.4) yield second-order weak consistency. These formulas are two of a
number of possible choices for second-order accurate virtual states. We have chosen these
for their relative compactness and their symmetry. They are symmetric with respect to
the diagonal through the centres of QfJ +1 and & 415~ A virtual state required for e.g.
Qg}‘iz,gj +2 With 049240 5, which is a part of the green boundary on level [ + 1, exactly
results in (5.4a).

. . VR
Qi.j-g—l; ; Qi+2,j:+1
------  CEEEES EERREEE- P EEEE EPEPE - REP T
I+1 I+1
921 21+1 Q21.+1 21+
e X
N
QH'l Q 0
21,25 2z+1 2] )
[¢] Ql
i+1,]

Figure 5.2: Virtual states for second-order weak consistency and first-order consistency
on a locally refined grid; o: available state; e: left or right state; x: virtual state.

5.2 Virtual states for consistency

The requirements to be satisfied for a consistent discretisation, are given by (4.28). We
consider both first and second-order consistency. A pth-order consistent discretisation for

equations for cells near green boundaries requires a (p + 1)st accurate computation of
virtual states.
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First-order

First-order consistency can be obtained by second-order accurate computation of virtual
states. For this the formulas (5.4) are applied. From (5.1) and (5.5) it is clear that the
requirements (4.28) are satisfied for p = 1. if they are satisfied by g5f!, ;. when Q515 5.,
would exist. This is shown to be the case in [17].

Second-order

Similarly a third-order accurate computation of the virtual state is required for second-
order consistency. This causes no extra second-order error with respect to the situation
where Q57},, ., would exist. As shown in [17]. in that situation (i.e. Q411504 exists) a
second-order accurate discretisation is obtained.

A third-order accurate computation of virtual states is given by

1+1 _ 1 L[, i !
Vaitazj+1 = T5%i+1, T 16 (Qi.] + et ‘Zi+u+1> (5.68)
2 (1 I :
- % (‘Zi+2,j t Giv1j-1)>
1+1 _ u 1 (1 . !
Untg2j+1 = %+15 1 16 (qi+2J + i1t ‘Ji+1.j+1) (5.6b)

2 ) l
16 (qw‘ T Giv1-1) -

This is schematically represented in Fig. 5.3.

l .
Qi+1,J‘—Il

Figure 5.3: Virtual states for second-order consistency on a locally refined grid; o: available
state; o: left or right state; x: virtual state.

These are also chosen from a number of possible alternatives. Apart from compactness
and symmetry, this choice is based on the size of the in absolute value largest negative
coefficients. For the present choice, the negative coefficients are smaller in absolute value
than for possible alternatives with similar compactness and symmetry. From the Taylor
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. 1+1 .
series expansion of ¢ it can be shown that the virtual state vsfy 0,41, Obtained by (5.6a)

can be expressed as

3p2
e = Gt Shiaq + %h1+1Q2 +3hti1s + zahl+1‘14 .
+ 107005 + Bhigs + Shiar + 3hisae + O(hLL)-

. 141
Clearly this is a third-order accurate approximation of the mean value of g on wy; 2241
Hence. since this virtual state does not introduce additional second-order errors in the
reconstruction. the requirements for consistency (4.28) are satisfied for p = 2 and the

discretisation is second-order consistent.
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