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1. lNTRODUC:rl-,lON 

Co1npt1te1~ SC'.ience disti11gt1isl1es itself c:1111011g 111ost otl1er· scie11ces ir1 tl1at 
it cloes 11ot. deal exc:l1_1sivcly wit,11 a giver1 r·eality (like pl1ysics) 1101~ does it, 
deal exclusively witl1 a. 111a11-111ade ide<tl co11st.1·l1c:t, (like 111atl1er11atics). I11-

steacl, co111pt1ter scie11ce deals wit.}1 i11ve11ted ideal C'.011st1·uc'.t,s, s01r1e aspects 
of wl1ic:l1 l1ave t,o l)e 1·ealizecl i11 tl1e J)l1ysical worlc.l. Like tl1e l1urr1ar1 l)ody 
there is a pl1ysical sl1aJ)e arid r11e11t1al operatio11s lJeir1g JJer·forrned i11 tl1is 
pl1ysical s11 bstr·ate. Tl1e J)l1ysical body C'.01·1·es1)011cls wit,11 tl1e I)l1ysica.l archi
tectur·e of tl1e co111pt1t,i11g clevice, a11d tl1e r11e11tal eqt1ip111e11t. c:111d OJJe1·atio11s 
cor·respond to tl1e var·ious algori tl1111s tl1e clevic'.e exec'.t1t.es. Tl1e 11otior1s of 337 
algor~ithm arid a1·c;/iitectur·e c11·e bcisic: tc) c1ll c:0111JJ11ter· prograr11rr1ing, a11d so 
are the cor,1,plexity issl1es wl1ic:l1 ar·ise ir1 tl1is C'.011t.ext. Of c:our·se, algoritl1r11s 
need to be ex1Jressed i11 pct1·tict1la1· l)rog1·ar11r11i11g lar1g11ages, ar1ci c:l1ecked for 
correc'.t,r1ess, r11uc'.l1 like t,l1e 111ir1cl c1r1d 1Jocly of a l111r11a11 11E~ecl t,o be c:heckecl 
on appr·opriate f'ur1ct.ic)11. Tl1e r·ole c)f. 111ecli(~c1tio11 is filled by logics-based 
se111ar1tics ci11d r·t~lat,ecl fiE~lcls ir1 co111 J)ll ter· s(~'.ier1c:e arid is riot, dealt wit11 l1ere. 

2. A BR.IEf"' HIS'fORY 

Tl1e wor·d 'algoritl1111' it.self der·ives f1·0111 tl1E~ 9tl1 c~e11t111·y Per·sia11 AlJu Ja'far 
" l'v'.Iol1c11r1111ed i l.)Il l'v11A1sa c1l-I(l1owariz111i ( llcltivE~ of l(l1owa1·iz111, t()Clc1y tl1e s111all 

city ot· Kl1ivc1 i11 t.l1e fc)1·111(3 f Sc)viet, U 11ic)11). He is tl1e a11tl101· c)f a c~elel)r·ated 
boc)k whic:11 IJreservecl lc1r·gE:~ J)ar·ts of· 111at,l1e111atic:s f'1·0111 c111t,ic111ity tl1r·ot1gl1 
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Figure 1. Part of the 9th century Ara-
bic work •al-jabr wa 1-muqabala' by al-

Khowarizm1, dealing with the solution of 

the quadratic equation x~ 2 + 21 == lOx. 

tl1e cl('.1rk ctg<·s. lll('i(l(\llt,(\,ll)r, tll(' 

\VC>r·cl 'c1lgE' lJ 1·<1,' is (l t'1·i v'(:~(l f'r·cJ111 t, 11 e 

lJoc)k 's t, it.le K it<zb czl jab,r· ·u1<1, l
rr1,·11,(Jcibalc.t wl1i(·l1 111('clt1s ·R,11<'~ <,t· 
1·estcJr·c1.t.ior1 ,t11cl 1·('< l l tc·t i<) 11 •. I 11 t l l(' 

111ic.lcllt:• ctges t.11(~1·(~ Wets <l fil'I'(•c\ st 1·11g

gle lJetwee11 • alJctt:istjs' ,v 110 C'.ctl('.ll
lc:1..t,E~cl 011 tl1e abac:us C)I~ c~o1111ti11g 
boar·d, a11cl tl1e 'algorists' C'.01r1put
i11g witl1 penc:il arid papt~r usir1g al
gorith111s for aclditior1, subt,raction, 
1nt1ltiplic'.atior1 and division following 

" 
tl1e teachi11g of al-Kl1owariz111i. 

I11 l1is fa111ot1s address to the I11ter-
11atio11al J\;Iathe111atical Congress in 
19()0, D. Hilber·t l)roposed twe11t.y
three 1r1c1t.l1e111ctticc1l problems as a 
p1·ogra111rr1e to direct tl1e 111athe1nat
iC'.c1l efforts i11 tl1e twe11tietl1 cer1tury. 
Tl1e tt~r1tl1 1)roble111 asks for an algo
ritl1r11 wl1ic:l1, give11 a11 arbitr·ary Dio
pl1a11t,i11e ec1uc1t,ior1, produces either 
a11 i11t,eger solt1t.io11 fc)r tl1is equatior1 
01· ir1clicates tl1at, 110 Sl1cl1 sol11tior1 ex
istis. (I11 tl1e 1970s Y11.V. Matijase
vic:11 sl1oweci tl1c1t nc> st1c:l·1 algorithrn 
exist,s.) 

Tlre iclea of cl c:01111)let,ely 111ecl1a11i
Cc1l 1)roc:ed111·e, a11 algorithm, to find 

solutio11s to 1r1atl1er11atic:al questior1sgoes bc1.c:k at least t.o Hilber·t,. Ir1 1931 
K. Goclel pr·oved tl1at 11ot every trl1e 111atl1e111atic:c1.l st.ate111e11t. is provable i11 
a fi11itely axio111atized syste111 of 1r1atl1er11atic:s. With tlre p111·pose of identi
fyi11g fu11darner1t,al ideas i111111a11er1t ir1 Goclel 's pr·oof, ir1 1936 A.J\1. Turing 
exl1ibited a11 exceedir1gly si111ple type c)f l1ypotl1etical n1c-1c:l1ir1e and gave a 
brilliant de111011st,rat,io11 tl1at everyt,l1i11g tl1at C'.a11 t)e reasorralJly said to be 
co111puted by a l1u111ar1 co111put,e1~ 11sir1g cl fixed proc:edu1·e ca11 be co1r1puted 
by Sl1cl1 a 111ac~l1ine. As Tu1~ir1g clain1ecl: ar1y pr·oc:ess wl1ic~'.l1 ca11 be r1atu1·ally 
callecl an effec:tive proc:ed111·e is realizecl by et Tur·ir1g r11ac:l1i11e. This is krrown 
as Turing's TfLesis. Over· tl1e ye::11·s, all seric)11s c1tte111pts to give precise 
yet i11tl1itively satisf'actory defir1itio11s of a 11ot,io11 of 'effect,ive procedure' 
l1ave turr1ecl out t,o clefi11e esse11tially tl1e sa111e c:lass of processes. (In his 
origi11al paper·, Tu1·i11g establisl1ecl tl1e eq11ivale11c:e of l1is 11otio11 of 'effective 
pr·oced11re' witl1 A. Cl1urc'.h's r1otio11 of 'effect,ive calc11l:::1bility'.) 



C1
h'll'T'C'.}l, 's T/1,e<c;i.s st,cttes t,llclt1, i11 t.l1is S('llS(', t.11(~1·(~ is clll ()l)_jc(~t.ivr() 11otiC)ll of" 

eff·E:.c~t i ve c·c) 111 I) 11 t ,1, 1> i li ty i11 (leJ) (• 11 cl (•11 t. c) f' <l J),11· t. i c·1_1 l,1.1· f'c> 1·111 c.tl i z,t t i c>11. ...\. c·c·c)r·cl i 11g 

t.c) Goclel: 'Witl1 t.l1is c:c)11cept. c)11t~ l1c1s t·c>r· t,l1E· fir·st. t.i111E· s11c·(·e<·clc~cl i11 givi11g <:lll 

c1l)sol11t,t~ clefi11it,io11 c)f a11 i11tt·1·est.i11g E:I)isti111c)lc>gic:,1.l 11c)t.ic>11, i.t~., c>11c wl1icl1 
does 110 t cle1)e11cl 011 t,l1e f 01·111ctlis111 C'.}1c>s(•11. 111 ,tll C) tl1c ... 1· c· clSE~s t. r·c~clt, eel J)I"(~vi-
011s1)-r ... 011e l1as l)ee11 cll>le tc) clclfill(' t l1c~111 ()Illy· l'(•l,1.t.i \r() tc) cl gi V(~ll lclllg11agE~, 
cl11cl fo1· eclC'.11 i11clivicl11al lct11g11ctgE\ it. is c··lc•,tr t,l1ctt, t.l1e c)11c [clefi11itio11] t,l111s 
o btair1ecl is 11c)t, t, lie 011e lo()kecl t·c)r·... Tl1is sit, lI,1t,i()11 [ c1c-:c_:orcli1·1g t.o (;l1t1rc:l1 's 
Tl1esis] is s0111e ki11d of 111ir·,1c·le. ~ 

Tl1us, t,l1eor·et.ic'.ally c1r1y for·r11c1lly C'.0111pt1table f'1111c·t,io11 is C'.0111pt1tc1l)le by 
a laptop C'.01r1pt1ter· wit.11 i11clefi11itely ex1)c111dctl)lE:~ 111e111ory 01· l)_y' a Tt1r·i11g 
111,1,chir1e, l1owever clu111sy tl1e lc1tte1' r11ay l)e. B11t. cl c:0111putc:1t,io11 t,l1at. t,akes 
21

i steps 011 ar1 i11pt1t, of le11gtl1 11 \vo11lcl r1c)t l)e r·egctr·clE~cl as pr·c1.,ct·ic(zl or 
feasible. No C'.01r11)ut.er woulcl ever· fir1isl1 s11c·'.}1 cl c·o1111)11t.atior1 i11 t,l1e lifet.i111e 
of· t,l1e ur1iverse eve11 witl1 ri 111er·elyr 1000. Co1r1J)t1t,at,io11c1l c:01111)lt~xity t,l1eo1·y 
tr·ies to i{ient.ify p1~olJle111s tl1ctt ar·e f'easil)ly c'.01111)11t.arJle. 

If we l1ave 109 p1·ocesso1·s taki11g lOu st,E~J)s/sec:011cl, tl1e11 we~ c:a11 
exec~ute 3.1 x 1025 < 21()<> st.eps/yec1r·. 

This sl1ows t.}1at, i11 practic:e t11e 1·elevar1t, c111estio11 is wl1etl1er· ::-1, c:on1p11t,ation 
is also feasible. To c:l1ar·acte1·ize t.his 11otio11 of fet1sibilit.y J. Edr11011ds i11 1965 
p1~oposed a c:lassificatio11 of c~o111p11tatio11al pr·oble1r1s i11 ter111s of polyr1or11ial 
t,i111e bour1ds 011 tl1e le11gtl1 of the co111p11tt1t,io11. 

,,!\. p1·ol)le111 is i11 the c:ornpexity class P if it ca11 be solvec·l ( t,l1e answer· is 
'yes' 01· '110') i11 tirne polyno111ial i11 tl1e i11put ler1gtl1, ct11cl ir1 NP if it c:a11 
l)e solved by a so-c:alled 'no11det,er111i11istic algorit.11111' ir1 polyr10111ial ti111e. 
I11forr11ally speaki11g, P is tl1e set of 'yes-no' proble11·1s where it is easy to fi11d 
the a11swer ( easy: doable by a deter111i11istic Tt1ri11g rr1ac~l1i11e i11 poly110111ial 
tirne), arid 1¥ P the set wl1ere it is easy to show t.lrat. tl1e a11swer is 'yes'. 

N 01·r11ally, we do 11ot ask ql1estior1s t1nless ,ve ca11 easily rec'.og11ize tl1e good 
answer·. NP is abot1t tl1ose <1t1estior1s that. we are likely to wa11t answers to. 

The question: P = NP? is possibly tl1e 111ost i111portar1t problen1 i11 
co111puter science if not ir1 111at,hen1atics. Atter11pts t,o resolve this questio11 
l1ave thus far rnai11ly led to reforn111latior1s or· redt1ctio11s. For· exc1111ple, the 
difficulty of tl1e er1tire problerr1 cl<=1ss NP has tJeer1 reduc~ed to a 11ucleus of 
so-called 'NP-hard' problems (S. Cook a11cl R. Kar·p, 1971; L. Levi11, 1973). 

These r1otions are t,iecl to seque11t.ic1.l co111p11t,i1tior1 suc:l1 c1s per·for·med by a 
Turir1g rr1achine 01· a Vo11 Net1r11a1·1n a1~cl1itect11re co111p11ter. However, i11 the 
past, years hopes have e1nergecl tl1at, no11c:l::1ssical or· 11011sta11dard physical 
realizatio11s of cornputers n1ay have diffe1~e11t properties tl1<=1t 111ay l1elp i11 
beating the NP bc1rrier. 

Nu111e1·ous cor11puter clevelop111e11ts togetl1er witl1 an ever-inc1~easir1g co111-
plexity of tl1e pr·oblen1s l1a11dled by con1put,ers, pr·odt1ce challengi11g dernands 
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1·eqt1i1·i11g the i11ve11tio11 of· 11ew arcl1it,(~ct,111·es for e111ergf:nt co1111)t1t,er t1ec:l111olc)
gies a11d 111ore efficier1t algor·it,l1111it· (1t~sig11s. Rt~sea1·c·l1 c111est,io11s c:ove1· tl1e de
sign, co11structio11 a11d lISt~ c)f l1a1·clwar·e, as vvell as a1)I)li(:at,io11s. Solt1tior1s t,o 
t,l1ese 1)1·oblerr1s c11·e sot1gl1t. via i1111)1·c)vecl 11et,,vor·ks a11d JJar·allc~l arcl1it)ect,u1·es, 
par·t,ic1lly tl1rougl1 exploit,1tio11 of oppo1·tt111it,ies a1·isi11g i11 11ovel ctl)IJlicatio11s 
of ph)rsic:s pl1e110111e11a, i11 co111l)ir1atio11 witl1 efficie11t, algorit,11111s. For· a11 
overivew, see for exarnplc' D. I(n11th's The Art of Corrip1tter Pr·o_gr·arri'rri,'i•ng 
Series publisl1ed by Adciisor1-\Vesley". 111 tl1is article we tr·ac·e C\Vl-lJased 
research in tl1is ar·ea. 

3. PAST HIGHLIGI-ITS 

3.1. Machine com.ple1:ity 
In 111achine co111plexit.y we a1·e i11te1·est.e(l i11 tl1e var·iatior1 of c·o1111)t1tir1g power 
resulti11g f1·0111 var·iatio11 of 111acl1ir1e pa1·a111ete1·s. Tl11·ee well-k11ow1·1 open 
basic J)r·oble111s were r·esolvecl as follows. 

1. It is possil)le to real-t,i111e si111t1late a fixed fi11it,e nt1111l)e1· of i11deper1de11t 
cou11ters on-li11e l)y a 011e ta1)e Turi11g 111acl1i11e, [4]. 

2. It r·equires n 2 steps to sin1ulate ·ri steps of' a k-ta1)e Turi11g 111acl1i11e by 
a or1e-tape Tur·ing 1r1acl1ine, a11d n1a11y st1ch res11lts, were discovered 
indepe11der1tly by M. Li, W. Maass a11d P.ivf.B. Vit,a1·1yi. Tl1is 111atcl1es 
the t.rivial upper bour1d and i111proves the previc)11s best lo,ver bou11d 
of n✓log ri l)y alr11ost a11 order of 111ag11itude. 

3. For· over· 30 year·s it was conjectur·ed tl1at t,wo l1eads 011 tl1e sa111e 
work tape ( of a T111·i11g 111ac:l1ir1e) ar·e r11or·e l)ower·fl.11 i11 rE~al tirne tl1a11 
two work tapes wit,}1 or1e l1ead eacl1. Vit,a11yi 1Jublisl1ed i11 1984 a 
fJ1·eli111i11a1·y ler11111a, air11ecl at ever1tuall}r p1·ovir1g this result, which 
was acco111plisl1ed ve1·y 1·ecer1t,ly l)y T. Jia11g, J. Seif'eras, and Vitanyi. 

,9. 2. Corrip 1u,tational n'umlber· theory 
A.K. Ler1stra (the11 at CWI), H.\:V. Le11str·a, Jr., and L. L6v,1sz [1] showed 
tl1c1t fac~tor·izatio11 of poly110111ials over tl1e radicals i11to irr·edl1cible facto1~s 
can be perfor111ed in dete1·111i11istic~ poly110111ic1,l t,ir11e. Later·, tl1e li11k l)et,ween 
cryptograpl1y a11d cor11put.atio11al nu111be1· theory was J)111·s11e(l at CWI by E. 
Kra11akis ( who autl1ored tl1e fir·st 111or1og1·apl1 011 J)t1l)lic key c:r)rptosyst,ems 
while at Yale UnivE~rsity), a11d by D. Cl1a11r11, who fou11decl CvVI's group on 
c~ry1)tographic researcl1. (See also H .. J .J. t.e R,iele's ar·t.icle i1·1 tl1is volu111e.) 

3. t63. Distributed and parallel co1riputing 
Around 1985 c1t.te11tio11 sl1ift,ed f'r·on1 sec1uential co111puti11g to distributed and 
parallel co111pt1ti11g. Dist1·ib11ted C'.0111pl1tat.io11 is r·elated to tl1e e111erge11ce of 
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c:0111 put,er· r1etworks: co111 l)ll te1· c:1p1)lic·c:1tic)11s 111C)V(~(l f rc)111 sir1gle st.a11ci-alor1e 
r11air1fr·a111es to 11111lt.iple c~o1111111111i<·:at.i11g lc>c·al \VC)r kstatic)11s. Pctr·allel co111-
p11tat,io11 arose fro111 tl1e c11.1t~st ()f ft111c.lttr11t:~11t,ally i1111.>1·ovir1g the speed of 
sec111e11tial c~or11p11t,atio11 by 11si11g 11111lti1)le l)I'<)c·essi11g 1111it,s. Bot,11 fiE~lc·ls gen
er·c1t,e c1uest.ior1s of a1·chitect,111·e c)f f)l1ysic~ttl ir1te1·c'.C)1111(~C'.t,s ct11d t,01)ologies, a11d 
C'.OllC'.11r·re11t, algorith111s for· c·o11tr·ol of' ir1t.e1·pr·oc·esso1· cc>1111r1u11ic'.at,io11 a11d ap
plicc1tior1s. \Ve give a selectio11 of C\VI r·elc1t,ecl 1·esectrc~l1. 

1. The co111111011 aJ)proacl1 towards sy11cl11·or1icity issues of 111ultipr·oces
sor syste111s was to asst1111e tl1at eitl1er the p1·ocesso1·s were totally 
sy11cl1ronized or t,otally 11nsy11ch1·onized. We pio11eered a11 approach 
in between: 'Archin1edean tin1e systems', wl1ich is n1ore realistic i11 

tern1s of real-ti111e isst1es. 

2. ~1a11:y~ corr1rr1unication issues in n1ultico111puter syste111s st1cl1 as 111t1tt1al 
exclusion, r1a111e serve1~, load balar1c:ing, data i11tegrity, voting systerns, 
a11d so on, have a 111t1tual 11r1cle1·lyi11g cor·e wl1icl1 was ide11t.ified and a11-
alyzed by S.J. Mullender and Vita11yi as 'dist,ributed 111atcl1-111aking'. 

3. A basic pri111itive for asynchro11ous i11terprocess cor11111u11icatio11 was 
ider1tified by L. La111port as wait-free 1·ead-write sl1ared register. He 
co11str·ucted the si11gle 11ser case. For 1r1ultiple user·s the proble1r1 of i111-
ple1nenti11g such shared men1ory pri111itives from basic a.vailable elec
tronic co1nponents or software co1npo11e11ts becomes very difficult and 
possibly a priori i111possible. Vita11yi c111d B. Awerbuch developed the 
appropriate tl1eory a11d gave a basic ir:r1 ple1nentatio11 now known as the 
Vitanyi-Awerbucl1 register, [6]. To sett,le the theoretically interesting 
q11estion whetl1er such a co11struc'.t,ior1 can exist using 011ly a bounded 
11umber of cor1trol bits, aft.er several published erro11eous solutions by 
several researchers, M. Li and Vita11yi (later joined by J .T. Tromp) 
gave the first uncontested solution. 

4. In a sequential computatio11 one ca11 safely igr1ore n1any pl1ysical as
pects of the underlyir1g co1nputer systerr1 and analyse the con1puta
tional corr1plexity of a progran1 in a purely logical fashion. This is 
not the case ir1 nor1sequer1tial con1putation. Moreover, nonclassical or 
nor1standarcl physical realizatior1s of co111puter·s rr1ay have totally un
exJ)ected properties. A popular n1odel to analyse parallel algorithms is 
tl1e parallel randor11 ac:cess 111achi11e (PRAM), wl1ere n1any processors 
ca11 read a11d wr·ite a si11gle sl1ared r11e111ory in t1nit tin1e per operation. 

Ir1 fact, optimality of PRAM algorithms rnay be n1isleading, because 
in a11y pl1ysically realizable mac'.l1ine arc:hitect111·e a rr1t1ch sin1pler a11cl 
u11sophisticc1.ted algorith1n n1ay outper·forn1 t,l1e opt,ir11al PRAM algo
rithn1. Do networks help wit,}1 this p1·oble111? We c:a11 si111t1late PRAMs 
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fc1st l)y r1et1works of' J)l"<)<'<)SS<}l'S c·<)111111t111i{·;:1t,i11g l))' 111<1 ss;:1g£~ I)ctssi11g ct.t, 
t,l1E1 c~<)St, of· <:t 11111lt.i1>lic·,,t.i\1 <) sl<)W<l<)\Vll s<111;:1,1·e lc)g,t1·it.l1111ic· i11 t.11<~ 111.1111-
l)<::11· of' J)I'O<'.essor·s ·1l f'<>1· si11111lc1.t,ic>11 <)11 et l<:)g 11-<li111<:~11sio11,1..l l1y1)e1·<'.tll)e. 

Ho\\·e,rcr·, t,l1is cloes 11<)t. sc)lv<l tll<" 1>1·<)1>1<'111 111<\11t.io11<•cl fll><)VE~, si11(·t~ tl1e 
l1yJ)Cl'('.ll1)e 11()(1(:>-S 11(\(l(l t.() l)(• ()l'(l(:'l' 11 11:i cl,l)t:ll't, f'c)l' tl1(~ 11·1;:1_j()l'it,)r ()f' l)clir·s 
( SE~e l)elov\r). To get. 11(~1· it t.111·11s C)ltt t.l1c1t. 1·,tt.l1<:>-1· t l1c111 sc1.vi11g t.i111<~", t.l1c~ 
si11111lati<:>11 c·c:,st.s at. lc',tst. <l lc)ga.1·it,l1111ic· i11 lt f'a(·tor 11101·e t.i111e t1l1c111 tl1e 
01·igi11ctl. R .. Lc111da11<.:.1• <lt. IBwl T .. J. \Vc1t.sc)11 Resec1,1·cl1 La.l>s l1clS e1111)l1c1-
sized t.l1at "i11fo1·111i:tt.i<)11 is 1)l1ysic·<1l'. Sc) is C'.01111111111ic·at.icJ11. We l1ave 
a11c1lyzed t.l1e re<1l J)l1ysi<·al <tSJ)e<·t.s c)f l)I'C)J)OSt~cl c·:0111put,e1· ctr·cl1itect,t11·es 
t,l1rougl1 i:-1 sec1t1f~11ce c>f' l)cll)er·s clel)1111ki11g 111a11y pc)l)l1lc11· 111isco11(.:eptio11s 
cl l)ot1 t, 111t)clels for J)a1·c1,llE:.l c·o1111)11 t;a,t,io11s. 

4. l(o l~l'vl oc;o ROV CO l'vl 1->J_, l~X I"I'Y 1\N I) rrII 1~: IN (;0 Ivl P RF~SSI BI Ll'I'Y 1\11 r:rI'HOD 

Ir1 J)a1·t.s ()f. t,l1t~ 1·csear·c'.l1 111c)11tic)11ecl al)ove, we c111(1 C)t11· c·ollal}or·atc>r·s devel-
01)ed <l 11ew 111c1tl1f~111c1.t,ic'.<ll J)t·oof tec~l111iqt1e 110w k11ow11 cts t,l1e ·i'ricorr·ip'1·ess

ib·ility ,r,1,eth,£Jd- a l)asic'. tt~c~l111ic1t1e st1c·l1 fts tl1e '1)idgeor1 l1ole' argt1111e11t, 'tl1e 
c~o1111t,i11g 111et.l1od' or· tlre 'prol)al)ilistic 111et,l1ocl'. 

Tl1e r1ew 111etl1od is l)asecl 011 so-callecl I(ol111ogorov c:onrplexity, a 1r1odern 
11ot,io11 of' 1·a11do11111ess proposed by A.N. I(olr11c1gorov i11 1965 to c111a11tify tl1e 
1~ar1do111r1ess of i11dividual objec·ts ir1 a11 ol)jec:ti,,re a11d cibsolute 111ar111er. Tl1is 
is i111possible by classical J)robability tl1eor·y ( a l1rc111ch of 111easur·e tlreory 
satsifying tlre so-called Kol111ogo1·ov axio111s fo1~111ulated i11 1933). Likewise, 
the Kolrr1ogorov cor11plexity of arr object, is a fo1~111 of cll)solute i11forr11ation of 
tl1e i11clividual ol)ject. Tl1is is 11ot possible t,o do by C. Shar111011's infor111atio11 
tl1eo1·y, si11ce tlre latter is 011ly c::or1cer·ned with tl1e average i11for·111atior1 of a 
r·a11do111 sot1rce. 

After \Ve JJiorreere(l seve1·al successful applic~atio11s of· Kolrnogor·ov co111-
plexi ty ir1 t,l1e tl1eo1·y of c:01r1putatio11, tl1e ger1e1·al pt1ttern of· tl1e incon1-
pressibility rr1etl1od er11e1~ged. It is a shar·per r·elative of' classical info1·r11atior1 

342 tl1eor·y arid yet sat,isfies 111ar1y of tl1e laws of c:'.lassic:al i11f'or·r11atio11 theor·y
altl1011gl1 witl1 a sligl1t err·or· ter·r11. 

Applica,tio11s of I(ol1r1ogor·ov co111plexity by t1s arid otl1ers l1ave bee11 give11 
i11 a pletho1·a of areas, i11c:l11ding tl1e theory of c:0111putatio11, ir1cluctive r·easor1-
i11g, forr11al lc::111guage tl1eory, c:0111pt1t,atior1al lea1·11i11g tl1eo1·y, co111binatorial 
tl1eor·y, 1·a11do11111ess, Godel style i11c:0111plet,er1ess r·esults, gra1)h tl1eory, Kol-
111ogorov 0-1 Laws, tl1eor·1r of parallel c111cl clistribt1t,ecl c:011·1putation, average 
corr1plexity, sorti11g, string 111atching, routir1g in co1111)uter 11etwo1·ks, circuit 
theory, c:0111plexity of tapes, stc:icks, c1t1eues, cor11plexity of parallel rando111 
ac'.cess r11c1c:l1i11es, i11 pl·1ysics of cor11putation, ir1for111atio11 distar1ce (for ex
c1111ple i11 pattern recogr1itior1) a11ci so 011. A corr11Jreher1sive ac:co1111t of botlr 
tl1eory a11d a1Jplicat,io11s is give11 i11 t,l1e ( t,ext) book [2]. 



5. c~ Ll l{ l{I~:N'I" ;\ N [) F' l.T'['l_TJ{.I-.: I) l l{ 1,:( ' 0 l' I() NS 

C1
111·1'(:'llt I"('S0<ll·c·l1 clt C1\\'I is i11 tll(' cli1·c·<·t ic)ll ()t' lll,l('llill( 1 l<1 <.ll'lti11g clll(l J)ll)'Si('cll 

ctSI)<:"c·ts c>f' c·c)lllJ)1lt,c1t·io11~ \\:l1ilc· c·c>11ti1111i11g \\'(>1·1( i11 ('<>1111111111ic·;;1t,i()ll i11f·1·,1st,1·11t:·
t,111·E~ i11 J)a1·,1ll<ll ,111<l clist1·ilJ11t,c·<l (·c>1111)11tc1ti<)11. 'l'l1c· i11c·c>1111)1·<\ssil>ilit,\' 111<:1 tl1<)cl 

ct11cl <:)tl1c1· c·c)1111)1·<~ssic>11 l),tSE'<l tc\c•l111ic111<is <lI.E' 11sc·<l tl11·(>11gl1(>11t,. 

5 .1. C'!<J rJ lJJ ·11.trLtio11.<1,l J.~,1 <J, c:11 i ·11 f' Lf; r1:r·11, i·r,._q 
It, is 11c)t, ctl\Vcl,)'S 1·ectlizt3 <l tlr,tt. 111c)st <)f. t,1·ciclitic)11,1l stc1t,ist·ic·s is cll)c111t·. c·c·>1111)11tct
t,io11c1l lc~c11·11i 11g. It, is ell \\'cl)'S i11 \'<)l,rElcl \\1i t,11 c1lgo1·i t,l1111s tc) o lJtc1i11 t,11<· gc11(~1·c1l 
£1~0111 t,l1e J)clr·t ic·11la1·. r\. 110,rel clJ)l)l'Oi::1<-·l1 i11 st,,1tist,i<·;:tl l(',1,1·11i11g is l>clS(1 cl C)ll t.l1e 
111i11i11111111 clesc·1·i1)t,i()ll l<.::.11gt,l1 of· l1}'l)Ot.l1c?SE?S ,111cl cl,1t,t1. tc>getl1c,1· -c)11c \\'cty t,o 
ex1)1·ess t.l1e so-c·c1,llE'ci l\1I D L 1)1·i11<'.iJ)le. 

111 (1l11· \\'C)1·k \Ve follc)\V tl1e tl11·ec1cl <)f. i11cll1c·t,ive i11f'c1·t"11c·c~ ,111cl })flC: lc"c11~11-

i11g a11cl, f'1·0111 t.l1e c1tl1e1· t"11cl, ,,re exc1,111i11c" clll clJ)J)l'<)clc:11 1·c~l,1t<1 cl t() st.c1tist,ic:s~ 
Bc:1:y·esic111 1·ec1sc)11i11g, <1.11cl t,l1c~ J)1·i11c·i1)lt' ot· ·111i11i11111111 cles(·1·i1)tio11 lc11gtl1 ~ C)f 

~lVIDL' t·o1· sl1c)1·t. It, clJ)l)t=-c11·s tc) llS tl1,1.t tl1e f'11t,111·c, of· c·c)1111>11t,c1.t,ic)11c1,l 111c1-

c·l1i11e lt,a1·11i11g ,vill i11\rc)l v•c:i c·c)111l>i11c1t ic)11s of· t.l1E~se clPl)I'Oc1.c·l1cs c:c)tll)lecl \Vit,11 
g11a1·a11ties ,vit,11 r·es1)ec·t, tc) 11sccl t,i111t~ a11cl 111t·111c)1·y 1·c~so111·(·c"s. It, is c·lc~,11· tl1c1t, 
(.'.OlllJ)lltc1,ti()Ilcll lec11·11i11g tl1eo1·y will 1110\.re close1· t,C) l)l'cl.(·t.ic·c <lllcl t.l1e c:lJ)pli
c:at,io11 of· IJ1·i11c·i1)les s11c·l1 clS l\1IDL 1·ec111i1·es f111·t,l1c1· j11st.ific:c1t,io11. Bl1ildi11g 
011 0111· earlie1· wor·k, as 1·E\l)o1·t,ecl i11 tl1e t.extlJook [2]~ we c·c::111 j11stif.y· c:e1·t,cli11 
:::1,p1Jlic·c1,t,io11s of' ~/1DL vic::1 t.l1e Bt1yesia11 clJJJ)1·oac:l1 cl.S t·c)llc)ws. 

Figure 2. A.N. Kol mogorov (1903-1987) at the 1954 International Mathematical 

Congress in Amsterdam. 
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A gt·11t:·1·c1l t,c1sk c)f. stc1t,ist.i(·c:1l l<~ct1·11i11g is tc) sE•l(\(•t, t.l1e 111c)st, IJl::-1l1si l.lle llJ'f)Ot.11-
(•sis i11 t,l1e ligl1t, of eXJ)<:\1·i111<~11t,c1.l f.l\,icl(•11<··(•. Tl1(• c·lc1.ssi<· 111t\t.l1c.)cl t.o clc) so is 
B<1,)·es' 1·l1lE~. Tl1e J)1·olJle111 \Vitl1 cll)l)ly·i11g Bc1,:r·c's' 1·11lE.l is tl1a.t 011E) f'ir·st. l'(\Cll1i1·es 
t.11<~ l)l'i C)I' J)1·0 l:>cl l) ili ties o t· t l1c· J)<)ssi l) 1 e 11.)'JJC) t l1c·sE.,s. lT 11 f'c>r·t t111c1.t:.t) lj·, it is c)f t,(:11 
i111 f)t)ssi l)le t.o olJtc:1i11 t.l1csc~. 

011(~ \\'cl}' ()llt, of' t.l1is ('()llllllCl1·11111 is t,o l'(~c111i1·e i11ft)l'('\ll('E• ()f' l1)r1:)()tl1c1S(lS to 
lJ<::- c·<)tllJJlE't,el)' <lc:1.ta cl1·i,·c11. Tl1e l\IDI..1 a.1)l)l'Octc·l1 er11l)c)cli(•s tl1is iclc::-t. Tl1is 
clpp1·oc1.c~l1 is c·l11·1·(.l11tly \v·iclc, l}• <=t11cl s11c·c·essf·l1ll.): 11se<.l i11 111ctll)' cli vt~r·se ctJ)J)lic:c1-
tio11s. 11IDL is 11st1ctlly· p1·<'se11tt·cl cl..S jl1st.ifiecl i11 ctll(i of' it.self l))' J)l1ilc.>so1)l1ic~c:1l 
l)e1·s1.1ftsio11. As 011e of tl1c~ f'o1111cler·s, (:. \\rctllac·e, 1·E1 111c11·kt:cl :::tt c111 AAAI 111eet.
ing clt St.a11t·o1·d U 11i versi t.;y· i11 1990, "t.l1e 111()St, s11r1)1·isir1g t.l1i11g ctl)C)lit lvID L 
is t.l1at 11c) 111or1st,e1· l1c1s y·et. s1)1·111·1g f1·()1·11 t.l1e vVC)ocls'. Tl1clt, is, t.l1e J)1·ir1c:iple 
l1as 11ot. yet k11owr1 spec:tclC'.11lc11· f'c1.ill1rc~s i11 JJ1·c:1c·tic•(\. It, is i1111)or·t.ft11t. for· tl1e-
01·etic:al fou11dcltio11 cl11cl f'c)I' J)1·c1c·t,ic'.ctl clIJplic·<1,t,io11 t.l1at a fi1·1r1 l)::-1,sis fc)1· t1l1e 

• 

p1·i11ciple is t:~stctl.)lisl1cci. 
Irr [3] \Vt~ s111)J)ly cl 1·igo1·ol1s j11stifiC'.ctt,io11 fc)r· 1\/IDL t·1·0111 fir·st. J)1·i11c:i1)les

1 

icle11tif'y si111ilct1·i t.ies cl11cl cliff'e1·e11c:es \Vi tl1 Bcty·esia11 i11f <.~1·e11c·e, ct11d give a c:0111-
IJa1·iso11 of· l)clc· lea1·11i11g c1·ite1·icl, c111d 11IDL algo1·itl11r1s for· t.l1e 1)1·c1c.·t,ic'.cll t,opic~ 
of clec'.isio11 t.ree lca1·11i11g. 

5. 2. Corri.putat1:ona.l L·i'rig·tLit,tics 
Give11 a l)ocly oft.ext ( a c:01·p't1,.r.,), we \Vc111t. to clll t.0111atic'.c1lly cler·i ve cl g1·a111111ar 
for it.. \\711ile syst,e111s cl()i11g so will procluc'.E~ t111f·c1111ilc11· g1·;:11111·11c1rs f'o1·, Sc1-y, 
natur·al lc111guage text.s, i11 ot,l1e1· c:or1text.s we do 11.ot k110,v 01· ccir·e ,vl1at 
is '11c1t1.1ral'. For exa111ple, t,llt' gra111111c1t,icc1l 1·11les of· e11t.1·ies i11 tl1e Oxfo·r·d 
Eriglis!t D·ictio·ria'r·y clre J)C)o1·l}' descr·irJed c111d 1111k11ow11. Yet clll to11·1at,ic.'.cllly 
extrc1cti11g rules f'ro111 exist.i11g texts yields a g1·c1111111c11· ,vl1ic'.}1 C'.a11 111011itor 
co1·1·ect, for111at. of 11ew e11t.1·ies. 111 tl1e H·urr,,c1'r1, Ge·,iorrie P·,·ojf:c~t c111 e1101·111ot1s 
corJ)llS of' ge11etic· dc1t.a l1c1s beer1 C'.ollec~t.ed a11cl is c1Vc1ilc1ble i11 clat,a bar1ks. 
Ext1·t1,ct.i11g et g1·a111111clr· t·1·0111 t.l1ese d::1,t,;:1 C'.a11 be 11secl t,o validat.e 01· r·ejec'.t 

344 hypotl1(:~ses 011 tl1is r11ate1·ial. Tl1e appr·oac:11 we 11sE~ is 1)1·i111c11·ily lJcised 011 
statist,ic'.s of· I)c1.t,t.er11 C'.011j u11c'.t.io11s. Tl1is is used to ge11e1·ate tl1e g1·a111111atical 
sy11tc1.x 1·l1les. 

Ge11e1·ally, tl1e 111ai11 l)1·obler11 of s11c:l1 ap1Jr·oac~l1es is l1ow t.o j11clge r·elative 
goodr1ess of alte1·11ativ'e possibilit.ies a11ci sir11ila1·ly ,vl1e11 to st,01) C'.0111plicati11g 
tl·1e gra111111a1· to obt,cii11 a lJet.te1· fit ,vit,11 t.l1e clc1.t1c1.. \Ve cl11t.ic:ipctt,e tl1at 11si11g 
t,he :tvIDL p1·i11c·i1Jle i11 tl1is esse11t,ially clc1t,1-cl1·ivre11 1)1'0('.(:•SS is t,l1e 1·igl1t tl1i11g 
to do. 0111· i11it1ic1l res11lts see111 to <·011fir·111 t.l1is icle:-1. 

5. ~63. M,u[t·iple Cor11.p'ttiin,.cJ Age·nts 
Co111 p11 t,cltio11ctl c1p1)1·c)c.tc·l1es l)c1sccl 011 t.l1e l)ic)l<)gy of t,l1t\ • l)I'clir1' ct11d ~ evol 11-
t.io11' C'.0111 J)r·ise 1·est~c"t1·c'.}1 i11 a1·ec1s c)f' 11e111·oc·o111 l)ll t.i11g ctr1cl c1cl,11)t,i ve C'.0111 p11 t
ir1g. 1'11e E~r111:)loyecl progr·::-1111111i11g t,ec'.l111ic111es ar·e 1·efer·r·ecl to as '111l1ltiple 



c:0111 J)l1t,i11g age11t.s'. St1cl1 clJ)proacl1es t. 111·11 C>ll t, t)o l)e ve1·y l1sef'l1l t.o apJJly 
t,o ill-clefir1ed })1·0 ble111s w l1ic:l1 c·a11 011ly ,vi t 11 g1·eat. cliffic:l1l ty l)e E~xp1·essc~cl i11 

C'.Or1ve11t.io11al c1.lgoritl1111ics, st1cl1 cts f'c)r· ex<11111Jle J)1·ol)le111s c)f C'.0111r)llt,e1· visio11 
a11cl speec:11 r·ecc)g11itio11. 

N e111·c)c:01111)uti11g dec1ls wit.11 t,l1e clesig11, c111c1lysis clll(l clJ)J)licc1tior1 of· 11et.
wor ks lJ11ilt £1·0111 a.1·tific:ial 11el11·c)11s. flt:~r·e t.l1e gocll is 11c)t. t.o i111it,c1.t,e tl1e 
hu111a11 l)rc1i11 b11t. t.o desig11 a ft111c'.t,io11al c:c>111JJt1tir1g e11gi11e. 

Ge11etic c1lgo1·itl1111s solve 01Jti111izat.io11 }Jrol)le111s i11 a ,vay ,vl1ic:h is based 
011 1·1at11ral selec'.tio11 i11 1Jiology. ..4.. IJOI)t1latio11 C)f possible solut.io11s (pr·o
gran1s) 11111st co11ve1·ge ir1 c1 sl1c>r·t ti111e t,o y'ield tl1e best ( 01· a \re1·y good) 
solutio11. Ever1 111ore tl1a11 i11 11el1r·oc'.01r1putir1g, we c:a11 talk al)out, 'al1tor11atic 
progra1n111ir1g' i11 tl1is sett,ir1g. Tl1e JJr<)gra111 develops 1)y it,self, gover11ed by 
'evolt1tio11ary fit.11ess a11d selectio11' ( t.l1eref·o1·e, 011E:~ also talks about, 'evolu
tio11a1·y' 01· 'ge11etic:' pr·ogr·c1111r11i11g). Tl1is appr·oc1c:l1 is successful i11 co11texts 
where it is al111ost i111possil)le to \vrite explic:it l)rogra111s. This is ver·y ofte11 
tl1e case in pr·ac:tic~e. Ger1etic_· 1)1·ogr<1111111i11g appectr·s to be cl l)Op11lar· ap1)1·oc1.cl1 
wit,11 software ho11ses, si11c:e tl1e rest1lt is a11 <)ptir11al p1·ogra111 whic:11 can be 
'explai1·1ed' to tl1e c:lie11t,, 1·atl1er· tl1a11 a set of' OJ)t.i111~1.l weigl1t,s i11 a 11eural 
networ·k wl1ic-.l1 rr1ay per·for111 great bl1t, l1ave 1·10 direc:t i11t,11itive explar1ation. 
At, CWI we l1ave develo1)ed a pilot, i111ple111er1tatior1 of r1ovel evol11tionary 
prog1·a111s r)ased part,ially 011 tl1e genetic pr·ogr·a111111i11g paradigr11, with 111ore 
capabilities tl1a11 hitl1erto kr1owr1 (FALS), whicl1 will l)e exter1sively tested 
011 r·eal pr·o l)le111s. 

Autor11atic prograrn111ing witl1 ge11etic algorith111s ar1c:l tl1e like for· !)1·ovicl
ir1g r1ear·-opti111al sol11t,io11s t,o ill-clefi11ed probler11s is widely 11sed by softwar·e 
cleveloJ)ers i11 c~on1111ercial applic:at.ior1s. For exa111ple, it is usecl by banks t,o 
j11dge cr·edit c:ard applic·atio11s a11d by KLl\1 to predict. cc:1reer 1)la1111i11g of its 
pilots. 

Tl1e 111ethod 11as l)ecor11e so popl1lc:tr because it is relc1tively easy to pro
gra111 a11d leads in pr·ac~tice al111ost i11var·iably to ver·y good pe1·for111anc:e. 
The reasons for this are 111atl1er11at,ically still poor·ly 11r1der·st.ood. Because 345 
of its irnr11er1se c:0111111ercial i1111)c1C:t, it is para111ou11t tl1at, tl1e n1atl1e111atic:al 
u11derpir111ings of tl1is discipline are disc:over·ed arid perforr1·1c1.r1ce g11ara11ties 
car1 be given, a11d, 111oreover, that parc1,111eters whicl1 speed u1-:> c:011vergence 
arid i111prove c111ality of sol11tio11s ar·e ide11tified. 

Our investigatior1 i11 tl1e ur1cler lyi11g r11c1.tl1e111c:1,ticc:-il theory is based 011 
Markov processes arid foc11ses 011 t.l1e analysis c1nd ex1)loit,atior1 of 'r·apid 
n1ixi11g' properties. Preli1ninary restrlts poi11t1 c:1.t. cl 111ocle of' ope1~c1t,io11 where 
rnany sl1ort rur1s of tl1e ger1etic: algoritl1111 t1re 111or·e likely to yielcl c:1.n opti
r11al prograt"ll tha11 011e ver·y 1011g 1·11r1--"-ir1 c:011t1~ast to Cl1rre11t, usc1ge. Anotl1er 
directio11 of vvo1·k c~o11c:e1~11s t,he s1)eed-lll) of cor1verger1ce to l1igl1 c1l1ality so
lutio11s 1)y ap1)lication of t.l1e B,1yt~sian app1·oc1c:l1 c111cl t,l1e MDL 1)ri11c~iple. 



[5. 4. Ro·ilf i·11,.£J 

I11 <'()lllJ)11te1· 11E~t.\VC)1·ks 1·<)l1t.i11g c.)f. lll(\ss,tg(\s ( 11111c·l1 likE:\ <i111c1il <)ve1· i11t.<~1·11et.) 

is cl \rit.c1,l it.e111. As 11et.,v<>r·l-cs g1·c>\V l,11·g<·1·, 1·c)11t.i11g i11f·<.)1·111,1tic>11 l)l'('\sc'\11t. c1.t, 

c~ctc·l1 l)ft1·t.ic:·11l<11· sitf"l i11c·1·('ctSl'S t.c> 1111111,111c:1gc"\,tl)lc'\ size'. (:lc',11·1)'•~ it, is s11ffic·ic~11t. 
•• • 

t<) 111c1i11t,c1i11 a. 1·<)t1ti11g t,<tlJl<'\ clt. ec1c·l1 11oclc" vvl1ic·l1 Sctys C)\r(·\1· \\rl1ic·l1 ,1.cljc1c·e11t, 
11c)cll· et 111essc:1ge to a tc11·gc·t llC)<ll\ 11111st, l)<~ 1·c>11t.<1 cl. lfc)w<·;,.rc\1·, s11<.·l1 c-l. 111c1tl1c)cl 
1·ec111i1·es 1·<.)11t.i11g tal)l<::s i11 ,1.ll 11c)cies of' size~ 11 lc)g 11 c:111cl t.l1c~ c111c)st;ic)11 is l1ow 
t CJ 1·ot1 t.E.' 111essagt1s 11s i 11g cls c·<)111 l)ctc·t. cts l)C>ssi l) l(: 1·0•1 t i11g t,cl l.> les. 1:\ t,)'I)ic: ,tl 
r11et ll()cl is irl.te·1··L,al r·cJ·ztti·r1.<J. Aclj cl,<'t)11 t. 11()Cl(:S cti·c~ fi1·st. or·clE")1•c)cl ( f'<.)1· c)xa1111) le 
lexic·t)g1·a1)l1ic·all:r, l)y 11c1.111<:~), c111cl t.l1e11 cl set ()f. i11te1·vctls 011 tl1e set, of· 11odes, 
say { 1, ... , 11}, is assig11ecl to f~ac:11 Sl1c:l1 ftcljc1.c·(~11t, 11ocic.3 • Tl1c~ i11t.e1·vals a1·e 
c:l1ose11 s11c·l1 tJl1at. toget.l1e1· t.l1ey c:ove1· {. 1, ... , ·r1} c:c)111 l)let.ely. To r·ot1t,e a 
111essagE:: tc) <:t11y tc:tr·gt"'t, 11ocic"), vve fi1·st. loc)k f'c)1· ct11 i11ter·val c·c)11t,c:1.i11i11g t.l1e 
tclr·get. 11ocle, ct11cl t:l1c-:11 ro11te tl1e 111c;ssc:1ge t,o t,11<:• c1.clja.c'.c~11t. 11ode associat.ecl 
wit)l1 tl1e i11tE~1·val. (jlea.1·lyr, fo1· c·ert,c1i11 11et.\VC)1·ks (like t.1·e<::s) i11t.er·v<1,l 1·c)11ti11g 
c·a11 l)e V(~1·3,r effic·ic;11t. i11 tl1(.., se11se of' sc1vi11g c:l lc>t. <>f. l)i t,s i11 t.l1e clesc:1·i 1)tio11 c)f 
tl1e r·ot1ti11g i11f·c)1·111c1.t.io11. 

vVe use I(ol111ogor·ov c:01111)lexi t.y t.() clet,e1·111i11<~ t.l1t~ 01)t,i111ctl s1)ace 11sed l)y 
1·ot1 ti11g t.a.l)les i11 c:011111111r1i<·c:1tit111 11et,wo1·ks for· l)c)tl·1 \\,ror·st.-c:,tst~ stat.ic'. 11et,
wo1·ks a11ti 011 t.l1e clVt;l'ctge f'c)r· c1ll st,at,i<'. 11et,\vo1·ks. 1'11is 1·es()lves t,l1e p1·ol)le111 
of tl1e r1ecessa1·y a11d s11ffic'.ie11t size of c:111 1·c)11t.i11g t,alJles t.ogetl1e1· fo1~ u111·e
stric:ted 1·out1i11g scl·1e111es. Si111ila1·ly ,ve clet,e1·111i11e tl1e 01)ti111u111 1·011ti11g t.able 
size fo1· sl1or·test l)at.11 1·out.i11g 011 c:1l111ost, c:tll g1·a1)l1s ( tl1e I(c)l111ogc)1·0,r r·a11do111 
g1·a1)l1s wl1icl1 <-,011stit11t.e a f'1·c1t:ti()11 of clt, lec1.st, 1 - l/"r1.3 of all gr<:1pl1s). We 
p1·ove t,hat 8 ( ,l,2 ) bits c:11·e st1fficie11t cllltl 11ec:ess<11·y for· t.l1e t.ot,al size of' tl1e 
1·011t.i11g t.ables. We sl1ow t.l1c1t. tl1is i1111)lies tl1e sa111e OJ)ti11111111 for· tl1e aver·age 
of all g1·a1)l1s. It, t.t1r11s 011t. t,l1at. <)111· 111et.l1ocis ctr·e <::1pplic·c1l)le to 111c::1..11y clifl'ere11t, 
c:111·re11t, 111odels 1.1secl ir1 c1p1)liecl 1·outi11g. 

5. 5. Q·ztant·z1rn Coh.e'rer1.t Co·r11.p·utatio'r1 
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e1·ties. Tl1e t.l1eory of· c:0111J)l1t,c::1t.io11 is t.l1t1s 1)ec:0111ir1g a11 i11c:r·ectsi11gly i11t,er
disciJ)li11a1·y s11l)jec:t, bec'.t1use of t.l1e 11eeci t.o 1111dersta11cl a11d apply pl1ysical 
la\vs i11 co1111)11tc1t.ior1al c:011sicle1·at.io11s. 

Qua11t11111 c~ol1e1·e11t c~o1111)11tat,ic.)11 ( QC:C) is a. 11ew field of· 1·esear·c:h tl1at 
l1as at,t.r·c:1cted c:011side1·t1lJle clt,t,e11tio11 ove1· t.l1e last 10 yE~ar·s ( sE~e f'or· exa111ple 
tlre a1·ticle l)y S. LlO)'cl i11 tl1e Sc·ie11tifi(· A111e1·ic·a11, 0('.t,ol)er· 1995). Rec'.e11t 
evide11ce t,l1at. t.l1e p1·01)osecl c:ol1e1·t~11t c111c111t,t1111 c:c)111p11t,t)1•s 111ay tJe ir1t1·insi
C'.ally 11111c:l1 fast.er· tl1a11 C'.lassic:al c:01111)1.1t.i11g clevic:es 111akes t,l1eir· t.ec:l111ological 
develo1)111e11t. of gr·eat E.~c:c)110111ic· i11ter·E~st,. QCC 111ct)" c:011t,1·ilJute to solving 
stc111di11g ope11 f)1·ol)le111s i11 c·o1111)1.1t.atio11 t.l1ec)1·y as well as i11c:rease our u11-
cle1·sta11cli11g of c111a11t,u111 J)l1e110111er1a. 

Tl1e ulti111c:1te li111it,s of' tl1e s1)eed of· co1111)11tatio11 ar·e dete1·111i11ed lJy tl1e 



e11e1·gy· clissi1)c1t.ic)11 J)C;1· 1111it; cl.l"(',l 1)<'1· 1111it t i111c', wl1i<·lt i11c·1·east'S ,vit,11 tl1<:· 
cie11sit,y c)f. svvit,c·lti11g ele111c11t.s i11 tl1c· c·c>1111>11t i11g cl<'v'ic•c\. l,,i11c:·c1.1· SJ)CC.'(l lll) l>y 
sl1c)1·t.c11i11g i11t.e1·<·01111f'C'.t.s C)Il i:l t\\rc)-cli111c)11si<)ll,1l clc\v•ic·c· is ilt,t.c111cl<'<l l)_y" c·11l)
ir1g tl1(~ clissi1)cttc(l <~·11cr·g:,,· 1)e1· <1r·c,,1 1111it J)c--r· S<'('C)11cl~ ,111cl <lissi1>clt.i<)11 011 1·.l1is 
sc·c1le i11 t,l1c lo11g 1·1111 (··ct1111c)t 1><' c·c)1111)<•11s,1t.c'c·l fc)l' l>y c·c)c)li11g. Tl1<1 clissi
I)fl.t.ecl <:·11 (• 1·gy J) er· 1) it. <) }) <:--1· ,1.t. i <) 11 ;:11 r·cl <> 111 t (' 111 }) (•1· ,t t, 111·E· l1c1s clc\(:·1·c·,1sc~c1 f'1·c)111 
10-2 ,Jo11le i11 1940 t.o 1()- 17 .Jc)11lc· c1t. J)1·esc~11t,, a11cl <:·xt,1·c11>olc1.t.ic)11 <)f. c·111·1·c·11t, 
t.re11ds sl1ovv·s t.l1<1t wit,l1i11 twe11t.v \''ea1·s a f't11·t.l1(~1· 1·ecl11c~tic)11 l)f~lc)w tl1e t.l1e1·111al 

t./ tJ 

11oise level c)f 10-21 J 01.1le is 1·E'<111i1·ecl. R.E:~c.i11c~i11g t,l1E:~ (-\11er·gy dissi1)ati<)ll ()f cl 
C'.<)Illl)llt,c1t.io11 is ve1·y 1·eleva11t, i11 tl1e clevelo1)1·11e11t, c)f. 111c1ssi\re 11111lt.i1)f()c·essi11g 
a1·c·l1itec:t.t11·es [5], \\rl1e1·e t.l1e i11t,e1·c·o1111ec·'.t, vol11111<~ esse11t.ic1,lly is cl sc1t1c11·e 01· 
c:t1l)e 1)owe1· of t.l1e 1)1·oc'.essc)1· ,,,·c)l11111e. 'fl1e 1·ec·1t1i1·e111e11t1 <)f. ( cll111c)st,) clissi-
1.)at.ic)11less c·o1111)t1t,ctt,io11 l1c1s lecl C'.C)1111)1.1t.e1· sc~it·11t,ist.s t.o c··c)11si<lt~1· ·1·<:-~ve1·sil)le' 
C'.0111 l)ll t,c1.tio11, f 01· wl1ic~l1 t.l1e1·e is 110 lowe1· l)<)1111cl c)11 t,l1c~ e11c~1·gy clissi pcl t.io11. 
It l1as l)ee11 c~st.('.1.l)lisl1t'cl t.l1c1t. t.l1e f't111c·t.io11;:1} i t.y c)f 1·c"'ve1·si l)le C'.lc1ssic·al logiccil 
gates f'c)1·111s a J)1·01><11· st1l)c·lc1ss <)f. t.l1c~ f1111c·t.io11c1lit.)' of c111c111t11111 l<)gic~al gc1t,es. 
A11 effic·ie11t. 111et.l1<)dolog),. of' c11.1c111t. 11111 gc.1.t.e c·c)11st.1·11c·t.ic)11 f C)r· ·r2-l)i t llili tar·y 
t.1·c111sf 01·111 at. io11s is still cl s11 lJ ,j ec:t of' c·t11·re11t. 1•t:,sea1·c:l1. 

Si11c:e R. Fey11111c111 's st,c1t.er11e11t, t,l1at c11.1c111t. 11111 111ec:l1c111ic:s cl()(~s 11ot. i111 I)Ose 
a J)l1ysic·al li111i tat,io11 011 c:0111 l)ll t.::it.io11, t.l1e c111est.io11 wl1et1l1{~1· c111,111t 11111-l)c1sed 
co111put.a.tic)r1 c:'.a11 lJe 11101·e effic::ie11t t.l1a11 c:lc1.ssic:c1l (1)1·ol)c1l)ilist,ir:) c:01111)11tc1-
t,io11, l1as s11bsec1t1e11tly 1Jec:0111e a11 olJjec:t. of i11t.e11sive 1·esear·c·:l1. Tl1is l1as lecl 
t,o a no·nclc1,,(;J.i;;;icc1,l e111e1·ge11t 1)c1ssilJle c:01111)11te1· tec·l111ology ( c111c111t11111 c:ol1er·e11t1 
c·o1111)11t.atio11 or· QCC). 

Tl1e QCC clJJJ)I'Oc1c.:l1 will pa1·t,ic:1lly alleviat.e t l1e i11t,e1·c:01111ec:t. l)l'C) l)le111 ( al)o
ve) l)ec:ause a lar·gc~ 11u111l>er· of· diff·(~1·e11t, c:01111)l1t,at,io11 l)at.11s C'.,tll lJe si11111lt,a-
11eo11sly f'ollowecl ( wit1l1 c1p1)1·01)riat,e 1)1·obc:1l)ility a1111Jlit.11cles, t<) l)e s111·e) l)y 
tl1e sa111e si11gle pl1ysic:a,l apr)ar·at,us r·ec1uir·i11g l)llt a t,i11y c1111ol111t. of pl·1ysic:al 
SJ)ace. Tl·1is is tl1e subst.a11c:e c)f Fey11111c111 's dic:t11111 "tl1e1·e is 1·00111 at t,l1e l)ot,
to111' ir1 tl1e c:011text, of l1is pr·o1Josal of QCC. Of' c:our·se, si11ce t1l1e difl'e1·e11t. 
cor11putat.io11 patl1s of a q11a11t.11111 co111p11t.atio11 c·a1111ot c·o111111l1r1ic:ate cl.S is 347 
of'te11 a 111air1 t·eatt1re i11 a l)ar·allel clistril)ut,ecl c·o1111)1,1t.at.io11, it. is 011ly a ver·y 
special type of 1·00111 whic~l1 is ava.ilal)le at, t,l1e l)otto111. 

I11 1994 P. S1101· sl1owecl a 1·e111a1·kable 1·es11lt,, wl1icl1 st1dcle11ly 111ade tl1e 
pl1ysic:al 1·ealizatio11 of a q11a11turr1 co111p11te1· ext1·e1r1ely i11te1·esti11g. Sl1or 
provided a c1ua11t11111 c1lgo1·it,l1111 t.l1at. co11lcl c.lo i11t.eger fac~to1·i11g ( or· disc~1·ete 
logar·itl1111) witl1 a l)ou11ded p1·obc1,bility of er·r·or· i11 1)ol.;ir110111ial ti111e. 011 
a classic~al c:01111)11ter witl1 c:u1·1·e11t.ly k11ow11 111et,l1ocls t.l1e det,e1·1r1ir1atio11 of 
pri111e fac~t,or·s ca11 l)e a11 exceec_li11gly cliffic·t1lt. ( expo11e11tial t.ir11e) l)l'C) ble111, 
althot1gl1 verific:atio11 is t1·ivic1l. Tl1is asy111111et1·y is t,l1e l)asis ot· 111ode1·11 
cr·yptog1·a1)l1y arid is used t.o ol)t,ai11 sec·r·et, codes used i11 yot1r l)c111k ca.r·d a11d 
to tra11sfe1· di1)lo111c1.tic: 111essages betwee11 e111l)assies. 

Pl·1ysic'.c1l ir11ple111e11t,at.ic)11 of c1t1antl1111 algo1·ith11,1s, like Shor·'s, will however 
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f',1c·e g1·eat. J)r·oble111s. Tl1e l)C)vvc1· c)f' c111cl.11t.l1111 c·c)1111Jtlt<ttic)11 is 1·t~lcttE'cl to tl1e 
t1se of' c:o l1e1·e11t, c1 t1a11t u111 st11)e1·1) c)si t.i <) 11s i 11 t. lLl' ('.() 1111) 11 t.cl t.io11. 1'11is c~o l1(')1•e11c:e 

1 

l1oweve1·, c:c111 l)e clest1·oy(~cl l)y~ tl1c i11<:,vit,c1hle C'.C>t11)li11g t.o t.l1E1 'E~11\ri1·c)111t·1e11t ,_ 
\V. lT 11rt1l1 l1as c~<1lc~ulat.ecl tl1,tt (~(;(~ <'C)lll l)ll tc1t.ic)11s 11si 11g J)ll}'Sic··ctl r·ectlizc1t.io11s 
rJclSE~cl 011 spi11 latt,ices vvill l1ct\r(~ t,c) l)e fi11isl1ecl i11 clll {)xt1·e111t'l:rr sl1c)1·t, t.i111e. 
For· exa1·11ple, for· fac:to1·i11g ,l 100() l)it. 11t1111l:>f:~r· i11 sc111c11·e c1t1c111t11111 fctC'.tor·i11g 
ti111e we l1c:1.ve t,o l)er·f'o1·111 1 ()6 st,eps i11 less tl1c1r1 tl1e tl1E~1·111al ti111E~ sc'.ale n / A~T 
Vvrl1ic·l1 clt. 1 I( is of orde1· 10-~➔ sec~o11cls. 

A11otl1er 1)roble111 is et·r·o·1· c:or·r·ectior1,: 111eas1i1·<~111e11t.s tc) clett~c~t. er1·01·s will 
destroy tl1e co1111)tltcttio11. .A. 110\rel J)<11·t,ial r11et,l1()d t·c)r e1·1·01· C'.01·r·ec'.tio11 l1as 
bee11 st1ggested by A. Berthiau111e, D. Det1tscl1 and R .. Joszcl. 

It will rec1uire ar1 exploratior1 of several c:a11didc1.t,e J)l1ysic:al syste111s to 
obt,ai11 a 111ore precise idea of t.l1e J)ossibilities c111d li111itc1tio11s of t,he plrysical 
i111 ple111e11tc1t,io11 of a c·111a11tt1111 c:0111 pt1te1·. 
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