
ln1oqes l~Jf Stv\C Reseorcf1 1996 
'--· 

I. Bethke, J. W. Klop 

l. lN"fRODlJC'.1"'ION 

J\!Ia11y c:or11pu tat,io11s ('.t:111 l)e 111odelecl clS st.ep-by-st.e1) t1·t111sf 01·111at.io11s or· 
rewr·it,ir1g of ,1 st.1·i11g of sy111l)ols ( vvor·cls, ex1)1·essic)11s, te1·111s), i11t.e11di11g to 
reacl1 s0111e fi11c:1.l rest1lt ctS ar1 ans,ver ( a r1.o'r·rric1,l j'o·r··rri). Suc:11 a 1·e,v1·itt~ step, 
to be perc:eived clS c1.11 c1to111ic: cc)111p11tat,io11 step, c:01·1sists of 1·e1)lc1.c:i11g pctr·t. of 
t,l1e exp1·essio11 by cl si1r11)le1· J)a1·t,, ac~c'.01·di11g t,o t,l1e 1·11les of sor11e 1·e·wr·itiri_g 
sy~c;tem. E.g., i11 aritl1111et.ic'.: (3 + 5) · (1 + 2) - 8 • (1 + 2) ___,. 8 • 3---,, 24. 

Tl1e stt1cl)T of' r·ewritir1g syst.e111s belc)11gs to tr1e c11·ea of sy111l)olic co111putct­
tio11. Tl1e 111c1i11 applic~at.io11s of 1·ew1·iti11g c11·e i11 tl1e fielcls of al)str·c1c:t clata 
types a11d algebraic: spec'.ific·atio11s, altt,0111atecl t.l1eo1·e111 proving, ft111c~tional 325 
progrc1,1r1111i11g c111d logic: p1·og1·a111111i11g. Rew1·it,i11g c·a11 lJe st.l1clied at several 
levels. I11 this i11fo1·111al Sl.11·vey, we c:1i111 to give cln i111pressio11 of' seve1·al of 
t,l1ese levels, r·ol1gl1ly i11 01·de1· of' i11c'.reasir1g c:0111plexity. 111 Ol1r· c:l1oic:e of top-
ics, we have pt1t. a11 e111pl1asis on s11l)jects t,hc1.t CWI l1as C'.Or1tribt1ted to d111·i11g 
tl1e last dec:ade. Espec:ially we 111e11t,io11 C'.011clitio11al 1·e,v1·it,i11g, l1igl1er-01·cler· 
rewriti11g, i11:fi11itar·y 1·ew1·iti11g a11cl te1·1r1 g1·apl1 1·ewrit.i11g. 

2. Al3STRA(;T REWRITING 

Tl1e si111 plest, level is ab.stract r·e·lvr·iti,,ig w l1icl1 C'.Or1sist,s esser1tic1lly of· the study 
of' 011e or· r11ore bi11,1ry relatior1s 011 so111e st~t, of abst.rac·t ol)_jects. Figure 1 
dis1)lays st1cl1 ar1 abstr·ac:t r·ed11c'.t,ior1 syst,e111 or ARS. Tl1e ar·r·c>ws give tl1e 
binary rewrite r·elation 011 tl1e fo111· objec'.ts a., b, c·, cl. Tl1us we l1c1ve s1.Lccessjill 
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Cl <~· ----+- cl 

Figure 1. 

ter111i11ati11g rew1~iti11gs st1cl1 as b ) c - > d, l)11t also 'lL'f1,,'3'ltccessf1.1,l i11fir1ite 
1·ewr·iti11gs b > c > b > c > • • •• Tl1e ele1r1ents a a11d d, fro111 wl1ich 110 
furtl1e1· st.ep is possible, a1·e calle(l n.or·mal Jorrrt.s. 

3. SrrRING RF:WRITING 

A r1101·e c:011cret,e forn1 of re\vritir1g is tl1at of st1··i1--tg r·e·ivritirig. As a11 exci111ple, 
co11sider tl1e follo\vi11g ir1terestir1g p11zzle, posed by H. Za11te111a (Utrecht 
U11iversity): Give11 is tl1e stri11g 1·ewrite r·ule 

0011 , 111000. 

An application of tl1e rule C'.011sist.s i11 re1)laci11g i11 s0111e 0, l-str·ir1g a11 occur·­
rence of a substring 0011 l)y 111000. For exa111ple, we rnay rewrite 

00111111 , 
1110001111 > 

111011100011 , 
11101110111000 

fron1 where no furtl1er rew1·iti11g is possible; so the string is a normal form. 
The reader 111ay er1joy herself witl1 discove1·i11g tl1at any rewrite sequence us­
i11g this r·ule n1ust ter1~1i11ate eve11tually - tl1at is, tl1e rule l1as tl1e termination 

326 property. Tl1e proof is nor1-t1·ivial. 

4. FIRST-ORDER rl,ERM REWRITING 

The 11ext level of rewriti11g, 11ext. i11 order of increasing co1nplexity, is that of 
first-order· term rewriting. Wher·eas strings ( or words) over some alpl1abet 
are rather poorly structured carr·ier·s of infor1nation, first-order terms are 
a very general 111ediu111 for carryi11g i11forn1atio11, a11d tl1is 11otion togetl1er 
witl1 its semantics as give11 l)y A. Tarski has turr1ed out to be extre111ely 
fruitful and pe1·1r1eates 111ucl1 of 111atl1er11atical logic a11d co111puter science of 
this century. We introduce tl1e 11otio11 of a first-order r·ewrit.e systen1 by the 
exa1nple in Table 1. 

Tl1ese four rewrite rules specify elegantly additio11 A and 111ultiplication 
M 011 r1atural 11un1bers 0, S(O), S(S(O)),.. .. Usir1g these rules we c:on1put,e 
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'r· 1 A ( ;i:, ()) ➔ 1' . ; 
.,. ') 

.., A ( J', S ( ~l/) ) S(A(:,:, :y)) 
,,.3 M( J~' ()) ➔ 0 
r·4 M(i:, S(;y)) ➔ A(M(:1:, y), x) 

Table 1. 

'.2 X l +2 

S(2xl+l) (2xll+2)+2 

S ( S ( 2 X l + f)) ) S(2x(l+I)+2 

S(S(2xl)) S(S( (2 x Cl+2)+(l)) S(S(2 x lJ+ 1) +I) S(S(2 x (1+()))+2 
S((ll+2)+1) S(!-l+l)+2 

S(S(2xll+2)) S(S(S(2xfl+l)+(J)) S(S(S(2x(l+!l))+l) • S(S(2x(l))+2 
S ( S ( ( ( l + 2 ) + ll ) ) S ( S ( ( l + 1 } + l ) S ( S (()+Cl) ) + 2 

S ( S ( S ( 2 X () + 1 ) ) ) S ( S ( S ( S ( 2 X (I+()) ) + ()) ) S ( S ( S ( 2 X O) ) + 1 ) 
S(S({l+2)) S(S(S((l+l)+IJ)) S(S(S((J+()))+l) ·>+·.> - -

.327 

S(S(S(S{2 x IJ+lJ) ))) S(S(S(S(2 xCl) )+Cl)) 
S(S(S(tl+ 1))) S(S(S(S((l+ll) )+{l)) S(2-f- l) 

S(S(S(S(2 x ll)))) 
S(S(S(S(f>+<))))) S(S(2+fl)) 

4 

Figure 2. 
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Figure 3. Confluence and weak confluence property. 

2 x 2 == 4 as clis1)lc1yc~cl i11 fig111·c· 2, wl1t•1·c~ tl1t~ 11s11c1l irt.fi:1: 11c)tkltic)11 t·or· A a.11c:l M 
is e1111)loyecl. A11 i11s1)c~t'.t.ic)11 of· figt11·e 2, c·t111tcti11i11g ctll 1)ossil)le c~o1111)11tat,ic)11s 
or· 1·E~\v1·it,t~ scc111e11ces c)f 2 x 2 t.o 4, is e11011gl1 t,o \Vo11clc~1· wl1y all c~c)111pl1t,<1.tio11s 
i11deecl yielcl t,l1e sa111e fi11al 1·es11lt 01· 11c)1·111,tl for111. 111 C)t.l1e1· wor·cls ,vl1y t,l1e 
r·ewr·ite syst.er·r1 is cor1,.fl'ltt~r1,t ( see figl1r·e 3). Tl1er·e et clot1 blt~-l1ec:1clecl ar·ro,v ,, 
der1otes c:1 sec111e11c'.e of 1·e\vrit.e steps of c11·l)itr·ary le11gtl1 (possibly 0). Fortu-
11ately, tl1e systerr1 f'o1· c11·it.l1111et,ic'. is c:011flt1e11t, c:tS tl1t~ rl1les l1ave tl1e t.e(~l111ic~al 
J)I'C)J)erty of' or·tliogor·icility ( t,l1ey are i11clepe11cier1t of eclC'.ll C)tl1er ir1 tl1(~ se11se 
tl1at clpJ)lyi11g 01·1e 1·l.1le cloes 11ot destr·()Y t,l1e possil:)le clpplic·ctt,io11 c)f c111ot,l1<~r 
rt1lt~.). 

Figt11·e 3 disJ)lays tl1e c~o11flt1er1c:t~ pr·operty, c1lsc) c::ctll(~cl Cli·tL1·c~h,-RcJ.'3.'Jer p'r·c)p­
er·ty; wl1ic'.l1 is r1ext t/o t1l1e ter·r11ir1c1t,io11 pr·c)pert,y tl1e 111ost f'11r1clct111e11tc1l J)r·op­
er·ty i11 rewritir1g. It guar·c111t,ees tl1e 11r1ic1ue11ess of' r1or11·1c1l f'or·111s. Tl1e '1vei1ke1· 
J)1·01)erty of 'l.veak corifi'lterice is 11sefl1l to pr·ove c.:c)r1fi t1e11ce, l·)11t, c:tc:t tlftlly 11ot 

328 e11ol1gl1: t111·11i11g back to tl1e AR,S ir1 fig1.1re 1 we see tl1at tl1is r·evvr·ite systen1 
is weakly C'.011fl11e11t, b11t 11ot c:011flt1ent,. Ever·y J)clir of clivc~r·ger1t si11gle ,step.s 
ca11 l)e joi11ed agai11 (by c11·bitrc11·y 1011g r·ewrit,e sec.1t1e11c~es), l)t1t, nc)t/ every 
J)c1ir of clive1·ge11t r·ewrit,e ,-;ecJ'Ue'nces Cftr1 be r11ade to C'.OI1ver·ge c1gai11. (E.g., 
the e11d J)Oi11t,s c)f tl1e pctir· b •:.- c1. a11cl b , c· ---... cl C'.ct1111ot co111e togetl1er 
a11y 111c)1·e.) Ac:tt1ally, tl1e ,veak c:011fl11e11c:e J)rope1·t,y Sl1ggest,s tl1at, one ca11 
ol)tai11 cor1fit1e11c:e by 1·e1)eat,eclly t·ili'ri.q t}i(~ pl(irie wit,11 t.iles c1S i11 the figu1~e fo1· 
weak c:011flt1e11c·e. Bt1t t.l1is will 11c)t, Sll<'.C~t~ecl a.lways, as t,l1e t,ilir1g pr·ocedu1·e 
rr1igl1t, go 011 ir1defi11itely, c11-1cl clive1·ge tc) yielcl s<)1r1e f'r·ac'.t,al-like J)ic:t,t1r·<~ as ir1 
figure 4. 

B 11t, lookir1g at this i11fi11i t,t: r·e,u1r·ite d'ia_qr·arri, it is ec1sily c111ci 1·igl1tly co11je<:­
t tired tl1at1 i11 t.l1e pr·ese11c:e of tl1e tJe1·111i11c1tio11 J)r·o1)erty vve will l1ave su<~cess 
with tl1is tili11g proc:eclu1·e. 
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Figure 4. 

5. (;OM BIN A1'0R't'' Loc;r(; 
Ac:t.t1c1.lly1 vve do 11ot 11eecl t1C) clc:vise s1.)ec:i,1l-1Jur·1)os<~ r·ewrit,E· syste111s Sl_1c:l1 

as tl1e 011e alJc)ve ir1 Tal)le 1 ··· tl1ere is ct t111ivE~rsc1l, ge11e1·c1l-1J111·posE~ r·e,vr·ite 
syste111, disc:ove1~ecl i11 1924 lJy M. Sc:l1011fi11kE:~l, C'.c1llecl Corrz.birl.(Lfor·:y L(Jgic. 
J 11st. as la1111Jcia c·alct1l11s it, is 011e of' t1l1e 1)ere1111ic1.l ge111s tl1c1t 111c1t,l1err1<=1tic~c1l 329 
logic l1as c:011tril)t1tecl to cor11pt1t1e1· scier1c·e. (;0111bi11c:1..t,or•)r Logic:· c:011sist,s of 
t,l1e tl11·ee r·ewr·i te r·ules i11 TarJle 2. 

Her·e S, K, I are tl1e l)clsic., C'.011st,a11ts ctr1cl :r:, !J, z ar·e vc1,r·ic1l)les for· terr11s. It 
is 1111cler·stood t,hat a par·t of a t.e1·1r1, bt1ilt f"rc)111 S, K, I ;;111cl rr1,1tc·l1i11g tl1e left-

(((S · :1~) · y) · z) 
((K · ;r:) · y) 
(I·:r:) 

Table 2. 

( ( :1: • Z ) • ( y · Z ) ) 

'(' .. ' 
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l1a11cl side of 011e of tl1ese 1·11lcs, 111ay l)e 1·eplc1c:ed l)y tl1e c:c)r1·es1)011cli11g 1·igl1t,­
l1ar1d side. Tl1e l)i11a1·y OJ)c1·at,01· • is c·allE~cl aJJpl1:catiorz.; oft,e11 it.s 11ot,<1tio11 is 
s11p1)1·essecl. Tl1us we l1ave, e.g., t.l1e two st,eJ) r·e,,rrit.e SE~q11e11c'.e 

(((SK)I)I)--..;. ((KI)(KI)) ➔ I 

wl1ich C'.c111r1ot be J)rolo11gecl, si11c:e tl1e fi11al t,e1·111 I is i1·1·ed11c:il)le (et 1101·111a.l 
fo1·111). Not all t.e1·111s i11 CL c~ar1 be 1·ewr·it,ter1 to cl 11orr11al for·111: for i11sta11ce 
( (SI ) I) ( ( S I) I) c a1111 o t,. 

6. CONDITIONAL REWRI1"'ING 

There ar·e several ways to enl1ance, refi11e, or ge11eralize fir·st.-order· 1·ewriti11g. 
One of' the111 is conditional rewriting, a11 exan1ple of wl1ic:l1 is givc~11 i11 Tal)le 3. 

Tl1is syste111 corr1putes the g1·eatest C'.0111111011 divisor of· 11atu1·al 11ur11l)ers 
(gener·at,ed by O a11d succ~essor· S) usir1g t.l1e two c~or1di tio11al rew1·i te rules r·8 

a11d rg. Tl1e i11te11ded rr1ea11i11g of s11c:l1 co11ditio11al r·ewr·ite 1·t1les is that tl1eir 
a1)plic:atio11 is 011ly allowed if tl1e co11ditio11 to tl1e r·ight of <~ is f'ulfilled. 
Her·e a ci1·cula1·ity is apparent: tl1e c:onditio11s a1·e st.ated t,l1e111selves in ter·111s 
of tl1e rew1·ite relatio11 > tl1at they l1elp to defir1e. But a littl.e bit, of tl1eory 
sl1ows tha.t tl1is circularity is 11ot har·11·1f'ul at all but q11ite in11ocent. Tl1eory 
also l1as establisl1ed (i11 a11 observatio11 of J .A. Ber·gstra) tl1at the co11ditio11al 
format is i11deed strictly more powerful tl1ar1 the unco11ditional first-order 
scheme: so111e 11atural data types ca11 be specified with a conditior1al rewrite 
systerr1, but c~annot, without. 

A different e11ha11ce111e11t of first-order· rewrit.ir1g is t,o i111pose a certai11 
order 011 tl1e rewrite r·ules, ,vitl1 tl1e ir1te11tio11 t.l1at a rule wl1icl1 is l1igl1er i11 
the or·der will l)e the preferred 011e t,o a1)ply i11 case of cl1oic-.e. S11cl1 syste111s 
are called pr·ior·ity re'wr·ite sy,c;tems; t,l1eir actual defi11itio11 and se111antics is 

r1 0<0 i,, false 
r· 2 0 < S(x) > true 
r3 S(x) < 0 > false 
1·4 S(x) < S(y) ? x<y 
r·5 S(x) S(y) > X y 
r5 0 X ), 0 
r·1 X 0 '" '➔ X 

rs gcd(x, y) ), gcd(x y,y) <~ y<x ,➔ true 
gcd(x, y) 

, 

x) r·g ? gcd(x,y -< x~ < y ,➔ false 
r10 gcd(x, x) ' X 

Table 3. 
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Figure 5. 

tech11ically difficult. A11 i11terest.ir1g a11d wide ope11 area of i11vestigation is 
give11 l)y tl1e co111bi11atior1 of tl1e two last feat.ur·es, I)t·iorities a11d conditio11s. 

7. HIGHF:R-ORDER llI~WRI1"'INC; 

A vast generalizatio11 is obtai11ed \vl1e11 \Ve go ti() liiglie1·-o,rder 're'u;r·,itin.q. 
Here a11 essentially 11ew featur·e is e11cot111ter·ed ( as c·or11par·ed to first-order 
rewritir1g): that of tl1e l)o1111cl variable, c1.l1·eady well k110,v11 ir1 first-order 
pr·edicate log·ic~ i11 qt1a11t,ified asse1~tio11s as V x c/J( x) ( all x have prOJ)er·ty cp) 
and 3x cp( x) ( there exists a11 x with proper·ty </J). 

Tl1e paradig111 r·ewrite syste111 of higl1er-or·der· rewriting is a11ot.her classical 
gen1: la111bda calct1lt1s. But l1igl1er-01·der r·ewr·iting l1as a wider· scope and 
also includes rewrite syste111s ap1)earir1g i11 Pr·oof Tl1eory sucl1 as the 011e 
i11 figure 5. Tl1ese rewrite r·ules '11orrr1alize ~ pr·oofs ir1 Natural Ded11ction by 
cutti11g away superfluous detot1rs. Tl1e rules take i11 linear 11otation writt,er1 
i11 tl1e for111alis111 of Combinatory Red'uction Systems (whicl1 constitutes one 
specific for111at for l1igl1er-or·cler 1·ewriting ) tl1e for·r11 disJ)layed in Table 4. 
Here the alpl1abet of t,he Cor11l)inatory Reductio11 Systen1 cor1sists of two 
u11ary functio11 sy111bols inl and inr (f'or i11t1·oduc'.tio11 of disjunction) and 
a ter11ar·y fur1ction syrnlJol el (for· eli111i11atior1 of disju11ctior1). 

8. lNFINITARY RE\VRITING 

For practical purposes one is ofte11 r11ore i11terested i11 infir1it,e objects than 
finite terrns a11d t,l1eir nor111al fo1·n1. Such i11finite object.s ca11 be give11 by a 
recursive ('c'.ircular·') definitio11 sucl1 as 

e 1 ( inl ( Z), [ :i;] Z() ( X), [y] Z 1 ( y)) 
el(inr(Z), [x]Z,J(x), [y]Z1(Y)) 

Table 4. 
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#letrecones == 1 :: ones~~ 

wl1i<·l1 cl(:11ot.{"S tJl1<~ i11fi11it.(·• S('(lll('lt('(} <)f. <>11<\s, 111 · · ·, vvr·itt.c:\11 i11 (;Al\!II_,J, a 

111c)clc·1·11 f'l111c·t.ic)11c-il J)l'()gr·ct111111i11g l<111gllclg('. ( A 11c)t.<' ()11 sy11t,<1x: # <tllcl :: 

<l e11c)t.c~ t. 11 (\ (; A IVIL J.) r o 111 J> t. ,111 cl list. ( ·c) 11s t.1·11 (. t.c)r·, 1·c}s I> c·c·t. i vc; l y, ; ~ 1·<) J) 1·c1 s<· 11 t. s 

t.l1E~ {'11cl <)f. et se11t.c~11c·e.) 
Tl1(• c·1·l1C.'.ic1l 111ct110E~t1v1•c:. t.c) get, i11fi11it,(• 1·t~vv1·it·i11g c)ff t.l1c· g1·c)1111cl, is t.11(-1 

f'or111t1lf1t.io11 of' tl1c; 1·igl1t, r1c)t.ic)11 of C'.C)Il\:'E~r·gi11g 1·c~w1·it·.c; sc~c111c~11c·c~s. N c:1111elyi 
\\re l1c1ve re,vr·ite sec1ue11c:es \V l1ic'.l1 111c1y t.,lkt· 111c)1·c: t.11,111 w st.<:J)S, ,vl1ere w is 
t,l1e 01·clir1al j t1st, after the 11c1t.111·al 11t1111be1·s. So vve 11(~c~d to k11c>w ,v 11<1,t, is tl1e 
[,irri·it of a r·evvr·ite seq11e11ce at, li1r1it, 01·di11c1.ls .X. It t11r·11s C)llt, t.l1c1,t, t,l1e 1·igl1t 
11ot.io11 of' <:'.011ver·ger1c'.e towc:11·ds a li111i t, t,e1·111 is tl1e or1e vv l'ler·t~ 11ot 011ly a11 
i11c'.1·ec1si11g J)c1.1·t, of t,he t€-~r111 is 'c:rystc1llized 011t ', l)11t, c:tlso i11 tl1is JJI'C)C'.t~ss tl1e 
cle1)t,l1 of t,l1e re,vrite acti vi t,y t.e11cls t.c) i11fi11it.y c1t, (~vc1·y li111it, c)r·cli11al, w, w. 2, 
w.3, · · ·, w2 , · · ·. Fig111·e 6 J)ic:t,t11·es t,l1is sit11c1t,ic)11. 

I11fir1it,c1r·y 1·c~wr·iti11g is cl J)C>i11t of· view t,l1c1t C'.;:111 l)e c:tJ>I)li(\cl t,c) fi1·st.-or·cler· 
r·ew1·iti11g, l)11t alsc) t,c) t.l1t~ l1igl1e1·-or·<le1· r·c~wr·it(~ syst,e111 c)f l;:1111l)clct C'.i1lc~t1lus. 
f'ig111·e 7 clis1)lays cl, r·e\vr·it.e st~c1t1c~11c~c; c)f lt~11gt.l1 w+w i11v·olvi11g i11fi11it,E~ lc:11r1bcla 
te1·111s. I11fi11it,ary la,111bcic1 C'.cllc:11111s l1c1s ctr1 i1111)01·t,c111t. tl1f~o1·et,ic:al cll)J)lic~cttio11: 
11c1rr1ely tl1at. of' p1·oviclir1g c1 se111c111t.ic'.S fc)r C'.yc~lic: la1r1l)cia g1·<:1pl1 rewrit,i11g, 
clisc:l1ssed below. 

9. TERM CiRAPEI RE\VRirfINC-; 

111 rec:e11t years atter1t.io11 11;:1s bee11 giver1 t;o c::1 ge11er·alizatio11 of t.e1·111 rew1~itir1g 
C'.c1llt~d graph 'T'<:-'W'T'it,iri,g. Tl1t~ 111ai11 idec1,, c11·isi11g f'1·0111 tl1e 11f~e<:l f'<)r· E:~fficie11t i111-
plen1e11tat,ior1 of t.e1·rr1 r·(~w1·it,i11g, is riot, to cltlJ)lic·ate s11l)ter111s wl1e11 1·ew1·iti11g, 
b11t t,c) shar·e s11 l)t,e1·111s l)y t1si11g poi11te1·s t,c) j t1st c)11e c·<)J)y. Alsc) c:y('.lic'. g1·arJl1s 
a1-e c1llowecl. Tl111s t.l1e fi:r:ed JJ01:,nt c:o'rribi,,1,ator· Y, er11l)c)ciyi11g tl1e l)C)ssilJility 

0 (I) w.2 ro.3 
I I I I 111111 I l 1111111 I I I 111111 I I 111111 I I 111111 11 11 IIW 1111m11111m1111111 

I 

,leJJtli (~f'c<J11trc1c·tell ,·elle.t te1-1d.-, f<J i1~fi11it_v 
,1t eal·l1 li11zit <1t·lfi11c1/ 
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of 1·ec:111·sive defi11itior1s by 111e,111s of· it,s t,yJ)i('ctl 1·(:.w1·ite 1·t1lt=- Y · .i.· --+ ~i:· · (Y · ~i·), 
Cclil be i1111)le111e11tecl in a11 elEigc1r1t, \\1,1y ,ts i11 fig111·e 8. ( N C)t,E~ t. l1at, r·C:~IJeclt,ed 
a1:)plic:atio11 of tl1e r·ewr·it,e rule Y · ;r'. , .r.· · (Y · .r:) lt•c:1.cls t.o t.ltt~ 'l'tlfir1:itt?. t,e1·111 
~r • (~r • (2: • (x • ... , wl1icl1 is fir1it.E~ly p1·{·st·11tt~cl 1.)y' tl1t· 1·igl1t,-l11:111cl sicle of t.l1e 
grapl1 r·ewr·i te 1·t1le i11 t,l1e fig11r·e, \V lt(:1.re C(!) st.,t11cls f'c)1· ·.) 

10. (;y(~l,,IC~ LArv1BDA (; RAP llS 

Not 011ly ir1 tl1e 1·eal111 of fi1·st,-orcle1· t,e1·111s c:yc·les ar·t~ i111pc)1·t,a11t,, cilso for· 
la1111)cla C'.alc11lus tl1ey co11st,it,11t,C:~ a 11sef·11l 11E:•vv lc~vel of rew1·itir1g. \Vl1ile al­
ready oc'.c11rrir1g ir1 t.l1e pr·ac~t,ic:e c)f' f11r1ct,io11al p1·ogr·c11111·11i11g, t.l1e t,llt~ory of 
cycli(~ la111bclc1 cc1lct1lt1s 01· c1S we pr·efe1· t,o say, la111bclct calct1lt1s wit.11 explicit 
recursio11, is or1ly i11 developr11e11t si11ce very r·ec:e11t year·s. As ar1 exc:1,111-
ple, t~onsider tl1e CAlv1L s1)ec'.ific:c1t,ic)11 of' tJl1e sec111e11ce tJf Fil)Oll<LC'.C'.i 11t11111)e1·s 

1, 1,2,3,5,8, · · ·. 
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# let rec fibs l :: sum fibs (()::fibs);; 
# let rec sum == fun x y . (hd x + hd y) :: sum (tl x) (tl yr) ;; 

G1·c11>l1ic·ctll)r, t;l1is is a C.)rc:lic· lct111l)ci,t g1·c11)l1 as i11 fig111·f• 9. (Tl1e l1(~,1vy 
c11·row8 J)C>i11t t,o t.l1e r·oc)t,s of' tl1t· twc> 'r·eciE~Xt~s, t.l1ctt, ctl't• pr·c~ser1t, i11 t.l1is g1·c11)l1 
(' reclE~x == r•t:.cf t1c·i l)le ex1)1·essio11,). A11 1111cl('r·st,ct11cli11g of· t~XJ)lic'.i t, 1·ec'.111·sio11 i11 
lc:t111l)cla c·,tlc'.11lt1s ser·ves t,o c·lc:trify· t,llt~ i111portc111t, J)rogrct111111i11g co11c·'.e1>t,s of' 
'let,' a11d 'letr·ec'.,. 

A C.~ I< NO \V LED c; E JVI I<~N'f S 

J\1any thanks t,o Z.l\tl. Ar·iola, F. var1 Ra,1111sclo11l{ t·c)r· l1elpi11g 011t witl1 t,l1e 
prodl1c:tio11 of t.l1is J)clper i11 vario11s wc1ys, a11c~l to A. Miclclelclorr> f'or· ki11clly 
111aki11g figl11·e 2 ( fro111 his Pl1.D. tl1esis) clvciilal)le to t1s. 
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