
Images of SMC Research 1996 

P.W. Hemker 

1. lNTRODl.TCrfION 

011e of the co11ti1111011s, 1r1ajor cl1aller1ges i11 1111111e1·ic'.al c111alysis is t,l1e t·ast 
soll1t,ion of J)ar·t,ial differe11tic1l ec1t1at,io11s (PD Es). 1\1any~ clifferer1t ty1Jes of 
sucl1 ec1uat,io11s exist, clppearir1g ir1 n1c1r1y ar·eas C)f. scie11ce a11cl tec~l1r1ology, 
e.g., wher1 fll1id flo\v 1)1·oble111s l1ave to l)e <~01111)l1tecl. 

Wl1e11 PDEs are solved 1111111eric'.ally, tl1ey have t,o be discretizecl, i.e. their 
solution, \vhicl1 is a set of f1111c:tior1s defi11ecl ovrer· <tll arec1, is c·l·1ar·,tc'.t,erized by 
a set of N r111111be1~s, a11d tl1e 01·igi11al diffe1·e11tial ec111c1t,io11s ctre tra11sforrr1ed 
i11to a syste111 of N algebr·aic ec1u,1t,io11s in wl1ich tl1ese N r111111ber·s are t,l1e 
1111k11ow11s. Tl1e difficulty is tl1cit,, for cln acc11rate app1·oxi1r1at,ior1 of tl1e 275 
solutio11, tl1e 1111111ber N sl1011lcl be chose11 lar·ge, ,vl1ic'.l1 res11lt.s ir1 a lar·ge size 
of the syst.e111 of algebrc1ic eqt1atio11s. 

For proble111s i11 which tl1e solt1tior1 is a f't111ctio11 over cl two-di111er1sio11al 
don1air1 the size of tl1e syst,e111 car1 al1·eady be very la1·ge, if' the solutior1 is a 
fu11ction of three space variables, tl1e size ca11 be e1101·rr1ous. 

To solve tl1ese large syste111s of eq11atio11s, specic1.l tec'.l1r1ic1ues l1ave beer1 
developed. A111011g these, t.l1e m'ultigrid rnetliod is opt.i111al ir1 tl1e sense that 
it is t,l1e only kr1ow11 app1~oc1c:l1 by \vl1icl1 t,l1e c1111ot1nt, of c~o111pt1tatior1al work 
to solve the algebraic: syste111 is 011ly propo1·tio11al t,o .. 'V', tl1e nur11rJe1· of 
u11kr1ow11s. For all otl1er 111etl1ods t,l1e c1rr1ount of ,,rork grows faster· tha11 
dir·ectly proport,ional wit,11 N. 
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Figure 1. The domain n, discretized by a uniform mesh. 

2. EXAMPLE 

2.1. The pr·oblern 
Tl1e basic 1nodel proble111 to de111011strate tl1e value of' 111ult,igrid has always 
bee11 the Poisso11 equatio11 011 a square. This is a typical exa111ple for a 
general elliptic boundary value proble111, 

- b:..u = f i11 n = (0, 1) 2 
; u == 0 on an. (2.1) 

A ur1iform n x 11,-111esl1 is placed over n, as sl1own i11 figu1·e 1. Tl1is r11ea11s 
that n + 1 equidista11t 111esl1-lines ar·e cl1·a,:vn in tl1e l1orizontal, a11d the san1e 
nl1n1ber in the vertical dir·ection. Tl1e dista11ce between the n1esh-lines is 
called the mesh-widtl1, Ii == 1 / n. 

The grid poi11ts are Xij, where O < ·i, j < 'lt. If we wa11t to approxin1ate 
the solut.ion of (2.1) 11t1n1e1·ically, disc1·etisatio11 is applied to (2.1) to get a 
set of linear equatio11s: 

AU== F, (2.2) 

where Fc,i-l)(r1,+l)+j = h2 f (xij ), and A is a block tridiagonal 1natrix with 
a special structure. Tl1e system l1as N = (11 + 1)2 eq11at.io11s a11d tl1e same 
n11n1ber of unk11ow11s. 

The elen1ent U(,i-l)(·ri+l)+J of tl1e solution vector U i11 the system of equa­
tio11s (2.2) represents tl1e approxir11ate sol11tio11 of eq11at.io11 (2.1) at tl1e point 
x,ij, i.e. U(·i-l)(ri,+I)+J ~ u(xij ). The accur·acy oftl1is app1·oximation depe11ds 
011 tl1e type of discretisatio11 and on h,, t.l1e widtl1 of t,l1e 111esl1 applied. This 
rneans tl1at tl1e approxi111ation bec:0111es rnore accur·ate if n1ore r11esh-lines 
are introduced. Typically, for a si111ple discretisation r11etl1od, tl1e error in 
the solutio11, U(i-l)(n+l)+j - u(x,;J) , is proportional t.o /i2 . If higl1er accu­
r·acies are required, sn1aller valt1es of h 111ay l)e 11eeded, i.e. a large 11un1be1· of 
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n1esh-poi11ts n1ay be necessary. St1cl1 large 11u111bers of 111esh-points give rise 
to very large syste1ns (2.2), <111d tl1e tec'.}111ic1ues used to solve sucl1 syste111s of 
1node1·ate size ( e.g., (-iauss eli111ir1atior1) can11ot, l)e applied because the nun1-
ber of arithn1etic operatio11s ( aclclit,io11s a11d 111t1ltiplicatio11s) to cor11pute the 
solutio11 by these 111ethods is proportional to N 3 . 

2. 2. The solutio·ns 
For· large systen1s of type (2.2), Gauss elimination would take too much 
time, even 011 present dc1y's fastest co111pute1·s, and differe11t methods are 
used, that take advantage of the special properties of such equatio11s. One 
such special property is, e.g., tl1at although the systen1 has N = ( n + l )2 

ur1know11s, in each equation only a li111ited 11umber of unkr1owr1s is involved, 
typically less than 10. Tl1is mea11s tl1at in the n1atrix A in (2.2) most 
er1tries are eq11al to zero, wl1ich reduces the an1ount of work considerably; 
but also other special properties of the 1nat1·ix A can be used. All these 
special n1ethods to solve discretized PDEs are iterative n1ethods, where a 
first guess of the soll1tion is in1proved step by step in an iteration process. 

Until the sixties, sin1ple relaxation 111ethods were very popular. Here, all 
separate equations i11 (2.2) are sca11ned one by one, and each time when an 
equation is visited, the correspo11di11g u11knowr1 is updated, based on the 
prese11t information about tl1e other ur1know11s. Such a11 approach was first 
1nentioned by C.F. Ga11ss, in a letter to Chr.L. Gerli11g (26 December 1823), 
where he 111entio11s: 'Das i11direkte Verfahren lasst sich halb in1 Schlafe 
a11sfiihren, oder 111a11 kann wahrend desselben an a11dere Dinge denken'. 

Later, in the seventies, rnore effi.c~ie11t iterative 1nethods, based on the con­
struct,ion of Krylov spaces, appeared, such as the preconditioned conjugate 
gradie11t rnethod, Giv1RES ()1·-a 1nore rece11t develop111e11t-Bi-CG-Stab. 
Nowadays, these 111etl1ods a1·e the 111ost popular ones to solve the very large 
systen1s. 011e reaso11 is that these 111etl1ods cLre relatively easy to implement 
i11 a con1puter progra1n. 

However, to 1·estrict t,l1e a111ou11t of \vork t,o O(N), we l1ave to resort to 277 
multigrid (Tv1G) 1nethods. Tl1ese r11et,hods have a 111ore cornplex structure. 
Inve11.ted i11 the sixties, they got the full att,e11tio11 of the nu1nerical commu-
nity not before 1980. A pior1eeri11g paper ir1 the late seve11ties, [1], started 
the interest, and at pr·ese11t t,he r11ultigr·id 1r1etl1ocl is well-accepted a11d in 
111any fields it, is successfully appliecl [3], see ::-11s0 figure 2. 

3. MlJLTIGRID AND SEMI-C~OARSENING 

The prir1ciple bel1i11d the MG tec:h11iqt1e is t,l1e f·act t,l1at si111ple relaxatio11 
techniques only efficiently red11ce the higl1-freq11e11cy error·s 011 a 111esh, and 
that the low-frequency er1·ors c:a11 bet.t,e1· be red11ced l)y cl disc:rete eqt1atio11 on 
a related coarser rnesh with esse11tially less n1esl1 J)Oints. (These errors n1ay 
be con1pared to the disturba11ces of a c1uiet water sur·face, ,vl1ich i11 gene1·al 



Figure 2. Stream Ii ne distribution around a half cross-section of the Hermes spaceplane. 

Applying multigrid methods, CWI studied numerical solutions of equations describing the 

flow around heavier-than-air craft as a part of the European space programme. Photo: 

Dassault. 
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Figure 3. A classical seque11ce of grids in t,.,vo dir11ensior1s. 
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Figure 4. A family of semi-refined grids in two dimensions. 

steady state Euler equations for i11viscid co111p1·essible flo\v we1·e co11sidered. 
Tl1e equatio11s differ· essentially frorn (2.1) bec:ause t,he Euler equc1.tio11s are 
11ot elliptic, but-as tin1e-deper1de11t equcttions-----l1yperbolic:. Tl1e approach 
to solve these is: to base tl1e MG p1·ocedl1re 011 c:1 fi11ite-volu1ne 11pwind dis­
cretisation. Lat,e1· tl1e sa111e approac~h \\1as extended for the co111pressible 
N avier-Stokes equatio11s. In tl1e st,eady case, tl·1ese ec1uat.io11s are elliptic, 
but for l1igh Rey11olds 1·1un1l)ers ( tr1e i11t,e1~esti11g case in ae1·ody11a111ical ap­
plications) tl1ey are si11gularly pert111·bed. Tl1is i111plies tl1at t,l1i11 layers 111ay 
appear i11 the solution a11d t.l1at outside s11ch layers the sol11t,ion behaves 
ve1·y 111uch like the Euler equat,ior1s. 

Steered by a co11trac:t witl1 tl1e Eu1~opea11 Space Ager1c~y, f1·0111 1988 to 
1991, r·esearcl1 was do11e fo1· tl1e special case of hypersonic flows. For a 1nore 

280 rec:ent co11tract, with a scier1tific board of tl1e Europea11 U11io11, we st.ud­
ied structured adaptive 111ethods for co111pressible flows. Ir1 these adaptive 
n1ethods t,he refinernent of the gricls depends ( auto111atically) 011 the featt11~es 
of tl1e solution that is co111puted. Some exa111ples will be giver1 below. For 
111ore details we refer to (2]. 

At tl1is 111or11er1t tl1e researc:h is directed to the use of MG 111et,l1ods for 3D 
proble1·11s. A dat,a st,r11cture l1as l)ee11 cleveloped to allow a well-st1~11c:tu1~ed 
codi11g of tl1e self-adaptive se111i-refi11err1ent algoritl1111s. Proc:edl1res for self­
adaptive represe11tatior1 of 3D-f1111ctio11s are 110w available, and the first 
experi111e11t,s witl1 3D flt1id flow problen1s l1,1ve been c~arried out. In the mea11 
ti111e tl1eo1·E~ticc1l developr11e11ts are co11tin11ing. Lat,ely, Fot1rie1~ a11alysis v\ras 

11sed to co111pute the co11vergence rate of' ser11i-c~oa1·se11ecl MG algorith111s. 
The cor11p11ted 1·c1.tes were co11fir111ed by 1111111ericc1.l experi111e11ts. 
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Figure 5. Semi-refinement of the cube. Grids on levels 0, 1, 2, and 3. 

5. FLlJID FLOW PROBLEl\!IS 

If the MG n1ethod is used, starting fron1 a coarse 111esh and co11structing 
fi11er a11d fir1er 111esl1es, this procedure ca11 be c:011t.inued until the approx­
i111ate soll1tio11 is sufficie11tly acc:urate. If tl1e solutior1 is not very regular, 
s0111e parts of t,l1e do111ai11 will 11eed 11:101~e 1·efi11e111e11t tl1ar1 otl1er parts. Ho\v 
f'ar the 1·efine1ne11t should be c:011tir111ed depe11ds on the sol11tion itself, and 
ca11 be decided during the cor111)utatio11. In tl1is way self-adaptive algo­
rit,l1n1s ar·e developed, that. r11i11ir11ize the r111111be1· of gridpoi11ts re(1t1ired, for 
a give11 1)rec'.isior1. At CWI s11cl1 algoritl1111s have l)een stucliecl i11 detail 
by H. T .1\11. va11 der lv1aarel. Algo1·itl1111s l1ave beer1 developed for· the Eu­
ler· ec111atio11s for c:0111 pressible, i11visc'.id flow, c:111d ctlso for· tl1e co111pressible 

281, 
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N avie1·-St,c)kes ec1 t1ttt,ic)11s. 1\11 (lx<1111 !)le, c>f' <t s<>l tl t.ic>11 <)f' t 11<' I~l1lE~1· (~<111c1t,io11s 011 

cl s<·lf'-c1cla1)t.ive g1·icl is gi,r(•11 i11 fig111·<1 (j. ,1vrl1c1·<· t.ll(' c1<lcl})tc1 cl g1·icl clll<:l isc>li11(~S 
f c·)r· t. 11 <~ .Nlc1c·'.l1 11u111 l) er· dist·. r·i l Jll t.i<>11 ell'(' sl1<>,v11 t·()I' t.l1c1 ficJ\V c>,r<"l' <l NA CA (:)O 12 
ctir·f'oil . 
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Figure 6. Euler solution for flow over an airfoil: the regular adaptive grid (left), and 
Mach number distribution (right). 

Tl1e co1111)utatio11 witl1 the Navier-Stokes ec111atio11s ca11 be see11 as ar1 ex­
te11sior1 vvitl1 difft1sive terr11s of the san1e procedt11·e for· t.l1e E11le1· equatio11s. 
A1Jart fr·o1n tl1e additio11al diffusive flux co111putat.io11s a11d l)ou11dary co11di­
tions, all tet~l111iques for· tl1e N avie1·-Stokes ec1uat,io11s a1·e t,l1e sa111e as f'or tl1e 
Euler flow co1r1putat,io11s. Tl1e c:or1vect,ive l)art of tl1e 1111111e1·ical flux is tl1e 
sa111e. Fo1· N avier-Stokes COllll)loltat,io11s tl1e flux is ext,(~11ded witl1 a diffusive 
part, involving sl1ear· stresses a11d terr1perat.ure g1·adier1ts. Tl1e co11vec:tive 
flux 111ay be co111pt1ted witl1 either 0(/2,) or O(h.2 ) ac:cur·acy. Tl1e diffusive 
part is always co111puted wit,11 O(h2 ) ac:cl1racy. 

282 Because t.he differer1ce scl1e1r1e for tlre diffusive par·t of tl1e ec1uatior1s ex-
te11ds over a diffe1·ent, set of grid cells co111pared to tl1e co11vective part, 111uch 
atte11tior1 l1as to be J)aid t,o the differe11t I)Ossible gr·id struct,ures er1co1111tered 
i11 ar1 adaptively refined N avie1·-St,okes grid. 

Tl1e n1ultigrid s111oot,l1e1· a1)proxi1nately ir1verts t.he fir·st-order accurate 
cor1vective OJJerator, exte11ded witl1 tl1e sec~o11d-orde1· accur·ate cliff11sive terrr1s. 
As witl1 tl1e Euler· eql1at.ior1s, tl·1e ec1uatio11s resulti11g fro111 tl1e seco11d-order 
accurate disc:retisatio11 are solved by defec:t co1·1·ectio11. 

A11 exa111ple is tl1e co111pt1t,atio11 of a flow alo11g a11 adiabat,ic flat plate (see 
figur·e 7). The J)late is located at y == 0, -0.5 < x < 0.5, arid tl1e Reynolds 
r1u111lJer (Re) equals 100. Tl1t; res11lt sl1own l1as beer1 obtained witl1 the 
first-orde1~ accur::-1te discretisatio11 a11d a refi11e111e11t c:rit,er·io11 based on tl1e 
the cross-flow gradie11t of t,l1e velocity co111poner1t ti111es the 111esh-width ( tl1e 



0 
0. - ' 

i . , 
' 

' ! 
' 1 
i 

oi 
C:+ 
0 

I ()ll 

0 
01 - ' ' I 

' ' ' 
! 

c' 
c, 
0 

l CJD 

• ' ' 

. ' ' 

' 

(J (JU 

X 

I lHlO 

[) !i!J(I 

0' (i(l() 

!l. 4<lll 
! .,- · .; -.:.<----· .. (i.:?00 : 

., ' ' ' j .if__;.,,_:~,-- . - . 

(). ()(} 

X 

MUlTIC3RID, SE:M1-R[Fl1'-lEMEf"~l AN[) FLUID FLC)W 

' 

I .U(J 

! 

• 
' 

I llO 

Figure 7. Navier-Stokes solution over a flat plate, Re=lOO, regular adaptive grid 

(above), and velocity in the x-direction (below). 

u11divided difference).~ Rgure 7 sl1ows tl1e resultir1g grid wl1e11 refinen1ents 
are introduced ,vhere the undivided differe11ce is larger tha11 0.1 p (above), 
and an iso-line plot of tl1e cor11puted velocity in the x-dir·ection (below). 
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