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1. lNTRODlTCTION 

Ar11011g tl1e 111c1jo1· t,c1.sks i11 t,l1e field of· i111c1ge p1·oc:essi11g a11cl a11alysis c11·e 
featl11·e ext,1·ac:t.io11, sl1ape clesc·riptio11, c111d J)clt,t,er·11 recog11it.io1·1. St1c·l1 t.asks 
i11l1e1·er1tly 1·ec1l1ire a geo111et1·y-orier1tecl a1)l)t·oac~l1 as tl1ey 1·ef(~1· t,o geo111et,ri­
cal C'.011c.:e1Jt,s st1c~·l1 clS size, sl1a1)e a11d or·ier1tatio11. Howt~ve1·, t111t,il 1·ec'.e11t.ly 
tl1e r11ost i111po1·tc111t, t,ools i11 i111;;-1gt~ p1·oc:essi11g wer·e of c:l pr·ol)al)ilistic: a11d 
a11c1.lytic'. r1at.ure, a11cl we1·e based t1po11, e.g., t,l1e corr·elatio11 of' sig11c1ls a11d 
the frec1t1e11c'.y a11alysis of tl1e Fot11·ie1· spect1·t1111. 

Matl1er1·1atic:al r11or·pl1ology is a11 appr·oac:11 to ir11age p1·oc:essi11g 'A,rhicl1 is 
based 011 set,-t,l1eo1·etic:'.tll, geor11et.r·ical a11d t,01)ological co11cepts, ct11cl as sucl1 255 
it is part,icl1la1·ly usefl1l for· tl1e a11alysis of geo111etric'.al st1·l1c~tl1re i11 a11 i111age. 
In co11t,rast to the t,radit,io11c1l ,1p1)roacl1 usi11g FoL11~ier a11,1.lysis, 1r101·1)hology 
is highly 11011li11ec11· i11 11at,u1·e, a11cl poses sever·al cl1alle11ging 111atl·1e111atic:al 
p1·obler11s. Below we sl1all br·iefly desc'.t~ibe tl1e l1isto1·ic'.al develo1)111e11t c)f tl1is 
app1·oacl1, explai11 s0111e of· its l)asic t,ec:l111ic1ues, a11d disc·uss s0111e 1~ece11t 
tl1eoret,ical develop111e11ts, witl1 a11 e111pl1asis 011 t,l1ose c~c1r·r·iecl ot1t, c1t CvVI. 

2. TriE NATURE OF' MATfIEiv·1A'I'IC~AL Iv10RPHOLQC;v'? 

It is i1·1t,erest,i11g t,o l1ave a clee1)e1· reflec'.tio11 111)011 t,l1e 01·igi11 a11d r1ature of 
1nathe111at.ical 11101·pl1ology. ~Vhc1t, is it,'? \Vl1e1·e clc)es it. c·o111t: fr·c)111'? How 
does it operat.e'? 

Tl1e word '11101·pl1ology ~ ste111s f1·01·1·1 t.l1e Gr·eek wor·ds 11,opc/J'lJ c1r1cl Ao,oc; 



111cc-:t11i11g 'tl1e st,ll(iy of: t·o1·111s'. Tl1t~ t.<)1•111 is t'll<'C)1111t.c1·(lcl i11 <l 1111111l)<:l1· ot· sc·i­
c11tific· clisc·i l)liilE)S illC'.l ll(li11g l) io l()gy clll(l g<'<>g1·;t})} l~r. l I 1 t.11 (:\ ('() 11 t.(1Xt <>f' i111 clgE~ 
1)1·oc'.essi11g it is tl1e 11a111c-\ of· cl s1)c~c·ifi<· 111c~t.l1c)clc)l<)gy <.lE~sig11(:i<i 1·c>1· t.l1c) a11ctl­
ysis of t.l1e geo111et,1·ical st.1·t1c·t.111·e i11 c111 i111clge. It. \\T<ls 1·c>t111cl(•<l i11 t.11<' c•c11·ly 
sixt.ies by t.wc) 1·(~sea.1·c·l1c~1·s clt tl1e IJa.r·is Sc'.llc)<)l c)f l\,1i110s i11 Fo11t.,ii11c-ll_llE:\c11.1, G. 
J\;1at,11e1·011 [3] a11d J. Se1·1·a [5], wl1(1 \\T<)r·kt:icl c)11 it. 1111111l)c~1· c)t· J)I'C)l)l<:~111s i11 111i11-
e1·c1log)' c111d pet.1·og1·apl1}'. Tl1ei1· 111ai11 gc)al was t.l1c) ,1u t,e.)111a.t ic· cllltil.vsis of· t.l1e 
st.1·uc:t l11·e of i111c1ges £1·0111 gE~olc)gic:al c111tl 111et,ctll u1·gic· SIJf~c:i111e11s. Tl1(~Y \Vere 
IJa1·tic~ula1·ly ir1t,e1·est.ecl i11 tl1e c1l1a11tizat.i<)ll of' t.}1c.'.\ 1)er·111ea.l)ilit.y <Jf. ,1 pc>1·011s 
111edit1111 a11d tl1e petr·og1·c1J)l1y of i1·011 ores. Tl1ei1· i11vestigat.ic)11s 11lti111at,ely 
led t,o a 11ew c111a11t,itat,ive a1)J)1·oac:l1 ir1 ir11c1ge a11alysis, 11owadays l{11ow11 
as 111at,he111atic:al 111orpl1olc)gy. Dt11·i11g tl1e last, t.vvo clec.·ctcl{~s, t,l1is clisc'.if)li11e 
l1as gai11ed inc:1·easi11g J)OJ)l1larity a.111011g tl1e i111,1ge IJ1·oc·essi11g c~o111111t11·1ity 
a11d l1as acl1ieved tl1e stat11s of a powc~1·f11l a.lt.e1·11at,ivt:' t.o t,l1e c·lc1.ssic'.al li1-1ea1· 
apJ)roc1c·l1. It l1as bee11 ,lpf)liecl i11 Ill.1111er·ot1s JJI'ctc·t.ic·c1.l sitt1a.t.io11s, e.g., 1r1i11e1·­
alogy, 111c~clic~c:1.l diag11ostic:s~ l1istology, i11clust,1·i,tl i11SJJ<:~ctio11, C'.OillJ)llt,t~r· visio11 
a11d c~l1c1.1·ac?te1· r·ec:og11i t, io11. 

T\1at,l1er11at.ic:al 11101·1)l1ology l1as t,l11·ee as1>ec·ts: a11 algel)1·aic <.Jr1e, deali11g 
witl1 i1·11age tr·a11sf'o1·111c:1t.i()11s de1·i vecl f'1·0111 set-tl1E~c)1·et.ic:c:1,l a11d geo111et.1·ical 
ope1·atior1s, a pr·ol)a.l)ilist.ic'. c)11e, deali11g wit.11 111odels of' 1·c:1.nclo111 sets ar)plica­
ble to tl1e selec·t,io11 of s111all sa11·1ples of· 111at,er·ictls, c:111d c111 i11tegral geo111etr·ic 
011e, deali11g \vith i11·1age f'1111ct.ior1als. 011ly tl1e fi1·st as1)ec:t. will be addressed 
here. 

By its ver·y 11atl1re, 111at.l1e111atical 11101·1.)l1c)logy is set,-l)ased, t.l1at is, it 
treats a bir1ar·y ir11c1ge as a set. Tl1e c:01·1·es1Jo11di11g 11101·1)l1ologic·al ope1·a­
to1·s use esse11t,ially 011ly f"ot11· ir1g1·edie11ts f1·0111 set tl1eo1·y: set ir1t,er·sec~tion, 
u11io11, co1111)ler11er1t.atior1, ar1cl t,1~a11slatio11. As a 1·est1lt SllC'.ll OJ)er·at/or·s are 
trct11slatio11 i11vc11·ia11t ~ additio11cilly, tl1ey are l1igl1ly 11011li11ear·. 

011e of' t.l1e l)asic: i11tuit.io11s of 111atl1e111at.ical 11101·pl1ology is t,l1at t.l1e ar1al­
ysis of ar1 i111age does 11ot. r·educ:e to cl sir1·1ple 111easl1re111e11t. Ir1stead, it. 

256 relies 011 a s11cc:essio1-1 of 01Je1~ato1·s \.vl1ic:l1 trc111sf'o1·111 it i11 or(ler· to 111ake cer­
tain featt1res appare11t,. I11deed, a I)ictt11·e usually c~o11t,ai11s a11 l111struct11red 
wealtl1 of ir1forn1atior1; ir1 or·der· to ar1al}rze it., 011e l1as t,o distir1guisl1 111ear1-
i11gful i11for111atio11 f1·0111 i1·releva11t, disto1·tio11s. 011e l1as t,(1 ext,1·act what. is 
of inter·est. Ir1 prc1c:tic:e tl1is a11101111t;s to trar1sfo1·111ations w l1icl1 r·ed uc:e t.he 
origi11al irnage to a sort, of <::a1·ic:<1t111·e. For· exa111ple, i11 optic:al cl1aracter 
recogr1itio11, or1e ca11 si1111)lif'y tl1e task l)y fir·st, l)er·f'or·111i11g a skeleton,izatio'n 
on a l)i11ary digital i11121ge re1)rese11ti11g a ty1)ed text, wl1ic:l1 red11ces eacl1 
cor111ec:ted co1111)011e11t, t.o a <)11e-1)ixel-tl1i<::k skE~leto11 1·etai11i11g its sl1ape; this 
disc~ar·cls all ( 11seless) i11f'o1·111atic)11 ar)C)ll t tl1e t.l1ic:l<11ess of· C'.l1c11·c1ic:t,er·s, and tl1e 
reduc:ecl a111ou11t of infor111atio11 c~o11t,ctir1ed i11 s1.1cl1 a11 ir11age 111akes f11rt,l1er 
1·e<::ogr1it.io11 steps quicker· a11cl easier. 
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Figure 1. Opening and closing of a polygon by a disk. 

3. AN EXAlv1PLE: OPJ:<~NINGS 

Tl1e ce11t1·al iclea of 111at.he111atit~al 11101·1)l1ology is to exa111i11e t,l1e geo111et,1·ical 
st1·11ct t11·e of a11 i111c1,ge by pr·o bi11g it witl1 s111all pat te1·11s, C'.alled <c;tr·,uct,u,r··ing 
elemerits, at, var·ious loc:atio11s i11 the i111age. By varyi11g tl1e size a11d sl1ape 
of' tl1e structu1·i11g ele111e11ts, or1E.~ ca11 extr·act usef'ul sl1ape infor111at,io11 fro111 
tl1e i111,1ge. Tl1is proc:edur·e 1·esults i11 i111age 01)e1·ato1·s vvhic~l1 are well-s11it,ed 
for· tl1e a11c1.lysis of' tl1e g·eo111et.1·ic:al a11d to1)ological st,1·uct.ur·e of a11 i111age. 

Tl1is is J)erl1c1ps best, illl1strated l)y disc~ussi11g 011e oper·ator· i11 111ore detail, 
tl1e openirig, 011e of t,l1e 111ost i111po1·ta11t operat,or·s i11 clc1ily 11101·pl1ologicc1l 
p1·actice. Rest1·icti11g t,o bir1a1·y (i.e., blacl(-a11d-white) i111ages 111oclelled by 

') •) •) 2 
P(R-), tl1e subsets of JR-, we say that tl1e 111apping a : P(IR;'"') ~ P(1R ) is 
ar1 operiing if it is 

• incr·easirig: X C Y i111plies a(X) C a(Y); 

• idempotent: a( 0:(X)) == o:(X); 

• anti-extens'ive: a(X) C X. 

vVe discuss t,l11·ee differe11t t,yJ)es of ope11ir1gs l1ere: the st,1·uc:t,ural opening, 
tl1e li11ear ope11i11g, a11d the ar·ea ope11i11g. 

Tl1e st'ruct'ltral open.ing r·equir·es a st1'U(~tt11·ir1g ele111e11t A C 1R 2. It is t,he 
u11ion of all trctnslates of A wl1icl1 are c:011tair1ed ir1side X: 

X oA == 
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He1·e A11 cler1otes the tra11slat,e of· .4 ,1lo11g tl1e ,rec:t,or· 1-l. rrl1is 01>e11i11g is 
illt1st,1·,1,t,ecl ir1 figur·e 1, alo11g witl1 it,s 11,f:g<iti,L1e, t,l1e st1·11c:t,l1r·c1l <·l<~)si11g l)y A, 
w l1ic:l1 is esse11tially an ope1·1ir1g of t,l1e 1)ac'.kgr·<)llr1cl. A closi11g <)p(~1·c_1,t,01·, sc1y 
(3, is i11c~r·ectsi1-1g, ide1111Jote11t,, a11cl exte11si\r(~ (i.e., .Ly C ;3(~X-)). 

Tl1e lirz.ear· ope'riirig uses a ( fi11it,e or i11fi11it,e) C'.ollc~ctic)11 of l)o1111clecl line 
seg111e11t,s Li, 'i E J, wi t,h cliffe1·e11t cli1·ec:tio11s for· st,1·l1c·t111·ir1g ele111ents. It is 
clefi.11ed by 

c.t:L(X) == X o Li. -
iEJ 

Fi11ally, t,he area ope·n'irig 11ses tl1e 11otio11 of ( ar·c:- )c:01111ect,ecl con11)one11t. Let 
S > 0 lJe a r·eal 11u111be1·, ther1 Cl'.,s(.LY) co111p1·ises all c·or11po11ents of X witl1 
area larger~ tha11 S. Tl1e tl11·ee diffe1·er1t ope11i11gs a1·e illt1strt1t,ed i11 figt11·e 2. 

Ope11ir1gs are 11sed for differe11tJ J)t11·1)oses, Sl1c~l1 ,is i111age fil t,eri11g ( see 
sectio11 5). He1·e we disc'.t1ss et cliffer·e11t, applic'.c:lt,ior1, t,l1e c~o111 pl_1t,at,io11 of size 
dist.r·i b11 tio11s. 

Co11sidE~r t,l1e f'c1r11ily of· st1·t1c:t,t1ri11g ele111e11t,s ·r· B ~ t,l1e s1)l1e1·es ir1 Ill 2 c:e11-
tered at t11e or·igi11 c:1r1cl witl1 rc1dil1S ·1· > 0. Tl1e f'a111ily of· str·uctt1rc:1l 01)e11i11gs 
a:.r ( X) == X o r· B satisfies tl1e followi11g se111igrou1) p1·01Jert,y: 

O'.-,· Q'. ,,;; = Q ,.:; O'. ·r· == Q'. ·r· if 1· > S . 

Tl1is is dt1e to tl1e fac:t tl1at a la1·ge1· l)ctll c-~a11 be ol)tai11ecl as cl l111ior1 of s1r1aller 
011es. Tl1is se111ig1·ou1J p1·ope1·ty fo1·1r1s tl1e lJasis for· a fo1·111al defi11itior1 of a 
S'ize d 1ist1--ib 1ut·ior1,. The ope11i11gs 0:.,. fo1·111alize tl1e:~ i11t,11itive iclea of tl1e sievi11g 
of' a bi11ary i111age ac:(~01·di11g to tl1e size a11d sl1ape of g1·air1s witl1i11 tl1e 
irnage. As the 111esl1 size of tl1e sieve ( t,l1e r·acli t1s ,,. ) is i11c'.reased, 111ore of tl1e 
ir11age grair1s will fall tl11·011gl1 t,l1e sieve arid tl1e 1~esidt1al ar·ea of t,he filtered 
( sievecl) i111age will dec:rease rr1011ot,011ically. Tl1ese r·esid11,1l ar~eas fo1~111 a size 
dist.ribt1tio11, called gr~r1n1-tlo·rrietr·'ic size d'i.st;-r•ib,z1,t·ior1,, t1l1at is i11dit:ative of tl1e 
i1r1age str11ct11re. Its cler·ivative is a de11sity f1111ctio11, called t,l1e gr·ciri·ulo'rrietr·ic 
S'ize density. 

Tl1e oper1i11g trar1sfor1n of a bi11ary i111c1ge X C 1R..2 is et f11r1ct,ic)11 F : Ill 2 ~ 
Ill+ whose value F( Ji) at tl1e poi11t /1, 1·eprese11ts tl1e r<1di11s ,,. of' the largest 
sphere whic~l1 co11tc1.i11s h a11cl fits e11t,i1·ely i11sicle X. Its l1istogra111 corr·espo11ds 
with tlre g1·a11ulo111etric: size cle11si ty. See figur·e 3 for· a11 illust,1·atior1. 

4. COMPLErl-.E l.,1\'l'TIC;E f"Rr\MEWORK 

Altl1ough, or·igi11ally, r1-1c1tl1e111c.ttic'.al r11c)rpl1ology \'1,1S cleveloped f'c)r bir1ary 
irr1ages, frorn tl1e very begi1111ing tl1er·e was a 11eecl for a 111or·e ger1eral tl1e­
ory. S11c:l1 a tl1eory sl1ould be powe1·ft1l e1·1ol1gl1 to l1ar1dle differer1t object 
spac:es such c:1S tl1e closed subsets of a topological SI)cl.C'.t:, t,lre c~o11vex sets of 
a (topological) vec:tor· spac:e, c1nd gr·ey-sc_'.ale i11·1ages. 



Figure 2. Three different openings. (a) binary input image (foreground in red); (b) the 

structural opening by a 7 X 7 square (yellow); (c) linear opening using four line segments 

(horizontal, vertical, and diagonal) with length 15; ( d) area opening with S = 256. 

Besides this e11or111ous variatio11 i11 object spaces there is yet anotl1er ge11-
eralization whicl1 is quite in1po1·ta11t. It, is, namely, by no rnec111s obvious wl1y 
1norphological oper·ators have to be t,r·anslation invaric111t. In r·adar i111aging, 
for exa111ple, rotatio11 invariance is 111ore approp1'iate. Furtl1er111ore, tl1ere 
are a number of sittiations wl1ere per·spective tra11sforr11ations er1te1· 11atu­
rally. Thi11k, for instc1nce, of the proble111 of rr1011itori11g tl1e traffic or1 a 
highway witl1 cl carnera at a fixed position. It is obvious that, i11 s11ch a con­
figuration tl1e detec:tion algoritl11r1s sl1ould take into accou11t, the clista11ce 
between the carnera and the objec:t (e.g. a car). 

Only recently l1as it beer1 realized that co111plete lattices are the right 
1nathe1natical fran1ework for a ger1eral theory of r11orphology: see [l, 2, 4, 
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Figure 3. Opening transform and size distribution. (a) Grey-scale image; (b) binary· 1m-

age ing; (c) obtained by threshold 
• 

its ( d) the histogram of grey-values opening transform; 

of the opening transform density); • size (e) (which corresponds with the granulometric 

the binary image (red), obtained by thresholding the opening transform. In this particu-

lar case the 5-7-11-chamfer metric has been used as an accurate discrete approximation 

of the continuous Euclidean distance. 



6]. Tl1e 11121,in 1·11otivatior1 for tl1is gt:11cJr·ctliz,1.t.i<)11 is t.l1,1t it, 1111ifit·s a. 11u111l)er of 
pa1·t.ict1la1· exc11·11 ples i11t.o 011e cll)st.1·c1c·t. 111,lt.11(\111,lt, i<·<tl t·1·c1.111t·wo1·k; t l1ey' l1el l) 
t,o pr·eve11t the per·iodic '1·ei11ve11ti<)11 c)f. t.l1c~ wl1E~c•l' vvl1ic·l1 l1ctl)J)E~11s t.c)C) ot·t.e11 
ir1 ap1)liecl 1ric:1.tl1e111atics arid e11gi11(:•clr i11g, v\r l1c~1·c, '11c~\V iclc1 <lS' ,1re so111eti111es 
pa1·t,ic~t1l<1.r· c:ases of • old ideas' i11 1)1_1r·c, 111c1 t. l1<:~111c1t,ic·s. A sec·c)11cl 111c>t.i vc:1t io11 
i11ti111c1tely co1111ec'.t,ed t.o t.l1e pr·evri()llS C>Ilt: is tl1c:tt, a11 ,1bst,1·;:1c:t c:t,l)PI'OclC'h pr·o­
vides a deeper· i11sigl1t. i11to t,l1e essE:~r1ce of t,11{~ tl1eory ( wl1ic'.l1 ass11111ptio11s 
are r11i11i111ally 1·ec111i1·ed to l1ave c:E\1·tc:1i11 IJI~C)l)E:~r·t,ies'?) arid li11ks it to other, 
son1etir11es rather· old, 111atl1e111c:1tic:c1l disc'.ipli11es. 

Tl1e n1atl1e111c1tical 11101·pl1ology 1·esec:1rc'.l1 gr·otll) at C\ivrl l1as 111ade a sub­
sta11tic1l co11tribt1tio11 to t,l1e develop111e11t, of' t.he C'.0111plete lattic~e fra111ewo1·k 
for~ 111orphology [l]. 

5. Jv10RPHOLOGICAL I<"IL'I'ERS 

5.1. Int'!"Od'uctio1i 
A11otl1e1· c:lass of pr·oble111s clealt, v\ritl1 at CWI co11c'.er·11s the co11st1·uc'.tio11 of' 
111orphological filt,ers. Orie goal of i111age filt.e1·i11g n1ay be the e11l1a11cen1e11t 
of' tl1e visual qt1ality of a distorted i111age. J\1101·e f1·ec1uently, ho,vever·, its goal 
is to n1ake tl1e i111age 111ore st1itable for· sl1bseq11e11t i111age processi11g tasks, 
such as seg111e11tat,io11. 

In 111at,hen1atical 11101·pl1ology a 'filter' is a11 operator wl1icl1 is ir1creasi11g 
and ide111pote11t. Ider11pote11ce see111s a se11sible 1·ec1ui1·e111ent, for cl filtering 
operc1,tion c1s it, c:haract.erizes tl1e suc:c'.essive stages of et series of tr·ansfor111a­
tions in i111age a11alysis. Indeecl, if' a11 oper·atior1 is ider11poter1t., t.l1e11 there 
is no J)Oi11t i11 1·epeat,i11g it, a11d so vve 11111st do sornetl1ir1g else, i.e., go to 
a11othe1· stage. Cor1ver·sely, a st,age r11ust p1~od11c:e a clear r·esult., a11d 11ot stop 
l1alfway. 

Give11 a filter·i11g ope1·at,01· lj_; \Vl1icl1 is riot ide111pot,e11t, or1e ofte11 applies 
it t111til t,he result does 11ot c·l1a11ge a11}r11101·e. Tl1is co1·respor1ds to a condi-
t,io11al loop, st1cl1 as 'while . . . do ... , ; provided sucl1 a loop eve11tuall:y· 261 
ter111i11ates, it i111ple111e11ts ar1 ide111poter1t 01)erc1tior1. However~, i11 general 
there is no guctra11tee of cor1ve1·ge11c~e. At CWI a theory has beeri developed 
wl1icl1 says u11der wl1at sor·t of co11ditio11s 011 tl1e operator· '1/', iteration leads 
to iden1pot,ence. Tl1is t;}1eo1·y cover·s all t.l1e i11teresting c:ases occurri11g in 
prac:tice. 

5. 2. Alter·ncLtirig seq·tteritial filters 
By r11ec111s of ill11strat,ion we descr·ibe 011e fc1111ily of 111orphologic:al filters in 
1nore detail, 11a111ely the alte1,11at,i11g sec1ue11t,ial filt.er·s based 011 r·a11l<:-orde1·. 
Tl1is class was 'ir1ve1ited' 1·ec:e11t.lv bv tl1e a11tl1or·. To defir1e it, we 11eed to v ~ , 

introcl11ce s0111e 11otatio11 a11d ter·r11i11olog}r. De11ote l)y F11n(Z2
) tl1e class of 

grey-scc1le f11r1ctio11s F': Z 2 
__,, {0,1, ... ,N}, \vl1e1·e N is a11 i11teger. 
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Figure 4. Morphological filtering: 
• 

(a) 

(d) 

( f) 

undistorted 
• 

image; {b) 
• 

' ' 

' .-,_ 

" 

distorted 
• • 

) . ' ,, 
tltfl\i }X,_,-:;"":· .. _.• 
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• version of (a) 
• 

1n w hich abo ut one-t hird of th e pixels are affected by noise; this image IS used as input 
• 

image F; (c) Gaussia n filtered • 
version ( d) 

(f3a:) 9 (F) 
of F· I 

alternating seq uentia I filtered 
• 

images an 

median p5(F); (e) and (f) are the 

d (o:/3)g(F) I respectively . Note that 
the linear Gaussian operator blurs the 

• 

whereas the morphologica I operators are 
able to remove noise without blurring the 

• 

image. 



MORPr-l()L()Glc-::AL ltv\AGE PROCESSING 

(l r1 < (t,,. -1 < · · · < 01 · 

Fo1· exc11111)le, 011-, 111a:,r l)e tl1e st,r·11('.t,111·c.1l ()J)e11i11g \Vit.11 cl (2A~ + 1) x (2k: + 1) 
st.rl1c:tl11·ir1g eler11er1t. Dt1c1lly, let·, /3A:, k = 1, 2, ... , ·11,, l)e a scc1t1E~11c·e ()f. <'.losi11gs 
st1c:l1 t.l1clt. 

Der1ot,e by ( cx/3),1. tl1e c:01111)ositio11 

Tl1e co111J)Ositio11 (/3a ),,i is clefi11ed a11a.logousl)r. Now t,l1e follo\vi11g 1·est1lt, 
l1olds. 

Proposition. Un,de,,· the ,qi·ve11, c1.s.,·1.trr},pti(J'ri~i;;, tit(: 07Je1·at(J'f'.'3 ( n 1t3),,1. a·n.d (f3a ).,1 
a·,·e ·n1,or·pliologic'.al filte'l·s ori, Fl111(Z2 ), ·i. e., both, 01Je·1·(1,for·.s c1,·r·e ·i·,1,(:·r·easing ari,d 
idempote111.t. 

The filt.ers ( a/3) 11 a11d (J3n) 11 ar·e c·c1lled alterriatirig seq'lLer1.tic1,l filte 11·s. 011e 
partict1la1· exa111ple vvill l)e discussecl l1ere. Co11sider tl1e 1)oi11t,s 0, P1, P2, 
origir1; defi11e tl1e 1·c1.11k 01)e1·at,01· PJ..: (wl1ere A:== 1,2~···,9) as follows: sort, 
for a give11 i11put i111age F a11d l)ixel x: E .Z2

, the vall1es F(~r:), F(x·+p 1 ), F(x+ 
P2), ... , F(:1:+p8) i11 dec'.1·ec1,si11g or·cler a11d tJake as ot1t.put, PA:(F)(x~) t,l1e value 
at t.he h:'tl1 positio11. Tl1e oper·ator p 1 , wl1ic:h rett1r11s as ot1t,put tl1e 111axin1u111 
of the values F(1: +Pi), is c:allt~cl d,i[atiori, and is de11oted by 6. Dually, Pr), 
wl1icl1 · retur·ns t,l1e 111i11i1r1u111 is c·:ctlled t:'1··osior1., c111cl is de11ot.(;d l)y E. The 
ope1·ator p5 is called tl1e m.ed·ian, OJJer·ator. It is evide11t, thc1t 

p L > P2 > . . . > pg · 

The ope1·ator Ctf...: == id /\ /5 PA:, wl1er·e id is tl1e icle11tity operctto1· (id ( F) == F) 263 
a11d /\ de11ot,es tl1e (poi11twise) 111i11i11111111, is a11 ope11i11g, C'.alled rank-·max 
opening: see [ 4] or [1]. It follows t.l1at, Cxf..: is a dec1·easi11g seque11c:e a11cl t,l1at 
0:1 == id. 

Dually, tl1e operat,or· PA: == id V cPi<J-J..: is a closi11g, tl1e r·a·nk-m·in, closing. 
The seque11ce /1f..: is ir1c1·easir1g, a1·1d /31 = id. 

Tl1e propositio11 stc1.ted above i1111Jli(~s til1at, tl1e cor11positio11s ( o:/3) h: and 
(f3a) h: a1·e 1no1·phological filte1·s. 111 figt11·e 4 011e C'.a11 see t)l1c1t tl1ese filtier·s are 
e1ni11e11tly suited for 11oise C'.lec1ni11g. 
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