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1. lNTRODlJC~TION 

B. Efro11, wl10 i11ver1t,ed the bootstra1J iI"l 1979, 1·ec:er1t.ly vvr·ote: 'Con1pute1·
inte11sive r11ethods like tl1e l)ootst,r·ap greatly exte11d tl1e range of classical 
n1ethods, c111d tl1is is t.he way I believe t,l1at t.l1ey will 1r1ost d1·a1r1,1tic:ally c1f'... 
feet 21st ce11t11ry statist.ic~s'. Tl1e bootstr·ap is a con1p11ter-i11t.e11sive 111ethocl 
for est,i111atir1g tl1e variability of statistical c1ua11tities a11cl t·or setting c:011-
fide11c~e 1,egio11s. Tl1e r1a111e 'bootstr·ap' r·efer·s to tl1e ar1alogy wit,h pt1llir1g 
011eself UJ) by 011e's ow11 bootstraps. Ef1·011 's bootstr·ap is to 1·esar111)le t,he 
data. Giver1 observations X 1, ... , Xr, c11·tificial boot.st.r·a1J sar11ples are cl1·a.,v11 
witl1 replace111e11t fro111 X 1, ... , Xrr, pt1t,t,i11g eqt1al pr·obal)ilit.y n1ass ¾ at 245 
eacl1 Xi. For· exarr1ple, vvitl1 sa111ple size ,,i, = 5 arid dist,ir1c·t observations 
X 1i X2, X3, X4, Xs 011e 111igl1t obtair1 X3, ""'X°:3, X 1, ... '¥0, X"i as bootstr·ap sa111-
ple. 111 fact. ther·e are 126 (iisti11c:t boot.str·a1J san1ples ir1 t,l1is case. 

Bootstrap resa1npli11g oft,er1 gives rl111cl1 better esti111ates tl1c111 traclitio11al 
statistic~s t1st1ally provide 11s \vit,11. Tl1e boot,str·cip c~c1.11 also be a11 effective 
tool i11 111a11y prol)lerr1s of st.at.ist,ical ir1fe1·e11c~ei wl1ic'.l1 otl1e1·wise would l1ave 
beer1 t,oo co111plicated to ha11clle; e.g., tl1e c·o11st1·t1c·t,ior1 of' a c:011ficle11ce ba11ci. 
i11 nor1pararr1etric 1·eg1·essio11, tt~st,ir1g f'o1· t,l1e 11111111::)er of 111ocles of a der1sity, 
or the calib1·atior1 of co11fide11c~e lJou11cls. Tl1e p1·c)l_)ler11 of c~o11struc'.ti1-1g a 
co11fide11ce ba11d f'or ar1 u11k11ow11 '1·egr·E•ssic)11 111ec:1,11' ctr·ises, e.g., if 011e tries 
to c1scert.ai11 a trend i11 a1111ual ser·ies of· ol)ser·ved (air) te111pe1·at,t11·es, l)Ossibly 
d11e to the i11fl11e11ce of 'global war111i11g' 011 s11c·l1 clata. 
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111 t,l1is J)a1)e1· I \vill s1.11·ve~· 1·<'C'E~11t 1•(:,S('a1·(··]1 at ( 1\\i'I i11 t.l1t~ ge11e1·c1.l a1•E:.t1 
c)f l~)OC)t.st.1·a1) 1·esc:11111Jli11g 111t"'t l1(><ls. 1\t t lit:. Sct111(~ ti111(:1' 1·(~sec11·c·l1 i11 t.l1is a1·('<l~ 

,v l1ic·l1 tcll<es plctce at, I .. ei<·l(\11 U 11i \rE"1·si ty~, vvill ,1ls<J l.)e l)I'i(.'.lfty· 1·evie\vecl. Rt1.
sc1111 l)li11g is ()11e of t 11(1 f'()111· se l<·,c·t (:>(l ct1·t·c1s lJf. 1·est:c11·c·l1 i11 t lie 1·c)<·11s ftr·ea 
• C~c)111 JJll t.a t.ic)1121lly• I11t.e11s iv·(~) :rvf et.l1ods i11 St.<)c:l1,1st ic·s' ( 1 ~)93-1 !)98) <)f N\\T O. 
Tl1is t,OJ)ic· vvas also t.l1e c·e11t.1·al tl1E·~111e <)f. a t.\vo-111<)11tl1 1~E·sec11·<·l1 \VC)1·ksl101J 
J)1·ese11ted (i11 t.l1e su111111e1· of' 1995) at: tl1e I11stit.11t,t~ c)f TE~c:l111()logy, Ba11cl1111g, 
as f)<11·t of a c:001)e1·at,io11 J)l'O ject. ~ .,t\. J)J)liecl 1.i1at l1e111at,ic·s c:111cl (~0111 J)U t,c:1tio11al 
Jv1et.11ods, ( 1995-1999) l)et,\\Tee11 Tl1e N et.l1er-lc:111cls a11d I11clc)11esia, i11 w l1icl1 
C\VI is 011e of t,l1e D11t,cl1 <:'.ooperati11g Ir1stitutes. 

2. EFRON'S NONP1\RAl\1E'l"'RIC; BOOTSTRAP 

To begi11 \Vit,l1 I desc'.ril)e Ef1·011 's 110111)a1·a111etric bootstr·ap i11 a si111ple sett.i11g 
a.rid adclr~ess 1-)riefly t,l1e i111por·ta11t qt1estio11: v.r l1E~11 does Ef1·011 's l)ootstr·ap 
work a11cl \vl1e11 cloes it f'ail'? 

2.1. Desc:'1··ipt,io·1i (Jj tlie bcJotstr'(lp 

S111)1Jose .,X-1, ... , .,,)(1i is a ra11do111 sc11111Jle of size ·11 f1·0111 a po1)11lat,io11 wit,11 
t111k11owr1 clist,1·ibt1tio11 f'u11ctio11 F 011 tl1e real li11e. Let., ir1 addit,io11, 

0 === 0(F) (2.1) 

de11ote a r·eal-val 1.1ecl l)c1r·a111ete1· w l1ic·l1 we ,:va11t, to esti111ate. 
Let, T,i == T, 1 (X 1 , ... , X,l) de11otE~ c111 esti111at,01· of 0, based 011 the data 

X 1, ... , X.11· 0111· object of i11t,e1·est. is tl1e dist,r·i1)11tio11 of ,,i½ (Tn - 0), i.e., we 
defi11e 

(2.2) 

wl1er·e P de11ot,es 'r)r·ol.)alJility' c~or1·es1Jo11cli11g to F. Clea1·ly G,,i, tl1e exact 
distril)t1tio11 of· ri ½ (T,1 - 0), is t111k1·1ow11, lJecc1-11se F is 11ot k110\v11 t.o us, but 

246 we ca11 t1~y t.o est,i111c1.t,e it. Tl1e Ef'ro11 's r1011parc1111et.1·ic bootstra1J esti111ato1· 
( aJJp1·oxi111atio11) of G,1 is give11 by 

-(X) < x: < 00. (2.3) 

Her·e T,7 == T,1 ( X;, ... , .;Y.,~), w l1er·e X;, ... , X.,; de11ot,es a11 c11·tificc1,l rc111dor11 
~ 

sc:1111 ple---·-t,l1e l)oot.st,ra1) sa.111 J)le- -- fro111 F~,1 , tl1e e111 pi1·ic'.al distri }Ju t,io11 f1111c-
A ,._ 

tio11 of t.l1e 01·igi11al ol)se1·va.tio11s X 1 , ... , .;Y.,i, a11d 011 == 0 ( F,1 ). Note tl1at, F,
1 

is tl1e 11 a11do111 dist,1·i 1)11t,io11-- ,1 st,eJJ f u11c:tio11--·-·-w l1ic'.}1 J)ll ts J)1·0 b;:1l)ili ty 111ass 
t at eac.:11 c)f tl1e X,; 's ( 1. < ·i < ·11.), s0111t\t,i111es 1·ef'e1·1·ed to as t,l1e resa1111)li11g 

"' 
clist,r·il)t1tio11. Tl1e e1r1pi1·ic'.ctl clist1·il)t1t.io11 f1111c~tio11 F,1 is illt1st1·at,ed i11 fig11re 

" 1. Fi11ally, P,: de11otes 'IJl'()l)al)ilit.y' c·o1·1·es1J()11di11g to Frl, co11clitio11ally give11 
~ 

Fr1, i.e., give11 t.l1e obse1·vc:1.tio11s X1, ... , X.,1 .. To e111phasize tl1e t·act t.l1at c;l 
is a C'.011clitior1al dist1·ib11tio11, 011c 111c1y as well w1·it.e 
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Figure 1. Empirical distribution function based on observations :r~ 1, ... , J~fj. 

-oo < :i: < (X), (2.4) 

i11st,eacl of' (2.3). Ol)vi<)l1sly, givE:'11 t.l1e ol)se1·vc.~cl v,1lt1es .1¥1 i ••• , X.,, i11 011r 
A 

sa111 ple, Fr1 is c~o111 J)letely k110\\r11, c::t11cl--- at le,1s t i11 I)ri11c'.iJ)le--G.;1 is also 
co111pletely k1·1ow11. \Ve 111c1y view c;,_ cLS tl1e e1111)i1·ic:al c:01111te1·1)a1·t i11 t11e 
'lJootstr·a1) wor·ld' t.o G.,1 ir1 t.l1e "1·e,1,l world'. Ir1 JJ1·cic:t,ic:e, exc1c.~t. c:01111)t1tatio11 of 
c:i by C'.0111 plete e1·1t111·1e1·at.ior1 is 11s uctlly i111 J)ossi l)le ( evE~11 i11 Ol.11· s01)l1istic:ated 
co111p11ter age): f'or· cl sc1111r)le X 1 , ... , .,)(.,1 c)f. ·n dist.i11c'.t. r1t1111l)e1·s t,l1e1·e ar·e 

2
'/~~ 

1 disti11c.·t l)c)otst.1·a1) sc1.1111)les. Fc>r· ri == l O alr·ectcly 11ea1· to 100,000 
bootstr·ap sa111ples l1ctve to l)e e11t11r1er·at,ecl, so very s0011 t,l1is 111etl1od l)ecor11es 247 
1111f'easible a11d we l1ave to tt1r·r1 to a11ot,}·1e1· solut,io11: 1V1()11te-Cc11·lo si111ulatio11. 

I11 a ser1se, tl1is l)oils clow11 t,o 1·e1)ec1t.edly d1·c1wi11g a 1·a11clo111 l)ootst1·ap 
sa11·11)le £1·0111 all possi1)le bootstr·a1J sc1111ples. Wf.: fix a lc11·ge 11l1111ber· B. 
Wit,11 t,l1e 1.1se of tl1e c:01111)l1te1·, we ge11e1·,1,te cL l)ootst,1·,l.p sc11111)le a11d C'.al
c11late tl1e r·esulti11g vall1e <)f ·r1. ½ ( r,: - 0,1 ). By 1·e1Jt:ati11g t,l1is l)1·oc~edl1re B 
ti111es, we obtai11 B val11es, say,,·,,½ (Tr:. 1 - 0-ti.), ... , 'll,½ (T17,r3 - 0-ri.), wl1icl1 give 
a11 accur·ate rvI011t.e-Car·lo est.i111ctt,e t.o t.l1e t,l1(~C)r·etic:al lJoot.st,1·a1) distr·ibut,ion 
G.;

1 
of ri ½ (T,; - 0., 1 ). l\rlo11t.e-Ca1·lo si11111lc1tio11 was <)f. c~c)111·se ctlr·eacly well es

tablisl1ed befor·e t,l1e i11ve11t,io11 of· tl1e l_)ootst1·a1:), lJ11t it fi11<ls et ver·y 11att1rc1.l 
J)lf.tc~e l1er·e. Ge11c~rati11g a. l_)oot.st1·ap s,1..1111)lE~ a11101111t.s t,<) 1·,111dc)111ly cl1·avvir1g 
a sc11111)l(~ of size 11, ,vitl1 1·E~I)la.c'.er11e11t, f'1·0111 X-1 , ... , .,,)(t1 • Tl1e 1VI011te-Carlo 
J)1·oc:ed11re i11t1·o{l11(~es a sec'.011d s0111·<:e ot· 1·a11cl()11111ess. H()Wev<:~r·, lJy c~l1oosi11g 



248 

B s11it,ctble l;::11·ge WE~ c·::i11 c·()11t,1·(>l t,l1E~ l\'1(~)11tt1-C:i:tr·lc) E·1·1·(>1· ,t11<l 111::tkE~ s111·c~ t.l1::1,t. 
it. is 11 e gligi l) 1 (:; i11 c·o111 J) ;:1,1·i S<) 11 \\1 it l 1 t, I 1 () l) <~>() t s t 1·,1 r> cl J) J) 1·<>x i 1 llcl t. ic> 11 e1·1·c) 1·. 

2.2. ()pt''r·a,t,iori. c)j. th,e b(>cJt:,f1·c1,J> 

\\7.l1e11 cloes Ef'1·c)11 's l)C)C)t.st.1·,11) ¥.TC)1·k'? rI~l1(.\ c·<)11sist·.c·11<·:'i' t)f' tlt(l l_)C-)c>tst1·ctJ) cl,J>
IJI'C)Xi111c1t.io11 c;~, viE>.\V(~<l ctS clll (-•st.i111,1t.(1 ()f' c;t,, i.(1 ., \\T(\ l'('Clllil'(:\ 

SllJ) ICJ,1 (.i·) - G~(.,·)I ____.,,,. 0, as ·11. : oc 

to l1old, wit.11 P-1)1·ol)abilit.y 011(1 
( i.t'., fc)I' c1.l111c)st all scc111e11c·E1 s .. X- 1 , 4\" 2 , ... ) , 01· 

a sligl1tly \Vec:1ke1· ve1·sio11 c)f it., 11a111ely tl1c1t. (2.5) l1olcls C)11ly i11 P-1)1'c)l)c1l)ilit,y, 
1·at.l1er tl1c111 P-al111ost, Sl11·ely, is ge11e1·,tll,y vie,ved clS cl..11 cll)S<>l11t,(l IJ1·tJ1·e<111isite 
for· Ef1·011 's l)c)ot,st.1·a1) tc) \vor·k i11 tl1e prc)l)le111 ,1t, l1t111cl. Of' ('C)t1r·se, t,l1e as
se1·tio11 (2.5) is 011ly cl fir·st or·der· asy111pt,c>t.ic· r·es11lt, c111cl tl1t~ e1·1·c)1· C'.0111111it.
ted, ,vl1er1 t,l1e l>c)otst.1·c=t1) is aJ)pliecl i11 fi11it,e sc11111)les----- s,1,y, wit,11 sc11111)le size 
·11 == 20 - 111ciy still l)e c1t1ite l,11·gt'. 

I11 t,11<:~ i111 J)o1·t.a.11t. s1)eC~'.i,1l c·;:1s<:: t.h,1t 0 ( F) == JI, == ./· .J'llF (.1:), t,l1e l)OIJ11lc1t.ior1 
111ea11, c111Cl T,1 == dY,, == Tl - l I:;1

_ l .. Yi, tl1e Scllll l)le lll€clll, CL l))r llOW C'.lctssic~cll 
1·es11lt, asser·ts t,l1c1t (2.5) l1olcls tr·11e, i.e., Ef1·c)1~1 's l)oot,st1·a1> ,vo1·l<:s, l)rovided 
tl1e va1·ia11c~e a 2 of tl1e 1111cler·lyir1g distr·il)11tior1 F is fi11it1e. If' a 2 is ir1fi11it,e tl1e 
situc1tio11 lJec~o111es 111or·e c·o111plex: it, l1as l)ee11 pr·ovecl tl1c1t Efro11's l)ootstr·ap 
still works, p1·ovicled F is i11 tl1e do111ai11 c)f c1.ttr·actio11 c)f' tl1e 1101·111al la,v; 
otherwise Ef1·011 's 1)oot.st,r·ap fails. 

Bootstrctp 1·esa111pli11g ('.c111 also be 11secl to esti1r1at.e f1111c:tio11als of G,i, e.g., 
it,s va1·ia11c·e, rat1l1e1· t,l1e11 G,1 it,self. vV .R. va11 Zwet ( 1994) l1as 1·ec~er1tly st,ud
ied t,l1e 1Jer·for111k1r1c'.e of Ef1·or1's bootstr·c11) est,ir11at.e c)f va1·ic111c:e for· ar·bitr·ary 
sy11·11·11et1·ic st.at,istics T,1 == T,1 ( X 1, ... , ~Y,1 ) wit.}1 fir1it.e sec:011cl 1no111er1t, 11s

i11g t,l1e Hoeffdi11g clec'.01111)osit.io11. He shc)wccl tl1at. Efro11 's l)ootstr·ap "vill 
t,y1)ically work, pr·ovidecl I:;~ 1 E (T,1_ IX;), tl1e li11ec:11· t,e1·1·11 i11 tl1e Hoeffdi11g 
cle(~o1111)osit,io11 of 77

r1 , is t.l1e do111i11c111t 011e ctr1cl t.l1e l1igl1er· order~ t.e1·111s ir1 
t,he Hoeff cli11g dec:0111 posi tio11 te11d t,o Z(~1·c) 1·(1,tl1e1· fc1st.. Tl1e rec1t1i1·e111e11t, c~o11-
cer11i11g tl1e li11ea1~ t,e1·111 is also sl1owr1 to bE~ cl 11ec:essa1·y c:011ditio11 for· tl1e 
co11sist,e11cy of Efro11's boot,st,1·c1.p; otl1e1·\\1ise (2.5) ge11e1·ally fails t:o l1old. A 
specific case f'or wl1ic·l1 Ef1'()11 's lJootst,1·ap works--r1ct111ely Se1·flir1g 's c~lass of 
ge11e1·alized L-statist,ics----is i11vest,igat.ed lJy R .. Hel111e1·s, P. J c:inssen, and R. 
Ser·fling (1990). 

H. P11t,te1· ,1ncl Va11 Zwet, (1993) (c:.f. cllso cl1c1,pter 2 cJf. t,l1e Ph.D. tl1esis 
of Pl1t.t.e1· ( 19911)) er11pl1asizecl tl1e i111po1·t,(1,11c:e c)f cl 1:)l'OJJE~1· c·l1oic'.e of tl1e re-

.,., 

sa111pli11g dist.r·ibut,ion ( not 11ec·essa1·ily t,l1e e1111)iric:al clist,1·ibt1tio11 F,i, c1S in 
Efro11 's 11011J)c1.1·a111etric: bootst,r·ap). Let, T 11 ( F) cle11ot.e t,l1e distri 1)11 tior1 of' a 

~ 
statistic'.al c111a.r1t.i t,y R,1. == R,1. ( X 1 , ... , ... Y it.; F). If F, 1 cle11ot,es tl1e 1·esc1111 JJlir1g 

~ ~ 
clist,1~ibt1t,io11, F,1. == F,1 ( .. ~ 1 , ... , X,,) l)ei11g (1.11 est,i111c1t,E:: of' F, tl1er1 t.l1e 1Joot-

- ~ 
str·a1) esti111c1te of r,1 ( F) bec'.0111es r., 1 ( F, 1.). N C)t,e tl1c1t F, 1 111c1 .. y lJe ver3r ciiff e1·er1t 

" ~ 
f1·0111 tl1e e111pi1·ic'.al dist,1·ibt1t,io11 F,,., e.g., or1e 111c1y c:011sicle1· F, 1 == F- wl1e11 

{) 11 ' 



it is et J)I'i()l'i kll()\\'11 t.llclt, F l)t\l()llgs t,() <l })<:l,l'cllll('t 1·ic· lll()(l(ll { FH' 0 E e}' 
A a 

t,l1e fir1it(~-cli111e1·1sic)11c:tl I),11·,1.111(•t.<'1· f} is c'st.i111c11('<l I).\' 0,1 == (}ri( .. ¥1, ... , .. Y-,,), 
cl c·o11sist.e11t, E::st:i111c1t C)1· c1f' () ( 1>ct1·<t111()t.1·ic· l.><~><>tst.1·<:l J>). I>11 t t (\r· c111cl Vctlt Z wE~t. 

( 1993) l1,t\1e l'E'('.e11t.l:vr l)l'()v'E:•cl cl g(•ll('l'cl.l l'('Slllt ('()ll('("l'lli11g tllE' ('()llsist,('11(':-,,' ()f' 
~ 

l) oc) tstr·ci l) est. i111c1.t.es, \Vi tl1 g(•11(•1·ctl 1·E~sc1.1111> l i11g cl is t, 1· i l) 11 tic> 11 J-.1
, 1 • 

,63.1. S·rrz.oot/1. c;a.i;:;e.s 

111 tl1e 1)1·eviot1s sectio11 vvc l1clv'C sce11 t,l1c1.t, F~f1·011 's l)oot.st.1·c:1.p is C'.<)11sister1t fo1· 
tl1e c·ase of t.l1e Scllll J)le 111€,tll .. Y.,1 == i1, - l z;1

_ l ... Yi, Pl'()ViciE~cl t,l1e llll('ler·lyi11g 
clistril)l1tio11 F of t,l1c ol)ser·,1·c1,tio11s l1c1s et fi11it.e st·c'.011cl 1110111e11t .. Wit.11 

1 -
G.11 ( x) = P ( 12. 2 ( .,,Y,, - 11) < .r·) (3.1) 

(3.2) 

___, 0, as 11, · oc 
' 

(3.3) 

wher1eve1· 0 < j' x 2dF(.r.:) < oo. However·, tl1e c,1l1estio11 re111ai11s: 110~' well 
does Efro11's l)ootst,1~a1) esti111c1te G~ appr·oxi1nates G.,1_ '? Tl1e ct.11swe1· is tl1at 
typic~ally t,l1e rate of c~o11ver·g(.,11c·e ir1 ( 3 .3) is of t,l·1e classic:<tl orcler ri - ½ . Tl1e 
fa111ot1s B(:~rry-Essee11 t.l1eo1·e111 asse1·ts t.l1at. t.l1e acct1ri1..cy of t,l1e 1101·111al ::1p
I)roxi111atio11 is of tl1e s<1111e 01·cle1· ·11, - ½ , p1·ovidecl ./· I J; I :3 dF (a:~) < OC>. How
ever, we ca11 e<1sily i111 p1·ove t.l1e aCC'.t11·acy of Ollr l)ootst,1·ap esti1r1at,e, by 
first e111ployi11g "Stucle11tiz,1t.ior1'. Tl1at, is, insteacl of tl1e st,atistic:,11 c1t1c1r1tit,y 
ri ½ ( x.,l, - fl) a11d it,s l)oot,st,1·c1p Vt1 1·sio11 'll ½ ( x,~ - X11),, we C'.()llSicler· tl1e olcl 
and fa111ot1s St,t1cle11t t st,ctt,istic· ·11 ½ ( ... X" 11 -11) / S.11 c1r1cl i t,s bootst1·c1p c~ot111ter·pa1·t 
n ½ ( X.~ - X,i) / S.~, ,vit,11 1~es1)ec·t,i ve clist.1~ib11 t,i()Il f1111c:tior1s 

-00 < X < 00, (3.4) 

-(X) < ;I: < 00. (3.5) 

wher·e S.~ == (·,i - 1)-1 L;~l (.,X"; - x.,1)2 c}(:;llOt,es t,l1e ScLlllple va1·iclll(::e. Not,e 
tl1at, S.~.2 is r1otl1i11g bt1t S.~, witl1 t,l1E:~ .. Yi ,s 1·e1)lc1C'.ecl l.>y tl1e ... Y,; 'H. vVe 11ote 
in pc1ssi11g t,hat, if' F is r1or·111al, G.,, .. 9 of C'.Ot11·se 1~E:~(l11c'.es to t,l1e wE:~ll-k11ow11 
St,ude11t t clist.r·i l)utio11 wi t.11 .,,2, - 1 cleg1·ees c)f fr·eeclo111. !11 ge11e1·c1l, however~, 
t,l1e exa.ct, dist1·il)t1t,io11 G,1 .'I of St11cle11t.'s t is t111k11c>w11, l)llt we c:c111 t.ry t,c) 
est,i111ate it,, e.g., by t1si11g t,l1e l)oot,st,r·ct,l), Si111ilct1·ly~ as i11 ( 3.:3) we l1clve t.l1c1t, 
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Figure 2. Three approximations; ·1-i == 20; F exponential. 

(3.6) 

l)ut 110w tl1e 1·ate of' co11ve1·ge11c:e is f,1st.er·: i11 fac.'.t,, 011e c·a11 sl1ow t,l1at i11 
P-J)r·o bal)ili t.y 

__,,, 0, as ·n · oo (3.7) 

u11der 1·at,l1e1· weak c:011clitio11s. lT11cler· sc)1·r1evvl1at, 11101·e st.1·i11ge11t, c1ss111111)
tior1s, 011e c:a11 p1·ove t,1·121.t SUl):,· I G,1,.-; ( ~1:) - G.~_ . .;; ( ~r) I, t,l1e clC'.<~t11·ac'.y of tl1e l)oot,
st,ra1) a1)1)1·oxi111at,io11, is of t1l1e exc1.c:t, 01·cle1· ,1- 1 i11 P-J)l'C)l)al)ilit,y. 111 c:011tr·ast, 
tl1e 1101·111cil app1·oxi111atio11 for· St,_1cie11t 's t J)Ossesses t.l1e C'.lassical Ber1·y
Essee11 t,y1)e err·or· of or·cler· 11. - ½ . 

111 otl1er worcls: tl1e l)ootstr·ap esti111c1te c;1 .• .;; is asy1111)tot,ic'.ally closer· to 
G 1iH tl1a11 t,l1e sta11clar·cl 1101·111al distr·i l)ut,io11. Tl1is 'l)oc>tst1·c.1p is bet,ter· tha1·1 
1101·111al' 1)1·01)e1·ty of Ef'ror1 's rJc)ot,strap f'or· tl1e Stl1<le11t t st,atistic:'. c:learly sug
gests tl1e l)e11ificial efl"ec'.t, of i.Stt1cler1t,izc1tion' l)ef·c)re l)oot,st,1·c:1r)IJi11g for tl1is 
i1111)01~ta11t, special C'.ase. A :tv1011te-Cc11·lo result, wl1ic:I·1 su1)I)o1·ts tl1is c:lai111, is 
p1·e8e11ted i11 figur·e 2 (l)c>r·r·o,vE:'cl fr·o·111 I=>11t1ter's t.l1esis (1994)). We c:011sider 
tl1e SJ)ecial c:ase tl1at, F1 is expor1er1t,ial. Fi1·st of c1ll, tl1e clist.r·i l)u t,ior1 G.r, ,'-/ was 
app1·oxi111at,ed l)y I\1011te-Ca1·lo l1sir1g 107 sa1111)les. Next, a sar111)le of size 
ri = 20 wc1s d1·c1w11 fr·o111 a stc111clarcl ex1Jo11e11tic1l dist1·il)t1tior1 a11d------based 011 
tl1is sa1111)le--,--·tl1e dist1·ilJ11t.io11 G'f,.'-1 was esti111at.ed i11 t.l11·(~C~ \\rays, fir·st 11si11g 
tl1e classicc1l 1101·111al a.pproxi111at,io11, seco11dly usi11g t,l1e lJootst.rap G.~.,-; ( as 
i11 (3.5 ), t1si11g 11io11te-C~a1·lo si11111lc1t.io11 witl1 B ~ 10{; ). With t11is choice 



ot· B, \VE~ a1·e pr·et.t1· c·er·t.ai11 tl1::1t tl1(~ l\1<)11t<l-C;c-1.1·lc> (\1·1·c>1· is 11egligi l)lt"'. Note 
tl1at \Ve sl1011ld take c·,1,1~e tl1at, tc)<) lcJ\\' cl <·11c)i('(-' t·c)r· I3 clcJf's11 't r·l1i11 t.l1c:. s<:~c·c)11cl 
or·der· ac~c·u1·ac·y of t.l1e boc)t,st)r·c:1.1> (•st.illlclt(• c;~/,',. I11 f';;tc·t,, it is (~asil,yr c·l1c_:,c•kt~(1 
t.l1at t.l1is 111t"c111s t.l1c1t. t.l1c-l, ~·1011tc·-C'icl1·l<) c~1·1·c)1· ·· \\r l1ic·l1 is c)f <>1·cl(1 1· Jn ···- sl1<Jl1lci 

l)e of a s111c1lle1· 01·c.le1· t:l1a11 t, tl1E::' ,1.c·c·t1rc1<··.)r c>f. t l1E1 l)<)<>t.st.1·c11) cll}J)l'C)Xi111a.t.io11, 
i.e., B sl1011lcl l)E• of· cl la1·ge1· cJ1·clc:)1· tl1a.11 r1. 2 . r-l"'l1e t.l1i1·cl vv·,ty llSEis t~1111)i1·i
c:al Edgewo1·t,l1 expct11sio11 ( EEE ) . To 111ak(~ t.l1t~ cliffE:>1·e11c:es l)et,vee11 tl1E)se 
tl1ree r11et.l1<.)ds disc·e1·11ilJle we l1c1ve J)lott,ed t·o1· ec1C'.11 of t lie t, l11·et~ 111E~t,l1c)ds t.11(• 
1·esult,i11g est,i111c1t,e 111i11t1s tl1e t,a1·get dist,r·il)11t,io11 Gri.'i. Tl1e g1·a1)l1 t,l1at. lies 
closest t,o ze1·0 co1·1·espo11cls tl1e1·ef·o1·e to tl1e l)est, arJ1)1·oxi111c1tio11. It is c~lec1r·ly 
seen tl1at, bot.l1 bootst,1·a1J arid Edge,vo1·tl1 ex1)a11sio11 Ol1tpE~r·fo1·111 t.l1e 11c)1·111al 
arJp1·oxi111atio11. Tl1e bootst1·ap pe1·fo1·111s sligl1tl:rr bett(~r· tl1a11 EEE, d11e t.o 
t,he fac·t, that t.l1e l)ootst1·a1) also i1111)lic:itly esti111c1,tes l1igl1er· 01·clc~1· t,er·1,1·1s i11 
the Edgewo1~t}1 exJ)ct11sio11 c~o11siste11t,ly. 

3. 2. N on1-~9·rn.ooth c~a.9e,s 
Tl1e al)ove 1·(~s11lt. fc)r· St.11cle11t's t is i11 f'ac·t. al1·eacly k110,v1-1 f'or· ctlJot1t 10 years 
(cf., e.g., t,l1e 1·efe1·e11ces i11 [2]) a11d it is ge11e1·ally viewecl as c111 ir111)01·ta11t 
ar·g11111er1t, i11 favo11r of· Efro11 's bootstr·ap. Hel111e1·s J)r·oved ( 1991) tl1at tl1e 
'boot,str·ap is l)et ter tl1a11 11or111al' pr·o1Je1·t,y also l1olds tr·ue for 11101·e c:0111 pli
<~at,ed 11011linea1· stat,ist.ic'.S like Hoeffding's f'ar11ot1s clc:1ss of· U-st,atistic:s. Tl1e 
ext,e11sio11 of t,l1e 'l)ootst1·a1) is l)et,te1· t.l1a11 1101·111al' 1)1·ope1·ty t,o ar·bit,1·ar·y St.t1-
de11tized sy111111etr·ic: statist.ic:s is still a.11 i11t,eresti11g 01)e11 J)rol)le111 ::-:1.t. prese11t. 
111 ar1y case, however, t,l1e qt1ad1·atic a11d l1igl1e1· orcler· te1·r11s i11 t.l1e Hoeff di11g 
deco111posit.ior1 for· a sy111111et,rit~ statistic Tr1 == T,1. ( X 1 , ... , .. Y. 11 ) sl1ol1ld lJe of a 
1·eqt1ired 01·de1· of 111agr1it11de, ot,l1erwise t,l1e SJ)eed of l)ootstrap c:011verge11ce 
asserted i11 ( 3. 7) fc:1.ils to hold. A11 i1111)01·ta11t, specific exa1111Jle of t.11e latter· is 
tl1e case of tl1e 111eclia11, a1·1d 111ore ge11e1·ally, c1t1a11tiles. 111 st1cl1 '11011-s111ooth' 
cases ( tl1e pa1·a111ete1· of i11te1·est, e.g., 0 == 0( F) = p- 1 ( ½) is a 111ucl1 less 
sr11ootl1 fu11c~tior1al of F, tl1e11 tl1e IJa1·a111eter· 0 == 0(F) = j' :rrlF(:x:)) we l1ave 

a, 1nucl1 slower· rate (rot1gl1ly of 01·der ·n-¼) of c:onve1·ge11c:e of Efr·o11's boot- 251 

strap aJ)J)roxi111atior1. I11 fac:t, alt,hougl1 Ef1·or1's l)ootstr·ap for· t.l1e 111edia11 is 
co11siste11t, it is ,vo1·tl1less i11 prac:tice, eve11 fo1~ ,1 sa1111)le size ·1·1, as lar·ge as 
100. 111 tl1e c:0111J)Ut,er C'.alc'.ulatio11s t,l1at led to figl11·e 3 we l1ave generated 
a sa111ple of size 11. = 100 f1·0111 a sta11da1·d 1101·111al clist,1·i1)11t,ior1. .A..s a 1~esult 
we fi11d t,l1at tl1e diffe1·e11ce VvTit.11 tl1e t1·t1e c1ist.1·il)ut,io11 ft11·1c:t,io11 is 111axir11ized 
at x == 0.39; c1t tl1is poi11t t.l1e tr·ue dist,1·ib11t,io11 ec1t1ctls 0.657 wl1ile the 
bc)ot,str·a1) a1)p1·oxi111atio11 yields 0.935, wl1ic"l1 1·11ea11s a r·eltttive er·1·01· C)f 111ore 
tl1a11 40%. It, is well k11own tl1c:1.t tl1e s111oothecl lJootstr·a1), wl1er·e resc11111)li11g 
is do11e fro111 a s111oot.l1ed ve1·sio11 of t,l1e e1111)i1·ical dist,1·il)llt,io11, 1·es11lts i11 a 
l)et,te1· a1)111·c)xi111;;:1t,io11. For· t.l1e s111ootl1ed bootstr·ap we 11secl cl 11()1·111;;:11 kerr1el 
a11d cl l_)c:1r1cl widt,11 Ji == 0 .1, a11d ir1deed tl1e s111ootl1ecl l)ootstrftJ> see111s to 1)e1·-
fo1·111 11111c:l1 l)ett.e1·. A 11101·e sopl1istiC'.c:1tecl c:l1c)ic::e of kE~r11el a11d l)a11cl widtl1 vvill 
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p1·est1111ably lead to cl f't1r·tl1er· 1·edt1c·tior1 of tl1e er·1·or of t,l1e s111oot.l1 bootst,rap 
app1·oxi111atior1. 

R.elated wor·k for· t.l1e 11101·e ge11e1·al case of U-c1l1a11t.ilf)s c·a11 l)e f'ol11·1d i11 a 
co11t1·il)utio11 of Helr11er·s, J a11sse11 arid N. Ve1·ave1·beke to [4] ( c:f·. Helmers, 
Tv1. H t1skovci ( 1994) for· a.11 ext.e11sio11 t,o 11111lt.ivaric:1t,e U-c1uantiles). Spec:ific 
exa111ples of ir1ter·est of U-c1t1ar1t,iles a1·e tl1e well-k11owr1 Hoclges-Lel1111a1111 es
ti111ator of loc:cit.io11, wl-1icl1 is give11 by tl1e 111eclia11 of all J)airwise averages, 
a11d a11 est.i111c1,tor· of' spread proposed l)y Bic:kel a11d Leh111c1111·1. Y 01111g, p. 392 

252 i11 a J)ro111i11e11t. r·ece11t 1·eview paJ)er [5], f'eels tl1at 'tl1is sort of vvorl< is i111po1·
t,ar1t.', becat1se ·t.l1e co11t,exts t,o vv l1ic'.l1 tl1e r·esults apply ar·e highly releva11t to 
pr·ecisely tl1e so1·t of C'.ircu111st,ar1ces---wl1er1 tl1ere is li1·11ited k11owledge abol1t 
t.l1e u11der·lyi11g dist1·ibutio11----f'or whicl1 boot,st.r·ctp was desig11ed'. 

4. APPLICATIONS 

To c:011cl ude I br·iefly clis<:11ss two sele(:t,ed topics of· (~u1·1·er1t, i11t.er·est i11 boot
strap tl1eo1·y a11d it,s ap1)lic'.c:1.tior1s: 1·esa111plir1g 111et.l1ods for· fi11ite l)Opl1lc1tio11s, 
c1r1d spatial lJootstr·apping. 

Resa111 pli11g rr1etl1ods for· fir1i t.e popl1lt1.tio11s is c1..11 i111po1·t.;-111t t,OJ)ic of ct1r-
1·e11t ir1ter·est. Helr11e1·s c1r1cl NI.H. Wegka.111p c:011sidered ( 1995) t,l1e situat.io11 
wl1er·e tl1e fir1ite populatior1 is vie,vecl a,s :::1 realizat.io11 of· ,1. c:e1·tai11 su1)er·pop
t1latio11 r11oclel (l1E-~ter·osc'.E)Clc.1stic: li11ear reg1·essic)11, ,vit,l1c)t1t. i11t.e1·cept). Tl1is 



Figure 4. Observed oilspot. 

e11al)les us to i11cor·1)01·ate al1xilia1·:r· ir1for111c1t.io11 (I)ast ex1)er·ier1<:e) i11 tl1e 
statistic:al a11alysis. Tl1e al1t,l101·s fi1~st Cct111e acr·oss t,l1is 1)1·ol)le111 i11 cl 1994 
st,atistical C'.011sult.atio11 J)rojec:t, at. C\\11 wit.11 Tl1(~ Netl1e1·la11cls l)Ost,al ser·
vices PTT Post. 111 tl1is setuJ) a 11ev.,r 1·esa1111)lir1g sc:l1e111e c:allecl 't.wo-stage 
wild boot,st.1·a1)I)i11g' is J)1·oposed a11d st,11diecl. Tlre basic: I)r·or)abilistic t.ool we 
er11ploy i11 Olll' 111at,l1e111at.ic::al a11alysis is t.he c·elel)rated E1~dos-Re11)ri c_·e11t.1·al 
li111it, tl1eo1·e111 for· sa111ples witl1out 1·eplac.:e111e11t f'ro111 a fir1ite populatior1. 

Bootst1·appir1g wit.11 s1)atial dat.a is ve1·)' c·lea1·ly a11 i1·11r)o1·tar1t. ar~ea for fu-
tur·e work i11 tl1e r·esec:1,rcl1 group 'I111age ar1<1lysis :::1nd spatial stoc:lrastics' of· 253 
C\VI. We br·iefly describe l1er·e a l)r·ac:tic:al a.J)J)lic:atior1 ir1 wl1icl1 spatial l)oot-
st1·appi11g is used. 111 a projec:t. co111111issic)11ed l)y t,l1e N 01·t,}1 Sea Dir·ectorate, 
lv1ir1istr·y of Public~ Works tl1e J)r·oble111 is t,o esti1r1at.e t,l1e i11te11sity of oil-
poll11tio11 i11 tl1e No1·tl1 Sea. Tl1e availal)le r·eal ciata sets ('111arked JJla11a1· 
poi11t, patt.e1·11s') c~o11sist of' t.l1e loc:atio11s a11d sizes ( 111a1·ks) of tl1e oilspots 
ol)served ( et·. figt1re 4) r)y a s11rveillar1ce ai1·c:rc1.ft. A pla11a1· i11l10111oge11eous 
Poisso11 poi11t pr·oc:ess witl·1 i11t.e11sity f'1111c:t.io11 A ( ·, 0 )-·-,pc1,1·a111eterized by a 
fi11ite-di111e11sior1al pa1·a111et,er· 0----was t1sed as a SJ>at,ictl (1)a1·a111et,1·ic) 111odel 
for t,l1e loc~atio11s of ( the cer1t.1·es of) oils1)ots. Tlre 1)a1·a111et.er·izatio11 e11ables 
011e to i11co1·1)orat.e tlre avc1ilal)le a p1·io1·i k11owledge al)o1.1t oil J)ollt1tio11, st1c:l1 
c1S tl1e loc:c1tio11 of' s0111·c:es of· oil1)c)llutio11 (i.e. sl1ipJ)i11g cir·eas or· off-sl1ore lo-
c:atio11s) a11d tl1e i11t,er1sity of' sl1iJ)pi11g i11 var·ious 1·egio11s. However·, not,l1i11g 
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see111s to l)e kr1ovv11 al)Ollt, tl1e clist,1·ibl1t,io11 of' t,l1e vol11111E·s ( 111a1·ks) t)f' oilsJ)C)t.s~ 
l)11t. vv·e c:<111 of (~our·se t1se t.l1e sizE:~s of· tl1e ol)ser·vt~cl oilsr)<)ts to est.i111clt.e it, 
( r1011pa1·a,111et.1·i(~ app1·oacl1). 111 t.l1is set.up cl si111 ple se111ip,11·c:1111E:1t,ric fo1·111 of 
s1)at,ial bootst1·appi11g was de\reloi)ed i11 C)1·cle1· t.o esti111cltE: tl1E~ acc,'.t1r:::1c·y of 
tl1e est,ir11ated total a11101111t of' oil1)ollt1t.io11 i11 tl1e Nor·tl1 Seel. 

5. ..J\.CKNO\VI .. EDC; El'v1ENT 

I wa11t to t.l1a11k H. P11tte1· for l1is c:011tributio11s to tl1e pr·ese11t paper. 
Tl1e i11te1·ested 1·eacler· is ref'err·ed to [1] for· ar1 excellent intr·od11ctio11 to 

the bootstr·ap. Uses of Edgeworth expa11sio11s i11 t.l1e 111c1t,he111at,ical analysis 
of Efro11's bootstrap is the topic of tl1e researclr 111011ograph [2]. Additional 
i11forn1atio11 011 t.l1e l)ootstrap 111ay also be four1cl i11 t.he pr·oc:eedi11gs vol 11111e 
[4] arid disc11ssior1 pa1Jer· [5]. 1.'11e prese11t arti(~le is basicc:1lly a sl101~t,e11ed 11011-

tech11ical revisio11 of' [3]. Tl1e latt.er 1·ef'ere11ce also C'.011tai11s a 11101·e co111plet,e 
list of ref'erer1ces. 
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