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1. lNTRODlf(;TJON 

Tl1is pctpe1· l)rovicles c111 i11tr·od llC~tio11 to syst,e111 t.l1eo1·y for· a ger1e1·al 1·eade1·
sl1ip of 111at.l1er11ctt1ic·ic111s, (~11gi11ee1·s, a11d c)tl1er sc·ie11t1ist.s. I11 aclclitio11, c:011t1~i
l)t1tio11s of· C~\VI's 1·t:·sec11·c:l1 g1·0111) Syst.e111 a11cl (;011t.1·ol Tl1eo1·y c11·e su111111a-
1·ized. 

111 sever·c1l a1·ec1,s of· t.l1e sc:ie11c·E:~s ther·e is a 11eecl f'c)1· 111c1tl1e111at.ic'.ctl 111odels 
of· pl1e11or11e11c1 tl1at evolve i11 tirr1e. St1c~l1 111odcls, c,1.llecl con,t'rol <',:lJ,,terri 01· 
syste·rri, ar·e 11sed f'or c:011t,rc)l or for· sigr1al 1>1~oc:essi11g~ c111cl l1ave l)<~e11 f'c)r111t1-
lated, f'o1· exc1r111)le, i11 co1111ec:t.io11 wit,}1 tl1e 111over11e11tJ of a c:0111J)clc:t, clisc, t1l1e 
t,e1111)eratl1re i11 a glass fu1·r1ac:e, t.l1e bel1civio11r of a11 ai1·c:1·aft., t.l1t: bel1c1viol11· 233 
of· a11 11nder·wat1er a11t.0110111011s r·obot., ar1cl t.l1e flow of 11it,1·c1,t,e ir1 t,l1e l111111a11 
body. 

~ 

A cor1t1·ol syste111 i11t,erac'.tS wit,11 it,s e11viror1111er1t. l)y 1·ec'.eivi11g c111 i11p11t. sig-
nal ;:1,r1d J)rovicli11g a11 011t1)11t. sig11ftl. A c~o11t1r()l syst1e111 111c1y l)e clesc:1·il)ed by 
a differ·e11tic1l ec1l1cttio11, a differE:r1c:e ec1t1atio11~ logic~·c1l rulc~s, 01· cl c·o111l)i11c1tio11 
of t.l1ese as i1·1 c:1 l1yl)1·ici syste111. He1·e we 1·est,1·ic'.t 0111·selves to syst.e111 tl1e-
01·y. Co11t,r·ol t1heo1·y, wit,11 its 111c1i11 C'.OllC'.ept of f'eedl)<tc·k, is 011ly 111c11·gi11c1lly 
to11c~l1ed tIJ)Or1. 

Tl1e 111ain p1·ol1le111 of· syst,c;111 t,l1eory' is ,,~ealizatio·r1,. Tl1is is 1r1ot,ivc1t1ed by 
tl1e 1)1·oble111 of ,'iysterr1, ·ideritificatio'ri. Tl1e r·ec1lizatio111)1·0 l)le1r1 is to cleri ve f'o1· 
obs<:~1·vc1t1io11s ,1, syste111 i11 ,1 1·ec~'.t1rsive st.at/e S1)c1C~(: 1·e1)rese11t,ttio11, f~XJ)lai11ed 
l)elow, c1.11d t.o C'.l<1ssify f:tll syst1e111s t,l1at1 rep1·c~ser1t. t.11(~ Sc1111e ol)se1·vctt1ior1s. Tl1e 
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syst,e111 icle11tific~atio11 p1·oble111 is t,o c:()11str11(·t. £'1·0111 c)l)s(~1·vat.io11s et syster11 i11 ,1 

selectecl 111odel C'.lass t.l1at ap1)1'c)xi111a.t.E~s t.l1e clat.a :=tc·c·c)r·cii11g t,o a11 aJ)})I'C)xi111c1.
tior1 c:1·it,e1·io11. A11 exar11 ple of· Sl1c·l1 cl pr·c) r)lt:~111 is t·,c) C'.C)11st.r·11c·t, ,1 111odt~l t·or· t,l1e 
flov\r of 11it,r·ate i11 tl1e l1u111ar1 l)c)ciy (sc~e sec'.ti<)ll 4). Rt.,c1..lizctt.ic>11 c111cl syste111 
icle11tific:at,io11 tl1eo1·y l1ave bee11 clev<:~lc)J)E?cl E·xt.c~r1si \iel.)r t·c)I' fi11i t.e-cli111c~r1sio11ctl 
li11ectr sy·st:t',111s a11d for· Gc1,11ssi;:1..11 syst.e111s. Fo1· ot.11<.:·1· c·lasses of' syst,e111s t.l1e 

~ ~ ~ 

1·es11lt.s ar·e 11111c~l1 less c~o1111)lete. 
Syst,e111 t,l1eo1·y hcis l)ee11 d("'velo1)ed l)y r·E~SE~c1.1·c·l1e1·s i11 variol1s clisc'.ipli11es, 

like e11gi11eer·i11g, r11atl1e111at.ic·s, a11d eC'.C)11011·1et1·ic'.s, arid t1ses 111c1.11y clifl'er·e11t, 
b1·ar1cl1es of 111atl1e111at,ic:s, i11c~l11di11g li11ec11· c1.lgel)1·a, diff'e1·e11t.ial ec1t1at.io11s, 
geo111etry, operator tl1eo1·y, pr·c)l)al)ility, a11cl st.oc~l1t1,st,ic: J)roc·:esses. 

2. HISTORY 

2.1. O·r--i_qi'ris 
Co11t1·ol <tr1d sig11al l)r·ocessi11g JJ1·ol)le111s ,ve1·e alre:::1cly i11t.er1siv<~ly st 11clied i11 
e11gi11eer·ir1g c111cl 111at.l1er11atic~s i11 t,l1e 1940's, wl1e11 N. \Vie11e1· a11cl A. I{ol-
111ogo1·ov pio11eered ar1 aJJp1·oac~l1 t,o tl1e lec1.st,-sc1ua1·es p1·(~c·lict.io11 1)1·ol)le111. Ir1 
this prol~)le111 a11 c1lgoritl1111, C'.alled a filt,er·, is to be de1·ived tl1at. C)Il t.l1e ba,sis of' 
observat,io11s pr·edict,s a sig11al. AJ)plic·c1,t,ior1s a11d ext,e11sio11s of t,l1is ap1)1·oacl1 
f'ollowed ir1 t,l1e 1950's. Wit.hir1 e11ginee1·i11g f'eecll)ack co11trol was developed 
for· a111plifiers a11d con1111l111icatio11 eqt1ip111e11t,. \Vitl1i11 111athe111atics opti111al 
control theor·y was stl1died, based 011 tl1e calcult1s of' \ra1·iatio11s, followi11g 
publicatior1s of' Russia11 111at,l1e111at,ic'.ians lecl by L.S. Po11tryagi11. R.elc1ted 
develop111e11ts i11 li11ear algeb1·a, stocl1astic~ IJrocesses, i11fo1·111atio11 tl1eor·y, 
a11d c:0111111t111ictitio11 theo1·v i11fl11e11ced 1·esea1·cl1ers active at tl1at tir11e. 

~ 

Ar·ou11d 1960 weak11esses a11d li111it,at,io11s of· opti111al C'.011trol a11d least-
squares 1)1·edictio11 l)eca111e c:lear·. A filter· tl1at c:.tt, a11y ti111e 11eeds an i11fi.1·1ite 
r1l1r11ber of past data can11ot, be i111ple111er1ted 011 a c:0111p11ter· wit.11 a fi11ite 
rr1e1·r1or·y. Researcl1ers i11 opti111c1l cor1t,1·ol t,l1eo1·y 1·ealizE":~d t,l1at, 011ly a li111it,ed 

234 class of pr·oble111s ca11 be solved a11alytically. 
Tl·1e11 R.E. Kal111a11 proposed a 11ew l)1·ol)le111 fo1·111ulatio11 for· c~o11trol a11d 

filter·ing. If fi11ite 1r1e11101·y, l1owever· defi.11ed, is 1·equi1·ed for· i1r1plerr1enta
tior1, tl1en wl1y 11ot co11sider c1S st,a1·t.ing poir1t, a c~o11t1·ol syster11 \Vitl1 finite 
1ne1nory, tl1at i11te1·acts witl1 it,s e11vir·o11111e11t via i111J11t, a11d 011tput sig11als? 
Tl1e defi11itio11 of a c~ont,rol syster11 is i11s1)ir·ed l))' develo1)111e11ts i11 c·orrrputer 
science aro11nd 1960 wit,11 tl1e co11c·epts of· a11 a11tor11at,011 c\11d of cl recl1rsive 
f'u11c:tio11, c111d is based 011 tl1e co11(~e1Jt, of st,at,e, as usecl in pl1ysics, a11d on 
a recur·sive st1·uct,u1·e f'or tl1at. st,ate. At ar1y ti111e tl1e curre11t st.at1e a11d tl1e 
f'utur·e i111)t1t of a syste111 u11iq11ely det,e1·111i11e t,l1e f'11t,t11·e of' t,l1e state a11d tl1e 
out,put. See11 i11 tl1is way e11gi1·1ee1·i11g 111odels, c:011t.1~01 syst,e111s, arid C'.0111p11ter 
algo1·it,h111s, l)eco111e a11alogol1S objects. S:rrste111 t.l1eo1·y c1i111s to st,11dy s11cl1 
objects i11 cl 1111ified way. As a c:or1seqt1e11c:e tl1e1·e c:ar1 l)e a t111ified ap1)1·oat~l1 
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cJl)sc:.11·,.•,1.t·.icJ11s <)f' i11J)l1t.-<Jt1t.1)t1t, sig11ctls. 
Figure 1. R.E. Kaln,an. (Courtesy I{c1l111ct11 21lsc> sl1c)\\T("Cl tl121t clll <>1)t.i111,1.l 
Spri nger-Verlag.) <·c)11t.1·c)l 1>1·ol>le111 f'c)1· et li11ec11· syst.e111 
c:1.11cl ,1. c111,1.ci1·;:1.t.ic· c·1·it.e1·ic)11 c·,111 l)c: sol,·t'cl ,lllctl}·t.ic·;:1.ll.v· c111cl t.l1c1t. t.11(=- solt1t.ic)11 
is clt1,1.l t,c) tl1c· l{c=l.l111c111 filt.c,1·. Tl1e sl1if"t. t·1·r1111 01)t.i111c1l c·cJ11t1·<)l 1·>1·ol)le111s c:111d 

lec1st,-sc1t1c11·cs 1)1·c•clic:·tio11 f'o1· 111oclels ,,,itl1 i11fi11it:e 111e11101·y· t.c> sy·st.c:111s ,vit.11 
fi11it.e 111e11101·,1 l1acl l)E~e11 sl1c)\V11 t.c> \\1(11·k . •• 

\Vi t.11 T. S. I( 111111 011e 111ct)' s1)ec1l( ()t· cl l)c11·ctc·lig111 sl1if't. t·o1· c·c)11t.1·cJl c111d sig-
11c1l 1)1·0 c:·c~ssi 11g, vvi t.11 <:' 1101·111c)us c·o11sec1 t1c•11c·c1s. Cc)11t.1·ol "111ci sig1·1,1l 1)1·oc:c-~ssi11g 
1)1·ol.)l<:--:1111s 110\\' .v·ic=-lclE:"cl sol11t.io11s \\'it.11 f111itc:- 111E:'t1101·)· t·l1at. c~·o11lcl l)e i1111)le-
111e11t.<~d cli1·ec:tl,r' c:1.11cl ct11::1l:,tZE'cl exJ)lic·itl}:. r:11gi11ec·r·i11g 111<.)clelli11g a11c.l S}'ste111 

iclc:11t,ifit:c1t,io11 tc)(Jk cl 11E•vv· t. 111·11. R.E.:>Sl1l ts f'1·0111 S)"St,e111 t.l1E1 C)l'.)T. llSllctlly· t,l11·cJl1gl1 
C'.C)11t.1·<)l c1.11cl sig11c1l J)1·0<:·essi11g, ,11·E~ 11s<'(l i11 1·esf•c1r·c'.l1 clr·eclS i11c·l11cli11g E~11gi11<:~e1·

i11g, c·c)1111)11t.e1· sc·ic~11c:·<~, t,ec·l111c)lc>g:,,', E'c·o11c>111ic·s, ci11cl cc·(:>11c)111c)t,1·ic:s. B}r 11ovv 

c·c)t11·ses i11 S}'St.E.1 111s clll<l sig11c1.ls ct.r·e i11 t.l1c~ 1111clt~1·g1·<·tcl 11,1tc1 C'.t11·1·ic·11lct cJf. 111ost 

e11gi11ec:,1·i11g cle1)c11·t111e11t.s ;:111d c)f. 11121t,l1f•111c1,tic'.s cl<1 J)a,1·t.111c:.11t,s, c1.11cl sc>f'tv,:a1·e 

I)c1.c:ka.2:es \\Ti t:11 c:tl g·c)1·i t.11111s l)cl.SC'<1 <) 11 S\rst.e111 t,l1c•c)1·\· 211·c~ 1.1secl i11 i11cl 11s t,1·\• c1r1cl 
~J L .I ~- ~, 
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A f'evv lessc)11s C'.cl.11 1.)e tl1·ct\\r11 f1·0111 t.11(" cl E·\•(~\ le) l) 111 c"11t. c)f. s_y·st,c111 t, }1 E~()l'}'· Al)

l)li c'.a t,io11s of S~\rst.c·111 t1l1e()1·y c1lg()1·itl1111s l)r·ov·i(l(1 ct.1111)1(: cvic1c::,11cc for· tl1e 1 .. 1se
f'11l11ess ()f. t.l1e c·o11c·c~1)t of' cl st.ft.t.() SJ)ctc·c:- 1·E~J)1·c::,sc11t·.c1t,ic)11. 1\ S}'St.e111 ftS 11·1f1,t,l1-

e111c1,t.ic'.al 111oclel 11111st, 1)E.' 1·egc11·dE:icl clS ,t 1·E1I)l'E'Se11tc1t,io11 of· ol)S(-•1·v·c1t.io11s. Sys
t,e111 idE~11t.ific·atio11 r11t1st. t,clke i11to ,1c·c·c11111t. t.l1c~ f'c1c·t. t.l1ctt. f'c.)r· 1:1 gi\re11 set of 
i111)1.1t,-ot1t.1)11t, sig11c1ls t,l1e1·c=- is i11 gE:i11c1·ct.l <l lc:11·ge E·c11.1i\'c:tlc1 11c·'.(.'i c·lctSS of 111oci
c-~ls. 01) t i111c:tl c~c)11t,1·c>l ct11cl fi 1 t.c11·i 11g l)l"C> l)lc=-111s 111ctJ1 11ot acl111i t. cl S()ll1 t.it)ll \\ri t.11 
fi11i t.c~· lll(~lll()l'Y' 11()\\rt:'\TE'l' it, l) e cl (·'fi11c•cl. Sc)l ll t.i()llS \\' i t.11 fi11i t(1 lllClll(')l'}'' 111ay 
l) E~ de t.c~1·111i 11c,}cl l.> }' t.111·11i 11g t 11 e 1)1· C> 1.) 1 c~111 f'<.>t·11111l,1.t. i C> 11 c:11·c) t111 cl ct11 cl c1sk i11g t·o1· 

cl 1·ec1.liz c1 t. ic)11 c)f t1l1c~ C) l)s(~1·\r,tt ic)11s i11 c1 sc} l(\C'.l.t·cl c· lclSS c>f' svstE' 111 s \\Tit, 1·1 fi11 it e 
• 
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2. 2. Wl1,c1.t is a l~o·11,t·r·<Jl ,'>JJ.~te·rri ~ 

As c1.11 exi1111 ple ,ve i11t.1·c) cl tic•(\ t l1E .. c·c)11c·E'I)t, c)t· a t·i'Jllf~-i·ri, lJ<1,'r··il1,nt fi'rtite-cl·i r·r1 e1n,,-,io
ri£1,l [,i·n, ea·1·· sy.ste·r1i ,vitl1ot1t, 11111c'.l1 ,1t.t.(:111tio11 to 111i1.t.l1e111c1,tic·c1l fi11esse. Cor1side1· 
t.11(~ S)1ste111 s1)ec'.ifiecl l)y tl1e t:\<111,tt.ic)11s 

i:( t) (2.1) 

y(t) Cx·(t) + Du(t), (2.2) 

wl1ere to E IR, ·T == [to, oo) is c:allecl t.11<::' tirrie i·n,te,,~,val of i11t,er·est,; ~re) E IR"i the 
i·rz.itial state; 'tL : T __,. JR.111 t.l1e 'i11,p·ztt fu·r1.ctiori; ;i_: : T ___,. IR.·11

• tl1e ,c;tate function,; 
y : T , JRJ) tl1e o·ut1J·ut fit·ric:t·iori~ c1.r1cl A E IRr' x ·rt , B E ]R'' 1 x rri , C E JR.P x r,., arid 
D E IR.1) x ·,,, c11·e 111at.r·ic:·es. As 111e11t.ic)11ecl lJef'or·e, tl1e 111c1i11 C'.l1aracte1·istic~ of 

' 

sucl1 cl syst.e111 is tl1c1t. at, a11y ti111E.~ tl1e st,ate c111cl tl1e f11t.11re i11p11t 1111iquelj .. 
c-leter111i11e tl1(~ ft1t,t11·e of t,l1t~ st.atE~ a11cl c)f t.l1t"' 011t,J)t1t,. Tl1e ol)se1·vat,ions are 
f'o1·111ecl l)y t,l1e i11 l) 11 t c111cl 011 t,I)ll t, f'1.111c'.t,ior1s, C)l', alter·11cttively, l)y i11 IJU t-011 t 1111 t 
sig11c1ls. Tl1e syst.e111 is ('.ctlle::cl li,,ie(.l'T' 1)eCc1USE:: tl1e out.p11t is a li11ec:11· f1111c:tion 
of tl1e i11 l)ll t. clll(l t.l1e i11i tic1l c·(111cli t.io11, fi·riite-dirr2e·11,Lc;,iona,l 1)ecc111se tl1e state 
spac'.e, IR.·ri, is a fi11itE.~-cli111e11sio11al vec'.to1· space, a11d ti·me-i·r1:LJa,·ic1'nt because 
its 1·espo11se is t,l1e sa111e if it. stc1rt,s t·1·0111 t,l1e sa111e state clt cl later· ti1ne. 

Tl1e exter11al desc:1·iptior1 of s11c'.l1 et syst.err1 is sr)ecified by tl1e following 
r·elatio11 for i11put-out,JJ11t signals: 

t 

y(t) CeA(t-tc)):r0 + ii"(t - s)·i1,(s)ds, (2.3) 
t (.) 

(2.4) 

where W is c:allecl t.l1e i'ntJJ'ltlLc;e r··espo1ise furict·io·n, a11cl t3· is tl1e Dirac delta 
fl111ct,ior1. Tl1e ol)servc1t.io11s of' t.l1e syste111, 

'U 

y 
·. T , TT1) "'' + J) • f ( 2 3 ) .c m:, ,i , 1.~ ·1.L, ·y sat1s y . 101· c1. X{) E ~ · 

' 
(2.5) 

a1·e also c:alled t,he (Jbser·t,cible befi(i·i,,io·u·r· or· belic1:i1iou,,· of tl1e syst.en1. A time 
series is a set of 11t1111eric'.al vc1.lt1es of i11pt1t-011tp11t, sig11als. 

2. 3. Real'izatiori, theor·y .f 0·1· .fi'riitt:-d,ir11.erisio·rial li·ri,ear· s:lJstems 
First realizat,ion frc)111 t,l1e i111p11lse 1·espo11se ft111c:tio11 T:V is cliscussed. Cor1-
sider tl1e exter·r1al 1·eprese11tcitio11 c1S i11 (2.3). 1'11rougl1 experime11tation with 
a pl1enor11e11c)r1 a11 e11gi11eer C'.a11 obt,c1,i11 a11 esti111c1.te of vi1 . The question is 
tl1er1 w l1et,l1e1· tl1e1·e exists fl fi11i te-cli1r1t:~11sic)11c1l li11ear· systerr1 witl1 111atr·ic:es 
A, B, C, D s11cl1 t,l1at (2.4) l1olds. If so, it, is c:c1llecl cl ,,·ea[,ization of the give11 
external systern desc:r·i ptio11 or of tl1e i111 pt1lse r·espo11se f'unc'.tio11. The r·eal
izatio11 pro l)ler11 c1lso 1·e(.111ir·es tl1e c;lassific:c1tior1 of· all rnin'ir,ial rec1lizations, 



i.e., t.l1c)se wl1e1·e tl1e cli111e11sic>1111 c)f tl1(:1 st,tt.c1 s1.)c1c·c~ is 111i11i111ctl. Ot1l1c~1· Cll_1c~s
t i c)11s i 11c·l t1cl e:~: vv l1ctt, is t lie c·l1,l1· et<· t c)1•izc1 t. i c> 11 <> f · t 11(-\ st. cl.t, c1 s I)c1c•cl c_l c~sc·1·i l) t i o 11 <) f 
a systt---:-111 if' i t.s E~xt,er11al clesc·r·i J)t, ic_>11 is ei t. l1cl1· t.i 111e-1·t1 \'C\1·si l) lc1 , sy 111111<:\t,r·i c·, <>r· 
clissi J)ctt:.i ve "? 

l(c1l111<111 l1as cler·i \TcJcl a 11(lc:clssc1r•)r c111cl s11ffic·ic1 11t. c·c>11cli t.ic)11 t·c)r· <t11 i111 J)lllsc~ 
1·t)spo11sc~ ft111c~t.io11 t.c_> 11,t\'C~ cl 1·c~c1lizc1.t-.io11 as et fi11it.c~-cli111(_'11sio11al li11(_1a1· syst.E:1 111 
a11cl a 1·(~a.c·l1c1l)ilit.y c:111cl ar1 c)l)sc~1·vc:tl)ilit,y c·c>11<·lit,ic)11 fc)1· t.l1t~ 1•c)c1liz,tt,ior1 to l>cl 
r11i11i111,1l. I11 acldi t,io11, lie l1as J)r·ovicled a c·lassific·c1t.ic)11 <)f' c:111 111i11i111al r·ec1lizc1,
t,io11s ( see fo1~ cl et.ails tl1e t.ext.lJOC)l-: [3] l)y E. D. S011t,clg). Pa.1·a111et,er·izc1tio11s 
f'or· tl1e c~lass of' 111i11i1r1al 1·ealizc:1.t,i<)11s were cler·ivecl later·. lv1. Hc1,zewi11kel ct11d 
Kalr11t111 l1c1.ve p1·ove11 tl1at f'or· 111l1l t.i-i11 I)ll t, / 111111 t, i-Oll t1)t1t syst,(:l1·11s 110 c:011ti11-
uous pa1·<1111ete1·izatic)11 exists. 

Seco11dl)' 1·ec1liz<1t,io11 f1·0111 i111>11t,-c)l_1 t, pll t sig11als is dis(~t1ssed. Tl1is is ve1·y 
relevc111t i11 1·(~sca1·c:l1 ar·eas ,vit,11 sl1c)r·t; t,i111c~ ser·ies c)r· \vl1er·e ex1)e1·i111e11tation 
is 11c)t, J)er111i ttc~cl, Sl1c·l1 clS E)11vi1·c)11111e11tc1l 111c)clelli11g, l)i<)logy, ec'.011or11ics, a11d 
ec:0110111et.r·ic·s. Tl1is sl1ol1ld l)t~ c:<)11t1·c:1st,c~<l wit,11 elec:tr·ic:al e11gi11eer·i11g, wl1er·e 
t,l11·011gl1 exr)eri111c-~11t.a.tio11 c)11e c-'.,111 c> l)t,ai11 c:1.1·1)i t.r·,1r·ily lc)11g ti111e ser·ies. 111 t.l1e 
l 970's t,l1is J)r·ol)lc~111 \Vc1S t,r·eclt,ecl l)y R .. Lill clil<l L.C. S11e11, a11cl sl1or·tly af·t,e1·
,v,11·cls r)y E. E1111·e, L.M. Silve1·111a11, cll'lcl I{. Glove1· witl1 tl1e t;err11 'dyr1a111ic 
c~over·s'. 

111 t,l1e l)el1aviot1r·al c1p1)1·c)ac-'.l1 t,o syste111 t,l1eo1·y, J)I'OJ)()Sed l)y J.C. Wille111s 
a11d develo1)ed l)y l1i111 c111cl c:o-v\ro1·kers, 1·ec:1lizc1t.ior1 f1~0111 ir1pl1t-ol1tput sig11als 
is ge11erc:1lized. I11 t,l1is c:1p1)1·oacl1 t.l1e o l)ser·v,1t.io11 ,,ec:tor· is 11ot, a l)r·iori disti11-
guisl1ed i1"1to ar1 i11J)t1t a11cl Ol1t1)11t, sig11al. I11 111ar1y e11gi11eeri11g p1·oblen1s tl1e 
disti11ctio11 is clear bec'.aust~ of· cl cc:111salit.y 1·elc1t.i<)11, l)11t i11 ot,l1er prol)ler11s, 
f 01· exa111 ple i11 ecor10111etr·ic'.s (e.g., i11co111e c11·1cl C'.OllSl1rr11)t,ior1 of housel1olcls), 
tl1is is ofte11 11ot a pr·iori t.l1e case. 

2.4. Stocliastic r·er1,lizatio'n of stationar·y Ga'lL .. '1.r,ia'n, pr~oces .. c.;es 
Kal11·1a11 also IJ1·01Jc)sed a defi11itio11 of a stoc:l1ast,ic co11t.1·ol systerr1. Co11sider 
thr·ee disc:rete-tir11e statio11a1·y st.oc'.}1astic~ J)r·ocesses: a11 i11J)t1t, a state, a11d 237 
a11 output pr·oc:ess. Tl1ey for111 a stocl1astic: c~o11t,1·ol syste111 if. for ::111 t E T 
the co11ditio11al probal)ility clist,r·il_)utior1 of' tl1e 11ext, st,ate a11d tl1e cu1·1·e11t 
out.put, (x(t+l), y(t)), give11 tl1e l)ast of tl1e state, ot1tput, c:1r1d i111)ut process, 
depends only 011 tl1e cur·rer1t st,ate a11d tl1e ct1r·re11t, i11p11t,, ( :r( t), 'U( t)). If tl1e 
probability distributic)Il is Gat1ssia11 or 1101·r11al a11d if' ()11ly t,l1e conditio11al 
111ea11 of tl1is dist1·ilJutio11 depe11cls li11ea1·ly 011 (~r:(t), 11.(t)), tl1er1 tl1e pr·ocesses 
satisfy t.he followir1g 1·elatio11s 

x(t + 1) Ax(t) + B·u(t) + 11\llv(t), x(trl) == X(), (2.6) 

y( t) (2.7) 
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wl1ere v is cl Gal1ssia11 \.v·l1it,e Il<)is<:~ p1·c>c:ess, i.e., c-1 sec111e11c'.e of i11cle1)e11de11t 
ra11clo111 \7aric1l)les eacl1 of' \V l1ic·l1 l1cts ::t G ct11ssic111 1)1·0 l_)cll)il i t,y clist,1·i b1_1 t.io11 f'11nc:
tio11. Tl1e syst.e111 SJ)ecific~cl l)y tl1is r·c"1I>I't~ser1t,at,ic>11 is saicl t,c> 1:>e cl CJa·l1,ssia,r1. 
stoc:liast,ic c:o'r1,tr·ol syste::r,1, c111cl cl G<i.·tt.ssic1:11 sy,-,t(~·rr1, i11 C'klSe t,l1er·e is 110 i1-1p11t, 
l)f0('.€SS. 

F111·tl1err11or·e, Kal111c111 f'o1~111t1latecl t,l1e vveal( stoc:l1clst,ic· 1·ec1.liz:::1tio11 J)1·ol)lem 
for st.atior1a1·y Gc1ussiar1 pr·oc~esses. It \Vc1.S 111ot,ivat,ecl l)y c111 ar1al),rsis of t,l1e 
Kal111a11 filte1·. A st,c1t,io11a1·y Gat1ssia11 pr·ocess is saicl to l1ave a .stochastic 
'rec1,l·izat·ion if tl1er·e exists a Gal1ssia11 syste111 s11c~l1 t,l1at. tl1e ot1tpl1t p1·ocess 
equals tl1e give11 process i11 dist1·il)utio11. P. Fa111·1~e cl11d co-\vo1~ke1·s, in coop
er·at.io11 witl1 Kalr11a11, l1c1ve give11 a cl1c:1.racte1·izatio11 of a 1r1ini111al stochastic: 
r·ealization, c~lassified tl1e1r1, a11d also a11alyzed a pa1,a111eterizat.io11 of the 
class of stocl1astic: realizc1.tio11s. 

A. Li11dc1uist1 a11cl G. Picci (see [1]), ct1-1cl G. R11ckeb11s(:l1, l1c1ve solved t.l1e 
stro11g Gc1ussiar1 stochast.ic realizc:1t.io11 pr·olJle111~ i11 \\rl1ich t,l1e 011tpt1t pr·oc:ess 
1-11t1st eq11al tl1e give11 process al111ost. s111·el)r. Tl1is J)rolJle111 is l)est st,udiecl i11 
geo111et1·ic te1·111s i11 wl1icl1 a statior1c11·y Ga11ssia11 p1·oc~ess is associat.ecl wit,h 
a subspace of cl Hilbe1·t space. 

Stocl1astic realizatior1 tl1eo1·y £01·111s the tl1eo1·etical fou11datio11 of sigr1al 
pr·ocessi11g. Predict,ior1 proble111s were tr·eatecl i11 tl1e 1940's. By 110w sig-
11al processir1g i11cludes several tec:l111iques basecl 011 syst.e111 tl1eory, sucl1 as 
pr·edic'.tio11, filteri11g, sr11ootl1i11g, i11ter·polatior1, a11d i111age p1·ocessi11g. 

2. 5. Real'izat,ion theory----e~rten,.sions 
Tl1e 1·ealization tl1eory fo1·r1111lc1ted for· fi11ite-di111er1sior1al li11ear systerr1s a11d 
for Gaussia11 syste111s has bee11 ge11eralizecl to 111ar1y otl1e1· cl,1,sses of· syste111s. 
011ly a fevv of t.hese ge11e1·alizc1tio11s will be r11er1tio11ed below. For each 
n1atl1e111atical str11c:ture tl1e co11c'.ept of et systt1-r11 11111st be defined a11ew. 

Algebr·aic gene1·c1lizatio11s ar·e lir1ear syste111s over· r11odules, r·ings, a11d fi11ite 
fields. Researcl1 i11 t.l1ese cli1·ec'.tio11s \Vets ir1itiated by Kal111ar1 "Tith co11tribu-

238 tions by l'v1.L.J. HautllS, E.W. Ka111er1, a11d E.D. Sor1tc1g. Li11ear systen1s 
over· finite fields ar·e 11sed c1S 111atl1er11atical rnodels i11 c·odi11g theory and 
l1ave rec'.e11tly drawn 11ew i11t,erest. Tl1e realizatio11 problem for s:;,rste111s in 
algebr'aic st.1·uct11res as gr·oups, se111ig1·oups, arid algebr·as, is esse11tially the 
problern of fi11di11g i1·red11cible 1·eprese11t,atio11s of i1~pl1t,-ol1tput n1aps. A spe
cial case of ct1rre11t ir1te1·est is 1·ec1,lizatio11 of positive linear syste111s t,l1at is 
n1otivated by, for· exarr1ple, proble111s i11 biorr1,1.tl1e111atics, t:l1e1r1ic:al e11gi11eer
ing, and ec:onon1ic:s. The r·ealiz<:1.tio11 problerr1 fc)r t,l1is c:lass is unsolved and 
req11i1·es f't1r·ther st.t1dy of polyl1ed1·c1,l co11es a11cl posit,ive lir1ear algebra. 

Ott1er syste111s for wl1ic:l1 tl1e 1·ealizatior1 pr·oblen1 l1as been studied i11-
clude: li11ear systen1s with f1111ct,io11s ir1 Hilber·t, spac:es (l1y P.A. Fl1l1rrna1111), 
systen1s i11 which t,he dy11a111ics is spec:ified by polyr10111ials (by Sontag, ir1 
cooper·ation with Kal111a11), bili11ear· syste111s, a systern i11 a clifl'er·e11tial geo-



111etric: C'.011t.ext. ( desc:r·il)ecl i11 t.tl1·111s of V(1 (·t.c)1· fielcls), a,11cl spec·ific'. c lcisses of· 
1to11li11ec1,1· syst,e111s (l)y H. St1ss111ft1111, Tv1. Fli(•ss, c1.11cl B. ~Jac·11l)c·z)rk) ct11(·l c)f 
11:1ecl1a11ical syste111s, suc'.11 as Hct111ilt<)11ic111 S)rst.(•11·1s. I11 c·o111pt1t.e1· scie11c·e t,}1E::~ 
c:011ce1)t c:or·1~espo11di11g t,o a s:r·st.(~111 is c:111 i111)t1t.-c)t1t1)t1t c111t.c)111a.t,c)11, a Pet,1·i 
11et, 01· a pr·oc'.ess c1.lge l)r·a. 111 t.l1e at1 to111c:1.t.a li t.e1·c1t.111·E~, t.l1e 1·ec:1lizc1.,t.io11 l)I'O l)
le111 l1as lJel~11 solvecl by A. N c•r·c)cle. A gE\.11e1·;:1lizc1.t.io11 c>f tl1e cc)11c'.ept, c)f st,,tt,c~ 
f'o1· syste111s ,vit.}1 fu11c:tio11s tc1ki11g vc1.lt1es i11 c1rl)it.1·a1·)r S{~t.s wets fo1·111t1lateci 
l)y Wille111s ir1 te1·111s of' tl1e co11clitior1al i11cle1)e11dE~r1ce relatio11 fo1· sets. I11 
tl1is defi11it,io11 the c:111·rer1t st,1t,e clr1cl tl1e ir1J)t1t sig11al 111ake the pc:1st a11d t.he 
futl1re of tl1e state a11d ot1t,put, sig11c1l cor1dit,io11c1ll:,r i11depe11de11t. 

A 111ult,i-parar11et,e1· syste111 is a syst.e111 i11 wl1ich tl1e tin1e axis l1as beer1 
ge11e1~alized t,o c1r1 arbitrc1r·y i11clex set, or· to cl pc11·t,ic:1-lly or·der·ed set,. A pict.l11·e 
111ay be 1r1ocleled as a t,wo-1)a1·a111eter syste111. Tl1e co11c:ept, of st,1te of Sl1c:h a 
syste111 111c1y be ph1·ased ir1 te1·111s of the (~011clitio11c1l ir1clepe11cle11c:e r·elc:1.tic.)11 of 
set,s. Tl1e r·ealizat,io11 proble111 for this c:lc1ss l1c1s beer1 st1t1diecl i11 co1111ectio11 
wit,11 i111age proc:essir1g. 

Stocl1astic'. rec1lizc1tio11 t,l1eor·y of' Gc1ussia11 l)rocesses l1as c1lso bee1·1 ge11eral
ized, for exa111ple to clifft1sio11 1)1·ocesses i11 a11c1.logy vvitl1 st.at.istical r11ecl1c111ics 
and c1ua11t,t11r1 111ec~l1a11ics. A fir1ite stochastic syste1r1 111ay be defined a11alo
go1.1sly to a Ga11ssic1n syste111 for a fi11ite-valt1ed pr·ocess with a fi11ite-st.ate 
Markov proc:ess. I11 sig11al processi11g it is C'.cllled et hidde'n MarA:0·21 n1odel 
and ir1 aut,on1at,a t,l1eory cl pr·obabilist,ic a·uto11ir1,to'rt. Tl1e st,ocl1ast,ic r·ealizc1.
t,io11 prol)le1r1 for· t.lris clc1ss, alrec1cly st.udied in tl1e 1960's, is still t111solved, 
as is tl1e case for c:ot111ti11g c"t11d jt1111p pr·ocesses. 

Ar1 i11vestigc1t,io11 is 11eeclecl of t,l1e stoc~hastic'. r·ec1.lizatio11 proble111 fo1· st.ocl1as
tic: C'.011tr·ol syste111s \\i"it,11 pc11·tial o l)se1·vat,io11s. The co11c·epts of i11f'c)r·111atio11 
state a11cl of' i11f'or111c1.t,ic)11 syst,t:~111 sl1ould l)e st,udied i11 tl1e f1·a111ewo1·k of ex
po11ent,ial fc:1.,111ilies of clist.ril)t1tio11 ft111ctio11s. 

Kc1l111a11's clefir1itio11 of a stc)c:l1astic: svst.er11 ca,11 be refo1·1r1ulat,ed i11 terr11s ~· 
of tl1e co11clit.io11a] ir1cle1)e11de11c'.e 1·elc1tio11 of 1)1·obabilit,y t,l1eo1·y, st,ati11g t.l1at 
at a11)r ti1r1e t,l1e c~t1rr·e11t. st,ate a11cl tl1e i11put l)rocess 111c1.ke tl1e l)ast a11d 239 
t.l1e futt1r·e of' tl1e st,at,e a11d t.l1e ot1t,p11t process cor1ditio11ally i11clepe11cle11t. 
J\1ulti-para111eter st,oc~lrastic· r·ealization 1)roble111s i11 c:onr1ec'.tio11 witl1 1~andon1 
fields ar·e t1ncle1· ir1vest,igcitio11. 

A ge11e1·alizatior1 ir1 a11otl1er di1·ectio11 is t.l1e f'ac:tor· a11c1lysis 111odel. I11 t.his 
111odel for· r·a11clo111 var·ial)les t.l1e f'actor, co1·1·es1)011(1i11g to tl1e st.ate, 111akes 
two or· 111or·e variables c:011clit,io11ally indepe11de11t. Tl1is ge11era.lizat.ion of the 
c:011c:ept of· st,cite is very ir1terest,i11g. R. F1~isc~l1, ,vl10 r·eceived t,l1e Nobel prize 
i11 eco110111ics, p1·oposed t,l1is 111oclel a,s a11 alt.e1·11at,ive f'or· tl1e 111oclel used ir1 
le;:tst sc1uar·es esti111atio11. Ka.l111a.11 l1c1,s poi11ted ot1t, it,s 1·eleva11c:e for· eco1101nic 
111oclelli11g a11cl c~or1t.1·ibt1t,ed t,o tl1e assoc'.ic1ted stoc'.hc1,stic~ rec1.lizatio11 p1·oble111. 
Tl1e p1·oble1r1 is u11solvecl. Tl1e st,oc~l1ast.ic'. systen1 C'.Orrespo11cli11g t,o a fac~t.or 
ct11alysis n1oclel is t,e1·111ed a11 e1·r·o'r.1,-'ir1.,-var·ic1,ble~r, 111oclel 01· a cly11a111ic factor 
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Figure 2. Environmental problems will motivate future research in system identification. 

(Photo: James Nachtwey- Magnum Photos. Courtesy ABC Press.) 

S)1stc111. Tl-1E~ 1·t'cll izcl t.i (.) 11 I) l'() 1) lc·111 f'c)1· t,l1is c· lctss 
a11cl ('('(_)ll()lllet,1·ic'.S l)\' c;. Pic-·c·i c111Cl f\iI. D(~ist.1(~1·. ,_, 

9 6-. 51 
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As st.at,ecl i11 t.l1e I11t.1·ocl11c·tio11, t.l1e s)rste111 icle11t.ifi<'.ctt.io11 1)1·c)l)lc~111 is t.o c:c)11-
st,1·11ct f'1·c)111 <.)l)scJ1·vc1.t,io11s a. c·o11t1·ol svst·,e111 i11 cl c·l1c)SC:11 111c)c-lc1 l c:lc1ss t.l1;:1t l)est ~· 

fi t,s t.l1c-:- <J l)SE.'l'v'ctt.ic)11s Lic·c·c)1·clir1g t c:) et s l)e<:·ifiecl c:1-I) 1) 1·oxi111cl t.ic)11 c··1·i t.c:1·io11. A 
1)1·oc:eclt11·c: f'(Jl' S}rst.e111 ic.lc:11t,ific:c1tio11 is: ( 1.) Selc~c:t,ic>11 ot· cl 111oc:lr~l c·lc1ss l)a.secl 
o 11 cl JJr·iori i11f'c)1·111,t t. io11; ( 2) I11 l) tl t, cles ig11, (• XI) c:1·i 111e 11t cl t,io11, c111cl cl"1t,c1 C'.(11-

lec:t,ic)ll: ( :3) I) c11·21,111et e1~izc1.ti<)11 C)f' t.11(.~ 111 ocl e 1 <-: lctss l)clsecl C)ll 1·c~c1lizc1 t, ic_)Il t, l1c_:}c) r·v 
' ., 

c111d et c:l1ec'.k c)f. i t,s icle 11 tifia 1~> ili t,}r; ( 4) .1:i\ l)l)l'C>xi111ct t, ic> 11, selc~c:t, ic) 11 c)f. cl c·c) 11 t, 1·01 

syst,E:.·111; clllCl (5) E,ral11c1.t,io11 ()f' t.l1e Clllctlit)r of' t·,l1c::, sc:.lec·t.c~cl s:yrst.(~111. Tl1e se
lec:tiori of' t.l1e 111c)clt~l c·lciss is of't.E:11 l)ctsecl <)11 clo111c1..i11 111c)clelli11g, f'<)r· ex,1.1111)le 
011 J)l1ysic:al lc1\\rs, C)ll c·l1er11ic·<1l 1·c~cl,C'.tic.)11 ki11ctic:s, clll<l ()11 c)c·c)110111ic'. C)I' 1:Jl1:rrs
iologic:al 111oclc~lli11g. 1:11 ste1) (3) c)f. t,l1e 1)1·c)c:c~c:lt11·c: 1·ectliz,1t,ic)11 tl1c~c)1·y is 11sE~cl 
exc:lusively. A t.(:.xt,l:)ool~ C)Il syst,e111 icle11tifi(~:atio11 is t.l1at·, c)f. I.,. I_.1_j1.111g [2]. 

S:y·st,E:·111 iclE~11t,ific'.ctt)io11 l1c1.s l)E•e11 \\rell clevel()l)ecl t·o1· t;l1e C'.lclSSE"S <)f. fi11ite
<.ii111c:_l11sio11c:1l li11(~ct1· syst.e111s a11cl f'<)r· Gc111ssict11 st,c>c·l1c1st,ic: syst,e111s. Fc)1· t,l1e 
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,'i. 1 . ,S't cJc· lz. c1.::, tic· I'(' c I l i: < 1, t i cJ ·ri ft r 1, cl .-:-; JI,.;; t: c~' ·rr 1 ,: cl t' ·r1 t-i.fi ('<l. tic> ·r, 
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11(_' l'E'S(:,c:tl'(:'.11 1)}' .J. II. \'<lll S(·ltlll)l)('ll i11 st()('llc1St,ic· 1·c•,1liz,1t·ic)ll t',11()()1',\r is 111()

t, i v·,1 t.<:·c l l )Jr s .1·s t C' 111 i c·l <" 11 t i fi c· ,l t i () 11, s ig11c1.l 1) 1·c) c•<i'SS i 11g, cl 11 cl < ·c) 11 t 1·c) 1 t·<)l" (·(11111 t. i11 g 

a,11(1 .i lllll }) l)l'()('('SS("S. rl'l1c· St()(·l1clSt,i(· 1·ealiz(1 t i<)ll J)l'() l)l('lll f't)l' fi11itc'-Vc1l ll('(l 

1) l'C) ('CSS(:S is i 11 \'('Si ig ,lt.(•( 1 i11 ( '() () ]) (' 1· ,l t i () 11 \\-it l 1 c; . I) i ("('i. r_r 11 (' ('. ll l'l'('> 11 t. l) () t.
t, lt' 11E~c·l,c is t,l1c\ c · l1ct 1· c1c·t <" 1·iz et t- i C) 11 c) t· 111i11i111c1l 1·E' ,1.l i z cl t- i <) 11s <-> f' fi 11 it C' s t,t-> <· 11 a.s tic· 

S}'St.<:.111s. Sc>l11tic)11 c)f. t:l1is l)l"C)l>l<:-'111 lc'clcls t,c) cl, 1·,1<·t,c)1·izctt,i<>11 J)l'C)l)10111 t·()l' })<)S

it.ivc· 111c1t1·ic·E1 s. 11 l1c' (·lc)sel.\' 1·elc1tecl 1·E'.c1lizc'lti<)lt 1)1·c1l)lc'111 t·o1· clc•tc·1·111i11ist,ic'. 

1>osit,iv•c:. li11c•c1.1· S}~st,c'111s is c·111·1·c·11t.l)' i11\'c•st,igc1,tE'cl 1).\- .J .l\_I. \Tc:l11 c·lc·11 Hc)f. c1,11cl 

Vet 11 S c··l 1111) l) E-' 11. ..I,l1c· s 1:,c·> c·l1 ,ls t i c '. 1·c~ ctliz ,:i,t. i <> 11 ll I'<) 1) 1 c· 111 i 11 t c:, 1· 111 s <) f' a-ctlgc". l) 1· ,ts. 
c-1.s we 11 cts f.<) 1· t, l 1 <' t·,l.< · t <_) 1· <l.llctl ,,sis 111 <) cl c· l 11(1,\.rc 1) C'<" 11 t 1·c• c1t.<::'c l . . , 

]\.-f () t. i \'cl,t,(\Cl l> .\r t, l 1e ('11 gi 11 ("('l'i 11g J) 1· cl('t i ( '(" () f' llS i l 1g c; ,l l lSS it-lll \\' 11 it:(~ 11() isc-" i:tS i 11-

l) 1 l t, s i g11c1,l ~ cl s t, 0 c·l1 cl,S 1 i c·· l'(' cl liz ,l,t i () 11 1)1'() 11 l {~1 l l f'o 1· cl c; (L llSS i,l 11 st.() (. 11 cl,S tic:· ('() 11 t, 1·() I 
s )rs t.cl 111 11 <:tS l )<'c111 f'c> 1· 111 til clt. c:-.c l ,1,11cl SC) 1 \'C)cl. P ct1· cl 111c· t.c1 1· (ls t.i111,1t;io11 I) 1·c> l) l E1111s t·o 1· 

c·c)l111t,i11g 1)I'()C:cssc~s \\1c:,1·t-· t 1·c~c1t.c,(l l>)r P .. J. C:). SJ)l't:•i_j. ll,c-1 c·c11t,l_\' f\. ,,t\. St,c)o1·\:c)gc~l 

clll cl V cl,11 s <· 111,l J) J) (' 11 i 11 \-(~St·. igc1.t,c:.c l t.l1c1 <l l) 1:> l'(:)Xi ll.l c1t, ic) 11 I) 1'() 1) le:. 111 t·() 1· c; cl, llSSicl,11 

s t,c)c:l1a.s t, i c· s .\TS t <' 1:11s 11si 11g i 11f·() 1·111a t, i()ll t 11 ec) r·c· t, ic·· c,·r·i t E~1· i,1. 

.( L;,_, r , -J - 1 ·t • ,- - • - ;) r -- i j ·:) L . 
, .,..,. t,fl-(.(J.f :,,lj,i;tt Ill,,', 

Syste111s c1..1·c:, 111c)clc~l<)cl l>}' ,1 \',tr·ic•t,)'T c>f. 111c;t·.l1c)cls i11c·lt1cli11g l)l,1c·k-l)c_lX iclc:11t·.ifi

c·ctt,io11 ct11cl t.l1e:· 11sc~ c)f. J)lt}•sic·c1l la.\\rs. Tl1(.:\ c·lc1ssic·cll i111)t1t./ C)llt,1·>11t, f·1·c1-111e\\TC)1·l.c_, 

set) ( 2. l) ;;1.11c~l ( 2 .2), \\.' l1ic'.l1 clo111i11,tt.c-•s C'()11t~r-c>l t.l1c~<Jt'."-' is lf)ss fll>I)t·c_)l)I·iat,f~ i11 t,11(~ 

111 C) cl <:1,lli 11g c:c) 11 t,c)xt,, ct11 cl 11,l.s t <-) 1 )C) 1·E\ IJ l<tc·c~cl 1) .)' c1 sE\t; t, i11g i 11 \\' l1ic· 11 ctll c~ x t. e:)1• -

l.lctl V<:tt·i,l.1)1 ('S ell'(• t,l'(\cl t,C'(l ()11 clll (~(1 lli:ll f'c)() t, i11g. Tl1is }) () i11 t () f' \' i (:~\\T' 1·c:\('.0 ll t,l)r 
elllJ)llctsizE~cl i11 l)ct1·t,ic·11la.1· l))'' VV7

illc·111s, lt•<:t(ls t.() 11('\\T (lll(\sti()llS 1·()1' 1·c~ctliza
t, i C)l l t, l1e:•c)1·y. 1~-- ir·s t-<Jr·clc· 1· 1·c, l) 1·c~sci 11 t. cl 1-. ic> 11s c> t· C) t, l1c,1· t, .\' l) t~s t l1ct 11 t 11(:' s t, cl.It <:lc11·cl 

i111)11t./st.ctt,t~/011t,1Jt1t, t·o1·111 (2.1) ;:t11cl (2.2) ,ll'(l 11sc·cl, ,\,11cl c>11c' 11c~c:.cls t,o clllct-

1 ,rze t. 11 c~: 111 i 11 i111 ctli t. v c·c) 11 cli t, i (> 11s f'c) 1· s 11c·l1 1·c~r> 1·c:'Sl) 111 cl t i Cl 11s. .:~s ,l l>cts is t·c) 1· t. l1c· J ~J t 

11c)t.ic)11 of· c:c111i\'ctle11c_·c' c)f. 1·c\1>1·(lS(_l11t,1t,ic>11s, t,l1c\ t.1·c:111sf'c11· 1·1111(·tic)11 is 1·e1)l,1c·E·cl 
l)y t.l1e 'l)(:1l1ctvic>1_11·', \\'l1i(·l1 is tl1c' st•t. c)f. ct.11 i,1·<1_j(-'c·t,c)1·ic's (i11 St)lllE:' gi,,e11 1·1111c'.-

241 



t,io11 Sl)c:1c·e) acl111it,t,ed lJ.)" tl1t' syst1<i11t <)<lllclt,ic)11s. 1\ st,11cly· <)f. 111i11i111,1lit.y c:111cl 
c<111i,raler1c:e t·o1· gt~11e1·c1l fi1·st-<)1·cl(~1· 1·<'I>I.<'S('llt,,tt.ic)11s <>f' li11<~,11· sy•st·c"lllS \VclS 1111-
cle1·t<1ke11 c:lt (;\VI l.)y ,J. i\'I. Sc·l1lllllclC'l1(~1· t<.1g<:,tl1()1• wit.11 rv1. I( 11ij J)(:''l' cl,ll(l l1c1,s 
lt'cl t,<J sev'e1·c1,l ,j 0111·11c1.l l)ct l)('I~s ,t11cl ,l l)cJc)l-c. I 11 t l1c\ cl J) 1)1·c>::1<·· l·1 1 ><ls<~cl C)ll l)f!

l1c1 vio111·s, t.l1t~ c·l1c)ic:e c)f' cl f'1111c·t.io11 S})ctc·:c' l1c:1s clll i1111)c1.ct, c>11 t,lte 11c>t.io11 C)f 

f:•c111ivale11cE~. Tl1e ec1t1iv·c1lc'11c·e 11c)tic)11 tl1c1t, is ol)t,c1i11<·cl f'r·c)111 \V(_)1·ki11g vvit,11 t.l1e 
SJ)c:lc~e of· sc)-c·ctllecl 'i1:111)11lsivc~-s111ootl1 clist,1·il·>11t,io11s ~ ~ \\rr1s st.11diecl i11 cl _joi1-1t. 
ef:f·c)r·t of' A.H. \\1. Gee1·t.s cl11cl Scl1l1111,1c·:l1e1·. Re('.e11t "'rc)rk of' l'v1. S. Rc1 \ri a11cl 
.J. RosE:~1·1tl1al i11 t.l1e lJ .S .A. c111cl <1f· V. Lc)111c1,clze i11 t.l1e Re1)11 l)lic· of Geo1·gic1 

' 

l1c:ts 111c1cle t:lear· t.l1c1t, t1l1e set of· ge11c~1·c:tlizccl li11ec:1,1· syst.e111s o l)t<1i11ecl ir1 tl1is 
\Vcty I)r·ovides tl1e lor1g-s011gl1t. s1·11c>ot.l1 cc)111J)E1c:t.ific~cttic)11 of t1l1e c·lass of star1-
dc:1r·d li11ea1· s:r·st.e111s of· ,t fixecl l\·1c·lv1illct11 clegr·eE~- Tl1is iss11e is c~t11·re11tly l)eir1g 
ft11·t.l1E~r· E\XJ)lor·ecl i11 joi11t. wor·k of R,1vi~ R.ose11t.l1a.l., c111cl Sc·l111111c:1,c·l1er·. 

4. 8YS'ft-::I'v1 IDI~NTIF'IC',t\rf'IC)N QI~' NI'I'R.t\'I'F: l➔'LC)\\r IN 'l'J-lf~ l[LJI\1AN BODY 

4. 1. St·r··tl c t·u·r·ci,l i cl e ·rt, t·ifialJ·il·i l;tJ f 1·0 rri. 1:·ri.p ·tt t- cJ·tt tp ·11 t ,-;·i g·r1.cil.5 
111 l)iology a11cl 111,it,l1t~111c1t.ic·s t.l1e c·lciss c)f. c:0111pctr·t,111e11t.ctl syst.e111s is f'1·ec1l1e11tly 
l1sed. A J)l1}rsic)logic·a.l 111oclel of· ,1 livi1·1g 01·g:::111is111 lll<lY c·o11sist. of sever·c:11 c:0111-

J)c11·t111e11t,s \\7itl1 11101·e 01· less l10111oge11eol1s C'.011c~e11t1·c1t.io11s c)f r11c:1te1·ic1l. Tl1e 
co11-1 pc1r·t111e11t.s i11ter·ctC'.t, l)y 1)1·oc~esses of· tra11s1)c)rtat,io11 c111cl clifl'11sio11. 111 lJiol
ogy tl1e1·e ofte11 is J)1·io1· k11c)\V ledge 011 t,l1e st;1·11c~t,111·e of t,l1e 111odel. Tl1eref'ore 
tl1e c~lctss of c·o111pc11·t,1r1e11t,c1l syst,e111s is r·elcit.ed t,c) tl1e c:lass of st1·l1c:t111·ed li11ea1· 
syst,e111s, i11 ,vl1icl1 t.l1e syste111 is st1·11c·t,l11·ed l)y IJl1ysic:::-1l laws. Before est,i111c1t,
i11g tl1e l)a1·a111et,e1·s, it sl1011lcl be (~xa111i11ecl wl1et,l1e1· t,l1e pc1ra111ete1·izc1.tion is 
st1·11c:t.111·ally icler1t.ifial)le, i.E~., wl1et,l1e1· tl1t:~ J)a1·ci111et,{~1·s C'.c:111 i11 1J1·i11c'.iple be 
clet,e1·111i11ed ·u·riiq·uely f'1·01r1 t,l1e clat,c1. (;011clit.io11s for· st,r11ct1l11·,1,l icle11t,ifial)ilit,y 
f'ro111 tl1e i111 pl1lse r·esJ)()llS{~ fc)llo,v cli1·ec·tly fr·o111 1·<~ctlizat,io11 t,l1eo1·y. J. l'v1. va11 
cle11 Hof l1as i11vestigc1t,ed st,rt1ct.t1r·c1l ici<~11tific:1.l:)ility f1·c)111 i111)11t,-011t,1:)l1t sig11als 
wit,11 t111k11owr1 irrit.ial c.:011clitio1-1 f'or· l)otl1 fi11ite-di111er1sic)11,1,l li11ear· syste111s 

•• 

242 a11cl positive lir1ect1· systE~111s. 

4. 2. Exarr?,ple 
As ar1 exa1111)le of' c1 syster11 icle1·1t,ific:at,io11 1)1·ol)le111 we c:011sicler· cl 111odel for· 
t.l1e llI)t,al<:e a11d dis1)ersio11 of' 11it,r·c1te i11 t.l1e l111r11c111 l)ocl)". 111 tl1e 111oclel c~lass 
t·ou1· c~or11par·t111e11ts ,11·e c·c)11sicle1·ed: r1it,1·c1t,e ( N 0 3) i11 tl1e sto111ac'.l1, t,l1e bocly 
pool, a11cl t,l1e saliva, c111cl 11it,1·it,e (ANO 2 ) i11 t,l1e sali\r:.-1, as sl10,v11 i11 fig111·e 3. 

Tl1e 111odel 111ay r)e clesc~r·il·)ed by t.l1e f·ollo\vi11g clifl'e1·er1tial eql1atio11s: 

b 
l((l~r:1 + V. :r:3 + ll1, 

~ • 

• 
X ') - I<c1~l'.1 - ( I{ 2 + l( T )x2 + 1(, 

b 
l T ' ' 
\I 'l-; V. :l:4' 

s 



;:t' 1 
1V03 It l 

stor111:tc:l1 

I 

J( (! - ]{ 1' 

;1:2 ~ 

N03 ~ 

I\ bc)dy 1)001 ]{ - //.•) - -
I 

1<2 

:r3 X4, b I \/'.', 
N03 Jrvo2 -
saliva K 1 saliva 

Figure 3. Nitrate model. 

in wl1ic:l1 x: 1 , x 2 , arid ;1~3 c.le11ot.e t,l1e a111ount of ~N 0 3 i11 tl1e sto111acl1, the 
body pool, a11d the saliva, respectively, c111d ~1: 4 de11otes tl1e a111ot111t. of N 0 2 
in the saliva; ·u 1 de11otes tl1e llptake of nitrate. Tl1e 1·e111ai11ir1g va1·iables ar·e 
consta11t,s. Tl1e consta.nt.s I<, I( r, and Vd a1·e ass11111ed to be kr1ow11. Tl1e 
unknown par·a111eters are I<a, K 2 , 1(1 , b, ½, a11d tl1e i11itial conditior1 x 0 . One 
ca11 observe the cor1ce11t1·ation of N 0 3 i11 t,he body pool arid t.l1e salivc1, a11d 
the conce11tratio11 of N02 i11 tl1e saliva, i.e., we ca11 ol)ser·ve x 2 /Vct, x·3 /V.,., 
a11d x4/V.,. Tl1e 111odel l1as been developed by- t.l1e Natio11al Instit11te of 
Public Healt.11 a11d E11viro11111er1tal Protectio11 (RIVl\11). 

The tl1eory developecl by Va11 cle11 Hof for~ st.r11c·t11r·al ide11t.ifiability frorn 
i11put-ot1tpt1t, sigr1als witl1 a 11011ze1·0 ir1itial cor1dition pr·ovides co11ditio11s on 
the input.s u1 and K Sl1cl1 that, tl1e t111k110\vn para1neters I<ci, K 2 , l{1 , b, Vs, 
and the i11it.ial condit.io11 x 0 c~a11 be uniquely deter111i11ed fro111 tl1e observa
tions. 

5. CONCLUDING RElVIARKS 

Systen1 theo1·y l1as prove11 to be extren1ely useft1l for e11gineeri11g, r11athe-
111atics, and other areas of tl1e sciences, in part,ic11lar for· co11trol a11d signal 
processing. The co11cept of a co11t1·ol syster11, a11d the res11lts of realizat,ion 
theory'" a11d syst.e111 ide11tificatio11 are widely applied i11 i1·1dustry, comn1erce, 
a11d gover11n1e11t. 

Syster11 t.heor·y will i11 the ft1t,ure be 111ot.i vatecl by 11e,v proble1T1s of en
ginee1·i11g and tl1e scienc:es. Solutio11 of tl1ese proble111s will becon1e ur·gent 
througl1 tl1e tecl1nologic:::1l de\relop111er1t a11d thro11gh the de111a11ds for in
creased livir1g sta11dards. There 111ay also be a shift away fro111 elec~trical 
a11d 111echa11ical engi11ee1·ing to i11for111atior1 processir1g. Realizatio11 prob
lems 111otivated by i11for111ation p1·ocessi11g 111ay ther·efore r·eceive r·elatively 
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1r101·e i11te1·est. A r·ec1.lizc1tic)11 ktJJJ)l'()ct<·l1 is c1lsc) 11e(-~clE-~d f'or· t,ea1r-1 a.11(1 ga111e 
f)rol:)le111s. 111 st1c·l1 cl(•c·isic)11 ,l11cl c·c)11t,1·c)l l)l'C>l)le111s t.l1c1·E~ clre t.,vc> 01· Ill()t·e 

clecisio11 111aker·s wit,11 clif1·E~1·E~11t, ol~)SE-;1·vc1t.io11s. Syst.e111 t,l1ec)1·y l1c1s 1-11a11y 01)e11 
1)1·0 ble111s. 

AC;l{N OvVLEI:)(; r:l'v1E:N'I'S 

Tl1t~ au t.l1ors t.l1a11k G. Pic;c:,i ctll(i E .D. Sc)11tag f<-)1· tl1eir· c~c)111111er1ts 011 a11 
t:c11·lic-:;r versio11 of t,l1e J)ape1·. 
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