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1. lNTRODUC;TION 

Que11eir1g pl1e110111e11a oc:ct11· i11 sever·c:11 r·eal-lif'e situat,io11s wl1e11 1·esources 
( machi11es at a factor·y, elevators, telepl1011e li11es, traffic ligl1ts) ca1111ot. i1n
r11ediat.ely 1·e11der tl1e a111our1t or· tl1e ki11d of se1·vice r·equir·ed by tl1eir use1·s. 
Also, at byte level ir1 111ode1·11 clat.a-l1a11dli11g t,ech11ologies ( co111111u11ication 
syster11s, c:or11puter r1et,works) c1t1eueir1g pl1e110111e11a 111ay ar·ise; t.l1ey ar·e ty1)
ically less visible b11t tl1ei1· effects at, t1ser level are t1s11ally not less serious. 
Q11it,e ofte11 s11cl1 cor1gestio11 effect.s 111ay l)e adequately studied by 111atl1e-
111at.ical 111etl1ods £1·0111 que·iteirig t/1.eo'r"y. Aclopti11g the al)str·act t.errninology 
fro111 queuei11g theory, t.l1e object of stuti.y is for111ulated as a 11etwork of 221 
ser·vice unit.s with custo111ers r·ec1uiri11g services at tl1ose u11its. Tl1e 11ature 
of the arrival pr·ocesses a11d ser·vice 1·eqt1ests is t1sually st1c:l1 tl1at. they l1ave 
to be represe11ted 1)y st.ocl1astic processes. Her1c:e the 111ost i111po1·tant per-
for111ance 111easu1·es, like waiti11g ti111es, workloads a11d queue le11gtl1s, are 
randon1 va1·ial)les. Accordir1gly, tl1e r11ain t.ecl111iql1es of qt1euei11g theory 
stein fro111 probability theor·y. 

Irr Sectio11 2 we discuss s0111e elen1e11t.ary {)l1er10111e11a a11ci rest1lts frorn 
queuei11g tl1eo1·y. Sec:tion 3 co11tains a brief l1isto1·y of tl1e J)ast 50 years of 
queueing theo1·y, with s0111e of tl1e a1)plicat,io11s tl1at gl1ided its developrne11t. 
Sec:tion 4 is devoted to pollir1g syster11s, a class of' qt1et1eing syst.e111s that 
recently l1as received 111ucl1 att.er1tio11 i11 the literature a11d at CWI. 
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2. :E~ L r;;:l\r E N'I~ .. \ Il'\,. Q lT E tr 1~1 N cj 'I' 11 f,:o L{ ,T 
Tl1e i11fll1<:-~11c·E" of· 1·c1.11clo11111ess 011 Cill('ll( 1i11g 1)1·c>c·('SS<'s is (>f't<_\11 l'El111cl1·l(,-ll)l_\' 
st.r·c)11g~ ,t11cl sc)llll1 ti111(='s c1.t fi1·st sigl1t c·<>1111tc)1•i11t.11it.i\'('. Fc)t' E:\xc1111pl(:'. if' ,l 
l1air·<i1·essE\1• SI)E:'tlcls c\xctc·tl)• 12 111i11l1t(ls t>11 C'ctc·l1 c·l1st.c)111('1·, cl11cl l1is <'l1st.c>111<,1·s 
c11·1·ive clt i11t('l'\rc1.ls <>f' exctc·t.l}•' 15 111i11t1t,<)s, t.l1c'11 11<J <·11st-<>111t'1· l1,1s t.c) \\T"1it .. I.311t 
if tl1cst~ Scl111c' c·11st.0111t•1·s c11·1·iv(.l c1c·c·()l'<li11g tc> cl I::>c)iss<)ll l)l'C)C'('SS \\•·itl1 clll ft.1·1·ivc:1l 
r·ctt,e of" 4 C'llSt()lll(:'I·s !)(~1· 110111·' t.11(:'ll t,llE'}r \\7kl.it, 24 111i1111t{·S ()11 cl\'c'l'ctge! r\.11cl 
if, lllOl'(~O\re1·, t,1·1(:. se1·,ric·c~ t,i111e S SI>E'llt, l)e1· C'llStC)lll('ll' is llE\gc1.t,iv'(~ eXJ)C)llell

t,iclll:,r clist,1· i l) 11 t, eel \\ii t.11 llleclll 12 111i 1111 t,E_)S (i.('. t,11(\ J)l'() l)c1 l) ili t.)r t, l1a t. s exc·ec~cls 
~1· CClllctls P1·{S > ~z:} == f,-.r·/ 12 ,;l; > ()), t.l1e11 t.llt' 111ec1.1·1 \\Yaiti11g t.i111E~ Clf' cl 
Cl1sto111er· c·lot1l)les t,o 48 111i1111t,E~s. 

If', i11 t.l1e lc:1tt,e1· c·ctSE~, c:1.11 obsE·1·v't'1· (-~11tt::1·s t.l1e sl1c)i) ftt, et 1·,111clo111l:r· c·l·1ose11 
poi11t, i11 t,i111e clt11·i11g c:l sc~r·\,ic·e, l1E\ 111igl1t, t.l1i11k tl1clt, t.l1e <::'XI)t•c·tecl t.i111e 1111t.il 
('.Ol'lll)let.io11 ()f' tl1c1t. ser•\ric•cJ is 011e l1alf' of' 12 1.11i1111t.es, i.E'. 6 111i1111tes. I311t. 
it. is ec1sily see11 t,11,tt. t,l1e IJ1·ol)ctlJilit.3-· t,l1c1.t. S ,,rill E'XC'E•ecl ;1~ + JI, give11 tl1c-1t. 
it, l1c-1s ktl1·ec1cly· exc·ec~clecl .i·,, t~Clllctls t,-(.1·+.i;)/t2 /t•-- 1:/I'2 == E"-.11112 , wl1icl1 is tl1e 
pr·ol)ctl)ilit,)' tl1at. S ex(·E:~ccls ,l); t.l1is is c~c1.ll<::cl tl1e 111e11101•yrless p1·c)J)(\1·t,)1 c1f' tl1c 
ex1)<)11e11t.ial clis t.1·i lJll tio11. He11c·e tl1e 1·esicl llcll t i111e t111t,il se1·vic'.e c:c)111 plc:t,ic)11 
l1cts exc1.c:t,ly t,l1e sa111e expo11e11t,ial clist1·ibt1t,io11 cts S itself'. (1.11cl it,s 1:r1c~ft11 is 
12 111i11t1tes i11steacl of· 6. Fc)I' ge11er·c1.ll)' dist.r·il)llt,E\cl ser·\'ic·(~ ti111es, t.l1e 111cct11 
1·esiduc1l ser,ric·e t;i111e ec1t1c1ls ES 2 /2E1 S, \vl1ic~l1 exc'.eecls ES /2 \vl1e11 se1•vric'.C 
t.i111es a1·e 11ot c:011stc111t. Tl1e i11tt1it,ive expla11<1.tio11 of· t.l1is I)l1e110111e11c)11, tl1e 
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Figure 1. Queueing theory originated early this 

telephone exchanges. (Photo: PTT Telecom.) 
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century in the study of overload in 



'waiti11g t,i111e l)a,1·ctclox', is tllc:lt, tll(~ C)l)S('l"\'('l" 11,l.S l_l 1·(•lf1ti\r(:il:;r l1igl1 l)l'()l)c:ll)ilit,y· 
c_) f e11t.e1·i11g t,11 e sl101J cl 1,11~ir1g ,1. r·el<l,t iv"<' ly l() 11g SE'l"\T i < '(' ( t.11 (' sf1111 (' I> l1{'llC)111 t"ll() r1 

. . 

ex1)lcii11s w l1y, c111 ktvrt~r·age, c:lt, a l)tlS st()J) ()llf' l1c:1,s to ¥.Teti t. l<)tlg(:-1· t 11,1.11 l1c1,lf' t,l1e 

i11t.e1·ct1·1·i veil i11 t,e1·vc1l i11dic·ctteci l1)r t, 11<' t, i 111<.., t. et l> lf•). 
Tl1e alJovt~-111e11t.ic)11ecl 111f~11101·ylc~ss l)I'()J>C'1·t.y is vt:"•1·y c1t.t1·,1c·t.ivt' f1·c>111 cl. 111c1t,l1-

e111atic~c:1.l v·ie\\t'"J)oi11t.: G i ve11 t.l1c ... pr·<:--.St'11t, it itllc)v\·s 011c' tc) clis1·ega1·cl t lit' J)ast} 
i11 stt1clyi11g t.l1e f't1t.111·e. Tl1is is t.l1e c:l1t=t1·c:1.c'.te1·istic· of· I\1Ic1.1·kov tJr·oc·essc.:,s, f"or· 
wl1ic:h cl ric·l1 lit.e1·at111·e l1c::ts lJee11 cleveloJJecl i11 I)1·ol)alJilit.y t.l1eo1·y. At. clll 
early stage of c1l1e11ei11g tl1eor·y~ ir1 t.l1e fir·st, l1c1lf' of· t.l1is c·e11t.t11·)', it c1llo,,red tl1e 
exact a11alysis of <l v\rl1ole c~lt1ss of 'l\lla1·kovia11' c1t1et1ei11g syst.er11s. Exar11ples 
are tl1e loss a11d dela)r 111oclels clevelopecl a11cl a.11alysecl by tl1e Da11isl1 c1t1et1e
i11g pior1eer A.I(. Erlc111g (1909) wit.l1 tl1e pur·pose of clirr1e11sior1i11g t,elepl1011e 
exc:l1ar1ges (see c1lso figl11~e 1). A11ot,l1E~r· exa111ple is t.l1e M/1\11/1 c111el1e (see 
Box). · 

The M/M/1 qi1,e,ue 
This is a queue witl1 iv1a1·kovia11 01· n1e111oryless (M) i11tera1·1·ival times a11d 
service times, a11d a single ( 1) server. Tl1e r1u111be1· of ct1st<)rners X i11 tl1e 
M/!v1/l queue is also a 1\1arkov process, a11d it.s steady-state distribt1tio11 
is geon1etric, i.e., agair1 rnernoryless: Pr{X == ·rz.} = (1 - >../µ.)(>../µ) 1

', ·n 
0, 1, · · ·. He1·e >.. is the arrival rate and µ tl1e service rat,e. Tl1e expect,ed 
nurnber of waiting custon1er·s equals EX1L' = EX - >../ µ == >..2 / (tL(µ - A)). 
Little's for111ula gives a ( very ge11erally valid) relatio11 between tl1e 111ea11 
number of waiting ct1sto1ners EX,u, a11d the mea11 waiting ti111e EW: 

(2.1) 

so that. for the M/M/1 quet1e 

>../ µ2 
• 

1 - >./ µ 
EW= (2.2) 

011e ca11 now verify t,hat t,l1e r11ea11 wait,ing time in the exarnple discussed in 
the beginnir1g of this sectio11 i11deed eqt1als 48 rr1int1tes. 

3. Posrr-WAR QUEUEINC; THEORY 

3.1. De't,elopr,ient of q'Ue'Ue'ing tlieo1·y 
Tl1e post,-war tecl111ological r·evolt1t,io11 a11cl tl1e 1·est1lti11g 11ew c1t,tit,11de to
wards pt11·e a11cl applied scie11c'.e l1ad a stro11g ir1fl t1ence 011 t.l1e develop111e11t 
of c1uet1ei11g t,l1eor·y. J\r1atl1e111atical 111oclelli11g ir1 ec:011c)111ic·s c111d 111a11age111e11t 
l1ad c1.lways l)eer1 seriously l1a111pered by tl1e diffic".t1lties e11co1111t,ered i11 tl1e 
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1111r11eric'.al eval t1at,io11 of' tl·1e a11c1ly·t ic'. c-1.l 111 ()clt" ls. rI1 l1(~ clc~\'(: lo1)111cl11t. c)f' J)O\,rc~1·f11l 

co1111)l1t.ing 111ac'.}1i11e1·y l()\V("l'E,<l t.l1is '1111111E"'1·ic·c1l ~ l),11·1·ic"1· 1·cl.t.l1(l1· ;1l)1·111)t·.ly. ..~ 

11ew disc'.iplir1e evolv•ed: 0J)(:-1·t1.t.ic)11s R.c~st"'c1.1·c·l1, \\'it.Ii c11.1f\11ei11g tl1c)c_)1·y clS c)11e 
of it.s f'astest g1·owi11g b1·,111c·l1es. 

Not c)11ly as cl b1·a11c·l1 cJf. 011e1·c1t.io11s ResE\,c11·c·l1, l)11t. ctlsc) ,is cl l)1·a11c·l1 c)f. 
AJ)J)liE~cl P1·ol)al)ilit,y. c111E~11ei11g tl1eo1·y clt,t.1·ctc·t.ecl t.l1t: i11tE11·est c)f. 1>1·c>f'c:\ssio11al 
111at,l1t:111at.it~ia11s after· tl1e Sc'-C'.011cl Wor lcl \V,11·. A1·c)t111cl 195(), tl1e 111c1t.l1e111ati
cal t,l1ec)1·y of stocl1a.stic l)I'C)<~t:sses l1a(_l r•E:)ac·:l1ecl c1 c·{~1·t-c1.i11 111clt11_11·i ty·. Brow11ic1,11 
111ot,ior1 a11d 1·1oise pl1e110111e11a, i11,,estigc1.t,ecl l)y· 1)l1ysic·ist.s i11 tl1E~ fir·st; qua1·t,e1· 
of· t,l1e centt11·y, a11d biolc)gical 1)1·oc:esses s11c~l1 as t,l1c..:. cievelo1J111e11t. of' e1)i
der11ics a11d t,he gro¥-rt,l·1 of bc1c:te1·ia populc:1t.ior1s appE~ared t.o l)e ac:cessible 
f'or pr·obabilistit~ 111odelli11g. Ar·ot111cl 1950, t,oo, 111or1og1·c:11)l1s 011 stoc:l1astic 
processes t)eca111e availc1l)le, ar1cl t.l1e a1)1>ear·a11c:E:"' of· FellE·r· 's f'a11·1011s l)ook .. 4 n, 
Int·r~od·ztct,io·ri, to Pr·obabil·ity T/1.eo·,~:lJ c1·r1,<i its Appl·ic:at'iC>'n,'3 tt11·11ed 011t, to l)e a 
la1·1d111ark ir1 t,l1e develo1)111e11t. of stoc~l1ast,ic· 111od(~lli11g. U 11de1· t,l1e ir1flt1e11c:e 
of· Feller·'s expositio11 t.l1e tec:l111ic1t1es 1·e(1t1i1·ed for tl1e a11al)rsis of st,ocl1c1st,ic· 
r11odels wer·e syste111izecl, a11d wer·e i11vestigated C)ll t,l1eir· 111e1·it,s a11d 011 tl1eir 
pote11t.ial for· ol)tc:1i11i11g 11t1111e1·icc1l 1·est1lts. Tl1t\ i11fll1e11ce of· t,l1ese develo1J-
111e11t,s 011 queuei11g tl1eo1·y wa.s st1·011g, t.l1e 11101·e so si1·1ce c1ueuei11g 111odels 
t,u1'11ed ot1t, to be a grat,ifyir1g t.esti11g ground t·o1· 111a11y te(:l111ic1ues clevel
oped in s11bfields of Pr·obabilit,y Tl1eory like Re11ewal Tl1eo1·y, Birtl1-and
Deatl1 P1·oc:esses, B1·a11(:l1i11g Processes, Flt1c~tuatio11 Tl1eo1·y c111d, in 1)a1·tic:
ula1·, ( sen1i-) J\1c1.1·kov P1·oc:esses. 

Figure 2. D. van Dantzig. 

Ir1 Tl1e N et.l1er la11ds, D. va11 
Da11tzig ( 011e of tl1e f'ou11ding fa
tl1ers of Slv1C, see figu1·e 2) bega11, 
sl101·tly aft.er· tl1e Sec~o11d World 
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vVar·, to teac:l1 co11rses i11 prob-
ability and 111athe111atical statis
t,ics. His teachi11g has bee11 very 
i11fluer1t,ial 011 tl1e develop1ne11t of 
these fields i11 Tl1e N etl1erlands. 
Ir1 partic11la1· he n1ay be consid
er·ed to have laid tl1e fou11dations 
for tl1e st1--ong i11ternational posi
t.ior1 of Dutcl1 applied probabilists. 
Va11 Dantzig's i11terest, in the ap
plicatiorr of· r11atl1en1atics has also 
bee11 a sti111ulus to t.l1e develop
rner1t of pr·obal)ilistic Ope1-ations 
Resea1·c~l1 ir1 The Net,herla11ds. 



111 195~3, D.G. I~e11clc1.ll J>lll)lisl1c·<l \\rl1,tt. \Vc-1.s t,c> l)(i('C)Ill(:' <)ll(l <>f' tl1(• 111c>st, 
i11fl11(l11t·ic1l l)cll)Cl"S i11 (lll{~ll(•i11g tll('()I',\T [·1]. 111 it. 11(' ctllcl.ly·z(:-.(1 t·l1(: l\1/c.;;1 
c111 <.) t1e· · a si 11gl<:-:. SE~1·\·er· c1 ll (~ l.l e w i 1·. l1 P <> iss<) 11 <t.1·1· i \·,1.l I> 1·<) c· <•ss ,-t11 cl !l (: ,,,. <:·1·<1,l l11 
( Q) clist,1·il.)llt,(_•(l SE'l'\ric·e ti111es. rl~ll(.} <tl.l('ll(' l<i11gtl1 l)l'(~)('(:•Ss 11() lc)Jlg('l" llclS t lie 
1\1 c11·kov 1> r·o 1>(·1·t,y. lo( t·11clal 1 sl1<>\\'<·<l klll i11t.c,1·<-:\st i11g \\',lY to c·i1·<·11111 vc11 t t. l1c1 t 
l)fC) l> lt.·111. He c> l)St'1·vecl t. 11,1 t t, 11<· c111t·l1< ... lE'11gt. l1 1.>l'C)c··(•ss clt t. lie· Sl1c·c ·css i vc· C'l)C)< · l1s 
(J)oi11t:s i11 t,i111e) at. wl1ic:l1 a c·11stc)111c·1· l('<lV('S tl1c· syst.e111 is t1.gc:1i11 l\1Iar·l(c)vi,111 
cl so-c-'.c1lled i111l)<..::\clclecl l\.ilc11·ko\' c·l1c1i11. He ,vas t.l1t1s cll)le t.<.1 cl(:t,e1·111i11c t.11<~ 
steady-st.c1t.e clist.1·il)t1t.io11 of' tl1c~ c111et1e le11gt.l1 1>r·oc~E~ss ;:1t clE.·par·tl11·e CJ)Oc'.11s; 
t.l1at clist)1·il)t1t.io11 c·ot1lcl st1l>sec11_1<'11t.ly l)<~ sl10,v11 t.c) l)(~ (:.c1t1al tc) t.11(1 st.ec1cly
sta.te c1uet1e ler1gt.l1 clistril)t1ti<)11 clt. ct11 ,1r·l)it1·,1-1·y e1)oc·l1. F<_)1· f'l1t.t11·e 1·c~f·e1·e11ce 
we 111e11t.io11 tl1e st.ea<ly-stc1t.e 111<',111 \Vai t. i11g t·.i111c~ i11 t. l1c~ 1\11 /Cl/ 1 c111e11e: 

.\ES2 

EW= ----· 
2( 1 - p)' 

(3.1) 

l1e1·e A is t.l1e <t1·1·iv,tl 1·<1t,e, S c·le11c)tes ,t sE::.1•,:ic·c~ t·.i111c', ,111cl (J :== AES < l is t.l1e 
offer·ed loc1cl. 011e c_·a11 11(>\V \'er·if"y tl1e 24-111i1111t,c~ 1·cs11lt. f1·c)111 t.l1e l1ai1·d1·esse1· 

L 

exa111 ple i11 Sec:t,io11 2. 

3. 2. Nf!'W ,s·ti·rr1:11,li j'or· q·iLe·ue·i·1ig tlieor·y 
l11 tl1e 111idsixties q11euei11g t.l1eor·y got a 11ew sti111t1lus £1·0111 tl1e fields of· 
('.0111p11te1· e11gi11eer·i11g ~t11d co111p11te1·-c:0111111u11icat,io1111etwo1·ks. At, tl1at t.i111e 
co1111)uter· tecl111c)logy l1acl rec'1C'.l1ed et level of ciE:.\1elo1)111e11t whic:11 1·ec1t1irecl a 
goocl i11sigl1t, i11 t,l1e dc1t,a flo\v i11side t.l1e (~0111J)t1te1· as ,vell as i11 c:c)111pt1te1· 
11et,,ro1·ks. Fo1· t,l1e latter· i11 J)a1·t.ic:ul;:1,1·, tl1e c:lassic~al si11gle SE~1·vic:e fac:ilities 
did riot, st1ffice; r1et.wor·ks of ser·vic:e fc1cilities l1acl t,o bE: a11alyzecl. For· 11et
wc)1·ks of' l\1/J\i1/1-like c1uc~11es, J.R .. Jackso11 a11cl also W.J. Go1·clo11 a11d G.F. 
Newell l1acl sl1ow11 t.l1c1t tl1e exJ)licit expressio11 for t.l1e joi11t distr·ibut,io11 of' 
tl1e queue le11gtl1s c1t t,l1e various 11odes }1::1s a pr·od'ttc~t f or··rri ( i11 s0111e cases 
it is a pr·oduc~t. of' tl1e 111ar·gi11ctl q11et1e le11gt,l1 dist1·il)t1tio11s). Tl1ese p1·oduc:t
for111 1·esl1lts t111·11ed out to be ver·y usef'ul fo1· tl1e pe1·for·111a11c'.e a11c1lysis of 
seve1·al basic co1111)11ter syste111s, st1cl1 as tl1e c~e11tr·c1l se1·ve1· syste111 arid tl1e 
coin put.er-t.e1·111i11al syst,e111. Fur·tl1e1·11101·e, cc)111 J)l1ter· tecl11,1ology cr·eated 11ew 
ser·vice discipli11es, like l)I'OC'.essor sl1a1·i11g, t,r1at. c1lso gave 1·ise to s0111e r1ew 
pr·oduc'.t-fo1·111 r·esults. La11d111a1·ks a1·e tl1e l)eaut.if'ul stuc_lies of' F .P. Kelly c111d 
of F. Baskett,, K.M. Cl1ar1dy, R. 1\11 ur1tz ar1cl F. Palacios. I11 Tl1e Net.l1erla11ds 
r·esearc~l1ers like J.W. Col1e11, A. Horclijk ,111cl N.lvl. var1 Dijk also r11ade fu11-
dan1e11tal co11t,1·il)11tio11s. 

Towa1·ds tl1e e11d of tl1e sixties it was 1·ec:og11izecl t.l1at tl1e availal)ility of tl1e 
special reso111·c:es a11cl c:a1)al)ilities of 111a11y separ·ate c:0111pute1· f'ac'.ilities could 
l)e exte11ded by 1·esot1rce a11cl loa.d sl1ar·i11g; as a c:011st:c1t1e11ce, 11et,wo1·ks of 
c~o111pute1· syst,err1s, <)1· 111ore ge11e1·c1.lly data C'.01111111111ic:atio11 11etworks, st,artecl 
to er11er·ge. 111 lir1e \Vitl1 its t,raciitior1, ql1euei11g tl1eor·y l1as respo11ded very 
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I~>osi t.i \:e l.)• f.o tfl(: C'.l1,1llE~11ges l)()S('(_l I).\' t.llC'S(' 110\\' t,(=>(·l111c)lc>gi('c-ll (l('\rc\l()l)lll(~Ilt,s. 

S,1.t.ellit.e c·c)111111t111ic'.clt:ic)11 l('<i tc) c111E111E·i11g ltlC)clc·ls f'c)1· t.ll(' 1>l1<~11c>111c•11c>11 <>f' c·cll
licli11g t1·c111s111issio11s~ I)I'C)tC)c·c_)ls 1·01· 111c~ss,1gc-' t1·c111s111issic>11 i11 lc>c·,t.l c1.1·c1 cl 11et.
\'v'C)1·l-::s lecl t,() llt'\\r p1·ic)1·it,}' 111c:>clc1ls (lil((' J)C>lli11g lll(><lc•ls, c·f. SE1c·tic)ll '±); flexil>lE· 
111c1.1111f'c1c· t 111· i 11g c:111 cl cl is t 1· i l> 11 t C'< l I )l't) c·(•ss i 11g gel\'(' 1·isc• t.<) < 111t•11 (_' i 11g 111 c> cl E:i ls ,,. i t.11 
c ·c) 111 J> 1 i c· cl tt·cl cl C"" l)E~ 11 cl e11 C'.i C'S l) (' t. \\'("e11 t. l 1 <:~ c·11·1· i \·'ctl }) 1·c>< ·c1sSt'S <l t· c · 11s t.c) 111t· 1· s t 1·c·<1r11s 
ctt, \!ci1·io11s c111E-"lt<·s, clll(l l)<'t\\'E'('ll t·l1c•i1· s<-.1·,·i<·<' 1)1·c:>c·<)SSE'S. 

Tl1c· eff'E·c·t:ivt:·11ess <>f c111<·11t\i11g tl1<.1c)t'}' i11 l1,l.li<lli11g s11c·l1 1>1·c)l)l<l111s 111ay· t,c·l 
cl. la1·ge ext e11t l) E' {'l ll E' t,c) t lt(:: cle(~J) l111c lf"" r·s t, a,11 cli11g t,l1c1t, l 1;-1s l)C~(-111 ctc~·c11_1i1·E'.<l 
f'o1· l)clsic: c1ue1_1c~i11g 111c)dE:·ls, s11c·l1 c1.S E1·lc1.11g~s l<>Ss 111c)clc•l, tl1E• l\·1/C{ / 1 c111c~11e 
a11cl J) 1·0 cl 11c·t,-t·o1·111 11etvv·c)1· ks. _A.c·c:c1r·cli 11gly, c1 ttE-"t1E·i11g t l1t:"Cl1·.v lict,s E:s t,1.l) lis l1ecl 
it.self as a11 i11clis1Je11sal>lE~ t,()Ol i11 tl1e ctE;sig11 ,111cl 1>e1·f·c>1·111r1.11c·e c:1llc1l)rsis of 
C'.C)lll 1> 1_1 t t,\l'-C'.<) 1111111111i c· ,1.t. ic> 11 11 E)t \V< > 1· ks. P 1•c)S(\11 t, l}• cl 11 E'\\,. kc~}· t c> J) i c· is C'.C) 111i11g t,o 
t.l1e f1·c>11t,: tl1E· J)c1·f't)1·111cl11c·E: ct11::1.ly·sis <)f' B1·<)acll_)(:t11cl I11t,<::g,1·,ltt1 cl S<:~1·vi<'.t'S Digi
t.ell N Elt.v,:01·ks ( B-IS D N ~ see ::1lso figl11·E~ 3). Sl1c·l1 11etv\~C)1·ks clllo\\' t.l1e si11111l tc1.-

11eo 11s t, 1· et 11s111 iss ic) 11 <J f' cliff'e1·c~11 t. t.1· c1ffi c· t.yl) <~s ( clct tct, v i cl (3(), "·c> i c•cl) . 1,1·c1.cl it, i <)llctl 
a1·1·i val l) 1·c) c·c•sses ,11·e i11c:1.c:le< 1 ll[l. t.<' f'c) 1· clE1sc·1·i l) i11g t, 11 c~ s<111·1 (' t. i111c:·s lJ 111·st5, 11c1 t, 111·e 

c1.11cl lcJ11g-1·ct11gi11g cl(•pE)11clE·11c~iE:s of t,l1c_)s<:~ t.r·c1ffic· st.1·c•;.-1111s; ct.g::t.i11 tl1is J)Oses 11e,v 

c·l1c1lle11ges t,o per·fo1·111c1.11c·e a11al5rst.s. 

Figure 3. The simultaneous transmission of data, video and voice through broadband 

networks presents new challenges to queueing theory. (Courtesy PTT Telecom.) 



0UEUEING THEORY 

4 .1. I·1it·1·od·ltc~tion 
\Vl1ile tl1e ctc·t.ivities i11 C\VI's 1·est~,:t1·cl1 gr·()lll) A11c1.lysis c1r1cl (;011trol of I11fc)I'-
111atio11 Flows i11 N et.,vor·ks are 11ot, 1·est.1·ic'.t.ecl t,c> c1t1e11ei11g t,l1eor·y ( tl1er·e is c:1.lso 
111t1c:l1 1~eset11·c'.h i11 1·,1.11do111 walks, l)ercolat.io11 t.l1eo1·)r ,111cl r·eli:::1.l)ilit,y tl1eor·y, 
a11d ir1 a 111ore clist,a11t. past, 111c1I1)r st,1·01·1g c·o11t.1·il)t1t.io11s l1c1.ve cllso r)t~e11 111ctde 
to 1\t1ar·kov decisio11 t,l1eo1·y), tl1e g1·011p ~s c·or·e cic·t.ivit1· i11 t.l1e last. fe,v :}'ears 
has l)ee11 c1l1euei11g t,l1eory ct11cl i t.s apJ)licat,io11 t.o C'.0111pt1te1·-c·o111111t111ic'.a.t.io11 
pe1·for111a11ce a1·1,1lysis. Of' tl1e five Pl1.D. tl1eses tl1at l1c:1.ve r)ee11 pr·oduc~ed i11 
tl1e gr·oup i11 t,he 11i11eties, two lrctve l)ee11 devot,ed to tl1e a11alysis a11cl opt,i-
111izatior1 of polli11g syste111s [1, 3). Therefor·e we 11o"v payr sr)ecial at.te11t,io11 
t,o tl1is class of qt1et1eing syster11s~ stc1rt,i11g wit,l1 ,l 111otivati11g exa111ple. 

Many c·o111rr11111icat,io11 syste111s provicle a l)1·0,1dc·,1st c:l1a1111el w l1ic:l1 is sl1a1·ed 
by all c:01111ec'.tecl statio11s. \Vl1er1 t:\\lO or 11101·e st.ftt,io11s wisl1 to trc:l11s111it si-
111ulta11eot1sly, cl, co1·1fli(~t clr~ises. Tl1e r11les f'or r·esol vri11g s11c'.l1 co11flicts are 
refe1·1·ed to as "111111 ti-a.cc'.ess prot,oc:ols'. Tl1e toke11 1·i11g p1·otc)c:ol is 011e st1cl1 
protocol, tl1at is bei11g t1secl i11 111,ir1y local a1·e<l 11etwo1·ks. 

Ir1 a toke11 1·i11g local arecl 11etwo1·k, sever·,11 statio11s ( te1·111i11als, file servers, 
hosts, gateways, etc~.) are c~o1111ectecl to a C'.0111111011 t,1·a11s1·11issio11 111eclil1rr1 i11 

a 1·i11g topology. A special bit seqt1e11ce c:alled tl1e tokeri is passed f1·0111 
011e station to tl1e 11ext.~ ,1, st.atio11 that. 'possesses tl1e t.oke11' is allowed to 
trans111it n1essages. After con11)let,io11 of l1is trc:111s111issior1 tl1e statior1 r·eleases 
tl1e toke11, givi11g tl1e 11ext statio11 in t.u1·11 a11 oppo1·tu11it)r t,o t1·,1r1s111it. Tl1is 
situatio11 ca11 be prese11t,ecl b:rr a so-called pollir1.g m,odel. 

tt)ke11 ring 

LAN 

i 

Figure 4. Multi-queueing problems with cyclic service are as common in computer 

networks as in road traffic situations. CWI has arrived at a conservation law giving 

insights into average waiting times for all sorts of customers in such systems. 



0 .J. Bc:::>Xtv\.A 

4. 2. 11/1,e JJoll·ir1,g ,,,i,ollel 
A l)C)lli11g 111oclel is et si11gl(-..-S<.'l"\r('1· 11111lt.i-c111(•11c' 111<)Cl<'l~ i11 \\'l1i<·l1 t.11(' s(:r·v<:::1· ctt,
tc:11cls to t11e c111el1es i11 c·yc:li<· ()1·clt•1·. Tl1<" iV c111c\11c:s CJ 1, ••• , CJ 1\' l1c1,:c~ i11fi11it,ely 
la1·gc~ Wc1it,i11g 1·00111s. ...\1·r·i\rc1l t.illl(\S ()f' c·11st,()lll('I'S cl..t, t.11(' Clll('ll('S ,tl'(: llSllcllly 
,1.ss11111ecl t.o oc·c~111· ctC'.C'.<)r·cli11g t.c~) cl Pc)issc>11 1)1·oc·c·ss. Sc'r·vic·c: 1·(:c111i1·c'111c:11t.s of' 
c·11sto111e1·s at. a c111e11e itr·c: i11clc~1)<J11clc~11t, icle11tic·c1lly clist.r·il)t1t,c:<l stc)c·l1c1st.ic~· 
var·ial)les; t.l1e Sc1111e l·1l)lcls fc)r· t.l1c:. s,vit.c·l1-c)vc:1· t,i111cs c_)f. t.l1c:\ se1·vc:1· l)<:::twec:11 
c111eues. A1·1·iv·al r·at.es, sc\r•vic•c'.) t.i111e c111cl s,vit.<'.l1-c>,,e1· t.i111e clist,1·il)11t io11s tll<l)' 

difl·t~r· t·1·0111 c1t1e11(; t,o c111(•11e. 
A pc)lli11g 111(>del desc·r·il)cs t.l1e l)el1c1vic)111· of cl. tc)ke11 1·i11g l<)('cll ctr·e2111et,vvo1·k 

i11 a 11c1t.1.11·c1l way~. Tl1e se1·ve1· 1·c1)1·ese11t,s t,11(1 t.oke11-J)ctssi11g 111e('.l1c111is111, a11cl 
tl1e c11stc)111e1·s 1·e1)1•<:.sc~11t. 111c·ssctg<"'S ge11c)1•at,<:~(1 clt, tl1c~ stc1.tic>11s. l\1lc111y ot.l1e1· sit
llcl t i()11s i 11 w l1i(:l1 sev<::-r·al 11sc:.1·s c·o111 J)f\t,(• f'or· clC'.C_~cJss t.o cl <'C) 111111 C>ll r·eso 111·c'.e c:a.11 
also l.)e (·lE'sc·1·i})ecl l)y t,l1is l)<)lli11g 111<)<iE:.l. Exct1111)lc~s c11·e cl. 1·e1)c1i1·111ctr1 })clt,1·olli11g 
cl. 1111111l)e1· c)f. 111ct<:l1i11cJs wl1i<·l1 Illct)r l)e s11l>j(~c:t, t,<> l)1•c'.)clk<lc)w11, ,1.sse111l)ly \vor·k 
C)ll a c·a1·c>11sf•l i11 ft 1>1·ocl11c·t,io11 syst.c~111, et c·c)1111)11t.c~1· wit.11 11111lti-cl1·c>1> t.er·111i-
11c1ls, ct11cl a sig11aliz()cl 1·c)clcl t, 1·c1.ffi <· i11 t e1·s(~c:t.i()11 ( sec figur·e 4). l)(~1:>e11d i11g 011 
t,11(~ ctl)l)lic'.clt,io11, vct1·ic)11s S(~r·vic·E~ clisc·ipli11es clt t.l1e c111(~t1es 111ay· l)e c·o11sicle1·ecl. 
Co111111011 clis(:i1)li11es c11·e (::r;/·1,c1·i1,.st,i1,e se·r··i,·ic~e ( t,l1e se1·ve1· cc)11t,i11t1es t.<J work cl.t. a 
c111e11c:~ 1111t.il it, l)ec:0111es e111 I)t,y), ,qated ser··z1·ice ( tl1e ser·ver· se1·ves exactly tl1ose 
c~11sto111ers w 110 we1·e prese11t. w l1e11 he a1·1·i,recl at, tl1e c1 t1e1.1e) c111d 1-lir,i·ited 
,ser·'lJic~e ( tl1e ser·ver serves j11st 011e c~usto111er·~----if' a11yo1·1e is p1·ese11t.---·-l)efore 
111ovir1g 011 t,o tl1e 11ext c1t1e11e). 

Exact results t·or waiti11g ti111e dist1·il·)utio11s a1·e k11ow11 whe11 the ser·vice 
discipli11e at eacl1 c1t1e11e is eitl1e1· exl1at1st.ive 01· gat.ecl. I11 a 1·ec~e11t CWI 
re1)01·t, J .A. C. Resi11g l1as sl1ow11 t.l1at, a cietailed exctc:t a11alysis ( usi11g tl1e 
tl1eo1·y of 111 l1lti t,ype b1·a11cl1i11g l)r·oc~esses) is l)Ossi l)le for· tl1e l)roacler· c:lass of 
pollir1g syster11s f'o1· w l1ic~l1 tl1e ser·vice disc'.ipli11e c1.t, eac~l1 c1ue11e l1c1s a so-called 
'l)1·a11cl1i11g pro1)ert.y'. Hardl)' a11y exact. results for· i11clividt1al qt1e11e ler1gt.l1s 
or· wait.i11g ti111es c11·e k1·1ow11 wl1en tl1is 1:)1·ope1~ty is violated at 011e 01· 1nore 

228 que11es. However·, eve11 i11 suc'.11 a C'.ase tl1ere exist.s a si111ple ex1Jressio11 for a 
ce1~tai11 ·we'igh,ted sum, of' all tl1e steady-st.ate 1near1 waiti11g t.i111es; L. Kleir1rock 
l1as sl1ow11 i11 1964 tl1ctt,, wl1e11 all switc~l1-o\re1· ti111es betwee11 q11eues a1·e zero: 

N 
I:~1 

•) 

AiESI 
PiEWi ( 4.1) 

p 2(1 
• 

p) 
·i=l 

Her·e EWi de11ot,es tl1e 111ear1 waiti11g t,i111e at Q.i, Ai tl1e ar·rival rate, Si 
t,l1e ge11e1·ic service t,i111e, a11d Pi :== AiESi tl1e offerecl t.r·affic load; p == EiP'i 
denotes tl1e total offe1·ed load. Tl1is is c:alled a con.ser·vation, la·w: if tl1.e 
ser·vice disci1)li11e at a que11e is cl1ar1ged, tl1e ,veigl1ted su111 of 111ear1 waiti11g 
ti111es ( tl1e left-l1and side of ( 4.1)) r·e111ai11s tl1e sa111e, c1ltl1ough tl1e i11dividual 
n1ear1 waiting tin1es rnay cl1ar1ge. Note that tl1is for111ula is a ge11eralizatio11 
of forrr111la (3.1) for tl1e 111ea11 waiti11g ti111e in a single :NI/G/1 queue. 



4. 3. iv() 1·/i; co 'fl,S e'f''lJa t·io'Tl a ·11 ci l1 1() r·A: ci (~('.0 f 11,J)(),', j t i () !), 
Tl1e c·o11se1·vc1t.io11 la,v is a ('C)11s<:c111<·11c·c· c)f. 1·.l1c, "1)1·i11<·i1)lc-- c)f. vvcJ1·k <'.011s<~r·v'«tt.ic)11,. 
Su l)fJOse t.l1ctt. t.l1e SC'.l1ecl lili11g I)C)lic·}r. i.e., t 11<· {)l'C)cecl 111·<" f"<)t' clc,c·ic·li11g c1t; clll)r 

t.ir11e wl1icl1 c:t1sto111e1·(s) sl1c)11lcl l)E' i11 se1·vic·c·~ 11,ts tl1c' {)I'<)1>cr·t.ic's t.l1<1t. it clc)es 
11ot clllo\v t.l1e se1·v(:1· t.o lJc: icll(: wl1c111 c1t. lc'clst. c)11c· c·11st.cJ111<)1• is l)l'E•S<•11t, ,1,11cl 
does 11c)t clffec'.t, t,l1e c111101111t. of· SE:·r·vic·e give11 tc) et c·11st,<·)111c·1· c>1· t.l1c\ c11·1·ivc1l t.i111c-' 
of a11y C'.11st.0111e1·. (;01111Ja1·i11g t.l1c· sc11111>l(• l)c1t,l1s c>f' t.11<: ~,v<>1·klc)c1cl 1)1·c>c·ess~ f'o1· 
sucl1 a systc~111 1111der· diffe1·e11t, sc·l1(~c:l11li11g (lisc·i1)li11es lt"c1cls t.c) tl1<-:. <)l>ser·vc:1t,i,)11 
tl1at the 11,10,r·kloaci p·1·oc~es.s 'l,'3 i·r1.<it'.J)f~'11.de·11.t of' t/1.e .sc;/1,ed·ltli'r2.g di,c;(:iJJli·r,.e. 

The p1·i11ciple of "'ror·l{ co11se1·vc1t.ic>11 l1as i11 t.l1e l)c1st, 1)1·ove11 t,c> l)c vrery 
useful. It, e11ables 011e t.o ar1alyze tl1e wo1·kload 1)1·oc·ess of c1ue11eir1g syst.er11s 
with a l1igl1ly c·o111plicatecl scl1ed11lir1g clisc·i1)li11e as if t,l1e scl1ecl11li11g ,ve1·e a 
relatively si111ple 011e, s11cl·1 as tl1e First. Co111e Fi1·st Ser·vecl c·Iisc:i1)li11e. 

For tl1e t.oke11 1·i11g local a1·ea 11etwo1·k r11e11tio11c~cl al)ove, t11e t.i111e fo1· t,l1e 
t.oke11 to be 1:)assed f'1·0111 st.at.ior1 t.o st.at,io11 is i11 ger1e1·ctl 11ot. 11egligible. Cor
res1)011di11gly, i11 t,l1e 1Jolli11g 111oclel tl1e ti111e t.l1e se1·ve1· 11(:~ecls for· swit.c'.l1i11g 
f1·0111 st,c1t,io11 t,o st,c1tio11 l1as t,c) l)e tclke11 i11tc> cl.C'C'.01111t. Tl1is f'a.c:t c.~011sid
e1·ably C'.01111Jlic:at,es tlre a11al)'Sis: tl·1e p1·i11c:i1.)le of wor·k co11ser·vc1t,io11 is 110 
lo11ger valid, sir1c·e 11ov\r tlre se1·ve1· 111ay l)e iclle ( switcl1i11g), altl1ougl1 t.l1e1·e 
is at, lec1st, 011e C'.t1stor11er· i11 t.l1e syste111. Hovvever·, t111de1· cer·tai11 c:c>11dit,io11s 
t.her·e exist,s a r1ctt111·c1l 111oclificc1t,io11 of' tl1e p1·i11c~i1)le of vvor'k c~o11se1·vatio11 f'o1· 
pollir1g syste111s wit,11 switc.:11-over· ti111es, basecl 011 cl decorripos'l:tio·ri of' tl1e 
arr1ou11t of wor·k i11 tl1e syst,e11·1 [2, 3]. Tl1is 1·est1lt stc1t.es t,l1c1t-----.. under ct~r·tc1i11 
co11clitio11s ----tl1e a1r1ou11t of work i11 tlre polli11g syst.e111, V tt•it!,., is i11 clistr·il.)t1-
tio11 ec1l1c1.l to tl1e st1111 of t.l1e ct111ol111t, of wor·k ir1 tl1e si1111)le1· "co1·1·espo11cli11g' 
systerr1 'Witlio"lLt switcl1-over ti111es, Viiiitlz.<J·t,t, pll1s t.l1e a111ot1r1t of ,vor·k, Y, at, 
an c:1rbi trar·y 1110111e11t. cl l.1r·i11g a periocl ir1 w l1ic'.l1 t.l1e ser·ver is swit.cl1i11g f'1·0111 
or1e c1ueue to a11otl1e1·: 

(4.2) 

==(,t) de11oti11g ec1ualit,y i11 clist1·il)l.1tio11. 
Tl1e work dec:orr1posit,io11 gives rise t,o si111ilar expr·essio11s for· a weigl1ted 

su111 of' t.he 1·11ec:111 wait,i11g ti111es as Fc)1·111l1la ( 4 .1). \\Te C'.c:1.11 ,vrite 

,'V 1V 
ESy 

1'V 
1 

N 

ES; EX-i, 11 ,1 PiEWi 2 
EV.t.,,itl1. + + .,\iESi. Pi 2ESi 

-
2 

'i= l i=l i=l i=l 

Tl1e fi1·st, relat,ior1 s1)lits the 111ea11 wo1·kloacl ir1to tl1e 11·1ear1 wor·l{loacl of t.l1e 
X.i,,11 , vvc1iti11g c:l1stor1·1ers ancl the 111ec111 1·esiclllctl wor·kloc1cl of tl1e c:ust,0111e1· ir1 
ser·vic:e ( if c1 c:ust,0111er of type i is i11 servic:e, l·1is 111ea11 resicl l1al ser·vice ti1r1e 
eq11c:ils ES7 /2ES; ~ c:t·. tl1e clisc:t1ssio11 of tl1e waiti11g ti111e IJar·aclc)x i11 tl1e 
begi1111i11g of tl1is essc:1y); tl1e sec:011cl eql1c1lit,y follows f'r·orn Little 's t·o1·111l1la 
EX-i,·tL' == J\,i:EWi. Taki11g 111eans ir1 ( 4.2) 110w leacls to: 
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p;EW1 (4.3) 
i=l 

Der1ote tl1e 111ea11 total S\vrit,(·l1-ov'e1· t.i111t· i11 011e C'.yc~lt· of' t.lre servE~r· l)y .s, ar1(l 
t.l1e sec:011d 1110111e11t, by s(2). Evaluat,i11g EY ( c·f·. [2)) yields: 

.,\1 ESf s( 2 ) 
__ .:;c_ ___ + f.)--+ 

-p) 2s 
i=l 

1V ,v 
s 

[ 2 
•) 

(4.4) PT] + EMi, 2(1 p) p 
·i=l i=l 

wl1er·e EM,, de11ot,es t,l1e 111ea11 a111ou11t. of ,vork i11 Q,; left by tl1e se1·ve1· 11por1 
it,s de1)ar·t111·e f1·0111 tl1at, queue (wl1e11 s , 0, t.l1e t·1·actio11 of visit.s t.o Q.; i11 
wl1icl1 t.l1e server· fi11ds Q; e1111)ty t.e11ds t.o 011e, a11d tl·1e 1~igl1t-l1a11cl side of ( 4.4) 
redl1ces to tl1e 1~igl1t,-ha11d sicle of (4.1)). For·111t1la (4.4) l1as l)ee11 coi11ed <:1. 

pseudo-cori.se'T''lJat·ior1, llz·u,. Tl1e 111c1.i11 differe11ce witl1 Klei11r·c)cl< 's c:c)11servat,ior1 
law is tl1at 110w t.l1e weigl1ted sur11 of· 111ea11 wait.i11g ti111es doe,s deper1d 011 
tl1e servic:e discipli11e at eacl1 que11e, tl1rol1gl1 LEM,;. F()I' 111a11y se1·vice 
disc:ipli11es, a111011gst. wl1icl1 a1·e exl1al1stive, gat,ed a11d l-li111ited ser·vic'.e, we 
are able to det,er·111i11e t,l1e 1·igl1t-l1a11d sicle of· ( 4.4) explicitly. 

It is also possible to exte11d t.l1e \vo1·k deco111positio11 IJr·oper·ty c111d pse11do
co11ser·vat,io11 law to 111ucl1 r11or·e ger1er·al sir1gle-se1·ve1· S)rste111s wit.11 111l1lti1)le 
ct1sto111er classes [2]. Sucl1 IJSeudo-c:0118e1·vation laws of'te11 pr·ovide t.l1e 011ly 
ir1fo1·r11atio11 availalJle i11 polling a11d 111l1ltic'.lass syste111s wit.11 11011ze1·0 switcl1-
ove1· ti111es. Tl1ey ar·e tl1erefor·e of c:011side1·al.)le p1·ac~tical i111porta11ce. 011e 
of tl1e 111ai11 features of t.l1e psel1clo-co11se1·vat.io11 laws is tl1at, tl1ey ar·e ver·y 
11seft1l for· test.ing arid developi11g appr·oxi1natio11s for· tl1e i11divid11al r11ean 
wait.i11g ti111es [3]. Sucl1 ap1)1·oxi111at,io11s l1ave i11 tu1·11 su1Jplied a11 app1~oacl1 
for solvi11g variollS opti111izatio11 JJ1·ol)le111s, like (i) deter·111ir1e tl1e optirnal 
visit ti1nes i11 a cyc:lic~ pollir1g r11odel [1] ( this p1·oble111 l1as rJee11 studiecl in a 
co11sul t.anc'.y for· PTT Teleco111) a11d (ii) clet,er·111i11e tl1e 01)t,i111al visit 01·der of 
tl1e st.atio11s wl1e11 11011-cyclic IJolli11g is allowed. 

Tl1e wo1·k dec~o1r11)osit.ior1 pro1.)erty ( 4.2) relat.es t.l1e workload in polli11g 
111odels witl1 a11d witl1out swit,ch-ov"e1· ti111es. Sucl1 a si1r11)le 1·elat,io11sl1ip does 
not i11 ge11e1·al exist lJet,weer1 tl1e j oi11t c1uel1e le1·1gtl1 pr·oc:esses i11 l)ot,h 111odels. 
However·, w l1er1 all ser·vic:e disc:ipli11es l1ave the al)()Ve-111ent,io11ecl "lJ1·a11cl1i11g 
propert.y', tl1er1 011e ca11 also fi.11d [1] a su1·1)risi11gly si1111Jle 11 elatio11 t)etvvee11 
tl1e joint q11eue le11gt.l1 processes i11 botl1 111odels, at l)ar·tic:ular· in1bedded 
poir1ts i11 ti111e (cf. our ea1~lier 1·ef·erenc:e to [4]!). 

Ot.l1er· ver·y recer1t polli11g researcl1 at, CWI l1c1s lecl t,o t.l1e fir·st, exac-.t r·e
sul ts fo1· polli11g syst,e111s witl1 rriultiple se'r't1er,9 [l], c111cl to good r·ules for tl1e 
NP-co111plete pr·oble111 of t.he opti111al ( witl1 1·es1)ec·t to a WE~igl1ted su111 of 
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111ea.11 \\1ait.i11g ti111es) 1)1·ol)a.l)ilist.ic· ctlloc·c1.t.it)11 of· s{·vc~1·a.l ('t1st.<.)111e1· t.ypE\s t.o a 

c~~ollec·t.io11 of J.)a1·allel se1·\'e1·s. 

4. 4. Ep·ilcJ_gU(! 
111 Sec·tic)r1 4 sc)111e e1111Jl1asis l1c1s l)eE\11 1)11t, 011 Pl1.f). 1·t~S('c11·c·l1. I11 1·c~c-·E:-r1t, )'e,1..1·s 
tl1e e111 l)l1c1sis i11 t.l1e gr·otl IJ l1c1s 1)ee11 sl1if't.i11g SC)lll(l\V l1c1t t.owc11·cis J)(1st.cloc-·tc)1·c1l 
1·esea1·c·l1: seve1·al J)C)St,clc)C'.S l1ctV(_: ,vo1·kecl i11 tl1e g1·c)11p, s11J)por·t,c:cl 1·))'" g1·c1.11t.s 

f'ro111 Sl1ell, PTT R,esea1·cl1, Es1)1·i t. c111cl ER.(;llvl. 
Fi11ally it deserves t.o l)e 111e11t.io11ecl thctt,, si11c~c~ t lie (:cl.1·ly eigl1t.ies, t.l1c g1·0111) 

l1as st1·011gly l:)er1efi tt.ed f1·0111 t.l1e c:lcl viso1·sl1i p of' J. vV. Col1e11. Tl11·c)t1gl1 l1is 
r·esear·c'.ll lie l1as c:011t1~ib11t1ed, 11101·e tl1c111 clll)'011e (~lse, t.ow'-tr·ds E)stal)lisl1ir1g 
q11euei11g t.l1eo1~y c:lS a 111ctt.t1re 111c1tl1er11at,ical disc'.i{_)li11e witl1i11 ApJ)lied Prob
abilit,y. Al111ost t.er1 yrear·s af·t,e1· l1is 1·etire111t""11t., l1is 1111flaggi11g e11E?r·gy" a11d 
love f'or t,l1e 111at.l1e111at.ic:c1.l 1r1ocielli11g a11ci a11c1,lysis of (~011gt~stio11 1)l1e110111e11a 
co11t,i1111e t,o st,i111t1lat,e l1is e11vi1·011111e11t,. 
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