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1. lNTRODlTC;rflON 

Historic:ally, tl1ere is a st1·011g i11t.e1·actio11 betweer1 c:0111l)i11at,or·ial OI)tir·11iza
tior1 a11d polyl1edral r11etl1c)ds. Tl1e develop111e11t. of tl1e basic polyl1ed1·al tool 
lin,ear· programming i11 f'ac·t was 1r1otivated to a la1·ge exte11t, by apJ)lic:atio11 
to t1·a11s1)01·t.atior1 pro l)lerr1s. 

Li11ear· p1·ograr11111ir1g studies 111i1·1i111izi11g ( or· r11axi111izir1g) a linear· functior1 
cT 1; over a given polyl1ed1·011 P. A polyh,edron is tl1e solutior1 set of a syster11 
Ax < b of· li11ea1· inequalities. Ger1erally, an opt,i111un1 sol11tio11 is attai11ed at 
a vertex of P. 

The basic 111etl1od, tl1e sirnplex method, was al1·eady descr·ibed by Fou1·ie1·: 209 
n1ake a trip alor1g tl1e v"er·tices a11c.l edges of tl1e polyhed1·011, tl11·ot1gl1out de-
c1·easi11g cT x, t1ntil an opti11111n1 vert.ex is r·eacl1ed. \Vl1at n1akes t,l1e sir11plex 
111ethod i11teresting is t,l1at it applies if tl1e l)olyhedron is giver1 by a set of 
defining i11eqt1alities. List,i11g all vertices is 11ot 11ec:essa1~y; it, ,vould also be 
in1practicable for· 1r1ost probler11s lJeca11se of tl1e l1uge 1111111ber of vertices 
( while tl1er·e is a relatively s111all r1u111ber of defi11ir1g inec1uc1lities). 

The i11ter·ac:tio11 witl1 c:or11lJi11ato1·ial aJ)plicat,ior-1s origi11ates t·1·0111 tl1e fou11d
i11g fatl1ers of li11ea1· 1)rograrn111i11g, L.V. I(ar1torovic:l1, F.L. Hitcl1c'.ock, Tj.C. 
Koop1na11s, a11d G.B. Dar1tzig, wl10 i11de11e11de11tly desig11ed polyhedral tools 
du1·ir1g t,he years 1939-1949. (Dc111tzig i11tr·od11ced tl1e t.er111s li11ea1· progra111-
111i11g a11d si111plex 111etl1od.) 
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2. 0 RI c; INS Of, 'f R.,\ N SI)O [{,-1"'1\'l-,l () N ,I\ N 1) LIN l<:f\ ll I> I{Q(; 1{1\ I\11 l\I IN c; IJ f{ 0 lll., f~T\1 s 
111 1939, l\'.:ct11 t ()fO\'ic·l1 ir1 t, 1·c>cl 11c•E_\cl t, l1e iclc1<l. c)f l i 11ec11· l)l'C)gt·c1111111 i11g. H(:" g,t.V(3 

c:l \Vec:11 t 11 o t· fJ 1·,tc·t.ic'.,l.l cl l)l)lic· c1.t·.ic)11s ~ \\r l1ic· l1 lit" 111ot:. i \Tel t.(~c:l l>y t. ltt' So\'i (•t l) lc:tll 
C('()llC)lll V. ,. 

011(~ (1f· t.l1c·~ cll)J)lic:c1tio11s 111c_)11t.ic>11c,cl l)y' l1i111 is et l)l'C)l)lt·111 11c>vv k11ovv·11 clS t.l1t· 

rri.:t1.l til~c> r11111.(Jcl it;y ft o·t1J JJ•r'(J l) l r:·r 1i: 

L<::ti t.l1er·e l)e sever·c:11 1.>c>i11t.s A, B, Cy, D, E, wl1ic·l1 <11·t~ c·o111·1E·c·t.ecl t.o 011e 
c11·1c)t.l1e1· l)y et 1·ailro,1cl 11t"t.\\'c)r·k (seE~ figl.11•c:1 1). It. is 1>ossil>lc'l t.o 111c:1ke t.l1e 
sl1i1)111(\11t.s f'1·0111 B t,o D l·)y t.l1e sl101·t,est. 1·011t,E· BED, l)11t it is cllso J)Ossil.)le 
t,o 11se ot.l1e1· routes as vvell: 11,1111ely BC' D, BAD. Let. t.l1er·E' also be give11 
cl sc:l1ecl11le of· f1·eigl1t sl1i1)111(,:,11t,s; tl1c:1.t, is, it, is 11ec·(~ssc1r·y t.o sl1ip f1·0111 A to 
B a c·e1·tai11 11u111l1e1· of' c:<11· loc1.cls, t·1·0111 D t.t) C a c~<:::11·tai11 11t1111ber·, a11d sc) 011. 
Tl1e 1>1·ol)le111 co11sists of· t.11(: fc)llowi11g. rfl1e1·t" is give11 cl 111ctxi11111111 c:,lJ)acity 
t·or· eac'.ll r·o11t(? 1111(le1· t,llE_) give11 c:c)11clitio11s (it, c··a.11 of c·ot11·sEl c·l1c111ge 1111de1· 

11ew 1r1etil1ods of oper·ctt,ic)Il i11 t.1·c111s1)c)1·tc1t.ic)11). It. is 11E~C'.essc11·y t;c) clistril)t1te 
tl1e f1·eigl1t, flows ,1111011g t,l1e clifl't~1·e11t. 1·ot1t1<:~s i11 st1c·l1 c\, \Vcly as t,o C'.()111plet,e 

t.l1e 11ec:essa1·y sl·1i1)111er1t,s vvit,}1 cl 111i11i111t1111 E~x1)e11clit.111·e ot· f't.ll"l, u11cler t,l1e 

c:011di t,io11 of 111i11i111izi11g t,l1e e1111.)t,)r 1·1.111s of' fr·eigl1t, c·c1,r·s a11(l t.aki11g a(~C'.C)Ullt 

of tl1e 1r1,1xi11111111 c~c11.)a.c:it.ies of' t,l1e 1·ot1tes. 

B 

A C 

D 

Figure 1. 

I11depende11tly, at, abol1t, tl1e sa1·11e ti111e, Hit.c'.l1c~oc·k at. t,l1e J\llt1ssacl1ussetts 
I11stit11te of Tecl111ology ir1t1·ocl11cecl c111cl st,11cliecl t,l1e t1·ari.spo·r·ta,tion, p·roblem: 
giver1 a, 1101111egat,ive 112 x 1rz. 1·1·1c1t.1·ix C = ( c·i,j) c=111(l vec:tor·s s E IR'+ a11d 

d E ~-+ , fir1d a 1101111egative ·1,1 x ·12 111at,r·ix X == ( X'. i ,J) satisfyi11g 

,, /, 

"---
_j=l 

J l I 

~ 

X'. i , _j == S i f O 1· ·i == 1, . . . , ·,,·1, , (2.1) 

~1.~-i,.i == clj for· j == l, ... , 11, 



Tl1e i11t.(?1·p1·c1 tc1t,io11 is t.l1at, t1ll(~l'(\ c:ll'(> lJJ, f',t('t,()l'it'S <lll(l ll ('llst;o111(~1·s. 1~"",1.(·t.()l'yr 

i c·a111.)1·ocll1c:e tl c111c111t.it.y of· Si ()f. <l c·tJ1·t,c1i11 1>1·c>(lt1c·t., ,vl1il(1 c·t1st·.c)111(•1· .i 11<:"<~cls 
ci {lll<tlltityr of d,j of tl1is })l'()Cill('t,. 'I"'l1(', ('()St, ()f' t1·ctllSl)()I·t,i11g ()11(' llllit, ()f. tl1e 
Pl'()CillC'.t, f'1·0111 fact,()l'Y i to c·11st,()llle1· .i is e<111,1l t,() ('i .. i · rI1 l1<~11 .l'i .. J gi\!(\S t,ll(! 

c1111ot111t, tr·a11s1)c)rt,ecl t·1·0111 t·,lc·t.()r·y i tc) c·11st,<>111e1· j, rtt. 111i11i11111111 tc>t,cil c·c)st .. 
Tl1l1s t.l1e t,1·a.11spo1·t.t1t.io11 1.)1·c>l)le111 is cl 1>1·t)l>le111 of 111i11i111izi11g et li11E.,c11· 

f'1111c:t,io11 over t,l1e 1)olyl1edr·c)11 clet.(1 r111i11E~cl lJy (2.1) ( ct11cl l))r t.l1e 1101111egcit.ivit,y 
const1·cti11ts )- · t.l1e t·rci·r1.sJJCJ'1··tcitior1. pcJlyliecl•1'"o'rL. It is cl l)Oly l1ecl1·c)11 i11 ,,, 1r1.-Sl)ftce, 

a11cl tl1e opti111l1111 111at,1·ix X C'.ct11 l)e fo1111d l)y 111al(i11g cl triJ) c1.lo11g tl1e ve1·tic:es 
of· t1his polyl1ed1·011. Hitcl1c:c)c·k sl1owed cl, si111ple p1·oc'.ecl111·e for doi11g t.l1is. 

Ir1depe11de11t.ly of Ka11to1·o"ric:l1 a11d Hitc:l1coc~k, also I(oop111a11s stt1clied 
t1·c1.11s1)01·tat,io11 JJ1·oble111s. Dt11·i11g tl1e Sec:011d \i\Tor·ld Wt1.1·, l{oop111ti11s was 
as cl stat,ist,ic~iclil 011 t,l1e staff' of' t,l1e Cor11l)i11ed Sl1ip1)i11g Aclj11st111e11t Boc1,1·d, 
a B1·it,isl1-A111e1·ic:ar1 c1ge11c:y cleali11g with 111er·cl1,1,11t sl1i1)pi11g p1·oble111s d111·
i11g t,l1e Sec'.011d \\ror lcl War·. I11fl l1e11ced l)y l1is tecicl1e1· J. Ti11ber·ge11, lie 
Wets i11te1·estecl i11 sl1ip f1·eigl1ts a11cl C'.clpc1c:it,ies. At tl1e Boc1rd lie st.11dit~cl tl1e 
assigr1111er1t. of sr1ips t,o c·or1vc)ys so as t.o c1.c·c·o1111)lisl1 pr·esc~r·ibed deliver·ies, 
111i11i111izi11g e111pty voyages. l(oop111a1·1s t·o1111d l1is 1·esl1lt,s i11 1943, l)l.1t dl1e to 
wa1·ti111e restric·t,io11s lie JJl1blisl-1ed tl1e111 011l)r af'te1· tl1e war·. ( See fig111·e 2.) 

111 t.l1e sec:011d l1c1.lf' of· the 1940's, tl1e wo1·k of Da11tzig gave tl·1e l_)reak
tl1rot1gl1 of li11ea1· p1·ogra111111ir1g, especicilly d tie to l1is desc1·iptio11 of' tl1e si111-
plex 111etl1od i11 a c:on1pact tableau-for·111 wit,11 c1.11 ec:1,sy '1)ivoting' 1·11le. Da11t,zig 
also obser·ved tl1at if t.l1e 111et,}1od is applied t,o t,he Hit,c:l1coc:k-Koo1)111a11s 
t,r·a11spo1·t,atio11 p1·ol:)ler11 a11d if t.l1e Sllpplies c1.11d de111ar1cls c11·e i11t.ege1·-val11ed, 
t,l1en t,l1e1·e exists a11 opt,i111u111 solt1t.io11 X tl1,1t, is i11t,ege1·-vc1,ll1ed. 

This 111akes it possible to a1)ply li11ea1· J)1·og1·a111111i11g 111E~t,l1o(ls to sev'er·al 
otl1er· co111bir1at1orial opt,i111iza tior1 pro 1)ler11s, i11 pc11·t,ic:l1la1· t,o 1)1~0 l)le111s w l1ere 
c1rt,ic:les ar·e indivisible, like tl1e optirn'lLrr1, a,c;si_q1i'1ner,,t pr·obler11,·-·t,I1e proble111 
of· assig11ir1g r11e11 ( 01· r11c1,cl1i11es) to jobs so as to 111i11i111ize cost,s: give11 a11 
,,2 x 11 111at,r·ix C == ( c~i.j), fi11d a J)err11u t,c:1.tion rr of { 1, ... , ·1·1,} 111i11i1r1izi11g 
I:::~ 1 c,i, 7r( i). 111 a differ·e11t, te1·111i11c)logy, it, asks for a 111i11ir11u111-weigl1t. pe1·fect 211 

111<1tcl1i11g ir·1 a bipa1~tite gr·a1)l1. 
The assig11me11t, pr·oble111 is a special c:ase of tl1e tr·a11s1)01·t,atio11 proble111, 

as it is equivale11t, to 111i11i111izir1g "',. . C'..; 1· ~1:i , 1· over t1.ll 11on11egative 111at,1·ices L-1. ,.1 '· . 

X == (x:i,J) s::-1tisfyi11g 

~r:,i~.i = 1 for all ·i, a11cl ~r:i,J = 
;..._ ..._,,, 1 f'or· all j. (2.2) 

.i=l i=l 

Nor1negat,ive 111c1trices satisfyir1g (2.2) ar·e called do,ubly stocliast·ic, a11cl t,l1e 
tl1eorer11 bel1i11d is tl1e Birk:hojj'-1.,o·n, Ne,un1.ann tlieoreni: eacl1 clc)ubly stocl1as
t,ic~ 111at.rix is cl. c:011vex co111bi11atio11 of' J)er11111t,atio11 111c1.t1·ices. Tl1at. is, eacl1 
vertex of the polyl1ed1·on dete1·111ir1ed by (2.2) l1as i11t;ege1· coo1·dir1ates 011ly. 
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Figure 2. A map, presented in the 1947 paper by Tj.C. Koopmans, one of the earliest 

studies on optimization in transportation. 

So li11ear progran1111ing c1.uto1·r1at,ically gives a11 i11tege1· OJ)ti111t1111 solt1t.io11 X, 
a11d sucl1 ar1 i11teger 111at1·ix is a pe1·111l1tatio11 111at,1·ix. 

212 3. THE TRAVELING SALESMAN PROBLEIVI 

Havi11g sucl1 efficie11t 111et.l1ods for tl1e assig11111e11t l)r·o l)le1·11s, 011e is te111pted 
to try si111ilar 111etl1ods to sir11ila1· J)rol)le111s, a11d 011e of the 111ost c11allengi11g 
tu1·11ed Ollt to be tl1e traveling sale,srr1.a11, JJroblerr1,: give11 ar1 ,,i x n 111atrix 
C, fi11d a cyclic pe1·11111tcltio11 1T of {1, ... , n,} 111i11i111izi11g I::1= 1 ci,1r(i)· (A 
per1·11utatio11 is cyclic if it l1as exac~tly or1e 01·bit.) 

Solvi11g tl1e travelir1g salesr11ar1 prol)le111 is 11ot only 111c1tl1e111atically in
triguing, bt1t also of l1igl1 prac:t,ical irr11)01·t,a11ce due to its 11t1111erous occu1·
re11ces i11 practice, i11 sever·al £01·111s (lil<:e i11 vel1icle r·outi11g a11d prodl1ction 
pla1111i11g). M.M. Floocl was 01·1e of t,l1e fir·st st.udyi11g tl1e t1~avelir1g sales-
1nan proble111 fc)r pract,ic:al pu1·1)oses. He co11side1~ed tl1e prol)le111 in 1937 
i11 1·elatio11 to tl1e 1·outi11g of scl1ool b11ses. Accordi11g t,o Flood, tl1e idea 
of t1sing polyl1ed1·al n1etl1ocis to solve tl1e tr·aveling sales1na11 probler11 was 



l)1·ol1gl1t, t.o l1is atte11t.ic)1·1 1.)y I{t1C)J)1·11<111s i1t 1948. Fl()()cl 11c\xt. l)C)l)11lc1.1·izc~ci t.l1is 
c:ll)J)I'C)c:lC'.11 at, tl1e RAND C~c)1·1)<)l'cl t.ic) 11 ~ t l1E'\ i11t.c\ I l t'C'.t 11;:1 l <·c·11t. r·(~ <)f OJ)E~r·ct t. io11s 
resec1r·c'.l1~ \Vl1e1·e sever·c1l pio11ec·1·s <)f. li11<·•c11· J)t·c·>gr·c1111111i11g ct11<l t.1·a11s1)c>1·t,<itic>r1 
wer·e e1111)loyecl, ct11c·l \Vl1er·e l)<)l)rl1eclr·ctl t.ools \Vt"l'(• Sl1c·c•c}ssf'11lly 11t.ilizE2'cl, l)y 
Da.11tzig, L.R. F<·)1·c:l Jr~., c111cl D.R. F1.1lk<~1·so11, tc) sc)lve flc),v 1)1·c)l)lE\111s c:c)111i11g 
f'r·o111 r·o11ti11g t.r·ai11s. 

If WE~ vvisl1 t.o solve t.l1e t,rctV(:li11g sc1les111c111 1)1·0 t)le111 \\ri t,11 l)<)ly l1ecl1·r1l 111et 11-
ods, tl1e c1t1estio11 ar·ises \Vl1cit. c11·c~ tl1e i11ee_111c1.litic~s desc·1·il)i11g t.l1t: t·r·a·t,el·i11,g 
salesmc1:n. pol:lJtope, t,l1c1t is, t,l1e c-.c)tlvyex 111111 ()f t,l1e c-.yc~lic· pe1·11111tc1.tic)11 111c1t,r·i
C'.es. 

vVe c:an t.ake t.l1e ec111c1lities (2.2) as a l)clsis, l)11t, t.l1ey ct1·e ol)vic)11sly 11c)t, 

e11011gl1' as ectcl1 IlOll(".yclic: l)er11111t.atio11 lllclt.r·ix sat, isfies ( 2. 2). rr l1e ll()l1C~yc:lic: 
pe1·1111.1t,at.io11 111at1·ic'.es c·c111 l)e exc'.l11decl l)y c1clcli11g t,l1e f(:>llc)wi11g /:i•l1,bto·u.r elirri,
ination con.st·r·a:ir1,t.r,: 

(3.1) 
iE l ,.i fl l 

(/J =I= I =I= {l, ... , rl.}. 

It wot1ld be very 11ic:e if adclir1g tl1ese c:011str2lir1ts gives c:1. C'.Or11pletJe descript,ior1 
of tl1e t1·aveli11g sa,les1nc111 polytope; t,lltlt is, if tl1e polyl1ed1·011 clet.err11ined 
by (2.2) and (3.1) has i11teger vert,ices 011ly. It, wo1.1ld e11c1ble 11s to use 
the si111plex 111ethod to solve tl1e tr·aveling sc1les111a11 p1·ol)le1r1; 111oreovE-~1·, it 
would irnply ( as we shall see below) thc1,t tl1e t.raveling sc1lesrr1c1n 1)r·oble111 is 
solvable i11 J)oly110111ial ti111e. Tl1is is possible becat1se, cllthougl1 t,l1e 1111111ber 
of co11st,rai11ts ir1 ( 3.1) gr·ows expo11e11tially v\,ritl1 ·n,, tl1ese yet, C'.2111 be C'.heckecl 
in poly110111ial ti111e: give11 a clot1bly'" st.OC'.hc1stic: 111at1·ix X, we ca11 test in 
polyr10111ial t.i111e if it, sat.isfies (3.1) (by a 1·edl1c:tio11 t.o r11i11i11111111-capac:ity 
c:ut con1put.ations). 

However, while tl1e i11ec.1t1alities ( 3.1) are e11ougl1 t,o c:t1t, off tl1e r1011cyclic 
permutatio11 rnatrices f'ror11 tl1e polyto1)e of (lo11rJly stoc:hastic: 111at.r·ices, they 213 

yet do 11ot yield all facets of tl1e tr·aveli11g sales111a11 polytoJ)e (if ·n, > 5). 
The1·e exist doubly stochastic: 111at.rices, of a11y order 11, > 5, that, satisfy 
(3.1) but are 11ot a co11vex co111bir1ation of cyc"'.lic l)e1·111t1tc1t.io11 111atrices. 

Tl1is disappointi11g fac~t l1clS sti111ulated a st.rea111 of r·esearc:11. 111 a se111-
inal paper of Da11tzig, Fulke1·s011, a11cl S.l\11. Joh11s011 (1954) (ac~cordi11g to 
A.J. Hoffn1a11 and Pl1. Wolfe 'one of t.he J)ri11cipal eve11t,s ir1 tl1e l1istory of 
cor11bir1atorial opti111izatio11'), several nev\,T 111et.l1ods f'or· solvi11g tl1e tr·aveli11g 
sales1r1an proble111 were int1·odt1cecl that ar·e l)asic'. i11 co111l)i11c1t.01·ial opti1·r1iza
tior1 up to todc1y. 

One of their basic observatior1s is tl1at, alt.l1ot1gl1 vve cl<) 11ot kr1ow c1 ft1ll 
desc:riptio11 of the tr·aveling sales111a11 J)olytope, we obtai11 et lc)wer· bot111d f'o1· 

the n1inin1u1n tour le11gth if we optimize over tl1e c~o11strai11ts (2.2) ar1cl (3.1). 
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Figure 3. Optimal world-tour (666 cities). 
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Tl1is lower bot111d C'.c:111 be c:t1lc:t1lated witl1 tl1e si111plex 111et,l1ocl, taki11g tl1e 
214 ( expo11er1tially 111ar1y) c~o11st.1·ai11ts ( 3 .1) as c1ittin.q JJlaries tl1at car1 t>e added 

dt1r·i11g tl1e J)r·oc:ess wl1er1 11ec~essa1·y. I1·1 t.l1is way, Dc111t1zig, Ft1lker·s011, a11d 
Jol111s011 were al)le t,o fi11d tl1e sl1or·t,est tour· alo11g c:ities ir1 tl1e 48 U.S. states 
c:111d Wc1.sl1i11gto11, D.C. (See figl1re 3.) 

Tl1is ge11E~1·al apJ)roacl1 l1as tt11·11ecl out t.o be ext1,e111ely f'1·11it,ful also i11 at
tc1cki11g ot,l1e1· c:0111bi11atorial optin1izatio11 1)rol)le111s. 111 par·tic:1.1lar, arou11d 
1965, J. Edr11011ds at. t,l1e N c1-tior1al B111·ec:1t1 of' Star1darcls sl1c)wec.l t,l1e appli
C'.al)ility of· t.l1e 111etl1od, clS a11 exact 111E~tl1ocl, to r11cir1y i1111)or·ta11t, classes of 
J)1·ol)le111s, 111ost 1)r·o111i11e11t.ly 111atc~l1ir1g J)roble111s. 

4. CoM1~r_,r~XI'rY 

Ecl111011c,ls also adver·t,ized po[y,1icJrri'ial-ti,,1·ie ,'30l'lJabil,ity a,s cl t,ot1cl1st.or1e of t,l1e 
cor11plexit.y of a p1·obler11. Ar1 c1lgc)r·itl1111 is c:c1lled poly1io·m·ia.l-t1i'rn,e if t.l1e 11u111-



l)t•1· of st,eJ)S is l)Ollllcled l.)}' ,l 1.>C)ly11()lllic1,l i11 t 11<1 siZ(1 <>f' tl1() i111>t1t .. c;(1 ll()1•c1lly, 
st1c'.l1 klll algc)1·itl1111 is f'k1st, i11 1)1·c1c·t ic·c·•. 

Pol;yr110111ic1.l-ti111e c1lgo1·it,l1111s 1·<)1· tl1c• i:tssig11111(1 llt <t11cl t.1·,111SJ)<)1·t,c1t,i<Jll 1>1·cJl)
le111s ( t.l1t' "H 1111gci1·ia.1t 111et. l1<)cl' c111cl <:1 xt.c'11sic)11s) \V<.·1·<' <l<,siµ;11c·c·l i11 t lie· 1. ~)5()' s 
c111cl 1960's, l)llt 11c) Sl1c·l1 ,·tlgc>1·it.l1111 \Vc-1S f'c)1111cl f'<>1· t,l1E' t.1·c1vc·li11g s,tl('s111<111 
J)l'{) 1) 1 (' l 11. 

N <)tit'- t.l121t~ c·'.}1ec·ki11g clll l)C)ssil)lE' t.1·ctvc~li11g sc1lc~s111ft11 t.c)1.11·s is11 't, ,:t l)Ol)111c)111ic1l
ti111e 111<::t.l1ocl, si11ce tl1e1·e c11·e t'-XJ)C)11e11tic1lly 111a11y ( ( r1 - I)!) c:yc'.lic'. l)t':1·11111 t,c1-
t.ior1s. ( 01:)ser·v"(; also t,l1t1.t, tl1e 11l1111l)e1· of' f·t~c1sil)le ( 11ot 11ec:c:ssc11·ily C)J)ti11111111) 
sol11tio11s is 11c)t1 a 111easl11·E:: f'o1· t,l1e <'<)1111)lt~xit.y of c1 l)l'c)l)le111: tl1e 1111111l)er· of 
cyc'.lic: J)e1·111l1 tat,io11s is s111cllle:·r t. l1c111 t.l1e 11t1111l)e1· of· tlll 1·)er1111.1 ta t,ic)11s ( 1i ! ) , 1)11 t 
yet selec:ti11g t1.11 <)J)t,i11111111 J)(•1·11111ta.tio11 ( t,l1e c1ssig11111e11t. 1)1·ol)le111) t.11r11s Ollt, 
t,o l)e easier· tl1ar1 selec·ti11g ct11 <)1)t.i11111111 c··yc'.lic: pe1·11111t,c1t.io11 ( tl1e t,1·aveli11g 
Sf1les111a11 })l'C)l)le111).) 

Tl1e g(:11e1·c1.l f't-.eli11g t,l1c1.t. t.l1e t.1·c1\reli11g Sc:lles111c111 J)1·ol)le111 is 11111cl1 11101·e 
diffic:t1l t, t.l1c:111 t.l1e t.1·c1.11s1)01·t.a t.io11 a11cl clssig11111e11t. r)r·c) l)le111, got. 111ctt. l1e111c1t.ic·al 
fo1111clc:1.t.io11 kl.t t.l1e sta1·t of' t,l1c.~ 1970's, l)y t:l1E~ wor·k <.)f. S.A. Coc)l< cl11d R.i\.11. 
I(a1·1) C)ll tl1e c:01111)lexit,y c·lassifi('.}l.t,ic)11 c)f 1.)1·c)l)le111s. Tl1e i11t.1·ocl11c:tio11 of t.l1e 
C'.0111plexity classes P a11cl NP gave cl key t,(.) clist;i11gl1isl1 J)1·oble111s 011 tl1ei1· 
cor11plexit,y. Tl1e cl,iss P cor1sist.s of ,111 J)I'C)l)lE~111s t1l1at. cc1r1 l)e sol,red ir1 
polyr10111ial t.i111e; tl-ie t1·a11s1)01·t.atio11 a11cl tl1e clssig11111e11t J)rol)le111 belor1g to 
t,l1is class. 

Tl1e c:lass NP is pot,e11tially 11111c:l1 wider t.l1ar1 P. It, i11cll1des all OJ)ti111izatio11 
p1·ol)le111s vvit,11 t.l1e JJr·opert.y t,l1at it l1as a11 01)ti111u111 soll1t,io11 t.l1e f'easibilit,y 
of wl1ic~l1 ca11 l)e C'.l1ec:ked i11 1)olyr10111ial ti11·1e. Al)c)ut a11y C'.0111l)i11ato1·ial 
opti111izc1t,io11 p1·0 l)le111 belo11gs t.o NP, f'o1· i11star1c,:e t1l1e t,1·,1,veli11g salesn1a11 
prol)le111. \Vl1at. I(a1·1) s110\ved w,1s tl1at, t,l1e t.raveli11g sales111a11 pr·ol)le111, a11d 
111a11y ot,l1e1· i111 J)o1·tar1t c:0111rJir1,1tor·ial opt:irr1izat,io11 })l'O l)le111s, are tl1e l1a1·dest, 
i11 tl1e c:lass NP; ir1 tec·l111ical te1·111s, tl1ey are NP- contJJlete. It 111ea11s tl1at 
eacl1 proble111 i11 NP c,111 l)e 1·educ'.:ed, i11 poly110111ial t,i111e, tio tl1e t1·aveli11g 
sales111a11 pr·oble111. So if NPIP tl1e11 tl1t:~ tr·aveli11g sales111a11 1)rolJle111 is 11ot 215 

solvable i11 J)oly110111ial t;i111e. 
Tl1e defi11it,io11 of NP is ver·y lit.tle 1·est1r·ictivt:~, ar1cl t.l1E:~1·e is no reasor1 to 

l)elieve tl1at NP=P. B11t cts yet, 110 1r1at,l1e111aticc:1l 1)1·oof l1as l)ee11 fot111d tl1at 
t,l1ese c:lasses a1·e really difl'e1·e11t,. Besicle l)ei11g a11 ir1t1·igt1i11g 111atl1e111c1.t,ical 
prol)le111, k11owi11g wl1etl1er· NP:/:P l1c)lds is c:1.lso ()f J)r·c1c:tic·al i111port.a11ce. If 
NP==P cc111 l)e p1·ovecl, it, 111igl1t ir11ply a r·evolutio11ar·y 11ew algo1·itl1111, or·, 
al te1·11ati vely, it r11igl1t, 111ear1 tl1at, tl1e C'.011c:e1)t of J)olyr10111ial-ti111e algor·i tl11r1 
is co111plet,ely 111ea11i11gless. If NP#P c,:a11 l)e sl1ow11, tl1e p1·oof 111igl1t. give a 
clue w l1y c::er·t,ai11 pro ble111s ,11·e }·1c1rde1· tl1a11 ot.l1er·, a11d 111igl1t1 clir·ec:t; us to 
attc1ck t,l1e ker·11el of· tl1e J)1·ol)le111s. 

Tl111s tl1c~ t,r·aveli11g sc1les111<=111 J)r·o l)le111 is l)i vot,f1l -- -- if" it is JJoly11or11ial-ti111e 
solvable, t.l1e11 abo11t ar1y C'.0111l)ir1c1to1·ial OJJti111izc1tio11 p1·ol)le1r1 is J)oly110111ic1l-
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t.i111e solvcll)le. vVl1at. i1111)ac·t. (lt1es it liclV(.l C)Il t.l1E\ valt1e of· tl1{~ 1)ol_yyl1edral 
111etl1od·? ~1ciyl)e t,he1·e is c:1.11 c1lt.(:1·11c1,t.ivc~ 111(Jt]1c)cl t.l121t, gi\1t'S 11s et. J)()l)'Ilo111ic1l
ti111t• algor·it.11111. 

011ly i1·1 1979 it, \Vets sl1C)\V11 t.l1at. tl1t~ c·lc.1ss c)f' li11(•,11· l)I'C)g1·c1111111i11g })l'()l)lt.~111s 
l.)elo11gs t.o P. Tl1is \va.s sl1c)\\lll l)}' L.c:;. l{l1,1c·l1i}'ct11 i11 1!)79, l>y ;:1clctl)t,i11g tl1e 
e l l·ip.-,rJ'id rrt, eth,oci f 01· 11c)11l i11c::-c11· 1->r·og1·ct111111 i11g. 1..,11is i1111) li(~S cl, J.)C) ly110111ial
ti111e c.1.lgorit.11111 for· a11y (:0111l)i11,tt,c)1·ic1l 01)ti111izc1tic>11 1>1·c)l)lf1 111 if we k11ow all 
ir1ec111ali t.ies clE:~sc.·1·i l)i11g ti l1f\ c·c)1·1·espo11clir1g J)ol;yr l1ecl1·c)11. B11 t i11 ,v l1a.t. se11se do 
we 11eecl to k11ow the111 ·? 

111 1981, 1\1. G1·6tsc:l1el, L. Lovcisz, f11·1cl A. S(·'.l11·ijvc)1• sl10\\red t.l1at. 011e cloes 
11ot, 11eecl c111 explic:it list. of i11eq11c1lit,ies ciesc·r·il)i11g t.l1c-; pc>lyl1ecl1·on. It, strffices 
to l)e al)le to solve til1E~ separ·at·ion pr~olJlerr1. for· tl1e c;o1·r·es1)011di11g f)olyl1edro11 
P i11 poly11or11ial ti111e: give11 21 vec·tor· ;r, cloes ~1· l)elc)11g t.<) P, c:111cl if' ~r~ f/, P, 
fi11d a l1yperpl,111e ser>,11·c1ti11g .. z: ct11d P. 

Tl1e se1)a.1·c1t,io11 prol)lt'\111 t.rivictlly is 1)oly110111it1l-t,i111(~ solval)le if vve have c:11·1 
exi)lic·it. list, c)f. all i11ec1t1c1lit)ies cleter111i11i11g P c:c)1111)let,t~ly w1·itte:~11 011t. l)efor·e 
11s----i11 t.l1at, c:cLse we c~t1.11 c·l1ec:k t.l1e111 011e l.)y 011e; b11t, it, is 11ot. 11ec·essc1.1·y to 
}·1c1ve s11c~l1 a list. Ir1 fc:lC'.t, \\rl1at is sl10,v11 is thc:1t, t,l1e poly110111ictl-ti111e solvabil
it,y of a c::0111bi11atoric1.l opti111izatio11 pr·ol)ler11 is eq·uiu(1,lent t,o tl1e poly110111ial
ti111e solvability of· the separ·c1t,ior1 J)rol)ler11. Tl111s c111 a1)p1·opriat.e clescr·iptio11 
of tl1e corres1)011tii11g IJolyt,ope is nec:essa1·y c111cl s11fficient, for t.l1e poly110111ial
ti11·1e solvability of tl1e opt1i111izatio11 proble1·11. 

For tl1e trc1veli11g sales111ar1 prorJle1·1·1 it 111eci11s tl1ctt, it is poly11c)111ic1.l-ti111e 
solvable if a11cl 011ly if tl1e1·e is ft poly110111ial-t,i111e algor·i tl1111 c:heckir1g if a 
gi ver1 doubly st,oc'.llclstic: 111a..t,1·ix belo11gs to tl1t::: t,1·aveli11g sc1les111a11 l)olyt,ope. 
Thus tl1e polyl1ecl1·al app1·oacl1 is i11 ;:1 se11se r1ec'.essa.ry c1.11cl st1ffic:ie11t. 

5. COMPUTArI'IONAL AND OTf-IEI-l vVOR.K 

111 ar1y C'.clse, t,l1e polyl1edrc1l 111etl1ocl c:a11 give ver·y goocl 1Jot111cls, eSJ)ecially 
if we i11c'.lude it i11 a b,r·<Lr1,cli-<i·rid-bc)·z1,'t1,cl c1lgo1·itl1111. A 1Jr·c:1..11c:l1-a11cl-bound 

216 c1lgorithr11 co11sists of a l)rar1cl1ed c:ctse C'.l1ec'.ki11g (l)y setti11g e1·1t1·ies ir1 tl,1e 
variable 111at,1·ix X to O or 1), g11iclecl 1Jy lowE:~l' l)ot111ds c:'.c1lc'.t.1lc1teci for eac:11 
case cor1side1·ed. At eac'.}·1 it,{~1·at,io11~ tl1e c:a.se wit,11 t.l1e s111allest lower· bou11cl 

' 

is split ir1to two new c~i:1ses, by set,t.i11g a 11evv entr·y to O a11cl to 1 respectively. 
Havi11g good lower· bol111ds t,l1at C'.a11 be C'.a.}c'.tllatecl fc:1.st, is esse11t.ic1l for· t.he 
c'or11putatic)11al behaviot1r {)f ::i rJra11c:l1-a11(l-l)ol,111cl 1r1t-:;tl1ocl. 

To ol)t,ai11 bet,ter lowf~r· l)Ol111ds, 111ore f'c1c·et-clefi11i11g i11E)c1t1alit.ies C'.ar1 be 
adclecl to ( 3.1), so as to clesc:1·ibe tl1e t1·avreli11g sales111c1r1 IJolytopE:~ rnore a11cl 
1r1ore ac:c·ur·ate. To sl1or·t.c'.11t t,l1e br·c1.11c:·l1i11g 1)1·oc~E~ss, l1t~111·ist,it'.S fi1·1dir1g a11c.l 
i1r1 J)r·ovi11g t.ours can be i11c:01·po1·c1tE·d, so t,l1at ~ l101)eless' l)r·a11cl1es c:a11 be 
eli111inat,ed. 

S11ch 111et.l1ocls fo1·111 tl1e l)c1sis for· t.l1e c~o11t,i1111ol1s l)I"<)gr·ess i11 solvi11g lc:1.rge
sc:ale trc1.veli11g salesr11cir1 p1·ot)ler11s. A1·c)l111cl 1980, G1·6t,sc~l1el fo1111cl a11 011-
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Figure 4. Record optimum tour along 3038 holes in a printed circuit board {1993). 

tin1um t,our· alor1g 120 C'.ities in the Feder·al R.ep11blic of Ge1·111a11y~ and H. 
Cr·owder a.nd M. Padberg fou11cl or1e alo11g 318 l1oles ir1 a C'.ertai11 printed 
circuit board. S11bseqt1e11t irr1p1·ove111e11ts dt11·ir1g tlre last 15 years l1ave led 
to the solutior1 of a 7397 c~ity pr·olJle111 lJy D. ApJ)legate, R.E. Bixby, V. 
Chvatal, a11d W.J. Cjook in 1994. (See also figure 4.) 

At CWI researc:11 has bee11 dorre 011 tl1e cor11plexity a11alysis of 111et,l1ods for 217 
tl1e t1·aveling sales111a11 arr cl relatecl I)ro bler11s arid on J)r·actic·al c1p1)lications. 
For Vari Gerrd & Loos, cl Dut,c:h tr·a11spor·t corr1pa.11y, tlre vel1ic:le-r·o11t.i11g 
systerr1 CAR. ( Cor11p11ter-Aided Routir1g) wa.s developecl ar1cl i11st,alled. In1-
portant, ir1gr·edier1t is a 11·1etl1od to solve a tr·avelir1g sales111a11 p1·oblen1 with 
tin1e-wir1dows; tl1at is, eac·l1 ~city' car1 l)e visite(l C)r1ly dt1r·i11g a certain ti1ne 
period. ( See figur·e 6.) 

l\!Ior·eover, resea1·(_'.l1 a.t CWI 011 l)oly hed1·al 111etl1ocls i11 c~orr1bi11at,01·ial opti
n1ization l1as l)een poi11tecl t,o ide11t.ifying prolJle1r1 classes t,l1at, are polynor11ial
tir11e solvable witl1 tl1e IJolyhedr·ctl rr1et,l1od. Tlrese p1·c)l)le111s ir1c:ll1de disjoi11t 
1)at,l1s c:111d trt\es, in partic11lc1r i1·1 relc1t,ion to 1·ot1ting wires ()11 cl VLSI-cir·c'.uit. 

At et 111or·e ele111e11t.a1·y level, (;\VI clevelo1)e(l polyl1eclr·c1.l 111etl1o(ls for tl1e 
proble111 of tl1e 111ost, eco110111ic'.al c:i1·cl1lc1t,io11 of 1·ailwc:1y st.oc·k, a p1·or)lerr1 pr·e-



218 

A. SCHRUVER 

. • • . . 
~ ' • ' 

Amater am V 6.48 7.55 8.56 9.56 10.56 11.56 12,56-13.56 14.56"'15.56 16.56 17.56 18.56 19.56 20.56 21.56 22.56 
Rotterdam A 7.55 8.58 9.58 10.58 11.58 12.5B 13.58 14.58 15.58 16.58 17.58 18.58 19.58 20.68 21.58 22.58 23.58 
R.ott,erda.m V 7.00 8.01 9.02 10.03 11.02 12.03 13.02 14.02 15.02 16.00 17 .01 18.01 .. 19.02 20.02 21.02 22.02 23.02 
R.ont1enda a.I A 7.40 8.41 9.41 10.43 11.41 12.41 13.41 14.41 15.4.1 16.43 17.43 18.42 19.41 20.41 21.41 22.41 23.54 
Jtoo•endaal V 7.43 8.43 9.43 10.45 11.43 12.43 13.43 14.43 15.43 16.45 17.45 18.44 19.43 20.43 21.43 
Vlie•in en A 8.38 9.38 10.38 l 1.38 12.38 13.38 14.38 15.38 16.38 17.40 18.40 19.39 20.38 21.38 22.38 

•••1ngcn .5.30 6.54 7.$6 .56 9.5(S 10.56 11.56 12.56 13.56 14.56 15.56 16.56 17.56 18.56 19.55 
Rooa«ndaa.1 A 6.35 7.48 8.50 9.50 10.so 11.50 12 . .50 13.50 14.50 15.50 16.50 17 ./SO 18.50 19.50 20.49 7~"-'.'('/".;J:::t<'.;, 

--~:;:)'.)t~~:?,/ RooMndaaJ V 5.29 tJ.43 7.52 8.53 9.53 10.53 11.53 12.53 13.53 14.53 15.53 16,53 l7.53 18.53 19.53 20.52 2 1 t 5 3 ~<-\1if1§,;,·(?;, 
Rotterdam A 6.28 7.26 8.32 9.32 10.32 11.ai 12.32 13.32 14.32 15.32 16.32 17.33 18.32 19.32 20.32 21.30 22 32 -\:;1,::zs,;:[t::~ii(f{ 

~ , 1iJ{;Jit,¥,;tj~ 
ott.erda.m V 5.31 6.29 7.32 8.35 9.34 10.34 11.34 12.34 13.3.5 14.35 15.34 16.34 17.35 18.34 19.34 20.35 21.32 2'2 34 ,id!f' ·, C,:;,<f/1{A] 

• { --?;,-. 

Amatcrdam A 6.39 7.38 8.38 9.40 10.38 11.38 12.38 13.38 14.38 15.38 16.40 17.38 18.38 19.38 20.38 21.38 22.38 23.38 

Table 1 

~-';"-- - -;;Si. - . 

,. 

Table 2 

_.,_ '. :·: •,' .. : .. _ ·_: ... _ -.. : :·· .. -,,, '.·-~r .. . . ,. ·-
' . ' '. ; ., ' - . ' ) :· . /'•' ; ,,, i " '. 1 \- . ' " ~~ <· ' . ;; 

' "' ./ ' , " -,': ! ' 
. '! ', ' ·, ,_ . ((! ,,. " • 0 

' . . ' . ' ) . ' . ' . ' . . ' ' . ,' '4 . . . . •'- u . 
. '" ; •;f, ,, . . . 

•' . ,_ ~ ·, . ' - ,. . " ., . ' 
\ . . ,_ ,.. --~ ., ' ., ·" . • . "' .. ' . . . . 

Am•uirdam- Rotterdam 
47 100 61 41 31 46 42 33 3'9 84 109 78 44 28 21 28 10 

340 616 407 336 282 287 297 292 378 527 616 563 320 184 161 190 123 

Rotterdam-Rooae:ndaa] 4 35 52 41 26 25 27 27 28 52 113 98 51 29 22 13 8 
58 272 3H 364 240 221 252 267 287 497 749 594 395 254 165 130 77 

Roo-nd■al-Vlining-
14 19 27 26 24 32 15 21 23 41 76 · 67 43 20 15 

328 181 270 237 208 188 180 195 200 388 504 381 276 187 136 

-- , .. ; . · ·· · · · · · ··• , ·• · · · ···~· · ~ z:112 :!l.l&' 2;~1;M~ua 2iaW: 2:1~[iiD1 2:1.u 2',!&t]211So,,12-lloo ~~2'~ '~rl6s ' ';;_; -,' -:, ,•. ~- -~,~-P:'•:g:~_1,, .: ... ,,,';::~ :•.- ; , '.. i•-:1;:, ·_ '? ) ,:!I'.", :J ·•_ •,_ 11 _;, >.• , .f• .:. '' ;, . a•:,: •I,) , _'; :\ ',, •• •_ ?~ •, . •. , ). •·••,-._,": J :.~ .. •-''. __ ••._•, ':- • .. • '. .. _J ,> ;, ' ' l" j •~•• '• :.,· , :·.\ :°':• ., ;,•, ')1::- '. _ . .-._ ~-; (c !; \ ,..,,'.: ;,•, ,) > ::: .. , ;' :•, ·:: ---~ "•,', 
. : 28 100 48 S7 24 19 19 17 19 22 39 30 19 15 11 

Vli•singen-Rooaeo<iaal 138 44.8 449 436 224. 177 184. 181 165 225 332 309 164 142 121 
l.6 88 134 57 71 34 26 22 21 25 35 .51 32 20 14 14 7 

R.oosendaa.l-R.otterdam 167 449 628 397 521 281 214 218 174. 206 298 422 313 158 155 130 64 

R.otterda.m-Am•t<11rdam 
1 26 106 105 56 75 47 

4 
36 32 34 39 67 74 37 23 18 17 11 

61 230 ,586 545 427 512 344 303 283 330 338 518 606 327 169 157 154 143 

Figure 5. Commissioned by Nederlandse Spoorwegen, CWI computed an optimum 

circulation plan for rolling stock on the Amsterdam-Vlissingen line. 
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Figure 6. Computer-Aided Routing (CAR) is an interactive software package used as a 

support tool for physical distribLition. CAR was jointly designed and developed by CWI 

and the Dutch road haulier Van Gend & Loos. 

se11t.c1cl 1)}" Nc-.clc1·lc1.11clse S1>c)<')l'\\Tc:.ge11 (s<J<J fig111·c: 5 ). 'l'l1is lc"c:tcls llS l)ctc·l{ to 
cl 11111lt,i<:·<:>111111c)cli1-)' fic)\\T 1)1·0 l)lc:)111, ()Il<' (>f. t l1c' C)1·igi11ctl 111c)t i \'clt if)llS cJf. I{c111-

t.01·0,ric·l1. Tl1c' 1)1·c)l)lE~111 c·c)11sists c·)f. c:letc·1·111i11i11g t.l1c.\ 111i11i111l1111 ct11101111t cJf. 
1·c)lli11g st.c)c·k t·.c) l)e {)111·c·l1c1sed l))' NS i11 C)1·clc,1· t.c> g11c1.1·c111t·.c,c: ,i gi,rc,11 1111111-

l)c•i· C)f' s<.·c1ts i11 E:c1c·l1 c)f. t.l1c• sc·l1c._,cll1lecl t.1·c1i11 legs. If' tl1c•1·c~ \\'C)lllcl l)E~ 0111.}' 011e 

ty1)c C)f. s t.c) c·k, C) 11 c>. c·c)11lcl sc.> 1 \'(:.l t, l1e 1> I'() lJ lE~ 111 cli1·c,c·t l.\; ,vi t 11 1 i11c\<:t1· 1> 1·c)g1·,t111111i11g 

Ill('t l1c)cls, clS it·, \\7
() 11lcl <l l 1 t ()111 ;:1 t. ic'.c1.ll)r :\,'i (' 1 cl i11 t.c\ g(~1· S<) 111 t.i C)llS. Tl1E• Cl 11est. ic) 11 ()f. 

NS \\Tcls t.c) ext.c~11cl t·l1c· 111(:\tl1o(l 1.c) tl1c:\ c·;:1st~ ,vl1t:'1·t' l111its c)f. sE·vc:.r•cll t,yr)es c11·e 

cl,Vc1ilc:1,l)l(\1 t.llclt, ('i:lll l)(~ ('()lll)l('(l tc)gc~t.l1c'1·. rfll(:' 01·igi11ctl c·i1·c·11l,lt,io11 l)l'()l)l(.:1111 

( \Vit,11 lC>\\re1· 1:)0llllCls) t,ll(~ll l)('('.(_)111(:~S cl lllltlt ic'()llllll(.)(lit}r c·i1·c·t1lc1,t,ic)ll l)l'Ol)lE;lll. 

Tl1e sol 11 t.i<:)11s ctr·t:. 1·c~st 1·ic·t.(=1 cl tc) l ){:> i11t:.c:gc~1:·-vctl 11c.icl, si11c·e C)llE' c:·c11111c)t 1)1·ec1.l( 
t·,1· ct,i11-1111i ts. 

Hc)\Ve\'E\1·, i11 t l1ctt. c· else:,. ,:l 1> J)l)" i11g li11c1c1.1· l) 1·c)g1·ct111111i11g c·lc)c:.ls 11ot. all t.o 111a t, i
C'.ctlly' gi,,c~ a11 <>1->t.i11111111 sc)lt1t.io11 t.l1ctt, is i11tc)gE•1·-\'clll1(:l(·l. Tl111s \\'E~ \\te1·e l)C)t111cl 
to e111 l)c•cl t.11 <:~ J)c:)ly l1t"(l1· ctl 111t:\t, ltc)cl i11 cl l)1·c111c·l1-c111cl- l)o 1111cl t·1·c1111 e,vo1·k. 1c) 
111c=tke it·, ,,,01·!{, a 11t1111l>(_)1• of· c·l1t.ti11g 1>lc111c~s l1c1.cl to be clclclf:-cl. Tl1is f!;iVE'S 

' ~ 

,111 ctlgc>r·it,11111 t,llctt. fi11(_ls c1.11 cJ1)t.i1111.1111 (·i1·c·11lc1t,ic)11 J)la.11 f'c)1· tl1E~ A111st.E:1~clct111-

Vlissi11gc:}11 li11(:' ( \\ri tl1 t)9 sc·l1c•cl lllc~c.l lc•gs) \\'it·l1i11 cl f'(:\\\1 SE'('C>11cls. 

FC)l" l)cl,('l{g1·c)llllCl i11f'o1·1112ttic)ll \V(' l'(·•i·c~•1· t,() t.l1c· l)O<:)ks 111(.\llt iC)ll(~(l l)elO\\r. 
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