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1. DES(;RJPTION OF THE F'IELD OF RESEARC.:H 

Dy11ar11icctl S)rst,e111s a1·e syste111s tl1at cl1ar1ge clS ti111e evol,,es. I11 tl1e p1·ese1·1t, 
111at.l1e111atical c:011text, t,l1is 111ea11s: 1r1c1tl1e111c1.tic:c1l 111odels for st1cl1 syst.e111s. 

·-
T 11 es e 111odels C'.011s ist of t,wo 111c1i11 i11greclie11ts. Tl1e first. is a stat.e 'spac:e': 
a set, wl1ose ele111e11t.s ar·e the J)ossible stc1t,es of tl1e systt~111. Tl1e seco11d 
ir1greclie11t is a11 evoll1tio11 liiw, wl1ic:l1 desc'.ril)es l1ow t.l1e st::1te of t.l1e syste111 
evolves as a ft111c~tic)11 of ti111e, 011c:e a11 i11itic1..l st,c1.te is k110\v11. \Ve 11s1.1ally 
assu111e tl1at wl1e11ever· tl1e st.at,e of a S}'St,e111 is k11ow11 at, a c:er·tain t,i111e t, 
t,11e evolutio11 lc1w C'.0111plet.ely clete1·111i11es tl1e stctt.e at c1ll later· t,ir11es. Tl1is 
defines a dete1·111i11ist.ic syste111, a.s opposed t.o a stoc'.l1ast,ic· syst.e111 \\'l1e1·e tl1e 179 
evolutio11 is in ter·1·11s of p1·obabilit.y. Also vvre ass11111e tl1c1.t we C'.a11r1ot, i11fluence 
the dyna111ic'.S, exc:ept lJy cl1oosi11g tl1e i11itictl st,ctte. Dy1-1a1i1ic:::1.l syst,e111s t,hat 
do ad111it Sl1ch i11te1·ve11t,ior1s ar·e t,l1e sub_ject c)f' S)'Ster11s-- a11d C'.011t1·ol theor·y. 

1.1. Lin,ea't"ity 
Tl1e r1otio11 of lir1ea1·ity fo1~ dy11a111ic::1l syst,e111s l1suc1lly 1·et·e1·s to s0111e ec1t1ilil)
rit1111 state, st1c:l1 tl1c1.t tl1e 011ly st.ates of ir1te1·est, a1·e s111all pe1·t,t1rbatio11s of' 
this eqt1ilibriu111. As a11 exa111ple t.l1i11k of W<lter ir1 a po11ci ,vitl1 a c:0111pletel)' 
flat st1r·fc1,ce c1S its ec1t1ilibr·iu111, wl1ere tl1e pE:rtu1·l)at.ic)11s are s111c1ll st1rface 
waves. 

111 suc'.ll a C'.011text tl1e syste1r1 is C'.alled linear· if a supe1·posit.io11 p1·ir1ci1)le 
l1olds i11 tl1e followi11g se11se: for a11y t.wo pe1·t,u1·bat.io11s c:0111patible witl1 t.l1e 
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law of evolut,io11, the ~sl1111' is also co1111),1.til.)lt· \vitl1 til1is lc1,\:v. ( Ir1 t.l1e t~xa1111)le 
of· a water· sur·face t,l1is l1olds t,c) cl goocl aJJl)l'<)xi111a.t,io11: t,w<-> <liff'e1·e11t wc1ves 
c;:111 cross 011e ar1other wit,l·1ot1t, l)E•i11g visil)l)' clist.111·1)(:-cl.) I11 '1'()c:1.l' S}'"St,e111s 

t.l1is lir1eari t,y ofte11 l1olds 011ly i11 fi1·st fLJ)l)I'C)Xi111c:1t.i<)11. 

1. 2. N orz.li·n,ea·1··ity 
N 011li11t~a1· syst,e111s 111ostly c1r·t: far· f'1·0111 ec1uili l)1·i 11111. lT st1a.lly it, is l1ar·ci to 
obtai11 ge11er·al i11fo1·111at.io11 alJout. t11e set. of' all l)ossible evol t1tior1s of st1cl1 
syst,e111s. Tl1e1·e ar·e scJ111e exc·e1)tio11s: syst.e111s vvl1icl1 i11·e 11c)11li11ec:11·, l)ut st.ill 
ca11 be cor111)letely 'solved'. Tl1e 111c)st, f c:1111011s exa111 ple of t,l1is is t.l1e sola1· 
syst.e111 wit.l1ot1 t ir1t,er·actio11 bet.\vee11 t,l1e 1)lar1et;s ( leadi11g t.o tl1e desc'.r·i1)tio11 
of t.l1e 111otior1 as giv'e11 l)y t,l1e I(e1->ler lc1ws). Syst,e111s t,l1at, ca11 lJe ar1alysed 
co111 IJlet;ely i11 t,l1is way a1·e (~c1lled ir1,teg·r·cLble. U slrally t.l1e dyr11a111ic~al l)e
l1avio111· of st1c'.l1 i11t,eg1·alJle Sy'Ste111s is riot. 1·e1)r·eser1tative for· tl1ctt, of ge11e1·al 
11011li11ea1· syst,er11s. 

111 tl1is r·espe<.:t, i11t.eg1·ctl)le systf-~111s, as ,:vell as li11ear· s1·st,e111s, ar·e excep
t,io11al. H<.)wever, lJot,11 c·:ases ctlso a1·e i1111)01·t.a11t for· t.l1e st t1cly of· tl1e ge11eral 
case. I11deed, 111a11y asr)ec'.ts of 11c)11li11ec11· dy11a111ic'.al syste111s C~<:111 lJe stl1died 
i11 situatio11s obtai11ed f'r·o1r1 li11ea1· 01· i11tegrar)le syrste111s lJy a sn1all pertt1r
bat;io11. Ar1 exar11 ple of tl1is is tl1e solar· syst,e111 ·u,itli i11te1·actio11 lJetweer1 tl1e 
pla11ets, w l1e1·e tl1e i11te1·ac:tio11 is c·o11side1·ed s111all. 

A11 ea1·ly exa111r)le co11c:e1·11i11g t,l1is was tl1e ,vo1·k of H. Poi11C'.c1.1·e, leadir1g 
to l1is 111011ur11e11tal paper· i11 tl1e Act,a J\1t1t,l1e111atic:a ( 1890) vvl1ic:l1 was t:1 fi1·st 
a11d ver·y ir1fl11e11tial cor1t,r·ib11tio11 t,o vv"l·1at is 110w c~alled t.l1e geo111et1·ic tl1eor·y 
of dy11a111ic:al syste111s. 

1. 3. Degr·ees of fr·eedorri 
Apar·t, fr·orrr t,he disti11c:tio11 lJet,wee11 li11ea1· a11cl 11011lir1ea1· or· i11teg1·able a11d 
nor1-i11tegral)le, t,l1ere is a11ot,l1e1· clist)i11ct.i<)11 vve w,111t t,o 1)oi11t out. 011 tl1e 
or1e l1a11cl tl1e1·e a1·e S)~st,e111s vvitl1 011ly a fi11it,e 11t1111ber of· deg1·ees c)f f'reedo111, 

180 i.e., syster11s, t,l1e stat,e of wl1icl1 is specified lJy cl fi11ite set of r1l1r11l)ers. Here 
tl1ink of tl1e 1)lc111eta1·y syste111, 111ec:l1a11ical syste111s C()11sisti11g 011ly of a fi11it1e 
11u1nbe1· of rigid l)odies a11d s1)r·i11gs, elect,r·ical c~i1·cuits, et.c. Or1 tl1e other 
l1and t,l1ere are syste111s ,vitl1 i11fi11itely 111a11y degrees of f1·t~edon1, usually 
syste111s ,vl1ere t,l1e s1)ecific·atio11 of' a stat,e 11eeds 011e or· 111or·e func:tions. An 
exar11ple is give11 lJy tl1e above ,vate1· s111·face \vl1ere tl1e s1Jecificatio11 of tl1e 
l1eigl1t of tl1e sur·fac'.e 1·ec1t1i1·es a fl111c:tior1. 

It tur11s out, tl1at; syst,e111s vvitl1 ir1fi11itely 111c111y degr·ees of freedo111 ir1 tl1eir 
st,ate s1Jace ofte11 exl1ibit, s0111e fi11ite di111e11sio11c1l st.1·t1c·tu1·e t<.) wl1ic:l1, clue 
to tl1e law of evolt1tio11, all st,ates C'.OI1ve1·ge. I11 Sl1c·l1 C'.::1,ses tl1e dyna111iC'.S 
esser1tially is tl1at of a syste111 of a fir1ite 11u111l)c1· c)f clegr·ees ot· fr·eedorr1. 
111 cases w l1e1·e tl1er·e is 110 st1c·:l1 r·E~d uc~tic)11 11e\v ciy11'"1111ic:al phe110111er1c:1 c:a11 



a1)pec1r. Tl1e e1111)hasis i11 t,l1e p1·og1·c1111111{\ 1.111cle1· c:l(~sc·1·i1)tic)11 111c1i11ly is 011 
syst,e111s wit,11 fi11it,ely 111clll)' clegrees of· 1·1·(l("clo111. 

2. 1V1E'I'l-IODS OF RESEARC:li 

I11vestigatir1g 11011lir1ec11· syst,e111s C)11e t,r·ies to solve t\vo t,y{}CS c)f c111est,io11s. 
Fi1·st, l1ow to o btai11 i11t·o1·111at, io11 c1l)c>11 t, t,l1c~ cly11ct111ic'.cll 1)1·01)er·ties of· cl syste111, 
the evol11tio11 laws of wl1ic:l1 tll'(:: give11 i11 te1·111s c)f ex1)lic:it, cc111c1t,io11s. Sec~c)1·1cl, 
wl1at, types of' dy11a111ic: bel1avio111· c:ct11 l)t~ exJ)CC'.tecl i11 ty1)ic_·c1l (i.<:~., 11011-
patl1ological) detern1inistic'. syst,er11s. lv1ost, 111etl1ocls, r11e11t,io11ed below, are 
used to ans\ver both t.ypes of c111est,io11s. 

2.1. A nalyt,ic methods 
Ofte11 it is riot possible to detJer·11·1i11e c111alyt.ic~ally' (i.e., wi t,l1ol.1t, cl C'.0111 pu ter) 
the f11t,t1re stat.es of a dy11c1111icc1.l syster11 give11 it.s i11it,ic1l stc1.te. Neve1·t.l1eless 
there are 1-11a11y ir11po1·t,a11t c·ases wl1e1·e goocl clIJI)1·oxi111at.ior1s t:~xist, by syst.e111s 
tl1at or1e c:an solve ir1 tl1is respec'.t. Tl1ese ttppr·oxi111at,ir1g syst,e111s 11st1ally a1·e 
either lir1ear· or· ir1t,egr·c1l)le. Fc)r· 111a11y yec1,1·s t,l1e posi t,io11s of· tl1e plc111et,s 
l1ave beer1 predictecl l)y suc:l1 111etl1ods. It is 1·e111,1,rkable 110,v I_)oi11c~a1·e 111oti
vated tl1is 1·esear·c'.l1: ·~Tl1e fi11c1.,l goal of celestial 111ecl1a11ics is to r·esolve the 
grec1t probler11 of dete1·111i11i11g if Newto11's law alo11e explair1s all ast.ro110111ical 
pl1er10111e11a. Tl1e 011ly 111eans of decidi11g is to 111ake t,}1e 111ost pr·ecise ol)
servations a11cl tl1er1 co111 pa1·e t,l1e111 to tl1e cc1.lc11latecl r·est1lts." l11cleecl, t,l1ese 
r11etl1ods of approxi111at,ior1 gave the rec111ir·ecl cicct1racy: 11ot, 111c111y year·s after· 
lie wr·ot,e tl1is it was fo1111d that J\!Ie1·c'.u1·y clicl riot, obey tl1is 'lc1w' - wl1ic:h 
was one of tl1e obser·vat,ions leacli11g t,o t,l1e ger1e1·c:1l tl1eo1·y of r·elat,ivit,y. 

2. 2. Geonietrical rn,etholis: fa,,,. fr·rJrn. lir1,ea,,· or· 'iriteg·rable 
Tl1ese 111ethods rely 011 abstract existe11c~e 1·esults of·ter1 i11 tl1e f'or111 c)f' fixed 
poi11t tl1eoren1s. For exa111ple tl1i11k of' tl1e tl1eo1·y of i11vc:1-ri::-111t, 111a11if'olcis arid 
persistence for dyr1ar11ic:al syste111s witl1 l1ype1·bolic'. s11l1sets. 

2. 3. Analysis a'nd inter·pr·etat,io'rl, of ph,y<r,·ical or n·u'nier·ical exc1,11iples 
A drivi11g force i11 tl1e clevelopn1ent of' tl1e t,l1eory of· cly11c1111ic:c1l syst,e111s was 
the desire to give a 111atl1e111at,ic'.al expla11atior1 of cor1crete exa1r1ples. Ir1 
rece11t tir11es a r1ur11ber of Sl1c:h exa111ples were give11 in t,l1e forr11 of 111athe-
111atical eq11atior1s. We l·1ere 111er1t,io11 t,l1e exc1111 ples of Lore11z ( 1963), He11on
Heiles (1964), Heno11 (1976), Rossler· (1976), etc:., wl1ic:l1 wer·e solvecl 01,1ly 
r1u111ericc1.lly. See figur·e 1. Tl1ese n11rner·ic'.cll solt1t.ior1s sl1owecl t,l101·ot1ghly 
ur1expectecl patter·ns, 1·ec1uiri11g c:0111 plet.ely 11evv t.l1eoretic,1l i11sigl1ts for· tl1ei1· 
explanatio11. I11 this c:or1text we also 111e11tio11 experi111e11ts in 11·1ec:l1a11ic:al 
syste111s with 1·eso11a11ce, e.g., 1'10011 a11cl Hol111es ( 1979), tl1e dy11a111ics of 
which has 111uch ir1 co111111011 with tl121t, of' t.he above He11011 systerr1. 

181 



182 

H. W. BRC)ER. F. TA.kE~~s 

Figure 1. The conservative example of Henon-Heiles 1964 (left) and the dissipative 
example of Henon 1976 (right). 

Tl1E~ ec:.1.,1·lie1·, l)11t f1111cl,t111e11tc1l, ,vor·k c)f. B. \ifl.11 cle1· I)c)l <lt. t.l1e Pl1ili1)s Nc:1,
t.t1111·k1111dig Lal)()1·,1.t.01·i u111 ( 1920 a11ci lcttc~1·) ,v,1s cti111ed clt. tl1e t111clerst.a11d
i11g of t.l1e cly11a111ic~s of t~lec~t.r·ic:al circt1it,s vvit,11 11011li11ec11· ele111e11ts ( V<:.1C~t1t1111 

tt1l)es). 

2. 4- A rialysi<', of ge<J·rriei'r··ic ex:c1.,'r1iJJ[(;t, 

Tl1er·e l1ave l)ee11 a 1111111l)e1· of· l1igl1ly i1111)01·t.a11t e:~xa1111)les of cly11c1111ical S)TS

t,e111s, 11ot, give11 l)y ex1)lic·it. cc111c1t.i<)11s, l)11t, l)y a. gec)111et.r·ic· clesc:1·i1)tic)11. F1·0111 
this 011e c~o11ld 1)1·ove 111at.l1e111c1t.ic~,1lly t,l1e l)Ossil)ilit,y of' ce1·t.ai11 t.ypes of dy-
11c1111ic~ lJ(~l1aviol11·. I11 pa1·t,i(:'.11lc11·, t,l1e l101·sesl1oe 111a1) (_ S1r1ale 196.5) an(:l 1·elated 

Figure 2. The dissipative example of Lorenz 1963 (left) and a modification, e.g., Palis 
and Takens 1993 (right). 



exc:11111)1(:S slt()vvecl t l1ct t ,l cl(1 t (:1·111i11ist,i c· s.,.:'st ("111 <'<) 111 cl si 11111lt11,<\ 1·c:111 <1<>111 l )c
l1c1vi 011r· lik<~ <~c)i11 t,ossi11g. Tl1is l101·s<:.sl1<)<• <)x(1.1111)l<' is<_>l,1t('s t·l1<:\ (\SS< 111t.i,1ls <_>f' 

t,l1e l10111oc·li11ic·· 'wel)s' t.c) l)E: <lisc·l1ssc~cl l)c•lov\r i11 8:3.2. 
111 tl1is <'.011t,ext. ,vc~ c·o11sicl<~r· t lie:- c}xist·<·11<·<' c)f' S<>-<·;:111<'<1 c·l1,tc>t.ic· c1tt.1·,lc·tc)1·s i11 

syste111s dc•sc:1·ibc:cl l)y clifl'e1·e11t.ic1l c,c111,1tic)11s. I11t.c'1·est i11gl_\'. t.l1is (1xist·c,11c·c l1as 
11<) t, yet lJ E•(~l l I> 1·c)v~<::.11 111c:1t, l1 l:.1111 <:lt i <· ("tl l,\r f'c) 1· clllj' s y·s t {' 111 gi \'(:' 11 i11 t. fl 1·111s C) f' c·x J) li C'. it. 
ec1l1at,io11s ( wit,l1c)11t. JJa1·c:1.111etc'1·s). N <)llt't.l1c~lc\ss t.11{' g(:.C)lllt~t:r·ic· c:"x,11111)lc~s l)l'C>V<:~ 
t,l1c1t tl1e1·t~ 11111st, lJe (liffer·(3.11t.ic1l C}c111atio11s, Scty c)f. IJ<)ly·11c)111ial f'c)1·111, \\.rl1ic·l1 clo 
exl1i l.)i t tl1is c:l1aoti('. l)el1a vic)lll'. s(~(\ fig111·(• 2. 

A si111ilctr 1·e111c1.1·k l1olcls f'()l' c·c)11se1·vc1tive systc."111s llSE~cl t·c)r· 111oclc~ll111g tl1e 
dy11a111ic~s i11 t,l1e wo1·lc:l of f'r·ic·t}ic)11less 111ec·l1c:111ic·s. I-Ic·1·e t.l1e c:l1,1,c)s-c1t1est,io11 is 
wl1etl1er 1·c~gio11s of· J)<)sit,ive 111e,lst11·e i11 t;l1e stat,E~ s1)ac·e c:t.r·(, cle11sE~ly fillecl by 
si11gle 01· l)i ts, c111ot,l1er· fc1.c·t, v,r l1ic·l1 is st,1·011gly s11ggt~st;c."cl lJy· C'.0111 J)ll t,e1· si11111lc1-
tio11s. See fig1.11·e 1. Tl1E~ 111atl1e111at,ic·c1l ctffi1·111c.1,t,io11 c)f. t.l1is, (\ve11 t·o1· si1111)le 
syste111s, is CJI)e11 f'c)1· i:i.t. lc_)ctst 30 yc3.tt1·s c111cl tl1(•1·e see111s t.o l)e 11c) l1<)l)t_... i11 t,l1e 
11ea1· f11t,111·e. 

Tl1ese geo111(_...tric; exc1111plc_...s c11·c_... t),.l)ic·ctlly r·elcttc:cl t,o t.l1e sec:c)11cl c:lctss c)f c111es
t,ior1s 111e11tio11ed l)ef'ore: vVl1c1t, ki11cl of cly11ct111ic: l)el1aviol11· C'.ct11 c)11e E~XJ)ect 
i11 tyJJical clet.e1·111i11istic'. dy11c:1111ic<1l syst,e111s'? 

3. Nf:W C~ONC~EPrrs 

Tl1e i11vestigat,io1-1s of· 11011li11ear cly11a111ic:c1l S)i'Ster11s OJ)e11t-.cl ()111· eyes to 11ew 
11ot,io11s, 1·eleva11t t,() tl1c clesc.•1·i1)tio11 of tl1e cliffer·e11t t,yJ)es c)f cly11c:1,r11ic'. r)e
l1aviot1r. \Ve 111e11tic.)11 t.l1e 11·1c)st i1111Jor·t,a11t. 011es. 

(63.1. Cll,(lOS 

Witl1 c·l1aos, or· cl1aot,ic~ cly11a111ic·s, a t)"1)e of clet,e1·111i11istic: dy11a111ic·s is 111ea11t 
wl1ic'.l1 looks like 1·c:111clo111. Tlris I)l1e1101·11e11c>11 is clis1)lc1.yecl l)y syst,e111s wl1e1·E~ 
tl1e evoll1t,io11, follo,vi11g a tyJJic:ctl i11it.ial st,c1te, is ver·y se11sit,ive t,o per·t,111·ba-
tio11s of' t,l1is st,ate. I11 fac'.t, 11s11ally s11c~l1 J)e1·t.111·l)c1t,io11s gro,v exr)o11e11tially. 1 a. 
Tl1e bel1c1vio111· of· tl1ese syste111s <.~a.11 011ly l)e l)r·eclic'.t.ecl over· et sl101·t, l)e1·iocl: 
after tl1is t,l1e u11cer·t,ai11ty c·o11c'.e1·11i11g t,l1e i11it,ic1l st,c1t.e, J)ossi1Jly c:0111bi11ed 
witl1 tl1e 1·ot111d-off er·r·or·s i11 t,l1c~ C'.c1.lc:11latior1s, 11·1a,ke ft11·t.l1e1· 1)1·edic:tio11 i111-
possil)le. A vvell-k11ovvr1 exa111 IJle is t,l1e i1111)ossil)ili t.y t,o IJI'E~<:lic~'.t·, tl1e W(~atl1er· 
over· a IJe1·iod lo11ge1· t,l1c1n typic.'.all}' ,1 c~OUJ)le of weeks. 

3. 2. Fr--ac'.tals 
Fr·actals c11·e self-si111ila1· objec:t,s. Tl1is r11ec1.1·1s tl1,1.t; ,111y 111c:1.g11ific·at,io11 of cl 
frc1ctal sl1ows t;l1e sc1.111e la1·ge-sc:,1lc.: 8t,1·11c~t 111·es c"ts 1)1·esE.~11t, or·igi11ally. S ucl1 
st1·uc~tt1r·es c~c111 sl1ow UJ) cts at,t11·t:tC'.t,ir1g set,s, i.e.~ set,s t;o \vl1ic:l1 t.y1)ic:c1.l evolu
tior1s c1r·e c1t,t,r·c1c:t,ecl i11 t,l1e c,:tsc of c·:l1ac)s. S(~e fig111·c~ 3. 

Tl1is a11d r·elatecl oc:c111·1·e11c:cs c)f' f'1·c1c·t,als i11 cly11c1111ic:c1l syst,<:~11·1s l·1ave cl1·aw11 
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Figure 3. Magnifications in the Henon attractor. 

a lot of' at,t,e11tio11, 11ot i11 tl1e lt~ast l)ec:at1se of t,l1e beat1tif't1l pict.ures t.hat ca11 
be providecl i11 t.l1is way. Especially tl1e gr·ol1p c)f H. Peitge11 (Univer·sity of 
B1·e111er1) hc:1s bee11 ver·y suc:c:essft1l i11 t.l1is r·es1)eC.'.t. 

Still it is 011ly fair· to say tl1at t.l1e r·elatic)11 l)etvvee11 c~l1c1,otic· dy11a111ic:s clr1cl 
frac'.t,als is 1·ather C'.0111plic-.atec:l. 111 par·t,ic:11lc11· tl1e often l1ea1·cl s11ggestio11 t,hc1t 
ever·y c:l1aot.ic: at,tractor also is frac'.t.al, is not t.rl1e. Of' C'.Ot11·se, it is 11ei tl1er 
trl1e t,l1at ever·y frac:t,al is a c·l1aot.ic: attrc:lc~t,or ... 

" 

\ 

Figure 4. A homoclinic web. 

Orie way i11 wl1ic:l1 fr·ac~tal struc~t,l11~es 
~ 

;:1,ppea1· i11 dy'r1a111ic'.al syste111s is lJy tl1e 
~web' of· stable ,111cl l.111stal)le sepa1·atri
c:es i11 tl1e p1·eser1c:e of a l1orr1oc'.lir1ic i11-
tersec'.t.io11. Let t1s briefly explai11 tl1is. 
Tl1e stc:1,l)le sepa1·at.1·ix of a state p, or 
poi11t i11 tl1e state s1)ac'.e, co11sist,s of 
;:1,ll 1)oi11ts cll)prortc'.l1i11g p as ti111e goes 
011. Reversir1g ti111e gives the a11alo
got1s 1·1ot.io11 of tl1e 11r1stc1.r)le ser)ara
t,r·ix. I11te1·se<~~tic)11s of two suc:11 sepa-
1·atr·ic:es belor1gi11g to tl1e sa111e JJoi11t p 
is a h,orrioc~li·ni(; ir1t,e1·sect,io11. 111 figure 
4 we s110\v suc'.11 et we1J f'or a c·lyr1a111ic:al 
syste111 witl1 t,vvo clegr·ees of f1·eedo111. 
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Figure 5. A sequence of bifurcations leading to complicated dynamics. 

X 

X 

X 

These welJs ( or· parts of t,l1e111) are stror1gly r·elat,ed to cl1aos i11 both tl1e 
dissipative a11d the co11se1·vative c~o11text, bt1t or1ly i11 exc:e1Jtio11al cases pre
cise n1c:1tl1e111atic'.al results 011 tl1is hc1.ve lJeer1 obtai11ed, c:f. Ber1edicks and 
Carleson [4], and Palis arid Take11s [19]. 

3. 3. Bifur·cations 
A bifurcatio11 is a t,1~ansit,io11 betwee11 diff'ere11t cly11a111ical r·egirr1es. For ex
a111ple tl1i11k of a cly11ct111ical syst,er11, tl1e cly1·1ar11ics of wl1icl1 ca11 be cl1anged 
l1y t11ni11g one or 11101·e dials. Altho11gh this 111ay son1ewhat look like 'ir1put 
variables' in c:011trol tl1eory, the situat,io11 is c1l1it,e cliffer·e11t: the dials are to 
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l)e fixe<-1 ,vl1e11 t,l1e evoll1t.i()l1 lc-l\V is \\'<>1·l-ci11g. It t.111·11s c)11t t.l1c1t. t.l1c' ()(:'.('l11·-
1·t'11(·e c)f C'.c1·tai11 l)if'111·c·cttic)11s i1111)lic·s t.l1cl JJI'('HC1 11c•(), ()f. <.)t,l1c'1· lJif'111·<·c1t,i<>11s. 'I-,l1is 
i1111)oses a c:c)1111Jlic·ated l1ic·1·c11·c·l1)' <:>11 t.l1c1 ,vc)1·lcl <)f. l)if'111·<-·c1ti<111s. 

I11stc111t'.t~S c)f. tl1is i11c·l11<lc) i11fi11it,e l)if111·c·<1t,ic)11 sc_\c111c·11c_•c:;s lc::-1cli11g f'1·c)111 st,c1-

tio11c11·y t,c) c·lict<Jtic· cly11,1,111i<·s. 011c~ (lXf11111Jlc· is tl1<' f"'c•ig(:.11l)a11111 sc(111c:i11<·e, 
vvl1<:-~1·c• a11 i11fi11ite r·e1)ct.it.ic>11 C)f. lJ<":r·i<)cl (:lc)t_1lJli11gs oc·c·111·s. rfl1is ct11cl <>t.l1c~1· c~x
a111 J)les sl10,\' a st 1·or1g J)<'1·sist.c~11c•c): if' C) 11 (• J) c~1·t. 111· l>s t lie~ <~Ve) 111 t,ic>11 l,l,\\7 cl l)i t., 
t,l1e \\r l1ole i11fi11i t(~ Sll('('(:lssi()ll ()f' lJif'111·(-·a,t.i ()11S 1·e111cli11s Cl lli:tli t.c:1.t,i V(" 1 y t,11 (~ Sc1,llle. 
See figu1·e 5. 

4. A 1-IISTOR"\r 

I11 t.l1e al)ove ex1)osit.io11 we ,1l1·(~acly 111('.l11tio11ed sc)111e l1ist,<Jr·i<·;:1l clSJJec'.t,s. Her·c~ 
we give c:1 s0111c~w l1t1t 111or·e syst,e111a t.ic· <_les<_·r·i l)t,io11. 

4.1. Fr·o11i Nt>.·zuto,ri tcJ tl1c 19tl,J (;(;'f1,t'll'T'Y 

Tl1r·<)t1gl1 t,l1e N E:)\vt.011ia11 lcl.\\7S ( P1·i11c'.i l)icl 1v1 c:1.t, l10111c:1t,ic·c1 IJ l1il<)S()}Jl1ia~ N at,l1-
1·alis, 1687) it, l_)ecct111E1 l)Ossil)le to t.1·ec1t, 111c:1.11y J)1·olJle111s of· t,11<:. cly11c1.111ic·s of' 
111ec~l1ar1ic:al Sy'ste111s i11 et 111c1t,l1e111,1tic·,1l ,v,1y. Tl1c~ C'.01·1·t1 s1Jo11cli11g clllcl.lysis \Vas 
give11 i11 t.e1·111s of exJ)lic~it. sol11t,io11s (e.g., vil)1·c1t,io11s) or· clIJJJ1·c)xi111cltio11s ( st1c:l1 
clS I l111ar· a11cl JJla11et,ctr·y 111ot.io11). Tl1ese cll)l)1·oxi111c1tio11s wer·e 011ly k11ow11 to 
be r·elialJle, as a clesc1·i1)t,io11 of tl1e 111otic)11, over~ cl 1·est.1·ic:ted t,i111E1 i11terval. 

4. 2. Tlie .stab,ility of· the sola'r' sy.ste'rri 
Tl1e stc:1lJili ty of tl1e sc)lc11· syst,e111 l1c1s lJee11 c:011side1·E~d i11 111a11y cliff e1·e11t 
fo1·1r1s. Tl1e 111c1i11 J)C)i11t, is tl1c1t i11for·111c1t,io11 is asked C'.Oll<'<;1·11i11g t.l1e dy11c:1111ic:s 
of tl1e (Newto11ia11) solar syste111, vctlid fc)r· tl1e vvl1olE~ f'l1t111·e, so over· c111 

i11fi11i te ir1te1·vc1l of t,i111e. 
Tl1e co11servat.ior1 lcl\VS f'<)1· t,l1e e11ergy a11d t.l1e ( c11-1gul<:tr·) 1110111e11t u111 give 

s01r1e i11f'or·111atic)11 ,1l)Ol1t. t,l1e i11fi11ite f11t11.1re. Bt1t E::ve11 t.,1,kir1g t,l1ese cor1-
se1·vat,io11 lc1vvs i11t,o a.<~c~o111-1t,, t.l1e f'ollowi11g st,ill is c-·<)1-1c:eivc1l)le. Dl1e t.o tl1e 

186 i11t,e1·ac:t,io11 of' plar1ets 011E~ of tl1ese, Scl)' t,l1e eart.11, syst.e111at,icc1ll)' gai11s e11-
e1·gy ( wl1icl1 tl1e otl1er·s c1r·e losi11g), ar1cl fi11ally esc~apes fr·o111 tl1e solc11· syst,e111. 
111 tl1is se11se t,l1e sola1· syste111 c·o11ld l)e t1r1st,al)le. Tl1is stJal)ility 1Jr·c)l)le111 was 
l)Osecl by \Veier·st.1·c:1f3, c111ci l)eca111e pc:11·t, of tl1e l)l'()ble111s i11 1885 set f'or· a 
pr·ize l)y ki11g Osc:,1,1· of Swecle11. Poir1C'.<:lr·e wo11 tl1is J)r·iz(~, Il()t, l)y estalJlisl1i11g 
stalJilit,y, 1)11t l)eca.11s(: of tl1e 11ew i11sigl1t.s lie 1·E~ve,1lecl, sl1()Wi11g t,l1e C()t11plex
ity of tl1e J)rol)le1·l1. Tl1is w,1s tl1e co11t,e11t of t,l1e l)al)er· i11 t,l1e Ac·tJa of 1890 
111e11t,io11ed before. 

Tl1is \\7or·k of· Poi11car·e c·;:111 l)e C'.011sic:le1~E~cl t.l1t:~ st,a1·t.i11g 1)c)i11t of' w l1atJ is 110w 
cc1lled t.l1e geo111et,1·ic: t,l1eo1·y of c:ly11c1111ic:ctl syste111s. 
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111 t.l1E1 l)c~gi1111i11g c)f. tl1is c•t:.11t. 111·)·, cl11(\ 1-.c) tl1(' g1·t>wi11g (1 lt·c·t1·cl11ic· t('.\(•l111(Jl<>g,y, 
t, l1ert-" \Vas 1111_1c·l1 i11 t.e1·c~s t. i11 11c) 11li11c'\ ,11· (' 1 E:.( ·t. 1·<) 11 i < • < ·i 1·c· 11 it. s ,111 cl 1-11 c'\ i 1· <>sc· i 11 cl t. i <) 11s. 
Tl1is \Vfts t,l1E~ s11 l)_jc~C'.t. of' t,l1c~ f'1111cl,1111c_•11t.,1l \\T()l'k c)f Vrc1.11 cl<•1· I-)<)l ( ,tl'C)lllltl 192()), 
w l1ic·l1 \Vets la t.c1 1· C'.<111t.i1111 <~cl l)y C1ct.1·t ,v1·igl1 t, l.i it t. 1 c·,vc)()<l f111<l l,,('\\ri11S<)ll ( c1.1·c:) 1111 cl 
1950). Tl1E~SE~ df~vc~lo1J111t'\11ts i11s1>i1·c:.cl S111<:llt· ;:1.11cl l1is <'<)-W<)1·kc=-1·s \\r l1c~11 t 11<:y 
ext.e11clt'\cl t,11(~ geo111c)t,1·ic· c1,I)l)l'Oct(·l1 ()f' f=>c)i11c·c11·e ( cll'()llll(_l 1965). rr l1is (_-"Xt,E_}11sio11 
111ade it, l)()Ssi l)le to f'o1·11111lc1tt) c111cl l)c1.1·t,ly S(>l ve tl1e l)c1.sic· c111est.io11s 1)t~l1i11cl 
tl1is, tl1c1 t. a1·E~ 11c:)\Vctdct)rs c1ssoc·ic1tecl t,o t.l1t~ C'l1aotic'. cl)r11c1111ic'.S i11 11011li11ec1r· 
oscillat,io11s. 

4.4. T/1,eor·~lJ of b,iftt'r·<:(1.tio,,1,.s 
Tl1e t,l1c~o1·y of l)if't11·c'.at,io11s \\1Tc1s kllso i11it,ic:1,tecl l)v' Poi11c_~c11·(~. Her·e 011e i11ves-

~ ~, 

t,igc1t,es 110,v tl1e c1t1c1li t,a.t.ivE: p1·01)e1·ties of· a cly11cl111iC'.cll S}rst,e111 C'.a,11 C'.}1a11ge tts 
a f't111c~t.io11 c)f 011e or 111c)1·e J)a1·a111{:.tE:.1·s. Lett.er· c_·c)11t.1·ilJl1tic)11s c11·e cl11e t,o A11-
cl1·011ov c111cl C'.O- \vo1· ke:·1·s a.1·c)t111cl 1940, \V 110 stc:1r·t,t·cl cl systt·111atic: st.11dy c)f' t lie 
l1ie1·ar·c:l1)r ( l)c1,seci 01-1 t l1E1o iclea of· c·o-di111E~11sic)11) of· l)if·111·c·c1t.io11s of· 111ec'.l1c111ical 
syste111s, ct11cl Hopf. ( 1942) vvl1c) i11,rest.igatecl t.l1e t.r·c111sitio11 f"1·0111 st,c:1.t.ic)11a1·y to 
osc'.illat,01·y l)el1aviot11· i11s1)i1·ecl l)y c111est,io11s alJ01.1t, t,111·l)l1le11(·c i11 tl1e 111otio11 
of· flt1icls. Later· C)Il. R .. Tl1(J111 111a,cle t.l1is l1ie1·a.1·c'.l1v of· c·o-cli111e11sio11s t,l1e lJasis , ., 
of· l1is ger1eral icleclS 011 11101·1)l1ology c111d c:c1tast.1·01)ll}' t.l1eor·y [23]. 

Aft.er,var·cls, wl1E:~11 t.l1e i111pc)1·tc_111c:e of cl1ac)t,i<~ dy11a.111ic~s ,vas c:lisc'.ove1~ecl, 011e 
of t,l1e 111ai11 c111est,io11s i11 l)ifl11·c'.21tio11 t.l1eo1·y l)ec·a1r1t~ 110\v t1·a11sitio11s to c~l·1aos 
tc:1ke plc1ce ir1 c:1 J)er·sist.e11t ( or· tyJJic·al) way. Tl1e 111ost well-k110\v11 sc~e11a1·io 's 
ar·e tl1e tra11sit,io11 vTia c111asi-1)e1·iocli(: 111otio11 1)y R.1.1elle a11cl Tc1ke11s (20] a11cl 
t,l1e t.ransitio11 via per·iod dot1l)lir1g cl11e t.o Feigt:~11l)ct11111 [9]. Sf~E~ figt11·e 5. 

4. 5. KAM-th,eo1·y 
l(AM-tl1eor·y", a1·01111d 1960 i11it1ic1t,ed lJy I{ol111ogo1·ov, A1·11ol' d arid J'.v1ose1·, 
dee-tls witl1 tl1e JJe1·sist.e11t {)C'.C:'.111·1·e11c·e of' qt1c1si-1Je1·iodic'.i ty i11 clyr1a111ical sys-
t,e111s. T11is is a ki11cl of' r)erioclic:it,y witl1 11101·e tllctll (_)lle fr(~Clll{~ll('.yr i11volvecl. 187 
Its fi1~st, ir1terest was i11 tl1e c·o11se1•vrat,i ve syste111s 111odelli11g c:lc:1ssic·'.al 111ec'.l1c1n-
ic:s. Tl1e c:011text, of· KAJvf-t1l1coryr c1gai11 is p<::1·t.111·l)clt,io11 t.heor·:y": it. dectls witl1 
11early i11teg1~al.)le syste111s suc:11 cls tl1e solar· syst,e111, se{~ [2 ,3]. 

Cor1c~er11i11g t,l1e stability of tl1e solar· syst,e111, tl1is c:c)11sE~1·vc1tive I{Al'v1-
tl1eory g11c1ra11t.ees t,l1at, l)osi tive (Lio11ville) 111ec1s111·e ir1 tl1e stc1te-spc1ce is 
sweJ)t 011 t, l)y 01·de1·ly, qt1c:1si-J)e1·iodic· orbit,s. For t,l1e st,c11)ili t,)r J)r·o l)le111 tl1is 
111ear1s tl1c1t tl1e1·e is positivl~ J)l'<)l)c:ll)ilit.y tl1c1t t,l1e 'c1c'.t,11c1l' evcJl11t,io11 of tl1e 
solar· syst,e111 is qt1asi-1)erioclic:, wl1ic::l1 C'.e1·t,c:1i11ly wo11ld i1111)ly st/cll)ility. 

111 ger1e1·al, l1owevc~r, it, is ex1)ec'.ted tl1at l)ot,11 tl1e c1t1c1si-I)E~rioclic: ;:111cl t,l1e 
cl1c1ot,ic regi111e l1ave l)ositivt~ 111c.:}c:ts111·e. See figur·c 1. Tl1is coc:xiste11ce of or·cle1· 
a11d c:l1aos 111c1kes it, l1ard t,o i11fer· st,l1Jili t,y ±'1·0111 t,l1ese c1t1,1lit,at,i ve co11sicie1·a
tio11s for· c:111 explicit, i11itial st,clte c:111d I{i11g Osc:ar·'s questio11 is st,ill 01)e11 ... 
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A 1~eiated poi11t, of ir1te1~est, is t.l1ctt, for· IlE'ctr·ly i11t,eg1·c1l>le s.yst(1111s v\rit,11 fi11it,ely 
111ar1y degrees of· freeclo111 e1·goclic~it,y does ll()t l1c)lcl. E1·goclic·it,y 1·c>l1gl1ly 111ear1s 
t.l1at all evoll1tio11s i11 t,l1(l lo11g 1·l111 c·c)111e eve1·:,,·wl1E)r·e i11 t,l1E~ st,,1.t,e SJJc1c·(~. 
Sir1ce tl1e c1uasi-perioclic~ or·l)it,s }7 it·lc·l 11·1ectst1r·E~ tl1E1()l'E:•t,ic·ctlly r1<)11t,1·ivic1l i11vc1ri
c1.11t set.s, er·goclicity cloes 11ot l1c)lcl f'or· tl1e syst,e111s l111cler· c·o11sicler·c1t,io11. I11 tl1e 
Cc1SE• of c1.11 ir1fi11ite 11111·11be1· c)f' clegr·eE•s c)f t·1~eeclor11 of't,E:•11 clll Er·goclic: H)rpot,11-
esis is postt1lat,ed ct11cl it is ar1 1111solvc.~cl p1·olJlEI111 to 1111cler·stct11ci t.l1t· li111it.i11g 
pro c~esses i11vol vec:l. 

Lat,(.::r 011, I(A1\1-tl1eo1~y also t)ec:a111e i111port,c111t t·c)r ·dissipativ<:~' syst,e111s fle
pe11di11g 011 external para111et,ers. He1·e agc1i11 ge11e1·c:1lly C'.oexist.enc:e of c111asi
periodic., orcler a11d c:l1aos l1olds. As st,ated ec1.r lie1·, tl1is 111e::1.11s tl1at c1uasi
periodicit,y <:'.a.11 i11deed be a t.1·ansie11t stage i11 a sE~c111e11c'.e of· l1ifl1rc'.cl.t,io11s f'1·0111 
orcler t.o C'.l1aos. Tl1e bel1avio11r of' c111c:1.si-pe1·iodic· c1t,t.racto1·s t111cler· ""c11·iatio11 of 
pc:11·c111·1eters \\;'c1.S st1.1diecl by, e.g., Br·oer, H 11iter11ct, T,1.ker1s a11cl Braaks111a [5]. 

5. 1\111\IN Tl-IEl'v1ES OF TtlE PR.OC}f{Ai\1l'v1E 

vVe 110w t,t1rr1 to t.lre NWO-Sl\1C p1·ogra111111e 'l\1atl1e111c1.t,ict1.l aspects of 11011-
linei11· dy11c1111ical syste111s', w l1ic:l1 was c:a,rr·ic)cl 011t, t.l1e lctst. couple of years. 
Tl1e 1·esearcl1 p1·ojec:ts i1·1volved 11e1·e easily c:a11 l)e tr·ac:ed l)ac:k t,o tl1e l1ist,ory 
sketcl1ed above. 

5.1. Resonance pheriorriena 
Let a dyr1a111ical systen1 lJe give11, 1r1ecl1c111ic:al or· othe1·\\rise., co11t,air1i11g sev
e1·al oscillat,ory parts that a1·e so111el1ovv linked. Tl1e11 tl1e ter111 '1·eso11a11ce' 
refers to an exceptio11al, thol1gh ofte11 stror1g, i11tert1ct,io11 betwee11 t,\VO or 
more of such parts. Tl1e si1r1plest i11te1·ac'.tior1 i11volves the ec111ality of f1·e
que11cies of two oscillator'y J)ar·t,s, rJ11t, c:1.lso ot,l1e1· sir11ple arithr11etic: relations 
between freq11e11cies can occl1r. This is a clc:1ssicc:tl setti11g f'or bifurcation tl1e
ory: sn1all C'.l1a11ges of para111ete1~s 111ay tt111e c1way f1·01r1 resor1ar1c'.e, b1·ir1gi11g 

188 about, drastic cl1a11ges of' tl1e cly11ar11ics. Tl1e prog1·a111111e co11t,ai11s sever·al 
activities in this area. This research is relevc111t f'or· t,ec;}111ologic,1l applica
tio11s. 

Pararrietric resonance (Broer, Ho,ue'ijn (postdoc), Le·vi (g'ttest from RPI, 
Troy NY)). A 111odel proble111 is tl1e follo,ving. Co11sicler a pe11dul11m, its 
point of s11spension osc:illating ver·tically. Suppose that we ca11 change the 
co1·respo11di11g period at will, so that we 111ay co11sicler it, as a para111ete1·. 
Here a st1·011g fo1·n1 of so-called para111etric: reso11c:111ce occ:11rs whe11ever tl1e 
period is near the period or near half tl1e per·iod of tl1e pe11cl11lu1n itself. It 
tur11s out tl1at for certair1 values of the syste111 para1r1eters tl1e ec111ilibriurn 
of the pendulun1 becornes 1111stable! 
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Figure 6. Pockets in the stability diagram of Square Hill's Equation. 

One prol)le111 is l1ow tl1e dyr1a111ic'.al possil)ilit.ies are 01·gc111ized ir1 1)ar·a111e
te1~ space ( vvl1icl1 l1er·e l1apper1s to l)e a 1)la11e). Ofte11 tl1e r·egio11s of i11stal)ility 
f'o1·111 t,011gues, s0111etir11es exl1il)it.ir1g so-c'.alled i11st,c1lJility-pockets, set~ figure 
6. Tl1is is a c:0111plic~at,ed 111att,e1· tl1at l1as l)ee11 tl1e subject of 1·esearcl1 sir1ce 
tl1e 1920's. Tl1e resea1·c'.l1 of· Broe1· a11d Levi [6] l1c1s c~o11t.1·il)t1ted to tl1e geo
r11et1·ic i11sigl1t i11 tl1is. 

A var·iatio11 of t,l1is J)ro l)le111 occ:t1rs wl1e11 two of' st1c~l1 J)er1d ul u111s are c:ou- 1 89 

pled by a weak st,r·i11g. If tl1e reso11a11ce is st1cl1 t.l1at t,l1e st1111 of tl1e 1·1atural 
frequer1c'.ies of tl1e J)e11dul u111s equals tl1e freqt1er1c'.y of t.l1e f'o1·c:i11g, t.l1e syst.e111 
is stable 011ly for· para111ete1· values i11 a 11a.1·row t.011gt1e. Tl1e geo111et,ric: ur1-
dersta11dir1g of tl1is 1)l1er10111e11011 was e11l1a11ced by Hoveijr1 c111d Ruijg1,ok [14]. 

The fattened A r·nol 'd family ( Broe,, Si112,6 l'1 Tatje1· ( grl1,e.,ts Jr·cJrri the [lni·ue·r·
,sity of Bar·celon.a), Vian,a (g'ttest fr·o'rn IMPA, Rio de Jan,e'ir·o)). V.I. A1·11ol'd 
is one of' tl1e leacli11g 111e111be1·s of tl1e cly11a111ic:al syste111s co11111111nity. For a 
better u11der·sta11cli11g of' -- a111ong otr1er· tl1ings ---- 1·esor1ar1t dy11a1r1ics, lie 
l1as i11troduced a 111odel syste1r1 01)e1·atir1g 011 a c:ir·cle, ,vhic:h l)y 110w is vvell
understood. It seer11s t.l1at exter1sio11s of tl1is 111odel to t,l1e pla11e 111ay I)lay a 
central role in bifurc:at,io11s to c:l1aos, related to l1orr1c>c:li11ic poi11ts. As 111ore 
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Figure 7. Complexity in the stability diagram (left) and a global Viana-attractor in the 
fattened Arnol'd family (right). 

oft,e11, t,l1is "f'at.te11e(l' 111o(iel it.self als() t.l11·11s Ollt, to (:c)11t,1i11 ,t lot (Jf' C'.l1aos. 
Tl1ese pl1er1or11ena c1r·e st11 <)11gly 1·elc1t.ecl t.o 1·eso11a11c·e, i11 1)a1·t.ic·l1lar w l1ere t.l1e 
1·eso11a11c'.e is al)ol1t t.o clisappea1· ct11d ,vl1ere seve1·al 1·eso11a11c·e ar·eas sta1·t t,o 
i11t.er·ac'.t. Vic111a did theo1·etic:al wc)rk 011 t.his "\\rl1e11 visitir1g G1·011ir1ge11. Si1116 
,1.11d Tc1tjer·, toget.l1er· witl1 B1·oe1· c:011t1·il)t1teci t.o t1l1e uncler·st.a11clir1g of this 
ir1 a c~or111Juter· assistecl ,vay. A111011g ot.l1E:~1· t.l1i11gs~ pl1e110111e11c1.. p1·edicted by 
Via11a's tl1eor·y ,~rer·e fo1111d, see figu1·e 7. Co1111)c1-1·e [24]. 

Generic 1:4 resorla'tlce {Br·oe1·, K,r·a,uskl>pf (Ph.D.-st·z.tde11,t), Tcikeri.s). Tl1is 
is fl, study of c1ll possil)le cl)111a1r1ical co11sec1t1enct'S of a loss of stal)ilit,y, c1s

sociated to c1 fr·eq11e11c:y 1·atio <)f 1 to 4 ( or· 3 t.o 4, wl1ic·l1 <:ctr1 be 1·ed11c:ecl 
t,o t.l1e sa111e prol)le111). A c:c)rr·espo11di11g st.l1cly was ("ar·r·iecl Ol1t. f'or c1ll ot,l1er 
ir1teger rat,io's i11 t1l1e 1970's l)y Ar·11ol'd, Bogclc1r1ov, Carr·, Kl101·ozov arid 
Take11s, l)lit. t,l1e 1)1·ese11t c:i1se, ,vl1ic·l1 is 1·r111c:h 11101·e C'.0111plic~c1ted tl1ar1 tl1e 
otl1ers, is still 11ot c:or11plet.ely solved. Tl1c~re is a co1·1jec:t.ur·e by Ar11ol' d [3] 

190 wl1icl1, wher1 t1·11e, gives a (~01111)let,e soll1tio11 of' tl1is case. 11·1 tl1e preser1t 
pr·oject a c:0111bir1atior1 of ar1alytic:al arid r1u111e1·icc1l 111etl1ocls we1·e used to 
study c1.11cl vist1alize t.l1e co11sec1ue11c.:es of' tlre c:011jec·t,t11·e in terrr1s of the bi
furcat,io11 structure i11 a t.l11·ee-di111e11sio11al pa1·a111ete1· space; see figu1·es 8 
ancl 9. 111 c:0111bi11at.ior1 ,vit,11 tl1e stucly of et C'.e1·t,cii11 si11gt1lari t,y t.l1at, acts as 
an orga11izi11g c:e11tr·e, t.l1is is c·or1vir1c:i1·1g evider1c:e i11 f'avo11r of tl1e Ar11ol 'd 
co11ject.11re; see Krauskopf [15, 16]. 

Resorilince i'n adiabaticall:y j'or·cerl Harnilton,ian .'3yste'm,s (H'u·venee·,~s (Ph.D.
st,udent), Ver·li·itlst). Here we l1ave a 1·eso11a11ce prolJle111 i11 the cor1t.ext of 
c:011ser·vative 01· fric:tio11less 111ec:l1c111ics wit,11 t.wo 1)a1~c1111et.ers, 011e det11ni11g tl1e 
reso11a11c'.e a11d 011e related witl1 tl1e average er1e1·gy. It tt11·11s out. t.hat her·e or1e 
ca11 succ:essf't1lly t1·a11sforn1 to t,l1e q11c111t11r11111ec:l1c111ic:c1,l fo1~1r1alis111. Altl1ot1gl1 



b 

1 

T[ 

0 • 

0 

-- rc/2 

0 

-Tt/2 

191 

-1C 

37t/2 

1t 

Figure 8. Bifurcation structure • 
1n 3D parameter space related to the 1:4 resonance. 



H, W. BROER I F. TAKENS 

9 H 10 

1 

10 

1 

1 

9 

2 

. - .- .. --- -- ... •,.,_ .. ---·--~- "'••"~ ,, --- ' - .. ' ····; 

3 tt 9 

2 

; 
I 

Figure 9. A sequence of phase portraits near 1:4 resonance. 
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192 this cha11ge of fo1~111alisr11 cl1ar1ges the co11t.ext fr·or11 r1or1li11ec1.1· c:111d fi11i te
dir11e11sio11al to l)otl1 li11ear and i11fi11ite-di111er1sio11c1l, t,lre bift11·cat.io11s C'.c111 
still be interpreted. Tl1e bif11r·catio11s ar~e a11t-1lysed i11 terrr1s of t,l1e i11varia11t 
subspaces of t,l1e associated i11fi11it,e-di111e11sio11c1,l Hilr)t31~t s1)c1c:e. 

5. 2. Symmetr·y 
Many 11at,u1·al syste111s exl1ibit s0111e f'o1·111 of sy111111et.ry, wl1icl1 t,hen deter-
11·1i11es tl1e bifu1·c:at,ior1s, i.e., tl1e drast,ic'. cl1a11ges i11 tl1e l)el1c1vio111· 011e c:a11 
typically ex1)ec:t. Anotl1e1· reaso11 for studyi11g sy111111et.1·ic: syst,e111s is thc1t 
tlrey are ofte11 i11teg1·able a11d l1er1ce C'.a11 l)e tised cis a first step t,o stucly 
( approxi111ate) 111ore co111 plic~ated syst,e111s. Tl1is l1olds i11 J)ar·tic:ular for· tl1e 
sy111111etric: syst,e111s a1·isi11g f1·0111 tr·u11c:atio11 of' l1igl1e1· or·cle1· te1·111s, ir1 c:0111bi-
11at,io11 witl1 1101·111al for111, proceclu1·es. 



C ()'l lJ) l (:cl .] (),9 (:]) /1,.s O 'f1, ]'ll 'fl,(~ t·i() 'I J,:3 ( i,/(l, 'I l c; il:,. l\.-'i ., J,J)(l,. 71
(' It, i,'i t i ,1,A: ()'l' (J) I,. J). - ,,; t 'lJ, (/(_', 'fl, t)). 

TI 1i s I) I'() j c~c·t, is t'C) 11 c·E·1·11ecl \\7i t, l 1 t. l1c\ c ly1 l,l 111 i < ·, 1.l 1 )I'<) 1)e1·t i c"'s c> f' <l 1111111 l) c,1· C) f' i cl <.~11-

t i (' ctl ,J ()Se J) 11S() 11 _j l 111 c·t, i () 11S, (' c\.(" 11 t \,\r() () f' t, l l (\ l l l ('() l l I> 1 ("'( l i l 1 t. ll(' Scllll (' vV R.)r. ~I\. 
,J ()SCJ) llS()ll j llll c:·t, i () 11 is a ga.<.l gc· t f'1·c) Ill t l l (' t.11(\() 1·y () f' s l 11) (•l'("•(:) 11 ( l 11 c·t, i "r i t,)T' 111 () cl
(•lle<i l)y cl, J.)('llCl11l11111 \Vit.11 ()sc·illc1,t,i11g })()i11t c)f' SllSJ)(:i11sio11. rrl1is })l'(:IS("llt, 

syst.e111 is i11vc:1.1·ia11t. 1111clt·1· a.11y 1>c1·11111t.,1.ti<)ll c>f. tl1c~ .Jc)Sf'J>l1sc>11 .j1111c·t.ic.>11s. ,..I,l1c~ 
111c1i11 c111est,io11, wl1ic·l1 is 1·(~l,1tc\c·l \Vit,11 tl1(• clJ)J)li(·c1,t,ic)11s ()f. t,l1E•s("'I sy·ste:,111s, is 
t111cle1· \V l1ic·l1 c·c)ll(ii t.ic)11s tl1c c'l iff'(\1·c\11 t. _j lt11c~t. ic) 11s C)l)e1·;:1.t,e i11 ,1. sy11c·l11·c> 110 t1s 

wa,)'· 1,l1e i11vestigc1.tio11s, \vl1ic'.}1 <·e11t1·e ct1·ot111cl ,1 l10111oc·li11ic'. l:)ifl11·c·cttic)11, ct1·<~ 
car·r·iecl ot1t l)c1tl1 l)J' clllctlyt,ic·cil ,111cl 11t1111e1·ic'.ctl 111ec111s. 
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Figure 10. Chaos in the skew Hopf bifurcation. 
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Sk:e"ll} H ()p 1· bi.f"U7'C(l, tior1, ( B·1·ot:''t'' T(lk(:''/1,,'i. i,v'(lf}C1l. C'l' ( [:>,, .. D.-.~ l'll(i('.'l 1,t)). rI"l1is 
1>1·c) j ec·t s t,ctr·tecl ,,ri t.11 t l1E~ i11 vrc1st.ig,l.t, iC)ll C) f" ,t t.1·,t.11s it i ()11 t.c) (·l1c1()S i11 t 11(~' 1>I'('S
t' 11c·E:: c)f' syr11111etry~ wl·1ic·l1 sl1c)V.'E"cl t,11(' I>()ssil>ilit.y of· 111ix('cl spcc·t1·c1. t·clr· c·l1c1ot.ic· 
S)'St.e111s, se(' Broe1· c111c·l Tctkc'11s [7]. l\Iix(:cl s1)t=>c.-t1·,1 W('r·e c)l>sE~r·vccl i11 E:-.Xl)E:1·
i111E?11 t.s ~ l) 11 t. 11c) l)ers is t.c~11 t. 111c1 t. l1c,111ctt i c· <tl ('."lx;:1111 µ l (=> v\'cl.S k 11c>,v11. 1' 11(' 1J1·E~se11t, 

i 11 v"c~st ig cl.t, i 011s c:tt·e c·o11 c·e1·11 E'(·l vvi t. l 1 t. I·1 E:-, c111 E:-.s t i c> 11 \\1 l1,1t. 11,11> 1) t~ 11s t c> t.11 is t r· clll
si t, io 11 it· t,l1e sy111111et,r·y get.s (sligl1t.l:r·) l>r·<)ke11. ,.fl1is 11c•('cls cl g<:}11E)1•c:1lizatio11 
of t.l1e I< ANI-t l1eor·y ()f. c1t1ctsi-1)er·ioclic· 111(~>t, io11s. 011 t, l1E· ot,l1E~1· 11ctl1(l, C'.0111-
l)l1 te1· si11111lc1.t.io1·1s i11clic:a.tc\ tjl1<:lt. 11e\\T t,y1Jes of' cttt.1·c1c·t,t)r·s ar·<:? f'or·111E\tl wl1e11 
tl1e syr11111et,ry is l)1·oke11. Sc·E' fig1.11·e 10. 

Re.go'na,,,.c~e a'rirl S1JJ'rri1rit.~t·r·:y (H o·tJf''ijr·i (JJC>,':,t(i<>C'.)). R.esc>11a.11t. syst.e11·1s (·c:111 l)e 
c·o11sicle1·ecl clS s111c1ll pc~1·t.t1rl)clt.ic)11s <>f' sy111111E~t,1·ic: syste111s i11 t,1·1(~ ser1se tl1at 
t.l1t~i1· Tt1,ylo1· 8e1·iE1s l1ctvt~ ,t fc>1·111al sy·111111etr·y, wl1ic·l1 is i11l1er·it,El,cl 1>y t,1·1.111c:c1-
t,ic)11s. ,.fl1e1·ef'o1·<:::, i11 tl1E~ set.t .. i11g c)t· 1·esc)11a11c·c· it, is c1l1ite 11c1t,111·al t·,c) co1·1sic:le1· 
sy111111et.1·ic'. syst.e111s. 

L L 

Tl1e 1)1·ese11c'.e of cl. sy111111t1 t,1·y gr·c)tlJ) 111c1-kt-ls it l)C)ssil)le tc) lo,vt~r· t,l1E.~ cli111e11-
sior1 c)f t.l1e syst.e111 l)y c·o11siclE.)1•i11g t.l1e dy11c:tr11ic··s c)1·1 t,l1e C)t·l)it, Sl)ct('.e c)f' tl1e 
g1·ot1p. For· Hc:1111ilt,011ia11 syster11s 011e of't,e11 c·,111 eve11 lower· t,l1e 11t1111l)er· of 
clegr·ees ot· freeclc)111. Tl1is clppr·oac'.}1 r·aises s0111e i1·1t,E~1·estir1g J)r·o ble111s. I11 
ger1e1·<1l or·l)it s1)c1c:es will l1c1ve si11gt1lar·ities. Tl1e fir~st p1·c)r)le111 is t.o c:'.l1a1·ac
t,er·ize t.l1ese j11st, f'1·0111 t,l1E:~ sy111111et.1·y• gr·oup c:1t l1,1..11d. I11 111c1.11y c·ases tl1ese 
si11g11l::1.r·i ties t.111·11 011 t to l)e 1·c-1 t.io11al 1 \\

1 l1ic~l1 f',1,c'.ili tclt.es t,l1is t,c:1s k. Tl1e sec:011d 
I)l'C)l)le111 is t,c) clet,E:1·1r1i11e tl1e glol)al st.1·11ct.u1·t~ c)f t,l1e orl)it, s1)ac·e. Tl1is ques
t,ior1 is l1ar·cler·, i11volvi11g r·eal ctlgebraic geo111et,r·y. A1)art fr·o111 dE~t.er·111ini11g 
tl1e 11c1t,111·e of the or·l)it SJ)aC'.e tl1ere is tlre c111est,io11 c)f defi11i11g cl clyr1c:1,111ic:c1l 
syste111 011 et pl1ase spc:1C'.e wit,11 si11gt1lc11·ities. 

For· Ha111ilto11ic111 syst,e111s 111c:111y 1·es11lts l1c1ve bee11 ol)t,c1i11ecl l)y Le1·n1a11 & 
Sjc1111c1a1· [l 7] a.11cl Ar·111s et ctl. [1] w l1e1·e tl1e sy1111·11et1·y gr·o11J) is et Lie g1·ot1J) 
witl1 lir1ear actio11. &lc)1·e detailecl r·es11lt,s fo1· pc11·t,ic·11l,1r 1·eso11ar1t syste111s 

194 witl1 two cleg1·ees of' f'1~eeclo111 ,ver·e c:1lr·eacly fo1111d l_)y Cl11.11·c:hill et al. [8]. 
For· t,hese syste111s tl1e si11g11lar r·ed llc~t.io11 r11et.l1od is vcr·y pc)wer·f'11l l)eC:c1.11sE:~ 
her·e t.l1ere are 110 globctl J)1·01)le11·1s a11cl t,l1e si11g11lc1rities ftr·<:.~ si1111)le. Si11g11lar 
reduc~tio11 f'or· reso11c1..11t Ha111ilto11ici11 syst.e111s witl1 111c>r·e t.l1a11 t,wo degr·ees of 
freeclor11 is a s11rJ jec:t of f't1r·tl1e1· r·esettr·cl1, f'o1· par·ti,tl 1·esl1l t,s set~ Hoveij11 [13]. 

I11 syst,e111s of t,l1is fo1·111 011e ofte11 fi11ds c111 i11t,erplc:1y l)et,\,ree11 Vftr·io11s st,r·trc
tures, s11c.'.l1 c:lS et sy1r1plect,ic: st1·uc'.tt11·E~ c111cl cl sy111111et,1·y g1·0111). R.esec:1.rc:h ir1-
spi1·ed by t,l1e C'.C)llplec·l pe11cl 111 u111s exar11 ple lecl t,o t,l1e c"l1c11·c1c'.te1·isatio11 of 
ir1fi11it,esi111ally r·eversi1)le sy111plec~t,ic: 111ctt,r·ic·es. 

Orie-(iirrie::ri,'-j-ior1,(1l d:r.;·riarri il:,r.; ( Vcirz, Str·ien, I< oz[o,z, .. -;ky ( PI,,. D. -st,itder1.t)). Tl1e 
111ost C'.0111plete, c111d J)rofol111d, 111at,l1('111at,ic:al 1·est1lts c:()llC'.e1·11 cly11a111ical sys
te111s wit,11 or1ly 011e clegr·ee c>f t·1·eedor11. Al tl1011gl1 t.l1is is c1, 1·c1tl1e1· 1·estric~t,ecl 



c·lass it l1t1s ,11)plic.'.clt.io11s i11 bic)lc)gy ;:1.11cl i11 fl11i<_l cl}T11c1111ic·s. 1,l1E~ ci;v11c:1.111ic·s 
of tl1E~se 011e-cli111e11sio11a.l syst,E\111s c·,111 l)e ext,1·e111c:\ly· c·c)1111)lic·cttecl~ l)tlt, st.ill is 
111c1tl1E\111,1.t.ic:c:1.llyr well 1111cler·stoocl. SE•t1 DE· f\if (l lo c111cl Vct.11 S t.1·ie11 [18]. Tl1e cti111 

c)f t,l1is J)l'C)jec·t, is t.<) t1·y a11cl ext.e11<..l t.11(:: C)11e-cli111e11sio11c1l 1·c\s11lt.s t.c> l1igl1e1· 
dir11er1sio11s. Ir1 t.l1e spec·ic1l c·ast· ot· tl1e He11c)11 111c:1t.) t,l1is t1.l1·t:·c1cly t.l11·11<::cl C)11t t.o 
lJe J)ossil)lt·, c:0111ptt1·e t.l1e ft111cl,1111c~11t,c:l.l \VC)r·k of' BE~11eclic·ks tt11cl Cc:11·lE~so11 [4]. 

Tl1is c1p1)1·oac'.l1 is st.ro11gly r·elc1t.ecl t.o tl1e ,111al)rsis of· t,l1c~ fctt.t.t:11ecl A1·1·1ol 'c·l 
fc:1111ilv 111e11tio11ed above. v 

5. 3. N·itmer··ical tools r1,11.d ·uis·ualizatio·,i 
There is 110w soft,vc11·e to c:111alyse l)ift1rc'.at.io11s of explicit.ely givE~r1 systen1s 
(DS tool, AUTO ctll(1 LOCBIF), l)tlt 111t1c~l1 11eeds t.o l)e c1011e to i11teg1·<1t.e t,l1e 
possibilities of tl1ese p1·og1·a111s, a11d to c:0111l)i11e t.l1E~111 \vitl1 tl1e 1101·111c1l for111 
algo1·itl1111s. Tl1e dy11c1111i<-~c1l syst.e111s lal)o1·at,01·}r (DSL) clt, CvVI l1as l)ee11 
active ir1 this di1·ect.io11 c111d l1as st1ppo1·t.ecl a111)li(~at.io11s of tl1is soft.,vc11·e, 
e.g., for· tl1e 1: 4 1·eso11c111ce 111e11t,io11ecl ea1·lit~1·, bl1 t also f'c>r· i11vest.igati()11s i11 
popt1latio11 d)rr1a111ic'.s. Tl1e ol)jec·t.s visl1c1lized ar·e 11st1ally of cli111e11sio11 two, 
or at 1110s t, tl1ree. 

Other· probler11s ar·ise whe11 st11dyi11g l1igl1er-cli111e11sio11al objec'.t,s, like i11-
va1·ia11t 111ct11ifolds. Botl1 tl1e calc'.t1lc1t,ior1 of t,l1ese objec:ts a11d tl1eir· vis11,1liza
tio11 requir·e 11ew n1etl1ods. 

Develop'r11,e·n,t of ,c,oft·u1ar·e ancl applicatio·ns to pop'lLlat'iori dyria·rri'ics at DSL 
(Sande·rs, K·uzrietso·v, Lev·it·in (N}VQ--,v·is·itor), L,isse·r·, K·ir·kilon:is, Haritke 
(Po.<:;tgr·a,d,uate)). 011e of t,l1e 111ai11 project,s i11 tl1is g1·01.1p is tl1e develop111e11t 
of a r1ew prog1·a1n CONTENT C'.0111bi11i11g tl1e ('.1clv,111t,ages of t,l1e diffe1·e11t 
110w existi11g prograr11s. Tl1e1·e is a11 i11ter1sive C'.OC)perat.io11 ,vith at1tl101·s of 
previous progr·a111s, like Doedel ( at1thor· of' AU,.rO) a11d I(uznetsov ( c1t1tl101· of 
LOCBIF). A11othe1·, r·elated tl1er11e is tl1e co111pt1t,at,io11 of 11orr11al fo1·111s wit,h 
Matl1e111atica-1)ased softwar·e. Par·t,ially tl1ese ac:t.ivities we1~e also s11pported 
by tl1e NWO pr·ior·it.y prog1·a111n1e 'No11li11ear Syste111s'. 195 

Fro111 tl1e applic'.atio11s out.side 111atl1er11atics we 11·1e11tio11 tl1e bif11rc-:atior1 
a11alysis of struct.t1red pop11lc:1.tior1s. 

Computation and 'Vizualizatiori of' iri,var"•iant nian·if old,.<, ( Br·oe·r·, Os·iriga ( Ph,. D. 
st·udent), Vegter·}. Tl1e proble111 is to develop prog1·c1111s t.l1at n11111er·ically 
co111put,e i11varia11t 111a11ifolds, l1si11g ( 1101·111al) hyper·bolicity. A fi1·st cor1tri
bution to tl1is, by Hornburg, Osir1ga and Vegte1· [12], co111pl1tes the st,c:1ble 
and ur1stable ma11ifolds of a stat,io11ary poi11t. Tl1e cor1~espondi11g algorith111 
is based on the existe11ce proofs of' botl1 Perro11 a11d Hada111c1rd. 

R,esearcl1. is in progress co11ce1·11i11g a ge11eral nor111ally l1yper·bolic case, 
where variations of' tl1e graph transfo1·111 a1·e e1nployed. Tl1e C'.Orrespo11ding 
algorith111 is very suitable for c:011t,i11uat,io11 pu1·poses a11ci fills cl gap i11 t,he 



s::: 

Figure 11. Invariant 2-torus for a fattening 

of the Thom-automorphism. 

5.4. KAM-tlieor·y 

E\xisti11g sof't,v\r<1.1·t~. As <:111 
(\Xcllll l)l<:1 ()f' clll i11vc'tl'ic111t, 2-
t,()l'llS i11 cl 3-c:li1-11(~11sic)11al clif'... 
f'eo111 <)1·1) l1is111, 1)1·0 c~l 1_1 ('eel l):)! 
t.l1is 1r1ct,l1c)cl, sc:c: fig111·E~ 11. 

Si11c:E; tl1<~ c1lgc)1·it,l1111s clc_'
SC'.I'i 1Je(:l l1c~1·t:} ctr·c:} 1-)as<:}cl ()11 
cl t,l1E·o1·<~tic<:1l t·xiste11c'.e l)I'C)<)f', 

a11cllytic: e1·1·01· lJ01111cls c:a11 l)e 
~ 

o l:>t,ai11t:d w l1ile tl1e 111et.l10{1s 
cc:1.11 l)e t1secl to p1·ovicl€:: corr1-
1>11t .. e1· assist,ecl r>r·oofs of all 
ki11cls of c_lv·r1a111ic·c1l feat,ur·e8. ., 

Fu1·t,l1er· develo1)111e11t, of' I{AJ\1-tl1eory· tur11s out, t.o l)E~ of' ge11e1·c1l i11te1·est 
f'or· tl1e resec:t1·c'.l1 i11volved. \Vitl1i11 t,l1e sc~or)e of tl1e 1)1·ese11t. 1)1·ogra1111r1e v\re 

111e11t.io11 tl1e ctbove pr·oject. of· t.l1e 'skew Ho1)f t)if'111·c'.cltio11', wl1e1·e I(A1\II-· 
tl1eory l1c1.s to be exte11ded to investigate t.l1e pe1·sist.e11(~e c1.r1d bifur·catio11 of 
c:ertair1 qt1asi-per·iodic attr·actors. Also sir11ila1· quasi-per·iodic~ bif111·c:ations ir1 
co11se1·vatiive syste111s l1ave tjo be stJudied as tl1ey occ:111·, for· i11st,a11c:e, i11 the 
rigid body dy11ar11ics, see l)elo,v. 

011e otl1e1· project fi11a11c'.ecl by F011I /SivIC ( via. tl1e N at,io1-1c1l I\1athe111atical 
Pl1ysic'.S Co1111111111ity) deals witl1 tl·1e Ergodic:it,y P1·ol)le111 111e11t.io11ecl bef()t·e 
(Br·oer·, Vc:111 E11ter, cie Jo11g (Pl1.D .-stt1de11t,), Take11s, Wi11r1i11k). I11deed, 
it c:011side1·s a co11crete ir1fi11i t,e-clir11e11sio11al lat. tjice sJrste111 as et li111i t of fi-
11ite degr·ee of f1·eedo111 syst,e111s, i11vestigat.i11g tlre fate c)f' tl1e q11c1si-1)eriodic 
111otior1s i11 tl1e li111i ti11g p1·oc:ess. 

Agc1i11 in t,l1e c:011text of· c~o11servati ve S)rst.e111s tl1er·e is a pr·o,ject, fi1-1a11ced 

196 by Gro11i11ger1 U11iversity, dealing witl1 two a11d tl11·ee c1uasi-1)e1·iodic 111otio11s 
of a rigid body ,vl1icl1 is a 1)e1·t11rl)atio11 of tl1e Et1ler· to1). (B1·oe1·, C11sh111a11 
(U trec:l1t U niver·sity), HanB111,11111 (Pl1.D.-st11(ie11t)). 011e tool fo1· tl1is prob
le111 is r1orn1al form tl1eo1·y, yieldi11g a11 ,1p1)roxi111ate syste111 wit,h a 2-torus 
sy111111etr·y. Tl1e r·edt1ced (slow) syste111 in t,wo-di111er1sio11s ca11 11e stt1died i11 
its ow1·1 rigl1t, by si11gula1·ity tl1eor·y. Tl1is le,1.cls t,o qt1asi-pe1·iodic 1r1otions 
with two a11d tl11·ee freque11cies (ir1c:l11cli11g s0111e l)ifur·c'.cltio11s) i11 tl1e i11t,e
gr·al)le approxi111at.io11. Af'ter t,l1is a l(.1\.1\1 1)ert1u1·b,1tio1-1 tl1eory r1as to be 
carried 011t,. See Hc1i11Brr1ar111 [10,11]. 

Finally we 111e11t,ior1 t,he r11c:111usc:ri11t of· a t)ook l)y B1·oe1·, H 11it/e111a (PTT-
1·E)searc'.l1-) a11d Sevry11k (g11est, fro111 R,t1ssia11 Acade111y of· Scie11cE~s, Moscow). 
This is a s11rvey of KAJvI-t.l1eo1·y i11 c:lasses of syster11s deterr11i11ed by tl1e 



l)l'E~SE~1·vat,io11 of a give11 st,1·l1<·t.1_ir·t~. Exct1111>l(\s <lI'(3 gi\r(•11 lJ.)' t.lrc-· c·lclSS('S (Jf. (·011-

se1·v;:ttive ()l' clissi1)clt,ivre S}rst,()lllS lll('llti<)ll( 1(l l><\f'()l"(\. Atl()tl1( 1l' (:iX<l.lllJ)l(\ ('()11-

sist.s C)f 1·ever·sible s_yTst,e111s 1·E:·lc1t.c·<l t.cJ cl gi\:(•11 i11,r(>ll1ti(lll. 'flrE) i11v<)l11t.ic)11 t,1l<E'S 
evc>ll1t,io11s t,c> t~vc)ll1tio11s, 1·<·v<•1·si11g t 11<~ t i111(~-J)ctr·<llll(-:'t.r·izc1t.ic>11. Es1>E:'c·i<:t.ll}r t,l1E:~ 

111i11i111,tl c1,111ot111t of' J>f11·c1111E•t.E1r·s tlf\<)clE·cl f'c_>1· I>E?1·sist.<111c·(_• cJt· cl l_l<tsi-1>c)1•icJclic· 111c>
t,io11s is cJf. ir1t.e1·est .. 

5. 5. Me t}1, rJci.s ci ·11,rl a p JJ l i cci tir;·rrt<; c> f 11, o '11 l·i ,-1 <~c1:1 · f i'r 11,€~ ,'i t:·1·,i, e.<; ci·rz. c1,l;y.si:, 
Tl1is ar·e<l, ,vl1ic·l1 \\rclS 11ot i11c·lt1clecl i11 t,l1e J)1·es<)11t, 1)1·og1·c1111111(~, l)llt, i11 tl1e 
N\VO priori t,y 1>1~ogr·ar111r1E1 "N 011li11ear S.',rst.e1r1s', is l)c:tsccl c111 c:c)11c·e1)t,s fr·o111 
tl1e t,l1eor·y of 11011li11c~a.r <:ly11c1111ic:a.l syst,e111s. Tlrc~ iclc~c:t is tl1c followi11g: 
C'.llclotic: syst,err1s l)el·ra\'E~ like 1·c:111clo1r1 syste111s, b11t, is it 1:)ossil)lc~ t,o clist,ir1-
gt1isl1 tl1e two j l_1st l)y o 1)se1·vi11g t.lre clyr1c1111ic:s'? Tl1c~ ,tr1swer· t t11·11s c1t1t t,o 
l)t~ r)osit,ivl', l)tlt, it. r·(~c1t1i1·es 11e\v 111ct.l1c)cls of· t,i111e ser·ies clllctlysis. Co111-
l)are Take11s [21,22]. Tl1esE:i 111c~t.l1ocls c11·e cllsc> 1·el(;Vc111t. fo1· syst()111s tl1;.:1t c:11·e 
11c)t C'.0111 I)let,e ly clet,e1·111i11ist ic:. At, t.l1is 111c1111c11t, tl1E:~r·e is cl l)l'C) j ec:t a11ctlysi11g 
t.l1e statist,ic·,11 as1)ec:t,s ot· tlrt)s<~ 11e\v 111t1 t,l1<)cls (Bc)rc)vkovct (Pl1.D .-st,t1cle11t.), 
Del1li11g, Take11s) a11c·l tl1t~1·e c:11·c two exper·i111e11t,c1l g1·ot1J)S t:lJ)l)lyi11g tl·1ese 
111et.l·1ods: t.l1e groUJ) of' Va11 cle11 Bleek et, ctl. clt, Delft. lT11iver·sit.y of Tec:l1-
11ology aJ)l)lyi11g t.l1is t.o tlre 1)1·ol)ler11s of clesig11 c111d OJ)er·ctt.io11 of fluid bed 
reactors, a11d t,l1e gro11p of De Goede e1·,. ctl. c:lt. LeiclE~11 U 11ive1·si ty c1})!)lyir1g 
t,l1is to physiologic:c1l t,i111e ser·ies (EEG c111cl ECG). 
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