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1. INTRODUCTION 

Around tl1e year 150 A.D. tl1e Greek SC'.ie11t.ist Clat1dit1s Ptole111y, wl10 lived 
cl11d wor·ked i11 Alexa11d1·ia i11 p1~ese11t-day Egypt, c:01r1pilecl l1is 111ai11 ast1~0-
no111ical work, tl1e ~A.l111ag·e,'3t. 111 tl1is work lie Il<)t or1ly c·ollec:t,ed t.l1e 111ost, ir11-
por·ta11t acl1ieve111e11ts of l1is 1)1·eclec:esso1·s, i11 l)art,ic:ular· Hippar·c:l1t1s (Rl1ocles, 
sec'.011d ce11tt1ry B.C.), 1Jut lie also develOI)E~cl tl1e fir·st ctc·c:t11·ate geon1etric~al 
111oclels for· t,l1e 111otio11 of tl1e 1110011 a11cl tl1e five \risible l)lt111et.s as see11 f'ro11·1 
tl1e ea1·tl1. Ptole111y co111puted large sets of t.alJles, 111ostly of co111plic'.ated 
fu11ctior1s based 011 1Jlc111e or· spl1erical trigo11orr1etr·y~ l)y rr1ea11s of ,vl1icl1 t,he 
geocer1t1·ic~ posit,io11s of t,l1e su11, 1110011 arid pla11ets c:ould be calculatecl at tl1e 
cost of 011ly a s111all 11u111be1· of addit,io11s a11d 111t1ltiplic:atio11s. 

Ptole1r1y 's ast,1·01101r1ical wor·k was l1igl1ly ir1flue11t,ial till tl1e e11d of· t.l1e 
Iviiddle Ages. Fr·o1r1 tl1e 11i11th till tl1e sixtee11tl1 c:e11tu1·y M l1sli111 ast,1·0110111ers 
frorn Afgl1a11istar1 till Spai11 a11cl fro111 Ye111e11 t,ill Co11st.ar1t,i1101)le ( see also 
figt11·e 1) t1sed the Alr11ag·est as a prototype fo1· tl1ei1· ovvr1 t1.st1~0110111ic:al l1c:1.11d
books wit,l1 tables, wl1icl1 wer·e 111ainly wr·itte11 ir1 Ar·abic or· Pe1·sic111. 011ly 
incidentally tl1ey rr1acle 111oclificatio11s to tl1e Ptole111c:1,ic: !)la11etary r11odels, 
bt1t ir1 1r1ar1y C'.ases tl1ey i11cr·eased tl1e ctc~c.'.uracy of· tl1e c:alculatior1s under
lying tl1e t,::tl)les, i1·1 l)ar~tic'.ular 1Jy cieter111ir1i11g 11101·e acct11·ate vcil11es f'or t}1e 
basic tr·igo110111et,ric f'u11ct,ior1s. Ii'"'ur·t,l1e1·111ore, tl1e3r 111acle 11ew ol)servati()11s of 
tl1e 111ot,io11s of' tl1e Sl111, 1110011 c111d l)lc1r1ets, 011 t,l1e r)asis of wl1ic:l1 they irr1-
l)roved 11pon t,l1e val11es of t,l1e 1)a1·a111et,e1·s 1111cie1·lyir1g tl1e r11odels. 111 sor11e 
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observatory of Constantinople ( 16th century). 



('clS(~S, (\.g.' tll(~ ec·<·e11t1·ic·it_\r ()f' tll(• sc·)lcll" ()t'l)i t ()l' t 11(' ()l>li(111i1_\' ()f' t 11(' (1 (·li1>t.ic:· 
( t.lt(' ;.1.11glc l)et.\\r('('ll t,ll(' E'Clllclt()l' ,lll(l t lt(' 1>l,lll(1 i11 \\'lli(·l1 t lie· <ll)l);.ll'('llt )'(',tl'l}· 

111 <.> t, i<.> 11 <) f' t· 11 <:~ s 1111 t cl.kt~s J) let< ·c•) . t 11 ()S<\ \',l l 11<·s l l<t< l <l c· t l l cl ll,\· c · l1ct11gc•( l < l l 1 r·i 11g t l1E' 
c·e11t,111·ic·s .. 111 C)t,l1c·1· c·c·t.sc:,s, <:'.g. tl1<' l(•11gt.l1 (>f. tl1c• sc)l,·11· \rc•ct,1·, t.11< 1 cl\'ctilc1l)ilit.\· C)f. 

' . -' . . 
ot)SE·1·\rc1,tio11s <.>\•er· lc>11gE·1· ti111<:1 si),llts <tllc)\\'<:~cl cl 111c>1•t., ctc·c·111·c:1t.c· clc1tc11·111i11c1tic)11. 

F1·E1 c111c111t,l,\r t.l1c~ E)xt.c111t 111ct1111sc·1·i l)t,s c)f. 111c1 clic_)v,tl clst 1·c)Il(_>111ic·,tl l1,t11cl l)<_lc)ks 
c1.r·E~ c1 ll it. e cl ift'e1·<.~ 11t. f'r·c) 111 t 11 E1 C) 1·ig i llctl \VCJ r· l<s. S i11 c·E~ t 1 lt~ 111ct11 t1sc· 1·i 1) t.s \\'(_i r·f~ 

c:01>iecl l)}' l1::111cl, 111c111.,; SC'.r·il>cll (11·1·()1·s C)c·c·111·1·t,cl, i11 l)c1.1·t.ic·11l,11· i11 tl1(~ 11t1111l)e1·s 
i11 t,l1E~ t,cll)les. Of'te11 \\!(~ fi11cl ::1clclit.io11s t,o t.l1e tc\xt. or· t.l1e t,ctl)les l)\' lclte1· ,, 

11se1·s ct11cl i11 111ctll.)r C'.clses l)c11·t.s t·1·0111 otl1E~1· \"\ror·ks \\re1·e i11se1·t.ec.l i11 J)lac·t~ 
of' 111issi11g, Ol1t:clc1.tt)Cl ()l' llllSllit,cll)lE~ l)clI'tS ()f' t,llE\ 01·igi11::1.l \:\r()l'k. I.(110\\r}eclge 

of' t.l1e or·igi11 c)f. s11c:l1 acldecl 111,1.t,e1·ic1ls c·c)t1ld gi,re 11s i1111Jor·t.c1..r1t. i11fo1·111atio11 
ctl)C)llt, t.l1e develc)J)111e11t. c)t· 111eclie\'c1l c1.st.1·011c)111y· c111cl t.l1e i11flt1e11c'.e of· ectr·lier 
c1st,1·c:>11c)111c1r·s <.>11 lc1t.e1· 011E:-s. I-lo\\'eve1·, i11 111tt11v c·(:tses tl1e :::idclecl 111ater·ictl is 

•• 

11ot. 1)1·01JE~1·ly cltt,r·il)tlt,ecl. 
A 1.1sef'11l 111 E~t. l1cJcl f <)1· <lE~t.c·1·111 i11 i 11g f1·c) 111 \:v~ l1ic·l1 so l11·c·(~s t,a l)les ir1 a.11 ast1·0-

11c)111icctl l1rt11cll)C)(Jk clE)r•i\re is tl1e c·c)1111)ct1·isc)11 c)f' 111c1.t.l1e111c~1t,ic:c:1.l l)l'C)l)et·ties of· 
t.l1e tal)les, (•.g. t,l1E~ t111clE:1·l)'i11g f'1111c·tic)11 t111cl l)c11·c1111et.E~1· \'ctl1.1es, I)CC'.t.1l,11·it,ies 
of' t, lie 111 etl1oc1 of' c:01111) 11 t. cl t,ic)11 s 11c·l1 cts i11 t. E)1•111E~clic1 t,c:i 1·0 l111cl i11g, t.l1e 11s e ot· 
( i11 ver·se) i11t,e1·1)c)lc1t,io11 01· i11c1.c·c·l11· clt,E~ ,1 l1xi lic11·:,' t. c:11) les, c~t c·. Tl1is l-ci11cl c)f' i 11-
fo1·1·11c1 t,io11 ca11 sc)111E~t.i111c~s l)e fo1111cl i11 t,al)11lct1· l1ectcli11gs 01· ex1Jlci.llctt1c)1·y text, 
l)11t. is ofte111.111r·elial)le C)1· si1111)ly· 111issi11g. N<)t ctl\\'cl)'S is ,1 give11 t,cl.l)le lJctsed 
01·1 t.l1e i11clic·a t.ecl l)c11· ct1·11c~t. E.:1· v,1111es a11cl C) 111)· i11c· iclt·11t,c1ll.}r lec1cls cl rec:01111) 11-

t at io11 followi11g t,l1e 1·11les i11 tl1e CXJ)lctllclt,c>r·y' t,ext, I)I'E.:(·:isel:vr t,o t;l1e t.al)11lc1r 
\'c1l11es. 8c)111et,i111es t,clt)les ci1·E~ l)ctse<l c>11 t.vvo cliffE~1·E.~11t, vc1.l11es fc)t· tl1e sc1111e 
as1·1·0110111ic:21l J)c1I'Et111et:c:1·. 

F1·0111 t.llE:'- c1.1)ove it f'c)ll<:>\\'S t.l1c:1t, fc)1· lllc:lll\r tcll)lE'.S i11 111ec·lie\rc1l ctst.1·0110111ic:c1l ~· 

l1;;1.11cl l·>oc)l-cs 111et.l1c)cls 1).)' \:r..r l1i c· 11 t 11 e 111a t, 11 e111::1 t.i c·c1l J) 1·01>e1·t, iE~s c·'.clil r)e det.c1·-
111i11ecl cli1·ec:t.ly f'1·c)111 t,l1e t,cll)11la1· vc:1l11es Etr·e i11clis1)e11s,11)le. Urtt,il r·ec:e11t.lyr 
s11c:l1 1r1et.l1c)cls Vi.rer·e ()11ly cll)l)lic~cl <1.rl f1,<)c:: t.<tl)les \ve1·c 1·ec·c)1111)lltE'd f'or v,11·i-
C)11s l1ist,oric:all}' c1.tt,est.ecl J.)c11·c1111ete1· \r;;1.l11es c111cl 111et.l1ocls <)f. c·o1111)11tc1tio11 i11 169 
01·clc~1· t.o see '"T l1ic·l1 val 11e a11cl 111etl1ocl lecl tc) tl1(~ t)(~st clg1·ee111e11t,, tl1c'. t1sc 
of' li11ea1· i11t,f~r·1)olc1tio11 v\TclS r(~c~og11izE>.cl f'1·0111 g1·0111)s of c·c>11st,c111t: t.ctt)1.1lc11· clif-
fe1·e11c'.es, etc·. Alt.l1011gl1 111a.11}r i1111)c)1·t:c111t, r·E~s11lt.s wer·e f'o1111cl i11 t,l1is v\rcl)', 

t,l1e1·c~ 1·e1r1c1i11ecl cl l::1,r·ge c·lc:1,ss c)f t,ctt)les vvl1ic'.l1 clefiec·l cl 111,1t.l1e111c:tt,icc:1.l E~Xl)lcl-
11,1tio11. 011ly i11 tl1e l,1.st clec'.acle l1c1.s cl, Sj'St;(?111c1t.ic· ftJ>1)1·oc1c·l1 to t.l1e c111c1lysis 
of' 111eclievc1.l clSt1·0110111ic:al ti1,1:)1E:"S \\ritl1 tl1e llS(~ ()f' clClVclll('.CCl lllc:tt,l1e1·11c1tiC'.S ctlld 
st,atist.ic·s ar1cl spec'.icll C'.Ollll)llt,er· 1)1·og1·c1.111s l)ee11 p1·,1c.'.t,ic:c~cl 1)yr ::1. s111c=tll 1·111111l)c~1· 

of SC'.l1olc1..1·s. 

2. TI·IE: Sl\11(: RF:SE.i\R(_:Il Pl{O.Jf_::(~'1' IN lT'I'J{l•:C:H'I' 

I11 ,1 81\'1 (:-s11 p1>01·t.ecl 1·esea1·c:l1 J)l'() jec'.t, clt, t.l1E~ l\·Ia t,l1e111c1.t,ic·c1.l I11st.i t. 11 t,e of' lT t.-
1·ec·l1t, U 11i \rE1,1·si ty a11 E:xt,e11si,r(: i11vest,igc:1t.ic>11 C)f. tl1e cll)I)lic·ct.t,ic>rl c>f stat,ist,ic'.a.l 
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111et,l1c)ds for· t,}-1e ct11alysis <Jf 111etiiE,,·,1l c1st;1·c)11c)111ic·ctl t,ctl)lE's ¼'<:18 111<lcl<:·. Fir·st,Iy~, 
tl1e c:011clitio11s t111tie1· wl1ic:l1 st.<lt,ist.ic·s c·,t11 l)E~ cll)I)lic--cl t-jc) s11c·l1 t.,\l)lt·s, i.e. t111clt•1· 
wl1ic;l1 er1·or·s i11 tar)les c:a11 l)e ::1.ss11111(lcl t.o l)<:• 1·c1.11clc)111 \'°ct1·ic11)lc's~ \V{'l'<• ex1)lc)1·ec:l 
( see l)E~low). Sec~o11cll.rr~ sev('1·1:1l est,i111atc)1·s \\T<:•r·c~ clc•,,()lc)J)C)cl fc)I' <-lc~t.c~r·111i11i11g 
1111k110\\r11 1)a.1·;:1,111et,e1· valttc'S t111cic,1·lyi11g 111eclit•v;:tl ast.1·<)IlC)111ic·c1l t.,tl)lc·s. Si11c·e 
s11cl1 t.al)les 111ost,ly dis1_)l,1y Vctl llf'S f'c_)l' c·o111 l) lic·c1t,L~cl f't111c·t.ic)11s 1),1.secl C)ll l)lc111e 
01· s1)l1er·ic·al t.1·igo110111et.ry, t.l1c:\ E~st.i111,tt,01·s ,tr·c 11011-t,1·ivic1.l. Tl1ey i11c·l11cle: 

. L 

• Weighted estimator. Asst1111E1 t.l·1;:1t. W{~ l1ave et t,:tl)lc: wit,11 vc=tlt1es 
T ( 2;) f 01· a f1_111 c:t,io11 f e cl<~1)e11cli11g· 011 a si11gle par·a111E~t.t\1· 0. L(~t. _q l)e cl 

f'u11ct.io11 of two va.1·ictl)les StlC'.ll tl1at. g( ~1:, f'f; ( ;1.·)) == 0 f'o1· eve1·:,,, c11~g11111e11t. 
x a11d ever·:,., va.lue of 0. Tl1e val11e of' 0 1111de1·lyi11g t.l1e t,tll)le c~c111 tl1e11 l)e 
esti111ated fro111 ec:1c:l1 si11gle t,alJular· vc1lt1e T(~r:) 11si11g () ~ _g(x:

1 
T(;i:)). 

Bias c1.11d va1·ia11ce of t.l1E~se est,i111at.01·s c:a11 l)e a1)J)1·oxi111c1t,ccl 11si11g a 
Taylor· exJ)c111si()11 ()f g. Fi11ally, a 111c)I't~ i1c:c:111·c1.t,e est.i111at.01· is ol)t,tti11ed 
l)y c-.01111)11t.i11g cl \veigl1tE~d s11111 c)f tl1e seJ)ctl~,tte (~sti111,1t.01--s. 

• Fourier Estimator. Let. g l)t:• et 21r-1)e1·ic)clic~ oclcl f'1111c·t,ic)11 a11d c: a11 
1111k11ow11 c:011st1a11t.. Let, j' l)t: clefir1ed l)y f ( 1'.) == .9( J~ - c·) £01· ever~y ;i~. 

If tl1e Fol11·ie1· ser·ies of f c:()11,,er·ges a11d t.l1e Fol11·ie1· c~oeffic:ic~11ts ClA: a11d 
b1.: for· k > 0 are give11 by 

1 21r 

7f • () 

res1)ect.i vely, we l1c1ve a J..: c~os kc~+ b1,: si11 A~c· == 0 for· ever·y k:. Fr·o111 a talJle 
A 

for J we ca.11 (:al(~t1lat{~ aJ)J)roxi111at,io11s CLJ.: a11d b1.: t,c) tl1e Fot11·ie1· coef-
fic~:ie11ts 1)y 1·eplac~i11g tl1e i11tegral l)y c:1 fi11ite s11111 a11d tl1e ( u11k11owr1) 
fu11(:tio11c1.l valt1es l)y tal)11la1· val11es. Tl1c)11 t,c1.11 c· cc1.11 l)e est.i111at1ed by 

A A 

the qt1ot,ie11ts -iL1.:/bk (01· c:ot,c: l)y -bk/a1.:)- Tl1ese esti111ator·s l1ave 
s0111e i11te1·esti11g pr·o1)e1·ties, e.g. tl1ey beco111e dege11er·c1t1e if' c lies pre
c:isely l)et1wee11 t\vo co11sec:11tive argu111e11ts of t,l1e tal)le for j'. 

• Least Number of Errors Criterion. Ac:c'.01·di11g t.o t.l1is c1·ite1·io11 a11 

u11l<.:.110,:v11 pa1~c1111eter· value u11de1·lyi11g ,111 astro110111ic~al tal)le is dete1·
n1i11ed i11 such a way t.l1at t.l1e 11u111ber· of er·r·c)rs i11 t,l1e talJle is as s111all 
as possible. Tl1e crite1·io11 c:a11 l)e give11 a stc1tist,ic:a.l i11terpretc1t.io11 if' 
we assu111e a p1·obabilit,y distr·il)utic)Il fc)r· tl1e tc1,l)ula1· e1·rors. 

• Least Squares Estimator. Tl1e r11et.l1od of least. sc1t1a1·es was used 
for dete1·111i11i11g 11111lt,i1)le 11r1kr1ow11 J)ar·a111et,e1·s f1·0111 et si11gle table. 

The acc~u1·c1cy of tl1e esti111c1t.01·s list,ed above was clete1·111i11ed a11cl co11fide11c:e 
i11tervals for· tl1e u11k11ow11 l)arc1111et.er·s co1111)t1ted. 81)eC'.ial use1·-f1·ie11dly co111-
p11te1· 1·)1·ogra111s were w1·itt,e11 to deal witl1 t,l1e sexagesi111al r111111l)e1· syst,e111 
( i.e. witl1 base 60) i11 wl1ic:l1 vc1lues ir1 111eciieval ast,ro110111ical t,ables v\re1·e 

11sut1lly give11. 111 t,l1ese prog1~,1,111s tl1e esti1r1ators descr·ibt~d al)ove a11d 111a11y 
specific: 111et.l1ods of a11alysis c~a11 be c:onve11ie11tly ap1)lied. 



Tl1e SI'v1C researcl1 project, i11 lT t.1·e(·l1t, le(l t.c) ,1. lc11·g<:l 11t1111l)e1· t)f. i11te1·est.i11g 
l1istorical result,s w l1icl1 l1ad 11ot. l)('e11 J)Ossi 1) 1(\ \\ri t.11(>11 t. t.11(' llS(:, c)f. st.at,ist.ic:·c1l 
111etl1ods a11cl SJ)ec~ial co1111)11te1· l)I'()g1·c1111s. 011e c>i' t.11<\S(' \\r,1s t.l1t1 1·<-'C'()ve1·y <)f. 
s0111e of' tl1e lost. t,ctl)les of t,l1E1 i111J)()1·t.,1.11t. t.c'11t.I1-c·e11t.111·y l\'I 11sli111 ,tst.1·c)Il()t11e1· 
A b11' 1-Wc:1.f·a' i11 a. t.l1i1·t.ee11tl1-c·e11t. 111·,r ast.1·c)110111i<:c1l l1,111cl l)<)ok ( sc:c-• l)elc)\V). 

' . . 

F111~ther11101·e, tl1e 111et.l1od of' c·o1111>11t.;:"tt i()ll (1f ,,a1·ic)11s t,c1.l->l<~s f'()l' c·<:)1111)lic'.cl.tecl 
f1111c:t,io1is wl1icl1 l1c1d th11s f'a1· ci(:fieci explt111c1t.io11, \V,1s ciisc'.C)VE~r·ecl. 

3. CAN S,..I'A'l,ISTICS BE .A.PPLIEI) 'I'O ~1E:DIEV.A.L 1-\STR,ONO!v1II(';AI_, rl,1\BLES'? 

Ir1 01·der to apply stcitistic:al 111t~t.l1ocis to a11c:ie11t a11d 111eclieval c1st1·011or11-
ic'.al tables, we assu111e tl1at., i11 sor11e se11se, t.l1e t,al)t1la1· valt1es bel1ave as 
ra11do111 var·ial)les. We will i11vest,igat,e tl1is ir1 t.l1e case of tl11·ee spl1e1·ic:al
ast1·011or11icc1l t,ar)les l)y Abu'l-Wc1..fa,. Tl1is i1111)01·t.ar1t NI11sli111 111at.he111c1.t.i
cia11 and ast.ro110111er lived a11d \Vor·kecl i11 te11tl·1-ce11tu1•}r Ba.gl1dc1d arid is 
k110\vn i11 pa1·tic_:11la1· for· tl1e acl va11c:es lie 111ade i11 splier·ic::al ctStr·o1101I1y a11d 
i11 tl1e calct1lat,io11 of acc·11r·at,e si11e vc1lt1es. Al)u '1- \Vafa=>'s 111,1jor ast1·0110111ica.l 
work, t.l1e Al111ag·est, l1as a st.1·11c·t,111~e si111ila1· to Ptole111y,s Al111a.gest. I\,1ost 
of t.l1e expla11at,01·y t.ext c:011c'.e1·11i11g trigo110111et,1·y~ SJ)l1e1·ical ast.1·ono111y arid 
tl1e pla11etary 111odels is exta11t in a 111a1111sc1·i1Jt; i11 t,l1e Bibliotl1eqt1e Na
t,io11ale i11 Petris. Tl1e text i11c:lt1cies geo111et,ric·al J)r·oofs, di1~ec~t.io11s for tr1e 
calculatio11 of 111a11y usefl1l qua11t,ities i11 spl1er·ical ast1·0110111y, a11d a lc:1rge 
nu111l)e1~ of 11u111e1·ical exa1111)les. Howevc~r, tl1e t,ables l)elo11gi11g to the 01·ig
inal work, exJ)lic:itly ir1dic:clt,ed t,o follow tl1e ex1)lc111c1t,ory sec:tio11s, a1·e 11ot 
p1·ese11t,; a possible r·easo11 is tl1at. tl1e perso11 wl10 ordered tl1e copyi11g of· the 
111a11uscript, was 011ly i11t,,erest,ed i11 tl1e 111at,l1e111at,ic'.s, 11ot i11 t,l1e tables. 

Tl1e Bibliot,l1ec1ue Nat,io11c1le <tlso l)Ossesses a 1111ic1t1e 111a.11uscript of tl1e as
t1·0110111ical l1andbook of al-Bagl1dadI ( tl1i1·t,ee11tl1 C'.e11t.u1·y), wl1ich is a 111ix
tt1re of 111aterial f"ro111 ea1·lie1· works. c:1l-Bagl1cla,dI explicitly st.at,es tl1at, lie 
t1sed s0111e of t,he lu11a1· t.ables of l:-Ia1)asl1 al-1:Ictsil) (Bagl1dad, c. 840) a11d tl1e 
solar· equatior1 tal)le of Abu'l-\Vc1fa~. Ft11~t.l1er111ore, l1e copied s0111e ir1ac~curate 
tables for sphe1·ical ast.ro110111y fro111 I{usl1yar· i1)11 Labba.11, a, c·orit,e111po1·ary 
of Abu'l-Wafa:i. al-Bagl1dadI also ir1c'.ludecl a 111ore ac:c:t1rate set of t,ables 
fo1· t1·igo110111et1·y t1.11d spl1e1·ic'.al ast1·or10111y. By C'.01111)arir1g tl1e 111atl1e111at,
ical pr·operties of· tl1ese t.ables witl1 t.l1e expla11ato1•:rT t,ext, i11 Abu'l-Wafa=>'s 
Al1nag·est, it is possible to sl1ow tl1at tl1e t,ables derive fro111 t,l1at \\ro1~k. 

We will 11ow investigate tl1e t,c1b11lar e1·1·01·s i11 tl11·ee of Al)i1'l-Wc1fa,'s talJles 
occur1·i11g i11 tl1e ast.1·0110111ic'.al l1a11dl)ook of cil-Bagl1dadI. I11 eac:11 case T ( x) 
denot,es tl1e tc1.l)t1lar value fo1· c11~g11111e11t ;1: a11d t.he tctl·)ular e1·1·or e ( ~r) is 
defi11ed c1S tl1e diffe1·e1ice betweer1 T( x) a11d the exac:t f1111c~tior1al value f ( x): 
e( x:) == T( x:) - f ( x:). A t.al)t1la1· Vctlue is C'.alled co1·rec'.t if' it, is equal to 
j' ( x) r·oundecl to t.l1e 11u1·111Jer of digits of tlre table co11ce1·11ed; othe1·\vise, 
tl1e t.abula1· value is said to co11t.ai11 ar1 e1·1·or·. All t,abular· valt1es c·o11sidered 
below ar·e given i11 sexagesi111al 11ot,at.io11, i.e. to base 60. 111 tra1isc1·iptio11s of 
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sexc1gesir11al 11l1111l)e1~s ,t se111i('.olc)11 cl('llC)t(:,s t.l1e sex,1.g<:"si111,1.l 1)c)i11t c111cl fl_1rtl1{11· 
sexagesi111al digi t,s ar·e se1)c11·c1t.t·cl l))' c·cl111111cts. F~c)r· i11st.,111c·e, t lie sexagesi111c1l 
r1t1111l)e1· 51;57,41,29 dE)llC)tes 51 + 57 • 6()- L + 41 • G()- 2 + 29 • 6()-:! ct11c·l ,vill l)e 
said t,o l1,1vt-. t.l11·ee sex,tgE."si111cl.l fr·;:tc·tic)11r1l cligit.s or· t.o 1.>c· give11 t.o sE~x::1gE)si11·1c1.l 
tl1ir·cls. 

Ea::c1r,1,ple 1: A b·li 'l- Waf ri:i ',, ,i.;ir1,f: tcible 
Like 111a11y kl11c·'.ie11t a11cl 111ecliev,=i.l ctst.1·or10111e1·s~ A 1)11'l-vVc1f·a) tctl)t1lc1tecl t.l1e 
trigo1·10111et1·ic~ f'l111c'.tio11s t·or· cl l)cts<:~ c:ir·c:le wit,}1 r{1cli11s 60. Tl1t1s l1is sir1e tct
ble clisplayecl values for· Si11 x cl<-~f 60 · si112~. Tl1esE~ v·al11es \Vere giver1 t.o 
sexagesi111c1l t,l1ir·ds (e.g., T(6()) == 51;57,41,29), wl1ic:l1 cor·res1Jor1cls to arr ac'.

curacy of c11)pr·oxir11cttely sever1 clec:ir11al digits. A l)u. '1-Wafa)'s 01·igi11c1.l t,able 
is k11ow11 to l1ave l1acl v::tl ties for· eacl1 c111c.1rte1· of a clegr·ee, lJ11 t the cop)r 
w l1icl1 is exta11t, i1·1 tl1e l1ct11cl l)c)ok of· al-Bagl1claclI 011ly clis1)lc1ys values f'or 
eac;}1 i11t,eger· clegr·(~e. :tv1ost, of· tl1e 11i11(l.ty t,1.l)t1l,11· vc1lt1es c1r·e C'.01·1·ec:t.; 011ly 
r1i11e values C'.011t,;:1i11 clI_l e1·r·c)1· of ± 1 sexagesi1r1al t,l1ir·cl. Figt11·e 2 displays tl1e 
talJtrlar e1·r·or·s e(x:) cl<:·f T(:r;) - Si11 ~1: ir1 Al)u'l-vVc:tfa)'s si11e tal:)le for· c1ll a1·gt1-
1r1e11t,s x: == l, 2, 3, ... , 90. Tl1e r1ine tctl)t1lar er·r·or·s 011tsicle tl1e 1·a11ge fro111 
-0;(),0,0,30 to +0;0,0,0,30 c·orrespo11ci to tl1e 11ir1e er·1·01·s _jt1st 111er1t,ior1ed. All 
tab11lar· err·or·s witl1in tl1e ra11ge c:orr·esr)or1d t.o corr·ec'.t talJ11lar values; tl1ey 
are pr·ecisely tl1e er·r·or·s 111ade i11 1·ou11di11g exc1c~t si11e valtres t,o tl1e r1t1rnbe1· 
of digits of tl1e table. It appea1·s tl1at, t11ese 1·ou11di11g e1·ro1·s behave like 
ir1deper1de11t r·a11clo111 va1·ic1t)les witl1 cl l111ifo1~11·1 clist1·ilJ11tio11 011 t.he i1·1te1·val 
[-0;0,0,0,30, +0;0,0,0,30]. Below tl1is idecl will be ft11·t.l1e1· l)t11·s11ed. 

Example 2: A b1lt 'l- WafcI=> ',s tangen,t table . 
Al)il'l-v\!?afa)'s origir1al tc111ge11t talJle clis1)lc1yed vctl11es f'o1· Tc111 ~1: <lc,f 60 • t.an ~r 

for· eacl1 c1uc1rte1· of cl clegree; tl1e valt1es for ct1·g11111e11t,s 11p to 45° l1ad four 
sexagesi111al f1·act,ior1c1l digit,s (e.g., T(30) = 34;38,27,39,38), tl1ose for· ar
gt1111ents larger· t,l1a11 45°, tl1rE\e (e.g., T(60) == 103;55,22,58). Agai11 i11 l1is 
versior1 of tl1e t,able c1l-Bc1gl1dad1 left, out, tl1e tc1b11lc1r· val11es for 11011.-ir1teger 
arg11n1 e11 t s. . 

Tl1e tabulc:1r er·rors e ( x) <l<.~f T ( ;,; ) - Tc1r1 2: ir1 the tc1..1·1ge11t table do not 
display a u11ifor1r1 pat,ter11 like tl1c1,t ir1 tl1e sir1e tctl)le. Ir1st,ead tl1ey co11tain 
a c~lear· ter1der1c:y t,owards lar·ger· e1·rors for· lar·ger ar·g11111er1t,s. This pattern 
car1 l)e explair1ed as f'ollows: 
111edieval ast1·011or11er l1s11ally C'.ctlc·ulat,ecl tl1e t,ar·1ge11t. £1·0111 his p1·eviously cal
culated sir1e valt1es clc~c:01·(li11g t,o 

60 · Sir1 x: 
• 

Sir1 ( 90 :i:) 
Ta11 x == 

If l1e usecl si11e val11es fro111 cl sir1e t,ctl)le witl1 a fixed 11l1111ber· of sexagesi111al 
fr·ac·tior1c1.l digits, tl1e r·elat,ive er·ror· i11 tl1e de1101·11i11ato1· i11c:1·eased as x ap
proac:l1ecl 90°. Si11ce the e1·1·01· i11 tl1e 1111111erator· re111ai11e(i of t.l1e sarne order, 
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Figure 2. Plot of the tabular errors in AbiJ'l-Wafa)'s sine table. 

t.l1e absoll1te e1·1·or i11 t.l1e q11ot.ie11t. i11c1·easE~cl. Tl1is is pr·ec~isely ,vl1}1t l1a1)1Je11s 
wit.11 Al)u '1-Wafa:i's tc:111gt:~11t t,c1.lJle. 

Fig111·e 3 sl1ows tl1e difl'e1·e11c'.es l)etw(~e11 t.l1e ta11ge11t ,,all1t~s l)r·ese11t.ecl l)y 
al-Bc::1,gl1cla.dI c::111d values 1~ec:01111)l1t,ecl f'1·0111 l1is si11e tal)le clS desc'.1·ilJed al)ove. 
Tl1e ir1c·1·easi11g t.e11de11c·y t.owc:i1·cls goo l1as C'.()lllJ)let,ely <.lisa1)pea1·ecl; i11st,t~a.d, 
l)otl1 i11 tl1e fir·st. l1c::1lf of t.l1t~ ta.l)lt~ ( altl1011gl1 t.l1is is cliffic:t1lt. to sE~e fr·o111 fig11re 
3) a11d i11 t.l1e sec~o11cl l1alf t.l1e cliff e1·e11<:es a1)pear t,o bel1ave as i11cle1)e11de11t 
rar1do111 va1~ic1.bles. Altl1011gl1 tl1e c·alc'.11lat.io11 of t,c:111ge11t valt1es f1·0111 t,l1e si11e 
table as d<:~sc:1·ibecl above is a 1·elatively E~asy a11d i11 1)1·i11c:i1)le c:0111pletely 
dete1·111ir1ist,ic: proc:ess, we 11ote tl1,1t, the cliffe1·e11c·es sl-10,v11 ir1 fig111·e 3 apJJar
e11tly co11tai11 t.wo sot1rces of 1·c:1,11do11111ess: fir·stly, tl1e rc111dor11 error· i11 tl1e 
si11e values; seco11clly, a 11101·e or· less 1·a11do111 e1·1·01· 111ade ir1 tl1e clivision of 
tl1e si11e values: apparer1tly tl1e c1uotier1t wc:1.s 11ot c~alc:11lated t,o its full accu
rac:y arid tl1e last cligit, was to a c:ertai11 ext,er1t guessed. Tl1is led to tl1e 15 
diffe1·e11ces large1· t.ha11 0;0,0,0,0,30 fo1· ar·gu111e11ts l)etwee11 0° arid 45° arid 
to tl1e 13 difl'ere11c:es la14 ger t.l1c:1.11 0;0,0,0,30 f'or a1·g11111e11t.s rJet\veer1 45° arid 
goo \Vl1ic:l1 ca11 be see11 i11 figt11·e 3. 

It can be c:hec:ked tl1at, cha11ges i11 t,l1e l111de1·lyir1g si11e val11es of only one 
sexagesin1c1l tl1ircl leacl to clea1·ly differe11t, t,a11gent values. Tl1er·efo1·e we 
ca11 be cert,ai11 tl1at tl1e t,a11ge11t table ir1 tl1e astror10111ical l1c1r1dbook of c1l
Bc1gl1dadI was co111puted fr·o111 l1is si11e t,able. Tl-1e ot1tlying cliff'ere11ce for· 
argu111e11t 41 ° is pr·obably due to a scribal or co111pt1tatior1al error. 
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B. VAN DALEN 
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Figure 3. Plot of differences between tangent table and reconstruction. 

Exarn,ple .1: .. 4 b'll 'l- Wcifcz=- 's sola,1· decli'riat,io1i, tcible 
Tl1e sola1· clec:li11c1tio11 is tl1e ort.l1ogo11al clist,c1r1c'.e 011 tl1e l1eave11ly spl1er·e 
1)et,\vee11 tlre st111 c111d tl1e ec1l1t1t,01·. It, c:a11 l)e c·ctl(·t1lated by a1)plyi11g t.he si11e 
lc1.w t.o tl1e spl1e1·ic:c1l t.1·ia11gle Y S P i11 figt11·e 4, \vl1e1·e E de11otes t.l1e ea1~t.h, 
s t.l1e st111, A tl1e sola.1· lo11gitude (i.e., t.l1e le11gt.l1 of· the c11·c'. T S c1lo11g t.l1e 
ecliptic·), £ tl1e o11lic1t1ity of' t.l1e eclipt.ic, c111d 6 tl1e dec:li11at.io11. \Ve lrave 

f'o1· ec1.cl1 valt1e of ,.\. P1·act.icc1lly eve1·y 1·r1t~clie,ral c1st.ro110111ic'.al l1c111dl)ook 
C'.011tai11ecl tctbles f'or· t.l1e solc1,1· clecli11c1.t,io11 c111d ot.l1e1· spl1er·ical clst1·011or11i
cc1l fur1ct.io11s C'.01111ected t.o tl1e tra11sfo1·111atio11 of ec1t1c1.t.01·ic1l coo1·cli11,1tes i11to 
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Figure 4. The calculation of the solar declination. 



E:;C'.liJ)t,ic·c1l ()IlE~s c1.11cl vic'.e , 1e1·s,t, or· t.c) t,ll{: clc,t,E>.1·111i11c1.t.ic)11 c)f. t,llE" t.i111c: of' t.l1e clay 
f'1·c)111 ()l.>st:1·v<1t io11s of tl1e s1111 <>1· cl fixc1 cl st,lr·. 

Tl·1e t.ft lJ 111,11· E.~1·1·01·s i11 A l)u' 1- \\i'c:1f',1), s t et t) l<\ f'c)1· t· 11<-) sc) l,1r· clt~c· Ii Ilcl t it)Il, ,v l1i c·l1 
gi\1t~s v,tl11es t.o sex,lgE)sir11al t,l1ir·cls f'c)r· ,11·g11111c:.11ts 1, 2, ~~- ... , 9(), c·le.1 11ot. clis
JJl;--1.y cl 1111if'<.)1~111 J)cltt,er·11 like tl1e C>llE'S al)C)VE"'. I11st.cc1.cl t.l1e t~1·1·c>1·s t.e11c·l tc) l_)E .. 
11t~gat.ive 1·c::1t.l1e1· t,11,111 l)OsitivE~ ct11cl tl1ey· ctr·c\ 111) t,c·) t·.,vc~11ty t,i111c·s ct.s lct1·ge clS 

tl1e level C)t· 1·c)1111cli11g of tl1e t,cll)lt· ( l1c·1·c vv·c~ clis1·egc11·cl t.11(• clJ)}),·t1·e11t. 011 t.lic~r· 
for· ct1·g11111E~r1t, 79°). A11 explc111,1tio11 c·,111 011ly l)Ei f<)l111cl l)y f'()llo\vir1g tl1e c:c1.l
c:11lc1t.ior1 of t.l1e t,c1lJ11lctr· val11es st,e1) l)y st,e1). F(>1· t.l1e C'.cllc:11lctt.ic)11 of' tl1e solc11~ 
decli11c1tior1 ac:co1~di11g to t.l1e fo1·11111lc1 c:tl)ove, Al)t1 'l-\Vctf'a) 11ecc'.l€\cl: 

1) sir1e val11es for· a1·g11111e11ts 1~2,3, ... ,9(), 

2) a vc1lt1e fc)r si11 c, c111d 
3) a 111et,l1ocl t,c) c·alc:l1l;:1,t.e c111 ctr·c'.si11e. 

N at111·;;1lly lie c:c)11lcl t.ake tl1e 1·ec111i1·ecl si11t~ v,tl ll(~s ciirec:t, ly f1·0111 l1is t.al)le 
of sir1<.~s. Ft11·tl1t·1·11101·e, l1e c·ot1lcl C'.cllc·11lc1.t.e si11 E l)y 1)er·fo1·111i11g i11t(~r·1)olatio11 
ir1 l1is si11e t.al)le or· l)y 111c1ki11g a sept11·c1t,e, 111c)r·e ctC'.c·11rat,e, b11t l1igl1ly el:;1.l)
orat,e c:c1..lc:11lat.io11. Fi11ally, lie l1acl to clet,e1·11·1i11e t,l1e ctr·c:si11es l)jl. pe1·for·111i11g 
s0111E:~ type of· i11verse i1·1te1·polat,io11 i11 l1is si11e ti1l)le. I11 l1is ... 4111111g·cJst A 1)ii '1-
\Vafa) c:or1sist,e11t,ly t1sed tl1e vt1,l11e 23;35 for· tl1e ol)lic111ity of tl1e ec:li1)tic: a11cl 
24;0, 17,38 f'or· Sir1 E. Tl1is value ca11 l)e obtai11ecl l.)y per·fc)1·111i11g a li11ear i11te1·
polatior1 l)etwee11 tl1e acc:111·at,e vc1l11es 23;55,29,48 for· Si1123;30 arid 24;9,53,17 
for Si11 23;45 ( clS we l1ave see11 cll)ove, Abu'l- \Vafa,'s origi11ctl si11e tcll)le dis
played \Tc1l11es for· eacl1 c111,1,rte1· c>f cl degree). Abu,l-v\r,1fa) c1lso c:lescr·ibecl l1ow 
to dete1·111i11e t.he et.re c·c)1·r·espo11ciing to a give11 si11e v,tlue, 11c1111ely l)y 111ea11s 
of i11verse li11ec11· i11te1·polatio11 i11 l1is si11e table. (SE\c•o11cl C)r·clE~r· i11t,e1·pol,1tio11 
sche111es wer·e ,1lso k11ow11 c1.1·01111d tl1t~ yE~c1r 1000 A.D., b11t, we1·e 11ot, widely 
used for· tl1e co111 p11 tatio11 of t,,11)les.) 

It C'.ar1 be chec:ked that, Abi1'l-Wc1fa,'s talJle for t,l1e solar clec:li11atio1·1 was 
indeed c.:c)1111)ut1ed usi11g t,l1e Vcll11<-:: 24;0, 17 ,38 for· si11 s ar1ci i11ve1·se li11ear· i11-
terpolatior1 l)etweer1 acc111·c1.te si11e values for· ec1cl1 c111ar·t,e1· of cl degree. If 
we calculate tl1e differe11ces l)et,vee11 A bii '1-Vv.,.c1fa)'s dec:li1·1at,io11 vc1lues c1r1d 
values reco11str11ct,ed acco1·di11g to t,l1is 111et,l1od of co111p11tatio11, we 11ot,e t,l1e 
followi11g: 

• Of t,l1e 90 difl'e1·e11ces seve11 l1ave c111 al)solt1te vall1e lc-t1·ger· tl1a11 4 sex
agesi111al t,l1irds. Sever·al of t.l1ese 011t.lie1·s ar·e C'.lose to r·ot111cl 11t1111bers 
(5, 10 or 40 tl1irds), whicl1 111akes it. plc111sible that tl1ey were c:a1.1sed 
by scr·ibal or· c:0111pltt,atior1al e1·1·01·s at, s0111e stclgE' of t,l1e c~alc:ulc1tio11. 
Tl1e absol t1te value of' t.l11·ee 111ore cliffere11c'.es is large1· tl1ar1 1 ½ tl1ir·ds . 

.., 

• 53 cliffer·e11ces lie betwee11 -0;0,0,0,30 ctr1d +0;0,0,0,30 i111cl l1e1·1c'.e C'.Orre
spo11d to cleclir1at,io11 values co1·1·ectly calculat.ed arid 1·our1cled acc:or·d
ir1g to the 111etl1od of co111putatio11 descr·ibed above. Tl1ese diffe1·e11c'.es 
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a1)l)Cc:l1· tc) l)el1a\re lik<:· i11<l<~1)c,11clc·11t 1111if'c11·111ly clist1·il>11t,c·cl 1·,:l11tl<)111 Vct1·i
·1l') 1 {'.~s C. - \. ..__ • 

• Tl1e r·e111a.i11i11g 27 cliff'(•l'("'ll('(:'S llcl.V(~ <lll cl,l)S()ll1t.(' Vcllll(' l)(ll'\\r(1 (•11 ()~()~(),()~:3() 

c111cl 0;(),0,1,3() c111cl l1<:·11c·E-~ C'.t>1·1·(~SI><>11cl t.c) clE1c·li11c:1tic>11 vc1.lt1<'S i11 \\rl1c)SE>. 
c·c1l<·11lc-1t.io11 s111c1.ll er·r·c)1·s v\'C'1·c~' 111ct<lc'. It. cll)l)C~c11·s tl1<1.t. tl1c· l)(=:l1c1vic>111· <)f. 
t.l1ese er·1·01·s c:a11 1Je <·011sicle1·ecl t.c> l)<' 1·a11c.lc)111. ,..f l1c1 f'ollc>vvi11g c:,t 11sc~s <)f. 
t,l1e e1·1·01·s cc:111 l)e c:cJ11,jc,c·tt1r·ed: 

1. Fo1· 11011-i11t.ege1· c11·g11111er1t.s we l1a.v<:~ t1secl <·c)1·1·ci.c•t, si11c~ \r,11 lIE>.S t,o 
sexc1gesi111al t.l1i1·cis lJeC'.c111se Al)il '1- \Vat·a,'s c'.01111>let.c~ or·igi11c1l t,al)lc~ 

• 

is 110 lo11ge1· ext,c111t. Howe,,er·, si11c·e t.l1e val llE~s f'o1· i11t;ege1· c1.1·gt1-
111e11t.s co11t.c1.i11 11i11e e1·1·01·s, it, is IJr·ol_)al)l(~ tl1at c1lso t,11(: val11es f'or· 
r1011-i11t.ege1· c1r·g11111e11t.s ('011t;c1.i11 c~1·1·ors. Fo1· c~xcllll plc~ ~ t.l1e tl11·ee 
e1·1·c)1·s i11 t.l1e 1·ec·o11st,1·11c·tt~cl (it~c·li11c1t.i<)ll Vcll ll(~S f'c)1· c11·g11111e11t.s 81 
t,c_l 83 clisa1JIJE~a.1· if' we c1ss11111<: a11 e1·1·01· of· C)11e 1111it. i11 C)11e of· tl1e 
l111cle1·lyi11g si11e vctl1_1es. 

2. 1.,lic~ J)1·ocl11c'.t 24;(),l 7,~{8 · si11 ,\ WclS l)r·ol)c11)ly 11ot. c·alcol1lc1.tecl tc) it.s 
t·11ll ac:c~111·c1,c·y. It. 111igl1t, l1ave l)ee11 1·01111clc3cl c)1· s0111e of t.l1e s111c1lle1· 
te1·111s <)f. t.l1e proclt1(··t 111a.y si1111)ly l1c1ve l)ee11 let·t. ot1t;. 

• Tl1e cliffe1·e11c:es c1r·e 111t1c:l1 largc~r· i11 1111111l)e1· c111cl i11 size~ if' i11ve1·se i11-

t,e1·polk1tio11 \vitl1i11 s111a.ller· or la1·ger· i11t,e1·vals of" tl1e si11e tc\l)le is 11se<l. 
A ppc1..r·e11tly, t,l1e e1·1·01· pat.ter·11 i11 tl1e tt1l)l(:\ is l1igl1ly cl1ar·a.ct.eristic fo1· 
tl1e i11ter·vc:1ls used f'or· tl1e i11t.e1·1Jola.t.io11. 

Botl1 i11 tl1e case of t.l1e tc111ge11t c1r1cl ir1 tl1e c·ast:\ c>f tl1<~ solar clE~c:li11atior1 we 
l1c1ve see11 t,l1c1.t if' v\re t.ake i11to ac'.c:ot111t, tl1e syst.e111atic· cat1ses of· e1·1·01· i11 tl1e 
t,ab11la1· vc1..l11es a11cl leave 011t t,l1e 011t,lier·s causecl l)y l111pr·eciic:t.al)le sc:r·ibal 
or· c:01111111tatio11al e1·1·or·s, we c1.re lef·t witl1 e1·1·01·s tl1ctt, see111 to bel1ctve like 
i11cle1)t'11de11t, 1·a11do111 va1·ic1l)les wi t·,11 clist.r·i l)u t.io11s tl1at, ca11 be c1,ssu111ed t,o 

176 be ec1t1al for· l)r·actical l)l11·1)oses. We will 110\v clisc:t1ss tl1e clist1·il)1.1tio11 of the 
tal)ular· err·ors i11 s0111e 11101·e <let.ail. 

4. THE PROBABILI1"'Y DISTRII3U'1'ION OF TABULAR r:RROI-lS 

We l1.c:1ve see11 tl1c1.t t,l1e err·ors i11 1·11eclieval c1st1·0110111ic:al t,ctl)les c:orrsist, of' tl1e 
followi11g co1111)one11t,s: 

1. Sc:ribal arid <~0111pt1tatio11a] e1·rors, wl1icl1 ar·e 1111p1·eclic'.t.al)le but c:a11 
s0111etir11es l)e c:orrect.ecl 011 tl1e l)c1sis of t,l1e fo1·111 of t.l1e 1111111erals used 
or by 1·ec~o11st1·uc:tir1g t,l1e c~o11sec:t1tive steps i1·1 tl1e c:alct1lat,io11 of tl1e 
tal)11la1· val11es. · 

2. Syster11atic er·1·01·s, wl1ic'.l1 ar·e due tc) tl1e SJ)ecific: 111etl1od of c:01r1puta
tio11 of tl1e ta,bula1· val11es ( cf. t.l1e ta11ge11t a11d solar dec:linatior1 tables 
discussed al)ove). 



3. Ra11do111 e1~1·ors, wl1ic·l1 <·c111 1)E~ <:011sicle1·(~<l t,o l)<~ i11c,lt:.l)E-1 11clc:11t a11d icie11-
t.ic~ally clist,1·il_)lltE:cl. F()l' cl t,cll)lc~ wit.}1 l1c:11·<ll.}' c111y (~1·1·<)1·s~ t,l1is c:0111J)C)ll(~11t, 
is c:c)11stit11ted l)y t1l1e l'()t111cli11g (:.1•1·<)1·s ( <·f·. t,l1E? ('<)1·1·c1 c·t. v,1l11es i11 t.l1e si11E:· 
tcilJle disc11sed cll)0\1E~) ~ l)c1 lo,v we~ ,vill :::11·g11c~ tl1c1t i11 111,111y })r·a.c~t.ic·al 
cases t.l1e 1·01111di11g C'r·1·01·s c·ct11 l)(' c··c)11sicle1·(1 (l tc) l)e i11clE:J)C~11clc·)11t. a11d 
u11if'or·111ly c·list,1·i 1) 1.1 t.<:~cl. S111 c:1.ll 11011-s )'St.f:.111a t, i c · c'.\1•1·c)1·s i11 cl t al)le (. as v\'E~ 

l1avc f'ou11d i11 t1l1e t.:::111gc:.11t, c111cl St)l,11· clec·li11at.ic)11 t.al>lE~s) c~a11 l)t~ as
su111ecl to l)e t.l1e 1·es11lt. c)f' i11ac:c:t11·ac·ies i11 t.l1e st,e})S c)f' tl1e c·c1.l<~11lat.io11: 
1·ot111di11g of i11t,e1·111(~cli<1,t,(~ 1·est1lt,s, tlSt' ()f. c111xilic11·y t,ctl)les witl1 E~1·1·01·s, 
11se of i1·1t,er·1Jola.t,io11 i11 at1xiliar·y tt11)1E~s, t't,c'.. I11 t,l1is C'.aSE~ t,l1e tc1l)t1l,1.1· 
errors C'.Ol1ld be ass11111ed t.o l1ave ti 1111if'or·111 dist,1·il)1,1t,io11 011 tl1e i11t·,er·
vc:1l co1·1·es1)011cli11g to t,l1e level c)f. 1·ot111<.ii11g of' t.11<:~ t,cll.)t1la1· val11es a11cl 
'1101·n1al tc1ils' ot1t.sicle t,l1at, i11te1·vc1l. 

4. 1. Distr·,ilJ'ltl'io·ri o 1· ro·lt'r1,clir1,g er·r·or·s 
111 par·t.i(~11la1~ i11 Al)u'l-vVafa),s si11e c111c1 t.a11ge11t tc:11)1<:s we l1ave see11 tl1c1t, 
tl1e 1·ou11di11g e1·1·01·s see111ecl t.o l)cl1c1vE~ lil(e 1·a11clo111 vc11·ictl)lcs wit,11 cl. t111if'o1·111 
dist.r·il)ut.ic)11. We \\rill 11c)\V c1rg11e tl1at. t111clc1· c~c1·tc1i11 c·o11clitic)11s 1·ou11dir1g 
e1·1·ors i11 a c~o1·1·ect t,al)lt:~ of rtr1 ast1·011c)111ical f't1r1c-.tio11 l1ave a1)proxi111ately 
a u11ifo1·111 dist1·ilJ11t.ior1 c111cl c:a11 l)e assu111{~d to l)e i11cle1)e11de11t,. Fi1·st we 
11ote tl1at t,l1e values 1)1·odl1c.:ed l_)y t,l1e li11ec1r c:011grt1e1·1tif1l ra11do111 1111111ber· 
ge11er·ator· x 1':+ 1 == ( cL:r.: A: + c:) 1110d 1,i a.re 1·01111cii11g er1·c)1·s of' cl t,at)le wit,h 
equidista11t a1·gt1111e11t.s ar1cl 1111it, ·1,l for· a11 ex1)011e11tic1l f1111c:t,io11 f ( ~r) == ba;i: + 
d, wl1ere tl1e co11star1ts b c:111ci d depe11cl 011 Cl, c· c111d tl1t~ ir1it,ial valt1e x:c) of· 
tl1e sec1ue11c'.e of· r·a11do111 11t1111l)e1·s. It see111s 1·easo11al)le tc) ex1)ec:t. tl1at u11der 
c:er·tain co11ditio11s, i11 pa1·t,ic·11la1· if tl1e tc11)11lc1tecl ft111c:tio11 is 11ot, ( al111ost) 
li11ea1· arid if tlre 11ur11l)e1· of· sexagesi111al f1·c:1c:tio11al cligi t,s of t.l1e t.alJ11la1· vc1,l 11es 
is sufficie11tly lar·ge, tl1e ro1.111di11g er1·01·s in t,c:1bles c)c:ct1r1·i11g i11 a11cier1t a11d 
n1edieval ast,1·0110111ical l1a11dl)ooks l1ave a1)proxi111c1tely a t111if'o1·111 I)t·ol)ctl)ility 
distribt1tio11 ct11d are i11cler)e11cle11t.. Tl111s we c:a11 fc)r i11sta11c:~e c:011jec.:t,ur·e tl1e 
f'ollowi11g: 177 

Let, T1..:,,1. be a c:orr·ec_~t. tc1l)le wit,11 A: sexc1.gesi111al f1·ac:tio11al digits fo1· the 
11or1-li11ea1· f1111ct,ion f, suc~l1 tl1at Tk: ,,,. l1c1s 1"l, t,c1l)11la1· val ties fc)r· ec1l1idistc111t, 
a1·gt1111e11ts :i:i, 'i == l, 2, ~3, ... , 11. i11 a fixecl i1·1t(~1~val. Fo1· every argl1r11e11t, 
x;i tl1e tabt1lar er1·c)1· e1.:,11(:r.;) defi11ed l)y e1.:,.,1 (:r;;) == T1.:,.,1(;1;i) - f(x,;) is t.l1e 
1·ou11di11g error that we I'llclke by 1~01111cli11g t.l1e exclC'.t f·t111c:t.ic)11al vall1e 1· ( ;,r,) 
to tl1e 11t1111l)e1· of sexagesi111al digits c)t· t,l1e t.c1l)le. I \vill c1ssu111e tl1at tl1is 
rou11di11g is perforr11ed i11 tl1e 111ocle1·11 w:::-1.y. Let, Fh.,,, 1 l)e tl1e ex1)e1·i111e1·1tc1.l 
distr·ibut,io11 of t,l1e 1101·111alizecl 1·ou11cli1·1g e1·1·c)1·s of tl1c t,c1l)le T1.:,, 1 , i.e., F1..:,.,1 (y) 
is the fractio11 of· rot111di11g e1·1·01·s s111allc1· t,l1a11 60- J..: lJ f'or· eve1·y :Y. N ot,t~ t,l·rat, 
we l1ave F;,,:,.,1 (·y) == 0 f'c)1· evt~1·y :l/ < -½ a11d Fk,·,,(y) == 1 f'or· eve1·y y > +½-
Let F1.: l)e tl1e li111iti11g dist1·il)11tio11 c)f. F1,.,'1 1 t·o1· ·,i, , CX). 
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Co11jecture. Fh· c·o11vt·1·ges t,o t.11(~ l111if.<>1·111 clist1·il)11tic)11 <>11 [-½, + ~] cts '1: 
- -

t e11 (ls t.(> i11fi11i t,y. 

}'01~ c·E:1·t, cli11 ty1)t•s of· f'1111c_··t. i<>11s it 111 cty· l)f) })C)ssi l) l(' t C) {Jl"C)\tE? t. l1is c:c) r1j ('\c·t. 1_11·c.· l))' 

111ecl11s c)f t.l1e t,l1(~01·y of· z,·1t.i}'<J·1··111. <l·i~r.;t·r··ilJ·t,t;icJ·r1. ·111,tJllttl<J <>·r1.(:. Let·. { .i~} cle11c)t,(? tl1E:' 
f'1·c1.c·t,ic)11cll l)clr·t of' t.l1t:l 1·ec1l 1111r11l)E'I' .i~. f"'c>r· ,1. gi \T(~)11 sc·c1l1c_)11c·<:, .i·;, i == 1, 2, 3, ... 
of· r·E~cll 1111111lJe1·s let A.1\1(c1, lJ) l)t) t.l1t· 1111111l)c•1· of' t,c'1·111s .i·;, 1 < i < J\l, f'o1· 
,vl1ic'.l1 {:1:i} E [<1.,b). Tl1t) sec111t•11c:'.E~ J'i, i == 1,2,3, ... is Scticl tc) l)e 1111it·o1·111ly 
clist,r·i lJ11 t.ed 111ocl 1110 011e if' 

( 4.1) 

Usi11g t.l1e 11ot,c1tio11 i11t:1·oci11c·ed ctlJOVl~, ()t11· c·o11_jec·tl11·e c~c-111 110w l)e stat,ecl 
fts follov.rs: t1llt' sec111e11c-:e ½ + .f.(;2~1 ) · 60"', i == 1, 2, 3, ... is c1sy1111)totic:a,lly" 
l111ifor·111ly dist.1·il>11t.eci 111c)cil1lo C)r1e f'or· /...: --,. oo . 

• 

Lc~ss gene1·c:1,,l 1·est1lts c·ct11 lJe ol)t,c1i11E·cl if' ,vc· i11t,1·oc.i11c'.e r·c111clo111r1ess exr)lic~-
itly. By 111e<1,11s of' a.11 11111)11l)lisl1E~cl t,llt'C)fE~111 l))' J.fI.B. I(e1111)E~1·111c111 iti C'.c\Il lJe 
sl1ow11 t.l1at, f'o1· r1, 1·a.11clo111ly c·l1ose11 ci1·gt1111<::~11t, t.11<::~ clist,1·ilJ11t,io11 of· t.l1E.~ 1·01111cli11g 
e1·1·or· co11vE:rges t,o t.l1e 1111ifo1·111 clist.1·il)11t,ior1 cls t.l1e 1111111l)er C)f sexagesi111al 
f1·ac:t,io11c1l cligits te11cls to i11fi11ity. Si11c:e t.lre r·cJles of' t.l1c~ a1·g11111e11t, a11cl a11 

1111derlyi11g 1:)a1·c1rr1ete1· c:,111 tJe i11t.e1·c_:l1c111gecl, t.l1E~ s,i111e l1olcis f'or· c:l 1·a11do111ly" 
c:l1ose11 vc:il11e of ar1 1111de1·lyi11g pc1rc1.111ete1·. 

\Ve ex1)ect, t.l1c1.t1 t.he r·ol.111di11g er·rors ir1 c1. table fc)r cl 11011-lir1ec11· f"t111c:tior1 will 
l)et~o111e i11cie1Je11cie11t as t,l1e 11u111l)e1· of sexagesi111al f'rc:lC'.t.io11c1l digit,s tends 
to i11fi11it,y. For· i11st.ar1c:e, we 111c1y cor1.jE~c~t.l11·e tl1c1t, t.l1t~ j()i11t expe1·i111entc1l 
ciist.r·ib11tio11 ot· r·ot111cli11g e1·1·or·s f'or a1·g11r11e11ts ,vitl1 fixed clist.a11ces c~c)11ve1·ges 
to tl1e jc)i11t. clist1·ilJllt,io11 of i11tlepe11cle11t, 1111if·c)r111 va1·i,1l)les ,1.s t,l1e 1111111ber of· 
sexc1gesi111c1l f1·ac:tio11al digits of t.l1e t.al)11la1· V<ll 11es cl.J)l)fOc1c:l1es i11fi11i ty. 
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