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I. Moerdiik 

1. BROUWER 

Any scie11tific a(~t,ivity is gove1·11e(l l)y logic. Tl1e word 'logic' l1ere t1sually 
refers to 'sot111cl' reasor1i11g, a11cl tl1e f'or111s of 1·ectsor1i11g w l1ic:l1 ctr·e sot111d 111c1y 
cliff er sor11ewl1at fro111 011e disc~ipli11e to a11otl1E~r. For· exa1111)le, tl1e logic of 
etl1ic'.S, dealir1g witl1 state111e11ts c1bot1t ,vhi1t c1c:t:ior1s sl1ot1lcl c)r· sl1ot1ld 11ot be 
pe1·for111ed, a11d tl1e logic gove1·11i11g 1·easo11i11g i11volvir1g J)r·ol)al)ilit,ies, botl1 
differ f1·orx1 tl1e 011e pure (iesc:r·i1)tive, fac:t,t1al reaso11i11g. Tl1e lc1-tte1· logic is 
ust1ally tl1ougl1t of as tl1e logic whicl1 applies t.o r11atl1e1r1atics, wl1ic'.l1, after 
all, is the prir11e exa111ple of a sc'.ie11t,ific: disc:ipli11e wl1ere state111er1ts ar·e clear 
arid ur1ar11biguous, l1e11c'.e either· tr11e or false. 159 

This, l1owever, tacitly asst11r1es agree1ne11t 011 tl1e 11atu1·e of 111c1t,l1er11ati
C'.al kr1owledge, on wl1at1 it 111ear1s to 'k11ow' tl1at a rr1c1tl1e111atical state111ent 
is true. It was C'.Or1vir1ci11gly sl1ow11 by tl1e D11tcl1 rr1atl1e111aticia11 L.E.J. 
Brou,ver ( 1881-1966, see fig11r·e 1) tl1c.tt t.l1ere is 110 t1r1ic11,1e u11a111biguous 
appr·oac:l1 to n1atl1e1r1atical tr11tl1. Bro11wer· (levelopecl a coristr·uct'i've fot1r1-
datior1 of 11ratl1enratics., in wl1ic'.}1 a r11atl1er:r1c1tic:al state111e11t is 011ly viewed 
as establisl1ed whe11 c:or1structio11s are giver1 for· all the objec'.tS asse1·ted to 
exist by the $taterr1er1t. To see how tl1is affects t,l1e logic:, 11ote tl1c1t fron1 
this poir1t of view, 'classical' r·ules of logic s11ch as Ter·tiurri non dat,ur· ('p or 
not p') and proof by cont1radic:tio11 ('if the assun1ptior1 tl1ctt riot p leacls to a 
contradiction, tl1e11 p') ar·e 110 lo11ger valid. This becorr1es par·ticular ly clear· 
for existential staternents. For Br·ouwer, a state111er1t, of the for·rr1 'tl1ere 
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Figure 1. L.E.J. Brouwer (Photo: Brouwer archive). 

exists an objec:t x wit,h pro1)e1·ty p' is establisl1ed or1ly wl1e11 011e C'.a11 de
scribe an explicit construc:tio11 of s11c·l·1 ctn objec:t, :r:; tl1us, it, doesn't suffice 
to prove that tl1e assun1J)tio11 tl1at 110 object x ca11 have J)1·01)e1·ty JJ leads t,o 
a c:011tradiction. 

160 B1~ouwer's ideas were lat.er forrnalizeci and 111c1de into a clea1· logical system 
of axio111s, c:alled 'i11t11itionist,ic logic,, first ar1cl 11otc1l)ly l)y A. Heytir1g. Tl1is 
syste111, and varia11ts of it,, led to several i11teresti11g early develop111e11ts, 
such as Godel 's embeddi11g of i11t,uitio11istic logic i11to r11odal logic ( ar·o11r1d 
1933), Kleene's algoritl1r11ic~ ir1terp1·etatio11 of i11tuitior1istic: logic (wl1ere the 
'c;or1struc:tior1s' of Brouwer ar·e i11ter·1)reted as algor·i tl1111s for· r1111r1er·ical f'u11c:
tions, a1~our1d 1945), a11d Kr·i1)ke's cor11plete11.ess pr·oof· (1965) usi11g wl1at are 
now called K1·ipke 111odels. 

It is ofte11 t,ho11ght tl1at intuit.io11istic: logic, arid tlre rr1c1tl1e111atics based 
011 it, ar·e properly c:ontai11ed in ordi11ary, 'classic~al' logic arid 111ather11atic:s. 
Now it is indeed true tl1at ir1t,uitior1ist,ic logic per se is Wt~aker than classical 
logic, but tl1is also implies t,l1at t.l1e1·e is roo1n for rrew concepts a11d theoren1s, 
perlraps inconsiste11t witl1 orclir1a1·y logic. For exan1ple, based on a s11itable 



c:t11alysis (Jf. t. l1e Il(J t,io11 ot· cl 1·cc1l 11 l1111 l)t•1·, B 1·<:) ll\V(•1· cl1·g;1 I(l( l t l1c1t, ,1..l l f'1111c'.t,ic) 11s 
f1~0111 t,11(~ r·<~ctls t.o itself ar·c: c~:011t,i1111011s. Tl1is 1·(~s11lt \\',ts lc-1.t·.(.~1· 11·1itCl(• 111<)1·e 

l
1 igo1·011s l)y c;. I(r·(~ise 1 a11cl A. s. T1·oelst.1·ct, \V ]1(_) (:\Xt,(~11(1(:(l HE:·yt i11g 's ,tXiC)lllS 

t,o a syst,t~111 for~ c:1.11c1lysis, c·o11t.,1i11i11g S()-c·all(~cl ·c·l1c)ic·l~ SE'<111E~11c·c·s'. 111 t,l1is 
sys t.e111, B 1·ol1wc~1· 's c·c)r1t, ir111i t,}r r·c~s 111 t. is f'c)1·1111:tlly' cl<::\1•i \'c.t l) l(•. 

Tl1us, i11t,11it,ic)11ist.ic· logic t.111·11ecl otrt, tc> t)e vc~r·y 1·ic·l1 i11 111c1.t,}1(~111cttic'.c:ll cc)11-
t1er1t, lJy gi \'i11g rise to 11(JW 111et.l1ods a11cl 1110(:lels t>f fc)r111ctl lc)gic:, a11cl i11 tl1c~ 
ways it deviates f"1·0111 c111cl possil)ly exter1cls c:lc1ssic:al 111atl1e111atic:s. N eve1·t,l1e
less, it see111s fair· t,o say tl1at, it. was not 1Ja1·t of t.l1e 111c1ir1str·ea111 activities i11 
111atl1err1c\tic:s ir1 ger1eral, a11d ,vi tl1ir1 111c1.tl1t:~1r1atical logic: i11 I)ar~tic.".ular. Tl1is 
sit11atio11 c:l1c11·1gecl clr·astic·ally i11 t.l1e 
J)ast two dec:acles, f'or· two rec1sons. 
Fir·st, witl1 tl1e i11c:1·ec1sir1g i11t,er·a(:
tio11 betwee11 lc)gic.~ c111cl c:01111)uter· SC'.i
e11c:e, i11t1_1it,ior1ist,ic: logic: tt11~11ecl ot1t 
to plc1,y a c:e11t1·al r·ole, i11 SE~1r1a11t,ic:s 
of 1)rogra111s as vvell as i11 J)r·oc)f. t,l1e
or·y (J)1~ogr·ar11 extr·ac:t,io11 fro111 for-
11·1al der·ivat,io11s). Sec~o11clly, tl1E~ 1·e
latior1 to slreaves a11d t,OI)C)i, clisc~ov
er·ed ir1 tl1e early severities, gave arr 
e1101·111ous ir11pulse t,o i11tuitio11istic 
logic, a11d stc1,1·t,ed a wlrole 11ew ar1cl 
l)roader li11e of c_levelop1r1er1t,, 110w 
gerrerally refer·ed t,o as categor·ic:al 
logic:. It. is tl1is sec·o11cl 1·easor1 tl1c=tt, 
I wisl1 to explor~e l1erE~. 

2. G RO'I~l1ENDIEC;K 

Tl1e wor·k of tl1e Frer1cl1 r11atl1er11ati
c:ia11 A. Grotl1e11dieck (see figure 2) 
ir1 the sixties a11d seve11t.ies for111ed 
a revolut.io11 i11 algel)raic gc~o111etr·y, 
a11d later· led t,o tl1e solutio11 by P. 
Deligne of the fa111ous Weil c:011jec:
tures. Ce11tral a1r1or1g tl·1e 111a11y 11ew 
co11cepts a11cl 111etl1ods ir1trod uced 
1Jy Grotl1endieck was l1is ge11eralizc1-
tio11 of the notio11 of· 'space'. Tl1e 
basic idea was that, f 01· the co11struc
tion of 111c111y i11variants of a space, 
it suffices to know the syste111 of all 
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Figure 2. A. Grothendieck (Courtesy 

Birkhauser, Inc., Boston). 
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'sl1ec:1,,E~s' w l1ic·l1 c·c:111 l)e clE~fi11t\cl ovE"1· tl1(' SI)<lC'E!. A sl1E·af· is so111E\t,l1i1·1g like 
cl C'.C)11t,i1111c)t1sly v'clI'}'i11g f"l111c·t,ic)11 C)ll t.11(> s1),l,C'(' V\rl1c)sc~ Vcll llE)S ct1·e sct.s --- C)r 
11101·e cJft,E::11, set.s wit,11 sc>111ci c:1,lg(~l>1·,tic· st1·11c·tlll'E;. s11c·l1 cl,S ,lt)c~lia11 g1·()ll()S. 

c::r·c)t,l1e11cliec·k t,ll('ll ol>sel'\!(•cl t,}13,t, s11c·l1 sll('c\V(\S ('()lllcl l)(' clc:fill(~<l 11(:)t, ()Illy' 
• 

fo1· SJ)ct('.('S, l)l.lt, f'ot· 11111(:ll 111(')1'(~ gt•ll{~l'cl.l st,1·11c·t,111·c·s. rrl1is g,l,\l(' r·ise t,() t;l}(-l, 

11c)t,ic)11 c)f' et "sit.E:·,. A sit(:. is et c·,1..t.c~gc>1·y, t.c) 1>e t.l1c)11gl1t, <.>f' <l-S ,1 s:y·st,c~111 of' 
'11<:~igl1l>c)l11·l1oc)cls,, E::c111iJ)J)(1cl \vitl1 clll ,1 }J1·ic>1·i givE·11 11ot,io11 c)f. wl1c~11 ,1, f'c1111ily 
of' s11c~l1 11t~igl1l)ou1;l1oods <~ove1·s a11ot.l1(~1· 11eigl1l)<)111·l1c)ocl. Fo1· c1r1y s11c·l1 site 
c)r1e c:a11 clefi11e:~ tl1e s,rst,er11 c)f ,111 sl1ec1v(~S <)11 t,llt" sit,(•. S11c-·l1 et svst,e111 clefi1·1ed 

~ ~ 

t·1·0111 a sit.e is Cc\llecl et topc)s. _A._c.,cc)1·clir1g t,o (;1-c)t,l1e11cli(~c·k tJ<)l)C>i------c1.11cl not, j1_1st, 
Sl)c\C'.es--t1re tl1e c>.e11t,1·c1l geo111etr·ic'. ol)~jects t,c> l)t~ st.1.1cliecl. 

Tl1e 1·elc1.tio11 t.<) logic'. ,111cl st·t t,l1eory ,1r·ose fr·c>1i1 tl1t· wc>r·k of F. \\,T. Lavvver·e 
ar1cl NI. Ti (:1·11E·y, C'.O 11c~e1·11 eel \Vi t, 11 s ir11 J) l ifi c· cl t, io 11s <) f G 1·c) t 11E:.11 cliec·k 's (1xio 111s f 01· 

sl1ec:lves cl11cl sit,f~S. Lcl.\V\re1·e c:t11cl Tier·11ey clisc-'.C)V<~recl tl1c1.t, 111c111y of· t,l1E~ prop
er·t,ies cJt· toJ>C)i c:011lcl l)e cleri vecl fro111 cl VE~r·y si1111)le St'\t, of' ,ixic>111s. Tl1ese 
axio111s clesc-·r·il>e ele111E,11t,ct1·y J)r<)J)er·t,ies of sl1c:.c1ves: fc)r· E~x,11111>le, tl1c1t, f'or c111y 
t,\VO sl1e,1vE~s ~'l cl11c:l T c)11e C'.a11 fc)1·111 t,l1e J)1-c)cl11c·t, sl1ectf S x T, t,l1e •f·u11ct,io11 
sl1t:ctf'' T·'·, of all 111c11)s fro111 S to T ~ a,11cl t.l1e "J)<)WE~1·sl1ec1,f'' PS c)f' c1ll Sl1l)sl1ec1ves 
of S. Tl1ey c1lsc) clisc·over·E~cl t,l1c1t ,1,11y t,c)pos C'.,111 l)e viewecl clS cl 'u11iv·e1·se of 
set,s'. Tl1is 111ea11s i·,l1c1.t, 011e c~a11 i11t,er·pr·et t.l1t~ c1,xio111s C)f set, t.ht~o1·y i1·1 a t,01)0s, 
a11d vit~w t,}1is t,OJ)OS clS cl wor·lcl i11 ,v l1ic'.l1 011e c:,111 clo 111a.t,l1e111,1,t,ic'.S. S l1ch a 
t,<)I)C)S wor·lcl is exac:t.ly like t,l1e 01·cli11c1,r·y wo1·lcl of set,s i11 ,vl1icl1 1r1at.l1err1ati
C'.ia11s wor·k, exc:ept, t,l1ctt tl1E~ logic'.al rules of Te1·til1r11 no11 clatt11· ctr1d p1·oof by 
c:011traclic'.t,io11 do 11ot l1olcl. I11 fac:t, it is cl ,vor·lcl witl1 a logic'. wl1icl1 differ·s 
fro111 orc:lir1a1·y, C'.lassical logic~: a ,vo1·lcl witl1 pr·ec·:isely t,l1e i11t11itio11istic~ logic 

-

of Bro11wer a11cl He}rt,i11g! 

3. TOPOS i\1IODELS f-,OR INTUITIONIS,-rl(; Loc;1(_; 

Tl1e discover·y c)f this striki11g c:oi11(~ide11c'.e b(~t,,vee11 geo111et,1·it~ st.r·l1ct t11·es c:111d 
ir1tt1itior1istic: logic: i111111ediat.ely lecl t,o tl1e co11str·l1c~tio11 of a g1·eat var·iety 
of r1atur·al 111at,l1e111at,ical 111oclels of' SJJecific: i11t,11itio11ist,ic: t.l1eories. For ex
a111J)le, t,l1e pr·ir1ciple 111ent,io11ed c:tl)c)ve of c:011ti1111it,.)' of all r·eal fur1ct.io11s, clt 
fi1·st thougl1t, of :::1.s :::1 1·arE~ pl1e110111e11011, t ur·11ecl 011t, t.o be t,r·11e i11 rr1ar1y of 
Grotl1er1diec:k 's 111c)st ger1erc1.l topoi ( tl1E~ SC)-C'.cllled t,opologic:al gros to1)oi). Us
ing tl1ese topoi, 011e clisc:over·s 11at,ural 111odels c)f t,l1e I{reisel-Tr·oelstra t,l1eory 
of c:l1oice sec1ue11c'.es (G.F. va11 cler· Hoeve11 a11cl I. 1\llt)er·cli,jk, 1984). 

Tl1e use of topoi a.s 111oc:lels f'or logic: c1,11cl set, thec)r·y also led to 11ew ex
plar1atior1s of· classical inclepe11der1ce 1·esl1lts f'or Ze1·n1elo-Frae11kel set tlreory. 
Thus, Tier11ey sl1owed ( 1972) 110,v t,o interpr·et Col1e11 's fc1111ot1s p1·oof of tl1e 
ir1depe11de11c:e of tl1e Co11tir1u11111 Hypot,lresis as et t,c)pos tl1eoretic: c:011st1·uc
tior1, arid later ( 1980) P. Fr·eyd gave a st1·iki11gly si111 ple l)roof, basE~d on topos 
tl·1eo1·y, of t,l1e i11depencle11ce of· tl1e axio111 of c:l1c)ic:e. A1·01111d t.he sa111e tir11e, 
J .I'v1.E. Hylar1d sl1owecl t,hat, Klee11e's algorit,l1111ic i11t,e1·pret,atio11 of int11itio11-
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ist.ic· logic c·c:111 «=tlso l)e vievvecl ,1.s t.l1e ('C)11st 1·l1c·t.ic)11 of' ,t t.OJ)OS, t.l1l1s 1)1·ovicli11g 
clil exte11sio11 of Klee11e 's i11t.E)1•1)1·et,cit.ic)11 to l1igl1e1· 01·clt~1· lc)gi<·. Hyrlct11ci ·s topos 
l1c1.s variol1s p1·ope1·ties w l1icl1 111ake• it. st.1·iki11gl),. cliffe1~e11t. f1·c)111 01·cli11:::t1·y set.
tl1eo1·et.ic t111ive1·ses. For exar111.)le, it c·c>11t.(ti11s et l,1rge c·lctss c)f. c·c)1.111tctl)le set!s 
wl1ic·l1 l1as tl1e 1·e111arkal)le I)I'C>per·t)' t.11,l.t t.l1e 1)1·ocl11c~t of all it.s 111e111l)t~1·s is 
agc1i11 cl 111e111l)er of' t,l1e c·lctss, ,v l1ile ~1vc)icli11g tl1e l)ctr·ctclc)xes of set t l1E:;<.)1·y t,l1at. 
sucl1 1)l1e110111e11a 11s11c1lly givE~ r·ise to. Tl1is pr·o1)e1~t,y l1as c:tl)IJlic:c1tio11s to tl1e 
se111a11tics of cer·tai11 st1·<)11g fl111c.'.t,io11al p1·og1·arr1111i11g la11g11c1ges (ver·sio11s of 
the so-C'.ctllecl J)oly1r101·pl1ic· lct111r)dc1 c:alc.~t1l t1s). 

The Conti11uu1n Hypothesis, formulated by G. Cantor in 1878, states that 
every infinite subset of the continuum R (i.e., the set of all real numbers) is ei
ther equivale11t to the set of natural numbers or to R itself. D. Hilbert posed, 
in his celebr·ated list of problems prese11ted at the International Congress of 
Mathematicians in 1900 in Paris, as Problem nr.l that of proving this hy
pothesis. The independence of the Continuun1 Hypothesis, proven in 1963 
by P.J. Cohen, means that it neither can be deduced from, nor contradicts 
the other axioms of set theory ( e.g. the Zern1elo-Fraenkel system), assu1ning 
these axioms to be non-contradictory. The Axiom of Choice (E. Zermelo, 
1904) states that if§ is a system of non-empty sets, then there exists a set A 
having exactly one elen1ent in common with every set S of§. This axiom was 
put forward in connection with the question, posed by Cantor, whether of two 
sets there is always a largest. With the Axiom of Choice there is. The axiom 
met with considerable resistance, because it produced some counter-i11tuitive 
results. The independence in tl1e above sense of the Axiom of Choice was also 
proved by Cohen. These independence results bear some similarity to the 
famous parallel postulate in Euclidean geometry, the discussion about which 
led to the discovery of non-Euclidean geometry. However, the independence 
proofs in logic are very different from those in geometry. 

Tl1e r1ew ly discover·ed r·elation betwee11 i11tuitior1istic'. logic: a11d topos t.he
ory also led to a11 effective a11d well-111otivatecl clevelopn1e11t of parts of ir1-
tuit,io11istic rr1at,he111c1,t,ics. Notably, P. T. J oh11sto11e and otl1e1·s developed a 
versio11 of i11tuitio11istic t,opology wl1icl1 ctvoids tl1e 11se of poi11ts, and is now 
k110,v11 as loc'.ale t,heory. Tl1is tl1eo1·y i111111ediately ,ve11t far· beyo11d ,vl1at 
was know11 up to tl1e11 ir1 int11itior1istic topology. Furt,l1er·11101·e, by applyirxg 
tl1e theor·y i1·1side a t,opos (r·e111ember·, a t,opos 'is' a11 i11t,l1it,ior1istic t1niverse 
i11 w hic:11 011e can do 111atl1e111atics), va1·iol1S 11ew pr·ese11tc:1.tio11 tl1eor·ems for 
topoi wer·e discove1~ed. For exar11ple, F1·eyd p1·oved tl1at, a11y topos clllows a 
particularly nice er11beddir1g ir1to tl1e c:ategor·y of Q-eq11iva1·iar1t sl1eaves 011 
a locale X equipped witl1 t,l1e ac~tion by t,l1e group CQ c)f r11tio11al 11l11r1be1's. 
A. Joyal proved with Tier·ney ( 1984) tl1at ar1y to1)c)s ca11 be desc'.1·ibed as 
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a 11101·t~ ge11eral C'.at,E~gor·y c)f. e<1l1i vc11·ic111t. sl1(\c1v<~s <)Il ,t 1<1('ctl(~. Lc1t,cr· ( 1990), 
Joyctl a11cl lv1oe1·cli,jlc I)r·ovecl t.l1c1t, f'()1· ,:111)r t,<)l)C>s tl1c:-.1•(~ exists ,l lc)('cllc~ vvit,11 t.l1e 
sa111e WE~ak l1<)r11<)topy t,yJ)e. 

4. FlJRTIIEfl DI~VI~IJOPl\1tI,~N,-l'S 

Tl1c <lisc·c)vc~r·y'" of t.l1e 1·elat,io11 l)et,weE:11 tc)J)Oi c:1.11cl l(:)gic'. st.<)C)cl clt t.l1e c)1-igi11 
<)f c111 e11t,i1·ely 11e,v s11 l) j ec·t, wi t,l1i11 logic:, 110w c·allt::~cl "<~at,<=:·gor·ic'.cl,l logic~'. In 
c:at,egorical logic, 011e t1·ies t,c) st.11d)' logic'.al syst,e1·11s i11 a \vay i11clepe11de11t, 
f"ro111 tl1t;i1· clesc~riJ)t,icJn in cl SJ)t~c:ific~ lc111gt1c:1,ge. I11st,e,1d, cl lc>gic'.al syste111 is 
clesc~·ril)ecl 1)y ce1·t,c1.i11 C'.losur·t::~ c:011clitic)11s <)11 cc1t,ego1·ies. Tl1E~ "fr·ee' c:atego1·y 
possessi1·1g t.l1ese c:los11re C'.011clit,io11s t,l1e11 r·eplac~es tl1e olde1- clesc1·iptio11 of 
t,l1e logic'.al syste1r1 l)y a f 01·111al la11g11age, w l1ile 111or·e c:or1c:ret,e, 111c1t.l1e111aticc:1l 
C'.atego1~ies J)ossessir1g t,l1ese C'.los11r·e co11cli t,io11s C'.01·1·espc)11d tic) 111odels of tl1e 
syst.e111. Se111ci11tic·s is 11C)W si1111)ly a f'11r1c~t,01· l)et,wee11 c:ategc)r·ies. (I11 l1i11cl
sigl1t,, t,l1is is s0111ew l1at a11c1lcJgo11s to gr·ot1 J) t.l1ec)1·y, w l1er·t~ al)st,r·ac'.t gr·o111)s 
c:0111t:~ ir1st,e,1cl of g<::-11e1·ato1·s a11c:l 1·eliitio11s, a11cl 1·e1)1·est:\11t,1t,io11s of g1·01.11)s ct1·e 
l101110111()1·pl1is111s i11t,o ~ C'.C)11c:1·ete' gro111Js c)f a11tc)111orpl1is111s.) I11 c·_:ategor·ic:al 
logic, tl1e 11oti()ll of· a topos reJ)la,ces t.l1cit. of' a logic:,11 syst,f:-111 for· ( a weak 
fo1·111 of) set tl1eory. 

Si111ilar-ly, logic:al syst,e111s fc)r tl1e t,y}Jed lc:1.111l)cla c~alculus co1·1·espo11d to 
cart.esian c:losed c:ategor·ies [3]. Fir·st c)r·der· lc)gic~ c:or·1·es1Jo11ds tc) Grotl1e11-
dieck 's tl1eo1·y of pretor)oi ( or· c:ol1er·e11t to1Joi). G1·otl1e11diet~k's fibered cat
egor·ies c1lso l1c1ve tt1r11ed ot1t t,o l)e very 11sefl1l, ir1 JJa1·tic:11la1· for desc:r·ibing 
tyJ)e t,l1eories witl1 so-callecl cle1Je11cle11t, tyJ)es; see t,l1e Pl1.D .-tl1eses of D. 
Pavlovic'. (Utr·ec:l1t, 1990) a11d B.P.F. ,Jc1c:ol)s (Nij111ege11, 1991). 

Tl1is for111ulatio11 of' lc)gic 11si11g c:ategories l1c:1s tu1·11ecl c)ut, tc) 1Je ver·y flex
ible arid usef11l, i11 c.lisc:o\re1·ir1g c111alogies lJE.~t.wee11 logical syste111s, i11 fir1di11g 
11ew 111odels, a11d, perlraps 111ost, i1·r1por·tc111tly, i11 111akir1g 1r1etl1ods of c:e11tr·al 
parts of 1r1atl1e111at,ic:s s11c~h c:1S algebr·c::1 a11d t,01Jology aJ)plic~alJle to logic:. By 
way of' exa1111)le, I 1r1ay 111e11tio11 t,l1e wor·k cJf' M. lv1akkai (1993) arid M. Za-

164 wadowski ( 1995) 011 desc~er1t t.l1eo1·y. Desc;e11t tl1eory i11 algeb1·,1ic geon1et1·y is 
co11c:er11ed witl1 C'.011dit,io11s 11r1der wl1icl1 011e ca11 'clesc~e11d' str11ctt1res defined 
for a SJJace X alo11g a 111aJJpir1g X __,. Y to si1·11ila1· str11c:t ur·es defined over 
Y. Desc:ent tl1eor·y ,vas also used ir1 t,he wor·k of J oyal-Tie1·11ey and Joyal
Moerdij k rr1er·1tior1ed ctl)ove. Tl1e wor·k of lv1c1kkai a11d Zawadowski relates 
desce11t tl1eory, via tl1e 111etl1ods of categor·ic~al logic, to classic:al results in 
logic co11cerr1i11g defi11al)ility a.11d i11terpolatio11, sor11e of· whic'.11 go back to 
the Dl1t,c'.l1 logic:ian E.W. Bet,11 ( 1909-1964). 

Using tl1e cor·resp()Il(lenc:e bet,\veer1 st1i t,ctlJle catego1·ies (pretopoi) a11d first 
order logic;, JVIc1kkai a11d Zawadowski l1ave r)eer1 alJle t.o develop a descent 
tl1eory for· first or·der logic:, a11d sl1ow that this theor~y leads to definabil
ity arid i11terpolations tl1eore111s w l1ic:h are c:011sider·ably stro11ger than the 
classical 011es just n1entioned. 



Tl1is is 011e <>f' r11a,11y E~xa111 plE\s C)f ,111 clc·t, i VE~ ,tll(l l1igl1ly i r1te1·(~st,i11g ir1t,e1·
ac'.t,ic)11 bet,\\i·ee1,1 logic a11cl geo111(:.tJ1·.y", vvl1ic'.l1 l1cts lE"cl ct11<l \Vill lE\ctcl t,c) 111a11y 
11ew c,:011c:e1)t,s a11cl resl1lts i11 111,tt,l1E'111,tt,ic'.ctl l()gic"•, ,t11cl f'r.<)111 v\rl1i(·l1 a 1·1·i1itf't1l 
feE~cll·)clc:k t,o geo111et,ry i11 ger1eral ct11cl tc)J)C)s t,l1<'()1·y i11 J)c11·tic·1,1lct1· is er11c:1·gi11g. 
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