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1. S01'.1E Er\R.LY HIS1'0R)' 

1. 1. Intro(i11,c~tio'n, 
The tt:r1r1 '111oduli' was i11t,1·od 11c·ecl by B. R,ie111a1111 i11 185 7: .., 

'. . . es hiingt also eine Klasse von Systemen gleichverzweigter 2p + I-Jach 
zusammenhangender · Funktionen und die zu ihr gehorende Klassen algebra
ischer Gleichungen von 3p - 3 stetig 1.1eriinderlichen Grossen ab, welche die 
M oduln dies er Klasse genannt werden sollen.' 
B. Riemann-Theorie der Abel'schen Funktionen, Journ. reine angew. Math. 
(Crelle), 54 (1857), pp. 115-155, (seep. 134). 

111 111at,l1e111atic:s tl1e wor·d '111odl1li' l1c1,s va1~ious 111ec111i1·1gs. I11 Ol11· c:011text, 
l1oweve1·, it or1ly oc~cl1rs i11 pl t1ral a11d 1·efe1·s t,o tl1e esse11t,ial I)a1·a111et1e1·s on 
wl1icl1 C'.e1·tair1 algel)1·aic str·uc'.tur·es cle1)e11c:l ( ust1ally i11 a c~o11ti1111ous way). 
Used i11 this sense t.l1e ter·111 st.e111s f1·0111 Rier11c11-111, wl10 i11t,r·ocluced it, i11 l1is 
study of Rier11an11 Sl1r·fc1c~es. He c.lesc::1·il)ed t.l1esf~ as c;{)ve1·i11gs of tl1c~ (Rie-
111ar111) sphere a11d p1·ov(~d tl1at, tl1e 1111111l)e1· of· essc~r1t.icil J)c1ra111E~t,e1·s ec1uals 
3g - 3 for· a Rie111a1111 surface of' ger1us g > 2 ( ec1uivc1le11t,ly, for· an c1lgebraic: 
cur·ve of tl1c1t ge11llS). Tl1e ge11us g is c1 cliscret.e ir1va1·ia11t, w l1icl-1 or1ly c:1ssu111es 
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r1011-11egati ve ir1tegral val ties, w l1e1·ec1s t,l1e ( ("'.()1111)lEix) 3g - ~l I)t=t1·c1111()t,c1·s vc1ry 
c:011t,i11t1C)t1sly. Tl1e wc)rd '1110 ci l.1li' i11clic'.cl.t,E~s t.l1e ( 111111tl)e1· of') !)c11·,1111ete1·s 011 

wl1icl1 a geo111et.1~ic: struc~t,11re like cl Ri<;111c11111 su1·fc1c•E-. clt~l)E~11cls. F1•E;c111e11t.ly 
t,}1ese '1110 cl t1li' tl1er11sel ves sc1t,isf·), ,1lge 1)1· c1,ic: c2)c111,1 t, ic)11s c1.11cl i l1c~11c~E"', c:;:111 l)e 
icie11tifiecl witl1 t.he poir1ts of ft11 c1lgel·)1·aic· v;:1r·iet.y, c~allci<l t,l1c\ '111c)cl11li s1)c1c:ti'. 

E[f,ipt·ic c:·u1~'t1es for111 arr exc11111)le. Ar1 elliJ)t,ic: c:111·ve E1 is c·l1a1·ctc·t,e1·izecl·-·- llJ) 

to iso11101·1)l1isr11 over c:111 cilgeb1·c:1,ic:c1llyr c:losecl fielcl ---·l)y tl1c:-. i11vci1·ia11t. j ( E') c111cl 
l1ence corr·esJ)onds wit,11 a J)Oir1t. 011 tl1e affi11<::- li11e .A.1 . Tl1E~ set. of ( is()111or
phis111 cli1sses of) clliJ}t,ic'. c:t1rves C'.01·1·es1)011cls \vit,11 tl1E~ ciffi11e lir1e. Ge11erc1l
izatio11 ()f tl1is to elli1)tic: (~ur·ves f;r1clowed wit,11 ;:111 ,1dclit,io11al st1·ltctl1r·e, sucl1 
as a point of a cc~1·tai11 orcler or1 t.l1e c:1_1r·ve, lE~acls to 'rr1od11la1· C'.111·ves'. Tl1e 
geo111etr·y ilr1d 1111111l)er theory of 111oclt1la1· cur·ves were ext,e11sively st11died in 
tl1e begir111i11g c1f t,l1is c:e11t111·y by F. Klei11 a11cl C)tl1e1·s. 

Tl1e r1otio11 of· ellipt,ic'. c:ur·ve c:a11 l:)e ge11er·c1lizecl by c:or1sicle1·i11g alget)r·aic: 
c~11rves of l1igl1er· ge1111s (g > l) ar1cl by cc)r1sicler·ir1g gr·olll) vc1,1·ieties of l1igl1er 
clir11er1sior1 (.9 > 1). Tl1is ir1 t111·11 leacls t,o ger1e1·alizat.io11s c)f t.l1e 111oclt1la1· 
c:111·ves 111e11tio11ecl above: tl1e 111oclt1li sp<1ce M ,1 c)f c1lgelJr·i1.ic'. c:l1rves of ge11us 
g ~111ci t,l1e 1r1ocluli sp<1ce A.9 of ctbelian var·ieties c)f di111er1sio11 .9 ( \.Vitl1 a 
polarizc1t,io11). Botl1 ger1e1·alizc1tio11s anci botl1 t,ypes of 111oduli SJ)ace are i11 
tl1e ce11t,er of prese11t-day 1r1atl1er11atics. However, the stt1dy of tl1ese spaces 
Wets ( c111d is) fa1· f1·0111 ec1sy a11d t.l1e theor·y was develop eel 011ly ,vitl1 great 
difficulty. Here 0. Teic:h111iille1·'s \vork 011 tl1e 111oduli of algebraic C'.urves was 
i111po1·tc111t. 

1. 2. Histor·y i'n a 'ri:ut.sliell 
A ft1ll l1istoric'. overview of the pe1·iod 1860-1960 \Vo11ld take far rnore spac:e 
tl1a11 is availc1ble l1e1·e. Ap::11·t f1·0111 s0111e i11t,e1·111ediate 1·est1lts, i11 1960 --
r·e1r1arkc1bly e11011gl1-----still r10 sc1tisfact.ory alge br·aic~-geo111etr·ic tl1eory of n1ocl
uli spaces was developed. Tl1e 1·easor1 is tl1c1t it is 1·1ot, C)11ly i1111)or·tc111t t,o k11ow 
tl1at tl1e pc1r·a111ete1·s 01· 1r1odt1li sc1tisfy cert,ai11 eq11c1,tio11s, l)11t c:1S 11111cl1 t.l1at 

152 tl1ese equatio11s are 1111iversal. However, tackli11g t,l1c1..t p1·ol)le111-·--c111d eve11 
f'or111ulating it J)roperly---1·eqt1ired tl1e 1·evol11t,io11ary co11c:e1·)t11al appctratl1s, 
called t,l1e tl1eor·y of <scfiem,es, int.rc)clucecl by A. Grot1l1e11clieck ir1 tl1e 1960's 
in algebraic: geo111et1·y. 

His ft1nclarr1er1tc1l work, l)t1ildi11g 011 rest1lt1s l)y ~A._· Weil, 0. Zc11·iski, .] .-P. 
Serre <l..nd 111a11y otl1er·s, c1llows et t111ifiecl t,1·c~c1,t111er1t of· c:cl1111)lc~x geo111et,l'Y a11d 
11u111be1· theory: i11 sho1·t,, ctlgel)t'clic: geo111et,1·y i11 ctll it,s clspc~c~t.s. G1·ot.l1e11dieck 
intr·ocluc'.eS tl1e co11c'.e1)t, of 're1)rese11t,al)le f1111c·'.t.or·' c111cl shows that t,lte fu11-
da111er1tal l)ro ble111 of 1r1ocl 11li is t,c) dett:::1·111i11e vv l1et,l1er· c~:ert.air1 f11nc:to1~s ar·e 
r·ep1·ese11table. Fro111 t,l1is viewpoi11t, ctll 1·)1·01)er·t.ies of 111ocl 11li SIJctc:es acqt1ire 
a '111od11lar' i11te1·1)1·etatior1, wl1ic:l1 e11ables i11 J)r·i11c~i1)le <:t far· l)E~t,ter 11r1der
star1ding of t,l1is c:lass of varieti<:~s tl1c111 c)f other 011es. 

Chc1ra.c:t,e1·istic for· tl1is t1~ar1sitic)11 per·iocl is J .-I. Igt1sa's work [2] 011 t.l1e 



111odt1li ( over Z) c)f ge1111s 2 c~t11·ves a11d t,11{~ vVcty it, wc1,s r·{-~c·c~i vecl i11 tl1E.\ 'Fr·e11c'.l1, 
vvor·ld of· 111c1t,l1e111c1tic'.S. P. Sa111t1el st,,i1·t;s l1is Se111i11cti1·<:~ Bot1rl)c1ki l{~c:t,11r{:. c:tS 

t·c)llows: 

'Signalons aussitot qite le tr·avail d 'Igus a ne resoud pas, pour les courbe,r; de 
genr·e 2, le 'probleme de.s modules' tel q·u 'il a ete pose par Grothendieck a 
diverses reprises dans ce Seminaire.' P. Sa1n11el----ln'variarits ar·ithmetiques 
des courbes de genre 2.' Sem. Bourbaki 14 (1961/62), Exp. 226, Dece1nbre 
1961. 

D. ]\;1 un·1for·cl takes up Grc>tl1er1cliec'.k 's c:l1alle11ge i11 t11·yir1g tic> c:c)11st,r·uc~t tl1e 
111oclt1li spaces of ct11·ves c111cl abelia11 va1~ieties (i11 tl1e se11se c)f Gr·c)tl1e11diec~:k) 
[l]. For· 111ar1y year·s lie is t,l1e i1111ovator· c1r1cl great, sti111t1lc:ttor· for tl1e clevelo1)-
111e11t, of til1e l)asic:s of 111ocl t1li c111cl s11c:c:eecls i11 dr·awir1g 111ftr1y 1·es('.)ct1·c:her·s i11to 
t.l1is fielcl. It is f'c1i1· t<) say tl1<1t JVIt1111fo1·d lec11~11ed llS, a111c)11g C)tl1er· t,l1ir1gs, tjo 
l1a11clle G1·otl1e11cliec·k ~ s 11ew, for111iclal)le c·o11c:ept l1al c11·)1>a1·at lIS. 

Followir1g t,l1is t·u11cla111e11t,al ,vork, i11c:lt1ciing t,l1e c:0111pac:t,ificct.t,io11 of M 9 

joirrtly \vitl1 P. Delig11e, hc11·,,estir1g stc:1r·t,ecl \Vitl1 tl1e t.l1eor·e111 of Hc1r1·is a11c·l 
Murnfor·d (1982), stat,i11g tllclt for g suffic:ie11tly large tl1e n1odt1li Sl)c\c:es Jvi.9 

are 'of general type'. It was tl1e first r11ajo1~ st1c:cess. Tl1e c:011c:e1)t, of 1r1od uli 
spac:es l1as s1)read ever since over large l)ar·t,s of J)r·ese11t-day 111c1tl1er11c1tics 
and has f11lly proved it.s value. 

Evidenc:e for· til1is is abu11dar1t. E. Wit,te11 sl1owecl i11 t,l1e 111id-l 980,s tl1at 
tl1e rnoduli spaces of curves are of· fu11clar11e11tal i1111)ortc1,nc·e i11 t.heoretical 
pl1ysics. Here tihe Rie111ann st1rfac~e apJ)ear·s as a 'dressed-uJ), ver·sio11 of tl1e 
Feynrna11 diagrar11 in physics. Int,erestingly, pl1ysicc1l ir1tl1itio11 l1as led t,o 
tl1e amazir1g 'Witten C'.011-jectt1res' c:oncer1·1i11g tl1e c~ol10111ology of' tl1e 111ocluli 
spaces of c:urves (proved by Ko11tsevicl1 a few years afterwards). J\·1od uli 
spaces are also cer1t1·al i11 t.l1e rec:ent l)l'C)Of of Fer111at. 's Last Tl1eor·e111 by A. 153 
\Viles. 

Present 1·esea1·cl1 also ext.ends to ot,l1er n1oduli spaces t.ha11 tl1ose of C'.111·ves 
and abelia11 var·ieties. 111 particular· we are ,vitr1essing c:111 explosive growt,11 
of researcl1 011 111ocl11li of vector· bundles. 

Looki11g bc1.ck vve 111t1st, adr11it tl1at at that t,i111e 11011e of llS foresaw s11cl1 a 
spectac11la1· develo1)111er1t a11d succ~ess for· tl1e t.l1eo1·y of rr1oclt1li. 

1. 3. l·ritf;r·cit:lJ S e·rrii'riar· 

This se1ni11ar has its origi11s ir1 a ser1·1i11ar star·ted a1·011ncl 1958 t111cler· tl1e 
11arr1e 'sc~l1over1c'.l u b'. Tl1is owed it,s exist,er1ce to tl1e i11s1)iri11g pf:.rsor1(,1li ty of 
N .H. K ui1)er· wl10 felt tl1at Dl1t,cl1 r11;:1tl1e111at,ic-·ia11s sl1c)l1lcl lJec·o111e ac:c1t1ctir1t,ecl 
with the C'.OilC'.eJ)t, of 'sl1ectf''. Tl111s cl platt·c)r111 for c:001)c~1·c:1t.ic>11 was t~st1al)lisl1ed 
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t,l1at, 11,:is sl1c>w11 a gr·t'clt, \'it,<llity 111) t1() tl1( 1 J)l'(•S(:11t. (icty. '1'11(• s()111i11ar's J)E)1·111a.-
11e11t c1.i111 WclS t.l1e clisc'.l1ssic)11 c>f' ll('W <l( 1 \r(•l<>J)111E:11t.s, 11s11c1ll.\' i11 gE1.c>111c,try' ,1.11cl 
ctlg(~l)r·a, c111cl lc:1te1· i11c· l 11cli11g 1111111 l )c:~1· t·.l1c·c>1·.\'· l)111·i11g t. l1c• J>C'r·ic>c·l 1958-1981 
t, l1(.)1•t· wc1.s 110 fixc~cl s t.1·11c· t.111·c~ ct11 cl s 11 IJ .i E"c·t·. s \'ct1·i c 1cl. I~(> r· C'Xc'.1.1111) lc·, st. c11·t i 11g 
i11 t.l1e l,1t,<:• 197(),s E . .'J.N. J_.1()c)i.ic·'11gct, (; .. A. . .\1. I:)c11('r·s c111cl .J.lI.:r,/1. St:c~(3 11l)1·i11l< 
i11it1i,1.t1c~cl ,jc)i11t. ac:t.i,,itic)s i11 t.l1t .. ,11·(.'ct c)f' c·<>1111)l<.:1x g(•C)lll<·tr·y c:111cl si11g11lc:11·it,ies, 
ct11cl et t, t lit::) i11st. ig<tt.i<)Il <)f. I~'. 0<)1·t, t lie~ a.1·i t 11111 (~t.i<· clS l)E:c·t. <)f. gc·o111et1·y \Vas 
cilsc) (?1111)l1asizE~c·l. Oft,c?11 11E~"'· }111<.l 11111)11l)lisl1c~d 1·E~s11lt.s WE:1·(~ 1)1·esc~11t,ed, ,vl1icl1 
e11al)lecl )rot111g r·ese::1rc·l1c11·s t.<) f'ct111ilikl1·ize \vit.11 11e~r clSI)E~<·ts, SC)lllE~t.i111c:s 1011g 
l)efor·e I)t1l)licatio11 i11 i11te1·11at,ic)Ilctl jc)t11·11c1.ls. Tl1is i11c'.l11cl<::cl <liffic~11lt c111d cleep 
r·es11l t,s, w l1icl1 wer·e 11c)t, ec:1sy t,c) 111ast.<:~1·. 

Ir1 1980-1981 tl1e I11t;e1·c:it,}1 Se111i11c1r· f'oc'.11sed 011 111c)cl 111,1.r· c111·ves. Tl1is 
I)r·oved to be a 11111·se1·y fc)r 11E:W tc1le11t. c111c:l ,1 s0111·c·e c)f' i11t.e11sive c~oo1)e1·a
t,ior1. Ar·o1111cl t.l1t: sa111<.1 t.i111c., tl1c~ D11t,c·l1 resc:c::11·<0 11 st1·11c·t, 111·E: i11 111c1t,l1e111a.t.ic'.S 
'\\;rclS e11l1;::1.Il('.C(l l)y t.l1e ('I'(:cttic)ll l)y NWO of 'LclllClelijke v\T('t~kgf~lll€€11S('.llcl,p
pe11', 111a11,1gecl l)y Sl'v'I (;. \Vit.l1i11 tl1is fr·c1-111ev\lC)I'l{ t.\VC) 1>1·o_j{~c·t.s: 'l\11ocll1li' a11cl 
'Si11gt1l,11·it,ies', wc~r·E~ i11itiat,('-(l. Tl1t·se 1)1·ojec~t.s l1ave g11iclecl f'c)1· 111a11y year·s -
j oi11tly ct11cl ell te1·11at,t~ly--···t.l1E~ ,ic:ti vi t,ies of' w l1c1t, Wets c·,1lled t,l1e • I11te1·c'.i ty Ser11-
i11a1·'. 

2. TtIE .l'v10DUI_.I PROJEC:rl' 

Tl1e J)roject, was joir1tly pro1)osed l)y G.B.J\1. va11 cle1· Ciee1·, F. Oc)r·t and 
C.A.M. Peter·s; H.W. Le11str·a .Jr·. ct11d .J.P. l'v1t11·1·e ac:t,erl c1s acivisors. Re
sea1·c::l1 res11lts i11c:lt1ciecl t.l11·ee Pl1.D. tl1eses l)y L.N.J\1. vc1.11 Geen1e11 (1985; 
C'.U1r1 la11de), C.F. Fc1l)er· (1988) ar1ci .. J. Tc)J> (1989). Tl1e J)r·ojec~t's applic:,111ts, 
all t~xper·ts i11 algE'-l>raic.: gE}0111et,r·y, <liff e1·ecl ir1 eel 11c:at,io11 arr cl i11te1·ests, w l1ic:h 
tur·11c~d out, to lJe c1t1it,e c.111 c1clva11t,c.1ge. Resea1·c:l1t~1·s i11 tl1f:~ J)roje<.·t i11clt1ded, 
apar·t fr·o111 tl1e tl1r·ee J)r·ojec:t, leaciers, sever·ctl gr·c1.clt1c1.tE) st,1.1clents ar1cl se11ior· 
1·esearc~l1e1·s. Collal)o1·at.io11 fo1·111ed 011e of t,l1e 111ost t·c1sc:ir1c1tir1g aspects f"or 
eacl1 of· t1s. An 011goi11g c1vala11cl1e of 11ew 1·esl1lts ir1 t.l1e field-·-a J)leasant 

154 sur·prise--was grateft1lly ex1)loit,ed c:1ncl fr·ec1t1e11tly led to tl1e set,-up of new 
1·esearcl1. 

Ove1· t.l1e years t,l1e I)I'C)jec.~t gc1ve 11s t.l1e 01)J)o1·t1111ity t.o ir1vit.e several rr1at,h
en1at,icia11s for sl1ort, visit,s as well as f'o1· lo11ge1· stc.1,ys. Tl1ese sti111ulating 
visit,s l1ave led to a l)roacl s1)ec'.t,1·t1111 of 1·esea1·c:l1, usef1.1l develoJ)r11e11ts ancl 
i11teresti11g J)tt l)lic:atio11s. 

Cl1c1,rac~t,e1·istic for· t,l1e l'v1ocll1li Prc1jec·:t was tl1at, it; 11atur·c1lly e111e1~ged fr·or11 
an exist,i11g arid \vell-f'1111c~tio11i11g c:ollal)o1·c1t,io11 l)et;wee11 tl1e 111err1ber·s of a 
s111i1ll, er1tl1c)11sic1.st1ic gr·olIJ) of' 1·11c1tl1e111atic~ia11s. Tl1e i11itiator·s' fo1·e111ost con
cer11 WclS to st,i11111lat,e t.}1e field C)f algel)r·aic geo111etry wit,lr NWO-suJ)por·t. 
I11,rit,i11g er11i11ent, 1r1c1t,l1E~111at,icic111s fro111 a1)road was c·o11sider·ed c1S i111por
tc111t, c'lS clJ)pointi11g pro111isir1g gr·aduate st,t1de11ts, cer·tairrly i11 <1 t,i111e of ever· 
sl1r·i11ki11g ac:acler11ic budgets ( wl1e1·1, i11deed, will tl1at, st!op'?). 



tl1es(lS ('.()Ill l) l(\tecl i11 t.llE:~ f'r·ctll1 C\V()l' k ()f t l1c~ 1\1 () cl 11 li 11 l.'() _j (1 ('t.. rl'l1 is W() r·k \VclS' 

i11 tl1t: foc'.llS ()f i11te1·11cttior1al clc ... vc::-l()l)llt<)11t.s at t.11<· t.i111<\, <)f. l1igl1 <fll,tlity, c1.11cl 
i11 ,tll c·a.st·s JJl'<)vecl t,o l)e a st.CI)J) i 11g-st.<·)11c... t,() t·111·t l1c1 1· 1·c·sc ... ,t1·<.·l1, 1)1·csc'11t, 1 )' i 11 
fl1ll swi11g. 

3. Tilf~ SC.'.II01~'I"KY f>ROBI.,F~Iv·l 

The l)er·iocl 111cll)J:)i11g (1or·elli 111,11)J)i11g) 

j : Mg 1' Af],l 

assig11s t.o a11 ( iso11101·1Jl1isr11 C'.lc1ss of ,t11) alge lJr·aic: c·ur·v(~ C its pr·i11c~i 1:)c:1.,lly 
polar·ized J ac~olJic111 ( .J c1c:( C), 8 <:). Tl1is 111apJ)ing is i11jecti ve at geo111et,r·ic 
poir1ts, as To1·elli pr·c)ved ir1 1914 ( over· tl1e C'.0111 J)lex r1u111be1·s). Tl1e clos11re 
of tl1e i111age of' tl1is 111clJ)J)i11g 

(j ( M fl)) (: ==: :f.<1 c A.£1, 1 

is 11st1ally calleci t:l1e Tc)r·elli loc·11s ()1· J c1c·o l)i loc·l1s. Fo1· g > 4 t.l1is yielcls a 
lowe1·-di111e11sio11al su l)va1·iety i11 Ar1, 1 . Rie111a.1111 l1acl askecl for· a cl1c11·ac:teri
zatior1 of tl1is st1l)vc:1riet1y of t)l1e '1)e1·iods'. F. Sc·l1c)tt,ky, i11 1888 f'or _g == 4, and 
F. Schottky arid H .. J ur1g i11 1909 for g<:~11e1·al .9, i11clic~at,ecl 1·(~lc:1tio11s wl1ich 
,ver·e eXJ)ected t,o cl1ar·c1c:t.er·ize tl1e Jac~olJi lc.)c:us. \Vl1e11 Vc:111 Gee111er1 [3] 
started to wo1·k 011 tl1is cla.ssic;al l)r·ol)le111, or1ly l)c11·tial results v\'er·e kr1ow11. 
His 111ai11 r·esult st,ates tl1c1,t tlie Jac~cJbi loc:'lLS is a corr1,JJorierit of the Sch,ottky 
locus .for· all g. His proof co11tai11s a11 i11dl1ctio11 cJ11 g, tlie 111ost, i1r1port,a11t 
idea l)eir1g to ir1t1e1·sect tl1e Sc~l1ot,tky loc'.US witl1 tl1e bot111dary of the 111oduli 
space, i11 a blow11-t11J C'.01111)aC'.tific:atio11 of t,l1e 1r1oduli space A_q• J\,1:odestly, 
Vari Gee1r1er111otic:es tl1at tliis iclea wc1s already pr·esent, i111plicitly ir1 wor·k by 
Sclrottky c111d l)y F. Frol)e11ius i11 1888 ancl 1889, bt1t lie deserves c:r·edit for 
bei11g the first to t1r1de1~st)ancl tl1e argu1r1er1tatior1 a11d t)o c:arry out tl1e pr·oof·. 
His wor·k li11.ks t,o very differe11t 1r1etl1ods dt~veloJ)ed for· t,l1e sarr1e J)roblem 
by G.E. Welte1~s, E. Ar·bar·ello arid C. De Co11ci11i, as well as lJy T. Sl1iota 
i11 co11nectio11 wi tl1 tl1e N ovikov co11j ec:ture ( stati11g t,l1c1t, t)l1e Jaco lJi loc,1s is 
desc:1·ibecl l)y solutiio11s of' tl1e I(adorr1tsev-Petviasl1vili diff'e1·er1tial eq11atio11s). 

Tl1ese elega11t a11d fi11e 1·esult,s 011 a classic:al proble111 are i11dicative f'o1· 
Va11 Geerr1e11 's i11sigl1t i1·1 geo111E:~t1·y w l1ich lie c:01r1bi1·1ecl wi t,11 a11 exte11si ve 
ar·senal of t1ecl111ic1ues i11 algelJraic: geo111etr·y. Clear·ly lie vast,ly J)rofited f'ro111 
his par·ticipatic)Il i11 tlre Modt1li Pr·ojec:t, a11cl-----vic:e ver·sc1 -- t,l1e J)r·oject fro111 
Iris i11sight arid dedicat,io11. 

4. CHOW RIN(;s OF MOl)ULI SPAC:ES 0}"' (~lJI~Vr:s 

Stt1dyi11g var·ieties f'1·eqt1e11tly i11volves tlre t1se C)f. a c:c)l10111ology t,l1eor)r. How
ever, tl1e r·ing of' cyc:les 111od11lo rat,io11al eq11ivralE~11ce 011 tl1c1t Vctriety provides 
a fi11e1~ i1·1varia11t. 
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iv1111nfo1·d was one of t1l1e fi1·st, t,() c:l,J)l)ly t,l1is 111{~t.l1c>cl t,o 1r1c)(lt1li s1)aC'.t~s of' 
C'.urves [6]. Si11ce tl1e 111ocl11li sp<lc.~e is t1s11c1lly si11g11lc1r·, Q-c'.C)t')ffic·ie11t.s l1,1ve 
t.o l)e 11secl. Mor·eover·, si11c·E:~ <t r·egt1lar· c·ov(~r·i11g was lt1c~ki11g at/ tl1at t,i111e (it 
was discover eel 011ly 111t1cl1 l;:1t.e1·), <:~ve11 t.l1t~ clefi11i t,io11 c)f. cl c:~l1c)vV ri11g is 11c>t 
ol>vio11s ir1 tl1is c~ase. M 1111·1forcl f'ot111clecl t,l1is t,l1t~or·y a11cl lie c·<)llll)llt1E~cl tl1e 
Cl1ow 1·i11g for t,l1e 111oduli SJ)<t<:t~ of C'.u1·vc)s c>f gt)1111s 2. 

I11 l1is Pl1.D. t,l1esis [4], Fal)er· st11clie8 t.l1E~ (;l1ow 1·i11gs c1f a vcir·iety cJf 111c)d11li 
SJ)aces of' curves. His 1r1ai11 1·es11lt, is tl1e c:0111J)lete co111pl1tc1tior1 of t,l1e Cl1ow 
1·ing A* (M 3 ) of cl C'.Oinpa(:tific'.c1tio11 c)f tl1e 111ocl11li s1)ac.~e of c:111·ves of ge1111s 
3. Tl1is s1)a,c'.e l1c1,s a 11c1t,t1ral ir1ter1)1·etc1.tio11 cts t,l1e 1111ior1 cJf s1.1r)SJ)ac:es, like 
tl·1e l)ot111dary M 3 - M 3 , t,l1e l1yJ)erelliptic locus 7-f.3 , ct11d tl1e 111ocl11li spctce 
(JP>14 - ~)/PG L ( 3) of pla11e, 11011-singular· c:t11·ves of degree 4. 111 t.l1is way 
ger1erators of' tl1e various Cl1c>w g1·01.1 ps of M :~ c:a11 l)e gi ve11. N c)w tl1e diffic:11lt 
par·t starts: vv l1ic:l1 ar·e t.l1e relations bet,weer1 t,llf~ c)l)vio11s ge11er·c1tc)r·s'? Fal)er 
i11ve11ts a fascinati11g 1r1etl1c>d c1r1d a1)J)lies it witl1 virt11osity. 111 01·de1· t,o fir1cl 
1·elatio11s lJl~t,wee11 c·lasses of c·yc:l(~s of C()cli1r1er1sior1 A~ C)Jl t,l1is 6-clir11er1sior1ctl 
vari(~t,y M3, 't.est c.>l) jects' i11 c~c>cii111er1sio11 6 - A: c11·e selec'.tiecl, a11c.l cill i11ter·
sec·tio11 pr·ocl11c'.ts l)Eit,wee11 c.·yc'.les ar·1ci test ol)jec:t,s ar·e c:alc:11lat.ed, 11r1t,il f1·0111 
tl1at t,l1e strt1c:t11re of tl1e Cl1ow r·ir1g follows. Whe11 sl1ortly af'terwarcls E. 
Witte11 propc)sed his co11ject111·es co11c:er11i1·1g t,l1e i11ter·sect,io11 r1ur11be1·s, these 
could be suc:cessf11lly tested witl1 Fc1ber's res11lts for g == 3. 

5. L-SERIES IN GEOl\1E'fRY 

Whereas the Ph.D. tl1eses lJy Va11 Geer11e11 arid Faber· tr·eatecl tyJ)ic:ally ge
on1et1·ic prol)ler11s, To1)'s wc)rk [5] is closer to 11t1111be1· tl1eo1·y, altl1ot1gl1 ge
ornetry is fr·t~c111e11t,ly clrc1w11 upor1 as 111otivatio11 or· as a tool. L-series are 
ce11tral l1ere. Tl1ese show 11p, for· exarnple, ir1 c:01111ectio11 witl1 cyc:les 011 a11 
ar)elian thr·eefold. Cer·esa provecl tl1at tl1e cycle C"t - c- f'or· a ge11eric ct1rve 
of gent1s 3 yielcls a no11-tc)rsio11 class. Top li11ks tl1is witl1 a c~or1jec:ture by S. 
Blocl1 c:or1cer·11i11g zero's of a11 L-series; 11is wor·k IJr·ovicles eviderrce for· tl1is 
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for111s. 111 this diffic.'.ult fielcl ur·1cler·sta11clir1g of t.l1e G £ 2 c~;:tse is da\vni11g, 
but. other cc1ses still see111 fc:tr beyond our graSJ). Top wor·ks ot1t exa111ples, il
lustrati11g a conject11re by H. Yoshida abo1.1t Siegel 111ocl11lar· for·111s of weight 
2 belongi11g to Sp('ll)-·-a11 ar·ea 11ovv i11 ft1ll swi11g. 

6. WI-IA1, HAPPENr:D AF1~ERWARDS 

Tl1ese clevelop111e11ts, fror11 tl1e 'sc:l1over1c~lub' tl1rough the 'ir1tercity serr1ina1·' 
to Moduli ;:111(1 Sir1gl1larit,ies , have ge11e1~ate<l ci g1·ot1p of Dt1tc'.h rnatl1er11ati
C'.it1r1s well-versed in c:tlgebraic: geo111etry. Al)r·c)ad ot11· yot1r1g researcl1ers, ir1 
collaborc1tio11 ancl at rr1eeti11gs, 110w easily r11at,cl1 world level, as is evider1c:ed 
by tl1eir addresses c1..t, i11·1port,a11t co11f'erer1c:es ar1cl tl·1eir l1st1ally easy ac~c1ui-
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sit,io11 of· good JJositions (al)ro,tcl!) i11 tl1(\SE~ clif:fic:l1lt, tii111E?s. 0111· 1·esea1·c·l1 is 
li11kecl, i11 de1)tl1 a11cl i11 clivt~r·sit,y, \\rit,}1 t,ll(; \\r()l'k ()f' t.}1(~ l)(\St J)(~()J)l(~ i11 t,l1e 
field, a11d is 11ublisl1ecl ir1 t,l1<~ lE~cicli11g j<)111·11ctls. Tl1c~ l)l'E:~t)cli11g g1~01111cl, t,o 
wl1icl1 tl·1e Jv1ocluli Project l)c~l()11g<~cl, 1>1·c)vecl t,o l)e v<.)t·y Vctlt1,1l)lE~. 

Collaborclt1io11 clid r1c)t1 st,OJ) wl1e11 t.l1e Ivlc)cl11li Pr·c)_jc~c·t, t,E~1·111i11cit,c~ci. A1·itl1-
111etic asJ)ect,s ,ve1~e elabo1·at,ecl i11 a l)l'<)jec:t 'Aritl1111et.ic_: Algel)r·aic'. (ieo111et1·y,, 
arid geo111et,ric: <:tSJ)ec:t,s of 111oci 11li tl1ec)1·y ar·e c:tclcl1·essecl i11 a 1>1·0 jec~t st11dyi11g 
111od11li of ct11·ves a11cl of Rie111ct1111 s11rfac:es. Tl1us c:ollc1.l)c)1·atio11 started ir1 
tl1e Tv1ocll1li Project l1as 1)01·11e fr·uit, a11<l sc~ier1t,ific 111etl1ods clevelo1)ed i11 tl1e 
pr·oject. are 11sed a11d expar1de(·l. 

We expect 111oduli spaces to gai11 signific'.ar1c:e c111d to be a f'ocal point ir1 tl1e 
research of tl1e c:0111i11g decades. _l\.s i11 all good 111atl1er11atic~s, closer· study 
ge11erates 11101·e questio11s tl1ar1 sol11tio11s. Assessi11g tl1e project's i1r1pc1.ct 
after ten of twer1t,y years r11ay yield a11 eve11 111ort~ l)osit,ive J)ic:t,ur·e tl1a11 at 
pr·esent. 
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