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1. lNTRODUC'l.,ION 

The existe11ce of a 'Dutch Si11gular·ity School' was fi1·st 11oticed l)y N .H. 
Kuiper at t,11.e Colloque S'Ur la monodromie in Metz i11 Fel)r·uary 1974. E.J.N. 
Looije11ga, D. Siersrna a11d J .H.1\11. Steer1b1·i11k, wl10 wer·e to defe11d tl1eir 
Ph.D. theses i11 An1sterda111 tl1at year, wer·e J)rese11t, at, tl1at, r11eeti11g a11cl 
their wo1~k was a topic of tl1e disc:ussion. Five years later, this tr·iple started 
tl1e Z\VO-project Singular·ity Theory, after J. Seidel invited tl1e111 to set 
up a co1n111on ac'.tivity of larger· scale tha11 t1st1al at ZWO (p1·edecessor of 
the present N atior1al Research Cou11cil N\VO). U 11der tl1is flag, \V .A.M. 
Janssen, G.R. Pellikaan, D. va11 St1·ate11 a11d T. de Jong cor11pleted their 141 
Ph.D. theses and several at.hers, sucl1 as J. Steve11s and H.J.J\1. Sterk, were 
strongly influenced by its activities. 

In this article we will focus 011 one cl1aracter·istic aspect of the project: 
the co11tributior1s of Pellikaan, Va11 Str·aten and De Jo11g to tl1e defor111atio11 
and classific~ation t,heor·y of si11gular·ities. 

2. SINGUL.A.RITIES 

2.1. Introduction 
In the co11text of this artic:le, the subject of si11gularity tl1eory is t,l1e local 
study of complex a11alytic sets. Let U be an oper1 subset of C 'ri and let 
f 1, ... , f k be l1olo111orpl1ic fu11ctions on U. Tl1en the set of co111rnon zeroes 
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of f 1, ... , f ;.". is called a11 ar1c1lytic~ s11l)set of [1, c111cl eve1·y ar1alyt,ic set is a 
ur1io11 of sucl1 subset,s. Tl1e i11t,erc"st, i11 st1c~l1 SE\t,s (.1,1·os(~ wl1t~r1 f)CC)I)le r·ealized 
that a11alyt,ic sets ca11 be c1t1i te 1·ic·l1 f1·c1111 tl1e ti()l)ologic··al pc)i11t, of view. 
Co11sider 011e holo1norphic fu11c·t,io11 J i11 C()111 plex var·icl.l)lt:-.,s z 1 , z2 . S11ppose 
tl1at f'(O, 0) == 0. If 011e of tl1e part,ial cler·ivat/ives c)f f at (0~ 0) is 11011-zE~ro, 
tl1e11 t,l1e1·e exist,s a l1olo111or·pl1ic~ f'1111c·t,ior1 g s11cl1 t,l1at, (J', .9) is et l1c)lc>11101·phic 
coordinate syst,e111 at, (0, O) a11cl, l1er1c·e, tl1e a11alyt,ic set {J = 0} is si111ilc11· 
to a li11ea1· sut)SpctC'.e at ( 0, 0). However·, if c{f ( 0, 0) == 0, tl1e11 t.l1e situc1tio11 is 
quite differ·ent,. The 1·icl111ess of tl1e locc1l topological st,1·11c'.tur·e cc111 be see11 
by i11te1~secti11g t,l1e set {J == 0} with a s111all spl1ere cer1te1·ecl at, ( 0, 0); tl1e 
1·es11lt is c:111 algebr·aic knot 01· li11k ir1sicle the th1·ee-di111e11sior1al spl1ere. Ir1 

• 

l1igl1er din1e11sio11 011e ca11 co11str11ct exotic spher·es i11 tl1is way. 
A gerrr,, of an. analytic .r:,et at O in CC ,i is a11 eq11ivale1·1ce class of zero

sets V(.f 1, ... , f k) defir1ed i11 son1e ope11 11eigl1l)o111·l1oc)d [T of O E <C 11
·• It is 

tl1erefore r·eprese11tecl as 

Two such set,s are called equivalent, if tl1eir i11t.ersections wit,h a sufficie11t,ly 
small 11eigl1bo11rl1ood of O agree. 

A n1ore subtle notio11 is t,l1at of ge·rrri of an an.alytic space, c:tlso called 
singularity. Here one does riot c:011sider t,he zero set alo11e, but also tl1e 
functions whicl1 define tl1is set. For exan1ple, the space defi.11ed by the 
equatior1 x 2 == 0 in <C ( a 'tl1ick' poi11t, of r11ultiplicity two) is co11sidered to be 
differe11t frorn a regular poir1t ( defined by x == 0). Equivale11tly, a gerr11 of an 
analytic space ca11 be defined by it.s 'ri11g of l1olo111orpl1ic: functior1s', wl1ich is 
a quotie11t of the co11verge11t, power ser·ies ri11g CC { J:~ 1 , ... , ;1;-r1.}. Ar1 ir11portant 
exa111ple is t.he si11gt1la1· locus of a l1ypersl1r·face si11g11larity f ( x) = 0, w l1i(~l1 
is defi.11ed clS a11 analytic space ge1·111 by t.l1e eql1atior1s f ( x) == 81 f ( x) = ... = 
8r}. J ( x) == 0. Any analyt,ic~ space l1as a11 t111de1·ly'i11g ct11alytic: set. Cor1ve1·sely, 

142 for any ge1·n1 of ar1 a11alytic set t,l1ere is an associated ar1alytic space, defi11ed 
by the ideal of all fu11ctio11s va11ishi11g 011 tl1is ar1alytic set. Suc'.}1 analytic 
spaces are called red1Lced. 

2.2. Some terminology 
Tl1e si111plest case is where all tl1e defir1ir1g equc1tio11s ca11 be taken to be 
linear and var1isl1i11g i11 the origi11. In tl1is C.'.ase t,l1e singularity we get we 
call smooth (its singular loc11s is en1pty). Of course, ir1 sing11larity theory 
this case is l1ardly interesti11g. The si111plest sir1gula1~ity ,vhicl1 is not smooth 
is the A1 si11gularity, giver1 by a 11on-degenerat,e q11ad1·at.ic equation, for 
example Xi + ... + x;i = 0. Tl1e case n, == 1 we considered above ( the fat 
poi11t). Below we give real pict111·es for tl1e A 1 c11rve si11gularity xy = 0 (see 
figure 1), arid the A1 s11r·face si11gularit,y giver1 by xy- z2 == 0 (see figure 3). 
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Figure 1. Figure 2. 

The above si11gt1lc:11·ities c1.1·e exan1ples of /1,ype·,~s,urjace si11gular·ities, sir1gu
la1·ities which can be given by one eqt1atio11. Hypersurface si11gulc1.rities in 
tt1r11 are exa111ples of cornplete inter.section si11gularities: here the nun1ber of 
ft111ctio11s 11eeded to descr·ibe tl1e sing11lc11·ity is equal to tl1e coliimen.sion of 
the sir1g11larity. One of tl1e sin11)lest exa111ples of a si11g11la1·ity \vl1ic'.h is not 
a cor11plete i11t,ersec:tion is tl1e 11r1io11 of t.l1e coo1·di11at.e-axes ir1 tl11·ee-space 
( see figu1·e 2). He1·e 011e r1eeds tl1.1"ee eq11atio11s: X'Y ::::::: x z == y z == 0, w l1ereas 
tl1e codi111e11sior1 is two. 

Even if 011e is j11st, inter·estecl i11 s11·1ootl1 spaces, it 111ight be i11teresting, 
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Figure 3. 
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l1,1,11cly a.11<i eve11 '11ecessc1r·y' t.<) st, tl(ly SJ),l<'.es ,,ri t,11 si11g11l{1r·i t,i(~s. Fc)r· exa111-
J)le, c·lc1ssic~ally s111ootl1 c·t1r·vE)s (R.ie111ct1111 s111·f·clC'(~s) \V(~1·c· st.11clic~<l l)y t.}1..l<:i1tg a 
111odel i11 tl1e J)l~ojec~tivre l)lclllC, ,vl1ic'.ll {l,l\\'<lYS exists l)y tll(; t.11(\()l"Clll ()f t.11(:1 

J)r·i111it,ive ele111e11t,. Tl·1e l)ig c.tclvc111t,c1g(~ c)f st.11clyi11g 1)lc1,11<~ 111c)clc:-.ls is c)f. c:C)ll1·se 
t.l1c1t tl1(~Y c:ct11 l)e give11 l)y j11st oril: c~c111c1t.ic)11. Tl1c· J)r·ic'.C 011c~ 11,1.s t,o l)cl.y is 
t.l1at, tl1e JJla11e 111odel i11 gt~11c·~1·<1,l 11111st, l1ctve si11g11l,1.r·it.ic~s. 1'11is c:a11 l)t~ see::11 
f'or i11st,a11c~e by tl1e ge1111s fc)1·11111lc1. Fc)t' ,1 .'3'n1.oot!i J)lc111e C'.t11·ve wit.11 ge1111s g 
a11d degr·ee d 011e l1cls the rel,1t.io11 

g == 
(d - l)(d - 2) 

2 

fror11 w hicl1 it follows t.hat a c:111·,re of' gent1s t,wo does riot l1ave a s111ootl1 pla11e 
111odel. Si111ilctrly, s111·faces we1~e stt1diecl l)y t,aki11g a 1r1odel i11 ~~. Her·e or1e 
eve11 l1c:1.s t,o allow r1on-isola.t.ecl si11gt1la1·ities, i.e., tl1e set of poi11ts wl1ere tl1e 
surface is riot sr11c)otl1 is a ct11·ve it,self. 

Sir1g11lc1rities also OC'.Ct11· 11at.ur·ctlly ir1 tl1e study of' so-c·alled rri·iriirrial m,odels 
of s111ootl1 algel)raic'. va1·ieties. l\!Ii11i111al 1·11oclels a1·e k11c)w11 tc) exist for· C'.t11·ves 
a11ci su1·fc1c~es for· a 1011g ti111e. It, was discovered 1Jy Iv'.Ior'i c1-r1cl R.eid, tl1at for· a 
good 11otio11 of' 111i11i111al 111odels for· higl1e1· di111e11sional varieties, 011e has to 
allow sin,gularitie.s on tl1e 111i11ir11al 111odel. A11other· i11teresti11g 111otivation 
is tl1e study of exotic'. spheres. Exotic: spl1e1·es are differe11tial r11ar1if'olds 
hor11eo11101~phic: but 11ot, cliffeor11orpl1ic t.o tl1e sta11dar·cl s1)l1ere. Ir1teresting 
exa111ples of tl1ese appear· as li11ks of si11gula1·ities. (Tl1e li11k of a11 a11alytic 
set is tl1e ir1ter·sect.io11 of a st1ital)le 1·e1)1·eser1t,ative of tl1is ar1alytic~ set witl1 
a s111all spl1e1·e.) For· exa111ple, tl1e link of tl1e sir1gulc:ir·it,y defir1ed by tl1e 
eqt1at,ior1 

is an exotic~ spher·e of din1ensio11 seve11. 

3. DEFORMATIONS OF SINGULARITIES 

011e way to study singular·ities started off' witl1 tl1e book of J. l\1ilnor [2]. 
He co11side1·ed hypersurface sir1gularities, defi11ed by a l1olo111orpl1ic functior1 
f. Take t,he l)all BE with center O a11d radius E i11 <C ·ri, and a (lisc: D.,7 with 
center· 0 a11d radius 7J in <C , sucl1 tl1at O < r7 < < E < < 1. 011e of the 111ai11 
results of Milr1or is tl1at the 111ap 

is a CCX) fil)ratio11. The 'general fibre' j' == t for~ t E Dr1 \ {O} is called the 
Milnor fibre. 111 case we have an isolated sir1g11larity, tl1e Milr1or fibre is 
l1on1otopy equivalent to a fi11ite wedge of spl1e1·es of din1e11sio11 ·11 - 1; the 
11umber of those spheres is called the Mil11or nur11be1· of tl1e singularity. 
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Figure 4. 
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Tl1ere is a si111ple for·111ula fo1· <:on11)uti11g tl1e l\1Iil1101· 1111111l)e1· Jl, as tl1e CC
dirr1e11sio11 of' the algeb1·a C { ;r; 1, ... , Xr,.} / ( c~{~ , ... , c~~' ) . 

Let, us c~o11sicle1· tl1e exc11111)le of tl1e D 4-sir1gl1lar·it.y ;i::3 - y:J == 0. 011e 
car1 t.ake l1e1·e ever1 f == oo c111cl ·17 = 2, so tl1e l\1ilr1or· filJr·e C'.a11 be give11 by 
x 3 - y 3 == 1. Tl1erefor·e, tl1e J\1Iil1101· fibr·e is a11 ellir)ti('. c~11rve wit.11 tl1e t,l1ree 
l)Oi11t.s c1t, i11fi11ity re111oved. Topologic·,1lly tl1e l\1ilr1or fil_)1·e is cts ir1 figu1·e 4. 

We see t,l1at. ()11e c:c111 1·et,1·c1c:t, tl1e Ivlil1101· fibre 011 tl1e four· clr·c1wr1 c:ir·cles. l 45 
·' . . 

If 011e 110w 111akes a gr·a1)l1 ,vit.11 ver·tic:es cor·1·espo11di11g tc) tlrese cir·cles and 
edges co1·res1)011cli11g tc) tl1ei1· poirrt,s of inter·st~c:tiorr, 011e ol)t,ai11s tl1e Dyr1kin 
diagra111 of t,y1Je D4 ! 

Or1e c:a11 ask ir1 ge11er·al wl1et.l1er· fc)r a giver1 isolate<cl sir1gul('.1.rity X tl1ere 
exists a flc1t or1e-1Jar·a111ete1· f'a111il)' X r ; T ( T is a s111all clisc~ in C ) suclr 
tl1at t·or· t == 0 011e l1as tl1e or·igi11al sir1g11larit,y X a11d f<)r· t -/= 0 tl1e fil)re 
is srriooth. Herl~ 'flat' is a tec'.l111ic'.al 11otio11 ( t, a pc1.1·<=11r1et,e1· 011 T, is to be 
a 11011-zero clivisor· 011 tl1e SJ)ac:e X T; tl1is i11s11res tl1c:1t, 11111(~}·1 i11f'orrr1atior1 
of tlre zero-fi1)r·e C'.ar1 lJe r·eaci oft· tl1(~ gene1·al fibr·e. It i1111)lies f'or i11st.ar1ce 
tl1at. eac~l1 c~o111 IJ011e11t of X 7, 111a1)s st1r.iec:ti vE~ly to tlre J)c1r·a111ete1· sr)ac:e T, 
expl,1i11i11g tl1e wc)r·cl 'flctt,'). For c:01111)let,e i11t(~1·sE~c:t, io11 si11g11lari ti<~s, ev-er·y 
s111all IJe1·t,ur·lJatior1 of tl1e f'1111c:t.io11s defi11i11g t,l1t~ si11gt1larity gives c:1 flat 011e-



146 

l)c:tt·ct111etE~1· clefo1·111,1t.io11, l)llt, f'()l' Il()ll-('<>r111>l(•t·.E, i11t,<•1·s<·\c•tic>11s t 11<~ sit:11c1t.ic)11 is 
11111c·l1 11101·e c·c)1111)lic·at,<:~cl. Fc)1· ir1st,111c·c~, t.l1<' s1>,t('E• cl(•fi11(•cl l>,\l t l1E1 (•<1t1,1.t.ic:)11s 

is ·11, l) t cl, flcl t, t111 e- l)c1.r itr11 e t.e 1· cl<:) f'c)1· 111 ,t t. i C) 11 c) f' t, l1E' C'.<) c_)r cl i 11c1 tE~ <:l,X<:1s i11 C :i. I11 
ge11e1·al it, is 11<)t c·lE~,11· tl1c1t C)ll(: c·c111 give· 11c>11-t1·ivi,tl (i.e., 11c.)t, iso11101·1>l1i('. to 
cl IJr·ocl t1c·t) clef"or·111at. io11s of ,1 si11g11lctr·i t.y c:1.t, c:tll ! Ir1cleecl tl1er·E~ t·xis t, exc:11111>lt:~s 
of si11gt1la1·ities vv·l1ic:'.}1 ar·e r·igicl, i.e., c1clrr1it, c)11ly t,1·ivic1l defo1·111c1tio11s. Bl1t 
tl·1er·e exist, also exc11111)les of si11g11la1·ities, t.l1E~ ec1siest c)r1e bei11g t.lre c~c)11e over· 
a rat.io11al c111·ve i11 IP1 , clt1e t,o H. Pinkl1,1111 ,vl1ic:l1 acl111it, t,\\ro 011E::'-J)ctra111eter 
def'or111,1tior1s for· wl1ic:l1 t,l1e ge11<:~r·c1l fibres c1r·e s111ooth, rJ1,1t, riot l10111eo111or
phic:! 

4. (;L,t\SSIFIC~1\rfION OF' SIN(_; lJI..iARirflES 

011e c:a11 t.r·y tc) c·lc:1ssify si11gt1lct1·it,ies 11p to l1olo111c)1·1)l1ic: C0()1·cli11ate c:l1c111ges. 
Tl1is goal is too ct111l)it,iot1s i11 ger1e1·ctl, l,)11t a l>egir111i11g of tl1e c:lc1ssific·:at,io11 of 
l1y1>er·sl11·fc1.c:e sir1gl1lc1,1·it,ies Wc1S 111c1de l)y V .I. Ar·11ol'd, R,. Tl10111, lviatl1e1· a11d 
Siers111a i11 tl1e ec11~1y 197()'s. Tl1e list st,c1rt.s wit,11 t,l1e si111ple si11g1.1lctrit,ies: 

A . ,y,J.·+ 1 + ··r·2 + + y,2 == 0 k · .,{,,I , 2 • • • ~-,l 

D ,. . ,·y,2,ry,,. + x· A:-1 + x·2 + + ,y,2 == O.· 
fi'. ' .,(_, 1 .,(_, 2 ' 2 3 . ' • .A. r l , k>4 

E . x·1 + x3 + -"l~2 + + ·r·2 == 0 G • 1 . 2 ,d.-3 • • • ~ ·,1 

== o. 

Her·e 'si1r1 I)le' is a tecl111ic·c1l terr11, r11e,1r1i11g 111c)r·e or less tl1at tl1e si11gl1-
lar·it,y c~ar1 or1ly cleforr11 ir1 a fi11ite 11u1nber· of iso11101·1Jl1isr11 classes of otl1er· 
sir1gular·ities. Tl1e labels A, D, E (:01r1e f1·01r1 tl1e Dy11ki11 cliagr·a1r1s of sirr1ple 
Lie groups. Ir1 fact, t,here exist, ::1t least 15 clifft~1·er1t c:l1ar·acte1·isatior1s <)f these 
si1r1 ple sir1gular·i t.ies. 

A pec'.t1liar aspect of Ar·r1olcl 's c:lassifiC'.cttic)11 is tl1at si11gl1larities te11d to 
ap1)ear i11 series. We c1uote Ar11ol 'd [l]: · Alt.l1ol1gl1 tl1e sE~ries t1r1doulJtedly 
exist, it is 11ot at all clec1r wlrat a ser·it~s of sir1gt1larities is'. Arid: 'It is 011ly 
clear tl1at t,l1e series ar~e assoc:iat,ed witl1 si11gulc11·it,ies of i11fi11it,e n1ultiplicity' 
( 11011-isolated si11gula1·ities). I11deecl, in tl1e exct111ple of Ak a11d D h: singu
larities 011e c:an for1r1t1lly pl1t, k = CX> to get tl1e 11011-isolatecl si11gularities of 
figt1re 5. 
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Figure 5. 

5. TI-IE PR.OJECT SINGULARITY THEORY 

5.1. Hypers'urf ace sirigularities 
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Ir1 this sectio11 vve discuss s01ne of the 1~est1lts obtai11ed i11 tl1e SMC-project 
Si11gula1·ity Tl1eo1·y. I11spired by the 1·e11·1arks of Arnol 'd, Siersn1a and later 
l1is stude11t Pellikaa11 sta1·ted to stucly tl1e si111plest. types of 11011-isolated 1:47 
singularities: l1ype1·surface sir1gularities with one-di1ner1sior1al si11gular locus 
and transver·se type A 1 . Transverse type A 1 111eans tl1at if one takes a 
trar1sve1·se slic'.e at tl1e ge11e1·al poi11t of tl1e si11gular loct1s tl1e i11tersection is 
a11 isolated A 1 si11gularity. For exa111ple, in figl11·e 6 the fi1·st singt1la1·ity l1as 
transverse ty1)e A 1 wl1ereas the second l1as not. 

One of tl1e goals of Siers111a a11d Pellikaan Wets t,o u11derst.and tl1e topology 
of the Mil11or fibre of' suc:l1 singt1larities. In the case of a11 isolated si11gt1larity, 
this can be do11e by deforn1ing tl1e defini11g fl1r1ct,ion t,o a ]\1Iorse ft111ctio11, 
i.e., a functior1 with only singular-ities of· type A 1 . Tl1e nu111ber of Morse 
poi11ts appeari11g is just the l\1il11or 11u111ber. Tl1is '111orsificatio11 r11ethod' 
was gener·alized to tl1e case that tl1e reduced sir1gt1lar locus is a corr1plete 
intersectio11, a11d led to so-called adr11issible deforrr1ations. Loosely speaki11g, 
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Figure 6. 
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these are defo1·111atio11s of t.l1e pair (J, E) wl1ere I: is the si11gular loc~t1s off. 
An exa1111)le of a deforn1atio1i wl1icl1 is 11ot ad111issible is t,l1e deforr11atior1 

of A00 to Ak, give11 by tl1e equation yz - txl.:+l = 0. For tl1e spec:ial fibre 
the si11gular locus is a li11e~ but for tlie ger1e1·al fil)r·e the singt1la1· locus is just, 
one point. Ther·efore this does riot induce a flat defor111atio11 of tl1e si11g11lar 
locus, a11d the defo1·111atio11 is 11ot adn1issible. Tl1e defor111atio1·1 suggested 
by figure 7 however, is ad1nissible. 

U sirig tl1ese adn1issible defor1natio11s Sier·srr1a arid Pellika,111 !)roved a tl1e
orem 011 tl1e hon1otopy tyJ)e of tl1e Milr101· filJre for l1ypersl1rface singt1larities 
whose si11gular loclIS is a c~orr1plete i11tersectio11 witl1 tra11sverse type A1 . Ex
cept for· sorr1e special cases, tl1e homotopy ty1)e turns out to 1Je a wedge of 
splreres ( as ir1 the isolated singularity c:ase), arid a fo1·111ula for· the r1u111l)er 
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Figure 7. 
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of tl1ose was giver1 by De Jor1g. Va11 St,1·at,e11 p1·oved si111ilar fo1·111t1las us
i11g differential fo1·111s. Later 011 De Jong exter1ded tl1ese rest1lts to c:e1·tair1 
cases of l1ypersurface sir1gulc1rit,ies wl1ose sing11lc:1r loc:us is a li11e a11d whose 
transverse type is a si111ple isolated si11gularity. 

5. 2. Weakly 'nor~mal s-urf ace s-ingillarities 
In his Pl1.D. tl1esis, Va11 Strat,en stl1died weakly 11or111al surfaces. I1r1portar1t 
exan1ples of t,l1ese ar·e st1r·faces wl1icl1 ar·e obtai11e<l as ge11eric projec:tior1s of 
sn1ootl1 ( or even 11orn1c1l) s11rfac~es i1·1 C 3 . Sl1cl1 a sur·face has a si11gt1lc1r locus 
which is a C'.Urve witl1 isolated si11gula1· point,s itself. The struc:t11re of the 
surfac:e r1ear tl1ese spec:ial IJoi11ts is i11vestigatecl l)y 'i111 provi11g' tl1er11, i.e., 
1·eplacir1g tl1e111 l)y cer·t,ai11 c:111·ve c:or1fig11rat,ic)ns, ar1alogous t.o the process 149 
of resolution of isolat,ecl singl1larities by l)lowir1g-l.1p. Va11 Strat,en ge11er-
alized r11a11y results fro1r1 tl1e theory of r1orr11al st1rfac:e si11gula1·ities to this 
class of nor1-isolated st1rface si11gularities, c1.r1cl co111ple111er,1tt~cl ir1 t.l1is way tl1e 
k11owleclge obtai11ed by Pellikacir1. Also tl1is ap1)roac:l1 led to a ricl1 treasure 
of exar11ples, obtai11ed fron1 a rc)l1gl1 c~lassificatior1 of wectkly 11or1r1al surface 
sir1gt1lar·i t,ies by tl1e str11ct,u1·e of tl1ei1· i111 prove111e11ts. 

5. 3. _Admissible dej'orrrirzt'ion.9 
Pellikaar1 gave the f'ollowir1g very ir1te1·estir1g exa111ple of an adn1issi l)le de
fo1·n1atior1: consicler tl1e hy1Jersl1rfc1ce sir1gular·ity give11 by t.l1e ec1uatior1 
( xy) 2 + (y z) 2 + ( zx) 2 == 0: tl1e co11e over· a quartic: c:urve ir1 tl1e c~or11 plex 
projective pla11e \vith three A 1 si11gularities ( see figt1r·e 8). Tl1is l1y1)e1·sur·face 
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si11gula1·ity is c1 p1·ojec~t.i()ll c)f t.l1e C'()11c\ ()Vt11· tl1(~ 1·c1t.io11al 11<)1·111,11 c·t11·vc~ of· (lt•
g1·ee 4. Pellikaa11 w1·ote clc)\v11 E)Xl)li(·i t,(~ly t \\T() (-'SS(~11t.i,1lly (li ff'(~1·(•r1t. c:1cl111issi l)lc:. 
defor111at,io11s, as ir1 figu1·e 8. It. t, t11·r1(:ci. c>t1 t. tl1cl t. t 11(:'IY c·c:>1·1•c_)s1)011c1 E1,xc1c·t, l)' t.o 
tl1e t,wo diffe1·e11t defor111atic)11s c)f tl1e <~011c~ ovt·r· tl1(~ 1·c1t.ic)11ttl 11c)r111,1l c··l1r·vt~ 
of dt.~g1·ee 4 disc:over·ed l)y Pi11l<l1a111 ! N otE) tl1c1t. t.l1e st11·fc·l.c:·c; i11 f)ellikc1c:111 's 
exa1111)le is a ge11eric: J)l'C)j(:.c•t.ic)11 ()f' t.l1t" co11e c)ver· t.l1e 1·atic)11c1l 1·1c)1·111ctl c·t11·ve 
of degree 4. 

Ir1s1)ired l)y Pellikat111 's exa1111)le, De J 011g ;:111d Vc1.11 St.1·a.te11 star·tecl to cle
velop tl1e follo,ving J)1·og1·a111: give11 a r1or111al st11·fc1ce si11gulc11·ity, J)t~ojec-.t it, to 
CC 3 to obtai11 a \veakly 1101·111al sur·face, give11 l)y a11 eq11atio11 f (x, y, z) == 0 
and vvitl1 singult1r locus ~- Try tc) clet,e1~111i11e whicl1 def'o1·111atio11s of tl1e 
projected surface are ol)tai11ed cts projectio11s of defo1·n1t=1tio11s. Surp1·isi11gly, 
the def'or111atio11s t,hey fot111cl \ve1·e pr·ec~isely t,l1e adm.i.s.'3ible def 01"'niatior1,s of 
(f, I:), wl1icl1 wer·e i11troclt1c'.ecl lJy Sie1·sr11a a11cl Pellikaci11. Tl1e acl va11tage of 
cot1rse is tl1at 011e 11eeds _just 011e eq1,1atio11 to clesc1·ibe t,l1e p1·ojec'.t,ic)11, tl1e dis
aciva11tage bei11g l1avi11g to allo\\' 11011-isolat.ed si11gt1la1·ities. Tl1is JJr·ojection 
rrieth.od has l)ee11 ver·y f1·t1itful: tl1e base space of a se111i-1111ive1·sal c~lef'or·111a
tior1 of' r·at,ional ql1adr11ple l)Oir1t,s c:011lci lJe dete1·111i11ed, i11 spite of tl1e fact 
tl1at ec1t1c1tio11s for· tl1ese si11gularities ha.ve 11ever l)ee11 ,v1~itte11 dow11. Usir1g 
the I)rojec-.tion r11et.l1od 011e also sees tl1at i11 se1·ies of sir1gl1lc1rities ( wl1icl1 we 
st.ill do 11ot, k11ow wl1at tl1ey are) defo1·n1atio11 tl1eo1~y bel1c:1ves well, i.e., for 
two 111e111bers of a series, it is easy to co1npare t,he defor111atior1s of one witl1 
tl1e otl1er. Fu1·tl1e1· clpJ)licatior1s of tl1is projectio11 111et,l1od ar·e still 1)ei11g 
discove11 ed. 
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