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1. INTRODUCTION 

Hy(11·ody11a111ic'. p1·opulsio11 is of i11te1·est i11 tl1e l)iological sc~ie11c:es for· tl1e 
stt1dy of swi111111ir1g (:r·eat,111·es, l)ut it, is also i111po1·t,c111t i11 t,ec'.l111ic~s, c:ilrec1.dy 
sirrce sl1ips Cc:t111e i11t,o t1se. We dir·ect, l1e1·e our· c1tt,e11tio11 t,o tl1e pro1)11lsior1 of 
sl1ips as it is st,udied at, ( tecl1r1ical) u11ive1·sit,ies, at shiJ) 1·esec1r·c:l1 i11st,it,t1t)es 
a11d s0111eti111es at sl1ipya1·ds a11cl sc·r·ew factor·ies. Tl1e 1·esE~c1rc:l1 desc:r·il)ed 
below was ir1spi1·ed by tl1e desi1·e i11 t.lre sl1ipl)l1ilding i11dust1·y i11 tl1e late 
l 970's to din1i11isl1 1)1·01)ulsio11 costs i11 view of· risi11g e11e1·gy· prices. I11 ge11-
er·al tl1e tl1eo1·etic:al resear·ch is dir·ect.ed to tl1e solution of' prac'.t,ical proble111s. 
A11alysis i11 t,l1e f"or111 of 'classic:al' applied 111atl1e111at.ic:s i11 c~o111lJi11;:1t.io11 witl1 129 
ext,e11sive co111p11ter· I)r·ogr·ar11s is er11ployed for t.l1e ap1)lic·a.t,io11 of lifti11g s111·-
face tl1eo1·ies t.o l)r·opellers. By cl pr·opeller· we 111ea11 11ot, 011ly t.he well-k11ow11 
screw pr·opeller·, but also per~iodically 111ovi11g wir1gs wl1ic:l1 ca11se a tl1r11st. 
A11 exan1ple of tl1e latter is tl1e Voit,h-Sc'.l111eider J)fOJ)eller·. 

:rvf ost propelle1·s are placed at t.l1e st,er11 of a sl1i1) for tl1e f ollowi11g reaso11. 
By its slight viscosity tl1e vvc1ter flowir1g alo11g tl1e 111111 of tl1e sl1ip is dr·agged 
with it a11d obtai11s ki11etic e11er·gy witl1 r·espect to tl1e water· at. lar·ge dist.anc'.e. 
It ca11 be show11 tl1at by placi11g t.he pr·opeller· at, the ster·n of' tl1e slrip, par·t, of 
this ki11etic e11ergy ca11 be r·egair1ed by wl1icl1 tl1e efficie11c:y of· tl1e propeller 
• 111creases. 
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Figure 1. Four-bladed screw propeller with endplates. (Photo: Groningen Propeller 

Technology B.V., The Netherlands.) 

We 110\v 111e11t,io11 t,vvo diffi<'.t1lt,ies f'o1· t.l1e c·alc:·t1lc1tio11 of tl1e 1)er·f·o1·111c:111c'.E:' of 
tl1e J)r·opeller· w hic·l1 ar·e Cc111sed r)y it,s abov'"e 111e11tio11ecl effic·ie11c'.y i11c:·1·t~ctsi11g 
positio11 at, t,l1e ster11. Fir·st, clt t,l1e ster1·1 of' et sl1iJ) t.l1e flow c)f' tl1t'.\ \Vc:iter is 
~unt.icly'. Tl1e wc1ter cl1·c1ggecl wit.h t,l1e 111111 bec:01·11es tur·bt1le11t, a11d bec:at1se 
it l1as to f"ollow t,he sht1.pe of tl1e l1t1ll, it has t,o c:or1ver·ge at tl1e ste1·11. Besicles 
t.l1is t.l1e wave I)c1t,ter·11 at t.l1e fr·ce s111·fc1ce cll)ove tl1e pr·opeller· c·a11ses c1 ve­
locit,y field whic:11 varies with clept,11. Sec:011d, t,l1e st.e1·11 fo1·111s pa1·tly a. r·igid 
l)o1111dary of tl1e flow clo111c1i11 ar1cl l1c11111)e1·s t,l1e water t,o be set i11to 111ot,io11 
by t.l1e J)r·opeller. Tl1e Sc1111e 1101<1s f 01· tl1e rt1clder· a11d c:1lso t.l1e f'ree su1·t·ace 
ac:ts c1S pa1·t, of tl1e l)ot111dc1ry of t.l1c r·cgio11 i11 wl1ic:l1 tl1e p1·opelle1· oper::ites. 

Besicles t,l1e for·egoi11g 011es, c111otl1er type of· diffic:t1lty c~c111 oc.·c:l11·, perl1aps 
111ore specifically wit,11 1·es1)ec'.t, t,o t.l1c~ screw J)ro1)elle1·, 11a111ely' wl1e11 tl1e p11 0-
peller is l1ec1vily loaclecl. Tl1e11 t.l1c i11teractior1 bet,,vee11 vor·t,ic:es ( ,vl1ic~l1 c:al1ses 
t.l1e 11011lir1ec1,1· roll-111) of' tl1e sl1ecl vort.icit,y) l)E.~c:or11es ir11po1·t,a11t, arid also t,i111e­
clepe11cle11t c:avit,at,ic)n c~a11 l)e pr·E'-Se11t c1t, t,l1e l)lc:1cles. 

Tl1ese ar·e 11ot idec:tl c:i1·ct1111st,ar1c~es for· t,l1e c\J)plic~atior1 of· elegc1,r1t r11ath­
e111c1.t,ic:s i11 01·cie1· to clesc'.r·ibe t,l1e perfo1·111c1r1c'.e of t,he p1·opelle1·. For· t,l1at, 
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sake we l1ave t.o 111ake si1r1 plificatio11s. Howeve1·, i11 t,l1at. c·ase we l1a,ve t,o 1Je 
caref·11l witl1 t,l1e applicat.io11 of tl1e res11lt,s t.o r·ectlit.y". A ri1t:l1e1· ,1.c·c·essilJle sit11-
atior1 oc:c:t1r·s \vl1er1 ,ve s11ppose t,}1at t,l1e IJrcJpeller· ,1c~t.s i11 ar1 ir1c'.01111)r·essilJle~ 
i11visc:id, 1111bot111clt~d and ot.l·1e1•v.rise t111clist111·becl fl11ici a11cl t,1·a11slc1tes wit1l1 
co11sta11t velocity c111d delivers a p1·escril)ecl t,l11·11st1. Of't,e11 it, is ctlso ass11111ecl 
tl1at t,l1is t.l1r11st is s11ffic~ier1tly s111all so tl1c:1t. rt ( se111i-) li11ec11·izecl t1l1eo1·y c·<111 
be used i11 w l1ic·l1 sc111c1r·es of veloc~it,ies i11d tlC'.ecl by t,l1e sl1ecl vc)rtic:i t,y c:;:111 be 
r1eglect.ed witl1 r·es1)ect. t.o tl1ese velocities t,l1c~111selvc~s. 

Henc:e, 011e of the si111plificatio11s is tl1e 11eglect, of visc'.osit3ir c)f. t,l1e fluid. 
However·, loss of efficie11cy of tl1e pr·opeller· caused lJy \1isc'.osit,y c·c:111 be ver·y 
i111port.a11t, especially wit,h r·espect to opt.i111izatio11 p1·oble111s. Luc.,kily we c:a11 
ir1trod uc:e in a11 i11visc:id optin1izatio11 t,l1eor·y experi 111er1tally 01· tl1ec)f('-tic:c1.lly 
obtai11ed res11lts of· tl1e visco11s resista11ce of plat.es, lJy wl1ic:l1 tl1e visc'.osity 
ca11 often be i11co1·po1·at,ecl satisfacto1·ily. 

I11 tecl1r1ic'.t1,lly 11sef'11l opti111izat,io11 cc:1,lc:11lt1t.io11s it is, f'or· i11st,i11c:e \vitl1 r·e­
spec:t, to t,l1e sc.:r·e,v pr·opeller·, riot ctlways 11ec:essc11·y to 11se f1111c:t,io11c1l a11alyt,ic: 
rr1et,hods, bec'.ause by experie11ce b11ilt 111) i11 the co111·se of t.i111e it, is kr1ow11 
tl1at opt,i11111111 SC'.r·ew p1·opeller·s do exist, 1111der c:e1·tair1 si111 ple C'.011st,r·ai11t.s. 
However, tl1ere are p1~opelle1· t.ypes for wl1ic~l1 we are riot s111·e tl1at ar1 op­
ti111ur11 pr·opeller does exist, witl1i11 a 'set' of ad111itted pr·opeller·s. Tl1is ca11 
happe11 rather easily wit.h propellers c:onsisti11g of per·iodically 111ovi11g tl11·11st 
p1·oduci11g wi11gs, of which we shall clisc:uss two exar11ples. Botl1 exc1111ples are 
two-di111e11sio11al, because besides the 111e11tio11ed sir11plificatio11s it is also as­
s11n1ed that t,he vvi11gs are i11fi11it.ely 1011g. First,, tl1e s111all a1111)lit.ude 111ot,ion 
of a tihrust, producing flat. pr·ofile c:1,11d, seco11d, tl1e lctrge a111plitude 111otio11 of 
a lifti11g li11e (i.e., a lir1e 011 wl1ich t,l1e f or·c:es are assl1111ecl to be c:011c~e11tr·cttecl) 
for· wl1icl1 there is c:111 1111ec111<tlit,y c:011str·ai11t 011 it,s lc1t,eral fore(~ ac·t.io11. It is 
clear· that, botl1 r11odels are l1igl1ly idealized versio11s of' a p1·actic:ally possible 
propeller·. Nevertl1eless it is very el11cidatir1g to t111der·stc:111d tl1eir worki11g i11 
tl1e si1nplified case. 

2. OPTIMIZATION OF Siv1ALL AMPLITUDE MOTIONS OF 1\ FLA.-r PROFILE 

We sl1all cliscuss s111all arnplitude 111otio11s of a rigid J)t·ofile t,l1rough et p1·evi­
ot1sly undistu1·bed fluid [1]. Witl1 respect to tl1e Cartesia11 coor·dir1at,e syste111 
( x, y) shown i11 figure 2 t,l1e 111otio11 is giver1 by 

y == h( ~r., t) == - - Ut), (2.1) 

w l1ere 2f is t.l1e le11gt.l1 of' t,l1e profile, i a ( t) ar1cl a: ( t) ar·e the so-c:alled l1eavi11g 
_, 

a11d pitc~l1i11g parts of the 111ot.io11, c1,11cl [l is t,l1e co11sta11t. veloc:ity of tl1e pr·ofile 
i11 tl1e positive 2;-direc:t,io11. 

Let T(h) l)e t.l1e 111ea11 t,l11·1.1st, ge11e1·at.ed by tl1e 1)e1·ioc·li("' 111otio11 Ji. witl1 
period To and let E ( h) be t,l1e 1r1t:.,a11 ir1c~rease of ki11etic: e11ergy of the fluid 
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Figure 2. Flat profile of length 2P moving through a previously undisturbed fluid at 
velocity U. 

during 011e IJeriod. Tl1e effic'.ie11cy of the 111otio11 h is useful ,vork divided by 
total work, l1e11ce 

UT(h) 
(2.2) 

The ai111 of the opti111izatior1 is to r11ini111ize tl1e lost e11ergy E subject to t,he 
co11st1~aint tl1at a prescribed 111ear1 t,l1rt1st T is ger1e1·ated a11d furtl1e1·11101·e 
subject to s0111e additional constrai11ts, e.g., 011 tl1e a111plitude of tl1e r110-
tio11. The thr·ust is obtair1ed by Sl1r11111i11g tl1e ir1t,eg1·atecl x-c:or11po11e11t of the 
pressure _ju1np acr·oss the pr·ofile a11d t,l1e st1ctio11 force at tl1e leadi1·1g edge. 
The suctior1 force always acts as a J)ositive tl11·ust. Tl1e r·elative contributio11 

1 32 of tl1e suctio11 force to tl1e total tl1rust will be co11strai11ed. Tl1e reaso11 is 
that in certain cases it car1 be sho\vn tl1at witl1out tl1is const1~ai11t opti1·11un1 
rnotio11s do 11ot exist. The constrair1t 011 the suction is also useful f1·on1 tl1e 
111ecl1anical point of view, because large suctio11 forces cal1se the sepa1·atio11 
of flow fro1n the profile. 

Furt,herr11ore, f1·01n tl1e engi11eering poi11t of view it is desi1·al)le to cor1st1·ain 
the an1plitude of a poir1t of tl1e p1·ofile. He11ce tl1e opti111iz~1tio11 p1·oblern that 
we sl1all co11sider is fo1· giver1 T > 0, ·r > 0 a11d C(X; > 0, 

1ni11in1ize E(h), subject to T(h) == T, T 8 (h) < rT, 
hE H 

max h(~rp, t) < Coo, 
t 

(2.3) 



,vl1ere H is t11e fu11c·tio11 space ir1 vvl1ic·l1 t.l1e OJ)t1i111l1111 111otio11 is sot1gl1t., 
T·41 (Ii) is tl1e 111ec111 st1ctio11 for·(~e, a11d .1·1, is t.l1e .1:-c·<)o1·cli11c1te of· t.l1e 1)oi11t, 
vvhose a111plitt1de is c·o11st,1·air1ed. 

\t\Te assl1111e tl1at tl1e 111ot,io11s l1ave s111c1ll a1,111)lit.t1des so tl1c1t. cl li11earizecl 
tl1eo1·y ca11 l)e ,1.p1>lieti. I11 tl1is t.l1eo1·y ctll flovv c1t1c111t.i t. ies c·a11 l)e explic·i t.l)r 
expr·essed ir1 te1·111s of Cl a.rid o, 11101·e prec'.isely ir1 t.e1·111s of t l1ei1· Fot11·ier 
coefficie11t.s. By w1·iti11g 

CX) 

a(t) == 
ll,=- CX) 

CX) 

c1:(t) == 

we fi11d for· exar11ple 

CX) 

E(h) == 
n=-CX) 

a(·,1,) 
&(11.) 

* 

(2.4) 

(2.5) 

where * denot,es co111plex co11jt1gatio11, a0 == 21re/(r0 U) c1.11d £(a) is for all 
a i- 0 a no11negat,ive selfadjoir1t (2, 2)-111atrix, and tl1e1·efo1~e E is a co11vex 
quadratic functio11al. Analogous expressio11s l1old for 'T( h) a11d T'" ( h) ,vith 
selfadjoi11t n1atrices T (a) a11d T 8 (a) i11stead of £ (a). T·q (a) has 011e posi­
tive and one vanishing eigenvalue, whe1~eas T( a) l1as 011e positive a11d 011e 
negative eige11value, in ag1·een1e11t with tl1e fact tl1at, t.he suc:t,io11 is always 
nonnegative, whereas the tot,al thrust can be 11egative as \vell as posit,ive. 
He11ce T 8 is co11vex, whereas T is 11ot. 

I11 order to prevent unesse11tial constrai11ts 011 the sn1ootl1ness of t.he n10-
tio11s, 011e should choose for 1-{ the largest fu11ction space fo1~ which all f11r1c­
tio11als occurring i11 the opti111ization pro blen1 are well-defined and norn1-
contint1ous. Because tl1e r1onzero eige11values of the 111at.rices E (a) a11d T·9 (a) 133 
are r-v o-2 for a > ±oo, tl1is 111eans tha.t we require a, and 0: t.o be i11 t,l1e 
Sobolev space H;

0 
defined by 

(2.6) 
f (t + ro) = f (t) for all t}. 

With the standard scalar~ product H;
0 

is a Hilbert space. It is well known 
that the functional h 1 > max h(xp, t) is continuol1s witl1 respect t,o the 
weak topology of this space. 

In studying the existence of optin1u1n n1otio11s it is 11atural to atte1npt to 
apply the general theorem wl1ic:h says t,l1at a lower sen1i-co11tinuous (l.s.c.) 
functior1al attains its infimum 011 a compact set. Now the const1·aint set in 
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(2.3) is l)<)t111decl a11d 1101·111-c·losecl, l.>ut, 11ot, 1101·111-c·o111pa,c:t,. 011e wc)11lcl like 
t.c) c:l1oose a s111aller topology 011 t,l1t~ SJ)ac·e H;.. , s11cl1 t.l1c1t. t:l1E~ SE:t is c·:0111 J)C:tc:t, 

(I 

arid s11c:l1 t.l1c1,t. E is l.s.c. Bec'.austl E is cc)11vex a11cl 1101·111-C'.011t.i1111c)11s, it. is 
l.S.C'.. witl1 r·es1JeC'.t t,o t,l1e weak topology 01·1 H ;.

1
), c1.11cl t.l1is w<:~cll( t.c)J)ology is i11 

l)t·ac:t.ic'.t~ t,l1e s111allest. t,or)ology f'c)r· wl1ic·l1 E l1as t,l1is p1·01)e1·t.y. N eve1•t·,l1e less, 
t.l1e set, i11 ( 2 .3) is riot c:0111 fJclC'.t, i11 t,l1is t,C)J.)ology E'\i tl1e1·. As is c)f't,(:11 t.l1E: C'.clse 
i11 i11fi11i t,t)-c·li111e11sior1ctl 01Jt.i111izatic)11 J)r·o 1)le111s c)f l1ycl1·oc:ly11c:l.111i<:'. J)1·01)11lsic)11, 
tl1e t,1·011 l.)le is c:auseci by t,l1e eq11ali t,y c·'.c)11strc1.i11t 011 tl1e 1·11ect11 t.111·11s t,. 

Ir1 spit,e of t,l1e fc1c·t tl1at t,l1e set i11 (2.3) is 11()t, (~C)lilJ)t1c·t i11 t,l1e wc~ak 
topology, it, is l)Ossible to I)r·ove t,l1e existe11ce of a11 01)t,i11111111 111()t,io11. The 
idea of· tl1c~ proof is based 011 tl1e i111porta11t ol)se1·vc1,t,io11 tl1at, tl1L~ difl'er·e11ce 
G (Ji) l)etwee11 the 11sef11l work a11d t,l1e lost, e11er·gy: 

G(/2,) == UT(li,) - E(/z,) (2.7) 

c:an l)e sl1own to r>e ,veakly c~o11ti1111011s. P1·ol)le111 ( 2 .3) is ec111i Vclll~11t, t,o 

(2.8) 

111 additio11 to (2.8) we i11troduce tl1e opti111izatio11 I)1·oble111 ol)tai11ed by 
repla.ci11g t,l1e eqt1ality c.~011strair1t 011 tl1e ge11erat,ed tl1r·ust by a11 i11ec111c1.lity: 

111axi1r1ize G (Ii), su l·) j ect to T ( /1,) < T, T·'-i ( h,) < r1,, 
a, O'. E H;.

0 

rr1ax lh(xp, t) < CCX). 
t 

(2.9) 

Tl1is prol)len1 is 1·1ot 11ecessa1·ily eq11ivale11t, to (2.8), because it, c:011lcl l1ave a 
solution with T(h) < T. It, follows fr·o111 UT(J1,) == G(li) +E(li,) a11cl fro111 t,l1e 
111entioned proper·ties of G arid E tl1at T is l.s.c. wit,h r·esJ)ec:t to t,l1e weal{ 
topology. Because T·9 is cor1vex c111d 11or111-co11ti11i1011s, it l1as tl1is pr·operty 
also. Tl1erefore, tl1e set ir1 (2.9) is weakly closed c111d si11<~e it, can lJe sl1ow11 to 
be bounded c1lso, it is weakly co111pac~t. We c~o11clude tl1erefore tl1at. 1)1·olJler11 
(2.9) l1as at least one solutior1. Fu1·tl1errr1ore, 011e c~a11 IJ1·ove that, at least 
or1e solution satisfies T( h) = T arid t,l1erefo1~e is also a solutio11 of JJr·olJlen1 
(2.8). Because problems (2.3) arid (2.8) are ec1uivaler1t, we co11c~lucle that 
optin1ization problerr1 (2.3) l1as ir1deed at least 011e solutior1. 

Whe11 tl1e requir·ecl 111ea11 tl1rust is s1r1alle1· t,han a tr·esholcl val11e T 1 , t.l1e 
solution is a pur·e l1arrr1onic witl·1 lowest freqt1e11c:y 1 / T(J · Wher1 tl1e req11ired 
rnear1 tl1rust, is la1·ger t,ha11 T 1 , t,l1e co11straint <)n the a111plit11de of' tl·1e 1notio11 
beco111es ac'.tive and both tl1e l1eaving a11d tl1e IJit;c:hi11g c:01r1r)or1e11ts co11sist of 
i11fi11itely 111ar1y 11011va11ishing l1a1·n1or1ics. Tl1e arr11)litude co11st1·a.i11t is ac:tive 
for two ir1tervals of t,i111e per· l)er·iod duri11g wl1ic:l1 t,l1e r)oir1t x 1> is at r·est at 
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Figure 3. The motion of the quarter-chord point as function of time for optimum 

motions corresponding to a() == 7r/3, :r1> == 0.5l, ,,~ = 0.4, Crx;i == 0.351 and for 

four values of the required mean thrust: T == T 1 = 0.066, 1"1 = 0.200, ·T = 0.352 
and T = 0.600. All optimum motions shown in the left figure have dominant lowest 

harmonic, whereas those shown at the right have dominant second harmonic. 
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Figure 4. The pitching o(t) of the optimum motions of figure 3. 
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t.l1e 111,1xi111l1111 st.1·(>ke wl1ile t;l1e pr·c)filc sl<>\vly IJit,<·l1c's }11·01111cl it. F<>1· ,. == ().·4~ 

.1:J) == 0.5f1 
( c111a.r·t,(~l·-c'.ll()l'(l 1)0i11t,)' C'x == o.:35251' clll(l f'()l' S('Vel'cll V<llll(\S ()f tll() 

tl11·11st,, li.(;1:11, t) a.11<1 tl1t~ l)itc·l1i11g c.:(f) <)f. t.l1e c)1·>t.i11111111 111c)t,io11 c11·e sl1c>vv11 i11 

fig111·es 3 <l11cl 4. Fo1· T 1 < T < 0.3525 tl1c-: lc1\\Tc•st. l1,t1·111c)11ic· is clc)111i11ci11t .. Fc)1· 
T == 0.3525, c:l. sec'.C)11cl <)pt.i111t1111 t·xist.s l1cl\ri11g clo111i11ct11t. s<:~c:011cl l1c11·111c)11ic·~ 
ct11cl for· lc1.1·gE?1· 1·ec1t1i1·ecl tl11·11st. tl1e SE.'C'<>11cl l1ct1·111011ic: r·e111c1i11s clo111i11c:1.11t, 1111til 
t.11€~ t1l1i1·cl t,ctkf~s ov("lr· ,tt. ,t c:E:1·tc1i11 l1igl1c1· t,1·esl1c)lcl vc1.lt1c. All c·o1111)11t,ecl cJpt,i-
11·111111 111ot1io1·1s ge11e1·c1,t,c1 t.l1e 111axi111t1111 c1ll<)We(1 111E\ct11 s11c:tio11 forc:c'- r·T, eve11 
wl1e11 r· is 111uc:l1 lar·g(:~1· t,l1c1,11 1. 

Seve1·,1l J)1·01)e1·t.ies of· tl1e opti111l1111 111ot,io11s c·a11 l)e clerivf~c:l fr·o111 c1 Lc1-
g1·a11ge 111t1ltiplier 1·t1lE~ tlictt is ol)t.ai11(:c:l by tl1e a1)1)lic:at,io11 c)f a Kl1l111-Tt1c'.ke1· 
type of' tl1eor·e111 ( ,v l1icl1 IJr·ovicles a 111et.l1od to solve cer·t,ai11 111ini111izctt,io11 
p1·olJle111s ,vitl1 i11ec111alit,y c·o11st,rai11ts). Howt~\rer·, tl1e c:lc1,ssic:,1l K t1l111-Tt1c'.ke1~ 
Tl1eor·e111 c:a1111ot lJe 11sE~cl t)ec·a11se tl1e f"t111c·t,io11,1l li 1 , 111,1x 111 ( ~r 1), t) I is 11ot, 
Gc1t,eat1x cliffer·e11t,i<1l)le. \Vl1e11 t,l1is t.yJ)e c)f co11st.1·c1i11t. oc·c·111·s, t,l1€-:. t l1eo1·y of· 
ge11er·c1lizecl cliff'er·er1t,ic:-1ls l1c1s to be applied. 

3. 0I::iTifv1Uiv1 LARC:E AI\iIPI.,I'"l'lJDE SC~l,fl .. LINC; PROI>l,TI .. SION \\'I'I'H 1-\N INEQlTAL-

ITY CONSTR.t\.IN"l" ON 'fHE SIDE FORC'F~ 

Next,, we co11sider~ tl1e la1·ge ar11plitt1cle 111c)tio11 C)f' cl lift.i11g line [2], ,vl1ic'.}1 
c:a11 represe11t a 011e-wir1g SC'.11lli11g 1)1·01)elle1·, 111ot111t.ecl ve1·tic:c1lly at tl·1e st,er11 
of a ship ( see figu1·e 5). Tl1e sc:11llir1g wi11g T,.Tr 111oves sideways l)ctc~k a11d 
fortl1, wl1ile it,s a11gle is acijust,ecl s11cl1 tl1c1t ,1 t,l11·11st, is c.~r·eat,ed. F1·0111 t,l1e 
l1ydrody11a111ical poi1·1t of· view, a lc1r·ge l,1t,e1·al c1111plitt1de is profit,clble~ si11ce 
t,l1is ca11 r·esul t, i11 cl l1igl1 (~fficie11c·y. 

Tl1e lift,ir1g lir1e or c~o11ce11tratec-l l)ot111cl ,ror·t,ex r ( t), w l1ic:l1 1·ep1·eser1ts t.l1is 
sc·t1lli11g wi11g, 111ovc~s t,l1r·ougl1 tl1e water· alo11g c1. li11e G ( see figt11·e 6). Tl1e 
stre11gtl1 of tl1e vor·t,ex v,1.1·ies ,,rit,11 t.i111e, c:or1·espo11clir1g vvit,11 t,l1e 1Jlc1cle c111gle 
variatior1 of' tl1e wi11g. Si11c~e t,l1e bo1111d vor·tici ty r ( t) varies ,vitl1 t,i111e, fr·ee 
vortic:i t}r is sl1ed i11to tl1e water·. I11 otl1e1· wor·cls, t.he fl uicl bel1ir1d tl1e lifti11g 

136 li11e is p11t ir1to 111otio11 a11d its ki11et.ic'. e11e1·gy i11c1·eases wit.}1 ti111e. It. is clear· 
t,l1c:1t tl1e lost, ki11et,ic e11ergy sl1ot1ld lJe kept. as s111all as possil)le. 

By tl1e 111otio11 of t,he lifti11g li11e a 'lift' f'or·c·e is evoked, ac'.t,i11g pe1·per1clic~­
ular ly to tl1e loc~al di1·ec~t.io11 of 111otio11, l1e11c'.e 1101·111al to G. By J ot1kov\rski 's 
ltiw, the 111ag11i t,11de of tl1is f'or·ce is propo1·t,io11al t.o tl1e pr·od 11ct of tl1e vor·tex 
st1·cr1gtl1 a11d t,l1e veloc:ity of tl1e liftir1g li11e. Tl1e lift. fc)I'C'.e c·('.111 be cleco1111)osed 
ir1to two C'.0111por1e11t,s: a tl11·ust co111po11e11t. T i11 t.l1e clir·ectic)11 of 111otio11 of 
tl1e sl1ip c111d a side f'or·ce c:orr11)011er1t S J)erper1dic11lar· to it .. Tl1e 111ear1 val11e 
of t,he tl1rust, sl·1ot1ld l)e ec111c1.,l to the sl1i1J 's 111111 clrc1.g at a desi1·ecl speed. The 
111ost, effic'.ie11t, p1·01)11lsor is tl1e 011e t.l1at procl11ces tl1e leclst ki11etic'. er1e1·gy 
tinder t.l1e c:011st1·ai11t of a presc;1·i l)ed 111ec111 tl1rt1st,. 

The flt1c:tt1,1,t,i11g side force is a11 evicle11t cl1~awl)c1(:k of c1 011e-wi11g sculling 
p1·01)eller·. It. c:an l1ave cl dist11r bi11g infl t1e11c:e 011 the cot11·se of the sl1ip. 



w 

Figure 5. Stern of a ship, equipped with 

a one-wing sculling propeller i,i,·r. 

Tl1t\1·ef·c)1·(1
, it is st, t 1cliE\< l \V l1ct.t, t, l1 e ef'­

f'('<·t is ()11 tl1() ()J)t·.i11111111 111()tic)11 if' 
cl C'<)11st1·,t.i11t. is JJ11t. C)ll t.l1is lc1t.01·,1,l 
f'c)l"(_'(1 • rf() 1)(: lll()l'e J)l'(:(·isc), cl lllc1X­

illllllll is 1>11t, c)11 it,s ,1.l)scJl11tc: V<tl11<'. 

rl1
l1c? OJ)ti111iz,tt.i()ll J)l'()l)l('lll \V(' ('()ll­

si<le1· is tc·) fir1cl c:l11 OJ)t,i11111111 t,i111E~­
clep<-:11cle11t, l)o1111cl V<)1·tic·it,y c)f. tl1E' 
lif't.i11g li11c~ f 01· w l1ic:l1 t.}1 <' k i r1ct/ ic~ c~11-
E~1·gy ge11erc1t.E:cl l)<:1· J)e1·iocl c>f' t, i111e is 
111i11i111al, u11cle1· t,11(: c·o11st.rai11ts of' a 
th1·ust, ,vitl1 a J)1·esc'.1·il_)ecl 111E:>.c111 v::1,l11e 
c111cl et siclE: fo1·c·e witl1 a 111c1.xi11111111 
valt1e. Co11t.r·c11·y t,() t.}1e I)I"evric)llS S(~c·­

t.io11~ the J)cltl1 c; is c:·l1ose11 i11 c'LCi­
Vc:lllC'C. 

Tl1e J)1·ol)le111 t,llclt. ,ve c1.1·e c:011-
f1·011tecl wit,11 c·c)11sist,s of t.\vo J)c11·t,s. 

Fir·st, it, l1as to 1Je J)l~oveci tl1c1.,t/ c1r1 opti111l1111 lJol111cl vo1·tic:ity ex·i.st.s. Sec:011d, 
the opti11111r11 1)011r1d vor·ticity l1as t.cJ l)e const1"llcted. I11 tl1e f'ollowi11g, clll 
outli11e is give11 of tl1e 1)1·oc:ecl11re t.l1c1t is followecl to solve tl1ese p1·ol)le111s 
a11d wl1icl1 r·ole is playecl l)y f1111ctior1al a11alysis. Si11c·e tl1e 111c1t.l1e111atical 
in1plicat.io11s a1·e 1·at.}1e1· c:0111plex, a t,wo-di111e11sio11al 111odel is 11secl. Tl1is 
111ea11s tl1at tl1e lifti11g line is c:1..ss11111ed t.o be i11fi11itely lor1g, hc1vi11g a cor1-
st1a11t st1·er1gtl1 i11 spanwise clirect,io11. Fur·t,l1er111ore, cl lir1earized tl1eo1·y of 
c1n i11viscid fl11id is adopted, i1111)lyi1·1g tl1c1t, tl1e sl1ecl free vor·t,ic:it,y keeps it/s 
stre11gth a11d 1·e111c1i11s 011 tl1e J)lac:e wl1e1·e it is forr11ed, tl1at is 011 G. 

y 

G 

I 

I 

I 
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◄~-------------► I 

I 

Figure 6. The motion of the lifting line G( t). 
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Tl1e fi1~st, st,ep, bef'ore we c:a11 l)l'O\re t,l1t: exist,t":'11c·t~ of c111 c>1.>t,i111t1111 111()t.i()11, is 
to stat,e t.l1e 01)t,i111izatio11 pro1Jle1r1 1.111c1111lJig11(>11sly i11 cl JJI'<)J)( 11· 111c1tl1t?111c1t.i(·,1l 
se11se. Fc)1· t,l1ctt, l)lll'J)OSt:, let, t1s c:011si(lc1· a Cc11·t.(~sic111 1·t~f·c)1•c~11c·c~ f'1·;:1111E.~ .1·, ,l/, i11 
w l1ic'.l1 tl1e l)C)S i t.i ve x-di1·ec~t.ior1 is c:lefi 11e(l l>}·r t, lie" cl i1·c~"c·t.i<)ll of' 111c) t.ic)tl of· t.l1E~ 
sl1i1) ( wl1ic'.l1 is clSSt1111ed t.o 111ove i11 <l, st1·c1igl1t, li11c'). 

Now let llS Scly t,l1at. W(~ fi11d ot11·selv(~S clt, cl c·e1·t,c1i11 }.)()Sit,i()ll .1·, l}· rr11e sl1i1) 
pc1ssed lJy a Vt;1•y lc)11g ti111e ago a11cl clisa1JI)e,11·E\cl l)E•l1i11(l t,l1c:-. l1()1·izc>11 (~1: == (X)), 
so we clo 11ot experie11c~e t.l1e 1111st,ectcly 111c)t.io1·1 ()f t,lll: lif't.i11g li11E·. 011 t.l1e ot,l1e1· 
l1a11cl, t.l1e sl1i1> st,arted its 111otio11 sc)111ewl1e1·e l,)el1i11d t.l1e C)J)l)osit.e l101·izc)11 
( x == -oo), so st<1rti11g effec:ts c:a11 be 11c:igll~C'.tE~cl ,ls \V(~ll. Wl1;:1t, 1·t:111cti11s is cl 
steacly flc)w i11duc:ecl l)y tl1e f1·ee \'or·tic:ity 011 G. D11r·i11g 011e ti111e pe1·ic)cl of· 
tl1e wi11g 111otio11, a11 a111c)t1r1t, of· ki11et,ic e11e1·gy is ac_lclecl t.o t l1E: fl t1icl \V l1ic'.l1 is 
ec1ual tc) tl1e ki11etic e11ergy i11 t,l1e st,r·ip: 

== { ( x: , ·y) E 1R2 ; l) < :r: < b} , ( 3.1) 

wl1e1·e b is tl1e clist,a11c:e c:ove1·ecl l))' t.l1e sl1iJ) c-ll11·i11g ()Ilt: J)t:r·ic)cl. 
Rett11·11i11g t.o ou1· st,ec1.cly st,c1,te 111c)del, t.l1e 011ly vo1·tic'.i t.y t.l1at. is p1·ese11t. i11 

t,he fl11icl is 011 G. So, out,sicle G a velc)city pot.e11t.ial cp exists. Tl1e ki11etic: 
er1ergy, p1·odt1ceci J)e1· ti111e J)e1·iod c:a11 tl1e11 l)e ex1)1·essc~d as: 

E(</>) (3.2) 

Tl1e pot.er1tial q> is 11ot co11tir1t1ous over· G. Tlre f'ree vor·tic'.es 011 G ir1d11c:e a 
ju111p [c/J], wl1icl1 is suc'.ll t.l1at t,l1e derivative c)f [c,b] alo11g G is ec1t1al to tl1e 
strer1gtl1 of tl1e fr·ee vorticit,y. We C'.a11 c:'.}1oc)se t,l1e l)ote11tic1.l cp s11c:l1 t,l1at. tl1e 
ju111p [ 4>] at a ce1·tai11 loc:at.ior1 011 G is ec1ual to t,11<~ vo1·t,{~x st1·e11gtl1 r( t) of 
the lifting li11c~ at t,l1e ti111e it passed l)y. 

Sir1ce tl1e locat.ior1 of· G is J)r·esc:1·il)ecl, it. is allc)\vecl t,c) tr·eclt [4>] as et f'u11ctior1 
of ;r· 011ly. 1__,11e co11st.r·a.ir1t of t,l1e J)I~esc:r·ilJed 111{:c111 t.l1r·t1st c:a11 be (~xpr·essed 

138 as a. weigl1t.ed i11teg1·al of· [cl>], syr11bolically wr·it.ter1 as: 

-
T([c/J]) == T. (3.3) 

Tl1e i11ec1l1ali ty co11st,1·ai11t, 011 tl1c~ sicle f orc:e c-,a11 l)e exp1·essecl, ciir·cc:t,ly i11 
t.e1·1ns of ( <P], as: 

- -
-.'3 < ( <P] (x:) < S, for· ever·y ~1:. (3.4) 

• 

Su111111ar·izecl, 011r ai111 is t,o fi11cl a 1Jot.er1t,ic1.l c,b, sat.isf'yi11g (3.3) a11cl (3.4), £01· 
wl1ic:l1 t.l1e lc)st, er1e1·gy E(c,6), (3.2), is c:1S s111all c1.s IJossi1)le. 

To clefi11(~ tl1e C)pt.i111izc1tio11 J.)r·ol)lt:;111 well ir1 tl1e 111c1t.l1e111f.tt.ic·al se11se, v.,e 
l1ave to icler1t,if'y, cl. c:011ve11ier1t. f1111c:t,ior1 SJ)aC'.e f C)r· c/;, i11 wl1ic:l1 t,l1e C)pt1i111izatio11 
c:a11 rJe c:c11·1·ied C)llt. Tl1is spac:e 11,1,s t,o be s1_1c'.}1 t .. l1c1.,t, (3.2), (3.3) a11cl (3.4) a1·e 

well-clE:~fir1ecl. A11 ttJJl)f()J)r·iate c:a11cliclc1.t.e t·o1· t,l1is is t,l1e Sc) 1)olev spac'.e H 1 ( 0), 
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co11sisti11g of square-sl1n1111able fu11ctio11s 011 !1, of wl1ic:l1 tl1e derivatives ar·e 
sc1t1a1·e-sl1r11111<1ble too. Ir1 tl1is spac:{~, ( 3. 2) is <tll t()1r1at.ic·,1lly well-clefi11ec1. 

At tl1e upr)er a11d lower· sicle of G, l)ot111da1·y vall1es <)f </J E H 1 (i2) exist 
i11 t,}1e se11se of tl1e so-calle(i 'tr·ac·e'. ,..rl1ese l)ot111clctr·y v,1lt1es ar·e ele111e11ts .., 

of tl·1e Sobolev s1)ace H 1/ 2 ( 0, b), \Vl1ic:l1 is defi11eci 11sir1g der·i,rctt,i V(~s of' 11()I1-
ir1teger· or·cle1·. Si11c:e H 112 

( 0, b) is C'.<)11tc1i11ecl i11 t lit~ spc1c:e of sc1t1a1·e-su111111al)lt., 
fur1c:tio11s L2 (0, b) == H 0 (o, b), it, is c·le,11· tl1at (3.3) is also ,vell-ciefi11ed. Tl1e 
side for·c~e co11st.1·c1i11t, (3.4) l1as to l)e sligl1tly wectk(•11eci as: 

- -
-S < [4>](x) < S, for· alrnost ever·y x. (3.5) 

Tl1is is because Sobolev spaces, i11 f'ac'.t,, C'.onsist. of eq1t'i1..1a,ler2(~e cla.-,ses of 
fu11ctio11s. 

So, we c:<1r1 f 01·111l1late tl1e })r·c) lJle111 as tl1e 111i11i111izt=ttior1 of· E ( <p), ( 3.2), 011 
tl1e set 

P == { cp E H 1 ([l); </> sat.isfit~s (3.2) ar1(i (3.t1) }. (3.6) 

To pr·ove t,l1e existe11c:e of a solutio11 we t1se t,he 'v\rell-k11ow11 f'ac:t, tl1at a closed, 
co11vex sul)set of a Hilber·t, sp,1,c:e possesses a t111ic111e ele111er1t wl1ic-~l1 1r1i11ir11izes 
the no1·111. I11deed, P is a closed, co11vex su1Jset of tl1e Hilber·t spac:e H 1 (0). 
Here we be11efit fror11 tl1e fact tl1c1,t tl1e patl1 G is fixecl, i11 cor1trast with the 
previot1s sectior1, wl1ere tl1e c~ou11terpart of P is not c:011vex. 

Tl1e e11ergy E( cp) is ir1 ge11er·al 11ot eqt1ivalent, witl1 t}1e H 1-1101·111. However, 
if we ec1uip H 1 

( fl) witl1 sorne evide11t sy111111etry f111cl J)eriodic·ity pr·operties, 
then E((j)) ca11 be proved to be equivc1lent, witl1 tire t1sual 1101~111 011 H 1 (0). 
By this str·at,egy, tl1e existe11c:e of a11 opti111ur11 111otio11 of the lif'ti11g li11e is 
proved. Mo1·eover·, it follows that t,l1ere is on,ly one opti111l1111 111otion. 

It is 11oted tl1c1.t, UJ) to 11ovv, we have con1pletely ig1101,ed tl1e i11c:0111press­
ibility of the fluid. It tu1·11s Ol1t, l1owever, tl1at tl1is 0111issio1·1 is 11ot esse11tial. 
By disturl)i11g tl1e optir1111111 pote11tic1l </Jc) witl1 test f'1111ct,ior1s wl1ic:h are c:011-
ti11uous over G, it is seen tl·1at l::::..</>(J == 0 ( 1::::.. is tl1e Laplac:e oper·ator), wl1ic:l1 139 
111ea11s tl1at tl1e velocity field of· tl1e OJ)t,i111u111 pote11tial is f'r·ee of diverge11ce. 
Moreover, it follows that t,he r1or111al veloc~ity is c~onti11uous across G, as it 
sl1ould be. So, altl1ougl1 we ad111it.ted diver·ge11ce, tl1e sol11t,ior1 of tl1e OJ)ti-
n1izatior1 problen1 is free of diver·gence. 

011e of tl1e constrai11ts, r1a1nely ( 3.5), is defir1ed 011 ar1 i11fi11ite set. Con­
seque11tly, one of tl1e Lag1·a11ge n1l1ltipli<:~rs is 11ot, a sc~ala1·, bt1t, a f1_111c~tion. 
Tl1e11, it is 11ot evide11t that ( a gener·alized vre1·sio11 of') tl1e l( ul111-Tuc~ke1· the­
ore111 is applicable. Tl1e classical ge11e1·alizecl I{ ul111-Tt1c~ke1· tl1eore111 r·equires 
tl1e set P, in wl1ic:h tl1e 01)tir11izat.io11 is carried out, (c~:f·. (3.6)), tc) be a so­
c:alled 'positive cor1e' ( cl se111i-i11fi11ite set). F111·t.l1e1·111c)re, f'o1· P tl1e 'reg11lc11~it,y 
condition' sl1ould l1old, wl1ich 1r1ea11s t,l1c1t tjhis c:011e 111ust, }1ave cl 11011-e1r1pt,y 
ir1terior. It, is indeed r)ossil)le t.o 1·efor111ulate tl1e 01)ti111izatior1 I)roblen1, SllC~h 
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t,l1at. P is a J)ositive cor1e. Howev'er·., tl1<:~ set. c)f. J)osit,ive f'l_111ct.io11s of' H 112 (JR), 
t,l1e space ir1 wl1icl1 ( 3.5) is defi11E~cl, l1as ·ri<> i11t.e1·ic)1· J)oi11t.s. 

To overcor11e this diffictrlty, i111 ot,l1e1· ve1·sic)11 of t,l1e I( 11l111-T11c~kt~r· t,l1eo1·e111, 
wit,l1ot1t. r·egt1la1·it.y c:onditio11, wot1lc.l be 11sef'11l. However·., i11 t.l1e Of)e11 lit,e1·­
at,l11·e sc)111e variants \Ver·e fot111cl. However·, i11 t.lrese tl1eor·e111s tl1e reg11lari ty 
co11dit.io11 was replaced by otl1e1·, c·o111plicatecl cor1dit.ior1s, of ,vl1ic:l1 tl1e va­
lidity could 11ot. be pr·oved i11 0111· sit,uc1tio1·1. Tl1erefo1·e, a ne,v I{ t1l1r1-T11cke1· 
tl1eore111 was developed [3] witl1 less c~o111plicated 1·equire111er1ts, ,vhich ap­
peared to l1old ir1 our· opti111izatior1 proble111. 

Herewitl1, the opti111izatior1 IJ1·oblerr1 is solved. 111 other words, i11 ot1r sir11-
ple, two-dir11e11sio11al r11odel, a uniqt1e optirn11n1 111otion exists of' a scullir1g 
wi11g ( represerrteci by a lifti11g li11e) ,vi tl1 pr·escribed 111ean tl1rt1st a11d bo11nded 
side forc:e. l\1oreover, \Ve are c:1ble to const1·,i1,ct this optin1u1n 111otion. 
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