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1. lN'fRO[JlTC;TlON 

Tl1(~ J)1·ojec:t. c~o111l)i11es t.wo fie:lcls: a11c:1.lysis a.11cl tl1e t.l1E~C)1·y C)f. Li<:.· gr·()llJ)S, 
a11cl t.1111s lec1ds t,o et c:l1alle11gi11g e11t.er·1)1·ise. It. is also cl l1c11·cl e11te1·1)1·ise si11c·e 
a111 l)le ex1)e1·ie11c:e i11 l>otl1 fielcls is r·ec1 ui1·ecl t,o l)e st1c·c'.essf·t1l i11 1·es<:.;a1·c:l1. Tl1e 
pr·c)jec~t c:01111)r·ises tl1(~ f'c)llowi11g c·losely r·elc:1t,(;Cl to1)ic'.s: 

- Har·111011ic a11c1.lysis a.rid 1·epr·ese11t,ttt,ic)11 t.l1eor·y 
- Special f1111c:tio11s r·elat,ecl t,o 1~oot syst(~111s 
- 81)ec:ic1l c:l1a1)t.e1·s i11 f1111ct.io11al ar1c1lysis a.11c_l ctpJ)lic·c:it.ic)11s t.o Gelf.c--i11cl J)air·s. 

Below W(:; sl1all l.)r·iefiy clesc:r·il)e t.l1e l1ist.01·ic'.cll clevelo1)111e11t of· tl1e t,OI)ic:s, 
explai11 it,s l)asic· t.ec~l111ic.111es, c111d clisc:11ss 1·ec:e11t develo1)111e11ts. \\7e also ot1t
li11e tl1e wo1·k c:ar·1·ied Ollt, i11 tl1is l)r·ojec'.t i11 Tl1e Net,l1erlc111ds, ,vl1ic:l1 wc1s 
111ai11ly SI)OllSC)recl l)y Sl'v1 c~. 

2. HARivlONIC r-\NAI.,YSIS 1~.ND Il.F~PRESl~N'T'Arl:'ION 1'HF:ORY 

A 111air1 tl1e111e is tl1e ar1i1lysis of' f'l111c:t.io11s 011 a Lie g1·ot11:) G 01·, 111ore ge11-
e1·ally, 011 a spac~e .i.'f\;f 011 wl1ic·l·1 G ctc:t.s l10111oger1eot1sl:,,r. A good exc11111)le 
is the Lor·e11tz g1·0111J ac:ti11g 011 t.lre for·,var·d ligl1t, c·o1·1e. 111 J)c1rt,icl1la1· 011(~ 
is i11terestecl i11 tl1e (!ecor11posit,ior1 of· t,l1e SJ)c1c:e L 2 ( A,J) of' sc111ar·e ir1t.eg1·al)le 
f"l111ctio11s 011 Al a.s a. s11111 or· i11t,egr·al of· i1·1·educ~il)le s11l)SJ)c1c:es: t,l1e so-called 
Plar1c:l1e1·el cleco111 IJosit.io11. 111 t.l1e c~lassic:c:11 C'.clses, wl1e1·e Af is t.l1e 1·et1l li11e or 
t,l1e circ:le, wit.11 its gr·c)up of tra11slat,io11s, tl1is a111ou11t.s to Fo11rie1· c111alysis. 
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If J\;f is t.l1e spher·e wit.11 its g1·0111) of 1·ot,c1t,io11s ,tc·t,i11g 011 it, ()11e c)btai11s tl1e 
dec-:01111)ositio11 i11 sr>heric'.ctl l1c1r111c)11ic·s. 

It is a ge11e1·al J)her10111e11011 t.l1c1,t, c:-i11 vct1·ic111t 01_>E.1 1·,_t t.(>1·s st1cl1 clS i11v,1ri
c111t, difl'e1·e11t,ictl 01)e1·at,01·s lec1ve t,l1e clE~c'.0111 J)<~>si t,iC}ll <)f. L 2 ( 111) i1-1t.c) ir·r·ecl 11c·i l)le 
<~0111po11e11t.s i11\raria,11t, ct11d a.c:t, by sc·alar· 11111lt.i1)lic~c.1.t.ic)11 011 t~c1c·l1 c)f tl1e c·<)111-
J)011e11ts. 111 c)r·cler· t,o gai11 i11sigl1t. i11 t,l1t~ JJla11c:l1e1·el clE:~c·(J1111)osi t, ic)11 of' L 2 ( A1) 
i11to ir·1·ecl11c'.ibles. 011e st,11clies 

I 

1. tl1e fi11e st1·uct11re of repr·esE::11tctt.ior1s c)f G r·elctt.ecl tc) 1\1, c111cl 
2. eige11f1111c:tio11s a11cl eige11clist1·il)11t.io11s relat,E~cl t.o s11c·l1 1·e1)1·ese11t,at.ic)11s. 

The Planc~l1er·el dec·o111posit,io11 l1c1s been c~c)n1pletely det.e1·111i11ed for f1,1-1y 
1·eal se111isir11ple Lie gr·o11p G a11d t,l1e assoc'.iat,ecl Rie111a1111i<t11 sy111111E~t.ric'. 
spac'.e, by tl1e wor·k of Ha1·isl1-Cl1a11dra. It l1as 11ot yet l)ee11 det,c1·1-1·1i11ed for 
tl1e i11te1·estir1g C'.lass of 1)seu(lo-Rie11ia111·1ian sy111111et1·ic: spctc~es, lE~Etvi11g 11-1c1.11y 
c:l1alle11gi11g p1·obler11s tio l)e solved. A well-k110\v11 (~XcllllJ)le of cl J)se11clo
Rie111a1111ia11 space is t,l1e l1yper· boloicl of C)llE· sl1eet, i11 R' 1 

( see fig111·e 1), 
wliile tl1e t,vo sl1eet,ed l1)rJ)e1·boloicl is cl st,ar1dc1rcl exc:11111)le of cl R.it~111c11111ia11 
sy1r11r1etric spac:e. I11 1·ec:e11t year·s i111por·ta11t pr·ogr·ess l1as bee11 111acle: 

( a) For JJseuclo-Rien1a1111ia11 sy111111et1·ic: SJ)c1c:es of rank 011e tl1e dec:01111)osi
tio11 l1as l)eer1 o btai11ed ex1)licitly by t,l1e wor·k of V .F. J\;1olcl1a,11ov, J. 
Faraut, and G. vc:111 Dijk arid his Pl1.D. st,11cier1ts; for a ra11k two space 
an explicit deco111positio11 was ol)t,c1i11ed by N. BoJ)p. S. Sario a11d P. 
Harir1ck wer·e suc:cessf11l in t,he g1·011p-like c:ase G c /GR. 

(b) For spaces of ge11erc1l 1·a11k tl1e c:lassificat,io11 of t.l1e disc:r·ete series l1as 
been acl1ieved i11 the work of l\lI. Flensted-Je11se11 ar1cl Osl1i111a-l'v1atst1ki. 
Later G. Olftfsson c111d B. 01·st,ed 111ade a cleep st,11dy of' the spaces wl1icl1 
admit a so-c:alled holon101·pl1ic'. clisc'.rete ser·ies. 

( c) In a ver·y interesting, riot, yet co111plet,ely J)tll)lisl1ed paper·, E.P. va11 
de11 Bari and H. Scl1lic:l1tkr11ll l1ave dete1·11·1ir1ed a 'r)ar·tic1l' Pla11cl1er·el 
tl1eore111 for t,l1e 111ost c~o11ti1111ol1s I)art, of tl1e spect1·11r11. 

2.1. The 'role of diff'er·eritial equations 
Tl1e study of eigenf1111ct,io11s and eige11clistribt1tio11s, wl1ich is suc:h a11 i111por
tant tool i11 ha1·111onic ar1alysis as descril)ecl above, l1as it,s owr1 ir1clepe11der1t 
i11terest. It provides exa1111)les of syste111s of partial differe11tial equatio11s 
for whicl1 011e can obt.ai11 111uc:l1 r1·101·e detailed i11for111atio11 al)out tl1e solu
tio11s tha11 in gerreral. Such exa111ples i11clude asy111ptotic a11d cor1vergent 
expa11sions, i11tegral forr11ulae, 1r1ero111or·pl1ic: ext,e11sio11s a11d a11alysis ot· the 
si11gula1·ities ar·e ar11011g the pl1e110111ena wl1icl1 ca11 be understood b)r co111-
bi11ing general pri11c:iples of t.he tl1eory of difl'e1·e11tial equatio11s ( suc:h as 
ellipticit,y, holo11orr1icity and reg11lar si11g11larities) witl1 tl1e additio11al in
for·111atio11 pr·ovidecl by tl1e group c:1ctions. We refer· to tl1e wo1·k of Va11 
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Figure 1. A pseudo-Riemannian space. 

de11 Ba11-Sc:l1lic~l1t,k1·ull 011 bou11dary vc1lucs c:111cl Helg21s011's <:'.011jec~t.ur·e, c:1..11d 
to the work of' Kolk- Vc1.1·c:1..clt1rc1jan C)ll Lor·e11t,z i11vctric:1..11t, clist,1·il)t1t,io11s 011 tl1e 
ligl1t co11e. Also the ,vor·k 011 1·a11k 011e SJ)clc:es, 111er1t.io11ed above, p1·c)vicles a 
good exar111)le of' tl1e stre11gt,l1 of t,l1e role of' diffe1·e11t,ial ec111atio11s i11 l1a1·111011ic: 
analysis. 

3. SPECIAL I•~lJNC~'l.,IONS R.F:IaiArl,~~D rl'O ROOrf SYSTErv1S 

The tl1eo1·y of special f'1111ct,ic)11s is ver·y c~losely related t.o t,l1e 1·e1)1·ese11tatio11 
tl1eo1·y of Lie g1·0111)s: 111ost. s1)ec:ial fu11c::t,io11s ap1)ec1,r· c:lS 111c:1t1·ix c:c)c~ffic:ier1t.s of' 
re1)reser1t.at.ior1s of s1)ec:ia,l Lie grourJs. Tl1is c:01111ec:t.ic)11 was c1.lr·ec1cly k110,v11 
i1·1 tl1e previollS cent.111·y, wl1e11 tl1e va,1·iot1s spec:ial f1111c:t,io11s we1·e i11t,1·od11c'.cd, 
f'or· i11sta11c:e 1Jy C.F. Gal1ss. However·, it was H. Weyl wl10 e111pl1c1size<i tl1is 
co1111ectio11 11101·e c.:lear·ly in l1is bc1sic wor·k 011 1·eprese11tc1.tio11s of' se111isi1111)le 
Lie grOllIJS. It t,u1·11s out t,o be fr11it,f11l i11 t.wo Wctys: 011 t,l1e 011e l1c111cl, 
r·esults f1·0111 spec·ia.l fl111ctio11 t,l1eory, a11t1.lyt.ic'.ctlly c·ler·ivecl witl1011t k11owleclge 
of· grou1J tl1eo1·y, a1·e 11eeded to a1·1swer· so111e of t.l1e c1uestio11s of l1;:.11·111011ic 
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ct11aly·sis 011 I ... iE· g1·c)t11>s~ C>11 tl1t· ot,l1c·1· ltclll(l, t,11(' RI'C)llJ) t,l1t'<)1·c\ti(· i11tc•1·1)1·(•tc·lt,ic)11 
C)f t,l1c· s1>ec--ictl f'111·tc·tic)r1s st1gg(\St,s 1·c·s11lts, \\rl1i(·l1 \\'c)11Jcl l)l'c>l>,ll)ly· ll('VC)1• ltcl\l(~ 

l)ee11 (l isc·c)v·e1•c)<l vvi t l1<)ll t, t, l1is i11t,t·1·1) 1·t·t cl.t ic)l l. 
Fctir·ly 1·ec·t:·11t, is tl1e clevelo1)111c·11t. c)f' cl s1)c•c·i,1.l f'l111<-·t.i<>11 t.11< 1 <>1·:v· i11 S<'V<·1·,tl 

Vctrictl)les, <lS s11ggt•st,<:'cl l)y t,l1c"' tl1c•(:)1·y c~)f' SJ)<•c·ic:1l f'1111c·t.i<_)r1s <>11 s.v111111c~t.1·ic· 
SI)cl('CS Of' l1igl1c:,1• 1· <:lllk. Tl1 is l'CSC'cll'(' 1 l vV<l,S i11i t, ia tE·cl l),\T r1~. rl. I~<)()l'll\\;'ill(l(• 1· i11 
l1is I:>11.D. t,lt('sis, 1)y vV<)1·ki11g 011t, s<_)lll<:' 1·c:111k t,v\rc) c:-xc1.1111)lc·s. It, is 1·<:111,tr·l<,1.l>l(' 
t,l1c1 t t/ l1is t,l1f:01·y c1cl111i t·.s cl l)t:r·f'ec·t gc· 11e1·c1lizct t, il)ll c)t· t. l1t· c> Ilt' vc11·ic1 lJ lE~ c· else•. 

Tl1e cliff'e1·e11tictl ec1t1at,i()11, t,11<:.• R.od1·igt1t•S f'o1·11111lct, tl1t' l)(-~t,c1-f't111c'.tic)11 i11t·.(•g1·c1.l 
of E t1le1·, ctll l1t1 \!e cl l)E)1•f'ec:t, c111ctlog1.1c', \V l1icl1 c·,111 l) t' c· <llc:t1l,t t,e<·l <:'X l) Ii c·i t.l)'. 
I11 pa1·t,ic·11lc1.1~ t,l1e 111t1lt,i,,a1·ic1l)le l)t~t.c1-ft111(•t,ic>11 i11t.egr·c1l l1c1.cl clt;t.1·cic·t.ecl SC)lll(\ 

cit.t,e11t1io11 l)ef'o1·e, l)y t,l1c.1 \vor·k of' A. SellJt::r·g, F. Dysc)11, :f\./1.L. l\:Ic~l1t.,1 c111c·l 

l)y t.l1e i\1c1c·clo11c1lci c·:011_jec·t,u1·c~s. Tl1(::se c·o11_jc")c•t.11r·t\s vver·t\ sc)l Vt'c·l l)c•<·,1,11S(' c)f. 
t.l1e WC)r·k c)f. CJ.J. HE~c·k111,111 ,1,11cl E.1\1!. 01>clc1111, \,.,.l1c) 11st•cl t,l1c1 11111lt.ivc11·ictlJlc 
l1ype1·geo111(:t,1·ic· f'1111c·t,ic)ll t,l1ec)1·y assOC'.iclt,(•Cl \\Ti t.11 l'()C)t, systE'lllS. rrl1is is cl 
gt~r1e1·c1l t·E:~at.t11·e: tl1e 1·olE~ c)f' t.l1e Lie g1·c)111) is tc1kE~11 l)y tl1t· l"()Ot, S}"St,E,111 ()f it.s 
Lie cllgE:•l)l'cl. So t.l1c g1·(>llJ) st1·l1c:tl11·e is lc)st, l)tlt SC)lll(:' c:c)1111cc·t.io11 1·e111c:1i11s, 
11;:1111ely 1)}' 111()a11s of t,l1e r·ocJt. syst,e111. Tl1is lecic~ls 11ctt,111·c1lly· t.o et 11111c·l1 111c>r·<:• 
c1lgel)1·:::1.ic: c1.11cl gE~C)111et1·ic'. t.l1eo1·:)r ()f s1)ec~ial f't111c:t.ic)11s. I11 fig111·E:· 2 \\7C give, 
011ly clS clll ill11st,1·c1tic)11 of· tl1e c·o1111.)lexit,y of· r·oot. S}'St,e111s, cl l)c11·t.i,tl t.cl,l)le of· 
it,s Sat,ake cli,1g1·a111s, wl1ic'.}1 c·o11tai11s clet:::1ilecl i11f'o1·111atic)11 for· tl1e t.hc'or·y. 

Ivlct11y q11estio11s 1·e111c1i11 OJ)e11, of· vvl1i(:l1 t.l1e:, 111ost, 11:::1,t.11rcll 011c~s c11·t~: is 
t,l1er·e a go C) cl SI) ec:t.1· <.tl t l1eo r·y ( s 11gges t.ecl l)}r H,tr·is l1-Cl1ct11 clr·ci 's P 1 a11 C'.}·1e1· <:\ 1 
fo1·r11ula for sy1111·11etric: s1:)c1C'.es), ct11cl w 11,tt, ,1lJol1 t, £J-ct11c1.lc)g11c~s ( as st,ar·tecl lJy 
1\1fac'.do11alc:l) '? Tl1e sec'.011cl c1l1est.icJ11 is c1.t. t.l1e 1110111t~11t cl c1t1ic:kly clcv<)l<)I)ir1g 
st11) j ec'.t, l) ec:a 11se of t, lie C.'.01111ec:t.io11 \\'i t,l1 q·t1,(1:rl. t·zL'r·r,, ,q·1·<J'ttp.c;. \VE:- 1·t;f (~1· t.c) wo1· k 
l)y Ivl. N 011111i, l(c)c)1·11wi11cle:•1· ct11cl H. T. I(<)t•li11k. As to tl1e fir·st c1,1est,ic)11, 
1·ec'.e11t,ly a 11ew t,ool \Vt1S clevelor.)ed i11 t,l1e st.11cl)r of' s1)ec:ic1l f'1.111c'.t,io11s c1ssc)c:ic1tecl 
wi t,11 r·oot, syste111s l)y C .F. Dl111kl, by t.l1e i11t1·ocl 11c:tio11 ()f l1is so-c·cilleci Dt111kl 
ope1·i1to1·s. Tl1e 01·igi11c1l IJl1iloso1)l1y to st,11dy eq11i\'ctle11ts of· t.l1e 1·c:1clial f)ct1·t.s of 

126 Lc1plc1c:e 01)e1·c1t,01·s (t)y r·ega1·cli11g t.l1E~ r·oot, 1111.1lt,iplic'.it,ies clS J)<t1·c1111ct.e1·s), l1c1s 
tl·1c clisavc111ta.ge tl1c1t i11 ge11t:r·c1l 11101·e t,l1c1r1 011e Lctplc1.c:e C)J)er·c1.t()1· exist.s vvl1ose 
for111 is t111k11ow11. Dt111kl 's oper·ators l1ave explic·it. exp1·essio1·1s, c~o11111·111 t,e 
c111cl ar·e r·elcitecl t,o Lc11)lc1c·e OJ)er·clt.or·s of· Cc1rt,a11 111otio11 gr·c)llJ)S. Lat.e1· I. 
(j}1e1·eclr1il< l1as acla1)t,ed tl1ese C)l:)erc1t,c)1·s f'or· tl1c~ gr·c)lll) (:·ase clS vvell. Tl1is 
r1e·w i111pt1lse l1as p1·oviclecl ,t11svve1·s to c1l1estio11 011e. \Ve refer~ t.o work of· 
Opclc1.1n, Hec'.k111ar1 ,1r1cl l\;f .F .E. De J e11. Dur1kl 's 01)e1·ato1·s l1c1ve 11ovvaclc1ys c't 
wo1·ldwide inte1·est,. 

4. SPEC;l~A.L CI-IAPTERS IN F'lJNC:rI'IONAL 1\NALYSIS AND ,\I)PLIC~.l\'"I"'IONS TO 

(; ELl~'AND PA IRS 

Tl1e cleco111posit,ior1 of' HillJe1·t spc1.c:es c::1S i11t,eg1·c1ls of· i1·1·ecll1c:il)le c:01·111)011e11t1 
s1)aces i11volves :::1spec:ts of dir~ect, ir1t,eg1·al tl1eor:y·, t.}1c:1t, c~a11 l)c c~lc1rifiecl l)y 
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Figure 2. Satake diagrams of root systems [5]. 
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est,a1)lisl1i11g tl1(:) li11k \\Tit,}1 tl1e i11t,eg1·al 1'€I)l'(~S('lltc:lt,ic:)ll t,ll(\()l'Y ()f' (i. C1l1c)(Iliet, 
--1 • 1· . f'. l E., c·1 F~ rI.,l 1.,1 . (G H) . a11c1 c·er·ta111 ge11E-~l'cl lZclt,1011s O 1t, c· ll('.\ t,o . "I. 'i • _ lOlllclS. l(' l)clll' :r ~ . IS 

said t,o 1)e cl (-ielf'c1,11cl pair· if t,l1e C'.Ollt 1 c)f' H-i11v~c11·ic111t clist,1·il)t1t.io11s <)f. J)()Sit,i\.re 
t,ype 011 G is si1111Jlic::ial. Tl1t~Se a11cl ot,l1c1· <·l1c11·c\c·t<.'1·izc1t.i<)11s ,1.1·c 1 1·< 1 l<"\'<lltt f'or· 
tl1e co11c:1·ete det,er1·11i11c1,tio11 of' (:;.E,lf'ct11cl l)<:li1·s. CiE•lf',111(1 J)c1.i1·s c11·c· 11c1111,~cl c:1.f't,t:1· 
I.I\1. C:iE~lfa.11cl c111cl l1ave i11itially 0111}' l)<:•t\11 st,t1<liecl i11 tlt<) c:cts<_~ <)f. <'<)lll})ct<·t, H. 
A c:lc1ssic·c1l (~xa1111)le of et Gt~lfa11d J)fti1· is a J)c1i1· ( G, JI) st1<·l1 tl1r1t. c; / I-l is c1 Ricl-
111a1111ic111 sy111111et,1·ic'. s1)ac'.e, e.g., G == SL(,rz., R), l{ == SO(,,z, R). Tl1(•se J)}1.i1·s 
a1·e well st,t1diecl a11d leacl to a v~er·y l)c,111t,if't1l t.l1c\(·)1·yr, wl1ic:l1 is 111ai11ly <-111<:· t,<) 

Ha1·isl1-Cl1a11d1·a a11cl S. Helgc1..s011. A 11101·e gt~11er·c1l sit 11ctt,io11, ir1vc)l,,i11g fi11i t,t1,

cli111er1sio11al r·ep1·eser1t.at,io11s of' H l1c1s l)ee11 st,t1cli<::-cl lJy H. \'c111 cl(~1· Ve11. 111 t,l1E1 

ge11e1·al situatior1 wl1erc~ H is 11011c:01111)aC'.t,, a 11ic"'.e r·es11lt l1as l)ee1·1 c)l)t,c1i11ecl 
l)y Vclll Dijk, stl1dyi11g 1·a11k 011e l)Se11do-R.ie111a1111ia11 l)clirs. Tl1esc::i l)c1i1·s a1·e 
Gelfa11d l)cti1·s, witl1 tl1e exc:eptio11 of' t.l1e J)air· (SOti(l, 11). S0<1(1, 11 - 1)). ,.fl1e 
Pla11c'.l1e1·el f'or·11111la for· t,l1e SJ)c1c·e c1.ssoc:ic1tc-=:id \vitl1 t.l1is l)clir· l1c1s 1111.1lti1)lic·it.y 
two i11 tl1e ('.()lltillllOllS SJ)ec:t1·t1111. 

5. CONCLlJDINC1 R1':Iv1J-\RKS 

011e of tl1e 111ost, i11te1·esti11g 11ew li11es of 1·esec11·c:l1 of' t.l1e last, t,e11 year·s i11 
tl1e field 011 Lie gr·ot1J)S is \Vitl1011t c111y (lOtllJt, tl1e sec'.011d it,e111: spe(:·ial ft111c:
tions 1·elated to root syste111s. Several r1e,v t,01)iC'.S of' 1·esea1·c·l1 c:0111e to Tl1e 
N etl1er·la11ds f1·on1 ot,l1er c:ou11t.r·ies, 111ostly f'1·0111 t.l1e lT 11ite(i States. How
ever·, til1is to1)ic~ is to a g1·ec:1t exte11t r·e,tlljr Dt1t.c'.l1, witl1 J)io11eer·ir1g wo1·k by 
Koo1·11wi11der·, Hec:l(111c111 a11d 01)da111. Tl1is does 11ot, l1a1)I·Je11 ver·y c)fte11. It 
is s0111etl1i11g t,o be 111·ot1d of. 
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