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1. lNTROI)lJC'I'ION 

Codi1·1g tl1eory, or 111or·e spc~cifit:ally, tl1e theory of· e1·1·01·-cc)1·1·ec:ti11g codes is 
yot111ger tl1ar1 tl1e Fou11clc1tio11 rv1atl1e111('.1tic:al Ce11tr·e. \Ve go l)ac·k t,o t,l1e lc:tte 
1940's. I1·1 tl1ose clays c:01r1pute1·s wer·e able to 1·ec·og11izf~ l)it, err·ors (clue to 
son1e tec:l111ic~al faill1r·e) arid if tl1is l1a1)pened, tl1e I)t·oc~:ess ,vould l)e te1·111i
nated. Tl1e idea is si111ple. Sec1t1e11c·es of rJi11ary sy111l1ols ( 0 c111d 1) of' a 
fixed le11gtl1 ri ar·e processed. Suc:11 seque11ces will l)e referr·ed t,o clS ·word.s. 
Tl1e only words tl1at wer·e allo\ved t,o be t1sed wer·e tl1ose ,vitl1 a11 C)ve11 111.1111-
ber· of 1 's. Clear·ly a11 error ( \Vhicl1 was luckily in11)rol)able) i11 a si11gle bit, 
would cause a violatio11 of' tl1e f)arity rt1le c111d t.l1e c:0111pute1· stopJ)ed. Irr 
suffic:ie11tly long progra111s this vvot1ld event,ually l1clJ)J)e11. As a c:011seque11ce 
R .. W. Har11111ir1g of Bell Lal)oratories (USA) c1uit,e oft,er1 fo1111d l1is (~0111pute1· 
not ctt wor·k w l1e11 lie 1·etu1·r1ed to tl1e la1)oratories i11 t,l1e 111or11ir1g: a11 er
r·or l1cid bee11 detected. His i1·r·itatio11 over· tl1e fac:t/ t,l1at ci.11 error cot1ld be 
detectecl bt1t 11ot correc:t,ecl, led t,o l1is c:011struc~tior1 of tl1e H arrirriiri_q code, 
a so-c:alled si11gle-erro1·-co1·rec:ti11g c:ode. Tl1e idect of· t1l1e C'.ocle cc111 l)e ec1sily 
u11derstood fro111 tlre following si1111)le arid elega11t clesc:ri1)tior1, cl11e t,o R.J. 
l\.1c~ Eliece. \Ve assu111e tl1at i11fo1~111atio11 is p1·ese11t.ed c1S a lor1g st1·ir1g of' O's 
a11d 1 's. Tl1ese are to l)e co111111u11ic:ated fro1r1 a 'se11cler' to ,1, 'receiver' over 
a 111ediurr1 that we sl1all c~all 'tl1e cl1ar1r1el'. Tl1is cl1c111r1el l1as tl1c ur1pleasa11t 
propert,y tl1,1t, witl1 a (luc:kily s111all) f)r·obal)ilit,y p, s0111et,irr1es a O is cl1ar1ged 
into a 1 or a 1 into a O 011 tl1e way t,o tl1e r·ec'.ei ver·. W() wisl1 tc) sig11ifica11t,ly 
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Figure 1. The Hamming code. 



i11c·1·{:1c1se tl1e l)I'<)l.),tlJilit,y <)f c:<)r·r·E,.c·t, i11t,{11·1>1'(1 t.ct.ti<>11 <)f. t.11{\ 1·t·c•c:.iv<·<l sc:.c111e11c·c: 

of' ()
1

s c~11 l 's. r<)I' t l1is v\'C c1.r·t: \Villi11g t<> l)<t,\l cl tc>ll ( l<)SS c)f t.i111c1 C)l' c·11c:·1·gy 
or SIJctc:t~, ctll clE~IJ<:~11cli11g C)Il tl1c: 1)1·,1,c~t.ic·,11 <tJ>J)lic·ctt.ic)11 of' 1:.liis 111c>clc" l). H{•t·f~ is 
,vl1<1,t ff<1111111i11g clicl. Tl1e scc111e11<:·c-:' c)f. ()'s clll<l 1 ·s is cliviclc\cl i11tc) f'<)111·t.llJ)lc1s, 
Cctc:11 0 f vV 11 i ('.}l is 111 (1.,1) I> eel i 11 t, 0 cl. St.~vTE~ 11 t ll J) lc1 • rr 11() S(' V(\11 t. ll }) l c:·s ,11'('.\ t 1· ,l.llS 111 it t. (_•(l. 
Tl1e 111apJ)i11g is clc-:-sc·1·il>ccl i11 fig111·c\ 1. 

1.1. .,4·n (~xa·rrt.JJl(; 

Let (<i1,c1,2,a,:3,c1.1.1) lJe cl fo111·t.111Jle. Tl1c·sc' l>its a1·c~ 1>11t, i11t.c> t.l1c:1 JJC)sit!io11s 
1,2,3,4, i11 t,l1e fig111·e. F1·c)111 t,l1e J)C)Sitic)11s 5,6,7 \,,re fi11cl t!l1r·E.~e S()-c·,tllecl J'f:;

d,uridartt bit,s l)y t.l1e f'ollc>wi11g IJar·ity 1·111(~: eac:11 of' t.l1t;· c·ir·c:lE}s I,II,III s11c)l1lc·l 
C'.011tc1i11 c111 ever1 11l-1r11l)E.)1• of l 's. Tl1E~ 1·e,tde1· \vill easil)1 see t.l1ctt, if' 011E~ l)it. is 
r·ecei ved i11c:or·1·ec~t.ly, tl1e 1·ec:eive1· C'.ct11 se(~ f1·c)111 figt11·e 1 wl1i(·l1 C'.i1·c·lt~s vic)l,1.t.E: 
tl1e {)a.rity 1·111(~. Tl1is c·l<:)ctrly iclE~11t,ifies t.11(~ J)C)sit,ic)11 c)f. t.l1e er·r·()Ilt~cJllS l)it. c:t11cl 
correctior1, c:a.11 t,cll<.e JJlac:t~! To 1111clE~1·st,1..11cl wli)r t,l1is l>(~c·,1.111(~ ,111 ext,1·E~111c~ly 
ex(~iti1·1g c1r·ec1 i11 111cit,l1t~111c1t,ic'.S, \\'E~ 111l1st. c:t11c1lyse t,l1e "(~c>(l(~' <_lt~sc:r·il)ecl cl1)c)ve. 
Tl1is will c:1llow llS t,o c111ot,E~ tl1t:. t.l1E·or·e111 t,}1;;1t. st,c11·t!ecl c·c)cli11g tl1ec)1·y. It, is 

-· ~ 

k11c)w11 as Sl-1c11111or1 1 s 'fl1c?C)I'(l111, I)llt f'c>r·w'-1r·cl i11 l1is 111011l1111e11t,ctl J)ctp(?1· i11 1948 
( see [1]). 

111 t.l1e exa1111Jlt· al)ove~ eac:11 r·ec:eivecl sec1l1e11ce C'.()11sists c)f. f'o11r l_)it,s ()f 

·irijo,r·rriat'io'rz, a11cl t.l1r·ee r·ed 1111cla11t, l)it,s. \\ire sc1y t.l1at, t.l1f~ i'ri.for·,r·;iatirJ11. ·r·ate 

R ec1uals 4/7. As a11 exer·c'.ise, tl1e 1·e<1cler· C'.a11 c·l1ec:k t.l1c1t if' t,l1e 1.>r·olJc1.lJility 
p t.l1at c1 bit is tr·f111srr1it.t.ecl er·1·011ec)11sly lJy tl1e c:l1a1111(~l is sc1y 0.001, t.l1e11 
t.l1e IJr·obtibility tl1at, et f'c>11r·tuple is 111isi11tc~r·1J1·et,ecl by t·.l1e 1·ec:'.t~ivE1.1· is 1·011gl1ly 
2 .10-5. Clear·ly riot! t1si11g c:ocli11g \V011lcl i1111>ly clll t~l'l'()I' l)I'O 1),tl)ili t}r C)f 4. 1 o-:~. 
Tlris is ,111 irllJ)r·essiv(~ i1r11)r·c>ve111e11t, i11 er·r·<)t· 1)1·olJc1l.>ilit), ct11cl tl1e t,oll is a 

dec·rease of· c:111 i11f'or111at.io11 1·,1,t,c~ f'rc)111 1 t.o 4 /7. It, r11<lY r)c~ c)f i11t.c~1·est tc) t.l1e 
r·eader· t,o kr1ow tl1c1t, C)ll tl1e r11ost, i1111)1·essive a1Jplic:c:l,tic)11 of <~'.()(li11g tl1eor·y, 
to wit tl1e corr1,pac:t d·is(:, t,l1E~ i11f'or·111at.i<J11 rat,e is 3/4, i.e . ., 011t' f'ot1rt.l1 of 

tl1e clisc does 11ot c·o11tcli11 1r111sic l)11t, 1·ec·l1111dtl11c:y aclclecl l)y c·c>cli11g t,l1eor·ists, 
r·espo11sil)le f'or tl1e su1)e1·l) c1l1c1lit,y of tl1(~ 111t1sic~! 115 

Tl1e c:l1c1n11el tl·1c1t we cleSC'.I'i l)ecl cl1)ove is k110\\r11 cts tl1E~ bi·r1,ar·y s:y'rti·rrtl~tr·'l:c 

chanr1,el. Tl1E~ r11odel ,1ss11111es tl1c1t, a l·)it-er·r·or is a r·a11clc)r11 evc;Jlt \Vi tl1 ,1 
giver1 prol)alJility p. For Sl1cl1 cl c:l1c11111el, we clefir1e tl1e c;aJJacit~lj C c:1s C == 
1 + plogp + (1 - J>) log(l - p). (Logc1r·itl1111s t,c) l)ase 2.) I11 c)111· exa1111)le, we 
l1avTe C ~ ().99. 

Sl1a11r1c)11 's tl1eore111 st.c1tes tl1at for a l)ir1ar·y sy111111(~tric: c:l1a11r1<:~l wi t.11 <_:a
pac~ity C a11d for· ar1y E > 0 c111d ,t11y R < C:, tl1ere E~xists a c:o<-lt; wit,11 rf1te 
at lec1st R ct11d E~rror· pr·o l)abili ty ( af'ter~ cleC'.C)cli11g) less t!l1;:1,1·1 c. Tl1is sol1r1cls 
unl)elievable. Wl1c1t 011c sl1011ld r·ealize is t.l1ctt, t!lre c~c)cles c)f. tl1is tl1eo1·e111 clre 
e:r:tr·err-ie ly lo'rig. 
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1. 2. A ppl,ications 
Wl1e1·e has codir1g tl1eo1·y gor1e·? \\1e 111e11t.io11 s<)lll(~ c)f. t.l1e i1111)<_)1·t,a11t. ctr·t~as of' 
aJ)pliccttior1 ( see also figur·e 2). As 1·11e11t,io11ecl i11 t.l1t"' i11t,1·t)<l t1c·tio11, c·o111 p11t, i11g 
is ar1 i111J)Orta11t, a1·ea of clpplic-.at,icJ11. Si11c·t~ 111ost. 111c)c_l<~1·11 l~<-)111111u11ic·at.ic)11 is 
digital, erro1·-c~o1·1·ectio11 plays a r·c>lt: tl1e1·e. S1)ec:t,c:1.c:l1lar· aJ)plic~c:1t,ior1s we1·E1 

tl1e pl1ot,og1·c:1.1)l1s t,cike11 by sever·al sat,ellitt:: 111issic)11s ( Iv1c:11·s, Sat, 111·11, J tII)it.E~1·). 
Wit,ho11t, c~ocii11g tl1eo1·y tlrere woulcl 11c)t l1ave l)ee11 pic·t,111·es at, ktll. Ir1 1·e
ce11t ti111es tl1e CD is tl1e 111ost 11ot,al)le applicc1.tio11. I11 t.l1esE.~ exa111ples, tl1e 
char1nels ar·e ql1ite diffe1·e11t,. For· t,ele1)l1011e, it, is ligl1t ir1 Of)tic'.al fil)r·e, for· 
sat,ellites radio cor11111u11icat.io11 ( wl1e1·t~ tl1e sour·c~e of e1·1·01·s is tl1err11al 11oise 
i11 tl1e an1plifier at tl1e 1·eceive1·), for CD tl1e e1·1·or·s are ca11sed by d11st, air 
bl1blJles ir1 tl1e disc, sc:ratches, fi11ge1· l)rints, etc'.. Pr·actic~al 1·equirer1·1e11t,s 
can differ co11side1·alJly: p1·ocessi11g tl1e sigr1als fi-0111 J\1ari11er lv1ars t,ook 011e 
day; tl1e CD-1Jlayer· l1as a delay ( for decodi11g) of' a fr·ac'.tiorr af a sec:011d. 
Obviously, a lot. of er1ergy l1c1.s go11e i11to fi11c.ii11g good (i.e., fast) decodi11g 
algoritl1111s. 

1. 3. Para·rriete1·s 
To under·stancl sor11e of t,l1e 1natl1e11·1atical develo1J111e1·1ts, we 11eed s0111e pa
ra111ete1·s. We t1se 11, f'o1· t,he le11gtl1 of t.l1e code. Tl1e alphabet is 11ot, 11ec
essarily { 0, 1}. We use q for· tl1e size of tl1e alpl1abet. I11 algel)raic.~ coding 
theory, q is a pri111e power· a11d tl1e alpl1abet is a finite field. (For· CD we l1ave 
q == 28 .) lT p to now, we l1ctve riot 111e11t,ior1ed tl1e 111ost i111 po1·tc:111t para111ete1· 
of a code, to wit its distance. Tl1e dista11c~e of two words is t.he 11l1111be1· of 
pl;;1ces wl1ere tlrey difl'e1· (e.g., 101011 a11d 100010 l1ave dist.arrc:e 2, si11ce they 
clifl'er i11 positio11s three and six). Tl1e mi·ni'm'llm d'istance d of a code C is tl1e 
111i11irr1un1 value of tl1e distar1ce betweer1 two disti11c:t codewc)1·cls. 01Jviol1sly 
for a code with 111ir1i111u1n dist,ar1ce d == 2e + 1, it, is thec)retic~ally possible 
to correct up to e errors. The rnost i111pc)1·tant p1·oble111 i11 co111bi11ator·ial 
Codi11g Tl1eory is to establisl1 1)ou11cls for· tl1e 11t1111r)e1~ Aq ( n,, d), t,l1e 1n,ax'irn1al 

116 11u111ber of codewords in a code C of ler1gth ·ri, over a11 alJ)l1abet, of size q, a11d 
with n1ini111ur11 distanc'.e d. For exa111ple A 2 (7, 3) == 16 a11d tlre Hc1111111i11g 
code described above realizes tl1is l)Oltnd. Clearly, for· pr·actical apJ)licatio11s 
one l1as tried t,o find relatively good c:odes ot· 111oderate le11gth, i.e., coc_ies 
with give11 n, q, and d, for whic'.ll ICI is c:lose to Aq(n,, d). Quite ofter1, r11ath
e1natic:al resl1lts ar·e 11ot appeali11g t,o engineer·s bec:al1se tl1e cor1strt1c-.tior1 of 
tl1e code gives 110 l1ir1t as t,o l1ow tl1e r·ec:eiver· c:c1,r1 decocie ( qt1ic:kly). 

1.4. Co·i;e'ring codes 
We now tur·11 to so-called co11e1·irig codes. Tl1is a1~ea of resear·cl1 is very in1-
po1·tar1t for error-correcting codes the111selves but is also, i11 sor11e ser1se, 
con11)len1e11ta1·y. S0111e of tl1e a1)plic'.atior1s c:or1ce1·11 data-cornpr·ession (irn
por·tar1t for l1igl1 defi11it.ion televisio11). Her·e tl1e proble1r1 is t.l1at we l1ave 
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t<)<) 11111<·11 i11f·()1·111c1ti<)11 t,c) t.1·;:t11s111it, ,111cl tl1,1t. \\'(' ct.1·<· \\'illi11g t() ,t<·(·c•1)t· s111,tll 

<lc·vi,1t.i<)11s i11 C)1·clp1· tc) Scl\rc, ti111c1 c.)l' SJ>,t<·('. \\:"<' ill1_1st 1·;_tt.<' tltis t1si11g <)l11· (',:11·li<_•1· 
c~xc1111 l) lt:1 <)f. t, 11 C! 11 ,t111111 i11g c·c) cl<:.:.. \ \ '<) f11·s t i 11 t 1·(> ( l l l< ·c· sc.> 111. <} gc•c) 11 t E' t. 1·i c· t c)1•1t 1 i-
11 c) l(J g;_\·. If' c is cl c·cJclci,\tC)1·cl i11 cl C'()clc· (', tl1E::-11 tlt(' !J(1.ll <)i' 1·,tclillS 1· ;.1.1·<)1111cl c 
('()llsist.s ()f' ,tll \·\,'()l'Cls x~ s1.1c:l1 tll,·lt, rl(x, c) < 1·. Nc)i(' t.l1,1t. if' c·1 llilS 111i11i11111111 

clist.,t11c·E· (/ == 2 f' + 1, t l1c:.11 t lie~ l) ,1lls of· 1· rtcl i 11s (' ,ll'<) 1111cl t,l1c' c·c)cl<·\vc)1·cls ,11·c· 
cl isj o i11 t.. "f ]1e 1·t' c· ct.11 l) ('l 111 cl,11}' \Vc)1·cls x t.11 cl t·. <11·c:1 11c·) t i 11 <·lll)r c) f' t· 11(,,,s(~: l)ctlls. I 11 

1) 1·,1c:t. i c~e ot· c:.1•1·c) 1·-c:c·) 1·1·t,c·t i <) 11 t l1is is i 1111) <> 1·t· c111 t,. ..[i\. 1•c)c··0~ i ,.·c,cl \\'(') 1·c_l t, I lcl t. is \\•i t.11 i 11 
a. l)ctll of· 1·tt(li11s e ,1.1·ot111cl cl. c·c)<le,,'c>1·<l c is <le<:<)clc~<l ,ls c. rt· x is 1·c;<'.E'i\rc1 cl ,t11cl 
x is 11ot, i11 cll1\· c)f. t.l1(~se l)r1lls, tl1c': 1·ec'.c~i\·c,1· k11<>\\rs tl1c:1.t, t·.t,C) 111c111\· e1·1·<:)1·s l1cl.\7 (-~ 

•• • •• 

<.)C'.C~u1·1·E~cl f'o1· 11i111 t:.o l1,t11cll() t,11<" sit11c1t.ic)11. 
BtlC'.},i: tc) clc:1.t,cl c·c>1111)1·c'.ssi()l1. \\r<, l1c1,,re t(~) sc'11cl i11f·o1·111a.t.ic)11 c·o11sist·,i11g c)·f· 

seve11 l)it,s. If' t.l1e r·ec:c,,,iv·c·1· 111c1k<!S C>ll<' c1 1·1·<)l', tl1is is <·lc,se e11c)11gl1 f'cJ1· l1i111 t,c) 
i11t.e1·1)1·c:t ()111" lllE1 c'.\,lli11g. (I11 Tvr tl1is is cl<:·l1ic•\'('(l l))' tl1c~ 1·c~cl1111c.l,111('.}r c)f' tll(' 
(_.)\'E:'1·c1ll 1)ic·t.111·c·.) Fo1· (",tc·l1 s<·,1c'11t.111)l<· \\'C <·<)1tsicl(•1· t,11<" l),1,11 i11 t,11t' l-I;:1.111111 i11g 

c·oclc· tc> wl1i<·l1 it, l)elc>11gs~ cl(1tc·1·111i11<' tl1<" c•(\11t1·E1 ;:111(1 t.1·c111s111it. ()111}, tl1c:: l)it,s 
(1. 1 , r1,2 , (L. :) , r1 .1 c· c)1·1·(•S I>(_) 11 cl i11g t, c) t 11 cl.t. c·<· 11 t, 1·e. T 11<· 1·E•c·E1 i \"f:1· is 11c1 vrt•1· 111 CJ1·c~ 1·. l1 <1.11 

011(~ lJit, off' ( f'()l' t,11(' SC\re11t,111)l(.1 ) clll(l \\1(:' llcl,\•(~ ()111}' :.1/7 ()f' t,11(3 c1,lll()llllt, of' i11f'c)l'

lll ,t t i <-> 11 t, () l)c~ t. 1· ,111s1r1 it, t. <~'<_l, cl c·:c) 11si cl <~,1· ,t l_)lc~ gc1.i 11. 1" 11 is lc•ctcls t <:) t lie cl efi11i t·, ic.)11 
. '-· 

of' t,l'l(' ('.()'l,lf','/'·i11._q '1'(1,(li'lJ,,'j of' cl ('.OCle C1 
( ;-l, s11l)SE•t, c:>f' ctll \\'{)l'Cls of' lc,11gt,l1 ,, 0\'Cl' 

cll1 (1l1)llct,l)(~t of' size'\ lJ). TllC' ('.()\•(~1·i11g l'clc.li1.1s is t,l1e Slllclllest 1111111l)e1· 8 Sll('ll 

t,llctt, tlt(' l>c1,lls ()f' 1·,1,cli11s 8 cl,l"Ollll(l t.l1c~ c·oclE-·\\r(:>l'(lR <:)f' C1 C'O\'f:1· ,tll '\'()l'(~ls ()f' 

le11gt.]1 ll. F()l' tl1e lic1.111111i11g (_·oc:le \\T(~ llcl,\!e a == 1. 1il1is ('C)c~l(~ is ('c:1,llecl JJ(;'l·:f-'<:?,(''.t 

1) c,\C'.cl llS<~ t,l1c.., l)c1,l ls C> t· 1·c1,cli llS 1 ell'() l111cl c·c)clevvc) 1·<.-ls ,11·e 11c) t, (1111}' cl isj oir1t l) ll t 
t.l1ey c1lsc) c:<)'\1er· t,l1E} Sl)clc•E:i. 111 l)I'c:tc·t,ic·e, J.)E:~1-ft::,c·t, c·ocles ctr·E~ f'a1· 1·1·0111 l)er·fec:'.t; 
t,l1c~ <.)c-:c·111·1·e11c·c.., c_)f. t<_)C> 111c1.11)r <'1·1·c)1·s sl1t>11lcl i11 ge11t:1·c1,l 11c:)t, esc·c~l,I)e t,l1c, 1·c~c•(:1i \.'{;1·. 

Tl1t·1·c l1c1s 1)ee11 f'c11· less 1·esc~c11·c·l1 c)11 c·ovc~1·i11g c:c)clE:~s tl1c111 <~>11 e1·1·<:>1·-c·o1·1·ec·tir1g 
C··c clt=- --, . } 8. 

1. 5. C'orJ,i·r1,g tfl.eo·r·11 CL'll,(1 t1,l_qc:lJ1·<tic; gf~or11,et·1·y 

118 For· ft 1011g ti111e, c·ocli11g tl1E:C)l':)' \\rc1.s ,111 c:1.l'E'c:l f'c)l' ()lc}c•tr·ic:al c,11gi11c,c:1·s. l\!Ic:lll)r 

c)f. tl1ei1· i11ter·est,i11g c1.cl1iever11cl11ts lf1.t.(~1· t,111·11E::cl C)llt t,c) l)c: ec111i\rc1.le11t t,c) 111c:1tl1-
e111c1t,ic~al 111et,l1ods a.11d 1·es11lt,s t,llctt. l1c1.cl l)ee11 k11c)v\r11 f'c)1· cl lc)11g t,i111(). It 
\Va,s 11ot, 1111til t,l1e l 970's t,l1c1t, 111c1.t]1e111,1,t.ic··ic111s l)ec~·ctlllE\ i11t,E:1·c,st,c~cl i11 c·ocli11g 
tl1eo1•:,,T (i11fll1e11c:t~{l J)c11·t,ly l)y ac:t:ivit,i()s i11 Tl1c• Nc.:tl1c,1·la11cls). Es1)c•c·ic1.lly t,l1E~ 

1·elatio11s l)etwee11 C'.ocli11g tl1(~01·)' c111c:l c.lesig11 tl1c~()1·:r· ( <111 cll'C\ct ~.ritl1 it,s 01·igi11 
i11 stc1.tist,ic'.s a11cl Clllct,lit,}' C'.011t1·ol) lecl t,c) cl st11·gc: of· i11t,t'.}1•est,. \:V·c:! \vill go i1·1to 
t.l1is l)elov\r. .A. lge l)r·aic'. 111et, l1c)cls l)ec·c1111c:1 i11(·1·<."\c:tsi11gly· i111 J)o1·t ,:t11t, ( c~SI>CC'.i c:1lly 
tl11·01.1gl1 tl1e ,vor·k of· Pl1. Dc:lsa1·t,e) .• A.. l)(•C'.1.1li,1.1· c·c)1111ec::t.ic_)11 to si1111)le g1·01.11)s 
J)Ullt~d i11 ctr1ot,l1e1· ctr·ea, SC) t,l1c1t, l)y t.11(? 1980,s c·ocli11g tl1eo1·}r \Vets 1·es1)ec·tctlJle 
f'or· gr·c)tll) t,l1eo1·ist,s, a.lgel)l'cl,ist,s ct11cl of' c·c)111·sc: c:0111l>i11c1t.c)1·ic:1list,s. "L\.11cl tl1e11 
ctlge l)l'c:1-iC geo111et,1·y c't 1) l)f;ctl'E~cl ()11 t, lie-; S('(~ll(:; of' ('.0 c~li11g t, ll(~()I'Y, '1) i<:~11 e to1111e cle 



se t,1·()ll\'P1· c11s(•111l)lc", ! It· is c:.xt1·c~111{~l:: (liffic·t1lt t () <\x1>lc1i11 t lit' ('(>1111.t·c·t i(lll l_)llt 

lc:it. s t, l'\r. 
,. 

E\,.{·)1·\r(_>Il<' is f'<t.111ilic1.1· \v·itl1 tl1c· f'c1c·t tlti:lt tl1c' 1·,tti<)ll,ll 1111111l)c'1·s <ll'(' cl s11l)-,_. 

fiE3lcl of· t,l1c) 1·<',:"lls. E\:'('1·\1()11<' is f'c1111ilic1.1· \\'it 11 t l1c' c·111·,•t\ ,S' l(ll()\\'11 ,ts t 11(1 1111it 
• • 

c·i1·c·l(•: {,S1 == (.1· • .t/): .,·2 + .l/'2 = l}. ,.l'li<\ J><>i11t (:J/5. -1/5) <>11 .. <:l l1,1s 1·,1ti(>llcll 
c·c.)C>1·cli11c1tE·s l>11t i11 gc'11c•1·c1l tl1<:) C'C)<)1·cli11,1t<·s <)Il ,S' \\'ill !)c~ i1·1·ctt i<)11,1l. \\"c· c-11·c· 
i11t,e1·E·ist,c·cl i11 C'(l<i<·s C)\'E\1· fl.11 c1.l1)lli:·l.l)E1 t 1·~1 (tl1<' fi11it.<' fic\lcl ,vitl1 (f <\l(•111c'11ts). 
Tl1is fic·lcl is cl s11l>fic•lcl c)t· it,s cllgc•l)1·c1ic· c·lc>s111·c, }~ (\\·l1ic·l1 is clll i11fi11it(• fiE:l<l). 
I11 c1.lgE?l)1·c1i<· gE\<)111(_\tr·}· C)llE' st,l1(li(3 S c·l11·\'C's ( cl(•fi11c:<l 11si11g <·c)<J1·cli11.cttc:'s i11 F 1

) ~ 

giv(.'11 l)}' a.11 cllgc,l)l'cti(· (_.\(tllclt,i(.)11 (lik(\ tl1(\ <·i1·c··lE:1 ;51 
cll)()\!( 1 ). ()11(·• <.)i' t.l1e i111-

l) c>r·t, a11 t, l > 1·c) l) 1 e 111s is t.o clE't,E:' 1·111 i11e t· l1c:1 , 1·;:t t. ic·> 11c:l.1 • 1> C)i11 t.s <) 11 S'. I-I t11·<~ 1 1· ~l t. ic) 11ctl 

111e:\a11s t.l1c1,t, tl1e c·oc)1·cli11,:tt,E:s c-1I'E) i11 tl1< 1 sl1l>fi.<:~lcl }~1 . 

\\i .. E~ 110\\! clcsc·1·il)(• tl1e li11l\'. tc) ('()<li11g tll(>()l'\'. l...i{'t ,.51 
l)(l <:tll c:l.l~(1 l)l'c:lic· ('lll'\t(=> 

\,.. ,., \. .. 

()Ve1· I'7 \cVit:11 11 l'clt,i<)llcl.l l)()i11t·s 1~1' P2 . ... ' pi}. C1
()llSi(l(:•1· cl Sllit.,t.l)l_y· c·ltc)S("\11 

sc~t- :F C)f' 1·at,i<.)ll<:tl f'1111c·t·ic)llS clc1fill("(l ()11 ,5'. '1.,lt('> ('(")(l<.1 (
1 is cl<·fi11(:(l <lS t·l1(\ ('(Jl-

1<::'C't ic) 11 () 1· \\,'(_) 1·cls ( ./-' ( J)l ) l .t· ( 1~2 ) ' ..... /' ( J), I ) ) () f' 1 (\ 11gt 11 / / () l) t, cti l l (l(l 1) )r 1 E: t t, i 11g 

.t· 1·1111 t,l11·c)11gl1 F. 11· \\'(:\ l{llC)\\?' (•11c>11gl1 itl:>()llt t 11(\ c·1.11·,·<· S1
, it is })C)Ssil)l{1 t<) 

111al,ce ( i11 t, (~1·es t, i l 1g) cl,SS(~1·t. i ()llS cl, l) () ll t t, 11(::. (.()cl (:0 C1
' i.('. ' cl 1) () ll t it, s 111i11 i 11 l l 1111 cl is

t c.lll('C. lT si11g SC)lllE~ clc\el) 1·c,s 11l ts f'1·c)111 c1,lgc:~ 1>1·,1.ic· g(-:l<)111c\t 1·}·, I\'l .. t\. Tsfrts111,111, 
S.Ci. \Tlaclt1t, clllC:l rr11. Zi11l..;: i11 1982 l)l'()Ve<l t,11(' (\xist,(-"ll('.(' C>f' ('()ClE)S t,llcl.t, C:ll'E' f'c:t1· 

l)ct.t,c1· tl1,111 c111yt l1i11g tl1c1t. \\'c1S l>E~liE:\'E:cl l)C>ssil:>le 1111t.il t,l1c~11. C~leci1·ly et se11-
Sc1tio11c1l clcv·t,lc)1)111c11t .. 1'11is 1·E:'s11lt. l1c.tS lc·cl t,c> c111it,e et lcJt. ot· 1·esE:[11·c·l1 i11 '\\rl1ic·l1 
Tl1c N<.:t,l1c~1·l,111cls l1cts 1·11ctclc sig11ific·c1,11t c·c>11t1·il>l1tio11s. Tl11•c)e c.ii1·ec·t,io11s <~ct11 
l)t~ 111e11tic)11ecl. Fi1·st., st.t1cl)ri11g s1)ec·ic1l c·lc1ssc~s C)f. c·l11·,,t3 S t,c) seE~ if r·ectS<)llcll)ly 

goo cl c·ocl es c·<1,11 1) e f'ot111 cl. S ec~c)11cl, :fi11 cli 11g clec'.C) cli11g ,tlgo1·i t, l1111s, J)1·ef'er·,1.l)l.')-' 
gc)ocl e11<) 11gl1 t,() gc~t, e11gi11cc)r·s i11t.e1·c;st c·cl. (Not, ic·e t. l1c.tt, t,ll('- 1)1'<) lJle:111 l1ftS 1·e

\re1·secl.) R.ec··e11t,ly, t,l1e1·c .. llclS l)E:E'\11 1·>1·c)g1·0ss i11 t,1·c111sl,1t.i11g t,l1c· 1·E~s11lt,s f'1·c)111 

a.lge 1) 1· cl i (~ geo 111 (:" t, l'y' i 11 t, (_) t,( .. l' 111 i11 () 1 ()g)r t, l11:1t, c\.\r() i cls t. l l (' cl (_•(\l) 1·11 et tl1 (:~ llli:-t,t, i c:s l) ll t, 
1.)1·ocl1.1c'.eS 11ec11·ly t,l1e Scllll(:~ 1·cs11lts [2]. 1.,11is is ;111 C'XC'.it,i11g ctl'('.cl. t.l1clt. l1c1,s _j11st, 
l)ee11 01)e11ecl. 

2. CO I:) IN(:; '"I' II J,:o ll Y ,\'I' (; y\7. l 
Rc~sE~c11·c'.ll 011 cc)cli11g t,l1c~c)1·y 21.t ('.\\TI st.::.-1.1·t,ecl i11 1972. Tl1is 111,t1·kc~cl tl1c" l)c'gi11-
11i11g of· t.11(~ st1·011g c·ollctl)<J1·c1t ic)11 \vit,11 t.l1e Disc:1·et,(:. 1\-1Ic1t.l1e111c1tic·s g1·()ll J) at, t,l1c~ 
Ei11cll10\'E'11 lJ 11i \'t;1·si t,)' of· Tec·l111ology ( TlJE, \V 11 i c:11 l1cts lcist.c:c·l). I111J)()1·t:c111t, 

C'.011tr·il)llt.ic)11s 1·1·c)Ill tl1e ec11·ly ye21.1·s c11·{~ SE:\rer·al 1·c,s11lts C)11 l)C)t111cls C)ll c:oclE;S 
cl11<.~ t,o 1\11.l={ .. Best, cl11cl 11\.E. B1·<Jll\\re1·. 111 197:4 (;\VI <>1·gct11ized t.l1c; rt\.c·lv",111c:eci 
St,11cly I11st,itt1te C)11 c·:0111l)i11at,01·ic::s clt, Kijc~111·c_)cie C1ctst,lc:'. It. is st,ill <'.<)11sicle1·ecl 
(.)11(; ()f' t,l1e lllctj()l' (:'\Tt•11t,s i11 t·,l1is c1l~E'cl ()f' t,l1c })~lSt, 25 yr(:',t.1·s! .t\t t,l1c~ 111cet.i11g Pl1. 
Delsc.tr·t,t~ ( i11 vi t,<-:><l s 1> ectker·) J)l"E~SE~11t eel l1is t, l1c101·y of' t, l1e ,1,sso c·i,tt, io11 sc·l1e111Ps 
()f. c:ocli11g t,ll('()l·}r. It, l1,1s l1c1,c:l c:1. \T(.:ll'}r st,1·011g i11fi.11E~11c·c: ()11 t,l1e l'('S(-:1cll'(•l1 clt, 

l)otl1 C~\\!TI ct11c.l rl'UE:. 011e c>f' tl1t· 01)e11 J)l'C)l>le111s 111c:11t,io11c~cl i11 t.l1c: lec·t,111·e C)f 
.J .H. va11 Li11t, 011 1>tj1•f·ec:·t, c::oc~lc~s was sc)l\·c·cl l)j,r 1\1I.R .. Bc,st. i11 l1is Pl1.D. t.l1esis 

119 



J. H. VAN Lll'JT 

( 1982). 111 1975 a co111·se 011 c:oclir1g tl1eor)' \Vcts · l1elll ctt t lie l'vlc1.t.l1f:"111,1ti{'ftl 
Ce11tr·e (C\VI's r1c:1111e l)efore 1983). Tl1is lf~cl tt1 YIC 1 S.yllal)t1s 31 vvl1icl1 \\'as 
tl1e ba.sis f'c)r· cl l·)ook 011 Codir1g Tl1e()1·y [3]. 

3. PH.D. Pf{O.JEC)'I'S (NWO /Sl\:1C) Pf~f{FORf\IED A1' 1.,l_TE 
Orie par·t, of' tl1e Pl1.D. t,l·1esis of H .. J. Tie1·s111c1 ( 1989) wc-1.s c·o11<:e1·11ec:l \Vi t.11 
c·'.odes f'1·0111 algelJr·c1ic geor11et;r·y, 11cl111ely~ tl1c>se l)clsecl c)11 He1·111it.e,111 <·t1r·ves. 
Tl1e 111ai11 1)a1·t of tl1t~ tl1esis cc)r1c·'.e1·11s co11st,1·11c·t,io11s c1.11d lJC)t111cls f'or· C'.<)des 
for cl1c11111els tl1at differ· f'1·0111 t,l1e lJi11a1·y sv111111et1·ic'. c·l1a1111el clesc~ril.)ecl ar)ove. 

<, V 

\Ve do 11ot go ir1t,o details l.)ut, t,l1e iclec:t is t,11at, 11101·e t1l1a1·1 011e user· 11ses tl1e 
char111el ar1cl i11for·r11atio11 goes bot.11 \\TaJ'S, or it is adclE~cl, etc·. 

G.J.M. var1 Wee (Pl1.D. thesis 1991) also cleclicc1t.ecl s0111e of l1is t.i111e t.o 
algelJrc:1.ic geo1r1et,r·)' c.·ocles. Tl1e c1t1est,ior1 tl1at is a11svverecl is 'vvrl1ic.·}1 lir1ec1,1· 
c:odes ar"e algebr·a.ic:-geomet.ric'?' (joi11t ,vor·k ,vit,}1 R. Pellikc:1a11 a11c,l B.Z. 
She11). It tt11·11s Ollt tl1ctt, i11 tl1e C'.lass c)f' c:odes k11ov.,rr1 a.s Ha111111i11g c~odes 
011ly t.l1ose witl1 ctti 111ost, t.wo reclt111(·la11t sy111bols C'.clll l)e c:011st.1·t1c'.t.eci witl1 a11 
alge l)r·ai(~ c~ur·ve, wi tl1 t,l1e exc'.eJ)t.io11 of c)ur· exa111 I)le of· fig111·e 1. 

Tl1e r11ai11 par·t of tl1e t.l1esis c:011c~e1·11s c:over·i1·1g c:odes. 011t~ result deser·ves 
special r11entior1. It is t111 ele111e11tar·y but i11ge11ious c~o1111t.i11g a1·g11111e11t tl1c1t, 
produces a lower· bou11d 011 tl1e 11ur11be1· of' ,vorcls i11 a cocle of give11 le11gt,}·1 
and covering radit1s. It is 110w k11owr1 as tl·re Va11 Wee l~>o1.111cl. Fo1· tl1is Pl1.D. 
t,hesis Dr. va11 Wee wc1s awarded tl1e 1)restigio11s 'Dissertatior1spreis' of' tl1e 

•• 

Gesellscl1aft fiir l\1Ic1.tl1e111atik, Okor10111ie u11d Operatio11s Resear·ch i11 1992. 
I11 tl1e 1neanti111e tl1e c1.lgebraic-geo11·1et1ry cocle resea1·cl1 g1~ot1p at the TUE, 

supervised by R. Pellikaa11, l1c:id obtai11ecl ir1te1·11at.ior1,1l 1·ec:og11it.i()I1. Tl1is led 
to sever·al visits fro111 researchers fro111 ab1·oad. A11 ir11po1·ta11t f'11rthe1· step 
ir1 this pr·ocess was the Pl1.D. t,l1esis l)y I.J\1. D11ursr11a ( 199~3) c)11 Dec·odir1g 
Codes frorn Algebr·aic Cur·ves. I'vfathe111at.ic~c1lly s1)eakir1g, tl1e 1Jroble111 is 
solved but for· prac'.tic:al use it, is esse11tial t,h,1,t, far· 11101·e e:ffic'.ier1t 111etl1ocls are 
four1d. This resear·cl1 ( oft,e11 j oir1tly dor1e wi t.11 ,risi t.01·s) l1as led to s11fficier1t 

120 ir1sigl1t ir1 these c:odes t.o be al)le to desc:r·ibt~ t.l1e111 i1·1 a 11101·e ele111er1tary 
way, thus 01)e11i11g the door· to pr·c1ctic:al 11se. Tl1e dec:odi11g 111etl1ods also 
led to 11ew dec:odir1g t,ech11ic1ues for· cyclic'. codes. Tl1is ext1·er11ely Sl1c:cessful 
SJ\1C-projec'.t, led t,o 12 public'.atio11s arid 25 lec·t.trres abroad by Dr. Dl1u1·s111c1! 

In 1994 two SJ\1C-projects 1·esultecl i11 a Pl1.D. tl1esis. Fer1g-Wer1 Su11 
const1·t1c:ted dec'.oding tec'.l111iques ar1cl cl r11odt1latio11 S<~l1e111e for ba11cl-li111it,ed 
co111111t111icatio11s. Tl1e c:l1a1111els co11c:e1·11ed cliffe1· C'.011siclercl.l)ly f'ro111 tl1ose 

•·· 

al)ove. Eitl1er tl1e sig11al is C'.011t1i11uo11s and r1oise is Gc1t1ssia11 11oise ct11d not/ 
discrete, 01· t,l1e e1·ro1·s ar·e 11ot clisc:1·ete 1)t1t, ,-.veigl1t1ecl i11 s0111e ,vc:1.y. Despite 
this differe11t. appr·oac:11 to sig11allir1g tl1er·e is str·o11g i11t,er·play with t.1·aditional 
codi11g t,l1eo1~y i11 t.lre tl1esis. 

R. St1·11ik extenclecl t,l1e wo1·k of' Va11 vVee 011 c:over·i11g c:ocles~ I11 fact, 
he gc1ve ,111 i111p1·ove111e11t of tl1e Vc:1n \Vee bo1.11·1cl. Tl1is lecl to sever·al new 



1·ecor·ds. Fur·tl1e1·11101·e t,l1e tl1esis a11alyses t.l1e C'.()ClE\s wi t.11 c·ovt•1·i11g r·,icli 11s 2 
or 3 a11d preser1ts SE~veral 11ew co11st.r·11c'.t,io11s f c>r· c:c)ve1·i11g C'.C)<l{~S. 

Botl1 f'or· t,l1e arE~c:1 of C'.ove1·i11g c·odes a11cl ft)r t·cJcles t·1·c)1r1 algel)1·c1ic'. geo
r11et,r·y it, is clecir tl1at tl1e r·esults 111e11tio11ecl cll)()\re }rave 111acle it l)Ossi l)lc t,o 
for·r11ulc1te 111c1.r1y 11ew i11t.er·est.ir1g pr·ojec:ts. It is t.l1e1·ef'o1·e c1uit.e clesir·,il.)l{} tl1c:1t, 
this sec1uence of Sl\11 C-1)1·0,jec~ts is co11ti1·111(1 c:l i11 t,l1e f'11t t11·e. 
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