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1. lN'l-,ltODlTC;rfION 

Syste111s t.l1c,or•)r is t,l1e stt1cly of' 111at.l1e111atic·r1.l 1)r·c·>I)E~1·t.ics <)f cly11a111ic:c1l sys
te111s t111cler t.l1e i11flue11c:e of exte1·11ctl i111)t1ts of· twc) clisti11<·'.t. t,ypes; 011e wl1ic'.l1 
c:a1111ot, rJe i11flt1e11c:ecl ( tl1e clistu1·l)c111c'.e ir11)l1t,) ,111cl c)11e wl1ic~l1 is to l)e cl1ose11 
so c:lS to i11flt1e1·1c:e t.l1e syst,er11 i11 sc)111e clesi1·ed 111c11111f3r ( tl1e C'.011t,1·c)l i111Jl1t). 
U st1c:1lly, tl1e per·for·r11ct11c'.e <) l) jec'.t,ivc is ex1J1·essecl i11 t,e1·111s of· tl1e IJr·operty of 
a11 out.pt1t, ( tl1e to-bE~-C'.011t.rollecl Ol.1t,J:)11t) c111cl aclclit.io11~ll i11fo1·1·11a.tio11 is avc1,il
able i11 ter111s of' a11ot,l1er· Ol1t,J)11t, ( t.l1e o 1)ser·vat.io11). I11 fig11r·e 1, vve ill 11st.1·ate 
scl1e111cttic·c1,lly tl1e ge11e1·al sit.11at.ior1 of cl dy11a111ical syste111 I: whic'.ll we ai111 
to i11flue11c:e l)y a11ot,l1e1· cly11c1111ic:al syst,e111 :E<. c~c1lled t.l1e c:011t,1·oller·. The cly- 105 
11a111icc1.l syst.e111 ;, de11ot,es tl1e l)l1ysic~c1l syst.e111 we wisl1 t,o i11fl ue11c'.e c111d t,l1e 
cly11a111ic:al syst,e111 Y:c· <1(~11ot,es t.l1e C".011t1·oller we seek t.o desig11 to ac~l1ieve 
our· o bjec:t,ivc~s. N C)t,ic·e tl1at co1·1sicle1·ecl c:1S a dy11a111icc1,l Sy'st.er11, Ee'. l1as cts its 
i11pt1t, tl1e obser·vcltio11, c111cl, as its ot1tJ)t1t., t.l1e i111Jl.1t, to E. A typic:a.l co11tr·ol 
f)fC)ble111 is t,c) ass11111e t.l1c1t. 011e ha.s a 111c1t,l1er11atic~ctl clt~sc·rirJt.io11 of tl1e syst.e111 
E, toget,l1e1· wit,11 l1<..1w tl1e ir1p11t,s c111cl ot1t1)t1t,s i11t.e1·ac'.t ,vitl1 it,, c1.11cl to ask 
l1c)w to desig11 cl <::c)11t,r·olle1· '>~(~ (i11 t,er·111s of· cl. 111c1t.l1e111ati<.:1:1l clesc1·ipt,io11) so 
c1.S t,o clC'.l1ieve c:er·t,c1i11 desirecl J)e1·for·111c11·1c·e o lJ_j ec'.t,i ves t111cle1· tjl1e i11fl t1e11c:e of 
t.l1e i11pt1ts. It. is i1111J<)1·t,ctr1t, t.o 11ot.e t.l1c1.t, eve1·)rtl1i11g cle1)e11ds 011 ti111e, c1..ncl 
i11 111t1t.l1e111,1t,ic:{1.l syste111s t,l1eor·y, l)ot.l1 tl1E) syst,e111 :E ct11cl t,l1e c·o11t,1·olle1· :E<. 
ar~e clesc:1·ir)t~cl i11 t,E~1·111s c)f ti111e-cle1)e11cl<::11t. ec1t1,1t.io11s. Ir1 111ost ctI)J)lic:c1tio11s, 
t.l1e S)'St.er11 is 111oclellecl eit,l1e1· lJy a syst,t:'Ill of C'OllIJlecl C)1·cli11ci1·y cliffer·e11tial 
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Figure 1. System and controller in closed-loop. 

equat,io11s ( or· diffe1·e1·1c'.e eql1at,ior1s) wl1ose sol11t,ic)11s ciei)e11cl c)11 t.l1e i111)t1ts. 
Tl1e 011t,J)Ut.s ar·e 111oclelled as c··c)111l)i11at,i()11s of· t,l1e solt1tio11s of tl1e 01·cli11a1~y 
difl'e1·e11tial ec111atio11s ( 01· diff'e1·e11c·e equatio11s). T)Tl)ic_:a.l 1)1·c)l)le1r1s posecl a1·e 
to desig11 a co11t,1·olle1· I::<. as i11 figt11·e 1, so t,l1at tl1e r·esulti11g c·losed-1001) sys
te111 l1as s0111e desir·ed l)el1a.vio111·; f'c)r· exc1111ple, so tl1at tl1e to-1)e-c:011t1·olled 
output. z t.r·ac:ks a give11 t.1·c1jec:to1·y i11 tl1e p1·ese11ce c)f. u1·1k11ow11 distur·l)anc:es 

106 d. Tl1e c~o11t,1·c)lle1· J)r·od uc~es tl1e i11 put 'U, t,o t,l1e syst,e111 011 t.l1e l)asis of tl·1e 
obser·vat,io11 y. Ar1 apJ.)lic<1t,i()11 of st1c:l1 cl result, \vo11ld l)e to devise a str·at
egy t,o keep a s;:1,t,ellite i11 ::1, J)1·esc1·ilJed or·bit i11 tl1e r)1·ese11c:e of at111os1)l1e1·ic· 
<list 1.1r ha11c:es. 

Tl1e1·e i1,re 111a.11y ot.l1e1· IJr·c>ble111s \vl1icl1 l1ave l)ee11 posecl a11cl solvecl a11d 
re-solvecl i11 t.l1e lite1·atu1·e. l'vfo1·eove1·, or1e c:a,11 l)()Se tl1e sar11e J)r·o l)le1r1 for 
a diffe1·e11t C'.lass of 111atl1e111c1tical clesc:1·i ptio11s of· t.l1e systt~111. Not, ,tll sys
t,e111s c:ar1 be adec1uatel)' desc:r·il)ecl l)y li11ea1· diff'er·e11t,ial or· diffe1·e11c·E~ equa
tio11s; 11,1c111y exl1il)it, 11011li11ear, l1yst,eresis or· dist,1·il)utecl JJro1)e1·t.ies. Below 
we clisc11ss two pa1·tic:ula1· t,ypes of' c:011t,r·ol 1)1·ol)le111s f'or a J)ar·tic11lc11· c:lc1ss of· 
syste111s, i11fi11ite-di1r1(~11sio11al lir1ea1· syst,e111s. 
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Cor1t·1·et,e exc·t1111Jl<:)s <t1·e syst,E)111s <lesc·'.1·il)<lcl l).r' li11(',11· J)c.11·t.icll <liff.<:.1•c~11t,i<-1.l ec1l1a.
tio11s (PDE's) <)1· lJy clf~l::-1.y ec1uat.io11s~ t.l1E\ sc)lt1tic)11s c)f. \\rl1ic:l1 cleJ)E~11cl li11c(11·ly 
<)11 t.l1e i11 IJll t,s. T l1c~s<:. ar·ist·, f"c)1· exc:1111 J) lcl. i11 111c)cl E" lli 11g t lie f'<:·c~cl l>cl.c~k <'.<>11t.1·<)l 
of· la1·ge flexi 1Jl<~ SJ)ac·e str·11c·t 111·es, c:11<}111 ic· <ll 1)1·oc·esses "'ri t. 11 (1 c\l,l.)'<'cl c:011 t r·c) 1 
ctct;io11 ct11c·l 11c)ise s111)l)I'E\ssic.>11 of E~11gi11<"s i11 111<)<i<:~1·11 ,1i1·c·1·a.f·t.. Tl1e c)11t,1)11t,s 
will be li11c~a1· f't111c·tio11c1ls c)f tl1e sol11t.ic)11s t.c) t.l1c~ !)c11·t.icl,l clitt·E~r·e11t.ictl C)l' clc\lcl.)' 
eqt1at.io11. rrl1is ex1)lai11s t1ll{~ 111oclifie1· "litl()cll'' clll(l t lit~ 'i11fi11i t.e-cli111e11si()ll<:ll ~ 
ar·ises fr·o111 t,l1e fac:t, t,l1at t,l1e 111at,l1l~111a.t.ic·:al clesc'.1·i1Jt,ic)11 is witl1 1·c~s1)ec·t. t.c) 
a Hil l)er·t, SJ)ac:<:~, a11 i11fi11i t,c-cli111e11sio11c1l \'C<'.t.01· s1Jac·e i11 ,\r l1ic~l1 t.l1e vect.c)1· 
1·eprese11ts tl1t~ stat.e of· tl1e syst.e111. Of't,e11, t.l1e t,e1·111 clist.r·ibut.eci l)c11·c1111e
t.er syste111s is used i11st.<::acl, espec:ic1.lly• i11 t,l1e c:11gi11ee1·i11g li t.e1·c1t,11re. 111 t,l1e 
ear·ly sixties tl1c1·e a,l)l·)ear·ecl SE::ver·al l)clJ)<:~1·s 011 syst,e111 t,l1eo1•c'.\t,ic: 1)1·01)er·ties, 
SllCll a.s c·o11t.r·ollctl)ilit,y c'tllCl ol)ser·vrcll)ilit,}r, c111Cl 011 S()ll1C t,i111e-()l)t,i111cll ('.(_)llt,1·01 
p1·ol)le111s. Hovvever, t,wc) se111i11,1l lJooks \\rl1ic~l1 l1c1cl cl sr)ec·ial i1111)ac··t, C)Il tl1E-; 
field a1·e [1] l)y A. c;. B11t,k<)\rskiy a11cl [2] l)y .J. I.J. I..Ji()llS. Bot,11 c·o11sicle1·c~d 
ve1·sio11s c)f' t.l1e c:lc1.ssic: 01)t.i111c1.l c·c)11t,1·c)l IJ1·ol)le111s f'or· syst.e111s (iesc~1·il)ecl l)y 
linea1· IJa1·t,ic1l diffe1·t)11t,ial et111c1t,io11s, a11(l ol)t,ai11E\c:l 11ic·e ge1·1e1·alizat.io11s of· t.l1e 
k11ow11 sol11t,io11s fc)r· 01·di11a1·y cliffe1·e11tic1.l E'Qllc1tio11s. 111 fac:t,, tl1is li11ec11· or)ti-
111al co11trol IJ1·oble111 (io111i11atecl t.l1e lit,e1·at.1.11·e fo1· two dec:ac,les. 011e 1·ec1so11 
for this is tl1at ir1t,1·oduci11g c:011t,1·ol 011 t,l1e bo1111cla1·y 01· clt:layed co11t.1·ol ac:
t,io11 1·es11lt.s i11 a co11,11)lic:c1t.ecl 111a.t.l1e111c1t,ic:al clesc1·i1)t.io11 tl1at, 1)r·ese11t.ed a11 
inte1·esti11g c·l1alle11ge to PDE ex1)e1·ts. Tl1e 111oti vat,io11 of' t,l1e tvvo resear·c'.ll 
p1·ojec:ts des(::r·il)ed below wc1s tc) get, away f'1·0111 t.l1is over·st1.1tlieci p1·ol)le111 
a11d to i11vestigate diffe1·e11t, syste111 tl1ec)1·etic J)r·o l)le111s w l1ic'.}1 l1c1cl ;:1l1·ec1dy 
had c:011sicle1·able st1cc:ess i11 t,l1c~ fi11ite-cli111e11sio11al lit.er·;:1t,t11·(~, tl1at is, fo1· 
syste111s desc'.1·ibed lJy c)1·di11ary diffe1•t)11t.ictl ec1l1atio11s. Tl1e first J)1·ojec:t, wa,s 
011 Georn,etr·ic th.eo·r·:y a11d 1·es1.1lted i11 tl1e J)lll)lic:c1tio11 [3]; tl1e sec:011cl was 
011 Hoc,-Opt·irr1)al coritr--ol th.eo·,,:y a11cl rest1lt,ed i11 t.l1e fJt1blic·:atic)11 (4]. It} is 
i11te1·esti11g to co1111)are tl1ese topic:s i11 011e ar·tic'.le, bec:<tl1se, wl1ile l)otl1 ex-
ist as elega11t, co111plet.e 111t1t.l1e111atic'.c1l t,l1eo1·ies for· fi11ite-cli111e11sio11al li11ea.1· 107 
syst.er11s, 011ly or1e ge11e1·alizes to a usef'11l tl1eo1·y fo1· i11fi11it,t~-cli111e11sio11al sys-
te111s. Fo1·tt111ately, l)otl1 ar·e i11te1·est,i11g 111c1t.l1e111at,ic:c:1l st.r·uc:tl11·es a11d l)ot.11 
have ir1c_:r·ec1se(i our· u11cler·st,a11di11g of t.l1e 110w est,al)lisl1ecl fic~lcl of Infi·nite
dirriensional liriea'r ,'3:ZJstems tlteor·:lJ. 

3. G EOME1:'R.IC TI-Ir~OR.Y 

A C.'.lc1ssic 1)1·ol)le1-r1 i11 tl1is ar·ec:1 is t.l1e follov'1'i11g dist.l11·lJ;:111c:E: clec:0111.)li11g IJ1·c)l)
le111: for tl1e systf:111 I: i11 figur·e 1 c:011str·l1ct cl co11t.1·olle1· I:(. suc'.11 tl1at, t,l1e 
ir11)ut, u (ciepe11di11g on tl1e ol)ser·vat,io11 JJ) 1)1·ocll1C'.es a11 C)t1t1)11t. z vvl1ic:l1 is 
incle1Jer1de11t of· t.l1e dist.111·l)c111c:e i111)ut. rl. 

If' we c:ar1 acl1ievc~ suc~l1 a distt11·l)c111c:e clec:ot1pli11g, it, c:lec11·ly 11,ts t1sef·l1l a1)
plicatior1s, for· exa111ple., i11 tl1e proc:ess i11d11st;r·y. Tl1i11l<: of· ~ c1S ,1 111odel of' 



108 

R. F. C LJRTAl~,j 

cl clis t, i llcl t, i (J 11 (·o 1 l 111111, lL fts t. l1E\ fl ()\,7- l'cl t,fl <) f' t l 1 c\ 1ic111i cl st. l'E' ,t111 i 11 I) 11 t., (l ct.s 
t, l1c\ fl 11 c·t, llcl t, i C) 11s i11 t. l1e ('O 111 l)OS it. i <> 11 C) f' t. l 1(\ f'(\C< ls t 1·c•r1.111. ,l/ clS t l 1 c~ <) l)SC:'1-v<~c·l 
cliff·<~r·c,r1c:E.., ir1 tl1E:' t~()lllJ)Osit1ic)11 of· tl1t:\ l)l'C_)cl11t·t.s ct.11cl .:: ,1.s tll<' clitt·c·1·E"ll(-·c i11 t.l1e 
('Olll{)()Sit,io11 of' t,11(> lllcli11 Pl'()(l11c·t .. If' \\r() ('()lllcl ('()llSt1·11c·t cl, ('()lltl'()ll('l' >~(' to 
l)I'c)cl11c~e cl t.i111c~-c-l(..,J)e11clt\11t. i111)11t. 11 sc> t.l1ctt. z l)<'<·c)lll('S i11cl<1 pE·11clc'11t c)f. t.l1c· fi11<·
t11c1t.io11s i11 t.l1E) c·c)111 l)osi t,io11 C)f t l1c\ t·c~,c~clst.1·c,ct111, t·.11 is W(>11lc·l l)c• ctll E-'xt.1·c·111e l}r 
11sef·11l clevic·e. C~ler11·l)'~ it, is t.C)O 11111c·l1 t(> ()Xl)e<·t. t.llclt 011(" c·ct11 cll\\rctys c1c·l1it::vre 
clist111·lJa11c'.E) cle(·c)111)li11g. Sc) t.l1e 111ctt.l1c'lllctt1ic·<tl l)l'C)l)le111 is tc:) i11\T(~st·,igc1,t.e::-. t111-
cler· v.rl1ic·l1 c·o11clit.io11s t,l1is is ctc:l1iE-)Vctl)lc·. Fc)1· li11E-•c1.1· fi11it.t-1-cli111<~11si(Jllc:1.l syst.e111s 

• 

tl1e1·e is a ve1·y elega11t. 11ec:essc1.r·y c111cl st1ffic'.ie11t, r1lgel)1·c1.ic·-geo111et1·ic.· c·o11clit.io11 
f'or· clist,111·l)c111c:e clec:c)111Jli11g i11 tt~1·111s C)f' tl1t~ syst.e111 01)e1·c1.t,c>1·s ( A, B, E, C, D) 
a.1·1cl a c:e1·t,ai11 (A, B)-i11vct1·ic111t, s11l)SI)clC'.e, V(A, B). 

G·i11eri il. x ;1. arid 1, x r11, 1,i<1,tr··icl!.s .. 4 ll1l.d J3, 'lLJf'. .'3<1.;t/ tl1.c1.t r1, s·ztb.spac;e V of' IR.11 

1:.s (.4, B) ·i·r1:1,r1:1·ill'lif ·if' .AV(A, B) C V(A, B) + 1111B, tL1lie·1·e l11lB == {:i: E IR.11 
: 

;1~ == fl 'lJ, , l[, E lR.' 1 } • 

Niorc~over·, ( .. 4, B)-i11vct1·ia.11c·(• <·c111 1)<:• 1·e,1clil_yr t E·st.E·cl c111ci cl <-·<)11t.1·<)ll(>.1· clC~l1iev
i11g t,l1e ciE~c'.0111)li11g c·c1.11 be C'.01·1st.1·11ctecl. It is c1lsc) r)ossil)lE~ tc) clesig11 c:011-
t.r·oller·s ,vit)l1 aclllitic.)Ilcll J)fC)l)er·ties, suc~l1 as tl1<::' st)ctl)ilit,),,. of· t.l1e c~losecl-1001) 
syste111. A11 ,1.cldit,ior1c1l plt·,1si11g as1)e('.t. of tl1is geo111(~t.1·ic: t;l1eo1·y fc)r· fi11itE'.)
di111e11sior1c1l syste111s is tl1c1t. t.l1e 111c1t.l1e111at,ic:c1l a11cl syst.e111 t,l1ec)1·et.ic'. c:011ce1)t,s 
ctlso t,t11·11 llJ) i11 C'.OlllJ)let.ely cliff'e1·er1t c·or1t.1·ol 1)1·oble111s, i.e., t.l1ey l1c1vc~ c:lll i11-
tri1·1sic: syst,e111 tl1eor·et.ic: sig11ific·a11c:E'.). \tVl1ile tl1e ec11·ly wor·l< c>r1 gec)11·1et,1~ic'. 
t.l1E~o1·y Wets do11e i11 C~c1.11acla ,1.11cl It,c1ly·, so111c i11t.E:'\resti11g l,tt.e1· clevt'l<)J)111e11ts 
l1ad t,c1ke11 !)lace i11 Tl1e Net,l1er·lc::111cls, £t11cl so it \Vc:lS 11c1t.111·c1l t.o c1sk vvl1E~t.l1er· 
a11y c)f t.hE:se J)1·oble111s c1lsc) l1c1ve sol11t,ic)11s fc)r~ i11fi11itc'\-cli111t:\11sio11c::1l syste111s. 
At, t,he ti111~~, tl·1e1·e \VclS litt.le 011 t.l1is i11 t.l1e lit.erc1t.11r·c:, l)llt, it, \Vets c·lc~c11~ tl1at, 
ctll t.l1e alge l)r·aic p1·01)er·t,ies \Vo11lcl c'.ar·r·y <)VE::1·. However·, t,l1e1·e l1c1cl l)ee11 
s0111e c-.01111tc~1·-exc1111ples i11 t,l1e lit.c~rat,l11·e wl1ic'.l1 i11cli<-:c1t,ed tl1c1t tl1e1·e \\1011lcl 
be pr·oble111s wit.11 t.l1e tor)ologic:a.l a.SJ)ec·t,s. Tl1is 1)1·ovecl i11cleecl to l·)e tl1e c-.c1se: 
tl1e l)ctsic'. c::<1.tcl1 \Vets t,l1c1t. w l1ilc~ tl1e ( A, B )-i11vc11·ic111t s11 bspc1c:e V <l.l Wcly'"S ex
ists, it, is 11otJ al,vctys c:losecl, ancl tl1c~ clist111~l)a11c·E: cle<:0111)lir1g pr·ol)le111 is or1ly 
solv,1l)le if V is c-.losccl (i11 t.l1c1t c:c1se t1l1e ,vl1c)lt~ fi11it.e-cli111e11sior1ct.l tl1eo1·y (~a11 
be ge11er·,1.lizecl). Irr S{)ite of t.lre lc1,c·k of' cl, 11ic:c~ ge11e1·c1lizi1tio11, [3] c:0111prises a 
det,ailecl clllctlj'Sis of tl1e 1)rol)le111, a.11 ex1Jla,11c1t1io11 of' t.l1e lc1c:k c)f' cl solt1t.io11 t111cl 
severftl exc11111)les wl1icl1 give i11sigl1ti i11t,c) t,l1e C'.OillJJlex sit.11c1tic)11 f'or· sc)111e t,yJ)
ic'.cll PDE c111cl clelc1y ec1t1:-:1tio11s. To t,l1is clay t.l1is is tl1e 1110s t c:0111 l)lete ac:c:ou11t 
of geo111et,ric c:011t,rol i11 i11fi11it,e cli111e11sio11s. It see111s likel)' tl1c1,t or1e c:ot1lcl 
ol)t,ai11 cl 11101·e elega11t, t.l1eo1·y by 1·elc1xi11g tl1t' 1·ec111ir·t~111e11t tl1c1t, tjl1e ot1t,1)ut 
z is <:01111)let.ely clec'.Ollplecl t·1·0111 t,l1e clist,t11·1)clllC'.e t.o t.l1e 1·€~c111ir·t~111e11t tl1at it, 
l) e cil rrio st li ec'.01.tp l eel. T l1is, l1()\veve1·, 1·e111ai 11s a11 i11 t.er·est.i 11g C'.O 11j ect, trr·e, c:1.11 cl 
a topic: for· f11t.t1r·e 1·esec11·c:l1. 
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Figure 2. JI x -C(Jntrol tf1eorv 1s c:urrer1tly applied to redtJCE~ noise irl ~l1rcrat·t engir1es. 
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II x -I)j>ti111,;il <'<>11t1·()l 11r·i)l>lt·t1J:--. \·\·t•t·(• t·<11·11111l;1tt•<i f't,1· fi11itt'-<lir11•·11~i<,tt;1l :-,;.\'S

tlf•tias i11 tilt' l!~~t,·s <tll4i s11,·l2 l)t·t,lil('ltl~ <"()ltti1111t• t<) ,ttt1·.;a<·t ("t)t1si(lt•1·<tt;l(• i11-

tt·r·t1st t(> tl1is <l;-t.\". ·1·11(• tt•1·1r1 II, i1t·•;si• l1t'('tt11s, 1 tilt' 1t1.1tl1t't11,tti<·~,11,r·,,t,lt'tlt 
itt\'tll\'t'<i is t lit' 111i11i111i.l'..tti<111 (,t· tltt' tltl1·111 t,t· ,1 ('t 1 r·t,1i11 (i}it 1 t·;1t,»t· i11 tltt' l{,11·(l.\· 

s1>,1t't' }{ x. :\ l'<'("t'tlt ,t1,11li<·<tt it,ll ti1. t lii:-,, t l1t'i )l._\· i:--; t ( > <it•\·ist' ,tl1 ,tt·t i\'t' ('()Jl

t r·()i 111t•(·l1illtis111 t<} 1·t,,il1<·,, tit<' 11,,ist' lt 1 \·«,l 1·r·t·•ilft•il 11.\· ,i !ii'\\' <·1<1.ss <1f· f><1\\'t•t·f'11l 

t·11gi11t.'S f't1r· ~,i1·<·1·;tf't {:--it't.' l7] <ill<l itl:-,() fig111·t· :2) .• ·\11 i<lt',1li.1i•tl \'t•t·si<,tl 1)f. tliis 
i~ tltt' s(•-t·;:illt·<l ,J,;.,f111·fJ,11;,·, ,1fft 1111,111,111 J,11·1,lilt 111: t(, <lt•sip111 ;\ 1·t•<·til;i1t·k t'<)ll

tr·<llll·r· ~' t·<>r· ;1 ~.\·stt•111 ~~~ ,is i11 figl11·t• l s<, tl,,tt tilt' «·l1tst'(i-l<}<)J) s.,·~tt'Ill is 

st;tl>ltb :,11<! tlit' i11fl11t•11i·~· <it' tllt' <list11r·l>;i11<·«· rl <)11 tltt' (111t1>tlt : is 111i11irr1i1,(•tl. 

·1~·11i~ <',tll i>t' St't'Il ;1s ti \l,'f'<tk,•11t•<l ,·t•1·si<,11 t>f t l1t· (list t11·l ,;111t·t• <lt 1<'t1ttJ>li11g 1>1·t;l,
lt•111. 111,lt•t'u.i. t l1is l>I'()l.>lt•111 }1;1:-,; ;1 S<,i11t it111 1111<l« 1 t· 1·(1i1·l_\· 111il(l l'<}ll<lit i<)llS :11n<l 

tl1~• <'<lllt1·il)11ti<)ll ,,f· tilt' 1·<•st•«tt·<·l1 iti 11] \\';ls t<, f 1 Xtt•11<l tlt(' t•xisti11g til<'<)l'.\' 

ftJl" fi11itf•-tii111t'll;..;it1Ji,tl S\'S!('lll~ (t•~t,il>li:-;i1t'(1 itl tlit' l'11it<•tl St,ltt'S i:l.lltl tltt' 
' . 

l;11it,,,l I..:111µ,«l< ➔ Iti} tt, (l t·l(:t:--s < ► f' i11fi11itt•-•litltt'It~i<111;1l litl(';•tt· s>·st,·tll~. l.'r1lik<· 
tilt' {iist111·l),1-\ll('t• <lc•<·(>lli>li11g 1,r·t1l»lt'lll, tl1t· ,ii:"ltt11·i,;111c.·t' i:&ttt'lllt,1tit~11 i>l't)l>lt'lll 

lt,:ts ,t t'<)t111>lt'tt' gt·11«·1·itliz,ttit.11i tf, i11ti11itt' <li1t1t•tt~it>11:--;. Si11(·1• tl1<' s<•l11tit•11 i11-

\'<>l\'t."'s ,tlg<'f)t·,tit· <,llt't·,tt<>r· Ili<·,·itti t'<ftl(lt i()lts si111il,t1· tc.i t ll<>S<' (•t·t·t1r·1·i11g i11 tlit' 

<i11,t<i1·,tt i<· <"<•11t 1·(,l 1;1·<)lPlt,111 i11 [ 1], t l1i:-- \\',&.s ll< ► t ~tltt)gt•t l1(•1· st11·1>1·izi11g. \\.11,lt 
\\',ls s11r·1>1·i1.i11g. \\'il.~ t lit• t i111t' it t()(>k t)t'l<•r·i· t lit• i11fi11it t•-<li111,'11si<)l1,,l <·,t~t· \\'(ls 

s(,l\'(1 <.l. 'I'l1t' ('l,l,s:-- <>f. II x -<·c ,11t r·l>l 1>1·<)l>lt•1t1s t·(>\'t'l'(•<i l)>' t iii:-- t ll('<)t'.\' is i11 f';l('t 

\\'"i<it•1· t lltlll tttt" <list t1r·l,,i11<·t• i:,tt~·1111l1t i,i11 11r·<>l)le:•111 111t•11t i( ,11t•<i :1li()\'t'. 
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Figure 3. Weighted-mixed-sensitivity design. 

U si11g c:lever· (:1.,lge l)r·aic· 111a11i p1.1lctt,io11s, ot,l1er· pr·o 1Jle111s C'.a11 l)t~ f 01·111111<1,tecl 
j11st as i11 fig11re 1, exc·ept tl1at tl1e syste111 ~ is 110w c111 a1Jst.rac'.t syste111 
c:011tai11i11g tl1e pl1:rrsic'.al syst,e111 a11cl vario11s weigl1ti11g t,1·a11sfer 1·11c1.t1·ic:es, de
pe11di11g 011 tl1e pa1·tic11lct1· c:011t1·ol 1)1·ol)le111 co11sicle1·ecl. Exa111ples of J)1·olJ
len1s which ca11 lJe fo1·111ulatecl ir1 t.l1is abstrac:t \V<:ty ir1c:lude clesig11ir1g robust 
c:or1trollers, (i.e., cor1tr·ollers w l1icl1 stJabilize cl ,v hole fa111ily of' syste111s) arid 
controllers whicl1 k1lso allovv' for I)erfor·rr1ance olJjectives suc:11 as 1·educecl se11-
sit.ivit,y to disturba11(:es i11 cl giv'e1·1 f1·ec111e1·1c.'.y lJc111cl. 011e s11c:l1 pop11lar c:011-

tr·oller clesig11 is c.,alled t,lie 'Weighted-rr1,ixed-serz,s·it'i'uii;lJ clesig11 (see [ 6]). The 
ai111 is to desig11 a c:011t1·olle1· suc'.}1 t,l1c1t i11 t.l1e c:or1fig111·at,io11 of' fig111·e 3 i11fl 11-

e11c.:e of t,l1e clist u1· bc111c:e signal 1.L.1 on tl1e Oll t p11 t 

is 111i11ir11ized. Tl1e weigl1ti11g t,1·a11sfer r1·1at1·ic:es i-i11, iv,.2 ancl V ar·e desig11ed 
to e11ha11ce tl1e perfo1·111ance witlr 1·espec~t to 1·ol)ustness a11d ot,l1e1· c:l1ar·ac
te1·istics of t.l1e 011tp11t. This C'.a11 l)e 1·efor111t1lated ,1s a star1dar·cl pr·oble111 as 
i11 figure 1 with as r1ew exte11cleci syst,e111 ~('. witl1 tra11sfer 111c1t,r·ix 

iv1VlvV1G 
0 I W2 

-VI G 

G is tl1e tra11sfer 111at.rix of tl1e origi11ctl syste111 Z::. Tl1is is tl1e co111pelli11g 
featur·e of' tl1e H,'.X)-fo1·111ulc1tio11; it, cover·s r11a11y proble1ns si111ult,ar1eously. 
After· the pl1blication of [4], or rc1tl1e1· at tire t.i1r1e of pre1)rir1ts of ec1,1·lie1· 1·e
sults, t,l1e H 00 -c:011t.1·ol pro ble111 c1tt1·actecl c:or1siclerc1.ble int,er·est ir1 t,he United 
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St~ltE;S, f·'t'Jlil("{' Jiti<I l{a11ia:i1aiil, tilt' ;,arr; f};f'lllj!, t,, )!ll'iit'l~lli,lf' tflt' t}tt"(!I'\ ftt ,tli 
' f J ' 

f'\·,·11 \\·i,lt•r· r·lits:"I ,1f' s\sff'lt~s. 'I'tai:,,, ,,, !iit'\('«l ="''*tllt' ~ii,-,,,,~:-- ~ili(i lt'"-t',;11,·li 111 
' 

t l 1 i s ~ t r· i 'J t is ( . { ~ t I t i l l l l i l • ~ t «. J H ( ) t l r· is t t . r I' l l t ' 1 I~ I\\' l I ~ ! ~ I f ' i ~ t l l ; t t t i at \ ,, ~ * I 1 I l t i ~ ; t i ~ ' 'tc t t ' 

t i1t'(ir·t•i i<·,tl i11 ia,,1 Itr·t': t ltt' ('ll'.)!lt r·1)ll1•rs ,t.r't• i11f1t1itt•• .. ,lit11t'r1.,1,,11,ai ,111<i 11t•t i(',1(lil\· 
' 

i1111>it'111t 1·11t~1t}i,· '.\l1.1r·«, ,if•sat;il»lt' \\'()ttl<i l•t' ,;i}J;;:,(ttit IItiis t·,}t <t,,~iJi,111111~ 1;1ti,111;1i 

,·i,t1t !'<Jllt't·s t·<Jt· i111fi11itt··-<li11tt·11sittti(tl s\·~lt''lll'"' v,·ii~t }1 lt~t\ t' ti1°sit·;1lll«· 1·,,l*ll"-it tit':--:,., ,., 

;\ll(i (Itl1t't· J•t·(ti)t'ltit•:-;. ·1·,) <le) ti1is tlll~' Jlt',•<!:"I ~t(lJ>a·<,xir11;1tit111 lf'stilt=" .;itt(l ~11-

til{>lit.e,lt S(>ltlt' J)r·,,gr·~·ss i11 titi~ (iir··t 11:·tit,1s ixJts l»t't'lt lili11i,, i11 !:,] ,t.tt<l [t1], 11111,ti 

111,tt'<' rt'St'Jtt"<•la r·t'111~1it1s tt) t,~· tl<lttt'. l·'i11;ill\·. \l.'f.' tt'tlltk!k tlt;it tiit' st1ltiti11ra 
• 

itl [•1] is ,\ st .i1t<•-s1>~l('(' ;t()()l't}Jt.<·lt i11 \\·lii<·li tilt' s<llt1t i4itt i~ 1,;l\'t'l1 itl tt'r·111~ ,,f' 
t>Jlt•t·itt<;t~s :\. IJ, (' f. J.). ·1··11t~rt• f•xist (tltt 11·11,tt i\/f' f'r·t'llilt'lit.·.\·-<lt•t11.tir·1 ;;tJ>t>t·<i;ic·l1t•s 

iri tt·r·r11s (,f· ;a t r·;111sf't,z· r11;tt :r·ix rlt·s<·r·ii,t ic)tt ~1,s \l\'t•ll .. 'l'l1t' ;t.J>J ►t';tl (if' t t1i· st ,1tf 1 -

SJ)(l<'t' :l(>J>?"«~rl.c·li is t lltlt it 1·t'\'t•~1ls t flt' <'(Jtlilt'<·t i,,11 t~:it li t lit• t"lJt,s:--.i<·,ti <tllia<lr·;tt it' 
t )T)t i111,,I ('( )llt l"t >i l )f'(,l)lt'lllS iti i 2!. t .t I. .t 
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