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1. lN'l'ltOI)lJC~rl'ION 

1\1a11y 1·ec1l-lif'e J)l1e110111e11::1 l1c=t\'(~ a st,c)c·l1t1st;ic~ cl)'llc1,111ic: l)t:~l1c:ivic)t11·. Iv'Iat,l1e-
111c1.t,ic:al 111c)dels f()r· ctllcll}rzi11g tl1ese J)l1e11c)111er1,1 are st,oc:·l1ast,ic: J)1·oc·esses. F()r· 

t~xa1111)le, i11 or·cle1· t,c) st.11dy t.l1e c_111e11e-le11gtl1 at, cl C'.Ot111t!er·, tl1e 111cttil1e111ctt.ical 
111odel s111)}.>C)ses c:111 c11·1·ivc1l JJI"C)('ess c>t· c~11st()111e1·s a11cl a clist,r·ir)11t,io11 of· se1·
vic·e ti111es. Tl1<:~ 111 ost. si1111> le J)l'()c·ess ctlr·c~ct{ly st 11cliE-~cl (:lctr·ly'" t.l1is c~e11t, ur·y l)y 
A.I(. E1·lar1g, t,l1e I)io11eer· i11 q11e11ei11g tl1eo1·y (see fig111·<:~ 1), ass11111es tl1at t,l1e 
pr·o 1Jcll)ili ty of· a11 a1·1·i vc1,l i11 c111 i11t,c1·v<1l is li11ec:11· i11 tl1e lt~11gtl1 of· t l1is i11te1·val 
witl1 a r·est, t,e1·111 tl1at, is of s111alle1· or·dc:r t.l1c111 tl1e le11gtl1 of· tl1e ir1t,(~r·val. A 
si111ila1· clss111111)t.ior1 is 111acle f'o1· t,l1e sc~r·vic'.e 1)1·oc~ess. T'l1is 111oclel wit,11 Poisso11 97 
ar·1·i v;:1,ls c1,11cl expor1e11t,ial ser·vic'.e t,i111es is de11ot,ed l)y A/1 / lvf / 1. E1·la11g 1_1sed 
t1l1is 111at,l1e111c1.tic'.al r11()clel t,o co1111>11t,e t,lre 1011g 1·u11 1Jloc'.l<:i11g J)r·cJl)al)ilit,y of' cl 

telepl-1or1e-exc:l1c111ge. His goc:1.l \Vets t.o stl1dy t,l1e c1t1ality of ser·vic:e pr·ovided 
by t,l1e Da11isl1 t,ele1)l1011e C'.0111 J)a11y lie WclS wor·l<:i11g for·. 

111 111ode1·11 telec:0111111l111ic'.cttio11 tt~c~l111ology l1igl1-s1)eecl 11et.wo1·ks c11·e de
sig11ed tc) c~c1.1·1·)r (1iffe1·€:~11t tyJ)(~s of t,r·c1ffic:, like at1clio, viclec), ar1cl dc1ta. 

Orie c)f. t.l1e C'.l1alle11gi11g l)l'C) l)le111s is to der·i,re tl1e 01)ti111al ad111issio11 C'.Oll

t,r·ol. Give11 et (-:ert1c1i11 loc1cl i11 tl1e 11et,wor·k, sl1011ld a 11ew ar·rival, wl1icl1 
ge11e1·at,es t,1~affic~ of' cl C'.er·ticii11 t)rl)t~, l)e c1,c:c:e1)ted to tl1e r1et,wor·k or sl1oulcl it 
l)E~ l)loc:kect·? Tl1e 111cttl1e111atical pr·oble111 110w bec:or11es: ,vl1c1t is tl1e opti111al 
c:011t,1·ol <)f tl1e 1111der·lyi11g st,Oc'.l1c1stic'. 1)1·oc'.ess'? 



Figure 1. A. K. Erlang, the pioneer 

2. I\111\l{l,()\' [)f;:C'ISl()N (~J-11\INS 

rrl1(:~1·e cil'(" S(-\\T('l'ctl Vc\.I'icllltS of' t.l1is 
111ctt.l1e111ctt.ic·c1l 111c)clt'l. l ... E\t, 1.1s clE'
sc..-.r·ilJ(-:i i11 111c>1•c; <ic't}til tl1<' clisc·1·(•t.e
t.i111e l\1lc:1r·kc)v clE~c·isic)11 c·l1cti11 ( l\ID()) 
wit.11 cl clisc:r·ete statE~ sr>ctc·t'. 111 tl1is 
111oclel c:Lt c:lisc'.I'E:te-ti111e JJ<)i11t·,s, wl1ic·l·1 
111,ty· l)E' stc)C'.l1c1st,ic'.~ a clecisic)tl 01· c:011-
t.rol 11::_ts t,c> l)f~ take11. 111 tl1e aclr11is
sior1 C'.C)11t.1·c)l r11odel t.l1ese t,i111e poi11ts 
c11·e the c11·ri \rc1l t.i111es (e1)oc:l1s) of C.'.llS

t.0111e1·s. Tl1e stat.e of tl1e C'.011t,rolled 
stc>c·l1c1.st.ic proc:ess is clil eler11er1t of 
cl st1l)set, ot· tl1e IJoi11t.s vvitl1 i11tege1· 

l. t . f fi ·t d' ('.()01'(. lllcl .es 111 ci spcl('.(~ () Ill e 1-

111e11siC)ll. 111 t,l1e ad111issic)11 C'.011trol 
111oclel t.l1is is t lie 1111111l)e1· c)f C'.11S-

in queueing theory. t,0111e1·s of· t.l1e V<11·iol1s t,y1)es at, tl1e 
va1~ic)11s 11ocles i11 t11e 11et,work. 

Each tra11sitio11 fro1r1 a state at c:t clecisio11 epoc·l1 t,o tl1e st.Ette at tl1e 11ext. cle
cisio11 e1)ocl1 l1as a ce1·tair1 prolJal)ilit.y. Tl1ese t1·c111sitio11 pr·olJabilit.ies clepe11cl 
011 the C'.l1ose11 control. 11 l1e co11t,1·ol ctlso i11fl ue11ces tl1e stoc'.}1ast,ic: rewards 
a11d C'.ost.s 1111til tl1e 11ext clec'.isic)11 E)J)oc:11. Fo1· exa1111)le, tl1e ac:c:ept,,ir1ce or 
r·ejectio11 of· a11 a1·1·ival i11d11ces differe11t c:ost,s c:1nd/ 01· rewards. 

Tl1e c:or1trolled st.oc:l1astic~ proc·ess 111ay be cor1sicle1·ecl ove1· a fi11ite or arr 
infi11ite ti111e l1orizon. I11 t,l1e earlier· cc1se t,l1e t.ot.al exr)ect,ecl C'.ost is 1·ele
vant, i11 tl1e lc1t,ter·, ir1fir1i te C'.ase t,l1e tot,al ( ex1)ec:t,ecl) disc~o1111tecl c:cJst is of'ter1 
cor1sider·ed: w l1e11 clisco1111ted, the c~ost, ancl/ or revvar·d c1.t t,i111e i11star1t t is 
111ultiplied l)y a' witl1 (l: t,he disco1111t factor·, t,l1t1s yieldi11g et fi11ite t.ot.al ex
pected c:ost. For· disc~ount fac~tors close t,o 01·1e, tl1e La11rer1t, ex1)a11sio11 of tl1e 

98 total disco1111t.ed cost in tl1e va1,iable ( 1 - a) is i111J)or·tar1t: 

g + 'Uo + ( 1 - a) 'lL 1 + ... 
1 - O'. 

I11 t,his expar1sior1, g i11 tl1e first ter111 is thE~ ,tverctge cost pe1· tin1e unit,, ancl 
the secor1cl ter~r11 'tl(J gives the bias wl1ic:h is t,he li1r1it, of tl1e differ·e11c:e of the 
total cost over~ a finite t.ir11e l1orizo11 t 111inus t ti1r1es t.l1e average <::ost, as t 
tends to i11fi11ity. All higl1er· order· terr11s have sirr1ilc1r i11te1·1)retcttior1s. The 

• 

La111·e11t exp:::1r1sior1 c111d all its t.e1·11·1s deper1d 011 t,l1e C'.l1ose11 co11tr·ol or· policy. 
011e consiclers several optir11c1.lity criteria ir1 tl1e 11011cliscol111t,ed case. Average 
optir11ality 111ea11s opti111izir1g t.l1e fi1·st, ter111 c)f. the Laur·e11t expansion. Bias 
optir11ality C'.orrespor1ds to lexic'.ograpl1ic: opti111izcttio11 of tl1e first two ter111s. 
(I11 c:orr1parir1g two polic:ies, this r11eans tl1c1t if' the average cost of· polic'.y 
1 is lower· tha11 tl1at of policy 2, or· if, the average costs l)eing eq11al, the 



bias of policy 1 is lower thc:111 tl1at of· r)olic•yT 2, t 11(~11 J)()lic·:r· 1 is JJI'E:~fe1·1·e(l 
to policy 2.) Arid ir1 11101·e se11sit,ive OJ)t,i111c1,lit.J' (··1·it(:~r·ic1. 111()1·e t.e1·111s of' t.l1e 
Laur·ent expa11sio11 are taken into ac·c·c)1111t. rfl1e 1·11<)St. S(~11sit.ive c·1·it.e1·i(:>11, 
Blackwell opti111ality, is lexic'.c)g1·apl1i<·· ()l)t.i111iz;:1.t.ic)11 (_)VE:'1· clll t,c)1•111s c)f t.l1c' 
Laurent. expa11sio11. 

rl--,he l1ist.ory C)f. l\1a1·kov dec·isio11 c:l1c:1i11s gc)es l)c1.c·k t.c) tl1e fifties. Tl1e fir·st, 
paJJer·s we1·e 011 OJ)t,i111ctl i11ve11t,ory co11t1·ol. Tl1e pio11et1 1· R. Bell111ct11 \vr·ot.e l1is 
book 011 Dy11c:1111ic.: p1·ogra111111i11g ( 1957) i11c:l11cli11g cl c:l1apt.er· 011 ~fDCs. Tl1is 
book also l1as a c:'.l1apte1· 011 l\1a1·kov gc111·1es, a c:losely C'.01111ec:t.ed 111f1.tl1e111atic·t1l 
111odel. 111 11ar·kov ga111es, wl1icl1 wer·e i11tr·od t1c:ed by L. Sl1apley ( 1953), 
tl1e1·e c1re t,wo or r11ore co11t1·ollers, called J)layer·s. Tl1e player·s l1a,1e differe11t 
objec~tive fl1r1c~tions and 111ost,ly play aga.i11st eac:11 otl1er·. R.A. Howarcl, ir1 
l1is book Dy11ar11ic P1·og1·a111111i11g arid l\1arkov proc'.esses ( 1960), foct1sses 011 
algor·i tl1111s and apJ)lic'.at,io11s. 

G. de Leve i11t.1·od11c:ed J\:1DCs i11 Tl1e Netl1erla11ds witl1 }·1is Pl1.D. tl1esis: 
Ge11eralized 1VIa1·kovia11 clec·isior1 pr·oc:esses ( 1964). Tl1is star·t,ecl a sc:11001 of 
researcl1e1·s i11 this field, first clt, C\VI, a11cl later· also at t1r1ive1·sities. 

In tl1e late sixties cl r·atl1e1· c:01111)lete t.l1eory was avctilable f'o1· 1\11D(;s wit,11 
a fi11ite nu111ber· of st,at,es. Tl1is tl1eory c:011tair1s tl1ec)re111s 011 tl1e exist,er1c:e of 
optirnal policies for· the cliscour1ted, aver·age, bias a11<l 111or·e ser1sitive opti
r11ality criter·ia. 1\!Ioreover, opt.i1r1ality ec1t1atio11s a11cl 111etl1ods to solve tl1er11 
were obtainecl. For a de11u1r1erable stc1,te space 011ly isolated r·esults were 
available. 

Altl1ougl1 cl dozer1 of paper·s 011 de1111111erable :rvIDCs ar·e still apJ)earing 
eacl1 year·, we car1 sc1.fely say that a ratl1e1· c:0111pletE:'. tl1eory f'or tl1e der1u111e1·
able case has l)een establisl1ed now, al111ost t,we11t,y yea1·s later·. 

3. DENlJl\1ERABLE 1\!I~.\RKOV DECISION C:tlAINS 

011e can clair11 tl1at all J)1·oble111s i11 J)rac:tic:e l1ave a fi11ite st,ate spc1.ce, arid 011e 
ca11 questior1 the i1r11)ortanc'.e of a tl1ec)1·y for· no11finit1e 111odels. However, i11 
1·11ar1y applicatio11s the size of the state spac:e is large bt1t u11k110,v11 a11d tl1er1 99 
often the de11umerable state space is tl1e natural 111odel. Also tl1e sir11ple 
structl1re of t.l1e opti111al contr·ol is of·t,er1 lost., wl1e11 tl1e denun1er·able state 
space is tru11cated to c1 fi11ite 011e. f•'or exa111ple, ir1 the ad111issio11 c:ontr·ol 
probler11 the optir11al co11t1·ol i11 tl1e c:ase of li11ear· l1olclir1g c:ost.s is of c:011t,1·ol-
li111it type, i.e., a custo111er of spec:ific~ type is ac:c:eJ)ted as lo11g as tl1e total 
r1t1r11ber of custo1r1ers of tl1at type is below a c:ertai11 1111111ber, the c:011trol-
lin1i t. For co111puti11g tl1e opti111al co11trol a11d eve11 111ore for i111plen1e11t,ing 
it in practice, the sirnple struc:ture is c~rucial. By trt111catior1 c)f tl1e st,ate 
space this si111ple structur·e is lost. 
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Figure 2. The efficient ope~ratit)n of modern telephone exchar1ges poses several chal

lenging research problerllS. ( Photo PTT Telecom .. ) 

, i. 1. J-~··,!!<>ti1,, fl1t1Jl'li .f,11· .\lc11·A·,11' tlr ,·1 .... 1,>fJ ,·f1t1111,.;.; 

St•\'t'1·;il c,f· tll(' lll<llll st<·1·•s i11 <i<•\'('lt,J>i111.; tll(' tllt'l•t·,\· f'l11· •l1·11t11ttt•r;1}li(' \ll)( 1 

\\'t,1·,· 1>;t1·t <,f· tll(' :\\\'()-S\l(' i)l"<1,jt't·ts <>ll ~l<1.1·kt~\· «lt·<·isi<,tl .. ·}1;1i11s. l,,t•t ill<' 

tll('ltti(»tl st>lllt' lll<t.J(,I' r·t•:--;11lt:--. \\.lit;1•t•;i.s tilt' I.,1t1r·t'Itt t'Xt>,111sit;11 <1f· tlat• t(>t:tl 

(lis<·(1l111t<·<l ('' ~st i11 t lit· fi11itt• 111<><ft•I ;\l\.\',l.\'S t•xist:-,,, st1·<111;.; t·t 1 t·111·r·l'll('t• <'<)ll<ii-

1 i<,tts. \\·}1ic·li g11;.i1·;111tt••· t}1;:at t.llt' st(~t·la,a.sti(· J>I't)("t•~s v1..:ill 1·t•tt11·11 s11fii<·i,•11ti,\· 
·t·,ist· t<> ;1 <"<>lllJ>,\<"t st•t. \.\'<'l't' ll('('t)ss(11·:-· f'<,r· ;1 (l<·11,1111<•t·,1l ► lt· 11t1111l>t•t· <,t· :--t,ltt•s. 

l~'t)t· ::1 s;ttisf.<t(·t,~r·,· t l1t'(»t·\· t lit• r·t~(·111·r·t.'ll('t' <'<)ll<iit itllls sl1<)lll(t 11<1t t•r1l,· ll«' s<tt-
~ ~ ~ 

isf11•(l i11 t il<'' fi11it t' :"'It <ltt' lll()«it•l. t lt,•\· slttJlll<l ,:llSt) llt' f'11lfiil< 1<l i11 (l( 1lllllll('l',tltlt; 
• 

st:~ttt· ;lJ>J>li<·<tt i()tlS lik{• t 11<' ;1<l111issi( •11 c'•<~!tt 1·,11 <1f· ,t tt 1 l(.'('()lllilllllti<·;:tt i<)ll t1t.·t

\\·,;1·k. 

l11 <·l,tssi(·,ii .\l,tr·ktJ\' <·l1.1i11 t l1t··{~l\' t lt('I'(' is ,lll <'Xt<•ta<lt•(i t·i·µ_{;<li,· t ll<:'()l'\'. 111 
~ ll.. ,., 

t ltis t ltf"l)l'\' t 11(• li111it i11g ti11tt' il\'t'l'il)2,t' i:-. ;,11,tl_\·zt·<i. i.(' .. t lit· l)(•l1«1,:i<lt11· (»t· 
' 

• 
ls 'I'lit• li11tit, 1>1·<1\·irlt•cl it t•Xi~t s. 

i~ t tlt' r·t'\\'ctr·<l ,lt 
is t ltt' lt>ttg 

t i Ill t l t . l l l 



I 
l 

,lJ.)J>li<·~tt i<~IlS <iis<·(~1111t ir1g is (tf.tt•lt 11«;t ,tJ11,1·t,f>r·i;tt<·· ~a11cl t 111•1, t lit• 1a1,l:-;t (1f·t('ll 

llS(\(l ('l"itt'l'i(bll i!-i tl1i:-; 1,.11g 1·1111 Jt\'t 1 1·;1gt 1
' l't'\\'~ll'(l. 

111 '.\1;11·k(>\' (lt•t·isi<lll tl1<•<a1·\· tl<)t <)lit' \l;11·l.;:t,\· ,·}1;1it1 i:--- ('t}!i~i,lt•t·«·<l. l,11t ,l 

('<>IllJ>:t<·t S<'t t)I. :\1,,r·k<)\' t·li,tiii~. i11<lf'Xt 1<i I,_,. t l1,· st ;1t i(111;11·.\· i)< ► li<·it•:--, i:-- 1·t•lt•

\',lllt. l:'c,1· clt•\·t•lt,Jlit1g ,l tltt'<)I._\· f'()l" <l£•1111111r·1·;1l,lt• \II.)(':-, it \\·,1;-; i1111>c,1·t,111t tt1 

g<'Ilt'l'<lliZ<' tltt' t•t·g~l<li<· tl1t'<>l'_\· 1·«;1· <)llt' \1,11·k<1\ c:l1;ti11 t<i ;t ("{Jllll>•t<·t <·1,llt•<·ti41t1. 

\\·. l)(lt·!>li11 \\',t.s t lt<' J>i<•ll('<'I' i11 t ll<' ('t·g(•<lil· t 11<'<•1·_\' i,•1· \I,1r·kt>\" c·l1(tilt:-,. I lis 

('()ll(lit i<lll f'(ll' (•t·g,<•<li<·it,\·. l,tt<\l' ()ll (',tll<·<l t ll(' l.)()('t )litt ('(tll«iit it.Ill. l"( 1 (jlli1·t•(l t l1;tt 

tlt<' <'XI>t'<·ttI<l 1·<'('lll'l'('lt<"t• tir11<· t<:> <i fi11it(• :--,(•t is t11aif'<)t·11ll.\· l)()lllt<lt••l it1 ;,ll ~ttll't

i11g st,ttt:•~. ( 1 l<•;_tr·l.\·. tliis ('(>lt<iiti(,tt is t,,,, 1·t 1str·i<·ti\"t• t·••t· ,ll111l~st ;tll <{ll('llt•i11g 

ltl<)<lt\ls. 1~·<>1· ~•X<lllll>lt' i11 ti1(1 ~i1111)l<\ lll()<lt•I \\'itl1 ()tlt' S(•l'\'(•1·. i>«)issc)ll ,11·1·i\'<tls 

(lil(i ("XJ)()ll('llti,tl S(•['\'i("(! tiilft('S (tllt' ;\/ 11~\f ;1 l <tll('llti). tllt' I'( 1(tllil"t'<l tlllllll>t-'I' <}f' 

t1·,t11siti(>ltS tt1 tltt• (•t111>t.,· st.lt<· is <lt lt•::tst :ts l(tr·µ,t' ;\.s tl1t' st:t1·ti11µ, 1111111l>('t· <1f' 

<'ltst(Ilil(_•1·s. S(~ tl1t• t'XJ><'<·t:1tit,11 <·,ttl 11t.•\'t•1· l)t• 111Lif'(11·111l.\· l)<ltlit<lt•<l t·()I' ,ill st,tr·1-

i11g J>t>:,,.;it i(»llS. 111 :\I,11·k<>\' c·l1,ti11 t ll('tJI'.\' l)c,t•l>li11's \\'<>t·k \\',t.s g<'ll('I',llizt•<l I}>. 
rI~.r:. I·I(1r·1·is ,lll<l l1is J'{'{'lll'l'('ll('(' ('()ll(liti<tll is rll)l)l"()J)I'ii,t(• ("()l" <tll('ll('it1g lll()(lt•l:-.. 

111 ~I,tr·k<>\. (i(•<·isit>ll <·l1c1i1ts t l1t·1·<· is t lt(' 11;1t 111·«11 l'<\<[llit·('lllt'Itt t l1c1t llc>t <•ltl.\· 

t lit• <·l1,ti11s ctr·t• t'('('llt·1·t 111t t<> et <·<.>llll)c.t<·t S(-•t, l>11t t lt,tt ills(• t ltt· t'XJ ►t•<·tt•<l t<)t ,tl 

<·<,st 1111til tl1is 1·<·<·111·r·t·11<·t• ti1ttt) is fi11it<• . .-I'l1is i1ts1>i1·t•(l ,\ ("()Il<liti(>ll. \\'lti<·lt \\'t' 

lctt{'I' <>ll <'<tll<·<i 11-1·<·t·111·1·<~11<·<·. 111 tl1is <tss111111>ti(•11 tltt\ \"t'<'t()t: 11 is <l 1>(11111<li11g 

\'t•<_·t_<)I' <>f. t ltt' \'(•c·tc>r· <)f. ir11111< 1<li,tt t· <'t>st s clil<l/<)I' t't'\\'clt·cls. \\"it 11 t l1is llt)llll<.li11g 

\'<•<·t<ll' \\'(•igl1tt_•<l :--illl>l"('llllllll llt.>r·111s <",lil l)f 1 i11t 1·c,tlt1(·t•<l. lt is t 11(• <ll)lll'< 11)1·i,tt<' 
(\Xt<·t1si<)ll <>f' t 11<· Slll)['('llllllll ll()l'lll, i.(" .. t lie• /1-il()I'lll ()!' \'('<'t()l' ,(' is 

11. I 
. • I j 

== SllJ> . 
1 Jl, 

\\' l1t•1•ci 1:"' (lt·tl<)t(is t lit· st c:l1 E\ SI><l<"<'. 

\\ ... itl1 tl1is \'t.•<'t(>l' 11<>1·111 tltt .. <·()t·r·e:\SI)<.)ll<li11g; 11<>1·111 <>11 t lit' s1>::l('<' (>f. r11;1t1·i<·<·s 

is gi,•<\ll l>.\' 

) ' I .tl I .i I I l .J 
== Sll I) -' . • 

I /L, 

F<->1· cl gi\'t'Il ~I<tr·k<:>\' ('llcl,i11 l(•t J> l>t' tl1(• 111,ltt·ix <>f' t1·c111sitic>1-1 l>I.()l><ll_)iliti<·S, 
,111cl f(>1· t,1l)<><)-St_•t B l(•t 1.11~ 1><' tl1<-· 111,tt1·ix <)l>t,1i11(•<l t·1·c>111 1~ l>}. 1·<\1>l<t<·i11g J:>i., 
l)\' Z(''l'() if·' j E [J. 

L ~ 

It g(•t1(•1·ctlizt's l)(:)<•l•li11's <.'()Il<liti<)ll .. si11c·<• f'(•r· tl1c• l><)1111<li11g \"t•<·t<>r· 1-1 == < v\'itl1 
t, == 1 Vi~ <'-I'<'t·11r·r·<\11<·<· is t"<tlti\·,1l<"11t t(> l.)<)t}l>li11·s ('<>I1<litic>11. 

'I'll(\ str·<)Ilg (\1·gc>cli<· tll<\<)I'<\111 f'<)r· l\lc11·k<>\' c·l1,1i11:-; ('clll l>t' :-;tflt<•cl ,t,s (\\'<\ <:1.s

s11111E· f'c>I~ tl1<· <•clS<· <)f' J>I'(lSf'Ilt<lti<lil tl1ttt tll<' l\Ic11·k<>\· <·}1;,ti11 is ;,\J>t"r·i<><li<·): 
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. ' . . -+ • \' I.._ - l . ; 

\\·it 11 II t ii,· 111;1t r·ix (»f· !--l <it i<>t1,1.1·y· 1>1·t;l.,1l>ilit ii•s. 

'['ltt' l"('St'.ikl'(•l1 i11 tilt' Sl\1(.'-\'\\.()-l)I"<).j(•t·t l'(''.'--illlt(·•<i 
• 

1tt('1·:1l,lt• :\11.)(' t 11:lt 11st 1 s ;,:-. il,tsi<· ;lsst11111>ti, ► 11 11-11r1if.<11·111 1·(•<·111·1·,,11(·(' t·<•1· ,all 
:-;it.1ttit>llill._\· J>,1li«-i<•s. i.t• .. ::i fi11it•\ /.-? :-,;11(·11 tli,tt 

\\'ltt'l't' 

J>t, li(·.,· 
})(./.) is 1 l1t• 111;1t r·ix 
f. I~ ( · \' 1·< ·s 111 t s ( a r·t 1 : 

•• • 

• 'I-.,lt(• ('()llt i1111it,\' ()f' t lit• l,.,\llI"t'llt ('XI>i:l.llSi<'► Il il.S f'llll('tittll (}t· t 11<) I><>li<')'. 
• ·1·l1t• t\Xt<·11si<>I1 <,t· tl1< 1 st1·c,11µ. t-,.1·µ;(>,ii<· tlttl(>l'('lll f't)l' l\l;tr·k(J\' <·l1,1i11s t<> 

I J - l l ( ) I. I 11 s ,·1 11 ( l l\ 1 ( \ I" k ( ) \' ( l ( ) ( . is i ( ) 11 ( · I l ( l i l l ;-,; . 

rl'l1t• t•Xtt•11si<>ll t() Jl-ll()l'lllS is ,tlS() clll ()l'igi11cll ('()llt 1·il)llt i<)ll t() ~l,lt'k()\' ('ll<lilt 

tl1t)()1·.,·. It i11s1>i1·t•tl i1111><>r·tc111t 1·t•sc.·,11·<·l1 I ►,\· S.I) . .\lt•.\'ll ,111<11{.I .... 'I'v\·t-·t•<lit) ft,1· 
.\l;lI'k()\' <·l1:1i11s \\"it 11 <l g,(•t1t•r·,1l st <it(> !-i()<·l('t•. rl'l1t• gf'll(>1 I'.:lliz(1ti()ll ()f' t l1<· stI'()llg 

(\r·gc·><ii<· t l1<'<>I'(•t11 f'<>r· .\l,11·kt)\' <l<•<·isi<>ll (·l1,1i11s v,·it 11 ,t g(l11c•1·(1.l st ;_1t(~ SJ>cl<'(' is 

('1.lI'f('llt l.,· i11 J)l'<)gt·('.'SS. 

,I.:..!. 1\1 (li"h.'()l' tl,·J(•i.-.;i(Jll ('IJtlitJ,"i' ll'i II, JJ(J,l"f it1..l i 11j'(}l''l{l(lf i<JII 

\\!it l1 t lit) 111.-111>· <ll)l)li<·<-l t i<>lts i11 t <--l(•<'<>111111l111i<·<l t i<,11, 111<><i<·ls \\'it lt ( il:i.t•t•11t 1·,11-
izt•(i ('()Jlt J'(":>l l)('('()Ill(• itll})()l't,tllt. C1()ll~i(lt·1· ,l ('()lllllllltli<·<1t i()ll 11(:i.t\V()t'k. 111 <l 

<'t'r·t ,lilt ll<>(lt) ,l <'<>11t r·<>llc 1 1· 11,t.s t <.) l'<>lI t <' c·11st <>111t 1 1·s <)I' 1>,tc·kc)ts t <) <>It(\ <)f. t l1c) 

11<:·igl1l>c)111·i11g 11c.>clt•s. II is <'<>11t r·<>l <l<'J)<'ll<ls (>f' c ·cJ111·st' <>11 t ll<\ <lt·\st i 11:1 t i<->11 <>f. 

t lit· 1>c1c·k<·t, it 111it.\' ,.tls<> cl<'I><'Il<l <)ll tl1<' ll11111l><~1· <)f .• it>l>s <>ll t l1t 1 <)11tgt>ir1g li11l(s 

c>f tltt' Il<)<l<·. 11· \\'t• 111<><1<·1 t.l1is ,ts tl l\'l[_)('' tllf'll tl1c· t'<.)11t1·<>l cl<1 })<.'11<.ls (>11 l)it1·

t i<ll i11f·c)1·111;tt i()ll~ t 11,i ('()lltI'(>llt•r· lllit~· Il<>t tlS() ;:111 i11f.<>1·111,1t.ic)11 i11 t l1(:i <'()ltlJ)l(:i.tt:) 

stet t t:1 < l ('S< ·1·i J) t i<J 11 (_) 1~ t l1 fi 11 (•t \\'< > 1· k. l >f.:i.c · cl llS<.' l1is < '() 11 t r·<) l 1 t 1 it.\' 11 (> t <1 f' J.)(' 11<l <:.>11 t l l(' 

llllltlr)t:\r·s <>f ('llSt<)lllt)r•s i11 li11ks ll()t .:tc!j,t('("\llt t.() l1is 11()(1(). 

\\~it lli11 t lit· S 1\1 (, 1
- l\ \\'() J)f<>j(•c·t. i11 r·t\<-·<•11t ,),'t'<t1·s .\I DC 1s \\'it 11 1>,t1·t i<1.l i 11-

f<>r·111,1t i<>11 l1c1\·t.~ lJ(''t'Il i11\'t'stig<tt(:i<i. 1\11 (1.lg<>1·it 11111 }1;ts l>('('ll ('<)11st1·t1(·t(•(l f'(:>r· 

('<)Ill 1>11t i11g ,l 111(•111<)I'.\• lt•ss J)<)li<·y t l1c1t llS<·s J>,t1·t i;:11 i11f·c~)l'lllcl t ic>Il ,-t11<i is c·l<)S<' 
t <) <> l) t i 11 l[ll (>1· <)I>t.i111,11 i 11 t l1rt t c · l::1.ss c> f I> ( ·)li < • i <·s. 'I"'l l(' l LS llcll cl 1> J) I'(),.l.< · l1 t <J s<>l \'t'.\ 
,t l\ll)C'1 \\'itl11>,lt·ti,11 i11f<l1·111(1ti<>11 (l)l' 1>,tr·ti,ll <)l)st·1·,·;_tti(->t1) is t.c) <·c>11\'<·1·t tltis 
J.)I'<->l)l(1 111 t<) cl l\11)(-, \\·it }1 i:l <'()Ilt i11t1c>l1s stctt(" s1><l<.·(• \'ict cl J><,st.(11·ic>1·i l)I'C)l>cll.>ili
ti(•s. "l'l1(l (l1·cl\\'l><'.1<·k <)f. tl1is ,1.1>l)l'<~)c1,c·l1 is tl1,tt tl1(1 I'(\s11lt.i11g I\ID( 1 is ltllS<:>l\'tll>l<· 

,1.11<1 ::1lsc) t l1,1t t l1<~ t)l>t i111<1l 1><)lic·)· cl t t i111(l t <l(•J><'11cls <)11 clll I'("ctlizc_'cl st,tt(·•s <l11ci 
,\.('ti<>11s f'1·c)111 ti111c· l 111) tc) ti111( 1 t~ S<) it is 1·,11· tc>c> c·c_)lllJ)lic·ttt(::\c·l tc) i111JJl{~111(~11t, 

it i11 l)r·,1c·t ic•(l. ~I'l1<' llt'v\' ,lJ.>J)l'()ct.<·11 })l"<>,·i<l('S s111·1>r·isi1tgl}' g<><)<_l ,111ci i1111)lE"-

111t'11t <tl)lt.) J><·>li<·it:-s i11 t l1<,. \·,11·it)llS tll<>(lt·ls st 11<li(1 <l 1111t il 11<>\\~. 

Al) l) l>· i 11g i\ I I) c-~ s i 11 J.Jr· ,t<· t i (· .-11 J> 1·< > l >It\ 111s 1·t:\ 11t cti 11 s cll l cl 1·t , f'c> 1· <1 <l(' 11 J) 1·<) l·> lE~111 ,t 

SJJE\<•i<1l l)l'<>l>l< 1 111 (>1·i<·11t<1<l 111et l1<)ci l1cl-S t<> l)(l <.·c·)11st1·11<·t< .. cl. "'I-,l1(• 111,1i11 1•(:i.clSC)ll is 
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Figure 3. The number of states (.\·),as a function of the ntJmber of customers (111 ). 

t lit• <·111·s<· <)f' (li111t•11si<.>ll<llit.\' i11 1·t.';:tl-lif.(\ <lJ>J>lit·<tt i,,11s. sill{'() i11 111<>st <',lS(•s tl1t• 
11t1111t)(•1· <>t· st,ltt•s i11<·1·t•c1.s<·s t'XI>(>ltt•11ti,lll.\· t·,1st. \\:itl1 tl1(1 siZ(' <>f. t.11(• 1>r·cll>l(•111. 

f""igt1rt· ;3 sll()\\rs tl1t• 11l1111l>t·1· <>f' stcitt·s c>f' cl r·t•<:t•11t.l:',· ;111(11:;ztlcl t·lc>st•cl <111t•t1(•i11g 

Il<"t\\'<.>r·k \\:itl1 <·11st<>111<·1· 1·<>t1ti11g cllt<l <>111\· t\\'<> 11<><lf•s. 
( . . 

lTs11,1.ll,· t l1t1 sit11c1ti<>ll is 111t>I~<- f'<l\'()llI"ctl>l{'~ c111cl c>f'tf'Il \\'<• <'clll l1c111cll() Il(~t,-
• 

\vor·ks \\'itl1 t·(.>111· 11<)<l(•s. II()\\'(1 \'()r•. ('l<•cll'lj· <l l<)t <>f 1·<\S(•,11·(·}1 is still \\·,1iti11g i11 

<>r·<lt.lr· t <> (}\'t1 1·<·<>111(• t l1is (li111<·11si<)11,1lity· l)l"C>l.>l,}111. 
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