
lrr1ages of SMC Research l 996 

M.S. Keane 

1. BASIC IDEAS 

Ergodic theory is a matl1ematical endeavot1r which arose from the study 
of statistical n1echanics by physicists i11 the latter half of the nineteenth 
century, as an ongoi11g attempt to derive the macroscopic, statistical lavvs 
of thern1odynamics from deterministic 111icroscopic behaviour. The basic 
concept which is studied in this n1athematical discipline is that of the mea
sure preserving transformation. Thus rny first task is to create a11 irnage 
inside of your head, reader, of wl1at we think of when ,ve hear this collec
tio11 of words. The most irnportant wo1·d, transformation, indicates that 
we are dealing with a change, or rnovement, of a collection of l)asic (i.e. 
indistinguishable except for their names) objects, and the other two vvords, 
meas'ure preservi·ng, are i11te11ded to sl1ow that the sizes of subcollections 
of tl1ese objects do not change after the 1nove1ner1t, or transformation, is 
applied. 

1.1. A simple example 
Here is a simple exarnple. Consider tl1ree indisting11isl1able objects, placed 
in positio11s which ,ve sin1ply denote by a, b, arid c: respectively. Each of 
the three objects has the san1e size, where it is perhaps best, to think of the 
size of an object as its weigl1t; we generally call this 11on-11egative nurnber 
the measure of the object. Tl1e positior1s a, b, a11d c are ust1ally called 
points. Now in1agi11e the following moven1ents taking J)lace sin1ultaneously: 
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the ol)jt~c::t ctt I)Oi11t a r11oves to I)Oi11t. lJ, t.11(~ C)t),]C(:t cl,t l)C)ir1t lJ 1r1oves t,() l)oi11t 
c, a11cl t,11<:~ ol)jec:t, at, I)Oi11t, c~ 111oves tc) J)C)i11t. ri.. Tl1l1s w<:~ l1av·e clefi11ecl ::1, 

1r1easure 1)1·ese1·vi11g tra11sfo1~111atio11, si11c·e c1f·tE:~1· t.11{~ 111(>ve111<:)11t, <:~ctc:11 1)osit,ic)11 
is occ:tlJ)ied wit,11 a11 olJjec·t. of tl1e sc1111e size clS l)c~t·c)r·<:~. Tl1(:) olJj(~c·t,s, c)t· c·c>t11·s(~, 
c:c1n 11c)w clisctl)l)ea.r· f1·01r1 ot11· disc11ssio11, si11ce t,lrey ctr·t~ c)11ly clist.i11gt1isl1c~cl lJjr 

tl1eir positio11s a11cl we can tl1i11k of· t.l1e 111<:~ast11·c~ of· an ol)_jec·t: cts a 1111111l_>e1· 
att,ac·:l1ecl to, or 111ore ge11e1·ally a 111ass dist1·ilJut.ic)11 over·, t,l1e c:ollec~tic>11 c)f 
J)ositior1s; tlris is a ty1)icc1l 111atl1e111atical I)loy. 

1. 2. The rneas'ure pr·e,...:;er·'lJing t,r·ar1 . .-,f·or·rnatiori 
Af'te1· tl1is si111ple exarr1ple, we jt1rr11J t,o tl1e at.te111pt c1t, c:1·eat,i11g a ge11eral 
pic:t,ur·e i11 yo11r l1ead. A meas·z1,re pr·eser·-uin .. q tr~a,risf or·rr2.£it·iori is defi11ecl as a 
c~ollec:tio11 of poi11t.s (i.e. a set 01· a .sp(Lce) togetl1e1· wit,11 a 111::1,ss clistrilJut,io11 
over tlris SJ)ace of J)C)i11t,s, ar1ci a t1·c111sfor111atio11 assig11i11g to eac:11 l)C)i11t of 
the SJ)ace a11ot,l1er (pe1·l1aps i11 s0111e i11st,a11ces tl1E~ sa1r1e) 1)oi11t. c)t· t1l1E:; s1Jac:e, 
suc:11 tlrat after sir11ult.a11ec)t1s a1)J)lic~at,ior1 of tlre t,1·a11sf'o1·111c1t,io11 t,o eac~l1 J)C)i11t, 
of the sr)ac:e, t,l1e sarrre r11ass distr·il)utio11 is ol)ser·,,ed. 

Here we perl1aps 11eed to 1~en1ar·k tl1at, our· ir1itial exa1111)le was ve1·y si111ple, 
i11 tl1at we were deali11g wit,11 a firrite set of J)Oir1t.s. Tl1e 111ost ir1t.erest,ir1g arid 
natural situatio11s deal with 111uc:h larger sets of poi11ts, s11c:l1 as tl1e i11terval 
of real 11ur11bers bet,weer1 0 a11d 1, or· r1101·e gerrerally s1Ja.ces whose 'points' are 
thernselves collectior1s of ot,l1er· ol)jects, e.g. patl1s of particles or· positions of 
sets of poi11ts. I11 tlrese sit11at,ions, it is rnor·e diffict1lt to ciefi11e the c:011c:e1)t 
of' 111ass distributio11, and t,l1ere is a11 e11tire l)r·a11cl1 of rr1atl1en1atic:s devel
oped a1·our1d the l)eginning of the twe11t,ietl1 ce11tt11·y, called rrieasure theory, 
wl1icl1 lays dow11 tl1e rt1les for· 111ass distr·ibutior1s a11d t,l1ei1· l)el1aviol1r u11de1~ 
tra11sforrr1ations. A tl1orougl1 k11owledge of 111eas111·e tl1eor·y is i11dis1)ensable 
for researcl1 i11 ergodic tl1eory, altl1011gl1 011 a11 intuitive level tl1e c<)r1cept of 
nrass distribution and r11ass trar1sp()rt,atior·1 see111s t,o be easily accessil)le to 

a gener·al audier1ce. 

1. 3. A 'mor·e inte'r·esting exarnple 
Let 111e 110w try to fill out tl1e abstract pict,11re give11 above witl1 a r11ore 
interesti11g exar11ple, whic.:11 was 011e of tl1e 1·11ot,ivat.io11s f'or· tl1e st11dy of er
godic'. tlreor·y at its begi1111ir1g i11 t.he 11ir1eteentl1 ce11tt1ry. I111agine a box filled 
wit,h a large 11u111l)er N of gas 111olecules (for exan1ple, air·, or· 111ore si111ply, 
l1ydroge11). At ar1y fixed tir11e, we ca11 visualize tl1e sit11ation ir1 t,l1e box by 
writing dowr1 t,he exact positio11 a11cl velocity of eacl1 of tlre r11olecules in a 
( ve1·y 1011g) vector x of 6N real 1111111lJe1·s. (I l·1ave written 'visualize' bec:ause 
of the practical in1possibility of carryi11g out such a descri1)tior1; tl1e number 
N will be m11cl1 too large i11 ar1y reasor1able sit11atior1.) Now i111agine tl1e 
space X of all possible vecto1·s x sucl1 t,l1at their ener-yy, whicl1 is sin1ply a 
nu111ber ,ve can calculate fron1 tl1e ent,ries of the given vector x l)y a si111ple 



for1n11la wl1ic~l1 will ll<)t C()11c:E~r·11 lIS f11r·t,l1t·r· l1E~r·E·, is cl. fixecl 11111111>('1' E. 1,l1c\ 
111ass distr·ib11tio11 we wa11t. to co11sicler· <)V('l' .,X is t,111:: 11c1t.111·c1l t111ifc)1·111 c·list.1·i
butior1 wi tl1 t,otal 111ass 011e, a11cl t.l1e 111<)V<\111e11t1 is gi V(~11 l)y st.t11·t,i11g c1t. ti111<~ 
zero i11 tl1(~ c:or1fig111·atior1 give11 lJy :r a11cl t:.l1c~11 <~c1lc:l1lctt,i11g t.l1E: 1>c)sit.ic)11s c111cl 
veloc:it,ies of' eac~l1 of tl1e 111c>le('.l1les c1t. t.i111<:~ c>r1E\ ~ 1>11t.t.i11g t.11e111 c1ll t.oget.11<:'.1· 
i11 a11ot,l1e1· 1011g vec:to1~ wl1ic·l1 we cle1·1c)t,c l)JT T( ~r) c:111c_l C'.all t,l1e tr·a11st·c)1·111<~cl 
poir1t. Tl1e ('.·alc:11lc1ti()11s c:a11 lJe do11e c1c~c·c)1·cli11g to cliff<~r·e11t, r11les, l)11t let 11s 
suppose l1ere tl1at we ar·e i11t.e1·ested i11 t.hc~ 1·11les give11 l)y c.:lassic:al r11ecl1,1,11ic~s. 
The n1eas11re J)r·eservir1g t1·a11sfor·111at,io11 tl1us clesc'.ril)ecl is c:0111111011ly k11ow11 
as 'gas i11 a l)ox', c111cl t,l1e p1·ese1·vatio11 of 111ass was fir·st, provecl l)y Liouville 
in the n1iddle of tl1e r1i11etee11tl1 cent,111·y. 

2. QUESrI'IONS OF" IN'I'EREST IN 1'-:Rc;QDI(_; 'I"HEORY 

Ot1r· r1ext task is to clesc1·il)e s0111e of tl1e basi(: c1t1est,ior1s of· i11ter·est i11 the 
field of ergoclic: tl1eor·y. F1·0111 t,l1e sec:c)11d E~xa111ple it, sl1ot1ld l)e C'.lec:tr· tl1a.t, 
011e of tl1e goals is to get. away fro1r1 ver}r detailed, local i11vestigations of tl1e 
bel1aviot1r· of' i11dividual 111olecules or· 1)oi11ts, as ir1 tl1is exa1111)le it wo1.1lcl l)e 
ir111)ossil_)le to say ver·y 111uc~h. Tl1e sirn1)lest, way to fo1·111ulate tl1is r·estrict,io11 
is to realize tl1at we wisl1 to deal vvit,l1 st1ccessive 1r1ove111er1ts, a11d in partic:
ular to tr·y to clesc:ribe the lo11g-te1·111 l)el1aviou1· after· 111a11y 111a11y iteratior1s 
of the 111eas11re pr·eser·vi11g tr·a11sfor·111at,io11. Ir1 tlre fir·st exarnple, tl1ir1gs are 
quite clear; aft.er two 111ove111ents, a is at, c:, b at a, a11d c: at b, a11d af'ter tl1ree 
move111e11ts ever·yone is l)ack to l1is start,i11g spot a11d tl1i11gs 1·epeat as l)ef'ore. 
In other words, this is a periodic: transf'or111atior1 witl1 per·iocl 3. Tl1e seco11cl 
exa111ple presents 1nor·e diffi.c'.ult.y, lJut, just, r·ecer1t,ly it, l1as lJeer1 sl1own l)y tl1e 
H ur1garian Scl1ool (for· ider1tical 111ole(~11les of a fix eel size a11cl so-c:c-illed elastic 
collisions with eac~l1 otl1e1~ and with the sicles of tl1e box) tl1at exc'.ept for a set, 
of startir1g poi11ts havi11g probability zer·o, tl1e positio11s and velocities will 
corne arbitrar·ily c:lose to a1iy give11 set of positio11s a11d velocit,ies agai11 c111d 
again as tl1e 111over11er1t is iterated, after a s11ffi.cie11t 11u111be1~ of n1oven1e11ts. 
Tl1us, with l)robability 011e, all of tl1e 111olec:ules will eve11t11ally c~ollect i11 91 ·· · 

the right l1alf of the box (but 11ot stay there), if we wait lor1g e11ougl1! Tl1is 
'inevitable suff·ocation', altl1ougl1 1natl1en1atically sou11d, is also very i11ter-
esting because it cor1tradicts the seco11d law of tl1er·111odyr1a1r1ics, altl1ough 
it l1as been ded11ced £1·0111 tl1e fi1·st J)r·inciples of' classical 111ecl1a11ic'.s, tl1e 011ly 
acceptable pl1ysical pri11c:iples on a 111icroscopic level for a ,vide c:lass of gas 

111odels a11d de11sities. 
After the above detour i11to the world of physical interpr·etation, we now 

retur11 to n1athe111atics, witl1 a discussio11 of s0111e 111at,l1er11at.ical proble111s 
and a few results obt,ai11ed ir1 the past years in Tl1e Nether lands and else
where connected to ergodic tl1eory. Below we treat tl1ree areas of inter
est: percolation, or1e-deper1dent proc:esses, and i11terval dyna111ics. \Ve shall 
try to exhibit t.he correspo11dir1g rneasure preservir1g tra11sfor·n1atio11, but it 
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will riot l)e possible to arrive at a clet,ailecl 1111cle1·sta11di11g of tl1e u11cler·ly
ing co1111ec:t,ions arid proofs. Most, ()f. tl1e wor·k clisctisse(_l l1cts rJee11 c:c11·1·ied 
out at Delft U 11iversity of Tecl1r1ology, a.11cl s11lJst,ct11ti<tlly s11pportecl by the 
NWO /SMC-gra11t 'Coding Proble111s i11 Er·goclic Tl1eory', as well as other 
local a11cl r1atior1al t·u11di11g. 

3. PERC;OLA'I~ION 

3.1. Matherriatical rriodels of per·colat·ion 
I11 111atl1e111atical rr1odels of percolatio11, the 11nderlyi11g 111east11·e prese1·vi11g 
tr·ansforn1ation is riot te111poral, but spat,ial. Tl1e sir111)lest r11oclel 1·ur1s as 
follows. Irr1agine a regular grid of interconnectecl pipes i11 tl1ree-cli111e11sio11al 
space, a11d suppose that a certair1 pe1·ce11tage of the pipes are open, allowir1g 
liquid to flow through the111, wl1ile the rer11::1i11ing pipes a1·e blocked. We as
surne that this configt1ratior1 hc1s been obtained by s0111e 1·anclo111 111ecl1anisn1, 
for i11stance a11 ir1depende11t coi11 toss witl1 the sa111e coi11 fo1· eacl1 pipe. The 
space .. X- in this sit,uation is tl1e c.·ollec:tio11 of all (infir1it,e) presc:ri1)tio11s of· 
which pipes a1·e open arid wl1icl1 are blocked, while the 111ove111e11t, is a spcttial 
rr1ovement of translation in a direct/ion parallel t.o son1e of the pipes, by the 
length of one of' the pipes. There a1·e i11 tl1is exa111ple actually six clifferer1t 
directions, so we have six 111easure preserving tra11sfor111ations, cor11ir1g in 
pairs which are inverses of each othe1·. The 111ass distril)utio11 is desc'.ribed 
by the random pipe blocking 111ecl1anis111. The basic iclea of percolatior1 tl1e
ory, developed by physicists ea1·lie1~ but put on a sot111cl n1atl1err1atical basis 
in the 1950's, is that if only a s111all percentage of tl1e pipes ar·e bloc'.ked, 
then there will be patl1s stretcl1i11g t,o i11fi11ity alo11g wl1icl1 lic1uid car1 flow, 
but if tl1e blocki11g percentage is large, t,hen all of the lic1t1id is localized arid 
car1not escape fr·om a fir1ite region. Tht1s there sl1ould be a critical blocking 
percentage, below \vhich these i11fi11ite open paths appear a11d above which 
there are no infinite patl1s. (See also figure 1.) The basic applicatic)r1s of 

92 these ideas ar·e i11 the areas of oil exploration arid spread of disease, and it 
is i11teresting to be able to prove tl1at critical blockir1g perce11tages (gener
ally called critical probabilities) exist, calculate tl1em, and n1ore generally 
describe the 11ature of the rando111 picture of a realizatior1 of the process. 
Both geometric and measure theor·etic issues are i111portant her·e. 

3. 2. Recent results 
In the short space available, it would be irnpossible to detail t,he con11ection 
between ergodic theory and per·colation, a11d we 1nust be cor1tent with the 
staternent tl1at this poir1t of view l1as proven very fruitf11l in t1nclersta11ding 
and solving 111any of the open p1·obler11s, a11d providi11g simple proofs of 
theorems previously believed to be very cor1·1plicated i11 11ature. I list shortly 
some of our result,s-the reader should be aware that the selection is macle 



Figure 1. A corn puter realization of site percolation on the square lattice. Red is 
percolating. 

to i11c·lic:c1t.e t.l1e vvo1·l< c,1r·riccl c1ut. i11 tl1e 1.980's i11 Tl1e N etl1er·la11ds, c111cl is 
11ot a r·e1)1·ese11tative sc111.1r)le C)t· t,l1e 111ctl1}r ir1t,e1·esti11g icleas i11 tl1e field ()f. 

1>e1·c.:olct t, io11. 

• Tl1e f't111clc1111e1·1tc1l Va11 de11 Berg-I{est,e11-ir1ec111,1,li t,)r, 1)er·111it,t,i11g c:alc:t1- 93 
lctt,ic;11 of· sever·al c·r·itic:c1l J)r·ol)cll)ilities, c111cl also of l)t1,sic: t.l1e()retic~al 
i1·11J)C)1·t,a11c·e ([l]). 

• Tl1e 1.111ic111e11ess of· ir1fi11it,e c:l11ste1·s of' OJ)e11 J)il)f:S ct11cl c)f. cle11sit·.ies 
of clust.e1·s i11 a lc1r·ge 1·;:111ge ot· J)l1ysic·c1,lly 1·ectsil.Jle J)er·c:c)lc1t.ic)11 111cJclels 
([2],[3]). 

• Exctc:t, C'.ctlC'.lllc1 t, ic)11s for· c·r·i t, ic:21,l p r·c) l)cl b ili t.ics a11cl IJ c~r·c·(1lctt.ic)11 1) 1·01Jcl1) il i t.y 

f·t111c:t.io11s i11 c·i1·c::lc 11c~r·c:c)li:-l.1:i<·)11 111oclels ( [5]). 
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~1ost, of' tl1ese r·esults do 11ot clir·ec:t:ly 1_1se 0st,c1l)lisl1E~(l 111t't.l1c_)cls <:)f. er·g()(lic· 
tl1eo1·y; i11st,eacl, t,l1ey 1·aise s11lJstc111t,ictl 11ew c111est,ic>11s c:011c-~E~1·11i11g 111E~;::1s11r·e 
1)1·ese1·vi11g t.rar1sfor111ations. 

4. 0Nr~-DEPENI)EN1., PR.OC~ESSF~S 

I11 ( [ 6]), a lo11g-sta11di11g c;c111jec·t.111·E.· c·c)11c·er·11i11g t.l1t~ existe11c:e of' 011e-clt:pe11-
de11t, I)r·oc'.esses w l1ic:l1 are 11ot, t.wo-lJloc:k fac·tc)1·s of· i11clepe11cie11t, J)r·oc·esst:~S 
was set,t,led, givi11g r·ise t.c) a s11l)st,c111t,ial c:c)llec:tic)11 of r1ew 011e-clepe11cle11t 
processes. Let 111e t,r·:r, t.o explc1,i11 t:l1E\ iclec1 l)el1i11cl 011e-clepe11cle11t, JJr·oc·essE~s. 
Fir·st of ctll, it is easiest, to t,l1ink of' a pr·ocess as a do11bly i11fi11ite sec1t1e11ce 
of two sy111l)ols, say O a11d 1, cl1ose11 i11 s0111e rc111do111 n1a1111er·. For· i11st;:t11c'.e, 
st1ppose t,l1at for· eacl1 ele1r1e11t ot· t.l1e seqt1e11ce we flip ft c:oi11 wl1ic:l1 is lcibelled 
0 011 011e side ci11cl 1 011 t.l1e ot,l1e1· ( t.l1e c·oir1 11eed 1·1c)t, be f'air·, l)tlt, it, sl1ot1lcl be 
tl·1e Sct111e c_~oir1 f 01· every elerne11t of tl1e sec11.1E~11c'.e). Tl1is gives 1·ise t,o c1.11 i11-
deper1de11t ( stc1.tio11c1.1·y) l)r·oc:ess. A ge11e1·c1.liz;:1,t,io11 c)f i11cle1)e11de11t, J)l'C)c·:esses, 
wiclely st11clied, is tl1at. c)f l\!Ic11·kov pr·oc·esses, i11 ,vl1ic:l1 t,l1e1·<:1. c1r·e ti\\'C) C'.C)i11s, 
a11d tl1e 011e flipped ciepe11cls 011 t,l1e ot1tc"'.C)111e of t,l1e fliIJ i11 t,l1e l)r·ec:ecli11g t·l
err1ent of tl1e sec1ue11c~e. Markov pr·oc:esses l1ave tl1e pr·opert)y tl1at tl1e ft1t111·e 
flips ctr·e ir1cle1)e11cler1t of tl1e past flips if 011e supposes tl1t~ valt1e c)f tl1e IJ1·ese11t, 
flip to be k11ow11. Tl1e definitio·ri of a or1e-de1)e11cle11t pr·oc~ess is 011e ir1 wl1ic:l1 
the f'ut111·e is ir1depe11de11t of tl1e past, wl1e11 110 k11ov\rleclge of tl1e 1)1·ese11t, is 
assun1ecl. That, is, the obser·ver· sees a11 event i11 t,l1e past,, goes to sleep at 
t,he p1·ese11t ;:111d 111isses c111 obse1·vat,io11, a11(l t.l1er1 ()bser·ves i11cle1)e11de11ce i11 
t,l1e f11t,111·e witl1 r·esr)ec·t, t,o what lie saw i11 t,l1e pc1st,. It, is easy to see tl1at, 
if we take ar1y i11clepe11cle11t, pro(:·ess ( wit,11 pe1·l1clps 111or·e tl1ct11 t,wo sy111bols, 
ever1 11101·e t,l1a11 a fi11ite 01· c:ou11t,c1l)le 1111111ber of· st,c1tes), c111cl 111c1.ke a11ot,l1er 
pr·oc:ess by a fu11ctio11 cleper1cli11g 011ly 011 t,wo suc:c:essive o bse1·vat,io11s wi tl1 
values O and 1, tl1e11 t,l1is pr·oc:ess is 011e-deper1de11t. Tl1e c:011jec~t.111·e ,vas t.lrctt, 
ever·y twc)-st,cite or1e-clepende11t l)r·oc:ess ar·ises i11 tl1is 1·11c11111er·, c111d ( [ 6]) c:011-
t,ains a large r1t1111ber of· 11ew or1e-depe11de11t, processes, wl1ic:l1 cc:1,1111ot ar·ise 

94 ir1 tlris r11a1111e1·. It is not easy to see 110w er·gociic: tl1eo1·y c:a11 l)e of l1elp i11 
this proble111, a11d t,he u11derlyir1g tra11sfo1·111atio11 is cliffic'.ult, t,o desc'.1·ibe, arrd 
11ot even 111east11·e preservi11g. Tl1e r11et,l1ods i11dicate a c:011r1ec:t,io11 t,o a11cl 
a generalization of q11a11tu111 probal)ilistic 1·ec1.s011i1-1g, wl1ic~l1 is riot yet ,vell 
t1r1de1·stood c111d will certair1ly be t,he subjec:t of f'ur·ther i11vestigatio11. 

5. IN,-I'ERVAL DYNAMICS 

One of tl1e 111ost i11te1·est,ir1g proble111s of er·godic~ tl1eo1·y is to estc1blisl1 exis
te11ce of a11d t,o C'.c1lculate the val11es of· invar·ia11t, 111east11·es fo1· a give11 t,ra11s
f or·1·r1atio11 of a spac'.e. 111 particular·, 011e-di111e11sior1al t1·a11sf or1nc1.tions ( n1aps 
of the u11it, ir1terval t,o itself) receivecl a large a111ot111t of cttte11tion i11 recent, 
years. Tl1esis [ 4] treat,s existence of i11va1·ia11t rr1eas111·es f'or st1cl1 trc111sforn1a
tio11s, ancl provided cor·nerstor1es f'or· a 11t11nber of· s11bsec1ue11t. 1·es11lts. 



6. C I_,4i\SS I FIC'1\'I'I ON 

E1·gc)cli(: t.l1(~01·y• l)l'<)vicles clll ex1)l,111,it.ic)11 fc)I' t.l1e cLJ)l)a1·c111t, 1·,111clc)11111ess ol)
ser·vecl i11 1)l1ysic·c:1.llyr <iE-'t.er111i11ist.ic· 111oclc1ls. 011e c:a11 ctt.tc'l1111)t, t.o clet.er·111i11e 
tl1c~ clifft•r·e11t. t,y1)c•s c)f 1·<111(lor1111ess l)y c:llL,';~i;;ijyi·ri.g 111c"ctst11·e r>1'('lse1·vi11g t,1~ct11sfo1·-
111c:1t.io11s. 011e c)f t.l1c" 111ost f'1·11itf'l1l ttp1)1·oc1.c··l1es tc) t.l1c· C'.lc1ssific:c1t,ic)11 J)1·ol)lc~111 
is l)r·ovidt~d 1>}' t.l1e t.l1ec)r·y of fi11it.a1·y <'C)cles, clevclo1)ccl 1.).Y l\ll. S11101·ocli11sky 
arid 111yst· lf i11 t.l1e 1970 's. At. I)I't"se11t., a tl101·ot1gl1 st l1cly c)f sl1c:l1 c:·lctssific:,1-
tio11 of cliff'er·er1t. typc"S of J>ur~e 1·a11clc)11111c~ss, l)c)t,11 i11 c:lassic·<il a11d c1 t1c1-11t,t1111 
desc1·iptic.)11s, is beir1g p1·ep(1r·ecl. 

7. IN\' ARIAN'!' rv11-<:1\S lfRES 

As we l1ave 111e11tio1·1ed al)ove, t.l1e l)1·ol)le1-11 of· fir1dir1g c1r1cl 111{1ki11g explic:it 
i11va1·ia11t 1·11ea.s111·es for· cl gi\re11 t1·;:1.11sfo1·111c1.t,io11 01· tr·a11sfo1·111at,io11s is C'.e11t1·c1l 
to ergoclic'. t.l1eo1·y. I (·a1111ot, r·esist, c:losi11g t,l1is esscty wit.l1 c111 i11t.erest.ir1g 01>er1 
1)1·oble111, clt1e to H. Ft11·ster1l)e1·g. Let, ;._', c:t11cl T l)e t.l1e t1·c111sf·c)1·111c1tio11s of 
tl1e l111it i11ter·v'"al defi11ecl l)y S;i~ == 2.i; 111ocl 1 ct11d T;r• == 3:.t~ 111ocl 1. Tl1e11 

L 

tl1e 11or111alizecl 1(~ l)esgllE:~ 111ec1st1re ( u11if'or·111 clist.1·il)11tio11 011 tl1t~ 111·1it. i11te1·-
Vctl) is ir1va1·ic1.11t, t1r1cle1· l)otl1 S a11cl T. Does t.l1e1·e exist a11c)t,he1· c·o11ti11uo11s 
p1·ol)abilit,y 111east1re 011 t,l1e t1r1it ir1t,e1·val wit.11 tl1is p1·01)e1·t,y? 

8. CONC'.LUSION 

I11 t,}1is slrort, essay we l1ave c1tt,e111pt,eci to briefly desc:ril)e the l)asic: iciea 
t1nde1·lyi11g tl1e 111atl1e111at,ic:cll discipli11e of' er·godic: t,l1eor·y, to give a sl101·t, 
descriptior1 of' it,s pl1ysic:al 01·igi11s, a11d t.o desc1·ibe s11111111<lrily s0111e as1)ects 
of ,vork at Delft, U r1iver·sity of Tecl111ology 11si11g e1·goclic'. tl1eory t,o ar1swer 
fl111da111e11t,al c1l1estio11s ir1sicle t,l1e disc:ipli11e c:1r1cl t,o c;o11t,1·ibt1te to J)r·ol)le11-1s i11 
relat,ed fielcls. 1 1l1e essE~11t,ial r·ec:1s011 for t,l1e wide r·c111ge of aJ.)plicc1t,io11 is t,l1e 
ft111dc1111e11tc1.l r1c1t,11re of· tl1e 11ot,io11 of c1. 111eas11re J)rese1·vir1g t,1·a11sfo1·111atio11, 
t,oget,l1er· witl1 its su1·p1·isi11g co111plexit,y. 
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