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Figure 1. Originally splines were long strips made of very flexible strong material, 

used as an engineer's tool at the drawing-table. Nowadays the computer has almost 

completely taken over this design function. 

f·air ly c.01111)let,e t,l1eo1·y a11cl p1·c1c~tic'.E~ for· spli11es i11 011e vc:iri::tl)le. 111 partic'.ular 
tl1e va1·iot1s 1·ec'.t11·sive algor·itl1111s ctS i11itiated lJy, e.g., C. ci.e Boor· wer·e of gr·eat 
i111po1·t,a11c:e. Mt1cl1 effor·t cilso was pt1t i11 tl1e resear·cl1 c~o11c:er1·1i11g splir1es 
ir1 two a11cl 11101·e var·iables. However·, 11otwitl1st,a11di11g a lot, of pr·ogress, 
111a11y p1·01Jle111s ar·e still open. For exa111ple, tl1e p1·obler11 of sl1c1pe-p1·ese1·vi11g 
app1·oxi111cttio11 is still far· away f'r·or11 a ger1er·al solut,io11. In tl1e C'.u1·1·e11t 
1·esearcl1 pr·oject a 11u111l)e1· of tl1ese pr·oble111s were st11died i11 dept,11. 

A splir1e ft111c:t1io11 i11 s var·ia1Jles is a J)iec~evvise a11alytic: fl111ctio11 C>Il its 
do111air1 of defi11ition r2 wl1icl1 is par·t, of tl1e s-di1r1er1sio11al space R·~. If n 
is 1Jot111decl, the11 the st1t)clo1r1air1s 011 w 11ic:l1 tl1e SJ)lir1e is a11alytic f'or·r11 a 
fi11it,e pc1rtitior1 of n. I11 tl1e one-cli111e11sior1al sit,l1at,ior1 tl1e J,)oi11t.s wl1ere tl1e 
splir1e is not a11alyt,ic: ar·e call eel "k11ot,s'. I11 tl1e ct1rr·er1t, J)ro jec:t 111clt,he111atical 
tec:l1r1ic1ues were i11vestigateci to c~o11strl1ct spac:es of spli11e ft111c:t,ior1s l1c1vi11g 
favo11rable prope1·ties wit,h respec:t to tl1e clesir·ed applic:at.io11s. Also the 
corrip'utab'i[,ity of Sl1c:l1 spli11es l1as 1Jeer1 dectlt wit,11 ext.e11sively. 111 tl1e project 
tl1e ar1alytic:c1l parts of· tl1e SJ)li11es \ver·e r·est11·ic:tecl to bt~ of J)oly110111ial 11ature. 
Tl1is class of splir1t~s is c~allecl tl1e c:lass of polynornilil splines. 



Pr() ble111s c1rise w l1e11 t,l1e spli11e is 1·e<111i1·e<:l t,<) l)E~ sE~\rf~1·{1,l t i111<:~s diff <~r·e11-
tial)le wl1ile t.l1t: do111cii11 0 C R:"· is c11·l)it,1·c11·ily sl1cll)E'<l ct11cl ,9 > 1. Ot.l1e1· 
types of 1)1·0 ble111s arise w l1e11 closed lJocli<:~s i11 Ii.:~ ,1.r·E~ 1·(:c1 t1irecl t,c) l)e c·le
scri becl 11si11g cl l1igl1 degree of (geo111E~t,1·ic:) c:011t.i 1111i ty. Ir1 t, l1is lat, t,E?l' C'.clse 
one uses par·c1,rrietr··ic s1)li11e s11rf'aces, a11cl tl1c~ l)r·ol)lE"\111 is c~c)1111ec:t.ecl t.<) t.l1e 
fact thc1t tl1e st1rfac·t: c)f a c· lc)sed l)oCl}' c:;:111 11ot, l)e 111cll)l)E~cl i11 et C'.011t.i1111c:)11s 

') 

011e-to-011e way i11tc) R-. 
Finally, tl1e p1~ol)le111 of' tl1e shape-p·r'(:.i;c;'r··t,ir1,9 desc~r·i1)t.io11 of' a s11r·fac~E; l1c1s 

been addressed ir1 tl1e l)roject. These l,1t,t1e1· investig,1tio11s were of' 111c1i11ly 
t.l1eo1·etical 11att1re. 

2. POLYNOl'vfIAI.; SPLINES 

2.1. B -._c,plines in. orie dir1·l,t;n .• i,·io·r1, 
Orie of the basic co11t1·ibutio11s to tl1e t,l1eo1·y of l)oly110111ial spli11es ir·1 011e 
din1ension is tl1e clisc'.over·y c)f l)asis f1111c:t,ic)11s \Vit.11 c:0111J)c:1c:t s111)po14 t~ t,l1E:) 
so-c:alled B-spli11es, l)y H.B. C11rry a11cl Sc:l1oe11berg i11 1966 [1]. Tl1ese c11·e 
J)iecewise 1:)oly110111ial fur1ct,ior1s wit,11 a supJ)or·t of 1i + 1 co1·1sec:utive s11l)in
tervals, w l1e1·e ·11. is tlre degree of tl1e poly11or11ial pc:-1,r·t,s, a11d witl1 ri - 1 t,i111es 
co11t,ir1uot1sly diffe1·e11tiable c:or1nec~tio11s at tl1e knots. A support of' le11gtl1 
·n + 1 subintervals is tl1e s1r1c1llest, possible st1ppor·t for· 11011-tr·ivial splines of 
deg1,ee rz. a1·1d of c:lass C''1

· -
1 . Tl1e 11u111ber ri + l is call eel tl1e or·der of tl1e 

B-spline. Tl1e B-spli11es for111 a basis i11 tl1e space of poly110111ial spli11es 
defined over a give11 partit,ior1 of tl1e c:011side1·ed do111c1i11 il C R .. Tl1eir· i111-
porta11ce is fo11ncl i11 tl1e fac:t of t,heir· ve1·y si111ple c:01r1r)11t.c1l)ility, whic:11 is 
due to tl1e exist,er1ce of a rec:l1r·sio11 rel,1tio11 (De Boo1· a11cl 1\.1.G. Cox, 1972). 
Tl1is 1·elat,io11 <1cl111its et 1·1l1111e1·ic'.c1lly stal)le w,1,y of l)11ilcli11g 111) tl1e l1igl1e1·-
01·der B-splir1es, startir1g witl1 B-spli11es of order 1. Also for· cliffer·e11tiat,ior1 
a11d i11tegr·atio11 sir111)le rules exist. Tl1e derivative c)f cl B-spli11e c:a11 l)e 
co111pt1ted cts a weigl1tecl difl·erer1c~e of two B-spli11E~s of 011e orcler· lower (De 
Boo1·, 1972). Ar1 expressio11 for tl1e i11t.egral of <:t give11 spli11e was fo1111d by 83 
De Boor, T. Lyche a11d L.L. Scl111rr1ake1· (1976). Wit.11 t,l1ese rl1les the bcisics 
for· prac:tical con1puti11g witl1 poly110111ial spli11es i11 or1e cli111e11sior1 ar·e avail-
able. Fur·tl1er irr1prove1ne11ts cot1ld be attair1ecl by givri11g s1)ecial at,t.e11tio11 
to tl1e spec:ific properties of splines ar1cl tl1eir <1lgo1·itl1n1s. For· exa111ple, it 
is possible to let coinc:ide, pl.1rposedly, sever·c1l co11secl1t,ive knots, whicl1 ca11 
be i11te1·p1·eted as ad1·11ittir1g sul)ir1terv,1ls of length zero. At sucl1 a rnultiple 
knot tl1e spline will have ;:1, lower· order· of co11tin11ity c:or11parecl with tl1e 
conti11uity order· at si11gle k11ots. The above 1nentio11ed rec11rsion, however, 
car1 still be applied witl1out ar1y SI)E~cial 111easure. The c~ornput.ability is thus 
not afl·ec~ted by ir1troduci11g r11ult,iI)le k11ots. Fl1rtl1er111or·e tl1e B-spli11es c~a11 
be norn1alized suc~h t,hat they forrr1 a pa1·titio11 of u11ity c1t every poi11t ir1 tl1e 
do1r1air1. A co11seq11e11ce is a c:lose relatior1ship i11 sr1ape l)etwee11 a splir1e 
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Figure 2. A cubic B-spline ( order=4), and its derivatives. 

s(x), written as a linear co111bi11ation of B-spli11es, arid the so-called control 
polygon; this is tl1e polygo11 wl1ich co1111ects the consecutive control points 
by straight line segme11ts. Tl1e l~ontrol points are defined as the points in 
the x, y-plane wl1ich represent tl1e coefficients i11 the B-spli11e expansion of 
.s ( x): the y-coordir1ates ar·e t,l1e values of tihe coefficients the111selves, a11d the 
x-coordinates are the values of tl1e coefficients i11 the B-spli11e expansion of 
the ft1nctio11 x over tl1e sa111e kr1ot partition. The si111ilarity in sl1ape allows 
pr·edictable cl1ange of shape of s( :r:) l>y cha11ging coefficient values. Tl1is is of 
great importance for shape design purposes. For these latter· purposes is also 
of great importance tl1e possibilit,y to insert additional k11ots at pre-selected 
positions, for wl1ich a 11u111be1· of si1r11Jle and elegar1t algo1·ith1ns exist. 

In figure 2 the nor111alized cubic B-spline over the set of knots {O, 1, 2, 3, 4} 
is sl1own (solid line), together witl1 its first derivative (dashed line) and 
second derivative ( dotted li11e). 111 figure 3 a Clll)ic; spline is depicted over 
tl1e san1e set of knots, together with its contr·ol polygon. Due to multiplicity 
of the bou11dary-knots, the first and last contr·ol points coi11cide with the 
begi11 poir1t and e11d JJoir1t,, respectively, of tl1e curve. 

Fro111 a t,l1eo1~etical poi11t of view the 1·elation tl1at exists between divided 
diffe1·e11ces of poly11on1ial half-spcice functions ( tru11cated power· fur1ctior1s) 
a11d B-splir1es is of great i111porta11ce. Properties of B-splines ca11 be derived 
fron1 this r·elatior1 i11 a11 elega11t way. Tl1is oper1s perspec:tives witl1 respect 
to the researc:11 to B-spli11es in 11101·e t,han 011e din1ensio11 if tl1e notion of 
'divided differ·ences' ca11 be extended to more di111ensions in a suitable way. 
In the prese11t project this itern was a11 ir11portant subjel~t of researc:11. 
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Figure 3. A cubic spline and its control polygon. 

2. 2. B -splines in mor~e d1:mensions 
B-splines in r11ore din1ensior1s have been topic of research already since sev
eral years. An obvious extension to the higher dime11sional situation is 
obtained by constructing tensor products of univariate splines. This type 
of extension is of practical advantage in the sense that it allovvs tl1e use 
of repeated univariate algorithms. _A..11 obvious drawback, however, is the 
very limited flexibility with respect to the shape of the don1ain and the den
sity distribution of the set of knots. A more general extensior1 arises fron1 
the notion of polyhedral spli'ne. The definition of B-splines, based upon 
this notion, is strongly geometrical: B-splines i11 s dirnensio11s are defined 
as ft111ctior1s, the values of wl1icl1 are proportional to the volu111es of cor
responding intersections tl1rough polyhedr·a in highe1~-dirr1ensional spaces. 
The first actual cor1st.ructior1 of a B-spline on the basis of tl1is geo1netrical 
principle and witl1 a simplex chosen for the polyhedro11, was performed by 
De Boor (1976) [2]. Later or1 other types of polyhedrct were used, result
i11g ir1 tl1e co11struct,ion of, e.g., box splines arid cone spl'ines. The te11sor 
product splines, rnentioned above, could be interpreted as special c:ases of 
box splines. Recurrenc:e relations wer·e four1d soon (L.A. Micchelli, 1980), 
guarar1teeir1g the relatively si111ple c:on1p11tability of tihe spli11es. 

The possibilities for practical t1se of si111plex B-spli11es we1·e f'or· the first 
time exte11sively ir1vestigated by R.H.J. G11·1elig Meyli11g (1986). These B
splines appeared to be suitable f'or higl1 qt1ality approxi111atio11s of' ft111ct.io11s 
ir1 two variables over c:11·bit1·ary fi11ite dor11ai11s. However, tl·1e c:0111putir1g 
effort appeared to be l1igh .. A.. furtl1er ir11prove111ent of c:0111p1.1ti11g efficie11cy 
is needed ir1 order to re11der tl1ese splines 1~eally usef11l f'or· fJr·actice. Ir1 figt1re 
4 a biva1~iate q11adratic si111plex B-spli11e of c:lass C 1 is sl1ow11. Its st1pport 
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Figure 4. A bivariate quadratic simplex B-spline. 

is tl1e c~onvex l1l1ll of 5 k11ots i11 tl1e pla11e. 
Ar1ot,l1er exter1sio11 of· s1)li11es to 111or·e tl1a11 011e din1e11sio11, wl1ic~l1 is riot 

based 011 polyl1edra i11 l1igl1er·-di111e11sio11al spaces, uses a tr·icxri,q'ztlatio'ri of tl1e 
do111ai11 a11d tl1e defi11itio11 of Ber·nsteiri polyrtorr·iials 011 eac:l·1 of tl1e elerr1e11t.s 
of tl1is tr·iar1gulatior1. U si11g Berr1stei11 polyno111ials allo,vs i11 a relatively 
sirn ple way tl1e c:011strl1ctio11 of' a Sl11·face of C'.lass C 1 , or eve11 clc1ss C 2 , 

by i111posir1g side c:or1ditio11s 011 t,l1e co11trol poi11t,s. Pio11eeri11g ,vor·k l-1as 
bee11 do11e l)y Scl1l1111ake1· ( 1979 a11d later·), i11 IJart.ic:ular with r·espect to tl1e 
din1er1sions of suc~l1 spli11e spac:es [3]. Also for tl1ese spli11es tl1e pr·actical 
utility was i11vestigated exte11si vely lJy G111elig :Niey li11g ( 1986). 

3. TI1E RESEARCH IN TfIE PROJEC'r 

Tl1e ain1 vvas to co11side1· poly11orr1ial splir1es ir1 two var·ial)les. A r11ajor par·t 
of tl1e fu11dc1111e11tal r·esea1·cl1 was devoted to bivaric1.te sirr1plex spli11es. A fir·st 
step was the ger1er·alizatio11 of tl1e r1otio11 of l111iva1·iate divided diffe1·e11ces 
to tl1e highe1·-dirr1er1sior1al situation. This ger1eralizatio11 is based upon a 
poi11twise evaluatior1 of a 111ultivariate function. Next, the sirnplex s1)lir1e is 
expr·essed as the r11ultiva1·iate divided difference of a gener·alized poly110111ial 
l1alf-spac:e fur1ctio11. The pr·operties of tl1e 111ultiva1·iate si111plex splines could 
be der·ived fro111 tl1e p1·01)er·ties of the r11ultivaric1te divided differ·ences. Also 
11ew pr·oofs wer·e forn1ulated for· a nurr1ber of already kr1owr1 res11lts. 

J\1ucl1 atter1tio11 was paid to the co1r1putability of' tl1e sirr1plex spli11e. Us
ir1g as starting point a publicatio11 of E.T. Coher1 ar11ong otl1ers (1987), in 
wl1ich a11 alter·11ative rec:ur1·ence relation was present,ed for· evaluation of 111ul
tivar·iate simplex s1)li11es, new rec~ur·1·er1ce relatio11s were found for direc"'.tio11al 
derivatives and t·or i11ner I)roduc:ts of sirnplex splir1es. Tl1e 1111111erical pro1J-



Figure 5. A triangulation (left) and a quintic interpolant. 

erties of' tl1ese 11ew algoritl1111s are ir1vestigated ( stal)ility, con1 puting effo1·t) 
and cor11pared with tl1e older algorith111s. It appears tl1at progress l·1as beer1 
n1ade in partict1lar with respec:t to tl1e c:0111plexity of' tl1e algoritl1111s. 

A11 alter·r1ative for· tl1e co1111Jutatio11 of si111plex spli11es is based on t.l1e 
co11cept of subdiv'isiori. 111 tl1e case c>f box sr)lines t,l1is is a11 ac:cepted arid 
practic:ally very t1seful tecl111ic1ue, clue to its efficie11cy a11d si111plicity. For 
the c:ase of sir11 plex splir1es Ii t tle was k11own a boll t tl1is topic. For tl1is r·easo11 
the 11otior1 of d'iscr·ete simplex spline is i11troduced a11d son1e properties are 
derived. Discr·ete B-splir1es arise wl1er1 c:011t.i11uous B-s1)li11es, defi11ed witl1 
respect to a give11 11et of k11ots, are expr·essed as linear co111bi11ations of 
co11ti11uol1S B-SJ)lir1es wl1ich are defi11ed witl1 1·es1)ect to a11otl1er 11et of k11ot,s 
in the sa111e dor11ai11. Tl1e lat,ter r1et usl1ally is a refir1e111ent of tl1e first 11et. 
It will tl1e11 be obvious that discrete B-splines take a cer1tral J)ositio11 in 
subdivisior1 J)1·ocesses. The ir1vestigatior1s l1ave led to tl'le forml1lation of a11 
algoritl1111 for· sul)divisio11 of sirnplex spli11es. 

A11otl1er topic of' resear·c~h was the s111ooth inte1·polatior1 of scattered dat.a 
in tl11·ee-di111er1sior1al spac'.e, t1si11g splir1e surf·ac:'.es. A st1ital)le 111etl1od was 
desigr1ed usi11g dege'rier·ated triar1gular· Bezie1·-Be1·11stei11 pat,(~l1es. Tl1is de
gener·atio11 l·1as to be ur1derstoocl as a r11ultiplicity of son1e of the cont1~01 
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points. The 11ecessity of tl1e use of degenerat,ecl pat.cl1es is a clirec'.t c:011se
que11ce of the in1posed require111er1ts: ( 1) t.l1e 111etl1ocl sl1ot1ld be local, ( 2) 
the patches should be polynomicll, ar1cl ( 3) t,l1e geor11et.1~ic c:011tint1ity sl1ot1ld 
be of or·der 1 at least. Locality 111ea11s tl1at 01·1ly local ir1for111ation is usecl to 
co11strl1ct tl1e accessory local part ()f t.l1e Sl1rface. R,est1lts were obt,ai11ecl f'or 
the polyr10111ial degrees 4 a11d 5. It cl.I)pearecl t,l1at t,he 111ethod is suital)le fo1· 
the description of closed bodies as well. 111 figure 5 tin exan1ple is give11 of ar1 

ob_ject which is described by usi11g degeneratecl c1t1i11tic polyr10111ial patches 
and wl1ich is of geon1etric C'.011tir1t1ity class C"1 . The data set coincicles with 
the vertices of the triangulatior·1. 

Finally, attention was given to tl1e sn1ooth approxin1ation and interpo
latio11 of convex fl1nctio11s, preserving the co11vexity. These i11vestigations 
were mainly of theoretical natur·e. One result that was obtained is a proof 
that, whenever a finite-dirr1ensio11al approxir11c1tior1 space is used, the use of 
local operators for inter1)olatio11 ir1 general will not rest1lt i11 preservation of 
cor1vexity. Tl1us a11 i11te1·polatior1 111etl1od wl1ic'.}1 is suc~h that preservation of 
convexity is gt1ara11t.eed r11ust be global. 

Tl1e n·1ajor part of tl1e alJove researc:h was done by M. Nea111tu in the 
fran1ework of l1is Ph.D. tl1esis. 
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