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Tl1is essay c:()11t.ai11s c1 l)(~1·so11al vievv of t,l1e f)lctC'.e of· 111atl1e111c1t,i(:al statistics 
i11 111atl1e111at,ic'.S a11d sc:ie11ce, witl1 c:t11 eyE~ tc) tl1e fl1tl1r(~. St,at.ist,iciar1s c:11·(~ 

s0111et,i111es pa.id to r11c1ke I)r·edic'.tio11s, l)ut, tl1(:~y a,r·e tr·c1i11ecl to l)e car·eful a11cl 
l1edge thei1· bets by givi11g ar1 i11(iic~atic)11 of its t111c:er·tc1i11t.y. I sl1c1ll l)e C'.a1·ef'11l 
11ot to be SJ)ec:ific:, as fc:1r as tl1e f't1t,111·e is c:011c-:e1·11ecl. Iv1ost, of' t.l1e essay 
is cor1ce1·ned witl1 t,l1e r·c~Ct~11t past ( wl1ic:l1 Sl1rel)' c:or1tai11s tl1e seecls of' tl1e 
futur·e) ar1d is b11ilt arou11cl sor11e ,1r1eC'.(lOtc:1.l C'.ase-stl1cliE~s of fasci11ati11g but 59 
ir1 va1·iol1S se11ses I)c:l.radoxic'.al develc)p111e11ts i11 tl1e field. 

1. 2. Wltat is rrz.atherriatical stati,i;tics? 
Stat'istic,s is c:or1c'.er11ed witl1 a11alysi11g clata, espec·ially ir1 tl1e J)resenc:e of 
1·ar1do11111ess, wl1et1l1er d11e t,o 111easu1·e111e11t error·s, clelil)er·ate sa111plir1g f1·01·11 
a lar·ger· populatio11, lJiolc)gic:al o-r· l)el1c1viot11·al vc.ir·ialJility, or· w l1at.eve1· ( 1r1or·e 
on t,l1is later·). _,"'v/atl1.ernat1ical .stcitistic.s is tl1e 111at,l1e111c1..tic:c1.l t,l1eor·y of l1c)w 
to do tl1is. It c:odifies a11d c)r·gar1izes st11 ategies for lect1·11ir1g f1·0111 datci a11d 
for d1·awir1g co11cl11sio11s abo1.1t tl1e real world J)l1eno111e11a whicl1 ge11er·ated 
tl1e111. It, is deeply co1111ec:ted witl1, a11cl pa11 tly gr·ow11 011t of·, IJrol)ar)ility 
t,l1eo1·y, co11(~er11ecl ,vit,lr l1ow t.o c:alc:ulatc pr·obal)ilities c)f C)Ut(:0111es in r·a11-
do111 str11c'.tt1res. Sir1c~e 111atl1e111c1t,ic:ia11s ter1ci to l)ec:0111e fasci11ated witl1 t,l1e 
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abst.1·act str11ctt1re i11 tl1e subject befor·e tl1e111 f'o1~ it:s ow11 sakt~, rr1ocle1·11111atl·1-
e1nati(~al statist.ic:s contains r11any deer) ct11cl l)ect11t.ift1l 111cttl1e111atic~c1l 1·es11lts 
w 110s e connect.io11 wi tl1 real life dcltct c111al:rrsis c:a11 lJe te1111011s. 'A pplic:c1tic)11s' 
n1ay or1ly t.111·11 11p lttter, or the theory 1·11ay l1el1) ir1 1·et,ros1)ect t,o ex1)lai11 wl1y 
cer·tai11 prc1.c:tic:c1l J)rocedures wor'k clS well c:t.s t,}1ey clc) . 

• 

1. 3. Posit'tO'n w·itliiri 1natherriatic.s 
As a relatively yo11ng br·c111c:l1 of r11c1.tl1e111atic~s, u11ce1·tai11 of its inde1)e11de11ce, 
its prac'.titio11ers ofter1 l1ave a111bivale11t feeli11gs abo11t tlreir 1·elc1tior1sl1ip witl1 
111athe111atics prope1-. Arid real rr1cltl1e111at,ic:ia11s 111ay riot c1,l ways c:or1sicler 
statistics as 'wit.hir1 t.l1e folcl'. A lar·ge wall poste1· st.ill adorr1s tl1e C'.Orr·idor of 
111any a Ger1nan university's rr1atl1e111atics clepart111e11t,, givi11g a vvell kr1ow11 
publishing l1ouse's scl1er11atic'. pla11 of the whole of r·11c1tr1e111atics. It took 111e 
s01ne t.i1ne t,o locat,e r1·1y own cliscipline ir1 this gr·c111d scl1e111e of tl1i11gs. I11 
the rr1iddle of the pict11re were boxes labellecl with r1ar11es b1.1ilt of pe1·111u­
tatior1s of tl1e words algebra ( 01· algebraic:), a11alysis ( a11alytic:), georr1etry 
(geornetr·ic), rr11111l)er, and tl1eory. These boxes were C'.011nected witl1 a cler1se 
network of arrows ir1dicatir1g con11ectior1s i11 all clirections. 

As or1e 111oved away from tl1e ce11tre the c:01111ect,ir1g arrows beca111e less 
dense, tl1e 11ar11es becarr1e rr1ore varied, less 'pure', less abst.r·act. A distant 
carrier co11tai11ed the box '111atl1ematical stat,ist,ics', con11ected by a single 
arrow frorri probability theory. Tl1is ir1 its t11rn was only li11ked to the rest of 
111atherr1atics by arrows fro111 'measure theory' arid 'potential theory'. 01-1ly 
after tr·acing back tl-1rough 1na11y li11ks did one arrive back at the centre of 
rr1athen1atics. 

Tl1is picture is a caricature to be sure, but it reflects a con1111011 view of 
statistics l1eld botl1 by mathe1naticia11s a11d by other· sc:ie11tists. Statistics 
is a bit dirty and messy, a necessary evil IJerhaps; but fron1 the poi11t of 
view of those 'at the heart' it, is a fringe event. Renowr1ed n1atl1ematicians 
l1ave occasionally called for abolisl-1rr1e11t of the wl1ole cliscipline. The iriven-

60 tor of the Kalrnan filter·-a piece of matl1e111atics without which 111an would 
not l1ave set foot on the 111oor1---argued tl1at 'cl1ance' does 11ot exist and 
therefore statistics is mea11ingless. Outsiders delight in the sor11etin1es bit­
ter controver·sies bet,veen differe11t scl1ools of st,atistics: subjectivists versus 
objectivists, explorato1·y data analysts versl1s dec'.ision theorists, arid so on. 
So is statistics a n1arginal activity"? 

A rather different, pic~tur~e is give11 by a. tal)le published a book by N .J. 
Higharr1 [l]. Tl1e table gives t.l1e six r11ost, ofter1 cited papers i11. n1atl1ematics 
a11d con1p11ter scie11ce, statistic:s inc:l11ded. Four· of the six are actually papers 
in statistics, p11blisl1ed in r11or·e or less tl1eoretic'.al journals ( Jourr1al of the 
America11 St,at.istical Association, J ot11·11al of tl1e Royal Statistical Society); 
tl1e other two a1·e IJapers 011 1111111erical 1r1ather11atic:s. ( One of tl1ese two•­
ir1troduci11g the fast Fourier t1·a11sfo1·n1---l)y ar1 autl1or wl10 later ,ve11t on 
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Figure 1. An important aspect of medical treatment of severe diseases like cancer is to 

observe survival times after treatment and draw statistical inferences from these observa­

tions. The curves drawn here (Kaplan-Meier estimates), show the survival probabilities 

after operation for malignant melanoma for 205 patients, stratified by sex. (Photo: 
courtesy Academisch Medisch Centrum Amsterdam.) 

to be the fou11der of explo1·atory data a11alysis). Perl1aps I sl1ould 111e11tion 
that thougl1 tl1e cited papers we1·e taken fro111 111atl1e111atics a11d con11)uter 
scie11ce, the 'cite1·s' could l1ave bee11 in a11y disci1)li11e. 

1.4. Survival analysis 
Let n1e focus 011 two of these 111ost cited papers [2, 3]. The seco11d 1r1ost of­
ten cited paper· is by E.L. Kapla11 a11d P. Meier (1958) arid 11t1n1ber f'ou1·, by 
D.R. Cox ( 1972); bot,}1 are co11cer11ed witl1 su1·vival a11alysis: tl1e brancl1 of 
st,at.istics devoted to the special p1·0 ble111s of analysing life-tir11es, tir11es t.ill 
events, for i11sta11ce tl1e le11gtl1 of the disease-free per·iod after· cancer· treat­
n1e11t i11 the life of ca11cer patie11ts. Tl1ese papers proposed new statistical 
tecl111iques whicl1 beca111e part of tl1e st,a11dard repertoire of a huge arn1y of 
cancer researchers. 

But it was 11ot just n1edical 1·esearcl1ers wl10 11sed tl1ese results a11d cited 
them alongside standa1·d laborato1~y n1ethods, as is tl1eir traditio11. The 61 
J)apers just rnentioned are cited e1101·111ously ofter1 by 111at,he111atical statisti-
cia11s. The 11ew tech11iqt1es, developed to take account of a ratl1er co1·11111011 
feature of survival dat,a, nar11ely that r11a11y obser·vatio11s are censored (ir1 
other words, only kr1ow11 to exceed s0111e value detern1i11ed by tl1e closir1g 
date of the study), 1·elied 011 flasl1es of insight 011 tl1e !)art of tl1eir i11ve11tors 
which could not be suppor·ted by tl1e11 available 111atl1e111c1tics. The spec'.ial 
featu1·es of this kind of 111edical statistic:s l1as been an i11spir·atio11 a11d a cl1al-
ler1ge to n1athe111aticia11s since tl1ose key papers. Ever1 110w re111arkable ( for 
the i11siders: an1azi11g) 1r1atl1e111atical proper·ties ar·e bei11g disc~overed c1..bout 
the Kaplan-Meier survival cur·ve esti1nator thougl1 it l1as beco111e sucl1 a 
con1111onplace it,e111 i11 tl1e statisticiar1's tooll)ox tl1at its l)ic:t11re l1as l)ee11 
seen on tl1e f1·ont l)age of rnajor· Dt1tc:l1 11ews1)aJ.)ers. Tl1e work of tl1e n1at,he-
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r11cltic·i,111s h;:1,s cllso been clir·ect,ly llS('cl lJ}r p1·<tc·t,it,ic)r1('1·s, ar1c1 Sl11·vivc1l a11cllysis 
is 110w cl lc:11·ge estctl)lisl1ed c:111cl 1·ic·l1 c1.1·t~ct of stcltist.ic·s. 

Tl1e <·levelc)1)111e11t, of Sltrvival ,1.11cllysis clicl 11ot r·ely solE:~ly 011 tl1e tl1e11 ctvail­
c:ll)le 1·esot11·c·es of 111c1t,l1e111<'.1tic·al stc:1tist,ic·s. A 1·at.l1er· ,tl)st.1·c1C'.t, rec:er1tly~ c:level­
OJ)ecl c111d t,l1e11 st,ill i11c'.0111plet,e pc:tr·t of· pr·ol)c:tlJility t1l1eo1·y c~a111e t,o play c:t 
1·11c1jo1· r·ole i11 1111cler·sta11dir1g cirrcl clevelc)pi11g t, lie c111alysis C)f' C'.e11sor·ed sur­
vival clc:1ta: 11c1111ely C'.011t,i11t1olts ti111t' 111a1·ti11gale tl1eo1~y a11d tl1e t.heory of 
stocl1;:1stic'. i11t,egrc1tio11. I wor1 't st,a.r·t, to explai11 t.}1ese terr11s l)ut let 111e err1-
pl1asize tl1c1t t,his was J)ur·e, pur·e 1r1atl1er11c1t.ics, i11itially as t111ir1telligil)le t,o 
r11c1therr1c1tical stat.isticiar1s (let alo11e~ ctpplied statistic~ia11s) as it, will l)e to 
111ost readers 110w. 

1. 5. A JJplications and riew tlieo·r·;y 
Those la11d111ark co11t,ribl1t.io11s i11 sl11·vivctl cl11alysis cllS() c:011tai11ed t,l1e seecls of 
111ajor r1ew developr11er1ts ir1 stat,istics goi11g far· beyo11cl t,l1e 01·igi11al 1r1edical 
sett,i11g. Tl1e tl1eory ct11d I)ractic·e of 'se1r1iJ)c1r·f1111et,1·ic rr1odels' l1ad its r·oots 
tl1e1·e. Tlris way of' doi11g stcltist.ics vvc1s t.c1ke11 ll p by cll)plied 1·esear·cl1ers i11 
eco110111etr·ic rr1odellir1g a11d i11 1)sycl10111etrics; it, l1as f'l1eled ir1te11se tlreor·etical 
research on buildir1g a la1·ge-sa11·1ple tl1eory fo1· stat,ist,ical i11fe1~e11c~e ir1 i11fi11ite­
di1·11e11sior1al sar11ple spaces. 

Tl1is story sl1ows t,hat f'1·0111 c111 u11sl1spected cor11er· of applied st,at.istics a11 
i111pulse ca11 co1r1e wl1ic'.}1 lec1ds to 1·edrawi11g t,l1e rr1ap of theoret,ical statistics 
and revitalisi11g its c:01111ectior1s with other c1.rec1s of 111ather11at,ics. Is tl1at a 

Figure 2. The day after Black Friday, Oc­

tober 13, 1989. (Photo: N. Tully-Sygma. 

Courtesy ABC Press.) 

011ce-off ever1t·? By 110w ancie11t l1is-
tory ( tl1e succ·ess story of the long­
go11e seve11ties and eigl1ties) '? 

Tl1e a11swer is no. l\1or·e recently-
~ 

s01r1e wol1ld say, tl1is is tl1e suc-
c:ess stor·y of tl1e pr~eser1t, decade----fi­
nar1cial 111atl1e111atics developed deep 
cor111ectio11s witl1 probalJility the­
ory; i11deecl, t,l1e l)ar·t of probabil­
ity tl1eory I .it1st n1e11tio11ed, the Ito 
stoc:hastic calc:ulus. The famous 
Blac'.k-Sclroles paper· [4] 011 how to 
price options was 11ot 011ly par·t of a 
r1ew finc1r1(:ic1l bl1si11ess bt1t also part 
of the disc:overy of' new deep results 
ir1 prolJal)ility tl1eory. ( Ac~tually 011e 
111ay wo11de1· how mucl1 rec:e11t fina11-
cial cat,astrophies have t)ee11 caused 
bv t1se or r11is-use of these funda1ne11-... 

tal advances.) It is easy to list n1any 



otl1er areas wl1e1·e 11ew clt:velo1)111ent,s ir1 S('iE'-IlC'.t'-, t,(':'c·l111c)lc)gy c111cl soc·iety l1c1ve 
c:at,ctlysecl ( a11cl l)E:e11 effec:t,ed l)y) 1·evrit,1lisi11g ctc·t,ivit,y i11 st,at.istic'.S c111d 1>1·ob­
al)ilit,v. 

v 

I woulcl like to C'.C)11c:e11trat,e 011 twc) s11c·l1 st,or·iE·s. 111 c~;:1c·l1 c·c1se tl1E· l)ctr·ciclox­
ic:al f'ac'.t is t,l1c1t t,l1e i11i tial e,re11t, was i11i111ic·c1l t,o c~lassic'.cll stc1t istiiC'.cll t,l1eo1·v ,, 

( tl1e ctbolisl1111e11t, (·r·ovvci wo11lcl lic:k t.l1E1i1· liJ)S). It. s,=tys s0111et,l1i11g for tl1e 
vitality c111d i11t,ri11sic· 11eed for· ::1 sc·ie11c•E:1. c)t· l1c)w tc) cLilcll\'TSl'- 1·a.11clc)111 dcit,c:1 t,l1c1t, 

·-
i 11 11eitl1e1· c:ase was t,l1is tl1e er1cl of stat,ist1ic~s. 

2. FIRST STORY: THE BOOTSrfRAP 

Irr 1979, B. Efr·o11 introcll1c:ecl int,o stat,istics l1is 11ew 'l:)ootstr·ap 111etl1od' [5]. 
Tl1e esse11tial idea of t,he n1etl1od is t,o 11se co1r1p11t,er sirr1t1latior1 ( i11 fact,, a 
Mor1te-Car·lo expe1~i111e11t, l1si11g co1111)11ter ge11erc:1tecl ra11dor1111ess) to evc:1111-
at,e the clc:curac:y• of a stiat,ist,ic:c1l est.i111at,io11 I)1·oc~ecl111·e. 'Tl1e real wor·ld', f1·c)111 
wl1icl1 1·a11dor11 clat,a l1c"lS bee11 ol)tai11ed i11 orcler· to lec11·11 abc)11t it,, is re1)lacecl 
by an art,ifical 'bootstrctJ) wo1·ld' 011 t,l1e c~o1111)11 t,er, t,c)t,ally 1111de1· the co11trol 
of t,l1e experi111ente1·. In tl1e l)()Ot,straI) worlcl ra11do111 sc1111ples are r·eJ)t~atedly 
d1·aw11; tl1e va1·ial)ility i11 t,l1e est,i111at,e wl1icl1 is r·epeateclly evc1l11t1ted £1·0111 
eac:11 11ew c11·tifical dataset ( a11 esti111at,t~ of a kr1ow11 l)ootstrt1p wo1·ld c111a11-
tity) is a g11ide to tl1e vc1,riability of t.l1e st,cttistic~ia11 's act,11al estirnate which 
sl1e calc:11lated fr·on1 tl1e act,l1ally availc:1.ble real dat.a in tl1e real world. 

Tl1er·e is a little s11ag i11 tl1is descr·iptio11: the bootstrap world l1as to be a 
faithful copy of tl1e r·eal world i11 order· to r11c1ke the sirr11_1lc1.t,ion experi111ent 
approp1·iate, b11t the real wo1·lcl is riot kr1owr1: to fi11cl 011t, abo11t it was pr·e­
cisely tl1e whole pt1rpose of tl1e exer·cise. No 111atte1·1 we a11 e stc1,tistic:ians, 
so we just l1se ot1r data to estin1ate it. Efro11's audaciol1s proposal was to 
clo this ir1 the 111ost prin1itive way available: sin1ply t1se tl1e dat.a poir1t.s as 
tl1ey ar·e as if" 011ly these values, a11d i11 prec'.isely tlrese proportions ( eac:h 
value equally likely), existed. The rnethod tl1e11 1·edt1c~es to t,aki11g a sa11·1ple 
of tl1e sa111e size as tl1e origir1al datc1,-set from tl1e origi11al dataset ( a r·ar1-
do111 san1ple 'witl1 replace111ent', so any par·ticula1· clata value car1 r·eappear 63 
a nurnber of tirnes i11 the 11ew sa111ple), recornpt1ting the statistic: of inter-
est, 1·epeat.i11g this procedt1r·e tir11e and tirne again, a11d ext1·apolating tl1e 
observed variability i11 the outco111es to tl1e real wor·ld. 

The 111etl1ocl cal1ght 011 like wild-fire. As tl1e arnbitions arid sophistica­
tior1 of statisticiar1s a11d tl1e speed of tl1eir con1pt1ters l1ad ir1c:reased, n1ore 
arid 1r1ore co111plicated thi11gs ,vere bei11g dor1e with data, a.nd it was be­
C'.Or11ir1g less and less easy to use traditional 1nea11s ( a11alytic c~alc11lat.ior1s i11 
special r11odels, or lar·ge-sa111ple approxi111atior1s) to judge tl1e reliability of 
the results. Now all 011e had to do was leave tl1e c~o111puter to repeat the 
origir1al calculatiorr of i11terest cl t,l1ousand tirnes on easily r11acle artificial 
data sets, a11ci you are done. One is tl1en also liber·ated fron1 only using 
1nethods for wl1ich explicit a11alytic calculatio11s are feasible. Efr·on's gra11d 
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clai111 was tl1at. l1is 1r1et,l1od abolisl1E~cl t,l1e 11ee(·l t·c)1· 111at,l1e111c1tic:c1l c:111a.lysis i11 
stat,ist.ics, 1·e1)lac~i11g it. b)' l)r·l1te f or·c·t· C'.Olll I>tl t.i11g I)C_)\Vt~1·, ,111c·l fr·E~ei11g t l1E~ tlS(~r·s 
of stat,istic·s f'1·0111 t,l1e t1·aclit,ior1c1lly ,_-1vc1.ilcll)le r·ec'.iI)es, \vl1ic'.l1 WE:~1·e l){:~<'.0111i11g cl 

st1·aigl1t-jac~kE:t,. No"v a11yo11e ca11 c:1·eatively clec:icle \\'llctt lie 01· sl1(• wa11t,s t,c) 
do witl1 tl1e clata, a11d leave the l)oot,st,ra1) to fl11·11isl1 t,l1e stc111clc11·cl er·ror·s, 
confide11c:e i1·1t,ervals, sig11ifica11c:e l<:,vels 01· wl1c:1teve1·. 

Tl1e 111etl1ocl was so a11daciol1s tl1at 111c1r1y J)COJ)le et litt,lt~ fu1·tl1t~1· £1·0111 
statist,ics 1·{~fl1secl t,o take it se1·io11sly. How c:olrld you get, 111ore i11for·1r1atio11 
fro111 data by t,l11·owi11g in extra ra11clo111 var·iat,iorr ge11er·atec:l l)y yol1rself' 011 
your~ own co111pt1ter? A se11ior resear·c'.}1 111a11age1· at t,l1e 111at,l1e111clt,ic:s sec~tio11 
of a well k11own Dutcl1 111t1lti11atio11al wl1icl1 at, tl1e t,ir11e clid 11ot e1111)loy 
statistic:ians once told 111e tlrat tl1e reason for tl1is was tlrat 11()tl1i11g 11<.~w l1cld 
happe11ed in statistics for tl1e last, for·t,y years. I 1r1e11t,ic)11ed tl1(~ l)oot,st,1·c11) as 
a co11nter-exa1111)le: but tl1at was Sl1c:l1 a st.11pid iclea it; 011ljr c:onfi1·111ed lris 
belief. Now the sarr1e c~o11111a11y l1as })elatedly c:a11gl1t 01·1 tc) tl1e fact, t;l1c1t, a 
lot has l1a1)J)er1ed, cl lot of g1·eclt Vclll1e ir1 c111 ir1c111str·ial 1·esea1·c:l1 e11viror1111e11t, 
a11d is 1~apidly l)11ilcli11g up its o,v11 sizec1,l)le ir1t,e1·11al st.t1t,istic-,;:.1l cor1sl1ltat,io11 
u11it. 

Ir1teresti11gly tl1e bootstrap revolutio11 clid 11ot pt1t, 111atl1e111atical statisti­
cians out of work aft,er all. Along witl1 prc1(~t,ical succ:ess stor·ies, ca111e c:ase­
st11dies whe1~e the bootst,rap gave st111)id a11swe1·s. Irr a11y c·ase, wl1y sl1ot1ld 
it wor·k at all"? How well does it wor,k? Ca11 011e 111ake it wor·k l)etter·'? A11 
explosio11 of ac~t,ivity took plac:e wit,11 all ki11ds of' variar1ts l)ei11g r)roposed of 
tl1e origi11al easy to u11derstand 111etl1odology, ir1 order t,o 111c1ke the 111et,l1ocl 
111011 e relic1ble, r1101·e flexible, 111ore acc111·ate, less c~o111 pu ter·-i11te11si vt~ ( ! ) , a11d 
so 011. S0111e of tl1e 111at,he111c1t,ical tools 11eeded to really ur1de1·sta11cl wl1y or 
how t.he bootstrap works tu1·11ed Ollt, t,o be li11ked to t,l1e t.1·aclit,ior1al c:er1tral 
activities of pure l)robal)ilists, no,vadays s0111ewl1at looked clowr1 ()11: higl1er 
orde11 correctior1s to tl1e fan1011s centrc1l lir11it tl1eo1·e1r1, wl1ic:l1 says t,l1at, sar11-
ple aver·ages a1·e app1·oxi111ately nor·111ally distr·ibuted. Othe11 111at,he111atical 

6,4 tools ,vere con11ected to f'u11da111e11t,al advances ir1 1)11r·e r11athe111c1t,ic:s, c~o11-
nected to the very abstract t,opic of 'probabilit,y in Bc111acl1 spaces'. Yet 
other tools were 11eecled £1·0111 tl1e t,l1eory of· asy111ptotic statistics. 

111 a sense tl1e bootstrap liber·at,ed applied statisticia11s fro111 r11aki11g te­
diot1s analytic calc:ulatio11s bl1t, it r·equired a deeper· a11cl 111or·e c~r·eative level 
of 111atl1e111atical activity, 11ar11ely to u11dersta11cl a11d c~ategorise tl1c~ fu11da-
111ental st11 uc:tu1·e of diverse statistic:al 111ethods, a11cl tl1ei1· 1·elatio11 to fur1da­
r11e11tal probabilist,ic li1nit tl1eorer11s. 

3. SECOND STORY: QU.A.NTlTM S1~ATISTICS 

My otl1e1· story is a story I)e1·l1aps just st,arti11g, 11a111ely a 11ew i11volver11er1t 
of st,atist,ics in quar1t,ur11 physics. Let 111e l_)egi11 tl1is stor·y 011 what n1ay seerr1 
a I)l1ilosopl1ical iss11e, na111ely the ql1estio11 of wl1etl1e1· ra11do1r111ess actually 



exists. Tl1is is i11deed a del)at,able 
· t, A i · a· t· J)01r1 . t,ossec c:0111 01· ice, or 

probability tl1ec)1·y t,l1e arc;l1ety·­
J)al ra11do111 ex1)e1·ir11e11t, is just. a 
si111 ple dync1111ic:c1l syst,er11. Sr11all 
differ·e11ces i11 tl1e i11i tial ver·ti(~c1l 
speed a11d a11gula1· 1110111er1tu111 <)f 
tl1e coir1 01· dice are ex1)011e11t,ially 
quickly r11ag11ified to large differ­
e11ces in its fir1al positio11. Noth-
i11g ra11dor11 l1appens at all. Tl1e Figure 3. 
ra11domr1ess in t,l1e ir1it,ial c~o11di-
tions is prest11nably con111letely deter111inistic:ally ex1)lc1i11a,l)le i11 si111ilar· te1·111s. 
The 1·a11do111ness of the l)ootst1·a1) sa111 ples 011 tl1e co1111)l1te1· ct1·e also 11ot r·a11-
do1n at all: a co111pute1· slavisl1ly c.:c1rries C)Ut, its i11st,1·l1c~t,i<)11s; cl 1·a11clo111 1111111-
ber ge11erator is a s01)l1ist,icated l)11t. c:01111)letely dete1·111i11ist,ic~ way of' '111ixi11g 
up' initial c:onditio11s so tl1at wl1at, c:0111es out, looks 1·ar1cio111. (I11t,eresti11gly 
e11ougl1, tl1e 1noclerr1 tl1eo1·y of· 1·a11do111 n11111ber ge11erat,io11 at) tl1e sa1r1e tir11e 
links fundame11tal ideas fro111 statistic:s, f'ror11 1111111l)er tl1eory---~the l1eart of 
pure rnathe1natics--ar1cl fro111 tl1e tl1eory of c~o1111)l1t,atior1al co1111)lexity--··t.l1e 
heart of theoret,ical co111puter science.) Now there is 011e place ::1nd I believe 
one place only where rar1do11111ess r·ec1lly l·1ap1)e11s i11 t,l1e 1·eal ,vorlcl, and that 
is at the quantu111 level. Qua11t.u1r1 J)l1ysics desc:r·il)es tlre C'.01111)let,ely cleter­
ministic and conti11uous evolutio11 ( ac~c:ordi11g to Sc:l1rocli11ger·'s equatio11) of 
the state of quar1t,un1 syster11s (syste111s of funcla111ental par·tic~les, JJl1oto11s, 
etc.). From the state at a give11 ti111e car1 be calc:ulatecl t,l1e JJrobability <ii .. 9tri­
bution of tl1e results of 111eas111'e111e11t of' tl1e syste111. To give so111e exarr11)les: 
a particular photo11 eitl1er does 01· does 11ot pass a give11 polar·izatio11 filter; 
ar1 electro11 is eitl1er fot1nd or riot f'our1d i11 a give11 regio11 of SJ)ace. Q11a11tl1111 
theory tells us wl1at tl1e statistics would be like of 1r1a11y 1·e1)etitio1·1s of' t,l1ese 
experin1ents: in a ce1·t,ai11 per·centage of tirnes, a pl1oto11 J)asses t,l1e filter; 65 
in a certain percentage of tirr1es an electror1 is r·egist,er·ecl i11 a particular· r·e-
gion of space. Radioactivity as 111easu1·ed by a Geiger·-c~ou11t1er·, showi11g a 
seemingly 1·ando1n ser·ies of tirne-points of en1issio11s of ir1dividual par·tic:les, 
is another classic arid r1owadays even far11iliar exa1111)le; an exa111ple wlrere 
the ra11don111ess is not averaged Ol1t into t,he st,atistic~s of rr1a11y particles l)11t 
where it is st,ill prese11t at the macrosc_'.opic level. 

Now a little tl1ought shows up a hl1ge l)ar·adox ir1 tl1e tl1eory. A 111ea­
surement device ( e.g., a photo-111ultiplyer set up to c1llow 011e to decide if' 
a single photo11 does 01· clc)es 11ot go througl1 a pola1·izatior1 filter~) is it,self 
just a large collection of eler11e11tary particles. The clevic:e togetl1er witl1 t,l1e 
photon bei11g r11easur·ecl togetl1er forn1 a si11gle quar1tun1 syste111, which de­
velops cleter111inistically and c:ompletely sn1oothly accor·ding to a huge co111-
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plic:cttf~<-1 Sc'.l11,odi11ger's ec1uat,io11. N otl1i11g ac:t,l1ally "l1c1pJ)e11s', clll<i certt1ir1ly 
11otl1ir1g l1a,J)pe11s or cloes 11ot, l1c1pp(~11 l)y c:l1c1.11('.e. Si111ilar ly, et r·ctclioac'.ti ve 
Sl1bstc.111ce ar1cl cl Geiger-cou11ter tog(:1tl1e1· ctr·e ctlso jl1st, C)llt:> lar·ge ctsse111l)lc1gt) 
of ft111cla111er1t,c1l partic~les w l1ose j c)int. st<1.t,e is evc)l vir·tg (lE~t.(:.1·111ir1ist,ic'.ally ct11c.l 
co11t.i1111011sly c1cc:01·cli11g t,o t.l1e ap1)r'<)J)1·iate Sc:l1r·oc·li 11ge1· ec111cttic)11. 

A t,1·c1clitio11al Wcly 011t of the pc11·,iclox is t(_) s111)I)Ose tl·1ctt, tl1ir1gs c)11ly 'l1a1)­
pe11' wl1e11 cl consciol1s ol)ser·ver lc)oks clt, tl1e syst,e111. Ever·yt,l1i11g 110w be­
c:0111es Sl1lJjective, or· c:irc~t1lar, Ol' a11 i11fi11it,e 1·eg1·ess t,l11·ecite11s. What l1ap­
pe11s whe11 a11 obser·ver c)bserves a1·1c)tl1er· ol)se1·ve1·'? Tl1is is the f'ctr11ous 
Scl1rodi11ge1·'s c~at, par·adox, wl1icl1 l1i11ges ar·ot1r1cl tl1e c111estior1 of wl1etl1er· 
a C'.clt,, wl1icl1 is killed if arid only if a cert.air1 1·aciioac:tive decc1y t.akes place 
witl1i11 a cer·tair1 per·iod of ti111e, ac:tl1c1lly dc)es clie or 11ot at tl1e 1110111er1t of 
t.he radioactive decay, or· if tl1is 011ly l1c1pJ)e11s wl1e11 cl l1l1111ar1 observer looks 
ir1to the t~age to see wlictt, l1tis hctJ)J)e11ed. Tl1is {)c11·adox for·n1s part. of' R. 
Pe11rose's tl1esis ( clevelo1)ed i11 l1is l)ooks ~Tl1e Er111)e1·01·'s New l\rli11ci' [6] a11cl 
its seq11el [7]) tl1at l11.1111a11 co11sc~iousr1ess is esse11t,ially cl qt1c111tu111 pl1ysiccil 
IJher10111er1011 a11d tl1erefore artific'.ic1l i11t,ellige11c:e lJasecl 011 classical 111oclels 
of c:0111pt1tir1g is i1r1possil)le! 

Tlris state of aff ctirs c:ciuses 110 diffic'.ul tiesi11 pr·ac:t,ic'.e: tl1e tl1ec)1·y 111akes pre­
dic:tior1s wl1ich so f'c1r l1ave agreecl wit.11 all e1111)ir·ic'.c:tl fi11cli11gs. A11cl tl1eory 
w hicl1 l1as co11sec1t1er1ces for lc1.l)o1·c1t,or·y experir11er1ts also l1,ts co11seql1e11c~es 
for· eve1·yday tec:h11ology. Tech11ological acl var1ces c11·e leadir1g to experi111e11ts 
a11cl expe1·irnents a1·e leacli1·1g to tech11ologic:al aclvc111c.~es ir1 wl1icl1 truly q11a11-
tu1·11 pl1er1011·1e11a l1ave a11 i1111)act 011 011r ever·yclcty wor·ld. 'Qt1a1·1t,u111 c1·yp­
tography' is a p1·ac:tic:al way of t1·c1r1s111itti11g 111essages safe frorr1 eavesdrOJ)­
l)ers wl1icl1 depe11ds 01·1 l)ar·aclc)xic:cil c1t1c:t11tu111 pl1er10111e11ct (so-c:alled e11t,ar1-
gled states) w l1ic:l1 l1ave f asci11atecl pl1ilosopl1e1·s c111ci visior1ar·ies arid cra11l<::s 
for yea1·s; rigl1t 110w prograr11s for c1ua11tu111 con1.J)Uters ,1rE:~ bei11g desig11ed 
wl1ich for i11star1ce will f'actor· large 11t1r11be1·s i11 polyr10111ial ti1r1e by sheer 
brute f'or·c'.e, siri1ult,a11eo11sly t,rying ot1t all tl1e possible f<ictorizatio11s, coded 

66 as a quantu111 superpositior1 of states. Pl1ysicists p1·edict tl1c1t witl1ir1 five 
years the first rec:11 quantu1n co111puter will have bee11 l)t1ilt; it, will be c:1.ble to 
succ:essfully factor tl1e 11un1ber 'fiftee11'. Tl1is is 11ot a joke: tl1e first digital 
co111puter· was also 11ot of rr1t1ch practical t1se. (Wl1en t,l1e first c:0111pt1ter i11 
The N etherla11ds was de111011stratecl to t.l1e l\!Ii11ister· of Scie11c:e, tl1e prograrr1 
it ran ,vas a progrc1r1·1 to pr·oci11ce et rar1do111 1111111l)t~r. Tl1at wc1y the r11i11ister 
wo11lcl 11ot not,ice if' tl1e co1r1pt1te1· l1c1d ac~tt1c1lly worked proper·ly or 11ot!) 

So nowt1days qua11tl1111 pl1ysicist,s a1·e rr1a11ipulati11g syste111s of· a really 
s1r1all r1l1111ber of f'11r1dc1.r11er1t,al particles. Tl1ese systerr1s exl1ibit, ra11do111 be­
l1aviour of a tr·l1ly f1111da111e11tc-1l c:l1a1·ac·:t,er: tl1is is rar1clor1111ess wl1ic:l1 ca11not 
be explainecl by 1·eco11rse to l1iclden b11t cleter·111i11ist,ic vc1riat,io11 clt a lower 
level ( tl1is is tl1e c:c>r1te11t of 'no-go l1iclden var·ic1.lJles theor·err1s', con11ected to 
Bell's inec111f1lities, tl1e Einstei11-Poclolsky-Roser1 pc-tr·aciox, a11d so on). 



fv~ATHE/v\ATICAL STATISTICS: FRINGE OR FRONTIER? 

One would expect that a physical tl1eor)r so closely i11volved witl1 prob­
ability would be well-known a11d well-stt1died by probabilists a11d statisti­
cians; and that, these experts would even l1ave a t)ig c~ont1·ibutio11 to 111ake. 
Strar1gely that is 11ot the case. Actl1ally jt1st, before Kol111ogorov i11 1933 
succesf11lly axiomatized classical pr·obability tl1eo1·y ( tl1e probability tl1eo1·y 
of dice a11d coi11 t,osses, of i11surance C'.0111pa11ies a11d casi11os), Jol111 van 
N et1111ar1r1 axio111atised c1ua11tt1111 probability. The n1atl1e111at.ical str·uctur·e 
was 111ore ger1eral, a11d n1uch more abstr"act looki11g tha11 ordinary probabil­
ity. Physicists ( for i11sta11ce R. Feyn111ar1 ir1 t.he fa111ous Fey11n1a11 lectures, 
see also [8]) a11d later on 111atl1ematicia11s l1ave co11ti11ually claimed that 
'quantun1 probability is a differe11t ki11d of' probability'. The field seems far· 
from ordinary probability and statistics, arid a huge bar·rier l1as bee11 set 
llp between tl1e1n. The physicists perhaps did 11ot 1·eally understa11d tl1e 
mathe1natical 111odelli11g involved in ordina1·y p1·obability; arid pt1re 111atl1-
e111aticians who were able to get a feeli11g for· the 111athe111atical structure 
of quantur11 n1ecl1anics-·-a11d who i11 rece11t years l1ave developed an ir11 pos­
i11g theoretical strt1cture called c111a11tu111 probability theo1·y-p1·obably had 
so little feeling for physics that they accepted the st,ateme11ts of famous 
physicists like Fey11n1an without questio11ing. Tl1e n1a11y pa1·adoxes of the 
field anyway are enough to 111ake a11y n1atl1er11aticiar1 sl1y of saying anything 
about tl1e practical side of the subject: he or she will just prove theore1ns 
in the abstract 1nathe1natical playground wl1ich physics provides. 

I11 my opinion qt1antu111 probability is 11ot a differe11t kind of probability 
at all. l\1y personal opinion is that qua11tum real'ity is a rather different 
kind of reality to ordi11ary reality (Einstei11 has said: reality is weirder than 
we in1agine; weirder than we can i111agine), the challenge is to classical 
deter111inistic thinking rather tha11 to probability. Moreover the field is ripe 
for a 11ew involven1ent of statistics. Already physicists are discussing ways 
of learning about the state of a quantun1 systen1 frorn tl1e (random) results 
of measuren1ents which can be 111ade 011 it. A couple of books and a fast 
growing nun1ber of papers exists 011 the topic (see, e.g., [9, 10, 11]). So 6,7. 
far it is developing independently of 1noderr1 statistics. Pl1ysicists are busy 
reinventir1g classical ideas from statistics: this is not a bad thing i11 itself; 
the bad thing is tl1at they are unaware of the tr·e1nendous advar1ces which 
that scie11ce has 111ade in tl1e last half century. 

As long as both pl1ysicists a11d statisticia11s and pure 111athe1naticians 
believe tl1at, quantur11 probability is 'a differe11t kir1d of probability' this 
bad state of affairs will pe1·sist. But I think there are a lot of sig11s that 
this accepted wisdo111 is about to be tl1rown aside a11d tl1e result will be 
a tremendous enricheni11g both of r1·1athen1atical statistics a11d of quanturr1 
tecl1no lo gy. 
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4. CONCLUSION 
The stories I have sketched above, and 111any otl1e1·s I could tell, s11ow the 
young science of st.atistics vigorously gro\vi11g at tl1e i11terface between n1ath­
ematics and society. New developrnents i11 tecl1nology a11d society in1medi­
ately set huge challenges to applied a11d to theoretical statisticians: how 
to analyse data of gro,ving con1plexity a11d how to a11swe1· the i11creasi11gly 
complex questions which society J)oses. These challenges reverber·ate into 
the hea1·t of' 111atl1en1atics and son1eti111es answers are found using tools de­
veloped long ago in seen1ingly u11related parts of 1nathe111atics, sometin1es 
the challenges stin1ulate new fundamental advances. 

It should be obvious now whether I think of statistics as a fringe or a 
frontier to mathematics. In n1y opi11ion it is part of the livi11g frontier of 
mathematics; intensely alive; i11tensely u11predictable. 

REFERENCES 
1. N .J. HIGHAM (1993). Handbook of Writing for the Mathematical Sci­

ences, SIAM, Philadelphia. 

2. E.L. K . .\PLAN, P. MEIER (1958). Nonparametric estirnation from in­
complete observations. Journal of the American Statist·ical Association, 
Volume 53, 457-481. 

3. D.R. Cox (1972). Regression models and life-tables. Journal of the 
Royal Statistical Society, Series B, Volun1e 34, 187-220. 

4. F. BLACK, J\1. SCHOLES (1973). The princing of options and corporate 
liabilities. Journal of Political Economy 81, 639-654. 

5. P. DIACONIS, B. EFRON (1983). Computer-intensive n1ethods in statis­
tics. Scientific American, 96-108. 

6. R. PENROSE (1989). The Erriperor's New Mind, Oxford University 
Press. 

7. R. PENROSE (1994). Shadows of the Mind, Oxford U11iversity Press. 

8. R.P. FEYNMAN (1951). The concept of probability in quantum mechan­
ics. Proceedings of the Second Berkeley Symposium on Mathematical 
Statistics and Probability, University of California Press, 533-541. 

9. J.D.MALLEY, J. HORNSTEIN (1993). Quantum statistical inference. 
Statistical Science 8, 433-457. 

10. A. HoLEVO (1982). Probabilistic and statistical aspects of quantum 
theory. North-Holland, Amsterdan1. 

11. C.W.- HELSTROI\1 (1976). Quantum detection and estimation theory. 
Academic Press, New York. 


