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uest or Correctness 

H.P. Barendregt 

Die Genauigkeit, /{raft urid Sicherhe·it dieses [111athe111atische11] Denkens, die nir·
gends im Leben ihresgleichen hat, erf11llte ·ihrn fast rnit .':Jch·we·r·m'ltt. (Tl1e p1·ecisior1, 
stre11gtl1 arid certainty of tl1is [1·natl1err1citical] thi11ki11g, tl1at is ur1ec111aled in lif'e, 
almost pervaded l1in1 witl1 n1elar1cl1oly. R .. Mt1sil: Tl1e 111ar1 witl1011t, q11alit,ies, Cl1. 
28.) 

R. Musil [13]: Der Marin ol111e Eigenscl1aften. 

1. SlJMMARY 

Modern society l1as a stro11g 11eed for reliable i11fo1·1·11ation tecl111ology (IT). 39 --
To wa1·ra11t co1·rect desig11s for hardware and software syste1r1s, t.l1ere is a 
thorougl1 n1etl1odology (specific:atio11, desig11 based on subs1)e(~ific~atior1s arid 
corr1 position of co111 poner1ts, a11d cor1·ec:t11ess proofs). Because of· tl1e <iiffi-
culty of n1aking spec~ificatio11s and proofs, tl1e suc:cess of this 111etl1od 11as 
been only IJar·tial, 111ai11ly i11 the area of har·dware desig11. 

Pr·esently a new tecl111ology is e1nergi11g: cornputer matlien1,atics. It c~o11-
sists of the interactive bt1ildir1g of definitio11s, staten1ents arid proofs, suc:11 
tl1at it ca11 be c:l1ecked auto111at.ically wl1etl1er tl1e definitio11s ar·e well-fo1·111ed 
a11d the l)r·oofs c.tr·e C'.Orr·ect. Her~eby tl1e l1t1111c1r1 user· 1)1·ovicles tl1c~ i11telligt~11c_:e 
a11d tl1e systern does J)a.rt of tl1e c1·aft,s1r1a11shiJ). S0111e f'o1·111s of· co111JJl1te1· 
111atl1e111atic~s a1·e alr·eady of· use f·or tl1e design of' l1ard wa1·e syste111s. AftE~r 
the t,ecl1nology has 111atur·ed, it 1r1ay l)econ1e a tool for· t.l1e cleveloprr1E.lr1t, of 
111athen1atic:s c:or11par·able to syste111s of c·:c)1r11)11te1· c1lgt~l)1·ci, l)tlt witl·1 a sc:01)e 
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Figure 1. Correct software and hardware is of vital importance in many real-life situa

tions, for example in air traffic reservation systems. Photo's Capital Press. 

logically advar1ced harclware, we still a1~e by and la1·ge i11 the stone-age of 
software. By tl1is is n1ear1t tl1at it is very ha1·d to procluce C'.orrect software 
01· predict the tir11e it takes to pr·oclt1ce it. 

3. DESIC{N i\1E'"ff:IODOLQC;Y 

Part of tl1e p1·oble1r1 is tl1at the 11eecled syst,er1·1s ar·e very c:0111plex. How can 
one corr·ec:tly design a systern wit,11 111illio11s of t,1·a11sistors or co11sisti1ig of 
r11illions of li11es of progr·t1111 C'.ocle'? 

3.1. The Chinese box 
A proposed solt1tio11 is the followi11g. Tl1e 111etl1od is well-k11owr1, bt1t t1st1ally 
11ot explicitly desc:r·ibed. Give11 tl1e t.ask to const.r·t1c'.t a systern, one should 41 
first transfo1·111 the i11for1r1al 1·equire1r1e11ts i11to a 1~101·e precise ( fa1~n1al) spec:-
ification. Tl1en one desig11s tl1e systern accordi11gly. Fi11ally, one proves that 
tl1e design satisfies tl1e give11 specificatio11. For this the spec'.ification and 
the desig11 r1eed to be for11111lated i11 011e lar1gt1age. 

This is a11 a111bitious pr·ogr·a111111e; it works 011ly if tl1e followir1g ite1ns ar·e 
available witl1 full precisior1: 

1. an expressive but int,uitively u11derstar1dable specification langt1age; 

2. an expr·essive desig11 la11guage witl1 goocl t.ools to con1bi11e n1odules 
togetl1er,; 

3. a tool to verify proofs of fo1·111al st,aten1e11ts. 
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Figure 2. Design methodology. 
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Figure 3. The Chinese box, 
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see figure 2. I11 or·der· to fi11d 110,\r t.l1e cl 1 , ... , dA·, t.11(: 111et.l1oci is a1)}Jliecl agc:ii11 
to S 1 , ••• , S1..:; ar1ci so 011. !11 tl1is way we c>l)t,ai11 ,1 '(;l1i11esE~ l)ox' c:()r1t:c:1i11i11g 
seve1·al l)oxes, ec1cl1 i11 turr1 C(111tc1.i11i11g ot,l1c1· l)OXE~s, E~t.C'.E~t;e1·a, see figur·<~ 3. 
A11 exan11)le of tliis is tl1e followir1g. S111)JJose we) ,va11t, ,1, 111t1sic· 1·c~1)1·c)dt1ci11g 
cievice of l1igl1 c1ualit,y. Tl1is E·:a11 l)e s1)e<~ifiecl by st,c1t.ir1g t.l1at, tl1e cliff'er·e11c~e 
betwee11 tl1e ac'.t,11c1,l sou11d a11d t,l1e 1·e1)r·od11c·c~d s01111<·1 is s111c:1.ll ( ,1c:c:()1·cli11g t.c) 
s0111e apr)rop1·iate 11.1<:~asure). 011e way t.c) ol)t,ai11 st1c:l1 cl clevice is to 1)11y et (jD

player, a CD, a11 a1111)lifie1·, l)oxes a11d wir·es, t,o l1ave cl c:urre11t, 011t,let,, c:11icl 
tl1en r11ake tl1e r·igl1t, co11nec:tio11s. Eacl1 of' tl1e cor11por1er1ts c:a11 l)e spec:ifiecl. 
Now to obt,ai11 e.g. a11 a111plifie1·, 011e 1ieeds a t.ra11sfo1~111e1·, i11teg1~ated circ:t1it,s, 
etcetera, a11d 111ake t,l1e right co1111ectio11s. 111 order to ol)tc1i11 a tra11sf'orr11er, 
011e 11eeds a 111ag1iet, wi1~e, et,c~et.er·a. Etcet,er·a. 

The exa1111)le riot only sl1ows that, desig11ing is cl 1~efir1ed jol), l111t. ctlso tl1at, 
111aking l)r·ecise specificatio11s is i1111)01·tc111t. c1S well. For· exa1111)le tl1e CD 
sl1ould co11tai11 stor·ed 111t1si<:: acco1·di1·1g to c1 fixed c~ocli11g scl1e111e, otl1e1·wise 
tl1e CD player· cc11111ot. l)e co11strt1c~ted. 

Of c:our·se tl1e 111etl1od l1as to be 'well-fo1111ded': tl1e s1r1allest 1)oxes sl1ould 
not be e111pty. Ir1deed, fo1~ t.l1e desig11 of sof't,ware tl1e s111allest lJoxes will have 
to co11tai11 p1·ogra111s provided by tl1e i11s t.ruc:tion set of' tl1e pr·oc'.essor·. Tl1ese 
processors ca11 be c~o11st1·11c:ted followi11g a si111ila1~ desig11 r11etl1odology for 
hardware out of s111alle1· boxes. I11 the e11d Nature pr·ovides t.l1e final st,e1): 
elec'.trons i11 ci1·cuits tl1at do tl1eir wo1·k. 

3.2. Par·tial s1.1.iccess 
The desig11 111etl1odology giver1 above is ver·y ge11eral. It c:a11 be applied t,o 
rr1ar1y situations, i11 wl1icl1 con1plic:ated 'objec:ts' l1ave to be cor1strt1cted. 111 
the area of IT it l1as provided a par·tial success for· tl1e co11str·u(:tio11 of' verified 
hardwa1·e. For· 111ore tl1a11 a decade l1ardware design l1as bee11 done ac:co1~di11g 
to t.l1e scherne specificatio11/ desig11/1)1·oof. Tl1e 1·easor1 f'or tl1is st1ccess is tl1at 
hardware is relatively sir11ple, being co111parable to propositior1al logic. In 
this 111atherr1atic:al tl1.eo1·y one car1 state a11d prove, for exarnple, tl1at • B arid 43 
A or 11ot B i1nplies A', in syr11bols 

(B&(A V -B)) ⇒ A. (*) 

Here the objects of ir1terest are easy to specify as Boolea11 f1111ctio11s. Mor·e
over, propositional logic is decidable. Tl1at is, proofs of correct, st,aterr1e1its 
can be gener~ated auto111atically. 

This description, l·1owever, is a sirri plificat.io11. For· two reaso11s tl1e sit ll
ation vvitli hardware desig11 is 1r1ore i11teresti11g. In tl1e first, place l)ropo
sitio11al logic, ir1 spite of bei11g decidable, is r·elateci to 1)1·oble111s of' high 
co111plexity (NP-corriplete a11d NP-l1ar·d). Iv1etl1ods like Bi1iar·y Decisio11 Di
agr·an,1s l1ave l)ee11 developed to overco111e this c.lifficulty, n1aki11g it, possible 
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to dec:11 wit,11 pr·opositior1s witl1 la1~ge 1111111l)e1·s (>f vc1,rial)l<;S ( > 100, a11c:l 11c)t, 
j i1st 2 cts i11 ( *)). Seco11dly, l1c1r·d W<tr·(:\ is sc>111(~W l1::1t, rtl()r·e C'.0111 p lic:ctt,ecl t,l1a11 
propositional logic. rfl1is is ca11sed c111 t,l1e C)ll<'~ l1c111cl l)y 1·ec1l-t,i111e i1Spec'.ts of· 
c:i1·c:11it,s, a11cl 011 tl1e ot,l1e1· l1c111cl l)y 11111lt,irJle reJ)(~t,it.io11s c)f. J)c1t.t,e1~11s tl1at. car1 
l>et t.er· be t1·ec1t,ecl i11 c1 111ore l)OWt:1·f·11l tl1e<)ry. As cl r·<~s111 t) t,l1e t.l1ec)ry <1r1c:l 
p1·c1ctic'.e of· l1ard Wctr·e ver·ificc1tio11 is cl, flol11·isl1i11g fielcl ( se(:~ T .F. lvfE;l}1a111 et 
al. [12]). 

3. 3. A c:hc1,llerige 
Also ir1 tl1e ar·ea of softwa1·e desig11 t,l1er·E~ l1c1.ve l)ee11 effc)1·ts t,o J)rOVt; c~o1·1·t~c:t,-
11ess. But l1e1~t:~ 111c1t,ter·s c1r·e essentially 111ore cliffic:11lt. Sc)ft,war·e C'.or·res1)011cls 
to preclicate logic, witl1 staterr1e11ts like 'ther·e exi .. c:;t.s a'r1, ~r: .c:;,z1,c;h th,<it Jo,,·, all 
y one has x < y 'irnplies that for· all y ther·e e:i:i.'it.9 a'r1, :i: ,9'l1,c;h tlt,at x < y'; ir1 
syr11bols 

3x\:/y.:r < y ⇒ \:/y3~,: .J.: < y. 

Tl1e diffic~l1lt,y is tl1c1t, t,l1e so-c:allecl c1t1a11t,ifiers 'for· c1ll' c111cl ·tl1e1·e exist,s' r·a11ge 
over' pote11t,ic1lly i11fi11ite set,s, a11cl tl1er·efc)1·e it C'.0111es as 110 s11r·1)1·ise, tl1at tl1is 
tl1eory is u11decidable. 

Hardware rv propositional logic (decidable) 
Software rv predicate logic ( undecidable) 

A11otl1er· problerr1 is t.o fir1d tl1e I'igl1t gra11l1la1·ity. Tl1e first i11tr·oductior1 
of cor·rect11ess proofs ir1 progra1r1 desig11, by Hoar·e, was i11 co1111ec:t,ion with 
irr1per·ative progran1s ir1 wl1icl1 contir1ually a give11 state ( t.l1e valt1es of tl1e 
varic1bles) is 111odified. By for111ulati11g a suitable property of tl1e state arid 
pr·oving that it is i11variant t1r1der tl1e r11odific:atior1s of tl1e prograrr1, c:or·rect
ness proofs can be giver1. At thc1t t,i1r1e tl1is 111etl1od \Vets definite pr·ogress. 
Bt1t tl1e rr1etl1od is of cl g1·ar1ularity tl1at is too fir1e to prove that lar·ge soft
ware systerr1s are correct. 

Nevv programn1ir1g paradig111s Sl1ch as f11nc'.tional pr·ogra111111ir1g, (see e.g. 
R. Plasmeijer and M. va11 Eekele11 [18] or D. Pountai11 [19]), possibly inc'.lud
i11g object-oriented features, 1'l1c1y becorr1e a good desig11 tool to overcome 
this difficulty by using the r11ethodology of tl1e Chi11ese box. Software design 
still lacks a good language for specificatior1 a11d tl1e r·igl1t tools for correct11ess 
proofs. This is 011e of the reaso11s, why we still ar·e i11 the software crisis. In 
the next section we \Vill discuss systems of so-called computer mathematics 
that 111ay very vvell cl1ange this situation. 

4. COMPUTER MATHEMATICS 

Because co111puter 111atl1e111atics ( CM) is a relatively new tech11ology, pr·esent
ly in its seco11d ge11eration of pr~ototypes, tl1ere is not yet. a standard na111e 



Trlr QUEST f(~)R CC>RREc::1NESS 

for it. Alte1·11ative 1-1a111es are: 'syste1r1s for· pr<)of dcvelo1)111cr1t', 'syste111s 
f'or theory clevelopr11e11t' and 'ir1te1·ac:tive t,l1e()1·e111 J)1·ove1·s'. We l1ave (:}1c)Sf~11 
tl1e r1a111e 'c:0111puter· 111atl1e111atics' bet:a11se of· tl1e ,1.11ctlogy wit.h syster11s fc)r 
con11)ute1· algebra (CA). 

4 .1. What 'is ccJrnp·uter· rnatherriatics? 
It is well-k11ow11 tl1at, c:0111pt1ters perfo1·111 11u111er·ical c:0111putatior1s. Sir1ce tl1e 
1960s syste111s t·or· c:on1J)uter algel)rc1 l1ave 1Jeen developed, tl1at c;ar1 represer1t 
exactly nun1bers like 1r a11cl perfor111 sy111l)olic co111put,atio11s c1uite well. 
(However, sinc:e several syst.e111s of CA st.at.e for exa111ple tl1at ( x) 2 == x 
\Vithout requir·ing that x > 0, tl1e diligent judge111er1t of a n1atl1e111atician 
remains 11ec:essary.) 

Syste111s for c:on1puter rnc1tl1err1atic~s go a11 esse11tial ste1J beyor1d t,l1is. 1~11ey 
c~ar1 deal witl1 a1~bitrary rnatl1e111c1tical notio11s. For· exarnple, it is possil)le i11 
tl1ese systen1s t,o represe11t exc1ctly a Hill)e1·t s1)ac:e or· r1101·e co111r>lex rr1atl1-
en1atic:al struc:tur·es. This is possil)le bec~ause or1e ca11 for111ulate staten1ents 
involving c1uantifiers (V, :3) and predic:ates. CM syst.err1s also provide sup
port, for 111c1t,l1e111atical reasor1ing, for exa111ple by mar1ipulati11g co1111>lex ex
pressions. 011e fu11dar11e11tal differe11ce lJetween equc1.tio11al reasonir1g (l>oth 
nu111erical and sy111bolic:) and reasoni11g witl1 predicates is that i11 many c:ases 
tl1e for·r11er is decidable, whereas the latter usually is not. For this reason 
systems of computer 111atl1e1r1atics a1~e interactive, wl1ereby the 1natl1ernati
cian takes tl1e lead. 

Before going i11to rr101·e detail we fir·st want to rnentior1 t,hree in1portar1t 
cor1tributions of· the Greek 1)hilosopl1er Aristotle (384-322 B.C.) to the field 
of cor111)uter r11atl1e111atics. He established tl1e following. 

Description of the axiomatic method 
Aristotle distinguished concept.s ar1d pr·opositions. Concept,s 11eed to l)e de
fi11ed and propositio11s need to be proved. (A proof is a sec1uer1ce of state
ments, st1ch that eacl1 one is eitl1er an axiorn or follows fron1 previous ones 
by reason. A proof p is pr·o,virig A, if A is the last. state111er1t i11 the sequence 
p. The discovery of proofs, attributed to Tl1ales (625-545 B.C.), is one of the 
greatest ir1ver1tions of hun1ar1ity. Tl1ey occur i11 vc1rious degrees of l)recision 
( dependi11g on t,he refinedness of tl1e state1ne11ts and the reasoni11g) and are 
the 1nain foundatior1 for tl1e reliability of scie11ce.) B11t, in orcler to have a 
I)roper start one 11eeds primitive cor1,cept,s a11ci l)rimitive pr·opositions, the 
so-called axioms. Not r1111ch later Euc:lid (ar·ound 300 B.C.) carefully based 
his farr1ous l)ook Elements on this axior11atic n1etl1od. 

Formulation of the quest for logic 
Using tl1e axio111s, and pri111itive arid defi.11ed co11cepts, one car1 prove propo
sitio1·1s by 111eans of steps 1r1otivated by intuitive reasoning. Aristotle wanted 
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to pr·ovicle a set, of explic:i t, 1~11les ( .,:yl lo_gis·rri.i;), t, 11,-tt is pc)\Ver·t·11l e11c)11gl1 f'o1· 
r11ost, intuitively vc1lid l)roofs. Altl1011gl1 l1is t.t-.,tc·l1t~1· Pla.t.c) ( 427-34 7 B. C.) 
was agai11st tl1is 1)rogra111r11e, Ar·istotle s11c:c·et~llecl I)ctr·tictlly, l)y si11gli11g 011t 
a corr·ect (but i11co111plete) set of syllogis111s. B11t, 11·101·<:~ i11·11)orta11t, vvas, tl1clt, 
Aristotle l·1ad t,he cou1~age to stat,E~ tl1e f)I'C)l)le111 of for·111,1lisi1·1g 1·ectso11. 

Distinction between proof-checking and theorem proving 
Aristotle saicl, that if sor11eor1e shc)wecl l1i111 cl pr·oof' of cl stat.e111e1·1t, tl1e11 lie 
would be cible t.o ver·ify tl1e cor1·ect11ess of that, pr·oof' ( a11cl tl1er·er)y of tl1at, 
stater11e11t relative to tl1e axio111s). If, however, lie wo11ld be c1sked to prc)ve 
a give11 tl1eore1n ( of whicl1 a proof existed, l)ut tl1at was riot give11 to l1i111), 
tl1e11 he wot1ld riot always be able to do so. 
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Tl1e pl1ilosopl1er· c111d 111atl1err1aticic111 
G.W. LeilJr1iz (1646-1717) \ver1t fur
tl1e1·, by ex1)ec~ting 111c)re f'r~or11 fo1·-
111alis111s a11cl 111acl1i11es. He war1ted 
to co11st,ruc:t • 

a language L, i11 whicl1 c1rbitrary 
p1·oble111s c:ould be f'o1·111ulc1ted; 

• a 111acl1i11e, tl1at coulcl deter111ir1e 
the c:01·rectr1ess of st,ate111er1t,s i11 L. 
(It is i11te1·estir1g that aro11nd 1700 
the belief i11 111ac~l1ines was such, 
tl1at Leil)11iz had in 111i11d to ask as 
fir·st questior1: 'Does God exist'?') 

Figure 4. G.W. Leibniz. 
But, as was hi11ted at by A1·istotle 
( and proved later by Tu1'ing), sucl1 

automated deduction is i11 ge11eral 11ot, possible. An actual syste111 of com-
puter mathe111atics (like LEGO or Coq) is less power·ful t.ha11 Leibr1iz would 
have wanted. It co11sists of a user ir1terf'ace in wl1ic:h the use1· can construct 
a so-called (rr1atl1ematical) context: 

• pri111itive notions, axion1s and defi11ed r1otions; 
furthermore one can forn1ulate 

• staten1ents; 
and for sorne of these statements 011e can c:onstruct i11t,eractively 

• proofs. 

The con1puter will verify whether the defi11itio11s are well-for111ed a11d 
whether the proofs are correct. Such definitions and proofs need to be 
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given ir1 a fl1lly for111al wciy, otl1erwise t,l1ey c:<1r111ot, l)e verifiecl 111ec'.}1a11icc1lly. 
,./\. fully for111al 1)1·oof is c~alled a p·roc)j-objt;('.t. 

It is C'.leclr·, l1ow 111t1c:l1 this t,ecl111ology is r(~lctt,ecl t,c) t.l1e t.l11·ee iclecis of Ar·is
tot.le. His 1)1·ogr·ci111111e to fir1cl a con11)let.e systE~111 of· lc)gic~, was C'.Ot111)letecl by 
G. Fr·ege ( ir1 1879, 11101·e t,hc111 2200 yea1·s ctf't.er· t.l1e 01·igi11<1l c1 t1est,), builcli11g 
u1)011 wor·k c)f Leib11iz, Boole ct11cl Peir·c~e. (Fr·ege clid st.art vvitl1 tl1e for·malisa
t,io11 of· s0111e n1atl1e111at,ics, l)t1t, 1111fo1·t,1111c1t,ely t1secl c:111 i11co1·1sist,e11t syste111 of' 
r11athe1natical axio111s.) S0011 after, B. Russell arid N. \Vl1itehead gc1ve a fully 
forn1alized versio11 of s111all f'1·ag111e11ts of c:011siste11t 111atl1e111atics ( P'rincipia 
M atherriatica, 1910). Tl1is wor·k for111ed tlre l)c1sis of tl1e fl111da1ner1tal rest1lts 
stating that aritl1111etic is esse11tially i11c:0111plete (K. Godel, 1931) and u11-
decidable (_.t.\. T11ring, 1936). 111 practice, however, Russell and Wl1itel1ead's 
syste111 is 11ot. adeqt1at,e for· full fo1·111alizcttio11, beca11se tl1e syster11 cloes not 
c:or1tair1 na111es, wl1icl1 causes ac_~tual tl1eo1·ies to l)ec:0111e u11feasibly large; 
rnoreover, tl1e1·e is a need for st1bstitl1t,io11 i11st,a11ces of theor·erns, wl1ich in 
Pri'ncipia were i11dic~at,ecl infor1r1ally. 

Tl1e idea of 111acl1i11e verifiecl })roofs 01·igi11ated with tl1e Dt1tch 1natl1e
n·1aticia11 N. G. de Bruij n, w 110 ir1 1968 designed fo1· this pt1rpose a fa1r1ily 
of languages ge11e1·ically called Autorr1atl1 (see Neder1)elt et al. [14]). I11-
spi1·ation for this ca111e fro1n tl1e 111ea11ing of tl1e logic:al cor1nec'.tives, as put. 
forward by L.E.J. Brouwer and A. Heyting. Tl1e ideas are also related t,o 
vvor·k of Gentzen, Church a,11d Howar·d (see figur·e 5, st1bsectio11 4.3). R. Boyer· 
pointed out to r11e that also ir1 McCar·thy [11] autor11ated proof-cl1eckir1g was 
considered. In fact McCarthy's paper is r·cither close to the pr·ese11t paJ>er. 
Ar1 esse11tial differenc:e is tl1at the use of type tl1eory ( see below) ar1cl natu1·al 
<led uction proofs is not cliscussed by hi111. 

As was poi11tecl out by Ar·istotle pr·oof searc:11 is essentially 11101·e difficult 
tl1a11 proof-cl1ecking. By tl1e defi11itior1 of pr·oof, auto111ated proof verificatio11 
is always possible, wl1ile auton1ated decluction is 11ot. Nevertl1eless, for 
special areas of interest there are good systems f'or auto1nated decluctio11. 
For· exarnple, tl1e geo11:1etry prover· of Chot1 arid Wu (see Bu11dy [4], p. 393), 4.7 · · 

ca11 derive auto111atically Morley's tl1eoren1 c~oncerning triar1gles in whicl1 
the tl1ree angles are trisected. But this is a stateme11t i11 a decidable theory. 
Ar1other exarr1ple is concer11ed witl1 predit~ate logic. Alt,hougl1 this theory is 
undecidable, one car1 derive at1tomatically a class of tautologies of predicate 
logic, that are more difficult tha11 t,hose usec.l in rnost rnathematical texts. 

In spite of the ren1ark of Ar·istotle that proof-checki11g is different fron1 
theoren1 pr·oving, syster11s for C~1 usually incorpor·ate both. Tl1e reason 
is that in a pure proof'-checker it is ver·y bo1·ir1g to write down a formal 
proof. On the other ha11d ge11eral theore111 proving is irnpossible. Usually 
one 11eeds to give a sec1uence of lem111as to the syste1r1, bef'ore it can prove 
an interesting result. So the1·e is a spectrurr1 betweer1 proof':..chec:kers and 
theorem provers. 
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4. 2. Why cornp'uter ma,thematics? 
Auto1r1ated })roof-c'.hec:ki11g and the develo1)111E~11t of f'or111ctl (iefi11iti()11s, state
n1ents a11d p1·oof'-objects is ir11po1·t,c111t f'or tl1e t·c)llc)wi11g 1·easo11s. 

Correctness 
Both n1atl1e1natics arid syste111 desig11 rec1ui1·e c:01·1·ec:t11ess. I11 tl1e t,wc) clisci
plines tl1e p1·olJle111s are so111ewl1at differe11t. 

In 111ather11atics tl1e body of kr1owledge l1as l)ec:0111e ver·y lt:1-rge arid cor11-
plicated. Pr·oofs of cor11plic'.ated tl1eoren1s ar·e ver·ified by l1un1ans ir1 t1l1e 
so-called soc:iological way: tl1e proof· is divided into J)arts, tl·1at ar·e c:hec:ked 
by different specialists. A prime exc1111ple is the r·esult about tl1e struc:ture 
of the sirnple finite groups, witl1 a proof of 111ore tl1ar1 20.000 pages. If one 
succeeds i11 ger1erat,ing for111al l)roof-objec~ts for such cor11plicated theoren1s, 
the11 tl1e co111puter verificatio11 will add to the acc:ept,a11ce of these (1r1etl1od
ological cor1sideratior1s will be given below). But t,l1is is a11 extre111e exa111ple. 
It is also in1po1·ta11t t,o l1ave autc)r11atic: proof verific~atio11 fo1· less spec:tacular 
results. If a rr1atherr1aticia11 sees a 11seful but unknown result, with a proof 
of, say, 20 pages lor1g, then it saves tin1e to k11ow beforeha1·1d whetl1er the 
result is correct or incorrect. Moreover. it is useful to have n1atl1e1natical 

I 

theorems in a verified library, because tl1e size of the collection of results is 
growing so rapidly, that it has r)eco111e impossible for one person to under
sta11d all of it or eve11 just know about all of it. In this way arbitrary details 
can be looked up and con1bined. 

It sl1ould be adrnitted that formalizing mathernatics is difficult. This is 
not so n1uch because of the length of proofs but because of tl1eir deptl1. Also 
star1dard mathen1atical proofs contai11 jumps that are not for1nal, but are 
clear t.o a11 artisan in the field. It is fair to say, that at preser1t rnathematical 
proofs can be verified better by a hurr1an tha11 by a con1puter, because of the 
111e11tior1ed difficulty in formalisatio11. Ir1 subsections 4.3, 4.4 it is inclicated 
how this n1ay change. 

48 In the field of systern design (harclware and software) the problen1 of ver-
ification is different fron1 that in usual 111athe1natics. Here most proofs are 
long but intellectually not stin1ulati11g. This in1plies that machine verifi
cation is essential. As rnentio11ed in sectio11 2 tl1is is done successfully for 
hardware design, but not yet in software design because of the lack of spec
ification and proof tools. I expect, that when the tech11ology of CM will 
have matured, it will have a strong influenc:e on software design. 

Support 
Systerns of CM rnay fac~ilitate the construc:tion of large proofs (both in 
mathen1atics ar~d i11 system design). These const1~uctio11s can be done top
down or bottom-up. One may leave some len1mas unprove11 or eve11 concepts 
u11defined; the necessary details can be filled in later. Of course even without 
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a syste111 ()f (;Ivf tl1is c:a11 be do11e. B11t, t,l1e l1el1) of· s11c:l·1 a syst:e111 c:011sist,s 
ir1 verif}ri11g t,l1e well-fo1·111ecl11ess of clE:fi11it.i<)11s <tr1c·l t,11<: C'.01·t·(3(:'.t11ess c)f I)I'C)ofs. 
Mo1·eove1·, tl1e syst1e111s keel) a 1·ec'.01·cl of' t,l1c)se d{~t.ctils t,l1c1t, ell'(~ still lef't: <)tit. 
A11ot,l1e1· s11ppo1·t, l)y syste111s of Cl\1 c·c)11sist,s i11 ger1<:l,1·c1.t,i11g f'c)r·111c1l l)I'C)C)f·s 
fr·or11 so-calleci tact,ir:,s, t,o lJe disc'.ussecl i11 tl·1(:: 11ext. s1.1 l)sec:tio11. 

Program extractio11 
If a stat,e111e11t of' t,l1e for111 'V:i:3:y . .. ~ is J)r·oved, tl1e11 t,l1is ofte11 gives 1·ise tc) 
a11 algoritl1111 t,l1at fi11ds tl1e y i11 te1·111s t)f. ;:: . If tl1e p1·oc)f is give11 fo1·111ally, 
tl1en t,l1e algor·itl1111 c:ar1 1)e extractecl a11t,0111cttic:c1..lly ir1 tl1e fc)1·111 of et J)rog1·arr1, 
see e.g. Pa1·e11t [15]. 

Education 
As it is a f'act, tl1ctt ir1 sever·al 'civilised' cou11t1·ies tl1e 11otio11 of IJroof' is 11ot, 
taugl1t a11y111ore at l1igl1-scl1ool level, it l)eC'.0111es 11ec:essa1·y tl1at 1111iversity 
stude11t,s of r11atl1e111at,i<~s, sc:ie11c:e a11d tec:l111ology get acc1t1ai11ted witl1 tl1e111 
as s0011 as possible. I11tc:1·;:ic·tive syste111s f'or 1)1·oof· develo1)111e11t will l)e <.)f 

defir1ite l1el1), notc1.bly l)ecause suc:11 syste111s ar·e patie11t. Moreover·, tl1e 
!)roofs (~c-111 be found 011ly, if 011e ur1de1·star1ds wl1at 011e is doi11g. 

Cultural value 
Suppose, tl1at witl1 the supJ)ort c)f a CM systen1 wr·itir1g verified r11at.l1e111atics 
is not, 111uch 111ore diffic:ult, tl1a11 \v1·iti11g a11 ir1t.uitively c;or·rec:t l)c1per in , 
t,l·1e11 a new st,a11da1·cl of J)1·ecisio11 111ay e111er·ge. By buildi11g a libr·ar·y of· 
verified r·esults, rr1athe111c1,tics 111ay be 1:)1·otected agai11st corr11ptio11 i11 tir11es 
tl1at tl1e s11lJjec:t is 11ot ct1ltivated a11yr11ore ( as esser1tially happer1ed i11 tl1e 
Middle Ages). Ir1 Bu11cly (4], J)IJ. 238-251, a cl1·a111atic'. but no11-Utopia11 
plea for buildi11g such a lirJrf1ry is for111t1lat,ed as tl1e QED man,ifesto. 011e 
c1uotatior1: '[bl1ildi11g sucl1 a lib1·c11·y is] of sig·nificant cultur·al characte·r·. . ... 
L·ike the gr·eat pyr··c1mids, the efj'ort r·eq11,ired ( especi<zlly early on) rnay be 
great; but tfie re·war·ds can be even more staggeri·rig tlian this effort'. 

Foundational interest 
It is a11 i11teresti11g cl1allenge to see, wl1et,l1er it is I)Ossible to build syste1ns 
of· CM, sucl1 that it does 11ot reql1ire too 1r111c:l1 effort to cor1str11c~t p1·oof
objects. 111 tl1is resi)ect De B1·uij11 l1as as tl1esis, tl1at, ir1 a 1)1·01)er syste1n of 
CM tl1e le11gt,l1 of a for111al proof 01· 1·equir·ed tact,ic:s is jl1st a (~onstant f'actor 
ti111es tl1e lengtl1 of a cor11plete i11tuitive 1)1·oof. Experienc~e so far· is in favou1· 
of this tl1esis. For tl1e fir·st ge11eration prototypes t,l1e f'actor is al)out 30; for 
tl1e seco11d genercttio11 tl1at, uses tactic'.S it is about 10. ~A.lso it is of i11terest, 
to study, in wl1icl1 c:lc1ss of f'or·111c1l syster1-1s pr·oof's c:ar1 l)e well repr·ese11tecl 
( set tl1eories vs. tyJ)e theories, otl·1e1· syste111s). 

Tl1e1·e 111ay l)e a n1etl1odologicc1l objec:tion to tl1e idea of corr1puter verifica-
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tio11. If' et r11c:1tl1e111atic:al st.ate111er1t: is ver·ifiec-1 fc)r· i t,s c·c)r1·ec·t.11ess 1)v cl c:<)111-~, 

p11te1·, ttr·e we \\rilli11g to 1)elieve tl1<tt, st,<lt:e111(\11t.'? Tl1e1·e c-·c>l1lcl l)t; c:l 111ist.,1.ke 
• • 

i11 t.l1e clesig11 of tl1e ver·ifyi11g 1)1·og1·a111. 
T'l1is <1l1estio11 l1as a Sc:tt,isfac:tiory ct11s,vE~1·. If t.l1c ve1·ific·cttio11 is ,v,11·r·ct11tecl l)y 

a 1)1·oof:..ol_)_jec·t tl1at. is 111acle l)lll)lic: c:t11cl t.l1c1t is vE~r·ifictl)le l)y ,1 r·(;latively' sir111)le 
111et.l1ocl ( r)y a pr·c)g1· a1r1 c·or1sist,i1-1g of' cl f'e,v J)ftges), t,}1c~11 011<:'l c:,111 1·ec·l1ec:k 
tl1e st,c:1ite111e11t, loc'.c1lly, i.e., 011 a PC; vvi t,11 011e 's ow11 per·s011,tl IJ1·oof-c'.l1ec·ke1·. 
U 11der· tlrese c·o11clitior1s C)f 1·epec1tc:1l)ilit,)r, 011e C'.a11 t1·11st t,l1e cor·1·ec~tr1ess of tl1e 
state1r1e11t at, lectst as r1111c'.}1 as ( or· t;ve11 111or·e tl1a11) tl1e sc1fety of cl l)r·iclge 
over· w l1icl1 011e is goir1g t,o walk. 

4- ~1. For·m,al CM systems 
Systerr1s of c:0111put.e1· rr1atl1e111atics witl1 por·tal)le l)roof-ol)ject,s ( as rec111ir·ed 
by tl1e c111est, for relic1l)ilit,y clisc·11ssecl above) c11·e t.o l)e cio11e ir1 a for111al 
syste111 T that sl1ould l1tlV(\ tl1e follo,vi11g pro1)c~1·t,ies. 

• T is adequlLte: tl1e usual 111at.l1e111cttic:al c·o11c:e1)ts 1 st,att~111e11t.s ar1cl pr~oofs 
ca11 be expr·essE::d ( ir1 et 11at. ur·c1.l \vay) t·or111ctlly i11 T. Aclec1t1ac:y rec111ir·es 
the followi11g partic:ular·s. 

1. Adequacy for defi'nin,g. Tl1e syst,e111 T l1as st1ffic:ier1tly r·icl1 C'.011-
cepts a11d allows tl1e i11t,rod 11ctior1 of 11a111es. 

2. Adec111ac~y for· r~easoriing. Tl1e us11al logical decl lrctions occ'.t1rri11g 
i11 111atl1er11atics are represe11t1c1ble as proof:..objects of T. 

3. Adec1uc1cy for corrip'tttirig. Sy1nbc)lic~ ( arid r1uxr1e1·ic:al) co111 puta
tio11s, as well as equatior1c1-l reasor1i11g, are l)Ossible i11 T. 

• T is faitliful: T is c:011servative i11 t,he se11se t,l1at if it st,at,es t,l1at P 
is a JJroof of st,ater11er1t S ( i11 co1:1t.ext r) i tl1er1 t,l1e i11t,uitive staterr1ent 
S is pr·ovable i11 01·di11ary 111atl1en1atic:s r·elative to tl1e correspo11ding 
context. 

• T is efficierit ( fo1· tl1e 111achine): tl1e verificatior1 of· tlre well-forrr1ed11ess 
of a definition a11d the correctr1ess of a proof' ca11 be verifiecl i11 a feasible 
way. 

• T is practical (f'or the hurr1a11 user·): w1·iti11g 111at,l1e111atics i11 T is 11ot 
much more difficult tl1ar1 writir1g it ir1 info1·111al la11gt1age. 

Following the ideas i11 t,l1e la11gt1ages of the A 11to111at,l1 fa111ily, now a wide 
spec:trurr1 of type theo,r·y systerns are usecl as for·1r1al syster11 T. See Nederpelt 
et al. [14], 229-24 7 for et clisc:l1ssion. Tl1e si111plest, of tl1ese are c:allecl Pure 
Type Systerr1s (PTSs), see Ba1·e11clregt [l]. U11cler i11flue11c~e of D. Scott arid 
P. Mar·tir1-Lof ir1cluc~tive types a11d extra reduction rules are added to the 



for111al syste111s. Tl1e resultir1g exte11sio11s are callecl Type Syste111s (TSs). 
See Ma1·ti11-Lc5f (10] a11d Pat1li11-Iviol1ri11g [16] f'or· cl dE~sc-,riptior1 of tl1ese. 

Type theories ar·e t·o1·1r1c:1l syste111s i11 vvl1ic·l1 t,here is a 11at,11rc1.l way to re
preser1t stc1t,e111e11ts a11d proofs. In t·ac·t1, it, see111s 11101·e 11kit,11ral t,o e11c:ode 
111atl1e111atic:s i11 tl1ese syste111s t,l1a11 in tl1E~ 11101·e C'.011ve11tio11c1l set, t,l1eo1~y. 
The reaso11 is, tl1at, type t1heor·y l1as cl 11c1t.11ral vvrc1.y t,o 11se 111a11y-sorted logic~ 
(in order to deal with st1·11ct,t1res like vec'.to1· s1Jac·es, i11 wl1icl1 t,l1e1·e ar·e vector·s 
and scalars l)elo11gir1g t,o different 'sort,s'), a,s well as to for111alize seco11d a11d 
higher order· logic: ( to 1·eason abc)ut, proper·t.ies of p1·oposit,io11s, or p1·opert,ies 
of pr·operties of propositio11s; i11 this way or1e ca11 fo1·n111late tl1e notio11 of 'in
finite'). To n1ake a var·ic1tion 011 a state111ent of Laplace, vvTe ca11 say that 'we 
do not need the l1ypot1heses of set tl1eor·y,. (Napoleo11 re111arked to Laplace 
that ir1 his \VOrk 'lv1eca11iqt1e Celest,e' l1e did 11ot rr1er1tior1 tl1e at1tl1or of tl1e 
11niverse. Laplace a11swe1~ed: 'Sir·e, I did 11ot 11eed that l1ypot.l1esis'.) More
over, set t,}1eo1·y so111et,i111es gives rise to t1n11at,111~a1 c111estior1s, for· exarnple 
0E 2? 111 t,yJ)e theo1·y sucl1 c111estio11s ca1111ot be fo1·111ulat,ed. 

011e i111porta.11t, aspect of (P)TSs is tlrat so1r1e pr·oof steps ( of defi11i
tional nat,11re) do not, 11eecl to be give11 explicitly. St1ppose we l1ave proved 
P1 &P2⇒Q. Now define P = P1&P2 . Then we lrave, of course, P⇒Q. In 
a (P)TS the sa111e proof-object for P1&P2⇒Q works also for P⇒Q. This 
P and P 1 &P2 are said to be definitionally equal a11d sl1a1~e tl1e same in
habitants (by a rule of PTSs). I11 TSs rrrore equalities lrold i11 tlris way. 
For example tlrere exists a ter111 Sq (for sc1t1ari11g), such tl1at for a 11atural 
11un1ber like 3 011e lras Sq (3) = 9 defi11it.ionally. So a proof of A(9) is also a 
pr·oof of A(Sc1(3)). This is tlre esse11tial differer1ce betwee11 TSs a11d PTSs. 

Now we will discuss lrow tl1e list, of req11ir·e111e11ts applies to type theories. 
1 (a). As was already me11tio11ed, type tl1eories are stro11g e11ougl1 to re

preserrt 111ost n1atl1en1atical 1·easo11ing. Irr additior1 to this adeq11acy, the 
extra data types available i11 TSs 111ake repr·eser1tatior1s easier i11 these sys
terns. It is kr1ow11 also in prograr11n1ir1g tl1at ext,ra dat,a types r11ake life 
rr1uch easier. Surprisi11gly n1a11y co11cepts in n1athematics are r~elated to 51 
inductively defined data types (for exar11ple tl1e notio11 of polyr101nial). 

1 (b). Although proofs of n1ost ta11tologies (syllogisn1s) of predicate logic, 
tl1at are needed in mathen1atics as deduction steps, can be found auto
rnatically by r·esolution methods, this does not n1ea11 tl1at the problen1 of 
formalising logical steps is solved. The reason is that one r1eeds nar11es in 
111athematics. Now eve11 if 

is a tautology, this is so, only after the nan1es are replaced by the proper 
expression they stand for. This so-called 'unfolding' should not be done 
ft1lly, because then the expressions become unfeasibly large. So the pr·oblem 
boils down to deciding what narnes have to be unfolded. 
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Each statement A of informal (but precise) n1atl1ematics can be tra,11s
lated as a formal statement ( ~4) in logic. A n1athen1atical co11text r 
consists of a set of axioms and defi11itio11s. When we write these for
mally, we obtain a formal context (r). Predicate logic is such that we 
ca11 derive (A) from (r) exactly when A is inforn1ally provable from r. 

Type theory goes one step further. A statement A is tra11sformed 
into the type (i.e., collection) 

[A]= the set of proofs of A. 

So A is provable if and only if [A] is 'inhabited' by a proof p. Now a 
proof of A=>B consists (according to the Brouwer-Heyting interpretation 
of implication) of a function having as argument a proof of A and as value 
a proof of B. In symbols 

[A=>B] == [A] > [B]. 

Similarly 

[VxEA.Px] = ITx:A.[Px], 

where ITx:A. [Px] is the cartesian product of tl1e [Px], because a proof 
of \ixEA.Px consists of a function that assigns to each ele1nent xEA 
a proof of Px. Using this interpretation a proof of VyEA.Py=>Py is 
>...y:A>...x:Py.x. Here >.x:A.B(x) denotes tl1e function that assigns to input 
xEA the output B(x). 

Verifying whether p is a proof of [A], boils down to verifying whetl1er 
in the given context the type of p is equal to [A]. 

Figure 5. The essence of proof-checking. 

1 ( c). Equational 1"easo11ing is not yet ir1cor1)orated in a feasible way in 
52 TSs. Syste111s of CA can produce valid equatior1s. Several ways of doi11g 

this in C1t1 systems are being studied: the believing way, in wl1ich t,he CM 
system just accepts equations prod11ced l)y a CA syste1n; tl1e skeptic, in 
which the CA syster11 is forced to give evide11ce ( a proof-ot)jec~t) for eacl1 
statement it sends to the CM syste111; a11d finally the autarkic wa.y, i11 which 
the Cl\11 systen1 lear11s to do equatio11al reasoni11g by i11corpo1~ating s01ne 
verified ter·rn rewriting tecl111iques. 

2. Unfortunately f'aithful11ess is only kr1ow11 for several adec1uate PTSs a11d 
not for the co1~respor1di11g 1nore practical TSs. It, is C'.Onject,ured, however, 
tl1at tl1e right TSs are faithful. 

3. As to efficiency, both for the PTSs arid tl1e TSs co1"rect11ess is decidable 
by a si1nple program. But the verification is i11 general 11ot feasible in t,l1ese 
systems. It is, however, an empirical fact, tl1at if for·mal definitio11s a11d 
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proofs in these type theories come fror11 clefinitio11s a11d proofs l111der·stood 
by a l1urr1an, the11 the verificatior1 of cor·1·ec:t11ess is feasilJle. 

4. Eve11 tl1e stronger TSs are 11ot yet pr·actical. \1/hat is 11eeded, is a kind 
of higher· language (i11 tl1e sense that FORTRAN k111d PASCAL a.re l1ighe1· 
progra111111ing lar1gt1ages tl1a11 asse111bler·) tl1at is c~o11vrenie11t to t~XJ)ress 111ath
ematics but tl1at, ca11 be t.ra11slated easily to t,l1e 111ore low-level lar1guage of 
(P)TSs. Such a lar1guage is cttlled by De Br·uijn a 'rnathematic~al 1Jernac,ular. 

4.4. Implerrientations 
The first p1·ototype Civf systen1 was tl1e Autor11atl1 proof-c:l1ecker built in 
1970, see Neder·pelt et al. [1994], pp. 783-804. In tl1is syste111 the proof
object had to be constructed by har1d. It rec1uired a mathematical 1nonk 
to forn1alise a non-tr·ivial part of rnathen1atics. In tl1e seco11d ge11eratio11 
prototypes the proof-objects a1~e generated via so-called t.actics. A tactic 
is a sequence of cornrnands that the user can give to t,l1e syste111; fron1 this 
a proof-object car1 be co111piled auto111atic:ally. Suppose, for exa111ple, that 
one has to create a f orrr1al proof for 

Vx, yEA [P(x, y)==>Q(x)] ( +) 

(tl1e 'goal') from a certai11 co11text. The11 one 'pushes a button' arid the 
systen1 adds to the context that x, yEA a11d the assun1ption P(x, y). Now 
the goal is to prove Q(x) from the exter1ded context. As soon as this is 
done the systen1 provides a proof for· ( + ). See figure 6 for an example of 
tactics. Not shown are the answers of the systen1 after eacl1 state111ent made 
by the user. These answers consists of 11ew (simple1·) goals-as described 
above-so that the human does 11ot get lost while designing tl1e proof of' 
( + ). 

Tl1ese tactic~s do not co11stitute a ve1·11acular because they are c~lose to the 
syntactical structure of tl1e forn1al proof, rather tl1an to the 1nathen1atical 
idea of the inf'ormal proof. 

4. 5. Existing systems 
The principal second generatio11 prototype syste111s £01· CM witl1 portable 
proof'....objects are NuPrl (see Constable et al. [5]), Coc1 (see Dowek et al. 
[7]), and LEGO (see Luo et al. [9]). These systems have as extra features: 

• tactics. 

• terrr1 rewriting. 

• (some form of) al1tor11c1ted dedt1ctior1. 

Tactics make it 111uc:h easier for tl1e huma11 t1ser t,o c:or1st1~uct a proof
object. N uPrl was the first syste111 basecl on type theo1~y using tac:tics. 
Many theorerr1s c1re pr·oved using it. 
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(*Theorem Drinkers'_principle.*) 
Goal ({P:Prop} P \/ -p) -> 

{Cafe : Type} {w:Cafe} {Drunk : Cafe -> Prop} 
Ex [x:Cafe] (Drunk x) -> {x:Cafe} Drunk x; 

intros EM · ___ , 
Refine EM ({x:Cafe} Drunk x); 
Intros_; Refine Exintro; Refine w; 
intros · Immed· - ' ' 
intros; Refine EM (Ex [x: Caf e] ~ (Dr11nk x)); 
intros; Refine H1; intros; Refine Exintro; Refine t; 
intros_; Refine H2 H3; 
intros; Refine H; 
intros; Refine EM (Drunk x); 
intros; Im.mad; 
intros; Refine H1; 
Refine Exintro; Refine x; Jmroed; 

Save Drinkers'_principle; 

Figure 6. Tactics. 

I11co1·poration of t1ern1-1·ew1·iti11g 111c:1,kes it, easie1· to dec:1,l wit,11 sy111bolic: arid 
otl1er for111s of co111p11tatior1. Ir1 pc1,r·t,ic~ula1· tihe a11tarkic ,vay of· ir1(~01·1)01·c:1ti11g 
CA ca11 rrrake 11se of tlhis f'acilit.y. · 

Autornated deductio1·1 based 011 resolutio11 S<)lves so111e of· tl1e logic:al st;eps 
to be 111ade. As J)Oi11t,ed 011t 1)efo1·e, clilige11t, llse of t111foldi11g (lefi11itio11s 
is 11ecessary. I11 s0111e versic)11s of' Coc1 t1l1is cc:111 be do11e l)y 'clic:ki11g' on 
tl1e 11a111e. LEGO l1as s0111e 'a11to111at,eci' ur1folcli11g, 11ec·essct1·y f'c)1· (~ase of 
use. One of t,l1e 11ewer features of Coc1 is tl1e c111to111atic: tra1·1slat.io11 of a 
proof-object i11to cl proof i11 r1atu1·cll lci11guage, see Coscoy et, al. [6]. 

54 Ir1 figure 7 or1e c:a11 see f'o1· S11111llya11s 'Drinke1·s' I)rin(:iple' clr1 i11for·111al 
proof (i11 '111y best rnatl1e111at,ic:al style'), tl1e 1)1·c)of-objec~t, a11ci fi11ally a 
t.ranslation of t.hat for·r11al I)t·oof into 11at11r·al la11g11age. Tl1e f'or·111al l)r~oof 
is obtained tl1rot1gh an i11te1·ac:tive sessior1 i11 wl1icl1 tl1e 11se1· l)r·c)vicles tac'.tics 
t.o the 111acl1ine, see figure 6. 

Altl1ot1gl1 tl1e tr·ar1slated proofs in 11atu1·al la11g11age a.1·e s0111ewl1c1t 'stiff', 
these 111ay t1t1r·11 out t,o l)e 11seft1l for the co11st,1·11c:tio11 of a ve1·11ac·'.ulcir·. Tl1e 
reason is tl1at seei11g a fo1·n1al l)fC)of-ol)jec:t. does 11ot easily lectd to t111de1·
standi11g, while a pr·oof' i11 r1atl11·a.l la11g11age does. 111 J)c11·tic11la.1· tl1is is so, 
wl1en sufficie11tly 111a11y details tl1at ar·e obvious t,o cl l1u111a11 c11·e elided. 



Smullyan's 'Drinkers' principle': in a roon-i 1nith people tliere alway<'l • is 
least one person, such that if that person starts to drink, then everybody 
the room starts to dr·ink. 

R. M. Sm ullyan 

• 

'l'l1eorezr1 [Drinkers' pri11ci ~lie j l.t't l} 6e a 
r1or1-er1ipty set ar1c1 let (J 6e a !)rti<licate 
or1 lJ. 'l'r1er1 

3xEll.[(J(x) - v'yE(.l.Q(y)]. 

()r<}<)f. \,Ve clistir1g11isr1 tW() t'.cLSCS. 

(;ase l. Vy.Q(y). 'l'i1t:r1 a11 arl,itrar)' xEll 
rr1akt,s tl1e i1r1~>lic:ati(>11 tr11e. 
(;ase 2. -,\ty.Q(y). "l'r1er1 -,Q(x(l) for 
so111t~ xoEll. No,v take x c= X(), to rr1akc! 
thl.• irr1plicatio11 vacucJusl,y trt1e. 

Theorem Drinkers' principle. 
Statement 
(VP: Prop. P v , P) = 

Fig. 7a. 

Vu: Set. U ⇒ Va: U ⇒ Prop. 3x: u. (0 x) ⇒ \i)(o: u. (Q xO). 
Proof 
AH': \iP: Prop. P v -, P. f.U: Set. A.H'O: U. A.O: U ::c::, Prop. 

(or Jnd 
Vxo: u. (O xOJ -, (\ixo: u. (O )(0)) .:lx: u. (Q x) = \ixo: u. (O xO) 
A.H'1: Vxo: U. (0 xO). 
{ex intro U A.x; U. (Q x) ⇒ \i xO: U. (Q xO) H'O A.H'2; (0 H'O). H'1) 
A.H'1: -, ( Vxo: u. (0 xO) ). 

(or _Jnd 
3x: U. -, (0 x) -, (=Ix: U. -, (Q x)) 3x: U. (0 x) ⇒ '.ixO: U. (Q xO) 
A.H'2: 3x: U. -, (Q x). 
(ex. ind 

U A.x: U. -, (0 x) 3x: U. (Q x) ⇒ 'lixO: U. (Q xO) 
A.x: U. AE: -, (0 x). 
(ex_Jntro 

U AxO: U. (Q xO) ⇒ Vx1: U. (0 x1) x 
AH'3: (Q x). (False Ind V xO: U. (Q xO) (E H'3))) H'2) 

AH'2:-, (3x: U ... .., (0 X)). 

(ex Jntro 
u Ax: u. (Q x) ⇒ 'ixo: u. (0 XO) H'O 
AH'3: (0 H'O). /,x: U. 
(or ind 

(0 x) -, (0 x) (Q x) AH'4: (0 x). H'4 
A.H'4: .., (0 x). 
(False_ind (0 x) (H'2 (ex_ Intro u t.xo: u. -.. , (0 xO) x H'4))) 
(H' {Q x)))) (H' 3x: U •. ..., (0 x))) (H' Vxo: U. (Q xO))). 

Fig. 71). 

Theore,n Drinkers' principle 
Stalerr,enl 
(VP: Prop. P ,, ·-,P'i ⇒ 
VU: Set. U = 110: u ⇒ Prop. :3x: u. (0 x) ⇒ Vxo: u. (O xO). 

Proof 
Assume VP: Prop. P v-, P (H') 

Let U be a set 
Consider an arbitrary element H"O ,n U 

Let Q • U ⇒ Prop 
Specializing H' to \1 xO: U. (0 xO), we get 
('vxO: U. (Q xO)J v -, ("txO: U. (0 xO)) 
So we have lwo cases . 
ai Assume i:;f)(Q: U. {Q xO) (H'1) 

Assume (Q H'O) (H'2) 
We have H'l 

We have proved (0 H'O) ~ \ixO: U. (Q xO) 
We have tound an element x thal 11e11hes (0 x) ~ VxO: U. (0 xO), 
namely H'O 

b) Assume -, (VxO: U. (0 xO)I (H'1) 
Spec1ahz1ng H' to 3K: U. -, (Q x). we get 
( 3x: U • ...., (Q x)) v ...., ( 3x: U. --, (0 x)) 
So we have two ca5es • 
a) Assume 3x: U. -, (Q x) iH'2) 

Choose an element x ,n U such that -, (0 x) (E) 
Asaurne (Q x) (H'3) 

From H'3 and E. we deduce a contrad1ct1on 
So. this case cannot happen 

We have proved (0 x) .:c:) '<1 xO: U. (Q xO) 
We have found an el&ment xo that ver1f1es 
(0 xO) ⇒ Vxi: U. (Q x11. namely x 

b) Assume -, (3x: U. , (Q x)) (H'Z) 
Assume (0 H'O) (H'3) 

Consider an arb,trary element x 1n U 
Spacial1z1ng H' to (Q x). we gel (Q x) v -. (0 x) 
So we have two cases . 
a) Assume (Q x) (H'4) 

We have H'4 
b) Assume -. (0 x) (H',I) 

We have H'4 
We have found an element xO that venl1es 
, (0 xO), namely x 
so. lrom H'2, we deduce a con1rad1c11on 
So. this case cannot happen 

We have (Q x) 1n bot/'! cases 
We have proved (0 H'O) .-=;, Vx: U. (Q x) 
We have found an element x lhat venfies 
(0 x) cc; VxO: U. (Q xO), namely H'O 

We have Jx, U. (Q x) ~ \txO: U. (Q xO) 1n both cases 
We have 3x: U. (Q x) ,⇒ i;lxO: U. (Q xO) 111 both cases 

We have proved 
( VP: Prop. P v . ..., P) .=:, 

V'U: Set. U ~ '\1Q: U ⇒ Prop. '.'..Jx: U. (Q x) ⇒ 'lixo: u. (0 xO). 

Fig. 7 t:. 

at 

Figure 7. Various forms of proofs of Smullyan's 'Drinkers' principle': a. the informal 

proof; b. the proof-object; c. the proof-object translated back into natural language. 
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4. 6. Related ·work 
Tl1ere a1·e several systerr1s for Cl\11 b,1.sE~d ()11 ,L (liff'e1·e11t 111et,l1odc)logy. Not. 
all of' tl1ese l1ave por·table proof-ol)jec:t,s, ct11cl t,l1er·t~f·o1·e (J11e l1c1s to l)elieve i11 
tl1ei1· clesigr1. N evertl1eless, tl1ese syst.e111s ct1·e r·cttl1e1· i11ter(~st,i11g. 

A syst,e111 of Clv1 based 011 s01r1e fc)1·111 of· TS, l)tlt, wit.l1ot1t. l)I'()c)f-ol)jects is 
Isal)elle, see Pat1lsor1 [17]. Tl1is s:rTster11 l1as a goc)c:l 111oclt1le f'c)r t.er111 rewr·iti11g, 
wl1ich is i111por·tJa11t for· ec1t1atio11al rectSC)11ing. 

Systen1s of Cl\1 not basecl 011 TSs are HOL, se<:; Gordor1 et al. [8], t,l·1e 
Boyer-lvior·e tl1eorerr1 pr·over, see Boye1· et al. [3], OTTER, see Wos et al. 
[21], a11cl MIZAR, see Rudnicki [20]. HO L is basecl 011 l1igl1er orcler logic: arid 
has bee11 t.1sed for hard ware verific:atio11. Tl1e Boyer-1\!Iore tl1eo1·e111 pr·over· 
is based 011 a for111al systen1 called prim,it,ive r·ec'lt'r·.~ii,e ll'1··ithrrietic: (PR ... t\). 
Bec:ause tl1is syst,e111 is relatively weak--it, l1as 110 c1t1a11tifie1·s ar1d only states 
u11ive1·s<1,l proposi t.ior1s----- tl1ere a1·e 1r1c)1·e st,rc1tegies fo1· al1to111ated proof sec1.rcl1 
for PRA, t,l1ci11 for tl1e st,ro11ger tl1eo1·ies. OTTER is l)ased 011 tlre 1·esolutio11 
111etl1ocl a11d is able to fi11cl r11a11y proofs of t.a11tc)logies i11 pr·eclicate logic'. 11sed 
i11 ir1tuitive 111atl1e111atic:al proofs. l\!IIZAR is l)c1Se(i 011 set, tl1eory f'orn1.t1lat,eti 
i11 pr·eclic:ate logic. Iv1,111y tl1eorer11s 11,tve bee11 pr·ovecl i11 tl1is syste111. 

5. CONCLUSION 

Systen1s for co1111)uter r:r1athen1atics are very pro111isi11g. N ever·theless, pre
sently they still have s0111e weak poi11ts. Tl1ere is a 11eed for· a good ver11ac
ular to rnake f'or1nc1lisir1g rr1ore nc1tu1·al; tl1ere is a r1eecl for a good way to 
l1a11dle syr11bolic: co111pt1tatio11s; a11d fi11ally for t.l1e 'TSs t1sed one r1eeds to 
prove the faitl1ful11ess fo1· t.l1e for111alisations. 

I expect,, tl1at witl1in a dec~ade systen1s for· Cl\tI ar·e 1r1ore 111att1re. In 
par·ticular t,l1ey will inc:l11de ( or t.1se) tl1e power· of syste1·11s for CA to clec1l 
wit,h equatio11s. The11 Clv'I will be esse11tic:1.lly str·c.)11ger· tl1ar1 CA, bec:ause 
of the fac:t tl1c1t, state111e11t.s ca.11 be p1·oved. (Wor·kir1g with CA syster11s one 
1r1ay overlook 11ec:essar·y sicle-c:011clitio11s.) Tvvo i11ter·esti11g uses are probable. 

56 One in the field of inter·act.i ve develop111er1t of 111c1tl1er11atic:s and 011e ir1 tl1e 
field of software desig11. 

Tl1e ir1teractive developn1e11t of 111atl1e111atic:s cloes riot ir11ply 'Dec1.t.l1 of 
proof' 01~ the end of l1l1111a11 i11volve111er1t witl1 111atl1e111atic:s, as s0111e have 
c:lai111ecl. 01-1 tl1e c:011trc11·y, botl1 proof's and the inger1t1it.y of t.l1e l1se1· will plciy 
c111 esse11t,ial role i11 con1pt1ter 111atl1e111atics arrcl it.s applic.:c1t,io11s. Pr·oofs are 
essential, beca11se wit.hout, tl1e11-1 tl1er·e is 110 war·r·c1.nt.ed c:or1·{~ctr1ess~ l1u111ans 
are esse11t,ictl, bec'.al1se ot.l1e1·wise JJr·oof·s c·ar111ot t)E-: fou11cl. 

Tl1e li111itecl exper·ie11(~e with CJ\;1 syste111s l1as sl1ow11 th::tt, tl1e pl1ase of 
defini11g co11C'.€J)ts is ver·y esse11tial. Or1c:e Sl1ffic~ie11t ex1)e1·ienc~e is or)tained 
wi tl1 l1a11dli11g co111 JJliC'.<1tecl 11otio11s, I exr)<:~c:t c:1JJI)lic'.cltior1s to spec·ific'.ation 
a11d correct11ess ot· softwar·e syst,f~111s. A 11ec:essa1·y c:c)r1ditio11 is, t,hat software 
is w1·it,t,er1 ir1 a 111odt1lar· way, as is possible i11 e.g. f't111ct.ic)11al lar1guc:1.ges. Son1e 
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researcl1ers express dol1bts, tl1at tl1e desig11 1r1etil1oclology of· tl1e Cl1ir1ese r)ox 
will be st1ffi.c'.ie11t to J)r·oduc'.e corr·ect soft\\rare. 1_7 l1ey cic) beli{~ve, }10,vever, i11 
progra111 extr·ac-.t,io11 fr·o111 verifiecl pr·oofs. I11 a11y c:ase, J)r·ecise specific'.ations 
a11d proofs will l)e i111po1·ta11t,. 

A ck·rio·w ledgerrients 
I tha11k tl1e following J)e1·sor1s for 11seful i11for111c1.t,io11: G. Ba1·tl1e, lv1. Beze1r1, 
R. Boyer·, A. Cohe11, R,. Cor1stable, H. Elbers, H. Ge11vers, G. H11et., H. I\1ei
jer, R. Plasn1eijer, R. Platek, R. Pollac:k, lv1. Rt1ys, F. Vaa11drage1· a11ci 
H. Wupper. 
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