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1. lNTRODUC;TlON 

Some forty-five years ago, it became apparent that one c:ould c;ou11t 011 
computers for c:on1puting. Many e11gi11eers, physicists and others, but few 
r11atl1en1aticians, see111ed to be aware of it. 

For instance, 11u111erical analysis a1·ose fron1 the need 011tside of 1nathe
n1atics to perfo1·111 elaborate computatio11s. The fi11ite ele111e11t 111etl1od has 
been cor1ceived by engi11eers ( cf. e.g. [10]). Many 11u1nerical results datir1g 
fro111 before 1950 are due to pl1ysicists. Not t111til fort,y years ago, nurr1erical 
analysis came alive as a par·t of mathen1atics. 

History repeated itself about thirty years ago, when it becarne clear to 
physicists and co111puter scientists that exact (sy111bolic) computations could 
be carried out successft1lly on a con1pt1t,er. Agai11, it t,ook a few years before 
software and corr1pt1ter power l1ad bee11 developed to the point, wl1ere eve11 
n1at.hen1aticia11s could be in1 pressed to the extent that they wanted to 11se 
it. 111 1985 that point was reached, a11d subsequently con1p11t,er algebra 
was being incorporatecl into mathernatics. Over the last decade, co111pt1ter 
algebra l1as grown into a part of mathe111atics. 

A patter11 emerges, according to which con1puters are being used in dis
ciplir1es outside of rr1athematics, in a way tl1at 1nathe1naticians will learn to 
app1,eciate 011ly several years later, wl1en others have shown its success. 

A thir·d to follow i11 line with this pattern n1igl1.t be auto111atic proof veri
fication. Except for a sir1gle, although q11ite significant,, exception like N.G. 



cl<· B1·l1i,j11~ f'c>1·111c1l 1>1·c)(>f c.·l1c)<•ki11g \\'cl.s Il(>t t ,1k( 1ll s(•1·i<>11slj· l>_\' Il1(1t l1('lt1,1ti

(·i::.t11s ()\r()l' tl1c· l;1st t\V('llt)' y'("\(tr·s. 111 t l1(• lll(';111t i111( 1 • l<>gi<·i<\llS cl.ll(l ('()lllJ)llt,c•1· 

sc:·ic·11tist.s llcl\:'(\ <l<·v<,l<)J><"<l sc>ft\\-'<ll'<' t <><lls f<>r· \'(•1·if.,\·i11g f'()1·111,1l I>I'<><>f's <111it.<· 

t.l1c~>1·c)11glll,\:. Sc) 11111c·l1 s<> t.l1c1t. tlt<' 11s(1 is l><)<'<>111i11g <lf. S<Jlll<' i11tt•I'(•st t<> 111,-1t 11-

(llll,l t. i< •iclllS. 

Ext r·,1,1> <> l<l t i 11g t·1·c>111 t. l t<· <~XI) c~r· ic\11< '('S \\'it l 1 11 t 1111 (•1· i c·,11 ,l 11<1 ly·s is (111 < l c ·c> 111 J> 11 t <' 1· 

<l.lg<)l)l'ct, it S(\<'IllS c:>tll)r 11c1t11r·c1l t.<> Jll'('<li(·t t l1<1t. if' t 11(., i111111i11(•11t stl<'('(•ss <>f. 
t.l1t~S(3 c::l.llt<>111,tt i<· l)l'()()f' vt·1·ific1·s f)(•1·sist s, 111(1,t l1("111,1t ic·i,t11s \viii c:llS() c·<)llllt t l1is 
fi (} 1 cl cts ,1. l)a.r·t c.> f' 111 clt, 11 <~ 111,l t, i < ·s. 

F~,1c·l1 of· t.l1t~S<: t.l11·c.,(~ <lis<·i I)li11<:·s~ 1111111c·r·i<·c1.l <l.11,1.lysis, <·l>lll 1>11 t <11· ,tlg<'l)I'<l a11cl 
l) 1·<)C) 1· VE.,1· ifi (' cl t. i <) 11, C'() 111 t·s wit 11 fi <~ l <l s 1> <·c· i fi< · S<> f't w,11·t_l. I 11 t I 1 is ,:11·t i < • l <1 I ,,.rct11 t 
t.() 11 igl1l igl1 t j llS t, (_) 11 (' c:lS J)(~C~t <:>f' t 11 is SC) f't.w ell'("~' 11,l 111 (' l.)l t, ll(' <111 (:ls t. i (~) 11 lie )\\r 1 l1 (' 
c··la.ssic·c1l 11c)t.i(·>11 of· 1>1·oc.>f sl1c>t1lcl l>t~ i11t.<'I'J)r·c1 t,<-.<l ll<>W t l1c1.t, <lt1<l tc• c'()ltl]>ll1< 1rs. 

11<)vv 111<~t.l1<1cls t)f. c·c)111 pt1 t,<.tt,ic.>11 ct11cl ,·<·1·if'.vi11g 1>1·<><>f's l>c\<"<>111<' ,t\Tcti 11:11 >l<·. 

1 . 1 . ~N ,L ·r r ,. e ,·,j (~<1,l ,r l (l t/1 f.' 'Jl l <Lt i ('.,r.; 
1"l1e lc1.,st. t·(•\\r )r{~t11·s \\!(• l1,1ve S(~<~11 clll i11(~1·(~,ts<· <>f i11t,c\1·,1c·t.ic)11s ll<'t\v<\<'11 <'<)1t11>11t<1 r· 
ctlge l) 1·<1 s.)rst,(•111s ;:111<1 11 t1111(~1·i(· ell SC) ft, \\t;-11·<.-~. lJ s11c1ll)' t 11<· 1111111 <·1·ic·ctl sc > f't Wctr·<· is 
11se<.1 as cl lilJ1·ar·}, i11 a ('()llll)llte1· ctlg(=-l>r·a (~11vi1·c)Illll(\11t,. 111 t.11<) c·c>11t <\xt. <)f' 

p r·oofs it is c)f c~c)11sic:le1·al) le i 11t,t~r·t·st, t,o C1XJ)lc)t'(• l1c>\V 1111111 E11·ic · ,1.l 111ct t 11<1 111,1.t i<·s 
c·c111 l)e ust~cl to c:01111)ose l)c)t,11 effi<:~i(?11t, a11cl <?x,1c·t. c·c)1111>l1t·.ctt.ic>11s. 

For exar11ple, fi11di11g t·,l1e sig11 of ,t <·c11·tcii11 1·<·ctl ,tlgc•l)1·,ti<.· 1111111})<.)1• c·,111 l)<' 
do11e l):_yr l)l11·ely ctlgebrc1.ic 111E~tl1ocls wl1ic:l1 ar·E"' f'ar· 111c>1·c~ i11f·<lr·io1· i11 ti111E.~ l)(:r
fo1·111a11ce t,l1ar1 11u111eric:al 111et.l1()<ls. Tl1e ()l)t,i111(1.l str·at(:g,v S(:e111s t.() 11sE:\ (lXcl,('t, 
ct1·it,l1111et,i(·: t,o dete1·1r1i1re tl1(-'> J)l'(•(·isi()ll 11€('.CSS<'.ll'.}r f()l' ('()lll{)llt,clt,i()llS \Vit,11 <lll 

clJ)l)roxi111c1t,io11 <)f. t,he algelJrai(· 11t1111l)("1· t.<) 1·(•s11lt. i11 t.11(~ s<1,111(\ sig11 i:tS t.11<:: (:X

ac·t <~C)Illpl1t,1,t,ic)11. N t1111cr·ic~c1l soft.\vc1.1·e wit,11 t,l1(\ J'f\<111ir·<·<l l)l'<\c•isi<)Il will t.11(~11 
fi11isl1 tl1c~ jol) lllll('ll lll()I·c efficie11t,l:yr t,llclll <:-"'Xc:1('t, clI'it,11111(\t,ic· c·;:111. 

Bec~a11se 11u111(~1·ical soft,wa,r·(: is 11c)t, 111c1cl<:: for· exct<'.t, <'.C)1111>11t,c1tic)11s, l)1_1t ,1lsc.) 
bec:c111se of 111y igr101·a,11c·e l'E?ga1·cli11g tl1t\ t,C>J)i<:, I will leclVt? c>11t 1111111c\1'i(",1l 111c1t.l1-

l 6 e111i1tics f'ro111 111ost. of tl1e c.liscussio11 a11c·l c.·or1c'.E:11t.1·c:1t,e 011 l)I'c)ofs i11 C'.OlllJ)t1tc~1~ 
algel_)1·a a11d ,,erificatio11. 

2. Two KINI)S 0}" PllOOF'S 

As op1)osed t,o tl1e e<trly t.i111es of· c~o1111)11tt~1·s, \vl1e11 tl1ei1· 11s{'\ tlci111,111(le(i 

a tl1orot1gh k11c)wl(.,dge of c·o111rr1<111cls, iciio111, ,1 J)l(:1t .. l1c>1·a. <)f' J)at,ic•11<•c\ ,1,11cl 
perseve1·a11c:e, c:0111put,e1·s c1r·E~ 110\v J.)lec1sc.tr1t,, l)layf'ul, i11st,1·11c:ti,,e, clll<~l so11lt'

ti111es evE.~11 effic:ier1t t<)ols for· 111atl1r:!1r1c1t.ic·ia11s. Tl1e c·or11p11t.<::~r lc"11cls itself 
to all ki11ds of rr1at,l1e111atic'.c1.l exper·i111e11ts, c·or11 J)ll t,r1tic>11s <t11cl vis11c1lizc1t.io1·1s, 
wl1icl1 cc1n leacl t,o ir1ter·est,i11g c~o11j(:c·t.111·es c111cl t·XJ)l.,r·i111c.,11t.c.1l <:irc'.11111st,c.111t,ial 
evicie11c~e. B 11 t, 11ext. t,o st1·iki11g c:lai111s, 0111· st.1·c)11g 111at,l1e111,:1t.ic-.c1l t,1·c1cli t.it)Il 
also de111a11ds proofs, a11d 111y ir1t,ert-,st is i11 fi11cli11g 011t \vl1at. hel1> t,l1e c:01r1-

l)11t,e1· c~a11 offer· i11 tl1is direc:t.io11. 
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EVCLIDIS ELEMENT • 

p·RoP. XXXI. THEOR. 
' 

• 

D 

,.-,, 

In rellangt,liJ 
triangulii B A C . .. 
,g.ura E, quae t a 
Jatere B C1 reElum 
angulum A:. uhten

C dente , aequali.1 .e 
· ei1 F -+- G , qua e. a 

· Jate1·ibu1 reilum an. 
' 

. gul11m compreben.-

•· cor. s. 6. Due perpen(iicularem AD: & erit " : : BC, 
-~. t.. cot. BA; BD, item·~·~- BC; CA, DC. "Hine /J BC: 

20
• 

6• BD · E: G~ & BC: DC lo •••• E: F, vel inuerfe 
· D C : B C . '· F • E, & B D : BC · G : E. · Er-

,,._ .24- ~- go"" BD + DC:BC::.::: F + G: E. Sed BD .. . . a 
.. ,. fch. 14. $• + DC · · BC: ergo F + G ., ~ E. . E. D • 

• 

Aliter. 
•· , ... cor . 

• 

20. 6. 
F: E: · * (CA: BC) z · - e CAq ! BCq, & G : 

E . (AB: Bc)·1 = AI3q: BCq. 'Ergo-"' F 

-+ ABq :.{ BCq. Ergo F ~G.. . E. , 
• 

• ' 
• ' 

• 

PROP. ·xxxr. 'THEOR. .";_ . 
• 

• • 

,. 

-~ 
Si duo tr'iangula ABC, 

D DCE, quae duo iatera duohuJ 
· latc,,.ihuJ pr-oportionalia ha,. 

· ~ .. · .. . --= . bent.(BA: AC= CD: DE)1 
. 

• . ,. . ' ' " B C E componantu.r. ecundz,m ._.tJ ..• · • 

angulum ita, 'lJl honiologa late1·a iP. orurn BA & 
,c:D, it~m AC & DE, ;it para/le/a.• reliqua 

.. : : . · - . 1: trian--

' 

Figure 1. Fragment of Euclid's Elements (around 300 B.C.), the classical book based 

on deductive proof with the axiomatic method (J.F. Gleditsch, Leipzig, 1743. Courtesy 

W.J.L. Nieland). 

17 
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The c~lassic~al 11otio11 of I)r·oof ( see c:tlsc) figl11·(? 1) is t.l1::1t, ()f. ::t c'.}1ai11 c)f st,e1)s, 
ec:ic:11 of' vvl1ic~l1 is 1111(ierst,a11dctl)le t.c) c>111· c·c)llE~c1g1.1(_)s, fc)1·111i11g cl. clf~cl 11c:tic)11 c)f. 
::1 gi V(~11 ctssertio11 fror11 axio111s <1c·c:()1·cli11g t,o cl. c•E)1•tc1.i11 lc)gic'.. A 11ec'.essar·y 
co11dit,io11 f'or t.l1e c1.c~c:ept.a11c·e of ::111 ::1sser·tic)11 cts ,t t,l1ec)1·t~111 is t.1·1(~ vctliclc1tio11 
of cl p1·oof of it. l)y a 11t1111be1· of C'.C>llec1g11E~s. lvly st.,t1·t,i11g l)C)i11t. is 11c)t, sc) 11111c'.}1 
to ovc1·t,l1r·ovvr t,l1is C'.lc:1.ssic'.cl.l 11c)t,ior1 <tS t C) ex::1111ir·1c~ l1ow it. sl1c) 11lcl 1)e i11 tc~1·1)1·et,c~cl 
i11 tl1e c~o11text, of 11ew a1)pear·a11c·c~s c)f. p1·oof's cl tle t.o tl1e s11rge of' J)Ovvc::i1·f11l 
COlll J)llters. 

Tl1e 111ost o bvio11s aJ)pearar1c~e lies i11 ::1,1~itl111·1etic:·: cl proof l)ased C)Il cl C'.er·t,cti11 
ct111011r1t of arit,l1111etic:, so er101·11101.1s tl1::-1t it c~a1111c)t l)e 1·Jerfor·111E~cl l)y l1a11d, will 
be c:E1,llecl a c·ompiztational p1·oot· if' it, c.:a11 1Je wor·ked 011t, l)y c·:or1·11)11ter. B11t, 
sl1ot1lci any series of cor11putatior1s 1)e ac:ce11tecl as p1~oof'? T() t,l1is c111est.io11 I 
will devote C'.Onsicle1·c1r)le at,te11t1io11. 

Tlre sec'.ond appearc.111c:e is i11 tl1f: f'or111 of fo1·111al p1·00£", \\r l1ic:l1 ar~e scl elal)
C)r·ate a11d prec:ise t,l1at, tl1ey ca11 clc:t, t1ally 1:)e reacl c111cl ve1·ifiecl l)y a c:0111 I)ll t,er 
1.)1·og1·a111 ( oft,e11 C'.c1llecl the prcJot· c·l1ecke1·, t,l1e l)l'()c:ecl11rc~ is c~c1.llecl ;_1z1t()111at£:•cl 

verific:c1tio11). Here t,l1e c111est,io11 I \Vc111t, to acldr·c~ss is: c)f ,v hat, 11se CC)lllcl s11c~l1 
a syster11 lJe for· 111at,l1E~111a.tics or 111c1t,l1e111cltic~ic111s·? 

3. Au'"rOMA'l"'ED VERIFIC)A"fION 

I will star~t wit.Ii for·r11al pr·oof·s. Eacl1 ste11 i11 s11c:l1 a J)r·oof follows f'r·o111 
pr·ecisely i11dic:at,ecl c1xio111s l)y use of p1~ecisely i11clic'.at;ecl clecl11ct,io1·1 1·t1les. It. 
is cl1arac:teristic:'. c)f. the elctt)orc1t.e texts 1·ep1·t:~se11t,i11g sl1c:l1 a pr·oof t,l1at. tl1ey 
ca11 be verifiecl autor11atic:ally, wit.11 existi11g sof't,vc11·e like LEGO. 

3.1. Exarnple 
By way of illustratior1, I prese11t a for·111al l)roof fc)I' tl1e clai111 thc1t, 13 is a 
pri111e 11u111ber. 

definitions: 
divides(m,: N, n: N) == :3 p: N. p * rri. == ri. 
IJr·i111{~(p: N) = V q: N. divides(q,p) - (q == 1) V (q == p). 
axioml: V i,j, k, l: N. ((i = j * k: + l) I\ (0 < l < k)) 1 1(divides(k~, ,i)). 
axiom2: V ·i : N. (v' j : N. 1 < j < Sq1·t('i) 
--,,• ,( clivi(ies(j, i))) , pri111e(·i). 
axiom 3: V i : N. 1 < i < Sq rt ( 13) > ( i = 2) V ( ·i == 3) . 
axiom 4: V ·i : N. ( i = 2) ,. ( 13 == 6 * i + 1) /\ ( 0 < 1 < i) . 
lemma5: \/ i: N. ("i = 2) __,. ,(divides(i, 13)). (axion1l, axio1114) 
axiom6: V ·i: N. ("i == 3) - (13 == 4*i +I)/\ (0 < 1 < i). 
lemma 7: \:/ 'i : N. (·i == 3) · -,( divides( i, 13)). ( axio1nl, axio1116) 
lemma8: \/ ·i: N. 1 < i < Sc11·t(13) ,. -,(divides(i,13)). 
( axio1113, le111111::15, lc~111111a 7) 
conclusion: J)ri111e( 13). ( ::1xic)1112, le1111na8) 



111 or·cler· to bc:)1111cl tl-1e size of tjl1is exc1r11 J)le, I l1c1VE' ,tllc)Wt:)cl f 01· 1 t,c) l)e et 

pri1r1e, c1r1d l1ave 111ade tl1e follovvi11g ass111111)t,i<)11s, \V l1ic'.l1 clJ)l)(~c1r· k:tS ,1,xio111s 
i11 the I)r·oc)f: 

• It s11ffic:es f'or t,l1e pr·oc)f of' ot.1r c:lai111 to c~l1c~c'..k t.l1c1t 110 11<1t,l11·al 1111111ber 
less t,l1a11 or ec1u~1.l t,o ( tjl1e floor· cJf) 13 and l)igger t,l1a1·1 1 dividt\s 13 
( axio1112), 

• the 011ly 11att1r·al r1u111bers less tl1a11 or ec1ual to ( tl1e floor of) 13 a11cl 
bigger· tha11 1 are 2 arid 3 ( axion13), 

• 13 == 6 * 2 + 1 ( axi 01114) , ctn d 

• 13 == 4 * 3 + 1 (axio1116). 

111 or·der to i11crease l1t1111a11 readctbility, I l1ave 11ot give11 t,l1e lit.er·al i111)ut 
ir1to the pr·oof cl1ecker LEGO, bt1t c1 palatalJle ve1·sio11 tl1at still gives t.l1e 
flavour·. After 1·eadi11g tl1e text,, LEGO will 1·ett1rn a 'cl1ec'.k 111ark', saying 
tl1at the proof is accepted. If so111e step i11 tl1e pr·oof has riot bee11 clerived 
usi11g the spec~ified cled11c:tion 1·t1les, the 1)1·og1·arn st,ops and r·eports where it 
got stuc:k. 

Tl1is exa111ple 111ight give tl1e in1pression tl1at forrnal pr·oofs consist of 
t1nwanted co111pilatior1s of trivic1. But, r·egardless l1ow big tl1e bt1lk of for
rnalities n1ay seerr1 i11 the al)ove exa1111Jle, i11 ger1eral it is expected to be a 
li11ear func:tio11 of tl1e le11gth of tl1e classical p1·oof. Tl1us, wl1er1 tl1e first 
classical proofs car1 l)e dec1lt witl1 i11 forr11al guise, 111uc_'.l1 bigger· 01-1es will 
follow suit,. 

Also, tl1ere are clear i11dications tl1at, for·rr1al proof c~l1e('.kers, just, like peo
ple, can work witl1 rneta-tl1eore111s, which will cat.er· for co11siderable size 
redt1ctior1s of the forr11al proof. ( Co111pc1.1·e with the USE~ of n1ac:ros i11 source 
texts of progran1s like . ) 19 

I11 short, due to sucl1 favo11r able develop1-r1ents proof c:heckers 111ay turn 
into serious candidates for everyday n1atl1e111atic:c-1l use. 

3. 2. The 11,se of proof' checker·s 
But, yot1 may wo11de1·, what then is t,he 11se r11atl1err1atic'.ic1ns car1 111ake of 
these auton1ated verifiers? I vvill list four wc:1ys ir1 wl1icl1 I envisage a role for 
t.he proof checker. 
1. There are i11dicatio11s of the pr·ac:tical t1se that c1.uto111ated verific~atior1 n1ay 
have. In c~o1np11ter scie11ce for i11stance, sin1ple con1rr1u11ic:ation p1·otocols 
which are bei11g used l1ave bee11 pr·ovecl correct ( c~f. [ 4, 8, 9]). Especially 
fo1· hardvvar·e like processor chips, whicl1 are proclt1cecl ir1 lctrge c1t1a11t,ities, it} 
ca11 be econon1ically justified to devote pler1ty of ti111e, er1e1·gy a11cl 111oney to 
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i11crease tl1e 1·eliability of the prc)cecl l1r·es t,l1at. ar·c~ l·)ei11g l)aked i11to tl1e C'.l1i J). 
At1t.0111ated ver·ificatio11111ay be lalJ01·i()l1s, c:c1,lli11g t.l1e wl1c)le p1·od11c'.t.io11 l)ack 
to tl1e fac:tory is likely to cost excessively 11101·e. If tl1e well-1)ul)lic~ized 111istake 
wit,}1 tl1e Pe11tit1111 cl1ip was i11deecl clt1e t.o a11 (~rr·or· i11 tl1e 111atl1er11ati(~c1l 
desig11 f'or divisio11, a11 cll1to111at,ecl ver·ifier· 111igl1t, l1ave clet,ec~tecl it, befo1·e 
produc:tio11. 011 tl1e otl1e1· ha11cl, if, as ot,her· 1·u111our·s l1ave it,, tl1e 111istc1ke 
was due to sor11e piec:es of data fallir1g off t,l1e blt1ep1·i11t wl1er1 bei11g c:opied, 
110 autor11ated verifier wot1ld l1ave l1elped. 
2. The n1ere fac'.t t,hat it is possible to ver·ify a proof auto1r1atically, b1·i11gs 
about a challer1ge to actually supply such a pr·oof. If pr·oof verificatio11 we1·e 
to e11able 111atl1ematicians, ir1 excl1ange for s01newl1at. greater· p1·ec:isior1 a11d 
elaboratior1, to fo1·111alize t,heir vvork i11 a r1ew ge11eratio11 of 'Bot1r bakisrn', 
tl1e11 this r11igl1t vvell beco111e tl1e star1dard. Let l.ts riot for·get that today's 
pr·oofs are 1nucl1 n1ore rigo1·ous tha11 tl1ose of previolrs er·as. 
3. The for111al pr~oof verifier ca11 1)e of' servic;e wl1e11 l)Utt.ing togetl1er· or· 
restructt1rir1g a cor11J)lic:at,ed proof·. By usi11g tl1e p1~oof c:l1ec~ker ir1ter·ac:tively, 
a11d declari11g axio1ns all inter111ediate steps tl1at l1ave11 't bee11 !)roved yet 
and are dee111ed necessary ( i11 much tl1e s;:1111e way \Ve did i11 t,l1e pr·oof that 
13 is prime), we ca11 dy11amically develop a strategy for fi11ding tl1e l)roof of 
tl1e full clai111. 
4. Tl1is i11teractive use can also be of sig11ificance to educatior1. Ir1 a co1'!1-
puter learning er1vi1·011mer1t, the proof cl1ecke1· 111igl1t offer tl1e necessary 
structure for helpir1g tl1e student to 1·ealize a proof a11d for ve1·ifyi11g i11ter-
111ediate r·esults. 

Presently, good l1un1a11 inter·faces are lacking. Before the 111atl1e111aticia11 
will successf11lly e1n1)loy formal proof checker·s, the li11k witl1 daily 111athe-
1natical use should be 111uch n1ore direct. One of tl1e necessar·y i11gredier1ts for 
acl1ieving tl1is is 'tl1e 1nathemc1tical ver11acula1· 1

, as s11ggestecl by De Br·uijn: 
a lang11age so for111al that it can be used as i11put for a proof checker, yet so 
close to everyday language that it pr·oduces hu111an readable texts. 

4. THE COl\1PUTA'1.'IONAL PROOF 

Tl1e char·ac:teristic pr·operty of a computatio11al p1·oof is tl1at a lot, of arith-
111etic is i11volved of' t.l1e ki11d tl1a,t is easy to autorr1ate. 011 the 011e hand, 
ir1voking sucl1 a proof i1T1plicitly ack11owledges t,he lac~k of a bet.ter one: the 
n1atl1e1T1aticiar1's ser1se of beal1ty favours a shor·t proof ,vit!h little ar·itl1111etic 
ir1volved over a c:0111p11tational p1·oof. 

On the ot,l1er har1d, it, does 11ot irr1ply tl1at tl1e l)r·oof is necessarily a dull 
chain of calculations. For instar1ce, tl1ere ar·e n1ucl1 r11ore subtle co111puta
tional proofs of tl1e C'.lai1r1 ''n is pri111e' for· a sr)ec:ified 11at11ral 11u1111)er n thar1 
the 111ost obvious or1e, which is based 011 tl1e ec1uivaler1ce of prir11alit,y of n 
with the truth of tl1e assertion: 

for eacl1 natural number· k between 1 a11d n we l1ave gcd ( n, k) == 1. 
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We tl1en let t,l1e co1r1pl1ter determi11e all possible v<1lt1es f'or k: ar1cl ver·ify, for 
each of tl1ose V<1lues of k;, tl1at, gcd ( k;, ri) == 1. If t,l1e pr·i1r1e 11u111ber '!l, is cl 

31 cligi t 11u111ber, the11 this verification errtails 111or·e t,l1c111 10 lf> gc~cl c:0111 pt1-

tations, a111ou11ti11g to 11101·e tl1ar1 108 yec1.1·s of' c·o1111J11tat,io11. Bt1t 1)1·ese11t, 
day soft,ware provides a ver·ificatiorr of tlris fc1.ct i11 a few seco11ds.It is a11 art 
to develop st1cl1 fast con1putatio11al IJrc)ofs; expe1·ie11(~e l1"1s sl-1ovv11 that, as a 
byproduct of' this activity, st1rprising 111atl1er11atic'.c:1l tl1ec)1·e1r1s 1r1ay err1erge. 

I have already asserted that a c:lassi
cal proof is acc:epted only after a 11urr1-
ber of colleagt1es have r·ead it and c:011-
vinced thernselves of tl1e validity of each 
step. The 1n11ltiplicatio11 2 * 3 = 6 is 
an acceptal)le step, but a proof co11sist
ing of 1031 such steps is rrot. For well
known co1nputer res11lt,s st1c:l1 as tl1e Fo11r 
Colar Tl1eore1r1 ( cf. [1, 2]) and t,l1e no11-
existe11ce of the pr·ojective plane of 01·

der 10, this is the core of the proble111: 
the outline of the proof was k11own long 
before the co111putational proof was fin
ished. The tr·emendous amount of dull 
repetitive work, far too much for an or
dinary work statio11, gives a kind of proof 
that is rather reluctc1.11tly received. 

4 .1. Projective planes of order 10 

., 
'' Ji 
(/' 
... 

. ··v_ . 
. . . . ;C/~:,t,. 
... ,._ ' ~!',-

~ - . -. ·. /r, 
., ,: 

. 

_, ,,_ 

, ___ .. __ ·,. . . ' 

. 

' . •' _'c . . ,, . 

>;:,,;:_' 

-'-,~::~¼},~,'._,;: ;~: ;;<:. :·'.:· . '.i;, 

-· . · ··~?~1%:l0f.0· /ic;;:,: ',?' 

,, • .. · ..• ::-,{. 

' ' ~,~:~:f¾(;:);f,tf~:<-·: ' . . ' "/" 

:\/: :_;_ : :>--·.- ·_t:i:/f;'!~\-r .. , .. , . -_ -,. -., 
' ., -,.,,;.>.f,·( /,; -·1.--\~-;(>,% 

_{r:\···· .. ----::: :{:,.:·r~t::·\-;~:::,t:\/~' :. :: 
' ' .. - -:._·,-:: ... ,-- ,-'>,~' 

Figure 2. N.G. de Bruijn originated 

in 1968 the idea of machine veri

fied proofs, using the Automath Ian-

guages. Courtesy Birkhauser inc. 

A projective plane of order 10 is a co11figt1r·ation co11sisting of a set of 111 
points a11d just as rna11y subsets of size 11 of tl1e poi11t set, callecl li11es, such 
that eacl1 pair of disti11ct points is 011 exactly one line, a11cl each pair of 
distinc:t li11es 111eets i11 precisely 011e poi11t. 

The theorer11 l)y C.W.H. La1r1, L.H. Tl1iel a11cl S. Swier·cz ( cf. [12, 13]) says 21 

tl1at such a projective plar1e does 11ot exist. At the tirrre tl1ey fi11ished the 
non-existence proof 011 cor-r1puter, c:ocling tlreoretic argun1ents l1ad led to the 
observation tl1at if a projective pla11e of' order 10 existed, it woulcl have at 
least one of 66 different well-spec:ified s11bc~or1fig11ratior1s 011 19 poi11ts. Very 
crudely, the proof of La11:1 c.s. co11.sists of' a11 exhaustive sea1·ch for possible 
extensions of each of these 66 subco11figurations to a projec~tive pla11e of 
order 10. 

So here each error ir1 the proof could have blocked a C'.Orrceivable road 
to findir1g a projec:tive plane. In tl1eir announce1nent [13], the a11tl1ors are 
extren1ely careful in formulating their result. I quote: 
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Tl1is 11ot,e r·e1)01~t,s tl1e 1·esl1l t of· a c:c)Ill IJll t(:1· sec11·c:l1 f'c·)1· 19-1)<)ir1t, 
co1·1figu1·atio11s, wl1icl1, \vl1<~11 tctk(::\11 t<>g(:~t,11(~1· wit,11 l)t~<:vic)11s 1·t;

sults, i111plies tl1at a I)la11(~ c)f 01·cle1· 1() cioes 11ot, E-~xist. 

Pc1rt. of tl1e J)roof is c:c.11~ried ot1t 011 011e of t,l1e f'a.st,est, s111)c~1·c·o111r)11tE:'r·s 
availal)le cl,t tl1e ti111e (1989): tl1{~ C;RAY-lA. l'vfo11t·,}1s of ccJ111JJl.1t,(i1· t,i111e l1ave 
l)ee11 t1sed C)ll t,l1c1t, 111c1c:l1ir1e. Tl111s, t,}1(~ sec1,r·c~l1 c:c11111ot, easily l)e rt:1)ec1t,ed l)y 
a colleagt1e ( at least riot as of' 1995). Also, t.l1t~ sli111 cl1a11c:e of a sl1c)c:ki11g 
result does riot, 111otivat,e otl1e1· resec1rc~l1ers tc) 1·e1)eat, tl1e effc)rt,. Aft,e1~ clll, tl1e 
oclds are l1igl1 tl1at tl1e I)rojectiv(~ J)lc111e of· 01·cie1· 10 does r1c)t, exist i11cleecl! 

4. 2. Q,r·acles 

Tl1e possibility to r·e1)eat tl1e co111JJl1tat,ior1al J)1·oof· c~a111e llp as c.l c1·ite1·io11 
for· accepta11ce. Si111ila1·ly t,o tl1e c~ase of· a c:lc1.ssic:al l)roof·, it is ()f pa1·tic
t1lar i1r1portc1i11c~e t,l1at, colleagues i11volved i11 tl1c~ validc-it,io11 1)r·oc:edt1re of· a 
co111putc1tio11al J)I'O()f. will l)e alJle tc) p<:'r·fo1·111 t,l1ei1· verific'.at.ior1s 011 tl1ei1· ow11 
1nachi11es witl1 r·ela,t,ive ease. 111 J)c11·t,ic:t1la1·, if' tl1e r·c~st1lt of a c~o111pl1t,atio11 
ca11 l)e ve1·ifiecl i1·1 c1 way tl1at l1as lit,tl<-~ 01· ( eve11 l)etter·) 11c.)t,l1ing to de) witl1 
the co111pl1tat,io11 itself, a11d is 111t1c·:l1 qt1ic:ker· t,o verify tl1an t,l1e or·igi11al co11.-1-
putation, this c:011dit,io11 is satisfied. A si111ple b11t t.ypic~al i11sta11t~e of an 
indepe11dent verific:atio11 is tl1e fac'.torizatio11 of lar·ge 11u111be1·s lil<:e RSA-129. 

Theorem (A.K. Le11st1·a et al.) RSA-129: 

1143816257578888676692357799761466120102182967212423625625618429 

35706935245733897830597123563958705058989075147599290026879543541 

3490529510847650949147849619903898133417764638493387843990820577* 

32769132993266709549961988190834461413177642967992942539798288533 

It, took Le11stra et al. several 111011ths to fa<-:tor tl1is 129 digit nt11nbe1·, 
wher·eas tl1e ver·ific:at,ior1 of tl1e res11lt is a single 111l1lt,iplicatio11 of two lc1.rge 
nur:r1bers. Bo1·1·owing the te1·111inology frorr1 c~ir·c:l(~S i11 wl1icl1 tl1e study of 
11011-deterr11i11ist.ic: !)Oly11or11ial ti111e algori tl1111s is popular, I will call tl1is t,he 
01·acle fu11ctior1 of tl1e algoritl1n·1: it delivers, in a way tl1at is ir1·elevar1t to tl1e 
user, a result, tl1at we c:an chec~k our·selves f'or· cor·rectness. 111 ever·yday use 
of con1puter algebr·a syste111s, tl1e ()l'clcle f'u11ct,io11 is 11ot, always so blatar1tly 
p1·orni11e11t .. 

4. 3. Algorithrris 
Of cour·se, i11 a c:or111)11tatio11al J)roof, the J)ossil)ilit,y of l1arclware failur·es also 
11eeds to l)e C'.011sidered. As we have rec:e11t,ly seer1 i11 t,he case of t,l1e J)e11tium 



c:l1i p, eve11 t,l1e l)asic: c11·i t,l1111et,ic of cl ( 11(~vv) l)l'C)C•(\SS()r· 111<lY l)(~ (•1·1·011cc)11s. 

Also, tl1e c·l1a11ce of et spc)11ta11eol1s er·1·c>1· i11 C'()111 })ll tE~r· <tr·i t,l1111E~t.ic·, f'or· c.:\xc:1111 l)lc~ 
C'.aused l)y a sr)ec.~k of clust, is s111c:1,ll l)t1t. 11c)t, ir1c:c)11(~E'iv,-tl)le. Lct111 c·.s. 111e11t,ic)11 
et detec:t.io11 of suc·l1 a11 er·r·c)r· 011 t.l1c~ (;RAY. Tl1is is }l.11c)tl1E:·1· 1·e,1so11 \Vl1v ,, 

1·epet,itio11 or·, eve11 l)ett.E~r, 1·e1)eat.al)ilit.y of ,1 <-·0111p11t,,1t,ic)11,1l 1)1·oc)f <)11 cliff:c~1·c11t-, 
proc:essor·s sl1011lci tJc~ a 11ec~ess}11·y c:'.or1clit,io11. 

But. wl1at l1olcis fcJ1· l1a1·dwa1·e a11d 1),1,sic· }11·itl1111et,ic·, alsc) l1olcis fc)I' sof'twar·e, 
for tl1e i1111)ler11e11t,atio11 of· a11 algc)1·it,l1111. If' vve acc~c~1Jt, tl1e rc~sult of· et 111111-
ti plicatio11 01-1 co1r1 pt1ter, tl1er1 w l1y sl1011lcl ,ve 11ot1 c1c·c·e1)t. 11101·e co1111)lic·atecl 
pr·og1·a111s·? Here too, diff'ere11t. i11ca1·11cttio11s of t,11(.:\ algo1·itl1111 vvill e11l1a11c'.e 
tl1e acceptalJility of cl c:'.OlllJ)Utatio11al pr·oof' if tl1e}r 1>1·c)vide t,l1e sc1111e 011t,JJ11t,. 

4.4. The B,uchberye,,· algo1~ithrn 
I11 or·de1· to go i11to so111ewl1at g1·ecitE~1· (le1Jtl1 1·egarcli11g t,l1e 11s<~ <-1£ softwar·e, 
I vvill clisc:11ss tl1e 11se of C)IlE:~ of t,l1l~ key rest1l t,s of C'.0111 J)1_1te1· alge l)1·a: tl1e 
Bucl1l)e1·ge1· algor·it,11111. Tl1is c1lgo1·itl1111 tc1kes as i11J)t_1t et syst,e111 of I)oly11c)-
111ial equc1tio11s i11 sever·al 1111k11ovv11, a11d Ol1t,p11t,s a11 ec111ivale11t, syst,e111 of' 
equatio11s, f1·0111 wl1ic'.l1 tl1e solutio11s c.:a11 l)e 1·eacl off cil111ost i11111-1ecliately (irr 
ge11er·al afte1· 1.1se c)f a fac'.t,01·izatio11 algoritl11n fo1· J){)lyr10111ials i11 a si11gle 
variable). Tl1e outiJ)Ut, is oft,e11 C'.alled a Grob11e1· basi.s. Tl1is '1101·111al for·nr' 
for J)oly11or11ial eq11at,ior-1s l1as r11a11y usef·11l ap1)licat,ior1s. Tl1e1·e ar·e i1r11Jle-
111e11tations of tl1e B1_1(~l1l)e1·ger· algo1~itl-1111 ir1 tl1e syst,e111s Ber·g1r1ar1, CoCoa, 
Felix, Ga11itl1, GB, I(AN, 11aca11lc1y, Maple, l\!Iatl1e111at,ic~a, Recluc:e, Sac:lib2, 
Singula.1·, ... 

The Buc:l1berge1· algo1·itl1111 is a lJeal1tif11l ge11e1·cilizatio11 of bot,11 tl1e gccl 
algo1·itl1111 for· poly110111ials i11 a si11gle vc11·iable c:1r1d Ga11ss eli111i11atio11 fo1· 
li11ea1· eql1atio11s i11 several l111k11ovvn. B11t l1e1·e I cio riot want t,o go ir1to the 
tl1eory of' tl1e Bucl1be1·ger algor·itl1111; that l1as l)ee11 do11e quite fr·eque11tly 
lately; see for· insta11ce [ 6]. I wot1ld r·at,her· deal witl1 its t1se i11 two exa111ples 
fro111 1r1y ow11 exper·ie11c:e. 011e of· tl1e reaso11s why tl1e algor·it,11111 has l)eco111e 
sucl1 a g1·eat succ~ess, lies i11 t,l1e fact tl1at 111ar1y 111atl1err1atical pr·ol)le111s can 23 
be fo1·111ulated as solving poly110111ii1l equations. 

5. THE ICOSAHEDRA]~ GROUP 

For tl1e fir·st exa1111)le, co11side1· tl·1e well-k11ow11 icc)sal1edr·o11 ( see ::1lso fig11re 
3). Tl1e ic:osal1ed1·al group is by c:lefirri t,io11 tl1e g1·01.1 p of all syr11111etr·ies (or, 
if' you prefer, iso111et1·ies) of t,l1e icosc1l1ed1·011. I will sl1ow l1ow, 11sir1g tl1e 
Bucl1berger algo1~itl1111, we c:a11 t,ra11sfor111 tl1e J)t11·ely geor11et1·ic descr·i1)tio11 
into algeb1·aic data, 11a111ely a 111at1·ix f'o1·111 f'o1· ec1cl1 of t,l1ree reflec:tio11s ge11-
erating the g1·ot11). Tl1is ir1 t,t11~11 c:a11 1)e 11sed for· ,111 algel)raic· descri1)tio11 of 
tl1e poi11t,s of tl1e doclec:al1ecl1·011. 

All 1·eflec:tions leaving tl1e icosal1ed1·011 ir1va1·iar1t, a1·e of· tihe sar11e tyJ)e: 
tl1ey reflec:t i11 a l1y1)er1)la1-1e as i11clicat~ed i11 fig111·e 4. 
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Figure 3. The icosahedron: as a graph (left) and 3D (right). 

vVe cl1oose tl1r·ee r·eflec·t,ic)11s x, y arid z in such C'.an now 
icosal1ed1·al group ge11er·atecl by tl1e111. To this end, we 

var·ious JJairs of r·eflecti11g hyper·plctnes t,o be 60° 

• 
1S 

a way tl1at the 
take tl1e angles 

betwee11 tl1e 
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Figure 4. Reflections leaving the icosahedron invariant. 

for X and y, 
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Figure 5. A Cayley graph of the icosahedral group. 

\Ve then l1ave tl1e followi11g 1·elatio11s for x, y, and z: 

x2 = y2 = z2 = 1. 

( xy) 3 == ( y Z) 5 == ( X Z) 2 = 1. 

I 

The first line expresses the fact that the reflectior1s x, y, and z each 
l1ave order· 2. Tl1e second line holds because the product of two reflections 
is a rotation alo11g twice tl1e angle between the corresponding reflecting 
hyperplanes. 

According to Coxeter the relations give11 are defi.r1ing relatio11s for the 
icosahedr·al group. To elaborate on this, ,ve sl1all from here on view tl1e 
icosahedral group as the abstract grol1p generated by abstract elen1ents x, y, 
and z subject to the relatio11s given above. To see that this definition of 
the icosahedral gr·oup coincides with the former, 011e can invoke a procedure 
known as 'Todd-Coxeter' enun1eration, which results in a so-c:alled Cayley 
graph. From a free cor1structio11 of t.his graph, in which each edge is labeled 
with one of tl1e three reflections, figure 5 results. 

25 
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Her·e, tl1<• lc1.l)elir1g is as foll()Ws: a clot,t(~(l li11c~ HE•g111<:•11t, ('C)1·1·es1)cJ11cls \Vitl1 
x, a11 C)1·di11a1~y Sf•g111e11t ,vitl1 y, a,11<1 a f'at, S<?g111c1 11t, wit,11 .::. 

Tl1e 11l1111l)e1· of ver·t,ic:es of tl1is gr·a,1)11 is 12(), t1l1<) 11l1111l>t1 1· <)f (•le111c\11t,s ot· tl1e 
ic·ost1l1eclrc1l gro111). Tl1ese 1)oi11t,s c·,t11 l)E1 icl(~11t,ifie(l ( i11 c:t 111c~,i11i11gf'11l 111,t1111e1·) 
witl1 t,}1e el<:·111e11t,s of' tl1e g1·0111). By tlrt· Wcty, tJl1c· ic~osc-tl1<·<l1·c)11 it,sc~1t· c·c111 l)<' 
rec:ovcrecl f'ro111 t,l1is IJict,l11·e l>y f11si11g c~ctc~l1 c>f' t.l1e t,\\i~elve l()-go11s t,c) ,1. 1)oi11t. 

5.1. Erribedrli'r1,g of t/1,e ico,salied1·al ,qr·o,11,p 
But, Ol11· goctl is to sho,v l1c)w, l)y 11se <)f tl1c~ B11c·:l1l)er·ge1· c1lgc)1·itl1111, we c·a11 
fi11d 01·tl1ogo11al 111atric'.t'S f'or· tl1e t;lE~111e11ts of t,11<:~ iC'.()sal1ed1·al g1·ou1). We C'.'-1,11 

r·estric·t our·sel ves to a searc·l1 f<)I' 111,1.t,r·ic~es of· tl1e refiec·ti()11s ~1~, y, z. Si11c:e 
tl1ey ge11erate t,he whole g1·ot1p, ever·y el<:~111e1·1t c~a11 l)e w1~it,t,e11 as a 1)1·ocit1c~t 
of tl1ese ( a11d all J)roducts are ele111(~11t1s of tl1t~ gr·ouJ)). 

Because x a11d z c:0111r11t1t.e, we C'.ctr1 c:l1oc)se tl1e111, witl101_1t, loss of ge11e1·c1lit,y, 
as f'ollows: 

-1 () 0 
0 1 0 
0 0 1 ' 

z == 

1 0 
0 1 
0 0 

() 

0 
-1 

Tl111s, it ren1air1s to fi11cl t,l1e 111atr·ix y == (~lJi,_j)i5:i,J5: 3 . Her·e are s0111e 
ext~er~pt,s of a Maple progr·a111 i11 wl1ic'.l1 Buc:l1l)erge1·'s algor·it,11111 is called to 
solve t,l1e ec111atio11s for· tl1e 9 coefficie11ts of y <led ucecl fr·or11 tl1e clefir1i11g 
r·elatio11s for tl1e ge11erators x, y, arid z of· tl1e icosal1ed1·al g1·011p. 

1. We load t,l1e li11ear algel)ra pc:1.ckage, a11d i11put tl1e 3 111at1·ic'.es :i::, y a11d 

2. As a furtl1er preparatic)11, we put tl1e t111k11ow11 e11tries of tl1e 111at,1·ix y 

in a list 
> vars := [y11,y12,y21,y13,y31,y22,y23,y32,y33]: 

and cr·eate tl1e ide11tity 111atrix of size 3: 
> idm := matrix(3,3, [[1,0,0], [0, 1,0], [0,0, 1]]): 

3. \Ve l1ave wr·it,te11 a r·outine mkeq tl1at, give11 a 111atr·ix, put,s its coeffi
c:ie11ts i11to a set. Usi11g tl1is 1·011ti11e, we l)Ut, tl1e equatio11s 1·est1lti11g 
fro111 y2 == 1 i11to the set eqy. 

Tl1e exp1·essio11 evalm sta11ds for· 'evaluate as a rv1at.rix'. Wl1er1 exe
c11ted, it will wr·ite out, tl1e f'o1·111al objec:t y - 2 as a 111atr·ix. Tl1e expr·es
sion idm star1cls for· the ide11titv 111at1·ix of size 3. 

V 

> y2 := evalm(evalm(y-2) - idm): eqy := mkeq(y2); 
eqy :== { y{91 y12 + yt92 y22 + y3t1 yt12, y21 y1 (9 + y22 y23 + y2,9 y33, 

y31 y11 + y32 y21 + y33 y31, :y21 yl 1 + y22 :y21 + y23 y31, 



4. Si111ilc:11·ly f'or· t:l1e ec~111r1tior1s c<)111i11g f1·<)111 ( .1:;y ):3 == 1. Her·t~ t.l1e 1·clclt:.ic>11 
is r·ewrit.te11 t,o X'.:yJ_: == :lJ:1,:y so clS to kE::~<::f) tl1e cleg1·et~ of· t.l1e IJoly110111ials 
as Io,v as J:)ossil)le. Tl1e set of' eq11c:1ti()11s is c:alle<l eqxy. 

> xyx := evalm( x &* y &* x): yxy:= evalm( y &* x &* y): 
> eqxy := mkeq(evalm(xyx - yxy)): 

5. We co11ti11ue witl1 tl1e equc:1tior1s fr·o111 (yz )5 == 1, c··alli11g t,l1e 1·esult eqyz. 

6. Because y is et 1·eflect,io11, it l1as t11·ac:e 1. Alsc), tl1e 1·11at.r·ix xy of orcler· 
3 sl1011ld l1ave t1·c1c:e O ( t.l1e c11·cler· C'.c:1.1111c)t. l)e 1 clS .r: arid y ar·e disti11ct). 
Tl1is gives two li11ea1· ec111k1.,tio11s for· t,l1e c~oeffic'.ie11ts of ~y. Tl1ey c~ar1 l_)e 
ol)t.ai11ecl as f'ollows: 

> lineqs := {trace(evalm(y) ) -1, trace(evalm(x &* y) )}; 

li,rieqs :== { yl 1 + y22 + y33 - l, -yl 1 + y22 + yt1,9} 

Tl1eoretic::ally, t.hese li11ear equat,io11s are supe1·fluo11s. But experie11ce 
tells llS tl1at, wl1e11eve1· possible, li11ea1· ec1uatio11s sl1ot1ld l)e added to 
red11c'.e tl1e co1111)lexit.y of tl1e p1·oble111 as 11111c:l1 as l)Ossible. 

7. Tl1e 01·tl1ogo11cllity C'.011cliti()11s are also l)ei11g tr·a11slated i11to equations: 

> yo := evalm( y &* transpose(y) - idm): eqo := mkeq(yo); 

eqo :== { y21 2 + ~l}22 2 + y232 - l, y31 2 + y32 2 + y3t1 2 - 1, 

y11 2 + y122 + y1('3 2 
- l, y21 y11 + y12 y22 + y13 y2,'3, 

y,631 :yl 1 + y12 yt12 + yl,63 y33, y21 y31 + y32 y22 + y23 y33} 

8. We 110w C'.ollec:t all equatio11s fou11d so far·: 

> eqs : = eqy 11nion eqxy union eqyz union lineqs union eqo; 
. ? -9 ? 

eqs := {yl 1 + y22 + yt13 - 1, :y2J-- + y22-- + y23- - 1, 

y31 2 + y3 2 2 + yt1,'3 2 
- 1, y 11 2 + y 12 2 + y 13 2 - 1, 

y,1:i + yi ,1 y,'31 - y2.1 yL92 - y,93 2 , yl 1 + yl 1 2 - yl 2 
y21 - y13 y31, 

-yJ2 + yJJ yJ2 - yJ2 y22 - yJrCJ y32, -yJJ + y22 + yt6J3} 
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9. It is tin1e t.o load tl1e Grob11er l)asis pac~l<:ctgt~, a11cl i11voke the Bt1c~l1l)e1~ge1· 
algoritl11r1. He1·e, t.he orderi11g of' tl1e vc:1,r·i,11Jl<:~s i11 tl1(~ list, vars plctys a 
1·ole. 

10. The Gr·ob11er basis fot1r1d rJy J\1fc1iple is 

Y12 + 4y3:!>Y32Y31 + 2y31y32, 

Y21 + 4y33y32Y31 + 2Y3tY32, 

Yl3 Y3I, 
') 

2Y:11 + Y33 - 1, 

2y22 + 2y33 - 1, 

Y2~1 - Y32, 

2 -1 + 4y~32, 

-2y3;3 + 4Y5:1 - 1 

Notice tl1at tl1e 111atrix y is sy1-r1n1etric. This we cot1ld have kr1ovvn in 
adva11ce as it has order 2 a11d is orthogo11al. 

11. From the upper tria11gt1lar structt1re of· this Grob11er basis vve ca11 read 
off the general form of a solutior1. The last equc1tion is quadratic i11 the 
sir1gle 1111kr1own y33 a11d so can easily be solved. 
> gbo[9]; 

> solve ( 11
) ; 

> y33 : = ,, [1] ; 

') 

-2 y33 + 4 y33- - l 

1 1 
-+-4 4 

1 1 
Yc6J3 := + 5 4 4 

5 

In general, we need to factor the polynon1ial. Each irreducible factor 
then describes the algebraic n11111bers wl1icl1 the variable ca11 take as 
values in a11 algebraic extensio11 field. In our case the quadrat,ic eqt1a
tion for y33 gives directly that, up to algebraic C'.or1jugat,es, y33 equals 
- cos( 41r /5) = 1+4v'S, a fa111iliar nu1nber in tl1e cor1text of tl1e icosahe
d1·on. 



12. By st1ccessively solvi11g tl1e equat,ior1s 011e l)y c)11c\ i11 tl1e C)Pl)C)site orde1· 
to wl1ic·l1 t,l1ey a1·e listed, we obtai11 t.11(~ <'C)1111)lE~t,E~ soll1tio11 f'or· y. L(~t, 111e 
desc:ribe tl1e 11ext ste1): 
> gbo [8] ; 

> solve(''); 

> y32 : = II [1] ; 

-1 + 4y32 2 

1 
-

-1 

2' 2 

1 
y32 :== -

2 

13. Conti11t1ing this way, we fi11cl, 11p to algeb1~aic c111cl 111c1t,1·ix cc)11jugates, 
tl1e unique solutio11: 

1 1 1 1 1 
5 - - - -+- 5 

2 4 4 4 4 
1 1 1 1 1 

·y 5 5 - - - - - • 

4 4 4 4 2 
1 1 1 1 1 

5 -+- 5 -+--
2 4 4 4 4 

Thus, we l1ave not 011ly fou11d a solut,io1·1 y, l)ut! also k11ow t,}1at, 11p to 
ce1~tain conjugacies, t,he solution is ur1ic1ue. 

5.2. Application 
I will sl1ow how, as a bypr·oduct, we c~a11 find tl1e coordi11at,es of tl1e 12 
vertices of an icosal1edror1: cl1oose a vec:tor h fixed l)y tl1e r·eflections y a11d 

z (for exar11ple h == [- 1+2v's, 1, O]). The11 repeated a1)plication of' x, y, and z 
to h will produce a set ( a so-called 01·bit of tl1e gr·oup) co11sisti11g of the 12 
vertices. 

B == 
1 1 

1, 0, 2 + 2 5 ' 
1 1 

1, 0, ? + 9 5 , 0, 
...., .,_, 

1 1 
2 - 2 5, 1 ' 

1 1 
0, - -2 - -

2 

1 1 
o, 2 + 2 5, 

1 1 
5, -1 ' 0, 2 + 2 

1 1 
1 -

' 2 2 

1 1 1 1 
-+- 5,1,0 -+- 5, 

' 2 2 2 2 

5, 

1 1 
5,1 ' 1,0,-2- 2 

1 1 
1,0 - -

' 2 2 

1 1 
1,0 1, 0, - -

' 2 2 

To fi11d tl1e edges of the icosahedron one car1 proc:eed likewise. 

5 

5,1,0 
• 

5 

' 
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5. 3. C on,c:l'lJ,.sic>rz. 

Su1r1r11c1.1·izi11g, we l1c-ivt:~ t,wo r·E~st1lt,s. I11 t.llt> fir·st, l)lctc·c,, we l1<t\l·e Il cc)11c~1·et.e 
prese11t,;:.1tior1 of tl1e ic'.osal1ecl1·c)11 c111cl it,s g1·olll). Tc) J)l'()\re t,l1e c~o1·1·ec:t,r1ess 
of t,l1is 1)rese11tat,io11 ,ve or1ly l1ave to c~l1ec:k t,l1ctt, t1 sy·st,t~111 c:>f l)oly110111i;:1,l 
ec111at,io11s l1as a c:e1·tai11 sol11tio11. HE;r·E:~, tl1e B11c~l1l)E~1·gc_)r• ctlgc)r·it,11111 1>lcl,}''E~cl 
tl1e role c>f a11 orctC'.le for· fi11di11g it,. 

111 t.l1e sec:011cl plac·e we l1ave fo1111cl t,l1c1t., i11 et c:ert;:1.i11 sc~11se, t.l1e sol11tio11 
is t111iqt1e. (To l)e 11101·e precise: 11p t,o c1lgel.)rc1ic arrd 111at.1·ix c:011jt1gc1t.io11, 
tl1ere is a si11gle r11::1trix represe11tc:1tio11 of tl1e ic'.OSctl1ecl1·;::1l g1·011p i11 w l1icl·1 1:, 

y, and z bec:0111e reflectio11s.) To prc)ve t.l1e c:orrec:t11ess of· this assertior1, it 
1r1ay see111 t,l1c1t, ve1·ificatio11 of tl1e ft1ll ari t,l11r1eti(~ i11 Buc:l1berge1· 's ctlgor·i th111 
is 11ecessctry-·-sir11ilc:1r· to the sit11atio11 of t,l1e pr·oje('.t,ive plc111e of or·cler 10. 

Bt1t Bt1c:l1l)erger's theory gives a. tool t.o see t.l1e G1·or)r1e1· l>ttsis as a11 01·ac'.le. 
rro tl1is e11d, sor11e 111or·e ::1, prio1·i ar·it,l1r11eti(· is 11ec;essc11·y ( or r,1tl1e1·, s0111e 
111ore stori1·1g of l)yproduc:ts), i11 tl1e sc1.n1e vei11 cts tl1e exte1,1clecl Et1c:lidea11 
c1lgo1·itl1111 11eeds 11101·E:~ ( stor·age) tl·1::111 t,l1e l1Suc1.l gccl co111 J)t1t.atio11. (\1/l1e11 
dete1·111ir1i11g tl1e gcci of' two polyno111ic1ls f ct11cl g it is 11ot l1ctrd t.o deliver· t.wc) 
polyr10111ials a. ar1cl b SUC'.11 that the gccl is af + b_g. Now tl1e ve1·ificat,io11 thc1t 
a give11 poly11on1ial d is tl1e gcd is 11otl1i11g l)tlt, tl1e chec~k tl1ctt d = af' + bg 
a11d di f c:111d dig. This is shor·ter tl1c1r1 tl1e gc~d c:0111pt1tatio11 itself.) Just like 
i11 these two well-kno,vn exa111ples, t,here exists ct11 'exte11ded Buc:l1be1·ger 
algoritl1111', which gives c1.s extra Ollt,put a way i11 which tl1e Gr·ob11e1· basis 
elen1ents car1 be writte11 as cl li11ea1· con1bi11atio11 of t.l1e i11put eqt1atio11s. Due 
t,o tl1e extra 011tp11t, tl1e ve1·ific:atio11 tl1at, for· a give11 syste111 of ec1t1atio11s, 
the output is i11deed a Grob11er basis, is brot1gl1t back to ar1 exercise ir1 
standard polyr1on1ial arit,l11r1etic. 

It is unfortunate t,hat 111ost C'.0111111011ly usecl c:0111pute1· cilgebrc:1. syste1r1s do 
not have sta11dard f'ac~ilities for tl1e exect1tion of tl1e exte11clecl BuchlJerger 
algoritl1111. (Maca11lay a11d Si11gular l1ave a 'lift' corr1n1ancl tl1at does the job.) 
This on1ission 111ay poi11t t.o a s0111t~wl1at all too pr·act,ical att,itude witl1 wl1icl1 

30 the general purpose packc1.ges a1..,e bei11g used: tl1e rest1lt,s c11·e l)eir1g ac:c:epted 
in gratitl1de, but the validity of· tl1ei1· outcor11e is 11ot always c1uestior1ed to 
the extent that one ,vould need for a n1atl1er11atic:ally ac:cept,able proof. 

6. A f.,ARC.;ER EXAMPLE 

I11 the exanrple jt1st. giver1, the proof' tl1at tl1e e111becldi11g exists ancl is ur1iq11e 
( in a certai11 sense), can be given i11 111a11y otl1e1· ways ( for ir1st,a11ce by use of 
classical cl1a1·acter· tl1eory of groups). An importar1t. 1·easo11 for p1·esenti11g it 
i11 the context of a Gr6b11er basis co111p11tatio11, is tl1at it is repr·esentative of 
cases where 110 other 111ethod is available for acl1ievir1g a con·1parable res11lt. 



6'. J. K ostarit 's co·ri.ject,ur·e 
0 r1e sue: 11 ir1st ct11c:e is I( <)Stc111t, 's c:'.011j E::c·t, 111·e, \V l1i<·l1 ctS8t·r·ts t. l1ct t/ c·E:1·t,:.-ti r1 fi11i tE; 
gr·o11ps oc:c:t1r as Slll)gr·ot1ps of c~e1·t,ai11 Lie g1·0111)s. I11 t.l1e l1ct1·c-IE.)st c·ctse, t,l1e Lie 
g1·ol1p i11volvecl is tl1e <)11e of t,y•JJe E 8 . lit c)r·cler· t,() 1·<::ctcl 011, yo11 11<\<-1cl 11ot k11c),v 
r11ore abot1t t.l1is Lie gr·c)llJ) t.l1a11 t,l1e f.:1c·t: t.l1ctt, it is cl 248-cli111E:·11si<)Ilctl Vctr·iet,y 
of· sc111f1re 111c1t,r·ic:es of· size 248, w l1ose gr·()ll 1.) 111111 ti J)lic:c1tio11 is t.l1t: orcli11c1r·y 
r11at,r·ix 111l1lti plic:cl tio11. Let us call tl1is gr·c)llJ) H ( ctl) t)1·evia,tir1g 'l1,1yst,;;:1c:k '). 

Accorcii11g t,o Kost,a1·1t 's c:onject111·e, t.l1is ver·y lctr·gE: gro11J) sl1ot1lcl l1ave ,t 

very ti11y grotlJ) as a 111axi111al c·losecl Lie s11bg1·oll}). Tl1is t.i11y gr·()llp is t,l1e 
si111ple group of size 113460, a11d is kr1ow11 as tl1e f1·actio11a.l lir1ec11· g1·ol1p over· 
the field of order· 61. It is t1st1ally dE~IlC)tecl by £(2, 61), lJut, l1ere, v.,re will 
clenote it, by N (c1,bb1·eviatir1g '11eedle'). 

Tht1s we are faci11g tl1e c111estio11 w l1et.l1er tl1e t,ir1y gr·o111:) ~N e111be(·ls i11 t.l1e 
large g1·ol1 p H, ar1cl if so, l1ow. 

6. 2. The sol'uticJri 
S0111e te11 years ago R.L. c.;riess ~Jr·. c111d I b1·011gl1t tl1e pr·ol)le111 l)c1ck t.o 
a syst,e111 of poly110111ial ec.1uatio11s. Tl1e 111et,}1od we 11sed, cilt,l1ougl1 11101·e 
clelic:ate, is c:0111parable to tl1e approac:11 we clesc~1·ibed for· t.l1e ic:osal1edral 
gr·oup: the 11eeclle N is generated by t.hr·ee ele111e11ts ·z1,, t c111d 'll.' sat,isfying 
the f"ollowing defir1i11g relat,io11s: 

61 3() 
'U ==t ==l, 

,,.,,7 2 == 1 
u.. ' 

( U'llJ) 3 == 1, 'U) 'lL 2 'll.1 == t - l 'll - 2 'Ui ·u ~l () . 

Tl1e r11atrices for· 'U a11d t wer·e easy to clete1·r11ir1e l)y t1se of' s0111e Lie 
theory. The coefficie11ts of tl1e third 111atr·ix, ·u1, could be desc:ril)ecl as rc1tio1-1al 
f1111c:tior1s of 9 para111eters. Tl1e equ;.:1,tio11s tl1at could be di1·ec_·tly der·ived f1·orr1 
tl1e defi11ing 1·elatio11s were too lar·ge to l1a11dle. Tl1e1·efor·e, 1r101·e corr1plic~ated 
co111putatio11s we1~e set 11p, whicl1 rr1ade 11se of J)rojec:tio11s C)11t,o t-eige11spcic~es. 

Tl1is led to a syste111 of 5 7 eq11atio11s i11 9 u11kr1ow11. Ea(:11 ec1l1,1tior1 l1c1.cl 
about 9 111011on1ials. All by itself, it is r1otl1ir1g par·tic:ular· of a proble111 tl1at 
it can be p11t into a syste111 of poly11orr1ial equatio11s. Solvirrg tl1e systerr1 of 
eq11atio11s is anot,l1er· ball garr1e, tl1ougl1. Ar·cJllild 1986, ctt tl1e ti111e tl1e lc11·ge1· 
general p11rpose co111puter algel)1·a syst,e111s c:a1r1e abot1t, I tr·ied to solve t.lrese 
eq11atio11s ir1 vain ( usir1g J\1ac:al1lay a11d Ivlaple). 

About fou1· year·s ago, together· witl1 B. Lisser, I ver1tur·ed a11otl1er try. 
_A.fter l1avir1g 111ade the pr·eparatior1s for solvir1g tl1e set of polyr10111ic1l ec1ua
tio11s, I four1d et way to dodge tl1e polyr101nial ec1uatio11s l)y solving ,1 systen1 
of n1ore tl1an 1000 li11ear equatior1s ir1 248 unknow11. This syste111 turr1ed out 
to be solvable witl1 Gctuss eli1ninc1tion ir1 several co1r1pute1· algebr·a syst,e111s. 

31 
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\Vl1e11 I t,ried to solve the largt~ (l1ec1vily OV(?1·cl(1 t,E.l1·111i11E:~cl) syst.c1 1·11 c)f li11(~ar 
eql1atio11s, t.l1e diago11al tl1at c1p1)ectr·ecl clt1E~ tc) c;al1ss (lli111i11atio11, ('.ft~J)t, 011 
towards t.l1e last colu111n, u11til it st.OJ)J)ecl ctt, t.l1e 011t'\ l)11t. lctst., a11cl stayecl 
tl1e1·e for· all of tl1e overdeter111i11i11g ec111at,ic:_)11s t.l1at, \Vt~r·e to f'ollc)w. At. t.l1at. 
1110111e11t I was very sur·e I l1ad f 01111cl t.l1e 11eeclle 1V i11 t.l1e l1a:,,rst.f1.<:k H, c111cl a 

~ ~ . 

ur1ic111e or1e at tl1at. Neve1·tl1eless~ I l)er·fo1·111ecl a.11 tl1e 11ec·:(~ssa1·y V(~1·ific:at,io11s 
to estal)lisl1 tl·1at, 1ny fi11cli11gs vver·e cor1'ec·:t: tl1e c·or11pi1tcitio11c:1l JJ1·oot· was 
clearly prese11t,ed ( et·. [5]). 

Bl1t,, i11 a way, I was co1111ting· too l1t~avily 011 tl1e c:c)11vir1c:i11g l)C)Wer· of tl1e 
cor11puter·. 011ly little later· I ,vould l1ave t,o account t·o1· wl1at, I l1ad clone. 
Wl1er1 it, ca111e to publicatic)n, 111y colleagues wer·e qt1ite skept,ical r·egar·cling 
tl1e co111put,er c:c)1r1putatio11s. I l1aci t,o pay tl·1e l)r·ice for· corr11)utc1tio11s tl1at I 
c:011ld 11ot, do by l1a11d: t,l1e p1~ic:e tl1at the c~o1111)11tatior1s could 11ot be ac:cepted 
as proof. Or·, t,o 1)11t, t,l1eir reactio1·1s int,o cl 111ilde1· perspective: I was asked 
t,o s1)ecify 1111cler wl1ic:l1 c:i1·cu111stances cor11p11t,er c~c:1.lculc1tior1s ar·e accept,al)le 
as -(part, of) a l)t·oof, i11 1)ar·t,ic:ula1·, if tl1ey c:ar1 110 lor1ger be cl1ec'.ked l)y a11y 
perso11 by l1c111ci. 

6'. 3. Comp,uter calc'itlat·ions as pa1·t of' a pr·oof 
Just as I have done for tl1e icosahedro11, I will add1·ess tl1e proofs for· existenc~e 
arid for unique11ess separately. 

Existence 
To verify that the three n1atrices u, t and 'W sat,isfy the defi11i11g relations, we 
or1ly have to perforrr1 star1dard calculations. 011ce we l1ave cl1ose11 et suital)le 
coefficient do1nain for~ our co111putatio11s, tl1e 11ecessary 1·r1atrix 11111ltiplica
tio11s can be car1·ied 011t in any 011e of the special p11r·pose pac~l<ages GAP, 
MAGM.A_, and LiE. Eacl1 r11atrix 111ultiplicatio11 will take a few secor1ds, l)ut 
tl1at is quite a11 acc:e1)t,c1ble tin1e span, eve11 for· i11teractive work. 

111 this n1a1111er, eacl1 colleagl1e C'.a11 ver·ify tl1at 'U, t, a11d u, ge11erate a 
subgr·oup of' the g1·oup of all invertible square 111at1·ices of size 248, whic:h 
is isor11orpl1ic to N. Ir1 order to fi11isl1 the p1~oof of Kostar1t 's c:011ject,u1~e 
in this case, we still need to ver·ify tl1at each of· u, t, a11d 11) belo11gs to 
the group H. Agai11, this ve1·ific:atior1 does not requi1~e anytl1ir1g beyond 
standard aritl1111et,ic. 

Uniqueness 
Here we were luc~ky. Because of li11ea1·ity of· tl1e syst,e1r1 of equations even
tually usecl, t1nique11ess can be either· der·ivecl f'ro111 tl1e ( st1~aigl1t,forward) 
repetitior1 of tl1e Gaussia11 eli1r1i11c1,tio11 or f1·0111 a11 LUP decornposition of 
the or·igi11al systen1. 

If we would l1ave l1acl to resort, to t,l1e syster11 of 5 7 poly11on1ial equations 
four1d earlier 1 a t1niqueness proof t1sing t,lre exter1ded Bucl1ber·ge1· algoritl1n1 



COMPUTERS: (Ac_::)cc)LJt'-JTlf~(-; FOR MA"rr1E/v",ATICAL PROOFS 

Definition Let K be a field. 
1. An associative algebra over K is a tuple (A,+, 0, -, *,•),such that 
(A,+, 0, - , *) is an associative ring, (A,+, 0, -, ·) is a vectorspace over K, 
and V ,,\ E K, x, y E A : ,,\ · ( x * y) = ( ,,\ · x) * y == x * ( ,,\ • y) . 
2. A Lie algebra over K is a tuple (A,+, 0, -, [],•),such that 
(A,+, 0, - , ·) is a vectorspace over K, [] is a bilinear map, 
Vx E A : [xx] = 0 and Vx, y, z E A : [x[yz]] + [y[zx]] + [z[xy]] = 0. 

Corollary Let ( A, +, 0, - , *, ·) be an associative algebra over K. 
Define a binary map [] as follows [ xy] = d x * y - y * x. 
Then (A,+, 0, - , [], ·) is a Lie algebra over K. 
Proof 
1. [] is bilinear, bee a use [ ( ,,\ · x) y] == ,,\ • ( x * y) - ,,\ • ( y * x) = ,,\ • [ xy] = [ x ( ,,\ • y)] 
and [(x + y)z] == x * z + y * z - z * x - z * y [xz] + [yz] 
and [ X ( y + z)] = X * y + X * z - y * X - z * X [ xy] + [ X z]. 
2. [ xx] = x * x - x * x = 0. 
3. [x[yz]] + [y[zx]] + [z[xy]] = 0 by computation#. 

> noncom x,y,z; 
x, y, z noncom 

> procedure br(a,b);a*b-b*a; 
procedure br 

> br(x(l) ,br(y(l) ,z(l)) )+br(y(l),br(z(l),x(l)) )+br(z(l),br(x(l),y(l)) ); 
0 

# Computation session in Reduce to prove the Jacobi identity 

Figure 6. Elaborate mathematical proofs rely increasingly on the use of Computer 
Algebra. 

would have bee11 desirable. But the usual version of this algo1·ith111 was 
already infeasible at the time. In the 111eantime, eigl1t years after our first 
atter11pt, the systerr1 of 57 polyr101nial equations has beer1 solved t,wice, first 
with Macaulay, later with Singular; i11 botl1 c:ases the sar11e ( l111ique) sol u
tion was found, whicl1 of course coincided witl1 tl1e solution of the linear 
equatio11s. 

In su1111nary, altl1ougl1 matrices are involved of size larger· tl1ar1 ,ve ca11 
conveniently deal witl1 by l1and, the arithrnetic: c:arr·ied out, wit,l1 up-to-date 
software is so standard, that tl1ey can be viewed as acc:ept,c1ble (pa1·ts of) 
proof. The require111e11t of r·epeat,ability is met. 

6.4. Conclusion of the large example 
In the above disc11ssior1 I left out son1e aspects w l1ich ar·e wortl1 111entio11i11g. 

For· instance, I refer1·ed to choosir1g a suitable 'coefficie11t do111ain'. Kos
tant's conjecture co11cerns Lie groups. Hence, it is for111ulated for tl1e co-
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Si111ple g1·ou·)s L l1aving a ce11tral ext,e11sio11 tl1at, Ccln 1)e en1bedded in 
t_ 1e con1plex Lie group of exc~e1)tio11c1l ty1)e X,r 1. 

L 

Alt5 , Alt5, L(2, 7), L(2, 8), £(2, 13), U(3, 3) 
Alt1, Alts, Alt9 , L(2, 25), L(2, 27), 

L(3, 3), 3 D4(2), U(4, 2), 0(7, 2), o+(s, 2) 
Alt10, Alt11, L(2, 11), L(2, 17), L(2, 19), 

L(3, 4), U(4, 3), 2 F4(2)', A1f11, J2 
'? 

Alt12, Alt13, L(2, 29) ·, L(2, 37), U(3, 8), lvf12 

Alt14, Alt1s, Alt16, Alt17 , L(2, 16), £(2,31), £(2,41) 7, 
L(2, 32)?, L(2, 49)?, L(2, 61), L(3, 5), Sp( 4, 5), 0 2 (3), Sz(8)? 

effic~ie11t, clo111ai11 of t,he co1r1plex 11t11r1bers. Tl1e dc1ta 011 tl1e fi11ite grol1p N 
however 111ake it J)C)ssil)le to realize all 1111111be1·s ir1volved c:lS algebraic~ r1t1111-
ber·s. In t,heory, tl1e exc1c:t, ft1·ith111etic of alge1)l'cli(~ r111111bers on co1r1p11ters is 
possible, c111d is i11 fc:1c:t, 011e of tr1e 111c:1,jor· raisor1s d'et1·e for· c::0111p11ter alge
bra. But co111putatio11.s regardi11g sc1ua1·e r11atric:es of size 248 are riot feasible 
wl1e11 the coefficients are algebraic: r1t1rr11)ers c)f c·:011side1·a1)le size. 

Tl1erefore, we l1ave c·hose11 for redt1ctio11 111od11lo a s11it,able prirne 11u1·11ber 
p. Due to so111e classical 1natl1en1at,ical reasoni11g, it, is r1ecessary a11d suffi
cie11t for the e111beddir1g of N i11 H to solve t,l1e 1)rol)ler11 of fi11di11g 111atrices 
for 1-l, t, arid 'W over coeffic:ier1ts tlrat c1,re i11tege1·s 111ocl11lo p. 

Besides si111plification of the calc:11lations, the tec:h11ic111e of' r·ecl11ction rnocl
ulo a prin1e 11u1nber had another· good c-,011sec1t1e11c:e. It. got J .-P. Serre inter
ested, who rece11tly procluced a c:ornputer free proof of· the en1beddi11g of N 
ir1 H. He used reductior1 modulo tl1e pri111e 61, ,vl1i(:h r·equires a n·1ucl1 n1or·e 
intr·icate argur11er1t for· lifting N back to H, but, l1as tl1e advar1tc1ge that the 

34 subgroup N is know11 to exist (in the versio11 of H 111ocl 61) fror11 t,he theory 
of groups of Lie type. By the way, Serre's proof does 11ot, give ur1ic1ueness of 
tl1e e111bedding of N i11 H. 

To end this exa111ple, I woulcl like to 111entio11 that tl1e work on Kostar1t 's 
c:onjel:tur·e is part of a 111ucl1 bigger prograrr1111e, r1ar11ely to cleter·rr1i11e all 
n1axirnal fir1ite subg1·oups of the exc:eptional Lie groups. I11 this c:lassifica
tio11, orrly a few 01)en p1·oble111s ar·e left. Ir1 tl1e t,able above, c1uest,ion rr1arks 
i11dicate whiclr e111becldings are still u11p11blished at tl1e tin1e of writi11g. 

Tl1e table is t,ake11 frorr1 [7]; tl1ere l1owever, t,}-1e gro111) L(2, 41) is erro-
11eously left out. I11 t,lre table L is always a fir1it,e simple grot1p arid G an 
exceptior1al c:0111plex sirr1J)le Lie group (one of 02, F4, E6, E1, Es). We 
provicle a twofold interpretc1.tior1 of tl1is ta1)le. 
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1. If L apJ)ea1·s 011 t.l1e line of G ir1 t.l1e t,al.)le, tl1e11 it l1as a fi11it.e ce11t,11 al 
exte11sio11 tl1at is e111becldable i11 G, wit,11 cl l)Ossil)lt~ exc·e1)tio11 for five 
ql1est,io11 111c11·ks ''?'. 

2. If L appec11·s 11eitl1e1· 011 the li11e C)f. G 11or 011 a li11t; abc)ve it., tl1e11 110 
fi11ite centr·al extt.~11sio11 ()f L e111l)ecls i11 G(C). 

One of t.l1e five quest,io11 111ar·ks appec1rs witl1 tl1e gr·ol1p L(2, 41) of f·r·cic
tio11al li11ea1· tra11sfor1natior1s over tl1e fielcl of 41 elerr1e1·1ts. Ve11 y 1·ece11tly 
(April 2, 1995) Serre an11our1ced a c:0111puter-free pr·oof of the e111beddi11g of 
this group in H, to wl1ich Griess a11d A.E .. J. Rybc:1 reactecl l)y anr1ou11ci11g 
a con1putatio11al proof ir1 the 1naki11g for t,he e111bedclir1g of L(2, 32). Tl1t1s, 
serious 1natl1e111at,ics s01netin1es l1as tl1e liki11gs of' cl cor1~espor1de11ce cl1ess 
gar11e l)et,ween G. Kc:1spa11 oy arid a gr·o11p of co111pl1te1·-cl1ess playe1·s. 

7. INTEGRATION 

Now that we l1ave go11e over sorr1e of t,lrt~ feat tires of tl1e 11ew apr)ea1·c111ces 
of a proof, I wa11t to add a few \vords 011 t,heir i11te1·actior1. \Vit,}1 regar·d 
to tl1is t.opic, I have 011ce lreard a logiciar1 express tl1e icleal of l1.avi11g all 
111atherr1atic:s be verified by proof c:heckers. If t,}1is wot1ld i111ply tl1at the 
computer algebra systen·1s sl1ould accou11t for eac:h ar·it,l1rr1etic: step i11 their· 
executio11s of' algorithr11s, giving a dedt1ction of it wl1icl1 ca11 be ir1put to a 
pr·oof checker, I c1r11 not (~011vir1ced it is tl1e rigl1t, goal. 

Fir·st of all, it does 11ot bring abo11t ar1y pragr11atic l1t~lp for the usual 
r11atl1e111atical activities. Secc)11dly, it is r1ot fec1.sible to 111<1,ke a11y r11athe111at
ical progress on tl1is basis, sin1ply becc1use proof cl1eckers c;a1111ot per·forrr1 
arithmetic with ease arid/ or speed co111para1)le to c:c)n1pt1te1· algebra syst,er11s. 
I11 the forn1al proof that 13 is a J)ri1r1e, we l1ad to co111e up with axio111s like 
13 = 6 * 2 + 1 and 13 = 4 * 3 + 1 ir1 order to keeJ) t.he 11t1n1ber of lir1es to 
r·easo11able le11gth. A proof of a11 ari thrnetic ec1uality like a11y of tl1ese two 
in LEGO cornes dow11 to writing out botl1 l1and sides as the 13-tlr successor· 35 
of O withi11 the r1at11r·al numbers. So tl1is would 11ot be a f'easible approach 
to proving that, a certain 31 digit, 11umber is pri111e. ( A rnl1cl1 n101·e realistic 
appr·oach would be to prove correc:t11ess of t,l1e usual r1t1111be1· ar·ith1r1etic, 
recog11izing stri11gs of digits as nu111bers a11d 11ext to ltse r11eta-theo1·e1ns; but 
for simplicity I will overlook this possibility here, especially si11c:e ever1tt1-
ally the arith111etic is bou11d to be delegated to sof·tware bet.ter suited for 
co1nputatio11s tha11 proof· checkers.) 

I wol1ld rather· favot1r tl1e poir1t of· view where pr·oof cl1eckers will accept 
identities con1i11g from cor11puter algebra syster11s. Son1e exper·irr1er1ts in 
this direc:tio11 have sl1owr1 that at least this app1·oacl1 is feasible: fron1 t,l1e 
proof cl1ecker· LEGO, a11 expr·ession l1as bee11 se11t off for si111plificatio11 to 
the con1puter algebra syster11 R,EDUCE; tl1e 1·esulti11g equality betwee11 the 
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i111)ut, expression arid tl1e ot1t,put expr·ession l1c1s lJt~t~11 f'E~(.l i11t,<J LEGO fl.S a11 
axion1. By c:01r1l)ining tl1e results of co111p11tt~1· algel)r·a wc)rk witl1 JJr·oof's i11 
proof cl1eckers in this way, a n1uc:l1 111or·e powerful t,ool for· 111c1tl1er11ati(~s is 
bei11g c1·ec1,t,e<l t.l1ar1 a11y of the t,wo c~ar1 offer i1·1diviclu::-1lly. 

8. CONCLlJSION 

Havi11g stressed repeatal)ility and ver·ifiability of a c:0111putat,io11al pr·oof·, 
I n1igl1t have give11 tl1e i111pr·essio11 tl1at tl1e validity of a proof would be 
quantifiable. To ref'ut,e t,l1is, cor1sider· the followi11g t11ougl1t expe1·i111e11t. 
Of an explicitly given nun1ber n of 31 digits, say, tl1e assertior1 is being 
made that it is a pri111e 1111111be1·. As a proof of· t,l1is assertior1, a 1011g chai11 
of cor11put.ations is prese11ted. However, an err·or occ:urs ir1 one of these 
co111put,at.io11s (so i11 fact the cl1air1 of· co111putat,io11s is 11ot a f)roof). 

Now Sllppose five colleag11es l)eruse this er1·011eo11s pr·oof i11clepender1tly, 
leaving a ve1·y sli111 cl1a11ce E, sa:rr t == 10- 15 , tl1at tl1e err·or rer11ai11s 11r1de
tectecl. 

I have alrea.dy 111e11tio11ed tl1at, a1·itl1111etic 011 a c:or11p11ter is 11ot 100% r·e
liable. But it is quit,e likely tl1at, usir1g i11depe11de11t repetit,io11s, we ar·r·ive 
at a likelil1ood of n1ore tl1a11 1 - E that the error in tl1e 1011g cl1ai11 of' t~on1 pt1-
tatio11s is fou11d, regardless of whether the proof is w1·itte11 up as a fo1·111al 
proof or as a co111putational p1·oof. 

The poi11t I an1 tryi11g to r11ake is that, tl1ere ar·e very sho1·t probatJilistic 
argume11ts that, after verification, give a likelil1ood of· at 111ost E tl1at the 
assertio11 is wr·ong. 011e s11cl1 a pr·o l)abilistic: proof for· the assertion that n. 
is prirne, comes f1·orr1 Solovay arid St,rasse11 ( c~f·. [3]), a11d 111akes 11se of' tl1e 
following result: For n, E N, n > I, ri odd: 

• • n 1s pr11ne 

\f k E N, 0 < k < ·n,, 
gcd (n, k) == 1 

'Tt -1 
k 2 

1 .• 
I\, -
Tl 

wl1ere is:_ is tl1e Jacobi syn1l)ol. 
ri, 

a11d 

(mod n), 

If n, is not pri1r1e, the11 tl1e likelil1ood that t,he tecl111ical c~o11dition above 
l1olds fo1· a 1·ar1dor11 k betweer1 1 a11d rt is at 111ost 1 /2. Henc:e, tl1e likelil1ood 
that n is not, prin1e and that tl1e conditior1 holds for· 50 r~a11do111 choices of 
k, is at n1ost 2-sc), ir1 particular less than E ~ 10-15 . Tl1e ve1·ification of tl1e 
tech11ic:al cor1dition for· a si11gle k is extrer11ely fast. 

Tl1e1·efore we ca11, with t,he probability of a11 error wl1icl1 is sr11aller than 
tl1e likelil1ood of a non-detec:tecl error· by our five colleagues, establish that 
tl1e assertio11 is c~orr·ect by n1ea11s of a 1·elatively sl101·t con1J)utatio11. Still I 
expect tl1at 011ly few 111at,l1e111at,iciar1s will accept tl1is probabilistic: argun1ent 
as a real proof·. 



By t1se of tl1is paradox I wa11ted to illl1st1·,1tE.~ tl1c1,t, a r·elictl)ilit}y est,i111ate 
all l)y itself does 11ot c·oi111t for tl1e 11otic)11 c)f prc)of'; we sl1<1ll l1ave tc> t,ak(~ tl1e 
l1t1111a11, estl1etic: stc:111dar·cls arid valt1es i11t,o ;,t(~c:oi111t. 
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