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Dedication. I dedicate this paper to Prof. P.C. Baayen, at the occasion of 
his retirement on 20 December 1994. The beautiful equation which forms 
the subject matter of this paper was invented by Wouthuysen after he retired. 

Abstract. 
The four complex variable Wouthuysen equation arises from an original 
space-time lattice approach to spinor waves and elementary particles. Here 
the complete space of solutions is described. It consists of one isolated point 
and one branched S 4 -covering-space over the circle with 8 branching points 
of order 6, 24 branching points of order 4 and 12 'tturning points''. The 
24 branching points of order 4 are also turning points for two of the four 
branches. 

1. THE EQUATIONS 

The equations are for four complex variables of unit norm 

with in addition a stationary phase condition 

(1.1) 

(1.2) 

(1.3) 

In terms of real parameters. There are 8 parameters and (1.1), (1.2) together 
give 6 conditions (2 from (1.1) and 1 each from llzill = 1, i = 1, ... 4). Given 
(1.2), (1.3) only gives one extra condition. So by equation counting one could 
expect I-dimensional families of solutions. This does indeed turn out to be the 
case. 
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( 1., 1, (:! ~ (;; ) ~ ( l , 1. (:f. (:i ) . ( l , (:i, l , (:f ) . { 1 ~ (;; . l , (:J ) 

( 1. (~! ~ (;i ~ 1). (, 1 • (;f' (~i' 1 ) . { (:1. 1. 1. (;;). ( ,::1- 1. 1. (;\ ) 

1"his St:t.t. <)f S()ll1tit)1·1s fclr111s ;1 si11gl(} .. 9.1 <>1~l)it <)f sizt:1 12. 1:\s it t111·r1s l111t. (2.2) 
- (2.5) are tl1e <lnl)' S<)lt1ti<>r1s witl1 itt lt:'\,1st ()Il(~ :::, ···· l; st::•E.~ stl>t•ti<)Il ;~ l)t~l<)\\' f'or 
det,iils. 

1 (2.7) 

Tl1is S<lll1t.i(lil satisfit:~s (Ul) to pE~rr11l1tZ:ttio11s) • .: 1 -- -:: 1 , z,1 == --.::;3 ,111d is i11 

f::t<"t tl1e 0111)" solutio11 \\1 it,}1 t.he p1·t1I>t.11•t,)·. It als<.1 s~1tisfi<ls (u1:> t<> l)t1.r111l1t.i1t,ic)11s). 

(2.8) 
' ' 1 3 r-, 1 , 1 ,-

" ·- (' - - - - ' I 5 ) ± J" ( - ' / 15 - - , / 3 ) · 8 8V ' 8v 8v , 

( llJ) t,o pern1t.1tatio11). Tl1is sol11t,io11 alst) l1c.:i.."" z2 == ::: 1 ~ 5,1 --- :~i l1r1c.i t,l1er<:"1 is 
i11 fac·t,. besities (2.2). (1.11) to r>er111utatitlr1') ()ll(J t)t1e-tii111t~11si(l11i1l f,1111il)· of Sl1c~l1 
soll1tio11s C>I1 '\\'l1icl1 l)otl1 (2.7') it1·1(l (2.8) ,irt· !()<'•c1.tt"(i. 

[,) ' 1 s·, )l·'tlt;,.".,.,y, "' ,»,,...;th ..,, + ,,., + ~· · + ... - {.l ,:,.,, • :f "- ( ~,t, · i•t.J I ,,.'j U, l, · . ,._ 1 '- :l ' -:J ..;.,,,\ - ' 
LT11der this a<l{iitio1·1,1l c·o11diti(~)Il ( : 1 + 

-2(z1z2 + ... + Z;,JZ4 "), S() 
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(2.10) 

Al . 1 -1 -1 -1 so, using Z1Z2Z3Z4 = , Z1Z2Z3 + Z1Z3Z4 + Z1Z2Z4 + Z2Z3Z4 = Z4 + Z2 + Z3 + 
z11 = Z4 + z2 + z3 + 21 = 0 because llz,ill = ZiZi = 1. Hence z1z2z3 + z1z2z4 + 
z1z3z4 + z2z3Z4 == 0. Thus the z1 , ... z4 are solutions of the equation 

2 
z 4 

- -z2 + 1 = 0 
3 

The solutions of this are 

1 2 
-±- 2 
3 3 

a11d so the z1 , z2 , Z3, z4 are equal to 

± 
1 2 1 - 1 
- ± - 2 :::::: ±- 3 ± -i 6 
3 3 3 3 

which is again the special solution (2.7). 

2.14 Solutions with at least one Zi equal to -1. 
There are ( up to permutations) three solutions with at least one Zi 

These are 

making up one S4-orbit of size 12, and 

1 1 . 
3 

1 
- 2J ' 2 

1 1. 1 1 . 
3, -2 3 - -J 2 ' 

1 1 . 
-- 3 - -J 

2 2 

1 - 1 . 
-2 3 + 21 

(2.11) 

(2.12) 

(2.13) 

-1. 

(2.15) 

(2.16) 

(2.17) 

and all permutations ( n1aking up two complex conjugate S4 orbits of size 24 
each). 

3. SOLUTIONS WITH AT LEAST ONE Zi EQUAL TO l. 
Permuting the Zi if necessary, assurr1e z1 == 1. Then (1.1) reduces to 

(3.1) 

This scales. So take z = z2 and consider 

(3.2) 

Let W3 == z3 - 1, w4 = z4 - 1. Then (3.2) turns into 
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w l1ert~ (t.i ::;::.:;: 

t.}1e f<lr1·11 

( 3.5) 
.,. ' 

Fro111 (3.7) it; f()ll(1\\.~s t.l1i1.t. lt·.1 ft11<i i,. 1:3 111,1kf~ f\Il ,t11gl(~ ()f~ {.i()(') ,vitl1 <)11<:. }1I1«:)tl1er, 

arid t.l1at. t.l1t::i~• ,tr(• (.)f. e{111(:il l(i11gtl1. r·c)r z:5, == l + t1':i, ::: .. ; -~ ·1 + 11•,4 t.o l)ti tlll 

tl1e t1nit c~ir(:!(\, it.':i ::i11<i lL.',t 111l1st. llt.~ ()tl tl1t~ (~ir·(·lE' llf r(1<iit1s 1 witl1 c·e11tre ii.t, ·- l. 
Ht~>Il(·{~ tlle)r !.llllSt l)f\ t~()lljt!gtlt(" <lll(] it' rt"';.l<iily (:st::>(• Fig11r(l I') f<}ll<)WS th,\t ttte 

... .. 

c•11ly J)<,ssibilit ies itr(~ 

.. .. .. 

- 1 

... .. 

,, 

"' ... 

., .. ,,. 

... .. .. 0 
,,. 

( e.g. llt~<~t111st1 tht~ tri,1.r1gle for111t1.(i ll)r t), lL'::i \ lt'4 111ust 11::t\l'f~ all sicies ec1t1al) ,111cl 
l1e11l~e t.l1t~rc~ are t111ly t.l1e t ltreti pt)ssil)ilit.ii~s 

1 
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(z2, z3, z4) == (z, z, z), (z, (az, (jz), (z, (Jz, (3z) 

and the solutions of (1.1) - (1.2) with at least 011e zi equal t.o 1 are (tip t,c) 
permutations): 

( 1, z, z, z), z E C; ( 1, z, (3 z, (j z), z E C; ( 1, z, (J z, (3 z) , z E CC 

The requirement (1.3), z1z2z3z4 = 1, translates i11 all these c~ases to z = l, (:3, (§ 
and putting this in gives the 4 solution orbits (2.2) - (2.5) listed above. 

4. SOLUTIONS WITH NO Zi EQUAL TO 1. 
To study the solutions of (1.1) - (1.3) for which no Zi is equal to 1, first lise tiht~ 
transf ormfttion 

Wi = Zi - 1, i = 1, 2, 3, 4 (4.1) 

(which has already proved to be useful above). This turns eq11ation (1.1) int.o 

The second tool is the Cayley transform c/> : IR ) S 1 = { z E <C : 11 z \ I = 1} given 
by ( see Figure 2) 

• 
r -J . 

r J 
-1 (4.3) 

This mapping is 1-1 and onto S 1 \{l}. 
Let 

i = 1, ... 4 (4.4) 

Then 

-2j 
i=l, ... ,4 ( 4.5) 

Set 

i==l, ... ,4 (4.6) 

Then the equation (4.2) becomes 
' 

(4.7) 

Multiply this with vrv~V§Vl' to obtain 

• 

Let e1 , e2 , e3 , e4 be the elementary symn1etric functions i11 the V1, - .. , 'l)4; 1.e. 
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r 1 -oo 

~ ' . - . . . . ' ' 

-1 = q,(O) 

r ➔ +m 
• 

• 
< 

q,(1) = -j 

FIGURE 2. 

( 4.9) 

Then ( 4.8) becomes 

( 4.10) 

Now let f 1 , f2, f3, f4 be the elementary symmetric functions in the r1, r2, r3, r4, 
i.e. !1 = r1 + r2 + r3 + r4, etc. Then 

e1 = f1 + 4j, e2 . f2 + 3j !1 - 6 ( 4.11) 

e3 = f3 + 2jf2 - 3/1 - 4j, e4 = f4 + jf3 - !2 -jf1 + 1. 

Putting this into ( 4.10) gives the following equations for the /1, f 2, J 3, f 4 
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Now 

Let 

J] + 3f1f3 - fJ - 5/2 + 2 - 3f2f4 + l8f4 == 0 

f2f3 + lOf3 - 3/1 - 9f1f4 == 0 

By (4.13), equation (1.3) means iiJ =wand by (4.14) this means 

Putting this in ( 4.12) we see that there are two possibilities 

In case A, the first equation of ( 4.12) becomes 

and in case B, the first equation of ( 4.12) becomes 

ft = 27 ff - 30f 4 + 3 == 3(9f4 - l)(f4 - 1) 

( 4.12) 

( 4.13) 

( 4.15) 

(4.16A) 

( 4.16B) 

(4.17A) 

( 4.17B) 

So, to find all solutions of (1.1) - (1.3) for which no Zi is equal to 1 it is necessary 
and sufficient to consider the equation 

(4.18) 

under the conditions 

Family A : f1 == f3 = 0 and fJ + (5 + 3f 4)f2 - (l8f4 + 2) == 0 

Family B: !1 = f3, !2 = 9/4 - 7, ff= 27/J - 30/4 + 3 == 3(9f4 - l)(f4 - 1) 

and to find out for which cases all four roots of ( 4.18) are real. 
To conclude this section let's find out whether tl1e families A and B can 

intersect. For an intersection we have f 1 = 0 = /3 and, hence from (4.17B), 
/4 == 1/9, /2 = -6; f4 == l, f2 == 2 Then and only then are all four of (4.16) -
( 4.17) satisfied. 

If /4 = 1, !2 == 2, / 1 == /3 == 0, The solutions of ( 4.18) are 
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• • • 

~I ., ~J 't .... _ ~i ~ 

i.t'. t,w'() J.)(iirs ()f ('."<)itl('l(.litlg llt)ll ft'ttl St)ltlt i<,11s.. ''l"l1is ~i\'t'S I)() St)i11ti<·•1·1 t() tr1t• 
\\'<,11t l111)·s1.,,1 t~(111;1t i,:,xi~ l)1.1t will still lb(~ IlSt1f't.1il littt\r·. 

If J.i :.:: 111!.}~ Ji= -~·(i, J1 =:: f:.~ =-= (). ti1t• s<·ili1ti,.,11s (,t· ( .. t.18') ~trt.:1 

( 4. 21) 
; 

(5.2) 

We shal.l use f 4 ::\S tl1e 111ain pa1·ctr11c~ter. '"l"'l1is will t11r11 Ol.lt t.<) bt" t:l1e rigl1t 
l'l1oi<~e, t~v·er1 t.l1c1t1gl1 ( 5.2) st1ggests tl1at, / 2 111igl1t tltj t~,.L"ier tc) ,vc>rk witl1. 

For ( 5.1) t.o l1ave fot1.r reail roots, it. is 11t\<~essary ar1ci s1.1ffi<~it~1·1t. t.l1iit f.1 ~ 

0, /2 < t), f:J > 4f 4. (l>esic:les f 2 rt~a.l). Th<~ C()I1tiit:io11s /.1 .?::: 0 ~incl !2 5 () i111ply 
that 011lv t,}1e sc>lut,ior1 ,.,, 

5 3 l. 

St), tl1e f<1n1ily A Ct)r1sist;s of pre(""isely· <lllt" fa111ily of S<)lt1tit)t1s para11l<~trizt~d 
by f 4 ?.: 0. Bec~ause J; > f 4, tl1t~ t,,vo solutit)IlS of 

(5.4) 

itre t111eq11i1.l. St) t}1e c)r1ly <~,tst~ i11 wl1icl1 t1l1<.~ four sol1.1tio11s !lf ( 5.1) c·a11 l1avt) tw<'.) 

or 1r1ore eq11al is \\'l·1en f 4 = 0. 1~11e11 

33() 



corresponding to the special solution (2.10) of the Wouthuysen equations. 

6. THE FAMILY B 
In this case the equation becomes 

(6.1) 

subject to following conditions on the coefficients 

(6.2) 

and the question is when (6.1) will have all solutions real. This certainly 
requires JJ to be real, which by (6.2) implies that / 4 < 1/9, or f 4 > 1. Thus 
there are four subfamilies to be considered 

27JJ - 30f4 + 3 (Bl) 

27f} 30f4 + 3 (B2) 

2111 - 30f4 + 3 (B3) 

1 
2111 - 30f4 + 3 (B4) 

Under (r1, r2, r3, r4) , ► (-T1, -T2, -r3, -T4), !2 and /4 remain the same and 
/ 1 and f3 change sign. Hence (Bl) (for a given value of f 4 ) gives four real 
solutions iff (B2) does so (for the same value of f4 ). Similarly for (B3) and 
(B4). Thus it suffices to examine (B3) and (Bl). 

The discriminant of (6.1) is equal to 

D== (6.3) 

where r 1 , r 2 , r3, r4 are the four roots of (6.1). It turns out that under (6.2) 

(6.4) 

This is a substantial calculation but it is less surprising than it maybe looks. 
First, D is of course a polynomial in the f 1, f 2, f 3, f 4 and it is homogeneous of 
degree 12 where Ji has weight i, ·i == 1, ... , 4. Under ri , , -ri, i == 1, ... , 4, D 
remains invariant. As / 1, /3 change sign under Ti 1 ➔ -Ti and f2, /4 remain 
invariant, f 1 and f 3 can 011ly occur in the monomials in D in the forms 
ft, f1f3, !§- However, the substitutions (6.2) are not homogeneous so that 
the degree could become as high as 12. The monomials in the discri1ninant of 
a fourth degree polynomial are of maximal degree 6 in f 1, f 3 combined. Thus 
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a polynomial of degree 6 in J4 could occur. A final drop in degree of 3 occurs 
because there are three coinciding roots at f 4 = oo. Finally because there are 
coinciding roots of (6.1) at f 4 = 1 one of the roots of D must be 1. 

For the subfamily (B3) (and (B4)) we have that at f 4 = 1/9 there are four 
different real solutions, see (4.20). Because D -/= 0 for -oo < f 4 < 1/9, this 
must remain so for the whole family. Thus (B3) and (B4) represent two one 
dimensional families of solutions to the Wouthuysen equations parametrized by 
f4 < ½-

For f 4 > 1, i.e. the families (Bl) and (B2), D == 0 at f 4 = 3/2. For this 
value of / 4 (6.1) becomes (for (Bl)) 

5 ,-- 5 
r4 + - 3 r 3 + 61;2 r 2 + -

2 2 

with the solutions 

1 3 1 . 5 
-4 + 41 ' 

3 
3r+-=0 

2 

4 4 

(6.5) 

(6.6) 

At f 4 = 1, equation (6.1) has four non real solutions, viz. j,j, -j, -j. So 
for 1 < / 4 < 3/2, it remains the case that (6.1) has four non real solutions 
(because for this to change D must assume the value zero). As D #- 0 for 
3/2 < / 4 < oo, the family (Bl) and (B2) have for these values of f 4 either four 
non real solutions or two real and two non real ( complex conjugate) solutions. 
As it turns out the latter is the case. A numerical check shows e.g. that at 
f4 = 10 the four solutions are approximately 

-47.287, -0.606, -0.564 ± O.l 77j 

In both cases (Bl) and (B2) do not contribute to solutions of the Wouthuysen 
equation. 

For later use we also need the solutions of the (B3) and (B4) families at f4 = 0. 
The equation for the (B3) case then becomes 

r 4 + 3r3 
- 7r2 + 3r = 0 

with solutions 

3, -2- 3 

(6.7) 

(6.8) 

7. MATCHING THE SOLUTIONS WITH A Zi EQUAL TO 1 TO THE A, B3, B4 
FAMILIES 

Under t:p : JR. ➔ S1 , +oo goes to 1, and so does -oo. (So the true parameters 
space is the circle <t,(JR) == 4>( {f4 } )). To see how the solutions with a Zi equal to 
1 fit with the A, B3 and B4 families, it therefore suffices to study what happens 
to the corresponding solutions as / 4 ► oo (for the A-family) and as /4 > -oo 
(for the B3 and B4 families). 
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7.1 The A-family for f4 ➔ oo. 
First consider an A-family of solutions 

(7.2) 

As f 4 > oo, f 4 1 f 2 goes to -3. Let s = r- 1 . Then the equation for s is 

(7.3) 

which in the limit f 4 , oo, goes to 

s4 -3s2 = 0 (7.4) 

It follows that as f 4 > oo, two solutions of (7.2) go each to -oo or +oo and 
the other two go to -½ 3, ½ 3. However, the four solutions of (7.2) cannot 
cross as /4 > OC>(f 4 > 0), therefore the only possibility is that one goes to -oo 
and the other to +oo. 

So up to permutations the limit solutions are 

(-oo, 1 - 1 
-

3' 
(7.5) 

which under <j; : R. ➔ S 1 corresponds to the solutions ( 2.5) 

(7.6) 

where ( = (3. 

And indeed a small numerical check shows that for f 4 = 103 , 105 , respectively, 
the solutions of (7.2) are, respectively, approximately equal to 

-54.890, -0.576, 0.576, 54.890 

-547.735, -0.577, 0.577, 547.735 

while ½ 3 is about 0.577. 

• 

7. 7 The B3-family for f 4 , oo. 
Now let's consider a B3-family of solutions 

(7.8) 
27J; - 30f4 + 3 
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1../3 1 1 

(_!Ja _!v13 -~v'a oo) 3 I 3 I 3 > 

((,(,(,1) 

(-2, -v'3, 0, 2, --13, -/3) 
B3 _ family 

I 

( -v'3. -2 + VJ, 0, 2, +v'3 : 
I 
I 
I 

I 
I 
I 
I 
I 
I 

(-2 - V3,2 - V3,0, Jl""lo...----~ 
.84 ~.f I amity 1 

• 

I 

I 
I 
I 
I 
I 
I 
I 
I 
I 

FIGURE 3. 

A _ l a.mil1:1 

(-t2, t3, -t3, t2) 

A - fam,·1y 1 1 
{ -oo, 3 ./3, - 3. 00) 

(1,(2 ,(,1) 

global picture it suffices to identify the points above f 4 = ±oo according to 
the coordinates attached to them. The complete topological picture is given in 
Figure 4. 

335 



As above let ( = (3 

C i = ( 1, (2' (2 ' (2) 
D4 ((,(,(,1) 

C4 = ((2,(2,(2,1) 
D1 (1,(,(,() 

C1 (1, (2' (2' (2) 
D3 ((, (, 1, () 

03 = ((2,(2,1,(2) 
D1 (1,(,(,() 

03 = ((2,(2,1,(2) 
D4 ((, (, (, 1) 

C4 = ((2,(2,(2,1) 
D3 ((, (, 1, () 

C4 = ((2,(2,(2,1) 
D2 ((, 1, (, () 

C2 = ((2' 1, (2, (2) 
D4 ((, (, (, 1) 

03 = ((2,(2,1,(2) 
D2 ((, 1, (, () 

02 = ((2,1,(2,(2) 
D3 ((, (, 1, () 

C2 = ((2,1,(2,(2) 
D1 (1, (, (, () 

01 = (1, (2' (2' (2) 
D2 ((,1,(,() 

, , ----
, I ,I' ., - P2 Q2 
I ; 

I ,' P3 Q3 
I I --
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\ I I 
\I I 
1' I ,, ,, ___ _ 
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1 I I ' ' ,,, ---
1 t! I 
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I I I I ,I ..__ __ 

I 
1
1 I \' - p6 

1 
I 
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\,' . ,, ...... 
) ,, " 

1\ I I I \ 

I \ I I I ,I' ..._ __ 

I \ I I I; - f'ia 
t \f I A 
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I 1 \ I ', ----- g Q9 , ,, ,, --
', "'--, ,, "' 

I It 1'l'..,, 
I I I )/-" ....__ __ 

, 
1 1 " t - Pio Q 10 

I I I ,' I\ 
I ). r \ 

: I .t \ ' \ Pi l Q 11 ,' ,,, --
/ I '- I 

I I "- I 
I I I... I 
I I I I "'J ~ 

I I I )',- ----1 1 I ,, I t - P12 Q,2 
I I ,; I \ 

: I I ,
1 

I \ 

I I l,1 I \ ------
I II I 

I I 'I 
I I / I I 
I I/ I 
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I ,". \ I I 
I \ I I 

I I \ I I 
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I I I '- fl 
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I I I '-, I 
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I I I I ( 
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I I \ I\ 
I I I I \ 
I \ \ I '- .-' 
I \ \ I ' 
I\ I,, ___ _ 

I \ \ \ / 
I \ \ \1 
I ._ \ /' 
I ' \ ._ 

' I I ,, t. -
I '\ _. I 
\ ,. ~ ... ' , \, ... , 

\ I \~ ----\ \ 

\ ' \ ' I\ 
\ ,,, ---
\ ........ _ --
\ I \ 

\ I \ 
\ I \ ~ 
\ I 
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' I 
' I ... 

'\. ---, ... -
\ 
\ 

Q,o 
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4 • 

00 ~( 0 1/9 

FIGURE 4. 
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( 1, (, ( 2 , 1) 
(1,(2 ,(,1) 

(1,(,(2 ,1) 
(1,(2 ,(,1) 

(1,(,1,(2 ) 

(1,(2 ,1,() 

(1,(,1,(2 ) 

(1,(2 ,1,() 

((,(2 ,1,1) 
((2 ,(,1,1) 

((,(2 ,1,1) 
( ( 2 , (, 1, 1) 

((,1,(2 ,1) 
((2 ,1,(,1) 

((,1,(2 ,1) 
((2 ,1,(,1) 

((,1,1,(2 ) 

((2 ,1,1,() 

((,1,1,(2 ) 

((2 ,1,1,() 

(1,1,(,(2 ) 

(1, 1, ( 2 , () 

(1,1,(,(2 ) 

(1,1,(2 ,() 



The solution (1, 1, 1, 1) is completely isolated, and all others are connected 
by the scheme drawn above, where the dotted lines indicate identifications. 

In the above ( see also Figure 5) 

........ ----♦)I + 00 

FIGURE 5. 

-½+! 5+J(½ 3, -½-! 5+j(½ 15-½ 3), 

-½-¾ 5-j(½ 15-½ 3),-½+¾ 5-j(} 3) 

where t2 = ½ 15 + i 3, t3 == ½ 15 - j 3 
And further, using the notation a(s1, s2, s3, s4) = (sa(l), Su(2), Ba(3), Ba(4)), 

Q2 
Q3 
Q4 
Qs 
Q6 
Q7 
Qs 
Qg 
Q10 

Q11 

Q12 

Q13 

Q14 

(23)Q1 
(14)Q1 

(23) (14)Q1 
(34)Q1 

(234)Q1 
(143)Q1 

(1423)Q1 
(123)Q1 

(13)Q1 
(1234)Q1 

(134)Q1 
(124)Q1 
(1324Q1 

</>(-t2, t3, -t3, t2) 
</>( t2, -t3, +t3, -t2) 
</>(t2, +t3, -t3, -t2) 
</>(-t2,-t3,t2,t3) 
</>(-t2,t3,t2, -t3) 
cp(t2,-t3, -t2,t3) 
cp(t2, +t3, -t2, -t3) 
ef>(-t3,t3, -t2,t2) 
cp(t3,-t3, -t2,t2) 
cp(-t3, t3, t2, -t2) 
</>(t3,-t3,t2, -t2) 
cp(-t3, t2, t3, -t2) 
</>(t3,t2,-t3, -t2) 
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Q15 - ( l 2')Qi _,. <t>( --t :, ' t,, t2) - .,., ___ -- f •1 
"" ' ·4,, 1': 

Q16 
,.,...,...,,,, (1 '!2)Q t+'( t ~i' .~.~t2, -·t,,. 't.,· .. ·•1 ~-__ ..,. .. _. .. t •'.\ ) 

"'' '. . " 

Q11 -- { 124~J)Qi ·-- o( ,._, t ·i t2, -~t2, f 'l) - """"'"'"" ; ,, *·' •• 

Q1s ·-- ( 1:1·)(2~t)Q1 ·- 4>( t :i. t2, -t'J.' --t1) -► 
,.._.,.,,_. 

• 

Q1i) -- ( 1')' (34)Q ... -~ o( ·-· t:i, --t2, t 'J' t :J) -- "-',),., . 1 -
Q2() -·- ( 1:t42)Q1 ....... - ,:,(t3, -t2, t ,, --·t:i) '"""'""" ,i;, 

Q21 -- ( 14t:32)Q1 ·-· ef;(ti, --t2, -~·t3, t 'J) .... #,.. -·· 
' ' 

Q22 -~- ( 142)Qi ·-· (j)(l2, .... t2 t "J -·t:,) -·- -·- . ' ,. ' 
Q23 '""' "'~ (243)Q1 ··- (j>( -· f 2, t2, t ''\) -~· t '\ ·•- .. ' •• • 

._, ,I 

(J24 (24)Q2 <J>(,-t2, t2, t :i, -t:~) ,..,,,.,_,, - <1(/S'>'• ' 

In words, t,he spa(~e of B<llutior1s of t,t1t~ \\'"'<)utl1uys:t~11 t~1uat,ior1 corIBists c>f or1e 

isc>latE,l(} poir1t., ( 1, 1, 1, 1), a1·1d a l)ra11<~}1txi curve:~. 1"hi8 bra.11c~ht"!.ci c~11rvt~, ~111d t.l1e 
isolated poi1·1t, c~orne with a r1atl1ral 1>rc)ject,ion tc> tl1e c:-,ircle. Tht~ gro11p S4 a<~ts 
t)n the space of s<>luti<.1ns, leavir1g tl1t~ isolat,t~i pc>int ir1varifi11t,. Tht~ 1>roje(~tio1l 
t(, the c~irclf~ is i11vari1ir1t ltn<ier t.l1is actit)ll. Let, S (1enotE~ tl1t~ &:>lt1tion si)ace arid 
1r : S · · ➔ S 1 = RU { oo} this invariant, i:>rc>jec·tior1. 

In ter1ns of t.ht~ r-c()<)rdinat.es, RU { r::,o} ,'" ... ,x = +· oo, tl1e pic~t; tirt~ is &.'> follo\i\i·s 

(i) Above all 1./9 < y < ,oo, t,l1ere are 24 points wl1ic}1 f(Jrr11 C>Ilt~ 1.)4-orbit. Tl1e 
ir1verse u11der 1r of a sn1a.ll enough r1eigl1b<)rl10,od <>f s11ch a p(>i11ts c::orlsists 
of 24 disjoi11t, ir1tervals. 

( symbolic picture) 

-1 1 

(ii) Above y = oo (correspc)11ciing to :1 ur1der tl1e Cayley trar1sfor111) there are 
21 point,s: tl1e isolated solt1tio11 poir1t (1, 1, 1, 1·), which is ar1 invariant 
poi11t, of the S 4-ac~tior1, a11 S 4-orl)it of size 12, and two corr1plex conjugate 
S4-orbit.s of size 4. These ftre bran<~hing points of 01·der 6. Locally around 
one of the points of the orl>it of size 12, tl1e branched soluti<)n curve looks 
like ;.1n interval turning back. Locally around a ~)c>ir1t of the t,wo S4-orbits 
of size 4 the picture is a six branc;hed star as depictc~ bt~low. Thus the 
ir1verse i1nage of a srnall interval arc)und tl1e point oo o.f t,he circle RU { oo} 
lot)ks like t,he disjoint u11it)11 of 12 ir1tervals, 8 six brar1ched stars and one 
isolated poi11t. 
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• 

(8) 

{12) 

• (1) 

(iii) Above y = ½ there are 24 points which form a single S4-orbit. They are 
all branching points of order 4. The inverse of a small interval around 
y == 1 / 9 looks like the disjoint union of 24 4-branched stars like depicted 
below. 

(24) . 

(iv) Above all O < y < 1/9 there are 72 points, which from three S4-orbits; 
two of these are complex conjugate, the third is invariant under complex 
conjugation. The inverse image of a small enough interval around these 
y looks like 72 disjoint copies of that interval 

--•- (72) 
• 

(v) Above y = 0 there are 60 points. They form one orbit of size 12 and two 
complex conjugate orbits of size 24. The points from the orbit of size 12 
are ''turning points'' in a sense which should be clear from the picture 
below. The inverse image of a small interval around such a point consists 
of 60 disjoint intervals of which 12 are ''turn back'' intervals. 

-~•,, (48) 

(12) 
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( vi) Al>t)Ve -~ 00 < y < 0 ti1ert~ art~ ~.,s i><)lilt,s wl1i<~t1 ft>flll t,"""(:) c:·(:}I.llJ>lt11>X (~(,)Iljl.1g&tt11 
· b··. 4,., · f . ·2 A 1 ''[''" i . f 11 • . ., 1 ! h or lk1 o size ·. "t eac,1. .• 11e . r1v·e1~ 1111&ge <) .a)t sr11a 1 111t~r,rw ar<J1111, t; E~ 
y lcx.•kB likt" t.lie <iisjoi11t, 11r1if)t1 <:,f "i8 <·,::.1>i~,s <lf t t11it. irit.t¼rvii.l 

• ;t. -- (48) 

Scl, i11 fact,, tt1e group Z/ (2) x S4 act.s C)ll t,l1e s:pac:t~ of soluti<)t1s ar1(l ·1r : S -·► ,.,', 1 

is invuia.nt ur1der this actic)tl ( <>f a grc111p of ordt~r 48). 
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