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INDEX PROCEDURE CODE MNT/YR RECORD 
NUMBER 

VOLUHE 6, 
VOLUHE 7, 

6,SPECIAL FUNCTIONS & CONSTANTS 
1, MATHEl'IA TICAL CONSTANTS 

PI * 30006 JAN/76 273 
E * 30007 JAN/76 273 

2, MACHINE CONSTANTS 
MBASE * 30001 JAN/76 275 
ARREB * 30002 JAN/76 275 
DWARF * 30003 JAN/76 275 
GIANT * 30004 JAN/76 275 
INTCAP * 30005 JAN/76 275 
OVERFLOW * 100()9 JAN/76 275 
UNDERFLOW * 30008 JAN/76 275 

3 ,RANDOM NUMBERS 
RANDOM 30010 NOT YET AVAILABLE 
SETRANDOM 30011 NOT YET AVAILABLE 

4,ELEHENTARY FUNCTIONS 
I ,CIRCULAR FUNCTIONS 

TAN 35120 SEP/74 179 
ARCS IN 35121 SEP/74 179 
ARCCOS 35122 SFP/74 179 

2,HYPERBOLIC FUNCTIONS 
SINH 35111 SEP/74 181 
COSH 35112 SEP/74 181 
TANH 35113 SEP/74 181 
ARCSINH 35114 SEP/74 181 
ARCCOSH 35115 SEP/74 181 
ARCTANH 35116 SEP/74 181 

3,LOGARITHMIC FUNCTION 
LOG ONE PLUS X 35130 DEC/78 315 

5,EXPONENTIAL INTEGRAL, ETC, 
1, EXPONENTIAL INTEGRAL 

EI 35080 SEP/74 183 
EI ALPHA 35081 SEP/74 183 
ENX 35086 SEP/74 183 
NONEXP ENX 35087 SEP/74 183 

2, SINE AND COSINE INTEGRAL 
SINCOSINT 35084 SEP/74 185 
SINCOSFG 35085 SEP/74 185 

6, GAHM A FUNCTION, ETC , 
GAHIIA 35061 SEP/74 187 
RECIP GAMMA 35060 SEP/74 187 
LOG GAIIHA 35062 SEP/74 187 
INCOHGAH 35030 SEP/74 187 
INCBETA 35050 SEP/74 187 
IBPPLUSN 35051 SEP/74 187 
IBllPLUSN 35052 SEP/74 187 
IXllFIX 35053 SEP/74 187 
IXPFIX 35054 SEP/74 187 
FORWARD 35055 SEP/74 187 
BACKWARD 35056 SFP/74 187 

?,ERROR FUNCTION, ETC, 
ERRORFUNCTION 35021 OCT/74 227 
NOIIEXPERFC 35022 OCT /74 227 
INVERSE ERROR FUNCTION 35023 OCT/74 227 

6, 7, FRESNEL 35027 OCT 174 227 



INDEX PROCEDURE CODE HNT/YR RECORD 
NUMBER 

6, 7, FG 35028 OCT/74 227 
8, LEGENDRE FUNCTIONS 
9 ,BESSEL FUNCTIONS OF !NT, ORitER 

I ,BESSEL FUNCTIONS J AND Y 
BESS JO 35160 DEC/78 253 
BESS J1 35161 DEC/78 253 
BESS J 35162 DEC/78 253 
BESS Y01 35163 DEC/78 253 
BESS Y 35164 DEC/78 253 
BESS PQO 35165 DEC/78 253 
BESS PQ1 35166 DEC/78 253 

2.BESSEL FUNCTIONS I AND K 
BESS IO 35170 DEC/78 255 
BESS 11 35171 DEC/78 255 
BESS I 35172 DEC/78 255 
BESS KO! 35173 DEC/78 255 
BESS K 35174 DEC/78 255 
NONEXP BESS IO 35175 DEC/78 255 
NONEXP BESS I1 35176 DEC/78 255 
NONEXP BESS I 35177 DEC/78 255 
NONEXP BESS K01 35178 DEC/78 255 
NONEXP BESS K 35179 DEC/78 255 

3,KELVIN FUNCTIONS 
10,BESSEL FUNCTIONS OF REAL ORDER 

1, BESSEL FUNCTIONS J AND Y 
BESS JAPLUSN 35180 DEC/78 249 
BESS YAO! 35181 DEC/78 249 
BESS YAPLUSN 35182 DEC/78 249 
BESS PQAOl 35183 DEC/78 249 
BESS ZEROS 35184 DEC/78 249 
START 35185 DEC/78 249 

2,BESSEL FUNCTIONS I AND K 
BESS IAPLUSN 35190 DEC/78 251 
BESS KA01 35191 DEC/78 251 
BESS KAPLUSN 35192 DEC/78 251 
NONEXP BESS IAPLUSN 35193 DEC/78 251 
NONEXP BESS KAOl 35194 DEC/78 251 
NONEXP BESS KAPLUSN 35195 DEC/78 251 

3,SPHERICAL BESSEL FUNCTIONS 
SPHER BESS J 35150 DEC/78 247 
SPHER BESS Y 35151 DEC/78 247 
SPHER BESS I 35152 DEC/78 247 
SPHER BESS K 35153 DEC/78 247 
NONEXP SPHER BESS I 35154 DEC/78 247 
NONEXP SPHER BESS K 35155 DEC/78 247 

4.AIRY FUNCTIONS 
AIRY 35140 OCT/75 243 
AIRYZEROS 35145 OCT/75 243 

7,INTERPOLATION & APPROXIKATION 
1,REAL DATA JN ONE DIHENSION 

1, INTERPOLATION, WITH 
1,POLYNOHIALS 

1,GENERAL POLYNOHIALS 
NEWTON 36010 NOV/78 195 

7, 1, 1. 1. 2, ORTHOGONAL POL YNOH I ALS 



INDEX PROCEDURE CODE MNT /YR RECORD 
NUMBER 

7' 1, 1, 2,SPLINES 
1,GENERAL SPLINES 
2 ,NATURAL SPLINES 

3, TRIGONOHETRJC SERIES 
1,FOURIER SERIES 
2, SINE SERIES 
3,COSINE SERIES 

4,RATIONAL FUNCTIONS 
5, EXPONENTIAL FUNCT !ONS 

2,APPROXIHATION IN 2-NORM, WITH 
! ,GENERAL FUNCTIONS 

SEE ALSO SECTION 5, I • 3 .! 
2 ,POL YNOHIALS 

1, GENERAL POLY NOMI Al S 
2, ORTHOGONAL POL YNDM I AL S 

3,SPLINES 
I ,GENERAL SPLINES 
2,NATURAL SPLIIJF.S 

4, TRIGONOHETRIC SERIE: 
5,RATIONAL FUNCTIONS 
6 ,EXPONENTIAL F~NClIONS 

3,APPROXIHATION IN UIF-NOR:-i,WITH 
! ,GENERAL FU~C f l'.iiS 
2 ,POL YNOHIALS 

!,GENERAL POL'/NDMIALf 
IN! 36020 NOV/78 197 
SNDREMEZ 36021 NOV/78 197 
MINMAXPOL 36022 NOV/78 197 

2,0RTHOGONAL POLYNOMIALS 
3, TRIGONOHETRIC SERIES 
4,RATIONAL FUNCTIONS 

4,APPROXIHATIOII IN 1-NORH, WITH 
1, GENERAL FUNCTIONS 
2 ,POLYNOHIALS 

2,REAL DATA IN HORE DIHENSIONS 
3,REAL FUNCTIONS IN 1 DIMENSION 

RSION: 791231 





SECTION 6ol (JANUARY 1976) 

AUTHUR: DoTeWINTERo 

lNSTITUT~: ~ATHEMATICAL CENTRE. 

RECEIVEDt 751208. 

BRIEF DESCRIPTION: 
THIS S~CTION CONTAINS TWO PROCEDURE$! 
1l Pir DELIVERS THE VALUE OF PI; 
2) E: D~LIVEP.S THE VALUE OF Ee 

l(EYWORDSz 

MATHE,ATICAL CONSTANTS 
PI 
E 

SUBStcTION1 PI 

CALLING SEQUENCE: 

THE HEADI~G OF THE PROCEDURE ISs 
"REAL" "PROCEDURE" PI; 
11CODE 11 30006; 

PI:m THE CONSTAMT PI IN 48 BITS PRF.CISIONe 

LANGUAGE: COMPASS 

SUBSF.CTI□N: E 

CALLING SfQUENC Es 

THE HEADING OF THE PROCEDURE IS: 
11 REAL 11 "PROC EDLIRE" E; 
"CODE" 30007; 

Et• THE CONSTANT [ IN 48 BITS PRECISION. 

LANGUAGE: COMPASS 
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SECTFJN 1 6cl (JANUARY 1976) PAGE 2 

SOURCE TEXTS: 

THE SOURCE TEXTS GIVEN HERE ARE NOT THE ACTUAL SOURCE TEXTS, AS 
THtSE PROCEDURES AR} WRITTEN IN COMPASS. EVEN, THE TEXTS GIVEN 
HERE DO HOT GIVE THE SAME RESULTS ON THE CDC CYBER SYSTEM, SINCE 
THE ALG □ L-60 COMP!LfR CANNOT READ THE CONSTANTS IN 4B BIT PECISIONe 

"CODE" 30006; 
"REAL" "PRJCEDURE" PI; 
Pir• 3el4l59265358979i 

"CODE" 30007; 
"REAL" 11PR□ CEDURE 11 E; 
Et• 2.71820182845905; 



!IECT!ON 602 ( JANUARY 1979 l PAGE 1 

AUTYURt DoTeWINTERe 

INSTITUTE: MATHEMATICAL C:NTRE,AMSTERDAMe 

RECEIVEDt 751208. 

BRIEF DESCRIPTION: 

THIS SECTION CONTAINS SEVEN PROCEDURESt 
Al MBASE: DELIVERS THE BASE QF THE ARITHM~TIC OF THE COMPUTER; 
BI ARREB: DELIVERS THE ARITHMETIC ERROR BUUND OF THE COMPUTER; 
C) DWARFt DELIVERS THE SMALLEST (IN ABSOLUTE VALUE) REPRESENTABLE 

REAL NUMBER; 
Dl GIANT: DELIVERS T~E LARGEST REPRESENTABLE REAL NUMBER; 
El lNTCAP: DELIVERS THE INTEGER CAPACITY; 
F) OVtRFLOWI TESTS WHETHER A VALUE IS AN OVERFLOW VALUE; 
G) UNDERFLOWt TESTS WHETHER A VALUE IS AN UNDERFLOW VALUE; 
FOR A DCTAILED DESCRIPTION SEE METHOD AND PERFORMANCE. 

Kf'YWORDS I 

ARITHMeTIC CONSTANTS 
MACHINE CONSTAMTS 
OVERFLOW 
UNDERFL:JW 

SUBSECTION: MBASE 

CALLING SEQUENCEt 

THE ~SADING OF THE PROCEDURE IS: 
"INTEGf:R" "PROCi:DURe" MBASE; 
"CODE 11 30001; 

MBASE;= 2, THE BASE OF THE ARITHMETIC OF THE CYBERo 

LANGUAGf1 COMPASS 

SUBSECTION: ARREB 

CALLING SEQUENCE: 

THE HEADING OF THE PROCEDURE IS! 
"REAL" "PROCEDURE" ARREB; 
11 CODE" 30002; 

ARREBI• 2 ** C-471, THE ARITHMETIC RELATIVE ERROR BOUNDe 

LANGUAGEl CO~PASS 



St;CT!'JN 

SUBSECTI~N: DWARF 

CALLING SEQUENCE: 

(DECEMBER 1979) 

THE HEADING OF THE PROCEDURE !St 
"REAL" "PROCEDURE" DWARF; 
11CODE 11 3C!003; 

PAGE 2 

DWARFr• THE SMALLEST (IN ABSOLUTE VALUE) REPRESENTABLE REAL NUMBER. 

LANGUAGet COMPASS 

SUBSECTION: GIANT 

CALLING SEQUENCEt 

THe HJADING OF THE PROCEDURE IS: 
11 REAL 11 "PROCEDURE" GIANT; 
"CODE" 30004; 

GIANT1• THE LARGEST REPRESENTABLc REAL NUMBER. 

LANGUAGE: COMPASS 

SUBSECTIONt INTCAP 

CALLING SEQUENCE: 

THE HEADING Of THE PROCEDURE IS1 
"INTEGER" "PROCEDURE" INTCAP; 
11 C ODE" 30005; 

INTCAPI• THE IMTEGER CAPACITY. 

LANGUAGE a COMPASS 

SUBSECTION: OVERFLOW 

CALLING SEQUENCEr 

THE HEADING OF THE PROCEDURE IS: 
"BOOLEAN" "PROCEDURE" OVERFLOW(X); "VALUE" x; "REAL" x; 
"CODE" 30008; 

THE MEANING OF THE FORMAL PARAMETER IS: 
X: (REAL VARIABLE>; 

CONTAINS THE VALUE TO BE TESTED. 

OVERFLJW DELIVERS "TRUE" IF X CONTAINS AN OVERFLOW VALUE, AND 
11fALSE11 OTHERWISEe 

LANGUAGEt COMPASS 



SECTI'JN.; o.2 

SUBSECTION! UNDERFLOW 

CALLING SEQUENCE: 

C DECEMBl:R 1979 I 

THE HEADING OF Tijf PROCEDURE IS: 
"BOOLEAN" "PROCEDURE" UNDERFLOW(X); "VALUE" x; "REAL" x; 
"CODE" 30009; 

THE MEANING OF TijE FORMAL PARAMETER IS: 
Xt <REAL VARIABLE>; 

CONTAINS THE VALUE TO BE TESTED. 

PAGE 3 

UNDERFLOW DELIVERS "TRUE" IF X CONTAINS AN UNDERFLOW VALUE, AND 
"FALSE" OTHERWISE. 

LANGUAGE: COMPASS 

METHOD AND PERFORMANCE: 

THE PROCFDURES DELIVER THE FOLLOWING VALUES, THAT ARE ESSENTIALLY 
MACHINE DEPENDENTl 
11 MBASE: 2; 
2) ARREB: 2**(-471; 
3) DWARFI 2**48*2**(-1022); 
4) GIANTt 12**48•1>*2**1022; 
5) INTCAP: 2**48•2• 
FOR MBASE, DWARF AND GIANT THE VALUES ARE CLEAR, WE EXPLAIN THE 
OTHERS HEREt 
ARREBr THIS IS THE SMALLEST POSITIVE NUMBER SO THAT l+ARREBA•l; 
INTCAP: THIS IS THE LARGEST POSITIVE NUMBER SO THAT THE FOLLOWING 

BOOLEAN EXPRESSION DELIVERS "TRUE" FOR EVERY INTEGER It 
"IF" I<O "OR" I>INTCAP "THEN" "TRUE" "ELSE" I-lA•I; 

THE CORRECT VALUE IS NOT 2**48-1, AS IN THE CYBER ARITHMETIC 
I•J IF 1•2**48 AND J•Z**48-le 

WARNING: DWARF IS NOT VERY USEFUL WHEN TRAPPING UNDERFLOW VALUES: 
ABS(X) >• DWARF NEARLY ALWAYS DELIVERS TRUE EVEN IF ABS(Xl IS 
SMALLER THEN DWARF DUE TO THE ARITHMETIC. ONE SHOULD use, 
ABS(X) > DWARF (AND ONE TRAPS NON-UNDERFLOW VALUES TOOi OR 
TH~ PROCEDURE UNDERFLOW. 

NOTE1 AS THE ALGOL 60 ERRORMESSAGE "ARITHMETIC OVERFLOW" 
IS NOT ISSUED AT THE MOMENT THE OVERFLOW VALUS 
IS CREATED BUT WHEN SUCH A VALUE IS USED, THE 
PROCEDURE OVERFLOW IS WELL-DEFINEDe 



~CCT ION (DECEMB'.:R 1979) PAG e It 

!:XAMPLE OF USl:1 

HERC WE GIVE AN EXAMPLE OF USE OF THE PROCEDURES OVERFLOW AND 
UNDERFLOW! 

"BEGIN" 
"BOOLEAN" "PROCEDURE" OVERFLOW(XlJ 11CODE 11 30009; 
11 BOOLEAN 11 "PROCEDURE" UNDERFLOW(XI; "CODE" 30008; 
"R5AL" "PROCEDURE" DWARF; "CODE" 30003; 
"REAL" X1 Y; 
Y : ■ O; Xt• l I Yi 
"If" OVERFLOW(X) "THEN" OUTPUT(6l1 "(""l"OVERFLOW"l"1 l"l"l; 
X:- DWARF; 
"IF" "NOT" UNDERFLOW( Xl "THEM" 
OUTPUT(6l1 11( 11 11( 11 NO UNDERFLOW WITH DWARF 11 ) 11 , / 11 ) 11 1; 
X1• X I 2 j 

"IF" X A. 0 11TH~N" 
OUTPUT(61, "(""("DWARF I z A. 0")"1 1") 11 ); 

11 IF 11 UNDERFLOW(X) 11 THEN 11 

QUTPUT(6l, "(""("DWARF/ Z IS UNDERFLOW">", l"I"); 
"IF" X * 2 • 0 "THEN" 
OUTPUT(6l, "(""("BECAUSE (DWARF / Zl * 2 • 011111, /11) 11 ) 

11 END" 

RE~IJLTS: 
OVERFLOW 
NO UNDERFLOW WITH DWARF 
DWARF / 2 "• 0 
DWARF/ Z IS UNOtRFLOW 
BECAUSC (DWARF/ 21 * 2 • 0 



( JANUARY 1976) PAGE 5 

SOURCE TEXTS: 

THESE ARE NOT THE ACTUAL SOURCE TEXTS, AS THESE PROCEDURES ARE 
WRITTEN IN COMPASS, MOREOVER, THE RESULTS NEED NOT BE Tf.lAT OF THE 
ACTUAL PROCEDURES. 

11CODE" 30001; 
"INTEGER" "PROCEDURE" MBASEJ 
MBASEI• 2; 

"CODE" 30002; 
11 REAL 11 "PROCEDURE" ARRfq; 
ARREBt• 2**<-47); 

11 CODE 11 30003; 
"REAL" "PROCEDURE" DWARF; 
DWARFt• 2**48*2**<-1022); 

nc □ DE" 30004; 
"REAL" "PROCFDURE" GIANT; 
GIANTt• (2**48-1)*2**1022; 

"C ODF.11 300J5; 
"l~TEG~R" "PROCEDURE" INTCAP; 
INTCAPI• 2**48-2; 

THE SOURCE TEXT Of OVERFLOW AND UNDERFLOW ARE NOT GIVEN HERE, AS 
THESE EVEN CANNOT BE SIMULATED IN ALGOL-60. 





SECTION t u.4.1 (DECEMBER 19791 

AUTHORi PeWoHEMKER. 

CONTRIBUTOR: FeGROEN. 

INSTITUTE• MATHEMATICAL CENTRE, AMSTERDAM. 

RECEIVE O: 740620. 

REVISED1 781101 BY N.M.TEMME AND ReMONTIJNe 

BRIEF DESCRIPTION: 

THIS SGCTION CONTAINS THRi::E PROCEDURESt TAN, ARCSIN, ARCCOS., 

TAN COMPUTES THE TANGENT FOR A REAL ARGUMENT Xe 
ARCSIN COMPUTES THE ARCSINE FOR A REAL ARGUMENT Xe 
ARCCOS COMPUTES THF ARCCOSINE FOR A REAL ARGUMENT Xe 

KEYWORDS: 

TANGENT, 
ARC SINE, 
ARCCOSIME. 

PAGE l 



SECTIIJN _ 1 6.4.1 ( DECEMBER 1979 l 

~UBSECTIJN: TANe 

CALLING SEQUENCE! 

THE HEADING OF T4E PROCEDURE READS: 
11 Rl.:AL 11 11 PROCEDIIR£" TAN( X); "VALUE" X; "REAL" X; 
11 CODC" 35120; 

TAN t DELIVERS T~E TANGENT OF THc ARGUMENT Xe 

THE MeANING OF THE FJRMAL PARAMETER 1s: 
X• <ARITHMETIC EXPRESSION>; 

ENTRYt THt (REALI ARGUMENT □ F TAN!Xle 

PROCEDURES USED I OVERFLOW • CP 300091 
GIANT • CP 30004. 

METHOD ANO PERFORMANCE: 

PAGE 2 

THE FORMULA TAN(Xl • SIN(Xl / COS(X) IS USED. IF COS(X) • 0 THEN 
THE VALUE OF GIA!U !SEE SECTION 6e2l IS DELIVERED. 

EXAMPLE Of USEs 

"BEGIN" 11 REAL 1111 PROCEDURE 11 TAN( Xl; 11 CODE 11 35120; 
OUT Pl.lT ( 611 " ( "/ 11 ( 11 AR CT AN (TAN ( l) l • "l n., +D el'tD" I"., AR CT AN (TAN( l l l l ; 
OUTPUT(6l1" (11 / 11 ( 11 ARCTANCTAN(Ol l• "l"1+D.14D"l"1ARCTAN( TAN(Ol l l J 
OUTPUT(61,"("l"("TAN(ARCTAN(Oll• "l"1+Del4D"l"1TAN(ARCTAN(Oll)J 
OUTPUT(6l1 11 ( 11 / 11 ( 11TAN(ARCTAN(lll• 11 ) 111+Del4D 11 111 1TAN(ARCTAN!llll; 

11 END 11 

DELIVERS 1 

ARCTAN(TAN!lll• +leOOOOOOOOOOOOOO 
ARCTANCTAN(Oll• +0a0000000000000O 
TAN(ARCTAN(Oll• +0.00000000000000 
TAN(ARCTAN(lll• +l.00000000000000 



SECTION ID EC EMBER 1979 l 

SUBSECTI □N: ARCSINe 

CALLING SEQUENCE! 

THE HfADING OF THE PROCEDURE READS1 
11 REAL 11 "PROCEDURE" ARCSil-l(X); "VALUE" x; "REAL" x; 
"CODE" 35121; 

ARCS1N 1 DELIVERS me ARCSINE OF THE ARGUMENT x. 
THE MEANING OF THE FORMAL PARAMETER IS: 
XI <ARITHMETIC EXPRESSION); 

ENTRYr THE (REAL> ARGUMENT OF ARCSIN(Xl, ABS<X><•l• 

PROCEDURES USED : NONE. 

METHOD AND PERFORMANCE t 

FOR ABS(X) < o.a \.IE USE THI: FORMULA I 

ARCSIN(X) • ARCTANC X I SQRT ( l - X * X >>• 
FOR o.a <• ABS(X) < l WE USE THE FORMULA' 

PAGE 3 

ARCSIN<XI • SIGNCX) * C PI/2 - ARCTAN< SQRT< l/( X * X) - l)lle 
FOR ABS(X) • l THE VALUf SlGN(X) * PI/2 IS DELIVERED. 
TYE VALUES ARE COMPUTE~ WITH A RELATIVE PRECISION OF ABOUT "•l3a 

EXAMPLE '.JF USE 

"BEGIN" 11 REAL1111 PROCEDURE 11 ARCSINCX); "CODE" 35121; 
OUTPUTC61,"C"l"("ARCSINCSIN(l)l• "l",+D.14D"> 19 ,ARCSIN(SIN(l)ll; 
OUTPUTl6l,"C 11 / 11 ( 11 ARCSIN(SINC0ll• "l",+Del4D11 >11 ,ARCSIN<SIN(Ol))J 
OUTPUT(61, 11 ( 11 / 11 ( 11SIN(ARCSIN(Oll• 11 l 11 ,+Del40 11 l 11,SIN(ARCSIN(Ol>l; 
OUTPUTC61, 11 ( 11 / 11 ( 11 SINIARCSIN(l)l• "1",+Del4D"l",SIN(ARCSIN!l))l; 

"END" 

DELIVERS : 

ARCSIN(SINll>>• +Oe99999999999990 
ARCSIN(SIN<O>>• +0.00000000000000 
SIN!ARCSIN<O>>• +OeOOOOOOOOOOOOOO 
SIN(ARCSIN!lll• +leOOOOOOOOOOOOOO 



SECTI'JN t 6.4.l !DECEMBER 1979) 

SUBSfCTifJNt ARCC~S. 

CALLING SEQUENCE: 

THE HEADING OF THE PROCEDURE READS: 
"RiAL" "PROCEDURE" ARCCOSIX); "VALUE" XJ "REAL" X; 
"CfJDE" 35122; 

ARCCOS : DELIVERS THE ARCCOSlNE OF THE ARGUMENT x. 

THE MEANING OF THE FORMAL PARAMETER IS1 
Xt <ARITHMETIC EXPRESSION>; 

ENTRY: THE (REAL> ARGUMENT OF ARCCOSIXl, ABSIXl<•le 

PROCEDURES USED1 NON[e 

M~THOD AND PERFORMANCE: 

FOR O < X < 1 WE USE THE FORMULAt 
ARCCOSIX> • Z * ARCTAN( SQRT( (1 - Xl / <l + X) lle 

FOR -1 < X <• 0 WE use THE FORMULA: 
ARCCOS(Xl RPI - ARCCOSC-x>. 

F!JR X • l THE VALUE O IS DELIVERED. 
FOR X • -1 THE VALUE PI IS DELIVeRED. 
THE VALUES ARE COMPUTED WITH A RELATIVE PRECISION OF "•13e 

EXAMPLE QF IJSE1 
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"BEGIN" "REAL""PR □CEDURE" ARCCOS(X)J "CODE" 35122; 
OUTPUT(61,"("/"("ARCCOSICOS(l))• "l",+D.l4D"l",ARCCOSICOS(lll); 
□UTPUT(61,"("l"("ARCCOS(COS(OJl• "l",+Del4D">",ARCCOSCCOSl0))); 
OUTPUT(61,"l"/"( 11COS(ARCCOS(Oll• "l",+Del4D"l",COSIARCCOSIOl)); 
OUTPUTl6l,"l"l"("COSIARCCOSllll• ")",+Del4D11 l11 ,COSIARCCOS(ll)); 

"END" 

DELIVERS : 

ARCCOS(COS!lll• +le00000000000000 
ARCCOS(COS!Oll• +0.00000000000000 
COSIARCCOSIOll• +0.00000000000001 
COSIARCCOSllll• +1000000000000000 



SECT ION 

SOURCE Tr:XTS: 

tt C rJ DE" 35 l:!O; 

IDF.CEMBER 1979) 

"REAL" "PROCEDURE" TAN(Xl; "VALUE" X; "REAL" X; 
"BEGIN" "RCAL 11 U; 

"BOOLEAN" "PROCEDURE" OVERFLOW(X); "CODE" 30009; 
"REAL" "PROCEDURE" GIANT; 11 CODE" 30004; 
U:• SIN(Xl/COSCX); 
TANr• 11IF 11 OVERFLOW(Ul 11 THEN 11 GIANT 11ELSE 11 U 

"END" TAN; 
"SOP" 

11 CIJDE 11 35121; 
11 REAL 11 "PROCEDURE" ARCSIN(X); "VALUE" X; "REAL" X; 
"B€GIN" "REAL" UJ U:• ABSCX); 

ARCSIN:• "lf" U(Oe8 "THEN" ARCTANIX/SQRTCl-X*Xll "ELSE" 
SIGNCXI * C 11 IF 11 U•l 6 THEN 6 le57079632679489 "ELSE" 
( l.57079632679489 - ARCTAN(SQRT(l/lX*Xl-lllll 

11 E"l D" ARCS IN; 
II EOP II 

"Cl'JDE" 3 5122; 
"REAL" "PROCEDURE" ARCCr:JS(X)J "VALUE" X; "REAL" X; 
118EGIN" "REAL" u.,v; IJi• ABS(X); VS• 11-U)/(l+U); 

Vt• 11 IF 11 V •O 11 THEN" 0 "ELSE" 
"IF" U+l•l "THEN" l.57079632679489 "ELSE" 

Z*ARCTANCSQRT(Vll; 
ARCCOSI• "If" X>O "THEN" V "ELSE" 3el4159265358979 • V 

"E~ 0" ARCC OS; 
"!:0P11 
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(DECEMBER 19791 

AUTHOR: PeWeHEMKER• 

CONTRIBUTORS FeGRDENe 

INST!TUTE: MATHEMATICAL CENTRE1 AMSTERDAMe 

RECEIVED! 7309Zl. 

REVISED: 781101 BY N.M.TEMME AND ReMONTIJNe 

BRIEF DESCRIPTION1 

THIS SECTION CONTAINS SIX PROCEDURES FOR THE COMPUTATION OF 
HYPERBOLIC FUNCTIONS. 

SINH COMPUTES FOR A REAL ARGUMENT X THE VALUE OF SINHIXlo 
COSH COMPUTES FOR A REAL ARGUMENT X THE VALUE OF COSH(Xle 

PAGE l 

TANH COMPUTES FOR A REAL ARGUMENT X THE VALUE OF TANH(XI. 
ARCSINH COMPUTCS FOR A REAL ARGUMENT X THE VALUE OF ARCSINH(Xle 
ARCCOSH COMPUTES FOR A REAL ARGUMENT X THE VALUE OF ARCCOSHIX)e 
ARCTANH COMPUTES FOR A REAL ARGUMENT X THE VALUE OF ARCTANH(Xl• 

KEYWORDS I 

HYPERBOLIC SINE, 
HYPERBOLIC COSINQ, 
HYPERBOLIC TANGENT, 
HYPERBOLIC ARCSIHE, 
HYPERBOLIC ARCCOSINE, 
HYPERBOLIC ARCTANGENT. 



SECTION r 6e4eZ (DECEMBER 19791 

SUBSECTION t StNHe 

CALLING SEQUENCE : 

THE HE-'DtNG OF THE PROCEDURE READS I 
•REAL" "PROCEDURE• SINHCX>; "VALUE" XJ "REAL" X; 
"CODE" 35111; 

SINH r DELIVERS THE HYPERBOLIC SINE OF THE ARGUMENT Xe 

TI-IE MEANING OF THE FORMAL PARAMETER IS r 
x: <ARITHMETIC EXPRESSION>; 

ENTRYr TH~ (REALI ARGUMENT OF SINH(Xle 

~ROCEDURES USED r OVERFLOW • CP 300091 
GIANT • CP 30004e 

METHOD ANO PERFORMANCE t 

IF ABS(X) < 0.1 THEN SINH(XI IS CALCULATED BY MEANS OF AN 
ECONOMIZED TAYLOR SERIES. 
IF Oel <• ABSCXI < Oe3 WE USE THE FORHUlA r 

SINHCX) • 3 * SINH C X/3 ) + 4 * SINH ( X/3 > ** 3 
IF o.3 <• ABS(X) < 17.5 TI-IEN WE USE THE FORMULA r 

SINHC X) • Oe5 * ( EXP(X) • EXP C•X> >• 
IF X >• 17e5 THEN WE TAKE SINHCXI • SIGNCXI * EXP( X•LNC21 I. 
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IN THE CASE OF OVERFLOW (I.Ee1 ABS(XI > 74le6 CAPPROXIMATELYII 
TH~N THE VALUE SINH • SIGNCXI * GIANT C.SEE SUBSECTION 6e21 
IS DELIVERED. 

THE VALUES ARE COMPUTED WITH A RELATIVE PRECISION OF ABOUT "•l3e 

EXAMPLE OF USE : 

see EXAMPLE OF use OF THE PROCEDURE COSH (THIS SECTION>. 



SECTION t 6e4e2 ( DECEMBER 1979 l 

SUBSECTlON : COSHe 

CALLING SEQUENCE 1 

THE HEADING OF THE PROCEDURE READS : 
"REAL" "PROCEDURE" COSH(X); "VALUE" x; "REAL" x; 
"CODE" 35112; 

COSH: DELIVERS THE HYPiRBOLlC COSINE OF THE ARGUMENT Xo 

THE MEANING OF THE FORMAL PARAMETER IS 1 

X1 <ARITHMETIC EXPRESSION>; 
ENTRY: T~E (REALI ARGUMENT OF COSH(Xle 

PROCEDURES USED t SINH • CP 35111• 

METHOD AND PERFORMANCE 
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lF ABSCX) < 17,5 THE FORMULA COSHIXl • 0.5 * ( EXPCXl + EXPC•Xl 
IS USED ELSE COSH(X) • SINH(ABS(Xll. 
T~E VALUES ARE COMPUTED WITH A RELATIVE PRECISION OF ABOUT "•l3e 

EXAMPLE OF USE t 

THE FOLLOWING PROGRAM TESTS FOR X • •20, -2, -1, Oel, Oe3 THE 
RELATION: ST.NH(2 * X) .. 2 * SINHIX) * COSH(Xl • Oe 

11 BEGIN'"'REAL 11 X; 
"REAL""PROCEOURE" SINH(Xl; "CODE" 35111; 
19 RGAL'"' PROCeDURI;" COSH( X); 11 CODE 11 35112; 

"FOR" X I• •20, •2, -l, Oal, Oa3 "DO" 
QUTPUT(61,"("/,+2ZD.D,3B,+DeD"+30 11 l 19 ,X,SINH(2 * X) 
... 2 * SINH( X) * COSHCXl ); 

"!:ND" 

OUTPUT t 

... zo.oo 
-2.00 
-1.QO 
+0.10 
+0.30 

+6el 11 +003 
-1.1 11•013 
-1.4 11-014 
+0.0 11 +000 
+0.0 11+000 
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SUBSECTI1N: TANH, 

CALLI~G SE1UENCE 1 

TYE Y~ADlNG OF TYE PROCEDURE READS: 
"REAL" "PROCEDURQ" TANH(X)J "VALUE" XJ "REAL" X; 
"CIJDE" 35113; 

TANH I DELIVERS THE HYPERBOLIC TANGENT OF TH ARGUMENT Xe 

THE ~EANING OF TYE FORMAL PARAMETER IS 1 
XI <ARITHMETIC EXPRESSION>; 

eNTRY: THE (REAL) ARGUMENT OF TANH(Xle 

PROCEDURES USED ; SINH • CP 35111. 

METHOD AND PERFORMANCE 

IF ABS(Xl < O.C05 THE TANH(Xl IS CALCULATED BY A TRUNCATED 
POWER SERIES CT AYLOR'S FORMULA)• 
IF o.ov5 <• ABS(X) < 0.3 WE USE THE FORMULA: 

TANH(Xl • SHIH(Xl I COSH(Xl. 
IF Oe3 <• ABS(X) <• 17.5 WE USE TH~ FORMULA J 

TAtlH(Xl • ( l - EXP( -2 * X ) l / C 1 + EXP( -2 * X l le 
IF ABS(Xl > 17e5 THE VALUE SIGNCX) IS DELIVERED. 
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THE VALUES ARE COMPUTED WITH A RELATIVE PRECISION OF ABOUT "-13, 

EXAMPLE rJF USE l 

THE FOLLOWING PROGRAM CHECKS FOR X • -lOO, •10, O, 2, 5 THE 
RELATION 1 1 - TANH(Xl ** 2 - l / COSH(Xl ** 2 • Oe 

"BEGIN" "REAL" X; 
"REAL" "PROCEDURE" COSH(Xl; "CODE" 35112; 
"REAL" "PROCEDURE" TANH(Xl; "CODE" 35113; 
"F □R 11 X I• -100, -101 O, 2, 5 "00 11 

OUTPUT (61 ," (" / ,+ 2ZD, 38, +O eD 11 +30 11 111 , X, l•T ANH ( X l **2•1 /COSH( Xl **2 l; 
"Et-I 0" 

RESULTS r 

-100 -5.5"•0~7 
-lO +le2"-0l4 

+O +0.0 11 +000 
+2 +9.8"-015 
·~ ... 3. 'i"-01 'I 
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SUBSECTION t ARCSINH. 

CALLING SEQUENCE : 

THE HEADING OF THE PROCEDURE READS i 
"REAL" "PROCEDURE" ARCSINH(X); "VALUE" X; "REAL" X; 
"CODE" 35114; 
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ARCSINH 1 DELIVERS THE lNVERSE HYPERBOLIC SINE OF THE ARGUMENT Xe 

THE MEANING OF THE FORMAL PARAMETER IS 1 
X: <ARITHMETIC EXPRESSION>; 

ENTRY: THE (REAL) ARGUMENT OF ARCSINH(Xle 

PR~CEDURES USED t LOG ONE PLUS X • CP 35l30e 

METHOD AND PERFORMANCE : 

IF ABS(Xl <• "10 WE USE THE PROCEDURE LOG ONE PLUS X (SEE SECTION 
6e4e3el BY WRIT!NG : 
ARCSINH(X) • LN ( X + SQRT ( X * X + l l ) • 
LN(l+X+X**2/(l+SQRT(l+X**2)))• 

IF ABS!Xl > "10 WL USE THE FORMULA I 
ARCSINH(Xl • SIGN(Xl * ( LN(2l + LN < ABS(X) I >• 

TI-IE VALUES ARE COMPUTED WITH A RELATIVE PREClSION OF ABOUT "-l3e 

EXAMPLE OF USE i 

"BEGIN" 
"REAL" "PROC!.:DURE" SINH(X); "CODE" 35111; 
"REAL" "PROCEDURE" ARCS I NI-I ( X l; "CODE" 35114; 
OUTPUTC61,"("l,D.l4D"l",ARCSINH!SINH(O.Ol)l); 
OUTPUT(61,"("l,Del4D"l",ARCSINH(SINH!Oe05)l); 
OUTPUT(6l,"("l,De14D"l",SINH(ARCSINH(Oe05)l); 
OUTPUTC6l,"("l,Del4D"l",SINH(ARCSINH<Oo0llll; 

"END" 

DELIVERS t 

+o.01000000000000 
+o.0,000000000000 
+Oe050JOOOOOOOOOO 
+o.01000000000000 
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SUBSECTION: ARCCOSH• 

CALLING SEQUENCE 1 

TH!: HEADING Of TI!£; PROCEDURE READS 1 
"REAL" "PROCEDURE" ARCCOSH(X); "VALUE" X; "REAL" X; 
"COD~" 35115; 
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ARCCOSH: DELIVERS THE INVERSE HYPERBOLIC COSINE Of THE ARGUMENT Xo 

THE MEANING OF THE FORMAL PARAMETER IS : 
Xr <ARITHMETIC EXPRESSION>; 

ENTRY: THE (REAL> ARGUMENT OF ARCC□ SH(X)., X >• le 

PROCEDURES USED : NOHEe 

METHOD AND PERFORMANCE 

If X • l THE VALUE O IS OF.LIVERED. 
IF l < X <• 11 10 WE USE THE FORMULA t 

ARCCl)SH (X) • LN ( X + SQRT ( X • X - l ) ) • 
IF X > 11 10 WE USE THE FORMULA: 

ARCCOSH(X) • LNC2> + LN < X >• 
THc VALUtS ARE COMPUTED WITH A RELATIVE PRtCISION OF ABOUT "-13e 
IF X IS CLOSE TO 1., SAY X • l+Y., Y>O, ANDY IS KNOWN IN GOOD 
RELATIV~ PRECISION., THEN IT IS ADVISED TO USE THE PROCEDURE 
LOG ONE PLUS X (SF.E SUBSECTION 6e4e31 BY WRITING 
ARCCOSH(X) • UH 1 + Y + SORT( Y•!Y+2)) >• 
EXAMPLS : X • EXP<T>, T > o, T IS SMALLe THEN V II EXP<T>-1 IS 
AVAILABLE IN GOOD RELATIVE ACCURACY, Y • Z•EXP(TIZ)*SINH(T/2)e 

EXAMPLE Of USE 1 

"BEGIN" 
"REAL" "PROCEDURE" COSH( X); "CODE" 35112; 
"REAL" "PROCEDURE" ARCCOSH(X); "CODE" 3511,; 
OUTPUTC61,"("l,D.l4D 11 >11 ,ARCCOSH(COSH<OeOl))); 
OUTPUT(61, 11 ( 11 /1Del4D 11 )"1ARCCOSH(COSH<Oe05))); 
OUTPUT< 61, 11 ( 11 /., D,14 D" )19 , COSH ( ARCCOSH Cl .Ol>) l; 
OUTPUTC61,"("l,Dol4D"l",COSH(ARCCOSH(le05)llJ 

11 END 11 

DE LIVERS r 

+0.00999999999958 
+o.04999999999999 
+1.01000000000000 
+1005000000000000 



SECTION 6.4.2 <DECEMBER 1979) 

SUBSECTION i ARCTAHHa 

CALLI~G SEQUENCE: 

THE HEADING OF THE PROCEDURE READS t 
"Ri::AL 11 11 PRfJCEDURf:11 ARCTANl-f(X); "VALUE" X; 11REAL" X; 
11C!JDE 11 35116; 
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ARCTANH : DELIVERS THE INVERSE HYPERBOLIC TANGENT OF THE ARGUMENT Xo 

THE MEANING OF THE FORMAL PARAMETER IS : 
X: (ARITHMETIC EXPRESSION>; 

ENTRYt THE (REAL) ARGUMENT OF ARCTANH(X). 

PROCEDURES USED: LOG ONE PLUS X • CP 35130, 
GIANT • CP 30004. 

METHOD AND PERFORMANCE t 

IF ABS(X) < 1 WE USE THE PROCEDURE LOG ONE PLUS X (SEE SECTION 
6e4e3l BY WR!TIMG ARCTANH(X) • Oe5 * LN(( 1 + X )I( 1 .. X ))• 
0.3 * LN(l+2*X/(l•Xlle 

If ABS(Xl • 1 THE VALUE IS SlGN(Xl * GIANT (SEE SECTION 61Zlo 
THE VALUES ARE COMPUTED WITH A RELATIVE PRECISION OF ABOUT 11-13• 

EXAMPLE OF USE 

"BEGIN" 
"R~AL" "PROCEDURE" TANH(X); "CODE" 35113; 
"R[AL" "PROCEDURE" ARCTANH(Xl; "CODE" 35116; 
OUTPIIT( 61, "( "l,Del4D11 l",ARCTANH( TANH( OeOll l l; 
!JUTPUT(61,"("/,Del4D"l",ARCTANH(TANH(Oe05ll); 
OUTPUT(61,~("l,D.14D"l",TANH(ARCTANH(Oe05))); 
OUTPUT( 61,"( "I ,Del4D" >11 ,T ANH( ARCTANH( OeOl l l >; 

"END" 

DELIVERS l 

+0.0100000000000~ 
+0.05000000000000 
+0.05000000000000 
+0.01000000000~00 
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~IJIJRCE Tl:XT.'.i : 

"C'1DE" 35111; 
"Rr:AL" "PROCEDURE" SINH(X); "VALUE" X; "REAL" X; 
11 8EGIN 11 11 REAL" AX,Y; 

AX:• ABS(Xl; 
11 IF 11 AX< 0.3 "THEN" 
ttBEGIN'' Yi• "ll=lf AX < 0.1 "THEN" x•x "ELSE" X*X/9; 

X:• CCC 000001984540 * Y + 
Oe0083333331783 l* Y + 
Oel6b66666666675)* Y + 
le O l * X ; 

SINHt• "IF 11 AX< Ool "THEN" X "ELSE" 
X * ( leO + Oel't8l't814814815 * X * X ) 

"END" "ELSE" "IF" AX< 17,5 "THEN" 
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"BEGIN" AXI• EXP( AX ); SINHt• SIGNCXI * .5 * C AX •1/AX l "END" 
"ELSE" "IF" AX> 742e36063037970 11THEN 11 

"BEGIN" "REAL" "PROCEDURE" GIANT; "CODE" 30004; 
SINHt• SIGN(Xl*GIANT 

11 cND" "ELSE" 
SINH:• SIGN(Xl*EXP!AX- eb93l4 7180~ 59945) 

"END" SlNH; 
"EJP" 

11C ODE" 35112; 
"REAL" "PROCEDURE" COSH!Xl; "VALUE" XJ "REAL" XJ 
"IF" ABS(X) < l7e5 "TYEN" 
11 BEGlN" X:• EXP(X); cos1-1:• o.5 * < X + l/X l 19 1:ND" "ELSE" 
"BEGIN" "REAL" "PROCEDURE" SINH(X); "CODE" 35111; 

COSHI• SINH(ABS(Xll 
"END" COSH; 

"EOP 11 

"ClJDf: 11 35113; 
"REAL" "PROCEDURE" TANH(X); "VALUE" x; "REAL" x; 
11 BEG!N" "REAL 11 AXJ"REAL 11 11 PROCEDURE"SINHCX); 11 CODE" 35111; AX:• ABS(X)J 
"IF" AX ( de005 "THEN" 
"BEGIN" "REAL" Y; YI• X•X; TANHI• X * ( 1 - Y * 

(.33333333333333 - Y * 
<.13333333333333 • Y * 
.0539682539682~ ))) 

"END" "ELSE" "IF" AX< Oe3 "THEN" 
"BEGIN" "REAL" SHJ 

SH :• SIMH ( X); 
TANHt• SH/SQRT!l+SH*SH) 

"END" "ELSE" 
11 IF" AX> l7o5 11 TH5N 11 TANH:• SIGN!X) "ELSE" 
"BEGIN" AXt• EXPC-2•AX)J TANH!• SIGN(Xl*(l-AXl/ll+AX) "END" 
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11CODE 11 35114; 
"REAL" "PROCEDURE" ARCSINH(XI; "VALUE" X; 8 REAL 8 X; 
11 1F 11 ABS(X) > 11 10 11 THEN 11 ARCSINHt• SIGNCX>*CD.69314 71805 5995+ 

UH ABS( X) I) "ELSE" 
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"BEGIM" "REAL" Y; "REAL" "PROCEDURE" LOG ONE PLUS XCX); "CODE" 35130; 
Yt• X*XJ ARCSINHt• SIGN(Xl*LOG ONE PLUS X(ABSIX)+Y/ll+SQRT(l+Yl)) 

11 END" ARCSINH; 
"EOP 11 

"CIJDE" 35115; 
8 REAL" "PROCEDURE" ARCCOSH(X); "VALUE" X; "REAL" X; 
ARCCOSH:• 11 IF 11 X <• l 11 THEN 11 0 11 ELSE 11 

11 IF" X > 1110 "THEN" Oe69314718055995 + LN(X) "ELSE" 
LNCX+SORT(IX•ll*IX+ll)); 

II EOP 11 

"CODE 11 35116; 
"REAL" "PROCEDURE" ARCTANH(X); 11 VALUE" x; "REAL" x; 
8 IF 8 ABS(X) >• 1 "THEN" 
11 BEGIN 11 11 REAL 11 11 PROCEDURE11 GIANT; 11 CODE 11 30004; 

ARCTAHH:• SIGNIX)*GIANT 
11 END" 19 ELSE11 

11 BEGIN 11 11 R£AL 11 AX; 11 REAL 11 11 PROCcDURE" LOG ONE PLUS X!XIJ 11 CODE11 35130; 
AX:• ABS(X)J ARCTANH:• SIGN(Xl*•5*LOG ONE PLUS Xl2*AX/Cl-AXII 

"E"ID" ARCTANH; 
"EDP" 





SECTION 6e'te3 (DECEMBER l 978) 

AUTHOR t NeMe TE"IMee 

CONTRlBUTOR: Re HONTIJH. 

INSTITUTE t MATHEMATICAL CENTRE. 

RECEIVED : 780801. 

BRIEF DESCRIPTION i 

THIS SECTION CONTAINS THE PROCEDURE LOG ONE PLUS X FOR 
THE COMPUTATION OF LN(l+X) FOR X > -1• 

KEYWORDS : LOGARITHMIC FUNCTION. 

CALLING SE1UENCE 1 

THE HEADING OF THE PROCEDURE READS : 
11 REAL 11 11 PROCEDI.IRE:" LOG ONE PLUS X(X); 11 VALUE 11 X; 11 REAL" X; 
"CODE 11 35130; 
LOG ONE PLUS X I DELIVERS THE VALUE OF L~ll+X); 

THf MEANING OF T4! FOR"IAL PARAMETER IS : 
Xt <ARITHMETIC EXPRESSION>; 

fNTRY t THE ARGUMENT OF LN(l+Xl, X > -1. 

PROCEDURES USED: NONEe 

RUNNING TIME 1 THE ALGORITHM NEEDS 9 MULTIPLICATIONS. 

METHOD ANO PERFORMANCE t 

FOR X < -0.2928 OR X > Oe'tl'tZ THE PROCEDURE USES 
THE STANDARD FUNCTION LN, FOR •OeZ9Z8 <• X <• Oe'tl4Z A 
POLYNO~IAL APPROXIMATION IS USEDe 
WE USE AN APPROXIMATION BASED ON THE BEST APPROXIMATON FOR 
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THE INTERVAL 1/SQRTCZ>-1 <• X <• SQRTlZ)•l, OF WHICH THE 
COEfflCIENTS ARE GIVEN IN HART 11968); CF. Pe 111, INDEX Z665e 
THE PROCEDURE LOG ONE PLUS X COMPUTES LNll+X> WITH RELATIVE 
ACCURACY COMPARABLE WITH THE MACHINE ACCURACYe 
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AS IS WELL KNOWN, FOR SMALL ABS(X) RELATIVE ACCURACY IS LOST 
WHE~ COMPUTING LN(l+X) BY USING THE STANDARD FUNCTION LN. 
THE PROCEDURE IS USED IN THE PROCEDURES ARCSINH AND ARCTANH, 
SECT!'JN 6e4e2a 

RE~ERENCCS 1 ➔ ART, J.F. CS. (1968), COMPUTER APPROXIMATIONS, 
WILEY., NEW YORK. 

EXAMPLE OF USF: i 

WE COMPUTE UHSXPCX)l FOR S11ALL 0 0SITIVE X., IN ORDER TO 
PRESERVE RELATIVE ACCURACY WE WRITE 

LN ( EXP(X) ) .. 
THE FOLOWING PROGRAM 

"B~G!N" "REAL" x.,y; 

L N ( l + EXP ( X l-1 ) 
LN Cl+ 2* EXP(X/21* SINHIX/2) le 

11 REAL" 11PR'JCEDURE" SI"IHIXI ; "CODE" 351.l.l; 
"REAL" "PROCEDURE" LOG ONE PLUS XIXII 11 CODE 11 35130; 
"FJR" X &• "-l, 11-10, "-50, 11-100, "-250 "DO" 
"BEGIN" Yt• LOG ONE PLUS X( 2*EXP(X/2l*SINH(X/2l l; 

OUTP lJT I 61.," I 11N, 1 11 I", YI 
"EM 0" 

"END"; 

PRINTS THE F □ LaWIHG RESULTS 

+1.000000000000011-001 
+1.0000000000000"-0lO 
+1.0000000000000 11-050 
+1.0000000000000 11-100 
+1.0000000000000"-250 

SUURCE Tl'.:XT 1 

"CODE" 35130; 
11 RfAL 11 "PROCEDURE" LOG □ NF. PLUS X(X); "VALUE" X; "REAL" X; 
19COMMF.NT" COMPUTES LN<l+Xl FOR X > -l; 
"IF" X • 0 "THEN" LOG ONF. PLUS X: • 0 11 ELSE" 
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11 IF 11 X < -0.2928 "OR" X > o.4142 "THEN" LOG ONE PLUS x:• LN(l+Xl "ELSE" 
"BEGIN" "R~AL" Y,Z; 

z,. X/(X+2); YI• z•z; 
LOG ON[; PLUS X:., Z*I 2+ Y* 
( .66666 66666 63366 + Y* 
( .40000 00012 06045 + Y* 
( 0285'1 40Ql5 90488 + Y• 
I .22223 !!2333 2791 + Y* 
( vl8lll 36267 967 + Y* 

• 16 94 8 21 2 48 8 ) > l l l l 
"END" L'JG 'JNE PLUS X; 

It': OP II 
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AUT40R ( S) HeFIOL£T, NeTEMMEe 

INST IT UTE I MA TH EMA TIC AL CENTRE. 

RECEIVED: 740628• 

BRIEF DESCRIPTION r 

THI1 SECTION CONTAINS FOUR PROCEDURES : 

A. 
EI CALCULATES THE ~XPONENTIAL INTEGRAL DEFINED AS FOLLOWS (SEE 
ALSO REFCll, E!lo (5.1.lll : !:I(Xl • INTEGRAL <EXP(Tl/T DT> FROM 
T••INFINITY TO T•X I WHERE THE INTEGRAL IS TO BE INTERPRETED AS THE 
CAUCHY PRINCIPAL VALUE. ALSO THE RELATED FUNCTION El(Xl, DEFINED BY 
THc INTEGRAL (EXP(-T)/T DT) FROM T• XTO T• INFINITY, FuR POSITIVE 
X (ReFCll, EQ.( 5ule2ll CAN EASILY BG OBTAINED BY THE RELATION 
El(Xl • - EI!-Xle FOR X•O THE INTEGRAL IS UNDEFINED AND THE 
PROCEDURE WILL CAUSE OVERFLOW. 

o. 
EIALPHA CALCULAT~S A SEQUENCE OF INTEGRALS OF THE FORM 

INTEGRAL( EXP!-X*Tl*T**l OT) 
FROM T•l TOT• INFINITY, 
WHERE X IS POSITIVE AND I • o, ••• ,N. 
<Sl:I.': ALSO REFCll, EOe !5ole5lle 

c. 
FNX COMPUTES A SEQtJENC E OF INTEGRALS EI N, X l, 
N•Nl, Nl+l.,uuN2, WHERE X>O AND Nl, N2 ARt: POSITIVE INTEGERS wITH 
N2>•NlJ E(N,Xl IS DEFINED AS FOLLOWS: 

EOl1Xl• THE INTEGRAL FROM 1 TO INFINITY OF EXPI-X * T)/ TON OT; 
(SEE ALSO REFCll, EQ.!5elo41l; 

o. 
N0NEXPENX COMPUTES A SEQUENCE Of INTEGRALS 
EXP(Xl*f(N,Xl, N•Nl, Nl+l, ••• ,N2, WHERE X>0 AND Nl, N2 ARE POSITIVE 
INT=GERS WITH NZ<•Nl; El N•X> IS DEFINED UNDER CJ., 

KEYWORDS : 

EXP0NEHTIAL INTEGRAL, 
SPECIAL FUNCTIONS. 
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SUBSE:CTION : EI., 

CALLING SEOLlEMCE t 

THE HEADING OF THE PROCEDURE READS 1 

"RiAL" "PROCEDURE" EIIX); 
"VALUE" X.P'REAL" X; 

EI: DELIVERS THE VALUE OF THE EXPONENTIAL INTEGRAL; 

THE MEANING OF THE FORMAL PARAMETER IS t 
xs <ARITHMETIC EXPRESSION>; 

THE ARGUMENT OF TYE INTEGRAL. 

PROCEDURi.:S USED 1 

CHEPQLSER • CP3l046, 
POL • CP3l040, 
JFRAC • CP35083 ,. 

RUNNING TIME: CIRCA 3,.zn-3 SECe 

LANGUAGE i ALGOL 60e 

MtiTHOD AND PERFORMANCE 
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THE INTEGRAL IS CALCULATED BY MEANS OF THE RATIONAL CHEBYSHEV 
APPR!JX!MATI □NS GIVEN IN REFERENCES Cl] AND CZle ONLY RATIOS OF 
POLYNOMIALS WITH EQUAL DEGREE LARE CONSIDERED. BELOW,THE DIFFERENT 
INTERVALS ARE LISTED, TOGETHER WITH THE CORRESPONDING DEGREE L AND 
THE NUMBER OF CORRECT DIGITS OF THE APPROXIMATIONS 1 

C-INFINITY,-41 6 15el 
[-4,~ll 7 l6e9 
c-:., OJ 5 l8o5 
r o., ol 1 1s.2 
C 6,12] 7 15.l 
c12,24JJ 7 15.0 
C24,+lNFrNITYJ 7 l5e9 • 

VARIOUS TESTS SHOWED A RELATIVE ACCURACY OF AT LEAST "•13, EXEPT 
IN THE NEIGHBOURHOOD OF X•.37250, THE ZERO OF THE INTEGRAL, WHERE 
ONLY AN ABSQLUTE ACCURACY OF e3"-13 IS REACHED• IN SOME OF THE 
INTERVALS, THE RATIONAL FUNCTIONS ARE EXPRESSED EITHER AS RATIOS 
OF FINITE SUMS OF CHEBYSHEV POLYNOMIALS OR AS J-FRACTIONS, SINCE 
THE ORIGINAL FORMS ARE POORLY CONDilIONEDe 

REFERENCES t SEE R~FERENCES [ll, C2l AND C3l OF THE PROCEDURE 
NONEXPENX (THIS SECTION). 
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EXAMPLE OF USE : 

II BE GIN11 

"COMMENT" THE COMPUTATION OF E1Ce5); 
"REAL" 11PROCEDURE 11 EICX); 11 CODE 11 35080; 
OUTPUT(6l, 11 ( 11 N">",•EI(•e5)) 

"ENO" 

DELIVERS I 

+5.597735947761611-001 

SIJBSf:CTION I EIALPHAe 

CALLING SEQUENCE: 

• 

THE HEADING OF THF. PROCEDURE READS a 
11P ROCE DURE II E IAL PHA ( X, N, ALPHA) ; 
11 VALUE" N, X; "INTEGER" N; 11 REAL" X; 11 ARRAY 11 ALPHA; 

THE MEANING OF THE FORMAL PARAMETERS IS t 
xs <ARITHMETIC EXPRESSION>; 

THE REAL X OCCURING IN THE INTEGRANDe 
N: <ARITHMETIC EXPRESSION); 

THE INTEGER N OCCURING IN THE INTEGRAND; 
ALPHAI <ARRAY IDENTIFIER>; 

11 ARRAY11 ALPHACOiNJ; 
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THE VALUE OF THE INTEGRAL(EXP(•X*T>*T**I OT) FROM T•l TO 
T•INFINITY IS STORED IN ALPHA[lle 

PROCEDURES USED I ttONEe 

RUNNING TIME I CIRCA ( 6 + N * .a > • "•4 sec. 

LANGUAGE I ALGOL 60e 

11ETHUD ANO PERFORMANCE 1 
THE INTEGRAL IS CALCULATED BY MEANS OF THE RECURSION FORMULA 
ACNJ:•ACOJ + N * ACN•ll / X, WITH A[OJ:• EXP(•X)/Xe FOR X CLOSE TO 
ZERO, EIALPHA HIGHT CAUSE OVERFLOW, SINCE THE VALUE OF THE INTEGRAL 
.IS INFINITE FOR X•O• THE PROCEDURE IS NOT PROTECTED AGAINST THIS 
TYPS OF OVERFLOWe THE MINIMAL VALUE FOR THE ARGUMENT X DEPENDS ON 
THE PARAMETER N 1 

N•ZO X CIRCA "-14 
N•l5 X CIRCA 11 •18 
N•lO X CIRCA 11-z.a 
N• 5 X CIRCA 11•53 
THE RECURSION FORl1ULA IS STABLE ANO VARIOUS TESTS EXECUTED ON THE 
CO CYBER 7228 SHOWt:0 A RELATIVE ACCURACY OF AT LEAST e2"•1Z• 
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EXAMPLE OF USE i 

11 8EGI"I" 
11PROCEDUR~11 EIALP4A(X,N,ALPHA)J 11 CODE 11 35081; 
"INT~GER" KJ"REAL" "ARRAY" A[Ot5]J 
~IALPYA(.25,5,A); 
11 FJR 11 K:•O 11 STEP 11 1 11 UNTIL 11 5 11 D0 11 

OUTPUT(61,"( 11 DBBB,N,/ 11 l 111K1ACKJ); 
"END" 

DELIVERS : 
0 +3.1152031322856 11 +000 
1 +l.5576015661428"+001 
2 +l.2772332842371"+002 
3 +l.5357951442168 11 +003 
4 +2.4575837510601 11 +004 
5 +4.9151986541516"+005 • 
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REFERENCES: SEE REFERENCE Cll OF THE PROCEDURE NONEXPtNX<THIS SECTION)o 

SUBSECTION! ENXo 

CALL ING S 1.: QIJ ENCE: 

THE HEADING OF THE PROCEDURE READS; 
11 PR!JCEDURE 19 E NX( X, Ml, N2, A); 
11 1/ALUl.:11 X, Nl, N2; "REAL" X; "INTEGER" Nl, N2; 11 ARRAY 11 A; 

THE MEANING Of THE FORMAL PARAMETERS IS 1 
X t <ARITHMETIC EXPRESSION>; 

ENTRY: THE (REAL> POSITIVE X OCCURING IN THE INTEGRAND; 
Nl, N2: <ARITHMETIC EXPRESSION>; 

ENTRYt LOWER AND UPPER BOUND., RESPECTIVELY, OF THE INTEGER 
N OCCURING IN THE INTEGRAND; 

Ai <ARRAY IDENTIFIER>; 
"ARRAY" ACNltN2]; 
EXITt THE VALUE OF THE INTEGRALIEXP(-X * T)IT**I DTl FROM 

T•l TOT• INFINITY IS STORED IN A[IJ. 

PROCEDURES USED: 
C:I " CP350ao., 
NDNEXPENX • CP350R7. 

RUNNING TIME: 
DEP~NDS STRONGLY ON THE VALUES OF X, Nl1 AND N21 WITH A MAXIMUM 
OF ROUGHLY ( ~ + el * NUMBER OF NECE;SSARY ITERATIONS l MSEC • 

· LANGUAGE: ALGOL 60. 

METHOD AND PERFORMANCE! 
SEE METHOD AND PERFORMANCE Of THE PROCEDURE NONEXPENX(THIS SECTION> 
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CALLING SEQUENCEt 

THE HEADING OF T4E PROCEDURE READS : 
"PROCEDURE" NONEXPFNXIX, Nl, NZ, A); 
"VALUE" X, Nl, N2; 19R EAL" Xi "INTEGER" Nl, NZ; "ARRAY" A; 

THE MEANING OF THE FORMAL PARAMETERS IS: 
x: <ARITHMETIC EXPRESSION>; 

ENTRYJ TfiE (REALI POSITIVE X OCCURING IN THE INTEGRAND; 
Nl, N2t <ARITHMETIC EXPRESSION>; 

ENTRY: LOWER AND UPPER BOUND, RESPECTIVELY, OF THE INTEGER 
N OCCURING IN THE INTEGRAND; 

At <ARRAY IDENTIFIER>; 
11 ARRAY" ACN1:N2l; 
EXIT: THE VALUE OF EXPIX) * lNTEGRAL(EXP<-X*T)/T**l OT) 

FROM T•l TO T•lNFINITY IS STORED IN A[Ile 

PROCEDUR:!S USF.D: 
ENX • CP35086o 

RU"4NING TIME: 
DEP~NDS ~TRONGLV ON THE VALUES OF X, Nl, AND NZ, WITH A MAXIMUM 
OF ROUGHLY ( 5 + .,1 * NUMBER OF NECESSARY ITERATIONS> MSECe 

LANGUAGE! ALGOL 60e 

METHOD AND PERFORMANCE: 
THE SEQUENCE OF !NTEGRALS IS GENERATED BY MEANS OF THE RECCURENCE 
RELATI □N a 

E(N+l,X) • IEXPI-Xl - X * EIN,Xll/Ne 
FOR REASONS OF STABILITY THE RECURSION STARTS WITH EINO,X>, WHERE 
NO•ENTIER(X+e5l, (SEE ALSO REFC5Jle THE INTEGRALS ARE THEN COMPUTED 
8Y BACKWARD RECURRENCE IF N<NO AND BY FORWARD RECURRENCE IF N>NOe 
TO OBTAIN THE STARTING VALUES E(NO,Xl OF THE RECURSION THE 
FDLL □ WING CASES AR£ DISTINGUISHED, 
Al NO• 11 THE PROCEDURE EI lS USED !SECTION 6e5l; 
BI NO<•lO: A TAYLOR EXPANSION ABOUT X•NO IS USED, WHICH MADE IT 

NECESSARY TO STORE THE VALUES OF EIN,N) IN THE PROCEDURE 
FOR N• 2, 3, ••• ,lOJ 

Cl NO >101 THE FOLLOWING CONTINUED FRACTION IS USED: 
EXP(Xl*EIN,X) • 1/IX+N/ll+l/lX+IN+l)/ll+eeellll, 
!SEE ALSO REFC4l, EQ.(2.31); 

THE CASES A) AND BI ARE TREATED IN ENX, WHILE NONEXPENX EVALUATES 
THE CONTINUED FRACTION IN CASE Clo 
ENX CALLS FOR NONEXPENX IN CASE Cle 
NONEXPENX CALLS FOR ENX IN THE CASES Al AND B>• 
VARIOUS TESTS SHOWED A RELATIVE ACCURACY OF AT LEAST 511-l4e 
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Rl:Fi:Ri::NCES: 

tlleM.ABRAMOWITZ AND IoAeSTEGUNe 
HANDBOOK OF MATHEMATICAL FUNCTIONSe 
DOVER PUBLICATI3NS, INCe NEW VORK (l965le 

[21 W.J.CODY AND H.C.THACHER, JRe 
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RATIONAL CHEBYSHEV APPROXIMATIONS fOR THE EXPONENTIAL INTEGRAL 
El(Xle 
~ATHe COMP. 22 (JULY 19681, 641•649e 

[3] WeJeCODY AND HeCeTHACHER, JRe 
CHEBYSHEV APPROXIMATIONS FOR THE EXPONENTIAL INTEGRAL EIIX>. 
MATHe COMPe 23 (APRIL 1969), 289-303a 

C4leWeGAUTSCHie 
EXPONENTIAL INTEGRALS. 
CACM, DECEMBER 1973, Pe761-763e 

[5 le We GAUTSCH I. 
RECURSIVE COMPUTATION OF CERTAIN INTEGRALS. 
JACM, VOLe8, 1961, Pe21•40e 

EXAMPLE OF use, 
IN THE FOLLOWING PROGRAM WE COMPUTE THE VALUES OF 
EC40,lell, El41,lell, E(42,lell ANO EXP(Xl•EC1,50olle 

11B EG IN" 
"PROCEDURE" ENXIX, Nl, NZ, Al; "CODE" 35086; 
"PROCEDURE" HONEXPENXIX, Nl, NZ, Al; "CODE" 35087; 

"INTEGER" I; 
"REAL" "ARRAY" A[40t4ZJ., Btl~ll; 

ENX I lel, 40, 42, A); 
"FOR" I•• 40, 41, 42 "D0 11 

OUTPUT(61,"!"4B,"("E("l",DD,"(",lel>• ">",Nl"l",I,AtIJl; 
NONEXPENXl50el, 1, 1, BI; 
OUTPUTl61,"("/,4B,"l"EXP(50el)•E<l,50el>• "l",N"l",BCll)J 

11 EN 019 

THIS PROGRAM DELIVERS: 

E!40,1.ll• 
El41,lell• 
El 42, lel l • 

+8e29521!4128634"•003 
+8.0936587235982"-003 
+7. 901659978100611 -003 
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SOURCE TEXT CS> t 

"CODE" 35080; 

CS EP TEMB ER 1974) 

"REAL" "PROCEDURE" EICX);"VALUE" XJ"REAL" X; 
"BEGIN" "REAL" "ARRAY" P,QC017l; 

"REAL" 11 PROCE DURE" CHEPOLSER ( N, X,A) i"CIJDE" 31046; 
"REAL" "PROCEDURa" POLCN,X,A)J"CODE" 31040; 
"REAL" "PROCEDURE" JFRACCN,A,B)J"CODE" 35083i 

"I ft' X)24 "THEM" 
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"8EGIN" PCOJ:• +le00000000000056 JQ[lJ:• le99999999924131 
PCllt•X•3e00000016782085 ;Q[ZJJ•-2•99996432944446 
PC2]1•X-5e00140345515924 ;QC3]t•-7e90404992298926 ; 
P[3]l•X-7o49289l67792884 ;0[4]:••4•31325836146628 ; 
PC4J:•X-3eD8336269051763"+l;QC5J:• 2095999399486831"+2; 
p [ 5] I •X•le 39 38 1360364405 JQ [6] t ••60 74 70456 04658 32 ; 
PC6lt•X+8e9l263822573708 ;0[7l!• l.04745362652468"+3; 
P[7l:•X•5e3l686623494482"+1J 

EI:• EXP C X) * C 1 +J FRAC C 7, 0, P) / X > / X 
"END" "ELSE" "IF" X>12 "THEN" 
"BEGIN" PCOJ:• +9e99994296074708"•1J0Cll:• 1000083867402639 

P[lJ:•X•le9502?.321289660 J0[2J:••3e43942266899870 ; 
PC2lS•X+le75656315469614 J0[3]2• 2089516727925135"+1; 
PC3lt•X+le79601688769252"+1JOC4l1• 7e60761148007735"+2; 
PC4]l•X-3a23467330305403"+1J0[5J:• 2e57776384238440"+1J 
P C5 J: •X-8. 28 5'11994140641 ; Q C61 s ■ ,. 728 37193 837324"+1; 
PC6]s•X-le86545454883399"+1;0[7Jt• 6,95000655887434"+1; 
PC7]: ■X-3e48334653602853 

EI:•EXP(Xl*JFRACC7,Q,Pl/X 
"END" "ELSE" "IF" X>6 "THEN" 
19 8EGIN 11 PCOJt • +l.,00443109228078 ; Q[ lll., 5e27468851962908"-l; 

PCllt•X-4o32531132878135"+lJ0[2l:• 2e73624119889328"+3; 
PC2J:•X+6o01217990830080"+1;Q[3]1• le43256738121938"+1; 
PC3ll•X-3e3l84253199722l"+l;QC4lt• l.00367439516726"+3; 
PC4lt•X+2e50762911293560"+1J0C5J:•-6e25041161671876 ; 
PC 5]: •X +9030816365662165 ; 0[6] I• 3e00892648372915 11 +2; 
PC6lt•X-2.19010233854880"+1J0[7]1• 3.93707701852715 
PC7J&•X-2.18086381520724 ; 

EI:•EXP(X)*JFRAC(7,Q,P)/X 
"END" "ELSE" "IF" X>O "THEN" 
"BEGIN11 "REAL" T,R,XO,XMXO; 

P[Oll••lo95773036904548"+8;QCOJ:•-8e26271498626055"+7; 
PC u: .. 3. 8928o4213l120l 11 +6; ac 111.. 5., 9192576 75 75612"• 7; 
PC2l1•-2e21744627758845"+7;Q[2lt•-2e49033375740540"+7; 
PC3lt•-lel9623669349247"+5;QC3lt• 4e285596246ll749"+6; 
P[4J:••2o49301393458648"+5J0[4]:a-4e83547436162164 11 +5; 
P[:i]: •-4,. 2100l61S3570701t +3 ;0 [5 l h 3e 57300298058508"+4; 
P[6lt••5.49l422655210B5n+z;Q[6Ji•-le60708926587221R+3; 
P[7]1••8e66q37339951070 ;Q[7]:a 3e4l718750000000"+1; 

xo:•.372507410781367; 
Tt•X/3-1; 
Rs•CHEPOLSERC~,T,P)/CHEPOLSERCJ,T,Q); 
XM XO: •C X-409576229586 /1099 511627776 > -• 767177250199394 11-12., 

"COMMENT" 
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"IF" ABSIXMXOl>e037 "THEN" T:•LN(XfXOl "ELSE" 
ffBeGIN" "RtAL 11 Z,ZZ; 
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PCOJ:• e837207933976075"+1;QCO]: ■ e418603966988037"+1; 
PC1J:••e652268740837103 11 +l;Qtllt•-•46566902608081411 +1; 
Pt2Jt• e569955700306720 ;Q[Zl1• el 11 +1; 

Z1•XMX0/(X+XOl;Z2t•Z•Z; 
T:•Z*POLC2,Z2,Pl/POLC2,Z2,Ql 

"END"; 
!!It•T+XMXO*R 

"END" "ELSE" 
11 IF 11 X>-1 11THEH 11 

"BEGIN" "REAL" Y; 
P[OJ1•-4e41785471728217 11 +4;Q[0Jt• 7.65373323337614"+4; 
PC ll: • 5e 7721724 713944411 +4; QC ll : • 3 .2 59718812 90 2 7511 +4; 
P[2]:• 9e93831388962037°+3;Q[2]:• 6el0610794245759"+3; 
PC3lt• le84211088668000 11+3JQ[3lt• 6e354194lij378382"+2; 
PC4Jt• l.Ol09380616l906"+2;Q[4l1• 3.72298352833327"+1; 
P[5]1• 5e03416184097568 ;Q[5]:a lj 

Y: .... ,c; 
LI!• LN ( Y >-POL( 5, Y, P l /POL( 5, Y ,Q l 

"END" "ELSE" "IF11 X>-4 "THEN" 
"BEGIN" "REAL" YJ 

PCOJ:• 8e67745954838444"""8JQ[Oli• l; 
PCllt• 9.99995519301390•-l;Q[lli• l.28481935379157"+1; 
PC2J:• lel8483l05554946"+1;Q[2l:• 5e6443356q561803"+1; 
PC 3 J: • 4. !159 306442533 90"+1; 0 [3 l :• 1. 0664 518 37699l't" +2; 
P[4]1• 6e9927945l29l003"+l;Q[4JI• 8e97311097125290"+l; 
PC5lt• 4,2520203476884l"+l;QC5l1• 3,14971849170441 11+1; 
P[6J:• 8.83671808803844 ;Q[6]:• 3a79559003762l22 ; 
PC 7J : ■ 4e01377664940665 11-l; OC7J :• 9e08804569l8886911 ... z; 

Yl•-l/X; 
EI 1 ..... 1; XP ( X l* P;)L( 7, Y, P) /POL( 7, Y ,a) 

"eND 11 11 ELSE 11 

"BEGIN" "REAL" Y; 
P[Olt•-9.99999999998447"-l;Q[O]a• li 
PCll:•-2a662710604318ll"+l;QClJ:• 2,86271060422192"+1; 
P[2]l•-Z.410558270970l5"+2;0[2JI• 2.92310039388533"+2; 
PC3Js•-8e95927957772937"+2;Q[3Ja• le33278537748257"+3; 
P[4Jl•-l.29885688746484"+3;QC4lt• 2.77761949509163"+3; 
P[5l1••5.45374l58883133"+2;QC5J:• Ze40401713225909"+~ 
PC6J:•-5e66,75206533B69 ;QC6l1• 6e31657483280800"+2; 

Y••-l/X; 
£ I 1•-[X P ( X) *Y*l l+Y*POL C 6, Y ,P l/ POLC6., Y, Q) l 

11 1::ND" 
"END" El; 

"EDP" 
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"CODE" 35081; 
"PROCEDURE" EIALPHA(X,N,ALPHA); 
"VALUE" X,N;"REAL" X;"INTEGER" N;"ARRAY" ALPHAJ 
"BEGlN" "REAL" A,B,CJ"INTEGER" K; 

Cl•l/X;At•EXPI-X); 
Bt•ALPHACOJ:•A*C; 
"F~R" Kl•l "STEP" l "UNTIL" N "DO" 
ALPYACK]l•Bl•(A+K*Bl*C 

"END" EIALPHA; 
"EJ!'" 

"CODE" 35086J 
"PROCEDURE" ENX(X, Nl, N2, A); 
"VALUE" X, Nl, NZ; 
"REAL" XJ "INTEGER" Nl, N2J "ARRAY" AJ 
"lF" X<• le5 "THEN" 
"BEGIN" 

"REAL 11 "PROCEDURE" E I<X >; "CODE" 3 5080; 
"REAL" W, E; "INTEGER" I; 
w, .. -E It-x, ; 
"IF" Nl•l "THEN11 ACllt•WJ 
"IF" NZ>l "THEN" E:• EXP(-X)J 
"FOR" I••Z "STEP" 1 •UNTIL" N2 "DO" 
11 8!:GIN" 

W:• IE - X * Wl/(I - l)J 
11 IF 11 I>• Nl 11 THEN" ACIJl•W 

"END" 
11 EN0 11 "eLSE11 

"BEGIN" "INTEGER" I, NJ "REAL" W, E, ANJ 
N 1•ENTIER ( X+e 5); 
"IF" N<•lO 11 THEN11 

11 BEGIN 11 11 REAL 11 F, Wl, T, HJ 
"REAL" 11 ARRAY" P[2Zl9l; 
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PC Zll•e37534261820491 11•l; PC1ll1•el35335283236613 ; 
PC 3]: ■ e89306465560228 11 -2; PC12lt•e497870683678639"•1J 
PC 4J:•e24233983686581 11•2; PC13ll•el8315638888734211-1J 
PC 5l1•e70576069342458"-3; PC14ll•e673794699908547"•2J 
PC 6]: ■.21480277819013"-3; PC15J;•e24787521766663611=2, 
PC 7Jl•e673~580778l018"-4i P[l6ll•e9ll88l965554516"-3; 
PC 8]1•e2l600730159975"-4; P[l7ll•e33546262790251ZP-3j 
PC 9Jt•.704ll579854292"•5; PC18lt•el23409804086680"•3; 
P[l0]: ■ .23253026570282"-5; PC19JZ•a453999297624848"•4; 

"COMMENT" 
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FI• \o/1 • P[NJ; 
Eh PCM+9 l; 
Wl:• T:• l; 
H:• X-N; 

<SEPTEMBER 19741 

"FOR" It•N-l, I-l "WHILE" ABS(Wll>"-15 * W "DO" 
11 B EGI N11 

F: • ( E I * F l / N; 
T:• -H * T / (N-Il; 
Wlt• T * F; WI• W + Wl 

"END" 
"END" "ELSE" 
"8EG!N11 

"PROCEDURE" NONEXPENX(X, Nl, NZ, A); 11 CODE" 35087; 
"ARRAY" BCN:NJ; 
NONEXPENX<X, N, N, BlJ 
W 1 • B [N] * [; XP (-X ) 

II !:ND"; 
11 IF 11 Nl•N2 & Nl•N 11 THEN" ACNJ:•W 11 ELSE 11 

"8 EG IN 11 

Et• EXP (-X ); 
AN: •W; 
"IF" NC•N2 & N>•Nl 11 THEN 11 ACNJ:•WJ 
11 FOR" II• N-1 "STEP" -1 "UNTIL" Nl "DO" 
II BEG IN" 

w:• (E - I* W)/X; 
11 lf 11 I<• N2 "THEN" AC!lt• W 

"END"; 
W: •AN; 
11 FOR 11 I:•N+l 11 STEP11 1 "UNTIL" N2 11 D0 11 

II BEG IN" 
WI• (E ~ X * W)/(I - l); 
11 IF 11 I>•Nl 11 THEN 11 ACIJ:•W 

"END" 
"'END" 

11 END 11 ENX; 
neopn 
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"CODE" 350/3"'; 
"PROCEDURE" NONEXPENX(X, Nl, N2, A)J 
11 VALUEN X, Nl, NZ; 
11 RtAL 11 X; "1NTEGfR 11 Nl, N2; 11ARRAV" A; 
"BEGIN" "INTEGER" I, NJ "REAL" W, ANJ 

N1• 191F" X<•le5 11 THEN" l 19 F.LSE 11 ENTIER(X+.5); 
"IF" N<•lO "THEM" 
"BEGIN" 

"PROCEDURE" ENXCX, Nl, N2, A); "CODE 11 35086J 
11 ARR AV" B CtH N l ; 
ENX C X, N, N, B l; 
w:• BCNl * EXP(Xl 

11 END" "EL SE 11 

11 BEGIN" 
"I NT EGER" K, Kl; 
"REAL" UE, VE, WE, WEl, UO, VO, WO, W□ l, R, S; 
UEt•lJ VE1• we: ■ 1/(X+Nl; WElt•OJ 
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UOl•l; VOI• -N/(X * (X + N + lll; wo1:• 1/XJ wo: ■ VO+ 1401,; 
WI• (WE+ W0)/2; 
Kl l•l; 
"FOR" Kt•Kl "WHILE" WO--WE>"-15 * W & WE>WEl & WO<WOl 19 00" 
11 8 EGI N11 

WEll• WE; W□ l:•WO; 
R s" N+ KJ S i,. R + X + K J 
UEI• l/(l-K*CR-l)*UE/l(S-21*Sll; 
UO:• 1/(1-K* R *UO/( S • S-lllJ 
ve:• VE • <UE•ll; 
vo,.. vo • < uo-1 > ; 
WEt • WE + VE; 
WOI• WO+ VO; 
W : "' (WE + WO l / 2; 
Kl•• Kl + l 

II END" 
"END"; 
AN:•WJ 
11 IF 11 N<•N2 & N>•Nl 11 THEN" A[Nlt•W; 
"F□R" It• N-1 "STEP" -1 "UNTIL" Nl 11 D0" 
"B!;GIN 11 

w:• (l - I* Wl/X; 
"IF" I<• N2 "THfN" A[Ilt•W 

"END"; 
\,/:•AN; 
"FOR" It• N+l 11 ST!P" l "UNTIL" N2 "D0 11 

"BEGIN" 
Wt• Cl - X * Wl/CI - ll; 
11 IF" I>•Nl "THEN" ACl]taW 

"£:ND" 
"cND" EXPENX; 

"l:JP" 
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AUTHOR($): lieFIOLET., NeTEMMEe 

INSTITUTE! MATHEMATICAL CENTREe 

RECEIVED: 740317. 

BRIEF DESCR!PTION1 

THIS SSCTION CONTAINS TWO PROCEDURES: 

THE PROCEDURE SINCOSINT CALCULATES THE SINE INTEGRAL SI(X) AND 
THE COSINE INTEGRAL CI(X) DEFINED BY 

SICXl • INTEGRAL FROM OTO X OF SINCT)/T OT 
AND 

CICX) •GAMMA+ L~(ABS(X)) + 
INTEGRAL FROM OTO X OF (COS(Tl•ll/T or., 

WHERE GAMMA DENOTES EllLER I S CONSTANT 
<SEE ClJ EQ• 5.2.l AND 5.2.21; 

THE AUXILIARY PRJC£DURE SINCOSFG CALCULATES F(X) AHO G!X) 
DEFIN;.:0 BY 

F ( X) • C I ( X I * SIN ( X I ... CS IC X > ... PI / 21 * COS C X > 
AND 

G(X) •-CI<Xl * COSCX) - (SI(X) - PI/ 21 * SIN(X); 

FOR X•O THE VALUES OF CICX); FIX) AND G(X) ARE UNDEFINED; 
THE FOLLOWING RELATIONS CONCERNING NEGATIVE X ARE VALID1 
SI(-Xl • -SI<Xl, CI<-Xl • CICX); FC-XI • •F(Xh G(-Xl • GIX)e 

KEYWORDS: SINE INTEGRAL, 
cos me INTEGRAL. 

SUBSECTION: SINCOSINTe 

CALLING SEQUENCE• 

THE HEADING OF THE PROCEDURE READS : 
"PROCEDURE" SIMCOSINTCX,SI,Cl)J "VALUE" XJ "REAL" X, SI, CI; 

THE MEANING OF THE FORMAL PARAMETERS IS 1 
X t <ARITHMETIC EXPRESSION); 

ENTRY: THE (REALI ARGUMENT Of Sl(Xl AND CI(Xl; 
SI: <VARIABLE>; 

EXIT1 THE VALUE OF SI(X); 
CI: <VARIABLE>; 

EXIT: THE VALUE OF CIIXla 
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PROCF.OURi:S USEDt 

SINCOSFG • C P3538 5, 
C~EPOLSER • CP31046e 

RUNNING TIME t 

I SEPTE11BER 19741 

"IF" ABSIXl <• 4 11 THEN" ABOUT 3.8 MSEC 
11 ELSE11 ABOUT 7e5 MSEC • 

LA~GUAGE: ALGOL 60e 

METHOD ANO PERFORMANCEt 

SEE 11~THOD AND PERFORMANCE OF THE PROCEDURE SINCOSFG 
(THIS SECTION). 

SUBSECTlONt SINCOSFGe 

CALLING SEQUENCE: 

THE HEAD·ING OF THF. PROCEDURE READS :x 
"PROCEDURE" SINCOSFGIX,F,Gl; "VALUE" X; "REAL" X, F, G; 

THE MEANING OF THE FORMAL PARAMETERS 
xa <ARITHMETIC EXPRESSION>; 

ENTRYa THE (REALI ARGUl1ENT OF 
F; <VARIABLE>; 

EXl Tr THE VALUE 
GI <VARIABLE>; 

£:XITt THE VALUE 

PROCEDURES useo: 
SINCOSINT • CP35084, 
CHEPOLSER • CP31046u 

RUNNING TIME• 

OF F(Xl; 

OF G(X)e 

IS I 

FIXI 

"IF" ABSIXl <• 4 "THEN" ABOUT 4e7 MSEC 
"ELSE" ABOUT 6e5 MSEC • 

' LANGUAGE1 ALGOL 60e 

AND GI X l; 

PAGE Z 
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METHOD AND PERFORMANCE: 

IF A0S(X) <• 4 THE SINE AND COSINE INTEGRALS ARE REPRESENTED BY 
TRUNCATED CHEBYSHEV SERIES. ON THIS INTERVAL THE FUNCTIONS F AND G 
ARE CALCULATED BY MEANS OF THE EQUATIONS GIVEN IN THE BRIEF 
DE SCRI "T IONe 
IF ABS(X) > 4 T-IE FUNCTIONS F AND G ARE REPRESENTED BY TRUNCATED 
CHEBYSHEV SERIES. IN THIS CASE THE SINE AND COSINE INTEGRALS ARE 
COMPUTED BY MEANS OF THE FOLLOWING RELATIONS: 

SI(Xl • PI / 2 - F(X) * COS(X) - G(Xl * SIN<Xl 
AND 

C 1 ( X l • F ( X ) * SI N < X l .. G ( X l • COS ( X ) ., 
THE FUNCTION VALUES ARE COMPUTED WITH A RELATIVE PRECISION OF 
ABOUT "-l3e 
WHEN USING THE PROCEDURE SINCOSINT FOR LARGE VALUES OF X, THE 
RELATIVE ACCURACY MAINLY DEPENDS ON THE ACCURACY OF THE FUNCTIONS 
SIN(X) AND COS(Xle 

REFERENCESt 

[lJ.,MaABRAMOWITZ AND I.,STEGUN (EDSe),1964. 
HANDBOOK OF MATHEMATICAL FUNCTIONS WITH FORMULAS, GRAPHS AND 
MATHEMATICAL TABLES. 
APPL. MATH. SER. 551 u.s.G □VT. PRINTING OFFICE1WASHINGTON, o.c. 

C ?J eR eBUL!RSCHe 
NUMERICAL CALCULATION Of THE SINE, COSINE AND FRESNEL INTEGRALS 
YANDBOOK SERieS SPECIAL FUNCTIONS. 
NUMe MATH., 9, 1967, PP380-385e 

EXAMPLE 1JF USE 1 

IN TYS FOLLOWING PROGRAM WE COMPUTE THE VALUES OF SI!Xl, Cl(Xl, 
F ( X ) AND G ( X l FOR X • l ; 

11 8 E GIN" 
"PROCEDURE" SINCOSINT(X, SI, CI); "CODE" 350841 
"PROCEDURE" SINCOSFG!X, F., G); "CODE" 35085; 

"REAL" SI, CI, F, G; 

SINCOSINT<l, SI, CIJ; 
SINCOSFG<l, F1 G); 

OUTPUT(61,"( 11 4B,"l"SI(l)• "l",N12B1 11 ( 11 CI<ll• "l",N/ 11 1 11,SI,CII; 
OUTPUT(61,"("4B,"(" F(ll 0 11 l 11 ,N12B, 11 < 11 G(ll• 11 111,N "> 11 , F, Gl; 

"END" 

THIS PROGRAM DELIVERSt 

SI!ll• +9e460830703671711-00l 
F(l)• •2.2725525318067"-001 

tllll• +3e3740392290097"-00l 
Gill• -9.7840157048430 11-001 



SECTION 6.5.Z 

SOU RCi; TEXT ( S) t 

"CODE" 35084; 

( MARCH 1971) 

"PROCEDURE" SINCOSINTCX,S1,CI>; "VALUE" X; 11 REAL 11 X,SI,CI; 
11 BEGIN" 11REAL" ABSX,Z,F,G; 

"PROCEDURE" SINCOSFG<X,F,G)J "CODE" 35085; 
"REAL" "PROCEDURE" CHEPOLSER(N1X1A); "CODE" 3l046J 

ABSX•• ABS(X); 
"lf" ABSX <• 4 "THEN" 
"BEGIN" "REAL" "ARRAY" AC0:10]; "REAL" ZZ; 

PAGE It 

ACOl a ■ +Z.7368706803630 11+00; ACll••-l.1106311tl07894•+00J 
ACZl t•+le417656Zl94666"--0l; AC3J:•-leOZ5Z652579l74"-02; 
A[4] : •+4. 6't946156l 9880"-04i A[5] :a ... 1.1t361730896642"•05; 
A[ 6] I• +3 e20936 84948229"--0 7J AC 7] I •-5 elt25l 990770162 11-09; 
ACBl t•+7el776Z88639895"•ll; AC9l••-7e6335493723482"-13J 
AClOl:•+6e6679958346983"•l5J 
z:• X I 4; Z2:• Z * Z; G:• zz +ZZ ... 1; 
Sit• Z * CHEPOLSERClO,G,A); 
ACOl t•+2a96596011t007Z7"+00; ACllt ■-9a4Z97198341830"•01J 
AC2l :•+8e6110342738169"•02J AC3]J••4e7776084547139"--03; 
A[4l I• +l • 7529161205146"-04; A[ 5] t •-4• 5448 727803752"•06; 
A[6] 1•+8.7515839180060•-08; A[7l••-l.2998699938109"-09J 
AC8l :•+le5338974898831"•11J AC9J:••le4724Z56070277"-l3; 
AC 10] :a +1 el 7Zl4Z0798429 11-15J 
CI1• e577215664901533 + LN(ABSX) - ZZ * CHEPOLSERClO,G,A) 

"END" "ELSE" 
"BEGIN" "REAL" cx,sx; 

SINCOSFGCX,F,G>; 
CXI• COS(X); SXt• SIN(X); 
SI:• la570796326794897J "IF" X<O "THEN" Sit• --SI; 
SI:• SI - F. ex - G. SX; 
CI I• F • sx - G * ex 

"'END• 
"END" SlNCOSINT; 

11 E□P" 
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"CODE" 3508~; 
"PROCEDURE" SINCOSFG(X,F,G); "VALLI~" X; "REAL" X,F,G; 
"BEGIN" "REAL" ABSX,SI,CI; 

"PROCEDURE" $1NCOSINT(X,SI,CI>; "CODE" 35084; 
"REAL" "PROCEDURE" CHEPOLSER(N,X,Al; "CODE" 31046; 

ABSX:• ABS(Xl; 
"IF" ABSX <• 4 "THEM" 
"B2GlN" "REAL" cx,sx; 

SINCOS UIT(X, s1 .. c1); 
ex:- COS(Xl; sx:- SIN(X); SI:• SI ... l.570796326794897; 
Ft• Cl* sx - SI* ex; 
Gt•-CI * ex - SI* sx 

"EMD" "ELSE" 
"BEGIN" "R!AL" "ARRAY" A[Q:23]; 
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A[Ol 1•+9e6578828035185"-0l; A[ll 1•-4e3060837778597"•02J 
AC2l s•-7e3l437ll748104"-03; AC3J 1•+1.4705235789868"•03; 
AC 41 : ... ci. 86576 85 732 702 11-0 5; AC 51 : u2 e2743202204655 """05; 
A[6J :•+fle8240257322526"•06; A[7l :•-le8973430148713"•06; 
ACS J l•+le006343594l558"-07; A[9l 1•+8e0819364822241"•08; 
A[lOJ••-3.8976282875288 11-08; AClll:•+l.033565032549711•08; 
AC12 l: ••l e4104344875897"•09; AC13 l: ••2• 5232078399683 11-10; 
AC14lt•+2e5690831325961"-l0; AC15J1•-le0597889253948"-10J 
A[l6Jt•+2e89700315702l4"-ll; AC17l••~4.1023142563083"•12; 
A[l 811 •'"'l .,04 3 769 37 30018 "-12; A [ l 9 l t •+le 099 418 4520 54 7"•12; 
ACZOJ:•-5a2214239401679"-13J AC21Jl•+l.7469920787829"•13; 
AC22lt•-3e8470012979279"-14J 
F1• CHEP □LSERC22, 8/ABSX-l., AJ / X; 
AC O l 1 •+2 • 2801220638 241 "-01; A [ lJ : -2• 68 69727411097 11=02; 
AC2J : ..... 3.5107157280958"-03; A[3] t•+le2398008635186"-03; 
A[4l l•-l.5672945116862"-04; A[51 l••l.0664141798094"•05; 
AC6J :•+lell70629343574 11-05; A[7l :•..;3.1754011655614"-06,; 
AC8l :•+4e4317473520398"-07J AC9] :•+5e5108696874463"-08; 
A[lOlt•-519243078711743"-08; A[lll&•+2.2102573381555"-08; 
AC12lr•-~o0256827540623"-09; AC13lt•+3.l519168259424"•10; 
AC14l:•+3e630699084897911-lO; A[l5l:•-2e2974764234591"-10; 
AC16J:•+8e5530309424048 11-llJ A[l7Jt••2ell83067724443"-lll 
AC18lt•+l.7133662645092"-12J AC19Jl•+l.,7238877,l7248"-l2; 
AC20J:••le29302813668ll 11-l2; A[2ll:•+5e7472339223731 11-13J 
AC 221 : ■ -1,,84154682683l't"-13; AC 231: •+3e593725657143""-14; 
Gt• 4 * CHEPOLSER(23, 8/ABSX-1, A) / ABSX /ABSX 

"END" 
"END" S INCOSFG; 

"E□P" 
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AUTHOR(SI z De Te WINTER.11NeMeTEMMEo 

INSTITUT~: MATHEMATICAL CENTRE 

RECEIVED! 730727 

BRIEF DESCRIPTION: 

THIS SECTION CONTAINS THE FOLLOWING PROCEDURESz 

RECIP GAMMAt THIS PROCEDURE CALCULATES THE RECIPROCAL OF THE GAMMA 
FUNCTION FOR ARGUMENTS IN THE RANGE C.5olo5J; MOREOVER ODD AND 
EVEN PARTS ARE DELIVERED; 

GAMMA2 THIS PROCEDURE CALCULATES THE GAMMA FUNCTION; 

LOG GAMMA: THIS PROCEDURE CALCULATES THE NATURAL LOGARITHM OF THE 
GAMMA FUNCTION FOR POSITIVE ARGUMENTS. 

INCOMGAM I COMPUTES THE INCOMPLETE GAMMA FUNCTIONS CORRESPONDING 
TO THE DEFINITIO~S 6e5e2 AND 6e5o3 IN REFERENCE ClJe 
THE COMPUTATIONS ARE BASED ON PADE-APPRDXIMATIONS. 

LET B(X1P.11Q) • INTEGRAL FROM O Tn X OF T**IP-ll*(l-T>••<O•ll*DTe 
P>O, Q)Oe O<•X<•l; BIS CALLED THE INCOMPLETE BETA FUNCTION. 
LET I<X,P,Q) • BCX,P,Q)/B<l, P, Q); I IS CALLED THE INCOMPLETE BETA 
FUN CU ON RAT I □e 

INCBETA: COMPUTuS IIX,P,O); O<•X<•l, P>O, Q)O; 
lBPPLUSN: COMPUTES I<X,P+N,Q) FOR N•O!l>NMAX, O<•X<"l• P>O, Q)OJ 
IBQPLUSN: COMPUTES ItX,P,Q+N) FOR N•OCllNMAX, O<•X<•l, P>O, Q)Oe 
THE REMAINING FiUR PROCEDURES ARE AUXILIARY PROCEDURES 
FOR INCBETA, IBPPLUSN ANO IBQPLUSNe 

KEYWORDSt 

GAMMA-FUNCTION, 
INCOMPLETE GAMMA-FUNCTION, 
PADE-APPROXIMATION, 
CONTINUED FRACTI 1JN, 
INCOMPLETE BETA-FUNCTION, 
INCOMPLETE BETA-FUNCTION RATIOe 
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SUBSECTION I RECIP GAMMA. 

CALLING SEQUENCE: 

THE HEADING OF TYIS PROCEDURL !St 
"REAL" "PROCEDURE" RECIP GAMMACX, ODD, EVEN); 
"\I ALU..:11 X; "REAL" X, ODD, EVEN; 

RECIP GAMMA1• 1/GAMMACl-Xle 

THE MEANING OF THE FORMAL PAP.AMETERS !SI 
X: <ARITHMETIC l;XPRESSION>; 

PAGE 2 

THE ARGUMEMTe THIS ARGUMENT SHOULD SATISFY -•5 <• X < • e5 
(ACTUALLY Tf.lE GAMMA FUNCTION IS CALCULATED FOR 1 - X, IoEo IF 
ONE WANTS TO CALCULATE l/GAMMACll, ONE HAS TO SET X TO Ol; 

ODD: (IDENTIFIER>; 
EXIT1 THE ODO PART Of l / GAMMA(l - Xl DIVIDED BY (2 * Xl; IoEo 

Cl 1 GAMMA(l - X) - l / GAMMACl + X)J / (2 * Xl; 
EVEN: <IDF.NTIFIER>; 

EXIT: THE EVEN PART OF 1 / GAMMA(l - X) DIVIDED BY 2; IeEo 
Cl/ GAMMACl - Xl + l / GAMMA(l + X)) / 2; 

PROCEDURES USED: NONE. 

REQUIRED CENTRAL MEMORYt 

~XECUTION FIELD LENGTH: AN ARRAY OF 12 ELEMENTS IS USED. 

LANGUAGcl ALGOL-60e 

METHOD AND PERFORMANCE: 

THE RECIPROCAL OF THf GAMMA FUNCTION IS APPROXIMATED BY A TRUNCATED 
CHEBYS4EV SERIES. ODD AND EVEN PART ARE CALCULATED SEPARATELY. THE 
COEffICIENTS OF THE C~EBYSHEV SERIES AS GIVEN IN THE PROCEDURE TEXT 
SHOULD GUARANTEE A PRECISION QF 14 DECIMAL DIGITS, HOWEVER AS THESE 
COE~FICIENTS CAN NOT BE READ IN FULL PRECISION UNDER CD-ALGOL 
VERSIQH 3, THIS PRECISION CAN NOT BE GUARANTEED. A PRECISION OF 13 
DECIMAL DIGITS HOWEVER WILL BE OBTAINED. MOREOVER FOR THE ARGUMENT 
l !I.Ee X • 0) EVEN AND RECIP GAMMA BOTH YIELD THE CORRECT VALUE. 
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EXAMPLE IJF USE• 
THE FOLLOWING PROGRAM: 
"BEGIN" "REAL" X, ODD, EVEN; 

"REAL" "PROCEDURE" RECIP GAMMAIX, ODD, EVEN); "CODE" 35060; 
XI• RECIP GA~MA(a4, ODD, EVEN>; 
ouTPUT<61, 0 c1111 c110.4">", 3CN>, , .. , .. , x, aoo., EVEN>; 
XZ• RECIP GAMMACO, ODD, EVEN); 
DUTPUT!6l, 111 (""( 190.0 19 1111 , 3!Nl"l 11, X, flDD, EVEN> 

11 1:ND" 
YIELDS THE FULLOWING RF;SUL TS: 

Oe4 +6.7150497244208"-001 -5.6944440692994"-00l +8.9928273521406"-001 
o.o +1.0000000000000"+000 -,.1121566490154 11-001 +1.0000000000000 11 +000 

SUBSECTION: GAMMAe 

CALLING SEQUENCE1 

THE HEADING OF THf PROCEDURE IS: 
"REAL" 11PROCEDURC" GAMMA(X); "VALUE" x; "REAL" x; 

GAMMAz• THE VALUE OF THE GAMMA-FUNCTION AT Xe 

THE MEANING OF THE FORMAL PARAMETER IS: 
xs <ARITHMETIC EXPRESSION>; 

TH£ ARGUMENT. IF ONE OF THE FOLLOWING THREE CONDITIONS IS 
fULflLLED OVSRFLOW WILL OCCUR1 
l: THE ARGUMENT IS TOO LARGE<> 177); 
2 t THE ARGUMENT IS A NON-POSITIVE INTEGER; 
3: THE ARGUMENT IS TOO •CLOSE• TO A LARGE <IN ABSOLUTE VALUE) 

NON-POSITIVE INTEGER. 

PROCcDURES USEDs 

RECIP GAMMA a CP35060 
LOG GAMMA " C P35062e 

REQUIRED caNTRAL M~MORY: 

EXECUTION FifLD LENGTH: NO AUXILIARY ARRAY'S ARE DECLAREDe 

LANGUAGE¥ ALGOL-60e 
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METHOD AND PERFORMANCE: 
WE DISTINGUISH BETWEEN THE FOLLOWING CASES FOR THE ARGUMENT xs 
X < e5r 

IN THIS CASE THE FORMULA GAM~A!Xl * GAMMACl-Xl • PI / SIN!PI*Xl 
IS USEDe HOWEVER THE SINE FUNCTION IS NOT CALCULATED DIRECTLY 
ON THE ARGUMENT PI*X BUT ON THE ARGUMENT PI*(X MOD o5l, IN THIS 
WAY A BIG DECREASE OF PRECISION IS AVOIDED. THE PRECISION HERE 
DEPENDS STRONGLY ON THE PRECISION OF THE SINE FUNCTION; HOWEVER 
A PRECISION BETTER THAN 12 DECIMAL DIGITS CAN BE EXPECTED IN 
THE GAMMA FUNCTION. 

e5 <• X <• 1.51 
HERE THE PROCEDURE RECIP GAMMA IS CALLED. A PRECISION OF MORE 
THAN 13 DECIMAL DIGITS IS OBTAINED; MORE!JVER1 GAMMA(ll • l. 

1.5 ( )( <• 221 
THE RECURSION FURMULA GAMMA! l + Xl • X * GAMMA!Xl IS USEDe 
THE PRECISION DE:PENDS ON THE NUMBER !JF RECURSIONS NEEDED, A 
PRECISION BETTER THAN 10 DECIMAL DIGITS IS ALWAYS OBTAINED. THE 
UPPERBOUND OF 22 HAS BEEN CHOSEN, BECAUSE NOW IT IS ASSURED 
THAT FOR ALL INTEGER ARGUMENTS FOR WHICH THE VALUE OF THE GAMMA 
FUNCTION IS RcPRESENTABLE (AND THIS IS THE CASE FOR ALL INTEGER 
ARGUMENTS IN THE RANGE Cl,22ll, THIS VALUE IS OBTAINED, IeEe 
GAMMA ( I l • 1 * 2 * • • • * ! I .. l l • 

X > 22: 
NOW THE PROCJDURES LOG GAMMA AND EXP ARE USEDe THE PRECISION 
STRONGLY DEPENDS ON THE PRECISION OF THE EXPONENTIAL FUNCTIONp 
AND NO BOUND FOR THE ERROR CAN BF. GIVEN. 

EXAM PLF. OF USE1 
THf PROGRAM: 
"BEC IN" ttREAL" X; 

"REAL 11 "PROCEDURE" GAMMA IX); "CODE" 35061; 
11 FOR11 XI• -8.5, e25p l.5p 22P 50 ttDO" 
OUTPUT(61, "( 11 +2Z.2D3B, Np / 11 ) 11 , X, GAMMA(X)) 

"END" 

YIELDS THE FOLLOWING RESUL TS1 

... 8.50 
+.25 

+l.50 
+22.00 
+so.oo 

•2e6335215159Q63 11-005 
+3.6256099082219"+000 
+B.8622692545276"•001 
+5.1090942171709"+019 
+6.0828186403422"+062 
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SU~SECTION t LOG GAMMA. 

CALLING SEQUENCE: 

THE HEADING OF THE PROCEDURE ISt 
"REAL" "PROCEDURE" LOG GAMMAIXl; "VALUE" X; "REAL" X; 

LOG GAMMA:• THE NATURAL LOGARITHM OF THE GAMMA FUNCTION AT Xo 

THE MEANING OF THE FORMAL PARAMETER !St 
X: <ARITHMETIC CXPRESSION>; 

THE ARGUMENT. THIS ARGUMENT MUST BE POSITIVE. 

PROCEDURES USED1 NONE. 

REQUIRED CGNTRAL MEMORY: 

EXECUTION FIELD LENGTH: AN ARRAY OF 18 ELEMENTS IS USED. 

LANGUAGE: ALG~L-60e 

METHOD AND PERF □RMANCEr 
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WI: DISTIGUISH BETWEEN THE FOLLOWING CASES FOR THE ARGUMENT X I IN 
MOST CASES NOTHING IS SAID ABOUT ORECISION, AS THIS HIGHLY DEPENDS 
ON THE PRECISION OF THE NATURAL LOGARITHM; HOWEVER, A PRECISlON 
BETTER THAN 11 DECIMAL DIGITS IS ALWAYS fJBTAINEDll 
0 < X < 1: 

HERC THE RECURSION FORMULA (LOG GAMMAIX)•LOG GAMMA(l+Xl•LN(X) ) 
IS USEDe 

l <• X <• 21 
ON THIS 
FUNCTION 
PRECISION 

2 < X <• 13: 

INTERVAL THE TRUNCATfD CHEBYSHEV SERIES FOR THE 
LOG GAMMA(Xl / «X-l>*IX-2)) IS USED. IN THIS WAY A 
BETTER THAN 13 DECIMAL DIGITS IS ASSURED., 

THr RECURSION FORMULA 
USED. 

LOG GAMMA(Xl • LOG GAMMA(l-X) + LN(X) IS 

13 < X <• 22: 
AS FOR X < 1 THE FOP.MULA LOG GAMMA(X) • LOG GAMMA(l+X)=LN(X) IS 
USE De 

X < 221 
IN THIS CASE LOG GAMMA IS CALCULATED BY USE OF THE ASYMPTOTIC 
EXPANSION FOR LOG GAMMA(X) - (X - .,5) * LNIX) • 
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EXAMPLE OF use, 
THE FOLLO\.IING PROGRAM: 
"BEGIN" "REAL" X; 

"REALM MPROCEDUREM LOG GAMMA(X); "CODE" 35062; 
"FOR" XI• a25, le5, 12, 15, 80 "DO" 
OUTPUT(6l, "("+2Za2D38, N, l"l", X, LOG GAMMA(Xl) 

"e~m 11 

YIELDS THE FOLLOWING RESULTS! 

•• 25 
+le50 

+12.00 
+15.00 
+eo.oo 

+le2880225246981"+000 
-l.2078223763524"-001 
+l.7502307845874"+001 
+2.5191221182739"+001 
+2.6929109765102"+002 

SUB SE CTIDN I INC OMGAl1 e 

CALLING SEQUENCE: 

THE HEADING OF THE PROCEDURE READS1 
"PRJCC:DURE" INCOMt;AM< X,A,KLGAM,GRGAM,GAM,E PS l; 
11 VALUE" X,A,EPS; "REAL" X,A,KLGAM,GRGAM,GAM,EPS; 

THE MEANING OF THE FORMAL PARAMETERS ISs· 
Xt <ARITHMETIC EXPRESSION>; 

THE INDEPENDENT ARGUMENT x, X>•O; 
At (ARITHMETIC EXPRESSION>; 

THE INDEPENDENT PARAMETER A, A>O; 
KLGM1; (VARIABLE>; 
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EXIT: me INTEGRAL FROM O TIJ X OF EXP(-T)ll<T*'lt(A ... ll*DT 
IS DELIVERED IN KLGAMJ 

GRGAMt <VARIABLE>; 
EXIT: THE INTEGRAL FROM X TO INFINITY OF EXP(-TI* 
T*•<A•ll•DT IS DELIVERED !N GRGAM; 

GAMI (ARITHMETIC EXPRESSION>; 
ENTRY: THE VALUE OF THE GAMMAFUNCTION WITH ARGUMENT Ae 
FOR THIS EXPRESSION THE "REAL" "PROCEDURE" GAMHA(XII 
"CODE" 35061 MAY BE USED; 

tPSI <ARITHMETIC EXPRESSION>; 
ENTRY: THE DESIRED RELATIVE ACCURACY. THE VALUE OF EPS 
SHOULD NOT BE SMALLER THAN THE MACHINE ACCURACY, 
WHICH IS ABOUT "-14. 
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PROCEDURES USED: NONE. 

RUNNING TIMEt DEPENDS ON THE VALUES OF X,A,EPSo 
FOR T4E EXAMPLE BELOW THE EXECUTION TIME IS Oo003 SEC. 

LAt-lGlJAGI:: ALGIJL 60• 

METHOD AND PERFORMA~CE1 

FOR THE METHOD SEE REFERENCE [4Jo THE RELATIVE ACCURACY OF THE 
RESULTS DEPENDS HOT ONLY ON THE QUANTITY EPS, BUT ALSO ON THE 
ACCURACY Of THE FUNCTIONS EXP AND GAMMA. ESPECIALLY FOR LARGE 
VALUES OF X AND A THE DESIRED ACCURACY CANNOT Bf GUARANTEEDe 

REfi:RENC !:SI 
SEE REFERENCES [ll AND [41 OF THE PROCEDURE IBQPLUSNC THIS SECTION)• 

EXAMPLE OF USE: 

11 BEGIN 19 19 REAL"' P,Q; 
"PRQCEDURE" INCOMGAMCX,A,KLGAM,GRGAM,GAM,EPS); 

"C'IDE" 35030; 

INCOMGAMC3,4,P,0,1*2*3,2**<-48l)J 
11 COMMENT" 1*2*3 • GAMMAC4l; 
OUTPUT(6l, 11 ( 11 /, 11 ( 11 KLGAM AND GRGAM ARE">", 
l,2<Ml"l"',P,Q)J 

11 END 11 

DELIVERS: 

KLGAM AND GRGAM ARE 
+Ze 1166086673066" +000 +3e 88339l3326CI 34"+000e 
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SUBSECTION : INCBETA. 

CALLING SEQUENCEt 

THE HEAD1NG Of THE PROCEDURE READS : 
"REAL" "PROCEDURE" INCBETA<X,P,Q,EPS); 

"VALUE" X,P,Q,EPSJ "REAL" X,P,Q,EPSJ 

INCBETA DELIVERS THE VALUE OF I<X1P1Ql; 

TI-IE MEANING Of THE FORMAL PARAMETERS IS t 
x, <ARITHMETIC EXPRESSION>; 

THE ARGUMENT. THIS ARGUMENT SHOULD 
p I <ARITHMETIC EXPRESSION>; 

PARAMETER: SEE DEFI~ITION IN BRIEF 
Q: <ARITHMETIC EXPRESSION>; 

PARAMETER: SEE DEFINITION IN BRIEF 
EP Sr <ARITHMETIC EXPRESSION>J 

SATISFY O<•X<•l; 

DESCRIPTION; P>O; 

DESCRIPTION; Q)O; 

ENTRYt THE DESIRED RELATIVE ACCURACY; EP S SHOULD NOT 
SMALLER THAN THE MACHINE ACCURACYe 

PROCEDURES USEDt GAMMA• CP 35061• 

REQUIRED CENTRAL MEMORY! 

EXECUTION FIELD LENGTHI NO AUXILIARY ARRAYS ARE USED. 

METHOD ANO PERFORMANCE: 
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BE 

THE INCOMPLETE BGTA FUNCTION I<X,P10l IS APPROXIMATED BY THE 
CONTINUED FRACTION CORRESPONDING TO FORMULA 26o5eB IN REFERENCECll • 
IF X > e5 THE RELATION I(X,P,Ql • 1 • I(l-X,Q,P) IS USEOe IT IS 
ADVISED TO USE IN INCBETA ONLY SMALL VALUES OF PANO Q, SAY 
0 < P <• 5, 0 < Q <• 5e FOR OTHER RANGES OF THE PARAMETERS P AND Q 
THE PROCEDURES IBPPLUSN AND IBQPLUSN CAN BE USEDe 
INCBETA SATISFIES INCBETA • X IF X • 0 OR X • 1, WHATEVER P ANO Oa 
THERE IS NO CONTROL ON THE PARAMETERS x,P,o FOR THEIR INTENDED 
RANGE Se 



C SEPTEMBER 1974 > 

REFcRENC~S: SE!: REFERENCES tll, C2J AND C3J OF THE PROCEDURE 
IBQPLUSN CTHIS S[CTI □Nle 

EXAMPLE OF use: 
THE FOLLUWING PROGRAM: 

"BEGIN" "REAL" 111 PROCEDUR~ 111 INCBETACX,P,Q,EPS); "CODE" 35050; 
OUTPUT C 61, 11 ( t1Ntt ) 11 ., INC BET AC .3., 1. 4, le 5, 2"'*( •46 l l l 
"END" 

YIELDS THE FOLLOWING RESULTt 

+2. 791159330 857711-00 le 

SUBSECTION t IBPPLUSNe 

CALLING SEQUENCE: 

THE HEADING OF THE PROCEDURE READS s 
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"PROCEDURE 111 IBPPLUSNCX,P,Q,NMAX,EPS,Il; 111 VALUE 19 X,P,0.11NMAX,EPS; 
"INTEGER" NMAX; "Rl:AL" X,P,Q,EPS; "ARRAY" I; 

THE MEANING OF THE FORMAL PARAMETERS JS s 
Xt <ARITHMETIC EXPRESSION>; 

THE ARGUMENT. THIS ARGUM!:NT SHOULD SATISFY O<•X<•l; 
p: (ARITHMETlC EXPRESSION>; 

PARAMETER1 SEf DEFINITION JN BRIEF DESCRIPTION; P>Oe 
IT IS ADVISED TO TAKE O<P<•l; 

Q: (ARITHMETIC EXPRESSION>; 
PARAMETER: SEE DEFINITION IN BRIEF DESCRIPTION; Q)O; 

NMAXr (ARITHMETIC EXPRESSION>; 
NMAX INDICATES THE MAXIMUM NUMBER OF FUNCTION VALUES 
ICX,P+H,Ql TO BE GENERATED; 

EPSt <ARITHMETIC EXPRESSION>; 
ENTRY, THE DESIRED RELATIVE ACCURACY; EPS SHOULD NOT BE 
SMALLER THAN THE MACHINE ACCURACY; 

It (ARRAY IDENTIFIER>; 
"ARRAY" ICO•NMAXJ; NMAX>•OJ 
EXIT: ICHJ • I<X,P+N,Ol FOR N•OCllNMAXe 



?R'JCtDURES 'JSEO: 

IXOFIX • CP 35053; 
IXPFIX • C P 35054e 
B'JT~ PP.'.JCfOIJRf$ IXQfl X A~D I XP FIX CALL FOR 
INCB~TA • CP 35050; 
FaRWARD • CP 3505,; 
BACKWARD• CP 35056a 

REOUI~ED CENTRAL MEMORY• 
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EXECUTION FIELD LENGT~: A~ ARRAY OF NHAX + l ELEMENTS IS TO BE 
INSERT.:D BY THE IJSERe AN AUXILIARY ARRAY OF ENTIER(Q) + 1 . 
FLEHENTS IS DECLARED IN THE AUXILIARY PROCEDURES. 

"'ET~OD ANO PERFORMANCE: 

SEE REFi:RENCF [21 AMO C3le IN [2] THE PROCEDURE IBPPLUSN IS 
CALLED INCOMPLfT~ B~TA Q FIXEDe THERE IS NO CONTROL ON THE 
PARAMETaPS X,P,0,NMAX FOR THEIR INTENDED RANGES ■ 

REFERENCES: SEE REFERENCES Cll, C2l AND C3l OF THE PROCEDURE 
IBQPLUSN (THIS SECTION>. 

EXAP1PLi: OF use: 
THE FOLLOWING PROGRAM! 

"BEGIN" "REAL" "ARRAY" I$UBX[O:ZJ; 
"PROCEDURE" IBPPLUSNIX,P,Q,NMAX,EPS,Il; "CODE" 35051; 
IBPPLUSN(e3,e4,le5,Z,z••<-46l,ISUBX); 
1UTPUT(61,"1"31H)"l",ISUBXC01,ISU8XC1J,ISUBXC2ll 

"IHID'1 

YIELDS THE FOLLOWING RESULTSt 
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SUBSECT I!JN I IBQPLUS!le 

CALLING SEQUENCE i 

THE HEADING OF THE PROCEDURE READS : 
"PROCEDURE" IBOPLUSNCX,P,O,NMAX,EPS,Il.i 11 VALUE 11 X,P,Q,NMAX,EPS; 
"INTEGER" NMAX; "REAL" X,P,O,EPS; "ARRAY" I; 

THE MGANING OF THE FORMAL PARAMETERS IS : 
xz <ARITHMETIC EXPRESSION>; 

THE ARGUMENT. THIS ARGUMENT SHOULD SATISFY O<•X<•l; 
P: <ARITHMETIC EXPRESSION>; 

PARAMETER~ SEE DEFINITION IN BRIEF DESCRIPTION; P>O; 
Qt <ARITHMETIC EXPRESSION>; 

PARAMETEP.t SEE DEFINITION IN BRIEF DESCRIPTION; Q)O; 
IT IS ADVISED TO TAKE O(Q(■l; 

NMAX: <ARITHMETIC EXPRESSION>; 
NMAX INDICATES THE MAXIMUM NUMBER OF FUNCTION VALUES 
ICX,P,Q+N) TO BE GENERATED; 

EPS: <ARITHMETIC EXPRESSION>; 
ENTR Yt rne DESIRED RELATIVE ACCURAC Yi EP s SHOULD NOT BE 
SMALLER THAN THE MACHINE ACCURACY; 

I: <ARRAY IOENTIFIER>J 
"ARRAY" ICO:NMAXJ; NMAX>•OI 
EXITt HNJ • I<X,P,O+N) FOR N•O(l)NMAXe 

PROCiDURES USED: 

IXQfIX • CP 35053; 
IXPFIX • CP 35(i54a 
BOTH PROCEDURES !XQfIX AND IXPFIX CALL FOR 
INCBETA • CP 35050; 
FORWARD • CP 35055; 
BACKWARD• CP J505ba 

REQUIRED CENTRAL MEMORY: 

EXECUTION FlELD LENGTH! AN ARRAY Of NMAX + l ELEMENTS IS TO BE 
IMSERTED BY TH~ USERo AN AUXILIARY ARRAY OF ENTIERIP) + l 
ELEMENTS IS DECLARED IN THE AUXILIARY PROCEDURESe 

METHOD AND PERFORMANCEt 

SEE R:FERENCE CZl AND C3Je IN CZJ THE PROCEDURE IBQPLUSN IS 
CALLED INCOMPLETE BETA P FIXEDe THERE IS NO CONTROL ON THE 
PARAMETERS X,P,Q,NMAX fOR THEIR INTENDED RANGES. 



SECTION I 6e6 (SEPTEMBER 1974) 

REF ER ENC ES; 

ClleMeABRAMOWITZ ANO I,AeSTEGUN (EDa>• 
HANDBOOK OF MATHEMATICAL FUNCTIONS, 
DOVER PUBLICATIONS, INC., NEW YORK, 19650 

c21.w.GAUTSCHI. COMM.A.C.M. 7, 1964, ALGORITHM 222, P 143. 

C3leWeGAUTSCHie SIA~ REV, 9, 1967, PP 24-820 

C4leYeLeLUKEo SIAM Jo ~ATH, ANAL. VOLel, 1971, PP. 266-28le 

EXAMPLE QF uses 
THE FOLLOWING PROGRAM: 

"BeGIN" "REAL" "ARRAY" ISUBX[Oa2JJ 
"PR~CEDURE" IBQPLUSNIX,P,0,NMAX,EPS,I)J "CODE" 35052; 
!B QPLUS N( "3, 1 .4, o5,2 .,2** <-46 l., ISUBX l; 
OUTPUT(61.,"("3(Nl"l",ISUBX[Ol,ISUBXCll,ISUBXC2ll 

"!:ND" 

YIELDS THE FOLLOWING RESULTS: 
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+8, 9449529793325"-002 +2 • 7911593308576 11-00 l +4o 4 728681067173 11-001 • 

THE REMAINING PROCEDURES AND SUBSECTIONS ARE: 

SUBSFCTION IXQFIX. 
SUBSECTION s IXPFIXe 
SUBSECTION I FORWARD. 
SUBSECTION BACKWARD. 

THESE AUXILIARY PROCEDURES ARE NOT DESCRIBED HERE. MORE INFORMATION 
CAN BE FOUND IN REFERENCE [21, WHERE THE PROCEDURES FORWARD AND 
BACKWARD HAVE THE SAME NAME, WHILE IXQFIX AND IXPFIX ARE CALLED 
ISUBXQFIXED AND ISUBXPFIXED RESPECTIVELY. IN THE PROCEDURE 
BACKWARD WE CHANGED THE STARTING VALUE NU FOR THE BACKWARD 
RECURRENCE ALGORITHM. THE NEW VALUE OF NU IS MORE REALISTIC. 
ITS COMPUTATION IS BASED ON SOME ASYMPTOTIC ESTIMATIONS. ALSO 
THE INITIAL VALUE R•O IS CHANGED INTO R•X., 
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SOURCE T!;XT( SI I 

11 CODc 11 35060; 
"REAL" "PROCEDURE" RECIP GAMMACX, ODD, EVEN); 
"VALUE" X; "REAL" X, ODD, EVEN; 
"BEGIN" 11 INTEG~R 11 I; 

"REAL" ALFA, BETA, xz; 
"ARRAY" 8[11121; 
BC ll•• •e28387 65422 76024; 
BC ll:• +e00170 63050 71096; 
BC 5]:• +e00007 63095 97586; 
BC 71•• -.00000 08659 2080~; 
BC 9]1• +eOOOOO 00017 45136; 
BClll:• +eOOOOO 00000 09161; 
X21•X*X*8; 

BC 2 l t• •e07685 
BC 4l•• +e00127 
BC 6lt• ••00000 
BC 8lt• ••00000 
B ClO l 1 • + .00000 
B[12]: • ••00000 

ALFA•• •eOOOOO 00000 00001; BETAt• O; 
11FOR 11 It• 12 11 STEP11 - 2 11UNTIL 11 2 11 D011 

28408 44786; 
19271 36655; 
49717 36704; 
00331 26120 J 
00002 42310; 
00000 00170; 

PAGE 13 

"BEGIN" BETAt• •(ALFA• 2 + BETA); ALFAI• - BETA• X2 - ALFA+ BCil 
11END11 ; 

EVEN:• (BETA f 2 + ALfA) * X2 •ALFA+ e92187 02936 50453; 
ALFA1• -•00000 00000 00034; BETA:• 0; 
"FOR" It• 11 11 STEP 11 - 2 11 UNTIL 11 1 11D0 11 

11 BEG1N11 BETAt• -(ALFA• 2 + BETA); ALFA•• - BETA• X2 .. ALfA + BCil 
"END"; 
OOOt• (ALFA+ BETA) * 2; 
RECIP GAMMAt• 000 * X + EVEN 

11 END 11 RECIP GAMMA; 
"i:OP" 

11 CIJDE" 35061; 
11REAL 11 11 PROCEOURE 11 GAMMA(X); "VALUE" X; 11 REAL 11 X; 
11 BEGIN11 11 REAL 11 Y, S, F, G, ODO, EVEN; 

11 BOOLEAN11 INV; 
"REAL" 11 PROCE DU RE II REC IP GAMMA ( X, ODD, EVEN); 
11 VALUE" X; "REAL" X, ODD, EVEN; 

11 CODE 11 35060; 
"REAL" "PROCEDURE" LOG GAMMA( X); "VALUE" x; "REAL" x; 

11 CODE11 35062; 
"IF" X C e5 11THEN 11 

"BEGIN" Yt• X - ENTlERCX / 2) * 2; S:• 3.1,159 26535 8979J 
"IF• Y >• 1 "THEN• "BEGIN" St• - SJ Yt• 2 - Y 11 END11 ; 

"IF" y >• ., 11 THEN" Yt• l - Y; INV1• 11 TRUE"; x: ■ 1 - x; 
ft• S / SIN(3el4159 26535 8979 • Y) 

"END" 
"ELSE" INV•• 19 FALSE 19 J 
11 IF 11 X > 22 "THEN" G: ■ EXPCLOG GAHMAIX)) 11 ELSE 11 

"BEGIN" S:• l; 
NEXTI "IF 11 X > le5 11 THEN 19 

"BEGIN" Xt• X - lJ St• S • X; 11 GOTD 11 NEXT 11 END11 J 
G:• SI RECIP GAMHACl - X, ODD, EVEN) 

"ENO"; 
GAHMAt• 11 IF 11 INV 11 THEN19 Ff G "ELSE" G 

"END" GAMHA; 
11EOP" 
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11 CODE 11 35062; 
11 Rl:AL 11 11 PROCEOURE 111 LOG CAMMA(Xl; 111 VALUE"' XJ "REAL 119 X; 
"IF" X > 13 "THEN" 
11 BEGIN" 11 RCAL" R, X2; 

R :• l; 
NEXT1 111 IF111 X <• 22 111 THEN 111 

11 BEGIN11 R:• R / X; X!• X + lJ 11 GOT011 NEXT "ENO"; 
XZ:• - 1 / (X * Xl; R:• LN(Rl; 
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LOG GAMMAI• LN(Xl * (X - e5l - X + R + e91893 85332 04672 + 
(((.59523 80952 3809511-3 * X2 + e79365 07936 50794"-3) * X2 + 

e27777 77777 77778"-21 * X2 + e83333 33333 33333"•11 / X 
"ENO" 
111 ELSE 111 

"BEGIN" "REAL" Y, F, U01 Ul1 U, Z; 
"I NT EGER" I; 
"ARRAY" BClll8J; 
Ft• l; UOt• Ul1• O; 
BC ll:• -.07611 41616 
BC 3] I ■ ... 00107 94937 
BC 5J:• -.00002 15123 
BC 7]1• -.00000 04851 
BC 9J:• -.o0u00 00116 
B[llJ:• -.00000 00002 
B[l3JI• -.00000 00000 
Btl5JI• -.00000 00000 
BC17J:• -.00000 00000 
11 1F" X < 1 11 THEN" 

704358; 
2632136; 
998886; 
693012; 
382967; 
896918; 
073926; 
001n1; 
000051; 

BC 2J-: • 
BC 4]1• 
B[ 6J2• 
BC 812• 
BCl0J-:• 
BCl2 J : ■ 
B tl4l t• 
Btl6J'ta 
8Cl8J:• 

"BEGIN" FI• 1 / XJ xs• X + 1 "END" 
II EL SE" 

NEXT: "IF" X > 2 "THEN" 

+.00843 
+.00014 
+.00000 
+.00000 
+.00000 
+.00000 
+.00000 
+.00000 
+.00000 

23249 
90074 
31979 
007't7 
00018 
00000 
00000 
00000 
00000 

"BEGIN" X: 11 X .. l; F: • F * Xi "GOTO" NEXT "ENO"; 
Ft• LN(F); Yt• X + X .. 3; ZI• Y + Y; 
"FOR" I: ■ 18 "STEP" - 1 "UNTIL" l 11 D011 

659328; 
800369; 
329861; 
148782; 
294004; 
461570; 
011894} 
000311; 
000008; 

"BEGIN" U:• UOJ U01• Z * UO + BCIJ • UlJ Ult• U "ENO"; 
LOG GAMMAS• (UO * Y + .49141 53930 29387 - Ul) * (X - 1) * (X • 2) 
+ F 

11 END" LOG GAMMA; 
"E□P" 
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"CODE" 35030; 
"PROCEDURE" INCOMGAMIX,A,KLGAM,GRGAM,GAM,EPS); 
11 VALUl;11 X,A,l:P$; "REAL" X,A,KLGAM,GRGAM,GAr-1,EPS; 
"BEGIN" "REAL" C?,Cl,C2,DO,Dl,D2,X21AX1P,0,R,S,Rl,RZ,SCF; 

"IHTEG ER II N; 
St• EXP(-X +A* LN(Xll; SCFt• 11 +300; 
"IF" X <• ("IF" A< 3 11 THEN 11 l 11 ELSE 11 Al 11THEN 11 

"81:GIN" X2t• X * x; AXI• A* x; DOI• l; Pl• A; COi• S; 
Dlt•IA+ll*IA+Z-Xl; Clt•((A+ll * IA+Zl+Xl * S; 

RZ:• Cl/Dl; 
11 FOR 11 N:• 1, N+l "WHILE" ABS((R2-Pll/R2l > EPS "DO" 

11 BEGIN11 Pr• 2+P; QI• (P+ll * IP*(P+2l-AX); 
RI• N * (N+Al * (P+2) * XZ; 
C2t• (Q*Cl + R*COl/P; DZI• (0*01 + R*DO)/P; 

Rlt•R2,; R21•C2/D2; 
COt •Cl; C lt ■ CZ; DCH •01; Dl 1 •DZ; 
11 IF" ABSICll > SCF "OR" ABSIOll > SCF 11 THEN 11 

"BEGIN" COt• CO/SCF; Cl:• Cl/SCF,; 
DOI• DO/SCf; Dlt• Dl/SCF 

"£ ND II 

"END"; KLGAM:• R2/A; GRGAM:• GAM - KLGAM 
"Et-ID" "ELSE" 
11 BEGIN 11 COt•A*S; Clt•ll+Xl* CO; Qt• X +2 • A; 

DOI• X; Dll• X * Q; RZ:• Cl/01; 
11 FOR" •N: •1, N+l "WHILE" ABS( (RZ--Rl l/RZl>EPS 1100" 
"BEGIN" QI• 2 + Q; Ri• N * (N+l-A); 

C21• 0*Cl-R*CO; DZt• 0*01-R*OO; 
Rl: •R2; R2:•C2/02; 
COt•Cl; Clt•CZ; 00:•D1; Oll•D2; 
11 IF 11 ABS(Cll > SCF 11 □ R• ABSIDl) > SCF •THEN" 

"BEGIN" COr• CO/SCF; Cl•• Cl/SCF; 
00:• 00/SCF; 01:• D1/SCF 

"END II 
"ENO"; GRGAMI• R2/A; KLGAMI• GAM - GRGAM 

II END" 
11 1:ND" INCOMGAM; 

"EJP" 
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"CODE" 35050; 
"REAL" "PRJCFDURE" IHCBETA(X,P,Q,EPS); 
"VALUE" X,P,Q,EPS; "REAL" X,P,Q,EPS; 
"BEGIN" "INTEGER" M,N; "REAL" G1F1FN,FNl1FN2,GN,GN1,GN2,DN,PQJ 

"BOOLEAN" N EVEN,RECUR; 

"REAL" 11 PR □CEDUR~ 11 GAMMA(X); "VALUE" X; "REAL" X; 
"C IJD I::" ~5061; 

"IF" X•O "OR" X•l •THEN" INCBETA:• X "ELSE" 
"BEGIN" "IF" X)e5 "THEN" 
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"BEGIN" Ft• P; P:• Q; QI• F; Xl• 1-X; RECUR:• 11TRUE 11 "END" 
"ELSf" RECURt• "FALSE"; 
Gt• FN21• o; Ml• o; PQt• P+Q; FI• FNl!• GNll• GN21• 1; 
N aVEN:• "FALSE"; 
"FOR" N: • l,M+l "WHILE" ABS( ( F•G)/F) > EPS 11 00" 
"BEGIN" "IF" N ~VEN "THEN" 

"BEGIN" Mt• M+l; DN: ■ M*X*(Q-1"1)/(P+N-ll/(P+Nl "END" 
11 ELSE 11 DN:• -X*(P+Ml*(PQ+Ml/(P+N-1)/(P+N); 
Gt• F; FNt• FNl+DN*FN2J GN1• GNl+DN*GN2; 
N EVENt• AM EVEN; FI• FN/GN; 
FN2:• FNl; FNl:• FN; GN21• GNl; GNl:• GN 

"EN 0"; 
ft• F*X**P*(l-X)**O*GAMMAIP+Q)/GAMMA(P+ll/GAMMAIQ); 
"IF" RECUR 11 THEN" FI• l•F; 
INCBHAt• F 

"END" 
19 END 11 INCBETA; 

19 1:0P" 

"CODE" 35051; 
"PROCEDURE~ IBPPLUSNCX,P,Q,NMAX,EPS,I); "VALUE" X,P,Q,NMAX,EPS; 
"INTEGER" NMAX; "REAL" X,P,0,EPS; "ARRAY" IJ 
"BEGIN" "INTEGER" N; 

~PROCEDURE" IXQFIX!X,P,0,NMAX,EPS,I>; "VALUE" X,P,Q,NMAX,EPS; 
"REAL" X,P,Q,EPS; "INTEGER" NMAX; "ARRAY" Ii 
"CODE" 35053; 

•PROCEDURE" IXPFIX(X,P,0,NMAX,EPS,I>; "VALUE• X,P,0,NMAX,EPS; 
"REAL" X,P,0,EPS; "INTEGER" NMAX; "ARRAY" IJ 
"CODE" 350~4; 

"IF• X•O • □R" X•l "THEN" 
"BEGIN" "FOR" Ht• 0 11 STEP" 1 "UNTIL" NMAX "D0 11 ICNJ;u X "END" 
11 ELS'.:" 
"BEGIN" "IF" X C•e5 "THEN" IXQFIXCX,P1Q1NMAX,EPS,I) "ELSE" 

•BEGIN• IXPFIX(l•X101P,NMAX1EPS1I); 
"FOR" NI• 0 11 STEP" 1 "UNTIL" NMAX "DO" ICN]l• 1-ICNJ 

"EN 0" 
"END" 

"END" IBPPLUSN; 
11 1:0P" 
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"CODE" 35052; 
"PROCEDURE" IBQPLIJSN( x,r,o,NMAX,EPS,I); "VALUE" X,P,O,NMAX,EPS; 
11 INTl:GER" ~MAX; "RCAL11 X,P,Q,EPS; 11 ARRAY11 I; 
"BEGIN" "HITEGER" N; 
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"PROCEDURE" IXQFIX!X,P,O,NMAX,EPS,I>; 11 \JALUE" X,P,0,NMAX,EPS; 
11 RiAL" X,P,Q,EPSJ "lNTkGER" NMAXJ 11 ARRAY11 IJ 
"CODE" 35053; 

11 PROCEDURE 11 IXPFIXCX, 0 ,0,NMAX,EPS,I>; "VALUE" X,P,0,NMAX,EPS; 
"REAL" X,P,O,EPSJ "INTEGER 11 NMAXJ "ARRAY" IJ 
"CODE" 35054; 

"If" X•O "OR" X•l "THFN" 
"BEGIN" "FOR" tit• 0 11 STEP 11 1 "UNTIL" NMAX 19 D0 111 ICNJ 1• X REND" 
"ELSE" 
"BEGIN" "IF" X <•,5 11THEN" IXPFIXCX,P,0,NMAX,EPS,I) "ELS~" 

11 BEGH111 IXQFIX ! 1-x, o,P, NMAX, EPS,I >; 
"FOR" Nt• 0 11 STEP 11 l "UNTIL" NMAX "DO" ICNlt• l•ICNl 

11pmn 
"END" 

"END" IBQPLUSN; 
"EDP" 

"CODE" 35053; 
"PROCEDURE" IXOFIXCX,P,O,NMAX,EPS,I)i "VALUE" X,P,Q,NMAX,EPSJ 
"REAL" X,P,O,EPS; "INTEGER" NMAX; "ARRAY" I; 
11 BEGIN11 "INTEGER" M,MMAXJ "REAL" S,IQO,IQl,QOJ 

11 REAL" "PROCEDURE" INCBETA!X,P,Q,EPSI; 
11 VALUl:" X,P,O,EPS; 11 R!:AL 11 X.,P,Q,EPSJ 

11COD E" 35050; 

11 PROCEDURE 11 FORWARD( X, P,0, 10,U,NMAX,I I; 
"VALLI~" X,P,0,IO,Il,NMAXJ 11 INTEG~R" NMAX; 11 REAL" X,P,Q,IO,IlJ 
"ARRAY" I; 
"CODt:" 35055; 

"PROCEDURE" BACKWARDCX,P,Q,IO,NMAX,EPS,I); 
11 VALUE" X,P,0,IO,NMAX,EPS; "INTEGER" NMAX; "REAL" X,P,Q,IO,EPSJ 
"ARRAY" I; 
uc □Df: 11 35056; 

Mt• ENTitR(Q); SI• 0-M; 001• 11IF" S>O "THEN" S "ELSE" S+l; 
MMAXr• "lF" S>O 11 THEN" M 11 ELSE 11 M-1; 
I QO t • me BET A! x, P, 00, EPS >; 
"IF" MHAX>O "THEN" IQls• INCBETACX,P,QO+l,~PSIJ 
"BF.GIN" "ARRAY" I0[0iMMAXlJ 

FORWARD ( X, P, 00, IQO, I Ql, MMAX, I 0); 
BACKWARD ex, P, Q., IQ[ MMAXJ, NMA x, EP S,I) 

"END11 

19 FND11 IXQFIX; 
"EOP" 
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"CODI':" 35054; 
"PROCEDURE" IXPFIXCX,P1Q,Nl1AX,EPS1I); "VALUE" X1P,Q1NMAX,EPS; 
"REAL" X,P,O,EPS; "INT~GER" NMAX; "ARRAY" I; 
"BEGIN" "HITCGER" M1MMAX; 11 REAL" S1PIJ1I01I11IQO,IQl; 

"REAL" "PROCEDURE" INCBETACX1P10,EPSl; 
"VALU'.: 11 X,P,O,EPS; "REAL" X,P,Q,EPS; 

"C DOE" 3 5050; 

11 PRCC!DURE" FORWARD(X,P,O,IO,Il,NMAX,Il; 
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"VALUE" X,P,a,IO,Il,NMAX; "INTEGER" NMAX; "REAL" X,P,O,IO,IlJ 
"ARRAY" Ii 
"CODE" 35055; 

"PROCEDURE" BACKWARDCX,P,Q,IO,NMAX,EPS,Il; 
"VALUE" X,P,Q,IO,NMAX,EPS; "INTEGER" NMAX; "REAL" X,P,O,IO,EPS; 
"ARRAY" I; 
"CODE" 35056; 

Mr• ENTIERCP); ss.. P-M; POt• "IF" S>O "THEN" S "ELSE" S+l; 
MMAXt• "IF" S>O "THEN" M "ELSE" M-1; 
IO:• INCBSTA<X1P0101EPSl; 
11:• INCBETA<X,PO,Q+l,EPS); 
"BEG:IN" 11 ARRAY" IPCOsMMAX]; 

BACKWARD<x,Po,0,IO,M"1AX,EPS,IP); IQO:• IPCMMAX]; 
BACKWARDCX,PO,Q+l,ll,MMAX,EPS,IP); IQl:• IPCl'IMAX] 

"END"i 
FORWARD(X,P,Q,IQO,IQl,NMAX1Il 

"END" IXPFIX; 
"E□P" 

"Cl'JDE" 35055; 
"PP OC EDU RE" FORWARD< X, P, Q, IO,Il, NMA X, I l; 
"VALUE" X,P,Q,IO,Il,NMAX; "INTEGER" NMAX; "REAL" X,P,O,IO,Il; 
"ARRAY" I; 
•BEGIN" "INTEGER" M,M; "REAL" Y,R,S; 

ICOlt• IO; "IF 11 NMAX > 0 "THEN" ICllt• Il; 
Mt• NMAX-1; R:• p+Q•l; YI• 1-X; 
"FOR" Nr• l "STEP" l "UNTIL" M "DO" 
"BEGIN" S:• <N+Rl*Y; 

ICN+lll• ((N+Q+S)*lCNl-S*ICN•lJ)/(N+Q) 
11 END 11 

"END" FORWARD; 
"SOP" 
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11 CODtE" 35056; 
"PR OC i:DUR 1: 11 BACKWARD( X, 0 , Q, 10, IIIMAX, t:P S, I); 
"VALUS 11 X,P,0,I~,NMAX,EPS; "INTEGtR" NMAX; "RcAL" X,P1Q,IU,EPS; 
"ARRAY" I; 
11 B!:GIN 11 11 HIT':GER 11 M,l'l,Nll; "REAL" R1i>Q1Y,LF1GX; 

"A RRAY11 IA PPR OX [ 0 I NMA X]; 
HOJ I• IC!; 11 IF 11 IP1AX>O 11 TH[N" 

PA GE 19 

11 f\EGIN 11 "FQR" N:• 1 11 STEP 11 1 "UNTIL" NMAX 11 00" IAPPROXCN]:a OJ 
PQ: • P+Q-1; L!JGX : ■ Lt-.1( Xl; 
Rt• NMAX+CLN(LP~)+O*LNCNMAX))/LOGX; 
JtU: ■ EMTIERCR-Q•LN(Rl/LOGXI; 

Ll: N:• ~'IJ; R:" X; 
L21 v: ■ (N+POl•X; RI• Y/CY+CM+Pl*<l-Rll; 

11 IF 11 N<• NMAX 11 THEN 11 ICNJ!• R; N!• N-1; 
11 IF 11 N >• 1 "THEN" 11 GOT0 11 L2; R: • IO; 
"FJR" N:• l 11 STGP" l "UNTIL" NMAX 1100 11 RI• l[NJt• ICN]*RI 
1 FJR" NI• 1 "5TCP 11 l "UNTIL" NMAX 1100" 
"!F" ABS(l!CNJ-IAPPROXCN]l/l[Nll > EPS 11 THEN 11 

11 B:GlN" "FOR" Ml• l 11 STEP 11 1 11 UNTIL 11 NMAX 1100 11 

lAP?RJX[MJ1a ICMJ; N!Jt• NtJ+5; "GOTO" Ll 
"END" 

II t:N D" 
"E~\0 11 f\ACKW .. Rn; 

"~iJP" 
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AUTHORt SePeNe VAN KAMPEN. 

INSTITUTEr MATHEMATICAL CENTREe 

RECEIVEDt 740410. 

BRIEF D!:SCRIPTIONs 

THIS SECTION CONTAINS FIVE PROCEDURES, 

A) me PROCEDURE ERRORFUNCTION COHPUTES THE ERROR FUNCTION AND 
COMPLEMENTARY ERROR FUNCTION FOR A REAL ARGUHENT, IeEe 

ERF(X) • 2 / SQRTIPI) • INTEGRAL FROM OTO X OF EXPl•T ** Z>DT 

SRFCCX) • 2 / SQRTIPI> • INTEGRAL FROM XTO INFINITY OF 
EXP(-T •• ZIDT 

• l - ERFCX>, 
(SEE EeGe Cll EQe 7elel AND 7.1.2); 
THESE FORHULAS ARE RELATED TO THE NORMAL OR GAUSSIAN PROBABILITY 
FUNCTimH 

P(X) • l / SQRTl2 • PI> • INTEGRAL FROM• INFINITY TO X OF 
EX~I-T •• 2 / 2)DT 

• Cl+ 5RFCX / S0RTl2l)l / 2 
AND 

Q(X) • l / S0RTC2 • PI) * INTEGRAL FROM XTO INFINITY OF 
EXPC-T •• 2 / 2)DT 

• ERFCIX / SQRTC2)) / 21 
!SEE EeG• Cll EQe 26e2a2, 26e2e3 AND 26.2e29le 

B) THE AUXILIARY PROCEDURE NONEXPERFC COMPUTES 
EXPCX • X) • ERFCCX)e 

C) THE PROCEDURE INVERSE ERROR FUNCTION CALCULATES THE INVERSE OF 
THE ERROR FUNCTION DEFIN£D BYt 

Y • I NVERF C X), 
WHER! 

X • ERFCY) • 
• 2 / SQRTIPI) • INTEGRAL FROM OTO Y OF EXPC•T •• 2) DT, 

CSEE THE PROCEDURE ERRORFUNCTIDN (THIS SECTION) >• 

D) THE PROCEDURE FRESNEL CALCULATES THE FRESNEL INTEGRALS CCX) AND 
S (X) DEFINED BY 

CCX) • INTEGRAL FROM OTO X OF COSCPI / 2 • T • TlDT 
AND 

S(X) • INTEGRAL FROM OTO X OF SINIPI / 2 * T * T)DT 
(SEE Cl] E0e 7e3el AND 7e3a2lJ 
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El THE AUXllIARY PROCEDURE FG CALCULATES F(X) AND G(Xl DEFINED BY 
f(XJ • (Oe5 - SIXllCOS(PI / 2 * X * Xl -

(o., - CIXllSlN(PI / 2 * X * XI 
AND 

G ( X) • I O • 5 - C ( X)) COS (PI / 2 * X * X I + 
10.5 - SIXIJSIN<PI / 2 * X * XI 

(SEE ClJ EQe 7e3e5 ANO 7o3e~l. 

KEYWORDSt 
ERROR FUNCTION, 
COMPLEMENTARY ERROR FUNCTION, 
NORMAL PROBABILITY FUNCTION, 
GAUSSIAN PROBABILITY FUNCTION, 
FRESNEL INTEGRALS, 
INVERSE fRROR FUNCTION• 
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SUBScCTiaNt ERRORFUNCTION. 

CALLING SEQUfNCE: 

THE HEADING OF THE PROCEDURE READS J 
"PRQCEDURE" ERRORfUNCTION<X, ERF, ERFCl; 
"VALUE" X; "REAL" X, ERF, ERFC; 

THE MEANING OF THE FORMAL PARAMETERS IS i 
X: <ARITHMETIC EXPRESSION>; 

ENTRY: TH~ (REAL) ARGUMENT Of ERF(Xl AND ERFC(X); 
ERFI <VARIABLE>; 

EXITs THE VALUE OF ERF(X), 
ERFC: <VARIABLE>; 

EXIT: THE VALUE OF ERFC(Xl. 

PROCEDURES USEDI NONEXPERFC • CP35022e 

RUNNING TIME: ABOUT 0.001 100 sec. 

LANGUAGE1 ALGOL 60e 

METHOD AND PERFORMANCE: 

SEF. METHOD AND PERFORMANCE OF NONEXPERFC !THIS SECTION>• 

PAGE 3 
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SUBSECTlON: NONEXPSRFCa 

CALLING SE~UENCE1 

THE HEADING Of THE PROCEDURE READS t 
11R!:AL 11 "PROCEDIJRE" NONEXPERFCI X); 11 VALUE 11 x; 11 REAL 11 x; 

NONEXPERFC DELIVERS THE VALUE OF EXP(X * X) * cRFC(X); 

THt MEANING Of THE FORMAL PARAMETERS IS: 
x: <ARITHMeTIC EXPRESSION>; 

ENTRY• THE (REAL) ARGUMENT OF NONEXPERFC. 

PROCEDURES USEOt ERRORFUNCTION • CP3502le 

RUNNING Tl1Et ABOUT 0.000 900 sec. 

LA~GUAGG: ALGOL 60e 

METHOD AND PERFORMANCEt 

PAGE 4 

If ABS(X) <• Oe5 THE VALUES OF ERFIX) AND ERFC(X) ARE COMPUTED IN 
THE PROCEDURE ERRORFUNCTION BY MEANS OF RATIONAL CHEBYSHEV 
APPROXIMATION AS GIVEN IN [Zle ON THlS INTERVAL THE VALUE OF 
NONEXPCRFC(X) • EXPIX • X) • ERFCIX) IS COMPUTED BY CALLING T-HE 
PROCEDURE ERRORFUNCTION. 
IF ABSIX) > Oe5 THE VALUES OF ERF(X) AND fRFCIX) ARE COMPUTED BY 
CALLING THE PROCEDURE NONEXPERFC1 WHILE THc VALUE OF NONEXPERFC(XI 
IS COMPUTED BY MEANS OF RATIONAL CHEBYSHEV APPROXIMATIONS AS GIVEN 
IN C2l. 
THc COMPUTED VALUES OF ERF(X) AND ERFCIX) 
PRECISION VALUES USING 4000 PSEUDO-RANDOM 
THAT ERF(X) IS COMPUTED WITH AN AVERAGE 
AND A MAXIMUM RELATIVE ERROR le35 11•14e 

ARE COMPARED WITH HIGHER 
ARGUMENTS. IT APPEARED 

RELATIVE ERROR le93"•15 

IF X < 6 ERFC(X) IS COMPUTED WITH AN AVERAGE RELATIVE ERROR 
8e87 11-l5 AND A MAXIMUM RELATIVE ERROR le5511-l3o 
IF X <• 26 ERFCIX) IS COMPUTED WITH AN AVERAGE RELATIVE ERROR 
5e7l"-l4 AND A MAXIMUM RELATIVE ERROR 2e70"-l2e 
If X > 26 ERFC(X)•01 BECAUSE IN THIS CASE ERFC(X) IS LESS THAN THE 
SMALLEST REPRESENTABLE POSITIVE NUMBER ON THE CD CYBER 73•28e 
FOR TH!S REASON IT IS ADVISABLE TD COMPUTE FOR X > 26 NONEXPERFCCX) 
INSTEAD OF ERFC(X)e 
IF X < -26eZ THE PROCEDURE NONEXPERFC WILL BE TERMINATED ABNORMALLY 
BY CAUSE OF OVERFLOWe 

REFERENCES• SEE REFERENCES Cll AND C2l Of THE PROCEDURE FG (THIS 
SECTION). 



(OCTOBER 1974 > 

i:XA"1PLF. OF use: 
WE COMPUTE THE VALUF.S OF 

ERF(l) • Oe84270 07929 49714 8693, 
ERFC(l> • Oal5729 92070 50285 1307 

ANO NDNEXPERFC(lOOl • 
EXP<lOO * 100) * ERFC(lOOl • 0.5416 13782 89843 2905 11-2; 

"BEGIN" 
"PROCEDURE" ERRORFUNCTION<X, ERF, ERFC); "CODE" 35021; 
"REAL" "PROCEDURE" NONEXPERFC(Xl; 11 COOE 11 35022; 

"REAL" ERF, t!RFC, P; 

ERRORFUNCTION<l, ERF, ERFCI; 
Pt• NONEXPERFC(lOOl; 
OUTPUT(61, 11 ( 1111 ( 11 ERF(l) • "l", +Oe50B50B50, I, 

"(" ERFC(ll • "l", +Da5DB5DB5D, I, 
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11 ( 11 NONEXPERFC<lOOI • ")tt, +e5DB5DB5D 11 +0"1 11 , 

ERF, ERFC, P); 
11 END 11 

THIS PROGRAM DELIVERS: 

ERF(l) • +0.84270 07929 49710 
ERFC(l) • +0.15729 92070 50280 
NONEXPERFCClUO) • +.56416 13782 98940 11•2• 
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SUBSECTION : INV(RSE ERROR FUNCTION. 

CALLING SEOUlNCEt 

THE HEADING OF THE PROCEDURE READS: 
"PROCEDURE" INVERSE ~RROR FUNCTI □N!X, ONEMINX, INVERF); 
"VALUC" X, ONEMINX; "REAL" X, ONEMINX, INVERF; 

THE MEANING OF THE f □ RMAL PARAMETERS IS : 
x: <ARITHMETIC EXPRESSION>; 

ENTRYr 
THE ARGUMENT Of THE FUNCTION INVERF; 
IT IS NECESSARY THAT -1 < X < lJ 

PAGE 6 

IF ABS(X) > o.a THE VALUE OF X IS NOT USED IN THE 
PROCEDURE; 

ONEMINXl <ARITHMETIC EXPRESSION>; 
f:NTRY: 

IF ABS(X) <• o.a THE VALUE OF ONEMINX IS NOT USED IN 
THE PROCEDURE; IF ABS(X) > a.a ONEMINX HAS TO CONTAIN 
THE VALUE OF l - ABS(X); IN THE CASE THAT ABS!Xl IS IN 
THC NEIGHBOURHOOD OF 11 CANCELLATION OF DIGITS TAKE 
PLACE IN THE CALCULATION OF l - ABS(X); IF THE VALUE 
1-ABS(X) IS KNOWN EXACTLY FROM ANOTHER SOURCE, ONEMINX 
HAS TO CONTAIN THIS VALUE, WHICH WILL GIVE BETTER 
RESULTS; 

INVERFr <VARIABLE>J 
EXIT: THE RESULT OF THE PROCEDURE. 

PROCEDURES USFD: CMEP □LSER • CP31046. 

RUNNING TIMEI ABOUT 0,003 800 SEC, 

LANGUAGE: ALGOL 60o 
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MfTHOD AND PERFORMANCE• 

THE FUNCTION VALUE INVERF IS CALCULATED ON DIFFERENT INTERVALS BY 
MEANS OF CHEBYSHEV POLYNOMIALS, OF WHICH THE COEFFICIENTS ARE GIVEN 
IN Cl 1. 
ON THE COMPUTED RESULTS WE USED THE TESTSI 

~PSl:• ABSCERFCINVERFCX)J / X • 1>, 
EPS2t ■ ABSCINVERFCERFCYJ> / Y • 1>, 
EPS3t• ABSC(l • ERFCINVERF(l - X)J) / X • lle 

IF ABS(X) < o.q UPPER BOUNDS FOR EPSl AND EPSZ ARE 7el"•l5 AND 
4e1 11•14 RESP. 
IF Oe9 < ABSCXI < l CANCELLATION OF DIGITS TAKE PLACE IN THE 
CALCULATION OF l • ABSCX). THIS CANCELLED DIGITS ARE ALSO LOST IN 
THE RESULTe IF THE VALUE OF l • ABSCX) IS KNOWN EXACTLY AND GIVEN 
IN ONEMINX, EPSl AND EPS2 HAVE THE SAME UPPER BOUND AS BEFOREe 
IF ABS(X> <• o.9q AND THE VALUE OF l • ABS(X) IS KNOWN EXACTLY 
EPS3 <• 3e6"-14e 
FOR "•300 <• l • ABSCXI < 11•2 WE FOUND EPS3 <• 2e2"•lle 

REFERENCES• 

le ANTHONY Je STRECOKe 
ON THE CALCULAT!ON OF THE INVERSE Of THE ERROR FUNCTION. 
MATHe OF COMPe, Ve 22, 1968, PP144 • 158e 

EXAMPLE OF USE t 

IN THE FOLLOWING PROGRAM WE COMPUTE THE VALUES OF INVERF(Oe61 •ND 
INVERF(l .. "•150) I 

11 BEGIN" 
"l'ROCEDURE" INVERSE ERROR FUNCTIONCX, ONEHINX, INVERFJ; 
"CODE" 35023; 

19 R£ Al11 INVERFl, INVERF2; 

INVERSE ERROR fUNCTION(Oe6, O, INVERFl); 
INVERSE ERROR FUMCTI ON( 1, "•150, INVERF 2 >; 

OUTPUT(6l,"(""(" X • ")", +D.D, "'" l - X • "I", +D.3D"+2ID, 
"(" INVERF • ">", +e50B5DB5D"+D, I">", 
Oe 6, Oe 4, IN VER Fl >; 

OUTPUT(6l,"<""'" X • .,., +D.D, "(" 1 - X • ">", +D.30"+2ZD, 
"(" INVERF • "I", +e5DB5DB5D 11 +D, /"I", 
l - "-150, "•150, IHVERFZI 

"END" 

THIS PROGRAM DELIVERS: 

X • +Oe6 l - X • +4e000" -l INVERF • +059511 60814 50000"+0 
X • +1.0 l - X • +l.00019-150 INVERF • +.1a4qo 44855 oooqo•+z 
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SUBSECTI □Nt FRESNEL. 

CALLING SEQUENCE: 

THE HEADING OF THE PROCEDURE READS t 
"PROCEDURC.:" FRESN!:L<X, c., Sl; "VALUE:" X; "REAL" XJ> C, S; 

THE MEANING OF THE FORMAL PARAMETERS IS 1 
Xt <ARITHM~TIC EXPRESSION>; 

ENTRYt THE (REAL) ARGUMENT Of C!Xl AND SIX); 
C: <VARIABLE>; 

EXITt THE VALUE OF CIX); 
St <VARIABLE>; 

EXIT~ THE VALUE OF SIXle 

PROCEDURES USED* FG • CP35026e 

LANGUAGE: ALGOL 60e 

METHOD AND PERFORMANCEI 
SEE METHOD AND PERFORMANCE OF THE PROCEDURE FG (THIS SECTIONle 

REFl:RSNCSS: 
SEE REF. Cl] AND C3J OF THE PROCEDURE FG (THIS SECTION)• 
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SUBS ECTIONt FG. 

CALLING SEQUENCE: 

THE HEADING OF THE PROCEDURE READS 1 
"PROCEDURE" FG( X, F, G> i 11 VALUe" X; "REAL" X, F, G; 

THE MEANING OF THE FORMAL PARAMETERS IS 1 
xa <ARITHMETIC EXPRESSION>; 

ENTRY• THE (REAL) ARGUMENT OF F(X l AND G<Xl; 
FI <VARIABLE>; 

1:XIT: TliE VALUE OF F ( X l i 
GI <VARIABLE>; 

EXITt THE VALUE OF G(XJ. 

PROCEDURES USED: FRESNEL • CP350Z7. 

RUNNING TIMEi ABOUT OeOOl 400 SEC. 

LANGUAGE: ALGOL 60• 

METHOD ANO PERFORMANCE1 

IF ABS(Xl <• le6 THE FRESNEL INTEGRALS ARE COMPUTED WITH RATIONAL 
CHEBYSHEV AP1ROXIMATIOHS AS GIVEN IN C3le ON THIS INTERVAL THE 
FUNCTIONS F AND G ARE CALCULATED BY MEANS OF THE EQUATIONS GIVEN IN 
THE BRIEF DESCRIPTION. 
IF AB'S(X) > 1.6 THE FUNCTIONS F ANO G ARE COMPUTED WITH RATIONAL 
CHESYSHEV APPROXIMATIONS AS GIVEN IN C3le IN THIS CASE THE FRESNEL 
INTEGRALS ARE COMPUTED BY MEANS OF 

C(X) • Oe5 + F(XlSIN(PI / Z * X * X) - G(X)COS(PI / Z * X * X) 

ANO 

S(X> • Oe5 - f(XlCOS<PI / 2 * X * X) - G(X>SIN(PI / 2 + X • Xie 

IF X < 0 WE USE THE RELATIONS 

C(•X) • -C(X), S(•Xl ~ •S(X), f(•X) • -F(XJ AND GC•X) • -G(Xle 

THE FUNCTION VALUES ARE COMPUTED WITH A RELATIVE PRECISION OF 
ABOUT "--14e 
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REFERENCESt 

ClleMeABRAMOW!TZ AND IoA.STEGUN (ED•>• 
YANDBOOK OF MATH~MATICAL FUNCTIONS. 
DiJV~k P!JBLICATIONS, INCu NEW YORK, 1965., 

c21.w.J. CODY. 
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RATIONAL CHEBYSHEV APPROXIMATIONS FOR THE ERROR FUNCTION. 
MATHe COMPe Ve 23, 1969, PP631-637• 

C 3J eWoJ eCODYe 
CH£BYSHEV APPROXIMATIONS FOR THE FRESNEL INTEGRALS. 
MATHe COMP. V. 22, 1968, PP450-453o 

i:XAMPLE OF USE: 

IN THe FOLLOWING PROGRAM WE COMPUTE THE VALUES OF C!Xl, S(Xl, F(Xl 
AND G(X) FOR X • l; 

"BEG IN" 
"PROCEDURE" FRESNEL(X, C, S>; "CODE" 35027; 
"PROCEDURE" FG(X, F, G); "CODE" 350281 

FR~SNELCl, C, S); 
FG(l, F, G); 

OUTPUTC61, "(""(" 
" (" 

OUTPUT(61, "(""(" 
11(" 

"END" 

THIS PROGRAM DELIVERSt 

C(ll • +077989 34004 
F(l) • +e27989 34004 

CCll • "l", +e5D13'5D, 
S(ll • ">", +.,5D85D, l")u, C1 SI; 
Fill • ">", +e5DB50, 
G(l) • ")", +e5DB50"l", F, G) 

S(l) • +e43825 91474 
G(ll • +006174 08526 
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SOURCE TEXT(S> a 

"CODE" 35021; 

( OCTOBER 1974) 

"PROCEDURE" ERRORFUNCTlONC Xi, ERFi, ERFC); 
•VALUE" X; •REAL" Xi, ERFi, ERFC; 
11IF 11 X > 26 "THEN" "!3EGIN11 ERF: • l; ERFC: ■ 0 11 END" 11 ELSE19 

11IF11 X < -5.5 11THEN 19 "BEGIN" ERFI• •l; ERFC:• 2 "END" "ELSE" 
"BEGIN" "REAL" ABSXi, Ci, P, QJ 

"REAL• •PROCEDURE" NONEX0 ERFC(X); "CODE" 35022; 

ABSXt ■ ABSCX); 
"IF" ABSX <• Oe5 "THEN" 
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"BEGIN• ea ■ X * XJ Pa• ((-0.35609 84370 18154"•1 • C + 
Oa69963 83488 61914"+1) * C + Oe21979 26161 ez94zn+21 • C + 
OeZ4266 79552 30532"+3; 
QI• ((C ♦ 

0.1,oaz 79763 04078"+2> • c + o.91164 90540 45149"+2> • c + 
Oe21505 88758 69861"+3; 
ERFt• X *PI QJ ERFCI• l - ERF 

"END• •ELSE" 
"BEGIN" ERFC:• l!XPC-X * X) * NONEXPERFC(ABSXI; 

ER Fu 1 .. ERFC; 
•IF• X < 0 "THEN• 
"BEGIN" ERFt• -ERFJ ERFC1• Z - ERFC "END" 

11 1:ND" 
"END" !:RRORFUNCTION; 

•t:OP" 

"CODE" 35023; 
11 PROCEDURE" INVERSE ERROR FUNCTION< Xi, ONEl11NXi, INVERF >; 
11 VALUE11 x, ONEMINX; "REAL• Xi, ONEMINXi, INVERF; 
•BEGIN" "REAL" ABSX, Pi, BETAXJ 

"ReAL" "ARRAY" ACO: 23]; 
"REAL" "PROCEDURE" CHEPOLSER(Ni, Xi, Al; "CODE" 31046; 

ABSXt ■ ABS(X); 
"If" ABSX > o.e "AND" ONEMINX > 0.2 "THEN" ONEMINX&a o; 
"IF" ABSX <• o.e "THEN" 
"BEGIN" 

A[ Ola• Oe99288 53766 18941; AC ll:• Oel2046 75161 43104; 
AC 211• Oe01607 81993 42100; AC 3lt• Oe00268 67044 37162; 
AC 411• 0.00049 96347 30236; AC 511• Oe00009 98982 18599; 
AC 6l•• 0.00002 03918 12764; AC 7]1• OeOOOOO 43272 71618; 
A[ 8]:a OeOOOOO 09380 81413; AC 9]: ■ OeOOOOO 02067 34720; 
AClOlt• OeOOOOO 00461 59699; ACllJ:• OeOOOOO 00104 16680; 
AClZla• OeOOOOO 00023 71501; AC13Js• OeOOOOO 00005 43928; 
AC14la• OeOOOOO 00001 25549; AC15la• OeOOOOO 00000 29138; 
A[l6]S• Oe00000 00000 06795; A[17l&• Oe00000 00000 01591; 
AC18lt• OeOOOOO 00000 00374; AC19lt• OeOOOOO 00000 00088; 
AC20lt• OeOOOOO 00000 00021; AC2ll1• OeOOOOO 00000 00005J 
INVERFt• CHEPOLSER(2li, X • X / Oe32 = 1, A>• X 

"ENO" "El SE" 
"IF" ONEl1INX >• 25 11-4 11THEN 11 

"BEGIN• •C□1111ENT• 
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A[ 011• 0.91215 88034 17554; AC lll• -0.01626 62818 
AC 2]:s Oe00043 35564 72949; AC 3]:u Oe00021 44385 
A[ 4J:• OeOOOOO 26257 51076; AC 5]:• -0.00000 30210 
AC 6J1• -0.00000 00124 06062; AC 711• 0.00000 00624 
A( 8]1• -0.00000 00005 40125; AC 9]:a -OeOOOOO 00014 
A[lOJt• OeOOOOO 00000 34384; A[ll]:e OeOOOOO 00000 
A[12JI• -u.00000 00000 01458; A[l3l1• -0.00000 00000 
AC14li• OeOOOOO 00000 00053; A[l5Jt• OeOOOOO 00000 
B~TAX:• SQRT(• LN((l + ABSX) * ONEMINX)); 
P:• -le5488l 30423 7326 * BETAX + 2e56549 01231 4782; 
PI• CHGPOLSCR(15, P, A); 

6766'9; 
70074; 
91050; 
06609; 
23208; 
33584; 
00810; 
00020; 

INVERFt• "IF" X < 0 "THEN" - BETAX * P "ELSE" BETAX * P 
"EN 011 "E LS I::" 
"IF" ONEMINX >• 5"-16 "THEN" 
"'B EGIN 11 

AC OJa~ 0.95667 97090 20493; A( l]:a -Oe02310 70043 09065; 
AC 21:• -0.00437 42360 97508; A( 3]:a -0.00057 65034 22651; 
A[ 4]3• -OeOOOOl 09610 22307; AC 511• Oe00002 51085 47025; 
AC 611• OeOOOOl 05623 36068; AC 711• OeOOOOO 27544 12330; 
AC 8]:a OeOOOOO 04324 84498; AC 9J:• =OeOOOOO 00205 30337; 
A[lOJ:e ~0.00000 00438 91537; A(llJ:w -0.00000 00176 84010; 
A[l2Jt• -0.00000 00039 91289; AC13Jt• •OoOOOOO 00001 86932; 
AC14J1• 0.00000 00002 72923; AC15J:a OaOOOOO 00001 32817; 
AC16J:• OeOOOOO 00000 31834; ACl7]:e OeOOOOO 00000 01670; 
ACl8l1• -0.00000 00000 02036; A[l9ll• -0.00000 00000 00965; 
AC20J1m -0.00000 00000 00220; A[21Jt• -0.00000 00000 00010; 
AC22l:• OeOOOOO 00000 00014; AC23l:• OeOOOOO 00000 00006; 
BETAX:• SQRT<- LN<Cl + ABSX) * ONEMINXlll 
PI• -0.55945 76313 29832 * BETAX + 2e28791 57162 6336; 
PI• CHEPOLSER(23, P, Al; 
INVERF:• "IF" X < 0 "THEN" - BETAX * P "ELSE" BETAX * P 

"EHD11 "ELSE 11 11 IF" ONEMINX )a 3el3 "-294 "THEN" 
19 B EGIN 11 

AC OJ:• Oe98857 50640 66189; 
A( 2J:• -0.00175 11651 02763; 
AC 4]2• 0.00001 56648 71404; 
AC 611• -0.00000 00371 35790; 
A( 8]:a -0.00000 00001 76812; 
AClO]IP 0.00000 00000 00380; 
AC12Jt• -OeOOOOO 00000 00009; 

AC 1J:.. 0,.0108 5 
A( 3]:., 0000002 
AC 5lt• -0.00000 
AC 7J:s OeOOOOO 
AC 9]:a •OeOOOOO 
AC11Jta -0.00000 

BETAX:• SQRT<• LN((l + ABSX) * ONEMINXI>; 

77051 
11969 
05190 
00012 
00000 
00000 

84599; 
93207; 
41687; 
17431; 
11937; 
00066; 

P:• -9.19999 23588 3015 I SQRT(BETAX) + 2e79499 08201 2460; 
PI• CHEPOLSIER<l2, P, Al; 
INVERFz• "IF" X < 0 "THEN" - BETAX * P "ELSE" BETAX * P 

"iHD" "ELSE" INVERF1• SIGN(X) * 26 
"ENO" INVERSE ERROR FUNCTION; 

119 EOP 11 
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"CODE" .35022; 
"REAL" "PROCEDURE" NONEXPERFC(X); "VALUE" XJ "REAL" X; 
"BEGIN" "REAL" ABSX, ERF, ERFC, C, P, QJ 

"PROCEDURE~ ERRORFUNCTIONCX, ERF, ERFC); "CODE" 350211 

ABSX:• ABSCX); 
"IF" ABSX <• Oo5 "THEN" 
"BEGIN" fRRORFUNCTIONCX, ERF, ERFC); 

NONEXPERFCt• EXP(X * Xl * ERFC 
"END" "ELSc" 
"IF" ABSX < 4 "THEN" 
"BEGIN" Ct• ABSX; Pl• ((((((-0013686 

78974"+01 * C + 0.72117 
20567 11 +2) * C + 0015298 
34344"+3) * C + 0.45191 
2016211+3; 

o.56419 55174 
o. 43162 22722 
Oe33932 013167 
Ci.30045 92610 
Q:• ((((((C + 

48573 
58250 
92850 
89537 

82 71 7"-6 
88309"+1) 
4694011 +3) 
11873 11+3) 

* C + 
* C + 
* C + 
* C + 

Oel2782 72731 96294"+2) * C + Oe77000 15293 52295"+2) * C + 
o.211sa 54447 43988"+3> * c + o.63898 02644 65631"+3> • c + 
o.93135 40948 so61on+31 • c + 0.19095 09253 27898"+3> • c + 
0.30045 92609 56983"+3; 
NONEXPERFCs• "IF" X > 0 "THEN" P / Q "ELSE" 

EXP C X * X I * 2 - P / Q 

"EHD" "ELSi:" 
"BEGIN" c, .. l / X / X; p: .. ( ( C 0022319 24597 34185"•1 * C + 

Oe27866 13086 09648 11-0l * C + 0.22695 65935 39687"-0J * C + 
Oe49473 09106 23251"-1) * C + Oe2996l 07077 03542"-2; 
Q:• ((CC + 
Oel9873 32018 17135"+1) * C + Oel0516 75107 06793"+1) * £ + 
Oel9130 89261 07830"+01 * C + 0010620 92305 28468"=1; 
C:• IC* C-P> I O + Oe56418 95835 47756) / ABSX; 
NONEXPERFCt• "IF" X > 0 "THEN" C "ELSE" EXPCX * X) * 2 - C 

"END" 
"END" NONEXPERFCJ 

11 !:OP" 

11COOE" 35027; 
"PROCEDURE" FRESNELCX, C, Sl; "VALUE" X; "REAL" X, C, S; 
"BEGIN" "REAL" ABSX, X3, X4, A, Pa Q, F, G, Cl, Sl; 

"PROCEDURE" FG!X, F, G); "CODE" 350281 
ABSXt• ABS(X); 
"IF" ABSX <• la2 "THEN" 
11 BEGIN" A: 111 X * X; X3:. A * X; X4:m A * A; 

Pt• (((5047711 38568 2687"-6 * X4 - 5e28079 65137 2623"-4) 
* X4 + le76193 95254 3491"=2) * X4 - l.99460 89882 6184"-l) 
* X4 + l,; 
Qt• (((1,.18938 90142 2876"-7 * X4 + le55231 88527 6994"•5) 
* X4 + le09957 21502 5642"-3) * X4 + 4e72792 11201 0453"-2) 
* X4 + li 
C:,. X * P / O; 
p: .. ( ( ( 6., 71748 46662 5141 11-7 * X4 • 8e45557 28435 2777 11-51 
* X4 + 3087782 12346 3683"-31 * X4 - 7e07489 91514 4523"•2t 
* X4 + 5.23598 77559 13299"=1; "COMMENT" 
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Qa• ((!5e95281 22767 8410"-8 * X4 + 9.62690 87593 9034"-61 
* X4 + Bel 7091 94215 2134"-4) * X4 + 4ell223 15114 2384"-2) 
* X4 + l; 
SI• X3 * P / Q 

"EIID" "ELSE" 
"IF" A8SX <• le6 "THEN" 
"BEGIN" At• X * X; X3t• A * Xj X4t• A * A; 

Pl•(l((-5068293 31012 1871"-8 * X4 + le02365 
* X4 - 6e71376 03469 4922 11•4) * X4 + le91870 
* X4 • 2007073 36033 5324 11-11 * X4 + leOOOOO 
01•((((4.41701 37406 5010"•10 * X4 + 8e77945 
* X4 + 1.01344 63086 6749"-5) * X4 + 7088905 
* X4 + 3.96667 49695 2323 11-2) * X4 + l; 
Cl• X * P / Q; 

Pt•((((-5076765 81559 3089 11-9 • X4 + le28531 
* X4 .. le09540 02391 1435"-4) * X4 + 4a30730 
* X4 - 7037766 91401 0191"-21 * X4 + 5023598 
QI•( (((2.05539 12445 8580 19-lU * X4 + !:i.03090 
* X4 + 6e87086 26571 8620 11•6) * X4 + 6el8224 
* X4 + 3053398 34276 7472"-21 * X4 + li 
St• X3 * P / Q 

01 END" "ELSE" 
"IF" ABSX < 11 15 11 T~EN 11 

"BEGIN" FG( X, F, G); 
At•X*Xi 

43505 
27943 
00000 
37789 
24505 

04374 
52650 
77559 
58124 
62019 

At• CA - F.NTIER(A / 4l * 4) * le57079 63267 9490; 
Cl:• COS(Al; Slt• SINCA); 
Al• "IF" X < 0 "THEN" -o.5 "ELSE" o.s; 
Ct• F * Sl .. G *Cl+ A; 
S:• •F *Cl• G * Sl + A 

6106"-5) 
174111-2 I 
0111 11 +0; 
236Q"•8) 
2360"•4 l 

2725"•6) 
4367"-31 
8 34411-1; 
6612 19-8) 
547311-4 l 

"END" 11 ELSE" C:a s:• SIGNCX) * Oe5 
"END" FRESNEL; 

"E □P II 

11Cr:IDF." 35028; 
"PROCEDURE" FGCX, F, G)J "VALUE" XJ "REAL" X, F, GJ 
"BEGIN" "REAL" ABSX, C, S, Cl, Sl, A, XINV, X3INV, C4, P, QJ 

"PROCEDURE" FRfSNELCX, C, Sl; 11CODE 11 35027; 

A8SX1• ABS(X); 
"!f" ABSX <• l..6 "THEN" 
"BOGIN" FRGSNELCX, C, S); 

A:• X * X * 1.57079 63267 9490; Cl:• COSCA); Sl:• SIN(A); 
Al• "IF" X < 0 "THEN" -0.5 19 ELSE" Oo5i 
Pt• A - C; QI• A ... S; 
F : • Q • C 1 - P * S1 ; 
G : • P * Cl + Q * Sl 

19 1.:ND" "EL SE" 
11 IF" ABSX <• le9 "THEN" 
"BCGIN" xrnv: 11 l / X; A:• XINV * XINV; 

X3INV:• A * XINV; C41• A * A; "COMMENT" 
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PI• (( <le 35304 
* C4 + 4.80340 

23554 
65557 
26850 
64008 
01.)558 

0388 11 +1 * C4 + 6098534 26160 1021 19 +1) 
7925 11 +1> * C4 + 8.03588 12280 394211 +0! 
4906 11-1; * C4 + 3.18309 

Q:• (((6.'55630 
* C4 + le 57611 

3916"+1 * C4 + 2e49561 99380 5172"+2) 
0123"+2) * C4 + 2e55491 ~1843 5795"+11 

* C4 + l; 
F: 11 XINV * P / IJ; 
Pt•((((2.05421 43249 
* C4 + l e99l 82 81867 
* C4 + 4e44533 82755 
Q: ■ ((((1.01379 48339 
* C4 + 2.54473 l33l8 
* C4 + 4.53925 01967 
G:• X3!NV * P / Q 

"END If II EL s E" 
19IF" ABSX <• 2e4 "THEN" 

8501 111 +1 
8903"+2) 
0512"+0) 
6003 11 +3 
1822 11+3) 
3689 11 +1 l 

* C4 + le96232 
* C4 + 5031122 
* C4 + le01320 
* C4 + 3e48112 
* C4 + 5.83590 
* C4 + l; 

"BEGIN" XINV:• l / X; A:• XINV * XINV; 
X3INV:• A* XINVJ C4:• A* A; 
PI• (( ((7 ,17703 24936 5140 19 +2 
* C4 + 1.93007 64078 6716"+3! 
* C4 + le95883 94102 1969 11 +1) 
Qla((((3o36121 69918 0551 11 +3 
* C4 + 6033747 15585 ll44"+3l 
* C4 + 6018427 13817 2887"+1) 
F : • XI NV * P / Q ; 
Pt•!C((3,13330 16306 
* C4 + 9108311 74952 
* C4 + 7011205 00178 
Qla((((l.15149 83237 
* C4 + le06729 67803 
* C4 + 7117128 59693 
G:• X3INV * P / Q 

"END" 19 ELSE" 

8756"+2 
9594 11 +2) 
978 3 11 +0) 
6261 11 +4 
05 81 111+4) 
9302 11 +1) 

* C4 + 3e09145 
* C4 + 3., 39837 
* C4 + 3el8309 
* C4 + 1 .09334 
* C4 + le08535 
* C4 + l; 

* C4 + le 59268 
* C4 + 1 .40959 
* C4 + 1 .. 01321 
* C4 + 2041315 
* C4 + 1.,49051 
• C4 + l; 

"BEGIN" XINVI• l / X; Al• XINV * XINVJ 
X3INV:• A* XINV; C4:• A* A; 
P1 ■ ((((2e61294 75322 5142 11 +4 * C4 + 6el3547 
* C4 + 1134922 02817 185719 +41 * C4 + 8016343 
* C4 + 1,64797 71284 1246 11 +1) * C4 + 9a67546 
Ql•((((l.37012 36481 7226"+6 * C4 + 1.0010, 
* C4 + 1165946 46262 1853 19 +5) * C4 + 9e01827 
* C4 + le7387l 69067 3649"+2) * C4 + l; 

03797 
81348 
61881 
14785 
57571 

16157 
13492 
88182 
24898 
06750 

00608 
61791 
16176 
56721 
92279 

11361 
40178 
03296 
47890 
59623 

F: • (C4 * t-Pl I Q + Oe3l.830 98861 83791) * XINV; 
PS•(((((le72590 22465 4837 11 +6 * C4 + 6e66907 06166 
* C4 + l.77758 95083 8030"+6) * C4 + l.35678 86781 
* C4 + 3e87754 14174 6378 11 +3) * C4 + 4031710 15782 
* C4 + le53989 73381 9769"-lJ 

1663 19 +2) 
0989"+1) 
0275 11-1; 
6545"+3) 
6429"+2) 

4430"+3) 
6984"+2 I 
2011 11-1; 
8809 19 +4) 
0650 11 +3) 

535419 +3 I 
1316"+2) 
1805"•1; 
3370 19 +4) 
7329"+3 l 

4700 11 +4 l 
4375"+2 I 
7090 11•2; 
0791 11 +6) 
1524 111+ 3) 

8636 19+6) 
375611 +5 l 
335 8ti+l) 

Qla((l((lo40622 44112 3580"+8 * C4 + 9e38695 86253 1635"+7) 
* C4 + 1.62095 60050 0232"+71 * C4 + le02878 69305 6688"+6! 
* C4 + 2e69183 18039 6243"+4) * C4 + 2086733 19497 5899 11 +ZI 
* C4 + l; 
Gt• (C4 * C-P) I Q + 0.10132 11836 42338) * X3INV 

"EM 0" 
"END" FG; 

11 e0P" 





SECTION s 6,9,1 !DECEMBER 19781 

AUTHORS1 Mo BAKKER AND NeMe TEMME. 

INSTITUTE: MATHEMATICAL CENTRE. 

RECEIVED: 780601a 

BRIEF DESCRIPTIONt 

THIS SECTION CONTAINS THE FOLLOWING PROCEDURES: 

BESS JO; 
COMPUTES THE ORDINARY BESSEL FUNCTION OF THE FIRST KIND OF 
ORDER ZERO WITH ARGUMENT X; 

BESS Jl; 
COMPUTES THE ORDINARY BESSEL FUNCTION OF THE FIRST KIND OF 
ORDER ONE WITH ARGUMENT X; 

BESS J; 

PAGE 1 

GENERATES AN ARRAY OF ORDINARY BESSEL FUNCTIONS OF THE FIRST 
KIND OF ORDER L CL• O, ••• ,Nl WITH ARGUMENT X; 

BESS YOl; 
COMPUTES THE ORDINARY BESSEL FUNCTIONS OF THE SECOND KIND OF 
ORDERS ZERO ANO ONE WITH ARGUMENT XJ X > O; 

BESS Y; 
GENERATES AN ARRAY OF ORDINARY BESSEL FUNCTIONS OF THE SECOND 
KIND ~F ORDER L ( L • O, ••• N) WITH ARGUMENT XJ X> O; 

BESS PQO; 
THIS PROCEDURE IS AN AUXILIARY PROCEDURE FOR THE COMPUTATION OF 
THE ORDINARY BESSEL FUNCTIONS OF ORDER ZERO FOR LARGE VALUES OF 
THEIR ARGUMENT; 

BESS PQl; 
THIS PROCEDURE IS AN AUXILIARY PROCEDURE FOR THE COMPUTATION OF 
T~E ORDINARY BESSEL FUNCTIONS OF ORDER ONE FOR LARGE VALUES OF 
THEIR ARGUMENT. 
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KcYWORDSt BESSEL FUNCTION, 

REFERENCES t 

ORDINARY BESSEL FUNCTION OF THE FIRST KIND, 
ORDINARY BESSEL FUNCTION OF THE SfCOND KIND. 

Cll ABRAMOWITZ, Me, AND STEGUN, I. IEDSl, 

PAGE 2 

HANDBOOK OF MATHEMATICAL FUNCTIONS WITH FORMULAS, GRAPHS AND 
MATHEMATICAL TABLES. APPL. MATHe SERe 55, u.,s. GOVTe PRINTING 
OFFICE, WASHINGTON, D.C. (l964le 

[21 CeWo CLENSHAW, 
CHEBYSHEV SERIES FOR MATHEMATICAL FUNCTIONS, NATe PHYSe LAB. 
MATH. TABLES, VOLe 5, HER MAJESTY'S STATIONARY OFFICE, 
LONDON ( 19621 • 

[31 We GAUTSCH!, 
COMPUTATIONAL ASPECTS OF THREE TERM RECURRENCE RELATIONS, 
SIAM REVIEW, VOLe 9, 24•82 (l967le 

SUBSECTION: BESS JOo 

CALLING SE~UENCEs 

THE HEADING OF T~E PROCEDURE READS : 
"REAL" "PROCEDURE" BESS JO(Xl; "VALUE" XJ "REAL" XJ 
"CODc"' 351QO; 

BESS JO DELIVERS THE ORDINARY BESSEL FUNCTION OF THE FIRST KIND OF 
ORDER ZERO WITH ARGUMENT X; 

THE MEANING OF THE FORMAL PARAMETERS IS: 
X: <ARITHMETIC EXPRESSION>; 

THE ARGUMENT OF THE BESSEL FUNCTION. 

PROCEDURES USEDt 

BESS PQO • CP 35165. 

REQUIRED CENTRAL MEM□ RYI 

NO ARRAYS ARE IIScD. 



SECTION t 6e9el (DECEMBER 1978 l 

RUNNlNG TIME: 

FOR ABS(X) < 81 LESS THAN 3 MS, 
FOR ABS(Xl >• 81 LESS THAN 5 MS, ON THE CYBER 73/28. 

METHOD AND PERFORMANCE: 

CHEBYSHEV SERIES FROM CZle 

EXAMPLE OF use: 

THE PROGRAM 

"B&:GIN" 19 REAL" X; 
"REAL" "PROCGDURE" BESS JO(X); "CODE" 35160; 
X:• l; OUTPUT(61,"("/,D,6B•el4D "•ZD''>", 
x., BESS JO(X)) 

"END" 

PRINTS THE FOLLOWING RESULTS: 

l e76519768655794" 0 

SUBSECTION: BESS Jl. 

CALLING SEQUENCE: 

THE HEADING OF THE PROCEDURE READS1 
"REAL" "PROCEDURE" BESS Jl(X)J "VALUE" X; "REAL" X; 
"CODE" 35161; 

PAGE 3 

BESS Jl DELIVERS THE ORDINARY BESSEL FUNCTION Of THE FIRST KIND OF 
ORDER ONE WITH ARGUMENT X; 

THE MEANING OF THE FORMAL PARAMETERS 1S1 
Xt <ARITHMETIC EXPRfSSIGN>; 

THE ARGUMENT OF THE BESSEL FUNCTION. 

PROCEDURES USED: 

BESS PQl • CP 35166e 

REQUIRED CENTRAL MEMORY: 

NO ARRAYS ARE USED. 
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RUNNING TIME s 

FOR ABS(Xl < 8: LESS THAN 3 MS, 
FOR ABS(X) >• 8: LESS THAN 5 MS, □ N THE CYBER 73/28. 

METHOD AND PERFORMANCEt 

CHEBYSHEV SERI~S FR □ M CZJ. 

EXAMPLE OF USE I 

THE PR'JGRAr-t 

11 BEG1N" 11 REAL 11 X; 
11 REAL 11 "PROCEDURE" BESS JllX); "CODE" 35161; 
XJ• l; OUTPUT(6l1"("/,D16B•el4D "•ZD">", 
X, BF.SS Jl( X» l 

"EN D11 

DELIVERS THE FOLLOWING RESULTS1 

1 .44005058574492" 0 

SUBSECTlfJNI BESS Je 

CALLI~G SEQUENCE: 

THE HEADING OF Tl-fE PROCEDURE READS z 
~PROCEDURF." BESS J!X,N,Jl; "VALUE" X,NJ 
11 INTEGER11 N; 11 REAL 11 XJ 11 ARRAY11 J; 
"CODE" 35162; 

THE MEANING OF THE FORMAL PARAMETERS IS1 
Xt <ARITHMETIC EXPRESSION>; 

THE ARGUMENT OF THE BESSEL FUNCTIONS; 
NI (ARITHMETIC EXPRESSION>; 

THE UPPER BOUND OF THE INDICES OF ARRAY J; N >• OJ 
J: <ARRAY IDENTIFIER>; 

11 ARRAY11 J CO:tl J; 

PAGE 4 

EXITI J[Ll IS THE ORDINARY BESSEL FUNCTION OF THE FIRST KIND OF 
ORDER LAND ARGUMENT Xe 

PROCEDURES USEDt START• CP 35185; 
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REQUIRED CENTRAL MEMORYt NO AUXILIARY ARRAYS ARE DECLARED. 

RUNNING TIME 1 
ROUGHLY PROPORTIONAL TO THE HAXIHUM OF le359 * X + 72 AND N + l8e 

METHOD AND PERFORMANCE& MILLER'S ALGORITHM, SEE C3le 

EXAl1PLE OF USE• 

THE PROGRAM 

"BEGIN" "REAL" X; "ARRAY" JCOtllJ 
"REAL" "PROCEDURE" BESS JO(X); 
11 REAL11 •PROCEDURE" BESS Jl(X); 
"PROCEDURE" B5SS J<X,N,J,>; 
"FOR" XI• 1,5,10,25 "DO" 
• BEGIN" BESS J ( X, 1, J >; 

"CODE" 35160; 
11 CDDE• 35161; 
"·CODS" 35162; 

OUTPUTC61,"("ZZ.D, ZCBB-.D"-?D>,I">", 
X, JCOl • BESS JO(X),JCll • BESS Jl(XI) 

"END" 
11 END 11 

DELIVERS THE FOLLOWING RESULTS: 

•2"-13 
... 811-l't 
••'t"•l't 
-•l"•l't 

.211-13 
••'t"-l't 
•""-14 

••9"•15 
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SUBSECTION! BESS YOla 

CALLING SiQUENCE: 

TH~ H~ADIMG OF THE PROCEDURE READS 1 
"PROCEDURE" BESS YOllX,YC,Yl)J "VALUE" XJ "REAL" X,YO,YlJ 
"CODS" 35163; 

THE MEANING OF THE FORMAL PARAMETERS ISs 
Xt <ARITHMETIC EXPRESSION>; 

THE ARGUMENT OF THE BESSEL FUNCTIONS; X > O; 
YOl <VARIABLE>; 

EXITI YO HAS THE VALUE OF THE ORDINARY BESSEL FUNCTION 
SECOND KIND Of ORDER O AND ARGUMENT X; 

Yl: <VARI A!3 L E> ; 
EXIT! Yl HAS THE VALUE OF THE ORDINARY BESSEL FUNCTION 

SEC ONO KIND OF ORDER l ANO ARGUMENT Xo 

PROCEDURES USED: 

Bf:SS JO ,. C P 35160, 
BESS Jl "' CP 35161, 
BESS PQO • CP 3'165, 
BESS PQl • CP 35156. 

REQUIRED CENTRAL MEMORY: NO AUXILIARY ARRAYS ARE DECLARED. 

RUNNING TIMEt 

ABOUT 15 MS, ON THE CYBER 73/28. 

METHOD AND Pf:RFORMANCEt 

CHEBYSHEV SERIES FROM C2le 

EXAMPLE OF use: 
THE PROGRAM 

11 BEG IN'' "REAL" X, YO, Yl; 
"PROCEDURE" BESS YOl(X,YO,YllJ "CODE" 351631 
X1• lJ BESS YOl<X,YO,Yl); 
r:JUTPUTI 61,"l "l,4BOeD,2 I B-el4D11•ZDl" l", X, YO, Yl) 

"E~D" 

PAGE 6 

OF THE 

OF THE 



SECTION t 6e9el (DECEMBER 19781 

DELIVERS THE FOLL!JWING RESULTS: 

1.0 9B82569642l5676" •l -.78121282130028" 0 

SUBSECTION: BESS Ye 

CALLING SEQUENCEt 

T~E HEADING OF THE PROCEDURE READS: 
"PROCEDURE" BESS Y(X,N,Y); "VALUE" X,NJ 
"INTEGER" NJ "REAL" XJ "ARRAY" Y; 
"CODE" 35164; 

THE MEANING OF THE FORMAL PARAMETERS ISI 
Xt <ARITHMETIC EXPRESSION>; 

THE ARGUMENT; THIS ARGUMENT SHOULD SATISFY 
NI <ARITHMETIC i:XPR ESSION>; 

X > 

THE UPPER BOUND OF THE INDICES OF THE ARRAY Y; 
Vt <ARRAY IDEHTIFIER>; 

"ARRAY" YCOHU; 
EXIT: YCll l:S THE VALUE l)F THE ORDINARY BESSEL 

SECOND KIND OF ORDER I <I • O, ••• ,N) AND 

PR□Ci;DURES useo: 

BESS YOl • CP 35163. 

o; 

N >• O; 

FUNCTION 
ARGUMCNT 

REQUIRED CENTRAL MGMORY: NO AUXILIARY ARRAYS ARE DECLAREDe 

RUNNING TIME1 

DEPENDS ON N; SEE BESS YOle 

METHOD AND PlRFORMANCEt 

Y[OJ ANO YClJ ARE COMPUTED BY USING BESS YOl (CP 35163); THE 
REMAINING YC1l ARE COMPUTED BY USING THE RECURRENCE RELATION 
YCl+ll:• YCIJ * 2 • I/X - YCI-11, I>• le 

PAGE 7 

OF THE 
x. 
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iXAMPLE OF USE1 

TYE PROGRAM 

"BEGIN" "ARRAY" Y[0:2JJ 

(D!:CEMB!:R 19791 

"PROC':DURE" BESS Y!X,N,Yl; "CODE" 35164; 
BESS Y!l,2,Y>; 
OUTPUT(61,"("3(-•14D"•ZDl"l", YCOJ, YCll, YC2ll 

Hl;fl!f}II 

PRINTS THE FOLLOWING RESULTS! 

8e8256964215676"- 2 •708121282130028"- l -1.6506826068162" 0 

SUBSECTION1 BE SS P'lOe 

CALLING SE·JUENCE: 

THE HEADING OF THE PROCEDURE READSi 
"PROCEDURE" BESS PQO!X,PO,QO); "VALUE" X; "REAL" X,PO,QO; 
"CODE" 35165; 

THE MEANING OF THE FORMAL PARAMETERS IS: 
X: <ARITHMETIC 1:XP~ESSION>J 

THE ARGUMENT; THIS ARGUMENT SHOULD SATISFY X > 
PO• <VARIABLE>; 

EXIT: PO CQRRESPONDS WITrl 
IN Cl,FORMULAS 9e2•5 

QO: <VARIABLE>; 
FXITI QO CORRESPONDS WITH 

IN Cl,FORMULAS 9o2o5 

PROCEDURES USED: 

BESS JO • CP 3516~1 
BESS YOl • CP 351630 

REQUIRED CENTRAL MEMORY! 

N~ ARRAYS ARE USEDa 

RUNNING TI ME : 

THE 
AND 

THE 
AND 

ABOUT 15 MS1 ON THE CYBER 73/280 

!=UNCTION p ( x,o) 
9 .2 .6]; 

FUNCTION Q( X10 l 
9.2.6]. 

o; 

DEFINED 

DEFINED 

PAGE 8 
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METHOD AND PERFORMANCE 1 

FOR X >• 8 CHF.BYSHEV SERIES FROM [2l, 
FOR X < 8 WITH BESS JO ANO BESS YOle 

EXAMPLI.'; OF USfH 

SEE SUBSECTION SESS PQl• 

SUBSECTION: BESS P<lle 

CALLING SEQUENCE a 

THE HEADING OF rnE: PROCEDURE READS: 
"PROCEDURE" BESS PQl(X,Pl,01); 11 VALUE" X; "REAL" X,Pl,01; 
11 co D!:" 35166; 

THE MEANING OF me FORMAL PARAMETERS ISt 
XI (ARITHMETIC EXPRESSION>; 

THE ARGUMENT; THIS ARGUMENT SHOULD SATISFY X > 
Pll <VARIABLE>; 

EXITt Pl CORRESPONDS WITH 
IN Cl,FORMULAS 9.2.5 

Qll <VARIABLE>; 
!:XITI 01 CORRESPONDS WITH 

IN Cl,FORMULAS 9e2e5 

PROCEDURES USEDt 
BESS Jl • CP 35161, 
BESS YOl • CP 35163e 

REQUIRED CENTRAL MEMORVt 
NO ARRAYS ARE USEDe 

RUNNING TIMEt 

THE 
AND 

THE 
AND 

ABOUT 15 MS, ON THE CYBER 73/28e 

METHOD ANO PERFORMANCE: 

FUNCTION 
9.2.6]; 

FUNCTION 
9.2.61. 

FOR X >• 8 CHEBYSHEV SERIES FROM C2l1 
FOR X < 8 WITH BESS Jl AND BESS YOle 

P!X,ll 

QIX,ll 

OJ 

DEFINED 

DEFINED 
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EXAMPLE OF USE 1 

FROM THE WRONSKIAN P.ELATION Cl,9.l.161 IT CAN BE SHOWN THAT 
PO* Pl + QO * Ql • 1, WHATEVER x. IN THE FOLLOWING PROGRAM we 
VERIFY THIS RELATI □"• 

"BEGIN" "REAL" X,P,Q,R,SJ 
"PROCEDURE" BESS PQO(X1PO,OOI; "CODE" 35165; 
"PROCEDURE" BESS PQl!X,Pl,Ql); "CODE" 35166; 
"FOR" XI• l,3,5,10 "DO" 
"BEGIN" BESSPQO(X,P,Q)J BESSPQl!X,R,SlJ 

OIJTPUT(61,"1'1BB,D.2D 11 +3D"l"1 ABS(P*R + Q>l<S --lll 
"END" 

"END" 

THE RESULTS ARE: 

SOIJRCE TEXT<Slt 

"CODI:" 35160; 
"REAL" "PROCEDURE" BESS JO!X); "VALUE" XJ 11REAL" XJ 
"IF" X•O "THEN" BESS JOI• l "ELSE" 
"IF" ABS(XI < 6 "THEN" 
"BEGIN" 19 REAL 11 Z, Z2, AR, BO, BlJ11 B2J 

Xt• X/8; z1s 2•X*X - l; z2:11 Z + Z; 
Bl:• B2: ■ O; 
11 FOR11 ARr•-e75865 11-l5, +e412532l 11-13, 
-.194383469 "-11.11' +.7848696314 "-10, 
-.267925353056 "- 8, +.7608163592419 .,_ 7, 
-.176194690776215 11- 5, +e324603Z88210011il"• ii, 
-.46062616620628 "- 3, +048191800694676 "- 2, 
-.348937694ll'i09 "- 1, +.158067102332097 , 
-.37009499387265 "- o, +.265178613203337 , 
-.87234423!>28 5222"- 2 "0□" 
"BEGIN" BOt• Z2*Bl-B2+AR; 

BZt ■ Bl; Bl z • BO 
"i:ND"; 

BcSS JO:• Z*Bl • B2 + .15772 79714 7489 
11 END" "ELSE" 
"BEGltl" "REAL" C, C'.lSX., SINX, PO., QO; 

"PROCEDURE" BESS PQO(X, PO, QO); 11 CODE 11 35165; 
Xt• ABS(Xl; Cs• e79788 45608 02865 / SORT(X); 
cosx•• coscx-.70685 83470 57703" 11; 
SINX=• SIN<X-.70685 83470 57703" lli 
BESS PQOIX, po., QO); 
!3 ESSJOt • C * (PO * C OSX - QO * SINXl 

"END" BESS JO; 
"e0P" 



S ECTlON 6e9el <DECEMBER 1978) 

"CODE" 35161; 
11REAL" "PROCEDURE" BESS Jl(X)J "VALUE" X; 11 REAL 11 XJ 
11 IF" X•O 11THEN 11 BESS Jll• 0 11 ELSE 11 

"IF" ABS<X> < 8 "THEN" 
"BEGIN" "REAL" z. z2. AR. so. 81• BZ; 

X1• X/8J Z•• 2•x•x - 1; Z21• Z + ?; 
11COHHENT• COMPUTATION OF J lJ 
Bll• B2: ■ O; 
"FOR" AR: ■ 
-.19554 •-15, +.1138572 11•13, 
-.57774042 "-12, +.2528123664 "-10. 
-.9't242129816 "· 9, +.2949707007278 "- 7, 
-. 76175878054003 "- 6, +. 1588 70192399321"- 4, 
-.260444389348581"- 3, +.324027018268386"- 2. 
-.29175524806154211- 1, +.177709117239728"• o, 
•e661't439 3'tl 3454311 - O, +e 12879940988576811 + l• 
-.119180116054122•+ 1 •Do• 
"BEGIN" BOI• Z2*Bl•B2+AR; 

BZl• Bl; Bl:• BO 
"END"; 

BESS Jl•• X * CZ * 81 - B2 + e64835 87706 052651 
"END" "ELSE" 
11 BEGIN 11 "REAL" C, c □ sx. SINX. Pl1 01; "INTEGER" SGNX; 

"PROCEDURE" BESS PQl(X, Pl, OU; "CODE" 35166; 
SGNXI• SIGN(X)J X1• ABS(X)J 
C : • • 79788 4 5608 OZ 865 / SQRT ( X l; 
COSX:• COS(X-e70685 83470 57103 11 +1); 
SINXI• SIN(X•e70685 83470 57703"+1)J 
BESS PQl(X, Pl• Ql); 
BESS Jl: ■ SGNX * C * (Pl*SINX + Ol*COSX> 

11 END 11 BESS Jl; 
"EOP11 

11 CODE 11 35162; 
11 PROCEOURE 11 BESS J <X• N• J); 11 VALUE 11 X• N; 
"REAL11X; "INTEGER" N; 11 ARRAY11 JJ 
•IF" X•O II THEN" 
11BEGIN11 J[Ol 1 ■ l; 

"fOR11 NI• N "STEPH -1 "UNTIL" 1 11 00" J[Nl1• 0 
11 END 11 11ELSE 11 
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"BEGIN""REAL" X2, R, S; "INTEGER" L, M, NU, SIGNX; 
"INTEGER" "PRaCEDURE" START!X,N,Tl; "CODE" 35185; 
SIGNXI• SIGN(X); XI• ABS(X); 
R: .. S:• o; x2: 11 2/X; L!• o; NU:• START(X,N,01; 
"FJR" M:• NU "STEP" -1 "UNTIL" 1 11 DO" 
"BeGIN" Rt• l/(X2*M-Rl; 

Li• 2-L; SI• R•(L+S); 
"IF" M(•N "THEN" J[Ml:• R 

II EtlD"; 
J[Olt• Rt• 1/(l+S); 
"F~R" Ml• 1 "STEP" l "U~TIL" N "DO" 
JCMJ:• R~• R•JCM]; 
"IF" SIGNX < 0 "THEN" 
"FOR" M1• l ~STEP" 2 "UNTIL" N "DO" 
J[NJ1• -JC'il; 

«END" 81::SSELJ; 
"EDP" 

"CODE" 35163; 
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11 PROCEDURE" BESS YOlCX, YO, Yl); "VALUE" X; 11 REAL 11 X, YO, Yl; 
"IF" X( 8 "THEN" 
"BEGIN~ "REAL" z, Z2, C, LNX, AR, BO, B1, B2; 

11 REAL" "PRQC[;DURE" JOCXI; 11 COOE" 35160; 
"REAL" "PROCEDURE" Jl( Xl; "CODE" 35161; 
C I• e6366l 97723 67581J LNXI• C * LN(X); 
Cl• C/X; Xt• X/6; ZI• 2•x•x - lJ Z2t• Z + li 

"COMMENT" CO~PUTATIDN OF YO; 
81:• 82:• O; 
"FOR~ ARI• +e164349 11-14, 
-.3747341 "-13, +.402633082 11-11, 
-.15837552542 "· 9, +.524079478731 "- 8, 
-.14407233274019 "- 6, +.32065325376548 11 - 5, 
-.563207914105609"- 4, +.753113593257774"- 3, 
-.72879624795521 "- 2, +.471966895957634"• 1, 
-.177302012781143"- o, +.261567346255047"- o, 
+.179034314077182"- O, -.274474305529745"00" 
"BEGIN" 801• Z2*Bl-B2+AR; 

82:• Bl; Bl:• BO 
"END"; 

YOt• LNX * J0(8*Xl+Z•Bl-B2-e33146 11320 3285"-li 
"COMMENT" CU~PUTATION OF Yl; 
B1:• B2l• O; 

"COMMENT" 



<DECEMBER 19781 

"FOR" AR•• 
+.42773 "-15, -.2440949 "•13, 
+.121143321 "-11, -.5172121473 "-10, 
+.187547032473 ..... 8, -.5688440039919 11- 1, 
+.141662436449235"- 5, -.283046401495148"• 4, 
+.440478629867099"- 3, -.51316411610611 "- z, 
+.423191803533369"• l, ••226624991556755 11- O, 
+e675615780772188"• O, ••767296362886646"• O, 
-.128697384381350"• O"D□" 
"BEGIN" B02• Z2•Bl•B2+AR; 

B21• Bl; B1: ■ BO 
"END"; 
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Ylf• LNX * Jl(X*8)-C + X * (Z*Bl-B2+.20304 10588 593425"-l) 
"END" "ELSE" 
11 BEGIN 11 "REAL" C, COSX, SINX, PO, QO, Pl, 01; 

"PROCEDURE" BESS PQOIX, PO, QO); "CODE" 35165; 
"PROCEDURE" BESS PQl(X, Pl, Ql)J "CODE" 35166; 
C:• e79788 45608 02865 / SORTIXl; 
BESS POOIX, PO, QO); BESS PQllX, Pl, 01); 
XI• X•e70685 83470 57703"1J COSXt• COSIX); SINXt• SINCX); 
Y01• C. (PO*SINX + oo•cosx>; 
Ylt• C * (Ol*SINX - Pl*C□ SXl 

11 END" BESS YOl; 
"EDP" 

"CODE" 35164; 
"PROCEDURE" BESS Y<X, N, Yl; "VALUE" X, Ni 
"REAL" XJ "INTEGER" N; "ARRAY" Y; 
11 BEG!N" "INTEGER" I; 11 REAL11 YO, Yl, YZ; 

"PROCEDURE" BESS YOU X, YO, Yl l ; "CO DE" 3516 3; 
BESS YOH X1 YO, Yl); Y[OH • YO; 
"IF" N > 0 "THEN" Y[lll• Yl 
Xs • 2/X; 
"FOR" It•Z "STEP" 1 "UNTIL" N 11 D0 11 

"BEGIN" Y[Il1• Y21• <I-ll*X*Yl - YO; 
YOI• Yl; Yl:• YZ 

"EN D11 

11 EN0" BESS Yi 
11EOP 11 
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"C'lDE" 35165; 
"PROCEDURE" BE!'.:S PQO( X, PO, QO l; 
"VALUE" X; "REAL" X, PO, QO; 
"IF" X < 8 "THEN" 
11 BEG!N" "REAL" B, COSX, SHU, JOX, YO; 

11 REAL 11 "PROCEDURE" JO<Xl; 11 CODE 11 35160; 
"PROCEDURE" BESS YOlCX, YO, Yll; "CODE" 35163; 
Ba• SQRT(Xl * 1.2533 14137 31550; 
BESS YOlCX, YO, JOXl; JOX:• JO(Xl; 
X:• x~.78539 81633 97448; cosx:• COS(X); SINX:• SIN(X); 
P01• B * (YO* SINX + JOX * COSXI; 
QOt• B *(YO* COSX • JOX * SINXl 

"END 11 ,, et s E" 
"BEGIN" "REAL" X2, AR, BO, Bl, 82, YJ 

Yh 8/X; Xt• 2*Y*Y•l; X2t• X+X; Blt• 821• OJ 
11FOR" AR:• 
-.10012 lf-15, +.67481 
-. 506903 "-14, +.4326596 
-.43045789 "-12, +.516826239 
-.7164091377 1t-10, ••163064646352 

"-15, 
"•13, 
"-11, 
"- 8, 

-,5170594537606 "- 7, +.30751847875195 "- 5, 
-.536522046813212"- 3 "DO" 
"BfGIN" BOt• X2 * Bl - B2 + AR; 

B2:• 81; 81:• BO 
"END"; 
POt• X * Bl - B2 + .99946034934752; 
"COMMENT" C~~PUTATION OF QO; 
01:• 02:• o; 
"FOR" AR t• 
-.609Q9 
-. 3336328 
-.320674742 
-. 72719159369 
-.74144Q84ll0606 "- 6, 
11D0 11 

+.425523 "-14, 
+.30061451 "•12, 
+.4220121905 11 -10, 
+el 797245724797 "- 7, 
+.683851994261165"- 4 

11 8EGI~" BO:• X2 * Bl - B2 + ARJ 
82: • B l; B 1 i • B 0 

"ENO"; 
QO:•(X * Bl - B2 -.015555854605337) * Y 

"END" BESS PQOJ 
"EOP 111 
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"CODE" 35166; 
"PROCEOURe" BESS PQlCX, Pl, Olli 
"VALUE" X; "REAL" X, Pl, Ql; 
"IF" X < 8 "THEN" 
"BEGIN" "REAL" s, cnsx, SINX, JlX, 

"REAL" "PROCEDURE" JllXl; "CODE" 
"PROCEDURE" BESS YOllX, YO, YU; 
Bt• SQPTIXl * l.253314137 31550; 
BeSS YOllX, JlX, Yll; JlX: ■ JlCXl; 

Y1; 
35161; 
"CODE" 35163; 

Xt• x-.78539 81633 97448; cosx:• COS(Xl; SINX:• SIN(X); 
Pl1• B * IJlX * SINX - Yl * COSXl; 
Ql1• B * IJlX * COSX + Yl * SINXl 

"END" 11cLSE 11 

"BEGIN" "REAL" X2, AR, BO, Bl, B2, Yi 
YI• 8 / XJ Xt• 2 * Y * Y - l; XZ t• X + X; 

"COMMENT" COMPUTATION OF Pl; 
Blt• 82:• O; 
"FOR" ARr• +el0668"-15, 
-. 72212 "•15, +.545267 
-.4684224 "•13, ♦ .46991955 
•e570486364 "•11, +e881689866 
-.187189074911 "- 8, +.6177633960644 

"•14, 
11-12, 
11-10 .. 
.... 7, 

-.39872843004889 "- 5., +.89898983308594 "· 3 
"D0" 
"BEGIN" BO:• 81 * X2 • BZ + AR; 

B2t• Bl; 811• BO 
"END"; 
Pl:• X * Bl • B2 + le0009030408600l37; 
"COMMENT" COMPUTATION OF Ql; 
Bll• B2r• O; 
"FOR" AR:• 
09 el02M "•15, +e65083 
.... 456125 "-14, +. 3596777 
-.32643157 "-12, +.351521879 
-.4686363688 11-10, +.82291933277 

"-15, 
11•13, 
11-11, 
"• 9, 

... 2095978138408 11 • 7., +.91386152579555 ..... 6, 
-.96277235491571 "- 4 "00" 
"BEGIN" BOI• X2 * Bl • BZ + ARJ 

821• Bl; Bl!• BO 
"END"; 
Qll•(X * Bl • BZ + e46777787069535" -l> * Y 

"END" BESS PQl; 
11 EOP" 
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AUTHORS: M. BAKKfR AND NeMo TEMME. 

INSTITUTEr MATHEMATICAL CENTRE. 

RECEIVED1 750201. 

BRIEF DESCRIPTIONS 

THIS SECTION CONTAINS THE FOLLOWING PROCEDURES1 

BESS 10; 
COKPUTES THE MODIFIED BESSEL FUNCTION Of THE FIRST KIND 
OF ORDER ZERO WITH ARGUMENT X; 

BESS IU 
COMPUTES THE MODIFIED BESSlL FUNCTION OF THE FIRST KIND 
OF ORDER ONE WITH ARGUMENT X; 

BESS I; 
GENERATES AN ARRAY OF MODIFIED BESSEL FUNCTIONS OF THE 
FIRST KIND OF ORDER L IL • O, •••IN> WITH ARGUMENT X; 

BESS KOli 
COMPUTES THE MODIFIED BESSEL FUNCTIONS Of THE THIRD KIND 
OF ORDERS ZERO AND ONE WITH ARGUMENT x; X) o; 

BESS K; 
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GENERATES AN ARRAY QF MODIFIF.D BESSEL FUNCTIONS OF THE THIRD 
KIND OF ORDER L ( L • 0, •••1 N> WITH ARGUMENT X; X > O; 

NON EXP BESS IO; 
DOES THE SAME AS BESS IO, BUT THE RESULT IS MULTIPLIED 
BY EXP(-ABS(X))J 

NONEX P BESS Il; 
DOES THE SAME AS 61:SS Il, BUT THE RESULT IS MULTIPLIED 
BY EXP(-ABS(X)); 

NONEXP BESS I; 
DOES THE SAME AS BESS I, BUT THE ARRAY ELEMENTS ARE 
MULTIPLIED BY EXP(-ABS(X)); 

NONEXP BESS KOl; 
DOES THE SAHE AS BESS KOl, BUT THE RESULTS ARE MULTIPLIED 
BY EXPCX); 



SECTION : 6e9e2 ( DEC E MB ER 197 6) 

NONEXP BESS KJ 
DOES THE SAME AS BESS K, BUT THE ARRAY ELEMENTS ARE 
MULTIPLIED BY EXP(X)e 

KEYWORD'S I BESS Et fUNCTIONS, 
MODIFIED BESSEL FUNCTIONS, 
INTl:GER ORDER. 

RE FERENC ES 1 
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DOVER PUBLICATIONS, INC., NEW YORK, l968e 

[21 DeBeHUNTER, 
THE CALCULATION OF SOME BESSEL FUNCTIONS, 
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C3l YUDELL LUKE, 
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[4] c.w.CLENSHAW, 
CHEBYSHEV SERIES FOR MATHEMATICAL FUNCTIONS, 
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HER MAJESTY,S STATIONARY OFFICE, LONDON (1962>. 

C5l WeGAUTSCHI, 
COMPUTATIONAL ASPECTS OF THREE TERM RECURRENCE RELATIONS, 
SIAM REVIEWS, VOLUME 9 (1967), Pe Z4e 

[6] JeMeBLAIR, 
RATIONAL CHEBYSHEV APPROXIMATIONS FOR THE MODIFIED 
BESSEL FUNCTIONS IO(XI ANO Il(XI; 
MATHEMATICS IJF COMPUTATIONS,VOLUME 28, 
NR 126, APRIL 1974, P. 58l-583e 
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SUBSECTION: BESS lo. 

CALLING SEQUENCEt 

THE HEADING Of THE PROCEDURE READS: 
"REAL" "PROCEDURE" BESS IO(Xl; "VALUE" X; "REAL" X; 
"CODE" 35170; 

BE SS IO DE LIVERS THE MODIFIED BESSEL FUNCTION OF THE 
FIRST KIND Of ORDER ZERO WITH ARGUMENT X; 

THE MEANING OF THE FORMAL PARAMETERS tS1 
Xt <ARITHMETIC EXPRESSION>; 

THE ARGUMENT OF THE BESSEL FUNCTIONo 

PROCEDURES USEDt 

NONEXP BESS 10 • CP35175e 

REQUIRED CENTRAL MEMORY• 

NO ARRAYS ARE USED. 

RUNNING TI ME t 

FOR X • 0 BESS 10 IS ASSIGNED ITS VALUE IMMEDIATELY; 
FOR O < ABS(Xl <• 15.0 17 MULTIPLICATIONS AND ONE DIVISION 
ARE REQUIRED; 
FOR ABS(Xl > l5e0 ll MULTIPLICATIONS# 3 DIVISIONS# ONE 
EVALUATION OF THE SQUARE ROOT AND ONE EVALUATION OF THE 
EXPONENNTIAL FUNCTION ARE REQUIRED. 

At:THOD AND PERFORMAt-!CE I RATIONAL APPROXIMATIOt-h SEE C6le 

EXAMPLE OF use: 
THE PROGRAM 

"BEGlN" "REAL" X; 
"REAL" "PROCEDURE" BESS IO(Xl; "CODE" 35170; 
Xt• l; OUTPUT(61,•(•/,D,6B-.14D•-zD•>•, 
X# BE SS IOI X)) 

11 END 11 
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PRINTS THE FOLLOWING RESULTS: 

l .12660658777520" l 

SUBSECTIONt BESS Ile 

CALLING SEQUENCES 

THE HEADING OF THE PRUCSDURE READS: 
"REAL" "PROCEDURE" BESS ll(Xl; "VALUE" X; "REAL" XJ 
"CODE" 3,111; 

BESS Il OF.LIVERS THE MODIFIED BESSEL FUNCTION OF THE 
FIRST KIND OF ORDER ONE WITH ARGUMENT X; 

THE MEANING OF THE FORMAL PARAMETERS IS: 
X: <ARITHMETIC EXPRESSION>; 

THE ARGUMENT OF THE BESSEL FUNCTIONa 

PROCEDURES USED: 

NONEXP BESS 11 • C?35176e 

REQUIRED CENTRAL MEMORY1 

NO ARRAYS ARE USED. 

RUNNING TIMEt 

FOR X • 0 BESS Il IS ASSIGNED ITS VALUE IMMEDIATELY; 
FOR O C ABS(X) <• 15e0 17 MULTIPLICATIONS AND ONE DIVISION 
ARE REQUIRED; 
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FOR ABSCX) > 15e0 12 MULTIPLICATIONS, 3 DIVISIONS, ONE EVALUATION 
QF THE SQUARE ROOT AND ONE EVALUATION OF THE EXPONENTIAL FUNCTION 
ARE REQUIRED. 

METHOD AND PERFORMANCE: RATIONAL APPROXIMATION, SEE [6le 
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EXAMPLE OF USE: 

THE PROGRAM 

"BEGIN" "REAL" XJ 

(DECEMBER 1978) 

"REAL" "PROCEDURE" BESS Il(X); "CODE" 35171; 
Xr• l; OUTPUT(6l1"1 11 /1D16B-el4D"-ZD")"1 
X1 BESS Il(X)) 

"END" 

PRIHTS THE FOLLOWING RESULTS• 

l e565l59l0l99252" 0 

SUBSECTION: BESS I. 

CALLING SEQUENCE; 

THE HEADING OF THE PROCEDURE READS: 
"PROCEDURE" BESS !IX1 N1 I); 11 VALUE 11 X1 N; 
11 INTCGER 111 N; 11 REAL" X; "ARRAY" I; 
11C ODE" 35172; 

THE: MEANING OF THE FORMAL PARAMETERS IS• 
XI <ARITHMETIC EXPRESSION>J 

TH'.: ARGUMENT OF THE BESSEL FUNCTIONS; 
N: <ARITHMETIC EXPRESSION>; 

TH~ UPPER BOUND OF THE INDICES OF THE 
It <ARRAY IDENTIFIER>; 

11 ARRAY11 ICO: NJ; 

ARRAY I; 

EXIT: ICLl POSSESSES THE VALUE OF THE MODIFIED 
OF THE FIRST KIND OF ORDER L (0 <• L <• N) • 
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BESSEL FUNCTION 

METHOD AND PERFORMANCE: SEE NON EXP BESS I (THIS SECTION>• 

PROCEDURES USED t 

NONEXP BESS I • CP 35177e 

REQUIRED CENTRAL MEMORYt 

NO AUXILIARY ARRAYS ARE USEDe 
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RUNNING TIME: 

R~UGHLY PROPORTIONAL TD THE MAXIMUM OF 
la359 * X + 72 MID N + l8o 

EXAMPLE OF USE: THE FOLLOWING PROGRAM C~ECKS FOR X • 1 11) 20 
THE WRONSKIAN RELATION 

X • <ICM - ll * KCNl + ICNl * KCN 

FOR N • l (1) 5; THE PROGRAM READS: 

ll> • l • 0 

•BEGIN" "REAL" Xi •INTEGER" N; •ARRAY" I, K[Ot 5]; 
"PROCEDURE" BESS I<X, N, I); "CODE" 35172; 
"PROCEDURE" BESS K!X, N, Kl; "CODE" 35174; 

"FOR" Xt• 1 "STEP" l II UNTIL II 20 "D Qtt 
"BEGIN" OUTPUT(6l1"("/ZD"l", X); 

BESS 1( x, ,, I>; BESS K(X, 5, K); 
"FOR" NI. 1, 2, 3, 4, 5 "DO" 
OUTPUT(61,"("BB-.D"-ZD"l", 
X * ( ICN J • KCN • ll +ICN-ll • KCN l) - ll 

"END" 
"END" 

THE RESULTS AR!;: 

l • l)tl 0 .on 0 -. 7"-14 -. 7"-14 -.7 11•14 
2 .O" 0 .on 0 • 0" 0 .011 0 oO"' 0 
3 • 7"-l 4 • 7"•14 oO" 0 eO" 0 eO" 0 
4 • 7"-14 .o•• 0 .011 0 • 0" 0 .o,, 0 
5 e011 0 .1•-14 • 711-14 .011 0 .o• 0 
6 .o .. 0 • 0" 0 oO" 0 .011 0 -. 7"-14 
7 oO" 0 oO" 0 .on 0 00 11 0 eO" 0 
8 ••l"-13 ••l"-13 ••ln-13 ••1"•13 -•l"-13 
9 .011 0 .011 0 .o• 0 -.7"-14 -. 7"-14 

10 .o .. " eO" 0 eO" 0 eO" 0 .o .. 0 
11 eO" 0 .on 0 • 0" 0 .on 0 .011 0 
12 .o• 0 .o• 0 eO" 0 .o• 0 e0 II 0 
13 • 7"•14 • 711-14 .011 0 • 7"-14 .on 0 
14 •□" 0 e7"-l4 .on 0 • 0" 0 .on 0 
15 eO" 0 .on 0 • 0" 0 .011 0 eO" 0 
16 eO" 0 • O" 0 .011 0 .o• 0 -.1-14 
11 • 7"-14 .on 0 e0" 0 • 0" 0 eO" 0 
18 • 7"•14 .011 0 •0" 0 e0" 0 -. 7"-14 
19 • 7"•14 • 0" 0 .on 0 • 0" 0 .on 0 
ZCI •0" 0 .o .. 0 .on 0 • 011 0 -.7"•14 
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SURSECTlON: BESS KOle 

CALLING SEQUENCE 1 

( DECEMBER 1978) 

THE HEADING OF THE PROCEDURE READSs 
"PROCEDURE" BESS KOl tX, KO, Kl); "VALUE" X; "REAL" X, KO, KlJ 
"C 00 E" 3 51 73 ; 

THE MEANING OF THE FORMAL PARAMET!:RS ISs 
X1 <ARITHMETIC EXPRESSION>; 

THE ARGUMENT OF THE BESSEL FUNCTIONS; X > OJ 
KO: <VARIABLE>; 

EXIT• KO HAS THE VALUE OF THE MODIFIED BESSEL FUNCTION 
Of THE THIRD KIND OF ORDER O WITH ARGUMENT X; 

Kll <VARIABLE>; 
EXIT: Kl HAS THE VALUE OF THE MODIFIED BESSEL FUNCTION 

OF THE THIRD KIND OF ORDER ONEe 

PROCEDURES USED 1 

NONEXP BESS KOl • CP35178 

REQUIRED CENTRAL HEHORY1 

NO ARRAYS ARE USED. 

RUNNING TIHEt DEPENDS ON THE VALUE OF X; 
THE GLOBAL VALUES IN MILLISECONDS ARE1 

0 < X <• la5 
le5 < X <• 5.0 
5e0 < X ' 1 

l"lETHOD AND PERFORNANC Es 

2e2 MS, 
5.5 MS, 
Ze3 MS, ON THE CYBER 73/28• 

FOR THE COMPUTATION Of KO AND Kl THREE DIFFERENT METHODS 
ARE USED DEPENDING ON THE VALUE OF X: 
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FOR O < X <• 1.5 KO AND Kl ARE EVALUATED BY MEANS OF TAYLOR SERIES 
EXPANSIONS (SEE Cll, P. 375, FORMULA 9.6.13); 
FOR X > le5 KO ANO Kl ARE COMPUTED BY MEANS OF A CALL 
OF THE CODE PROCEDURE NONEXP BESS KOl (SEE DESCRIPTION AHEAD> 
AND MULTIPLICATION BY EXP(- X)e 
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EXAMPLE OF USE1 THE PROGRAM 

"BEGIN" "REAL" X, KO, Kl; 
"PROCEDURE" BESS KOlCX, KO, Kl)J "CODE" 35173; 
"FOR" Xt• e5, 1e5, 2e5 "DO" 
"Bt:GIN" BESS KOl ex, KO, Kl); 

OUTPUTC6l1"("/,4BDeD,ZCB•el4D"-Z0l"l",X,KO,Kl) 
"END" 

"END" 

PRINTS THE FOLLOWING RESULTS1 

0.5 
1. 5 
2.5 

.92441907122766" 0 

.21380556264754" 0 

.62347553200366" -1 

SUBSECTl □ N1 BESS Ke 

CALLING SEQUENCE: 

el65644ll200033" l 
.27738780045683" 0 
e73e90816347746" -1 

THE HEADING OF THE PROCEDURE READSt 
"PROCEDURE" BESS KCX, N, Kl; "VALUE" X, N,; 
"INTEGER" N; "REAL" X; "ARRAY" K; 
"CODE 11 35174; 

THE MEANING OF THE FORMAL PARAMETERS IS1 
X1 <ARITHMETIC EXPRESSION); 

THE ARGUMENT IJF THE BESSEL FUNCTIONS; X ) OJ 
Nt <ARITHMETIC EXPRESSION>; 

THE UPPER BOUND OF THE INDICES OF THE ARRAY K; N >• O; 
K: <ARRAY IDENTIFIER>; 

"ARRAY" K[O t Nl; 
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EXITt K[Il P □SSESSES THE VALUE OF THE MODIFIED BESSEL FUNCTION 
OF THE THIRD KIND OF ORDER I (0 <•I<• Nie 

PROCEDURES USEDt KOl • CP 35173e 

REQUIRED CENTRAL MEMORY1 

NO AUXILIARY ARRAYS ARE USEDe 

RUNN.ING TIME 1 

DEPENDS ON THE VALUE OF X (SEE TABLE BELONGING TO BESS KOll 
AND Ne 
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METHOD AND PERFORMANCE• 

K[Ol1 •••1 K[Nl ARE COMPUTED ACCORO!NG TO THE RECURRENCE RELATION 

KCI + ll • KCI - ll + CZ * I / X) * K[Il, I• 2, •••• N, 

CSEE Cll1 Pe 3761 FORMULA 9o6e26)e 

EXAMPLE Of use, THE PROGRAM 

"BEGIN" "ARRAY" KCO: 21; "REAL" X; 
"PROCEDURE" BESS KCX1 N, K>; "CODE" 35174; 
"FOR" X1 • • 51 l .o, le 5, 2e0 11D0" 
11 BEGIN" BESS KC X, 21 K >; 

OUTPUTC6l1"("/DeD13CBBelZD"-D) 11 ) 11,X,K) 
II EHD" 

•END" 

PRINTS THE FOLLOWING RESULTS1 

o., 
1.0 
le5 
z.o 

e924'tl9071ZZ8 110 
e4210244382't1"0 
.2138(15562648"0 
.1138938 72 750 "0 

.165644112000 111 

.601907230197"0 

.277387800457"0 

.139865881817110 

SUBSECTION• NONEXP BESS 10. 

CALLING SEQUENC Et 

THE HEADING OF THE PROCEDURE READS1 

• 755018355124 111 
• 162483 88986ft" 1 
.583655963257"0 
.2'3759754566 110 

"REAL" "PROCfDURE" NONEXP BESS IOCX); "VALUE" X; "REAL" X; 
"CODE" 3517 5; 

NONEXP BESS 10 DELIVERS THE MODIFIED BESSEL FUNCTION OF THE 
FIRST KlND Of ORDER O WITH ARGUMENT X MULTIPLIED BY EXPC-ABSCX»e 

THE MEANING OF THE FORMAL PARAMETERS ISt 
x, <ARITHMETIC EXPRESSION>; 

THE ARGUMENT OF THE BESSEL FUNCTIONo 

PROCEDURES USEDt 

BESS IO • CP35170e 
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REQUIRED CENTRAL MEMORY: 

NO ARRAYS ARE USED, 

RUNNING TIME: 

FOR X • 0 NONEXP BESS 10 IS ASSIGNED ITS VALUE IMMEDIATELYJ 
FOR O < ABS(X) <• U.O 18 MULTIPLICAT.IONS, ONE DIVISION AND 
ONE EVALUATION OF THE EXPONENTIAL FUNCTION ARE REQUIRED; 
FOR ABS(X) > 1~.0 10 MULTIPLICATIONS, 3 DIVISIONS A~D ONE 
EVALUATION OF THE SQUARE ROOT ARE REQUIRED, 

METHOD AND PERFORMANCE1 

SEE C6l. 

EXAMPLE OF USE t 

THE PROGRAM 

11BEGIN11 11 REAL11 X; 
"REAL" "PROCEDURE" NONEXP BESS IO(X); "CODE" 35175; 
X1• 1; OUTPUT(6l1"("/1D16B-.14D 11-ZD">''1 
X, NONEXP BESS IO(X)) 

"END" 

PRINTS THE FOLLOWING RESULTS1 

1 .46575960759364 11 0 

SUBSECTION: NDNEXP BESS 11, 

CALLING SEQUENCE• 

THE HEADING OF THE PROCEDURE READS: 
"REAL" "PROCEDURE" NONEXP BESS U (X ).J "VALUE" XJ 11REAL 11 XJ 
11C DOE" 35176; 

NONEXP BESS I1 DELIVERS THE MODIFIED BESSEL FUNCTION OF THE 
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FIRST KIND OF ORDER 1 WITH ARGUMENT X MULTIPLIED BY EXP(-ABS(Xl)e 

THE MEANING OF THE FORMAL PARAMETERS IS1 
X: <ARITHMETIC EXPRESSION>; 

THE ARGUMENT OF THE BESSEL FUNCTIONe 
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PRIJCEDURES USED: 

BESS Il • CP3517le 

REQUIRED CE~TRAL MEMORY: 

NO ARRAYS ARE USEDe 

RUNNING TIME: 

FOR X • 0 NONEXP BESS Il IS ASSIGNED ITS VALUE IMMEDIATELY; 
FOR O < ABS(X) <• l!5a0 18 11UL TIPLICATIONS, ONE DIVISION AND ONE 
EVALUATION OF THe EXPONENTIAL FUNCTION ARF. REQUIRED; 
FOR X > 15e0 11 MULTIPLICATIONS, 3 DIVISIONS AND ONE 
EVALUATION OF THE SQUARE ROOT ARE REQUIRED. 

METHOD AND PERFORMANCE: 

SEE C6le 

EXAMPLE OF USE: 

THE PROGRAM 

"BEGIN" "REAL" X; 
"REAL" "PROCEDURE" NONEXP BESS Il(X); "CODE" 35176; 
XI• l; OUTPUT(61, 11 ( "l,D,6B-•lltD"-Z011 )"1 
X, NONEXP BESS Il(X)J 

11 END11 

DELIVERS THE FOLLOWING RESULTS: 

l e207Ql04153497211 0 
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SUBS~CTIONt NONEXP BESS Ie 

CALLING SEQUENCE: 

THE HEADING OF THE PROCEDURE REAOSl 
"PROCEDURE" NONEXP BESS IIX, N, II; "VALUE" X, N; 
"INTEGER" N; "REAL" X; "ARRAY" I; 
"CODE" 35177J 

THE MEANING OF THE FORMAL PARAMETERS IS: 
x: <ARITHMETIC EXPRESSION>; 

THE ARGUMENT OF THE BESSEL FUNCTIONS; 
N• <ARITHMETIC EXPRESSION>; 

THE UPPER BOUND OF THE INDICES OF THE ARRAY I; N >• OJ 
I: (ARRAY IDENTIFIER>; 

•ARRAY• I[OaNJ; 
EXlTt ICLl POSSESSES THE VALUE OF THE MODIFIED 
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BESSEL FUNCTION Of THE F[RST KIND OF ORDER L IL•O,ee,Nl 
MULTIPLIED BY EXP I- ABS(Xlla 

PROCEDURES useo: START • CP 35185; 

REQUIRED CENTRAL HEMORYt 

NO AUXILIARY ARRAYS ARE USEDe 

RUNNING TIME: 

ROUGHLY PROPORTIONAL TO THE MAXIMUM OF la359+X + 72 AND N+l8e 

METHOD AND PERFORMANCE: SEE [5le 

EXAMPLE □f USE1 THC PROGRAM 

"BEGIN" "REAL" X; "ARRAY" ICOtZJ; 
"PROCEDURE" NONEXP BESS ICX, N, I); •CODE" 35179) 

•FOR• XI• e5, leO, 1.5, 2.0, 2.5 "00" 
"BEGIN" NONEXP BESS I!X, 2, II; 

OUTPUT(61, "l"/,4BZ.D,3(B-el2D"•D)")",X, 
ICOl, ICll, IC2l) 

"END" 
"ENO" 
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PRINTS THE FOLLOWING RESULTS! 

el52410938577" l 
ell44't6307981" l 
.9,ez100,3z95n o 
e84156821S07l• 0 
.759548690328" 0 

e27310097082l" l 
.163615348626" 1 
.12431658735'" 1 
.103347684707• 0 
.900174423908" 0 

SUBSECTIONS NONEXP BESS KOle 

CALLING SEQUENCEt 

THE HEADING OF THE PROCEDURE READSt 
"PROCEDURE• NONEXP BESS 1<01( x., KO., Kl> J 
"VALUE" X; "REAL" X, KO, Kl; 
"CODE" 35178; 

THE MEANING Of THE FORMAL PARAHETERS IS• 
X1 <AR1THMETIC !;XPR ESSION>; 

.124481482186" 2 

.441677005233" 1 
e261'76455136" l 
.187504506214• 1 
el47968822945" l 

THE ARGUMENT OF THE BESSEL FUNCTIONSJ X > O; 
KOi <VARIABLE>; 

EXIT• KO HAS THE VALUE OF THE ~ODIFIED BESSEL FUNCTION 
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OF THE THIRD KIND OF ORDER O WITH ARGUMENT X MULTIPLIED 
BY EXP(XJ; 

Klt <VAR!ABLE>J 
EXIT: Kl HAS THE VALUi Of THE MODIFIED BESSEL FUNCTION OF 

THE THIRD KIND OF ORDER 1 MULTIPLIED BY EXP(XJe 

PROCEDURES USEDt 

BESS KOl • C P35173e 

REQUIRED CENTRAL HEHORYt 

NO ARRAYS ARE USED. 

RUNNING TIME1 

DEPENDS ON THE VALUE OF X; BECAUSE OF THE STRONG 
INTERDEPENDENCE OF THE BESS KOl ( • CP3'173) AND NDNEXP BESS KOl 
THE READER IS REFERRED TO THE TABLE Of RUNNING TIMES BELONGING 
TO BESS KOla 
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KETHOD AND PERFORMANCEt 

FOR THE COMPUTATION OF KO AND Kl THREE 
DIFFERENT METHODS ARE USED DEPENDING ON THE VALUE OF Xt 
FOR O < X <• 1e5 KO AND Kl ARE COMPUTED BY MEANS OF 
MULTIPLICATION OF THE MODIFIED BESSEL FUNCTIONS OF ORDER 
ZERO AND ONE (SEE DESCRIPTION OF KO) BY EXP(X)J 
FOR le5 < X <• 5 KO AND Kl ARE COMPUTED BY 
THE EVALUATION OF THEIR INTEGRAL RE1RESENTATIONS (SEE Cll, 
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Pe 376, FORMULA 9e6eZ3> BY MEANS OF THE TRAPEZOIDAL RULE (SEE C2l>; 
FOR X > 5 KO ANO Kl ARE COMPUTED BY MEANS OF 
A FINITE CHEBYSHEV SERIES EXPANSION (SEE C3l, Pe 339 AND C4l)e 

EXAMPLE OF USE: THE PROGRAM 

"BEGIN" "REAL" X, Kl; 
"PROCEDURE" tlDMEXP BESS KOl<X, KO, KU; "CODE" 35178; 
"FOR" X: ■ e5, leO, 1.5, 2e0, z.5 "00" 
"BEGIN" NON EXP BESS KOlf X, KO, Kl>; 

OUTPUT(61,"( 11/,4BZ.D,2(5B-.14D"-Z0)")", 
X, KO, Kl) 

"END" 
"END" 

PRINTS THE FOLLOWING RESULTSt 

., 
1.0 
1.s 
2.0 
2.5 

el5ZU093857739" 1 
.11444630798069" 1 
.95821005329496" 0 
e8"1!1682150i'078" 0 
.75954869032810" 0 

SUBSECTIONt NONEXP BESS Ke 

CALLING SEQUENCE• 

e27310097082ll8" l 
.16361534862633" 1 
.12431658735525" 1 
.10334768'970687" 1 
.90017442390788" 0 

THE HEADING Of THE PROCEDURE READSt 
"PROCEDURE" NONEXP BESS K<X, N,K>; "VALUE" X, N; 
"INTEGER" NJ "REAL" X; "ARRAY" K; 
"CODE• 3!1179; 
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T!-fE MEANING OF THE FORHAL PARAMETERS !St 
X1 <ARITHMETIC EXPRESSION>; 
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THE ARGUMENT OF THE BESSEL FUNCTIONS; X > OJ 
N1 <ARITHMETIC EXPRESSION>; 

THS UPPER BOUND OF THE INDICES OF THE ARRAY K; N >• O; 
K: (ARRAY IDENTIFIER>; 

11 ARRAY" K[OsN]J 
EXIT1 KCil POSSESSES THE VALUE OF THE MODIFIED BESSEL 

FUNCTION Of THE THIRD KIND OF ORDER I (I • O, •••' Nl 
MULTIPLIED BY EXP(X)e 

PRIJC EDURES USEOt 

N~NEXP BESS KOl • CP 35178e 

REQUIRED CENTRAL MEHORY1 NO AUXILIARY ARRAYS ARE USEDe 

~ETHOO AHO PERFORMANCE• 
K[Ol AND KCll ARE COMPUTED BY USING NDNEXP BESS KOl (CP 35178>, 
WHILE KC2l, •••' KCNl ARE COMPUTED ACCORDING TO THE 
RECURRENCE RELATION 
KCI+ll•KCil+C2*I/X)*KCil, I>•2 
(SEE [ll, Pa 376, FORMULA 9.6.26le 

EXAMPLE OF USEt 

THE PROGRAM 

"BEGIN" 11REAL" X; "ARRAY" K[O:l]; 
"PROCEDURE" NONEXP BESS K<X, N, K); 11 CODE 11 35179; 
11 FOR" Xt• eS, leO, 1.5, 2.0 11 D0" 
"BEGIN" NONEXP BESS KCX, 2, Kl; 

OUTPUT(61, "("/, z.o, 3( 5Bellt0"Dl"l 11 1X1K > 
"EN 011 

"END" 
PRINTS TH~ FOLLOWING RESULTS1 

.s 
1.0 
1.s 
2.0 

.152410938 5773911 1 
ellltltlt630798069"1 
.95821005329496"0 
.841568 21507078 110 

.27310097082118"1 
e16361531t862633"1 
.121t31658735525"1 
elO 334 768 4 70 68 7"U 

.1244814821862111 2 
.44167700523334"1 
e2615761t551361t9"1 
el87501t50621395"1 
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SOURCE TEXT(S)t 

11 COD1; 11 35170; 
"REAL" "PROCEDURE" BESS IO(X)J "VALUE" x; "REAL" x; 
"IF" X• 0 "THEN" BESS I01•l 
"ELSE" "IF" ABSIX) < • 15e0 "THEN" 
"BEGIN" "REAL" Z, DENOMINATOR, NUMERATOR; 

Zt• x•x; NUMERATORt• 
cz•cz•cz•<z•cz•<z•cz• 
cz•cz•1z•<z•cz•<z•1z• 
e2l058 07ZZ8 90567 

+.38071 52423 45326 
+.47944 OZ575 48300 
+.43512 59712 62668 
+e30093 llZ1l 12960 
+.16022 46793 95361 
+.65485 83700 96785 
+e20259 10R41 43397 
+e46307 6Z847 ZlOOO 
+.75433 73289 48189 
+.83079 25418 09429 
+.57166 11305 63785 
+eZl64l 55723 61227 
+.35664 44822 44025 
+.14404 82982 27235 
DENOMINATORt• (Z*IZ* 

11-22 
••19) 
"•16) 
"-13 I 
"•10) 
•-07) 
11-0, > 
"-02) 
"+00) 
"+02) 
"+04) 
"+06) 
"+08) 
11 +09) 
"+ 10); 

< z-. 30 764 69126 8 2801 1104 , 
+.34762 63324 05882 "07) 
-.14404 82982 27235 "10)J 

BESS 10:• -NlJMeRATOR/DENOMINATOR; 
"EHD" "ELSE" 
"BEGIN" •REAL" "PROCEDURE• NONEXP BESS IO(X)l •CODE" 35175; 

BESS IOI• EXP(ABS(X)) * NONEXP BESS IO(X> 
11 EN D" 

"EOP" 
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"CODE" 35171; 
"REAL" "PROCEDURG" BESS Il(Xl; "VALUE" X; "REAL" X; 
"IF" X•O "THEN" BESS Ilz•O "ELSE" 
"If" ABS(Xl <• 15e0 "THEN" 
"BEGIN" "REAL" Z, DENOMINATOR, NUMERATOR; 

z 1 ■ x•x; 
DENOMINATOR:• 
Z*<Z-.22258 36740 00860 "41 

+.13629 35930 52499 "7J 
NUMERATOR:• 
CZ*CZ*<Z*CZ*CZ*<Z*CZ* 
CZ*CZ*CZ*(I*CZ*CZ*CZ* 
.20717 57672 32792 "-26 

+.25709 19055 84414 "-23) 
+.30627 92836 !':16135 11 -201 
+e26l37 27721 58124 "-171 
+el 7846 936H 10091 "-141 
+.96362 88915 18450 11•12) 
+e41006 89068 47159 11-09) 
+.13545 52288 41096 •-06) 
+.33947 28903 08516 "-041 
+.62472 61951 27003 11 -021 
+e806l't 48788 21295 11-00 l 
+.68210 05679 80207 11 +02} 
+.34106 97522 84422 "+04) 
+.84070 57728 77836 11 +05) 
+.68146 79652 62502 "+06); 
BESS Ill• X*(NUMERATOR/DENOMINAT□Rl 

"END" "ELSE" 
"BEGIN" "REAL" "PROCEDURE" NONEXP BESS Il(Xl; "CODE" 35176; 
BESS Ilt• EXP!ABS(X)l*NONEXP BESS Il(Xl 
"END"; 

"EDP" 

"CODE" 35172; 
"PROCEDURE" BESS I( X, N, I I; 
"VALUE" X, Ni "INTEGER" N; "REAL" X; "ARRAY" I; 
11 IF 11 X • 0 "THEN" 
"BE GIN" ICO J1 • l; 

11F0R" Nt• N "STEP" - 1 "UNTIL" l "00" ICN]I ■ O; 
"END" "ELSE" 
"BEGIN" "REAL" EXPX; 

"PROCEDURE" NONEXP BESS I(X, N, NONEXPI); •cooe• 35177; 
EXPX: ■ EXP(ABS(X>l; NONEXP BESS ICX, N, I); 
"FOR" N:• N 11STEP" - l "UNTIL" 0 "00" 
ICN]l• I[Nl * EXPX 

"END" BESS I; 
"20P" 
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"CODE" 35173; 
"PROCEDURE" BESS KOl!X, KO, Kl); "VALUE" X; "REAL" X, KO, Kl; 
11 !F11 X <• 1,5 "THEN" 
11 BEG!N" "INTEGER" KJ "REAL" C, D, R, s, su~o, SUMl, T, 

TERM., TO, Tl; 
SUMOt• 01• LNl2/X) •e5772156649015328606J 
SUMl1 ■ Ct• •l •2 • D; R:• TERM:• l; T:• X * X/4; 
"FOR" Kt• 1,K+l "WHILE" ABSCTO/SUMO) + ABS<Tl/SUMl) > 
11-l 5 "DO" 
"BEGIN" TERM:• T *TERM• R * R; D1• D + R; 

c: ■ C • R; R:• 1/(K+l); c: ■ C • R; 
TO I• TERM * DJ Tlt• TERM * C * Ri 
SUMOt• SUMO+ TO; SUMll• SUMl + Tl 

"END"; 
KO:• SUMO; Kl:• {1 + T • SUMl> 1 X 

"END" 11ELSE" 
"BEGIN" "REAL" EXPX; 

"PROCEDURE" NONEXP BESS KOl<X, KO, Kl); "CODE" 35178; 
EXP X 1 • EX P ( - X ) ; 
NONEXP BESS KOllX, KO, Kl); Klr• EXPX * Kl; KOi• KO* EXPX 

"!:ND" BESS KOl; 
"EOP11 

"CODE" 35174; 
"PROCEDURE" BESS KIX, N, K); 11 VALUE 11 X, N; 
"REAL" X; 11 INTeGER 11 N; "ARRAY" K; 
"BEGIN" "INTEGER" !; "REAL" KO, Kl, KZ; 

"PROCEDURE" BESS KOl<X, KO, Klli 11 CODE" 35173; 
BESS KOl!X, KO, Kl); K[O]: ■ KO; 11 IF 11 N > 0 11 THEN" K[lJ:• KlJ 
X : ■ Z / X; 
"FOR 11 It• 2 "STEP11 l "UNTIL" N "DO" 
11 BEGI~" K[Ilt• K2t• KO+ X • <I•l>* Kl; 

KOt• Kl; Kl:• K2 
"END" 

11 END" BESS K; 
"E OP" 

11 CODE 11 35175; 
"REAL" "PROCEDURE" NONEXP BESS IO{X)J 
"VALUE" X; 11 REAL" X; 
"lF 11 X• 0 11 THEN" 
NON EXP BESS IO: •1 11E LSE" 
11 IF 11 ABS{X) <• l5e0 "THEN" 
"BEGIN" "REAL" "PROCEDURE" BESS IO{Xl; "CODE" 35170; 

NONEXP BESS IO: ■ EXPI-ABS{Xll*BESS IO<Xl 
"END" "ELSE" 
"BEGIN" "REAL" SQRTX, AR, BR, BRl, BR2, Z, ZZ, NUMERATOR, 

D !H!OMINATOR; 
Xt•ABSIX); S1RTX:• SQRTIX); 

"COMMENT" 
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BRl1• BR22~ o; ZI• 30/X-l; zz,. z+z; 
"FOR" AR:• e24392 60769 778, 
-.11559 19781 04435 "3, 
+.78403 424QO 05088 n4, 
•el4346 46313 13583 "6 "DO" 
"BEGIN" BR:• Z2*BR1-BR2+AR; BR2t• BRl; BR11• BR "END"; 
NUMERATOR:• Z*BRl-BRZ+a34651 98333 57379 "6; 
BRU• BR2:t• O; 
"FOR" AR:• 1, ... 32519 73333 69824 "3, 
+e20312 84361 00794 n5, 
... 36184 77792 19653 11 6 "00" 
"BEGIN• BRr• Z2*BR1 - BR2 + AR; 

BR2t• BRl; BRl: • BR 
II END"; 
DENOMINATORl• Z*BRl - BR2 +e86566 52748 32055 "6; 
NONEXP BESS IO:• (NUMERATOR/DENOMINATORI/SQRTX; 

11 END 11 ; 

"EOP" 

"CODE" 35176; 
"REAL" "PROCEDURE" NONEXP BESS Il(X); 11 VALUE 11 X; 11 REAL 11 X; 
"IF" X•O "THEN" NOHEXP BESS Ilt• 0 
"ELSE" 11 IF 8 ABS(X)> l5o0 "THEN" 
"BEGIN" "INTEGER" SIGNX; 

11 REAL" AR, BR, BRl, BR2, Z, Z2, 
S QRTX, DENOMINATOR, NUMERATOR; 
SIGNX1• SIGN(X); Xt• ABS(X); SQRTXI• SQRTIXI; 
Z:• 30/X - l; ZZ i• Z + Z; 

BRl::• BR2t• O; 
"FOR" AR I• 
+el4940 52614 740 "+l, 
-.36202 64202 42263 "+3, 
+022054 97222 60336 N+51 
-.40892 80849 44275 "+6 "00 11 

"BEGIN 11 BR:• Z2 * BRl • BR2 + AR; 
BR2t• BRl; BRl:• BR 

"END"; 
NUHERATOR1• Z * BRl •BR2 +el0277 66923 71524 "7; 
BRl:• BR2:• O; "FOR 11 AR:• l; 
.... 63100 32005 51590 "31 
+.4%81 19495 33398 "5, 
-.10042 54281 33695 "7 "00" 
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"BEGIN" 8R:• ZZ * BRl - BR2 + AR; BRZl• BRl; BRl:•BR "END 11 J 
DCNOMINATORI• Z * BRl - BR2 +.26028 87678 9105 "71 
MONEXP BESS Ill• ((NUMERATOR/DENOMINATORl/SQRTX> * SIGN X 

"END" "ELSE" 
"BEGIN" 11 Ri:AL 11 "PROCEDURE" BESS U CXlJ "CODE" 35171J 

NONEXP BESS Ils• SXP(•ABS(Xl)*BESS Il(X) 
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"CODE" 3517"!; 
"PROCEDURE" NONEXP BESS ICX, N, I); "VALUE" X, N; 
"INTEGER" N; "REAL" X; 11 ARRAY 11 I; 
11 I F" X • 0 11TH E"l" 
"BEGIN" ![O]l• l; "FOR" Nt• N 11 STEP 11 - 1 "UNTIL" 1 "DO" 

ICNJ2 • 0 
111:ND" 11iLSE 11 

11 BEGIN11 "INTEGER" K; "REAL" X2, R, S; "BOOLEAN" NEGATIVE; 
•INTEGER" "PROCEDURE" STARTCX,N, T>; "CODE" 35185; 
NEGATIVE I• X < O; X:• ABS(XJ; 
R:• S:11 O; X2:a 2/X; K:• START<X,N,1); 
"FOR" K1• K "STEP" - l "UNTIL" l 11 00 11 

"BEG IN" R i • 1 / ( R + X2 * Kl ; St • R * ( 2 + S l; 
"IF" K <• N 11 THEN11 I[K]I• R 

"END"; 
![0]2• Rt• l / (l + S); 
"IF" NEGATIVE "THEN" 
11 BeGIN 11 11 FOR 11 K:• 1 "STEP" 1 "UNTIL" N 11 D0 11 

![K]:• R:• - R * ICK] 
' 1END" "ELSE" 
11 FOR 11 Kt•l "STEP" l 11 UNTIL 11 N "D0 11 ICKJ:• Ria R * ICKJ; 

11 END 11 NONEXP BESS I; 
II EOP" 

"CODE" 35178; 
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"PROCEDURE" NONEXP BESS KOl(X, KO, Kll; 11 VALUE 11 X; 11 REAL 11 X, KO, Kl; 
11 IF 11 X <• le5 "THEN" 
"BEGIN" "REAL" EXPXJ 

"PROCEDURE" BESS KOlCX., KO, KllJ "CODE" 35173; 
EXPXt• EXP(X); BESS KOlCX, KO, Kll; KO:• KO* EXPX; 
Kl 1 • EX PX * Kl 

"END" "ELSE" "IF" X <• 5 8 THEN" 
"BEGIN" "INTEGER" R; "REAL" T2, FAC, Sl., S2, TERMl, TERM2, 

SQRTEXPR, !:XPH2, XZ; 
Sl•• .5; S2t•0J RI• o; X21• X + x; 
EXPH2t• 1 / SQRT(5 * X); 
11 F □R 11 FAC:• 090483741803596, 
.67032004603564, .40656965974060, 
.82084998623899"-l, .27323722447293"-l, 
.16615572731739"•2, .30353913807887"-3, 
• !!5595132416500"-5, .55739036926944 11-6, 
.307487987958650"-8, e 16918979226151 "-9, 
.28111852987891"-12, .84890440338729"-14, 
.424835425'52916"-17 11 00" 
"BEGIN" R:• R + l; T21• R * R / 10; 

SQRTEXPRI• SQRTCT2 / X2 + l); 

.. 20189651799466, 

.74465830709243•-2, 

.45399929762485"-4, 

.45753387694459 11-1, 

.76218651945127"•11, 

.209879104879311-15, 

TERMll• FAC / SQRTEX~R; TERl121• FAC * SQRTEXPR * T2; 
Sl:• Sl + TERMl; S21• 52 + TER112 

11 C01111ENT" 
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KO•• EXPHZ * Sl; Kl1• EXPHZ • S2 • 2 
"END" "ELSE" 
"BEGIN" "INTEGER" R; 
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"REAL II BR, BRl, BR2, CR, C Rl, CR21 DR, ERHINl, E RPLUS 1, ER, 
FO, Fl, EXPX, Y, Y2; 
Yt• 10 IX• li Y2t• Y + Y; R•• 30; 
9Rl1• BRZI• CRll• CRZI• ERPLUS11• ERI• O; 
"FOR" DRt• .27545 11 - 15, -.172697" - 14, ell36042 " - 13, 
-.7883236 " •13, e58081063 " ""12, 
-.457993622 "-11, .3904375,76 "•10, 
-.36454717921 " - 9, .379299645568 " - a, 
-.450473376411 " - 7, .~3257510850049 " .. 6, 
-.11106685196665" • 4, .26953261276272 "• 3, 
••11310504646928" • l "DO" 
"BEGIN" Rt• R - 2; BRI• Y2 * BRl - BR2 + DR; 

CRI• CRl * YZ - CRZ + ER; 
ERl11Nlaa R * DR + ERPLUSl; ERPLUSlt• ER; ERi ■ £Rt1IN1; 
BR21• BRlJ BRlt• BR; CR2t• CRlJ CRll• CR 

"EN 011 J 
FOi• Y * BRl - BRZ + .9884081742308258; 
Flt• Y * CRl • CRZ + ER / 2; 
EXPX•• SQRT(l.5707963267949 / X); KO•• FOt• FO * EXPXJ 
Klr• Cl+ .s I X) * FO + (10 / X / X) • EXPX * Fl 

11 END 11 KO; 
"EO,," 

11 CODE" 35179; 
"PROCEDURE" NONEXP BESS KCX, N, K); "VALUE 11 X, N; 
"REAL" x; 0 INTEGER 11 N; "ARRAY" K; 
"BEGIN" "INTEGER" Ii 11 REAL 11 KO, Kl, K2J 

"PROCEDURE" NDNEXP BESS KOlCX, KO, Kl>; "CODE" 35178; 
NONEXP BESS KOl(X, KO, Kl>; 
KCOl•• KO; "IF" N> 0 11 THEN" KC1J1• KlJ X1• 2 I XJ 
11F OR 11 11 • Z 11 STE P11 l 11UNTI l" N 11D0 11 

"BEGIN" KCll1• K2t• KO+ X * ll•l>* Kl; 
KO:• Kl; Kl•• K2 

"END" 
"E~D" NONEXP BESS K; 

"EOP" 
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AUTHORS: MeBAKKER ANO NeMeTEMMEe 

CONTR1BUTORt ReMONTIJNe 

INSTITUTE: MATHEMATICAL CENTRE. 

RECEIVEOt 78ll0le 

BRIEF DESCRIPTION: 

THIS S!'.:CTION CONTAINS THE PROCEDURES 1 

BESS JAPLUSNt 

THIS PROCEDURE CALCULATES THE BESSEL FUNCTIONS 
OF THE FIRST KIND Of ORDER A+K (O<•K<•N, O<•A<l> ANO 
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ASSIGNS THEM TO AN ARRAYe THE ARGUMENT MUST BE NON-NEGATIVE. 

BESS YAOl: 

THIS PROCEDURE CALCULATES THE BESSEL FUNCTIONS 
OF THE SECOND KIND (ALSO CALLED NEUMANN'S FUNCTIONS) 
Of ORDER A AND A+l AND ARGUMENT X>O• 

BESS YAPLUSN: 

THIS PROCEDURE GENERATES AN ARRAY OF BESSEL FUNCTIONS OF THE 
SECOND KIND OF ORDER A+N, N•O, 1, 2, •••1 NMAX, ANO 
ARGUl'IENT X>Oe 
THE BESSEL FUNCTIONS OF THE SECOND KIND CORRESPOND TO THE 
FUNCTION DEFINED IN FORMULA 9ele2 OF REFERENCE Clle 

BESS PQAOl: 

THIS PROCEDURE IS AN AUXILIARY PROCEDURE FOR THE COMPUTATION OF 
THE BESSEL FUNCTIONS FOR LARGE VALUES OF THEIR ARGU~ENTo 

BESS ZEROS: 

THIS PROCEDURE CALCULATES THE FIRST N ZEROS OF A BESSEL FUNCTION 
OF THE FIRST OR THE SECOND KIND OR ITS DERRIVATIVEe 

START: 

THIS IS AN AUXILIARY PROCEDURE WHICH COMPUTES A STARTING VALUE 
Of AN ALGORITHM USED IN SEVERAL BESSEL FUNCTION PROCEDURES. 
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BESSEL FUNCTION, BESSEL FUNCTION OF THE SECOND KIND, NEUMANN'S 
FUNCTION, ZEROS JF BESSEL FUNCTIONS. 

RcFERENCESt 

Cll• ABRAMOWITZ, Mu AND STEGUN, I. <EDS>, 
HANDBOOK OF MATHEMATICAL FUNCTIONS WITH FORMULAS, GRAPHS AND 
MATHEMATICAL TABLES. 
APPLe MATHe SER. 55, U.S. GOVTe PRINTING OFFICE, 
WASHINGTON, DeCe , l974e 

[2Je GAUTSCH!, w., COMPUTATIONAL ASPECTS OF 
THREE TERM RECURRENCE RELATIONSe 
SlAM REVIEW, VOLUME 9(1967), NUMBER 1, P.24 FF. 

C3le T~MME, NeMe ON THE NUMERICAL EVALUATION OF THE 
ORDINARY BESS~L FUNCTION OF THE SECOND KIND. 
Ja COMPo PHYSe, 21, P. 343 FF, 1976e 

C4le WATSON, GeNe 
A TREATISE ON THE THEORY OF BESSEL FUNCTIONS. 
CAMBRIDGE UNIVe PRESS, LONDON AND NEW YORK, 1945• 

C5l. TEMME, NeMe, SPECIALE FUNCTIES, IN• 
COLLOQUIUM NUMERIEKE PROGRAMMATUUR, 
J.C.Pe BUS (RED.>, MC SYLLABUS 29.lB, 
MATHEMATICAL CENTRE, AMSTERDAM, l976e 

[6le TEMME, NeMe, AN ALGOLRITHM WITH ALGOL 60 IMPLEMENTATION 
FOR THE CALCULATION OF THE ZEROS OF A BESSEL FUNCTION, 
REPORT TW 179 MATHEMATICAL CENTRE, AMSTERDAM, l978e 

SUBSECTION• BESS JAPLUSNe 

CALLING SEQUENCE: 

THE HEADING OF THE PROCEDURE READS1 

"PROCEDURE" BESS JAPLUSN<A, X, N, .'JA); 
"VALUE" A, X, N; 
"INTEGER" 1-H "REAL" A, X; "ARRAY" JA; 
"CODE" 35180; 
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THE MEANING ·oF THE FORMAL PARAHETERS IS1 
At < ARITHMETIC EXPRESSION > ; 

THE HONINTEGER PART OF THE ORDER; 0 <•A< lJ 
xa < ARITHMETIC EXPRESS ION >; 

THC ARGUHEHT VALUE; X > • O; 
Nt < ARITHMETIC EXPRESSION>; 

THS UPPER BOUND OF THE INDICES OF THE ARRAY JA; 
JAs < ARRAY IDENTIFIER >J 

"ARRAY" JA[OrN]; 
EXITi IACKl IS ASSIGNED THE VALUE OF THE BESSEL 

FUNCTION OF THE FIRST KIND JCK+Al(Xl, 
0 < • K < • No 

PROCEDURES USED: 

BE SS J • CP 35162, 
SPHER BESS J • CP 35150, 
GAMMA • CP 35061, 
START • CP 3'185. 

REQUIRED CENTRAL "IEMORYs ND AUXILIARY ARRAYS ARE DECLARED. 

"IETHOD ANO PERFORMANCEt 

IN All THE CASES THE BESSEL FUNCTIONS ARE COMPUTED 
ACCORDING TO THE MILLER METHOD DISCRIBED IN CZ, Pe46•5Zle 
THE STARTING VALUE IS COMPUTED BY THE PROCEDURE STARTe 

RUNNING Til1E4 ROUGHLY PROPORTIONAL TO THE MAXIMUM OF 
X AND Ne 

1:XAMPLE OF USEt 

"BEGIN" "INTEGER" N; "REAL" A, X; 11 ARRAY" JA[O:ZJ; 
"PROCEDURE" BESS JAPLUStHA, X, N, .JA); 11 CODE 11 3!5180; 
XI• 2J Al• e78J N•• 2J 
BESS JAPLUSN(A, X, N, JA)J 
OUTPUT( 61, "( "/1 "("X•" l"D, 39 11 ( 11A• 11 ) 11 eDD, 38 11 C11N•11 l 11 D, 
/, 3(3B•el'tD"•ZDl"l", X, A, N, JACOl, JACll, JAC2l> 

"END" 

RESULTS: 

X• 2 A• • 78 N•2 
e57306126928364110 04152947512442411 0 e16616338793111" 0 
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SUBSECTION• BESS YAOlo 

CALLING SEQUENCE: 

THE HEADING OF THE PROCEDURE READS• 

•PROCEDURE• BESS YAOl(A, X, YA, YAl); 
"VALUE" A, X; "REAL" A, x, YA, YAl; 
"CODE" 35181; . 

THE MEANING OF THE fORMAL PARAMETERS 
A: <ARITHMETIC EXPRESSION>; 

THE ORDER; 
XI <ARITHMETIC EXPRESSION>; 

I St 

THE ARGUMENT. THIS ARGUMENT SHOULD SATISFY 
YA: <VARIABLE>; 

EXITt THE NEUMANN FUNCTION 
AND ARGUMENT XJ 

YAl t <VARIABLE>; 
EXIT: T~S NSUMANN fUNCTION 

PROCEDURES USED• 

RECIP GAM~A • CP 35060; 
BESS PQAOl • C P 3 5183; 
SINH • CP 35111. 

OF ORDER A 

OF ORDER A+l• 

X>O; 

REQU.IRE D CENTRAL ~EMIJR Y: NO AUXILIARY ARRAYS ARE DECLARED. 

METHOD ANO PERFORMANCE: 

FOR O<X<3 THE BESSEl FUNCTIONS ARE COMPUTED BY USING TAYLOR 
SERlESe THE METHOD IS DESCRIBED IN REFERENCE C3le 
MR X>•3 THE PROCEDURE CALLS FOR THE PROCEDURE BESS PQAOl 
(SEE SUBSECTION BESS PQAOl)e 

PAGE 4 

THE RELATIVE ACCURACY IS ABOUT "-13, EXCEPT FOR LARGE VALUES OF X; 
IN THAT CASE THE ACCURACY MAINLY DEPENDS ON THE ACCURACY OF THE 
FUNCTION~ SIN(X) ANO COS(X). 
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EXAMPLE OF use: 

THE PROGRAMt 

11 BEG1N" 11 REAL 11 P, 0; 
"PROCEDURE" BESS YAOlCA, X, YA, YAl); "CODE" 35181; 
BESS YAOl(Ci, l, P, Q)J 
aUTPUTC61, "( 11 2(~) 11 ) 11 , P, Ql 

11 END" 

YIELDS THE FOLLOWING RESULTS 

+8.8256964215677"-002 -7.8121282130028"-001. 

SUBSECTION! BESS YAPLUSNe 

CALLING S !:IJUENC E: 

THE HEADING OF THE PROCEDURE READS! 
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"PROCEDURE" BESS YAPLUSN(A, X, NMAX, YAN); 11 VALUE 11 A, X, NMAX; 
11 REAL 11 A, X; 11 INTEGER11 NMA~; 11 ARRAY 11 YAN; 
"CODE" 35182; 

THE MEANING OF THE FORMAL PARAMETERS ISr 
Al <ARITHMETIC EXPRESSION); 

THE ORDER; 
Xt <ARITHMETIC EXPRESSION>; 

THE ARGUMENT; THIS ARGUMENT SHOULD SATISFY X>O; 
NMAXt <ARITHMETIC EXPRESSION>; 

THE UPPER BOUND OF THE IMDICES OF THE ARRAY YAN; 
YANI <ARRAY IDENTIFIER>; 

"ARRAY" YAN[OtNMAXl; NMAX>•OJ 
EXIT: THe VALUES Of THE BESSEL FUNCTIONS OF 

THe SECOND KIND OF ORDER A+K, FOR THE ARGUMENT X 
ARE ASSIGNED TO YANCKJ,O<•K<•NMAXe 

PROCEDURES USED: BESS YAOl • CP 35181• 

REQUIRED CENTRAL MEMORYt NO AUXILIARY ARRAYS ARE DECLARED. 



SECTION: 6el0el ( DECEMBER 1978) 

METHOD AND PERFORMANCES 

THE RECURRENCE RELATION 

YANCN+ll• -YANCN-ll + 2♦ (N+Al*YANCNl1X 

IS U~ED. TH£ INITIAL VALUES ARE OBTAINED FROM THE 
PROCEDURE BESS YAOl. THE RECURRENCE RELATION IS NUMERICALLY 
STABLE IN THE FORWARD DIRECTION (lF A>• 0)• 

EXAMPLE OF USE s 

THE PROGRAM: 

"BEGIN" "ARRAY" YAN[O:Z]J 
"PROCEDURE" BESS YAPLUSNCA, X, NMAX, YAN); "CODE 11 351821 
BESS YAPLUSN(O, 1, 2, YAN); 
OUTPIJTC61, "("3CN)") ", YAN[Ol, YANCll, YANC2J) 

"EN 0" 

YIELDS THE FOLLOWING RESULTS 
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+8 e82569642l56 77'1-002 •7 e8l2l282l30028"-00l -1. 650682606tll63"+000. 

SUBSECTIONt BESS POAOlo 

CALLING SEQUENCE: 

THE HEADING OF THE PROCEDURE READSr 

"PROCEDURE" BESS PQAOllA, X, PA, QA, PAl, QAl); "VALUE" X, A; 
"REAL" X, A, PA, QA, PAl, QAlJ 
"CODE" 35183; 

THt MEAHING OF THE FORMAL PARAMETERS IS: 
At <ARITH"lETlC EXPRESSION>; 

THE ORDER; 
Xt (ARITHMETIC EXPRESSION>; 

THE ARGUMENT. THIS ARGUMENT SHOULD SATISFY X>O; 
PA: <VARIABLE>; 

EXITI THIS FUNCTION CORRESPONDS TO THE FUNCTION 
PIX, A) DEFINED ON Pe 205 OF REFERENCE C4le 
SEE ALSO REFERENCE Cll, FORMULA 9e2e6; 

QA: <VARIABLE>; 
EXITs THIS FUNCTION CORRESPONDS TO THE FUNCTION 

QCX, A) DEFINED ON Pe205 Of REFERENCE C4le 
SEE ALSO REFERENCE Cll, FORMULA 9.2.6; 
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PAl: <VARIABLE>; 
EXITi THE FUNCTION P(X, A+l)J 

QAlt <VARIABLE>; 
EXIT: THE FUNCTION Q( X, A+l) • 

PROCEDURES USEDI 

BESS JAPLUSN 
BES:S YAOl 

.. .. CP35180, 
CP35181e 

REQUIRED CENTRAL MEM □RYz NO AUXILIARY ARRAYS ARE DECLARED. 

METHOD AND PERFORMANCE1 

X < 3 I 
PA, QA, PAl, QAl ARE COMPUTED FROM THE RELATIONS 

PA • B * ( YAO iii S + J AO * C l , 
QA • B * (YAO * C - JAO * S>, 

PAl • B * ( JAl * S • YAl * C >, 
QAl • B * (JAl * C + YAl * Sl, 

WHERE 

B • SQRT(HALFPI * Xl, 
C • COS(X - HALFPI *(A+ e5l), 
S • SINCX - HALfPI *(A+ e5lh 

HALFPI • 1.57079 63267 9489, 
YAO • Y[A]( X>, 
YAl • YCA + ll(X>, 
JAO • J[AlCX), 
JAl • JCA + ll<X>; 

X >• 31 
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THE METHOD IS DESCRIBED IN REFERENCE C3la IT DEPENDS ON USING 
A MILLER ALGORITHM FOR CONFLUENT HYPERGEOMETRIC FUNCTIONS. 
THE ACCURACY IS ABOUT "-13 AND IS BETTER FOR LARGE Xe 
THE FUNCTIONS PA AND QA CAN ALSO BE USED FOR THE COMPUTATION 
OF THE BESSEL FUNCTION J OF THE FIRST KIND. 
SEE REFERENCECll, FORMULA 9.2.5e 
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c:XAMPLt DF user 

FROM S1ME 0 ROPERTIES QF THF B~SSEL FUNCTIONS IT CAN BE PROVED 
THAT PA*PAl+QA~QAl•l, WHATfVER X AND A. IN THE FOLLOWING PROGRAM 
WE VERIFY THIS RELATION. 

11 BEGIN 11 11 RFAL" A, X, P, Q, R, S; 
"PROC/:DIJRi;" BES<.; PQAOl!A, X, PA, QA, PAl, OAll; 11CDDF" 35183J 
"'FJR11 XI• 1, 3, 5, 10, 15, 201 ,o 11 D0" 
11 Bf:GIN 11 BE~S PQAOl(O, X, P, IJ, R, SI; 

OUTPUT(61, "("BB, 0.20 11 +3D"l", ABS(P*R+Q*S-111 
"!;ND" 

11 END 11 

THIS PROGRAM GIVES THE FOLLQWING RESULTS: 

le42"-0l4 7e 11 "-Jl5 7 •ll"-015 7.11 11-015 le42"-0l4 0.0011+000 Ze 13"-1.114. 

SUBSf'CTl!1N1 BESS ZEROS. 

CALLING SC~UENClt 

THE YEADING OF THE PROC~DURE READS: 
11 DROCEDURE 11 BESS ZEROS(A,N,Z,DIJ 
"VALU!'l" A,N,D; "Rf.:AL" AJ 
11 INT~GER 11 ~,D; 11 ARRAY 11 Z; 
11 C00~" 35104; 

Tl➔ E MEANING OF TIit FORMAL PARAMF.TERS IS 1 

Al (ARITH~CTIC EXPRESSiaN>J 
THE ORDOR OF TH~ BESSEL FUNCTION, A>•Oe 

N: (ARITHMGTIC EXPRESSI1N>J 
THE NUMDCR OF ZEROS TO BE EVALUATED, N>•l• 

Zt <ARRAY ID~NTIFIER>; 
11ARRAY 11 ZClH!l; 
£:XITI ZCJJ IS me J-TH ZERO OF THE 

SELECTED B~SSEL FUNCTON; 
01 <ARITHM~TIC GXPR5SSION>; 

THE CHOICE OF D D~TERMINES THE TYPE ~F THE 
BESSEL FUNCTION OF WHICH THE ZEROS ARE COMPUTED! 
IF D•l TH!:N JA , 
IF D•2 TH!H YA , 
IF 0•3 THEN J A•PR I ME, 
IF D•4 THGN YA-PRIMto 
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PROCEDURES USEDt BUSS PQAOl • CP 351830 

REQUIRED CGtlTRAL MEMMURY: NO AUXILIARY ARRAYS ARE USEDe 

RUNNING TIMEi DrPSNDS ON THE VALUES OF A AND N AND ON 
THE MUMBER OF ITERATIONS IN THE ALGORITHM. 
FROM TESTS IT FOLLOWS THAT FOR EACH ZERO AT MOST 3 
EVALUATIONS OF THE PROCEDURE BESS PQAOl ARE NEEDEDe 

~ETHOD AND PERFORMANCE: 

A FIRST APPROXIMATION OF THE ZEROS OF THE SELECTED BESSEL 
FUNCTION IS CALCULATED BY MEANS OF THE ASYMPTOTIC EXPANTIONS 
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( SEE THE FORMULAS 9e5al21 9e5e13 ( FOR A< 3 l AND 9e5e221 
9e5e24( FOR A>• 3 l OF REF Cll le THIS VALIJE IS CORRECTED BY THE 
USE OF A FOURTH ORDER ~EWTON-RAPHSON METHOD AS DISCRIBED ON Pe 179 
UF REF [61. MORE DETAILS CAN BE FOUND IN REF [7le 
A RELATIVE PRECISION OF 13 DIGITS IS P~RSUED. 
Tl-fi: COMPUTATIOM Of A ZERO IS TERMINATED IF THIS ACCURRACY 
15 ACHIEVED OR If MORE THAN 5 ITERATIONS ARE NEEDED. 
TYE PRJCEDURE DOES NOT CHECK ON THE RANGE OF THE PARAMETERS 
A,N ANO Do 

EXAMPLE OF USE! 

THE PR'JGRAM 

"BEGIN" "REAL" A; "INTEGER" N,D; "ARRAY" ZCl:ZJ; 
"PROCEOURt"BESS ZEROSCA,N,Z,D); "CODE" 35184; 
At•3.14; NI• 2; DI• Zi 
BESS ZEROSIA1N,Z1D>; 
OUTPUT (611 "M"N1 /, N" l 111 ZC 1l, ZC 21 l 

"EN 011 

PRINTS THE FIRST TWO ZEROS OF THE BESSEL FUNCTION Y OF 
TI-IE ORDER 3.14; THE RESULT IS: 
+4.6847847078799"+000 
+8.2765898338392"+000 
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SUBSECTION! START. 

CALLING SEQUENCE: 

THE HEADING OF TYE PROCEDURE READSt 

"INTEGER" 11 PROC!:DURE 11 START( X,N,T); 
"VALUE" X,N,T; "REAL" XJ 
111 NT EG ER II N, T ; 
"CODE" 3518,; 

START1• A STARTING VALUE FOR THE MILLER ALGORITHM 
FOR COMPUTING AN ARRAY OF BESSEL FUNCTIONS; 

THE MEANING OF T!fe FORMAL PARAMETERS IS1 
XI <ARITHMETIC EXPRESSION>; 

THE ARGUMENT OF THE BESSEL FUNCTIONS, X > O; 
NI <ARITHMETIC EXPRESSION>J 
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THE NUMBCR OF BESSEL FUNCTIONS TO BE COMPUTED, N >• O; 
T; <ARITHMETIC EXPRESSION>; 

THE TYPF. OF BESSEL FUNCTION IN QUESTION, 
T • 0 CORRESPONDS TO ORDINARY BESSEL FUNCTIONS, 
T • 1 C~RR~SPONDS TO MODIFIED BESSEL FUNCTIONSe 

PROCEDURES USEDt NONE. 

REQUIRED CENTRAL MF.MORY1 NO AUXILIARY ARRAYS ARE DECLARED. 

~i:THOD AND PERFORMANCEt 

THE PR□CEOURE IS CALLEO IN THE FOLLOWING PROCEDURES 1 

BESS J CODE 35162 
NON EXP BESS I CODE 35177 
BESS JAPLUSN CODE 35180 
BE SS KAPLUSN CODE 35192 
NON EXP BESS IAPLUSN CODE 35193 
SPHER Bt:;SS J CODE 35150 
NON EXP SPHER BESS I CODE 35154. 
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IN THESE PROCEDURES AN ARRAY OF BESSEL FUNCTIONS IS GENERATED 
BY US!NG '1 ILLER •S ALGORITHM ( SEE R!:FC 5J) • FOR STARTING THIS 
ALGORlTHM ONE NEEDS AN INTEGER NU WHICH CAN RE COMPUTED BY USING 
GAUTSCH! 1 5 ESTIMATES OF THE ERROR ( SEE REFC5,FORMULA (5ellll >• 
WE COMPUTE THIS STAR TING VALUE NIJ BY USING ASYMPTOTIC APPROXI"IA
TIONS OF THE BESSEL FUNCTIONS, AS GIVEN IN REHl, FORMULA 9e3e7, 
9e3.8, 9e7e7, AND 9.7.Ble GAUTSCH! USED DIFFERENT FORMULAS, BUT 
THOSE USED HERE GIVE FOR LARGE X AND N MORE REALISTIC ESTIMATES. 
THE PERSUED ACCURACY IN THE ABOV~ "IENT!ONED PROCEDURES IS ABOUT 
11-l't • FOR OBTAINING AN ACCURACY OF 11-D THE NUMBERS 36 AND 18 
APPEARING IN THE FOURTH AND SIXTH LINE OF THE SOURCE TEXT OF START 
SHOULD BE REPLACED BY (O+ll• LN(lOl ANO e5*(0+ll* LN(lOl, 
RESPECT!VELY. FOR MODIFIED BESSEL FUNCTIONS THE ACCURRACY IS IN A 
RELATIVE SENSE; FOR ORDINARY BESSEL FUNCTIONS THE ACCUPRACY IS 
ABSOLUTE IF THE ORDER OF THE BESSEL FUNCTION IS SMALLER THAN X, 
OTHERWISE IT IS RELATIVE. 

RUNNING TIME: NEGLECTABLE IF COMPARED WITH THE TIME NEEDED 
FOR THE BESSEL FUNCTION PROCEDURES. 

EXAMPLE OF use: SEE THE ABOVE MENTIONED PROCEDURES. 

SOURCE TEXT( S)1 

"CODI:" 35180; 
"PROCEDURE" BESS JAPLUSNIA, X, N, JA); "VALUE" A, X, N; 
"INTEGeR19 N; "REAL" X, A; 11 ARRAY" JA; 
11 If" X • 0 11 THEN 11 

11 BEGIN" JACOJ:• 111F 11 A• o 11 THEN 11 1 11ELSE" o; 
11FoR 11 N:• N 11 sTEP 11 -1 11 uNT1L 11 1 1100 11 JACNJ1• o 

11 F.ND" "ELSE" 
11 IF" A. g 11THEN 11 

"BEGIN 11 "PROCEDURE" BESS JCX, N, J); "CODE" 3516.Z; 
BESS J(X, N, JA) 

"END" "ELSE" 
11 IF 11 A• e5 11 THENr 
"BEGIN" "REAL II s.; 

"PROCEDURE" SPHER BESS JCX, N, J); 11 CODE 11 35150; 
S1• SQRT<Xl * e797 884 560 802 865; "COMMENT11 S ,. SQRTl2X / PIJ; 
SPHER BESS J<X, N, JA); 
11 FOR11 NI• N 11 STEP 11 - l 11 UNTIL 11 0 11 0011 JA[N]Ja JA[N] * S 

"EN0 11 "ELSE" 
11COMMENT 91 
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"BEGIN" "REAL" A2, XZ, R, S, L, LABDA; "INTEGER" K, M, NU; 
"REAL" 11 PROCEDIJRE" GAMMAIV); "CODE" 35061; 
"INTEGER" "PROCEDURE" START<X,N,T>; ''CODE" 35185; 
Lt• l; NU:• START!X,N,O); 
"FOR" M:• l "ST;pn l "UNTIL" NU "DO" 

PAGE 12 

Li• L * (M+A) / (M+l); RI• Sr• O; XZI• 2 / X; Kl• -1; AZI• A+ A; 
"FOR" M:• MU+NIJ 11 ST1:P" • l "IJNTIL" l 11 D0" 
II BEGIN" p : • l / ( xz * ( A .. M ) - R) j 

"IF" K • l "THEN" LABDAt• 0 "ELSE" 
11 BEGUI" Lt• L "'P-1 + 2) / (M + AZ); LABDAt• L *IM+ Al 11 END 11 ; 

S:• R * (LABDA + S); K:• -K; 
"IF" M<• N "THEN" JA[MJI• R 

"END"; 
JA[OJ:11 RI• l / GAMMA(l + Al / (l + Sl / XZ ** A; 
"FOR" Mt• l "STEP" l "UNTIL" N "00" JA[MJ:• R:• R * JA[MJ; 

"END" BESS JAPLUSN; 
"E □P" 

"CODE" 3 5181; 
"PROCEDURE" BESS YAOl(A,X,VA,YAlli"VALUE" A,X; "REAL 11 A,X,VA,VAl; 
11 IF" A• 0 "THEN" 
"BEGIN" "PROCEDURE" BESS YOl<X,YO,Vll; 91 COOE 11 35163; 

BESS YOl<X,YA,YAll 
"ENO" 11 HSE 11 

"BEGIN" 11 REAL 11 B1C1D,E,F1G1H1P1PI,Q1R1SJ 11 INTEGER 11 N,NA; 
11 BOOLEAN11 REC,REV; 
PI:•4*ARCTAN(l)JNA3•ENTIERIA+.5l;RECl•A>•e5; 
REVt•A<-.5; 19IF 11 REV "OR" REC 11 THEN" At•A-NA; 
"IF" A•••5 "THEN" 
"BEGIN" P:•SQRTIZ/PI/Xl;F:•P*SIN(Xl;G:•-P*COS(X) "END" "ELSE" 
"IF II X<3 "THEN" 
"BEGIN" "REAL" 11 PROCEOURE" RECIP GAMMAIX,ODD,EVEN>; "CODE" 35060; 

"REAL" "PROCEDURE" SINH(X); "CODE" 35111; 
B:•X/2JOl••LH(B)JEt•A*DJ 
C1•"IF 11 ABS(A)<11-B 19THEN 11 l/PI "ELSE" A/SIN(A*PI)J 
St•11 IF" ABSCE>< 11-8 11 THEN11 l 11 ELSE 11 SINH!El/E; 
E:•EXP(E);G:•RECIP GAMMAIA,P1Q)*EJE1•(E+l1El/Z; 
Fr•Z*C*(P*E+O*S*D);E••A*AJ 
Ps•G*CJQl•l/G/PIJCJ•A*PI/2; 
Rl•"IF" ABSIC>< 11-8 "THEN" 1 "ELSE" SIN(Cl/C;R:•PI*C*R*R; 
C:•l;D:•-B•B;YAl•F+R*QJYAlt•PJ 
"FOR" Nl•l,N+l "WHILE" 
ABS(G/(l+ABS(YAlll+ABSCH/(l+ABS(YAllll>"-15 "DO" 
118 EGI N19 F: • C F*N+ P+Q )/ C N*H-E); C: •C*D/N; 

P1•P/IN-A);Qs ■ Q/(N+A); 

G1•C*(f+R*Ol;Ht•C•P-N*GJ 
YA:•YA+G;YAll•YAl+H; 

"END''; 
Ft •-YAJG l•-VAl/8 

11 ENi> 11 "ELSE" 
"COMMENT" 
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"BEGIN" "PROCEDURE" B£:SS PQAOllA,X,PA,QA,PAl,QAll; "CODE" 35183; 
Bt•X-PI*(A+.5)/Z;Ci•COS(B);Sa•SIN(B); 
Dc1•SQR T( 21 X/PI); 
B!:SS POAOl ( A, X, P., 01 B, H); 
F:•D•<P•S+0*C);G:•D*(H•s-s•c> 

"END"; 
"IF" REV "Tl-iHI" 
"BEGIN" Xl•Z/X;NA: ■-NA-lJ 

"FOR" ~:•O "STEP" l "UNTIL" NA "D0 11 

"BEGIN" H1•X*(A-N)*F-G;G1•F;F1•H "END" 
"END" "ELSE" "IF" REC "THEN" 
"BEG1N" X: •2/X; 

"FOR" N!•l "STEP" l "UNTIL" NA 11D0" 
"BEGIN" Hl•X*(A+N)*G•F;Fs ■ G;Gt•H "END" 

"!:ND"; 
YA: ■ F;YAl:•G 

"END" BESS YAOl; 
"EOP" 

11 C OD!: 11 35182; 
"PROCEDURE" BESS YAPLUSN(A, X, NMAX, YAN); "VALUE" A, X, NMAX; 
"REAL" A, X; "INTEGER" NMAX; "ARRAY" YAN; 
"BF.GIN" "INTEGER" i~; "RF.AL" Yl; 

"PROCEDURE" BESS YAOlCA, X, YA, YAl)J "CODE" 35181; 
BESS YAOl<A, X, YAN[Ol, Ylli At• A-li XI• 2/X; 
"IF" NMAX > 0 "T4EN" YANCllt• Yl; 
"f0R 11 N:• 2 "STEP" l "UNTIL" NMAX "00" 
YANCNl:• -YANCN-21 + (A+N)*X*YANCN-11 

"END" B~SS YAPLUSN; 
"EDP" 

"CODE" 35183; 
"PROCEDURE:" BESS PQAOl ( A,X,PA,OA, PAl, QAl); "VALUE" A,XJ 
"REAL" A, X1PA,PAl1ClA1QAl; 
11 IF" A• 0 "THEN~ 
"BEGIN" "PROCEDURE" BESS PQO(X,P0,00); "CODE" 35165; 

"PROCEDURE" BESS PQl(X,Pl,01); "CODE" 35166; 
BESS PQO<X,PA,!JA); BESS POl(X1PAl10Al> 

"END" "ilLSE" 
"BEGIN" "INTEGER" N,NA; "REAL" B, PI, PO, QO ; "BOOLEAN" REC., REV; 

PII• 4"' ARCTAN<l>; 
REV:•A<-•5i"lf 11 REV "THEN" At•-A-li 
REC:•A>•.5; 11 IF 11 REC "THEN" 
"BEGIN" NAt•ENTIER(A+.5);At•A-NA "END"; 
11 1 F" A--.5 "THEN" 
11 BEGIN 11 PA:•PAlt•l;QA:•QAlt•O "END" 11 ELSE" 
11 IF" X >• 3 "THEN" 

"COMMENT" 
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"BEG!N" "REAL" C,D,E,F,G,H,P,0,R,S; 
c:-.25 -A*A; '3:• X + x; Fl• R:• 1i GI• -x; S:• O; 
E1•(X*COS(A*Pil/PI*"l'l**ZJ 
"FOR" Nt•Z,N+l "WHILE" (P*P + O*Ol*N*N<E "DO" 
"BEGIN" Dt•(~-l+C/N); 

P:• <Z * N * f + B * G - D * Rl / (N + ll; 
Qt• (2 * N * G - B * F - D * Sl / (N + ll; 
RI• F; Ft• Pi St• G; Gt• Q 

11 END 11 ; 

f:• F * F + G * G; 
Pt• (R * F + S * Gl / EJ 
Qt•(S*F-R*Gl/E; 
F1• Pj t;:• a; 
"F!JR" N:•N-l "WHILE" N>O "DO" 
"BEGIN" Rt•IN+ll*(2-PI-Z;St•B+(N+ll*OJDl•(N-l+C/NI/ 

(R*R+S*Sl;Pl•D•R;Q:•o•s;e: ■ F; 
F:•P*l~+ll•G*Q;G:•O*IE+ll+P*G 

"END"; 
Fl•l+FJ DJ•F*F + G*GJ 
PA: ■F/D;QA:•"G/DJD1•A+.5•P;Q: ■ Q+X; 
PAl:•IPA*Q•OA*Ol/X; QAll•(OA*Q+PA*Dl/X 

111 END" "ELSE"' 
"BEGIN" "REAL" C, S, CHI, YA, YAl; "ARRAY" JACO:lJ; 

"PROCEDtJRE" BE:iS JAPLUSN( A, X, N, JA); 11 CDDE 11 35180; 
"PROCEDURE" Br:::;s YAOl(A, X, YA, YAl); "CODE" 35181; 
8 r • SQ RT I P I * X / Z l J 
CHI:• X - PI* IA/ 2 + e25l; C1• COS(CHll; S:• SIN(CHll; 
BSSS YAOl(A, X, YA, YAll; BESS JAPLUSN(A, X, 1, JAl; 
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PAI• B * (YA* S + C * JACO]); QAt• B * (C * YA - S * JACOllJ 
PAlt• B * (S * JACll - C * YAll; 
QAl:• B * (JACll * C + YAl * Sl 

"F.1110"; 
"IF" REC "THEN" 
11 BEGIN11 Xt•2/X;B1•(A+l)*X; 

"FOR" Mt•l 19 ST:::P 11 l "UNTIL" NA 11 0 □" 
"BEGIN" P0t•PA-0Al*B; QOl•QA+PAl*BJ 

PAl•PAl;PAll•PO; 0At•QA1; QAlt•QOJ Bt•B+X 
II EH D" 

11 END 11 ; 

11 IF 11 Rev "THEN" 
"BEGIN" PO: •PAl; PAl 1 •PA; PAI •PO; QO taQAl; QAl: •QA; QA; •00 "END" 

11 END 11 BESS PQAOl; 
11 E'.JP" 
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CODE" 35184; 
PROCEDURE" BESS ZEROS(A1N,Z1D)J "VALUE" A,N,D; 11 REAL 11 A; 11 ARRAY11 l; 

"INTF.Gt;R 11 N,D; 
COMMENT" COMPUTES zc11, ••• ZCNJ,THE FIRST N ZEROS OF A BESSEL FUNCTION. 

THE CHOICE OF D DETERMINES THE TYPE OF THE BESSEL FUNCTION s 
IF D•l THEN JA ELSE 
IF D•2 THEN YA ELSE 
IF D•3 THEN JA•PR:ME ELSE 
IF D•4 THEN YA-PRIME. 
A IS THE ORDER OF THE BESSEL FUNCTION, IT MUST BE NON-NEGATIVE.; 

BEGIN" "REAL" AA,AZ,B, BB,C, CHI,C □, HU, Mll2,MU3,MU4,P ,P I,PA,l>Al., PO, Pl,PPl, 
Q,QA,QA1,0l,Q01,RO,SI,T,TT,u,v.,w,x,xx,x4,YJ "INTEGER" J,SJ 

"REAL" "PRIJCEDURE 11 FI (Y>; 11 VALUE" Y; "REAL" Y; 
"COM~ENT" COMPUTES FI FROM THE EQUATION 

TAN(Fll•FI•Y , WHERE Y>•Oe 
THE RELATIVE ACCURACY IS AT LEAST 5 DIGITS; 
"IF" Y•O "THEN" FI 1 •0 "ELSE" 
"IF" Y>"5 11 THEN" FI:•le570796 11 ELSE 11 

"BEGIN" 11 REAL" R,P,PPJ 
"IF" Y<l "THEN" 
"BEGIN" Pt•(3*Yl**(l/3); Pl>t•P*Pi 

P:•P*(l+PP*(•210+PP*(Z7•2*PP)l/1575l 
"END" "ELSE" 
"BEGIN" Pt•l/(Y+l.570796); PPt•P*Pi 

P:• le570796•P*(l+PP*(Z310+PP*(3003+PP*(48l~+PP* 
(659l+PP*l6328llll/3465l 

"END"i 
PPt•(Y+Pl*(Y+P>; Ra•(P•ARCTAN(P+Yll/PP; 
F I : • P- ( l + P P l *R * <l +R / ( P +Y I l 

"END" FI; 

11 PROCEOURE" BESS PQAOl(A,X,PA,OA,PAl,QAlli "CODE" 35183; 

11 REAL 11 11PROC£DURE11 R; 
"BEGIN" BESS PQAOl(A1X,PA10A1PAl1QAl)J 

CHll•X•PI*(A/2+0eZ5J; 
SI t•SIN(CHil; C □ :•COS<CHil; 
Rs• "IF" D•l "THEN" (PA*CO•QA*SI)/(PAl+SI+0Al*COl "ELSE" 

"If" 0•2 "THEN" CPA*SI+0A*C0)/10Al*SI-PAl*COI 11 ELSE" 
"If" 0•3 19 THEN11 A/X-(PAl+SI+QAl•CO) /(PA•c □-aA+SI I "HSE 11 

A/X-(QAl*SI•PAl*COl/(PA*Sl+0A*COl 
II END" R; 

11 COHMENT 11 
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PI1•4•ARCTAN(l); AAt•A•A; MU1•4*AA; MU21•MU*MU; 
MU3:•MU*MU2J MU4:•MU2*MU2; 
11 tF 11 0(3 "THEN" 
"BfGIN" Pt•7*MU-3li POl•MU-1; 

Plt•4*C253*MU2-3722*MU+l7869)/15/P*PO; 
Ql1•8*1 83*MU2- 982*MU+ 3779)/ 5/P 

"END" "i::LSE 11 

"BEGIN" PS•7*MIJ2+!'\2*MU-9; P0t•MU+3; 
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Pl: •C 4048 *Mll4+131264*MU3-221984*MU2-41 7600*MU+l012176) 160/ P; 
Ql:•le6*!83*MU3+2075•MU2•3039*MU+3537l/P 

"END"; 
T1•11 IF" D•l 11 0R 11 D•4 11THEN" 0.25 "ELSE" Oe75; TT:•4*T; 
11 IF" 0<3 "THEN" 
11BEGIN 11 PPl:• 5/48; QQl:• -5/36 "END" "ELSE" 
"BEGIN" PPlt•-7/48; QQl1• 35/288 "END"; 
Y:• 3*PI/B; BB:• "IF" A>•3 11 THEN 11 A *"'1-2/3) "ELSE" OeO ; 
11FOR" Sl•l "STEP" 1 11UNTIL 11 N 1100" 
"BEGIN" "If" A•O"AND"S•l"AND"D•3 "THEN" 

"BEGIN" Xt•O; Jt•O "END" "ELSE" 
11BEGIN" 11 IF 11 S >• 3*A •8 11 THEN 11 

"BEGIN" B:• ( S+A/2-Tl *PI; C l•l/B/ B/64; 
Xt•B-l/B/8*!PO-Pl*C)/Cl-Ql*Cl 

"END" "ELSE" 
"BEGIN" "IF" S•l 11TI-IEN" 

11 BFGIN 11 Xt• "IF" D•l "THEN" -2,33811 "ELSE" 
11 IF 11 D•Z "THEN" -1.17371 "ELSE" 
"IF" 0•3 11 THEN" -1.01879 11 ELSE 11 -2.29444 

"END" "ELSE" 
"B~GIN" XI• Y*(4*S-TT); VI• l/X/X; 

XI• -X**IZ/3l*Cl+V•IPPl+QQl*Vl) 
"E"ID "i 
U1•X*BB; Vl•FI(2/3+(-Ul**le5); 
Wt•l/COS(V); XXl•l-W•W; Ct•SQRT(U/XX); 
X; •W*( A+C /AIU* 
("IF" D<3 "THEN" •5/48/U•C•<•5/24/XX+l/8) 

"ELSE" 7/48/U+C*(-7/241XX+3/8))) 
"END"; Jl•O; 
Ll% xx: ■ x+x; X41•XX*XX; A2:•AA•XX; RO:•R; J: ■J+l; 

"IF" 0(3 "THEN" 
"BEGIN" Ut•RO; Pt•Cl-4*A2)/6/X/C2*A+l); 

Q1•<2*<XX-MU)•l•6*Al/3/X/IZ*A+ll 
11 END" 11 ELSE 11 

"BEGIN" Ui•-XX*RO/A2; V1•2*X*A2/CAA+XX)/3J 
Wl•AZ*A2•AZJ 
Q:•V*ll+( MU2+32*MU*XX+48*X41/32/W); 
fl 1 •V* ( l+(-MU2+40•MU• XX+4 B*X4 )/6't/W) 

"END"; 
W1•U*Cl+P*RO)/(l+0*RO); Xl•X+W; 
11lf 11 ABSIW/Xl>"-13 11 AND 11 JC5 "THEN" "GOTO" Ll 

II EN D11 ; z [ s l ' • X 
"END" 

END" BESS ZEROS; 
II EOfl" 
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CODE" 35185; 
INTEGER" "PROC£0LIRE" START(X1N1Tli 11 VALUE" X,N,T; "REAL" Xi 

11 I NT EGER" N, T; 
BEGIN" "REAL"P,Q,R,Y; "INTEGER" S; 

S:• 2*T-l; p:a 36/X-T; R1• NIX; "IF" R>l "OR" T•l "THEN" 
"BEGIN" Q1• SQRT(R*R+S); RI• R*LN(Q+RI-Q "END" "ELSE" R1• O; 
Qs• 18/X+R; RI• 19!F" P>Q "THEN" P 11 ELSE" Q; 
P:• SQRTC2*CT+Rll; P:• X*CCl+R)+P)/(l+P); Y:• O; 
11 FQRt1 Q:• Y, Y "WHILE" P)Q "OR" P<O-l 1100 11 
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11 BEGIN" Yl•P; Pt• P/X; Ql• SORTCP*P+S); PI• X*(R+Q)/LNIP+O) 11 END"; 
STARTt• 11 If" T•l "THEN" ENTIER(P+l> "ELSE" •ENTIER(•P/21*2 

END" START; 
"EOP" 
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AUTliORS1 MoBAKKER AND N.M.TEMMEe 

INSTITUTE: MATHEMATICAL CENTRE. 

Ri:CEIVEDi 781101. 

BRIEF DESCRIPTION: 

THIS S~CTION CONTAINS THE PROCEDURESr 

BESS IAPLUSN: 

THIS PROCEDUFE GENERATES AN ARRAY OF MODIFIED 
BESSELFUNCTIONS OF THE FIRST KIND OF ORDER 
A+N, N•O, •••' NMAX, 0 <•A< 1 AND ARGUMENT X > • Oe 

NONEXP BESS IA PLUS N1 

THIS PROCEDURE GENERAT~S AN ARRAY Of MODIFIED 
BESSEL FUNCTI~NS OF THE FIRST KIND Of ORDER 
A+ N, N • O, •••1 NMAX, O<•A <1 AND ARGUMENT 
X > • 0 MULTIPLIED BY THE FACTOR EXPC•Xle 
THUS, APART FROM THE EXPONENTIAL FACTOR THE 
ARRAY ENTRIES ARE THE SAHE AS THOSE COMPUTED 
BY BESS IAPLUSNe 

8ESS KAOl t 

TliIS PROCEOURE CALCULATES THE MODIFifD BESSEL FUNCTIONS OF THE 
THIRD KIND OF ORDER A AND A+l, AND ARGUMENT X, X>OJ 

BESS KAPLUSN t 

THIS PROCEDURE GENERATES AN ARRAY OF MODIFIED BESSEL FUNCTIONS 
OF TYE THIRD KIND OF ORDER A+N, N•O, 1, ••u NMAX, AND 
ARGUME!llT X>Oe 
THC MODlfir;D BESSEL FUNCTIONS CORRESPOND TO THE FUNCTION 
DEFINED I"l FORMULA 9.6.Z OF REFERENCECl]; 

NONEXP BESS KAOl: 

THIS PROCEDURE CALCULATES THE MODIFIED BESSEL FUNCTIONS OF THE 
THIRD KIND OF ORDER A AND A+ 1, AND ARGUMENT X, X > O, 
~ULTIPLiiD BY THE FACTOR EXP(Xle THUS, APART FROM THE 
EXPONENTIAL FACTOR, THE FUNCTIONS ARE THE SAME AS THOSE 
COMPUTED BY BESS KAOl; 
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NONEXP B(SS KAPLUSN1 

THIS PROCSDUPE G~NERATES AN ARRAY OF MODIFIED BESSEL FUNCTIONS 
OF THE THIRD KIMD Of ORDER A+ N, N • O, 1, ••• , NMAX, ANO 
ARGUMENT X>O MIILTIPLIED BY THE FACTOR EXP!Xle THUS, APART FROM 
THE EXPONCNTIAL FACTOR, THE FUNCTIONS ARE THE SAME AS THOSE 
COMPUTED BY TYE PROCEDURE BESS KAPLUSN. 

'<EYWORDSl 

BESSEL FUNCTIOM, 
MODIFIED BESSEL FUNCTION, 
MODIFIED BESSEL FUNCTION OF THE THIRD KIND. 

REFERENCES 1 

[lle ABRAMOWITZ, Me, AND STEGUN, Ie !EOSel, 
HAMDBOOK OF MATHEMATICAL FUNCTIONS WITH FORMULAS, GRAPHS AND 
MATHEMATICAL TABLES, 
APPLo MATH. SERe 55, UeS1 GOVT, PRINTING OFFICE, 
WASHINGTON, DeCo 1196411 

[2le GAUTSCH!, w., COMPUTATIONAL ASPECTS 
OF THREE TERM RECURRtNCE RELATIONS. 
SIAM REVIEW, VOLUME 9, 11967), NUMBER 1, P.z,. 

[31. TCMME, NeMu ON THF NUMERICAL EVALUATION OF THE 
MODIFIED BESSEL FUNCTION OF THE THIRD KINDe 
Je COMPe PHYSICS, VOL. 19, <1975 >, NUMBER 3, Po 32'to 

SUBSECTION1 BESS IAPLUSNe 

CALLING SEQUENCE: 

THE HEADING Of THE PROCEDURE READSr 

"?ROCEDURE" BESS IAPLUSNIA, X, ~, IA); 
"VALUE" X, N, A; "REAL" X, A; 
"INTEGGR" N; "ARRAY" IA; 
"CODE" 35190; 
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THE 11EAHING OF THE FORl'IAL PARANETER'S IS 1 
A: < ARITHMETIC EXPRESSION >; 

THE NONINTEGER PART OF THE ORDER OF THE 
BESSEL FUNCTIONS; 0 < • A < l; 

Xt < ARITHNETIC EXPRESSION>; 
THE ARGUMENT OF THE BESSEL FUNCTIONS; X > • O; 

N1 < ARITHMETIC EXPRESSION >J 
THE UPPER BOUND OF THE INDICES OF THE ARRAY IA; N>• O; 

IA: < ARRAY IDENTIFIER>; 
"ARRAY" IA[OIN]J N > • O; 
EXIT• THE VALUES OF THE MODIFIED BESSEL FUNCTIONS 

OF THE FIRST KIND , OF ORDER A+K AND ARGUMENT x., 
I[A+Kl(X) ARE ASSIGNED TO THE ARRAY IA. 

PROCEDURES USEDr 
NONEXP BESS IAPLUSN 
BESS I 
NONEXP SPHER BESS I 

• CP 351931 
• CP 351721 
• CP 35154• 

REQUIRED CENTRAL MEMORY! NO AUXILIARY ARRAYS ARE oeCLARED. 

METHOD AND PERFORMANCEt SEE SUBSECTION NONEXP BESS IAPLUSN, 

RUNNING TIME: 

ROUGHLY PROPORTIONAL TO THE MAXIMUM OF X AND Ne 

EXAMPLE OF USE1 

"BEGIN" "REAL" X1 A; "ARRAY" IAC012] ; 
"PROCEDURE" BESS IAPLUSN( A, X, N, IA>; "CODE" 35190; 
A:• 025; XI• 2; BESS IAPLUSN<A, x., Z, IA>; 
OUTPUT( 611 11 ( "2 (ltBD. OD)., l1 3( ltB-.lltD"•ZD) 11 ) ", 

A, X, IACOJ, IACll, IAC2l) 
"END" 

PRINTS THE FOLLOWING RESULTS: 

0.25 2.00 

PAGE 3 

eZ203354lt516736 11 1 .13401967589829" 1 e52810850Z94501" 0 
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SUBSECTION• NONEXP BESS IAPLUSNe 

CALLING SEQUENCE 1 

THE HEADING OF THE PROCEDURE READS• 

"PROCEDURE" NONEXP BESS IAPLUSN<A, X, N, IA>; 
"VALUE" A, X, N; 
11 REAL" A, XJ "INTEGER" N; "ARRAY" IAJ 
"CODE" 35193J 

THE MEANING OF THE FORMAL DARAHETERS rs, 
Al < ARITHMETIC EXPRESSION >J 

THE NONINTEGER PART OF THE ORDER A+N, 0 <•A< l; 
X: < ARITHMETIC EXPRESSION>; 

THE ARGUMENT OF THE BESSEL FUNCTIONSJ X >• OJ 
NI < ARITHMETIC EXPRESSION >J 

THE UPPER BOUND OF T~E I~DICES Of THE ARRAY IA; N>• O; 
IA: < ARRAY IDENTIFIER >J 

"ARRAY" IA[OIN]J N) • OJ 
EXIT1 IACK] HAS THE VALUE OF 

THE MODIFIED BESSEL FUNCTION OF THE FIRST KIND OF 
ORDER A + K AND ARGUMENT X MUL TIPLil:D BY 
EXP (--X), 0 < • K < • N • 

PROCEDURES USED: 

NONEXP BESS I 
NONEXP SPHER BESS I 
GAMMA 
START 

• CP 35177 
• CP 3515/t 
• CP 35061 
• CP 3'18'5 

REQUIRED CENTRAL ~EMORY1 NO AUXILIARY ARRAYS ARE DECLARED. 

METHOD AND PERFORMANCE• 
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IN ALL THE CASES THE BESSEL FUNCTIONS ARE COMPUTED ACCORDING TO 
THE HILLER METHOD DESCRIBED IN C2, ~.46•52le THE STARTING VALUE 
IS COMPUTED BY THE PROCEDURE START (SECTION 6el0el)e 

RUNNING TIHE1 ROUGHLY PROPORTIONAL TO THE HAXIMUH OF X AND Ne 
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EXAMPLE OF US!:; 

THE PROGRAM 

!DECEMBER 1979 > 

~BEGIN" "REAL" X, A; "ARRAY" IA[OtZ]J 
"PROCEDURE" NOH EXPBESS IAPLUSNCA, X, N, IA>; "CODE" 35193; 

Al• .25; Xt • Z; NON EXPBESS lAPLUSNCA, X, z, lA); 
OUTPUT(61,"("2(4BD.DD>,l,3(4B-.l4D"-ZD)NJN, 
A, X, IACOJ, IA[ll, IAC?l> 

"END II 

PRINTS THE FOLLOWING RESULTSt 

0.25 2.00 
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.29819159878790" 0 .18137590796974" 0 e71471713B25726" •l 

SUBSECTIONr BESS KAOl. 

CALLING SEQUENCE: 

THE HEADING OF THE PROCEDURE READSt 

"PROCEDURE" BESS KAOl(A, X, KA, KAl); "VALUE" A, X; 
"REAL" A, X, KA, KAl; 
"CODE" 35191J 

THE MEANING Of THE FORMAL PARAMETERS ISs 
A: <ARITH~ETIC EXPRESSION>; 

THE ORDER; 
Xt <ARITHMETIC EXPRESSION>; 

THE ARGUMENT. THIS ARGUMENT SHOULD SATISFY X>O; 
KAI <VARIABLE>; 

EXIT• THE VALUE OF THE MODIFIED BESSEL FUNCTION 
OF THE THIRD KIND Of ORDER A AND ARGUMENT X; 

KAl1 <VARIABLE>; 
EXIT: THa VALUE OF THE MODIFIED BESSEL FUNCTION OF THE 

THIRD KIND Of ORDER A+l AND ARGUMENT Xe 

PROCEDURES USED: 

RECIP GAMMA 
NONEXP BESS KAOl 
SINH 

• C P 35060; 
11 CP 3519't; 
• CP 35U1e 

REQUIRED CENTRAL MEMORYt NO AUXILIARY ARRYS ARE DECLARED. 
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METliOO ANO P!:RF ORMANC Et 

FOR O<X<l THE BESSEL FUNCTIONS ARE COMPUTED BY USING TAYLOR 
SERIES. T4E METHOD IS DESCRIBED IN REFERENCE [3le FOR X>•l THE 
PROCEDURE CALLS FOR THE PROCEDURE NONEXP BESS KA< SEE SUBSECTION 
NONEXP BESS KAie THE RELATIVE ACCURACY IS ABOUT "-13, EXCEPT FOR 
LARGE VALUES OF X; IN THAT CASE THE ACCURACY ALSO DEPENDS ON THE 
RELATIVE ACCURACY OF THE EXPONENTIAL FUNCTION. IF ONE IS INTERESTED 
IN THE MODIFIED BESSEL FUNCTION OF THE THIRD KIND TIMES THE FACTOR 
EXP(X), THE PROCEDURE NONEXP BESS KA SHOULD BE useo. 

EXAMPLE ".IF USE1 

THE PROGRAMt 

"BEGIN" "REAL" P, Q; 
"PROCEDURE" BESS KAOlCA, X, KA, KAl); "CDOE 1111 351911 
BESS KAOl<O, 1, P, Q); 
OUTPUT(61, "("2(N)"l", P, Ql 

11 END It 

YIELDS THE FOLLOWING RESULTS 

+4.2102443824071"•001 +6.0190723019724 1111•001. 

SUBSECTION1 BESS KAPLUSN. 

CALL ING S EQU ENCE: 

THE HEADING OF THE PROCEDURE REAOS1 

1111 PROCEDURE 11 BESS KAPLUSN<A, X, NMAX, KAN!; "VALUE" A, X, NMAX; 
"INTEGER" NMAX; "REAL" A, X; "ARRAY" KAN; 
11 co DE" 3519 2; 

THE MEANING OF THE FORMAL PARAMETERS IS: 
A: <ARITHMETIC EXPRESSION>; 

THE ORDER. IT IS ADVISED TO TAKE A>• O; 
XI <ARlTHHETIC EXPRESSION>; 

THE ARGUMENT. THIS ARGUMENT SHOULD SATISFY X>OJ 
NMAX: <ARITH~ETIC EXPRESSION); 

THE UPPER BOUND OF THE INDICES OF THE ARRAY KAN; 
KANt <ARRAY IDENTIFIER); 

"ARRAY" KAN[O:NMAXJ; NMAX>•O; 
EXIT: THE VALUE Of THE MODIFIED BESSEL FUNCTION 

Of THE THIRD KIND OF ORDER N+A IS ASSIGNED TO KANCNl, 
0 <• H <• NMAXe 
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PROCEDURES USE Ds BESS KAOl • CP 35191. 

RE QUlR ED C l:NTRAL '1!:110RY s NO AUXILIARY ARRAYS A RE DECLARED• 

METHOD AND Pl:RFORMANC E: 

THE RECURRENCE RELATION KANCN+ll•KANCN•ll+Z•IN+AJ+KAN[Nl /X IS USEDe 
THE STARTING VALUES ARE OBTAINED FROM THE PROCEDURE BESS KAOl. 
IF A>•O, RECURSION IS NUMERICALLY STABLE IN THE FORWARD DIRECTION. 
IF ON!: IS INTERESTED IN THE MODIFIED BESSEL FUNCTIONS OF THE THUD 
KIND TIMES THE FACTOR EXP(XJ, THE PROCEDUR= NONEXP BESS KAPLUSN 
SHOULD Be USED. 

EXAMPLE Of USE: 

THE PROGRAM! 

"BEGIN" "ARRAY" KAN[01ZJ; 
"PROCEDURE" BESS KAPLUSN CA, X, NMAX, KAN); 19CODE 11 35193; 

BESS KAPLUSNCO, 1, Z, KAN>; 
OUTPUTl61, "1"3(NJ")", KANCOl, KANCll, KANCZl) 

"END" 

YIELDS THE FOLLOWING RESULTS 

+4e2102443824071"•001 +6.0190723019724"-001 +l.6248388986352"+000. 

SUBSECTION! NONEXP BESS KAOle 

CALLING Sl:QUENCE: 

THE HEADING OF THE PROCEDURE REAOSt 

"PROCEDURE" NONEXP BESS KAOl<A, X, KA, KAl>; 
"V ALUe 11 A~ X; "REAL" A, X, KA, KAl; 
''C 00 E" 35194 J 
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THE MEANING OF THE FORMAL PARAMETERS IS1 
At <ARITH"IETIC EXPRESSION>; 

THE ORDER; 
Xi <ARITHMETIC EXPRESSION>; 

THE ARGUMENT. THIS ARGUMENT SHOULD SATISFY X>OJ 
KA: <VARIABLE>; 

EXIT: KA HAS THE VALUE DF THE MODIFIED BESSEL 
FUNCTION OF THE THIRD KIND OF ORDER A 
ANO ARGUMENT X TIMES THE FACTOR EXPCXJJ 

KAli <VARIABLE>; 
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EXIT: THE VALUE OF THE MODIFIED BFSSEL FUNCTION OF THE 
THIRD KIND OF ORDER A+l AND ARGUMENT X TIMES THE 
FACTOR EX p ex,. 

PROCEDURES USED: BGSS KAOl • CP 3,l9le 

REQUIRED CENTRAL HE~ORYt NO AUXILIARY ARRAYS ARE DECLAREDe 

"IETHOD AND PERFORMANCE: 

FOR O<X<l THE 'PROCEDURE NONEXP BE SS KA CALLS f'OR THE PROCEDURE 
BESS KAOle FOR X>•l THE BESSEL FUNCTIONS ARE COMPUTED WITH A 
MILLER ALGORITHM "FOR CONFLUENT HYPERGEOMETRlC FUNCTIONSe 
THE METHOD IS DESCRIBED IN REFERENCE C3le 
FOR ALL VALUES OF X CONSIDERED CX>O) THE FUNCTIONS 
DELIVERED ARE EQUAL TO THE VALUES COMPUTED BY THE PROCEDURE 
BESS KAOl, APART FROM AN EXPONENTIAL FACTOR. THE RELATION BETWEEN 
THE TWO PROCEDURES WILL BE DESCRIBED BY THE PROGRAH1 

"BEGIN" "REAL" A, X, KA, NEKA, KAl, NEKAl; 
"PROCEDURE" BESS KAOlC·A, X, KA, KAl); "CODE" 3,191; 
"PROCEDURE" NONEXP BESS KACA, X, KA, KAl)J "CODER 35194J 
Al• e3J XI• 3.14J 
BESS KAOl CA, X, KA, KAl); 
NONEXP KA 01( A, X, NEKA, NEKAl> 

"END" 

THEN WE HAVE 

KA• EXPC-X>•NEKA, KAl • EXP(-XJ•NEKAle THE RELATIVE ACCURACY IS 
ABOUT "-13• 
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EXAMPLE OF USEs 

THE PROGRAM: 

~BEGIN" "REAL" P, QJ 

( 0 EC EM B ER 197 8 > 

•PROCEDURE" NONEXP BESS KACA, X, KA, KAl>; "CODE" 3519/tJ 
NONEXP BESS KA<O, Z, P, Q); 
OIJTPUT< 61, " ( "2 (N)") 11 , P, Q) 

•END" 

YIELDS THE FOLLOWING RESULTS1 

e. 4156821'07078"--001 +1. 033't768470687"+000e 

SUBSECTION: NONEXP BESS KAPLUSNe 

CALLING SEQUENCE• 

THE HEADING OF THE PROCEDURE READS: 

"PROCEDURE" NONEXP BESS KAPLUSN(A, X, NMAX, KAN); 
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"VALUE" A, X, NMAX; •PEAL• A, XJ •INTEGER• NMAXJ •ARRAY" KAN; 
"CODE" 35195; 

NONEXP BESS KAPLUSN GENERATES AN ARRAY OF MODIFIED BESSEL FUNCTIONS 
THE THIRD KIND OF ARGUMENT X AND ORDERS A+N, N■O., 1, •••' NMAX TIMES 
THE FACTOR EXP(X)e 

THF. MEANING OF THE FORMAL PARAMETERS ISt 
Al <ARITHMETIC EXPRESSION)J 

THE OROERe IT IS ADVISED TO TAKE A>• OJ 
XI <ARITHMETIC EXPRESSION>; 

THE ARGUMENTe THIS ARGUMENT SHOULD SATISFY X>OJ 
NHAXI (ARITHMETIC EXPRESSION); 

THIS PARA~ETER SHOULD SATISFY NMAX)■O; NMAX INDICATES THE 
MAXIMUM NUMBER OF FUNCTION VALUES TO BE GENERATED; 

KANt <ARRAY IDENTIFIER>J 
•ARRAY• KAN[OtNMAXlJ NMAX>•OJ 
EXIT: KANC Nl IS ,THE l'IODlfIED BESSEL FUNCTION OF THE THIRD 

KIND OF ORDER N+A AND OF ARGUMENT X CN•OCl>NMAX) 
TIMES THE FACTOR EXPCX)e 

PROCEDURES USED: NONSXP BESS KA• CP 35194e 

REQUIRED CENTRAL MEHORYt NO AUXILIARY ARRAYS ARE DECLARED. 
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METHOD AND PERFORMANCE& 

THE RECUPRENCE RELAT!ON KANCN+ll•KANCN•ll+2*CN+A>*KANCNl1X IS USED. 
THE STARTING VALUES ARE OBTAINED FROM THE PROC!DURE NONEXP BESS KAe 
If A>•O, RECURSION IS NUMERICALLY STABLE IN THE FORWARD DIRECTION. 
FOR ALL VALUES OF X AND NMAX CONSIDERED CX>O> THE FUNCTIONS 
DELIVSR~O ARE EQUAL TO THE VALUES COMPUTED BY THE PROCEDURE 
BESS KAPLUSN,APART FRON AN EXPONENTIAL FACT □R• THE RELATION BETWEEN 
THE TWO PROCEDURES WILL BE DESCRIBFD BY THE PROGRAM1 

"BEGIN" "REAL" X, AJ "ARRAY" KA, NEKACO:lOl; 
"-ROCEDUREn BESS KAPLUSNCA, X, N~AX, KA)J "CODE" 35l93J 
"PROCEDURE" NONEXP BESS KAPLUSNCA, X, NMAX, KAN); 11CODE 11 35195; 
xs ■ 2e78; Al• e96; 
BESS KAPLUSNCA, X, 10, KA); 
NONEXP BESS KAPLUSNCA, X, 10, NEKA) 

11 EMD 11 

THEN WE HAVE KACttl • EXPC•X)*NEKACNl, H•O, l, •••> lOe 

EXAMPLE OF use I 

THF. PROGRAM 1 

"BEGIN" "ARRAY" KAN[OIZ]; 
"PROCEDURE" NONEXP BESS KAPLUSNCA, X, NNAX, KAN); 11CODE 11 35195; 

NaNEXP BESS KAPLUSNCO, 5, z, KAN>; 
OIJTPUTC61, "("3<Nl"l", KANCOl, KANCll, KANC2l) 

"END" 

YIELDS TH1; FOLLOWING RESULTS: 

+5.4"'80756431352 11•001 +6. 002738 5878831 11 -001 +7. 8 79171078 2884 11•001. 
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SOURCE TEXT(Sl t 

"CrJDE" 35190; 
"COMMENT" COMPUTATION OF IC Al ( JO 11 

"P~OCEDURE" BESS IAPLUSN<A, X, N1 
"INTEGER" N; "REAL" X11 A; "ARRAY" 
11 IF" X• 0 "THEN" 

, ICN+AlCXl; 
IA); "VALUE" A, X11 N; 
IA; 

"BEGIN" IACOJ:• "IFn A• 0 "THEN" l "ELSE" O; 
"FOR" Hi• N "STEP" -1 "UNTIL" l "DO" IA[Nlt• 0 

"END" "ELSE" "IF" A• 0 "THEN" 
"BEGIN" "PROCEDURE" BESS I<X, N11 Il; 11 CODE 11 35172J 

BESS I(X11 N, IA>; 
"'END" "ELSE" "IF" A• e5 "THEN" 
"BEGIN" "REAL" C; 

"PROCEDURE" NONEXP SPHER BESSI<X11 N, ll; "COOEtt 35154; 
C1• e797 884 560 802 865 * SQRTCABS(X)) * EXP CABS (X))J 
NONEXP SPHER BESSI(X11 N11 IA); 
11 FOR" tH• N "STEP" -1 "UNTIL" 0 "00" IACNJ:• C*IACNJ 

"END" "ELSE" 
"BEGIN" "REAL" EXPX; 

"PROCEDURE" NONEXP BESS IAPLUSN<A11 X11 N11 IA>; "CODE" 35193; 
EXPX:• EXP(ABS(X)l; 
NONEX.P BESS IAPLUSN( A, X, t•l/1 IA l; 
"FOR" Ns• N "STEP" -1 "UNTIL" 0 "DO" IA[Nlt• EXPX * IACMl 

"END" BESS IAPLUSN; 
••E□P" 

"CODE" 35191; 
"PROCEDURE" BESS KAOl<A11 X11 KA, KAlli "VALUE" A11 X; 
"REAL" A11 X, KA, KAlJ 
"IF" A• 0 "THEN" 
"BEGIN" "PROCEDURE" BESS KOl<X11K011Kll; "CODE" 35173; 

BESS KOlCX11KA11KAll 
"END" "ELSE" 
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111 BEGIN" "REAL 111 F, G11 H11 PI; "INTEGER 111 N11 NA; "BOOLEAN" REC, REVJ 
PI: ■ 4 * ARCTAN(ll; 
REV: ■ A < •e5; "IF" REV "THEN" Ai ■ -A-l; 
RECs• A>• .5; 19 IF" REC 111 THEN 111 

"BEGIN" NAt•ENTIER!A+e5); At• A• NA "END"; 
"IF" A• e5 11THEN" f:• Gi ■ SORTCPI IX I Zl * EXP (-Xl "ELSE" 
"IF" X < l "THEN" 
111BEGIN19 111 COMMENT" 
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"REAL" Al, B, c, D., E., p., Q., s; 

PAGE 12 
; 

"REAL" "PROCfiDURE" RECIP GAMMACX, ODD, EVEN>; "CODE" 35060; 
"REAL 11 "PROCEDURE" SINH(X ); "CODE" 35111; 

. Bl•X/Z;Dt•-LN(B);E1•A*O;C1•A*PI; 
Cl•"lf" ABSIC)<"-15 "THEN" l "ELSE" C/SINIC); 
Sl• 11IF" ABSIE)< 11-15 "THEN" 1 "ELSE" SINH(E)/E; 
E1•EXPIE);All•(E+l/EJ/2;Gt•RECIP GAMMA(A,P,Q)*E; 
KAt•F1•C*IP*Al+Q*S*O);E1•A•A; 
P:••5*G*C;Q:•.5/G;Ct•l;O:•B*B;KA1: ■ P; 
11 FOR11 Nt•l,N+l "WHILE" H/KA+ASS(G)/KAl>"-15 11 D0" 
"BEGIN" Fl•(F*N+P+Q)/CN•N-EJ;Cs•C*D/N; 

Pl•P/IN-A);Qt•Q/!N+A);G:•C*IP•N•F>; 
H;•C*F;KAl•KA+H;KAl: ■ KAl+G 

"ENO"; 
fJS•KA;G1•KAl/B 

"END" "ELSE" 
"BEGIN" "REAL" EXPON; 

"PR OC EOUR E" NONE XP BE SS KAO 1( A, X, KA, KAl ) ; "COOE 11 3519~; 
EXPONt• EXPI-X); NONEXP BESS KAOl(A., X, KA, KAll; 
F; • !:XPON * KA; G: • EX PON * KAl 

"END"; 
"IF" REC "THEN" 
"BEGIN" X:• 2 IX; 

"FOR" NI• 1 "STEP" 1 "UNTIL" NA 11 00" 
"BEGIN" HI• F + (A+ N) + X * G; Fs• G; Gt• H "ENO" 

"END"; 
"IF" REV "THEN11 11 81:GlN" KAl:• F; KA;• G "END" "ELSE" 
"BEGIN" KAt• FJ KAlt• G "END" 

"ENO" BESS KAOl; 
"EDP" 

"CODE" 35192; 
"PROCEDURE" BCSS KAPLUSN!A., x., NMAX, KAN); "VALUE" A., x., NMAX; 
"REAL" A, X; "INTEGER" NMAX; "ARRAY" KAN; 
"BEGIN" "INTEGER" N; "REAL" Kl; 

"PROCEDURE" Bl:SS KAOllA, X, KA, KAl>J"CODE" 3'191; 
BESS KAOl(A, X, KANCOJ., Kll; A:• A•l; X:• 2/X; 
"lF" NMAX > 0 "THEN" KANCll:• Kl; 
"FOR" NI• 2 11 STEP 11 l "UNTIL" NMAX 11 0011 

KANCNlt• KANCN•2l + (A+NI * X * KANtN-ll 
"ENO" B&SS KAPLUSN; 

"EDP" 
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"CODE" 35193; 
"COMMENT" COMPUTATION OF NONEXPONENTIAL MODIFIED BESSEL 
FUNCTIONS OF FRACTIONAL ORDER; 
11 PROCEDURE 11 NONEXP BESS IAPLUSNIA, X, N, IA)J "VALUE" A, X, NJ 
"RIAL" X, A; "INTEGER~ N; "ARRAY" IA; 
"IF" X• 0 11 THEN11 

"BEGIN" IACOl:• '1 IF 11 A• 0 11 THEN 11 l "ELSE" O; 
"FOR" N:• N "STEP" -1 "UNTIL" l "00" IA[Nls• 0 "END" 

"ELSE" "IF" A• 0 "THEN" 
"BEGIN" 11 PROCEDURE 11 NONEXP BESSIIX, N1 Il; IICODE" 35177; 

NONEXP BESSIIX1 M, IA) 
"END" "ELSE" "IF" A• e5 "THEN" 
WBEGIN11 11 REAL 11 CJ 

"PROCEDURE" NONeXP SPHER BESSIIX1 N1 I); 11CODE 11 3515'9; 
Ct• .797 88'9 S60 802 865 * S0RT<X)J 
NONEXP SPHER BESSI<X, N1 IA); 
11 FOR11 N:• N "STEP" -1 11 UNTIL 11 0 "00" IACNlt• C * IACNl 

"ENO" 111:LSE" 
"BEGIN" "INTEGER" M, NU; "REAL" R, S, LABDA, L, A2, X2J 

"REAL" "PROCEDURE" QAMMA(X); "CODE" 35061; 
"INTEGER" 11 PROCEDURE 11 START!X,N,TlJ 11CODE 11 35185; 
AZ:• A+A; xz:• 2/X; L:•li 
NUt• START(X,N,U ; Ri• St• O; 
"FOR" Mt• l 11 STEP 11 l "UNTIL" NU 1100 11 Lt• L * <"+A2l/(M+l); 
"FOR"~:• NU 11 STEP 11 -1 "UNTIL" l 11 00 11 

"BEGIN" R:• l/lX2 >l<(A+Ml+R); LI• L*(M+l)/(M+A2l; 
LABOAt• L*(M+A) * 2; St• R * (LABDA + S); 
11 If" M <• H 11 THEN11 IACMlt• R 

"END"; 
IA[O]l• Rl• 1/(1+S)/GAMMA(l+A)/X2 ••A; 
"FOR" Mt• l "STEP11 l "UNTIL" N 1100 11 IA[Ml•• RI• IA[Ml • R; 

II END"; 
"E'.JP" 

"CODE" 35194; 
"PROCEDUR(;" NONEXP BESS KAOllA.11 X.11 KA, KAl>; "VALUE" A.11 X; 
"RE Al" A, X, KA, KAl; 
"IF" A• 0 "THEN" 
"BEGIN" "PROCEDURE" NONEXP BESS KOl(XoKO,Kl); "CODE" 35178; 

NONEXP BESS KOl<X,KA,KAll 
"END" 11 ELSE" 
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"BEGIN" 119 REAL 111 F, G, H, PI; "INTEGER" N, NA; "BOOLEAN 111 REC, REVJ 
Pis• 4 * ARCTAN(l>; 
REV:• A< ~.5; 11lF" REV 11 THEN 11 A:• -A-l; 
REC1• A>• e5; "IF" REC 11 THEN 11 

11 BEGIN" NAt•ENT!ERCA+e5l; Au A - NA "END 11 ; 

"IF" A• -.5 "THEN" f:a Gl• SQRT(PI IX f 2) 11 ELSE 11 

11 IF 11 X < 1 "THEN" 
"BEGIN" 11 COMMENT 111 
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"REAL" EXP0NJ 
"PROCEDURE" BESS KA0l(A, X, KA, KAl>; 11 CODE" 35191; 
EXP0N:• EXP(X); BESS KAOl(A, X, KA, KAU; 

. FI• EXP0N * KA; G•• EXP0N * KAl 
"END" 11 ELSE" 
"BEGIN" "REAL" B, C, E, P, Q; 

C: ■ .25-A•A;B:•X+XJGl ■l;Ft•0JEl•C0S(A*PI)/PI*X*"l5J 
"FOR" Nt•l,N+l "WHILE" H*N<E "DO" 
"BEGIN" H1•<2•<N+Xl*G•(N-l+C/N)*F)/(N+ll;Fr•G; 

G: •H 
II END'1J 
PI• QI• F / G; E•• B - 2J 
"FOR" N: ■ N, N•l "WHILE" N>O "00" 
11B EGIN" Pr• <U•l+CltO/ ( E+ ( N+l > •< 2•Pl I ;Q: •P* (l+Q I "EHD"J 
Ft•SQRT(PI/BJ/(l+Q)JG1•F*(A+X+.5•P)/X 

"END"; 
"IF" REC "THEN" 
"BEGIN" X1 ■ 2 / XJ 

"FOR" Nt• 1 "STEP" 1 "UNTIL" NA noon 
"BEGIN" HI• F +IA+ NJ • X * G; Ft ■ GJ G:• H "END" 

II END"; 
"IF" REV "THEN" "BEGIN" KAll• FJ KA1• G "END" "ELSE" 
"BEGIN" KAI• f; KAl: ■ G "END" 

"END" N0NEXP BESS KA0l; 
11 E0P11 

"CODE" 35195; 
"PROCEDURE" NONEXP BESS KAPLUSN<A, X, NMAX, KAN); 
"VALUE" A, X, NMAXJ 
"RfAL" A, X; "INTEGER" NMAXJ "ARRAY" KAN; 
"BEGIN" "INTEGER" N; "REAL" Kl; 

"!'ROCEDURE" N0tlEXP BESS KACA, x, KA, KAl); "VALUE" A, X; 
"REAL" A, X, KA, KAlJ "CODE" 35194; 
N0NEXP BESS KACA, X, KANC0l, Kl)J At• A•lJ x: ■ 2/X; 
"lF" NMAX > 0 "THEN" KANCl]: ■ Kl; 
"FOR" NI• 2 "STEP" l 11 UNTIL11 NHAX "DO" 
KANCN]1 ■ KANCN•Zl + CA+Nl*X*KANCN•llJ 

"END" N0NEXP BESS KAPLUSN; 
11E0P" 

PAGE l't 
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AUT~ □Rt Me BAKKfRe 

INSTITUTE: MATHEMATICAL CENTRE. 

BRIEF DESCRIPTION! 

THIS SECTION CONTAINS THE PROCEDURES 

SPHER BESS J: 

PAGE 1 

THIS PROCEDURE CALCULATES THE SPHERICAL BESSEL FUNCTIONS 
JCK+e5JIX>*SQRT(PI/(2*X>l,K•O, •••' N, WHERE JCK+e5l(Xl 
DENOTES THE BESSEL FUNCTION OF THE FIRST KIND OF ORDER K+e5; 
X>• Oi 

SPHER BESS Yt 
THIS PROCEDURE CALCULATES THE SPHERICAL BESSEL FUNCTIONS 
Y[K♦.,J(X)*S1RT(Plf(?.*Xll, K•O, •••• N, WHERE YCK+e5l(X) 
DENOTES THE BESSEL FUNCTION Of THE THIRD KIND OF ORDER K+e5J 
X SHOULD BE POSITIVE; 

SPHER BESS l: 
THIS PROCEDURE CALCULATES THE MODIFIED SPHERICAL BESSEL 
FUNCTIONS ICK+o5l(Xl*S0RT(PI/(2*Xlll, K•O» •••» N, 
WHERE ICK+e5J(Xl DENOTES THE MODIFIED BESSEL FUNCTION OF THE 
FIRST KIND OF □ ~DER K+e5; X>•O; 

NONEXP SPHER BESS I: 
THIS PROCEDURE CALCULATES THE MODIFIED SPHERICAL BESSEL 
FUNCTIONS MULTIPIED BY EXP(=X) 

EXP(=Xl*ICK+e5HX)ii<SQRT<PI/C2*Xlh K•O.i, uuN» 
WHERE ICK+e5l(Xl DENOTES THE MODIFIED BESSEL FUNCTION 
OF THE FIRST KIND OF ORDER K+e5J X>• O; 

SP HER BESS Ka 
THIS PROCtDURE CALCULATES THE MODIFIED SPHERICAL BESSEL 
FUNCTIONS 

KCI+e5JCXl*SQRT(PI/C2*Xll, I•O, ••• ,N, 
WHERE KCI+e5l(Xl DENOTES THE MODIFIED BESSEL FUNCTION 
Of THE THIRD KIND OF ORDER I+e5; X>O; 

NONEXP SPHER BESS Kt 
THIS PROCEDURE CALCULATES THE MODIFIED SPHERICAL BESSEL 
FUNCTIONS MULTIPLIED BY EXP(+X) 

EXP(+Xl*KCI+e5l(X)*S0RTCPIIC2*Xll, I•O, uo N, 
WHERE K[I+e5l(Xl DENOTES THE MODIFIED BESSEL 
FUNCTION Of THE THIRD KIND OF ORDER I+a5J X>O; 
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THREE TERM RECURRENCE RELATIONSo 
SIAM REVIEW, VOLUME 9(1967), NUMBER 1, Pe24 FFe 

SUBSECTION: SPHER BESS Je 

CALLING SEQUtNCEa 

THE HEADING OF THE PROCEDURE READS: 
"PROCEDURE" SPHER BESS J <X, N, J)J "VALUE" X, N; 
"REAL" X; 11 INTEG!:R" N; "ARRAY" J; 
"CODE" 35150; 

THE MEANING Of THE FORMAL PARAMETER1 ISa 
Xt < ARITHMETIC EXPRESSION >J 

THE VALUE OF THE ARGUMENT; X >•OJ 
Nt < ARITHMETIC EXPRESSION>; 

THE UPPER BOUND Of THE INDICES OF THE ARRAY J; N > • OJ 
Jt < ARRAY IDENTIFIER>; 

"ARRAY" JCOtN]; 
EXIT: JCKl HAS THE VALUE OF THE SPHERICAL BESSEL FUNCTION 

JCK+e5l(X) • SORT(PIICZ•X>>, O< • K < • N; 

PROCEDURES USED: START • CP 35185e 

REQUIRED CENTRAL MEMORYt NO AUXILIARY ARRAYS ARE DECLARED. 
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"1ETHOD AND PERFnRMANCE: 

AT FlRST THE RATIO OF TWO CONSEQUENT ARRAY ELEMENTS 
IS COMPUTED BY MEANS OF A BACKWARD RECURRENCE 
FORMULA USING MILLER •S METHOD ( SEE[ 2, P.46•52]) 
AND HENCE ALL TH[ ARRAY ELEMENTS ARE COMPUTED SINCE 
THE ZEROTH ELEMENT IS KNOWN TO Bf! S!N(X )/Xe 
THE STARTING VALUE IS COMPUTED BY START. 

RUNNl.NG TIMC: 

ROUGHLY PROPERTIONAL TO THE MAXIMUM OF X AND Na 

fXAMPU: OF USE: 

THE PROGRAM 

"BEGIN" "REAL" X ; "ARRAY" J[0:2]; "INTEGER" NJ 
"PROCEDURE" SPHER RESS Jex, N, J)J "CODE" 35150; 
XJ• le5i I'll,. 2; SPHER BESS J(X, N, J); 
OUTPUT(61, "("/, "("Xm")" DeD, B"("N•"l"D, 
3(3B-.,14D 11-ZD> 11 >11 , X, N, HOl, JCll, H2J) 

"END" 

PRINTS THE FOLLOWING RESULTS: 

X •le5 N•2 
066499665773603 11 0 e3961729707l22"0 el273492836884l"O 

SUBSECTION: SPHER BESS Ye 

CALLING SEQUENCE: 

THE HEADING OF THE PROCEDURE READS1 
"PROCEDURE" SPHER BESS Y(X.11 N, Y); "VALUE" X, Ni 
"REAL" X; "INTEGER" NI "ARRAY" YJ 
"CODE" 35151; 

THE MEANING OF THE FORMAL PARAMETERS IS: 
Xl < ARITHMETIC EXPRESSION >J 

THE ARGUMENT OF THE BESSEL FUNCTIONS; X > O; 
N: < ARITHMETIC EXPRESSION>; 

THE UPPER BOUND OF THE INDICES OF THE ARRAY Yi N > ,. OJ 
Yt < ARRAY IDENTIFIER); 

"ARRAY" YCOHU J 
EXIT: YCKJ HAS THE VALUE OF THE K•TH SPHERICAL 

BESSEL FUNCTION OF THE SECOND KIND; 

PAGE 3 
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PRQCEDURES USEDt N□NEe 

REQUIRED CENTRAL MEMORY: NO AUXILIARY ARRAYS ARE DECLARED. 

METHOD AND PERFORMANCEt 

YCOJ AND YCll ARE GIVEN IN Cl, Pe438, FORMULA 10elel2l 
AND YCZl, •••' YCNJ ARE C0'1PUTED BY USING THE 
RECURRENCE FORMULA 

EXAMPLE OF USE r 

THE PRJGRAM 

11BEGIN 11 "REAL" X; "INTEGER" N; "ARRAY" Y[O:Z]; 
"PROCEDURE" SPHER BESS VIX, N, Y); "CODE" 35151; 
X2• le5707 96326 79489; "COMMENT" X• PI/2; N1• Z; 
SPHSR BESS VIX, N, Y>; 
OUTPUTl61, "1"514B•el0D"•ZDl")", X, N, Y) 

11 END" 

PRINTS THE FOLLOWING RESULTS: 

.15707963271"1 .2000000000 11 1 
-.6223649549"-13 -.6366197724"0 -.1215854200110 

SUBSECTION: SPHER BESS Ie 

CALLING SEQUENCEt 

THE HEADING OF THE PROCEDURE READSt 
"PROCEDURE" SPHER BESS l IX, N, I> 1 "VALUE" X, N; 
"REAL" X; 11 INTEGER9 N; "ARRAY" I; 
"CODE" 35152; 

THE MEANING OF THE FORMAL PARAMETERS IS: 
XI < ARITHMETIC EXPRESSION>; 

THE ARGUMENT OF THE BESSEL FUNCTIONS; X > • O; 
N: < ARITHMETIC EXPRESSION >; 

THE UPPER BOUND OF THE INDICES OF THE ARRAY I; N > • O; 
It < ARRAY IDENTIFIER>; 

"ARRAY" ICO:NJ; 
EXIT1 ICKl HAS THE VALUE Of THE MODIFIED SPHERICAL 

BESSEL FUNCTION AS DESCRIBED IN Cl, CHel0.2le 

PAGE 4 
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METHOD AND PERF ORMANC Et 
AT FIRST THE N'JNEXPONENTIAL MODIFIED SPHERICAL BESSEL FUNCTIONS 
ARE COMPUTED BY USING THE PROCEDURE NONEXP SPHER BESS I; 
A.FTERWARDS THEY ARE MULTIPLIED BY EXP<X le 

REQUIRED CENTRAL MEM□RYt NO AUXILIARY ARRAYS ARE DECLARED. 

PROCEDURES USED: NONEXP SPHER BESS I ,. CP 351540 

EXAMPLE OF use, 

THE PROGRAM SHOWS THAT THE RESULTS OF SPHeR BESS I AND 
NONEXP SPHER BESS I DIFFER ONLY BY A FACTOR EXP(Xlt 

RBEG!Nn AREAL" X, EXPX; "INTEGER" N; "ARRAYn Il, I2[0t3J; 
"PROCEDURE" SPHER BF.SS I! X, N.11 I I; "CODE" 35152; 
11 PROCEDUIU:" NE SPHER BESS I<X, N, NEI>; 11CODE 11 3515't; 
Xt•l; EXPXI• EXP(X); Nt• 3; SPHER BESS I(X, N,Il); 
NESPHER BESS I<Xs, N,. !Z)J"FOR 11 Nt,.O, 1_. 2, 3 "DO" 
OUTPUT<61, "("/ID, ZC!JB .. ol4D""'ZDl"l 11, Ns, I1CNl1 IZCNl*EXPXl 

"END" 

RESUL TSs 

0 ell7520ll936436 11 l 
l e36787944117144" 0 
2 e7l56287@129't74W~l 
3 el00650905Z4070 19 ~l 

ell75Z011936438 11 l 
.36787944117144" 0 
.7156287012947't•-1 
el0065090524070 11•l 

SUBSECTlONt NONEXP SPHER BESS I. 

C Al UNG S EQU ENCE i 

THE HEADING OF THE PROCEDURE READS3 
"PROCEDURE" NONEXP SPHER BESS I(X1 Ne IIJ 
"VALUE" X, NJ "REAL" X; "INTEGER" N; 19 ARRAY11 I; 
"CODE" 35154; 

THE MEANING OF THE FORMAL PARAMETERS ISs 
X s <ARITHMETIC EXPRESSION>; 

THE ARGUMENT OF THE BESSEL FUNCTIONS; X )m OJ 
N z <ARITHMETIC EXPRESSION>J 

THE UPPER BOUND Of THE INDICES OF THE ARRAY I; N >• O; 
I: <ARRAY IDENTIFIER>; 

"ARRAY" IC O: l'U; 
EXITt HKl HAS THE VALUE Of THE FUNCTION 

ICK+e5llX)*EXP(•X>*SQRT(Pil(2*Xl>, K•O, •••" N, N >•Oo 
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PROCEDURES USED: S!NH • CP 35111, 
START• CP 35185e 

REQUIRED CENTRAL MEMORY• NO AUXILIARY ARRAYS ARE DECLAREDe 

METHOD ANO PERFORMANCE: 
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THE RATIO OF TWO SUBSEQUENT ELEMENTS IS COMPUTED USING A BACKWARD 
RECURRENCE FORMULA ACCORDING MllLER 1 S METHOD (SEEC2J); SINCE THE 
ZEROETH ELEMENT IS KNOWN TO BE <l-EXPC-2*Xl >112*X>, THE OTHER 

. ELEMENTS FOLLOW IMMEDIATELYeTHE STARTING VALUE IS COMPUTED BY START. 

EXAMPLE OF use, SEE SPHER BESS I. 

SUBSECTI □N1 SPHER BESS Ke 

CALLING SEQUENCE 1 

THE HEADING OF THE PROCEDURE READS: 
"PROCEDURE" SPHER BESS K(X, N, K); "VALUE" X, fl; 
"REAL" XJ "INTEGER" NJ "ARRAY" KJ 
11 CODE" 35153; 

THE MEANING OF THE FORMAL PARAMETERS !St 
x, < ARITHMETIC EXPRESSION >J 

THE ARGUMENT VALUE; X > O; 
N: < ARITHMETIC EXPRESSION >; 

THE UPPER BOUND OF THE INDICES OF THE ARRAY KJ N > • O; 
Kt < ARRAY IDENTIFIER>; 

11 .ARRAY" K[OiN]; 
EXITt KCJJ HAS THE VALUE OF THE J•TH MODIFIED 

SPHERICAL BESSEL FUNCTION OF THE THIRD KIND., 
0 < a .J ( • Ne 

PROCEDURES USED: NON EXP SPHER BESS K • CP 35154.Se 

REQUIRED CENTRAL MEMORY: NO AUXILIARY ARRAYS ARE DECLAREDe 

METHOD AND PERFORMANCEs 

AT FIRST THE NONEXPONENTIAL MODIFIED SPHERICAL BESSEL FUNCTIONS 
OF THE THIRD KIND ARE COMPUTED BY THE PROCEDURE NONEXP SPHER BESS K; 
AFTERWARDS THEY ARS MULTIPLIED BY EXP(-X)e 
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EXAMPLE Of USEt 
THE FOLLOWING PR~GRAM SHOWS THAT THE RESULTS OF THE PROCEDURES 
SPHER BISS KEN NONEXP SPHER BESS K DIFFER ONLY BY A FACTOR EXP(Xl; 

"BEGIN" "REAL" X, EXPX; "INTEGER" N; "ARRAY" Kl, K2C013H 
"PROCEDURE" SPHE R BESS K ( X, N, K); "CODE" 35153; 
"PROCEDURE" NESPI-H:R BESS K <X, N, Kl; "CODE" 35155; 
Xt• Z; EXPX:m EXPC=Xl; Nt• 3; SPHER BESS K (X, N, KllJ 
NESPHER BESS K ex, N, K2); 19FOR 11 Kt .. O, l, 2, 3 "DO" 
OUTPUT(61, 11 111 /D, 2!5B-el4D 11-ZDl"l", N, Kl[Nl, K2CNJ*EXPX) 

"END" 

RESUL TS1 

0 
l 
2 
3 

el062920828Q691"0 
.15943812434536"0 
.3454492694149~"0 
.10230612978828"1 

.10629208289691 11 0 
01594381243453611 0 
.34544926941494 190 
.10230612978828"1 

SUBSECTION: NONEXP SPHER BESS Ke 

CALLING SEQUENCE1 

THE HEADING OF THE PROCEDURE READS! 
"PROCEDURE" NON EXP SPHER BESS K(X, N, Kll 
19 VALUE 19 X, NI 11REAL 11 XI "INTEGER" NJ "ARRAY" Kl 
11 CODE 11 35155; 

THE MEANING OF THE FORMAL PARAMETERS ISt 
Xt <ARITHMETIC EXPRESSION>; 

THE ARGUMftlT OF THE BESSEL FUNCTION'S; X > O; 
Ni <ARITHMETIC EXPRESSION>; 

THE UPPER BOUND OF THE INDICES OF THE ARRAY K; N >• O; 
Kt <ARRAY tDENTIFIER); 

"ARRAY" KCO:tlJ; 
EXIT: KCJJ HAS THE VALUE OF THE FUNCTION 

K[J+w5l!Xl*EXP(X>*SQRT(PI1(2*XI>, J•O,eoe,Ne 

PROCEDURES USED: NONEe 

~EQUIRED CENTRAL MEMORY: Na AUXILIARY ARRAYS ARE DEClAREDe 

METHOD AND PERFORMANCEt 
THE FUNCTIONS ARE COMPUTED BY USING THE !NUMERICALLY STABLE> 
RECURRENCE FORMULA: K[Jl•(IZ•J-11/X)*KCJ•ll+KCJ•ZJ, J >•2, 

K[OJ•PI/(2*XI, KCll•KCOl*Cl+l/X) • 

EXAMPLE OF USE; SU: SPH ER BESS Ke 



SECTION t 6el0e3 (DECEMBER 1978) 

SOURCE T!:XT(SI: 

"CODE" 35150; 
"COMMENT" SPHERICAL BESSEL FUNCTIONS JCe5l(XI, , JCN+e5l(X)J 
"PROCEDURE" SPHER BESS JCX, N, JI; "VALUE" X, N; 
"REAL" X; "INTEGER" N; "ARRAY" JJ 
11 IF 11 X • 0 "THEN" 
"BEGIN" JCOJ:• lJ 

11 FOR 11 Nt• N 11 STEP 11 -1 11 UNTIL 11 l 11D0 11 J[NJ:•O 
"ENO" "ELSE" "IF" H • 0 "THEN" 
"BEG IN" "REAL" X 2; 

"IF" ABSIX) < e015 "THEN" 
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"BEGlN11 X2:• X * X I 6; JCOJ:• 1 + X2 * IXZ * e3 - ll 11 END 11 "ELSE" 
J CO l t • S IN ( X >IX 

"END" "ELSE" 
"BEGIN" "INTEGER" M; "REAL" R, S; 

"INTEGER" "PROCEDURE" START!X,N,T); "CODE" 35185; 
RS• OJ Ml• STARTCX,N,011 
11FOR 11 Mi• M "STEP" - l "UNTIL" l "D0 11 

11 BEGIN11 Ri• l / CIM + M + 11 / X • R); "IF" M <• N 11 THEN11 JCMJ:• R 
"END"J 11 IF" X < e015 "THEN" 
11B EG IN" SI., X * X / 6; 

JCOJ:u R: ■ S *IS* e3 • ll + l 11 END 11 "ELSE" 
J[i)J:• RI• SINIXl / X; 
"FOR" Ml• l 11 STF.P 11 l "UNTIL" N 1100" J[MJa• Rt• J[MJ * R; 

"ENO• SPHER BESS J; 
"EDP" 

"CODE" 35151 I 
"COMMENT" SPHERICAL BESSEL FUNCTIONS YCe5l(Xl, , YCN+.5l(Xl; 
"PROCEDURE" SPHER BESS YCX, N, YI; "VALUE" X, N; 
"INTEGER" NJ "REAL" X; "ARRAY" Y; 
"IF" N•O "THEN" VCOJ1• - COS(X)/X "ELSE" 
11 BEGIN 11 "REAL" YI, Vil, YI2; "INTEGER" lJ 

YI2:• Y[O]:• •COS(Xl/X; Yil:• YCl]:a !YI2 - SIN(Xll/X; 
"FOR" lt• 2 11 STEP" 1 "UNTIL" N 11 00" 
"BEGIN" Y[Ilr• YI1• -YI2 + (I+I-1) * Yil/XJ 

YI z; • Yil; Y Il: • Y I 
"EN 0" 

"END"J 
11 EOP" 
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11C!JOE 11 35152; 
11 COMMENT" SPHERICAL BESSEL FUNCTIONS lCe5l(X>, , ICN+e5l(Xl; 
"PROCEDURE" SPHER BESS I(X, N, I)J 1111 VALUE" X, NJ 
1111 REAL" X; "INTEGER" N; "ARRAY" I; 
11 IF'11 X• 0 °THEN 11 

"BEGIN" ICOJ:•lJ 
RFOR 1111 Nim N 19 STEP" =l 19UNTIL" l 19 00" HNlt• 0 

"END" "ELSE" 
"BEGIN" "REAL" EXPX; 

"PROCEDURE" NQNEXP SPHER BES~ I<X, N, II; "CODE" 35154; 
EXP X t • I:: XP ( X l ; 
NONEXP SPHER BESS I<X, N, IlJ 
11 FOR 11 Nim N 11STEP" - l "UNTIL" 0 "0 □" l CN]I• I CNl • EXPX 

"END" SPHiR BESS I; 
"E □P 119 

"CODE" 35153; 
11COMMENT11 MODIFIED SPHERICAL BESSEL FUNCTIONS 

KC• 5 H X l, , K CN+ • 5 ]( X > ; 
"PROCEDURE" SPHER BESS K<X, N, K); "VALUE" X, N; 
"INTEGER" N; "REAL" XJ "ARPAY" K; 
"BEGIN" "REAL" EXPXJ 

19 PROCEDURE" NONEXP SPHEP BESS K(X, N, Kl; "CODE" 35155; 
EXP X:i ., EXP ( - X l ; 
NONEXP SPHER BESS K(X, N, Kl; 
"FOR" Nr• N IIIISTEP 19 -1 1111 UNTIL" 0 "D019 K[Nlt• K[Nl * EXPX 

"END"J 
"EDP" 

PAGE 9 



SECTION t 6sl0o3 <DECEMBER 1978) 

"CODE" 35154; 
111 PR □cl:DURE19 NONEXP SPHER BESS I<X, N, I); "VALUE" X, N; 
11 REAL 11 X; "INTEGER" N; 11 ARRAY 11 I; 
"IF" X• 0 "THEN" 
"BEGIN" IC0J:•1; 

111 FOR" Nt• N 111 STEP 6 =1 "UNTIL" l 111DO" I[Nl1• 0 
"END" "ELSE" 
11 BEGIN 11 11 REAL" X2, R, S; 11 INTEGER11 M; 

"REAL" "PROCEDURE" SINH(X); "CODE" 35111; 
"INTEGER" "PROCEDURE• START(X,N,T); •CODE• 35185; 
X2t• X+X; 
ICOJI• XZ1• "IF" X"' 0 "THEN" 1 "ELSE" "IF" XZ < Os7 11THEN" 

SINH(X) / ex* EXP(X)) "ELSE19 n-EXP(-X2l>/X2; 
"IF" N• 0 "THEN" "GO TO" EXIT; 
RS• O; M:• START(X,N,1); 
11 FOR 11 Ml• M "STEP,. --1 "UNTIL" l 11 D0 11 

•BEGIN" Rt• l/l(M+M+ll/X+R); 
11 IF 11 M <• N 11 THEN" ICMlt• R 

11 1:ND"; 
"FOR" Mt• 1 "STEr," l "UNTIL" N "D0 11 

I[Mli• XZs• XZ * ICM]; EXITr 
"END"; 

"E!JP" 

NCODE" 35155; 
"PROCEDURE" NONEXP SPHER BESS K(X, N, K); "VALUE" X, N; 
"REAL" X; "INTEGER" NJ "ARRAY" K; 
"BEGIN" "INTEGER" I; "REAL" KI, Kll1 KIZ; 

Xt• l/X; KCOlt• KIZt• X*le5707963Z67949; 
11 IF" N•O 11 THEN" "GO TO" EXIT; 
KClJ:• Kil:• KIZ * (l+X); 
"FOR" I1• 2 "STEP" 1 •UNTIL" N "DO" 
"BEGIN" KCI]:a KI:• KI2 + (I+I•l) * X * Kll; 

KIZ:• Kil; Klll• Kl "END"; 
EXIT• 

NEND11 j 

"EDP" 
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AUTHOR I P•WeHEMKERe 

CONTRIBUTOR : FeGROENe 

IMSTITUH : MATHE.MATICAL CENTREe 

RECEIVED 1 740620. 

BRIEF DESCRIPTION : 

THIS SECTION CONTAINS TWO PROCEDURES FOR THE EVALUATION OF AIRY 
FUNCTIONS ANO CO~PUTING THEIR ZEROS, FOR THE DEFINITION OF THESE 
FUNCTIONS SEE REFClle 

AIRY EVALUATES THE AIRY FUNCTIONS AI(ZI AND BI(Z) AND 
THEIR DERIVATIVES. 

AlRYZeROS COMPUTES THE ZEROS AND ASSOCIATED VALUES 
OF THE AIRY FUNCTIONS AI(Zl ANO BI(Zl AND THEIR OERIVATIVESo 

KEYWORDS l 

AIRY FUNCTION, 
DERIVATIVE AIRY FUNCTION, 
ZERO OF AIRY FUNCTIONe 
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SUBSECTION t AIRY. 

CALLING SEQUENCE : 

THE HEADING OF THE PROCEDURE READS t 

"PROCEDURE" AIRY!X,AI,AID,BI,BID,EXPON,FIRSTlJ 
"VALUE" X,FIRST; "BOOLEAN" FIRSTJ 
"REAL 11 X, AI, AID,B I,BID, EXP ON; 

THE MEANING 
x:: 

All 

AIOI 

811 

BID1 

E XPON1 

FIRST: 

OF THE FORMAL PARAMETERS rs: 
(ARITHMETIC EXPRESSION>; 
ENTRY I THE REAL ARGUMENT OF THE AIRY FUNCTIONS. 
<VARIABLE>; 
EXIT I THE VALUE OF THE AIRY 

FUNCTION AI IS GIVEN BY I EXP( ... EXPON I * A.I• 
NOTE I IF JC< 9 THEN EXPON • Oe 

<VARIABLE); 
EXIT : THE VALUE OF THE DERIVATIVE Of THE AIRY 

FUNCTION AI IS GIVEN BY: EXP( •EXPON * AIDo 
NOTE I IF X < 9 THEN EXPON • Oo 

<VARIABLE>; 
EXIT : THE VALUE OF THE AIRY 

FUNCTION BI IS GIVEN BY t EXP( EXPON > * Bie 
NOTE I IF X < 9 THEN EXPON " Oe 

<VARIABLE>,; 
EXIT : THE VALUE Of 

FUNCTION BI IS 
NOTE I IF X < 

<VARIABLE>; 

THE DERIVATIVE OF THE AIRY 
GIVEN B'l : EXP( EXPON ) * BID. 
9 THEN EXPON • Oe 

EXIT: IF X < 9 THEN O ELSE 213 * X ** 13/Zle 
(BOOLEAN EXPRESSION>; 
FIRST SHOULD BE "FALSE" UNLESS THE PROCEDURE IS CALLED 
FOR THE FIRST TI~E. IF FIRST IS "TRUE" THEN TWO OWN 
ARRAYS OF COEFFICIENTS ARE BUILT UP. 

PROCEDURES USED t NOHEe 
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REQUIRED CStHRAL MEMORY t TWO OWN ARRAYS OF ORDER 10 ARI: DECLARED. 

RUNN I.NG TIME t IF Ze5 <• X <• 8 T"fEN ABOUT 811•3 SEC u Et.SE BETWEEN 
3"-3 AND 4"-3 SECe ON T~E CYBER 73/ZSe 

LANGUAGE & ALGOL 6/le 

METHOD A~D PERFORMANCE 1 

SEE REF[Zl OF TH~ SUBSECTION AIRYZEROS (THIS SECTIONJe 

REFERENCES 1 

SEE REFERENCES OF THE SUBSECTION AIRYZEROS (THIS SECTIONJe 

EXA HPLE OF USE & 

"BEGIN" "REAL" A,B,C,D,E; 
"PROCEDURE" AIRY(X,Al,AID,BI,BID,EXPON,FIRST)J"CDDE" 35140J 
AIRY(9e654894,A,B,C,O,E,"TRUE 11 ); 

OUTPUTl61,"("l,"("AI (9.6548941 • ">",N")",A*EXP(•El ); 
OUTPUTl61, 11 ( 11 l,"("AlO(9e654894l • ">",N">",B*EXP(•E) >; 
OUTPUT(61,"C 11 /, 11 ( 11BI (9e654894) • •>•,N 11 )",C*EXP( E))J 
DUTPUT(61,"("l,"("BlO(9e654894J • "1",N">",O*EXP( EJJ; 

11EN0" 

RESULTS t 

AI (9e654894) • +3.2873525549165"•010 
AID (9 a65489't J • •le0297999323lt82 11•009 
BI (9e654894l 11 +l.558388704967011 +008 
BIDC9a65't894J • +'te8010374682654"+008 
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SUBSECTION : AIRYZcROSe 

CALLING S1;;QUENCE 1 

THE H.:ADING !JF THE PROCl:DIJRE READS : 

"REAL" "PROCEDURE" AIRYZEROS(N,D,ZAI,VAII; 
"VALUE" N,DJ "INTEGER" N,D; "ARRAY" ZAI,VAI; 

AIRYZEROS ,., THE N-TH ZERO OF THE SELECTED AIRY-FU~CTION. 

Tl-fE MEANING OF THE FORMAL PARAMl;TERS IS I 

N <ARITHMETIC EXPRESSION>; 
ENTRY : THE NUMBER OF ZEROS TO BE CALCULATED; 

DJ <ARITHMETIC EXPRESSION>; 
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ENTRY t AN INTEGER WHICH SELECTS THE REQUIRED AIRY 
FUNCTION. D • 0, l, 2 OR 3e 

ZAI 1 <ARRAY IDENTIFIER>; 
19ARRAY" ZAICl 1 Nl; 
EXIT: ZAICJl CONTAINS Tl-fE J-TH ZERO Of THE SELECTED 

AIRY-FUNCTION : 
IF D • 0 THEN AI(Zl, 
IF D • 1 THEN (0/0X) AI(X>., 
IF D • 2 THEN BI(Xl, 
IF D • 3 THEN (D/DXI BI!Xl; 

VAI r <ARRAY IDENTIFIER>; 
"ARRAY" VAICl I NJ; 
EXIT: VAICJJ CONTAINS THE VALUE AT X • ZAICJl OF THE 

PR1CEDURES USED : 

AIRY "' CP35140; 

FOLLOWING FUNCTION I 
IF D • 0 THEN (D/DX) Al(Xl, 
IF D • 1 THEN AI(Xl, 
IF D" 2 THEN (D/DX) BI<Xl, 
IF D" 3 THEN BHX); 

REQUIRED CENTRAL MEMORY: NO AUXILIARY ARRAYS ARE DECLARED. 

RUNNING TIME: DEPENDtNT ON THE VALUES OF N AND o. IN MOST CASES THE 
RUNNING TIME IS LESS THAN N * 0,01 SEC, ON THE CYBER 73/28. 

LANGUAGE: ALGOL 60. 



SECT I'JN I OCTOBl'R 19751 PAGE 5 

11.cTHOD AMD Pr:RFORMANCi:: t 

A FIRST APPROXIMATIJN OF TH~ Z~R'JS JF THE SELECTlD AIRY-FUNCTION IS 
CALCULATED BY MEANS UF THE ASY"1PTOTIC EXDAIIISION I SH THE FOR"IULAS 
10.4.q4 - l0o4cl05 OF REFCll ); THIS VALUE IS CORRECTED BY THE 
(R[?EATCDI USt uF A QUADRATIC INTERPOLATION RULE. 
THE COMPUT~D ?~ROS WILL SATISFY AT LEAST □Ne OF THE FOLLOWING 
CONDlTI~Jt'S : 
lt TH[ ABSOLUT~ VALUE OF THE SELECTED AIRY-FUNCTION AT A COMPUTED 

ZERIJ IS LES'.> THAM "-12. NOH:: THE VALU2S OF THE AIRY-FUNCTIONS 
AR: CALCULATED BY MEANS OF THr PROCEDURE AIRY (THIS SECTlONle 

21 THE R[LATtV: PRECISION '1F THE CD"IPUTl:D Zr:RO IS "-14. 
THl AS~OCIATED VALU[S ( DELIVERED IN THf ARRAY VAI l ARE ALSO 
CALCIJLATED BY 11EAN<: OF THE PROCiDURE AIRY (THIS SECTION)• 

RHi:RHICES t 

[ll : f'le.ABRAMO,IIH A"-1D l.A.STEGUN, 
IANDBOOK OF MATHMATICAL FUNCTIONS, 

DOVER PUqL!CATIONS, INCo NEW YQRK, lQ65o 

C?.l ReGeGnRDQ~, 
2VALUATION OF AIRY FUNCTIONS, 
THE JotJRIIAL JF CH£:MICAL PHYSIC<:, VOLUl-4E 51, l96q, PP. 23-24. 

!:XA'1PL !; OF US!: : 

"BtGIN" "ARRAY" ZBI,VBID[l t 3]; 
"REAL" "PROCED!.lf!'.". 11 AIRYZER □~IN1D1ZAI,VA1); 11 CODE 11 35145; 
OUTPUT(6l,"( 11 / 11 ( 11THE THIRD ZERQ ~F BI!Xl IS"l"/,N, 

II !:ND" 

RESULT:; 1 

/"("THI: VALUE OF (D/DX)BI(X) IN THIS POINT IS19 ) 19 /1N"l 19 

,AIRYZEROS13,2,ZBI,VBIDl,VBIDC3ll 

THE THIRD ZER'.J .JF BI I Xl IS 
-4.8307373416626"+000 
THE VALU~ QF (D/DXlBIIXl IN THIS POINT IS 
+B.3691101261986'"-0C1 
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SOURCE TEXT (S l: 

"CODE" 35140; 
"PROCEDURE" AIRY(~,AI,AID,BI,BID,EXPON,FIRST); 
11 V ALUE" Z, F!RS T; "BOOU:AN" FIRST; 
"REAL" Z,AI,AlD,BI,BID,EXPON; 
"BEGIN" "R~AL" S,T,U,V,SC,TC,UC,VC,X,Kl,K2,K3,K4, 

c,zT,SI,CO,EX?ZT,SQRTZ,WWL,PL,PL1,PL2,PL3; 
"0WN 11 11 REAL 11 Cl,C2,SQRT3,SORT1!JPI,PI □4; 
"OWN" 11 REAL 11 11 ARRAY 11 XX,WW[lllOJ; 
"INTEGER" N,L; 

11If 11 FIRST 11 T4E~ 11 

11B EGIN" 5QRT3: • 
SQRTlOPit• 
PI04:• 
c1:"' 
C zi• 
XX[ llt• 
XX[ 2J: .. 
XXC 3J :• 
XXC 4Ji• 
XX[ 5J:• 
XXt 6J: .. 
xxc 7]::• 
XXC 8Jt• 
xxr <lJa .. 
XXtlOJ:• 
WWC lJ:• 
WW[ 2]1• 
WW[ 3]t .. 
W"I[ 4J: 11 

WW[ 5J:,. 
WW[ 6 JI• 
WW [ 7J: • 
WWC 8J: .. 
WW[ 9]1 .. 
WW[l()Jt• 

EXPON:,. O; 

l.73205080756887729; 
0.56418958354775629; 
o.78539816339744831; 
0.35502 eos3e 01a11; 
0.25881 94037 92807; 
1.4083(1 81072 180964 11 +1; 
le02148 85479 197331 11 +1; 
7.44160 18450 450930 
5.30709 43061 781927 
3063401 35029 132462 
2033106 52303 052450 
le34479 70824 609268 ; 
6041888 58369 567296 "-1; 
2.01003 45998 121046 11-1; 
8005943 59172 052833 11-3; 
3.15425 15762 964787" .. 14; 
6.63942 10819 584921 11-ll; 
1.75838 89061 34566911 - 8; 
1 .. 37123 92370 435815"- 6; 
4,43509 66639 284350"- 5; 
7.15550 10917 718255"- 4; 
6e46895 66103 335381"- 3; 
3.64404 15875 773282"- 2; 
1.43997 92418 590999"- 1; 
a.12311 41336 261486"- l; 

"IF" Z >• -5.0 ~AND" Z <• B "THEN" 
"BEGIN11 u,. v1 .. r: .. uc, .. vc, .. rc:• 1; 

s: .. sc: .. o.s; N:• o; x: .. z•z•z; 
11 FOR 11 N:s N+3 "WHILE" ABSIU)+ABS(V)+ABS(Sl+ABSCTJ 

> 111 -18 "DO" 
11 BEGIN" U1•U*Xl<N•<N-lll; V:• V*X/(N*(N+ll); 

S:•Z*X/IN*(N+Zll; T:• T*Xl<N*(N .. z»; 
UCt• UC+U; VCt• VC+V; SCt• SC+S; TCh TC+T 

"END"; 
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11 COMMENT 11 
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SI:• SQRT3 • (Cl•UC + cz•z•VC); 
BIOt•SQRT3 * <c1•z•z•sc +C2*TC); 
"IF" Z<2a5 "THEN" 
11 81:GIN" Al:• Cl*UC • c2•z•vc; 

AID:• Cl•sc•z•z - CZ•TCJ 
"GOTO" END 

Klt• K21• K31• K41• OJ 
SQRTZt• SQRT(ABS(Z)>; 
ZTI• Oa66666 66666 66667 * ABS(Z)*SQRTZ; 
Ct• SQRTlOPI/SQRT(SQRTZ); 
"IF" Z<O 11THEH" 
"BEGIN" z: ■ -z; C01• COS(ZT-Pl041; SI:• SIN(ZT•PI04); 

"FOR" L: • l "STEP" l 11U~ITILtt 10 "DO" 
"BEGIN" WWLt• WWCLl; PLt• XXCL)/ZT; 

PL2t•PL*PL; Pll : ■ l+PLZ; PL3: • PLl*PLl; 
Kl: ■ Kl+ WWL/PLl; 
KZ•• KZ + WWL*PL/PLlJ 
K3t• K3 + WWL*PL*(l+PL*(2/?T+PLII/PL3; 
K4:• K4 + WWL*(•l•PL*(l+Pl*(ZT•PLII/ZTI/PL3; 

"END"; 
All• C*(CO*Kl+SI*KZI; 
AIOI• Oa25*AI/Z - C*S0RTZ*(CO*K3+SI*K41; 
BI: ■ C*(CO*KZ•SI*Klli 
BID•• Oa25*BI/Z - C*S0RTZ*(CO*K4-SI*K3)J 

"EN0 11 "ELSE" 
"BEGIN" "IF" Z < 9 "THEN" EXPZTi ■ EXP(ZTI "ELSE" 

"BEGIN" EXPZT:• l; EXPONt• ZT "ENO"; 
"FOR" LI• l "STEP" 1 •UNTIL" 10 •oo• 
"BEGIN" WWLI• WWCL]J PLI• XXCLJ/ZT; 

PLlt• l+PL; PLZ: ■ 1-PL; 
Klt• Kl+ WWLIPLlJ 
KZ1• KZ + WWL•PL/(ZT*PLl*PLllJ 
K31• K3 + WWL/PL2; 
K4:• K4 + WWL*PL/CZT*PL2*PL2); 

"END111 ; 
All. o.s•c•Kl/EXPZTJ 
AIOI• AI•<-.25/Z-SQRTZI + o.s•c•SQRTZ•KZ/EXPZT; 
11lF" Z >• 8 "THEN" 
"BEGIN" Blt• C*K3*EXPZT; 

BlOt• BI*CSQRT?-0.25/ZI • C*K4*SQRTZ*EXP?T; 
"END"; 

II E~D 11 ; 

5NDI 
"END" AIRY; 

11 E□P" 
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"CODE" 35145; 
"RE AL" "PROCEDURE" AIR YZ EROS CN, D, ZAI, VAI I; 
11 VALUE 11 N,D; "INTEGER" N,D; "ARRAY" ZAI,VAI; 
11 B!:GIN" "BOOLEAN" A, FOIJND; "INTEGER" I; 

"REAL" C,E,R,ZAJ,ZAK,VAJ,DAJ,KAJ,ZZ; 
"PROCEDURE" AIRYCA,B,C,D,E,F,GJ; 11 CODE" 35140; 

A : ■ D .. 0 " OR" D .. 2; 
R ta 11 IF 11 D ,. 0 "DR" D " 3 "THEN" -1.1780 97245 

"ELSE" -3.5342 91735 
"COMMENT" R :• II IF" D • 0 "0R 11 D • 3 "THEN" -3 

"ELSE" -q 
AIRY( O,ZAJ, VAJ, DAJ,K AJ, ZZ, 19TRUE 11 ); 

11 FOR 11 I 1• l "STEP" l "UNTIL" N 11 D0 11 
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09617 
2S8'!J2; 
* PI I 8 
* PI I 8; 

11 BEGIN 11 R ;a R + 4.7123 88980 38469; "COMMENT" R :a R + 3 * PI / 21 
ZZ :• R * R J 
ZAJ t• "IF" 1 • 1 "AND~ D • l "THEN" -1.01R79 297 "ELSE" 

11If" I• 1 "AND" D • 2 "THEN" -1.17371 322 11 ELSE 11 

R ** De66666 66666 66667 * ( "IF" A 11 THEN 11 

- ( 1 + ( 5/48 - ( 5/36 - ( 77125/82944 - ( 
1080 56875 / 69 67296 - (16 23755 96875 I 3344 30208) 
/ZZl/ZZl/ZZl/ZZl/ZZl 

"ELSE" 
- C 1 - C 7/48 - I 35/288 - I l 81223 / 2 07360 - ( 
186 83371 / 12 44160 - ( 9 11458 84361 / 1911 02976 
/Z7.l/ZZl/ZZl/ZZl/ZZll; 

11 IF" D <• l "THEN" AIRYIZAJ,VAJ,DAJ,C,E,ZZ1 11FALSE 11 ) 
11 ELSE" AIRY(ZAJ,C,E,VAJ.,DAJ,ZZ, 11 FALSE 11 ); 

F!JUND ra ABS( "IF" A "THEN" VAJ "ELSE" DAJ l < 11 -12; 
"FOR" C :• C 11 WHILE 11 11 NDT" FOUND "00" 
"BEGIN" "IF" A "THEN" 

11BEGIN 11 KAJ t• VAJ / DAJ; 
ZAK :a ZAJ - KAJ * 11 + ZAJ * KAJ * KAJ) 

11 END" "ELSE" 
"BEGIN" KAJ I• DAJ / (ZAJ * VAJ); 

ZAK t• !AJ - KAJ * (l + KAJ * (KAJ * ZAii + l I ZAJll 
"END"; 
1t1f 11 D < .. l 11 THEN" AIRY<ZAK1VAJ,DAJ,C1E,ZZ1"FALSE 11 ) 

11 ELSE 11 AIRYCZAK,C1E1VAJ,DAJ,ZZ, 11FALSE 11 )J 
FOUND :• ABSCZAK - ZAJ) < 11-14 * ABSIZAK) 11 0R 11 

ABSC 11 IF 11 A "THEN" VAJ "ELSE" DAJ) < 11-lZJ 
ZAJ I• ZAK 

"END"; 
VAICIJ : ■ 11 IF" A 11 THEN" DAJ 11 ELSE" VAJ; 
!AICIJ I• ZAJ; 

11 END"'; 
AIRYZEROS 1 ■ ZAHNJ; 

11 END" AIRYZEROS; 
II EOP" 

*********** 
********•*· 

Ml067DA Ill/ END OF LIST /Ill 
M1067DA Ill/ END OF LIST Ill/ 
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AUTHOR 1 

CONTRIBUTORS: 

CeGe VANDERLAAN 

INSTITUTE t 

RECEIVED: 

C.G. VANDERLAAN, Me VOORINTHOLT 

REKENCENTRUM RIJKSUNIVERSITEIT GRONINGEN 

780601 

BRIEF DESCRIPTIONS 

NEWTON CALCULATES THE COEFFICIENTS OF THE NEWTON POLYNOMIAL 
THROUGH GIVEN INTERPOLATION POINTS AND CORRESPONDING 
FUNCTION VALUES. 

KEYWORDS: 

N~WTON INTERPOLATION, 
POLYNOMIAL C OEFF IC LENTS, 
DIVIDED DIFFERENCES. 

CALLING SEQUENCE: 

PAGE 1 

THE DECLARATION OF THE PROCEDURE IN THE CALLING PROGRAM READSt 
"PROCEDURE" NEWT~N(N1X,Fl; 
11V ALUE 11N; 11 INTEGER "N; 11ARRA Y" X1 F; 
"CODE" 36010; 

THE MEANING OF THE FORMAL PARAMETERS ISt 
N: <ARITHMETIC EXPRESSION>; 

THE DEGREE OF THE POLYNOMIAL; 
XI <ARRAY IDENTIFIER>; 

11 ARRAY11 X[OtN]; 
ENTRY: THE INTSRPOLATION POINTS; 

F: (ARRAY IDENTIFIER>; 
"ARRAY"FCOtN]; 
ENTRY: THE FUNCTION VALUES AT THE INTERPOLATION POINTS; 
EXIT1 THE COEFFICIENTS OF THE NEWTON POLYNOMIAL. 

PROCEDURES USED1 NONEe 

RUNNING TIME: THE HUMBER OF DIVISIONS IS N(N+l)/2e 
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MtTHOD AND PERFORMANCE: 

T~E POLYNOMIAL OF DEGRf~ NIN X IS REPRESENTED AS 
N K-1 

SUM (A[Kl * PROD (X-XCL]))e 
K•O L•O 

T~E CO~FFICIENTS OF THE (NEWTQN) POLYNQMIAL, A[O:NJ, ARE 
CALCULATED BY INTERPOLATION AT THE GIVcN ARGUMENTS, X[OIN], 
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AND FUNCTION VALUes., F[~INJ; THE RESULTING SET OF EQUATIONS IS 
SOLVED BY TRANSFORMING THE CORRESPONDING LOijfR TRIANGULAR MATRIX 
TO DIAGONAL FORMe 

EXAMPLE OF use, 
"BEGIN" "ARRAY" X1F[01ZJ; 

"PROCEDURE"NCWTON(N,X,Fl; 
~VALUE" NJ "INTEGER" NJ "ARRAY" X,F; 
11 CODE"36010; 
XCOJ:•O;XClJ:•.5;XCZJ:•l; 
F[Olt•lJF[lJl•F[2]1•0; 
NEWTON< 21X1F); 
OUTPUT(61,"!"l,"("THE NEWTON COEFFe ARE">", 

/,31Nl" >11 ,FCOl,FCll,FC2l); 
"END"TSTNEWTON; . 

THE NEWTON COEFFe ARE 
+1.ooouooooooooo11 +000 -2.0000000000000 11 +000 +2.0000000000000"+000 



SOURCE TEXTCS) 1 

"C r.m E"36vlO; 
11PROCEDURE 11 ~1EWTON( N,X,Fl; 

( NOVEMBER 19781 

"VALUE" N; "INTEGER" NJ "ARRAY" X,F; 
"COMMENT" N~WTON D(TCRMINES THE COEFFICIENTS CCJl~J•O, ••• N, 
OF THE INT:'.;RPOLATION POLYNOMIAL CCOl + CCll *CX•XCOll+eu+ 
CCNl * CX-X[Ol>*•••*CX-XCN-lll OUT OF N+l LINo EQUAT. 
THE ARGUMENTS AND FUNCTION VALUES MUST BE GIVEN IN 
ARRAY X, FCD:NJe TH~ ARRAY f IS OVERWRITTEN BY 
THE COEFFICIENTS CCJJ,J•O, ••• N; 
11 BEGIN11 "INTEGER" K,I,IMlJ 
"REAL" XIMl,FIMl; 
IMl: •O; 
"FOR" It• 1 "STEP" l "UNTIL" N 11 00 11 

"BEGIN" FIMlt•FCIMllJXIMlt•XCIMll; 
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11 FOR11 K: ■ I 11 STEP 11 l "UNTIL" N 11 00 11 FCK]: ■ (FCKJ•FIMll/(X[Kl•XIMll; 
IMlt• I 

11 1:"10 11 

"END" NE WT'JN; 
11 1:0P" 
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AUTHOR: CeGe VANDERLAAN 

CONTRIBUTORSr CeGe VA~ DfR LAAN, Me VOORINTHOLT 

INSTITUTEr REKfNCE~TRUM RIJKSUNIVERSIT~IT GRONINGEN 

RECEIVED: 780~01 

BRIEF DESCRIPTIONr 

THIS srrcTION CONTAI~S THREE PROC~OURES: 

MINHAXPOlt C ALCIJLATES THE C'JEFFIC IENTS OF THE POLYN0'1 IAL 
(A5 A SUM OF POWERS) WHICH APPROXIMATES A FUhCTION, 
GIVEN FOR DISCRETE ARGUMfNTS, IN SUCH A WAY THAT THE 
INFIHITY NORM qF THE ERROR V~CTOR IS MlNlMilED. 

INir SELECTS A (SUB>SCT OF INTEG~RS OUT OF A GIVEN 
SET Of INTEGERS; 

SNDRaMsz: EXCHANG!S AT MOST N+l NUMBERS WITH NUMBERS OUT OF 
A REFF.Rl1NCE SET; 

( INI AND SNDRFMEZ ARl' AUXILIARY PROCtDURES USED IN MINMAXP □ Le) 

KtYWORDS: 

(SECaND) REMEZ ALGaRITHM, 
MlNIMAX POLYNOMIAL APPROXIMATION. 

RcHRENCf:':SI 

MEINARDUS, Go (1964) r 
APPROXIMATION OF f!PICTION AND THEIR NUMr:RICAL TREATMENT (GERMAN>• 
SPRINGER TRACTS IN NATURAL PHILOSOPHY, Vale 4e 

DEKKER, TeJe (1Q67Js 
CURSUS WETlNSCHAPPELIJK RSKENEN Ae 
'1ATHEMATISCH CSNTRU~. 



SUBSf:CTiuN: MlNMAXP □ L• 

CALLING SEQUENCEt 

(NOVEMBER 1978) PAGE 2 

THE DECLARATION OF THE PROCfDURE IN THE CALLING PROGRAM READS: 
11 PROC !:DURE"MINM AX POL CN, M, Y, FY, CO, EM) ; 
"VALUE"N,M;"INTEGER"N,M;"ARRAY"Y,FY,CO,EM; 
"CODE" 36022; 

THE MEANING OF THE FryRMAL PARAMETERS rs: 
NI <ARITHMETIC EXPRESSION>; 

THE DEGREE OF THE APPROXIMATING POLYNOMIAL (N>•Ol; 
M: (ARITHMETIC EXPRESSION>; 

T11E NUMBER IJF REFERENCE FUNCTION VALUES VIZ. ARGUMENTS 
IS M+l; 

Y,FY: <ARRAY IDENTIFIERS>; 
"ARRAY"Y,FYCO:~J; 
tNTRYr FYCIJ IS THE FUNCTION VALUE AT YCIJ, FOR I•O, ••• M; 

CUI <ARRAY IDENTIFIER>; 
11 ARRAY 11 COCO~tU; 
EXIT: THr: COEFFICIENTS OF THE APPROXIMATING POLYNOMIAL 

(CO[Nl IS COEFFICIENT OF Y**Nl; 
EM1 <ARRAY IDENTIFIER>; 

11 ARRAY"c"1[013J; 
~NTRY: EMC2J:THE MAXIMUM ALLOWED NUMBER OF 

ITERATIONS (SAY 10*N+5); 
[XIT1 EMtOJtTHE DIFFERENCE OF THE GIVEN FUNCTION AND 

THE POLYNOMIAL IN THE FIRST APPROXIMATION 
POINT; 

PRQC(:DURES USED: 

lMCl]ZTHE INFINITY NORM OF THE ERROR OF 
APPROXIMATION OVER THE DISCRETE INTERVAL; 

BMC3J:TH~ NUMBER CF ITERATIONS P!RFORMEDe 

ELMVEC 
DUPVEC 
14!;WTOrl 
POL 
NEWGRN 
INI 
SNDREMEZ 

• CP34020, 
• CP31030, 
• CP36010, 
• C P31040, 
• CP31050, 
• CP36020, 
• C P3602le 

REQUIRED CENTRAL MEMORY! 

AN INTEGER ARRAY AND THREE <REAL) ARRAYS OF N+2 ELEMENTS AS 
ijfLL AS A <RFAL) ARRAY OF M+l ELEMENTS ARE INTERNALLY DECLARED. 

RUNNING TIME s 

TH~ ScCOND REME7. ALGORITHM <ON A DISCRETE SET> IS QUADRATIC 
CONVeRGCNT; IN EACH ITERATION THE NUMBER Of OPERATIONS 
(MULTIPLICATIONS AND ADDITIONS) IS PROPORTIONAL TO M*N• 
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SI <ARRAY IDENTIFIER>; 
"INTEGER" "ARRAY" SCOtNl; 
ENTRY: INS ONE MUST GIVE N+l (STRICTLY) 

MONOTONE lHCREASING NUHBeRS OUT OF 0, ••• ,11; 
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EXIT I N+l (STRICTLY) MONOTONE INCREASING NUMBERS ~UT OF 
THF. !~UMBERS O ,1., • •.., 11; 

G: <ARRAY IDENTIFIER>; 
"ARRAY" G[OIM]; 
cNTRY1 IN ARRAY GCO•Ml ONE MUST GIVE FUNCTION VALUES; 

EM: <ARRAY IDENTIFIER>; 
"ARRAY" ENC0:1]; 
ENTRY• O<EMCOl<•GCil,I•0., ••• ,11; 
EXIT I EH[ll1•INFINITY N~Rl1 OF ARRAY G[O:H]. 

PROCEDURES USED: lNFNRl1VEC • CP31061• 

METHOD AND PERF□RMANCEI 

T~E SECOND REMe? ALGORITHM IS USCD (MEINARDUS,G.11964lle 

EXAMPLE OF USE• 

"8 EGIN""ARRAY11 (:11C0 :1 J.,G[ 0:7]; "INTEGER"" ARRAY" SCO :21; 
11 PROCEDURE"SNDREMEZCN,M,S,G.,EM);"CODE"36021; 
G[O]l•lO;G[l]1•12JG[2]s•-lS;G[3Jl••lO; 
GC4Jt••l4;GC5l1•l5;GC6l,•lO;GC7lt•llJ 
e11co1:-1o;S[O]:•O;S[l]1•3;S[Z]:•6; 
OUTPUT( 61, "( 1111 ( 11T~E NUl1 BERS I") 11 , I, 11 ( "SC Jl I 11 )", 3 ( B•D h 1, 

"("GCSCJ]l1•1•,3(B•DDI">", 
sco1.,sc11 .. sc2J.,G[S[O]J,G[S[l]].,GCSCZ]]); 

SNDRa11ez,2,1,s.,G,EM); 
OUTPUT(6l,"( 11 //,"( 11 ARE EXCHANGED WITH•"l",l,"("S[J]l")",3(B•D),1, 

"C"GCSCJ ll ••> "• 3(B•DD 1,/ I., 
11 ( 11THE REFEREMCI: SET OF FUNCTIONVALUES IS1 11 >11 ,/.,8(B•D0) 11 >'1, 

SC OJ, SClJ, SC2 J.,GCS CO l l,GCSCl l l, GCSC2 l l , 
GCOJ.,GCll,GC2l,GC3l,GC4l,GCSJ.,GC6l,GC7ll 

"END" 

T~E NUHBERSt 
S[J]I O 3 6 
GCSCJJJ: 10 •10 10 

ARE EXCHANGED WITH 1 
SCJ ]I O 2 5 
G[S[J]]I 10 -15 15 

THE REFERENCE SET OF fUNCTlONVALUES IS: 
10 12 •15 -10 •14 15 10 11 
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~IJURCE TFXT( S) 1 

"C 'JO E"36022; 

!NOVEMBER 1978) 

"PROCEDURE" MINMAXP □LCN,M,Y,FY,CO,~MlJ 
"VALUE" N,M;"lNTEGER" N,M; 
11ARRA Y" Y, F Y, CO, EM; 
"COMMENT" MINMAXPOL CALCULATES THE COEFFICIENTS, 
COCil,I•,•••••N OF THE POLYNOMIAL 
P(Y)•CO[O)+CO[ll*Y+ ••• +cocNl*Y**N, 
THAT APPROXIMATES THE DISCRETE FUNCTION FYCil,I•O,eooM, 
GIVEN FOR THF ARGUMENTS YCIJ,I•O, ••• M, 
IN THE MINIMAX NORM. 
TH~ ARGUMeNTS MUST BE GIVEN IN MONOTONE INCREASING ORDER. 
IN ARRAY EM[Ol3J, ONE MUST GIVE THE MAXIMUM ALLOWED NUMBER OF 
ITERATIONS,EMC2le 
MOREOVl;R, 
EMCOJ:•THE DIFFERENCE OF THE GIVEN FUNCTION ANO THE POLYNOMIAL 
IN THE FIRST APPROXIMATION POINT, 
EM[lJ1•THE MAXIMUM OF I PCY[Ill-FYCIJ! FOR I•O,eeeM, 
EMC3Jl•THG NUMBER Of ITERATIONS PERFORMED. 
THE PROCEDURES ELMVEC,OUPVEC,POL,NEWTON,NEWGRN, 
INI,SNDREMEZ 
ARE USED. 
REfERENCS:MEINARDUS,Go(l964,CH.7l, 
APPROXIMATION VON FUNKTIONEN UNO IHRF. NUMERISCHE BEHANDLUNGJ 
"BEGIN" "INTEGER" NPl,K,POMK,COUNT,CNT,J,MI; 
"REAL" !:,ABSE,ABSEH; 
NPl; •N+l; 
"BEGIN" 
"INTEGER~ "ARRAY" S[OtNPll; 
"ARRAY" X,B,COEFCO:NPlJ 
.,r,co:MJ; 

"PROCEDURE" ELMVEC(L,U,SHIFT,A,B,Xl; 
"VALUE" L,U,SHIFT, X; "INTEGER" L, U, SHI FT; "REAL" X; "ARRAY" A, B; 
"COD!°:" 34020; 
"PROCEDURE" DUPVECCL,U,SHIFT,A,BlJ 
"VALUE" L,U,SHIFT; "INTEGER" L,U,SHIFT; 19 ARRAY 19 A,B; 
"CIJDE" 31030; 
11 RE AL" "PR □C EDURE" POL ( N, X, Al; 
"VALUE"N,x; "INTEGER" N; "REAL" x; "ARRAY" A; 
11CODE" 3lO'tO; 
"PROCEDURE" NEWTONCN,X,F); 
"VALUE" N; "INTEGER" NJ "ARRAY" X, F; "" 
"CODE" 36010; 
"PROCEDURE" MEWGRN<N,X,C >; 
"VALUE" N; "INTEGER" N; "ARRAY" x,c; 
"CODE" 31050; 
"PROCEDURE" INI(N,M,S); 
"VALUE" N,M; "INTEG2R" N,M; "ARRAY" S; 

PAGE 6 

11CODE" 36020 J "COMMENT" 
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11PROCE DURE 11 SNDRE11t: :!( N, M, S, G, EM I; 
11 VALUE 11 N,M; "INTEGER" N,M; "ARRAY" S,G,EMJ 
11 CODE" 36021; 
11 PROCEDUR~11 ERRPOL!N,M,E,CO,S,Y,FY,Gl; 
11 VALUE 11 N,M,E; 11 INTEGER 11 N,M; 
"RE AL" E; 
"INTEGER 11 11 ARRAY" S; 11 ARRAY" ca,Y,FY,G; 

11 CO~MENT 11 ERRPOL D2LIVERS THE VALUE OF 
CO[OJ+CO[ll*Y[IJ+ ••• +cacNJ*Y[ll**N - FY[Il 
IN GCIJ FOR I•O,l,•••M AND I NOT EQUAL SCJl,J•0,1, ••• N+le 
FOR J•011, ••• N+l THEN GCSCJJJ: ■ (-ll**J*E• 
THE INTEGERS SCJJ,FnR J•0,1, ••• N+l ARE A SUBSET OF 0,1, ••• M; 

11 BEGIN" "INTEGER 11 J,K,NPl,SJMl1SJ,SO,UP; 
NPla•N+l;SOl•SJMlt•SCOl; 
GCSO l: •E; 
"FOR" J:•l "STEP" l "UNTIL" NPl "0 □" 
"BEGIN" SJl•SCJ];UPl•SJ-1; 
11 FIJR 11 K1 • SJMl+ l "STEP" l "UNTIL" UP 11 D0" 

G[K]: ■fY[KJ-POL(N,YCKJ,COl; 
GCS Jl l•et•-EJ 
SJMll•SJJ 
11 1:ND" J; 
"FOR" Kl• so-1 "STEP"-l "UNTIL" 0 "DO" 

GCKJ1•FYCKJ-POL<N,YCKJ1C □ l; 
11 FOR" K:• SJ+l 11 STEP 11 l "UNTIL" M "DO" 

G[Kll•FYCKJ-POL!N,YCKJ,COl; 
"END" ERRPOL; 

INI<NPl,r-1,S); 
MI:•EM[Zl; 
ARSE:• OJ 
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IIFOR" C DUNTZ• l, COUNT + l "WHILE" C DUNT <• MI & ABSE > ABS EH "00" 
"BEGIN" 
POMK:•l; 
"FOR" Kt• 0 "STEP" l "UNTIL" NPl "00" 
"BEGIN" XCKJI• YCSCKllJ COEFCK]t• FYCS[KllJ BCK]l• POMK; 

POMK1•-P□MK "END11 ; 

NF.WTON !NPl,X,C OEF); NE14TON( NPl, X, B >; 
EM to J z • 
Et• COEFCNPll/BCNPlJ; 
ELMVEC (01N101COEF1B,-El; 
NEWGRN(N,X,COEF); 
ERRPOL(N,M,E,CDEF,S,Y,FY,G); 
SNDREMC!CNPl1M,S,G1EMl; 

ABSEH: ■ ABSE; ABSE:•ABS<E>; 
C NT :aC □UNT; 
"ENO• WHILr COUNT; 
EMC 2 l I •MI; 
EMC3l : ■ CNT; 
DU PVEC ( 01 N, o, CO, COEF l; 
"ENO•; · 
"END" MINMAXPOL; 

"EDP" 



SECT!~~ t 7olo3e2el 

"CODE" 36020; 
"PROCEDURE" INI<N,M,Sl; 
"VALUE" N,M;"INTeG~R" N,M; 
"INTEGER" "ARRAY" S; 

(NOVEMBER 1976) 

"COMMENT" INI DELIV~RS <MONOTONfl THE ROUNDED VALUES 
OF THE ARGUMENTS,WHCRE THE CHEBYSHEV POLYNOMIAL 

OF DeGREE N(TRANSFORMED TO THE INTERVAL CO,Ml,M>•Nl 
ATTAINS ITS MAXIMUM VALUES, 
IN INTEr.ER ARRAY sro:NJ; 

"BEGIN""INT2GER"I,J,K,LJ"REAL"PIN2; 
PIN2t•ARCTAN(ll*2/N; 
Kr ■O;Lr•N-l;J1 ■SCOJ1 ■0;SCN]1 ■ M; 

"FOR" Kt•K+l "WHILE" K < L "00" 
"BEGIN"I: ■ SIN<K*PIN2l**Z*~J 

Jr•S[Kl:•"!F"I<•J"THLN"J+l"ELSE"I; 
scu: ■M-J; L=-L-1 

"END"Ki 
"IF"L*2•N"THEN"S[LJJ•M/2i 

"END" INI; 
"::JP" 

"C 0DE"36021; 
"PROCEDURE" SNDREMEZ( N, M, S,G,EM); 
"VALUE" N, M; 11 INTEGER 11 M,M; 
"INTEGER" "ARRAY" S; "ARRAY" G,~M; 
"COMMENT" SNDREMEZ EXCHANGES ATMDST N+l NUMBERS ,GIVEN IN 

INTEGER ARRAY sro:NJ, WITH NUMBERS OUT OF THE 
REFERENCE SET o, ••• M, UNDER THE CONDITIONS: 
THE ALTERNANCE PROPERTY Of THE FUNCTIONVALUES GCSCJll, 
J•O, •••M IS PRESERVED. 

II. lt;CSCJJJ l>•!l;MCOJl,J•O, ••• N. 
III. THE FIRST INDEX K, WITH GCKl•INFINITY NORM OF G, 

IS ONE OF THE RESULTING NUMBCRS S[Ol, ••• srN]. 
IN ARRAY GCO:MJ ONt ~UST GIVE ERROR FUNCTION VALUES1 
MOREOVER, 
E'1Cllt•INFINITY NORM OF G, 

THc PROCEDURE INFNRMVEC IS USED; 
11 8 EGI N" "I NTE GE R" SO, SN, SJ Pl, I, J, K, UP, IND E X'1 AX, LOW ,NMl; 

"REAL" MAX,MSJPl,HI,HJ,HE,ABSE,H; 
"REAL" "PROCEDURl" INFNRMVEC(L,U,K,AlJ 
"VALUE" L,U; 11 INTEGGR11 L,U,K; "ARRAY" A; 
"CODE" 31061; 

INDEX MAX: ■so:•SJPll•S[O]; 
HF.r•EM[OJ;LOWl•SO+li 
MAXl•MSJPll•ABSE: ■ABS(HEl; 
NMl; •N-l; 
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I NO VE "1 BE R l 9 7 8 l 

"FOR" J1• 0 "STEP" l "UNTIL" NMl "DO" 
"BEGI"I"' 

IJP: • S[ J+lJ-1; 
H:• INFNRMVECIL□W,UP,I,Gl; 

PAGE 9 

"IF" H > MAX "THEN" "BFGIN" MAXI• H; INDEX MAXI• I "END"; 
11 IF 11 H > ABSE "THEN" 
"BGGIN" 11 IF 11 HE* GCil > 0 11 THEH11 

"BEGIN" SCJJ:• "IF" MSJPl < H "THEN" I "ELSE" SJPli 
SJPll• S[J+lJJ MSJPll• ABSE 

"END" "cLSE" 
ttBEGIN" S[JJ:• SJPli SJPI:• I; MSJPl:• H "END" 

"r:!tm" "EL SG" 
"BEGIN" SCJlt•SJPl; SJPll•S[J+ll; MSJPll• ABSE "END"J 
YE:•-HE;LOW:•UP+2; 

"EMO" FOR J; Stl:• SCNJ; SCNJ:• SJPl; 

HI 1 •I NF NR'1VE C <O, so-1., I,G l; 
HJ:• IN Fr~ RMVEC IS N+l, M, J, G l; 
11 IF 11 J > M 11 THEN" Jt•MJ 
"IF" HI> HJ "THEN" 
"BEGIN" 11 IF11 HI> MAX 11 THEN" "BEGIN" MAX:• HI; INDEXMAXI• I 11 END11 ; 

"IF" SIGNIGCIJ> • SIGN(GCSCOlll "THEN 11 

''BEGIN" "lF" HI> ABS(GCSCOlll "THEN" 
"BEGIN" SCOJ I• I; 

"IF" GCJJ/~CSCNJJ > l 11THEN" SCNJ:•J 
"!:ND II 

"!:ND" 11 t;LSE11 

"If" HI> ABS(G[S[Nll) "THEN" 
"BEGIN" SCNJ:• 11 IF" GCJl/GCSCNMlll > 1 11 THEN" J "ELSE" S[NMlJJ 

"FOR" K:• HMl "STEP" -1 "UNTIL" l "DO" SCKlt• SCK-llJ 
$co] I. I 

"END" 
11 END 11 "ELSE" 
"BEGIN" "IF" HJ> MAX "THEN" "BEGIN" MAXI• HJ; INDEXMAX&• J "END"J 

"If" SIGNIGCJll • SIGNIGCSCNlll "THEN" 
"BEGIN" "IF" 4J > ABS(GCSCNJJ) "THEN" 

"BEGIN" SCNJ:• J; "IF" GCIJ/GCSCOll > l "THEN"SCOJ:•I "END" 
"!'::ND" "ELSE" 
"IF 19 HJ> ABS(G[SCOll) "THEN" 
11 B::GIN 11 SCOJI• "IF" GCIJ/GCSClll > l "THEN" I "ELSE 11 SClJ; 

"FOR" Kl• l "STEP" l "UNTIL" NM l "DO" SCKJI• S[K+lJ; 
!:[N]z• J 

"END" 
11 END11 RANDGEBinDEN; 
EM Cll t•MAX; 

"END" SNDRi:MEZ; 
11 EOP 11 





CP.n~• P.E FF PF IICF TAdll 
R FrD BY PRLJf-.PA,-,.. rFr~ T'J PU0 ~y ~RuGKAM REF S TJ REFD BY ?R □GRAM REFS TJ 
CP342~1 ARSMAXt' M1'(n CP31053 C,,31051 *Nt)PEF ♦ CP31243 C P31242 •NOR EF• 

r,J Ma?. CP31250 
CP31054 C P31052 *N1R!:F• 

P4P •nP ALGI= PP r1r s- (" i\G r •N:.JREF• C.P31243 CP31242 
*N/lRF'F• CP31053 CP31051 

AR~t1AXM AMX• •t.[':P(' I=* CP31250 CP31053 CP31250 CP31242 
!Nf HR MC CP31054 
!Nn!P.MR •HOR:rF• (?31054 CP31052 
HlFNPH\I CP31250 *>llREF• CP31252 CP3104g 

MA TNP M• ASH• ·~l1lPF~• CP34b00 CP31070 ELMCnLV •N;jREF* CP31253 CP31045 
Otffl-lR MC C >34602 TAMV FC 
ONFl!R~P (?34605 *NlREF• CP31254 CP31044 
'INfMRMV C P34b06 

CP313n CP3136~ CP34160 
COL C~ T CML• 'ffilRf:I=+: -.N.JRE F• CP3107J FL MC ill CP31371 DUPVEC 
LHCaP I'S V TA~~AT 
RF~ VEC *N0REF• CP31363 OUPVEC 
ROW rs T •rl'IREF• C, 31072 [l~CULR INFNRMV 
VFU'T ~AT~AT 

•r.JRff* CP31364 CP34151 
CP 3H Ql Cf' LCS T CtlL• CP3460C CP310'3 EL ~RO WV 

D I'"'s 2 CP34607 MATVEC C P3142 5 CP31370 CJNST • 
CP34609 CP 31362 

CP31370 rnNS T= 1t-t·;ip C i* CP3460Q 
CP31371 CDJ461Q CP31427 CP31371 CJ~ST• 
CP341 50 (031362 

CP14432 11'lPC! r: F• CCJlJ74 [ L 10 JWC 
C,' 1441h ·Hl~AT +=NJ I< 1:F +. CP31425 CP31370 
CP 3 445 1 CP35061 
CP34 501 •I" rR i:F .- U ,101; ELSP:Jw 
CP34502 ,._,ATTA~ *~1110 EF * CP31427 CP31371 
CP34 7 0'l CP35061 
CD3'il 11 C P31on4 Cr' 3 l ·) 0 0 ••,.(JR r: F * 
CP3'illA •~CJOEF+ CP31502 CP3401R 
rP35120 U31J04 (?]10''1 •MJ~EF* 

•~1li.,fF+ C,?31504 CP3401B 
CP34?14 (PJl013 *t1'lDrr~ ,tr ~L, ~ [ ~- ,;· : >- '> l ')O 4 en tOQo 
CP34?l5 C•310~1 iir:"-jJQ ~F + CP3l'.i07 CP344l8 

IP'.Pi()PO Cl-'3104(• ,q-1r1~r: F"" CP31C>7 C~31Jt1~, ~r• j~fC+ *"-'JDEF• C P 315 og CP34419 
CP3h02? D PMUL 

'4" r,,;K rF • C''J1007 Cf'3Jog5 
CP31?54 CP31()44 .. t np r r:t C P3202J CP32010 +,;QQF.F• 

*t,;r,prr~ ': ~) 111 J(J CP31100 
CP:11?53 r.~31(;4~ .. ~ t!·,~•;: r • L ~G "'IJL 'f'NJQ.FF* C P32020 CP32010 

L~':~UB 
cr1so21 rP3104fi ""t /'. p != .... •sJ REF• CP33016 C P:14150 
rric;op n ,: r,311()() [;:)31109 CP3lll0 
CP3'i0R4 +tnQ 1:F• (033017 CP34l50 
CP350Al'i CY1110rJ '. 0 J 11 lo LNt;[)I V 

L 'IG~IJL +-NJREF* CP3301R CP34150 
C~11?5.? (P3104fl ~t· lP[~~ 

Cell?O> c,:,~1202 :t,--tQR:CF* •~JREF• C P 33040 VECVEC 
CP3hOU CP'.HO~,O f'" L ~\! ~ C 

t- ~,I JD [ r ._ C>3J204 C-31202 •N1RFF• CP33050 CP34150 



CRr,~ PEFEP.FNr.F TkALr 
REFP AV r· ROGRAH RFFc.- rr p E FD av P~ JGRA'1 R F.F5 TO OEFD BY PR1GRAM REF S T!J 

CP 3305n OllPVI=' r CP13135 I~ IVEC CP14444 CP3405l 
r:L"'VEC MhTMAT 
ltl!VEC MA TVE C CP34235 CP 34053 DUPCOLV 
vrc vEc MIil ROW C P34302 IC HC O L 

•UL VEC MATMAT 
•NrR FF* CPBOol CP3430l V EC V EC 

nlfPVI=(' CP33160 CP34061 C P34051 
rt i1ur.r *MIJ~ l=:F* CP3111>0 C?34061 CP33191 
rnrvr,: CP H23l C?34232 
'WLVl.:C' ,4A f•AT CP34243 
vrrvl'.:c MA TVEC CP34250 

VF.CV EC 
•tlnR F.F • CP3301>1> ntlr'NAT •N1REF* CP3407l EL MVEC 

FLM'.ll CP33171 CP33170 •1rnPEF• VEC VEC 

•Nr RF F• r,p33n1n CP34051 •NJ~EF• CPJ3171 CP33170 C P34~00 CP34l30 E L•C OL 
r. P,4300 CP34150 !CHCOL 
El MV r.c CP35113 T A•M AT 

CP35120 

*"flPFF* CP330RO r.n 4~51 C P35122 CP34l35 CP3413l EL MV ECC 
CP34300 CP34~00 MATVEC 
IA TIIE C •NOREF• CP33191 CJLCST CP34441 TAMVEC 

CP34061 
•NnP FF• C>33120 C P340 Sl CP 34231 CP34135 CP34l32 TAMVF.C 

er 14:ioo DUPVEC CP34200 VECVEC 
MATVU ELMRl)W 
Vff:\IFC ELMVEC CP3 4 U 5 CP34134 ELMC □ L 

MAT MAT CP34441 !CHC □L 
*'lnRF F"' CP3~l?i0 r P340Sl MA TVE C TAMMAT 

CP343M MUL VEC 
vFrv•c VEC VEC *NJR•F• cP34135 CP34l31 

C•34l32 
itcMOP:FF* CP33l31 r.t)340f;l *Nn~FF• C<'33303 CP34333 CP34134 

CP14300 
dAT'IAT ""N;JR E F * CP33314 DUPVEC CP3444l CP34136 CP34400 
HAT\!FC IC HCOL 
vr r.vt: r. CP3!502 CP340lR S EOVF.C ICHRDW 

CP31504 VECVEC ICHROWC 

•NnRFF* CPB13? CP34051 CP34214 
rP34300 CP34215 •rORl:F* CP34l37 EL MC DL 
ntJPVF.C CP34401 IC HC □L 
FL ·~v1:c C • 34 700 MAT~AT 
ltl!VtC TAMM AT 
f'ATV[C •ND REF• CP34050 IC HR O ~ 
t-t.l'LP '1ii- MA TMA T •~•JREF * CP34l38 ELMVECC 
~llLV<C MATT AM IC HCDL 
VECVFC LNGMATV 

(P3307Q CP3405l MATVH LNGSUB 
•NnPFF• CP33B5 CP1405l CP33080 LNGTAMV 

·r.P,4300 CP33l20 ~ ATVEC 
Ol/P~H CP33l30 TAMVF. C 
IHIPR,JWV CP33131 VEC VEC 
f1l1PVE C C P33132 
r-L ~P:, W CP33135 CP34153 CP34140 E LMC OL 
EL 'IVEC CP340bl C P34154 ELMCOLV 
lttl IIAT CP34301 CP34162 ELMVECC 



CROS• RFFrPF,1cr TAPLr 
RE PI RY PRJr,1<AM , EFS TJ REFD BY PPuGPA~ REFS TO R EFD BY PROGRAM REF~ TD 
CP34lf>3 CP14140 MA TMAT C•34163 (?34161 ROTC'll C P34187 CP34186 MATVEC 

TAMMA T CP34371 ROTC□ l 
TA'lVEr ROTROW 

*NOR I=: F• (P34162 C P34140 
CP34154 C P3414l FLMML CP34160 OIJREF• CP34167 CP34170 

TAM~ AT CP34172 
CP3&401 CP341&3 CP34140 CP34173 

CP34l61 CP34142 FLMrnL CP34142 CP34l74 
TA•t~AT CP3416l CP34183 

CPHl 86 
CP34155 Cf,34143 FLMVEr *N:JK EF• CP34lb4 CP34143 
CP34l56 ~FOVFC CP3411,0 CP34l<n CP34190 •NOR EF• 
CP34164 "Ff'.VFC CP34l94 

CP341P2 C•34170 ICl-lCDL CP34500 
CP34151\ r.P34l44 F L t1 \/Ff CP34184 IC HR OW 

vrr.vec CP34187 MA T~A T CP341Q4 CP 341H MATVEC 
CP341Q2 MA TVFC TAMVEC 

CPl3011> CP14!50 cr,,•~r- CP34194 VFCVF.C 
CP33017 
CP33flle •tlOREF• C ?34171 ~A TVEC •~-JR EF • CP34192 CP34170 
CP33050 CP34173 
f.P31171 CP34184 C >34172 ICHROW CP34190 
C P341 ~l CP34187 TAM VEC 

CP341Q4 CP34194 CP34193 •NOR EF• 
CP3l364 C P 14 l 'il fP34150 
CP34153 CP341•2 C ?34173 I CHCOL *t..JR EF • CP 34194 CP34170 
CP34154 CP34l A4 IC HRO \I CP34172 
CP3415" CP3418 7 1ATTAM CP34173 
CP3415A CP34192 TAMMAT CP34174 
CP 343hP C •341 ~4 CP34161 
CP34"\bO C P34190 

CP341R4 CP34174 I CflRIJW CP34191 
CP34154 C P34157 FUPl~CC C~341A7 CP34193 
co 3415f, TA'·IVrC CP34l04 
CP 34360 vrr 11,c CP34362 .,lJ~EF• CP34200 CP34130 

CP3413l 
•N'lRFF * f P14153 fP34!40 C P34H 2 (~34190 RDTCUL CP34132 

CP34151 CP341P4 RJ TROW VECV EC 

•rmRrF• CP14l'i4 rP34140 CP34184 CP3418l ~ATVFC CP34214 CP34210 DUPVEC 
CP14l41 C?341Q4 VEC VE C C P34215 flMVEC 
CP34l51 VEC VEC 
CP34152 *MnR EF• ,PJ4l"l CP34170 

CP34173 CP34214 CP 34211 ELHVEC 
•~n P.F F,._ CP,4l'i'i CP34J43 CP341BO 

CPJ4151 C P34214 CP34212 •'l□ REF• 
t:P341A4 CP341U3 *t'-4,JPEF• CP34215 

CP 34214 CP 141 Sf, Cr34143 CP34187 
CF34l44 CP34214 CP34213 *NOR EF • 
CPC\4151 •t·h.lQ[F* CP34184 CP34170 CP34215 
C"34l5? CP34172 

CP34173 *NOR Ef * CPHZ 14 CP31013 
CP3 l31,2 CP34!60 •HilP f:f ~ CP34174 CP34018 
CP34162 C P34180 CP3415b 
CP34164 CP341Al CP34210 
CP3437/J CP34183 CP34211 



CPf1SS RF HPr ,,er TA~Lr 
R FF~ BY PP~GRAM ~r r< TI R fFil BY t'P Jr,DAM ~HS TO PFFD BY PRar.RAM PHS TQ 

CP142]4 r.r l4?.12 CP14l"4 C•H235 C P34283 CP342 82 
Cr34213 CP1424l 
f,llt' \If-" r. CP342~5 CPH2~4 IC HC IJL 
rpvrr C0 34251 CP34250 CP340bl 
rnrvrr rp34753 OIIP VEC •NJREF• CP34285 CP34273 
~ AT''[r IN 1 VF C CP3 V84 
~'l!L\'C(' LNGMATV 
T ••vrc CPH2~7 CP342~6 MA TV EC 
vrcvce *~lflR EF i11 C>J4251 CP34231 

CP34250 *Nt'!R FF• CP342~7 CP34273 
•NnP FF* CP14215 CP11013 DIJP~AT CP34286 

CP140lf 
C?34210 CP34254 Ce34<52 CP 34231 CP34293 CP3429l EL IIROW 
CP34212 CP34240 IC HROW 
CP14213 YCHROWC 
[llJP'fl.;C CP34254 C"14253 CP342 50 
Fl 'IVEC C P34?Q3 CP34292 ELMHCR 
HI IV <C *NOREF• r.034;,54 CPJ4252 M ATVEC 
~Ull VF( CP34253 
vFcvrc DUP~AT +t-tORtF• CP342Q3 C P342Ql 

CP342Q2 
•NORFF• ,?34220 Fl M VF r- CP34272 CP34260 ELM COL 

'IFC \trc C P34273 FLMRQW C P33070 CP34300 ICHRO~ 
MATT AM CP33030 MAT~AT 

CPBlhO CPJ4231 4f\SHAX 11 TAM•AT CP33120 HATT AM 
CP 13191 F LrlP'lW CP33130 
CP34?.3? lCHrlL CP34273 fP34261 EL MC Ol CP33131 
CP34?.3h T<HMW MATMhT CP33ll2 
CP34?42 :IAXFL ~R C~33135 
CP 34244 • n·Jr: ST CP34273 C P3421>2 CLMCUL CP34301 
CP34?51 TA MMA T CP34302 
CP342o2 CP34444 

CP34272 CP34Z70 *NJREF• 
*N nRF !=it CP3423? rr 14061 CP33061 CP34301 CP34051 

CP34231 CD34273 CPJ427l RiJTCOL CP34300 

CP3423~ rP3423" CP14053 •NOPrF• CP34272 c• 342nO *NJR:1:F* CP34302 CP34053 
C P34?44 I,HP7~' C • 34270 c• 34300 

•t•tnRFF• CP3423h CP34231 CP34281 CP34273 CP34260 CP34702 CP34303 *HOREF* 
C:P14?.35 C PJ4281 CP34261 

CP34285 CP34262 CP343QZ CP34310 TA~MAT 
CP342 42 CP3424n MATIIF( CP342~7 CP 34271 CP34402 
CP342o2 CP34432 

C?34440 CP343Q3 CP 34311 VF.CVF.C 
CP 3424 2 CP34?41 •~ !lP:E F"" CP34403 
CP34?44 CP34281 CP34280 MATVEC 

TA~VEC *NJREF'+' CP34320 ELMVEC 
CP34241 rn4?42 rp 34731 ICI-\VEC 

rp14;,40 4<NOREF• Cf142Rl CP34273 VE CV EC 
rP34?41 CP342 go 

CP34430 CP34322 eLMVEC 
*NOP "F * CP34?43 rP34061 CP342BJ CP34Z8Z MAT V cC IC HVEC 

CP34242 TA~V"C ,VEC VEC 

*Mfl pr F* ('P 3471,4 rP34;>'11 *t:llREF• Cn42RJ C"34273 rP34333 CP34330 VECVEC 



CRn~s REFF.RF•'CF T hRU 
REFn BY PRilf,PAH OfFS T·l R F.FD b Y i,) R.J{, R AH Rl:r= S TU REFO BY PROGRAM REF S TO 
CP34331 rr 14132 ~ChPRDl C fJ3437'5 rP34360 CP34352 •N1REF• CP34 36 R CP34151 

vrrvr=r CP34364 
C P34 374 U34361 I CH COL 

CP33303 CP34331 C P14330 CP3437'> !CHROW •NnR EF • CP34369 CP34151 
rP3433? MA TTAM CP34152 

TAMMAT C P34363 
CP34501 CP14340 *t-,:1pi: F* CP34365 

~•34375 ("34362 CP34174 
CP14345 ro34341 *W"IPFF* •N~~F.F* CP34370 CP34160 
CP34357 CP34369 C P '43b3 CP34344 CP34364 
CP34353 CP34371 EL •CDL 
CP 34365 cLMCOLR •N:JRFF* CP34371 CP34161 
CP 34366 E LMC nLV CP 34363 

E LM• □W CP34365 
CP34345 r P14342 *tin RF F~ 'cL~RilWC 
CP3 43 73 HMROWV CP34374 CP3 43 72 CP 34 345 
CP34h01 F.LMVECC CP34352 

EL MVECR CP34357 
CP34345 CP14143 *t ~RU• MATMAT CP34358 
CP34501 MATT AM 

~ ATVE C CP34375 CP34373 CP34342 
CP34355 rP14144 •tlfll:' f"F * TAMMA T CP34345 
C P14163 TAM VEC CP34352 
CP 1416h CP34353 

CP3436R CP34364 ELMCOL CP34354 
CP343 72 CP14345 rP34341 C P3437U ~ LMCOLR CP34357 
CP34373 CP14342 ELMCOLV CP34358 

ro14343 EL MPO W ~ ATVEC 
ELMROWC 

CP 34360 CP3435? rP14341 EL MROWV *NU REF* C P34374 CP34359 
CP34366 ELMV~CC CP34361 
CP34372 ELHVECR CP34366 
CP34H1 MATMAT CP34372 

MHTAM 
CP 34365 rP34353 rP34341 MA TVEC *NOR EF * C P34375 CP3435Q 
C P343 66 TA MHA T CP34360 
CP34367 TAMV EC CP34361 
CP34373 C P34362 

CP34360 CP34365 C0 34341 CP34366 
CP 343 73 rP34354 flATVff CP34371 CP34353 CP34367 

ELHCOL CP34373 
CP34366 CP343S5 CP34344 ELMCOLR 

TA~~ AT MAT MAT •1-tJREF* CP34376 ELMVECC 
TAM HAT 

rP3416f rP3435A rn4377 CP34356 CP34377 ELMCOL 
CP34367 H'l~AT CP34374 r?343b6 CP34341 

CP34375 CP34344 *NORl'F* CP34378 E LMR □WV 
CP 3437? CP34~5: ~W1P. CF~ CP34352 
CP34373 CP34353 CP34392 CP34390 MA TVEC 

~P34355 TAMVEC 
CP343 72 rP343'if •t~OP EI=* CP34356 
CP34373 EUIRnwc CP34393 CP34391 SEQVEC 

~ATM AT VECVEC 
CP34374 CP 34 350 MA1TAS 
CP34375 CP34375 CP343b7 CP34353 •NJR EF • C P34H2 CP34310 

C P34356 CP 34390 



cRn~s RFFEPFIICF TAH r 
Rffn BY r P·1r. RA~, r rF(' TP PE FD RY ;,o JGRA~ R FF S TlJ REFD RY P~OGRAH REFS TO 
•tmHF• CPl4393 CF' 14311 CP34432 VECVEC *NOREF* CP34601 CP34342 

rp343 Ql CP34602 
lfti·t 1R t F* CP34436 CONST• CP34603 

CP34l31> CP14400 [1{!PVr" CP CP34605 
CP3 4402 11A rv<r CP14431 CP3443Q *NuREF• CP34b06 

TASIIFC CP34607 
CP 34444 CP34440 CP34273 CP34609 

CP34403 CP '4401 C P340le DU PV EC CP346ll 
~FQVfC MA TT AM HAT MAT 

MATV"C 
•NnRFF• (P14402 CP14ll0 MUL CUL CP34600 CP34602 CP3l070 

r P14400 HMVEC CP3460l TA~M AT 
VECVEC 

•N~P EF• CP34403 CP14311 C P3460l C P 34603 CP34,S05 
CP3440l *l1'1R J:'." F• r034441 CP34131 CP34607 

CP34l34 
CP3150"' CP1441P Lit.-;~rov CP34136 CP34600 CP34604 CP34605 
CP315QO I tlG \/ff\/ DU?VEC CP34608 

EL" V EC 
CP34422 CP3442f> ~tHlP,f'.'.fll!' VECVEC CP34600 CP34605 CP31070 

CP34601 
CP3442? CP14421 ,;,r.tl"lR ~ F* •H0R!:F• CP34444 CP34051 CP34603 

CP34300 CP34604 
•NQPF.F• i.P344?2 CP34420 CP34440 

CP3442l DIJPMU CP34600 CP34606 CP 31070 
DU PV EC CP34601 

CP14425 f P 14423 +tl:J?.f" F+ EL"VEC 
!Is !MAT CP3460l CP34607 CP31073 

CP34425 CP34424 •·t":·u:,, EF* I~ !VE C C P34 603 
~HVEC 

•NnREF* CP3442" rP344?3 •UL R JW C P34 600 CP34608 CP31073 
tPl4424 MULVEC CP34604 

VF CV EC 
CP34431 tP14430 t~343?;> CP3460l CP 346 OQ CP31073 

l'!IIP\lt:r; •Ur.REF* cri14445 ,;, C VE C 
EL 'II/EC CP >4600 CP34610 CP31073 
Httl \IC( *~~._iRJ:"Fit (' !J344 r;3 C ·1'1S T• 
\ff ( l't:" ( CP34600 I'. P346ll *NOREF• 

•!URFF• CP34500 CP341QO CP34601 
•NnRrF• CP1443l CP34410 

r.n•43q • ►~DR EF• Ce34J01 C8'1S T• CP34706 CP34700 TAM~ AT 
CP343 40 CP34710 

*tlOP FF* CP1443? rn•i~ T= CP34343 
CP34271 CP34707 CP34701 V EC VEC 
Dt'P r JLV *N1R EF• CP34502 C'l~~S:T• CP34711 
n11Pe hT 
r:t't> vtr: *l'HjR[F • C P 34o0u CP31070 •NJRFF* CP34702 CP34303 
f"L~V'-CC CP31073 
ICHP. 11,1!"" CP34602 *NJREF• CP34703 CJl'IST• 
ff TM .\T CP34604 UNDERFL 
TMJ\1r:r CP34605 
Ml TTA~ CP34b06 C P34 706 Cl-34704 MATVEC i,rr CP 3460A TAMVEC 
PI' L,-. 1L CP34610 
Pl'LP ·11.; CP346ll CP34707 CP34705 S EOV EC 
T AIIM4T t L •c QL VEC VEC 



CROS~ RE FF RFMCF TAB L F 
RF.Fn ~y PRnGRAM Rrrs TO ~FFD ~y i>P 1J(';R A 'i RHS rn R EFD BY PR JGRA~ RE F5 TU 
*NOP EF• r.P34706 C P14700 CP35054 fP35056 CP35102 CP35104 ♦NOHF• 

fP34704 
CP350ol Ce35060 *'lOREF• ♦NURFF ♦ CP35105 CP3503B 

•Nn REF• f P14707 C P34 701 C 035 071 
CP14705 CP350 7 5 C P35071 CP35lll CONST• 

C P35H l CP35075 
CP34710 CP347M OllPVFCR CP3510J CP35112 

~ ATVC C CP3 5113 
TAM VE r. CP31425 CP3506l U35060 CP35154 

CP31427 cn5%2 CP35Ul 
CP34711 CP1470Q C P3401 ~ CP35050 CP35191 

S fQII ff CPJ51RO 
CP35103 •NO REF• C P35ll 2 CP35111 

•NnP FF• CP34710 rP3470.J 
rP3L7QR CP35061 CP 3 5062 •~~REF ♦ CPH 171 CP35113 CP35lll 

*Nl1RFF• CP147ll er 34101 CP3507l CP.15071 CP350o0 *NOR FF• CP35114 CP 35130 
fP34700 CP35073 CP35073 

CP35111 ♦ NOREF• CP35llb CONST• 
CP15022 CP ,so71 CP3\022 CP35130 

•N1REF• CP35072 CP35071 
CP 35021 cn;502? Cr3502l CP3H71 CP35 l20 C O"IS T • 

CP35071 C P3 50 73 (?35071 OVERFLO 
••WPFF* CP3~·02:l fP3l04t, CP35074 

CP33171 CP35122 •NOREF* 
CP 3502A CP35027 CP350?H *l'l;JR E, • CP~5074 CP35073 

CP35114 CP35l30 *NORH• 
CP35027 CP350?f CP3!:i027 CP35076 CP35075 CP35060 CP35116 

CP35077 
CP35040 CPl503fi CP15040 CP35111 CP35145 CP35140 *NOR EF* 
CP35105 

•;rnREF• CP35076 CP3507; *NOREF* CP35145 CP35140 
CP 35038 CP 35040 CP35n3B 
CP3•103 CP35075 CP35077 *NuRF.F• CP35180 CP35150 C P351S 5 

Ce35053 CP35050 CP3506l C 03; 086 CP35080 cn1040 *NOREF• CP 35152 C?35154 
CP35054 CP3104o 

CP35083 *NllRH• CP35153 CP35155 
*Nf1P FF* CP15051 Cr35053 

('.P'l. 5r. ~4 CP3508u CP3o083 *NJRE F* CP35152 CP3>154 CP35lll 
CP35lgo CP35185 

*NnP FF* CP35052 CP35053 CP35085 CP35084 CP31046 CP351g3 
r P35054 CP35085 

CP35153 CP35l55 *NORE F• 
C P3 50 51 CP3o053 CP3S050 CP 150P4 CP350A5 CP31046 
CP3505? en soss CP 35 OA4 CP3,163 CP35160 CP35165 

Cl' 1505b CP35165 
CP35087 CP350A6 CP35080 

CP35051 CP35054 CP35050 CP35087 CP35lb3 CP351ol CP35lob 
C P3S05? rr1•055 CP35lo6 

CP35056 CP350% CP350H7 C P35086 
CP35180 CP35162 CP35185 

CP3S053 CP35055 •r:.nrEF* *l'l;JR F:F* CP35102 CP35104 
CP35054 CP35164 CP35163 CP35 lo0 

*tlORFe• C P35103 CP35040 CP35165 CP35lbl 
CP 35053 CP3505t. lrW1Pi~F* CP35loo CP35lb5 



cRnss PEFEPl'NrE TARLF 
RF Fn RY PRuGPAM ~, EF'.S F1 R[FO BY F P'JGRAM RE FS TO R EFD BY P RtlG RAM REFS TO 
CP35181 CP35163 r P3 'il 66 CP35150 CP35185 *NO REF• CP 30402 TAM~AT 

CP35154 
,n1nPEF• CP35l64 tP35 l63 CP35162 CP3640l CP36403 *NOREF* 

CP35177 
CP 3511,0 CP3Slh5 C.r35 lh0 CP3>180 CP36401 CP36404 *NOR EF* 
CP351~3 rP3'il63 CP35193 
CP35183 C P36401 CP36405 *NORE F• 

*NJR E F• CP3>190 CP35154 
CP35161 tP35l/,f tP3'ilfl CP35172 OUPCOLV OIM•l *NOREF* 
CP35163 CP35lh3 CP351Q3 OUPP□ WV 
CP3'1E3 OUPVEC 

CP 351Q~ reJ5191 CP35060 9UPVECC 
CP3517S C.P3'i 170 ro,,175 C P35 l Q4 CP35lll OUPVECR 

CP35173 EL 1C OL V 
CP3517h CP35171 CP35176 C?35194 E LMROwV 

ELMVEC 
CP35190 CP3'il7? rns177 *NOP EF• CP 3 519l CP35191 ELMVECC 

EL~VECR 
CP35174 CP35 173 CP.1~179 CP35190 C0 35193 CP35061 FULMATV 
CP3517R CP35154 FUL TAMV 
CP35191 CP35177 JC~S EQV 

C P3 51 A 5 IC4VEC 
*N'lRFF* CP15174 CP3Sl73 I NFNRMV 

CP35l91 CP15lq4 CP3517R INIVEC 
CP35170 tP35175 CP3Sl70 CP35195 CP351Ql LNGFUL~ 

LNGFUL T 
CP35171 CP35 l 7f. CP35171 *NOR[F* CP35lq5 CP351Q4 LNG~ATV 

LNGR<S V 
CP3517? rP l'il 77 rP3~185 C P36022 CP36010 *~Ll~EF• LNGSCAP 
CP351Q3 LNGSEJV 

C P 36022 C n6020 *tl!JREF• L NGTA MV 
CP3Sl73 tP3!,l7R cr1o;173 LNGVECV 
CP3517Q CP36022 C ?36021 INFNRMV ~ATV EC 
CP 151'14 MULVEC 

*WJR ff* rnoozz CP31040 JNE~ RMV 
+NJPFF• CP 1517□ rPJSJ7!; C?31050 RES VF C 

CP36010 SCAPRDl 
CP35l83 CPlSJRO CPjS~hl CP36020 S EQVEC 

CP3>150 CP 36021 TAM VE C 
CF35lh2 OU PV EC VECCST 
('p3~ lRi:: ELM VE C VECVEC 

CP151R2 C0 :\i:;1Rl Cfl3~flfir) •i;~R EF* (016401 CP34163 ABSMAX~ OIM•2 *NOR ff* 
CP35183 CP3'Jlll CP36402 COL CS T 

C P3 5163 CP36403 OIJPC OL V 
rP)SlR3 C P36404 DUPMAT 

CP36405 ouP ~owv 
+1-1nPFF* CP351R2 CP351Rl l~FNRMM DUP VE CC 

L~GMATM DUPVECR 
CP3~1Rl CP151R3 rP35lh5 LriG~ATV FLMCOL 
CP35le.4 fr•J'ilhh UlG TAM~ EL~COLR 

CP15lf<O MA TMA T EL~C □ LV 
CP351Pl TAM~AT EL~ROW 

VE CV EC ELMROWC 
*Nt1Rf:F * CP15184 CP3"1 ru ELM RJ WV 

C P 30401 U 36402 EL ~COL EL~VtCC 



cRns~ P"F"PFNrF TABLr 
RFFO RY PP •lGP Af\ Pf f-~ T~! REFD BY PROGRAM REFS TO REFD BY PROGRAM R EFS TO 
El HVFt:P nr •1•? r,p34444 DllPHAT CP36402 ELMC □ L 

FULMATV 
Fill TAl1V C P33135 OUi'Ru,IV DI~ •l CP31072 EL~C □ LR 0111•2 
TC <ir,iL OIM •2 C P34363 ELH• 
IC '1PO W OUP• CP343o4 
ICHRflWC CP343b5 
HIFtiR~C CP313b2 Q UPV EC O!H•l 
IN Fl,Rl'M CP313b3 DllP• C P31070 EL ~co LV Dill•l 
IN FtlRMP CP33050 CP34140 0111•2 
r>HMAT CP 33061 CPJ43b3 ELM• 
rn T~ ATn C P33132 C P 34364 
L~r.F11 LM C P33135 
UIGFIILT CP33191 CP31075 EL ~R!JW 01~•2 
LN(;MATH CP33314 CP33135 ELM• 
LNGl'A TT CP34210 CP331H 
LNGrir11 CP34214 CP34231 
LNGRFSV CP3421 S CP342b0 
LNr.TAMH CP34250 CP34291 
LNGTA~V CP34430 C P34363 
HA TMA T CP34432 CP34364 
HATTAM CP34440 
HATVFr CP34441 CP31074 l'LHROWC DI ~•2 
MAHl.11P. CP34444 C P34 363 EL~• 
HIil CnL CP3602? CP34364 
l'llll PflW CP34366 
1JNENP MC "'"IDREF• n11ev1ccc DIM•l 
Otff llP HM D !M•2 CP31073 F.L1R □WV DI 11• l 
IJNHIR~P DU•• C P34 363 DIM •2 
RE~ IIFC C P34364 ELM• 
RrJTf nL CP34400 DU~VECR DIM• 1 CP34378 
RnTRflW CP3470R 0!~•2 
Rfll,/fST !)!Ji). CP31l)50 EL 1VEC D IH• 1 
TAMMA T C P 33050 ELM• 
TAl'll/FC OIJPCnLv !1Utl • •NJR F.F* CP33061 

DU P~A T CP13070 
FllLnPI• OP!• ,,.f ,lRF. r:-. DIIPR'.l~V C P33132 
Li'lGM ATM DU 0 VU CP33135 
LNt;l"ATT DtJ PV ECC C P33191 
lM!jMATV DU?IIECR C P 34071 
LNG~r.AF- CP34143 
LNGS FQV CP31071 CL 1C ul DIM• 2 CP34144 
LNGTAM~ C P3106o F LM a CP34210 
LNGTAHV C0 34130 C P34 211 
L~C.IIECV co34134 CP34214 

C ?34137 CP34215 
CP3150'l DP MIil *ll1Pr~t CP34140 CP34220 

C P34141 CP34120 
CP 3405 3 ~IJPf Ill 'I r I~ ::111 CP34142 CP34322 
CP34432 f)Jtl=? C P342M CP34430 

f)!IPE CP3426l CP3444l 
CP14262 CPl4444 

CPB066 Dllel"A T pp•:1? C P 34163 CP36022 
CP33135 fllH-'o:: f P343b4 
CP34251 CP34365 CP34131 ELMVECC OIH•l 
f.?34254 CP34377 CP3413R OIH•2 
CP34432 er 341,00 CP34140 ELM• 



CRf1SS RFFERF•JCr TAALr 
RFFD 8 Y F' RC1t,PM Pf r:., T ,1 RE FO AY iJP..JGPA'1 R rrs TfJ REFO BY PRQGRAM REF S TJ 
CP1415l El M\IFrc CP34173 !f':HP.dW CP34444 !>II V EC 
C P1436~ CP34174 
CP34364 C P34Z31 FUL~ATV !NI• •NOR EF • 
CP34376 C•34215 FUL TAMV 
CP34432 CP342Q l IN!MAT 

CP34300 IN !MATO 
CP342Q? Ft 11\IF CP ll IM• l r,0343~1 IN IVEC 
CP34363 nTM •? LNGFULM 
CP 34~1,4 rt '1• CP34136 IC l!P JWC [)J ~ •2 L%FUL T 

CP3420l !CH• 
FLMCnL FL~• *M!1P,[F>t CP'4432 FUL!N? • P~P• +NDREF• 
ELMCnLP MA TMA T 
FUlfDLV H<OREF• IC HS EQ I Cl-I• MATTAM 
ELM Rnw SEQ~AT• MATV~C 
FU\Rnwr. SCAPROl 
EL,~Rl1WV *HOREF,.. !CH"EO\/ DIM• 1 SE~ VE C 
H~VFC !CH• TA1•AT 
FLMVFCC SEQM AT• TA~VEC 
ELrvrcP VECVl'C 

CP 343?0 ICHVEC DIM•l 
HAHL MR F MX• *t~r, RI=" F + C P343?2 !CH• *iiJ REF+ LNGA~O PAP•DP 

LN GFU LM FIILOP!• orr• IC HC ~L ICq ■ *t-.lJ R':S:* CP31110 LNGO IV PAP•OP 
L>lGFIIL T I CHRolW 
lt"r,RFSV TCHRflWC +NJREF+ LNGFULM DIM•l 

IC H~ EO DIM•2 
FIi LM AT\' FllLitlP• J NP Ill ICHSFQV FULDPI• 
Flll TAMV ICHVf C !NI• 
RF~VFC 

•tll!R E F• Hff~RMC A,"tV • ••11REF• LNGFULT DI M•l 
+tlflP EF • Flll~AT\I ~ IM •l 0 IM •2 DI H• 2 

f'l I Hm? FULDPI• 
F'l'LJ:1P• ~P36401 I NF qR :-1M 01••2 IN I• 
r,,.1 I• MATNRM• 

CP36401 LNGM ATM DI H• 2 
•N11Rr F• FIil TAMV D TM •l •NURFF• I tiF NP MR AMX• DP I• 

l"IT M• ~ 0!~•2 PAR•DP 
FI I 1. l~iP Ill 
r ~i r II C,,31363 1'1 F~ RMV AMX • •NJREF* LNGMA TT DI M•2 

C 036021 DI• •1 DP I• 
CP34053 T r. HC n L IJ T ~11111'? PAR• DP 
CP14130 !CH• CP33135 IMIMAT DH1•2 
CPH134 C P 3443? I~ I• CP3413~ LNGMATV DIM• 1 
cP34!3h r,p34444 C P34250 D l.M•2 
CP34137 CP36401 DP I• 
C 03 41 3R •IIIUREF* IisIMATD DIM• 2 PAR•DP 
CP 141 70 !~!• 
cP34173 CP31100 UIGMUL PAR•DP 
cr3•231 CP33050 !NI VFC DIM •l CP31110 
CP34284 cP33061 !NI• 
CP 34361 CP33132 *NORE F* LNGRESV r. ~L • 

CP31135 OIM•l 
cr34050 !CHP:W {)JM•? CP34214 DIM•2 
CP34!3h f('lh CP342l'> FUL DP I• 
CP14170 CP34250 
CP34172 CP34432 •NJ RFF* U,GSC A P DI~• I 



CRn~~ P.E Ff P.n:cr TARI. r 
RE Fn BY FPflr.PAt'. r-r ~ ~ T n RF Fn RY PRuGPAM REF S TO REFO BY ~ROG RA~ ?EFS TO 

l ~1 r,;,t,t.P np I• CP34432 "ATT AM CP34215 ~ULV EC 
PA!:)•OP CP34440 CP34430 

CP34444 
CP3441A L N Ii$ EOV n I ~,i: 1 CP 31073 • ATVEC D !~• l 

f)PT-= C P:l3080 0!1•2 MUL COL MUL• •NOREF• 
r· t.R =-0 P (033120 HIP• MULRQw 
~ FOMA T• CP33131 MUL V F.C 

CP33132 
CP31100 Lt4(;$!1R PM1 =nP CP3313S *N1RFF* JNENR MC AS M• 
CP3411P CP33ll>O DIM•2 

C p331q l 
Ci-36401 LN (;T "1Ht' r, I ·l• 2 CP3405l +NOR EF* CJNENRM~ DIM• 2 

np I• CP34131 MA TNRM • 
f"A~· i::: f)P CP3413>5 

C ?34170 •N1R EF• QNENR.1R A~M• 
CP34138 U'.GT AM\' [_) 1 '1= 1 CP34171 DIN •2 

n !''= 2 CP34lnl 
nr r ~ CP34186 *NJPEF• ilNENRMV AS M• 
Pl,t':')P CP3410l 0 IM• l 

C~34214 
CP3441A LIH;vrrv r, l '1• l CP34240 CP35120 OVERFLO +NOREF• 

r-ir r = CP34280 
P~fJ,::f)j., CP14202 Ll>IGADO PAR•OP ALGER R 

CP34286 L NGO IV 
c, 3107? M ATM AT fl r II= 2 CP342Q2 LNGMATM 
CP31074 P!Pa CP34354 LNG~ ATT 
CP33l3l CP34363 LNG"IATV 
CP11115 CP34364 LNGMU L 
CP33160 CP34373 Ll>IGSCAP 
CP33101 C 034300 L~GSEOV 
C P34050 ,:p 3440:J LNGS UB 
CP340S3 CP34440 LNGT A~M 
CP34137 CP34444 LNG T AMV 
CP34140 CP 34704 LNGVECV 
CP34170 C 034 70~ 
CP34261 ~E» AGE PP CALL. •NOOEF• 
CP34300 C~34231 •AXEL".R 0!11•2 
CP14163 f:MX. ♦ NQREF• RES VEC C~L• 
CP34364 D111•1 
CP34165 CP344P ~· cc •:-..irJP~F• OIM•2 
CP34366 FUL!NP• 
CP34b01 AL Gr RR S[):-AGf ePCALL• 
CP16401 CP34161 OOTCOL 0111•2 

CP34432 "l'L C,JL :JIM •2 CP341~0 ROT• 
lNFtlRMM ~1AHIP"1= _t.~·r•h: CP34440 ""UL= CP34186 
UNENRMr CP3427l 

CP331'.12 ru L RJ\.I DI"• 2 
CP3107S MA TT A 11 f"IIM=~ l?33135 ~,, L =- CP34160 ROTROW DIM• 2 
CP 340.50 l ~IP= r P~4432 C P341 96 ROT• 
CP34173 CP34444 
CP 34?60 RJTCJ L OIJT• +NOREF• 
CP34300 C P 33061 MIJlVE( Dl~•l R □ TRJW 
CP34350 C 03i13z MUL• 
CP34361 rP33135 CP34231 ~owes T CH L• 
CP34363 CP33101 0!11•2 
CP14164 (034214 



CRrss PFFEPfHCf TA~L c 

RE FD BY PR,Jt.RMI RHS T:J PE Fn BY i-'?-..iG ~At! R CF s T•l REFO 3Y PR OGR A~ REF S T:J 
C P34332 srAPROl n J'-1 • 1 CP34700 T AM"AT CP33132 VEC V EC 

rt:P • CP36401 CP33135 
C P3640? C P Bl60 

I r HS ,Q sr~MAT= *ttr1Rrr• CP311Ql 
!CHS E0" CP31070 Tl sv EC DIM•l CP3401S 
LNGS EQV CP34131 DIM•2 CP34071 
SE0VEC CP34132 I 'IP. CP34132 

rP341JS CP34138 
CP3401~ ~F ovr c n r ~-1 CP34140 CP34143 
CP 34143 HlPc CP34157 C ?34144 
CP34Wl ~,OMAT= CP34172 CP34152 
CP34401 C P34101 CP34181 
CP3470!> CP34214 CP341Ql 
CP3470Q CP342?0 C P34 200 

CP34282 CP34210 
CP31071 TA MMA T n r .... 112 CP34363 CP34214 
CP34l30 T tlP• C P34364 CP34215 
CP34134 C p34300 C P34?20 
CP3413 7 CP34400 CP343ll 
CP34140 CP34440 CP34320 
CP34Hl CP34704 CP34322 
CP 34147 C 034 70B CP34330 
CP34173 CP34332 
CP34260 C P34 70J u,rnFRFL •NQREF* CP34391 
CP3426? C P34430 
CP34310 *M:'lRE Fit VFCCST C ~l • CP34432 
CP3435o D TM•l CP34440 
CP34356 CP34441 
CP3436l C P33040 VECVFC DI~ •l CP34444 
CP34363 CP3J050 JrlP • CP34445 
CP 34364 cr31001 CP34701 
C P343n5 CP33l?O CP34705 
CP3443? CP33130 CP36401 
CP34n02 C P33l 31 



UITGAVEN IN DE SERIE MC SYLLABUS 

Onderstaande uitgaven zijn verkrijgbaar bij het Mathematisch Centrum, 
2e Boerhaavestraat 49 te Amsterdam-1005, tel. 020-947272. 

MCS 1.1 

MCS 1.2 

MCS 1.3 

MCS 1.4 

MCS 1.5 

MCS 1.6a 

MCS 1.6b 

MCS 1. 7a 

MCS 1. 7b 

MCS 1. 7c 

MCS 1.8 

MCS 2.1 

MCS 2.2 

MCS 3.1 

MCS 3.2 

MCS 3.3 

MCS 4 

F. GoBEL & J. VAN DE LUNE, Leerga:ng Besliskunde, deel 1: 
Wiskundige basiskerm,is, 1965. ISBN 90 6196 014 2. 

J. HEMELRIJK & J. KRIENS, Leerga:ng Besliskunde, deel 2: 
Ka:nsberekening, 1965. ISBN 90 6196 015 O. 

J. HEMELRIJK & J. KRIENS, Leergang Besliskunde, deel 3: 
Statistiek, 1966. ISBN 90 6196 016 9. 

G. DE LEVE & W. MJLENAAR, Leerga:ng Besliskunde, deel 4: 
Markovketens en waahttijden, 1966. ISBN 90 6196 017 7. 

J. KRIENS & G. DE LEVE, Leergang Besliskunde, deel 5: 
Inleiding tot de mathematisahe besliskunde, 1966. 
ISBN 90 6196 018 5. 

B. DoRHOUT & J. KRIENS, Leergang Besliskunde, deel 6a: 
Wiskundige prograrronering 1, 1968. ISBN 90 6196 032 O. 

B. DORHOUT, J. KRIENS & J.TH. VAN LIESHOUT, Leerga:ng Beslis
kunde, deel 6b: Wiskundige programmering 2, 1977. 
ISBN 90 6196 150 5. 

G. DE LEVE, Leergang Besliskunde, deel ?a: Dynamisahe pro
grammering 1, 1968. ISBN 90 6196 033 9. 

G. DE LEVE & H.C. TIJMS, Leergang Besliskunde, deel 7b: 
Dynamisahe programmering 2, 1970. ISBN 90 6196 055 x. 
G. DE LEVE & H.C. TIJMS, Leerga:ng Besliskunde, deel ?a: 
Dynamisahe programmering 3, 1971. ISBN 90 6196 066 5. 

J. KRIENS, F. GoBEL & W. MJLENAAR, Leergang Besliskunde, deel 8: 
Minima:x:methode, netwerkplanning, simulatie, 1968. 
ISBN 90 6196 034 7. 

G.J.R. FORCH, P.J. VAN DER HOUWEN & R.P. VANDERIET, 
Colloquium stabiliteit va:n differentiesahema's, deel 1, 1967. 
ISBN 90 6196 023 1. 

L. DEKKER, T.J. DEKKER, P.J. VAN DER HOUWEN & M.N. SPIJKER, 
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