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INDEX PROCEDURE CODE HNT /YR RECORD 
NUHBER 

VOLUME 4, 
IJOLUNE SA, 

4,ANALYTIC EIJALUATIONS 
1, EVAL, OF AN INFINITE SERIES 

EULER 32010 JUL/74 131 
SUIIPOSSERIES 32020 JUL/74 131 

2, QUADRATURE 
1,0NE-DIIIENSIONAL OUADRATURE 

OADRAT 32070 JUl./74 133 
INTEGRAL 32051 JUl./74 135 

2,IIULTIDIIIENSIONAL QUADRATURE 
TRICUB 32075 OCT/75 257 

3, GAUSSIAN OUADRA TURE 
1,GENERAL WEIGHTS 

RECCOF 31254 NOIJ/78 313 
GSSIITS 31253 NOV/78 313 
GSSIITSSYII 31252 NOIJ/78 313 

2,SPECIAL WEIGHTS 
GSSJACIIGHTS 31425 NOIJ/76 291 
GSSLAGIIGHTS 31427 NOU/76 291 

3,NUIIERICAL DIFFERENTIATION 
1.FUNCTIONS OF ONE VARIABLE 
2,FIINCTIONS OF HORE IJARIABLES 

1,CALC, 111TH DIFFERENCE FORIIULAS 
JACOBNNF 34437 Ol:T/74 213 
JACOBNffF 34438 OCT/74 213 
JACOBNBNDF 34439 OCT/74 213 

5, ANALYTICAL PROBLEIIS 
1,ANALYTICAL EOUATIONS 

1,NON-LINEAR EOUATIONS 
1,A SINGLE EDUATION 

1,NO DERIVATIVE AVAILABLE 
ZEROIN 34150 OCT/75 215 
ZEROINRAT 34436 OCT/75 215 

2,DERIIJATI\IE AVAILABLE 
ZEROINDER 34453 OCT/75 233 

2,A SYSTEM OF EOUATIONS 
1,AUXILIARY PROCEDURES 
2,JACOBIAN MATRIX NOT A\IAILABLE 

DUANEIIBND 34430 OCT/74 217 
OUANEWBND1 34431 OCT/74 217 

3,JACDBIAN IIATRIX AIJAILABL.E 
3,POLYNOIIIAL EOUATIDNS 

SEE ALSO SECTION 3.6 
2,UNCONSTRAINED OPTIMIZATION 

1,FUNCTIONS OF ONE VARIABLE 
1, DERIVATIVE NOT AIJAILABLE 

ffININ 34433 DEC/78 235 
2 ,DERIVATIVE AVAILABLE 

HININDER 34435 OCT/75 237 
2, FUNCTIONS OF HORE VARIABLES 

1,AIIXILIARY PROCEDURES 
LINEIIIN 34210 DEC/75 139 
RNK1UPD 34211 DEC/75 139 
DAUUPD 34212 DEC/75 139 
FLEUPD 34213 DEC/75 139 

'• 1, 2, 2, 2,ND DERIVATIVES AVAILABLE 



INDEX PROCEDURE CODE NNT/YR RECORD 
IIUHBER 

5, 1, 2, 2, 2, PRAXIS 34432 OCT/75 239 
3,GRADIENT AVAILABLE 

RNKIIHN 34214 DEC/75 19 
FLEHIN 34215 DEC/75 19 

4,GRADIENT & JACOBIAN AVAILABLE 
3,01/ERDETERNINED NONLINEAR SYST, 

1, LEAST SOUARES SOLUTIONS 
SEE ALSO SECTION 7, 

1, AUXILIARY PROCEDURES 
2,JACOBIAN NATRIX NOT AVAILABLE 

SEE ALSO SECTION 5,t.2,2,2, 
3,JACOBIAN HATRIX AVAILABLE 

HAROUARDT 34440 DEC/75 219 
GSSNEWTON 34441 DEC/75 219 

2,FUNCTIONAL EOUATIOHS 
1, DIFFERENTIAL EQUATIONS 

1, INITIAL VALUE PROBLEMS 
!,FIRST ORDER ORDINARY D,E. 

1, HO DERIVATIVES RHS AVAILABLE 
RKl 33010 AUG/74 141 
RKE 33033 DEC/75 143 
RK4A 33016 AUG/74 145 
RK4NA 33017 AUG/74 147 
RK5HA 33018 AUG/74 149 
HULTISTEP 33080 AUG/74 151 
DIFFSYS 33180 AUG/74 153 
ARK 33061 DEC/75 155 
EFRK 33070 AUG/74 157 

VERSION: 791231 
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AUTHO~ J.W. DANIEL. 

RF.VISOR 

INSTITUTE t ~ATHEMATICAL CENTRE. 

RECEIVED 730528 (EULER!. 
730917 (SUHPOSSERicSJ. 

0RIEF DESCRIPTION t 

THIS SECTION CONTAINS TWO PROCEDURES FOR THE SUHHATION OF 
CONVERGENT INFINITE SERIESI 

tlJLi;R Pl::RFORMS THE SUMMATION OF AN ALTERNATING SERIES. 

SIJMPOSSeRIES PERFORMS THE SUMMATION OF A COHVEF!GENT SERIES WITH 
POSITIVE MONOTONICALLY DECREASING TERMS USING THE VAN WIJNGAARDEN 
TRANSFORMATION OF THE SERIES TO AN ALTERNATING SERIES. 

KEYWORDS 

SUl1MA TION, 
SERI11S, 
VAN WIJNGAARDE~ TRANSFORMATION. 

SUBSECTION: EULERe 

CALLING SEQUENCE 

THE HeADING OF THE PROCEDURE IS : 
"REAL 1111 PROCEDIJRE" EULER( AI, I, EPS, TIMJJ 
"VALUE" EPS, TIM; "INTEGER" I, TIM; •REAL" AI, EPS; 

EULER DELIVERS THE COMPUTED SUH Of THE INFINITE SERIES 
ACil, It• 0,1,... • 

THE MEANING Of THE ~ORHAL PARAMETERS IS: 
AI <ARITHMETIC EXPRESSION>; 

THE SUHMAND, 
THIS EXPRESSION WILL BE DEPENDENT ON THE JENSEN 
PARAMETER lJ 
AI IS THE I•TH TERM OF THE SERIES II>• OJ. 

I <VARIABLE>; 
JENSEN PARAMETER. 

EPS,TIPH <ARITHMETIC EXPRESSION>; 
THE SUMMATION IS CONT1NUED UNTIL TIM SUCCESSIVE TERMS 
OF THf TRANSFORMED SSRI5S ARE IN ABSOLUTE VALUE LESS 
THAN EPS. 
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PROCcOURES USl;D NONE. 

EXECUTIJN FIELD LENGTH 25. 

LANGUAG!': ALGOL 60. 

METHOD AND PERFORMANCE : 

EULER PERFORMS THE SUMMATION OF AN ALTER~ATING SEQUENCE BY APPLYING 
EULER'S TRANSFORMATION. BY THIS TRANSFORMATION THE SEQUENCE OF 
TERMS IS REPLACED BY THE SEQUENCE OF MEANS OF TWO SUCCESSIVE TERMS. 
IF NECESSARY THE NEW SEQUENCE IS AGAIN TRANSFORMED BY EULER 1S 
TRAtlSFORMATIONe THE SUMMATION STOPS WHEN TIM SUCCESSIVE TERMS OF 
THE (QHCE OR SEVERAL TIMES TRANSFORMED> SEQUENCE ARE IN ABSOLUTE 
VALUE LESS THAN EPSe 

REFERENCES t 

P.NAUR, ED. I REVISED REPORT ON T'iE ALGiJRITHMIC LANGUAGE 
ALGOL 60e COPE~IHAGEM (1964>• 

EXAMPLE OF USE 

THE PR □t;RAM 

"BEGIN""INTEGER" K; 
"REAL1111 PROCEnURE 11 EULERCA, B, C, D)J 11CODE" 32010; 

rJUTPUT(61, "("+eBD"+ZD"l", 
EULER((- 11 ** K I (K + l) ** z, K, "- 6, 100)) 

11 END" 

DELIVERS 

+e82246703"+0o. 
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SUBSECTION r SUMPOSSr:RIES. 

CALLING Si:QUF.NCE 

(JULY 1974) 

THE Hl::AOI"IG OF THE PROCEDURE IS 

PAGE 3 

"REAL""PR!JCEOURE" SlJMPOSSERIES(AI, 1, NAXADDUP, MAXZERO, MAXRECURS, 
MACHEXP, TIM); 

"VALUE" MAXADDUP, HAXZlRO, MAXRECURS, MACHEXP, TIM; 
•ReAL" AI, I, MAX?ERO; •INTEGER• MAXADDUP, MAXRECURS, MACHEXP, TIM; 

SUMPOSS:::RIES r DELIVERi THE CO"PUTSO SUM OF THE INFINITE SERIES 
ACil, I:• 1,2,~••• • 

THE MEANING Of THE FORMAL PARAMETERS IS1 
AI 1 <ARITHM~TIC EXPRESSION>; 

THE S!.IMMAND, 
THIS EXPRESSION SHOULD BE DEPENDENT ON THF. JENSEN 
PARA'1ETER I; 
AI IS T4E I-TH TERM OF THE SERIES <I>• lle 

I : <VARIA8LE>; 
JENSEN PARAMETER. 

MAXADDIJP r <ARIT~METIC EXPRESSION>; 
UPPER LIMIT FOR THE NUMBER OF SlRAIGHTFORWARD ADDITIONS 
• MAXZ!:RtJ, TIM I 
<ARITHMETIC EXPRESSION>; 
TOLERANCES EPS ANO TIM NEEDED FOR A CALL OF THE 
PR!JCEDURE EULER (THIS SECTION>• HAXZERO IS ALSO USED 
AS A TOLERANCE FOR MAXADDUP STRAIGHTFORWARD ADDITIONS. 

MAXRECURS <ARITHMETIC EXPRESSION>; 
UPPER· LIMIT FOR THE RECURSION DEPTH OF THE 
VAM WIJ~~GAARDEN TRANSFORMATI!lNSe 

MACHr:XP s <AR!THMaTIC EXPRESSION); 
IN ORDER TO AVOID OVERFLOW AND EVALUATION OF THOSE 
TERMS WHICH CAN BE NEGLECTED, MACHEXP HAS TO BE lHE 
LAP.GEST ADMISSIBLE VALUE FOR WHICH TERMS WITH INDEX 
K * (2 ** MACHEXP) CAN BE tONPUTEO (K IS SMALL). 
OTHERWISE OVERFLOW MIGHT OCCUR IN COMPUTING A VALUE FOR 
THE JENSEN PARAMETER I, WHICH CAN BE AN UNUSUALLY 
HIGI-I POWER OF 2• 

PROCEDURES USED tULER • CP32010e 

REQUIRED Ci:NTRAL MEMORY 

EXECUTION FIELD LENGTH: ABOUT 1000 * RECURSION DEPTH. 

LANGUAGE ALGOL 60. 



Sf:CTI'JN 4el (JULY 1974) PAGf 4 

~FTHOD AND P~RFORMANCE t 

WHEN THC TERMS AI WITH INDICES 
MAXAOOl.lP + 1, •••, MAXADDIJP + TIM ARE ALL LESS THAN MAXZER □, 
CONVERGENCE IS ASSUMED AND SUMPOSSERIES DiLIVERS THE SUM OF THE 
SERIES BY STRAIGHTFORWARD ADDITION UNTIL TIM SERIAL TERMS ARE LESS 
THAN MAX!ERDe OTHERWISE THE VAN WIJNGAARDEN TRANSFORMATION IS 
APPLii:O, YIELDING Atl ALTERNATING SERIES WHICH IS SIJMMtD UP WITH 
~ULER 1S METHODe SINCE THE TERMS OF THIS ALTERNATING SERIES ARE 
THEMSELVES INFINITE SERIES WITH POSITIVE TERMS, THE HERE DESCRIBED 
PROCESS IS Rl:CllRSIVELY CALLED FOR THE SUMMATION OF EACH 
TERM THAT IS WANTED BY EULER'S METHOD. 
HOW~VER, ONLY STRAIGHTFORWARD :ADDITlON IS APPLIED If THE ALLOWED 
RECURSION LEVEL (SPECIFIED AY MAXRSCURS) HAS BEEN REACHED. 
lN THE RECURSION THE PROCESS ASKS FOR TERMS AI WITH INDICES OF 
THE TYP~ J * (2 ** Kl, IN WHICH K CAN BE VERY lARGEe IN ORDER 
TiJ AVJID tJVERFL!lW AN UPPER BOUND FOR K MUST BE GIVEN IN MACHEXPe 
IF K ~XCEEDS THIS BOUND THE CORRESPONDING TiRM IS TAKEN TO BE ZERO. 

RHERENC.ES 1. 

Cl] DA~nEL, J.w. 
SUMMATION OF A SERIES OF POSITIVE TERMS BY CONDENSATION 
TRANSFOR~ATIDNSo MATHe OF COMP, Vo23, Pe91•96 (1969)0 

CZl WIJHGAARDEH, Ae VAN t 
COURSE SCI;~TIFIC COMPUTING B, PROCESS ANALYSIS (DUTCH) 
MATHEMATISCH CENTRUM CR•l8 <196.5). 

EXAl'1PLE ~F USE 1 

THF: PRJGRAM 

"BeGIN""COMMfNT" 73080~, EXAMPLE OF THE USE OF SUMPOSSERIES; 
"REAL""PR □CEOIJRt" SUMPOSSERIES<A, B, C, D, E, F, G); "CODE" 
32020; 

"INTEGER" I; 
OUT?UT<6l, "("/, +el2D"+DD" >11 , 

SUMPOSS~RIES(l / I** 2, I, 100, "- 7, 8, 1068, 10)) 
"ENO" 

DELIVEP.S 1 

+.164493406604"+01 
NUMBER OF TERMS USED 462, 
RECURSION DEPTH le 
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SOURCE T~XT(Sl i 

"CnD!:" 32010; 

(JULY 19741 

••REAL"" PROCEDUR t: 11 EULER ( Al, l, E PS, TI 11); 
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•VALUE• €PS, TIM; "IMTEGER" I, TIM; "REAL" AI, EPS; 
11 BEGIN1111 1NTEGER11 K, N, T; "REAL" MN, 11P, DS, SUH; 11ARRAY11 MC0:15]; 

N:• T:• O; I1• O; MCOJ:• AI; SUM:• HCOl / 2; 
NEXT TER11t JI• I+ l; MN1• AI; 

11 FOR11 Kt• 0 "STEP" 1 11UNTIL 11 N 11 0011 

11 B5GIN11 MPI• (MN+ MCKl) / 2; 11[Klt• HN; MN:• 11P "END"; 
"IF" ABS(HN) < ABS(MCNll & N' < 15 "THEN" 
•BEGIN• OSI• MN/ 2; NI• N + lJ HCNlt• HN "END" •ELSE• DS1• MN; 
SUMI• SUM+ OS) TI• 111f" ABS(tiSl < EPS 11 THEN 11 T + l "ELSE" O; 
"IF" T < TIM "THEN" 11 GO TO" NEXT TERM; 
EULERt• SUM 

"END" EULER; . 
11 1:0P" 

"COD E11 32020; 
•REAL• •PROCEDURE• SUMPOSSERIES(AI, I, MAXADDUP, HAXZERD,HAXRECURS, 

MACHEXP, TIMI; 
"VALUE 11 HAXADDUP, HAXZERO, HAXRECURS, 11ACHEXP, TIM; 
"REAL" AI, 1, MAXZERO; "INTEGER" MAXADDUP, MAXRECURS, HACHEXP, TIM; 
"BEGIN" "INTEGER" RECURS, VL, VLZ, VL4; 

' "RiAL 11 11 PROCEDURE 11 EULER(Al, I, EPS, TIMI; 11 CODE 11 32010; 

"REAL" 11 PRDCEDURE 11 SUMUP(AI, I); "REAL" Al, Ii 
11 BEGIN 11 •INTEGER" J; "REAL" SUH, NEXTTERH; 

I:• MAXADDUP + l; J:• l; 
CHECK ADD: "IF" AI <• MAXZERO "THEN" 

"BEGIN11 "IF" J < TIM "THEN" 
"BEGIN" Jt• J + l; lt• I + lJ "GO TO" CHECK ADD 11 EN0" 

"END"" ELSE" 
11 IF 11 RECURS ""• 11AXRECURS "THEN 1111GO TO" TRANSFORMSERIES; .. 
su11i• o; 11 ■ o; Ji ■ o; 

ADD LOOP: I:• I+ l~ NEXTTERM:• AI; 
J:• "IF" N~XTTERM <• MAXZERO "THEN" J + l 11ELSE 0 O; 
SUMI• SUM+ NEXTTERM; 
11 IF" J < TIM 11THEN 11"G0 TO" ADD LOOP; 
SUMUP t• SUM; "GO TO" GOTSUM; 

TRAHSFORMSERIESt 
"BEGIN1111 BOOLEAN11 JODD; •INTEGER" JZi "ARRAY 11 VCl•VLJJ 

"REAL""PROCEDURE" BJK<J, K); "VALUE" J, KJ "REAL" KJ 
"INTEGER" JJ 
"BEGIN" 11 REAL• COEFF; 

111F 11 K > MACHEXP 11 THEN" BJKI• 0 "ELSE" 
"BEGIN" COEFF:• 2 •• (K • lli I:• J * COEFF; 

BJKt• COEFF * Al 
"END" 

11 END" BJK 
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"REAL""PROCEDURE" VJ(J); "VALUE" J; "INTEGER" J; 
"BEGlH""REAL" TEMP, K; 

11If" JODD •THEN• 
"BEGIN" JODDt• "FALSE"; RECURS:• RECURS+ l; 

TEMP:• V3t• SUMUP(BJK(J, K>, KJ; 
RECURSJ• RECURS - l; 
•IF" J <• VL "THEN" VCJ]t• TEMP "ELSE" 
"If" J <• VLZ "THSN" VCJ - VLJ:• TEMP 

11 E"1D1111 EL SE" 
•BEGIN" JODDt• "TRUE"; "IF" J > VL4 "THEN• 

"BEGIN" RECURS:• RECURS+ l; 
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VJ:• - SUMU,IBJK(J, Kl, Kl; RECURS:• RECURS - l 
"lJIID'"'ELSE" 
"BEGIN" JZt• JZ + l; It• JZ; 

"IF" J > VLZ "THEN" VJ:•• (VCJZ • Vll • AI) / 2 
"ELSE" 
"B[GIN" TEMPI• vc•IF" J <• VL "THEN• J "ELSE" 

J - Vll1• (VCJZl - AIi I z; VJ:•• TEH~ 
"END" 

"END" 
"END" 

"END" VJ; 

JZ: • O; 
JOODI• "TRUE"; SUMUPt• EULER(VJ(J + l), J, MAXZERO, TIMI 

"END• TRANSfORMSERIES; 
GOTSUM: 
"END" SUMUP; 

RECURSr• O; VLr ■ 1000; VLZI• 2 • VL; VL4t• 2 • VLZ; 
SUMPOSSERIES: ■. SUMUP(AI, II 

"END" SUMDOSSERIES; 
11 EOP" 
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StCTION 4e2el CONTAINS TWO ALTERNATIVE PROCEDURES FOR THE COMPUTATION 
OF A DEFINITE INTEGRAL. 

A. THE PR□CEOUR~ QADRAT us~s HIGH ORDER INTEGRATION RULES (UP TO 16-TH 
ORDER) AND IS APPROPRIATE FOR THE EVALUATION OVER A FINITE 
INTiRVALe 

B. TH~ PRUCEDURE INTEGRAL USES A 5-TH ORDER METHOD AND CAN ALSO BE 
USED TO CALCULATE THE INTEGRAL OVER A NUMBER OF CONSECUTIVE 
INTERVALS. MOREIJVER TH': PROCEDURE CAN BE USED FOR THE COMPUTAT!ON 
OF THE DEFINITE INTEGRAL OVER AN INFINITE INTERVAL. 

FOR A COMPARISION OF A NUMBER OF' PROCEDURES THAT EVALUATE DEFINITE 
INTEGRALS t S~E RtFCZle 

RtFERENCES r 

ell TeJeDEKKER AND CeJeROOTHARTe 
INTRODUCTION TO NUMERICAL A~ALYSIS. (DUTCHle 
MATHe CENTRE REPORT CR 244/741 AMSTERDAM. 

[2] CeJeRO□THART AtlD H. FIOLET• 
QUDRATURE PROCEDURES. 
MATH. CENTRE REPORT MR 137/721 AMSTERDAM. 
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AUTHORS: CeJeROOTHARTe 

CONTRIBUTORSt P.W.HEMKER. 

INSTITUTE: MATHE"ATICAL CENTRE. 

RECEIVEDt 730530. 

BRIEF OSSCRIPtION: 

QAORAT COMPUTES THE DEFINITE INTEGRAL OF A FUNCTION OF □NE 
VARIABLE 'OVER A FINITE: INTERVAL. 

KEYWORDS: 

INTSGRATI □N, 
QUADRATURE, 
DEFINITE INTEGRAL. 

CALLING SEQUENCE• 

THE HEADING OF THE PROCEDURE READS: 
"REAL" "PROCEDURE" QADRAT ex, A, B, FX, E); 
"VALUE" A, B; "REAL" X, A, B, FX; "ARRAY" E; 

QADRATl DELIVERS THE COMPUTED VALUE OF THE DEFINITE INTEGRAL FROM 
A TO B Of THE FUNCTION F(X); 

THE MEANING OF THE FORMAL PARAMETERS ISI 
Xs <VARIABLE>; 

INTEGRATION VARIABLE; X CAN BE USED AS A JENSEN-PARAMETER 
DURING THE EVALUATIONS OF FX; 

A,B t <ARITHMETIC EXPRESSION>; 
(A,BJ DENOTES THE INTERVAL OF INTEGRATION; 
B < A IS ALLOWED; 

FX: <ARITHM~TIC EXPRESSION>; 
FX DENOTES TH~ INTEGRAND f(XJe THIS EXPRESSION WILL BE 
DEPENDENT ON THE JENSEN-PARA"ETER X. 

E1 <ARRAY IDENTIFIER>; 
"ARRAY" ECl: 3]; 
ENTRY• Etllt THE RELATIVE ACCURACY REQUIRED; 

E[Zlt THE ABSOLUTE ACCURACY REQUIRED; 
EXIT: E[3]: THE NUMBER 0~ ELEMENTARY INTEGRATIONS WITH 

H < ABS(B-A) * Etlle 
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PROCEDURes USE01 NONE. 

REQUIRED CENTRAL MEMORY: 

EXECUTION FlELO LENGTH: CIRCA 16 + 9 • RcCURSION DEPTHa 

RUNNING TUIEt DEPEHDS STRONGLY ON THE DEFINITE INTEGRAL TO COMPUTE. 

LANGUAGE: ALGOL 60• 

METHOD ANO PERFORMANCE& SEE REFClle 

REF ERENCE:S: 

[lleC•JeROOTHART ANO HeFIOLETe 
QUADRATURE PROC~DURES. 
MATH.CENTRE, AMSTERDAM. REPORT MR 137/72. 

EXAMPLE OF USEz 

"B!:GIN" 
"REAL" "PROCEDURE" QAORATCX,A1B1FX,E); "CODE" 32070; 
"ARRAY• EClt3]; "REAL• T,Q; 

E[l]: ■ ECZl :•. n .. 9; 
Q:• QAORATCT,0,3al41592653589 ,SIN(T>,E>; 
OUTPUTC61,•C~l,+.l5D•+3D,3B,3ZD,l"J",Q,EC3l); 

"END" 

DELIVERS: 

+.200000000079740•+001 0 
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SOURCE TEXT<S)t 

"COD!:" 32070; 

C NOVEMBER 1976) 

"REAL" "PROCEDURE" QADRATlX, A, B, FX, E); 
"VALUE" A, B; "REAL" X, A, B, FX; "ARRAY" E; 
"BEGIN" "REAL" fO, F2, F3, F5, F6, F7, F9, 

F14, V, W, HHIN, HMAX, RE, AE; 

PAGE 3 

"RC:AL" "PROCEDURE" LINH XO, XN, FO, F2, F3, F5, f6, F7, f9, Fl4); 
"REAL" XO, XN, FO, F2, F3, F5, F6, F7, F9, Fl4; 
"'3EGIN" "REAL" H, XM, Fl, F4, F8, FlO, F 11, Fl2, Fl3; 

Xl'11• (XO + XN) / 2; Ht• (XN - XO) / 32; Xt• XM + 4 * H; 
P8i• FX; Xt• XN - 4 * H; ,111 ■ FX; Xt• XN - 2 • H; fl2: ■ FX; 
V: ■ Oe330~80178199226 * F7 + 0.173485115707338 * (F6 + F8) + 
0.32ll05426559972*(F5 + F9) + Oel3500770834l042 * (F3 + Fll) 
+ Oel657145l4228223*lF2 + Fl2) + Oe39397146063B127"- l * (FO 
+ F14); X:• XO+ H; Fl:• FX; Xt• XN - Hi Fl3: ■ FX; 
w: ■ o.260652434656970 • F7 + o.239063286684765 • <F6 + FB> + 
Oe263062635477467*(F5 + F9) + Oe218681931383057 * (F3 + FllJ 
+ o.275789764664284"- l * (f2 + Fl2) + o.105575010053846* (Fl 
+ Fl3) + Oel57ll9426059518"- l * (FO + Fl4); 
"IF" ABS(H) < HMIN "THEN" EC3lt• E[3l + l; 
"IF" ABS(V - W) < ABS(W) *RE+ AE "OR" ABS(H) < HMIN 
"THEN" LINT:• Ii * W 11 ELSE" 
"BeGI~" X: • XO + 6 * H; F4t• FX; X: ■ XN - 6 * H; FlOI• FX; 

Vt• Oe245673430093324* F7 + Oe25578625B2869Zl* (F6 + F8) + 
o.228526063690406*(F5 + F9) + o.500557131525460"- l*(F4 + 
flO) + Oel779464877367BO*(F3 + Fll)+Oe584014599347449"• l 
* (f2 + Fl2) + o.a74830Q4287133l"- l * (Fl + Fl3) + 
Oel8964Z078648079"- l * CFO+ Fl4); 
LINT:• "If" ABSCV - W) < ABS<V> *RE+ AE 11THEN" H * V 

"ELSE" 
LINT<XO, XM, FO, Fl, FZ, F3, F4, F5, F6, F7) - LINHXN, 
XM, F14, Fl3, FlZ, FU, FlO, F9, FB, F7) 

":t1D11 

II END" LINT; 

HMAXt• (B - A) / 16; "IF" HMAX•O "THEN" 
"B5GIN" QADRAT:• O; "GOTO" RETURN "END"; 
RE:• e[l]; AE: ■ 2 * E[2] / ABS(B • A); E[3]: ■ o; 
HMIN1• ABS(B - A)* RE; Xt• A; FOi• FX; 
Xl• A+ HMAX; F2•• FX; XI• A+ 2 • HMAX; F3t• FX; 
X1 ■ A+ 4 * HMAX; F5:• FX; X: ■ A+ 6 * HNAX; F6t• FX; 
Xl• A+ 8 * HMAX; F71• FX; Xl• B - 4 * HMAX; F9t• FX; Xt• Bi 
F14t• FX; 
QADRATt• LINT<A, B, FO, FZ, F3, F5, F6, F7, F9, Fl4) * 16; 
RETURN: 

"END" QAORAT; 
"EOP" 
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AUTHORS ~.H.GLORIEe 

CONTRlBllTOP.: HeFlOL ET• 

INSTITUTES MATHEMATICAL CENTRE. 

RECEIVEDs 730606. 

BRIEF DESCRIPTIONt 

INHGRAL CALCULATE~ THE DEFINITE INTEGRAL OF A FUNCTION OF ONE 
VARIABLE, 'OVER A FINlTf IJR INFINITE INTERVAL OR OVER A NUMBER OF 
CONSECUTIVE INTERVALS. 

KEYWORDSl 

DEFINITE INTEGRAL, 
INFINITE INTERVAL, 
SI11PS!lN RlJLE, 
RICHARDSON CORRECTIONe 
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CALLING SEQUENCEz 

TH!: HGADING Of THE PROCEDURE READS: 
"REAL" "PROCEDURE" INTEGRALCX,A1B1FX,E1UA1UB)J 
"VALIJE" A,BJ"REAL" X,A,B,fXJ 11ARRAY" EJ"BO□lEAN" UA,UB; 

I~TEGRAl: 

DELIVERS THE CO~PUTED VALUE OF THE DEFINITE INTEGRAL OF THE 
FUHCTION FRQM A TO Bi AFTER SUCCESSIVE CALLS OF THE PROCEDURE, 
THE INTEGRAL OVER THE·TOTAL INTERVAL IS DELIVeRED, laEe THE 
VALUE OF A IN THE LAST CALL WITH UA•"TRUE" IS THE 
STARTING POitlT OF THE INTE1RVALe 

THE MEANING OF THE FORMAL PARAMETERS IS: 
X: <VARIABLE>; 

INTEGRATION VARIABLE;X CAN BE USED AS JENSEN-PARAMETER 
FOR FXe 

A,B: <ARITHMETIC EXPRESSION>; 
CA,B) DEtlOTES THE INTERVAL 'JF INTEGRATIONJB<A IS ALLOWED; 

FXI <ARITHMETIC EXPRESSION>; 
THE INT~GRAND FCX); 

E: <ARRAY IDENTIFIER>; 
"ARRAY" CC116]J 
FNTRY I ECl]sTHE RELATIVE ACCURACY REQUIRED; 

~C2J:THE ABSOLUT~ ACCURACY RcQUIRED; 
EXIT: EC3J:THE NUMBER OF SKIPPED INTEGRATION STEPS; 

eC4]1THE VALUE OF THE INTEGRAL FROM A TO B; 
cc,11•IF" UB "THEN" B "ELSE" o; 
EC6J:"IF" UB "THEN" F(B) "ELSE" OJ 

IJA: <BOOLEAN EXPRESSION>; 
DETERMINES THE STARTING POINT OF THE INTEGRATION; 
STARTING POlNT:•"IF" UA •THEN" A "ELSE" EC5l; 

UBI <BOOLEAN EXPRESSION>; 
DETERMINES THE FINAL POINT OF THE INTEGRATION; 
FINAL PDINTr•"IF" UB "THEN" B "ELSE" 

11 IF" B>A "THEN" +INFINITY "ELSE• •INFINITY; 
JN THI; CASE UB• 11 FALSE 11 , THE VALUE OF B IS STILL RELEVANT 
(SEE METHOD AND PERFORMANCE)a 

PROCEnURES ijSED: N □Nn. 

REQUIRED CCNTRAL MEMORYr 

EXECUTION FIELD LENGTH: CIRCA 16 + 5 • RECURSION LE.VEL. 

RUNNING TIME: DEPENDS STRONGLY ON THE INTEGRAL TO COMPUTE. 
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LANGUAGct ALGOL 60e 

METHOD AND PERFORMANCE: 

INTEGRAL USES THE SUBPROCEDURE QAD FOR THE CALCULATION OF THE 
DEFINITE INTEGRAL OVER A FHUTE INTERVAL• THIS IS DONE BY MEANS OF 
SI~PSON 1 S RULE WITH RICHARDSON CORR:CTIONeIF THE FOURTH DERIVATIVE 
IS TOO LARGE CANO THUS THE CORRECTlON TERM>, THE TOTAL INTEPVAL IS 
SPLIT INTO TWO EQUAL PARTS AND THE INTEGRATION PROCESS IS INVOKED 
RECURSIVELY. THIS IS DONE IN' SUCH A WAY THAT THE TOTAL A"OUNT OF 
RICHARDSON CORRECTION~ IS SLIGHTL-Y SMALLER THAN OR 1:0UAL TO 

E[l] * ABS C THE INTEGRAL FR~M A TO B OF (FX) I+ ec21. 
THi; !NTEGRATI □tl OVER AN INFINITE INTERVAL REQUIRES TWO CALLS 'lF THE 
PROC8DUR! QADe IN THE FIR~T CALL QAD COMPUTES THE DEFINITE INTEGRAL 
FROM A to B • IN THE INTERVAL FROM B TO + OR - INFINITY 
THE INTEGRAND IS TRANSFORMED BY MEANS OF THE SUBSTITUTION 
Z•l/(X+l•B) TO THE DEFINITE INTEGRAL OF F(B-l+l/ZIIZ••2 FROM O TO 
le FOR THE I~TQGRATION Of A DEFINITE INTEGRAL OVER A FINITE 
INTERVAL THE USE OF 'lADRAT IS RECOM11ENDED ,E.SPECIALLY WHEN HIGH 
ACCURACY IS REQUIRED. 

REF1:RENCES: 

Cll TeJeDEKKER AND C.J.ROOTHARTe 
INTRODUCTION TO NUMERICAL ANALYSIS.COUTCH) 
MATH.CENTRe REPORT CR 24/71, AMSTERDAM. 

C2l CeJeROOTHART ANO H.flOLETe 
QUADRATURE PROCEDURES. 
MATHeCENTR. REPORT MR 137/72, AMSTERDAM. 

EXAMPLE OF USE: 

"Bl:G !N" 
"REAL" "PROCEDURE" lNTEGRAL(X,A1B,FX,E,UA,UB)J"CDDE" 32051; 
"ARRAY" E[l:6];"REAL 11 A,B,X; 11 BOOLEAN 11 UA1UB; 
UA: •"TRUE 11 ; EC ll :• EC ZJ:•"•14; 
"FOR" Bt ■ 2,4,20,100 "DO" 
"BEGIN" UB1•B<50; 

A:•INTEGRAL(X,-1,•B,10/X**21E,UA1UB); 
OUTPUT< 61, "( "N, B+ODB,N,2( B+DOOB >,I")", 

A,fC3l,EC4l,EC5l,EC6J>; 
UA: •"FALSE" 

"EN 0" 
"END" 

DELIVERSt 
--4.9999999999999"+000 
-1. '9999999999998" +000 
-9.5000000000000"+000 
-9.9999999999998"+000 

+00 -4e9999999999999 
+00 -7.4999999999998 
+00 -9.5000000000000 
+01 -9.9999999999998 

•002 +003 
•004 +001 
-020 +000 
+000 +000 • 
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SOURCE T!;XT(S): 

"C '.JD E: 11 3:!051; 
11 REAL" IIPROC~DUR~" INTEGRAL(X, A, B, FX, E, UA, UB)J 
"VALUE" A,B; 11 REAL 11 X, A, B, FX; "ARRAY" E; 11 BOOLEAN 11 UA, UB; 
118 EGIN" 

11 RCAL 11 "PROCi;DURE11 TRANSF; 
"BC:GIN11 ZI• l / X; Xt• Z + BlJ TRANSFI• FX * Z * Z 11 END 11 ; 
11 R6AL 11 11 PROCEDURE 11 QAD(FX); 11 REAL 11 FX; 
"BEGIN" "REAL" T, V, SUM, HMIN; 

"PROCEDURE" INTJ 
11 B~GIN11 11 REAL 11 X3, X4, F3, F4, H; 

X41• XZ; xz: ■ Xl; ~4:• FZ; FZt• Fl; 
ANfWt XI• Xlt• (XO+ XZ) * o5J Fll• FX; 

XJ• X3t• (XZ + X4) • .5; F31 ■ FX; H:• X4 • XO; 
V:• (4 • (Fl + F3) +2 * F2 + FO + F4) * 15; 
Tt• 6 * F2 -4 * (Fl + F3) + FO + F4; 
11 IF 11 ABS(T) < ABS(V) *RE+ AE 8 THEN 11 

SUM:•SUM + (V • TI * H 11 ELSE 11 

"IF" ABS(Hl < HMIN 11THEN 11 EC3J:• EC3l +l 
"HS!:" 
"BEGIN" INT; XZta X3; FZta F3; 11GOT0 11 ANEW 11 END 11 ; 

XO:• X4; FO; ■ F4 
"END" HIT; 

HMINt• ABS(XO - XZ) * RE; X1• Xll• (XO+ XZJ * .5; 
Fl:•FX;SUM:• O; INT; QADt• SUH/ 180 

"::ND" QAD; 
"REAL• XO, Xl, X2, FO, Fl, F2, RE, AE, Bl, Z; 
REI• E[ll; 11IF 11 UB "THEN" AEl• ECZl * 180 / ABS(B - Al 
11 ELSE11 AE:• EC2l * 90 / ABS(B • Al; 111F" UA 11THEN11 

11 BrGIN" E[3lt ■ EC4lt• OJ Xt• X01• AJ FOt• FX "ENO" 
8 E LSE" 
"BSGIN" X:• XO:• A:• EC5l; FOi ■ EC6l "END"; 
EC5J:• x: ■ xz: ■ a; E[6]:• F2: ■ FX; E[lt];• f;['t] + QAD(FX)J 
•IF" Aus "THEN• 
"BEGIN" 11 IF11 A< B 11 THEN" 

"BEGIN" Bl=• B -l; xo: ■ 1 11 END 11 

"ELSE" 
11BEGIN" 811• B +l ; XOt• -1 11 END 11 ; 

FOi• E[6]; EC5lt• XZI• O; EC6J:• FZ:• O; 
Al::• EC2l * QO; 
EC4JI• tC4l - QADCTRANSF) 

"EUD 11 ; 

INTEGRAL:• EC4l 
"END" INTEGRAL; 

"EOP 11 

PAGE 4 
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AUTHOR I PeWe HEMKER. 

CONTRIBUTOR FeGRO!!tle 

INSTITUTE t MATHEMAT!CAL CENTRE. 

RECEIVED: 740620e 

BRIEF DESCRIPTION I 

TRICUB COMPUTES THE DEFINITE INTEGRAL OF A FUNCTION OF TWO 
VARIABLES OVER A TRIANGULAR DOMAIN. 

KEYWORDS 1 

INTEGRATION, 
QUADRATURE, 
MORSDIMENSIONAL QUADRATURE, 
CUBATURE, 
DEFINITE INTEGRAL. 

CALLING SEQUENCE: 

THE HEADING OF THE PROCEDURE READS: 

"REAL" "PROCEDURE" TRICUB ( XI, YI, XJ, YJ, XK, YK, F, RE, AE ); 
"VALUE" XI, YI, XJ, YJ, XK, YK, RE, AE; 
"REAL" XI, YI, XJ, YJ, XK, YK, RE, AE; 
"REAL" "PROCEDURE" F; 
"CODE" 32075; 

TRICUB : ■ THE COMPUTED VALUE OF THE DEFINITE INTEGRAL OF THE 
FUNCTION F ( X, Y ) OVER THE TRIANGULAR DOMAIN T WITH 
VERTICES ( XI, YI >, C XJ, YJ ) ANO ( XK, YK ) • 
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nu: '12AtlitlG OF T'h: FORMAL PARAMETt:RS IS : 
XI, YI: (ARITHMETIC EXPRESSION>; 

ENTRY : THE COORDINATES OF THL FIRST V~RTEX OF TYE 
TRIANGULAR DOMAIN OF INT[GRATION; 

XJ, YJ: <ARITH"~TIC EXPRESSION>; 
ENTRY: THE COORDINATES OF THE SECOND VFRTEX OF THE 
nIANGllLAR DOMAIN oi: INTt:GRATitJN; 

XK, YK: <AP.!T~HfTIC ~XPRESSION); 
ENTRY : THE COORDINATES OF THE THIRD VERTEX OF THE 
TRIANGULAR DOMAIN OF INTCGRATION; 
rEMA~Kr THE ALGORITHM IS SYMMETRICAL IN THE VERTICES; THIS 
I'1PLit:!: T-IAT T-15 RESIJL T OF THc PROCEDURE I ON ALL COUNTS) IS 
lNVARlANT F'JR ANY Pt:RMUTATllJN QF THE VERTICES. 

F , <PR □ Ct.DUP.E !OF.NT IFISR'>; 
T4[ HEADING OF THIS PROC~DURi READSI 
"REAL" 11 PROCEDllRE' 11 F ( l(, Y )j "REAL" X, Y; 
THIS PROCEDURE DEFINES THE INTEGRAND; 

AE, R~1 <ARITHMETIC EXPRES5ION>; 
LNTRY: TH~ REQUIRED ABSOLUT: AND RELAT!V~ ERROR 
R~SPECTIVELYe ONE SHOULD TAKE FOR 11 AE 11 AND "RE" 
VALUt:S l./ 1IICH AR!: GRi:AT!:R Tl-iAN THE ABSOLUTE AND 
RELATIVE [RROR IN THE C~MPUTATION OF THE INTEGRAND F. 

PRDCi:DURES tJS!;D : '.l1M!;e 

R!:\JUIRi:D CCl'ITRAL M["l:JRY : 

T~~ PROCESS IS PROGRAMMED RECURS!VELVe AT EACH RECURSION LEVEL 43 
kE~L NUMBERS ARE USED. HijWEVER, FOR ANY PROPERLY CHOSEN VALUES OF 
RF. AND Af THt RECURSION DEPTH WILL tlOT l:XCHD THE NUMBER OF BITS lN 
A R~AL 1S MANTISSA. 

RUNNl~G TIME : D~PENDS STRONGLY ON THE INTEGRAL TO COMPUTE. 

1fTHOD AND PERFORMANC~ 

A N~STED SEQUENCE OF CUBATURF. RULES JF ORDfR 2, 31 4 AND 5 
IS APPLIEDe IF TYE DIFFERENCE BETWEEN THE RESULT WITH THE 
4-TH Di::!.RtE RULE AND THE RESULT WITH THE 5-TH DEGREE RULE 
lS T□a LARGE, THE~ THE TRlANGLc IS DIVIDED INTO FOUR CONGRUENT 
TRIANGL~S. THIS PROCESS IS APPLIED RECURSIVELY IN ORDER TO 
OBTAIN AN ADAPTIVE CUBATURE ALGORITHM. 
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REFf:RENCi:S : 

Cl l • ?eWe HE'1KER, 
A s:::0u1.:NCI; OF NCSTED CUBATUR!:: RULES, 
MATH.CENTRE, AMSTERDAM, REPORT NW 3/73. 

EXAMPLE OF use: 
THt fOLLOWING PROGRAM EVALUATES THE 
F ( X, Y ) • COS ( X l * COS ( Y ) 
VERTICES ( O, 0 >, ( O, PI/2 1 AND 
ON EACH LINE ARE LISTF.D t 

INTEGRAL OF 
OVER THt TRIANGLE T WITH 

( ?II?., PI/Z >• 
Al THE REQUIRED RELATIVE AND ABSOLUTE PRECISION; 
B: THE COMPUTED VALUE OF THE INTEGRAL; 
C: THE NUMBER OF CALLS OF THE FUNCTION F, 

"Bt:Glt-1" 
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"RCAL" "PR:JCEDUP.E" TRI CUB( A,B,C,D, E,F,G, H, I l; "CODE" 32075; 
11 INTCGER11 N,C,I,K; "REAL" PI,ACC,R,SJ 
"RCAL" "PROCEDUR~" E<X,Y)J "REAL" X,Y; 
"BCGIN" C t• C+l; 

"IF" C> 20000 "THEN" "GOTO" CC; 
E:• C!JS(X) * COSIY); 

"CND" 1;;; 

0 I:• 3el4l5Q265359; 
"FOR" ACC: • "-1, 11-2, "•3, 11-4, "-5, 11-6, 11-7, "-8, 11-9, 11 •10, "•11 "00" 
11 BCGIN" Ct ■ O; OUTPUT(6l,"("+•D"+Z0,2B,+el40"+2ZD,2B,l07D,/"l", 

ACC, TRICUB(O,o,o,PI/2,PI/2,PI/2,E,ACC,ACC) ,C>; 
II !:tW"; 
cc: OUTPUTC6l, "I "*"l "I; 

"END" 

RSSUL TS: 

+e 1" +O +.50063973801970" +O 7 
•• l" •l +.50063973801970" +O 7 
+ • .L" •2 +.50063973801970" +O 7 
+el" •3 +.49999110261504 11 +O 10 
+e 1 11 -4 +.49999848959226" +O 13 
••l" -; +.49909848959226" +O 13 
+el" -o +e49Q99?97378240" +O 43 
+e 111 -1 +e49999tl99Z09792" +O 133 
+el" -o +.49999999893172" +O 313 
+el" -9 +.49999999985571" +O 733 
••l"-10 +e 4«:199Qll99"J98692 11 +O 1723 
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SOURCE TEXT(S>: 

11 CODE11 32075; 

(DECEMBcR 1979) 

"RE AL" "PROCEDUR E11 TR IC UB C XI, YI,XJ, Y J, X K, Y K, G, R E,AE); 
"VALUE" XI,YI,XJ,YJ,XK,YK,RE,AE; 
"REAL" XI,YI,XJ,YJ,XK,YK,RE,AE; "REAL" "PROCEDURE" G; 
"BEGIN" 11 REAL" SURF,SURFMIN,XZ,YZ,GI,GJ,GK; 

"REAL" "PROCEDURE" INT(AXl,AYl,AFl,A12,AY2,AF2,AX3,AY3,AF3, 
BXl, 8 Yl, BFl, B XZ, BYZ, BF 2,BX 3, BY3, BF3, 
PX, PY, P F); 

11VALUE 11 BXl, BYl, BFl ,BX2,BYZ,BF2,BX3, BY3, BF3, PX, PY, PF; 
11 REAL" BXl,BYl,BF l,B X2,B YZ, BF2i, BX3, BY3, BF 3, PX, PY, PF, 

AXl,A Yl, AH ,AX2, AYZ, AFZ, AX 3, AY3, AF3; 
"BEGIN" 11 REAL" E,I3,I4,I5,A,B,C,SXl,SYl,SX2,SYZ,SX3,SY3, 

cx1,cv1,cF1,cx2,cv2,cF2,cx3,cv3,cF3, 
OXl, DYl, DF 1, OXZ, OYZ, OF2,0X3, DY3, DF3; 

At• Afl + AF? + AF3; Bt• BFl + BFZ + BF3; 
I3; ■ 3 *A+ 27 * PF + 8 * B; 
E1 ■ ABSCI3) *RE+ AE; 

"IF" SURF < SURFMIN 11 0R 11 ABS(5 * A + 45 • PF • 131 < E 
"THEN" INT:• I3 * SURF "ELSE" 
11 BEGIN" CXl: ■ AXl + PX; CYl; ■ AYl + PY; CFl: ■ G(CXl,CYl>; 

CX2t• AXZ + PX; CYZI• AY2 + PY; CFZI• G(CX2,CY2); 
CX3J• AX3 + PX; CY3t• AY3 + PY; CF3t• G(CX3,CY3); 
C: • CFl + CF2 + CF3; 
14:• A+ 9 * PF + 4 * B + 12 * C; 

"IF" ABS(I3 - 14) < E 11 THEN11 INT1 ■ I4 * SURF "ELSE" 
"B EGIN 11 SXl: • e5 * BXl; SY11• .s * BYl; 
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DXl 1 • AXl + SXl; OYl:• AYl + S'fl; DFlt• G(DXl,DYl); 
SX2 •• .5 • B xz; SY21 • ., * BYZ; 
oxz,. AXZ + SXZ; OY2l• AY2 + SYZ; DF2: • G(DX2,DYZ>; 
SX31 • . , • BX3; SY3: ■ ., • BY3; 
OX31• AX3 + SX3; OY31• AY3 + SY3; OF3t• G(DX3,0Y3); 

I5t• (51 *A+ 2187 * PF + 276 * B + 972 * C • 
768 * (Dfl + DFZ + DF3))/63; 

11 COMMENT 11 
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11IF" ABSU4 - 15) < E "THEN11 INTt• 15 * SURF 11 ELSE 11 , 
"BEGIN" SURF: ■ .25 * SURF; 

I!IT: ■ 

INT (SX l, SY 1, BF 1, SXZ, SY2, BF2, SX3, SY 3, BF 3, 
DXl, DYl, DFl, OX2 ,DY2 ,OF 2,0X3,0 Y3, OF3, 
PX,PY ,PF) + 

INT(AX1,AY1,AF1,SX3,SY3,BF3,SX2,SYZ,BFZ,DX1,DY1,DF1, 
AXl + SXZ;A'fl + SY2,G(AXl + SX2,AYl + SYZI, 
AXl + SX3,AY1 + SY3,G(AX1 + SX3,AY1 + SY3>, 
.5 * cx1,.5: * CYl,CFl) + 

INT( A XZ,A YZ,A FZ ,SX3 ,SY3,BF 3, SXl,S Yl, BFl,D XZ, DYZ,OFZ, 
AX2 + SX1,AY2 + SY1,G(AX2 + SXl,AYZ + SYl>, 
AX2 + SX3,AY2 + SY3,G(AXZ + SX3,AY2 + SY31, 
• 5 * CX2, e5 * CY2,CF2) + 

IHT(AX3,AY3,AF3,SX1,SY1,BF1,SX2,SY2,BF2,DX3,0Y3,DF3, 
AX3 + SX2,AY3 + SYZ,G(AX3 + SXZ,AY3 + SY2J, 
AX3 + SX1,AY3 + SY1,G(AX3 + SX1,AY3 + SYll, 
e5 * CX3,.5 * CY3,CF3); 

SURF:• 4 * SURF 
"END" . 

111: NO 11 

11 E~O" 
11 END" INT; 

S\JRFt• Oe.5 • ABS(XJ • YK - XK * YJ + XI * YJ -
XJ *YI+ XK •YI• XI * YK); 

SURFMIN:• SURF*RE; RE:• 30*RE; AE: ■ 30*AE/SURF; 
XZ:• (XI + )(J + XK)/3; YZ:• (YI+ YJ + YK)/3; 
GIi• G(XI,YI); GJI• G(XJ,YJI; GKI• G(XK,YK); 
XIt• Xl•.5; YI:• YI•.5; XJ: ■ XJ*•5i 
YJI• YJ*•5i XKI• XK*e5; YKI• YK*•5i 

TRICUBt• INT(XI,YI,GI,XJ,YJ,GJ,XK,YK,GK, 

11 HID" TRICUB; 
"E □P" 

XJ+XK,YJ+YK,G(XJ+XK,YJ+YKl, 
XK+XI,YK+YI,G(XK+XI,YK+YII, 
Xl +XJ ,YI+YJ ,G <X l+XJ, YI+Y J), 
.5 * xz,.5 * YZ,G(XZ,YZ)l/60 
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AUTHOR: CeG• VAN DER LAANe 

CONTRI 13UTORS1 CeGe VAN DER LAAN AND Me VOORINTHOL T • 

INSTITUT~: REKENCENTRUM RIJKSUNIVERSITEIT GRONINGEN. 

RECEIVEDt 780601. 

BRIEF DESCRIPTION: 

THIS SECTION CONTAINS THE PROCEDURES GSSWTS, GSSWTSSYM AND RECCOFe 
RECCOF CALCULATES FROM A GIVEN WEIGHT FUNCTION ON t-1,ll THE 
RECURRr.!NCE COEFFICIENTS OF THE CORRESPONDING ORTHOGONAL 
POLYNOMIALS; GSSWTS AND GSSWTSSYM CALCULATE FROM THE RECURRENCE 
COEFFICIENTS TfiE GAUSSIAN WEIGHTS OF THE CORRESPONDING WEIGHT 
FUNCTI!ltle 

KEYWORD St 

RECURRENCE COEFFICIENTS ORTHOGONAL P.OL YNOMIALS, 
GAUSSIAN WEIGHTS, 
GAUSSIAN OUADRATURfe 

SUBSECTION: RECCOFe 

CALLING SEQUENCE: 

THE DECLARATION OF THE PROCEDURE IN THE CALLING PROGRAM READSI 

11 PROCE DURE" RECC OF rn,M, x, wx,B, C,L ,sno; 
11 VALUE 11 N,M,SYM; 11 IHTEGER11 N,M; 11 BOOLEAN11 SYM; 
"REAL" x,wx; "ARRAY" B,t,L; 
11 CODE" 31254; 

THE MEANING OF THE FORMAL PARAMETERS IS: 
N: (ARITHMETIC EXPRESSION>; 

ENTRYt UPPER BOUND FOR THE INDICES 01= THE ARRAYS B, C, L 
(N>•O>J 

M: <ARITHM~TIC EXPRESSION>; 
ENTRY: THE NUMBER OF POINTS USED IN THE GAUSS-CHEBYSHEV 

QUADRATURE RULE FOR CALCULATING THE APPROXIMATION 
OF THE INTEGRAL REPRESENTATIONS OF BCKl,CCKl 



SY Mt 

(fllllVEM~~R 1978) 

(BOOLEAN EXPRESSION>; 
ENTRY: "IF 11 SY~ 

PAGE 2 

"THEN" WEIGHT FUNCTION ON C-1,ll IS EVEN 
"ELSE" WEIGHT FUNCTION ON C•l,ll IS NOT EVEN; 

<ARITHMfTIC EXPRESSION>; 
ENTRY: JFNSEN VARlABLES WITH WX AN EXPRESSION OF X 

D~NOTING THE WEIGHT FUNCTION ON C-1,ll; 
<ARRAY IDENTIFIER>; 
"ARRAY" B,C,L[0:NJ; 
EXIT: THE APPROXIMATE RECURRENCE COEFFICIENTS FOR 

PCK+ll(X) • (X-B[Kl)*PCK](X) - C[Kl*PCK-ll(X), 
K•0,1,2,ee•N, 

AND THE APPROXIMATE SQUARE LENGTHS 
X • +l 

LC Kl • INTEGRAL ( W (X) * PC Kl( X) •• 2 I DX 
X • •l 

PRIJCEDURCS USE 01 0RTP0L • CP31044e 

PROPORTIONAL TO M*N**2• 

MF.THOD AND PCRF0RMANCEI 

THE RECURRENCE COEFFICIENTS ARE REPRESENTED BY 
)(. +1 

B[Kl • ( INTEGRAL ( W(X) * X * P[Kl(X) ** 2 I DX ) / LCKl, 
X • -1 

C[Kl • LCKl / LCK•lll, 
WHERE P[Kl(X) IS THE K•TH ORTHOGONAL POLYNOMIAL. 
THE INTEGRALS ARE APPROXIMATED BY THE M•P0I~!TS GAUSS-CHEBYSHEV 
RULE AS 

X • +l M 
INTEGRAL(F(X))DX I• PI/ M • SUM SIN(THETACJl)*f(C0S(THETACJll) 

X • -1 J•l 
WITH THETACJJ • <Z•J•ll • PI / <Z*MI (SEE GAUTSCH!, l968Ale 
THE VALUE OF M IS TO BE SUPPLIED BY THE USER. 

REFERE!1CES1 

GAUTSCH!, We (1968A): 
C0NTRIJC TION OF GAUSS-CHRISTOFF EL F0RMIJLAS. 
MATH. COMP., 2Z,P.251•27Ce 

GAUTSCH I, We 11968B); 
GAUSSIAN QIJADRATIJRE FORMULASe 
COMMe ACMe CALG0 33le 
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EXAMPLE OF USE, 

THE FOLLOWING PROGRAM DE LIVERS Att APPROXIMATIO~ 
FUR THJ P.tCURSION COEFFICicNTS CCll AND CC2l, OF THE CHEBYSHEV 
POLYNOMIALS OF THE SECOND KIND; 

"BEGlN" 
"PR1CEDURE" RECCOFtN,M,x,wx,B,C,L,SYM); 
"VALUE" N,M,SYM; "INTEGER" N,M; "BOOLEAN" SYM; 
"REAL" x,wx; "ARRAY" B, C, L; 
"CODE" 31254; 
"REAL" X; "ARRAY" B,C,LC0:2]; 
RECCOF I z, zoo, x, SQRT( 1 - x••2 >,B,c, L, "TRUE"); 
OUTPUT(61,"("2t,2(3B,-ZD.3D)")",CCll,CC2l); 

"ENO"; 

R!:SUL TS: 

0.250 Oe250 

SUBSECTI1N: GSSWTSe 

CALLING SE1UENCE t 

THE DLCLARAT Imt OF THE PROCEDURE IN THE CALLING PROGRAM READS: 

"PROC!:OURE" GSSWTSrn,ZER,B,C,W); 
"VALUE" N; "INTEGER" N; "ARRAY" ZER,B,c,w; 
"CIJDE" 31253; 

THE MEAHING OF T4e FORMAL PARAMETERS IS: 
N: (ARlTH~CTIC EXPRESSION>; 

ENTP.Yt THE NUMBER OF WEIGHTS TO BE COMPUTED; UPPER 
BOUND FOR THE ARRAYS Z ANO W (N>•l); 

z;R; (ARRAY IDENTIFIER>; 
"ARRAY" Z EP. Cl HI]; 
ENTRYl THE ZEROS OF THEN-TH DEGREE ORTHOGONAL POLYNOMIAL; 

B,C: (ARRAY IDiNTIFIER>; 
"ARRAY" B[OIN•ll, CCllN-1]; 
ENTRY: TYE RECURRENCE COEFFICIENTS; 

w: <ARRAY lDENTIFIER>; 
"ARRAY" WCl:~J; 
EXIT t THE GAUSSIAN WEIGHTS DIVIDED BY THE 

INTEGRAL OVER THE WEIGHT FUNCTION. 

PROCEDURES USED: ALLORT~OL • CP 31045. 
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M~THQO AND PERFORMANCE: 

THE GAUSSIAN WEIGHTS OF ANN-POINTS RULE DIVIDED BY THE INTEGRAL 
OF T!iE WEIGHT FU~CTION MAY BE REPRESENTED AS 

W[KJ • l/(eeeCCPCN•ll(Z)**2/C[N•ll+P[N-2l(Zt••2t/C[N-2l+e•• 
•••+PCllCZt••ZJ/CCll+lt , K•l,2,eeeN 

WITH Z• K-TH ZERO OF PCNlCXJe CGAUTSCHI, 1970te 

ALLZERORTPOL AND GSSWTS MAY BE USED TO GENERATE GAUSSIAN 
QUADRATUPE RULES PROVIDED THE RECURRENCE COEFFICIENTS AND THE 
INTEGRAL OF THE WEIGHT FUNCTION ARE KNOWN. 
f OR :':XAHPL E THE GAUSS-LAGUERRE. QUADRATUR!: RULE APPLIED TD F 
HAY Bi: OBTAINED BY THE CALLS ' 

"FOR" Kl•l "STEP" 1 "UNTIL" N-1 "DO" 
11 8 EG!tl" 

B[K l: •2*K+ALPHA+l; 
C[Klr•K*CK+ALPHA) 

"END"i 
B[Ol: •ALP!iA+l; 
ALLZERaRTPOL<N,ZER,a,c,; 
GSSWTSCN1ZER181C1W); 
GAUSSRULE I •O; 
11 FOR" K:•l "STEP" 1 "UNTIL" N 11 00 11 

GAUSSRULEt•GAUSSRULE+W[Kl*FCZER[K]); 
GAUS SRULE t•GAUSSRIJ LE*GAHMA( ALPHA+lJ 

GAUSS~JL~ CONTAINS THE VALUE OF THf APPOXIMATING GAUSS 
QUADRATURE RULE AND ?ER[l:NJ,WCltNJ CONTAIN THE GAUSSIAN 
ABSCISSA ANO WEIGHTS. 
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IN THE FOLLOWING TABEL WE SUM~ARIZE CLASSICAL QUADRATURE RULES 

: WHGffT RECURRENCE COEFFICIENTS INTEGRAL 
GAUSSlMI : FIJNCTI0N : -----------........ •1----- -◄••---1 □ F 

QUADRATUR5 I W(X) BCK] CCKl •WEIGHT FUNCTION 

: : 
LEGi:N0RF. 1 1 0 tK**2*(4*K**Z-l)1 z 

1 1 

CHEBYSHEV l/SQRTCl• : 0 l/2 , K•l PI 
<1-ST KIND>: x••z 1 : l/4 , K>l 

' 1 l I 

CHEBYSH~V r SQRT(l• ' 0 1/4 1 PI/2 
IZ•ND KIND): x••z> : 

1 

JACOBI I n-x>•• I -(ALPHA**2- t 4*Cl+ALPHA I* I 2** (ALPHA+ 
t ALPHA*(l+ I BETA**Zl/((2* 1 C l+BETAI/ l BET A+l I* 

X)OBl::TA : K+ALPHA+B ETA I•: ( CALPHA+BETA+ GAMMACALPHA+ 
-: ( Z*K+ALPHA+ : Zl**Z*CALPHA+ I 1 >• GAMMA (BETA+ 

1 r BET A+Z I) I BETA+31) ,K•l 1 1)/GAMMA( ALPHA+ 
: BETA+21 

I l 4*K*(K+ALPHA)*I 
t 1 ( K +BET A)* ( K + ' I 1 t ALPHA+BETA)/ 

t ( (2*K+AL PHA+ : . : BETAl**Z* I . 
t I ( ( 2*K+ALPHA+ I 

: ' BET A ),...2-1 I> t 
: , K>l I 

I : 
I t(ALPHA,BETA>•l)I 
I 1 1 

LAGUERRE I f:XP(•XI* 2*K+ALPHA+l : K*( K+AL PHA) : GAMM A ( ALPHA+ l I 
X**ALPHA 

: 1 

HERMITE I EXP (-X**2) t 0 K/ 2 SQRHPI I 

(TI-Ii: INTEGRATION INT!JRVALS ARE: t-INFINITY,INFINITYl FOR HERMITE; 
C0,!NFINITYl FOR LAGUERRE; 

C-1,11 FOR THE OTHERSel 
FOR NnN-CLASSICAL WEIGHT FUNCTIONS ON A FINITE INTERVAL THE RECURSION 
COEFFICIENTS (ANO THE SQUARE LENGTHS OF THE CORRESPONDING 0RTH0G0NAL
POLYNOMIALS) CAN BE OBTAINED BY THE PROCEDURE RECC0F (THIS SECTION)e 
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REFERENCES 1 

GAUTSCHI, "le (lq7()): 
GENERATION OF GAIJSSIAN QUADRATURE RIJLES AND 
ORTHOGONAL POLYNOMIALS. 
lNt COLLOQUIUM APPROXIMATIETHEORIE, 

'1C SY L LABIJS l4e 

EXAMPLE OF US~r SEE SUBSECTION GSSWTSSYMe 

SUBSfCTION: GSSWTSSYMe 

CALLING S E'llH:NCEt 

PAGE 6 

THE DECLARATION ~F THE PROCEDURE IN THE CALLING PROGRAM READS: 

"PROCEDURE" GSSWTSSYM(N,ZER,C,W); 
"VALUE" N; "INTEGER" N; "ARRAY" ZER,c,w; 
"CODE" 3l25Z; 

THE MEANING OF THE FORMAL PARAMETERS IS: 
Nt <ARITHMETIC EXPRESSION>; 

ENTRYt THE WEIGHTS Of AN N-POINTS GAUSS RULE ARE 
TO BE CALCULATED I BECAIJSE OF SYMMETRY ONLY 
(N+l)//2 OF THE VALUES ARE DELIVERED); 

ZERt <ARRAY IDENTIFIER>; 
"ARRAY" ZER[l:N//ll 
ENTRY: THE NEGATIVE ZEROS Of THE N•TH DEGREE ORTHOGONAL 

POLYNOMIAL CZER[Il < ZER[I+ll, I•l,z, ••• ,Nl/2•1); 
(If N IS ODO THEN O IS ALSO A ZERO.I 

C: <ARRAY IDENTIFIER>; 
11 ARRAY 11 C[l:N•ll; 
ENTRYr THF. RECURRENCE COEFFICIENTS; 

Wt <ARRAY IDENTIFIER>; 
11 ARRAY 11 W[l:(N+l)//Zl; 
EXIT r PART OF THE GAUSSIAN WEIGHTS DIVIDED BY THE 

INTEGRAL OF THE WEIGHT FUNCTION. 
(NOTE THAT WCN+l•Kl•WCKJ ., K•l,2,eee,CN+l)//2ol 

PROCEDUR:::s useo, ALLORTPOLSYM • CP 31049a 

14fTHOD AND PERFORMANCE1 SEE SUBS!:CTION GSSWTS; THIS PROCEDURE IS 
SUPPLIED FOR STORAGE ECONOMICAL REASONS. 

RtFERENCESt SEE SUBSECTION GSSWTSo 
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EXAMPLE OF USE: 

T~c FOLLOWING PROGRAM DELIVERS THt GAUSSIAN WEIGHTS 
FOR THE ~•POINTS GAUSS-CHEBYSHEV QUADRATURE RULE BY MEANS OF 
TI-IE PROCEDURE GSSWTSSYM (CCll•O.~; C[Kl•o.2,., K■ z.,3., ••• ; 
?.ERCil • COSC<Z*CN-!) - l> / <Z*N> * PI>, I ■1.,2.,..uN//Ze 

"BEGIN" 
"PROCEDURE II G SSWTS S YM (N, ZER, C ,W); 
"VALUE" N; "INTEGER" N; "ARRAY" ZER.,c,w; 
"CODE" 312!52; 
"REAL" PI; "INTEGER" I; 
"ARRAY" ZERClrz]., W[ll3]., C[ll4]; 
Pit•4*ARCTAN(l); 
CCl]: ■.5; 
"FOR" It•Z "STEP" 1 "UNTIL" 4 "DO" 
CCI] 1 ■ .25; 
!ERCll: ■COSle9*PII; 
ZERCZ] : ■cos<. 7*!>1 >; 
GSSWTSSYM15,ZER.,C,W); 
□UTPUT(6l, 11 ("2t,,(3B.,-ZD.3Dl 11 1 11,WCll*PI.,WC2l*PI,WC3l*PI., 

R'!::SUL T$t 
0.62a 0.620 0.628 

WCZl*PI.,WCll*PI); 

Oe628 0.62a 

PAGE 7 
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SOURCE T!:XT( Sl: 

"CODE" 31254; 
"PROCEDURE" RECCOF( ~, M,x,wx,B,C,L, SYl1 ); 
11 VALU~ 11 N,11,SYM;"IMTEGER" N,M; 11 BOOLGAN" SYM; 
"REAL" X,WX;"ARRAY" B,C,L; 
"B~GIN" "INTEGER" I,J,UP;"REAL" R,S,PIM,H,HH,ARG,SA; 
11 REAL""PROCEDURE" ORTPOL<N,X,B,Cl; 
"VALUE" N,XJ "INTEGER" N; "REAL" X; "ARRAY" B,C; 
"CODF" 31044; 
PIM1•4*ARCTANC1l/M; 
11 IF" SYM "THEN" "BEGIN" 
"FOR" Jr •O "STEP" l "UNTIL" N"DO" 
"BEGIN" Rl•BCJ]l•O;UPl•M "DIV" 2; 

"FOR" It•l "STEP" l "UNTIL" UP 11 D0" 
"BEGIN" ARG:•CI-e5l*PIM;Xr•COS(ARGl; 

Rt •R+SlN ( ARG) *WX*ORTPOL CJ, X, B, C >••2; 
"END";"IF" UP*2•M "THEN" L[Jlt•Z*R*PIM "ELSE" 
"BEGIN" x: ■o;L[J]: ■c2•R+WX*ORTPOLCJ,O,B,C>••2>•PIM "END"; 
CCJ]:•"IF 11 J•O 11 THEN 11 0 "ELSE" LCJ l/LCJ•ll; 

"END" 11 tND" •ELSE" 
"FOR" Jt•O "STEP" l "UNTIL" N "Da" 
"BEGIN" R:•S: ■o;uP:•11 11DIV 11 2; 

"FOR" Ir•l "STEP" 1 "IJMTIL" UP "Dll" 
"BEGIN" ARGt•(I-e5l*PIM;SAt•SIN(ARG);X1 ■ COSCARGl; 

Hl•WX*ORTPOLCJ,X,B,C>••2;X:•-X;HHl•WX*ORTPOLCJ,X,B,C>••2; 
Rt•R+(H+HHl*SA;S: ■S+CHH•Hl*X*SA; 

"END 11 JB[J]l•S*PIM; 
"IF" UP*2•M "THEN" L[J]1~R•Pil1"ELSE" 
"BEGIN" X:•O;L[J]: ■ (R+WX*ORTPOLCJ,O,B,Cl**2l*PIM 11 END11 ; 

CCJ]:•"IF" J•O "THEN" 0 "ELSE" LCJl/LCJ•ll; 
"END"; 
11 ENO" RC CCDF; 

11 E □ P" 

PAGE 8 



SECTION 4e2e3,l <NOVEMBER 1978) 

11CODE 11 31253; 
"PROCEDURE" GSSWTSCN,ZER,B,CJRESULTStCWJ; 
"VALUE" N; 11INTEGER 11 N; 
11 ARRAY 11 ZER,s,c,w; 
11 BEGIN 11 

11 INTEGtR 11 J,K; 11 REAL 11 S; 11 ARRAY 11 PC01N~ll; 
11 PRJCEDURE11 ALLORTP~L<N,X,B,C,P>; 
11 VALUE11 N,X; 11 INTEGER 11 N; 11 REAL 11 X; 11 ARRAY 11 B,C,P; 
11 co DE" 3104 5; 
11FQRII Jl•l "STEP" l 11UNTIL 11 N 11Da 11 

11 BEGIN 11 

ALLORTPOL I N-1.,Z!:R[J]., s,c.,r> l; 
s,-o.o; : 
"FOR" Kt•N-1 11 5TEP" -1 "UNTIL" l 11 0011 

St•(S+PCKl**2)/CCKJ; 
WCJl : ■ 1/<l+S); 

11 1:ND" 
II END" G.SSWTS; 

11 E 01"' 

"COD!: 11 31252; 
"PROCEDURE" GSSWTSSY11N,ZER.,C)RESULTS•<Wl; 
11 VALUE11 N; 11INTEGER 11 N; 
"ARRAY" Z ER, c., WJ 
11 B EGIN" 

11 PROCE DURE" ALLORTPOL SYM CN, x.,c.,p l; 
"VALUE 11 N.,X; "INTEGER" NJ "REAL" X; 11ARRAY" c.,p; 
"CODE" 31049; 
11 INTEGER 11 LOW,UP,DUMMY; 
"ARRAY" P[O:N•ll; 
LOWt•l; UP:•N; 

•FOR" DUMMYt•l 
11WHILE 11 LOW < UP "00" 

"BEGIN" 11 INTEGER" I; "REAL" S; 
ALLORTPOLSYM( N-l,ZER[LOWJ,C.,p ); 
Sl•PCN•ll••z; 
11 FOR11 I:•N•l 11 STEP" •l "UNTIL" 1 noon 

s: ■S/CCI] + (PCI•ll>••z; 
WCLOWl••l/S; LOW1•LOW+l; UPt•UP-1; 
II El-ID"; 

"IF" LOW • UP 
"THEN" 11BEGIN.1' "INTEGER" TWOI; "REAL" S; $1•1.0; 

11 FOR 11 TWOit•N-1 "STEP" -2 "UNTIL" 2 11 0011 

S:•S*CCTWOI•ll/CCTWDil+l; 
WCLOWl l•l/S; 
11 END"; 

"END" GSSWTSSY'1J 
"!:OP" 

PAGE 9 
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AUTHORS: Me BAKKER• 

INSTITUTEr MATHEMATICAL CENTRE, AMSTERDAM. 

RECEIV~D: 760131• 

BRIEF DESCRIPTIONS 

THIS SECTION CONTAINS THE FOLLOWING PROCEDURES: 

( l l GS!; J AC WGHT S 1 

GIVEN THE TWO PARAM~TERS ALFA AND BETA,THIS PROCEDURE 
CALCULATES TI-IE 1" ?EROS OF THE N-TH JACOBI POLYNOMIAL 
AND THE CORRESPONDING GAUSS-CHRISTOFFEL NUMBERS NEEDED FOR 
THE H•POINT GAUSS-JACOBI QUADRATURE OVER C-1,+ll 
WITH W'!l GHT FUNCTION 

W(X) • Cl-X)**ALFA*Cl+X>**BETA; 

(2) GSS LAG WGJ.tTSt 

GIVE~ THE PARAMETER ALFA,THIS PROCEDURE 
CALCULATES THEM ZEROS OF THEN-TH LAGUERRE POLYNOMIAL 
AND THa GAUSS-CHRISTOFFF.l NUMBERS NEEDED FOR THE 
N•POINT GAUSS-LAGUERRE QUADRATURE OF F(X) OVER 
CO, INFINITY> ~IT'-1 RESP!:CT TO THE WEIGHT FUNCTION 

W(Xl • X**ALFA*CXPC-Xle 

THESE PROCEDURES CAi~ BE USED FOR GAUSSIAN QUADRATURE
RUL~S OF THE JACOBI AND LAGUERRE TYPEeLET THE WEIGHT 
FUNCTION W(Xl AND THE INTERVALCA,Bl DETERMINE THE 
SYSTEM ~f POLYNOMIALS ORTHOGONAL ON (A,BJ WITH RESPECT 
TO W(XleTHiN THE N•POINT GAUSSIAN QUADRATURE RULE 
APPROXIMATES THE INTEGRAL 

TO X•B 
INTEGRAL F(X) W(Xl DX 
FR0'1 X•A 

BY THE EXPRESSION 
J•N 
SUH W[Jl FCX[Jl) 
J•l 

WHERE THE ABSCISSAS X[Jl ARE THE ZfROS OF THEN-TH 
POLYNOMIAL AND WCJl ARE THE CORESPOHDING GAUSS-CHRISTOFFEL 
NU14BERS. 

PAGE 1 
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KE YW'1RDS i 

GAUSSIAN QUADRATURE, 
ZEROS OF ORTHOGONAL POL YN □M!ALS, 
GAUSS-CHRISTOFFEL NUMBERS, 
GAUSSIAN WEIGHTS. 

LANGUAGE• ALGOL 60e 

REFERENCES: 

Cl] MeABRAMOWlTZ AND I.A. STEGUN. 
HANDBOOK OF MATHEMATICAL FUNCTIONS, CH.22, 

C2l J.STOER, 
EINfUE~RUNG IN DIE NUMfRISCHE MATHEHATIK 1, 
SPRINGER VERLAG, BERLIN, HEIDELBERG, GOETTINGENe 

SUBSECTIONt GSS JAC WGHTS. 

CAL~ING ScQUENCE: 

PAGE Z 

THE DECLARATION □F THE PROCEDURE IN THE CALLING PROGRAM READSt 

"PRQCl:DUPE 11 GSS JAC WGHTS<N, ALFA, BETA, x., WI; 
"VALUE" N, ALFA, BETA; 
"INTEG~R" N; "REAL" ALFA, BETA; 
"CIJD!: 11 31425; 

THc MEANING OF THE FORMAL PARAMETERS IS: 
N t <ARITHMETIC l'.:XPRESSION>; 

TH5 UPPER B~UND OF THE ARRAYS X AND W; N>•lJ 
ALFA, BETA: <AR1THMF.TIC EXPRESSION>; 

THE PARM1ETERS Of THE WEIGHT FUNCTION FOR 
THE JACOBI POLYNOMIALS; ALFA, BETA> •l; 

X; <ARRAY IDENTIFIER>; 
11 ARRAY 11 X[lHn; 
EXITt XC I J IS THE I-TH ZERO OF THE N•TH JACOBI POLYNOMIAL; 

Wt <ARRAY IDENTIFIER>; 
11 ARRAY11 WClHU; 
EXIT: we I] IS THE GAUSS•CHRISTOFFEL MUMBER 
ASSOCIATED WITH THE l•TH ZERO OF THE N•TH JACOBI POLYNOMIAL. 
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PROCEDURES USEDt 

GA'1M A 
ALL JAC ZER 

<NOVSMB!:lR 1976> 

• C P 35061; 
• CP 31370. 

ReQUIRED CENTRAL '1El10RYt 

T~O AUXILIARY ARRAYS OF N REALS ARE USEDe 

RUNNING TIME1 ROUGHLY PROPORTIONAL TON CUBED. 

METHOD AND PERFORMANCE: 

AS IS WELL-KNOWN,THE GAUSSIAN QUADRATURE RULES ARE 
BASEO ON TYE ZEROS OF ORTHOGO~AL POLY~OMIALS. 
PROCEDURES FOR THE COMPUTATION OF TH~SE ZEROS CAN 
BE FOUND IN SECT!ON 3e6e2e 
AFTER nt~ COMPUTATION OF THE ZEROS OF THE JACOBI POLYNOMIAL 
THE GAUSSIAN WEIGHTS ARE COMPUTED OF Tlit FORMULA 

J•N-l 
W[Il ■ 11( SUM P(J, ALFA, BETA, XCIJ)02) 

J•O 
WHERE P(J, ALFA, BETA, XCIJ) !S THE J-TH ORTHONORMAL 
JACOB.I POLYNOMIAL;Si:E FURTHER C2l ,CHeIII. 

EXAMPL !: OF US et 
THE PROGRAM 

"BEGIN""COHHENT" EVALUATION OF THE INTEGRAL 
TO X•l 

INTEGRAL (l+X)**2 * (1-X) * EXP(X) DX 
FROM x-1 

BY HSANS OF FIVE POINT GAUSS-JACOBI QUADRATURE. 
THE EXACT VALUE IS 2*EXP(l)-10/EXP<l>; 
"REAL" ALFA, BETA, INT; "INTEGER• N; "ARRAY" X, W[lt5]; 

PAGE 3 

"REAL" "PROCEDURE" F(X); "VALUE" x; "REAL" x; F: ■ EXP(X); 
11 PROCEDlJR.l:. 11 GSS JAC WGHTS (N, ALFA, BETA, X, W); 11 CODE" 31425; 
ALFAt• li BETAt• 2; Nt ■ 5; INTi ■ O; 
GSS J AC WGHTS ( N, AL FA, BETA, X, W); 
"FOR" N:• l "STEP" l "UNTIL" 5 "00" INT: ■ INT + WCNl * F!XCNJ>; 
!JUTPUT(6l, "I" /1 4B+De 4D"+ZD">", !NT - 2 * EXP!l) + 10 / EXP(l)) 
"!:ND" 

PRINTS THE FOLOWING RESULT: 

-1 .5932"-10 
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SUBSECTION: GSS LAG WGHTS. 

CALLING Si:QUENCE 1 

THE DECLARATION DF THE PROCEDURE IN THE CALLING PROGRAM READS: 

"PROCEDURE" GSS LAG WGHTS (N, ALFA, X, W); 
"VALUE" N, ALFA; 
"lNTEGtR11 N; "REAL" ALFA; 11 ARRAY 11 X, w; 
"CODE" 31427; 

THc MEANING OF THE FORMAL PARAMETERS IS 1 
N: <ARITHMETIC ~XPRESSION~; 

THE UPPER BOUND OF THE ARRAYS X AND W; N>•l; 
ALfAI <ARITHMETIC EXPRESSION); 

THE PARAMETER OF THE WEIGHT FUNCTION FOR THE 
LAGUERRE POLYNOMIALS; 
ALFA>-1; 

XI (ARRAY IDENTIFIER>; 
"ARRAY" Xtll N]; 
EXIT: XCil IS THE I-TH ZERO OF THE N•TH 
LAGUERRE POLYNOMIAL; 

WI <ARRAY ID~NTIFIER>; 
"ARP.AV" WClt N]; 
~XIT: WCI] IS TH~ GAUSSIAN WEIGHT CORRESPONDING 
WITH THE I-TM ZERO •JF THE N-TH LAG UF.RRE POLYNOMIAL• 

PR~CEDURES USED• 

GAMMA 
ALL LAG ZER 

• CP 35061, 
• CP 31371. 

REQUIRED C~NTRAL MEMORY: 

TW~ AUXILIARY ARRAYS OF N REALS ARE USED. 

RUNNING TIHEs 

ROUGHLY PROPORTIONAL TO N CUBEDe 

METHOD AND PERFORMANCE: 

T~E ZEROS AND WEIGHTS ARE COMPUTED IN THE SAHE 
WAY AS IN THE PROCEDURE GSS JAC WGHTSe 
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EXAMPLE OF IJSE: 

TH!: PROGRAM 

"8EGIN11 "COMMENT" COMPUTA TI\JN Of THE INTEGRAL FROM O TO INFINITY OF 
SIN(Xl*EXP(-X) BY MEANS Of A TEN POINT GAUSS-LAGUERRE 
QUADRATURE.THE EXACT VALUE IS o.,; 
"REAL" INTJ"INTEGER" N;"ARRAY" X# W[l110l; 
11 Ri:Al"11 PROCEOIJRe11 f (X ); "VALIJ[!"X; "REAL 11 X; F: •SIN( Xl; 
11 PRJCEOURE 11 GSS LAG WGHTS<N, ALFA# X, W>; "CODE" 31427; 
GSS LAG WGHTS(lO, O, X# W)1 INTi ■Q,; 
11FOR 11 Nt•lO "STEP" •l "UNTIL" l "00" INT: ■ INT + WCNJ • F(XCNll; 
OUTPUT(6l# "( 11-De 40"-ZD"l 11# :IHT•Oe5 > 

11 EN0 11 

PRINTS THE RESULTt 

2.0497" -7 



SECTION 

SOURCE TEXTS1 

"CODE" 31425; 

I NOVEMB !:R l q76 l 

11 PROCEOURE 11 GS!' JAC WGHTS (N., ALFA, BETA., x., Wl; 
"VALUE" N, ALFA., BETA; "INTEGER" N; 11 RfAL" ALFA, BETA; 
11ARRAY" x., W J 
"If" ALFA• BETA 11 THEN11 

"BEGIN" "INTEGER" 1., J, M; 
"ARRAY" B[ltH - lJ; "REAL" RO, Rl., RZ., s., HO, ALFAZ, XI; 
11 REAL11 11 PRIJCi:DURE11 GAM11A(Xl; 11 CODE" 35061; 

PAGF. 6 

"PROCEDURE" ALL JAC ZER!N, ALFA, BETA, ZERJ; 11 CODE 11 31370; 

ALL JAC ZERHI, ALFA, ALFA,: X); ALFAZI• Z*ALFA; 
HOt• 2**1ALFA2 + ll*GAMMA!l + ALFAl**Z/GAMMAIALFAZ + Zl; 
BClJ: ■ l/SQRT!3 + ALFAZ); M: ■ N • IN//2); 
"FOR11 II• 2 "STi::P" l "UNTIL" N - l "DO" 
BCil1• SQRT(!*(I + ALfAZl/!4*!I + ALFAl**Z • 1)1; 
"FOR" I:• l 11 STEP11 l 11UNTIL 11 M 11 D0 11 

"BEGIN" XI:• ABS(X[Ill; RO: ■ l; Rl:• XI/BCl]; 
St• l + Rl*Rl; 
"FOR" Jr ■ 2 11 STEP 11 l "UNTIL" N - l "D011 

"BEGIN" RZ: ■ !XI*Rl - BCJ • ll*ROI/BCJJ; 
RO:• Rl; Rlt• R?; St• S + RZ*R2 

"f ND"; 
WCIJ:• WCtl + l - IJ: ■ HO/S 

11 END" 
"END" "!;LSI:" 
"BEGIN" "INTEGER" I., J; "ARRAY" A., B[01N]; 

11 REAL11 MIN, St.JM, HO., RO., Rl, RZ., XI., ALFABF.TA; 
"PROCEDURE" ALL JAC ZER(N., ALFA., BETA, ZERJ; "CODE" 31370; 
"RJAL" "PROCEDURE" GAMMA!XJ; "CODE" 35061; 
ALFABETA:• ALFA+ BETA; MIN: ■ !BETA - ALfAl*ALFABETA; 
B[O]:• O; ruM:• ALFABETA + z; A[Oll• (BETA - ALFAl/SUM; 
AClJ:• MIN /SUM/(SUM + 21; 
BCl]I• Z*SQRT((l + ALFA)*(l + BETA)/CSUM + 111/SUM; 
11 FOR11 I:• 2 11STEP11 l "UNTIL" N - l 11D0 11 

"B5GIN" SUM:• l +I+ ALFABETA; 
ACilt• MIN/SU11/(SUM + ZJ; 
BC Il ta ( Z/SUMI * 
SQRT(I*(SUM - Il*CI + ALFAl*CI + BETA)/(SUH*SUM • lll 

"END"; 
H01• Z**<ALFABETA + l)*GAMMA(l + ALFA)*GAMMA(l + BETA)/ 

GAMMA(Z + ALFABETAJ; 
ALL JAC ZER<N, ALFA., BETA., X); 
"FOR" It• l "STEP" l "UNTIL" N "DO" 
"BEGIN" XIt• XCI]; ROt• l; Rlt• (XI - ACOll/B[ll; 

SU11t • l + Rl*Rl; 
"FOR" J t• 2 "STEP" l "UNTIL" N - 1 11 D011 

"BEGIN" RZ•• CCXI - ACJ - lll*Rl - BCJ - ll*ROJ/B[JJ; 
SUMt• SUM + R2*R2; R01• Rli Rlt• RZ 

11 EN D11 ; 

WCI] t• HO/SUM 
"END" 

"END" GSS JAC WGHTS; 
"I: OP" 
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11COOE 11 31427; 
"PROCEDURE" GSS LAG WGHTSCN, ALFA, X, W); 
"VALUE~ N, ALFA; "INTEGER" N; "REAL" ALFA; "ARRAY" x, W; 
"BEGIN" "INTEGER" I, J; 11REAL" ~O, S, RO, Rl, RZ, XI; 

"ARRAY" A, 8[0:NJ; 
"PROCEDURE" All LAG ZERO(, ALFA, X); 11 CODE• 31371; 
"REAL" "PROCi:DURe" GA-.11A(Xl; "CODE" 35061; 
ACO]: ■ 1 + ALFA; Atll1 ■ 3 + ALFA; B[l]:• SQRT(ACO]); 
"FOR" 11• 2 "STEP" l 11UNTIL 11 N - l 11 00 11 

11 8EGIN" ACllt• I + I +ALFA+ 1; 
BCilt• SQRT<I•<I + ALFA)) 

"EMO"; 
ALL LAG ZERCtb ALFA, X); HOS• GAl111A(1 + ALFA); 
"FOR" It• 1 "STEP" 1 "U~Tll" N "00" 
"8~GIN11 Xl:• XCil; ROt• l; 

Rlt• (Xl - ACO])/BCllJ Si ■ 1 + Rl*Rl; 
11FOR 11 Jt• Z "STEP" 1 "UNTIL" N • l 11D0 11 

"BEGIN" RZt• C(XI - ACJ • ll>*Rl • BCJ • ll*ROl/BCJ]; 
RO:• Rl; Rl: ■ RZ; S: • S + RZ•RZ 
"END11 ; 

WCIH• HO/S 
"END" 

"END" GSS LAG WGHTS; 
11EOP II 

PAGE 7 
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AUTHORt J.c.P.BUS. 

INSTITUTE: MATHEMATICAL CENTRE• 

RECElVEDt 740218• 

BRIEF DESCRIPTION: . 
THIS SECTION CONTAINS PROCEDURES FOR CALCULATING THE DERIVATIVES OF 
FUNCTIJNS OF MaRE VARIABLES, U~ING DIFFERENCE FORMULAS; 
JACOBNHF CALCULATES THf JACOBIAN MATRIX OF AN N-DIMENSIONAL 

FUNCTION Of N VARIABLES USING FORWARD DIFFERENCES; 
JACOBNMF CALCULATES THE JACOBIAN MATRIX OF AN N-DIMENSIOHAL 

FUNCTION Of M VARIABLES US ING FORWARD DIFFERENCES; 
JACOBNBNDF CALCULATES THE JACOBIAN MATRIX OF AN N•DIMENSIONAL 

FUNCTION OF N VARIABLES, If THIS JACOBIAN IS KNOWN TO BE A 
BAUD MATRIX AND YAVE TO BE STORED ROW•WISE IN A ONE•D1'4ENS10NAL 
ARRAY. 

KE'YWORDS t 

NUMERICAL DIFFcRENTIATION, 
FUNCTIONS OF MORE VARIABLES, 
D1FFERENCF. FORMULAS. 
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SUBSECTIJH: JACOBNHFe 

CALLING SEQUENCE• 

THE l·H;ADI"'IG OF THIS PROCEDURE READSt 
"PROCEDURE" JACOBNNFCN, X, F, JAC, I, DI, FUNCTl; 
"VALUE" N; "INTEGER" I, N; "REAL" DI; "ARRAY" X, F, JAC; 
"PROCEDURE" FUNCT; 

THF. MEANING OF THE FORMAL PARAMETERS IS: 
N: 

x: 

FI 

JAC: 

t: 

DI: 

<ARIT4METIC EXPRESSION>; 
THt NUMBER Of INDEPENDENT VARIABLES AND THE DIMENSION OF 
Tl-lE FUNCT IO"I; 
<ARRAY IDENTIFIER>; 
"ARRAY" Xtl:Nl; 
ENTRY1 THE POINT AT WHICH THE JACOBIAN HAS TO BE CALCULATED 
<ARRAY IDENTIFIER>; 
"ARRAY" FC:LHI]; 
ENTRY I THi: VALUFS QF THE FUNCTION-COMPONENTS AT THE POINT 
GIVEN IN ARRAY Xi 
<ARRAY IDfNTIFIER>; 
11 ARRAY11 JAC[l:N, l:N]; 
tXIT I THE JACOBIAN MATRIX IN SUCH A WAY THAT THE PARTIAL 
DERIVATIVE Of FCll TO XCJl IS GIVEN IN 
JACCI, Jl, I, J • l, ••u N; 
<IMTEGER VARIABLE>; 
A JENSEN PAP.AMETER; DI MAY BE DEPENDENT OF I; 
<ARITHMETIC EXPRESSION>; 
THE PARTIAL DSRIVATIVES TO XCI] ARE APPROXIMATED WITH 
FORWARD DIFFERENCES, USING AN INCREMENT TO THE I-TH 
VARIABLE THAT fQUALS THE VALUE OF DI, I• l, •••' N; 

FUNCT: <PROC!DURE IDENTIFIER>; 
Tl-lE HEADING OF THIS PROCEDURE SHOULD READ: 
"PROCEDURE" FUNCTCN, X, F); 
"VALUE" H; "INTEGER" N; "ARRAY" X, F; 
THE MEANING OF THE FORMAL PARAMETERS IS: 
N: (ARITHMETIC EXPRESSION>; 

THE NUMBER OF INDEPENDENT VARIABLES OF THE FUNCTION F; 
Xs <ARRAY IDENTIFIER>; 

THE IND~PENDENT VARIABLES ARE GIVEN IN X[l:NJ; 
Fr <ARRAY lDENTIFIER>; 

AFTER A CALL OF FUNCT THE FUNCTION COMPONENTS SHOULD BE 
GIVEN IN FCl:Nle 
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PROCEDUR~S USED: NONE. 

REQUIRED CENTRAL 11!:"IORY 1 

EXECUTION FIELD LENGTH: JACOBNNF DECLARES ONE AUXILIARY ARRAY OF 
ORDSR th 

RUNNING T!'1E1 PROPORTIONAL TD N ** Ze 

LANGUAGE1 ALG!JL 60e 

METHOD AND PERFORMANCE• 

JACOBNNF CALCULATES THE JACOBIAN MATRIX Of AN N•OIHENSIONAL 
FUNCTIQN OF N VARIABL~S; THE ELEMENTS Of THIS MATRIX, WHICH ARE THE 
PARTIAL OERIVAT!VES OF THE FUNCTION• ARE CALCULATED USING FORWARD 
DIFfER~NCES WITH AN INCREMENT TO TH~ I•TH VARIABLE OF DI, (I • 1, 
• • ., NI• 

EXAMPLE jF USEt 

Ll:T f BE DEFINED BY: 
FCll• XCl l "'* 3 + XC2l, 
FCZl• 10 * XC2l; 

THE JACOBIAN '1ATP.IX AT TI-IE POINT 12, 11 MAY Be CALCULATED ANO 
PRINTED BY THF. FOLLOWING PROGRAM: 

11 BEG!N" 
"INTEGER" I; "ARRAY" JACCl:2• 1121• X• FCl12l; 
"PROCl:OURE" JACOBNNFCN, X• F., JAC, I, OI, FUJ; "CODE" 34437; 
"PROCEDURE" Fl<N• X, FI; "VALUE" N; "INTEGER" NJ "ARRAY" X, F; 
"B(GIN" FClli• XCll ** 3 + XCZl; FCZ]I• X[2l * 10 "E~D" Fl; 
X[l]I• 2; XCZJ:• l; FlCZ, X, FI; 
JACOBNNFC2, X, f• JAC, I, "IF" I • 1 "THEN" 11•6 "ELSE" 1, Fl IJ 
OUTPUTC71, 11 ("*,4B,•C•THE CALCULATED JACOBIAN IS11tJ1t1//1 
2C4B•2<NJ,/l"I"• JACCl, ll• JACCl• 21, JACC2, ll, JACC2, 211 

"eND 11 

RESULTS1 

THE CALCULATED JACOBIAN ISt 

+1.2000005938262"+01)1 +1.ooooooooooooon+ooo 
+o.ooooooooooooon+ooo +1.0000000000000 11 +001 
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Slt~SLCT!ON1 JACOBNMFo 

CALLING SEQUENC~t 

THE H~ADING OF THIS PROCEDURE READSt 
"PR()CEDURf.:" JACOBNHF( N, M, X, F, JAC, I, DI, FUNCT); 
"VALUE" N, M; "IMTEGER" l, N, M; "R.;AL 11 DI; "ARRAY" X, F, JAC; 
"PROC GDURC" FUMCT; 

THE MEANING OF THE FORMAL PARAMETERS IS1 
N: <ARITHMETIC EXPRESSION>; 

THE NUMBER OF FUNCTIONi COMPONENTS; 
111 <ARITH~ETIC EXPRESSION); 

TH! NUMBGR OF INDEPENDENT VARIABLES; 
X: <ARRAY IDENTIFIER>; 

"ARRAY" X[llM]; 
ENTRY: T4E POINT AT WHICY THf JACOBIAN HAS TO BE CALCULATED 

F: <ARRAY IDENTIFIER>; 
"ARRAY" FCltN]; 
ENTRYt THE VALUES OF THE FUNCTION•CnMPONENTS AT THE POINT 
GIVEN IN ARRAY X; 

JAC: <ARRAY IDENTIFIER>; 
"ARRAY" JAC[ltN, 1111]; 
EXIT I THE JACOBIAN MATRIX IN SUCH A WAY THAT THE PARTIAL 
DERIVATIVE Of FCIJ TO XCJ J IS GIVEN IN 
J AC C I, J l , I • 1 , • • • , N, J • 11 • • • M ; 

I• <INTi:Gl::R VARIABLE>; 
A JENSEN PARAMETER; DI MAY BE DEPENDENT OF I; 

Dl: <ARITHMETIC EXPRESSION); 
THE PARTIAL DiRIVATIVES TO X[Il ARE APPROXIMATED WITH 
FORWARD DIFFERENCES, USING AN INCREMENT TO THE I•TH 
VARIABLE THAT EQUALS THE VALUE OF DI, I • l, •••' M; 

FUNCT: <PROCEDURE IDENTIFIER); 
THE HEADING OF THIS PROCEDURE READS s 
"PROCEDURE" FUNCT<N, H, X, F>; 
"VALUE" 11, M; "INTEGER" N, M; "ARRAY" X, F; 
THE MEA~lNG OF THE FORMAL PARAMETERS IS 1 
Nt (ARITHMETIC EXPRESSION>; 

THE NUl1B ER □F FUNCTION COMPONENTS; 
M: <ARITHMETIC EXPRESSION>; 

THE MUMBER OF INDEPENDfNT VARIABLES OF THE FUNCTION F; 
Xt <ARRAY IDE~TIFIER>; 

THE INDEPENDENT VARIABL:S ARE GIVEN IN xc1:M]; 
F: <ARRAY IDENTIFIER>; 

AFTER A CALL OF fUNCT THE FUNCTION COMPONENTS SHOULD BE 
GI VEM IM FCl nu. 
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PROCEDURSS USED: NONE. 

EXECUTION FIELD LENGTHS JACOBNMF 
IJRD[;R Ne 

DECLARES ONE AUXILIARY ARRAY OF 

RUNNING TIME: PROPORTIO~AL TO N * M• 

LANGUAGCr ALGOL 60. 

METHOD AND PERFORMANCE: 

JACOBNMF CALCULATES THE JACOBIAN MATRIX OF AN N-DIMENSIONAL 
FUNCTIJtl OF M VARIABLES; THE ELEMENTS OF THIS MATRIX, WHICH ARE THE 
PARTIAL DERIVATIVES Of THE FUNCTION, ARE CALCULATED USING FORWARD 
DIFFERENCES WITH AM INCREMENT T □ THE I-TH VARIABLE OF DI,(I • 1, 
• • • ., M) • 

i::XAMPLE OF use: 
(ST f BG DEFINED BYr 

FCll• XCl] •• 3 + XC2l, 
FC2l• 10 * XC2l + XC2l * X[ll, 
FC3l• Xtll * XC2l; 

THE JACOBIAN MATRIX AT THE POINT (2, 1) MAY BE CALCULATED AND 
PRINTED BY THE FOLL~WING PROGRAM: 

11BEGIN 11 

"INTEGER" I; 11ARRAY" JAC[l13, 1121., Xtlr2J, FClt3J; 
"PRJCEDURE" JACOBNMF(N, X, F, JAC, I, DI, FU>; 11 CODE 11 34438; 
"PROCEDURE" Fl!N, M, X, F>; 11 VALUE 11 N, M; 11 INTEGER 11 N, M; 
II ARRAY" x., F; 
"BEGIN" FCl]r• X[ll ** 3 + XC2J; 

FCZJ:• XC2l * 10 + XC2l * XCll ** 2; FC3J:• Xtll * XC2l 
"END" Fli 
XCl]l ■ 2; XC2ll• l.i Fl<3, 2, X, F); 
JACOBNMF(3., 2, X, F, JAC, I, "If" I•2 11 THEN" 1 "ELSE" "-5, Fl>; 
OUTPUT17l, "("*,4B, 11 ( 11 THE CALCULATED JACOBIAN IS: 11 >",II, 
3(4B,200,/l")", JACCl, ll, JACCl, 21, JACC2, ll, JACC2, 21, 
JACC3, ll, JACC3, 21) 

"END" 

RESULTS: 

THE CALCULATED JACOBIAN !Sr 

+l.2000060002038 11+001 
+4e000Jl00000270"+000 
+1.0000000003174 11 +000 

+1.0000000000000°+000 
+1.4000000000000"+001 
+2.0000000000000"+000 
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SU 13SE CT I'lN r J AC !JR NB NOF • 

CALLlNG SEQUENCE: 

THE HEADING OF THIS PROCEDURE READS I 
"PROCl:DURF. 11 JACIJBNBNDF<N, LW, RW, x, F, JAC. I, or., FUNCT); 
"VALUE" N., LW., RW; "INTEGER" N1 I, LW, RW; 11 REAL" DI; 
"ARRAY" X, F, JAC; "PROCEDURE" FUNCT; 

THE 
N: 

RWI 

x, 

FI 

JACt 

DI: 

MEANING Of THE FORMAL PARAMETERS IS: 
<ARITHMETIC EXPRESSION>; 
THE NUMB2R OF INDEPENDENT VARIABL~S AND THf DIMENSION OF 
THE FUNCTION; 
<ARITHMETIC ~XPRESSION>; 
Tt-fE NlJ!'1BL!R OF CODIAGONALS TO THE LEFT Of THE MAIN DIAGONAL 
OF THE JACOBIAN MATRIX, WHICH IS KNOWN TO BE A BAND MATRIX; 
<ARITHMETIC EXPRESSION>; 
THE NUMBER OF CODIAGONALS TO THE RIGHT Of THE MAIN DIAGONAL 
OF THE JACOBIAN MATRIX; 
<ARRAY IDENTIFIER>; 
11 AR~AY 11 X[l:NJ; 
i:~ITRY: Tfic POINT AT WHlCH THE JACOBIAN HAS TO Bf CALCULATED 
<ARRAY IDtNTIFIER>; 
11 ARRAY" FCl1N]; 
E~JTRY: Tfle VALUES Of TH£ FUNCT10N•COMPONENTS AT THE POINT 
GIVEN IN ARRAY X; 
<ARRAY IDENTIFIER>; 
"ARRAY" ,JAC Cl: (LW + RW l * (N • ll + NJ; 
fX!T: THE JACOBIAN MATRIX IN SUCH A WAY THAT THE (I., Jl•TH 
EL~MENT OF THE JACOBIAN, I.E. THE PARTIAL DERIVATIVE OF 
fCIJ TO X[Jl, IS GIVEN IN 
JACC<LW + RWl * (I - ll + Jl, FOR I• l, •••' N 
J• MAX <1, I - LW >., •••' MIN Oh I + RW ); 
<INTEGcR VARIABLE>; 
A JENSEN PARAMETER; DI MAY BE DEPENDENT OF I; 
<ARITHMETIC EXPRESSION>; 
THE PARTIAL DERIVATIVES TO XCIJ ARE APPROXIMATtD WITH 
FORWARD DIFfERENCES, USING AN INCREMENT TO THE I-TH 
VARIABLE THAT EQUALS THE VALUE OF DI, I• l, •••' N; 
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FUNCT: <PROCEDURE IDENTIFIER>; 
THE H~ADING OF THIS PROCEDURE READS : 
"PROCEDURE" fUNCT(N, L, U, X, F); 
"VALUE" N, L, u; "INTEGER" N, L, u; "ARRAY" x, F; 
THf. MEANING OF THE FORMAL PARAMETERS IS : 
N: (ARITHMETIC EXPRESSION>; 

THE NUMBER Of fUNCTION COMPONENTS; 
L,Ur <ARITHMETIC EXPRESSION>; 

LOWER ANO IJPPER BOUND IJF THE FUNCTION COMPONENT 
SUBSCRIPT; 

XI <ARRAY IDENTIFIER>; 
TH~ IND~PENDENT VARIABLES ARE GIVEN IN XCl:NJ; 

F: (ARRAY IDENTIFIER>J 
AFTER A CALL OF FUNCT THE FUNCTION COMPONENTS F[Il, 
I• L, •••> U, SHOULD BE GIVEN IN F[L:UJ. 

PR □C EDURES USED: NONEe 

EXECUTION FIF.LD LEMGTHt JACOBN"IF Oi;CLARES □ NE AUXILIARY ARRAY OF 
MAXIMUM ORDER LW + R\11 + li 

RUNNING TIME I PROPORTIONAL TO N * ( LW + RW + ll • 

LANGIJAGS: ALGOL 60• 

"leTHOD AND PERF ORMANC Et 

JACOBNBNDF CALCULATES THE JACOBIAN MATRIX OF AN N•DIMENSIONAL 
FIJNCTliJH OF N VARIAaLES, IF THIS JACOBIAN IS KNOWN TO BE A BAND 
MATRIX ANO HAVE TO BF. STORED ROW-WISE IN A ONE•DIMENSIONAL ARRAY; 
THE ELEMENTS IJF THIS JACOBIAN MATRIX ARE CALCULATED USING FORWARD 
DIFFGRl!t-lCES, WITH Al~ INCREMENT TO THE I-TH VAR!ABL!: Of D!, (I • l, 
•••> N>. 
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tXAMPLE OF USE1 

LET F B(; OEF IN ED BY: 
F[ll • 13 • 2 * Xtll) • XCll + 1 - 2 * XC2l, 
Ftll • (3 - 2 * XCIJ) * XCI] + l - XCI-ll - 2 * X[I+ll, I• 2, 31 4, 
FC51 • 4 - 2 * X[5] • XC4]; 
THE TRIDIAGONAL JACOBIAN MATRIX AT THE POINT X, GIVEN BY XCil • -1, 
I• 1, •••' 51 MAY BE CALCULATtD AND PRINTED BY THE FOLLOWING 
PROGRAM I 

"BEGIN" 
"INTEGER" I; 11 ARRAY" JACCl:131, X, Ft1:5J; 
"PROCEDURE" JACOBNBNDFIN, L, R, X, F, J, I, D,Gl; "CODE" 34439; 
11 PR□CEDURE" Fl< N, L, U, X, f); 11 VALUE 11 N, L, U; 
11 INTEGER 11 tl, L, U; 11 ARRAY" X, f; . 
11 9EGIN 11 11 INTEGER11 I; 

"FOR" II• L 11 STEP 11 1 11 UNTIL 11 1 11 IF 11 U • 5 11 THEN 11 4 11ELSE 11 Ul 
"D011 

11 BEGIN 11 FCIJ: ■ 13 - 2 * X[Ill * XCIJ + l • 2 * XCI + ll; 
11 IF" I A. 1 "THEN" F[I]I ■ F[IJ • XCI • ll 

11 EN0 11 ; 
11 IF 11 U • 5 11 THEN" Ft5J: ■ 4 • Xt4l - XC51 * 2 

"END" Fl; 

11 PROCEDURE11 LIST(ITEM); 11 PROCEDURE 11 ITEM; 
"BEGIN" "INTEGER" I; 

ITEM( 11 ( 11THE CALCULATED TRlDIAGONAL JACOBIAN IS: 11 )"); 

"FOR" I•• 1 "STEP" 1 11UNTIL 11 13 11 00 11 ITEMCJACCIJ) 
11 END• LIST; 

11 PR□CEDURE 11 LAYOUT; 
FOR!iAT ( 11 ( 11 II1'tB140S, II I 48, 2( +e5D 11 +D2 B l, /14 B, 3( +e 5D 11 +D 20), /, 
l6B,3C+a5D11 +D2Bl,/,28B,3(+.5D11 +02B)1/140B,2(+e5D 11 +D2B),/ 11 ) 11 l; 
"FOR11 I: ■ 1 11STEP 11 l 11 UNTIL11 5 "D011 XCIJ1 ■ •li 
Fl( 5, 1, 51 X, F); 
JACOBNBNDFC5, 1, 1, X, F, JAC, I, 11 IF 11 I • 5 11THEN 11 1 11ELSE 11 

"•6, FllJ 
OUTLIST(71, LAYOUT, LIST) 

"END" 

RESULTS1 

T~=, CALCULATED TRIDIAGONAL JACOBIAN IS: 

+e 7000011 +l 
-.1ooou 11 +1 

-.20000 11+1 
+.70000"+1 
.... 10000"+1 

-.20000"+1 
+. 70000"+1 
-.1000011 +1 

-.2ooou 11 +1 
+.70000 11 +1 
-.10000 11+1 

-.20000"+1 
-.2000011 +1 
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"CODE" 34437; 

!!lCTOOER 1974) 

"PROCEDURE" JACOBNNF(N, X, F, JAC, I, DI, FUNCT); "VALUE" N; 
"INTEGER" N, I; "R~AL" DI; "ARRAY" X, F, JAC; "PROCEDURE" FUNCT; 
"BEGIN" "INTEGER" J; "REAL• STEP, AIDJ "ARRAY" Fl[llN]; 

"FOR" I: ■ 1 "STEP" 1 "UNTIL" N 11 00" 
"BEGIN" STEPt• DI; AIDt• XCI]; XCilt• AID+ STEP; 

STEPt• 1 / STFP; FUNCT(N, X, fl); 
"FOR" JI• l "STEP" l "UNTIL" N 11 00" 
JACCJ,IJ:• !FlCJl • F[JlJ • STEP; XCIJ:• AID 

"END" 
"END 11 JACOBNMF; 

"E□P" 

11 C □ De" 34438; 

PAGE q 

"PROCEDURE" JACOBNMF(N, M, X, F, JAC, I, DI, FUNCT)J "VALUE" N, Mi 
"INTEGER" N, M, I; "REAL" DI; "ARRAY" X, F, JAC; "PROCEDURE" FUNCT; 
"Bt:GIN" ''INTEGER" J; "REAL" STEP, AID; "ARRAY" Fl[l:NJ; 

"FOR" I: ■ l 11 STEP" l "UNTIL" H 11D0 11 

"BEGIN" STEP•• DI; AID1• XCIJ; XCIJ1• AID+ STEP; 
STCPI• l / STEP; fUNCT!N, H, X, Fl); 
"fOR" Jt• l t1STEP" l 11UNTIL" N "DO" 
JACCJ,I]i ■ (Fl[Jl - F[Jl) • STEP; XCIJt• AID 

WEND" . 
"eND 11 JACOBNHF; 

"E'.lP" 

11 C0Df: 11 34439; 
"PROCi:DURe" JACOBNBNDF! N, LW, RW, X, f, JAC, I, DI, FUNCT>; 
11 VALUE" N, LW, RW; "INTEGER" I, N, LW, RW; "REAL" DI; 
"ARRAY" X, F, JAC; "PROCEDURE" FUNCTJ 
•BEGIN" "INTEGER" J, K, L, U, T, BJ "REAL" AID, STEPI; 

L:• 1i u: ■ LW + l; Tt• RW + 1; e: ■ lW + RWJ 
"FOR" It• l "STEP" 1 "UNTIL" N 11 D0 11 

"BEGIN" "ARRAY" Fl[LtUJ; 
STEPII• DI; AIDl• XCI]; X[Il:• AID+ STEPIJ 
FUNCTCN, L, U, X, Fl)J XCIJ: ■ AID; 
Kt ■ I + (" IF" I <• T 11 THl:N" 0 11 ELSF." I - T) * BJ 
"FOR" J t• L 11 STEP 11 1 11 UNTIL" U "00" 
11 BEGIN" JACCKJ:• !Fl[Jl - f[Jl) / STE,I; K1•K + B "END 11 ; 

"IF" I>• T "THEN" Lt• L + l; 
11 IF11 U < N 11THEN 11 Ut• U + 1 

"E:ND" 
11 END 11 JACOBNBNDF; 

"E□P" 

••••••••••• ••••••••••• 
~106ZC4 Ill/ END OF LIST //// 
Ml06ZC4 //// END OF LIST//// 
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AUTHORS1 Je C, P. BUS AND T. J. DEKKER. 

CONTRIBUTOR: Je Ce Pe BUSe 

INSTITUTE t MATHEMATICAL C Et.lTRE • 

REC~IVEO: 750615. 

BRIEF DESCRIPTIONt 

THIS SECTION CONTAINS TWO PROCEDUR£S FOR FINDING A ZERO OF A GIVEN 
FUNCTION IN A GIVEN INTERVAL; 
!ER □IN APPROXIMATES A ZERO MAINLY BY LINEAR INTERPOLATION AND 

EXTRAPOLATION; 
ZEROINRAT APPROXIMATES A ZERO BY INTERPOLATION WITH RATIONAL 

FUNCTIJNSe 
ZER □ IN IS PREFERABLE FOR SIMPLE II,Ee CHEAPLY TO CALCULATE> 
FUNCTIONS AND/OR WHEN NO HIGH PRECISION IS REQUIRED. ZEROlNRAT IS 
PREFERABLE FOR COMPLICATED (! eEe EXPENSIVE> FUNCTIONS WHEN A ZERO 
IS REQUIRED IN RATHER HIGH PRECISION AND ALSO FOR FUNCTIONS HAVING 
Iii POLE NCAR THI.; Zl.:ROa WHEN THE ANALYTIC DERIVATIVE Of THE FUNCTION 
l:S EASILY OBTAINrD, THEN ZEROINOER ISECTIOIII 5eleleleZ) SHOULD BE 
TAKEN INTO CONSIDERATION. 

KEYWORDS: 

ZERO S SARC HING, 
ANALYTIC EQUATIONS, 
SINGLE NON-LINEAR EQUATION. 
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SUBSECTION, ZEROINe 

CALLING S11:JlHiNCE: 

THE HC~DlNG OF THIS PROCEDURE READS r 
"BOOLEAN" •PROCEDURi" ZEROIN(X, Y, FX, TOLX); 
"REAL" X, Y, FX, TOLX; 

PAGE 2 

ZERDIN S£ARCH~S FOR A ?ERO OF A REAL FUNCTION f DEFINED ON A 
CERTAIN INTERVAL J; · 
ZEROIN :• "TRUE" WHEN A (SUFFICIENTLY SMALL) SUBINTERVAL OF 
.J CONTAIIIING A ~ERO OF F HAS BEEN FOUND; OTHERWISE, 
7.EROIN i ■ "FALSE•; 
LET A REAL FUNCTION T DEFINED ON J, DENOTE A TOLERANCE 
f!JNCTION DEFINING THE REQUIRED PRECISION OF THF: ZERO; 
( FOR ltlST ANC E 

TCX) • ABS(X) *RE+ AE, 
WrlERE Rr AND Ac ARf THE REOUIRtD RELATIVE AND ABSOLUTE 
IIRECISIOU RESPECTIVFLYI; 

THE MfANING OF TY~ FORMAL PARAMETERS ISr 
Xt <REAL VARIABLE>; 

A JEN~SN VARIABLE; THt ACTUAL PARAMETERS FOR FX ANO TOLX 
(MAY) DEP~ND ON THE ACTUAL ~ARAMETER FOR X; 
ENTRYr 1NE ENDPOINT Uf INT~RVAL J IN WHICH A lERO IS 

~!!ARCHED FOR; 
EXIT: A VALUE APPROXIMATING THE ZER~ WITHIN THE TOLERANCE 

2 * T(X) WHEN ZEROIN HAS THE VALUE •TRUE", AND A 
0 RESUMABLY WORTHLESS ARGUMENT VALUE OTHERWISE; 

Y: <REAL 1/ARI ABLE>; 
E~TRY: T~E OTHER ENDPOINT OF INTERVAL JIN WHICH A ZERO IS 

SEARCHED FOR; UPON ENTRY X < Y AS WELL AS Y < X IS 
ALL '.JWED; 

cXIT: THE OTHER STRADDLING APPROXIMATION OF THE ZERO, 
leEe UPON EXIT THE VALUES OF Y AND X SATISFY 
le F(X) * F(Yl <• O, Ze ABSCX - Y) <• Z * T(X) AND 
3e ABS(F(X)) <• ABS(F(Y)) WI-IEN ZEROIN HAS THE 
VALUE "TRUE", AND A PRESUMABLY W!lRTHLess ARGUMENT 
VALUF SATISFYING CONDITIONS Z AND 3 BUT NOT 1 
□ THl;RWI Sf:; 

FX: <ARITHMETIC EXPRESSION>; 
DEFINES FUMCTION FAS A FUNCTION DEPENDING ON THE ACTUAL 
PARAMETER FOR X; 

TOLX: <ARITHMETIC EXPRESSION>; 
DEFINE$ THE TOLERANCE FUNCTION T WHICH MAY DEPEND ON THE 
ACTUAL PARAMETER FOR X; 
ONE SI-IOULD CHOOSE TOLX POSITIVE A~D NEVER SMALLER THAN THE 
PRECISION OF THE MACHINE'S ARITHMETIC AT X, I.E. IN THIS 
ARITHMl;TIC X + TOLX AND X - TOLX SHOULD ALWAYS YIELD 
VALUES DISTINCT FROM X; OTHERWISE THf PROCEDURE MAY GET 
INTO A L lOPe 
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PR~CEDURES USEOt DWARF• CP30003; 

~xecuTIJN FIELD LEHGTHI NO AUXILIARY ARRAYS ARE DECLARED IN ZEROIN. 

LANGUAGE: ALGOL 60e 

METl-iOD AND Pt RF ORMANC E 1 

THE "ll:Ti·iOD USED IS DESCRlBED IN DETAIL IN [ll. 
THE NUMBER Of EVALUATIONS Of F~ AND TOLX IS AT MOST 

4 * LOG(ABS(X - Y)) / TAU, 
WHERE X ANDY AR5 T4E ARGUMENT VALUES GIVEN UPON ENTRY, LOG DENOTES 
THE BASE 2 L□GARITH~ AND TAU IS THE MINIMUM ~F THE TOLERANCE 
FUNCTION TOLX ON THe INITIAL INTERVAL. IF UPON ENTRY X ANDY 
SATISFY F(X) * f(Yl <• O, THEN C3NVERGENCE IS GUARANTEED AND THE 
ASYMPTOTIC ORDER OF CONVERGENCE IS 1•618 FOR SIMPLE ZEROES. 

EXAMPLE; OF use, 
THE ZER~ OF THe FUNCTION EXP(-X * 3l * (X - ll + X ** 3, IN THE 
i'~ITERVAL CO, ll, "IAY BE CALCULATED BY THE FOLLOWING PROGRAM• 

"BEGIN" "REAL" X, Y; 
"BOOLEAN" "PROCEDURE" ZEROINIX, Y, FX, TOLX); "CODE" 34150; 
"REAL" "PROCEDURE" F(X); "VALUE" x; "REAL" x; 
Ft• EXP (-X * 3) * ( X - 1) + X ** 3; 
x:• o; v: ■ 1; 
"IF" ZERDIN<X, Y, F(Xl, ABS(X) * "•14 + "•14) "THEN" 
OUTPUT(71, "("/4B,"("CALCULATEO ZER01•)•0+.150"+3D">", Xl 
"ELSE" OUT 0 UT!71, "("/48,"("~0 ZERO FOUND"l""l"> 

"EN 011 

R!:SUL TI 

CALCULATED !ERJt +.4~9702748548240"+000 
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SU~StCTIONt 7-EROINRATe 

CALLING SEQUENCE: 

THE 1-lEAOING OF THIS PROCEDURE READSs 
"BOOLEAN" "PROCEDURE" ZEROI"IRAT(X, Y, FX., TOLX); 
"RF.AL" x., y., FX., TOLX; 
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ZEROINRAT SEARCHES FOR A ZERO OF A REAL FUNCTION F DEFINED ON A 
CERTAIN INTERVAL JJ 
lEROINRAT :• "TRUE" Wl-lEN A ( SUFFICIENTLY SHALL) SUBINTERVAL 
OF J CONTAPIING A ZERb OF F HAS BEEN FOUND; OTHERWISE, 
ZEROINRAT l• ~FALSE•; 
LET A REAL FUNCTION T DEFINED □N J., DENOTE A TOLERANCE 
FUNCTION DEFINING Tl-lE REQUIRED PRECISION OF THE ZERO; 
(FOR lMSTANCE 

T<X) • ABS(X) *RE+ AE., 
WHERt R~ ANO AE ARE THE REQUIRED RELATIVE ANO ABSOLUTE 
?Ri;ClSiotl RESPtCTIVELYl; 

THE MEANING OF THE FORMAL PARAMETERS ISr 
x: <REAL VARIABLE>; 

A JENSEN VARIABLE; THE ACTUAL PARAMETERS F'lR FX AND TOLX 
(MAY) DFPEND ON THE ACTUAL PARAMETER FOR X; 
ENTRYt 1NE ENDPOINT OF INTERVAL J IN WHICH A ZERO IS 

S EARC HEO FOR; 
!:XITr A VALUE APPROXIMATING THE ZERO WITHIN THE TOLERANCE 

2 * T<X) WHEN ZEROINRAT HAS THE VALUE "TRUE"., AND A 
PRESUMABLY WORTHLESS ARGUMENT VALUE OTHERWISE; 

Y: <REAL VARIABLE>; 
lNTRYr THE OTHER ENDPOINT OF INTERVAL JIN WHICH A ZERO IS 

SEARCHED FOR; UPON ENTRY X < Y AS WELL AS Y < X IS 
ALLOW!:D; 

EXIT: THE ~THER STRADDLING APPROXIMATION Of THE ZERO, 
I.E. UPON EXIT THE VALUES OF Y ANO X SATISFY 
la F(Xl • F(Yl <• o., Ze ABS(X - Yl <• Z * T(X) ANO 
le ABSIF(Xll <• ABS(FIYl) WHEN ZEROIHRAT HAS THE 
VALUE •TRUE•, AND A PRF.SUMABLY WORTHLESS ARGUMENT 
VALUE SATISFYING CONDITIONS 2 AND 3 BUT NOT 1 
OTHERWISE; 

FX: <ARITH~ETIC EXPRESSION>; 
DEFINES FUNCTION FAS A FUNCTION DEPENDING 0~ THE ACTUAL 
PARAMETER FOR X; 

TOLX: (ARIT~METIC EXPRESSION>; 
DEFINES THE TOLERANCE FUNCTION T WHICH MAY DEPEND ON THE 
ACTUAL PARAMETER FOR X; 
ONE SHOULD CHOOSE TOLX POSITIVE AND NEVER SMALLER THAN THE 
PREClSIOtl Of THE MACHINE'S ARITHMETIC AT X, I.E. IN THIS 
ARITHMETIC X + TOLX ANO X - TOLX SHOULD ALWAYS YIELD 
VALUES DISTINCT fR0/1 X; OTHERWISE THE PROCcDURE HAY GET 
INTO A L'JOPe 
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PROCEDURES US!Ds DWARF• CP30003; 

EXECUTION FIELD LENGTH: NO AUXILIARY ARRAYS ARE DECLARED IN ZEROINRATe 

LANGUAGC s ALGOL 60• 

METHOD AND ~ERFORMANCE: 

THE METHOD USED IS DESCRIBED IN DETAIL IN Clle 
THE ~UMBER OF EVALUATIONS OF FX AND TOLX IS AT MOST 

5 * LOG(ABS(X • Y)) / TAU, 
WHERE X ANDY ARE THE ARGUMENT VALUES GIVEN UPON ENTRY, LOG DENOTES 
THE BASE 2 LOGARITHM AND TAU IS THE MINIMUM OF THE TOLERANCE 
FUNCTION TOL X ON THE INITIAL INTERVAL• IF UPON ENTRY X AND Y 
SATISFY F(X) * F(Y) <• O, THEN CONVERGENCt IS GUARANTEED AND THE 
ASYMPT1TIC ORDER Of CONVERGENCE IS le839 FOR SIMPLE ZEROES. 

EXAMPLE OF use: 
THE ?ERa OF THE FUNCTION EXPC-X * 3) * CX • 1) + X ** 3, IN THE 
rNTERVAL CO, ll, MAY BE CALCULATED BY THE FOLLOWING PROGRAMI 

"BEGIN" "REAL" X, Y; 
"B□r.JLEAN" 11 PROCEDIJRE" '.PEROINRATCX, Y, FX, TOLX)J nc □DE" 34436; 
"RaAL" "PROCEDURE" F(X); "VALUE" x; "REAL" x; 
Ft,. EXPC-X * 3) * < X • 1) + X ** 3; 
X:• O; V: ■ l; 
"IF" ZEROINRATCX, Y, f(X), ABS(X) * n-14 + "-14) "THEN" 
OUTPUT( 71, 11 ( "l4B, "( 11 CALCULATED ZEROS ")"B+.l5D"+3D11 l", X) 
"~LSE" OUTPUT(71, "("/4B,"("NO ZERO FOUND")"")") 

11 END" 

RESULTS 

CALCULATED Zf.RO: +e489702748548240"+000 

REFERENCESs 

Cl]: BUS, J.C.Pe AND DEKKER, TeJe, 
TWO EFFICIENT ALGOR!THMS WITH GUARANTEED CONVERGENCE FOR 
FIHDING A !ERO Of A FUNCTION. 
MATHEMATICAL CENTRE, REPORT NW 13/74, AMSTERDAM (1974>, 
(ALSO TO APPEAR IN TOMS 1975 >. 
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SOURCE TEXT(S)t 

"C □ DE" 34150; 
"BaOLEAN" "PROCEDURE" ZER~IN(X, Y, FX, TOLX); 
•REAL" X, Y, FX, T□ LX; 
"BEGI~" "INTEGER" EXT; 

"REAL" C, FC, B, FB, A, FA, D, FD, FOB, FDA, W, ~B, 
TOL, M, P, Q, DW; 
DWI• DWARF; Bt• XJ FBI• FX; Al• XI• Y; FAt• FX; 

INTeRPOLATE: c: ■ A; FC:• FA; EXTI• O; 
EXTRAPaLATE1 "If" ABS(FC) < ABS(FBl "THEN" 

"BEGIN" "IF" C ~. A "THEN". "BEGIN" 01• A; FD1• FA •END"; 
Al• B; FAt• FB; B:• X:~ C; FB:• FC; C:• A; FC:• FA 

"eND" INTERCHANGE; 
TOLi• TOLX; MS• IC + Bl * 0.5; MBt• M - B; 
"If" ABSl~Bl > TOL "THEN" 
"BEGIN" "IF" EXT> Z "THEN" W:• MB "ELSE" 

"6FGIN" TOL:• TOL * SIGNIMB); 
PI• (B M Al * FB; "IF" EXT<• l "THEN" 
QI• FA• FB "ELSE" 
"BEGIN" FOB: ■ IFD •FBI/ ID - B); 

FDAt• IFD - FA) / ID - A); 
Pt• FDA• P; QI• FOB• FA - FDA* FB 

"END"; "IF" P < 0 "THEN" 
"BEGIN" p:a -p; QI• -Q "END"; 
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Wt• "IF" P < DW •OR" P <• Q * TOL "THEN• TOL "ELSE" 
"IF" P <MB• Q "THEN" P / Q "ELSE" MB 

"END 11 ; o: • A; FO:a FA; A:• B; FA:• FB; 
XI• Bt• B + Wi FBI• FX; 
"IF" <"IF" FC >• 0 •THEN" FB >• 0 "ELSE" FB <• Ol "THEN" 
"GOTO" IIITERPOLATE "ELSE" 
"BEGIN" EXT:• "IF" W • MB "THEN" 0 "ELSE" EXT+ 1; 

"GOTO" EXTRAPOLATE 
"END" 

11 1:'ID"; Yt• C; 
Z EROIN: • "IF" FC >• 0 "THEN" FB <• 0 "ELSE" FB >• 0 

11 END" ! EROIN; 
"E '.JP" 
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"CODE" 34436; 
11 BOOLEAtl 11 "PROCEDURE" ZEROINRATI X, Y, Fl<, TOLX); 
"REAL" X, Y, FX, TDLX; 
"BEG IN" "IHTEG ER" !: XT; "BOOLE AN" FIRST; 

"Ri:AL" B, FB, A, FA, D, FO, C, FC, FOB, FDA, W, 
MB, TOL, 11, P, o, ow; 
"REAL" "PROCEDURE" DWARf; "CODE" 30003; 
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ow:- DWARF; B:• x; FB:• FX; A:• x:• Y; FA1• FX; FIRST:• "TRUE"; 
INTERPOLATE: C:• A; FC:• FA; EXT:• O; 
EXTRAPOLATE• "IF" ABS(FCI < ABS(FB) "THEN" 

"BEGIN" "If" C ~. A "THEN" "BEGIN" D:• A; FOi• FA "END"; 
A:• B; fA1• FB; B:• x=• c; fB; • FC; Cl• A; FCt• FA 

"END" INTEP.CHANG E; 
TOLt• TOLX; M1• (C +BI* .5; MB•• M - B; 
111f" ABS(MBI > TOL 11 THEN 11 

11 B~GI~" 11IF 11 EXT> 3 "TijEN 11 WI• MB 11 ELSE 11 

"BEGIN" TOLt• TIJL * SIGN(MBIJ 
PI• (B - Al * FB; "If" FIRST "THEN" 
11B~GIN 11 Q: ■ FA• FB; FIRST:• "FALSE" 11 iN0 11 "ELSE" 
"BEGIN" FOB:• (FD - FBI / (0 - BI; 

FDAt• (fD - FA) I (D .. A); 
P:• FDA* P; Q:a FOB* FA• FDA* FB 

"END"; "IF" P < 0 11 THEN" 
"BEGIN" Ps ■ -P; Qt• -Q "END"; 
"IF" EXT• 3 "THEN" Pt• P * Z; 
W:• 11 IF 11 P < OW 11 0R" P <• Q * TOL "THEN" TOL 11 ELSE" 
"IF" P <MB* Q 11 THEN" P / Q "ELSE" MB 

"ENO"; Ot• A; FOi• FA; Al• B; fAI• FB; 
Xt• BI• B + W; FBi ■ FX; 
"If" (11 IF 11 FC >• 0 "THEN" FB >• 0 "!LS£" FB <• 0) 11 THEN" 
"GOTO" INTERPOLATE "ELSE" 
"B[GIN" E¥Tt• "IF" W • MB "THEN" 0 11 ELSE 11 EXT+ 1; 

"GOTO" EXTRAPOLATE 
"END" 

11 Etmn; YI• Ci 
ZER~INRATI• "If" FC >• 0 "THEN" FB <• 0 "ELSE" FB >• 0 

11 END" ZeROINRAT; 
"EOP" 
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AUTHORI TeJe DEKKER. 

CONTRIBUToqs: T.J~ DtKK5R AND T.H.P. REYMeR. 

INSTITUTE• UN1VERSITY OF AMSTERDAM. 

RECEIV:D: 750615• 

BRIEF DESCRIPTION• 

THIS SECTION CONTAINS ONE PROCEDURE FOR FINDING A ZERO OF A GIVEN 
DIFfERENTtABLE FUNCTION IN A GIVEN INTERVAL; 
ZEROINDER APPROXIl1ATES A ZERO MAINLY BY MEANS OF CONFLUENT 3-POINT 

RATEJNAL INTERPOLATION USING NOT ONLY VALUES l'JF THE 
GIVEN FUNCTION BUT ALSO OF ITS DER1VATIVE. 

ZEROINDER IS TO PREFER TO ZEROIN OR ZEROINRAT (SECTION 5el•lel•l>, 
IF THE Di. RIVATIVt IS (MUCH) CHEAPER TO EVALUATE THAN THE FUNCTION. 

KEYwQRDS: 

ZERO S;';ARCHING1 
ANALYTIC EQUATIONS, 
SINGLE NONLINEAR EQUATION, 
DaRIVATIVE AVAILABLSo 

CALLING SEQUENCEt 

THE HEADING OF THIS PROCEDURE READS: 
"BOOLEAN" "PROCEDURE" ZEROINOER(X., Y., FX, DFX, TOLXl; 
"REAL" X1 Y1 FY., DFX, TOLX; 

ZEROINOER SEARCHES FOR A ZERO OF A DIFFERENTIABLE REAL FUNCTION F 
DEFINED ON A CERTAIN INTERVAL J; 
ZEROINDER :• "TRUEtt WHEN A (SUFFICleNTL Y Sl'IALll SUBINTERVAL 
OF J CONTAINING A ZERO OF F HAS BEEN FOUND; OTHERWISE, 
ZEROINDER I• "FALSE"; 
LET DF AND T DENOTE REAL FUNCTIONS DEFINED ON J, WHERE OF 
lS THE DERIVATIVE OFF AND TA TOLERANCE FUNCTION DEFINING 
THE REQUIRED PRECISION OF THE ZERO; ( FOR INSTANCE 

T<X) • ABS(Xl *RE+ AE, 
WHERE RE AND AE ARE THE REQUIRED RELATIVE AND ABSOLUTE 
f>RECISIOtt RESPECTIVELY); 
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THE 
x: 

~EANI~G Of THE FORMAL PARAMETERS ISt 

v: 

FX: 

DFX I 

TOLXI 

<REAL VARIABLE>; 
A JENSEN VARIABLE; THE ACTUAL PARAMETERS 
TOLX (MAY) DEPEND ON THE ACTUAL PARAMETER 
Et-,TP. Ys □ NE ENDPOINT OF INTER VAL J IN 

FOR FX, DFX ANO 
FOR X; 
W~ICH A ZERO IS 

SEARCHED FOR; 
A VALUE APPROXIMATING THF ZERO WITHIN THc TOLERANCE 
2 * TCXl WHEN ZEROINDER HAS THE VALUE "TRUE•, AND A 
0 RESUMABLY lii/ORTI-ILESS ARGUMENT VALUE OTHERWISE; 

<REAL VARIABLE>; 
ENTRYI TH£ OTHER ENDPOINT OF INTERVAL JIN WHICH A ZERO IS 

EXIT: 

SEARCHED FOR; UPON ENTRY X < Y AS WELL AS Y < X IS 
ALLOWED; 
THE OTHER STRADDLING APPROXIMATION OF THE ZERO, 
IeEe UPON EXIT THE VALUES OF Y AND X SATISFY 
le F(Xl * F(Yl <• O, 2e ABS(X - Yl <• 2 • T(X) AND 
3e ABSIF(X>l <• ABS(F<Y» WHEN ZEROINDER HAS THE 
VALUE "TRUE", AND A PRESUMABLY WORTHLESS ARGUMENT 
VALUE SATISFYING CONDITIONS Z AND 3 BUT NOT 1 
'JTHSRWIS E; 

<ARITH~ETT.C EXPRESSION>; 
DEFINES FUNCTION FAS A FUNCTION DEPENDING ON THE ACTUAL 
PARAMETER FOR XJ 
<ARITHMETIC EXPRESSION>; 
DEFINES THE DFRlVATIVE Df OFF AS A FUNCTION DEPENDING ON 
THE ACTUAL PARAMETER FOR X; 
<ARITH'tETIC EXPRESSION>; 
DEFINES THE TOLERANCE FUNCTION T WHICH MAY DEPEND ON THE 
ACTUAL PARAMETER FOR X; 
ONE SHOULD CHOOSE TOLX POSITIVE AND NEVER S"ALLER THAN THE 
PRECISION OF THE MACHINE'S ARITHMETIC AT X, I.E. IN THIS 
ARITH~ETIC X + TOLX AND X - TOLX SHOULD ALWAYS YIELD 
VALUES DISTINCT FROM X; OTHERWISE THE PROCEDURE MAY GET 
INTO A LOOP. 

PROCEDURES USF.D: DWARF • CP30003; 

REQUIRED CENTRAL MEMORYa NO AUXILIARY ARRAYS ARE DECLARED IN ZEROINDERe 

RUNNING TIME: SEE METHOD AND PERFORMANCE. 

LANGUAGE: ALGOL 60• 
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METHOD AND PERFOR~A~CE: 

THE METHOD USED IS CONFLUENT 3-POINT RATIONAL INTERPOLATION, IaEo 
THE INTERPOLATION FIJNCTlON OF THi;; FORM ( X • Al / ( BX + Cl IS FITTED 
~XACTLY AT 3 POINTS 2 OF WHICH ARE COINCIDING; MORflJVER, JN ORDER 
TO IMPROVE THE GLOBAL BEHAVIOUR Of THE PROCESS, LINEAR 
INTERPOLATION JN THE FUNCTION F / OF OR BISECTION ARE INCLUDED IN 
SOM!! ST l;PS; 
THE PERFORHANCr IS AS FOLLOWS: 
THi NUMBER OF EVALUATIONS OF FX, OFX AND TOLX IS AT MOST 

4 LOG(ABS(X - Yl) / TAU, 
WHERE X ANO Y ARI,; T!-iE ARGUMENT. VALUES GIVEN UPON ENTRY, LOG DENOTES 
THE BAS£ 2 LOGARITHM, AND 'TAU JS THE MINIMUM OF THE TOLERANCE 
FUNCTION ON J (1.Ue ZEROINDER REQUIRES AT MOST 4 TIMES THE NUMBER 
OF STCPS REQUIRED FOR BISECTION); IF UPON ENTRY X ANDY SATISFY 
F(Xl * FIYl <• O, nlEN CONVERGENCE TO A ZERIJ IS GUARANTEED, SO THAT 
UPON EXIT X AND Y SATISFY CONDITION l TO 3 MENTIONED ABOVE ISEE 
PARA~ETER Yl AND ZEROINDER HAS THE VALUE "TRUE"; 
FOR A SIMPLE !ERO OF F, THE ASYMPTIJTIC ORDER OF CONVERGENCE 
APPR□X:HATELY EQUALS 2.414. 

i:XAHPL E OF USE 1 

T~E ZERO OF THE FUNCTION EXPI-X * 31 * IX - ll + X •• 3, IN THE 
INTERVAL CO, ll, MAY BE CALCULATED BY THE FOLLOWING PROGRAMS 

"BEGIN" "REAL" X, Y; 
"BOOLEAN" "PROCEDURE" ZEROINOERIX1Y1FX1DFX,TOLXl; "CODE" 34453; 
"R':AL" "PROCC:DURE" F(X); "VALUE 11 x; "REAL" x; 
FI• EXP 1-X • 3) • I X - l l + X ** 3; 
"REAL" "PROCEDURE" DFIX); "VALUE 11 X; "REAL" X; 
OF:• EXPI-X * 3) * 1•3 * X + ~l + 3 * X ** Z; 
xs ■ o; YI. l; 
"lf" ZEROINDERIX, Y, FIXl, DFIX>, ABS(Xl * "-14 + "•141 "THEN" 
OUTPUT( 7l, "( "/48," ("CALCULATED ZERO AND FUNCTION VALUE1"l "• 

/881 2(B+.150"+304Bl, /48, 
"!"OTHER STRADDLING APPROXIMATION AND FUNCTION VALUE•">", 
/88, 2(8+el50"+3048l"l", X, FlX>, Y, FIYll 

"ELSf" OUTPUTl7l, "<''/~B, "("NO ZERO FOUND"l""l"l 
"END" 

CALCULATED ZERO AND FUNCTION VALUEs 
•• 489702748 548240 11 +(.00 -.444089209B5006011-015 

OTHER STRADDLit4G APPROXIHATlON AND FUNCTION VALUE 1 

+.489702748548250"+000 +el7763S683940030"•013 
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R EFERi:;NCES: 

tlJt BUS, JeCePe AND DEKKER, TeJe, 
TWO EFflCI,NT ALr.ORITHMS WITH GUARANTEED CONVERGENCE FOR 
FINDING A ZERO OF A FUNCTION. 
MATHEMATICAL CENTRE, REPORT NW 13/74, AMSTERDAM (1974), 
(ALSO Trl APP£AR IN TOMS 1975) • 

t2lt OSTR3WSKI, A.M., 
SOLUTION Of fQUATIONS AND SYSTEMS OF EQUATIONS. 
ACADEMIC PRESS 1966. CHAPTERS 3 AND ll• 

SOURCE TEXT<S>s 

"COOC" 344!i3; 
"BOOLEAN" "PROCEDURE" zeROINDER<X, Y, FX, DFX, TOLX); 
"REAL" X, Y, FX, DFX, TOLX; 
"BEr.!N" ~INTEGER" EXT; 

"REAL" B, FB, DFB, A, FA, DFA, c, FC, DFC, D, W, MB, 
TOL, M, P, Q., DW; . 
11 Rl:AL11 11 PROC!::DURE" DWARF; "CODE" 30003; 
OWi• DWARF; 
BI• X; FBI• FX; DFB:• DFl<i At• XI• Y; FA:• FX; DFA:• DFX; 

INTERPOLATE: C:• A; FC:• FA; DfC:• DFA; EXTt• O; 
EXTRAPOLATES "If" ABSCFC) < ABS<FB) "THEN" 

11BCGIN 11 A:- B; FA: ■ FB; DfA:• DFB; Bt• x: ■ C; FB: ■ FC; 
DFBI• DFC; C:• A; FC:• FA; DFC:• DFA 

"END" INTERCHANGE; 
TOLi• TOLX; Mt• CC+ 8) • Oe5J MBI• M • B; 
"IF" ABS(MB) > TOL "THEN 11 

"BEGIN" "lf" EXT > 2 "THEN" Wt• MB "ELSE" 
"Bf.GIN" TOll• TOL * SIGNCMB); 
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o: ■ 11 IF" EXT • 2 11 THl:N" DFA 11 ELSE" (FB • FAI / (B.., A); 
p: ■ FB • D * CB - Al; 
Qt • f A * Of 8 • F B * D; 
"If" P < 0 "THEN" "BEGIN" Pt• -P; QI• -o "END"; 
w: ■ "IF" P < OW "0R11 P <• Q * TOL 11THEN11 TOL "ELSE" 

"IF" P < MB * Q "THEN" P / 0 "ELSE" MB; 
"END"; Al• B; FAZ• FB; DFAI• DFB; 
Xt• Bl• B + W; FBI• FX; DfB: ■ DFX; 
"IF" ("IF" FC >• 0 11 THEN" FB >• 0 11 ELSE" FB <• 01 "THEN" 
"GOTO" INTERPOLATE "ELSE" 
"BEGIN" EXTt• "IF• W • ~B "THEN" 0 "ELSE" EXT+ lJ 

"GOTO" EXTRAPOLATE 
"END" 

11 !:ND"; Y • • C; 
ZER □ INDERt• "IF" FC >• 0 "THEN" FB <• 0 11 ELSE 11 FB >• 0 

"SND 11 zaRolNDER; 
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AUTHOR: JeCeP.BUS. 

INSTITUTE• MATHEMATICAL CfNTREe 

RECEIVED: 740218• 

BRifF DESCRIPTIONt 

THIS SCCTlON CONTAINS T~O PROCEDURSS FOR SOLVING SYSTEMS OF 
N □N--LiltEAR EOUATI □NS, !JF WHICH: THE JACOBIAN IS KNOWN T'J BE A BAND 
MATRIX. 
QUANEWBND ASK~ FOR AN APPROXIMATION OF THE JACOBIAN AT THE INITIAL 
GUESS. 
QUANEWB~IDl CALCULATES AH APPROXIMATION OF THE JACOBIAN AT THE 
INITIAL GUESS, USING FORWARD DIFFERENCES. 

KEYWORDS: 

NON-LI~EAR tQUATI~N~, 
SYSTSMS OF EQUATIONS, 
NO EXPLICIT JACOBIAN. 
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SUBSECTION: OUANEWBt,IOe 

CALLING SEQUCNCE1 

THE HEADING OF T!HS PROCEDURE READS 1 

"PROCtDURF." QUANEWBND(N, LW, RW, X, F, JAC, FUNCT, IN, OUT); 
"VALUE" N, LW, RW; "INTEGER" N, LW, RW; 
11ARRA Y" "l.1 F, J AC, IN, OUT; "BOOLEAN" "PROCEDURE" FUNCT; 

THE MEANING OF THE FORMAL PARAMETERS !SI 
NI <ARITHMETIC EXPRESSION>; 
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THf NUMBER OF INDEPENDENT VARIABLES; THE NUMBER OF 
EQUATIONS SHOULD ALSO BE EQUAL TO N; 

LWI <ARITHMETIC EXPRESSION>; 
THI: NUMBER OF CODIAGONALS TO THE LEFT OF THE MAIN DIAGONAL 
OF THE JAC 0B IAN; 

RWI (ARITHl1F.T!C E:XPRESSIDN>; 
THE NUMBC R OF CODIAGONALS TO THE RIGHT OF THE MAIN DIAGONAL 
OF THE JACOBIAN; 

X: (ARRAY IDENTIFIER>; 
"ARRAY" XClSN]; 
ENTRY1 AN I~ITIAL ESTIMATE 'lf THE SOLUTION OF THE SYSTEM 

THAT HAS TO BE SOLVED; 
EXITI THE CALCULATED SOLUTtON OF THE SYSTEM; 

F1 (ARRAY IDENTIFIER>; 
"ARRAY" F[llN]; 
ENTRY: THE VALUES OF THE FUNCTION COMPONENTS AT THE 

INITIAL GUESS; 
EXITt TI-IE VALUES 'lf THE FUNCTION COMPOIIIENTS AT THE 

CALCULATED SOLUTION; 
JAC1 (ARRAY IDENTlFIER>; 

"ARRAY" JAC[lt(lW + RW) * (N • l) + Nl; 
ENTRY• AN APPROXIMATION OF THE JACOBIAN AT THE INITIAL 

CSTIMATE Of THE SOL!JTION; 
£ XIT t AN APPROXIMATION Of THE JACOBIAN AT THE CALCULATED 

SOLUTION; 
AN APPROXIMATION OF THE (I, J>•TI-I ELEMENT OF THE JACOBIAN 
IS GIVEN IN JACC(LW + RW) * (I - 11 + Jl, FOR I• 1, •••1 N 
AND J • MAXCl, I• LW), •• ., HIN(N, I+ RW); 
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FUNCTr <PROCEDURE IDENTIFIER>; 
THE HEADING OF THIS PROCEDURE READS : 
"BOOLEAN" "PROCEDURE" FUNCT(N, L, U, X, Fl; 
"VALUE" N, L, U; "INTEGER" N, L, U; "ARRAY" X, F; 
THE MEANING Of THE FOR"AL PARAMETERS IS 
N: <ARITHM~TIC EXPRESSION); 
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THI; MIJMBER OF INDEPENDENT VARIABLES OF THE FUNCTION F; 
L, ur <ARITHMETIC EXPRESSION); 

LOWER ANO UPl>ER BOUND OF THE fUNCTIOt-1 CO"IPONENT 
SUBSCRIPT; 

xr <ARRAY IDENT.IFIER>; 
THE INDEPENDENT VARIABLES ARE GIVEN IN XCltNl; 

f: <ARRAY IDENTIFIER>) 
AFTER A CALL OF FUNCT THE FUNCTION CO"IPONENTS F[Il, 
I• L, •••' U, SHOULD BE GIVEN IN F[L1U]; 

IF TH!: VALUE OF THE PROCt:OIJRE IDENTIFIER EQUALS FALSE, 
THEN THE EXECUTION OF QUANEWBND WILL BE TERMINATED, WHILE 
THE VALUC OF OUTC5l IS SET EQUAL TO 2; 

IN: <ARRAY IDENTIFIER>; 
"ARRAY" INC0:4]; 
ENTRY : 
IN THIS AUXILIARY ARRAY ONE SHOULD GIVE THE FOLLOWING 
VALUES FOR CONTROLLING THE PROCESSs 
INCOlt THE MACHINE l>RECISION; 
INCl]: THE RELATIVE PRECISION ASKED FOR; 
IN[Zlt THE ABSOLUTE PRECISION ASKED FOR; If THC VALUE, 

O!:LIVERED IN OIJTC5l EQUALS ZERO, THEN THE LAST 
CORRECTION VECTOR D, SAY, WHICH IS A MEASURE FOR 
THE ERROR IN THE SOLUTION, SATlfIES THE TNEOUALITY 
NORM(Dl <• NORM(Xl • INCll + INCZl, 
WHEREBY X DENOTES THE CALCULATED SOLUTION, GIVEN IN 
ARRAY X AND NORM(el DENOTES THE EUCLIDIAN NORM; 
HOWEVER,We CAN NOT GUARANTEE THAT THE TRUE ERROR IN 
THE SOLUTION SATISFIES THIS INEQUALITY, ESPECIALLY 
If THE JACOBIAN IS <NEARLY) SINGULAR AT THE 
SOLtJTION; 

1NC3Ji THE MAXIMUM VALUE OF THE NORM Of THE RESIDUAL 
VECTOR ALLOWED; IF OUTC5l • O, THEN THIS RESIDUAL 
VECTOR F, SAY, SATIFIES1 NORM(F) <• IIIIC3]J 

IN[4]: THE MAXIMUM NUMBE~ OF FUNCTION COMPONENT 
EVALUATIONS ALLOWED; L - U + 1 FUNCTION COMPONENT 
EVALUATIONS ARE COUNTED EACH CALL OF 
F'UNCT<N, L, U, X.1 F>; IF OUTC5l•l, THEN THE PROCESS 
IS TERMINATcD, BECAUSE THE NUMBER OF EVALUATIONS 
EXCEEDED THE VALUE GIVEN IN INC~]; 
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OIJT: (Afs.RAY IDE NT IF It R>; 
•ARRAY~ OUT[l15]; 
EXIT : 
OUT[l]: THE EUCLIDIAN NORM OF THE LAST STEP ACCEPTED; 
OUT[2]1 THE F.UCLIDIAN NORM OF THE RESIDUAL VECTOR AT THE 

CALCULATED SOLUTION; 
OUTC3]: THE NUMBER OF FUNCTION COMPONENT EVALUATIONS 

?ERF OR MEO; 
OUTC4Jt THE NUMBER OF ITERATIONS CARRIED OUT; 
OUTc,11 THE INTEGER VALUE DELIVERED IN OUT[5] GIVES SOME 

.INFORMATION · ABOUT THE Tl:RM.INATION OF THE PROCESS; 
OUTC5l • O: THE PROCESS IS TERMINATED IN A NORMAL 

WAY; TH!: LAST STEP AND THE NORM OF THE 
RESIDUAL VECTOR SATISFY THE CONDITIONS 
<SEF. INC2l, INC31); 

IF OtJTC5 l "'• O, THEN THE PROCESS IS TERMINATED 
PREM ATURAL Y; 
JUT[5l • lt THE NUMBER OF FUNCTION COMPONENT 

EVALUATIONS EXCEEDS THE VALUE GIVEN IN 
JN[4J; 

OUT[5 l • 21 A CALL OF FUNCT DELIVERED TH£: VALUE 
FALSE; 

OUT[5l • 3: THE APPROXIMATION OF THE JACOBIAN 
MATRIX TURNS OUT TO BE SINGULARe 

PROCEDURES USED 1 

MULVeC • CP31020, 
DUP Vl:C 
VECVEC 
ELMVEC 
DSCSOLBND 

• CP31030, 
• C P34010, 
• CP340ZO, 
• CP34322e 

EXECUTION FIELO LENGTHi 

THE MAXIMUM NUMBER OF WORDS, NECESSARY FOR TH£ ARRAYS DECLARED IN 
QIJANEW8ND EQUALS MAX(N * 3 + IN - l) * ( LW + RW >, ltNI • 

RUNNING TIME1 PROPORTIONAL TO N • LW • ( LW + RW + l>e 

LAMGUAGF.t ALGOL 60e 



(OCTOBER 1974) PAGE 5 

METHOD AND PERFORMANCE• 

THE METHOD USED IN QUAt.lEWBND IS THE SAME AS GIVeN IN Cl]; THE SAME 
PROBLcMS HAVE BEEN TESTED AND THE RESULTS ARE THE SAME OR BETTER 
THAN mase REPORTED IN Cl]; CITING [ll, WE CAN SAY THAT "THIS 
METHOD OFFERS A USEFUL If MODEST IMPROVEMENT UPON NEWTON'S METHOD, 
BUT THIS IMPROVEMENT TENDS TO VANISH AS THE NONLINEARlTIES BECOME 
MORE PRONOUNCED"• 

cXAMPLE OF USE: SES QUANEWBNDl CtHIS SECTION>• 

REFERENCES I 

Cll BRJYDEN CeGe 
THE CONVERGENCE OF AN ALGORITHM FOR SOLVING SPARSE ~ONLINEAR 
SYSTl:MS, 
MATH. COMP., VOLeZ5 (197l)e 

SURSECTlON: QUANEWBNDle 

CALLING SE'lUENCEt 

THE HEADING OF THIS PROCEDURE READS t 

"PROCEDURE" QtJANEWBNDlCN, LW, RW, X, F, FUNCT, IN, OUT>; 
11 VALUE11 N, LW, RW; "INTEGER" N, LW, RW; 
"ARRAY" X, f, IN,· OUT,; "BOOLEAN" "PROCEDURE" FUNCT; 

THE MEANING OF THF FORMAL PARAMETERS ISI 
N1 <ARITHMETIC EXPRESSION>; 

THE NIJMBER Of INDEPENDENT VARIABLES; THE NUMBER OF 
EQUATIONS SHOULD ALSO BE EQUAL TON; 

LWt <ARITHMETIC EXPRESSION); 
THF. NU~BSR Of CODIAGONALS TO THE LFFT OF THE MAIN DIAGONAL 
Of THE JACOBIAN; 

RWI (ARITHMETIC EXPRESSION>; 
THE NUMBER OF CODIAGONALS TO T~E RIGHT OF THE ~AIN DIAGONAL 
OF THE JACOBIAN; 

X: (ARRAY IDE~TIFIER>; 
"ARRAY" XC11N]; 
fNTRY: AN INITIAL ESTIMATE OF THE SOLUTION OF THE SYSTEM 

THAT HAS TO BE SOLVED; 
EXITI THE CALCULATED SOLUTION OF THE SYSTEM; 

Ft <ARRAY IDE~TIFIER>; 
"ARRAY" f[l:NJ; 
EXIT: THE VALUES OF THE FUNCTION COMPONENTS AT THE 

CALCULATED SOLUTION; 
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FUNCTt <PROCF.DURE !DENTIFI~R>; 
THE HEADING nF THIS PROCEDURE READS 1 
"BOOLEAN" "PROCEDURE" FUNCT<N, L, U, X, FI; 
"VALUE" t~, L, U; "IIHEGER" N, L, U; "ARRAY" X, F; 
TH~ MEANING OF TH£ FORMAL PARAMETERS IS 1 

NI <ARITHMETIC EXPRESSION>; 
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THE NUMBER OF INDEPENDENT VARIABLES IJF THE FUNCTION F; 
L, ua (ARITHMETIC EXPRESSION>; 

LO\~E R AND UPPER BIJUND OF THE FUNCTION COMPONENT 
SUBSCRIPT; 

X: (ARRAY IDENTIFIER>; 
THE INDEPENDENT VARIABL5S ARE GIVEN IN X[llN]; 

FI <ARRAY IDENTIFIER>~ 
AFTER A CALL OF FUNCT THE FUNCTION COMPONENTS FCil, 
I • L, •••JP U, SHOULD BE GIVEN IN FCLtUl; 

IF THE VALUE OF THE PROCEDURE IDENTIFIER EQUALS FALSE, 
THEN THE i:X~CUTION OF QUANEWBND WILL BE TERMINATED, WHILE 
THE VALUE OF OUTC5l IS SET EQUAL TO 2; 

IN• <ARRAY IDENTIFIER>J 
"ARRAY" I NCOt4l; 
ENTRY : 
IN THIS AUXILIARY ARRAY ONE SHOULD GIVE THE FOLLOWING 
VALUES FOR CONTROLLING THE PROCESSt 
INCOlt THE MACHINE PRECISION; 
INCll: THE RELATIVE PRECISION ASKED FOR; 
INC2]: THE ABSOLUTE PRECISION ASKED FOR; IF THE VALUE, 

DELIVERED IN OUTC5l EQUALS ZERO, THEN THE LAST 
CORRECTION VECTOR D, SAY, WHICH IS A MEASURE FOR 
THE ERROR IN THE SOLUTION, SATIFIES THF. INEQUALITY 
ttORM!Dl <• NORM(Xl * INCll + INC2l, 
WHEREBY X DENOTES THE CALCULATED SOLUTION, GIVEN IN 
AgRAY X AND NORM(el DENOTES THE EUCLIDIAN NORM; 
HOWEVER,WE CAN NOT GUARANTEE THAT THE TRUE ERROR IN 
THE SOLUTION SATISFIES THIS INEQUALITY, ESPECIALLY 
IF THE JACOBIAN IS (NEARLY) SINGULAR AT THE 
'.>OLIJTION; 

INC3]: THE MAXIMUM VALUE Of THE NORM OF THE RESIDUAL 
VECTOR ALLOWED; IF OUTC5l • O, THEN THIS RESIDUAL 
VECTOR f, SAY, SATIFIESt NORM(F) <• INC3]; 

INC4]1 THE MAXIMUM NUMBER OF FUNCTION COMPONENT 
EVALUATIONS ALLOWED; L - U + 1 FUNCTION COMPONENT 
~VALUATIONS ARE COUNTED EACH CALL OF 
FUNCT<N, L, U, X, FlJ IF OUTC5l•l, THEN TH£ PROCESS 
IS TERMINATED, BECAUSE THE NUMBER Of EVALUATIONS 
excEEDED THE VALUE GIVEN IN IN[4]; 

INC5lt THE JACOBIAN MATRIX AT THE INITIAL GUESS IS 
APPROXIMATED USING FORWARD DIFFERENCES, WITH AN 
FIXED INCREMENT TO EACH VARIABLE THAT EQUALS THE 
VALUE GIVEN IN INC5J; 
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OIJT: <ARRAY IDENTIFIER>; 
"ARRAY" 1UT[lt5J; 
EX IT 1 
OUTCll: THE EUCLIDIAN NORM OF THE LAST STEP ACCEPTED; 
OUTCZlt THE EUCLlDlAN NORM OF THE RESIDUAL VECTOR AT THE 

CALCULATED SOLUTION; 
OUTC3lt THE NUMBER OF FUNCTION COMPONENT EVALUATIONS 

PERFORMED; 
OIJTC4]: THE NUMBER OF ITERATIONS CARRIED OUT; 
OUT[5Jt THE INTEGER VALUE DELIVERED IN OUT[5l GIVES SOME 

INfOR~ATION 'ABOUT THE TERMINATION OF THE PROCESS; 
OUTC5l • O: T4E PROCESS lS TERMINATED IN A NORMAL 

WAY; THE LAST STEP AND THE ~ORM OF THE 
RESIDUAL VECTOR SATISFY THE CONDITIONS 
<SEE IN[Zl• INC3J); 

If OUTC5l A• 0• THEN THE PROCESS IS TERMINATED 
PREMATURALY; 
OUT[5l • lt THE NUMBER OF FUNCTION COMPONENT 

EVALUATIONS EXCEF.DS THE VALUE GIVEN IN 
INC4l; 

□ UTC5l • Zt A CALL Of FUNCT DELIVERED THE VALUE 
FALSE; 

OUTC5l • 3: THE APPROXIMATION OF THE JACOBIAN 
MATRIX TUR~S IJUT TO BE SINGU LARe 

PROC£0URES USEDt 

JACO~NBNDF • CP34439, 
QUANEWBNO • CP34430. 

EXECUTlON FIELD LENGTHt 

QIJANEWBNDl DECLARES AN AUXILIARY ARRAY Of DIMENSION IJNE AND ORDER 
N + (N - l) * (LW + RW). 

RUI\INING TIM[:: PROPORTIONAL TC N * UI * ( LW + RW + 11 • 

LANGUAGEI ALGOL 60. 

MET~OD AND PERFORMANCE: 

QUANEWBMDl uses JACOBNBNDF (SECTION 4.3.z.1> TO CALCULATE AN 
INITIAL APPROXIMATION OF THE JACOBIAN MATRIX AT THE INITIAL GUESS 
GIVEN IN Xtl:N] AND SOLVES THE NONLINEAR SYSTEM BY CALLING 
QUANEWBND (THIS SECTION>• 



St:CTI'JN (OCTOBER 19741 PAGE 8 

!:XAMPLf: OF USEr 

LET THr: FllNCTION F BE DEFINED BY (SEE C ll I: 
FCll • (3 - 2 * XClll * Xtll + l - 2 • X[Zl, 
F[Il • (3 - 2 • Xtlll • XCIJ + l - XCI - ll - 2 * XCI + ll, I • 2, 
•••• N ... 1, 
FCNl • (3 - 2 * XCNJI * XCNJ + 1 - XCN - ll; 
LET AN lNITIAL ESTIMATE OF THE SOLUTION OF THE SYSTEM F(XI • 0 BE 
GIVEN BY XCI] • -1, I• 1, •••• N; THEN THE FOLLOWING PROGRAM MAY 
SOLVE THIS SYSTEM FOR N • 600 AND PRINTS SOME RESULTSe 

11 81:GIN" 
•PROCEDURE" QUAHEWBNDl(N, L, R, X, F, FU, I, DI; 11 CODE 11 34431; 
"BOOLEAN" 11 PROCEDlJRE 11 FIJN(N, L, U, X, FI; 11 VALUE" N, L, U; 
"INTEGER" 11, L, U; "ARRAY" X, F; 
"BCGlN 11 •!NT~GER• I; "REAL" Xl, X2, X3; 

Xl: ■ "IF" L • l "THEN" 0 11 ELSE 11 X[L - 1]; xz: ■ X[LJ; 
X3t• 11 !F 11 L • N "THEN" 0 11 ELSE 11 XCL + ll; 
"FOR" Ir• L 11 STfP" l "UNTIL" U "DO" 
"BEGIN" FCilt• (3 - 2 * XZJ * X2 + l • Xl - X3 * Z; 

x1: • x2; x2: ■ Y3; 
X3:• "IF" 1 <• N - 2 "THEN" XCl + 21 "ELSE" 0 

"ENO•; FUNI• "TRUE" 
"f:tlD" FUM; 

11 IMTEGER 11 !; "ARRAY" X, FCl:6001, INCU:5J, OUTtl:5]; 
"FOR" I r• 1 "STEP" l "UNTIL" 600 11 DO" XCIJ1• -1; 
INCOlt• "-14; INCll1• INC2Ji• INC3lt• 11-6; INC4]1• 20000; 
IN[5]l• 0.001; 
OUANEWBNDl(600, 1, 1, X, F, FUN, IN, OUT); 
OUTPUT(71, ■(■//,■(■ NORM RESIDUALVECTORt ■ J ■ +.150"+30,/, 
11 ( 11 LENGTH OF.LAST STEP: 11 l"+el5D11 +3D1/1 
11 ( 11 NUMBER OF FUNCTION COMPONENT EVALUATIONS: 11 J11 5ZD,/, 
"(" NUMBER Of ITERATIONSt 11 ) 114Z0/, 11 (•~EPORT1 "l"DI")", 
JUTCZl, OUTtll, OUTC3l, OUTt4l, ~UTC~ll 

11 END'1 

RESULT$: 

NORM RCSIDlJALVECTOR! ••221010684482660 11•006 
LENGTH OF LAST STEP: +.302712457332660 11-006 
HUMBER OF FUNCTION COMPONENT EVALUATIONSI 6598 
NUMBER □ F ITERATIONS! 7 
R !:PORT: 0 

REFERENCES a 

C ll BROYDEN CoGe 
THC CONVERGENCE OF AN ALGORITHM FOR SOLVING SPARSE NOtJLINEAR 
SYSTEMS. 
MATH. COMP., VOL.25 (l97lJe 
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SOURCE TEXT CS>: 

"CODE" 34430; 
"PROCEDURE" QUANEWBNDCN, LW, RW, x, F, JAC, FUNCT, IN, OUT); 
"VALUE" N, LW, RW; 11 I~TEGER 11 N, LW, RW; 
"ARRAY" X, F, JAC, IN, OUT; "BOOLEAN" "PROCEDURE" FUNCT; 
"BEGIN" "INTEGER" L, IT, FCNT, FMAX, ERR, B; 

"REAL" MACHEPS, RELTOL, ABSTOL, TOLRES, ND, MZ, RES; 
11 ARRAY 11 DELTA[l:NJ; 
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"REAL" "PROC~DURE" VlCVECCL, U, SHIFT, A, B); "CODE" 34010; 
11 REAL 11 "PROCEDURE" ELMVECCL, U, SHIFT, A, B, X); "CODE" 34020; 
"PROCEDURE" HULVECCL, U, S~!FT, A, B, X); 11 CODE 11 31020; 
"PROCEDURE" DUPVECCL, U, SHIFT, A, B); "CODE" 31030; 
"REAL• "PRnC~DURE" DECSOLBNDCA, N, LW, RW, AUX, B); 
11CODE" 34322; 

"REAL" "PROCEDURE" EVALUATECN, X, F>; "VALUE" N; 
"INTEGER" M; "ARRAY" x, F; 
"BEGIN" FCNT:• FCNT + N; 11 IF 11 A FUNCT<N, l, N, X, F) "THEN" 

"BEGIN" ERR1• 2; "GOTO" EXIT 11 END 11 ; 

"IF" FCNT > FMAX "THEN" ERRS• l; 
EVALUATF.:• SORTCVECVEC<l, N, O, F, F» 

11 EH D" EVAL; 

"BOOLEAN" "PROCEDURE" DIRECTION; 
"BEGIN" 11 ARRAY11 LU[l:LJ, AUX[l:5]; AUXC2l~• MACHEPS; 

MULVECCl, N, 0, DELTA, F, •11; DUPVECCl, L, 0, LU, JAC)J 
DECSOLBND(LU, N, LW, RW, AUX, DELTA); 
DIRECTIONS• AUX[3l • N 

11 END11 SOLL I NSYS; 

"8'.JOLEAh" "PROCEDURE" TESTCND, TOLD, NRES, TOLRES, ERR); 
"VALUE" ND, TOLD; "INTEGER" ERR; "RlAL" ND, TOLD, NRES, TOLRES; 
TEST: ■ ERR A• 0 110R" CNRES < TOLRES "AND" NO< TOLD>; 

"PROCEDURE" IJPDATE JACJ 
•BEGIN" "INTEGER" I, J, K, R, M; "REAL" MUL, CRIT; 

"ARRAY" PP, S[l:NJ; 
CRITt• ND* HZ; 
"FOR" It• l "STEP" l "UNTIL" N •DO" PP[Ilt• DELTACil ** 2J 
Rs• l; Kl• l; Ma ■ RW + l; 
"FOR" It• l 11 STEP" l 11UNT1L" N 11 D0 11 

"BEGIN" ~UU• o; "FOR" Ja• R "STEP" l "UNTIL" M "DO" 
~ULt• MUL + PP[J]; Jl• R - K; 
"IF" ABS CHUL) > CRIT 11 THENtt 
ELMVECCK, M - J, J, JAC, DELTA, F[I] / MUL); Kl• K + B; 
"IF" I> LW "THEN• RI• R + 1 "ELSE" Kl• K • l; 
"IF" M < N "THEN" M:• M + l 

"END" 
11 END" UPDATEJAC i 
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MACHEPSt• INCO]; RELTOlt• INCll; ABSTOLt• INCZl; 
TOLRfSt• INC3l; FMAX:• l"'C4l; HZ:• ~ACHEPS •• 2; 
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IT:• FCNT:• IJ; Bt ■ LW + RW; L: ■ Pl - l) * B + N; B:• B + l; 
RES&• SllRT(V!;CVEC<l, N, O, F, f)); ERRt• O; 

ITERATE• 11 IF" 4 TEST(SORT(ND>, SQRT(VECVEC<l, N, O, X, X>> • RELTOL 
+ ABSTOL, RES, TOLRES, ERR> "THEN" 
"BEGIN" IT:• IT+ 1; "IF" IT 4 • 1 "THEN" UPDATEJAC; 

"IF• 4 DIRECTION "TYEN" ERRI• 3 "ELSE" 
"BEGIN" CLMVEC<l, N, o, X, DELTA, l); 

NDt• VECVEC(l, Ni O, DELTA, DELTA); 
RES&• EVALUATE<N, X, F); "GOTO" ITERATE 

"E ND 11 

"END"; 
EXIT: OUTCll:• SQRT(ND>; OUTCZJ:•RES; OUTC3]: ■ FCNT; 

OUTC4Jt• IT; DUTC5lt• ERR 
"END" JUANEWBND; 

"EOP" 

"CIJDE" 34431; 
-PROCEDURE" QUANEWBNDl<N, LW, RW, X, F, FUNCT, IN, OUT); 
"VALIJ!: 11 N, UI, RW; "INTEGER" N, LW, RW; "ARRAY" X, F, IN, OUT; 
"BOOLEAN" "PROCEDURE" FUNCT; 
11 BFGIN" "INTEGER~~, K; "REAL" SJ 
' "!>RIJCEDURE" QUANEWBNO<N, L, R, X, F, J, G, I, O); "CODE" 34430; 

"ARRAY" JAC[l:(LW ~ RWI * (N • l) + Nl; 
"PR'lCEDURE'' JACOBNBNDF<N,L, R, X, F, J, I, D, F); "CODE" 34439; 
FUtiCT<N, l, H, X, FI; St• I"IC5J; 
K:• CLW + RW)*CN - ll + N*2 • ((LW - l)*LW + (RW • l)*RW) II 2; 
INC4J:• INC4l - K; 
JACOBNBNDF(N, LW, RW, X, F, JAC, I, S, FUNCT>; 
QUANEWBND<M, LW, RW, x, F, JAC, FUNCT, IN, OUT>; 
INC4l:• INC4J + K; OUTC3lt• OUTC3l + K 

11 !:ND" OIJANEWBNDl; 
II E□P" 
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AUTHOR 1 J. Ce Pe BUS 

INSTITUTU: MATHE~AT!CAL CENTRE• 

RECEIVED t 74llOl. 

BRIEF DESCRIPTION: 

THIS SECT ION C QNTAINS THE PROCEDURE Ml NIN, FOR MINIMIZING 
A FUNCTION Of ON~ VARIABLE IN A GIVEN INTERVAL; 

KfYWORDS I 

M IN1MIZATION, 
FIJNCTIONS OF ONE VARIABLE. 

CALLING Sl::QUENCE I 

T,HE HEADING Of THIS PROCEDURE IS : 
"REAL" "PROCEDURl" MININ(X, A, B, FX, TOLX)J 
"REAL" X, A, B, F X, TOLX; 
11COD!::" 34433; 
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MINIM DELIVERS THr; CALCULATED ~lNIMUM VALUE Of THE F~CTION, 
DEFINED BY fX, ON THE INTERVAL WITH ENDPOINTS A AND e. 

THE MEANING OF THE FORMAL PARAMETERS IS 1 
X: <REAL VARIABLE>; 

A JENSEN VARIABLE; THE ACTUAL PARAMETERS FOR FX AND TOLX 
DEPEND ON X; 
EXIT : ntE CALCULATED APPROXIMATION Of THE POSITION OF THE 

MINIMUM; 
A, B I <REAL VARIABLE>; 

ENTRY I THE ENDPOINTS OF THE INTERVAL ON WHICH A MINIMUM 
IS SEARCHED FOR; 

EXIT: THE ENDPOINTS OF THE INTERVAL WITH LENGTH LESS THAN 
4 * TOL(X) SUCH THAT A< X < B; 

FX 1 <ARITH~ATIC EXPRESSION>; 
THE FU~CTION ISGIVEN BY THE ACTUAL PARAMETER FX, WHICH 
DEPENDS ON X; 

TOLX 1 <ARITHMETIC EXPRESSION>; 
THE TOLERANCF. IS GIVEN BY THE ACTUAL PARAMETER TOLX, WHICH MAY 
DEPEND OU X; A SUITABLE TOLERANCE FUNCTION IS : ABS(X)*RE + AE, 
WHERE RE IS THE RELATIVE PRECISION DESIRED AND AE IS AN ABSOLUTE 
PRECISION WHICH SYOULD NOT SE CHOSEN EQUAL TO ZERO. 
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DATA ANO R~SULTS t 
HE USSR SHOULD BE AWARE OF TliE fACT THAT TliE CliOICE OF TOLX MAY 
HIGHLY AFFECT THE BEHAVIOUR OF THE ALGORITHM, ALTHOUGH CONVERGENCE 
TO A POINT FOR WHICH TliE GIVEN FUNCTION IS MINIMAL ON THE INTERVAL 
IS ASSURED; THE A.SYMPTOTIC BEHAVIOUR WILL USUALLY BE FINE AS LONG AS 
THG NUMERICAL FUNCTION IS STRICTLY DELTA-UNIMODAL ON THE GIVEN 
INTERVAL (SEE Cl]) AND THE TOLERANCE FUNCTION SATISFIES TOL(X)>•DELTA, 
FOR ALL X IN TYE GIVEN INTERVAL. 

PROCEDURES USED : NONEe 

REQUIRED C[NTRAL MEMaRY t NO AUXILIARY ARRAYS ARE DECLARED IN MININ. 

METHOD AND PERFORMANCE: 
MININ IS A SLIGHTLY MODIFIED VERSION OF THl ALGORITHM GIVEN IN Clle 

EXAMPLE OF USE: 
THE FOLLOWING PROGRAM MAY BE USED TO CALCULATE THE MINIMUM OF THE 
FUNCTION F(X) •SUM(((!* 2 - S)/(X - I** 211 ** 2; I• l (1) 20) 
ON THE INTERVAL Cl+ TOL, 4 - TOLJ <SEE Cll>e 

11B'EGIN 11 

"REAL" "PROCEDURE" MI NIN( X, A, B, FX.r TOLX); "CODE" 34433; 
11REAL 11 M, X.r A, B; 11 1NTEGER 11 CNT; 
"REAL" "PROC5DURE" f(X); 11 VALUE11 x; "REAL" x; 
"BEGIN" "INTEGER" l; 11 REAL 11 Si 

SI• OJ "FOR" II• 1 "STEP• 1 "UNTIL" 20 •DO" 
Si• S + ((I* Z - 5) I IX• I•• 21> •• Z; 
CNT: ■ CNT t 1; F1• S 

"END" F; 
"REAL" •PROCEDURC" TOL(X); "VALUE" x; "REAL" x; 
TOL: ■ ABS(X) * "-7 + 11•7; 
At• 1 + TOL(l); Bt• 4 • TOL(4); CNT: ■ O; 
Ml• MININ(X, A, B, F(Xl, TOL(X)I; 
OUTPUT(61, "1"4B,"l"MINIHUH IS ">",N,/4B, 
"("FOR X IS "1 11,N,/48.r 
"("IN THE INTERVAL W1Tl-f ENDPOINTS 11 ) 11,/8B,2(Nl.r/4B, 
"("THE NUMBER OF FUNCTION EVALUATIONS NEEDED IS "> 11,2ZD,/ 11 111 , 

M, X, A, B, CNT> 
"END" 



RESULTS r 

MINH1U'1 IS +3.6766990169019"+000 
FOR X IS +3e022~1533~7991"+000 
IN THE INTERVAL WITH ENDPOINTS 

+3.0229149365075~+000 +3.0229157410906•+000 
THE NUMBER Of fUNCTI~N EVALUATIONS NEEDED IS 13 

SOURCE TEXT: 

"CODE" 34433; 
"REAL" "PROCEDURE" MININ(X, A, ~, FX, TOLX); 
"REAL" X, A, 81 FX, TOLX; 
"BEGIN" "COMMENT" SEE BRENT, 1973, P79J 
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"REAL" Z, C, D1 E, M, P, 0, R, TOL, T, U, V, W, FU, FV, FW, FZ; 
Ct• (3- S0RT<5)) / 2; "IF" A> 8 11 THEN 11 

"BEGIN" Zr• Ai Al• BJ BI• Z "END"J 
W•• Xt• AJ fWI• FX; ll• XI• B; FZI• FXJ "IF" FZ > FW "THEN" 
''BEGIN" Z :• W; WI• X; V: • FZ; FZ: • fW; FW~• V "END"; 
Vt• WJ FV: ■ FW; E:• O; 

LOOPI Mt• (A + B) * 0.5; TOLi• TOLX; TI• TOL * 2J 
"If" ABS(Z - M) > T - CB - A)* o., "THEN" 
"BEGIN" Pr ■ Q:• R:• OJ "IF" ABS<E> > TOL 11THEN11 

"BEGIN" Ra• (Z - W) * (FZ - FV)J 
QI• <i - V) * (FZ • FW)J PI• (Z - V) * Q - (Z - W) * RJ 
Q: ■ (Q • R) * 2; "IF" Q)O "THEN" Pt• •P "eLSE 11 Qt• -QJ 
R= ■ e; E: • o 

"END" J 
11 If" ABS(P) < ABS(Q * R * Oe5) "AND" P > CA• Z) * Q 
11AN0 11 P < IB - Z) * Q 11 THEN" 
"BEGIN" 01• P / OJ UI• Z + OJ 

•IF• U - A< T "OR" B - U < T •THEN" 
O:• "IF" Z < M "THEN" TOL 11 ELSE 11 •TOL 

"EN 0" 11E LS E" 
"BEGIN" fr• C"IF" Z < M "THEN" B •ELSE 111 Al - Z; 01• C * E 
"END 11 ; 

U:• X:• Z + ( 11 IF" ABSCO) >• TOL 11 THEN 11 D 11 ELSE 11 11 IF 11 D > 0 
"THEN" TOL "ELSE" •TOL)J FUt• FXJ 
•IF• FU<• FZ 111 THEN 11 

"BEGIN" "IF" U < Z "THEN" B:• Z "ELSE" At• ZJ 
v: ■ w; FV: ■ FW; w:• ZJ FWt• Fl; Z:• U; fZ:• FU 

"END" •ELSE" 
"BEGIN" "lf" U < Z "THEN" At• U "ELSE" B:• U; 

"lF" FU<• FW 11THEN" 
"BEGIN" v: ■ w; FV:• FW; Wt• u; FWt• FU "END" "ELSE" 
"IF" FU<• FV "OR" V • W "THEN• 
"BEGIN" V:• U; FV:• FU "END" 

"END"; "GOTO" LOOP 
11 END 11 ; XI• ZJ MININt• FZ 

"END" MlNINJ 
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AUTHORI J.C. Pe BUS. 

INSTITUTE: MATHEMATICAL CENTRE. 

RECEIVEDt 741101. 

BRIEF DESCRIPTION: 
THIS St;CTION C0UTAINS THE PROCEDURE MININDER, FOR MINIMIZING A 
FUNCTIJN OF ONE VAR!ABLE IN A GIVEN INTERVAL, WI-IEN THE ANALYTICAL 
DERIVATIVE OF THE FllNCTI0N IS l\VAILABLEe 

KEYWORDS : 
MINIMHATI0N, 
FUNCTIONS Of ONE VARIABLE. 

CALLING SEQUENCE: 

THE HEADING Of THIS PROCEDURE IS: 
"REAL" "PROCEDURE:" MININDERO<, Y, FX, DFX, T0LX); 
"REAL" X, Y, FX, DFX, T0LX; 

MININDiR DELIVERS THE CALCULATED MINIMUM VALUE OF THE FUNCTION, 
DEFINED BY FX, ON THE INTERVAL WITH END POINTS A AND B. 

THE MEANING OF THE FORMAL PARAMETERS IS: 
X: <REAL VARIABLE>; 

A ,JENSCN VARIABLE; THE ACTUAL PARAMETERS FOR FX, DFX AND 
TOLX DEPEND ON X; 
ENTRY: □ NE OF THi: END POil:NTS OF THE INTERVAL ON WHICH THE 

FUNCTION HAS TO BE MINIMIZED; 
EXITI THE CALCULATED APPROXIMATION OF THE POSITION OF THE 

'1INIHUM; 
Y: <REAL VARIABLE>; 

ENTRY! THE OTHER END POINT OF THE INTERVAL ON WHICH THE 
FUNCTION HAS TO BE MINIMIZED; 

EXITt A VALUE SUCH THAT ABSIX • YI <• TOLIX) * 3; 
FX: <ARITHMETIC EXPRESSION>; 

THE FUNCTION IS GIVEN BY THE ACTUAL PARAMETER FX WHICH 
DEPENDS ON X; 

DfX: <ARITHMETIC EXPRESSION>; 
T~E DERIVATIVE OF THE FUNCTION IS GIVE~ BY THE ACTUAL 
PARAMETER 0FX WHICH DEPENDS ON X; FX ANO DFX ARE EVALUATED 
SUCCESSIVELY FOR A CERTAIN VALUE OF X; 

T0LX1 <ARITH~ETIC EXPRESSION>; 
THE TOLERANCE IS GIVEN BY THE ACTUAL PARAMETER T0LX, WHICH 
MAY DEP=ND ON X; A SUITABLE TOLERANCE fUNCTI0N IS• 
ABSIX) *Re+ AE, WHERE RE IS THE RELATIVE PRECISION 
DESIRED ANO AE IS AN ABSOLUTE PRECISION WHICH SHOULD NOT 
BE CHOSEN EQUAL TO ZERO. 
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DATA AND R~SULTS: 

THE USER SHOULD BE AWARE OF THE FACT THAT THE CHOICE OF TOLX 
MAY HIGHLY AFFECT THt BEHAVIOUR OF THE ALGORITHM, ALTHOUGH 
CONVERGi::NCE TJ A POINT FOR WHICH THE GIVEN FUNCTION IS 
MINIMAL ON THE GIVEN INTERVAL IS ASSURED; THE ASYMPTOTIC 
BEHAVl~UR WILL USUALLY BE FINE AS LONG AS THE NUMERICAL FUNCTION IS 
STRICTLY DELTA•UNIMODAL ON THE GIVEN INTERVAL (SEE (ll) AND THE 
TOLERA~CE FUNCTIJN SATISFIES TOLCX) >• DELTA, FOR ALL X IN THE 
GIVEN INTERVAL; LET THE VALIJE OF DFX AT THE BEGIN AND END POINT OF 
THE INITIAL INTERVAL BE DENOTED BY DFA AND DFB1 RESPECTIVEL y., THEN., 
FINDING A r.LOBAL MI~IMUM IS ONLY GUARANTEED IF THE FUNCTION IS 
CONVEX AND DFA <• 0 AND DFB > ■: O; IF THESE CONDITIONS ARE NOT 
SATISFIED, THl:H A LOCAL MINIMUM OR A MINIMUM AT ONE OF THE END 
POINTS MIGHT B~ FOUND. 

PROCEDURES USED: NON;;• 

R~QUIRED CCNTRAL MEMORYt NO AUXILIARY ARRAYS ARE DECLARED IN MININDERe 

LANGI.IAGet ALML 60e 

MfTl-iOD AND PERFORMANCEt 

MINIHDER HAS ALM1ST THE SAME STRUCTURE AS THE PROCEDURE GIVEN I~ 
Cl]; HaWEVER, CUBIC INTERPOLATION (SEE C2l) IS USED INSTEAD OF 
QUADRATIC INTERPOLATION TO APPROXIMATe THE MINIMIUMo 

REFERENCES: 

Cll t BREt.tT, RePe 
ALGORITHMS FOR MINIMIZATION WITHOUT DERIVATIVES. CHe5e 
PRENTICE HALL, l973e 

CZJ: DAVIDON, WeCe 
VARIABLE METRIC METHODS FOR MINIMIZATION. 
REPe AeNeL• 5990., 1959. 
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EXAMPLE ".JF LISE: 

THE fOLLOWIMG PROGRAM MAY BE USED TO CALCULATE THE MINIMUM OF THE 
FUNCTIQN F(X) • SUl1(((I * Z - 5)/lX - I** 2)) ** 2; I• 1 <l> ZO) 
ON THe INTiiRVAL n.01,3.99] (SEE [ll>. 

118 EG!N" 
"REAL• "PROCEDURE" MININDER(X, Y, FX, DFX, TOLX)J "CODE" 34435; 
"REAL" M, X, Y; "INT~GER" CNT; 

"REAL" 11 PRDCEDURE 11 F(Xl; '"VALUE" x; "REAL" x; 
11 BEGIN" "INT~GER" I; "REAL" S; 

St• O; 11 FOR 11 I: ■ 1 11 ST!P 11 l "UNTIL" 20 11 00" 
S: • S + ( ( I * Z. • 5 l / ( X - I ** 2) l ** 2; 
CNTt• CNT + l; Ft• S 

"EMO" F; 

"REAL" 11 PROCSDURE 11 OF(X); 11 VALUE 11 X; 11 REAL 11 X; 
11 BEGIN 11 11INT~GER" IJ "REAL" SJ 

St• O; 11 FOR11 It• l 11STEP" l 11 UNTIL 11 20 11 0011 

S: ■ S +<I* 2 - 5) ** Z / (X - I** 2) ** 3; 
OF t• -S * 2 

"ENO" DF; 

11 RCAL" 11 PROC::DUR!:" TOL<Xl; 11 VALUE 11 X; 11R!:AL" X; 
TOL: ■ ABS(Xl * 11-7 + "-7; 

X1• leOl; Yt• 3e99; CNTt• O; 
M: ■ MININOi:RlX, Y, f(Xl, DF(X>,TOL(X)); 
OUTPUT(6l , 11 ( 11 4B, 11 ( 11 MINIMUM IS 11 1",N,/4B, 
"("FOR X IS ">",N,/4B, 
11(11 AND Y IS ''l ", N, /4B, 
11 ( 11 THE NUMBER OF FUNCTION EVALUATIONS NEEDED IS 11 l 11 ,2ZD,/ 11 l 11, 

11, X, Y, CNT) 
"END" 

RESULTS: 

MINIMUM IS +3e6766990169021"+000 
FOR X IS +3eOZ29l5525030Z"+OOO 
ANO Y IS +3e022915122736611 +000 
THE NUMBER OF FUNCTION EVALUATIONS NEEDED IS 9 



SECTION <NOVEMBER 1976) 

SOURCE Ti:XTCSl 1 

11 COD~"34435; 
"REAL" "PROCEDUR~" 111NINDERCX, Y, FX, DFX, TOLX); 
•REAL" X, Y, FX, DFX, TOLX; 
"BEGIN" 11 COH'4ENT" THE FUNCTION IS APPR'.JXIMATED BY A CUBIC AS 

NIVEN BY DAVIDON, 1958, THE STRUCTURE IS SIMILAR TO THE 
STRUCTURE OF THE PROGRAM GIVEN BY BRENT, 1973, THIS IS 
A REVIS ION OF 760407; 

"INTEGER" SGN; 
"REAL" A, B, C, FA, FB, FU, DFA, DFB, DFU, E, D, TOL, BA, 
Z, P, Q, S; 

"IF" X <• Y "THEN" 
"BGGIN" Al• X; FAI• FX; OFA1• OFX; 

BI• Xt• Y; FBI• FX; OFBI• DFX 
"END" "ELSe" 
11 BEGlN 11 81• X; FB1• FX; DFB:• DFX; 

Al• XI• Y; FA1• FX; OFAI• DFX 
"E'"m"; 
c: ■ (3 • SQRT(5l) / z; D:• B • Ai E: ■ D * z; Zt• E • Z; 

LOOP: BA:• B - A; TDLt• TOLXJ "If" BA>• TOL * 3 "THEN" 
"BEGIN" "IF" ABS(DFA) <• ABS(DFBl •THEN" 

"BEGIN" X:•A; SGN&• l "END" "ELSE" 
"BEGIN" X: ■ BJ SGN: ■ •l "END"J 
"IF" DFA <• 0 •AND• DFB >• 0 "THEN" 
"BEGIN" ZI • (FA - FB) * 3 / BA + DFA + DFB; 

S: ■ SQRTCZ ** Z • DFA * DFB); 
PI• "IF" SGN • l "THEN" DFA • S • Z "ELSE" 
DFB + S - Z; Pt• P * BA; 
Q:• Df.B • DFA + S * 2; ZI• E; E:• D; 
O:• "IF" ABSCP> <• ABS(Ql • TOL "THEN" TOL * SGN 
"ELSE" -P I Q 

"END" "ELSE" DI• BA; 

PAGE 4 

"IF" ABSCD) >• ABS(Z * O.S) 11 0R 11 ABS(D) >BA* 0.5 11 THEN" 
"BEGIN" S:• BAJ Dt• C *BA* SGN "END"J 
Xt• X + ~; FUr• FX; DFUt• DFX; 
"If" DfU >• 0 "OR" (FU >• FA 11 AN0" DFA <• 0) "THEN" 
"BEGIN" s: ■ x; FBI• FU; DFB: ■ DFU "END" "ELSE" 
"BEGIN" A1• Xi FAI• FU; DfA1 ■ DFU •END•; 
"GOT 0" L ".lOP 

11 E~D 11 ; "IF" FA<• FB 11THEN 11 

"BEGIN" x: ■ A; Y:• 8; MIN1NOER1• FA "END" "ELSE" 
"9EGIN" Xt• B; Yr• A; HININDER1• FB "END" 

"END" "11NI ND ER; 
"!!OP" 
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I~~TITUTEI MATHEMATICAL CENTRE. 

RECEIYfD: 730620. 

BRIEF DESCRIPTIONt 
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THIS SECTION CONTAIHS FOUR PROCEDURES, LINtMIN, RNKlUPD, DAVUPD AND 
FLEUPD, THAT ARE AUXILIARY PROCEDURES FOR THE PR!JCEDURES RNKlMIN 
ANO FLf:MIN (SECTION 5ele2e2e2>, 

KEYWORDS-: 
AUXILIARY PROCEDURE. 

SUBSECT1UNt LINEMIN. 

CALLING SEQUENCE: 

THE HEADING OF THIS AUXILIARY PROCEDURE IS1 
"PR!lCCDURE" LINEMIN( N, X, D, NO., ALFA., G, FUNCT., FO, Fl, DFO, DFl., 
E'vLMAX, STRONG~EARC'1, IN>; 
"VALUE" N., ND, FO, DFO, STRONGSEARCH; 
"INTEGt R" !'h EVLMAX; "BOOLEAN" STRONGSEARCH; 
"REAL" rm., ALFA, FO, Fl., DFO, DFl; 
"ARRAY" X, D., G., IN; "REAL" "PROCEDURE" FUNCT;"CODE" 34210; 

THE MEANING OF THE FORMAL PARAMETERS IS1 
N: <ARITHMETIC EXPRESSION>; 

THE NUMBER OF VARIABLES OF THE GIVEN FUNCTION F; 
Xt <ARRAY IDENTIFIER>; 

"ARRA Y11 X[l t Nl; 
~NTRY: A VECTOR XO, SUCH THAT F IS DECREASING IN XO, IN 

THE DIRECTION GIVEN BYD; 
EXIT& THE CALCULATED APPROXI~ATION OF THE VECTOR FOR 

WHICH F IS MINIMAL ON THE LINE DEFINED BY: 
XO+ ALFA* o., (ALFA> 0); 

Ot <ARRAY IDENTIFIER>; 
"ARRAY" DCl t Nl; 
ENTRY: THE DIRECTION OF THE LINE ON WHICH F HAS TO BE 

MINIMIZED; 
NDt <ARITHMETIC EXPRESSION>; 

ENTRY: THE EUCLIDEAN NORM OF THE VECTOR GIVEN IN DCl: Nl; 
ALFA: <VARIABLE>; 

THE INDEPENDENT VARIABLE, THAT DEFINES THE POSITION ON THt 
LINE ON WHICH f HAS TO BE MINIMIZED; 
THIS LI~E IS DEFINED BY XO+ ALFA* D, (ALFA> Ol; 
ENTRY: AN ESTIMATE ALFAO OF THE VALUE FOR WHICH 

H(ALFA) • F(XO +ALFA* D>, (ALFA> O), IS MINIMALJ 
EXIT• THE CALCULATED APPROXIMATION ALFAM OF THE VALUE FOR 

~HICH H(ALFA) IS MINIMAL; 
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<ARRAY IDENTIFIER>; 
"ARRAY" GCl : NJ; 
F.XITt THE GRADIENT OF F AT THE CALCULATED APPROXIMATION 

JF THE MINIMUM; 
FUNCT: ~PROCtDURE IDfNTIFIER>; 

FO: 

DFOt 

DFl: 

THE Hl:AD:NG OF THIS PROCEDURE Sli□ ULD BEi 
"REAL" "PROCEDURE" FUNCT(N, X, G); "VALUE" N; 
"INTEGER" N; "ARRAY" X, G; 
A CALL OF FUNCT SH"JULO EFfECTUATE : 
lt FUNCTI• F(X); 
21 THE VALUE IJF GCil. (I • l, ••• , N>, BECOMES THE VALUE 

OF THE I - TH COMPONENT OF THE GRADIENT OFF AT X; 
(ARITHMETIC EXPP ESSION>; 
ENTRYr THE VALUE OF H(O), (SEE ALFA); 
<VARIABLG>; 
E'NTRY: THE 
EXITr THE 
<ARITHMETIC 
fNTRYr THE 
<VARIABLE>; 

VALUE ~F H(ALFAO); 
VALUE OF H(ALFAM), (SEE ALFA); 
EXPRESSION>; 
VALUE OF THE DERIVATIV~ OF HAT ALFA• O; 

[NTRYt THE VALU~ OF THE DERIVATIVE OF HAT ALFA• ALFAO; 
EXIT1 THE VALUE □ F TH~ DERIVATIVE OF HAT ALFA• ALFAM; 

EVLMAX: <VARIABL~>; 
tNTRY: THE MAXIMUM ALLOWED NUMBER OF CALLS OF FUNCTJ 
EXIT1 THE NUMBCR OF TIMES FUNCT HAS BEEN CALLED; 

STROMGSE ARCH 1 

IN: 

<BOOLEAN EXPRESSION>; 
IF THE VALUE 'lF STRONGSEARCH IS TRUE, THl='N THF. PROCESS 
MAKES USE Of TWO STOPPING CRITERIAt 
At THE NUMBER OF TIMES FUNCT HAS BEEN CALLED EXCEEDS THE 

GIVEN VALUE OF EVLMAX; 
Bt AN INTERVAL IS FOUND WITH LENGTH LESS THAN TWO TIMES 

THE PRaSCRIBED PRECISION,ON WICH A MINIMUM IS EXPECTED; 
If THE VALUE OF STRONGSEARCH 1S FALSE, TH~ PROCESS MAKES 
ALSO USE OF A THlRD STOPPING CRITERION : 
Cl "IU <• OHALFAK) - H(ALfAO>J / (ALFAK * DFO) <• 1 - MU, 

WHEREBY ALFAK IS THE CURRENT ITERATE ANO "IU A 
PRESCRIBED CONSTANT; 

<ARRAY IDENTIFIER>; 
ENTRYt 
"ARRAY" 
INClJ: 

INClt3lJ 
THE RELATIVE PRECISION, F.PSR, NECESSARY FOR THE 
STOPP I NG CRITERION B, ( S Ee STRONGSE ARCH); 

INCZJ1 THE ABSOLUTE PRECISION, EPSA, NECESSARY FOR THE 
STOPPING CRITERION B, (SEE STRONGSEARCH); 

THE PRaSCRIBED PRECISION, EPS, AT ALFA• ALfAK IS GIVEN BY1 
EPS • NORM C XO+ ALPHA* D) * EPSR + EPSA, WHERE 
NORM ( a ) DENOTfS THE EUCLIDEAN NORM. 
INC3]: THE PARAMfTiR MU NECESSARY FOR STOPPING CRITERION C; 

TYIS PARAMETER MUST SATISFY: 0 <MU< Oa5 J IN 
PRACT!CE,A CHOICE OF MU• OeOOOl IS ADVISED. 



SECT ION (FEBRUARY l97q l PAGE 3 

DATA A~O RCSULTS t 

LINEMIN CALCULATES AN APPROXIMATION OF A MINIMUM OF A 
HIGHER - DIMENSiaNAL FUNCTION ON A GIVEN LINE; 
THE QUANTITY DFO ~UST SATIFYt DFO < O; 
If MORS□ VER DFl > O, THEN THE PROCEDURE WILL YIELD A RESULT THAT 
SATISFIES ONE Of THE CHOSEN STOPPING CRITERIA, (SEF STRONGSEARCH>, 
OTHERWISE WE CAN NOT GUARANTEE SUCH A RESULT. 

PROCfDURl:S USED1 

VECVEC • CP340lO, 
~LMVcC • CP34020, 
DUPVEC • CP31030e 

REQUIRED CENTRAL MtMaRY: 
N WORDS. 

METHOD AND PERFORMANCE: 

AN APPROXIMATION TO THE MINIMUM ON THE GIVEN LINE IS CALCULATED 
WITH CUBIC INT~RPOLATION ([2l);THE STOPPING CRITERION USED WHEN THE 
VALUE OF STRONGSeARCH IS FALSE IS DESCRIBED IN [3] ANO [4]; A 
DETAILao DESCRIPTION OF THIS PROCEDURE IS GIVEN IN c11. 

RfFl:Rt:NCES 1 

Cl 1 BUS, Je C • P • · 
MINIMIZATION OF FUNCTIONS Of SEVERAL VARIABLES (DUTCH). 
MATliEMATICAL CENTRE, AMSTERDAM, NR 29/72 <1972) • 

[2 l DAVID ON, w. C • 
VARIABLE METRIC METHOD FOR MINIMIZATION. 
ARGONNE NATe LAB. REPORT, ANL 5990 (1959le 

[3 l 'FLETCHER, Re 
A N~W APPROACH TO VARIABLE METRIC ALGORITHMS. 
COMP• Je 6, (1963), P.163 - 168e 

C4l GOLDSTEIN, A. A. ANO PRICE, Je Fe 
AN EFFECTIVE ALGORITHM FOR MINl~IZATIONe 
NUMERe MATHe 10, (19671, Pel84 • l89e 
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SUB Si;.CTION: RNK llJ PD. 

CALL ING S EOUENC Et 

THE HEADING Of THIS AUXILIARY PROCEDURE 1S: 
"PROCEDURE" RNKl'WD(H, N, V, C); "VALUE" N, C; 
"INTEGER" H; "REAL" C; "ARRAY" H, V; 
"CODE" 34211; 

THE MEANING OF THE FORMAL PARAMETERS IS1 
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N: <ARITHMETIC EXPRESSION>; 
THE ORDER OF THE SYMMETRIC MATRIX, WHOSE UPPERTRIANGLE IS 
STORED COLUMNWISE IN THE o~e - DIMENSIONAL ARRAY HJ 

Ct <ARITHMETIC EXPRESSION>; 
SEE V; 

v: <ARRAY lDENTIFIER>; 
"ARRAY" VCl : NJ; 
THE GIVEN MATRIX IS UPDATED (ANOTHER MATRIX IS ADDED TO ITI 
WITH A SY~METRIC MATRIX, u, Of RAN~ ONE, DEFINED BY: 

UCI,Jl • C * V[ll * VCJJ; 
Ht <ARRAY IDENTIFIER>; 

"ARRAY" H[l t N * (N + l) // 2]; 
ENTRY: THE UPPERTRIANGLE <STORED COLUMNWISF., IeE• : 

ACI,JJ • HC(J-l>*J/1Z+ll, 1 <•I<• J <• N> 
OF THF. SYMMETRIC MATRIX THAT HAS TO BE UPDATED; 

EXITr THl UPPERTRIANGLE (STORED COLUMNWISEI OF THE 
UPDATED MATRIX• 

PROCEDURES USEDt 

ELMV~C • CP34020• 

Ra;QUIRED CENTRAL MEMORYt 

NO AUXILIARY ARRAYS ARE DECLARED IN RNKlUPDe 
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SUBSECTIDN: DAVUPDe 

CALLING SEQUENCEt 

THE Hf1ADING OF T~IIS AUXILIARY PROCEDURE ISt 
"PROCEDURE" DAVUPD(H, N, V, W, Cl, C2); "VALUE" N, Cl, C2; 
"INTEGER" NJ "REAL" Cl, c2; "ARRAY" H, v, w; 
"C ODU" 34212; 

THE MEANING OF THE FORMAL PARAMETERS IS1 
Nt <ARITH~ETIC EXPRESSION); 
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THE ORDER OF THE SYMMETRIC MATRIX WHOSE UPPERTRIANGLE IS 
STORED COLU~NWISE IN THE ONE - DIMENSIONAL ARRAY HJ 

Clt <ARITHMETIC EXPRESSION>; 
SEE w; 

C2: <ARITHMETIC EXPRESSION>; 
SEE WJ 

Vt <ARRAY IDENTIFIER); 
"ARRAY" VCl : N]; 
SEE W; 

WI <ARRAY IDENTIFIER>; 
"ARRAY" W[l t Nl; 
THE GIVEN MATRIX IS UPDATED WITH A SYMMETRIC MATRIX U OF 
RANK TWO, DEFINED BY1 
UCI,Jl •Cl* VCil • VCJl - C2 * W[Il + W[Jl; 

Hi <ARRAY IDFNTIFIER>; 
"ARRAY" H(l: N * (N + 1) // 2]; 
ENTRYt THE UPPERTRIANGLE (STORED C □LUMNWISE, I.E. 1 

ACI,Jl • HC(J • l) • J // 2 + Il, 1 <•I<• J <• NI 
OF TH: MATRIX THAT HAS TO BE UPDATED; 

iXITs T~E UPPERTRIANGLE (STORED COLUMNWISEl OF THE 
UPDATED MATRIX. 

PROCEDURES USED: NONSe 

REQUIRED C~NTRAL MEM~RY1 

NO AUXILIARY ARRAYS ARE DfCLARED IN DAVUPDe 
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suqsrCTinN1 FLEUPD. 

CALLING SEQUENCE: 

THE HEADING Of THIS AUXILIARY PROCEDURE IS I 
"PROCi:DURc" FU!UPD<H, N, V, W, Cl, C2l; "VALUE" N, Cl, C2; 
"INTEGER" N; "REAL" Cl, C2; "ARRAY" H, V, W; 
11 CODl:11 34213; 

THE MEANING OF THE FOR~AL PARAMETERS IS: 
N: <ARITHMETIC EXPRESSION>; 
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T!-IE ORDeR OF THE SYMMF.TRIC MATRIX WHOSE UPPERTRIANGLE IS 
STORED C□ LUMNWISE IN TH~ ONE - DIMENSIONAL ARRAY H; 

Cl: <ARITHMETIC EXPRESSION>; 
S!:E W; 

C21 <ARITHMETIC EXPRESSION>; 
SEE W; 

V: <ARRAY IDENTIFI5R~; 
"ARRAY" VC l : Nl; 
SEE w; 

WI <ARRAY IDENTIFIER>; 
"ARRA Y11 WC l : Nl; 
THC: GIVEU MATRIX IS UPDATED WITH A ~YMMETRIC MATRIX U OF 
RANK TWO, DEFINED BYr . 
UCI,Jl• C2 * VCil * VCJJ • Cl *(VCIJ * WCJJ + W[Il * VCJJl; 

H: <ARRAY IDENTIFIER>; 
"ARRAY" H[l t N * (N + 1) // 2]; 
EtlTRYI THE UPPERTRIA,..GLE (STuRED COLUMNWISE, I.e. 1 

ACI,Jl • HC(J - ll * J // 2 + IJ, 1 <•I<• J <• NI 
□F THE MATRIX THAT HAS TO B!: UPDATED; 

F.XITI TME UPPERTRIANGLE (STORED COLUMNWISEl OF THE 
UPDATED MATRIX. 

PROCEDURE USED: NONE. 

REQUIRED CENTRAL MEMDRYI 

NO AUXILIARY ARRAYS ARE DECLARED IN FLEUPOe 
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SOURCE TEXTCS): 

"CODE" 34 210; 
"PR~C~DURi" LIMEMINCN, X, D, ND, ALFA, G, FUNCT, FO, Fl, DFO, DFl, 
EVLMAX, STR3NGSEARCH, IN>; "VALUE" N, ND, FO, DFO, STRONGSEARCH; 
"INTEG1RP N, fVLMAX; "BOOLEAN" STRONGSEARCH; 
"REAL" HO, ALFA, FO, Fl, OFO, DFl; 
"ARRAY" X, D, G, IN; 
"REAL 11 "PROC EDUR!: 11 FUNCT; 
"~EGIN" PINTEGER" I, EVL; 

"BOOLEAN" "OTININT; 
11 REAL" F,OLDF,DF,OLODF, MU, ALFA0,0, W, Y,Z,REL TOL,ABSTOL 
,!:PS, AID; 
"ARRAY" XOCl t Nl; 
11 R;::AL 11 11 PR □Ci;0'.IRE 11 VECVl:C( L, U, SHIFT, A, B); 11CODE" 34010; 
"PROCEDURE" ELMVECCL, U, SHIFT, A, B, X); "CODE" 34020; 
"PROCEDURE" DUPVECCL, U, SHIFT, A, Bl; •CODE" 31030; 

RSLTOL:• HICll; ABSTOL:• INC2l; MU:• INC3J; EVL:a O; 
ALFAO:• O; OLDFI• FO; OLDOFt• DFO; Yt• ALFA; NOTININTI• "TRUE"; 
DIJPV EC C l, N, O, XO, X l; 
ePS1• (SQRTCV~CVEC<l, N, O, X, X)) * RELTOL + ABSTOL) / NO; 
Qt• (Fl - FO) /(ALFA* DFO); 

INTt 11 IF 11 NOTIHINT "T~EN" NOT!NINTt• DFl < 0 "AND" Q > MU; 
' AIOI• ALFA; "If" DFl >• 0 "THfN" 

"8lGlN" Z:• 3 * COLDF • fl) /ALFA+ OLDDF + DFl; 
W:• SQRT(Z ** 2 - IJLDDF * DFl); 
ALFAt• ALFA* (1 - (DFl + W • Z) / (OFl - OLDOF + W * 2)); 
"IF" ALFA< EPS "T~iN" ALFA:• EPS "ELSE" 
"IF" AID• ALFA< EPS "THEN" ALFA:• AID• EPS 

11 EIID" CUBIC INTERPOLATION 
"ELSE" "IF" ~OTININT "THEN" 
"B~GIN" ALFA1:• ALfA:• Y; OLDOF:• OFl; OLOF: ■ Fl "END" 
"ELSE" ALFA:• Oe5 * ALF4; YI• ALFA+ ALFAO; 
OUPVEC(l, N, O, X, XO); ELMVECC1, N, O, X, D, Y>; 
EPS:• CSQRTIVECVEC<l, N, O, X, X)) * RELTOL + ABSTOL> / ND; 
F:• FUNCT(H, X, G); lVL:• EVL +1; DF:• VECVECCl, N, O, D, G); 
Qt• CF - FO) / (Y * OFOl; , 
"IF" ("IF• N1TININT "OR" STRONGSEARCH "THEN" "TRUE" "ELSE" 
Q < MU 110R" Q > 1 - MU) "ANO" EVL < EVLMAX 11 THEN" 
"BEGIN" "If" NOTlNINT "OR" OF > 0 "OR" Q < MU "THEN" 

"BEGIN" DFlt• OF; Flt• F "END• 
"ELSE" 
"BEGIN" ALFAO:• Y; ALFA:• AID• ALFA; OLDOf:• OF; □ LOFt• F 
"END"; 
"IF" ALFA> EPS * 2 "THEN• "GOTO" INT 

11 5UD"; 
ALFA:• v; ~VLMAX:• EVL; DF11• OF; Flt• F 

"END" LINEMIN; 
"EOP" 



S eCTION ( DECEMBER 1971n 

"C!JDE" 342;.1; 
11 PROCEDURE 11 RNl<llJPD<H, N, V, C); 11 VALUE 11 N, C; 11 INT!:GER 11 N; 
"RfAL" C; 11 ARRAY" H, V; 

"8EG1N11 11INTEGGR" J, KJ 
11 PRaCEDURE11 5LMVEC<L, U, SHIFT, A, B, X); 11 CDDE 11 34020; 
K :• OJ 
11 FJR" JI• l, J + K 11 WHILi:11 K < N "D0 11 

11 BEGI~" Kl• K +l; 
ELMVeCCJ, J + K • 1, l - J, H, V, V[Kl * Cl 

"i:"10" 
"END" RNKlfJPD; 

"E;JP11 

11 CODE 11 34212; 
"PROCEDURE" DAVU?D(4, N, v, w, Cl, CZ)J "VALUE" N, Cl, cz; 
"INTEGcR" N; "REAL" Cl, C2; "ARRAY" H, v, w; 
11 BEGIM" "INTEG!:R" I, J, K; 

"REAL II VK, \olK; 
Kt• 0; 
11 FJR11 JI• l, J + K "WHILE" K < N 1100 11 

11 BSGIN 11 K:• I( +l ; VK: ■ V[Kl * Cl; WK:• WCKJ * CZ; 
11 FOR" I:• 0 "STEP" l "UNTIL" K -l 11 D011 

H[I + Jl:• H[I + Jl + VCI + ll * VK - WCI+ ll * WK 
"E~D" 

1iF.ND" DAVUPD; 
"E1JP" 

"CODE" 34213; 
11 PROCSDURf" FL~UPD(H, N, V, W, Cl, CZI; 11 VALUE 11 N, Cl, C2; 
"INTEGER" N; "REAL" Cl, C2; "ARRAY" H, V, W; 
"BEGIN" 11INTEG3R" I, J, K; 

11 R EAL II VK, WK; 
Kt• O; 11 FOR 11 J:• l, J + K 11 WHILE" K < N 1100 11 
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"Bl;GIN" Kl• '< +l; VKI• - WCK] * Cl + V[Kl * C2; WKt• V[Kl * Cl; 
"FOR" 11 ■ 0 "STEP" 1 11UNTIL 11 K 1 11 D011 

HC! + JJ: ■ HCI + Jl + VCI + ll * VK •WCI+ ll * WK 
11 EM0 11 

"END" FL !:UPD; 
"EOP" 
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AUTHORt JeCaPe BUS, 

INSTITUTE: MATHEMATir.AL CENTRE. 

RECEIVE o, 74ll01. 

BRIEF DESCRIPTlON: 

THIS SECTION CONTAINS THI: PROCEDURE PRAXIS; 
PRAXIS MINI'-117.SS A FUNCTION OF: SEVERAL VAR.IABLESa 

t<EVWrJROSt 

M IN!MIZA TION, 
FUNCTlON OF SfVERAL VARIABLES. 

CALLING SEQUENCE• 

THS HEADING OF THIS PROCEDURE IS: 
"PROCEDURE" PPAXISOI, X, FUNCT, Itl, OUT); "VALIJE" N; 

PAGE 1 

11 INTeGi:R 11 N; 11 ARRA Y" X, IN, OUT; 11REAL" 11P ROC EOURl;II FUNCT; 11C ODE 11 34432; 

THE MEAMING OF THE FORMAL PARAMETERS IS: 
N: <ARITHMETIC EXPRESSION>; 

THE NUMB~R OF VARIABLES OF THE FUNCTION TO Bt MINIMIZED; 
XI <ARRAY IDENTIFIER>; 

"ARRAY" X[l: NJ; 
THE VARIABLES Of THE FUNCTION; 
F.NTRYt AN APPROX IMATION OF THE POSITION OF TliE MINIMUM; 
EXIT: THE CALCULATED POSITION OF THE MINIMUM; 

FUNCT: (PROCEDURE IDENTIFIER>; 
THE HEADING OF THIS PROCEDURE SHOULD BEt 
"REAL" "PROCEDURE" FUNCT<N, X); "VALUE" N; 
"INTEGER" N; 11 ARRAYtt X; 

FUMCT SHOULD DELIVER THE VALUE OF THE FUNCTION TO BE 
MINIMIZED, AT THE POINT GIVEN BY XCllN]; 

THE MEANING OF THE FORMAL PARAMETERS lS: 
Nt <ARITH~ETIC EXPRESSION>; 

THE NUMBER OF VARIABLES; 
X: <ARRAY IDENTIFIER>; 11 ARRAY" X[llN]; 

THE VALUES OF THE VARIABLES FOR WHICH THE FUNCTION HAS 
TO B !: EVALUATED; 

INt <ARRAY IDENTIFIER>; 
11ARRAY" INCO 19]; 
ENTRY: 

IN[Olt THE MACHINE PRECISION; FOR THE CYBER 73 A 
SUITABLE VALUE IS "•l~; 
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INCll, INCZJt RELATIVE AND ABSOLUTE TOLERANCE, 
RESPECTIVELY, FOR THE STEPVECTOR 
(RELATIVE TO THE CURRENT ESTIMATES OF 
THE VARIABLES); THE PROCESS IS TERMINATED WHEN 
IN INC8l + 1 SUCCESSIVE ITERATION STEPS THE 
tUCLIDEAN NORM OF THE STEP VECT~R IS LESS THAN 
(IN[ll * NORMCX) + IN[Zl) * 0.5; 
IN[ll SHOULD BE CHOSEN IN AGREEMENT WITH THE 
PRECISION IN WHICH THE FUNCTION IS CALCULATED; 
USUALLY lNCll SHOULD BE CHOSEN SUCH THAT 
IN[ll >•·SQRT(INCOJ); IN[Ol SHOULD BE CHOSEN 
DIFFERENT FROM ZERO. 

INC3l, INC4l ARE NEITHER USED NOR CHANGED; 
INC5J: THE MAXIMUM NU"!BER OF FUNCTION EVALUATIONS 

ALLOWED (I.Ee CALLS OF FUNCT); 
IN[6]t THE MAXIMUM STEP SIZE; IN[6l SHOULD BE EQUAL TO 

THE MAXIMUM EXPeCTED DISTANCE BETWEEN THE GUESS 
AND THE MINIMUM; IF INC6l IS TOO SMALL OR TOO 
LARGE, THEN THE INITIAL RATE OF CONVERGENCE 
WILL BE SLOW; 

INC7Jt THE MAXIMUM SCALING FACTOR; THE VALUE OF INC7l 
MAY Bt USED TO OBTAIN AUTOMATIC SCALING OF THE 
VARIABLES; HOWEVER, THIS SCALING IS WORTHWHILE 
BUT "!AY BE UNRELIABLE; THEREFORE, THE USER 
SHOULD TRY TO SCALE 1-f!S PROBLEM HIMHLF AS WELL 
AS POSSIBLE AND SET lNC7J:• l; IN EITHER CASE, 
INC7J SHOULD NOT BE CHOSEN GREATER THAN 10; 

IN[6J2 THE PROCESS TERMINATES IF NO SUBSTANTIAL 
IMPROVEMENT OF THE VALUES Of THE VARIABLES IS 
OBTAINED IN INC6l + 1 SUCCESSIVE ITERATION 
STEPS <SEE INCU, IN[ZJ); INCBJ • 4 IS VERY 
CAUTIOUS; USUALLY, INC6l • 1 IS SATISFACTORY; 

INC9J: IF THE PROBLEM IS KNOWN TO BE ILL•CONDITIONED 
!SEE Cll), THEN THE VALUE OF INC9l SHOULD BE 
NEGATIVE, OTHERWISE IN[9l >• O; 

UUTt <ARRAY IDENTIFIER>; 
"AR~AY" QUT[l:6]; 
EXITI 

OUT[llt THIS VALUE G.IVES INFORMATION ABOUT THE 
TERMINATION Of THE PROCESS; 
OUT[ll • o: NORMAL TERMINATION; 
OUT[ll • 1: THE PROCESS IS BROKEN OFF, BECAUSE, 

AT THE iND OF AN ITERATION STEP, 
THE NUMBER OF CALLS OF FUNCT 
::xc EED ED THE VALUE GIVEN IN INC5J; 

OUT[ll • 21 THE PROCESS IS BRO~EN OFF, BECAUSE 
THE CONDITION OF THE PROBLEM IS TOO 
BAD; 

OUTCZJ: THE CALCULATED MINIMUM OF THE FUNCTION; 
OUTC3Jt THE VALUE OF THE FUNCTION AT THE INITIAL GUESS; 
OUTC4lt THE NUMBER OF FUNCTION EVALUATIONS NEEDED TO 

OBTAIN THIS RESULT; 
OUTC~J: THE NUMB~R OF LINE SEARCHES !SEE Cll); 
OUTC6Jt THE STEP SIZE IN THE LAST ITERATION STEP• 
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PROCEDURES USED1 

I NI V EC • CP 310 10, 
INIMAT • CP3101l, 
DUPVEC • CP31030, 
DUPMAT • CP31035, 
OUPC'.lLVEC • CP31034, 
MULROW • CP3102l, 
MULCOL • CP310ZZ, 
vecvec • cp34010, 
TAHMAT • CP34014, 
MATTAH • CP34015, 
ICHROWCOL • CP34033, 
ELMVECCOL • CP3402l, 
QRISNGVALDEC • C0 34?73, 
SETRANOOM • CPll014, 
RAHDO~ • CPllOl,, 
DWARF • CP30003a 

REQUIRED CENTRAL M~MORY: 

EX~CUTION F!ELD LF.NGTHI ONE ARRAY 0~ LENGTH N SQUARED AND FIVE 
ARRAYS OF LENGTH ~ ARE DECLARED; 

RUNNING TI11Et 

T~E NUMAFR OF ITERATION STEPS DEPENDS STRONGLY ON THE PROBLEM TO BE 
SOLVED. 

METHOD AND PERFORMANCE: 

THIS PROCEDURE IS ADOPTED FROM Cll. 

REFLRENCES: 

C 1l Re Pe BRENT, 
ALGORITHMS FOR MINIMIZATION WITHOUT DERIVATIVES, CHe 7e 
~RENTICE HALL, l973e 
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EXAMPLE OF USE t 

TH£ FOLLOWING PR1GRAM MAY BE USED TO CALCULATE THE MINIMUM OF THE 
FUNCTION F( l() • 100 * (X[Zl - Xtll ** Zl ** Z + (l - X[l]) ** Z, 
USINt; <-1.2, 1) AS AN INITIAL ESTIMATE. 

"BEGIN" 
"PROCEDURE" PRAXIS(N.1 X.1 FUNCT.1 IN.1 OUT); "CODE" 34432J 

"ARRAY" X[lr2].1 INCC.19]., OUTC1.t6li 

"REAL" 11 PROCeDUR!=" F(N., X); 11 VALUE" Ni "INTEGER" N; "ARRAY" x; 
Ft• (XCZl - XCll ** 2) ** z: • 100 + U - XClll ** 2; 

INCOlt• "-14; INCllt• INCZlt• 11-6; INC5J:• 250; 
InC6J:• li INC7J: ■ li INCBJ: ■ li INC9lt• 1i 

X Cl 11• -1. 2; XC Zl r • li 
PRAXIS( Z, X, F.1 IN, OUT); 
11IF11 OllTCll • 0 "THEN" OUTPUT(6l1"<'"'(" NORMAL TERMINATION")" 
.,, /It )It) i 
OLITPUT( 61.. "( 114B,"("M INIMUM IS 11 ) "• N, /,4B, 
"("F~R X IS 11 ) 11 1 Z<Nl.1/1481 
11 ( 11THE INITIAL FUNCTION VALUE WAS")" .1N1/.14B.1 
"("THE NIJMBER OF FUNCTION EVALUATIONS NEEDED WAS "l",3ZD,/,4B, 
"<"THE NUMBER OF LINE SEARCHES WAS 11 ) 11 13ZD1/14B1 
"("THE STEP SIZE IN THE LAST ITERATION STEP WAS ">", N.1/''l".1 
OUTC2l, XCll, XC2l1 OUTC3J, OIJTC4J, aUTC5J, OUTC6ll 

"ENO 11 

RESULTS: 

NJRMAL TERMINATION 

MINIMUM IS +le569498673'8789 11-021 
FOR X IS +le0000000000389 11 +000 +1.0000000000785"+000 
THE INITIAL FIIHCTIOtl VALUE WAS +2e4200000000001 11 +001 
THE NUMBER OF FUNCT!ON EVALUATIONS NEEDED WAS 189 
THE NUMBER OF LINE SEARCHES WAS 72 
THE STEP SIZe IN THc LAST ITERATION STEP WAS +5.3830998470105"•009 
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SIJUR CE TEXT ( S) 1 

"CODE" 34432; 
"PROCEDURE" PRAXlS<H.1 X.1 FUNCT, 1th OUT); 
"VALUE" N; 11 INTEG!:R" N; 
"ARRAY" x., IN, OUT; 
11 REAL" "PROCEDURE" FUNCT; 
"BE GIN" 
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11COMMENT 11THIS PROCEDURE MitUMIZES FUNCT(N, X>,WITH THE 
PRINCIPAL AXIS METHOD < SEE BR ENT ,R eP, 1973, ALG OR ITH MS 
FOR MINIMIZATION WITHOUT DERIVATIVES.1CHe7>; 

i 
11 PROCEDURE 11 INIVEC(L., u., A, X); 
"PROCEDURE" INIMAT(l.1 U.1 K.1 V, A, X); 
11 PROCEDURE 11 DUPVF.C<L, U, K, A, X); 
"PROCeDURc" DUPMAT<L.1 u., K, V, A.1 8); 
"PRor,EDURE11 DUPCOLVEC(L., u., K, A, B); 
"PROCEDURE" MULROW<L, U, I, J., A., B, X); 
"PROCEDURE" MULCOL(L, u., I, J, A, B, X); 
11 REAL" 11 PROCEDUR[" VECVEC(L, U, s., A.1 B); 
"REAL" "PROCEDURE" TAMMAT<L.1 U, I, J., A, 81; 
"REAL" "PROCEDURE" MATTAM<L, u., I., J, A., 81; 
"PROCEDURE" ICHRUWCtJL<L, U, I.1 J., A); 
"'PROCEDURE" EL:1VECC'.JL<L.1 U, I., A., 81 X); 
"INTEGeR" "PROCSDURE11 QRISNGVALDEC<A.1M,N.1VAL,V,EM); 
"PROC EDURE11 SET RANDOM< X I; 
"REAL" "PROCEDURc 11 RANDOM; 
"REAL" "PROCEDURE" DWARF; 

"PROCEDURE" SORT; 
11 BEGlN" 11 INTEGER 11 .I, J, KJ "REAL" S; 

"FOR" 11 ■ 1 "STEP" 1 "U"ITIL" N - 1 "00" 
"8~GIN" K:• I; S:• D[Il; 

11CODE 11 31010; 
"CODE" 31011; 
"CODE" 31030; 
11CODE 11 31035J 
"CODE" 31034; 
"CODE" 31021; 
"CODE" 31022; 
11CODE 11 34010; 
"CODE" 34014; 
11CODE 11 34015; 
11 CODE 11 34033; 
"CODE" 340Zl; 
11 CODE 11 34273; 
"CODE" 11014; 
11CODE" 110l!H 
"CODE" 30003; 

11 FOR11 J :• I+l "STEP" 1 "UNTIL" N 11 D0 11 11 IF 11 DCJl>S "THEN" 
"BEGIN" Kt• J; St• D[Jl •END•; 
11 1F" K>I "THEN" 
"BEGIN" DCKJ:• DCIJ; DCilt• S; 

"FOR" Jt• l •STEP" l 11UNTil" N 11D0" 
"BEGIN" S••VCJ,IJJ VtJ,Ilt• VCJ,Kl; VCJ,KJ:• S 
11 END" 

"END" 
11 END 11 

"END" SQRT 
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"PROCEDURE" '1INCJ1 NITS, OZ, Xl, Fl, FK); "VALUE" J, NITS, FK; 
"INTEG~R" J, NITS; "REAL" DZ, Xl, Fl; "BOOLEAN" FK; 
11 BE GIN" 

11Ri:AL 11 11 PROC!:DURF." FLINCU; "VALUE" Li "REAL" L; 
"BGGIN" "lMTEGER" I; "ARRAY" TCltNl; 

•IF" J > 0 "THEN" 
11 BEGIN 11 "FIJR" Ii• l 11 STEP" l 11 UNTIL 11 N 110011 

TCIJ: ■ XCil + L • VtI,Jl 
"END" "ELSE" 
"BEGIN" "COMMENT" SEARCH ALONG PARABOLIC SPACE CURVE; 

QAt ■ L • CL - ~Dll / (000 • (QOO + QDl)); 
08: ■ CL+ 0001 • (QDl - LJ /(QDO • 001); 
QCr ■ L • (L + 000)' I (001 • (0D0 + QOl)); 
NFOR" It ■ 1 "STEP" l "UNTIL" N "00" 
TCIJ:• QA • QOCll +QB * X[Il +QC* 01[1] 

11 END11 ; 

NFt• NF + li FLIN1 ■ FUNCT<N, Tl 
"Etm 11 FLIN; 

11 IMTEGE R11 K; "BOOLEAN" OZ; 
"REAL" )(2, XM, FO, FZ, FM, Dl, T2, S, SFl, SXl; 
SFlt• Fl; sx11 ■ XlJ 
K; ■ o; XM1• o; FO: ■ FM:• FX; oz; ■ 02 C RELTOL; 
s: ■ SQRT(VECVEC(l,~,o,x,x,1; 
TZI ■ M4 * S0RT(ABS(FX) / ("IF" DZ "THEN" OMIN "ELSE" 02) 
+ S •LOT)+ MZ • LOT; S1 ■ S * 114 + ABSTOL; 
"If" DZ "Mm" T2 > S "THEN" T2: • S; 
"lf"T2CSMALL"THEN"T21 ■ SMALL; 
"IF"T2>0.0l*H "THEN"T2t ■ OeOl*H; 
"lf"fK"AND"FlC•FM "THE~" 
1185GIN"XM:•Xl; FM: ■ Fl "END"i 
"IF" A FK"OR"ABS(Xl)<TZ"THEN" 
11 BE GIN"Xl: •" IF 11Xl>O 11 THeN 11 T211 ELSE11-T 2; 

Fl: • FLIN ( Xl ) 
"EN 0"; 
"lf"Fl<• FM"THEN" 
"BSGIN"XMI• Xl; FM: ■ ~1 11EN0 11 ; 

LO: "lf" DZ 11 THEN 11 

"BEG IN" "COl111ENT"EVALUATE FLIN AT ANOTHER POINT 
A~D ESTIMATE THE Si;COND DERIVATIVE; 
xz: • 11 IF11 FO < Fl 11THEN" •Xl 11 1:LSE" Xl * 2; 
FZ: ■ FlIN(X2); 11IF 11 F2 <• FM 11 THEN 11 

"BEGIN" XMt• xz; F11t• f2 "END"; 
D21•(X2*(fl-FOJ-Xl*CFZ•FOl)/(Xl*X2*CX1-X2)) 

"EN D11 ; 

"COMMENT"ESTIMATE FIRST DERIVATIVE AT o; 
01: ■ (fl-FO)/Xl-Xl•D2; oz: ■ 11 TRUE 11 ; 
XZ:• "lf"D2<sSMALL 11 THEN" 
C 11IF"Dl<011 THE:N 11 1-111 ELSE"-H > 
"EL SE11-0 • 5*01 I DZ; 
11 IF II ABS ( X2) >H 11TH EN" XZ: •"I F"X2 >O 11THEN 11H11 ELSE 11-li; 

"COMMENT" 
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L l I F 2 1 •FLIN ( X2 ) ; 
"I F11 K<N ITS "AND 11F 2"F 0 11 THEN" 
"B;;Gl N"K: • K +l; 

"IF" FO< Fl" ANO"X l*XZ>O"THSN" "GOTO" LO; 
X21• Oe5*X2; "GOTO"Ll 

"END"; 
NL:• NL+l; 
"IF"f2)FM"THEN"X2&•XM"ELSE 11 FM&•F2J 
OZ1•"1F"ABS(X2*(X2-Xl))>SMALL"THEN 11 

(X2*<Fl-FO)-Xl*(FM-FO))/(Xl*X2*!Xl•X2)) 
"eL SE" "IF"K)O"THEN"O"ELS E"D2; 
"IF"DZ<•SMALL 11 THEN"DZl•SMALL; 
Xll•XZ; FXt•FM; : 
"If" SFl<FX"Til!:N" 
"BEGlN" FX:•~Fl; Xll•SXl "EMO"; 
"IF NJ>O"Tl-1 !;N" i::LM VECCOL ( l,N ,J, X,V, X 1) 

"END" IIIN; 

ttp ROCt DURE 11 QUAD; 
"BEGIN" "INT~GER" I; "REAL" L, S; 

SI• FX; FXt• QFl; 0Fl: ■ S; QOlt• O; 
"FOR" I: ■ l "STEP" l "UNTIL" N 11 D0" 
"B::lGIN"Sl•XCil; XCilt• LI• Ql[IJ; Ql[I]I• S; 

ODlJ• ODl + CS - L) ** 2 
"END"; 
L:•QDl:•SORT("IDl); S:• O; 
"IF"(QD0*0Dl>DWARF)"AND"NL>•3*N*N"THEN" 
"BCGIN"MIN!0,2,S,L,0Fl, 11 TRUE 11 )J 

QA:• L*!L•QDl)/(ODO*!ODO+ODl))J 
QBa ■ (L+QOC)*(QDl-L)/(QDO*QDl); 
QC: ■ L*(L+QDO)/(QDl*(QDO+ODl)) 

"I! "ID t1 It ':Ls !: II . 

11 BEGIN" FX:• QFl; QA:• QBI• O; QC: ■ 1 "END"; 
QOOI • QDl J"FiJR"I I• l"STEPill"UNTIL"N"DO" 
"BEGIN11Sl•10Cil; QO[Ilt•XCllJ 

XCIJ:• QA*S + 0!3*X[Il+OC*01CIJ 
"'='H)" 

"i.:NO"' QUAD; 

11 1300LEAI~" ILLC; 
"INTEGER" 1, J, K, KZ, NL, MAXF, NF, KL, KT, KTM; 
"RF. AL" S, SL, DN, 01'1IN, FX, Fl, LDS, LDT, S.F, OF, QFl, QDO, 
QDl, QA, QS, QC, M2, M4, SMALL, VSMALL, LARGE, VLARGE, SCBD, 
LDFAC,T2, MACH~~S, RELTOL, ABSTOL, H; 
"ARRAY" V[l:N,l:HJ, o, Y, z, ao, Ql[ltN]; 
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MACHEPSI• INCO]; RELTOLI• INCll; ABSTOLI• INCZ]j '1AXF1• INC5]; 
~:• IHC6J; SCBD1• INC7l; KTM: ■ INCA]; ILLCt• INC9J < o; 
SMALL:a: MACHEP! ** 2; VSMALL:• SMALL** 2; 
LARGEI• l/SMALL; VLARGEt• l/VSMALL; 
M2t• RGLTDL; M4t• SQRT<M2); SETRANDOM(0.5); 
LDFACI• 111F" ILLC 11THEN 11 Oel 11 ELSE" OeOl; 
KTl•NL: ■ O; NFl•lj OUT[3]1• QFlt•FXl•FUNCTCN,X); 

"COMMENT" 
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ABST1Lr•T21• S~ALL+ABS(ABST□ L>; DMIN:• SMALL; 
"If" H(ABSTOL*lOn"THEN"H:•ABSTOL*lOQ; LOT: ■ H; 
INI~AT<l,N,1,N,V,Ol; 
"FOR"Il•l"STEP"l"UNTIL"N"DO"VCI,Ilr• l; 
DCllr• QOO:• u; DUPVEC<l,N,O,Ql,Xl; 
INlVGC(l1N,Q010l; 

"COM11EI-IT"11AIN LJ!lP; 
Lo: SF: ■ D[l]; 0[1]: ■ s: ■ o; 

111 N <1,2,DC 1 l, S, FX, "f ALSE "l; 
"IF" S <• 0 "THEN" MULCOL(l, N, 1, 1, V, V, -llJ 
"If" SF <• Oa9 * DCll 11 0R" 0,9' * SF >• D[ll 11 THElll 11 

I"IIVISCCZ,N,D,Ol; 
"FIJR" K I• 211 STi:P"l 11UNTlL"N"D011 

"BEGIN" DUPVEC(l,N,O,Y,X); SF1•FX; 
ILLC:• ILLC 11 0R" KT>O; 

Ll: KL: •K; OF: ■ O; "IF" lLLC "THEN" 
"BEGIN" "COMMENT"RANDOM STOP TO GET OFF 

~ESULTIOH VALLEY; 
"F0R11 I: ■ l 11STEP 11111 UNTIL"N"00" 
118 EGl N11St •ZC Il I• (O,l*LDT+T 2*10**KT> 

* ( RAHD011-IJ, 5); 
!:LMVGCCOL< 1, N, I, X,V,Sl 

"ENO"; 
FXI• FUNCT(N,X)J NF1• NF+l 

"END"; 
11 FOR"KZ:• K "STlP 11 1 "UNTIL" N "00 11 

"BEGIN" SL: ■ FX; S: ■ O; 
MIN (KZ, 2, O[K2l, S, FX, •FALSE"); 
Sl•"IF" ILLC "THEN" DCK2l * (S + ZCK2ll ** 2 
11 ELSE"SL-FXJ 11 1F"0FCS11 THEN 11 

"BEGIN" DF ••SJKL 1 ■ KZ"END"J 
"EtW"J 
"lf" ~ILLC "ANO" DF < ABSClOO * MACHEPS * FX> "THEN11 

11 81:GIN II l LLC:. "TRUE 11; "GOTO" Ll II END"; 
"FOR" K21• l"STF.P" l"UNTIL"K-l•D□" 
"BCGIN" S•• O; MIN(KZ, z, DCKZl, S, FX, "FALSE"> "ENO"; 
fl: ■ FX; FX:• S·F; LOS: ■ O; 
11 FOR" Ir• l 11STEP 11 1 "UNTIL" N "00" 
"BEGIN" SLt• XCI]; XCilr• YCI]; SLr• YCI]: ■ SL - Y[Il; 

LOSt• LOS+ SL* SL 
"EMO"; LOS:• SQRT<LOS>; 
"IF" LDS > SMALL "THfN" 
11BEGI~11 "FOR" It• KL - l "STEP" -1 "U~TIL" K 11 00" 

"BEGIN" "FOR" J:• l 11 STEP 11 1 "UNTIL" N "00 11 

VCJ, I+ 1]:• VtJ,Il; O[I + l]I ■ Otil 
"ENO"; 
D CK l : ■ 0; DU PC DL V EC Cl, N, K, V, Y); 
MULCOL<l, N, K, K, V, V, 1 / LOS); 
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MINCK, 4, DCKl, LOS, Fl, "TRUE"); 11IF" LOS <• 0 "THEN" 
"BEGIN" LOSr• LOS; MULCOL(l, N, K, K, V, V, -1> "END" 

"END"; 
LOT:• LDFAC * LOT; "lF" LDT CLOS "THEN" LDT•• LOS; 
T2t ■ M2 • SQRT(VECVECCl, N, O, X, X)) + ABSTOLJ 

II COMMENT" 
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KT:• "IF" LDT> Oe5 * T2 "THEN" 0 "ELSE" KT+ l; 
"lF" KT> KTM "THEN" "BEGIN" OUTClll• O; "GOTO" L2 "END" 

11 END"; 
QUAD; 
ON:• O; "F0R 11 I 1 • l 11 STEP"l"UNTIL 11 N1100 11 

"Bi:GIN"DCI]: ■ 1/SQRTIDCill; 
11 IF•DN<DC Il 11THEN"DN1•0CI l 

"END"; 
11FOR 11Jt• l 11 STEP 11 l 11 U~TIL 11 N11D0 11 

11 BEGIN11 Sl• DCJJ/DN; MULCOL(l,N,J,J,V,V,Sl"END"; 
•IF 11SCBD>1 11THEN 11 

11 13 EGI N'' S: •VL ARGE; "FOR 1111 •l 11S TEP "l 11UNTIL 11 N11 DO" 
"BEGIN" SL:• ZCI]:• SQRT011'TTA11<1, N, I, I, V, Viii 

11IF"SL<M4"THEN11 ZCil1• M4; 
11 IF 11 S>SL "THEN" S:• SL 

"END" l 
11 F!JR"lt•l 11STEP"l"UNT1 L"N 11 00" 
"BEGIN"SL1•S/ZC!l;Z[Il1• 1/SL; 

"IF"ZC!l>SCBD 11 THEN 11 

"81:;GIN"SL : ■l/SCBO; ZCIJ: ■ SCBD"l:ND"; 
MULR□WCl, N, I, I, V, V, SLI 

"END" 
11 EN 0"; 
"FOR" l:• l "STEP" l 11 UNTIL" N "DO" 
rcHROWCOL(I + l, N, I, I, V); 
"BEGIN" "ARRAY" A[l:N,1:Nl, l:'1[0:7J; 

i:MCOJI• EMC2]: ■ MACHEPS; 
EMC4lt• 10 * N; EMC6lt• VSMALL; 
DUPMAT<l, U, 1, N, A, VI; 
"lf 11 QRISNGVALD!:C<A, N, N, D, V, EMI "• 0 "THEN" 
"BEGIN" OUTClJ:• 2; "GOTO" L2 "END"; 

"END11 ; 

"IF 11SCBD>l"THE~" 
11BEG1N11 "f0R11 I:•l 11 STEP"l 11UNTIL"N"D011 

MULROW<l,N,I,I,V,V,ZCIJI; 
11FJR"I•• l~STEP 111"UNTIL 11N11 D011 

"BEGIN11S:• SORT<TAMMAT<l,N,I,I,V,Vl ); 
DCIJ:• S*DCIJ; St• 1/S; 
MULCOL( 1,N,I,I,V,V,Sl 

II EMD II 
"!:ND"; 
11 FOR" I:• 1 "STEP" l "UNTIL" N 11 0011 

11 BEG1N 11 St• ON* OCIJ; 
DCI]t• "If" S > LARGE "THEN" VSMALL "ELSE" 
11 Iftt S < S~ALL 11THEN 11 VLARGE "ELSE" S ** 1•21 

11 1:HD"; 
SORT; 
DMIN: ■ OCNl; "IF" DMIH < SMALL 11 THEN 11 DMIN: ■ SMALL; 
ILLC: ■ (M2 • DClll > OKIN; 
"IF" HF< MAXF "THEN" 11GOT0 11 LO 11 ELSE11 OUT[lll• 1; 

LZI OUT[2lt• FXJ 
OUTC4]: ■ NF; OIJTC5]i• NL; OUTC6]: ■ LDT 

"E~D"PRAX~S; 
"EDP" 
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AUTHORa J.C.PaBUSe 

INSTITUTE: MATHEMATICAL CENTRE. 

RECEIVED~ ?30620. 

BRIEF DESCRIPTION: 

THIS SECTION CONTAINS TWO PROCEDYRES, RNKlMIN AND FLEMIN, FOR 
MINIMIZING A GIVEN DIFfERENTIASLE FUNCTION OF SEVERAL VARIABLES; 
BOTH PROCEDURES USE A VARIABLE METRIC METHOD; THE USER HAS TO 
PROGRAM THE EVALUATION OF THE FUNCTION AND ITS GRADIENT; 
THE CHOICE Of RNKlMIN AND FLEMIN IS DEPENDENT ON THE PROBLEM 
INVOLVi;D; IF T~~E NUMBER OF VARIABLES OF THE FUNCTION TO BE 
MINIMIZED IS VERY LARGE AND THE CALCULATION OF THE FUNCTION. AND ITS 
GRADIEHT IS RELATIVELY CHEAP <THE NUMBER OF ARITHMETIC OPERATIONS 
IS OF ORDER AT MOST N •• 21,THEN THE USER IS ADVISED TO USE FLEMIN; 
IF THE HESSIAN~ THE FUNCTION IS EXPECTED TO BE (ALMOST> SINGULAR 
AT THE MINIMU11, THEtl RNKlMIN IS PREFERRED; 

KEYWr.1RDSt 

OPTIMIZATION, 
HIGHER - DIMENSIONAL, 
UNCONSTRAINED, 
VARIABLE METRIC '11:THODe 
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SUBSECTION: RNKlMlNe 

CALLING SEQUCNCEr 

THE HEADING OF THIS PROCEDURE 1S: 
"REAL" "PROCEDURE" RNKlMIN(N, X, G, H, FUNCT, IN, OUTI; 
"VALUE" N; •INTEGER" N; 
"ARRAY" X, G, ~, IN, OUT; 
"REAL" "PROCEDURE" FUNCT; 
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RNKlMINI DELIVERS me CALCULATi;:D LEAST VALUE OF THE GIVEN FUNCTION,; 

THE MEANING OF THE FORMAL PARAMETERS IS: 
Nr <ARITH~ETIC EXPRESSION>; 

T~E NU~BER JF VARIABLES OF THE FUNCTION TO BE MINIMIZED; 
X: <ARRAY IDENTIFIER>; 

"ARRAY" X[l: N]; 
TI-IE INDEPENDENT VARIABLES; 
E~TRYt AN APPROXIMATION OF A MINIMUM OF THE FUNCTION; 
EXIT1 THE CALCULATED MINIMUM OF THE FUNCTION; 

Gr (ARRAY IDENTIFIER>; 
"ARRAY• Gtl • N]; 
EXIT: THE GRADIENT OF THE FUNCTION AT THE CALCULATED 

MINIMU"I; 
HI (ARRAY IDENTIFIER>; 

~ARRAY• H[l I N *IN+ 11 // 2]; 
THE UPPGRTRIANGLE OF AN APPROXIMATION OF THE INVERSE 
HESSIAN IS STORED COLUMNWISE IN H II•E• THE I,J-TH ELEMENT• 
H[ (J • l l • J // 2 + I l, 1 <• I<• J <• N l; 
IF INC6l > 0 INITIALIZING OF H WILL BE DONE AUTOMATICALLY 
AND TI-IE INITIAL APPROXIMATION OF THE INVERSE HESSIAN WILL 
EQUAL THE UNIT~ATRIX MULTIPLIED WITH THE VALUE OF INC6]; 
IF INC6J < 0 NO INITIALIZING OF H WILL BE DONE AND THE USER 
SHOULD GIVE IN H AN APPROXIMATION OF THE INVERSE HESSIAN, 
AT THE STARTING POINT;THE UPPERTRIANGLE OF AN APPROXIMATION 
OF THE INVERSE HESSIAN AT THE CALCULATED MINIMUM IS 
DELI VER ED IN HJ 

FUNCT: <PROCEDURE IDENTIFIER>; 
THE HEADING OF THIS PROCEDURE SHOULD BE1 
"REAL" "PROCEDURE" FUNCT<N, X, G); •VALUE• N; 
"INTEGER" N; "ARRAY" X, G; 
A CALL OF FUNCT ~UST EFFECTUATE IN: 
1J FUNCT BECOMES THE VALIJE Of THE FUNCTION TO BE MINIMIZED 

AT THE POINT X; 
2: THE VALUE OF GCil, <I• l, •••' N>, BECOMES THE VALUE 

OF THE I - TH COMPONENT OF THE GRADIENT OF THE FUNCTION 
AT X; 
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INt <ARRAY IOENTIFIER>; 
"ARRAY" I~CO t 8l; 
ENTRY: 
Hit Ol: THE MACHINE PRECISiaN; 

FOR THE CYBER 73-26 A SUITABLE 
INClll THE RELATIVE TOLERANCE FOR THE 

VALUE IS "-14; 
SOLUTION; 

THIS TOLERANCE SHOULD NOT BE 
IN CO l; 

CHOSEN SMALLER THAN 

INC2lt THE ABSOLUTE TOLERANCE FOR THE SOLUTION; 
INC3l; A PARAMETER USED FOR CONTROLLING LINEMINIMIZATION, 

CC3l, C4ll; USUALLY A SUITABLE VALUE IS1 0.0001; 
INC4Jt THE ABSOLUTE TuLERANCE FOR THE EUCLIDEAN NORM OF 

THE GRADIENT AT THE SOLUTION; 
INC5Ja A LOWERBOUND FOR THE FUNCTIONVALUE; 
INC6]1 THIS PARAMETER CONTROLS THE INITlALIZATION OF THE 

APPROXIMATION OF THE INVERSE HESSIAN (METRIC>, 
SEE H; USUALLY THE CHOICE INC6l • l WILL GIVE GOOD 
RESlJL TS; 

INC7]: THE MAXIMUM ALLOWED NUMBER OF CALLS ~f FUNCT; 
INC8l1 A PARA~ETER USED FOR CONTROLLING THE UPDATING OF 

THE METRIC; IT IS USED TO AVOID UNBOUNDEDNESS OF 
THE METRIC (SEf: C6l, FORMULA Cl9ll; 
THE VALUE OF INC8l SHOULD SATISFY: 
$QRT(IN[Ol / INClll / N < INC8l < li 
USUALLY A SUITABLE VALUE WILL BE OeOl; 

<ARRAY IDENTIFIER>; 
"ARRAY" OUT[0:4]; 
EXITt 
OUT CO ]I 

OUTCll: 

OUTCZ l t 

OUTC3 ll 

OUT[4]: 

THE EUCLIDEAN NORM OF THE PRODUCT OF THE METRIC AND 
THE GRADIENT AT THE CALCULATED MINIMUM; 
THE EUCLIDEAN NORH OF THE GRADIENT AT THE 
CALCULATED MINIMUM; 
THE NUMBER OF CALLS OF FUNCT, NECESSARY TO ATTAIN 
THIS RESULT; 
THE NUMBER OF ITERATIONS IN WHICH A LINESEARCH WAS 
~EC ES SAR Yi 
THE NUMBF.R Of ITERATIONS IN WHICH A DIRECTION HAO 
TO BE CALCULATED WITH THE METHOD GIVEN lN C5l; 
lN SUCH AN ITERATION A CALCULATION OF THE 
EIGENVALUES AND EIGENVECTORS Of THE METRIC IS 
tH:CESSARYo 

DATA AND RESULTSI 

USUALLY THE CALCULATED SOLUTION ~Ill SATISFY: 
NORM ( XMIN • XCAL l < NORM ( XCAL l • IN[ll + INCZle 
WHERi; AT XMIN THE GIVEN FUNCTION IS MINIMAL, XCAL THE CALCULATED 
APPROXIMATION OF XMIN AND NORM(• l DENOTES THE EUCLIDEAN NORM 
OF X; HOWcVER, WE CANNOT GUARANTEc SUCH A RESULT; THE CALCULATED 
SOLUTIUN POSSIBLY WILL NOT SATISFY THE ABOVE INEQUALITY IF THE 
PROBLEM IS VERY Ill - CONDITIONED; THE USER CAN DISCOVER sue~ A 
SITUATION BY LOOKING AT THE EUCLIDEAN NORM Of THE METRIC, DELIVERED 
IN H; THE PROBLEM IS ILL• CONDITIONED IF THIS NORM IS LARGE 
RELATIVE TO 1 • 
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vscvec. CP34010, 
MATVEC • CP340ll, 
TAMVEC • CP340l2, 
SYMMATVEC • CP340l8, 
INIVE:C • CP3lOlO, 
INISYHO • CP310l3, 
MULVr:C • CP3l020, 
DUPVE C • C P31030, 
EIGSYMl • CP34l56, 
LINSMIN • CP342l0, 
RNKlUP, • CP342ll, 
DAVUDD • CP34212, 
FLSUPD • CP342l3• 

R~QUIRED CCNTRAL MeMJRYI 

( DECEMBER 1975 > 

EXECUTIJN FIELD LENGTH: VARIES FROM 5 • N + 26 TO 
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N ** 2 + N *IN+ ll // 2 + 5 • N + 35 WORDS. 

RUNNING TIME 1 

DEPENDS STRONGLY ON THE PROBLEM TO BE SOLVED; 

LANGUAGE:: ALGOL 60e 

METHOD AND PERFOR~ANCEI 

RNKlMIH CALCULATES AN APPROXIMATION OF A MINIMUM OF A GIVEN 
FUNCTI~N BY MEANS Of A VARIABLE METRIC METHOD; THE RANK - ONE 
UPDATING FORMULA, USED IN THIS ALGORITHM IS GIVEN IN [6J, 
(FORMULA 14»; TO AVOID UNBOUNDEDNESS OF THE METRIC CSEE [8])., 
SOMETIMES A RANK - TWO UPDATING FORMULA IS USED 1[3]., 
FORMULAS Cl) AND 15)); TO AVOID LINESEARCHES AS MUCH AS POSSIBLE A 
STRATEGY GIVEN 1~ [4] IS USED; IF IN AN ITfRATION THE FUNCTION IS 
INCR~ASING IN THI; DIRECTION GIVEN BY THE VARIABLE METRIC ALGORITHfh 
BECAUS2 THE METRIC IS NOT POSITIVE DEFINITE, THEN A METHOD GIVEN IN 
C5l IS USED TO CALCULATE A NEW DIRECTION; THIS METHOD REQUIRES 
THE CALCULATI0/1 OF TliE EIGt:NV!:CTORS AND EIGENVALUES OF THE METRIC; 
USUALLY,TliE NUHBER OF TINES SUCH A CALCULATION IS NECESSARY IS VERY 
SMALL RELATIVE Tn THE NUMBER OF ITERATIONS (AND OFTEN EQUALS ZERO)J 
IF THE NU~BER OF VARIABLES OF THE FUNCTION IS VERY LARGE AND THE 
CALCULATION OF TliE FUNCTION AND ITS GRADIENT IS RELATIVFLY CHEAP 
<THE NUMBER OF ARITHMETICAL OPERATIONS IS OF ORDER AT MOST N •• 2 >, 
THEN TH~ USER IS ADVISFD Ta USE FLE~IN (CP32l05); 
A DETAILED DESCRIPTION OF THE ALGORITHM AND SOME RESULTS ABOUT ITS 
CONVERGENCE IS GIVEN lN Cll• 
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SUBSECTION& FLEMIN. 

CALLING SSQU(NCE: 

THE HEADING OF THIS PROCEDURE lSl 
"REAL" "PROCEDURE" FLEMIN<N, X, G, H, FUNCT, IN, OUT); 
"VALUE" N; "INTEGER" N; 
11 ARRAY" X, G, H, IN, OUT; "REAL" "PROCEDURE" FUNCT; 
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FLEMINt OF.LIVERS TH~ CALCULATED LEAST VALUE OF THF GIVE~ FUNCTION; 

THE MEANING OF THE FORMAL PARAMETERS IS1 
N: (ARITHMETIC EXPRESSION>; 

THE NUMBER OF VARIABLES OF THE FUNCTION TO BE MINIMIZED; 
Xt <ARRAY IDENTIFIER>; 

11ARRAY11 X[l: N]; 
THE INDEPENDENT VARIABLES; 
ENTRYt AN APPROXIMATION OF A MINIMUM OF THE FUNCT.ION; 
EXIT: THE CALCULATED MINI'1llH OF THE FUNCTION; 

G: <ARRAY IDENTIFIER>; 
"ARRAY" G[l t Nl; 
EXITt TYE GRADIENT Of THE FUNCTION AT THE CALCULATED 

MINIMUM; 
H: (ARRAY IDENTIFIER>; 

"ARRAY" H[l I N * (N + 1) // 2]; 
Tl-tE UPPERTRIANGLE OF AN APPROXIMATION OF THE INVERSE 
HESSIAN IS STORED COLUMNWISE IN H <I.E. THE I,J•TH ELEMENT• 
HC )J - l) * J // 2 + IJ, l <• I<• J <• N)J 
IF IN[bl > 0 INITIALIZING OF H WILL BE DONE AUTOMATICALLY 
AND THE INITIAL APPROXIMATION OF THE INVERSE HESSIAN WILL 
EQUAL THE-UNITMATRIX MUtTIPLIED WITH THE VALUE OF INC6lJ IF 
INC6l < 0 ~O INITIALIZING OF H WILL BE DONE AND THE USER 
SHOULD GIVE IN H AN APPROXIMATION OF THE INVERSE HESSIAN 
AT THE STARTING POINT; 
THE UPP~RTRIANGLE OF AN APPROXIMATION OF THE INVERSE 
HESSIAtl AT THE CALCULATED MINIMUM IS DELIVERED IN H; 

FUNCT: <PROCEDURE IDeNTIFIER>J 
THE HEADING OF THIS PROCEDURE SHOULD BE I 
"REAL" "PROCEDURi" FUNCTCN, X, G); "VALUE" NJ 
"INTEGER" N; "ARRAY" X, G; 
A CALL OF FIJNCT SHOULD EFFECTUATE HU 
11 FUNCT BECOMES THE VALUE OF THE FUNCTION TO BE MINIMIZED 

AT THE POINT X; 
2: Tlie VALUE OF GCil, (I • l, •••' N>, BECOMES THE VALUE 

OF THE I - TH COMPONENT OF TliE GRADIENT OF THE FUNCTION 
AT X; 
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nu 

OUT: 
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<ARRAY IDENTIFIER>; 
"ARRAY" IN[l t 7]; 
ENTRY: 
IMCll: 
IN [2 l I 
IN[ 3] I 

THE RELATIVE TOLERAHCE FOR THE SOLUTION; 
THE ABSOLUTE TOLERANCE FOR THE SOLUTION; 
A PARAMETER USED F~R CONTROLLING LINEMINIMIZATION 
CC3l# [4]); USUALLY A SUITABLE VALUE IS 0.0001; 

1N[4J: THE ABSOLUTE TOLERANCE FOR THE EUCLIDEAN NORM OF 
THE GRADIENT AT THE SOLUTION; 

IN[5]1 A LOWERBOUND FOR THE FUNCTION VALUE; 
IN[6]: THIS PARAMETER CONTROLS THE INITIALIZATION OF THE 

APPRaXIMATI1N OF THe INVERSE HESSIAN (METRIC) (SEE 
H>; USUALLY INt6l • l WILL GIVE GOOD RESULTS; 

INC7lr THE MAXIMUM ALLOWED NUMBER OF CALLS OF FUNCT; 
<ARRAY IDENTIFIER>; 
"ARRAY" aUTt0:4]; 
EXITI 
OUTCOlt 

OUT[ ll: 

OUTC2 l r 

OUTC3 l I 

OUTC4J: 

THE EUCLIDEAN NORM □~ THE PRODUCT Of THE METRIC AND 
THE GRADIENT AT THE CALCULATED MINIMUM; 
THE EUCLIDEAN NORM OF THE GRADIENT AT THE 
CALCULATED MINIMUM; 
THE NUMBER OF CALLS Of FUNCT# NECESSARY TO ATTAIN 
THESE RESULTS; 
THE NUMBER OF ITERATIONS IN WHICH A LINESEARCH WAS 
NECESSARY; 
IF OUT[4l • - l# THEN TH~ PROCESS IS BROKEN OFF 
BECAUSE NO DOWNHILL DIRECTION COULD BE CALCULATED; 
THE PRECISION ASKED FOR MAY NOT BE ATTAINED AND IS 
POSSIBLY CHOSEN TOO HIGH; 
NORMALLY OUT[4l • O; 

DATA ANO RESULTS• 

USUALLY THE CALCULATED SOLUTION WILL SATISFY: 
NORM I XMIN - XCAL ) < NORM C XCAL > * IM[ll + INC2le 
WHERc AT XMIN THE GIVEN FUNCTION IS MINIMAL# XCAL THE CALCULATED 
APPROXIMATION OF XMIN AND NORM ( • ) DENOTES THE EUCLIDEAN NORM 
OF Xi HOWi:VER# WE CAN NOT GUARAIIITfH: SUCH A RESULT; THE CALCULATED 
SOLUTION POSSIBLY WILL NOT SATISFY THE ABOVE INEQUALITY IF THE 
PROBLEM IS VERY ILL - CONDITIONED; THE USER CAN DISCOV~R SUCH A 
SITUATION BY LOOKING AT TI-IE EUCLIDEAN NORl1 OF THE METRIC# DELIVERED 
IN H; THF PROBLEM IS ILL - CONDITIONED IF THIS NORM IS LARGE 
RELATIVE TO le 
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PROCEOURl:S USED1 

VECVEC • CP340lO, 
LLMVEC • CP34020, 
SYMMATVEC • CP34018, 
INIVEC • CP31010, 
INISYMD • CP31013, 
MULVEC • CP31020, 
DUPVEC • CP31030, 
LINEMI~ • CP34210, 
DAVU PD • C P34212, 
FLEUPD • CP342l3e 

REQUIRED CENTRAL MEM'lR YI 

( DECEMBER 1975) 

iXECUTI □N FI~LD LENGTHI 3 • N + 19 WORDS. 

RUNNING TIM!: I 

DEP~NDS STRONGLY ON THE PROBLEM TO BE SOLVED; 

LANGUAGE 1 ALGOL 60• 

METHOD ANO PERFORMANCE: 
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FLEMIN CALCULATES Atl APPROXIMATION OF A MINIMUM OF A GIVEN FUNCTION 
BY MEAHS OF THE VARIABLE METRIC ALGORITHM GIVEN IN [31, EXCEPT FOR 
SOME DETAILS (SEE- Cll>• 

R 1:F ERENCES: 
Cll BUS, J. c. Pe 

MINIMIZATION OF FUNCTIONS Of SEVERAL VARIABLES (DUTCH)e 
MATH~MATICAL CENTRE, AMSTERDAM, NR 29/72 (1972). 

[2] DAVIDON, We Ce 
VARIABLE METRIC METHOD FOR MINIMIZATION. 
ARGONNE NAT. LAB. REPORT, ANL 5990 (1959). 

C3l fLC!TCHER, Re 
A HEW APPROACH TO VARIABLE METRIC ALGORITHMSe 
COMP. Je 6, (1963), P.163 - l68e 

[4 l GOLDSTEIN, A. Ae AND PRICE, J • F. 
AN EFFECTIVE ALGORITHM FOR MINIMIZATIONe 
NUHcRe MATH. 10, (1967>, Pel84 • l89e 

C5l GREENSTADT, Je Le 
□N THE RELATIVE EFFICIENCIES OF GRADIENT METHODS. 
MATHe COMP. 21, (1967), Pe360 • 367e 

C 61 P014ELL, 11. J. De 
RANK ONE METHODS FOR UNCONSTRAINED OPTIMIZATION. 
PU ABADIE, Je CEDe) 

INTEGER ANO NONLINEAR PROGRAMMING. 
NORTH ... HOLLAND, ( 1970) • 
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EXAMPLE OF USE 1 

THE "1IIUMUM OF T~E FUNCTION: 
F(X) • (XC2l - XCll ** 2) ** 2 * 100 + Cl - XCl]) ** Z, 
CALCULATED WITrl BOTH RNKlMIN AND FLEMIN MAY BE OBTAINED BY THE 
FOLL □WI~G PROGRAM& 

"B CGIN" 
"REAL" 11 PRr.JCEDURE" RNKlM1!11O4, X, G, H, FUNCT, IN, OUT>; 
11C ODE" 34214; 
11 REAL" "PR0CEDUR~" FLEMIN<N, x, G, ~, FUNCT, IN, OUT); 
11 C0DE 11 34215; 
"REAL" "PROCEDURE" R0SENBR0CKCN, X, GI; 11 VALUE 11 N; 
"INTEGER" N; 11 ARRAY11 X, G; 
11 BEGIN11 R0S!:NBR0CK:• (XC2l • XCll ** 2) ** 2 * 100 

+ Cl • XCll l ** ?. ; 
G[l]I• ((X[l] ** Z - XCZll * 400 + Zl * XCll - Z; 
G[Z]l•(XfZ] - X[ll ** Zl * 200 

"1:N011 ROS ENBR0CK; 
"INT!:Gl'.:R" I; 11 800LEAN11 AGAlNi "REAL" F; 
11 ARRAY" x, GCltZJ, HClt3l, INC0t8l, 0UTC014l; 

INC0J:• 11-14; HlClJi• 11•5; INCZJ: ■ "-5; INC3J:• "-4; 
I'NC4J:• "--5; INC~]:• -10; INC6J: ■ l; 1NC7J:• 100; INC8ll• 0e0li 
X[l]I• -1.z; XCZlt• l; AGAIN&• 11 TRUE11 ; 
fr• RNKlMINCZ, X, G, H, RflSENBR0CK, IN, OUT!; 
11GOT0" PRINT; 

Ni:XT: XClJ:• •leZi XC2Jt• l; AGAIN&• "FALSE"J 
FI• FLEMINC2, X, G, H, R0SENBROCK, IN, OUT); 

PRINT: OUTPUTC6l, "(""("LEAST VALUE: 11 J 11 B+el50"+301//1 ucux:n1n, 
ZCB+el50"+30Bl,//,"("GRADIENT:"J 11 , 2CB+el5D"+3D8l,//, "("HETRIC: 11 111 

,ZCB+el50"+30Bl,/,32B+el5D11 +3D,//, 11 ( 110UT1 11 l 11 , 5(B+el5D11+3D81/l1/// 
11 111,F, Xtll, Xt2l, GCll, GCZJ, HCll, Ht2l, HC3l, 0UTC0J, 0UTCll, 
0UTC2l, 0UTC31, 0UTC4J); 
11 IF 11 AGAIN "THEN" "GOTO" NEXT 

11 END 11 

"EOP" 

DELIVERS a 
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LEAST VALU~: +e20069979880ll80"•0l8 

XI +e9Q9999999944640"+000 +e999999999845220"+000 

GRADIENT: +el'?'i,731305145950"-007 ••889173179530190"•008 

METRIC• +e4999824l48632508 +000 +e9999573838l0230 8 +000 

OUT: +el64l57123774660"•009 
+.197838933606480"•007 
+.550000000000000"+002 
+.soooooooooooooo"+oo1 
+e400000000000000 11 +00l 

+eZ00489757679Z90"+001 

LEAST VALUEt +eBll973499921290"-016 

x, +.999999999758770"+000 +.999999998616780"+000 

GRAOIEMT: +e3598Z66573!.\9010"•006 •el 8015it557938290"•006 

METRlCt +e5010853569?5550"+000 +.100198139199600 8 +001 

OIJTI ••l.33802289 38 78 30"•008 
+.402406371833370"-006 
+.lt40000000000000"+00Z 
+.100000000000000 11 +001 
+.000000000000000"+000 

+.200861655543510 11 +001 
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SOURCE TEXT(S) 1 

11 C!'.IDE 11 34214; 

(DECEMBER 1975) 

"ReAL11 "PROCEDtJR!: 11 RNKlMIN<N., x., G., H., FUNCT., IN, OUT); 
"VALlJ E" t,1; 
11INTEGER11 N; "ARRAY" X, G, 1-i, IN., OUT; 
11 REAL11 "PROCEDURE" FUNCT; 
"BEGIN" "INTEGER" J;., IT., NZ., CNTL., CNTE., EVL., EVLMAX; 

"BOOLE AN" OK; 
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"REAL" F, FO., fr'tIN., MU., DG., DGO, GHG., GS., NRMDELTA., ALFA, 
MACHF.PS, RELTOL, ABSTOL, 'EPS, TOLG., ORTH., AID; 
"ARRAY" V, DELTA., GAMMA., S, PClrNJ; 
11 REAL 11 11 PROCEDURE 11 VECVEC(l., u., SHIFT., A, B); "CODE" 34010; 
11 ReAL" "PROCEDURE" MATVEC(L., U, I., A, B>; 11 CODE 11 34011; 
11REAL 11 "PROCEDURE" TAMVEC<L, U, I., A., B); "CODE" 34012; 
"PROCEDURE" ELMVEC(L., U, SHIFT., A., B, X); 11CODE 11 34020; 
"REAL" "PROCEDURE" SYMMATVEC<L., U, I., A, B>; "CODE" 34018; 
"PROCEDURE" INIVEC<L, U, A, X); "CODE" 31010; 
"PROCEDURE" :tNISYMD<LR, UR, SHIFT., A, X); "CODE" 31013; 
"PROCEDURE" MULVEC<L, U, SHIFT., A., e., X); ·11 cODE 11 31020; 
"PROCEDURE" OUPVEC<L, U, SHIFT., A, B); 11 CODE 11 31030; 
"PROCEDURE" EIGSYMl(A., 111., NUMVAL., VAL., vec., EM); "CODE" 34156; 
"PROCEDURE" LINEMIN(N., X, D, ND, A, G, F, FO, Fl, DFO, Dfl., 
E, S, IN); "CODE" 34210; 
"f>ROCEDllRE" RNKlUPO(H, N, V, C); 11CODE 11 34211; 
"PROC~DURE" DAVUPDCH, N., V, w., Cl., C2); 11 CODE 11 34212J 
"PROCEDURE" !=LEUPDCH, N, V, W, Cl., CZ); 11 CODE 11 3't213; 

MACHF.PSt• INCO]; RELTOL: ■ IN[l]; ABSTOL:• INCZJ; 
~US• IN[3]; TOLGt• INC4l; FMIN1• IN[5]; IT 1• O; 
ALFA:• 1NC61J EVLMAXa• IN[7]; ORTH1• INC8l; 
N2t• ~ • <H +·l) // 2J CNTL:• CNT~1• O; 11IF 11 ALFA> 0 11 THEN11 

"BEGIN" lNIVECCl, NZ., H, 0); INISYMD(l, N, O, H, ALFA) "END"J 
Ft• FUNCTCM, X, G)J EVLI• li DGI• SQRT(VECVECCl, N, O, G, G))J 
11 F □ R11 It• l "STEP" l 11 UNTIL 11 N 11 00" 
DELTACIJt• - SYMMATVECCl, N, I, H, G)J 
!◄RMDELTA:• SQRTCVECVECC11 N, O, DELTA, DELTA»; 
DGOt• VECVEC<l, N, O, DELTA, G>; OK.ta DGO < O; 
F.PS:• SQRTCVECVeC<l, N, O, X, X)) • RELTOL + ABSTOL; 
11F□R" IT:• IT + 1 "WHILE" 
(NRMDE LTA > EPS 110R 11 DG > TOLG 11 0R11 " OK) 11AND" EVL < EVLMAX 
"0:l" 
"BEGIN" 11 IF11 "OK 11THEN 11 

11 BEGIN 11 "ARRAY" VEC[lJN1l1Nl1 THCltM2l, EM[019lJ 
EMCOJ1• MACHEPSJ EMC2lt• AIOI ■ SQRTCMACHEPS + RELTOL>; 
E~C4J: ■ ORTH; EMC6J:• AID+ N; EMC8J:• 5; 
CNTE:• CNTE + 1; DUPVeCCl, NZ, O, TH, H); 
EIGSYMl(TH,N,N,V,VEC,EM); 
11 F□ R11 It• 1 11STEP 11 l 11UNTIL 11 N 11 0011 

11 BeGIN 11 AIDt• • TAMVSCCl, N, I, VEC, G); 
SCI]t• AID+ ABS(VCll)J VCIJ1• AID* SIGN(VCI]) 

II i:N D11 
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"FOR" 11• l "STEP" l "UNTIL" N "DO• 
"BEGIN" DELTACilt• HATVECCl, N, I, VEC, S); 

PCI]t ■ MATVEG<l, N, I, VEC, VI 
"!:MD"; 
DGDt• VECVEC(l, N, O, DELTA, G)J 
NRMDELTAt• SQRT<VECVEC<l, N, O, DELTA, DELTAll 

"END" CALCULATING GREl:NSTADTS DIRECTIOIH 
DUPVEC(l, N, O, S, Xll OUPVEC<l, N, O, V, Gl; 
•IF• IT> N •THEN" ALFAt• l "ELSE" 
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"BEGIN" "IF" IT A• l "TH~N" ALFA:• ALFA/ NRHDELTA "ELSE" 
"BEGIN" ALFA:• z·• (FMIN • FI / DGO; 
•IF" ALFA> 1 "THEN• ALFAt• l 
"Et~D" 

"ENO"; 
ELMVEC<l, N, O, X, DELTA, ALFA); 
FOt• F; FJ• FUNCT(N, X, Gl; EVL1• EVL +l; 
DG:• VECVEC<l, N, O, DELTA, Gl; 
ttJftt IT• l "OR" FO • F <•MU• DGO * ALFA "THEN" 
"BEGIN" It• 1:VLMAX • EVL; CNTLI• CNTL +l ; 

LINEMIN<N, S, DELTA, NRMOELTA, ALFA, G, FUNCT, FO, F, 
OGO, DG, I, "FALSE", IN); l:VL: ■ EVL + I; 
DU PVEC <l, N, O, X, S l ; 

"ENO" LINEMINIHIZATION; 
DUPVEC(l, N, O, GAMMA, Gl; ELHVEC(l, N, O, GAMMA, V, •l>; 
"If" A OK "THEN" HULVEC<l, N, o, v, P, -1); 
DGI• DG - DGO; "If" ALFA A. l "THEN" 
"BEGIN" MULVEC<l, N, O, DELTA, DELTA, ALFA); 

HULVEC<l, N, O, V, V, ALFA); 
NRMDELTAI• NRHDELTA * ALFA; DG: ■ DG * ALFA 

"!;NO"; 
OUDVEC Cl, N, O, P, GAMMA l; ELl1VEC <l, N, O, P, V, 1); 
"FOR" I:•.1 "STEP" l 11 UNTIL 11 N "D011 

VCIJ:• SYMHATVEC(l, N, I, 1-1, GAMMA); 
OUPVEC(l, N, O, S, DELTA); ELMVEC<l, N, O, S, V, •l); 
GS:• Vi:CVEC<l, N, O, GAMMA, S>; 
GI-IG:• VECVEC<l, N, O, V, GAMMA); 
AID1• DG / GS; 
"IF" VECVECCl, N, O, DELTA, P) •• Z > VECVEC 11, N, O, P, P> 
• (ORT4 * NRMDELTA> ** 2 "THEN" RNKlUPDIH, N, S, 1 / GS> 
"ELSE" "IF" AID>• 0 "THEN" 
fLEUPD(H, N, DEL TA, V, l / DG, ( 1 + GHG / OG) / DG) •ELSE• 
OAVUPD(H, N, DELTA, V, l / DG, 1 / GHGI; 
11FOR 11 It• l "STEP" 1 "UNTIL" N "DO" 
DELTACilt• -SYHHATVEC(l, N, I, H, GI; 
ALFA•• NRHDELTA; 
NRHDELTA:• SQRTIVECVEC<l, N, O, DELTA, DELTA>); 
~PS:• SQRT<VECVECll, H, O, X, X)) * RELTOL + ABSTOL; 
DGt• SQRT(VECVEC(l, N, o, G, G)); 
OG01• VECVEC<l, N, O, DELTA, G); OKI• DGO <• 0 

"flND" ITERATION; 
OUTCOl : ■ NR11DEL TA; OUTClJ: • DG; OUTCZH• EVL; 
OUTC3l•• CNTL; OUTC4lt• CNTE; RNKlHIN•• F 

"END" RNKlHIN; 
11 EOP11 
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11 COD!:11 34215; 
"REAL" "PROCEDURE" FLEMIN<N, X, G, H, FUNCT, IN, OUTI; 
"VALUE" N; 
"INTEGER" N; 11 ARRAY 11 X, G, H, IN, OUT; 
"RE AL" 11 PROCEDIIR 111 f UNC T; 
"BEGIN" "INTEGER" I, IT, CNTL, EVL, EVLMAX; 

"REAL" F, Fl'.l,FM IN, MU,DG, D GO,NRMDEL TA, ALFA,REL TOL, ABSTOL, 
EPS, TOLG, AID; 
11 AkRAY 11 V, DELTA, S[l:NJ; 
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11 RC:AL" "PROCEDURE" VECIIEC<L, U, SHIFT, A, B); "CODE" 34010; 
11 PR~CEDURf" ELHVEC(L, U, •SijIFT, A, B, X); "CODE" 34020; 
11R9AL 11 11 PROCEDURE11 SYMMATVEC<L, U, I, A, BI; 11 CODE 11 34018; 
"PROCEDURE" INIYEC(L, U, A~ X); 11 CODE" 31010; 
"PROCEDURE" INISYMD(LR, UR, SHIFT, A, X); 11CODE" 31013; 
11 PROCEDURE 11 MULVEC(L, U, SHIFT, A, B1 XBl; 11 CODE 11 31020; 
11 PROCE'DURE 11 DUPVEC(L, U, SHIFT, A, B); 11CODE 11 31030; 
"PROCEDURE" LINeMIN(N, X, D, ND, A, G, F, FO, Fl, DFO, DFl, 
E, S, INl; "CODE" 34210; 
11 PROCEDURE 11 DAVUPD(H, N, V, W, Cl, CZl; 11 CODE 11 34212; 
"PROCEDURE" FLELIPD<H, N, V, W, Cl., CZ); "CODE" 34213; 

RELTOLt• IN[l]; ABSTOLI• INC2]; MUt• IN[3l; 
TOLG:• INC4l; FMIN:• INC5]; ALFA:• INC6l; 
EVLMAX1• 1NC7l; OUTC4JI• O; IT l• O; 
Ft• FUNCT(N, X, G)J EVLt• l; CNtLt• O;"IF" ALFA> 0 "THEN11 

"Bl;GIN" INIVcC(l., N * <N + ll II 21 H., Ol; 
lNISYMD(l, N, 01 H, ALFA) 

"END"; 
"FOR" It• l 11 STEP" l 11UNTIL 11 N 11 00" 
DELTACIJ:• - SY~~ATVSC(l, N, I, H, Gl; 
DG:• SQRT(VECVF.C<l, N, 01 G, GIi; 
NRMDELTAt• SQRT(VECVfCCl, N, O, DELTA, DELTA)); 
EPS:• SQRT<Vl:CVECU, N, O, x, XII* RELTOL + ABSTOL; 
DGO: ■ VE:CVEC(l, N, O, DELTA, G); "COMMENT" 
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"FOR" IT t• IT +1 "WHILE" 
(NRMDELTA > EPS "OR" DG > TOLG I "AND" EVL < EVLMAX "DO" 

11 BaGIN11 DUPVEC<l, N, O, S, XI; DUPVEC<l, N, O, V, GI; 
"If" IT >• tl "THEN" AL FAS• l "ELSE" 
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"BEGIN" •IF" IT A• 1 "T~EN" ALFAt• ALFA I NRMDELTA "ELSE" 
"B5Gnt" ALFA: ■ 2 * (FMIN • fl I DGO; 

"IF" ALFA> 1 "THEN" ALFA:• 1 
"l:ND" 

"END"; 
ELMVEC<l, N, O, X, DELTA, ALFAI; 
FO: ■ F; FI• FUNCT(N, ·x, G); EVLI• EVL +l; 
OG: ■ VeCVECCl, N, O, DELTA, GI; 
"IF" IT• l " □R" FO •.<•MU* DGO * ALFA "THEN" 
"BEGIN" Ir• EVLMAX - EVL; CNTL1 ■ CNTL +l; 

LIHEMINCN, S, DELTA, NRMDELTA, ALFA, G, FUNCT, FO, F, 
DGO, DG, I, "FALSE", INI; EVL s • EVL + I; 
DU PVEC ( 1, N, O, X, SI ; 

"EIIID" LlNEMINIMIZATIIJNJ 
"IF" ALFA A• 1 "THEN" MULVEC(l, N, o, DELTA, DELTA, ALFAI; 
MULVEC(l, N, O, V, V, •11; ELMVEC<l, N, O, V, G, 11; 
"F □R" I:• l "STEP" l "UNTIL" N 11 00" 
SCI]: ■ SYMMATVEC<l, N, I, H, V)J 
AID:• VECVEC(l, N, O, V, SI; DGI• COG• DGOI * ALFA; 
11 IF" DC > 0 "THEN" 
"8EGIN" "IF" DG >• AID 11THEN" 

FLl:UPDCH, N, DE:L TA, S, l I DG, (1 + AID I DG) I DGI 
"ELSE" DAVUPDCH, N, DELTA, S, l I DG, l I AIOI 

11 END" IJPDATING; 
"FOR"!:• l "STEP" l "UNTIL" N 11 00" 
DELTA[!]: ■ •SYMMATVECCl, N, I, H, GI; 
ALFA•• NRMDELTA * ALFA; 
NRMDELTA: ■ SQRT(VECVEC<l, N, O, DELTA, DELTA)); 
EPSt• SQRT(VECVECCl, N, O, X, X)) * RELTOL + ABSTOL; 
OGs ■ SQRTCVECVEC(l, N, O, G, G)); 
DGO: ■ VECVECll, N, O, DELTA, Gl; "IF" DGO > 0 11THEN 11 

"8EGIN11 □UTC'tl 1• •l ; "GOTO" EXIT "END" 
"END" ITERATION; 

EXITt UUTCO]s ■ NRMDELTA; OUTCll•• DGJ OUTCZ]: ■ EVL; 
OUT[3]: ■ CNTL; FLEMINI• F 

"END" FLEMIN; 
"EOP" 
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AUTHORSt J.C.Pe BUS, Be VAN DOMSHAAR, Jo KOKe 

CONTRIB!JTORS: Be VAN D □ MSELAAR, Je KOKe 

INSTITUT!!t MATHEMATICAL CENTRE. 

RECEIVED: 74ll0le 

BRIEF DESCRIPTIONS 

THIS SECTiaM CONTAIUS TWO PROCEDURES; 
MARQUARDT 'CALCULATES THI: LEAST SQUARES SOLUTION OF AN 
OVERDETERMlMED SYSTEM OF NONLIN~AR EQUATIONS WITH MARQUARDT'S 
METHOD; 

PAGE l 

GSSN~WTON CALCULATES THS LEAST S0UARfS SOLUTION OF AN 
OVERDETERMINED SYSTEM OF NONLINeAR EQUATIONS WITH THE GAUSS•NEWTON 
METHOD; 
THE USER HAS Ta PROGRAM THE EVALUATION OF THE RESIDUAL VECTOR OF 
THE SYSTEM ANO TYE JACOBIAN MATRIX OF ITS PARTIAL DERIVATIVES. 

KEYWORDSt 

NONLINEAR EQUATIONS, 
LEAST SQUARES SOLUTION, 
O'IEROl:TERMINEO SYSTEM, 
MARQUARDT•S MET~OD, 
GAUSS•NEWTON HeTHOD, 
CURVE FITTING. 
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SU8$ECTIONt MARQUARDT. 

CALLING SEQUENCE: 

(DECEMBER 1975) 

THE H~ADING OF THIS PROCEDURE ISs 

PAGE 2 

"PROCEDURE" MARQUARDTIM, N, PAR, RV, JJINV, FUNCT, JACOBIAN, IN, 
OUT); "VALUE" M, N; "INTEGER" M, N; 

"ARRAY" PAR, RV, JJINV, IN, OUT; "BOOLEAN" "PROCEDURE" FUNCT; 
"PROCEDURF." JACOBIAN; 
"CODE" 344't0; 

THE MEANING OF THE FORMAL PARAMETERS lSt 
Mt <ARITHMETIC EXPRESSION>; 

THE NUMBER OF EQUATIONS; 
N: <ARITHMffTIC EXPRESSION>; 

THE NUMBER OF UNKNOWN VARIABLES; N SHOULD SATISFY N<•MJ 
PARt (ARRAY ID!NTIFIER>; 

"ARRAY" PAR Cl : Nl; 
TI-IE UNKNOWN VARIABLES OF THE SYSTEM; 
ENTRY1 AN APPROXIMATION TO A LEAST SQUARES SOLUTION 

flF TH!: SYSTEM; 
EXIT: THE CALCULATED LEAST SQUARES SOLUTION; 

RV: <ARRAY IDENTIFIER>; 
"ARRAY" RVCl I Ml; 
EXITt THE RESIDUAL VECTOR AT THE CALCULATED SOLUTION; 

JJINV: <ARRAY IDENTIFIER>; 
"ARRAY" JJINV[l t N, l l N]; 
EXITt THE INVERSE OF THE MATRIX J 1 • J WHERE J DENOTES 

TH5 MATRIX OF PARTIAL DERIVATIVES DRV[Il I DPARCJ] 
ll•l1••••~i J•l•••••N> AND Jt DENOTES THE 
TRANSPOSE OF .le 

FUNCT1 <PROCtDURE IDENTIFIER>; 
THE HEADING OF THIS PROCEDURE SHOULD BE: 
"BOOLEAN" "PROCEDURE" FUNCT<M, N, PAR, RV); "VALUE" M, NJ 
"INTEGER" M, N; "ARRAY" PAR, RV; 
ENTRYI M, N, PAR; 

M, N HAVE THE SAME MEANING AS IN THE PROCEDURE 
MARQUARDT; 
"ARRAY" PAR[ltNl CONTAINS THE CURRENT VALUES OF 
THE UNKNOWNS AND SHOULD NOT BE ALTERED; 

EXIT: "ARRAY" RV[l: Ml; 
UPON COMPLETION OF A CALL Of FUNCT, THIS ARRAY RV 
SHOULD CONTAIN THE RESIDUAL V~CTOR, OBTAINED WITH 
THE CURRENT VALUES OF THE UNKNOWNS; 
EeGe IN CURVE FITTING PROBLEMSt 
RV[Il I• THEORETICAL VALUE F(X[Il, PAR) -

OBSERVED VALUE YCI]; 
AFTER A SUCCESSFUL CALL Of FUNCT, THE BOOLEAN PROCEDURE 
SHOULD DELIVER THE VALUE TRIJE; 
HOWEVER, If fUNCT DELIVERS THE VALUE FALSE, THEN IT IS 
ASSUMED THAT THE CURRENT ESTIMATES IJF THE UNKNOWNS LIE 
OUTSIDE A FEASIBLE REGION AND THE PROCESS IS TERMINATED 
<SEE OUTCllJ; 
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HENCE., PROPF.R PROGRAMMING OF FlJNCT MAKES IT POSSIBLE TO 
AVOID CALCULATION OF A RESIDUAL VECTOR WITH VALUES OF THE 
UNKN'JWN VARIABLES WHICH MAKE NO SENSE OR WHICH EVEN MAY 
CAUSE OVERFLOW IN THE COMPUTATION; 

JAC'JBIAN: (PROC~DURE IDENTIFIER>; 
THE HEADING OF Tl-llS PROCEDURE SHOULD BEi 
"PROCEDURE" JACOBIAN(M., N., PAR., RV., JAC., LOCFUNCT>; 
11 VALUE11 M., N; 11 INTEGER11 H., N; 11ARRAY 11 PAR., RV., JAC; 
"PROCEDURE" L□CFUNCT; 
ENTRYI H., N, PAR., RV, LOCFUNCT; 

FOR M,N,PAR·ScE: FUNCT; 
RV CONTAINS THE RESIDUAL VECTOR OBTAINED WITH THE 
CURRENT VALUES Of THE UNKNOWNS AND SHOULD NOT BE 
ALTERED; 
A CALL OF LOCFUNCT(M,N.,PAR,RV> IS EQUIVALENT WITH 
A CALL OF THE USER-DEFINED PROCEDURE 
fUNCT(M,N,PAR,RVI, BUT, IN ADDITION, THIS CALL IS 
COUNTED TO THE TOTAL NUMBER OF CALLS OF FUNCT 
(SEE OUTC4ll AND, MOREOVER, If FUNCT DELIVERS THE 
VALUE FALSE THEN THE PR'lCESS IS TERMINATED; 

fXIT: "ARRAY" JACCl IM, ls N]; 
UPON COMPLETION OF A CALL OF JAC1BIAN, IAC SHOULD 
CONTAIN THE PARTIAL DERIVATIVES DRVCil / DPAR[J]., 
OBTAINED WITH THE CURRENT VALUES OF THE UNKNOWN 
VARIABLES GIVEN IN PARCltN]; 

IT I~ A PREREQUISITE FOR THE PROPER OPERATION OF THE 
PROCEDURE MARQUARDT THAT THE PRECISION Of THE ELEMENTS OF 
THE MATRIX JAC IS AT LEAST THE PRECISION DEFINED BY 
INC3J AND INC4lJ 

IN: <ARRAY IDENTIFIER>; 
"ARRAY" IttCO: 6]; 
ENTRY1 -IN TI-IIS ARRAY THE USER SHOULD GIVE SOME DATA TO 
CONTRfJL THE PROCESS; 
INCO]: THE MACHINE PRECISION; 

FOR THE CYBER 73 A SUITABLE VALUE IS 11-14; 
INCll, IN[Zl ARE NOT USED BY THE PROCEDURE MARQUARDT; 
INC 31, I~C 41: 

TI-IE RELATIVE AND ABSOLUTE TOLERANCE FOR THE 
DlFFERENCE BETWEEN THE EUCLIDEAN NORM OF THE 
ULTIMATE AND PENULTIMATE RESIDUAL VECTOR; 
T~E PROCESS IS TER~INATiD IF THE IMPROVEMENT OF 
THE SUM OF SQUARES IS LESS THAN 
INC3l * (SUM Of SQUARES>+ INC4l * INC4]; 
THESE TOLERANCES SHOULD BE CHOSEN GREATER THAN 
THE CORRESPONDING ERRORS OF THE CALCULATED 
RES lDU Al VECTOR; 
NOTE THAT THE CUCLIDEAN NORM OF THE RESIDUAL 
VECTOR IS DEFINED AS THE SQUARE ROOT OF THE SUM 
OF SQUARES; 

INC5]l THE MAXIMUM NUMBER OF CALLS OF FUNCT ALLOWED; 
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!N[6lt A STARTING VALUE USED FOR THE RELATION BETWEEN 
THE GRADIENT AND THE GAUSS-NEWTON DIRECTION (SE£ 
[2]); If THE PROBLEM IS WELL CONDITIONED THEN A 
SUITABLE VALUE FOR INC6J WILL BE 0.01; IF THE 
PROBLEM IS ILL CONDITIONED THEN 1N[6l SHOULD BE 
GREATER, BUT THE VALUE OF INC6l SHOULD SATISFY: 

(ARRAY 
EXIT I 
OUTCll: 

lNCOl < INC6l <• 1/INCOJ; 
IDCNTIFIER>; "ARRAY" OUT[l I 7]; 

IN ARRAY OUT SO~E BY-PRODUCTS ARE DELIVERED; 
THIS VALUE GIVES INFORMATION ABOUT THE 
TERMINATION OF THE PROCESS; 
OUT[ll•Ot NORMAL TERMINATION; 
OUTCll•lt THE PR~CESS HAS BEEN BROKEN OFF, 

BeCAUSe THE NUMBER OF CALLS OF FUNCT 
EXCEEDED THE NUMBER GIVEN IN INC5l; 

OUT[ll•Zt THE PROCESS HAS BEEN BROKEN OFF, 
BE(AUSE A CALL OF FUNCT DELIVERED THE 
VALUE FALSE; 

OUTCil•3: FUNCT BECAME FALSE WHEN CALLED WITH 
THE INITIAL ESTIMATES OF PAR[llN]; 
THE ITERATION PROCESS WAS NOT STARTED 
AND SO JIINV[l:N,ltN] CAN NOT BE USED; 

OUTC1J•41 THE PROCESS HAS BEEN BROKEN OFF, 
BECAUSE THE PRECISION ASKED FOR CAN 
NOT BE ATTAINED; THIS PRECISION IS 
POSSIBLY CHOSEN TOO HIGH, RELATIVE TO 
THE PRECISION IN WHICH THE RESIDUAL 
VECTOR IS CALCULATED (SEE INC3l); 

OUTC2J: THF. :UCLIOEAN NORM OF THE RESIDUAL VECTOR 
CALCULATED WITH VALUES OF THE UNKNOWNS DELIVERED; 

OUT[3lt THE EUCLIDEAN NORM Of THE RESIDUAL VECTOR 
-CALCULATED WITH THE INITIAL VALUES OF THE 

UNKNOWN VARIABLES; 
OUTC4J: THE NUMBER OF CALLS OF FUNCT NECElSARY TO OBTAIN 

THF. CALCULATED RE-SULT; 
OUTCS lt THE TOTAL NUMBER OF ITERATIONS PERFORMED; NOTE 

THAT IN tACH ITERATION ONE EVALUATION OF THE 
JACOBIAN MATRIX HAO TO BE NAOE; 

OUT[6ls THf IMPROVEMENT OF THE EUCLIDEAN NORM OF THE 
RESIDUAL VECTOR IN THE LAST ITERATION STEP; 

OUT[ 7l: THE CONDITION NUMBER CF JI * J , I .E. THE RATIO 
OF ITS LARGEST TO SMALLEST EIGENVALUES; 

DATA ANO RUSULTSs 

If THIS PROCEDURE IS USED FOR CURVE FITTING THEN THE RELATIVE 
ACCURACY IN THE CALCULATION Of THE RESIDUAL VECTOR DEPENDS STRONGLY 
ON THE ERRORS IN THE EXPERIMENTAL DATA ANO THIS SHOULD BE REFLECTED 
IN THE PARAMETERS INC3l ANO INC4l; 
THE MATRIX JJINV CAN BE USED IF SOME STATISTICAL INFOR~ATION 
ABOUT THl FITTED PARAMETERS IS REQUIRED; THE STANDARD .DEVIATION, 
COVARIANCE MATRIX A~D CORRELATI!JU HATR!X MAY BE CALCULATED EASILY 
FROM JJINV ; 
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PRrJCEDUR.;S UScD: 

MULCOL • CP31022, 
DUPVEC • CP31030, 
VcCV~C • CP340l0, 
MATVEC • CP340ll, 
TAMV~C • CP34012, 
MATTAM • CP34015, 
QRISHGVALD~C • CP34273e 

REQUIR~D CENTRAL MEMORY1 

(DECEMBER 1975) 

lXECUTI~N FIELD LENGTH: ONE ARRAY OF LENGTH M * N AND FOUR 
ARRAYS OF LENGTH N ARE DECLARED; 

RUNNING TIMCt 

PAGE 5 

THE NUMB~R OF ITERATION STEPS OEPENDS STRONGLY ON THE PROBLEM TO BE 
S~LVED; HiWEVER, THE WORK DONE cACH ITERATION STEP IS PROPORTIONAL 
TO N CUBED; 

LANGUAG!;t ALGOL 60 • 

METHOD AND PCRFORMANCEI 

MARQUARDT USES MARQUARDT•$ METHOD; ~OR DETAILS SEE C2l; 

REFEReNCf.:$1 

ClJ De We MARQUARDT, 
AN ALGORITHM FOR LEAST-SQUARES ESTIMATION OF NONLINEAR 
PARAMETERS, 
Je SIAM 11 (1963), PPe431-44le 

C 2] Je C • P. BIJS, B. VAN DOMSELAAR, J. KOK, 
NONL!NEAR LEAST SQUARES ESTIMATION, 
MATHEMATICAL CEf!TRE, AMSTERDAM. (TO APPEAR) 
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EXAl1PL E OF USE t 

THE PARAMfTERS PAR[l: 3] IN THE CURVE FITTING PROBLEM: 
RVCil • PARCll + PAR[Zl * EXP(PARC3l * XCill - YCil 
WITH (XCI]., Y[I])., I ■ l., •• -,6 AS THE EXPERIMENTAL DATA, MAY BE 
OBTAINED BY THE FOLLOWING PROGRAM: 

"BEGIN" "PROCEDURE" MARQUARDT( M.,N., P, RV, JJINV.,F.,J., !.,OJ; 11CODE 1134440; 
"INTEGE R11 I; 
11 ARRAY" INC0:6J,OUT[0:7J,X.,Y,RVClt6J.,JJINV[l:3.,lt3J,PARCl:3J; 

"BOJLEAN11 11 PROCEDU~E" EXPFUNCT(M,N,PAR,RVI; 
"VALUE" 11,N; "INTEGER" M,N; 11 ARRAY 11 PAR,RV; 
"BEGIN" "INTEGER" I; 

11 FOR" I: ■ l "STEP" 1 "UNTIL" l'1 11 0011 

11BEGIN 11 "I~" PARC3l*XCil>6BO 11THEN 11 

"BEGIN" EXPFUNCTt• 11 FALSE 11 ; 

"GOTO" STOP 
"END"; 
RVCill•PARCll+PARC2l*EXP(PARC3l*XCill•YCil 

11 END 11 ; EXPFUNCTl• 11 TRUE 11 ; 

STOP: 
11 £:NO" EXPFUNCT; 

"PROCEDURE" JACOBIAN(M,N,PAR,RV,JAC,LOCFUNCTJ; 
"VALUE" M,N; 11 INTEGER 11 M,NJ "ARRAY" PAR,RV,JAC; 
"PROCEDURE" LOCFUNCT; 
"BEGIN" "INTEGER" I; "REAL" ex; 

11 F'JR" !t•l "STEP" l 11 UNTIL 11 M 11 D011 

11 BEGIN 11 JACCI11J:a1; 
JACCI,ZJ: ■ex: ■EXP(PAR[3l*X[l])j 
JACCI,3]i ■ XCil*PARCZl*EX 

"END" 
11END" JACOBIAN; 

IN[Ol 1 ■ "-14; INC3 l 1 ■ 11 -4; INC4lt•"-l; INC5H•75J INC6 l •• 11-2; 
11 FOR11 Il•l 19 STEP11 1 "UNTIL" 6 "D011 

INPUT(60,"( 11 2(Nl,/11 J11 .,XCIJ.,YCIJI; 
PAR[lJ: ■ 580; PARC2]: ■-l80; PARC3]:•--0.l60; 
MARQUARDT(6.,3.,PAR,RV.,JJINV,EXPFUNCT,JACOBIAN,IN.,OUT); 
OUTPUT (61, "( 11 1/., 11 ( 11 XC ll YCI l") 11 ,I ,6 ( B,+D, 58., 30 eD, / J.,2/, 
11 ( 11 PARAMETERS"J".,/.,3(+D.30 11 +ZO.,/).,Z/,"("0UTt 11 ) 11 .,/.,7(5B+0.6D"+ZD, 
I) .,z!.," ("lAZT RESIDUAL VECTOR") 11 ., I ,6 (6 B+3Ze o., / I 119 111 , XC l l, Ytl l, 
XCZJ,YC2J,X[ 3]., YC3l, XC4l,Yt4 l,X CS J,YC5J,XC 61, YC6].,PARC1 J.,PARCZ l, 
PAR[3l,OUTC7l,OUTC2l,OUTC6l,OUTC3l,OUTC4l,OUTC5J.,OUTCll,RVCll, 
RVCZJ.,RVC3l,RVC4l,RVC5l,RVC6l) 

11i;;N011 

"EO?" 
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WITH rnn DATA GIVFN IN THE X - y - TABLE THIS PROGRAM DELIVERS: 

XC I J Y C I l 
-5 121.0 
-3 151.0 
-1 379.0 
+1 421.0 
+ 3 460.o 
+5 4Z6e0 

PARAMETI; RS 
+5. 232" +2 
•l.!l6819 +2 
-l.Q98" -l 

OUT 1 
+7.220828" +7 
+l.157156" +2 
+l.7280u8" .. 3 
+l .654588" +2 
+Z • 300000111 + 1 
+2e2CI0000 11 +l 
+Oe000000" +O 

LAST RESIDUAL VECTOR 
~29.6 
+86e6 
-47.3 
-26e2 
-22.9 
+39.5 
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SUBSECTION t GSSNEWTON. 

CALLING saouENCE 

THE HEADING OF THf: PROCEDURE READS 1 

"PROCEDURE" GSSNEWTIJN(M, N, DAR, RV, JJINV, FUNCT, JACOBIAN, IN, 
OUT>; 

"VALUE" M, M; "UITEGER" M, N; "ARRAY" PAR, RV, JJINV, IN, OUT; 
11BOOLEAN" 11 PROCEDURE" fUNCT; 11 PROCEDURE" JACOBIAN; 
"CODE" 34441; 

THE ~EANING OF THE FORMAL PARAMETERS IS 
M <ARITHMETIC EXPRESSION>; 

THC NUMBER OF EQUATIONS; 
N <ARITHMSTIC EXPRESSION); 

THE NUMijER OF UNKNOWNS IN THE~ EQUATIONS (N <• HJ; 
PAR <ARRAY IDENTIFIER>; 11 ARRAY 11 PAR[l: Nl; 

THE UNKNOWNS OF THE EQUATIONS. 
ENTRY: AN APPROXIMATION TO A LEAST SQUARES SOLUTION 

OF THI: SYSTEM• 
EXIT r THE CALULATED LEAST SQUARES SOLUTION; 

RV <ARRAY IDENTIFIER>; "ARRAY" RV[l: Ml; 
EXIT : THE RESIDUAL VECTOR OF THE SYSTEM AT THE 

CALCULATED SOLUTION; 
JJINV <ARRAY IDENTIFIER>; "ARRAY" JJINV[l t N,1 a N]; 

EXIT THE INVERSE OF THE ~ATRIX J• * J, WHERE J 
IS THE JACOBIAN MATRIX AT THE SOLUTION AND Jt IS 
J TRANSPOSED; 

FUNCT <PROCEDURE IDENTIFIER>; 
TH~ HEADING OF THIS PROCEDURE SHOULD BE i 

11 BOOLEAN""PROCEDURE 11 FUNCT(M, N, PAR, RV); "VALUE" M, 
N; "INTEGER" M, N; "ARRAY" PAR, RV; 

ENTRYr M, N, PAR; 
M, N HAVE THE SAME MEANING AS IN TI-IE PROCEDURE 
GSS NEWTON; 
"ARRAY" PAR[l:N] CONTAINS THE CURRENT VALUES OF 
THE UNKNOWNS ANO SHOULD NOT BE ALTfREDe 

EXITi "ARRAY" RV[l t 11]; 
UPON COMPLETION OF A CALL OF FUNCT, THIS ARRAY RV 
SHOULD CONTAIN THE RESIDUAL VECTOR, OBTAINED WITH 
THE CURRENT VALUES OF THE UNKNOWNS. 

THE PROGRAMMER OF fUNCT MAY DECIDE THAT SOME CURRENT 
ESTIMATES OF THE UNKNOWNS LIE OUTSIDE A FEASIBLE 
REGION; IN TI-IIS CASE FUNCT SHOULD DELIVER THE VALUE 
FALSE AND THE PROCESS IS TERMINATED (SEE OUTClU • 
OTHERWISE FUNCT SHOULD DELIVER THE VALUE TRUE; 
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JACOBIAN : <PROCEDURE lD!NTIFIER>; 

IN 

THE HE AO ING OF nu s PROCEDURE SHOULD BE I 

"PROCEDURE" JACOBIAN(M., N1 PAR., RV1 JAC1 LOCFUNCT>J 
"VALUE" Hi NJ "INTEG!:R" Mi N; "ARRAY" PAR, RV, JAC; 
"PR□Ci:OURE 11 LOCFUNCTJ 

THc MEANING Of THE PARAMETERS OF JACOBIAN IS 1 

M1 N: SEE GSSNfWTONe 
PAR : (ARRAY lDENTlflER>J "ARRAY" PARCl: NlJ 

GNTRY I CURRENT ESTIMATES OF THE UNKNOWNS. 
THESE VALUES SHOULD NOT BE CHANGED. 

RV : <ARRAY IDENTIFIER>; 11 ARRAY 11 RV[l: MlJ 
ENTRY: T~E RESIDUAL VECTOR OF THE SYSTEM Of 
EQUATIONS CORRESPONDING TO THE VECTOR OF UNKNOWNS 
AS GIVEN IN PARe 
~XIT : THE ENTRY VALUES. 

JAC 1 <ARRAY IDENTIFIER>; "ARRAY" JAC[l z M1 l t NlJ 
EXIT I THE JACOBIAN MATRIX AT THE CURRENT 
aSTIMATES GIVEN IN PAR, 1.e. THE MATRIX OF PARTIAL 
DERIVATIVfS 
D(RV)Cll / DPAR[JJ, I• l(l)M, J • l(l)Ne 

LOCFUNCT t <PROCEDURE IDENTIFIER>; THE HEADING Of THIS 
PROCEDUR~ IS THE SAMc AS THE HEADING OF FUNCT. 

A CALL JF THE PROCEDURE JACOBIAN SHOULD DELIVER THE 
JACOBIAN MATRIX iVALUATED WITH THE CURRENT ESTIMATES 
OF THE UNKNOWN VARIABLES GIVEN IN PAR 
JN SUCH A WAY, THAT THE PARTIAL DERIVATIVE 
D(RV)[Il / OPARCJl IS DELIVERED IN JACCI1JJ, I • l(l)M1 
J • l<l)Ne 
FOR THE CALCULATION Of THE DERIVATIVES ONE CAN USE THE 
VALUES OF THE CURRENT ESTIMATES OF THE 
UNKNOWNS AS GIVEN IN PAR AND THE RESIDUAL VECTOR AS 
GI Vll:N rn RV• 
ONE CAN ALSO USE THE PROCEDURE FUNCT 
(PARAMETER OF GSSNEWTON) THROUGH CALLS OF THE PROCEDURE 
LOCFUNCT (PARA~ETER Of JACOBIAN). THIS PARAMETER OF 
JACOBIAN MAY BE USED WHEN THE JACOBIAN MATRIX IS 
APPR[)XP1ATF.O USI!IIG (FORWARD) DIFFERENCES. 
AN APPROPRIATE PROCEDURE TO THIS PURPOSE IS JACOBNMF 
(SCCTIDM 4.3.Zelle SUCH A PROCEDURE MAY BE USED ONLY IF 
TH~ ,ATRIX ELEMENTS ARE COMPUTED SUFFICIENTLY ACCURATE; 

(ARRAY IDENTIFIER>; "ARRAY" INCO t 7JJ 
IN THIS ARRAY TOLERANCES AND CONTROL PARAMETERS SHOULD 
BF. GIVElh 
ENTRY 1 

. IN[Ol t THE MACHIN5 PRECISION. FOR CALCULATION ON THE 
CYBER 73 A SUITABLE VALUE IS "-l4e 
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INCll, !N{Zl s 
RELATIVE AND ABS CLUTE TOLERANCE FOR THE STI: P VECTOR 
( RELATIVE TO TYE VECTOR OF CURRENT ESTIMATES IN 
PAR le 
THE PROC~SS IS TERMINATED IF IN SOME ITERATION (BUT 
NOT THE FIRST) THE EUCLIDEAN NORM OF THE CALCULATED 
MEWT".JN STEP IS LESS THAN INClJ • NORM(PARl + INCZle 
INCll SHOULD NOT BE CHOSEN SMALLER THAN INCOle 

INt3J IS NOT USED BY THE PROCEDURE GSSNEWTON; 
INC4l : ABSOLUTE TOLERANCE FOR THE EUCLIDEAN NORM OF 

THf RESIDUAL VECTOR. THE PROCESS IS TERMINATED WHEN 
THIS NORM IS LESS THAN INC4le 

INC5] ; THE MAXIMUM ALLOWED NUMBER OF FUNCTION 
EVALUATIONS C I .E. CALLS Of fUNCTl. 

IN[6] s THE MAXIMUM ALLOWED NUMBER OF HALVINGS OF A 
CALCULATED NEWTON STEP VECTOR (SEE METHOD ANO 
PERFORMANCE>• A SUITABLE VALUE IS 15e 

INC7l : THE MAXIMUM ALLOWED NUMBER OF SUCCESSIVE INC6] 
TIMES HALVED STEP VECTORS. SUITABLE VALUES ARE 1 
AND Z; 

<ARRAY IDENT!FIF.R>; "ARRAY" OUTCl : 9]; 
IN ARRAY OUT INFORMATION ABOUT THE TERMINATION OF THE 
PROCESS IS DELIVERED. 
EXIT 
□ UTCll : 

THE PROCESS WAS TERMINATED BECAUSE (OUT[ll • l 
leTHl NORM OF T~E RESIDUAL VECTOR IS SMALL WITH 

RESPECT TO INC4l, 
2eTHE CALCULATED NEWTON STEP IS SUFFICIENTLY SMALL 

(SEE INCll, INCZJ >, 
3.THE CALCULATED STEP WAS COMPLETELY DAMPED (HALVED) 

IN INC7l SUCCESSIVE ITERATIONS, 
4eOUTC4l EXCEEDS INC5J, THE MAXlMUM ALLOWED NUMBER OF 

CALLS OF FUNCT, 
~.THE JACOBIAN WAS NOT FULL-RANK (SEE OUTC8ll, 
6.FUNCT DELIVERED FALSE AT A NEW VECTOR OF 

'.:ST!MATES OF THE UNKNOWNS, 
7.FUNCT DELIVERED FALSE IN A CALL FROM JACOBIANe 

OUTC2l : THE EUCLIDEAN NORM OF THE LAST RESIDUAL 
VECTOR. 

OUT[31 a THE EUCLIDEAN NORM OF THE INITIAL RESIDUAL 
VECTOR. 

OUTC4 l : THE TOTAL NUMBER O•f CALLS OF FUNCTe 
OUTC4l WILL BE LESS THAN INC5l + INC6le 

OUT[5] I THE TOTAL NUMBER Of ITERATIONS. 
OUT[6l I THE EUCLIDEAN NORM OF THE LAST STEP VECTOR. 
OUTC7l : ITERATION NUMBER OF THI: LAST ITERATION IN 

WHICH THE NEWTON STEP WAS HALVEDe 
OUT[!3l, OUTC9l 1 

RANK AND MAXIMUM COLUMN NORM OF THE JACOBIAN MATRIX 
IN THE LAST ITERATION, AS DELIVERED BY LSQORTDEC 
(SECTION 3el•le2elell IN AUXC3l AND AUXC5le 
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DATA ANO RESULTS 

THE PROCEDURE GS!NEWTON CAN BE USED FOR APPROXIMATING AN EXACT OR A 
LEAST SQUARES SOLUTION OF A SYSTEM OF NONLINEAR EQUATIONS. WHEN AN 
EXACT SOLUTION IS REQUIRED, THE PROCEDURE MAY TERMINATE ONLY WITH 
OUTCll • l, ANO VERY SMALL VALUES SHOULD BE ASSIGNED TO INCll AND 
INC2le WHEN A LEAST SQUARES SOLUTION IS REQUIRED, POSITlVE RESULTS 
OF THE PROCEDURE ARE SJGNALED BY OUT[ll • 1 OR Ze WHENEVER THE 
PROCEDURE TERMINATES WITH OUTCll < 5, THEN THE INVERSE OF Jt * J 
(SEE MEANING OF THE PARAMETER JJINV) IS DELIVERED IN JJINVe IN 
THAT CASE THE COVARIANCE MATRIX ANO THE STANDARD DEVIATIONS OF THE 
SOLUTION CAN BE CALCULAno. 

FOR A CURVE FITTING PROBLEM, SAY 1 
"ESTIMATE PARAMETERS PARCll, •••, PARCNl Of A FUNCTION 
"Y • F(X; PAR[ll, •••, PARCN]>, WHEN A SET OF DATA CXCil,YCil>, 
"I• l(l)M, HAS TO BE FITTED,~ 

THE FOLLOWING SYSTEM OF M EQUATIONS IN THE N UNKNOWN PARAMETERS 
PARCll, •••, ?ARCNJ CAN BE DERIVED s 

F(XCilJ PARCll, ••• , PAR[Nl) - YCil • O, I • l(l>Me 

PROCEDURES USED t 

VECVEC 
OUPVEC 
ELMVEC 
LSQORTDEC 
LSQSOL 
LSQINV 

• CP34010, 
• CP3l030, 
• CP34020, 
• C P34l34, 
• CP34131, 
• CP34136• 

Rt:QUIRED CENTRAL ME'10RY 
EXECUTION FIELD LENGTH : AN ARRAY OF (H + 1) * N ELEMENTS, FOUR 
ARRAYS OF N ELEMENTS AND ONE ARRAY OF M ELEMENTS ARE DECLARED• 

RUNNING TIME • 
THE RUNNING TIME IS PROPORTIONAL TO THE TOTAL NUMBER OF CALLS OF 
FUNCT. BESIDES, IN EACH ITERATION A LINEAR LEAST SQUARES SYSTEl1 
IS SOLVED (NUMBER OF OPERATIONS PROPORTIONAL TD M * (N SQUARED>>• 

LANGUAGE ALGOL 60• 

METHOD AND PERFORMANCE I 
THE PRJCEDURE GSSNEWTON IS BASED UPON THE GAUSS-NEWTON METHOD FOR 
CALCULATING A LEAST SQUARES SOLUTION OF A SYSTEM OF NONLINEAR 
EQUATIONS (SEE E.G. [ll, cz1,. IN SEVERAL ITERATIONS A STEP VECTOR 
(FOR THE VECTOR OF UNKNOWNS) IS OBTAINED BY SOLVING A LINEARIZED 

SYSTEM OF EQUATI1NS. THIS STEP IS PERFORMED ONLY IF THE NORM OF THE 
RESIDUAL VECTOR DECREASES• OTHERWISE THE NEWTON STEP VECTOR IS 
HALVED A NUMBER OF TIMES UNTIL THE NORM OF THE RESIDUAL VECTOR IS 
SMALLER THAN THE NORMS OF THE LAST AND SUBSEQUENT RESIDUAL VECTORS 
(THIS PROCESS IS CALLED STEP SIZE CONTROL>• 
FOR FURTHER DETAILS SEE C3l (SF.E ALSO C-2l>• 
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REFl:RENCES 1 

Cll ~.a. HARTLEY 
THE MODIFIED GAUSS-NEWTON METHOD. 
TECtiNOM!:TRlCS1 Ve3 (1961), PPe 269 - 2800 

[21 He SPAETH t 

PAGE 12 

THE DAMPED TAYLOR•S ScRIES METHOD FOR NINIMIZING A SUM OF 
SQIJARES ANO FOR SOLVING SYSTENS OF NONLINEAR fQUATlONSe 
ALGORITHM 3151 COLLECTED ALGORITHMS FROM CACM., 
COMMUNICATIOHS OF THE ACM., VOL. 10 (NOV. 1967)., PP. 726 - 728. 

[3] J.c.P. BUS., B. VAN DOMSELAAR., J. KOK 
NONLINEAR LEAST SOUARES ESTIMATION. 
MATHEMATICAL CEtlTRE (TO APPEAR>. 

cXA~PLE OF USE : 

THE PARAMETERS PARCl s 3] IN THE CURVE FITTING PROBLEMS 
G[Il • PARCll + PAR[21 * EXP(PARC3l * X[Il) - Y[Il 
WITH (X[ll1 YCI])., I•l1eee16 AS THE EXPERIMENTAL DATA., MAY BE 
OBTAINED BY TH~ FOLLOWING PROGRAMt 

11 BEGIN""PROCEDUR~ 11 GSSNEWTON(M., N, P, Fi c., TF1 JAC1 I., O)J 
11 CIJD!: 11 34441; 

"INTl;GER 11 I; 
"ARRAY" lNC017J., OUTClt9l, X, y., GClt6J, VClt3., 113]., PAR[li3]; 

11 BOJLEAN1111 PROCEDURf 11 EXPFUNCTCM, N, PAR1 G); 
"VALUE" M, NJ "INTEGER" M, N; 11 ARRAY" PAR, GJ 
"BEG!N1111 INTEGER 11 I; 

11 FOR 11 I:• 1 11 STEP 11 l 11 UNTIL 11 M 11 00 11 

11BEGIN 11"1F" PARC3l * XCil > 680 "THEN" 
11 BEGIN 11 EXPFUNCTt• "FALSE•; 11 GO TO" STOP •END•; 
GCIJ:• PARCll + PARC2l • EXP(PARC3l * X[Ill • YCil 

ttEND 11 ; EXPFIJNCT: • 11 TRUE"; 
STOPt 
"END" E XPFUHCT; 

"PROC EDUR E11 JACOBIAN ( M, N, PAR, G, JAC, LOCFUNCTl; 
"VALUE" M, Hi "INTEGER" 11, NJ "ARRAY" PAR, G, JAC; 
"PROCEDURE" L:JCFUNCT; 
11 B~GIN" "INTEGER" I; "REAL" EX; 

"FOR" 1: • 1 •iSTEP" 1 "UNTIL" M "D011 

"BEGIN" JACCI,lll•lJ JACCI,211• EXr• EXP(PAR[3l * X[Il)J 
JACCI,3lt• XCI] * PAR[Zl • EX 

"f.ND 11 

"END" J ACOBIAtl; 
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IN[OJr• 11-14; IN[llt• INC2lt• 11-6; INC5lr• 75; INC4lt•"-10; 
INC6l:• 14; I~C7lt• l; 
11 Fl)R11 I:• l "STEP II l 11 IJl!TIL" 6 11 00" 
INPUT(l, 11 ("2(~),/ 11 )"1XCil1YCil>; · 
PARClJt• 5RO; PARC2lt• - 180; PARC3lt• - Oel60; 
GSSHEWTONl'->1 3, PAR, G, V, EXPFUNCT, JACOBIAN, IN, OUT); 
OUT?IJT(6l,"("3/4B,"("X[IJ YCIJ 11 ) 111/1 6(5B+D, 583DeD, n, 2/1 
4B"( 11 PARAMETERS 11 ) 11 ,t,3(4B+D.3D 11 +ZD,/),2/,4811 ("0UT1 11 >11 ,t, 
3(?8+0.6D"+"!O,I), 5(1483ZD,/l, 98+De6D 11+ZD,2/4B, 
"("LAST RESIDUAL VECTOR">"1/16(10B+3Z.D,/l"l"- XCll, YCll, 
X[ 21, YCZ l, X[3 l,Y [3 l, X [4l, YC 41, XC 51, YC5 J,XC61, YC 61, PARCll, PARCZ l, 
PAR[3 J, IJllTC6 J, rJUTC Zl, OUTC 3 l,OUTC4 J,OUTC 51, OlJT[l J, OUTC7 J, OUT [8 l, 
OIITC9l, Gtll, QC?. l,G [3 l ,GC 4 l, GC 51, GC 61 l 

"F"ID" 
"E Jf>II 

WIT11 TllE DATA GIVE~I IN THE l( - Y • TABLE THIS PRciGRA'1 DELIVERS: 

XCI1 YCI1 
_, 121.0 
-3 151 ■0 
-1 379.C' 
+l 421 ■ 0 
+3 460.0 
+5 426.0 

PARAMi,;Ti'.:RS 
+~.:!33" +2 
•l ■ 5~CJII +2 
-l ■ Q97" •l 

rJUTt 
+5.260478 11 

+le l!'.i7156" 
+l.654588" 

16 
16 
z 
0 
3 

+2.339529 11 

-4 
+2 
+2 

+3 

LAST RESIDUAL V'::C TOR 
-29.6 
+86.6 
-47.3 
-26.2 
-ZZ-.9 
+39.5 
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SOURCE TEXTS 

11CODE 11 34440; 
"PROCLDUR[" MAR0UARDTCM,N,PAR,G,V,FUNCT,JACOBIAN,IN,OUTJJ 
"VALUE" M,N; "INTEGER" M,N; 11 ARRAY 11 PAR,G,V,IN,OUT; 
118 COL EAN 11 "PROCi: D!JRC'1 FUNCT; 11 PR QC EDUR : 11 JACOBIAN; 
"BEGIN" "INTiGER" ~AXFE,FE,IT,I,J,ERR; 

"REAL" v~ww,w,MU,RtS,FPAR,FPARPRES,LAMBDA,LAMBDAMIN, 
P, PW,Rl::l TOLRES, ABSTOLR ES; 

11 ARRAY" EM[O: 7l, VAL,B, BB,PARPRESCl 1Nl1 JACCl:M, l:NJ; 

"PROCEDURE" MULCOL( L,u,s, T,A,B, X); "CODE" 310221 
11 PROCEDUR~11 OUPVECCL,U,S,A,BJ; 11 CODE 11 31030; 
11 REAL 11 "PROCEDURE" VECVECCL,U,S,A,B); "CODE" 34010; 
"REAL" WPROCEDURE" MATVEC(L,U,S,A,B); "CODE" 34011; 
"REAL" "PROCEDURE" TAMVECCL,U,S,A,B>; 11 CODE11 340121 
11 REAL" 11 PROCEDIIRE11 MATTAMCL,U,S,T,A,B)J 11CODE 11 34015; 
"INTEGER" "PROCEDURE" QRISNGVALDECCA,M,N,VAL,V,EMJJ 
"CODE" 34273; 

"PROCEDURE" LOCFUNCTCM,N,PAR,G); 
"l~TEGER" M,Ni "ARRAY" PAR,G; 

PAGE l't 

"BCGIN 11 FEt• FE+lJ "IF 11 FE >• MAXFE "THEN" ERRI• 1 "ELSE" 
11 IF 11 11 NOT11 FUNCTCM,N,PAR,G) 11 THEN 11 ERR1• Z; 
"IF" &RRA•O "THEN" "GOTO" EXIT 

"END" LOCFUNCTJ 

vv: ■10; w: ■o.s; MU: ■ 0.01; 
ww: ■( 11 IF" IN[6]( 11-7 "THEN" 11-8 "ELSE" "-l*IN[6]); 
EM[OJl•EMCZJt•F.MC6Ji•INCOl; EMC4l1•10*N; 
RELTOLRESt•IN[JJ; ABSTOLRESr ■INC4l••z; MAXFE:•IN[5]; 
ERR:• O; FG:• IT:• l; P:•FPAR:• RES:• O; 
PW••-LNCWW*IN[Oll/Ze30J 

11 IF 11 11 NOT 11 FUNCTCM,N,PAR,G) 11THEN 11 

' 1BGGIN11 ERR:• 3; "GOTO" ESCAPE 11 END11 ; 

F?ARI• VF.CVECCl1M,01G,G); OUT[3Jt•SQRTCFPARJ; 

11 FOR 11 IT•• 1, IT+l 11 WHILE 11 FPAR > ABSTOLRES "AND" 
RES> RELTOLRES*FPAR+ABSTOLRES 1100 11 

"BEGIN" JACOBIANCM,N,PAR,G,JAC,LOCFUNCT); 
It•QRISijGVALDEC(JAC,M,N,VAL,V,EM); 
11 IF 11 IT•l "THEN" 

LAMBDA:• IN[6] * VECVECCl,N,O,VAL,VALI "ELSE" 
8 IF" P •0 "THEN" LAMBDA•• LAMBDA*W "ELSE" Pt• O; 

11FOR 11 Il•l 11 STEP 11 1 11 UNTIL" N 1100 11 

BCI J: •VALC I l*TAMV~C <1, M, I, JAC, G); 
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L: 11 FOR" I:•l 11 STEP 11 1 11 UNTIL 11 N 11D0 11 

BB[lJ:•B[ll/(VALCil*VALCIJ+LAMBDA); 
"FOR~ It•l "STEP" 1 "UNTIL" N noon 
PARPRESCilt• PARCil - HATVEC(l,N,I,V,BB); 
LOCFUNCT<M,N,PARPRES,G); 
fPAR~RESt• VECVEC(l,M,O,G,G); 
RESl•FPAR-FPARPRES; 
"IF" RES< MU• vecvec,1,N,O,B,BB) "THEN" 
"BEGIN" p: ■ P+l; LAMBDA:• VV • LAMBDA; 

"IF" P•l "THEN" 
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"BEGIN" LAMBDAMINt• WW• VECVEC(l,N,O,VAL,VAL>; 
"If" LAMBDA<LAMBDAMIN "THEN" LAMBDA:• LAMBDAMIN 

"END"; 
"IF" P<PW "THEN" "GOTO" L "ELSE" 
"B!GIN" ERR:• 4; 

"GOTO" EXIT 
"EN 0"; 

"EtlD"J 

DU 0 V~C(l,N,O,PAR,PARPRES); 
FPARl•FPARPRES 

"END" ITERATION; 

"FOR" 11•1 "STEP" l "UNTIL" N "DO" 
M UL COL U,N, I, 1, JAC, V, 1/1 VALC I ]+IN CU l)); 
"FOR" Il•l "STEP" l "UNTIL" "I "00" 
"FOR" J:•l 11 STEP11 l "UNTIL" I "00 11 

VCI,Jl:• VCJ,IJ:• MATTAM(l1N1I,J,JAC,JAC); 

LAMBDA•• LAMBDAHINr• VALCl]; 
11FOR 11 I:• 2 "STEP" l "UNTIL" N "D011 

"IF" VAL[ll>LAMBDA "THEN" LAMBDA r ■ VAL[Il "ELSE" 
"If" VAL[IJ<LAMBDAMIN "THEN" LAMBDAMIN•• VAL[Il; 

OUTC7]: ■ (LAMBDA/(LAMBDAMIN+IN[Ol>>••z; 
OUTCZJ1 ■SQRT(FPAR); 
OUTC6lt•SQRT(RES+FPAR)-OUTCZJ; 

ESCAPEt 
OUTC4l: •FE; 
IJUTC5 l t•IT-1; 
OUTCll t ■ ERR 

"END" MARQUARDT; 
"EOP11 
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11 C □DE" 3444li 
•PROCEDURE• GSSNCWTONCM, N, PAR, RV, JJINV, FUNCT, JACOBIAN, 

IN1 'JUT>; 
"VALUE" M, tH "UlTEGER11 11, N; 
•ARRAY" PAR, PV, JJ!NV, IN, OUT; 
"BOOLEAN" "PROCEDURf" FUNCT; 
"PROCeDURE" JACOBIAN; 

"Bi::GlN" "INTEGER" I, J, INR, MIT, TEXT, 
IT1 ITMAX, IHRMAX, TIM, FEVAL, FEVALMAX; 
"REAL" RHO, RESl, RES2, RN, RELTOLPAR, ABSTOLPAR, ABSTOLR~S, 

STAP, NORMX; 
"BOOLEAN" COIIV, TESTTHF, DAMPING ON; 
"ARRAY" JAC[l:M + 1,1:NJ, PR, AID, SOL[l : Nl, FU2Cl : Ml, 

AUX[2 : ']; 
"INTEGER""ARRAY" CICliN]; 

"REAL 1111 PROCEDURE" VECVEC<L, U, SHIFT, A, B); "CODE" 34010; 
"PROCEDURE" DUPVEC(L, U, S, A, B); "CODE" 31030; 
"PROCEDURE" eLMVEC<L, U, S, A, B, X); "CODE" 34020; 
"PROCEDURE" LSQORTDEC<A, 111 N, AUX, AID, CI); "CODE" 34134; 
11PROCEDURE 11 LSQSOLCA, M, N, AID, CI, B); 11CODE 11 34131; 
"PROCEDURE" LSQINV(A, N, AID, Cl)J 11 CODE" 34136; 

11 81DLEAN11 "PR~CEDURE 11 LOC FUNCT(M, N, PAR, RV>; 
11 VALUE 11 M, N; "INTEGER" M, NJ "ARRAY" PAR, RV; 
"BCGIN" LOC FUNCT:• TEST THFI• FUNCT<M, N, PAR, RV) 

"AND" TEST THF; FEVALI• FEVAL + l 
11 EMD" LOC FUNCT; 

ITMAXI• FEVALMAXt• INCSJ; AUXC2Ji• N * INCO]; TIMI• INC7]; 
RELTOLPARI• IN[ll ** 2; ABSTOLPAR:• INC2l ** 2; 
ABSTOLRES: ■ INC4l ** 2; INRMAX: ■ INC6J; 
DUPVECCl, N, O, PR, PAR); 
"IF" M < N "THEN" 
"FOR" It• 1 11 STEP 11 1 11 UNTIL" N 11D0 11 JACCM + l, IJ:• O; 
TEXT:• 4; MIT:• O; TEST THF: ■ 11 TRUE 11 ; 

RESZt• STAPI• OUTC5lt• OUT[6lt• OUTC7]1• O; 
FUHCT(11, N, PAR, FUZli RNt ■ VECVEC<l, M, O, FU2, FU2l; 
OUTC3J:a S0RT(RN); FEVAL:• l; DAMPING ON:• 11 FALSE 11 ; 
11 FOR11 ITt ■ 1, IT + l "WHILE" IT <• ITMAX 11 AND" 

FEVAL < FEVALMAX "DO" 
"BEGI~" OUTC5J:• IT; JACOB!AN<M, N, PAR, FUZ, JAC, LOCFUNCT); 

"IF" "NOT11 TEST THF 11 T~EN 11 

"BEGIN" TEXTI• 7; •GO TO" FAIL "END"; 
LSQORTDEC(JAC, M, N, AUX, AID, Cil; 
"If" AUX[3] A. N "THEN" 
"BEGIN" TEXTz• 5; "GO TO" FAIL "END"J 
LSQSOL(JAC, M, N, AID, CI, FU2>; DUPVEC<l, N, O, SOL, FU2)J 
STAP:• VECVEC U, N, O, SOL, SOL); 
RHO:• 2J HORMXt• VECVEC(l1 N, O, PAR, PAR); 

"COMMENT" 
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"1F" STAD > RELTOLPAR • NOPMX + ABSTOLPAR 
"OR" IT• l "AND" STAP > 0 "THEN" 

"BEGlN""FOR" JNR:• O, INR + l 
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"WHILE••IF• INR • 1 •THEN• DAMPING ON "OR11 RESZ >• RN 
"ELSE""NOT" CONV "AND" (RN <• RESl "OR" RESZ < RESl > "DO" 
"BEGIN""COMMENT" DAMPING STOPS WHEN 

RO > Rl "AND" Rl <• R2 < BEST RESULT IS Xl, Rl> 
W!TH Xl • XO + I • DX, I1 ■ 1, • 5, a25, .12,, ETC. 
RH□: ■ Rl-fO / Z; 11 IF" INR > 0 "THEN" 
"BEGIN" RES1:• RES2; DUPVEC(l, M, O, RV, FUZ); 

DAMPING ONI• INR > l 
"!::ND•; 
"FOR" I: ■ 1 "STEP" l "UNTIL" N "DO" 
PRCIJ:• PAR[ll - SOLCI] • RHO; 
FEVALt• FEVAL + li 
"If" "NOT" FUNCT<M, N, PR, FU2) "THEN" 
"BEGIN" TEXTt• 6; "GO TO" FAIL "END"; 
RESZ:• VECVEC<l, M, O, FUZ, FUZ); CONVt• INR >• INRMAX 

"END" DAMPING OF STEP VECTOR; 
"IF" CONV "THF.N" 
"BlGIN" 11C □MMENT" RESIDUE CONSTANT; MlTt• HIT+ l; 

"lF" MIT < TIM "THEN" CONVI• "FALSE" 
"~NO" "ELSE" MITI• O; 
"If" IHR > l "lH~N" 
"Bt:Gil'I" RHO:• RHO * Zi ELMVEC<l, 111, O, PAR, SOL, • RHO); 

RHt• R2Sli "IF" Il'IR > 2 "THEN" OUTC7l&• IT 
"EM D"" ELSE" 
"BEGIN" DUPVEC<l, N, O, PAR, PR); RN: ■ RESZ; 

DUPVECCl, M, O, RV, FUZ) 
"EMO"; 

11 IF 11 RN <• ABST!:JLRES "THEN" 
"BEGIN" TEXT&• l; ITMAXI• IT·•END••ELSE" 
"IF" CONV •AND" INRMAX > 0 "THEN" 
"BEGIN" T,xT: ■ 3; ITMAX: ■ IT "END" 
11 1:LSE" DUPVEC!l, M, O, FU2, RV) 

"END" ITERATION WITH DAMPING AND TESTS "ELSE• 
"BEGIN" TEXT: ■ 2i RHO: ■ li ITHAXt• IT "END" 

"END" OF ITERATIONS; 

LSQINVCJAC, N, AID, CI>; 
"FOR" I:• l "STEP" l "UNTIL" N 11D0" 
11 BEGIN" JJINVCiiIJ: ■ JACCI,Il; 

"FOR" Jt• I + 1 "STEP" l "UNTIL" N "DO" 
JJINVCI,Jl1• JJlNVCJ,Ilt• JACCI,Jl 

"!:ND" CALCllLATION OF INVERSE MATRIX Of NORMAL EQUATIONS; 
FAIL : 

□UTC6Jt• SQRTCSTAP) * RHO; OUTC2lt• SQRT(RN); OUTC4lt• FEVAL; 
OUTCll1• TEXT; OUTC8lt• AUXC3l; OUTC9lt• AUXC5l 

"i:t-lD" GSSNEWTON; 
II EOP" 
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SECTI~M 5e2elelelel CONTAINS NINE PROCEDURES FOR INTIAL•VALUE PROBLEMS 
FOR FIRST JROF.R ORDINARY OIFERENTIAL EQUATIONS. 

A. RKl saLVES AN IVP FOR A SINGLE ODE BY MEANS OF A 
5-TH ORDER RllNGE-KUTTA Ml:THoo. 

Be RKF. SOLVES AN IVP FOR A SYSTEM OF ODE 1 S BY MEANS OF A 
5•TH ORDER RUNGE-KUTTA METHOD. 

C. RK4A SOLVES AN IVP FOR A SINGLF ODE BY MEANS OF A 5-TH ORDER 
RUNGE•KUTTA METHOD. RK4A INTERCHANGES THE DEPENDENT ANO 
INDEPENDENT VARIABLE. 

De RK4NA SOLVES AN IVP FOR A SYSTEM OF CDE 1 S RY MEANS OF A 
5•TH ORDER RUNGE-KUTTA METHOD. RK4NA INTERCHANGES THE 
DEPENDENT AND ONE !~DEPENDENT VARIABLE. 

e. RK5NA SOLVES AU IVP FOR A SYSTEM OF ODE•S BY MEANS OF A 
5-TH ORDER RUNG~•KUTTA METHao. RK5NA USES THE ARC LENGTH 
AS INTEGRATION VARIABLE. 

F. MULT!STEP SOLVES AN IVP FOR A SYSTEM OF ODE'S BY MEANS OF A 
LINEAR MULTISTEP METHODe IT USES EITHER THE BACKWARD 
DIFFERl::'.NTIATION METHODS., OR TtiE ADAMS•BASHFORTH-HOULTON•11ETH0De 

Ge OIFFSYS SOLVES AN IVP FOR A SYSTEM OF ODE•S BY MEANS OF 
A HIGH ORDER EXTRAPOLATION METHOD BASED ON THE MODIFIED 
MIDPOINT RULE. 

He ARK S~LVES AN IVP FOR A LARGE SYSTEM OF ODE•S WHICH IS OBTAINED 
FROM SCMI-DISCRETIZATION Of AN INITIAL BOUNDARY VALUE PROBLEM 
FOR A PARABOLIC OR HYPERBOLIC EQUATION. ARK IS BASED ON 
STABILIZED., EXPICIT RUNGE-KUTTA METHODS OF LOW ORDER 

I. EFRK SOLVES AN IVP FOR A SYSTEM OF ODE 1 S BY MEANS OF AN 
EXPONENTIALLY FITTED EXPLICIT RUNGE-KUTTA METHOD OF FIRST, 
SECOND OR THIRD ORDER. 

RKl AND RKE ARE INTE~IOED FOR NON-STIFF EQUATIONS, WHILE RK4A1 RK4NA 
AND RK5NA ARE INTENDED FOR NON-SIFF EQUATIONS WHERE DERIVATIVES 
BECOME VERY LARGE., SUCH AS IN THE NEIGHBOURHOOD OF SINGULARITIES. 
MULTISTEP CAN BE USED FOR NON-STIF, AS WELL AS STIFF EQUATIONS. 
DIFFSYS SHryULD BE USED fOR PROBLEMS FOOR WHICH A VERY HIGH ACCURACY 
IS DESIRED. ARK IS RECOMMENDED FOR THE INTEGRATION OF SEMI-DISCRETE 
PARABOLIC OR HYPERBOLIC PROBLEMSe EFRK IS A SPECIAL PURPOSE PROCEDURE 
FOR STIFF EQUATiaNS WITH A KNOWN., CLUSTERED EIGENVALUE SPECTRUM• 
EXCEPT EFRK1 ALL PROCEDURES PERFORM STEPSIZE CONTROLe 
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PROCEDURE s RKl 

AUTHOR:JeAeZONNEV~LDe 

CONTRIBUTORSt M.BAKKER ANO I.BRINK. 

INSTITUTE: MATHEMATICAL CENTRE. 

RECElVE01 730715. 

BR!cF DcSCRIPTION: 

RKl SOLVES AN INITIAL VALUE PROBLEM F~R A SINGLE FIRST ORDER 
ORDINARY DIFFERENTIAL EQUATION DY/ DX • F(X1Y). 
THE EQUATION IS SUP1SED TO BE NON•STIFF. 

KEYWORDS1 

INITIAL VALUE PR~BLEMe 
SINGL! FIRST ORDER ORDINARY DIFFERENTIAL EQUATIONS. 

CALLING SEQUENCEt 

T~E HEADING OF THE PROCEDURE READS: 
H PROCEDURE" RKl( x., A., B., YI YA1FXY .,e.,D.,FI) J 
"VALUE" Bi FI; 
"REAL" X1A1B1Y1YA1FXY; 
"BOOLl:ANtt FI; 
"ARRAY" E1 D; 
"CODE" 33010; 

T~E MEANING OF THE FORMAL PARAMETERS IS: 
X: <VARIABLE>; 

THE INDEPENDENT VARIABLE. 
UPON COMPLGTION OF A CALL 
X IS !:QUAL TO'B; 

A: <ARITHMETIC EXPRESSION>; 
ENTRYt THE INITIAL VALUE OF XJ 

Bt <ARITHMETIC EXPRESSION>; 
ENTRY: A VALUE PARAMETER1GIVING THE END VALUE OF X; 

Y: <VARIABLE>; 
THE DEPENDENT VARIABLE; 
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YAt <ARITHMETIC EXPR£SSION>; 
ENTRY : THE VALUE OF Y AT X•A; 

FXY: <ARITHMETIC EXPRESSI~N>; 
AN EXPRESSION1DEPENDING ON X AND Y1GIVING THE VALUE OF DY/DX; 

Et <ARRAY IDEHTIFIER>J 
11 AR~AY" '!Cl:2Ji 
GNTRYt 
ECll I A RELATIVE TOLERANCE., 
EC2l : AH ABSOLUT~ TOLERANCE; 

D: (ARRAY IDENTIFIER); 
"ARRAY" DClt4]; 
EXIT, 
!:NTIER( DC ll +e51 GIVES THE NUMBER OF STEPS SKIPPED; 
D[2l : EQUALS THE STEP LENGTH; 
DC3l I IS [QUAL TO Bi 
DC4J t IS cQUAL TO Y(B)J 

FI: <BOOLEAN EXPRESSION>; 
IF FI•"TRUE" RKl INTEGRATES FROM X•A TO X•B WITH INITIAL VALUE 
VALUE YCAl•YA AND TRIAL STEP B-A. IF FI••FALSE 11 RKl INTEGRATES, 
FROM X•DC3l TJ X•B WITH INITIAL VALUE Y(DC3ll•DC4l ANSD FIRST 
lTEP H•DCZl*SIGNCB•DC3ll1 WHILE A AND YA ARE IGNOREDe 

PROCEDURES UScDI NONa. 

REQUIRED CEHTRAL MGMORY NEGLIGIBLE SMALLa 

METHOD AND PERFORMANCE• 
RKl IS BASED ON AN EXPLICIT., 5-TH ORDER RUNGE-KUTTA METHOD AND 
IS PROVIDED WITH STEPLENGTH AND ERRORCONTROLe THE ERRORCONTROL 
IS BASED ON THE LAST TERM OF THE TAYLOR SERIES WICH IS TAKEN INTO 
ACCOUNTa A STEP IS REJECTED If THE ABSOLUTE VALUE OF THIS LAST TERM 
GREATER T~EN (ABSCFXY>*F.Cll+EC2l)*ABSC~J/INT., WHERE 
INT • ABS( B-< 11 IF 11 FI 11 TH~N 11 A 11ELSE 11 OC3ll) DENOTES THE LENGTH 
OF THE INT~GRATION I~TERVAL1 OTHERWISE., A STEP IS ACCEPTED. 
RK1 USES AS ITS MINIMAL ABBSOLUTE STEPLENGTH HMIN • ECll•INT+ECZl. 
IF A STEP OF LENGTH ABSCH) • HMIN IS REJECTED., THE STEP IS SKIPPEDa 
FOR FURTHER DETAILS SEE Clle 
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REF ERENCESi 
CllJeAeZONNEVELDe 
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AUTOMATIC NUHaRICAL INTEGRATION. 
MATHEMATICAL CFNTRE TRACT 8(1970>• 

EXAMPLE IJF USE• 

THE SOLUTION Of THE DIFFERENTIAL EQUATION DY/OX-Y 
WITH INITIAL CONDITION Y(O)•l AT X•l IS COMPUTED 
BY MEANS OF THE FOLLOWING PROGRAHt 

"8 EGIN" 
"REAL" X,Y; 
"BOOLEAN" FI,FIRST; 
"REAL" "ARRAY" EC1•2l,DCl:4]; 

"PRUCEDURE" RKl(X, A,B, Y, YA, FXY,E,O,fl); "CODE" 33010; 

EC ll 1 •+"-4; EC 2 J t •+"-4 ;FIRST 1 ■•TRUE"; 
RKl(X,0,1,Y,l,•Y,E,D,FIRST>; 
our PUT< 61, 11 < 11 , 110B 11 < 11 X•", 11 .1zo11 20,,, 1oe 11 < "Y•", 11 .1201120, 
lOB"("YeXACT•")"el2D"2D")"1X1Y,EXP(•X))J 
"END" 

II Eil P" 

IT DELIVERS WITH EClJ•EC2l•"-41 
X•el00000000C'l00 11 01 

YEXACT•e367879441171"00 

SOURCE TEXT(S>a 

"CODE"" 3 3010; 
"PROCEDURE" RKl(X., A, 81 Y, YA1 FXY, E, D, FI>; 
"VALUE" B, Fli 11 ReAL" X1 A, B, Y, YA, FXY; "BOOLEAN" FI; 
11 ARRAY" E, OJ 
"BEGIN" "REAL" El, E2, XL, YL1 H, INT, HHIN, ABSH, K01 Kl, 

K2, K3, K4, K5, DISCR, TOL, HU, ~Ul, FH, HL; 
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"BOOLEAN" LAST, FIRST., REJECT; •COMMENT" 
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11 If 11 FI 11 THEtl" 
11 Bi:GIN 11 DC3J:• A; DC4l:• YA 11 END"; 
DClJ: • O; XL1• Dtl]; Yll• OC4l; 
11 IF 11 FI 11THEN 11 0[21:• B - DC3l; ABSH1• Ht• ABSIDC2J); 
11 IF 11 B - XL< 0 11 THEN" H: ■ - H; INT:• ABSIB - XL); 
HMIN:• INT • ECll + EC2l; El:• i:Cll / INT; 
E21• EC2l / !NT; FIRSTI• 11TRUE 11 ; "IF" FI "THEN" 
11 BEGIII" LASTt ■ 11TRUE 11 ; "GOTO" STEP "END"; 

TEST: ABSH:• AB~IH); 11IF 11 ABSH < HMIN 11 THEN 11 
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"BEGIN" H: ■ "IF" H > 0 "THEN" HMlN "ELSE"• HMIN; ABSHI• HNIN 
11 !:l'-ID11 ; 
11 IF11 H >• B - XL "EQUIV" H >• 0 11THEN 11 

"BEGIN" DC2J:• H; LAST:• 11 TRUE 11 ; H:• B • XL; 
ABSH:• ARSIH) 

"END" 
"ELSE" LASTt• "FALSE"; 

STEPt X:• XL; Yt• YL; K01• FXY • H; 
XI• XL+ H / 4.5; Y1• YL +KO/ 4e5i 
Kl1• FXY • H; Xt• XL + H / 3; 
Y:• YL +(KO+ Kl* 3) / 12; K2:• FXY * H; 
Xt• XL+ H * .~; Yt• YL +(KO+ K2 • 3) / 8; 
K3t• FXY * H; X1• XL+ H • e8i 
Yt• YL + (KO* 53 •Kl* 135 + K2 * 126 + K3 • 56) 
/ 125; K41• FXY * HJ X:• 11 IF 11 LAST 11 THEN 11 B 11ELSE 11 XL+ H; 
Yt• Yl + (KO* 131 •Kl* 378 + K2 * 276 + K3 * ll2 
+ K 4 * 25) / 168; K 5 t • F XY * H; 
DISCR:• ABS(KO * 21 - K2 • 162 + K3 * 224 • K4 • 125 
+ K5 * 42) / 14; TOL:• ABS(KO) *El+ ABSH * EZ; 
RC:JECTta DISCR > TOL; MUz • T □ L / CTOL + DISCR) + e45; 
11 IF 11 REJECT 11 THEN" 
11 BEGIN11 11 IF 11 ABSH <• HMIN 11 THEN 11 

"BEGIN" DClJ:• DCll + li Yt• YL; FIRST•• "TRUE"; 
"GOTO" NEXT 

11 !::tlD"; 
Ht• MU* HJ 11G~T0 11 TEST 

"EN D11 ; 

"IF" FIRST 11 THEN" 
11 BEGIN11 FIRSTt• "FALSE 11 ; Hlt• H; Ht• MU* H; 11GOT011 ACC 
II l:N OH; ' 
FHt• MU* H / Hl + MU - MUl; Hl1• H; Ht• FH * HJ 

ACC1 MUlt• MU; 
Y: ■ YL + ( - KO* 63 +Kl* 189 - KZ * 36 • K3 * 112 
+ K4 * 50) / 28; K5:• FXY * HL; 
YI• YL +(KO* 35 + KZ * 162 + K4 * 125 + K5 * 14) 
I 336; 

NEXT: 11If 11 BA. X 11 THEN11 

11B!:GIN" Xlt• X; Yll• Y; "GOTO" TEST "END"; 
"IF~ 11 NOT 11 LAST "THEN" OC2JJ• H; 0[3lt• X; D[4Jl• Y 

"END" RKl; 
11 EOP" 



Sl::CTION t 5.z. 1. le le leB (FEBRUARY 1979) PAGE 1 

PROCEDURE : RKEe 

AUTH□ Rt PeAe BEENTJESe 

INSTITUlE: MATHEMATICAL CENTREe 

RECF.IVeDt 740520e 

BRIEF DESCRIPTION: 

RKE SOLVES AM INITIAL VALUE PR08LE11 FOR A SYSTEM OF FIRST 
ORDER ORDINARY DIFFERENTIAL EQUATIONS DY / DX • F(X,Y>. 
THE SYSTEM IS SUPPOSED TO BE NON•STIFFe 

KEYWORDSt 

INITIAL VALUE PROBLEM. 
SYSTcM OF FIRST ORDER ORDINARY DIFF~RENTIAL EQUATIONS. 
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CALLING SEQUENCE• 

THE HEADING OF THE PROCEDURE READS1 

"PROCEDURE" RKE ex, XE, N, Y, DER, DATA, FI, OUT); 
"VALUE" N, FI; "INTEGER" N; "REAL" X, XE; 11 BOOLEAN 11 FI; 
11 ARRAY19 Y, DATA; 
"PR OC EDUR !:" D EP., OUT; 
"CODE" 33033; 

PAGE Z 

RKE INTEGRATES THE SYSTEM OF ORDINARY DIFFERENTIAL EQUATIONS 
DY/ DX• FCX, Y), FROM X • XO TO X • XE WHERE YCXO) • YOe 

THE MEANING OF THE FaRMAL PARAMETERS is, 
Xz <VARIABLt>; 

THE IND~PEMDENT VARIABLh 
FNTRY: TH( INITIAL VALUE XO; 

XEI <ARITHMETIC EXPRESSION>; 
Tf-fE FINAL VALUE OF X; 

N: <ARITHMETIC EXPRESSION>; 
THE NUMRtR OF EQUATIONS OF THE SYSTEM; 

YI <ARRAY IDENTIFIER>; 
"ARRAY" Y[l I Nl; 
THE DEPENDENT VARIABLES; 
ENTRY: THE INITIAL VALUES AT X • XO; 
EXIT t TYE VALUES OF THE SOLUTION AT X • XE; 

DER: <PROCEDURE IDENTIFIER>; 
THE HEADING OF THIS PROCEDURE READS: 
"PROCEDURE" DER (T, V); "VALUE" TJ 11 REAL 11 T; 11 ARRAY 11 V; 
THIS PR~CEDURE PERFORMS AN EVALUATION OF THE RIGHT HAND 
SIDE Of TH= SYSTEM WITH DEPENDENT VARIABLES V[l I Nl ANO 
INDEPENDENT VARIABLE T; UPON COMPLETION OF DER 
THE RIGHT HAND SIDE SHOULD BE OVERWRITTEN ON V[l t NJJ 

DATA: <ARRAY IDENTIFlER>; 
11ARRAY" DATACl : 6]; 
IN ARRAY DATA ONE SHOULD GIVE1 

DATAClH THE RELATIVE TOLERANCE; 
DATACZJ: THE ABSOLUTE TOLERANCE; 

AFTER EACH STEP DATAC3:6] CONTAINS: 
DATAC3l1 THE STEPLENGTH USED FOR THE LAST STEP; 
DATA[4]t THE NUMBER OF INTEGRATION STEPS PERFORMED; 
DATAC5J: THE NUMBER OF INTEGRATION STEPS REJECTED; 
DATAC6l: THE NUMBER OF INTEGRATION STEPS SKIPPED; 

IF UPON COMPLETION OF RKE DATAC6l > 0, 
RESULTS SHOULD BE CONSIDERED HOST CRITICALLY; 

FI: <BOOLEAN EXPRESSION>; 
lF FI • "TRUE" THE INTEGRATION ST ARTS AT XO WITH A 
TRIAL STEP XE - XO; If FI• "FALSE" THE INTEGRATION IS 
CONTINUED WITH A STEPLENGTH DATAC3l * SIGN(XE • XO); 

OUT: <PROCEDURE IDENTIFIER>; 
THE HEADING OF THIS PROCEDURE READS& 
"PROCEDURE" OUT; 
AFTER EACH INTEGRATION STEP PERFORMED OUT CAN BE USED TO 
OBTAIN INFORMATION FROM THE SOLUTION PROCES, EeGe THE VALUES 
Of X, YCl s Nl AND DATAC3 1 6le POUT CAN ALSO BE USED TO 
UPDATE DATA,. 
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PROCEDURES USED: HONE. 

kEQUlRED CEHT~AL MEMORY• 

CIRCA 5 • N "IEMORY PLACES. 

METHOD AHO PERFORMANCE: 

THE METHOD UPON WHICH THE PROCEOUORE IS BASED, IS A MEMBER OF A 
CLASS OF FIFTH ORDER RUNGE KUTTA FORMULAS PREScNTED IN REFERENCE 
Clle AUTOMATIC STEPSIZE CUNTROL IS IMPLEMENTED IN A WAY AS PROPOSED 
IN R!:FERENCE C2le FOR TESTRESULTS Al~D FURTHER INFORMATION 
SEE REfERF.NCE C3le 

REFERENCES: 

C1le R. ENGLAND. 
ERROR CSTIMATES FOR RUNGE KUTTA TYPE SOLUTIONS TO SYSTEMS 
OF ORDINARY DIFFERENTIAL EQUATIONS• 
THE COMPUTER JOURNAL, VOLUME 12, P 166 • 169, 1969• 

[2]. J.A. ZONNEVELD. 
AUTOMATIC NUMERICAL INTEGRATION. 
"IATHe CEHTRU TRACT 8(1970>• 

C3le PeAe B!ENTJES. 
SOME SPECIAL FORMULAS OF THE ENGLAND CLASS OF FIFTH ORDER 
RUNGE• KUTTA SCHEMES. 
MATH. CENTRE REPORT NW 24/74e 
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EXAMPLE OF USE s 

TYE SOLUTION AT T • l ANO T • -l OF THE SYSTEM 

DX IDT• Y - Z, 
DY I OT• X * X + 2 * Y + 4 * T, 
DZ I OT• X * X + 5 * X + Z * Z + 4 * T, 

WI TH X • Y • 0 AND Z • 2 AT T • 0, 

CAN BE JBTAINED BY THC fJLL~WING PROGRAMi 

"BfGIN" "REAL" T, TE; 0 ARRAY" YCl : 31, DATACl: 6]; 

"PROCEDURf" RKECX, XE, N, Y, DER, DATA, FI, OUT); 
11CODE" 33033; 

"PROCEDURE" RHSCT, YI; 11 VALUE" T; "REAL" T; "ARRAY" Y; 
"BEGIN" "REAL" xx, YY, zz; 

XXI• YCl]; YYI• Y[2]; ZZt• YC3]; 
Y Cl l : • YY - ZZ ; 
YC2J:• XX * XX + 2 * YY + 4 * T; 
Y[ 3] 1 • X X ii< ( XX + 5 l + 2 * Z? + 4 * T 

"END 11 RHS; 

ttPR!JCEDURE" INFO; 
111 F" T • TE "THEN" 
"BEGIN" "REAL" ET, TZ, AEX, AEY, AEZ, REX, REY, REZ; 

ET: ■ EXPCT); TZ: ■ 2 * T; 
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REX:• •ET* SINCTZ); AEXt• REX - YCl]; REX•• ABS(AfX I REX); 
REYt• ET* ET* (8 + 2 * TZ • SIN(Z * TZII I 8 • TZ - lJ 
R!ZI• ET* CSINCTZl + 2 * COS(T2Jl + REY; 
AEY: ■ REY - YC2l; REY: ■ ABSCAEY I REY); AEZ: ■ REZ - YC3]; 
REZI• ABS(AEZ I REZI; 
3UTPUTC6l, "(""(" T • "I", +D, II, 
"(" RELATIVE AND ABSOLUTE ERRORS IN x, Y AND Z :")", II, 
"(" RECXI RECY) RECZ) AECX) AECY) AECZ)")", II, 
6 ( B,-. ZD"+D >, II, 
"(" NUMBER OF INTEGRATION STEPS PERFORMED :n 1",4lD,t, 
"(" NUMBER OF INTEGRATION STEPS SKIPPED :"1",4ZD,I, 
"(" NUMBER OF INTEGRATION STEPS REJECTED •">",4ZD,lll"I", 
T, REX, REY, REZ, ABSCAEXI, ABSCAEYI, ABSCAEZI, 
DATAC4l, DATA[6l, DATAC5l) 

11 Eti0" INFO; 

TE I. l; 
LEFT: 

Y[ll:• YC2J:• o; YC3Ji• 2; T: ■O; 
OATACllt• DATAC2lt• "-5; 
RKE(T, TE, 3, Y, RHS, DATA, "TRUE", INFO); 
11 IF" TI: • 1 11THEN" 11 BEGHl 11 TE:• •l; "GOTO" LEFT "END" 

"E"4 D" 
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THIS PROGRAM DCLIVERSt 

T • +l 

RELATIVE AND ABSOLUTE ERRORS IN X.1 Y ANO 

RE ( X) Rf:< Y) RE(Z) AE ( X) AE (Y J 

.3711-6 .15 11-5 el3 11•5 .9111-6 .13 11-4 

NUMBER OF INTEGRATiaN STEPS PERFORMED I 
NUMBER OF INTEGRATIO~ STEPS SKIPPED 
NIJMBER OF INTEGRATION STEPS REJECTED 

T • -l 

RELATIVE ANO ABS1LUTE ERRORS IN X.1 Y ANO 

Ri:( X) RE (YI RE(Zl AE( X) AE(Y) 

.22"-6 .52"-7 e 19"-6 • 75"-7 .55•-1 

NUMB!:R OF INTEGRATION STEPS PERFORMED l 
NUMBER OF INTEGRATION STEPS SKIPPED 
NUMBER OF INTEGRATION STEPS REJECTED 1 

SOURCE TEXT<SP 

"CODE" 33Q33; 

Z 1 

AE(Z) 

•ll"-4 

9 
0 
5 

l I 

AE ( Z) 

e77"-7 

10 
0 
7 

"PROCEDURE• RKE (X.1 XE.1 N.1 y., DER, DATA, FI, OUT); 
"VALUE" FI, N; "INTEGER" N; 11REAL 11 X, XE; 
11 BOOLEAtl11 Fl; 11 ARRAY11 Y.1 DATA; 
"PROCEDURE" DER, OUT; 
•BEGIN" "INTEGER" J; 

11 REAL11 XT, H, HMIN, INT., HL, HT, ABSH, FHM, DISCR, TOL, HU, 
MU l, FH, El, E2; 
"BOOLEAN• LAST, FlRST, REJECT; 
"ARRAY" KO, Kl, KZ, Kl, K4[1:NJ; 
11 IF 11 FI 11THEN 11 
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"BEGIN" DATA[3]:•·xe - x; DATA[4]1 ■ DATA[5]1 ■ OATA[6]1 ■ 0 "ENO"J 
ABSHt• H1 ■ ABS(OATAC3J); 
11 IF 11 XE < X '1THEN 11 H: ■ - H; INT: ■ ABSIXE • X); 
HMlN: ■ INT * OATACll + OATACZl; 
Elt• 12 • OATA[ll / INTJ E2•• 12 • DATAC2l / INT; 
FIRST•• "TRUE"; REJECT•• 11 FALSE 11 ; 11 IF 11 FI 11 THEN11 

11 BEGIN11 LAST:• 11 TRUE"; 11GOT0 11 STEP 11 EN0 11 ; 

TEST: ABSH: ■.ABS(H); 11 IF" ABSH < H11IN 11 THEN 11 

•BEGIN" Ht ■ SIGN (XE - X) * HHIN; ABSHI• H~IN "END"; 
"IF" H >• X~ - X "EQUIV" H >• 0 "THEN" 
11 BEGIN" LAST:• 11 TRUE 11 ; H:• XE • XJ ABSH: ■ ABS(H) "~ND" 
11 ELSE 11 LASTS• "FALSE•; 

"C01111ENT" 
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STEP• "IF" A REJECT ~THEN" 
naeGIN" "FOR" J1• 1 "STEP" 1 "UNTIL" N "00" KOCJJt• YCJJ; 

DERIX, KO> 
"END"; 
HTI• .184262134833347 * H; XTI• X + HT; 
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11 FOR" J:• 1 11STF.P" l 11 UNTIL 11 N 11 D011 KlCJJ:• KOCJJ * HT + YCJJ; 
DEP.CXT, Kl); 
HTt• a69~983005625053"-l * H; XTt• 4 * HT + X; 
11 FOR11 J:• l 11 ST!:P 11 1 "UNTIL" ~l "DO" KZCJJi• 
13 * KlCJJ + KOCJJ) * HT + YCJJ; 
DER C XT, KZ > ; 
XTt• .5 * H + X; HTt• el875 * H; 
11 FOR 11 J:• l 11STEP" l "UNTIL" N 11 00 11 K3CJJ:•llla74535599249993 
* K2CJl • Kl[JJ) * 2.23606797749979 + KOCJl) * HT + YCJJ; 
Dl:RCXT, K3); 
XTl• .723606797749979 * H + X; HT: ■ a4 * H; 
"FOR" J:• 1 "STEP" l "UNTIL" N "00" K4[JJ:• (Cle517595468l66681 * KO[Jl - Kl[J]) * .927050983124840 + KZ[Jl) * l.46352549156242 
+ K3CJ1) * HT + Y[JJ; 
Di:RI XT, K4); 
XTt• 11 1F" LAST "THEN" XE "ELSE" X + H; HT:• 2 * H; 
"FOR11 Jt• 1 "STEP" 1 "UNTIL" N "D□" Kl[Jlt• ((((2 * K4[Jl + 
K2[Jl) * e412022659166595 + ~lCJJ) * 2a23606797749979 • 
KOCJJ) * .375 • K3CJJ) * HT + Y[JJ; 
DER(XT, Kl); 
REJECT:• "FALSE"; FHMt• O; 
"FOR" J:• 1 "STEP" 1 "UNTIL" N "D011 

"BEG!M" DISCR:• ABS11la6 * K3[Jl - KZCJ] • K4[Jl) * 5 + 
KOCJJ + Klt J l I; 

T.JL ta ABS C KO t J l ) * El + E Z; 
REJECT:• DISCR > TOL 11 □R 11 REJECT; 
FHt• DISCR I T□L; "IF" FH > FHM "THEN" FHM:• FH 

"END"'; 
MUt• l / (l + FHM) + a45; "IF" REJECT "THEN" 
"BEGIN" DATA[5J:• DATA[5l + l; "IF" ABSH <• HMIN "THEN" 

"BEGIN" DATA[6]1• DATA[6l + l; HLt• HJ REJECTa• "FALSE"; 
FIRST•• "TRUE"; "G□TO" NEXT 

"l:HD"; 
H:• MU * H; "GOTO" TEST 

"END"; 
"lF" FIRST "THEN" 
"BEGIN" FIRST1• "FALSE"; HL: • H; Ht • MU * H; 11 GOT0" ACC 
11 eND"; 
FHt• MU* H / HL + MU - MUl; HLr• H; HI• FH * H; 

ACC: MUl:• MU; HT1 ■ HL / 12; 
"FOR" J:• 1 "STEP" l "UNTIL" N "DO" YCJJ:• 
((KZ[Jl + K4[J]) * 5 + KO[Jl + Kl[Jl) * HT + Y[JJ; 

MEXTr DATA[3]2• HLJ DATAC4lt• OATAC4l + l; Xt• XT; OUT; 
"IF" X "• XE "THEN" 11 G □T □" TEST 

"END" RKI:; 
"E OP" 
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PROCEDURE I RK4Ae 

AUTHOR:JeAeZONNEVELDe 

CONTR!BUTORSIMeBAKKER AND IeBRINKe 

INSTITUTE: MATHEMATICAL CENTRE, 

RECEIVEDt 730715. 

BRifF DESCRIPTION: 

RK4A S □Lves AN INITIAL VALUE PROBLEM FOR A SINGLE FIRST ORDER 
ORDINARY DIFFERENTIAL EQUATION DY/ DX• FIX,Y), WHERE FIX,Y) 
MAY BECOMe lARGe, E.G. IN THE NEIGHBOURHOOD OF A SINGULARITY. 
RK4A INTERCHANGES THE DEPENDENT AND INDEPENDENT VARIABLE• 
THE EQUATION IS UPPOSED TO BE NON-STIFF. 

KEYWORDS: 

INITIAL VALUE PROBUHh 
SINGLE FIRST ORDER ORDINARY DIFFERENTIAL EQUATION 
LARGE DERIVATIVE VALUES. 

CALLING SEQUENCE: 

THE HEADING OF THE PROCEDURE READSt 
"PR OC EDUP. E" RK4 A ( X1 XA1 B1 Y 1YA1f XY I E, D, FI, XO IR, POS); 
"VALUE" Fl1XOIR1POS; 
"BOOLEAN" FI,XDIR,POS; 
"REAL" X1XA1B1Y1YA1FXY; 
"ARRAY" E,D; 
"CODE" 33016; 
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THE MEANING OF THE FORMAL PARAMETERS IS• 

X: <VARIABLE>; 
THE INDEPENDENT VARIABLE ; 
UPON COMPLETION OF A CALL X IS EQUAL TO THE MOST RECENT 
VALUE OF THE INDEPENDENT VARIABLE; 

XA: <ARITHMETIC EXPRESSION>; 
ENTRY: me INITIAL VALUE OF x; 

Bt <ARITHMETIC EXPRESSION>; 
B DEPENDS IJN X AND Ye 

PAGE 2 

THE EQUATION B•O FULFILLED WITHIN THE TOLERANCES EC4l AND 
c[~l SPECIFIES THE END OF THE INTEGRATION INTERVAL. 
AT THE ~ND OF EACH INTEGRATION STEP BIS EVALUATED AND IS 
TESTED FOR CHANGE OF SIGN; 

Y: <VARIABLE>; 
THE DEPENDENT VARIABLE; 

YAt <ARITHMETIC EXPRESSION>; 
cNTRY: THE VALUE OF Y AT X•XA; 

FXY: <ARITHMETIC FXPRESSION>; 
FXY GIVES THE VALUE Of DY/ DX; 
FXY USES X ANDY AS JENScN PARAMETERS. 

:;: <ARRAY I DENT IF IER>; 
11 ARRAY" ECO: 5]; 
ENTRYt 
ECOJ., EC2J i RELATIVE TOLERANCES., FOR X ANO Y RESPECTIVELY; 
;:;cl]., EC3l : ABSOLUTE TOLERANCES., FOR X ANDY RESPECTIVELY; 
EC4J., EC5l : TOLERANCES USED IN THE DETERMINATION OF 
THE ZERO OF B; 

Dt <ARRAY IDENTIFIER>; 
11 ARRAY 11 0[0:4]; 
AFTER COMPLETION Of EACH STEP WE HAVE 1 
IF DCOl>O THEN X IS THE INTEGRATION VARIABLE; 
IF DCOJ<O THEN Y IS THE INTEGRATION VARIABLE; 
D[ll IS THE NUMBER OF STEPS SKIPPED; 
DC2l IS THE STEPSIZE; 
OC3l IS £QUAL TO THE LAST VALUE OF X; 
D[4J IS !;OIJAL TO THE LAST VALUE OF Y; 

FI: (BOOLEAN EXPRESSION>; 
lf fI•"TRUE" THEN THE INTEGRATION IS STARTED WITH INITIAL 
VALUES X•XA.,Y•YA. 
IF FI• 11FALSf11 THEN THE INTEGRATION IS STARTED WITH X•DC3l, 
Y•OC 4]; 

XDIR., POS s <BOOLEA~ EXPRESSION>; 
IF FI•"TRUI:" THEN THE I"ITEGRATION STARTS IN SUCH A WAY THAT 
If POS• 11 TRUE 11 AND XOIR• 11 TRUE 11 THEN X INCREASES., 
IF POS•"TRUE" AND XDIR• 11 FALSE 11 THEN Y INCREASES., 
If POS•"FALSE" AND XDIR•"TRUE" THEN X DECREASES., 
If POS• 11 FALSE" AND XDIR•"FALSE" THEN Y DECREASESe 
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PROCF.DUP.ES USED : ZEROIN • CP34150e 

METHOD AND PERFORMANCEt 
RK4A IS BASED ON AN EXPLICIT, 5•TH ORDER RUNGE-KUTTA METHOD 
ANO INTCRCHANGES THE DEPENDENT AND INDEPENDENT INTEGRATION VARIABLE. 
IF ABS(FIX,YII < l, X IS USED AS INTEGRATION VARIABLE,OTHERWISE Ye 
THE PROCEDURE IS PROVIDED WITH STEP SIZE AND ERROR CONTROL. 
FOR DETAILS, EeGe HOW TO USE ARRAY E ANO HOW TO SPECIFY THE ENDPOINT 
SF.E Cll ( RK4A IS A SLIGHTLY ADAPTED VERSION OF RK4Je 

REFERENCES: 
CllJeAeZONNEVELD, 

AUTOMATIC NUM[RICAL INTEGRATION. 
MAntEMATICAL CENTRE TRACT 81l970le 

EXAMPLE OF use: 
THE SOLUTION OF THE DIFFERENTIAL EQUATION 
DY/DX•l•2•<x••2+Y>, X>•O, 
Y •0 , X •0, 
IS REPRESENTED BY THE PARABOLA Y•X*(l•X); 
WE WOULD LIKE TO FIND THE VALUE' OF X FOR WHICH THE CURVE 
OF THE SOLUTION INTaRSECTS THc LINE Y+X•O. 
THE SOLUTION CAN BE OBTAINED BY THE FOLLOWING PROGRAMS 

"BEGIN" "COMMENT" INTEGRATION OF DY/DX•l•Z•IY+X**21, X>•O, 
Y(Ol•O,UNTIL THE CONDITION Y+X•O IS SATISFIED; 
"PROCEDURE" RK4A( x, XA, B, Y, YA, FXY ,e,o, FI, XDIR, POS I J 
"CODE" 33016; 
''REAL" X,Y; 11 ARRAY" D[014l,E[015]; 
5COJ:•ECll:•ECZlt•EC3J:•EC4J:•EC5J:•11•6; 
RK4A( X, O, X+Y, Y ,o, 1•2 • ( X* X+ Y >, E, D, 11 TRU E"• "TRUE", "TRUE" I J 
OUTPUT(61,"l"lvB"l"X•"l"+De9D,10B"l"EXACTLYt"l"2B+De9D/, 
l0811 ("Y•">"+De9D/,10B"("Y•X*ll•X)•")"+•l0D"l",X,2, 
Y,Y ... X•< l•X) I 

"END" 
"E□P" 

THE PROGRAM PRINTS THE FOLLOWING RESULTS: 

X•l.9999998554 EXACTLYa 2.0000000000 

Y••le9999995347427 

Y•X*(lwX)•Oe0000000313 
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S0URCI: TEXT( SI: 

11C ODE"" 33016 ; 

(AUGUST 1974) 

"PROCEDURE" RK4A<X, XA, B, Y, YA, FXY, E, D, FI, XDIR, 
P0S); "VALUE" FI, X0IR, P0S; "BOOLEAN" FI, XDIR, P0S; 
"REAL" X, XA, B, Y, YA, FXY; 11 ARRAY11 E, DJ 
11 BEGIN" "INTEGER" I; 

"BOOLEAN" IV, ~IRST, FIR, REJ; 
"RSAL" KO, Kl, KZ, K3, K4, K5, FHM, ABSH, DISCR, S, XL, 
CONDO, Sl, C0NDl, YL, HMIN, H, ZL, T0L, HL, MU, MUl; 
"ARRAY" El[l:2]; 
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"BOIJLEAN" "PROCEDURE" ZER0lN( X,Y,t=X,EPS) ; "REAL" X,Y,FX1EPS J 
11 C0D!: 11 34150 J 

"PROCEDURE" RKSTEPO<, XL, H, Y, YL, ZL, FXY, D); 
"VALUE" XL, YL, ZL, HJ "REAL" X, XL, H, Y, YL, ZL, FXYJ 
11 INTEGER 11 D; 
"BEGIN" "IF" D • Z "THEN" "GOTO" INTEGRATE; "IF" D • 3 "THEN" 

"BEGIN" X: ■ XLJ Y:• YL; KO: ■ FXY * H "END" 
11 ELSll 11 "If" D • 1 "THEN" KOi• ZL * H "ELSE" KOi• KO * MUJ 
XI• XL+ H / 4e5J YI• YL + KO I 4e5J Klr• FXY * HJ 
X:• XL + H / 3J Y: ■ YL + (KO + Kl * 3) / 12; 
K2: ■ FXY * HJ x: ■ XL+ H • e5J 
Yr ■ YL +(KO+ K2 * 3) / BJ K3~• H * FXY; 
x1 ■ XL ♦ H * .a; 
Y:• YL +(KO* 53 - Kl* 135 + K2 * 126 + K3 * 
56) / 125J K4: ■ FXY * HJ "IF" D <• 1 "THEN" 
11BEGIN 11 Xt• XL+ HJ 

Yt• YL +(KO* 133 - Kl* 378 + KZ * 276 + K3 
* 112 + K4 * 25) / 168; K5:• FXY * HJ 
DJSCRI• ABS(K0 * 21 • K2 * 162 + K3 * 224 - K4 
* 125 + K5 * 42) / 14J •GOT!J11 END 

"l:ND 11 ; 

INTEGRATE= X:• XL+ H; 
Y1• YL + ( - KO* 63 +Kl* 189 - K2 * 36 - K3 * 
112 + K4 * 50) / 28; K51• FXY * H; 
Y: ■ YL +(KO* 35 + K2 * 162 + K4 * 125 + K5 * 
14) / 336; 

ENOS 
"ENO" Rl<STEP; "COMMENT" 
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11 REAL11 11 PROC!.:OURE 11 F?ER!J; 
"BEGIH" "IF" IV "THEN" 
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"BCGIN" "If" S • XL "THEN" FZERO:• CONDO "F.lSE" "IF" S • Sl 
"THEN" FZERO:• CONDl "ELSE" 
"BEGIN" RKSTEP<X, XL, S - XL, Y, YL, !L, FXY, 3); 

FZERtJtw B 
"END" 

"END" 
11 aL SF." 
"BEGIN" "!F" S • YL "THEN" fZEROt• CONDO "ELSE" "IF" S • Sl 

"Tl~EN" FZERO:• CONDl 11 !:LSE11 

"BEGIN" RKSTEP(Y, YL, S - YL, X, XL, ZL, l / 
FXY, 3); FZEROI• B 

"END II 

"I; ND" 
"END" FZERO; 

"IF" FI "THEN" 
"B!GIH" 0[3]: ■ XA; DC4J:• YA; D[Olt• l "END"; 
D[l]:• o; x:• XL:• 0[3]; '(:• YL: ■ 0[4]; IVt• O[O] > O; 
fIRSTt• fIRt• "TRUE"; HMINt• ECOl + ECll; 
HI• EC2l + E[3]; "If" H < H~IN "THEN" HMIN: ■ H; 

CHANGE: ZL:• FXY; "lf" ABS(ZL) <• l "THEN" 
"BEGUI" 11 lF" "NrJT"IV "THEN" 

"BEGIN" O[Zlt• HI• H / ZL; OCO]t• l; 
IV:• fIR)T:• 11 TRUE 11 

"END"; 
"IF" FIR "THEN" "GOTO" A; II• lJ "GOTO" AGAIN 

''E!'fD" 
11 ELSE" 
"BEGIN" "IF" IV "THEN" 

"BEGIN" "IF" "NOT"FIR "THEN" D[2]1• HI• H * ZL; DCOlt• • 1; 
IVt• 11 FALSE"J FIRST:• "TRUE" 

"5ND"J 
"IF II FIR "THEN" 
"BCGIN" H1• ECOl + ECll; 
A: "IF" (11 lf 11 FI "THEN" ("If" IV "EQUIV" XDIR "THEN" H "ELSE" 

H * ZL) ( 0 "EQUIV" POS "ELSE" H * 0[2] < 0) "THEN" Ht• - H 
";;:ND"; 
Ii• 1 

"EMD"J ucoMMENT" 
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AGAIN: ABSH:• ABS(Hl; 11 1f" ABSH < HMIN "THEN" 
"BEGIN" HI• SIGN(Hl * HMIN; ABSH1• HMIN "ENO"; 
•IF" IV 11THEN11 

11 BEGIN" RKSTEPCX, XL, H, Y, YL, ZL, FXY, II; 
T□L:• E[2J * ABS(KOl + EC3l * ABSH 

"END" 
"ELSE" 
11 B!!GlN" RKSTEPCY, YL, H, X, XL, l / ZL, l / FXY., II; 

TOL:• ECOl * ABS(KOl + ECll * ABSH 
"END"; 
REJ:• DISCR > TOLJ MU:• TOL / (TOL + OISCRl + ,45; 
"IF" REJ "THEN" 
"BEGIN" "IF" ABSH <• HMIN "THEN" 

"BEGIN" "IF" IV "THEN" 
"BEGIM" X:• XL+ H; YI• YL + KO "END" 
"l:LSE" 
"BEGIN" Xt• XL+ KO; YI• YL + H "END"; 
DCll•• O[ll + l; FIRSTS• 11 TRUE 11 ; "GOTO" NEXT 

11GMD"; 
H:• H * MU; I:• O; "GOTO" AGAIN 

"END" REJ; 
"I~" FIRST "THEN" 
"BEGIN" FIRST:• FIR; HL:• H; H:• MU* HJ "GOTO" ACCEPT 
"END II; 
FHMt• MU* H / HL + MU - MUl; HLt• H; H:• FHM * H; 

ACCEPT: 11 IF" IV "THEN" RKSTEP(X, XL, HL, Y, YL, ZL, FXY, 
2) "lLSE" RKSTePCY, YL, HL, X, XL, ZL, l / FXY, 2lJ 
MUl I• MU; 

NbXT1 11lf11 FIR "THEN" 
"BEGIN" FIR:• "FALSE"; CONDO: ■ B; 

"If" 11 NOT"(Fl "OR" REJ) "THEN" Ht• 0[2] 
"END" 
"ELSi;" 
"BEGIN" 0[2]: ■ HJ CONOl: ■ B; 

"IF" CONDO * CJNDl <• 0 "THEN" "GOTO" ZERO; 
CONDOI• CON01 

"!!ND 11 J 
D[3J:• XL:• X; OC4J:• YL:• Y; "GOTO" CHANGE; 

Z~ROt El[l]Z• EC4]; ElC2JI• EC5JJ 
Slt• 11 IF 11 IV "THEN" X 11ELSE 11 YJ 
S:• "lf" IV 11 THEN" XL "ELSE" YL ; 
Zl!ROIN (S,S 1, F ZERO, ABS C ElCl J• S) +ABS ( ElC 2J l) ; 
Sll• "IF" IV 19 THEt:I" X "ELSE" Y ; 
"If" IV "THEN" RKSTEP(X, XL, S - XL, Y, YL, ZL, FXY, 31 
"ELSE;" RKSTEP<Y, YL, S - YL, X, XL, ZL, 1 I FXY, 
3>; oC3Ji• x; DC4li• v 

"END" RK4Ai 
11 e'JP" 
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PROCEDURE : RK4NAe 

AUTHOR s J eAeZ ONNEVELDe 

CO~TRIBUTORS:MeBAKKER AND IeBRINKe 

INSTITUTES MATHEMATICAL CENTRE. 

RECEIVED: 730715. 

BRIEF DESCRIPTIONS 

RK4NA SOLVES AN INITIAL VALUE PROBLEM FOR A SYSTEM OF FIRST 
ORDER ORDINARY DIFFERENTIAL EQUATIONS DY I DX• F(X,Y), OF WHICH 
THE DERIVATIVE COMPONENTS ARE SUPPOSED TO BECOME LARGE, EeGe IN 
THE NEIGHBOURHOOD OF SINGULARITIES. RK4NA INTERCHANGES THE 
INDEPE4DENT VARIABLE AND ONE DEPENDENT VARIABLE. THE SYSTEM 
IS SUPPOSED TO BE N□N-STIFFe 

K!:YWORDSs 

INITIAL VALUE PROBLEM, 
SYSTEM OF FIRST JRDeR ORDINARY DIFFERENTIAL EQUATIONS, 
LARGE D~RIVATIVE COMPONENTS. 
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CALLING SEQUENCE: 

THE H~ADING OF THE PROCEDURE READS: 
"PROCEDURE" RK4N A ( X, XA, Bi FX J, J, E, D1 FI, Nil 1POS); 
"VALUE" FI,N,L,P1S; 
11 INT:i:G~R" J,N,L; 
"BOOLEAN" FI,POS; 
"REAL" B1FXJ; 
"ARRAY" X,XA,E1D; 
"CODE" 33017; 

THE ~EANING OF THE FORMAL PARAMETERS ISt 

Xt <ARRAY IDEHTIFIER>; 
"ARRAY" XCOHIJ; 
XC01 IS THE INDEPENDENT VARIABLE, 
X[ll, ••• ,xrN] ARE THE DEPENDENT VARIABLES; 
JXIT:THE SOLUTION AT B•O; 

XA: <ARRAY IDEHTIFIER>; 
"ARRAY" XACOtN]; 
i:NTRYt TI-IE INITIAL VALUES OF XCOJ,. •• ,XCNJ; 

B: <ARITHMETIC i:X PRESS ION>; 
B DEPENDS ON XCOl, .. uXCNl; 
If THc EQUATION B•O IS SATISFIED WITHIN A 
CERTAIN TOLERANC£,THE INTEGRATION IS TERMINATED; 
BIS EVALUATED AND TESTED FOR CHANGE OF SIGN AT THE 
END OF EAC~ STEPJ 
FOR THE TOLERANCE SEE PARAMETER E. 

FXJ: <ARITHMETIC EXPRESSION>; 
FXJ DEPENDS ON X[Ol, ••• ,xcN] AND J, DEFINING THE RIGHT 
HAND SIDf OF THE DIFFERENTIAL EQUATION; 
AT EACH CALL IT DELIVERS :DXCJl/DXCOJ; 

J: <VARIABLE>; 
J IS USED AS A JENSEN PARAMETER FOR FXJ; 

Et <ARRAY !DENTIFI~R>; 
"ARRAY" ero,z•N+3]; 
ENTRY: EC2*J J AND ECZ*J+ll , O(•J<•N , 
ARE THE RELATIVE AND THE ABSOLUTE TOLERANCE, 
RESPECTIVELY, ASSOCIATED WlTH XCJJ; 
ECZ*N+Zl AND cCZ*N+3J ARE THE RELATIVE ANO ABSOLUTE 
TOLERANCE USED IN THE DETERMINATION OF THE ZERO OF B; 

Or <ARRAY IDElffIFIER>; 
"ARRAY" O[OtN+3l; 
AFTER COMPLETION OF EACH STEP WE HAVE t 
ENTIER(D[Ol+e5> IS THE NUMBER OF STEPS SKIPPED; 
D[Zl !S THc STEP LENGTH; 
DCJ+3l IS THE LAST VALUE OF XCJJ, J•O, ••• ,J ■N; 
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FI: <BOOLEAN EXPRESSION> 
IF Fl•"TRUi:11 THEN THE INTEGRATION IS STARTED WITH INITIAL 
CONDITIONS XCJl•XACJJ;IF FI••FALSE" THEN THE INTEGRATION IS 
CONTINUED WITH XCJl•DCJ+3li 

N: <ARITHMETIC EXPRESSION>; 
THE NUMBER OF EQUATIONS; 

Ls <ARITHMETIC EXPRESSION>; 
AN INTEGER TIJ BE SUPPLIED BY THE USER, O<•L<•N (SEE POSI; 

POS: <BOOLEAN EXPReSSION> 
IF FI•"TRUE" THEN THE INTEGRATION STARTS IN SUCH A WAY 
THAT X[Ll INCREASES IF POS•"TRUE" AND X[Ll DECREASES IF 
POS•"FALSE 11 ; 

IF FI• 11 FALSE 11 THEN POSIS OF NO SIGNIFICANCE. 

PROClDURES USED I ZEROIN • CP34150. 

REQUIRED CENTRAL MEMORY : CIRCA 9*N MEMORY PLACES. 

METHOD ANO PERFORMANCE 1 
RK4NA IS BASED ON AN EXPLICIT, 5-TH ORDER RUNGE•KUTTA METHOD 
AND INTERCHANGES VARIABLES. THE PROCEDURE IS PROVIDED WITH STEPSIZE 
AND ERROR CONTROL. FOR DETAILS, E.G. HOW TO USE ARRAY E, HOW TO 
SPECIFY THE ENDPOINT, HOW TO USE LAND POS, SEE Cl] ( RK4NA IS A 
SLIGHTLY ADAPTED VERSION OF RK4N >• 

REFERENCES a 

ClleJeAeZONNEVELDe 
AUTOMATIC NUMeRlCAL INTEGRATION, 
MATHEMATICAL CENTRE TRACT 8 (1970>, 
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fXAMPLE OF USE1 

THE PERIOD OF THE SOLUTION OF THE VAN DER POL EQUATION 
DX Cll /DT • XC 2] 
DXC2l/OT • lO*Cl-XCll**2l*XC2l-XCll, T>•O, 
CAN BE OBTAINED BY THE FULL~WING PROGRAMS 

"BEGlN" "COMMENT" VAN DER POL; 
"PROCEDURE" RK4NA<X,XA1B,FXY,J,E,D1FI,N,L,POSl; 
"CODE" 33017; 
"REAL" XO; 

"PROCEDURE" PRIHTCX);"ARRAY" X; 
OUTPUT(6l1"C"l14(+ZDelOD3Bl 11 ) 11 ,XCOJ,XCll,X[2l,XO); 

"INTEGER" J,K;"BOOLEAN" FIRST; 
"ARRAY" eco:~1,xA,X[OtZl,0[0:5]; 
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~FOR" Kt•0,1,2,3,4,5 110011 ECK]l•el11-6; EC6]2•EC7l1• 11-8 ; 
OUTPUT< 61, " (""("VAN DER POL" l ", /BB "( "EPS•" l" DelOD,/ BB 
"("THE VALUES OF XCOl,XCll,XC2l,P,RESPECTIVELY"l""l",ECOl); 
xo1 ■XA[O]l•XA[2]1•0;XA[l]1 ■2;J1•0JPRINT(XA); 
F IRSTt • 11TRUE"; 
"FOR" J:•1121314 "00" 
"BEGIN" RK4~A<X,XA,XCZl,"IF" K•l "THEN" XC2l "ELSE" 

10*(1-X[ll**2l*XC2l-X[ll,K,E,D,FIRST,2,0, 11 TRUE 11 l; 
XOt•XCOl-XO;PRINT(X);FIRST:•"FALSE"; xo: ■X[O] 

"END" 
"ENO" 

11EOP II 

THE PROGRAM PRINTS THF. FOLLOWING RESULTS: 

VAN DER POL 

EPS•~eOOOOOOlOOO 

THE VALUES OF XCOl,XCll,XC2l,P,RESPECTIVELY: 

+0.00000000 +2.00000000 +0.00000000 +0.00000000 

+9.32386570 -2.01428560 +0.00000000 +9.32386570 

+18086305411 +2.01428557 +0.00000000 +9.53918840 

+28.40224194 -z.014z9s59 -0.00000000 +9.53918783 

+37.94143003 +2.01428558 +0.00000000 +9.53918809 
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SOURCE TEXT(S)t 

"CODE'"' 33017 ; 
"PP.OCEDUR£ 11 RK4MA(X, XA, B, FXJ, J, E, D, FI, N, L, POS>; 
"VALUE" FI, N, L, POS; "INTEGER" J, N, L; "BOOLEAN" FI, POS; 
"REAL" B, FXJ; "ARRAY" x, XA, e, o; 
"BEGIN" "INTEGER" I, IV, IVO; 

•BOOLEAN" FIR, FIRST, REJ; 
11R(AL 11 H, CONDO, CONDl, FHM, ABSH, TOL, FH, MAX, XO, 
Xl, S, HMIN, HL, MU, MUl; 
"ARRAY" XL, OISCR, Y[OlNl, K[015,0tNl, E1Clt2]; 
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"BOOLEAN" "!>ROCEOURE" ZEROIN(X,Y,FX,EPS> ; 11 REAL 11 x.,Y,FX,EPS ; 
11 CODE11 34150; 

11 PROC!.:DURE 11 RKSTEP(H, 0); "VALUE" H, o; "INTEGER• o; "REAL" HJ 
"BEGIN" "INTEGER" I; 

"PROCEDURE" F(T); 11 VALUE" T; "INTEGER" T; 
11B~GIN" "INTEGER" I; 

11 REAL 11 P; 
11FOR 11 J:• l 11 STEP 11 l "UNTIL" N 11 D0 11 YCJ]: ■ FXJ; 
!>ta H l YC IVJ; 
"FOR" It• 0 •STEP• l "UNTIL• N "00 11 

11 BEGI~" "IF" I A• IV 11 THEN" KCT.,IJ:• YCil * P 11 EN0 11 

"END" F; 

"IF" D • 2 "THEN" "GOTO" INTEGRATE; "IF" D • 3 "THEN• 
"BEGIN" "FOR" !r• 0 "STEP" l •UNTIL" N 1100 11 XCIJ•• XLCilJ 

FIOI 
"END" 
"ELSE" "If" D • l "THEN" 
"BEGIN" "REAL" P; 

P:• H / YCIVJ; 
"FOR" I:• 0 "STEP" l "UNTIL" N 11 00 11 

11 BEG!N 11 ~IF" I A• IV "THEN• K[O.,Il1• P * Y[Il "END" 
"END" 
11 ELSE11 

"FOR" I:• 0 "STEP" 1 11 UNT1L" N 11 00" 
"BEGIN" "IF" I A• IV "THEN" KCO,IJ1• K[Q.,Il * HU "ENO•; 
"FOR" J: ■ 0 "STEP" l "UNTIL" N 110011 XCIJ: ■ XLCil + ( 11 IF" I 
• IV 11 TI-IEN 11 H "ELSE" KCO,Ill I 4.5; Fill; 
"FOR" !t• 0 11STEP 11 1 "UNTIL" N 11 D011 XtIJI• XLCil + (11 IF" I 
• IV "THEN" H • 4 "ELSE" (KCO,Il + K[l.,Il * 311 I lZJ 
F(ZI; 
11F !JR" I:• 0 
• IV "THEN" 
F(3); 

"STEP" 1 "UNTIL" N "00" XCIJ: ■ XLCil + ("If" I 
H * e5 "ELSE" (KCO,Il + KCZ,Il * 31 I 8); 

11 COMMENT11 
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"FOR" I:• 0 11 STEP 11 1 11 UNTIL 11 N 11 00" X[IJ:• XLCil + ( 11 IF 11 I 
• IV "THEN" H • .a "ELSE" (KCO,Il * 53 • KCl,Il * 135 
+ KC2,Il * 126 + KC3, Il • 56) / 125); F('t); 
11 IF" D <• 1 "TrlEN" 
"BEGIN" 11 FOR 11 I:• 0 11 STEP 11 1 11UNTIL" N 11 0011 XCilt• XLCil + 

("IF" I• IV "THEN" H "ELSE" (KCO,Il * 133 -
KCl,Il * 378 + KC2,Il * 276 + KC3,Il * 112 + 
KC4,Il * 25) / 1613); F(5); 
"FOR"!:• 0 "STEP" 1 "UNTIL" N 11 00" 
11 B~GIN~ ~IF" I A• IV 11 THEN 11 DISCR[I]t• ABS(KCO,Il * 21 

- KC2,Il * 162 + KC3,Il * 224 • KC4,Il * 
125 + KC5,Il * 42) / 1't 

"EM 011 ; 

"GOTO" END 
"!:ND"; 

INTEGRATE: "F'.JR" I:• 0 "STEP" l "UNTIL" N "DO" XCIJ: ■ XLCil 
+ C"IF" I• IV "THEN" H "ELSE" ( - KCO,Il * 63 + KCl,Il 
* 189 - KCZ,Il * 36 - KC3,Il * 112 + KC4,Il * 50) 
/ 28); F(5); 
"FOR" It• 0 "STSP" l "UNT Il" N "00" 
"BEGIN" "IF" I A• IV "THEN" XCIJs• XL[Il + CKCO,Il * 35 

+ KC2,Il * 162 + KC4,Il * 125 + KC5,Il * 14> / 336 
"END" ; 
END•• 
"END" RKSTEP ; 

"REAL" "PROCEDURE" FZERO; 
11 BEGIN 11 "IF" S • XO "THEN" fZl:ROr• CONDO "ELSE" "IF" S • Xl 

"T~EN" FZEROt• C □NDl 11 ELSE 11 

11 BEGIN 11 RKSTEP(S • XLCIVJ, 3); FZERO:• B "EN0 11 

"END" FZ ERO; 

"IF" FI 11 THEtl" 
11 BfGIN" 11 FOR 11 I:• 0 "STEP" l "UNTIL" N "0011 DCI + 3]: ■ XACil; 

DCOJa• DC2l:• 0 
"END" i 
O[l ]I• O; 
11FOR11 It• 0 11 STEP 11 1 11 UNTIL 11 N "0011 XCilt• XLCilt• DCI + 31; 
IVt• O[O]; H:• DC2]J FlRSTI• FIR1• 11 TRUE"J YCO]a ■ lJ 
"GOTO" CHANGE; 

AGAINt ABSH:• ABS(H); 11 IF 11 ABSH C HMIN "THEN" 
"BEGIN" H:• "IF 11 H > 0 "THEN" HMIN "ELSE" - HMIN; 

ABSH s ■ ABS (H) 
"END",; 
RKSTSP<H, I>; REJ: ■ 11FALSE 11 ; FHM:• O; 
"FOR" I:• 0 "STEP" l "UNTIL" N "0011 

"BEGIN" "IF" I A. IV •THEN" 
"BEGIN" TOLi• ECZ * Il * ABS(KCO,Il) + £[2 *I+ ll 

* ABSH; REJ:• TOL < DISCRCil 11 0R" REJ; 
FHI;. DISCRCil / TOL; 11 IF 11 FH > FHM "THEN" FHM3• FH 

"Imo• 
11 END"; "COMMENT" 
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MIJt • l / (1 + FHM) + e45; "IF" REJ "THEN" 
11 BEGIN 11 "IF" ABSH <• HMlN "THEN" 

"B=GIN" "FOR" It• 0 "STEP" l "UNTIL" N "DO" 
11 BEGIN 11 11 IF 11 I~. IV 11 THEN" XCIJ:• XLCI] + KCO,Il 

111:LSE" XCIJ:• XLCIJ + H 
"END"; 
DCllt• DCl] + 1; FIRST&• "TRUE"; "GOTO" NEXT 

11 i:M0 11 ; 

H:• H * MU; It• o; 11GOTO" AGAIN 
11 F.ND11 ; 

"If" FIRST "THEN" 
"81:;G!N11 FIRST: ■ FIR; HL:• H; Ht• MU* H; 11 GOT0 11 ACCEPT 
11 eMD"; 
FYt• MU* H / HL + MU - MUl; HL1• H; Ht• FH * H; 

ACCE 11Tt RKSTEP(rtL, 2>; "IUl:• MU; 
NEXTI 11IF 11 FIR 11 THEN 11 

"BEGIN" FIRt• "FALSE"; CONDOt• B; 
"IF" "NOT"<FI 11 nR" REJ) 11THEN 11 Ht• DCZ] 

II l:ND" 
"ELSE" 
"BEGIN" oc21i- H; CONDlt• B; 

"IF" CONDO* C□NDl <• 0 "THEN" 11 GOT011 ZERO; 
CON DO: • C □ND l 

"EN 011 ; 
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"FOR" It• 0 11 STEP" l "UNTIL" N "D0 11 DCI + 311• XLCI]t• XCI]; 
CHANGE: IVOI• IV; 

"FOR11 J:• l "STEP" l "UNTIL" N "00" YCJJ:• FXJ; 
MAXt• ABS(YCIV]); 
11 FOR11 Il• 0 "STEP" l "UNTIL" N "DO" 
"BtGIN" "IF" ABS<YCI]) > MAX 11THEN" 

"BEGIN" MAX:• ABS(YCIJ>; IV:• I "END" 
11 !:tlD"; 
•I·F 11 IVO "• IV "THEN" 
"BEGI~" FIRST:• 11 TRUE11 ; DCOJ: ■ IV; 

DC2J:• HI• YCIVJ / Y[IVOJ * H 
"EMO"; 
xo:• XLCIVJ; 11 IF 11 FIR 11 THEN 11 

"BEGIN" HMIN:• F.COJ + ECllJ 
11 FOR11 JI• l "STEP" l "UNTIL" N 11 D011 

"BEGIN" Ht• ECZ * Il + ECZ +I+ ll; 
11 IF 11 H < HMIN 11THEN" HMIN:• H 

"END"; 
H:• EC2 * IVJ + EC2 *IV+ lli 

11 CND11 ; 

11 IF 11 (FI "AND" (YCLl/YCIVl*H<O "EQUIV" POS)) 11 0R" 
("NOTH FI "AND" D[Zl*H<O> HTHEN" Ii,. -H 

It• lJ "GOTO" AGAIN; 
Zt:RO: i:HlJ:• ECZ * N + 2]; El[2]:• ECZ * N + 31; 

Xl:•XCIVJ; S:•XO; 
ZEROitHS,Xl,FZERO,ABS(ElCll*S) + ABS(ElCZ])) ; XOt•S XlaaXCIV]; 
RKSTEPIXO • XLCIVl, 3); 
11 FOR" I:• 0 11STEP 11 l "UNTIL" N 11 D011 DCI + 3]:• XCI] 

"EN 0" RK4NA; 
"EDP" 
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PROCEDURE r RK5NA. 

AUTHOR: JeAeZONNf:Vl:LD. 

CONTRIBUTORSt MeBAKKCR AND IeBRINKe 

INSTITUTE: MATH~MATICAL CENTRE. 

RECEIVeDs 730715. 

BRIEF DESCRIPTION: 

RK5NA SOLVES AM INITIAL VALUE PROBLEM FOR A SYSTl:M OF FIRST ORDER 
ORDINARY DIFFEREHTIAL EQUATIONS DY/ DX• F(X,Y>, OF WHICH THE 
DERIVATIVE COMPONENTS ARE SUPPOSED TO BECOME LARGE, EeGe IN THE 
NEIGHBOURHOOD OF SINGULARITIES. RK5NA INTRODUCES THE ARC LENGTH 
AS INTEGRATION VARIABLE. THE SYSTEM IS SUPPOSED TO BE NON-STIFF, 

KEYWORDS: 

INlTIAL VALUE PROBLEM. 
SYSTEM Of FIRST ORDER ORDINARY DIFFERENTIAL EQUATIONS. 
LARGE DERIVATIVE CO~PONENTSe 
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CALL ING S!: 1U ENC Et 

TYE HEADING OF THE PROCEDURE READS1 
"PROC1:0URE" RK5.NACX, XA, B, FXJ, J, E, D, FI, N, L, POS); 
"VALUE" FI, N, L, POS; "INTEGER" J, N, L; "BOOLEAN" FI, POS; 
"REALN B, FXJ; NARRAY" X, XA, E, O; 
"CODE" 33018; 

THE MEANING OF THE FORMAL PARAMETERS lS• 

Xt <ARRAY lDEUTIFIER>; 
"ARRAY" X[O: N]; 
THE DEPENDENT VARIABLES; 
X[Ol, •••' XCN] CAN Bf US~D AS JENSEN PARAMETERS; 

XAt <ARRAY IDENTIFIER">; 
"ARRAY" XACO: Nl; 
!:NTRY: THE INITIAL VALUES OF XCJl, J • o, •••' NJ 

BI <ARITHMETIC SXPRESSION>; 
0 DEPENDS ON XCOl, •••' X[Nl; 
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IF,~ITHIN SOME TOLERANCE,B • 0 THEN THE INTEGRATION IS TER• 
MINATEO; SEE ALSO THE EXPLANATION OF THE PARAMETER E; 

FXJ1 <ARITHMETIC EXPRESSION>; 
TI-II: RIGl-lT HAND SIDE OF THE DIFFERENTIAL EQUATION; 
FXJ DEPENDS iJN XCOl, •••1 XCNl, J, GIVING THE VALUE OF 
DX[Jl I DX[O]; 

JI (VARIABLE>; 
J IS USED AS A JENSEN PARAMETER TO DENOTE,IN THE ACTUAL 
PARAMETER CORRESPONDING TO FXJ,THE NUMBER OF THE FUNCTION 
REQUIRED; 

Ea (ARRAY IDENTIFIER>; 
"ARRAY" ECO: 2 * N + 31; 
ENTRYt 
ECZ • Jl AND ECZ * J + ll ARE THE RELATIVt AND THE ABSOLUTE 
TOLERANCE,Rl::SPECTIVF.LY,ASSOCIATED WITH XCJl,J • o, •• ., N, WHILE 
1:C 2 * N + 21 AND F.C2 * N + 3] ARf THF. ONES ASSOCIATED WITH Bi 

01 <ARRAY IDENTIFIER>; 
"ARRAY" D[l t N + 3]; 
AFTl'.:R COMPLETION OF EACH STEP WE I-IAVE: 

ABS ( Dtl l> 
0[2] 
DC I + 3J 

FI1 <BOOLlAN EXPRESSION>; 

THE ARC LENGTH, 
THE STEP LENGTH, 
THE LATEST VALUE OF XCil, 
I•O,_ ••• ,N; 

1F FI• "TRUE" THEN T~E INTEGRATION IS STARTED WITH INITIAL 
CONDITIONS XCI] • XACil, I• O, •••' Ni 
IF FI• "FALSE" THEN THE INTEGRATION IS CONTINUED WITH 
Xtll • DCI + 31; 

N: '.ARITHMETIC EXPRESSION>; 
THE NUMBER OF EQUATIONS; 
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L: <ARITHMETIC EXPRESSION>; 
l <• L <• N; SEE THE EXPLANATlON OF POS; 

POSt <BOOLEAN EXPRESSION>; 
If FI• "TRUc" THEN THE INTEGRATION STARTS IN SUCH A WAY THAT 
XCLJ INCREASES IF POS • "TRUE" ANO DECREASES IF POS • "FALSE"• 
If FI• "FALSE" THEN POSIS IGNORED. 

PROCEDURES USED : !EP.OIN • CP3~l50e 

REQUIRtD CENTRAL MEMORY t CIRCA 9 * N MEMORY PLACES. 

METHOD AND PERfORHANC E : 
RK5NA rs BASfD OH A 5•TH ORDER RUNGE•KUTTA METHOD ANO INTEGRATES 
THE SYSTEM DXCJ] / DX[O]. F(J,XCOJ, •• ,xcNl) / F<O,XCOJ, •• ,xcNJ). 
THE ARC LENGTH IS INTRODUCED AS INTEGRATION VARIABLE. 
THE lNTEGRATION PROCESS IS TERMINATED IF SOME CONDITION ON 
XCOJ, •• ,XCNl, TO BE SUPPLIED BY THE USER, IS SATISFIED. 
RK5NA USES STEPLENGTH AND ERROR CONTROLe DETAILS ABOUT THE 
PP.OCEDIJRE AND THI: UNDERLYING THEORY ARE GIVEN IN Cll ( RK5NA IS 
A SLIG>ITLY ADAPTED VERSION OF RK!5N>. 

REFi:RENCES 1 

Clle JeAeZONNEVELD, 
AUTOMATIC ~UMERICAL INTEGRATION, 
MATH.CENTRE TRACT 8 (1970) • 
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EXAMPLE OF use: 
THE VAN DER POL EQUATION IN THE PHASE PLANE 

DXCll / DX[Ol • (10*!1-XCOl**ZJ*XCll-XCOJJ/XCll 

CAN BE INTEGRATED BY THE PROCEDURE RK5NA; THE STARTING VALUES ARE 
XCOl • 2, XCll • Oe THE INTEGRATION PROCEEDS UNTIL THE NEXT ZERO OF 
XtlJ,THEN IT CONTINUES UNTIL THE NEXT ZERO AND SO ON UNTIL THE 
FOURTH ZERO IS ENCOUNTERED.IN THE EXAMPLE THE OUTPUT IS GIVEN FOR 
THF. TOLERANCES ECOl•ECll•ECZl•EC 31• 11--6, EC4J•EC5l• "-lOe 
THE PROGRAM READS AS FOLLOWS• 

"BEGIN" "COMMENT" VAN DER POL IN THE PHASE PLANE; 
"PROCEDURE" RK5HACX,XA,B,FXJ,J,E,D,Fl,N,L,POSI; "CODE" 33018; 
"INTEGER" J,K; "BOOLEAN" FIRST; 
"ARRAY" EC015J,XA,XCOrlJ,DClr4]; 
"PROCEDURE" PRINTCX); "ARRAY" it; 
"BSGIN" OUTPUT(61,"("/8 11 !"XCOl•"l"+DelOO, 

10B8 (NX[ll•"l"+DelOD,lOB"("S•")"3DelOD 8 l",XCOJ, 
XClJ,ABS(DCllll 

II END" j 
"FOR" Kt•0,1,2,3 "DO" E[Kll•"-6; EC4ls•EC5lt•"•l0; DClll•OJ 
XACOJr•Z; XA[l]l•O; Jr ■O; PRINT(XA); AAI 
FIRST:•J•O; 
RK5NA!X,XA,XClJ, 111F" K•O "THEN" XCll "ELSE" 
lO*Cl-XCOl**2>*XCll-XCOl,K,E,D,FIRST,1,l,"FALSE");;Jt•J+l; 
"RINT( X); "IF" J<4 "THEN" 11GO TO" AA 

"END" 
"E□P" 

RESULTS I 

XCOl•+ZeOOOOOOOOOO 

XC0l•-2e014Z853657 

XCOl•+Ze0142653659 

XC0l••2e0l42853659 

XCOJ•+Z.0142853659 

XCll•+0.0000000000 

XCll•-Oe0000000012 

XCll•+OeOOOOOOOOOl 

XCll••OeOOOOOOOOOO 

XClJ•+OeOOOOOOOOOO 

s ■ooo.0000000000 

S•029o3873834087 

S•058o7884331939 

S•088el8948Z978l 

S•ll?.5905327623 
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SOURCE TEXT(S>: 
n CODE"" 33018 ; 

(AUGUST 1974) 

"PROCEDURE" RK5NA(X, XA, B, FXJ, J, E, D, FI, N, L, P □S>; 
"VALUE" FI, N, L, POS; "INTEGER" J, N, L; "BOOLEAN" FI, POS; 
"REAL" B, FXJ; "ARRAY" x., XA, E, D; 
"BEGIH" "INTEGER" I; 

"BOOLE AN" f IRST, FIR, R EJ; 
"REAL" FHH, S, SO, CONDO, Sl, CONDl, H, ABSH, TOL, FH., 
HL., MU, MUl; 
"ARRAY" y., XL., DISCR[OINJ., KC015,0tN]., El[l12]J 
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"REAL" "PROC[;DURE" SUH<J,A.,B,XJ) ; "INTEGER" J.,A.,B ; "REAL" XJ ; 
"BEGIN" "REAL" S; s: ■ 0; 

"FOR" J:•A "STEP" 1 "UNTIL" B "DO" Si•S+XJ ; SUM:• S 
"END" SUM ; 
"BOOL!::AN" "PROCEDURE" ZEROUH X.,Y,FX, EPS > ; 11 REAL" X,Y.,FX,EPS 
"COD~" 3415U; 
"PROCEDURE" RKSTEP<H, D); "VALUE" H, o; "INTEGER .. o; "REAL" HJ 
"BEGIN" "INTEGER" I; 

"PROCEDLIRE" F<T>; "VALUE" T; "INTEGER" T; 
"BEGIN" "INTEGER" I; 

"REAL II p; 
"FOR" Jt• 0 "STEP" l "UNTIL" N "00" YCJJ:• FXJ; 
PI• HI SQRT(SUH<I, O, N, YCIJ ** 2)); 
"FOR" It ■ 0 "STEP" l "UNTIL" N "00" KCT, Ill• YCil * P 

11END" F; 
11 IF" D • Z "THEN" "GOTO" INTEGRATE; "IF" D • 1 "THEN" 
"BEGIN" "FOR" Is• 0 "STEP" l "UNTIL" N "00" KCO,IJ:• KCO,Il 

* MU; 11 GOT011 A 
"END"; 
"FOR" It• 0 "STEP" l "UNTIL" N "00" XCIJ:• XLCIJ; F(O); 

A: "FOR" I:• 0 "STEP" l "UNTIL" N "00" X[IJ1• XLCIJ + 
KCO,Il / 4e5; FCl)J 
"FOR" I: ■ 0 "STEP" l "UNTIL" N "00" XCIJ:• XLCil + (KCO.,Il 
+ KCl,Il * 3> / 12; FCZ); 
"FOR" 11• 0 "STEP" l "UNTIL" N 19 D0" XCill• XLCil + CKCO,Il 
+ KC2,Il • 3) /. 8; F(3); 
"FOR" I:• 0 "STEP" l "UNTIL" N "00" XCIJia XLCIJ + (KCO,Il 
• 53 - KCl,Il * 135 + KCZ,Il • 126 + KC3,Il • 56) 
/ 1Z5; F(4); 11IF 11 D <• l "THEN" 
"BEGIN" "FOR" I:• 0 "STEP" l "UNTIL" N "00" XCIH• XLCil + 

(KCO,Il • 133 • KCl,Il • 376 + KCZ,Il • 276 + 
KC3,Il * 112 + KC4,Il * Z5) / 166; FCSJ; 
•FOR" I•• 0· 0 STEP" l "UNTIL" N "OD" DISCRCIJr• 
ABS(KCO,Il • Zl - KCZ,Il • 162 + KC3,Il * 224 
• KC4, Il • 12!5 + 1([5,I l • 42) I l4J "GOTO" END 

11 END 11 ; 

INTEGRATEt "FOR" Is ■ 0 "STEP" l "UNTIL" N "00" XCIJI• XLCil 
+ ( • KCO,ll * 63 + KC1,Il • 189 • KC2,Il * 36 • 
KC3,Il * llZ + KC4,Il * 50) / 28, FC5); 
•FOR• I•• 0 "STEP" l "UNTIL" N "00" XCIJ1• XLCil + (KCO,Il 
* 35 +· KCZ,Il * 162 + KC4,Il * 125 + KC5,Il * 1~) 
/ 336; 

END• 
"END" RKSTEP; "COMMENT" 
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"REAL" "PROCEDURE" FZERO; 
"B!GIN" "IF" S • SO "THEN" FZERO:• CONDO "ELSE" "IF" S • Sl 

"THEN" HERO:• CONDl "ELSE" 
"9£GINH RKsTeP<s - so, 3>; FZERO•• B "ENDH 

"END11 FZERO; 

11IF 11 Fl "THEN" 
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"BEGIN" "FOR" II• 0 "STEP" 1 "UNTIL" N "DO" DCI + 3]tm XACil; 
DtlH,. DCZJ: .. 0 

"i:ND 11 ; 

"FOR" x, .. 0 "STEP" l "UNTIL" N 11 0011 XCI]ID XL[l]tr• DCI + 3]; 
S•• D[ll; FIRSTt• F!Ra ■ "TRUE"; HI• ECOl + EClli 
"FOR" I:• 1 "STEP" 1 "UNTIL" N 11 00" 
"BEGIN" ABSH:• EC2 * !l + EC2 *I+ ll; 

"IF" H > ABSH "THEN" HI• ABSH 
"END"; 
"IF" FI "THEN" 
"BEGIN" J:• L; "lF" FXJ * H < 0 "EQUIV" POS 11 THEN 11 HI• - H "END" 
"ELSC" "IF" D[Zl * H < 0 "THEN" Ht• = H; Ir• O; 

AGAIN: RKSTEP!H, Il; REJ:• "FALSE"; FHMl• O; 
ABSH:• ABS(H); 
"FOR" It• 0 "STEP" l "UNTIL" N "DO" 
"BEGIN~ TOLt• ECZ * Il * ABS(KCO,Il> + EC2 * I+ ll * 

ABSHI REJ:• TOL < DISCRCil "DR" REJJ 
FH:• DISCRCil / TOLJ "IF" FH > FHM "THEN" fHNtm FH 

"END"; 
"!ll1"' l / ( l + FHM) + e45; "IF" REJ "THEN" 
11 B!:G1N 11 H:,. fl ii< MU; z:,. l; 11GOT0 11 AGAIN "END 91 ; 

"IF" FlRST "TH[N" 
"BEGIN" FIRSTtu FIR; HLI• H; Ht• MU• H "END" 
"ELSE" 
"BeGIN" FH:• MU* H / HL +MU• MUll HL1• H; H:a FH * H 
"END"; 

ACCEPTi RKSTEP(HL, 2); MUla• MU; Sim S + HL; 
11 If 11 FIR 19 THl:N" 
"BEGIN" CONDO:,. B; FIR: .. "FALSE"; "IF" 11NOT"Fl 11THEN 11 Him DC2l 
11 EN 011 

"ELS!:;" 
"B1:GIH" DC2J:,. H; CONDl: .. B; 

"lf" CONDO• CONDl ( 0 0 "THEN" "GOTO" ZERO; 
CONDOtm CONDl. 

"i:"10"; 
11 F□ R19 I: .. 0 19 STEPi• l "UNTILt1 N 11 00" DCI + 3]:a XLCI]: .. XCI]; 
D[l]I .. SO•• s; 11• o; "GOTO" AGAIN; 

ZEROt ElCll•• ECZ * N + 2l; ElCZlr• EC2 * N + 31; 
s1i .. s ; s: .. so; 
ZEROIN<S,Sl1FlER01ABS( Eltll*SHABSCElC2l) > ; 
RKSTEP(S ~ SO, 3)1 
"FOR" I:• 0 "STEP" l "UNTIL" N "00" DCI + 3]:m XCIJ; DClJ:m S 

"END" RKSNA;. 
"E□P" 
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PROCEDURE t MULTISTEP. 

INSTITUTE• MATHEMATICAL CENTRE. 

RECEIVED: 730515e 

BRlEF DESCRIPTION• 

MULTISTEP SOLVES AN INITIAL VALUE PROBLEM, FOR A SYSTEM OF 
FIRST ORDER ORDINARY DIFFERENTIAL EQUATIONS DY• F(Y)e 
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IN PARTICULAR THIS PROCEDURE IS SUITABLE FOR THE INTEGRATION OF 
STIFF DIFFERENTIAL EQUATIONS. IT CAN ALSO BE USED FOR 
NON•STIFF PROBLEMS. 

K£YWORDS1 

INITIAL VALUE PROBLE~, 
SYSTEM Of FIRST ORDER ORDINARY DIFFERENTIAL EQUATIONS. 
STIFF EQUATIONS, 
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CALLING SEQUENCE1 

THE HEADING Of THE PROCEDURE READS: 
"BOOLEAN" "PROCE !)URE" MULTI STEP ( X, XEND, Y ,HM IN 1HM AX, YMAX, EPS, 

FIRST,SAVE1DERIV,AVAILABLE1JACOBIAN1STIFF1N10UT); 
"VALUE" HMI N, HMAX, EP S, Xl:ND1N1STIFF; 
"BOOLEAN" FIRST)AVAILABLE,STIFF; 
"INTEGER" N; 
"REAL" X,XEND,HMIN,HMAX,EPS; 
"ARRAY" Y, YMAX, SAVE,JACOBIAN; 
"PROCEDURE" DERIV,OUT; 
"CODE" 33080; 

MULTISTEP DELIVERS THE FOLLOWING BOOLEAN VALUE: 
IF DIFFICULTIES ARE ENCOUNTERED DURING THE INTEGRATION 
(I.E. SAVE[-1] A. 0 "OR" SAVE[-Z] A. 0) MULTISTEP IS SET 
TD "FALSE", OTHERWISE MULTISTEP IS SET "TRUE"• 

THE MSANING OF THE FORMAL PARAMETERS IS: 
Xt <VARIABLE>; 

XENDt 

V• '. 

THE INDEPENDENT VARIABLE Xe 
CAN BE USED IN DERIV, AVAILABLE ETC.; 
ENTRY: THE INITIAL VALUE XO; 
EXIT t THE FINAL VALUE 1 XEND•; 
<ARITHMETIC EXPRESSION>; 
THE FINAL VALUE OF X ( XENO >• X ); 
(ARRAY IDENTIFIER>; 
"ARRAY" Y[l16*Nl; 
THE DEPENDENT VARIABLE; 
ENTRY Y[l:Nl : THE INITIAL VALUES OF THE SOLUTION OF THE 

SYSTEM OF DIFFERENTIAL EQUATIONS AT X. xo; 
EXIT Y[liH1 1 THE FINAL VALUES OF THE SOLUTION AT X • XEND; 

HM IN,HliAX: <AR!nt ME TIC EXPRESS ION>; 

YMAXr 

EPS I 

ENTRY: MINIMAL RESPe MAXIMAL STEPLENGTH ALLOWED; 
<ARRAY IDENTIFIER>; 
"ARRAY" Y~AXC11NJ; 
ENTRY: THE ABSOLUTE LOCAL ERROR BOUND DIVIDED BY EPS 
EXIT I YMAXCll GIVES THE MAXIMAL VALUE OF Tl'IE ENTRY VALUE 

OF YMAX[Il ANO THE VALUES OF ABS(Y[Il> DURING 
INTEGRATION; 

<ARITHMETIC EXPRESSION>; 
THE RELATIVE LOCAL ERROR BOUND; 

FIRSTI <IDENTIFIER); 
If FIRST • 11TRUE 11 THEN THE PROCEDURE STARTS THE INTEGRATION 
WITH A FIRST ORDER ADAMS 1'1ETHOD AND A STEPLENGTH EQUAL 
TO HMINe UPON COMPLETION OF A CALL FIRST1 ■ 11 FALSE 11 ; 

IF FIRST • "FALSE" THEN THE PROCEDURE CONTINUES 
It.lTEGRATION; 
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SAVE1 <ARRAY IDENTIFIER>; 
"ARRAY" SAVEC-38 lb*N ]; 
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I~ THIS ARRAY THE PROCEDURE STORES INFORMATION WHICH CAN BE 
USED IHA CONTINUING CALL WITH FIRST•"FALSE"; 
BESIDES THE FOLLOWING MESSAGES ARE DELIVERED1 
SAVE[ Ol•O t AN ADAMS METHOD HAS BEEN USED; 

1 t THE PROCEDURE SWITCHED TO GEARS METHOD; 
SAVEC-ll•O I ND ERROR MESSAGE; 

l I WITH THE HMIN SPECIFIED THE PROCEDURE CANNOT 
HANDLE THE NONLINEARITY (DECREASE HMINI ); 

SAVEC-2] NUMBER OF TIMES THAT THE REQUESTED LOCAL ERROR 
BOUND WAS EXCEEDED; 

SAVEC-3] IF SAVEC-21 IS NONZERO THEN SAVEC-3] GIVES AN 
ESTIMATE OF THE MAXIMAL LOCAL ERROR BOUND, 
OTHERWISE SAVEC•3l•O; 

DERIVs (PROCEDURE IDENTIFIER>; 
THE HEADING OF THIS PROCEDURE READSt 
"PROCEDURE" DERIV(DF); "ARRAY" OF; 
THIS PROCEDURE SHOULD DELIVER DYCil/DX IN DFCilJ 

AVAILABLE& <BOOLEAN ~XPRESSION>J 
IF AN MIALYTICAL EXPRESSION OF THE JACOBIAN MATRIX IS NOT 
AVAILABLE THIS EXPRESSION IS SET TO "FALSE"; 
OTHERWISE THIS EXPRESSION IS SET TO "TRUE• AND THE 
EVALUATION OF THIS BOOLEAN EXPRESSION MUST EFFECT THE 
FOLLOWING SIDE-EFFECT: 
THE ENTRIES OF THE JACOBIAN MATRIX D(DYCil/DXI/DYCJl ARE 
DELIVERED IN THE ARRAY ELEMENTS JACOBIANCI,Jl; 

JACOBIAN• <ARRAY IDENTIFIER>; 
"ARRAY" JACOBIANCl:N,ltN]; 
AT EACH EVALUATION OF THE BOOLEAN EXPRESSION AVAILABLE WITH 
THE RESULT AVAILABLEt••TRUE", THE JACOBIAN MATRIX HAS TO BE 
ASSIGNED TO THIS ARRAY <SEE THE EXAMPLE OF USE>; 

STIFF: <BOOLEAN EXPRESSION>; 
IF STIFF• "TRUE• THE PROC~OURE SKIPS AN ATTEMPT TO SOLVE 
THE PROBLEM WITH ADAMS•BASHFORTH- OR AOAMS•MOULTON 
METHODS, DIRECTLY USING GEARS METHOD; 

Nt <ARITHMETIC EXPRESSION>; 
THE NUMBER OF EQUATIONS; 

OUT; <PROCEDURE IDENTIFIER>; 
THE HEADING OF THIS PROCEDURE READS: 
"PROCEDURE" OUTCH,K); "VALUE• H,K; •REAL• H; "INTEGER" KJ 
AT THE END Of EACH ACCEPTED STEP OF THE INTEGRATION PROCESS 
THIS PROCEDURE IS CALLED. THE LAST STEPLENGTH USED (HI AND 
THE ORDER OF THE METHOD (Kl ARE DELIVERED. 
AT EACH CALL OF THE PROCEDURE OUT, THE CURRENT VALUES OF 
THE INOEPcNOENT VARIABLE (X) AND OF THE SOLUTION (YCIJCXI I 
ARE AVAILABLE fOR use. MOREOVER, IN THE NEIGHBOURHOOD OF 
THE CURRENT VALUE Of X, ANY VALUE Of YCI](X SPECIFIED> CAN 
BE COMPUTED BY MEANS ~F THE fOLLOWING INTERPOLATION FORMULA 
YCI](X SPECIFIEOI • 

SU~(J,O,K, YCI+J•Nl * ((X SPECIFIED• XI/HI ** J le 



PROCEDURES USED• 

MATVEC • CP340ll, 
DEC • CP34300, 
SOL • C P3405l • 

IOECEMBER 1q79) 

REQUIRED CENTRAL ME"ltJRYt CIRCA N * ( 2 * N + 5 l P4EMORY PLACES. 

~ETHOD AND PERFORMANCE 1 
MULTISTEP IS BASED ON TWO LINEAR MULTISTEP METHODS. FOR STIFF 
PROBLEMS IT USES THE BACKWARD DIFFERENTIATION METHODS, FOR 
FOR NOH-STIFF PROBLEMS THe ADAMS-BASHF ORTH-MOUL TON METHOD Se 
MULTIST~P IS PROVIDED WITH ORDER, STEPSIZE AND ERROR CONTROLe 

REFEREMCESr 

Clle PeWeHEHKERe 
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AN ALGOL 60 PROCEDURE FOR THE SOLUTION OF STIFF DIFFERENTIAL 
EQUATIONS. 
MATHe CENTRE, AMSTERDAM. REPORT MR 128/71; 

EXAMPLE Of use: 
THE SOLUTION AT X•l AND AT X•lO Of THE DIFFERENTIAL EQUATIONSt 
DY[ll/DX • Oe04 * 11-YCll-YCZll - Y[ll * ("4*YC2l + 3"7*YClll 
DYCZl/DX • 3"7 YCll**Z 
WITH THE INITIAL CONDITIONS AT X • 0 t 
YCll • 0 AND YC2l • 0 
HAY BE OBTAINED BY THE FOLLOWING PROGRAM: 
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"RE GIN 11 

"BOOLEAN" "PROCEDURE" MULT!STEP(X,XEND1Y1HMIN1HMAX1YMAX1EPS, 
FIRST,SAVE,DERIV,AVAILABLE,JACOBIAN,STIFF,N,OUT); 

"CIJDE" 33080; 

"B!JOLEAN" FIRST; 
"INTEGER" I,J,CF ,c J,CA; 
"REAL" X,XEND,HMIN,EPS,R; 
"ARRAY" Y[ l: 12], YMAX[l :2 l, oc-1to1 lZl, JAC ci: z, 1: 2]; 

"PROCEDURE" DER (F);•ARRAY" F; 
"BEGIN" "REAL" R; CF:•CF+l; 

FCZlt• R:• 3"7*YCll•YClli 
Ftlli• 0.04*(1-YCll-YCZl) - "4*YCll*YC2l - R; 

"END" F; 

"BOOLEAN" 11 PROCEDURt" AVAIL; 
"BEGIN" 11 REAL11 Ri CJt• CJ+l; 

AVAILt• "TRUE"; 
JACC2,ll1• R: ■ 6"7*YC1J; 
JACCl,l]: ■ -0.04 - "4•YC2l • R; 
J AC Cl, 2H• -0.04 - "4*Y[ll; 
JACC2,2lt• 0 

11 ~:ND" JAC AVAIL; 

"PROCEDURE" OUT(H,K); "REAL" Hi "INTEGER" K; CAI• CA+l; 

lABELt 
OUTPUT( 61," ('•I,"< 11 HMIN, EPS 'l") 11 , / 11 ) n I; 
UIREAL(60,HMINI; INR EAL ( 60, EPS); 
11 IF" HMIN<O "THEN" "GOTO" ESCAPE; 

FIRST: ■ 11 TRUE"J CA: ■CF: ■CJ:•O; 
Xt•Oi Ytllt• YCZJ: ■ O; 
YHAX[l]I ■ OeOOOl; YMAX[Zlt• l; 

"FOR" XENOt • l, 10 11 00 11 

11 BEGIN" 
HULTISTEP<X,XEND,Y,~HIN,~,YMAX,EPS,FIRST,D,DER,AVAIL, 

JAC,"TRUE",2,0UT>; 
OUTPUT(61,"("3(5ZD,2Bl,2(+e13D11+2D,2B)1/"l"1 

CA,CF,CJ,YCll,YCZJ); 

"GOTO" LABEL; 
ESCAPE: 

"END" 

IT DELIVERS WITH HMIN • "-10 AND EPS • "-91 
240 648 . 2 +e3074626C602000l"•04 +e3350951C493llll"•01 
315 902 3 +el6233909C6.209ll"•04 +e15861383C92015l"+00 
(NON-SIGNIFICANT DIGITS ARE PLACED BETWEEN C l >• 
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SOURCE TEXT<S) 1 

11C OD f" 33080; 
"BOOLEAN" "PROCEDURE" MUL TIS TEP ( X1 XEND1 Y 1HMIN1HMAX1 YMA X, EP S, 

FIRST,SAVE1DERIV1AVAILABLE1JACOBIAN,STIFF,N10UT); 
"VALUE" HMIN1HMAX1EPS1XEND1N,STIFF; 
11BOOLEAH 11 FIRST1AVAILABLE,STIFF; 
"INT l:GER" N; 
"REAL" X1XEND,HHIN,HMAX,EPS; 
11ARRAY" Y,YMAX,SAVE,JACOBIAN; 
"PROCE DURC" DE RIV, OUT; 
"BEGIN" "OWN" "BOOLEAN" ADAMS,wITH JACOBIAN; 

"OWH" "INTEGER" '1,SAME,KOLD; 
"OWN" 11 REAL" XOLD,HOLD,AO,TOLUP1TOL1TOLDWN,TOLCONV; 
11 B'.l□LEAN" !'.:VAL UA TE, EVALUATED, DECOMPOSE, DECOMPOSED, COt~V; 
"INTEGER" I,J,L,K1KNEW,FAlLS; 
11 RE:AL11 H, CH, CHNEW,ERROR,DFI,C; 
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"ARRAY" A[0:5]1DELTA1LAST DELTA,DF[l:NJ,JAC[l:N, ltNJ,AUX[l33JJ 
"INTEGER" "ARRAY" P[ltN]; 

11 REAL" 11 PR □CEDURE11 MATVEC<L1U1I,A,B);"CODE" 34011; 
11 RcAL" "PROCEDURE" DEC<A,N,AUX1P); "CODE" 34300; 
11 PROCEDURE 11 SOL(A,N,P,B); "CODE" 340511 

"REAL" "PRJCEOURl:11 NOR'12(Al); "REAL" AI; 
11 BEGIN 11 "REAL" S,A; S:• le0 11-l00; 

11 FOR 11 II• 1 "STEP" l "UNTIL" N "DO" 
•BEGIN" At• AI/YMAX[I]; $1• S +A• A "END"; 
NORM2: • S 

"END" NORM2; 

"PROCEDURE" RES:T; 
"BEGIN" "IF" CH< HMIN/HOLD 11 THEN" CHI• HMIN/HOLD "ELSE" 

"IF" CH>. HMAX/HDLD 11 THEN" CH: ■ HMAX/HOLD; 
Xt• XOLO; HS• HOLD* CH; Ct• l; 
•FOR" Ji• I) "STEP• M "UNT!L" K*M "00" 
"B~G1N 11 "FOR" I:• 1 "STEP" 1 "UNTIL" N "00" 

"END"; 

Y[J+J]:• SAVe[J+Il. c; 
Cs• C * CH 

DECOMPOSED:• "FALSE" 
"END" RESET; "C011HENT" 
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"PROCEDURE" METHOD; 
11 BEGIN" It• -39; 

(AUGUST 1974) 

"IF" ADAMS "TH~N" 
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"BEGIN" "FOR" c:• 1,1,144,4,o,.5,l,.5,576,144,1,5/12,1, 
• 7 5, l /6, 1436,576 ,4, • 375, l, ll/12, 113, 1/2olt, 
2844,1436,1,251/720,1,25/24,35/72, 
5J4s,11120,o,2a44,o.1 

"00" "BEGIN" It• I+ lJ SAVE[Ill• C "END• 
"END" "ELSE• 

"BflGIN" 11 F □ R" c: ■ 1,1,9,4,o,zn,1,113,3&,20.2,,1,&111, 
l,6/ll,l/ll,84.028,53e778,0.25,e48,1,.7,.2,.02, 
156.25, 108.51, .027778, 120/27olt, 1, 225/274, 
85/274, 15/274, l/274, O, 187e69, .0047361 
1100" "BEGIN" I: ■ I + l; SAVECIJ: ■ C "END" 

•END" 
"EUO" METHOD; 

"PROCEDURE" ORDSR; 
"BEG!N" Cl• t:PS * EPSJ JI• (K-l> * (K + 8>12 • 38; 

•FOR" II• 0 "STEP" l "UNTIL" K "00" A[Ill• SAVECI+J]; 
TOLUP : ■ C * SAVECJ + K + ll; 
T OL : • C * SAVECJ + K + 2]; 
TOLDWN 1• C * SAVECJ + K + 31; 
TOLCONV:• EPS/(2 * N • CK+ 2)); 
AO:• ACOJ; DECOMPOSE:• "TRUE"; 

"END" ORDER; 

"PROCEDURE" EVALUATE JACOBIAN; 
"BEGIN" EVALUATE•• "FALSE"; 

DECOMPOSE I• EVALUATED I• "TRUE"; 
"If" AVAILABLE "THEN" "ELSE• 
"BEGIN" "REAL" D; "ARRAY" flXY,FIXDY,DY[l:NJ; 

11 FOR" I: ■ l "STEP" l II UNTIL" N "DO" 
FIXYCIJI• YCIH 
DERI VC FI XDY); 
"FOR" J:• l "STEP" l "UNTIL" N "00" 
"BEGIN" D1• "IF" EPS > ABSCFIXYCJl) 

"THEN" EPS * EPS 
"ELSE" EPS • ABS(FIXYCJJI; 
YCJJ: ■ YCJJ + Di DERIVCDY>; 
"FOR" t1 ■ l "STEP" 1 "UNTIL" N "DO" 
JACOBIANCI,J]I• CDY[lJ-fIXDY[Il)/0; 
YCJ]: ■ FIXYCJl 

11 END" 
"END" 

•e~D• EVALUATE JACOBIAN; "COMMENT" 
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11 PR!JCEDURE" DECOl1P □SE JACOBIAN; 
"BEGIN" DECOMPOSE: ■ "FALSE"; 

DECOMPOSEDI• 11TRUE 11 ; Cl• -AO* Hi 
"FOR" J1• 1 "STEP" 1 "UNTIL" N "0011 

"BEGIN" 11FOR 11 I:• l 11 STEP" l 11UNTIL" N "DO" 
JACC I,J l : ■ JACOB lANCI, Jl * C; 
JACCJ1Jl1• JACCJ,Jl + 1 

"END"; 
AUX[Z]: ■leO"-lZ; 
DEC(JAC,N,AUX,P) 

11EHD11 DECOMPIJSE JACOBIAN; 

"PROCEDURE" CALCULATE STEP AND ORDER; 
"BEGlN" "REAL" Al,AZ,A3; 

Al1• 11 IF" K <• 1 "THEN" 0 "ELSE" 
Oe75 * <TOLDWN/NORl12(YCK*M+Ill) ** (0e5/K); 

AZ: ■ o.ao * (TOL/ERR□R) ** (0.5/(K + 1)); 
A3t• "IF" K >• 5 "OR" FAILS A. 0 

"THEN" 0 "ELSE" 
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0e70 * CTOLUP/NORl12(DELTACil - LAST DELTACill) ** 
co. 51( 1(+2) >; 

11IF" Al > AZ •AND" Al> A3 "THEN" 
"Be GIN" KNEW: ■ K-1; CHN5w: • Al "END" 
"lF" AZ > A3 "THEN" 
"Bl:GI N" KNEWt• K ; CHNeWI• A2 11 END 11 

"BEGIN" KNEW:• K+l; CHNEW: ■ A3 11 END 11 

II END" CALCULATE STEP AND ORDER; 

11 IF 11 FIRST 11THEN" 
"BEGIN" FIRST•• 11 FALSE 11 ; Hr ■ N; 

"FOR" I: ■ -1,•2,-3 "D011 SAVE[ Il : ■ O; 
OUTCO,O); 

"ELSE" 

"EL SE" 

ADAMS•• 11 N0T" STIFF; WITH JACOBIANt• •NOT" ADAMS; 
11 IF 11 WITH JACOBIAN 11THEN 11 EVALUATE JACOBIAN; 
METHOD; 

NEW STARTr Kt• li SAHE&• 2; ORDER; DERIVCDF); 
HI• "IF" "NOT" WITH JACOBIAN "THEN" HMIN "ELSE" 
SORT< 2 * EPS/SQRT(NORM2 ( MATVECCl, N,I, JACOBIAN,DF)))); 
"IF" H > HMAX "THEN" HI• HMAX "ELSE" 
•tF11 H < HMIN •THEN" HI• HMIN; 
XOLD: ■ X; HOLDt• H; KOLO:• K; CH: ■ l; 
11f0R" Ii ■ l "STEP" l "UNTIL" N 11 00" 
"BEGIN" SAVE[Ill• YCilJ SAVSCM+lll• YCM+Ill• DFCil * H 
"END"; 
OUTCO,O) 

11 E~ID II 11 E L SE" 
11 BEGIN11 WITH JACOBIAN•• "NOT" ADAMS; CHt• l; 

K••KOLD; RESET; ORDER; 
· DECOMPOSE: ■ WITH JACOBIAN 

"END"; 
FAilSs ■ O; 11COMt1ENT" 
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"FOR" Lt• 0 "WHILE" X < XEND "D0" 
"BEGIN" "IF" X + H <• XEND "THEN" X: ■ X + H "ELSE" 

"BEGIN" Ht• XEND-X; X1• XEND; CHt• H/HOLDJ Ct• l; 
11 FOR 11 Jt• M "STEP" M •UHTIL11 K*M •0011 
"BEGIN" c: ■ c• CH; 
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"FOR" It• J+l "STEP" 1 "UNTIL" J+N "DO" 
YCilt• YCil • C 

11 END 11 J 
SAME:• "lF" SAME<3 "THEN" 3 "ELSE" SAME+l; 

"END 11 ; 

•COMMENT" PREDICTION; 
"FOR" Lt ■ 1 "STEP" 1 "UNTIL" N "00" 
"BEGIN" "FOR" I: ■ L "STEP" M "UNTIL" (K-ll*M+L "D0" 

11FOR 11 Jt• (K•ll*M+L "STEP" -M 11UNT1L" I 110011 
YCJ]I• YCJl + YCJ+Ml; 
DELTACLlt• 0 

"fMD"i !:VALUATEDI• "FALSE"; 

"COMMENT" CORRECTION AND ESTIMATION LOCAL ERROR; 
"FaR" L:• 1,2,3 "DO" 
"BEGIN" DERlV(DFI; 

"FOR" It• l "STEP" 1 "UNTIL" N 11D0" 
DF[Ilt• DF[Il • H - YCH+Il; 
"If" WITH JACOBIAN "THEN" 
"BEGIN" "IF" EVALUATE "THEN" EVALUATE JACOBIAN; 

11IF" DECOMPOSE "THEN" DECOMPOSE JACOBIAN; 
SOL<JAC,N,P,DF) 

"F.tlD11 ; 

CONVt• 11 TRUE 11 J 
11 FOR11 It• 1 "STEP" 1 "UNTIL"~ "DO" 
"BeGIN" Dfl: ■ DFCil; 

YC I l t ■ Y C I l + AO * OF I ; 
YCM+llt• Y[M+Il + DFI; 
DELTACIJ:• DELTACil + DFI; 
CONVt• CONV "AND" ABS(DFII < TOLCONV • YNAXCI] 

"END"; 
"IF• CONV "THEN" 
"BEGIN" ERROR:• NORMZ(DELTACill; 

"GOTO" CONVERGENCE 
"END" 

"COPIMENT" 
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"CJMMENT" ACC~PTANCE OR REJECTION; 
"IF" "NOT" CONV "THEN" 
"B[GIN11 "IF" 11 NOT" WITH JACOBIAN "THEN" 

"BEGIN" EVALUATE I• WITH JACOBIAN:• SAME >• K 
"OR" H<lal • HMIN; 
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"IF" "NOT" WITH JACOBIAN "THEN" CHI• CH/4; 
"PIO" "ELSE" 
"IF" "NOT" DECOMPOSED 
"IF" "NOT" EVALUATED 
"IF" H > lel * HMIN 
"If" ADAMS 
"BEGIN" SAVE[-llt• l; 

RESET 
11 EHD 11 "ELSE" CONVERGENCE 1 

"If" ~RROR > TOL "THEN" 
"B5GlN" FA!LS1• FAILS+ 1; 

"THEN" 
"THEN" 
"THEN" 
"THEN" 
nt;oTO" 

DECOMPOSEI• 11TRUE" 
EVALUATE l• "TRUE" 
CHI• CH/4 "ELSE" 
11 GOT011 TRY CURTISS 
RETURN 11 END 11 ; 

11 If" H > lel • HMIN "THEN" 
"BEGIN" "lF" FAILS> Z 11THEN" 

"BEGIN" "IF" ADAMS 11THEN" 

11 ELSE11 

"ELSE" 

"ELSE" 

"BEGIN" ADAMS•• 11 FALSE"; METHOD "END"J 
KOLDt• O; RESET; "GOTO" NEW START 

"END" 11ELSE 11 

"BEGIN" CALCULATE STEP AND ORDER; 
"IF" KNEW A. K "THEN" 

"END II 

"EtlD" "EL SE" 

"BEGIN" K: ■ KNEW; ORDER 11 END"; 
CH:• CH• CHNEW; RESET 

"BEGIN" "If" ADAMS "THEN" TRY CURTISS: 
"BEGlN" ADA~Sl• "FALSE"; METHOD 
"END" "El SE" 
"IF" K • l "THEN" 
"BEGIN" "COHMEHT" VIOLATE EPS CRITERION; 

Cs• EPS • SQRT(ERROR/TOLI; 
"IF" C > SAVEC-31 "THEN" SAVEC-311• C; 
SAVeC-Zlt• SAVEC-Zl + l; 
SAME:• 4; 11GOT0 11 ERROR TEST OK 

11 END"; 
K: ■ KOLO:• l; RESET; ORDER; SAME: ■ Z 

"END" 
"ENO" "ELSE" ,R~OR TEST OKI 
"BEGIN" 11COM"IENT" 
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FAILS:• O; 
"FOR" II• l "STEP" l "UNTIL" N "00" 
"BCGIN" Cl• OELTACIJ; 

"FOR 11 Lt• 2 "STEP" l "UNTIL" K "00" 
YCL*M+IJ:• YCL*M+Il + ACLJ * C; 
"IF" ABSIYCil) > YMAX[Il "THiN" 

YMAXCI]I• ABS(Y[Il) 

SAMl:t• SAME-li 
"IF" SAMt• l "THEN" 
"BEGIN" "FOR• It• l "STEP" l "UNTIL" N "00" 

LAST DELTACI]I• DELTACil 
11 EN0" "EL5:E" 
"IF" SAME• 0 "THEN" 
"BEGIN" CALCULATE STEP ANO ORDER; 

"IF" CHNEW > lel "THEN" 
"BEGIN" Ot:COMPOSE01 • "FALSE"; 

"IF" KA. KNEW •THEN• 
"BEGIN" "IF" KNEW> K "THEN" 
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"BEGIN" 11 FOR 11 11• 1 "STEP" l 
"UNTIL" N "DO" YCKNEW*M+Il 

1 ■ OELTA[Il * ACK]/KNEW 
"EN 0"; 

"END" 

.Kl• KNEW; ORDER 
II F. NO it; 
SAMEI• K+l; 
"IF" CHNEW • H > HMAX 

11 THSN" CHNEW1• HMAX/HJ 
HI• Y * CHNEW; Cl• 1; 
"FOR" Jt• M "STEP" M "UNTIL" K*M "00" 
"BEGIN" Cl• C * CHNEW; 

"END" 

"FOR" II• J+l "STEP" l •UNTIL• 
J+N "DO" Y[Ill• YCI] * C 

"fLSE" SAME•• 10 
"END"; 
"IF 11 X 4 • XEND 11 THEN 11 

11 BtGIN" XOLDt• X; HOLD:• H; K~LDJ• K; CHI• lJ 

"END" 

"FOR" II• K * M + N "STEP" •1 "UNTIL" 1 "00" 
SA VE t I l : • Y t I l; 

'OUT(H,K) 

"EttD" CORRECTION AND ESTIMATION LOCAL ERROR; 
"END" STEP; 

RETUkNt SAVE[O]I• "lf" ADAMS 11 THEN 11 0 "ELSE" l; 
HULTISTEP1 ■ SAVEC-ll• 0 "AND" SAVEC•Zl•O 

11 ~N0 11 MU(TISTEPJ 
"EOP" 
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PROCEDURE DIFFSYSe 

AUTHORS I ReBULIRSCH AND JeSTOERe 

CONTRIBUTOR: KeDEKKERe 

INSTITUTEt MATHEMATICAL CENTRE. 

RECEIVeD: 731231. 

BRIEF DESCRIPTION! 

DIFFSYS SOLVES A~ INITIAL VALUE PROBLEM ,FOR A SYSTEM OF FIRST 
ORDER ORDINARY DIFFERENTIAL ~QUATIONS DY/ DX• F(X,Y)e 
THE MCTHOD IS RECOMMENDED IF HIGH ACCURACY 1S DESIRED. 
OIFFSYS !S HOT SUITED FOR STIFF EQUATIONS. 

KtYWORDS: 

INITIAL VALUE PROBLEMS, 
SYSTE~ OF FIRST ORDER ORDINARY DIFFERENTIAL EQUATIONS. 
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CALLING SEQlJHICE: 

THE 41:ADifllG OF T'h: PROCf.DURE DlfFSYS READS! 
"PROCEDURE" DIFFSYSIX,XE,N,Y,DERIVATIVci.A5TA,RfTA.s.Ho.oUTPUTI; 
"VAL IJE" N; 
11 JNTi:;Gf:R 11 N; 
WREAL" X, XE,AETA.RETA.,HO; 
"ARRAY•• Y,S; 
"PROCEDURE" DERJVATIVE,OUTPUT; 
"CODI.;"' 331 AOJ 

THE MEANING OF THE FORMAL PARAMETERS IS: 
X; <VARIABLE>; 

TH£ INOEPENDf:NT VARIABLE ; 
ENTRY! THE INITIAL VALUE XOJ 
JXIT: TH~ FINAL VALUE XEJ 

xe: (ARITHMETIC EXPRESSION>; 
THE FINAL VALUE OF X (XE)wX); 

Ni <ARITH,ETIC EXPRESSION>; 
THE NUMBER OF EQUATIONS; 

Y: <ARRAY l'DlNTIFIER>; 
"REAL" "ARRAY" Y[llN]; 
THE DEfl>EUDE'-IT VARIABLE; 
ENTRY: T~E INITIAL VALUES OF THE SYSTEM OF DIFFERENTIAL 

EQUATIONS AT X• XO; 
EXIT I THE FINAL VALUES OF THE Sr.JLUi!ON AT X'"XEJ 

DERIVATIVE• <PROCErnJRE IDENTIFIER>; 
THE HEADING OF THIS PROCEDURE READS: 
"PROC~DURE" DERIVATIVE(X,Y,DY>J "REAL" XJ 00 ARRAY" Y,DY; 
THIS PROCEDURE SHOULD DELIVER THE RIGHT HANO SIDE OF 
THE I~TH OlfFERENTIAl EQUATION AT THE POINT IX2Yl AS DYCll, 
l"'l1eoe0Ni 

AET As <AR !THMET!C EXP RE SS ION>; 
REQUIRDD ABSOLUTE PRECISION IN THE INTEGRATION PROCESS; 

RETA: <ARITH"IETIC EXPRESSION>; 
REOU!R~D RELATIVE PRECISION IN THE INTEGRATION PROCESS; 

Si <ARRAY IDENTIFIER>; 
"REAL" "ARRAY" SCl:Nl; 
THE ARRAYS IS USED TO CONTROL THE ACCURACY OF THf CO~PUTED 
VALUl=S OF Y; 
ENTRY: IT IS ADVISABLE TO SET SCIJ .. O, I•huuN; 
~XIT: THE MAXIMUM VALUE Of ABSIYClll, ENCOUNTERED DURING 

INTEGRATION, IF THIS VALUE EXCEEDS THE VALUE OF SCI) 
014 ENTRY; , 

1-11'.'1: <VARIABL~>.i 
THE INITIAL STEP TO BE TA!<E:N; 

OUTPUT& <PROCEDURE IDENTIFIER>; 
THE HEADING OF THIS PROCEDURE READS; 
"PROCEDURE" OUTPUT; 
THIS PROCEDURE IS CALLED AT THE END OF EACH INTEGRATION 
STEP I THE USER CAN ASK FDR OUTPUT OF SOME PARAMETERS., FOR 
l.:XA"IPL(; X, Y, So 
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PROC EDURSS USl:D: N □Nl:e 

REQUlRiiD CENTRAL MEMORY 1 CIRCA 28* N MEMORY PLACES. 

METHOD ANO PERFORMANCE: 

THE PROCEDURE DIFFSYS IS A SLIGHT MODIFICATION OF THE ALGORITHM 
PUBLISHED BY BULIRSCH AND STOER (SEE REF[ll) • BY THIS MODIFICATION 
I~TEGRATION FROM XO UNTIL XE CAN BE PERFORMED BY ONE CALL OF 
DIFFSYSe A NUMBER OF INTEGRATION STEPS ARE TAKEN, STARTING WITH THE 
INITIAL STEP HOe !N EACH INTEGRATION STEP A NUMBER OF SOLUTIONS ARE 
COMPUTED BY MEANS OF THE MODIFIED MIDPOINT RULE• EXTRAPOLATION IS 
USED TO IMPROVe THESE SOLUTIONS,UNTIL THE REQUIRED ACCURACY IS METe 
AN INTEGRATION STEP IS REJECTED, If THE ACCURACY R.EQUIREMENTS ARE 
NOT FULFILLED AFTER NINE EXTRAPOLATION STEPS• IN THESE CASES THE 
INTEGRATION STEP IS REJECTED, AND INTEGRATION IS TRIED AGAIN WITH 
THE INTEGRATION STEP HALVEDe 
THE ALGORITHM IS FOR EACH STEP A VARIABLE ORDER METHOD ( THE HIGHEST 
ORDER IS 14 >, AHO USES A VARIABLE NUMBER OF FUNCTION EVALUATIONS, 
DEPENDING ON THE ORDER (MINIMUM IS 3, MAXIMUM IS Zl7)e 
THE ALGORITHM IS LESS SENSITIVE TO TOO SHALL VALUES OF THE INITIAL 
STEPSIZE THAN THE ORIGINAL ALGORITHM ( SEE REF CZl )J HOWEVER BAD 
GUESSES ReQUIPE STILL SOME MORE COMPUTATIONS. 

REF ER ENC ES t 

Clle ReBULIRSCH AND JeSTOERe 
NUMERICAL TREATMENT Of ORDINARY DiffERENTIAL EQUATIONS BY 
EXTRAPOLAT IOM !1ETHODSe 
NUMERtSCHE MAT~EMATIK, VOLUME 8, PAGE l-13, 1965. 

CZle PHYLLIS FOX. 
A COMPARATIVE STUDY OF COMPUTER PROGRAMS FOR INTEGRATING 
DIFFERENTIAL EQUATIONS. 
COMMUNICATIQNS OF THE AeCeMe, VOLUME 15, PAGE 941-948, l97Ze 

[3]. T.E.HULL, w.H.ENRIGHT, B.H.FELLEN AND A.E.SEDGWICK. 
COMPARING NUMERICAL METHODS FOR ORDINARY DIFFERENTIAL 
EQUATIONS. 
SIAM JOURNAL ON NUMERICAL ANALYSIS,VOLUME 9,PAGE 603•635,197Ze 
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i:XAMPLE OF use: 
THE FOLLOWING PROGRAM ILLUSTRATES THE COSTS AND THE ACCURACIES 
WHICH ARE OBTAINED WHEN SOLVING A SYSTEM OF DIFFERENTIAL EQUATIONS 
ARISING FROM TYE RESTRICTED PROBLEM OF THREE BODIES ( SEE REFCll lo 
THE SOLUTION IS A CLOSED ORBIT WITH PERIOD T•6el9216933l396a 

"BEGIN" 
"PROCEDURE" DIFFSYSCX,XE,N,Y,DERIVATIVE,AETA,RETA,S,HO,OUTPUT)I 
"CODE11 33160; 
"INTEGER" PASSES,K; 
11 Rr!AL 11 Xi,XE,TIME,TOL,HO; 
"REAL" 11 ARRAY 11 Yi,S[l:4]; 

"PROCEDURE"' DERCX,Y1DY); "REAL" X; 11 ARRAY" Y,DYJ 
"B~GIN" "REAL" 11u,~u1.,v1,v2.,y3.,y4.,s1,s21 

MUt•l/82.45; MUl:•l•MU; 
PASSfSt•PASSES+lJ 
Yl••YC1]; Y2iaDYCl ]t•YC?J; Y3t•YC3l; Vitt •DYC3 l ••YC'tl; 
Sll•(Yl+MU)**2+Y3**2; S2:•(Yl-MUl>**2+Y3**2; 
Sl:•Sl*S1RT(Sl>; S2:•SZ*SORTCS2); 
DY[ 21 I• Yl +2*Y4•11Ul* (Yl+MU J /Sl•MU*C Yl•MUl J / S2; 
DYC4]1•Y3=2*Y2-MUl*Y3/Sl-MU*Y3/S2 

"i:ND"; 

II PROCEDURE" OUT; 
"BEGIN" K1 •K+l; 

11 IF" X>•XE "THEN" 
OUTPUT( 61, " ( 112 1-5 ZO) 12 ( 4B+Z. 30B 30830830 >, .. 5z De 30, /tt) "o K, 
PASSfS1YCll1Y[3l1CLOCK•TIME) 

"ENO"; 

OUTPUT! 611"<'"'(" THIS LINE AND TH£ FOLLOWING TEXT IS ")" 
"<"PRINTED BY THIS PROGRAM")",//., 
"(" THE RESULTS WITH DIFFSYS • HO•e2 • ARE1 ")"i,I, 
tf(H K DEReeV. YCl] Y[3] "l ", 
"(" TIME">",/")"); 
11 FOR" TOLt•"-4.,~-6.,"•B,"-1O1"-lZ "DO" 
"BEGIN" PASS~S:•K:•OJ x,so; XE:•6.192169331396; 

YCll: •l•Zi YCZl i•YC 3H•O; YC4l t••l.0493!5750983; 
SCl]lmSC2Jt•SC3Ja•SC4lt•OJ HOr ■.2; TIMEt•CLOCK; 
DIFFS YS ( X, XE14, Y i,OERi,TOLi, TOL,S1HO, OUT>; 

"Elm" 
"END" 

THIS LINE AND THE FOLLOWING TEXT IS PRINTED BY THIS PR~GRAM1 

TI-If RESULTS WITH DIFFSYS - HO•e2 • ARE: 
I( DER.EV. YCll YC3l TIME 
30 2591 +l1113ZO 357 347 741 .... on 645 454 836 !h686 
33 3414 +1.zoo 018 037 878 ... ooo 053 906 067 70455 
37 4213 +le 200 003 282 801 .... ooo 002 363 7U 9e267 
44 4618 +1.1 99 999 999 711 -.ooo 000 000 095 10.242 
56 6299 +1.200 000 000 003 ... ooo 000 000 090 u.an 
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SOURCE TEXTI 

11 CIJDL: 1111 33ldO; 
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"PROCEDURE" DlFFS YS ( X, XE,N, Y., DERIVATIVE, AETA, RET A,S,HO, OUTPUT! J 
11VALUE 11 ~I; 
"INT1:GE R11 !~; 
11 REAL 11 x,xe,AETA,RETA,HO; 
"ARRAY" Y,S; 
"PROCEDURE" DERIVATIVE,OUTPUT; 
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11 BEGIN11 11 REAL 11 A,B,Bl,C,G,H,U,V,TA,FC; "INTEGER" I,J,K,KK,JJ,L,N,R,SR; 
"ARRAY" YA, YL, Y'1, DY, DZ[ l tNl, DTCll N,016 l, DCO t6 l,YG, YI-IC 017, lt N]; 
"BOOLEAN" KONV1BO,BH1LASTJ 
LASTt ■11 FALSE 11 ; H:•1-10; 

NEXT: 11IF 11 H•l•l>•XE-X "THEN" 
11 BEGIN11 lASTl• 11TRUE 11 ; H01•H; Hl•XE-X+"-13 11 END"J 
DERIVATIVE<X,Y,DZ); BHt•11 FALSE"J 
11FOR 11 I:•1 11 STGP11 1 11UNTIL" N 1100" YACilt•YCIJ; 

ANF: A:•H+X; FC:•le5i B0t• 11FALSE"J Mt•U Rt•2J SRl•3J JJ&•-lJ 
"FOR" Jt•O 11STEP 11 1 11UNTIL 11 9 "0011 

"'3 EGIN" "IF" BO "THEN" 
"B~GIN11 DClJ:•16/9; DC3Jt•64/9; DC5lt•Z56/9 "END" 
"ELSE" 11BEGIN11 0Cl]J•9/4J DC3l1•9; DC5lt•36 11 END11 ; 

KllNVt •"TRUE"; 
"IF" J>6 11THEN 11 "BEGIN" L1•6i OC6lt•61t; FC:•.6*FC "END" 
"ELSE" "BEGIH" Ll•J; OCLJ••'1*M "END"; 
Ml•M•Z; Gl•H/M; Bt•G*ZJ 
"IF" BH "AND" J<e "THEN" 
"BEGIN" 11 FOR" It•l "STEP" l "UNTIL" N 110011 

"BEGIN" YM[Ilt•YHCJ,IlJ Yl[Il••YGCJ,Il 11END11 

11 EMD" 
"ELSE" 
"BEGIN" "COMMENT" 
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KKt ■ (M-2)/2; Mt•M-1; 
"FOR" I t•l "STEP" 1 "UNTIL" N "00" 
"BEGIN" YLCI]: ■YACil; YMCIJ: ■YACil+G*DZCil "END"; 
"FOR" K:•l "STEP" 1 "UNTIL" H "DO" 
"BEGIN" OERIVATIVE(X+K*G,YM,DY); 

11 F □R" It•l "STEP" 1 "UNTIL" N "DO" 
"B::GIN" U: ■YL[Il+B*DYCI]; YLCI]: ■ YMCI]; YMCIJ: ■U; 

u: ■ABS(U); "lF" U>S[Il "THEN" S[Il1•U 
"Etmn; 
"IF" K•KK "AND" K"'•2 "THEN" 
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11 BEGIN" JJ: ■ JJ+l; "FOR" I:•l "STEP" 1 "UNTIL" N "00" 
"BEGIN" YHCJJ,Ilt•YMCIJ; YGCJJ,Ilt•YLCil "END" 

"END" 
"END" 

"END"; 
DERIVATIVE( A, YM,DY); 
"FuR• It•l "STEP" l "UNTIL" N "DO" 
"B!:GIN" v:•OTCI,O]; TA:-c: •OTC I,Ol: ■( YM[ Il+YL[Il+G*OYCI l )/Z; 

"FOR" K:•l "STEP" l "UNTIL" L "DO" 
"BEGIN" Bl••DCKl*VJ Bl•Bl-C; Ul•V; 

"IF" B" •0 "THEN" 
"BEGIN" B: ■ (C-V)/B; U1•C*BJ C:•Bl*B "END"; 
VI• OTC I,K l; OTC!, Kl l•U; TA t • U+TA 

"END"; 
"IF" ABS(YCil•TAl>RETA*SCil+AETA "THEN" KONV:•°FALSE 0 ; 

Y[lJl•TA 
"ENO"; 
"IF" KONV "THEN" "GOTO" END; 
0[2]:•4; 0[4]:•16; BO:•"BO; M: ■ R; R:•SR; SR:•M*Z 

"END"; 
BHt•ABH; LAST•••FALSE•; Ht•H/2; "GOTO" ANF; 

END: H: •FC•H; X= ■ A; OUTPUT; "IF" "NOT" LAST 11 THEN" "GOTO" NEXT; 
11 END 11 DIFFSYS; 

"EOP" 
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PROCEDURE r ARK• 

AUTHORt PeA• BEFNTJCSe 

INSTITUTf:t MATHEMATICAL CENTRE. 

RECEIVED: 7~0510. 

BRIEF Di~CR!PTIONt 

ARK SOLVES AN INITIAL VALUE PROBLEM, fOR A SYSTEM OF FIRST ORDER 
ORDINARY DIFFERENTIAL EQUATIONS• ARK IS RECOMMENDED FOR THE 
INTEGRATION Of S~MI-DISCRETE PARABOLIC AND HYPERBOLIC 
INITIAL•BIJUNOARY PROBLEMS• 

KEYWORDS: 
INITIAL VALUE PROBLEM, 
SEMI-DISCRCTE PARABOLIC AND HYPERBOLIC PROBLEM. 

CALLING SEQUENCE: 

THI.! HEAD-ING OF THE PROCEDURE READSr 
"PROCEDURE" ARK CT, Ti:, MO, M, U, DERIVATIVE, DATA, OUT>; 
11 INT!:Gt:R 11 MO, M; "REAL" T, TE; "ARRAY" U, DATA; 
"PR □ C!:OURE" OE RIVATIVE, OUT; 
"CIJDE.:" 33061; 

ARK INTEGRATES THE SYSTEM OF ORDINARY DIFFERENTIAL EQUATIONS 
OIJ / OT • H( T, UJ, U • UO AT T • TOe 

THE MEANING OF THE FORMAL PARAMETERS IS: 
T: <VARIABLE>; 

THE ItlDEP END ENT VARIABLE T; 
ENTR Yt THE INITIAL VALUE TO; 
EXIT : THE FINAL VALUE TE; 

TE: <ARITHMETIC EXPRESSION>; 
THE FINAL VALUE OFT (TE>• T>; 

MO,Mt <ARITHMETIC EXPRESSION>; 
INDICES OF THE FIRST AND LAST EQUATION OF THE SYSTEM; 

!Jt <ARRAY IDENTIFIER>; 
"ARRAY" UCMO 1 Ml; 
ENTRY: THE INITIAL VALUES OF THE SOLUTION OF THE SYSTEM OF 

DIFFERENTlAL EQUATIONS AT T • TO; 
EXIT 1 rne VALUES Of Tf-lE SOLUTION AT T ■ TE; 
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DERIVATIVE: <PROCEDURE IDENTIFIER>; 
THE HEADING OF THIS PROCEDURE READS: 
"PROCF.DUR!:!" DERIVATIVE<T, V); 11REAL" T; "ARRAY" V; 
T'iIS PROCEDURE PERFORMS AN EVALUATION OF THE RIGHT HAND 
SIDE □F THE SYSTE~ WITH DEPENDENT VARIABLES VC~O t Ml AND 
INDEPENDENT VARIABLE T; IJPON COMPLETION OF DERIVATIVE, T!-IE 
RIGHT HANO SIDE SHOULD B! OVERWRITTEN ON VCMO I Ml; 

DATA1 <ARRAY IDENTIFI~R>; 
"ARRAY" DATACl : 10 + DATAClll; 
IN ARRAY DATA ONt SHOULD GIVEI 
DATAClJ: THE NUMBER OF EVALUATIONS OF ~(T, Ul PER 

INTEGRATION STfP(OATACll >• DATAC2l>; 
OATACZJ: n!E ORDER IJF ACCURACY OF TI-I£ METHOD CDATAC2l<•3l; 
OAT AC 3] 1 STABILITY BOUND(SEE RF.FERENCE [31); 
DATA[4]1 THE SPECTRAL RADIUS ~F THE JACOBIAN MATRIX WITH 

R~SPECT TO THOSE EIGENVALUES, WHICH ARE LOCATED 
IN THE NON-POSITIVE HALF PLANE; 

DATA[5JI THr: MINIMAL STEPSIZE; 
DATA[':,] 1 Tl-fE ABSOLUTE TOLE:RANC E; 
DATAC7J: THE RELATIVE TOLERANCE; 

IF BOTH DATA[6l AND DATAC7l ARE NEGATIVE, THE 
INTEGRATION IS PERFORMED WITH A CONSTANT STEP 
DATAC5J; 

DATAC8J: DATACB] SHOULD Bf O IF ARK IS CALLED FOR 
A FlRST TIME; FOR CONTINUED INTEGRATION 
DATA[8 l SHOULD NOT BE CHANGED; 

DATAClll, •••• OATAClO + DATACl]l1 POLYNO~IAL COEFFICIENTS 
<SSE REFERENCE C3ll; 

AFTER EACH STEP THE FOLLOWING BY•PRODUCTS ARE DELlVEREDt 
DATA[8]1 THE NUMBER OF INTtGRATION STEPS PERFORMED; 
DATAC9JI AN ESTIMATION OF THE LOCAL ERROR LAST MADE; 
DATAClOJ: INFORMATIVE MESSAGESt 

DATA[lOl. or NO DIFFICULTIES; 
DATAClOl • lt MINIMAL STEPLENGTH EXCEEDS THE 

STEPLENGTH PRESCRIBED BY STABILITY 
THEORY, lee• DATAC5] > DATAC3] I DATA[4J; 
(TERMINATION OF ARK); 
DECREASC ~INIMAL STEPLENGTHJ 

IF NEC~SSARY, DATAC!l,I • 4(1)7, CAN BE UPDATED(AFTER EACH 
STEP) RY MEANS OF PROCEDURE OUT; 

our, <PROCEDIJRf IDENTIFIER>; 
THE 4EADING OF THIS PROCEDURE READSt 
"PROCEDURE". our; 
AFT~R EACH INTEGRATION STEP PERFORMED INFORMATION CAN BE 
OBTAIN~D OR UPDATED BY THIS PROCEDURE, EeG• THE VALUES OF 
T, UCMO t Ml AND DATA[ Il, I • 4U>l0e 
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DATA AND RESULT~: 

fOR THE INDICES MO ANO M THE FOLLOWING REMARKS CAN BE HADEi 
WHEN THE METHOD OF LINES IS APPLIED TO HYPERBOLIC DIFFERENTIAL 
EQUATIONS THE NUMBER OF RELEVANT ORDINARY DIFFERENTIAL EQUATIONS 
DECREASES DURING THE INTEGRATION PROCESS; IN PROCEDURE ARK 
THIS MAY Bl: REALIZED BY INTEGERS MO AND M, WHICH ARE 
DEflMED AS FU~CTIONS OF THE NUMBER OF RIGHT HAND SIDE EVALUATIONS. 
A SELECTION OF POSSIBLE ENTRIES FOR ARRAY DATA (DEPENDENT ON THE 
KIND OF INITIAL VALUE PROBLEM) IS GIVEN IN REFERENCE C4l,SECTION Be 

PROCEDURES USEDi 

lNIVEC • CP31010, 
MULVEC • CP31020, 
DUPVEC • CP31030, 
VECVEC • CP340lO, 
ELMVEC • CP34020, 
DECSOL • CP34301. 

REQUIRED CENTRAL MEMORY : CIRCA 75 + 2 * <M • MO) Me~ORY PLACES• 

METHOD AND PERFORMANCE! 

ARK IS AN IMPLEMENTATION OF LOW ORDER STABILIZED RUNGE KUTTA 
METHODS .(SEE R~FERENCE [11); 
AUTOMATIC STEPSIZE CONTROL IS PROVIDED BUT STEP•REJECTION HAS BEEN 
EXCLUDED IN ORDER TO SAVE STORAGE; 
BECAUSe OF ITS LIMITED STORAGE REQUIRSMENTS AND ADAPTIVE STABILITY 
FACILITIES THE ~ETHOD IS WELL SUITED FOR THE SOLUTION OF INITIAL 
BOUNDARY VALUE PROBLEMS FOR PARTIAL DIFFERENTIAL EQUATIONS; 
NUMER1CAL RESULTS, OBTAINED WITH A SLIGHTLY DIFFERENT 
IMPLEMENTATION CAN BE FOUND IN REFERENCE C2l• 

Rl:FERENCESI 

Clle P.J. VAN DER HOUWENe 
STABILIZED RUNGE KUTTA METHOD WITH LIMITED 
STORAGE REQUIReMENTSe 
MATH, CEHTRe REPORT TW 124/71; 

[21. P.A. BEENTJes. 
AN ALGOL 60 VERSION OF STABILIZED RUNGE KUTTA 
METHODS (DUTCH)e 
MATH. CE~TR. REPORT NR 23/72; 
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[31. P.J. VAN DER H1UWEN, J. KOK. 
NUMERICAL SOLUTION OF A MINIMAX PROBLEMe 
MATHe CENTRe REPORT TW 123/71; 

C4le PeJe VAN DER HOUWEN ET ALe 
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ONE STEP METHODS FOR LINEAR INITIAL VALUE PROBLEMS, Ieieie 
NUMERICAL EXAMPLES, 
MATH. CENTR. REPORT TW 130/71. 

EXAMPLE OF USE: 

THE I/ ALUES OF 

le Y(l) AND Y(2) Of THE INITIAL VALUE PROBLEM 
DY / DX • Y - 2 * X / Y, Y(O) • l 

AND 

z. U(e61 0) OF ntE CAUCHY PROBLEM (SEE REFERENCE CZJ)i 
OU/ OT• e5 *OU/ DX, UCO, Xl • cXP(-X • X) 

MAY BE OBTAINED BY THE FOLLOWING PROGRAM: 

11 BEGIN" "INTEGER" ~O, M, IJ "REAL" T, TE, DAT; 
"ARRAY" YCl : ll, UC•lSO : 1501, DATACl : 141; 

"PROCEDURE" ARK 
( T, TE, MO, M, U, DERIVATIVE, DATA, OUT>; "CODE" 33061; 

"PROCEDURE" DERl<T, V>; "REAL" T; "ARRAY" V; 
VCll: ■ 1/Cll - 2 • T / VCll; 

"PROCEDUR~" DERZ(T, V); "REAL" T; "ARRAY" VJ 
"BEGIN" "INTEGER" J; "REAL" Vl, VZ, V3; 

VZ:• VCHOJ; M~:• MO+ li M:• M • l; V3: ■ VCMOl; 
11 FOR11 J ra MO "STEP" l 11 UNTIL" M "D0 11 

"BEGIN" Vlr ■ VZ; V21• V3; V31• V[J + l]; 
VCJJ : ■ 250 * (V3 • Vl) / 3 

"END" 
11 F.N D" OE RZ; 



"PRl'lC EDUR E" OUTl; 
"IF" T • TE "TYEN" 
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"BEGIN" "IF" T • l "THEN" OUTPUT(61, "l"I, "(" PROBLEM l")", II, 
"(" X NUMBER OF INTEGRATION STEPS YCCOMPUTED) YCEXACT>">", "" )"); 
OUTPUT(61, "("ZD, 13ZD,12B,Z(-3ZD.7D>,"<"•••"l", I">", 
T, DATA[8l., YCll, SQRTCZ * T + l>lJ 
TEI• z 

"EN on OUTli 

"PROCEDURE" OUT2; 
"IF II T • e6 "THEN" 
OUTPUT(6l, "("/I, "(" PROBLEM Z"l", II, 

"(" NUMBER OF DERIVATIVE CALLS"!", 
"(" uc.6, O)COMPUTEO uc.6, O)EXACT")", II, l3ZD, 
2(•lOZ.7Dl, "<"•••">"">", DATA[ll • DATA[Bl, UCOl, EXP<-.09l)J 

I:• li 
"FOR" DAT:• 3, 3, 1, 1, "-3, 11•6, "•6, u, 0, O, l, • 5, l I 6 "0011 

"BEGIH" DATACI]:a DAT; 11• I + 1 "ENO•; 
TI• O; YrlJ:• l; TF.:• li 
ARKCT, TE, l, l, Y, DERl, DATA, □UTl); 
It• l; 
"FOR" DATI• 4, 3, SQRT(8), 500 I 3, DATAC3l f DATAC4l, •l, -1, 

O, O, O, 1, .5, l I 61 l I 24 11 00" 
"Bt:GIN" DATACil:• DAT; I:• I+ l 11 END 11 ; 

M01• -1,0; Mt• 150; TI• O; U[O]I ■ l; 
"FOR" II• l "STEP" l "UNTIL" "I 11 D0" 
U[IJ:• uc-Il:• EXP(-<.003 * II ** 2); 
ARKCT, e61 110, 11, IJ, DERZ, DATA, OUT2) 

11 END" 

THIS PROGRAM DELIVERS: 

PROBLEM l 

X NUMBER OF INTEr.RATION STEPS Y(COMPUTED) YCEXACTI 

l 
2 

PROBLEM 2 

38 
56 

1.7320535 
2.2360928 

NUMBER Of DERIVATIVE CALLS uc.6, O)COMPUTED 

144 .9139326 

1. 7320508 ••• 
z. 2360680 ... 

uc.6, O)EXACT 

.9139312 ... 
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SIJLIRCE TEXT(Sl: 

"CODE" 33061; 
"PROCEDURE" ARK (T., Ti:., 110., 11., u., DERIVATIVE., DATA, OUT>; 
"INTEGER" MO, M; 
11 REAL 11 T, TE; 
"ARRAY" u., DAT A; 
"PROCEDURE" DERIVATIVE, OUT; 

"BEGlN" "INTEGER" p., N, Q; 
"OWN" "REAL" ECO, ECl, ecz., TAUO., TAUl., TAUZ., TAUS, TZJ 
"REAL" TH~TANMl, TAU, BETAN, QINV., 5TA; 
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"ARRAY" MU, LAMBDACl•DATA[l]l., THETHA[O:DATAClll, RO, RCMOtHl; 
"BOOL~AN" START, STEPl., LAST; 

"PROCEDURE" INIVEC<L, u., A, Xl; 
"PROCEDURE" MULVEC<L, U, SHIFT, A, e., Xl; 
"PROCEDURE" DUPVEC(L, U, SHIFT, A, B); 
"REAL" "PROCEDURE" VECVEC(L, U, SHIFT, A, B); 
"PROCEDURE" fLMVEC(L., U, SHIFT, A., B, X); 
"PROCEDURE" DECSOL<A1 N, AUX, Bl; 

"C 00£" 31010; 
"CODE" 31020; 
"CODE" 31030; 
"CODE" 34010; 
"CODE" 340Z0; 
"CODE" 343011 

"PROCEDURE" INITIALIZE; 
"BEGIN" 11 INTEGER" I, J, K., L, Nl; "REAL" s., THETAO; 

"ARRAY" ALFA[l:81 llDATA[ll+ll, TH[laSJ, AUX[l13]; 

"REAL" "PROCEDURE" LA8DA(I, J)J "VALUE" r., J; "INTEGER" I, J; 
LABDA:• "IF" P < 3 "THEN" ("IF" J •I-1 "THEN" MUI (I> "ELSE" O> 

"ELSE" "lF" P •3 "THEN" ("IF 11 I •N "THEN" (11 1F 11 J•0 
"THEN" e25 "ELSE" "IF" J •N - 1 "THEN" e75 
"ELSE" 0) "ELSE" 11 IF" J •0 "THEN" ( "1F 11 I •l 
"THEN" MUI(l) "ELSE" e25) "ELSE" 11IF11 J •I - 1 
11 THEN 11 LAMBDACI] "ELSE" 0) "ELSE" O; 

"REAL" "PR!JC!::DURE" HUI (I>; "VALUE" I; "INTEGER" I; 
MUI:• "IF" I •N 11THEN 11 l "ELSE" 

"IF" I< l ! I) N "THEN" 0 11 ELSE 11 

"IF" P < 3 "THEN" LAMBDA[Il "ELSE" 
"IF" P •3 "THEN" LA11BDA[Il + .z5 11 ELSE 11 o; 

"RHAL" "PROCEDURE" SUM(I, A, B, XJ; 
"VALUE" B; "INTEGER" I, A., B; "REAL" X; 
"BEGIN" "REAL" s; s: ■ o; 

11 FQR" It• A "STEP" 1 "UNTIL" B 11 0011 S :• S + X; 
SUMI• s 

"END" SUN; 
"COMMENT" 
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N:• DATAtll; P:• DATAtZJ; ECl:• ECZ : ■ O; 
BHANI• DATA[3]; 
THETANMll• "lF" P•3 "THEN" .75 "ELSE" lJ 
THCTAO:• l • THETANMl; St• l; 
"FOR" Jt• N - l "STEP" - l "UNTIL" l "DO" 
"BEGIN" SI• - S * THETAO + DATA[N + 10 - Jl; 

MUtJJ:• DATAtN + 11 - Jl / S; 
LAMBDA[JJ:• MUCJJ - THETAO 

11 1:ND"i 
"FOR" II• l "STEP" 1 "UNTIL" 8 "00" 
11 FOR 11 J: ■ 0 11STEP" l "UNTIL" N noon 
ALFAtI, J + lJ:• "IF" l • 1 "THEN" 1 "ELSE" 
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"IF" J • 0 "THEN• 0 "ELSE" •IF• I• 2 I I• 4 I I • 8 "THEN" 
MUICJ) •• f:NTIERCCI + 2) / 3) "ELSE" 
111F" (I• 3 ! I• 6) & J > l "THEN" SUM<L, 1, J-1, 
LABOA(J, U * MUI(L> ** ENTIERCI / 31> 11 ELSE11 

"11=" I • 5 & J > 2 "THEN" SUl1(L, 2, J • 1, LABDA<J, L> • 
SUM(K, l, L - 1, LABDA(L, Kl * MUICK))) 11 ELSE" 
riIF11 I• 7 & J > l "THEN" SUM<L, l, J • l, LABDACJ, L) * 
MUI(L)) * MUI(J) 11 tLSE" U; 

Nl:•"lf" N < 4 "THEN" N + l "ELSE" "lf11 N < 7 "THEN" 4 
"ELSE" a; 

II• l; 
"FOR" S1• l, a5, l / 6, l / 3, l / 24, l / 12, al25, e25 "D0" 
"Bi:GIN" THCI]: ■ S; I: ■ I + l "EMO"; 
"IF" P • 3 & N < 7 "THEN" THClJS• TH[21'• O; 
AUXCZJz• " • 14; DECSOL(ALFA, Nl, AUX, TH>; 
INIVECCO, H, THETHA, O>; 
DUPVECCO, Nl - l, 1, THETHA, TH); 
11 IF 11 "" (P • 3 & N < 7) 11 THEN" 
•BEGIN" THETHA[Olt• THETHA[Ol - THETAO; 

THETHACN - ll:• TliETHAtN - ll - THETANMl; Q:• P + l 
"EHD 11 11 ELSE" a:• 3; 
QINV•• l / a; 
STARTt• DATA[8l • OJ DATAC10l1• o; LAST1• "FALSE"; 
DUPVECCMO, M, O, R, U); DERlVATIVE(T, R> 

"END" IMITIALIZE 
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"PROCEDURE" LOCAL ERROR CJ"'4STRUCTIONU); "VALUE" I; "INTEGER" I; 
"BEGIN" "IF" THETHA[Il A. 0 "THEN" 

!:LMVEC!MO, M, O, RIJ, R, THETHACilJ; 
"IF" I • N 11THEN 11 

"BEGIN" DATAC9l1• SQRT!VECVECCMO, H, O, RO, RO»* TAU; 
eco: ■ ECl; ECl:• F.CZ; ECZ1• DATA[9] /TAU •• Q 

11 EN 0" 
"END" LEC; 

"PROCEDURE" STEPSIZE; 
"BEGIN" "REAL" TAUACC, TAUSTAB, AA, BB, CC, EC; 

ETAI• SQRT(VECVECCMO, H, O, u, U)) * DATAC7l + DATAC6l; 
"IF" ETA> 0 11THEN" 
"BEGIN" 11 IF" START "THEN" 

"BEGIN" "IF" DATA[Bl • 0 11THEN 11 

"BEGIN" TAUACCI• DATAC5J; 
STEPlt• "TRUE" 

"END" "ELSE" "IF" STEPl "THEN" 
11 BEGIN" TAUACCI• !ETA/ ECZJ •• QINV; 

11IF" TAUACC > 10 • TAU2 11THEN 11 

TAUACC:• 10 • TAUZ "ELSE" STEPlt• "FALSE" 
"END" "CLSE" 
"BEGIN" BB1• (ECZ - ECll / TAUl; cc: ■ - BB * TZ + ECZ; 

~C:• BB. T + cc; 
TAUACCt• "IF" EC< Q 11 THEN11 TAUZ "ELSE" 
(ETA/ ec, •• OINV; 
START:• "FALSE" 

"EM D" 
"END" "ELSE" 
"BEGIN" AAt• (CECO - ECl) / TAUO + CECZ • ECl> / TAUl) 

/ (TAUl + TAUO>; 
BB: ■ CEC2 • EClJ / TAUl - !2 • T2 - TAUl> • AA; 
CCl• - (AA• TZ + BB) * T2 + ECZ; 
F.CI• !AA* T + BB) • T + CC; 
TAUACC:• 11 If" EC< 0 11 THEN" 

TAUS "ELSE" !ETA/ EC>** QINVJ 
"IF" TAUACC > 2 * TAUS 11THEN" TAUACCI• 2 * TAUS; 
"IF" TAUACC < TAUS / 2 "THEN" TAUACC : ■ TAUS / 2 

11 EN 011 

"END" "ELSE" TAUACC:• DATA[51; 
"IF" TAUACC < DATAC5l "THEN" TAUACCI• DATAC5]; 

TAUSTAB: ■ BETAN / DATAC4l; "If" TAUSTAB < DATAC5l 11 THEN" 
11 BfGlN 11 DATAClO]: ■ l; 11 GOTO" ENDARK "END"; 
TAUi• 11 IF" TAUACC > TAUSTAB "THEN" TAUSTAB "ELSE" TAUACC; 
TAUSt• TAU; "IF" TAU>• TE• T "THEN" 
"8EGIH 11 TAU:• re• T; LAST:• "TRUE" "END"; 
TAUOt• TAUl; TAIJl:• TAUZJ TAU2s ■ TAU 

"END" STEPSIZE 
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"PROCEDURE" DIFFERl:NCE SCHEME; 
"BEGIN" "INTEG1R" I, J; 

"Ri:AL" MT, LT; 
MULV[C(MO, M, O, RO, R, THETHACO]); 
11 IF 11 P • 3 "THEW' ELMVECIMO, M, O, U, R, e25 • TAU); 
11F □R 11 It• 1 11 ST!':P" 1 11UNTIL" N - 1 "DO" 
"BCGIN" MT•• MU[Il • TAU; LT•• LAMBOA[Il * TAU; 

NF,OR" Jt• Mu "STEP" l "UNTIL" M "0011 

R[JJ: ■ LT* R[JJ + UCJ]; 
DeRIVATIVE(T + '1T, R); LOCAL ERROR CONSTRUCTIO~( I) 

11C:N0 11 ; 

ELMVEC<MO, M, O, u, R, THETANMl • TAU>; 
OUPVEC<MO, M, O, R, U); DERIVATIVE(T + TAU, R>; 
LOCAL ERROR CONSTRUCTION(N); T21• TJ 
11 IF 11 LAST ~THEN11 

"BEGIN" LASTt• "FALSE"; TI• TE "END" "ELSE" TI• T + TAU; 
DATA[~]: ■ OATAC6l+l 

"EN 0" D!FSCH; 

.INITIALI!E; 

MEXT ST:.:P: 
STE?SIZC; DlFFERENCe SCHEME; OUT; 
"IF 11 TA• TE 11 THEN 11 "GOTO" NEXT STEP; 

F:NDARK1 
"!:MD" ARK; 

"!:l)Ptt 
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PROCt:DURE r E'FRKa 

AUTHOR: KeD eKKERe 

INSTITUTE1 MATHEMATICAL CENTRE. 

RECEIVED: 7407l0a 

BRIEF DESCRlPTIONt 

EFRK SOLVES AN INITIAL VALUE PROBLEM FOR A SYSTEM OF FIRST 
ORDER □RDINARY DIFFERENTIAL EQUATIONS DU/ DT • HCT,U) • 
fFRK IS A SPECIAL PURPOSE PROCEDURE FOR STIFF EQUATIONS WITH A 
KNOWN, CLUSTERED EIGENVALUE SPECTRUM. 

KEYWORDS I 

INITIAL VALUE PROBLEM, 
SYSTEM OF FIRST ORDER ORDINARY DIFFERENTIAL EQUATIONS, 
STIFF Cr:IUATIONa 

CALLING SEQUENCE 1 

THE HEADING OF THE PROCEDURE EFRK READSt 
11 PR □CEDURi:" EFRK ( T,TE, 110,M, U, SIGMA, PHI, DIAMETER, DERIVATIVE, 

K, STEP, R, L, BETA, THIRDORDER, TOL, OUTPUT >; 
11 VALUE 11 R,L; 
11 lNTi:GER II MO, M, K, R,L; 
11 REAL" T,TE,SIGMA,PHI,DIAMETER,STEP,TOL; 
11 ARRAY11 U,BETA; 
"BOOLEAN" THIRDORDER; 
"PROCEDURE" DERIVATIVE,OUTPUT; 
"CODE" 33070; 

THE MEANING OF T~E fORMAL PARAMETERS IS: 
T: <VARIABLr>; 

THE INDEPENDENT VARIABLE T; 
ENTRY1 THE INITIAL VALUE TO; 
EXIT t THE fI~AL VALUE TE; 

TE: <ARITHMETIC ETPRESSIOH>; 
THE FINAL VALUE OF T (TE>•T); 

MO 1 <ARITHMETIC EXPRESSION>J 
THE INDEX OF THE FIRST EQUATION; 

Ml <ARITHMETIC EXPRESSION>; 
THE INDEX OF THE LAST EQUATION; 
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UI <ARRAY IOF.NTIFIER>; 
"REAL" "ARRAY" UCMOtM]; 
THE DSPENDENT VARIABLE; 
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F.NTRY: THE INITIAL VALUES Of THE SOLUTION OF THE SYSTEM OF 
DIFFERENTIAL EQUATIONS AT T • TO; 

EXIT t THE VALU5S OF THE SOLUTION AT T • TE; 
SIGMA: <ARITHMETIC EXPRESSION>; 

THE MODULUS OF THE POINT AT WHICH EXPONENTIAL FITTING IS 
DESIRED, FOR EXAMPLE AN APPROXIMATION OF THE CENTRE OF THE 
LEFT HAND CLUSTER; 

PHI: (ARITHMETlC EXPRESSION)) 
THE ARGUMENT OF THE CENTRE OF THE LEFT HAND CLUSTER; IN THE 
CASE OF TWO COMPLEX CONJUGATED CLUSTERS , THE ARGUMENT OF 
THE CENTRE IN THE SECOND QUADRANT SHOULD BE TAKEN; 

DIAMSTER1 <ARITHMETIC EXPRESSION>; 
THE DIAMETER OF TI-IE LEFT HAND CLUSTER OF EIGENVALUES OF THE 
JACOBIAN MATRIX OF THE SYSTEM OF DIFFERENTIAL EQUATIONS; 
IN CASE OF NON-LINEAR EQUATIONS OIA~ETER SHOULD HAVE SUCH A 
VALUE THAT T~E VARIATION OF THE EIGENVALUES IN THIS CLUSTER 
IN THF. PtRIOD IT ,T+STEP l IS LESS THAN HALF THE DIAMETER; 

DERIVATIVE: <PROCEDURE 101:NTlFIER>; 
THE HEADING OF THIS PROCEDURE READS• 
"PROCEDURE" DER1VATIVE(T,U>; "REAL" T; "ARRAY" U; 
HIS PROCEDURE SHOULD DELIVl:R THi: VALUE OF HIT,UI IN THE 
POINT CT,U> IN THE ARRAY U; 

K I <VARIABLE>; 
COUNTS THE NU'1BER OF INTEGRATION STEPS TAKEN; 
FOR EXAMi,LE, K '1AY BE USED IN THE EXPRESS.ION FOR TE; 
ENTRY• AN (AR BI RARY) CHOSEN VALUE KO, Ee Ge KO•O; 
EXIT, KO+ THE NUMBER OF INTEGRATION STEPS PERFORMED; 

STEPt <ARITH'1ETIC EXPRESSION>; 
THE STEPSIZE CHOSEN WILL BE AT HOST EQUAL TO STEP J 
THIS STEPSIZE MAY BE REDUCED BY STABILITY CONSTRAINTS, 
IMPOSED BY A POSITIVE DIAMETER, OR BY CONSIDERATIONS OF 
INTERNAL STABILITY (SEE REFCll, PAGE 11); 

Rt <ARITHMETIC EXPRESSION>; 
R + Lr THE NUMBER Of EVALUATIONS OF H<T, U) 01\t WHICH THE 
RUNGE-KUTTA SCHEME IS BASED; 
FOR R•l,Z,>•3 FIRST, SECOND AND THIRD ORDER ACCURACY HAY BE 
OBTAINED BY AN APPROPRIATE CHOICE OF THE ARRAY BETA; 

Lt <ARITH'1ETIC EXPRESSION>; 
ENTRYt 
IF PHI• 4*4RCTAN(l)1 THE ORDER OF THE EXPONENTIAL FITTING, 
ELSE TWICE THE ORDER OF THE EXPONENTIAL FITTING; 
NOTE THAT L SHOULD BE EVEN IN THE LATTER CASE; 

BETAt <ARRAY IDfNTIFISR>; 
"REAL" "ARRAY" BETACOtR+LlJ 
ENTRYI THE ELEMENTS BETACil, I•O, ••• ,R SHOULD HAVE THE 

VALUE OF THE R+l FIRST COEFFICIENTS Of THE STABILITY 
POLYNOMIAL; 
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THIRDORD~R: <BOOLEAN EXPRESSION>; 
If THIRD ORDER ACCURACY IS DESIRED, THIRDORDER SHOULD HAVE 
THE VALUE "TRUE", IN COMBINATION WITH APPROPRIATE CHOICES 
OF R (R>•3) AND THE ARRAY BETA ( BETA[Il•l/I!, I•O,1,2,3 ); 
IN ALL '1THER CASES THlRDORDER MUST HAVE THE VALUE "FALSE"; 

TOLi <AR.ITHMETIC EXPRESS ION>; 
AN UPPERBOUND fOR THE ROUNDING ERRORS IN THE COMPUTATIONS 
IN ONE RUNGE-KUTTA STEP; IN SOME CASES ( EeGe LARGE VALUES 
OF SIGMA AND R) TOL WILL CAUSE A DECREASE OF THE STEPSIZEJ 

DUTPUTt <PROCEDURE IDENTIFIER>; 
THE HEADING OF THIS PROCEDURE READS; 
"PROC EDURE 11 OUTPUT; 
THIS PROCEDURE IS CALLED AT TI-IE END OF EACH INTEGRATION 
STEP; THE USER CAN ASK FOR OUTPUT OF SOME PARAMETERS, FOR 
EXAMPLE T, K, U, AND COMPUTE NEW V4LUES FOR SIGMA, PHI, AND 
DIAMETER. 

PROCEDURES USEDt 

ELMVEC• CP34020, 
DEC • CP34300, 
SOL • CP3405le 

REQUIRED CENTRAL MEM~RY J CIRCA 30 + (H - MO)+ L * (5 + L)e 

METHOD AND PERFORMANCEt 
EFRK IS BASED ON EXPLICIT RUNGE•KUTTA METHODS OF ORDER l, Z AND 3, 
WHICH HAKE USE OF EXPONENTIAL FITTING• AUTOMATIC ERROR CONTROL 
IS NOT PROVIDED• 
A DETAILED DESCRIPTION OF THE METHOD AND SOME NUMERICAL EXAMPLES 
ARE GIVEN IN REFClle REF C3l, PAGE 170 REPRESENTS A BRIEF SURVEY. A 
COMPARATIVE TEST OVER A LARGE CLASS OF DIFFERENTIAL EQUATIONS IS 
GIVEN IN REF C4le 
FROM THESE RESULTS IT APPEARS T~AT CALLS WITH THIRDOROER • "TRUE" 
ARE LESS ADVISABLE. 
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Rt;F ER ENC ES t 

Cll e Ke DEKKER. 
AN ALGOL 60 VERSION OF EXPONENTIALLY FITTED RUNGE•KUTTA 
METHODS (DUTCH)• 
NR 25 (1972), MATHEMATICAL CENTRE. 

[Zl, Te J, DEKKER, Pe W, HEMKER ANO P, Je VAN DER HOUWEN. 
COLLOQUIUM STIFF DIFFERENTIAL EQUATIONS 1 (DUTCH>, 
NC SYLLABYS 15,l, (1972) MATHEMATICAL CENTRE, 

C3le P, A, BEENTJES, K, DEKKER, He C, HEMKER, SeP,Ne VAN KAMPEN AND 
G, Me WILL!:MSe 
COLLOQUIUM STIFF DIFFERENTIAL EQUATIONS Z (DUTCH), 
MC SYLLABUS l5e2, (1973) MATHEMATICAL CENTRE, 

C4l, P, A, BEENTJES, K, DEKKER, He Ce HEMKER ANO Me Ve VELDHUIZEN, 
COLLOQUIUM STIFF DIFFERENTIAL EQUATIONS 3 (DUTCHle 
MC SYLLABI.IS 15,3, (1974> MATHEMATICAL CENTRE, 

EXAMPLE nF USE: 

CONSIDER THE SYSTEM OF DIFFERENTIAL EQUATIONS: 
DYCll/DX • •YCll + YCll * YC2l + ,99 * YC2l 
DYC2lfDX • •1000 * ( •YCll + Y[ll • YC2l + YC2J 
WITH THE INITIAL CONDITIONS AT X • o: 
YCll • l AND Y[Zl • O, (SEE REFC2l, PAGE llle 
THE SOLUTION AT X • 50 IS APPROXlMATELYt 
YCll • • 765 678 320 487 AND YCZl • e433 710 353 5768 • 
THE FOLLOWING PROGRAM SHOWS SOME DIFFERENT CALLS OF THE PROCEDURE 
EFRKt 
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11BEGIH11 

"PR OC EDUR S" EFRK ( X, XE ,MO ,M, Y ,SIGMA, PHI,D IA METER, DERIVATIVE, K, 
STEP, R, L, BETA, THlROORDE R,TDL, OUTPUT>; 

"CODE" 33070; 

"INTEGF.R" K,R,L,PASSES; 
"ReAL" X,SIGMA,PHl,TIME,STEP,DlAMETER; 
"R~AL" "ARRAY" Y[1S2l,BETA[086]J 

"PROCEDURE" DER(X,Y); "REAL" X; "ARRAY" Y; 
"Bi:GIN11 11 REAL" Yl,Y2; Yll•YCl]; Y2i•YC2l; 

YCll1•(Yl+e99)*1Y2•l)+e99J 
YC2Ji•lOOO*((l+Yl)*ll-Y2)-1); 
PASSES:•PASSES+l 

"ENO"; 

"PROCEDURE" OUT; 
"BEGIN" 11 RSAL 11 S; 

S:•l-lOOO*YCll-lOOl+YCZJ)/2; 
SIGMAl•ABS(S-SQRT(S*S+lO*(Y[Zl-ll)); 
DIAMETER1•2*STEP*ABS(l000*(1.99*YC2l-2*YCll*<l-YC2l>>>; 
"1F 11 X•50 11THEN 11 

OUT PUT( 61, "( 114BD,2BD,2 (-5 ZO), 2 ( 48+. 30830830 >,-5Z o. 3D,/ 11 l ", 
R,L,K,PASSES,Y[ll,Y[Zl,CLOCK-TIME) 

11 EN0 11 ; 

OUT?UT<61'"1""(" THIS LINE ANO THf FOLLOWING TEXT IS 11 111 

"("PRINTED BY THIS PROGRAM•l 11,//, 

"(" THE RESULTS WITH EFRK ARE:")",/, 
11 ( 11 R L K DER.EV. Y[l] Y[Z] 11 ) 11 

"(" TlME">",l")"lJ 
PHI1•4*ARCTAN(l)J BETACO]l•BETA[l]l■ l; 
"FOR" R:•1,2,3 1100" "FOR" L:•1,2,3 1100 11 

"BEGIN" "FOR" K: •2 "STEP" l "UNTIL" R "00" 
BET ACK l ••BETA[ K-ll lK; 
"FOR" STEPt•l,.l 11 00 11 

''BEGIN" PASSES: •Kl •O; X : ■YCZJ: •OJ Y[l J:•li TIME: •CLOCK; 
OUT; 
EFRKCX,50,1,2,Y,SIGMA,PHI,DIAMETER,OER,K,STEP,R,L,BETA, 
R>• 3, 11""4, OUT ); 

"END"; OUTPUT(61,"l"/") 11 ); 

"EN 0"; 
"END"; 
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THIS LIHE AND TH£ FOLLOWING TEXT IS PRINTED BY TH IS PROGRAM1 

THE RESULTS WITH EFRK ARE: 
R L K D!:R .ev. Y[l] YC2l TIME 
l 1 237 474 +. 765 812 555 +.433 689 306 le395 
1 l 501 1002 +.765 8'+7 870 •• 433 700 619 3e381 

1 2 52 156 +e765 570 874 +a433 615 119 o.465 
l. 2 501 1503 +.765 848 220 +.433 700 709 4e200 

l 3 52 20'3 +.765 571 278 +e433 615 202 o.531 
1 3 500 2000 +.765 848 512 +e433 700 827 4a8 79 

2 l 3317 9951 +.765 878 320 +e433 710 353 21 e808 
2 l 10,0 3150 +.765 878 321 +a433 710 330 7al53 

2 z 174 M6 +. 765 8 78 335 +a433 710 335 la385 
2 2 501 2004 +.765 878 323 +.433 709 211 4a915 

2 3 57 285 +.765 881 339 +a433 817 185 Oa64Z 
2 3 501 2505 +a765 878 323 +e433 709 72!' 5e756 

3 l 7010 28040 +.765 878 320 +a433 710 354 55.298 
3 l 3255 13020 +.765 878 320 +.433 710 374 25. 772 

'3 2 949 4745 +.765 878 319 +alt33 711 893 8a499 
3 2 1384 61120 +.765 862 498 +. 41t9 724 830 13a452 

3 3 917 5502 +.765 878 018 +a431t 105 184 9al43 
3 3 1166 69()6 +. 765 861 696 +e433 705 61tl 1,.,12 

SOURCE TEXT(S)I 

11 C ODE"" 33070; 
"PROC EDIJR !:" fFRK ( T ,TE ,MO, 11,U,SI GMA, PHI, DIAMETER,DERIVATI VE,K, STEP, R,L, 

BETA, TH1RDORDER, TOL, OUTPUT); 
"VALUE" R,L; . 
"INTEGER" MO,H,K,R,L; 
"REAL" T ,TE,S IG11A, PHI, DIAMETER, STEP ,TOL; 
"ARRAY" ll,BETA; 
"BOOLEAN" THIRDORDER; 
"PROCEDURE" DERIVATIVE, OUTPUT; 
11 aaGIN" "INTEGER" N; . 

"REAL" THETAO,THETANMl,H,B,BO,PHIO,PHIL,PI,COSPHI,SINPHI,EPS,BETARJ 
"BOOLEAN" FIRST,LAST,COHPLEX,CHANGE; 
"INTtGcR" "ARRAY" Ptl:LJ; 
"REAL" "ARRAY" HU,LABDA[01R+L-ll,PT[OIRl,FAC,BETAC[OIL-ll,RlCH01MJ, 

AC11L,l1LJ,AUXC013]; 
"PROCEDURE" El'1VSC<t,U,SHIFT,A,B,X); 11CODE 11 34020; 
"PROCEDURE"· SOL ( A,N, P., B); "CODE 11 34051; 
"PROCEDURE" DEC(A,N,AUX,P); "CODE" 34300; "COMMENT" 
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11 PROCEDURE" FOR 11 CONSTANTS; 
"BeGIN" "INTEGeR" I; 

FIRST:•"FALSE"; 
F AC [Cl J t • l; 
"FJR" ll•l "STEP" l "UNTIL" L-1 "DO" fAC[Ilt•I*FACCI•ll; 
PTCRlt•L*FACCL-ll; 
"FOR" I:•l ''STEP" l "UNTIL" R "00" 
PTCR-IJt•PT[R-l+ll*ll+II/I 

11 END" F~RM CONSTANTS; 

"PROCEDURE" FORM BETA; 
"BEGIN" "!NTEG~R" I1J; "REAL'' BB,C,D; 

11IF" FIRST 11T4EH" FORM CONSTANTS; 
"IF" L•l 11TH!Hl" 
"BEGIN" Ct•l-EXPI-Bli 

11FOR" Jr•l 11 STEP 11 l 11UNTIL 11 R 11 0011 Ct•BETA[Jl•C/8; 
BETACR+lJ1•C/B 

"END" "ELSE" 
11 IF 11 B>'tO "THEN" 
11 BEGIN 11 11 F!JR11 It ■R+l "STEP" l 11 UNT!L" R+L 11 00 11 

"BEGIN" c: ■ o; 
"FOR" J:•O "STEP" 1 "UNTIL" R "DO" 
Ct•BETA[Jl*PTCJl/lI•Jl•C/8; 
BETACill•C/B/FACCL+R-Il/FACCI•R-ll 

11 r:No 11 ; 

"tNO" "ELSE" 
"BEGIN" Ol•Ct•EXPl•Bl; BETACCL-ll1•0/FACCL•ll; 

"FOR" I:•l "ST~P" 1 "UMTIL" L-1 1100 11 
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; 

11 BEGIN" C:•B*C/I; o:•O+C; BETACCL-1-lJ:•O/FACCL-l•Il 11 END 11 ; 

BBt•li 
11FUR" !t•R+l "STEP" l "UNTIL" R+L 11 00 11 

"BEGIN11 C: -O; 
"FOR" J: ■ O "STEP" l "UNTIL" R "00" 
Ct•IBETACJl•l 11 IF11 J<L 11THEN 11 BETAC[Jl 11 ELSE" Oll* 

PTCJl/ <I-J >-C/B; 
BETACIJ: ■C/B/FACCL+R•Il/FACCI-R-ll+ 

("IF" I<L 11 THEN" BB*BETAC[Il "ELSE" Ol; 
BBt•BB*B 

t11;N0 11 

"END" 
"END" FORM BETA; 

"PROCEDURE" S~LUTION OF COMPLEX EQUATIONS; 
"BEGIN" "INTEGER" I1J,Cl1C3; 

11 Rf:AL" C2, E, Bl,ZI, COS I PH hSINIPHI,COSP HIL; 
"REAL" 11 ARRAY11 DClrL]; "C0PIMENT 11 
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"PROCEDURE" ~LEMENTS OF MATRIX; 
"BEGIN" PHIL:•PHIO; 

COSPHIZ•C □S(PHIL); SINPHiz•SIN(PHIL); 
COSlPHil•l; SINIPHit•O; 
"FOR" I:•O "STEP" l "UNTIL" L-1 "00" 
"BEGIN" Cl:•R+l+~; CZ:•l; 

"FOR" JZ•L-l "STEP" -2 "UNTIL" l •oo• 
"BEGIN" A[J,L-I]: ■cz•c □sIPHI; 

ACJ+l,L-IJ:•CZ*SINIPHI; 
C2Z•Cl*C2; Clt•Cl-1 

"EUD "; 
COSPHIL:•COSIPHI*COSPHI-SINIPHI*SINPHI; 
SINIPHI:•COSIPHI*SINPHI+SINIPHI*COSPHI; 
C OSI PHI t •COSP HIL 

11 END"; 
AUX[Z]:: ■0; DEC< A,L,AUX, Pl 

"Etl 011 EL OF 'IA T; 

"PROCEDURE" RlGHTHANDSIDE; 
"BEGIN" E:•EXP(B*COSPHil; 

Bl: •B*S l"IPHI•( R +l l *PHIL; 
COSIPHit•E*COSCBl); SINIPHit•E*SIN(Bl); 
Bll•l/B; ZIZ•Bl**R; 
11 f □R" J:•L "STEP" -z "UNTIL" 2 "00" 
"BEGIN" DCJ]:•ZI*SlNIPHI; 

DCJ-l]l•ZI*COSIPHI; 
CJSPHIL : ■COSIPHI*COSPH!-SINIPHI*SINPHI; 
!INIPHI:•COSIPYI*SINPHI+SINIPHI*COSPHI; 
COSIPH I t ■C OS PYIL; 
Zlc•ZI*B 

"END"; 
COSIPHI:•Zl:•l; SI~lPHI:•O; 
11 FOR• I••R "STEP" -1 "UNTIL" 0 "DO" 
"BEGIN" Cll•.I; CZl•BETACI]; 

C3: ■ "lf" Z*I>L-2 "THEN 11 2 "ELSE" L-Z•I; 
COSPHIL t•COSIPHI*COSPHI-SINIPHI*SINPHI; 
SINIPHI1•COSIPHI*SINPHI+SINIPHI*COSPHI; 
C OS!P YI: •COS PHIL; 
"FOR" J :•L "STEP" -2 "UNTIL" C3 "00" 
"BEGIN" D[Jll•DCJl+ZI*CZ*SINIPHI; 

DCJ-l]l•DCJ-ll-ZI*C2•COSIPHI; 
c2: ■c2•c1; Cl:•Cl•l 

"l:iND"; . 
Zlt•ZI*B1 

"END" 
"END" RIGHT HAND SIDE; 

"IF" PHIOA•PHIL •T~EN" ELEMENTS OF MATRIX; 
RIG~THANDS!O!:; 
SOLCA,L,P,Dl; 
"FDR" I••l "STEP" l "UNTIL" L "DO" BETACR+I]l•DCL+l-Il*Bl 
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"END" SOLOFCOMEQ; "CO~MENT" 



SECT ION s.2.1.1.,1.,1.I (AUGUST 1974) 

"PROCEDURE" COEFFICIENT; 
"BEGIN" "lNTEG~R" J,K; "REAL" C; 

80l•B; PHIOl•PHI; 
"IF" B>•l "THEN" 
"BSG1N" "If" COMPLEX "THEN" SOLUTION Of COMPLEX EQUATIONS 

"ELSE" FORM BETA 
"END"; 
LABDA[O]l•MUCO]r•O; 
"If" THIROOROER "THEN" 
"BEGIN" THETAOt•o25J THETANMll•e75; 

"IF" B<l "THEN" 
"BEGIN" Ct•HU[N-1]1•2/3; LABDACN-1]:•5/12; 

"FOR" J:•N-2 "STEP" •l "UNTIL" l "00" 
"BCGI"I" C1•MU[Jlt ■ C/(C-a25)1(N-J+l); 

LABDA[Jl1•C•e25 
11 EMD" 

"END" "ELSE" 
"BEGIN" Cl•MU[N-l]l•BETA[Zl*4/3; LABOA[N-1]1•C-.zs; 

"FOR" Jt•N-2 "STEP" -1 "UNTIL" 1 "00" 
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"B[;G IN" C: • MU[ Jl: •C /I C•e25 l* BET At N-J +lHBET AC N•J l/ 
("IF" J(L "THEN" B "ELSE" l); 

LABDACJ H•C-.25 
"EN 0" 

"END" 
11 1:ND" 11 ELS!::" 
"BEGIN" THETAOSmO; THETANMlt•lJ 

1'lF" 8(1 "THEN" 
"BEGIN" "FOR" J:•N•l "STEP" -1 "UNTIL" l "00" 

MU[J]a ■ LABOACJ]l•l/(N•J+l) 

"END" "ELSE" 
"BEGIN" LABDACN•ll:•MUCN•llt•BETAC2l; 

"FOR" J ••N•2 "STEP" -l "UNTIL" l "00" 
MUCJJ1•LABOACJ]s•BETACN-J+ll/BETACN•Jl/ 

( 11 IF" J<L "THEN" B "ELSE" l) 
"END" 

II END" 
"END" COEFFICIENT; "COMMENT" 
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11 PROCEDURS 11 ST!:PSIZ!:; 
11BEGIN11 11 REAL 11 O,HSTAB,HSTABIHT; 

Hl•STEP; 
Dl•ABS(SIGMA*SIN(PHI))J 
COMPLEX: •L/ /Z*Z•L 11 AND 11 z•o>DIAMETER; 
11 IF 11 DIAMETER>O "THEN" 
HSTABl ■ (SIGMA**2/(DIAHETER*(OIAMETER*•25+D))>**<L*•5/R)/ 

BETAR/SlGMA 
11 eLSE 11 HSTAB: ■H; 
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O:• "IF" THIRD ORDER "THEN" <Z*TOLIEPS/BETACRl >••<ll<N•l) >• 
4**<<L-l)l(N-l)) •ELSE• (TOLIEPS)**(llR)/BETAR; 

HSTAB!NT1 ■ ABS(D/SIGMA); 
"IF" H>HSTAB "THEN" H:•HSTAB; 
"If" H>HSTABINT "THEN" Ht•HSTABINTJ 
•IF• T+H>TE*(l-K*EPS) •THEN" 
"BEGIN" LAST:• 11TRUE11 ; H1•Tf-T 11EN0 11 ; 

Bt•H*SIGMA; o: ■ DlAMETER•.l•H; Ol•D•o; 
"IF" H<T*EPS "THEN• "GOTO• ENDOFEFRKJ 
CHANGEt•BO•-l 11nR 11 ((8-BOl*IB-BO)+B*BO*IPHI•PHIO>*<PHI•PHIOl)D) 

"END" STEPS IZ E; 

"PROCEDURE" DIFFERENCESCHEME; 
"BEGIN" "INTEGER" I,J; "REAL" MT,LT,THT; 

I : ■•l; 
NEXTTERM r 
I••I+l; MT1•MUCil*HJ LTt•LABDACil*Hi 
11 FOR 11 Jt•MO 11 STEP 11 1 11 UNTIL11 M 11 D0 11 RLCJ]l•UCJl+LT*RLCJ]; 
DERIVATIVE(T+MT,RL); 
"lF'' I•O "OR" l•N•l "THEN" 
•BEGIN• THTt••IF" I•O •THEN• THETAO*H "ELSE• THETAN"l*HJ 

ELMVEC(M01M,O,U1RL1THT) 
11 EU 011 ; 

"IF" I<N-l 11THEU" "GOTO• NEXTTERH; 
Tt•T+H 

11 END 11 DIFFERENCE SCHEME; 

N 1•R+L; fIRSTl•"TRUE"i BOt ■•li BETARl•BETA[Rl**<l/R); 
LAST1••FALSE"i EPS:•z••<-48); Pil•PHI01 ■PHIL1•4*ARCTAN(l); 

NEXTLEVEL: 
STEPSIZE; 
•IF" CHANGE •THEil" COEFFICIENT; 
K&•K+l; 
DlFFeRENCe SCHeME; 
OUTPUT; 
"IF" •NOT" LAST "THEN" "GOTO" NEXTLEVEL; 

ENDOFEFRKI 
"END" EXPONENTIALLY FITTED RUNGE KUTTA; 

111:UP" 
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