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SECTION 3 4,1 (JULY 1974) PAGE 1

AUTHOR H JoWe DANIEL,
REVISOR H Jeo KIKe
INSTITUTE MATHEMATICAL CENTRE.

RECEIVED 730528 (EULER)

730917 ( SUMPOSSERIES),

BRIEF DESCRIPTION 3

THIS SECTION CONTAINS TWwo PROCEDURES FOR THE SUMMATION OF
CONVERGENT INFINITE SERIES?®

EULER PERFORMS THE SUMMATIOM OF AN ALTERNATING SERTES,

SUMPOSS cRIES PERFORMS THE SUMMATION OF A CONVERGENT SERIES WITH
POSITIVE MONOTONICALLY DECREASING TERMS USING THE VAN WIJNGAARDEN
TRANSFORMATION OF THE SERIES TO AN ALTERNATING SERIES,

KEYWORDS @

SUMHATION,
SERIES,
VAN WIJNGAARDEM TRANSFORMATION.

SUBSECTION : EULER,
CALLING SEQUENCE 1

THE HEADING OF THE PROCEDURE IS 3
YREAL""PROCEDURE" EULER(AI, I» EPS, TIM);
WYALUE® EPS, TIM; MINTEGER® I, TIM; WREAL®™ AI, EPS;

EULER @ DELIVERS THE COMPUTED SUM OF THE INFINITE SERIES
ALIl, It= 0slseee °

THE MEANING OF THE FORMAL PARAMETERS 1St

Al H CARITHMETIC EXPRESSION>;
THE SUMMAND,
THIS EXPRESSION WILL BE DEPENDENT ON THE JENSEN
PARAMETER I3
AI IS THE I=TH TERM OF THE SERIES (I >= 0)e

1 H <VARIABLEY>;
JENSEN PARAMETER,

EPS,TIM: <ARITHMETIC EXPRESSION>;
THE SUMMATION IS CONTINUED UNTIL TIM SUCCESSIVE TERMS
OF THE TRANSFORMED SERIES ARE IN ABSOLUTE VALUE LESS
THAN EPSe



SECTION t 4,1 (DECEMBER 1975) PAGE 2

PROCEDURES USED : NONE.

REQUIRED CCNTRAL MCMORY s

EXECUTION FIELD LENGTH : 256
LANGUAGE s ALGOL 60

METHOD AND PERFORMANCE :

EULER PERFORMS THE SUMMATION OF AN ALTERVATING SEQUENCE BY APPLYING
EULER?'S TRANSFORMATIONa BY THIS TRANSFORMATION THE SEQUENCE CF
TERMS IS REPLACED BY THE SEQUENCE OF MEANS OF TWO SUCCESSIVE TERMS.
IF NECESSARY THE NEW SEQUENCE IS AGAIN TRANSFORMED BY EULER®S
TRANSFOIRMATIONe THE SUMMATION STOPS WHEN TIM SUCCESSIVE TERMS OF
THE (ONCE OR SEVERAL TIMES TRANSFORMED) SEQUENCE ARE IN ABSOLUTE
VALUEZ LESS THAM EPS,

REFERENCES 3
PeNAURy, EDe ¢ REVISED REPORT ON THE ALGURITHMIC LANGUAGE
ALGOL 60, COPENHAGEN (1964),

FXAMPLE OF USE H

THE PRUOGRAM :

YBEGIN""INTEGER" K3
WREALPWPROCEDURE™ EULER(As Bs C» D)5 ®CODE" 32010;

QWTPUT(HLy M("+e8D" 42D )0,
EULER((= 1) #% K / (K ¢ 1) %% 2, Ky "= 6, 100))
REND®
DELIVERS :

+682246703"+00,



SECTION & 4,61 (JULY 1974) PAGE 3

SUBSECTION ¢t SUMPOSSERIESS,
CALLING SCQUENCE H
THE HZADIMG 0OF THE PROCEDURE IS H

WREAL®APRICEDURE" SUMPUSSERIES(AI, I, MAXADDUP, MAXZERO», MAXRECURS.
MACHEXP, TIM);

"VALUE" MAXADDUP, MAXZEROs MAXRECURS, MACHEXP, TIM;

WREAL® AY, I, MAXZERO; WINTEGER® MAXADDUP, MAXRECURS, MACHEXPs TIM;

SUMPOSSCRIES ¢ DELIVERS THE COMPUTED SUM OF THE INFINITE SERIES
ALI] 5 It= 15250cee ®

THE MEANING OF THE FORMAL PARAMETERS 1IS:
AT 3 CARITHMEITIC EXPRESSION>;
THE SUMMAND,
THIS EXPRESSION SHOULD BE DEPENDENT ON THE JENSEN
PARAMETER I;
Al IS THE I=TH TERM OF THE SERIES (I >= 1)
I CYARIABLE>;
JENSEN PARAMETER.
MAXADDUP & <ARITHMETIC EXPRESSIIND;
UPPER LTIMIT FOR THE NUMBER OF STRAIGHTFORWARD ADDITIONS

@
MAXZERD, TIM 1
<ARITHMETIC EXPRESSIOND;
TOLERANCES EPS AND TIM NEEDED FOR A CALL OF THE
PROCEDURE EULER (THIS SECTIOM)e MAXZERO IS ALSO USED
AS A TOLERANCE FOR MAXADDUP STRAIGHTFORWARD ADDITIONS.
MAXRECURS t <ARITHMETIC EXPRESSIOND;
UPPER- LIMIT FOR THE RECURSION DEPTH OF THE
VAM WIJHGAARDEN TRANSFORMATINNS.
MACHEXP 12 <ARITHMETIC EXPRESSIOND;
IN ORDER T AVOID OVERFLOW AND EVALUATION OF THOSE
TERMS WHICH CAN BE NEGLECTED» MACHEXP HAS TO BE THE
LARGEST ADMISSIBLE VALUE FOR WHICH TERMS WITH INDEX
K % (2 ** MACHEXP) CAN BE COMPUTED (K IS SMALL).
OTHERWISE OVERFLOW MIGHT OCCUR IN COMPUTING A VALUE FOR
THE JENSEN PARAMETER I, WHICH CAN BE AN UNUSUALLY
HIGH POWER OF 2

PROCEDURES USED 3 EULER = CP32010,

REQUIRED CENTRAL MEZMORY t

EXECUTION FIELD LENGTH : ABOUT 1000 % RECURSION DEPTH.

LANGUAGE : ALGOL 60



SECTIAN ¢t 4,1 (JULY 1974) PAGE &

METHDD AND PLRFORMANCE ¢

WHEM THL TERMS AI WITH INDICES

MAXADDUP + 15 see s MAXADDYP + TIM ARE ALL LESS THAN MAXZERGOs
CUNVERGENCE 1S ASSUMED AND SUMPOSSERIES D:LIVERS THE SUM OF THE
SERIES BY STRAIGHTFORWARD ADDITION UNTIL TIM SERIAL TERMS ARE LESS
THAN MAXZEROe OTHERWISE THE VAN WIJNGAARDEN TRANSFORMATICN IS
APPLIED, YIELDING Afl ALTERNATING SERIES WHICH IS SUMMeD UP WITH
LULER'S METHODe SINCE THE TERMS OF THIS ALTERNATING SERIES ARE
THEMSELVES INFINITE SERIES WITH POSITIVE TERMSs THE HERE DESCRIBED
PROCESS IS RECURSIVELY CALLED FOR THE SUMMATION OF EACH

TERM THAT IS WANTED BY EULERYS METHOD.

HOWZVER, ONLY STRAIGHTFORWARD :ADDITION IS APPLIED IF THE ALLOWED
RECURSION LEVEL (SPECIFIED BY MAXRECURS) HAS BEEN REACHED,

IN THE RECURSION THE PROCESS ASKS FOR TERMS Al WITH INDICES OF

THE TYPC J * (2 %% K), IN WHICH K CAN BE VERY LARGE. IN ORDER

TO AVIID OVERFLOW AN UPPER BOUND FOR K MUST BE GIVEN IN MACHEXP.
IF K EXCEEDS THIS BNUND THE CORRESPONDING TeRM IS TAKEN TO BE Z&ROs

REFERENCES ¢

[11 DANTEL, Jele 2

’ SUMMATION OF A SERIES OF POSITIVE TERMS 8Y COMDENSATION
TRANSFORMATIONSe MATHe OF COMPe Ve23s Pe91=96 (1969),

[21 WIJMGAARDEMs Aes VAN 1t
COURSE SCIENTIFIC COMPUTING By PROCESS ANALYSIS (DUTCH)
MATHEMATISCH CENTRUM CR=18 (1965),

EXAMPLE AF USE 1t
THE PRIGRAM @
WBEGIN®MCOMMENT® 730808, EXAMPLE OF THE USE OF SUMPOSSERIES;
"REAL""PROCEDURE" SUMPOSSERIES(A, By C» Dp Es Fs G); "CODE®
320203
MINTEGER" I

QUTPUT(61s "™("™/5 +,12D7+DD% )",
SUMPOSSERIES(L / I *% 2, I, 100, "= 7, 85 1068, 10))

"END
DELIVERS ¢
+0164493406604"+01

NUMBER OF TERMS USED 2 4H2,
RECURSION DEPTH 3 1.



SECTION : 4ol (JULY 1974) P AGE

SOURCE TEXT(S) 3

WCNDEY 320103
WREAL"WPROCEDURE" ECULER(AL, Is EPSs TIM);
WYALUE® EPS, TIM; ®IMTEGER® I, TIM; “REAL®™ AI, EPS;
NBEGINWNINTEGER® Ky Np T3 MREAL™ MN, MP, DS, SUM; ®ARRAY™ M[0O3151;
Ni=s Ts= 0; Ise 0; M[0):= AI; SUM:s N[O] / 2;
NEXT TERMs Is= I 4 13 MN3= AIj;
WEQR® Kie § ®WSTEPY 1 ®UNTIL®™ N wDQ¥
WREGIN® MP:= (MN + MLK]) / 2; MLKl:= MN; MNi= MPp WEND®;
NIFY ABS(MN) < ABS(MIN]) & N < 15 ®THEN"
®BEGIN® DSt= MN / 2; N3= N + 15 MIN]t= MN WEND® WELSE® DSta MMN;
SUMz:= SUM ¢ DS; Ts=s WIF™ ABS(DS) < EPS MTHEN" T + 1 ®WELSE® 03
niF® T &£ TIM YTHEN® "GO TO"™ MEXT TERM;
EULER3= SUM
REND® EULER;
"EOP"

"CODE™ 320203
WREAL® ®PROCEDURE®™ SUMPUSSERIES(AI, I, MAXADDUP», MAXZERO,MAXRECURS,»
MACHEXP» TIM);
WYALUE®™ MAXADDUP, MAXZERO» MAXRECURS, MACHEXP, TIM;
WREAL" AI, I, MAXIERO; ®INTEGER® MAXADDUP» MAXRECURS, MACHEXP» TIM;
WBEGIN® "INTEGER™ RECURS, VL, VL2» VL43
WREALY "PROCEDURE™ EULER(AI, I, EPS, TIM); ®CODE™ 320103

WREAL" "PROCEDURE™ SUMUP(AI, I); ®REAL® AI, I;
WBEGIN® WINTEGER"™ J; "REALY™ SUM», NEXTTERM;
I:= MAXADDUP + 1; J:= ]1;
CHECK ADD: "IF"™ AI <= MAXZERO "THEN"
RBEGINW®IF® J < TIM WTHEN®
WBEGIN® Jt=w J + 1; Tt=s I 4 1; "GO TO® CHECK ADD WEND®
"END""ELSE"
"IF™ RECURS "= MAXRECURS "THEN""GD TO" TRANSFORMSERIES;
SUMs= 03 Ist= 03 Ji= O3
ADD LOOP: I:= I ¢+ 1; NEXTTERM:= Al;
Jim WIF® NEXTTERM <= MAXZERQO "THEN® J + 1 “ELSE™ 0;
SUMta SUM + NEXTTERM;
WIF® J§ < TIM "THEN"®GO TO®™ ADD LOOP;
SUMUP:= SUM; "GD TO" GOTSUM;
TRANSFORMSERIES:
WBEGIN®®BOOLEAN® JODD; ®INTEGER™ J2;5; WARRAY® VI[1sVL];

WREAL""PROCEDURE" BJK(Jp K)3 ®VALUE™ Js K3 "REAL®™ K3
HINTEGER" J;
WBEGIN""REAL® COEFF;
WIF® K >» MACHEXP "THEN®" BJK3= 0 MELSE™
WBEGIN® COEFFsm 2 #% (K = 1); I:= J * COEFF;
BJKs= COEFF * Al
REND R
WEND® BJK



SECTION ¢ 4,1 (JULY 1974) PAGE

WREALWMPROCEDURE"™ VJI(J); "VALUE™ J; "INTEGER" J;
"BEGLN""REAL" TEMP» K;
MIF® JODD "THENW
WBEGIN® JODD:= "FALSE"™; RECURS:= RECURS + 1;
TEMP:= VJ:= SUMUP(BJK(J, K)s K)3;
RECURSt= RECURS =~ 1;
WIFm § <= VL WTHENW V[J1s= TEMP RELSE"™
wIF® J <= VL2 "THEN®" V[J = VL1zs TEMP
"EMD" " EL SEII
WBZGIN® JODD3= WTRUEM™; ®IF® J > VL4 ®THENW
"BEGIN™ RECURS:= RECURS + 1;
Vits = SUMUP(BJK(Js K)» K); RECURS:= RECURS = 1
"&‘N D""ELSEII
WREGIN® J2t= J2 + 13 It= J2;
WIFM J > VL2 BTHEN® VJis = (V[J2 = VL] = ATI) / 2
WELSEM
PREGIN® TEMPt= VIWIF® J <= VL WTHEN® J WELSE®
J = VL1t= (V[J21 = AI) / 25 Vizes = TEMP
llﬁND"
"EN D"
REND"
WEND"™ VJ;

J2i=s 03
JODDs= "TRUE"; SUMUPte= EULER(VJI(J + 1)» Js» MAXZERO, TIM)
BEND® TRANSFORMSERIES;
GOTSUM:
nENDY SUMUP;

RECURS?= 0; VLt= 1000; VL23= 2 # VL; VLéi= 2 * VL2;
SUMPOSSERIES:=. SUMUP(AI, I)

WENO® SUMPOSSERIES; .
ngQe e
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StCTION 4e2e1 CONTAINS TWO ALTERNATIVE PROCEDURES FOR THE COMPUTATION
iJF A DEFINITE INTEGRAL.

As THE PROCEDURE OADRAT USES HIGH ORDER INTEGRATION RULES (UP TO 16=TH
ORDER) AND IS APPROPRIATE FOR THE EVALUATION OVER A FINITE
INTZRVAL.

Bs THE PRUCEDURE IMTEGRAL USES A 65=TH QORDER METHND AND CAN ALSO BE
USED TO CALCULATE THE INTEGRAL OVER A NUMBER OF CONSECUTIVE
INTERVALSe MOREOQVER THEZ PROCEDURE CAN BE USED FOR THE COMPUTATION
OF THE DEFINITE INTEGRAL (OVER AN INFINITE INTERVALs

FOR A COMPARISION OF A NUMBER OF PROCEDURES THAT EVALUATE DEFINITE
INTEGRALS ¢ SEE REFL[2],

REFEREMCES ¢

[11 TeJeDEKKER AND Ce JoROOTHART,
INTRODUCTION TO NUMERICAL ANALYSIS. (DUTCH)
HATHe CENTRE REPORT CR 244/74s AMSTERDAM.
[2] CeJoROODTHART AND He FIOLETs
QUDRATURE PROCEDURESS
MATHe CENTRE REPORT MR 137/72, ANSTERDAM,
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AUTHORS?: CoJe ROOTHART,
CONTRIBUTORS? PoWeHEMKER
INSTITUTE: MATHEMATICAL CENTRE.
RECEIVED® 730530,

BRIEF DESCRIPTION:

QADRAT COMPUTES THE DEFINITE INTEGRAL OF A FUNCTION OF ONE
VARIABLE 'OVER A FINITE INTERVAL.

KEYWORDS ¢

INTEGRATION,
QUADRATURE »
DEFINITE INTEGRAL

CALLING SEQUENCE?

THE HEADING OF THE PROCEDURE READS:
BREAL® "PROCEDURE"™ QADRAT (X, As By FXs E);
"YALUE" A, B3 "REAL"™ X» A» By FX; "ARRAY"™ E3

QADRATs DELIVERS THE COMPUTED VALUE OF THE DEFINITE IMTEGRAL FROM
A TO B 0OF THE FUNCTION F(X);

THE MEAMING OF THE FORMAL PARAMETERS ISt
X3 <VARIABLE>;
INTEGRATION VARIABLE; X CAN BE USED AS A JENSEN=PARAMETER
DURING THE EVALUATIONS OF FX;
AsB13 <ARITHMETIC EXPRESSIOND>;
(AsB) DEMDTES THE INTERVAL NF INTEGRATINON;
B < A IS ALLOMWED;
FXs <ARITHMETIC EXPRESSIOND;
FX DENOTES THE INTEGRAND F(X)e THIS EXPRESSION WILL BE
DEPENDENT OMN THE JENSEN=PARAMETER X
E: <ARRAY IDENTIFIERD;
WARRAY" E[1:31;
ENTRY: E[1Js THE RELATIVE ACCURACY REQUIRED;
EC2]: THE ABSOLUTE ACCURACY REQUIRED;
EXIT: E[31: THE NUMBER OF ELEMENTARY INTEGRATIONS WITH
H < ABS(8=A) * E[1],



SECTION t 4,25104A (JULY 1974)

PROCEDURES USEDt MONE.

REQUIRED CENTRAL MEMORY:
EXECUTION FI1ELD LENGTH: CIRCA 16 + 9 * RECURSION DEPTH.

RUNNING TIME: DEPENDS STRONGLY OM THE DEFINITE INTEGRAL TO

LANGUAGE: ALGHOL 60,

METHOD AND PERFORMANCES SEE REFL[11,

REFERENCES:

[11:CeJosROOTHART AND He FIOLET.
QUADRATURE PROCEZDURESe
MATHe CENTREs AMSTERDAMe REPORT MR 137772

EXAMPLE 0OF USE:

WBEGIN
WREAL™ "PROCEDURE™ QADRAT(XsA»BsFXs E); "CODE" 32G70;
MWARRAY® E[133]; "REAL™ T,Q;
Ef11:= E[2]:=m. =0Q;
Q:= QADRAT(T»053141592653589 HSIN(T)»E);
OUTPUT(61,"(®/,+,150%+3D, 3B532D5 /™ )R5Q,E[3])3

nENDY

DELIVERS:

+9200000000079740%+001 0

PAGE 2

COMPUTE.
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SOURCE TEXT(S):3

"CODE" 320703
RREAL™ "PROCEDURE"™ QADRAT(Xs Ay Bs FX» E);
BYALUE® Ay B; MREAL® X, As By FX; "ARRAY™ E;
WREGIN® WREAL™ F0», F2, F3, F5s Fb6s F7s F9s
Flby Vs Wy HMINs HMAXs REs AE;

WRCAL® ®PROCEDURE™ LINT(XQ» XN» FO, F25 F3, F5, Fbs F7s F9» F1l4);
NREALY XOs XMp FOp F2» F3s F59 Fby F7s F9s Fl4;
wBEGIN® WREAL™ Hy XMs Fls Fby FB8, Fl0» F1lls F1l2, F13;

XMs= (XO + XN) / 2; Ht= (XN = X0) /7 32; Xi= XM + & * H;

FBim FX; Xt= XM = 4 # H; Fllte FX; Xts XN = 2 ®* H; Fl2z:e FX;

Vim 0,330580178199226 * F7 + U.173485115707338 * (F6 + F8) +

06321105426559072%(F5 + F9) + 0,135007708341042 * (F3 + Fl1)

+ De165714514228223%(F2 + F1l2) + (3,393971460638127%= 1 * (FO

+ Fl4); X:m XQO 4+ H; Fl:= FX; Xtw XN = H; Fl3s= FX;

sm (00260H652434656970 * F7 + 042390A3286684765 * (F6 + F8) +
0,263062635477467%(F5 + F9) + 0.,218681931383057 * (F3 + F11)

+ 0,275789764664284"m= 1 * (F2 + F12) + 0s105575010053846% (F1

+ F13) + De157119426059518"=~ 1 % (FQ + Fl4);

NIFM ABS(H) < HYMINM "THEN" EC31%= EL[3] + 1;

MIFM ABS(Y = W) < ABS(W) * RE + AE ®ORY™ ABS(H) < HMIN

NTHEN® LINT:e Y % 4 WELSE"

BEEGINY Xim X0 + 6 % H; F43= FX; s XN = 6 % H; FlOs= FX3
Vims 06245673430093324% F7 + 04255786258286921% (Fé6 + F8) +
0:228526063690406%(F5 + F9) + 0,500557131525460%= 1%(F4 +
F10) + 017794648 7736780%(F3 + F11)+0.584014599347449"= 1
* (F2 + F1l2) + 0.874830942871331%"= 1 * (F1 + F13) +
0e189642078548079%= | * (FO + F1l4);

LINT:=s nIFP ABS(V = W) < ABS(V) * RE + AE WTHEN® H * V
. WELSEY
LINT(XO0» XMs FOs Fls» F2, F3» F4s F55 F6y F7) = LINT({XN»
XMy Fl4s Fl3, Fl2s Fll, F1l0s» F9s FB8s FT7)
w3Npn
WEND" LINTS

HMAXt= (B = A) / 16; WIFW® HMAX=0 STHEN®
PR EGIN® QADRAT:= 0Q; "GOTO"™ RETURN mEND®;
RE:a E[1]; AE:= 2 % E[2] / ABS(B = A); E[31:= Q;
HMINst= ABS{(B = A) * RE; X3t= A; FO3= FX;
Xtm A + HMAX; F23=s FX; Xtm A + 2 * HMAX; F3:s FX;
Xsm A + 4 % HMAX; F5:s FX; Xt= A + 6 % HMAX; Fb:= FX;
Xt= A + 8 #% HMAX; F73= £X; X3s B = 4 * HMAX; F93= FX; X3= Bj;
Fl43= FX;
QADRAT:= LINT(As, B» FO» F25 F35 F55 Fbs FT7s F9» F1l4) * 163
RETURN:
"END"™ QADRAT;
nEQPN






SECTION ¢ 462e1s8B (JULY 1974)

AUTHOR: HeMeGLORIE,

CONTRIBUTIR: HeFLULET

INSTITUTE ¢ MATHEMATICAL CENTRE.

RECEIVED: 730606,

BRIEF DESCRIPTION:

INTEGRAL CALCULATES THE DEFINITE INTEGRAL OF A

PAGE 1

FUNCTION OF ONE

VARIABLE, OVER A FINITE NR INFINITE INTERVAL OR OVER A NUMBER OF

CONSECUTIVE INTERVALS,

KEYWORDS?

DEFINITE INTEGRAL,»
INFINITE INTERVAL»
SIMPSON RULE,
KICHARDSON CORRECTIUN,



SECTION : 4420168 (JULY 1974) PAGE 2

CALLING SEQUENCE:

THE HZADING OF THE PROCEDURE READS:
MREAL" "PROC EDURE"™ INTEGRAL(X»AsBsFXsEsUAsUB);
WVALUE® A,B3FWREAL®™ X,AsB,FX;MARRAY® E;RBOOLEAN® UA,UB;

INTEGRAL:®

DELIVERS THE COMPUTED VALUE QF THE DEFINITE INTEGRAL OF THE
FUNCTION FROM A TO B; AFTER SUCCESSIVE CALLS DF THE PROCEDURE.»
THE INTEGRAL OVER THE -TOTAL INTERVAL IS DELIVEREDs JeEs THE
VALUE D0OF A IN THE LAST CALL WITH UAs“TRUE"™ IS THE

STARTING POINT OF THE INTERVAL,

THE MEANING OF THE FORMAL PARAMETERS 1IS:

Xz <VARIABLE>;
INTEGRATION VARIABLE;X CAN BE USED AS JENSEN=PARAMETER
FOR FXs

AsB: <ARITHMETIC EXPRESSION>;
(A»B) DENOTES THE INTERVAL OF INTEGRATION;B<A IS ALLOWEDS

FXs <ARITHMETIC EXPRESSIOND;
THE INTEGRAMD F(X);
3 <ARRAY IDENTIFIERD;

"ARRAY"™ [[1361;
ENTRY ¢ EC11:THE RELATIVE ACCURACY REQUIRED;
CL212THE ABSOLUTE ACCURACY RsQUIRED;
EXIT: E£031: THE NUMBER OF SKIPPED INTEGRATION STEPS;
€[41:THE VALUE OF THE INTEGRAL FROM A TO B;
EL53smIF™ UB "THEN®™ B "ELSE®™ 03
EL61z"IF" UB "THEN® F(B) "ELSE" 0;
Jaz <BNOL EAN EXPRESSIOND;
DETERMINES THE STARTING POINT OF THE INTEGRATION;
STARTIMG POINT:=®IF®" UA PTHEN® A "ELSE"™ E[5];
us: <BOOL EAN EXPRESSIOND;
DETERMINES THE FINAL POINT OF THE INTEGRATION;
FIMAL POINT:="IF" UB WTHEN" B WELSE"
WIF® B>A "THEN" +INFINITY "ELSE"™ «=INFINITY;
IN THE CASE UB="FALSE"™ » THE VALUE OF B IS STILL RELEVANT
(SEE METHOD AND PERFORMANCE).

PROCENURES NSED: NONECe

REQUIRED CLMTRAL MEMORY:

EXECUTION FIELD LENGTH: CIRCA 16 + 5 * RECURSION LEVEL.

RUNNING TIME: DEPENDS STRONGLY OM THE INTEGRAL TO COMPUTE,



SECTION : 4e2e16B (MARCH 1977) PAGE 3

LANGUAGKE ¢ ALGOL 60,

METHOD AND PERFORMANCE:

INTEGRAL USES THE SUBPROCEDURE QAD FOR THE CALCULATION OF THE
DEFINITE INTEGRAL OVER A FINITE INTERVAL. THIS IS DONE BY MEANS OF
SIMPSON *S RULE WITH RICHARDSON CORRECTIONe IF THE FOURTH DERIVATIVE
IS TOO LARGE (AND THUS THE CORRECTION TERM) » THE TOTAL INTERVAL IS
SPLIT INTO TWO EQUAL PARTS AND THE INTEGRATION PROCESS IS INVOKED
RECURSIVELYe THIS IS DONE IN' SUCH A WAY THAT THE TOTAL AMOUNT OF
RICHARDSON CORRICTIONS IS SLIGHTLY SMALLER THAN OR EQUAL TO
EL1]1 * ABS ( THE INTEGRAL FROM A TO B OF (FX) ) + El[23.

THE INTEGRATIOH OVER AN INFINITE INTERVAL REQUIRES TWO CALLS 9F THE
PROCEDUYRE QADe IN THE FIRST CALL QAD COMPUTES THE DEFINITE INTEGRAL
FROM A TO 8 o IN THE INTERVAL FROM B TO + OR = INFINITY

THE INTEGRAMD IS TRANSFORMED BY MEANS OF THE SUBSTITUTION
Zwl/ (X+1=3) TO THE DEFINITE IMTEGRAL 0OF F(B=1+1/Z)/Z%%2 FROM 0 TO
le FOR THE TINTECGRATION OF A DEFINITE INTEGRAL OVER A FINITE
INTERVAL THE WMSE OF NADRAT IS RECOMMENDED ,ESPECIALLY WHEN HIGH
ACCURACY IS REQUIRED,

REFERENCES ¢

1] TeJeDEKKER AMD CeJsROOTHART
INTRODUCTION TO NUMERICAL ANALYSIS.(DUTCH)
MATHeCENTRe REPORT CR 24/71s AMSTERDAM.
[2] CeJeRONTHART AND HeFIOLETs
QUADRATURE PROCEDURESe
MATHeCENTR, REPORT MR 1377/72» AMSTERDAM,

EXAMPLE OF USE:

WBEG INT
RREAL® ®PROCEDURE®™ INTEGRAL(XsAsBsFXsEsUA,UB);;"CODE® 32051;
WARRAY" E[1:61;"REAL®™ Ap,Bs X; "BOOLEAN" UA,UB;
UA:s"TRUE"; EL1]:=E[2]2="=14;
BFOR® Bt=2,4,205,100 "*DO®
"BEGIN® UBt =B<50;
A3 sINTEGRAL(Xs=1,5=Bs10/X**%2,E5,UA»UB);
OQUTPUT(6L,"("NsB+DDBsN»2(B+DDDB)» /™) ")
AyEL33,EL41,E[515E061);
UAsamFALSEN
nEMD
" ﬁND ”

DELIVERS?

=4 $9999999999999" +000 +00 =449999999999999 =002 +003
=764999999999998" +000 +00 =704999999999998 =004 +001

=9, 5000000000000%+000 +00 =~9,5000000000000 =020 +000¢
=969999999999998"+000 +01 =969999999999998 +000 +000 °
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SOURCE TEXT(S):

"CaDL" 32051
WREAL® WPROCEDUREC® INTEGRAL(Xs As Bs FXs Es» UAs UB)3
WVALUE" ApB;"REAL™ Xs Ay Bp FX; "™ARRAY®™ E; "BOOLEAN™ UA, UB;
NBEGIN®
"RCAL™ "PROCGDUREM™ TRANSF;
"BLGIN® Ztm 1 / X3 Xte 7 + Bl; TRANSFtm FX % 7 % 7 WENDY;
WREAL® "PROCEDURE™ QAD(FX); "REAL™ FX;
"REGIN™ WREAL™ T, Vs, SUM» HMIN;
RPROCEDURE® INT; '
"BEGIN® MREAL" X35 X4s F3s F4s H;
X4:=s X2; X23= X1; 'F4ts F2; F2i= F1l;
ANFW: Xt= Xls= (X0 + X2) * o5; Fli=s FX;
Xi1m X3tm (X2 + X4) * o5; F33im FX; Hzw X4 = X0;
Vis (4 * (F1 4 F3) 42 * F2 + FQ + F4) * 15;
Ti= 6 % F2 =4 * (Fl + F3) + FO + Fé4;
HIF® ABS(T) < ABS(V) * RE + AE ®WTHEN®
SUM:=sSUM + (V = T) * H "ELSEY
HIF" ABS(H) < HMIN ®THEN"™ E[31:= E[3] +1
WpLSEn
WBEGIN™ INT; X23= X33 F2is F3; “GOTO" ANEW WENDWY;
© X0s= X435 FOs= F&
WEMDY INT;

HMIN®= ABS(XC = X2) * REj; Xs= X1li= (XO + X2) * o5;
Fl:=FX;SUM2= Q03 INT; QAD:= SUM / 180
"ENDY QAD;
NREAL® X0, X1s X2s FOs Fls F2» REs AEs Bls Z;
REs= E[11; "IF™ UB "THEN" AE:= E[2] % 180 / ABS(B = A)
NELSEY AE:= [[2] % 90 / ABS(B = A); “WIF® UA "THENY™
"REGINT EL[31t= E[41:= Q3 Xt= XOt= A; FOt= FX "ENDY
mELSER
MBEGIN® X:= XO:= Asm E[5]; FOt= EL6] WENDY;
E[512s X3= X2:= B; E[6]3= F2t:= FX; FL[4&13= E[4] + QAD(FX);
nIFEN  “UB WTHEN®
NREGIN® WIFM A £ B MTHEN®
"BEGINY Blite B =1 ; XQO:t= 1 TENDW®
WELSE"
PBEGIN® Bls= B +1 ; X03= =] W®ENDWM;
FO:= EL[6]1; E[5]12= X23= 0; E[61:= F2:= Q;
AEs= E[2] * 90;
EL4]t= £[4]1 = QAD(TRANSF)
WEND®
INTEGRAL:= E[ 4]
"END" INTEGRAL;
"EOP"
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AUTHOR @ Pols HEMKER,
CONTRIBUTOR : FeGROEM

INSTITUTE ® MATHEMATICAL CENTRE.
RECEIVED & 740620,

BKRIEF DESCRIPTION 3

TRICUB CAOMPUTES THE DEFINITE INTEGRAL OF A FUNCTION OF
VARIABLES OVER A TRIANGULAR DOMAINe

KEYWORDS @

INTEGRATION

QUADRATURE»

MOR EDIMENSIONAL QUADRATURE,
CUBATURE»

DEF INITE INTEGRAL,

CALLING SEQUENCE :
THE HZADING OF THE PRNCEDURE READS 3
RREAL® WPROCEDURE®™ TRICUB ( XI, YI», XJs YJs» XKs YKy F» REs» AE
UYALUE"™ XIs YIs XJs» YJ» XK» YKs REs AE;
WREAL"™ XI» YI» XJs» YJo XK» YK» REs» AE;
WREAL'" ®PROCEDURE"™ F3
MCODE® 3207%;

TRICUB := THE COMPUTED VALUE OF THE DEFINITE INTEGRAL OF

PAGE 1

WO

L H

THE

FUNCTION F ( X, Y ) OVER THE TRIANGULAR DOMAIN T WITH

VERTICES ( XI» YI )» ( XJsp YJ ) AND ( XKp YK }o



SECTION

THE
X1y

XJs

XK»

AEs

! hede? (DECEMBER 1979)

MIANING OF THL FORMAL PARAMETERS IS ¢

YIi:

YJ:

CARITHMETIC DXPRESSIOND;
ENTRY 3 THE COORDINATES OF THt
TRIANGULAR DOMAIN OF INTEGRATION;
CARITHMETIC EXPRESSIOND;
ENTRY : THZ COORDINATES A0OF THE
TRIANGULAR DOMAIN OF INTEGRATINN;
CARTITHMETIC EXPRESSIOND;
ENTRY : THL CODRDINATES O0OF THC
TRIANGULAR DOMAIM 0OF INTCGRATION;

PAGE 2

FIRST VeRTEX OF THE

SECONMD VFRTEX OF THE

THIRD VERTEX 0OF THE

PEMARK: THE ALGORITHM IS SYMMETRICAL IN THE VERTICES; THIS
IMPLIcS THAT THS RESULT OF TH: PROCEDURE (ON ALL COUNTS) IS
IMVARIANT FOK ANY PERMUTATION OF THE VERTICES

<PROCLDURE TIDENTIFIZR>;

THL HLADING OF THIS PROCZDUR: READS:
UREAL® WPROCEDURE" F ( Xy Y )5 MREALY X, Y;
THIS PROCEDURE DEFIMES THE INTLEGRAND;

<ARITHHETIC EXPRESSIOND;

ENTRY: THI REQUIRED ABSOLUTZ AND RELATIVE ERROR

RESPECTIVELYs AONE SHOULD TAK: FOR
VALUES WHICH ARE GREATER THAN THE
RELATIVE [RROR IN THdE COMPUTATION

PROCEDURES USED ¢ NIN%e

REQUIRED CUWTRAL MIMIRY 3

THE
REAL

RUNNLING TIME

PROCESS IS PROGRAMMED

NUMBERS ARG USEDe HNWEVERs FOR ANY
RE AND AF THE RECURSION DEPTH WILL MOT £XCELD THE NUMBER OF BITS 1IN
A RZALYS MANTISSA,

MAEN AND MREW
ABSOLUTE AND
0OF THE INTEGRAND Fo.

RECURSIVELY, AT EACH RECURSION LEVEL 43

PROPERLY CHOSEN VALUES OF

t DePENDS STRONGLY ON THE INTEGRAL TO COMPUTE.

MEITHOD AND PERFORMANCE @

A NCSTED SEQUENCE NF CUBATURE RULES JF CRDER 25 3» 4 AND 5

IS APPLILD.

IF THE DIFFERENCE BETWEELN THE RESULT WITH THE

4=TH DEGREE RULE AND THE RESULT WITH THE 5=TH DEGREE RULE
iS TOD LARGEs THEM THE TRIANGLE IS DIVIDED INTO FOUR CONGRUENT

TRIANGLES,

OBTAIN AN ADAPTIVE CUBATURE ALGUORITHM.

THIS PROCESS IS APPLIED RECURSIVELY IN ORDER TO
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REFERENCES ¢

[1]ePeWeHEMKER,
SEQUENCE OF NELSTED CUBATURE RULESS
MATH.CEMTRE s AMSTERDAMs REPORT NW 3/73,

EXAMPLE OF USE:

THL FOLLOWING PROGRAM EVALUATES THE INTEGRAL OF
F O Xs Y ) =0C0OS (X)) *COS (Y ) OVER THE TRIANGLE T WITH
VERTICES ( QG» 0 ) ( 0y PI/2 ) AND ( PI/2, PI/2 )
ON EACH LINE ARE LISTED @
At THE REQUIRED RELATIVE AND ABSOLUTE PRECISION;
B3 THE COMPUTED VALUE OF THE INTEGRAL;
C: THE NUMBER OF CALLS OF THL FUNCTION F,

"B EGIN®
#REAL™ "PRICEDURE®™ TRICUB(A»BsCsDsEsFpGsHsI); "CIDE™ 320755
"IATEGERY NsCsIsK; "REALM™ PI»ACCsR»S;
YREAL" "PROCLDURE"™ E(X»Y); M"REAL"™ X»Y;
"BEGIN® Ct= C+1;
OIFW C> 20000 "THEN® nG0TO" CC;
£2= CJS(X) * CAS(Y);
WEND® &3

PIlim 3,14159265359;

WEQRW ACC s MelpMes2y N3y Nenly p Hem§ y Henfy y Han Ty Nemfy NemQ y M] Oy Neal] PN

WBEGIN' Ct=0; OUTPUT(61,sP(M+oD"+7D»2Bs+014D"+22D5»2B5107Ds/ %) %,
ACCp, TRICUBI(Ds0505sPI/2,PI/25P1/25E5ACC,ACC) 5C);

” 5” D 3 .

CC: QUTPUT(BL, M("&i)n) 3
WEND®
RESULTS:
+o1" +0  +,50063973801970" +0 7
+¢17 =1 +,50063973801970"® +0 7
+ol" =2  +,50063973301970" +0 7
+el® =3  +.49990110261504" +0 10
+el1" =4  +,49999848959226" +0 13
+olM =5 +,49999848959226% 0 13
+ol™ =5  +449999997378240" +0 43
+olM =7 +4499999992(09792" +0 133
+ol" =8 +,49909999893172" +0 313
+o1% =9  +,49999990985571% +0 733

+elM=10 +,49999999998692" +0 1723
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SOURCE TEXT(S):

MCODE®™ 32075;

WREAL"™ "PROCEDURE"™ TRICUB(XI»YIsXJsYJsXKsYKsGoRESAE) S
WWALUE" XIp,YIsXJeYJsXKsYKsREAES

YREAL™ XI»YIsXJsYJoXKsYKsRESAE; "REAL'™ "PROCEDURE"™ G;
WBEGIN® MREAL®™ SURF»SURFMIN,XZ»YZsGIsGJsGKj

NREALT WPROCEDURE™ INT(AX1sAYLlsAFlsAX25AY25AF2,AX35AY35AF3;
BX1l,BY1lsBFlsBX25,BY25BF2,BX35BY3sBF3,
PXsPYsPF);
WYALUE™ BX1sBY1»BFlsBX2sBY2sBF2sBX35BY35BF35PXsPY,PF;
NREAL™ BX1sBYlsBF1,BX25sBY25BF2BX35BY3sBF 35PXsPYsPF»
AX1sAYLoAFLsAX25AY25 AF25AX 35 AY35AF3;
WBEGIN® VYREALY E5135145155A5BsCsSX15SY1lsSX255Y255X3,55Y3s
CX1sCY1sCF1lsCX25CY25sCF25CX3,CY3,CF3»
DX1,DY1sDF1sDX25DY2oDF2,DX35,DY3,DF3;

As= AFlL + AF2 + AF3; Bi= BFl + BF2 + BF3;
I33:= 3 *# A + 27 % PF + 8 * Bj
Et=s ABS(I3) * RE + AE;

®IF" SURF < SURFMIN ®OR® ABS(5 * A + 45 % PF = I3) < E

WTHEN® IMT:= I3 & SURF WELSE®

WBEGINM CXl:= AX1 + PX; CYl:= AY1l + PY; CFl:= G(CX1sCY1);
CX23= AX2 + PX3; CY2:= AY2 + PY; CF23= G(CX2,CY2);
CX32:= AX3 + PX; CY33s AY3 + PY; CF33= G(CX3,CY3);
Cs= CFl + CF2 + CF3;
I43= A + 9 % PF + 4 * B + 12 * C;

MIF® ABS(I3 = I4) < E WTHEN® INT:= I4 * SURF "ELSE®
"BEGIN™ SX13= o5 * BX1l; SYlts o5 * BY1l;
DXl:= AX1 + SX1; DYl:= AYL + SYl; DFl:= G(DX1,DY1l);
SX23s o5 * BX2; SY21= o5 * BY2;
DX2t= AX2 + 5X2; DY2%= AY2 + SY2; DF2:= G(DX25DY2);
SX3:= o5 * BX3; SY3:= o5 * BY3;
DX3t= AX3 + SX3; DY3s= AY3 + SY3; DF3t= G(DX3,DY3);

I5ta (51 % A + 2187 * PF + 276 * B + 972 * ( =
768 * (DFL + DF2 + DF3))/63;
RCOMMENT™
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®IFM® ABS(I4 = I5) < £ W®THEN® INT:= I5 % SURF WELSE™.
WBEGIH" SURF:= .25 * SURF;

INT:=

INT(SX1»SY1sBF1sSX25SY25BF2,5X35,SY3,BF3»
DX1sDY1sDF1sDX25DY25DF25DX35DY3,0F3,
PXsPYsPF) +

IMT(AX1sAYLsAFLsSX35SY3,BF3,SX25SY25BF25DX1sDY1sDF1>»
AX1 + SX2;AY1 + SY2,G(AX1 + SX2,AY1 + SY2)»
AX1 + SX35AY1 + SY3,G(AX1 + SX3,AY1 + SY3)y
e5 * CXlse5 * CYLsCFl) +

INT(AX25AY25AF2 5SX35SY35BF355X1sSY1sBF1sDX25DY250F25
AX2 + SX1,AY2 + SY1,G(AX2 + SX1,AY2 + SY1l)»
AX2 + SX35AY2 + SY3,G(AX2 + SX3,AY2 + SY3)»

o5 % CX25e5 * CY2,CF2) +
INT(AX35AY35AF35SX1sSY1sBF1sSX2,SY25BF25DX35DY35DF 3
AX3 + SX25AY3 + SY25G(AX3 + SX25AY3 + SY2)»

AX3 + SX1,AY3 + SY1,G(AX3 + SX1,AY3 + SY1)»
o5 * CX3965 * CY3CF3);

SURF:= 4 * SURF
"END"
mEND "
MEND"
WEND" INT;

SURF3= Qe¢5 * ABS(XJ * YK = XK * YJ + XI * YJ =
XJ % YI + XK #* YI =« XI * YK);

SURFMIN: = SURF#*RE; REs= 30%RE; AE:= 30%AE/SURF;

XZz=m (XI + XJ + XK)/35 YZt= (YI + YJ + YK)/3;

GIt= G(XI»YI); GJdt= G(XJsYJ); GKs= G(XKsYK);

XIte XI®e55 YItm YIky5;5 XJiw XJ%65;

YJsm YJke5; XKim XK¥e5; YKim YK*,5;

TRICUBt= INT(XI»YIsGIsXJsYJsGJUsXKsYKyGKy
XJ+XKp Y J+YKp G XJ+ XK YI+YK ) »
XK+XIp YK4YI s GIXK+XIsYK+YI)»
X1 +XJoYI+YdoG(XI+XJoYI+Y )
e5 * XIse5 * YI,G(XIs»YZ))/60
REMD® TRICUB;

nEgpn
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AUTHDOR:: CeGe VAN DER LAANe

CONTRIBUTORS: CoeGe VAN DER LAAN AND Mo VOORINTHOLTS
INSTITUTE: REKENCENTRUM RIJKSUNIVERSITEIT GRONINGEN.
RECEIVED: 780601,

BRIEF DESCRIPTION:

THLIS SECTION CONTAINS THE PRUCEDURES GSSWTS» GSSWTSSYM AND RECCOFe.
RECCOF CALCULATES FROM A GIVEN WEIGHT FUNCTION ON [=1,11 THE
RECURRENCE CNEFFICIENTS OF THE CORRESPONDING ORTHOGONAL
POLYNOMIALS; GSSWTS AND GSSWTSSYM CALCULATE FROM THE RECURRENCE
COEFFICIENTS THE GAUSSIAN WEIGHTS OF THE CORRESPONDING WE IGHT
FUNCTION.

KEYWORDS?
RECURRENCE COEFFICIENTS ORTHOGONAL POLYNOMIALS,

GAUSSIAN WEIGHTS,
GAUSSIAN QUADRATURE,

SUBSECTION: RECCOF,

CALLING SEQUENCE:
THE DECLARATION OF THE PROCEDURE IN THE CALLING PROGRAM READS:
WPROCEDURE® RECCOF (NoMs Xp WX2BsCol »SYM);
OVALUE™ NoMySYM; "INTEGER" NyM; "BCOLEAN® SYM;
PREAL" XsWX; "™ARRAY"™ ByCol;
WCODE™ 312543

THE MEANING OF THE FORMAL PARAMETERS IS:

Nt CARITHMETIC EXPRESSIOND;
ENTRY: UPPER BOUND FOR THE INDICES OF THE ARRAYS By C» L
(N>=0) 3
M2 CARITHMETIC EXPRESSIOND;

ENTRY: THE NUMBER OF POINTS USED IN THE GAUSS=CHEBYSHEV
QUADRATURE RULE FOR CALCULATING THE APPROXIMATION
OF THE INTEGRAL REPRESENTATIONS OF BLKI»CCK]
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SYM: <¢BOOLZAN EXPRESSION>;
ENTRY: "IF® SYM
"THEN" WEIGHT FUNCTION ON [=1511 IS EVEN
WELSE™ WEIGHT FUNCTION ON [=~1,11 IS NOT EVEN;
XoWXz2 <ARITHMETIC EXPRESSIOND;
ENTRY: JENSEN VARLABLES WITH WX AN EXPRESSION OF X
DENOTING THE WEIGHT FUNCTION ON [=1,11;
BsCsls <ARRAY IDENTIFIERD>;
WARRAY®" B,yCsLLON];
EXIT: THE APPROXIMATE RECURRENCE COEFFICIENTS FOR
PLK+11(X) = (X=B[KI1)*PLKI(X) = CIKI*¥PLK=11(X)>»

. KeD sl 925008Ns
AND THE APPROXAIMATE SQUARE LENGTHS
X = +1
LEKI = INTEGRAL ( W(X) * PLKI(X) %% 2 ) DX

X = =l
PROCEDURES USED? ORTPOL = CP31044,
RUMNING TIMT: PROPORTICGNAL TO M¥N*#2,
METHOD AMD PELRFORMANCE32

THE RECURRENCE CNEFFICIENTS ARE REPRESENTED BY
X = +] '

BIK] = ( INTEGRAL ( W(X) * X * PIKI(X) *x 2 ) DX ) /7 LIKI»

X = =}

CLK1 = LIK) / LLK=111,
WHERE PLKI(X) IS THE K=~TH ORTHOGONAL POLYNOMIAL.
THE INTEGRALS ARE APPROXIMATED BY THE M=POIMTS GAUSS=CHEBYSHEV

RULE AS
X ® +1 |
INTEGRAL(F(X))IDX 3= PI / M * SUM SIN(THETALJI)*F(COS(THETALJ1))
X s =] J=l

WITH THETACDJ] = (2%J=1) * PI / (2%M) (SEE GAUTSCHI» 1968A),

THE VALUE OF M IS TO BE SUPPLIED BY THE USER.

REFERENCES:?

GAUTSCHIs We (1968A):
CONTRUCTION OF GAUSS=CHRISTOFFEL FORMULAS,
MATHe COMPes 22,P5251=270

GAUTSCHI» We (1968B):
GAUSSIAN QUADRATHRE FORMULAS,
COMMe ACMe CALGO 331,
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EXAMPLE OF USE*

THE FOLLOWIMG PROGRAM DELIVERS AM APPROXIMATION
FOR THE RECURSION COEFFICIENTS CL11 AND CL21» OF THE CHEBYSHEV
POLYMOMIALS OF THE SECOND KIND;

W BEGIN®

WPRICEDURE™ RECCOF(NsMpXsWXsBsCpLySYM)
WYALUE™ NyMpSYM; "INTEGER™ NpM; "BOOLEAN" SYM;
YRECALY XsWX35 "ARRAY" ByCsl;

BCODE® 312543 '

NREALM™ X; "™ARRAY®™ B,CsLL[0:21;

RECCOF (25200, Xs SQRT(1 = X#%2),B5Cy Ly "TRUEM™);
OUTPUT(61,M("2/52(3B5=ZDe3D)R) M, CL115CL2]);

"END";

RESULTS

06250 06250

SUBSECTIOM: GSSWTSe

CALLING SENWENCE?

THE DECLARATION 0OF THE PRICEDURE IN THE CALLING PROGRAM READS:

" PROCEDURE" GSEWTS(NSZERSBSCoW);

"YALYE"

"CaDLEM

N3 "INTEGER"™ N3 "ARRAY™ ZER,BsCsW;
31253;

THE MEANING OF TH% FORMAL PARAMETERS IS:

Ne

75R:

ByC:

PROCEDURES

CARITHMZTIC EXPRESSION>;

ENTRY: THE NUMBER OF WEIGHTS TO BE COMPUTED; UPPER
BOUND FOR THE ARRAYS Z AND W (N>=1);

<ARRAY IDENTIFIER>;

PARRAY® ZERC1:NM]3

ENTRY: THE ZEROS OF THE N=TH DEGREE ORTHOGONAL POLYNOMIAL;

<ARRAY IDENTIFIERD>;

"ARRAY"™ B[O$N«11, CL[1tN=11;

ENTRY: THE RECURRENCE COEFFICIENTS;

<ARRAY TIDENTIFIERD;

PARRAY™ WL[13N1;

EXIT * THE GAUSSIAN WEIGHTS DIVIDED BY THE
INTZGRAL OVER THEL WEIGHT FUNCTION,

USED: ALLORTPOL = CP 31045,
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McTHOD AND PERFURMANCE:

THE GAUSSIAN WEIGHTS OF AN N=POINTS RULE DIVIDED BY THE INTEGRAL
OF TYE WEIGHT FUNCTION MAY BE REPRESENTED AS
WEK] = 1/(eee ((PIN=L]I(Z)%%2/CIN=1]+P[N=2](Z)%%2)/CLN=2]+s00
0eo+PL11(Z)*%2)/CI13+1) 5 K=ls256eeN
WITH Z= K=TH ZERO OF PI[MI(X)s (GAUTSCHI» 1970).

ALLZERORTPOL AND GSSWTS MAY BE USED TO GENERATE GAUSSIAN
QUADRATURE RULES PROVIDED THE RECURRENCE COEFFICIENTS AND THE
INTEGRAL OF THE WEIGHT FUNCTION ARE KNOWN,

FOR EXAWPLE THE GAUSS=LAGUERRE QUADRATURE RULE APPLIED TO F
MAY B: OBTAINED BY THE CALLS

REQOR® Ki=] ®STEP®™ 1 MUNTIL® N~} ®DQO®
WBEGINM
BIK1:=2%K+ALPHA+1;
CIKIs=K*(K+ALPHA)
" END";
BIO1:=ALPHA+1;
ALLZERIRTPOL(N»ZER»B»C);
GSSWTS(NsZER»BsCoW);
GAUSSRULE: =03
WEORY Keml WSTEP™ 1 "UNTIL™ N nDO"
GAUSSRULE:=GAUSSRULE+WIKI*F(ZER[K]);
GAUSSRULE t=GAUSSRIJLE*GAMMA(ALPHA+1)

GAUSSRULE CONTAINS THE VALUE OF THE APPOXIMATING GAUSS
QUADRATURE RULE AND ZER[L:N1,WI{l:N] CONTAIN THE GAUSSIAN
ABSCISSA AND WEIGHTS.
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IN THE FOLLOWING TABEL WE SUMMARIZE CLASSICAL QUADRATURE RULES

:  WEIGHT H RECURRENCE COEFFICIENTS : INTEGRAL
GAUSSIAM ¢ FUNCTION 3 t OF
QUADRATURE 3 Wix) H BILK] H C{K1 SWEIGHT FUNCTIDN
: : : :
LEGENDRE H 1 H 0 BRIk (R Kk%De=]) 2 2
H 3 1 3
CHEBYSHEV @ 1/SQRT(1l= 3 0 ¢ 172 s K=l PI
(1=ST KIMD): X**2) H ‘ : 176 5, K1 @
3 H ] 3
CHEBYSHEV ¢ SQRT(1l= 3 4 H 1/4 3 PI/2
(2=ND KIND): X#**2) : : H
JACOBI 3 (1=X )% 8 «w(ALPHA¥%2e 2 4 (1+ALPHA)* 3 2%% (ALPHA+
T ALPHA®(1+ ¢ BETA®%2)/((2% 3 (14BETA)/ t BETA+1)=%
$ X)%®BETA ¢ K+ALPHA+BETA)*2: ((ALPHA+BETA+ : GAMMA(ALPHA+
: 3 (2%K+ALPHA+ 3 2)%%2% (ALPHA+ 3 1)H#GAMMA(BETA+
3 t BETA+2)) 8 BETA+3)) sK=1 1 1)/GAMMA(ALPHA+
H H H 3 BETA+2)
. : 3 4%Kk(K+ALPHA) *:
H 3 2 (K4BETA)®(K+ %
3 H] 3 ALPHA+BETA)/
H : t ((2%K+ALPHA+
H H 2 BETA) ®%2% H
s p t ((2kK+ALPHA+ 3
3 $ T BETA)*%2=1)) 3
H H H »K>1 @
H H H H
3 3 t(ALPHASBETAD=1)1
H ] H 3
LAGUERRE 3 EXP(=X)#% 3 2%K+ALPHA+1 2 K¥(K+ALPHA) 3 GAMMA(ALPHA+1)
3 X*kALPHA 3 : H
3 H ] 3
HERMITE 2 EXP(=X*%2)12 0 H K/ 2 % SQRT(PI)

(THE INTEGRATION INTZRVALS ARE: [=INFINITY,INFINITY]l FOR HERMITE;
[0 INFINITY]1 FOR LAGUERRES
(=1511 FOR THE OTHERS.)
FOR NON~CLASSICAL WEIGHT FUNCTIONS ON A FINITE INTERVAL THE RECURSION
COEFFICIENTS (AND THE SAUARE LENGTHS OF THE CORRESPONDING ORTHOGDNAL=
POLYNOMIALS) CAN BE OBTAINED BY THE PROCEDURE RECCOF (THIS SECTION).
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REFERENCESs

GAUTSCHI» We (1970)3
GENERATION OF GAUUSSIAN QUADRATURE RULES AND
ORTHOGONAL POLYNOMIALS.
IN:  COLLOQUIUM APPROXIMATIETHEORIE,
MC SYLLABUS 14,

EXAMPLE OF USe£t SEE SUBSECTION GSSWTSSYMe
SUBSECTION: GSSWTSSYH,e

CALLING SEWENCE?
THE DECLARATIOM OF THE PROCEDURE IN THE CALLING PROGRAM READS:

WPRJCEDUREN GSSWTSSYM(NSZERSCoMW);
WYALUE™ N3 WINTEGER™ N; MARRAY®™ ZER,CsW;
wCODE™ 212523

THE MEANING DF THE FORMAL PARAMETERS IS:
N3 <ARITHMETIC EXPRESSION>;
ENTRY: THE WEIGHTS OF AN N~POINTS GAUSS RULE ARE
TO BE CALCULATED (BECAUSE OF SYMMETRY ONLY
(N+1)//2 OF THE VALUES ARE DELIVERED);
ZER? <ARRAY IDENTIFIER>;
"ARRAY" ZER[1:N//21
ENTRY: THE NEGATIVE ZEROS OF THE N=TH DEGREE NRTHOGONAL
POLYNOMIAL (ZERCI] < ZER[I+11, I=152s5eeesN//2=1);
(IF N IS ODD THEN 0 IS ALST A ZEROe)
C: <ARRAY IDENTIFIER>;
"ARRAY"™ CLI:N=11;
ENTRY: THE RECURRENCE COEFFICIENTS;
Wt <ARRAY IDEMTIFIERD>;
"ARRAY" W[13(N+1)//2]1;
EXIT ¢ PART OF THE GAUSSIAM WEIGHTS DIVIDED BY THE
INTEGRAL OF THE WEIGHT FUNCTION.
(NOTE THAT WIN#1=Kl=WIK] » K=1s2seee0(N+1)//26)

PROCEDURZS USED: ALLORTPOLSYM = CP 31049,

METHOD AMD PERFORMANCE: SEE SUBSECTION GSSWTS; THIS PROCEDURE IS
SUPPLIED FOR STORAGE ECONOMICAL REASONS,

REFEREMCES: SEE SUBSECTION GSSWTS,



SECTION

EXAMPLE

THE
FOR
THE

402436l (NOVEMBER 1978)

OF USE:

FOLLOWING PROGRAM DELIVERS THE GAUSSIAN WEIGHTS
THE S=POINTS GAUSS=CHEBYSHEV QUADRATURE RULE BY MEANS OF
PROCEDURE GSSWTSSYM (CLil1=0s5; CILKI=0.25 Ke2s35506a;

PERLIT = COS((2%(N=I) = 1) / (2%N) % PI)s I=ls2seeesN//2e

"BEGIN®

WPROCEDURE™ GSSWTSSYM(N»ZERSCoW);

BVALUE®™ N3 “IMTEGERY" N; "ARRAY®™ ZER,C,W;

"CODE" 31252; '

WREAL™ PI; M"INTEGER™ I;

®ARRAY® ZER[132]s W(1:3]» C[134];

PI:=4¥%ARCTAN(L1);

Clileme5;

PEORP® Jt=2 ASTEP® 1 WUNTIL® 4 »DpO®

ClIls=q25;

ZERL11:=COS(9%PI);

ZER[21:=CO0S (e 7%PL);

GSSUTSSYM(5,ZER,ColW);

OUTPUT (6L ("2/55(3Bp=7De3D) "), WIL14PIsWI21%PIsW(3]1#PI,
WL21*%PI,WIL11%P1);

lIEND";

RESULTS:

0.628 06628 De628 0.628 00628

PAGE
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SOURCE TEXT(S5):

"CODEN 31254
"PROCEDURE®™ RECCOF(NpMaXsoWXsBsCsLsSYM);
NVALUE" NyMpSYM; "IMTSGER" NoMs; "BOOLZAN® SYM;
UREALY Xy WX;MARRAY™ B,yChl;
WBEGIN® MINTEGERM® I,JsUP;™REAL®™ Ry SyPIMsHsHH» ARGs SA;
WREAL"YPROCEDURE®™ ORTPIL(NsXsBsC);
UYALUEY NpX; "INTEGER®™ Nj; M"REAL"™ X; "ARRAYY B,C;
"CODF" 31044%;
PIMt=4*ARCTAN( 1) /M;
WIFW SYM WTHEN"™ ®#BEGIN®
NEOARM J:a USTEPW 1 MUNTILY N"DQ"
WBEGIN® Ri=B[J]3=0;UPt=M WDIY® 2;
WEQR® Itae] "STEP®W 1 WUNTIL" ypnDpOn
NBEGIN"™ ARG:=(I~g5)%PIM;X:=COS(ARG);
R:=R+SIN(ARG) *WX*ORTPOL (Js Xs BsC ) k% 2;
WENDP;WIF® UP#2=M WTHEN® L[J]t=2%R#PIM NELSEW
NREGINY X:wQ3LLJ):a(2%R+WX*ORTPOL(J»0sBsC)*%2)%PIM WENDY;
CLJU:=tIF® JmQ "THEN"™ O "ELSE"™ LIJ1/LIJ=1];
WEND® MENDM MWE|LSEW
WEORY Ji=Q “WSTEP®™ 1 MUNTIL® N ®DO®
YBEGIN" R:=uS:=0;UP:=M"DIVY 2;
"FOR" I:=1 "STEP™ 1 "UMTIL" UP "DJ"
WBEGIN® ARG:=(I=,5)*%PIM;SAt=SIN(ARG);Xt=COS(ARG);
He mWXkORTPOL(JsXpBsC) k%23 XsmmX;HH 1 ml Xk ORTPOL{ JpXsBsC) k%2
Re=R+(H+HH) *¥SA; 52 mS+ (HH=H ) kX*SA;
NENDW;BL J)t=SkPIM;
WIF® UPk2eM WTHEN® LLJY:=R®PIMUE| SEW
WREGIMY X:=Q;LL{J)1:=(R+WX*ORTPOL(Js0sBsC) **2)%PIM WENDY;
CLJY:="IF" J=Q "THEN"™ O M"ELSE"™ LLJI/LLJ=11;
HEND"; .
wzMD" RECCOF;
nEope
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WCNDE" 31253;
"PROCEDURE"™ GSSWTS{NsZERsBSC)IRESULTS3(W);
WYALUE® N; ®INTEGER® Nj
"ARRAY" ZERsBsCoM;
NBEGIN®
WINTEGER® JyK; WREAL®™ S; WARRAY® P[OtN=1];
WPRICEDURE™ ALLORTPIL(NsX»BsCsP);
WYALUE™ NpX; "INTEGER®™ N; 9YREAL®™ X; "ARRAY"™ B,C,P;
"CODE™ 31045;
WEOR® J3=] WSTEP™ 1 MUNTIL® N ®DOR
WBEGIN® ‘
ALLORTPOL(MN=1,ZER[J1»B5Cs®P);
S$3=20,0;3 i
WEQR® KtaNes] WSTEPW =1 MUNTIL® 1 »DQ®
St (S+PLKI**%2) /CLKI;
WEJ1:=1/7(1+S);
" END"
WENDT GSSUWTS
wEJQpM

nCODEN 312523
WPROCEDURE™ GSSWTSSY'N( Ny ZER»CIRESULTSE (W);
"VALUE® N3 “INTEGER™ N;
MARRAY" ZGRsCs W3
mBEGIN®
nPROCEDURE®™ ALLORTPOLSYM(NsXsCsP);
WYALUE® Ny X; WINTEGER® N; "REAL®" X3 MARRAY" C,P;
"CODEM 310493
WINTEGER® LOWsUP,DUMMY;
"ARRAY" PLO:N=11;
LOWE=L; UP:aN;
MEOR® DUMMY 1=l
"WHILE® LOW < UP "DO®
"BEGIN" WINTEGER® I; "REAL" S;
ALLORTPOLSYM( N=1,ZERILOWI»CsP )3
StapP[N=11%%2;
WEORM I:aN=l WSTEP® =1 MUNTIL™ 1 "DO"
SimS/CLIT + (PLI=11)%%2;
WILOWI$=1/S; LOW:sLOW+1; UP3=UP=1;
"END"
WIFW LOW = UP
"THEN" “BEGIN" "INTEGER" TWOI; "REAL™ S; S1s1,0;
WEQRM TWOItsN=1 WSTEP® =2 WUNTIL® 2 #wDQn
S:aSkCITWOI~11/CCTWOI] +13
WILOW]:=1/S;
" END";
WEND® GSSWTSSYM;
IIEGP"
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AUTHORS ¢ MeBAKKER,
INSTITUTEs MATHEMATICAL CENTREs AMSTERDAM,
RECEIVZID: 760131,

BRIEF DESCRIPTIONS
THIS SECTION CONTAINS THE FOLLOWING PROCEDURES:
(1) G35 JAC WGHTS:

GIVEN THE TWO PARAMLTERS ALFA AND BETA,THIS PROCEDURE
CALCULATES THE N ZEROS OF THE N=TH JACOBI POLYNOMIAL

AND THE CORRESPONDING GAUSS=CHRISTOFFEL NUMBERS MNEEDED FOR
THE M==POINT GAUSS~JACOBI QUADRATURE OVER [=1,+11]

WITH WEIGHT FUNCTIOM

WX) = (1=X)*ALFA*(1+X)**BETA;
(2) 655 LAG WGHTS:

GIVEM THE PARAMETER ALFA,THIS PROCEDURE

CALCULATES THE N ZEROS OF THE N=TH LAGUERRE POLYNOMIAL
AND THE GAUSS~CHRISTOFFEL NUMBERS NEEDED FOR THE
N=POINT GAUSS=LAGUERRE AQUADRATURE OF F(X) DVER

(0s INFINITY) WITH RESPECT TO THE WEIGHT FUNCTION

W(X) B XkkALFARLXP (=X)e

THE SE PROCEDURES CAH BE USED FUR GAUSSIAN QUADRATURE=
RULSES NF THE JACOBI AND LAGUERRE TYPELLET THE WEIGHT
FUNCTIOM W(X) AND THE INTERVAL(A,B) DETERMINE THE
SYSTEM OF POLYMNOMIALS ORTHOGONAL ON (A,B) WITH RESPECT
TO W(X)eTHEN THE N=-POINT GAUSSIAN QUADRATURE RULE
APPROXIMATES THE INTEGRAL
TO X=B
INTEGRAL F(X) W(X) DX
FROM X=A
BY THE EXPRESSION
J=N
SUM  WIJI FIXIJD)
Ja=l
WHERE THE ABSCISSAS X[ J) ARE THE ZEROS OF THE Ne=TH
POLYNCMIAL AND W[J]1 ARE THE CORESPOHDING GAUSS=CHRISTOFFEL
NUMBERS »
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KEYWIRDS:

GAUSSIAN QUADRATURE,

ZEROQS OF ORTHOGONAL POLYNOMIALS,
GAUSS=CHRISTOFFEL NUMBERS,
GAUSSIAN WEIGHTS,

LANGUAGTZs ALGOL 60,

REFEREMNCES:

[1] MeABRAMOWITZ AND I.Ae STEGUN,
HANDBOOK 0OF MATHEMATICAL FUNCTIONS, CHe22»

[2]1 JoSTOER,
SINFUEYRUNG IN DIE NUMERISCHE MATHEMATIK 1,
SPRINGER VERLAG, BERLIN, HEIDELBERG, GOETTINGEN.

SUBSECTIOH? GSS JAC WGHTS,

CALLING SEZQUENCE:
THE DECLARATIOM OF THE PROCEDURE IN THE CALLING PROGRAM READS®

"PRACEDUPE™ GSS JAC WGHTS(N» ALFA», BETA, X» W);
WYALUE" K, ALFA, BETA;

WINTEGER™ N3 WREAL® ALFA, BETA;

"CAODE" 31425; .

THE MEAMING OF THE FORMAL PARAMETERS IS:
Nt <ARITHMETIC EXPRESSIOND;
THE UPPER BNUND OF THE ARRAYS X AND W; N>=l;
ALFA, BETA: <ARITHMETIC EXPRESSION>;
THE PARAMETERS OF THE WEIGHT FUNCTION FOR
THE JACOBI POLYNOMIALS; ALFA, BETA > =1;
X3 <ARRAY IDENTIFIERD>;
WARRAY" X[1:N];
EXIT: XU{IJ IS THE I=TH ZERO OF THE N=TH JACOBI POLYNOMIAL;
Wt <ARRAY IDENTIFIERD>;
WARRAY" WIL1:HI;
EXIT: WLI1 IS THE GAUSS=CHRISTOFFEL NUMBER
ASSOCIATED WITH THE I=TH ZERO OF THE N=TH JACUBI POLYNOMIAL.
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PROCEDURES USED:

GAMMA = CP 35061;
ALL JAC ZER = CP 31370,

REQUIRED CENTRAL MEMORY:
TW0O AUXILIARY ARRAYS OF N REALS ARE USED.

RUNNING TIME: ROUGHLY PROPORTIONAL TO N CUBED.

METHOD AND PERFORMANCE:

AS IS WELL=~KNOWHN, THE GAUSSIAN QUADRATURE RULES ARE
BASED OGN THE ZEROS OF ORTHOGONAL POLYNDMIALS.
PROCEDURES FOR THZ COMPUTATION OF THESE ZEROS CAN
BE FOUND IN SECTION 3+602e
AFTER THt COMPUTATION OF THE ZEROS OF THE JACOBI POLYNOMIAL
THE GAUSSTAN WEIGHTS ARE COMPUTED (IF THE FDRMULA
JuN=l
WIIl=1/7( SUM P(Js ALFA, BETAs, X[IJ])#*%2)
J=0
WHERE P(J» ALFA» BETAy X[IJ) IS THE J=TH ORTHONORMAL
JACOBI POLYNOMIAL;SEE FURTHER [2]15CHeIlle

EXAMPLE OF USE?
THE PROGRAM

WBEGINWHCUMMENT™ EVALUATION OF THE INTEGRAL

T9 X=1

INTEGRAL (14X )**2 * (1=X) * EXP(X) DX

FRON Xa=l
BY MZANS OF FIVE POINT GAUSS=JACOBI QUADRATURE.
THE EXACT VALUE IS 2Z#EXP(1)=10/EXP(1);
"REAL™ ALFA», BETAs INT; WINTEGER®™ Nj; ®ARRAYM™ X, wll:51;
WRE AL"™ “PROCEDURE™ F(X); "VALUE™ X3 "REAL"™ X; F:=EXP(X);
"PROCEDUREM™ GSS JAC WGHTS (N» ALFA» BETA, X, W); “WCODE™ 31425;
ALFAt= 13 BETAz= 25 Nts 5; INTi= 0Qj
GSS JAC WGHTS( N» ALFA», BETAs X» W);
WEQOR™ Nis 1 WSTEP™ 1 MUNTIL® 5 "DO" INT:= INT + WIN] * F(XINI);
QUTPUT(61, "(™ /5 4B+Ds 4D"+ZD")", INT = 2 * EXP(1) ¢+ 10 / EXP(1))
WEND®

PRINTS THE FOLOWING RESULT:
=165932"=10
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SUBSECTION: GSS LAG WGHTS,

CALLING SZQUENCE?
THE DZCLARATION OF THE PROCEDURE IN THE CALLING PROGRAM READS:

WPROCEDURE™ GSS LAG WGHTS (Ns ALFAs Xs W);
"YALUE" N, ALFA;

WINTZGER™ N3 "REAL™ ALFA;  "ARRAY®™ X, W;
"CODE™ 31427; ‘

THE MEAMING OF THE FORMAL PARAMETERS IS:
N: <ARITHMETIC GEXPRESSIOND;
THE UPPER BOUND OF THE ARRAYS X AND W; N>=1j;
ALFAt <ARITHMETIC EXPRESSION>;
THE PARAMETER OF THE WEIGHT FUNCTION FOR THE
LAGUERRE POLYNOMIALS;
ALFA>=1;
Xt <ARRAY IDENTIFIERD>;
"ARRAY®™ X[1s NI;
EXIT: X[I] IS THE I~-TH ZERO OF THE N=TH
LAGUERRE POLYNOMIAL;
Ws <ARRAY IDENTIFIER>;
’ WARRAY® W[l: N3I;
EXIT: MWLI1 IS THE GAUSSIAN WEIGHT CORRESPONDING
WITH THE I~TH ZERO 3F THE N=~TH LAGUERRE POLYNDMIAL.

PRICEDURES USED:
GAMMA = CP 35061,
ALL LAG ZER = CP 31371,
REQUIRED CENTRAL MEMORY:

TWO AUXILIARY ARRAYS OF N REALS ARE USED,

RUNNING TIME:

ROUGHLY PROPORTIONAL TO N CUBEDe

METHOD AND PERFORMANCE

THE ZEROS AND WEIGHTS ARE COMPUTED IN THE SAME
WAY AS IN THE PROCEDURE GSS JAC WGHTSe
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EXAMPLE OF USE:
THEZ PROGRAM

WBEGIN® NCOMMENT® COMPUTATION OF THE INTEGRAL FROM 0 TO INFINITY OF
SIN(X)*EXP (=X) BY MEANS OF A TEN POINT GAUSS=LAGUERRE
QUADRATURE«THE EXACT VALUE IS 0453
WREAL® INT;™INTEGER™ N3;M™ARRAY"™ X, W[13101;

WREALMUPROCEDURE™ F(X); ®VALUE"X; "REAL™X; F:=sSIN(X);
"PRJCEDURE" GSS LAG WGHTS(Ns ALFA, X» W); "CODE™ 31427;
GSS LAG WGHTS(10s 0s X» W)3 INT:sG;
WFOR™ N:=1lQ "STEP®™ =1 "UNTIL™ 1 "DO"™ INT:= INT + WIN] * F(XIN1);
QUTPUT (61 W (M=Dg 4DM=a2D ™) Wy ' INT=0e5)

llEND"

PRINTS THE REJULT:
2004977 =7
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SUURCE TEXTS:

"CODE™ 31425;

“PROCEDURE"™ GST JAC WGHTS(N» ALFA, BETA» X» W);

"YALUE™ N» ALFA, BETA; "™INTEGER™ Nj; R®REAL®™ ALFA, BETA;

NARRAY™ X5 W3

“IFY ALFA = BETA "THEN®

UBEGIN™ "INTEGER" 1, Js M3
WARRAY® B[1l3N =~ 11; ®REAL® ROs R1ls R2s S» HO» ALFA2, XI;
MREAL® "PROCGDURE™ GAMMA(X); ®CODE™ 35061;
WPROCEDUREY™ ALL JAC ZER(N» ALFAs BETA, ZER); “CODE"™ 31370;

ALL JAC ZER(Ms ALFAs ALFA,' X)3 ALFA21= 2% ALFA;
HOtm 2%k(ALFA2 + 1)%GAMMA(L + ALFA)®#2/GAMMA(ALFA2 + 2);
BL1l:= 1/SQRT(3 + ALFA2); Mim N = (N//2);
WEQRM I=m 2 NSTEP" 1 MUNTIL"™ N - 1 “pg©
BLIJs= SQRT(I*(I + ALFA2)/ (4%(I + ALFA)*%2 = 1));
WEQRM T:= 1 ®STEPM 1 WUNTIL® M nDOw
WBEGIN" XI1:= ABS(X[I1); RO:= 1; Rl:= XI/B[1l];
St= 1 + R1*R1l;
NEOR® Jim 2 WSTEPW 1 M"UNTIL™ N = 1 #pQw
BEGIN® R23= (XI*%R1 = B[J = 11%RO)/BLJI;
RO:= R1; Rlt= R2; Sit= 5 + R2%R?2
WEND W
WEIds= WIH 4+ 1 = Il:t= HO/S
"END"
"END" "ELSE"
RBEGIN® WINTEGLCR™ I, J; "ARRAY™ A, BILO3N];
WRZAL" MIN, SUMs HO», ROs» R1ls R2s XI» ALFABETA;
"PROCEDURE" ALL JAC ZER(Ns ALFA» BETAs» ZER)3; "CODEY™ 31370C3;
HREAL® #PROCEDURE®™ G AMMA(X); WCODE® 35G61;
ALFABETA:= ALFA + BETA; MIN:s= (BETA = ALFA)*ALFABETA;
BLOls:= Q3 SUMs= ALFABETA + 2; A[Qlz2= (BETA =« ALFA)/SUM;
ACl1:= MIN 7SUM/ (SUM + 2);
BLiJs= 2%SQRT((1 + ALFA)*(1 + BETA)/(SUM + 1)) /SUM;
WEJRN Ite 2 uUSTEP® 1 WUNTIL® N = 1 npgw
"BEGINY SUM:= I + 1 + ALFABETA;
ACIJs= MIN/SUMZ(SUM + 2);
BLIYls= (2/SUNM)*
SQRT(I®*(SUM =~ T)*(I + ALFA)*(I + BETA)/ (SUM*SUM = 1))
"EN Dll;
HOt= 2%&(ALFABETA + 1)*GAMMA(1 + ALFA)*®GAMMA(1l + BETA)/
GAMMA(2 + ALFABETA);
ALL JAC ZER(M» ALFA», BETA, X);
WEQRT It= 1 "STEP® 1 "UNTIL® N ®=pO®
WBEGIN® XIte X[I); ROts= 13 R1lts (XI = A[0]1)/BL[11;
SUM:= 1 4+ R1%R1l;
NEQRT Ji= 2 USTEPH® 1 WUNTIL® N = 1 nDpg"
MBEGIN® R2t= ((XI =~ A[J = 11)%Rl = B[{J = 11%RO)/BLJI;
SUMtw SUM + R2#%R2; ROt= R1; Rl:= R2
WEND®;
WLIlte HO/SUM
REND®
BENDY" GSS JAC WGHTS;
"E DP!I
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"CODE"™ 31427;
"PROCEDURE™ GSS LAG WGHTS(N» ALFA, X» W);
RVALUE™ N» ALFA; "INTEGER®™ N; "REAL®™ ALFA; "ARRAY" X, W3
WBEGIN® “INTEGER"™ I, J; YREAL® HO, S» ROs R1ls R2s XI;
"ARRAY"™ A, BLO:N1;
WPROCEDURE®™ ALL LAG ZER(N», ALFA, X); WCODE®™ 31371;
"REAL® "PROCCZDURE™ GAMMA(X)3; “CODE® 35061;
Al3dJz= 1 + ALFA; ACf11:= 3 + ALFA; B[11:= SQRT(AL01);
“FOR"™ Its 2 NSTEP"™ 1 MUNTIL® N = 1 wDO®
WBEGIN® A[Ilt= I + I + ALFA + 1;
BLIl:t= SQRT(I*(I + ALFA))
NEMD" 3 .
ALL LAG ZER(MN» ALFA, X); HOz= GAMMA(1l + ALFA);
WFQRM Ts= 1 WSTEPM 1 "UNTIL® N "DO"
WBEGIN® XIzs X[I]; RO:= 1;
Rl:e (X1 = A[0])/B[11; S3= 1 + R1%R1j;
WEOR® J:= 2 WSTEPW 1 WUNTIL® N - ] ®DQW
"BEGIN® R2tm ((XT = A[J = 11)%R1 = BL{J = 11%RO)/BL[J];
RO:= R1l; Rl3= R2; Ss= S + R2%R2
NEND®;
WlIlse HO/S
n END“
"END" GSS LAG WGHTS;
nEopw
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AUTHOR: JoCoPoBUS,
INSTITUTE: MATHEMATICAL CENTRE.
RECEIVED: 740218,

BRIEF DESCRIPTION:

THIS SECTION CONTAINS PROCEDURES FOR CALCULATING THE DERIVATIVES OF

FUNCTIINS OF MORE VARIABLESs USING DIFFERENCE FORMULAS;

JAC OBNRNF CALCULATES THE JACOBIAN MATRIX OF AN N=DIMENSIONAL
FUNCTION OF i VARIABLES USING FORWARD DIFFERENCES;

JACOBNMF ~ CALCULATES THE JACOBIAN MATRIX OF AN N=DIMENSIONAL
FUNCTION OF M VARIABLES USING FORWARD DIFFERENCES;

JACOBNBHDF CALCULATES THE JACOBIAN MATRIX OF AN N-=DIMENSIONAL
FUNCTION OF N VARIABLESs, 1IF THIS JACOBIAN IS KNOWN TO BE A
BAHD MATRIX AND HAVE TO BE STORED ROW=WISE IN A ONE=DIMENSIONAL
ARRAYe

KEYWORDS ¢
NUMERICAL DIFFCRENTIATION,

FUNCTIONS OF MORE VARIABLESs
DIFFERENCE FORMULAS.



SECTLINN ¢ 4434261 (JCTOBER 1974) PAGE 2

SUBSECTIIN:

JACOBNMF,

CALLING SEQUENCE:

THE HEADING OF THIS PRNACEDURE READS?

"PROCEDURE" JACOBNNF(Ns» X» F» JACs» I, DI» FUNCT);
WYALUE™ N; "INTEGER"™ I, M; "REAL™ DI; "ARRAYM™ Xy F» JAC;
WPROCEDURE® FUNCT;

THE MEANING OF THE FORMAL PARAMETERS 1S:

Nt

Fs

JAC:

I:
NI

FUNCT:

<ARITHMETIC EXPRESSIOND;
THE NUMBER OF INDEPENDENT VARIABLES AND THE DIMENSION OF
THE FUNCTIOM;
<ARRAY IDENTIFIER>;
WARRAY" X[1:N1;
ENTRY: THE POINT AT WHICH THE JACOBIAN HAS TO BE CALCULATED
<ARRAY IDENTIFIER>;
"ARRAY®" FLL:N];
ENTRY @ THE VALUES OF THE FUNCTION=COMPONENTS AT THE POINT
GIVEN IN ARRAY X;
CARRAY IDUNTIFIER>;
WARRAY"™ JACL1:3N» 1:N1;
EXIT ¢ THE JACOBIAN MATRIX IN SUCH A WAY THAT THE PARTIAL
DERIVATIVE OF FILI1 TO X[J1 IS GIVEN IN
JACLI» J1s» Is J = 1s eees N;
<IMTEGER VARIABLED;
A JENSEN PARAMETER; DI MAY BE DEPENDENT OF I
<ARITHMETIC EXPRESSIOND>;
THE PARTIAL DERIVATIVES TO X[I1 ARE APPROXIMATED WITH
FORWARD DIFFERENCES, USIMG AN INCREMENT TO THE I=TH
VARIABLE THAT £QUALS THE VALUE OF DIs I = 1s eess Nj
<PROCEDURE IDENTIFIER>;
THE HEADING 0OF THIS PROCEDURE SHOULD READ:
"PROCEDURE" FUNCT(N» X» F)3
BVALUE® M5 "INTEGER™ Nj; ™ARRAY"™ X, F3
THE MEANING OF TH: FORMAL PARAMETERS IS:
N: <ARITHMETIC EXPRESSTON>;
THC MUMBER OF INDEPENDENT VARIABLES OF THE FUNCTION F;
X8 <ARRAY IDENTIFIER>;
THE INDEPENDENT VARIABLES ARE GIVEN IN X[1:NJ;
F: <ARRAY IDENTIFIERD;
AFTER A CALL OF FUNCT THE FUNCTION COMPONENTS SHOULD BE
GIVEN IN FL1:N1s

fs
&



SICTION 1 443,241 (DCTOBER 1974) PAGE 3

PROCEDURES HSED: NONE.

REQUIRED CENTRAL MEMORY i

EXECUTION FIELD LENGTH: JACOBNNF DECLARES ONE AUXILIARY ARRAY OF
ORDER Ne

RUNNING TIME: PROPORTIUNAL TO N %% 2,
LANGUAGE? ALGOL 60,

METHOD AND PERFORMANCE @

JACOBNNF CALCULATES THE JACOBIAN MATRIX OF AN N=DIMENSIONAL
FUNCTION NF N VYARIABLES; THE ELEMENTS OF THIS MATRIX» WHICH ARE THE
PARTIAL DERIVATIVES OF THE FUNCTIONs, ARE CALCULATED USING FORWARD
DIFFERENCES WITH AN INCREMENT TO THEZ I=TH VARIABLE OF DIy (I = 1,
[ KX ¥ N)C

EXAMPLE JF USE:

LET F BZ DEFINED BY:

F{1l= X[11 ** 3 + X[21,

F{21= 10 * X[213
THE JACOBIAN MATRIX AT THE POINT (25 1) MAY BE CALCULATED AND
PRINTED BY THF FOLLOWING PROGRAM:

RBEGIN®
WINTEGER™ I; "ARRAY™ JACCL1l:2, 1321, Xs FL1:21;
"PROCEDURE" JACOBNNF(N, Xs» F» JACy, Is DIy FU); "CODE® 34437;
"PROCEDURE"™ F1(N» X» F)3 "VALUE™ N; "INTEGER™ N; "ARRAY® X, F3;
WBLCIN® FU1lls= X[1] **% 3 + X[2]; FL21t= X[2]1 * 10 WEND"™ F1;
X[1lz:= 25 X[21:= 13 F1l(2s X» F)j;
JACOBNNF (2, X» Fs» JAC» I, "IF"™ I = 1 "THEN® "=p WELSE™ 1l F1l);
OUTPUT( 71, ®("%,;4B,®(WTHE CALCULATED JACOBIAN ISt®)®,//,
2(4Bs2(N)s/ )" )%, JACC1ls 11» JACL1, 21, JACI[2» 11s JACL2, 21)
"SND"

RESULTS®
THE CALCULATED JACOBIAN IS:

+12000005938262"+0U1l  +1,0000000000000"+000
+0,0000000000000"+000 +1,0000000000000"+001
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SUBSLCTION:
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JACOBNMF,

CALLING SEQUENCE:

THE HCADING OF THIS PROCEDURE READS:

"PRACLDURE™ JACOBNMF(Ns M» Xs Fs» JAC, I, DIs FUNCT);

BYALUE™ Np M5 PIMTEGER" 1, N» M3 "REAL™ DI "ARRAY" X, Fs JACS
"PROCEDURE™ FUMNCT;

THE MEANING OF THE FORMAL PARAMETERS 1S

M
M1

Xz

JAC:

I:

FUNCT

<ARITHMETIC EXPRESSIUND>;
THE NUMBER OF FUNCTION' COMPONENTS;
CARITHMETIC EXPRESSIOND;
THE NUMBEER OF INDEPENDENT VARIABLES;
<ARRAY IDENTIFIERD>;
WARRAY®™ X[1:M1; :
ENTRY: THE POINT AT WHICH THe JACOBIAN HAS TO BE CALCULATED
<ARRAY IDENTIFIER>;
WARRAY" FL13N13;
ENTRY: THE VALUES OF THE FUNCTION=COMPINENTS AT THE POINT
GIVEN IN ARRAY X;
<ARRAY IDENTIFLER>;
WARRAY® JAC[1:N, 1:M1;
EXIT ¢ THE JACOBIAN MATRIX IMN SUCH A WAY THAT THE PARTIAL
DERIVATIVE OF F[I) TO X[J] IS GIVEN IN
JACLI» J1s I = 15 eves Ns J = 1 see M3
<INTEGLR VARIABLED;
A JENSEN PARAMETER; DI MAY BE DEPENDENT OF I;
<ARITHMETIC EXPRESSIOND; s
THE PARTIAL DcRIVATIVES TO X[I1 ARE APPROXIMATED WITH
FORWARD DIFFERENCES, USING AN INCREMENT TU THE I=TH
VARIABLE THAT EQUALS THE VALUE CF DIs I = 1s oesss M3
<PROCEDURE IDENTIFIER>;
THE HEADING OF THIS PROCEDURE READS ¢
WPROCEDURE™ FUNCT(Ny, M» Xs F)j
WALUEY He M3 WINTEGER™ Np M3 WARRAY®™ X, Fj
THE MEAMING OF THE FORMAL PARAMETERS IS 3
Nt  <ARITHMETIC EXPRESSIOND;
THE MNUMBER {F FUNCTINN COMPONENTS;
Ms  <CARITHMETIC EXPRESSION>;
THE MUMBER OF INDEPENDENT VARIABLES OF THE FUNCTIDN Fs3
X3 <ARRAY IDENTIFIERD;
THE INDEPENDENT VARIABLES ARE GIVEN IN X[1:3:M1;
F:  <ARRAY IDENTIFIER>;
AFTER A CALL OF FUNCT THE FUNCTION COMPONENTS SHOULD BE
GIVEM IM FL1:N],
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PROCEDURES USED: NONE,

EXECUTION FIELD LENGTH: JACORNMF DECLARES ONE AUXILIARY ARRAY
ORDER Ne

RUNNING TIME: PROPORTIONAL TO N * M,

LANGUAGL s ALGOL 60,

METHOD AND PERFORMANCE:

OF

JACOBNMF CALCULATES THE JACOBIAN MATRIX OF AN N=~DIMENSIONAL

FUNCTIJN IF M VARIABLES; THE ELEMENTS OF THIS MATRIX, WHICH ARE

THE

PARTIAL DERIVATIVES OF THE FUNCTION, ARE CALCULATED USING FORWARD
DIFFERENCES WITH AM INCREMENT TO THE I-TH VARIABLE OF DIs(I = 1,

ever Mo

cXAMPLE OF USE:

UET F B DEFINED BY:

FL11= X[l %% 3 + X[21],

F{2]= 10 * X[21 + X[21 * X[11,

F{31= XL11 * X[21];
THE JACOBIAN MATRIX AT THE POINT (25, 1) MAY BE CALCULATED
PRINTED BY THE FOLLIWING PROGRAM:

“BEGIN® :
" INTEGER" I; "ARRAY® JAC[133, 1321, X[1121, F[1:31;
mPRICEDURE® JACOBNMF (N, Xs Fs» JAC» I, DI, FU); "CODE" 34438;
"PROCEDURE® F1(Ns Ms X, F); MVALUE"™ Ny M; WINTEGER"™ Ny M;
"ARRAY"™ X, F;
WBEGIN® FL1lts X[1] %% 3 + X[21;

FI21:= X[2] % 10 + X[2] * X[11 %% 2; F(31:s X(1] * X[2]
PENDW F1;
XC1l1= 25 X[21i= 15 FL(3, 2, X» F);

AND

JACOBNMF(3, 2» X» F» JAC» I, "IFM™ Iw2 ®THEN® 1 MELSE™ "=5, F1);

DUTPUT (71, "( "%y 4B, " ("THE CALCULATED JACOBIAN IS:m)%,//,
3(4B,2(N)»/7)") "y JAC[Ll, 11» JACLY, 215 JACL2, 11 JACL2, 215
JACL3s 11, JACI3, 21)

" END"

RESULTS:
THE CALCULATED JACOBIAN 1S
+12000060N002038"+001  +1,,0000000000000%+000

+450000100000270"+000 +164000000000000%+001
+1,0000000003174"+000 +2,0000000000000"+000
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SUBSECTIM: JACORNBHDF

CALLING SEQUENCE:

THE HEADING OF THIS PROCEDURE READS
"PROCENDURE™ JACOBNBNDF(Ns LWs RWs X» Fp JAC» Is DIs FUNCT);
WVALUE™ Ny LWy RW; "INTEGER™ My Iy LWs RW; MREAL"™ DI1;

"ARRAY"Y

Xs Fs JAC3; "PROCEDURE®™ FUNCT;

THE MEANING OF THE FORMAL PARAMETERS I5:

N

LM

RW:

X1

JAC?

I:

DIs

CARITHMETIC EXPRESSINOND;

THE NUMBIR OF INDEPENDENT VARIABLES AND TH& DIMENSION OF
THE FUNCTION;

CARITHMETIC EXPRESSIOND;

THE NUMBTR 0OF CODIAGONALS TO THE LEFT OF THE MAIN DIAGONAL
OF THE JACOBIAN MATRIXs WHICH IS KNOWN TO BE A BAND MATRIX;
C<ARITHMETIC EXPRESSIOND>;

THE NUMBER OF CODIAGOMALS TO THE RIGHT OF THE MAIN DIAGONAL
OF THE JACOBTIAN MATRIX; :

<ARRAY IDENTIFIER>;

WARRAY"™ X[1:N1;

EMTRY: THE POINT AT WHICH THE JACOBIAN HAS TO BE CALCULATED
<ARRAY IDENTIFIER>;

"ARRAY"™ F[1:NJ;

EMTRY: THE VALUES OF THe FUNCTION=COMPONENTS AT THE POINT
GIVEN IN ARRAY X;

<ARRAY IDENTIFIER>;

WARRAY"™ JAC [1 2 (LW + RW ) * (N = 1) + NI;

EXTT: THE JACOBIAN MATRIX IM SUCH A WAY THAT THE (I, J)=TH
ELEMENT OF THE JACOBIANs, IeEe THE PARTIAL DERIVATIVE OF
FLI1 TO X0J1s, IS GIVEN IN

JACL(LY + RW) * (I = 1) + J1l, FOR I = 15 aess N

J= MAX(1ly I = LW)s oees MIM(N, I + RW);

<INTEGZR VARIABLE>;

A JENSEN PARAMETER; DI MAY BE DEPENDENT OF I;

CARITHMETIC EXPRESSION>;

THE  PARTIAL DERIVATIVES TO X[I1 ARE APPROXIMATED WITH
FORWARD DIFFERENCES, USING AN INCREMENT TO THE I=TH
VARIABLE THAT EQUALS THE VALUE OF DI» I = 1y eess N;
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FUNCT: <PROCEDURE IDENTIFIERD;

THE HEADING OF THIS PROCEDURE READS @

U"PROCEDUPE® FUNCT(Ns Ls Us X» F)3

WYALUE" M, Ly U; MINTEGER"™ Ny Ls U; "ARRAY®™ X, F3;

THE MEANING OF THE FORMAL PARAMETERS IS @

N: <ARITHMETIC EXPRESSIOND;
THE NUMBER OF FUNCTION COMPONENTS;

LoUtKARITHMETIC EXPRESSIOND;
LOMER AND UPPER BOUND OF THE FUNCTIOM COMPONENT
SUBSCRIPT;

Xt <ARRAY IDENTIFIER>;
THS INDZPENDENT VARIABLES ARE GIVEN IN X[1:N1;

F: <ARRAY IDENTIFIERD}
AFTER A CALL OF FUNCT THE FUNCTION COMPONENTS FLIl,
I = Ls eees Up SHAOULD BE GIVEN IN FLL:UJ,

PROCEDURES USED?® NUMEe

EXECUTION FIFLD LEMGTH: JACOBNMF DECLARES ONE AUXILIARY ARRAY OF
MAXIMUM ORDER LW + RW + 1;

RUNNING TIME: PROPORTIONAL TO N * (LW + RW + 1),
LANGUAG:E: ALGOL 606

METHOD AND PERFORMANCES

JACOBNBNDF CALCULATES THE JACOBIAN MATRIX OF AN N=DIMENSIONAL
FUNCTION OF N VARIABLES, IF THIS JACOBIAN IS KNOWN TO BE A BAND
MATRIX AND HAVE TO BE STORED ROW=WISE 1IN A ONE=DIMENSIONAL ARRAY;
THE ELEMENTS NF THIS JACOBIAN MATRIX ARE CALCULATED USING FORWARD
DIFFCRENCES, WITH AN INCREMENT TO THE I~TH VARIABLE OF DI, (I = 1,

ceaed N)D



SECTION ¢ 4430261 (0CTOBR 1974) PAGE 8

EXAMPLE OF USE:

LET F BZ DEFINED BY:

FI11 = (3 = 2 * X[1]) * X[11 + 1 = 2 * X[2],

FII1 & (3 =~ 2 % X[{I]) * X[I] + 1 = X[I=1] = 2 * X[I+11l, I= 2, 3, 4,
FI51 = 4 - 2 % X[5] = X[4];

THE TRIDIAGONAL JACOBIAN MATRIX AT THE POINT Xy GIVEN BY X[I] = =],
I = 1, s0es S5» MAY BE CALCULATED AND PRINTED BY THE FOLLOWING
PROGRAMs

"BEG INY '
WINTEGER™ I; "ARRAY™ JAC[1:131, X» FL[1:51];
"PROCEDURE™ JACOBNBNDF(Ns Ls Ry X» Fs Js I» DsG); "CODE™ 34439;
"PRICEDURE™ F1{(Ns» Ls» Us X» F); MVALUE® N» L, U;
WINTEGER™ Ms Ls» U; "ARRAY™ X» F;
W3EGINY MINTEGER" I3
YFOR™ It= | WSTEP® 1 BUNTIL® (RIF® U = 5 WTHEN® 4 BELSE® U)
"n 0"
YBEGINY F[Il2s (3 = 2 * X[IJ) * XCLI] + 1 = 2 * X[I + 11;
WIF" I %a 1 "THEN" F{Ilte FL[I] = X[I = 11
WENDM;
WIFW U = 5 WTHEN™ FL[5]12s 4 = X[4] = X[5]1 % 2
RENDY F1;

WPROCEDURE™ LIST(ITEM); WPROCEDURE®™ ITEM;
®BEGIN® WINTEGER™ I;
ITEM("( "THE CALCULATED TRIDIAGONAL JACOBIAN IS:")");
WEORM It= 1 U"STEP™ 1 MWUNTIL® 13 ®DO® ITEM(JACIII)
NEND® LIST;

WPROCEDURE™ LAYOUT;
FORMAT("("//,4B540S55//54B52(+e5D"4D2B)» /5485 3(+o5D"+D2B)5 />
16Bs2(+e5D"4+D2B)s/528B53(+e5D"+D28)5/540B»2(+,50%+D2B) /%) ")
WEJQR® T t= 1 WSTEP® 1 MUNTIL® 5 #DQ® X[I)st= =1;
Fi{ S 1s 55 X» F)3
JACOBNBNDF(5s 1» 15 X» Fs JAC» I, MIF® I = 5 WTHENR ] WELSE®
Wy F1);
OUTLIST(71, LAYOUT, LIST)

"END"

RESULTS?
THS CALCULATED TRIDIAGONAL JACOBIAN IS

+e70000"+1  =20000"+1
«ol000UR+L +,70000"+1 =,20000%+1
«ol0000"+1  +,70000"+1 =420000"+]
=510000"+L +o70000"+1 =,20000"+]1
=3 10000"+1 =, 20000"+1
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SOMRCE TEXT(S)s

"CODE™ 34437;
"PRUCEDURE™ JACOBNMNF{N, X» Fs JAC, I, DI, FUNCT); "VALUE"™ N;
WINTEGER"™ N, 13 "RLAL"™ DI; ™ARRAY" Xs» Fs JAC; "PROCEDUREM™ FUNCT;
WBEGIN® WINTEGER® J; "RLAL™ STEP» AID; M™ARRAY® F1[1tN1;
"FOR® Ise ] WSTEP® 1 "UNTIL™ N "DO"
"BEG IN"® STEP:= DI; AID:= X[IJ; X[Il:= AID + STEP;
STEP3= 1 / STFP; FUNCT(Ns, X» F1);
WEORY Jsa 1 MSTEP™ 1 MUNTIL™ N *"DOY
JACLJsId:= (FLL[J] = FLJI) * STEP; X[Il:= AID
llEND" )
WEND®" JACOBNNF;
"EUP"

WCODE" 34438;
"pROCEDURE™ JACOBNMF(Ns Ms X» Fs JAC» I, DI, FUNCT); "VALUE® N, M;
WINMTEGER® My Mp I; ®REAL®™ DI; "ARRAY™ Xy Fs JAC; "PROCEDURE™ FUNCT;
WBEGIN® MINTFGER™ J; ®WREALW STEP, AID; "™ARRAY®™ F1[1:N1;
WEQR" I:= 1 MSTEP™ 1 WUNTIL"™ M “DO"
WREGIN® STEPt= DI; AIDt= X[IJ; X[IJt= AID + STEP;
STEPte 1 / STEP; FUNCT(Ns, Ms X, F1);
NEORW Jsm 1 NSTEPHM 1 WUNTIL®™ N npOw
JACLJIsId2= (F1[J] = FLJ1) * STEP; X[Ilts AID
wWEND®
NENDY JACOBNMF;
"EfJP "

®CODE" 34439;
"PROCEDURE"™ JACOBNBNDF(Ns, LWs RWs Xo Fy JACs» Is DI, FUNCT);
WYALUE" Ny LWy RW; "INTEGER™ I, Ms LWs RW; PREAL™ DI;
"ARRAY"™ Xs F» JAC3; ™PROCEDURE®™ FUNCT;
PBEGIN" "INTEGER"™ Js Ky L» Us T» B; "REAL™ AIDs STEPI;
Lz= 1; Us= LY + 1; T:= RW + 13 B3i= LW + RW;
"EJQRM™ J:= 1 "STEP™ 1 M"UNTIL"™ N "DOQ"
NBEGIN® MARRAY® F1IL3UJ;
STEPIs= DI; AID:= X[Il; X[Il:=s AID + STEPI;
FUNCT(Ns Ly Us Xo Fl); X[IJts AID;
Kzs I + (WIF"® I <= T WTHEN" O YELSE" I = T) * Bj
WFOR® Jt= | WSTEPM™ 1 WUNTIL® U "DQO®
WBEGIN™ JACLK]:= (F1{J] = F[J]) /7 STEPI; Ki=K + B "END";
WIFM" I >= T U"THEN"™ L:= L + 13
WIF® U < N ®THEN® U= U + 1

wENDY
WEND" JACDBNBNDF;
"Egp s
koo oo e ke kel M1062C4 ///¢ END OF LIST /7177

ook ok ok skokok M1062C4 771/ END OF LIST /777
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CONTRIBUTOR: Jeo Ce Po BUSe

INSTITUTE® HMATHEMATICAL CENTRE.

RECEIVED: 730615,

BRIEF DESCRIPTINON:

PAGE 1

THIS SECTION CONTAINS TWO PROCEDURES FAR FIMDING A ZERO OF A GIVEN

FUNCTIOM IN A GIYEN INTERVAL;
TEROIN APPROXIMATES A ZEROD MAINLY
EXTRAPOLATION;

ZERJINRAT APPROXIMATES A ZERO BY INTERPOLATION

FUNCTIDONS.

ZERJQIN IS PREFERABLE FOR SIMPLE (I.Ee CHEAPLY TO CALCULATE)
FUNCTIONS AND/OR WHMEM NO HIGH PRECISION IS REQUIREDs

BY LINEAR INTERPOLATION AND

RATIONAL

ZEROINRAT IS

PREFERABLE FOR COMPLICATED (JeEe EXPEMSIVE) FUNCTIONS WHEN A ZERD
IS REQUIRED IN RATHER HIGH PRECISION AND ALSO FOR FUNCTIONS HAVING

K POLE HUCAR THE ZEROe WHEN THE ANALYTIC DERIVATIVE

OF THE FUNCTION

1S EASILY OBTAINED, THEN ZEROINDER (SECTION 5elelele2) SHOULD BE

TAKEN INTO CONSIDERATION,

KEYWORDS:

ZERN SCZARCHINGs
ANALYTIC EQUATIONS.
SINGLE NON=LINZAR EQUATION,
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SUBSECTIUM: ZEROIN,

CALLING SEAUENCE:

THE HCWDING OF THIS PROCEDURE READS
¥ BOOLE AN® ¥PROCEDURE™ ZERJIN(X» Ys FX» TOLX);
WREAL™ X» Y, FX» TOLX;

ZEROIN

SEARCHES FOR A ZERO OF A REAL FUNCTION F DEFINED ON A
CERTAIN INTERVAL J;5 -
ZEROIN := "TRUE™ WHEN A (SUFFICIENTLY SMALL) SUBINTERVAL OF
J CONTATINING A ZER0O OF F HAS BEEN FDUND; ODTHERWISESs
ZEROIN 3= WEALSEW;
LET A REAL FUNCTINN T DEFINED JIN Js DENOTE A TOLERANCE
FUNCTION DEFINING THE REQUIRED PRECISION OF THE ZERO;
(FOR INSTANCE

T(X) = ABS(X) * RE + AE,
WHERE RE  AND A€ ARE THE REQUIRED RELATIVE AND ABSOLUTE
PRECISION RESPECTIVFLY); )

THE MEANING OF THE FORMAL PARAMETERS ISt

X3

FX:

TOLX:

<REAL VARIABLED>;

A JENSTEN VARIABLE; THE ACTUAL PARAMETERS FOR FX AND TOLX

(MAY) DEPLND ON THE ACTUAL PARAMETER FOR X3

ENTRY: INE ENDPOINT UF INTZRVAL J IN WHICH A ZERO IS
SCARCHED FOR;

EX1T: A VALUE APPROXIMATING THE ZERQ WITHIN THE TOLERANCE
2 * T(X) WHEN ZEROIN HAS THE VALUE WTRUE®™, AND A
PRESUMABLY WORTHLESS ARGUMENT VALUE OTHERWISE;

<REAL YARIABLE>;

ENTRY: THE OTHER ENDPOINT OF INTERVAL J IN WHICH A ZERO IS
SEAPCHED FOR; UPON ENTRY X < Y AS WELL AS Y < X IS
ALLIWED ;

EXTT: THE OTHER STRADDLING APPROXIMATION OF THE ZERM
leFs UPON EXIT THE VALUES OF Y AND X SATISFY
Le F(X) * F(Y) 4= Oy, 2, ABS(X = Y) <= 2 % T(X) AND
3¢ ABS(F(X)) <= ABS(F(Y)) WHEN ZEROIN HAS THE
VALUE "TRUE", AND A PRESUMABLY WORTHLESS ARGUMENT
VALUF SATISFYING CONDITIONS 2 AND 3 BUT NOT 1
OTHERWISE; :

<ARITHMETIC EXPRESSION>;

DEFINES FUNCTION F AS A FUNCTION DEPENDING ON THE ACTUAL

PARAMETER FOR X3

<ARITHMETIC EXPRESSIOND;

DEFINES THE TOLERANCE FUNCTION T WHICH MAY DEPEND ON THe

ACTUAL PARAMETER FOR X35

ONE SHOULD CHOOSE TOLX PNSITIVE AND NEVER SMALLER THAN THE

PRECISION OF THE MACHINE®S ARITHMETIC AT X» IeEs IN THIS

ARITHMCTIC X + TOLX AND X = TOLX SHOULD ALWAYS YIELD

VALUFS DISTINCT FROM X3 NTHERWISE THE PROCEDURE MAY GET

INTO A L1I0P,
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PRAOCFDURES USED: DWARF = CP30003;
eXECUTION FIELD LENGTH: NO AUXILIARY ARRAYS ARE DECLARED IMN ZERDIN,
LAMNGUAGE:: ALGOL A0,

METHOD AMD PERFORMANCE:

THE METHOD USED IS DESCRIBED IN DETAIL IN [1]. '
THE NUMBER OF EVALUATIONS OF FX AND TOLX IS AT MOST

& % LOG(ABS(X = Y)) / TAU»
WHERE X AND Y ARZ THE ARGUMENT VALUES GIVEN UPON ENTRY, LCG DENOTES
THE BASE 2 LOGARITHM AND TAU IS THE MINIMUM 0OF THE TOLERANCE
FUNCTION TOLX ON THE INITIAL INTERVALe IF UPON ENTRY X AND Y
SATISFY F(X) * F(Y) <= 0p THEN CONVERGENCE IS GUARANTEED AND THE
ASYMPTOTIC ORDER OF CONVERGENCE 1S 10618 FOR SIMPLE ZERJESs

EXAMPLE OF USEs

THE ZZRD OF THE FUNCTION EXP(=X * 3) % (X = 1) + X %% 3, IN THE
IMTERVAL {0, 11, MAY BE CALCULATED BY THE FOLLOWING PROGRAMS

WBEGIN® "REAL"™ X, Y3
" BIOLEAN® "PROCEDURE" ZEROIN(Xs Y, FX, TOLX)3 "CODE" 341503
WREAL" “WPROCGDURE"™ F(X); MVALUE"™ X; "REAL"™ X;
Fis EXP(=X % 3) % ( X = 1) + X %% 3;
Xim 03 Yim 13
WIF® ZEROIN(X, Ys F(X)s ABS(X) * W=ly 4 "=14) NTHEN
OUTPUT(71s "("/4B,"("CALCULATED ZEROS™)"B+,15D"+3D") ", X)
WELSER QUTPUT( 7L, "("/4B8,"("NO ZERD FOUNDM)n®)n)

" EN D"

RESULT:

CALCULATED ?ERIJt +,489702748548240"+000
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SUBSECTION:

7EROINRAT,

CALLING SEQUENCE:

THE HEADING 0OF THIS PROCEDURE READS?H
WBOOLEAN® ®PROCEDURE® ZERJIMRAT(X» Y» FXs TOLX);
"REAL™ Xs Ys» FX» TOLX;

ZERODINRAT SEARCHES FOR A ZER0D OF A REAL FUNCTION F DEFINED ON A

CERTAIN INTERVAL J;
ZERDINRAT := "TRUE"™ WHEN A (SUFFICIENTLY SMALL) SUBINTERVAL
OF J§ CONTAIMING A ZERD OF F HAS BEEN FOUND; OTHERWISES
ZEROINRAT 1= WFALSE®R; ’
LET A REAL FUMCTION T DEFINED OM J», DENOTE A TOLERANCE
FUNCTION DEFINING THE REQUIRED PRECISION OF THE ZERO;
(FOR INSTANCE

T(X) = ABS(X) * RE + AE,
WHERE RZ AND AE ARE THE REQUIRED RELATIVE AND ABSOLUTE
PRECISION RESPECTIVELY);

THE MEANING OF THE FORMAL PARAMETERS ISt

X3

FX3

TOLX S

<REAL VARIABLED;

A JENSEN VARIABLE; THE ACTUAL PARAMETERS FAOR FX AND TOLX

(MAY) DEPEND ON THE ACTUAL PARAMETER FOR X;

EMTRY: NE ENDPOINT OF INTERVAL J IN WHICH A 7ZERD IS
SEARCHED FOR;

EXIT: A VALUE APPROXIMATING THE ZERO WITHIN THE TOLERANCE
2 % T(X) WHEN ZEROINRAT HAS THE VALUE ®TRUE®", AND A
PRESUMABLY WORTHLESS ARGUMENT VALUE OTHERWISE;

<REAL VARIABLE>;

ENTRY: THE OTHER ENDPOINT OF INTERVAL J IN WHICH A ZERO IS
SEARCHED FNR; UPON ENTRY X € Y AS WELL AS Y < X IS
ALLOMED;

EXIT: THE 9JTHER STRADDLING APPROXIMATION OF THE ZEROs
I.Es UPON EXIT THE VALUES OF Y AND X SATISFY
le FUX) * F(Y) <= 05 2o ABS(X = Y) <= 2 % T(X) AND
Jo ABSIF(X)) <= ABS(F(Y)) WHEN ZERDINRAT HAS THE
VALUE ®TRUE®, AND A PRESUMABLY WORTHLESS ARGUMENT
VALUE SATISFYING CONDITIONS 2 AND 3 BUT NOT 1
OTHERWISE;

<ARITHMETIC EXPRESSION>;

DEFINES FUNCTION F AS A FUNCTIOM DEPENDING ON THE ACTUAL

PARAMETER FOR X;

<ARITHMETIC EXPRESSIOND>;

DEFINES THE TOLERANCE FUNCTION T WHICH MAY DEPEND ON THE

ACTUAL PARAHETER FOR X;

ONE SHOULD CHOOSE TOLX POSITIVE AND NEVER SMALLER THAN THE

PRECISION OF THE MACHINE'S ARITHMETIC AT X» IeoEe IN THIS

ARITHMETIC X + TOLX AND X = TOLX SHOULD ALWAYS YIELD

VALUES DISTINCT FROM X; OTHERWISE THE PROCEDURE MAY GET

INTO A LO0OP,
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PROCEDURES USEDs DWARF = CP30003;
EXECUTION FIELD LENGTH: NO AUXILIARY ARRAYS ARE DECLARED IN ZERCGINRAT.
LANGUAGE s ALGOL 60s

METHOD AND PERFORMANCES:

THE METHOD USED IS DESCRIBED IN DETAIL IN [11.
THE NUMBER OF EVALUATINNS OF FX AND TOLX IS AT MOST

5 % LOG(ABS(X = Y)) / TAU»
WHERE X AND Y ARE THE ARGUMENT VALUES GIVEN UPON ENTRY, L0OG DENNTES
THE BASE 2 LOGARITHM AND TAU IS THE MINIMUM OF THE TOLERANCE
FUNCTION TOLX ON THE INITIAL INTERVAL. IF UPON ENTRY X AND Y
SATISFY F(X) #* F(Y) <= 0, THEN CONVERGENCE IS GUARANTEED AND THE
ASYMPTITIC ORDER 0OF CONVERGENCE IS 1839 FOR SIMPLE ZEROES.

EXAMPLE OF USE:

THE ZERD OF THE FUNCTIOM EXP{=X % 3) * (X = 1) ¢+ X %% 3, 1IN THE
INTERVAL [0, 11, MAY BE CALCULATED BY THE FOLLOWING PROGRAM:

WBEGIN® WRETAL™ X, Y3
nRANLEAR"™ "PROCEDURE™ TERJINRAT(Xs Y, FXs TOLX); MCODE™ 344363
BRZIAL™ MPROCEDURE®™ F(X); ®VALUE® X; #REAL®™ X;
Fgaw EXP(=X % 3) % ( X = 1) + X %% 33
Xsm Q; Yim 1;
WIFY" ZERDINRAT(Xs Ys F(X)s ABS{X) * "=l4 + Wm]4) WTHEN®
DUTPUT( 71, ®("/4Bs "(MCALCULATED ZERD3®)®B4,15D"+3D")", X)
NELSER QUTPUT(T71, " (m/4B,n{n"NQ ZERO FOUND®)nw)n)

WENDM

RESULT:
CALCULATED ZERD: +o489702748548240"+000

REFEREMNCLS:

[1]: BUSs JeCePo AND DEKKERs; Teldes
TWJ EFFICIENT ALGORITHMS WITH GUARANTEED CNNVERGENCE FOR
FINDING A ZER7D NF A FUNCTION.
MATHEMATICAL CEMNTRE, REPORT NW 13/74s AMSTERDAM (1974)»
(ALSO TO APPEAR IN TOMS 1975)
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SOURCE TEXT(S):

wCNDE™ 341503
"BOJLEAN" "PRNOCEDURE"™ ZERNIN(Xs Ys FX» TOLX)
BREAL®™ X» Ys FX» TOLX:
WBEGINY WINTEGER™ EXT;
WREAL" C» FCy By FBs As FAp Ds FD» FDBsy FDA» Wp MB»
TOL, Ms Ps Qs DW;
DWe= DWARF; Bt= X3 FBte FX; At=m Xt= Y; FAs=s FX;
INTERPOLATE: Cs= A; FC:a FA; EXT:= 0;
EXTRAPOLATE: “IF" ABS(FC) < ABS(FB) "THEN"
®BEGIN® ®IF® C ™= A WTHEN®™ ®BEGIN® Di= Aj; FDt= FA WENDW®;
Ate B; FAt= FB; B:= X2w C; FB:tm FC; C3= A; FC:=s FA
WENDY INTERCHANGE;
TOLt= TULX; M3= (C + B) * 0¢5; MBtms M = Bj
WIFM ABS(MB) > TOL WTHEN®
NREGINY WIFM EXT > 2 UTHEN™ Wis MB WELSE®
"AEGIN"™ TOL:= TOL * SIGN(MB);
Pt= (B = A) * FB3; ®IF® EXT <= 1 ®THEN®
Qtm FA = FB WELSE™
"BEGINY FDB:= (FD = FB) / (D = B);
FDAl= (FD =~ FA) /7 (D = A);
Ps= FDA ®* P; Q3= FDB * FA = FDA % FB
WENDW; nIFW p € Q0 WTHEN®
VBEGINY Pis =P; Qi=m = "ENDY;
We=m MIFE® p < DY WOR® P <= Q * TOL ®THEN® TOL WELSE®
nIF® P < MB * Q WTHEN® P / Q MELSE™ MB
WEND®; D:= A; FD:s FA; A2s B; FAt= FB;
Xt= Bi= B 4+ W; FBs= FX;
RIFR (BIF® FC >= 0 WTHENY FB = Q "ELSE®™ FB <= () ®THENY®
"G OTO0% INTERPOLATE “ELSEw
WBEGIN® TXTe=m WIFY y = MB YTHEN™ 0 YELSE"™ EXT + 13
RGOTO® CXTRAPOLATE
WEND?
llEND"; Yim C;
ZEROIN:= "IFY FC >s (G "THEN" FB <= O "gLSE" FB >= 0
WEND® 7 EROINS
"E']P”
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WCNDE® 344353
UBOOLEAN" "PROCEDUREY ZEROINRAT(Xs Y»
MREALY Xs» Ys FX» TOLX:
®BEGIN® "INTEGER®™ EXT; "BUOLEAN® FIRST;
"REAL" By FBy Ay FA, Dy
MBs, TOLs M» Ps Qs DW3
BREAL® WpROCEDURE® DWARF;
DW:= DWARFj; B:=s X3
INTERPOLATE: Cz= A; FC:m FA; E£XT:= Q3
EXTRAPOLATE: "IF" ABS(FC) < ABS(FB) HTHEN®
BREGIN® RIFM C "= A WTHEN" WBEGIN" Dis=
Ats B; FAt= FB; Bi:= X3= (C; FRi= FC;
PEND" INTFRCHANGES :
TOLt= TOLX; Mi= (C + B) *
WIF® ABS(MB) > TAL "THEM®
WBEGINY WIF® EXT > 3 ®THEN™ Wi= MB
UBEGINY TOLs= TOL * SIGN(MB);
Pim (B = A) * FBj;
WBLEGINY Q:= FA = FB;
"BEGIN" FDB:s=
FDAs= (FD = FA) / (D = A);
Ps= FDA % Pj
WEND"; WIFW P £ O WTHEN®
UBEGIN" Pts =P3; Qim =Q WEND®;
BWIFR EXT = 3 "THEN® Pita P % 2;

FX»

WCODE® 30003;
FB:= FX; A:= X3= Y;

¢5; MBts M =

Wiam O]F® P < DY ®"ORW P <= Q * TOL

"IFM P < MB * Q "THEN®
MEND®; Dt= A3 FDi= FA;
X1= Bi= B + W; FBis FX;
nIFw
"GOTO" INTERPOLATE "ELSE®

Az= B;

PAGE 7

TOLX);

FDs C» FC» FDBs FDAs Wy

FAz= FX; FIRST:= ®TRUE";

A; FDi= FA MENDW;
Cim A; FC:m FA

B3

MELSE"

mIF" FIRST "THEN®

FIRST:s WFALSE" MEND" WELSE"
(FD = FB) / (D = B);

Qi= FDB * FA =« FDA * FB

WTHEN® TOL wELSE®

P / Q "ELSE"™ MB
FAi= FB;

(WIF® FC >= § "THEN" FB >= 0 ®ELSE™ FB <= ) "THEN®

RBEGIN® L£XTe= WIF® y = MB ®THEN®™ O WELSE®" EXT + 1;

nGOTN" EXTRAPOLATE
"END®
WENDY; Yim C;
ZERTINRAT#= "IF® FC s 0 "THEN" FB <= 0
WEND" ZZROINRAT;
"EQPN

WELSE® FB >»= @
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AUTHOR: TeJe DEKKERe

CONTRIBUTORS: TeJe DCKKER AND TeHePe REYMER,
INSTITUTE: UNIVERSITY OF AMSTERDAM.
RECEIVED: 750615,

BRIEF DESCRIPTION:

THIS SECTION CONTAINS ONE PROCEDURE FOR FINDING A ZERO OF A GIVEN

DIFFERENTIABLE FUNCTION IN A GLIVEN INTERVAL;

ZERODINDER APPROXIMATES A ZERO MAINLY BY MEANS OF CONFLUENT 3=POINT
RATIONAL INTERPOLATION USING NOT ONLY VALUES OF THE
GIVEM FUNCTION BUT ALSO OF ITS DERIVATIVE.

ZERDINDER IS TO PREFER TO ZEROIN OR ZEROINRAT (SECTION 5eleloelel)s

IF THE DERIVATIVE IS (MUCH) CHEAPER TO EVALUATE THAN THE FUNCTION.

KEYWORDS ¢

ZERQ SZARCHING,

ANALYTIC £QUATIONS,

SINGLE NONLINEAR EQUATIONS
DERIVATIVE AVAILABLE,.

CALLING SEAQUENCE:

THE HEADING OF THIS PROICEDURE READS:
"BOOLEAN" "PROCEDURE"™ ZERODINDER(Xs Y, FXp DFXs TOLX);
"REAL"™ X» Y» FX» DFX» TOLX;

ZERODINDER SEARCHES FOR A ZERD OF A DIFFERENTIABLE REAL FUNCTION F
DEFINED ON A CERTAIN INTERVAL J;
ZERQINDER := "TRUE" WHEN A (SUFFICIENTLY SMALL) SUBINTERVAL
OF J CONTAINING A ZERO OF F HAS BEEN FOUND; OTHERWISEs
ZEROINDER 2= ®FALSE";
LET DF AND T DENOTE REAL FUNCTIONS DEFINED ON J», WHERE DF
1S THE DERIVATIVE OF F AND T A TOLERANCE FUNCTION DEFINING
THE REQUIRED PRECISION OF THE ZERO; ( FOR INSTANCE

T(X) = ABS(X) * RE + AEs '

WHERE RE AND AE ARE THE REQUIRED RELATIVE AND ABSOLUTE
PRECISION RESPECTIVELY});
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THE MEANING OF THE FORMAL PARAMETERS ISt

X

DFX:

TOLX:

<REAL VARIABLED;

A JENSEN VARIABLE; THE ACTUAL PARAMETERS FOR FXs DFX AND

TOLX (MAY) DEPEND ON THE ACTUAL PARAMETER FOR X;

ENTRY: ONE ENDPOINT OF INTERVAL J IN WHICH A ZERO IS
SEARCHED FOR;

[XIT: A VALUE APPROXIMATING THF ZERO WITHIN THE TOLERANCE
2 % T(X) WHEN ZEROINDER HAS THE VALUE ®TRUE™, AND A
PRESUMABLY WORTHLESS ARGUMENT VALUE OTHERWISE;

<REAL VARIABLE>;

ENTRY: THE OTHER ENDPOINT OF INTERVAL J IN WHICH A ZEROD IS
SEARCHED FOR; UPON ENTRY X < Y AS WELL AS Y < X IS
ALLOWED; ‘

EXIT: THE OTHER STRADDLING APPROXIMATION OF THE ZERODs
IeEs UPON EXIT THE VALUES OF Y AND X SATISFY
le FUX) * F(Y) <= 0y 2, ABS(X = Y) <= 2 % T(X) AND
3¢ ABS(F(X)) <= ABS(F(Y)) WHEN ZEROINDER HAS THE
VALUE "TRUE", AND A PRESUMABLY WORTHLESS ARGUMENT
VALUE SATISFYING CONDITIONS 2 AND 3 BUT NOT 1
OTHERWISE;

<ARITHMETIC EXPRESSIOND;

DEFINES FUNCTION F AS A FUNCTION DEPENDING ON THE ACTUAL

PARAMETER FOR X3

CARTTHMETIC EXPRESSIOND>;

DEFINES THE DFRIVATIVE DF OF F AS A FUNCTIDN DEPENDING ON

THE ACTUAL PARAMETER FOR X3

<ARITHMETIC EXPRESSIOND;

DEFINES THE TOLERANCE FUNCTION T WHICH MAY DEPEND ON THE

ACTUAL PARAMETER FDR X;

ONE SHOULD CHOOSE TOLX POSITIVE AND NEVER SMALLER THAN THE

PRECISION OF THE MACHINE®S ARITHMETIC AT X, IsEe IN THIS

ARITHMETIC X + TOLX AND X = TOLX SHOULD ALWAYS YIELD

VALUES DISTINCT FROM X; OTHERWISE THE PROCEDURE MAY GET

INTO A LOOP.

PRJCEDURES USED: DWARF = CP30003;

REQUIRED CENTRAL MEMORY: NO AUXILIARY ARRAYS ARE DECLARED IN ZERCINDER.

RUNNIMG TIME: SEE METHOD AND PERFORMANCE.

LANGUAGE:

ALGOL 60,
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METHOD AND PERFUORMAMCE:

THE METHOD USED IS CONFLUENT 3=POINT RATIONAL INTERPOLATIONs IeEe
THE INTERPOLATION FUNCTION OF THE FORM (X = A) / (BX + C) IS FITTED
EXACTLY AT 3 POINTS 2 OF WHICH ARE COINCIDING; MORFOVER, IN ORDER
10 IMPROVE THE GLOBAL BEHAVIOUR OF THE PROCESS» LINEAR
INTERPILATION JIN THE FUNCTION F / DF OR BISECTION ARE INCLUDED 1IN
SOME STEPS;
THE PERFORMANCE IS AS FOLLOWS:
THE NUMBER OF EVALUATIONS O0OF FX, DFX AND TOLX IS AT MOST
4 LOG(ABSIX = Y)) / TAU»
WHERE X AND Y ARZ THE ARGUMENT VALUZS GIVEN UPON ENTRY, LOG DENOTES
THE BASE 2 LOGARITHMy, AND TAU TS THE MINIMUM OF THE TOLERANCE
FUNCTION ON J (I.fe ZEROINDER REQUIRES AT MOST 4 TIMES THE NUMBER
OF STECPS REQUIRED FOR BISECTION); IF UPON ENTRY X AND Y SATISFY
F(X) % F(Y) <= Oy THEN CONVERGENCE TO A ZERJ IS GUARANTEED, SO THAT
UPON EXIT X AND Y SATISFY CONDITION 1 TO 3 MENTIONED ABOVE (SEE
PARAMETER Y) AMD ZEROINDER HAS THE VALUE "TRUE";
FOR A SIMPLE ZERJ OF F, THE ASYMPTOTIC ORDER OF CONVERGENCE
APPROXIMATELY EQUALS 26414,

EXAMPLE 0OF USE:

THE ZERO NF THE FUNCTION EXP (=X # 3) #* (X = 1) + X #*% 3, IN THE
INTERVAL [O0» 11, MAY BE CALCULATED BY THE FOLLDWING PROGRAMS

"BEGIN® "REALY X, Y3
"BJIOLEAN™ "PROCEDURE®™ ZEROINDER(XsYsFXsDFXsTOLX); "CODEY 34453;
"REALY" "PROCEDURE™ F(X)5; "VALUE"™ X; "REALM™ X;
Fim EXP(=X % 3) % ( X = 1) + X *% 3;
WREAL® WPROCEDURE® DF(X); WVALUE®W X; ®REAL®™ X;
DF:= EXP(=X * 3) * (=3 % X + 4) + 3 * X *% 23
X3= 03 Y= 13
"IF" ZERODINDER(Xs Ys F(X)p DF(X)p ABS(X) * M=l4 + Mw]lgy) WTHEN®
QUTPUT( 71, ™("/4B,™ (“CALCULATED ZERGC AND FUNCTION VALUEz™) %,
/8By 2(B+,15D"+3D4B)s /4B,
B(ROTHER STRADDLING APPROXIMATION AND FUNCTION VALUE:™ )%,
/8By 2(B#,15D"+3D4B)™ )%, Xy F(X)p Ys F(Y))
MELSE® QUTPUT (71, " (%/4B, "(""NO ZERD FOUNDM)nm)#)
"END"

RESULT:

CALCULATED ZERO AND FUNCTION VALUE:
+:489702748548240"+000 =6444089209850060%=015

OTHER STRADDLING APPROXIMATION AND FUNCTION VALUE:
+,489702748548250"+000 +6177635683940030"=013
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REFERENCES:

[11: BUS» JeCePe AND DEKKERs Ts Jeos
TWO EFFICIENT ALGORITHMS WITH GUARANTEED CONVERGENCE FOR
FINDING A ZERD OF A FUNCTION,
MATHEMATICAL CENTRE, REPORT NW 13/74s AMSTFRDAM (1974)»
(ALSD TO APPLAR IN TOMS 1975).

[21: OSTRIWSKI» AeMes
SOLUTION OF EQUATIONS AND SYSTEMS OF EQUATIONS.
ACADEMIC PRESS 1966e¢ CHAPTERS 3 AND 11,

SOURCE TEXT(S):

WCODE™ 344533
wBOCLEAN® "PROC EDURE" ZERDINDER(X» Ys» FXs DFXs TOLX)
"REAL™ X» Ys FX» DFXs TOLX;
NBEGIN™ PINTEGLCR™ EXT;
"REAL™ By FBy DFBs As FA» DFA, Cs» FCs» DFCs Ds» We MB»
TOLs, My Py, Qs DW;
PREAL® YWPROCSDURE"™ DWARF; "CODEY™ 30003;
DW:= DWARF;
Bt=m X; FB:= FX; DFB:= DFX; s Xims Y; FA:m ¥X; DFA:= DFX;
INTERPOLATE: C2=s A; FC:= FA; DFC:= DFA; EXTt= 0;
EXTRAPOLATE: ®IF® ABS(FC) < ABS(FB) WTHEN®
“BLGINM™ A:= B; FA3e FB; DFA:= DFB; B3= X:= C; FB3= FC;
DFBs= DFC; C:= A; FCs= FA; DFC:= DFA
END" INTERCHANGE;
TOL3= TOLX; Mim (C + B) * 0,55 MBt= M = B3
nIF" ABS(MB) > TOL "THEN®
WRCGINY "IF" EXT > 2 "THEN" Wi= MB "ELSEY
WBEGIN® TOL:= TOL * SIGN(MB);
Di= WIFW EXT & 2 “THEN" DFA WELSE™ (FB = FA) / (B = A);
Pt= FB % D * (B = A);
Qt= FA * DFB = FB * D;
RIF® P & O MWTHEN®™ WBEGINY Pt=» =P; Q= «=Q MENDW;
Wim WIFW p & DY MORM P <= Q * TOL "THEN"™ TOL 9ELSEY™
WIF® P < MB * Q PTHEN" P / Q “ELSE"™ MB;
WEND®™; As= B; FAs3= FB; DFAs= DFB;
Xiw Bst= B + W; FBsw FX; DFB:s DFX;
NIFEN (WIFN FC >= 0 WTHEN® FB >= O WELSE"™ FB <= 0) "THEN®
“G0TO" INTERPOLATE MELSE"
WBEGIN® CXTt= WIF® ) = MB ®WTHEN® O WELSE®™ EXT + 13
"GOTO"™ EXTRAPOLATE
nEND ™
"END"; Yss C;
ZERDJINDERt= WIFM FC >= Q0 "THEN" FB <= 0 "ELSEY™ FB D= Q
MEND" ZZROINDER;
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AUTHOR: JoCePeBUS,
INSTITUTE: MATHEMATICAL CENTRE,
RECEIVED: 740218,

BRIEF DESCRIPTION:

THIS SCCTION CONTAINS TWO PROCEDURES FOR SOLVIMNG SYSTEMS OF
NON=LINEAR EQUATIONSs OF WHICH' THE JACOBIAN IS KNOWN T3 BE A BAND
MATRIXe

QUANEWBND ASKS FOR AN APPROXIMATINM OF THE JACOBIAN AT THE INITIAL
GUESS.

QUANEWBHNDL CALCULATES AN APPROXIMATION UOF THE JACOBIAN AT THE
INITIAL GUESSs USING FORWARD DIFFERENCES.

KEYWORDS:

MON=LIMEAR EQUATINNS,
SYSTEMS OF EQUATIONS,
NO EXPLICIT JACOBIAN.
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SUBSECTION: QUANEWBND.

CALLING SEQUENCES

THE HEADING OF TH4IS PROCEDURE READS :

®PROCLDURE® QUANEWBMD(Ns, LWs RW» X» F» JAC» FUNCTs IN, OUT);
YVALUE™ Ny LWs RUW; "INTEGER"™ Ns LWs RW;
"ARRAY" ¥, Fs JAC» IN, OUT; "BOOL EAN'™ "PROCEDURE™ FUNCT;

THE MEANING OF THE FORMAL PARAMETERS IS

Nt

LW

F2

JAC:

<ARITHMETIC EXPRESSIOND;

THE NUMBER OF INDEPENDENT VARIABLES; THE NUMBER OF

EQUATIONS SHOULD ALSO BE EQUAL TO N;

<ARITHMETIC EXPRESSION>;

THE NUMBER OF CODIAGONALS TO THE LEFT OF THE MAIN DIAGONAL

OF THE JACOBIAN;

SARITHMETIC EXPRESSIOND;

THE NUMBER OF CODIAGONALS TO THE RIGHT OF THE MAIN DTAGDNAL

OF THE JACOBIAN;

CARRAY TIDENTIFIERD;

BARRAY® X[13N1;

ENTRY: AN INITIAL ESTIMATE 0F THE SOLUTION OF THE SYSTEM
THAT HAS TO BE SOLVED;

EXITs THE CALCULATED SOLUTION OF THE SYSTEM;

<ARRAY IDENTIFIERD;

WARRAY™ FL[1:N1;

ENTRY:s THE VALUES OF THE FUNCTION COMPONENTS AT THE
INITIAL GUESS;

EXIT: THE VALUES 10F THE FUNCTION COMPONENTS AT THE
CALCULATED SOLUTION;

<ARRAY IDENTIFIER>;

WARRAY™ JACL1t(LW + RW) * (N = 1) + NI;

ENTRY: AN APPROXIMATION OF THE JACOBIAN AT THE INITIAL
CSTIMATE OF THE SOLMUTION;

EXIT: AN APPROXIMATION OF THE JACOBIAN AT THE CALCULATED
SOLUTION;

AN APPROXIMATION OF THE (I, J)=TH ELEMENT OF THE JACOBIAN

IS GIVEN IN JACL(LW + RW) * (I = 1) + JJ» FOR I = 15 eses N

AND J = MAX(1ls I = LW)s» eees MIN(N» I + RW);
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<PROCEDURE IDENTIFIERD>;

THE HEADING OF THIS PROCEDURE READS @

“BOOLEAN" "PROCEDURE"™ FUNCT(Ns Ls Us Xs F)j;

"YWALUE™ Ny L, Uj; WINTEGER® N» Ls U; MWARRAY® X, F3

THE MEANING OF THE FORMAL PARAMETERS IS :

N: <ARITHMETIC EXPRESSIOND;

THE MUMBER OF INDEPENDENT VARIABLES OF THE FUNCTION Fj
Ls Ut <ARITHMETIC EXPRESSIOND>; ’
LOWER AND UPPER BOUND OF THE FUNCTION COMPONENT
SUBSCRIPT;

Xs  <ARRAY IDENTIFIERD;
THE INDEPENDENT VARIABLES ARE GIVEN IN X[1:N1;

F: <ARRAY IDENTIFIERDj;

AFTER A CALL OF FUNCT THE FUNCTION COMPONENTS FLIls
I = L, sees Us SHOULD BE GIVEN IN FLL:3UI;

IF THE VALUE OF THE PROCCDURE IDENTIFIER EQUALS FALSEs

THEN THE EXECUTION OF OQUANEWBMD WILL BE TERMINATED, WHILE

THE VALUE OF DOUTC5] IS SE&T CQUAL TGO 23

<ARRAY IDENTIFIERD;

"ARRAY" IN[O:41];

ENTRY ¢

IN THIS AUXILIARY ARRAY CONE SHOULD GIVE THE FOLLOWING

VALUES FOR CONTROLLING THE PROCESS:

INCOJ: THE MACHINE PRECISION;

INL1]: THE RELATIVE PRECISION ASKED FOR;

IN[2): THE ABSOLUTE PRECISION ASKED FOR; IF THE VALUEs

DELIVERED IN QUTCS51 EQUALS ZERD» THEM THE LAST
CORRECTION VECTOR Dy SAY, WHICH IS A MEASURE FOR
THE ERROR IN THE SOLUTION, SATIFIES THE INEQUALITY
NORM(D) <= NORM(X) * IN[11 + IN[21,
WHEREBY X DENOTES THE CALCULATED SOLUTION, GIVEN IN
ARRAY X AND NORM(e) DENOTES THE EUCLIDIAN NORM;
HOWEVER,WE CAN NOT GUARANTEE THAT THE TRUE ERROR IN
THE SOLUTION SATISFIES THIS INEQUALITY, ESPECTALLY
IF THE JACOBIAN IS (NEARLY) SINGULAR AT THE
SOLUTION;

INC31: THE MAXIMUM VALUE 0OF THE NDRM (OF THE RESIDUAL
VECTOR ALLOWED; IF OUTLS5] = 0» THEN THIS RESIDUAL
VECTOR F, SAYs SATIFIES: NORM(F) <= IN[3];

INC41: THE MAXIMUM NUMBER aF FUNCTION COMPONENT
EVALUATIONS ALLOWED; L = U + 1 FUNCTION COMPOMNENT
EVALUATIONS ARE COUNTED EACH CALL OF
FUNCT(Ns, Ly, Us X» F); IF OUTLS51=1, THEN THE PROCESS
IS TERMINATEDs BECAUSE THE NUMBER OF EVALUATIONS
EXCEEDED THE VALUE GIVEN IN IN[4&];
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<AKRAY IDENTIFIERD;

®ARRAY™
EXIT 3

DUTL11:
ouTC 212

ouTI[31:

DUTL 4]
oUTLS 1

USED:

auTC1251];

THE EUCLIDIAN NORM OF THE LAST STEP ACCEPTED;

THE EUCLIDIAN NORM CF THE RESIDUAL VECTOR AT THE

CALCULATED SOLUTION;

THE NUMBER aF FUNCTION COMPONENT EVALUATIONS

PERFORMED;

THE NUMBER OF ITERATIONS CARRIED OUT;

THE INTEGER VALUE DELIVERED IN OUTIS5] GIVES SOME

INFORMATION "ABOUT THE TERMINATION OF THE PROCESS;

QUTL5] = 0: THE PROCESS IS TERMINATED 1IN A NORMAL
WAY3; THE LAST STEP AND THE NORM OF THE
RESIDUAL VECTOR SATISFY THE CONDITIONS
(SER INf21s, INL31);

IF QUTL5] "= 0, THEN THE PROCESS IS TERMINATED

PREMATURALY;

JUTLS51 = 1: THE NUMBER aF FUNCTION COMPONENT
EVALUATIONS EXCEEDS THE VALUE GIVEN IN
INC4D;

OUTES] = 2t A CALL OF FUNCT DELIVERED THE VALUE
FALSE;

OUTES5]1 = 33 THE APPROXIMATION oFf THE JACOBIAN
MATRIX TURNS DUT TO BE SINGULAR,

= CP31020>
= CP31030»
= CP34010,
= CP34020,
BND = CP34322,

EXECUTION FIELD LENGTH3

THE MAXIMUM NUHBER OF WORDS, NECESSARY FOR THE ARRAYS DECLARED 1IN

QUANEWBND EQUALS

MAXIN * 3 4+ (N = 1) * (LW + RW)» 4N)s

RUNNING TIME: PROPORTIONAL TO N #* LW % ( LW + RW + 1),

LAMGUAGE:

ALGAOL 60
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METHOD AND PERFORMANCE

THE METHOD USSD IN QUANEWBND IS THE SAME AS GIVEN IN [11; THE SAME
PROBLzXS HAVE BEEN TESTED AND THE RESULTS ARE THE SAME OR BETTER
THAN THOSE REPORTED IN [11; CITING [1], WE CAN SAY THAT W“THIS
METHOD OFFERS A USEFUL IF MODEST IMPROVEMENT UPON NEWTON®S METHOD»
BUT THIS IMPROVEMENMT TEMDS TO VANISH AS THE NONLINEARITIES BECOME
MORE PRONOUNCED®,

cXAMPLE OF USE: SEZ QUANEWBNDL (THIS SECTIOMN),

REFERENCES:!

[11 BRIYDEN CeGoe :
THE CONVERGENCE OF AN ALGORITHM FOR SOLVING SPARSE NONLINEAR
SYSTEMS,
MATHe COMPo» VOL25 (1971)e

SUBSECTION: QUANEWBNDL,

CALLING SEQUENCE?:
THE HMEADING OF THIS PROCEDURE READS :

WPROCEDURE®™ QUANEWBND1(N» LWs RWs» Xs» Fs» FUNCT, IN, OUT);
WWALUE" My LWy RW3; "INTEGER™ Ny LWs RW;
WARRAY" X, Fp INy 0OUT; "BOOLEANT™ wPROCEDURE™ FUNCT;

THE MEANING OF THF FORMAL PARAMETERS ISt
N? CARITHMETIC EXPRESSION>;
THE NUMBER OF INDEPENDENT VARIABLES; THE NUMBER OF
EQUATIONS SHOULD ALSD BE EQUAL TO Nj;
Lws <ARITHMETIC EXPRESSION>;
THE NUMBSR OF CODIAGONALS TO THE LEFT OF THE MAIN DIAGONAL
OF THE JACOBIAN;
Ru:s <ARITHMETIC EXPRESSION>;
THE NUMBER OF CODIAGONALS TO THE RIGHT OF THE MAIN DIAGONAL
OF THE JACOBIAN;
X <ARRAY IDEMTIFIER>;
WARRAY® XT13N1;
ENTRY: AN INITIAL ESTIMATE OF THE SOLUTION OF THE SYSTEM
THAT HAS TO BE SJLVED;
EXIT: THE CALCULATED SOLUTION OF THE SYSTEM;
Fi <ARRAY IDENTIFIER>;
YARRAY™ F[13N1;
EXIT: THE VALUES OF THE FUNCTION COMPONENTS AT THE
CALCULATED SOLUTION;
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<PROCFEDURE IDENTIFIZR>;

THE HEADING NF THIS PROCEDURE READS

HBOOLEAN' "PROCEDURE'™ FUNCT(Ns L Us Xs F)3

"YALUE™ ils Ls U; "INTEGER™ N, L, Uj; "ARRAY" X, F3;

THE MEANING DF THE FORMAL PARAMETERS IS 1@

Nt <ARITHMETIC EXPRESSION>;

THE HUMBER OF INDEPENDENT VARIABLES OF THE FUNCTION F3;
Ly Ut CARITHMETIC EXPRESSIOND>;
LOYWER AND UPPER B7JUND OF THE FUNCTION COMPONENT
SUBSCRIPT;

X: <ARRAY IDENTIFIER>;
THE TINDEPENDENT VARIABLES ARE GIVEN IN X[1:NJ1;

F3 <ARRAY IDENTIFIER»;

AFTER A CALL OF FUNCT THE FUNCTION COMPOMEMTS Fl[I1ls
I = Ly see» Us SHOULD BE GIVEN IN FLL3UID;

IF THE VALUE OF THE PROCEDURE IDENTIFIER EQUALS FALSE,

THEN THE EXESCUTION OF QUANEWBND WILL BE TERMINATED, WHILE

THE VALUE OF QUTIL5]1 1S SET ZQUAL TO 2;

<ARRAY IDENTIFIER>;

WARRAY™ IN[N14];

ENTRY ¢

IN THIS AUXILIARY ARRAY ONE SHOULD GIVE THE FOLLOWING

VALUES FOR CONTROLLING THE PROCESS:

IN[OJ: THE MACHINE PRECISION;

INL11: THE RELATIVE PRECISION ASKED FOR;

INC21: THE ABSOLUTE PRECISION ASKED FOR; IF THE VALUE»

DELIVERED IN OQUTILS5] EQUALS ZEROs THEN THE LAST
CORRECTION VECTOR Ds SAYs WHICH IS A MEASURE FOR
THE ERROR IN THE SOLUTION, SATIFIES THE INEQUALITY
HORM(D) <= NORM(X) % IN[1] + IN[2]1,
WHEREBY X DENOTES THE CALCULATED SOLUTIONs GIVEN IN
ARRAY X AND NORM(e) DENJTES THE EUCLIDIAN NORM;
HOWEVER,WE CAN NOT GUARANTEE THAT THE TRUE ERROR 1IN
THE SOLUTION SATISFIES THIS INEQUALITY», ESPECIALLY
IF THE JACOBIAN IS ‘(NEARLY) SINGULAR AT THE
SOLUTION;

IN[31: THE MAXIMUM VALUE OF THE NORM OF THE RESIDUAL
VECTOR ALLOWED; IF OQUTI5] = 0, THEN THIS RESIDUAL
VECTOR F, SAY, SATIFIES: NORM(F) <= IN[31;

INC41:  THE MAXIMUM NUMBER arF FUNCTION COMPOMNENT
EVALUATIONS ALLOWED; L = U + 1 FUNCTION COMPONENT
ZVALUATIONS ARE COUNTED EACH CALL OF
FUNCT(Ns Ls» Us X» F)3 IF OUTLS51=1, THEN THE PROCESS
IS TERMINATED», BECAUSE THE NUMBER OF EVALUATIONS
GXCEEDED THE VALUE GIVEN IN INCL4];

IN[LS51: THE JACOBIAN MATRIX AT THE INITIAL GUESS Is
APPROXIMATED USING FORWARD DIFFERENCESs WITH AN
FIXED INCREMENT TO EACH VARIABLE THAT EQUALS THE
VALUE GIVEN IN IN[51;
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ouT: <ARRAY 1
"ARRAY"
EXIT :
OuTC11:
guTl21:

NUTE3]:

oUTC4]:
ouUTL 5]
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DENTIFIER>;
JTL15];

THE EUCLIDIAM NORM OF THE LAST STEP ACCEPTED;

THE EUCLIDIAN NORM OF THE RESIDUAL VECTOR AT THE

CALCULATED SOLUTION;

THE NUMBER aF FUNCTION CiOMPONENT EVALUATIONS

PERF ORMED;

THE NUMBER OF ITERATIONS CARRIED OUT;

THE INTEGER VALUE DELIVERED IN OUTC5] GIVES SOME

INFORMATION "ABOUT THE TERMINATIOM OF THE PROCESS;

QUTI51 = 0: THE PROCESS IS TERMINATED 1IN A NORMAL
WAY3; THE LAST STEP AND THE NORM OF THE
RESIDUAL VECTOR SATISFY THE CONDITIONS
(SEE IN[21, IN[31);

IF 0UTC51 "= 0, THEN THE PROCESS IS TERMINATED

PREMATURALY;

OUTI5] = 13 THE NUMB ER oF FUNCTION COMPONENT
EVALUATIONS EXCEEDS THE VALUE GIVEN IN
INC4];

QUTL5] = 2t A CALL OF FUNCT DELIVERED THE VALUE
FALSE;

QUTLS5] = 3: THE APPROXIMATION OF THE JACOBIAN
MATRIX TURMS aQUT TO BE SINGULAR,

JACOBNBNDF = CP34439,

QUANEWBMD = CP

34430,

EXECUTION FIELD LENGTH:

QUANEWBNDL DECLARES AN AUXILIARY ARRAY OF DIMENSION ONE AND ORDER
N + (N = 1) * (LW + RW)e

RUNNING TIME: PROPORTIONAL TC N % LW * ( LW + RW + 1)e

LANGU AGE 3 ALGOL 60

METHOD AND PERFORMANCE:

QUANEWBND1 USES
INITIAL APPROXIM

JACOBNBNDF (SECTION 4e3s2e1) TO CALCULATE AN
ATION OF THE JACOBTIAN MATRIX AT THE INITIAL GUESS

GIVEN IN XC[1:Nl AND SOLVES THE NONLINEAR SYSTEM BY CALLING

QUANEWBND (THIS

SECTION) »
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EXAMPLE OF USE:

LET THZ FUNCTION £ BE DEFINED BY (SEE [11):

FO1l = (3 = 2 % X[1]) #* X[11 + 1 = 2 * X[21],

FLI1 = (3 = 2 % X[I1) * X[I] + 1 = X[I = 17 = 2 * X[I + 11s I = 2,
sses N = 1,

FIN] = (3 « 2 * X[IN]) * XIN]l + 1 = X[N = 11;

LET AN IMITIAL ESTIMATE OF THE SOLUTION OF THE SYSTEM F(X) = 0 BE
GIVEM BY X[I] » =1, I = 15 eses N3 THEN THE FOLLOWING PROGRAM MAY
SOLVE THIS SYSTEM FOR N = 600 AND PRINTS SOME RESULTSe

"BE GINY
®PROCEDURE™ QUAMEWBND1(Ms Ls Ry Xs» Fs FUs I, D)5 "CODE™ 34431;
"BJOLEANY "PROCEDURE™ FUN(Ns, Ls Us X» F); "VALUE™ N» L, U;
WINTEGER™ tl» Ls U; MARRAY" X» F;
®BCGIN® WINTEGER™ I3 WREAL™ X1, X2, X33
Xl:e WIF"™ | = 1 WTHEN® O MELSE® X[L = 1133
X3:m MIFN | & N WTHEN™ O WELSE™ XIL + 113
WFORM™ Tt= L USTEP™ 1 MUNTIL®™ U ®DO®
BREGIN" FLIlt= (3 = 2 % X2) % X2 + 1 = X1 = X3 * 2;
Xlta X2; X23i= ¥3;
X3:m MIFM 1 s N = 2 WTHEN"™ X[1 + 2] "ELSE" O
REND™; FUN$= ®TRUE®
MENDY™ FUM;

X23= X[L13

WINTEGER™ I; "ARRAY"™ X, F[1:6001, IN[O:5]s OUTL1:5];
WEQR" T = 1 "STEP™ 1 "UNTIL"™ 600 "DO® X[Ilt= =1;
IN[Ql3= M=143 TIN[1]2= IN[2]13= IN[31te "=6; IN[4]:= 20000;
IN[S51:= 0,001;
QUANEWBNDL(600s 1s 15 X» F» FUNs IN» DJUT);
DUTPUT(71, ®("//,% (% NORM RESIDUALVECTORS ®)®+,15D"+305 /s
" (" LENGTH OF .LAST STEP: " )"+,15D"+3Ds/»
w(n NUMBER OF FUNCTION COMPONENT EVALUATIONS: ")"57Ds/»
"(" NMUMBER OF ITERATIONS: ")"47D/,"(WREPORT: ®)®D/ M) M,
JUTL21, OUTC11, DUTL31s DOUTL41», OUTIS])

"END"

RESULTS:

NORM RUSIDUALVECTOR: +6221010684482660"=006
LENGTH OF LAST STEP: +,302712457332660"=006
HUMBER OF FUNCTION COMPONENT EVALUATIONS: 6598
NUMBER OF ITERATINNS: 7

REPORT: O

REFERENCES:

[11 BROYDEN CeGe
THE COMVERGENCE OF AN ALGORITHM FOR SOLVING SPARSE NONLINEAR
SYSTEMS,
MATHe COMPss» VOLe25 (1971),
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SOURCE TEXT(S):

I'C UDE"

34430;

BPROCEDURE®™ QUANEWBMD(Ny LWs RWs Xs Fs JAC» FUNCT, INs OUT);
"VALUE" N» LiWs RY; MWINTEGER™ N, LWs RW;

"ARRAY" X, F» JAC» IN, OUT; "BOOLEAN"™ "PROCEDURE"™ FUNCT;
WBEGIN® WINTEGER™ L, IT, FCNT» FMAXs ERRs, B;

WREAL® MACHEPS, RELTOL, ABSTOLs TOLRES» ND» MZ» RES;
WARRAY" DELTAL1:NI];

BREAL® "PROCEDURE® VECVEC(Ls, Us SHIFT, A» B); ™CODE®™ 340103
WREAL" "PROCEDURE™ ELMVEC(Ls Us SHIFTs As Bs X); "CODE"™ 34020;
WPROCEDURE™ MULVEC(Ls Us SHIFT, As» By X); "CODE™ 31020;
"PROCEDURE"™ DUPVEC(Ls, Us SHIFT» A» B); ®CODE®™ 31030;

BREAL® APROCEDURE™ DECSOLBND(As N» LWy RWs AUXs B);

"CODE" 34322;

®REAL® MPROCEDURE® EVALUATE(N, X» F); WVALUE® N;

WINTEGER™ N; "ARRAY" X» F;

"BEGIN® FCMT:= FCNT + N; "IFm " FUNCT(N, 1, Ns X, F) W®THEN®
"BEGIN™ ERRt= 23 "GOTO" EXIT "END";
RIF™ FCNT > FMAX ®THEN® ERRts 1;
EVALUATF:= SQRT(VECVEC(1l, N» 0» Fs F))

WEND" EVAL;

RBJOLEAN® WPROCEDURE® DIRECTION;

WREGIN® "WARRAY" LUC1:L]s AUX[1:51; AUX[213s MACHEPS;
MULVEC(1s N» O» DELTA, Fs =1); DUPVEC(1ls Ls O0» LU» JAC)}
DECSOLBND(LU, N» LW, RW» AUXs DELTA);

DIRECTIOM:= AUX[3]1 = N

REND® SOLLINSYS;

"BIJLEAN" "PROCEDURE"™ TEST(NDs TOLDs» NRESs TOLRES» ERR);
BYALUE® ND, TOLD; ®INTEGER™ ERR; MRLAL™ ND, TOLD, NRES», TOLRES;
TEST:= ERR "= O "OR"™ (NRES < TOLRES ®AND" ND < TOLD);

"PROUCEDURE"™ !JPDATE JAC;
RBEGIN® WINTEGER™ I, J» Ks Rs M; MREAL® MUL, CRIT;
"ARRAY"™ PPy S[13N1];
CRIT:= ND * MI;
"FOR® I3= ] MSTEP® 1 ®WUNTIL®™ N ®#DO" PP[IJst= DELTALI] #%* 2;
Ris 1; Kis 13 M3s RW + 1;
UEQR™ I:= 1 WSTEP® 1 ®UNTIL®w N wpQn
"REGINY MULs= Q3 U"FOR"™ Ji= R WSTEPW ] WUNTILY M "DQ®
MULs= MUL + PPL[J]; Jts R = K;
WIF® ABS (MUL) > CRIT "WTHEN™
ELMVEC(Xs M = Jp, J» JAC, DELTA, FL[I1 / MUL); Ki:= K + B;
RIF® T > LW ®THEN® Rt= R + 1 WELSE® Kim K = 13
HIFM M N BTHEN" Mss M + 1
" gNDn
WEND" UPDATEJAC;
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MACHEPSt= IN[OJ]; RELTOL2= IN[11; ABSTOLt= IN[21];
TOLRES:= IN[31; FMAX:= IN[C4]1; MIsa MACHEPS #*% 2;
IT:= FCNT:= 9; Bi= LW + RW; L3=s (N = 1) % B + N3 B:= B + 1;
RESt= SNART(VECVEC(1, N» Os» F» F)); ERRt= 0;
ITERATE: WIF® ~ TEST(SQRT(ND)» SQRT(VECVEC(l, N, 0s X» X)) * RELTOL
+ ABSTOL, RES», TOLRESs ERR) MTHEN®
"BEGIN® ITs= IT + 15 "IF" IT “= 1 "THEN" UPDATEJAC;
wIF® * DIRECTION WTHEN®™ CRRta 3 WE|SEW
"BEGIN® [LMVEC(1ls Ns O» X» DELTA, 1);
NDs= VECVEC(1s Ns O, DELTA, DELTA);
RESt= EVALUATE(N, X» F); "GOTO™ ITERATE
WEND® ‘
NENDY;
EXIT: QUTC11:= SQRT(ND); OUTL2]:=RES; OUTI31:= FCNT;
OUTC4Jt= IT; OUTLS513= ERR
REND®" QUANEWBND;
"EOP"

nCNDE"™ 34431

" PROCEDURE®™ QUANECWBMDL(N, LWs RWs Xs Fs FUNCTs IN, OUT);

NYALUSE" Ny LWy, RW; "INTEGER™ N, LWs RW; "WARRAY®" X, F, IN, OUT;

"BOOLEAN" "PROCEDURE™ FUNCT;

WBEGIN™ WINTEGER™ I, K; W"REAL® S;

! "ORMNCEDURE™ QUAMEWBND(Ny, Ls Rs Xo Fs Jo Gs I» 0O); "CODEY™ 34430;
WARRAY®™ JACCL:s(LW + RW) * (N = 1) + NIJ;
"PpROCEDURE" JACOBNBNDF(NsLs Rs X» Fs J» I» Ds F); "CODEW 34439;
FUHCT(Ns 1» N» X» F); Ss= IN[S5];
Ke= (LW 4+ RW)*(N = 1) + N¥2 = ((LW = 1)*LW + (RW = 1)*RW) // 23
IN[41:= IN[4] = K;
JACOBNBNDF(Ns LW» RWs» X» Fs JACs I» S» FUNCT);
QUANEWBND(M» LWs» RWs X» Fs» JACs» FUNCT, INs, OUT);
INL413:= IN[4] + K; OUTC3):= QUTL3] + K

"ENDY QUANEWBNDL;
REQPW
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AUTHOR 2 Jo Ce Pe BUS
INSTITUTE : MATHEMATICAL CENTRE.
RECEIVED : 741101,

BRIEF DESCRIPTION @

THIS SCCTION CONTAINS THE PROCEDURE MININ, FNR MINIMIZING
A FUNCTIOM OF ONZ VARIABLE IN A GIVEN INTERVAL;

KEYWORDS ¢

MINTMIZATION,
FUNCTIONS OF OME VARIABLE.

CALLING SCZAQUENCE

THE HEADING 0DF THIS PROCEDURE IS :

WREAL™ "PROCEDURL®™ MININ(Xs A» By FX» TOLX);
"REAL"™ X» A» Bs FX, TOLX;

"CODEL"™ 34433;

MINIM DELIVERS THT CALCULATED MINIMUM VALUE OF THE FUNCTION,
DEFINED BY FX, ON THE INTERVAL WITH ENDPOINTS A AND Be

THE MEAMING NOF THE FORMAL PARAMETERS IS 3
X 3 <REAL VARIABLE>;
A JENSEN VARIABLE; THE ACTUAL PARAMETERS FOR FX AND TOLX
DEPEND ON X3
EXIT ¢ THE CALCULATED APPROXIMATION OF THE POSITION OF THE
MINIMUM;
As B 3 <REAL VARIABLE>;
ENTRY ¢ THE ENDPOINTS OF THE INTERVAL ON WHICH A MINIMUM
IS SEARCHED FOR;

EXIT THE ENDPOINTS OF THE INTERVAL WITH LENGTH LESS THAN

4 % TOL(X) SUCH THAT A < X < B;
FX 2 <ARITHMATIC EXPRESSIOND>;
THE FUMCTION ISGIVEN BY THE ACTUAL PARAMETER FX, WHICH
DEPENDS ON X;
TOLX 3 <ARITHMETIC EXPRESSIOND;

THE TOLERANCE IS GIVEN BY THE ACTUAL PARAMETER TOLX, WHICH MAY
DEPEND OM X; A SUITABLE TOLERANCE FUMCTION IS : ABS(X)*RE + AE,
WHERE RE IS THE RELATIVE PRECISION DESIRED AND AE IS AN ABSOLUTE

PRECISION WHICH SHOULD MIT BE CHOSEN EQUAL TD ZERD.
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DATA AND RESULTS @
THE USER SHOULD BE AWARE OF THE FACT THAT THE CHCICE OF TOLX MAY
HIGHLY AFFECT THE BEHAVIOUR AF THE ALGORITHMs, ALTHOUGH CONVERGENCE
TO A POINT FOR WHICH THE GIVEN FUNCTION IS MINIMAL ON THE INTERVAL
IS ASSURED; THE ASYMPTOTIC BEHAVIQUR WILL USUALLY BE FINE AS LONG AS
THE NUMERICAL FUNCTION IS STRICTLY DELTA=UNIMODAL ON THE GIVEN
INTERVAL (SEE [1]) AND THE TOLERANCE FUNCTION SATISFIES TOL(X)>=DELTA»
FOR ALL X IN THE GIVEN INTERVAL.

PROCEDURES USED ¢ HNOHNEe
REQUIRED CENTRAL MEMIRY @ NO AUXILIARY ARRAYS ARE DECLARED IN MININ,

METHOD AND PERFORMANCE :
MININ IS A SLIGHTLY MODIFIED VERSION OF THE ALGORITHM GIVEN IN [11,

EXAMPLE OF USE:
THE FOLLOWING PROGRAM MAY BE USED TO CALCULATE THE MINIMUM OF THE
FUNCTION F(X) = SUM(((I * 2 = 5)/(X = I %% 2)) ** 2; I = 1 (1) 20)
ON THE INTERVAL [1 + TOL», 4 = TOL] (SEE [11). '

WEEGIMY
WREAL" "PROCEDURE® MININ(Xs A» By FX» TOLX)s ®CODE® 344333
WREAL™ My X» As B3 WINTEGER™ CNT;
NREALY YPROCEDURE™ F(X); M"VALUEM™ X; M“REALY X;
NREGIN" "INTEGER"™ 1; "REAL" S;
Si= O3 WFOR® It= ] WSTEP®™ 1 ®MUNTIL® 20 wDOW
Ste S 4+ ((I % 2 = 5) 7/ (X « I %%k 2)) %% 23
CNTs= CNT + 1; Fs3= S
"END" F;
WREAL® ®WPROCEDURLC® TOL(X)3 "VALUE"™ X; PREAL"™ X3
TOL:= ABS(X) % =7 4+ NH=7;
At= 1 + TOL(1l); Bit= & = TOL(4); CNT:= 0Oj
Mt= MININ(Xs As B» F(X)» TOL(X));
QUTPUT(61s " ("4B " (WMINIMUM IS ")"sNy/4Bs
w(UEQR X IS ") ", Ny /4Bs
W(PIN THE INTERVAL WITH ENDPOINTS ")",/8Bs2(N)s/4B»s
W(NWTHE NUMBER OF FUNCTION EVALUATIONS NEEDED IS ®)",2ZD,/")%,
Ms X» As Bs CNT)
nEND®
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RESULTS

MINIMUM IS +3,6766990169019"+000

FOR X IS +3,0220153387991"+000

IN THE INTERVAL WITH ENDPOINTS
+3,0229149365075"+000 +3.0229157410906"+000

THE NUMBER OF FUNCTION EVALUATIONS NEEDED IS 13

SOURCE TEXT:

WCODE®™ 34433; )
WREAL™ "PROCEDURE™ MININ(X, As By FXs, TOLX);
BREAL"™ X» Ap By FXs TOLX;
WBEG IN® MCOMMENT™ SEE BRENTs 1973, P79;
WREAL™ Zs C» Dy E» M» P» Qs Ry TOL» Ts» Us Vs Wy FUs FVy FWs FZ3;
C:= (3 = SQRT(5)) 7 2; WIF®W A > B WTHEN®
"BEGINY Z3= A; Ate Bj; Bts 7 WENDW;
Wis X3= A3 Fyt= FX3 Zi=s Xtm B; FZt= FX; "IF"® FZ > FW “THEN®
NBEGINT Zis W; Wis X; Vie FZI; FI:=s FWj; FWis V WENDW;
Vis W; FVi= FW; Ets (3
LOOP: M= (A + B) * 0,53 TOLt= TOLX; T3= TOL * 23
NIF® ABS(Z = M) D T = (B = A) % 0,5 "THEN®
BWBEGIN® Pi:= Q= Ri= Q; "IF® ABS(E) > TOL WTHEN®
"BEGIN® Ris (7 = W) % (FZ = FV);
Q3= (7 = V) % (FZ = FW); Pt=s (7 = V) % Q = (Z = W) * R}
Qsa (Q = R) % 23 WIFY QD50 "THENY P3= =P HELSEN Qs =Q;
Rie E; Ezm D
WEND® 3
NIFY ABS(P) < ABS(Q * R % 0e5) WAND" P > (A = 7) * Q
HAND® P € (B = Z) % Q "THEN®
"BEGIN" D2= P 7 Q5 Ut=s Z 4 D3
RIF® U = A < T ¥OR® B = Y < T RTHEN®
Ds= "IF® 7 < M "THEN® TOL “ELSEY =TOL
WENDY WELSE®
"BEGIN" g3= (®IF® 7 < M ATHEN® B WELSER A) = 23 Di= C * §
NENDM;
Usm Xim 2 + (WIFR ABS(D) >= TOL ®THEN® D WELSE® wIfFn D > @
WTHEN" TOL "ELSE™ «TOL)3; FUis FX;
RIF® FU <= F7 RTHEN®
NBEGIN® "WIFW U < 72 WTHENY™ B:ws 7 WELSE® Azm= 73
Vie Y; FVim FW; Wis 75 FWse FZ3 Z3e U; FZ:ms FU
WENDY WELSER
UBEGIN® WIFH U < Z UTHEN® Aswm U WELSE™ Bzs U;
WIFM® FY <= FY NTHEN®
"BEGIN™ Vie W; FVie FW; Wsa U FWs= FU "END" ®ELSE™
RIF® FU <= FVY ®0OR® V = |y HWTHEN®
RBEGINT Via U; FVis FU WEND®
WEND®; "GOTO™ LOOP
WENDY; X3s Z3; MININs= FZ
WEND® MININM;
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AUTHOR! Jo Co Po BUS,
INSTITUTZ: MATHEMATICAL CENTRE.
RECETVED! 741101

BRIEF DESCRIPTIOMN:
THIS SECTION CONTAINS THE PROCEDURE MININDERs, FOR MINIMIZING A
FUNCTION OF ONE VARTABLE IN A GIVEN INTERVAL, WHEN THE ANALYTICAL
DERIVATIVE OF THE FUNCTION IS AVAILABLE.

KE YWORDS 3
MINIMIZATION,
FUMCTIONS OF ONE VARIABLE,

CALLING SEQUENCE:

THE HEADING 0OF THIS PROCEDURE 1IS:
PREAL™ "PRUCEDURE"™ MININDER(Xs Ys FXs DFXs TOLX)3
WREAL® X, Yo FX» DFX» TOLX;

MINIMDZR DELIVERS THE CALCULATED MINIMUM VALUE OF THE FUNCTIONs
DEFINED BY FXs ON THE INTERVAL WITH END POINTS A AND Be.

THE MEANING OF THE FORMAL PARAMETERS IS:
X: <REAL VARIABLE>;
A JENSCN VARIABLE; THE ACTUAL PARAMETERS FOR FX» DFX AND
TAOLX DEPEND ON X3
ENTRY: ONE OF THE END POINTS OF THE INTERVAL ON WHICH THE
FUNCTION HAS TO BE MINIMIZED;
EXIT: THE CALCULATED APPROXIMATION OF THE POSITION OF THE
MINIMUN;
Y <REAL VARIABLE>;
ENTRY: THE OTHER END POINT OF THE INTERVAL ON WHICH THE
FUNCTION HAS TO BE MINIMIZED;
EXIT2 A VALUE SUCH THAT ABS(X « Y) <= TOL(X) * 33
FX: <ARITHMETIC EXPRESSIOND>;
THE FUNCTION IS GIVEN BY THE ACTUAL PARAMETER FX WHICH
DEPENDS ON X3
DFX: <ARITHMETIC EXPRESSION>;
THE DERIVATIVE OF THE FUNCTION IS GIVEM BY THE ACTUAL
PARAMETER DFX WHICH DEPENDS ON X; FX AND DFX ARE EVALUATED
SUCCESSIVELY FOR A CERTAIN VALUE OF X;
TOLX: CARITHMETIC EXPRESSIOND;
THE TOLERANCE IS GIVEN BY THE ACTUAL PARAMETER TULX» WHICH
MAY DEPEND ON X35 A SUITABLE TOLERANCE FUNCTION 1IS:

ABS(X) * RE + AE» WHERE RE IS THE RELATIVE PRECISION .

DESIRED AMD AE IS AN ABSOLUTE PRECISION WHICH SHOULD NOT
BE CHOSEN EQUAL TO IERO.
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DATA AND RESULTS:

THE WUSER SHOULD BE AWARE OF THE FACT THAT THE CHOICE OF TOLX
MAY HIGHLY AFFECT THE BEHAVIOUR OF THE ALGORITHM» ALTHOUGH
CONVERGENCE T3 A POINT FOR WHICH THE GIVEN FUNCTION IS
MINIMAL ON THE GIVEN INTERVAL IS ASSURED; THE ASYMPTOTIC
BEHAVIQUR WILL USUALLY BE FINE AS LONG AS THE NUMERICAL FUNCTION IS
STRICTLY DELTA~UNIMOIDAL CN THE GIVEN INTERVAL (SEE [11) AND THE
TOLERAHCE FUNCTIJN SATISFIES TOL(X) >= DELTAs FOR ALL X IN THE
GIVEM INTERVAL; LET THE VALUE OF DFX AT THE BEGIMN AND END POINT OF
THE INITIAL INTERVAL BE DENOTED BY DFA AND DFB» RESPECTIVELYs THEN,
FINDING A SLOBAL MINIMUM IS ONLY GUARANTEED IF THE FUNCTION IS
CONVEX AND DFA <= O AND DFB >=: Q; IF THESE CONDITIONS ARE NOT
SATISFIEDs, THEN A LUCAL MINIMUM OR A MINIMUM AT ONE OF THE EMD
POINTS MIGHT BZ FOUNDe

PROCEDURES USED: NONI,
REQUIRED CINTRAL MEMORYS: NO AUXILIARY ARRAYS ARE DECLARED IN MININDER.
LANGUAGE: ALGOL 60,

METHOD AND PERFORMANCE:

MININDZR HAS ALMIST THE SAME STRUCTURE AS THE PROCEDURE GIVEN IN
[11; HIOWEVERs CUBIC INTERPOLATIOM (SEE (21) IS USED INSTEAD OF
QUADRATIC INTERPOLATION TO APPROXIMATE THE MINIMIUM,.

REFERENCES:

[11t BRENTs RePe
ALGORITHMS FNR MINIMIZATION WITHOUT DERIVATIVESe CHe5e
PRENTICE HALL, 1973,
[21: DAVIDON» 4YeCs
VARIABLE METRIC METHODS FOR MINIMIZATION,
REPs AeNole 5990, 1959,
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EXAMPLE NF USE:

THE FOLLOWIMG PROGRAM MAY BE USED TO CALCULATE THE MINIMUM OF THE
FUNCTION F(X) = SUM(((I * 2 = 5)/(X = I %% 2)) #% 2; I = 1 (1) 20)
ON THE INTERVAL [1e0153¢991 (SEE [11)e

"BEGINY
"REAL® MPROCEDURE™ MININDER(X» Y, FX» DFXs TOLX)5 "CODE® 34435;
MREAL™ M, Xs Y; "INTEGER"™ CNT;

NREAL" WPRACEDURE®™ F(X); "VALUE" X5 "REAL™ X;

WBEGIN® INTRGER® I3 WREAL® S;
Sts O; "FOR®™ I:s 1 "STEPW 1 mUNTIL®™ 20 »DQO"
Stm S + ((I % 2 = 5) / (X = 1 %k 2)) %% 2;
CNTt= CNT + 1; F3e S

WEMD® F3

WREAL"™ "PROCZDURE® DF(X); "VALUE™ X; "REALY™ X;

WBEGIN® MINTEGERY™ I3 "REAL" S;
St= Q; "FOR" It= 1 WSTEP™ 1 WUNTIL® 20 "DQO®
St & + (I * 2 = 5) %k 2 / (X = I %k 2) %% 33
DFt= «§ * 2

REND™ DF3

WREAL™ "PROCTIDURE™ TOL(X); "VALUE" X; "“REAL"™ X;
TOLzs ABS(X) * M=7 + "=7;

Xtz 1,013 Yi=m 3,99; CNT:= {3
1= MININDER(Xs Y» F(X)y DF(X)sTOLIX));
QUTPUT(61 »" (748, " ("MINIMUM IS ")"yNs /4B,
R(PEOR X IS ™)W,N, /4B,
W(WAND Y IS ")",Ns /4B,
WWTHE NUMBER OF FUNCTION EVALUATIONS NEEDED IS #)n,27D,/7) Wy
Ms Xo Ys CNT)
HEND®

RESULTS:

HIMIMUM IS +3,6756990169021"+000

FOR X IS +3,0229155250302%+000

AND Y IS +3,0229151227386%"+000

THE MNUMBER OUF FUNCTION EVALUATIONS MEEDED IS 9
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SOURCE TEXT(S)3

"CODR"34435;

"WRE ALY "PROCEDURE™ MININDER(Xs Ys FXs» DFXs TOLX);

RREAL™ X, Y» FX» DFXs TOLX;

WBEGIN" "COMMENT®™ THE FUNCTIONM IS APPRIXIMATED BY A CUBIC AS
NIVEN BY DAVIDON, 19%58s THE STRUCTURE IS SIMILAR TO THE
STRUCTURE OF THE PROGRAM GIVEN BY BRENT», 1973, THIS IS
A REVISION OF 760407;

WINTEGER™ SGN; :
"REAL" Ay B» C» FAs FBy FUs DFA, DFBs DFUs E» D» TOLs BAs
Z, Py Q5 S; ‘

WIFW X Ca Y “UTHEN®
"BEGIN" At= X; FAt= FX; DFAt= DFX;

Bt= X3= Y; FBt= FX; DFBt= DFX

WEND™ "ELSEM
"BEGIN® B:m X; FB:= FX; DFB:= DFX;

At= Xt= Y; FA3= FX; DFAs= DFX

" E l'D IO;

Looe:

tm (3 = SQRT(5)) 7 23 Ds= B = A; Es= D % 25 Z:= E % 23
BAi= B = A; TOLt= TOLX3 "IF" BA >= TOL * 3 "THEN"

®BEGIN® BIF® ABS(DFA) <= ABS(DFB) MTHEN®

"BEGIN" X2wA; SGN:= 1 WEND®™ MELSE®™
WBEGINY X3= Bj; SGN:i=m =1 "END";
"IF® DFA <= 0 ®AND® DFB >= 0 WTHEN"
WBEGIN" Ztw» (FA = FB) % 3 / BA + DFA + DFB;
S:= CQRT(Z *%* 2 = DFA * DFB);
pPim "IF" SGN = 1 "THEN" DFA = S = 7 W"ELSE"
DFB + S = Z; P3= P * BAj;
Q:= DFB = DFA + S * 25 2= E; Ei= D3
Ds= "IF" ABS(P) <= ABS(Q) * TOL "THEN" TOL * SGN
WELSE® =P / Q
WEND®™ WELSE"™ Di=s BAj;
"IF" ABS(D) >= ABS(Z * 0e5) "OR" ABS(D) > BA % 0e¢5 WTHEN®
"BEGIN" S:= BAj; Dt= C % BA * SGN "ENDV;
Xt= X + 0D; FUt= FX; DFUt= DFX;
WIF® DFU >= O "OR™ (FU >= FA "AND™ DFA <= Q) ®THEN®
YBEGIN® B:= X; FB:= FU; DFB3= DFU M"END"™ "ELSE"
"BEGIN® Az= X; FAs= FU; DFAt= DFU WENDW;
wGNTa" LI0P

MENDU; WIFM FA <= FB WTHEN®
MBEGIN® X:= A; Y:= B; MININDER:= FA "END® "ELSE"
WBEGIN® Xsm B3 Yts A; MININDERts FB WEND®
"END" MININDER;
nEgpn
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AUTHOR: JoCePoeBUSe

IMNSTITUTE: MATHEMATICAL CENTRE.

RECEIVED: 730620,

BRIEF DESCRIPTION:
THIS SECTION CONTAINS FOUR PROCEDURES, LINEMINs RNK1UPD, DAVUPD AND
FLEUPD, THAT ARE AUXILIARY PRJCEDURES FOR THE PROCEDURES RNKIMIN

AND FLE

KEYWORD 5

MIN (SECTION 5.1.2.2.2){:

AUX ILIARY PROCEDURES

SUBSECTTIUNS

LINEMIN.

CALLING SEQUENCE:

THE HEADING OF THIS AUXILIARY PROCEDURE ISt

wHARNCEDURE™ LINEMIN(Ns, X» Dy ND» ALFA» G» FUNCT» FO» Flp, DFO» DFl,
EVLMAX, STRONGSEARCHYs IN);

WYALUE" Ns MD» FO» DFOs STRONGSEARCH;

WINTEGER® Ns EVLMAX; ®BOOLEAN® STRONGSEARCH;

WREAL"

HNDs ALFA, FO» Fls DFO» DF1;

WARPRAY" X» Ds» Gs» IN; "REAL™ "PROCEDURE™ FUNCT;"CODE"™ 34210;

THE MEANING OF THE FORMAL PARAMETERS IS:

N:

X1

D1

ND 2

ALFA:

<ARITHMETIC EXPRESSION>;

THE NUMBER OF VARIABLES OF THE GIVEN FUNCTION F;

<ARRAY IDENTIFIER>;

"ARRAY"™ X[1 t NJ;

ENTRY: A VECTOR X0, SUCH THAT F IS DECREASING IN XO0s 1IN
THE DIRECTION GIVEN BY D;

EXITs THE CALCULATED APPROXIMATION OF THE VECTOR FOR
WHICH F IS MINIMAL ON THE LINE DEFINED BY:
X0 + ALFA * Dy (ALFA > 0);

<ARRAY IDENTIFIERD;

WARRAY®™ D[1 3 NI1;

ENTRY: THE DIRECTION O0OF THE LINE ON WHICH F HAS 7O BE
MINIMIZED;

<ARITHMETIC EXPRESSION>;

ENTRY: THE EUCLIDEAN NORM OF THE VECTOR GIVEN IN DI[1 2 NI;

<VARIABLE>; .

THE INDEPENDENT VARIABLE, THAT DEFINES THE POSITION ON THE

LINE ON WHICH F HAS TO BE MINIMIZED;

THIS LIME IS DEFINED BY XO + ALFA % D, (ALFA > 0);

ENTRY: AN ESTIMATE ALFAO OF THE VALUE FOR WHICH
HCALFA) = F(XO + ALFA * D), (ALFA > 0), IS MINIMAL;

EXITs THE CALCULATED APPROXIMATION ALFAM OF THE VALUE FOR
WHICH H(ALFA) IS MINIMAL;
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FUNCT:

DFOs3

DF1:
LV LMAX:

STROMGSE

5eloe2e2el

(FEBRUARY 1979)

<ARRAY IDENTIFIER>;

MARRAY"
EXIT:

GL1
THE

¢ M1;
GRADIENT OF

OF THE MINIMUM;
<PROCEDURE IDENTIFIER>;
THE HEADING OF THIS PRJCEDURE SHOULD BE:

"REAL®™ "PROCEDURE™ FUNCT(N» X»

"INTEGER"

1t
22

FUNCT?=

PAGE 2

F AT THE CALCULATED APPROXIMATION

G); WVALUE®™ N3

"ARRAY™ X, G;
A CALL OF FUNCT SHNULD EFFECTUATE

F(X);

THE VALUE OF G6[I1» (I = 1,

BECOMES THE VALUE

ssep N)»p

OF THE I = TH COMPONENT OF THE GRADIENT OF F AT X;

<ARITHMETIC
ENTRY: THE
<VARIABLEZ>;
FNTRY: THE
EXITe THE
<ARITHMETIC
ENTRY: THE
<VARIABLE>;
ENTRY?S THE
EXIT: THE
<VARIABLE>;
EMTRY: THE
EXIT: THE
ARCH

EXPRESSIOND;

VALUE OF H(0)», (SEE ALFA);

VALUE OF H(ALFAO);
VALUE OF H(ALFAM), (SEE ALFA);

EXPRESSION>;
VALUE OF THE

VALUE OF THE
VALUE 3F THE

DERIVATIVE OF H AT ALFA = 0;

DERIVATIVE OF H AT ALFA = ALFAOD;
DERIVATIVE OF H AT ALFA = ALFAM;

MAXIMUM ALLOWED NUMBER OF CALLS OF FUNCT;
NUMBLR OF TIMES FUNCT HAS BEEN CALLED;

<BOOL EAN EXPRESSIOND>;

IF

THE VALUE 7IF STRONGSEARCH IS TRUE,

THFN THE PROCESS

MAKES USE OF TWO STOPPING CRITERIA:

At

THE NUMBER OF TIMES FUNCT HAS BEEN CALLED EXCEEDS THE

GIVEN VALUE OF EVLMAX;

Bt

AM IMTERVAL IS FOUND WITH LENGTH

LESS THAN TWO TIMES

THE PRESCRIBED PRECISION,ON WICH A MIMIMUM IS EXPECTED;

IF THE VALUE OF STRONGSEARCH

IS FALSE», THE PROCESS MAKES

ALSO USE OF A THIRD STOPPING CRITERION :

Cs

MU <= (H(ALFAK) = H({ALFAO)) / (ALFAK * DFO) <= 1 = MU,

WHEREBY ALFAK IS THE CURRENT ITERATE AMD MU A
PRESCRIBED CONSTANT;
<ARRAY IDENTIFIERD>;

RELATIVE

PRECISION,

EPSRs NECESSARY FOR THE

STOPPING CRITERION B, (SEE STRONGSEARCH);

ENTRY?

WARRAY"™ IN[1:31;
IN[11: THE
IN[2]t  THE

ABSOLUTE

PRECISION,

EPSAs NECESSARY FOR THE

STOPPING CRITERION B, (SEE STRONGSEARCH);

THE PRESCRIBED PRECISIONs, EPS»

AT ALFA = ALFAK IS GIVEN BY:

EPS = NORM ( X0 + ALPHA * D ) * EPSR + EPSA», WHERE

NORM ( &
IN[3]:
THIS

PARAMETER

) DENOTES THE EUCLIDEAN NORM.
THE PARAMETER MU NECESSARY FOR STOPPING CRITERION C;
MUST SATISFY:

0 < MU < 05 5 IN

PRACTICEs A CHOICE OF MU = 00001 IS ADVISED.
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DATA AND RCSULTS:

LINEMIN CALCULATES AN APPRCXIMATINAN OF A MINIMUM OF A
HIGHER «~ DIMEMSIOMAL FUNCTION ON A GIVEN LINE;

THE QUANTITY DFO MUST SATIFYs DFO < 0;

IF MOREOVER DFL > 0, THEN THE PROCEDURE WILL YIELD A RESULT THAT
SATISFIES ONE OF THE CHOSEN STOPPING CRITERTA, (SEF STRINGSEARCH)s
OTHERWISE WE CAN NOT GUARANTEE SUCH A RESULT.

PROCEDURES USED:

VECVYEC = CP34010,
ELMVEC = CP34020,
DUPVEC = CP31030,

REQUIRED CEMTRAL MCMORY:
N WORDS,

METHOD AND PERFORMANCE:

AN APPROXIMATION TO THE MINIMUM ON THE GIVEM LINE IS CALCULATED
WITH CUBIC INTEZRPOLATION ([21);THE STOPPING CRITERION USED WHEN THE
VALUE 9F STRONGSEARCH IS FALSE IS DESCRIBED IN [31 AND [41; A
DETAILZD DESCRIPTION OF THIS PROCEDURE IS GIVEN IN [11e

REFERENCES:
[1] BUS» Je Ce Po-
MINIMIZATION OF FUNCTIONS OF SEVERAL VARIABLES (DUTCH),
MATHEMATICAL CENTRE, AMSTERDAM, NR 29/72 (1972).
[2] DAVIDONs We Ce
VARIABLE METRIC METHOD FOR MINIMIZATION.
ARGONNE NATe LABe REPORT, ANL 5990 (1959),
[3] FLETCHERs, R
A NCW APPRJACH TO VARIABLE METRIC ALGORITHMS,
COMPe Jo 65 (1963)s Pelb3 = 168,
[4] GOLDSTEIN, Ae As AND PRICEs» Jeo Fo
AN EFFECTIVE ALGORITHM FOR MINIMIZATION.
NUMERe MATHe 105 (1967)s Po184 = 189,
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SUBSLCTION: RNK1UPDe

CALLING SEQUENCE:

THE HEADING OF THIS AUXILIARY PROCEDURE 1St
"PROCEDURE" RNK1'YPD(H» N» Vs C)3 MVALUE™ N» C;
WINTEGER™ M; "REAL®" C; "ARRAY™ H, V;

"CODE"™ 342113

THE MEANIMG OF THE FORMAL PARAMETERS IS:

Nt CARITHMETIC EXPRESSION>;
THE ORDER OF THE SYMMETRIC MATRIX, WHOSE UPPERTRIANGLE IS
STORED COLUMNWISE IN THE ONE = DIMENSIONAL ARRAY H;

Ce <ARITHMETIC EXPRESSION>;
SEE V3
Ve <ARRAY TDENTIFIER>;

WARRAY" V[l : NI;

THE GIVEN MATRIX IS UPDATED (ANOTHER MATRIX IS ADDED TO IT)

WITH A SYMMETRIC MATRIX » Us OF RANK ONE, DEFINED BY:

ULI,J] = C % VLI] * V[J1;
He <ARRAY IDENTIFIER>;

®ARRAY® H[1 2 N * (N + 1) // 21;

ENTRY: THE UPPERTRIANGLE (STORED COLUMNWISE, IoEe @
AlIsd) » HO(J=1)%J/72+41]s 1 <= I <= § <= N)
OF THE SYMMETRIC MATRIX THAT HAS TO BE UPDATED;

EXITs THE UPPERTRIANGLE (STORED COLUMNWISE) OF THE
UPDATED MATRIX.

PROCEDURES USED:
ELMVEC = CP34020,

REQUIRED CENTRAL MEMORY:
NO AUXILIARY ARRAYS ARE DECLARED IN RNK1UPD.
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SUBSECT ION: DAVUPD,

CALLING SEQUENCE:

THE YEADING OF THIS AUXILIARY PROCEDURE ISt

"PROCEDURE" DAVUPD(H» N» Vs W» Cls C2); MVALUEM N» Cl, C2;
MINTEGER® N; REALM™ Cl, €25 "ARRAY"™ H, Vs W;

"CODEM 342123

THE MEANING OF THE FORMAL PARAMETERS IS

Mz <ARITHMETIC EXPRESSIOND;
THE ORDER 0OF THE SYMMETRIC MATRIX WHOSE UPPERTRIANGLE IS
STORED COLUMNWISE IN THE ONE = DIMENSIONAL ARRAY Hj;

Cl:s CARITHMETIC EXPRESSIOND;
SEE W;

c23 <ARITHMETIC EXPRESSION>;
SEE W3

Vi <ARRAY IDENTIFIERD>;
PARRAY" VL1 : NI;
SEE W3

Wi <ARRAY IDENTIFIERD;

YARRAY®™ WLl ? NI;

THE GIVEN MATRIX IS UPDATED MWITH A SYMMETRIC MATRIX U OF

RANK TWO, DEFINED BY:

UlTsd] = C1 % VII] * VIJ] = C2 * WLI] * WlJI;

H3 <ARRAY IDENTIFIER>;

YARRAY" H[1 2 N * (N + 1) // 21;

ENTRY: THE UPPERTRIANGLE (STORED CULUMNWISE, IeEs @
ATIsd] = HI(J = 1) % J 7/ 2 +# 1]1p 1 €= I K= J <= N)
OF THE MATRIX THAT HAS T0O BE UPDATED;

£XITs THE UPPERTRIANGLE (STORED COLUMNWISE) OF THE
UPDATED MATRIX,

PROCEDURES USED: NONEe

REQUIRED CENTRAL MEMORY:

NO ANXILYARY ARRAYS ARE DECLARED IN DAVUPD,
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SUBSECTINNS FLEUPD,

CALLING SEQUENCE:

THE HEADING OF THIS AUXILIARY PROCEDURE IS:

"PROC EDURE™ FLEUPD(H, Ny Vs Wse Cls C2);5 "VALUE™ N» Cls C2;
"INTEGER" N; "REAL"™ Cl, C2; "ARRAY" Hs Vs W3

"CODE" 34213;

THE MEAMING OF THE FORMAL PARAMETERS IS:

N: <ARITHMETIC EXPRESSIOND;
THE ORDER OF THE SYMMETRIC MATRIX WHOSE UPPERTRIANGLE IS
STORED COLUMNWISE IN THE ONE = DIMEMSIONAL ARRAY H;

Cl: <ARITHMETIC EXPRESSIOND;
SEE W;

ca: <ARTITHMETIC EXPRESSION>;
SEE W3

Ve <ARRAY IDENTIFIER>;
MARRAY" VIl : NI1;
SEE W3

We <ARRAY IDENTIFIERD>;

WARRAY" W[l : N1;

THE GIVEM MATRIX IS UPDATED WITH A SYMMETRIC MATRIX U OF

RANK TwO, DEFINED BY:

ULTIpsJd]m C2 * VLI % VIJ] = C1 #(VLI1 * WLJ]I + WLIJ * VL[JI);

H? <ARRAY IDENTIFIERD>;

WARRAY"™ HL1 ¢ N * (N + 1) 77 21;

ENTRY: THE UPPERTRIANGLE (STURED COLUMNWISEs IeEe 3
ACI»Jd] = HI(J = 1) * J /7 2 + 115 1 <= ] <= J <= N)
JF THE MATRIX THAT HAS TO BE UPDATED;

EXITs THE UPPERTRIANGLE (STORED COLUMNWISE) OF THE
UPDATED MATRIX.

PROCEDURE USED: NONEe

REQUIRED CENTRAL MEMORY:
NO AUXILIARY ARRAYS ARE DECLARED IN FLEUPDs
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SOURCE TEXT(S):

RCODE® 34210;
"PRNCEDURE" LIMEMIN(Ns X» Ds ND» ALFA» G» FUNCT, FO» Fly, DFOs DFls
EVLMAX, STRINGSEARCHs IN); "VALUE" Ns ND» FO» DFO» STRONGSEARCH;
"INTEGZIR® Ny EVLMAX; ®"BOCLEAN® STRONGSEARCH;
NREALY ND», ALFAs FOs Fls, DFOQ» DFLl;
WARRAYY X, Dy Gy INj;
WREAL" "PROCEDURE"™ FUNCT;
HBEGIN® PINTEGER®™ I, EVL;
"BOOLEAN" MOTININT;
WREALT FyOLDFsDFsOLDDFs MU ALFAU» Qs Ws Y5»Z»RELTOL, ABSTOL
»EPSs, AID; :
"ARRAY"™ XOC13:N1;
"RIAL"™ WPROCEDMRE™ VECVEC(Ls Us SHIFTs Ay B); M“CODE®™ 34010;
"OROCEDURE™ CLMVEC(L» Us SHIFT, Ar, Bs X); "CODE"™ 34020;
"PROCEDURE®™ DUPVEC(L, U, SHIFT» As B); ®CODEW™ 31030;

RELTOL:= IN[11; ABSTOL:= IN[2]; MUz= IN[3]1; EVL:= 0;
ALFAG:= 0; OLDFe:= FO; OLDDFi= DFO; Y:s ALFA; NOTININT:= "TRUE";
DUPVEC(1, N» Qs XO» X)j;
EPStm (SART(VECVEC(1s N» 0O» Xs X)) % RELTOL + ABSTOL) / ND;
Qi= (F1 = FQ) /7 (ALFA * DFQ);
INT: "IF" NOTININT "THEN® NOTININT$:= DF1 < O WAND®™ Q > MU;
: AIDtw ALFA; “IFY DFl >= O ®THEN"
WRIGINY Z:= 3 % (OLDF = Fl) / ALFA + QOLDDF 4+ DF1;
We=s SQRT(Z *% 2 = JQLDDF * DFl);
ALFAt= ALFA #* (1 = (DF1 + W = Z) / (DFl = OLDDF + W * 2));
WIFY ALFA < EPS "THEN™ ALFAse PSS MELSE®
WIF® AID = ALFA < EPS "THEN"™ ALFA:= AID = EPS
WEND" CUBIC INTERPOLATION
nCLSE® MIF® MOTININT OTHEN®
"BEGIN® ALFAD:= ALFA:s= Y; OLDDF:= DF1l; OLDF3s= F1 WEND®
UELSEY ALFA:= Qo5 % ALFA; Y:= ALFA + ALFAO;
DUPVEC(1s N» O» X» X0); ELMVEC(1s N» Gs X» D» Y);
EPSt= (SQRT(VECVEC(1ls Ns Os X» X)) * RELTOL + ABSTOL) / ND;
Fsm FUNCT(MN, X G); rVLz= EVL +1 5 DFt= VECVEC(ls N» Oy D» G)3
Qt=s (F =~ FO) / (Y * DFQ);
WIFM (WIF® NITININT "OR"™ STRONGSEARCH "THEN® nTRUE" ®wELSE®
Q< MU "OR"™ Q > 1 = MU) "AND® TVL < EVLMAX ®THEN®
"BEGIM" "IFY NOTININT "OR" DF > O "OR"™ Q < MU "THEN"
HWBEGIN® DFli= DF; Flz= F WEND®

"ELSEM
"BEGIN® ALFAO:= Y; ALFAz= AID = ALFA; OLDDF:s DF; NLDF:s F
"END";
WIFW ALFA > EPS * 2 PTHEN® nGOTO™ INT
wenpn;

ALFA:= Y; EVLMAX:2= E£VL; DFfli= DF; Fl:= F
"END" LINEMIN;
nEQpW
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WCODE™ 34211;

WPRAOCEDURE"® RNKLUPD(Hy Np Vs C);M™VALUE®™ Ny Cs; WINTEGER™ N;

NREAL™ C;MARRAY™ Hy V;

RBEGIN® ®INTEGIR® J, K3
"PRICEDURE™ ZLMVEC(Ls Us SHIFTs As» By X); "CODE™ 34020;
Ks=s Q3
NEJRM Ji= 1, J + K "WHILE" K < N "DO"
"BCGIN® Ki=s K +1 3

ELMVEC(Js J # K = 1, 1 = Js Hs Vs VIK] * C)

ngypn

"ENDM™ RNK1UPD;
nEggpw

nCODE® 342123
"PROCEDURE" DAVUPD(Hs Ns» Vs Ws Cls C2)3 "VALUE™ Ny Cl, C2;
WINTEGER™ N; WREAL®™ Cl, C2; ®ARRAY™ Hs Vs W3
"WREGIN® MINTEGER" I, Js K
NREAL™ VKy WK
Kt=s 03;
WEJRM Jra 1, J + K "WHILE™ K < M »wpQ"®
WBEGINY Kim K 41 ; VK:s VLK) * Cl; WK:= WIK] * (23
WEQR® I:m 0 “STEP® 1 "UNTIL" K =1 "pQ@
HETI + J1s= HII + J1 + VLI + 11 % VK = WEI + 11 * WK
"E ND "
WEND® DAVUPD;
" EUP"

"CNDE® 34213;
"PROCEDURE" FLEUPD(H, N» Vs Ws Cls C2); “VALUE®" Ny Cl, C2;
WINTEGERY N3 "REALM™ Cls C2; "ARRAY™ Hy Vs, W;
WBEGIN™ MINTEGZR™ I, J, K3
"REAL" VK, WX
K:= 03 "FOR"™ J:= 1, J + K "WHILE" K < N mDQ"
"BLGIN" Kim K 413 VKi= -~ WLK] * C1l + VIK] * C2; WKe= VIK] * C1;
WEORM® T3= (o ®STEP® 1 WUNTIL® K = 1 "DpQ®
HOI + J)3= HLI + J]1 + VLI + 1] % VK =W[I + 11 * WK
nENpn
WEND" FLEUPD;
REQP®
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AUTHOR: JoCePe BUS
INSTITUTE: HATHEMATICAL CENTRE,
RECEIVED: 741101,

BRIEF DESCRIPTiON:
THIS SECTION CONTAINS THE PROCEDURE PRAXIS;
PRAXIS MINIMIZTES A FUNCTION OF: SEVERAL VARIABLESe.
KEYWNRD St
MINIMIZATION,
FUNCTION OF SCYERAL VARIABLES.
CALLING SEQUENCE:
THE HEADING OF THIS PROCEDURE IS:
WPROCEDURE®™ PRAXIS(Ms Xs FUNCT, IN, OUT); "VALUE"™ N;
"INTEGER®™ N3 WARRAY™ X» INs OUT; PREAL™ ®PROCEDUREM™ FUNCT;®CODE® 34432;

THE MEANING OF THE FORMAL PARAMETERS IS:

N <ARITHMETIC EXPRESSIOND;
THE NUMBER OF VARIABLES OF THE FUNCTION TO B8t MINIMIZED;
X3 <ARRAY IDENTIFIER>;

WARRAY" X[1 : NI;
THE VARIABLES OF THE FUNCTION;
ENTRYs AN APPROXIMATION OF THE POSITION OF THE MINIMUM;
EXIT: THE CALCULATED POSITION OF THE MINIMUM;
FUNCT: <PROCEDURE IDENTIFIERD;
THE HEADING OF THIS PROCEDURE SHOULD BE:
WREAL" "PROCEDURE™ FUNCT(N, X); "VALUE"™ N;
WINTEGER™ Nj; "ARRAY" X;

FUMCT SHOULD DELIVER THE VALUE OF THE FUNCTION TO BE
MINIMIZED, AT THE POINT GIVEN BY XL[1tN1;

THE MEANING OF THE FORMAL PARAMETERS 1S:

Mt  <ARITHMETIC EXPRESSIOND>;
THE NUMBER OF VARIABLES;

Xt <ARRAY IDENTIFIER>; "ARRAY" X[1:N1;
THE VALUES OF THE VARIABLES FOR WHICH THE FUNCTION HAS
TO BE EVALUATED;

IN: <ARRAY IDENTTIFIERD>;
UWARRAY" IN[D:91];
ENTRY :

IN[Ols THE MACHINE PRECISION; FOR THE CYBER 73 A
SUITABLE VALUE IS "M=14;
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IML11, IN[21: RELATIVE AND ABSNLUTE TOLERANCEs

RESPECTIVELY, FOR THE STEPVECTOR

(RELATIVE TO THE CURRENT ESTIMATES OF

THE VARIABLES); THE PROCESS IS TERMINATED WHEN
IN INCSB] + 1 SUCCESSIVE ITERATION STEPS THE
EUCLIDEAN NORM OF THE STEP VECTNR IS LESS THAN
(INC1] * NORM(X) + INL[21) * 0653

INC1Y SHOULD BE CHOSEN IN AGREEMENT WITH THE
PRECISION IN WHICH THE FUNCTION IS CALCULATED;
USUALLY IN[1] SHOULD BE CHOSEN SUCH THAT

IN[1] >= "SQRT(IN[LOJ); INCO] SHOULD BE CHOSEN
DIFFERENT FROM ZERO,

IN[31s INC4] ARE NEITHER USED NOR CHANGED;

INLS]:
INL 61

INL71:

IM[8]:

INCOY:

THE MAXIMUM NUMBER OF FUNCTIOM EVALUATIONS
ALLOWED (IesEe CALLS OF FUNCT);

THE MAXIMUM STEP SIZE; INL6] SHOULD BE EQUAL TO
THE MAXIMUM EXPECTED DISTANCE BETWEEN THE GUESS
AND THE MINIMUM; IF IN[6]1 IS TOO SMALL OR TOO
LARGE, THEN THE INITIAL RATE OF CONVERGENCE
WILL BE SLOW;

THE MAXIMUM SCALING FACTOR; THE VALUE OF INLT]
MAY BE USED TO OBTAIN AUTOMATIC SCALING OF THE
VARIABLES; HOWEVERs, THIS SCALING IS WORTHWHILE
BUT MAY BE UNRELIABLE; THEREFORE, THE USER
SHOULD TRY TO SCALE YIS PROBLEM HIMSELF AS MWFELL
AS POSSIBLE AMD SET iIN[71s= 1; IN EITHER CASE,
INC71 SHOULD NOT BE CHOSEN GREATER THAN 10;

THE PROCESS TERMINATES IF NO SUBSTANTIAL
TMPROVEMENT OF THE VALUES OF THE VARIABLES IS
OBTAINED IN IN[8]1 + 1 SUCCESSIVE ITERATION
STEPS (SEE IN[11, INC2])3 INI8] = & IS VERY
CAUTIOUS; USUALLY, IN[B] = 1 IS SATISFACTORY;
IF THE PROBLEM IS KNOWN TO BE ILL=CONDITIONED
(SEE [1])» THEN THE VALUE OF IN[9]1 SHOULD BE
NEGATIVE, OTHERWISE IN[9] >= 03

UuTe <ARRAY IDENTIFIER>;
WARRAY" NUTL1:6]1;

EXIT:
OUTIL11:

quTl21:
ouTl31:
OUT[41s

OUTL5]:
QuUTLA]:

THIS VALUE GIVES INFORMATION ABOUT THE

TERMINATION OF THE PROCESS;

OUT[1] = O: NORMAL TERMINATION;

OUTC1] = 1: THE PROCESS IS BROKEN OFF, BECAUSEs
AT THE &ND OF AN ITERATION STEP»
THE NUMBER OF CALLS OF FUNCT
EXCEEDED THE VALUE GIVEN IN INIL51;

QUTC1] = 2: THE PROCESS IS BROKEN OFF, BECAUSE
THE CONDITION OF THE PROBLEM IS TOO
BAD;

THE CALCULATED MINIMUM OF THE FUNCTICN;

THE VALUE OF THE FUNCTION AT THE INITIAL GUESS;

THE NUMBER OF FUNCTION EVALUATIONS NEEDED TO

OBTAIN THIS RESULT;

THE NUMBER OF LINE SEARCHES (SEE [11);

THE STEP SIZE IN THE LAST ITERATION STEP.
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PROCEDURES USED?

INIVEC = CP31010,
INIMAT = CP31011,
DUPVEC = 231030,
DUPMAT = CP31035,
DUPCILVEC = CP31034,
MULROW = CP31021,
MULCAOL = CP31022,
VECVEC = CP34010,
TAMMAT = CP34014,
MATTAM = CP34015,
ICHROWCOL = CP34033,
ELMVECCOL = CP34021,
QRISNGVALDEC = C234273,
SETRANDOM = CP11014»
RANDOM = CPl101E%,
DWARF = CP30003,

REQUIRED CINTRAL MTEMORY:

EXECUTION FTELD LENGTH: ONE ARRAY OF LENGTH N SQUARED AND FIVE
ARRAYS OF LENGTH N ARE DECLARED;

RUNNING TIME:
THE NUMBFR OF ITERATION STEPS DEPENDS STRONGLY ON THE PROBLEM TO BE
SOLVED,

METHOD AND PERFORMANCE :
THIS PROCEDURE IS ADOPTED FROM [1l.

REFLRENCES:

[1] Re Pe BRENT,
ALGORITHMS FOR MINIMIZATION WITHOUT DERIVATIVES, CHe 7o
PRENTICE HALL, 1973,
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EXAMPLE OF USE:

THE FOLLOWING PRIGRAM MAY BE USED TO CALCULATE THE MINIMUM OF THE
FUNCTION F(X) = 100 * (X[2] = X[1] #*% 2) %%k 2 + (1 = X[1]) *¥ 2,
USING (=1e¢2» 1) AS AN INITIAL ESTIMATE.

MBEGIN®
"PRACEDURE"™ PRAXIS(Ns X» FUNCTs IN» NUT); "CODE"™ 344323

®ARRAY® X[1:2]1, IN[OG29), OUTLL:61];

MREAL® "PROCEDURE" F(N», X); "VALUE"™ N; "INTEGER®™ Nj; MARRAY™ X;
Fts (X[2]1 = X[1] ** 2) %k 2° % 100 + (1 = X[11) *=* 23

INLOY3=m "e=l4; IN[11ts IN[212= "=H; IN[5]1:=s 250;
INC61t= 15 IN[7]3= 1; INCBl:= 135 IN[9):= 1;

X[11ss =~1,2; X[ 21:= 1;
PRAXIS(2, X» Fs» IN, DUT);
WIF® QUTC1] = 0 "THEN" QUTPUT(6L, (1w (n NORMAL TERMINATIONw)n
N7ILEY
OUTPUT(AL, "M(N4B,B(*MINIMUM IS W)Wy, N, /54B,
WIWEJR X IS ")¥, 2(N)s/s4Bs
w(vTHE INITIAL FUNCTION VALUE WAS ")® ,Ns/54Bs
WNTHE NUMBER OF FUNCTION EVALUATIONS NEEDED WAS ®)®,37Ds /5 4Bs
NONTYE NUMBER NF LINE SEARCHES WAS ")",3705/5485
W(NTHE STEP SIZE IN THE LAST ITcRATION STEP WAS ®)wy, Ny/n)n,
OUTL2], X[11s X[21» OUTC31, OUTCA4Y, OQUTLS51, QUTLG1)
REND®

RESULTS:
NIRMAL TERMINATION

MINIMUM IS +1.5694986738789R=(21

FOR X IS +1.0000000000389%+000 +1,0000000000785"+000

THE INITIAL FUNCTION VALUE WAS +264200000000001"+001

THE NUMBER OF FUNCTION EVALUATIONS NEEDED WAS 189

THE NUMBER OF LINE SEARCHES WAS 72

THE STEP SIZZ IN THE LAST ITERATION STEP WAS ¢5,3830998470105"=009
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SOURCE TEXT(S):

"CODE" 34432;
"PROCEDURE" PRAXIS(N» X» FUNCT» IN» OUT);
"VALUE" N3 "INTEGER™ Nj
"ARRAY™ X, INs OUT;
MREALM "PROCEDURE" FUNCT;
"BEGIN"
RCOMMENT®THIS PROCEDURE MINIMIZES FUNCT(Ns X)»WITH THE
PRINCIPAL AXIS METHOD (SEE BRENTsRePs» 1973, ALGORITHMS
FOR MINIMIZATION WITHOUT DERIVATIVES,CHe7?);

WPROCEDURE™ INIVEC(L, Us As X)3 WCODE® 310103
"PROCEDURE"™ INIMAT(Ls Us K» Vs Ap X); "CODE" 31011;
"PROCEDUYRE™ DUPVEC(L, Us Ky As X); "CODE"™ 31030;
"PROCEDURE"™ DUPMAT(Ls, Us Ko Vs As B); WCODE® 310353
WPROCEDURE™ DUPCOLVEC(Ls Us Ky Ay B); "CODE™ 31034;
"PROCEDURE" MULROW(L, Us Is J» As By X); wCODE" 31021;
"PROCEDURE" MULCOL(L» Uy I» Js As By X)3; "CODE" 310223
PREAL™ MPROCEDUREM® VECVEC(Ls Us S» A» B); RCODE™ 340193
WREAL™ "PROCEDURE"™ TAMMAT(L, Us I» J» A» B)s "CODE™ 340143
"REAL" "PROCEDURE" MATTAM(L, Us I, J» A, B); "CODE"™ 34015;
"PROCEDURE" ICHRUOWCOL(Ls, Usr Is J» A)j; "CODE™ 340333
#PROCEDURE® ELMVECCOL(L, Us Is» A» By X); "CODE" 34021;
"INTEGER™ "PROCEDURE"™ QRISNGVALDEC(As My Ny VAL, VsEM); "CODE"™ 34273;
"PROCEDURE™ SETRANDOM(X); "CODE" 110143
WREAL™ WPROCEDUREL"™ RANDOM; ®CODE™ 11015;
WREAL"™ "PROCEDURE"™ DWARF; "CODE™ 30003;

wpROC EDURE" SQORT;
PREGIN® "INTEGER™.I, J» Kj; MWREAL™ S;
WEORY™ Tta 1 ®MSTEP®™ 1 WUNTIL®" N -« 1 ®wpQn
"BRGIN" K:=s I; S:= DLI];
"FORY Ji= I+1 MSTEP"™ 1 "UNTIL® N "DQO"™ "IF"™ DLJI>S "THEN"
MBEGIN®™ Kt= J; Sts D[J] WEND™;
WIF® K>I ®THEN®
UBEGIN" DCKl:= D{Il; DL[Il:= S;
UEQR®™ Jt= 1 WSTEP® 1 MUNTIL®™ N wpQ®
"BEGIN®™ S3mV[J,I1; VLJsIlt= VIJsK]; VIJsKlzs S
wEND"
WEND "
mEND®
"END" SORT
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3

"PRAOCEDURE™ MIN(J» NITS, D2» X1s Fly, FK); "VALUE"™ Js NITS, FK;
RINTEGER® J, NITS; PREAL®™ D2, X1, Fl; ®BOOLEAN® FK;
"BEGINY
NREALY "PROCEDUREY FLIN(L); "VALUE® L; "REAL® L;
NREGINT WIMTEGER™ I; M"ARRAY"™ TL1:NI];
BIF® J > 0 MTHEN®
WBEGINM™ "FOR®W Iz= ] WSTEP®™ 1 WUNTIL"™ N "DOW
TLIls=s XLI1 ¢+ L * V[I,J]
WENDY NELSE™
WBEG IN® MCOMMENT® SEARCH ALONG PARABOLIC SPACE CURVE;
QAt= L % (L - QD1) 7/ (QDO #* (QDO + QD1));
QB:= (L + QDO) * (QD1 = L) 7(QDO * QD1);
QCs= L * (L + QDC) 7/ (QD1 * (QDO + QD1));
WFOR® T:= 1 WSTEP® 1 "UNTIL®™ N ©"DO"
TCIJl:= QA * QOLI] +QB * X[I] + QC * QlL[I]
NEN pr;
NFt= NF + 1; FLINt= FUNCT(N, T)
MEND™ FLIN;

"INTEGER" K; "BOOLEAN" DZ;
"REAL™ X2, XM, FO, F2, FM» D1» T2, Ss SF1l, SX1;
SFliw Fl; SXlt= X1;
Ki= 0; XMim 03 FO:= FM:= FX; DZ3s D2 < RELTOL;
St= SQRT(VECYEC(1sN»0sXsX) )5
T2t= M4 * SQRT(ABS(FX) / (MIF" DZ "THEN® DMIN WELSE® D2)
+ S % LDT) + M2 * LDT; St= S # M4 + ABSTOL;
WIF" DZ WAND™ T2 > § "THEN" T2:= S;
"IFNT2<SMALL"THEN"T2 3= SMALL;
AIFNT2>0,0L%H "THEN"T21s 0,01%H;
WIFNEKMANDMF1<=FM "THENY
"BRGINMXM:=X1; FMi= F1 MEND";
WIF® ~ FKWORWABS(X1)<T2WTHEN®
MBEGINMX1:w"IF"X1>0 "THEN"T2MELSEN=T2;
Fl:m FLIN(X1)
"EN D";
MIFME1<= FUMTHEND
"BEGIN"XMiw X1; FMts F1 WEND";
LO: “IF"™ D7 "THEN"
®BEG IN® MCOMMENTWEVALUATE FLIN AT ANOTHER POINT
AND ESTIMATE THE SECOND DERIVATIVE;
X2t= WIF® FO ¢ F1 MTHEN® =X1 "ELSE" X1 * 2;
F2:a FLIN(X2); "IF"F2 <= FM "THEN"
®BEGIN® XMi= X23 FMi= F2 WENDW;
D2t (X2%(F1=FO0)=X1*(F2=F0)) /(X1 #X2% (X1=X2))
"EN D“;
"COMMENT"ESTIMATE FIRST DERIVATIVE AT 0;
Dl:=(F1=FQ)/X1=X1*D2; DZ:="TRUE";
X21s "IFND2<= SMALL"THEN®
("IFMD1CONTHENYHWE L SER=H )
WELSEN=0,5%D1/D2;
WIFWABS (X2) DHNTHEN"X2: s"IFNX2 0N THENTHWEL SEn=H
"COMMENT"
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L1s F2t=FLIN(X2);
NIENKANITSHAND "F25FOM THENR
MBEGINTK:=K 41 ;

NI FUEDCFLINANDIX IRX2>ONTHEN" "6OTO"LO;
X2t= Q,5%X2; ®GOTOML1
"ENDY;
NL:= NL+1;
WIFNF2O>FMNTHEN"X28= XMEL SE"FMs =F23
D21 =P IFRABS( X2%( X2=X1) ) >SMALL"THEN"
(X2%(F1=FQ)=X1*(FM=F0))/(X1%X2%( X1=X2))
WELSE™ MIFUKOOQ"THEN"QOMELSE"D2;
MIFMD2<=SMALL"THEN"D23=SMALL;
X13mX2; FX1=FM; :
NIFUSFLLFXNTHEN
WBEGIN™ FX:=SFLl; X1l:=SX1 "ENDW;
WIFNI>OPTHENPCLMVECCOL(1oN»JsXsVsX1)
NEND" HIN;

"PROCEDURE"QUAD;
BBEGIN™ WINTEGERM™ I; WREAL™ Ls S5;
5t= FX; FXtw= QFLl; QF1:= S; QDlz= O;
WEQR® I:= 1 WSTEP®™ 1 WUNTIL® N "DQ®
"BIGIMM"Ss=X[IY; X[I1t= L= QILIY; QLlIlz= S;
0Dl3= QDI + (S = L) #% 2
“END";
L:=QD1:=SQRT(NADL); S:= 0;
"IFP(QDO*QD1>DWARF) ®ANDPNL> =3 *NRkNPTHEN®
WBLGIN"MIN(0,25SsLsQFL,"TRUE");
QA:= L*(L=QD1)/(QDO*(QD0O+QD1));
QB = (L+QDQ )*(QD1~L)/(QDO*QD1);
QCz= L*x(L+QDO)/(QD1*(QDO+QDL))
"ﬁ\loll "?':LS :E" .
"BZGIN" FX:t= NFl; QA= QB:= 03 QC:= 1 "END";
QDOs= QDL3MFIRMIs= 1WSTEPRIMUNTILM®N®DO®
"BCGINMS =200 115 QCLIJs=X[I];
X{IJ:= QA*5 + QB*X[I1+QC*Q1CI]
" EMD"
BEND®™ QUAD;

"3O0LEANY ILLC;

PINTEGERT 1y Js Ks K2s NLs MAXFs NFy KLs KT» KTM;

WREAL"™ S» SLs, DN, DMINs FX» Fl, LDS, LDT» SFs DFs QFls QDO»
QDl, QA, QBy, QCs» M2, M4y SMALL, VSMALL, LARGE, VLARGE, SCBD,
LDFAC»T2, MACHEPS, RELTOL, ABSTOLs, H;

WARRAY™ V[1:Ms1:H1y Ds Ys Zs» Q0» QLLIZNID;

MACHEPSt= IN[O]; RELTOLs= IN[1J; ABSTOLt= IN[21; MAXF3= IN[5];

t= IN[6]; SCBD3= IN[7]; KTMs= IN[8]; ILLC:= IN[Q] < O;
SMALL:= MACHEPS *% 2; VSMALLs= SMALL *% 2;
LARGE 3= 1/SMALL; VLARGE:= 1/VSMALL;
M2t= RELTOL; M4z:w= SQRT(M2); SETRANDOM(0e5);
LDFAC:= "TIF" ILLC "THENY Qe1 "ELSE"™ 0.01;
KT3=NL3=0; NF:=l; QUT[3]t= QF13=sFXt=FUNCT(NsX);

WCOMMENT®
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ABSTOL:aT23e SMALL+ABS(ABSTAL); DMIN:=s SMALL;
nIFY HSABSTOL*LONMTHEN"H::=ABSTOL*100; LDT:aH;
INIMAT(LsNs15NsV50);

WEQRMI . lWSTEPHINUNTILONWDORVLI,I)s= 13
DCL1:= QDO:= uU; DUPVEC(1sNs0»QlsX)s
INLVEC(1soN»Q050);

BCOMMENTRMAIN LJNP;
LO: SF:=D[1]; D[1ll:= S3= Q3
MIN(1,2sD0115SsFXs"FALSE");
WIF® S <= 0 MPTHEN®™ MULCOL(ls Ny 1s 1ls Vs Vs =1);
WIFM SF <= 0,9 * D[1] "OR" 0,9 * SF >= D[1] "THEN®
INIVEC(25N»D50);
WEQRT K= 2USTEPMLIMUNTILUNYDO"
PBEGIN® DUPVEC(LsNs0»YsX)s SFi=mFX;
ILLC:= ILLC "OR" KT>0;
L1: KL:=mK; DFms Q5 "IF"™ JLLC "THEN"
ABEGINY WCOMMENTWRANDOM STOP TO GET OUFF
PESULTIOH VALLEY;
"EOR"Itws 1 NSTEPWLYUNTIL®N®DQO®
"BEGIN"St=Z[I1tm (0 1%LDT+T2%10%*KT)
* (RANDOM=U ¢ 5) 3
ELMVECCOL(1sNsIsXsVsS)
NEND 13
FXt= FUNCT(MsX); NF3= NF+1
WENDY 3
MEOR"K2tw K WSTIP® 1 WUNTIL® N nDgQ®
UBEGINY SL:=FX; St= (3
MIN (K2, 2» DLK21s S» FXs ®FALSE™);
SsanwIF® TLLC "THEN" DILK2] * (S + Z[K21) *%x 2
NELSENSL==FX ;" IFYDF ST THENY
WBEGINYDFi=Ss; KL= K2WEND®;
REND®;
WIFM “TLLC "AND"™ DF < ABS(100 * MACHEPS * FX) "THEN®
"BEGINY ILLC:= "TRUE"™; "GOTO"™ L1 "END";
NEQR® K2t= IWSTEPP IWUNTIL®K=1RDO®
NBEGIN® S3m (3 MIN(K2s 2» DLK21s S» FXs "FALSE™) WEND®;
Flsi= FX; FX:m SF; LDS:= 0;
WEQRM J3= 1 M"STEPW 1 NUNTILY N "DpQ®
MBEGIN® SL1= X[IJ; X[{IJt= YCIJ); SL3= Y[Ilze SL = YCIJ;
LDS:= LDS + SL % SL
WEMD"; LDSt= SQRT(LDS);
"IFM LDS > SMALL PTHLEN®
NBEGIN® WFQRM Jt= KL = 1 "STEP™ =1 PUNTIL®™ K ®wDO®
WBEGINY WEFQOR"™ J3m 1 WSTEP®™ ] WUNTILY N nwDpQO®™
VIJs I + 113= V[JsI1; DLI + 112= D[I1]
REND™ 5
DIK1:t= 0; DUPCOLVEC(1ls N» Kp Vs Y);
MULCOL(1s, Mo Ks Ko Vs Vo 1 /7 LDS)s
MIN(Ks 4, DLK1» LDS», F1l, MTRUE®); ®IF® LDS <= 0 WTHEN®
UBEGIN™ LDSt= LDS; MULCUOL(1s Ny Ky Ky Vs Vs =1) ™END™
"END";
LDT3= LDFAC * LDT; "IF" LDT £ LDS "THEN" LDTt= LDS;
T2t= M2 * SQRT(VECVEC(1ls N» 0, X» X)) + ABSTOL;
WCOMMENT"
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KT:= "IF® LDT > 065 * T2 ®THEN" 0 WELSE" KT + 1;
WIFW KT > KTM “THEN" nBEGIN" OQUTC11t= O; "GOTO"™ L2 "END"
REND®;
QUAD;
DNs= Q;WFOR"I:= 1WSTEPWLNUNTIL®NUDOW
"BEGIND[IY:= 1/SQRT(DLI]);
RIFRDNSDL IISTHENYDNs=D (1]
nENDY;
NEDRM"Jte LWSTEPW_ WUNTILWNWDOW
NRBEGIM"Ste DLJI/DN; MULCOL(1lsNsJsJsVsVeS)WENDN;
WIFNSCBD>1"THEN® :
NBEGIN"S:aVLARGE; "FOR"I:=] nSTEPWINUNTILWN®DOM
WBEGIN" SLz= Z[Ilz= SQRT(MATTAM(1ls, N» 1, I, Vs V));
BIFNSLSMGTHEN®RZ LIt = M4; .
WIF" S>SL "THEN® S:s SL
WENDw;
NEJRMIt=INSTEPUIYUNTT LUNYD QM
MBEGIN®SL:=S/Z[T152(I1s= 1/SL;
NIFNZLII>SCBDTHEN®
"BEGINYSL:=1/75CBD; Z[TI13= SCBD"ENDY;
MULROW(1, N» Io I, Vs Vs SL)
nEN DA
NENDN;
WEFQRY (3= 1 "STEP" 1 “UNTIL" N "DO"
TCHROWCOL(I + 1, N» Io I, V)3
PBEGIN® "ARRAY"™ A[L:Ns12Nlp, EM[0:71;
EM[Q0l:= EML2]:= MACHEPS;
EM[4131= 10 * N; EMC61s= VSMALL;
DUPMAT(1, Ho 15 N» Ay V)3
wIF" QRISNGVALDEC(A, N» N» Dy Vo EM) "= Q0 "THEN®
WBEGINY AUTIL1]z:= 23 "GOTAM™ L2 “END";
RENDHM; :
nIFWSCBD1IWTHEHNY
NBEGINY “FORN I w1 nSTEPHINUNTILON®DON
MULROW(1sNs T5 IsVsVs2ZL11)3
WEJRN It = IMSTEPMIMUNTILWN®DO®
WBEGIN®S:= SQRT(TAMMAT(1sNsI»I»VsV));
DLIl:s S*D[I1; S:s 1/S;
MULCOL(1s,NsIsI»VsVsS)
REMD®
nEND "
WEQR® I:s=s 1 "STEP"™ 1 "UNTIL" N nDg®
RBEGTIN® St= DN * D[I];
DLIlts ®IF® S > LARGE "THEN™ VSMALL "EL SE®
wIFw § < SMALL "THEN® VLARGE WYELSE™ § %% (=2)
“END";
SORT;
DMINz:= DINJ1; "IF™ DMIN < SMALL "THEN" DMIN:= SMALL;
ILLC:= (M2 * DL1]) > DMINM;
WIF" NF < MAXF "THEN® ®GQOTO" LO ®ELSE® QUTC[11:= 1;
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