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INDEX PROCEDURE CODE HNT/YR RECOR[! 
NUME:ER 

VOLUME 38, 

l, LINEAR ALGEBRA 
! ,LINEAR SYSTEHS (SEE VOLUHE 3Al 
2, fRANSFORKATIOtl TO SPECIAL FORH 

1, SIM I LAIHTY TRANSFORHA TI ONS 
1,E,}UILIBRATION 

1,REAL MATRICES 
EOILBR 34173 JUN/74 97 
BAKLBR 34174 JIJN/74 97 

2.C0llPLEX MArnms 
EOILBRCOII 34361 JUN/74 99 
BAKLBRCOH 34362 JUN/74 99 

2, TRANSF TO HESSENBERG FORM 
!,REAL HATRICES 

1,SYHHETRIC MATRICES 
TFMSYHTRI2 34140 JUN/74 101 
BAKSYHTRl2 34141 JUN/74 101 
mPl!EVEL 34142 JUN/74 101 
msmrn 34143 JUN/74 101 
BA~SYl'ITPI'. 34144 JIJN/74 101 

2,ASYHHETRIC HATRICES 
TFHREAHES 34170 JUN/74 103 
BAY.REAHESl 34171 JUN/74 103 
BAKREAHfS2 34172 .:UN/74 103 

2,COHPLEX MATRICES 
1,HERKITIAN HATRICES 

HSHHRNTRI ~4363 JUN/74 105 
HSHHRHTRIVAL 343~4 JUN/74 105 
BAKHRHTRI 34365 JUN/74 10s 

2 ,NON-HERMITIAN NATRICF.S 
HSHCOHHES 34366 JUN/74 107 
BAKCOHHES 34367 JUN/7-1 107 

2,0THER TRANSFORKATIONS 
1, TRANSF TO BIIJIAGONAL FORH 

!,REAL HATRICES 
HSHREABID 34260 JUN/74 109 
PSTTFHHAT 34261 JUN/74 1(•0 
F'RETFHHAT 34262 JIJN/74 10° 

2.COHPLEX MATRICES 
3, THE !ORDINARY> EIGENV PROBLEM 

1,REAL MATRICES 
1,SYHHETRIC MATRICES 

1, TRIDIAGONAL MATRICES 
VALSYHTRI 34151 JUL/74 111 
VECSYHTRI 34152 JUL/74 111 
11RIVALSYHTRI 34160 JUL/74 111 
llRISYHTRI 34161 JUL/74 111 

2 ,FULL MATRICES 
EI.GVALSYll2 34153 JUL/74 113 
EIGSYll2 34154 JUL/74 11! 
EIGVALSYK1 34155 JUL/74 113 
EIGSYlll 34156 JUL/74 113 
ORIVALSYH2 34162 JUL/74 113 
GRISYK 34163 JUL/74 113 
QRIVALSY~l 34164 JUL/74 113 

3, I, 1, 3, ITERATIVE IHPROVEHENT 



INDEX PROCEDURE CODE MNT 1YF: PECOR!t 
NUMBER 

3. 3, 1. t. 3, 1, AUXILIARY PROCEDURES 
HERGESORT 36405 NOV/76 297 
VECPERH 36404 N0IJ/76 29;· 
ROWPERH 3&403 NOV/76 297 

2,0RTHOGONALISATION 
ORTHOG 36402 N0\!/'/6 299 

3, IIIPROVEHEHT Al-ID ERRORBOUNDS 
SYHEIGINP 36401 NOV/76 301 

2,ASYHHETRIC NATRICES 
1,HATRICES IN HESSENBERG FORH 

REAVALQRI 34180 JUL/74 115 
REAVECHES 34181 JUL/74 115 
REAQRI 34186 JUL/74 115 
COIIVALllRI 34190 JUL/74 115 
COHVECHES 34191 JUL/74 115 

2,FULL HATRICES 
REAEIGVAL 34182 JlJL/74 117 
REAEI61 34184 JUL/74 117 
REAEI63 34187 JUL/74 117 
COHEIGVAL 34192 JUL/74 117 
COHEI61 341S4 JUL.'74 117 

2.COHPLEX MATRICES 
1,HERHITIAN NATRICES 

EIGVALHRH 34368 JUL/74 119 
EIGHRK 3436'1 JUL/74 m 
llRIVALHRH 34370 JUL/74 119 
llRIHRH 34371 JUL/74 1J.9 

2,NON-HERIIITIAN MATRICES 
1,IIATRICES IN HESSENBERG FORH 

VALQRICOK 34372 JUL/74 121 
llRICOM 34373 JUL/74 12!. 

2, FULL HATRICES 
EIGVALCOH 34374 JUL/74 123 
EIGCOH 34375 JUL/74 123 

4, THE GENERAL !ZED EIGENV PROBLEH 
1,REAL NATRICES 

1,SYHHETRIC MATRICES 
2,ASYHHETRIC MATRICES 

llZIVAL 34600 JAN/76 267 
QZI 34601 JAN/76 267 
HSHDECMUL 34602 JAN/76 267 
HESTGL3 34603 JAN/76 267 
HESTGL2 34604 JAll/76 267 
HSH2COL 34605 JAN/76 267 
HSH3COL 34606 JM/76 267 
HSH2ROW3 34607 JAN/76 267 
HSH2ROW2 34608 JAN/76 267 
HSH3ROW3 34609 JAN/76 267 
HSH3ROW2 34610 JAN/76 267 

5,SINGULAR VALUES 
1,REAL MATRICES 

1,BIDIAGONAL MATRICES 
ORISNGVALBID 34270 JUL/74 125 
ORISNGVALDECBID 34271 JUL/74 125 

3, 5, 1, 2,FULL MATRICES 



INDEX PROCEDURE CODE /INT/YR RECORD 
NUttBEk 

3, 5, I, 2, ORISNGVAL 34272 JUL/7q P" ,! 

QRISNGVALDEC 34273 JUL/74 127 
2,COHPLEX HATRICES 

6,ZEROS OF POLYNOHIALS 
1. ZEROS OF GENERAL REAL POL YNOH, 

ZERPOL 34501 DEC/78 311 
BOUNDS 34502 DEC/78 311 

2, ZEROS OF ORTHOGONAL POL YNON, 
ALLZERORTPOL 31362 DEC/78 211 
LIJPZERORTPOL 31363 DEC/78 211 
SELZERORTPOL 31304 DEC/78 211 
ALLJACZER 31370 DEC/78 211 
ALLLAGZER 31371 DEC/78 211 

3, ZEROS OF COMPLEX POL YNOHIALS 
CONKWD 34345 JUL/74 129 

ERSIONl 791231 
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AUTHORS ToJeDEKKER AND WeHOFFHANN. 

CONTRIBUTORSt WoHOFFMANN, JeGoVERWERo 

INSTITUTE a MATHEMATICAL CENTRE. 

RtCEIVEDI 731022. 

BRIEF DESCRIPTIONt 

THIS SECTION CONTAINS TWO PROCEDURES. 
A) EOILBR EQUILIBRATES A MATRIX 8Y MEANS OF A DIAGONAL SIMIL~RITY 
TRANSFORMATION, 
8) RAKLBR PERFORMS THE CORRESPONDING BACK TRANSFORMATinN ON THE 
COLUMNS OF A MATRIX AND SHOULD BE CALLED AFTER EQILBRo 

KEYWOROSt 

SIMILARITY TRANSFORMATION, 
~OUILIRRATIONa 

SURSECTJONt EOILBR. 

CALLING SEOUENCEI 
THF HEADING OF THE PROCEDURE ISt 
"PROCEDURE" EOIL&RIA, N, EH, D, INT)J "VALUE" NJ 
"INTEGER" Na "ARRAY" A, EH, DJ "INTEGER" "ARRAY" INTi 

THf, MEANING OF THE FORMAL PARAMETERS IS: 
Nt <ARITHMETIC EXPRESSJON>J 

THE ORDER OF THE GIVEN MATRIXI 
Al <ARRAY IDENTIFIER>; 

"ARRAY"A[ltN,ltN]; 
ENTRYt THE MATRIX TO BE EOUILIBRATEDI 
FXITl THE EQUILIBRATED MATRIX& 

EM1 <ARRAY IDfNTIFIER>; 
"ARRAYHEH[QIOJ; 
ENTRY& EH[Ol, THE MACHINE PRECISIONI 

Dt <ARRAY IDENTIFIER>J 
"ARRAY"O[ltNJ; 
EXIT1 THE MAIN DIAGONAL OF THE TRANSFORMING DIAGONAL 

MATRIXJ 
INTi <ARRAY IDENTIFIER>I 

"INT~GER~"ARRAY" INT[ltN]; 
EXITt INFORMATION DEFINING THE POSSIBLE INTERCHANGING OF 

SOME ROWS AND THE CORRESPONDING COLU~NSI 



PRnCEDURES USFDt 
TAl'1M.AT 
MATT AM 
ICHCOL 
ICHROW 

• 
• 
• 

(JUNE 1974) 

CP34014, 
CP34015, 
CP34.J31, 
CP34032o 
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RUNNING TIMI' I ROIJGHL Y PROPORTIONAL TO N SQUARED. 

ALGOI. hOo 

~kTHOD ANO PrRFOR~ANCFt 
THf MATRIX IS EQUILIBRATED BY MEANS 
SIMILARITY TRANSFORMATION POSSIBLY 
THE TRANSFORMING DIAGONAL MATRIX AND THE 
CALCULATED ITERATIVELYt 

OF OSBORNE 1S DIAGONAL 
WITH INTERCHANGES r?J. 

EQUILIBRATED MATRIX ARE 

IN F.ACH STEP A CERTAIN COLUMN OF THE MATRIX IS MULTIPLIED BY, AND 
THE CORRESPONDING ROW DIVIDED RY, A FACTOR WHICH IS CHOSEN JN SUCH 
A WAY THAT THE CONSIDERED COLUMN ANO ROW OBTAIN ROUGHLY THE SAME 
EUCLIDEAN NORM. (IN FACT, THE FACTOR IS ROUNDED TO THE NEAREST 
INTF.GRAL POWER OF Z, IN ORDER TO PRFVF.NT ROUNDING ~RRORS); TH~ 
COLUMNS AND ROWS ARE HANDLED IN CYCLIC ORDER. IF THE MATRIX DOE5 
NOT CONTAIN COLUMNS OR ROWS WHOSE OFF-DIAGONAL ELEMENTS ARE O OR 
NEARLY O, THEN T4E PROCESS (WITH UNROUNDEO FACTORS) CONVERGES, ANO 
IN PRACTICE A FEW STEPS ARE NEF.DED TO OBTAIN A REASONAqly 
EQUILIRRATEO MATRIX [21. 
IF All OFF-DIAGONAL ELEMENTS OF SOME CONSIDERED COLUMN (ROW) APE 0 
OR NEARLY~, THEN THIS COL'IMN (ROW) IS INTFRCHANGED WITH TYE FIRST 
NnNZERO COLUMN (LAST NONZERO ROW) OF THE MATRIX, 4ND, IN ORDER Tr 
HAVE A SIMILARITr TRANSFORMATION, THE CORRESPONOINr, ROWS (COLUMNS) 
ARE ALSO INTFRCHANGFD; THEN FOR THE FURTHER EQUILIBRATION, T4E 
S11RMATRIX IS CONS If)E.RED WHICI-I DOE'i NOT CONTAIN SUCH ZERO COLUMN~ 
ANO ROWS AND THE CORRESPONDING ROWS ANO COLUMNS. THE EQUILIBRATION 
PROCESS IS CONTINUFD UNTIL, IN A WHOLE CYCLE NO FACTOR> Z ~R < o.~ 
AND NO ZERO COLUMN OR ROW IS FOUND, OR UNTIL (N + 1) * N **?. Rnws 
AND COLll14N" •Ul/1; 8HN CONSIDERED. 



SUBSECTTONI BAKLAR, 

CALLINr. SEOUENCEI 
TH! HIADtNG MF THI PROC!DUR& ISt 
"PROCE~IRfff BAKLBR<N, N1, NZ, D, tNT, v~e,, "VALUE" N, Nl, N21 
"INTEGER" N, Nl, N21 "ARRAY" D, VECI "fNTEG!R" "ARRAY" lNTt 

TMF. MEANING OF THI ~ORMAL PARAM£T~RS 1$1 
Nt CARITHM!Trc SXPRESSlON>I 

THE LENGTH DF THE VICTORS TO BE TRANSFORM!OI 
N1, N21 <ARITHMETIC EXPRESSION>t 

THE SERIAL NUMBSRS OF T~& FIRST AND LAST VECTOR TO as 
TRANSFORMED I 

VECI <ARRAY IDENTtFIIR>I 
"ARRAV"V&Cr11N,Nl1N2ll 
INTRVt TM& NI• Nl + 1 VF.CTORS OF LENGTH N TO Bf 

TRANSFORMED I 
EXITI THE NZ• Nl + 1 VICTORS OF LdNGTH N RESULTIN~ F~OM 

THE BACK TRANSFORMATIONt 
~• <ARRAY IDENTIFIER>t 

"ARRAV"Dt11Nll 
PNTRVI THI MAIN DIAGONAL OF THI TRANSFORMING DIAGONAL 

MATRIX OF ORDER N, AS PRODUCED BY EQILBRI 
JNTt <ARRAY IDSNTIFllR>1 

HINTF.ftFR""ARRAY" lNTt11Nl1 
tNTPVI lNFnRMATlDN D&FINlNG TM! POSSlBLi INTERCHANGING MF 

SOHi ROWS AND COLUMNS, AS PRODUCED BY EOIL8Re 

PROCEDURES USlnt 
ICMROW • CP3~032a 

RUNNING TtMfl ROUGHL~ PROPORTIONAL TO (N2 • N1 + l) • N, 

LANGUAGea ALGOL bO, 

MP.TMOD AND PIRFORMANCft 
TH& BACK TRANSFORMATION, WMICH COP.RfSPDNDS WITH TH£ DIAGONAL 
SIMILARITY TRANSFOR~ATION AS PERFORMED BY EQXLBR, TRANSFORMS 
A VECTOR X lNTO A VECTOR DX AND PIRFORMS TH! CORRISPONDtNG 
INTfRCHANGes. THe MATRIX D lS THE DIAGONAL MATRIX OF THE DIAGONAL 
SIMILARITY TRANSFORMATION, 

RFFFR&NCESI 
C11 Dikk&R, T, J, AND HOFFMANN, W, 

ALGOL 6U PROCGDURlS JN NUHIRICAL ALGIBRA, PART 2, 
MATHEMATICAL CENTRE TRACTS 23, 
MATH&MATISCM CENTRUM, AHSTEP.OAM, 1~68J 

C21 OSBMRNS, &, &, ON PRICDNDtTtONING OF HATR1CES, 
Ja ACM ?(1q60) 338•3'~• 

IXAMPL&S OF USft 
EXAMPLES OF USF. OF FQILBR AND BAKLBR CAN B& FOUND IN THE PROCEnUP.ES 
FOR CALCULATING erG&NVALUES AND llGENV!CTORS AS DESCRJBID tN 
SECTIMN 1.1.1.2.2. 



SOURCE TEJCT<S) I 

IICODE 11 341731 

(JUNE 1Q74) 

11COMMENT 11 MCA 24U5t 
11 PROCEOURf 11 EOILBRCA, N, EM, D, INT); 11 VALUE 11 N; 11 INTEGER 11 N; 

11 ARRAY 11 A, FM, DI 11 INTEGER 11 11 ARRAY 11 INTi 
11 8EGIN 11 11 INTEGER 11 I, IM, Il, P, 0, J, T, COUNT, EXPONENT, NI; 

11 RF.Al 11 C, R, EPS, OMEGA, FACTOR; 

11 PROCEOURE 11 MOVE(K)J 11 VALUE 11 Kl 11 INTEGER 11 KJ 
11 BF.GIN 11 "REAL 11 DI; 

NII• o - P; TI• T + 1; "IF" KA. I "THEN" 
rtBEGIN 11 IC~COL(l, N, K, I, A)J ICHROWCl, N, K, I, l)J 

DII• DCI]J D[IJI• D[K11 O[Kll• DI 
11fND" 

11 END 11 MOVE; 

11 REAL 11 11PROCeOURE 11 TAMMATCL, U, I, J, A, B); 11 CODe 11 340141 
11REAL 11 11 PROCEDURE 11 MATTAM(L, 11, I, J, A, B); "CODE 11 34()15; 
11 PROCEOtlRE 11 ICHCOUL, U, 1.t J, A)I 11CODE" 340'HJ 
"PROCEDURE" ICHROW(L., U, I, J, AlJ "CODE" 34032; 

FACTOR&• l / (2 * LN(Z)I; 11 COMMENT 11 MORE GENERALLVI l~IBASE); 
EPSI• FMrn11 OMEGA•• l / £PSI TI• PI• lt 01• NI•• I•• NI 
COUNT•• (N + 1) *NII 2; 
11 FOR 11 JI• 1 "STEP" l "UNTIL" N 11 DO" 
118EGIN" O[J11• 11 INT[J]I• 0 11 END 11 1 
11 FOR 11 Ia• 11 IF 11 I< Q 11 THEN 11 I+ 1 11 ELSE 11 P 
"WHILE" COUNT> 0 11 AND 11 NI> 0 1100 11 

11 BEGIN 11 COUNTI• COUNT - 11 IMI• I - lt Il•• I+ 11 
Cs• SORT(TAMMAT(P, IM.t I, I, A, A)+ 
TAMMAT(Il, 0• I, I, A• A)); 
RI• SQRT(MATTAM(P, IM, I, I.t A, A)+ 
MATTAM(Il, o, I, I, A, A))I 
11 IF" C * OM~GA <• R * €PS 11 T~EN" 
11 BE~IN11 INT[T]I• I; MOVE(P); PI• P + l "ENCtt 
11 ELSE" 11 IF" R *OMEGA<• C • £PS "THEN" 
"BEGIN" INTfTll• •I; MOVE(0)t 01• Q - 1 11 END 11 

11 ELSF. II 

11 BEGIN 11 EXPONENT•• LN(R / C) • FACTORI 
11 IF 11 ABS(EXPONENT) > 1 "THEN" 
11 ijEGINtt NII• 0 - P; Cl• 2 ** EXPONENT; Rt• 1 / CS 

D[Ill• D[I1 • Cl 
ttFOR 11 Jt• 1 "STEP" 1 "UNTIL" IM, 
11 "STEP" 1 11UNTIL 11 N 11 00" 
11 BEGIN" ACJ,Ilt• ArJ,Il • CJ 

ACI,Jll• ACI.tJl * R 
"EN0 11 

"END" "ELSE" Nit• NI - 1 
"!:ND" 

11 END 11 

"END" EOILBRI 
Hf.:OPH 
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ncnOE" 141741 
"COMMENT" MCA 24061 
"PROCEDURE" RAKLBR(N, Nl, N2, D, INT, VFC)J "VALUE" N, Nl, N2f 
"INTEGER" N, Nl, N2s "ARRAY" D, VECI "INTEGER" "ARRAY" INT; 
neer.IN" "INTEGER" I, J, K, P, Q; "REAL" DII 

"PROC€DURE" ICMROW(L, U, I, J, A)J "CODE" 34032J 

PI• 18 QI• NI 
"FOR" II• 1 HSTFP" l "UNTIL" N noon 
"BEGIN" Oil• OCi]I "IF" OI A• l "THEN" 

"FOR" Ja• Nl "STEP" 1 ."UNTIL" N2 "DO" VECCI,Jls• 
VECCI,Jl. or, KB• INT[I]; 
"IF" K > 0 "THEN" P&• P + l "ELSE" 
"IF" K < 0 "THEN" 08• 0 - 1 

"ENOH; 
"FOR" II• P - 1 + N - Q "STEP" -1 "UNTIL" 1 "DO" 
"BEGIN" Kl• INT[Ill "IF" K > 0 "THEN" 

"BEGIN" PI• P - 1; "IF" KA. P "T4EN" 
ICHROW(Nl, N2, K, P, VEC) 

"END" "iLSE" 
"BEGIN" 01• Q + 11 "IF" -KA. Q "THEN" 

ICHROW(Nl, N2, -K, 0, VEC) 
"END" 

"ENO" 
"END" BAKLBRI 

neopn 
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AUTHOR I C.G. VANDERLAAN. 

CONTRIBUTORS I HeFIOLET, CeGe VANDERLAAN. 

TN~TITUTE I MATHE~ATICAL CENTRE. 

RECEIVED• 731008. 

BRIEF DESCRIPTION I 

THT.S SECTION CONTAINS THE PPOC~DURES EOILBRCOM AND BAKLBRCOM. 
EOILBRCOM EOllllIBRATES A GIVEN 11ATIHX. 

PAGE 1 

BAKLBRCOM TRANSFORMS THE EIGENVECTORS OF THE EOUILIBRATEO MATRIX 
INTO THE EIG~NVECTORS OF THE ORIGINAL MATRIX. 

KEYWOROS I 

COMPLEX MATRIX, 
i:IGENVECTORS, 
t=OUILIBRATinNe 

SU~SECTIONI EOILBRCOH. 

CALLING SEOUF.NCE1 

T4E HEADINt; nF TH.t: PROCEDURE READS I 
"PROCEDURE" EOILBRCOH(Al, AZ, N, EH, D, INT)J "VALUE" NJ 
"INTEGER" NJ "ARRAY" Al, AZ, EM, or "INTEGER" "ARRAY" INTi 

THF. MEANING OF THE FORMAL PARAMETERS ISa 
Al,AZ11 <ARRAY IDENTIFIER>J 

"ARRAY" Al,A2tltN,l1N]J 
EMTRYI 
THE REAL PART AND IMAGINARY PART OF THE MATRIX TO ~E 
EQUILIBRATED HUST BE GIVEN IN THE ARRAYS Al ANO A2, 
RESPl:\CTIVELYI 
EXITI 
THE REAL PART AND THE IMAGINARY PART OF THE EQUILIBRATED 
MATRIX ARE DELIVERED IN THE ARRAYS Al AND AZ, 
RF.SPECTIVEL VJ 

NI <ARITHMETIC EXPRESSION>; 
THE ORDER OF THE GIVEN MATRIX; 

EHi <ARRAY IDENTIFIER>r 
"ARRAYNEM[Ol7] J 
ENTRYI 
EH[O]I THE MACHINE PRECISION: 
EM£611 THE MAXIMUM ALLOWED NUMBER OF ITERATin~s, 
EXITI 
EMf7]1 THE NUMBER OF ITERATIONS PERFORMED; 



S£CT!ON13e2.l.l.2 (JUNE 1974) 

01 <ARRAY IDENTIFIER>t 
"ARRAY" O[llN]; 
ElCITt 
THE SCALING FACTORS OF THE OIAGONAL SIMILARITY 
TRANSFORMATION I 

INTi <ARRAY IDENTIFlcP>; 
"INTEGF.R""ARRAY" INT[ltN]; 
EXITt 

PAGE 2 

INFORMATION CONCERNING THE POSSIBLE INTERCHANGING OF 
snME ROWS AND CORRESPONDING COLUMNS. 

PROCEDURES USE;Ds 

ICHCOL • CP34~31• 
ICHROW • CP~4332, 
TAMMAT • CP34014, 
MATTAN• CP34i015. 

RUNNING TIME1 PROPORTIONAL TON* NUMBER OF ITERATIONS. 

L ANGI_IAGE I ALGOL 6iQ • 

METHOD ANO PERFORMANCE• SEE BAKLBRCOMo 

SUBSECTION• BAKLRRCOM. 

CALLING SEOUF.NCEt 

THE HEADING OF THE PROCEDURE READS• 
"PROCEDURE" BAKLBRCOM(N• Nl, NZ, D, INT, VR, VI); 
"VALUE" N, Nl, N2; "INTEGER" N, Nl, NZ; "ARRAY" D, VR, VI; 
"INTEGER" "ARPAY" INTi 

THi: MEANING OF THE FORMAL PARAMETERS ISt 
NI <ARITHMETIC EXPRESSION>; 

THE ORDER OF THE MATRIX OF WHICH THE cIGENVECTORS ARE 
CALCULATED I 

Nl,N21 <ARITHMETIC EXPRESSION>; 
THE EIGENVECTORS CORRESPONDING TO THE EIGENVALUES WITH 
INDICES Nl, ••• ,N2 ARE TO BE TRANSFORMED; 

Dt <ARRAY IDENTIFIER>• 
"ARRAY" D[llNll 
ENTRYI T~E SCALING FACTORS OF THE DIAGONAL SIMILARITY 
TRANSFORMATION AS DELIVERED BY EOILBRCOMI 

INTi <ARRAY IDENTIFIER>J 
"INTEGER""ARRAY" INT[llN]I 
ENTRYI INFORMATION DEFINING T4E INTERCHANGING nF S~ME 
ROWS AND COLUMNS, AS DELIVERED BY EOILBRCOM; 



VR,Vtt <ARRAY IDcNTIFIF.R>; 
"APRAY" VR,VI[ltN,NltNZ]; 
ENTRYI 

PAGE 3 

THE BACK TRANSFOR~ATION IS PERFORMED ON THE EIGENVFCTORS 
WIT4 THE REAL PARTS GIVEN IN ARRAY VR AND THE IMAGINARY 
PARTS GIVEN IN ARRAY VI; 
EXIT1 
THE REAL PARTS ANO IMAGINARY PARTS OF THE RESULTING 
EIGENVECTORS ARE DELIVERED IN THF. COLUMNS OF T4E ARRAYS 
VR ANO VI, RESPECTIVELY. 

PROCEDURES USEDt BAKLBR • CP34174i 

RUNNING TIMEa ROIIGHLY PROPORTIONAL TON* (N2-Nl). 

LAN~UAGFt ALGOL 60• 

THE FOLLOWING HOLDS FOR BOTH PROCEOURESI 

METHQD AND PERFORMANCE• 

A MATRIX MIS SAID TO BE EQUILIBRATED, WHEN THE DIAGONAL ELEMENTS 
OF M11 M - MM•• ARE ZERO, WHERE tt ~TANOS FOR CONJUGATING 
AND TRANSPOSING. IN EOILBRCOM THE MATRIX M IS E0UILI6RATEO 
BY MEANS OF nSBORNE 1 S DIAGONAL SIMILARITY TRANSFORMATION WITH 
POSSIBLE INTERCHANGES (OSBORNE, lq60le 
BAKLRRCOM PERFORMS THE CORRESPONDING BACK TRANSFORMATION. 
LET THc EIGENVECTORS OF THc EOUILIBRATED MATRIX BE GIVEN IN THE 
COLUMNS OF MATRIX V. THE EIGENVECTORS OF THE ORIGINAL MATRIX ARE 
OBTAINED BY MULTIPLYING (OR POSSIBLE INTfRCHANGINGI THE ROWS OF TH~ 
MATRIX V WITH THc SCALING FACTORS. AS THE SCALING FACTORS ARE REAL 
QUANTITIES, THE TRANSFORMATION IS PERFORMED BY CALLING THE 
PROCEDURE RAKLRR FOR BOTH VR ANO VI (DEKKER AND HOFFMANN, l96q). 

RfFERF.NCESI 

OeKKER, T.J. ANO w.HOFFMANN (1968), 
ALGOL 60 PROCEDURES IN NUMERICAL ALGEBRA, PART Z, 
MATH. CENTRF. TRACTS 23, MAT~E~ATISC~ CENTRUMI 

OSBORNE. E.E. (19601, 
ON PRECONDITIONING OF MATRICES, 
JACM., 7, Pe338-354J 

PARLETT, 8.N. AND C.REINSCH (1969), 
BALANCING A MATRIX FOR CALCULATION OF EIGENVALUES ANO 
EIGENVECTORS, 
NUM ■ MATH., 13, Pe293•304; 
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BAMPLf. OF US!:t 

BAKLRRCOM rs USED IN THE PROCEDURE EIGCOM (SEE ~ECTION 3.3.2.2.1.,. 
AS A FORMAL TEST nF THE PROCEOIJPc tOILARCOM, THE FOLLOWING MATRIX 
WAS USEDI 

l O 
0 l 

J/1024 0 

1024•I 
0 
2 

HBfGIN" "INTEG~Rtt l•JJ 
ttRFAL" "ARRAY" Al•AZ[l13,lt3],EMCOl71,0.INT[l13]J 
"PROCF.DUR~" INIMAT(LR,UR,LC,UC,A,X):"CODE" 3ltlll 
"PROCEDIJRF. 11 EQ IlRRCOM ( Al, A2, N,:E M, D, INT> t 11CODE" 34361' 
EH[011•5"-141F.M[611•101 
INIMAT<l,3,l,~,Al,O);JNIMAT(i,3,1,3,A2•0>; 
Alrl,1lt•AlC2,211•l:AlC3,3lt•2: 
A2tl,3l1•2••10IA2C3•llt•Z••l-10)1 
EOILBRCOM(Al,AZ,3,EM,D,INT); 
OIJTPlJT ( 61, " ( "" ( "E QlJilIBRATED MATRIX I tt )11, / 11 l n); 
OUTPUT(61, 11 ("3(D2Bl,/,21D2B),"("I")",/,D2B,"("l")",28D/")", 

AlC1,1l,Alfl,2l,AlC1,31,AlC2,ll,AlC2,2l,AlC3,ll,Alr3,31lJ 
OUTPUT(61,"("/,n(ttfM[7lt"l",5BO/H)tt,EM[7]); 
OUTPUT(A1o"l""f"D[l13]1 11 l 11 ,3(32028),/ 11 )",Dfl1,DC2l,D[31)1 
OllTPUT(6l•"( 1111 ("INTC113]1 11 >",BD,3B,2BD,4BD 11 )", 

' INT[ll,INTC2l,INTC~l) 
11fNDH 

OtlTPIIT I 
EOUILIRRATEO 
l 0 0 
0 1 I 
0 I ;! 

E~H11 t 4 
Dtll3]1 1 
INT[11311 2 

SOIIRCE TF.XTIS) I 

"CODE" 343611 

MATRJXI 

1024 • ... 
I) 0 

"PROCEDURE" E0ILBRCOM(Al, A2, N, EM, D, INTi; "VALUE" N; 
"INTEGER" N; "ARRAY" Al, A2, EM, D; "INTEGER" "ARRAY" INT; 
H~EGIN" 11 INTEGER" I, P, o, J, T, COUNT, EXPONENT, NI, IM, Ill 

"REAL" C, R, EPS; 
"PROCEDURE" ICHCOL(L,U,1,J,Al;"CODE" 34031; 
11 PROCEDURE" ICHROW(L,U,I,J,A)l"CODE" 34032J 
"REAL" "PROCEmlRE" TAMNAT(L,U,I,J,A.B)1"CODE" 340141 
HREAL" "PROCEDURE" MATTAM(L,U,I,J,A,B);"CODE" 34015: 

"COMMENT" 
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HPROCEDURE" MOVEIK); "VALUE" K; "INTEGER" K; 
"BEGIN" "RFAL" OIi 

Nll• 0 • P; TI• T + 1; "IF" KA. I "THEN" 
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; 

"BEGIN" ICHCOL(l• N, K• I• Al); ICHROWll, N, K, t. Al)J 
ICHCOL(l, N, K, I, A2)1 ICHROW(l, N, K, I, A?); 
OIi• O[Il; DCI11• O[K]; O[Kll• OI 

"ENO" 
"END" HOVEi 
EPS•• ~M[Ol ** 4; TI• Pt• lf 01• NII• It• N; 
COUNTI• EHC6]; 
"FOR" JI• l "STEP" l "UNTIL" N "DO" 
HBFGIN" O[Jls• lf INT[Jll• 0 "ENDH; 
"FOR" II• "IF" I< 0 "THEN" I+ 1 "ELSE" P "WHILE" COUNT> 0 
"AND" NI> 0 noon 
"BEGIN" COUNT•• COUNT - 1; IMI• I - 11 Ill• I+ 1; 

Ct• TAHMAT(P, IM, I• I, Al• Al)+ TAMMATIIl, o, I, 
I, Al, Alt+ TAMMAT(P, IM, I, I, A2, A2) + 
TAMMATIIl, 0, I, I• AZ, A2)1 
RI• MATTAMIP, IM, I, I, Al, All+ MATTAM(Il, o, I, 
I, Alo Al)+ MATTAM(P, IM, I, I, A2, A2) + 
MATTAMfil, o, I, I, A2, A2)1 "IF" C / EPS <• R "T4EN" 
"BEGIN" INT[Tlt• I; MOVE(P); PI• P + 1 "ENO" 
"ELSF" "IF" R / EPS <• C "THEN" 
"BEGIN" INTCTll• - Is HOVE(Q)J 01• 0 - 1 "ENO" 
"ELSE" 
"BfGIN" EXPONENTt• LN(R / C) * ~.36067; 

"IF" ABS(EXPONENT) > l "THEN" 
"BEGIN" NII• 0 - P; C:• 2 ** EXPONENT; 

DCI11• DCI] * C; 
"FOR" JI• 1 "STEP" l "UNTIL" IM, Il "STEP" l 
"UNTIL" N noon 
"BEGIN" Al[J,Ilt• AlCJ,IJ * C; 

. AlCI,J]I• Al[I,Jl / Cl 
A2CJ,Il1• A2[J,Il * C; 
A2tI.J]I• A2tl,Jl / C 

"END" 
"END" 
"ELSE" NII• N! - l 

"ENO" 
HENDH; 
EH[7lt• FMC6l - COUNT 

"ENO" EOILBRCOHI 
Hf. □P" 

"CODE" ~4362; 
"PROCEDURE" BAKLBRCOM(N, Nl, N2, o, !NT, VR, vr,, 
"VALUE" N, Nl, N2; "INTEGER" N, Nl, NZ; "ARRAY" D, VR, VI; 
"INTEGER" "ARRAY" INT; 
"BEGIN" 

"PROCEDURE" BAKLBRIN,Nl,N2,0,INT,VEC)l"CODE" 34174; 
BAKLBR(N, Nl, N2, D, INT, VR); 
BAKLBR(N, Nl, N2, D, INT, VI) 

"END" BAKLBRCOMI 
"EOP" 
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RECEIVFOI 

BRI~F DFSCRIPTIONI 
THIS SECTION CONTAINS FIVE PROCEDURES. 
A> TFMSYHTRI?. AND TFMSYMTRil TRiNSF1RM A REAL SYMMETRIC MATRIX INTO 
A SIMILAR TRIDIAGO~AL ONE BY MFANS Of HOUSEHOLOER 1S TRANSFORMATI!JN, 
BI BAKSYMTRI2 AND BAKSYMTRil PERFORM THE CORRESPONDING RACK 
TRANSFORMATION AND FINALLY, 
C) TFMPREVF.C (WHICH IS TO BE USED IN COMBINATION WITH TFHSYMTRI2> 
CALCULATES THE TRANSFORMING MATRIX. 
TFMSYHTRI2 ANO BAl<SYMTRH USc TH£ UPPER TRIANGLE rJF A TWO
DIMENSIONAL ARRAY FOR THE UPPER TRIANGLE OF THE GIVEN SYMMETRIC 
MATRIX (TFMSYMTRI?> OR FOR THE DATA FOR HOUSEHOLOER 1S RACK 
TRANSFORMATION (BAKSYMTRI2). THE OTHER ELEMENTS ARE NEITHER USED 
NOR CHANGED. 
TFMSYMTRil AND BAKSYMTRil USE AN ARRAY A[ll(N+l)*N//2] FOR THE r,IVEN 
SYMMETRIC MATRIX (TFMSYMTRil) OR FOR THE DATA FOR HOUSEHOLDER'S 
TRANSFORMATION (BAl<SYMTRil)o 

l<EYWORDS1 
H111JSEHOLDER 1S TRANSFORMATION, 
TRIANGULARilATION. 



SUBSECTTONI TFMSYMTRI2. 

CALLING SEOUENCfl 

( DEC!:MBE.R 1979) 

THF. H~AOING nF T4IS PROCEDURZ ISt 
"PROCEDURi" TFMSYMTRI2CA, N, D, q, BB, EM); "VALUE" N; 
"INTEGER" N; "A~RAY" A, D, B, 88, EMS nc □ D€" ~414n1 

THE MEANING OF THE FORMAL PARAMETERS ISt 
Na <ARITHMETIC EXPRESSION>; 

THE ORDER nF THE GIVEN MATRIXJ 
Al <ARRAY IDENTIFIER>s 

"ARRAY"A[l1N,ltN]; 
ENTRYI THE UPPER TRIANGLE OF THE SYMMETRIC MATRIX MUST BE 

GIVEN IN THE UPPER TRIANGULAR PART OF A fT~F 
ELEMENTS ACI,Jl,I< ■ J)I 

l=XIT1 THE DATA FOR HOUSEHOLDER 1 S BACK TRANSFOR"1ATIOIII IS 
DELIVERED IN THE UPPER TRIANGULAR PART OF A. THE 
ELEMENTS ACI,Jl, I>J ARi NEITHCR USED NOR CHAlll~EDI 

01 <ARRAY IDENTIFIER>s 
"ARRAY"DCltN]; 
EXIT• THE MAIN DIAGONAL OF THE SYMMETRIC TRIOIAGnNAL 

MATRIX T fSAY), PRODUCED BY HOUSEHOLDER'S 
TRANSFORf,IATJnNs 

BI <ARRAY IDENTIFIER>; 
ffAP.RAYfl B[11NJ; 
FXIT• THE CODIAGONAL ELEMENTS nF TARE DELIVERen IN B[l] 

THROUGH 8[N-l1J BCNl IS SET EOUAL TO ZEROi 
BBi <ARRAY IDENTIFIER>; 

"ARRAY"138rltN]; 
~XITt THE SQUARES OF THE COOIAGONAL ELEMENTS OFT ARE 

DELIVERED IN 88[ll THROUGH BBCN-11; 88[Nl IS SET 
e0UAL TO 7ERO; 

EM1 <ARRAY IDENTIFIER>J 
"ARRAY"EM[01 lll 
ENTRY• EM[Ol, THE MACHINE PRECISION; 
EXITI fMCll, THE INFINITY NORM OF THE ORIGINAL MATRIYe 

PRnCEDIJRES USFDI 
TAMVEC • 
MATMAT • 
TAMMAT • 
ELMVECCOL• 
El"1COLvi;c. 
ELMCOL • 

CP34012, 
CP34013, 
CP34i014, 
CP3402l, 
CP34022, 
CP34.;)23e 

RUNNING TIMFI ROIJ(;I-ILY PROPORTIONAL TON CUBF.D. 
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METHOO AND PfRFORMANCel 
A GIVEN SYMMETRIC MATRIX MIS TRANSFORMED INTO A TRIOIAr.ONAL ONE 
BY l'IEANS nF N-l ORTHOGONAL Sil"ILARITY TRANSFORMATIONS, THE P-TH 
TRANSFORMATION IS CHOSEN IN SUCH A WAY THAT IN THE (N-P+l)-TH 
COLUMN ANO ROW OF M THE DESIRED ZEROES ARE INTRODUCED. HOWEVER, 
IF, IN THIS COLIIMN AND ROW, ALL ELEMENTS OUTSIDl THE MAIN DIAGONAL 
ANO THE ADJACENT CODIAGONALS ARE SMALLER IN ABSOLUTE VALUE THAN 
THE INFINITY NORM OF M TIMES THE MACHINE PRECISION, THEN THE P-TH 
TRANSFORMATION IS SKIPPED. 
FOR FURTHER DETAILS Sc£ RfFtll ANO REF[2le 

SU8SECTIONI BAKSVMTRI?. 

CALLING SEOUENCF.t 
THE HeADING OF THE PROCEDURt IS1 
"PROCEDURf" RAKSYMTRI2(A, N, Nl, N2, VEC); "VALUE" N, Nl, N2; 
"INTEGER" N, Nl, N2: "ARRAY" Ao VECI "CODE" 341411 

THE MEANING OF TH~ FORMAL PARAMETERS IS: 
Al <ARRAY IOENTIFifR>; 

HAPRAYHA[ltN,ltNJJ 
ENTRYI THE DATA FOR THE BACK TRANSFORMATI~N, AS PRnOUCEO 

BV TFMSYMTRI2, MUST BE GIVEN IN THE UPPER 
TRIANGULAR PART OF A; 

NI <ARITHMETIC EXPRESSION>J 
THf ORDER OF THE GIVEN MATRIXI 

N1,N21 <ARITHMETIC EXPR~SSION>; 
LOWER ANO UPPER 00UND, RESPECTIVELY, OF THE COLIIMN NUMAERS 
OF \/F.C; 

VF.Cl <ARRAY IDENTIFIER>I 
"ARRAY"VEC[l1N,NltN2lJ 
ENTRY1 THE VECTORS ON WHICH THE SACK TRANSFORMATION HAS TO 

Bf Pt:RFORMEDI 
EXITt THE TRANSFORMED VECTORS. 

PROCF.DIJRr.S USt:01 
TAMMAT ■ 

ELMCOL • 
CP34014, 
CP34'i23. 

RUNNINr. TIMcl ROIJt;HLY PROPORTIONAL TON SCUARl:'.D TIMES CNZ-Nl+l)e 

METHOD AND PERFORMANCE• SEE REF[ll. 



S~CTION13.2.1.z.1.1 

<:1113'>ECTIONI TFMPREVEC. 

C~LLING seoueNC~I 

C OHi::MBcR 1Q7Q) 

THE HEADING OF THIS PROCEDURE IS1 
"PROCEDURE" TFMPREVECCA, N); "VALUE" N; "INTEGER" N; "ARRAY" A; 
"CODE" 3414?.; 

T~f MEANING OF TH~ FORMAL PARAMETERS ISI 
At <ARRAY IDENTIFIER>; 

"ARRAY"A[l1N,l1N]; 
ENTRYt THE DATA FOR THE BACK TRANSFORMATION, AS PRODUCED 

~y TFMSYMTRIZ, MUST BE GIVEN IN THE UPPER 
TRIANGULAR PART OF A; 

EXIT1 TH~ MATRIX W4ICH TRANSFORMS THE ORIGINAL MATRIX 
INTO A SIMILAR TRIDIAGONAL ONE. 

NI <ARITHMETIC EXPRESSION>J 
THE ORDER OF THE MATRIXt 

PROCEDURES tJSED1 
TAMMAT • 
ELMCOL • 

CP34014, 
CP~4023o 

RUNNING TIME1 ROUGHLY PROPORTIONAL TON CUBfDe 

METHnD AND PFRFORMANCEI SEE REFCllo 
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SUASECTIONI TFMSYMTRilo 

CALLING SEQUENCE• 
THi HEADING OF THIS PROCEDURE IS1 
"PROCFDURE" TFMSYMTRil(A, N, D, B, RB, EM); "VALUE" NI 
"INTEGER" NI "ARRAY" A, D, B, 881 EMt "CODE" 341431 

THE MEANING OF THE FORMAL PARAMETERS IS• 
Al <ARRAY IDENTIFIER>; 

"APRAY"A[ll(N♦l)*N//211 
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ENTRYt THE UPPER TRIANGLE OF THE GIVEN MATRIX MUST BE 
GIVEN IN SUCH A WAY THAT THE (I,J)•TH F.LEMENT OF 
THE MATRIX IS AC(J•l>•Jl/2+Il, l<•I<•J<•Nt 

EXITS THE DATA FOR HOUSEHOLDER'S BACK TRANSFORMATION AS 
USED BY BAKSYMTRill 

NI <ARITHMETIC EXPRESSION>; 
THE ORDER OF THE GIVEN MATRI~J 

Ot <ARRAY IDENTIFIER>1 
"ARRAY 11 D[ 11N1 I 
EXITt THE MAIN DIAGONAL OF THE SYMMETRIC TRIDIAGnNAL 

MATRIX T (SAY), PRODUCED BY HOUSEHOLDER•~ 
TRANSFORMATIONI 

~• <ARRAY IDENTIFIER>; 
"ARRAY" BClfNH 
EXITt THE CODIAGONAL ELEMENTS OFT ARE DELIVERED IN ~[ll 

THROUGH B[N-1i1 BtNl IS SET EQUAL TO ZERO; 
BBi <ARRAY IDENTIFIER>; 

"ARRAY"BB[llN]; 
EXITI THE SOUARES OF THE CODIAGONAL ELEMENTS OFT ARE 

DELIVERED IN 88£1] THROUGH BB[N-llJ 88[Nl IS SET 
E-QUAL TO ZEROJ 

EMS <ARRAY IDENTIFIER>J 
11 ARRAY"EM[Oll 11 
ENTRYI EMCOl, THE MACHINE PRECISION; 
EXIT1 EMCll, THE INFINITY NORM OF THE ORIGINAL MATRIX. 

PROCEDURES USED• 
VECVEC • 
SEQVEC • 
ELMVEC • 

CP34010, 
CP34016, 
CP34<l20. 

RUNNING TIMet ROUGHLY PROPORTIONAL TON CUBED. 

MfT~OD AND PERFORMANCE• SEE TFMSYMTRI2 (THIS SECTION). 



SU8SECTION1 RAKSYMTRil. 

CALLING SEOUENCEI 
TijF. ~EADIWG OF THE PROCEDURE IS1 
"PROCEDURE" BAKSYMTRll(A, N, Nl, N2, VEC); "VALUE" N, Nl, N2; 
"INTEGER" N, Nl, N?t "ARRAY" A, VfCJ "CODE" 341441 

THe MEANING OF THE FORMAL PARAMETERS ISI 
Al <ARRAY IDENTIFIER>; 

"ARRAY"A[ll(N+l)*N//2]1 
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ENTRY• THE DATA FOR THE BACK TRANSFORMATION, AS PROOUCED 
BY TFMSYMTRil; 

NI <ARITHMETIC EXPRESSION>; 
THE ORDER OF THE GIVEN MATRIXS 

Nl,N21 <ARITHMETIC EXPRESSION>J 
LOWfR AND UPPER BOUND, RESPECTIVELY, OF THE COLUMN NUMBERS 
OF VECI 

VECs <ARRAY IDENTIFIER>; 
"ARRAY"VECrltN,Nl1N211 
~NTRYt THE VECTORS ON WHICH THE BACK TRANSFORMATION ~AS TO 

BE PERFORMED; 
EXtTs THE TRANSFORMtD VECTORS. 

PROCEDURES USED• 
VECVEC • 
ELMVfC • 

CP34010, 
CP34020e 

PEOUIRED CENTRAL MEMORY• 
AN AUXILIARY ONE-DIMENSIONAL REAL ARRAY OF LENGTH N IS USED. 

RUNNING TIME1 ROUGHLY PROPORTIONAL TON SQUARED TIMES (N2-Nl+l)e 

METHOD ANO PERFORMANCE• SEE REF[ll. 

REFERENCES• 
[11 DEKKER, T.J. AND HOFFMANN, We 

ALGOL 60 PROCEDURES IN NUMERICAL ALGEBRA, PART 2, 
MATHEMATICAL CENTRE TRACTS 23, 
MATHEMATISCH CENTRUM, AMSTERDAM, 1968; 

[21 WILKINSON, J.H. 
THE ALGEBRAIC EIGENVALUE PROBLEM, 
CLARENDON PRESS, OXFORD 1965. 

EXAMPLE OF USE• 

THF FIVE PROCEDURES OF THIS SECTION ARE USED IN 
SECTION 3a3•1ele2t 

EIGSYMZ USES TFMSYMTRIZ ANO BAKSYMTRIZ; 
EIGSYMl uses TFMSYMTRil AND BAKSY~TRilJ 
ORISYM uses TFMSYMTRI2 ANO TFNPREVEC. 
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SOIJRCE TEXT(S)s 

"CODE" 34l't01 
"COMMENT" MCA 23001 
"PROCEDURE" TFMSYMTRI2(A11 N11 O, 811 8811 EMIi "VALUE" IH 11 INTFGER" NI 

"ARRAY" A11 811 BB, D, EMI 
"BF.GIN" NINTEGF.Rn I11 J11 R, Rl; 

"REAL"~. x. Al, BO, ea~. Dn, MACHTOL. NORMI 

"REAL" "PROCEDURE" TAMMAT(L, Ua 111 J, A11 8); "CODf" 340141 
"REAL" "PROCEDURE" MATMAT(L11 U, I, J, A, BJ; "CODE" 34,13; 
"PROCEDURE" ELMVECCOL(L11 U.t 111 A.t I'!, l()1 "CODE" 3402lr 
"REAL" "PROCEDURE" TAMVEC(L11 U11 111 A, 8)1 "CODE" 3401?.J 
"PROCFDURE" liLMCOL(L, U, l, J, A, B, X); "CODE" 34023; 
11PROCEDURE" ELMCOLVEC<L• U, I11 A• B, X)I "CODE" 340?ZJ 

NORMI• 01 
"FOR 11 JI• 1 "STEP" l "UNTIL" N "DO" 
"BEGIN" WI• 01 

"FOR" II• l "STEP" l "UNTIL" J "DO" WI• ABS(A[I,J]) + Wt 
"FOR" II• J + l "STEP" l "UNTIL" N "DO" WI• ABS(ACJ,Ill + 
W; "IF" W > NORM 11 THEN 11 NORMI• W 

"END"I 
MACHTOLt• F.M[Ol + NORM; EMCllt• NORM; Rt• N; 
"FOR" Rlt• N - 1 HSTEP 11 -1 11UNTIL 11 l "DO" 
"BEGIN" D[R11• A[R,R]I XI• TAMMAT(l11 P - 211 R11 R, A11 A); 

All• ACRl11RlJ "IF" S0RT(X) <• MACHTOL "THEN" 
"BEGIN" Bli.lt• B[Rlll• Al; BB[Rl]1 ■ BO• BCJACR11Rlt• 1 "END" 
"ELSE" 
"BEGIN" 8801• BB[Rlll• Al• Al+ XI 

Biol• -"IF" Al > .0 "THEN" -S0RT(BBOI "EL"E" SORTfBBO)f 
All• A[Rl,Rlt• Al - 801 WI• A[R11Rl1• l /(Al• 80)1 
"FOR" Jt• l "STEP" l "UNTIL" Rl "00" B[J]I• (TAMMAT<l, 
J, J11 R11 A• Al + MATMAT(J + l, Rl• J11 R11 A, A)) • WI 
ELMVECCOL(l, Rl, R, 8, A, TAMVEC(l, Rl, R, A, B) • 
W • e5)t "FOR" Jt• l "STEP" l "UNTIL" Rl "DO" 
"BEGIN" ELMCOL(l, J, J, R, A, A11 B[JJ); 

ELMCOLVEC(l, J, J, A, B, ACJ,R]) 
"END"I R[RlJI• 80 

"END 11 J Rt• Rl 
t1ENOH1 
DClll• ACl,ll; A[l11llt• lJ B[N]I ■ BB[Nll• ~ 

"END" TFMSYMTRI21 
"i:OP" 
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"CODE" 34141; 
"COMMENT" MCA ?3011 
"PROCF.DURE" BAKSYMTRI2(A, N, Nl, N2, VEC)I "VALUE" N, Nl, Nl; 
"INTEGER" N, Nl, N2; "ARRAY" A, VECJ 
"BEGIN" "INTEGER" I, J, K; "REAL" W; 

PAGE~ 

"REAL" "PROCEDURE" TAMMAT(L, U, I, J, A, B); "CODE" 34Ul41 
"PROCEDURE" ELMCOL(L, U, I, J, A, B, X); "CODE" 34023; 

"FOR" JI• 2 »STEP" l "UNTIL" N "DO" 
"BEGIN" WI• A[J,J1J "IFH W < 0 "THEN" 

HFOR" Kl• Nl "STEP" 1 "UNTIL" N?. "DO" 
ElHCOLll, J - l, K, J~ VEC, A. 
TAHHAT(l, J - l, J• K, A, VEC) • W) 

"END". 
"END" BAKSYMTRI2J 

"EOP" 

"CODE" 341421 
"COMMENT" MCA 23021 
"PROCEDURE" TFHPREVEC(A, N)J "VALUE" NI "INTEGER" Nt "ARRAY" Al 
"BFGIN" "INTEGER" I, J, Jl, Kl "REAL" ABJ 

"REAL" "PROCEDURE" TAHMAT(L, U, I, J, A, B); "CODE" 340143 
"PROCEDURE" ELHCOL<L, U, I, J, A, B, X)J "CODE" 3402~1 

Jll• lJ 
HFORH JI• 2 "STEP" 1 "UNTIL" N noon 
"BEGIN" "FOR" I1• l "STEP" 1 "UNTIL" Jl - l, 

J "STEP" 1 "UNTIL" N "DO" A[I,Jlll• OJ 
A[Jl,Jllt• lJ ABI• A[J,J]J 
"IF" AB ~ 0 "THEN" 
"FOR" Kt• 1 "STEP" 1 "UNTIL" Jl "DO" 
iLHCOL(l, Jl, K, J, A, A, 
TAMMAT(l, Jl, J, K, A, A)• AB); Jll• J 

"END"I 
"FOR" I•• N - 1 "STEP" •l "UNTIL" 1 "DO" 
ACI,Nll• O; A[N,N]I• 1 

"END" TFHPREVECI 
"EOP" 
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"CnDF." 31tl431 
"COMMENT" MCA 2,os, 
"?ROCEOURE" TFMSYMTRil(A• N• D, B, 88, EM); "VALUE" NJ"INTEGER" NJ 

"ARRAY" A, 8, RB• D, EMI 
. "BEGIN" "INTF.GER" I, J• R• Rl, P, Q, TI, TJI 

"REAL" S, W, X, Al, BO, BRO, 0~, NORM• MACHTOLS 

"REAL" "PROCEDURE" VECVEC(L• U, SHIFT, A, B); "CODE" 3401Q; 
"PEAL" "PROCEDURE" SEQVEC(L, U, IL, S~IFT, A, B);ttCODE" 3lt016; 
"PROCEOURE" ELHVEC(L, U, SHIFT, A. B, X)I "CODE" 340201 

NORMI• 01 TJI• 01 
"FORK Jt• 1 "STEP" 1 "UNTIL" N "00" 
11 BEGIN" WI• I.); 

"FOR" II• 1 "STEP" l "UNTIL" J "DO" WI• ABS(A[I + TJ1) +WI 
TJ1• TJ + JI Tit• TJ + JJ 
"FOR" tr ■ J + l "STEP" l "UNTIL" N "00" 
"BEGIN" W•• ABS(A[Til) + WI TI•• TI+ I "END"I 
HIFH W > NORM "THEN" NORMI• W 

11 END"; 
MACHTOLI• EM[Ol • NORMJ EM[l]t• NORM; 01• (N + l) •NII 21 
RI• N; "FOR 11 Rlt• N • 1 "STEP" -1 "UNTIL" l "DO" 
11 REGIN 11 Pt• Q - R; O[R]I• A[Q]; 

Xs• VECVECfP + 1, Q • 2, U, A, A)r 
All• ACO • 1]; "IF" SQRT(Xl < ■ HACHTOL "THEN" 
11 BEGIN 11 8101• BCPl]I• Al; BBCRl]I• BO • 8:0; A[O]I ■ l HE:NOH 
"ELSE 11 

"BEGIN" BBOI ■ BB[Rlll• Al• Al+ X; 
Billi• "TF" Al > ,J "THEN" -soRT(BBI.I) "El.SE" SORT(BAO)I 
All• A[Q - lll• Al - BOJ WI• A[Q]I• 1 /(Al• 80)1 
TJr ■ O; "FOR" JI• 1 "STEP" 1 "UNTIL" Rl "00" 
11 8EGI.N" TII• TJ + J; Sr• VECVEC(TJ + 1, TI• P - TJ, 

A, A)I TJI• TI+ JI 
BCJll• (SEQVEC(J + l, Rl, TJ• P• A, A)+ S) * W1 
TJI• TI 

"END"• 
ELMVEC<l, Rl, P. e. A, VECVEC(l,Rl,P,B,A>• w •.s,, 
TJI• 01 11 FOR 11 JI• l "STEP" 1 "UNTIL" Rl "00 11 

"BEGIN" TII• TJ + JI ELMVEC(TJ + 1, TI, P - TJ, A, A, 
B[Jl)IELMVEC(TJ + 1, TI• -TJ• A, 8, ACJ + Pl)J 
TJI• TI 

"END"I R[Rlll• BO 
"ENOH; 
01• PI Rt• Rl 

"END"I 
O[lll• AClll A[l]I• 1; B[Nll• BB[Nll• 0 

"ENO" TFMSYMTRil; 
"EOP" 
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"C11DE" Hl441 
IICO~~FNT" MCA ?306; 
"PPOCF.l'HIPF." I\AKSYMTRJl(A, N. Nl, W~. VEC); 11 \IALU[" N, Nl, "'1?1 
11 INTEGER 11 N• Nl, Nll 11 ARRAY 11 A, V~CI 
"BEGIN" 11 INTfGFR" Jo Jl, K, TI, TJ; 

11 PFAL 11 W: 11 ARRAV 11 AUXVECC]tNJ; 

11REAL" 11 PRnCEDllPE 11 VECVEC <L, IJ, SIHFT, A, B); "CODF 11 341'11:II 
11 PPOCEDURE 11 [LMVfC(L, U, SHIFT, A, B, X); 11CODE 11 340Z~; 

"F0R 11 Kl• Nl 11 STEP" 1 "UNTIL" NZ 11no 11 

"BEGTN" "FOR 11 JI• l 11 STEP 11 l 11 UNTIL 11 N 11 0n 11 

AUXVFCCJ]I• VECCJ,K]; :TJI ■ Jll• l; 
IIFOR" J:• ~ 11 STEP 11 1 1111NTIL 11 N 11 00" 
"BEGIN" TII• TJ + JI WI• A[Tlll 

11 TF 11 W < 0 "THEN" ELMVF.Cfl, Jl, TJ, AUXVEC,A,V~CVECCl, 
Jl., TJ, AUXVEC, A) * l.l); Jlt• J; TJI• TI 

11 ENO"I 
11 FOR 11 Jt• 1 "STtP 11 i 11UNTIL 11 N 11 D0 11 VECCJ,Kll• AUXV~CCJJ 

llf,NDII 
11 END" BAKSYMTRil; 

11e,·w 11 
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AUTHORS I 

CONTRIBUTORSI w.HOFFMANN, J.G.VERWER. 

INSTITIITE1 MATHEMATICAL CENTRE. 

RECHVl=Dt 731112. 

BRieF DF.SCRIPTI □Ns 

THIS SECTION CONTAINS THREE PROCEDURES. 
A> TFMREAHF.S TRANSFORMS A MATRIX INTO A SIMILAR UPPER-HESSENBERG 
MATRIX BY MEANS OF WILKINSON'S TRANSFORMATION, 
8) BAKREAHESl PcRFORMS THE CORRrSPONDING BACK TRANSFORMATION ON 
A VECTOR AND SHOULD BE CALLEO AFTER TFMREAHES, 
CJ BAKREAHES2 PERFORMS THE CORRESPONDING BACK TRANSFORMATION ON 
THE COLUMNS OF A MATRIX AND SHOULD BE CALLED AFTER TF"REAHES. 

Kl:YWORDS1 

SIMILARITY TRANSFORMATION, 
UPPeR-HeSSENBERG MATRIX. 



SUBSF.CTION1 TF~REAHcS. 

CALLING SEQUF.NCE1 

!DECEMBER 197'5) 

THE HEADING OF THF PROCEDURE ISI 
"PROCEDURE" TFHREAHES(A, N, EM, INT); "VALUE" N; 
"INTEGEP" NI "ARRAY" A, EM; "INTEGER" "ARRAY" INT; 

THE MEANING nF THE FORMAL PARAMETERS ISI 
NI <ARITHMETIC EXPRESSION>; 

THE ORDER □ F THE GIVEN MATRIX; 
Al <ARRAY IOENTIFIER>J 

"ARRAY"A[laN,l1N11 
ENTRY• THF MATRIX TO BE TRANSFORMEDt 

PAGE? 

FXIT1 THE UPPER-HESSENBERG MATRIX IS DELIVERED I~ THE 
UPPER TRIANGLE AND THE FIRST SUBDIAGONAL OF A, THF 
(NONTRIVIAL ELEMENTS OF THE) TRANSFORMING MATRIX, 
L, IN THE REMAINING PART OF A, I.E. AfI,Jl • 
LCI,J + lJ, FOR I• 3, ••• ,N AND J • 1, ••• ,I - 2; 

EMt <ARRAY IDENTIFIER>J 
11 ARRAY 11 EM[Ollll 
ENTRY1 EM[Ol, THE MACHINE PRECISION; 
EXIT1 EMClJ, THE INFINITY NORM OF THE ORIGINAL MATRIX; 

INTi <ARRAY IDENTIFIER>J 
"INTEGER""ARRAY" INT[l1Nll 
EXIT• THE PIVOTAL INDICES D£FINING THE STABILI7.ING ROW 

AND COLUMN INTERCHANGES; 

PROCEnURES USEDI 
MATVEC 
MATMAT 
ICHCOL 
ICHROW 

• 
• 
• 
• 

REQUIRED CENTRAL MEMORYt 
EXFCUTION FIELD LENGTHt 

CP 34011, 
CP34013, 
CP34-031, 
CPH032e 

A ONE-DIMENSIONAL REAL ARRAY OF LENGTH N IS DECLARF.De 

RUNNING TIMEI ROIIGi-lLY PROPORTIONAL TON CUBED. 

LANGIJAGEt 

METHOD ANO PFRFORMANCEI 
WILKINSON'S TRANSFORMATION IS A TRIANGULAR SIMILARITY 
TRANSFORMATION wITH STABILIZING ROW ANO COLUMN INTERCHANGES 
TRANSFORMING A MATRIX, M, INTO AN UPPER-HESSENBERG MATRIX, H. 
THF. TRANSFORMING MATRIX IS THE PRODUCT OF A PERMUTATION MATRIX, P, 
ANO A UNIT LOWFR-TRIANGULAR MATRIX, L. THE NONDIAGONAL ELEMENTS IN 
THE FIRST COLUMN OF L ARF. O, AND THE ROW AND COLUMN INTERCHANGES 
ARf. CHOSEN IN SUCH A WAY THAT THE ABSOLUTE VALUE OF EACH ELEMENT 
OF L IS AT MOST le 
BECAUSE OF THE SPECIAL FORM OF L, THE MATRICES HANO L CAN qF, 
STORED TOGETHER IN THE ARRAY USED FOR THE MATRIX M (SEE CALLING 
SEQUENCE>. FOR FURTHER DETAILS SSE REFERENCE Cll AND C2le 
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SURSECTIONI BAKREAYiSle 

CALLING SEOUENCF.t 
THE HEADING OF THE PROCEDURE ISt 
"PROCEDURE" BAKREAHESl(A, N, INT, V)t "VALUE" N; 
"INTEGER" NI "ARRAY" A, V; "INTEGER" "ARRAY" INTJ 

THi MEANING OF THE FORHAL PARAMETERS ISI 
Na <ARITHMETIC EXPRESSION>; 

THE LENGTH OF THE VECTOR TO RE TRANSFORMED; 
Al <ARRAY IDENTIFIER>J 

"ARRAY"A[laN,ltN]I 
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iNTRYI THE (NONTRIVIAL ELEMENTS OF THE) TRANSFORMING 
MATRIX, L, AS PRODUCED BY TFMREAHES MUST BE GIVEN 
IN THE PART BELOW THE FIRST SUBDIAGONAL OF A, 
I.E. A[I,Jl • L[I,J + 11, FOR I • 3, ••• ,N ANO 
J•l, ••• ,I-2; 

INTi <ARRAY IDENTIFIER>; 
"INTEGER""ARRAY" INT[l1N11 
ENTRYI PIVOTAL INDICES DEFINING THE STABILIZING ROW ANO 

COLUMN INT~RCHANGES AS PRODUCED BY TFMREAHES; 
VI <ARRAY IDENTIFIER>; 

"ARRAY"V[llNll 
ENTRVI THE VECTOR TO BE TRANSFOR~EDI 
~XIT1 THE TRANSFORH~D VECTOR. 

PROCl:DURES USeOI 
M4TVEC • CP34011 • 

RUNNING TIME I ROIJGHL Y PROPORTIONAL TO N SOUAREDe 

LANGllA(.;E I ALGOL 60e 

MFTHOD ANO PeRFORMANCEI 
THE BACK TRANSFORMATION WHICH CORRESPONDS TO WILKINSON'S 
TRANSFORMATION AS PERFORMED BY TFNREAHES TRANSFORMS A VECTOR• X• 
INTO THE VECTOR PLX, WHERE Pl IS THE TRANSFORMING MATRIXe 



SUASECTJONI AAKREAHES?.. 

CALLINr. Sc0UENCFI 
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THf HEADING OF THE PROCcDURE IS1 

PAGE 4 

"PROCEDURE" RAKREAHFSZ(A, N, Nl, NZ, INT, VEC); "VALUE" N, Nl, NZI 
"INTEGER" N, Nl, N2; "ARRAY" A, VECt "INTEGER" ttARRAYtt INTi 

THE ~EANING OF THE FORMAL PARAMfTERS IS1 
NI <ARITHMETIC EXPRESSION>; 

THE LENGTH OF THE VECTORS TO BE TRANSFORMEDI 
Nl, N21 <ARITHMETIC EXPRESSION>I 

THE COLUMN NU~BERS OF THE FIRST AND LAST VECTOR TO BE 
TRANSFORMED; 

Al <ARRAY IDENTIFIER>J 
"ARRAY"A[ltN,llNJJ 
ENTRYI THE (NONTRIVIAL ELE~ENTS OF THE) TRANSFORMING 

MATRIX, L, AS PRODUCED BY TFMREAHES MUST RE GIVEN 
IN THE PART BELOW THE FIRST SUBDIAGONAL OF A, 
I.E. A[I,Jl • LCI,J + 11, FOR I• 3, ••• ,N AND 
J • 1, ••• ,1 • 21 

INTi <ARRAY IDENTIFIER>; 
HJNTEGERHHARRAY" INT[llN]I 
ENTRYI PIVOTAL INDICES DEFINING THE STABILIZING ROW AND 

COLUMN INTtRC~ANGES AS PRODUCED BY TFMREAHESI 
VECI <ARRAY IDENTIFIER>; 

"ARRAY"VECCltN,Nl•NZlJ 
ENTRVI THE NZ - Nl + 1 VECTORS OF LENGTH N TO RE 

TRANSFORMED I 
F.XIT1 THE NZ - Nl + 1 VECTORS OF LENGTH N RESULTING FROM 

THE BACK TRANSFORMATION; 

PROCEDURES USEOI 
TAMVEC 
ICHROW 

• 
• 

CP34012, 
CP34032e 

REOUIRED CENTRAL MEMORYt 
EXECUTION FIELD LENGTH• 

IONAL REAL ARRAY OF LENGTH N IS DECLARED. 

RUNNING TIMEI ROllGHLY PROPORTIONAL TO (N2 - Nl + 1) * N * Ne 

LANGUAGE I ALGOL 60. 

METHOD ANO PERFORMANCES 
SEE SUBSECTION AAKREAHESl. 

REF~RENCESt 
r11 DEKKER, Te Je AND HOFFMANN• W, 

ALGOL 60 PROCEDURES IN NUMERICAL ALGEBRA, PART 2, 
MATHEMATICAL CENTRE TRACTS 23, 
MATHEMATISCH CENTRUM, AMSTERDAM, 1968J 

[21 J. H. WILKINSON, THE ALGEBRAIC EIGENVALUE PROBLE~, 
CLARENDON PRESS, OXFORD, 196'• 
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EXAMPLt':S !JF USft 

EXAMPLES OF USE OF TFMREAHES, BAKREAHESl AND BAKREAHES2 CAN BE 
FOUNO IN THi PROCEDURES FOR CALCULATING EIGENVALUES AND 
EIGENVECTORS AS DESCRIBED IN SECTION 3e3ele2e2• 

SOURCi: TF.XT(S) I 

11CODE" 3417k1 I 
11COMMENT 11 MCA 24001 
"PROCEDURE" TFMREA4ES(A, N, EM, INT); 11 VALUE 11 NI 11 INTEGER 11 N: 

"ARRAV 11 A• F.f,I; 11 INTF.GER 11 11 ARP'AY" !NT; 
"BEGIN" 11 INTEGER 11 I• J, Jl, ~, LI 

11 REAL 11 S, T, MACHTOL, MACHEPS, NORM: 
11 ARRAV 11 B[~IN - l]; 

11REAL 11 11PRDCEDURE 11 MATVECIL, U, I, A, B)I 11COOE 11 340111 
11 REAL 11 11 PROCEOURE 11 MATMAT(L, tJ, I, J, A, 13); 11COOE 11 34::113; 
11 PROCEDURE 11 ICHCOL(L, U, J, J, A)I 11C~DE 11 340311 
11 PROCeDUR£ 11 ICHROW(L, U, I, J, A); 11CODE" 340311 

MACHEPSI• EM[~ll NORHI• or 
"F0R 11 It• 1 11 STEP 11 1 11UNTIL 11 N 1100 11 

11 BEGIN 11 St• 01 
"FOR" JI• l "STEP" l HIJNTil" N 110011 Sr• S + ABSUrI,JJ>I 
11 IF 11 S > NORM 11 THEN 11 N~RMt• S 

HfNOtt: 
EM[ll: ■ NORM; MACHTOLr• NORf,I * MACHEPS; INT[lll• ~I 
11 FOR" JI•? 11STEP 11 1 11UNTIL 11 N 1100 11 

11 B~GIN 11 JlJ• J - 1; LI• Cl Sa ■ MACHTOLJ 
11 FOR" Kl•· J + l 11STEP 11 l 11UNTIL" N 11 00 11 

11 Bf.GIN 11 TI• ABS(A[K,Jll)J "IF" T > S 11 THEN" 
"BEGIN" LI• K; SI• T "EN0 11 

11 EN0 11 ; 
11 IF 11 L A. 0 "THEN" 
11 BF.GIN" 11 IF 11 ABS(ACJ,Jll) < S 11 THEN" 

11 BFGIN 11 ICHROW(l, N, J, L, A); 
ICHCOL(l, N, J, L, A) 

11F.N0 11 

"ELSE" Lt• JI TI• ACJ,Jll; 
11 FOR 11 Kl• J + 1 "STEP" 1 11UNTIL 11 N "00" 
ACK,Jllt• A[K,Jll / T 

"END" 
11 i:L5E 11 

8 FOR 11 Kr• J + l "STEP" 1 "UNTIL" N 11 D0 11 ArK,Jlll• Os 
"FOR" It• 1 "STEP" 1 "UNTIL" N noon 
8[I - llr• ACI,J]I• ACI,Jl + 
(11IF 11 L • 0 11 THEN" 0 "ELSE" MATMAT(J + l, N, I, Jl, A, A)I
MATVEC<l, "IF" Jl < I• 2 "THEN" Jl "ELSE" I• 2, I, A, 8); 
INTCJlt• L 

"!=ND" 
11fNOII TFMR[AYESI 

11EOP 11 



"CODE" ::141711 
"COMMENT" MCA 24011 
1tPROCF.DUREH RAKREAHESl<A, N, INT, V); "VALUE" N; "INTEGER" N; 

"ARRAY" A, V: "INTEG~R" "ARRAY" INTi 
"Bfr.IN" "INTEGER" I• LI 

"REAL" w; "ARRAY" X[11Nl: 

11 REAL" "PROCEDtlPE" 11ATVEC(L, ll, I, A, B)J 11CODE 11 340111 

"FOR" II• Z "STEP" l "UNXIL" N "DOH XCI • lll• V[Ilt 
"FOR" !I• N 11STEP" •l 11UNTIL" 2 "DO" 
"BEGIN" V[Ill• V[Il + 11ATVEC(l, I - 2, I, A, X)J 

LI• INT[Il; "IF" L > I "THEN" 
"BEGIN" WI• VCil; VCI]I ■ V[ll; V[lll• W 11 END" 

"F.ND" 
HFND" BAKREAHESl; 

"EDP" 

"CODE" 341721 
"COMMENT" MCA 2402; 
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"PROCEDURE" RAKREAHES2(A, N, Nl, NZ, INT, VEC)I "VALUE" N, Nl, N21 
"INTEGER" N, Nl, N?t "ARRAY" A, VECI "INTEGER" "ARRAY" INTi 
PBF.r.IN" "lNTF.GF.R" I, L, Kl "ARRAY" U(l1N1; 

"REAL" HPROCEDUPE" TAMVEC(L, U, I, A, B); "CODE" 340121 
"PROCEDURE" ICHROW(L, U, 1, J, A); "CODE" 34v321 

"FOR" II• N "STEP" •1 "UNTIL" 2 "D0 11 

"BEGIN" "FOR" Kl• I• 2 "STEP" •l "UNTIL" 1 "DO" 
UCK + 111• ACI,Kl; 
"FOR" Kl~ Nl "STEP" 1 "UNTIL" NZ "00" 
vecrI,K]I• VEC[I,K] + TAMVECtZ, I - 1, K, VEC, U)I 
LI• INTflll "IF" L > I "T~EN" ICHROW(Nl, NZ, I, L, vec, 

111:ND 11 

"END 11 RAKREAHESZI 
"El1P" 
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AUTHOR I CoGo VAN DER LAANo 

CONTRIBUTORS I HoFIOL~T• CoGo VAN DER LAANo 

IN~TITIITE I MAT4EMATICAL C~NTR~. 

RECEIVED I 7~0901. 

8RIFF DESCRIPTION I 

THIS SECTION CONTAINS THREE PROCEDURESJ 
A) HSHHRMTRI TRANSFORMS THE HERMITIAN MATRIX H INTO A SIMILAR 

REAL SYMMETRIC TRIDIAGONAL MATRIX S; 
81 AAKHRMTRI PERFORMS A RACK TRANSFOPHATION CORRF.SPONDIN~ TO 
HC:HHRMTRI; 

PME l 

C) MSHHRMTPIVAL DELIVERS THE HAIN DIAGONAL ELEMENTS AND THE 
SQUARES OF THE CODIAGONAL ELEMENTS OF A HERMITIAN TRIDIAGONAL 
MATRIX WMICH IS UNITARY SIMILAR WITH A GIVEN HERMITIAN MATP!Xo 

KfYWOROS I 

HERMITIAN MATRIX• 
TRIDIAGONALIZATION, 
COMPLEX HOIISEHOLOER,S TRANSFORMATION• 

SUijSECTION I H!HHRMT~I. 

CALLING SEQUENCE 1 

THE HEADING OF THE PROCEDURE READS I 
"PROCEDURE" HSHHRMTRI(A, N, D, B, BB, EM, TR, TI); "VALUE" Nt 
"INTEGER" N; "ARRAY" A, D, B, 8B, EH, TR, TI; 

THF. MEANING OF THE FORMAL ?ARAHETE~S IS 1 
A,TR,TI• <ARRAY IDENTIFIER>J 

"ARRAYflA[l1N,l1N]; 
"ARRAY" TR,TICllN-llJ 
EHTRYI THE REAL PART OF THE UPPER TRIANGLE OF T4E 

HERMITIAN MATRIX MUST BE GIVcN IN THE UPPER 
TRIANGULAR PART OF A (THE ELEMENTS ACI,JJ, I<•Jl; 
THE IMAGINARY PART OF THE STRICT LOWER TRIANGLE 
OF THE HERMITIAN MATRIX MUST BE GIVEN IN T~E 
STRICT LOWER PART OF A (THE ELEMENTS AfI,Jl,I>J); 

rXITI DATA FOR THE BACKTRANSFORMATION; 
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<ARITHMETIC EXPRESSION>; 
THE ORDER OF THE HATRIII 
<ARRAY IDENTIFIER>J 
"ARRAY"OCllN]I 
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FXIT I THE HAIN DIAGONAL OF THE RESULTING SYMMETPIC 
TRIDIAGONAL MATRIX: 

<ARRAY IDENTIFIER>J 
11 ARRAY"BfltN-l]; 
EXITs THE COOIAGONAL ELEMfNTS OF TH£ RESULTING ~YM~ETPIC 

TRIDIAGONAL MATRIX& 
<ARRAY IDENTIFIER>J 
"ARRAY 11 BB[l1N-l1J 
EXIT I THE SOUARES OF THE MODULI OF THE CO~IAGONAL 

F.LEMENTS OF THE RESULTING SYMMETRIC TRIDIAGONAL 
MATRIXJ 

<ARRAY IDENTIFIER>; 
IIARRAY"EM[Otll; 
ENTRYI EMCOl, TH~ MACHINE PRECISIONJ 
FXITI EM[ll, AN ESTIMATE FOR A NORM OF THE ORIGINAL 

MATRIXe 

PROCEOIIRES USED 1 

MATVEC 
TA14VEC 
MATMAT 
TAMM.AT 
MATT AM 
ElMVECCOL 
ELMCOLVEC 
ELMCOL 
ElMROW 
HMVECROW 
HMRIJWVEC 
HMROWCOL 
HMCOLROW 
CARPOL 

• CP34Vll, 
• CP34tHl • 
• CP3401'3 • 
• CP31tfJl4, 
• CP34015 • 
• CP34021 • 
• CP34,>22 • 
• CP34023 • 
• CP140.24 , 
• CP34l..126 • 
• CP340?.7 , 
• CP34028 • 
• CP34029 • 
• CP34344 • 

RUNNING TIME I PROPORTIONAL TON CURED• 

LANGUAGE• ALGOL 60e 

MFTHOO AND P~RFORMANCE1 SEE HSHHRMTRIVAL (THIS SECTION). 
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SUASECTION I BAKHRMTRI. 

CALLING SEQUENCE t 

THF. HEADING OF THE PROCEDURE READS I 
"PRnCEDURE" BAKHRMTRICA, N, Nl, NZ, VF.CR, VECI, TR, TI>; 
"VALUE" N, Nl, NZI "INTEGER" N, Nl, NZ; 

THF ~EANING nF T~E FORMAL PARAMETERS IS I 
A,TR,Tit <ARRAY IDENTIFIER>; 

"ARRAY"ACltN,ltN]; 
"ARRAY" TR,TH llN-llJ 
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ENTRYt THE DATA FOR THE BACKTRANSFORMATION AS PRODUCED 
BY HSHHRMTRI; 

IH <ARITHMETIC EXPRESSION>; 
THE ORDER OF THE MATRIX OF WHICH THE EIGENVECTORS ARE 
CALCULATED I 

Nl,NZI <ARITHMETIC EXPRESSION>; 
TB£ 1:IGF.NVECTORS CORRESPONDING TO THE EIGENVALUES WITl.f 
INDICES Nl, ••• ,N2 ARE TO BE TRANSFORMED; 

VECR,VECit <ARRAY IDENTIFIER>t 
"ARRAY" VECR,VECI[l1N,Nl1N2lt 
ENTRYI 
THE BACK TRANSFORMATION IS PERFORMED ON THE REAL 
EIGENVECTORS GIVEN IN THE COLUMNS OF ARRAY VECRI 
EXITt' 
VECR I REAL PART OF THE TRANSFORMED EIGENVECTORS; 
VF.CI t IMAGINARY PART OF THE TRANSFORMED eIGENVECTORS• 

PRnCEDlJRES USED t 

MATMAT • CP34i013, 
TAMMAT • CP31t011t, 
ELMCOL • CP34023, 
ELMCOLROW • CP34ii.129, 
COHMUL • CP31t31tl, 
COMROWCST • CP34353 • 

RUNNING TIMEI PROPORTIONAL TO (N?-Nl+l)*N**2 • 

LANGUA~~• ALGOL 6De 

MF.THOD AND PERFORMANCE• SEE HSHHR~TRIVAL (THIS SECTION). 
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suas~CTYnN I HSH~RMTRIVAL. 

ciLLING SeOUcNCf I 

THE HEADING nF THc PROCEDURE READS ' 
"PROCEDURE" HSHHRMTRIVAL(A1 N, D, BB, E~); "VALUE" N; "INTEGER" NI 

"APRAYH A• O, BB, EM; 

THE 1'4!:ANING nF me FORMAL PARAMETERS IS I 
Al <ARRAY IDENTIFIER~; 

"ARRAY"Arl1N,ltN]I 
ENTRYI THE REAL PART OF THE UPPER TRIANGLE OF THE 

HERMITIAN MATRIX MUST BE GIVEN IN THE UPPEP 
TRIANGULAR PART OF A (THE ELEMENTS ACI,Jl, t< ■ J); 
THE IMAGINARY PART OF THE STRICT LOWER TRIANGLE 
OF THE ~ERMITIAN MATRIX MUST BE GIVEN IN THE 
STRICT LOWER PART OF A (THE ElcMENTS A[I,J1.I>Jll 
THE ELEMENTS OF A AR£ ALTERED; 

NI <ARITHMETIC EXPRESSION>1 
THE ORDER OF THE GIVEN MATRIXI 

01 <ARRAY IDENTIFIER>; 
"APRAY"DtlsNJ; 
EXITt T~E MAIN DIAGONAL OF THE RESULTING HERMITIAN 

TRIDIAGONAL ~ATRIXr 
881 <ARRAY IDENTIFIER>; 

"ARRAY"BB[l1N-l]; 
EXITt THE SOUARES OF THE MODULI OF THE CODIAGONAL 

ELEMENTS OF THE RESULTING HERMITIAN TRIOIAG~NAL 
MATRIX; 

EMt <ARRAY IDENTIFIER>; 
"ARRAY."EM[lilllll 
ENTRYI EM[O],THE MACHINE PRECISIONI 
EXITI F.M[ll, AN ~STIMATE FOR A NORM OF THE ORit,I~AL 

MATRIX; 

PROCEDURES USED 1 

MATVEC • CP34011, 
TAMVEC • CP34Ql2, 
MATMAT • CP34013 • 
TAMHAT • CP34014, 
MATTAM • CP3'il015, 
ELMVECCOL • CP34021 • 
ELMCOLVEC • CP34022 • 
ELMCOL • CP3~23, 
ELMROW • CP.34024, 
ELMVECROW • CP34026, 
ELHROWVEC • CP34iu27, 
ELMROWCOL • CP34028, 
F.LMCOLROW • CP34029 • 
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RUNNING TIME I PROPORTIONAL TON CUBED• 

LANGUAGE I ALGOL 60. 

THE FOLLOWINt. HOLDS FOR THE THREE PROCEDURES I 

MFTHOD ANO PERFORMANCE 1 

HSHH~HTRIVAL TRANSFnRMS A HERMITIAN MATRIX INTO A SIMILAR 
HERMITIAN TRIDIAGONAL MATRIX BY MEANS OF HOUSEHOLDER'S 
TRANSFORMATION. 
HSHHRMTRI TRANSFORMS A HERMITIAN MATRIX INTO A SIMILAR 
RF.Al TRIDIAGONAL MATRIX BY MEANS OF HOUSEHOLDER'S 
TRANSFORMATION FOLLOWED RY A COMPLEX DIAGONAL UNITARY 
SIMILARITY TRANSFORMATION IN ORDER TO MAKE THE RESULTING 
TRIDIAGONAL MATRIX REAL SYMMETRICI 
HOUSEHOLDER'S TRANSFORMATION FOR COMPLEX HERMITIAN MATRICES 

PAGE 5 

IS A UNITARY SIMILARITY TRANSFOPMATION,TRAN~FORMING A HERMITIAN 
MATRIX INTO A SIMILAR COMPLEX TRIDIAGONAL ONE (SEE WILKINSON, 
196,, Po 342-343). LET M Bi A GIVEN HERMITIAN MATRIX OF ORDER 
N, WITH REAL PART MR AND IMAGINARY PART MI, P THE 
TRANSFORMING MATRIX AND T THE RESULTING HERMITIAN TRIDIAGONAL 
MATRIX. SINCE P IS UNITARY, WE HAVE T • P"MP, WHERE 
11 STANDS FOR CONJUGATING AND TRAN~POSING, THE MATRIX P IS THE 
PRODUCT CF N-2 HOUSEHOLDER MATRICES, THESE BEING UNITARY 
HERMITIAN MATRICES nF THE FOR~ I•U"U/T, WHERE TISA SCALAR 
(>n>, AND U A COMPLEX VECTOR. THE K-TH HOUSEHOLDER MATRIX, 
K•l, ••• ,N-2, IS C-HOSEN IN SllCH A WAY THAT THE LAST K ELEMENTS OF ll 
VANISH, bNO THE DESIRED ZEROS ARE INTRODUCED IN THE (N-K+l)•TH 
COLUMN ANO ROW OF THE MATRIX Mo HOWEVER, IF THE EUCLIDIAN NORM 
nF THE FIRST N-K-1 ELEMENTS OF COLUMN N•K+l OF THE MATRJX HIS 
SMALLER THAN T~E MACHINE PRECISION TIMES THE INFINITY NORM OF THE 
MATRIX ( NORM(MR) + NORM(HI) l, THEN THE K-TH TRANSFORMATION 
IS SKIPPED (I.E. THE K•TH HOUSEHOLDER MATRIX IS REPLACED BY I). 
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THF. COMPLEX DIAGONAL SIMILARITY TRANSFOR~ATION D TRANSFORMS T4F. 
HERMITIAN TRIDIAGONAL MATRIX TINTO A REAL SYMMETRIC TRIDIAGONAL 
MATRIX S (MUELLER, 1966). THE DIAGONAL OF DIS CHOSEN IN SUCH 
A WAY THAT THE CODIAGONAL ELEMENTS OFT ARE TRANSFORMED INTO 
THEIR ABSOLUTE VALUES. 
BAKHRMTRI PERFORMS THE BACK TRANSFORMATION TO REPLACE THE 
Eir.~NVECTORS OF THE TRIOIAGONAL SYMMETRIC MATRIX S BY THE 
EIGENVECTORS OF THE ORIGINAL HERMITIAN MATRIX M ■ IF X IS AN 
Eir.ENVECTOR OF S TMEN POX IS THE CORRESPONDING iIGENVECTOR OF 
M ■ STARTING FROM THE VECTOR V•OX, THE VECTOR PDX IS 
OBTAINED BY SUCCESSIVELY REPLACING V BY THE K-TH HOUSEHOLOER 
MATRIX TIMES V, FOR K•N•21 ■■■ 1l ■ THE RESULTING VECTOR V THEN EOUALS 
PDX. 

REFERENCES 1 

MUELLER, D.J. '1966), 
HOUSEHOLDER,S METHOD FOR COMPLEX MATRICES ANO EIG2NSYST~~S OF 
HERMITIAN MATRICES, 
NUMERoMATH ■, 8, P.72•92; 

WILKINSON, J ■ He (1965), 
THE ALGEBRAIC EIGENVALUE PROBLE~, 
CLARENDON PRESS, OXFORD ■ 

EXAMPLE OF use I 

THf PROCEDURES HSHHRMTRIVAL AND ~AKHRMTRI ARE USED IN ScCTiaN 
3.3.z.1. , 
EIGVALHRH AND QRIVALHRM USE HSHHRHTRIVAL, 
EIGHRM •ND 0RIHR~ USE BAKHRMTRI • 
AS A FORMAL TEST OF THE PROCEDURE HSHHRMTRI, THE FOLLOWING MATRIX 
WAS USED (SEE GREGORY AND KARNEY, CHAPTER 6, EXAMPLE 606) t 

3 l O +2I 
l 3 •ZI 0 
~ +2I l l 

-21 0 1 1 
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11 BEGIN" 
11COMM~NT 11 GREGORY AND KARNEY.CHAPTER 6• EXAMPLE 6e61 
11 PROCEDURE 11 HSHHRMTRI(A.N.o.B.88,EM.TR.Tit; 11 CODE 11 343631 
"PROCEDURE" INIMAT(LR,UR,Lc.uc.A,X)l"CODE" ~10111 
11 R~AL 11 IIARRAY 11 A[l14,114l,D•B•8B[l141,TR,TI[l13l,EM[011]; 
"INTEGER" I.J; 
"PROCEDURE" OUTCS,A,N)I 
11 VALUE" Nt 11 INTEGER" N;ttARRAY" AJ"STRINr.tt S; 
11 ~EGIN 11 11 INTFGER 11 I,J; 

OUTPUT(61,"( 1110S"l",S)I 
11 FOR 11 Ia ■ l "STEP" l "UNT1L 11 N 11D □" 
OUTPUTC61, 11 111+D.308B 11 t 11 ,A[Ilt; 
OUTPUT(bl,"( 11 / 11 )") 

11END 11 OUT; 

INIMATC1,4•l•4•A,O)I 
A[l,lll•ACZ,211•31 
Afl,2ll•AC3,3Ja•AC3,4ll•A[4,4Jl•lJ 
A[3,Z]l•2;AC4,l]t ■-2; 

EM [ 0] I• 11• 141 

PAGE 7 

OUTPUT(61. 11 C" 11 ("INITIAL MATRIX GIVEN IN ARRAY A[l14,l14]1 11 )",l")")t 
IIFOR 11 It•l 11STEP 11 1 "UNTIL" 4 "DO" 
11 B~GTN 11 11 FOR 11 Jl•l 11STEP 11 1 11 UNTIL 11 4 11 D0 11 

OUTPUT(61, 11 ( 11-DB8B")"•ACI.Jl)I 
OUTPUTC61,"( 11 / 11 )") 

11 END 11 ; 

OUTPUT(61, 11 ( 11 /,"("HSHHRMTRI DELIVERS1 11 ) 11 ,// 11 ) 11 )1 
HS4HRMTRICA,4,D.B,8B,EM,TR,TI); 
OUT(tt(ttD[l14J1 "1",0,4); 
OUT(ll(ll8[11311 ")",8,3)1 
OUT("("8B[l1311 11 )",BB.3)1 
OUT( 11 ( 11EM[l]1 ")"~EM•l)J 
11END 11 

OUTPUT t 
INITIAL MATRIX GIVEN 

l1 
IN ARRAY A[l14,114J1 

3 1 ill 

0 3 0 0 
0 2 1 1 

-2 0 O 

HSHHRMTRI DELIVERS& 

0[114]1 
8[113]1 
BBCl S3] a 
EM[11t 

+3.000 
+2.236 
+5.tltlll 
+6.000 

+1.41)(.'I 
+a.ea, 
+ll.640 

+2.600 
+2.236 
+5.0'-'0 

+1.000 
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SOURCE TF,XT(S) I 

11CODE 11 ~436~1 
"PROC~DURt" HSHHRMTRI(A, N, O, B, BB, EM, TR, TI); 11 VALUE 11 N; 
"INTFGER" N: 11 ARRAY 11 A, D, B, BB, EM, TR, TIJ 
11 B£~IN 11 11 INTEGER 11 I, J, Jl, JH1, R, RHll 

HREAL" NRM, W, TOL2, X, AR, AI, MOO, C, S, H, K, T, o, 
AJR, ARJ, BJ, BBJ; 
11REAL" "PROCEDURE" MATVEC(L,U,I,A,Bll 11CODE" 340111 
"REAL" 11PROCEDURE 11 TAMVEC(L,U,I,A,B)J 11C00i 11 340121 
11 REAL 11 11 PROCEDURE 11 MATMAT(L,U,1,J,A,B); 11CODE" 34013; 
11 REAL 11 11 PROCEOURE 11 TAMMAT(L,U,I,J,A,BJJ 11CODE 11 340141 
11REAL 11 11 PROCEDURE" MATTAH(L,U,I,J,A,B)l 11CODE 11 ~40151 
11 PROCEDURE 11 ELMVECCOL<L,U,I,A,B,X)1 11CODE 11 340211 
11 PROCEDURE 11 ElHCOLVEC<L,U,I,A,B,lCJ ;ttCODE 11 34i022J 
11 PROCEDURE 11 ELHCOL(L,U,I,J,A,B,X)J 11CODE 11 340231 
"PROCEDURE" ELMROW(L,U,I,J,A,B,X)l 11CODE 11 340241 
11 PROCEDIJRE 11 ELMIIECROW(L,U,I,A,B,XIJ 11CODE 11 340261 
11 PROCEOURE 11 ELHROWVECCL,U,I,A,B,X)l"C□DE" 340271 
11 PROCEDURf 11 ELMROWCOL(L,U,1,J,A,A,X)J 11CODE" 340281 
"PROCEOURE" ELMCOLROW(L,U,I,J,A,B,X); 11COOE 11 34~291 
"PROCEDURE" CARPOL(AR,AI,R,C,S)l 11COOE 11 343441 
NRHI ■ O; 
11 FOR" Is• 1 IISTEP 11 1 11UNTIL 11 N 11 00 11 

11 BEGIN 11 Wt• ABS(A[I,Il)J 
HFOR 11 JI• I - 1 11 STEP 11 - 1 "UNTIL" 1, I+ l 11 STEP 11 1 
HUNTIL" N "00 11 WI ■ W + ABS(ACI,Jl) + AAS(ACJ,Il)J 
11 IF 11 W > NR~ 11 THEN 11 NRMI• W 

11END 11 II 
TOL21• (EMC~]* NRM) ** 2; EH[l]I ■ NRM; RI• NI 
"FOR 11 RMll• N - 1 11STEP" - 1 "UNTIL" 1 1100 11 

11 BEGTN 11 Xt ■ iAMMAT(l, R - 2, R, R, A, A) + MATTAM(l, R -
2• R, R• A, A); ARI• A[RMl,Rl; All• - A[R,RMllJ 
D[R]I ■ A[R,R]J CARPOL(AR• Al• HOO, C, S)J 
ttIF 11 X < TOL2 "THEN" 
11 BEGIN" ACR,Rll• - 1; BCRMllt• MOD; 

RB[RMl]I• MOD• MOO 
Hl:NOH 

PAGF ~ 
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"ELSE" 
"BEGIN" HI• MOD• MOO+ XJ Kl• SORT(H)J 

Ta ■ A[R,R]I ■ H +MOO• K; 

PAGE 9 

"IF" AR• 0 "AND" AI• ft "THEN" A[RMl.Rll• K "ELSE" 
"BFGIN" A[RMl,R]I• AR+ C • Kl 

A[R,RMllt• - AI - S • Kl St•• S 
"ENO"; 
Ct• - Ct JI• 11 JMll• 01 
"FOR" Jl•• 2 "STEP" l "UNTIL" R noon 
"BEGIN" BCJlt• CTAMMAT<l• J, J, R• A, A) + 

MATMAT(Jl, RMl• J, R• A, A) + MATTAM(l, 
JMl, J, R, A, A) - MATMAT(Jl, RMl, R, J, 
A, A)l / T; 
BBCJll• (MATMAT(l, JMl• J• R, A, A)• 
TAHMAT(Jl, RHl• J, R• A• A)• MATMAT(l, J, 
R, J, A, A) - MATTAM(Jl, RMl, J, R, A, A)l 
/ T; JMlt• J; Jt• Jl 

HENCH Jll 
01• (TAMVEC(l, RMl, R, A, B) - MATVECfl, RHl, 
R, A, BB)l / T / 21 
ELMVECCOL(l, RMl, R, B, A, - O); 
ELMVECROW(l, RMl• R• BB, A• 0)1 JI• lJ 
"FOR" Jlt• Z "STEP" l "UNTIL" R "DO" 
"BEGIN" AJR1 ■ ACJ.R]; ARJt• ACR,J]; BJt• B[J]; 

BBJ1• 8B[J]; 
ELMROWVEC(J, RMl, J, A, B, - AJR)J 
ELMROWVEC<J, RMl, J, A, BB, ARJ)J 
ELMROWCOL(J, RMl, J, R, A, A, - BJ); 
ELMROW(J, RMl, J, R, A, A• BBJ)I 
£LMCOLVEC(Jl, RMl, J, A, B, - ARJ)I 
ELMCOLVEC(Jl, RMl, J, A, 88, - AJRII 
ELMCOL(Jl, RMl, J, R, A, A, BAJ); 
ELMCOLROW(Jl• RMl, J, R, A, A, BJ)J Jr• Jll 

"END" Jlt 
BBCRM111• HJ B[RMlll• Kl 

"END"; 
TR[RM111• Cl TICRMlll• SI RI• RMlJ 

"END" RMll 
DCllt• Afl.1]: 

"END" HSHHRHTRI; 
"EOP" 
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ncnoi:n 343M: 
"PROCEDURE" BAKHRMTRI(A, N, Nl, NZ, VECR, VECI, TR, TI); 
"VALUE" N, Nl, NZ; "INTEGER" N, Nl, NZI 

"ARRAY" A, VECR, VECI, TR, TII 
ttBfGIN" "INTEGER" I, J, R, RMl; 

"REAL" C, S, T, OR, 01; 
"REAL" "PROCEDURE" MATMAT(L,U,I,J,A,Bll"CODE" 34vl3S 
"REAL" "PROCEDURE" TAMMAT(L,U,I,J,A,B);ttCODc" 340141 
IIPROCEOIJRE" ELMCOLCL,U,I,J,A,B,l(); 11CODE" 341(iZ31 
"PROCEDURE" EL~COLROW(L,U,I,J,A,8,X)J"CODE" 340291 
"PROCfDURE" COMMUL(AR,AI,BR,Bl,RR,RI);ncooen 34341; 
"PROCEDURE" COMROWCST<L,U,I,AR,AI,XR,XI);ttCODE" 343531 
"FOP" II• 1 "STEP" 1 "UNTIL" N "DO" 

PAGE 10 

"FOR" JI• NI "STEP" 1 "UNTIL" N2 noon VECICI,Jll• OJ Ct• 1; 
St• IO: 
"FOR" JI• N - 1 "STEP" - l "UNTIL" 1 "DO" 
"8EGIN" COMMUL<C, S, TR[J1, TICJJ, C, S); 

COMROWC~T(Nl, NZ, J, VECR, VECI, C, Sl 
"END" JI 
RMll • i'I 
nF □Rn R•• 3 "STEP" l "UNTIL" N noon 
IIREGJN" Tt• ACR,R]; "IF" T >~"THEN" 

"FOR" Ja• Nl "STEP" 1 "UNTIL" N2 noon 
"BEGIN" 0Rt• <TAMMAT(l, RMl, R, J, A, VECR) -

MATMAT(l, RMl, R, J, A, VECI)l / T; 
OIi• (TAMMAT(l, RMl, R, J, A, VECI) + 
MATMAT<l, RMl, R, J, A, VECR)l / TI 
ELMCOL(l, RMl, J, R, VECR, A, - QR); 
F.LMCOLROW(l, RMl, J, ~, VECR, A, - QI); 
ELMCOLROW(l, RNl, J, R, VECI, A, OR)J 
ELMCOL(l, RMl, J, R, VECI, A, - 01) 

"END"I 
RMls• R; 

"END" R 
"END" BAKHRMTRIJ 

"F.DP" 
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"CODE" ~4364: 
"?ROCEOURE" HSHHRHTRIVAL(A, N, D, as, EMll "VALUE" NI "INTeGE~" NI 

"ARRAY" A. o. ee. EMS 
"B~GIN" "INTEGER" I• J, Jl, JMl, R, RMll 

"REAL" NRH• W, TOL2, X, AR• AI, H, T, Q, AJR, ARJ, DJ, 
BBJ, 1140021 
"REAL" "PROCiDURi" MATVECCL,U,I,A,B);"CODE" 34011; 
"REAL" "PROCEDURE" TAMVEC(L,U,I,A,8l;"COOE 11 34012; 
"REAL" 11 PROCEDIIRE" MATMAT(L,U,I,J,A,B)J 11CODE 11 340131 
"REAL" "PROCEDURE" TAMMAT(L,U,I,J,A,B)l"CODE" 34014: 
"REAL" "PR □CcDURE" MATTAM(L,U,I,J,A,BlJ"CODE" 34015; 
"PROCEmlRE" ELMVECCOLCL,U,I,A,8,X)l"CODE" 340211 
"PROCEDURE" ELMCOLVEC(L,UJI,A,B,X)s"COOE" 340221 
"PROCEDURE" CLMCOL(L,U,I,J,A,B,X);"COOE" 34023; 
"PROCEDURE" ELMROW(L,U,I,J,A,B,~l;"CODE" 34Q24J 
"PROCF.OURE" ELMVECROW(L,U,I,A,B,X)l"CODE" 340261 
"PROCEDURE" CLMROWVeCCL,U,I,A,B,X)t"CODE" 34027: 
"PROCEDURE" ELMROWCOLCL,U,I,J,A,B,Xll"CODE 11 34028J 
"PROCEDURE" ELMCOLROW(L,U,I,J,A,B,X)l"CODE" 340291 
NRMt• O; 
"FOR" It• l "STEP" 1 "UNTIL" N "DO" 
"BEGIN" Wt• ABSCACI,Il)I 

"FOR" J1 ■ I• 1 "STEP" - 1 "UNTIL" 1, I+ 1 "STEP" 1 
llllNTil" N 110011 W•• W + ABSUCI,J]) + ABSCACJ,Il)I 
"IF 11 W > NRM "THEN" NRMI• W 

"i:ND" II 
TOL2t• (EMC~]* NRM) ** ?; EM[llt• NRM; Rt• Ml 
11 FOR" RM11• N - 1 "STEP"• 1 11UNTIL" 1 "00" 
"BEGIN" XI• TAMMAT(l, R - 2, R, R, A, A) + MATTAM(l, R -

~, R, R, A, A); ARt• A[RMl,Rl; Alt• - ACR,RNllJ 
O[R]I ■ A[R,R]J 
"IF" X < ~OL2 "THEN" BBCRHllt• AR* AR+ Al* AI "ELSE 11 

"BEGIN" MOD2t• AR* AR+ AI* AI; "IF" MOD2 • 0 "T~EN" 
"BEGIN" A[RMl,R]I• SQRT(X)I Tt• X "END 11 

"!:LSE" 
11 8EGIN 11 Xt• X + M002; Ht• ~QRTCM002 * X); 

Tt• X + HI HI• 1 + X / HJ 
A[R.RMlll• •AI* HI A[RMl,Rll• AR* HJ 

"END 11 : 
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JI• 11 Jl'lll• 01 
"FOR" Jll• 2 "STEP" 1 "UNTIL" R noon 
"BEGIN 11 DCJJI• (TAMMATll, J, J, R, A, Al + 

MATMAT(Jl, RMl, J, R, A, A)+ MATTAMCl, 
JMl, J, R, A, A)• MATMAT(Jl, RMl, R, J, 
A, A)) / T; 
BB[Jlt• (MATMATllt JMl, J, R, A, A) -
TAMMAT(Jl, RMl, J, R, A, A) - MATMAT(l, J, 
R, J, A, A) - MATTAM(Jl, RMl, J, R, A, A)) 
/ T; JMll• J; JI• Jl 

"END 11 JU 
QI• CTAMVEC(l, RMl, R, A, DJ - MATVEC(l, RMl, 
R • A, B BI ) / T / 2; 
ELMVECCOLCl, RMl, R, O, A, - Q); 
ELMVECROW(l, RMl, R, BB, A, Q)I JI• lf 
"FOR" Jlt• 2 "STEP" l "UNTIL" R "DO" 

11 BEGIN" AJRI• ACJ,R]; ARJI• ACR,J]; OJI• O[J]; 
BBJI• BB[J]; 
ELMROWVEC(J, RMl, J, A, D, - AJR)I 
l:LMROWVl:C CJ, RMl, J, A, BB, ARJ); 
HMROWCOL( J, RMl, J, R, A, A, - DJ) I 
ELMRO~IJ, RMl, J, R, A, A, BBJ)s 
ELMCOLVcC(Jl, RMl, J, A, D, - ARJ)I 
ELMCOLVEC(Jl, RMl, J, A, BB, • AJRI: 
HMCOL( Jl, RMl, J, R, A, A, BBJ l; 
ELMCOLROW(Jl, RMl, J, R, A, A, DJ)I Jt• Jla 

"END 11 Jll 
B IH R'11 l 1 • X; 

"END 11 : 

R I• Rl411 
"END" RMll 
DClll• ACl,lJ°; 

"END" HSHHRMTRIVAL; 
11ErJP" 
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AUTHOR I CeGe VAN DER LAANe 

CONTRIRUTORS t H.FIOLET, CeGe VAN DER LAANe 

INSTITUTE t MATHEMATICAL CENTRE• 

RECEIVfDt 731016. 

BRIEF D~SCRIPTION 1 

THIS SECTION CONTAINS THE PROCEDURES HSHCOMHES AND BAKCOMHES. 
HSHCOMHES TRANSFORMS A COMPLEX MATRIX BY MEANS OF HOUSEHOLDER'S 
TRANSFORMATION FOLLOWED BY A COMPLEX DIAGONAL TRANSFORMATION INTO 
A SIMILAR UNITARY UPPfR•HESSENBERG MATRIX WITH A R£AL NONNeGATIVE 
SUBDIAGONAL. 
BAKCOMHES PERFORMS THE CORRESPONDING BACK TRANSFORMATION. 

~fYWORDSt 

COMPLEX EIGENPROBLEM, 
REDUCTION HESSENBERG FORM, 
HOUSEHOLDER'S TRANSFORMATION. 

SUBS!CTIONI HSHCnM~ES. 

CALLING SEQUENCE• 

THE HEADING OF THE PROCEDURE READSs 
"PROCEDURE" HSHCOMHES(AR, AI, N, EM, B, TR, TI, DEL); "VALUE" N; 
"INTEGER" N; "ARRAY" AR, AI, EM, B, TR, TI, DELI 

THE MEANING OF THE FORMAL PARAMETERS IS1 
AR,AII <ARRAY IDENTIFIER>; 

"ARRAY" AR,AI[ltN,llN]I 
ENTRYI 
THE REAL PART AND T~E IMAGINARY PART OF THE MATRIX TO BE 
TRANSFORMiD MUST BE GIVEN IN THE ARRAYS AR ANO AI, 
RESPECTIVELYJ 
EXITt 
THE REAL PART AND THE IMAGINARY PART OF THE UPPER 
TRIANGLE OF THE RESULTING UPPER•HESSENBERG MATRIX ARE 
DELIVERED IN THE CORRESPONDING PARTS OF THE ARRAYS AR 
AND AI, RESPECTIVELY; DATA FOR THE HOUSEHOLDER BACK
TRANSFORMATION ARE DELIVERED IN THE STRICT LOWER 
TRIANGLF.S OF THE ARRAYS AR AND AIi 



Nt 

!:MI 

81 

DELI 
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<ARITHMETIC tXPRESSION>1 
T~E ORDER OF TME GIVEN ~ATRIX; 
<ARRAY IDENTIFIER>; 
"ARRAY 11EMCl01lll 
ENTRYI 
EM[Ols T~E MACHINE PRECISION; 
EM[lJs AN ESTIMATE OF THE NORM OF THE COMPLEX MATRIXS 

( □ R• E.G. THE SUM OF THE INFINITY NORMS OF TME REAL 
(PART AND IMAGINARY PART OF THE MATRIX)J 

<ARRAY IDENTIFIER>; 
"ARRAY"9CliN-ll; 
EXITI 
THE REAL NONNEGATIVE SUBDIAGONAL OF THE RESULTING 
UPPER-HESSENBERG MATRIX; 
<ARRAY IDENTIFIER>; 
"ARRAY" TR.TI[llNJJ 
EXITI 
THE REAL PART AND THE I~AGINARY PART Of THE DIAGONAL 
ELEMENTS OF A DIAGONAL SIMILARITY TRANSFORMATION ARE 
DELIVERED IN THE ARRAYS TR AND TI. RESPECTIVELYI BY THIS 
INFORMATION THE COMPLEX UPPER-HESSEN8ERG MATRIX IS 
TRANSFORMED INTO A UPPER-HESSENBERG MATRIX WITH A REAL 
SIIBOIAGONAL; 
<ARRAY IDENTIFIER>; 
"ARRAY"DEL[laN-211 
EXIT• 
INFORMATION CONCERNING THE SEQUENCE OF HOUSEHOLDER 
MATRICES. 

PROCEDURES USEDt 

HSHCOMCOL • CP34i55, 
MATHAT • CP1401'• 
ELHROWCOL • CP34~28• 
HSHCOMPRD • CP34356, 
CARPOL • CP34344, 
C□MHUL • cpg4341, 
COMCOLCST • CP~4152, 
COMROWCST • CP14351a 

RUNNING TIMEI ROUGHLY PROPORTIONAL TON cuaeo. 

LANGUAGft ALGOL 60a 

METHOD ANO PERFORMANCES SEE BAKCOMHES (THIS SECTION>• 
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SUBSFCTIONa BAKCOMH~S. 

CALLING SE0UF.NCF.I 

THE HEADING OF THE PROCeDURE READS1 
ttPROCEOIIR E" BAKCOMHF. S (AR, AI, TR, TI, OH, VR, VI, N, Nl, NZ I; 
"VALIIE" N. Nl, N2: "INTEGER" N.t Nl, N2; 

"ARRAY" AR, AI, TR, TI, DEL, VR.t VII 

TH~ MEANIN~ OF THE FORMAL PA~AMETERS ISa 
AR.tAI,TRtTI,DELr 

<ARRAY IDENTIFIER>j 
"ARRAY" AR.tAir11N,llN]; 
"ARRAY" TR,TI[11N1; 
"ARRAY"DEL[l1N•2ll 
E"TRYI THE DATA FOR THE BACKTRANSFOR~ATION AS PRODUCED 

SY HSHCOMHES; 
VR,VIa <ARRAY IDENTIFIER>; 

"ARRAY" VR,VI[l1N,Nl1N21J 
ENTRYI 
THE BACK TRANSFORMATION IS PERFORMED ON THc EIGENVECTORS 
WIT4 THE REAL PARTS GIVEN IN ARRAY VR AND THE IMAGINARY 
PARTS GIVEN IN ARRAY VI; 
EXITI 
THE REAL PARTS ANO IMAGINARY PARTS OF THE RESULTING 
EIGENVECTORS ARE DELIVERED IN THF. COLUMNS OF T4E ARRAYS 
VR AND VI, RESPiCTIVELY; 

Nt <ARITHMETIC EXPRESSION>; 
THE ORDER OF THE MATRIX OF WHICH THE EIGENVECTORS ARE 
CALCULATED I 

Nl,NZI <.ARITH-METIC EXPRESSION> I 
THE EIGENVECTORS CORRESPONDING TO THE EIGENVALUES WITH 
INDICES Nl, ••• ,N2 ARE TO BE TRANSFORMEDI 

PRnCFDlJRES USED• 

COMROWCST • CP34353, 
HSHCOMPRO • CP34356e 

RUNNING TIMEI PROPORTIONAL TO (NZ-Nl) • N**2• 

LANGUAGE I ALGOL 60. 



SECTION13.2.1.2.2.? (JUNE 1974) 

THE FOLLOWING HOLDS FOR BOTH PROCEDURESI 

MfTHOO AND PERFORMANCEt 

HSHCOHHESI 
HOllSE:HOLDER 1 S TRANSFORMATION (FOR COMPLEX MATRICES) IS A UNITARY 
SIMILARITY TRANSFORMATION, WHICH TRANSFORMS A COMPLEX MATRTJ INTO A 
SHHLAR IIPPER-HESSENBERG MATRIX (SEE WILKINSON, 1965, Pa 347-34Q). 
LET M BE A GIVEN COMPL~X MATRIX OF ORDER N, P THE TRANSFORMING 
MATRIX AND H THE RESULTING U~PER-HESSENBERG MATRIX. SINCE P IS 
UNITARY, WE THEN HAVE H. P11 HP, w~eRe '' STANDS FOR CONJUGATING 
AND TRANSPOSING. THE MATRII P IS THE PRODUCT OF N-2 HOUSEHOLDER 
MATRICES. THESE REING UNITARY HERMITEAN MATRICES OF 
T~E FORM I - UUII/T, WHERE T IS A SCALAR (>OJ, AND U A COMPLEX 
VECTOR. THE R-TH HOUSEHOLDER MATRIX, R•l10001N-2, IS CHOSEN IN SUCH 
A WAY THAT THE FIRST R ELEMENTS OF U VANISH, ANO THE DESIRED ZEROS 
ARE INTRODUCED IN THE LAST N-R-1 ELEMENTS OF THE R-TH COLUMN OF THE 
MATRIX Mo HOWEVER, IF THE EUCLIDEAN NORM OF THf LAST N-R-1 ELEMENTS 
OF COLUMN R OF THE MATRIX MIS SMALLER THAN THE MACHINE PRECISION 
TIMES A NORM OF THE MATRIX THEN THE R-TH TRANSFORMATION IS SKIPPED 
(I.Eo THE R-TH HOUSEHOLDER MATRIX IS REPLACED BY IJo THE COMPLEX 
DIAGONAL SIMILARITY TRANSFORMATION D TRANSFORMS THE UPPER
HESSENBERG MATRIX H INTO AN UPPER-HESSENBERG MATRIX HR• WITH REAL 
NONNEGATIVE F.LEMENTSo TYE DIAGONAL OF DIS CHOSEN IN SUCH A WAY 
THAT SUBDIAGONAL ELEMENTS OF HARE TRANSFORMED INTO THEIR ARSOLUTE 
VALUES (SEE MUELLER, 1966). 
BAKCOMHFS1 
THE BACK TRANSFORMATION TRANSFORMS A COMPLEX VECTOR X INTO THE 
COMPLEX VECTOR POX. IF X IS AN EIGENVECTOR OF H THEN POX IS THE 
CORRESPONDING EIGENVECTOR OF Me STARTING FROM THE VECTOR V•DX, THE 
VECTOR POX IS OBTAINED BY SUCCESSIVELY REPLACING V BYTHER-TH 
HOUSEHOLDER MATRJ°X TIMES V, FOR R•N-2, •• .,1. THE RESULTING VECTOR 
THtN EQUALS POXo 

RfFERf:NCl:S I 

MUELLER, D.J. (1966), 
HOllSEH□LDER 1 S METHOD FOR COMPLfX MATRICF.S ANO EIGENSYSTEMS OF 
HF.RMITIAN MATRICES, 
NIIMER.MATH .. a_. Po72-9Z; 

WILKINSON, J.H. (1965), 
THE ALGeBRAIC EIGENVALUE PROBLEM, 
CLARENDON PRESS, OXFOROJ 

EXAMPLF. OF USel 

HSHCOMHES IS USED IN THE PROCEDURES EIGVALCOM ANO EIGCOMe 
BAKCOMHES IS u~eo IN THE PROCEDURE EIGCOM. 
(~EE SECTION 3.3.2e2o2ele 
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«;OIIRCE TEXT(«;) t 

11Cl1DE 11 31t366S 
"PROCEDURE" HS~COMHESCAR, AI, N, EM, B, TR, TI, DEL)J 11 VALU[ 11 N; 
11 INTEGER 11 NI "ARRAV 11 AR, AI, EM, B, TR, TI, DELI 
11 BEGIN" "INTEGER" R, RMl, I, J, NMll 

11 REAL" TOL, T, XR, XI; 
11 REAL 11 11 PROCEOIIREtt MATMAT(L,U,I,J,A,B) ; 11CODE 11 31t,Ol3S 
"PROCEDURE" ELMROWCOL(L,U,I,J,A,B,X)J 11CODE 11 340281 
11PROCEDURE 11 HSHCOMPRDCI,II,L,U,J,AR,AI,BR,BI,T);ttCODE" 343561 
11 PROCEOIJRE 11 COl1COLCST(L,tJ,J,AR,AI,XR,XII J 11CODE 11 3"352; 
11 PROCEDIIRE" COMROWCSTCL,U,"I,AR, AI, XR, X!l I 11COOE 11 31t353t 
"PROCEDURE" CARP □LCAR1Al,R,C,Sl1 11CODE 11 31t344; 
11 PROCEDURE 11 COMMlll( AR, A I, BR, BI, RR, R I) I "CODE" H341 I 
"BOOLEAN" 11 PROCEOURE" HSHCOMCOL( t,U, J, AR, AI, TOL, K,C,S, T>; 
••CODE" 34355; 
NMlt• N - 1; TOLt• CEM[Ol * EMClll ** 2; RMlt• 11 
11 FOR 11 Rt• 2 11 STEP 11 l 11UNTIL 11 NMl 110~ 11 

11 BEGIN 11 11 IF 11 HSHCOMCOLCR, N, RMl, AR, AI, TOL, B[RMll, 
TR[Rl, TI[Rl, Tl 11 THEN 11 

11 BEGIN 11 11 FOR 11 It• 1 °STEP 11 1 "UNTIL" N 11D0 11 

ttBEGINtt XRt• CMATMATCR, N, I, RMl, AI, All• 
MATMAT(R, N, I, RMl, AR, AR)) / T; 
XII• ( • MATMAT(R, N, I, RMl, AR, AI) 
MATMAT(R, N, I, RHl, AI, AR)) / TI 
ELHROWCOLCR, N, I, RMl, AR, AR, XR); 
HMROWCOL ( R, N, 1, RMl, AR, AI, ltI II 
ELMROWCOLCR, N, I, RHl, AI, AR, XI)J 
ELMROWCOLCR, N, I, RMl, AI, AI, - XR) 

11END 11 1 
HSHCOHPRD(R, N, R, N, RMl, AR, AI, AR, AI, T)t 

11 1:ND": 
Del[RHlll• TI RMll• R 

11END 11 FORRI 
11 IF 11 N > 1 11THEN 11 CARPOLCAR[N,NMll, AICN,NMll, BCNMll, 
TRCNl, TICNl): RMlt• 11 TR[llt• 1; TI[lll• OJ 
IIFOR 11 Rt• 2 11 STEP 11 1 "UNTIL" N 110011 

"BEGIN" COMMUL(TRCRMll, TICRHll, TR[Rl, TirRl, TRCRl, 
TICRl); COMC □ LCST(l, RMl, R, AR, AI, TRCRJ, TI[Rl)I 
COMROWCST(R + l, N, R, AR, AI, TRrRJ, - TI[R])J 
RMll• R 

"EN0 11 ; 
11 F.ND 11 HSHCOMHF.S: 

11E □P" 
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"CODE" ~4367: 
"PROCEDURE" RAKC □MHES(AR, AI, TR, TI, DEL, VR, VI, N, Nl, N2); 
"VALUE" N, Nl, N2; "INTEGER" N, Nl, NZ; 

"ARRAY" AR, AI, TR, TI, DEL, VR, VII 
ttReGIN" "lNTEGF.Rtt I, R, RMl; 

"REAL" H; 
"PROCEDURE" HSHCOMPRO(I,II,l,U,J,AR,AI,BR,BI,T)J"CODE" ,4356; 
"PROCEDURE" COMROWCST(L,U,I,AR,AI,XR,Xl)t"CODE" 343531 
"FOR" II• 2 ttSTEP" l "UNTIL" N "00" COMROWCST(Nl, NZ, I, VR, 
VI, TR[Il, TI[Il)I RI• N - 11 
"FOR" RMll• N - 2 "STEP"• 1 "UNTIL" 1 "DO" 
"REGIN" HI• DELCRMlJ; 

"IF" H > 0 "THEN" HSHC□rPRD(R, N, Nl, N2, RMl, VR, VI, 
AR, AI, H)I RI• RMl 

"ENO" 
"END" BAKCOMHESI 

"eOP" 
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AUTHUR I DoToWINTER 

INSTITUTE I HATHE~ATICAL CENTRE 

RECeIVF.O I 731217 

BRIEF DESCRIPTION 1 

THIS SECTION CONTAINS THREE PROCEDURES 1 
lo HSHREABIOo 

PA~( l 

THIS PROCEDURE TRANSFORMS A GIVEN MATRIX TO BIDIAGONAL FORM, 
BY PREMULTIPLYING AND PciSTMULTIPLYING THE GIVEN MATRIX WITH 
ORTHOGONAL MATRICES. 

2o PSTTFHMATo 
THIS PROCEDURE CALCULATES THE POSTHULTIPLVING MATRIX FROM THE 
OATA GENERATED BY HSHREABIDo 

3o PRETFHMATo 
THIS PROCEDURE CALCULATES THE PREMULTIPLYING MATRIX FROM THE 
DATA GENERATED BY HSHREABin. 

KEYWORDS I 
HOUSEHOLDER'S TRANS~ORMATION 
BIDIAGnNALISATION 

SUBSECTION I HSHREAqID 

CALLING SEQUENCE 1 
THE HEADING OF THE PROCEDURE IS I 
"PROCEDURE" HSHR~ABID(A, M, N, D, B, EM>; 
"VALUf" M, NI "INTEGER" M, N; "ARRAY" A, D, 8, EM; 

THe MEANING OF THE FORMAL PARAMETERS IS I 
Al <ARRAY IDENTIFTER>; 

"ARRAY" A[l1M,11N]; 
ENTRY• THE GIVEN MATRIXI 
EXITI DATA CONCERNING THE PREMULTIPLYING AND POSTMULTIPLYING 

MATRICES; 
Ml <ARITHMETIC EXPRESSION>; 

THE NUMBER OF ROWS OF THE GIVEN MATRIXI 
NI <ARITHMETIC EXPRESSION>1 

THE NU~Br:R OF COLUMNS OF THE GIVEN MATRIX• 
N SHOULD SATISFY N <• Ml 

01 <ARRAY IDENTIFIER>J 
"ARRAY"O[l1Nll 
EXIT• THE DIAGONAL OF THE BIDIAGONAL MATRIX; 

St <ARRAY IDENTIFIER>; 
"ARRAY"B[l1Nll 
EXITI THE SUPERDIAGONAL OF THE BIDIAGONAL MATRIX IS DELIVE~EO 
IN B[l1N-lll 

fMt <ARRAY IDENTIFIER>; 
"ARRAY"EH[Oll]I 
F.NTRYI EM[O]I THE NACHINE•PRECISIONI 
fXIT1 F.M[lll THE INFINITY NORM OF THE GIVEN MATRIX. 



PRnCEDURES usen I 
TAMMAT • CP~4014 
l'IATTAM • CP3~115 
tLMCOL • CP3402~ 
FLMROW • CP140?4 

RUNNING TIME I 

(JI.INE 1974) 

RUNNING TIMI.: IS Rrlllr.1-IL Y PROPORTIONAL TfJ ( p,1 + N) * N * N 

METHOD AND PERFORMANCE I 

PAGE 'Z 

LET US ASSUl'IE A GIVEN MATRIX At llM, 11N l, WITH ~ >• N. 
FIRSTLY WE PREMULTIPLY A WITH A HOUSEHOLDER MATRIX, CHOS~N I~ SUCH 
A WAY THAT THE FIRST COLUMN OF TH[ RESULTING MATRIX A1 IS ZERO WITH 
THE EXCF.PTION OF THF FIRST ELEMENT. SECONDLY WE POSTMULTIPLY A1 

WITH A HOUSEHOLDER l'IATRIX SO THAT THE FIRST ROW OF THE RESULTING 
MATRIX IS ZERn WITH THE EXCEPTION OF THE FIRST TWO ELEM~NTS. 
NOW WF. REMOVE THE FIRST ROW ANO COLUMN, AND REPEAT THIS PROCESS 
UNTIL THe MATRIX IS TOTALLY TRANSFORMED TO BIDIAGONAL FORM. 
THIS PROCP.DIJRE IS A REWRITING OF A PART OF TI-Ii: PROCEDURE SVO 
PUBLISHED BY G.1-1.GOLUq AND C.REINSCH[ll. HOWEVER IN CONTRAST TO 
THEIR PROCEDURE, I-IERE WE SKIP A TRANSFORMATION IF THE COLll'1N OR ROW 
nN WHICH OUR ATTENTION IS FOCUSSED IS ALRFADY (NEARLY) IN THF 
DESIRED FORM, I.E. IF THE SUM OF THE SQUARES OF TH£ ELEMENTS THAT 
OUGHT TO BE ZERO JS SMALLER TI-IAN A CERTAIN CONSTANT, IN SVD THf 
TRANSFORMATION IS SKIPPFO nNLY IF THE NORM OF THE FULL ROW OR 
COLUMN IS SMALL ENOUGHo OUR ~AY SEEMS TO GIVE BETTER RESULTS, 4S 
SOME ILL-DEFIN~D TRANSFORMATIONS ARE SKIPPED. MOREOVER, IF A 
TRANSFOR~ATION IS SKIPPED, WE DO NOT STORE A ZERO JN THE 
DIAGONAL OR SUPERDIAGONAL, BUT WE STORE THE VALUE THAT WOULD 
HAVf BffN FOUND IF THE COLUMN OR ROW WAS IM THE DESIRED FORM 
ALRFADY. . 

LANGUAGE s ALGOL-6~".' 
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SUBSECTION I PSTTFMNAT 

CALLING SEQUENCE 1 
THE HEADING nF THE PROCEDURE IS I 
"PROCEDURE" PSTTFNMATtA, N, V, 8)1 
"VALUE" NJ "INTEGER" N; "ARRAY" A, V, BI 

T~E MEANING OF THE FORMAL PARAMETERS ISI 
Al <ARRAY IDENTIFIFR>I 

"ARRAY"A[llN,llN]J 

PAGE:! 

THE DATA CONCERNING THE POSTMULTIPLYING MATRIX, AS GENERATED 
RV HSHREABID; 

NI <ARITHMETIC EXPRESSION>J 
THE NUMBER OF COLUMNS ANO ROWS OF At 

V1 <ARRAY IDENTIFIER>; 
ttARRAY"V[llN,llN]; 
EXITt THE POSTMULTIPLYING MATRIXI 

BI <ARRAY IDENTIFIER>1 
"ARRAY"B[ 11 NJ; 
T~E SUP£ROIAGONAL AS GENERATED BY HS~R~ABIDe 

PRnCEDURES USED I 
MATMAT • CP340l3 
fLMCOL • CP140?3 

RUNNING TIME I 
THE RUNNING TIM~ IS ABOUT PROPORTIONAL TON** 3 

LANGUAGE r ALGOL E,'11 
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SUBSECTION I PRETFMMAT 

CALLING SE0UFNCf 1 
THE HEADING OF TIIE PROCEDURE IS 1 
"PROCEDURf" PPETFMMAT(A, M, N, O)J 
"VALUE" M, N; "INTEGER" M, N; "ARRAY" A, D; 

THE MEANING OF THE FORMAL PARAMETERS IS 1 
Al <ARRAY IDENTIFIER>J 

"ARRAY"ArltM,llN]J 

PAGE 4 

ENTRYI T~E DATA CONCERNING THE PRF.MULTIPLYING MATRIX AS 
GENFRATEO BY HSHREABIO 

EXIT I THE PREMULTIPLYING MATRIX. 
Ml <ARITHMETIC iXPRESSION>J 

THE NUMBER OF ROWS OF Ae 
NI <ARITHMETIC EXPRESSION>; 

THE NUMBER OF COLUMNS OF A, N SHOULD SATISFY N <• Me 
DI <ARRAY IDENTIFIF.R>J 

"ARRA Y"Drl IN]; 
THE OIAGONAL AS GENERATED BY HSHREABIO. 

PROCEDURES USED I 
TAHMAT • CP3401~ 
ELMCOL • CP3402~ 

RUNNING TIME I 
TH~ RUNNING TIMe IS AqouT PROPORTIONAL TO"'. N. N 

LANGUAGE I ALG□L-6~ 

REFERENCES 1 
Cll WILKINSON, JeHe ANO CeREINSCH 

HANDBOOK FOR AUTOMATIC COMPUTATION, VOL. 2 
LINEAR ALGEBRA 
HEIDELBERG (19711 

EXAMPLE OF USE 1 

FOR AN ElCAMPLE OF IJSE ONE IS REFERRED TO SECTION 3.5.1.2 
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ncnoen 34260; 

(JUNE 19741 

"PROCEDURE" HSHRFABID<A• N, N, D, B, EM)I 
"VALUE" M• NI "INTEGER" H, NI "ARRAY" A• D, B, EHi 
"BEGIN" "INTEGER" I, J, Il; 

"REAL" NORM• MACHT□ L• W, S, F, G. H; 

"REAL" "PROCEDURc" TAHHATCL, U, I, J, A, BJ; 
"VALUE" L, U, I, J; "INTEGER" L, U, I, J; "ARRAY" A, B; 
"CODE" 341!ll4; 
"RFAL" "PROCEDURE" ~ATTAM(L, U, I, J, A, B)I 
"VALUE" L, U, I, J; "ARRAY" Ai e; 
11COOE" 34~'15; 

"PROCEDURE" €LMCOL(L, U, I, J, A, B, XJ; 
"VALUE" L, U, I, J, X; "INTEGER" L, U, I, J; "REAL" X; 

ffARRAYtt A, BI 
"CODE" 340231 
"PROCEDURE" ELMROWfL, U, I, J, A, B, XII 
"VALUE" L, U, I, J, X; "INTEGER" L, U, I, J; "REAL" XI 

"ARRAY" A, IU 
"COD!" 34024; 

NORHI• O; 
"FOR" II• 1 "STEP" 1 "UNTIL" H noon 
"BEGUlff WI• 01 

"FOR" JI• 1 "STEP" 1 "UNTIL" N noon WI• ABS(A[I,Jll + ~I 
"IF" W > NORM "THEN" NORNI• W 

"END"I 
MACHTOLI• EM[~l * NORM; EM[lll• NORM; 
"FOR" II• 1 "STE~" 1 "UNTIL" N noon 
"BF.GIN" Ill• I+ 11 SI• TAMMAT(Il, M, I, I, A, AJ; 

"IF" S < MACHTOL "THEN" DCIJz• ACI,Il "ELSE" 
"BEGIN" FI• ACI,Ill SI• F • F + SI 

PAGE 5 

D[Ill• GI• "IF" F < 0 "THEN" SORT(S) "ELSE" SORTCSJ; 
HI• F * G - S; ACI,Ill• F - Gt 
"FOP" J1• Il "STEP" 1 "UNTIL" N "DO" 
eLMCOL(I, M, J, I, A, A, TA~MAT(I, M, I, J, A, A) I HJ 

"ENDK; 
"IF" I< N "THEN" 
"BEGIN" SI• MATTAH(Il + l, N, I, I, A, All 

"IF" S < MACHTOL "THEN" ij[Il•• A[I,Ill "ELSE" 
"BEGIN" FI• A[l,Il]; St• F * F + S; 

BCill• GI ■ "IF" F < 0 "THEN" SORT(S) "ELSE" SOPT(S)r 
~I• F • G - S; A[I•Illt• F - GJ 
"FOR" Jt• Il "STEP" l "UNTIL" M "DO" 
ELMROW(Il1 N1 J, I• A, A• MATTAM(Jl• N, I, J, A, A) / ~, 

"END" 
"EN0 11 

"END" 
ffi,NO" HSHREABIDI 

"EOP 11 
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"CODE" 34?"11 
"PROCEDURE" ?STTFMt1AT(A, N, V, A)I 
"VALUE" NI 11 INTEGER" NI "ARRAY" A, V, BI 
"BEGIN" "INTEGER" I, Il, J; 

"RFAL 11 Hi 
11 RF.Al" "PROCEDURE" MATMAT(L, U, I, J, A, ~); 
11 VALllE" L, U, I, J; "INTEGER" L, ll, J, J; "ARRAY" A, BI 
"CODE" 340131 
"PROCEDURE" FLMCOL(L, U, I, J, A, B, X); 
"VALUE" L, U, J, J, X; "INTEGER" L, U, I, J; "PEAL" Xt 

"ARRAY" A, BI 
"CODE" 340?.31 

Ill• NI VCN,Nll• 11 
11 FOR" Ia• H - l "STEP" - 1 "UNTIL" l 1100 11 

"BEGIN" HI• B[Il * ACI,IllJ "IF" H < 0 "THEN" 
"BEGIN" "FOR" JI• Il "STEP" l "UNTIL" N "00" VCJ,111• A[I,J1 / 

HI 
11 FOR 11 J1• tl "STEP" l "UNTIL" N 11D0 11 

HMr. □LCil, N, J, I, V, V, MATMATCil, N, I, J, A, V)) 
"EN0 11 ; 

"FOR" JI• Il 11STEP" 1 11UNTIL 11 N 1100" VCI,Jll• VCJ,Ila• O; 
VCI,Ila ■ 11 Ill• I 

"END" 
"END" PSTTFt1MATI 

"EDP" 

11 CODE" :34262: 
"PROCEDURE" PRETFMMAT(A, M, N, D)I 
"VALUE" M, Nt ttJNTEGCR" M, N; "ARRAY" A, DI 
"BEGIN" "INTEGER" I, .Il, J; 

11 REAL" G, HI 
"REAL" "PROCEDURE" TAMMAT(L, U, I, J, A, B)I 
91 VALIJE 11 L, ll, I, J; "INTEGER" L, U, I, JI "ARRAY" A, BJ 
ncnoen H0141 
"PROCIDURE 11 ELMCOL(l, U, I, J, A, B, X)I 
11 VALUE 11 L, 11, I, J, X; 11 INTEGER" L, U, I, J; "REAL" XI 

"ARRAY" A, BI 
"COD1:" :3402:31 

IIFQRtt Ja• N ttSTEP" - 1 "UNTIL" 1 "DO" 
"BEGIN" Ilt• I+ ls Ga• Otill HI• G. A[I.,Ill 

"FOR" Jt• Il "STEP" 1 "UNTIL" N "DO" A[I,Jll• OJ 
"IF" H <~"THEN" 
"BEGIN" "FOR" Jt• U "STEP" l "llNTil" N 11 DO" 

ELMCOL<I, M, J, I, A11 A, TAMMAT(Il, M, I., J, A, A)/ ~II 
"FOR 11 JI• I "STEP" l 11UNTIL" M "D011 A[J.,Ill• ACJ,Il I G 

"END" 
''ELSE" 
"FOR" Jt• I "STEP" l "UNTIL" M 11 D0 11 ACJ,Ill• 01 
AfI,Il•• A[l,Il + 1 

"END" 
11 EN0 11 PPETFMMAT; 

"EDP" 
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AUTHORS I 

CONTRIRUTORSI w.HOFFMANN, J.G.VER~ERe 

!NSTITlJTEI MATHEMATICAL CENTRE. 

Rfr.E!VF.01 73'1716. 

BRIEF nESCRIPTIONI 
T~lIS SFCTION CONTAINS FOUR PROCEDURES FOR CALCULATING EIGENVALUES 
OR EIGfNVECTORS OF A SYMMETRIC TRIDIAG □NAL MATRIX. 
VALSYMTRT CALCULATES ALL, OR SOME CONSECUTIVE, EIGENVALUES OF A 
SYMMETRIC TRIDIAGDNAL MATRIX BY MEANS OF LINEAR INTERPOLATION USING 
A STURM SEOUENCEI 
VECSYMTRI CALCULATES THE CORRESPONDING EIGcNVECTORS BY MEANS OF 
INVERSE ITERATION. 
QRIVALSYMTRI CALCULATES ALL EIGENVALUES OF A SYMMETRIC TRIDIAGONAL 
MATRIX BY MEANS OF QR ITERATIONJ 
QRISYMTRI CALCULATES THE EIGENVECTORS AS WELL. 
WHEN ALL iIGENVALUES HAVE TO BE CALCULATED, ORIVALSY~TRI IS 
PREFERABLE WITH RESPECT TO THE RUNNING TIMEI WHEN TH~ EIGENVECTORS 
ALSO HAVE TO RE CALCULATED, INVERSE ITERATION IS PREFERABLE. 

KFYWORDSI 
(:!GEN VALUES, 
E IGF.NVEC TORS, 
TRIDIAGONAL MATRIX, 
STllRM-SeoUENCE, . 
INVERSE ITERATION, 
OR tTERATinN. 
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SURSECTIONI VALSYMTRI. 

CALLING SE0UeNCEr 
THE MeAOING OF nn: PROCEDURc: IS I 
"PROCEDURE" VALSYMTRI(D, RB, N, Nl, NZ, VAL, EM); 
"VALUE" N, Nl, N2; "INTEGER" N, Nl, NZI 
"ARRAY" D, BB. VAL, EMJ 

THE MEANING nF THE FORMAL PARAMETERS IS1 
NI <ARTTHMETIC EXPRESStON>I 

THE ORDER OF THE GIVEN MATRIX; 
Ds <ARRAY IDENTIFI~R>; 

"ARRAY" DCllN]; 
FNTRYa THF. MAIN DIAGONAL OF THE SYMMETRIC T~IOIAGONAL 

MATRIX; 
BBt <ARRAY IDENTIFIER>J 

"ARRAY" BB[llN-l]; 
ENTRY1 THE SQUARES OF THE CODIAGONAL ~LtMENTS OF THe 

SYMMETRIC TRIDIAGONAL MATPIXJ 
Nl,N2t <ARITHMETIC EXPRESSION>; 

THE SERIAL NUMBER OF THE FIRST AND LAST EIGENVALUF TO RE 
C ALCIILATED.o PES PECTIVEL Y; 

VALi <ARRAY IO~NTIFIER>J 
"ARRAY" VALrNlrN2]; 
exrT, THE NZ-Nl+l CALCULATED CONSECUTIVE ~IGENVALUES IN 

NONINCREASING ORDERS 
F.Ha <ARRAY IDENTIFIER>1 

"ARRAY" cMH!tJ]; 
ENTRYt EM[Ol, THE MACHINE PRECISION, 

EMtll, AN UPPERBOUND FOR THE MODULI OF THE 
EIGENVALUES OF THE GIVEN MATRIX, 

EMC2J, A RELATIVE TOLERANCE FOR THE EIG£NVALUES1 
~XITt EMC3l, THE TOTAL NUM8ER OF ITERATIONS USED FOR 

CALCULATING THE EIGENVALUES. 

PRnCEDURES USED• 
ZEROIN • CP34151l. 

RUNNING TII-IE 1 

DEPFNDS STRONGLY ON TH£ DISTANCE OF SUCCESSIVE ~IGENVALUES. 

LANGUAGE I ALGOL 60. 

MfTHOD AND PERFORMANCE• 
LETT DENOTE THE GIVEN SYMMETRIC TRIDIAGONAL MATRIX OF ORDER N AND 
I T4E IDENTITY MATRIXe THE EIGENVALU~S OFT ARE THE ZEROES OF THE 
N•TH DEGREE POLYNOMIAL P(N,1) • DET(T - Y*Il. INSTEAD OF SEARCHING 
FOR THE ZfROES OF P(N.X) WE LOOK FOR THE ZEROES OF THE FUNCTION 
F(N.X) • P<N.~l / P(N-i,X). MAINTAINING A LOWER BOUND FOR 
A8S(P(N•l•Xll WE DO AVOID OVERFLOW OF THE REAL NUMBER CAPACITY IN 
THF COMPUTATION OF F(N,X)e THIS FUNCTION CAN BE CALCULATED AS 
FOLLOWS a 
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F(l,Xl • or11 • X, 
F(K,X) • O[Kl - X - BBtK-1] / 
(HIF" ABS(F(K•l,X)) > MACHTOL "THEN" F(K•l,X) 
"ELSE" "IF" F(K-1,X) < ■ ~"THEN" -MACHTOL 
"ELSE" MACHTOL>, K • Z, • • • ,N, 

W4ERE MACHTOL ~0UALS EMCO] * EMClJ. 

PAGE 3 

USING THE STIIRM SEOUENCE PROPERTY OF (F(~,X)I, K•l,2, ••• ,N, WE CAN 
LOCATE THE DESIRED EIGENVALUES BY MEANS OF THE PROCEDURE ZER~I~ 
(SECTION 5.1.1.11. FOR FURTHER DETAILS Sfe RcF[ll, REF[ll, 

SUBSECTION& VECSY~TRI. 

CALLING SE0UENCEt 
THE HEADING OF THE PROCEDURE ISs 
"PROCEDURE" VECSYMTRI(D, B, N, Nl, N2, VAL, vec, EM)I 
"VALUE" N, Nl, N21 "INTEGER" N, Nl, N2J 
"ARRAY" D, B, VAL, VEC, EMJ 

THF MEANING OF THE FORMAL PARAMETEP.S ISI 
NI <ARITHMETIC EXPRESSION>1 

THE ORDER OF THE GIVEN MATRIXJ 
01 <ARRAY ID~NTIFIF.R>; 

"ARRAY" or11Nl, 
ENTRYI THE MAIN DIAGO~AL OF THE SYMMETRIC TRIDIAG~NAL 

MATRIX; 
BI <ARRAY IDENTIFIER>; 

"ARRAY" B[llN]I 
ENTRYt THE CODIAGONAL OF THE SYMMETRIC TRIDJAGnNAL MATRIX 

FOLLOWED BY AN ADDITIONAL ELEMENT 01 
Nl, N21 <ARITHMEIIC EXPRESSION>; 

LOWER AND UPPER BOUND OF THE ARRAY VAL <SEE ALSO METHOD AND 
PERFORMANCE)I 

VALi <ARRAY IDE~TIFIER>; 
"ARRAY" VALCNllNZ]; 
ENTRYI A ROW OF NONINCREASING EIGEN~ALUES AS DELIVEReD RV 

VALSYNTRII 
VECa <ARRAY IDENTIFIER>; 

"ARRAY" VECrlsN,NltN2]; 
EXITI THE EIGENVECTORS CORRESPONDING WIT~ THE GIVEN 

EIGENVALUES (SEE ALSO METHOD AND PERFORMANCE)I 
EMt <ARRAY IDENTIFIER>; 

"ARRAY" EM[Ot9]J 
ENTRYI EMCOl, THE MACHINE PRECISION, 

EH[ll, A NJRM OF THE GIVEN MATRIX• 
EMC4l• THf. ORTHOGONALISATION PARAMETER (SEE ALSO 

METHOD AND PERFORMANCE>, 
EMC~l, THE RELATIVE TOLERANCE FOR THE EIGENVECTOQS, 
EM[8], THE MAXIMUM NUMBER OF ITERATIO~S ALLOWED 

FOR THE CALCULATION OF EACH EIGENVECTOR; 



SFCTION 3o3ela1a1 

EXIT& 

PROCEDllRES USE01 
VECVF.C • 
TAMVEC • 
ELMVECCOL• 

!JULY H741 PAGE 4 

i:Mr'5l, THE Nlll"BfP !JF EIGENVECTORS INVOLV!.=O IN T'iE 
LAST GRAM-SCHMIOT ORTHOGCNALISATION (SEE 
HETHOO ANO PERFORMANCE>, 

EMC71, TME MAXIMUM EUCLIDEAN NORM OF THk RESIDUES~ 
EM[9l, THE LARGEST NUHBf.R OF ITERATIONS PERFORMED 

FOR THE CALCULATION OF SOME iIGENV~CTOR IS~f 
MiTHOD ANO PERFORMANCE>• 

CP340lO, 
CP14Cl2, 
CP3402le 

RE0UIRF.D CENTRAL MfHORYt 
EXECUTION FIELD L~NGTM1 FIVi AUXILIARY ONE-DIMENSIONAL REAL ARRAYS 

ANO ONE BOOLEAN ARRAY, All OF LENGTH N, ARE 11SEOe 

RUNNING TIME1 THE PROCESS IS OF ORDER N FOR EACH EIG~NVECTOR. 

LANGUAGE I 

MfTHOD AND PFRFORMANCEt 
AN iIGENVECTOR OF A SYMMETRIC TRIDIAGONAL MATRIX T, CORRESPONDING 
TO AN EIGFNVALUE LAMBDA, IS CALCULATED BY MEANS OF INVERSE 
ITERATION; I.E. STARTING FROM SOME INITIAL VECTOR X, TME LINEAR 
SYSTEM (T - LAMBDA* I)Y • X IS SDLV[D ITERATIVELY, THE SOLUTION Y, 
DIVIDED BY ITS EUCLIDEAN NORM REPLACING X EACH TIME. 
IF THE DISTANCc BETWEEN SnME APPROXIMATE ETGtNVALUES IS SMALLER 
THAN MACHTOL <•EMCOl * EM[ll>, THEN THEY ARE SLIGHTLY MODIFIED ~UCH 
THAT THE DISTANCE AETWEEN THEM EQUALS MACHTOLe IF TME DISTANCE 
BETWEEN SOME ~IG~NVALUES IS SMALLER THAN THE ORTHOGONALISATION 
PARAMETER l•EM[4l) TIMES EH[l1• THEN IN EACH ITERATION STEP GPA~• 
SCHMIDT ORTHOGONALISATION IS CARRIED OUT, SO THAT THi EIGfNVECTORS 
OBTAINED ARE ORTHOGONAL WITHIN WORKING PRECISION. THE ITERATION 
END~ AS SOON AS EITHER THE EUCLIDEAN NORM OF TH~ RESIDUE IS SMALLER 
TMAN EM[ll * EMC6l, OR THE HAXINUM ALLOWED NUMBER Of ITERATIONS 
(•EMC8]) HAS BEEN PERFORMED. IN THE LATTER CASE EMC9]1• EM[8l + le 
IF Nl > l, THEN VFCSYMTRI SHOULD BE PRECEDED BY ONE OR HORE CALLS 
OF VECSYMTRI PRODUCING A NUMBER OF EIGENVECTORS CORRESPONDING TO 
TMf PRECEDING EIGENVALUES. MOREOVER ONE MUST GIVE EM[5l, AS 
PRODUCED RV THE LAST CALL OF VECSYMTRI; THE K-TH TO N2-T~ 
Elt.ENVALUES, WHERE K • Nl - EMC5l, MUST BE GIVEN IN ARRAY VAL[KtN2J 
IN MONOTONICALLY NONINCREASING ORDER (THE K•TH TO (Nl•l>-TH 
EIGENVALUES BEING NEEDED FOR THE MODIFYING 14ENTIONED A81'lVEl.t AND 
THE CORRESPnNDING EIGENVECTORS UP TO THE (Nl•ll•TH (ij4ICM A~E 
NF.EDED FOR THE GRAM•SCHHIDT ORTHOGONALISATION) IN T4E CORRESPONDINr. 
COLIJMNS OF ARRAY VEC[l1N,K1N?.J. 
THE TOLERANCES SHOULD SATISFY! EMCOl ( < EMCZ]) < EMC6l ANn 
FMr41 >• EMC01 / EM[61e FOR FURTHER DETAILS SEE REF[l1e 
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SUBSECTIONa QRIVALSYMTRie 

CALLING SEQUENC~• 
THE HEADING nF THF PPOCEDURE ISI 
"INTEGER" "PROCEDURE" QRIVALSYMTRI(D, BB, N, EM); 
"VALUE" NI "INTEGF.RH N; "ARRAY" D, BB, EM; 

TH!: 
Nt 

Or 

MEANING nF T~E FORMAL PARAMETERS IS• 
<ARITHMETIC EXPRESSION>; 
THF ORDER OF THE GIVEN MATRIX; 
<ARRAY IOENTIFIER>J 
"ARRAY" D[llNlJ 
ENTRYt THE MAIN DIAGONAL OF THE SYMMETRIC TRIDIAGONAL 

EXIT1 

<ARRAY 
"ARRAYtt 
FNTRY1 

MATRIX; 
T~E fIGtNVALUES OF THE MATRIX IN SOME ARBITRARY 
OROERJ 
IDENTIFil:R>; 
BB[llN]; 
THE SQUARES OF TH£ CODIAGONAL ELEMENTS OF THF 
SY~~ETRIC TRIDIAGONAL MATRIX FOLLOWED BY AN 
ADDITONAL ELf:Mr:NT n; 
THE SQIJARES OF rne CODIAGONAL F.LEMENTS OF TI-IE 
SYMMETRIC TRIOIAGO~AL MATRIX RESULTING FROM THF. OR 
ITERATION I 

<ARRAY IDENTIFIER>t 
"ARRAY" i:MC0&5]; 
ENTRYI EMCOl, THE MACHINE PRECISION; 

e~Cll, A NORM OF THE GIVEN MATRIXI 

FXITI 

EM[2], A RELATIVE TOLERANCE FOR THE clGE~VALUeSI 
EMr4J, THE MAXIMUM ALLOWED NUMBER OF ITERATIONS; 
EMC3l, THE MAXIMUM ABSOLUTE VALUE OF THE CODIAGONAL 

cLEMENTS NfGLECTF.DI 
EM[5J, THE NUMBER OF ITERATIONS PERFORMEOe 

MOREOVER 1 

ORIVALS YMTR I 1 • THE NUMBEI< OF EIGENVALUES NOT CALWLATElle 

PROCEDURES USt:Ot NONE. 

RUNNING TIMJ:I THF. PROCESS IS OF ORDcR N SQUARED. 

LANGUAGF t .ALGOL 60. 
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MFTHOD AND PF.RFORMANCEt 
IN 0RIVALSYMTRI THE EIGENVALUES OF A SYM~ETRIC TRIDIAGONAL ~ATRIX 
ARE CALCULATED BY ~FANS OF QR-ITERATION. FOR THIS PROCEDURE WE useD 
ESSENTIALLY THE SQUARE-ROOT-FREE VERSION OF THE QR ALGORITHM DUE TO 
REINSCHC3le 
IN ADDITION TO THE RELATIVE ERROR, WHICH IS SUPPOSED TO BE B~UNDEO 
BY E~[ll * FH[2l (I.Ee MATRIX NORM TIMES RELATIVE TOLERANCE), THE 
CALCULATED EIGENVALUES HAVE AN ABSOLUTE ERROR WHICH IS BOUNDED BY 
BY EMCOl * fMCll (I.Ee MACHINE PRECISION TIMES MATRIX NORM>. 
IN PARTICULAR, WHEN SOME EIGENVALUES ARE VERY SMALL COMPARED TO THE 
MATRIX NORM, THE ACCURACY OF THE CALCULATCD EIGENVALUES CAN BE 
INCREASED BY GIVING EM[Ol A (POSITIVE) VALUE WHICH IS LESS THAN 
THE MACHINE PRECISION. 
A PARTICIJLAR CHOICE OF EM[Ol IS HARMLESS FOR THl PROCEDURE 
PROVIDED THAT FOR EACH I THE CALCULATION ~F BB[ll / EM[01 ** 2 
CAUSES N~ OVERFLOW AND THE CALCULATION OF (EM[~]* EM[lll ** Z 
CAUSES NO UNDERFLOW. 
ONE SHOULD NOTICE THAT THE Nl!MBEP OF QR ITERATIONS INCREASES BY A 
SMALLER CHOICE OF EMCOlo 
FOR FURTHER DETAILS SEE [21, [31. 

SUBSECTION! QRISYMTRI. 

CALLINr. SEQUENCE! 
TH£ HEADING OF THE PROCEDURE ISt 
"INTEGER" "PROC~DURE" QRISYMTRI(A, N, O, 8, BB, EM)t 
"VALUE" N; "INTEGER" N; "ARRAY" A, D, B, BB, EM; 

THE MEANING OF THE FORMAL PARAMETERS ISI 
Nt <ARITHMETIC cXPRESSION>J 

THE ORDE~ OF THE GIVEN MATRIX; 
01 <ARRAY IDENTIFIER>; 

"ARRAY~ D[llN]; 
ENTRYI THE MAIN DIAGONAL OF THE SYMM~TRIC TRIDIAGONAL 

MATRIXi 
EXIT1 THE EIGcNVALU~S OF THE MATRIX IN SOME ARBITRARY 

ORDER; 
81 <ARRAY IDENTIFIER>; 

"ARRAY" 8[11NlJ 
ENTRYa THE CODIAGONAL OF THE SYMMETRIC TRIDIAGONAL MATRIY 

FOLLOWED RYAN ADDITIONAL ELEMENT O; 
FXITs THE CODIAGONAL OF THE SYMMETRIC TRIDIAGONAL MATRIX 

RESULTING FROM THE QR ITERATION, FOLLOWED BY AN 
ADDITIONAL ELEMENT 01 

B81 <ARRAY IDENTIFieR>; 
"ARRAY" BB[lsN]; 
ENTRYa THE SQUARED CODIAGONAL ELEMENTS OF THE SYMMETRIC 

TRIDIAGONAL MATRIX, FOLLOWED BY AN ADDITIONAL 
ELEMENT Ot 

EXIT• THE SQUARED CODIAGONAL ELEMENTS OF THE SYMMETRIC 
TRIOIAGONAL MATRIX RESULTING FROM THE QR ITERATTONJ 
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Al <ARRAY IDENTIFIER>; 
"ARRAY" A[l1N,l1N]J 
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ENTRYI SOME MATRIX S, SAY, (POSSIBLY THE IDENTITY ~ATRIX)I 
~XIT1 THE (IGENVECTORS OF THE ORIGINAL SYMMETRIC 

TRIOIAGONAL MATRIX, PREMULTIPLIED BYS (SEE MET40D 
AND PERFORMANCE)J 

EMI <ARRAY IDfNTIFIER>J 
"ARRAY" EHCOl5]J 
ENTRYI EMCOl, THE MACHINE PRECISION; 

cMCll, A NORM OF THE GIVEN MATRIXI 
EH[ZJ, A RELATIVE TOLERANCE FOR THE QR ITERATIONS 
EMC4l, T~E NAlIMVM ALLOWED NUMBER OF ITiRATIONS; 

EXITI EMC3l, THE MA~IMUM ABSOLUTE VALUE OF THE CODIAG□NAL 
ELEMENTS NEGL~CTfDt 

EH[5l, THE NUMBER OF ITERATIONS PERFORMED. 
MOREOVERI. 

QRISYMTRII• THE NUMBER OF EIGENVALUES AND •VECTORS NOT 
CALCULATED. 

PROCEDURES USED• 
ROTCOL • CP34040e 

RUNNINr. TIMEI THE PROCESS IS OF ORDER N CU8ED. 

LANGUAGf.l ALGOL 60. 

METHOD AND PERFORMANCES 
IN ORISYMTRI T~~ lIGF.NVALUES AND EIGcNVECTORS OF A SYMMETRIC 
TRIDIAGONAL MATRIX ARE COMPUTED SIMULTANEOUSLY. 
IN MOST APPLICATIONS ORISYMTRI IS USED IN THE COMPUTATION OF 
EIGENVALUES AND -VECTORS OF A GF.NERAL SYMMETRIC MATRIX (SrE QRISYM 
SECTION 3e3elelo2); lN THAT CASE ARRAY A IS INITIALLY GIVEN THE 
VALUE OF T~E TRANSFORMING HATRIX (TFMPREVEC SECTION 3e2elo2elel)e 
FOR THE COMPUTATION OF EIGENVALUES AND EIGENVECTORS OF A SYM~ET~IC 
TRIDIAGONAL MATRIX, ARRAY A HAS TO ee INITIALIZED TO TH~ IDENTITY 
MATRIX. THE AVERAGE NUMBER OF ITERATIONS IS ABOUT 3Ne WHfN THE 
PROCESS IS COMPLETED WITHIN EMC4l ITERATIONS, THEN QRISYMTRia ■ O; 
OTHF.RWISE ORISYMTRI1• THE NU~8ER, ~, OF EIGENVALUES NOT CALCULATED, 
EMC5]1• EMC4l + l ANO ONLY THE LAST N • K ELEMENTS OF D AND THE 
LAST N • K COLUMNS OF A ARE APPROXIMATE EIGENVALUES AND •VECTORS 
RESPECTIVELY. OF THE ORIGINAL MATRIX. 
FOR FURTHER DETAILS SEE REF[ll, REF[Z1. 
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RF.Fi:Rt:NCrS I 
r11 DEKKER, T.J. AND HOFFMANN, W. 

ALGOL 60 PROCEDURES IN NUMERICAL ALG~BRA, PART 1• 
MATHFMATICAL CENTRE TRACTS 23, 
MATHfMATISCH CENTRUM, AMSTERDAM. lq6g; 

[?1 WILKINSON, J.H. 
THE ALGEBRAIC EIGENVALUe PROBLF.M, 
CLARENDON PRESS, OXFORD lq65a 

[31 REINSCH, CHRaH• 
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A STABLE, RATIONAL QR ALGORITHM FOR THE COMPUTATION OF T~E 
EIGfNVALUES OF AN HER~ITIAN, TRIDIAGONAL MATRIX. 
MATH. OF COMP. VDL 25(19711 PP. 591-5q7. 

EXAMPLE OF lJSFt 
THF FIRST ANO SECONO EIGENVALUc JN MONOTONICALLY NON•INCREASING 
ORDFR AND T~E cnRRESPONDING EIGENVECTORS OFT, WITH N • 4 ANO 
TCI,Jl • "IF" I• J "TH~N" 2 "ELSE" "If" ABS(! - JI • 1 "THEN"• 1 
"ELSE" O, MAY BE OBTAINED BY THE FOLLOWING PROGPAMt 

"13eGIN11 

"INTEGER" Jg 
"ARRAY" B» 0[1&41, BB[ll~], VALClt21, F.~COIQ], VEC[lt4,lt2]i 
"PROCEDURE" VALSYMTRI<D, BB, N.t Nl., N2.t VAL, EM)J "CODE" 341511 
"PROCEDURE" VECSYMTRICD,B,N,Nl,N?, VAL.t VEC, EM) I "C".JDE" 341511 

EM[Oll• 11•14; F"1Cll&• 4; EMC2]a ■ "-12; 
FMC411• "-3J EMt6]1• "-lOJ EMC8lt• 51 
"FOR" JI• 1, 2, 3, 4 "DO" O[J]I• 21 0[411• 01 
HFOR" JS• 1., 2.t 3 noon 
"BEGIN" RBCJll• l; B[J]I• -1 "EN0 11 ; 

VALSYMTRI(D., RB, 4, 1, 2.t VAL, EM)I 
VECSYMTRI<D, B, 4, 1, 2, VAL, VEC, EM); 
OUTPUT(6l- fl(n2r+.l3D"+2D, 2B1, 2/"l", VAL[ll, VAL[2]); 
"FOR" JI• 1, 2.t 3.t 4 "DO" 
OUTPUTf61• "C"2(+.13D"+2D, 2B), I">", VECCJ,ll.t VECCJ,21); 
□UTPUT(61• tt(H/, e2D"+2D, I, 3(ZZD, /)tt)n, 

EMC71, EMC3l, EMC51, EMC9ll 
"1:ND" 

THE PROGRAM OELIVF.RSI 

THE EI~~NVALUESs +.36l803398875l"+Dl 

THE EIGENVECTORS• +.37174a0344602"+00 

EMC7l • .15"-11 
EMC31 • 24 
fM[5l • 1 
EMr9] • 1 • 

+.60150~9550075"+00 
+.6015009550075"+00 
+.37l7480344602"+0v 

+.2618033988750"+01 

+.6015009550075"+00 
+.3717480344602"+00 
-.37174A0344602ff+00 
-• 6Jl 5'009 5 51€l'075 "+00 
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SOURCE TEXTfS)I 

"CODE" 341511 
"COMMENT« MCA 2311; 

IJ!JLY 1974) 

"PROCEDURE" VALSYHTRirD. ea. N, Nl• N2, VAL. EM)I 
"VALUE" N• Nl• N21 
"INTEGER" N. Nl, N?; "ARRAY" D. ee. VAL• EMJ 

"BEGIN" "INTEGER" K• COUNTI 

PAGE g 

"REAL" MAX• X• Y• MACHEPS• NORM• RE, MACHTOL, UB, LB, LAMBDA; 

"REAL" "PROCEDURE" STURM-I 
"BEGIN" "INTEGER" P• IJ "REAL" FI 

COUNTS• COUNT+ 1; 
PI• Kl FI• D[l] - X; 
ttFnR 11 TI• 2 "STEP" l "UNTIL" N "DO" 
11 BEGIN" "IF" F < ■ 0 "THEN" 

"BEGIN" PI• P + l; 
"IF 11 P > N 11 THEN 11 11 GOT0 11 OUT 

"END" 
"ELSE" "IF" P < I - 1 11 THEN" 
"BEGIN" LBI• XI "GOTO" OUT 11END"J 
"IF" ABS(F) < MACHTOL "THEN" 
FI• HJFH F <•~"THEN" - MACHTOL "ELSE" MACHTOLJ 
FI• DCI1 - X - BB[I - 11 / F 

HFND 11 1 
"IF" P • N 11 0R 11 F < ■ G 11 THEN 11 

"BEGIN" "IF 11 X < UB "THEN" URI• X "END" "ELSE" LRI• Xt 
OUTI STURM•• "IF" P • N HTHEN" F "ELSE" (N - P) * MAX 

"ENO" ~TIIRM; 

"BOOLEAN" "PROCEDURE" ZEROIN<X• Y• FX• TOLX)I "CODE"3415ftl 

HACHEPS1• EH[~ll NORHI• EM[l]; REI• EMC2]1 
HACHTOLI• NORH • HACHEPSI MAXI• NORM/ HACHEPSJ COUNT•• 01 
UBI• lel * NORMS LBI• • UBJ LAMBDAI• UBI 
"FOR 11 Kl• Nl "STEP" 1 "UNTIL" N2 "DO" 
"BEGIN" XI• LBJ YI• UBJ L81• -1.1 • NORMS 

ZEROIN(X, Y• STURM, ABS(X) •RE+ MACHTOL)I 
VALCKla• LAMBDAI• "IF" X > LAMBDA "THEN" LAMBDA "ELSE" X; 
"IF 11 UB > X 11 THEN" UBI• "IF" X > Y "THEN" X "ELSE" Y 

"1:ND"I 
EM[311• COUNT 

"END" VALSYMTRIJ 
"E□P" 
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"CODF" 341521 
"COMMENT" MCA ?3A2; 
"PROCEDURE" VECSYMTRI(D, B, N, Nl, N2, VAL, VEC, EM)I 
"VALUE" N, Nl, N2; 
"INTEGER" No Nl, NZ; "ARRAY" D, 0, VAL, VEC, EMI 

PAGE 11'.l 

"BEGIN" "INTEGER" I, J, K, COUNT, MAXC1UNT, COUNTLIM, ORTH, IND; 
"REAL" BI, Bil• U, W, Y, Mil, LAMBDA, OLDLAMBDA, ORTHFPS, 
VALSPREAO• SPR, RES, MAXRES, OLORES, N~RM, NEWNORM, OLDNORM, 
MACHTOL, VECTOL I 
"ARRAY" M, P, 0, R, X[llN]I 
"BOOLEAN" "ARRAY" INT[l&Nlt 

"R€Al" "PROCEDIJRE 11 VECVEC(L, U, SHIFT, A, B>J 11r,ooen 3401/H 
"PROCEDURE" ELMVECCOL(L, U, I, A,~, XII "CODE" 34021; 
"REAL" "PROCEDURE" TAMVEC(L, U, I, A, Bl; "CODE" 34ul2; 

NORMI• EM[l]; MACHTOLI• EMCO] * NORMt VALSPREADI• EMC4l * NORMS 
VECTOLt• EM[61 * NORMI COUNTLIMI• EM[~ll ORTHEPSI• SQRT(EM[Ollt 
MAXCOUNTI• INDI• o; MAXRES:• o; 
11 IF 11 Nl > 1 11 THEN" 
"BEGIN" ORTHI• EMC5ll OLDLAMijOAS• VAL[Nl - ORTHlJ 

"FOR" Kl• Nl - ORTH+ l "STEP" 1 "UNTIL" Nl • 1 "0 □" 
"BEGIN" LAMBDA:• VAL[Kl; SPRI• OLDLAMRDA - LAMBDA; 

"IF" SPP < MACHTnL "THEN" LAMBDA•• OLDLAMBDA - MACHT~L; 
OLDLAMBDAt• LAMBDA 

11 END 11 

"END" 11ELSE" ORTHI• 11 
11 FOR" Kl• Nl "STEP" l "UNTIL 11 NZ "D0 11 

"BEGTN" LAMBDAS• VAL[K]; "IF" K > 1 "THEN" 
11 BEGIN 11 SPRI• OLDLAMBDA - LAMBDAJ 

"IF 11 SPR < VALSPREAD 11 THEN" 
11 BEGIN 11 "IF 11 SPR < MACHTOL 11 THEN" 

LAMBDAS• OLDLAMBOA - MACHTnLJ 
ORTHI• ORTH +l 

11 EN0 11 11ELSE" ORTHI• 1 
"END 11 t 
COUNT!• OJ UI• D[ll - LAMBDA; Bit• Wt• B[l]; 
"IF 11 ABSCBil < MACHTOL 11 THEN" BI1• MACHTOL; 
"FOR" It• l 11 STEP 11 l "UNTIL" N - 1 noon 

"BEGIN 11 Blll• BCI + llZ 
11 IF" ARS(Bil) < MACHTOL 11 THEN" 8111• MACHTOLI 
"IF" A85(8I) >• ABS(U) "THEN" 
"B~GIN" Mill• MCI+ 1]1• U / BI; P[lll• BI; 

YI• Q[IJ1• DCI + ll - LAMBDA; R[Ilt• Bils 
Ut• W - Mll • YI WI• - Mil * Bill INTCI1t• "TRUE" 

"END" 
11 ELSE 11 

"BEGIN" MIia• MCI+ 111• BI / Us P[Ill• UI Q[Ylt• Wt 
RClll• OJ UI• DCI + ll - LAMBDA - Mll * WIWI• BYlJ 
INT[I]x• 11 FALSE" 

11 END 11 a 
X[Ill• l; BII• Bil 

11 END 11 TRANSFORM 
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P[Nll• "IF~ ABS(Ul < MACHTOL "THEN" ~ACHTOL "ELSE" Us 
O[Nll• R[N11• OJ X[N11• 11 "GOTO" ENTRY; 

ITERATFI WI• Xfl]J 
"FOR" II• 2 "STEP" l "UNTIL" N HOO" 
"BEGIN" "IF" INT[I - 11 "THEN" 

"BEGIN" UI• W; WI• XCI - 111• X[Il "END" 
"ELSE" lit• XCI]; Wr• X[Ill• 1,1 - M[Il • W 

"END" ALTERNATEI 
ENTRYI UI• WI• OJ 

"FOR" II• N "STEP" -1 "UNTIL" l 11 DO" 
"BEGIN" YI• U; UI• X[Tl•• (X[Il - O[Il * U - R[Il • WI / 

P[I]; WI• Y 
"i:NO" NEXT ITERATION; : 
NEWNORMI• SORT(VECVEC(l, N• O, X, X))I "IF" ORTH> l"TMEN" 
"BEGIN" OLONORMI• NEWNOPM; 

11 FOR" JI• K - ORTH+ 1 "STEP" 1 "UNTIL" K - l noon 
fLMVECCaL(l, N• J, X, VEC, -TAMVEC(l, N, J, VEC, X)ll 
NEWNORMI• SORT(VECVEC(l, N, O, X, X)); 
"IF" NEWNORM < ORTHEPS * OLDNORM 11 THEN" 
"BEGIN" INDI• IND+ 11 COUNTt• lt 

"FOR" II• l "STEP" l flUNTIL" IND• 1, 
INO + l "STEP" l "UNTIL" N 11DO" XCill• G; 
X[IND]I• lJ "IF" IND• N "THEN" INDI• 01 
HGOTO" ITERATE 

11EN0 11 Nt:.w START 
11 END" 1RTHOGONALISATIONI 
RESt• 1 / NEWNORM; "IF" RES > VECTOL "□R" COUNT• 0 "THEN" 
HflfGIN" COIINTI• COIJNT + l; "IF" COUNT < ■ COUNTLIM "THEN" 

"BF.GIN" "FaR" It• l "STEP" 1 "UNTIL" N "DO" 
X[Ilt• X[Il * RESS "GOTO" ITERATE 

"EN0 11 

"END 11 f 
"FOR" It• 1 "STEP" l 11UNTJL" N "DO" VEC(I,Klt• Xfll * RES; 
"IF" COUNT> MAXCOUNT 11 T~EN" MAXCOUNTI• COUNTS 
"IF" RES> MAXRES "THEN" MAXRESI• RESI OLOLAMBDA•• LAMRDA 

"END"r 
FMC511• ORTH; EMC7]1• MAXPES; EMC9lt• MAXCOUNT 

"FND" VECSYMTRI I 
11f.0P" 
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"CODE" 3416~: 
"INTFGER" "PROCEDU~E" QRIVALSYMTRI(O, AB, N, EM); "VALUE" Nt 
"INTEGER" NI "ARRAY" D, RB, EHi 
"BEGIN" "INTFGER" I, Il, LOW, OLDLOW, Nl, COUNT, MAX; 

PAr.E 12 

"REAL" BBTOL, BBMAX, BBI, BBNl, MACHTOL, ON, DELTA, F, NUM, 
SHIFT, G, H, T, P, R, S, C, OLDGt 
RBTOLI• (EM[Zl • eM[ll) ** 21 MACHTOLI• fM[Jl * fM[ll; 
MAXI• fMr4J; BBMAXr• O; COUNTr• o; OLDlOWr• N; 
"FOR" Nl1• N - 1 "WHILE" N > 0 noon 
"BEGIN" 

"FOR" Is• N. I - l "WHILF" (HIF" I>• 1 "THEN" 
BB[Il > BBTOL "ELSE" "FALSE"> "DO" LOW&• IS 
"lF" LOW> 1 "THEN" "REGIN" "IF" BB[LOW-ll > BBMAX "THE~" 
RRMAXI• BBrL □ W-11 "ENO"; 
"IF" LOW• N "THEN" Nt• Nl "ELSE" 
RBEGINH DNt• D[N]; D~LTAI• DCNll - ON; 

BBNll• BBCNl]; 
"IF" ABS(OELTA) < MACHTOL "THEN" RI• SQRT(BBNll "ELSE" 
"BEGIN" 

Fr• 2 / DELTA; NUMI• BqNl * F; 
Rt• -NUN I (SQRTfNUM * F + l) + ll 

"ENOH; 
"IF" LOW• Nl "THEN" 
"RFGIN" D[Nlt• ON+ RI D[Nl11• DfNll - RINI• N - 2 
"END" 
"FLS~" 
"BEGI~" COUNT•• COUNT+ ls 

"IF" COUNT> MAX "THEN" "GOTO" ENDt 
"IF" LOW< □ LOLCW "THEN" 
"BEGIN" SHIFTI• 01 OLDLOWI• LOW "END" 
»ELSE" SHIFTI• DN + R; 
~r• O[LOW] - SHIFT; 
"IF" ABS(H) < MACHTOL "THEN" HI• "IF" H <•? "THE~" 
-MACHTOL "cLSE" MACHTOLt 
Gr• H; TI• G * H; 
BBit• B8[LOWll Pt• T + BBI; Ilt• LOWJ 
»FOR" It• LOW+ 1 "STfPtt l "UNTIL" N noon 
»REGIN" Sr• BBI / P; Ct• T / P; 

HI• D[Il - SHIFT - BBI / HI 
"IF" ABS(Hl < MACHTOL "THEN" HI• "IF" H <• 0 
"THEN" -MACHTOL "ELSE» MACHTOL; 
OLOGI• GI Gt• H • Cl TI• G • HI 
DCillt• OLDG - G + DCI]; 
BBit• "IF" I• N "THEN" g "ELSE" BB[Il; 
Pt• T + ~BIS BBCillt• S * PI Ill• I 

"ENO"; 
DfNll• G + SHIFT 

"END" ORSTED 
HF.ND" 

"fNOR; 
ENDI EM[3ll• SORT(BBMAX)I EMC5l8• COUNTI ORIVALSYMTRII• N 

";ND" ORIVALSYMTRI; 
"EDP" 
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ncnDE" 34161: 
"COMMENT" MCA 23211 
"INTEGER" "PROCEDURE" 0RISYMTRI(A, N, D, B, 88, EM); "VALUE" N; 
"INTEGER" N; "ARRAY" A, D, B, RB, EM; 
"BEGIN" "INTEGER" I, J, Jl, K, M, Ml, COUNT, MAXI 

"RF-AL" BBMAX, R, S, SIN, T, C, COS, □LOCOS, G, P, W, T□ L, TOL2, 
LAMBDA, OKI, AO, 41; 

"PROCEDURE" ROTCOL(L, U, I, J, A, C, S)I "CODE" 340401 

TOLi• EMr21 * f.M[ll; TOL21• TOL * TOL; COUNT•• o; BBMAXt• O; 
MAXI• EMC41; Ml• N; 

INI Kl• Ml Mll• M - 11 
NEXTt Kt• K • l; "IF" K > 0 "T~EN" 

"BEGJN" "IF" RR[Kl > ■ TOL2 "THEN" "GOTO" NEXT; 
"IF" BB[K] > BBMAX "THEN" BBMAXI• BB[K] 

HEND"I 
"IF" K • Ml "THEN" Ml• Ml "ELSE" 
"BEGIN" 

TI• O[M] • D[Hl]; RI• BB[Mlll 
"IF" ARS(T) < TOL "THEN" S1• S0RT(R) "ELSE" 
"BEGIN" WI• 2 I TJ SI• W * R / (SQRT(W * W * R + 1) + 1) 
"ENOH; "IF" K • M - 2 "THEN" 
"BEGIN" DCMll• DCM]+ S; DCMl]I• D[Mll - SJ 

TI• - S I B[Mlll RI• SQRT(T * T + 1)1 COSI• 1 / Rt 
SINI• T / R; ROTCOL(l,N,Ml,M,A,COS,SIN); Ml• M - 2 

"END" 
"ELSE" 
"BEGIN" COUNTS• COUNT+ 11 

"IF" COUNT> MAX "THEN" "GOTO" ENO; 
LAMBD)I• DCM]+ SI "IF" ABS(T) < TOL "THEN" 
"BEGIN" WI• D£Mll - SI 

"IF" ABS(W) < ABSCLAMBDA) "THEN" LAMBDAI• W 
"ENO"J 
Kl• K + ll Tt• DCK] - LAMBDA; COSI• 11 WI• BfK1; 
PI• SQRT(T * T + W * ~); Jll• K; 
"FOR" JI• K + l "STEP" 1 "UNTIL" M "DO" 
"BEGIN" OLDCOSI• COSI COSI• T / PJ SIN•• W / PJ 

OKll• DCJl - LAMBDA; TI• □LOCOS* T; 
D[Jl]I• (T + DKl) •SIN* SIN+ LAMBDA+ Ts 
TI• COS* DKl - SIN* W * □LOCOS; WI• BCJ]; 
PI• SQRT(T * T + W * W)t GI• B[Jllt• SIN* PI 
BBfJllt• G • GI ROTCOL(l, N• Jl, J, A, COS• SINlJ 
Jlt• J 

ttfND"t 
DtMlt• COS• T + LAMBDAS "IF" T < O "THEN" BCMlll• - G 

"~ND" QRSTEP 
"END"; 
"IF" M > 0 "THEN" "GOTO" INJ 

aND1 EM[3l1• S0RT(88MAX)I EMC5l1• COUNT; 0RISYMTRII• M 
"E~O" 0RISYMTRI; 

"EOP" 
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BRIEF OESCRIPTIONI 
THIS SECTION CONTAINS SEVEN PROCEDURES. 
Al EIGVALSYMl AND EIGVALSY~2 CALCULATE 
CONSECUTIVE EIGENVALU~S INCLUDING THE 
MATRIX USING LINEAR INTERPOLATION ON 
STIJRM ~EOIJFNCE ■ 

ALL EIGENVALUES. OR SOME 
LARGEST, OF A SYMMETRIC 

A FUNCTION DERIVED FROM A 

B) ,IGSYMl AND EIGSYM2 CALCULATE THE CORRESPONDING EIGENVECT~RS 
AS WELL• BY MEANS OF INVERSE ITERATION• 
C> ORIVALSYMl AND QRIVALSYM2 CALCULATE ALL EIGtNVALUES OF A 
SYMMETRIC MATRIX BY MEANS OF QR ITERATION, 
DI QRISYM CALCULATES ALL EIGENVECTORS AS WELL IN THE SAME ITERATION 
PROCESS. 
FIGVALSYMl, EIGSYMl AND QRIVALSYMl USE IONAL ARRAY FOR 
THE GIVEN SYMMETRIC MATRIX; TYE OTHER PROCEDURES EXP~CT THE MATRIX 
TO BE STORED IN "ARRAY"• 
ORISYM DELIVER~ THE EIGENVECTORS IN THE ARRAY THAT WAS USED FOR THE 
ORIGINAL MATRIX IN CONTRAST WITH EIGSYMl ANO EIGSYMZ WHICM DELIVER 
THF EIGENVECTORS IN AN EXTRA ARRAY. 
WHEN ALL EIGENVALUES HAVE TO 8E CALCULATED, THE PROCiDURES USING QR 
ITERATION ARE P~EFERABLE WITH RESPECT TO THEIR RUNNING TIMEo WHEN 
AL~ □ THF EIGENVE~TORS HAVE TO BE CALCULATED THE PROCEDURE~ USING 
INVERSE ITERATION ARE FASTERI HOWEVER, THE ONE USING QR ITERATION 
USES LESS "1E'10RY SPACE. 

KEYWOROSt 
EIGENVALUES, 
EIGFNVECTORSt 
SYM"ETRIC MATRIX, 
STIIRM-SEOUENCE, 
tNVtRSF ITERATION, 
QR ITERATION. 



SfCTION 3.3.1.1.2 

SUBSECTIONS EIGVALSYM2e 

CALLING SEQUENCES 

(JULY 1974) 

THF. HEADING OF THE PROCEDURE ISI 
"PROCEDURE" EIGVALSYMZ(A, N, NUMVAL, VAL, EM); 
"VALUE" N, NUMVALI "INTEGER" N, NUMVAL; "ARRAY" A, VAL, EM; 

THE MEANING OF THE FORMAL PARAMETERS ISs 
NI <ARITHMETIC EXPRESSION>J 

THE ORDER OF THE GIVEN MATRIX; 
NUMVALI <ARITHMETIC EXPRESSION>; 

PAGE? 

THE SERIAL NUMBER OF THF LAST EIGENVALUE TO BE CALCIJLATEDf 
Al <ARRAY IDENTIFIER>1 

"ARRAY" A[l1N,11N]; 
F.NTRYI THE UPPER TRIANGLE OF THE SYMMETRIC MATRIX MUST RE 

GIVEN IN THE UPPER TRIANGULAR PART OF A (THE 
ELEMENTS A[I,Jl, I<• J)I 

EXIT• THE DATA FOR HOUSEHOLDER'S BACK TRANSFORMATION 
(WHICH ISN'T USED BY THIS PROCEDURE) IS DELIVERED 
IN THE UPPER TRIANGULAR PART OF Al 

THF. F.LEMENTS ACI,Jl FOR I> J ARE NEITHER USED NOR CHANGEOl 
VALi <ARRAY IDENTIFIER>; 

"ARRAY" VAL[llNUMVALll 
EXIT1 THE NUMVAL LARGEST EIGENVALUES IN MONOTONICALLY 

NON-INCREASING ORDER; 
EM1 <ARRAY IDENTIFIER>; 

"ARRAY" EM[~l~]S 
F.NTRYt EM[Ol• THE MACHINE PRECISION, 

EM[Zl, THE RELATIVE TOLERANCE FOR THE EIGENVALUES; 
EXITt EMCll, THE INFINITY NORM OF THE ORIGINAL MATRIV, 

EMC~l, THE NUMBER OF ITERATIONS USED FOR 

PROCEDUR~S USEDt 
TFMSYMTRIZ 
VALSYMTRI 

• 
• 

REQUIRED CENTRAL MENORYt 
E~ECUTION FIELD LENGTHS 

CALCULATING T~E NUMVAL EIGENVALUES. 

CP3414~, 
CP3~1~1 • 

THREE ONE•DIMENSIONAL REAL ARRAYS OF LENGTH N ARE USED. 

RUNNING TIME• 
ROUGHLY PROPORTIONAL TON CUBED. 

LANGUAGF.t ALGOL 60. 

MFTHOD AND PF.RFORMANCEt 
THE SOOY OF FIGVALSYM2 CONSISTS OF TWO PROCEDURE STATEMENTSJ T~E 
FIRST IS A CALL OF TFMSYMTRIZ TO TRANSFORM THE SYMMETRIC MATRIX 
INTO A SIMILAR TRIDIAGONAL MATRIX BY MEANS OF HOUSE~OLDER 1 S 
TRANSFORMATION: THE SECOND IS A CALL OF VALSYMTRI TO CALCULATE THE 
DESIRED EIGENVALUES. OPERATION DETAILS OF BOTH PROCEDURES ARE GIVEN 
IN T~EIR DESCRIPTION. 
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SUBSECTTONI EIGVALSYMl ■ 

CALLING SEQUENCF.1 
THE HEADING OF THE PROCEDURE ISr 
"PROCEDURE" FIGVALSYMl(A, N, NUMVAL, VAL, EM)J 
"VALUE" N, NUMVALI "INT~GER" N. NUMVALI "ARRAY" A, VAL, EM; 

THE MEANIN~ OF THE FORMAL PARAMETERS ISr 
Nr <ARITHMETIC EXPRESSION>J 

THE OROcR OF THE GIVEN MATRIX; 
NUMVALI <ARITMMETIC EXPRESSIDN>J 

THE SERIAL NUMBER OF THE LAST EIGENVALUE TO BE CALC\Jl.ATEO; 
Al <ARRAY IDENTIFIER>J . 

"ARRAY" A[ll(N+l)*N//211 
lNTRYI THE UPPER TPJANGLE OF THE SYMMETRIC MATRIX MUST BE 

GIVEN IN SUCH A WAY THAT THE (I,Jl-TH ELEMENT OF 
THE MATRIX IS A[(J-ll*J//2+Il, 1 <•I<■ J <• NI 

F.XITt THE DATA FOR HOUSEHOLDER 1 S BACK TRANSFORMATION 
(WHICH ISN 1 T USED BY THIS PROC~DUREle 

VALi <ARRAY IDENTIFIER>; 
"ARRAY" VALr11NUMVAL1J 
eXITI THE NUMVAL LARGEST EI~FNVALUES IN MONOTONICALLY 

NON-INCREASING ORDER; 
EM• <ARRAY IDENTIFIER>; 

"ARRAY" Et!rOt'3ll 
ENTRY• EM[Ol, TH£ MACHINE PRECISION, 

EM[2l, THE P.ELATIVE TOLERANCE FOR THE EIGENVALUfS; 
EXIT1 ~M[ll, THE INFINITY NORP! OF THE ORIGINAL MATRIX, 

EMC3l, THE NUl'IBER OF ITERATIONS USED FOR 

PROCEDURES USE01 
TFMSYl'!TRil 
VALSYMTRI 

• 
• 

REOIIIREO CENTRAL l'IEHORYI 
EXECUTION FIELD LENGTHI 

CALCULATING THE NUMVAL EIGENVALUES. 

CP34143, 
CP3415lo 

THREE ONe-DIMENSIONAL REAL ARRAYS OF LENGTH N ARE USED. 

RUNNING TIME a 
ROIIGHLY PROPORTIONAL TON CUBED. 

LANGUAGFI ALGOL 60. 

METHOD AND PERFORl'lANCEr 
THE BODY OF EIGVALSYMl CONSISTS OF TWO PROCEDURE STATEMENTS; THE 
FIRST IS A CALL OF TFMSYHTRil TO TRANSFORM THE SYMMETRIC MATRIX 
INTO A SIMILAR TRIOIAGONAL MATRIX BY MEANS OF HOUSEHOLDER'S 
TRANSFORMATIONI THE SECOND IS A CALL Of VALSYMTRI TO CALCULATE THE 
DESIRED EIGENVALUES. OPERATinN DETAILS OF BOTH PijOCEDURES ARE GIV~N 
IN THEIR DESCRIPTION. 



SECTION 3.~.1.1.2 

SUBSFCTION1 i:IGSYM2e 

CALLING SE0UENCE1 

(JULY 1'2741 

THE HEADING OF THF. PROC~DURE !St 
"PROCEDURE" EIGSYH2<A, N, NUMVAL, VAL, VEC, EM)3 
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"VALUE" N, NIJMVAL; 11 INTl:GER" N, NUl"VAL: "ARRAYtt A, VAL, VEC, t:M; 

THE MEANING OF THE FORMAL PARAMETERS IS1 
NI <ARITHMETIC EXPRESSION>J 

THE ORDER OF THE GIVEN MATRIXJ 
NUMVALI <ARITHMETIC EXPRESSION>; 

THE SERIAL NUMBER OF TH[ LAST EIGENVALUE TO BE CALCULATED; 
Al <ARRAY IDENTIFIER>; 

"ARRAY" A[l&N,ltNlJ 
~NTRYt TH~ UPPER TRIANGLE OF THE SYMMETRIC MATRIX MUST ~F 

GIVEN IN THE UPPER TRIANGULAR PART OF A (THE 
ELEMENTS AtI.Jl, I<• J)I 

EXIT1 THE DATA FOR HOUSEHOLDER 1 S BACK TRANSFORMATION 
IS DELIVERED IN THE UPPER TRIANGULAR PART OF AJ 

THE ELEMENTS A[l,Jl FOR I> J ARE NF.ITHLR USED NOR CHANGED; 
VALi <ARRAY IDENTIFIER>; 

"ARRAY" VAL£l&NUHVAL1J 
EXITs THE NUMVAL LARGEST ~IGENVALUES IN MONOTONICALLY 

NON-INCREASING OROERI 
VEC1 <ARRAY IOENTIFIER>J 

"ARRAY" VECCltN,lrNU~VALlJ 
EXITI THE' NUMVAL CALCULATED cIGF.NVECTORS, STORED COL!ll1N• 

WISE, CORRESPONDING TO THE CALCULATED EIGENVALUES; 
FMI <ARRAY IOENTIFIER>J 

11 ARRAY 11 EM[Ol9]1 
F-NTRYt EM(Ol, THE MACHINE PRECISION, 

E.MC2l, THE RELATIVE TOLERANCE FOR THE EIGENVALIIF.~, 
cMC41, THE ORTHOGONALISATION PARAMETER (SEE METHOD 

AND PERFORMANCE), 
EHC6l, THE TOLERANCE FOR TH£ !IG£NVECTORS, 
~MC8l, THE MAXIMUM NUMBER OF INVERSE ITERATIONS 

ALLOWED FOR THE CALCULATION OF EACH EIGEN
VECTORS 

F.XIT1 EM[ll, THE INFINITY NORM OF THE MATRIX, 
EMC3l, THE NUMBER OF ITERATIONS USED FOR 

CALCULATING THE NUMVAL EIGENVALUES, 
EMC~l, THE NUMBER OF EIGENVECTORS INVOLVED IN THE 

LAST GRAM-SCHMIDT ORTHOGOkALISATION, 
EMC7l, THE MAXIMUM EUCLIDEAN NORM OF THE RESIDUES 

OF THE CALCULATED EIGENVECTORS, 
~M[qJ, THE LARGfST NUMBER OF INVERSE ITERATIONS 

PERFORMED FOR THF. CALCULATION OF sn~E EIGEN
VECTOR. 



PR/JCFDURES USEDI 
TFMSYMTRI2 
VALSYMTRI 
VF,t:SVl"TRI 
BAl<SYMTRI2 

• 
• 
• 
• 

REQUIRED CENTRAL MEMORYI 
EXECUTION FIELD LENGTHI 

(JULY 1974) 

CP34140• 
CP3'tl51• 
CP34H2• 
CP3414le 
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THREF ONE-DIMENSIONAL REAL ARRAYS OF LENGTH N ARE OECLAREOs 
MOREOVER•· VECSYMTRI USES FIVE ONE•DIMENSIONAL ReAL ARRAYS 
OF LfNGTH NANO ONE BOOLEAN APRAY OF LENGTH Ne 

RUNNING TIME1 
ROUGHLY PROPORTIONAL TON CUBED. 

LANGUAGE I ALr.nL 6Ue 

METHOD ANO PF.RFORMANCEI 
T4f BODY OF EIGSYM2 CONSISTS OF FOUR 
THF. FIRST IS A CALL OF TFMSYMTRI2 TO 
MATRIX INTO A SIMILAR TRIOIAGONAL 
HOUSEHOLDERS TRANSFORMATION, 

PROCEDURE STATEMENTS, 
TRANSFORM THE SYMMETRIC 
MATPlX BY MEANS OF 

THE SECONO I~ A CALL Of VALSYMTRI TO CALCULATE THE DESIRED 
EIGENVALUFS, 
THE THIRD IS A CALL OF VECSYMTRI TO CALCULATE THE CORRESPONOIN~ 
EIGENVECTORS ANO 
THE FOURTH IS A 
TRAN~FORMATI□N •. 

CALL OF BAKSYMTRIZ TO PERFORM THE BACK 

THF. PARAMETFRS EMr5l, EM[7] ANO EM[91 ARE GIVEN ITS VALUE IN THE 
PROCEDURF VECSYMTRio FOR A POSSIBLY SUBSEQUENT CALL OF VECSYMTRI 
THF. VALUF OF EMC51 IS NEEDED. W~f.N CONSECUTIVE EIGENVALUES ARE TOO 
CLOSE TOGETHER, THE CORRESPONDING EIGENVECTORS ARE NOT NECESSAPILY 
DELIVERED ORT~OGONAL BY INVERSE ITERATION (THE METHOD WHIC~ IS USED 
IN VECSYMTRI). THER~FORE GRAM-SCHMIOT ORTHOGONALISATION IS APPLIED 
ON THE EIGENVECTnRS WHEN THE DISTANCE BETWEEN TWO CONSECUTIVE 
iIGeNVALUES IS SMALLeR THAN EM[4]. 
FOR FURTHER DFTAILS ONE IS REFERRED TO THE SPECIFIC PROCED~RE 
DESCRIPTtoNS. 



SURSfCTIONs fTGSYMle 

CALLING SEOUFNCFt 

/ 

(JULY 1974) 

THE HEADING nF THE PROCEnURE 151 
"PRnCEDURi" ~IGSYMllA, N, NUMVAL, VAL, VEC, EM); 
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"VALUE" N, NUMVAL; 8 INTCGfR" N, NUMVAL; "ARRAY" A, VAL, VEC, EM; 

THF MEANING OF THE FORMAL PARAMfTERS ISt 
~• <ARITHMETIC EXPRESSION>1 

THE ORDER □ F THE GIVEN MATRIX; 
NUMVALI <ARITHMr.TIC EXPRESSION>; 

THE SERIAL NUMBER OF THE LAST EIGENVALUE TO BF. CALCULATeOI 
Al <ARRAY IDENTIFI[R>I 

"ARRAY" ACls(N+l)*N//Zl; 
ENTRYI THE UPPER TRIANGLE OF THE SYMMETRIC MATRIX MUST BE 

GIVEN IN SUCH A WAY THAT THE (I,J)-TH CLEMENT OF 
THE MATRIX IS A[(J-1>•Jl/2+Il, 1 <•I<• J <• NI 

rXITr THE DATA FOR HOUSEHOLDER'S BACK TRANSFORMATION; 
VALi <ARRAY IDENTIFIER>; 

"ARRAY" VALr11NUMVALll 
EXIT• THE NUMVAL LARGEST EIGENVALUES IN MnNnT~NICALLY 

NON-INCREASING ORDER; 
VECt <ARRAY IDENTIFIER>; 

"ARRAY" vecr11N,11NUMVAL]I 
EXITS THE NUMVAL CALCULATED EIGENVECTORS, STORED cnLUMN

wrs,, CORRESPONDING TO THE CALCULATED EIGENVALUESJ 
fMI <ARRAY IDENTIFIER>; 

"ARRAY" EM[~IQJJ 
ENTRYI tMCOl, THE MACHIN~ PRECISION, 

eMCZl, THE RCLATIVF. TOLERANCE FOR THE EIGENVALUF.S, 
EMC4l, THE ORTHOGONALISATION PARAMETER (SEE METHOD 

AND PERFORMANCE), 
~MC6l, THE TOLERANCE FOR THE EIGENVECTORS, 
£MC81, T~E MAXIMUM NUMBER OF INVERSE ITERATIONS 

ALLOWED FOR THE CALCULATION OF EACH EIGEN
VECTOR; 

EXIT• EM[ll, THE INFINITY NORM OF THE MATRIX, 
EMC11, THE NUMBER OF ITERATIONS USED FOR 

CALCULATING THE NUMVAL EIGENVALUES, 
EMC5l, THE NUMBER OF EIGENVECTORS INVOLVED IN THE 

LAST GRAM-SCHMIDT ORTHOGONALISATION, 
EMC7], THE MAXIMUM EUCLIDEAN NORM OF THE RESIDUES 

OF THE CALCULATeD EIGENVECTORS, 
EMC9l, THE LARGEST NUMBER OF INVERSE ITERATIONS 

PERFORMED FOR THE CALCULATION OF SOME EIGEN
VECTOR. 



~ECTION 3e3elele2 

PROCEOURES USEDI 
TFMSYHTRil 
VALSYMTRI 
VECSYMTRI 
BAKSYMTRil 

• 
• 
• 
• 

REOUIRED CF.NTRAL MEMORY& 
EXECUTION FIELD LENGTHS 

(JULY 1974) 

CP34143.t 
CP34151.t 
CP3415Z.
CP34144 • 
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THREE ONE-DIMENSIONAL REAL ARRAYS OF LENGTH N ARE DECLAREDt 
MOREOVER.- VECSYMTRI· AND BAKSYHTRil use A TOTAL AMOUNT OF 
SIX ONE•DIMENSIONAL REAL ARRAYS OF LEN~TH NANO ONE BOOLEAN 
ARRAY OF LENGTH Ne 

RUNNING TIME1 
RnUGHLY PROPORTIONAL TON CUBED. 

LANGIIAGF.1 ALGOL 60. 

METHOD AND PERFORMANCEI 
THE BODY OF EIGSYMl CONSISTS OF FOUR 
THE FIRST IS A CALL OF TFMSYMTRil TO 
MATRIX INTO A SIMILAR TRIDIAGONAL 
HOUSEHOLDERS TRANSFORMATION.-

PROCEDURE STATEMENTSt 
TRANSFORM THE SYMMETRIC 
MATRIX BY MEANS OF 

THE SECOND IS A CALL OF VALSYHTRI TO CALCULATE THE DESIRED 
EIGENVALUES.t 
THE THIRD IS A CALL OF VECSYMTRI TO CALCULATE THE CORRESPONDING 
EIGENVECTORS AND 
THE FOURTH I~ A 
TRANSFIJRNATION. 

CALL OF BAKSYMTRil TO PERFORM THE BACK 

FOR DETAILS ONE IS REFERRED TO EIGSYM2 OR TO THE DESCRIPTIONS OF 
THE FOUR PROCEDURES USED. 
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SURS(CTIONI ORIVALSYM?.. 

CALLING SEOIJENCEr 
THE HEADING OF THE PROCEDURE ISI 
"INTEGER" "PROCEDURE" ORIVALSYM2(A• N, VAL, EH)J 
"VALUE" Nf "INTEGER" NJ "ARRAY" A, VAL• EMf 

THE 
NI 

Al 

MEANING OF THE FORMAL PARAMETERS ISt 
<ARITHMETIC EXPRESSION>s 
THE ORDER OF THE GIVEN ~ATRIXJ 
<ARRAY IDENTIFIER>; 
"ARRAY" A[ltN1llN]J 

PAGER 

ENTRYI THE UPPER TRIANGLE OF THE SYMMETRIC MATRIX MUST 8E 

VALt 

EMS 

EXIT a 

GIVEN IN THE UPPER TRIANGULAR PART OF A (THE 
ELF.MENTS ACI,Jl, I<• Jl; 
THE DATA FOR HOUSEHOLDER'S SACK TRANSFORMATION 
(WHICH ISN'T USED BY THIS PROCEDURE) IS DELIVERED 
IN THE UPPER TRIANGULAR PART OF At 

THE ELEMENTS ACI,Jl FOR I> J ARE NEITHER USED NOR CHANGED; 
<ARRAY IDENTIFIER>J 
"ARRAY" VAL[llN]I 
EXITt THE EIGENVALUES OF THE MATRIX IN SOME ARBITRARY 

ORDER; 
<ARRAY IDENTIFIER>a 
"ARRAY" i:11[015]1 
ENTRY1 EM[Ol, THE MACHINE PRECISION, 

EXIT• 

EMt2l, THE RELATIVE TOLERANCE FOR THE EIGENVALUES• 
EMC4l, THE MAXIMUM ALLOWED NUMBER OF ITERATIONS; 
EM[ll, THE INFINITY NORM OF THE MATRIX, 
eMC3l, THE MAXIMUM ABSOLUTE VALUE OF THE COOIAGONAL 

ELEMENTS NEGLECTED• 
f;M[5l• THE NUMBER Of ITERATIONS PERFORMEOt 

MOREOVF.R I 
ORIVALSYM2t• THE NUMBER OF EIGENVALUES NOT CALCULATED. 

PROCEDURES USEDI 
TFMSYMTRI2 
ORIVALSYIIITRI 

,. .. 

REOUIRED CENTRAL MEMORY! 
F.XF.CUTION FIELD LENGTHS 

CP3414iJ. 
CPH160 • 

TONAL REAL ARRAYS OF LENGTH N ARE USED. 

RUNNING n11e I 
ROUGHLY PROPORTIONAL TON CUBED. 

LANGUAGE I ALGOL 60a 
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METHOD AND PERFORMANCE• 
THE BODY OF QRIVALSYMZ CONSISTS OF TWO PROCEDURE STATEMENTSI THE 
FIRST IS A CALL OF TFMSYMTRIZ TO TRANSFORM THE SYMMETRIC MATRIX 
INTO A SIMILAR TRIDIAGONAL MATRIX BY MEANS OF HOUSEHOLDER'S 
TRANSFORMATION1 THE SECOND IS A CALL OF ORIVALSYMTRI TO CALCULATE 
THE EIGENVALUES. WHEN THE PROCESS IS COMPLETED WITHIN EM[4l 
ITERATIONS THEN ORIVALSYH2t• 01 OTHERWISE QRIVALSYM2i• THE NUM8ER, 
K, OF EIGENVALUES NOT CALCULATED, EMt5lt• EMC4l + 1 AND ONLY THE 
LAST N - K ELEMENTS OF VAL ARE APPROXIMATE EIGENVALUES OF THE GIVEN 
MATRIX. OPF.RATION DETAILS OF BOTH PROCEDURES USED ARE GIVEN IN 
THEIR DESCRIPTION. . 

SU8SECTION1 ORIVALSYMle 

CALLING SEOUENCE1 
THE HEADING OF THE PROCEDURE ISt 
"INTEGER" "PROCEDURE" ORIVALSYMl<A, N, VAL, EMJJ 
"VALUE" N; "INTEGER" NJ "ARRAY" A, VAL, EM; 

THE MEANING OF THE FORMAL PARAMETERS ISI 
NI <ARITHMETIC EXPRESSION>J 

THE ORDER OF THE GIVEN MATRIX; 
Al <ARRAY IDENTIFIER>; 

"ARRAY" A[ll(N+l>•NI/Zlt 
ENTRYt THE UPPER TRIANGLE OF THE SY~HETRIC MATRIX MUST BE 

GIVEN IN SUCH A WAY THAT THE CI,JJ-TH ELEMENT OF 
THE MATRIX IS AtCJ-l>•JI/Z+Il, l <•I<■ J <• NJ 

EXITs THE DATA FOR HOUSEHOLDER'S BACK TRANSFORMATION 
(WHICH ISN•T USED BY THIS PROCEDURE). 

VALi <ARRAY IDENTIFIER>J 
"ARRAY" ~ALCllN]; 
EXITt THE EIGENVALUES OF THE MATRIX IN SOME ARBITRARY 

ORDERJ 
EM& <ARRAY IDENTIFIER>; 

"ARRAY" EM[~t5]J 
ENTRYI EM[Ol, THE MACHINE PRECISION, 

ijMC2l, THE RELATIVE TOLERANCE FOR THE EIGENVALUES• 
EMC4l, THE MAXIMUM ALLOWED NUMBER OF ITE~ATIONS1 

EXITt EM[ll, THE INFINITY NOR" OF THE MATRIX, 
EM[3l, THE MAXIMUM ABSOLUTE VALUE OF THE CODIAGONAL 

ELEMENTS NEGLECTED, 
EM[5l, THE NUMBER OF ITERATIONS PERFORMEDJ 

MOREOVER I 
ORIVALSYMll• 

PROCEDURES USEDt 
TFMSYMTRil 
ORIVALSYMTRI 

• 
• 

REQUIRED CENTRAL MFMORY1 
EXECUTION FIELD LENGTHa 

THE NUMBER OF EIG~NVALUES NOT CALCULATED. 

CP34143• 
CP3416C • 

TWO ONE-DIMENSIONAL REAL ARRAYS OF LENGTH N ARE USED. 
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RUNNING TlMEt 
ROUGHLY PROPORTIONAL TON CUBED. 

Li\NGUAGEa i\LGOL 61le 

METHOO AND PERFORMANCEt 
THE BODY OF QRIVALSYMl CONSISTS OF TWO PROCEDURE STATEMENTSa THE 
FIRST IS A CALL OF TFMSYMTRil TO TRANSFORM THE SYMMETRIC MATRIX 
INTO A SIMILAR TRIDIAGONAl MATRIX BY MEANS OF HOUSEHOLDER'S 
TRANSFORMATION; THE SECOND IS A CALL OF QRIVALSYMTRI TO CALCULATE 
THE EIGENVALUES. WHEN THE :PROCESS IS COMPLETED WITI-IIN EMt:41 
ITERATIONS THEN QRIVALSYMll• 01 OTHERWISE QRIVALSYMll• THE NUMBER• 
K, OF ElGENVALUtS NOT CALCULATED, EMC5ll• EMC4l + 1 AND ONLY THE 
LAST N - K ELEMENTS OF VAL ARE APPROXIMATE EIGENVALUES Of THE GIVEN 
MATRIXo OPERATION DETAILS OF BOTH PROCEDURES USED ARE GIVEN IN 
THEIR DESCRIPTTONe 

SUBSECTION• ORISYMe 

CALLING SEQUENCES 
THE HEADING OF THE PROCEDURE ISa 
•INTEGER" "PROCEDURE" ORISYM(A» N, VAL, EMIi 
"VALUE" Na "INTEGER" NI "ARRAY" A, VAL, EM; 

THE MEANING OF THE FORMAL PARAMETERS ISs 
N1 <ARITHMETIC EXPRESSION>1 

THE ORDcR OF THE GIVEN MATRIXJ 
A• <ARRAY IDENTIFIER>; 

"ARRAY" AC11N,11N]J 
ENTRY• THE UPPER TRIANGLE OF THE SYMMETRIC MATRIX MUST BE 

GIVEN IN THE UPPER TRIANGULAR PART OF A (THE 
ELEMENTS ACI,Jl, I<• JI; 

EXITa THE EIGENVECTORS OF THE SYMMETRIC MATRIX, STnRED 
COLUMNWISEJ 

VALi <ARRAY IDENTIFIER>; 
"ARRAY" VAL[llN]; 
EXITI THE EIGENVALUES OF THE MATRIX CORRESPONDING TO THE 

CALCULATED EIGENVECTORS; 
EMs <ARRAY IDENTIFIER>; 

"ARRAY" EM[l'Jl5]; 
ENTRYI EMCOle THE MACHINE PRECISION, 

EMCZls THE RELATIVE TOLERANCE FOR THE OR ITERATION, 
EMC4l, THE MAXIMUM ALLOWED NUMBER OF ITERATIONS; 

F.XIT1 EMC11, THE INFINITY NORM OF THE MATRIX, 

MOREOVER I 

iMC~l• THE MAXIMUM ABSOLUTE VALUE OF THE CODIAGONAL 
ELEMENTS NEGLECTED, 

EM[5l» THE NUMBER OF ITERATIONS PERFORMED; 

QRISYM •• THE NUMBER OF EIGENVALUES AND -VECTORS NOT 
CALCULATED. 



PROCEDURES USF.DI 
TFMSYMTRI2 
TFMPREVEC 
QRISYMTRI 

• 
• 
• 

REOUIRED CENTRAL MEMORYI 

EXECUTION FIELD LENGTHI 

(JULY 1974> 

CP34140, 
CP34142, 
CP34161 • 

PAGE 11 

TWO ONE-DIMENSIONAL REAL ARRAYS OF LENGTH N ARE useo. 
RUNNING TIHEI 

PROPORTIONAL TON CUBED. 

LANGUAGE• ALGOL 60. 

METHOD AND PERFORMANCE• 
THE BODY OF ORISYM CONSISTS OF THREE PROCEDURE STATEMENTSI THE 
FIRST IS A CALL OF TFHSYMTRI2 TO TRANSFORM THE SYMMETRIC MATRIX 
INTO A SIMILAR TRIDIAGONAL MATRIX BY MEANS OF HOUSEHOLOER 1S 
TRANSFORMATION, THE SECOND IS A CALL OF TFMPREVEC TO PERFORM THE 
DESIRED BACK TRANSFORMATION ON THE EIGENVECTORS IN ADVANCE AND THE 
THIRD IS A CALL OF ORISYMTRI TO CALCULATE THE EIGENVALUES AND 
THE EIGENVECTORS. WHEN THE PROCESS IS COMPLETED WITHIN EMC4J 
ITcRATIONS THEN QRISYMI• 01 OTHERWISE QRISYMI• THE NUMBER, K, OF 
EIGENVALUES ANO -VECTORS NOT CALCULATED, EHC5lt• EH[4l + 1 AND ~NLY 
THF LAST N - K ELEMENTS OF VAL AND THE LAST N - K COLUMNS OF A ARE 
APPROXIMATE EIGENVALUES ANO EIGENVECTORS RESPECTIVELY OF THE GIVEN 
MATRIX. OPERATION DETAILS OF THE PROCEDURES USED ARE GIVEN IN 
THEIR DESCRIPTION. 

EXAMPLES OF USEI 

THE TWO LARGEST EIGENVALUES IN MONOTONICALLY NON INCREASING ORDER 
AND THE CORRESPONDING EIGENVECTORS OF M, WITH N • 4 ANO MCI,Jl • 
1 / (I+ J - l>, MAY BE OBTAINED BY THE FOLLOWING PROGRAMI 

"BF.GIN" 
"INTEGER" I, JI 
"ARRAY 11 Atl•l~l. VALC1•2l, EM[019], VECC114,l12]J 
"PROCEDURE" EIGSYMl(A, N, NUMVAL, VAL, VEC, EH)I "CnOE" 341,61 

EHCOJ•• "•14; EMC2l1• "•121 E~C4ll• "•31 
EMC6ll• 10"-101 EMt8l1• 51 
"FOR" II• 1 "STEP" 1 "UNTIL" 4 "00" 
"FOR" JI• I "STEP" 1 "UNTIL" 4 "00" 
A[(J • J - J) / 2 + Ill• 1 /(I+ J - 1); 
EIGSYHl(A, 4, 2. VAL, vec, EN)J 
OUTPUT(61, "("2<+al3D"+ZD, 28), 21">", VAL[ll, VALC21)J 
"FOR" I•• 1, 2, 3, 4 "DO" 
OUTPUT(61, "("2<+.130"+20, 2B>, / 11 )"• VECCI,11, VECCI,ZJ)I 
OUTPUT(61, "("2(e2D"+2D, /), 3(2ZD, /)")", 
EMCll, EMC7l, EMC3l, EHC5l, EMC91) 

"ENO" 



SFCTION 3.3.l.l.2 (JULY 1974) PAGE 11 

THE PROGRAM DELIVERS(THE RESULTS ARE CORRECT UP TO TWELVE OTGITSII 

THE EIGENVALUES• +.1500214280059"+01 

THE EIGfNVECTORS1 -.7926082911638"+00 
-.4519231209016"+00 

EM[ll • a21"+01 
F.MC7] • .92 11-14 
EM[31 • 32 
EMC5l • 1 
EMC9l • l • 

-.3224163985818"+00 
-.2521611696882"+00 

+.1691412202214"+00 

+.5820756994972 11+00 
-.3705021850671"+00 
-.509578634?018"+00 
-.5140482722222"+00 

THE TWO LARGEST EIGENVALUES OF M, WITH N • 4 ANO MCI,Jl • 
1 / (I+ J - 11, MAY BE OBTAINED IN MONOTONICALLY NON INCREASING 
ORDER BY THE FOLLOWING PROGRAMS 

"BEG IN 11 

11 INTEGER 11 I, JI 
"ARRAY" AC114,114l, VAL[llZl, EMC013]; 
11 PROCEDURF 11 EIGV~LSYMZ(A, N, NUMVAL, VAL, EM)I 11CODE 11 341531 

EM[Ola• "-14; EMC2lt• "-12t 
"FOR 11 II• 1 HSTF.P 11 l 11UNTIL 11 4 "DO" 
"FOR 11 Ja ■ I 11STEP" l 11 UNTIL" 4 "D0 11 ACI,Jll• l / (I+ J -1)1 
EIGVALSYM?.(A, 4, 2, VAL, EM)I 
OUTPUT(61, 11(112(+.130"+20, ?.B)"J", VALCll, VALC2ll; 
OUTPUT(61, "("21, a2D"+2D, I, 2ZD 11 >", EMCll, EMC3l) 

11EN0 11 

THF PROGRAM OELIVERS(THE RESULTS ARE CORRECT UP TO TWELVE DIGITS)1 

THE EIGENVALUFSI +.1500214280059 11+01 +.1691412202214"+00 
EMC 3] • .21 "+01 
E~Cll • 32 • 



SOURCE TEXT IS l a 

"CODE" 341531 
"COMHENT" MCA 23131 

(JULY 1974) PAGE U 

"PROCEDURE" EIGVALSYM2(A, N, NUMVAL, VAL, EM)I "VALUE" N, NUMVAL; 
"INTEGER" N, NIIMVAL I "ARRAY" A, VAL, El'll 
"BEGIN" "ARRAY" B, BB, D[llN]I 

"PROCEDURE" TFHSYMTRI2(A, N, D, B, BB, EMJ; "CODE" 34140; 
"PROCEDURE" VALSYMTRI(D, BB, N• Nl, N2, VAL, EM)I "CODE" ~41511 

TFHSYMTRI2tA, N, D, B, BB, EHIJ 
VALSYHTRI(D, 88, N, 1, NUNVAL, VAL, EMJ 

"END" EIGVALSYM2; 
"EDP" 

"CODE" 341541 
"COMMENT" MCA 23141 
"PROCEDURE" EIGSYM2CA, N, NUMVAL, VAL, VEC, EM)I "VALUE" N, NUMVALt 
"INTEGER" N, NUMVALJ "ARRAY" A, VAL, VEC, EMI 
"BEGIN" "ARRAY" B, BB, D[laN]J 

"PROCEDURE" TFMSYMTRIZ(A, N, D, a, aa, EMIi "CODe" 34140J 
"PROCEDURE" VALSYMTRI(D, BB, N, Nl, N2, VAL, EMJ; "CODE" 34151; 
"PROCEDURE" VECSYMTRI(D, B, N. Nl, N2, VAL, VEC, EM)I 
"CODE" 341'21 
"PROCEDURE" BAKSYMTRI2(A, N, Nl, N2, VECIJ "CODE" 34141J 

TFMSYMTRIZ(A, N, D, B, BB, EM)I 
VALSYMTRI(D, BB, N, l, NUMVAL, VAL, EMIi 
VECSYMTRI(D, B, N, 1, NUMVAL, VAL, VEC, EMIi 
BAKSYMTRI2tA,. N, 1, NUMVAL, VEC) 

""END" err.SVM21 
"EOP 11 

"CODE" 341551 
"COMMENT" MCA 23181 
"PROCEDURE" EIGVALSYMl<A, N, NUMVAL, VAL, EM)I "VALUE" N, NUMVALJ 
"INTEGER" N, NUMVALI "ARRAY" A, VAL, EMJ 
"BEGIN" "ARRAY" 8, BB, D[lSN]; 

"PROCEDURE" TFMSYMTRil(A, N, D, B, BB, EMIJ "CODE" 341431 
"PROCEDURE" VALSYMTRICD, BB, N, Nl, N2, VAL, EM); HCODE" 34151s 

TFMSVHTRilfA, N. D, B, as, EM)I 
VALSYHTRI(O, BB, N, 1, NUMVAL, VAL, EM) 

"END" EIGVALSYHls 
"EOP" 



"CODE" 341561 
"COMMENT" MCA 2319; 

(JULY 1974) PAGE 14 

"PROCEDURE" EIGSYNl(A, N, NUMVAL, VAL, VEC, EM)I "VALUE" N, NUMVAL; 
"INTEGER" N, NUMVAL; "ARRAY" A, VAL, VEC, EM; 
"BEGIN" "ARRAY" B, BB, D[llN]; 

"PROCEDURE" TFHSYMTRll<A, N, D, B, BB, EM); "CODE" 341431 
"PROCEDURE" VALSYMTRI(D, BB, N, Nl, N2, VAL, EM); "CODE" 34151; 
"PROCEDURE" VECSYMTRI<D, B. N, Nl, NZ, VAL, VEC, EMlJ 
"CODE" 341521 
"PROCEDURE" BAKSYMTRil(A, N, Nl, N2• VEC); "CODE" 34144; 

TFMSYMTRil(A, N, D, B. BB~ EM)g 
VALSYMTRifD, BB, N, 1, NUMVAL, VAL, EM)B 
VECSYMTRI(D, B, N, 1, NUMVAL, VAL, VEC, EM); 
BAKSYMTRil(A, N, l, NUMVAL, VEC) 

"END" EIGSYMl; 
"EOP" 

"CODE" 341621 
"COMMENT" MCA 23221 
"INTEGER" "PROCEDURE" 0RIVALSYMZ(A, N, VAL, EM)S "VALUE" NJ 
"INTEGER" NJ "ARRAY" A, VAL, EM; 
"BEGIN" "ARRAY" R, 88[11Nl; 

"PROCEDURE" TFHSYMTRI2(A, N, D, B, BB, EM)J "CODE" 341401 
"INTEGER" "PROCfOURE" QRIVALSYMTRICD, BB, N, EMI; 
"COOf" ~416~; 

TFMSYHTRI2(A, N, VAL, B, BB, EN); 
QRIVALSYM21• QRIVALSYMTRI(VAL, BB, N, EM) 

"END" 0RIVALSYMZ;· 
"EOP" 



SECTION 3e3elele2 

"CODE" 341631 
"COMMENT" HCA 23211 

(JULY 1974) 

"INTEGER" "PROCEDURE" ORISYM(A, N, VAL, EM); "VALUE" NJ 
"INTEGER" NI "ARRAY" A, VAL, EHi 
"BF.GIN" "ARRAY" B, 8B[ltN]J 

"PROCEDURE" TFMSYMTRI2(A, N, D, B, as. EM)J "CODE" 341401 
"PROCEDURE" TFMPREVECCA, N)f "CODE" 341421 
"INTEGER" "PROCEDURE" 0RISYMTRICA, N, D, B, BB, EM); 
"CODE" 34161; 

TFMSYHTRI2(A, N, VAL, B, BB, EM)I TFNPREVEC<A, N)J 
QRISYHI• QRISYMTRI(A, N, VAL, B, 88, EM) 

"END" QRJSYMI 
"EDP" 

"CODE" 341641 
"COMMENT" MCA 23271 
"INTEGER" "PROCEDURE" QRIVALSYHl(A, N, VAL, EM)t "VALUE" N; 
HJNTEGER" Na "ARRAY" A, VAL, EHJ 
"BEGIN" "ARRAY" B, 88[1 I NlJ 

"PROCEDURE" TFMSYHTRilCA, N, D, B, 88, EH); "CODE" 34143J 
"INTEGER" "PROCEDURE" QRIVALSYMTRI(D, 88, N, EM); 
"CODE" 3416~1 

TFHSYMTRil(A, N, VAL, e; 88, EM)I 
ORlVALSYHlt• ORIVALSYMTRI(VAL, BB, N, EM) 

"END" QRIVALSYMl; 
"EOP" 
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AUTHORSI JeJoGe ADMIRAAL, AeCe YSSELSTEIN. 

CONTRIBUTORt J.J.G. ADMIRAALe 

IN~TITUTEt UNIVERSITY Of AHSTEROAM. 

RFCEIVEOI 761101. 

BRIEF DESCRIPTIONS 
THIS SECTION CONTAINS THREE PROCEDURES FOR SORTING THE 
ELEMENTS OF A VECTOR AND CORRESPONDINGLY PERHUTING THE 
ELEMENTS OF A VECTOR OR A HATRIX ROW. 
Al MERGESORT DELIVF.RS A PERMUTATION OF INDICES 

CORRESPONDING TO SORTING THE ELEMENTS OF A GIVEN 
VECTOR INTO HON•DECREASING ORDER. 

Bl VECPeRM PERMUTES THE ELEMENTS OF A GIVEN VECTOR 
CORRESPONDING TO A GIVEN PERMUTATION OF INDICES. 

Cl ROWPF.RH PERMUTtS THE ELEMENTS OF A GIVEN ROW OF A 
MATRIX CORRESPONDING TO A GIVEN PERMUTATION OF 
INDICES. 

KEYWORDS I 
SORTING• 
PERMUTING. 

SUBSECTIONt MERGESORT. 

CALLING SEOUENCF.1 

PAGE 1 

THF DECLARATION OF THE PROCEDURE IN THE CALLING PROGRtM READSr 

"PROCEDURE" MERGElORT(VECl,VEC2,LOW,UPPll 
"VALUE" LOW,UPP;"INTEGER" LOW,UPPl"ARRAY" VECl,VECZI 
"CODE" 364l~5: 

THE MEANING OF THE FORMAL PARAMETERS IS1 
VECl a<ARRAY IDENTIFIER>; 

"ARRAY" VECl[LOWtUPP1J 
ENTRYI THE VECTOR TO BE SORTED INTO 

NONDECREASING ORDER; 
EXIT• THE CONTENTS OF VECl ARE LEFT INVARIANT; 

VECl r<ARRAY IDENTIFIER>; 
"INTEGER""ARRAY" VEC2[LOWIUPP]I 
EXIT1 THE PERMUTATION OF INDICES CORRESPONDING TO 

SORTING THE ELEMENTS OF VEC1 INTO 
NON-DECREASING ORDERS 

LOW I <ARITHMETIC EXPRESSION>1 
THE LOWER INDEX OF THE ARRAYS VECl ANO VEC2J 

UPP 1 <ARITHMETIC EXPRESSION>; 
THE l!PPER INDEX OF THE ARRAYS VEC1 AND VEC21 



<NOVEMBER 1976) 

PROCEOIJRES USEIJI NONE. 

RFOUIRr.O CENTRAL MEMORYI ONE LOCAL INTEGER ARRAY OF 
LENGTH N,WHERE N •UPP• LOW+ le 

RUNNING TIME1 AVERAGE PROPORTIONAL TON* LN(NI. 

LANGUAGES ALGOL 60. 

METHOD AND PERFORMANCE& SORTING BY MERGING. (Cll,tZll 

EXAMPLE OF USE1 THE PROCEDURE MERGESORT IS USED IN SYHEIGIHP 
(SFCTION 3.~.1.1.3.3). 

SUBSECTION• VECPERMe 

CALLING SEOUF.NCEI 

PAGE Z 

THE DECLARATION OF THE PROCEDURE IN THE CALLING PROGRAM READS• 

"PROCEDURE" VECPERM(PERH,LOW,UPP,VECTORJI 
"VALUE" LOW,UPPS "INTEGER" LOW,UPP; 
"INTEr.ER" "ARRAY" PERM;"ARRAY" VECTOR; 
"CODE" '361tl041 

THE MEANING nF THE FORMAL PARAMETERS ISs 
PERM s<ARRAY IDENTIFIER>; 

"INTEGER" "ARRAY" PERMCLOWIUPPll 
ENTRYI A GIVEN PERMUTATION (E.G.AS PRODUCED BY 
MERGES□ RTI OF THE NUMBERS IN THE ARRAY VECTORJ 

LOW s<ARITHMETIC EXPRESSION>; 
THE LOWER INDEX OF THE ARRAYS PERM ANO VECTORt 

UPP a<ARITHMETIC EXPRESSION>1 
THE UPPER INDEX OF THE ARRAYS PERM AND VECTOR; 

VECTOR s<ARRAY IDENTIFIER>; 
"ARRAY" VECTORCLOWIUPPlt 
ENTRYI THE REAL VECTOR TO BE PERHUTEOI 
~XIT1 THS PERMUTED VECTOR ELEMENTS. 

PR□CEDIJRE USEOc NONE. 

REOUIRF.D CENTRAL MENORY I 
ONF LOCAL BOOLEAN ARRAY OF LENGT~ N IS DECLARED. 

RUNNING TIME1 PROPORTIONAL TON. 

LANGUAGES ALGOL 60. 

F.XAMPLe OF USE1 THF. PROCEDURE VECPERM IS USED IN SYMEIGIMP; 
(SECTION 3e3el.l.3e3la 



SUBSECTION1 ROWPERHe 

CALLING SEQUENCE1 

(NOVEMBER 1976) PAGE 3 

THE DECLARATION OF THE PROCEDURE IN THE CALLING PROGRAM READSt 

"PROCEDURt" ROWPERM(PeRH,LOW,UPP,l,MATRIX)I 
"VALUE" LOW,UPP,I;"INTEGER" LOW,UPP,Ir 
"INTEGER" "ARRAY" PERHl"ARRAY" HATRIXJ 
"CODi" 364031 

THE MEANING OF T~E FORMAL PARAHETF.RS IS1 
PERM a<ARRAY IDEMTIFIER>I 

"INTEGER" "ARRAY" PeRM[LOWtUPP]; 
ENTRY1 A GIVEN PERMUTATION (E.G. AS PRODUCED BY 
HERGESORT) OF THE NUMBERS IN THE ARRAY VECTORS 

LOW a<ARITHMETIC EXPRESSION>r 
THE LOWER INDEX OF THE ARRAY PERMJ 

UPP &<ARITHMETIC EXPRESSION>; 
THE UPPER INDEX OF THE ARRAY PERHI 

I t<ARITHHETIC EXPRESSION>1 
THE ROW INDEX OF THE MATRIX ELEMENTS; 

MATRIX t<ARRAY IDENTIFIER>I 
"ARRAY" MATRIX CI rI, LOW r UP]I 
ENTRYIHATRIX CI, LOW I UP] SHOULD CONTAIN THE 
~LeMENTS Tn BE PERMUTED; 
EXIT• MATRIXCI, LOW t UP] CONTAINS THE ROW OF 
PERMUTED ELEMENTSI 

PROCEDURES US~DI NONE ■ 

REOUIRED CENTRAL HEMORYt 
ONE LOCAL BOOLEAN ARRAY OF LENGTH N IS DECLARED. 

RUNNING TIHEt PROPORTIONAL TON, WHERE N • UPP - LOW+ le 

LANGUAGES ALGOL 60 ■ 

EXAMPLE OF use, THE PROCEDURE ROWPERM IS USED IN SYMEIGIMP. 
(SECTION 3.3.lele3e3)e 

REFERENCES a 

[11 D.e. KNUTH• THE ART OF COMPUTER PROGRAMMING, 
VOL. 3/ SORTING ANO SEARCHING,ADDISON-WESLEY 1973. 
(SECTION 5.2.4 Pel59-173)e 

£2] A.v. AHO. J.E. HOPCROFT & J.D. ULLMAN, 
THE DESIGN ANO ANALYSIS OF COMPUTEP ALGORITHMS, 
ADDISON-WESLEY 1974 ■ 
(SECTION I.M, P65-67). 



SfCTION s 3e3elele3el 

SOURCE TEXTSI 

CODE" 364051 

(NOVEMBER 1976) 

"PROCEDURE" MER~FSORT(A,P,LOW,UP);"VALUE" LOW,UP; 
"INTEGER" LOW.UPJHARRAY" AJ"INTEGER" "ARRAY" PI 

PAGE 4 

"BEGIN" "INTEGER" I,L,R•PL,PR,LO,STEP,STAP,UMLP1,UMSP1,REST,RESTV1 
"BOOLEAN" ROUT,LOUTI "INTEGER" "ARRAY" HPCLOW1UP]; 
"PROCEDURE" MERGE(LO,LS,RS>t"VALUE" LO,LS,RSt"INTEGER" LO,LS,RSI 
"BFGIN" Ll•LOS R1•LO+LS1 LOUTl•ROUT••"FALSE"I 

"FOR" Ia•LO,I+l "WHILE" A(LOUT "OR" ROUT) "DO" 
"AEGIN" PLl•PtLJ;PRl•PtR1;"IF" ACPLl>A[PRl "THEN" 

"BEGIN" HPCI]l•PRIRl•R+llROUTl•R•LO+LS+RS "END" "ELSE" 
"BEGIN" HPCilt•PLJLl•L+llLOUTl•L•LO+LS "END" 

"END" FOR I; 
"IF" ROUT "THEN" 
"BEGIN" "FOR" Is•LO+LS•l "STEP" •l "UNTIL" L noon 

PCI+RSJ1•PCil;R1•L+RS 
"END"J 
"FOR" Ia•R-1 "STEP" -1 "UNTIL" LO noon PCilt•HP[IJJ 

"ENO" MERGE; 
"FOR" It•LOW "STEP" 1 "UNTIL" UP noon P[Ila•IIRESTVt•OJ 
UMLPlt•UP•LOW+ll 
"FOR" STEPl•l, STEP*Z "WHILE" STEP< UMLPl "00" 
"BF.GIN" STAPt•Z•STEPJUMSPll•UP-STAP+lJ 
' "FOR" LOa•LOW "STEP" STAP "UNTIL" UMSPl "DO" 

MERGE(LOtSTEP,STEP); PESTl•UP•LO+l; 
"IF" REST>RESTV 6 R~STV>O "THEN" MERGE(LO,REST•RESTV,RESTV)t 
RESTVl•REST 

"END" FOR STEP 
"END" MFRGESORTI 



SECTION 1 3.3.l.le3el (NOVEMBER 1976) 

"CODE" 364041 
"PROCEDURE" VECPERH(PERM,LOW,UPP,VECTOR)i"VALUE" LOW,UPPJ 
"INTEGER" LOW,UPP;"INTEGER" "ARRAY" PERMJDREAL" "ARRAY" VECTOR; 
"BEGIN" "INTEGER" T,J,Kl"REAL" Al"BOOLEAN" "ARRAY" TODO[LOWIUPP]; 

"FOR" Tl•LOW "STEP" 1 "UNTIL" UPP "DO" TODOCTll•"TRUEHJ 
"FOR" Tl•LOW "STEP" 1 "UNTIL" UPP "DO" 
"BEGIN" "IF" TODO[Tl "THEN" 

"BEGIN" Kt•TJAt•VECTORCK]J 
"FOR" Jl•PERH[K] "WHILE" JA•T "DO" 
"BEGIN" VECTOR[Klt•VECTORCJ]ITOOO[Klt•"FALSE 8 ;Kt•J 
"EN0"1VECTOR[Kl&•AJTOOO[Kl1• 8 FALSE 0 

"END" CYCLE; 
"END" FOR TB 

"rND" VECPERHJ 

"CODE" 364038 
"PROCEDURE" ROWPERM(PERH,LOW,UPP,I,~AT)l 8 VALUE" LOW,UPP.IJ 
"INTEGER" LOW,UPP,XaHINTEGER" "ARRAY" PERHJ"REAL" "ARRAY" HAT; 
"BEGIN" "INTEGER" T,J,K; 8 REAL 8 Al"BOOLEAN" "ARRAY" TODO[LOW&UPPlS 

"FOR" Tl•LOW "STEP" l "UNTIL" UPP "DO" TODO[Tl&•"TRUE"J 
HFORH Ts•LOW "STEP" 1 HUNTIL" UPP noon 
"BEGIN" "IF" TOOOCTl "THEN" 

"BEGIN" Kl•TIAl•HATCI,KlS 
HFOR" Jl•PERMCK] "WHILE" JA•T noon 
"BEGIN" MATCI,Kll•HATCI,J];TOOOCKlt•"FALSE";Kt•J 
"END"aMAT[I,K]l•AJTOOOCK]l•"FALSE" 

"END" CYCLf; 
"END" FORT; 

"END" ROWPERHJ 

PAGE 5 
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BRIEF DESCRIPTIONS 

PAGE 1 

T~E PROCEDURE ORTHOG ORTHOGONALIZES SOMF. ADJACENT MATRIX COLUMNS 
ACCORDING TO THE MODIFIED GRAM SCHMIDT METHOD (SEE [ll)e 

KEYWORDS• 
MATRIX COLUMNS, 
MODIFIED GRAM SCHMIDT ORTHOGONALIZATION. 

CALLING SEQUENCES 

THE DF.CLARATION OF THE PROCEDURE IN THE CALLING PROGRAM READS• 

"PROCEDURE" ORTHOGtN,LC,UC,XlJ 
"VALUE" N,LC,UC; "INTEGER" N,LC,UC;"ARRAY" Xs 
11 CODE" 364018 

T!-IE MEANING OF THE FORMAL PARAMETERS IS• 
N 1<ARITHMETIC EXPRESSION>; 

THE ORDER OF THE MATRIX XI 
LC a<ARITHMETIC EXPRESSIOM>1 

THE LOWER COLUMN INDEX OF THE MATRIX COLUMNS.I 
UC 1<ARITHMETIC EXPRESSION>; 

THE UPPER COLUMN INDEX OF THE MATRIX COLUMNSS 
X a<ARRAY IDENTIFIER>I 

"ARRAY" xr11N,LC1UC]; 
ENTRYI THE NATR!X COLUMNS,TO BE 

ORTHOGONALIZED I 
EXITI THE ORTHOGONALIZED MATRIX COLUl'INS. 

PROCEDURES USi:DI 
TAMMAT • CP34014, 
ELMCOL • CP3lti023. 

REQUIRED CENTRAL MEMORY• NO LOCAL ARRAYS ARE DECLARED. 

RUNNING TIMEa PROPORTIONAL TO N**3• 



LANGUAGES ALGOL 60. 

METHOD ANO PERFORMANCFt 

(NOVEMBER lQ76) 

TH~ MODIFIED GRAM SCHMIDT METHOD (SEE [ll,CHAPTER 4.54). 

fXAMPLF. OF use, THE PROCEDURE ORTHOG IS USED IN SYMEIGIMP. 
(SECTION 3.3.lelo3o3le 

RFFERENCESt 
rll J.H. WILKINSON. 

THE ALGEBRAIC EIGENVALUE PROBLEM. 
CLARENDON PRESS,OXFORD,1965. 

SOURCE TEXTI 

"CODE" 364021 
"PROCEDURE" ORTHOG(N,LC.UC,Xll"VALUE" N,LC,UCJ 
"INTEGER" N,LC,UC:"ARRAV" XJ 
"BEGIN" "INTEGER" I,J,KI "REAL" NORMXJ 

"REAL" "PROCEDURE" TAMMAT(L,U,I,J,A,B); "CODE" 34014; 
"PROCEDURE" ELMCOL(L,U,I,J,A,B,X); "CODE" 34~231 
"FOR" Jt•LC 11STEP" 1 "UNTIL" UC "00" 
•BEGIN" NORMXt•SQRT(TAMMAT(l,N,J,JiX,X))J 

"FOR" 11•1 "STEP" l "UNTIL" N "DO" icI,Jls•XCI,Jl/NORMXI 
"FOR" Kt•J+l "STEP" 1 "UNTIL" UC noon 
ELMCOL(l,N,K,J,X,X,-TAMMAT(l,N,K,J,X,X)) 

"END" 
"FND" ORTHOGI 
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AUTHOR/CONTRIBUTORI JeJeGe ADMIRAALa 

INSTITUTE& UNIVERSITY OF AMSTeRDAMe 

RfCEIVEDt 7611~1. 

BRIEF DESCRIPTIONI 
THE PROCEDURE SYHEIGIMP IMPROVES A GIVEN APPROXIMATION OF 
A REAL SYMMETRIC EIGENSYSTEM ANO CALCULATES ERROR BOUNDS 
FOR THE EIGENVALUES. 

KEYWORDS I 
EIGENVALUES. 
EIGENVECTORS. 
SYMMETRIC MATRIX. 
RAYLEIGH QUOTIENTS. 
ERROR 130IJNOSe 
INPROVED EIGENSYSTEMa 

CALLING SEQUENCE• 

THE HEADING OF THE PROCEDURE IS t 

"PROCEDURE" SYMEIGIMPfN,A,VEC,VAL1,VAL2,LBOUND,UBOUND,AUX)S 
"VALUE" Nl"INTEGER" NI 
"ARRAY" A,VEC,VALl,VAL2,LBOUND,UBOUND,AUXI 
11 CODE" 36'9i011 

THE MEANING OF THE FORMAL PARAMETERS ISt 
NI <ARITHMETIC EXPRESSION>; 

THE ORnER OF MATRIX AJ 
At <ARRAY IDENTIFIER>B 

"ARRAY" ACltN,ltN] CONTAINS A REAL SYMNETRIC MATRIX 
WHOSE EIGENSYSTEM HAS TO BE IMPROVED; 

VECI <ARRAY IDENTIFIER>B 

PAGE 1 

"ARRAY" VECCltN,llN] CONTAINS A MATRIX WHOSE COLUMNS ARE 
A SYSTEM OF APPROXIMATE EIGENVECTORS OF MATRIX Af 
ENTRYt INITIAL APPROXIHATIONSI 
EXIT• IMPROVED APPROXIMATIONSS 

VALlt <ARRAY IDENTIFIER>J 
"ARRAY" VALl[llN]I 
ENTRY& INITIAL APPROXIMATIONS OF THE EIGENVALUES OF A; 
EXITa THE HEAD PARTS OF THE DOUBLE PRECISION IMPROVED 
APPROXIMATIONS OF THE EIGENVALUES OF Al 

VAL'• <ARRAY IDENTIFIER>; 
"ARRAY" VAL2[11N]; 
EXITS THE TAIL PARTS OF THE DOUBLE PRECISION 

IMPROVED EIGENVALUES OF Al 
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LBOUND. 
UBOUNOI <ARRAY IDENTIFIER>; 

EXITa "ARRAY" LBOUND• UBOUND [11N] CONTAIN THE LOWER 
AND UPPER ERRORBOUNDS RESPECTIVELY FOR THE EIGENVALUE 
APPROXIMATIONS IN VALl.VAL2[llN] SUCH THAT THE 
I~TH EXACT EIGENVALUE LIES BETWEEN VAL1[Il+VALZCI1 
-LBOUND[I] AND VAll[ll+VAL2Cil+UBOUNDCilJ 

AUXs <ARRAY IDENTIF-IER>; 
"ARRAY" AUXC~t5]1 
ENTRYt AUX[Ol• THE RELATIVE PRECISION OF THE ELEMENTS OF At 

AUX[2l• THE RELATIVE TOLERANCE FOR THE RESIDUAL MATRIX; 
THE ITERATION ENDS WHEN THE MAXIMUM ABSOLUTE 
VALUE OF THE RESIOU ELEMENTS IS SMALLER THAN 
AUX[Zl*AUX[lle 

AUX[4]• THE MAXIMUM NUMBER OF ITERATIONS ALLoweo1 
EXITI AUXClJ• INFINITY NORM OF THE MATRIX AJ 

AUXC3l• MAXIMUM ABSOLUTE ELEMENT OF THE RESIDUAL MATRIXI 
AUXC5l• NUMBER Of ITERATIONSI 

PROCEDURES US-ED• 
LNGMATVEC 
LNGMATMAT 
LNGTAMMAT 
vecvec 
l'IATMAT 
TAMMAT 
MERGESORT 
VECPERM 
ROWPEP.M 
ORTMOG 
0RISYM 
INFNRl'414AT 

• CP34411, 
• CP34413, 
• CP34414, 
• CP34010• 
• CP34013• 
• CPH014. 
• CP36405, 
• CP3641ll4• 
• CP36403• 
• CP36402, 
• CP34163, 
• CP31064e 

RUNNING TIME• ROUGHLY PROPORTIONAL TON CUBEDe 

REQUIREO CENTRAL MEMORVI 
AUXILIARY ARRAYS ARE DECLARED TO A TOTAL OF 3*N*N + 6*N REALS 
AND N INTEGERSI MOREOVER, N INTEGERS ORN BOOLEANS ARE USEO 
BY MERGESORT, VcCPERM AND ROWPERNa 

METHOD ANO PERFORMANCES SEEClla 
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REFERENCES& 
Cl]. J.J.Ge ADMIRAALe 

ITF.RATIEF VeRBETEREN VAN REEEL SYMMETRISCH EIGENSYSTEEH 
EN REREKENEN VAN FOUTGRENZEN VOOR OE VERKREGEN EIGENWAARDENe 
DOCTORAL SCRIPTION1MARCH 1976, 
UNIVERSITEIT VAN AMSTERDAM. 

C2l. R.T. GREGORY AND Dole KARNEY. 
A COLLECTION OF MATRICES FOR TESTING COMPUTATIONAL 
ALGORITHMS• 
WILEY-INTERSCIENCE, 1969a 

EXAMPLE OF USE. 

"REGIN" "INTEGER" I,J;HREAL" SJ 
"ARRAY" A,XC114al14l,VAL11VAL21LBOUND,UBOUND[l14l,EM,AUXC015]1 
"PROCEDURE" SYMEIGIMPCN,A,X,VAL1,VAL2,LBOUND,UBOUNO,AUX); 
"CODE" 364!01; 
"INTEGER" "PROCEDURE" ORISYMCA,N,VAL,EM)l"C□DE" 34163J 
AC1,ll1•AC2,2ll•AC3,3ll•AC4,4l1•6J 
AC1,2ll•At2,ll&•AC3,l]S•AC1,3]1 ■ 4; 
AC4,21t•AC2,41t•AC3,4lt•AC4,3lt•41 
A[l,4ll•At4,llt•AC3,2]B•ACZ,3l1•11 
"FOR" 11•1 "STEP" 1 HflNTJLH 4 "00" 
"FOR" Jl•I "STEP" 1 "UNTIL" 4 "OD" X[l,Jll•XCJ,I]l•ACI,J1J 
OUTPUT(61,H(Hfl(HAH)H,/,4(4(+OB),/)HtH,A); 
EM[~l••"-14JEMC4l1•llOIOIEM[2]1•"-5J 
ORISYH(X,4,VALl,EH)I 
AUX[Oll•OIAUXC411•1n1AUXC2l1•"•14J 
SYMEIGIMP(4»A,X,VAL1,VAL2,LBOUND,UBOUND,AUX); 
OUTPUT(61,"("l,"("THE EXACT EIGENVALUES AREi •l • +5, +5, +15")", 
II, 
"<"THE DIFFERENCES. BETWEEN THE CALCULATED AND THE !XACT EIGENVALUES" 
)H,//,4(N,/)N)H,(VAL1[1J+ll+VAL2[ll,(VAL1[2]•5>+VAL2[2l,(VAL1[3l-
5)+VAL2[3l•(VAL1[4l-15)+VAL2[4])J 
OUTPUT(61,"("l,"("LOWERBOUNDS UPPERBOUNDS")",// 8 )")1 
"FOR" 11•1 "STEP" l "UNTIL" 4 noon 
OUTPUT(61,"("2(+D.D"+0D5B),/")",LBOUND[Il,UBOUNDCI]); 
OUTPUT(61,"("l,"C"NUHBER OF ITERATIONS• ")",ZD//, 
"("INFINITY NORM OF A• H)H,ZD//, 
ff(HHAXIMlJM ARSOLIITE ELEMENT OF RESIDI.I • tt)n,o.on+DD")", 
AUX[5],AUX[l],AUX[3]) 

"FND" EXAMPLE OF USE 



SfCTION 1 3o3olelo3o3 

OH IVERS I 

A 
+6 +4 +4 +1 
+4 +6 +1 +4 
+4 +1 +6 +4 
+l +4 +4 +6 

(NOVEMBER 19761 

THE EXACT EIGENVALUES AREi -1, ♦,, +5 a +15 

THE DIFFERENCES RETWEEN THE CALCULATED AND THE EXACT EIGENVALUES 

-6. 34231"7!02925~"..;1022 
+5. 5934784498Ql0"-018 
+4.0389678347316"•028 
-5.5Q47317864427"•018 

LOWER SOUNDS 

+l.2"-21 
+7.5 11-09 
+l.0"-13 
+5.6"-18 

UPPERBOUNOS 

+l.2"-23 
+7.5"-lrl9 
+l.0"-13 
+5.l,"•18 

NUMBER OF ITERATIONS• 2 

INFINITY NORM OF A• 15 

MAXIMUM ABSOLUTE ELEMENT OF RESIOU • 2.an-14 

PAGE 4 



SOURCETFXTr 

11CODE 11 364011 

(NOVEMBER 1976) 

11PROCEDURE 11 SYHEIGIMP(N,A,VcC,VALl,VAL2,LBOUND,UBOUND,AUX); 
"VALUE 11 N111INTEGER 11 Nl"ARRAYH A,VEC,VALl,VALZ,LBOUND,UBOUND,AUX; 
11 BEGIN" 

"PROCEDURE" ORTHOG(N,LC,UC,X)J"CODE 11 364021 
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IIPROCEDURE 11 MERGESORT(VEC1,VEC2,LOW,UPP)J 11CODE 11 36405; 
IIPROCEOURE 11 VECPERM(PERM,LOW,UPP,VECTOR)JHCQDE 11 36404J 
"PROCEDURE" ROWPERM(PERM,LOW,UPP,MATRIXJJ 11CODE" 36403; 
"INTEGER" K,I,J,IO,Il,ITER,HAXITPlJ 11RcAL 11 S,HEAD,TAIL,MAX,TOL, 
HATEPS,RELEPRA,RELTOLR,NOPHAl"INTEGER" 11 ARRAY" PERH[l1Nll 
11 ARRAY 11 R,P,Y[l1N,l1Nl1R0,R0T~EPS,Z,VAL3,ETA[l1N]J 
11 PROCEDURE 11 BOUHDS(IO,Il,N,LBOUND,UBOUND)J 11 VALUE 11 IC,Il,Nt 
11 INTEGER" IO,Il,N1 11 ARRAY 11 LBOUND,UBOUND; 
118FGIN 11 "INTEGER" K,I,J,I01J 11 REAL 11 EPSZ,DL,DRJ 

11 FOR 11 It•IO,IOl 11WHILE 11 I<•Il 11D0 11 

"BEGIN" Jr•IOlr ■ I; 
llfOR" Jl•J+l "WHILE" "IF 11 J>Il 11 THEN" 11 FALSE 11 "ELSE 11 
ROCJl•RQ[J-ll<•EPSCJl+EPSCJ-ll 11 D0 11 IOll•JJ 
11 IF 11 I• 101 11 THEN" 
11 1!EGIN 11 

11 IF 11 I<N 11THEN 11 

"BEGIN" 
11 IF" I•l "THEN" DLl•DR1•ROCI+ll-RQCil-EPSCI+ll 
"ELSE" 11 BEGIN 11 DLt•RO[Il-RQCI-ll-EPS[I-l]J 

DRa ■RQ[I+ll-RO[Il-EPSCI+ll 
11 END" 

"END" 11ELSE" DLl•DRl•RQ[Il-RQ[I-ll-EPSCI-1]8 
EPS21 ■EPSCil*EPSCilJLBOUNDCill•EPSZ/DR+MATEPS; 
!IBOUNO[Ilt•EPS2/DL+HATEPS 

"END 11 "ELSE 11 

"BEGIN" "FOR 11 Kt•I "STEP" l "UNTIL" IOl 11D0 11 
LBOUNDCK]l ■UBOUND[Kll•EPS[Kl+MATEPS 

11 END 11 1IOll•IOl+l 
"END" 

11END 11 BOUNOSI 
"PROCEDURE" LNGMATVEC(L,U,I.A,B,C,CC,D,00)1 11CODE 11 34411J 
11 PROCEDURE" LNGTAMMAT(L,U,I,J,A,B,C,CC,D,DO);HCOOE" 34414; 
"PROCEDURE" LNGMATMAT<L,U,I,J,A,B,C,CC,D,DD)JIICODE 11 344133 
"INTEGER" 11PROCEDURE" 0RISYMlA,N,VAL,EM)l 11 CODE 11 341631 
"REAL 1111PROCEDURE" VECVEC(L,U,SHIFT,A,8)1"CODE" 340101 
"REAL""PROCEDURE" HATHAT(L,U,I,J,A,B)J"CODE" 340131 
11RFAL 1111PROCEOURE 11 TAHHATCL,U,I,J,A,B)l"CODE 11 340141 
"REAL" IIPROCEDURE 11 INFNRMMAT(LC,UC,LR,UR,K,A)J"CODE" 31064; 
11 BOOLEAN" STOP1STOP1 ■°FALSE"INORMA1 ■ INFNRMMATC1,N,1,N,S,A)I 
RELERRAl•AUX[011RELTOLRl•AUX[2]1MAXlTPlt•AUX[4l+ll 
MATEPSl ■RELERRA•NORHAJTOLt•RELTOLR•NORMAI 
11 FOR 11 ITERl•l 11STEP 11 1 11UNTIL" MAXITPl 11 D0 11 
11 BEGIN 11 STOPl• 11 TRUE 11 JMAXl•OJ 
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"FOR" Ja•l "STEP" l "UNTIL" N noon 
"FOR" Il•l "STEP" l "UNTIL" N "00" 
"BEGIN" 

LNr.MATVEC(J.J,I.vec.VALl,O,O,HEAO,TAIL); 
LNGMATMAT(l,N,I,J,A,VEC,-HEAD,-TAIL,RCI,J1,TAIL); 
"IF"ABS(R[I,Jl)>MAX "THEN" MAXl•ABS(R[I1J1) 

"END"l"IF" MAX> TOL "THEN" STOPt•"FALSE"J 
"IF" "NOT" STOP "ANO" ITER<MAXITPl "THEN" 
"BEGIN" 

"FOR" Ia•l "STEP" l "UNTIL" N "DO" 
LNGTAMMAT(l,N,I,I,VEC,R,VALlCil,O,RQ[ll,RQTCIJ)I 
"FOR" Jt•l "STEP" l "UNTIL" N noon 
"BEGIN" "FOR" I••l "STEP" l "UNTIL" N "DO" 

ETACill•RCI,Jl-CRQCJl-VALlCJl)*VECCI,Jl; 
ZCJJs•SORT(VECVECCl,N,O,ETA,ETA)) 

"ENO"I 
MeRGESORT(RO,PERM,l,N)IVECPERM(PERM,1,N,RO); 
"FOR" I1•l "STEP" l "UNTIL" N "DO" 
"BEGIN" EPSril1•ZCPERMCillJVAL3Cilt•VAL1CPERMCill, 

ROWPERMCPERM,1,N,1,VEC)IROWPERM(PERM,1,N,1,Rl 
11 i:ND 11 g 
"FOR 11 11•1 "STEP" 1 "UNTIL" N "DO" 
IIFOR" Jt•I "STEP" l "UNTIL" N "DO" 
P[I,Jlt•PCJ,Ilt•TAMMAT(l,N,1,J,VEC,R); 

"END 11 1 
19F0R"l0t•l,Il+l "WHILE" IO<•N "DO" 
11 BEGIN 11 JB•Ilr ■ I',O; 

PAt;E 6 
J 

"FOR" Jl•J+l "WHILE" "IF" J>N "THEN" "FALSE" "ELSE" 
RO[Jl•RQ[J-11<•SQRT(CcPS[Jl+EPStJ-1l)*NORMA) "DO" Ilt ■ J; 
11 IF" STOP "OR" ITER•MbXITPl "THEN" 
ROUNDS(IO.Il»N,LBOUND,UBOUND> "ELSE" 
"BEGIN" . 

"IF" IO•Il "THEN" 
"BfGIN" IIF □ R" K&•l "STEP" 1 "UNTIL" N "D0 11 

"IF" K•IO "THEN" Y[K.I011•1 "ELSE" 
RCK» lOJ a •PCK, 10]3 
VALl[IvlB•RQCIOl;VAL2CI~li ■RQTCPERMCIOll 

"END" "ELSE" 
RBEGIN""lNTEGER" Nl,IOMl,IlPll"REAL" M1J"ARRAY"F.M[015]J 

Nl1 •Il-Ia+l;EMCIOl l•EMC2l t• 11-lltJl:MC4l 1•Ul•Nl a 
"BEGIN" 11 ARRAY" PP[l1Nl•l•Nll•VAL4[11NllJMlt•Oa 

"FOR" Kl•IO "STEP" 1 "UNTIL" Il "DO" 
Mll•Ml+VAL3CK];Ml1•Ml/Nl; 

"COMMENT" 
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11 FOR 11 11•1 11STEP 11 l "UNTIL 11 Nl "DO" 
"FOR" Jt•l "STEP" 1 "UNTIL" Nl noon 
"BEGIN 11 PPCI,Jll•PCI+IO-l,J+Ia-111 
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"If" I•J "THEN" 
PPCI,Jl••PP[I,Jl+VAL3CJ+IO•ll-Ml 

11 ENO";"FOR" It•IO "STEP" 1 "UNTIL 11 Il 11 D0" 
"BEGIN 11 VAL3CIJl•MlsVALl[!]t•RQ[llJ 

VAL2Cilt•RQTCPERMCI1l 
11 END"J 
ORISYM(PP,Nl,VAL4,E")S 
MERGESORT(VAL4,PERM,1,Nlll 
"FOR" 11•1 "STEP" l "UNTIL" Nl noon 
"FOR" Jl•l "STEP 11 l "UNTIL" Nl "00 11 

PCI+ I0-1" J+I0-1 'J 1 •PP U,PERM[ Jl l S 
ICMl1•IO-l1IlPl1•Il+ll 
"FOR 11 Js•ID 11STEP" l 11UNTIL 11 Il "0011 

"BEGIN" "FOR" It•l "STEP" l "UNTIL" IO~l, 
IlPl "STEP" 1 "UNTIL" N "0011 

11 BEGIN11 St•O; 
"FOP" Kl•IO 11 STEP11 l "UNTIL" Il 11 D0" 
St•S+PCI•Kl*PCK1>J]3 
R[I,J]l•S 

"EN0 11 J"FOR" IB•IO "STEP 11 l "UNTIL 11 Il noon 
YCI,Jll•PChJl 

11END" FOR J 
"END" INNERBLOCK 

"END 11 U>IO 
11 END" NOT STOP 

"END" FOR IOJ 
"IF" IINQTII STOP "ANDII ITER<MAXITPl "T~EN" 
11 BEGIN" 

11 FOR" Ja•l "STEP" 1 11 UNTIL" N "DO" 
11 FOR" It•i "STEP 11 1 11UNTIL 11 N noon 
"If" VAL3Cll~•VAL3[Jl "THEN" 
YCI,Jl8•RCiaJl/(VAL3CJl-VAL3ril>J 
11 FOR" It•l "STEP 11 l 11 UNTIL 11 N noon 
11 8EGIN" 11 FOR" Jt•l 11STEP" l 11UNTIL" N noon 

Z[Jla•MATMAT(l,N,I,J,VEC,Y)I 
IIFQRH Jt•l "STEP" 1 HUNTILII N noon VECCI,Jll•ZCJl 

"ENO"sORTHOG(N,1,N,VEC) 
11ENO" "ELSE" 
"BEGIN" AUXC5la•ITER-1J"GOT0" EXIT "ENO" 

"END 11 FOR ITER; 
EXITI AUXC11••NOR~AtAUXC3]1•MAX 

ttfJNDII S YNE IG Il4P; 
11EOP 11 
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AUTHOR~I T.J. DEKKER• w. HOFFMANN. 

CONTRIBUTORSI Wa HOFFMANN, S.P.Ne VAN KAMPEN. 

INSTITUTE• MATHEMATICAL CENTRE. 

RECEIVED• 73111'• 

BRIEF DESCRIPTIONI 

THIS SECTION CONTAINS FIVE PROCFOURESI 
A) REAVALORI CALCULATES THE EIGENVALUES OF A REAL UPPER-HESSEN
BERG MATRIX, PROVIDED THAT ALL EIGENVALUES ARe REAL, BY MEANS OF 
SINGLE OR ITERATIONS 
B) REAVECHES CALCULATES THE EIGENVECTOR CORRESPONDING TO A GIVEN 
REAL EIGENVALUE OF A REAL UPPER-HESSENBERG MATRIX BY MEANS OF 
INVERSE ITERATION; 
C) PEAORI CALCULATES THE EIGENVALUES ANO EIGENVECTORS ~F A REAL 
UPPER-HESSENBERG MATRIX, PROVIDED THAT All EIG~NVALUES ARE REAL, 
BY MEANS OF SINGLE OR ITERATION; 
0) COMVALORI CALCULATES THE REAL ANO COMPLEX EIGENVALUES OF A REAL 
IJPPER-HESSENBERG MATRIX BY MEANS OF DOUBLE OR ITERATIONS 
E> COMVECHES CALCULATES THE EIGENVECTOR CORRESPONDING TO A GIVEN 
COMPLEX EIGENVALUE OF A REAL UPPER•HESSENBERG MATRIX BY MEANS OF 
INVERSE ITERATION. 

KEYWORDS I 

EIGENVALUE, 
EIGENVECTOR, 
UPPER•HESSENBERG MATRIX, 
OR ITERATION, 
INVERSE TTERATION. 
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SUA~ECTI0NI REAVAL0RI. 

CALLING SE0UENCE1 

THE HEADING OF THE PROCEDURE ISI 
"INTEGER" "PROCEDURE" REAVAL0RI(A, N, EM, VAL); "VALUE" N; 
"INTEGER" NI "ARRAY" A, EM, VALS 

THE MEANING OF THE FORMAL PARAMETERS ISs 
Al <ARRAY IDENTIFIER>J 

"ARRAY" A[llN,ltN]I 
ENTRYa THE ELEMENTS OF THE REAL UPPcR-HESSENBERG ~ATRIX 

MUST 8E GIVEN IN THE UPPER TRIANGLE ANO THE FIRST 
SUB0IAGONAL OF ARRAY AJ 

EXIT• THE HESS£NBERG PART OF ARRAY A IS ALTERE0I 
Nt <ARITHMETIC EXPRESSI0N>s 

THE ORDER OF THE GIVEN MATRIXi 
EMt <ARRAY IDENTIFIER>; 

"ARRAYH EMCOl5]1 
ENTRYI EN[0l, THE MACHINE PRECISIONS 

EMC11, A NORM OF THE GIVEN MATRIX; 
EMCZl, THE RELATIVE TOLERANCE USED FOR THE OR 

ITERATIONJ 
IF THE ABSOLUTE VALUE OF SOME SUBDIAG0NAL 
ELEMENT IS SMALLER THAN EMCll • EMCZl, THfN 
THIS ELEMENT IS NEGLECTED ANO THE MATRIX IS 
PARTITIONED; 

EM[41, THE MAXIMUM ALLOWED NUMBER OF ITERATI0NSI 
FOR THE CD CYBER 73-Z8 SUITABLE VALUES OF THE 
DATA TO BE GIVEN IN EM ARF.1 
EM CO l • 11-14, 
EN.[21 > EM[Cl (E.G. EM[Zl • "-13), 
EM[41 • 10 • NB 

EXIT1 EM[3l, THE MAXIMUM ABSOLUTE VALUE OF THE SUBDIAG0NAL 
ELEMENTS NEGLECTEDs 

EMC5l• THE NUMBER OF OR ITERATIONS PERFORNEDJ 
IF THE ITERATION PROCESS IS NOT COMPLETED 
WITHIN EM[41 ITERATIONS, THE VALUE EMC4l + 1 
IS DELIVERED AND IN THIS CASE ONLY THE LAST 
N - K ELEMENTS OF VAL ARE APPROXIMATE EIGEN
VALUES OF THE GIVEN MATRIX, WHERE K IS 
DELIVERED IN REAVAL0RIJ 

VALi <ARRAY IDENTIFIER>; 
"ARRAY" VALClaN]; 
THE EIGENVALUES OF THE GIVEN MATRIX ARE DELIVER;0 IN VAL. 

MOREOVER• 
REAVAL0RI OF.LIVERS O, PROVIDED THAT THE PROCESS IS COMPLETED WIT~IN 
EMC4l ITERATIONS; OTHERWISE REAVAL0RI DELIVERS THE NUMBER OF EIGEN
VALUES NOT CALCULATED. 



PRnCEDURES USEOa 

ROTCOL • CP34040, 
ROTROW • CP34041e 

(JULY 1974) 

RUNNING TIMEI ROUGHLY PROPORTIONAL TON CUBED. 

LANGUAGEI ALGOL 60. 

METHOD AND PERFORMANCES 

PAGE 3 

THE METHOD USED IN THE PROCEDURE REAVALORI IS THE SINGLE QR 
ITERATION OF FRANCIS (SEE REF[ll, Pe 54, REF[2l P. 51~ • 543 AND 
REFC3l). THE EIGENVALUES OF A REAL UPPER-HESSENBERG MATRIX ARE 
CALCULATED, PROVIDED THAT THE MATRIX HAS REAL EIGENVALUES ONLY. 

REFERENCES a 
[11. TeJ• DEKKER AND W. HOFFMANN. 

ALGOL 60 PROCEDURES IN NUMERICAL ALGEBRA, PART 2. 
MC TRACT 23, 1968, MATH. CENTR., AMSTERDAM. 

EZJ. J.H. WILKINSON. 
THr. ALGEBRAIC EIGENVALUE PROBLEM. 
CLARENDON PRESS, OXFORD, 1965. 

[31. J.G. FRANCIS. 
THE QR TRANSFORMATION, PARTS 1 AND 2e 
COMPe J. 4 (1961), 265 - 271 AND 332 - 345a 

EXAMPLE OF USEI 

THE PROCEDURE REAVALORI IS USED IN REAEIGVAL, SECTION 3e3ela2a2• 
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SUBSECTIONI REAVECHES. 

CALLING SE0UENCEt 

TME HEADING OF THE PROCEDURE ISI 
"PROCEDURE" REAVECHES(A, N, LAMBDA, EM, V)J "VALUE" N, LAMBDA; 
"INTEGER" NI "REAL" LAMBDA; "ARRAY" A, EM, V; 

TME MEANING OF THE FORMAL PARANETfRS ISI 
Al <ARRAY IOENTIFIER>J 

"ARRAY" A[ltN,ltN]; 

NI 

ENTRYt THE ELEMENTS 0~ THE REAL UPPER-HESSENBERG MATRIX 
MUST BE GIVEN IN THE UPPER TRIANGLE AND THE FIRST 
SUBDIAGONAL OF ARRAY Al 

EXITa THE HESSENB!RG PART OF ARRAY A IS ALTERED; 
<ARITHMETIC EXPRESSION>; 
THE ORDER OF THE GIVEN MATRIX! 

LAMBDA• <ARITHMETIC EXPRESSION>J 

EMS 

Vt 

THE GIVEN REAL EIGENVALUE OF THE UPPER-HESSENBERG MATRIXJ 
<ARRAY IDENTIFIER>; 
"ARRAY" EM[OtQ]I 
ENTRYt EM[Ol, THE MACHINE PRECISIONS 

ENC11, A NORM OF THE GIVEN MATRIXJ 
EMC61, THE TOLERANCE USED FOR THE 

INVERSE ITERATION ENDS IF 
NORM OF THE RESIDUE VECTOR 
El'ICll • E~C6J; 

EIGENVECTOR; THE 
THE EUCLIDIAN 

IS SMALLER THAN 

EMC81, THE MAXIMUM ALLOWED NUMBER OF ITERATIONS; 
FOR THE CO CYBER 73•?.8 SUITABLE VALUES OF THE 
DATA TO BE GIVEN IN EM AREi 
EM[Ol • "-14, 
EM'c6l • "-10, 
EMC81 • 51 

EXITt EM[7l, THE EUCLIDIAN NORM OF THE RESIDUE VECTOR OF 
THE CALCULATED iIGENVECTORJ 

EM[Ql, THE NUMBER OF INVERSE ITERATIONS PERFORMED; 
IF EMC7l REMAINS LARGER THAN EM[ll • EM[6] 
DURING EM[Bl ITERATIONS, THE VALUE EM[8l + 1 
IS OELIVEREDI 

<ARRAY IDENTIFIER>; 
"ARRAY" VCltNJ; 
THE CALCULATED EIGENVECTOR IS DELIVERED INV. 



PROCEDURES USED1 

VECVEC • CP34010, 
MATVEC • CP340lle 

RUNNING TIMEt ROUGHLY PROPORTIONAL TON SQUARED. 

LANGUAGE& ALGOL 60. 

METHOD ANO PERFORMANCEt 

PAGF. 5 

THE PROCEDURE REAVECHES CALCULATES AN EIGENVECTOR CORRESPONDING TO 
A GIVEN APPROXIMATE REAL EIGENVALUE OF A REAL UPPER-HESSENBERG 
MATRIX• BY MEANS OF INVERSE ITERATION tSEE REF[lJ, Pe 55, REF[2l, 
Pe 619 - 6?9 AND REFC3J)e 

RFFERENCES1 
[11. T.J. DEKKER AND w. HOFFMANN. 

ALGOL 60 PROCEDURES IN NUMERICAL ALGEBRA, PART 2a 
MC TRACT 23, 1968, MATHe CENTR., AMSTERDAM. 

f2J. JaHa WILKINSON. 
THE ALGfBRAIC EIGENVALUE PROBLEM. 
CLARENDON PRESS, OXFORD, 1965. 

[31a JeMe VARAHe 
EIGENVECTORS OF A REAL MATRIX BY INVERSE ITERATION. 
STANFORD UNIVERSITY, TECHa REP. NOa CS 34, 1966a 

EXAMPLE OF USES 

THE PROCEDURE REAVF.CHES IS USED IN REAEIGl, SECTION 3e3ala2e2a 
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SUBSECTIONS REAQRI. 

CALLING SEOUENCEI 

THE HEADING OF THE PROCEDURE ISt 
"INTEGER" "PROCEDURE" REAQRI(A, N, EM, VAL, VEC)J "VALUE" N; 
"INTEGER" NI "ARRAY" A, EM, VAL, VECI 

THE MEANING OF THE FORMAL PARAMETERS IS& 
As <ARRAY IDENTIFIER>; 

ttARRAY" A[l1N,l1N]J 
ENTRY• THE ELEMENTS OF THE REAL UPPER-HESSENBERG MATRIX 

MUST BE GIVEN IN THE UPPER TRIANGLE AND THE FIRST 
SUBDIAGONAL OF ARRAY A; 

EXITs THE HESSENBERG PART OF ARRAY A IS ALTEREDS 
NI <ARITHMETIC EXPRESSION>s 

THE ORDER OF THE GIVEN MATRIX; 
F.Ma <ARRAY IDENTIFIER>; 

"ARRAY" EM[~s5]J 
ENTRYI EH[01, THE MACHINE PRECISIONS 

EM[ll, A NORM OF THc GIVEN MATRIX; 
EMC2l, THE RELATIVE TOLERANCE USED FOR THE QR 

ITERATION8 
IF THE ABSOLUTE VALUE OF SOME SUBDIAGONAL 
ELEMENT IS SMALLER THAN EM[lJ • EMC2l, THEN 
THIS ELEMENT IS NEGLECTED AND THE MATRIX IS 
PARTITIONED; 

EMC4l, THE MAXIMUM ALLOWED NUMBER OF ITERATIONSJ 
FOR THE CD CYBER 73-?.8 SUITABLE VALUES 3F THE 
DATA TO BE GIVEN IN eM AREt 
EMCOl • "-14, 
EM.C2l > EMCO'.l (E.G. EMC21 • 11-13>, 
EM[4l • 10 • NJ 

EXITs EMC3l, THE MAXIMUM ABSOLUTE VALUE OF THE SUBDIAGONAL 
ELEMENTS NEGLECTED; 

EMC5]g THE NUMBER OF QR ITERATIONS PERFORMEDI 
IF THE ITERATION PROCESS IS NOT COMPLETED 
WITHIN EMC4l ITERATIONS, THE VALUE EMC4l + l 
IS DELIVERED; IN THIS CASE ONLY THE LAST 
N - K ELEMENTS OF VAL AND THE LAST N - K 
COLUMNS OF VEC ARE APPROXINATED EIGENVALUES 
AND EIGENVECTORS OF THE GIVEN MATRIX1 WHEPE K 
IS DELIVERED IN REAQRI; 

VALi <ARRAY IDENTIFIER>; 
"ARRAY" VAL[l1Nll 
THE EIGENVALUES OF THE GIVEN MATRIX ARE DELIVERED IN VAL; 

VF.Cs <ARRAY IDENTIFIER>; 
"ARRAY" VECClaN,l•Nl; 
THE CALCULATED EIGENVECTORSo CORRESPONDING TO THE EIGEN
VALUES IN ARRAY VAL[lsNl, ARE DELIVERED IN THE COLUMNS OF 
ARRAY vec. 



(JULY 1974) PAGE 7 

HORiOVERs 
REAORI DELIVERS u, PROVIDED THAT THE PROCESS IS COMPLETED WITHIN 
EH[4l ITERATIONS; OTHERWISE REAORI DELIVERS THE NUMBER OF EIGeN
VALUeS ANO EIGENVECTORS NOT CALCULATED. 

PROCEDURES USE01 

HATVEC • CP34~ll• 
ROTCOL • CP34040• 
ROTROW • CP3404le 

RUNNING TINEI ROUGMLY PROPORTIONAL TON CUBED. 

LANGUAGE• ALGOL 60. 

METHOD AND PERFORMANCEt 

THE PROCEDURE REAORI CALCULATES THE EIGENVALUES OF AN UPPER
HESSENBERG MATRIX BY MEANS OF SINGLE QR ITERATION (SE£ METMOD 
AND PERFORMANCF OF REAVALORI, THIS SECTIONle 
THE EIGENVECTORS ARE CALCULATED BY A DIRECT METHOD (SEE REFCll• 
P. 55•561• IN CONTRAST WITH REAVECHES WHICH USES INVERSE ITERATION. 
IF THE HESSENBERG MATRIX IS NOT TOO ILL-CONDITIONED WITH RESPECT 
TO ITS EIGENVALUE PROBLEM• THEN THIS METHOD YIELDS NUMERICALLY 
INDEPENDENT EIGENVECTORS AND IS COMPETITIVE WITH INVERSE ITERATION 
AS TO ACCURACY AND COMPUTATION TIME. 
IF THE OR ITERATION PROCESS IS NOT COMPLETED WITHIN THE GIVEN 
NUMBER OF ITERATIONS, NOT ALL EIGENVALUES AND EIGENVECTORS ARE 
DELIVERED. . 
TH~ PROCEDURE REAORI S~DULD BE USED ONLY IF ALL EIGENVALUES ARE 
REALe 

REFEPENCES1 
[11. T.J. DEKKFR AND W. HOFFMANN. 

ALGOL 60 PROCEDURES IN NUMERICAL ALGEBRA, PART Ze 
MC TRACT 23, 1968, MATH. CENTR., AMSTERDAM. 

EXAMPLE OF USEt 

THE PROCEDURE REAORI IS USED IN REAEIG3, SECTION 3.3.le2e2• 
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SUBSF.CTIONI COMVALORI. 

CALLING SEQUENCE• 

THE HEADING OF THE PROCEDURE ISs 
"INTEGER" "PROCEDURE" COMVALORICA, N, EM, RE, I~)I "VALUE" Mt 
"INTEGER" NI "ARRAY" A, EM, RE, IM; 

THE MEANING OF THE FORMAL PARAMETERS ISI 
Al <ARRAY tOENTIFIER>J 

"ARRAY" A[ltN,ltNll 

EMI 

ENTRYI THE ELEMENTS OF THE REAL UPPER-HESSENBERG MATRIX 
MUST BE GIVEN IN THE UPPER TRIANGLE ANO TME FIRST 
SUBDIAGONAL OF ARRAY Al 

EXITI THf. HESSENBERG PART OF ARRAY A IS ALTEREDJ 
<ARITHMETIC EXPRESSION>I 
THE ORDER OF THE GIVEN MATRIXJ 
<ARRAY IDENTIFIER>; 
"ARRAY" EH[O15]J 
ENTRYI EM[OJ, THE MACHINE PRECISIONt 

EM[ll, A NORM OF THE GIVEN MATRIX; 
EMC2l, THE RELATIVE TOLERANCE USED FOR THE OR 

ITERATION I 
IF THE ABSOLUTE VALUE OF SOME SUBDIAGONAL 
ELEMENT IS SMALLER THAN EMCll * EM[Zl, THEN 
THIS ELEMENT IS NEGLECTED AND THE MATRIX IS 
PARTITIONED; 

EMt4l, THE MAXIMUM ALLOWED NUMBER OF tTERATIO~St 
FOR THE CD CYBER 73-?.8 SUITABLE VALUES OF THE 
DATA TO BE GIVEN IN EM AREi 
EM [O l • "•14, 
EM.[21 > EMCOl <E.Ge EH[2l • 11-13>, 
EH[41 ., 10 • NJ 

EXITs EMC31, THE MAXIMUM ABSOLUTE VALUE OF THE SUBDIAGONAL 
ELEMENTS NEGLECTED; 

EMC5l, THE NUMBER OF OR ITERATIONS PERFORMEDI 
IF THE ITERATION PROCESS IS NOT COMPLETED 
WITHIN EM[4l ITERATIONS, THE VALUE EMC4l ♦ 1 
IS DELIVERED ANO IN THIS CASE ONLY THE LAST 
N - K ELEMENTS OF RE AND IM ARE APPROXIMATE 
EIGENVALUES OF THE GIVEN MATRIX, WHERE K IS 
oeLIVEREO IN COMVALORIJ 

RE,IMI <ARRAY IDENTIFIER>J 
"ARRAY" RE, lM[llN]; 
THE REAL AND IMAGINARY PARTS OF THE 
OF THE GIVEN MATRIX ARE DELIVERED IN 
MEMBERS OF EACH NONREAL COMPLEX 
CONSECUTI ve. 

MOREOVER I 

CALCULATED EIGENVALUES 
ARRAY RE, IM[l1Nl, THE 
CONJUGATE PAIR BF.ING 

COMVALORI DELIVERS O, PROVIDED THAT THE PROCESS IS COMPLETED WIT~IN 
EMt41 ITERATIONSJ OTHERWISE COMVALORI DELIVERS THE NUMBER OF EIGEN
VALUES NOT CALCULATED. 
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PROCEDURES USEDs NONF.e 

RUNNING TIMES ROUGHLY PROPORTIONAL TON CUBED. 

LANGUAGES ALGOL ~O. 

METHOD ANO PF.RFORMANCEt 

PROCEDURE COMVALQRI FOR CALCULATING THE REAL 
OF A REAL UPPER-HESSENBERG MATRIX IS THE 

FRANCIS (SEE REFCll, Pe 74, REF[2l 

THE METHOD USED IN THE 
AND COMPLEX EIGENVALUES 
DOUBLE OR ITERATION OF 
P. 528 - 5~7 AND REF[3]). 

REFERENCES• 
Cl]. TeJe DEKKER AND We HOFFMANN. 

ALGOL 60 PROCEDURES IN NUMERICAL ALGEBRA, PART 2a 
MC TRACT 23, 1968, MATHe CENTRe, AMSTERDAM. 

f2l. JeHa WILKINSON. 
THE ALGEBRAIC EIGENVALUE PROBLEM. 
CLARENDON PRESS, OXFORD, 1965. 

[3la J.G. FRANCIS. 
THE QR TRANSFORMATION, PARTS 1 AND 2e 
COMP. J. 4 (1961), 265 - 271 AND 332 - 3450 

EXAMPLE OF USE• 

THE COMPLEX EIGENVALUES AND -VECTORS OF H, WITH N • 4 AND HCI,Jl • 
"IF" I• l "THEN" -1 "ELSE" "IF" I - J • 1 "THEN" l "ELSE" O, MAY 
BE 08TAINED BY TH! FOLLOWING PROGRAMS 

"BEGIN" "INTEGER" I, J, HI 
"ARRAY" A[l14,l14l, RE, IM[l14l, EM[Ol9]J 
•INTEGER" "PROCEDURE" COHVALQRICA, N, EM, RE, IM)I 
"CODE" 341911:11 
"PROCEDURE" COMVECHESCA, N, LAMBDA, HU, EH, U, V)J 
"CODE" 341911 

EHC~ll• 0 -14J EM[2l•• "-131 EH[lll• 41 EN[4ll• 401 
EM[6l1• "•101 EH[8]1 ■ 51 
"FOR" II• 1, 2, 3, 4 noon "FOR" Ja ■ l, 2, 3, 4 "DO" ACI,Jll• 
"IF" I• l "THEN" -1 "ELSE" "IF" I - J • l "THEN" 1 "ELSE" 01 
HI• COMVALORI(A• 4• EM• RE, I~)J OUTPUT(61, "("D• /")", M)t 
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"FOR" JI• M + 1 "STEP" 1 "UNTIL" 4 "DO" 
"BEGIN" "INTEGER" K; "ARRAY" U, V[l141; 

NFbRff II• 1. 2, 3, 4 "00" "FOR" Kl• l, 2, 3, 4 "00" 
ACI,K]I ■ "IF" I• l "THEN" -1 "ELSE" 
"IF" I• K • l "THEN" 1 "ELSE" O; 
COMVfCHES(A, 4, RE[Jl, IMCJJ, EM, U, Vl; 
OUTPUT(61, "("/, 2(+.130"+2D, 28), 2/"l", RECJ1, I~[Jl)J 
"FOR" I•• 1, 2, 3, 4 "DO" 
OUTPUT(6l, "("21B, zc+.130"+20, 2B), I")", U[Il, V[I]) 

11END"; 
OUTPUT(61, "("/, 2(.20"+2D, /l, 2(20, /)"l", 
EMC31, EM[7l, EMC5l, EMC9]) 

"END" 

THE PROGRAM DELIVERS (THE RESULTS ARE CORRECT UP TO TWELVE DIGITS>• 

THE NUMBER Of NOT CALCULATcO EIGENVALUESt 0 

THE F.IGENVALIIES ANO -VECTORS 1 

+.3090169943750"+00 +.9510565162952"+00 

-.2527643931136"+00 
-.4883989055049"+00 
-.4908273055667 11-0l 
+.4580641097602"+00 

+.3090169943750"+00 -.9510565162952"+00 

-.2527643931136 11+00 
-.4883989055U49"+00 
-.49U8273055667"•01 
+.4580641097602"+00 

+.1095191711534"+00 
-.3753586823743 11+00 
+.4978239349006"+00 
-.4301373647081"+00 

- • al09k'Jl69943749 11 +IOO -• 5877852522924 11 +00 

+.1095191711534"+00 
•a3753586823743"+00 
+.4978239349006"+0~ 
-.4301373647081"+00 

THE ARRAY EMt EMC3] • e67"-22 
EMC7l • el7"•l3 
EM[5] • 9 
EHCQl • 1 • 

-.4314048696688"+00 
+.1070817869743"+00 
+.49758~053595011+00 
+.2004426884413"+00 

+.4314048696688"+00 
-.1070817869743"+00 
-.4975850535950"+00 
-.2~04426884413"+00 

-.4878581260468"+00 
+.3303117611685 11+00 
-•4659753040772"-0l 
••2549153731770"+00 

+.4878581260468"+00 
-.3303117611685"+00 
+.465975304()772"-01 
+.2549153731770"+00 
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SUBSECTION& COMVEC~ES. 

CALLING SEQUENCE• 

THE HEADING OF THE PROCEDURE ISI 
"PROCEDURE" COMVECHES(A, N, LAMBDA, MU, EH, U, V); 
"VALUE" N, LAMBDA, MUJ 
"INTEGER" NI "REAL" LAMBDA, MUI "ARRAY" A, EM, U, VI 

THE MEANING OF THE FORMAL PARAMETERS IS1 
Al <ARRAY IOENTIFIER>J 

"ARRAY" ACl&N,llN]t : 

Nt 

ENTRYt THE ELEMENTS OF THE REAL UPPER-HESSENBERG MATRIX 
MUST BE GIVEN IN THE UPPER TRIANGLE AND THE FIRST 
SUBDIAGONAL OF ARRAY A; 

EXIT• THE HESSENBERG PART OF ARRAY A IS ALTEREDI 
<ARITHMETIC EXPRESSION>1 
THE ORDER OF THE GIVEN MATRIX; 

LAMBDA, MUI 

EMt 

<ARITHMETIC EXPRESSION>; 
THE REAL AND IMAGINARY PART OF THE GIVE~ EIGENVALUEI 
<ARRAY IOENTIFIER>J 
HARRAY" EM[~l9]J 
eNTRYI EMC01, THE MACHINE PRECISIONS 

iMCll, A NORM OF THE GIVEN MATRIXJ 
EM[61, THE TOLERANCE useo FOR THE 

INVERSE ITERATION ENOS IF 
NORM OF THE RESIDUE VECTOR 
EMCll • EM[6lJ 

EIGENVECTOR; T~E 
THE EUCLIDIA~ 

IS SMALLER T4AN 

EMC81, THE MAXIMUM ALLOWED NUMBER OF tTERATIONSJ 
FO~ THE CO CYBER 73-28 SUITABLE VALUES OF THE 
DATA TO BE GIVEN IN EM AREi 
EMC01 • "•14, 
EMC61 • "•10, 
EM[81 • 5; 

EXITI EMC7l, THE EUCLIDIAN NORM OF THE RESIDUE VECTOR OF 
THE CALCULATED EIGENVECTOR; 

EM[Ql, THE NUMBER Of INVERSE ITERATIONS PERFORMED; 
IF EMC7l REMAINS LARGER THAN EMCll • EM[6] 
DURING EMC8l ITERATIONS, THE VALUE EM[8l + 1 
IS OELIVF.REDI 

<ARRAY IDENTIFIER>; 
HARRAYH U, V[llN]; 
THE REAL ANO IMAGINARY PARTS OF THE CALCULATED EIGENVECTOR 
ARE DELIVERED IN THE ARRAYS U, V[llN]. 
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VECVEC • CP340l0, 
MATVEC • CP34011, 
TAMVEC • CP340l2a 
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RUNNING TIMES ROUGHLY PROPORTIONAL TON SQUARED. 

LANGUAGES ALGOL 60. 

METHOD ANO PFRFORMANCEt 

PAGE 12 

THE PROCt;OURE COl1VECHES CALCULATES AN EIGENVECTOR CORRESPONDING TO 
A GIVEN APPROXIMATE EIGENVALUE OF A REAL UPPER-HESSENBERG MATRIX, 
BY MEANS OF INVERSE ITERATION (SEE REFCll, Pa 75, REFC21, 
Pa 629 - 633 AND REFC3lle 

ReFERENCES 1 
[lle T.J. DEKKER ANO We HOFFMANN. 

ALGOL 60 PROCEDURES IN NUMERICAL ALGEBRA, PART z. 
MC TRACT 23, 1968, MATH ■ CENTR., AMSTERDAM. 

[2]. J.H. WILKINSON. 
THE ALGEBRAIC EIG~NVALUE PROBLeM. 
CLARENDON PRESS, OXFORD, 1965. 

[31. J.M. VARAHe 
EIGF.NVECTORS OF A REAL MATRIX BY INVERSE ITERATION. 
STANFORD UNIVERSITY, TECH. REP. NO. CS 34, 1966. 

EXAMPLE OF USEt 

SEE EXAMPLE OF USE OF COMVALQRI, THIS SECTION. 

SOURCE TEXT(S) 1 

"CODE" 34180; 
"COMMENT" MCA 241~: 
"INTEGER" "PROCEDURE" REAVALQRI(A, N, EM, VAL)J "VALUE" N; 
"INTEGER" Na "ARRAY" A, EM, VALJ 
"BEGIN" "INTEGER" Nl, I, Il, J, o, MAX, COUNTI 

"REAL" DET, W, SHIFT, KAPPA, NU, MU, R, TOL, DELTA, MACHTOL, S; 

"PROCEDURE" ROTCOL(L, u, I, J, A, C, Sia "CODE" 3404a; 
"PROCEDURE" ROTROWIL, Ug I• J, A, c. S)I "CODE" 340411 
"COM14ENT" 
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MACHTOLI• EM[01 • EMCllJ TOLi• EM[ll • EN[Z]I MAXI• EMC4Jf 
COIINTI• fH RI ■ O; 

IN I Nl I• N - l; 
"FOR" It• N, I - l "WHILE" ("IF" I>• 1 "THEN" 
ABS(A[I + l,Il) > TOL "ELSE" "FALSE") "DO" 01• I; 
"If" 0 > 1 "THEN" 
"BEGIN" "IF" ABS(AC0,0 - ll) > R "THEN" 

RI• ABS(AC0•0 - 11) 
"END"I 
"IF" 0 • N "THEN" 
"BEGIN" VALCN]t• A[N,N];. NI• Nl "END" 
"ELSE" 
"BEGIN" DELTA•• ACN,Nl - A[Nl,Nlll DET•• ACN,Nll • ACN1,Nl; 

"IF" ABS(DELTA) < MACHTOL "THEN" St• S0RT(DET> "ELSE" 
"BEGIN" WI• 2 / DELTA; SI• W • W • DET + 11 

St• "IF" S <• 0 "THEN" -DELTA• .5 "ELSE" 
W • DET / (S0RT(S) + l) 

"ENO"; 
"If" 0 • Nl "THEN" 
"BEGIN" VALCNl1• ACN,Nl + SI 

VAL[Nllt• A[Nl,Nll - SJ NI• N - 2 
"ENO" 
"HSE" 
"BEGIN" COUNT•• COUNT+ 11 

"IF" COUNT> MAX "THEN" "GOTO" OUT; 
SHIFT•• ACN,Nl + SI "IF" ABS(DELTA) < TOL "THEN" 
"BEGIN" WI• A[Nl,Nll - S; 

"If" ABS(W) < ABS(SHIFT> "THEN" SHIFTI• W 
"ENO"s 
A[0,QJI• ACQ,0] - SHIFTI 
"FOR" Is ■ 0 "STEP" l "UNTIL" N - 1 noon 
"BEGIN" Ill• I+ 11 A[Il,Ill•• A[Il,Ill - SHIFTS 

K~PPAt• S0RT(ACI,Il •• 2 + A[Il,Il •• 2); 
"IF" I> 0 "THEN" 
"BEGIN" A[I,I - 1]1• KAPPA• NUJ 

WI• KAPPA* MU 
"END" 
"ELSE" WI• KAPPAI NU•• ACI,Il / rAPPAB 
NUt• A[ll,Il / KAPPA; ACI,lll• WJ 
ROTROW(Il, N, I, Il, A, MU, NU); 
ROTCOL(Q, I, I, Il, A, MU, NU)J 
ACI,I]I• ACI,Il + SHIFT 

"END"; 
A[N,N - llt• ArN,Nl • NU; AtN,Nlt• ACN,Nl •MU+ SHIFT 

"END" 
"END"I 
"lf" N >~"THEN" "GOTO" IN; 

OUT1 EMf311• RI EN[5]1 ■ COUNTI RE4VAL0Ris• N 
ttl:NO" REAVALORII 

"EDP" 
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11 CODE 11 3'tl81; 
11COMMENT 11 MCA 24111 
11PROCEDURE 11 REAVECHESCA, N, LA~BDA, EH, V>; 8 VALUE" N, LAMBDA; 
11 INTEGEP 11 N; 11 REAL 11 LAMBDA; 11 ARRAY" A, EM, VI 
"BEGIN" "INTEGER" I, Il, J, COUNT, MAXI 

11 REAL" M, R, NORM, MACHTOL, TOL; 
11 BOOLEAN 11 "ARRAY" P[ltN]; 

"REAL" 11 PROCEDURE 11 VECVECIL, U, SHIFT, A, 8); "CODE" 34tlO; 
"REAL" "PROCEDURE" MATVECCL, U, I, A, B); "CODE" 34011; 

NORHI• EM[lll MACHTOLI• E~CO] • NORMI TOLi• EH[6] • NORMI 
MAXI• EM[Sll ACl,1]1• A[l,11 - LAMBDAI 

GAUSS• 11 FOR 11 It• 1 "STEP" 1 "UNTIL" N • 1 noon 
11 BEGIN 11 Ilt• I+ l; RI• ACI,I]; Ml• A[Il,I]; 

"IF 11 ABS(M) < MACHTDL "THEN" Ml• MACHTOLI 
PCI11• ABSCM) < ■ ABSCR); 
"IF 11 P[Il "THEN" 
"BEGIN" A[Il,Ilt• HJ• M / RI 

11FOR 11 Ji• Il "STEP" 1 "UNTIL" N noon 
ACil,Jll• 1 11 IF 11 J > Il 11 THEN 11 A[Il,Jl 
"ELSE" A[Il,Jl - LAMBDA) - M • ACI,Jl 

"iND11 

11 ELSE 11 

11 BEGIN 11 ACI,Ill• Ml A[Il,Ill• Mt• R / Ml 
11 FQRII JI ■ Il "STEP" l "UNTIL" N 11 0011 
11 8EGIN 11 RI• 111 IF 11 J > 11 11 THEN 11 A[Il,Jl 11 ELSE 11 

A[Il,Jl • LAMBOA)I 
ACil,J]I• A[I,J] - M • RI ACI,Jll• R 

11 END 11 

11 END" 
"END 11 GAUSS I . 
11 IF 11 ABS(ACN,Nl) < MACHTOL "THEN" AfN,Nll• MACHTOL; 
11 FOR" JI• 1 11STEP 11 l 11UNTIL" N noon V[Jll• 11 COUNT•• OJ 

FORWAROI C □UNTI• COUNT+ 11 "IF" COUNT> MAX 11THEN" 11GOT0 11 OUT; 
11 FOR 11 It• 1 11STEP" 1 "UNTIL" N • l noon 
8 8EGJNtt Ilt• I+ l; 

"IF" PCI] 11 THEN 11 V[Illl• V[Ill - A[Il,Il • V[Il 11 F.LSE 11 

"BEGIN11 Ra ■ VCillJ VCillt• VCil - A[Il,Il • RJ 
V[ IH•R 

11EN0 11 

"END" FORWARDS 
BACKWAROt "FOR" It• N "STEP 11 -1 11UNTIL 11 l 11 00" 

V[Ill• (V[Il - MATVEC(I + l• N, I, A• V)) / ACI,Ill 
Ra ■ 1 / SQRT(VECVEC(l, N, O, V• V))1 
"FOR 11 Ja• l 0 STEP 11 l 11UNTIL 11 N noon VCJ]1 ■ VCJl • RJ 
11 tfn R > TOL "THEN" "GOTO" FORWAROI 

OUTI EM[71&• RI EM[9ll• COUNT 
11END" REAVECHES; 

11EOP 11 
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"CODE" 34186a 
"COMMENT" MCA 24161 
"INTEGER" "PROCEDURE" REA0RI(A, N, EM, VAL, VEC); "VALUE" N; 
"INTEGER" Nt "ARRAY" A, EM, VAL, vec, 
"BEGIN" "INTF.GERN Ml, I, Il, M, J, 0, MAX, COUNTS 

"REAL" W, SHIFT, KAPPA, NU, MU, R, TOL, S, MACHTOL, 
ELMAX, T, DELTA, OET; 
"ARRAY" TFtlaN]a 

"REAL" "PROCEDURE" MATVEC<L, U, I, A, B)J "CODE" 340111 
"PROCEDIJRE" ROTCOL(L, U, I, J, A, C, S)I "CODE" 340401 
"PROCEDURE" ROTROWCL, U, l, J, A, C, S)a "CODE" 340411 
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MACHTOLI• EM[Ol * EMCl]; TOLi ■ EMCll • EMC2]; MAXI• EMC4ll 
COUNTI• 01 ELNAXI• 01 Ml• NI 
"FOR" I1 ■ 1 "STEP" 1 "UNTIL" N "DO" 
"BEGIN" VECCI,111• 11 

"FOR" JI• I+ l "STEP" 1 "UNTIL" N noon 
VECCI,Jll• VEC[J,111• 0 

"END"J 
INI Mll• M - 1; 

"FOR" II• M, I• 1 "WHILE" ("IF" I>• 1 "THEN" 
ABSCACI + l~Il) > TOL "ELSE" "FALSE"> "DO" 01• I; 
"IF" 0 > 1 "THEN" 
"BEGIN" "IF" ABS(A[0,0 - ll) > ELMAX "THEN" 

ELMAXI• ABS(A[0, 0 - 11) 
"ENO"; 
"IF" 0 • M "THEN" 
"BEGIN" VALCM]a ■ ACM,M]I Ml ■ Ml "END" 
"ELSE" 
"BEGIN" DELTA&• A[M,Ml - A[Ml,H11J DETI• ACM,Mll * A[Ml,Mll 

HJF" ABSCDELTA) < MACHTOL "THEN" Sa ■ S0RTCDET> "ELSE" 
"BEGIN" WI ■ 2 / DELTA; Sa ■ W * W • DET + lJ 

St• "IF" S < ■ 0 "THEN" -DELTA••' "ELSE" 
W • DET / (S0RT(S) + 1) 

"ENON; 
NJFH 0 • Ml "THEN" 
"BEGIN" A[M,M]I ■ VAL[~]I ■ ACM,Nl + SI 

AC0,011• VALC0]1 ■ A[0,0l - S; 
TI• "IF" ABS(S) < MACHTOL "THEN" 
(S + DELTA) / ACH,01 "ELSE" AC0,Hl / SI 
Ra• S0RT(T * T + 1)1 NU•• 1 / Ra 
MUI• -T * NU; AC0,H]I ■ AC0,M] - ACM,0]; 
ROTROW(O + 2, N, 0, M, A, MU, NU)I 
ROTCOLfl, 0 • l, 0, M, A, MU, NU)J 
ROTCOL(l, N, Q, M, VEC, MU, NU); HI• M - 2 

"END" 
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"ELSE" 
"BEGIN" COUNTI• COUNT+ 11 

HIF" COUNT> MAX "THEN" "GOTO" ENDI 
SHIFTI• ACM.Ml+ S; "IF" ABS(DELTA) < TOL "THEN" 
"BEGIN" WI• A[Ml,Mll - SI 

"IF" ABS(W) < ABS(SHIFT) "THEN" SHIFT•• W 
"END"; 
A[0,0]1• A[0,0] - SHIFTI 
"FOR" It• 0 "STEP" 1 "UNTIL" Ml noon 
"BEGIN" Ill• I+ l: A[Il,Illl• ACil.Ill - SHIFTt 

KAPPAI• SORTtACI.Il •• 2 + A[Il,Il •• 211 
"IF" I> Q "THEN" 
"BEGIN" ACI,I ~ lll• KAPPA• NU; 

WI• KAPPA• MU 
"END" 
"ELSE" WI• KAPPA; HUI• ACI.Il / KAPPA; 
MUI• A[Il,Il / KAPPAI ACI,Il•• WI 
ROTROW(Il, N, t, Il, A, HU, NU); 
ROTCOL(l, I, I, 11, A, MU, NU); 
ACI•Ilt• ACI,Il + SHIFTS 
ROTCOL(l, N, I, Il, VEC, ~U, NU) 

"ENO"; 
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ACM,Mlll• ACH,Hl * NU; ACM,M]I ■ ACM,Ml •HU+ SHIFT 
"END" 

"END"I 
"IF" M > 0 "THEN" "GOTO" IN; 
"FOR" JI• N "STEP" -1 ttUNTIL" Z noon 
"BEGIN" TFCJ11• 11 TI• A[J,JlJ 

°FOR" It• J - 1 "STEP" -1 "UNTIL" 1 "DO" 
"BEGIN" DELTAI• T - ACI,I]; 

TFCI]I• MATVEC(I + 1, J, I, A, TF) / 
(NIF~ ABS(DELTA) < MAC~TOL "THEN" MACHTOL "ELSE" DELTA) 

"END"; 
"F~R" ta ■ 1 "STEP" 1 "UNTIL" N "DO" 
VECCI,Jll• MATVEC(l, J, I, VEC, TF) 

"END"; 
ENDI EMC3]1• ELMAXI EM[5ll• COUNTJ REAORII• M 

"END" REAORI; 
"EDP" 
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"C0DE"1 341901 
"COM,..ENT" MCA 2~201 
"INTEGER" "PROCEDURE" COMVALQRI<A, N, EH, RE, IM); "VALUE" N; 
"INTEGER" NI "ARRAY" A, EH, RE, IMI 
"BEGIN" "INTEGER" I, J, P, Q, MAX, COUNT, Nl, Pl, P2, IMINl, 

Il, 12, I3; 
"REAL" DISC, SIGMA, RHO, Gl, G2, G3, PSil, PSIZ, AA, e, K, 
S, NORM, MACHTOL2, TOL, WI 
"BOOLEAN" B c 

NORMt• EM[lll MACHTOL2t• (EMCOl * NORM) •• 21 
TOLi• EHC2] * NORl41 NAXI• :Ef'!Hll COUNTI• OJ WI• 01 

INt "FOR" II• N, I - 1 "WHILE" 
(HIF" I>• 1 "THEN" ABS(ACI + l,Il) > TOL "ELSE" "FALSE") 
"OO" 01• II "IF" Q > 1 "THEN" 
"BEGIN" "IF" A~S(A[Q,Q - 11) > W "TMEN" Wt• ABS(ACQ,Q • lll 
"END 11 ; 
11 IF" O >• N - l "THEN" 
"BF.r,IN" Nlt• N - 11 "IF" Q • N "THEN" 

11 BEGIN" RECNlt• ACN,Nlt IM[Nlt• 01 NI• Nl "ENO" 
"ELSf" 
"BEGIN" SIGMAI• ACN,Nl - ACNl,Nlll 

RHOt• -ACN,Nll * ACNl,N]; 
OISCI• SIGMA•• 2 - 4 • RHOa "IF" DISC> 0 "THEN" 
"BEGIN" DISC•• SQRTCDISC); 

St• •2 •RHO/ (SIGMA+ ("IF" SIGMA> ■ 0 
"THEN" DISC "ELSE" -DISC))J 
RE[Nlt• A[N,Nl + S; 
RECNllt• ACNl,Nll - S; IMCNll• IHCNllt• 0 

"ENO" 
"ELSE" 
"BEGI~" RECNlt• RECNlll• (A[Nl,Nll + ACN,Nl> / 21 

IM[Nl]t• SQRT( -DISC> / 21 l"[Nll• -IM[Nl] 
"ENDH; 
Nt• N - 2 

"END" 
"END" 
"ELSE 11 

"BEGIN" COUNTI• COUNT+ 11 "IF" COUNT> MAX "THEN" 
HGOTO" OUT; Nlt• N - 11 
SIGMAt• ACN,Nl + A[Nl,Nll + SORT(ABS(A[Nl,N - 21 • 4CN,Nll) 
• EM[Ol)I RHOI• ACN,Nl • ACN1,Nll - ACN,Nll • ACNl,Nlt 
"FOR" II• N • 1, I - 1 "WHILE" 
("IF" I - 1 >• Q "THEN" ABS(ACl,I - ll • 
A[Il.Il • (ABS(ACI,Il + ACI1•111 - SIGMA)+ 
ABS(ACI + 2.Ill))) > ABS(ACI,ll * ((ACl,ll - SIGMA)+ 
ACl,Ill • ACll,Il +RHO))• TOL 
"ELSf" "FALSE") "D0" Pll• Ill• II PI• Pl - 11 
P21• P + 21 

"COMMENT" 
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"FOR" Ja• P "STEP" l "UNTIL" N - 1 noon 
"BEGIN" IMINla• I - l; Ill• I+ 1; IZI• I+ 21 

"IF" I• P "THEN" 
"BEGIN" Gll ■ ACP,Pl • (ACP,Pl - SIGMA)+ ACP,Pll • 

A[Pl,Pl + RHO; 
G21• A[Pl,Pl • (A[P,Pl + A[Pl,Pl1 - SIGMA)I 
"IF" Pl < ■ Nl "THEN" 
"BEGIN" G3r• A[Pl,Pl • ACP2,PlJJ A[PZ,P]I ■ 0 "END" 
"ELSE" G31 ■ 0 

"END" 
"ELSE" 
"~EGIN" Glr• ACI,IMJNll; GZI• A[Il,lMINl]; 

G31• "IF" 12 <• N "THEN" ACIZ,I~INll "ELSE" 0 
ffEND"I 
Kl• "IF" Gl >• a "THEN" 
SORT(Gl •• 2 + GZ •• Z + G3 •• 2) "ELSE" 
-SORT(Gl •• 2 + GZ ** 2 + G3 •• Z)J 
BI• A85(Kl > MACHTOL21 
AA<• "IF" 8 "THEN" Gl / K + 1 "ELSE" 21 
PSila• "IF" 8 "THEN" GZ / (Gl + Kl "ELSE" 01 
PSI21• "IF" B "THEN" G3 / (Gl + Kl "ELSE" Ot 
"IF" I A• Q "THEN" A[l,IMINllt• "IF" I• P "THEN" 
-AtI.IMINll "ELSE" -Kl 
"FOR" Js• I "STEP" 1 "UNTIL" N noon 
"BEGIN" Es• AA* (ACI,Jl + PSil • A[Il,Jl + 

("IF" IZ < ■ N "THEN" PSI2 • AtIZ,Jl "ELSE" O))s 
ACI,J11• ACI,Jl • EJ ACI1,J11• A[Il,Jl • PSil * E; 
HJFn 12 < ■ N "THEN" ACI2,Jl1• ACIZ,Jl - P5I2 • E 

"END"s 
"FOR" JI• 0 "STEP" 1 "UNTIL" 
f"IF" !2 < ■ N "THEN" 12 "ELSE" N) noon 
"BEGIN" Ea ■ AA• (A[J,Il + PSil * ACJ,Ill + 

(~IF" I?< ■ N "T~EN" PSIZ * A[J,I2l "ELSE" O)); 
ACJ,Jll• ACJ,Il - E; ACJ,Illt• ACJ,Ill - PSil * ES 
"IF" IZ <• N "THEN" A[J,12]1• A[J,I2] - PSil * E 

"END"I 
"IF" IZ <• Nl "THEN" 
"BEGIN" 131• I+ ~I Ea• AA* PSIZ * A[I3,I2ll 

A[I3,I]I ■ -E; 
AfI3,Ill1• •PSil * E: 
ACI3,I211• A[I3,J2l - PSIZ * E 

"END" 
"END" 

"END"I 
"lF" N > 0 "THEN" "GOTO" IN; 

OUTI EM[3]1 ■ w; EMr,11 ■ COUNT; COMVALORII• N 
"EHD" COMVALORI1 

"EOP" 
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"CODE" ~4191; 
"COMMENT" MCA 24211 
"PROCEDURE" COMVECHES(A, N, LANBDA, MU, EM, U, V)I 
"VALUE" N, LANBDA, MUI 
"INTEGER" N; "REAL" LAMBDA, MU; "ARRAY" A, EH, U, VI 
"BEGIN" "INTEGER" I• Il, J, COUNT, MAXI 

"REAL" AA, BB, D, N, R, S, W, X, Y, NORM, MACHTOL, T□L; 
"ARRAY" G, FCltN]J 
"BOOLEAN" "ARRAY" P[ltN]I 
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"REAL" "PROCEDURE" VECVECCL, U, SHIFT, A, BI; "CODE" 34010; 
"REAL" "PR □CEDURE" MATVECtL, U, I, A, B)I "CODE" 34011J 
"REAL" "PROCEDURE" TANVEC(L, U, I, A, B); "CODE" 34012; 

NORMt• EMCllJ MACHTOLI• EM[~J • NORMI TOLi• EM[6] * NORMJ 
MAXI• EN[8lt 
"FOR" It• 2 "STEP" 1 "UNTIL" N "DO" 
"BEGIN" FCI • llt• ACI,I - llJ ACI,llt• D "END"I 
AAI• AC1,1J • LAMBDAS BBi• -MUI 
"FOR" II• 1 "STEP" 1 "UNTIL" N - 1 "DO" 
"BEGIN" Ill• I+ 11 Mt• FCI]; 

"IF" ABS(N) < MACHTOL "THEN" Mt• MACHT□LI 
ACI,Ilt• NI DI• AA•• 2 + BB •• 21 P[I]t ■ ABS(Nl < SORT(Dl; 
"IF" P[Il "THEN" 
"BEGIN" "COMMENT" ACI,Jl • FACTOR AND A[Il,J] 

FCI]s ■ Rt• M •AA/ DI GCIJI• St• -M • BB / 
Ws ■ A[Il,Il; XI• ACI,Il]I ACI1,I1t• YI• X * 
ACI,Illl• Xt• X • R • W • St 
AAt• ACil,Ill - LAMBDA• XI BBi• •CHU+ Ylt 
"FOR" Jt• I+ 2 "STEP" 1 "UNTIL" N "DO" 
"BEGIN" Wt• ACJ,Ilt Xt• A[l,Jll 

ACJ,Ilt• Yt• X • S + W • RJ 

ACI,J1J 
O; 
S + W • RJ 

ACI,Jll• XI• X • R - W • S; ACJ,Illt• -v; 
A[Il,Jlt• A[Il,Jl • X 

"END" 
"END" 
"ELSE" 
"BEGIN" "COMMENT" INTERCHANGE ACil,Jl AND 

ACI,Jl - ACil,JJ • FACTOR; 
F[Ill• RI• AA/ Ml G[I]I• St• 88 / Ml 
Wt• ACil,Ill - LAMBDA; AAt• A[I,Ill • R • W - S • MU; 
ACI,1111• WI BBi• ACil,Il - S • W + R • MU; 
A[Il,Il•• •NUJ 
"FOR" JI• I+ Z "STEP" l "UNTIL" N "DO" 
"BEGIN" Wt• A[Il,Jl; A[Il,J]I ■ ACI,J] • R • W; 

ACI,Jll• W; 
ACJ,Illl• ACJ,Il • S • WI ACJ.IJt• 0 

"END" 
"END" 

"END" 
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P[Nlt• HTRUE"I DI• AA** 2 ♦ 80 •• 21 "IF" D < MACHTOL ** Z 
"THEN" "8eGIN" AA&• MACHTOL; 881• O; DI• MACHTOL ** Z "END"; 
A[N.Nll• 01 F[Nll• AAI G[Nlt• -883 
"FOR" II• 1 "STEP" l "UNTIL" N "DO" 
"BEGIN" UCill• 1; V[Ils• 0 "END"t 
COUNTS• IQ; 

FORWARD• "IF" COUNT> NAX "THEN" "GOTO" OUTMI 
"FOR" I•• 1 "STEP" 1 "UNTIL" N "DO" 
"BEGIN" "IF" PCil "THEN" 

"BEGIN" WI• VCilB V[IlB• G[Il * U[Il ♦ FCil * WI 
UCilt• F[Il * UCil - G[Il * WJ "IF" I < N "THEN" 
"BEGIN" VCI + ll:• VCI + ll - VCil; 

UCI + 111• U[l + 11 - UCil 
"END" 

"END" 
"ELSE" 
HBEGIN" AAI• UCI + llJ 881• V[I + lll 

UCI + 111• UCil - (FCll * AA - GCil * BB)s U[Ill• AAS 
VCI + 111• VCil - (G[I1 *AA+ FCil * 88)B V[Il•• BB 

"END 11 

11 END" FORWARD; 
BACKWARDS "FOR" Is• N "STEP" -1 "UNTIL" 1 "DO" 

"BEGIN" Ils• I+ l; 
UCI1t• (UCI1 - MATVEC(Il, N, I, A, Ul + ("IF" Pfil "THEN" 
TAMVF.C(Il, N, I, A, V) "ELSE" A[Il,Il * VCilll) I ACI,111 
V[Ill• CVCil • MATVEC(Il, N, I, A, V) - l"IF" PCil ttTHF.N" 
HMVEC(Il. N, I, A, Ill "ELSE" ACI110Il * U[Ul» I ACI,11 

11 END 11 BACKWARDS 
NORMALISES Wa• 1 I SORTIVECVEC(l, N, O, U, Ul + 

VECVEC tl, N, D, V, V l I; 
IIFOR" JI• 1 IISTEP 11 l 11 UNTIL" N "00" 
"BEGIN" U[Jla• U[Jl • WI V[Jll• V[Jl * W "END 11 t 
COUNT!• COUNi + lJ "IF" W > TOL 11 THFN" "GOTO" FORWARD; 

OUTHI EMC7l: • Ii; EMC9l I• COUNT 
"END" COMVECHESs 

"l:OP 11 
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INSTITUTEt ~ATHEMATTCAL CENTRE. 

RfCEIVEDt 731205. 

RR!EF OESCRIPTION1 
THIS SECTION CONTAINS FIVE PROCEDURES FOR CALCULATING EIGENVALUES 
ANO / QR EIGFNVECTORS OF REAL MATRICES• 
A) REAEIGVAL CALCULATES THE ~IGENVALU~S OF A MATRIX, PROVIDr:O THAT 
ALL EIGENVALUES ARE REAL, 
8) REAEIGl CALCULATES THE EIGENVALUES, PROVIDED THAT THEY ARE All 
REAL, AND THE EIGENVECTORS OF A MATRIX, 
C) REAEIG3 CALCULATES THE EIGENVALUES• PROVIDED THAT THEY ARE All 
REAL, AND THF EIGtNVECTORS OF A MATRIX, 
0) COMEIGVAL CALCULATES THE EIGENVALUES OF A MATRIX, 
E> C:OMHGl CALCULATES THE EIGENVALl'ES AND EIGENVECTOR$ OF A MATRIX. 

l<EYWflROSt 
EIGfNVALlJES, 
E IGIP~VECTORS • 
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SURSECTIONs REAEIGVAL. 

CALLING SEQUENCFI 

(JULY lQ74) 

THE HEADING OF THE PROCeDURE !Sa 
"INTEGER" "PROCEDURF." REAEIGVAL(A, N, EM, VAL); "VALUE" N; 
"INTEGER" N: "ARRAY" A, EM, VALi 

THF MEANING OF THE FORMAL PARAMETERS ISI 
Al <ARRAY IDENTIFIER>; 

"ARRAY" A[ltN,ltN]J 
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ENTRYI THE MATRIX WHOSE EIGENVALUES ARE TO BE CALCULATED, 
EXITt THF. ARRAY ELEMENTS ARE ALTERED; 

NI <ARITHMETIC EXPRESSION>t 
THE ORDER OF THE GIVEN MATRIXI 

EHa <ARRAY IDENTIFIER>; 
"ARRAY" EM[0&5]; 
F.NTRYt EHCOl, THE MACHINE PRECISIONI 

EMt21, THE RELATIVE TOLERANCE USED FOR THE QR 
ITERATION I 

EM[4l, THE MAXIMUM ALLOWED NUMBER OF ITERATIONSs 
FOR THE CO CYBER 73-28 SUITABLf VALUES OF THE 
DATA TO BE GIVEN IN EM AREi 
EM[Ol • "-14, 
EMCZl > EMCOl <E.G. EMC2l • 11-13>, 
EM£41 • 10 • NJ 

EXIT& EH[lJ, THE INFINITY NORM OF THE EQUILIBRATED MATRIXI 
EMC31, THE MAXIMUM ABSOLUT; VALUE OF THE SURDIAG□NAL 

CLEMENTS NEGLECTED; 
EMC5l, THE NUMBER OF QR ITERATIONS PERFORHEOI 

IF THE ITERATION PROCESS IS NOT COMPLETED 
WITHIN EMC4l ITERATIONS, THE VALUE F.MC4l + 1 
IS DELIVERED AND IN THIS CASE ONLY THE LAST 
N - K ELEMENTS OF VAL ARE APPROXIMATE EIGEN
VALUES OF THE GIVEN MATRIX, WHERE K IS 
DELIVERED IN REAEIGVALI 

VAL• <ARRAY IDENTIFIER>J 
"ARRAY" VALCltNJ; 
EXIT& THE EIGENVALUES OF THE GIVEN MATRIX ARE DELIVERED 

IN MONOTONICALLY NONINCREASING ORDERI 

MOREOVER& 
REAEIGVAL DELIVERS O, PROVIDED THAT T~E PROCESS IS COMPLETED ~!THIN 
EMC4l ITERATIONS; OTHERWISE REAEIGVAL DELIVERS K, THE NUMBER OF 
EIGENVALUES NOT CALCULATED. 
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PROCEDURES USEOt 
EQILBR • CP34l73, 
TFMREAHES • CP34170• 
REAVALQRI • CP34180. 

(JULY 1974) 

REOUIRF.O CENTRAL MEMORY• 
EXECUTION FIF.LO LENGTHI 3No 

RUNNING TIMEt ROUGHLY PROPORTIONAL TON CUBED. 

LANGUAGE• ALGOL 60. 

METHOD AND PERFORMANCE• 
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TMF. GIVEN MATRIX IS EQUILIBRATED BY CALLING EOILBR (SEE SECTION 
3.2.1.1.l) AND TRANSFORMED TO A SIMILAR UPPER-HESSENBERG MATRIX 
BY CALLING TFHREAHE~ (SEE SECTION 3.2.1.z.1.2,. THe EIGENVALUES 
ARE THEN CALCULATED BY CALLING REAVALQRI• WHICH USES SINGLE QR 
ITFRATION (SEE SECTION 3a3ala2.1). 
THf PROC~OURE REAEIGVAL SHOULD BE USED ONLY IF ALL EIGENVALU~S ARE 
REAL. 
FOR FURTHER DETAILS SEE REFERENCES Cll• CZJ ANO C3le 

SUBSECTION• REAEIGla 

CALLING SeOUENCEa 
THE HEADING OF THE PROCEDURE IS• 
"INTEGER" "PROCEDURE" REAEIGl(A1 N• EM, VAL, VEC)I "VALUE" NI 
"INTEGER" NI "ARRAY" A, EH, VAL, VECI 

THE MEANING OF THE FORMAL PARAMETERS IS• 
Al <ARRAY IDENTIFIER>; 

"ARRAY" A[ltN,l1Nll 
ENTRYr THE MATRIX WHOSE EIGENVALUES ANO EIGENVECTORS ARE TO 

BE CALCULATED; 
FXITr THE ARRAY ELEMENTS ARE ALTEREOt 

NI <ARITHMETIC EXPRESSION>J 
THE ORDER OF THE GIVEN HATRIXI 
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FMI <ARRAY IDE~TIFIER>; 
"ARRAY" EM[~IQ]; 
F.NTRYa EH[Ol, THE MACHINE PRECISIONt 
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EMr21, THE RELATIVE TOLERANCE USeD FOR T~f QR 
ITERATION; 

EMC4l, THE MAXIMUM ALLOWED NUMBER OF QR 
ITERATIONS I 

cM[61, THE TOLERANC~ us~o FOR THE EIG~NVECTORSI 
FOR EACH EIGENVECTOR THE INVERSE ITERATION 
ENDS IF THE EUCLIDEAN NORM OF THE RESIDUE 
VECTOR IS SMALLER THAN EM[ll • EMC61J 

EMC81, THE MAXIMUM ALLOWED NUMBtR OF INVERSE 
ITERATIONS FOR THE CALCULATION OF EACH 
EIGENVECTOR; 

FOR THE CD CYBER 73-28 SUITABLE VALUES OF THE 
DATA TO BE GIVEN IN EM AREi 
EMtOl • "-14, 
EMC21 > EM[Ol IEeGe lMC2l • "-131, 
eMt41 • 10 • N, 
EM[6l > EM[Zl (EeGe EMC6l • "-lo>, 
EMC81 • 51 

EXITa EMC11, THE INFINITY NORM OF TH~ EQUILIBRATED MATRIXS 
eMr31, THE MAXIMUM ABSOLUTE VALUE OF THE SUBDIAGONAL 

ELEMENTS NEGLECTEDJ 
EHC51, THE NUMBER OF QR ITERATIONS PeRFORMEDl 

IF THE ITERATION PROCESS IS NOT COMPLETED 
WITHIN EMC4l ITERATIONS• THE VALUE EM[4l + 1 
IS DELIVERED AND IN THIS CASE ONLY THE LAST 
N - K ELEMENTS OF VAL ANO COLUMNS OF VEC ARE 
APPROXIMATE EIGENVALUES AND EIGENVECTORS OF 
THE GIVEN MATRIX, WHERE K IS DELIVERED IN 
REAEIGl; 

EMC7l, THE MAXIMUM EUCLIOIAN NORM OF THE RESIDU~S 
OF THE CALCULATED EIGENVECTORS (OF THE TRANS
FORMED MATRIX); 

EMC91, THE LARGEST NUMBER OF INVERSE ITEPATIONS 
PERFORMED FOR THE CALCULATION OF SOME EIGEN
VECTORS IF, FOR SOME EIGENVECTOR THE 
EUCLIDEAN NORM OF THE RESIDUE REMAINS 
LARGER THAN EMCll • EMC6l, THE VALUE 
EMC8l + 1 IS DELIVERED; NEVERTHELESS THE 
EIGENVECTORS MAY THEN VERY WELL BE USEFUL, 
THIS SHOULD BE JUDGED FROM THE VALUE 
DELIVERED IN EMC7l OR FROM SOME OTHER TESTJ 

VALi <ARRAY IDENTIFIER>; 
"ARRAY" VALfllN]B 
EXIT• THE EIGENVALUES CF THE GIVEN MATRIX ARE DELIVERED 

IN MONOTONICALLY DECREASING OROERa 
veca <ARRAY IDENTIFIER>; 

"ARRAY" VECCllN•l•Nll 
EXITt THE CALCULATED EIGENVECTORS, CORRESPONDING TO THE 

EIGENVALUES IN ARRAY VALClsN], ARE DELIVERED IN THE 
COLUMNS OF ARRAY VEC; 
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MOREOVERt 
REAEIGl DELIVERS O, PROVIDED THAT THE PROCESS IS COMPLETED WITHfN 
EM[4] ITERATIONSJ OTHERWISE PEAEIGl DELIVERS K, THE NUMBER aF 
EIGENVALUES AND EIGENVECTORS NOT CALCULATED. 

PROCEDURES USEDt 
EOILBR • CP34173, 
TFMREAHES • CP34170, 
BAKREAHESZ • CP3417?., 
BAKLBR • CP34174• 
REAVALQRI • CP34180• 
REAVF.CHF.S • CP34181, 
REASCL • CP34183e 

REQUIRED CENTRAL MENORYt 
EXECUTION FfELD LENGTHS N • N + 5Ne 

RUNNING TIME I ROlJGHL y PROPOPTIONAL TO N CUBED. 

OPTrONS I F. 

METHOD AND PERFORMANCEt 
THE GIVEN MATRIX IS EQUILIBRATED BY CALLING EOILBR (SEE SECTION 
3.2.lel.l) AND TRANSFORMED TO A SIMILAR UPPER-HESSENBERG MATRIX 
BY CALLING TFHREAHES (SEE SECTION 3.2.1.2.1.2>. THE EIGENVALUES 
ARE THEN CALCULATED BY CALLING ReAVALQRI, WHICH uses SINGLE QR 
ITERATION (SEE SECTION 3.3.1.2.11. 
FURTHERMORE, TO FJND THE EIGENVECTORS WIL~INSON 1 S DEVICE IS FIRST 
APPLIED C2, Pe328. AND 628la SUBSEQUENTLY THE EIGENVECTORS OF THE 
UPPER-HESSENBERG MATRIX ARE CALCULATED BY CALLING REAVECHES, 
WHICH USES INVERSE ITERATION <SEE SECTION 3.3.1.2.1>. THE 
CALCULATED VECTORS ARE THEN BACK-TRANSFORMED TO THE CORRESPONDING 
EIGENVECTORS OF THE GIVEN HATRIX BY CALLING BAKREAHES2 AND BAKLBR 
(SEE SECTIONS 3.2.1.2.1.1 ANO 3e2elelel)e FINALLY THE APPROXIMATE 
EIGF.NVECTORS ARE NORMALIZED BY CALLING REASCL (SEE SECTION 1.1.9) 
SUCH THAT• IN EACH EIGENVECTOR, AN ELEMENT Of HAXIMU~ ABSOLUTE 
VALUE EQUALS le 
THE PROCEDURE REAEIGl SHOULD BE USED ONLY IF ALL EIGENVALUES ARE 
REAL. 
FOR FURTHER OETAILS SEE THE GIVEN REFERENCES. 
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SURSECTIONI REAEIG3. 

CALLING SEQUENCE• 
THE HEADING OF THE PROCEDURE ISa 
"INTEGER" "PROCEDURE" REAEIG3(A, N, EM, VAL, VECl; "VALUE" N; 
"INTEGER" N; "ARRAY" A, EM, VAL, VECI 

THE MEANING OF THE FORMAL PARAMETERS IS1 
Al <ARRAY IOFNTIFIER>; 

"ARRAY" A[laN,l1N1J 
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ENTRYI THE MATRIX WHOSE EIGENVALUES ANO EIGENVECTORS ARE Tn 
BE CALCULATED; 

EXIT1 THE ARRAY ELEMENTS ARE ALTERED; 
NI <ARITHMETIC EXPRESSION>J 

THE ORDER OF THE GIVEN MATRIXI 
fMs <ARRAY IDENTIFIER>; 

"ARRAY" EM[015]; 
ENTRYt EHCOl, THE MACHINE PRECISIONJ 

EM[21, THf RELATIVE TOLERANCE USED FOR THE QR 
ITERATION; 

EMC4l, THE MAXIMUM ALLO~ED NUMBER OF QR 
ITERATIONS I 

FnR THE CD CYBER 73-28 SUITABLE VALUES OF THE 
DATA TO BE GIVEN IN EM ARES 
EMCOJ • "•14, 
EMC2l > EMC~] (E.G. EM[21 • "•13), 
EH[4l • 10 • NI 

EXIT• EMC11, THE INFINITY NORM OF THE EQUILIBRATED MATRIX; 
EM[3l, THE MAXIMUM AQSOLUTE VALUE OF THE SIJQOIAGONAL 

ELEMeNTS NEGLECTEDI 
EMC51, THE NUMBER OF QR ITERATIONS PERFORHEDS 

IF THE ITERATION PROCESS IS NOT COMPLETF.D 
WITHIN EMC41 ITERATIONS, THE VALUE EM[4l +] 
IS DELIVERED. IN THIS CASE ONLY THE LAST 
N - K ELEMENTS OF VAL ARE APPROXI~ATE 
EIGENVALUES OF THE GIVEN MATRIX AND NO USEFUL 
EIGENVECTORS ARE DELIVERED. THE VALUE K IS 
DELIVERED IN REAEIG3a 

VALi <ARRAY IDENTIFIER>J 
"ARRAY" VAL(llN]I 
EXIT• THE EIGENVALUES OF THE GIVEN MATRIX ARE DELIVERED; 

VEC1 <ARRAY IDENTIFIER>; 
"ARRAY" VECCl•N•l•NlS 
EXITS THt CALCULATED EIGENVECTORS, CORRESPONDING TO THE 

EIGENVALUES IN ARRAY VALCl&Nl, ARE DELIVERED IN THE 
COLUMNS OF ARRAY VECI 

MOREOVER• 
REAEIG3 DELIVERS O, PROVIDED THAT THE PROCESS IS COMPLETED WITHIN 
EMC41 ITERATIONS; OTHERWISE REAEIG3 DELIVERS K, THE NUMBER OF 
EIGENVALUES NOT CALCULATED. 



PROCEDIIRES USEDI 
E0ILBR • CP34J73, 
TFMREAHES • CP34170, 
BAKREA4ES2 • CP34172, 
BAKL~R • CP34174, 
REA0RI • CP34186, 
REASCL • CP34183a 
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THE GIVEN MATRIX IS EQUILIBRATED BY CALLING EOILBR (SEE SECTION 
3.2.lalall AND TRANSFORMED TO A SIMILAR UPPER-HESSENBERG MATRIX 
BY CALLING TFMREAHF.S (SEE SECTION 3.2.la2ala2). THE EIGENVALUES 
AND EIG~NVECTORS OF THE UPPER-H£SSENBERG MATRIX ARE THEN 
CALCULATFD BY CALLING REAORI, WHICH USES SINGLE OR ITERATinN 
FOR THE ETGF.NVALUES AND A DIRECT METHOD FOR THE EIGENVECTORS (SEE 
SECTION 3.3.la2elle FINALLY THE EIG~NVECTORS OF THE UPPER
HESSENBERG MATRIX ARE BACK-TRANSFORMED TO THE CORRESPONDING EIGEN
VECTORS OF THE GIVEN MATRIX BY CALLING BAKREAHES2 <SEE SECTION 
3.l.z.1.2.11 ANO NORMALIZED BY CALLING REASCL (SEE SECTION 1.1.91 
SUCH THAT, IN EACH EIGENVECTOR, AN ELEMENT OF MAXIMUM ABSOLUTE 
VALUE EQUALS le 
THE PROCEDURE REAiIG3 SHOULD BE USED ONLY IF ALL EIGENVALUES ARE 
REAL. 
FOR FURTHER DETAILS SEE THE GIVEN REFERENCES. 



Sll8SECTION1 COMEIGVAL. 

CALLING SEQU~NCF.a 
THf HEADING OF THE PROCEDURE IS1 
"INTEGER" "PROCEDURE" COMEIGVAL(A, N, EM, RE• IM)l "VALUE" NI 
"INTEGER" NI "ARRAY" A, EM, RE, IHI 

THE MEANING OF THE FORMAL PARAMETERS IS1 
A1 <ARRAY IDENTIFIER>J 

"ARRAY" A[ltN,ltNll 
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ENTRYI THE MATRIX WHOSE EIGENVALUES ARE TO BE CALCULATED; 
EXIT• THE ARRAY ELEMENTS ARE ALTERED; 

NI <ARITHMETIC EXPRESSION>1 
THE ORDER OF THE GIVEN MATRIX; 

EMI <ARRAY IDENTIFIER>; 
"ARRAY" EM[~15]1 
ENTRY• EM[Ol, THE MACHINE PRECISIONS 

EM[21, TME RELATIVE TOLERANCF. USED FOR THE QR 
ITERATION; 

EMC41, THE MAXIMUM ALLOWED NUMBER OF ITERATIONS1 
FOR THE CD CYBER 73•28 SUITABLE VALUES OF THE 
DATA TO BE GIVEN IN EM AREt 
E'1C01 • "•14, 
EMC~] > EMCQ] (EoGe EM[Zl • "-13), 
EM[41 • 10 • NI 

EXITI EM[ll, THE INFINITY NORM OF THE EQUILIBRATED MATRIX1 
EMC31, THE MAXIMUM ABSOLUTE VALUE OF THE SUBDIAGONAL 

ELEMENTS NF.GLECTEDI 
EM[5l, THE NUMBER OF QR ITERATIONS PERFORMEOS 

IF THE ITERATION PROCESS IS NOT COMPLETED 
WITHIN EMC4l ITERATIONS, THE VALUE EMC4l + l 
IS DELIVERED AND IN THIS CASE ONLY THE LAST 
N • K ELEMENTS OF RE AND IM ARE APPROXIMATE 
EIGENVALUES OF THE GIVEN MATRIX, W~ERE K JS 
DELIVERED IN COMEIGVALI 

RE,IMI <ARRAY IDENTIFIER>; 
"ARRAY" RE, IM[ltNll 
EXIT• THE REAL AND IMAGINARY PARTS OF THE CALCULATED 

EIGF.NVALUES OF THE GIVEN MATRIX ARf DELIVERED IN 
ARRAY RE, IMC11Nl, THE ~EMBERS OF EACH NONREAL 
COMPLEX CONJUGATE PAIR BEING CONSECUTIV£J 

MOREOVER I 
COMF.IGVAL DELIVERS O, PROVIDED THAT THE PROCESS IS COMPLETED WITHIN 
EMC41 ITERATIONSI OTHERWISE COMEIGVAL DELIVERS K, THE NUMBER OF 
EIGENVALUES NOT CALCULATED. 

PROCEDURES USED• 
EQILBR • CP34173• 
TFMREAHES • CP~4170• 
COMVALQRI • CP34190o 
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REQUIRED CENTRAL HEHORYI 
EXECUTION FIELD LENGTHt 3N. 

RUNNING TIMEt ROIJr.HLY PROPORTIONAL TON CUBED. 

LANGUAGE& ALGOL 610. 

METHOD ANO PERFORMANCE& 
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THE GIVEN MATRIX IS EQUILIBRATED BY CALLING EQILBR (SEE SECTION 
3.2.1.lel) AND TRANSFORMED TO A SIMILAR UPPER•H~SSENBER~ MATRIX 
BY CALLING TFMREAHE~ (SEE SECTION 3e2ele2ele2). THE EIGENVALUES 
ARE THEN CALCULATED BY CALLING COMVALQRI, YHICH USES DOUBLE OR 
ITERATION (SEE SECTION 3.3.1.2.1). 
FOR FURTHER DETAILS SEE REFERENCES Cll, [2] AND [3le 

SUBSECTIONS COMEIGl. 

CALLING SEQUFNCEI 
THE HEADING OF THE PROCEDURE ISt 
"INTEGER" "PROCEDURE• COMEIGl(A, N, EM, RE, IM, VEC>; •VALUE" N: 
"INTEGER" Na "ARRAY" A, EH, RE, IM, VECI 

THe MF.ANING OF THE FORMAL PARAMETERS IS1 
Al <ARRAY IDENTIFIER>; 

"ARRAY" A[ltN,11Nll 
ENTRY& THE MATRIX WHOSE EIGENVALUES ANO EIGENVECTORS ARE TO 

BE CALCULATED; 
EXIT• THE ARRAY ELEMENTS ARE ALTERED; 

NI <ARITHMETIC EXPRESSION>1 
THF. ORDER. OF THE GIVEN MATRIXS 

EM• <ARRAY IDENTIFIER>; 
"ARRAY" EMC019]1 
ENTRY& EM[O], THE MACHINE PRECISIONI 

EM[21, THE RELATIVE TOLERANCE USED FOR THE QR 
ITERATION; 

EMC4l, THE MAXIMUM ALLOWED NUMBER OF QR 
ITERATIONS I 

EN[61, THE TOLERANCE USED FOR THE EIGENVECTORSI 
FOR eACH EIGENVECTOR THE INVERSE ITERATION 
ENDS IF THE EUCLIDEAN NORH OF THE RESIDUE 
VECTOR IS SMALLER THAN EMtll * EMC6]; 

EHC8l, THE MAXIMUM ALLOWED NUMBER OF INVERSE 
ITERATIONS FOR THE CALCULATION OF EACH 
EIGENVECTOR; 

FOR THE CD CYBER 73-28 SUITA8LE VALUES OF THE 
DATA TO BE GIVEN IN EM AREt 
EH[Ol • "•14, 
EM[2l > EM[Ol (E.G. EM[2l • "•13), 
EHC4l • 10 + N, 
EM[6] > EMC2] re.G. EM[6] • "-1~>, 
EH[8l • 51 
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F.XIT1 EM[l1, THE INFINITY NORM OF THE E0UIL1BRATED MATRIXI 
EM[31, THe MAXIMUM ABSOLUTE VALUE OF THE SUBOIAGONAL 

ELEMENTS NEGLECTED; 
EMC~1, THE NUMBER OF QR ITERATIONS PERFORMEDI 

IF THE ITERATION PROCESS IS NOT COMPLETED 
WITHIN EMC4l ITERATIONS, THE VALUE EMC41 + 1 
IS DELIVERED ANO IN THIS CASE ONLY THE LAST 
N - K ELEMENTS OF RE, IM ANO COLUMNS OF VEC 
ARE APPROXIMATi EIGENVALUES AND EIGENVECTORS 
OF THE GIVEN MATRIX, WHERE K IS DELIVERED IN 
COMEIGll 

EMC7l, THE MAXIMUM EUCLIOIAN NORM OF THE RESIDUES 
OF THE CALCULATED ~IGENVECTORS (OF THE TRANS• 
FORMED MATRIXII 

EMC91, THE LARGEST NUMBER OF INVERSE ITERATIONS 
PERFORMED FOR THF CALCULATION Of SOME EIGEN
VECTOR; IF THE EUCLIDIAN NORM OF THE 
RESIDUE FOR ONE OR MORE EIGENVECTORS REMAINS 
LARGER THAN EM[ll • E~[6], THE VALUE EM[81+1 
IS DELIVERED; NEVERTHELESS THE F.IGENVFCTORS 
MAY THEN VERY WELL BE USEFUL, THIS SHOULD BE 
JUDGED FROM THE VALUE DELIVERED IN EMC71 OR 
FROM SO~E OTHER TESTI 

RE,I~t <ARRAY IDENTIFIER>; 
"ARRAY" RF., IM[llN]; 
EXIT• THE REAL AND IMAGINARY PARTS OF THE CALCULATED 

EIGENVALUES OF THE GIVFN MATRIX ARE DELIVERED IN 
ARRAY RE, IMC11Nl, TH2 MEMBcRS OF EACH NONREAL 
COMPLEX CONJUGATE PAIR BEING CONSECUTIVE; 

VEC1 <ARRAY IDENTFIER>; 
"ARRAY" VEC[ltN,llN]I 
~XIT1 THE CALCULATED EIGENVECTORS ARE DELIVERED IN THE 

COLUMNS OF ARRAY VECt 

MOREOVER a 

AN EIGENVECTOR, CORRESPONDING TO A REAL EIGENVALUE 
GIVEN IN ARRAY RE, IS DELIVERED IN THE CORRESPONDING 
COLUMN OF ARRAY VECl 
THi REAL AND IMAGINARY PART OF AN EI~FNVECTOR• 
CORRESPONDING TO THE FIRST MEMBER OF A NONREAL 
COMPLEX CONJUGATE PAIR OF EIGENVALUES GIVEN IN THE 
ARRAYS RE, IM, ARE DELIVERED IN THE TWO CONSECUTIVE 
CJLUMNS OF ARRAY VEC CORRESPONDING TO THIS PAIR (THE 
EIGENVECTORS CORRESPONDING TO THE SECOND MEMBERS OF 
NONREAL COMPLEX CONJUGATE PAIRS ARE NOT DELIVERED, 
SINCE THEY ARE SIMPLY THE COMPLEX CONJUGATE OF THOSE 
CORRF.SPONDING TO THE FIRST MEMBER OF SUCH PAIRS)t 

COMF.IGl DELIVERS O, PROVIDED THAT THE PROCESS IS COMPLETED WITHIN 
EHC4l ITERATIONS; OTHERWISE COMEIGl DELIVERS K, THE NUMBER OF 
EIGFNVALUES ANO EIGENVECTORS NOT CALCULATED. 



SECTION 3.3.la2a2 

PF!OCEOURES USED1 
EQILBR • CP34173, 
TFMREAHES • CP34170, 
BAKREAHF.S2 • CP1417l, 
BAKLRP • CP34174, 
REAVECHES • CP34181, 
COMVALQRI • CP34190, 
COMVECHES • CP341Ql, 
COHSCL • CP34193a 

RFOUIRED CENTRAL MEMORYt 

(JULY 197ft) 

EXECUTION FIELD LFNGTHI N • N + 5N. 

RUNNING TIME I ROIIGHL Y PROPORTIONAL TO N CUBED. 

LANGUAGES ALGOL 60. 

MFTHOD AND PERFORMANCES 
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THE GIVEN MATRIX IS EQUILIBRAT£D BY CALLING EOILBR (SEE SECTION 
3.?..1.1.1) AND TRANSFORMED TO A SIMILAR UPPER-HESSENBERG MATRIX 
BY CALLING TFMREAHES (S~E SECTION 3.z.1.2.1.21. THE EIGENVALUES 
ARF THEN CALCULATED BY CALLING C □MVALORI, WHICH USES DOUBLE QR 
ITERATION fSF.E SECTION 3.3.1.z.1>. 
FURTHERMORE, TO FIND THE EIGENVECTORS WILKINSON'S DEVICE IS FIRST 
APPLIED £2, Pa328 AND 628la SUBS~QUENTLY THE EIGENVECTORS OF THE 
UPPER-HESSENBERG MATRIX ARE COMPUTED BY CALLING REAVECHES FOR THE 
REAL EIGENVALUES AND COMVECHES FOR THE OTHERS (SECTION 3e3al.2alal 
THE COMPUTEO VECTORS ARE THEN BACK-TRANSFORMED TO THE CORRESPONDING 
EIGENVECTORS OF THE GIVEN MATRIX BY CALLING BAKREAHES2 AND BAKLBR 
CSFF SECTIONS 3.2.1.2.1.z AND 3.z.1.1.1,. FINALLY THE APPROXIMATE 
EIGENVECTORS ARE NORMALIZED BY CALLING COMSCL CSEE SECTION lale9) 
SUCH THAT, IN EACH EIGENVECTOR, AN ELEMENT OF MAXIMUM MODULUS 
EQUALS la 
FOR FURTHER DETAILS SEE THE GIVEN REFERENCES. 

REFERENCES I 
[11. T.J. DEKKER AND We HOFFMANN. 

ALGOL 60 PROCEDURES IN NUMERICAL ALGEBRA, PARl 2 ■ 
MC TRACT 23, 1968, MATH. CENTRa• AMSTERDAM. 

rz1. J.H. WILKINSON. 
THE ALGEBRAIC EIGENVALUE PROBLEM. 
CLARENDON PRESS, OXFORD, 1965. 

[3le JeG• FRANCIS. 
THE QR TRANSFORMATION, PARTS l AND ?.a 
COMP. J. 4 (1961), 265 - 271 AND 332 - 345. 

[41. J.M. VARAHe 
EIGENVECTORS OF A REAL MATRIX BY INVERSE ITERATION. 
STANFORD UNIVERSITY, TECH. REP. NO. CS 34, 1966• 
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EXAMPLE OF 1JSE1 
IN THIS SECTION WE ONLY GIVE AN EXAMPLE OF use OF THE PROCEDURES 
REAEIG3 ANO COMEIGVAL, BECAUSE A CALL OF THE OTHER PROCEDURES IS 
ALMOST SIMILAR. 

THE EIGENVALUES AND CORRESPONDING EIGENVECTORS OF A MATRIX, STORED 
IN ARRAY A, WITH ACI,Jll• "IF" I•l "THEN" 1 "ELSE" 1 / (I+ J - 1), 
MAY BE OBTAINED BY THE PROCEDURE REAEIG3 IN THE FOLLOWING PROGRAMI 

"R~GIN" "INTEGER" I, J, M; 
"ARRAY" A, VECClr4,114],. EM[~1,1, VAL[l141; 
"INTEGER" "PROCEDURE" REAEIG3(A, N, EM, VAL, VEC)I 
"CODE" 34187; 

"FOR" It• 1, 2, 3, 4 "DO" "FOR" JI• 1, Z, 3, 4 "DO" 
ACI,Jla• "IF" I • l "THEN" 1 "ELSE" l / ( I+ J - l)J 
EMCOla• "•141 E~C2lt• "•13t EM[4lt• 401 
Mt• REAEIG3(A, 4, EM, VAL, VEC)I 
OUTPUT(61, "("D, I">", M)J 
HFQRH It• M + 1 "STEP" l "UNTIL" 4 "DO" 
OUTPUT(61, "("/, 2(+.130"+20, 2B>, /, 3(218, +ol3D"+2D, /)">"• 
VALCil, VECC1,I1, VECCZ,Il, VECC3,Il, VECC4,ll)J 
OUTPUT(61, "("/, 2Ca2D"+ZD, /J, ZD")", EM[ll, EMC3l, EM[5l) 

"END" 

THE PROGRAM OELIVeRS(THE RESULTS ARE CORRECT UP TO TWELVE DIGITS)I 

THE NUMBER OF NOT CALCULATED EIGeNVALUESt 0 

THE EIGENVALUES AND CORRESPONDING EIGENVECTORS! 

+.1886632138548"+.0l •• 1000000000000"+01 
+.39422398,0770"+00 
+.2773202862566"+00 
+.2150878672143 19+00 

-.198014593ll03"+oo +.100oooooooooon+o1 
-.7388484093937"+00 
-.3116238593839"+00 
-.1475423243327"+00 

•el228293686543"•01 -.4634736456357"+00 
+ • l OOOOOIOO!OiC:000 "+iO 1 
-.1542548002737"+00 
-.3765787365625 19+00 

•e1441323817331 19-i03 +.1~95712655340"+UIO 
-.6208405341138"+00 
+el000000000000"+01 
-.4887465241876"+00 

E!4Cll • .40"+01 
EMC3l • .15"-l't 
EMC51 • 5 • 
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THE COMPLEX EIGiNVALUES OF A MATRIX STORED IN ARRAY A WITH N • 3 
AND THE ROWS (8, -1, -5), (-4, 4, -Z) ANO US, -5, -7>, MAY BE 
OBTAINED BY THE PROCEDURE COHEIGVAL IN THE FOLLOWING PROGRAM1 

"BEGIN" "INTEGER" I, Ml 
"ARRAY" A[l13ol13], EM[015l, RE, IMC113]1 
"INTEGER" "PROCEDURE" CDMEIGVALCA, N, EM, RE, JM)s 
"CODE" 341921 

EMCOll• "-141 EM[2]1 ■ "-131 EM[4]1 ■ 30J 
A[l,1]1 ■ 81 A[l,Z]I ■ -lJ, ACl,3]1 ■ -51 
AC2,1JI• •41 AC2,2]1 ■ 41 A[2,3]1 ■ •2; 
AC3,ll1 ■ 18; AC3,?J1 ■ -5; :AC3,3]1 ■ -7; 
Ml ■ COMEIGVAL(A, 3, EM, RE, IM)I 
OUTPUT(61, "("0, I")", M); 
"FOR" JI ■ M + 1 "STEP" 1 "UNTIL" 3 noon 
OUTPUT(61, "("2(+.130"+20, 2BJ, /")", RE[Il, IMCI]Js 
OUTPUT(61, "'"'• zc.zon+zo, ,,, 70")", EM[l], EM[3l, EMf51) 

"END" 

THE PROGRAM DELIVE~SCTHE RESULTS ARE CORRECT UP TO TWELVE DIGITS>• 

THE NUMBER OF NOT CALCULATED EIGENVALUES• 0 

THE EIGENVALUES• +.2000000000000°+01 
+.zooooooocoooon+o1 
+.9999999999998"+00 

THE ARRAY EMr EM[ll • o3,0"+(}2 
EMC31 • • 78"-17 
P.MC5J • 6 • 

SOIIRCE TEXTSI 

ncnoen 341821 
"COMMENT" MCA 24lZ; 

+.4000000000000"+01 
-.4000000000000"+01 
+.ooooooooooooon+oo 

"INTEGER" "PROCEDURE" REAEIGVAL(A, N, EM, VAL)J "VALUE" N; 
"INTEGER" N; "ARRAY" A, EM, VALJ 
"BEGIN" "INTEGER" I, JI "REAL" RJ 

"ARRAY" DCl&Nll "INTEGER" "ARRAY" INT, INTO[lSN]J 

"PROCEDURE" TFMREAHES(A, N• EM• INT)I "CODE" 341701 
"PROCEDURE" EOILBRCA, N, EN, D, INT)I "CODE" 341731 
"INTEGER" "PROCEDURE" REAVALQRICA, N, EM, VAL)J "CODE" 34180; 

EOILBRCA, N, EH, D, INTO)J TFMREAHES(A, N, EM, INT)t 
JI ■ REAEIGVAL& ■ REAVALQRICA, N, EM, VAL)I 
"FOR" I1• J + 1 "STEP" 1 "UNTIL" N "DO" 
"FOR" JI• I+ 1 "STEP" 1 "UNTIL" N "DO" 
"BEGIN" "IF" VAL[J] > VAL[Il "THEN" 

"BEGIN" RI• VALCIJ; VALCI]I ■ VAL[J]J VAL[Jll• R "END" 
"END" 

"END" REAEIGVALI 
"EOP" 
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"CODE" 341841 
"COHHF.NT" MCA 2414; 
"INTEGER" "PROCEDURE" REAEIGl(A• N• EM, VAL, ~EC)a "VALUE" NI 
"INTEGER" NI "ARRAY" A, EM, VAL, VECt 
"BEGIN" "INTEGER" I, K, MAX, J, LI 

"REAL" RESIDU, R, MACHTOL; 
"ARRAY" D, V[ltNl, B[ltN,l1Nll 
"INTEGER" "ARRAY" INT, INTO[llN]; 

"PROCEDURE" TFMREAHESfA,. N, EM, INT)J "CODE" 34170J 
"PROCEDURE" BAKREAHESZ(A, N, Nl, N2• INT, VEC)B "CODE" 341721 
"PROCEDURE" E0ILBR(A, N, fM, D, INT>J "CODE" 34173; 
"PROCEDURE" BAKLBR(N, Nl, NZ, O, INT, VEC)J "CODE" 341743 
"INTF.GER" "PROCEDURE" REAVALQRl(A, N, EH, VAL)S "CODE" 34180; 
"PROCEDURE" REAVECHES(A, N, LAMBDA, EM, V); "CODE" 34181; 
npqocEOURE" REASCL(A, N, Nl, N2)1 "CODE" ~4183J 

RESIDUI• 01 MAX•• O; EQILBRCA, N, EH, D, INTO)I 
TFMRF-AHES(A, N, EM, INT); 
"FOR" I•• l "STEP" l "UNTIL" N noon 
"FOR" JI• ("IF" I• l "THEN" l "ELSE" I - l) 
"STEPtt l "UNTIL" N "DO" BCI,Jll• ACI,Jll 
~a• REAEIGla• REAVAL0RI(B, N, EM, VAL); 
"FOR" I•• K + l "STEP" l "UNTIL" N "DO" 
"FOR" Jt• I+ l "STEP" l "UNTIL" N "DO" 
"BEGIN" "IF" VALCJl > VALCil "THEN" 

"BEGIN" RB• VAL[IlJ VAL[Ila• VAL[Jll VAL[Jll• R "END" 
"ENDtt; 
HACHTOLt• EMC~]* EMClJ; 
"FOR" La• K + l "STEP" l "UNTIL" N noon 
"BEGIN" "IF" L > 1 "THEN" 

"BEGIN" "~F" VALCL - ll - VALCLl < MACHTOL "THEN" 
VALCL11• VALCL - ll - MACHTOL 

"iNOtt; 
"FOR" Ia• 1 "STEP" l "UNTIL" N "DO" 

."FOR" Ja• ("If" I• l "THEN" 1 "ELSE" I - 1) 
"STEP" 1 "UNTIL" N noon BCiaJlt• ArI,J]J 
REAVECHES(R, N, VALCLl, EM, V); 
"IF" EM[ll > RESIDU "THEN" RESIOUI• EM[lll 
NJF" EM[9l > MAX "THEN" MAXt• EMC9ll 
"FOR" Js• 1 "STEP" l "UNTIL" N noon VECCJ,Llt• VCJ] 

"ENOtt; 
EMC71B• RESIDUt EMC9]1• MAXI 
BAKREAHES2(A; N• K + 1, N, INT, VEC)J 
RAKLBR(N, K + 1, N, D, INTO, VEC); 
REASClfVEC, No K + 1, N) 

11ENDtt REAEIGll 
"EOP" 
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"CODE" 341871 
nco"MENT" MCA 2417; 
"INTEGER" "PROCEDURE" REAEIG3(A, N, EM, VAL, VEC); "VALUE" N; 
"INTEGER" Ns "ARRAY" A, E", VAL, VECI 
"BEGIN" "INTEGER" II "REAL" SI 

"INTEGER" "ARRAY" INT, INTO[llN]; "ARRAY" O[llN]; 

"PROCEDURE" TFMREAHES U, N, EN, INT )I "CODE" 34170J 
"PROCEDURE" BAKREAHES2(A, N, Nl, NZ, INT, VEC>J "CODE" 341721 
"PROCEDURE" EQILBR(A, N,, EM, D, INT>; "CODE" 341731 
"PROCEDURE" BAKLBRCN, Nl, N2, D, INT, VEC)J "CODE" 341741 
"PROCEDURE" REASCL(A, N, Nl, N2)1 "CODE" 341831 
"INTEGER" "PROCEDURE" REAQRl(A, N, EM, VAL, VEC)J "CODE" 34186; 

EOILBR(A, N, EM, D, INTO)J TFMREAHES(A, N, EM, INT)J 
II• REAEIG31• REAORI(A, N, EM, VAL, VEC)I 
"IF" I• 0 "THEN" 
"BEGIN" 8AKREA~ES2(A, N, l, N, INT, VECI; 

BAKLAR<N, 1, N, D, INTO, VEC)J REASCL(VEC, N, 1, N) 
"END" 

"END" REAEIG31 
"EOP" 

11CODE 11 341921 
"COM"ENT" MCA 24221 
"INTEGER" "PROCEDURE" COMEIGVAL(A, N, E~, RE, IM); "VALUE" NI 
"INTfGER 11 NI "ARRAY" A, EM, RE, IM; 
"BEGIN" "INTEGER" "ARRAY" INT, INTO[ltNll 

t1ARRAY" 0[1 HIJ I 

"PROCEDURE" EOIL8R(A, N, EM, D, INT1J 11CODE" 341731 
"PROCEDURE" T~MREA~ES(A, N, EM, INTIJ "CODE" 3417~1 
"INTEGER" "PROCEDURE" COMVALQRI(A, N, EM, RE, IM); 
ncooen 3419'01 

EOILBR(A, N, EN, D, INTO)J TFMREAHES(A, N• EN, INT); 
CONEIGVAL•• COMVALQRI(A, N, EM, RE, IM) 

"END" COMEIGV AL; 
"EOP" 
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11cnDE" 341941 
11COMMENT 11 MCA 2424t 
11 INTEGER" 11 PROCEOUREtt COMEIGl(A, N, EM, RE, IM, VEC)J 
"VALUE" N; "INTEGER" N; 
"ARRAY" A, EM, RE, IM, VECB 
11 BF.GIN 11 "INTEGER" I, J, K, PJ, ITT; 

11 REAL 11 X, Y, MAX, NEPSJ 
"ARRAY" AB[l&N,llN], O, U, V[llN]I 
11 INTEGERtt "ARRAY 11 INT, INTO[llN]I 

"PROCEDURE" TRANSFERJ 
11 BEGIN 11 "INTEGER" I, JJ 

11 FOR 11 It• 1 11STEP 11 1 ~UNTIL" N 1100" 

PAGF. 16 

"FOR" JI• f"IF 11 I• 1 "THEN" 1 "ELSE" I - 1) "STEP" 1 
11UNTIL" N 11 00" AB[I,Jll• A[I,Jl 

11END 11 TRANSFER; 

11 PROCEDURE 11 EQILBR(A, N, EM, D, INT)J 11CODE 11 341731 
11 PROCEDURE 11 TFMREAHESCA, N, EM, INT>I 11CODE" 341701 
ttPROCEOURE 11 BAKREAHES2CA, N, Nl, NZ, INT, VEClJ 11CODE 11 34172; 
"PROCFmlRE 11 BAKLBR(N, Nl, NZ, D, INT, VEC)J "CODE" 34174J 
11 PROCEDURE" REAVECHES(A, N, LAMBDA, EM, V)I "CODE" 341811 
"PROCEDURE" CONSCL(A, N, Nl, NZ, IM); "CODE" 34193J 
"INTEGER" 11 PROCEDURE 11 COMVALQRI(A, N, EM, RE, IM)I 
11CODE 11 34190J 
"PROCEDURE" COMVECHES(A, N, LAMBDA, MU, EM, U, Vl; 
11COOE 11 34191; 

EOILBR(A, N, EM, D, INTO)J TFMREAHES(A, N, EM, INT)I TRANSFERI 
Kl• COMEIGlS• C □MVALORI(AB, N, EM, RE, IM); 
NEPSI• EMC~]* EM[ll; MAXI• 41 ITTI• 01 
11FOR 11 It• K + 1 "STEP" l "UNTIL" N 11 00 11 

"BEGIN" XI• RECil; Yt• INCI]I PJt• 01 
AGAIN a "FOR" J t • K + l 11 STEP" 1 t11JNTIL 11 I - 1 11 D011 

11REGIN 11 11 IF" ((X - RECJ]) •• 2 + 
(Y • IHCJl) •• 2 <• NEPS •• 2> "THEN" 
"BEGIN" 11 IF 11 PJ • J 11THEN 11 NEPS•• EMCZl * EHCll 

11ELSE" PJI• JI XI• X + 2 * NEPSJ "GOTO" AGAIN 
11ENDH 

11 ENO"; 
RErilt• Xs TRANSFERJ 11 IF" YA• 0 "THEN" 
11 BEGIN 11 COMVECHES(AB, N, RECil, IMCil, EM, U, V)J 

11 FOR" Ja• 1 "STEP" l 11UNTIL" N 1100" VECCJ,Il•• U[J]I 
I•• I+ 11 RE[I]I• X 

"END" 
"ELSE" REAVECHES(AB, N, X, EM, V); 
11 FOR 11 JI• 1 11STEP 11 1 "UNTIL" N 11 DO" VECCJ,Il&• V[Jll 
11 IFtt EM[7l > MAX "THEN" MAXI• EH[7]1 
ITTI• 11 IF" ITT> EMC91 "THEN" ITT "ELSE" EMC9l 

"END"I 
EMC7l•• MAX; EMC9l1• ITTt BAKREAHES2(A, N, K + 1, N, INT, VEC>; 
BAKLBR(N, K + 1, N, O, INTO, VEC); COHSCL(VEC, N, K + 1, N, IM) 

"ENO" COHl:IGlJ 
11EOP" 
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AUTMOR I CeGe VAN O~R LAAN. 

CONTRIBUTORS I H.FIOLET, CeGe VAN DER LAANe 

INSTITIJTE I MATHEMATICAL CENTRE. 

RECEIVEOI 73oq17. 

BRIEF DESCRIPTION• 

THIS SECTION CONTAINS FOUR PROCEDURES FOR CALCULATING THE 
EIGENVALUES nR THE EIGENVALUES ANO EIGENVECTORS OF COMPLEX 
HERMITIAN MATRICES. 

PAGE 1 

EIGVALHRM CALCULATES THE EIGENVALUES OF A HERMITIAN MATRIX. 
fIGHRH CALCULATES THE EIGENVALUES ANO EIGENVECTORS OF A HERMITIAN 
MATRIX. 
QRIVALHRM CALCULATES THe EIGENVALUES OF A HERMITIAN MATRIX. 
QRIHRM CALCULATES THE EIGENVALUES ANO EIGENVECTORS OF A HERMITIAN 
MATRIX. 
WHEN A SHALL NUMBER OF EIGENVALUES OR EIGENVALUES AND EIGENVECTORS 
IS REQUIRED, THE USE OF EIGVALHRM OR EIGHRM IS RECOMMANDEO; WHEN 
MORE THAN, SAY• 25 PERCENT OF THE EIGENSYSTEM IS REQUIRED. THE 
PROCEDURES QRIVALHRM OR QRIHRM ARE TD BE USEOa 
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SUBSECTION• EIGVALHRMa 

CALLING SE0UENCF. 1 

THE HEADING OF THE PROCEDURE READS 1 
"PROCEDURE" EIGVALHRM(A1 N1 NUMVAL, VAL, EM)S "VALUE" N, NUMVAlt 
"INTEGER" N, NUHVALI "ARRAY" A, VAL, EM; 

THE MEANING OF THE FORMAL PARAMETERS IS 1 
Al <ARRAY IDENTIFIER)I 

"ARRAY" A[llN,ltNlJ 
ENTRYI THE REAL ~ART OF THE UPPER TRIANGLE OF THE 

HERMITIAN MATRIX MUST BE GIVEN IN THE UPPER 
TRIANGULAR PART OF A fTHE ELEMENTS A[I,Jl, I< ■ J)J 
THE IMAGINARY PART OF THE STRICT LOWER TRIANGLE 
OF THE HERMITIAN MATRIX HUST BE GIVEN IN THF 
STRICT LOWER PART Of A ITHE ELEMENTS ACI,JJ,I>Jlt 

THE ELEMENTS AF A ARE ALTEREDJ 
NI <ARITHMETIC EXPRESSION>s 

THE ORDER OF THE GIVEN MATRIX; 
NUMVALI <ARITHMETIC EXPRESSION>; 

EIGVALHRM CALCULATES THE LARGEST NUMVAL EIGENVALUES OF 
THE HERMITIAN MATRIXJ 

VALi <ARRAY I0ENTIFIER>J 
"ARRAY" VAL[ltNUMVALlr 
EXITa 
IN ARRAY VAL THE LARGEST NUMVAL EIGENVALUES ARE 
DELIVERED IN MONOTONICALLY N0NINCREASING ORDER; 

fMa <ARRAY IDENTIFIER>; 
"ARRAY" EM[O13]J 
ENTRYa 
F.M[~]I THE MACHINE PRECISION; 
EMCZll THE RELATIVE TOLERANCE FOR THE EIGENVALUES; 

EXITa 

MORE PRECISELY• THE TOLERANCE FOR EACH EIGENVALUE 
LAMBDA, IS ABS(LAMBDA>•EM[Zl+EHtll•EH[0lJ 

EM[l]I AN ESTIMATE OF A NORM OF THE ORIGINAL MATRIXI 
EMC311 THE NUMBER OF ITERATIONS PERFORMED. 

PROCEDURES USEDt 

HSHHRMTRIVAL • CP34364• 
VALSYHTRI • CP3415la 

REQUIRED CENTRAL MfM0RYs 
TWO AUXILIARY ARRAYS OF ORDER N AND N - 1 RESPECTIVELY ARE DECLARED 

RUNNING TIMEI PROPORTIONAL TON CUBED. 
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LANGUAGES ALGOL Me 

METHOD AND PERFORMANCE• SEE QRIHRM (THIS SECTION). 

F.XAMPLE OF use, SEE EIGHRM (THIS SECTION). 

SUBSECTION• EIGHRM. 

CALLING SEOUENCE I 

THE HEADING OF THE PROCE!DURE READS t 
"PROCEDURE" EIGHRM(A• N• NUMVAL, VAL, VECR, VECI, EM)I 
"VALUE" N, NUMVALI "INTEGER" N, NU~VALI 
"ARRAY" A, VAL, VECR, VECI, EHi 

THE MEANING OF THE FORMAL PARAMETERS IS 1 
Al <ARRAY IDENTIFIER>J 

"ARRAY" A[ltN,ltN]J 
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ENTRYt THE REAL PART OF THE UPPER TRIANGLE OF THE 
HERMITIAN MATRIX MUST BE GIVEN IN THE UPPER 
TRIANGULAR PART OF A (THE ELEMENTS ACI,Jl, I< ■ J)t 
THE IMAGINARY PART OF THE STRICT LOWER TRIANGLE 
OF THE HERMITIAN MATRIX HUST BE GIVEN IN THF 
STRICT LOWER PART OF A (THE ELEMENTS ACI.Jl.I>J)! 

THE ELEMENTS AF A ARE ALTERED1 
NI <ARITHMETIC EXPRESSION>; 

THE OR°oER OF THE GIVEN HATRIXI 
NIIHVALI <ARITHMETIC EXPRESSION>J 

EIGHRM CALCULATES THE LARGEST NUMVAL EIGENVALUES OF THF. 
HERMITIAN MATRIXJ 

VALi <ARRAY IDENTIFIER>a 
"ARRAY" VALtl•NUMVAL]J 
EXIT• 
IN ARRAY VAL THE LARGEST NUHVAL EIGENVALUES ARE 
DELIVERED IN MONOTONICALLY NONINCREASING ORDER; 

VECR,VECI1 <ARRAY IDENTIFIER>a 
"ARRAY" VECR,VECI[ltN,ltNUMVALll 
F.XITI 
THE CALCULATED EIGENVECTORS; 
THE COMPLEX EIGENVECTOR WITH REAL PART VECRCltN,Il ANO 
IMAGINARY PART VECI[ltN,Il CORRESPONDS TD THE EIGENVALUE 
VALCil, I•1, ••• ,NUHVAL1 
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EM1 <ARRAY IDENTIFIER>J 
"ARRAY" EM[019]; 
ENTRY a 
eM[Oll THE MACHINE PRECISIONS 
E14[2ll THE RELATIVE TOLERANCE FOR THE EIGENVALIJESS 

MORE PRECISiLY1 THE TOLERANCE FOR EACH EIGENVALUE 
LAMBDA, IS ABS(LAMBDA>*EMC2l+EM[ll*EMCQ]; 

EMC4]1 THE ORTHOGONALIZATION PARAMFTER <E.G •• Olli 
EMC611 THE TOLERANCE FOR THE EIGENVECTORSI 
EMC8]a THE MAXIMUM NUMBER OF INVERSE ITERATIONS ALLOWED 

FOR THE CALCULATION OF EACH EIGENVECTOR; 
F.XITt 
EM[l]I AN ESTIMATE iOF A NOR~ Of THE ORIGINAL MATRIX I 
EMr,11 THE NUM~ER Of ITERATIONS PERFORMED; 
~MC5l1 THE NUMBER OF EIGENVECTORS INVOLVED IN THE LAST 

GRAM-SCHMIDT ORTHOGONALIZATION; 
EM[7]1 THE MAXIMUM EUCLIDEAN NORM OF THE RESIDUES OF TME 

CALCULATED EIGENVECTORSa 
EM[9l1 THE LARGEST NUMBER OF INVERSE ITERATIONS 

PERFORMED FOR THE CALCULATION OF SOME 
EIGENVECTORI IF, HOWEVER, FOR SOME CALCULATED 
EIGENVECTOR, THE EUCLIDEAN NORM OF THE RESIDUES 
REMAINS GREATER THAN EMCll*EMC6l, THEN 
EMf9]1 ■ EMC81+1. 

PROCEDURES USEOI 

HSHHRMTRI • CP34363, 
VALSYMTRI • CP34l51, 
VECSYHTRt • CP34l51• 
BAKHRHTRI • CPll43.6!Sa 

REOUIRED CENTRAL MEMORYI 
THREE AUXILIARY ARRAYS OF ORDfR N-1 AND TWO OF ORDER N ARE DECLARED 

RUNNING TIMEI PROPORTIONAL TON CUBED. 

LANGUAGF.t ALGOL 60. 

METHOD AND PERFORHAMCEt SEE ORIHRM (THIS SECTION). 
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EXAHPLF. OF USEt 

LET EIGHRM CALCULATE T~E LARGEST EIGENVALUE ANO THE CORRESPONDING 
EIGENVECTOR nF THE FOLLOWING MATRIX1 
CSEE GREGORY AND KARNEY, CHAPTER 6.1 EXAMPLE 6e6) 

3 1 O +2I 
1 3 -n o 
0 +ZI 1 l 

-zI O 1 1 
THE EIGENVECTORS ARF NOPMALIZEO BY THE PROCEDURE SCLCOH (SEE 
SECTION 1.2.11. ). 

"BEGIN" 
"COMMENT" GREGORY AND KARNEY,CHAPTER 6, EXAMPLE 6e61 
"PROCEDURE" SCLCOMCAR.1AI.1N.1N1.,N2)1"CODE" 3436!0S 
"PROCEDURE" INIMAT(LR,UR.,LC,UC,A,X)S"C□DE" 31011s 
"PROCEDURE" F.IGHRMCA.1N.1NUMVAL.1VAL.1VECR.,VECI.1EM);ncooen 343691 
"REAL" "ARRAY" A[lt4.,lt4l,VALC1tll,VECR,VECI[l14.1lll].1EMC019]S 
"INTEGER" U 
INIMATCl,4,1,4,A,O)I 
A[l,l]l ■Ar2,2]1 ■ 3a 
AC1,21t•AC3,3ll•AC3,4lt•AC4,411•lr 
A[3,2]1•2SA[4.,l]t ■-?I 

EM[Ol1•5"•141EHC2]1•"•12; 
EMC4 l I ••~l I EMC 6ll • 11•WJ E11C 8] I •5; 
EIGHRH(A,4,1.1VAL.1VECR.1VECI.1EM)1 
SCLCOM(VECR,VECI,4,1,l)I 
OUTPUT(61,"f""("LARGEST EIGENVALUE1 "1 11 ,N/")",VALtllll 
OUTPUTC61.,H(ffff(HCORRESPONOING EIGENVECTORl 11 )",l")")J 
"FOR" It•l,2,3,4 noon 
OUTPUT(6l,"f"+DeD,+DeDOD,"("*I")".1l">",VECRCI,ll,VECICI,ll); 
"FOR" Il•l,3,5,7.,9 "DO" 
OUTPUTC61,"f"l,"C~E"[")",D,"C"l• ")",+O.DDO"+DO">",I•EMCI1); 
"END" 

DELIVERS 1 

LARGEST EIGENVALUE• +4.8284271247462"000 
CORRESPONDING EIGENVECTOR1 
+1.0+0.ooo•t 
+1.0+0.oe1n•r 
-IOelO+I0.414•I 
+0.0-0.414•1 

EM[l]I +6.000"+00 
EMC3]1 +1.800"+01 
EMC5l1 +1.000"+00 
F.MC7]1 +5.303"-14 
EMCQJ1 +1.ooon+oo 
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SURSECTIONt 0RIVALHRMe 

CALLING SEQUENCE 1 

THE HEADING OF THE PROCEDURE READS 1 
"INTEGER" "PROCSDURE" QRIVALHRM(A, N, VAL, EM); "VALUE" Ni 
"INTEGER" N: "ARRAY" A, VAL, EM; 

THE MEANING OF THE FORMAL PARAMETERS ISB 
At <ARRAY IDENTIFIER>; 

"APRAY" AtlaN,11N]J 
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ENTRY1 THE REAL PAPT OF THE UPPER TRIANGLE OF THE 
HERMITIAN MATRIX MUST BE GIVEN IN THE UPPER 
TRIANGULAR PART nF A (THE ELEMENTS ACI,Jl, I<•J); 
THE IMAGINARY PART OF THE STRICT LOWER TRIANGLE 
OF THE HERMITIAN MATRIX MUST BE GIVEN IN THF 
STRICT LOWER PART OF A (THE ELEMENTS ArI,Jl,I>J)t 

THE ELEMENTS AF A ARE ALTEREDI 
NI <ARITHMETIC EXPRESSION>; 

THE ORDER OF THE GIVEN MATRIXa 
VALi <ARRAY IDENTIFIER>s 

"ARRAY" VAL[!IN]I 
fXITa 
THE CALCULATED EIGENVALUESJ 

EMI <ARRAY IDENTIFIER>I 
"ARRAY" EM[Oa5]J 
ENTRYI 
EMCO]I THE MACHINE PRECISIONS 
EM[2Ja THE RELATIVE TOLERANCE FOR THE QR ITERATIONS 
EMC4la THE ~AXIMUM ALLOWED NUMBER OF ITERATIONSJ 
FXIT1. 
EM[lla AN ESTIMATE OF A NORM OF THE ORIGINAL MATRIXI 
EM[3l1 THE MAXIMUM ABSOLUTE VALUE OF THE CODIAGONAL 

eLEMENTS NEGLECTEDt 
EMt51a THE NUMBER OF ITERATIONS PERFORMEDJ 

EMC5l1• EMC4l+l IN THE CASE QRIVALHRMA•OI 

QRIVALHRMl•O, PROVIDED THE QR ITERATION IS COMPLETED WITHIN EMC4l 
ITF.RATIDNSI OTHERWISE• QRIVALHRM1•THE NUMBER OF EIGENVALUES, K, NOT 
CALCULATED AND ONLY THE LAST N-K ELEMENTS OF VAL ARE APPROXIMATE 
EIGENVALUES OF THE ORIGINAL HERMITEAN MATRIX. 

PROCEDURES USED• 

HSHHRMTRIVAL • CP34364, 
QRIVALSYMTRI • CP34l&Ce 

REQUIRED CENTRAL MF.MORYi 
TWO AUiILIARY ARRAYS OF ORDER N ARE DECLARED. 

RUNNING TIMEI PROPORTIONAL TON CUBED. 
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LANGUAGE I ALGOL 60. 

METHOD ANO PERFnRMANCEI SEE ORIHR~ (THIS SECTION). 

EXAMPLE OF use, SEE QRIHRM (THIS SECTION>. 

SURSECTIONI QRIHRN. 

CALLING SEQUENCE I 

THE HEADING OF THE PROCEDURE READS 1 
"INTEGER" "PROCEDURE" QRIHRM<A, N, VAL, VR, VI, EM); "VALUE" N; 
"INTEGER" NI "ARRAY" A, VAL, VR, VI, EMI 

THE MEANJNG OF THE FORMAL PARAMETERS IS• 
Ar <ARRAY IDENTIFIER>J 

"ARRAY" A[ltN,ltNll 
ENTRY• THE REAL PART OF THE UPPER TRIANGLE OF THE 

HERMITIAN MATRIX MUST BE GIVEN IN THE UPPER 
TRIANGULAR PART OF A (THE ELEMENTS A[I,Jl, I<•Jll 
THE IMAGINARY PART OF THE STRICT LOWER TRIANGLE 
OF THE HERMITIAN MATRIX MUST BE GIVEN IN THE 
STRICT LOWER PART OF A (THE ELEMENTS ACI,Jl,I>J); 

THE ELEMENTS AF A ARE ALTERED; 
NI <ARITHMETIC EXPRESSION>J 

THE ORDER OF THE GIVEN MATRIXI 
VALi <ARRAY IDENTIFIER>J 

"ARRAY" VALCltN]; 
EXITt 
THE CAtCULATED EIGENVALUESJ 

VR,VI• <ARRAY IDENTIFIER>; 
"ARRAY" VR,VI[ltN,ltNlJ 
EXIT• 
THE CALCULATED EIGENVECTORSI 
THE COMPLEX EIGENVECTOR WITH REAL PART VR[l1N,Il ANO 
IMAGINARY PART VICltN,Il CORRESPONDS TO THE EIGENVALUE 
VALCil, I•l•••••NJ 

EMt <ARRAY IDENTIFIER>I 
"ARRAY" EM[015ll 
ENTRYI 
EMCO]I THE MACHINE PRECISIONS 
EMC2]1 THE RELATIVE TOLERANCE FOR THE OR ITERATIONI 

(EeGe THE MACHINE PRECISION); 
EMC4l1 THE HAXIMUM ALLOWED NUMBER OF ITERATIONS; 

<E.G. liO • 10 J 
EXITI 
EM[llt AN ESTIMATE OF A NORM OF THE ORIGINAL "ATRIXI 
E~C3l1 THE MAXIMUM ABSOLUTE VALUe OF THE CODIAGONAL 

ELEMENTS NEGLECTED; 
EMC5Jt THE NUMBER OF ITERATIONS PERFORMEDJ 

EMC5lt•EM[4J+l IN THE CASE QRIHRNA•OJ 
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ORIHRMt•O, PROVIDED THE PROCESS IS COMPLETED WITHIN EM[4l 
ITiRATIONSa OTHERWISE, QRIHRHt• THE NUM8ER OF EIGENVALUES, K, NOT 
CALCULATED ANO ONLY THE LAST N-K ELEMENTS OF VAL ARE APPROXIMATE 
EIGENVALUES AIIID THE COLUMNS Of THE ARRAYS VR,VICltN,N-KtNl APE 
APPROXIMATE EIGENVF.CTORS OF THE ORIGINAL HERMITEAN MATRIX• 

PROCEDURES USEOt 

HSHHRHTRI • CP~4363, 
ORtSYMTRJ • CP34161, 
BAKHRMTRI • CP34365. 

RFOUIRED CENTRAL MEMORYt 
TijO AUXILIARY ARRAYS OF ORDER N • 1 AND TWO OF ORDER N ARE DECLARED 

RUNNING TIME1 PROPORTIONAL TO 111 CUBEDe 

LANGUAGFI ALGOL (,l,O. 

THE FOLLOWING HOLDS FOR THE FOUR PROCEDURES OF THIS SECTIONt 

METHOO ANO PERFORMANCEt 

FOR THE TRANSFORMATION OF THE GIVEN HERMITIAN MATRIX INTO A REAL 
SYMMETRIC TRIDIAGONAL MATRIX, AND FOR THE CORRESPONDING BACK 
TRANSFORMATION, P~OCEDURES OF SECTION 3.z.1.2.2.1. ARE USED. 
FOR THE CALCULATION OF THE EIGENVALUES AND EIGENVECTORS OF THE 
RESULTING SYMMF.TRIC TRIOIAGONAL MATRIX, PROCEDURES OF SECTION 
3.1.1.1.1. ARE USF.O. 

EXAMPLE OF use, 
QRIHRM CALCULATES THE EIGENVALUES AND EIGENVECTORS OF THE 
FOLLOWING MATRIX• 
(SEE GREGORY AND KARNEY, CHAPTER 6, EXA~PLE 6e6) 

3 l O +21 
1 3 •2I 0 
0 +2I 1 1 

-2I O l l 
THE EIGENVF.CTORS ARE NORMALIZED BY THE PROCEDURE SCLCOM (SEE 
SECTION 1.2.11. ). 
ONLY THE EIGENVECTORS CORRESPONDING TO VAL[2l ANO VALC3l ARE 
PRINTED BY T~E FOLLOWING PROGRAM1 
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"BFGINH 
"COMMENT" GREGORY ANO KARNEY,CHAPTER 6, EXAMPLE 6e61 
"INTEGER" "PROCEDURE" QRIHRM(A,N,VAL,VR,VI,EM)J"CODE" 343711 
"PROCEDURE" INIMAT(LR,UR,LC,UC,A,X)l"CODE" 31011; 
"PROCEDURE" SCLCOH(AR,AI,N,Nl,N2)1"C00E" 343601 
"R£AL" "ARRAY" A,VR,VI[l14,114l,VAL[1141,El1[015ll"INTEGER" It 
INIHAT(l,4,1,4,A,O)I 
AC1,ll1•At2,2l1•3; 
At3,2lt•?.JA£4,llt•-21 
A[l,2]1•At3,3lt•AC3,4ll•AC4,41t•ll 
EHCC]1•EM[2l1•5"•141EH[4]1•201 
OUTPUT(61,"f""("ORIHRHI ">",01")",0RIHRM(A,4,VAL,VR,VI,EH))J 
SCLCOM(VR,VI,4,2,3)1 
OUTPUT(6l,"(""f"EIGENVALUES1 ~>"">">• 
"FOR" It•l,2,3,4 noon OUTPUT(61,"("l,"("VALC">",D,"("lt ")", 

+De3DBB">",I,VAL[Il)J 
nUTPUT(61,"("l,"<"EIGfNVECTORS CORRESPONDING TO")",/, 

ff(ff VAL[2], VAL[3] ff)H,/ff)ff); 
"FOR" It•l,2,3,4 "DO" 
OUTPUT(61,"("+D,+D,"("*I , ">",+D,+D,"("*I")",I")", 

VRCI,2l,Vt[I,~l,VRCI,3l,VICI,3l); 
"FORH lt•l,3,5 "DO" 
OUTPUT(61,"("l,"("EMC">",D,"("]t ")",+DeDDD"+DD")",I,EM[Il) 

"END" 

OUTPIJTI 
QRIHRl11 0 
EIGl:NVALUES1 
VALCll 1 +4.828 
VALr2l I +4.000 
VALC3l I -0.000 
VALC4l • -o.a2e 
EIGENVECTORS CORRESPONDING TO 

VAL[Zl , VALC:!11 . 
+l+O*I , +0•1*I 
-l+O•I , +O+l*I 
+O-l*I , +l+O*I 
+O-l*I , +l+o•I 

EHClll 
F.Mt311 
E11C5JI 

+6.000"+00 
+3.804"-22 
+601ioon+l)O 

SOURCE TEXT(S) I 

"CODE" 343681 
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"PROCEDURE" EIGVALHRM(A, N, NUMVAL, VAL, EH)I "VALUE" N, NUMVALl 
"INTEGER" N, NUHVALI "ARRAY" A, VAL, EMS 
"BEGIN" "ARRAY" D[llN], 88[11N • l]S 

"PROCEDURE" HSHHRMTRIVALCA,N,D,BB,EM)S"CODE" 3~36~J 
"PROCEDURE" VALSYMTRI(D,BB,N,Nl,N2,VAL,E11)J"CODE" 341511 
HSHHRHTRIVAL(A, N, D, BB, EM)J 
VALSYMTRI(D, BB, N, 1, HUMVAL, VAL, EH) 

"END" EIGVALHRMI 
"EDP" 
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ncnDE" H36Qt 
"PROCEDURE" EIGHRM(A, N, NUMVAL, VAL, VECR, VECI, EM); 
"VAUJE 11 N• Nll'4VAL; 11 INTEGER" N, NUMVALJ 
"ARRAY" A• VAL, VECR• VECI, EHi 
HBEGINH "ARRAY" BB, TR, TI[ltN • ll, D, BCltN]; 
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"PROCEDURE" HSHHRMTRI(A,N,D,B,BB,EM,TR,TI)J 11 CODE 11 343~~r 
"PROCEDURE" VALSYMTRI(D,BB,N,Nl,N2,VAL,E'4)J"CODE" 34151; 
"PROCEDURE" VECSYMTRI(D,R,N,Nl,N2,VAL,VEC,EM);HCODE" 34152; 
"PROCEDURE" 8AKHRMTRI(A,N,Nl,NZ,VECR,VECI,TR,TI)J 11C00~ 11 34365J 
HSHHRMTRI(A, N, D, B, BB, EM, TR, TI)I 
VALSYHTRI(O, BB, N, 1, NUMVAL, VAL, EM); B[Nlt• 01 
VECSYMTRI(D, B, N, l, NUMVAL, VAL, VECR, EM); 
BAKHRMTRI(A, N, 1, NUMVAL, VECR, veer. TR, TI> 

"END" EIGHRMI 
"EOP" 

"CODE" 343701 
"INTEGER" 11 PROCEDURE" ORIVALHRMCA, N, VAL, EM)J 11 VALUE" NI 
"INTEGER" NI "ARRAY" A, VAL, EMI 
"BEGIN" 11 ARRAY" B,BACltNJ; 

11 INTEGER" II 
"PROCEDURE" HSHHRMTRIVAL(A,N,D,BB,EM)J"CODE" 343641 
"INTEGER" "PROCEDURE" ORIVALSYMTRICD, BB, N, EH)J"CODE" 34160; 
HSHHRMTRIVALCA, N, VAL, BR, EM)t B[Nlt•BB[Nlt• ~J 
HFOR 11 Il•l "STEP" l "UNTIL" N-1 "DO" R[Ill•SORT(BB[I])I 
ORIVALHRMl•ORIVALSYMTRI(VAL, SB, N, EM> 

"END 11 QRIVALHRM; 
"EOP" 

"CODE n 34371 r 
11 TNTEGER" "PROCEDURE" ORIHRMCA, N, VAL, VR, VI, EM)I "VALUE" NI 
11 INTEGER" NI "ARRAY" A, VAL, VR, VI, EMI 
"BeGJNH "I~TEGER" I, J; 

"ARRAY" A• BB[llN], TR, TICltN - lli 
"PROCEDURE" HSHHRMTRI(A,N,D,B,88,EM,TR,TI)l"CODE" 34363; 
"INTeGER" "PROCEDURE" ORISYMTRICA,N,D,8,88,EMlJ"CDDE" 341611 
"PROCEOURE 11 BAKHRMTRI<A,N,Nl,N2,VECR,VECI,TR,TI>J"CODE 11 34365J 
HSHHRMTRI(A• N, VAL, B, RB, EM, TR, TI)I 
"F□Rn It• 1 "STEP" l "UNTIL" N noon 
"BEGIN" VRCI,Ill• l; 

"FOR" JI• I+ l "STEP" 1 "UNTIL" N "DO" VRCI,Jll• VRCJ,Ilt• 
0 

"END"; 
B[N11• BB[Nll• 01 
II• ORIHRMI• ORISYHTRI(VR, N, VAL, R, SB, EM)J 
BAKHRMTRI(A, N• I+l, N, VR, VI, TR, TI)1 

"END" ORIHRM; 
"EDP" 
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BRIEF DESCRIPTION 1 

THIS SECTION CONTAINS THE PROCEDURES VALORICOM ANO ORICOM. 
VALORICOM CALCULATES THE EIGENVALUES OF A COMPLEX UPPER-HESSENBERG 
MATRIX WITH A REAL SUBDIAGONAL. 
ORICOH CALCULATES THE EIGENVECTORS AS WELL. 
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SUBSECTION! VAL0RICOM. 

CALLING SEOUENCEI 

T~~ HEADING OF THE PROCEDURE READS• 
"INTEGER" "PROCEDURE" VALORICOM(Al, AZ, B, N, EM, VALl, VAL2); 
"VALUE" N; "INTEGER" N; "ARRAY" Al, AZ, B, EM, VALl, VAL21 

' 

THE MEANING OF THE FORMAL PARAMETERS IS1 
Al,A21 <ARRAY IDENTIFIER>; 

"ARRAY" Al,A2Cl1N,l1N]I 
ENTRYI 
TH! REAL PART ANO THE IMAGINARY PART OF THE UPPeR 
TRIANGLE OF TH£ UPPER-HESSENBcRG MATRIX MUST BE GIVEN IN 
THE CORRESPONDING PARTS OF THE ARRAYS Al AND AZ; 
THE ELEMENTS IN THE UPPER TRIANGLE OF THE ARRAYS Al ANO 
A2 ARE ALTEREDI 

BI <ARRAY IDENTIFIER>; 
"ARRAY" B[llN-1]; 
ENTRYI 
THE REAL SUBOIAGONAL OF THE UPPER-HESSENBERG MATRIXJ 
THE ELEMENTS OF THE ARRAY 8 ARE ALTERED; 

NI <ARITHMETIC EXPRESSION>; 
THE ORDER OF THE GIVEN MATRIXI 

EMJ <ARRAY IDENTIFIER>1 
"ARRAY" EMC01SJ; 
ENTRYI 
EMtO]I THE MACHINE PRECISIONS 
F.M[l]a AN ~STIMATE OF THE NORM OF THE UPPER•HESSENRERG 

MATRIX CceG• THE SUM OF THE INFINITY NORMS OF THE 
. REAL AND IMAGINARY PARTS OF THE MATRIX); 

EMC2Ja THE RELATIVE TOLERANCE FOR THE OR-ITERATIONS 
<e.G. THc MACHINE PRECISION)I 

EM[4JI THE MAXIMUM ALLOWED NUMBER OF ITERATIONS; 
IE.G. 10 * N)J 

EXITI 
FM[3]1 T~E MAXIMUM ABSOLUTE VALUE OF THE SUBDIAGONAL 

ELEMENTS NEGLECTEDI 
EM[5]1 THE NUMBER OF ITERATIONS PiRFORMEOJ 

EMC5]1•EMC4l+l IN THE CASE VALQRICOMA ■O; 
VAL1,VAL21 <ARRAY IDENTIFIER>J 

"ARRAY" VAL1,VAL2Cl1Nll 
EXIT1 
THE REAL PART AND THE IMAGINARY PART OF THE CALCULATED 
EIGENVALUES ARE DELIVERED IN THE ARRAYS VALl AND VAL?• 
RESPECTIVELY; 

VALORICOMl•O• PROVIDED THE PROCESS IS COMPLETED WITHIN EMC4l 
ITERATIONSI OTHERWISE, VALORICOMI• THE NUMBER, K, OF EIGENVALUES 
NOT CALCULATED ANO ONLY THe LAST N-K ELEMENTS Of THE ARRAYS VALl 
ANO VAL2 ARE APPROXIMATE EIGENVALUES 0~ THE UPPER•HESSENBERG 
MATRIX. 
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PROCEDIJRES llSEOI 

COMKWD 
ROTCOHROW 
ROTCOHCOL 
COHCOLCST 

• CP34345• 
• CP34358• 
• CP34357• 
• CP34352. 

(JULY 1q74) 

RUNNING TIMEI PROPORTIONAL TO N••2 * NUMBER OF ITERATIONS. 

LANGUAGE• ALGOL 60e 

METHOD AND PERFORMANCE• SEE QRICOM (THIS SECTION). 

FXAMPLE OF USEI 

PAGE 3 

AS A FORMAL TEST OF THE PROCEDURE VALQRICOM THE ZEROS OF THE 
POLYNOMIAL X**4 + (4+2*I)* x••3 + (5+6•I>• x••2 + (2+6*I>• X + Z*I 
ARE OBTAINED BY MEANS OF THE CALCULATION OF THE EIGENVALUES OF THE 
FOLLOWING COMPANION ~ATRIXI 
(SEE WILKINSON AND REINSCH• 1q71, CONTRIBUTION II/15) 
-4-'-*I -,-6•1 -2-6*I -z•I 

l O O 0 
0 1 0 0 
a --, 1 ie 

118F.GIN" 
"RFAL" "ARRAY" Al,AZ[l14,l14],B[l13],EM[Ot51•VAL1,VAL2[114]; 
"INTEGER" It 
"PROCEDURE" INIMAT(LR,UR,LC,uc.A.X);HCODE" 31~111 
"INTEGER" "PROCEDURE" VALORICOM(Al,A?,B,N,EM,VAL1,VAL2)1 
HCODF." 343721 
INIMATU,4,1,4,Al,O> UNIHATU,4,1,4,A2,tO); 
Alt1,ll1•-41Altl,211•-51Al[l,3lt•A2[1,11t•A2Cl,4lt•-21 
A2C1,2]1•A2£1,3]1~-6J 
8[111•8[2]1•8[3]1•11 
EM[Olt•5"•141EM[1lt•271EH[2]1•"•121EHC411•151 
OUTPUT(61,"f""<"VALORICOMI ">",DI">"• 

VALORICOH(Al,A2,B,4,EM,VAL1,VAL2))J 
OUTPUT(61,"(""("EIGENVALUES•">",/,n(HREAL PART">",148, 

"("IMAGINARY PART">",l")")I 
"FOR" Ia ■l,Z,3,4 noon OUTPUT(61,"("N,N/")",VAL1Cil,VALZCil>; 
OUTPUT(61,H(HU(HEM[3]1 ">",D.D"+DDl,"("EH[5]1 ")",30")"• 

ENC31,EM[5]) 

OUTPUT& 
VALORICON I (J 

EIGENVALUESt 
REAL PART 
-1.0000001qzo461°+ooo 
-q.9q9q9907953z4"-001 
-1.0000000047492"+00ll 
-9.9qqq9995z5076"-00l 
EMC3]1 3.zn-14 
EMC5l I 01(1 

IMAGINARY PART 
-1.oooonooa31019n+ooo 
-q.99999916aqso5n.001 
+le68249585233q3°•.®7 
-1.6824956397352"-007 
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SUASECTIONt ORICOM. 

CALLING SEOUENCEI 

TH~ HEADING OF THF PROCcDURE READSt 
"INTEGER" "PROCEDURE" QRICOM(Al,AZ,B,N,EM,VALl,VALZ,VECl,VECZ); 
"VALUE" NI "INTEGER" NJ 
"ARRAY" Al, Al, e. EM, VALl, VALZ, VECl, vecz, 
THE MEANING OF THE FORMAL PARAMETERS IS1 
A1,A21 <ARRAY IDENTIFIER>1 

"ARRAY" Al,A2[l1N,11N]S 
ENTRYt 
THE REAL PAPT AND THE IMAGINARY PART OF THE UPPER 
TRIANGLF. OF THE UPPER-HESSEN8ERG MATRIX MUST BE GIVEN T.N 
THE CORRESPONDINt PARTS OF THE ARRAYS Al AND AZJ 
THE ELEMENTS IN T4E UPPER TRIANGLE OF THE ARRAYS Al ANO 
AZ ARE ALTERED; 

Bt <ARRAY IDENTIFIER>; 
"APRAY" A[llN•lll 
ENTRYI 
TH[ REAL SUBDIAGONAL OF THE UPPER-HESSENBERG MATRIXt 
THE ELEMF.NTS OF THE ARRAY BARE ALTERED; 

"' <ARITHMETIC EXPRESSION>J 
THE ORDER OF THE GIVEN NATRIXS 

EM1 <ARRAY IDENTIFicR>t 
"ARRAY" EM[Ot5]; 
ENTRYI 
EM[Oll THE MACHINE PRECISIONS 
F.M[lla AN ESTIMATE OF THE NORM OF THE UPPER-HESSENBERG 

. MATRIX IEeGa THE SUM OF THE INFINITY NORMS OF THE 
REAL AND IMAGINARY PARTS OF THE MATRIX)J 

EHt2]1 THE RELATIVE TOLERANCE FOR THE 0R•ITERATIONI 
(E.G. THE MACHINE PRECISION)J 

EM[4la THE MAXIMUM ALLOWED NUMBER OF ITERATIONS; 
(E.G. 1~ * N); 

EXITa 
EM[3]B THE MAXIMUM ABSOLUTE VALUE OF THE SUBOIAGONAL 

ELEMENTS NEGLECTeo, 
EM[5J THE NUMBER OF ITERATIONS PERFORMED; 

EHC5lt•EMC4l+l IN THE CASE 0RICOMA•OI 
VAL1,VAL21 <ARRAY IDENTIFIER>J 

"ARRAY" VAL1,VAL2[11N]; 
EXITI 
THE REAL PART AND THE IMAGINARY PART OF THE CALCULATED 
EIGENVALUES ARE DELIVERED IN THE ARRAYS VALl AHO VALZ, 
RESPECTIVELY; 

vec1,vec21 <ARRAY IDENTIFIER>; 
"ARRAY" VEC1,VEC2[11N,ltNlt 
EXITI , 
THE EIGENVECTORS OF THE UPPER•HESSENBF.RG MATRIXJ 
THE EIGFNVECTOR WITH REAL PART VECltlaN,J] ANO IMAGINARY 
PART VEC2[12N,Jl CORRESPONDS TO THE EIGENVALUE 
VALl[Jl + VALZCJ] • I, J•l, ••• ,NI 
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QRICOMt•O• PROVIDEO THE PROCESS IS COMPLETED WITHIN EM[41 
ITERATIONSs OTMERWISE, QRICOMt• T~e NUMBER, K, Of EIGENVALUES NOT 
CALCULATED AND ONLY THE LAST N-K ELEMENTS OF THE ARRAYS VALl ANO 
VAL2 ARE APPROXIMATE EIGENVALUES OF THE UPPER-HF.SSENBERG MATRIX. 
ANO NO USEFUL EIGENVECTORS ARE DELIVERED. 

PROC~OURES USEDt 

COMKijD • CP34345• 
ROTCOMROW • CP34358• 
ROTCOMCOL • CP34357• 
COHCOLCST • CP34352• 
COHROWCST • CP34353• 
HATVEC • CP34011• 
COMMATVEC • CP34354• 
COHDIV • CP34342o 

REQUIRED CENTRAL MEMORYt TWO AUXILIARY ARRAYS OF ORDER N ARE DECLARED. 

RUNNINr. TIMEI PROPORTIONAL TO N••2 • NUMBER OF ITERATIONS. 

LANGUAGES ALGOL 600 

THF. FOLLOWING HOLDS FOR BOTH PROCEDURES• 

METHOD AND PERFORMANCE• 

THE UPPER-HESSENBERG MATRIX IS TRANSFORMED BY MEANS OF FRANCIS• QR 
ITERATION ( FRANCIS• 1961• ANO WILKINSON• 1965 l INTO A COMPLEX 
UPPER TRIANGULAR MATRIXo THE EIGENVALUES ARE THE DIAGONAL ELEMENTS 
OF THE LATTF.R MATRIX. TO CALCULATE THE EIGENVECTORS WE FIRST SOLVE 
THE RESULTING TRIANGULAR SYSTEM OF LINEAR EQUATIONS AND 
SUBSEQUENTLY PERFORM THE CORRESPONDING BACKTRANSFORMATIONo 
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FXAMPLF OF USF.1 

ORICOM CALCULATES THE EIGENVALUES ANO EIGtNVECTOPS OF THE 
FOLLOWING MATRIXI 
(SEE WILKINSON ANO RfINSCH, 1971, CONTRIBUTION II/1~) 
-4-2*1 -5-b*I -2-6*1 •Z*I 

1 0 D 0 
~) 1 :0 0 
o o 1 a 

THE EIGENVECTORS ARE NORMALIZED BY THE PROCEDURE SCLCOMo 
,sre SECTION 1.2.11.,. 
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ONLY THF. cIGF.NVECTOR CORRESPONDING TO VALlCll + VALZ[ll * I IS 
PRINTED BY THE FOLLOWING PROGRAM. 

11 BEGIN 11 

11 REAL 11 11 ARRAY 11 Al,A2,VEC1,VEC2Clt4,l14],B[l13l, 
EM[015l,VALl,VALZCl141; 

11 INTl:GfR 11 II 
11 PROCEOURE 11 SCLCOMIAR,AI,N,Nl,N2)J 11CODE 11 343601 
11 INTEGER 11 11 PROCEDURE 11 QRICOM(Al,AZ,B,N,EM,~ALl,VALZ,VECl,VECZ); 
11 COOE 11 34373; 
11PROCEDURE 11 INIMAT(LR,UR,LC,UC.A,X)1 11CODE 11 310111 
INIHAT(ls4,ls4,Al,OlsINIMAT(l,4,l,4,AZ,O)I 
Al Cl, l 1 a •-4 ;Al[ 1, 2 l 1 ·-5; A 1 Cl, 3 l 1 •A?. Cl., 1 l r • A 2 t l, 4 l t •-2; 
A2fl,2ll•A2Cl,31t•-6J 
8[111•8[?]1 ■ 8[~]1•11 

EMCill1•5 11•14;EHCll1•27;EMC2l1• 11-lZ;EMC4l1•l5; 
OUTPUT(61, 11 ( 1111 ( 11QRICOMI 11 ) 11 ,0/ 11 ) 11 , 

ORICOM(A1,A218•41EH1VAL1,VAL2,VEC1,VECZ)); 
OUTPUT(61, 11 ( 11 "( 11EIGENVALUESs 11 >11 ,/, 11 ( 11 REAL PART 11 ) 11 ,14B, 

11 ( 11 I~AGINARY PART 11 ) 11,/ 11 ) 11 )S 
11 FOR 11 Is•l,2,3,4 11 0011 OUTPUT161, 11 (ttN,N/11) 11,VALlCil,VAL2Cil)I 
SCLCOM(VEC1,VEC2,4,1,4); 
OUTPUT(61, 11 ( 1111 (11FIRST EIGENVECTORl 11 ) 11,/, 11 ( 11REAL PART 11 ) 11,14B, 

11 ( 11 IMAGINARY PART 11 ) 11,/11 ) 11 )1 
11 FOR 11 I••l,2,3,4 11 0011 OUTPUT(61, 11 ( 11 N,N/ 11 ) 11,VEC1CI,ll,VEC2CI,1])t 
OIJTPUT("l•"'""("E14[3]1 H)11,o.011+00,,11c11er,4[5]1 11)11.30">"• 

EMC3l,EM[5]) . 
11END 11 
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OUTPUTI 

OIUCOMI 0 
EIGENVALUESt 
REAL PART 
-9.9999980795324"-001 
-190000d01920467"+000 
-1.0000000047492"+000 
-9.9999999525076"-001 
FIRST eIGENVECTORI 
REAL PART 
+ l akliOiOlOIOIOk,OOO!O;Olf:l "+OifJIU 
-s.oaoooo4155098 11-on1 
-5.4472417697634"•008 
+2.5000014403510"-0iOl 
EMU] 1 3.2"-14 
EM[511 010 

REFERENCE~1 

DEKKER, T.J. (1968), 

(JULY l971t) 

IMAGINARY PART 
-9.9999991689805"-001 
-1.ooooaoos31019"+000 
+1.6824958523393"-007 
-l.6824956397352"-007 

IMAGINARY PART 
-1.776l568394I003"-0l5 
+5.0000009602339"-001 
-s.0000013757436•-001 
+2.5~~~«~6232645"-(l,01 

ALGOL 60 PROCEDURES IN NUMERICAL ALGEBRA, PART l, 
NATMe CENTRF TRACTS 22, MATHEHATISCH CENTRUM; 

OEKKER, T.J. AND WeHOFFMANN (1968), 
ALGOL 60 PROCEDURES IN NUMERICAL ALGEBRA, PART 2, 
MATH. CENTRE TRACTS 23, MATHEMATISCH CENTRUMI 

FRANCIS, JeGeF• (1961), 
TME OR-TRANSFORMATION, PART 1 AND 2, 
COMP.Jo 4, Pe265-271 ANO Pe332-3451 

RUHE, Ae (1966), 
EIGENVALUES OF A COMPLEX MATRIX BY THE OR METHOD. 
BIT, 6, Pe350•358; 

WILKINSON, J.H. (1965), 
THE ALGERRAIC EIGENVALUE PROBLEM, 
CLARENDON PRESS, OXFORDS 

PAGE 7 
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SOURCE TEXT(S) I 

"COD[" 34372; 
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"INTEGER" "PROCEDURE" VALQRICOM(Al, A2, B, N, EM, VALl, VAL2); 
"VALUE" N; "INTEGER" N; "ARRAY" Al, AZ, Be EM, VALl, VAL21 
"BEGIN" "INTEGER" M, NMl, I, Il, 0, 01, MAX, COUNTS 

"REAL" R, 7.1, l2, 001, 0D2, CC, Gl, G2, Kl, K2, HC, AlMN, 
AZNN, AIJl, AIJ2, AilI, KAPPA, NUI, MUil, MUI2, 
MUIMll, MUIM12, NUIMl, TOLi 
"PROCEDURE" COMCOLCST<L,U,J,AR,AI,XR,XI);"COOE" 343521 
"PROCFOURE" ROTCOMCOL(L,U,I,J,AR,AI,CR,CI,S);"CODE" 34357; 
"PROCEmlRE" ROTCOMROW<L,U,I,J,AR,AI,CR,CI,S11"C00E" 343581 
"PROCEDURE" COMKWO(PR,PI,QR,0I,GR,GI,KR,KI)1"CODE" 343453 
TOLi• EM[ll • EMCZJJ MAXI• EM[4]1 COUNT•• O; Rs• O; 
Ml• N; "IF" N > 1 "THEN" HCI• B[N - lJJ 

INI NMll• N - 11 
"FOR" 11• N, I - 1 "W~ILE" ("IF" I >• 1 "THEN" ABS(BCilJ > TOL 
"ELSE" "FALSE") "DO" QI• It "IF" 0 > 1 "THEN" 
"BEGIN" "IF" ABS(B[0 - 11) > R "THEN" Rt• ABS(B[Q - 11) "END"; 
"IF" 0 • N "THEN" 
"BEGIN" VALl[Nll• AlCN,NlJ VAL2CN]I ■ A2CN,NlJ NI• NMll 

"IF" N > 1 "THEN" HCI• B[N - l]S 
"END" 
"ELSE" 
"BEGIN" ODlt• Al[N,N]J DDZI• AZCN,N]J CCI• B[NMl]B 

COMKWD((Al[NMl,NMll - 001) / 2, (AZ[NMl,NMll • DDZI 
I 2, CC• AlCNMl,Nl, CC* AZCNMl,Nl, Gl, GZ, Kl, 
KZ)I "IF" 0 • NMl "THEN" 
"BEGIN" VALl[NMllt• Gl + 0011 VALZ[NMlll• G2 + D021 

VALl[Nll• Kl+ DDll VALZ[NJI• K2 + DD21 
NI• N • Z; "IF" N > 1 "THEN" HCI• BCN - 11; 

"END" 
"ELSE" 
"BEGIN" COUNTI• COUNT+ l; 

"IF" COUNT> MAX "THEN" "GOTO" OUTS Zll• Kl+ DDls 
ZZa• KZ + DDZI 
"IF" ABS(CC) > ABS(HC) "THEN" Zll• Zl + ABS(CC)I 
HCI• CC / 21 Is• 011• 0 + 11 
AIJll• Al[Q,Q] • ZlJ AIJ2s• A2CQ,0] • ZZJ 
AllII• B[Q]J 
KAPPA•• S0RT(AIJ1 •• 2 + AIJ2 ••?+Alli•• 2)1 
MUil1 ■ AIJl / KAPPAJ MUIZ•• AIJZ / KAPPAJ 
NUII• AilI / KAPPA; A1[0.0]1 ■ KAPPA; 
A2[0,01t• O; Al[Ol,01]1• A1C0l,0ll - Zll 
A2[0l,0ll1• AZ[Ql,01] • Z21 
ROTCOMROW(01, N, 0, 01, Al, AZ, MUil, NUI2, 
NUI)I 
ROTCOMCOL(0, 0, 0, 01, Al, A2, MUil, • MUI2, -
NUI)I AlC0,0]1• AlC0,Q] ♦ Zll 
AZC0,Q]I ■ A2t0,Ql + Z2t"C0MMENTH 
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"FOR" Ilt• 01 + 1 "STEP" l "UNTIL" N "DO" 
"BEGIN" AIJlt• AlCI»IJs AIJ?I• A2[I,I]g 

Ailit• 13[J]; 

KAPPAr• S0RT(AIJ1 ** 2 + AIJ2 ** 2 + AilI •• 
2)1 NUIMlla• MUill MUIM121• HUIZa 
NU!Hll• NUI; MUlll• AIJl / KAPPAS 
HUI2r• AIJ2 / KAPPA; NllII• All! / l<APPA; 
AlCil,Illt• Al[Il,Ill • Zll 
A2CI1,Ill&• AZCil,Ill - Z2s 
ROTCOMROW(Il, N, I, Il, Al, A2, MUil, 
MUI2, NUI)J AltI,Ill• MUIMll + l<APPAJ 
A2CI,Il1• - MUIM12 • KAPPA; 
SCI• llt• NUtMl * KAPPA; 

ROTCOl1COU0, I, I, Il, Al, AZ, MUil, -
MUI?, - NUI)J AlCI,111• AlfI,Il + ZlJ 
A2CI,Il1• A2CI,Il + ZZJ I•• Ill 

11 ENDH; 
AIJll• AlfN,Nll AIJ21• AZ[N,Nll 
KAPPA•• S0RT(AIJ1 •• 2 + AIJ2 •• 2)1 

PAGE 9 
t 

11 IF 11 ( 11 IF 11 l<APPA < TOL 11THEN" "TRUE" "ELSE" AIJZ ** 2 
<• EMC01 + AIJl ** 2) "THEN" 
11 BEGIN" B[NMlll• NUI * AIJlr 

AlCN,Nll• AIJl * HUil + Zl; 
A2CN,N]I• - AIJl + MUI2 + Z2 

"END11 

"ELSE" 
11 BEGIN 11 B[NMlll• MUI+ KAPPAS AlNNI• MUil + KAPPAJ 

A2NNt• - MUI2 * KAPPAI MUilt• AIJl / KAPPAS 
MUI2s• AIJZ / KAPPA; 
COMCOLCSTCQ, NMl, N, Al• AZ, MUil, MUIZ)B 
A~[N,N]I• MUil + AlNN • MUIZ * AZNN + Zlf 
A2CN,Nlt• MUil * AZNN + MUIZ * AlNN + Z2; 

11 EN0 11 J 
"END 11 

"END"I 
11 IF" N > I "THEN" 11 GOTO" IN; 

CUTI EMC31t• Ra EH[5]8 ■ COUNTS VAL0RICOMI• NI 
"END" VALQRICOM; 

"EOP 11 

"CODE" 307"1 
"INTEGER" "PROCEOURF" 0RICOM(Al, A2, 8, N, EM, VALl, VAL2, VECl, 
VEC2); "VALUE" NI "INTEGER" N; 
"ARRAY" Al, A2, B• EM, VALl, VALZ, VECl, VECZI 
"BiGIN" "INTEGER" M, NHl, I, Il, J, a, 01, MAX, COUNT; 

"REAL" R, Zl, Z2, DDl, DD2, CC, Pl, PZ, Tl, T2, DELTAl, 
DELTA2, HVl, MV2, H, Hl, H2, Gl, G?., Kl, K2, HC, 
AIJ12, AIJ22, A1NN, AZNN, AIJl, AIJ2, AilI, KAPPA, 
NUI, MUil, MUI2, MUIMll, MUIM12, NUIMl, TOL, MACHTOLI 
11 ARRAY" TFl, TF2[l1N]J 11COMMENT" 
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"PROCEDURE" COMKWD(PR,PI,0R,0I,GR,GI,KR,Kl)l"CODE" 343451 
"PRr:JCicDllRE" ROTCOMROWCL,U,1,J,AR,AI,CR,CI,S)l"COD!!" 34'358; 
"PROCEDURE" ROTCOMCOL(L,U,I,J,AR,AI,CR,CI,S);"CODE" 343571 
"PROCEDURE" COMCOLCST(L,U,J,AR,AI,XR,XI)1"CODE" 343521 
"PROCEDURE" COMROWCST(L,U,I,AR,AI,XR,XI)1ncooen 343531 
"REAL" "PROCEDURE" MATVEC(L,U,I,A,BJ;"CODE" 34~111 
"PROCEDURE" COMMATVECCL,U,I,AR,AI,BR,BI,RR,RI)J"CODE" 343541 
"PROCEDURE" COMDIV(XR,XI,YR,YI,ZR,ZI);"CODE" 34342; 
TOLi• EM[ll * F.MC2J; MACHTOLI• EM[Ol • F.H[l]; 
MAXI• EM[4]J COUNTI• OJ RI• 01 Ml• NI 
"IF" N > l "TMF.NH HCI• B[N - lll 
"FOR" I1 ■ 1 "STEP" 1 "UNTIL" N "DO" 
"BEGIN" VECl[I,IJ1• 11 VECZCI,Ila• 01 

"FOR" J1• I+ 1 "STEP" 1 "UNTIL" N noon VEClCI,J]I ■ 
~F.ClCJ,Ill• VEC2CI,J11• VEC2CJ,Il1• ~ 

"[ND"I 
INI NHll• N - 11 

"FOR" II• N, I - l "WHILE" ("IF" I>■ 1 "THEN" ABS(R[Il) > TOL 
"ELSE" "FALSEHJ "DO" 01• I; "IF" 0 > l "THEN" 
"BEGIN" HIF" ABS(BCQ - l]J > R "THEN" Rt• ABS(Br0 - ll) "END"; 
"IF" 0 • N "THEN" 
"BEGIN" VALl[Nll• Al[N,Nll VALZCNll• A2CN,NlJ NI• NMl; 

"IF" N > 1 "THEN" HCI• BCN - ll: 
"END" 
"ELSE" 
"BEGIN" DDlt• AlCN,Nll DDZ•• AZCN,N]; CCI• BCNMlll 

Pll• (Al[NM1,NM1l - 0D1) * .5; 
PZI• (A2[NH1,NH1] - 0D2) • .,1 
COHKWD(Pl, P2, CC* AlCNMl,Nl, CC• A2CNM1,Nl, Gl, 
GZ, Kl, KZII "IF" 0 • NMl "THEN" 
"BEGIN" Al[N,Nlt• VALl[Nll• Gl + OOls 

A2[N,N1t• VAL?[Nll• G2 + OD?; 
A1C0,0l1• VALlC0l1• Kl+ 0D1; 
A2[0,011• VAL2[011• K~ + DDZt 
KAPPAI• S0RT(K1 •• 2 + K2 ••?+CC** 2); 
NIJts ■ CC I KAPPA; MUI11• Kl / KAPPA; 
MUl21• K2 / KAPPAI AIJl•• Al[O,N]J 
AIJ2•• A2[0,N]J Hlt• MUil •• Z - NUI2 •• 21 
HZI• 2 * MUil * MUI2; HI•• NlJI * 2; 
Al[O,N1t• H * (Pl * MUil + PZ • MUI2} NUI • 
NUI *CC+ AIJl * Hl + AIJ2 * H21 
A2C0,Nl1• H • (PZ • MUil • Pl • NUI2) + AIJZ • 
Hl • AIJl * H2J 
ROTCOMROW(Q + 2, M, O, N, Al, AZ, HUil, MUI2, 
NUI)t 
ROTCOHCDL(l, 0 - 1, 0, N, Al, AZ, MUil, 
MUIZ, - NUIII 
ROTCOMCOL(l, M, 0, N, VECl, VEC2, MUil, -
MUJ2, - NUl)I NI• N - 21 
"IF" N > 1 "THEN" HCt• BCN - llt B[Qlt• 0 

"END" 
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"ELSE" 
"BEGIN" COUNT•• COUNT+ lJ 

"IFn COUNT> MAX "THEN" "GOTO" OUTJ Zlt• Kl+ 001; 
721• K2 + OOZJ 
"IF" ABS(CC) > ABS(HC) "THEN" Zll• Zl + ABS(cc,, 
HCI• CC / 2J Qll• Q + 11 AIJls• Al[Q,Q] • Zll 
AIJZI• AZCQ,Q] - ZZJ Ailia• B[Q]; 
KAPPA•• S0RT(AIJ1 •• 2 + AIJZ •• 2 + AilI *• 2)S 
MUila• AIJl / KAPPA! MUiiaa AIJ2 / KAPPA; 
NUII• AilI I KAPPA; Alt0.Qla• KAPPA; 
AZCQ,Q]I• OJ Al[0l,Qll1• Al[01,0ll - Zll 
AZ[Ql,Qlll• AZ[Ql,011 • ZZI 
ROTCOMROW(Ql, M, Q, 01, Al, A2, MUil, MUI2, 
NUI)J 
ROTCONCOLCl, Q, Q, 01, Al, AZ, MUil, - MUI2, -
NUI>1 AlCQ,0]1• AlC0,0l + Zlt 
A2C0,0lt• AZC0,0l + ZZ; 
ROTCOMCOL(l, M, Q, 01, VECl, VEC2, MUil, • 
MUIZ, - NUI)J 
"FOR" It• 01 "STEP" l "UNTIL" NMl "DO" 
"BEGIN" Ila• 1 + ll AIJll• Al[I,Il; AIJZI• A2CI,Il; 

Ailia• B[IlJ 
KAPPA•• SQRT(AIJl •• 2 + AIJZ •• 2 + Aill ** 
21; MUIMlll• MUil; MUIM121• MUIZ; 
NUIMlt• NUii MUllt• AIJl / KAPPAJ 
MUI21• AIJZ / KAPPAJ NUII• AilI / KAPPAB 
AlCil,Illl• AlCil,Ill - Zl; 
A2[Il,Il]S• AZ[Il,Ill - zz; 
ROTCOMROW(Il, M, I, Il, Al, A?., NUil, 
MUIZ, NUII; A1CI,Il1• MUIMll * KAPPAJ 
AZCI,Ilt• - MUIM12 * KAPPA; 
B[I • lll• NUIMl • KAPPAB 
ROTCOMCOL(l, I• I, Ila Al- AZ, ~Uila -
MUI2, - NUill AlCisila• AlCI,Il + ZlB 
A2CI,Il1• AZCI,Il + ZZ; 
ROTCOMCOL(l• M, l• Il, VECl, VEC2, MUil, -
MUI2, - NUI)I 

"ENO" "COMMENT" 
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AIJla• Al[N,Nl; AIJZa ■ A2CN,NlJ AIJ121• AIJl ** 2; 
AIJ221• AIJZ •• Z; KAPPAI• S0RT(AIJ12 + AIJ22)J 
"IF" ("IF" KAPPA< TOL "THEN" "TRUE" "ELSE" AIJ22 <• 
EMCOl * AIJ12) "THEN" 
"BEGIN" BCNHlll• NUI * AIJl: 

Al[N,N]I• AIJl * MUil + Zll 
A2CN,Nl1• - AIJl • MUIZ + Z2 

"END" 
"ELSE" 
"BEGIN" B[NMlll• NUI * KAPPA; ~lNNI• MUil • KAPPAI 

A2NNI• - MUIZ * KAPPA; MUill• AIJl / KAPPAI 
MUIZI• AIJZ / KAPPAI 
COMCOLCST(l, NMl, N, Al, AZ, MUil, MUI2)J 
COMCOLCST(l, NMl, N, VECl, VECZ, MUil, 
MUIZ)I 
COHROWCST(N + l, M, N, Al, AZ, MUil, -
HUI2)J 
COMCOLCST(N, M, N, VECl, VECZ, MUil, HUIZ>; 
AlCN,Nll• MUil • AlNN - HUI?* AZNN + llt 
AZCN,Nlt• MUil • AZNN + ~UI2 • AlNN + Z2t 

"END"t 
"ENDH; 

"END"t 
HIF" N > 0 "THEN" "GOTO" INJ 
"FOR" JI• M "STEP" - 1 "UNTIL" 2 "DO" 
"8EGIN" TFl[J]I• 11 TFZ[J]I• 01 Tll• Al[J,J]J TZI• A2CJ,Jl; 

"FOR" I•• J - 1 "STEP"• 1 "UNTIL" 1 "DO" 
"BEGIN" OELTAll• Tl • AlCI,Il; OELTA2t• TZ - A2CI,Ill 

COMMATVEC(I + 1, J, I, Al, A2, TFl, TFZ, MVl, 
MV2)1 
"IF" ABS(OELTAll < MACHTOL "AND" ABS(DELTAZI < 
MACHTOL "THEN" 
"BEGIN" TFl[l]I• MVl / MACHTOLI 

TF2CI1t• MVZ / MACHTOL 
"END" 
"ELSE" COMOIVCMVl, MV2, DELTAl, OELTA2, TFl[Il, 
TFZ[Il)t 

"ENOH; 
"FOR" II• 1 "STEP" 1 "UNTIL" M noon COMMATVEC<l• J, I, 
VECle VECZ, TFl, TFZ, VEClCI,Jl, VECZCI,Jl)I 

"END"t 
our, EMC3lt• Rt EM[5]1 ■ COUNT; QRICOMI• N; 
"END" 0RICOMI 

"EOP" 
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BRIEF DESCRIPTION s 

THIS SECTION CONTAINS THE PROCF.DURES EIGVALCON AND EIGCOM. 
f.IGVALCOM CALCULATES THE EIGENVALUES OF A COMPLEX MATRIX ANO 
EIGCOM CALCULATES THE EIGENVECTORS AS WELL. 
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SUBSECTIONS EIGVALCOM. 

CALLING SEQUENCE1 

THE HEADING OF THE PROCEDURE READSI 
"INTEGER" "PROCEDURE" EIGVALCOH(AR, AI, N, EH, VALR, VALI)1 
"VALUE" Ns "INTEGER" NJ "ARRAY" AR, AI, EM, VALR, VALI; 

THE MEANING OF THE FORMAL PARAMETERS ISt 
AR.AIi <ARRAY IOENTIFIER>I 

"ARRAY" AR,AI[11N,11Nll 
ENTRYI 
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THE REAL PART AND THE IMAGINARY PART OF THE MATRIX MUST 
BE GIVEN IN THE ARRAYS AR AND AI, RESPECTIVELYI 
THE ELEMENTS OF THE ARRAYS AR AND AI ARE ALTEREDI 

NI <ARITHMETIC EXPRESSION>I 
THE ORDER OF THE GIVEN MATRIXI 

EHi <ARRAY IDENTIFIER>; 
"ARRAY" EM[O17]J 
ENTRYI 
EM[Ol1 THE MACHINE PRECISIONS 
EMC2ll THE RELATIVE TOLERANCE FOR THE QR•ITERATION; 

(E.G. THE MACHINE PRECISION)I 
EM[411 THE MAXIMUM ALLOWED NUMBER OF QR-ITERATIONSJ 

(EeG• 10 • N>; 
EMC6]1 THE MAXIMUM ALLOWED NUMBER OF ITERATIONS FOR 

EQUILIBRATING THE ORIGINAL MiTRIX (EaGe N••212)1 
EXITt 
EM[lla THE EUCLIDEAN NORM OF THE EQUILIBRATED MATRIXS 
EMC3la THE MAXIMUM ABSOLUTE VALUE OF THE SUBDIAGONAL 

. ELEMENTS NEGLECTED IN THE QR-ITERATION; 
EMC5]1 THE NUMBER OF QR-ITERATIONS PERFORMEDI 

EM[5lt•EM[4l+l IN THE CASE EIGVALCOHA•OI 
EMf711 THE NUMBCR OF ITERATIONS PERFORMED FOR 

EOUILIBRATING THE ORIGINAL MATRIY; 
VALR,VALI1 <ARRAY IDENTIFIER>J 

"ARRAY" VALR,VALICltN]I 
EXIT& 
THE REAL PART ANO THE IMAGINARY PART OF THE CALCULATED 
EIGENVALUES ARE DELIVERED IN THE ARRAYS VALR ANO VALI, 
RF.SPeCTIVELYI 

EIGVALCOM1•0• PROVIDED THE QR-ITERATION IS COMPLETED WITHIN EMC4l 
ITERATIONS; OTHERWISE, EIGVALCOMI• THE NUMBER, K, OF EIGENVALUES 
NOT CALCULATED AND ONLY THE LAST N-K ELEMENTS OF THE ARRAYS VALR 
AND VALI ARE APPROXIMATE EIGENVALUES OF THE ORIGINAL MATRIX. 

PROCEDURES USED1 

EQILBRCOM • CP34361, 
COMEUCNRM • CP34359• 
HS~COMHES • CP34366, 
VALQRICOM • CP~4372. 
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REQUIRfD CENTRAL MEMORYI FIVE REAL ARRAYS OF ORDER N AND ONE INTEG~R 
ARRAY OF ORDER N ARE OECLAREDe 

RUNNING TIMEI PROPORTIONAL TON** 2 * MAX(N,NU"BER OF ITERATIONS). 

LANGUAGF.t ALGOL 60. 

METHOD ANO PERFORMANCE• SEE EIGCOM (THIS SECTION). 

EXAMPLE OF use, SEE EIGCOM (THIS SECTION). 

SUBSECTIONt EIGCnM. 

CALLING SEQUENCE• 

THE HEADING OF THE PROCEDURE READSt 
"INTEGER" "PROCEDURE" EIGCOM(AR, AI, N, EM, VALR, VALi, VR, VI)r 
"VALUE" NJ "INTEGER" N; "ARRAY" AR, AI, EM, VALR, VALi, VR, VI; 

THE MEANING OF THE FORMAL PARAMETERS IS1 

Nt 

EMI 

<ARRAY IDENTIFIER>J 
"ARRAY" AR,AI[ltN,llN]I 
ENTRYI 
THE REAL PART AND THE IMAGINARY PART OF THE MATRIX MIIST 
BE GIVEN IN THE ARRAYS AR AND AI• RESPECTIVELYS 
THE ELEMENTS OF THE ARRAYS AR ANO AI ARE ALTEREDI 
<ARITHMETIC EXPRESSION>; 
THE ORDER OF THE GIVEN MATRIX; 
<ARRAY IOENTIFIER>J 
"ARRAY" EM[Ol7]J 
ENTRYt 
EMCOlt THE MACHINE PRECISION; 
EM[lla THE RELATIVE TOLERANCE FOR THE QR•ITERATIONI 

feeGe THE MACHINE PRECISinN>t 
EMC4ll THE MAXIMUM ALLO~EO NUMBER OF QR•ITERATIONSt 

(EeGo la* N); 
EM[611 THE MAXIMUM ALLOWED NUMBER OF ITERATIONS FOR 

EQUILIBRATING THE ORIGINAL MATRIX (E.G. N••Z/2)1 
EXIT• 
F.H[l]I TME EUCLIDEAN NORM OF THE EQUILIBRATED MATRIXJ 
EMC3lt THE MAXIMUM ABSOLUTE VALUE OF THE SUBDIAGONAL 

ELEMENTS NEGLECTED IN THE QR-ITERATIONS 
EHC5Ja THE NUMBER OF QR-ITERATIONS PERFOR~EDi 

EM[5lt•EMC4l+l IN THE CASE EIGCOMA•Os 
fMC7lt THE NUMBER OF ITERATIONS PERFORMED FOR 

EQUILIBRATING THE ORIGINAL MATRIXI 
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VALR,VALJI <ARRAY IDENTIFIER>J 
"ARRAY" VALR,VALitlaN]S 
EXIT• 
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THE REAL PART ANO THE IMAGINARY PART OF THE CALCULATED 
EIGENVALUES ARE DELIVERED IN THE ARRAYS VALR AND VALI• 
RF.SPECTIVEL Ys 

VR,VIt <ARRAY IOENTIFIER>l 
"ARRAY" VR,VI[l1N,l1N]; 
EXIT I 
THE EIGENVECTORS OF THE MATRIXI 
THE NORMALIZED EIGENVECTOR WITH REAL PART VRCltN,Jl ANO 
IMAGINARY PART VI[llN,Jl CORRESPONDS TO THE EIGENVALUE 
VALR[Jl + VALICJ] + I, J•l, ••• ,N; 

EIGCOHl•O• PROVIDED THE OR-ITERATION IS COMPLETED WITHIN EM[4l 
ITERATIONSs OTHERWISE, EIGCOMI• THE NUMBER, K, OF EIGENVALUES 
NOT CALCIILATED AND ONLY THE LAST N-K ELEMENTS OF THE ARRAYS VALR 
AND VALI ARE APPROXIMATE EIGENVALUES OF THE ORIGINAL MATRIX ANO NO 
USEFUL EIGENVECTORS ARE DELIVERED. 

PROCEDURES useo, 
EOILBRCOH 
COMEUCNRH 
HSHCOHHES 
QRICOM 
BAKCOMHES 
BAKLBRCOM 
SCLCOM 

• CP34361, 
• CP3435<>• 
• CP34366, 
• CP343ne 
• CP34367, 
• CP14362• 
• CP3436~. 

REQUIRED CENTRAL MEMORYI FIVE REAL ARRAYS OF ORDER N AND ONE INTEGF.R 
ARRAY OF ORDER N ARE DECLARED. 

RUNNING TIMEI PROPORTIONAL TO N♦ +2 + MAX(N• NUMBER OF ITERATIONS). 
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THE FOLLOWING HOLDS FOR BOTH PROCEDURES• 

METHOD AND PERFORMANCft 

FOR CALCULATING THE EIGENVALUES AND EIGENVECTORS Of A CO"PLEX 
MATRIX WE DISTINGUISH THE FOLLOWING STEPSt 
1) THE MATRIX IS EQUILIBRATED (SEE ALSO SECTION 3.z.1.1.z.,. 
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2> THE EOIJILI8RATED MATRIX IS TRANSFORMED INTO HESSENBERG FORM BY 
MF.ANS OF HOUSEHOLDER MATRICES (SEE ALSO SECTION 3.2.1.z.z.z.,. 

3) THc HESSENBERG MATRIX IS TRANSFORMED INTO AN UPPER TRIANGULAR 
MATRIX BY MEANS OF OR•ITERATION WITH SMIFT OF ORIGIN AND 
DEFLATION CSEE ALSO SECTIO~ 3e3eZe2ele>• 

THE DIAGONAL ELEMENTS OF THE UPPER TRIANGULAR MATRIX A~E T~E 
EIGENVALUES OF THE ORIGINAL MATRIX. 
THE EIGENVECTORS OF THE ORIGINAL "ATRIX ARE 08TAINED BY CALCULATING 
THE EIGENVECTORS OF THE UPPER TRIANGULAR MATRIX (3) FOLLOWED BY 
BACKTRANSFORMATIONS CORRESPONDING TO (2) AND (l)e 
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~XAMPLE OF usr-, 

EIGCOM CALCULATES THE EIGENVALUES AND THE EIGENVFCTORS OF THE 
FOLLOWING MATRIXI 
(SEE WILKINSON AND REINSCH, 1q71, CONTRIBUTION II/15) 
1+3•I ?.+l•I 3+?•I l+l•I 
3+4*I 1+2*I 2+1 ♦ I 4+3*1 
2+3*I 1+5*I 3+l*I 5+2*I 
l+?.•I 3+l•I l+4*I 5+3•I 
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ONLY THE EIGENVECTOR CORRESPONDING TO VALR[ll + VALI[ll • I IS 
PRINTED BY THE FOLLOWING PROGRAM. 

"BEGIN" 
"INTEGER" "PROCEDURE" EIGCOM(AR,AI,N,E~.VALR,VALI,VR,VI)J 
"CODE" 343751 
"REAL" "ARRAY" AR,AI,VR,VI[114,l14l,EMf017l,VALR,VALifl141; 
"INTEGER" I; 
ARCl•llt•AR[l,4ll•ARt2,Zll•ARC3,2ll•ARC4,ll1•ARf4,311• 
Air1,2ll•Airl.4]1•AI[2,3]1•AIC3,311•AIC4,Zl1•ll 
ARC1,21••ARC2,3ll•ARC3,ll1•Aitl,3ll•AIC2,2ll•AIC3,4lt•AIC4,111•21 
ARC1,3ll•ARC2,lll•AR[3,3]1•ARC4,2]1• 
Aitl,ll1•Aif2.4ll•Ait3,llt•Ait4,4]1 ■ 3J 
ARf2,4l••AIC2,ll1•AIC4,3Ja•4; 
AR[3,411•AR[4,4ll•AIC3,2]1•51 
F.M[Ol1•5"-141EMC2]1•"-l~;EMC4]1•l0JEMC611•10t 
OUTPUT(61,"(""("EIGCOM: ")",D">"• 

EIGCOM(AR,AI,4,EM,VALR,VALI,VR,VI))J 
OUTPUT(6l,"("l,"("EIGENVALUES1")",/")")l 
"FOR" Il•l,2,3,4 noon OUTPUT(61,"("2(+D.4D),"(" * I">",I")", 

VALR[Il,VALI[Il)I 
OUTPUT(61,"(""("FlRST EIGENVECTOR•">",/")"); 
"FOR" I••l,2,3,4 "DO" OUTPUT(61,"("Z<+D.4DI,"(" • I"l",l"I", 

VRCI•ll,VICI.ll)J 
OUTPUT(61,"(""("~~[l]I n)n,+OOaDO/,"("EM[311 n)n,+o.on+DO/, 

"C"EMCSll ")",+ZOl,"("EMC711 "l",+Z0">",EH[ll,EM[3l,EH[51,EM[71>1 
"ENO" 

OUTPUTI 

EIGCOMI 0 
EIGENVALUES I 
-3.3710-0.7705 • I 
+9.7837+qa3225 * I 
+la3657•1.40ll * I 
+2.2211+1.e4qo • I 
FIRST EIGENVECTORS 
-o.5061+0.5835 • I 
+1.k11tl~~+~.IOlOM • I 
+0a5183•0a7147 ♦ I 
-0.5535+0.0188 • I 
fM[111 +15.30 
F.MC311 +6.0"•12 
EMC5]1 +7 
EM[7]1 +4 
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SOURCE TEXTI S) 1 

"CODE" 343741 

IJULY 1974) 

"INTEGER" "PROCEDURE" EIGVALCOMIAR, AI, N, EH, VALR, VALI>; 
"VALUE" Na "INTEGER" NI "ARRAY" AR, AI, EM, VALR, VALIJ 
"BEGIN" "INTEGER" "ARRAY" INTCltN]; 

"ARRAY" D, B, DEL, TR, Tt[l1Nll 
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"PROCEDURE" HSHCOHHESIAR,AI,N,EH,8,TR,TI,DEL)S"CODE" 34366; 
"REAL" "PROCEDURE" COMEUCNRMIAR,AI,LW,N)J"CODE" 343591 
"PROCEDURE" EOILBRCOH(Al,A2,N,EH,D,INT)J"CODE" 343tlJ 
"INTEGER" "PROCEDURE" VALORICOMIA1,A2,B,N,EM,VAL1,VAL2>; 
"CODE" 343721 
EOILBRCOM(AR, AI, N, EM, D, INT)I 
EMC1ll• COMEUCNRM(AR, AI, N - 1, N)l 
HSHC011HESIAR, AI, N, EH, B, TR, TI, DEL>; 
EIGVALCOHI• VALORICOMIAR, AI, B, N, EM, VALR, VALIJ 

"ENO" EIGVALCOMI 
"EOP" 

"CODE" 34375; 
"INTEGER" "PROCEDURE" EIGCOMIAR, AI, N, EM, VALR, VALI, VR, VI>; 
HVALUE" NI "INTEGER" N; "ARRAY" AR, AI, EM, VALR, VALI, VR, VI; 
"BEGIN" "INTEGER" I: 

"INTEGER" "ARRAY" INT[llN]I 
"ARRAY" D, B, DEL, TR, TI[llN]J 
"PROCEDURE" E0IL9RCOM(Al,A2,N,EM,O,INT);HCODE" 34361J 
"REAL" "PROCEDURE" COMEUCNRM(AR,AI,LW,N)t"CODE" 34359; 
"PROCEDURE" HSHCOMHESCAR,AI,N,EM,B,TR,TI,DEL);"CODE" 34366; 
"INTEGER" "PROCEDURE" QRICOMCA1,A2,B,N,EM,VAL1,VAL2,VEC1,VEC2)J 
"CODE" 34371 s 
"PROCEDURE" BAKCOMHES(AR,AI,TR,TI,OEL,VR,VI,N,Nl,NZ)J 
"CODE" 34367;, 
"PROCEDURE" BAKLBRCOMCN,Nl,N2,0,INT,VR,VI)J"CODE" 343621 
"PROCEDURE" SCLCOMCAR,AI,N,Nl,NZ)J"COOE" 343601 
EOILBRCOMCAR, AI, N, EM, D• INT)J 
EM[llt• COMeUCNRM(AR, AI, N • 1, N)I 
HSHCOMHESIAR, AI, N, EM, B, TR, TI, DEL>J 
I•• EIGCOMI• ORICOM(AR, AI, B, N, EM, VALR, VALI, VR, 
VI); "IF" I• 0 "THEN" 
"BEGIN" BAKCOMHESCAR, AI, TR, TI, DEL, VR, VI, N, 1, N)t 

BAKLBRCOMCN, l, N, O, INT, VR, VI); 
SCLCOMCVR, VI, N, l, N) 

11END" 
"ENO" EIGCOMI 

"EOP" 
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BRI~F OESCRIPTIONt 

THIS SECTION CONTAINS TWO MAIN ANO NINE AUXILIARY PROCEDURESt 

THE TWO MAIN PROCEDURES AREi 
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Ae QZIVAL FINDS N PAIRS OF SCALARS (ALFA[Ml,8ETACMlJ,WHERE BETA[Ml 
JS REAL,SUCH THAT THE MATRIX BETACMl *A• ALFA[Ml *BIS 
SINGULAR. 

B. OZI FINDS N PAIRS OF SCALARS (ALFA[Ml, BETA[Ml),WHERE BETA[Ml IS 
REAL,SUCH THAT THE MATRIX 8ETA[Ml *A• ALFA[Ml •BIS SINGULAR; 
MOREOVER THE GENERALIZED EIGENVECTORS (THE HOMOGENOUS SOLUTION 
OF ( BETA[MJ * A - ALFA[Ml * R) * X • 0) ARE CALCULATED. 

THE AUXILIARY PROCEDURES AREt 
A. ~SHDECMULt 

THIS PROCEDURE CALCULATES REAL MATRICES Q ANO R SUCH 
THAT o.A ■ R WHERE A IS A GIVEN REAL SQUARE MATRIX, Q IS A 
PRODUCT OF HOUSEHOLDER MATRICES ANO RAN UPPERTRIANGULAR MATRIX. 
MOREOVSR o.e IS FORMF.O WITH B, A GIVEN MATRIX. 

Be HESTGL3t 
GIVEN THE REAL SQUARE MATRICES A,B AND X, WITH BAN 
UPPER TRIANGULAR MATRIX,HESTGL3 CALCULATES THE MATRICES 0,Z,H,R, 
WHERE Q,Z ARE DRTHOGONAL, HUPPER HESSENBERG ANO RAN UPPER 
TRIANGULAR MATRIX SUCH THAT 0eAeZ •HAND OeBeZ • Re 
FURTHERS Al ■ 0.A.Z ; 81 ■ a.s.z ANO Xt ■ a.x.z. 

c. HESTGL2t 
SEE HESTGL3,8UT HERE THE MATRIX X HAS BEEN LEFT our. 

De HSH?.C OL t 
THIS PROCEDURE CALCULATES A HOUSEHOLDER MATRIX Q 
SUCH THAT BY PREMULTIPLYING A GIVEN COLUMN VECTOR V BY Q 
A ZERO ELEMENT IS FORMED IN Ve 
HERE T~E VECTnR VIS A COLUMN OF A MATRIX. 
FURTHER• At ■ o.A ANO Bt• a.s 
WHERE A.BARE TWO GIVEN REAL MATRICES. 
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Ee HSH3COLI 
THIS PROCFDURe CALCULATES A HOUSEHOLDER MATRIX 
Q SUCH THAT BY PREMULTIPLYING A GIVEN COLUMN VECTOR V BY Q TWO 
SUCCESSIVF Z~RO eLEMENTS ARE FORMED INV. 
HERE THE VECTOR VIS A COLUMN OF A MATRIX. 
FURTHER& Al• 0eA AND 81• 0e8 
WHERE A ANO 8 ARE TWO GIVEN REAL MATRICES. 

F. HSHZROW31 
THIS PROCEDURE CALCULATES A HmlSEHOLDER MATRIX 
Z SUCH THAT BY POSTMULTIPLYING A GIVEN ROWVECTOR 
V BY Z A ZERO ELEMENT IS FORHED INV. 
HERE THE VECTOR VIS A ROW OF A MATRIX. 
FURTHER• Al• AaZI 81• BeZ AND XI• XaZ 
WHERE A,R,X ARE THREE GIVEN REAL MATRICES. 

G. HSH2ROW21 
SEE HSH2ROW~, BUT HERE THE MATRIX X HAS BEEN LEFT OUT. 

Ha HSH3ROW3t 
THIS PROCEDURE CALCULATES A HOUSEHOLDER MATRIX 
Z SUCH THAT BY POSTMULTIPLYING A GIVEN ROWVECTOR 
V BY z, TWO SUCCESSIVE ZERO ELEMENTS ARE FORMED 
IN Vo HF.RE THE VECTOR VIS A ROW OF A MATRIX. 
FURTHER& At• AaZt Bt• BaZ AND Xt• XeZ 
WHERE A,B AND X ARE THREE GIVEN REAL MATRICES. 

II HSH3ROW21 
SEE HSH3ROW3, BUT HERE THE MATRIX X HAS BEEN LEFT OUTe 

KEYWOROSt 
HOUSEHOLDER 1 S TRANSFORMATION, 
GENERALIZED EIGENVALUES, 
GENERALIZED EIGENVECTORS, 
UPPFR HESSENBERG MATRIX, 
UPPER TRIANf,ULAR MATRIX. 

REFERENCES• 

Cll. C.B. MOLF.R AND G.w. STEWART. 
A~ ALGORITHM FOR THE GENERALIZED MATRIX EIGENVALUE 
PROBLF.M A• X •LAMBDA• B • Xe 
REPORT STANFORD UNIVERSITY 
STAN•CS•232•71; 
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SUijSECTIONt 0ZIVAL 

CALLING SEOUENCEI 

THE HEADING OF THE PROCEDURE ISs 
"PROCEDURE" OZIVALCN,A,B,ALFR,ALFI,BETA,ITER,EM); 
"VALUE" N; "INTEGER" N; "ARRAY" A,B,ALFR,ALFI,BETA,EMJ 
"INTEGER" "ARRAY" ITERI 
"CODE" '..\46001 

THF MEANING OF THE FORMAL PARAMETERS ISI 
NI <ARITHMETIC EXPRESSION ► J 

THE NUMBER OF ROWS ANO COLUMNS Of THE MATRICES A,B 
Al <ARRAY IDENTIFIER ►; 

"ARRAY" ACltN,llN]; 
FNTRYI THE GIVEN MATRIXJ 
EXIT• A QUASI UPPER-TRIANGULAR MATRIX 

(SEE METHOD ANO PERFORMANCE>; 
81 <ARRAY IDENTIFIER ► a 

"ARRAY" B[ltN,llN]I 
ENTRYI THE GIVEN MATRIX; 
EXITI AN UPPER-TRIANGULAR MATRIX; 

ALFRI <ARRAY IDENTIFIER ► I 
"ARRAY" ALFR[llN]I 
EXIT I THE REAL PARTS OF ALFA[llN] 
CSEF METHOD AND PERFORMANCE); 

ALFI1 <ARRAY IDENTIFIER ► I 
"ARRAY" ALFI[ltN]I 
EXIT I THE IMAGINARY PARTS OF ALFA[llN]; 

BETAI <ARRAY IDENTIFIER ►; 
"ARRAY" BFT.ACl IN] I 
EXIT I THE REAL SCALARS BETA[Nl 

ITERt <ARRAY IDENTIFIER ►; 
"INTEGER" "ARRAY" ITERCltNJ; 
TROUBLE INDICATOR AND ITERATION COUNTERS 
IF ITER[ll•O THEN NO TROUBLE IS SIGNALIZED, 
FURTHER SEE METHOD ANO PERFORMANCES 

EMI <ARRAY IDENTIFIER>; 
HARRAY" EM[~tlll 

ENTRYI EMC01t THE SMALLEST POSITIVE MACHINE NUMBERJ 

PAGE :I 

EMCllt THE RELATIVE PRECISION OF ELEMENTS OF A AND BJ 
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PROCEDURES USEOI 
TAMMAT • CP 34014 
ELMCOL • CP 34~23 
HSHDECMUL • CP 34602 
HESTGL2 • CP 34604 
HSH2COL • CP 3460, 
HSH3COL • CP 34606 
HSH2ROW2 a CP 34608 
HSH3ROW2 • CP 3461~ 
CHSH2 • CP 34611 
HSHVECMAT • CP 31070 
HSHVECTAM • CP 31~73 

REOUIRfD CENTRAL MEMORY I IN HSHDECMUL, AN ARRAY OF N REALS IS DF.CLAR~D. 

RUNNING TIMEI PROPORTIONAL TON** 3 

METHOD AND PERFORMANCES 
THE PROCF.DURF. OZIVAL SOLVES THE GENERALIZED MATRIX 
EIGfNVALUF. PROBLEM A• X •LAMBDA• B • X BY MEANS 
OF oz ITERATION (SEE REF[l]); 
OZIVAL FINDS N PAIRS OF SCALARS (ALFACMl,BETACMll 
SUCH THAT RETACM] * A - ALFA[Ml •BIS SINGULAR. 
THE EIGENVALUES OF A* X - LAMBDA• B • X CAN BE OBTAINED 
BV DIVIDING ALFA[Ml BY BETACMl,EXC(PT BETA[Ml MIGHT BE ZEROe 
IN THIS ALGORITHM ONLY UNITARY TRANSFORMATIONS ARE 
APPLIED; A FORTIORI NO INVERSES ARE CALCULATED, SO 
EITHER A ORB (OR BOTH) MAY BE SINGULAR. 
BETACM] IS REAL, ALFA[Ml IS COMPLEX ■ 
REAL AND IMAGINARY PARTS ARE GIV~N IN ALFR[Ml AND ALFI[Mle 
THE OCCURRENCE OF COMPLEX PAIRS IS ALWAYS IN 
SllCCESSIVE ELEMENTS, SUCH THAT ALFA[Ml/BETA[Ml AND 
ALFA[M+ll/B~TACM+ll ARE COMPLEX CONJUGATE, BUT ALFACM] 
AND ALFACM+11 ARE NOT NECESSARILY CONJUGATE ■ 
ONLY REAL ARITHMETIC IS USED IN THE PROCEDURE ■ 

IF A AND B WERE REDUCED TO TRIANGULAR FORM BY UNITARY 
TRANSFORMATIONS,ALFA AND BETA WOULD BE THE DIAGONALS. 
A AND BARE ACTUALLY REDUCED TO QUASI-TRIANGULAR FORM HAVING ONLY 
1-ev-1 AND 2-BY-2 BLOCKS ON THE DIAGONAL OF A. 
IF ALFACMl IS NOT REAL, THEN BETACHl IS NOT ZERO. 
ITER IS THE TROUBLE INDICATOR AND ITERATION COUNTER. 
IF ITERCl] ■ij THEN EVERYTHING IS OoKo 
ITER[Hl IS THE NUMBER OF ITERATIONS NEEDED FOR THEM-TH EIGENVALUE. 
IF ITERCll THROUGH ITER[Hl• -1 THEN THE ITERATION FOR THEM-TH 
EIGENVALUE DID NOT CONVERGE AND ALFACll THROUGH ALFA[Hl AND AETA[ll 
THROUG~ BETA[Ml ARE PROBABLY INACCURATE. 

EXAMPLE OF USEI 

"BEGIN" "ARRAY" A,BCl14,lt4l,ALFR,ALFI,BETA[l14l,EH[OalJI 
"INTEGER" "ARRAY" ITERClt4lJ"INTEGER" K,LJ 
"PROCEDURE" 0ZIVALCN,A,B,ALFR,ALFI,BETA,ITER,EM)J"CODE" 346001 
ACl,llB•21 AC1,2lt•3J ACl,3]1 ■-31 ACl,4lt•4J 
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A[2,1l1•1; AC2,Zla•-ll ACZ,311•5; ACZ,411•11 
AC3,ll1•0; AC3,2l1•2J AC3,3lt•6; AC3,4l1•8; 
A£4,l11•11 AC4,Zl1•11 AC4,3]1 ■ 0J A[4,411•41 
8C1,ll1 ■1; 8Cl,Zlt ■ 5; 8[1,311•91 8Cl,4ll ■O; 

8[2,lll ■Z; BC2,Zl1•6; BCZ,311•1-0; 8[2,411•21 
8C3,ll1•~1 8C3,Zl1•71 BC3,3]1•lll 8[3,411•-lJ 
Bf4,ll1•41 8C4,2]1•8J 8[4,3]1 ■ 121 BC4,4lt•31 
OUTPUT(61,"(""("A")",/,4(4(+ZOBB),/),/ff)H,A); 
OUTPUT(61,"(""("B")",l,4(4(+ZDBB),/),/")",8)1 
EMtOl1•"•294&EMCll••"•l51 
0ZIVAL(4,A,B,ALFR,ALFI,8ETA,ITER,EM); 
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"FOR" Kl•l "STEP" 1 "UNTIL" 4 "00" 
OUTPUT(61,"(""("ITER[")",0,"l"l•")",ZD,/")",K,ITERCK]); 
OUTPUTC61,"(""("ALFA(R~AL PAiT)")"8B,"("ALFA(IMAGINARY PARTI")" 
38,"("BETA")",/")")l 
"FOR" Kl ■ l "STEP" 1 "UNTIL" 4 "DO" 
OUTPUT(61,"("3(N),/N)H,ALFR[Kl,ALFI[Kl,8ETACKl)I 
OUTPUT(61,"("l"("LAMBOACREAL PART)"J"6B, 
"("LAMBOA(IMAGINARY PART)")"l")")I 
HFORH Kl•l "STEPH 1 "UNTIL" 4 "DO" 
"BSGJN" "IF" BETACKl•-0 "THEN" 

OUTPUT(61,"(""("INFINITE")"158,"("1NDEFINITE">"I,")") 
"ELSE" OUTPUT(61,n(NZ(NJ,/N)ff,ALFRCKJ/BETACKl,ALFICKl/BETACKll 

11 END" 
"Ell/@" 

A 
+2 +3 •3 +4 
+] -1 +5 +l 
+C +2 +6 +8 
+1 +l +0 +4 

B 
+1 +5 +9 +Cl 
+2 +6 +10 +?. 
+3 +7 +11 -1 
+4 +8 +12 +3 

JTER[ll• 0 
ITEIH21• 0 
ITERC3l• 0 
ITERC4l• 5 

ALFA(REAL PART) 
•4.4347115652167"+000 
-5.7288406521003 11+0\~ 
-a.6671777386054"•001 
-4.7262205157527"•001 

LAMBDAfREAL PART) 
INFINITE 
-2.0142808372628"+000 
•Q.8920187429234"•002 
•9.8920187429236"•0ij2 

ALFA(IHAGINARY PART> 
+0.0000000000000•+000 
+IO • iGOIOiOtm:liOOIOlCiOOO "+iOlOlO 
+2.7607904944916"+000 
•l.5054617625576"+000 

LAHBDA(lMAGINARY PART) 
INDEFINITE 
+0.0000000000000"+000 
+3.1509439566644"•001 
•3.l5G9439566645"11Cl 

BETA 
+0.0000000000000"+000 
+2.844112174489~"+000 
+8.7617886336960"+000 
+4.7778119295757"+000 
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SUBSECTIONI 07I 

CALLING SEOUENCEa 

THE HEADING OF THE PROCEDURE ISt 
"PRnCEDURE" QZI(N,A,R,X,ALFR,ALFI,BETA,ITER,EM); 
"VALUE" NI "INTEGER" NJ "ARRAY" A,B,X,ALFR,ALFJ,BETA,EMI 
"INTEGER" "ARRAY" ITERI 
"CODE" 346f'lll 

THE MEANING OF THE FORMAL PARAMETERS ISt 
NI <ARITHMETIC EXPRESSION>t 

PAt;E 6 

THE NUMBER OF ROWS AND COLUMNS Of THE MATRICES A,B ANO X; 
Al <ARRAY IDENTIFIER> 

"ARRAY" ACltN,ltN]; 
ENTRYI THE GIVEN MATRIX Al 
~XIT1 A OUASI UPPER TRIANGULAR MATRIX; 

!SEE METHOD ANO PERFORMANCE); 
81 <ARRAY IDENTIFIER>t 

"ARRAY" 8[11~,ltNJI 
ENTRYI THE GIVEN MATRIX BJ 
EXIT1 AN UPPER•TRIANGULAR MATRIX; 

XI <ARRAY IDF.NTIFIER>t 
"ARRAY" X[l1N,11Nll 
iNTRa THE N*N UNIT MATRIX; 
EXIT1 THE MATRIX OF EIGENVECTORS, 
THE EIGENVECTORS ARE STORED IN THE ARRAY X AS FOLLOWSI 
IF ALFI[Ml•O THEN X[.,Ml IS THEM-TH REAL EIGENVECTOR; 
OTHERWISE, FOR EACH PAIR OF CONSECUTIVE COLUMNS 
xt.,M] AND xc.,M+ll ARE THE REAL 
AND IMAGINA,RY PARTS OF rne M-TH COMPLEX EIGENVECTOR. 
xc.,M1 AND -xr.,M+11 ARE THE REAL AND IMAGINARY PARTS 
OF TME N+l -ST COMPLEX EIGENVECTOR. 
THE EIGENVECTORS ARE NORMALIZED SUCH THAT THE LARGEST 
COMPONF.NT IS l OR l + 0 • I. 

ALFRI <ARRAY IOENTIFIER>J 
"ARRAY" ALFR[llN]J 
EXIT• THE REAL PARTS OF ALFA[l1Nlt 

ALFII <ARRAY IDENTIFIER>; 
HARRAY" ALFI[llN]J 
F.XITI THE IMAGINARY PARTS OF ALFACltN1J 

BETAI <ARRAY IDENTIFIER>; 
"ARRAY" BETACltN]; 

ITER• <ARRAY IOENTIFIER>1 
"I~TEGER" "ARRAY" ITERCl•Nll 
TROUBLE INDICATOR ANO ITERATION COUNTERI 
IF ITERC1l•O THEN NO TROUBLE IS SIGNALIZED, 
FOR FURTHER INFORMATION SEE 
METHOD ANO PEFORMANCE OF PROCEDURE QZIVAL (THIS SECTION). 

EM1 <ARRAY IDENTIFIER>; 
"ARRAY" EM[Oll 1J 
ENTRYI EN[Olt THE SMALLEST POSITIVE MACHINE NUMBERS 

EM[l]I THE RELATIVE PRECISION OF ELEMENTS OF A AND BJ 
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PROCEDURES IISEDI 

MATMAT • CP 34013 
TAMM AT • CP 341014 
ELMCOL • CP 34023 
HSHDECMUL • CP 34602 
HESTGL3 • CP 34603 
HSH2COL • CP 3460, 
HSH2ROW3 • CP 34607 
HSH3ROW3 • CP 34609 
HSH3COL • CP 34E06 
CHSH2 • CP 34611 
COMOIV • CP 34342 
HSHVECMAT • CP U070 
HSHVECTAM • CP 31073 

RIINNING TIMEt PROPORTIONAL TON•• 3S 

REOUIRED CENTRAL MEMORY a IN HSHOECMUL, AN ARRAY OF N REALS IS DECLARED. 

METHOD AND PFRFORMANCE; 

THE PROCEDURE OZI APPLIES THE SAME METHOD AS OZIVAL. 

EXAMPLE OF uses 

"BEGIN" "ARRAY" A,8,XCl14,lt4l,ALFR,ALFI,8ETAClt4l,EMCOtl]J 
"INTEGER" "ARRAY" ITER[l14ll"INTEGER" K,LI 
"PROCEDURE" 0ZI(N,A,B,X,ALFR,ALFI,8ETA,ITER,E~)JHCQOE" 34601; 
AC1,ll1 ■ 2; AC1,Zis ■ 3; AC1,31t ■-3; ACl,4]1 ■ 41 
AC2,l11•ll AC2,2]1•-1J AC2,3]t•5J AC2,4]1•ll 
AC3,l]1 ■01 AC3,2l1 ■ 2; AC3,3l1•6J AC3,4l1•8t 
AC4,ll1•lt AC4,2l1 ■ l; AC4,3lt•~t AC4,4]1 ■4J 
8[1,111 ■ 11 B[1,2]1 ■ 5J 8[1,311 ■91 B[l,411•01 
BC2,l]1 ■21 BC2,2]1 ■6J BCZ,3]1 ■ 101 erZ,4]1 ■ 21 
8[3,1]1 ■ 3; 8[3,2]1 ■7; 0[31311•11; BC3,4lt ■-1; 

BC4,llt•41 8£4,211 ■ 8, 0[4,311•121 BC4,4lt ■ 31 
"FOR" Kt•l,2,3,4 "00" "FOR" Lt ■ l,2,3,4 noon 
XCK,L]a ■ HJF" K•L "THEN" 1 "ELSE" OJ 
OUTPUTC61,"C""("A"l",/,4(4C+Z088),/),/")",A)J 
OUTPUT(61,"(""("B">",/,4(4(+ZOBB),/)1/")",B)J 
EMCO]l•"-294;EM[l]1 ■ n-15; 
071(4,A.8,X,ALFR,ALFI,BETA•ITER,EM)I 
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"FOR" Kl•l "STEP" 1 "UNTIL" 4 noon 
OUTPUT(61,ntnncntTER[")",D,"("l•">",ZD.l")"•K,ITERC~]); 
OUTPUT(6l•"<"l"("EIGENVECTORS"l",/,4(4(+Da8D"+2D2Bl,/l,/"l",Xl; 
OUTPUT(61,"(""("ALFA(REAL PART)n)tt88,"("ALFA(IMAGINARY PART)")" 
9B,tt(nBETA"l",l")"II 
"FOR" Kl•l "STEP" 1 "UNTIL" 4 "DO" 
DUTPUT(61,"("3(N),/tt) 0 ,ALFRCKl,ALFICKl,BETACKl)I 
OUTPUT(61,"("/"("LAMBDA(REAL PARTl"l"6B, 
8 ("LAMBOA(IMAGINARY PART)H)H/tt)tt); 
"FOR" Kl•l "STEP" 1 "UNTIL" 4 noon 
"BEGIN" "IF" BETA[Kl•O "THEN" 

OUTPUT(6l,"(""("INFINITE"l"15B,"("INDEFINITE")"l"l"l 
11ELSE" 
OUTPUT(bl,"("2(Nl,/")",ALFR[K]/BETA[K1,ALFICK]/BETA[K1) 

"eND" 
ttfND" 

A 
+2 +3 
+1 -1 
+(l +2 
+l +l 

B 
+l· +5 
+2 +6 
+3 +7 
+4 +8 

ITEPCll• ll'l 
ITERC21• 0 
ITf:R[31• 0 
ITERC4l• 5 

•3 +4 
+5 +1 
+6 +B 
+IO +4 

+9 +o 
+10 +2 
+11 -1 
+12 +3 

EIGENVECTORS 
-!;. OOQOOOOO n-o 1 
+1.oooooooon+o.J 
-i;.oooooooan-01 

+1.oooooooon+oo 
-3.8254]766"-02 

-6.29204867"-0l 
+leOOOOO®<J"+.010 
+l.65896051"•01 
-5a848451J37"-0l 

+6.52026261"-0l 
+tC1.010ie.ocrooon+oo 
+1.09306265"-01 
+1.77430910"-01 

-3. 04677732"-0i 
-4.35116786"•15 •7.63328122 11-01 

ALFA(REAL PART> 
-4.4347115652167"+0~0 
-'1.7288406521003"+000 
•8e6671777386u54"-001 
-4.7262205157527"-001 

LAHBDA(REAL PART) 
INFINITE 
•2 ekll 42 81() 83 7 2628H+IJ(ll0 
-9.8920187429234"-002 
-9.8920187429236"-~02 

ALFA(IHAGINARY PART) 
+o.oooooocoooooon+ooo 
+o.oooooaooooooon+ooo 
+2.7607904944916"+000 
-1.5054617625576"+000 

LA~BOA(IMAGINARY PART) 
INDEFINITE 
+~.~COOOOOOIO~OQ~n+~OiO 
+3.1509439566644"-001 
•3.1509439566645"•001 

BETA 
+o.ooooooooooooon+ooo 
+Ze8441121744896"+000 
+8.7617886336960"+000 
+4.7778119295757"+000 
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SUBSECTIONt HSHDECHUL. 

CALLING SEQUF.NCEI 

(FEBRUARY 1979) 

THE HEADING OF THIS PROCEDURE IS• 
"PROCEDURE" HSHDECHUL(N,A,B,DWARF)I 
"VALUE" N,OWARF; "INTEGER"NI "REAL"DWARF; "ARRAY" A,B; 
"CODE" 346021 

THE MEANING OF THE FORMAL PARAMETERS ISt 
Nt <ARITHMETIC EXPRESSION>J, 

THE ORDER OF THE GIVEN MATRICESI 
Al <ARRAY IDENTIFIER>; 

"REAL" "ARRAY" ACltN,llN]; 
ENTRYt THE GIVEN MATRIX Al 
EXITI THE TRANSFORMED MATRIX 0.A (SEE BRIEF DESCRIPTION)I 

BI <ARRAY IDENTIFIER>; 
"REAL" "ARRAY" 8CltN,l1Nll 
F.NTRYt THE GIVEN MATRIX BI 

PAGE 9 

EXIT• THE UPPER TRIANGULAR MATRIX 0.B (SEE BRIEF DESCRIPTION>1 
DWARF• < ARITHMETIC EXPRESSION>; 

THE SMALLEST POSITIVE MACHINE NUMBER. 

PROCEDURES USEDt 
TAHMAT • CP 340141 
HSHVECMAT • CP 31070• 

REQUIRED CENTRAL MEMORY I AN ARRAY OF N REALS IS DECLARED. 

METHOD ANO PERFORHANC~I 
FOR EACH MATRIX COLUMN ACil A HOUSEHOLOERHATRIX Q IS FORMED, 
SUCH THAT o.ACil HAS ONLY ZERO ELEMENTS BELOW THE DIAGONAL ELEMENT. 
WHEN SUCCiSSIVELY FOR I• 1,2, •••• ,N-1 THESE TRANSFORMATIONS HAVE 
BEEN PERFORMED,THE MATRIX A HAS BEEN CHANGED INTO AN UPPER 
TRIANGULAR MATRIX ■ 
THE SAME TRANSFORMATIONS ARE PERFORMED ON THE MATRIX B 

EXAMPLE OF use, 

THE PROCEDURE HSHDECMUL IS USED IN OZI AND QZIVAL (THIS SECTION). 
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SUBSECTIONS HESTGL31 

CALLING SEOUENCE1 

THE HEADING OF THE PROC~DURE ISt 
"PROCEDURE" HESTGL3(N,A,B,X)I 
"VALUE" NI "INTEGER" NI "ARRAY" A,B,XJ 
"CODE" 34603; 

THE MEANING OF THE FORMAL PARAMETERS ISI 
NI <ARITHMETIC EXPRESSION>; 

THE ORDER OF THE GIVEN MATRICES; 
Al <ARRAY ID£NTIFIER>1 

"ARRAY" A[l1N,11N1J 
ENTRY• THE GIVEN MATRIX Al 

PAGE 10 

EXIT1 THE UPPER ~ESSENBERG MATRIX 0.A.Z (SEE ARIEF DESC~IPTION); 
BI <ARRAY IDENTIFIER>1 

"ARRAY" Rrl1N,11N]I 
ENTRYI THE GIVEN UPPER TRIANGULAR MATRIX Bt 
EXITI THE UPPER TRIANGULAR MATRIX 0.e.z (SE~ BRIEF DFSCRIPTION); 

X1 <ARRAY IDENTIFIER>J 
"ARRAYH X[l1N,l1Nll 
ENTRYI THE GIVEN MATRIX X; 
F.XITI THE TRANSFORMED MATRIX 0.x.z (SEE BRIEF DESCRIPTION); 

PROCEDURES USEDI 
HSH2COL • CP 34605 
HSH?ROW3 • CP 34607 

MFTHODE ANO PERFORMANCE& 
THF. REDUCTION OF THE MATRIX A TO UPPER HESSENBERG FORM 
WHILE PRESERVING THE TRIANGULARITY OF THE MATRIX B 
IS THE RESULT OF A NUMBER OF STEPS, WHICH 00 THE FOLLOWING 
ACTIONS I INTRODUCING A ZERO ELEMENT IN A 6.ND RESTORING 
THE DISTURBED ZERO IN B• WITHOUT DISTURBING THE ZERO 
INTRODUCED IN A. THIS IS DONE BY PRE-ANO POSTMULTIPLICATIONS OF 
HOUSEHOLDER MATRICES. 
THE MATRIX X SHARES THE TRANSFORMATION. 
FOR FURTHER DETAILS SEE Cll 

OAl4PLE OF USEI 

THE PROCEDURE HESTGL3 IS USED IN 0ZI (THIS SECTION). 
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SUBSECTIONS HESTGL2t 

CALLING SfOUENCf1 

THE HEADING OF T4E PROCEDURE Isa 
"PROCEDURE" HESTGL2<N,A,B); "VALUE" NJ "INTEGER" NJ "ARRAY" A,BI 
"CODE" 346041 

THE MEANING OF THE FORNAL PARAMETERS IS1 
NI <ARITHMETIC EXPRESSION>J. 

THE ORDER Of THE GIVEN MATRICESI 
Al <ARRAY IDENTIFIER>1 

"ARRAY" A[l1N,11N]; 
ENTRYa THE GIVEN MATRIX A; 
EXITI THE UPPER HESSENBERG MATRIX o.A.Z (SEE BRIEF DESCRIPTION)s 

81 <ARRAY IDENTIFIER>J 
"ARRAY" B[l1N,l1N]J 
ENTRYI THE GIVEN UPPER TRIANGULAR MATRIX B 
EXIT• THE UPPcR TRIANGULAR MATRIX o.e.z (SEE BRIEF DESCRIPTION)I 

PROCEDURES USEDt 
HSH2COL • CP 34605 
HSH2ROW2 • CP 346KlA 

HETHODE AND PERFORHANCEt 
SEf HESTGL~, BUT HERE THE MATRIX X HAS BEEN LEFT OUT. 

EXAMPLE OF USE• 
THE PROCEDURE HES~GL2 IS USED IN OZIVAL (THIS SECTION). 
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SUBSF.CTTON HSHZCOLr 

CALLING SEQUENCE& 

THE HEADING OF THE PROCEDURE ISI 
"PROCEDURE" HSH2COL(LA,LB,U,I,A1,AZ,A,B); "VALUE" LA,LB,U,I,Al,AZ; 
"INTEGER" LA,LB,U,II "RSAL" Al,AZ; "ARRAY" A,B; 
"CODE" 346'05: 

THE MEANING OF THE FOR~AL PARAMETERS IS• 
LAI <ARITHMETIC EXPRESSION>; 

THE LOWER BOUND OF THE RUNNING COLUMN SUBSCRIPT OF Al 
LBI <ARITHMETIC EXPRESSION>1 

THE LOWER BOUND OF THE RUNNING COLUMN SUBSCRIPT OF BI 
UI <ARITHMETIC EXPRESSION>; 

THE UPPER BOUND OF THE RUNNING COLUMN SUBSCRIPTS 
OF A AND B. 

I• <ARITHMETIC EXPRESSION>1 
THE LOWFRBOUND OF THE RUNNING ROW SUBSCRIPTS OF A ANO Be 
I+l IS THE UPPERBOIIND. 

All <ARITHMETIC EXPRESSION>I 
THE I-TH COMPONENT OF THE VECTOR TO BE TRANSFORMED. 

AZI <ARITHMETIC EXPRESSION>; 
THE (I+l)-TH COMPONENT OF THE VECTOR TO BE TRANSFORMED; 

At <ARRAY IDENTIFIER>t 
"ARRAY" A[lll+l,LAIU]J 
~NTRY THE GIVEN MATRIX Al 
EXIT1 THE TRANSFORMED MATRIX Q.A (SEE BRIEF DESCRIPTION); 

Ba <ARRAY IDENTIFIER>; 
"ARRAY" B[III+l,LBIU]I 
ENTRYI THE GIJEN MATRIX BI 
EXITt THE TRANSFORMED MATRIX o.B (SEE BRIEF DESCRIPTION); 

PROC!=DIJRES USEDI 
HSHVECMAT • CP 31070 

METHOD ANO PERFORMANCE1 
WHEN THE CALCULATED HOUSEHOLDER MATRIX Q PREMULTIPLIES 
A MATRIX M. ONLY ROWS I ANO I+l ARE CHANGED. 
IF THE F,LEMENTS I AND I+l IN A COLUMN OF MARE ZERO, THEY 
REMAIN ZERO IN 0eHo 
THEREFORE ONLY THE SUBMATRICES ACI1I+l.LA1U] ANO 
B[I1I+l,L81U] ARE CHANGED, WHERE 0eA AND 00B ARE 
OVERWRITTEN IN A RESP Be 

fXAMPLf OF USE1 THE PROCEDURE HSHZCOL IS USED IN OZI AND OZIVAL, 
(THIS SECTION>• 
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SUBSfCTION HSH3COL1 

CALLING SEQUENCEt 

THE HF.ADING OF THE PROCEDURE ISt 
"PROCEDURE" HSH3COLCLA,LR,U,I,Al,AZ,A3,A,BI; 
"VALUE" LA,LB,U,I,Al.A2,A3J"INTEGER" LA,LB,I,UJ"REAL" Al,A2,A31 
"ARRAY" A,BI 
"CODE" 346061 

THE MEANING OF THE FORMAL PARAMETERS ISI 
LAI <ARITHMETIC EXPRESSION>1 

THE LOWERBOUND OF THE RUNNING COLUMN SUBSCRIPT OF Al 
LBI <ARITHMETIC EXPRESSION>; 

THE LOWERBOUNO OF THE RUNNING COLUMN SUBSCRIPT OF Bf 
Ut <ARITHMETIC EXPRESSION>J 

THE UPPERBOUND OF T~E RUNNING COLUMN SUBSCRIPT OF A AND BI 
II <ARITHMETIC EXPRESSION>; 

THE LOWERBOUND OF THE RUNNING ROW SUBSCRIPT OF A AND 8, 
I+2 IS THE UPPERBOUNDI 

All <ARITHMETIC EXPRESSION>; 
THE I-TH COMPONF.NT OF THE VECTOR TO BE TRANSFORMED; 

A2t <ARITHMETIC EXPRESSION>; 
THE (I+l>-TH COMPONENT OF THE VECTOR TO BE TRANSFORMEOJ 

A31 <ARITHMETIC EXPRESSION>; 
THE (1+21-TH COMPONENT OF THE VECTOR TO BE TRANSFORMED. 

Al <ARRAY IDENTIFIER>I 
"ARRAY" ACI1I+2,LA1U]1 
ENTRYI THE GIVEN MATRIX A; 
EXITt THE TRANSFORMED MATRIX OeA (SEE BRIEF DF.SCRIPTION)I 

81 <ARRAY IDENTIFIER>J 
"ARRAY" 8[ItI+2,LBIU]J 
F.NTRYI THE GIVEN MATRIX BJ 
EXIT• THE TRANSFORMED MATRIX a.a (SEE BRIEF DESCRIPTION)B 

PROCEDURES USED• HSHVECMAT • CP 310701 

METHOD AND PFRFORMANCEt 
WHEN THE CALCULATED HOUSEHOLDER MATRIX Q PREMULTIPLIES A MATRIX 
M. ONLY ROWS I• (I+l) AND CI+21 ARE CH4NGEDe 
IF THF. ELEMENTS I, I+l AND 1+2 ARE ZERO, THEN THEY REMAIN ZERO 
IN 0.M. 
THEREFORE ONLY THE SUBMATRICES A[ISI+?.,LAtUl AND B[III+2,LBIU] 
ARE CHANGED, WHERE a.A ANO a.a ARE OVERWRITTEN IN A RESP e. 

EXAMPLE OF use, THE PROCEDURE HS~~COL IS USED IN QZI AND QZIVAL 
(THIS SECTION). 

\ 
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SUBSECTION ~SH2ROWiz 

CALLING St0UENCEa 

THr. HEADING OF T~E PROCiDURE IS• 
"PRnCEOURE" HSH2ROW3(L,UA,U8,UX,J,Al,A2,A,8,X); 
"VALIIE 11 L.UA.1JB.UX.J,.6l.1AZJ 11 INTEGER" L,UA,UB,UX.1JI 
11 RFAL 11 .61.A?l 11 ARRAY 11 .61B.1XJ 
"COD!;II 346071 

THE MEANING OF THE FORMAL PARAMETERS IS1 
LI <ARITHMETIC EXPRESSION>1 
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THE LOWERBnUND OF THE RUNNING ROW SUBSCRIPT Of A,B AND x; 
UA1 <ARITHMETIC EXPRESSION>; 

THE IJPPERBOl!ND Of THE RUNNING ROW SUBSCRIPT OF AJ 
UBI <ARITHMETIC EXPRESSION>t 

THE UPPERBOUND OF THE RUNNING ROW SUBSCRIPT OF BJ 
UXs <ARITHMETIC EXPRESSION>; 

THE UPPERBOUND OF THE RUNNING ROW SUBSCRIPT OF XJ 
JI <ARITHMETIC EX?RESSION>I 

THE LOWERBOUND OF THE RUNNING COLUMN SUBSCRIPT OF A,B ANO Xt 
J+l IS THE UPPERBOUND; 

All <ARITHMETIC EXPRESSION>; 
THE J-TH COMPONENT OF THE VECT~R TO BE TRANSFORMtDJ 

A2t <ARITHMETIC EXPRESSION>J 
THE (J+l)•TH COMPONENT OF THE VECTOR TO BE TRANSFORMED; 

Al <ARRAY IDENTIFIER>; 
"ARRAY 11 A[LIUA•JIJ+l11 
ENTRY1 THE GIVEN MATRIX A; 
EXITI THE TRANSFORMED MATRIX AeZ (SEE BRIEF DESCRIPTION); 

81 <ARRAY IDENTifIER>J 
11 ARRAY 11 R[LIUB.1J1J+l1B 
ENTRYI THE GIVEN MATRIX Rt 
EXITS THF. TRANSFORMED MATRIX B.Z (SEE BRIEF DESCRIPTION); 

XI <ARRAY IDENTIFIER>; 
"ARRAY" X[LtUX,JIJ+l]B 
ENTRY• THE GIVEN MATRIX X; 
EYITa T~E TRANSFORMED MATRIX XeZ (SEE BRIEF DESCRIPTION); 

PROCEDURES oseoa I-ISHVECTAH • CP 310731 

METHOD AND PERFORMANCE• 
WHEN THE CALCULATED HOUSEHOLDER MATRIX Z POSTMULTIPLIES 
A MATRIX M• ONLV COLUMNS J AND J+l ARE CHANGED. 
IF THE ELEMENTS J AND J+l IN A ROW OF HARE ZERO, THEN 
THEY REMAIN ZERO IN Mel 
THEREFORE ONLY THE SUBMATRICES A[LIUA.J1J+ll.18CL1UB,J1J+ll 
ANO XCL1UX,J1J+ll ARE CHANGED, WHERE AeZ, ReZ AND XeZ ARE 
OVERWRITTEN IN ReSP. A,B AND X. 

EXAMPLE OF use, THE PROCEDURE HSHZROW3 IS USED IN QZI (THIS SECTION). 
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SUBSECTION HSH2ROW21 

CALLING SEOUENCEt 

THE HEADING OF THE PROCEDURE ISt 
"PROCEDURE HSH2ROW2(LA,LB,UA,UB,J,Al,A2,A,~ll "VALUE" LA,LB,UA, 
UB,J,Al,A21 ·"INTEGER" LA,LB,UA,UB,JI "REAL" A1,A21"ARRAY" A,Bs 
11CODE" 346081 

THE MEANING OF THE FORMAL PARAMETERS IS1 
LAI <ARITHMETIC EXPRESSION>I 

THE LOWERBOUND OF THE RUN~ING ROW SUBSCRIPT OF A; 
LAI <ARITHMETIC EXPRESSION>J 

THE LOWERBOUND OF THE RUNNING ROW SUBSCRIPT OF BJ 
UAI <ARITHMETIC EXPRESSION>1 

THE UPPERBOUND OF THE RUNNING ROW SUBSCRIPT OF AJ 
UBI <ARITHMETIC EXPRESSION>; 

THE UPPERBOUND OF THE RUNNING ROW SUBSCRIPT OF BJ 
Jt <ARITHMETIC EXPRESSION>a 

THE LOWERBOUND OF THE RUNNING COLUMN SUBSCRIPT OF A AND BJ 
J+l IS THE UPPERBOUHDI 

Alt < ARITHMETIC EXPRESSION>; 
THE J•TH COMPONENT OF THE VECTOR TO BE TRANSFORMEDJ 

A21 <ARITHMETIC EXPRESSION>J 
THE (J+ll-TH COMPONENT OF THE VECTOR TO BE TRANSFORMED; 

At <ARRAY IDENTIFIER>; 
"REAL" "ARRAY" A[LAIUA,JIJ+l]J 
ENTRYI THE GIVFN MATRIX Al 
F.XIT1 THE TRANSFORMED MATRIX AeZ (SEE BRIEF DESCRIPTION); 

81 <ARRAY IDENTIFIER>J 
"REAL" "ARRAY" B[LBIUB,JIJ+lll 
ENTRY• THE GIVEN MATRIX BI 
EXITt THE TRANSFORMED MATRIX BeZ (SEE BRIEF DESCRIPTION); 

PROCEDURES USEDI HSHVECTAM • CP 310731 

METHOD ANO PERFORMANCE• 
SEE HSH2ROW3, BUT HERE THE MATRIX X HAS BEEN LEFT OUT. 

EXAMPLE OF IJSE1 
THE PROCEDURE HSH2ROW2 IS USED IN QZIVAL, 
(THIS SECTION). 
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SURSECTIONI HSH3ROW3e 

CALLING SEOUENCEI 

TH~ HEADING OF TYE PROCEDURE ISr 
"PROCEDURE" HSH3ROW31L,U,UX,J,Al,A2,A3,A,B,X); 
"VALUE" L,U,UX,J,Al,A2,A31 "INTEGER" L,U,UX,Js "REAL" Al,A2,A31 
"ARRAY" A,B,XI 
"CODE" 146091 

THE MEANING OF THE FORMAL PARAMETERS ISt 
LI <ARITHMETIC EXPRESSION>1 

THE LOWERBOUNO OF THE RUNNING ROW SUBSCRIPT OF A AND B ANO Xt 
U1 <ARITHMETIC EXPRESSION>; 

THE IIPPERBOUND OF THE RUNNING ROW SUBSCRIPT OF A ANO BI 
UXt <ARITHMETIC EXPRESSION>1 

THE UPPERBOUNO OF THE RUNNING ROW SUBSCRIPT OF XJ 
JI <ARITHMETIC EXPRESSION>1 

THE LOWERBOUND OF THE RUNNING COLUMN SUBSCRIPT OF A,B ANO Xt 
J+2 IS THE UPPERBOUNOI 

Alt <ARITHMETIC EXPRESSION>; 
THE J-TH COMPONENT OF THE VECTOR TO BE TRANSFORMED; 

A21 <ARITHMETIC EXPRESSION>; 
THE (J+l>-TH COMPONENT OF THE VECTOR TO BE TRANSFORMED; 

A3t <ARITHMETIC cXPRESSION>I 
THE (J+2)-TH COMPONENT OF THE VfCTOR TO BE TRANSFORMEOJ 

Al <ARRAY IDENTIFIER>; 
"REAL" "ARRAY" A[L1U,JsJ+2l; 
ENTRYt THE GIVEN MATRIX A; 
EXIT• THE TRANSFORMED MATRIX AeZ (SEE BRIEF DESCRIPTION)I 

Ba <ARRAY IOENTifIER>J 
"REAL" "ARRAY" B[LtU,JsJ+Zl; 
ENTRYI THE GIVEN MATRIX B; 
EXITt THE TRANSFORMED MATRIX s.z (SEE BRIEF DESCRIPTION)J 

X1 <ARRAY IDENTIFIER>J 
"REAL" "ARRAY" X[L&UX,J1J+2]; 
ENTRYI THE GIVEN MATRIX XJ 
EXIT• THE TRANSFORMED MATRIX XeZ (SEE BRIEF OESCRIPTION)J 

PRnCEDURES USED• HSHVECTAM • CP 310731 

METHOO AND PERFORMANCE! 
WHEN THE CALCULATED HOUSEHOLDER MATRIX Z POSTMULTIPLIES A MATRIX M, 
ONLY COLUMNS J,J+l AND J+2 ARE CHANGED. 
IF THE ELF.MENTS J, J+l ANO J+Z IN A ROW OF MARE ZERO, T~EN THEY 
REMAIN ZERO IN Mele 
THEREFORE ONLY THE SUBMATRICES ACLtU,JtJ+2l, B[L1U,JIJ+2] AND 
XCL1UX,J1J+21 ARE CHANGED, WHERE AeZ, Bel ANO x.z ARE OVERWRITTEN 
ON RESPo A,B ANO XI 

EXAMPLE OF USF.a THE PROCEDURE HSH1ROW3 IS USED IN QZI (THIS SECTION). 
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SU8SECTIONt HSH3ROW2. 

CALLING SEOUENCEI 

THE HEADING OF THE PROCEDURE ISI 
"PROCEDURE" HSH3ROW2(LA,LB,U,J,A1,A2,A3,A,B>I 
"VALUE" LA,LB,U,J,A1,AZ,A31 "lNTE~ER" LA,LB,U,J; 
"ReAL" Al,A~,A31 "ARRAY" A,BI 
"CODE" 346101 

THf MEANING OF THE FORMAL PARAMETERS ISt 
LAt <ARITHMETIC EXPRESSION>r 

THE LOWERBOUND OF THE RUNNING ROW SUBSCRIPT OF AJ 
LB• <ARITHMETIC cXPRESSION>J 

THE LOWERBOUND OF THE RUNNING ROW SUBSCRIPT OF BJ 
Us <ARITHMETIC EXPRESSION>s 

THE UPPFRBOUND OF THE RUNNING ROW SUBSCRIPT OF A AND B; 
JI <ARITHMETIC EXPRESSION>s 
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THE LOWERBOUND OF THE RUNNING COLUMN SUBSCRIPT OF A ANO 8, 
J+2 IS THE UPPERBOUNDI 

Alt <ARITHMETIC EXPRESSION>; 
THE J•TH COMPONENT OF THE VECTOR TO BE TRANSFORMED; 

AZI <ARITHMETIC EXPRESSION>; 
THE (J+ll-TH COMPONENT OF THE VECTOR TO BE TRANSFORMEDs 

A11 <ARITHMETIC EXPRESSION>s 
THE (J+2)-TH COMPONENT OF THE VECTOR TO 8E TRANSFORMEDJ 

At <ARRAY IDENTIFIER>s 
"REAL" "ARRAY" A[LAtU,JtJ~ZlJ 
ENTRYI THE GIVEN MATRIX A; 
EXITI THE TRANSFORMED MATRIX AeZ (SEE BRIEF DESCRIPTIONJI 

BI <ARRAY IDENTIFIER>a 
"REAL" "ARRAY" B[LBtU,JtJ+ZlJ 
ENTRYI THE GIVEN MATRIX 8; 
F.XITI THE TRANSFORMED MATRIX 8eZ (SEE BRIEF DESCRIPTION)J 

PROCEDURES US~D• ~SHVECTAM • CP 310731 

METHOD AND PERFORMANCE• 
SEE HSH3ROW3, BUT HERE THE MATRIX X HAS BEEN LEFT OUT. 

EXAMPLE OF use, HSH3ROW1 IS USED IN QZIVAL (THIS SECTION). 



SOIJRCE TEXTS 1 

11 CODE 11 34600; 

(JANUARY 1Q79) 

"PROCEDURF 11 OZIVAL(N,A,B,ALFR,ALFI,BETA,ITER,EM)I 
"VALUE" Nl"INTEGER" NsHARRAY" A,B,ALFR,ALFI,8ETA,EMI 
"INTEGER" "ARRAY" ITER; 
"BEGIN" "REAL" DWARF,EPS,EPSA,EPSB; 
"PROCEDURE" ELMCOL(L,U,I,J,A,B,Xll"CODE" 340231 
"PROCEDURE" MSHDECMUL(N,A,B,DWARF);HCODE" 346021 
"PROCEDURE" MESTGL2(N.A,B);HCODE" H6(14; 
"PROCEDURE" MSH2ROW2(LA,LB,UA,UB,J,Al,A2,A,B1t"CODE" 346081 
"PROCEDURE" HSH3ROW2(LA,LB,U,J,Al,A2,A3,A,B);nc □DE" 346101 
11 PROCEDURE 11 MSH2COL(LA,LB,U,I,Al•A2,A,B)1"CODE" 346051 
"PROCEDURE" HSH3COL( LA, LB,U, I, Al, A2, A3, A, B) I "CODE" 34606; 
"PROCEDURE" CHSH2(A1R,A1I,A2R,A2I,C,SR,S1); 11C □DE" 346111 
"PROCEDURE" MSHVECMAT(LR,UR,LC,UC,X,U,A)l 11 CODE 11 310701 
"PROCEDURE" HSHVECTAM(LR,UR,LC,UC,X,U,A)l"CODE" 310731 
11PROCEDURE" OZIT(N,A,B,EPS,EPSA,EPSB,ITER);"VALUE"N,EPS; 
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11 REAL" EPS,EPSA,EPSB;"INTEGER" Na 11 INTEGER 11 11 ARRAY 11 ITER1 11 ARRAY 11 A,Bt 
"BEGIN 11 11 REAL" ANORM,BNORM,AHI,BNI,CONST,A10,A20,A30,Bll, 

B22,B33,B44,All,A12,A21,A22,A33,A34,A43,A44,B12,B34,0LD1,0LD21 
"INTEGER" I.o,M,Ml,Ol,J,K,Kl,K2,K3,KMll"BOOLEAN11 STATIONARYI 
ANORMl•BNORMl•Ol"FOR 11 11•1 "STEP" 1 "UNTIL" N 11D0 11 

HBEGIN 11 BNI1•01ITER[llt•OJANil•"lF" I>l•THEN"ABS(A[I,I-lll"ELSE" 01 
"FOR" Ja•I 11STEP" l "UNTIL" N "DO" 
"BEGIN" ANil•ANI+ABS(AtI,Jl)IBNit•BNl+ABS(BfI,Jl) 
"ENOH;HIFn ANI>ANORM "THEN" ANORMl•ANil"IF• BNI>BNORM•THEN 11 

PNORMl•BNI 
"END 11 J"IF" ANORM•O "THEN" ANORMl•EPSt"IF"BNORM•O "THEN" BNORMt•EPSJ 
EPSA1•EPS*ANORMIEPS81•EPS♦BNORM; 
"FOR" Mt•N,M "WHILE" M>•3 noon 

"BEGIN" . 
"FOR" I1•H+l,I•l "WHILE"("IF" I>l "THEN"ABS(ACI,I•ll)>EPSA "ELSE• 
"FALSE"> "DO" Ql•I-1; 
11 IF" Q>l "THEN" A[Q,0-111•01 

Lt "IF" Q> ■M-1 "THEN" Ml•Q-1 "ELSE" 
11 BEGIN 11 

"IF 11 ABS(BC0,0ll<•EPSB "THEN" 
HBEGIN" BC0,0l1•0J011•0+t; 

HSH2C□L(Q,O,M,0,At0,0l,A[Ol,0l,A,B);A[0l,0lt•OI 
Q 1 ■ 01 I 11 GOT0 11 L 

"fND 11 "ELS~ 11 Mlt•M•l10lt•0+11CONSTt•0.75JITERCMl1•ITERCMl+lt 
STATIONARV1•11 JFn ITERCMl•l "THEN" "TRUE" "ELSE" 
ABS(AfM,M-ll)>•CONST*OLDl"AHD"ABS(ACM-l•M•2l)>•CONST•OL02J 
11 IF" ITER[Ml>30"AND"STATIONARY "THEN" 
"BEGIN" "FOR" It•l "STEP" 1 "UNTIL" M noon ITERCI]t ■-1; 

"GOTO" OUT 
11ENOH; 
"IF 11 ITER[Ml•l0 11 AND"STATIONARY "THEN" 
"BEGIN" A10t•OIA20t•l1A30t•1•1605 
"ENO" "ELSE" 
"8EGTN" Blll•BCO,o];B221• 11 IF" ABS(BCOl,OlJ)<EPSB "THEN"EPS8 

"ELSE" B[Ol..0111 
B33t• 11 IFtt ABS(B[Ml,Mll)<EPSB "THEN" EPSB 11ELSE"B[M1,Mlll 

"COMMENT" 
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B44&•"IF" ABSCBCM,M]J<EPSB "THEN" EPSB "ELSE" BCM,Ml I 
All1•Af0,0l/Bll1Al2t•ACO,Qll/B221A2ll•A[Ql,0]/B111 
A221•ACOl,Oll/B221A331 ■A[Hl,MlJ/B331A341•ACM1,Ml/844; 
A4~••A[M,Ml1/B33:A441•ACM,H1/B44;B121 ■B[0,0ll/B221 
B341•B[Ml•M1/B441 
Al~••IIA33•All)*IA44-Alll-A34+A43+A43+834*A111/A21 

+Al2-All+Bl21 
A20t•(A22•All-A2l*B121-(A33-All)•(A44•Alll+A43*R341 
A301•A[0+2•0ll/B22 

"END"t0LD1••ABSIACM,M-ll)IOLD2••ABS(ACM-l,M-2])1 
"FOR" Kl•O "STEP" 1 "UNT~L" Ml "DO" 
"BEGIN" Kl1•K+ltK21•K+21K31•"IF" K+3>M "THEN" M "ELSE" K+3; 

KMl••"IF" K•l<Q "THEN" 0 "ELSE" K-11 
"IF" KA•Ml "THEN" 
"BEGIN" "IF" K•O "THEN" 

"BEGIN" 
HSH3COL(KMl.KMl,M•K•ACK•KMll,A[Kl,KMll,ACK2,KMll,A•B>J 
A[Kl,KM1]1 ■ A[K2,KM1]1•0 

"ENO"a 
HSH3ROW2IO,O,K3,K,B[K2,K2l,BCK2,Kll,BCK2,Kl,A,BJ; 
B[K2,K]l ■ B[K2,Kl11•0 I 

"END" "ELSE" 
"BEGIN" HSH2COL(KMl,KMl,M,K,ACK,KMll,ACKl,KMll,A,811 

A[Kl,KMll1•~ 
"END"I 
~SHZROW?.(0•01K3,K3,K,BrK1,Kll,BCK1,Kl,A,BIIB[Kl,Kl1•0 

"END" 
"END"t 
OUTs 

"END" 
"END" OZITI 

"EOP" 
"PROCEDURE" OZVALIN,A,B.EPSA,EPSB,ALFR,ALFI,BETAll"VALUE" N; 
"RF.AL" EPSA.EPSB;"INTEGER" N;HARRAY" ALFR.ALFI.BETA,A.BI 
"BEGIN" "INTEGER" M,L,Jl"REAL" AN,BN,All,A12,A2l,A22,B11,Bl2,B22,E,C,D, 

ER.EI,AllR.AllI•Al2R,Al2I,A21R,A21I,A22R,A2ZI,CZ,SZR,SZI, 
CO,SOR,SOI,SSR.SSI,TR,TI,BDR,BDI,RJ 
"FOR" Ml•N,M "WHILE" M>O "00" 
"IF"("IF" M>l "THEN" ACM,M-ll•O "ELSE" "TRUE"! "THEN" 
"BEGIN" ALFRCMll•ACM,MltBETACMll•BCM,MllALFICM]l•OJHl•M•l 
"END" "ELSE" 
"BEGIN" L1•M-l1"IF" ABS(B[L,L])<•EPSB "THEN" 

"BEGIN" RCL,Llr•OJ~SH2COL(L,L,N,L,ACL,Ll,ACM,Ll,A,BJ; 
ACM,llt•BCH.L]l ■C;ALFR[Lll•ACL,LltALFR[M]t•ACM,MlJ 
BETA[L11•BCL,L]IBETACH]l ■B[M,Hl1ALFI[M]1•ALFICL]1•01 

"END" "ELSE" "IF" ABS(BCH,M]J<•EPSB "THEN" 
"AF.GIN"B[M,M]l ■~;HSH2ROW2(1,1,M,M,L,ACH,Ml,ACM,Ll,A,B)J 

A[H,L]l•BCM,L]l•OIALFR[l11•ACL,Ll1ALFR[Mlt•ACM,M]J 
BETAClll•BCL,LlJBETA[Hll•BCM,H];ALFICM]l•ALFICLll•O; 

"END""EL~E" 
"BEGIN" 

ANl•ABS(ACL,Ll)+ABS(A[L,Ml)+ABS(A[M,Lll+ABS(ACH,M]); 
BNl•ABS(B[L,LJ)+ABS(BCL,Ml)+ABSIBCM,Ml)I 
Allt•ACL,Ll/ANIA121•ACL,Hl/ANIA21t•A[M,L]/ANIA22t•ACM,Ml/ANI 

"COMMENT" 
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' 
Bll&•BrL,Ll/BNIB121•BCL,Ml/BN;B221•BCM,MJ/BN; 
El•All/811; 
Cl•((A22-E•B22)/B22-(A2l*Bl2)/(Bll•R22))/21 
Oa•C•C+(A2l•CA1?.•E•Bl2))/(Bll*BZ2); 
"IF" O>•O "lllEfll" 
"BEGJN"E••E+("lF"C<~"THEN"C-SORT(O)"ELSE"C+SORT(O))S 

All1•All-E*BllJA121•A12•E*Bl21A221•A22-E*B221 
"IF" ABS(All)+ABS(Al2)> ■ABS(A2l>+ABS(A22) "THEN" 
HSH2ROW2(1,1,M,M,L,A12,All,A,B)"ELSF" 
HSHZROW2(1,1,~,M,L,A22,A21,A,B)J 
"IF"AN>•ABS(E)*BN"THEN" 
HSM2COL(L,L,N,L,BCL,Ll,B[M,LJ,A,B) "ELSE" 
HSH2COL(L,L,N,L,ACL,Ll,ACM,Ll,A,B>; 
A[H,L]l ■BCM,Lll•OJ 

ALFRCLla•A[L,LlJALFRCM]l•ACM,Hl1RSTA[L]1•BCL,L]; 
BETAfMll•BCM,M];ALFI[Mll•ALFI[lll•OI 

"FND""FLSE" 
"BEGIN" 

ERl•E+C1EI••SQRT(-D)IA11Rl•All•ER*Bll1Al1It•EI*811; 
Al2Rt•Al2•ER*B12;Al2I1•EI*B12;A21Rl•A211A21I1•01 
A22Rl•A22•ER*B221A22Il•EI*B221 
"IF"ABS(AllR)+ABS(AllI)+A8S(Al2R)+ABS(Al2I>>• 
ABS(A21R)+ARS(A22R)+ABS(A22I)"THEN" 
CHSH2(AlZR,AlZI,-AllR,•AllI,CZ,SZR,SZI)"ELSE" 
CHSH2(A22R,A22I,-AZ1R,-A21I,CZ,SZR,SZI); 
"IF"AN>•(ABS(cR)+ABSIEI)>*BN"THEN" 
CHSH2(CZ*Bll+SZR*Bl2,SZI*Bl2,SZR♦B22,SZI*B22,CO,SOR,SOI) 
"ELSE"CHSH2(CZ*All+SZR*A12,SZI*Al2,CZ*A2l+SZR*A22,SZI•A22, 
CO,SQP,SQl)1SSRt•SOR•SZR+SOI•SZIISSI1•SOR*SZI•SOI*SZR; 
TRl•Co•cz•All+CO•SZR*Al2+S0R*CZ•A2l+SSR•A22; 
TI1•CO*SZI*A12-S0I ♦CZ•A21+SSI•A221 
BDRt•C0•c1•011+c0•SZR•B12+SSR•B221 
eoI1 ■ co•sz1•e12+ss1•e221 
Rl•SORT(BDR•BDR+BDI*BDI);BETA[lll•BN*RJ 
ALFR[Lll•AN*(TR•BDR+TI•BDI)/RI 
ALFI[lll•AN*(TR*BDI-TI*BDR)/RJ 
TRl•SSR•A11-s0R•cz•A12-c0•SZR*A2l+CO•cz•A22; 
TI••-SSI•A11-s0I•cz•A12+c0•szI•A211 
BORl•SSR*Bll•SOR•cz•s12+co•cz•e221 
RDI1•-SSI•e11-s01•cz•B12; 
Rt•S0RT(BDR*BDR+BDI•BDI)JBETA[Mll•BN*RI 
ALFRCMll•AN*CTR*BDR+TI*BDI)/RJ 
ALFICMll•AN*(lR*BDI-TI•BOR)/R; 

"END" 
ttl:fllD"IIH•M-2 

"ENO" 
"END" 0ZVAL1 
DWARFl•EHCOllEPSl•EM[ll; 
HSHDECHUL(N,A,B,OWARF); 
HESTGL2(N, A, B) I 
OZIT<fll,A,B,EPS,EPSA,EPSB,ITER)J 
OZVALCN,A,B,EPSA,EPSB,ALFR,ALFI,BETA); 
11 EN0 11 OZIVALI 

r.eopn 
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"CODE" 346011 
"PROCEDURE" 0tI(N,A,B,X,ALFR,ALFI,BETA,ITER,EM>1 
"VALUE" N;"INTEGF.R" N:"ARRAY"A,B,X,ALFR,ALFI,BETA,EMJ 
"INTEGF.R" "ARRAY" ITERI 
"BEGIN" "REAL" DWARF,EPS,EPSA,EPS8; 
"REAL" "PROCEDURE" MATMAT(L,U,1,J,A,B); 11 CODE 11 340131 
"PROCEDUR~" HSHDECHUL(N,A,B,DWARF)l"CODE" 346021 
"PROCEDURE" HESTGL3(N,A,B,X)l"CODE" 34603; 
"PROCEDURE" HSH2ROW3(L,UA,UB1UX,J1Al,AZ,A1B•X>1"CODE" 346071 
"PROCEDURE" HSH,ROW3CL,U,UX,J,Al~A2,A3,A,B,X)l"CODE" 346091 
"PROCEDURE" HSH2COL(LA,LB,U,I,Al,A2,A,S);ttCOOE" 346051 
"PROCEDURE" HSH3COLCLA,LB,U,I,Al,~2,A3,A,B)ancooen 34606J 
"PROCEDURE" CHSH?.CAlR•AlI,A2R,A2I,C,SR,SI)J"CODE" 34611J 
"PROCEDURE" COMDIV(XR,XI,YR,YI,ZR,ZI);NCODE" 34342; 
11 PROCEmlRE" OZIT(N,A,B,X,EPS,EPSA,EPSB,ITER)1 11 VALUE"N,EPSI 
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"REAL" EPS,EPSA,EPSBJ"INTEGER" Nl"INTEGER" "ARRAY" ITER;ffARRAY" A,B,XI 
NRF~IN 11 "REAL" ANORM,BNORM,ANI1BNI,CONST,Al01A20,A30,Bll, 

822,833,R44,All,Al2,A21,A22,A33,A34,A43,A44,B12,B34,OLD1,OLO2J 
"INTEGER" I,O,M,Ml,Ol,J,K1Kl1KZ1K3,KM11 11 BOOLEAN" STATIONARYI 
ANORMl•BNnRMl•Os"FOR" Il•l "STEP" 1 "UNTIL" N "DO" 
"BEGIN" BNI1•0IITER[IJ1•0JANit•"IF" I>lNTHEN"ABS(ACI,I-ll>"ELSE" O; 

"FOR" Jt•I "STEP" l "UNTIL" N noon 
"BEGIN" ANil•ANI+ABS(A[I.Jl)JBNlt•BNI+ABS(BCI,Jl) 
NEND"l"IFN ANI>ANORM "THEN" ANORMt•ANIJ"IF" BNI>BNORM"THEN" 
8NORMl•BNI 

"ENO"J"IF" ANORM•O "THEN" ANORHl•EPSl"IF"8NORH•O "THEN" BNORHl•EPSt 
EPSAa•EPS*ANORMlePSBt•EPS*BNORMt 
"FOR" Mt•N•M "WHILf" M>•3 noon 

"Bf GIN" 
"FOR" It•M+l•I•l "WHILE"C"IF" I>l "THEN"ABS(ACI,I-ll)>EPSA "ELSE" 
"FALSE"> noon Qt•I-1; 
"IF" Q>l "THEN" AtO,Q-1]1•01 

LI 11 IF" Q> ■M•l "THEN" Mt ■ Q-1 "ELSE" 
11 BEGIN 11 

"IF" ABSlBCO,Ql)<•EPSB "THEN" 
"BEGIN" 8[0.QJl•OJQlt•Q+l; 

HSH2COL(0,0,N,O,A[Q,Ol•A[Ql•Ql,A,B);A[Ql•Qll•~J 
QI •011 "GOTO" L 

"END" "ELSE" Nll•H•ltQll•Q+lJCONSTa•Oe75JITER[Mlt•ITERCM]+1; 
STATIONARYr•"IF 11 ITERCMl•l "THEN" "TRUE" "ELSE" 
ABS(ACM,M-11)> ■CONST*OLDl"AND"ABS(ACM-1,N-2J)>•CONST*OL021 
"IF" ITERCM]>3n"AND 11STATIONARY 11 THEN" 
"BEGIN" 11 FOR" Ir•l "STEP" 1 "UNTIL" M noon ITERCilt ■-1; 

"GOTO" OUT 
"ENOtt; 
11 IF" ITER[Ml•lll"AND"STATIONARY "THEN" 
11 BEGIN" AlO1•0SA2Ot•lJA3O1•1•1605 
"END" "ELSE" 
ttBEGIN 11 Bll1•Bt0,Q]JB221•"IF" ABS(B[Ql,0ll)<EPSB "THEN"EPSB 

"ELSE" B[Ql,Qll J 
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B331•"IF" ABS(BCMl,Ml])<EPSB "THEN" £PSB "ELSF"B[Ml,Mllt 
R44s•"IF" ARS(BCM,M])<EP58 "THEN" EPSB "ELSE" BCM,Ml ; 
All1•A[Q,01/BlltAl21•ACQ,0ll/B22tA2lt•A[Ql,0l/Bl11 
A2?1•AC0l•Oll/B221A33t•A[Ml,Mll/B33SA341•ACM1,M11B441 
A43S•ACM,Ml1/B331A441•A[M,M1/04418l21•B[Q,Q1]/A22; 
B341•8CM1,M1/B44; 
AlUl ■ ((A33-All)*(A44•All)•A34*A43+A43*834*All)/A21 

+Al2-All*B 121 
A20r•CA22-All-A2l*Bl2)-(A33-Alll-(A44-All)+A43*834J 
A301 ■ A[0+2,0ll/~22 

"END"IOLDll•ABSfACM,M-ll)JOLDZl•ABS(ACM-l,M-21)1 
"FOR" Kl•O "STEP" l "UNTIL" Ml "0□" 
"BEGIN" Klt•K+ltK21•K+2tK31•"1F" K+3>M "THEN" M "ELSE" K+3; 

KMl••"TF" K-l<Q "THEN" 0 "ELSE" K-l; 
"IF" KA•Ml "THEN" 
"B[GIN" "IF" K•0 "THEN" 

HSH3COL(KM1,KMl,N,K,Al-O,AZ~,A30,A,Bl "ELSE" 
11 BEGIN 11 

HSH3COLCKMl,KMl,N,K,A[K,KMll,ACKl,KMll,A[K2,KMlJ,A,B); 
A[Kl,KMll1•ACK2,KMl]1•0 

"EN0 11 1 
HSH3ROW3(1,K3,N,K,B[K2,K2],B[K2,Kll,B[K2,Kl,A,B,X)I 
B[K2,Klt•BCK2,Kll1•0; 

11 END 11 11 ELSE 11 

"BEGIN" HSH2COL(KMl,KMl,N,K,A[K,KMl1,A[Kl,KM11,A,B)I 
A[Kl,KMlll•O 

11 EN0"; 
HSH2ROW3(1,K3,K3,N,K,BtK1,Kll,BCKl,Kl,A,B,X)J8[Kl,~1t•O 

"END 11 

11 EN0 11 

"END 11 1 OUTI 
"END" OlITI 
"PROCEDURE" 0ZVAL(N,A,B,X,EPSA,EPSB,ALFR,ALFI,BETA)l 11 VALUE 11 Nt 
"REAL" EPSA,EPSB1"INTEGER 11 NJ"ARRAY" ALFR,ALFI,BETA,A,B,X; 
11B~GIN" "INTEGER" M,L,J1 11 R~AL" AN,BN,All,Al2,A21,A22,B11,B12,qz2,e,c,o, 

fR,EI,AllRsAllI,A12R,Al2I,A21R,A21I,A2~R,A22l,CZ,SZR,SZI, 
c0,s0R,SOI,SSR,SSI,TR,TI,BDR,BDI,Rt 
11 FOR" Mt•N,~ "WHILE" M>O "D0 11 

"lF"("IFH M>l "THEN" ACM,M•ll•O 11ELSE 11 "TRUE 11 )HTHEN" 
"REGIN 11 ALFR[Mll•ACM,M];8ETA[Ml1•8CM,M];ALFICM]l•OIMl•M-1 
11EN0 11 "ELSE" 
"BEGIN" Ll•M-ll"IFH ABS(BCL,L])<•EPSB 11 THEN 11 

11 BEGJN 11 BCL,Ll1•0JHSH2COL(L,L,N,L,ACL,Ll,ACM,Ll,A,B)S 
A[M,L11•8CM,L]l•OIALFR[ll1•ACL,LlJALFR[M]l•A[M,M]; 
B~TA[Lll•BfL,LllBETACMlt•BtM,MltALFICM]l•ALFICLll•O; 

"END" "ELSE" "IF" ABS(B[M,M1)<•EPSB 11 TH!N" 
11 BEGIN 11BCM,Mlt•OJHSH2ROW3(1,M,M1N,l,A[M,Ml,ACM,Ll,A,B,X); 

A[M,Lll•BCM,L]l ■O;ALFR[L]l ■ACL,Ll;ALFR[M]l•ACM,M]; 

BET AC Ll 1 •IH L, L l J BE TA[Ml.t •B CM, Ml IALFHMl t •ALF ICL '.II •0 I 
11 END 1111ELSE 11 

11 BF.GIN" 
ANl•ABSCACL,Lll+ABS(ACL,Mll+ABS(ACM,Lll+ABSCACM,M])J 
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; 

' BNl•ABS(BrL.Lll+ABS(B[L.Mll+ABS(B[M,M])S 
Allt•A[L.Ll/ANIA121•ACL,Ml/ANJAZ11•ACM,Ll/AN1A221•ACM,~1/ANS 
Bll1•BCL,Ll/BN;Bl21•BCL•Ml/BN;B221•8CM,Ml/BNI 
El•All/8111 
Cl ■ ((A22-E*B22)/822-(A21*812)/(Bll*B2?.)l/2; 
D1•C*C+(A2l*(A12-E*Bl2))/(Bll*B22); 
"IF" O>•O "THEN" 
"BEGIN"E••E+(ttJFHC<O"THEN"C•SQRT(Dl"ELSE"C+SQRT(D)); 

All1•All-E*Bll1Al21•A12•E*B12JA221•A22-E*B22J 
"IF" ABS(A11)+ABS(A12)>•ABS(A2ll+ABS(A22) "THEN" 
HSH2ROW,Cl,M,M,N,L,A12,All,A,B,X)ttELSEn 
HSH2ROW3(1,M,M,N,L,A2Z,A21,A,B,Xl; 
ntF"AN>•ABS(El*BN"THEN" 
HSH2COL(L,L,N,L,BCL,Ll,BCM~Ll,A,Bl "ELSE" 
MSH2COLCL,L,N,L,ACL,Ll,ACM,Ll,A,B); 
AtM,Lll•BCM,Llt•OI 
ALFR[L11•ACL,LlJALFR[Mll•ACH,M]IBETA[L]l•BtL,Ll8 
BETA[M11•8CM,M]IALFI[M]l•ALFI[ll1•01 

"END""ELSE" 
"BEGIN" 

ER1•E+C1Eia ■S0RT(-O)SA11Rl•All-ER*Bll1AllI1•EI•Blll 
Al2Rl•A12-FR*Bl21Al2I1•EI*Bl2;A2lRl•AZl;AZ1It•OS 
A22Rl•A22-ER*B22tA2211•EI*B22J 
"1F"ABS(AllR)+ABS(Allll+ABS(Al2Rl+ABS(Al2I)> ■ 
ABS(A21R) ♦ABS(A22R)+ABS(A22Il"THEN8 

CHSH2(AlZR,A12I,•AllR,-AllI,CZ,SZR,SZI>"ELSE" 
CHSH2(A22R,AZ2I,-A21R,-A21I,CZ,SZR,SZI)I 
"IF"AN>•(ABS(ER)+ABS(Eill*BN"T~EN" 
C~SH2(CZ*Bll+SZR*Bl2,SZI*B12,SZR*B22,SZI+B22,CQ,SQR,S0l) 
"ELSE"CHSH2(CZ*All+SZR*AlZ,SZI•AlZ,CZ*A2l+SZR*A22,SZI*A22, 
c0.s0R,SQI)1SSRt•SQR*SZR+S01•szrsss11 ■S0R•sz1-s0I•SZP.1 
TRl•C0*CZ~All+C0•SZR*Al2+SOR*CZ*A2l+SSR*A22; 
Tit•CO*SZI*Al2•SQI*CZ•A2l+SSI*A22J 
BDRl•C0•cz•e11+co•SZR•B12+SSR*B22S 
BOI1•C0*SZI*Bl2+SSI*B221 
Rl•SQRT(BDR*BDR+BOI+BDI);BETA[Lll•BN•R; 
ALFR[Lll•AN•(TR•BDR+TI*BDI)/RJ 
ALFICLlt•AN*(TR*BDI-TI•BOR)/R; 
TR1•SSR*All•S0R•CZ•A12-c0•szR•AZl+C0*CZ*A22; 
TI••-SSI•All-SOI*CZ*A12+C0•SZI•A211 
eoR1 ■ssR•e11-s0R•cz•e12+c0•cz•e221 
BOI••-~SI•Bll-S0I*CZ*B12; 
Rl•SQRT(BDR*BDR+BDI•BOI)JBETA[Mll•BN*RI 
ALFR£Mll•AN*ITR*BOR+TI*BDI)/RJ 
ALFI[Mll•AN+<TR*BDI-TI*BOR)/R; 

"END" 
HF.NOH;Hl•M•2 

HF.NOH 
"ENO" OZVAL 

"EDP" 
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I 

"PROCEDURE" OZVEC(N,A,B,X,EPSA,cPSB,ALFR,ALFI,BETA);HVALUE"N,EPSA,EPSR; 
"INTEGER" N;HREAL" EPSA.EPSB;"ARRAY" A,B,ALFR,ALFI,BETA,Xr 
"BEGIN""INTEGER" M,HR,HI,L,Ll,J,KJ"REAL" BETM,ALFM,SL,SK,D,TKK,TKL,TLK, 

TLL,ALMI,ALMR,TR,TI,SLR,SLI,SKR,SKI,DR,DI,TKKR,TKKI,TKLR,TKLI,TLKR, 
TLKI,TLLR,TLLI,S,R; 
"FOR" Ml•N "STEP" -1 "UNTIL" l "DO" 
"IF" ALFI[Ml•O "THEN" 
"BEGIN" "COMMENT" M-TH REAL VECTOR; 

ALFMl•ALFRCMJ;BETMl•BETA[M];B[M,M]l ■ l;Lll•MJ 
"FOR" L••M-1 "STEP" -1 "UNTIL" 1 noon 
"BEGIN" Slt •Os 

"FOR" Jl•ll "STEP" 1 "UNTIL" M noon 
SLl•SL+(BETH*ACL,Jl-ALFM*B[L,Jl)*BCJ,M]J 
"IF"("IF"LA•l"THEN"BETM*ACL,L-11•0"ELSE""TRUE"l"THEN" 
11 BEGIN""COMMENT" 1-1 BLOCK; 

Ol•BETM•AtL,Ll-ALFM*BCL,Lll 
"IF" D•O "THEN" Dl•(EPSA+EPSB)/lJBCL,M]l ■•SL/D 

11 EN0""ELSE 11 

"BEGIN" 11 COMMENT 11 z-z BLOCKJKl•L-lJSKl•OI 
"F□R"Jl•Ll "STEP" l "UNTIL" M noon 
SK1•SK+(BETM*ACK,Jl•ALFM*BCK,Jl)*BCJ,M]; 
TKKl•BETM*ACK,K1-ALFM*B[K,K]J 
TKLl•BETM*ACK,Ll-ALFM*BCK,Llt 
TLKl•BETM*ACL,K]; 
TLLl•BETM*ACL,Ll-ALFM*BCL,L11 
Dt•TKK*TLL-TKL*TLKl"IF" D•n "THEN" Dl•(EPSA+EPSB)/21 
RCL,Mll•(TLK*SK-TKK*SL)/0; 

BtK,Mls• 11 IF"ABS(TKK)>•ABS(TLK)"THEN"-(SK+TKL•BCL,M])/TKK 
"ELSc" -(SL+TLL*BCL,Ml)/TLKIL1•L-1 

"END"tLll•l 
"END" 

"END""ElSE" 
"BEGIN" "COMMENT~ COMPLEX VECTOR; 

ALMRt•ALFR[H-ll&ALHil•ALFI[M-lltBETMt•BETA[M-llJMRl•M-ltHit•~; 
B[M-l.MR11•ALMI*BCM1Ml/(BETM*ACM,M•ll)t 
6[H-l,MI]1 ■ (BETH*ACM,Ml-ALMR*BCM.Ml)/(BETM*ACM,M•ll)t 
erM.HR]l•OIBCM.HI]t•-llllt•M-11 
"FOR" La•M-Z "STEP" •l "UNTIL" l noon 
11 REGIN 11 SLR1•SLI1 ■'(); 

"FOR" Jl•ll "STEP" l "UNTIL" M nonn 
"6EGIN" TR1•BETM*ACL,Jl•ALMR*BCL,JJ; 

TI1•-ALMI*BCL.J]; 
SLRt•SLR+TR*BCJ.MRl-TI*BfJ,Mill 
SLil•SLI+TR*BfJ,Mil+TI*BCJ,MRl 

11END"I 
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"IF"f"If"L 4 •l"THEN"BETM•AtL,L-11•0"ELSE""TRUE")"THE~" 
"BEGIN"DRl•BETM*ACL,Ll-ALMR*BCL,L]; 

OI1•-ALMI*BCL,Ll; 
COMDIVf-SLR,-SLI,DR,DI,BCL,MRl,BCL,HIJ)J 

"il:ND""ELSE" 
"BEGIN" K1•L-l;SKRl•SKI••~; 

"FOR" Jt•Ll "STEP" l "UNTIL" M "DO" 
"BEGIN" TRl•BETM*ACK,J1-ALMR*BCK,J]; 

Tlt••ALMI*9CK,Jll 
SKRt•SKR+TR*B[J,HRl-TI*BCJ,MIJI 
SKI1•SKI+TR*B[J,Mil+TI*BCJ,MRl 

"EJIIOH; 
Tl<KRl•BETM*ACK,Kl•ALMR•BCK,K11 
TKKI1•-ALMI*BCK,Kl1 
TKLR1 ■ BETM*ACK1Ll-ALMR*BCK,L]; 
TKLil•-ALMI*BCK,Lll 
TLKRt•BETM*ACL,K]JTLKit•OI 
TLLRt•BETM*ACL,Ll-ALMR*BCL,Ll; 
TLLit•-ALMI•BCL,Lll 
DRl•TKKR*TLLR-TKKI*TLLI-TKLR*TLKRJ 
Dil•TKKR*TLLI+TKKI*TLLR-TKLI*TLKR; 
"IF"DR•O"AND"DI•O"THEN"DRl•CEPSA+EPSB)/21 
COMDIVtTLKR*SKR-TKKR*SLR+TKKI*SLI,TLKR*SKI-TKKR*SLI
TKKI*SLR,OR,DI,BCL,MRl,BCL,Milll 
"IF"ABS(TKKR)+ARSCTKKI)>•ABS(TLKR)"THEN" 
COMDIVC-SKR-TKLR•BCL,MR]+TKLI•BCL,MIJ,-SKI-TKLR•BCL,~IJ 
-TKLI*BCL,MRl,TKKR,TKKI,BCK,MRl,BCK,MIJ)HELSE" 
COMDIVC•SLR•TLLR*BCL,MRl+TLLI*BCL,MIJ,•SLI-TLLR*BCL.Mil 
•TLLI•erL,MRJ,TLKR,TLKI,BCK,MR1,BCK,MI]lSLl•L•l 

"END"ILlt•L 
"END"IMl•M•l 

11END"; 
"FOR" Mt•N "STEP" -1 "UNTIL" 1 "DO" 
"FOR" Kl•l "STF.P" 1 "UNTIL" N noon 
XCK,Mlt•MATNATCl,M,K,M,X,8); 
"FOR" Mt•N "STEP" -1 "UNTIL" l "DO" 
"BEGIN" S••~•"If" ALFICMl•O "THEN" 

"BEGIN" "FOR" Kl•l "STEP" 1 "UNTIL" N noon 
"BEGIN" Rl•ABSCXCK,Ml)I _ 

HIF" R>•S "THEN""BEGIN" St•RJDt•XCK,Ml "END" 
"END"t"FOR" Kt•l "STEP" l "UNTIL" N noon 
X[K,Nlt•XCK•Ml/0 

"END""ELSE" 
"BEGTN" "FOR" Kt•l "STEP" 1 "UNTIL" N noon 

"BEGIN" Rl•ABS(X[K,M-ll)+ABSCXtK,M])I 
Rl•R*S0RT((XCK,M-ll/R)**2+(XCK,Ml/R)**2)1 
"If" R>•S"THEN" 
"BEGIN" St•RIDRt•XCK,11-lllOit•XCK,M] "END" 

N!NDHJHFORtt Kt•l "STEP" l "UNTIL" N noon 
COMDIV<lCK,N-ll,XCK,Ml,DR»DI»XCK,M-ll•XCK,Ml)IMl•M-1 

"END" 
"END" 

"END 11 OZVECt 
"COMMENT" 
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OWARFl•EH[~l;EPSl•EM[ll: 
HSHO~CHULCN,A,R,DWARFll 
HiSTGL3<N,A,B,X): 
07IT(N,A,B,X,EPS,EPSA,EPS~,ITERI; 
07VAL(N.A,R,X,EPSA,EPSB,ALFR,ALFI,BETA)I 
07VFr.(N,A,8,X,EPSA,EPS8,ALFR,ALFI,BETA) 
"ENO" 0718 

11EOP 11 

11CflDE" 346021 
"PROCEDURE" HSHDECHUL(N,A,B,OWARF); 11 VALUF."N,DWARF;ttJNTEGER"N; 
11 REAL" OWARF:ttARRAVII A,R; 
11 BEGIN 11 11 ARRAY 11 vr11Nll"INTEGER" J,K,Kl,Nl1 11 REAL" R,T,CJ 

ttRFAL" 11 PROCF.DURE" TAMHATCL,U,I,J,A,B);ttCODE" 34014; 
"PROCEDURE" HSHVECHAT(LR,UR,LC,UC,X,U,All"CODf" 310701 
1<1•UNl1•N+lt 
"FOR" Kl1•2 "STEP 11 1 "UNTIL 11 Nl 1100 11 

"BEGIN" Rl•TAMHAT(Kl,N,K,K,B,B); 
11 IF" R>DWARF 11THEN 11 

11 BEGIN" Rl• 11 IF" BCK,Kl<O 11THEN 11 -S0RT(R+BCK,Kl•BCK,Kll 
"ELSE" SQRT(R+BCK,Kl*BCK,Kl)JTl•BCK,Kl+RJCl•-T/RJ 
R[K,K11•-RSV[K]l•ll 
ttFORtt J1•Kl 11STEP 11 1 11UNTIL 11 N 110011 VCJ]l ■B[J,Kl/TJ 
HSHVECMAT(K,N,Kl,N,C,V,B);HSHVECMAT(K,N,1,~,C,V,A> 

11EN0 11 1Kl•Kl 
"EN0 11 

"END" HSHOECMULI 
11 EOP 11 

11 CODE 11 3't6031 
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"PROCEDURE" HESTGL3(N,A,B,X);ttVALUE 11 N;"INTEGER" N; 11 ARRAY 11 A,B,X; 
"BEGIN" 11 INTEGER 11 NMl,K,L,Kl,LlJ 

"PROCEDURE" HSH2COL(LA,LB,U,I,Al,A2,A,B)l 11CODE 11 34605; 
"PROCEDURE" HSH2ROW3(L,UA,UB,UX,J,Al,A2,A,B,X);ttCODE" 346Q7; 
11 IF 11 N>2 ttTHEN 11 

11 REGIN" "FOR" Kl•Z 11STEP" l 11UNTIL" N noon 
11 FOR" L1•l ttSTf=P" 1 11UNTIL 11 K-1 "DO" BCK,L]s ■Ot 
NHll•N-liKs•l; 
"FOR" Kll• 2 "STEP 11 l "UNTIL" NMl "00" 
"Bf!GIN 11 Lll•N; 

"F□R 11 ll•N-1 "STEP" -1 "UNTIL" Kl "DO" 
"BEGIN" 

HSH2C □L<K,L,N,L,ACL,K],A[ll,Kl,A,B);A[Ll,Klt•OJ 

HSH2R□W3(1,N,Ll,N,L,BCL1,Lll,BCL1,Ll,A,B,X); 
B[L1,L11•01Ll1•L 

11 END 11 1Kl•Kl 
"END" 

11EN0 11 

"END" HF.STGL :U 
"FOP" 
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"CODE" :1461114; 
"PROCEDURE" HESTGL?(N,A,R)J"VALUE" NJ"INTEGER" NJ"APRAY" A,BJ 
"BGGIN" "INTFGER" NMl.K,L,Kl,Ll; 

"PROCEDURE" HSH2C □LCLA,LB,U,I,Al,A2,A,B)l"C00E" 346051 
"PROCEDURE" HSH2ROW2(LA,LB,UA,UB,Al,A2,A,B)J"CODE" 34608; 
"IF" N>2 "THEN" 
"BEGIN" "FOR" Ks•2 "STEP" 1 "UNTIL" N noon 

"FOR" Ll•l "STEP" 1 "UNTIL" K-1 noon 8CK,Ll1•0J 
NMll•N-lJKS•l; 
"FOR" Klt• 2 "STEP" l "UNTIL" NMl noon 
"13EGIN" Lll•NI 

"FOR" lt•N-1 "STEP" -I "UNTIL" Kl noon 
11 BEGIN" 

HSH2COL(K,L,N,L,A[L,Kl,Atll,Kl,A,B)1A[Ll,Kl1•0J 
4SHZROW2(1,l,N,Ll,L,B[Ll,Lll,BCL1,Ll,A,B); 
BCLl,L]saQ;Llt•L 

"END 11 1Kl•K1 
11END" 

"END" 
11 END 11 HESTGL2; 

"EOP" 

11 COOE 11 34605; 
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"PROCEDURE" HSH2COL(LA,LB,U,I,Al,A2,A,B)l 11 VALUE 11 LA,LB,U,I,Al,A21 
"INTEGER" LA,LB,U,l1"REAL" Al,A21"ARRAY" A,BJ 
"IF"A2A•O "THEN" 
11 BEGIN 11 "REAL" R,T,C;"ARRAY" VCitI+l]; 

"PROCEDURE" HSHVECMAT(LR,UR,LC,UC,X,U,A)1ttCODE" 310701 
Rl•"IF" Al<O "THEN" -SQRT(Al+Al+A2*A2) "ELSE" $QRT(Al*Al+A2*A2ll 
Ta•Al+R;Ct•-T/R;V{Ilt•l;V[I+ll3•A2/TI 
HSHVECMATCI,I+l,LA,U,C,V,A)IHSHVECMAT(I,I+l,LB,U,C,V,B) 

11 iND 11 HSH2COL; 
11 EOP" 

"CODE" 346061 
"PROCEDURE" HSH3COL(LA,LB,U,I,Al,A2,A3,A,B)t 
"VALUE"LA,LB,U,I,A1,A2,A3;"INTEGER"LA;LB,I,Ul"REAL"Al,A2,A3;"ARRAY"A,9; 
"IF" A2A•~ IIOR 11 A3~•0 "THEN" 
"BEGIN" "REAL" R,T,Cl"ARRAY" V[III+2lJ 

"PROCEDURE" HSHVECMAT(LR,UR,LC,UC,X,U,A);nc □DE" 31070; 
Rs• 11 IF 11 ,\l<kl "THEN 11 -SQRT(Al*Al+A2•A2+A3*A3) 
"ELSE" SORT(Al*Al+A2+A2+A3*A3)1 
T1•Al+R1C1•-T/RJV[Il1•1JV[I+ll1•A2/TIVCI+2ll•A3/T; 
HSHVECMAT(I,I+2,LA,U,C,V,A);HSHVECMAT(I,I+2,LB,U,C,V,B) 

11 EN0 11 HSH3COLi 
"EOP" 
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"CODE" 34607 3 
"PROCEDURE" HSH2ROW3(L.IJA,UB,UX,J,Al,A2,A,B.X);"VALUE" L,UA,UB,UX, 
J,Al,A2s"INTEGER" L.UA.UB,UX,JJ"REAL" Al,A2S"ARRAY" A,B,X; 
"IF"A2A•O "THEN" 
"8EGIN""REAL" R,T,C;tttNTEGER" K;"ARRAY" VCJ:J+llJ 

"PROCEDURE" HSHVECTAN(LR,UR,LC,UC,X,U,A)l"COOE" 31073; 
Rl•"IF" Al<O "THEN" •SQRT(Al*Al+A2*A2) "ELSE" SQRT(Al*Al+A2*A2); 
Tt•Al+R;C1 ■-TJR;VCJ+ll1•l1VCJlt•A2/T; 
HSHVECTAM(L,UA.J,J+l,C,V,A)IHSHVECTAM(L,UB,J,J+l,C,V,B)t 
HSHVECTAM(l,UX,J,J+l,C,V,X) 

11 EN0 11 H~H2ROW3; 
"EOP" 

"CODE" 34608; 
"PROCEDURE" HSH2ROW2(LA,LB,UA,UR,J,Al,A2,A,B)J"VALUE"LA,LB,UA,UB, 
J,A1,A21"INTEGER" LA,LB,UA,UB,JS"REAL" Al,A21"ARRAY" A,BI 
"1F"A2A•O "THEN" 
"8EGIN" "REAL" R,T,C;ntNTEGER" Kl"ARRAY" VCJ1J+lll 

"PROCEDURE" HSHVECTAM(LR,UR,LC,UC,X,U,A)a"COOE" 31073; 
R••"IF" Al<O 11 THEN" •SQRT(Al*Al+A2*A2) "ELSEn SQRT(Al*Al+A2*A2); 
T1•Al+R;C1•-T/R;VCJ+ll1•1;V[Jlt•A2/TI 
HSHVECTAM(LA.UA,J,J+l,C,V,A)1HSHVECTAMfLB,UB,J,J+l,C,V,BI 

"END" HSH2ROW21 
"EOP" 

"CODE" 146091 
"PROCEDURE" HSH3ROW3(L,U,UX,J,Al,A2,A3,A,8,X)I 
"VALUEttL,U,UX,J,Al,A2,A31"INTEGER"L,J,U,UX;nREAL"A1,A2,A3J"ARRAY"A,B,Xs 
11 IF" A2A•~ "OR" A3A•~- "THEN" 
"BEGIN" "REAL" R,T,Cs"ARRAY" V[JIJ+2ll"INTEGER" Kl 

"PROCEOURcn HSHVECTAN(LR,UR,LC,UC,X,U,A)JHCOOE" 31073; 
R••"IF" Al<u "THEN" -SORT(Al+Al+A2+A2+A3+A3) 
"ELSE" SORT(Al+Al+A2*A2+A3*A3)8 
T1 ■ Al+R1C1•-T/R1VCJ+2]1 ■ 11VCJ+llt•A2/TJV[Jll•A3/TI 
HSHVECTAM(L,U,J,J+2,C,V,Al;HSHVECTAM(L,U,J,J+2,C,V,B)i 
HSHVECTAM(L,UX,J,J+2,c,v,x, 

"EN0 11 HSH3ROW3S 
11EOP" 

11 CODE 11 346101 
"PROCEDURE" HSH3ROW2(LA.LB,U,J,Al,A2,A3,A,B)8 
"VALUE"LA,LB,U,J,A1,A2,A3JHINTEGER"LA,LB,U,JJHREAL"A1,A2,A3J"ARRAY"A,8; 
ffJFH A2A•!O IIQRII A3A•i0 llfHEN" 
"BFGIN" "REAL" R,T,Ca"ARRAY" V[J1J+2lJ 

"PROCEDURE" HSHVECTAM(LR,UR,LC,UC,X,U,A)JHCOOE" 31073; 
R 1 • 11 IF 11 Al<lfl 11 THEN 11 -SQRT( Al*Al-f'A2*A2+A3*A3) 
11ELSE" SQRT(Al•Al+A2*A2+A3+A3)1 
Tt•Al+R;C1•-T/RJV[J+2]1•lJV[J+llS•A2/TJV[Jll•A3/T; 
HSHVECTAN(LA,U,J,J+2,C,V,A);HSHVECTAM(LB,U,J,J+2,C,V,BJ 

11 EN0 11 HSH3ROW21 
"EOP 11 
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AUTHORS I G.H.GOLUB AND C.REINSCH 

CONTRIBUTOR I D.T.WJNTER 

INSTITUTE I MATHF.MATICAL CENTRE 

RECEIVED I 731217 

BRIEF DESCRIPTION 1 
THIS SECTION CONTAINS TWO PROCEDURES, QRISNGVALRIO ANO 
0RISNGVALDECBID. BOTH PROCEDURES CALCULATE THE SINGULAR VALUES OF A 
BIDIAGONAL MATRIX. M □REOV~R• THE SECOND PROCEDURE CALCULATES THE 
THE SINGULAR VALUES DECOMPOSITION OF A FULL MATRIX OF WHICH THE 
BIDIAGONAL ANO THE PRE- AND POSTMULTIPLYING MATRICES• AS CALCULATED 
BY HS~REABIO ARE GIVEN. 

KEYWORDS I 
SINGULAR VALUES 
QR ITERATION 
BIDIAGONAL MATRICf~ 



<DECEMBER 19751 

SU~SECTION I ORISNGVALRID 

CALLING SEOUENCE 1 
TH~ HEADING OF THE PROCEDURE IS 1 

"INTEGER" "PROCEDURE" ORISNGVALBID(D• B• N• EMIJ 
"VALUE" N; HINTSGER" N; "ARRAY" o. B• EM; 

THE MEANING OF THE FORMAL PARAHCTERS ISI 
Ot <ARRAY IDENTIFIER>; 

"ARRAY" D[l tN]; 
ENTRYI THE DIAGONAL OF TH£ BIDIAGONAL MATRIXI 
EXIT• THE SINGULAR VALUESJ 

BI <ARRAY IDENTIFIER>; 
"ARRAY" R[l IN]; 
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ENTRYt THE SUPER DIAGONAL OF THE BIDIAGONAL MATRIX.IN R[ltN-l]S 
Nt <ARITHMETIC EXPRESSION>J 

T~E LENGTH OF BAND D; 
EM1 <ARRAY IDENTIFIER>; 

"ARRAY" EIH1&7ll 
ENTRYr F.MCll8 THE INFINITY NORM OF THE MATRIXI 

EMr21, THE RELATIVE PRECISION IN THe SINGULAR VALUES; 
EM[41& THE MAXIMAL NUMRER OF ITERATIONS TO BE PERFORMEDt 
EMC611 THE MINIMAL NON-NEGLECTABLE SINGULAR VALltEI 

EXITI EMC3l8 THE MAXIMAL NEGLECTED SUPERDIAGONAL ELEMF.NTJ 
EM[Sls THE NUMBER OF ITERATIONS PERFORMEDt 
EM[7]1 THE NUMERICAL RANK OF THF. MATRIX• IeEe THE NUMBER OF 

SINGULAR VALUES GREATER THAN OR EQUAL TO EHCbl. 

MOREOVER 1 
QRISNGVAL8ID1• THE NUMBER OF SINGULAR VALUES NOT FOUND, I.E. A 

NUMBER NOT EQUAL TO ZERO IF THE NUMBER OF ITERATIONS EXCEEDS 
E!4[41. 

PROCEDURES USED I NONE 

REQUIRED CENTRAL MEMORY I NO AUXILIARX ARRAYS ARE O~CLARED 

RIJlljNING TIME I 
THE RUNNING TIME DEPENDS STRONGLY UPON THE PROPFRTIES OF THE MATRIX 

METHOD AND PERFORMANCE 1 
THF METHOD IS DESCRIBED IN DETAIL IN Clle THIS PROCEDURE I~ A 
REWRITING OF PART OF THE PROCEDURE svo PUBLISHED THERE eY 
G.H.GOLUB AND CeREINSCH. 

LANGIJAGF I ALGOL 60. 
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suqsECTION I ORISNGVALDECBID 

CALLING SEQUENCE I 

THi HEADING OF THE PROCEDURE IS 1 
"INTEGER" "PROCEDURE" ORISNGVALDECBID(D, ~, M, N, U, V, EM); 
"VALUE" M, N: "INTEGER" M, NI "ARRAY" D, 8, U, V, EMJ 

THE .MEANING OF THE FORMAL PARAMETERS IS t 
Dt <ARRAY IDENTIFIER>; 

"ARRAY" OC1HlJ3 
ENTRYI THE DIAGONAL OF THE BIDIAGONAL MATRIX; 
EXIT1 THE SINGULAR VALUES; 

81 <ARRAY IDENTIFIER>; 
"ARRAY" an tNlt 
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ENTRY! THE SUPER DIAGONAL OF THE BIDIAGONAL MATRIX,IN qr11N-ll; 
Ml <ARITHMETIC EXPRESSION>; 

THE NUMBER OF ROWS OF THE MATRIX Ut 
NI <ARITHMETIC EXPRESSION>& 

THE LENGTH OF B AND D, THE NUMBER OF COLUMNS OF U AND THE 
NUMBER OF COLUMNS AND ROWS OF V; 

lJ1 <ARRAY IDENTIFIFR>; 
"ARRAY" U[ltM,llN]J 
ENTRYI THE PREMULTIPLYING MATRIX AS PRODUCED BY PRETFMMAT 

(S~CTION 3.2.Zelel); 
EXITI THE PREMULTIPLYING MATRIX U OF THE SINGULAR VALUES 

DECOMPOSITION U * S * VI; 
Vt <ARRAY IOENTIFIER>I 

"ARRAY" V[lsN.lrN]l 
ENTRYs THE TRANSPOSE OF THE POSTMULTIPLYING MATRIX AS PRODUCED 

BY PSTTFM~AT (SECTION ~.2.2.l.lll 
EXIT• THE TRANSPOSE OF THE POSTMULTIPLYING MATRIX V OF THf 

SINGULAR VALUES DECOMPOSITION; 
EMi <ARRAY IDENTIFIER>; 

"ARRAY" F.M[lt71 g 
ENTRYt EMClJI THE INFINITY NORM OF THE MATRIX; 

EMC21t THE RELATIVE PRECISION IN THE SINGULAR VALUES; 
EMC4Jt THE MAXIMAL NUMBER OF ITERATIONS TO BE PERFORMED; 
EMC611 THE MINIMAL NON-NEGLECTABLF. SINGULAR VALUEI 

EXITI EM[~la THE MAXIMAL NEGLECTED SUPERDIAGONAL ELEMENT; 
EMC5lt THE NUMBER OF ITERATIONS PERFORMED; 
EMC7ls THE NUMERICAL RANK OF THE MATRIX, IoEo THE NUMBER OF 

SINGULAR VALUES GREATER THAN OR ECUAL TO EM[61. 

MOREOVER ; 
ORISNGVALDECBIOs• THE NUMBER OF SINGULAR VALUES NOT FOUND• I.E. A 

NUMB~R NOT ECUAL TC ZERO IF THE NUMBER OF ITERATIONS EXCEEDS 
E!-1[41. 
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PROCEDURfS USED 1 

ROTCOL • CP34kl4~ 

(DECEMBER 1975) 

REOUIRED CENTRAL MEMORY I NO AUXILIARY ARRAYS ARE DECLARED 

IHINNING TIMI: 1 
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THE RUNNING TIME DEPENDS STRONGLY UPON THE PROPERTIES OF THE MATRIX 

METHOD AND PERFORMANCE I 
THE METHOD IS DESCRIBED IN DETAIL IN Clle THIS PROCEDURE IS A 
REWRITING OF PART OF THE PROCEDURE SVD PUBLISHED THERE IIY 
G.H.GOLUB ANO CeREINSCH. 

LANGUAGE I ALGOL 60 

REFERENCES I 
r11 WILKINSON, J.H. AND c.REINSCH 

HANDBOOK OF AUTOMATIC COMPUTATION, VOL. 2 
LINEAR ALGEBRA 
HEIDELBERG (1971) 

EXAMPLE OF use 8 
FOR AN EXAMPL~ OF USE ONE IS REFERRED TO SECTION 3e5eleZ 

SOURCE TEXT<S)I 

11CODE 11 34270 I 
"INTEGER" "PROCEDURE" ORISNGVALBID(D, B, N, EM)I 
"VALUE" NI 11 INTEGER" NI "ARRAY" D, B, EMS 
11 BEGIN 11 "INTEGER" Nl, K, Kl, I, Il, COUNT, MAX, RNKJ 

11REAL 11 TOL, BMAX, z •. X, Y, G, H, F, C, S, MINS 
TOLi• EM[2l * EM[lll COUNTI• 01 BMAXI• 01 MAXI• EH[4]; MIN•• EM[6]: 
RNKI• N: 

INI Kl• N3 Nll• N - 11 
NF.XTI Kl• K • 11 "IF 11 K > 0 11 THEN 11 

"REGIN 11 11 IF 11 ABS(B[Kl) >• TOL 11 THEN 11 

11BEGIN 11 11 IF 11 ABS(D[Kl) >• TOL "THEN" "GOTO" NEXTJ 
Cl• 01 SI• 11 
"FOR" II• K "STEP" l 11UNTIL" Nl noon 
11 BEGIN 11 FI• S • 8(111 B[Ill• C * B[I]I Ill• I+ 11 

"IF" ABS(F) < TOL 11 THEN 11 "GOT0 11 NEGLECT; 
G&• D[Ill; OCillt• HI• SORT(F • F + G * G)J 
Cl• G I HI SI• - F / H 

11END" 
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NEGLF.CTI 
"END" 

(JULY 1974) 

"ELSE" "IF" ABS(B[K1) > BMAX "THEN" BHAXI• ABS(B[Kl) 
"END"J 
"IF" K • Nl "THEN" 
"REGIN" "IF" D[Nl <~"THEN" DCNlt• • D[N]; 

"IF" D[N1 < ■ MIN "THEN" RNKt• RNK - lJ NI• Nl 
"END" 
"ELSE" 
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I 

"BEGIN" COUNTI• COUNT+ 11 "If" COUNT> MAX "THEN" "GOTO" ENOS 
Kll• K + 11 Z1• D[N]; XI• D[Kl]; Yt• DCNll; 
GI• "IF" Nl • 1 "THEN" 0 "ELSE" B[Nl - 1]1 HI• R[NllJ 
FI• ((Y - 7) • (Y + Z) + (C - H) * (G + H)) / (2 * H * Y); 
GI• SQRT(F * F + 1); 
FI• ((X - Z) * (X + Z) + H * (Y / ("IF" F <~"THEN" F - G 
"ELSE" F + G) - H)) / XJ Cl• St• 11 
"FOR" It• Kl+ 1 "STEP" 1 HUNTIL" N noon 
"BEGIN" Ill• I - l; GI• BCill; YI• DCI]; Ht• S *GIGI• C * GJ 

Za• SORT(F ♦ F + H * H)J Cl• F / ZI SI• H / ZI 
"IF" Il A• Kl "THEN" BCil - 11•• ZI Ft• X * C + G * S; 
GI• G. C - X. S; HI• y. S; YI• y. Cl 
O[Illl• ZI• SORT(F * F + H • H)I Cl• F / ZI St• H / Zl 
FI• C * G + S * Y; XI• C * Y - S * G 

"END"; 
B[Nllt• FS D[Nll• X 

"ENOtt; 
HJFH N >~"THEN" "GOTO" IN; 

ENOI EM[3lt• BHAXI EMC5lt• COUNTI EMC7lt• RNKI QRISNGVALBIDI• N 
HENDH QRISNGVALBIDI 

"EOP" 

ncooen ~42711 
"INTEGER" "PROCEDURE" ORISNGVALDECBIO(D, B, M, N, U, V, EM); 
"VALUE" M, Ns "INTEGER" M, NI "ARRAY" D, e, U, v, EMa 
"BE~IN" "INTEGER" NO, Nl, K, Kla I, Il, COUNT, MAX, RNKS 

"REAL" TOL, BMAX, Z, X, Y, G, H, F, C, S, MIN; 

"PROCEDURE" ROTCOL(L, U, I, J, A, C, S)s 
"VALUE" L, U, I, J, C, S; "INTEGE~• L, U, I, J; 
"REAL" C, S; "ARRAY" A; 
"CODE" 340401"C0MMENT" 
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TOLi• EMr21 • EM[lll COUNT•• 01 BHAXI• O; MAXI• EMC'tll MINt• EMC611 
RNKI• NOi ■ N; 

INI Kl• N; Nll• N - 11 
NEXT• Kl• K - 11 "IF" K > 0 "THEN" 

"BiGIN" ttifn ABS(B[Kl) > ■ TOL "THEN" 
"BEGIN" "IF" AaS(OCKl) > ■ TOL "THEN" "GOTO" NEXTI 

Cl• Ot St• 11 
"FOR" It• K "STEP" 1 "UNTIL" Nl noon 
"REGIN" Ft• S * B[I]; B[Ill• C • B[l]; Ill• I+ 11 

"IF" ABS(F) < TOl "THEN" "GOTO" NEGLECTf 
GI• DCil]; OCilll• HI• S0RT(F • F + G • G); 
Ct• G I H; SI• - F / H; 
ROTCOL(l, M, K, Il• U, c. S> 

"END"I 
NEGLECTt 
"END" 
"ELSE" "IF" ABS(B[Kl) > RMAX "THEN" BMAXI• ABS(B[Kl) 

"F.ND"t 
"Ifn K • Nl "THEN" 
"BEGIN" "IF" D[Nl < 0 "THEN" 

"BEGIN" D[Nlt• - D[N]; 
"FOR" II• 1 "STEP" l "lJNTIL" NI() noon VCI,Nll• - VCI.Nl 

"END"s 
"If" D[Nl < ■ MIN "THEN" RNKI• RNK - 11 NI• Nl 

11 END 11 

"ELSE" 
"BF.GIN" COUNTI• COUNT+ 11 "lf" COUNT> MAX "THEN" "GOTO" ENDS 

Kll• K + 1; 11• O[N]; Xs• DCKl]; Yt• D[Nlll 
GI ■ "IF" Nl • 1 "THEN" 0 "ELSE" B[Nl - 1]1 HI• B[Nlll 
FI• ( (Y - ll • ( Y + Z) + (G - H) • (G + H)) / (2 • H • YI; 
GI• S0RT(F * f + l); 
FI• ((X - Z) • (X + Z) + H • (V / ("IF" F < 0 "THEN" F - G 
"ELSI!:" F + G) - H» I XI Cl• SI• lJ 
"FOR" II• Kl+ 1 "STEP" l "UNTIL" N noon 
"BEGIN" Il•• I - 11 GI• B[llll YI ■ OCils HI• S •GIGI• C • G; 

lt• SQRT(F • F + H • H)I Cl• F / ZI S•• H / Z; 
"IF" Il A• Kl "THEN" B[Il - llt• ZS FI• X • C + G • SI 
GI• G • C - X • SI HI• Y • SI YI• Y * CJ 
ROTCOL(l, NO, Il, I, V, C~ S>B 
OClllt• ZI• S0RT(F • F + H • HI; Ct• F / Z; St• HI Z; 
FI• C * G + S * YI XI• C * V - S • GI 
ROTCOL(l, M• Il, I, U, C, S) 

"END"; 
B[Nlll• FI O[Nlt• X 

11EHD"I 
RIF" N > 0 "THEN" "GOTO" IN; 

EN01 EHC3]1 ■ BMAX; EMC5ll• COUNT; EMC?ls• RNKI O~ISNGVALDEC0IDt• N 
"END" 0RISNGVALDECBIDI 

"EOP" 
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AUTHOR I DaTeWINTFR 

INSTITUTE t MATHF-MATICAL CENTRE 

RECEIVED 1 731217 

BRIEF DFSCRIPTION I 
THIS SECTION CONTAINS TWO PROCEDURES, QRISNGVAL AND QRISNGVALDEC. 
ORISNGVAL CALCULATES TH! SINGULAR VALUES OF A GIV!N MATRIX. 
QRIS!tlGVALDEC CALCULATES THE : SINGULAR VALUES DECOMPOSITION 
U * S * V1 , WITH II ANO V ORT~OGONAL AND S POSITIVE DIAGONAL. 

KFYWORDS I 
SINGULAR VALlll:S 
OR ITERATION 
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SURSECTTON I QRISNGVAL 

CALLING SEQUENCE 1 
THE HEADING OF THE PROCEDURE IS 1 
"INTEGER" "PROCEDURE" QRISNGVAL(A, M, N, VAL, EM)3 
"VALUE" H, NI "INTEGER" M, N; "ARRAY" A, VAL, EH; 

THE MEANING OF THE FORMAL PARAMETERS IS : 
Al <ARRAY IDENTIFIER>s 

"ARRAY" A[ltM,llN]I 
ENTRYI THE INPUT MATRIX; 

PAGI: 2 

EXIT1 DATA CONCERNING THE TRANSFORMATION TO BIDIAGONAL FORM; 
Ml <ARITHMETIC EXPRESSION>J 

THE NUMRER OF ROWS OF Al 
Na <ARIT~~F.TIC EXPRESSION>; 

THE NUMBER OF COLUMNS OF A, N SHOULD SATISFY N < ■ Mt 
VALt <ARRAY IDENTIFIER>J 

"ARRAY" VAL[ltN]; 
EXITI THE SINGULAR VALUES; 

EHi <ARRAY IDENTIFIER>I 
"ARRAY" EH[0t71 I 
F.NTRYI EHCO]I THE MACHINE PRECISIONI 

EMC2lt THE RELATIVE PRECISION IN THE SINGULAR VALUES; 
EHt411 THE MAXIMAL NUMBER OF ITERATIONS TO BE PERFORMEDI 
EH[61t THE MINIMAL NON-NEGLECTABLE SINGULAR VALUE; 

EXITt EMClll THE INFINITY NORM OF THE MATRIX: 
EMC3l1 THE MAYIMAL NEGLECTED SUPERDIAGONAL ELEMENTI 
EH[51a THE NUMBER OF ITERATIONS PERFORMED; 
EH[71t THE NUMERICAL RANK OF THE MATRIX, I.e. THE NUMBER OF 

SINGULAR VALUES GREATER THAN OR EQUAL TO EMC6le 

MORFOVER z 
ORISNGVALI• THF. NUMBER OF SINGULAR VALUES NOT FOUND, I.E. A NU"~ER 

NOT EQUAL TO ZERO IF THE NUMBER OF ITERATIONS EXCEEDS EM[4le 

PROCEDURES USED z 
HSHREARID • CP34260 
ORISNGVALBID • CP3427C 

REQUIRED CENTRAL MEMORY I AN AUXILIARY ARRAY OF N REAL$ IS DECLARED 

RIJNNING TIME I 
THe RUNNING TIME DePENDS UPON THE PROPERTIES OF THE MATRIX, HOWEVER 
THE PROCFSS OF BIDIAGONALIZATIOH DOMINATES, AND ITS RUNNING TIME 
IS PROPORTIONAL TO (M + N) + N + N 

METHOD AND PERFORMANCE a 
THE MATRIX IS FIRST TRANSFORMED TO BIDIAGONAL FORM BY THE PROCEDURE 
HSHREABID <SECTION 3e2o2•lol), AND THEN THE SINGULAR V4LUES ARE 
CALCULATED BY QRISNGVALBID (SECTION 3e5elel)o 

LANGIJAGE a ALGOL 6:0 
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SU8SECTION I QRISNGVALDEC 

CALLING SEQUENCE I 
THE HEADING OF THE PROCEDURE IS t 
"INTEGER" "PROCEDURE" QRISNGVALDEC(A, M, N, VAL, V, EMJI 
"VALUE" M• NI "INTEGER" M, NJ "ARRAY" A, VAL, V, EHJ 

THE MEANINr. OF THE FORMAL PARAMETERS IS• 
At <ARRAY IDENTIFIER>; 

"ARRAY" A[l1M,11N]J 
ENTRYI THE GIVEN MATRIX1 

PAGE 3 

FXIT1 THE MATRIX U IN THE SINGULAR VALUES DECOMPOSITION 
u • s • v 1 1 

Mt <ARITHMETIC EXPRESSION>S 
THE NUMBER OF ROWS OF AJ 

Ns <ARITHMETIC EXPRESSION>J 
THE NUMBER OF COLUMNS OF A, N SHOULD SATISFY N <• Mi 

VALi <ARRAY IDENTIFIER>J 
"ARRAY" VAL[l&NlS 
exna THE SINGIJLAR VALUESJ 

Vt <ARRAY IOENTIFIF.R>J 
"ARRAY" vr11N,ltN]J 
EXIT• TMF. TRANSPOSE OF MATRIX V IN THE SINGULAR VALUES 

DECOMPOSITION; 
EM& <ARRAY IOENTIFIER>J 

"ARRAY" Ef!r017l 8 
F.NTRYa EM[O]I THE MACHINE PRECISIONS 

EMC21t THE RELATIVE PRECISION IN THE SINGULAR VALUESt 
EM[~ll THE MAXIMAL NUMBER OF ITERATIONS TO BE PERFORMEOI 
EMC6lB THE MINIMAL NO~-NEGLECTABLE SINGULAR VALUE; 

EXIT• EMClla THE INFINITY NORM OF THE MATRIXI 
EMC3ll THE MAXIMAL NEGLECTED SUPER DIAGONAL ELEMENTS 
EMC51t THE NUMBER OF ITERATIONS PERFORMEDI 
EMC7la THE NUMERICAL RANK Of THE MATRIX, I,Ee THE NUMBER OF 

SINGULAR VALUES GREATER THAN OR EQUAL TO EMC6la 

MOREOVER 1 
QRISNGVALDECI• THE NUMBER OF 

NUMBER NOT EQUAL TO ZERO 
EM[4le 

PROCEDURES USED a 
HSI-IRUBID 
PSTTFMMAT 
PRETFMMAT 
QRISNGVALDECBIO 

• CP34260 
• CP3~261 
• CP34262 
• CP34271 

SINGULAR VALUES NOT FOUND, IaEe A 
IF THE NUMBER OF ITERATiaNS EXCEEDS 

REQUIRED CENTRAL MEMORY a AN AUXILIARY ARRAY OF N ELEMENTS IS DECLARED 
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RIJNNtNG TIME I 

THE RUNNING TIME DEPENDS UPON THE PROPERTIES OF THE MATRIX, H~WEVER 
THE PROCESS OF BIDIAGONALIZATIDN DOMINATES, AND ITS RUNNING TIME 
IS PROPORTIONAL TO CM+ N) • N • N 

METHOD ANO PERFORMANCES 
THF MATRIX IS FIRST TRANSFORMED TO ~IDIAGONAL FORM BY THE PROCEDURE 
HSHREABID (SECTION 3e2e2ele1J, THE TWO TRANSFORMING rATRICES ARE 
CALCULATED BY THE PROCEDURES PSTTFMMAT ANO PRETFMMAT (SECTIONS 
3.2.2el•~ AND 3.2.2ela3 RESPECTIVELY>, ANO FINALLY THE SINGULAR 
VALUES DECOMPOSITION IS CALCULATED BY ORISNGVALDECBID (SECTION 
3.s.1.1>. 

LANGUAGE t ALGOL 60 

ReFERENCcS a 
WILKINSON, J.H. AND C.REINSCH 
HANDBOOK OF AUTOMATIC COMPUTATION, VOL. 2 
LINEAR ALGEBRA 
HEIOELBF.RG (1971) 

EXAMPLE OF USE s 
AS THE PROCFDURE 0RISNGVALDEC CALCULATES THE SINGULAR VALUES OF A 
MATRIX IN EXACTLY THE SAME WAY AS QRISNGVAL, WE GIVE HER ONLY AN 
EXAMPLE OF USE OF THE PROCEDURi ORISNGVALDECa FIRST WE GIV! A 
PROGRAM, AND THEN THE RESULTS OF THIS PROGRAM• 

"BEGIN" 11 ARRAY" A[ls6,lt5l, V[la5,l15J, VALC1t5l, EM[Ot7]J 
"INTEGER" I, JI 
"INTEGER" 11 PROCEDURE 11 ORISNGVALDEC(A, M, N, VAL, V, EM)t 
"VALUE 11 M. N; 11 INTEGEP 11 M, N; 11 ARRAY 11 A, VAL, V, EMS 
11CODF." 342733. 

11 FOR" I1• 1 11STEP 11 1 "UNTIL" 6 "DO" 
"FOR" Jt• 1 11 STEP" 1 11UNTIL 11 5 1100 11 

A[I.J1a• 1 /(I+ J - l)S 
EMCQl&• 11-143 EM[Zll• 11•121 EMC41t• 251 EM[6lt• "•101 
II• QRISNGVALDECIA• 6, 5• VAL, V, EM); 
OUTPUT(6l• 11 (H3B, "("NUMBER SINGULAR VALUES NOT FOUND t 11 >"• 
3ZD, /, 38, "("INFINITY NORM i ttJn, N, /1 381 
11 ( 11 MAX NEGLECTED SUBDIAGONAL ELEMENT s ">"• N, /, 38, 
11 ( 11NUMBER ITERATIONS t 11) 11 , 3ZD, I, 38, 
"("NUMERICAL RANK 1 ")", 3ZD, /HJH, I, EMCll, EMC3l, EMC5l, 
EMC7l>; 
OUTPUT(61, 11 ( 11 /, 38, 11 ( 11 SINGULAR VALUES I ") 11 , l")")t 
"FOR" It• 1 "STEP" 1 "UNTIL" 5 "00" 
OUTPUT(61, "("/• 38, NHJu, VALCI])I 
OUTPUT(61, "( 11 /, I, 38, "("MATRIX U, FIRST 3 COLUMNS")", /")")I 
11 FOR 11 Il• 1 "STEP" 1 "UNTIL~ 6 "DO" 
OUTPUT(61, H(H/e 38, 3CN)HJn, ACI,11, ACI,2], ACI,3]); 
OUTPUT(61, "1 11 /, I, 138, "("LAST 2 COLUMNS">"• l")")I 
"FOR" It• 1 "STEP" 1 "UNTIL" 6 noon 
OUTPUTC61, H(H/, 138, 2(N) 11 )H, ACI,4l, ACI,51) 

"END 11 
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NUMBER SINGULAR VALUES NOT FOUND t D 
INFINITY NORM I +2.2833333333334"+000 
MAX NEGLECTED SUBDIAGONAL ELEMENT a +5.7786437871158"•014 
NUHRER ITERATIONS a 5 
NUMERICAL RANK 1 5 

SINGULAR VALUES I 

+1.5921172587262"+000 
+2.2449595426097"•®1 
+1.3610556101029"-002 
+4.3245382038374"•004 
+6 • 400194 7134260 11•0's06 

MATRIX u. FIRST 3 COLUMNS 

PAG~ 5 

•7.54979182G838611•001 
-4.390927367qzs4 11-001 
-3.1703146681544 11•001 
-2.4999458583084"-UOl 

+6el01l090790645"-~0l 
-2.2602102994174"•001 
-3.73~6964696148"•001 
-3.9557817833576"•001 

-2.3287173869184"•001 
+7.0245315582712"-001 
+2.1607293656979"•001 
-1.4665595223684"-001 

-2.0704999076883 11-001 -3.8483260608872"-001 -3.6803786187007"•001 
•le7M19734614538 11•0tll -3.645e192R66515"•001 -4.986el22801331"•001 

LAST 2 COLUMNS 

+5.8625326935176"•002 
-4.8169088124009"•001 
+5.4982292571999"•001 
+4.0633053815463"-00l 
•6el75599lf,33503-002 
-5.4158~16488948"-041 

-1.0184205426735"-002 
+1.7189132301455"•001 
-5.9768920283495"-®1 
+4.5989617524697"-001 
+4.3029765325422"•001 
-4.~499203~23570"~01 
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SOURCE TEXT(~ll 

"COOE" 34272; 

(JULY 1974) 

"INTEGER" "PROCEDUR•" QRISNGVAL(A• M, N, VAL, EM)J 
"VALUE" M. Ns "INTEGER"~, NI "ARRAY" A, VAL, EMS 
"BEGIN" "ARRAY" B[l1N1; 

"PROCEDUR~" HSMREABID(A, M, N, D, B, EMJJ 
"VALUE" M. NI "INTEGER" M, Nt "ARRAY" D, B, EMJ 
ncaoen 142601 

"INTEGER" "PROCEDURE" QRISNGVALBID(D, B, N, EH)J 
"VALUE" NI "INTEGER" NI "ARRA~" O, R, EM; 
"COOE" 34270; 

MSMREABIO(A, H, N, VAL, 8, EM)I 
QRISNGVALI• ORISNGVALBID(VAL, 81 N, EM) 

"END" QRISNGVAL; 
"E OP" 

"CODE" 34213 s 
"INTEGER" "PROCEDURE" QRISNGVALDECCA, M, N, VAL, V, EM); 
•VALUE" M• NI "INTEGER" M, NJ "ARRAY" A, VAL, V, EH; 
"BEGIN" "ARRAY" 8[1tN11 

"PROCEDURE" HSHREABID(A, M, N, D, B, EM); 
"VALUE" M, NI "INTEGER" M, N; "ARRAY" A, D, B, EH; 
"CODE" 342601 

"PROCEDURE" PSTTFHMAT(A, N, V, 8); 
"VALUE" NS "INTEGER" N; "ARRAY" A, V, B; 
"CODE" 342611 

"PROCEDURE" PRETFHMAT(A, M, N, DIJ 
"VALUE" M, NI "INTEGER" M, Ni "ARRAY" A, D; 
ttCODE" 34262& 

"INTEGER" "PROCEDURE" ORISNGVALDECBID(D, B, M, N, U, V, EMlJ 
ttVALUE" M, NI "INTEGER" M, NJ "AR~AY" O, B, U, V, EM; 
"COOE" 34271; 

HSHREABID(A, M, N, VAL, B, EM)I 
PSTTFMMAT(A, N, V, B); PRETFMMATU, M, N, VAL); 
ORISNGVALDEC•• QRISNGVALDECBID(VAL, B, M, N, A, V, EM) 

"END" QRISNGVALOECI 
"EOP" 

PAGE ft 
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AUTHORSI TH.Jo DEKKER ANO THoHePo REYMER 

CONTRIRllTORI TH.HePe REYMER 

INSTITtJTEt UNIVERSITY OF AMSTERDAM 

RECEIVED• 770~271 

13RIF.F OF.~CRIPTIONI 

THIS SECTION CONTAINS TWO PROCEDURESI 
A) ZERPOL CALCULATES ALL ROOTS OF A POLYNOMIAL WITH REAL 

COEFFICIENTS BY MEANS OF LAGUERRE 1S METHODJ 
B) BOUNDS CALCULATES UPPERBOUND~ FOP THE ABSOLUTE ERROR IN GIVEN 

APPROXIMATED ZiPOS OF A POLYN0!4IAL WITH REAL COEFFICIENTSI 

KiYWORDSI 

ZERO~; 
REAL POLVNn!4IALs 
LAGUERRE 1 S METHODS 
fRROR ROUNDS; 

SUBSECTIONI ZERPOL 

CALLING SF.0UENCEa 

THE HEADING OF THE PROCEDURE REAOSI 
"INTEGER" "PROCEDURE" ZERPOt(N, A, E'4, RE, I'4, O); 
"VALUE" NI "INTEGER" N; "ARRAY" A, EM, RE, IM, Dl 
11cooe11 34a;101 z 

THE MEANING OF THE FORMAL PARAMETERS ISa 
NI <ARITH!4ETIC EXPRESSION>; 

ENTRVs THE OEGREc OF THE POLYNOMIALJ 
Al <ARRAY IDENTIFIER>J 

"ARRAY" A[O I NJI 
ENTRVs THE COEFFICIENTS OF THE POLYNOMIAL, IN SUCH A WAY 

THAT 
P(Z) • r •• (A[Nl•Z + A[N-ll>•z + •• + A[ll>•Z + Ato1, 
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EMI <ARRAY IDENTIFIER>J 
"ARRAY" EM[C I 4]; 
ENTRY& EM[Ol1 MACHINE PRECISION; 

PAGE? 

EM[lll THE MAXIMAL NUMBER OF ITERATIONS ALLOWED FOR 
EACH ZEROS 

EXITI EHC2]1 FAIL INDICATION; 
0 SUCCESSFUL CALL; 
1 UPON ENTRY DEGREE N <• 01 
2 UPON ENTRY LEADING COEFFICIENT A[N1 • OJ 
3 NUMBER OF ITERATIONS EXCEEDED EM[lls 

EMC3l1 NUMBER OF NEW STARTS IN THE LAST ITERATION; 
EHC4]1 TOTAL NUMRER OF ITERATIONS PERFORMEOI 

F~R THE CD CYBER 70 SYSTEM SUITABLE VALUES AREi 
EM[Oll• "-141 
EM[lll• 401 IF, UPON EXIT, EMC?l • 3 AND EMC3l < 5 THEN IT 

MAY BE USEFUL TO START AGAIN WITH A HIGHER 
VALUE OF EMCllJ 

RE, IHI <ARRAY IDENTIFIERS>a 
"ARRAY" RE, IM[l I NlJ 
EXIT& THE REAL ANO IMAGINARY PARTS OF THE ZEROS OF THE 

POLYNOMIALJ THE MEMBERS OF EACH NONREAL COMPLEX 
CONJUGATE PAIR ARE CONSECUTIVEJ 

Dr <ARRAY IDENTIFIER>J 
"ARRAY" DCO I Nll 
EXITt IF THE CALL IS UNSUCCESSFUL ANO ONLY N=K ZEROS HAVE 

BEEN FOUND, THEN ore I Kl CONTAINS THE 
COEFFICIENTS OF THE (DEFLATED) POLYNOMIALJ 
MOREOVER, THEN THE ZEROS FOUND ARE DELIVERED IN 
RE, IM[ K + 1 1 Nl, WHEREAS THE REMAINING PARTS 
OF RE ANO IM CONTAIN NO INFORMATION; 

Z!RPOLt• T~E NUMBF.R, K, OF ZEROS NOT FOUND; 

PROCEDURES USEDI 

DWARF • CP30003s 
GIANT • CP~0004J 
COMABS • CP3434~; 
COMSORT • CP14343a 

REOUIRED CENTRAL MEMORYI 

TOTAL SIZE OF LOCAL ARRAYS IS N + 16 REAL LOCATIONSI 

RUNNING TIMES 

ROUGHLY PROPORTIONAL TO N••21 
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METHOD AND PERFnRMANCEt 

THE PROCFOURE USES LAGUERRE•S METHOD TO FIND ZEROS OF THE GIVEN 
POLYNO"IAL <SEF C2l)J WHEN A ZERO HAS BEEN FOUND• A COMPOSITE 
DEFLATION TECHNIQUE IS USED TO OBTAIN A NEW POLYNOMIAL OF LOWER 
DEGREE (SEE Cll, [31, [41)1 IF CONVERGENCE IS NOT APPARENT, SEVERAL 
RESTARTS, THE NUMBER OF WHICH DEPENDS ON EM[ll BUT HAS A MAXIHU" 
OF '• ARE MADE IN THE NEIGHBOURHOOD Of THi ABSOLUTE LARG~ST ZERO; 
THE ACCURACY OF THE CALCULATED ZEROS STRONGLY DEPENDS ON THE 
POLYNOMIAL; A ROUGH INDICATION FOR THE ERROR IN A CALCULATED ZERO Z 
FOLLOWS FROM P(Z) / DP(Z), W~ERE P DENOTES THE GIVEN POLYNOMIAL AND 
DP ITS FIRST DERIVATIVE (SEE E.G. [5])1 TO FIND A TRUE UPPERBnUND 
FOR THESE ERRORS, ONE CAN use .ROCEDURE BOUNDS (SEE NEXT 
SUBSECTION); FOR A MORE DETAILED DESCRIPTION OF THE PROCEDURE ANO 
TEST RESULTS SEE [41; 

REFERENCESt 

Cll O.A. ADAMS, A STOPPING CRITERION FOR POLYNOMIAL ROOT FINDING, 
CACM 10, NO 1~, PPa 655-658, OCTOBER 1967; 

[21 T.J. DEKKER, NEWTON•LAGUERRE ITERATION, 
MATHEMATISCH CENTRUM MR82, 19661 

[31 G. PETERS ANO J.H. WILKINSON, PRACTICAL PROBLEMS ARISING IN THE 
SOLUTION OF POLYNOMIAL EQUATIONS, 
Je INST. MATHS APPLICS 1971• NO. 8, PP. 16•351 

[4] TH.H.P ■ REYNER, BEREKENING VAN NULPUNTEN VAN REELE POLYNOMEN EN 
FOUTGRENZEN VOOR DEZE NULPUNTEN, 
DOCTORAAL SCRIPTIE UVA, APRIL 1977; 

C5l JaH ■ WILKINSON, ROUNDING ERRORS IN ALGEBRAIC PROCESSES, 
PRENTICE HALL• 19631 

EXAMPLE OF USEB 

FOR AN EXAMPLE OF USE SEE PROCEDURE BOUNDS (NEXT SUBSECTION); 
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SUBSFCTIONa BOIINDS 

CALLING SEOUENCEt 

THF HEADING OF THE PROCEDURE READS1 
"PROCEDURE" BOUNDS(N,A»RE,IM»RELE»ABSE,RECENTRE,IMCENTRE,80UNDJJ 
"VALUE" N, RELE, ABSEB "INTEGER" NI "REAL" RELE, ABSE; 
"ARRAY" A» RE, IM, RECENTRE, IMCENTRE, BOUND; 
"CODE" 34 5iOZ ; 

THE MEANING OF T~E FORMAL PARAMETERS ISJ 
Na <ARITHMETIC EXPRESSION>; 

ENTRYs DEGREE OF THE POLYNOMIAL; 
Al <ARRAY IDENTIFIER>¥ 

"ARRAY" A[O I N]; 
ENTRY! THE COEFFICIENTS OF THE POLYNOMIAL OF WHICH 

RE[Jl +I* IM[Jl ARE THE APPROXIMATED ZEROS, 
IN SUCH A WAY THAT 
P(Z) • (oe(A[Nl*Z + ACN-ll)•Z +ee+ACll)*Z + ACOJ 

RE, IHI <ARRAY IDENTIFIERS>; 
"ARRAY" REs IM[l a Nll 
ENTRYI REAL AND IMAGINARY PARTS OF APPROXIMATED ZEROS OF 

A POLYNOMIAL, SUCH THAT THE MEMBERS OF EACH 
NONREAL COMPLEX CONJUGATE PAIR ARE CONSECUTIVEJ 

EXIT• A PERMUTATION OF THE INPUT DATA3 
RELEa <ARITHMETIC EXPRESSION>J 

ENTRYt RELATIVE ERROR IN THE NON-VANISHING COEFFICIENTS 
ACJl OF THE GIVEN POLYNOMIAL; 

ABSE1 <ARITHMETIC E~PRESSION>; 
ENTRYa ABSOLUTE ERROR IN THE VANISHING COEFFICIENTS ACJ1 

. GIVEN POLYNOMIALS IF THERE ARE NO VANISHING 
COEFFICIENTS, ABSE SHOULD BE ZEROI 

RECENTRE, IMCENTREa <ARRAY IDENTIFIERS>1 
"ARRAY" RECENTRE, INCENTRECl I N11 
EXIT• REAL AND IMAGINARY PARTS OF THE CENTERS OF DIS~S 

I~ WHICH SOME NUMBER OF ZEROS OF THE POLYNOMIAL 
~IVEN BY A ARE SITUATED; 
THE NUMBER OF IDENTICAL CENTERS DENOTES 
THE NUMBER OF ZEROS IN THAT DISKS 

BOUNDS <ARRAY IOENTIFIER>J 
"ARRAY" BOUND[l a Nla 
EXIT• RADIUS OF THE DISKS WHOSE CENTERS ARE GIVEN 

CORRESPONDINGLY IN RECENTRE AND INCENTRE; 

PROCEDURES USEDt 

ARREB • CP3i00!02; 
GIANT• CP300043 
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REOUIRED CENTRAL MEMORYa 

TOTAL SIZE OF LOCAL ARRAYS IS AT MOST 7 • N REAL LOCATIONSI 

RUNNING TIME• 

APPROXIMATELY OF ORDER N**2J 

~ETHOD AND PERFORMANCEI 

FROM THE APPROXIMATED ZEROS A POLYNOMIAL IS RECONSTRUCTFO AND 
COMPARED WITH THE GIVEN POL YNOMIALI SUBSEOUENTL Y, THE PROCEDURE 
CALCULATES DISKS SUCH THAT THE NUMBER OF GIVEN APPROXIMATED ZEROS 
WITHIN EACH DISK EQUALS THE NUMBER OF ZEROS OF THE GIVEN POLYNOMIAL 
WITHIN THAT DISKI UPON EXIT EVERY TWO NON-IDENTICAL DISKS ARE 
DISJOINT; 
FOR A HORE DETAILED DESCRIPTION SEE Cll, [21; 

REFERENCES a 

Cll G. PETERS AND J.H. WILKINSON, PRACTICAL PROBLEMS ARISING IN THE 
SOLUTION OF POLYNOMIAL EQUATIONS, JeINST.HATHS APPLICS 1971• 
NO 8, PPe 16-351 

[21 TH.H.P. REYNER, BEREKENING VAN NULPUNTEN VAN REELE POLYNOHEN EN 
FOUTGRF-NZEN VOOR DEZE NULPUNTEN, 
DOCTORAAL SCRIPTIE UVA, APRIL 1977s 

F.XAHPLE OF use, 
"REGIN" "INTEGER" I, J; 

"ARRAY" A• 0[~171• RE, IH[l17], EM[014]; 
"INTF.GER""PROCEDURE" ZERPOLfN,A,EH,RE,IH,D)S "CODE"34501S 

AC7l1• 1; AC6lt• •3t A[5]1• -3; AC4]1• 253 AC3JI• -46; 
A[211• 381 A[llt• -121 A[O]t ■ OJ 
EMCO]I• "-141 F.H[l]I• 401 
It• ZF.RPOL<7, A, EM, RE, IM, D); 
OUTPUT(61,"(""("COEFFICIENTS OF POLYNOHIAL•">",I/")"); 
flfOR" Jl•7 "STEP" -1 "UNTIL" 0 "DO" 
OUTPUT ( 61, " ( "-2ZD38 ") ff ,AC J]); 
OUTPUT(61,"("/l,"("NUHBER NOT FOUND ZEROS "J",3ZD,I, 

"f"FAIL INDICATION "J",3ZD,/,"("NUMBER NEW STARTS ")",3ZO,I, 
"("NUMBER OF ITERATIONS ">",3ZD,/")",I,ENCZl,EMC3l,EM[4l)t 

OUTPUT(61,"("l•"("ZEROSt ")",/")")I 
"FOR" Jt• I+l HST!P" 1 "UNTIL" 7 "00" "IF" IM[J] • 0 
"THEN" OUTPUT( 61• "( "I ,N") "• RE CJ l> 
~ELSE" OUTPUT(~l•"("/,2(N)")",RE[Jl,IH[J])l 
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"IF" I• 0 "TH~N" 
"BEGIN" "ARRAY" RECENTRE, IMCENTRE, BOUN0fla7J; 

"PROCEDURE" BOUNOSCN,A,RE,IM,RELE,ABSE,RECENTRE,IMC~NTRE,BOU~D)I 
11 CODE" 345021 

BOUNOS(7, A, RE, IM, U, O, RECENTRE, IMCENTRE, BOUND); 
OUTPUT(61,"("2/,tt(ttREAL AND IMAGe PART Of CENTRE+ RAOIUStt)tt,/tt)tt)J 
"FOR" JI• 1 "STEP" 1 "UNTIL" 7 "DO" 
OUTPUTl61,tt(tt/,3(Nl")",RECENTRECJl,IMCENTRECJl,BOUND[Jl) 

111:Nl)II 

"END" 

RESULTS r 

COEFFICIENTS OF POLYNOMIALS 

1 25 38 

NUMBER NOT FOUND ZEROS 0 
FAIL INDICATION 0 
NUMBFR NEW STARTS 0 
NUMBER OF ITERATIONS 11 

ZEROS I 

+2.oooo~oonodooon+ooo 
-1.ooooooooooooon+ooo 
+1 o OOt.lOOCi0000/)00"+000 •le 0000000000000"+000 
+ 1 • 0 (} 0 0 0 0 0 000000 11 + Ol'lO + l • OIOIOIO ~IGiOOOIOIOiCii!I "+OOIO 
+1.0000000083024"+000. 
+9.9999999169752"-001 
+Q • OOOM'IOOOOOOOO 91 +0i0!0 

REAL ANO IMAGe PART OF CENTRE+ RADIUS 

+2.ooooocoooo~oo,.+000 
.. 3 .oooooooooooc1011+000 
+1.0000000000000 91+auu 
+1.nooooooo~oooa"+ooo 
+9.,qc;i99q9q9q999et1-001 
+9.999q99999999a 11-001 
+o.ooooooonooool') 11+000 

+0.0000000000000"+000 
+o.oooooooootooon+ooo 
-1.0000000000000 11+000 
+1.000,000000000,.+ooo 
+o.ooooooocooooon+ooo 
+o.uoooooooooooo 11+000 
+0.000000000~00011+000 

+l.3238111117716 11-011 
+3.88~7510604494 11-013 
+4.0912729775463 11-012 
+'te0912729775463 11-012 
+2.2533888428865"-006 
+2.253388~428865 11--006 
+o.coooooocooooon+ooo 
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SOURCE Tl:H(S) I 

"CODE" 34501; 
"lNTEGER""PROCFOtJREH 1FRPOL (N, A• EM, RE, IM, 0) f 

"VALUF" NI "INTEGER" NI "ARRAY" A, EM1 RE., IM, DI 

PAGE 7 

"B~GIN" "INTEGER" I1 TOTIT, IT, FAIL, START, UP, MAX1 GIEX, ITMAX; 
"REAL" X, V, NEijF, nLDF, MAXRAD, AE, TOL, Hl, H2, LNZI 
"ARRAY" F[O I 51, TRIES[l I 1011 

"RfAL""PROCEOURE" DWARF; "COOEH 30003; 
11 REAL""PROCEDURE" GIANTJ "CODE" 300041 
"RE Al ""PROCEDURE" COM ABS ( XR, XU:1 "CODE" 343401 
"PRoc,ouRE" COMSORT(AR, AI, PR, PI); "CODE" 343431 

"ROOLFAN""PROCfOURE" FUNCTIONt 
"BEGIN" "INTEGER" K, Ml, ~21 

"REAL" P• o, OSORT, FOl, FOZ, F03, Fll, FlZ, F13, 
F21, FZi, F23, STOP; 

ITI• IT+ 11 
PI• 2 • XI 01• •(X * X + Y * Y)I OSORTI• SORT(-O); 
FOll• Fllr• F211• OCO]; F02t• Fl21• F221• O; 
Mll• N - 41 M21• N - 2J 
STOPS• ABS(FOll * o.a; 
"FOR" Kl• 1 "STEP" l 11UNTIL" Ml "DO" 
"BEGIN" F031• FOZI F021• FOlJ F~ll• D[Kl + P • F02 + Q • F03t 

Fl31• Fl21 Fl21• FllJ Fllr ■ FOl + P * F12 + 0 * Fl3J 
F231• Fl2; F22r• F2l; FZll• Fll + P • F22 + Q * F231 
STOPI• OSORT *STOP+ ABSCFOl) 

HfNOH; 
"IF" Ml<~ "THEN 11 Mll• O; 
"FOR" Kl• Ml+ 1 ~STEP 11 l "UNTIL" M2 "DO" 
"BEGIN" F031• F02J FOZI• FOll FOlt• O[Kl + P • FOZ + 0 * F031 

F13t• FlZ; Fl2&• Fll; Flll• F~l + P • FlZ + 0 • Fl31 
STOPt• OSORT * STnP + A~S(FOl) 

HF.NOH I 
"IF" N • 3 IITHEN" F211• ~; 
F03t• F02; F021• FOlt FOll• O[N - ll + P • F02 + 0 • F03J 
F[Oll• D[Nl + X * FOl + Q * F02; 
Ft11 r• Y * FOl; 
F[211• FOl - 2 * Fl2 * Y * YI 
FC3ll• 2 * Y * (- X * F12 + Fll)I 
Ff4lr•?. * (- ~ * FlZ + Fll) - 8 * V * Y * (- X • F22 + F2l)r 
FC511• Y * (6 * F12 - 8 * Y * V * F22)3 
STOPI• OSORT • (OSORT *STOP+ ABS(FOl)) + ABSCF[O]); 
NEWFI• F~2r• COMABS(F[Gl• F[ll)r 
FUNCTION•• F02 < (2 * ABS(X • FOl) - 8 * (AAS(F[Ol) + ABS(FOll 

* OSORT) + 10 * STOP) * TOL * (1 + TOL) ** (4 * N + 3) 
"fND" OF FUNCTION; "COMMENT" 
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"BOOLEAN""PROCEDURt" CONTROLI 
"IF" IT> JTMAX "THEN" 
"BEGIN" TOTITt• TOTIT + ITJ FAIL&• 3; "GOTO" EXIT "END" 
"ELSE" "IF" IT• M "THEN" 
"BEGIN" "INTEGER" I. HJ "REAL" Hl, SIDEI 

MAXRADI• O; MAXI• (IHEX - LN(ABS(D[Ol)) / LN2l / NI 
"FOR" II• l "STEP" 1 "UNTIL" N noon 
"BEGIN" Hll• "If" O[Il • 0 "THEN" a 

"~LSE" EXP(LN(ABS(O[Il / D[Oll) / I); 
"IF" Hl > MAXRAD "THEN" MAXRADI• Hl 

11END"I 
"FOR" It• l "ST~P" l "UNTIL" N • 1 "DO" 
"IF" O[Il A.~ "THEN" 
"BEGIN" HI• (GIEX ... UHABS(D[I])) / LN2> / (N - Ill 

HIF" H < MAX "THEN" MAXt• H 
"ENO"; 
MAXI• MAX* LN' / LN(N)J 
SIDEI• - 0[11 / DCOl; 
SIO~I• ttJF" ARS(SIDE) < TOL "THEN" 0 "ELSE" SIGN(SIDE)I 
"IF" SIDE•~ "THEN" 
HBfGIN" TRIFS[7l1• TRIESC2l1• MAXRADI TRIESC9lt• •MAXRADI 

TRIESC~lt• TRIESC4l1• TRIES£3]1• MAXRAD / SORT(2)1 
TRIESC5lt• -TRIES£311 TRIES[lOlt• TRIESC8lt• TRIES[ll•• 0 

"END" "ELSE" 
"BEGIN" TRIESC8l1• TRIESC4l1• MAXRAD/ SQRT(2)1 

TRIESC11a• SIDE• MAXRADI TRIESC3JI• TRIESt4l • SIDE; 
TRIESr6l1• MAXRADI TRIES[7]r ■ •TRIESC3ll 
TRIESC9l1• -TRIESClJ; TRIESC2l1• TRIESC5l•• TRIES[1011• 0 

"END"r 
HJF" COMABS(X• Y) > 2 • MAXRAD "THEN" XI• YI• O; 
CONTROLS• "FALSE" 

"FND" "ELSE" . 
"BEGIN" HJFH IT> 1 & NEWF >• OLDF "THF.N" 

"BEGIN" tlPt• UP+ t; 
11 IF" UP• 5 g START< 5 "THEN" 
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11 REGIN" START•• START+ 11 UPI• O; Xt• TRIESCZ •START• 1]; 
Yr• TRIESCZ * ~TART]: CONTROLS• "FALSE" 

"END" 11 ELSE" CONTROL•• "TRUE" 
"END" neLSE" CONTROLS• "TRUE" 

"END" OF CONTROL; "COMMENT" 
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"PROCEDURE" DEFLATIONI 
"IF" X • 0 & Y • q "THEN" NI• N - l "ELSE" 
"BEGIN" "INTEr.fR" I, SPLIT; "REAL" Hl, HZ; 

"ARRAY" R[" IN - 111 
"IF" Y • 0 "THEN" 
nseGIN" NI• N - 11 R[Nll• -D[N + ll / Xt 

"FOR" II• 1 "STEP" 1 "UNTIL" N noon 
R[N - Ill• (B[N - I+ ll - DCN - I+ 1]) / XJ 
"FOR" It• 1 "STEP" 1 "UNTIL" N noon 
O[Ill• DCil + DCI - ll * X 

"END" "ELSE" 
"B~GINH Hll• - 2 * XI HZI• X * X + Y * Y; 

NI• N - 2; 
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R[Nll• D[N + 21 / H21 B[N - lll• (O[N + ll - Hl • B[Nll / HZ; 
HFQRH II• 2 "STiP" 1 "UNTIL" N "DOH 
RCN - Ill• (O[N - I+ 21 - Hl • B[N - I+ ll - B[N - I+ 2])/H?.t 
0[111• 0[11 - Hl • D[O]J 
"FOR" It• 2 "STEP" 1 "UNTIL" N "DO" 
OCI]1 ■ D[Il - Hl • DCI-ll - HZ• DCI-Zl 

"END"t 
SPLITI• NI 
HZI• ARS(D[Nl - B[Nl) / (ABS(OCN]) + ARS(R[Nl)); 
"FOR" II• N - 1 "STEP" -1 "UNTIL" 0 "DO" 
HREr.IN" Hll• ABS(DCI]) + ABS(B[I])J 

"IF" Hl > TOL "THEN" 
"REGIN" Hlt• ABS(Dtl] - B[Il) / Hll 

"IF" Hl < M2 "THEN" "BEGIN" H?t• Hlt SPLITI• I "END" 
"FND" 

"END"I 
"FOR" I I• SPLIT+ 1 "STEP" 1 "UNTIL" N noon D[Ill• B[Il; 
D[SPLITll• (O[SPLITl + BCSPLIT]) / 2 

"END" OF DEFLATIONJ. 

"PROCEDURE" LA~UERRE; 
"BEGIN" "INTEGER" Ml 

"REAL" SlRE• SlIM• SZRE• SZIM, DX• 
"IF" ABSCFCOl) > ABS(F[ll) "THEN" 
"BEGIN" Hll• F[d]; H61• FCll / Hl; 

H3t• F[3l - H6 • F[2ll H41• F[4] 
H51• FC51 - H6 + F[4]; H61• H6 • 

"END" "ELSE 11 

"BEGIN" Hlt• FClll H61• F[Ol / Hll 
H11• M6 + FC~l - FCZ]; H4t• H6 * 
H~I• H6 * FC5] - F[4]J H61• H6 • 

"END"J 

DY• Hl, H2• H3, H4, H51 

H2t• Ft2l + H6 • F[3]J 
+ H6 • FC !J]J 
Fell + Hl 

HZ•• H6 • F[Zl + F[31J 
F[4l + F[5]; 
FrOl + F[1' 

H6t 

"C:OMl'!E~T" 
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SlREI• H2 / ~6; SlIMI• H3 / H61 
HZt• SIRE* SlRE - SlIM * SllM: H31• 2 • SlRE • SlIMJ 
SZRFI• H2 H~ / HhJ SZIMt• H3 - H5 / H61 
Hll• S2RE * S2RE + S?.IM * S2IM; 

!>AGE 10 
I 

Hll• "IF" Hl A•~ "THEN" (S2RE * H2 + S2IM * H3) / Hl "ELSE" 11 
MB• "IF" Hl >• N - 1 "THEN" ("IF" N > 1 "THEN" N - 1 "ELSE" 1) 

"ELSE" "IF" Hl > 1 "THEN" Hl "ELSE" lJ 
Hlz • (N - M) / M; 
COMSQRT(Hl • (N * SZRE - HZ>• Hl * (N * SZIM - H3>• HZ• H3)t 
"IF" SlRF. * H2 + SlIM * H3 < 0 "THEN" 
"BEGIN" H2t• - HZ; H31• - H3· "END"; 
HZI• SlRE + H21 H31• SlIM + H31 
Hla• HZ* H2 + H3 * H31 
"IF" Hl • 0 "THEN" "BEGIN" DXI• -NI DYi• N "END" "ELSE" 
"BFGIN" DXI• - N *HZ/ HlJ DYi• H * H3 / Hl "END"I 
Hl•• ABS(X) * TOL + AEJ H21• ABS(Y) * TOL+ AEJ 
"IF" ABS(DJ) < Hl ~ ABSCDY) < H2 "THEN" 
"BEGIN" OXI• "IF" OX • 0 "THEN" Hl "ELSE" SIGN(OX) * Hl; 

DYi• "IF" DY• 0 "THEN" H2 "ELSE" SIGN(OY) * H2 
11 F.ND"; 
XI• X + DXI YI• Y + DYS 
"IF" COMABS<X• Y) > 2 * MAXRAO "THEN" 
"BEGIN" Hll• "IF" ARS(X) > ABS(Y) "THEN" ABS(X) "ELSE" ABS(Y)I 

H2t• LN(Hl) / LN2 + 1 - MAXS 
· ntFn H2 > 0 "THEN" 

"REGIN" H2r• 2 ** H2; Xt• X I H2; YI• Y / H2 "END" 
11 FND" 

"END" OF LAGUERRE: 

TOTITI• ITI• FAILt• UPI• STARTt• 01 LN21• LN(2)1 
NEWFt• GIANTI AEI• DWARFS GIEXt• LN(NEWF) / LNZ - ~O; 
TOLi• EM[Oll ITMAXI~ EMClll 
"~OR" ta•~ "STEP" l "UNTIL" N 1100 11 DCilt• ACN-Ill 
"IF" N <• 0 "THEN" 
"BEGIN" FAIL•• 11 "GOTO" EXIT "END" 
"ELSE 11 11 IF" OCdl • ~ 11THEN" 
"BEGIN" FAJLI• Zs "GOTO" EXIT "END"I 
11 FORH It• 1 "WHILE" O[Nl • 0 & N > 0 "DO" 
"~EGtN" RE[Nl1• IMCN11• O; NI• N - l "ENO"; 
)(Ba YI• 01 
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»FOR" II• 1 "WHILE" N > 2 noon 
"BEGIN" "IF" CONTROL "THEN" LAGUERRE; 

OLOFI• NEWFS 
HJFH FUNCTION "THEN" 
"BEGIN" "IF" YA• 0 & ABS(Y) < el "THEN" 

"BEGIN" "REAL" HI HI• YI YI• 01 
HIFH A FUNCTION "T4EN" YI• H 

"!=ND"; 
RE[Nll• XI IN[Nlt• YS 
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ttJFn YA• 0 "THE~" "BEGIN" RE[N • llt• X; IM[N - lll• -Y "ENOtt; 
OEFLATIONI TOTITt• TOTIT +.IT; UPI• STARTI• ITI• 0 

"ENO" 
"ENO"I 
ttJFtt N • l ttTHEN" "BEGIN" REC111• - D[ll / D[Ull IMClll• 0 "END" 
"ELSE" 
ttBEGJNn "REAL" Hl, H2; 

Hll• - ~l.5 * DCll I DCO]; H21• Hl • Hl - D[ll / D[IO]J 
"IF" H2 >• 0 "THEN" 
"BEGIN" RE[211• "IF" Hl < 0 "THEN" Hl - S0RT(HZ) 

"ELSE" Hl + S0RT(H2); 
RF.Cllt• 0£21 I COCO]• RE[Zl)I 
I"f.21•• INCllt• 0 

11EN0 11 "ELSE 11 

11 BEGIN" RE[211• RE[lll• Hll 
• IM[2lt• S0RT<-H2)1 IMCl]I ■ -IMCZ] 

11 ENO" 
"F.NO"S NI ■ 01 

EXIT1 EMC2lt• FAIL; EMC~]I• START; EMC4l1• TOTITI 
11 FOR" II• <N•l) 11 DIV 11 2 11STEP" •l "UNTIL" () 11 00" 
11 BEGIN" TOL 1 ■ D[I]I DCI]t ■ OCN-I]I OCN-Ilt• T□ L 
"fEN0 11 ; 

lERPOlt• N 
"END" llF ZERPOlt 

11 EOP" 

11CODE n 345021 
"PROCEDURE" BOUNOS(N,A,RE,IM,RELE,ABSE,RECENTRE,IMCENTRE,BOUNO); 

"VALUE" N, RELE, ABSEI "INTEGER" N; "REAL" RELE, ABSE; 
HARPAY" RE• IM• A• RECENTRE, IMCENTRE, BOUNOI 

"BF.GIN" "INTEGER" I, J• K, l• INDEXl, INDEX21 "BOOLEAN" GOONI 
"REAL" H, MIN• RECENT, IMCENT, GIA, XK, YK, ZK, CORR; 
"ARRAY" RC• c. RCE[~IN], CLUSTCltNlJ 

"REAL""PROCiOURE" GIANT; "CODE" 300041 
"REAL""PROCEOURE" ARRfB; "CODE" 30002; 11 COMMENT 11 
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HREAL""PROC€DURE" GCRAD, RECENT, IMCENT, K, M)J 
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"VALUE" RAD, RECENT, IMCENT, K, ~, "REAL" RAO, RECENT, IMCENT1 
"INTEG£RII K, M; 

11 BEGIN" "REAL" s. Hl• HZr "INTEGER" Ir 
SI• SQRTfRECF.NT •RECENT+ IMCENT • IMCENT) + RADJ 
Hll• RCC11; H21• RCCO]; 
HFOR 11 II• 2 "STEP 11 1 "UNTIL 11 N 11 00" Hla• Hl*S + RC[Ill 
"FOR" II• 1 11STEP" 1 "UNTIL" M•l, M+K "STEP" l "UNTIL" N nonn 
H21• HZ* ABS(SQRT((RECil•RcCENT>+•2 + (IM[Il•IMCENT>••z> • PAO); 
GI• "IF" Hl•CI "THEN" IO 11 ELSE11 "IF" H2•1Cl "THEN 11 -11(! "ELSE 11 Hl I HZ 

"END"I 

"PROCF.DURE" KCLUSTER(K, M); 
"VALUE" K, Ml "INTEGER" K, Ml 

11 BEGIN" "INTEGER" I, J, STOP, LJ "BOOLEAN" NONZEROI 
"REAL" RECENT, IMCENT, D, PROD, RAD, GR, RI 
"ARRAY" DIST[MI M+K-1]; 
RF.CENTI• RE[Mll IMCENTI• IHCM]I STOPI• M+K•ll 
LI• Sir.N(IMCENT)J ~ONZEROt• LA• Ot 
"FOR" II• M+l "STEP" 1 "UNTIL" STOP "00 11 

"BEGIN" RECENTI• RECENT+RE[l]J 
"IF" NONlERO "THEN" 
"BEGIN" NONZEROI• L • SIGN(IMCIJ); IMCENTI• IMCENT+IMCI] "END" 

"END"I 
RFCENTI• RECFNT/K; IMCENTI• "IF" NONZERO "THEN" IMCENT/K "ELSE" O; 
01• O; RAOI• iC; 
11 FOR" It• M "STEP" 1 "UNTIL" STOP "DO" 
"BEGIN" RECF.NTRE[IJI• RECENTI IMCENTRE[Ill• IMCENT; 

DIST[Il&• SQRT((RECll -RECENT>••z + (IMCll-IMCENT>++2)1 
"IF" O < DISTCil "THEN" DI• DIST[Il 

llfNDIII 
GRI• ABS(G(~, RECENT, IMCENT, K, M)); 
11 IF 11 GR> 0 "THEN" 
"BEGIN" 11 FOR 11 Ja ■ 1, 1 "W4ILE" PROO<• GR noon 

"BEGIN" Ra• RADI RADI• D + EXP(LN(lel*GR)/K)J 
"IF" RAD• R "THEN" RAOI• EXPCLN(l.1)/K) * RAOI 
GR•• G(RAD, RECFNT, IMCENT, K, M)J 
PROD&• 1: 
11 FOR" It• M 11STEP" 1 "UNTIL" STOP "DO" 
PRODS• PR□D•fR4D-DISTCil) 

"FN0 11 

"END"a 
11 FOR" Ia• M 11STEP" 1 "UNTIL" STOP noon 
"REGTN 11 ROUNDtils• RADI CLUST[Ilt• K "END"; 

11END"t "COMMENT" 
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"PROC~OURf" SHIFT(INOEX, ~EW); 
ttUALUE 11 INDfX• NEW; "INTEGER" INDEX, NEW; 

"8EGIN" "INTEG~R" J, PLACE, CLUSTI~I 
11 RfAL" BOUNDIN, IMCENT, RECENT; 
"RFAL""APRAY" WAl, WA2CltCLUSTCINOEXllt 
CLUSTINr• CLUSTCINDEXll BOUNOINI• BOUNOCINDEXll 
IMCENTI• IMCENTR[CfNDEX]; RECENT•• RECENTRECINDEXll 
"FOR" JI• 1 "STEP" 1 "UNTIL" CLUSTIN "00" 
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"REGIN" PLACFl•INDEX+J-11 WAlCJll• RECPLACF.11 WA2[Jll• l~fPLACEl; 
"EN0 11 ; 

"FOR" JI• INnfJ-l "STEP" -1 11UNTIL" NEW 1100" 
11 ~FGIN 11 PLACE•• J+CLUSTINt 

RFCPLACE1r• RECJl; IM[PLACEl~• IM[J]; CLUSTfPLACE]r ■ CLU$T[Jlt 
BOUNOCPLACElt• BOUND[J]; RECENTRECPLACE]I ■ RECENTRE[Jll 
IMCENTRE[PLACE]I• IMCENTRE[Jl 

HENOHS 
"FOR" JI• NE'4+CLIISTIN-l "STEP" -1 "llNTil" NEW 1100 11 

11 BFGIN" PLACEI• J+l-NEWI 
RFCJ]a ■ WAlCPLACEl; I~[J]I• WA2[PLAC~1; 
~OUND[Jlt• BOUNOIN; CLUSTCJll• CLUSTIN: 
RFCENTRE[Jll• RECENTI IMCENTRE[J]I• IMCENT 

"Et-ION 
"F.N0 11 : 

GUI• GIANT; 
RC[nla• C[~ll• A[N]; RCECOll• ABS(C[O]I; Kl• O; 
"~OR 11 It• l "STEP" 1 11UNTIL" N 11D0 11 

"S[GIN 11 RCCill• RCeCI11• 0 I C[Ilt• A[N-Il "END"; 
"FOR" II•~ "WHILE" K < N "D0 11 
11 8EGINH Kl• K+ll XKI• RE[Kll YKI• I~[Kll ZKt• XK•~K+YK*YK; 

"FORH JI• K "STEP" -1 "UNTIL" 1 "OOH 
RCF.[Jll• RCECJl+RCECJ-ll*SOP.T(ZKI; 
11 IF" YK • 0 "THEN" 
"BEGIN" "FOR" JI• K "STEP" -1 11 UNTIL" 1 "O□" 

RC[Jlt• RC[Jl-XK*RCCJ-1] 
11ENO" "ELSE" 
"Brr.IN" K I• K+l; 

11 IF 11 K < ■ N & XK • RECK] & YK • -IM[Kl "THEN" 
"BEGIN" XKI• -Z•XKI 

"FOR" JI• K "STFP" -1 "UNTIL" 1 "DO" 
RCECJJI• RCECJl+RCECJ-ll*SORT(ZKI; 
"FOR" JI• K "STEP" -1 "UNTIL" 2 11DO" 
RC[Jla ■ RCrJ]+XK*RCCJ-ll+ZK•RC[J-211 
RC[lll• RCCll+XK*RCC~l 

"END" 
11F.N0 11 

"EN0 11 : 

RCC011• RCE[01t CORRI• le06•ARREBI 
"FOR" It• 1 "STEP" 1 "UNTIL" N-1 noon 
RC[Ill• ARS(RCCil-CCill+RCECil*CORR*(N+I-2)+RELE*ABS(C[Il)+ABSEI 
RC[Nll• ABS(RC[N1-C[Nl)+RCE[Nl*CORR*fN-l)+RELE*ABS(C[NJ)+ABSEt 
"FOR 11 It• l "STEP" l "UNTIL" N "D011 KCLUSTER(l, II; "COMMENT" 
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GOONt• "TRUE"; 
"FOR" LI• 1 "WHILE" GOON noon 
"BEGIN" INDEXlt• INDEX2t• Ot MINI• GIANTt II• N-CLUST[Nl+lt 

"FOR" II• I "WHILE" I> ■ 2 "DO" 
"BEGIN" JI• I; RECENTI• RECENTRECIJ; IHCENTt• IMCENTRECilJ 

"FOR" JI• J "WHILE" J >• 2 "DO" 
neeGIN" Jt• J-CLUST[J-11; 
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Ht• ~QRTt(RECENT-RECENTRECJJ>**Z + (IMCENT-JMCENTRECJl)**2)t 
"IF" H < BOUNDCI] + ROUND[Jl & H <• MI~ "THEN" 
"BEGIN" INDEXll• J; INDEX2•• I; HINt• H "END" 

"END"; It• I-CLUSTCI-lJ 
"END"J 
"IF" INDEXl • 0 "THEN" GOONJ• ;"FALSE" "ELSE" 
"REGIN" "IF" IMCENTRE[INDEXll •~"THEN" 

"BEGIN" "IF" INCENTRE[INDEXZl A•~ "THEN" 
CLUSTClNDEXZ]I• Z*CLUSTCINDEX?l 

"END" "ELSE" "IF" IMCENTRECINDEX!l • Q "THEN" 
CLUSTCINDEXlla• 2*CLUSTCINOEXllt 
Kt• INDEXl+CLUSTtINDEXll; 
"IF" K 4 • INOEX2 "THEN" SHIFT(INDEY2• K>; 
Kl• CLUSTCINDEXll+CLUST[K]J 
KCLUSTF-R(K. INDEX1) 

"END" 
"END" 

"FND~t 
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INSTITUTE I MATHEMATICAL CENTRE AND RIJKSUNIVERSITEIT GRONINGENe 

RECEIVEOt 780601. 

BRIFF OESCRIPTIONI 

THIS SECTION CONTAINS FIVE PROCEDURES FOR CALCULATING ZEROS OF 
ORTHOGONAL POLYNOMIALS WHICH ARE GIVEN BY THE COEFFICIENTS OF 
THEIR RECURRENCE RELATION• 
ALLZERORTPOL I CALCULATES All ZEROS, 
LUPZERORTPOL a CALCULATES A NUMBER OF ADJACENT UPPER OR LOWER ZEROS, 
SELZERORTPOL a CALCULAT£:S A NUMBER OF ADJACENT ZEROS. IT IS 

eFFICIENT TO USE ALLZERORTPOL IF MORE THAN 50 
PERCENT OF EXTReME ZEROS OR MORE THAN 25 PERCENT OF 
SELECTED ZEROS ARE WANTED. 

ALLJACZER I CALCULATES THE ZEROS OF THEN-TH JACOBIAN POLYNOMIAL. 
ALLLAGZER I CALCULATES THE ZEROS OF THEN-TH LAGUERRE POLYNOMIAL. 

KEYWORDSt 

ZEROS, 
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Sll~SfCTIONt ALLZERORTPOL. 

CALLING SEQU~NCEI 

THE DECLARATION OF THE PROCEDURE IN THE CALLING PROGRAM READS• 

"PROCEDURE" ALLZERORTPOL (N, B, C, ZER, EM)S 
"VALUE" N; "INTEGER" N; "ARRAY" B, C, ZER, EMS 
"CODE" 31362; 

THE MEANING OF THE FORMAL PARAMETERS IS1 
Mt <ARITHMETIC EXPRESSION>; 

ENTRYI THf. DEGREE OF THE ORTHOGONAL POLYNOMIAL □F WHICH 
THE ZEROS ARE TO BE CALCULATED; 

B, Ct <ARRAY IDiNTIFIER>J 
"ARRAY" B, C [OIN-1]; 
ENTRYI THE ELEMENTS BCI] AND CCI], I • 0, 1, ••• , N-1, 

CONTAIN THE COEFFICIENTS OF THE RECURRENCE RELATION 
P[I+ll(X) • (X - B[Il) • P[Il(X) - C[IJ • P[I-ll(Xl 
I• O, 1, ••• • N-11 ASSUMED IS CCOl•O, WHILE THE 
CONTENTS OF THE ARRAYS ARE PRESERVED; 

ZERa <ARRAY IDENTIFIER>J 
"ARRAY" zeR[llN]I 
EXITI THE ZEROS OF THEN-TH DEGR~E ORTHOGONAL POLYNOMIAL; 

(B MAY BE USED FOR ZER, BUT THEN THIS RECURRENCE 
COEFFICIENTS ARE OVERWRITTEN BY THE ZEROS AND 
THE ORIGINAL CONTENTS OF BARE NOT PRESERVED.) 

EM• <ARRAY IDENTIFIER>; 
"ARRAY" EMC015]; 
ENTRYI EM[Olt THE MACHINE PRECISIONS 

EH[2]1 THE RELATIVE TOLERANCE OF THE ZEROSJ 
EM[41S T~E MAXIMUM ALLOWeD NUMBER OF ITERATIONS, 

EeGa 5 * N; 
EXIT1 EHtl]I THE MAXIMUM OF ABS(BCO])+l,CCil+ABS(Bfil)+l, 

(I•l, ••• N•2),CCN-1]+ABS(B[N-ll)I 
EM[3]1 INFORMATION CONCERNING THE PROCESS useo, 

I.E. THE MAXIMUM ABSOLUTE VALUE OF THE 
CODIAGONAL ELEMENTS NEGLECTED, 
(SEE ALSO SECTION 3e3elelele)J 

EM[5lt THE NUMBER OF ITERATIONS PERFORMED. 
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PROCEDURES USEDt 

ClRIVALSYMTRI 
DUPVF.C 
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• CP34160, 
• CP31030. 

METHOD AND PERFORMANCE I SEf SELZERORTPOL (THIS SECTION). 

EXAMPLE OF uses 
AS A FORMAL TEST OF THE PROCEDURE WE CALCULATE THE ZEROS OF 

PAGE 3 

THE CHEBYSHEV POLYNOMIAL (OF THE FIRST KIND) OF THE THIRD DEGREE. 
THE RECURRENCE COEFFICIENTS AREi 
B[Il • O, I• O, 1, ••••I 
C[Ol • O, CCll • .5, CCil • e25 • I• Z• 3, ••••• 
(IT IS RECOMMENDED TO STORE THE ELEMENTS OF THE ARRAYS 0 AND C IN 

REVERSED ORDER IF THESE ELEMENTS ARE STRONGLY INCREASING)e 

"BEGIN" "ARRAY" e. C[013], ZER[l13], EM[Ct5]r 
"PROCEDURE" ALLZERORTPOL(N,B,C,ZER,EM); 
"VALUE" NI "INTEGER" NJ "ARRAY" R,C,ZER,EMJ 
"CODE" 313621 
EMCO]I• EMCZll• "•141 EM[4]t ■ l51 
BC2lt•R[llt•AC~l1•01 
C[Ola• 01 C[llt• .~1 C[Z]I ■ eZ5J 
ALLZERORTPOL (3, B, C, ZER, EMJJ 
OUTPUT(61,"(""("THE THREE ZEROS11t)tt,/,3(/ZD5B,Nl,2/, 

"("EM[llt")",5BDeZO"+ZD, I, 
tt(ttEM[3]1n1n,5eD.ZD"+ZD, /,tt(NEMC5]1tt)n,5zonJn, 
l,7ERCll,2,ZERC2l,3,ZERC3l,EMCll,EMC3l,EHC5ll 

THE TI-IREE ZEROSt 

1 
2 
3 

EMCl]I 
El'lt3] I 
EMr,]1 

•8e66a2540378444"•001 
+B.6602540378444"-001 
-1.onooooao~oooon-014 

1 • 5\0" +lOIO 
7.07"-15 
1 
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Slll3SECTIONt LUPZERORTPOL. 

CALLING SEOUENCEt 

THE DECLARATION OF YHE PROCEDURE IN THE CALLING PROGRAM REAOSt 

"PROCEDURE" LUPZtRORTPOL CN, M, B, C, 7.ER, F.M); 
"VALUE" N, H& "INTEGER" N• M; "ARRAY" B• C, ZER, EM; 
"CODF" 313631 

THf MEANING OF THE FORMAL PARAMETERS IS1 
Nr <ARITHMETIC EXPRESSI0~>1 

ENTRYI THE DEGREE OF THE ORTHOGONAL POLYNOMIAL OF WHIC~ 
THE ZEROS ARE TO BE CALCULATeDI 

Mt <ARITHMETIC EXPRESSION>; 
ENTRYt THE NUMBER OF ZEROS TO BE CALCULATEDI 

B, Ct <ARRAY IDENTIFIER>1 
"ARRAY" B, C [~IN•lll 
fNTRYt THE ELEMENTS BCil ANO CCil, I• O, 1, •••, N•l• 

CONTAIN THE COEFFICIENTS OF THE RECURRENCE RELATION 
P[I+ll(X) • (X - B[IJ) * P[I](X) - CCI]* PCI-ll(X) 
I• O, l, •••, N-lJ 
ASSUMED IS CCOl•O, WHILE THE CONTENTS 
OF THE ARRAYS ARE NOT PRESERVEDJ 

ZERI <ARRAY IDENTIFIER>1 
"ARRAY" ZERCltHll 
F.XITt THEM LOWEST ZEROS ARE DELIVERED; 

IF HOWEVER THE ARRAY B[OIN-11 CONTAINED THE OPPOSIT 
VALUES OF THE CORRESPONDING RECURRENCE COEFFICIENTS 
THEN THE OPPOSITE VALUES OF THEM UPPER ZEROS 
ARE DELIVERED. 
IN EITHER CASE, ZERCil<ZERCI+lJ, I• 1, ••• ,M-l; 

EMt <ARRAY IDENTIFIER>; 
"ARRAY" eMrOt6]J 
ENTl!Ya EMCIO] I THE MACHINE PRECISION. 

EM[2]1 THE RELATIVE TOLERANCE OF THE ZEROSJ 
EM[4lt THE MAXIMUM ALLOWED NUHBEP OF ITERATIONS, 

EeGe 15 * HI 
EMC6J1 IF ALL ZEROS ARE KNOWN TO BE POSITIVE 

THEN 1 ELSE !O; 
EXIT• tMCllt THE MAXIMUM OF ABS(B[Oll + l, 

C[Il+ABS(B[Il)+l,(I•l, ••• N-2), 
CCN-ll+ABSCBCN-ll)J 

EMC3lt INFORMATION CONCERNING THE PROCESS USED, 
r.e. THE MAXIMUM ABSOLUTE VALUE OF THE 
THEORE'TICAL ERRORS OF THE ZEROS 
(SEE WILKINSON AND REINSCH, 1971, Pe263)J 

EMC5]1 THE NUMBER OF ITERATIONS PERFORMED. 



PROCEDURES USEDa 

DUPVEC 
INFNRHVEC 

• CP31~3C, 
• CP3106le 

(DECEMBER 1978) 

METHOD ANO PERFORMANCE t SEE SELZERORTPOL (THIS SECTION>• 

EXAMPLE OF USE• 

WE CALCULATE THE TWO LOWER ANO THE T~O UPPER ZEROS OF THE 
LAGUERRE POLYNOMIAL OF THE THI~O DEGREE. 
THE RECURRENCE COEFFICIENTS ARE OBTAINED FROM tll, P.7821 
Btil • - A2I / A3I • ZI + 11 
CCI1 • A4I / (A3I • A3CI-l)) • AlCI-1) •I• I, I• O, 1, 2e 
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(IT IS RECOMMENDED TO STORE THE ELEMENTS OF THE ARRAYS 8 ANO C IN 
REVERSED ORDER IF THESE ELEMENTS ARE STRONGLY DECREASING). 

"BfGIN" "ARRAY" B, CCOt3l, ZERCltZl, c"C0t6l1 
"INTEGER" I: 
"PROCEDURE"LUPZERORTPOLCN,M,B,C,ZER,EM)I 
"VALUE" N,MI "INTEGER" N,HJ "ARRAY" B,C,ZER,EMI 
"CODE" 11363; 
eM[~lt• EM[2]1• "-14; EMC4lt• 45; EHC6lt• l; 
"FOR" II• O, l, 2 "DO" 
"BEGIN" B[Il•• 2 •I+ 11 C[I]1 ■ I• I "END"l 
LUPlERORTPOL (3, 2, B, C, ZER, EM); 
OUTPUTC61,"(""f"THE TWO LOWER ZEROSl")",/,2(/Z05B,NJ,2/, 

"<"EMCll•">",5BDeZD"+ZD, I, 
"f"EMC3lt")",5BDe2D"+20, /,"C"EMC5ll")",5ZD"I", 
l,ZER[l1,2,ZER[Zl,EH[ll,EM[3l,EM[5])1 

EMC61a• 01 . 
"FOR" II• O, l, Z "DO" 
"8fGIN" 8Cil•• • 2 •I• lJ CCI]I ■ I• I "END"J 
LUP7ERORTPDL (3, 2, B, C, ZER, EH); 
OUTPUTC61,"("3l,"C"THE TWO UPPER ZEROS1")"1l,2(/ZD5B,N),2/, 

"C"EM[llt"l",580.20"+20, /, 
"("E"t31t">"•SBDe2D"+2D, l•"("EM[5]1")",5ZD")", 
l,-ZER[ll,2,-ZER[Zl,EMC1l,EMC3l•EMC5l)J 

"ENO" 

THE TWO LOWE~ ZEROS• 

1 
2 

EH[llt 
EHC3]1 
E~C5lt 

+4.1577455678348"•001 
+2.zq4zs0360279l"+oo~ 

9.onn+oo 
5e72"-16 

12 



SF.CTION I 30602 

THE TWO UPPER ZEROS1 

l 
2 

EM[l]I 
F.14[3] I 
eM[5]1 

SUBSECTION I 

+6.2899450829375"+000 
+2a29428G36~2791"+000 

9.IOIO"+ICO 
4. 70"-20 

14 

SELZERORTPOL. 

CALLING SE0UENCE1 

(DtCEMBER 1978) PAGE b 

THE DECLARATION OF THE PROCEDURE IN THE CALLING PROGRAM REAOSI 

"PROCEDURE" SEL7ERORTPOL (N, Nl, NZ, B, c,, ZER, EM) I 
"VALUE" N" Nl, NZ; "INTEGER" N, Nl, NZ; "ARRAY" B, C, ZER, EM; 
"CODE" 31364: 

THE MEANING OF THE FORMAL PARAMETERS IS 1 
N,N1,N2t<ARITHMETIC EXPRESSION>; 

fNTRYs N IS THE DEGREE OF THE ORTHOGONAL POLYNOMIAL OF 
WHICH THE Nl-ST UP TO AND INCLUDING N2-ND ZEROS ARE 
TO BE CALCULATED(ZER[Nll>•ZERCNZ])J 

B, Cl <ARRAY IDENTIFIER>; 
"ARRAY 11 B,C [O I N-llJ 
ENTRYI THE ELEMENTS BCI] AND C[Il, I• O, 1, •••, N-1, 

CONTAIN THE COEFFICIENTS OF THE RECURRENCE RELATIO~ 
P[I+ll(Xl • (X - Atil> * P[Il(Xl - CCI]* PCI-ll(Xl 
I. • O, l, • • • , N-1, 
ASSUMED IS C[Ol•O, WHILE THE CONTENTS 
OF THE ARRAYS IS PRESERVED; 

ZERI <ARRAY IDENTIFIER>; 
"ARRAY" ZER [Nl1N2JJ 
EXITI THE N2-N1+1 CALCULATED ZEROS IN DECREASING ORDER. 

f.M1 <ARRAY IDENTIFIER>; 
"ARRAY" EM[!(JI 5 l; 
ENTRYI EMCO]I THE MACHINE PRECISION. 

cHC2]1 THE RELATIVE TOLERANCE OF THE ZEROS; 
EXITt EH[llt THE MAXIMUM OF ABS(B[Ol) + 1, 

CCIJ+ABS(BCI]l+l (I•l••••N-2) AND 
CCN-ll+ABS(B[N-1])1 

PROCEDURES USE01 

VALSYMTRI 

cH[5ll THE NUMBER OF ITERATIONS PERFORMED. 

• CP3U5le 
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METHOD AND PERFORMANCE• 

THF 7EROS OF AN ORTHOGONAL POLYNOMIAL ARE THE EIGENVALUES OF A 
SYMMETRIC TRIDIAGONAL MATRIX (SEE GOLUB AND WELSCH (19691, 
LANCZOS (1957),P.375,376, STOER (1972>,P.120). 
THE ORTHOGONAL POLYNOMIAL IS DEFINED BY A LINEAR THREc-TER~ 
HOMOGEN~OUS RcCURRENCE RELATION. 

FXAMPLE OF USE 1 

WE CALCULATE THE THIRD ZERO OF THc LEGENDRE POLYNOMIAL OF THE 
FOURT~ DEGRE~. THE RECURRENCE ~OEFFICIENTS ARE OBTAINED FROM 
ABRAMOWITZ AND STEGUN (19641,Pe7821 
8[11 • ~, I• O, l, ••••I 
CCI1 • A4I / (A3I • A3(I-1)) • Al(I-l> •I• I/ f 4 •I• I - 11, 

I• O, 1, ••••• 
(IT IS RECOMMENDED TO STORE THE ELEMENTS OF THE ARRAYS BAND C IN 

REVERSED ORDER IF THESE ELEMENTS ARE STRONGLY DECREASING). 

"BEGIN" "ARRAY" B, C[014l, ZEP[313l, EMf0t5]; 
"INTEGER" I; 
11 PROCEOURE 11 SELZERORTPOL (N,Nl,NZ,B,C,ZER,EH)I 
11 VALUE" N,Nl,N21 11 INTEGER 11 N,Nl,NZI 11ARRAY 8 B,C,ZER,E~J 
1•CODE" 31364; 
fMC~]I• F.M[2lt• 11-14; 
"FOR" Is ■ O, 1, 2, 3 11 DO" 
"BcGIN" BCilt ■ 01 CCil•• I• I / (4 •I• I - 11 "END"J 
SELZERORTPOL (4, 3, 3, B, C, ZER, EMIi 
OUTPUTf61,"( 1111 ("THE THIRD ZER0&") 11,2/,ZD5B,N,2/, 

11 END 11 

"("EMC1]1")",5BD.20"+20, I, 
"("EM[SJ1")",5ZD">",3,ZERC3l,EMC1l,EMC5l) 

THE THIRD ZER.Ot 

EM[l]I 1.33"+00 
EMC5]1 12 
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SUBSECTION• All JAC ZER. 

CALLINr, SE0UENCFI 

THt DECLARATION OF THE PROCEDURE IN THE CALLING PROGRAM READSI 

"PROCEDURE" ALL JAC ZER(N, ALFA, BETA, lER)I 
"VALUE" N, ALFA, BETAI 
ffINTEGf.R" NI "REAL" ALFA, BETAJ "ARRAY" ZER; 
"CODE" 313710: 

THE MEANING OF THE FORMAL PARMIE. TERS IS 1 

Na <ARITHMETIC EXPRESSION>; 
THE UPPER BOUND OF THE ARRAY ZERI N >• 11 

ALFA,BFTAI 
<ARITHMETIC EXPRESSION>; 
THE PARAMETERS Of THE JACOBI POLYNOMIAL, 
SEE ABRAHOWITl AND STEGUN (1964); 
ALFA, BiTA > • 11 

ZERI <ARRAY IDENTIFIER>; 
"ARRAY" ZERCl I Nl; 
EXTTr ZERrll, ••• , ZiR[Nl ARE THE TEROS OF THEN-TH 

JACOBI POLYNOMIAL WITH PARAMETERS ALFA AND BETA. 

PROCFOURES USF.D1 

ALL lER ORT POL• CP 31362. 

REQUIRED CENTRAL MEMPRYs 

IF ALFA• ~ETA THEN TWO AUXILIARY ARRAYS OF N//2 REALS ARE 
USED, OTHERWISE TWO AUXILIARY ARRAYS OF N REALS ARE DECLARED. 

METHOD AND PERFORMANCE• 

THE JACOBI POLYNOMIALS ARE A SPECIAL CASE OF ORTHOGONAL 
POLYNOMIALS (SEE ABRAl40WITZ ANO STEGUN (1964))1 ALL JAC ZER 
COMPUTES THE COEFFICIENTS Of THE THREE-TERM RECURRENCE RELATION 
AND CALLS THE PROCEDUR' ALL 7.ER ORT POL TO COMPUTE THE ZEROS; 
IF ALFA•BETA, THE POLYNOMIALS ARE ODD OR EVEN, HENCE ONLY THE 
POSITIVE ZEROS ARE CALCULATEDI THIS IS DONE BY MEANS OF TME 
FOPMULAS 

(SEE ABRAMOWITZ AND STEGUN (1964)• FORMULAS 22e5e20 - 2?.e5e27>. 



S~CTION I 3e6e? 

EXAMPLE OF lJSEr 

TME PROGRAM 

(DECEMBER 1978) 

"BEGIN" "ARRAY" X[l13J; 
"PROCEDURE" ALL JAC ZER(N, ALFA, BETA, ZER)I 
"VALU~" ~,ALFA,BETA; "INTEGER" N; 
"REAL" ALFA,BETA; "ARRAY" ZER; 
"CODE" 313701 
ALL JAC ZER(3•••5••e5,X)I 
OUTPUT (61," ( 113 ( 4B-De13D"•ZD >"I", XCl 1, Xt 2 J, X [3] I 

t1F.ND 11 

DELIVERS THE FOLOWING RESULTSt 

PAGE 9 

-8.6602540378444"-l Oe0000000000000" 0 8.6602540378444"-1 

SUBSECTION• ALL LAG ZER. 

CALLING SEQIJE"'ICE1 

THE OECLARATIO"'I OF THE PROCEDURE IN THE CALLING PROGRAM READSs 

"PROCEDURE" ALL LAG ZER(N, ALFA, ZER)I 
"VALUE" N, ALFAI 
"INTEGER" N; "REAL 11 ALFAJ 11 ARRAY" ZERI 
"CODE" 313711 

THF MEANING OF THE FORMAL PARAMETERS ISt 
NI <ARITHMETIC EXPRESSION>1 

THE UPPER BOUND OF THE ARRAY ZERI N >• 11 
ALFAI <ARITHMETIC EXPRESSION>; 

THE PARAMETER OF THE LAGUERRE POLYNOMIAL, 
SEE ABRAMOWITZ ANO STEGUN (196411 ALFA> -11 

ZERa <ARRAY IDENTIFIER>; 
"ARRAY" ZER[l I NJ; 
EXITt ZERrtl, •••• ZERCN] ARE THE ZEROS OF THEN-TH 

LAGUERRE POLYNONIAL WITH PARAMETER ALFA. 

PROCFDURES USEOI 

ALL ZER ORT POL• CP 31362. 

REQUIRED CENTRAL MEMORY& 

TWO AUXILIARY ARRAYS OF N REALS ARE USED. 
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METHOD AND PERFORMANCE1 

THE LAGUERRE POLYNOMIALS ARE A SPECIAL CASE OF ORTHOGONAL 
POLYNOMIALS <SEE ABRAMOWITZ AND STEGUN (1964))1 ALL LAG ZER 
COMPUTES THE COEFFICIENTS OF THE THREE-TERM RECURRENCE RELATION 
ANO CALLS THE PROCEDURE ALL ZcP ORT POL TO COMPUT~ THE ZF.ROSe 

FXAMPLF. OF USF.1 

"BEGIN" "ARRAY" X[l13]J 
"PROCEDURE" ALL LAG ZER<N, ALFA, ZcR); 
"VALUE" N,ALFA: "INTEGER"~; "REAL" ALFA; "ARRAY" ZER; 
"CODE" :!13711 
ALL LAG 7ER(3,•o5,X)I 
OUTPUT(61,"("3(4B•Del3D"•ZD>">",X[ll,XCZl,XC3l) 

"END" 

DFLIVERS THE FOLnWING RESULTSt 

5.5253437422633" o. 

SOIIRCE TfXT(S) s 

"CrJDE"U36?1 

1.7844927485432" 0 

"PROCEDURE" ALLZFRORTPOL (N, B, C, ZER, EM); 
NVALUE" N; "INTEGER" N; "ARRAY" B, C, ZER, EMI 
"BEGIN" "INTEGER"It"REAL"NRMJ"ARRAY"BB[llN]t 

1.9016350919350" -1 

"INTEGER" "PROCEDURE" QRIVALSYMTRI CO, 88, N, EM); 
"VALUEHN;"JNTEGER"N;"ARRAY"D,BB,EMJ 
"CODE" 341601 
"PROCEDURE" DUPVEC CL, U, S~IFT, A, B)I 
11VALllE"L ,U,SHIFT; NINTEGER"L,11,SHIFTI "APRAY"A, BJ 
"CODE" 310301 
"PROCEDURE" DUPCEV CL, U, SHIFT, A, 8)1 
"VALUE 11 L,U,~HIFT;"INTEGER"L,U,SHIFT1 11ARRAY"A,BI 
"FOR" Ut•U "STEP" -1 "UNTIL" L '"DO" A[Ult•BCU+SHIFTlJ 
NRHl•ABS(B[Ol)I 
"FDR"l1•l"STEP"l"UNTIL"N-2"D0""1F"C[ll+ABS(B[Il)>NRM"THEN" 

NRMl•C[Il+ABS(B[Il)I 
"IFHN>l"T~EN"NRMl•"IFHNRM+l>•CCN-ll+ABS(BCN-ll)"THEN"NRH+l"ELSF." 

CCN-ll+ABS(BCN-1]); 
EMU ll•NRMI DUPCl:'!VU,N.,•l• ZER., B) I 
DUPVEC(l.,N-1,0,B8.,C)JBBCN]l ■O; 

0RIVALSYMTRI(ZER,BB,N,EM) 
"END" ALLZERORTPOLt 

"EDP" 
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"CODE"31363l 
"PROCEDURE" LUPZERORTPOL <N• M• B• C, ZER, EM); 
"VALIIE" N, M: "INTEGER" N, ~; "ARRAY" B, C, ZER, EMI 
"BEGIN" 
"PROCEDURE" RATQR(N,M,POSOEF,OLAM,EPS)TRANSl(0,82); 

"VALUE" N.M,POSOEF,OLAM,EPS; 
"INTEGER" N,MI 
"BOOLgAN" POSDEF: 
"REAL" OLAM.EPS; 
"ARRAY" 0,821 

PAGE 11 

"COMMENT" OR ALGORITHM FOR THE COMPUTATION OF THE LOWEST EIGENVALIIE~ 
OF A ~YMMETRIC TRIOIAGONAL MATRI1. A RATIONAL VARIANT OF THE 
OR TRANSFORMATION IS USED, CONSISTING OF TW~ SUCCESSIVE OD STEPS 
PER ITERATION. 
A SHIFT OF THE SPECTRUM AFTER EACH ITERATION GIVES AN ACCELERATED 
RATE OF CONVERGENCE. A NEWTON CORRECTION,DERIVEO FROM THE 
CHARACTERISTIC POLYNOMIAL,IS USED AS SHIFT. 

RAT0R IS IMPL~MENTFD BY REINSCH ANO BAUER, SEE WILKINSON AND REINSCH 
,1971, CONTR. II-6. 

FORMATS• D,B2[11N]; 
"BEGIN" 

"INTEGER" I,J,K,T; "REAL" DELTA,E,EP,ERR,P,0,0P,R,S~TOTr 
"REAL""PROCEOURE" INFNRMVECfL,U,K,A)I 
"VALUc" L,U; "lNTEG£:Rn L,U,KJ "ARRAY" Al 
ncdDE" 311061; 

"COMMENT" LOWER BOUND FOR EIGENVALUES FROM GERSHGORIN, INITIAL SHIFT; 
B2[111• ERRI• 01• SI• OJ TOTI• O[lll 
"FOR" It• N "STEP" -1 11UNTIL 11 l noon 
"BEGIN" 

PI• 01 QI• SQRT(B2[I])J El• O[Il-P-0: 
"IF" E < TOT HTHEN" TOTI• E 

"END" II 
"IF" POSDEF & TOT< 0 "THEN" TOT•• 0 "ELSE" 
"FOR" Ia• 1 "STEP" 1 "UNTIL" N noon O[Ill• O[ll-TOTJ 
TI• 01 
"FOR" Kl• 1 "STEP" 1 "UNTIL" M noon 
"BEGIN" 

NEXT QR TRANSFORMATIONI TI• T + 11 
TOTI• TOT+ S; DELTA•• OCNJ•SJ II• NJ 
Es• ARS(EPS*TOTJ; "If" OLAM < E HTHEN 11 OLAMI• E; 
"IF" DELTA<• DLAM "THEN" "GOTO" CONVERGENCES 
E•• B2[Nl/DELTAI QPI• DELTA+EI PI• 11 
"FOR" II• N-1 11STEP" -1 "UNTIL" K "DO" 
"BEGIN" 

QI ■ D[Il•S-EI Rt• Q/QPJ PI• P*R+ll 
EPI• E•Rs OCI+lll• QP+EPI DELTAt• o-EPJ 
"IF" DELTA< • OLAH "THEN" "GOTO" CONVERGENCES 
Es• B2[I1/QJ0PI• OELTA+EI 82[1+1]1 ■ OP*EP 

"END" I; 
D[KJ1• OPI SI• QP/PI 

"COMMENT" 
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"IF" TOT+S > TnT "TH~N" "GOTO" NEXT QR TRANSFORMATION; 
"COMMENT" TRREGlllAR END OF ITERATION, 

DEFLATE MIMIMUM DIAGONAL ELEMENTS 
St• DI It• K; DELTA&• QP; 
"FOR" Jt• K+l "STEP" 1 "UNTIL" N "DO" 

"IF" DrJ1 < DELTA "THEN" 
HBEGtN" Ia• Jg DELTAI• D[Jl "END"J 

CONVERGENCE a 
HIF" I< N "TH~N" B2CI+ll1• B2[Il•El0PI 

"FOR" Ja ■ I-1 "STEP" -1 "UNTIL" K noon 
"BEGIN" D[J+lll• D[Jl-SJ B2CJ+ll1• BZCJ] "END" JJ 

D[Kll• TOT; B2CK]I• ERRI• ERR+ABSCDELTA) 
"END" Kl , 

EMC5la•TJEMC31&•INFNRMVECC1,M,T,B2)J 
11 END" RATQRI 

"PROCEDURE" OUPCEV CL, U, SHIFT, A, B)I 
"VALUE"L.U,SHIFT;"INTF.GER"L,U,SHIFTl"ARRAV"A,BI 
"FOR" Ua ■U 11STEP" -1 "UNTIL" L noon A[!.llt•B[U+SHIFTH 
"PROCEDURE" DUPVEC CL, U, SHIFT, A, 8)1 
"VALUE"L,U,SHIFTJ"INTEGER"L,U,SHIFTJHARRAV"A,BI 
11cnoe11 31lu3.:is 
"INTEGER" Il"REAL"NRMI 
NRMl•ABS(B[O))I 
11 FOR 11 It•1 11STEP"l"UNTIL"~-2 11 00""IF"CCil+ABSCBCil)>NRM"THEN" 

PAGF 1? 

' 

NRMa•C[Il+ABS(B[I])I 
"IFHN>l"THEN"NRMa•"IFHNRM+l>•CCN-ll+ABS(BCN-l]JHTHEN"NRM+l"ELSE" 

CCN-ll+ABSCBCN-ll)I 
EM[111 ■ f,IRMI 

OUPCEV<l•N,-1,B,B)I 
DUPCEV<Z,N,-1,C,C); 
RATQR (N, M, EMC6l • 1., EMC2l, EM[Ol, B, C); 
DIJPVEC (1, M, O, lER,- B) 

11END" LUPZERORTPOLI . 
Hf.OP" 

ncnDE"31364; 
"PROCEDURE" SELZERORTPOL (N, Nl,- N2, B, C, ZER, EM)I 
"VALUE" N, Nl, N~I "INTEGER" N• Nl, N21 "ARRAY" 8, C, ZER, EM; 
""EGIN" "INTEGER"Il"REAL"NRM; 11 ARRAY"D[lsN]I 

"PROCEDURE" OUPCEV (L, u. SHIFT, A, B)I 
HVALUE"L,U,-SHIFT1"INTEGER"l•U1SHIFTl"ARRAV"A,BI 
"FOR" Ut•U "STEP" -1 "UNTIL" L noon A[Ull•BCU+SHIFT]J 
"PROCEDURE" VALSVMTRI co. ee. N, Nl, N2, VAL,. EM)I 
"VALUE"N•Nl,N2s"INTEGER"N,Nl,-N2J"ARRAV"D,BB,VAL,EMI 
nc □ DE" 341511 
NRMl ■ABS(Brou1 

"FOR"Il•N-2HSTEP"•l"UNTIL"l"D□""IF"C[Il+ABS(BCIJ)>NRM"T4EN" 
NRMl•C[Il+ABS(B[IJ); 

"COMMENT" 
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; 

"I F11 N>l 11THEN"NRM I • 11 1 F"NRN+l > ■C rN-l l+ABS ( B [ N-111 11 THEN"NR14+ 1 "ELSE" 
C[N-ll+ABS(B[N-lJ)J 

EMrtlt•NRM; 
OUPCEV(l,N,-1,D,B)I 
VALSYMTRI CD, C, N, Nl, NZ, ZER, EM)S 
EM['ilt•EM[3l 

"END" SEL7ERORTPOL; 
"EOP" 

ncnoen 31370; 
"PROCEDURE" All JAC ZERCN, ALFA, BETA, ZERlt 
"VALUE" N, ALFA, BETA I "INTEGER~ NS 
"REAL" ALFA, BETA I "ARRAY" ZERI 
"IF" ALFA• BETA "T~EN" 
"BEGIN" 11 INTEGER" I, M; 

"ARRAY" A, B[OIN//2], EM[015]J 
"REAL" MIN, GAMMA, SUM, ZERI; 
"REAL""PROCEOURE 11 ARRE~; 
"CODE" 300021 
"PROCEDURE" ALL ZER ORT POL(N, B, C, ZER, EM)J 
"VALUE" NI "INTEGER" N; "ARRAY" B,C,ZER,EM; 
"CODF." 313621 
Ml• N//2; "IF" NA. 2*M "THEN" 
"BEGIN" GAMMAt• + O.~J ZER[M + llt• 0 "END" 
"ELSE" GAMMAI• - Oe51 
MINI• 0.25 - ALFA*ALFA; SUMI• ALFA+ GAMMA+ 21 
A[Oll• (GAMMA - ALFAI/SUM; ACllt• HIN/SUM/(SUM + 2)1 
B[llt• 4•(1 + ALFA)*fl + GAMMA)/SUM/SUM/(SUM + l)J 
"FOR" II• 2 "STEP" 1 "UNTIL" M • 1 noon 
"BEGIN" SUMI• I+ I+ ALFA+ GAMMA; 

ACill• MI~/SUM/CSUM + 2)S SUM t ■ SUM•SUMI 
BCilt• 4*I*(I +ALFA+ GAMMAl*CI + ALFA)*Cl + GAMMA)/ 
SIJH/(SU14 • 11 

11 END"I 
ENC011•ARREBI EM[2]1•"-10S EM[411• 6*MI 

·ALL ZER ORT POL CM, A, 8, ZER, EMIi 
"FOR" I1• 1 "STEP" 1 "UNTIL" M noon 
"BEGIN" ZER[Ilt• ZERit• - SORT((l + ZER[Il)/2)J 

Z~R[N + 1 • Ill• - lERI 
"END 11 

11END" "ELSE 11 

"BEGIN" "INTEGER" It "REAL" SUH, ~IN; 
"ARRAY" A. B[~aN], EM[Qt5]; 
"REAL""PROCEDURE" ARREBI 
"CODE" 30002; 
11 PROCEDORE" ALL ZER ORT POL<N, B, C, ZER• EMU 
"VALUE" NI "INTEGER" NI "ARRAY" B,C.ZER.EMI 
ncooen '31362J 
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MINI• (BFTA - ALFA>•<BETA + ALFA)I 
SUMI• ALFA+ BETA+ 21 B[Olt• 01 
ACOJ1 ■ (BETA - ALFA)/SUMC 
A[llt• MIN/SUM/(SUM + 2); 
8[111• 4*(1 + ALFAJ•(l + 8ETA)/SUM/SUM/(SUM + 1)1 
"FOR" I••? "STEP" 1 "UNTIL" N • 1 "DO" 
"BEGIN" SUMI• I+ I+ ALFA+ BETA; 

A[l]I• MIN/SUM/(SUM + 2)1 SUMI• SUM•SUMI 
BCIJI• 4*I*(I +ALFA+ BETA)*(I + ALFA)*(I + BETA)/ 
< SUM - 1) /SUM 

11END 11 1 
EM[Olt•ARREBI EM[Z]I ■ lo0"-81 EMC41r• 6*NI 
ALL ZER ORT POLfN, A, B, ZER, EM) 

"ENO" ALL JAC ZER: 
11 EOP" 

"CODE" 313711 
"PROCEDURE" ALL LAG ZER(N, ALFA, ZER); 

PAG1= 1't 
; 

11 VALUE 11 N, ALFA I "INTEGER"NI "REAL" ALFA I "ARRAY" ZERS 
"BEGIN" "INTEGER" II "ARRAY" A, B[OIN], EM[Ot5]1 

"REAL""PROCEOURE" ARREB; 
"C □DE" 3{l!OtO 2; 
"PROCEDURE" ALL ZER ORT POL(N, Bt C, ZER, EM)I 
"VALUE" NI "INTEGER" NJ "ARRAY" B,C,ZER,EMJ 
"CODE" 31362; 
B[Ola• 01 A[N - 111• N + N + ALFA - 11 
"FOR" It• 1 "STEP" 1 "UNTIL" N - 1 "00" 
"BEGIN" ACI - llt• I+ I+ ALFA - l: 

B[Ill• I•<I + ALFA) 
"ENO"; 

EM[Olr•ARREB; EMCZ]I• 11-UHEMC4ll• 6•N: 
ALL ZER ORT POLfN, A, B, ZER, EMJ 

"END" ALL LAG ZERa 
"EDP" 
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BRIEF OFSCRIPTIONI 

COMKWD CALCULATES THE ROOTS Of A QUADRATIC EQUATION WITH COMPLEX 
COEFFICIENTS. 

KF.YWORDSI 

ZEROS,QUADRATIC [QUATION,POLYN□ MIAL EQUATION,COMPLEX COEFFICIENTS. 

CALLING SEQUENCEI 

THE HEADING OF THE PROCEDURE READS• 
"PROCEDURE"COHKWO(PR,PI,QR,QI,GR,GI,KR,KI>J 
MVALUE"PR,PI,QR,QIJ"REAL"PR,PI,QR,QI,GR,GI,KR,KI; 

THE MEANING OF THF. FORMAL PARAMETERS ISt 
PR,PI,OR,Qil<ARITHMETIC EXPRESSION>1 

ENTRYtPR,QR ARE THE REAL PARTS ANO PI,QI ARE THE 
IMAGINARY PARTS OF THE COEFFICIENTS OF THE 
QUADRATIC F.QUATIONI 

. x••2-2*(PR+I*PI)*X-(QR+I*QI)•Ot 
GR,GI,KR,Kil<VARIABLE>s 

EXIT1THE REAL PARTS ANO THE IMAGINARY PARTS OF THE 
DINOMIAL ARE DELIVERED IN GR,KR AND GI,KI, 
RESPECTIVELYIHOREOVER,THE MODULUS OF GR+I*GI IS 
GREATER OR EQUAL THE "ODULUS OF KR+I*Kie 

PROCEDURES lJSEDI 

COHMUL•CP34341; 
COMDIV•CP34342t 
COMSQRT•CP14,43. 

LANGUAGE• ALGOL 60. 



SECTION I 3.6.3 

EJCAHPLf OF llSEI 

"BF.GIN""RF.AL"GR,GI,t<R,KI; 

(JULY 197'9) 

"PROCEDURE" COMKWD(PR.PI,0R,OI,GR,GI,KR,KI): 
"CODE n34 3'95 I 
CO~KWD(•el,.1,.11,.02,GR,GI,KR,KI); 
OllTPIJT(6l,"(""("X .. 2-2<-.1+.3•I>•X-( .11+.oz•I> HAS ROOTS") 11,/, 

-o.DO,+o.oo,n(n+I">",I, 
-o.oo,+o.oo,n(H♦I")"")",GR,GI,KR,KI) 

llfNO" 

x••2-2,-.1+.3•t>•X-( .11+.oz•I> HAS ROOTS 
•0.30+0.'tO*I 

0.10+0.20•1 

SOURCE TEXTIS)I 

11CODE"343451 
"PROCEDURE" COMKWD(PR,PI,OR,OI,GR,GI,KR,KI)I 
"VALUE" ~R,PI,OR,OI;ttREAL" PR,PI,0R,0I,GR,GI,KR,KI; 
11 BEGIN 11 

"PROCEDURE"COMMUL (AR,AI,BR,8I,RR,RI)I 
"CODE"343"1; 
"PROCEDURE 11 COMD IV OCR, X I, YR, YI, ZR, ZI); 
"CODE"3"3421 
"PROCEDURfttCOMSORT(AR,AI,PR,PI); 
"CODE 1134343; 
11 IF" OR•O 6 OI • 0 "THEN" 
"BEGIN" KRl•Kit•O tGRa•PR ♦2JGit•PI•2 "END" "ELSE" 
"IF 11 PR•IO 6 PI• 0 11 THEN" 
"BEGIN" COMSORT(OR,oI.GR,GI)Jt<R••-GRrt<I••-GI "END" "ELSE" 
"BEGIN" "REAL" HR,HI; 
"IF" ABS(PR) > 1 ttQRH ABS(PI) >l "THEN" "BEGIN" 
COHOIV(OR,OI,PR,PI,HR,HI)S 
COHDIVlHR,HI,PR,PI,HR,HI); 
COMSORT(l♦HR,HI,HR,HI); 
COHMUL(PR,PI,HR+l,HI,GR,GI)I 

PAGE~ 

"fND" 11ELSE" "BEGIN" CO~SORT(OR+(PR+PI)*fPR-PI),QI+ PR•PI•Z,HR,HI)r 
"IF" PR• HR +Pt* HI> 0 "THEN" 
"BEGIN" GR t• PR+ HRIGI I• PI+ HI "END" "ELSE" 
"BEGIN" GR I• PR - HRtGII• PI - HI "END"; 

"END"l 
COMDIVr-0R,-0I.GR,GI,KR,KI>1 
HfNDN 
"END" COMKWDI 

"EOP" 
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