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ABSTRACT. We construct and analyse integration methods for solv-
ing initial value problems for implicit differential equations (IDEs)
that can be efficiently used on parallel computer systems. We con-
struct an IDE method for general IDEs of arbitrarily high index, and
two methods that can be applied to partitioned IDEs. The partitioned
IDE methods both exploit the special form of the problem and con-
verge faster than the general IDE method. The first partitioned IDE
method is suitable for higher-index problems, the second partitioned
IDE method only applies to index 1 problems, but is considerably
less expensive on parallel computers. This paper presents the results
presented in June 1995 at the Seminario Matematico e Fisico orga-
nized by the Mathematics Department of the Polytechnics University
of Milano.
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1. Introduction

Consider the initial value problem (IVP) for a system of implicit dif-
ferential equations (IDEs) of the form

dy(1),y(t) =0, y(to)=yo; ¥y, ¢€RL (1.1)

*The research reported in this paper was partly supported by the Technology
Foundation (STW) in the Nederlands.
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In particular, we shall consider the partitioned case where
- K10 Ji1 J. ‘
K := ¢u(u,v) = < o 0) , Ji=—=¢y(u,v)= (éi Jli) . (1.2)

Here, d = dy + do with K37 and Jq; representing di-by-d; matrices (in
the definition of J, the minus sign is inserted so that ezplicit differential
equations y = f(y) yield the familiar formula J = 0f/0y).

If often happens that the problem (1.1) is given in the form

Q)31 = f(y(1), y(to) = yo, y.feR? (1.3)

with @ a constant, singular matrix of rank d;. By the transformation
z = S;,“ly, this problem can be transformed to

510552 — 518(592) =0, z(to) = S5 'yo, 2z, f€R® (1.3)

with nonsingular matrices S; and S2 such that

I 0
S1Q52=<0 0>,

where the dimension of I is the rank of @ (cf. [1, p. 406]). Problem (1.3')
is of the partitioned form {(1.1),(1.2)} with Ky; = I. Introducing
the partitioning z = (u?,v7)T, where u and v are respectively of
dimension dy and ds, it can be written in the familiar form of an IVP
for the semiexplicit differential-algebraic equation (DAE)

du ;
— = f(u,v), u(tp) = ug, ‘
dt ( ) ulto) u, fe Rdlg vV, g€ R%. (1.4)

g(u,v) =0, V(t()) = Vo,

In this paper, we shall analyse integration methods for solving the IVP
(1.1) that can be efficiently used on parallel computer systems. We
construct an IDE method for general IDEs of arbitrarily high index,
and two methods that can be applied to partitioned problems of the
type (1.2). These partitioned IDE methods both exploit the special
form of the problem and converge faster than the general IDE method.
The first partitioned IDE method is suitable for higher-index problems,
the second partitioned IDE method only applies to index 1 problems,
but is considerably less expensive.
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2. The numerical scheme

Let us start with the case where (1.1) can be presented in the explicit
differential equation form

y(t) = f(y(t), y(to) = yo; vy, f € R

A large class of implicit step-by-step methods can be represented in
the form

Y -h(A9DF(Y)=W, y..1=(el ®I)Y. (2.1)

Here, A denotes a nonsingular s-by-s matrix, W is an sd-dimensional
vector containing information computed in preceding integration steps,
I is the d-by-d identity matrix, h is the stepsize t,4; — t,, and ®
denotes the Kronecker product. The s vector components Y; of the
sd-dimensional solution vector Y represent numerical approximations
to the exact solution vectors y(et, 4+ ch), ¢ being the abscissa vector
with ¢, = 1 and e representing the s-dimensional vector with unit
entries. Furthermore, e, is the sth unit vector and y, is the numerical
approximation to y(t,). In (2.1), F(V) contains the derivative values
(f(V;)) for any vector V. = (V;). In the following, we shall use the
notation [ for an identity matrix. However, its dimension will always
be clear from the context.

An important class of methods leading to implicit relations of the
form (2.1) are the (stiffly accurate) Runge-Kutta (RK) methods, where
W :=e®y,. In fact, in our numerical experiments we shall use such
RK methods.

In order to derive the analogue of (2.1) for IDEs, we observe that if ¢
is invertible with respect to y, then this analogue should be equivalent
to (2.1). This leads us to use (2.1) for expressing the derivative stage
vector F(V) in terms of Y, and to substitute this expression into the
equation ®(F(Y),Y) = 0, with @ defined in the same way as F. This
vields the method

R(Y)=0, R(Y):=@((h AT 9 I)(Y - W),Y), yop1 = (el @T)Y.
(2.2)
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Thus, the method (2.2) is completely specified by the pair {A,W}.
As an example, we consider the IVP (1.3). If we apply (2.2) with
W := e ® y,, then it assumes the form

(YA @ Q)Y -W)=F(Y)=0, ynp1=(el®I)Y, (2.3)
which is equivalent to the RK method discussed in [1, p. 406].

REMARK 2.1 - As explained in [1, p.407], the RK solution Y
defined by (2.3) is algebraically identical to (I ® S2)Z, where Z is the
RK solution obtained by applying (2.2) with W := e ® z, to (1.3'), or
equivalently, to (1.4). This equivalence holds for any method {A, W}.

The implicit equation in (2.2) will be solved iteratively by generating
sequences of iterates {Y(j )}. Our starting point is the iteration method

NYV - Y0y = ~(hA@ DR(YV™), j=1,...m, (24)

where N is a nonsingular matrix. The iteration error associated with
(2.4) satisfies the recursion

N(YW —y) = N(YUD - Y) = (hA® I)(R(YU~D) - R(Y)).
so that ignoring second-order terms leads to

YW~y = M(YUTV-Y), M := N"Y(N=No), No:= @K —A@hJ.
(2.5)
where the Jacobian matrices K and J are both evaluated at the step
point ¢,. The conventional choice for N is the modified Newton it-
eration matrix Ny resulting in a zero amplification matrix M. The
advantage of the choice N = Ny is that, even in strongly nonlinear
problems, a few iterations usually suffice to solve the implicit system
in (2.2). However, a disadvantage is that solving the linear Newton
systems can be quite expensive. For example, when direct methods
are used, the LU-decomposition of the sd-by-sd matrix Ng requires as
many as O(s3d®) arithmetic operations.
In this paper, we shall consider several choices of more “convenient”
iteration matrices N. Since a necessary and sufficient condition for
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linear convergence of the iteration method (2.4) requires the spectral
radius p(M ) to be less than 1, we shall try to combine a small spectral
radius with a reduction of the complexity of the linear Newton systems.
In particular, we shall look for matrices N that reduce the computa-
tional complexity on parallel computer systems (for example, matrices
N with a block-triangular structure).

REMARK 2.2 — In an actual implementation of (2.4), it may be
recommendable to remove the h~1 factor in the residual defined in (2.2)
by defining the “derivative” iterate Y() := (=14~ @ I)(Y() — W),
Then, the iteration scheme becomes

NA@ DYV - YUy = (40 NB(YU-1), W4+

+(hA@ YUY, =1,...,m,

YU =W + h(4A® )Y,

(2.4
The sequences {YU)} generated by the schemes (2.4) and (2.4) are
algebraicly identical, but (2.4’) can be used as h — 0.

2.1. General IDE method

Consider the iteration matrix

K —hT11J 0 0
. —hT5.J K — hT5,J 0
N=I®K-B®hJ= 2 TR ,
—hTa1J —hT5,J K — hT33J

(2.6)
where B = (B;;) is a diagonal matrix D or a lower triangular matrix 7.
On substitution into (2.4) we obtain

(I& K- Bohl)(YYW - YUy = —(hA @ DR(YUD).  (2.7)

Formally, this method can be applied to problems of any index as long
as the matrix @ K'— B®h.J is nonsingular (that is, the blocks K —h B;;J
should be nonsingular). However, in order to have convergence to the
exact solution as h — 0, the matrix A" should be nonsingular. The
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method (2.7) will be referred to as the general IDE method. Further-
more, we shall say that the method is in diagonal mode if B = D and
in triangular mode if B = T.

Each iteration with (2.7) requires the solution of a linear system with
the block-triangular Newton matrix N. Hence, the system splits into
s subsystems of dimension d, reducing the computational costs consid-
erably. For example, if direct solution methods are used, then the s
LU-decompositions associated with the s systems require O(sd>) flops
which is factor s? less than the number of flops needed when the mod-
ified Newton matrix Ny is used. Moreover, these LU-decompositions
can be done in parallel, so that the effective costs on a parallel sys-
tem are a factor s® smaller. Similar types of linear systems occur in
the parallel diagonal-implicitly iterated RK methods and the parallel
triangular-implicitly iterated RK methods analysed in [2] and [3] for
solving IVPs for ODEs.

It follows from (2.5) that the error amplification matrix corresponding
to (2.7) is given by

M=(I®K-B®hJ) ' ((A- B)® hJ). (2.8)

By means of this matrix, we can derive convergence results for nonsin-
gular K and for nonsingular J, respectively.

2.1.1. Convergence results
For nonsingular K, the amplification matrix (2.8) can be written as
M=(I-B@hK )" ((A-B)®@ hK~1J), (2.8)
so that the eigenvalues of M are given by those of the matrix
Z(z):=2(I - 2B)"Y(A - B), (2.9)

where z € o(hK ~1J). Similarly, if J is nonsingular, then we write the
amplification matrix (2.8) in the form

M=Iah ' J'K~BRI) (A~ B)® I). (2.8")
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The eigenvalues of M are again those of Z(z), but now with =71 €
o(h~YJ7IK).

Matrices of the type (2.9) have extensively been studied in [2] and [3].
For a large number of RK matrices A, diagonal and lower triangular
matrices B have been found such that p(Z(z)) < 1if Re(z) < 0. In
the following, matrices B that possess this property will be said to lie
in the set B(A) associated with the RK matrix A.

We summarize the result established in this subsection in the following
theorem (from now on, we shall tacitly assume the nonsingularity of
matrices as soon as their inverses are used):

THeorEM 2.1 — If B € B(A), then the general IDE method
(2.7) converges for all h, provided that either Re(o(K~1J)) < 0 or
Re(o(J7IK)) <0.

ExampLe 2.1 — Consider the implicit IVP (1.3) where K = Q(y)
and J = (f(y) — Q(y)¥)y. If K is nonsingular in the neighbourhood
of the solution,, then Theorem 2.1 requires that the matrix K~1J =
QY y)f(y) — Q(y)y)y has its eigenvalues in the nonpositive half-
plane. If, instead, J is nonsingular, then Theorem 2.1 requires the
matrix J7UK = ((f(y) — Q(y)y)y) 'Q(y) to have its eigenvalues in
the nonpositive halfplane. As a special case of (1.3), we have the DAE
of index 2, defined by

I O a) _[ewv ) _,
0o 0 v h(u) |
with gy and hy nonsingular. The matrices J and J~' K are given by

J:<gu gv>’J_1K:( O1 O)’
huy O gv 0]

so that J~! K has zero eigenvalues implying convergence of the iteration
method.
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2.2. IDE methods for partitioned problems

In this section, we consider problems of the partitioned form {(1.1),
(1.2)}. For such problems, it is convenient to write y = (uT,vTHT,
where u and v are respectively of dimension d; and dp, and to re-
place the stage vector Y by the permuted stage vector X = PY :=
(UT,VT)T, where U and V are stage vectors associated with u and
v in the same way as Y is associated with y. Let us introduce the
permuted iterates X() := PYU), then the permuted versions of (2.4)
and (2.5) become

NXW - XU=1)) = _p(hA @ HR(P'XVU-V) N := PNP,
(2.10)

X0 X = M(XU-Y - X), M:=PMP'=N"YN - No),
No=PI® K- A®hJ)PL.
(2.11)

Before selecting suitable matrices N, we consider the general IDE
method, when applied to problems characterized by (1.2). By replac-
ing in (2.7) YU) by P=1X() and by observing that the permutation
matrix P has the property that for any matrix C and any matrix J
with a partitioning as in (1.2), we have

P(C® J)P~! = ( Cehu Cohs )

CQRJa C®Jxn

it can be verified that the general IDE method (2.7) takes the form

~-B® hJo1 —-B ® h]zz

_ [ -ha®I 0
0O  -hAQI

( I®Ki;1-B®hJ;y, —-BQhJ; ) (X(]) _ X(J—-l)) —

) PR(P~1XU-1)y, (2.7)

Since
Ny = I®Kn—-AQhJu —-A®hJ
~A® hJyn ~A@hlyn |
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the matrix N associated with (2.7") can be written as

N“‘ I Kii—B®hJiyu —BQ®hin
—B®hJy —B @ hJas

s (A-B)®Ju1 (A-B)® Jiz /
_N0+h((A-—B)®J21 (A—B)®J22>. (2.6')

From (2.11) it follows that the convergence is expected to be faster as
the magnitude of the matrix N — Ny is smaller. Hence, taking into
account that we should not loose computational efficiency, we are led
to the alternative iteration matrices:

N _ I® K11 —B®hJiy —B®@hJiy _
- —A®hJn ~A®hJn |

No‘-l-h( (A-B)® 11 (A-B)® Ji ) (2.12)

0 o

- I® Ky —B®hJ —~AQhJ ~ A-B)® J (0]
N = ® K11 ® hJ1; ® hJi2 = No+h ( ) ® Jiz
O —A®hJa A® Jx (0]

(2.13)
where in (2.13) Jog is assumed nonsingular. These iteration matrices
generate the methods

( I®Ki1—B®hJuu —-BQ@hj2 > (X(J) — X(j"l)) =

I1® Ja I® Ja2
= ( "‘f;m (I) ) PR(P~*XU-1)y (2.14)

( I®Kin—-B®hJu —-AQhJn ) (X(j) _ X(j—l)) —

(0] I® Jan
- ( "“;@’I ‘I)) PR(P-1XU-Dy, (2.15)

and will be referred to as the partitioned IDE method and the par-
titioned indexr 1 IDE method (note that the nonsingularity of Joo in
(2.15) requires the problem to be of index 1).
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From (2.12) and (2.13), we conclude that for many problems the two
partitioned IDE methods converge faster than the general IDE method
(2.7') because they are “closer” to the true Newton process. However,
if B is such that the matrix A — B has entries of small magnitude,
then we may expect that the general IDE method and the partitioned
IDE method (2.12) are both superior to the partitioned index 1 IDE
method (2.15).

Both partitioned methods lead to linear systems, of which the matrices
of coefficients can be transformed to block-triangular form. However,
they differ by their degree of implicitness, and therefore by their amount
of intrinsic parallelism. Note that the partitioned IDE methods (2.14)
and (2.15) both reduce to the general IDE method (2.7) if dy = 0 (that
is, if there is no partitioning).

2.2.1. Partitioned IDE method

Each iteration with (2.14) recuires the solution of s systems of dimen-
sion d := d; + dy whose matrices of coefficients are of the form

K11 — hBiiJ hB;;J .
C,:= \” H 12 1=1,...,s.
Jaa J2a

Thus, in order to apply the partitioned IDE method, the matrices C;
should be nonsingular.

Furthermore, it follows from (2.7") and (2.14) that for partitioned prob-
lems, the computational complexities of the general IDE and parti-
tioned IDE methods are comparable.

In order to derive convergence conditions, we rewrite its amplification
matrix M in one of the following two forms:

M= A:-fn (@] , M: (0] 1\{12 ’
My O 0O M,
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where the submatrices My; and M, are defined by
Myi = (I = B®hK 3 S22) " ((A = B) ® hK 31 Sy,),

Al . —_— —1
Sag 1= Ji1 — Ji2d5y Jo1,

Myyi= (BRI ~1®h S K15 Jae) (A= B)® 1),
Sa1:= Jia = JuJ3 Jaa.

Obviously, the eigenvalues of \O(M, ™ ), and therefore the eigenvalues
of M, are given by those of Mu or Myy. A comparison of My, with
the amplification matrix obtained in (2.8) reveals that they have the
same structure. Hence, the same matrices T as before can be used to
make p(M) = p(Mi;) < 1 for all k, provided that the matrix K752,
has its eigenvalues in the nonpositive halfplane. The eigenvalues of
My, are given by the eigenvalues of Z(z), defined in (2.9), with 2~! €
o(h~tS5 K115 Ja2).

THEOREM 2.2 - Let B € B(A) and let (1.2) hold. Then, the
partioned IDE method (2.14) converges for all h, provided that either
Re (d(K!'522)) < 0 or Re(a(Sqt K11J57 Jaz)) 0.

We remark that the Theorems 2.1 and 2.2 lead to equivalent conver-
gence conditions when applied to partitioned problems satisfying (1.2).
For example, Theorem 2.1 claims convergence if all eigenvalues A of
the matrix J 'K are in the nonpositive halfplane. It is easily verified
that these eigenvalues A also satisfy the relation Kyju = ASzu. Hence,
A1 is an eigenvalue of Kﬁngg which Theorem 2.2 requires to be in
the nonnegative halfplane. Thus, the two convergence conditions are
equivalent when both are applicable.

ExaMPLE 2.2 — The IDE in (1.3) can be written as the DAE

(cf. [1, p.486])
<<I)g) (3> - (Q(U)Vv—f(u)) =0,
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which satisfies (1.2) with Ky; = I and Ji13 = O, Jia = I, Jyp =
Q. Assuming that @ is nonsingular, we have Sy = Q7 !(u)(f(u) —
Q(u)v)y. Theorem 2.2 requires that Sy, has its eigenvalues in the
nonpositive halfplane, the same condition as derived in Example 2.1.

2.2.2. Partitioned index 1 IDE method

From (2.15) it follows that in each iteration we can first solve in parallel
the s (uncoupled) dy-dimensional systems for the last sd; components
of X0 —X0U=1 and next the s system of dimension d; for the first sdy
components. The latter s systems can also be solved concurrently if B
is diagonal. In the case of direct solvers, the LU-decompositions of J;,
and the matrices I — By;J11, 1 = 1,..., 8, can again be done in parallel.
It is here where the sequential (or effective) costs of the partitioned
index 1 IDE method (2.15) may be substantially less than those for
the general IDE and partitioned IDE methods (2.7) and (2.14), whose
LU-costs are ~ 2(d1+d2)3/3 flops, whereas the partitioned index 1 IDE
method requires only 2(max {dy,d,})3/3 flops, i.e. a speed-up factor
(di +d)? (max{di,dy})% = (1 +min{dyd;*,dod;"})%. For dy = da,
a maximum speed-up factor of 8 is obtained.

Proceeding as in the preceding subsection, we obtain for the amplifica-

tion matrix M
~ M 0
M — 11 ,
—I@hI;} ) O

My = (I-BQhK]J) (A® K Sog — B®RK ),

where

so that M and M;j; have the same eigenvalues. If either Jy; vanishes
or if we choose B = O, then '

p(M) = p(Mi1) = p(A ® hK ' S22) = hp(A) p(KT7 S22) ,
and if either Jy5 or Jp; vanishes, then
p(M) = p(Mn1) = p(I - B RK${ Ju1)™" ((A— B) ® hK 1))
This leads to the theorem:
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THEOREM 2.3 — Let (1.2) be satisfied. Then, the partitioned in-
der 1 IDE method (2.15) converges if

1
p(A) p(K [ S22)
S99 := Ji1 — JizJ5yt Jon,

(a) B=0OorJi1=0, h<

(b) Ji2=0 orlJa; =0, Be€B(A), Re(a(K3 /1)) 0.

ExaMmpLE 2.3 - Consider the DAE of Example 2.2. Since Ji; =
O, Theorem 2.3 (a) applies with Ay = I and Sy = Q7 (u)(f(u) —
Q(u)v)u, so that we have convergence if h < (p(4) p(S522)) " .

ExaMPLE 2.4 — Consider the DAE of index 1 defined by

' I0 u’ g, v)\ _
0o v/ 7\ hwvy )T
with J22 = hy nonsingular. Since Jy; = hy = O, Theorem 2.3 (b)

applies with Kq; = I, so that we have convergence if B € B(A) and
Re (U(Jll)) S 0.

We did not succeed in deriving sharp estimates for more general situ-
ations than the special cases covered by Theorem 2.3. Therefore, we
followed an alternative approach, by deriving the spectral radius of the
amplification matrix for a related iteration scheme. The related scheme
generates a sequence {X*™} k =1,2,..., and is defined by

X(lc,O) :'X(k_l’m),N(X(kj) _ X(k,j—-l)) —

= —PR*(P71X(ki-1) pmix(k=tm) 5=  m,
R*(U,V):=(I®K - A®hJ*) (U-V)+

+(rA®DR(V), J= (% ).

(2.16)

where N is defined as in (2.13). Let us compare this related scheme
with the iteration scheme (2.15) we actually apply. Writing (2.15) in
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the form

Fx® _xXE1) = —p(hd @ HR(PTIXE) =

— _PR*(P—lx(k—-l)’P~—1x(k~—1))
(2.15")
with N also defined by (2.13), we see that (2.15’) and (2.16) only differ
in the frequency by which the quantity R* is updated. In (2.15),
R* is updated in each iteration, whereas (2.16) updates R™ each m
iterations. This leads us to conclude that the partitioned index 1 IDE
method (2.15) will converge as j — oo, whenever (2.16) converges as
j=0,1,...,mand k — oc.
In order to derive a convergence condition for (2.16), let k& be fixed and
let X(¥) be the solution of the equation

RA(PIX®) prix(-tmly — g, (2.17)
It is easily verified that

kj k) _ apwise (k-1 k ~w _ [ M} O
X)X = i (xki=D Z XUy _((510),

where
My =(I-B®hK3'Jn)™ (A- B)@hER ). (2.18)

As before, this leads us to require that the matrix Kl_ll Ji1 has its
eigenvalues in the nonpositive halfplane. Since this condition implies
convergence of (2.16) for any fixed k, it follows from (2.17) that for
sufficiently large m the iterates X(*) satisfy the relation

R*(P1XW®) p-ix(-1)y =g, (2.19)

Next, we consider the convergence of the iterates P~X(*) to the so-
lution Y in (2.2), On subtraction of (2.2) and (2.19), and ignoring
second-order terms, it follows that

PUIQK - A@hJ)P7H(X® - PY) =

P(A® (hJ — hJ*))P~Y(X(-1) — pY).,
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An elementary calculation yields

X® _ py = f(X*V - pY), = ( M © ) .
~IORIG T O
where
My = (I—A®hKG )™ (A RK T 12J 5 ) - (2.20)

Thus, the eigenvalues of the amplification matrix M are given by the
eigenvalues of

Z*(ah) i= ab(T — eh K ) K (T — Sa2),

Sa2 = Ju1 — J12J53' Ja1, @ € a(A),
(2.21)

so that the convergence condition for the sequence {X(*)} becomes
p(Z*(ah)) < 1.
Summarizing, we have the result

THEoREM 2.4 - Let B € B(A), let (1.2) be satisfied, let Z*(ah)
be defined by (2.21), and let Re (‘J(A’l—llJu)) < 0. Then, the related
method (2.16) converges, provided that p(Z*(ah)) < 1 for all o € o( A).

We recall that it is expected that this convergence theorem also applies
to the partitioned index 1 IDE method (2.15).

ExaMPLE 2.6 ~ Consider the DAE of index 1 of Example 2.4.
Since K13 = [ and Jy; = hy = O, it follows that Z*(ah) = O, so that
Theorem 2.4 implies that (2.16) converges if Re(o(/J11)) < 0. This
condition is identical with the one obtained in Example 2.4 for the
method partitioned index 1 IDE method (2.15).

The usefulness of Theorem 2.4 depends on the possibility of estimating
the quantity p(Z*(«h)). By using properties of the logarithmic norm,
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it is sometimes possible to derive sufficiently sharp estimates. Let H :=
I- ahKl—]1 Ji1. Then,

hlo|| K5 (J11 = Sa)|
max {—p[~H],-p[H]}’

p(Z(ah)) < hlal[H MBS (Ji = S22)]l <

where p[H] denotes the logarithmic norm of H.

3. Numerical examples

We solved these systems using the general IDE method (2.7), and the
partitioned IDE methods (2.14) and (2.15) when applicable. In all
cases, the corrector is defined by the four-stage Radau IIA corrector
and the predictor formula is given by YO .= EY%m), where ng)
denotes the final approximation to the stage vector obtained in the
preceding step, and FE is the extrapolation matrix of maximal order.
The matrix B is chosen either according to the diagonal matrix D
derived in [2] or the lower triangular matrix 7' derived in [3]. These
matrices are given by

0.3205 0 0 0

0 0.0892 0 0
B=D:= ,

0 0 0.1817 0

0 0 0 0.2334

0.1130 0 0 0

0.2344 0.2905 0 0
B=T:=

0.2167 0.4834 0.3083 0
0.2205 0.4668 0.4414 0.1176

Both matrices have the property that p(Z(z)) < 1 whenever Re (z) < 0.
However, for B = D the maximal value of ||Z(z)/| in the lefthand
halfplane is greater than 1 for 7 < 4, whereas for B = L, it is less
than 1 for all j. As a consequence, B = T should lead to a much more
robust iteration scheme. Furthermore, the matrices A — B that play a
role in how close the iteration methods are to the true Newton iteration
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process are given by

—0.2075 —0.0403 0.0258 —0.0099
0.2344 0.1177 —0.0479 0.0160
0.2167 0.4061 0.0073 —0.0242
0.2205 0.3882 0.3288 —0.1709

A-D=

0.0403 —0.0258 0.0099
0.0836 0.0479 —0.0160
0.0773 0.1192 0.0242
0.0786 0.1126 0.0551

o o O o

Evidently, the magnitude of A — T is considerably smaller than that of
A—-D.

Since this paper aims at a comparison of algorithmic properties of the
three IDE methods and the effect of the diagonal and triangular modes,
we avoided effects of stepsize and iteration strategies by performing the
experiments with fixed stepsizes h and fixed numbers of iterations m.
The tables of results below list the minimal number of correct signifi-
cant digits defined by.

csd := —log;q

YN = y(fN)”
y(tn)
where yn denotes the numerical solution at the end point ty, and

where the division of vectors should be understood as componentwise
division.

3.1. The Colpitts oscillator

Our first test problem is the IVP for the Colpitts oscillator specified
in [4]. This IVP of index 0 is described by an implicit ODE system
of the form (1.3) with four linear differential equations and with con-
stant, nonsingular capacity matrix Q). For such problems, the general
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IDE method and the two partitioned IDE methods are identical. There-
fore, Table 3.1 only compares the effect of the diagonal and triangular
modes. The results show that the diagonal mode performs much bet-
ter. Apparently, this problem is relatively easy, so that the increased
robustness of the triangular mode is not demonstrated.

Table 3.1. General IDE method applied to the Colpitts oscillator in
the form (1.3).

3.1a. B=D. 3.1b. B=T.
h m=3 m=4 m=5 m=6 h m=3 m=4 m=5 m=6
0.04 4.0 5.7 6.1 7.4 0.04 3.0 4.2 5.6 6.4
0.02 4.8 7.8 7.9 9.4 0.02 4.2 5.8 7.3 8.7

3.2. The transistor amplifier

The second test problem is an IVP for the transistor amplifier given
in [1] (see also [5]). This nonlinear, eight-dimensional problem of in-
dex 1 can be represented in the implicit form (1.3) with a constant,
nonpartitioned (but singular) capacity matrix @, as well as in semi-
explicit form (1.4) with d; = 5 and dy = 3. In the implicit form (1.3),
ounly the general IDE method can be applied, whereas the semi-explicit
form (1.4) allows application of all three IDE methods. In order to
facilitate a mutual comparison, the csd-values in the tables of results
refer to the accuracies of the numerical solution of the untransformed
problem (1.3).

Table 3.2. General IDE method applied to the Transistor amplifier
in the form (1.3).

3.2a. B=D. 3.2b. B=T.

h m=4 m=5 m=6 m=17 h m=4 m=5 m=6 m=17
4.10"% * * 5.7 4.107% % 6.8 6.5 6.5
2.107% 6.0 7.9 8.0 8.6 2.-107% 8.0 8.6 8.8 9.3
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Table 3.3. General IDE gmethod applied to the Transistor amplifier

in the semi explicit form (1.4).

3.3a. B=D. 3.3b. B=T.

h m=4 m=5 m=6 m=7T h m=4 m=5 m=6 m=1T
4.107% * * * 5.1 4.107*  * 5.5 6.0 6.5
2-107* 4.6 6.9 7.1 7.3 2.107% 6.6 7.8 7.8 8.4

Table 3.4. Partitioned IDE method applied to the Transistor ampli-
fier in the form (1.4).

3.4a. B=D. 3.4b. B=T.
h m=4 m=5 m=6 m=7 h m=4 m=5 m=6 m=7
4-107% 3.3 3.6 3.9 4.2 4-107* 3.8 4.0 4.3 4.7
2.107% 5.1 5.7 6.3 7.0 2.107* 5.4 6.2 6.9 7.6

Table 3.5. Partitioned index 1 IDE method applied to the Transistor
amplifier in the form (1.4).

3.5a. B=D. 3.5b. B=T.
h m=4 m=5 m=6 m="1T h m=4 m=5 m=6 m=17
4-107% 4.1 5.1 4.8 5.6 4107 4.1 4.5 5.0 5.6
2-107% 55 6.3 8.1 7.3 2-107* 5.9 6.4 7.0 7.7

Table 3.2 lists results for he general IDE method when applied to

the implicit form (1.3). It clearly shows the greater robustness of the
triangular mode. Apparently, the Transistor amplifier presents a much
more difficult problem than the Colpitts oscillator, so that the diagonal
mode fails for a small nuimnbers of iterations.
The tables 3.3, 3.4 and 3.5 present results for the three IDE methods
when applied to the semiexplicit form (1.4). Asexpected, the triangular
mode is again superior to the diagonal mode. Furthermore, we see that
for larger stepsizes, the partitioned IDE methods are more robust than
the general IDE method.
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Notice that algebraically, the results in the Tables 3.2 and 3.3 should
be identical. They only differ by the way they are computed. The
differences in these tables are due to rounding errors caused by the
transformation from the variable y to z = 55 1y and back (cf. Re-
mark 2.1).
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