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INDEX PROCEDURE CODE liNT/YR RECORD 
NUMBER 

VOLUME 3A, 

3,LINEAR ALGEBRA 
I, LINEAR SYSTEMS 

! ,FULL MATRICES 
1. SQUARE NON-SitlGULAR MATRICES 

I ,REAL NATRICF.S 
I ,GENERAL MATRICES 

!. PREPARATORY PROCEDURES 
DEC 34300 HAY/74 45 
GSSELM 34231 HAY/74 45 
ONENRKINV 34240 HAY/74 45 
ERBELN 34241 MAY/74 45 
6SSERB 34242 HAY /74 45 
GSSNRI 34252 MAY/74 45 

2,CALCULATION OF DETERMINANT 
DETERM 34303 IIAY/74 47 

J.SOLUTION OF LINEAR EOUATIOHS 
SOL 34051 HAY/74 49 
DECSOL 34301 HAY/74 49 
SOLEL/1 34061 MAY/74 49 
GSSSOL 34232 MAY/74 49 
GSSSOLER3 34243 MY/74 49 

4,MATRIX INIIERSION 
INV 34053 KAY/74 51 
DECIHV 34302 MAY /74 51 
INIJl 34235 MAY/74 51 
GSSINV 3423', HAY/74 51 
GSSINVERB 34244 MAY/74 51 

5, ITERATIVELY IMPROVED SOLUTION 
ITISOL 34250 HAY/74 53 
GSSITISOL 34251 ltAY/74 53 
ITISOLERB 34253 MAY/74 53 
GSSHISOLERB 34254 MAY /74 53 

2,SYIIIIHRIC POS DEF MATRICES 
1 , PREl'ARA TORY PROCEDURES 

CHLDEC2 34310 IIAY/74 55 
Cl!LDEC1 mu IIAY/74 55 

2 ,CALCULATION OF DETERNINANT 
ClllDETERH2 34312 NAY/74 57 
CHLDETERHl 34313 MAY/74 57 

3, SOLUTION OF LINEAR EllUATIONS 
CHLSOL2 34390 NAY/74 59 
CHLSOU 34391 HAY/74 59 
CHLDECSOL2 34392 MAY/74 59 
ClllDECSOLl 34393 HAY/74 59 

4,NATRIX INVERSION 
CHLIHV2 34400 MAY/74 61 
CHLINV1 34401 MAY/74 61 
CHLDECINV2 34402 HAY/74 61 
CHLDECIHUI 34403 MAY/74 61 

3,GEllERAL SYIIHETRIC IIATRICES 
1, PREl'ARA TORY PROCEDURES 

DECSYH2 34291 DEC/78 303 
2.CALCIILATION OF DETERIIIIII\NT 

DETERIISYll2 34294 DEC/78 305 
3, 1, 1, 1, 1, 3, 3,SOLUTIOH OF LINEAR EIJIIAT!ONS 



INDEX PROCEDURE COI1E NIH/YR RECOR[1 
NUilBER 

3, I, 1, 1, 1, 3, 3, SOLSYN2 34292 DEC/78 307 
DECSOLSYH2 34293 DEC/78 307 

2,COHPLEX MATRICES 
2, FULL RANK OVERDETERH SYSTEIIS 

1,REAL MATRICES 
!,PREPARATORY PROCEDURE£ 

LSllORTDEC 34134 HAY/74 63 
LSODGLINV 34132 MAY/74 63 

2, LEAST SQUARES SOLUTION 
LSOSOL 34131 MAY/74 65 
LSQORTDECSOL 34135 MAY/74 65 

3,IHVERSE MATRIX OF NORMAL EQN, 
LSQIIIV 34136 OCT/74 207 

4.LEAST SGRS WITH LIN, CONSTR, 
LSODECOMP 34137 DEC/78 309 
LSOREFSOL 34138 DEC/78 309 

2.COIIPLEX MATRICES 
3, OTHER PROBLEMS 

! ,REAL MATRICES 
1, SOLUTION OVERDETERMINED SYST 

SOLSVDOVR 34280 NAY/74 67 
SOLOVR 34281 HAY/74 67 

2 ,SOLUTION UNDERDETERli SYSTEMS 
SOLS\IDUND 34282 MAY/74 69 
SOLUND 34283 HAY/74 69 

3,SOLUTHJN HOMOGENEOUS EQUATION 
HOHSOLSVD 34284 MAY i74 71 
HOMSOL 34285 MAY/74 71 

4, PSEUDO-INVERSION 
PSDINVSVD 34286 MAY/74 73 
PSDHIV 34287 MAY/74 73 

2,CONPLEX MATRICES · 
2,SPARSE MATRICES 

1, DIRECT HETHODS 
l ,REAL IIATRICES 

! ,NON-SYMMETRIC MATRICES 
1, BAND MATRICES 

! ,PREPARATORY PROCEDURES 
DECBN[1 34320 JUN/74 75 

2,CALCULATION OF DETERMINANT 
DETERHBND 34321 JUN/74 77 

3,SOLUTION OF LINEAR EQUATIONS 
SOLBND 34071 JUN/74 79 
DECSOLBND 34322 JUN/74 79 

2, TRIDIAGONAL MATRICES 
1, PREPARATORY PROCEDURES 

DECTRI 34423 JUN/74 81 
DECTRIPIV 34426 JUN/74 81 

2,CALCULATION OF DETERMINANT 
3,SOLUTION OF LINEAR EQUATIONS 

SOL TRI 34424 JUN/74 83 
DECSOLTRI 34425 JUN/74 83 
SOLTRIPIV 34427 JUN/74 83 
[IECSOL TRIPIV 34428 JUN/74 83 

3, 1, 2, 1. 1. 1, 3,BlOC-TRIDIAGONAL MATRICES 



INDEX PROCEDURE CODE MNT ';R RECvRn 
!WMBEF· 

3, I. 2, 1, 1. 2, SYMMETRIC POS DEF MATRICES 
1.BAND MATRICES 

! , PREPARATORY PROCE!IURES 
CHLDECBND 34330 JUN/74 85 

2.CALCULATION OF DETERMINANT 
CHLDETERHBND 34331 JUN/74 87 

J,SOLUTION OF LINEA~ EQUATIONS 
CHLSOLBND 34332 JUN/74 89 
CHU1ECSOLBND 34333 JUN/74 89 

2, TRIDIAGONAL MATRICES 
1.PREPARA TORY PROCEDURES 

DECSYMTRI 34420 JUN/74 9i 
2, CALCULATION OF DE TERfHIIA~T 
3,SOLUTION OF LINEAR EOUATI01'8 

SOLSYMTRJ 34421 JUNf74 91 
·" 

DECSOLSYHTRI 34422 JUN/74 93 
3,BLOC-TRIDIAGONAL MTR!CES 

2.CONPLEX IIATRICES 
2, !TERA TI VE METHODS 

1, REAL MATRICES 
CONJ GRAD 34220 JUN/74 95 

2,COHPLEX MATRICES 

VERSION! 791231 
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CmHPIR!JT(lRI J.c.P. BUS AND P. A. BEENTJES. 

IN'>TITIITi:1 MATHH1ATICAL Cl::NiREo 

RECEIVEns 73083t. 

BRIEF DESCRIPTION! 
THIS SECTION CONTAINS SIX PROC~DUReSs 
Al DEC PfRFORMS A TRIANGULAR DECJMP□ SITI □N WITH PARTIAL PIVnTING; 
Rs GSSfLM PERFORMS A TRIANGULAR DECOMPOSITION WITH A COMBINATION OF 

PARTIAL AND COMPLETE PIVOTING; 
Cl nNENRMINV n~LIVERS THE 1-NORM OF THE INVERSE OF A MATRIY WHOSE 

TRIANGULARLY DECOMPOSED FORM HAS BEEN DELIU~RED BY DEC OR GSSELMt 
Os ERBELM CALCULATfS A ROUGH UPPERROUND FOR THE SOLUTION OF A LINEAR 

SYSTFM WHOSE MATRIX IS TRIANGULARLY DECOMPOSED BY GSSELM; 
[: f.SSF.RR PERFORMS A TRIANGULAR OECOMPOSTION OF THE MATRIX OF A 

LINEAR SYSTf~ ANO CALCULATES AN UPPERBOUND FOR THE RELATIVE ERROR 
OF THE SOLUTION OF TYAT SYSTEM; 

Fs GSSNRI PERFORMS A TRIANGULAR D~CDMPOSITION AND CALCULAT~S TH~ 
1-NOR" OF THE INVERSE MATRIX; 

THi MiTHOD USEO IN DEC AND GSSELM YIELDS A LOW~R-TRIANGULAR MATRIX 
L AND A UNIT UPPER-TRIANGULAR "ATRIX U SUCH THAT THE PRODUCT 
LU EQUALS THE GIVSN MATRIX WITY PERMUTED ROWS (O~C) OR ROWS AND 
C8LUMNS IGSSELM}; IN oec. ONLY PARTIAL PIVOTING IS USED ([~], 
[4, P.115], rs. p~~Ol]); THE PIVOTING STPATEGY IN GSSELM IS 
A COMBINATION OF PARTIAL AND COMPLETE PIVOTING ([21, [l])t IN THIS 
STRATEGY THE PROCESS WILL SWITCH TO COMPLETE PlVOTlNG IF PARTIAL 
PIVOTING MIGHT NOT YIELD STABLE RESULTS: SO IN GSSELM THE 
EFFICIENCY OF PARTIAL PIVOTING IS COMBINED WITH THf STABILITY OF 
COMPLETfc PIVOTINGI 
SINCE• IN EXCfPTIDNAL CASES, PARTIAL PIVOTING MAY YIELD USELESS 
RESULTSe EVEN FOR WELL-CONDITIONED MATRICES, THE USER IS ADVISED TO 
USf GSSELM3 MOW~VER, IF T~E NUMBER OF VARIABLES IS SMALL RELATIVE 
TO THi: NllMBER OF BINARY DIGITS IN THi:: MANTISSA C 48 FOR 'f'H1° CYBER ) P 

THEN OEC MAY ALSD R~ USED; 

LII DECOMPOSITION• 
TRIANGULAR DFCOMPOSITION, 
GA!!SSUN FlIMINATim,ie 
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SUBSECTION! OfCo 

CALLING SiOU&NCft 

THF HEADING OF THIS PROCEDURE IS• 
11 PROC&DURF 11 DECCA, N» AUX, PI; "VALUE" Nl 
11 INTEGER 11 N: 11 ARRAY 11 A, AIJX; 11 INTEGER 11 "APRAY 11 P; 11 CODF." 3430(H 

THE 
Ai 

NI 

AUX1 

MEANING OF THE FORMAL PARAMETERS IS1 
<AR~AY IDENTIFIER>; 
8 ARRAY 11 A[lSN,laNJ; 
ENTRYITHE MATRIXs 
~XITITHe CALCULATED l □WcR=TRIANGUlAR MATRIX AND UNIT 
UPPERTR[ANGULAR MATRIX WITH ITS UNIT DIAGONAL OMITTEDI 
<ARITHMETIC EXPRESSION>; 
THE ORDER OF THE MATRIXs 
<ARRAY IDENTIFIER>; 
"ARRAY 11 AUX[li3]; 
ENTRY I 
AUX[2]1 A RelATIVE TOLERANCE; A REASONABL~ CHOICE FOR THIS 

VALUE IS AN ,sTIMATE OF THE RELATIVE PRECISION OF 
THf MATRIX ELEMENTS; HOWEVER, IT SHOULD NOT BF. 
CHOSEN SMALLER THAN THE MACHINE PRECISION; SEE 
METHOD AND PERFORMANCE! 

!:HTs 
AUXfl]t IF R IS THE NUMBER OF ELIMINATION STEPS 

(SEE AUX[3ll, THEN AUX[l] EQUALS 1 
DETERMINANT OF THE PRINCIPAL SUBMATRIX OF 
IS POSITIVE, ELSE AUXCll n =li 

PERFORMED 
IF THF 

ORDER R 

AUX[313 THE NUMBER OF ELIMINATION STiPS PERFORMED; IF 
AUXC3l < N THEN THE PROCESS IS BROKEN OFF 8ECAU5E 
THE SELECTen PIVOT IS TOO SMALL RELATIVF. TO 
THE MAXIMUM OF THE EUCLIDEAN NORMS OF THE ROWS OF 
THE GIVEN MATRIX; 

<ARRAY IDENTIFIER>; 
"INTEGER""ARRAY" P[ltNli 
EXITITHE PIVOTAL INDICES. 



PRf'ICEOllRES USE08 

MATMAT • CP34013, 
MATTAM m CP3401?, 
ICHROW@ CP!40!2o 

(FEBRUARY 197q1 

A RF.Al ARRAY OF ORDER N IS DECLARED. 

RUNNING TIMEa PROPORTIONAL TON•• 3a 

METHOD ANO PERFORMANCF.1 

PAGE 3 

THi MET~OD USED IN nee IS TRIANGULAR DECOMPOSITION WITH STABILIZING 
ROW INTERCHANGES, ALSO CALLED "PARTIAL PIVOTING"; SEE ALSO f3,Po1Q1 
ANO C5,P.201'l,. 

Eli'Al"PLF OF use, SEE DECSOL (SECTION 3.1.1.1 .. 1 .. 1.3>,, 
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SUFISECTIONI GSSF.LM 

CALLING SEOUENCf& 

THE HFAOING OF THIS PROCEDURE ISs 
"PROC~DURi" GSSELM<A• N• ALIX• Ria CI); "VALUE" Nt 
"INTEGER" ~3 "ARRAY" A. AUX; "INTEGER" "ARRAY" RI• Cit"CODE" 342~1; 

THE MEANING nF THE FORMAL PARAMETERS IS! 
Aa <ARRAY IDENTIFIER>g 

"ARRAY" A[l1N•lBN1B 
ENTRYITHE N=TH ORDER MATRIX; 
EXIT! THE CALCULATED LOWl'R=TRUNGULAR MATRIX AND !!NIT 
UPPERTRIANGULAR MATRIX WITH ITS UNIT DIAGONAL □ MITTED; 

Ni <ARITHMETIC EXPRESSION>; 
THE ORDER OF THE MATRIX; 

AUXI <ARRAY IDENTIFIER>; 
"ARRAY" AUX[l17]3 
ENTRYI 
Auxr21, A RELATIVE TOLfRANCE; A Ai:ASONABLE CHOICE FOR THIS 

VALUE IS AN ESTIMATr nF THE RELATIVE PRECISION OF 
THE MATRIX rLEMENTSw HOWEVER» IT SHOULO NOT ~E 
CHOSeN SMALLER THAN THE MACHINE PRECISION; SEE 
METHOD AND PERFORMANCE; 

AUX[4]t A VALUE WHIC!-1 IS USED FOR CONTROLLING P'l'IIOTII\IG; 

EXIT1 

USUALLY» AUXC4J., 8 WILL GIVE GOOD RESULTS$ SEE 
METHOD AND PERFORMANCE; 

AUX[l]! IF R IS THE NUMBER OF ELIMINATION STEP! PERFORMED 
ISEE AUX[11>P TMEN AUX[ll EQUALS l IF TME 
DETERMINANT OF THE PRINCIPAL SUBMATAIX OF ORDER R 
ts POSIT!V~, ELSE AUX[ll w =ls 

AUX[3]! THE NUMBER OF ELIMINATION STEPS PERFORMED; IF 
AUXC3] < N THEN THE PROCESS HAS BEEN BROKEN OFF~ 
BECAUSE THE SELECTED PIVOT IS TOO SMALL RELATIVE Tn 
THE MAXIMUM OF THE MODULI OF eLEMENTS OF THE GIV~N 
MATR U; 

1uxr~1a THE MODULUS OF AN ELEMENT WHICH IS OF NAXI~UM 
ABSOLUTE VALUE FOR THE MATRIX WHICH HAD BEEN GIVEN 
IN ARRAY A; 

AUJ<£7H AN IJPPCR BOUND FOR THE GROWTH !I@ E., THE MODIJLUS !JF 
AN FlEMENT WHICH IS OF MAXIMUM ABSOLUTE VALUE FOR 
THE MATRICES OCCURRING DURING ELIMINATION)# 

RI& <ARRAY IDENTIFIER>; 
"INTEGER""ARRAY" Rl[lsNJ; 
EXITt THE PIVOTAL ROW~INDICES3 

f.Im <ARRAY IDENTIFIER>; 
"INT~GER""ARRAV" CI[liN]; 
EXIT! THE PIVOTAL COLUMN~INOXCES; 



PllOCEOUR!:S USED1 

ROWC ST 
HMA(IW 
l'!Al/lHMROW 
ICHCOl 
ICHIHJW 
ABS MAX MAT 

" CP31B2o 
"' CP'34024e 
'"CP:114025» 
" CP34(.j31» 
" CPHO:l2» 
"CP3106~ .. 

REQUIRED CENTRAL MEMORY! NO EXTRA AllAAY5 AIE DECLAR&De 

RUNNING TIME! PRnPORTIONAL TON•• 3 .. 

MFTHOO AND P~AFORMANC~s 
THf PROCESS OF GAU~SIAN ELIMINATION IS PERFORMED IN AT MOST N ~TEPS 
9 WHERE N OF.NOTES THE ORDER OF THE ~ATAIXs PARTIAL PIVOTTNG WILL ~E 
us~o AS LONG AS TI-U: CALCULATED UPPER B □ llND FOR THE GROWTH u:n, 
[11>• IS LESS THAN A CRITICAL VALUE THAT EQUALS AUXf.4] • N TIMfS 
THF MODULUS OF AN el~MENT WHICH IS OF MAXIMUM ABSOLUTE VALU~ FryR 
THE GIVEN MATRIX; 
IN THE PARTIAL PIVOTING STRATEGY, THAT ELEMENT IS CHOSF.N AS 
PIVOT IN THE K-TH STEP• WHOSE ABSOLUTE VALUE IS MAXIMAL 
FOR THE K-TH CnLUMN OF THE LOW~R-TRIANGULAR MATRIX L; HOWEVER, IF 
THE UPPER BOUND FOR THE GROWTH &XCEEDS THIS CRITICAL VALUE IN THE 
~-TH STEP• THEN A PIVOT IS 5flfCTED IN THE J=TH STEP IJ m K••••• NI 
• IN SUCH A WAY, THAT ITS ABSOLUTE VALUE IS MAXIMAL FOR THE 
REMAINING SUBMATRIX OF ORDER N = K + l ICOMPl~T~ PIVOTING!; 
SINCE IN PRACTICE, IF WE CHOOSE AUX[4l PROPcRLV, THE UPPER BOUND 
FOR THf GRO~TH RARELY EXCEEDS THIS CRJiJCAL VALUE ([2la [4l>& WE 
WILL USUALLY TAKE ADVANTAGE OF THE GREATER SPcED OF PARTIAL 
PJVnTING (ORDER N = K + l IN THE K=TH STEP), WHILE IN A FEW 
DOUBTFUL CASES NUMERICAL DIFFICULTIES WILL BE RECOGNIZED AND THF 
PROCESS WILL SWITCH TO COMPLETE PIVOTING ( □ADER 
(N = K + 1l ** 2 IN THE K=TH STEP>; 
USING GSSELMoTHE UPPER ijQUND FOR THt RELATIVE ERROR IN THE SOLUTION 
OF A LINEAR SYSTEM €[41» [5])e WILL BE AT MOST AUX[4] * N TIMES THE 
UPPER BOUND USING GAUSSIAN ELIMINATION WITH COMPlET• PIVOTING ONLY; 
USUALLY• MOWEVER, THIS Will BE A CRUDE OVERESTIMATE; 
ii-IF CHOICE AlJH4] < l I N WILL RESULT :l'N COMPLETE PX VOTING ONl Y 
r, WHILE PARTIAL PIVOTING WILL BE USED IN EVERY STEP IF WE C400SE 
AUlH4] > (2 ** (N ,.. l> l / N3 USUAll y,, AUXC4] '" e WILL GIVr. 
GOOO R!:SlllTS ![2], Cl.JI; 
T4!: PROCESS WILL ALSO SWITCH TO COMPLETE PIVOTING IF THE ~nDULUS a~ 
T~f PIVOT OBTAINED WITH PARTIAL PIVOTING IS LESS THAN A CERTAIN 
TOL~RANCE. WHICH EQUALS TME GIVEN RELATIVE TOLERANCE AUX[2J TIMES 
TH~ MODULUS OF AN ELEMENT WHICH IS OF MAIIMUM ABSOLUTE VALUE FOR 
T4~ GIVEN MATRII; IF All ELEMENTS IN THE REMAINING SUBMATRIY ARE 
SMALLER IN ABSOLUTE VALUE THAN THIS TOLERANCE THEN THE PROCESS IS 
BRnKEN OFF AND THE PREVIOUS STEPNU"BER IS DELIVERED IN AUX[!li 
IN CONTRAST WITH THE METHOD USED IN DEC (THIS S~CTIONI, ~O 
tOUILIBRATINr. IS DONE IN THIS PIVOT!Nf. STRATEGY; THE USF.R HIMSELF 
HAS TO TAKE CARE FOR A REASONABLE SCALING OF THE MATRIX ELEMENTS@ 



SUBSECTIONS ONF.NRMINV. 

CALLING SEOUENCEa 

THt HcAOING OF THIS PROCEDURE IS 
"REAL" 11 PROCEDIJRE 11 ONENFIMINV(A, NH "VALLIE" Ns 
"INTEGER" N3 "ARRAY" A; "CODE" 342401 

PAGE 6 

ONENRMINVa• THE l=NORM OF THE CALCULATED INVERSE OF THE MATRIX, 
WHOSE TRIANGULARLY DECOMPOSED FORM IS GIVfN IN ARRAY AS 

THE MEANING OF THE FORMAL PARAMETERS !Sa 
A@ <ARRAY IDENTIFIER>; 

"ARRAY" A[11N,l!N]; 
ENTFIYa 
THE TRIANGULARLY DECOMPOSED FORM OF A MATRIX, AS DELIVERED 
8Y GSSELM OR DEC !THIS SECTION); 

NI <ARITHMETIC EXPRESSION>; 
THE ORDfR OF THE MATRIX• WHOSE TRIANGULARLY DECOMPOSEO 
FORM HAS BEEN GIVEN IN ARRAY Ae 

PRl1CF:OURES lJSF.D a 

MATVEC • CP34~llo 

REOUIRfD C~NTRAL MEMORY! 

ONF REAL ARRAY OF ORDER N IS DECLARED. 

RUNNING TIME I 

METHOD AND PERFORMANCE• 

THE INVERSE OF THE MATRIX WHOSE TRIANGULARLY DECOMPOSED FORM• AS 
DELIVERED BY GSSELM OR DEC, HAS BEEN GIVEN IN ARRAY A, IS CALCULATED 
WITH FORWARD AND BACK Sl!BSTITUTIO~ (C3l•C4),[5])t ONLY TYE 1-NOR~ OF 
THIS INVERSE IS OELIVtRED BY ONENRMINVt THE ELEMENTS OF ARRAY A 
REMAIN UNALTERED. 
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CALLING SEQUENCES 

THE HEADING OF THIS PROCEDURE IS: 
"PROCEDURE" ERRELMfN, AUXs NR~INVJ; "VALU[" N• NRMINVi 
"INTEGER" Na "REAL" NRMINV3 "ARRAY" AUit "CODE" 94241; 

THE MEANING OF THE FORMAL PARAMETERS IS: 
N1 <ARITH~(T!C EXPRESSION>; 

AUX i 
THE ORDER 1F THE LINEAR SYSTEM IN 
<ARRAY IDENTIFIER>; 

CONSIDCR.ATIO!U 

"ARRAY" Aurcm111J; 
ENTRY I 
AUXl:1:il s 
AUX[5Js 

AUX[nm 

l:X I1 I 

THE MACHINi PRFCISION; 
THF MODULUS OF AN ELEMENT, WHICH 
ABSOLUTE VALUE FOR THE MATRIX OF THE 
THIS VALUE 15 DELIVERED BY GSSEL~ 
SECTION); 

IS OF MAllJMU\'1 
LINEAR SYSTEl'U 

JN AUXC 5] ('fl-lIS 

AN UPPER BOUND FOR THE RELATIVf ERROR IN THE 
ELEMENTS OF THE MATRIX OF THE LINEAR SYSTEM! 
AN UPPER BOUND F~R THE GROWTH DURING GAUSSIAN 
iLIMINATION; THIS VALUi IS DILIVERED IN AUX[7l BY 
GSSELM ITHIS SECTION); 

AU~[q]a THE VALUE OF NR~INVS 
AUXrJl]& A ROUGH UPPER BOUND FOR TMi RlLATIVE ERROR I~ TNF 

SOLUTION OF A LINEAR SYSTEM WHEN CAUSSIAN 
ELIMINATION IS USED FOR THE CALCULATION OF THIS 
SOLUTION; IF NO USE CAN BE MADE OF THE FORMULA FOR 
tHE ERROR BOUND ISEEa METHOD AND PERFOR"ANCEle 
BECAUSE OF A VERY BAD CONDITION OF THE MATRIX, THSN 
AUXfUJ z., .. H 

NRMINV1 <ARITHMETIC E~PRESSION>t 
THE l=NORM OF THE INVERSE OF TH£ MATRIX OF iHe LINEAR 
SYSTfM MUST Bf GIVEN IN NRMINVt T~IS VALUE MAY Bf nBTAINED 
BY ONENRMINV !THIS SECTIONl@ 
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PRnCEDURES USED: NONH. 

RFOUIRfD CF.NTRAL MEMDRV: NO EXTRA ARAYS AR~ D~CLARED ■ 

MfTHOO ANO PERFOR~ANCEs 

WHEN CALLEO AFTER QSSELM, ERRELM WILL CALCULATE A ROUGH UPPER BOUND 
FOR THE RELATIVE ERROR IN THE SOLUTION OF THE LINEAR SYSTEM• WHOSE 
MATRIX HAS REEN DECOMPOSED INTO TRIANGULAR FORM BY GSSELM ITMIS 
SECTinNI• BY 1[31, f4l, (51)1 

NOPM<OlO I NORM<Xl <• ·1> I (1 - Ph, 
WHERE s P • O * NORM(C) I 11 - 0 * NORM(Cll; 

0 • G $ 1 ■ 75 * N ** 3 + 4 ■ 5 * N ** 21 $[PS+ EPSA» 
C IS THE CALCULATED INVERSE OF THE MATRIX, 
G TH~ UPPfR BOUND FOR THE GROWTH DURING GAUSSIAN 
ELIMINATION, AS DELlVfRED BY GSSELM (THIS SECTION), 
N THE ORDER OF THE MATRIX, 
~PSA AN UPP~R BOUND FOR THE RELATIV~ ERROR IN T4E ~ATRIY 
fLEMFNTS, 
iPS THI: MACHINE PRtCISION AND 
NORMlol DfNOTeS THt 1-NORM. 

THIS PROCt=OIJRE IS I.ISE:D IN !:.G. GSSERB tTHTS SECTION) AND GSSit>l11ERB 
!SECTION 1olelel.1.1.4) 

~XAMPL~ 1F USit SiE GSS50LCRB !SECTION 3elelol ■ lelell• 
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CALLING SEOU~NCEI 

THE HEADING OF Trl!S PROCEDURE ISs 
"PROCEDURE" GSSERBCA, N, AUX, RI, CI); "VALUE" N; 
"INTEGER" N: ttARRAYtt A• AUX; "INTEGER" "ARRAY" Rie Cii "CODE" 34242! 

THE MEANING nF THE FORMAL PARAMETERS IS• 
At <ARRAY IDENTIFIER>; 

"ARRAY" A[llN,ltN]J 
F.NTRYsTHE MATRIX TO BE DECOMPOSl:Dt 
FXITa TM~ CALCULATED LOWER-TRIANGULAR MATRIX AND UNIT UPPER 
TRIANGULAR MATRIX,W!TH ITS UNIT DIAGONAL OMITTED; 

Ni <ARITHMETIC EXPRESSION>; 
THE ORDER OF THE "ATRIXI 

AUX: <ARRAY IDENTIFIER>; 
"ARRAY" AUX[Otllll 
ENTRYs(SEE ALSO GSSELM IN THIS SECTION); 
AIJXWH THE MACHINE PRECISION# 
AUX[2]1 A R,lATIVE TOLERANCE! 
AUX[4lt A VALUE WHICH IS USED FOR CONTROLLING PIVOTING; 
AUXfh]I AN UPPER ROUND FOR TMF RELATIVE PRECISION OF TME 

MATRIX HEMHHS I 
EXITS 
AUXC111 IF R IS THE NUMBER OF ELIMINATION STEPS PERFORMED, 

Alll<Cll EOUALS l IF THE DETERMINANT OF THE Pl?INCl'PAL 
SUBMATRIX OF ORDER R IS POSITIVi, cLSE AUX[ll ~ ~11 

AUX[3ls THE NUMBER OF ELIMINATION STEPS PERFORMED; 
AUX[5]l THE MODULUS OF AN ELEMENT, li/HIC!-1 !S OF MAXIMUM 

ABSOLUTE VALUE FOR THE MATRIX ~HICH HAS REEN GIVEN 
IN ARRAY A; 

AUXF71S AN UPPER BOUND FOR THE GROWT4B 
AlJXCQ]I IF AUXC3l • N, THl:N AUXf9] WILL lQUAL THE l .. NORM OF 

THE INVERSE MATRIX, EL5E AUXC9J WILL BE UNDEFINED; 
AUX[lllr IF AUX[3] • N, THEN THE VALUE OF AUX[lll WILL BE A 

ROUGH UPPER BOUND FOR THe RELATIVE ERROR IN THE 
SOLUTION ~F LINEAR SYSTEMS WITH A MATRIX AS G!VeN 
IN ARRAY A, ELSE AUXClll WILL BE UNDEFINED; IF NO 
USE CAN BE MADE OF THE FORMULA FOR THE ERROR BOUND 
AS GIVEN ABOVE (SUBSECTION ERBELMI, BECAUSE ~F A 
VERY BAD CONDITION OF THE MATRIXD THEN AUX[llJ@m=li 

RI1 <ARRAY IDENTIFIER>; 
"INTEGER""ARRAY" RI[ltN]; 
fXIT@ THE PIVOTAL ROW=INDICESo 

CI: <ARRAY IDiNTIFIER>; 
"INTEAER""ARRAY" CI[lsN); 
EXITt THE PIVOTAL COLUMN-INDICESe 

PRflCl:'DURES lJSEOt 

GSSHM 
ONENRM INV 
F.RBHM 

• CPl42:He 
• CP3424ii'.l» 
• CP34~41o 
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RFOtJIR,,::o Cfl\lTRAL M€MORY& Nf1 El(TRA ARRAYS ARE DECLARED. 

RUNNING TIME: PROPORTIONAL TON•• 3e 

METHOD AND PFRFORMANCEs 

GSS~RB USES GSSELM (THIS SECTIO~> TO 
DECOMPOSITION OFT~~ MATRIX GIVEN IN 
ON~MPMINV (THIS SECTION) TO CALCULATE 
RELATIVF ERROR IN THE SOLUTION OF LINEAR 
GTV~N [N ARRAY A: IF AUXC3] < N, T4EN 
MERFLY THAT OF GSSFLM. 

PERFOR~ THE TRIANGULAR 
ARRAY A AND !R~ELM AND 

AN UPPER BOIIND FOR T4F 
SYSTEMS WITH A MATRIX AS 

THt cFFECT OF GSS~RR IS 

EXAMPL~ OF US!t S~f GSSSOLERB (SECTION 3ele1el ■ lele3)o 

SUBScCTTONt GSSNRI 

CAllrNG SEOUENCEs 

THE HEADINR nF THI~ PROCEDURE IS: 
"PROCEDURE" GSSNRICA, N, AUX, RI, CII: "VALUE" NJ 
"INTfGER" Ns "ARRAY" A* AUX: "INTlGER" "ARRAY" RI, CI; "CODE" ~42~,; 

All)(! 

Mi:ANING OF THi: FORMAL PARAMF.Tti~S IS I 
<ARRAY IDENTIFIER>; 
"ARRAY" AfltN»lBNlJ 
ENTRYsTHE. MATRIX TO Bf DECOMPOSED; 
EXIT: THE CALCULATl:D LOWt:R=TRIANGUlAR MATRU AND l_lNTT HPPER 
TRIANGULAR MATR!X,WITY ITS DIAGONAL OMITTED; 
<ARITHMETIC EXPRESSION>; 
TME ORDER OF THE MATRIX# 
<ARRAY IDENTIFIER>; 
"ARRAY" AUX[1so1; 
FNTRYsCSEE ALSO GSSELM IN THIS SECTION); 
AUXr21t A RfLATIV~ TOLF.RANCE; 
AUX[4]1 A VALUE USED FOR CONTROLLING PIVOTING; 
i:xns 
AlfXCl 1 r 

AUX[3]S 
AUXPilt 

AUX[7'.!i 
AIJ)([Q]I 

IF R IS THE NUMBER 
THEN AUX[ll eOUALS 
PRINCIPAL SUBMATRI)( 
AUX[l] " -l; 

OF ELIMINATION STEPS PERFORMED, 
l IF THE DET~R~INA~T OF T~E 

OF ORDER R IS POSITIV~, ELSE 

THE NUMBER OF El!~INATIO~ STEPS PERFORMED; 
THF. MODULUS OF AN eLEMcNT, WHICH IS OF MAXIMU~ 
ABSOLUTE VALUE FOR THE MATRIX ijHICH HAD ijE~N GIVEN 
IN ARRAY Ag 
AN UPPER BOUND FOR T4E GROWTHS 
IF AUX[3l • N, TH~N AUX[9l WIL EQUAL TH~ l•NORM OF 
THE INVERSE MATRIX, ELSE AUXC9] WILL ~E UNDEFINED; 



RII <ARRAY ID~NTIFIER>3 
"INTEGFR""ARRAY" RI[ltN]; 
EXITz THE PIVOTAL ROW INDICES. 

Clt <ARRAY IDENTIFicR>; 
"INTEGER""ARRAY" CI[liN]; 
eXITz TI-IE PIVOTAL COLU'4N INDICES., 

PROCFDURES USE:[)i 

GSSHM 
ONf:NRMINV 

., CP34231, 

., CP34'4il!o 

RF.OUIRED CENTRAL MtMORYi NO EXTRA ARRAYS ARE OEClAREDm 

IHINNINf. TIMf: PROPORTIONAL TO N U :lo 

MFTHOO ANO PERFORMANCES 

PAGE :U 

GSSNRI USES GSSILM !THIS SECTION! TO PERFORM THE TRIANGULAR 
OfCOMPOSITION OF THf. MATRIX GIVEN IN ARRAY A AND ONENRMINV {THIS 
SECTION) TO CALCULATE THE 1-NORM OF THE INVERSE MATRIX; IF 
AUXC3) < N, THEN THE EFFECT OF GSSNRl !S NERELY THAT OF GSSELM 
«THIS si:cr:rmu. 

EXAMPLt nF USFi SFf: r.SSITISOLER8 (SECTION 3.1.1.1.1.1.s,. 
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SOURCt: TEXHS>1 

"CODE" 34300: 

{MAY 1974) 

"PROCEDURE" nfC(A• Ne AUX, PI; "VALUE" Ns "INTEGER" Ni 
11 ARRAY" A• Alllll "IIIITEGER 11 "IIRRAY 11 P; 
11 Bic1HN" ll!NTfGER 11 Io K, Kl, PK, O; 

"PEAL" Ro s. EPSJ 
"ARRAY" VC :UNH 
"REAL" "PROCEDURE" MATMATIL• U• I• J• A• B); "CODE" 34013¥ 
11 REAl" "PROCEDIIRE 11 MATTAMll, U.11 Ie J, A, B); "CODE 91 34t015J 
"PROCEDURE" ICHROW(L. u. r. J. A)& "CaOE" 34~!23 
R1,. "'13 
11 FOR 11 Ite l "STEP" l "UNTIL" N 11 00 11 

"BEGIN" Sam SQRTIMATTAM(l,N.11I•IaA,A}lg 
11 IF" S > R "THfN" Rtm S; VCI11 .. 1/S 

11EN0 11 ; 

EPSI• AUX[?l • R; Dim 13 
11 FOR" Kim 1 "STEP" 1 "UNTIL" N "DO" 
"BEGIN" Rim - 1: Kiz,. K - l; 

"FOR" 11 5 K "STEP" I "UNTIL" N "00" 
"B£GIN" ACI.KJim A[I,KJ .. MATMAT(l, Kl, I, K, A, Alt 

Si• ABS{A[I,Kll • V[I]; "IF" S > R "THEN" 
"REGIN" RI• Si PKI• I "END" 

H;:ND" LOWER; 
P[K]!m PK; V[PK1t• VCKJ; Sim ACPK,K]; 
"IF" ABS(SI c EPS "THEN" "GDTD" ENDS 
"IF® S c O "THEN" Die -Di "IF" PK •u K "THEN" 
"REGIN" Dim - D; ICHROWCI, N, K• PK, Al "END"! 
"FOR" Is• K + l "STEP" l "UNTIL" N "00" 
Arn ... n1 .. (ArK .. :n .. MATMAT!lP Kl.t K, I,,. ,0) Is 

11 END" LU; 
KU N + ls 

END! AUXClHm D; AUXC31&m K .. l 
"!!:ND" DEC; 

19EOP 11 

••coor,w 31+231; 
"PROCEDURE" GSSELMCA, N, aux, RI, Clli "VALUE" NU "INTEGER" Ni 
11 ARRAYN A,, A!JXB 
11 INTEGER" "ARRAY" RI.11 CI3 
"REGIN" N[NTEGERN I, J• Pe Q, Re Rl• JPIV• RANK, SIGNDETi 

"REAL" CRIT. PIVOT. RGRaw. MAX. AID. MAXl. EP5$ 
"BOOLEAN" PARTIAL; 
"PROCEDURE" ELMROW( La lh, I» Ja lo 09 X>; 11 CODE 11 34i024! 
11 INifGER" 11 PROCEDURE" MAXEl~ROW«l» u. I» J, A» B, ~»m 
ilCIJDfn 34025! 
11 PROCEDIIIU: 11 ICl-lCOLI l, Ug '.h J. Al; "CODE" 34'.0:11; 
11 PROCEDURE" ICHROWiL• Ua I• Ja A); "CODE" !4D:!2t 



I DECEMBER 1979) 

"PROCEDURE" ROWCST<L• U, !, A• Xl; "CODE 11 j11!2; 
"REAL" "PROCErnlRE" ABSMAIMAT(LR, UR. LC, uc. r. J. A); 
11CODE 11 3106Cla 
AUX[5Js• RGROWZ• ABSMAXMAT(l• N• 1, N. I, J, A); 
CRIT1• N + RGROW • AU1[4]; EPS!e RGROW * AU~[?]; MAXlm Oi 
RANKt• Nt SIGNDET•• 11 PARTIALB• RGRDW A• o, 
11 FOR 11 QS• 1 "STEP" l "UNTIL" N 110011 "IF" Q A. J "THF.N" 
"BEGIN" AIOI• ABS(A[l,Ol)t 

11 IF" AID> MAX 11 THEN" MAXsw AID 
1t!;ND 11 : 

RGROWt• RGRO~ + MAX; 
11 FOR 11 RI• 1 "STEP" 1 11UNTIL 11 N 110011 
11 BEGIN 11 Rll• R + l; 11 1F" I A• R "THEN" 

11 BEG[N 11 SIGNDETI• - SIGNOETI ICHRaw11. N, R, I, Al "EN0 11 W 
"IF" JA. R 11 THE~ 11 

11 BCGIN 11 SIGNDETt• • SIGNDET; ICHCOL(l, N, R, J, A) 11END 11 ; 

RI[R]I• I: CI[R]a• J; PIVOTI• ACR,R]; 
"IF 11 PIVOT< 0 11 THEN• SIGNDETs• = SIGNOET! 
"IF• PARTIAL •THEN• 
"BEGIN" MAXI• MAXl&m Q; Jim Rl; 

R~WCST(Rl, N, R, A, l I PIVnT)B 
•FOR• PI• Rl "STEP• l 11UNTIL" N •oon 
11 1-lEG!N" i:LMROW (Rl, N, P, R, A, A» - ArP,RJ) ! 

AIDE• ABSIA[P;Rl11B "IF" MAX c AID "THEN" 
11 8EGIN" MAXs• AIDt I&• P 11 END"# 

11!:ND 11 ; 

11 FOR 11 01• Rl + 1 "STEP" l "UNTIL" N 11 D0 11 

"BEGIN• AIDS• ABS(AtI»0l)i 
•IF 11 MAXl < AID 11 THEN 11 MAil!• AID 

11£:ND"; 
AIDI• RGROWJ RGROW1• RGROW + MAXll 
"IF• RGROW > CRIT "OR" MAX< EPS "THEN" 
11 BEGIN 11 PARTIALte 11 FAL~E"t RGROWt• AIDI 

MAXr• ABSMAX~AT(Rl» N• Rl, N, I, J, A) 
ttf:ND 11 

11END 11 PARTIAL P!VOTINGSTEP 
11 ELSE 11 

11 BEGIN" IIIF" MAX <m EPS 11 TH~N" 
11 8F-GIN 11 RANK:• R - l; 

11 IF 11 PIVOT< 0 "THEN" SIGNDETI• - SIGNOET1 11 GOTD 11□UT 
•ENO"; 
MAlCI• = l; 
ROWCST(Rl, N, R, A, l / PIVOT>s 
"FOR 11 Pt• Rl "STEP" l "UNTIL" N "DD 11 

"BEGIN11 JPIVs• MAXELMROW(Rl, N, P, R, A1 A,• A[P,R]); 
AID&• ABSIACP,JPIVJJ; "IF" MAX< AID "THEN" 
"BFGIN 11 MAXsm AID; !I• Pi Ji• JPIV 11 END 11 

"1:N0 11 ; 

"IF" RGRQW < MAX 11THEN 11 RGROW:• MAX 
11ENO" COMPLETE PIVOTINGSTEP 

weND 11 ElIMINATIONSTEPJ 
OIJ'ft AUHlJ:• SIGNDf!T; AUIC3]: .. RANK; AIJX[7]:" RGROW 
"EN0 11 GSSHM: 

11EOP II 



SECTION& 3.1.1.1.1.1.1 

19CODE 11 14240# 
19 REAL 19 "PROCFOIIRE 19 ONENRMINV!A, Nl; 19 VALUE 19 N: 11 INTEGER 11 N; 
"ARRAY" Al 
ttqfGIN" "INTEGER" I. J; 

"REAL" NnRM, MAX, AID; 
19 ARRAY 11 YUHllZ 
"REAL" "PROCEDURE" MATVEC(L, U, I, A, B)i "CODE" 34011; 
NORIH • Q; 

"FOR" JI• 1 19 STEP 19 I 11 UNTIL" N "00" 
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"~EGIN" "FOR" !Im l "STEP" I "UNTIL" N 11 DD" Y[IJI• "IF 11 I< J 
"THEN 11 0 "iLSE" "IF" I• J 19 THEN 11 1 / AfI,IJ "ELSE 11 

= MATVECCJ• I - l• I, A, YI I AC1,IJ; 
MAXI .. OS 
"FOR" II• N 19 STEP 11 - 1 "UNTIL" I "00 11 

"8tGIN 11 A!Ose Y[I]lm Y[Il = MATVEC(I ♦ l, N, I, A, V); 
MAXr• MAX ♦ ARS(AIO) 

"EN0 11 1 
19 If 19 NORM< MAX "THEN" NORMtm MAX 

"END"; 
ONENRMINVa• NORM 

111:ND" ONENRMINV; 
"EOP 11 

"Cf!Of" 342418 
19 PROCrOUR~" F.RBELM(N, AUX, NRMINV)i "VALUE" N, NRMINV; 
"INTEGER" N; ttREAL" NRMINV; 
"ARRAY" AllXS 
11 8&GIN 11 "REAL" AIDs EPSI 

EPSt• AUXrd]; AJDI• (1.D6 • EPS • 1.75 • N ♦ 4@5! • N •• 2 
• AlJX[7] • AUX[51 • AUXC6l) • NRMINV; 
AUX[lllz• "IF" 2 •AID>• Cl• fPSl "THEN" 1 "tLSE" 
AID I Cl - 2 * AIOI; AUXC9lt• NRMINV 

"END 11 ER BEL Ma 
"ErJP" 

11 CODE 91 342423 
"PROCEDURE" GSSERBCA, N, AUX, RI, CI); "VALUE" NZ "INTEGE~" NI 
"ARRAY" A, AUH 
"INTEGER" "ARRAY" Ria CI; 
"0FGIN" "PROCEDURE" G5SELM(A, N, AUX• RI, CII: 11 CODE" 34231# 

"REAL" "PROCEDURE" ONENRMINV(A, N)g "CODE" 342401 
"PR □CeDURE" ERBELM(N, AUX, NRMINV); "CODE" 34241; 
GS5ELM(Ae N• AUY• RJ, Cl>; 
"IF" ,uxra1 • N 11 THEN" SRBELM(N. AUX, ONENRMINVIA, Nil 

"ENO" GSSERBJ 
"EOP 11 

11 COOE 11 34252: 
"PROCEDURE" GSSNRIIA, N, AUX1 RI, C[il •VALUE" Ni •INTEGER• N; 
11 ARRAY• A» ALIX: 
»INTfGER" "ARRAY" R[, CI; 
"BEGIN• "PROCEDURE" GSSELM(A, N, AUX. RI, er,, 19CODE" 34i3lt 

•REAL• •PROCEDURE" ON~NRMINV(A, N); •CODE" 34240; 
GSSHMIA.o N;, Allll, Rh Cll; 
"If" AUXf3l u N "THEN" AUX[9]8• ONENRMINVIA, N) 

"!:ND" GSSNRI: 
19 E".1P" 



INSTITUTES MATHEMATICAL CENTRE. 

BRIEF DF.SCRIPTIONs 
THIS SF.CTION CONTAINS A PROCEDURE FOR CALCULATING THE 
DETERMINANT nF A TRIANGULAR DECOMPOSED MATRI~; 

CALLING 5EOUENCf: 

THE HEADING OF THIS PROCEOUPE ISi 
"RIAL" "PROC!DURi« DETERM(A, N, SIGN); "VALUE" N• SIGNi 
"INTEGER" Na SIGH: "ARRAY" Al 

PAGE l 

DETFRMt DELIVERS THf CALCULATED VALUE OF T~E DETERMINANT OF THE 
MATRIX I 

THE MEANING OF THE FORMAL PARAMETERS lSs 
Ii <ARRAY IDENTIFiiR>; 

"ARRAY" ACl:N, liN]; 
ENTRYi THE DIAGONAL ELEMENTS OF THE 

LOWER-TRIANGULAR MATRIX L, OBTAINED BY TRIANGULAR 
DiCOMP □SITION OF THE MATRIX» HAS TO Bf GIVEN IN 
,HieI1» y,. 1, '""'"' Ni 

<ARITHMETIC EXPRESSION>; 
THE ORDER OF THE MATRIXo WHOSE DETERMINANT 4AS Tn BE 
CALCULATl:D; 
<ARITHMETIC EXPRESSION>; 
eNTRVI IF THE DETERMINANT OF THc MATRIX IS POSITIVE iYEN 

THE VALUE OF SIGN SHOULD BE +lo ELSE =18 THIS VALUE 
IS OELIVERtD BY GSS£-LM OR DEC IN AUXfll, !SECTION 

PROCfOllRES IISEnt NONE. 



!MAY 1914) 

RUNNING T]MFI PROPORTIONAL TO No 

lANGUAGFa 

MiTHOD ANO PERFORMANCE1 
A LOl4ER-TRIANGIILAR MATRIX L HAS TO BE 
GIVF.Ns SUCH THAT FOR SOME UNIT UPPER-TRIANGULAR MATRIX U TYE 
PRODUCT LU EQUALS THE MATRIX fWITH PERMUTED ROWS AND COLU~NS)s 
THE SIGN OF THE DETERMINANT ~LSO HAS TO BE GIVfN; THESE DATA AR& 
DELIVERED IN THE MATRIX AND AUX[ll BY THc PROCEDURES GSSELM OR DEC 
(SECTION 3olel ■ leleloll AND T~E PR~CEDURES GS5ERB• GSSNRI (SFCTION 
3.1.1.1.1.t.l>• DtCSOLa GSSSOL, GSSSOLERB (SECTION 3olelol ■ l ■ lo3)1 
GSSITISOL AND GSSITISOLERB !SECTION 3ololololole5)e WHICH MAKE USE 
OF GSSELM OR OF.Co 
TYc CALCULATION OF THE DETERMINANT rs DONE STRAIGTH ON BY 
CALCULATING THE PRODUCT OF THE DIAGONAL ELEMENTS OF THE 
LOWFR.,.TRIANGULAR MATRIX GIVEN IN ARRAY AS THE USER IS WARNED., THAT 
OVERFLOW MAY OCCUR TF THE ORDER OF THE MATRIX IS LARGFe 

fcXAMPLF OF US!: I 

THE DETERMINANT OF THE FOURTH ORDER SEGMENT OF THE HILBERT MATRIX 
~AY BE ORTAINED BY THE FOLLOWING PROGP.AMI 

"BiGIN 11 11 INTEGIR" I• J; 11 P.EAl 11 D; 11 INTEGER 11 11 ARRAY 11 RI, Cl[l14]1 
"ARRAY" A[l34, 114], AUX[Js7]t 
11 PROCEOURE 11 GSSELM(A, N, AUX, Ria CI>e 11 C □DE 11 342311 
11 REAL 11 "PROCEDURE 11 DETERM(A, N, SIGN); "CODE" 34303; 
"FOR 11 I 1,. 1 ".5TEP 11 1 "UNTIL" 4 lll)QII 
11 FOR 11 Ja• 1 "STEP 11 l 11UNTIL 11 4 11D0 11 ACI1 JJI• l /(I+ J - l); 
AUX[2Jt• 11-14; AUXC4]S• 8; 
GSSELMIAo 4o AUX, RI, CI)I 
l)aa 11 IF 11 AUX[3] • 4 11 THEN 11 DETERM(A, 41 AUXCllJ 11 EL5E 11 Ds 
OUTPUT(7l, "(""("DETERMINANT • 11 )11B+.150"+30")11, Dl 

11r; NO II 

RESllLTt 

SOURCE' TEXT«Sli 
ll((J[lf.'11 34303; 

"REAL 11 "PROCEDURE" DETERM(Aa N1 SIGN)i "VALUE" N. SIGNJ 
11 INTEGER" N~ SIGN; 11 ARRAY" Al 
11 BFGIN 11 "INTEGER" II "REAL" DETI 

DE Ta" U 
"FOR" Ii• 1 "STEP" 1 "UNTIL" N 110011 DETru AC!, Il • DETI 
DETERM!• SIGN• ABSIDET) 

"END" DETE'RMS 
ni:: OP ii 



AUTHORS• J. Co Po BUS AND To Jo DEKKBPe 

INSTITUTE I MATHFMATICAL CENTRE. 

BRIEF DFSCR1PTIONS 

THIS SECTION CONTAINS FIVE PROCEDURE~# 
SOL SnLV~S THE LINEAR SYSTEM WHOSE MATRIX HAS BffN TRIANGULARLY 
OECOMPOSfD BY DEC; 
DECSOL SOLVES A LINEAR SYSTEM WHOSE ORDER IS SMALL RtLATIVE T~ THE 
NUMBER OF BINARY DIGITS JN TH£ NUMBER REPRSENTATIONB 
SOLELM SOLVES A LINEAR SYSTEM WHOSE MATRIX HAS BEEN TRIANGULARLY 
DECOMPOSiD BY GSSfLM OR GSSSRBCSECTIDN 3olelelelelelele 
GSSSOL SOLVES A LINEAR SYSTEMS 
GS~,OLERB SOLVES A LINEAR SYSTEM AND CALCULATiS A ROUAH 
UPPERfH.llJND FOR THE RELATIVE ERROR IN THE CALCULATED SOLUTM"!i 

THE 
DIFFER!NCc BfiWetN DECSOL ON THE ONE SID~ AND GSSSOL AND ~SSSOLER0 
ON THE OTHF.R SIDE LIES IN THE METHOD USED FOR TRIANG!ILAR 
DECOMPOSITION• PARTICULARLY IN THE PIVOTING STRATEGY; D~CSOL USES 
DEC, GSSSOL AND GSSSOLE~B USE GSSELM TO PERFORM THE TRIANGULAR 
DECOMPOSITION (SECTION 3.1.1.1.1.1.1>; SINCED IN EXCEPTIONAL cases, 
DF.C f'IAY YIELD US.HESS RESULTS, ONE IS ADVISED TO USE GSSSOL OR 
GSSSOLER~; HOWEVER& IF THE ORDER OF THE LINEAR SYSTEM IS VERY SMALL 
RSLATIVE TD THE NUMBER OF BINARY DIGITS IN THE NUMBER 
REPRESfNTATlnN. THEN DECSOL ALSO MAY 8£ USEDo 

KFYWOROSI 

ALGEBRAIC ECUATIONS. 
lIN!eAR SYSTEMS., 



SUASECTIDNa Snl ■ 

CALLING SEOUFNCEa 

THE HEADING OF THIS PROCEDURE ISI 
"PROCEDUR~" SOL(Ab N, P, B)I "VALUE" Na 
"INTEGER" N; "ARRAY" A, B; "l~TEG~R" "ARRAY" P; 

THE MEANING OF THE FORMAL PARAMETERS !~1 
Al <ARRAY IDENTIFIER>; 

"ARRAY" Afl1N, ltN]; 

PAGE 2 

r.NTRY1 TH£ TRIANGULARLY DECOMPOSED FORM OF T~E MATRI~ OF 
THE LINEAR SYSTEM AS PROOLICf:O BY DEC !SECTION 
3.1.1.1.1.1.1>1 

Ni <ARITHMETIC EXPRESSION>; 
THE ORDER nF THE ~ATRIX; 

PI <ARRAY IDENTIFitR>; 
"lNTEGERttHARRAY" P[l1Nl# 
EWTRYITHE PIVOTAL INDICES, AS PRODUCED BY·oec. 

BI <ARRAY IDENTIFIER>; 
ltJIIHHIY" BCllN]; 
ENTRYc THE RIGHT=HAND SIDE OF THE LINfAR SYSTEM; 
EXIT! THE SOLUTION OF THE LINEAR SYSTE~c 

PROCEDURES usrns 

RUNNING TIME: PRnPORTIONAL TON•• 2e 

LANGUAGE! 

METHOD ANO PERFORMANCE! 

SOL SHOULD B~ CALLEO AFTER DEC !SECTION 3elolelelelel) AND SOLVES 
THE LINEAR SYSTEM WITH A MATRIX, WHOSE TRIANGULARLY DECOMPOSED FORM 
AS PRODUCED BY DEC IS GIVEN IN ARRAY A, AND A RIGHT=HANO SID~ AS 
GIVEN IN ARRAY Bi SOL LEAVES A AND P UNALTERED» SO, AFTER ONE CALL 
OF DEC» SEVERAL CALLS OF SOL MAY FOLLOW FOR SOLVING S~VERAL SYSTE~S 
HAVING TH~ SAME MATRIX BUT DIFFERENT RIGHT-HAND SIDES@ 

EXAMPLE OF USE1 SEE DECSOL !THIS SECTION>. 
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SURSECTION i OECSl1l 

CALLING SEOUENCEI 

THf: HEADING OF THIS PROCFDURF. IS1 
HPRnCEDURE" DECSOL(A, N, AUX, 8); "VALUE" N; 
"INTEGER" NI "ARRAY" A, AUX, 81 

TH~ MEANING nF THE FORMAL PARAMETERS ISt 
Al <ARRAY IDtNTIFicR>; 

"ARRAY" A[liNa lSN]S 
ENTRVtTHE N-TH ORDER ~ATRIXs 
~XIT1 THE CALCULAT~O LOWER-TRIANGULAR MATRIX AND UNIT 
IJPPERTRUNGlJLAR MATRIX WITH IT'S llf'HT DIAGONAL OMITTED; 

Nt <ARITHMETIC EXPRESSION>: 
THE ORDER OF THE ~ATRIXS 

AlJXI <ARRAY ID~NTIFIER>; 
"ARRAY" AUXr113]; 
FNTRYt 
AUX[2JI A RfLATIVE TOLERANCEI A REASONABLE CHOICE FOR THIS 

VALUE IS AN ESTIMATE OF TME RILATIVE PRECISION OF 
THF MATRIX tLEMENTS; HOWEVER, IT SHOULD NOT ~E 
CHOSEN SMALLER THAN THE MACHINE PRaCISION: 

nna 
AUX£1ls IF R IS THE NUMBER OF ELIMINATION STEPS PfRFORMED 

(SEE AUXC3ll, THEN AUX[ll EQUALS 1 IF THE 
DETERMINANT OF THE PRINCIPAL SUB~ATRIX OF ORDER R 
IS POSITIVEP ElSE AUX[11 • -!3 

AUX[3Jt THF NUMBER OF ELIMINATION STEPS PERFORMED; IF 
AUXf3l < N THEN T~E PROCESS IS TERMINATED A~D NO 
~OLUTION Will RE CALCULATED$ 

Ra <ARRAY IDENTIFIER>J 
"ARRAY" B[lHO s 
fNTRY2 THE RIGHT•HAND SIDE OF THE LINEAR SYSTEM; 
exrr, If AUX[3] "Np THEN THE CALCULATED SOLUTION OF THE 

LINEAR SYSTEM IS OVERWRITTEN ON Ba ELSE R REMAIN~ 
UNAl TE RED., 

PROCEOIIRES USEO: 

DEC " CP 34300, 
SOL"' CP~40!>1e 

Rl:QIIIRF.O CENTRAL MEMrJRV: 

~XF.CUTION FIELD lfNGT~! DECSnL DECLARES AN AUXILIARY ARRAY OF TYPE 
INTEGER AND ORDER Ne 

RUNNING TIM~x PROPORTIONAL TON** le 

tANGlJAGf!:I 
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MET~OO AND PFRFORMANCE: 

DECSOL USES DEC TO PERFORM THE TRIANGULAR DECOMPOSITION ~F THE 
MATRIX AND snL TO CALCULATf THE SOLUTIO" WITH FORWARD AND RACK 
SUBSTITUTION; SINCE DtCSOL MAY YIELD USELESS RESULTS, EVEN FOR 
WELl-C □NDITIONfD MATRICES !SEE DtC, SECTION 3olololololol)a DECSOL 
SHOULD ONLY BE USi:D IF Tl--lE ORO!!R OF THE MATRIX IS SMALL RELATIVE TD 
THE NUMBER nF BINARY DIGITS IN THE NU~BER REPRESENTATION; IF 
AUXC1] < N» THEN THE 2FFECT OF DECSOL IS MERELY THAT OF DEC@ 

EXAMPLE OF USE1 

LET A RE THF FOURTH ORDER SEG~ENT OF THE HILBERT MATRIX AND B THE 
THIRD COLUMN OF A, THEN THE SOLUTION OF THE LINEAR SYSTEM 
AX m BIS GIVEN BY T4E THIRD UNIT VECTOR AND MAY BE CALCULATED ~y 
THE FOLLOWING PROGRAM& 

•aeGIN" "INTFGER• I» Jg 
"ARRAY• A[l14, 134], 8[114], AUX[l3!]; 
"PROCEDURE" DECSOLCA, N, AUX, ij); "CODE• 343011 
"PPOCEl'lllRE" LISHITEM}J "PROCEDURE" ITEl'O 
"BEGIN• 11 INTEGFR" Is 

"FOR" Ism l "STEP" 1 11UNTIL 11 4 11 00 11 ITEMIBtlllS 
11 FOR 11 I1m 1 11 STEP" Z "UNTIL" 3 11 D0 11 ITEMIAUX[l]I 

"END" USTs 
11PROCIDURE" LAYOUT; 
FORMAT("I"•• "l"S□ LUTION:"l"B+.150"+3D,1•3<10B+ol!D"+~D,II~ 
11 ("SIGNIDFTI m 11 )"+Dal,"( 11NUMBER OF ELJMINATIONSTEPS m •1• 
+0 91 1")S 
11 F □R• I:m I "STFP• 1 •UNTIL• 4 •o □• 
•BEGIN• •FnR• Jim 1 "STEP• 1 "UNTIL" 4 "OD" 

AfI.oJJ1 .. 1 I (I+ J = l); BCI]1'" ACI .. 31 
11 END 11 : 

AUXl:211,. "=.i.43 
DECSOL<A, 4, AUX.o Bli 
OUTLIST<11.o LAYOUT, LISTI 

11 END" 

RESUlTSr 

SOLUTION1 +.ooooooooaoooooon+ooo 
+.oooooooooooa000 11+vj~ 
+.1~000~00~000000•+001 
+@nu~ou~oooooo~con+ooo 

S!GN(OErl ,. +1 
NUMBER OF ELI"INATIONSTEPS '"+4 



SUBSfCTIONI SOLF.LM 

CALLING SEQUENCES 

THf. HEADING OF THIS PROCEDURE ISi 
"PROCEDURE" SOLELM<A, N, RI, CI, 8): "VALUE" N; 
"INTEGER" Na "ARRAY" A, Bi "INTEGER" "ARRAY" RI, Cit 

THf MEANING OF THE FORMAL PARAMETERS ISt 
At <ARRAY IDENTIFIER>; 

"ARRAY" A[laN, lBN]S 
ENTRY! THE TRIANGULARLY DECOMPOSED FORM OF THE MATRIX OF 

THE LINtAR SYSTEM AS PRODUCED BY GSSELM f~ECTI □N 
3.1.1.1.1.1 .. 1>1 

Nt <ARITHMETIC EXPRESSION>! 
THE ORDER OF THE MATRIX; 

PII <ARRAY IDENTIFIER>; 
"INTEGER""ARRAY" RICltNlS 
ENTRYSTHE PIVOTAL ROW INDICES, AS PRODUCED BY GSSELM; 

crs <ARRAY IDENTIFIER>; 
"INTEGER""ARRAY" CI[ltNJ; 
ENTRYITHE PIVOTAL COLUMN INDICES, AS PRODUCED BY GSSELM; 

BI <ARRAY IDENTIFIER>; 
"ARIU.Y" B[llltll; 
ENTRY• THE RIGHT=HAND SIDE OF THE LINEAR SYSTEMi 
cXITa THf. SOLUTION OF THE LINEAR SYSTEM. 

PIWCE!'JIIRES USEDs 

SOL" CP34051. 

RUNNING TIME1 PROPORTIONAL TON** Ze 

UNGIIAGE I 

METHOD AND PERFOR~ANCE• 

SOl~LM SHOULD BE CALLED AFTER GSSELM OR GSSERB (SECTION 
3.,1.1.,lelelsll AND SOLVES THE LINEAR SYSTEM WITH THE MATRIX, WHOSE 
TRIANGULARLY DECOMPOSED FORM AS PRODUCED BY GSSELM IS GIVEN IN 
ARRAY A, AND A RIGHT-HAND SIDE AS GIVEN IN ARRAY BJ SOLELM LEAVES 
Ao RI AND CI UNALTERED• Sn, AFTER ONE CALL OF GSSELM OR GSSERB, 
SEVeRAL CALLS OF SOLELM MAY FOLLOW FOR SOLVING SEVERAL SYSTEMS 
HAVING THE SAME MATRIX BUT DIFFERENT RIGHT-HAND SIDES. 

EXAMPLE OF USEt SEE GSSSOl OR GSSSOLERB (THIS SECTION). 



IMAV 19141 

~URSECTION1 GSSSOL 

CALLING SEQUENCE1 

THf. HEADING OF THIS PROCEDURE IS: 
"PROCEDURE" GSSSOL(A, N, AUX, 8); "VALUE" NI 
"INTEGER" N: "ARRAY"•• AUX, 8; 

THE MEANING nF THE FORMAL PARAMETERS ISa 
Al <ARRAY IDENTIFIER>; 

"ARRAY" AflsN, l1Nli 
ENTRYsTHE N-TH ORDER MATRIXI 
EXIT: THe CALCULATED LOWER•TRIANGULAR MATRIX AND UNIT 
UPPERTRIANGULAR MATRIX WITH ITS UNIT DIAGONAL OMITTED; 

Ni <ARITHMETIC EXPRESSION>! 
THE ORDcR OF THE MATRIX; 

AUXI <ARRAY IDF-NTIFIER>; 
"ARRAY" AUX[l17]; 
ENTRY; 
AUX[2]s A RELATIVE TOLERANCE; A REASONABLE CHOICE FOR THIS 

VALUE IS AN ESTIMATE OF THE RfLATIVf PRECISION OF 
THE MATRIX ELEMENTS; HOWEVER, IT SHOULD NOT BE 
CHOSEN SMALLER THAN THE MACHINE PRECISION; 

AUX[4]1 A VALUE WHICH IS USED FOR CONTROLLING PIVOTING «SEf 
GSS~LM» SECTION 3clelelelmlellJ 

fXITi 
A!l)([l 11 IF R IS THE NUMBER OF ELIMINATION STEPS PERFORMED 

{SEE AUX[3])g THEN AUX[lJ EQUALS l IF THE 
DETERMINANT Of THE PRINCIPAL SUBMATRIX OF ORDER P 
IS POSITIVi, ELSE AUX[ll m -1; 

AUX[:3]li TJlf. NUMBER OF ELIMINATION STEPS PERFOIH'IE!H If 
AUX[3l c N THEN T~E PROCESS IS TERMINATED AND NO 
SOLUTION WILL HAVE BEEN CALCULATED; 

AUXf51s TH~ MODULUS OF AN ELIM&NT WHICH IS OF MAXIMUM 
ABSOLUTE VALUE FOR THE MATRIX GIVEN IN ARRAV A; 

AllHi'H AN IIPPER BOUND FOR Tl-lE GROIHH <SEE GSSHMe SECTION 
3.,1.,lelel.,l.,l) II 

Bt <ARRAY IDENTIFIER>; 
11 .ARRAY 11 fHllNJ; 
ENTRYt THE RIGHT=HAND SIDE OF THE LINEAR SYSTEM$ 
EXITm IF AUX[3] 0 No THEN THE CALCULATED SOLUTION OF T~E 

LINEAR SYSTEM IS OVERWRITTEN ON B, ELSE 0 REMAINS 
IJNAL TE RED., 

PR!lCEDIIRES USEIH 

SOLELM s CP3406le 
GSSflM s CP3423l., 

REQUIRED CENTRAL MEMORY! 

EXFCUTION FIELD LENGTH! GSSSOL DECLARES TWO AUXILIARY ARRAYS OF 
TYPE INTEGER ANO ORDER Ne 



PAGE 7 

RUNNING TIME& PRnPORTIONAL TON•• 3o 

LANGUAGFI ALGOL 600 

METHOD ANO PERFORMANCE! 

GSSSOL USFS GSSELM (SECTION 3el ■ lolololol> TO PERFOR~ A TRIANGULAR 
DECOMPOSITION OF T41 MATRIX AND SOLELM <T4IS SECTION> TO CALCULATI 
THF SOLUTION OF THE GIVEN LINEAR SYSTEM; IF AUXC3J < N, THEN THE 
EFFFCT OF GSSSOL IS MERELY THAT OF GSSEL"• 

HAMPLE OF USEm 

LeT A BE THE FOURTH ORDER StGMfNT OF TH~ HILBERT MATRIX AND B THE 
THIRO COLUMN OF A, THEN THE SOUITION OF THE LINEAR SYSTEM 
AX • R I~ GIVEN BY THE THIRD UNIT VECTOR AND MAY BE CALCULATED RV 
THE FOLLOWING PROGRA"s 

"BEGIN« «INT~GIR" Is J; 
"ARRAY" Afl:4, 1143• 8[114], AUXCl:7]; 
"PROCEDURE" GSSSOLCA• N, AUX, B)s "CODE" 34232$ 
ttPROCEDURE" LIST(ITEMlJ "PROCEDUR~" ITEM; 
"BEGIN" "INTEGER" I; 

"FOR" Is• 1 "STEP" 1 "UNTIL" 4 «onn ITEM(B[Il)f 
"FOR" It• 1 "STEP" 2 "UNTIL" 7 "DO" ITE"(AUX[Ill 

"k:ND" lI~T; 
«PROCCOURE" LAYOUTa 
FORMAT(tt(tt$, «(«SOLUTION1"1"B•o15D"+3D,l,3110B+ol5D"+!D,ll, 
"("SIGN(OETI • "l"+D,l,"("NUMBER OF ELIMINATIONSTEPS • "l" 
+D,l•"<"MAX(iBS(A[I,J11)• ")"+ol5D"+30,I, 
"!"UPPER snuNO GROWT41 "l"+.15D"+3D"l"li 

"FOR" It• l "STEP" 1 «UNTIL" 4 «DO" 
"BEGIN" "FQRtt Jm• l "STEP" l "UNTIL" 4 "DO" 

ArI,J]I• 1 / (I+ J = 11: BC!ll• ACI,3l 
111:ND"; 
AUxr21, .. "=143 AUX[4]1• Ai 
GSSSOL(A, 4, AUX, BI; 
OUTLIST<71• LAYOUT, LISTI 

"END 11 

RESULTS I 

SOLUTION& +oA8ffl78419700120"=014 
=m49737Q915032070"=013 
+.100000000000010«+001 
+" OO(ll)JOOOOOQOfJOO "+000 

SIGN !DETl ,. +l 
NUMBER OF FLIMINATIONSTEPS • +4 
MAXtABStACI»JJ>>• +.1oooouooooooooo"+Oo1 
UPPFR BOUND GROWTHS +el596l9047619050"+001 



!MAY 1914) 

SUBSECTIONS GSSSOLERBo 

CALLING SEQUFNCfs 
THE HEADING OF THIS PROCEDURE IS1 
"PROCEDURE" GSSSOLERB(A. N. aux. BJ; "VALUE" NI 
"INTEGER" Ns "ARRAY" Ao AUX» BI 

IH 

MEANING OF THE FORMAL PARAMETfRS IS! 
<ARRAY IDENTIFIER>; 
"ARRAY" A[ltN• liN]I 
,NTRVsTHE N-TH ORDER MATRIX& 
EXIT! THE CALCl!LJITED LO\.JER-TIUAIIIGIJLAR MA'fRil( ANO U"lIT 
UPPERTRIANGULAR ~ATRIX WITH ITS UNIT DIAGONAL OMITT~Dw 
<ARITHMETIC EXPRESSION>; 
THE ORO~R OF THE MATRIX! 
<ARRAY IDENTIFIER>; 
"ARRAY" AUX[O&ll]I 
ENTRVr 
AUX[O]i THE MACHINE PRECISION; 
AUX[211 A RELATIVE TOLERANCE: A REASONABLE CHOICE ~OR THIS 

VALUE IS AN ESTIMATc OF THE RELATIVE PRECISION ~F 
THE ~ATRIX tLEMENTSs HOWEVERe IT SHOULD NOT BE 
CHOSEN SMALL;R THAN TH~ MACH!Nt PRECISION; 

AUX[4]1 A VALU£ WHICH IS USED FOR CONTROLLING PIVOTINr. (SEE 
GSSFLM, SECTION 3.1.l@lolelolli 

AUX[~]s AN UPPER BOUND FOR THE RELATIVE PRcCISION OF i4~ 
GIVFN MATRIX ELEMENTS; 

EXIH 
AUX[l]I IF R IS THf: NUMBER OF ELIMINATION STEPS PERFORMED 

!SEE AUX[3Jl, THEN AUl[ll EQUALS 1 IF THE 
DETERMINANT OF THE PRINCIPAL SUBMATRII OF ORDER R 
I.S POSITI\IE, ELSE AUXl:11 " -1!1 

AUl[3]1 THE NUMBER OF ELIMINATION STtPS PERFORMED; IF 
AUX[3] < N THEN THE PROCESS IS TERMINATED ANO NO 
SOLUTION OR ERROR BOUND WILL HAV~ B~EN CALCULATED; 

AU1r,1a THE MODULUS OF AN ELEMENT WHICH IS OF MAXI~U~ 
ABSOLUTE VALUE FOR TN~ MATRIX GIV!N IN ARRAY A; 

AUX[7]1 AN UPPER ROUND FOR THE GROWTH <S~E GSSElM, SECTION 
3.1.1.1.1.1.1>: 

AUX[q)1 IF AUX[3l ® N• THkN AUX[Q] WILL EQUAL THE l=NORM OF 
THE INVERSE MATRIX» ELSE AUX[9] WILL BE UNDEFINEOI 

AUX[111t IF AUX[3] m N THEN THI VALUE OF. AUXtlll WILL 8E A 
ROUGH UPPER BOUND FOR THE RELATIVE ERROR IN THE 
CALCULATED SOLUTION OF THE GIVEN LINEAR SYSTEM, 
~LSE AUX[lll WILL ~E UNDEFINED; IF NO USE CA~ BE 
MADE OF THE FORMULA FOR THE ERROR BOUND AS GIVF.N IN 
SECTION 3o1@lololo1o1 <SUBSECTION ERBELM), BF.CAUSE 
OF A VERY RAO CONDITION OF THE MATRIXP THEN 
AIJHUH,. .. 13 

<ARRAY IDENTIFIER>; 
IIARPAV" B[:I.INH 
ENTRY: THE RIGHT=HANO 
EXITI IF AUX[3l,. N, 

LINEAR SYSTEl<le 

SIDE OF THE LINEAR SVSTEMf 
T~EN THE CALCULATED SOLUTION OF THE 

ELSE B REMAINS UNALTERED@ 



PROCFDIJRES USi=Ds 

SOLFLM • CP3406l, 
GSSERB • CP34242o 

REQIJIRED CFNTRAl MEMORYs 

EXFCUTION FIELD LENGTHS GSSSOLERB DECLARES TWO AUXILIARY ARRAYS OF 
TYPE INTcG~R AND ORDER Ne 

RUNNING TIME! PROPORTIONAL TON•• 3. 

lANt.UAGEt Al<;OL 60. 

GSSSOLERB USES GSSERB (SECTION 3alelelolelell TO PERFORM THE 
TRIANGULAR DECOMP05ITION OF THE MATRIY AND TO CALCULATE AN UPPER 
BOUND FOR THE RELATIVE ERROR lN THE cucuu .. n:o SOLUTION OF THE 
GIVFN LINEAR SYSTEM, AND SOLELM !THIS SECTION) TO CALCULATE THIS 
SOLUTION& IF AUXC11 < N, THEN THE EFFECT OF GSSSOLERB IS MERELY 
T4AT OF GSSELM (SECTION 3elelelelolol>. 

HAMPLE OF llSE 1 

tET A RE THF FOURTH ORDER SEG~ENT OF THE HILBERT ~ATRIX ANO 8 TME 
THIRD COLUMN OF A, THEN THE SOLUTION OF THE LINEAR SYSTE~ 
AX. B rs GIVEN BY THE THIRD UNIT V~CTnR AND THIS SOLUTIONt AS 
WELL IS AN UPPER BOUND FOR THE RELATIVE ERROR IN THE CALCULATED ONE 
, MAY RE OBTAINED BY THE FOLLOWING PROGRAMS 

"REGIN" "INTEGER" I, J; 
"ARRAY" A[l14$ ls4J, 8[184], AUX[021ll! 
«PROCEDURE" GSSSOLF.RBCA, N, AUX» BI; "CODE" 34243; 
"PROCEDURE" LI~T(ITEMI; «PROCEDURE" ITEM; 
"BEGIN" "INTEGER" Ii 

"FOR" I•• 1 "STEP" l "UNTIL" 4 "DO" ITEMCB[llll 
IIFQRII IP• 1 "STEP" 2 "IINTilll .U "Df.1 11 ITEMUUXCIH 

11 END 11 LISTS 
"PROCEDURE" LAYOUTS 
FORMAT("("*• "C"SOLUTION1ttJttB+.150"+3D,/,3(10B+e15D«+!n,I>• 
tt(«SIGN(DET) • "l"+Dal,"l"NUMBER OF ELIMINATIONSTEPS 00 ")" 

+0.1,nfnMAXCABS(A[!,JJI)• tt)tt+e15D"+3D,I, 
"{"UPPER ROUND G~OWTHI ">"••1'0"+30,fg 
"("!•NORM OF THE INVERSE MATRIXt"}"B+el50"+3D,la 
"<"UPPcR BOUND Rile ERR@ IN THE CALC@ SOLe"I" 
~+.l'iOll+:J[lH)II); 
"FOR• ltoo l "STEP" l "UNTIL" 4 noon 
"BEGIN" "FOR" J:a l "STEP" l "UNTIL" 4 "DO" 

ACI,JJJ• 1 I <I+ J - 1); BCIJ•• ACI,31 
"END"t 
AUX[OJI• AUX[2Jsa "=14; AUX[4jta Si AUX[6]3® "=141 
GSSSOLERR(lg 4, AUX• B); 
OUTLIST(71, LAYOUT, LIST) 

"END 11 



RfSULTSI 

SOLUTION! +.ARR1784197D0120"-014 
-.4Q7379Q15032J7~"-01! 
+.1u~aoanooaboo1a"+Dn1 
+,. OOOrh}!'.IOf,')tit:.JO:JOJ "+000 

SIGN <DETI ,. +l 
NUMBER OF ELIMJNATIONSTEPS • +4 
MAX f AR~-( Al: I.o J l ) I., +. ltlOOiJ<lvO 0000000 11+001 
UPPr:R fHJIJNO GROWTH: + ■ 1596l<l047619050 11 +001 
l=NORM OF THE IN\IERSE MATRU I +.,1361Q<JQ999Q8JC)i(:ti+du5 

PAGE 1~ 

UP?fR BOUND RH. i:RR. IN THE CALC. SIJL. +.2"1'7896269157090"-001 

[11 BUS. J. Co Po 
LINEAR SVST!MS WITH CALCULATION OF ERRJR BOUNDS AND ITERATIVE 
REFINEMENT (DUTCH). 
MAT4fMATICAL CFNTR€» AMSTtRDAM• LR 3. 4., 19 (1972)@ 

rn DEKKER, r. J. 
ALGOL t,,t, PROCEDIIRES IN Nl!MEIHCAL ALGEBRA, PART lo 
~AT~FMATICAL CcNTRE, A~STERDAM; TRACT 22 (1968). 

IICODf!" V.051 t 
11 PROCEOURE 11 SOU A• Ne p,, B); "\/AlUE 11 N; "INTEGER" Ni 11 ARRAV" A• Bt 
"[NiEGER 11 11 ARRAY" P3 
11 BRGIN 11 l'l!NiEGfRII K• PK; 

IIRl:ALII R: . 
11 REAL" 11PROCEDURE 11 MATVECCL• Us I• A• ~>s "CODE" 340111 
IIFORII K3s 1 IISTEP" 1 "UNTIL" N "DO" 
11 8EGJN 11 Rrs 8[K]; PK1m P[K]; 

Bl'.1<]11" (BfPK] = MATVECU. .• K - 1. K, A, an I Al:K,K1s 
"IF" PK Am K 11 i~EN11 B[PK]la R 

"ENDIII 
"FOR" Kam N "STEPII - 1 11UNTIL" l 110011 
B[K]1w R[KJ = MATVfC(K ♦ l" Ne K, A, Bl 

91 END 11 SOLi 
"EOP 11 



(MAV 1974) 

11cnoE" 343<U., 
"PROCEDURE" OECSOL(A, N, AUX, Bll "VALUE" N; "INTEGER" N; 
"ARRAY" A, AUX, B; 
"BEGIN" "INTEGER" "ARRAY" P[llN]; 

ttPROCEOURE" SOL<A, N, P, Bl; "CODE" 340511 
"PROCfOURE" DEC<A» N11 AUX, P); "CODE" 3430(); 
DEC(A, N, AUXe P)B 
"IF" AUX[3] s N "THeN" S1LCA, N, P, 8) 

"ENO" DECSOLi 
11EOP" 

"CODt 11 340618 
ttPROCEDURi" SOLELM(As N, RI• CI, B}; "VALUE" NI 11 1NTEGER" N; 
11 ARRAV" /h R; 
"INTEGER" "ARRAY" RI, er; 
"B~r.IN" "INTEGER 11 R, CIR; 

11 REAL 11 LI; 
"PROCEDURE" SOLfA, N, P, B)s "CODE" 340513 
SOL(A, N. RI, 8)1 
"FOR" Rt• N "STEP" - 1 "UNTIL" 1 1100" 
"BEGIN" C!RI• CI[RJI "IF" CIR•• R llfqEN" 

"BEGIN" WB• BCR1S BCRJa• B[CIR]s BCCIRlt• W "EN0 11 

»FND" 
11 EN0" SOLHMI 

"EDP 11 

"C fJD[ 11 !42 32; 
"PROCEDURE" G5S50L(Ag N. aux. 8)! "VALUE 11 Ni "INTEGER" NI 
"ARRAY 11 A, AUX, Bs 
»BEG!NII "INTEGER» 11 ARRAY" RI• Cl[ltNlt 

"PROCEDURE" SOLHM<A, No RI.11 CI.1> B l; 11CODE" 3'tr(J61; 
11 PROCEDURE 11 QSSEL"(A, Ne AUX• RI, CI>; 11 CDDE" !42311 
GSSELM<A• N, AUX11 RI, CI); 
11 IF" AUX[3] .. N 11 THEN 11 SOLELM(A, N, Rl1 er, B) 

111:ND" GSSSIJLi 
11HIPII 

"CODE" 34243: 
11 PROCEDURE 11 GS~SOLERB(Ao N» AUX, BI; "UALUE 11 NI "INTEGER" Ni 
11 ARRAY 11 A, AUX, Bs 
118fGIN11 "INTEG~RII "ARRAY" RI, CI[ltNJ; 

"PROCEOllRE 11 SOLEI.M<A» Na RI, Cii, 813 11COOE 11 34l06li 
11 PROCfOURE 11 GSSERB(A, Ns AUX• RI• CI); "CODE" 342421 
GSSERB(Ao N• AUX, RI, CI); 
"IF 11 AUXr3l m N 11 THEN" SOLELMIA, N, RI, Cl, 81 

11 EN0 11 GSSSDLF.RRI 
11EOP 11 

PAGE U 
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AUTHORS• J. c. P. BUS AND Te Je DEK~ERe 

CONTRIBUTORS JeCePo BUS AND P.A. BFENTJESe 

INSTITUTES MATHFMATICAL CENTRE. 

BRIEF DFSCRIPTION: 

THIS SECTION CONTAINS FIVE PROCEDURES FOR INVERSION OF ~ATRICESI 
INV CALCULATES THE INVERSE OF A MATRIX THAT HAS BiEN TRIANGULARLY 
DECOMPOSED BY DEC; 
DECINV CALCULATES THE INVERSE OF A MATRIX WHOSE ORDER IS SMALL 
RELATIVE TO THE NUMBER OF BINARY DIGITS IN THE NUMBER 
RE PRESENT A TI 11N a 
INV! CALCULATES THE INVERSE OF A MATRIX THAT HAS BEEN TRIANGULARLY 
DECOMPOSED 0V GSSFLM OR GSSeRBeTHE l=NORM OF THE INVERSE MATRIX 
MIGHT ALSO BE CALCULATED 
GSSINV CALCULATES THE INVERSE OF A MATRIX; 
GSSINVERB CALCULATES THE INVERSE OF A MATRIX AND ITS 1-NORMe 
A ROUGH UPPERBOUND FOR THE RELATIVE ERROR IN THE CALCULATED INVERSE 
MATRIX IS ALSO GIVEN; 

THE DIFFERENCE 
BETWEEN DECINV ON THE ONE SIDE ANO GSSINV AND GSSINVERB nN T~f 
OTHER SIDE LIFS JN THE METHOD USED FOR TRIANGULAR OECOMPOSITIQNg 
PARTICULARL y rn T_HE PIVOTING STRATEGY; DEC INV US!:S oec., GSSINV ANO 
GSSINVERB USE GSSELM TO PERFORM THE TRIANGULAR DECOMPOSITION; THE 
USER IS ADVISED TO USE GSSINV OR GSSINVERB (SEE SECTION 
3el@le1 .. 1,.:l,,.1)e 

l<i=YWOROSr 

MATRIX INVERSION,. 



CALLING sr0UENCE1 

THE HEADING OF T~IS PROC~DURE IS: 
"PROCEDURE" INVIA, N, P); "VALUE" N; 
"INTfGER" N; "ARRAY" jg "INTEGER" P4RRAY" Pi 

THE MEANING nF THE FORMAL PARAMETERS ISt 
A* <ARRAY ID~NTIFIER>; 

"ARRAY" A[lsN, JIN]J 

PAGF. 2 

ENTRYB THE TRIANGULA~LY DECOMPOSED FORM OF THE MATRIX AS 
PRODUCiD BY DEC (SECTION 3alole1@l@lol); 

EXIT& THE CALCULATED INVERSE MATRIX; 
Ni <ARITHMETIC EXPRESSION>s 

THE ORDER OF THE MATRIX! 
Pi <ARRAY IDENTIFIER>J 

"INTEGER""ARRAY P[ltN]; 
FNTRYsTME PIVOTAL INDICES• AS PRODUCFD BY OECS 

PROCEDURES USED! 

MATMAT 
ICHCOL 
DUPCIJL VEC 

" CP34013, 
" CP34~3l,111 
" CP310'34o 

RfOUIRF.D CENTRAL MEMORY! 

EXECUTION FIELD LENGTHS INV DECLARES AN AUXILIARY ARRAY OF TYPE 
REAL AND ORDER No 

RUNNING TIME! PROPORTIONAL TON** 3e 

U.NGUAGEt ALGOL 60. 

INV SHOULD BE CALLED AFTER DEC (SECTION 3o1olololololl AND 
CALCULATES THE INVERSE OF THE MATRIX• WHOSE TRIANGULARLY DECOMPOSED 
FORM AS PRODUCED BY DEC IS GIVEN IN ARRAY Ai THE INVERSE "ATRIX IS 
OVERWRITTE~ ON Ao 

EXAMPLE OF USF.t SEE DECINV !THIS SECTIONlo 



SU8SECTIONa DEC!NV 

CALLING SEOUENCEa 

THF. HEADING OF THIS PR □CEOURE IS! 
»PROCEDURE" DECINVCA, N, AUX); "VALUF" Ng 
"INTEGER" Na "ARRAY" A, AUXJ 

THf ~EANING nF THE FORMAL PARAM~TERS ISI 
Al <ARRAY IDfNTIFIER>; 

"ARRAY" Afl•N, liNll 

PAGI 3 

PNTRYi THE MATRIX, WHOSE I~V~RSi HAS TO BE CALCULATED; 
FXIT1 IF AUIC3] m N, THEN THE CALCULATED INVERSE MATRIX; 

NI <ARITHMETIC EXPRESSION>; 
THt ORDER OF THE MATRIX; 

AUX1 <ARRAY IDENTIFIER>; 
"ARRAY" AUXflS!la 
HITRYI 
AUXC211 A RELATIVE TOL~RANCE; A ReASONABLf. CHOICE FOR THIS 

VALUE IS AN ESTIMATt OF THE RELATIVE PRECISION OF 
THE MATRIX ELEMENTS: HOWEVER• IT SHOULO NOT BE 
CHOSEN SMALLER THAN THE MACHINE PRECISION; 

exn, 
,uxr11: IF R IS THE NUMBER OF ELIMINATION STEPS PERFORMED 

CSH AUlCC3]1, THEN AIJX[l] tOUALS l If THE 
DETERMINANT OF THE PRINCIPAL SUBMATRIX OF OROER R 
IS POSITIVE» ELSE AUX[11 "-1, 

AUXf!]t TME NUMBER OF ELIMINATION STEPS PERFO~~ED; IF 
AUX[3] < N, THEN THE PROCESS IS TERMINATED ANO NO 
INVERSi WILL HAVt BEEN CALCULATED. 

PROCEDURES USE01 

DEC" CP~4!00P 
IN\/ m CP:Ht:153. 

EXFCUTION FIELD LENGTH! DECINV DECLARE~ AN AUXILIARY ARRAY OF TYPE 
INTEGER AND ORDf.P N. 

RUNNING TIMEi PROPORTIONAL TON•• !o 



METMOO AND PERFORMANC~I 

nECINV USES DEC (SECTION 3.1.1.1.1.1.1> TD PERFORM THE TRIA~GULAR 
DECOMPOSITION OF A MATRIX AND INV TO CALCULATE ITS INVERSE! DECINV 
SHOULD ONLY BE USeD IF THE ORDcR OF T4E MATRIX IS SMALL RELATIVE TO 
TMf. NUMBER OF BINARY DIGITS IN THE NUMBER REPRESENTATION CStt DEC); 
IF AUX[~l c N, THEN THE EFFECT OF DECINU IS MERELY THAT OF DEC. 

THE FOLLOWING PROGRAM CALCULATES THE INVERSE OF THE INPUT MATRIX 
AND PRINTS THE RESULTSI 

"BEGIN" 
"ARRAY" A[l14, 114], AUX[113J; 
11 PROCEOIIRF" DFCINVI A» N,, AUXl I "CODE" 343()2; 
"PROCEDURE" LIST(ITEM)W "PROCEDURE" ITEM; 
"BEGIN" "INTcGf.RH l» J; 

"FOR" Ism 1 "STEP" 1 "UNTIL" 4 "DO" 
"FOR" Jae 1 "STEP" 1 "UNTIL" 4 "DO" ITEM(A[I,JJ, 

"ENO" lIST; 
"PROCEDURE" LAYOUT; 
FORMAT(tt(N4(4B,4(B+lDB),/),/H)H)I 

INLIST(70, LAYOUT, LISTI; AUX[Z]lm "•14& 
OUTPUT(?l,"C"l~"l"CALCULATED INVERSEl")"•l")">t 
DECINVU» 4s, AlllO 3 
OUTLIST(71, LAYnu,. LIST); 
OUTPUT(71, ff(HH(HAUX[l]eH)HB+O,/,"l"AUXCSJmH)H~+D"l"• 
AUXOh AUX[31> 

11END 11 

INPUTm 

• 4 + z 
+31'.i +20 
+?.~) +1':i 
+':!5 +28 

RESULTS I 

CALCULATED 
+4 .. z 

= 3!0 +21() 
+20 .. 15 
=35 +28 

AUJUl]m +:!. 
AllXC3]m +4 

+ 4 • 1 
+4!5 +12 
+36 +lrO 
+10 +20 

!NVF.RSI: 1 

+4 =1 
=45 +12 
+36 =10 
=70 +20 
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SUBSECTTON1 !NIil 

CALLING SEQUENCES 

T~f HEADING OF THIS PROCEDURE ISs 
"RFAL" "PROCEDURE" INVl(A, N, RI, CI, ijIJHNORMl; 
"VALUE" N, WITHNORM: "INT~GER" Nt "BOOLEAN" WITHNORM; "ARRAY" At 
"INTEGER" "ARRAY" RI, CI3 

IF THF VALIJE OF W!THNORM IS TRUE, THEN THE IIAUJE OF !Nill 
WILL FOIIAL THE' l-NORM OF WE CALCULATED INVERSE MAfRIX, 
HSF !NIil•• OJ 

THE MEANING nF THE FORMAL PARAMETERS ISa 
Al <ARRAY IDENTIFIER>; 

"ARRAY" ACltN, l!N]; 
ENTRVI THE TRIANGULARLY DECOMPOSED FORM OF THE ~ATRIV ~S 

PROOUC~D BY GSStlM (SECTION 3elelelelslallt 
EXITz THE CALCULATED INVERSE MATRIX; 

Nt <ARITHMETIC EXPRESSION>; 
TH£ ORDER OF THE MATRIX; 

Ris <ARRAY YOENT!FIER>; 
"INTEGER""ARRAY" RI[ltN]; 
ENTRYITHE PTll □ TAL ROW INDICES, AS PRODUCED BY ~SSEINS 

era <ARRAY IDENTIFIER>; 
"!NTEG~R""ARRAY" CI[lsNJ; 
ENTRVITHE Pill □TAL COLUMN INDICES, AS PRODUCED BV GSSELMt 

WITHNORMc <R □DLEAN EXPRESSION>: 
H THE 1/ALIJE OF WITHNOl!r,t IS TRUE, THEN THE 1=N01!"1 IJF TI-IE 
tNVF.RSE MATRIX WILL BE CALCULATED ANO ASSIGNED TO INVl, 
ELSE INl/l.1• !H 

PIH1Ci:OllReS USf:Di 

ICHRDW • CP!4032» 
INV • CP34053e 

RUNNING TIME! PROPORTIONAL TON•• 3o 

MfTHOO AND PtRFORMANCEt 

INVI SHOULD BE CALLED AFTER GSSELM OR GSSERB CSECTI0N 
3olol.lololo1),WHICH DELIVERS THE TRIANGULARLY DtCOMPOSED FORM OF A 
MATRIX; INVI CALCULATES THE INVERSE MATRIX ANO ALSO ITS 1•NOR~ 
MIGHT BE CALCULATED; THE INVERSE MATRIX IS OVERWRlTT~N ON Ao 

EXAMPLE OF IISEt SEE GSSTNV ANO GSSINVERB (THIS SECTION). 



SU'lSF.CTIO!H GSS INI/ 

CALLING SSOUINCEI 

COECEMBiR 1975 > 

THE HEADING OF THIS PROCEDURE ISs 
"PROCFDURE" RSSINVIA• N• AUX>; "VALUE" N; 
"INTEGER" Ng "ARRAY" As AUX; 

THE ~EANING nF THE FORMAL PARAMET~RS ISt 
As <ARRAY IDENTIFIER>; 

"ARRAY" A[llNe l1NJJ 
ENTRYa THE ~ATRIX» WHOSE INVERSE HAS TO BE CALCULATED; 
FXITI IF AUX[~l $ N• THEN T4E CALCULATED INVERSE MATRIX; 

NI <ARITHMETIC E~PRESSION>; 
THE ORDER OF THE MATRIX; 

AUX1 <ARRAY IDENTIFIER>; 
"ARRAY" AUX[l:9]; 
FNTR Y s 
AUX£211 A RELATIVE TOLERANCE; A REASONAijLE CHOICE FOR THIS 

VALUE IS AN [STIMATE Of THE RilATIVE PRECISION OF 
THE MATRIX ELEMENTS; HOWEVER, IT SHOULD NOT BE 
CHOSEN SMALLER THAN THE MACHINE PRECISIONI 

AUX[4]i A VALUE WHICH IS USED FOR CONTROLLING PIVOTING ISEE 
GSSELM, SECTION 3olelo1olelol)t 

nrn 
AUX[l]i IF R IS THE NUMBER Of ELIMINATION STEPS PERFORMED 

«SEE AUXf3]>e THEN AUXC1] EQUALS 1 IF THE 
DETERMINANT Of THE PRINCIPAL SUBMATRIX OF ORDER P 
IS POSITIVE• &LS! AUX[ll • -11 

AUX[3]! THE NUMBER OF ElIMI~ATION STEPS PERFO~MED; IF 
AUX[3l < N THEN THE PROCESS IS TERMINATED ANO NO 
SOLUTION WILL RE CALCULATEDB 

AUX[5]1 THE MODULUS OF AN ~LEMENT 
ABSOLUTE VALUE FOR THE MATRIX 

AIJX[i']t AN UPPER BOUND FOR THE GROWTH 
3.1 .. 1 .. 1.1.1 .. 11, 

WHICH IS OF MAX!MUM 
GIVEN IN ARRAY A; 
(SEE GSSELMD SECTION 

AUX[q]; IF AUl[!l a Na THEN AUX[91 Will EQUAL THE l•NORM OF 
THE CALCULATED INVERSE MATRII, ~lSE AUX[Q] WILL BE 
tlNDEFINEDe 

PROCEIHll'IES IJSF.Ds 

INVl m CP34235, 
GSSFlM m CP!423le 

EXFCUTION FIELD LENGTH! GSSINV DECLARES TWO AUXILIARY ARRAYS OF 
TYPE INTEGER AND ORDER Ne 

RUNN!N~ TIME! PROPORTIONAL TON••!., 



(MAY 1974) 

MFTHOO AND PERFORMANCES 

GSSYNV USES GSSELM (SECTION 3ololelolelell TO PtRfORM A TRYANGULAR 
DECOMPOSITION OF THF MATRIX AND !NVl (THIS SECTION) TO CALCULATE 
TH£ YNVFRSE MATRIX; IF AUX[31 • N, THEN THE EFFECT OF GS~INV I~ 
MERELY THAT OF GSSELMe 

EXAMPLF OF UStl 

TH~ FOLLOWING PROGRAM CALCULATES THE INVERSE Of THE INPUT MATRII 
ANO PRINTS THE RESULTS: 

"8FGIN" 
"ARRAY" A[li4- 1141, AUX[l19]; 
11 PROC2DURE 11 ~SSINV(A, Na AUX)J 11CODE 11 34236; 
11 PROCEOURE 11 LIST<ITEMl; 11 PROCEOURE 11 ITEM; 
11 8EGIN 11 11 INTEGER" I, Jg 

IIFQRII II• l "STEP 11 l "UNTIL 11 4 1100 11 

11 FaR 11 Jt• l 11 STEP 11 1 11UNTIL 11 4 11 0011 ITEM(ACI,J]) 
11END" LISTS 
11 PROCEDURE 91 LAYOUT; 
FORMAT("l"4(4B,4(8+ZOq)al)e/ 11 l"); 

]NLISTl7D, LAYOUT, LISTI; AUXC2Jam "•141 AUX[4lt• q; 
GSSINV(A, 4, AUXlt 
OUTPUTC71,"("l•"<"CALCULATEO JNVERSE1">"•1") 11 JJ 
OUTLIST(71, LAYOUT, LISTJ8 
OUTPUTl71, "("4B"C"AUX ELEMENTSt"l",l•Z(4B+D,11, 
3(48+.150"+3D,ll"l"• AUX[ll, AU~[3], AUX[5l, AUX[7], IUl[qJ) 

"l:ND 11 

INPUT t . ,. • ? 
+30 +zu 
+21.; +:l.'3 
+35 +2fl 

RESULTS I 

CALCULATED 
+4 -2 

-:liJ +21a 
+20 =15 
-Hi +2!'! 

• 4 • 1 
+45 +12 
+31', +11' 
+70 +20 

INVERSE a 
•4 -1 

-45 +12 
+"16 ... l(JI 

=70 +20 

AllX ELEMENTS t 
+1 
+4 
+@700000000000000"+002 
+.ll252857142857U"+003 
+.154qqgqqqqqq13on+603 



SUR~ECTI□Nt GSSINVF.RR. 

CALLING SEQUENCFt 

THE HEADING nF THIS PROCEDURE ISI 
"PROCEDURE" GSSINU~RB(A, N» AUX); "VALUE" N: 
"INTEGER" N3 "ARRAY" A, AUX; 

T4~ MEANING OF THE FORMAL PARAMETERS ISI 
As <ARRAY IDENTIFIER>J 

"ARRAY" ArlzN» 11N]: 

PAGE I' 

FNTRV1 THF MATRIX» WHOSE INVERSE HA$ TO BE CAlCUlATFD; 
EXITS IF AUX[3J m N, THiN THE CALCULATED INVERSE MATRIX; 

NI <ARITHMETIC EXPRESSION>; 
THE ORDER OF THE MATRIX: 

AIIX1 <ARRAY IDENTIFIER>; 
"ARRAY" AUX£01ll]I 
ENTRYs 
AUXfU]I THE MACHINE PRECISION; 
AIJXC2]1 A RHATI\/E TOLERANCE; A REASONABLE CHOICE FrlR TIH') 

VALUE IS AN ESTIMATE OF THE R[LATIVE PRECISION OF 
THE ~ATRIX ELEMENTS; HOWEVER» IT SHOULD NQT ~E 
CHOSEN SMALLER THA~ THF. MACHINE PRECISION; 

AIJXC 4]; A VALUE WHICH IS USED f □R CONTROLU:NG PIVOUNG f'iH 
GSSELM, SECTION 3olol@lelololl; 

auxr~Jg AN UPPER BOUND FOR THE RELATIVE PR~CISION OF THE 
GIVEN MATRIX EL[ME~TSI 

EXITI 
AUX[1lt IF R IS THE NUMB~R OF ELIMINATION STEPS PERFORMED 

(SEE AUX[3J !, THEN AIIHlJ EOUAlS 1 IF THE 
~ETERMINANT OF THE PRINCIPAL SUBMATRIX OF ORDER R 
IS POSITIVE» ELSE AUXC11 ° -ls 

AUX[31t THE NUMBER OF ELIMINATION STEPS PERFORMfDi IF 
AUX[3J c N THEN THE PROCESS IS TERMINATED ANn NO 
SOLUTION Will HAVE BEEN CALCUlATEDI 

AUX[51s THE MODULUS OF AN ELEMENT WHICH IS OF MAXI~UM 
ABSDLUT~ VALUE FOR THE MATRIX G!V~N IN ARRAY A; 

AUX[1]1 AN UPPER BOU~D FOR THE GROWTH (SEE GSSELM• SECTION 
3.1 .. 1.1.1.1.1>; 

AUXrQ]t IF AUX[3J m N, THEN AUXr9l WILL EOUAl THE l~NORM OF 
THE INVERSE MATRIXa ELSE AUX[91 WILL BE U~DEFINEO! 

AUXfll]I IF AUXC3J m N THEN THE VALUE OF AUX[lll WILL BE A 
ROUGH UPPER BOUND FOR me RELATIVE ERROR IN TI-If. 
CALCULATED INVERSE MATRJXg ELSE AUX[ll] WILL BE 
6€ UNDEFINED; IF NO USE CAN BE MADE OF THE FORMULA 
FOR THE ERROR BOUND AS GIVF.N I~ SECTION 
!ol ■ lelelelel !SUBSECTION ERSELMl• BECAUSE OF A 
VERY BAD CONDITION OF THE MATRIX• THEN AUW[ll]ioo-1. 



PROCEDURES useo, 
INVl 
GSSHM 
iERRF.lM 

• CP'14235a 
• CP~42U» 
"CP3424l. 

REOU!PF.D CENTRAL MEMORYt 

(MAY 1974) PAGE Q 

fXfCUTION FIELD ltNGTHt ~SSINVFRB OEClARFS TWO AUXILIARY ARRAYS OF 
TYPE INTEGFR ANO ORDFR No 

lANGUACH: I Alt.OL 60. 

MFTMOO ANO PFRFORMANCEI 

GSSINVERI\ llSES GSSELM (SECTION 3elololololol> TO PERFORM THE 
TRIANGULAR DECOMPOSITION OF THE MATRIX» INVl (TMIS SECTION) TO 
CALCULAT~ THF INVERSE MATRIX ANO ITS 1-NORM ANO E~SELM !SECTION 
3olololololol) TO CALCULATE AN UPPEQ BOUND FOR THF RLLAT!VE ERROR 
IN THE CALCULATED INVERSE& IF AUXC3l < N, THEN THE EFFECT Of 
GSSINVERS rs MERELY THAT OF GSSELM. 

El/AMPLE OF USF.1 

THE FOLLOWING PROGRAM CALCULATES THE INVERSE OF THE INPUT MAT~IX 
WITH AN UPPER ROUJD FOR THE RELATIVE ERROR IN IT ANO PRINTS THE 
RESUlTSs 

"A£ G rN 19 

"ARRAY• A[l24• ls4J• AUXCO&llli 
"PROCiDURE" GSS!NVERB<A» N» AUX); "CODE" !4244! 
"PROCEDURE" LISTCITEM!I "PROCEDURE" ITEM; 
"BEGIN" 11 INTiGER" I, JI 

19 FOR" It• l "STEP" 1 "UNTIL" 4 "DO" 
11 FOR 11 Ja• l "STEP" l "IINTll" 4 "0011 ITEMCACI»JJ> 

IIENOII LISTS 
"PROCEDURE" LAYOUT; 
FORMAT("("414Aa4(8+ZDe).ollel"I"); 

INLISH10 .. LAYOUT, LIST>; AUXCOH,. AL1H2l s• AUX[6]u n.,.14; 
AUlft4Jsw 8; GSSINVERB(A, 4a AUXJ; 
OUTPUT(11.o"€"1,"("CALCULATiO INVERSEt">"»l"> 11 Jf 
OUTLISTl71@ LAYOUT, LIST>; 
OUTPUT(71, "("4B"C"AUX eLEMENTS1")"11,2C48+D,/)e 
4(48+.,150 11+30» ll 1'>", AUlCl:ll, AUJH3l, AUXC5h AIJ'l<C1l• Allllt9h 
AlJXC.1:l. Jl 

11 EN0" 



INPUT I 

+ 4 + '? + 4 + 1 
+30 ♦ lll +45 +12 
+20 +1'5 +36 +10 
+35 +28 +70 +20 

RF.SULTSi 

CALCULATED INVERSE• 
+4 ... z +4 ... 1 

-30 +20 -45 +12 
+20 =15 +36 -1,, 
... 35 +28 =11[) +2(1 

AUX HEMFNTS s 
+1 
+4 
+.1oooaa~oooonnaan+oa2 
+el1252S57142857u"+003 
+.154QQ999g9q973~fl+~03 
+.222946341369190"-~7 

Cll 9US, J. Ce Po 

PAGE 10 

LINF.AR SYSTEMS WITH CALCULATION OF ERROR BOUNDS AND ITERATIVE 
REFINEMENT (DUTCH>. 
MATHEMATICAL (ENTRE• AMSTERDAM, LR 3. 4o 19 !1972)0 

[2] D~KKF.R, To Je 
ALGOL 60 PROCEDURES IN NUMFRICAL ALGEBRA• PART lo 
MATHEMATICAL CENTRE, AMSTERDAM, TRACT 22 (1968). 



SOURCE TEXT<S >a 

"CnDf" ~4t'1'53s 
"PROCEDURE" INV(A, N, PI; "VALUE" N; "INTEGER" Ne "ARRAY" Ai 
"INTEGER" "ARRAY" PI 
"BEr.IN" "INT~GFR" J, K, Kl; 

,"REAL" R; 
"ARRAY" vn HUs 

PAGE U 

"REAL" "PROCEDURE" "AT~AT(L, U, I, J, A, B)l "CODE" 34013: 
"PROCEDURE" ICHCOL(l, Uo I, Jp A): "CODE" 34Q313 
"PROCEDURE" DUPCOL\IEC<L.o U, J.o A.o F.\U "CODE" U034f 
"FOR" Kl• N "ST~P" - l "UNTIL" 1 "DO" 
"REGIN" Kl•• K + l; 

"FOR" Jae N "STEP" - 1 "UNTIL" Kl "DO" 
"BEGIN" A[J,Kl]W• VCJJ; 

V[Jlt• - ~ATMAT(Kl, N, K, J• 1 .. Al 
11 EIIID"s 
RI .. ACK,K]; 
"FOR" Jsu N "STEP" - 1 "UNTIL" Kl "DO" 
"BEGIN 11 A[K•Jll• V[Jlt 

VCJJim - MATMATIKl, N, J, Ko A, Al I R 
11 END 11 ; 

V[K]a• Cl - MATMAT(Kl, N, K, K, A, A)l I R 
"END"; 
DUPCOLVECll• N.o lw A, VI: 
"FOR" Ki• N - l "STEP 11 - 1 "UNTIL" 1 «nnn 
"0EGYN11 Kll• P[K1i 11 IF" Kl A. K 11THEN 11 

ICHCOL(l, N, Ko Kl; A) 
19END 11 

11 END 11 INIJ; 
"EOP 11 

19 Cf1D~" 34302 t 
"PROCEOIJRE 19 OECIN\/C A, Nw A!Jl(); "VALl!E 11 l'H "INTEGER" NI 
"ARRAY" A,, AUX; 
19 BEGIN" "INTEGER" "ARRAY" P[l!NJ3 

11 P ROCEDIIRE" DEC ( Ao N, AUJC,, P l; "CODE" 343iO(H 
"PROCEDURE" INVfA,, N• Pi¥ "CODE" 340533 
OEC(As Ns AUX» P); "IF 11 AUJCC3l ~ N "THEN" INV(Ao N, P) 

11 EN0" DEC INV; 
11 EOP 11 



<MAY lQH) 

91 Cf'IOE" 34?351 
"RFAL" "PRf'ICFDURE" INVl(A, N, RI, Cl, WlTHNORMli 
ttVALU~" N, WIT4N □ R~; "INTEGER" N; "60□ LfAN" WITMNQR~I 
"AR~AY" A; "INTEGFR" "ARRAY" RI, CI; 
"BFGIN" NINTEGFR" L, K, Kl3 

"RIAL" AID, NRMINV; 
91 PROCt'OIIRE 19 ICHRCW( Lt I.lb I, J, Al; 11 CODE 11 34(132; 
"PROCEDURE" INV(Ae Ne Pli "CODE" 34053# 
INVIA, N, Rilt NRMINVI• O; "IF" WITHNDRM "THEN" 
"FOR" LI• I "STEP" l "UNTIL" N "0f'I" 
NRMINVs• NRMINV + ABS(Atl,N1ll 
"FOR" Kl• N - 1 "STEP" - l "UNTIL" l "D0" 
"REGIN" "IF" WITHNORM "THEN" 

11 REGHl 11 AIOI,. Oi 
"FOR" Lt• 1 "STEP" 1 NLJNTIL" N "DO" 
At01• AID+ ABS(A[l,K]ll 
"IF" NRMINV c AID "THEN" NRMINVI• AID 

"~NOHg 
KJ1m CI[K]; 11 IF" Kl•• K "THEN" ICMROW!l, N• K, Kl, Al 

11 E NO" I 
JN\111,. NRMUJV 

11 EN0" INV.l; 
91 FOP" 

"COf'lE" '44236& 
IIPROCEDIIRF." t,<;SINll!A 9 N, All){l; "VALflE:" Ng 11 1NTEGER" Ni 
"ARRAY'1 Ao ALIX i 
"BEGIN" "INTFGER" "ARRAY" RI, Cl[lrN]; 

11 PROCf!flURE" GSSELM( A• N, AIJX, 1n:. Cll; 11 CODE 11 342:!U 
11 RFAL 11 11 PR1C[OURE" INVl(A• N, AI• Cl• WITHNOR"II "CDDE 11 34!3,s 
GSSELMCA, N» AUX. RI. CI)I 
"1F" A11Xf3J '"· N 11 THl::N" A!JJf[QJ ,,. !NIil! AJ> N» RJ.., Cl, 11TRllf'. 11 l 

tifND 11 GSSINV1 
"E □ P'1 

11 CODE 11 342441 
"PROCEDURE" GSSINVERBIA, No AUXJ; "VALUE" NU 11 INTEGER 11 NI 
11 ARRAV 11 A, AllXI 
"~EGIN" •INTEGER" 11 ARRAV 11 Ria CI[liNJ; 

"PROCEDURE" GSSELM(A• N, AUX, Ria CI)I 11 CODE" 34231t 
"RtH 11 "PROCl:DllRE" INVUA, N, RI, CI, WITHNORMJ; 11CODF" H2'JJ'i; 
"PROCi:D!IRE 11 ERRELMIN, AlJX• NRMINIH I 11 CODE" 3424U 
GSSELM(A, N, AUX, RI, CI}B 
"IF" 1uxr31 ■ N 11 T4~N" 
HBHMCN, AUX, INIJllA, lh R!, CI, 11 TPIJE"l I 

"ENr:l" GSSINVERB; 
tlfQPII 
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AUT~QRs J. C. Po AUSo 

RECEIVEOB 731008. 

BRiiF DESCRIPTION! 

THIS SECTION CONTAINS FOUR PROCEDURES FOR CALCULATI~G AN 
ITERATIVELY IMPROVED SOLUTION OF A SYSTEM OF LINEAR ~OUATIO~Ss 
ITISOL SOLVES A LINEAR SYSTEM WHOSE ~ATRIX HAS BEEN TRIAN'iULARLY 
DECOMPOSED BY GSSELM OR GSSeRBo THIS SOLUTION THUS OBTAINfO 
NUMERICALLY, IS IMPROVED ITERATIVELY; 
G~SITISOL SOLVES A LINEAR SYSTEM AND THIS SOLUTION THUS O~TAINED 
NUMERICALLY- IS IMPROVED ITERATIVELY$ 
ITISOLERB SOLVES A LINEAR SYSTEM W~□ SE ~ATRIX HAS BEfN TRIANGULARLY 
DICOMPOSFD BY GSSNRieTHIS SOLUTION IS IMPROVED ITERATIVELYeMORf□ VeR 
A REALISTIC UPPERBOUND FOR THE ~ELATIVE ~RROR IN THE SOLUTION IS 
CALCIJLAHO. 
GSSITISOLFRB SOLVES A LINEAR SYSTEM.THIS SOLUTION IS IMPRnVED 
ITF.RUII/H Y AND A REALISTIC UPPERBOUNO FOR THE Ji.El.HIVE ERROR IN 
TH~ SOLUTION IS CALCULATED; 

ALGeijRAIC ~QUATIONSo 
LINEAR SYSTEMS• 
ITERATil/c ReFINF.MENTe 



SUR~fCTIONt ITISnL 

CALLING SEOUrNCf.1 
" 

CF£8RllAPY 197Q) 

TM~ WEADING OF THIS PROCEDURE IS1 
"PROCEDURE" ITISOL(A, LU, N, AUX, RI, Clo B): "VALUE" N; 
"INTEGER" Na "ARRAY" A• LU, AUX, B; "INTEGER" "ARRAY" RI, CI; 
"CO Di! 11 342 51'.H 

THE MEANING OF THE FORMAL PARAMETfRS IS1 
As <ARRAY IDENTIFIER>; 

"ARRAY" A[11N,liNli 
iNTRYITHc MATRIX OF THE LINEAR SYSTE~; 

LU& <ARRAY IOfNTIFIER>; 
11 ARRAY" LU[lfNp ltNlJ 

PAGE~ 

ENTRYITHE TRIANGULARLY DECOMPOSED FORM OF THE MATRIX GIVEN 
IN A, AS DELIViR~O BY GSSELM (S~CTION 3elelelelelel); 

Ns <ARITHMETIC EXPRESSION>; 
THE ORDER OF THE MATRIXt 

Allll I <ARRAY IDENTIFIER>; 
"ARRAY" AUX[J03li]J 
i:NTRYI 
AUXt101t A RELATIVE TOLERANCF FOR THE SOLUTION V~CTOR$ IF 

TH~ 1-N□RM OF THF. VECTOR OF CORRECTIONS TO THe 
SOLUTION, DIVID~D ~y THe l=NORM OF THE CALCULATED 
SOLUTION, IS SMALLER THAN AUX[lO], TH~N THE PROCESS 
WILL STOPi THE USER SHOULD NOT CHOOSE THE VALUE OF 
AUXClOl SMALLER THAN THE RELATIVE PRECISION OF THE 
iL~MENTS OF THf ~ATRIX ANO THE RIGHT=HAND SIDE OF 
THE LINEAR SYSTEM; 

AUX[l211 THE MAXIMUM NUMBER Of ITERATIONS ALLOWED FOR THE 
~EFINEMENT OF THE SOLUTION$ IF THE NUMBER OF 
ITfRATIONS EXCElDS THE VALUE OF AUX[1Zl, THEN THE 
PROCESS WILL BE BROKEN OFF; USUALLY AUXtl2l • 5 
WILL GIVE GOOD RESULTS; 

EXITS 
AUX[111B THE 1-MORM OF THE VECTOR OF CORRECTinNS TO THE 

SOLUTION IN THl: LAST ITERATION STEP~ DIVIDl:D BY THE 
l•NORM OF THE CALCULATED SOLUTION! 
IF AllXCl.ll > AUXCl.Ol» THEN THE PROCESS 1-lAS BEEN 
BROKEN OFFP BECAUSE THE NUMBER OF ITERATIONS 
EXCEEDED THE VALUE GIVfN IN AUXC12J; 

AUX[1!1® THE 1-NORM OF THE RESIDUAL VECTOR !SEE METHnD AND 
PERFORMANCE; 

Ria <ARRAY IDENTIFIER>; 
"INTEGER" 11ARRAY" RI[l2Nl# 
ENTRYsTHE PIVOTAL ROW=lNDICESe AS PRODUCED BY r,SSELM; 

CII <ARRAY IDfNTIF!ER>; 
"INTEGER""ARRAY" CI[llN]t 
~NTRYrTME PIVOTAL COLUMN-INDICES• AS PRODUCED BY GSSELM; 

Bt <ARRAY IDENTIFIER>; 
11 ARRAY" Br:I.OIH 
eNTRYI THE RIGHT~HAND SIDE OF THE LINEAR SYSTEM; 
EXIT! THE CALCULATED SOLUTION OF THE LINEAR SVSTEMe 



SECTIONS 3ololololele5 

PRl'lCl:DllRFS ll';FDI 

SIJLHM 
INIVEC 
DIIPVEC 
LNGMATVEC 

"CP34061, 
,. CP310Hl.t> 
" CP'.H(l31C:• 
,. CP344lle 

RfOUIRFO CFNTRAL Mt=MORYr 

( FEBPUARY 1919) 

Twn REAL ARRAYSp BOTH OF ORDER N, ARE DECLARED. 

RUNNING TIME! THf NUMBER OF ARITHMETICAL OPERATIONS IN ~ACY ITERATION 
STrP IS PROPORTIONAL TON** 2e 

ITISOL SHnULn BE CALLED AFTER GSSEL~ OR GSSfRB !SECTION 
3.1.leleleloll AND SOLVES THE LINEAR SYST~M WITH A MATRIX r.IVEN 
IN ARRAY A, AND A RIGHT-HAND ~IOE GIVEN IN ARRAY 8; ONCF A 
SOLUTION IS CALCULATiD WITH SOLiLM (SECTION 3olal ■ lelol@3), T4IS 
SOLUTION WILL RE REFIN~O ITERATIVELY UNTIL THE CALCULATED RELATIVE 
CORRECTION Tn THIS SOLUTION WILL BE LESS THAN A PRESCRIBED VALU~ 
(SH AUHlfHH 
EACH ITERAT! □N OF THE RcFINEM£NT PROCESS CONSISTS OF THE FnLLOWING 
THRFF. STEPS (S~E [11, [2la [3])1 

1 CALCIJlATE, HI DOUBLE PRECISION» THE RESIDUAL VECTOR lh DEFINED 
BYI R • AX - 13» 
WHERE X DENOTES THE SOLUTION, OBTAINED IN T~E PREVIOUS 
ITERATION, R THE RIGHT-HAND SIDE OF THE LINEAR SYSTEM, GfVF.N 
IN BCltNl, AND A THE MATRIX CIVSN IN AClaN, ltN]J 

2 CALCULATE THE SOLUTION C, SAY, OF THE LINEAR SYSTEM! AC• R» 
WITH THE AID PF THC TRIANGULARLY DECOMP □SfD MATRIX AS ~IVEN IN 
lUClsN, 1SN1; 

3 CALCULAT~ THc NFW SOLUTIONS XNEW • X - c; 
CONDITION OF THE MATRIX IS NOT TOO BAOo THEN THE PRcCISION OF T~E 
CALCULATED SOLUTION Will Se OF THE ORDER OF TM~ PRECISION ASKED FOR 
IN AUX[lO]; HOWfVER, IF THE CONDITION OF THE MATRIX IS VERY BAD, 
THEN THIS PROCESS WJ.Ll POSSIBLY NOT CONVERGE OR, IN EXCEPTIONAL 
CASFS, CONVERGE TO A US~LtSS RESULTi IF THE USER WANTS TO MAKE 
CERTAIN ABf'ltJT THE PRECISION OF THE CALCULATED SOLUTION, Tl-fi:N I-If 
MAS TO USF ITISOLERB (THIS SECTION>, WHICH NEEDS THE CALCULATION 
IOF ORDER N ** 3) OF THE INVERSE MATRIX TO GET AN UPPER BOUND FOR 
THE CONDITION NUMBER AND WI-IICH GIVES A REALISTIC UPPER BOUND FOR 
THE RELATIVE ERROR IN THE CALCULATED SOLUTIONS 
ITISnl LEAUFS Ae LU, RI AND CI UNALTERED, SO AFTER ONE CALL OF 
GSSHM SEVERAL CALLS Of ITISOL MAY FOLLOW TO CAlCULATc: THE SOLIITION 
OF SEVERAL LINEAR SYSTEMS ~ITH THE SAME MATRIX BUT DIFFERENT RIGHT= 
HAND S !DES• 

fXAMPLE OF USEe SEE GSSITISnl (THIS SECTION». 



SURSECTIONr GSSITI~OL 

CALLING SEOUENCFt 

THf HEADING ~F THIS PROCEDURE IS1 
"PROCEDURE" GSSITISOL(A, N, AUX, Bll "VALUE" NI 
"INTEGER" N; "ARRAY" A, AUX, BI "CODE" !4251; 

T4F MeANING nF THE FORMAL PARAMETERS ISI 
Al <ARRAY IDENTIFIER>; 

"ARRAY" A[ltN,ltN]I 
ENTPVtiHE N-TH ORDER MATPIXs 
EXITS THE CALCULATED LOWER-TRIANGULAR ~ATRIX A~D UNIT 
l!PPERTR IANl':lllAR MATRIX WITH ns UNIT DIAGONAL Of\1ITTe:DI 

Na <ARITHMcTIC EXPRESSION>; 
THE nRnER OF THE MATRIX! 

AllX 3 <ARRAY IOENTIFH:R>g 
"ARRAY" AUX[1S13li 
f'NTRVI 
AUX[~]a A RELATIVE TOLERANC~ FOR THE PROCESS □ F TRIANGULAR 

DECOMPOSITION; A REASONABLE CHOICE FOR THIS VALUE 15 
AN ESTIMATE OF THE R~LATIVE PRECISION OF THf MATRIX 
flFM~NTS; HOWEVER,IT SHOULD NOT BE CHDSfN SMALLER 
THANN THE MACHINE PRECISION; 

AUX[4Ji A VALUE WHICH IS UStD FOR cnNTROLlING PIVOTING fSEF. 
GSSElMD SECTION 3.1.lololololli 

1uxr101g A RELATIVE TOlfRANCE FOR THE SOLUTION VECTOR; IF 
THE l=NORM OF THE VECTOR OF CORRECTIONS TO T4E 
SOLUTION, DIVIDED BY THE l=NORM OF THE CALCULATED 
SOLUTION» IS SMALLER THAN AUX[lvl, THEN THE PROCESS 
W.Ill STOP; THE USER SHOULD NOT CHOOSE THE VALUe OF 
AUX[lOl SMALLER THAN THE RELATIVE PRECISION OF THE 
EL~MENTS OF THE MATRIX AND THE RIGHT~HAND SIDE OF 
THE LINEAR SYSTEMS 

AUX[l!1t THE MAXIMUM NUMBER OF ITERATIONS ALLOWED FOR T4E 
REFINEMENT OF THE SOLUTION$ IF THi NUMBER OF 
ITERATIONS i:l(CEEDS THE VALUE OF AUlHlZl, THEN TH!: 

BIT@ 

PROCESS Will BE BROKEN OFFi USUALLY AU'l([l2l w 5 
WILL GIVE GOOD RESULTS; 

AUX[l]t IF R IS THE NUMBER OF ELIMINATION STEPS PERFORMED 
(SEF AUX[3ll, THEN AUYCll EQUALS 1 IF THF 
DETERMINANT OF THE PRINCIPAL SUBMATRIX OF QROER R 
IS POSITIVE, ELSE AUX[l] m -11 

AUX[3]: THE NUMBER OF ELI~INATION STEPS PERFORMEDt IF 
AUY[3l < N THEN THE PROCESS HAS ~EEN BROKEN OFF AND 
NO SOLUTION WILL HAVE REEN CALCULATED¥ 

A!JX[51 i THE MODULUS OF AN HEl"EIH WHICH IS OF MAXHIUM 
ABSOLUTf VALU~ FOR THE MATRIX WHICH HAD BE~N GIVEN 
IN ARRAY A; 
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AlJX[1l: AN IIPPER BOUND FOR THE GROWTH (SEE GSSHl1w SECTION 
3 .. 1.1.i.1.1.1 >s 

AUXC111• IF AUXC3l < N, THEN AUXClll WILL BE UNDEFINED, 
ELSE AUXCll] EQUALS THE l=NORM OF THE VECTOR OF 
CORRECTIONS TO THE SOLUTION IN THE LAST STEP~ 
DIVIDED BY THE 1-NORM Of THE CALCULATED SOLUTIONS 
If AUX[lll > AUXCl~l, THEN THE PROCfSS ~AS BEEN 
8R □ KEN OFF, 8ECAUSE THE NUMBER OF ITER~TI□N~ 
EXCEEDED THE VALUE GIVEN IN AUX[lZll 

AUXC13'1a IF AUX£3'J ., N, THEN THE VALUE OF AUXl'.13:J WILL 
cQUAL THE l=NORM OF THE RESIDUAL VECTOR <SEE ITISOL 
IN THIS SECTION), ~LSE AUXC13] ~Ill BE UNDEFINED; 

Bz <ARRAY IDENTIFIER>; 
"ARRAY" !H'ltNH 

DIJPMAT 
GSSHM 
HISOL 

ENTRYI THE RIGHT=HAND S!Dt OF THE LINEAR SYSTEMi 
EX[Tr IF AUX[3l ., N, THEN THE CALCULATED SOLUTION OF THE 

LINEAR SYSTEM IS OVERWRITTEN ON B, tLSE ~ REMAINS 
UNAL TEREDo 

• CP31035, 
• CP~42U~ 
• CP34250o 

T~R~E REAL ARRAYS, TWO OF ORDER N AND ONE OF ORDER N ** 2, ARE 
DECLARED. FURTHERMORE, TWO INTEGER ARRAYS OF ORDER N ARE USED. 

RUNNING TIMEt PROPORTIONAL TON** 3o 

METHOD AND PERFORMANCES 

GSSITISOL USES GSSELM (SECTION 3ololulololoU TO P!:RFORM A 
TRIANGULAR DECOMPOSITION OF THE MATRIX AND ITISOL (THIS SECTION) TO 
CALCULATF AN ITERATIVELY RiFINED SOLUTION OF THE GIVEN LINEAR 
SYSTEM; IF AUIC3l c N, THEN THE EFFECT OF GSSITISOl IS MERELY THAT 
OF GSSELMI !F THE CONDITION OF THE MATRIX IS VERY BAD, THEN, IN 
EXCEPTIONAL CASES; THE CALCULATED SOLUTION MAY BE USELESS (SEE 
ITIS □l• IN THIS SECTIONle 
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EXAMPLE r,11: USi: 3 

lET A RE THE FOURTH ORDER SEGMENT OF THE HILBERT ~ATRIXe 
HULTIPLlfD WITH 940 TO Gil I~TEGER ELEMENTS» AND B THE THIRD COLUMN 
OF A• THEN THE SOLUTION OF THE LINEAR SYSTEM AX m BIS GIVEN BY 
THf THIRD UNIT VECTOR AND MAY Bi OBTAINED BY TH~ FOLLOWING 
PROr.lU,MI 

ffRfGIN" "INTEGER" IP Ji 
"ARRAY" A[l14• lt4]• BC1a4J• AUX[lt13]3 
"PROCEDURE" GSSITISOlfA• N. AUX• B); "CODE" 34251; 
"PROCEDURE" LIST(ITEM>; "PROCEDURE" ITEM; 
"BEGIN" "INTEGER" It 

"FOR" Iim 1 "STEP" 1 "UNTIL" 4 noon ITEMl6[1lJI 
"FOR" l:m l "STEP" 2 "UNTIL" 7 noon ITEMCAUX[Il)I 
ITEM(AUX[l11)B ITEM(AUX[l3]) 

"END" UST: 
11 PROCEDURE" LAYOUTI 
FORMAT« 11 «11 •e "("SOLUTIONill)HB+el5D"•3D.le!lla8+ol5D"•30.,1. 
11 [ 11 SIGN(DETI a "J"+Dol• 11 111~UMBER OF ELIMINATIONSTEPS m "I" 
•D•l•"["MAX(ABSCA[I.J]))m 11 )"+el5D"+3D,/, 
we "LIPPER ROUND GROWTtH 19> 11 +@150 11+309/e 
11 (MNORM LAST CORRECTION VECTORS ") 11+ol'D"+3Del• 
11 ( 11 NORM RESIDUAL VECTOR! "J"+ol5D"•!D 11 1"11 

"FOR" I1m 1 11 STEP 11 l 11 UNTIL 11 4 "DO" 
11 BEGIN" 11 FORII Jim 1 11 STEP 11 1 11UNTIL" 4 "DO" 

ArI.JJim 840 II CI + J = 1)1 B[I]!m A[l;3] 
111:ND" I 
AUX[21am 11=14, AUX[4]am 8; AUX[lO]lm "=141 AUX[12]1m ,i 
GSSITISOl(A• 4• AUX, B)t 
OllTlISTCUio LAYOUT@ u:sn 

"f.:ND" 

so L H T I a N 1 • & ,1,010l,._1k1\l'.li0:0l<Jl(lc~100,o 11 +l{;(}(l 
+.oooaaooaacooaaan+aoa 
• .. lOO()OOOOOOOGMO "+00 l 
+., r!OCOllOOOti0"10QOO 11+:00ti 

SIGN <OET l m +l 
NUMBER OF ElIMINATIONSTEPS m +4 
MAX€ABS(A[I;Jl!!m +.,840000000000000 11+003 
l! PP le R MUN l.'l Gfl Oldil-H +,. 134() 8~<01(.l!O!OielO<JOO 11+004 
NORM LAST CORRfCTION VfCTORt +e000000006000000 11+000 
NIJRM RIES IDUAl VECTOR t +,.UIJOi.i:fltOOtlWltii:40~ 11+f)00 



SUBSECTION• ITISOLFRB. 

CALLING SFOUENCE1 

THt HEADING OF THIS PROCEDURE ISs 
"PROCEDUR!" ITISOLeRR(A, LU, No AUX, RI, Cl, BJ; "VALUE" N~ 
"INTEGER" Nt "ARRAY" A, LU, AUX, ~; "INTEGER" "ARRAY" RI, er; 
"CODE" 342533 

iHf. MEANING OF THE FORMAL PARAMETERS IS• 
At <ARRAY IDENTIFIER>; 

ttARRAY"[lsN.lsN]; 
ENTRVsTHE MATRIX OF THE LINFAR SYSTEM; 

LUI <ARRAY IDENTIFIER>; 
"ARRAY" LU[laN,llN]B 
ENTRYsTHE TRIANGULARLY DECOMPOSED FORM OF THE MATRIX GIVEN 
IN A AS DELIVERED BY GSSNRI (SECTION 3el@l@lal@lal)3 

Ns <ARITHMETIC F.XPRESSION>f 
THE ORDER OF THE MATRIXB 

AUXt <ARRAY ID~NTIFIER>; 
"ARRAY" AUl[Ot13J; 
ENTRYs 
AUX[O]t THE MACHINE PRECISION; 
AUX£5]t THE MODULUS Of AN ELEMENT» WHICH lS OF MAXIMUM 

ABSOLUTE VALUE FOR TH~ MATRIX OF THE LINEAR SYSTEMe 
THIS VALUE IS -DELIVERED SY GSSNRJ (SECTIO~ 
3.1.lslelelel) I~ AUX[5]J 

AUX[~lm AN UPPER BOUND FOR THF. RELATJV~ ERROR IN T4f 
ELEMENTS OF THE MATRIX OF THE LINEAR SYSTE~: 

AUX[7]1 AN UPPER BOUND FOR THE GROWTH DURING GAUSSIAN 
ELIMINATION# THIS VALUE IS DELIVERED BY GSSNRI IN 
AUXC7]; 

AUX[Blt AN. UPPER BOUND FOR THE RELATIVE ERROR IN THE 
ELEMENTS OF THf RIGHT=HAND SIDE OF THE LINEAR 
SYSTEMS 

AUX[QJI THE l=NORM OF THi INVERSE MATRIX; THIS VALUF. IS 
OELIVfREO BY GSSNRI IN AUXC9l! 

AUxr1~,. A RELATIVE TOLERANCE FOR THE SOLUTION VECTORJ IF 
THF 1-NORM OF THE VECTOR OF CORRECTIONS i~ iHE 
SOLUTION, DIVIDED BY THE 1-NORM OF THE CALCULATeD 
SOLUTION, IS SMALLER THAN AUX[10l, THEN THE PROCESS 
WILL STOP; THE USER SHOULD NOT CHOOSE THE VALUE OF 
AUX[10l SMALLER THAN THE RELATIVE PRECISION OF THE 
ELFMENTS OF THE ~ATRIX AND THE RIGHT-HAND SIDE Of 
THE LINEAR SYSTEM, GIVEN IN AUXC6J ANO AUXCB]; 

AUX[12lt THE MAXIMUM NUMBER OF ITERATIONS ALLOWED FOR THF 
REFINEMENT OF THE SOLUTION; IF THE NUMBER OF 
ITERATIONS EXCEEDS THE VALUE OF AUX[121, THEN THE 
PROCESS WILL BE ~ROKEN OFF; USUALLY AUX[12l • 5 
Will GIVE GOOD RESULTS; 



BIT: 
1uxr1111A RFALISTIC UPPERBJUND FOR THF RilATIVE fRRnR JN 

THE CALCULATED SOLUTION# HnWEVEP, IF NO USE CAN ~E 
MAnE OF TH~ ERROR-FnRMULA. TH~N AUX[ll] ,~ -1: 

AUXf13J a THE l=NOR"'! OF TH!: RESIDUAL VtCTOP !Set: "1ETtFJO AND 
PHFORMANCI:); 

Rit <APRAV IDENTIFIER>; 
"INTEGER""ARRAY" RI[lSN]; 
iNTRVsT~E PIVOTAL ROW-INDICES, AS PRODUCED BY ~SSNRI: 

C!t <ARRAV IDFNTIFIER>; 
"INTEGER""ARRAY" CI[l1N1i 
~XITtTM~ PIVOTAL COLUMN-[NOICES. AS PRODUCED BY ;ss~RI; 

R1 <ARRAY IDENTIFIER>; 
11 ARRAY" fHlH-!H 
ENTRYt TH~ RIGHT-HAND SIDE OF T~E LINEAR SYSTEM; 
FXIT1 THE SOLUTION OF THe lINfAR SYST~M. 

PRnCEDURF.S USECH 

REOUIR~n CfNTRAl. ~FMORYIT~O REAL AARRYS» BOTH OF ORDER N, AR~ DF.CLAREO. 

RUNNING TIMES THf NUMBER nF ARITHMETirAL OPiRATION~ IN EACH ITERATION 
STEP OF THE REFINE~ENT PROCESS IS PROPORTIONAL ra N •• 2. 

MFTHOO,AND PFRFnRMANCEt 

ITI~nLERB SHOULD BE CALLED AFTER GSSNRI (SECTinN 3.1.1.1.1.1.11, 
WMICH DELIVFRS TM~ TRIANGULARLY DECOMPOSED FOR~ OF THE MATRIX AND 
THE PROPFP VALU~S FOR THE ODD EL~MENTS nF ARRAY AUX; ITl~OIERB 
CALCIILATF.St WITH THF USE OF ITISOL !THIS SECTION), AN ITERATIVELY 
IMPROVED SOLUTION QF THE LINEAR SYSTEM WITH A MATRD AS GIVEN IN 
ARRAY A ANO A RIGHT-HAND SIDE AS GIVEN IN Ba MOREOVER• ITIS8LER8 
CALCULATfS A RcALISTIC UPPER BOUND FOR T4E RtLATIVE ERROR IN T~E 
CALCIILATf.O SOLUTION, BY (SH CU, [2]); 

NORM(DXl I NJRM(X) <•PI (1 • P), 
WHFRE a P • ( ~JRM(R> I ~ORM(X) +DBI ~ □RM(X) + DA) 

* NORM!C) I 11 - Q • NORM(C) ) 
FOR Q $ff SECTHlN 3elelalelelel (SIJRSECTION ERBElM) • 
R rs TI-It Rt:SIDIJ/IL VECTOR (SEE ITISOL IN THIS SECTION), 
X IS THf CALCULATED SOLUTION, 
DB IS THE UPPER BOUND FOR THG R~LATIV~ ERROR IN THE RIGHT-MAND 
SIOt= HfMFNTS» 
DA IS THF llPPER BOIIND FOR THE RELATIVE ERROR IN THE M.IITRB 
ElEMENTSe C IS THE CALCULATED INVtRSE MATRIX, 
AND THE 1-NORM nF A VECTOR OR A MATRIX IS DENOTED BYS ~ORM(.l 
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IF 1 - P < AUX[OJ, THEN THE VALUE -1 IS DELIVERED 
IT[SnLERB lf.AV~S A, LU, RI AND CI UNALT~RED, SO 
GSSNRI SfVERAl CALLS OF ITISOLERB MAY FOLLOW, 
SOLUTION OF SEVERAL LINEAR SYSTEM$ WITH THE 
DIFFERENT RIGHT=HAND SIDES. 

EXA~PLE OF USEe $EE GSSITISOLERB (THIS SECTION)@ 

SUBSECTIONS GSSITISOLERBe 

CALLING SEOUENCFs 

THf HEADING OF THIS PROCEDURE ISS 
"PROCEDURE" GSSITISnLERBCA, N, AUX, 0)J "VALUE" NS 
"INTEGER" NI "ARRAY" Ao AUX, 8; "CODE" ~,2541 

TMr MEANING OF THE FORMAL PARAMETERS !St 
At <ARRAY IDF.NTlFIER>; 

"ARRAY" A[laN,llN]S 
ENTRYrTME N-TH ORDER "ATRIX; 

IN AUXCUls 
AFT[R ONE CALL OF 
TO CALCULATE THE 
SAME MATRTX qur 

FXIT2 THE CALCULATED lOW~R-TRIANGULAR MATRIX A~D UNIT 
IJPPE::R-TRUNGULAR MATRIX WITH ns UNIT DIAGONAL OMITTe01 

Nt <ARITHMETIC EXPRESSION>; 
THE ORDcR DF THE MATRIXI 

AUX1 <ARRAY IDENTIFIER>; 
"ARRAY" AUX[Oil31; 
F.NTRYI 
AUX[LJ]I TH~ MACHINd PRECISIDNI 
AUX[Z]s A RELATIVE TOLERANCE: A REASONABLE CHOICE FOR TYIS 

VALUE IS AN F.STIMATc OF THE RELATIVE PRECISION OF 
THE MATRIX ELEMENTS# HOWEVER, IT SHOULD NOT 6E 
CHOSEN SMALLER THAN THC MACHINE PRECISION; 

AUXf.4Ja A VALUE WHICH IS USED FOR CONTROLLING PIVOTING (SEE 
GS~ELM, SECTION 3elelelelelel); 

AUXr~Ja AN UPPER BOUND FOR THE RELATIVE ERROR IN THE MATRI¥ 
ELEMENTS OF THE LINEAR SYSTEMS 

AUX[811 AN UPPER BOUND FOR TME RELATIVE lRRiR IN TH[ 
ElF.MENTS OF THE RIGHT-8AND SIDE; 

AllXrlO'J II A RELATIVE TOLERANCE FOR THE SOUJTION \IECTOl'H IF 
THE l=NORM OF THE VECTOR OF CORRECTIONS TO THE 
SOUlTION, DI'\IIDi:D RV THE 1-NCIIU'4 OF THE CUClflATfO 
SOLUTION, IS SMALLER THAN AUXrlCl• THEN THE PROCESS 
WILL STOP; THE USER SHOULn NOT CHOOSE THE VALUE OF 
AUXflO] SMALLER THAN THc RELATIVE PRiCISION OF THE 
ELEMENTS OF THE MATRIX AND THE RIGHT-HAND SIDE OF 
THE LINEAR SYSTEM (AUX(10l >@ AUXC2l)J 

AUX[12]S THE MAXIMUM NUMBER OF ITERATIONS ALLOWED FOP THE 
REFINEMENT OF THE SOLUTION; IF THE NU~BER OF 
IlfRATIONS EXC~EDS THE VALUE OF AUXClZ1, THEN THE 
PRJCESS WILL BE BROKEN OFF; USUALLY AUX[l2] • 5 
WILL GIVE GOOD RESULTS; 
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EXITI 
AUY[lJs IF R IS THE NUMBER OF ELIMINATION STEPS PERFORMED 

<SEE AUXC3l), THEN AUXCll EQUALS 1 If THE 
DET~RMINANT OF THE PRINCIPAL SUBMATRIX OF ORDER R 
IS POSITIVt, fLSE AUXClJ • -1; 

AUX£3]: THE NUMBER OF ELIMINATION STfPS PERFORMED; IF 
M11[3l < N THEN THE PROCESS HAS BEEN ~ROKEN nFF 
AND NO SOLUTION WILL HAVE BiEN CALCULATED; 

AUIC.5]1 THE MODULUS OF A~ ELEMENT WHICH IS OF MAXIMUM 
ABSOLUTE VALUE FOR THE MATRII WHICH HAD BEEN GIVEN 
IN ARRAY Al 

AUX[7Jm AN UPPER BOUND FOR THE GROWTH ISEE GSSELM• SECTIO~ 
3,.1.1 .. 1.1 .. 1 .. 1>; 

AIJHQH IF AUXC:.1] • N THiN AlJX[91 EQII.US THE 1--NORI'! Of T'-11: 
CALCULATED INVERSE MATRIX, ElSt AUX[q1 WILL ijf. 
UNfH:FINHH . 

AUX[ll]& IF AUX[3l c N, TYEN AUX[lll WILL BE UNDEFINED, 
aL5E THE VALUE OF AUX[lll EOUALS A REALISTIC UPPER 
BOUND FOR THE RHAHVE ERROR IN Tt-lE CALCULAT!:O 
SOLUTIONS HOWEVER, IF NO USE CAN BE MADE Of THE 
ERROR FORMULA (SfE ITISOL~RB IN THIS SECTION>, T~EN 
AUXrlll I ..... i; 

Alfltrl3J: If AUXC3J ,. N. THfN AUX[l3] 1:0IHLS THE '!.=NORM OF 
THE RESIDUAL VECTOR (SEE !TISOL IN THIS SECTION), 
iLSE AUX[l3] WILL BE UNDEFINED; 

BI <ARRAY IDENTIFIER>; 
"ARRAY" annn; 
FNTRYI THF RIGHT-HANO SIDE OF THE LINEAR SYSTEMS 
EXIT: IF AUX[3] • ij, THeN T~E CALCULAT~D SOLUTION OF T4E 

LINEAR SYSTEM IS OVERWP.ITTEN ON B, ELSE ~ RF.MAINS 
1J N Al TE R ED " 

DUPMAT 
GSSNR! 
ITISOLERB 

., CP310'35, 
• CP34252, 
• CP34253o 

RFOUIRED CENTRAL MEMORY¥ 

THREE REAL ARRAYSe TWO OF ORDER N AND ONE Of ORDER N •• 2 • ARF. 
USED. FURTHERMORE» TWO INTEGER ARRAYS OF ORDER N ARE USED@ 

RUNNING TIMES PROPORTIONAL TD N •• 3. 

GSSITIS □ lERB USES GSSNRI (SECTION 3olelel@lale1> TO PERFORM A 
TRIANGULAR DECOMPOSITION OF THE MATRIX AND ITISOLERB ITHIS SECTl~Nl 
TO CALCULATE AN ITERATIVELY REFINED SOLUTION OF THE GIVEN LINEAR 
SYSTEM AND A REALISTIC UPPER BOUND FOR THE RELATIVE ERROR IN THIS 
SOLUTIONS IF AUX[31 < N• THEN THE EFFECT OF GSSITISOLERB IS MERELY 
THAT OF GSSeLM (SECTION 3elel,.lel,.lalle 
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LET A BE THE Frl!JRTH ORDER SEGM!:NT OF THE HILBERT f'IATRIX, 
MULTIPLIED WITH 840 TO GiT INTEGER f.LcMENTS, ANO B THE THIRD COLUMN 
OF A@ THFN THE SOLUTION OF THE LINEAR SYSTEM AX• 6 IS GIVEN BY 
TH~ THIRD UNIT ViCTOR AND T~IS SOLUTION• AS WELL AS A REALISTIC 
UPPER BOUND FOR THE RELATIVE ERROR IN IT, MAY BE OBTAINED BY THE 
FOLLOWING PROGRAM: 

"BiGIN" "INTEGER" 1, JB 
"ARRAY" A[ls4, 1&4l, B[lt4l, AUX[Oll3J; 
"PROCEDURE" GSSITISOLERB<A, N, AUX» 8); ncanE" 342541 
"PROCEDURE" lISTflTEM)J "PROCEDURE" ITEM& 
"BEGIN" "INTEGER" I; 

"FOR" Itm 1 "STEP" 1 "UNTIL" 4 "DO" ITEM(B[l])I 
"FOR" It• 1 "STEP" 2 "UNTIL" 13 "00" ITEM«AUX[I]) 

19END" UST; 
"PROCEDURE" LAYOUT; 
FORMAT("«"*; "{"SOLUTIDNt")"B+e15D"+3D•l,3fluB+el5D"+3D,f), 
tt(OOSIGN<OET) • fl)tt+D,/,tt(ttNUMAER OF ElIMINATIONSTEPS • ">" 
+D.le"("MAl(ABS(ACl•Jl))a ")"+el50«+3D,/, 
"("UPPER BOUND GROWTH@ "l"+el50"+30e/, 
W(HNORM CALCULATED INVERSE MATRIX• ">"+el5D"+3D,/, 
"<"UPPER BOUND FOR THE RELATIVE ERROR: ")"+®1'0"+3D,I, 
"{"NORM RESIDUAL VECTOR! 19 )"+ool50"+30")")B 

"FOR" Ism l ®STEP" 1 "UNTIL" 4 "DO" 
"BEGIN" "FOR" Jtm 1 "STEP" 1 "UNTIL" 4 "DO" 

A[I.Jlt• 840 II «I+ J - 1}1 BtIJa• ACI,31 
"'£1¾10": 
AUX£~lt• AUXC2J&• 00-14; AUX[4l:• 8t AUXC6)ts AUX[S)a ■ O; 
AUX[lO)mm "-141 AUX[12]tm 58 
GSSITISOliRB€A; 4, AUX, BJ; 
OUTLIST(71, LAYOUT, LIST) 

"!:ND" 

RESULTSa 

S O LU TIO N z + ,. t)U.ii()!();JlilW\0!00.00>li.0 "+i(IOIO 
+eoaoooaoouoooaoon+oao 
+.1onoooouca~~ooon+oo1 
+ .,,t<lOO.:lOOOC:HJOOOC!O 11 +0()1{, 

SIGIHDfn ., +1 
NUMBER OF ELI~INAT!ONSTEPS • +4 
MAX(ABS«ArieJ]))m +.840000000C00000"+003 
u P P E R e o u N o G R mrn-u + • l3 41(18.0iOiCliCJOOl(j Ol(ll(; 11 +.:>-'I 4 
NORM CALCULATED INVERSE NATRIXa +0162142851143540 11 +002 
UPP~R BOUND FOR THE ReLATIVE ERRORi .... ~ooooooo~~OOOOO"+OOO 
NORM RESIDUAL VECTOR& •• ooo~oaooooaoaa~"+OOO 
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RHERl:NCES a 

[11 BUSa Jo C. Pa 
LINEAR SYSTEMS WITH CALCULATION OF ERROR BOUNDS ANO ITERATIVE 
REFINEMENT (DUTCH>. 
MATHEMATICAL CENTRE, AMSTERDAM, LR 3o4olq, €197Zlo 

tZ] DEKKER, Ta J. 
NUMERICAL ALGEBRA (DUTCH). 
MATHfMATICAL CeNTRE, AMSTERDAM, SYLLABUS 12, (197110 

[~l WILKINSON, Jo H. 
THE AlGERRAIC EIGENVALUE PROBLEM. 
OXFORD €1965) .. 

SOURCE TEXT(S)z 

"CODE" 3425i0: 
"PROCEOURfti ITISOUA, LU, N, AllX, RI, Cl, Bl t "VALUE" 1-0 
"INTEGER" Nt 
91 ARR AV II A,, l II, AU l!, B ; 91 INTEGER" tt ARR A Y II R I , C I ; 
"REGIN" "INTEGER" I, ITER, MAXITERS 

"REAL" MAXF.RX, F.RX, NRMRES, NRMSOL, R, RR; 
"ARRAY" RES, S □ Ltl:N]; 
"PROCEDURE" SOLEL~(Ae N, RI, era Bia "CODE" 340611! 
"PROCEDURE" lNIVECCL» U, Aa X); "CODE" 310101 
"PROCEDURE" DUPVEC<L» U, SHIFT, A, B); "CODE 11 31~3G: 
11 PROCEDURE" LNGMATVEC ( Ar, B, C, Da E» F, Ga H, I JI 
11 C □ DE1" :1441:U 
MAXERXs• EPXt• AUX[101; MAXITERt• AUXC12J; 
INIVECfl• N, SOL, 0)3 DUPVEC(la N, O, RES, B)B 
"f □R" ITtRt• 19 rTeR + l "WHILE" ITER <• MAXITER & 
MAXEPX c ERI "DO" 
"BEGIN" SOLELMH·u, Na IU• er.,, RESil! ERXh NRMSOU"' NRMRES2• '.); 

"FOR" I:• l "STEP" 1 "UNTIL" N "DO" 
11 BEGIN 11 Rs• RESCIJ; ERXsu ERX + ABS(R); RR#B SOL[l1 + Rt 

SOL[Ilm• RR; NRMSOLB• NRMSOl + ABS(RP) 
"!:ND"i 
ERXt• ERX I NRMSOL; 
11 FOR" It• l 11 STEP" 1 "UNTIL" N "DO" 
"BEGIN" LN&MATVEC(la Ne la A• S □l• - B[Il, O, R, RRJI 

Rt•= (R + RR); RES[Il&• R; NPMRES2• NRMRES + ABS(R) 
ttEND" 

19END 11 ITP.RATION: 
DUPVEC(l, No ~r, B• SOL); 
AUX[llli• ERX! AUX[131s• NRMRES 

WEND" ITISOU 
"EOP" 



111CDDE" ~4251 t 
"PROCEDURF" GSSITISOlfA• N, AUX, B)J "VALUE" Ni "INTEGER" NI 
"ARRAY 11 A, AUX, Ba 
"R~GIN" "INTfGER" I, JJ 

"ARRAY" AACliN,ltN]; 
"INTeGER" "ARRAY" Rl, CI[ltNli 
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"PROCEDURE" GSSELM(Aa N, AUX, RI, CI>; "CODE" 34231; 
"PROCEDURE" ITISCL(A, LU, N, AUX, RI, Cl, Bit "CODE" 34?50; 
"PRDC~DURE" DUPMAT(L, U, I• J, A, B)J "CODE" 310353 
DUPMAT(l, N, 1, Na AA, A); 
GSSEUHA, N, AUX, Rl, Cl!; 
"IF" AUX[!l • N "THEN" ITISOLCAA, A, N, AUX, RI, Cl, B) 

"END" GSSITISOls 
"'l!OIHi 

"CODl':: 11 342531 
"PROCEDURE" ITISOLERBCA, LU, N. AUX, RI* CI, B)s "VALUE" N; 
"INTEGER 1t tH 
"AIHUY" A, llh AUli', Bi 11 INTEGER" 11 ARRAY" RI, Cl: 
"BF.GIN" "INTEGER" I# 

"REAL" NR~SOL@ NRMINV• NRMB, ALFA, TOLA• EPS; 
"PROCEDURE" ITIS □ L<A, LU, N, AUX. R!, Cl, B)i "CODE" !4250! 
EPSI" AUX[OH 
NRMINVt• AUX[Q]; TOlAt• AUX[5] * AUX[6]; NRMBt• NRMSOLt• O; 
"FOR" Ia" 1 "STEP" l "UNTIL" N "DO" NRMBI• NRMB + ABS(BCI]>t 
ITISOLfA, lU, ~, AUXw RI• CI, B)a 
"FOR" It• 1 "STEP" l "UNTIL" N "DO" 
NRMSOLs• NP.MSOL + ABS(BCIJ); 
ALFA®• 1 = Cla06 * EPS * AUXC7l * t.15 * N + 4@51 $ N ** 2 

+TOLA)* NRMINVa 
."IF" ALFA< ~PS "THEN" AUX[lllt• = l "ELSE" 
"BEGIN" ALFAt• ((AUXC13l + AUXC8l * NRMB) I NRMSOl + TOLAl * 

· NRMINIJ I ALFA; 
AUXC111t• "IF" l - ALFA c EPS "THEN" - l "ELSE" 

ALFA / (1 • ALFA) 
11END" 

"ENO" l"f:l'.SOLF.IH3; 
. "El1P" 

"CODE" 34254; 
"PROCEDURE" GSSJTISOLERB«A• N• AUX, BJI "VALUE" NI "INTEGER" NI 
"ARRAY" A• AUX» Bi 
"BEGIN" "INTEGER" I, J: 

"ARRAY" AA[lmN,laN]; 
"INTEGER" "ARRAY" RI, CI[lSN]& 
"PROCiDURE" GSSNRI(Aa N, AUX, RI, CJ); "CODE" 342521 
"PROCEDURE" ITISOLERB(A, LU, N, AUX, RI» Cl, Bli "CODE" 342~13 
"PROCEDURE" DUPMAT(l, U, I, J, A, B)S "CODE" 310353 
DUP~AT(l, N, 1, N, AA@ A)! 
GSSNRJ(Ag N, ALIX, RI, CJ); 
"IF" AUXC~] m N "THEN" ITISOLERSCAA, A, N, AUX» RI, CI, B) 

"END" GSSITISOLERBs 
"EDP" 





INSTITUTE: MATHE~ATICAL CENTREe 

BRIEF OF.SCRIPTIONs 

T~IS SECTION CONTAINS TWO PROCF.OURfSs 
A> CHLOECZ CALCULATES THf CHOLESKY DECOMPOSITION OF A POSITIVE 
DEFINITE SYMMETRIC MATRIX ijHOSF. UPPF.R TRIANGLE IS GIVEN IN A TWO= 
DIM~NSIONAL ARRAYS 
Bi CHLDECl CALCULATES THE CHOLESKY OF.COMPOSITION OF A POSITIV~ 
DEFINITE SYMMETRIC MATRIX WHOSE UPPER TRIANGL~ IS GIVEN COLUMNWISE 
IN A ONE=DIMENSIONAL ARRAYe 

KfYWORDSt 

lINFAR EOUATIONS1 
POSITIVE DEFINITE SYMMETRIC MATRIX, 
CHOLESKY OECOMPOSITI □ Ne 

SUBSECTIONS CHLDEC?e 

THE HEADING OF THE PROC~DURE ISa 
"PROCEDURE" CHLOEC2(A, N• AUX}; "VALUE" Ni "INTEGER" NI 
"ARRAY" A, AUXJ 

THE MEANING nF THE FORMAL PARAMETERS ISs 
Ai <ARRAY IDENTIFIER>J 

"ARRAY" A[llNr,llN]J 
eNTRYa THE UPPER TRIANGLE OF T~E POSITIVE DEFINITE MATRIX 

MUST BE GIVEN IN THE UPPER=TRIANGULAR PART OF A (THE 
ELEMENTS ACI,Jl, I <a J}i 

EXITS THE CHOLESKY DECOMPOSITION OF TH£ MATRIX IS 
DElIVcRcO IN THe UPPcR TRIANGLE OF Al 

Ni <ARITHMETIC EXPRESSION>; 
THE ORDER OF THE MATRIX# 

AUXS CARRAY IDENTIFIER>; 
"ARRAY" AUX[2r3JJ 
FNTRYr AUX[2]1 A RELATIVE TOLERANCE USED TO CONTRnL THE 

CALCULATION OF TH~ DIAGONAL ELEMENTS; 
NORMAL EXITt AUX[31tm Ni 
ABNORMAL tXIT: IF THE DECOMPOSITION CANNOT BE CARRIEO OUT 

Bi:CA!ISE THE 14ATR IX IS OlUMEIHCAlL 'O NOT POS UI\IE 
DcFI~ITED AUX[3]3• K = lD W~ERE K IS THE LAST STAGE 
NUl'!FH:R@ 



PMCl:DllRF.'i USi:fH TAMMAT " CP:'140140 

Rl!NNIN(; TIMF I ROUGHLY PROPoi;in □ NAL TO N CIJBFO. 

LANGIJAGH ALGOL 60. 

METHOD AND PfRFORMANCcl 

CMLDEC2 PFRFORMS THF CHOLESKY DECOMPOSITI~N nF A SYM~ETRIC 
P □StTIV~ OF.FINITE MATRIX. 
TMf METMOD USED IS CHOLESKY 1 S SQUARE ROOT MET400 WITHOUT 

PAGE 2 

PIVOTING (Sl:f REHl 1 AND (2'1> • IF THE GIVEN SYMMETRIC MATRIX IS 
POSTTIVE DEFINIT~• THE METHOD YIELDS AN UPPfR-TRIANGULAR MATRIX U 
SUCH THAT IJ'll EQUALS THE GIVEN fi!IHRIX. 
THE PROCESS IS TERMINATED AT STAGE K, IF THc K-TH DIAGONAL ELEMENT 
fJF T4E GIVi=N MATRIX MINUS THE SUM OF T!-11:= SQUARED ELEMENTS OF THE 
K•TH COLUMN OF U IS LE~S THAN A TOLERANCE TIMES THE MAXI~UM 
DIAGONAL ELEMENT OF THE GIVEN MATRIX. IN T~IS CASE THE MATPIX, 
POSSIBLY MnOIFIED BY ROUNDING ERRORS, IS NOT POSITIVE DEFI~ITE. 

REFERENCES s 

[11. T.J. DEKKER. 
ALGOL 6V PROCFDURtS IN NUMERICAL ALGEBRA, PART lw 
~C TRACT 22, 196Be MATHe CENTR., AMSTERDA~e 

r21. J.H. WILKINSON .. 
THE ALGEBRAIC EIGENVALUE PROBLEM. 
CLARENDnN PRESS, OXFORD, 1Qf5a 

SEF EXAMPLE OF OSE OF CHLINVZ, SECTION :.1.1.1.1.1.2,.4. 



("IAY 1<1741 

SUBSECTION• CMLDEC1e 

C Al.L !NG SfOlliENCF t 

THF. HEADING OF THE PROCEDURE rsa 
"PROCEDURE" CHLOECl(A, N• AUX); "VALUE" N; "INTlGfR" Ni 
"ARRAY" A, AUX; 

THF MEANING nF THE FORMAL PARAMETERS ISc 
As <ARRAY IDENTIFIER>; 

"ARRAY" ACl : (N + l) * N If 21; 

PAGE 3 

ENTRV1 THf UPPtR-TRIANGULAR PART OF THE POSITIVE DfFINITE 
SY~METRIC MATRIX ~UST BE GIVEN COLUMNWISE IN ARRAY A 
<THE (l,J)-TH ELEMENT OF THE MATRIX MUST ~E GIVEN IN 
A[CJ - 1) * J Jj 2 + I] FOR 1 Ca I Cs J Cs N); 

EXITt THE CHOLESKY DECOMPOSITION OF THE MATRIX IS 
DELIVERED COLUMNWISE IN Aa 

NI <ARITHMETIC EXPRESSION>s 
THE nROiR OF THE MATRIX; 

AIIXt <ARRAY IDENTIFIER>; 
«ARRAY" AUX[2t3lt 
FNTRYa AUXC?ls A RELATIVE TOLERANCE USED TO CONTROL THE 

CALClllATION OF TI-le DIAGONAL HEMEl'HSJ 
NORMAL EXITt AUXC3l1• N; 
ABNORMAL fXTTa IF THE DtCOMPOSITION CANNOT BE CARR!EO ~UT 

BECAUSE THI: MATRIX IS P-IUl'4ER!CALLY) NOT POSITIVE 
DEFINITE» AUX[3J:• K - 1» WHERE K IS THE LAST STAG' 
NUMRS:R., 

PROCfDURFS IJSEDa VfCVF.C • CP340l<le 

RUNNING TIME s ROIIGHL Y PROPORTIONAL To N CURE De 

LINGUAGFt ALGOL 60e 

MfTHOO ANO PERFORMANCE: 

CHlOECl PERFORMS THE CHOLESKY DECO~POSITION OF A SYM~ETRIC 
Pr.JS rTIVE DEFINITE MATRIX» WHOSE IJPPl::R TRIANGLE IS STORED IN A ar,ie ... 
DIMFNSIONAl ARRAY» BY CHOLESKY 1 S SOUARE ROOT METHOD WITHOUT 
PIVOTING., 
SEE ALSO METHOD AND PERFORMANCE OF CHLOEC2, {THIS SECTION). 

SEF EXAMPLF. OF USE OF CHUN\11» SECTION 3.,la l • le 1 .. 2.1.i., 



ll(flDE 11 ~43h)I 
"PRnCEDURE" CHLDECZrA. N. AUXll "VALUE" N; "INTEGER• NI 
"ARRAY" A, AUX; 
"8fGIN 11 11 INTEGER• K, JI •REAL 11 R. EPSNORMI 
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11 REAL" "PROCEDURE" TAMMATIL, u. r. J. A. BII "CODE" 14al41 

IU,. O; 
11 FOR 11 Kt~ J 8 STEP 11 1 "UNTIL" N 11 00" 
"IF" ArK,K] > R "THEN" As,. A[KuKil 
EPSNORMt,. AUXC?] * RI 
11 FOA 11 Kl,. 1 "STEP• 1 11 UNTIL" N noon 
"BEGIN" RI@ A[K.K] - TAMMATCl• K - 1• K, K• A• A 

NIF 11 A Cm EPSNORM 11 THEN" 
11 BEGIN 11 AUX[3]!ffl K - 11 "GOTO" END 11 END 8 1 
A[K.K]I,. Rim SQRTIRI; 
11 FOR 11 Jim K + 1 11STEP 11 1 8 UNTIL 11 ~ *00 11 

A[K.J] ,. !AiK,Jl = TAMMAi!lw K = 1• J• K, A• Al) I R 
NEND"I 
AU XL~] t., N t 

ENDl 
"!::Nfl 11 CHlDEC2i 

WEf".lfHl 

"CODE" 34311; 
11 PROCEOUREn CHLOECllA, N, AUXII "VAlU~n NI •INTEGFR" NI 
'*ARRAY" A. Allll i 
"BEGIN" 11 INTEGFR 11 J~ K• KKw KJ• LOW, UPI "REAL" R• EPSNOAMI 

1:-NDt 

11 REU 11 11 PROCEDURE" VECVECCL2 Ow SHIFTw A, El !! "C0Dft1 3401(H 

Ri" () Kt<P• 
11 FOR• Kim 1 •STEP" l 11 UNTIL" N no□• 
"BEGIN" KKt ■ KK + Kl "IF" A[KK] > R "THEN" Al• A[KK] "END I 
~PSNORM1s AUX[2) * Rt KKtm O; 
"F □ An Kl" 1 "STEP" l •UNTIL" N noon 
11 BEGINR KKtm KK + Kl LCWI• KK - K + 11 UPt" KK - 11 

Alm A[KKJ = VECVEC(lOWe UP• 0• A, A); 
nyFn R C ■ EPSNDRM "THEN" 
11 BEGIN 11 AUX[31Bm K = 11 RGQTO" END RENQRj 
ACKK1t• Rt• SORT(Rlt KJ$ffl KK + K; 
NfQRR JI• K + 1 •STEP" 1 "UNTIL" N noon 
RBEGIN" A[KJJt• (A[KJ1 = 

\JECVECnow. UP. l<J = KK~ A» A } I FU 
KJtm KJ + J 

''END" 
"eND"t 
AUX('31tm N 

"l:'ND CHLDfClt 
Rf.:QpR 
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INSTITIITIEt MATHEMATICAL CENTRE. 

RfCEIVEOs 731015a 

BRIEF DESCRIPTIONS 

T~IS SECTION CONTAINS TWO PROCEDURESt 
CHLDETERM2, FOR THE CALCULATION OF THE OETERMINANT OF A 
SYMMETRIC POSITIVE Df.FINIT~ MATRIX WHOSE CHOLESKY MATRIX IS r.tVEN 
IN THE UPPER TIHANGLE OF A TWO=DIMENSIONAl ARRAYS 
CHLOETfR~I• FOR THE CALCULATION OF THE DETERMINANT OF A 
SYMMETRIC POSITIVE DEFINITE MATRIX WHOSE CHOLESKY MATRIX IS GIVEN 
COLU~NWISE IN A ONE=DIMENSI□NAL ARRAY. 

KEYWOROSt 

D!i:URMINANT11 
POSITIVt DfFINITE SYMMETRIC MATRIX, 
CHOlESKY DECOMPOSITION. 

SUBSECTIONt CHlDETERM2s 

THE HEADING OF THE PROCEDURE ISt 
"REAL" "PR □CFDURE"·CHLDETERM2(A, N)s "VALUE" Ni "INTEGER• Nt 
"ARRAY" A; "C □Df" 343123 

CHlOETERM2 1m THE DETERMINANT Of THE SYMMETRIC POSITIVE 
DEFINITE MATRIX OF WHICH THE CHOLESKV MATRIX IS STORED IN AB 

THE MEANING OF THE FORMAL PARAMETERS ISI 
As <ARRAY IDENTIFIER>; 

"ARRAY" A[lsN,lBN]S 
ENTRYI THE UPPER=TRIANGULAR PART □ F THE CHOLESKV MATRIX 

AS PRODUCED BY CHLDEC2 «SECTION 3elelelo1e2a1) OR 
CHLOECS □l2 (SECTION 3olalslele2o3) MUST RE GIVEN 
IN THE UPPER TRIANGLE OF A; 

F.XITI THE CONTENTS OF A ARE NOT CHANGED; 
Nt <ARITHMETIC EXPRESSION>; 

THE ORDER □ F THE MATRIXe 



REQUIRED CENTRAL MEMORY@ NO EXTRA ARRAYS ARE DECLARED@ 

TH~ PROCEDURF. CHLDeTERM2 SHOULD Be CALLED AFTER A SUCCESSFUL CALL 
OF CHlDEC2 OR CHLDECSOL2, IeE@ IF AUX[31 00 NB 
CHlDET~RMl SHOULD NOT Bf CALLED IF OVERFLOW IS TO BE fXPECTEDw 

SUBSECTT □Ns CHlD~TF.RMle 

TH~ HEADING nF THE PROCEDURE ISs 
"REAL" "PROCEDURE" CHLDETERMlCA, N>I "VALUE" Ni "INTEGER" NI 
®ARRAY" Al "CODE" 34313; 

C4LDETERM1 am THE DETERMINANT OF THE SYMMETRIC POSITIVE 
DEFINITE MATRIX OF WHICH THE CHOLESKV MATRIX IS STORED IN Ai 

THE MEANING OF TH~· FORMAL PARAMETERS ISE 
Ai <ARRAY IDENTIFIER>; 

"ARRAY" A[l a CN + 1) •NII 2]3 
ENTRY! THE UPPER=TRIANGULAR PART OF TME CHOLfSKY MATRIX 

AS PRODUCED BY CHLDECl (SfCTION 3elelelele2ell ~R 
CHLDECSOLl (SECTION 3sl@l@lel02e3) MUST BE GIVEN 
COLUMNWISE IN ARRAY Ai 

EXYTt THE CONTENTS OF A ARE NOT CHANGED! 
NI <ARITHM~TIC EXPRESSION>; 

THE ORDER OF THE MATRIXe 



REQUIRED CENTRAL MF.MORY& N□ EXTRA ARRAYS ARE DECLARED@ 

MF.THOD AND PERFORMANCE; 

THE PR □CEDURF CHlDETERMl SHOULD BE CALLED AFTER A SUCCESSFUL CALL 
OF CHLDICl OR CMtDECSOLl» I.E. IF AUXC3l u Ni 
CHtnETERMl SHOULD N □ T BE CALLED IF OVERFLO~ IS TO BE EXPECTED@ 

EXAMPLE OF USE ru 

WCODE" 34312$ 
00 REAt 00 "PROC~OURE" CHLDET~RMZ(Ae Nli "VALUE" N; 00 1NT~GER" N& 
WAi,tlUV" Ai 
•BEGIN" "INTEGER" Ki "REAL" Di 

o, .. 11 
"FORW Ktm 1 "STEP" 1 "UNTll" N "00" Otm A[K,KJ • Di 
CHLDETERMZ:w D $ ~ 

"END" CHLDETERM2i 
ft[:QPli 

•CODl.'P1 1~3U s 
"REAL• "PRDCEDURE 00 CHLDETERMl'A• N)i "VALUE• NS "INTEGER" N; 
R,UHtAV" Ai 
•BEGIN• •INTEGER" K• KKI •REAL• DJ 

D& .. H KIU .. (H 

•FOR• Ka .. l "STEP• 1 •UNTIL• N •oo• 
"BEGIN" KKam KK +Kio, .. ACKKl • D •END•1 
CHLOETERM1a .. D • D 

•&ND• CHLDET~RM11 
•ECJPW 
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INSTITUTE! MATHEMATICAL CENTREe 

RECEIVi:Om 131015. 

BRIEF DESCRIPT10NI 

THIS SECTION CONTAINS FOUR PROCEDURES: 
A) CHLSOl2, FOR THE SOLUTION Of A SYSTEM OF LINEAR EQUATIONS IF THE 
COF.FFICifNT MATRIX HAS BEEN DECOMPOSED BY A CALL OF THE PROCEDURE 
CHLDEC?.a SECTION 3elolal@laZala, OR CHLDECSOL?.; 
81 C~LS □Ll, FOR THE SOLUTION OF A SYSTEM OF LINEAR EQUATIONS IF THE 
COEFFICIENT MATRIX HAS BEEN DECOMPOSED BY A CALL OF THE PROCEDURE 
CHLOECl, SECTION 3ela1eleleZ@le, OR CHLDECSOlli 
C) CHlDECSOL?» FOR TME SOLUTION OF A SYSTEM Of lINeAR ~QUATIDMS BY 
CHOLfSKY 1S SQUARE ROOT METHODS 
THE COEFFICIENT MATRIX HAS TO BE SYMMETRIC POSITIVE DEFINITE ANO 
MUST BE GIVEN IN 1ME UPPER TRIANGLE DF A TWO-DIMENSIONAL ARRAY; 
D} CHlDECSijLl» FOR THE SOLUTION OF A SYSTEM OF LINEAR EOUATIONS ~V 
CHOU!SKY®S SQUAil~ IU.ICIT MUl-t□IH 
THE COEFFICIE~T MATRIX HAS TO BE SYMMETRIC POSITIVE DEFINITE AN~ 
MUST BE GIVEN COLUMNWISE IN A DNE•DIMENSIONAL ARRAYe 

KfVWOROS II 

LINEAR !QUATIONS» . 
POSITIVE DEFINITE SY~METRIC MATRIX, 
CHOLESKV DECOMPOSITION@ 



SUBSECTTON8 CMLSnL1. 

CALLING SEQU~NCEs 

T4F HEADING OF THE PROCEDURE ISs 

PAG!: 2 

ttpRnCEDURE" CHLSOL2CA, N, B); "VALU~" N: "INTEGER" N; "ARRAY" Ag B; 

THF 
At 

MtANING OF THE FORMAL PARAMtTERS ISs 
<ARRAY IDf.NTIFIER>; 
"ARRAY" A[l:N,ltN]; 
FNTRYt THE UPPER-TRUN~ULAR PART OF THE 

AS PRODUCED BY CHLDEC2, SECTION 
CHLDECSOL2 (THIS S~CTinN>, ~UST 
UPPER TRIANGLE OF A; 

EXITt THE CONTENTS OF A ARE NOT CHANGED; 
<ARITHM~TIC EXPRESSION>t 
THE ORDER OF THE MATR!XB 
<ARRAY IDENTIFIER>; 
"ARRAY" sn Oil; 
F.NTRVa THt RIGHT HAND SIDE n~ THE 

EQIJA TI ONS g 
EXIT; THE SOLUTION OF TMf. SYST~~® 

PROCEDURFS USEDt 

MATVEC • CP34011, 
TAMVFC ~ CP34012e 

RUNNING TIMES ROUGHLY PROPORTIONAL 10 N SQUARED@ 

MfTHOD ANO PFRFORMANCEI 

CHOU:SKY MATRJI( 
3elololale'.ele, OR 

B~ GIVE~ IN T~E 

SYSTE~ OF LINEAR 

THf PROC&DURE CMLSOL2 CALCULATES THE SOLUTION OF A SYSTEM nF LINEAR 
EQUATIONS, PROVIDED THAT THE COEFFICIENT MATRIX HAS BlEN DECOMPOSE~ 
BY A SUCCESSFUL CALL Of CHLOEC2 OR CHLDECSOL?t 
TMF SOLUTION IS OBTAINED BY CARRYING OUT THE FORWARD ANO BACK 
SUBSTITUTION WITH THE CHOLESKY MATRI1 AND THE RIGHT HANO SIOEe 
TME RIGHT HAND SIDE IS OVERWRITTEN BY TY! SOLUTION BUT THE 
ElF.MENTS OF THE CHOLESKY MATRIX ARE NOT CHANGED, THUS SEVERAL 
SYSTEMS OF LINEAR EQUATIONS WITH THE SAME COEFFICIENT MATRIX ~UT 
DIFFERENT Rlt.HT HANO SIDES CAN BE SOLVED BY SUCCESSIVE CALLS Of 
CHLSOL2o SEE ALSO RfF [1]. 

[1]. T.J. OEKKER. 
ALGOL 60 PROCEDURES IN NUMERICAL ALGEBRA, PART l. 
~C TRACT 22» 1968a MATH. CENTRw@ AMSTERDAM. 



SUR~ECTION: CHlSOLlo 

CALLING SEQUENCE® 

TH~ H~ADING OF THc PROC~DURE ISt 
"PROCEDURE" CHLSOLl<A, N, B); "VALUE" N; "INTEGER" N; "ARRAY" A, ~3 

THF ~EANING OF THE FORMAL PARAMETEPS ISs 
As <ARRAY ID~NT!FIER>; 

"ARRAY" AC1 : CN + l) *NII 2]; 
ENTRY! THE UPPER-TRIANGULAR PART OF TH~ CHDLESKY ~ATRIX 

AS PRaDUCED BY CHLOECl, SECTION 3elelolele2ele~ OR 
CHLDECSOLI ITHIS SECTION)* MUST BE GIVEN COLU~NWISE 
IN ARRAY A; 

HIT: THE CONTENTS OF A ARE NOT CHANGE.Di 
Nt <ARITHMETIC EXPRES~IO~>: 

THE ORDER OF THE ~ATRIX; 
Bs <ARRAY !DENTIFIF.R>t 

"ARRAY" BCltNJ; 
ENTRY! THI RIGHT HAND SIDE nF THE SYSTEM OF LINEAR 

EQUATIONS# 
EXIT@ THE SOLUTION nF TH~ SYST~Mm 

PROCEDURES USEDr 

VEtVEC • CP34010» 
SEOVEC • CP34016m 

RUNNINR TIMEI ROUGHlY PROPORTIONAL TON SOUAREOo 

lANGIIAGF s ALGOL 60. 

METHOD AND PfRFORMANCf: 

THE PIHJCF.DIIRE CHL.::nu CALCULATES THE SOLUTION OF A SYSH:!'1 OF U:NUR 
EOIJATIONS, PROVIDED THAT THE C □ EFFICIEIIIT MATRIX HAS fll:EN DECOMP □ SF.D 
BY A SUCCESSFUL CALL OF CHLDECl OR CHlDECSDlli 
SEVFRAL SYSTFMS WITH THE SAME COEFFICI~NT MATRIX BUT DIFFERENT 
RIGHT HAND SIDES CAN BE SOLVED BY SUCCESSIVE CALLS OF CHL~nll@ 
SEE ALSO MF.THOO ANO PERFORMANCE nF CHL~Ol2 (THIS SECTION). 

EXAMPLE. OF USi:t 

SSE EXAMPLE nF USF OF CHLINVl• SECTION !@lelolelo2e4e 



(DECEMBER 1975) 

SUB~FCTIONt CMLDECSOL2e 

CALLING SEOUENCFs 

nm HEADING OF TUE PROCEDURE IS# 
"PROCEDURE" CHLDECS □ LZ(A, N, AUX, B); "VALUE" N; "INTEGER" N: 
"ARRAY" A, AUX, Bs 

T4F MEANING OF THE FORMAL PARAMETERS IS: 
As <ARRAY IDENTIFIER>; 

ttARRAV" AC1:N,l1Nl3 
ENTRV1 THE UPPER TRIANGLE OF THE POSITIVE DEFINITE ~ATRIX 

MUST 8& GIVEN IN THE UPPER-TRIANGULAR PART OF A IT4F 
ELEMENTS ACI,Jl, I <a J); 

EXITS THE CHOLESKY bECOMPOS!TION CF THE MATRIX IS 
DELIVERtO IN THE UPPER TRIANGLE OF Ai 

Ns <ARITH~ETIC EXPRESSION>; 
THE ORDER OF THE MATRIX; 

AIIX: <ARRAY IOENTIFIER>J 
"ARRAY" AUXt2S3]3 
FNTRYI AUxr,11 A RiLATIVE TOLERANCE USED TO CONTROL T~E 

CAlCUlATl □N OF THE DIAGONAL ELEMENT~; tSF.E METHOD 
AND PERFORMANCE OF CHlDtC2v SECTION 3elelelele2e1); 

NORMAL EXITS AUX[3]tm Ns 
A0NnRMAL EXITt IF THE DECOMPOSITION CANNOT BE CARRIED OUT 

BECAUSE THE MATRII IS (NUMERICALLY) NOT POSITIVE 
DEFINITE, AUX[3]im K - lo WHERE K IS THE LAST STAGf 
NUMBER. 

BI <ARRAY IDENTIFIER>; 
"ARRAY" BCltN]; 
ENTRYt THE RIGHT HAND SIDE OF THE SYSTEM OF LINEAR 

EQUA TIONSI 
EXIT• THE· SOLUTION OF THt SYSTEMe 

PROCEDURES USED! 
CHLDEC2 w CP343l0, 
CHLSOL2 • CP34~qo. 

RUNNINR TI~it ROUGHLY PROPORTIONAL TON CUBEDe 

MFTHOD ANO PERFORMANCES 

THE PROCEDURE CHLOECSOL2 SOLVES A SYSTEM OF LIN~AR EQUATIO~S WITY 
A SYMMETRIC POSITIVE DEFINITE COEFFICIENT MATRIX BY CALLING 
CHLDEC2• SECTION 3e1elel ■ le2olou ANDu IF T4IS CALL WAS 
SUCCESSFUL, CHLSOL2 (THIS SECTIONle 
SEE ALSO CHLOEC2, SECTION 3el.lolele1el• 

F.XAMPLE OF USE& 

SEE EXAMPLE DF U~E OF CHLD~CINV2, SECTION a.1.1.1.1.z.4. 



SUBSECTIONS CHLDECSOll@ 

CALLING SEOtlENCfH 

<DECEMBER 1975) 

THE HEADING OF T4E PROCEDURE !St 
"PROCEDURE" CHLDiCSOLl(A, N, ALIX» 8); "VALUE" N; "INTEGER" N; 
"ARRAY 11 A@ AUX;, FI: 

THE MEANING nF THE FORMAL PARAMETERS ISt 
As <APPAY IDENTIFifR>J 

11 ARRAV" Afl I (N + l) •NII 2]1 
ENTRYs THE UPPER=TRIANGULAR PART OF THE POSITIVE OEFINYTF. 

SYMMETRIC MATRIX MUST Bf GIVfN COlUMNWISf IN ARRAY A 
ITHE CI,Jl-TH ELEMENT OF THE MATRIX ~UST BE GIVFN IN 
A[CJ - 1) $ J II 2 + I] FOR 1 C@ I Cm JC@ N)W 

EXIT• THE CHDLESKV bECOMPOSITION OF. THE MATRIX IS 
DcLIVF.Rf:O COlUMNWISE IN Ae 

NS <ARITHMETIC EXPRESSION>; 
THE ORDER OF THE ~ATRIXS 

AUXI CARRAV IDENTIFIER>; 
"ARRAY 11 AUXr2t3]; 
~NTRY: AUX[2]1 A RELATIVE TOLERANCE USED TO CONTROL THF 

CALCULATION OF T~E DIAGONAL ELEMENTSI 
NORMAL EXITS AUX[3li® Ni 
ARNORMAL EXITS IF THE DECOMPOSITION CANNOT RE CARRIED OUT 

BECAUSE THE ~ATRIX IS INUH~RICALLYI NOT POSITIVE 
DEFINITE, AUX[31tm K - 1» WHERE K IS THE LAST STAGE 
NUMRl:R., 

St <ARRAY IDiNTIFIER>; 
IIJIRRAV'* lHlsN]; 
ENTRY& THE RIGHT HAND SIDE nF THE SYSTEM OF LINEAR 

EQUATIONS; 
EXITS THE SOLUTION OF THE SYSTEM. 

PROCfDUAES USED1 

CHLDECl m CP34111• 
CHLSOll e CP14~Qle 

RUNNING TIMEt ROUGHLY PROPORTIONAL TON CUBED. 

MfTHOD AND PiAFORMANCel 
THE PROCE!HJAE CHLOECS □ Ll SOLVES A SYSTEM OF LINEAR EQUATIONS lffff-1 
A SVMMETAIC POSITIVE DEFINITE COF.fFICIENT MATRIX BY C~LLING 
CHLDEClB SECTION 3.1.lololoZole; ANO• IF THIS CALL WAS 
SUCCESSFUL• CHLSOLl ITHIS SECTION)e 
T~E UPPtl!R TR:UNGl~ OF THE COIEFF ICU NT MATRIX MUST BE STORED COLUMN= 
WISE IN A ONE$DIMfNSIONAL ARRAYo 
SEE 4LSO CHLDECle SECTION 3olololelo?.o1• 

@UMPU: OF USE@ 
SEf EXAMPLE OF USi OF CMLDECINVl, SECTION 3elelolele2e4e 
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"CODE" 343 Ql g 
"PRnCEDURf" CHLSnlf<A. N, B); "VALUE" N; "INTEGER" NI "ARRAY" •• Bi 
"BEGIN" "INTEGER" IB 

"REAL" "PROCEDURE" MATVECCls U, I, A, 8)3 "CODE" 34011; 
"REAL" "PROCEDURE" TAMVEC<l• U, I• A. B)J "CODE" 340l?i 

"FOR" I•• 1 "STEP" 1 "UNTIL" N "DO" 
8CI11" IB[IJ ... TAMVECU.s I= l• I» A., B)) I ACI,IH 
"F □ R 11 II• N "STEP" - l "IINTil" 1 110011 

B[!lt" (B[Il - MATVEC<I + l• N• I, A, BI> I AC!,Il 
ttt,:NO" CMLS □l2t 

19 EOP 11 

ncnDE" :34391 g 
"PROCEDURE" CHLSOll(A, N, B): "VALUE" N; "INTEGER" N; "ARRAY" A, B; 
"BEGIN" "INTEGER" I• II; 

"REAL" "PROCiDURE 8 VECVEC(L., Us SHIFT, As Bit 11CODE" !4010; 
"REAL" "PROCEDURE" SeQVEC(l, Us Il, S~IFT, A, Bl; "CODE" 34016; 

ll!•kH 
"FOR" I•• 1 "STEP" l "UNTIL" N "DO" 
"BfGIN• !Ism II~ I; 

B[ll:• (fl[Il - VECVf.C(l, I - le II - Ie B, Al) I A[II1 
"END 11 ; 

"FOR" Ii• N "STEP" - 1 ttUNTIL" 1 noon 
•BEGIN" R[lll• !B[I] -

SEOVEC<I + 1, ~, II+ r. a. A. 8)) I A[II]J 
II:"' II ... I 

"END 11 

"ENO" CHlS □LU 
"i:OP" 

"C110E 11 34392 t 
HDROCEDURE" CHlDEC~Ol2(A, Nu AUX, 8)3 "VALUE" NI "INTEGER• N; 
"ARRAY" A. AUX, B; 
"BEG rn 11 

•PROCEDURE" CHLDEC2€A, N, AUX); •cnoe• !431Qj 
"PROCEDURE" CHlSOl2{A., N, B)# •CODE" 343903 

CHLDEC2!A, Nw AUX); 
"IF" AUX[31 • N 11 THEN" CHLSOL2(A, N, B) 

"END" CHLDECSOL2! 
•EOP" 

"COOEtt 343Q3: 
"PROCEDURE 11 CHLDECS □ Ll(A, N» AUX, BJ; "VALUE" NJ 11 INTEGER• Nt 
"ARRAY• A» AUX, B; 
11 REGIN 11 

"PROCEDURE" CHlDECl(A• N• AUX)S 19CDDE" 343113 
•PROCEDURE" CHLSOllCA, N, B)J •cooe• 34391; 

CHLDFCl(Ae N• AUX); 
"IF" AUXl'.3'.l " N 11 THEH" CHlSClll ( A, N» B ! 

11F.ND" CHlDF.CS □ llt 
11EOP• 
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AUTHOR 

CONTPIEHITORS: S.P.,N., I/AN KAMPEN, J., KOK .. 

INSTITUTES MATHPUTICAL CENTRE .. 

RfCFIIIFD: 1~1015. 

THIS SECTION CONTAINS FOUR PROCEDURES• 
Al CHLINU2, FOP THF INVERSION bF A SYMMETRIC POSJTIVE DEFINITE 
MATRIX, IF THE MATRIX HAS BEEN DECOMPO~ED BY A CALL Of THE 
PROCEDURE CHLDEC2, SECTION 3.1.1.1.1.2.1.,, OR CHLDECSOL2w 
SECTION 3elele1ela2e3e3 
B) CHLINVl, FOR THE INVERSION OF A SYMMETRIC POSITIV~ DEFINIT~ 
MATRIX, IF THE MATRIX HAS BEEN DECOMPOSED BY A CALL Of THE 
PROCEDURE CHLDECl, SECTION 3alele1.,l.,Zale, OR CHLDECSOLl, 
SECTION 3.,1.1.1.1.2.3ai 
C) CHLDECINV2, FOR THE INVERSION OF A MATRIX BY CHOLESKY•S SQUA~E 
ROOT MET"iOD; 
THf COEFFICIENT MATRIX HAS TO BE SYMM(TRIC POSITIVE DEFINITE ANO 
'411ST BE GIVE"l '.l'.N THE I.IPPl::R TRUNGLE OF A nm-DIMENSIONAL ARRAYS 
O) CMLDECINUl, FOR THE INVERSION OF A MATRIX BY CHOLESKY 1S SOUARE 
Rf10T METHl'JDS 
T4c COfFFICIENT M~TRIX ~AS TO Bi SYMMETRIC POSITIVE OEFINITf ANO 
MUST Bf GIVEN COLUMNWISE IN A ONE=OIMEN$IONAL ARRAYe 

l<F.YWOROSs 

MATRIX INVERSION@ 
POSITIVF. O~fINITE SYMMETRIC MATRIX, 
C~OLESKY DECnMPOSITIONo 



'WBSfCT1'11Ns CHLIN\/?., 

CALLING SEOUENCFB 

THf ~FADING OF TH~ PROCEDUR~ ISs 
"PRl1CEDURE" CHLINU2(A, N); "VALUE" N; "INTEGER" N; "ARRAY" A; 

THE MEANING OF THE FORMAL PARAMETERS ISa 
At <ARRAY IDF.NTIFIER>; 

"ARRAY" A[lBN1lZN]; 

PAGE 2 

ENTRY: TME UPPER=TRIANGULAR PART OF THE CMOLESKY MATRIX 
AS PRODUCED BY CHLOEC2, SECTION 3.1.lelelolele• nR 
CHLDECSOL2, SECTI~N 3elelelele2e3e, ~UST BE GIVEN 
IN THE UPPER TRIANGLE OF A; 

EXIT: TH! UPPER-TRIANGULAR PART OF THE INVERSE MATRII IS 
DELIVERED IN THE UPPER TRIANGLE Of Ai 

Na <ARITHMETIC EXPRESSION># 
THE ORDER OF THi MATRIX. 

PROCEDURES USi:Da 

MATVEC w CP340ll, 
TAMVEC @ CP~401~-
0IJ~VECR0'11 ., CP31t>31. 

~XrCUTION FIELD LENGTH: Ne 

l<il!NN!NG TIME$ ROUGHL y PROPORTIONAL TO N cuaeo .. 

LANGUAGES ALGOL 60. 

METHOD AND PeRFORMANCft 

THE PROCEDURE CHLINV2 CALCULATES THE INVERSE OF A MATRIX• PROVIDED 
THAT T~E MATRIX HAS SEEN DECOMPOS~D BY A SUCCESSFUL CALL OF CHLDEC2 
OR CHLDf-CSOL2& 
THE INVERSE, x. OF U1 U, WHtR~ u IS THf CHOLESKY MATRIX, 
IS OBTAINED FROM THE CONDITIONS THAT X BE SYMMETRIC AND UX BE 
A LOWER-TRIANGULAR MATRIX WHOSE MAIN DIAGONAL ELEMENTS ARE THE 
RECIPROCALS OF THE DIAGONAL ELEMENTS OF U. HEREWITH THE UPPER= 
TRIANGULAR ELEMENTS OF X ARE CALCULATED BY BACK SUBSTITUTI~N .. 
THE UPPER TRIANGLE OF THE INVERSE MATRIX IS DELIVEReD IN THf. UPPER 
TRIANGLE OF THF. GIVEN ARRAYe SEE ALSO RF.F[ll. 

RHERENCES s 

r11. T.J. DEKKrR. 
ALGOL bD PROCEDURES IN NUMERICAL ALGEBRA, PART l• 
MC TRACT 22, 1q68, MATH@ CE~TRm, AMSTERDAMe 



EXAMPU?. OF use, 

THE SYMMETRIC POSITIVE DEFINITE COEFFICIENT MATRIX (THE PASCAL 
MATRIX OF ORDER 4) OF THE SYSTEM OF EQUATIONS 

Xl + X2 + X3 + X4 m 2 
Xl + l * xz + 3 * Xl + 4 * X4 n 4 
Xl + 3 * XZ + 6 * X3 + 10 * X4 s 8 
x1 + 4 • xz + 10 • x3 + 20 • X4 • 16 

IS STORED IN TM~ TWO=DI~ENSIONAL ARRAY PASCAL?. 
THf INVERSE OF THE COEFFICIENT MATRIX ANO THE SOLUTION Of THE 
LINEAR SYSTEM APE CALCULATED SY THE FOLLOWING PROGRAM& 

"BEAIN" "COMMENT" TEST CHLDECZa CHLSOL2 AND CHLINVZS 
11 INTEGER" Ia JS 
"ARRAY" PASCAL2[114ali4] ■ B[lt4], AUX[2t!li 
11 PROCEDURE 11 CHLDEC2(Aa N• AUW>; 11CODE" 3431-0s 
19PRl'JCEDIIRE" CHLSOL2UA> N,, B)S 11CIJOE" ~4:19(H 
11 PROCEDURF." CHLINV2CAa N)J 11 CODE 11 344003 
11 FOR 11 Ji .. l 11 STf.P11 l 111JNTIL 11 4 1100 11 

11 BEGIN 11 PA5CAL2[1,JJ1m 11 
11 FORII Iam i 11 STEP 11 1 "UNTIL 11 J 1100 11 

PISCAL2[I.Jlt• ll[F 11 I a J 11 THEN" PASCAL2[1-1oJJ • 2 11 ELSE 11 

PASCAL2tI,J-11 + PASCAL2tI-l,Jli 
B[J1t• 2 ** J 

11EN0 00 ; 
AUX[ ?ls,. """11; 
CHLDEC2€PASCAL2, 4J> IUX)I 
ll!FII AUX[!] w 4 11 THEN11 
11 8EGIN11 CHLSOL2CPASCAL2, 4, 8); CHLINV2(PASCAL2, 4) 11 END 11 

11ELSE" DUTPUT(61, 11 11111 ( 11 MATRIX NOT PJSITIVE DEFINITE 111•, 111 1 11 11 
OUTPUT(61, 11c11451t)tt); 
OUTPUT(61, ll(tt 11 ("SOLUTION WITH CHLDEC2 AND CHLSOL21 11 J 11 , 111 111 ); 
11 FOR 11 lim 1 11STEP 11 1 IIUNTIL 11 4 IIQQII 

OUTPUT(61, 11 ( 114B+De50") 11a Btl]); 
OUTPUT ( 61.o 00 pi II, 48" > II H 
OUTPUTf61» "(""("INVERSE MATRIX WITH CHLINV2S")", le 4B")"IW 
"FOR" Ia,. l "STEP" 1 "UNTIL" 4 1100 11 

"B~GINII HFQRH Ji .. l "STEP" l IILJNTil" 4 1100" 
"IF" Jc I "THEN 11 OUTPUT(61, "<"12B 11 )") 11 ELSE" 
OUTPUT{6l• "i"+ZD@5D3B 11 )", PASCAl2[I,Jl)® 
□UTPUT(6l, "i"I• 4BOO)H) 

Hf:NO" 
"END" 

SOLUTION WITH CHLOEC2 AND CHLSOLZs 
+0000000 +4.00000 =4.00000 

INVfRSE MATRIX WITH CHLINV21 
+4e06~~0 =6.~00@0 +4e00000 

+l4eOCOOO =11.00000 
+ l () • IO!O'O!O~"l 

-1.00000 
H.o,ooo 
=3 .. 10(100,0 
♦1.00000 



SUAS~CTIONK CHLINVle 

CALLING SEQUENCES 

THE H~AOING OF THE PROCEDURE ISt 
"PROCEDURE" CHLINVllA, N); "VALUE" N: "INTEGER" N; "ARRAY" A; 

THE MEANING nF THE FORMAL PARAMETERS ISa 
As <ARRAY IDENTIFIER>; 

"ARRAY" Atl:(N + ll * N JI 21; 
ENTRY& THE UPPER=TRIANGULAR PART OF THE CH□ lESKV MATRIX 

AS PRODUCED BY CHlDECl, SECTION 3el@lelel@lele, OR 
CHlOECSOLl, SECTION 3ol@lelol@Ze3e, MUST SE GIV~N 
COLUMNWISE IN ARRAY A; 

EXIT: THE UPPER-TRIA~GULAR PART OF THE INVERSE MATRIX rs 
D~LIVfRED COLUMNWISE IN ARRAY Ai 

Nm <ARITHMETIC EXPRESSION>; 
THE ORDER OF THc ~ATRIXo 

PRfJCEDllRES USEl'H 

SEOVEC ® CP340l6» 
SVMMATVEC@ CP3401A. 

EXECUTION FIELD LENGTH: No 

RUNNING TIME I ROllGHL '( PROP □ RTI!JNAL TO N CURED. 

LANGUAGPs ALGOL 6ffe 

METHOO AND PERFORMANCE* 

THE PROCEDURE CHLINVl CALCULATES THE INVERSE OF A "ATRIX, PROVIDED 
THAT THE MATRIX HAS BEEN DECOMPOSED RV A SUCCESSFUL CALL nF CHlDECl 
OR CHLDHSOll; 
THE UPPER TRIANGLE OF THE INVERSE MATRIX IS DELIVERED COLUMNij!SE 
IN THE ONE=DIMENSIONAL ARRAY8 
SEf. ALSO METHOD AND PERFORMANCE OF CHLINV2 !THIS SECTION). 

T~r SYMMETRIC POSITIVE OEFINITE COEFFICIENT MATRIX !THE PASCAL 
MATRIX OF ORDER 4> Of THE SYSTEM OF EQUATIONS 

X1 + X2 + X3 + 14 m 2 
Xl + Z $ X2 + 3 * X3 + 4 * X4 a 4 
Xl + 3 * X2 + 6 * X3 + 10 * X4 u A 
Xl + 4 $ X2 + 10 $ X3 + 20 * X4 m 16 

IS STORED IN THE ONE=DI~ENSIONAL ARRAY PASCAi.le 
THE INVERSE OF T~f COEFFICIENT MATRIX AND THE SOLUTION OF THe 
LINEAR SYSTEM ARE CALCULATED BY THE FOLLOWING PR □r,RAM: 



•BEGIN• •COMMENT• TIST CHLDECl@ CHLS □ L1 AND CHLINV1; 
•INTEGER• r. Js JJ; 
"ARRAY• PASCAL1f1tf4 + !) • 4 II 21s Bf1$~]• AUX[2t!13 

•PROCEDURE• CHLDECl(A, N• AUX); •CODE• 343111 
"PROCEDURF• CHLSDLl(A, N• 8)3 •CODE• 34!91~ 
•PROCEDURE• CHLINV1{Ae N)B •CODE• !4401; 

JJB" U 
•FOR• Jsm 1 •STEP• 1 •UNTIL" 4 •D□• 
•REGIN" PASCALlfJJ]U@ 13 

•FOR• 11 .. l •STEP• l •UNTIL" J •on• 
PASCAll[JJ + I - l]nm "IF• I" J •THEN" 
PASCALlfJJ + I - 2] • 2 •ELSE• 
PASCAll[JJ +I~ 21 + PASCALltJJ +I= JJ; 
B[JH .. 2 >!<ii: J; 
JJI@ JJ + J 

"Et,10 00 g 

AUlU'1 ,,. """lU 
CHLDH:U PASCAi.le 4a AlllO; 
•IF• AUX[!1" 4 •THEN• 
•BEGIN• CHLSOLllPASCAll• 4• B)t CHLINVllPISCAll• 41 "END• 
00ELSI• □UTPUTl6l• "l"11 1 11 MATRIX NOT POSITIVE DEFINITE"J"9 /00)1111 

OUTPIJ1'(61. 11 [ 1U11B 00 1•); 
nUTPUTl61• 00 1 00 "1"SOLUTION WITH CHLDECl AND CHLSOL1B 11 1"c l"l"JW 
11 FOR 11 Its l IIST!P• 1 "UNTIL!! 4 11 DOII 
OUTPIITUils *'("4R+flo!H>•l 11 w BCIH; 
OUTPUTl6ls 11 1"21• 48 11 111 13 
OUTPUTl61• 11 roo111111NVERSE MATRIX WITH CHLINVl:11111, I• 4811)11); 
11 FOR 11 It® 1 11 STEP 11 1 11UNTIL 11 4 11 D0 11 

11 BEGIN" "FOR" ·Jgs 1 00 STEP 11 1 11UNTIL 11 4 "DO" 
HJF 11 Jc I •THEN" OUTPUT(61• "("120 11 111 1 00 ELSE 11 

OUTPIJ'U6l.o 11 191 +ZDe503B"J 11 i, PASCUHIJ"" U * J II?+ IHB 
DUTPUTl6l, "1 91 /i, 48"1 11 1 

•END 11 

tii:ND" 

SOLUTION WITH CHLDECI AND CHLS□ Lli 
+o.noaaa .,.aaaoo -4.DDDDG 

INV~RSE ~ATRIX WITH CHLINVle 
+4eDOOQO -~.JQOQD •4eDGuao 

+14.00000 ... 11.00000 
H iJ., iH)i'.h'.10 

"'1 ., l;i@()4)i) 

+ 3,. 00000 
... 3 .. MM@ 
+1.,(100-0it'.I 



SUBSECTION! C~LDECINV2o 

CALLING SEOUFNCEs 

TH~ HEADING OF THc PROCEDURE ISa 
"PROCEDURE" CHLDECINV2CA, N, AUX); "VALUE" NI "INTEGER" NI 
11 ARRAY 11 A, AIIXS 

T4~ MEANING OF THE FORMAL PARAMETERS !St 
Al <ARRAY IDENTIFIER>; 

"ARRAY 11 A[l3N•lBN]3 
tNTRYI THE UPPER TRIANGLE OF THE POSITIVE DEFINITE MATRIX 

MUST SF. GIVEN IN THE UPPER TRIANGLE OF A (TH~ 
ElEMFNTS ACI;Jl, I <,. J)I 

EXITI THE UPPER-TRIANGULAR PART OF THE INVfRSE MATRIX IS 
DELIVERED IN THE UPPER TRIANGLE OF As 

Ni <ARITHMETIC EXPRESSION>; 
THF ORDER OF THE MATRIX; 

AUX1 <ARRAY IDENTIFIER>; 
"ARRAY" AUX[2t3Jt 
~NTRYt AUX[Z]t A RELATIVE TOLrRANCE USED TO CONTROL T~E 

CALCULATION OF THE DIAGONAL ELEMENTS; 
NORMAL EXIT: AUX[3J:w Ni 
ABNORMAL EXITS IF THE DECOMPOSITION CANNOT BE CARRIED OUT 

13f.CAUSE THE MATRIX IS nlUf"ii!:RICAlL Y > NOT POS HIVE 
D~FINITE, AUX[!]Sm K - 1, WHERE K IS THE LAST STAGE 
NU 114 rH: R ., 

CMLDiC2 rn CPJ41l~D 
CHUNV2 "' CP3~4tol,).,· 

LANGUAGE! ALGOL ~a. 

TH~ PROCeDURe C~LDECINV2 CALCULATES THE INVERSE OF A SYMMETRIC 
POSITIVE DEFINITE ~ATRIX BY CALLING CHLDEC2 AND, IF THIS CALL WAS 
SUCt.ESSFlllit CHUNV2 .. 
THF. UPPfR TRIANGLE OF THE INVERSE MATRIX IS DELIVERED IN THE UPPER 
TRIANGLE OF THE GIVEN ARRAY@ 
Sf.~ ALSO M~THOD AND PERFORMANCr OF CHLINV2 fT~IS SECTION} ANO 
CHlDEC?, SECTION 30lelmlel02e1o 
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HAMPlf OF USEa 

THt SYMMETRIC POSITIVE DEFINITE COEFFICIENT MATRIX (THE PASCAL 
MATRIX CF ORDER 4) OF THE SYSTEM OF EQUATIONS 

Xl + 
X1 + 2 $ 

Xl + 3 + 
Xl + 4 * 

X2 + Xl + X4 a 2 
X2 + 3 + XJ + 4 ii< X4 m 4 
X2 + 6 • X3 + 10 • X4 ° 8 
X2 + 10 * X3 + 2~ * X4 m ln 

IS STORED IN THE TWO=OIMENSIONAL ARRAY PASCALZ. 
TH~ DETFRMYNANT ANO THE INVERSE OF THE COEFFICIENT MATRIX ANO THE 
SfJL11TinN OF THE LINEAR SYSTEM ARE CALCULATED BY THE FOLLOWING 
PROGRAM! 

"BEGIN" ncnMMENTtt TEST CHLOECSbL2, CHLDETERM2 ANO CHLDEC[MU2; 
"INTFGER" IA> Jg 
"ARRAY" PASCAL2r114,ls4Jg B[l34], AUX[2S3]1 
"REAL" DETERMINANT; 
"PROCEDURE" CHLDECSOL2(A• N, AUX, B)I "CODE" !43921 
"REAL" "PROCEDURE" CHLOETERM2(A, N)s "CODE" 343121 
11 PROCEiDIJIH:" CHlDECIN\12 ( A, N, AUlO; "CDDE 19 344(12 s 
11 FOR" Ja• l "STEP 11 1 11UNT1l" 4 1100 11 

HS(:G1N 11 PASCAL2£1,J1t• lt 
"FOR" I:• 2 11 STEP" 1 11UNTIL" J "D□" 
PASCAL2[I,J1X• 11 IF 11 I• J 11 THEN" PASCAl2tl-l,Jl • ! 11ELSE" 

PASCALZCiaJ=lJ + PASCALZCI=l»Jli 

"f.ND 11 3 
AIJXC 2H" "-lU 
CHLOiCSOl2(PASCAL2, 4, AUX, B)J 
"IF 11 AUX[3J • 4 "THEN" OETERMINANTt• CHLDiTERMZIPASCAL2• 41 
"ELSFII DUTPUT(61, ll{llll(ffMATRIX NOT POSITIVE OIFINITE 11 ) 11 , / 11 ) 11 )8 
OUTPUTf6l• "("4B 11 }")B 
~UTPUT(6l, ll(llll(IISOLUTl □ N WITH C~LDECSDL2S 11 111 , 1"1 11 ); 

11 F0R" 11~ 1 "STEP" 1 11UNTIL" 4 "00" 
OUTPUT(61, 11( 11 4B+De5011) 11 , B[IJ)s 
DUTPUTl~l, 11 (11//» 48, "("DETERMINANT WITH CHLDETERMZt 19 111 * 

+D.50a ZI• 48 11 >"• DETERMINANT); 
IIFOR 11 Jss 1 11STEP 11 l 11UNTIL" 4 "DOIi 
"BEGIN" PASCAL2[1,Jli• 13 

11 FOR" It• 2 11STEP" 1 "UNTIL" J "00" 
PASCAL2[I.J1W• "IF" I• J "THEN" PASCAL2[I-1,J] •' "ELSE" 

PASCAL2CI,J-ll + PASCAL2[I~l,Jl 
"EN0 11 ; 

CHLDECINV2(PASCAL2, 4, AUX)J 
OUTPUT(6l, "(""("INVERSE MATRIX WITH CHLDECINV2t"l", lw 4~"l")i 
"FOR" Ism 1 "STEP" 1 "UNTIL" 4 "DOIi 
11 BEGIN" 11 FOR" Jt• 1 "STEP" 1 "UNTIL 11 4 1100 11 

"IF 11 Jc I "THEN" OUTPUTl6l» 11 ("128")") "ELSE" 
OUTPtlT(6l., "("+ZDe503B"l"• PASCAU!CI,Jl); 
OllTPUH6l• "("la 48"1") 

11 END 11 

"fND 19 
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THI$ PROGRAM DELIVERS# 

SOlllTION WITH CHLDECS □ l21 
+0.00000 +4.00000 -4.00000 +2.00000 

OETER~INANT WITH CHLOETERM2t +l.00000 

INVERSE MATRIX WITH CHLOF.CINV2t 
+4.,fOOO~ =6.00000 +4.000~0 

+ H • i(OOO\m::, -11 ., IO,Oi,'JIC~ 
+10.00000 

SUBSfCTIONs CHLOECINVle 

THE HEADING nF THE PROCEDURE ISt 

-l .. 0<1000 
+3.00000 
... 3 .. 00000 
♦ 1 .. 00000 

"PROCEDURE" CHLOECINVlCA» N, AUXI; "VALUE" N; "INTEGER" N: 
ttARIUY" A, AIIX; 

THe MEANING OF THE FORMAL PARA~ETEPS ISt 
At <ARRAY IDENTIFIER>; 

"ARRAY" AClt!N + l) • N II 2]; 
ENTRY• THE UPPER=TRIANGUlAR PART OF THE SYMMETRIC POSITIVE 

DEFINITE MATRIX MUST BF. GIVEN COLUMNWISE IN ARRAY A 
<THE CI»J>=TH ELEMENT OF THF. ~ATRIX MUST BE GIVEN !N 
A[CJ = l) * J II 2 + Il FOR 1 <m I<• J <m N); 

EXIT1 THE UPPER-TRIANGULAR PART OF THE INVERSE ~ATRIX IS 
O~LIVERED COLUMNWISE IN ARRAY Ai 

Ne <ARITHMETIC EXPRESSION>; 
TME ORDER OF THE MATRIX; 

AUVt <ARRAY IDENTIFIER>; 
"ARRAY" AUX[233]; 
F.NTRYz AUX[2lt A RELATIVE TOLERANCt USED TO CONTROL T~E 

CALCIIUTION OF THE DIAGONAL ELEMENTS; C SEE METHOD 
ANO PERFORMANCE OF CHLOEC2» SECTION 3.1.,lelele2cl)t 

NORMAL EXITS AUX[31B• NB 
ABNORMAL F.XITi IF THf DECOMPOSITION CANNOT BE CARRIED OUT 

BECAUSE THE MATRIX IS <NUMERICALLY) t-mT POSUI\fE 
DcF.INITEa AUX[~]ie K = l» WHEPE K IS THE LAST STAGE 
NUM!:H:R., 



CMLDECl ~ CP34311» 
CHllNVl oo CP344le1. 

RUNNING TIMEa ROUGHLY PROPORTIONAL TON CUBF.De 

LANGUAGES ALGOL 600 

THE PROCEDURE CHLDECINVI CALCULATES THE INVERSE OF I SYMMETRIC 
POSITIVE DEFINITE MATRIX BY CALLING CHLDEC1 ANO• IF THIS CALL WAS 
SUCCESSFUL, CHLINVle 
THE UPPF.R TRIANGLE OF T~E INVERSE MATRIX IS DELIVERED COLUMNWISE JN 
THE GIVFN ONE=DIMENSIONAL ARRAYe 
SEF. ALSO METHOD AND PERFORMANCE OF CHLINV2e (THIS SECTION) ANO 
CHLDf.Cle SFCTJON ~.1.1elelm2elm 

EXAMPLE OF U5Et 

THE ~YMMETRIC PDSirrve DEFINITE COEFFICIENT MATRIX «THE PA~Cll 
~ATRIX OF OROER 4) OF THE SYSTEM OF EQUATIONS 

Xl + X2 + X3 + X4 oo 2 
Xl + 2 $ Xl + ~ • Xl + 4 • X4 ® 4 
Xl + 3 * X2 + 6 * X3 + 10 * X4 ® 8 
Xl + 4 * X2 + 11 * X3 + 20 * X4 m 16 

IS STORfD IN THE D~E=DIMENSIONAL ARRAY PASCALle 
THE O~TERM!NANT AND THE INVERSE OF THE COEFFICIENT MATRIX AMO T~E 
SOLUTION OF TME LINEAR SYSTEM ARE CALCULATED BY THE FOLLOWING 
PROGRAM! 
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"BEGIN" "COMMENT" TEST CHLDECSOll• CHLDETERMl AND CHLDECINV13 
"INTEGER" I• J• JJ; 
"ARRAY" PASCAL1[11(4 + l) * 4 // 21. 8[114], auxr213J; 
"REAL" DETERMINANT; 

"PROCEDURE" CHLOECS □Ll<A, N, AUXs 81; "CODE" 343933 
"REAL" "PROCEDURE" CHLDETERMl(A, Nl; "CODE" 34313; 
"PROCEmlRE" CHLDECINVl(A, N, AUX)i "CODE" 344031 

JJI• 11 
"FOR" Ji• 1 "STEP" 1 "UNTIL" 4 "DO" 
nnEGIN" PASCALl[JJlt• 1: 

"FOR" Ism' "STEP" 1 "UNTIL" J "DO" 
PASCAll[JJ +I• 1]1~ "IF" Im J "THEN" 
PASCAll[JJ +I• ZJ *?. "ElSf." 
PASCAL1[JJ + I - 21 + PASCAllCJJ + I - Jls 
BCJ]:a 2 ** J; 
JJam JJ + J 

"ENO"S 

AUX[21S• "-113 
CHlDF.CSOll(PASCAll, 4, AUX, 8)1 
"IF" AUX[31 a 4 "THEN" DETERMINANTS• CHLDETERMl(PASCALl, 4l 
"ELSf" OIJTPUTC6l, "(""("MATRIX NOT POSITIVE DEFINITE">"• l")")t 

□UTPUT(6l1 "("4B")")W 
OUTPUT(61, "(""("SOLUTION WITH CHLDECSOLlt"l", l"l"lt 
"FOR" I:m l "STEP" 1 "UNTIL" 4 "DO" 
OUTPUTC611 "("4B+De5D">"• B[Il)i 
OUTPUT(6l1 tt{tt//1 481 "("DETERMINANT WITH CHLDETERMli "I", 

+D.501 ZI, 4B">"• DFTERMINANTl; 

JJI@ 11 
"FOR" Ja• 1 "STEP" 1 "UNTIL" 4 noon 
"BEGIN" PASCAll[JJ]sm 1; 

ttFnR" Is• 2 "STEP" 1 "UNTIL" J "DO" 
PASCALl[JJ +I= 1]:a "IF" Im J "THEN" 
PASCALl[JJ + I - 2J * 2 "ELSE" 
PASf.All[JJ •I= 21 + PASCALl[JJ + I - Jli 
JJ3m JJ + J 

"ENO": 

CHLDECINVl(PASCALl, 4• AUX)B 

OllTPUT(6l, "(""("INVERSE MATRIX WITH CHLDECINVlz">"• /1 48"1"); 
"FOR" Ism l ttSTfP" 1 "UNTIL" 4 noon 
"BEGTN" "FOR" Jam l "STEP" 1 "UNTIL" 4 "DO" 

"IF" J < I "THEN" OUTPUT(61, "("128")"> "ELSE" 
OUTPUT(61, "l"+ZDo5D!B">"• PASCALl[(J - 11 * J II 2 + I1)J 
OUTPUT(61, "I"/, 48")") 

"~ND« 
"END" 



THIS PROGRAM DELIVERS: 

SOLUTION WITH CHLDECSCLli 
+O • 00000 +4 • <l'11UlO .... 4. (}@(•GO 

DETERMINANT WITH CHlOETERMls +1.00000 

INVf.RSE MATRIX WITH CHLDEClNVlt 
+4.0000~ -6.00000 +4.00000 

+14.,u~oo~ -11.uo1ct 
-1 .. 00000 
+3.00000 
... 3 .. 00000 
+1 .. 00000 

+10 .. 00000 

"CODE" H40<H 

PAGE :U 

"PROCEDURE" CHLINV2<A• N); "VALUE" N: "INTEGER" Nt "ARRAY" Al 
ttqEGIN" "REAL" R; "INTEGER" 1, J, Ilt 

"ARRAY" un IN'U 
11 PROCeDURE" DUPVeCROW(La U, I, Aa B>; "CODE" 310313 
"Rf.Al" 11 PROCEDURE 11 MAT\IEC<L, u. r. A, B); 11CODE 11 34.,iuu 
"REAL" "PROCEDURE" TAMVEC(L, Ua I, A, 8)3 "CODE" 34012; 

"FOR" It• N "STEP"= 1 "UNTIL" 1 "DO" 
"BEGIN" R3• l I AClallJ llr• I+ lt 

OUPVECROWIIl, N, I, U, Ali 
"FOR" Jsm N "STEP"= l "UNTIL" Il noon ACI,JJsm 
.. CTAl'WEC(Il, J, J, a, U> + MATVH<J + 111 N, Ja A, U» * R; 
A[l,I1S• (R = MATVEC«Il, N, I, A, U}} * R 

"ENO ll 
1tf:ND" C4lINV2i 

"EOP" 

"CnlJf" ,440U 
"PROCEDURE" CHLINV1(A, N); "VALUE" N; "INTEGE~" Nt "ARP&Ytt Al 
llijfGH!" "INTEGER" r .. II, Ilo J., I.Ji "REAL" R~ 

"ARRAY" un.sN:J: 
ttREAL" "PROCEDURE" SEOVECCL, U, 11, SHIFT, A, BI; "COOE" 34016; 
11 REU 11 "PROCEDURE" SYMMAT\/ECfla> U, I, lu BJ s "CODE" 34011H 

IIsm (N + 1) *NII l; 
"FOR" I&• N "STEP" - 1 "UNTIL" l "DO" 
1tqEGIN" Rm• 1 I A[IIls Ila• I+ 13 IJS• II+ Ii 

"FOR" Ja• Il "STEP" l "UNTIL" N "O□" 
"BEGIN" U[Jl:• A[IJ]; IJs'" IJ + J "END"; 
"FnR1t Js• N "STEP"• 1 "UNTIL" Il nonn 
"BEGIN" !Ja• IJ = J; ACIJlt• -SYMMAT\/ECCI1, N, J, A, U> * R 
HF.ND" t 
A[II]mm (R = SEQVEC(Ile N, II+ I, O, A, U)! * Rs 
IIs• II "' I 

"EN0 11 

111:Nnw c1-1L rnvu 
"E □P" 



111cnDF. 111 344oz a 
"PROCEDURE" CHLDECIN\/2 ( A, N, AUX); 11 \IAUIE 11 N; "INTl:GEP 11 N; 
tiARRAY" A» AUH 
111H:GIN 11 

11 PROCEDURE 111 CHLDEC2«A» N» AUX); 111 CODE 111 14310; 
11 PROCEOIIRE 11 CHLYN\12. ( A, N1; IICODE 11 341+04:U 

CHlDECl(A, N. AUX); 
111 IF 111 AUY[3J m N 111 THEN 111 CHlINVl(A, NI 

111 EN0" CHLDECINV23 
19 EOP 11 

"CODE" 34403: 
19 PRnCfDURE111 CHLDECINVllA» N» AUV); 111 VILUE 111 Ni "INTEGER" Ni 
"ARRAY" A» AUX 3 
119 Rr.GIN 111 

111 PPOCEDURE 11 CHLDECllA» N» AUX); 11 CODE 111 343113 
111 PROCEDURE 111 CHLIN\ll(A» N>B 111 C □DE 111 344013 

CHLDfCl<A, N, AUX>; 
111 IF 111 AUl[J1 m N 111 1HEN 111 CHLINVllA» N) 

111 END 11 CHLDECINVIB 
lltjEf:11>11 
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CONTRIRUTOR a C@HeCONVENT. 

INSTITUTE s llNIVFRS!TY OF AMSTE:PDAMe 

BRitF DESCRIPTION s 

DECSYM2 CALCULATES THE LDL' DECOMPOSITION OF A SYMMETRIC MATRIX. 
THE MATRIX MAY Bt INDEFINITE AND/OR SINGULARI 

KfVWORDS t 

Gf-NF.RAL SYMMETRIC ~ATRIX, 
LDL• DECOMPnSITJON• 
RLOCK DIAGONAL PIVOTING; 

CALLING SEQUENCE z 

THE HEADING CF THE PROCEDURE READS: 
"PROCEOUR~" DFCSYM2fA•N,TOL,AUX,P,DETAUXl# 
11 VUIIE" l'h 11 INTEGER 11 IU"REAL" TOL; 
"ARRAY" A,DETAUX:"INTEGER" "ARRAY" AUX,P: 
ttCODf" 142•:n S 

THE MEANING nF THE FORMAL PARAMETERS IS i 
At <ARRAY IDENTIFIER>; 

"ARRAY" A[l3N,11N]3 
ENTRY I THE SYMMETRIC COEFFICIENT MATRIX; 
EXIT I T~E ELEMENTS OF THE LDL' DeCOMPOS!TION OF' ARE 

STOPED IN THE UPPER TRIANGULAR PART OF Am HERE 0 
IS A 8LOCK DIAGONAL MATRIX WITH BLOCKS OF ORDER 1 
OR 2. FO~ A BLOC~ OF ORDER 2 Wf ALWAYS HAVE 
D[IgI+llA•O ANO lCI+l.Il•OgSQ THAT D AND L' FIT 
IN T~E UPPER TRIANr.ULAR PART OF A@ 
THE STRICTLY LOWER TRIANGULAR PART OF A IS LEFT 
UNDISTURBED. 

N t <ARITHMETIC EXPR~SSION>I 
T4E ORDER OF THE MATRIX# 
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Tnl I <ARITHMETIC EXPRESSION>; 
A Rf:LATIVE TOLERANCE, USED TO CONTROL THE 
CALCULATION □ F THE 8LOCK DIAGONAL ELEMENTS; 

AUX a <ARRAY IDENTIFIER>; 
"INTEGER" "ARRAY" AUX[ZS5]; 
::xn: 
AUX[2] s IF THE MATRIX IS SYMMETRIC THEN 1, OTHER

WISE OJIN THE LAST CASE NO DECOMPOSITION 
IS PERFORMEDI 

AUXC31 3 IF THE MATRIX IS SYMMiTRIC THEN TME 
NUMBER OF ITS POSITIVE EIGENVALUES, 
OTHERWISE~. IF AUXC3l•N THEN THE 
MATRIX IS POSITIVE DEFINITEs 

AUXf4] 1 IF THE MATRIX IS SYMMETRIC THEN THF 
NUMPER OF ITS NEGATIVE EIGENVALUES, 
OTHERWISE~. IF AUXC4l•N THEN THE 
MATRIX IS NEGATIVE DEFINITES 

AUX[5] 1 IF THf MATRIX IS SYMMETRIC THEN THE 
NUMqER OF ITS ZERO EIGENVALUES, OTHERWISE 
N: ~ □ , IF AUXC5J•~ THEN THE MATRIX IS 
SYMMETRIC AND NON-SINGULAR; 

Pi <ARRAY IDENTIFIF.R>; 
"INT~~F.R" "ARRAY" P[llN]i 
EXIT I 
A VECTOR RECORDING 
lb THE INTERCHAHGE5 PERFORMED ON A DURING THE 

COMPUTATION OF THE DECOMPOSITION ANO 
21 THE BLOCK STRUCTURE OF De 
IF PCil>~ AND P[l+l]B~ A 2*2 BLOCK HAS BEEN 
FOUND I.E. Dl:I,I+lJ" .. o AND UI+:1.,n .. ,u 

DETAUX 2 <ARRAY IDiNTIFIER>; 
"ARRAY" DETAUX[liN]; 
EXIT s 
IF PCIJ>O AND PCI+l]>O T~EN D~TAUXCI] EQUALS 
THE EXIT=VALUE OF ArI,Il .. 
IF P[I1>~ AND PCl+11•0 THEN DETAUX[I]ml AND 
DETAUXCI+ll EOUALS THE VALUE OF THE DETERMINANT 
OF THE CORRESPONDING Z*Z DIAGONAL 8LOCK AS 
DETERMINED BY DECSYM2; 

PRnCEOURES USED a 

H MROW,.CP'34030,. 
fCHROW,.CP34i032. 
ICHROWCOL,.CP34033e 

PAGE 2 
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MFT~OO ANO PF.RFnPMANCE t 

THE PROCEDURE DFCSYM2 COMPUTES THE LDL' DECOMPOSITION Of A 
SYMMETRIC MATRIX,ACCOROING T~ A M~THOD DUE TO BUNC~;KAUFMAN AND 
PARLFTT (SEE tll,[21). IT USES BLOCK DIAGONAL PIVOTING@ 
THE BLOCK DIAGONAL MATRIX DIS D~LIVERiD IN THE BLOCK DIAGONAL 
nF A. IF P[I]>o AND P[I+ll•O A 2•z BLOCK HAS BEEN FOUND AND 
FURTHERMORe I L[I+l»Il•O WHEN DCI,I+llA~o. 
THE STRICTLY UPPER TRIANGULAR PART OF L• IS DELIVERED IN THE 
STRICTLY UPPER TRIANGULAR PART OF Ae FOR THE JNEPTIA PROBLEM 
IT rs IMPORTANT THAT OECSYM2 CAN ACCEPT SI~GULAR MATRICES. 
NnTE• HOWFVER» THAT IN ORDER TO FINO THE NUMBER OF ZERO 
EIGFNVALUIS nF SINGULAR MATRICES, THE SINGULAR VALUE 
DECOMPOSITION MIGHT Bf PREFERRED. 
AEFORE THF OECOMPOSITION IS PERFORMED A CHECK IS MADE TO SEE 
WHETHF.R THE MATRIX IS SYMMETRIC. IF THE MATRIX IS ASYMMETRIC 
THEN NO DECOMPOSITION IS PERFORMED; 

ll J.R.BUNCH•leKAUFMANe 
SOME STARLE METHnDS FOR CALCULATING INE~TIA AND SOLVING 
SYMMETRIC LINEAR SYSTEMS@ 
MATHEMATICS OF COMPUTATION 31,P l63=lA~,1977. 

ll JeRaBUNCH.LeKAUFMAN,BeNePARLETT. 
OfCOMPOSITION OF A SYMMETRIC MATRIX. 
NUMERISCHE MATHEMATIK 27»P q5-109•1976e 



SnURCE TEXT ; 
"CODE" 342Q1: 

I DECEMBER 1978 > 

91 PROCEDURE 11 DfCSYM2(A»N•T□ LaAUX»P»DETAUX); 
91 VALUE 11 Ni 91 INTEGER" Na 91REAL" TOLi 
91 ARRAY 91 A,DFTAUX: 91 INTEGfR" "ARRAY" P,AUX; 
91 BEGIN 11 91 INTEGER 91 !.J,KeM,IPl,IP2,DUMMY; 91 BOOLEAN 91 ONEBYONE.SYM; 

11 RfAL 11 DET»S»TeALPHAvLAMBDA,SIG~A,AllaAIP1,AIP1Is 
"PROCeDURE 91 fLMROW(L,U,IeJ,A,B»X>B 91 CODE 91 34024; 
11 PROCEOIIRE 19 ICHIHlW( l.ll,, I111J11A) 3 "CODE 91 34,i;i,ai; 
"PROCEDURE" ICHROWCOL«L,U,l,J»AJS 91 CODE" 140133 
AUX[3]S@AUX[4]2@0iSYMas 91 TRUE 91 tllmQ; 
11 FOR 11 DIIMMY1t .. lj "Wi-lIU:: 11 SVM "ANOII {l<N) IIC)QII 
11 BEGIN" IamI+l;Ja .. Is 

IIFDR" MssO "WMILE" SYM "AND" (J<N) MOO• 
"REGIN" JweJ+l;SYMsuSYM "AND" (A[I.J]uA[J•Il) "END 11 i 

"END"S . 
"IF" SYM "TMEN 11 AUX[2]tm1 

"iHSE 91 11 81:GIN" AHH2H ,..0: 11GOl0" ENDDfC 91 1END 19 8 
AlPHA&m(1+$0RTf11J)/8iP[N]S•NJl1•lB 
"FOR" DU~MYS@O IIWHILE 11 I<N 1100 11 

19 BEGIN 91 1Plz 0 I+l;IP2aml+2;AlltmABS(A[I•llJIP[IJ1 .. 1; 
LAMBDAsmABS(A[I•IP1]1BJJsIP11 
"FOR" Ma,.IP? 91 STEP" 1 "UNTIL" N "DO" 
"IF" ARS(A[l,M])>lAMBDA "THEN 11 

•BEGIN" Jl@MILAMBDAt•ABS(A[loM]) "ENO"s 
T:sAlPHA*lAM8DAsONEBYONE2m•TRUE"3 
~IF 11 AII<T 11 THEN" 
"BEGIN" SIGMAS@LAMBDAB 

"FOR 00 MamIPl 11 STIEP 11 l 11 UNTIL 11 J=l "DO" 
•JFII ABS(A[MoJJ>>SIGMA "THEN" SIGMA3mABS(A[M,J]JI 

"FOR" Mi@J+1 "STEP" l 11UNTIL" N •on• 
"IF• ABS(A[J,~Jt>SIGMA "THEN• SI~MAsmABSIA[J,MJJ® 

"IF" !IGMA•AJl<LAMBDA 91 THEN 11 

11 0EGIN 11 11 IF" ~LPHA•SIGMA<ABS(A[J,JJJ "THEN 11 

PAGE 4 

"BEGIN" ICHROWIJ+leN»IoJ,A)tICHROWCOLIIPl•J=l,I,J,AJ; 
TsmA[I,I];A[I.I]tsACJ,J];A[JeJJ:mliP[IlmmJ 

11 END" 
•HSI!=" 
•REGIN 11 11 IF• J>IP1 •THEN 11 

"BEGIN" ICHROW(J+1,N,IP1aJ»AliICHROWCOL(IP2•J-1,IPl•J,AJ; 
TtmA[I,I]lACI,l]lmA[J,J]3A[J,J]&mT; 
TswACI,J];ACl,J]awACI»IPllzACI.IPl]smT 

11r:~m11; 
DF.Tl@ACI@Il*A[IPloIPl]=ACI,IPll••21AIPll!mA[I,IPll/D~T; 
AIItwACioI]IDET;AIPlt•ACIPl,IPl]/DEltP[I]zmJfPCIPl]tm03 
OETAUX[l1smlJDETAUX[IPl11mDETB 11 CO~ME~T 11 
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19 FOR" Jt•IP2 11 STEP" 1 "UNTIL" N "DO" 

PAGE 5 
• 

"~EGIN" ~s•AJP1I•ACIP1,Jl-AIP1•ACI,Jl; 
T8•AIP1I•AtioJl-AII•AtIPl•JlSELMROWCJoN,J•I»A,A,S}f 
ELMROW(J,NoJ,IPl,A,A,T);A[l,JJ1aS;ACIPl,J]!•T 

11EN0"; 
All){[ 3] a •AU)([ 3l+U AU)( [ it la .. ,ux [ 4l+H J hIP Zf 
ONEBYON!t•"FALSE" 

"ENO" 
"FNDII 

"E1'11D"3 
11 IF" ONfSYONE "THEN" 
11 REGIN" "IF" TOL<ABS(ACI»Il) "THEN" 

"BEGIN 11 AII&•ACI,Il;DETAUX[IJs•ACI,I]; 
ttIF 11 AU>ll "THEN" AUXC3H•AUH3Hl 19 ELSE" AUXf'tH,.AUXC'tl+U 
"FOR" Ja•IPl "STEP" l 11 UNTIL 11 N "DO" 

11 BEGIN11 Ss•-ACI,Jl/AIIiF.LMR □W<J»NoJaI,A,A,S)IACI,Jli•S 111::~D" 
19 ENl'l"U1,.IPl 

"i=ND" 
11END" Wl-fILE H 
"IF" I•N t1'fHF.Nt1 
"BEGIN" 11 YF" T□l<ABS(A[NaNJ) "THEN" 

19 BIGINH "!F" A[N.N]>O "THEN" AUX[313mAUXt3l+l 
"ELSE" AUYC4Ja•AUXC4l+1 

"FND"mOETAUX[N]l•A[N.N] 
11END"; 

ENODEC s 
AUXf5la•N•AUX[3l•AUX[4] 

"END" DFCSYM?.s 
"EOP" 
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CONTRIBUTOR t CeHeCONVENTe 

JNSTITUTE i UNIVERSITY OF AMSTERDAMe 

BRIEF DESCRIPTION I 

DETF.RMSYM' CALCULATES THE DETERMINANT 0~ A SYMMETRIC MATRIX. 
THE lDL' DcCOMPOSITION OF THE MATRIX» AS PRODUCED BY DECSV~lo 
SHOULD se AVAILABLE. 

GENF.RAl SYMMETRIC MATRIXo 
lDl• DF.COMPOSITTON, 
BLOCK DIAGONAL PIVOTING; 

THE HEADING OF THE PROCEDURE READS m 
"RfAL" "PROCeDURi" DETER~SYM2[DETAUX,N»AUX); 
"VALUE" N;"INTEGER" N; 
"ARRAY" DETAUXS"INTEGER" "ARRAY" AUXi 
"CODE" 342Q4; 

DETERMSYM2 s D~LIVERS THE CALCULATED VALUE OF THE DETERMINANT OF 
THE MATRIX; 

TH~ M~ANING OF THE FORMAL PARAMETERS IS m 

D~TAUX 1 <ARRAY IDENTIFIER>; 
"ARRAY" DETIUX[l1Nlt 
ENTRY t THE ARRAY DETAUX AS PRODUCED BY DECSY~Z3 

N <ARITHMETIC EXPR!SSION>; 
THE ORDER OF THE ARRAY OETAUI 

t 00 THE ORDER OF THE MATRIX li 
AUX <ARRAY IDENTIFIER>; 

WTNTEGER" "ARRAY" IUX[215l3 
ENTRY t THE ARRAY AU~ AS PRODUCED BY DECSYM28 
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RUNNING TIME s PROPORTinNAL TO Ni 

METHOO A~D PFRFORMANCE t 

FIRST OF ALL OECSY"2 SHOULD BE CALLED TO PERFORM THE LDL• 
DECOMPOSITION OF TH~ SYMMETRIC MATRlX,ACCORDING TO A METHOD DUE 
TO BUNCM,KAUFMAN AND PARLETT (SEE [ll,C2J). 
IF A 1*1 BLOCK MAS REEN COMPUTED FORD THEN DETAUX[Il CONTAINS 
TMe VALUE OF ncr1. IF A 2*2 BLOCK HAS BEE~ COMPUTED FORD THEN 
OETAUXCJ1•l ANO DETAUX[I+lJ CONTAIN TME VALUE OF THE DETERMINANT 
OF T4E CORRESPONDING 2*2 BLOCKe 
THE COMPUTATION OF THE DETERMINANT IS DONE BY CALCULATING T4E 
PRODUCT OF THe ELEMENTS OF DETAUX@ 

1) J.,R .. BUNCH11L .. KAllFMANe 
SnME STAAL, METHODS FOR CALCULATING INERTIA AND SOLVING 
SYMMETRIC LINEAR SYSTEMS. 
MATH~MATICS OF COMPUTATION 31,P l63=180,lg11e 

?> J.R .. BUNCH,LeKAUFMAN,B.NePARLETT. 
DECOMPOSITION OF A SYMMETRIC MATRIX. 
NUMERISCME MATHEMATIK 27,P 95-lOQ,1976. 

l::XAMPlf. OF USE 

"BEGIN" "COMMENT" EXAMPLE OF USE OF THE PROCEDURE DETERMSYMZI 
"INTEGER" I,J:"REAl" TOL,DETEP~INANT; 
"REAL" "ARRAY" A[lS5,l15],0ETAUX[lt5]: 
"INTEGER" "ARRAY" AUX[215l»PCli5lB 
"PROCEDURE" OECSYM2(A,N,TOL,AUX,P,DETAUX)i"CODE" 342911 
"REAL" "PROCEDURE" DETERMSYMZ<DF.TAUX,N,AUX);NCQDE" 34294; 

A[l,lJS•ACl112l••-~SAtl,31t•=l8&Atl,4l•••30JA[1,5]S•18J 
AC2e21s•-lsAC2,3lB•-43A[2114la•-48JAC2,5lt•8; 
Af3113]s ■-63A[3,4l&••2743A[3,5lt 0 6; 

AC4,4JZ•ll93A[4,5]3•19J 
A£5;,5Jm•.211'!1 
"FOR" IS•l "STEP" l "UNTIL" 5 noon 
"FOR" JiaI+l "STEP" 1 "UNTIL"~ "DO" A[J,IJ1mA[I11Jli 



OUTPUTl61,"(""("THE COEFFICIE"T MATRIX •">",l")"IS 
WFORW Ja .. 1 oosyepoo l "UNTIL" 5 "DOW 
"BEGIN" WfnR 00 Jz,.1 "STEP" l "UNTIL"! noon 

OUTPUT(61,"("=2ZDe4B")"gA[I.Jll8 
OUTPUT(6l, 00 ( 00 /tv)W) 

"EN0 11 : 
TOls,.n-143 
DfCSYM2(Aa5oTOl,AUXgP,DETAUX)3 
"IF" Alllfl:2],.l "1HIEN 19 

OUTPUT(61»"( 19 /, 00 111 THE MATRIX IS SYMMETRIC"l""l"I 
"ELS~ 00 OUTPUTC6lo"("l,"("THE MATRIX IS ASYMMETRIC.THE 00 ! 00 , 

"("RESULTS ARE MEANINGLESS 19 10000 >00 >t 
DETERMIMANT@,.DETERM!YM2«DETAUX,!»AUX); 
OUTPUTC6le"€"le"l"THE DETERMINANT OF THE ~ATRIX I 00 >00 , 

311De2D 00 >00 ,DETERMINA~T) 

THIS DtlIVERS AS RESULT s 

THE COEFFICIENT MURU I 
... 3 .. 3 ... 10 ... ,HI HI 
... 3 -1 =4 ... 43 8 

... 113 ... 4 --6 =214 ~ 

... ,h'~ ... 4111 ... _274 U.9 19 
:HI 8 (:) lCJ 216 

THE MA'UU rs SVMMETRIC@ 
THE DETER~INANT OF THE MATRIJC ff 161:leOO 

IICOOE" ~4294 3 
11 REAL 11 00 PRnCEDURE 11 DETERMSYM21DETAUX,N,AUXJ; 
"VAlUE 11 NtOOINTEGF.RW N3 
"ARRAY" DETAUX:"INTEGER• 11 ARRAY" AUX; 
"SEGIN" "INTEGER" I;WREAl" DET; 

WIF" AUX[5]>0 "THEN" OETamO "ELSE" 
11 £\EGIN" DETs,.1; 

"FDR" Iaml "STEP" 1 "UNTIL" N "DO" DETsmDET•DETAUX[I] 
11END 11 ! 
l'.lETERMS'll"M2s mOH 

•END• DETERMSY~21 





INSTITUTE m UNIVERSITY OF AMSTE~DAMe 

BRIEF Df.SCRIPT!ON a 

T~IS SECTION CONTAINS TWO PROCEDURES t 
Al 50LSYM2 SOLVES A SYMMETRIC SYSTE~ OF LINEAR EQUATIONS» ASSIIMING 

THAT THE MATRIX HAS RF.EN DECOMPOSED INTO LDL• FOR~ BY A CAll nF 
D~CSYM2B 

Rl DECSDLSYM2 CALCULATcS THE LDL' DECOMPOSITION OF A SY~METRIC 
MATRIX; MOREOVER, IF THIS MATPIX IS NON~SINGIJLAR, THEN IT SOLVES A 
CORRESPONDING SYSTEM Of LINEAR EQUATIONSa 

~~NfRAl SYMM~TRIC MATRIX» 
LDL' OF.COMPOSITION, 
RLOCK DIAGONAL PIVOTING; 

CALLING SEQUENCE n 

THE HEADING OF THE PROCEDURE READS I 
"PROC&DURen SOLSYM2fA,N,B,P,DETAUX)i 
"VALUE" Ns"IMTEGER" N3 
"ARRAY" A,B,O~TAUXi"INTEGER" "ARRAY" Pt 
"CODE" ~~292t 



TH~ MfANING OF THE FORMAL PARAMETERS IS I 
As <ARRAY IDENTIFIER>; 

"ARRAY" A[laN,llN]J 
ENTRY t THF LDL• DECOMPOSITION nF A AS PRODUCED BY 

DECSYM2B 
N 1 <ARITHMETIC EXPRESSION>; 

THE ORDER Of THE MATRIX; 
B r <ARRAY IDENTIFIER>: 

"ARRAY" Bt U Nl I 
ENTRY: THE RIGHT-HANOSIDE OF A SYSTEM OF LINEAR 

EQUATIONS; 
EXIT I THE CALCULATED SOLUTION ver.TORf 

Pa <ARRAY IDENTIFIER>s 
11 INT~GER 11 "ARRAY" P[ltNJ; 
ENTRY r A VECTOR RECORDING THE INTERCHANGES PERFORMED ON 

TH~ MATRIX BY T~E PROCEDURE OECSVMle PALSO CONTAINS 
INFORMATION ON THE Bl □CKSTRUCTURE OF THE MATRIX AS 
DECOMPOSED BY oecsv~z: 

DfTAUX s <ARRAY IDENTIFIER>; 
8 ARRAYtt DETAUX[llN]i 
F.NTRY t THE ARRAY DETAUX AS PRODUCED BY OECSYMZI 

PROCl:OIIRES USED s 

MA rv1:e .. c P HIO:U .. 
FLMVECROW•CP340?6e 

RUNNING TIME t R □UGHLY PROPORTIONAL TO N**2,. 

~FTHOD AND PERFORMANCE s 

THf PROCF.OURE SOLSYM2 COMPUTES THE SOLUTION OF A SYMMETRIC 
SYSTEM OF LINEAR EOUATIONS,ASSUMING THAT THE MATRIX HAS REEN 
OfCOMPOSED INTO lDL' FORM BY A CALL OF DECSYM2e BIS OVERWRITTEN 
WITH THE SOLUTION VECTOR. 

RFFfR!':NCl:S c 

l) J,.R,.BllNCH»leKAUFMAN. 
SOME STABLE METHODS FOR CALCULATING INERTIA AND SOLVING 
SYMMETRIC LINEAR SYSTE~S. 
MATHEMATICS OF COMPUTATION 31,P l63•16t,1977e 

,, JeReBUNCH,leKAUFMAN,BeNePARLETTe 
OFCOMPOSITION OF A SYMMETRIC MATRIXe 
NUMER[SCHE "AT41MATIK 27,P Q5-10Q,1976e 



~IIBSECTION s DECSCllSY1'12o 

CALLING SEQUFNCE 1 

THE HEADING OF THE PROCEDURE READS t 
"PROCEDURF. 8 DECSOLSYM2(A,N,B,TOL,AUX)s 
"VALUE" Nc 8 INTEGER" NS"REAL" TOL; 
8 ARRAY 8 A.B;ttlNTEIER" "ARRAY" AUXt 
"CODF 11 342<n; 

THE MEANING OF THE FORMAL PARAMtTcRS IS t 
As <ARRAY IDiNTIFIER>; 

11 ARRAY" A[llNsltN]S 
ENTRY s SEE DECSY~ZS 
EXIT I sr:e DECSYMZB 

N r <ARITHMETIC EXPRESSION>~ 
THE ORDER OF THE MATRIX; 

R I <ARRAY IDENTIFIER>; 
"ARRAY" 13Clst.lH 
ENTRY t SEi SOLSYMZ; 

PAGE 1 

EXIT I THE CALCULATED SOLUTION VECTOR,WHEN A WAS FOUND 
TU BE NON-SINGULAR. 
A IS LEFT UNDISTURBED OTHERWISE; 

TOL t <ARITWMETIC EXPRESSION>; 
ENTRY s SEE DECSYM2i 

AU~ t <ARRAY IDENTIFIER>g 
"INTEGF.R" "ARRAY" AUX[215]J 
exrr I StE DECSYM?.; 

PROCEDURES USED a 

nrCSVM2•CP34ZQ1. 
SOlSYM~eCP34lQZ. 

RUNNING TIM~ s ROUGHLY PROPORTIONAL TON**•• 
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METHOD ANO PERFORMANCE s 

THE PROCEDURE DECSOLSYM2 COMPUTfS THE SOLUTION OF A SYMMETRIC 
SYSTEM OF LINEAR EQUATIONS. IT DOES SO BY FIRST CALLING THE 
PROC~OURc DECSYM2 TO COMPUTE THF LOL 1 DECOMPOSITION OF THf 
SYMMETRIC MATRIX, ACCORDING TO A MHHOO DUE TO BUNCH, KAUFMAN ANfl 
PARLFTT CSEF. r1l,[2l) .. 
WHEN THE MATRIX IS FOUND TO BE NON-SINGULAR THE PROCEDURE snLSYM2 
IS CALLED TO COMPUTE THE SOLUTION VECTOR,AND THE LATT~R OVERWRIT~S 
Be WHEN THE MATRIX IS FOUND TO BE tlNGULAR TYE PROCEDURE SOLSYM2 
IS NOT <:AllED ANO 8 JS LEFT UNDISTIJRBED .. 

l) J.,R,.BUNCUaleKAUFMAN., 
SOME STARLE METHODS FOR CALCULATING INERTIA AND SOLVING 
SYMMETRIC LINEAR SYSTEMS. 
MATHFMATICS OF COMPUTATION 31,P 163=180,1977. 

2) J.R.BUNCH»LoKAUFMANaBeNoPARLETTo 
DECOMPOSITION OF A SYMMETRIC MATRIX@ 
NUMERISCHE MATHEMATIK 27,P 95-1~9,1976. 

"BEGIN" •COMMENT" EXAMPLE OF USE OF THE PROCEDURE DECSOLSYM2t 
"INTEGER" IoJt"REAL" TOLi 
"REAL" "ARRAY" A[li5al85],B[la5]s 
•INTEGER" •ARRAY• AUX[2a5]t 
11 PIWCEDIIIU: 91 DECSOlSYM2(A.,N,B»TOl,AUl() ; 19 CODE" 3429:iU 

A[la11S•A[1,2ll•=3;Atl,3]S•wlR1Arl,4]1•=30JA[l,5]!ml8t 
A[2,2Js•-1:A[2,3Ja .. -4;A[2,4]t•-48:A[2,5Jt•A: 
A[3,311•=6sAr3.4]1•=274tA[3,5]8•6: 
A[4,41B•ll91A[4e5]t•l9i 
AC5,5]a .. 216s 
"FOR" li•l "STEP" 1 "UNTIL" 5 "DO" 
"FOR" J••I+l "STEP" l "UNTIL" 5 "DO" ACJ,llt•A[l,Jll 

OUTPUT(61,"l""("THE COiFFICIENTMATRIX s•J",l"l"l; 
"FOR" I&•l "STFP" 1 "UNTIL" 5 •DO• 
•BEGIN• •F □R• Jami "STEP" 1 •UNTIL•, •oa• 

OUTPUT(61,"C"-ZZDa4B•)•,A[I,J]); 
OUTPUT(6l,"("l">"l 



( DECEMBER 1978 > 

OUTPUT(61,"("l•"<"THE RHS•VECTOR •">",/")"); 
"FOR" 11•1 "STEP" l "UNTIL"! nonn 
"BEGIN" 1NPUT(60,"("">",B[Il>B 

OUTPUTC6l,"("•l3D,4B")",B[IJ) 
"END 11 : 

TOU •"=14a 
DECSOLSYMZ(A,5,B,TOL,AUX>; 
OUTPUT<61,"("21")"); 
"IF" AUXC21•1 "THEN" 

PAGE "i 
f 

OUTPUT(6l»"f""« 11THE ~ATRIX IS SYMMETRIC"»",/")") 
"ELS~" OUTPUT(61,"f""("THE MATRIX IS ASYMMETRIC.THE">"• 

"("RESULTS ARE MEANINGLESS">",l")")S 
DUTPUT(61,"("l•"C"INERTIA 1 <")",D,"(",")",D,"(",")",D• 

"(">")",l")";Auxc11,AUX[4l,AUX[5]); 
OUTPUT(6l•"<"l•"<"THE COMPµTED SOLUTION 1">",l")")B 
"FOR" I••l "STEP" l "UNTIL" 5 "00" 
OUTPUT(6l•"<"•De5D,4B"J",B[ll> 

THIS DELIVERS AS RF.SULT s 

THE COE FF JC IENT f<'ATRIX a 
-3 ... 3 --18 -30 
... 3 -1 .. 4 -48 

-1~ .. 4 -!".I -214 
--30 •48 ... z74 

18 fl 6 

THE RHS ... lfECTOR t 
327 2Q1 1290 

THE MATRIX IS SVMMETRICe 
INERTIA s <3n2,~> 

119 
19 

215 

THE CO~PUTEO SOLUTION s 
-1.00000 =2oOOOJO •l.0~000 

18 
l:'l 
6 

19 
216 



5 OIIRCE ren ( S-J : 

11cnnE11 :'14i'.Q21 
"PROCEDURE" 50LSYM2(A,N,B,P,D!TAUXJ; 
"VALUE" NSIIINTEGERli NI 
11 ARRAY 11 A,BeDETAUXg 11 JNTEGER 11 11 ARRAY 11 PS 
11 BEGIN 11 11 1NTEGER 11 leil,J,K,IPl,PI,Pll»DU"MYi 

"REAL 11 DET,TEMPoSAVEI 
'*REAl. 11 11 PROCEOURE 11 IUTVEC<lolhl,A,BJ ; 11 C □ r>E" :14!C1U 
11 PROCEDURE" ELMVECR~W«L,U,l,Ao8sX>s 11CnDE 11 340263 
Is,.13 
IIFOR 11 DUMMYsmu "~HILE" ICN 110011 
11 BEGlN 11 IPl&ml+lsPis,.p[l];SAVES,.B[Pllt 

IIJFII P[IPll>O IITHEN 11 

11 BEGIN 11 B[PllsmB[IJ;B[l]SaSAVEIA[l,l]I 
ELMVECROW(IPl•N•l•S•A»SAVE)iISmIPl 

llji:N0 11 

99 FLSEW 
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11 BEGIN 11 TEMPsmB[I];B[PIJsmS[IPlllDETl®DfTAUX[IPl]t 
R[I1mm(TEMPtAfIPlsIPll•SAVE*A[l,IP1ll/DETm 
B[IP11:m(SAVE*ACI,Il=TEMP*ACisIPl])/DF.T; 
ElMVECROWII+20NsI,BsAsTEMPltELMVECROW(I+29NeIPlsB@As~AVf)t 
HmI+2 

11 EN0 11 

"feND" WHil!f!: It 
11 IF" JmN ttTMEN" "BEGIN" B[l]lmB[lllArlulllltmN•l 11 END" 

111 HSE" IlmN=28 
l'IFORM DUMMYEmO 11 WHllE" J>O 1100" 
11 BEGIN 11 11 If11 P[l]m~ 11 THEN" IIsmJ-1 "ELSE" IIS=li 

11 F □ R" Ki®II 11STEP 00 1 "UNTIL" I "DO" 
11 8,GIN" SAVE2mB[K11SAVEmmSAVE•MATVECll+l,N,K,A1B>; 

IHK"ls,.SAVE 
"END 11 n 
PII1,.P[IIJ1B[I]tm8[PII];BCPil]tmSAVEiI1,.II~l 

11 EN0 11 1,JHHE I 
11 EN0 11 SOLSVM2; 

l@E0P 11 

"CODf" ?l42<'il:H 
"PROCEDURE" DECSOLSYM?€A,N,B,T□ L,AUX!i 
"VAlU~" Ni"INTERER" N;l@REAL" TOL; 
"IRRAY11 &,B;"INTEGER" 11 ARRAY" AUi; 
"BEGIN" "REAl" "ARRAY" DETAUXC1aNlt"INTEGER 99 "ARRAY" P[11N]¥ 

IIPROCEDUR~" DECSYM2(A,N,TOl,AUI.P,DETAUX)t"CODE" 142911 
11 PR□CEDURE 11 SOLSVMZ(A,N,8,PsDETAUX1t"CODE" 1~2921 
DECSVM2(A,N,TOleAUX,PsOETAUX)I 
"IF" AUX[!l•O "THEN" SOLSYM2(AaN,B,P,DiTAUX! 

"~ND" DECSOLSVM2t 
"EOP 11 
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AUTHOR 

CONTRIBUTOR r J,. KOK .. 

INSTITUTE MATHEMATICAL CEMTREe 

BRifF DFSCRIPTION t 

THIS SECTION CONTAINS TWO PROCEDURES s 
A) LS00RTDFC, FOR THE HOUSEHOLDER TRIANGULARIZATION WITH COLUMN 
INTERCHANGES OF THE COEFFICIENT MATRIX OF A LINEAR LEAST S0UARFS 
PROBLEtH 
BD LSQDGLINV, FOR THE CALCULATION OF THF. DIAGONAL ELEM~NTS OF TME 
INVERSE OF M9 M» WHERE MIS THE COEFFICIENT MATRIX OF A LINEAR 
LEAST SOUARE~ PROBLEM. 

KEY WORDS 

LINEAR LEAST SQUARES PROBLEM, 
HOUSEHOLDER TRIANGULAPIZATIONe 

SUFISf:CTH!N s LSOORTDEC., 

CALLING SEOUENCFt 

"PROCEDURE" LSOORTDECCA, N; M, AUX» AID» CI); "VALUE" N, M; 
"INTEGER" N, M; "INTEGER""ARRAY" Cl; "APRAY" A, AUX, AIDJ 

THE MeANING OF THE FORMAL PARAMETERS IS I 

A <ARRAY IDENTIFIER>: 
"ARRAY" A[l a N,1 t M]J 
ENTRY wTHE COEFFICIENT MATRIX Of THE 
LINEAR LiAST SQUARES PROBLEM; 
EXIT s IN THE UPPER TRIANGLE OF A {THE ELEMENTS 
ACI,Jl WITH I< J) THE SUPERD!AGONAL 
ELEMENTS Of THE U?PER=TRIANGULAR MATRIXv PRODUCED BY 
TH~ HOUSEHOLDER TRANSFORMATION; IN THE OTHER PART OF 
THf COLUMNS Of A THE SIGNIFICANT ELEMENTS OF THE 
GENERATING ~ECTORS OF THE HOUSEHOLDER MATRICES USED 
FOR THE HOUSEHOLDER TRIANGULARIZATION~ 



N 

AUX 

CI t 

<APITHM~TIC EXPRESSION>; 
NUMBER OF ROWS OF THE MATRIX; 
<ARITHMiTIC EXPRISSION>s 
NUMAER OF COLUMNS OF THE MATRIX CN >a M); 
<ARRAY IDENTIFIER>g 
"ARRAY" AUX[2 : 511 
ENTRY s AUXC2l CONTAINS A RELATIVE TOLERANCE USED FOR 
CALCULATING THE DIAGONAL ElEMfNTS OF THE 
UPPER-TRIANGULAR MATRIX$ 
EXIT s 
AUX[3J oeLIVERS THE NUMBER Of THE DIAGONAL ELEMENTS OF 
TME UPPER-TRIANGULAR MATRIX WHICH ARE FOUND NOT 
NEGLIGIBLE; 
NORMAL EXIT AUX[3l a ~ff 
AUX[51 *® THE MAXIMUM nF THE EUCLIDEAN NORMS OF T4~ 
COLUMNS OF THE GIVEN MATRIX; 
<ARRAY IDENTIFIER>: 
"ARRAY" AID[l a Mls 
NORMAL EXIT (AUX[3] 8 Ml a AID CONTAINS THE DIAGONAL 
ELEMiNTS OF THS UPPlR~TRIANGULAR MATRIX PRODUCED BY T~E 
HOUSEHOLDER TRIANGULARIZATION: 
<ARRAY IDENTIFIER>: 
"INTEGER""ARRAY" Cl[l a M]3 
EXIT a CI CONTAINS THE PIVOTAL INDICES Of T~f 
INTfRCHANGES OF THf COLUMNS OF THE GIVEN MATRil0 

PROCEDURES USED a 

TAMMAT s CP14014a 
ELMCOL m CP34i023P 
ICHCOL ® CP]4031o 

EXECUTION FIF.lD LENGTH I AN ARRAY OF M ELEMENTS IS DECLARED@ 

(Cl* M + C2} * M * (N = M / 3); 
THE cnNSTANTS Cl AND C2 DEPEND ON THE 
ARITHMETIC nF THE COMPUTER@ 

lANGUAGF. 
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T4i- ?Rnc;r,111u: LSQORTDEC IS A !'!ODIFICA TION OF TH( PRnCEOURE LSOOF.C 
DllF TO T.J. DEKKER (SEE RH tlH• WHERE A DHI\IATI □t.4 IS GIVEN 
OF A SET OF PROCiOURES BY 
Po ijUSING~R ANO GeHe GOLUB (SEE REF f.Zlle THE METHOD IS 
HOIJSEHOLDER TRIANGULARIZATION WITH COLUMN INTERCHANGESe 
LET M DENOTE THE GIVEN MATRIX. LSQORTDEC PRODUCES AN N-TH i:JROEQ 
ORTHOGnNAL MATRIX a AND ANN." UPPER-TRIANGULAR MATRIX R SUCH 
T4AT R eOUALS OM WITH PERMUTED COLUMNS• Q IS THE PRODUCT OF 
AT '40ST M JiQIJSF.HCJLf)fR MATRICES WHICH ARE REPRESENTED BY THEY~ 
GENERATING VECTORS. MIS R~OUCF.D TOR IN AT MOST M STAGES s AT 
THE K-TH STAGE TH~ K-TH COLU~N OF THE (ALREADY MnDIFIED) MATRIX IS 
l~TERCHANG~D WITH THE COLUMN OF MAX[MU~ EUCLIDEAN NORM (THE 
PIVOTAL COLUMN); TH&N THE MATRIX IS MULTIPLIED WITH A HOUSEHOLDER 
MATRIX SUCH, THAT THE SUBDIAGO~Al ELEMENTS OF THE K-TH COLUMN 
BECOME ZERO, WHILE T"E FIRST K - 1 COLUMNS REMAIN UNCHANG&O. 
T4~ PROCFSS TF.R~I~ATES PREMATURELYe IF AT SOME STAGE THE 
EUCLIDEAN NORN OF THE PIVOTAL COLUMN IS LESS THAN SOME TOLERANCF, 
VIZ. A C.IVF.N TOLERANCE (AUXCZJ> TIMES THE MAXIMUM OF THf. 
tllCLIOEAN NORMS Of THE COLUMNS OF THE GIVEN "'!ATRU • 
lSQORTDEC OF.LIVERS THE SIGNIFICANT ELf.MFNTS OF THE GENERATING 
VECTOR OF THE ~-TH HOUS2HOLOER MATRIX {THE FIRST K - 1 
ELEMENTS OF THJS \IFCTOR BEING ZERO) IN THE LOWER TRIANGLE PART OF 
THE K.,.T!-1 Cnll!MN IJF THi: ARRAY A CArI.11Kl FOR I >e 10., 
OF THE R~SULT!N~ UPPER-TRIANGULAR MATRIX THE 
DIIGONAL ELEMENTS ARE DELIVERED SEPARATfLY IN AN ARRAY AID, AND THE 
REMAINING ELEMENTS JN THE SUPER-TRIANGULAR PART OF THE ARRAY Ae 
FOR THc SOLUTION OF LEAST SQUAR~S PROBLE~S, ONLY CALLS WITH 

N >@ M ARE USEFUL., 

REFFREMCES 

[ll DF-KKERe T.,J. t 
ALGOL 6u PROCEDURES IN NUMFRICAL ALGE8RA, PART 1, 
MC TRACT ?2e 1968, MATHEMATISCH CENTRUMe AMSTERDAM. 

[21 RUSINGER, Pe AND GeHe GOLUB I 
LINEAR LEAST SQUARES SOLUTION RV 40US~~OLDiR TRANSFORMATIONS• 
NUM. MATMe 1 11065)# PPo 269 - 276. 

SFE EXAMPLE nF USE nF LSQSOL. 
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SUBSi:CTr □N LSQDGLINV. 

CALLING S!:0UENCF 

THE HEADING OF THE PROCEDURE IS a 

"PROCEDURE" LSQDGLINV(A, M, AID• CI, OIAG)3 "VALUE" Mi "INTEGER" M; 
"INTfGER""ARRAY" er: "ARRAY" A, AIO, DIAGS 

A, M, AIO, CI t 
SEF. CALLING SEQUENCE OF LSQORTOEC (THIS SECTIONJs 
THE CONTENTS OF A, AID AND CI SHOULD BE PRODUCED ~y A 
SUCCF.SSFUL CALL OF LSQORTOF.C (AUX[3],. M) ., 

DIAG t <ARRAY IDiNTIFIER>; "ARRAY" DIAG[l: M]; 
EXIT s THE DIAGONAL ELEMENTS OF THE INVERSE OF MtM 
WHERi M JS THE MATRIX OF TME LINEAR LEAST SQUARES 
PROBLEM .. 

PRnCEDURES USED s 
VECVEC 00 CP340101 
TAMVF.C,. CP~4012e 

RUNNING TIME I 

(C:3 $ M + C4) * /<I * M3 
THE CONSTANTS C3 AND C4 DEPEND □~ THE ARIT~METIC 
OF TH€ COMPUTER. 

LANGUA!H": ALGOL. 60 .. 

LSQDGliN\I SHnlJlD RF CALLEO AFTER A SUCCESSFUL CALL OF LSQORTDEC, 
I.E. IF AUX[31 • Ma LSQDGLINV CALCULATES THE DIAGONAL ELEMENTS 
□ F THE INVERSE OF M1 M» WH~RE ~ IS THE MATRIX OF A LINEAR 
LEAST SQUARfS PROBLEM .. 
THESE VALUES CAN BE USEO FOR THE COMPUTATION OF THE STANDARD 
DEVIATIONS OF LEAST SQUARES SOLUTIONS. 

EXAMPLE flF USE s 

SEE EXAMPLE OF USE OF lSQSOLe 



SOURCE TEXT< S) s 

'1C00E" 34134: 
"PROCEDURE" LSOORTOEC<A• N• "• AUX• AID• CI>s "VALUE" N• MY 
"INTEGER" N• MS "ARRAY" A, AUX, AIDS "INTEGER" "ARRAY" CI: 
"BEGIN" "INTEGER" J, K• KPIV: 

"REAL" BETA» SIGMA• NORM• W, EPS» AKK» AIDK; 
"ARRAY" SUM[ltMJJ 
"REAl""PROCEDURE" TAMMATCL, U• I, J., A, B)t"CODE" 340143 
"PROCEOURE" ElMCOUl10 u., I• J., a,, B., X)l"CODE" 34023¥ 
"PROC~DURt" ICHCOL(L,, U• I• J• A)J"CODE" ~40311 

NORMS• O; AUXC31a• MW 
"FOR" KW• 1 "STEP" 1 "UNTIL" M "00" 
"B~GJNtt Wt• SUM[K]Jm TAMMAT(l, Ne K, K, A, A)3 

"IF"~> NORM "THEN" NORM!• W 
"ENO"J 
WI• AUX[~Jam SORT(NORM)J EPSsa AUXC2l * WS 
"FOR" Kl• 1 "STEP" 1 "UNTIL" M "00" 
"BEGIN" SIGMAS• SUM[K]J KP!VBm KS 

"FOR" Ja• K + 1 "STEP" 1 "UNTIL" M "DO" 
"I~" SU~CJ3 > SIGMA "THEN" 
"0EGIN" SI~MAS• SUMCJ]g KPIVS• J "END"# 
"IFff KPIV A. K "THEN" 
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"BEGIN" SUM[KPIUJS• SUM[KJ; ICHCOL(l• N• K• KPIU, A) "EMD"W 
CICKllm KPIVs AKKI• ACK,K]S 
Sir.MAa• TAMMAT(K• N• K• K, A» A); WI• SORT(Sl~MA)i 
AIOKI• AID[K]: ■ "IF" AKK C Q HTHEN" W "ELSE" - WJ 
"IF" W c fPS "THEN" 
"BEGIN" AUXfllt• K = 1: "GO TO" ENDDEC "END"J 
~F.TAI• l I <SIGMA - AKK * AIDK); 4CKeKlt• AKK - AJ.OK# 
"FDR" Ja• K + 1 "STEP" 1 "UNTIL" M "DO" 
"BEGIN" ElMC □L<K• N» J. K» A• A•= BETA* TAMMAT(K, N, 

K, Js A. A)); SUMCJ]Ba SUMCJJ - ACK,JJ ** 2 
"END" 

"1:ND" FOR Kg 
ENOOECB 
"END" LSOORTOEC; 

"!:OP" 



"CODE" 14l~ls 
"PROCEDURE" LSODGLINV(Ae M» AID, CI, DIAG); "VALUE" M; "INTEGER" M; 
"IRRIY" As AID, DIAG; "INTEGER" "APRAY" CI; 
"BEGIN" "INTEGER" J, K» CIK; 

"REAL" W3 
"REAl""PROCEDURE" VECVEC<L» U» S, A» B);ttCODE" 34GlG3 
"REAL""PROCEOURE" TAMVECCL» U» I» A, ~);"CODE" 340121 

"FOR" Kzm 1 HSTEP" 1 "UNTIL" M noon 
"BEGIN" D!AG[K]lm 1 I AIO[K]Z 

"FnR" Jae K + 1 "STEP" 1 "UNTIL"~ "DO" 
DIAG[J]sa w TAMVEC(Ks J = la J» A, OIAG) I AID[J]; 
OIAGfK]te VECVEC(K» M» ~» OIAG» DIAG> 

"ENO"s 
"FOR" K!s M "STEP" - 1 "UNTIL" l "DO" 
"BEGIN" CIKsu CICK]; "IF" CIK •m K "THEN" 

"BEGIN" Wmm DIAG[K]S DIAG[K]am DIAG[Cl~J; OIAG[CIK1mm W 
"~ND" 

"END" 
Wf:ND" LSOOGlINVS 

neOP" 
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AUTHOR TeJe OEKKERe 

INSTITUTE MATH~MATICAL CENTRE. 

731015. 

BRIEF DfSCRIPTION 

THIS SECTION CONTAINS TWO PROCEDURES: 
A) LSO~OL, FOR THE SOLUTION 0~ A LINEAR LEAST SQUARES PROBLEM IF 
THE COEFFICIENT MATRIX HAS BEEN DECO~POSED BY LSQORTDEC 
<S~CT! □N 3elele2e1e1e)i 
B> LSOORTDECSOL, FOR THE SOLUTION OF A LINEAR LEAST SQUARE~ PROBLEM 
BY HOtJSEHOLOER TRl4NGULARIZATION WITH COLUMN INTERCHANGES AND FOR 
THE CALCULATION OF THE DIAGONAL OF THE INVERSE Of M•M, WHERE 
MIS THE COEFFICIENT MATRIX. 

KFY WOROS 

LIMFAR LEAST SCUARES PROBLEM, 
HOUSEHOLDER TRIANGULARIZATIONe 

SUBScCTION t LSCSOLe 

CALLING SE0UENCf: 

THr. ~FADING nF THE PROCEDURE IS a 

"PROCEDURE" lSCSOLtA, N, M, AID, CI, B)g "VALUE" Nw Mi 
"INTEGER" N• M; "INTEGER""ARRAY" CI; "ARRAY" A, AIDe B; 

THE MEANING OF THE FORMAL PARAMETERS IS i 
Ao N9 M, AID, CI : SEE CALLING SEQUENCE Of LSQORTDEC 

(SECTION 3elele2oleleiB THE CONTENTS OF THE ARRAYS 
A, AID ANO CI SHOULD BE PRODUCED BY A SUCCESSFUL CALL 
OF LSOORTDEC, I.E. IF AUXC31 • MJ 

B t <ARRAY IDENTIFIER>; 
"ARRAY" B[l s Nll 
ENTRY I B CONTAINS THf RIGHT HANO SIDE OF A LINEAR 
LEAST SQUARES PROBLEMJ 
EXIT I B[l I Nl CONTAINS THE SOLUTION OF THE PROBLEM; 
R[M + 1 a Nl CONTAINS A VECTOR WITH EUCLIDEAN 
LENGTH EQUAL TO THE EUCLIDEAN LENGTH OF THE RESIDUE 
VECTOR@ 



PROCi:DllRF.S USED a 

MATVEC m CP3401l, 
TAMV~C m CP34012, 
ElMVECCOl m CP34u21. 

RUNNING TIME s 

(C? * M + C~) • N3 
THE CONSTANTS C5 AND C6 DEPi;;ND UPON THS ELEMENTARY 
AR!TH~ETIC OF THE COMPUTER. 

lANGUAc',F ALGOL 60 .. 

METHOD AND PERFORMANCE s 

LSOSOL SHOULn RE CALLED AFTER A SUCCESSFUL CALL OF LSOORTOEC 
CS&CTION 3elele2elelel, Iele IF AUX£3l • Me LSOSOL YIELDS 
THE LEAST SoUARES SOLUTION OF THE OVERDETERMINED SYSTE~ WITH THE 
DECOMPOSED COEFFICIENT MATRIX IN ARRAY I AND THE RIGHT HAND SIDE IN 
ARRAY Be 
FIRST THE nRTHOGONAL TRA~SFDRMATION WITH THE HOUSEHOLDER MATRICES 
IS PERFORMED ON THE RIGHT HAND SIDE. NEXT THE SYSTEM OF T~E FIRST M 
E0l1ATIONS AND WITH AN lJPPER-TRUNGIJLAR COEFFICIENT MATRllC IS SOLVED 
RYBACK SUBSTITUTIONe YIELO!NG A SOLUTION WJTH M PERMUTED 
COMPONENTS DUE TO TME COLUMN INTERCHANGES OF THE TRIANGUlARIZATiaN. 
FINALLY THE ~ROER OF THEM CJMPONENTS IS RESTORED@ ScE ALSO METHOD 
AND PeRFORMANCE OF LSQORTDcC (SECTION 3.1.1.2.1.1.,. 
THE LEAST SQUARES SOLUTIONS OF SEVERAL OVERDETERMINED SYSTEMS WITH 
THE SAME COEFFICIENT MATRIX CAN Bt SOLVED SY SUCCESSIVE CALLS OF 
LSOSOL WITH DIFFERENT RIGHT HAND SIDES. 

leUMPL!c OF IJS~ i 

THE NEXT PROGRAM SOLVES THE SYSTEM 

- z $ l{l + Xl • 0 
lCl + )(,2 .. 1 
X1 + Xl .. 2 

l * X1 + xz .. 2 
Xl + l * xz .. 3 



"REGIN""COMMENT" 730912, TiST LSQORTDEC, LSOSOL, LSODGLINVt 
"ARRAY" A, C[l t 5,1 t ZJ, B, X[l: 5], DIAG, AID[l t 21, 
AUllt2 s 51; 
"INTEGER""ARRAY" PIV[l a ZJf 
"INTEGER" I, Jg 
"REALt11 l·H 

"REAL""PROCEDURE" VECVECfL, U, S, A, Bli"CODE" !40101 
"PROCErnlRE" LSOORTDEC(A, N, M, AUX, AID, Cl>i"CODE" 341341 
"PROCEDURE" LS0SOL€A, N, M, AID, CI, B); 19CODE" 34131: 
"PROCEDURF" LS0DGLINV(A, M, AID, CI, DIAG)S"CODE" 34132# 

"REAL""PSWCEDUIU!:" SllM( I, A, B, lO g "VALUE" A, B; 
19 INTEGER" le A, B; "REAL"~; 
nqeGIN""REAL" Ss Sss O; 19 FOR" It• A 19STEP" 1 "UNTIL"~ "DO" 

SI• s ♦ xa SUMI• s 
"ENO" SIIM; 

AUXl'.21 s • ""'123 Is• J s • H 
"FOR" Ht• • 2, - 1, 1, Z, l, 1, 1, 1, 1, 2 "DC" 
"BFGI~" Afl,Jl&• C[IaJls• Ht 19 If 19 I< 5 "THEN" It• I+ l 19F.l5f." 

"BEGIN" Is• ls JI• J + l "!ND" 
111:ND"; 
"FnR" HI• O, 1, 2, 2., 3 "00 11 

"9F.GIN" B[Ila• X[I]S• H; Is• 1 + 1 "END 11 i 

'LS00RTDl:C Ue !:S. z, AUXw AID, PIV> s 
11 1F" AUX[~l a 2 11 THEN" 
11 BEGIN 19 LS0SOL(A111 Se l, AID, PIV, X): 

LS0OGlINV(A, 1, AID, PIV, DIAG>; 
OllTPIIT(61, npt/, "("AUX[Z, 3, 5] " 1t)t1 +.,4D 11+0D58, 3ZD51h 

+.,40 11 +00 ✓- 11 C"LSO SnLUTION : 19 ) 11 , 2(28+.,€0"+00), I 
"("RESIDUE (DflIVERED> t")" +eSD"+ODI, 
ll(HRESIOUE (CHECKED) 1 11 )11 +.~D"+D0/, 
11 f 19 0IAGONAL OF INVERSE M•M •">", 2(2B+a80 11 +DO) 19 )", 

AUX[ZJ, AUX[ll, AUXC51, X[1J, Xf2l, 
SORTfVECVEC<3, 5, O, X, X>>, 
SORT(SU11U, 1, 5, UHIJ ... CU,11 • XU] ... C[I,2J ,;. X[2H 
** 2)), OIAG[ll, DIAG[Zl) 

"l:NO" 
"I: N fl" 

"EOP" END OF PROGRAM 

OH IVERS 

AUXf2, 31 51 • +.,1000 11=11 2 +.3311"+01 
lSCI SOlllTJON : +e5i'!OCl01.100"+t;!:» +1111?.50001>@ 91+@1 
RESIDUE fOELIVERtO> s+.50000000"+~0 
RESIDUE (CHfCKEOJ i+e50C0~000 11+UO 
DIAGONAL OF INV~RS~ M1M +095218095"-01 +al3095Z38 19+00 



SUBSECTION LSQORTDECS □ L,. 

CUU:NG SEQUENCE 

THE HEADING nF THE PROCEDURE IS 3 

"PROCEDURE" LSQORTDECSOL(Ae Ne Me AUXa DIAGe BI; "VALUE" N, M; 
"INTEGER" NaN; "•RRAY" A, AUla DIAG, Ba 

THE MEANING nF THE FORMAL PARAMETERS IS 1 

N 

ALIX 

DUG I 

B a 

<ARRAY IDENTIFIER>; 
"ARRAY" A[l I Nal a M]B 
eNTRY a A CONTAINS THE COEFFICIENT MATRIX OF THE 
LINEAR LEAST SQUARFS PRO~LEM; 
FXIT s IN THE UPP~R TRIANGLE OF A (THE ELEMF.NTS 
A[InJ1 WITH I< J) THE SUPERDIAGONAL 
ELEMENTS OF T~E UPPER=TRIANGULAR MATRIX, PRODUCED BY 
T4F HOUSEHOLDER TRANSFORMATION; IN THE OTHER PART OF 
THE COLUMNS OF A THE SIGNIFICANT ELEMENTS OF THE 
~ENeRATING VECTORS Of THE HOUSEHOLDER MATRICES USED 
FOR THE HOUSEHOLDER TRIANGULARIZATIONt 
<ARITHMETIC EXPRESSION>; 
NllMBER OF ROWS OF THE MATRIX; 
<ARITµMeTIC EXPRESSION>; 
NUMBER OF COLUMNS OF THE MATRIX IN >a M>; 
<ARRAY IDENTIFIER>; 
"ARRAY" AUX[2 t 5]; 
ENTRY s AUXl'.2] CONTAINS A IU:LUI'\IE TIJU:RANCE !JSED FOR 
CALCULATING THE DIAGONAL ElEMiNTS OF THE 
UPPER-TRIANGULAR MATRIX: 
EXIT 1 

AUX[3] DELIVERS THE NUMBER OF THE DIAGONAL ELEMENTS DF 
THE UPPER~TRIANGULAR MATRIX WHICH ARE FOUND NOT 
NE~LIGIBLE! NORMAL EXIT AUXC3l a M; 
AIJXl'.51 :a THE MAXIMUM Of THE F.UCUO[AN NORMS OF THE 
COLUMNS OF THE GIVEN MATRIX! 
<ARRAY IDENTIFIER>; 
"ARRAYff DIAG[l s M]; 
EXIT s THE DIAGONAL ELEMENTS OF THE INVERSE OF M*M 
WHfRE M IS THE MATRIX OF THE LINEAR LEAST SQUARES 
PR!'IBU:M3 
<ARRAY IDENTIFIER>: 
"ARRAY" B[l a NlB 
F.NTRY s B CONTAINS THE RIGHT HAND SIDE OF A LINEAR 
LEAST SQUARES PROBLE~; 
F.XIT a B[l: Ml CONTAINS THE SOLUTION OF THE PROBLEM; 
A[M + 1 a N] CONTAINS A VECTOR WITH EUCLlDEA~ LENGTH 
~QUAL TO THE fUClIDEAN LENGTH OF THE RESIDUE VECTORe 

PROCl;:DIJRES USt;D s 
LSQORTDEC a i.?341349 
LSODGLINV 00 CP34132w 
LSQSOl ° CP34l3lo 



REOUIRED CENTRAL MEMORY e 

PXECUTION FIELD LEN~TH a AN INTEGEP ARRAY AND A REAL ARRAY, 
BOTM OF M ELEMENTS, ARE DECLARED. 

RUNNING TIME I ROUGHLY PROPORTIONAL TON+ M ++ z. 
LANGUAGE ALGOL 60e 

METHOD ANO PERFORMANCE s 

lSOORTDECSOL SOLVES AN OVERDETEPMINED SYSTEM OF N LINEAR EQUATIONS 
IN M UNKNOWNS BY CALLING LSQORTOEC AND, IF THIS CALL WAS SUCC~SSFUL 
LS0DGLINV ANO LSQS~Le LSOORTDECSOL DELIVERS THE LEAST SOUARES 
SOLIITION AND THE OUGONH OF THE INVERSE OF M *M, WHERE M IS 
THE COEFFICIENT ~ATRIX OF THE SYSTEM. SEE SECTION 3elele2elelew 
AND lSOSOl <THIS SECTION>• 

FXAMPlt OF USE a 

THE PROGRAM 

ffBFGIN""COMMENT" 7l~Q14, TEST LSOORTDECSOL; 
"ARRAY" A, C[l t 5,1 I 21, B, XCl t 5J, DIAG[l 1 21, 
AUX[2 I 513 
"INTEGER" I, Jg 

•WRi:AL" Hi 
"REALUPROCEDllRE" VECVECHD Ue $JI A, B) ;"CODE" 3401(U 
"PROCEDURE" LSOnRTDECSOLCA, N, M, AUX, DIAG, Bls"CODE" 34135; 
"RfAL""PROCfOURE" SUM<I, A, B, X)t "VALUE" A, BI 
"INTEGER" I, A, 8; "REAL" X; 
"BEGIN""PEAL" Ss Sa• OS "FOR" II• A "STEP" l "UNTIL" 8 "00" 

Ss• S + Xi SUMI• S 
"END" SUM; 
auxtiJ•• "-12s la• Ja• 11 
"FOR"~••• 2, = 1, 1, 2» 1, lJ1 1, 1» 1, 2 "DO" 
"REGIN" ACl,J]I• C[I,JJI• HI "IF" I< 5 "THEN" II• I+ l "ELSE" 

"BEGIN" II• ls Ja• J + 1 "END" 
"F.ND": 
"FOR" Ht• ~, 1, 2, Z, 3 "00" 
"BEGIN" BCI1s• X[IJS• HS Im• I+ l "END"S 
LSOORTDECSOLCA, 5, 2, AUX, DIAG, X)t 
"If" AUX[!l ® 2 "THEN" 
OUTPUTC6le "f"I• "("AUXC2» 3, 51 • ">" +a40"+DD58, 3Z05R» 

+o4D"+DDI• "f"LSO SOLUTION •">", 2(2B+eAD"+DDI, I 
M(HfH:SIDUE «DEU:VERED> •">" + .. sow+oo,. 
"("RESIDUE (CHECKED) t")" +e8D"+0DI, 
"("DIAGONAL Of INVERSE ~•M •">"• 2(ZB+.80"+DD,"l"• 
AUXC2l, AUX[3l» AUX[5l, Xtll» Xt2l, 
SORTCVECVFCC3» 5» O» X, Xl), 
SORTfSUM«I, l, 51 (B[Il = CtI,ll $ X[ll = CCI,21 $ X[21) 

$$ ~>>, DIAG[ll, OIAGCZl) 

END rJF PROGRAM 



(MAY 1914) 

WMICH SOLVES THE PROBLEM OF THE EXAMPLE OF USE OF LSQSOL, 
rl[UVHS 

auxr2. 3, 51 ® + .. 1ooc.11-11 2 + .. 1,11•+01 
Ls o s a w n o N : + .. '.'iiOiOUO'll 00 11 +IG(l + .. u 5{1:00oo "+;o 1 
RESIDUF fDELIVERED> a+.,50000000 99+00 
RESIDUF (CHECK!O) , ... ,atoaona 11+00 
DIAGONAL OF tNVE~SE M'M +e95238095 11-0l +el309!238 11 +00 

SnlJRCF. TEXT«Sl 

ncnOE 11 34131; 
11 PROCEOURE" LSCSOLIA, N, M, AIDe CI, B)t 11 VALUE 99 N, Mi 
"INTEGER" N. Ms 11 ARRAY 11 A, AID, 81 11 1NTEGER 99 •ARRAY• Clt 
118FGIN• 11 INTEAER11 K, CIK3 

•RE.U. 11 W; 
"REAL••PROCEDURE• MATVEC(L, u. 1. ,. B)a 11CODE• 340113 
11REAL""PROCEDURE• TAMVEC(l, U, r. A, B);•C □DE• 340121 
•PROCEDURE• ELMVECCOL<Le u. I• A, B, X>a•CODE• !40211 

•FOR• K:m l "STEP" 1 •UNTIL• M •DO" iLMVECCOLfK• N, K» B. Ae 
TAMVfC(K, N.o K» A, ~l I (AIOtKl * Al'.K,KJl>i 
"FOR" Kim M •STEP" - l "UNTIL" 1 9 00 9 B[K]im (B[K] - MATVEC 
(K + le Mt K, A, B)) I AID[Kl3 
•FOR 9 Kim M •STEP" - 1 "UNTIL• l •Do• 
•BEGIN• CIKtm Cl[K]; •IF" CIK •m K •THEN" 

"BEGIN" Wnm B[K]! B[K]sm B[CIKlt B[CIK]sm W "END" 
ltfND• 

1®END• LS0Sl1U 
"FOP" 

wcooc• 341351 
9 PROCEDURE 91 LSGORTOECSOL<A, N, Ms AUX, DJAGs 8); •VALUE• N• M; 
•INTEGER• N• Mi "ARRAY• A• AUXe DIAG, Bi 
•BEGIN 11 •ARRAY• AID[ltM]; 

•INTEGER• 91 ARRAY• CI[l!M]; 
•PROCEDURE• LSQORTDEC(A, Ns M• IUX, AID, CJ);•CODE• 1,1!4; 
•PROCEDURE" LSQOGLINV«A» M, AID, CI, DIAG)J"C □oe• 34132; 
"PROCEDURE" LSQSOL<A• N» Mv AID» Cl» B)t"CODE" !41313 

LSQORTOEC!As N, M, AUX, AID» Cl); 
"IF" AUX[!1 a M 11 THEN" 
HijEGIN" LSQDGLINV<A, Mv AJD, Clv DIAGli 

lSOSOliA» Nm M, AlDe CI, 8) 
"!Hm 91 

"ENO• LSQORTOECSOL; 
•E □P• 



SECTION s 3.1.le2ele3 <OCTOBER 1974) PAGE 1 

CONTRIRIJTOR t J,. KOK., 

INSTITUT£ MATHEMATICAL CENTREe 

RFCEI\li!D 740617 .. 

RRIEF O~SCRIPTinN 

THIS SECTION CONTAINS ONE PROCEDUREa 
lSOINII, FOR TH~ CALCULATION OF THE INI/ERS~ OF THE MATRIX s•s, 
WHERE S IS THE COEFFICIENT MATRIX OF A LINEAR LEAST SQUARES 
PROSU:14® 

INVfRSE "4ATRU• 
LEAST SQUARFS PROBLEM• 

CAllHIG SF.OUENCE 

THE HEADING nF T~E PROCEDURE READS a 
19 PR'OCFOURE" LSQINl/(A, 1'1, UD, CH "VALUE" !H "INTEG~R" M; 
19 ARRAY 19 A, AID; 19 INT~GER 19 "ARRAY" C; 

TME MEANING nF ,~e FORMAL PARAM[TFRS IS 

A 

M 

C 

<ARRAY lDcNTIFIER>: 
"ARRAY" A[l a Ma 1 t M1; 
F.NTRY s IN THc UPPER TRIA~GLE OF A (THE ELEMENTS 
A[I,JJ WITH l <•I< J <• M) THE SUPERD!AGONAL 
ELEMENTS SHOULD ~E GIVEN OF THE UPPERTRIANGULAR MATRII 
THAT IS PRODUCED BY THE HOUSEHOLDER TRIANGULARIZAT[ON 
IN A CALL OF THE PROCEDURE LSQORTDEC fSf.CTION 
lelele?.olele) WITH A NORMAL EXIT <AUX[3l • M)e 
S~~ ALSO THE MEANING OF THE PARAMETER AID; 
EXIT t THE UPPER TRIANGLE OF THE (SYM~ETRIC) INVERSE 
MATRIX IS DELIVERED IN THE UPPERTRIANGULAR ELEMENTS Of 
THE ARRAY A (A[lgJ] FOR 1 <•I<• J <• MD; 
<ARITHMETIC EXPRESSION>! 
NUMBER OF COLUMNS OF THE MATRIX OF THE LINEAR LEAST 
SQUARES PROBLEMf 
<ARRAY IDENTIFicR>t 
"ARRAY" AlDCl t M]; 
ENTRY t AID CONTAINS THE DIAGONAL ELEMfNTS OF THF 
UPPERTRIANGULAR ."IATRIX THAT IS PRODUCED BY LSQORTDECa 
<ARRAY IDENTIFIER>s 
ttJNTEGER""ARRAY" C[l s Ml; 
ENTRY t C CONTAINS THE PIVOTAL INDICES AS PRODUCED BY 
A CALL Of lSOORTDECe 



(OCTOBER 1C174l 

PROCEl)URES USED 

CHLYNVZ a CP~4400• 
ICHCOl • CP34~3la 
ICHROW m CP34032s 
YCHROWCOL u CP~4033. 

RE0UIRF.D CENTRAL MF.MORY 

EXECUTION FIELD LENGTH t A REAL ARRAY OF M ELE~ENTS IS 
Df.CLARED (IN THi CALL OF CHLINV2le 

PROPORTIONAL TOM cua,n. 

LANGUAGE 

METHOD ANO PERFORMANCE 

PAGE 2 

LS0INV SMOULD BE CALLED AFTER A SUCCESSFUL CALL OF LSO□RTDEC 
!SECTION 3.1.1.2.1.1.». LS0INV CAN BE USED FOR THE CALCULATION nF 
THE COVARIANCE MATRIX OF A LINEAR LEAST SQUARES PROBLF.Me 
LET S ijf THE MATRIX OF THE LEAST SQUARES SYSTEM WITH PERl'111TEO 
CO(UMNS AND 0 • R THE HOUSEHOLDER DECOMPOSITION OF S. THEN THF 
INV~RSF: OF s•s ALSO rs THE INV£RSf OF R•R. SINCE R IS THE 
CHOLES~V MATRIX OF R•R- THE INVERSE MATRIX IS COMPUTED IN A CALL 
OF CHLINVZ (S~CTION 3elelelelele4eie AFTERWARDS THE COVARIANCE 
MATRIX IS OBTAINED BY INTfRCHANGlS OF THE COLUMNS AND ROWS OF THE 
INVERSE MATRIX• 

F UJ/1P LI= OF USE 

THF FOLLOWING PROGRAM COMPUTES THE INVERSE T OF S 1S, WHERE SIS 
THF COEFFICIS::NT MATRIX OF THE SYSTEM IN THE EXAMPLE OF U~E OF 
lSOORTOF.C AND LSODGLINV (SECTION 3elele2elalo>• THE DIAGONAL OF S 
CAN Rf COMPARED WITH THE RESULT OF LSODGLINV. TO CHtCK THE ANSWERS 
S• * <S • T) IS PRINTED. 



(OCTOBER 1974) 

"BEGIN""COMMENT" JKnK, 740530, EXAMPLE nF USE OF LSQORTDEC AND 
LSOJNV; 

"ARRAY" A, C[l I 5, 1 s 2]e AID[l I 21, T[I: 2, 1 a ~l, 
AUX[2 I 518 
"l~TF.GER""ARRAV" PlVCl s 2]3 
"INTFGER" I, J: "REAL" Ht 

"REAL""PROCEOURE" MATNAT(L, U, I, J, A, ~DJ "CODE" 340138 
"~EAL""PROCfOURE" TANNAT<L, U, I, J, A, A); "COD!" 340141 
"PROCEDURE" LSQORTDEC(A, N, M, AUX, AID, Cill "CODE" 34134; 
11 PROCl:DIIRE" LS0INV( A, M, AID• CIH "CODE" 341363 

AUX[ll&,. "=123 1'*"' Ja• U 
fff0R" HI•= 2, • 1, I, 2, 1, 1, 1, 1, 1, 2 "00" 
"BEGIN" A[I,Jla• C[I,J]a• HW "IF" I< S "THEN" IS• I+ l "ELSE" 

"BEGIN" Is,. 13 Ja• J + 1 "ENO" 
"END"; 

LSOORTOEC«A, S, 2, AUX, AID, PIV>J "IF" AUX[3l,. 2 "THEN" 
"BEGIN" LSOINVCA, 2, AID, PIV); 

Ttl,l]I• ACl,llB TC2,2Ja,. A[2a2l# T[2,1JI• T[l,213• A[l,211 
"FOR" Js• le 2 "DO""FOR" It• l "STEP" 1 "UNTIL" 5 nonw 
A[IeJ]s ■ MATMAT(l, 211 I, J, C, T)l 
OtliPIJT(6le "<"14611 "(" AUXC2• 3a 51 ,. "l", 

6 EN0 11 

"END" 
"EOP 11 

OUTPUT & 

=e4D"+OD5Be 37050• +e4D"+OO/, 
2U4B» 30S, 111 2U4Bs Z«ZB+.,'30"+00)).11> n "l", 
AUXl:2h AlJlt'C3l, AUXC5J., 
19 ( 11 INVERSE •''>"• «nn.11Jle JS• 1 8 .n, Ii• 1 i 2h, 
"<" CHECK a S• * (S + T) t"l"• 
((TAMMAT(l, 511 I, J, Cs A)11 Jsm ls 2), Imm 1 t Zl l 

ENO OF PROGRAM 

+e9523MQ5H ... Ol "'"• 2 3809524 """Ol 
-.236095?.4"-01 +.13095238"+0Q 

+.1ooooooon+o1 +.1176356~"-14 
+ " {I O 01{)101,:;~) "+"~ + ., lltiQICOO!O.O "+tH 



SCJIJPCI: nxHS > i 

"CflOE" 341~6& 

<OCTOBER 1974) 

"PROCEDURF" LSOINV<A, M, AID, C)# "VALUE" Mt "INTEGER" M; 
"ARRAY" A, AID; "INTEGER""ARRAV" C; 
"BEGIN""INTF.GER" I, Cia 

"REAL" Wt 

"PROCEDURE" CHLINV2(A, N}I "CODE" 3440"9 
"PROCFDURE" ICHCOL(L, U, I, J, A); "CODE" 340311 
"PROCEDURE" ICHROW(L, U, I, J_. A); "CODE" 340323 
"PROCEDURE" ICHROIJCOU LJO U, I, J_. Al; "CODE" 34\032 W 

"FOR" I:m 1 "STEP" l "UNTIL"" "D0" A[I,I]:m AID[Ill 
CHLINV2CA, M); 
"FOR" Ii• M "STEP" - 1 "UNTtLn 1 "D□" 
"BEGIN" CIS• C[IlS "IF" CI Aa I "THEN" 

PAG!: 4 

"BEGIN" ICHCOL(l, I= 1, I, CI, A); ICHROWCOL(l + 1, CI = 1, 
Lo CI, Al; ICHRClt.l(CI + 1, M, I, er. Al; 
Wi• Art,Ils ACI,Il•• ACCI,CJ]g A[CI,CI]l• w 

"ENO" 
"ll:NOot 

"EN0 11 LSOINII; 
"EOP" 



PAGE 1 

AUTHORSa AeBJnERC~ AND GeHeGOLUBe 

CONTRIBUTORS JeKO□PMAN. 

INSTITUTfa UNIVF.RSITY OF AMSTERDAM. 

8RIFF OF.SCRIPTIONs 

THIS SECTION CONTAINS TWO PROCEDURES FOR SOLVING A LINEAR LEAST 
SQUARES PROBLEM SUBJECT TO LIN~AR CONSTRAINTS• 
lSODECnMP, FOR THE QR-DiCOMPOSlTION OF A LEAST SQUARES MATRIX» 

WHERE THIS MATRIX ALSO CONTAINS THE COEFFICIENTS OF 
THE LINEAR CONSTRAINTS (LINEAR EQUATIONS); 

LSQREFSOl, FnR THE SOLUTION OF THIS LEAST SQUARES PROBLEM, IF 
THE MATRIX HAS BEEN DECOMPOSED BY LSODECOMPe 

KEYWORDS I 

lEA~l SQUARES• 
LIN~AR CONSTRAINTS, 
HDLISfHOlORR TRIANGUlARI7ATION» 
IT~RAT!Vf RfFINF.MfNTe 

$1JBS!.:C'l'YON t I.S0DECOMPe 

CALLING SEQUENCES 

TH~ ~~ADING OF THf PROCEDURE READSa 
"PRIJCl:DIJIU::" LS0DECOMP(A, Ill, M» Nl» AllX, AID, CI); 
"VALUE"NPM,Nl:"INTEGER"Na~,NlS"ARRAY" A,AUX,AIDt 
"INTEGER""ARRAV" Cl# 
"CODE" 34137# 



fOECEMBFR H78 > 

TMP MEANING OF THE FORMAL PARAMETERS ISs 

A :<ARRAY tDENTIFifR>; 
"ARRAY" A[laN.l&M]; 
ENTRYS THt ORIGINAL LEAST SQUARfS ~ATRIX, WHERE THE FIRST 

Nl ROWS SH□•.ILD FORpi! THE CONSTPUNT MATRIX (I.Ee THE 
FIRST Nl £QUATIONS ARE TO BE STRICTLY SATISFifD)I 

FXIT s IN THf UPPER TRIANGLE OF A (THE ELEMENTS ACI»Jl WITH 
I<J> THE SUPERDIAGONAL PART OF THE UPPER TRIANGULAR 
MATRIX, PRODUCED BY HOUSEHOLDER TRANSFORMATIONS; IN 
THE OTHER PART OF THE COLUMNS OF A THF SIGNIFICANT 
ELEM~NTS OF T~E GENERATING VECTORS OF THE HOUSEHnLDER 
~ATRICES USED FOR THE TRIANGULARIZATION! 

N m<ARIT4MeTIC EXPRESSION>: 
NUMBER OF ROWS OF THE MATRIX; 

M 1<ARITHMETIC EXPRESSION>: 
NUMBER OF COLUMNS OF THE ~ATRIX; 

Nl s<ARITHMF.TIC ~XPRESSION>t 
NUMBER OF LINEAR CONSTRAINTS, IeEe THE FIPST Nl ROWS OF A 
SET UP A SYSTEM OF Nl LINEAR EQUATIONS THAT MUST BE 
STRICTLY SATISFIED (OF COURSE, IF THERE ARE NO CON
STRAINTS, Nl MUST BE CHOSEN ZERO); 

AUX m<ARRAY IDENTIFIER>; 
"ARRAY" AUX[2:1]; 
ENTRYi AUX[21 CONTAINS A RELATIVE TOLERANCE FOR CALCULATI~G 

THi DIAGONAL ~LEMENTS OF T~E UPPER TRIANGULAR MATRIX; 
EXIT! AUXC3] CONTAINS THE NUMBER OF DIAGONAL ELf.MENTS WHIC~ 

ARE NOT NEGLIGIBLE, NORMAL EXIT AUXC3]mMJ 
AIO &<ARRAY IDENTIFIER>t 

"ARRAY" AIDf1sM]; 
NORMAL FXIT IAUX[3]mM)I THE DIAGONAL ELEMENTS OF THE UPPER 
TRIANGULAR MATRIX PRODUCcO BY THf HOUSEHOLDER TRANSFORMATION 

CI s<ARRAY IOENTIFIER>w 
"INTEGER""ARRAY" CI[lSM]; 
EXIT1 THE PIVOTAL INDICES OF THE INT!::RCHANGES OF TI.IE COLl'MN'
OF THf GIVEN MATRIX; 

PROCEl)IJRl:S IJSl:!I.H 

MATMAT m CP34013e 
TAMMAT m CP34~14@ 
ELMC □ L m CP34023@ 
ICHCOL m CP3401le 



L~T A OcNOTtc T~i GIVEN MATRIX. LSQDECOMP PRODUCES AN N~TH ORDER 
nRTHOGONAL MATRIX 0 AND AN N*M UPPER TRIANGULAR MATRIX R SUCH T4AT 
R F.OIIUS 0.A IJJTH PfRMUTEO COLUMNS,. 
THE ORTHOGONAL MATRIX 0 IS FORMED AS A PRODUCT OF Al MOST M TRAM~
FORMATI □NS OF THE FORM (I-BETA U U')• THESE HOUSEHOLDER MATRICES 
REDl~E A TO THE MATRIX Rt AT THE K•TH STAGE THE K•TH COLUMN OF T~E 
(ALREADY MODIFIED> MATRIX IS INTERCHANGED WITH THE COLUMN OF 
MAUf'!UM F.UCU:OEAN NORM.THESE INTERCHANGES UE RECORfH.:D lN T4E ARRAY 
CI. PREMATURE TERMINATION OCCURS IF AT SOME STAGE THE EUCLIDEAN 
NORM OF THf PIVOTAL COLUMN I5 LESS THAN SOME TOLERANCE (AUX[21) 
TIMiS THf MAXIMUM OF THE ~UCLIDEAN NORMS OF THE COLUMNS OF TYf 
MATRIX. 
I.SOOECOMP Df.U\IERS THE UPPER TRIANGULAR MATRIX, WHERE THE OUGONAL 
ELEMENTS ARE STORED IN THE ARR.Y AID AND T~E OFF-DIAGONAL !LE~ENTS 
IN THE UPPER TRIANGULAR PART OF Ae THE SIGNIFICANT ELE~ENTS OF THE 
GENEQATING VECTORS OF THE HOUSEHOLDER TRANSFORMATIONS ARE STORED 
IN THE COLUMNS OF Ae Iefe ON ANO BELOW THE LEADING DIAGONAL OF 
A,. IT SHOIJLO BE NOTEn THAT FOR THE' SOLUTION OF LEAST SQUAIU:S 
PRO~LFMSe ONLY CALLS WITH N>•M ARE USEFUL. 

A.BJOERCK AND GeHaGOLUBs 
IT~RAT!VF. RF.F!NEMENT OF LEAST SCUARES SOLUTIONS BY HOUSEHOLDER 
TRANSFORMATION• BIT 7 (1967), PPe 322=337 

SUBS[CTIONt lSOREFSOLe 

CALLING ~FQUENCF1 

THE HEADING OF THF. PROCEDURE PEAOSs 
"PROCEDURE" LSOREFSOL(A1 QR; Nu H, Nl, AUX,AID,CI1B,LDX,X,RfS); 
"VALUE"N•M1Nl3"XNTEGER"N,M,Nl3"lNTE~FR""ARRAY"CIJ"RiAl" LDX; 
"ARRAY«AgQR,AUX,A!Do~,XDRES; 
"Cf"IDE" 341181 
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TYi MEANING OF THE FORMAL PARA~ETERS lSi 
A 1<ARRAY IDENTIFlcR>f 

"ARRAY" A[ltN,llM]; 
THE ORIGINAL LEAST SQUARES MATRIX, WHiRE THE FIRST Nl 
ROWS SET UP A SYSTEM OF LINEAR EOUATIONS THAT MUST RE 
STRICTLY SATISFIED; 

QR &<ARRAY IDENTIFIER>; 
"ARRAY" QR[lsN,llM]; 
TH£ OR=DECOMPOSITI □N OF THE ORIGINAL LEAST SQUARES 
~ATRIX AS OcLIVf.RED BY A SUCC~SSFUL CALL OF LSODECOMP; 

i,J : <ARITW'1FTIC EXPRESS ION>; 
NUMRFR OF ROWS OF THE MATRICES A AND ORB 

M s<ARlTHMfTIC E~PRESSION>s 
NUMBER OF COLUMNS OF TH~ MATRICF.S A AND QR; 

Nl a<ARITHMETlC EXPRESSION>; 
NllMBER OF LINEAR CONSTRAINTS; 

AUX a<ARRAY IO~NTIFIER>a 
"ARRAY" Auxr217]; 
ENTRY: AUX[21 CONTAINS A RELATIVE TOLERANCE AS A 

CRITERION TO STOP ITERATIVE REFINING• IF THE 
EUCLIDEAN NORM OF THE CORRECTION IS SMALLER 
THAN AUXC2J TIMES THE CURRENT APPROXIMATION ~F 
THE ~OLUTI □N, THE !TERATIVF REFINING IS STOPPED; 
AUXC6J: ~AXIMUM NUMBER OF ITERATIONS ALLOWED 
(USUALLY AUX[6]s5 WILL BE SUFFICIENT)e 

EXIT s AUXC71t THE NUMe&R OF ITERATIONS PERFORMED; 
AID' i<ARRAY IDENTIFIER>; 

"ARRAY" AIDC11M]3 
THE DIAGONAL ELE~ENTS OF THE UPPER TRIANGULAR MATRIX 
AS DELIV&RiD BY A SUCCfSSFUL CALL OF LSQDEC □ MP; 

Cl s<ARRAY IDENTIFI(R>t 
"INTEGER""ARRAY" CI[lt~]; 
THE PIVOTAL INDICES AS PRODUCED BY LSQOECOMPi 

~ s<ARRAV IOENTIFI~R>; 
11 ARRAY" 8[1: N]; 
THE RIGHT=4ANO SIDE OF THE LEAST SQUARES PROSLEMJ 
FIRST Nl ELE~ENTS FOR~ THE RIGHT HA~D SIDES OF THE 
CONSTRAINTS! 

LOX t<REAl VARIABLE>; 
THE EUCLIDEAN NORM OF THE LAST CORRECTIOt-1 Of THE 
SOLUTHHH 

X t<ARRJ!Y IDcNTIFIER>t 
"ARRAY" XClHil; 
EXIT• THf SOLUTION VECTORI 

RFS s<ARRAV IDENTIFIER>; 
"ARRAY" RiS[l&N]; 
EJITI THE RESIDUAL VECTOR CORRESPONDING TO THE SOLUTION: 



PRnCEDURES USEna 

VECVf.C a CP34010e 
MATVEC u CP14011e 
TAMVFC a CP34012e 
ElMVECCOl 9 CP34~2lo 
ICHCOL 8 CP3403le 
LNG SUB a CP~1106e 
LNGMATVEC m CPH4411. 
LNGTAMVEC e CP~44lle 

IWNNYNG HMI:: 

CDECEMl3ER 1978 > 

ROUGHLY PROPORTIONAL TO Cl*M*N=C2*~**2e WHERE Cl ANO C2 
ARF CONSTANTS e 

LSO~f.FSOL SHOULD ar CALLED AFTER A SUCCESSFUL CALL OF lSQDECOMP 
{I.~. AUX[~1mMle LSOREFSOL YIELDS THE LEAST SQUARES SOLUTION OF 
THE OVERDETERMINED SYSTEM WITH THE DECO~POSED COEFFICIENT ~ATPIX 
IN THE ARRAY A A~O TH~ RIGHT~HAND SIDE IN ARRAY Be THE ORIGINAL 
LEAST SQUARES ~ATRIX ALSO CONTAINS THE LINF.AR CONSTRAINTS (THE 
FIR~T N'.I. ROIJJ: OF Tt,.jIS MATIHX SET UP A SYSTEM THAT MUST BE STIHCT= 
LV·SATISFIED>e FIRSTe THE ORTHOGONAL TRANSFORMATION WITH THE 
HOUSEHOLDER MATRICfS IS PERFnRMED ON THE RIGHT-HANO SIDE@ NEXT 
THf SYSTF.M IS SOLVfD BY MEANS Of A BACK SUBSTITUTION@ IN T4IS 
WAY THE FIRST APPROXIMATION OF THE SOlUTiaN (WITH PERMUTED 
COUIMNS) IS 081.liINEf.le 
AFTeR THIS AN ITERATIVE PROCESS REFINES THE APPROXIMATION 
UNTIL TH~ EUCLIDEAN NORM OF THE CORRECTION VECTOR IS NEGLIGIALY 
SMALL CnMPAREO TO fHE APPROXIMATION OR UNTIL THE MAXIMUM NUMBeR 
OF ITERATIONS IS REACHEDe FOR A MOR~ DETAILED DESCRIPTION nF 
THE ITERATIVE IMPROVEMENT, SEE REfClJe 
AFTER THE ITERATIVE PROCESS AN APPROXI~ATIOIII TO THE SOLUTION IS 
FOIINDe HOWEVERs THE ORDER OF THE COMPONENTS POSSIBLY IS 1111'.!T 
CORRECTe THEREFORE THIS ORDER IS RESTORED AT THE eND OF T4~ 
PROCf.DUR~ <SEi ALSO MET4□D AND PtRFORMANCE OF LSQOEC □MPle 
T~E LUST SQUARES ~OLUTIONS Of SEVERAL OVERDrTERMIIIIED SYSTEMS 
WITM T4E SAME CO!IISTRAIIIITS AND COEFFICIENT MATRIX CAN BE SOLVED 
BY SUCC~SSIVF tALlS OF lSQREFSOl WITH DIFFERENT RIGHT=HAND 
SIDES@ 

[11 AwBJOERCK AND GoH®GCLUBs 
IT!iRATI\1¥ RHINtM!HIT OF LEAST SQUARES snrnn □NS SY HOUSF.HOLOER 
TPA~SFORMATIOND BIT 7 ~196lle PP0 322=~310 



U~OFA Xl + 1000*XZ + 5$)(3 w 2016 •WHiRE 
A IS THF. ATRU 

1 0 
I} 3 
l l ,J () 

ANO THr.; 

"REGIN" "INTFGFR" ~.M.Nl•l•JI 
N @@ 5; Mi@ 38 Nl I@ 11 
"B~~INW•INTEGfR""ARAAY" CI liM]I 

11 A P n A v11 11 iio:: 2 n ho R" M 1 1 N w 1 111 l • e. 1H: ~ c H N 1 w A In,, x n P112 
"REAL" LOU 
11 PROCEDURF• lSQDECOMPIA .. N,,M0Nl•AUX,AID»Cil1•cooE•341371 
•PROCEDURE• lSQAEFSCLIA•QP•N•M•NJ.AUX.AIDeCl.®B,LDX•XwR!SII 
11coni::" 34 na * 
A[l,1] sw lt A[lw1l sw 10001 A[le!] i@ SI 
A[2ell !a 1; At~.2] 100 t; AC2@3l Im 81 
A[3.11 ma 0$ A[3w21 I@ 31 A[3.3] Sm 28 
A[4.®l] irn lt A[4•2l Im 2¥ 1[421] i@ •=5i 
A[5 ■ 1]100A[5 ■ 2]1sA[~v!]&s~1 

1Hl1 !I® 2f.lHI 8[21 1 00 253 M3] ff@l2@ !Hit] 11° 5 ■ 0.tlOf.1:18 
B[Sl I@ 11 AUX[2l 100 •-141 AUX[6] @@ 51 
11 FCJAft I!@] 11 STE P11 l 11!!1\!TILII N 1100" 
"FOR 11 Jl@l •STEP 11 1 •UNTIL•" •ao• DR[I.JJ I@ l[I.J]I 

LSQDECOMPIOR,N,M,Nl,IUX,AID,Clll 
LSQREF~OllA ■ OReN•M•Nl,AUX»AID•Cl.®BelDX@X.®RESli 

DUTPUTl61• l••l•THE SOLUTION VECTORII •1•.11•1•11 
•FOR• 11°1 11 STEP" l •UNTIL• M •Do• OUTPUTl6l.•c•1•1•.x[I]II 
OiJTP!IT(1,l,"P1N, 11 P 1THE RESIDUAL VECT □ IU "1 11 wll"P1 1; 
•FOR• J1 ■ Nl+l •STEP 11 1 •UNT[l 11 N •DD• OUTPUTl6l,"l"l"l"•AES[JJJ1 
OIJTPU-r{lil•'®i ///oW( 11 ~HJMEH:'.R OF ITERATIONS:! W)WwD,llo 

"l"NOP" LAST CORRECTION OF XI •1•,N•J•.AUX[Tl»LDXI 
NDil 



TKE SOl..11'1' r □ N VECTOR t 

+1.aooaooaooaooou+ooa 
+2 .. noonoocooo~oon+ooo 
+ 3 .. t'Wt uaooooauon "+o oo 

THE RESIDUAL ~F.CTORI 

-5.2734444477081"-016 
+2ol2APft91641~66»-~15 
+5., 341'980684ll1l33"-0l6 
+1.ooooouaaoaJoon+ooa 

NUMBER OF ITFRATIONS3 2 

SOURCE Ti::XTC S )a 

"CrJOE" 34137; 
"PROCEDURE" LSODECONPI •• N •M •NI ,AUX ,AID aCI Ii 
"VALUE" N, N ,NlS"INTEGER" N,M,Nll"ARRAY" A,AUX, AID; 
"INT[G~R""ARRAY" Cl; 
"BEGIN""INTEGER"J,K.KPIV,NR,S;"BOOLEAN" FSUNJ 

"RFAL" 8ETA,SIGMA,NORM,AIDK,AKK,W,EPS3 
"ARRAY" SUMCltM]; 
"RIH1l 11 11PROCEOURE" MATMAT<L •ll .,I ,J ,di ,8 I J"CCIDE" 3401'.:U 
"RFAL""PROCEDURE 19 TAMMAT(l ,U •I ;J •A ,B )1 19CODE" 3•0l4i 
"PROCEDURE" ELMCOLfl .u ,I .J ,A ,B ,X >; 19COOE 19 34023; 
HPPOCEDURE" ICHCOLCL .u .z ,J •A )S"C □De" 340311 

NORMW•D $ AUX[31S•MJNRt•Nl;FSUMtuffTRUE"t 
19 FOR 19 K&•l HSTEP" 1 "UNTIL" M "00" 

PAGE 1 

"BEGIN" "IF 19 K•Nl+l "THEN" "BEGIN" FSUMS•"TRUf"~ NRW•N "ENO"; 
19 1F" FSUM "THEN" 
"FOR" JJ•K "STEP" l "UNTIL"~ noon 
"BEGIN" Wt•SUM[Jl:• TAMMATCI< •NR vJ •J ,A ,A)i 

"IF" W>NORM 19 THEN" NORMS•W 
"END": FSUM1a 19 FALSE"#EPSl•AUX[2l•SORT!NOR~); 
SIGl'Ut•Sl!Ml:KJ; l<PI\ls ■ K; 

"FOR" Jt•K+l "STEP" l "UNTIL" M "00 19 

19 IF 19 SUM[Jl>SIGMA "THEN" 
"BEGIN" SIGMAl•SUM[J]; KPIVt•J "END 19 ; 



"IF• KPIVAmK "THEN• 
"BEGIN" SUM[KPIVlsmSUM[Kli ICHCDLI l @N ,K .KPIV .Al "END•; 
CI[K1tmKPIVB AKKBmA[K,Kli 
SIGMAsmTAMMAT(K »NR ,K ,K •A •A>; WxmSQRTCSIGMAli 
AIDKamAIDfK]amRif" AKK<O •THEN" W "ELSE" =WI 
•IF" w<EPS •r~EN" 
"BEGIN" AUX[3]:mK-li"GOTO" ENDDEC "fND•; 
BETAsm 1/(SIGMA-AKK•AIOK); A[K,K1SmAKK=AIDKj 
"FOR" JsmK+l "STf.P" 1 "UNTIL" M "00" 
"BEGIN" ELMCCLfK •NR •J ,K ,A ,A ,-BfTA•TAMMATIK .NR • 
K ,J •' ,A>,i SUM[JltmSUM[J]=ACK,J1••z 
11 fND 11 t 
"IF• KmNl "THEN" 
"FOR" JtmNl+l •STEP" l "UNTIL• N 11 Dn• 
•FOR" Ssml •STEP" 1 "UNTIL• M •o□• 
"BEGIN" NRsm•IF• S>Nl •THE~• Nl 11 ELSE• S-11 
WsmArJ.Sl-MATMATCl •NR • J .s •A ••>s 
A[J,S]sm•IF• S>Nl •THEN• W •ELSE 11 W/AID[S] 
•EN0 11 

111:!>m• FflR Kg 
t!NODieCr 

11 END• LSGDECOMPI 
•EIJIHI 

•cnoe• 34131H 
•PROCEDURE• LSQREFSOLIAe QR• N, M• Nla AUX, AID, CI, B.LDX,X.RESli 
11\I AUIE IIJ•h M • Nl; "INTE GER 11 N, Mw Nl; 11 I NTE GE R tiil.-\lH! A Y11C I g •RE AL II l DX; 
•ARRAY 11GR,AoAID.AUX,X.RES,83 
NB~GIN 1111 INTEGER•I.J.K.S3 

11 REAL 11 Cl.NEXVE.NDX.NOReD,OD,OP,OPL,CORRN□RMt 
"ARRAV ■ F[18N),G[1BM]J 

•REAL" 11 PROCEOURE•VECVECIL,u,s.A,BJi 11 COOE 11 340101 
"REAL 1111 PROCEOURE 11MATVECIL,U,S.A,8); 11 CODE 11 34011i 
"REAL••PROCEOURE•TAMVEC<L,U,s.1.sia•cooE 11 3401Z3 
•PROCfDUREW ICHC □ l(L,UsI•J,A)i"COOE• 34031W 
"PROCFDIIRE 11 UIG SUflU,.U.B,BB,C,CC >; 11 CODE 19 31li06s 
11 PROC f DU Rf "El MVECCOL n. U e I, A• a. X > 8 119COl'.H:"341:12U 
•PROCIDURF"lNGTAMVEC«L,U»l»AeB,C.CCeD,DD)i"CODE"344121 
*'PIHlCE OIIRE "lNGMAT'IIEC « l,U • I• A, B. C •CC• D s DD} B "COIH: 11 '.!l"i41U 
11 PROCFDIIRE 11 HOUSEH!JLOER(P, 0, R1> E)s 
119 VALUE" P»0PR,Ei"INTCGER 19 P1>0•R,E1 
11 9EGIN• •FOR" StmP •STEP• Q •UNTIL" R •D □ 11 

"EN D11 ; 

ElMVECCOL(Sp Ev Ss F, QR.TAMVEC«S• E, S,ORo F!f!QRfS,51* 
UDl'.Sl >) 

11 FOR• Jiml •STEP" l 11UNTIL*' ~ •o □• 
11 BEGIN 11 SmwCJ[J18 11 IF 11 SAmJ 11 THEN" ICHCOL!l,N»J,S.Ai 11END 11 i 
WfOR 11 JimlWSTEP"l 11 UNTILIIM 11 D0 11 X[J]!mG[J]Zw0; 
19 FOR"lsm1RSTEP"1 19 UNTIL 19 N11 DO• 
11 BEGIN 11 RESCI]mmoiF[I]mm~[ll"END"i 
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19 FOR"K s •t1, l• K+l 
~WHILE" (CORRNORM>AUXC2J•NEXVf. & K<•AU~[6]) 

"DO II 
"BEGIN"NDXsmNDRs,.ot 

"IF "K"' .. t,n THEN" 
11 REGIN 19 "FOR"ls•l 19 STEP"l"UNTIL"N"D□ 19 RES[l]t•RESCIJ+Frl1; 

19 F □ R"S••l 19STEP"l"UNTIL"M"0□ " 

"EIIID"3 

"Bf.GI~" X[S]BmX[Sl+GCS); 
LNGTAMVEC(l,NeS,A,RES,0,01D,DO>; 
G[S]sm(•D-TAMVECfl,S=l•5•0R,G))IAID[S1 

19 F.ND 11 t 
19 FOR 19 Ii•l"STEP 11 l"UNTIL 19 N19 00" 
"REGIN" LNGMATVEC(lg Mg I, A, X, 

"If" I>Nl "THEN" REStll "ELSE" 0, O, O» OOli 
LNG SUB(B[ll,o,o.oo.oP,OPL)i 
FCIH•OP 

NEIV~t .. SORT(VfCVfC(leM•D•X,X)+VECVEC(leN,O,RES,RES)it 
HOUSEHOLDER<l• ·le NlJ1 Nl); 
19 FDR" IsmNl+l "STEP" 1 "UNTIL" N 19D0" 
F[Ila•F[IJ-MATVECCl»Nl, I, QR• F)B 
HOUSfHOLDFR€N1+1• l• M• NJ; 
"FOR" It•l HSTEP" 1 "UNTIL" M 19 00" 
11 BfGIN" Cls,.F[IliF[Ill•GCIJ; 

G[I1••"IFn I>Nl "T4fN" Cl•GCIJ "ELSE" Cl 
11 EN0 11 ; 

"FDR 195s•M"STEP"-l"UNTIL"1 1100" 
"BEGIN"G[S]1,.CGCSl•MATVEC(S+l»M•SJ10R•G)JIAID[S]; 

NOXB•NOX+G[S]**2 
"END"# 
HOUSEHOLD~R(Me ~1, Nl+l• N); 
"FOR" Sa•l HSTEP" 1 "UNTIL" Nl noon 
F[Slt•F[Sl-TAMVEC(Nl+l, Ne S, OR, F)J 
40USt-NOlDER(N1, -1, l, Nl>; 
AUXC11 s •K: 
"FOR 11 1S•l"STEP"l"UNTll"N"00"NDRl•NDR+F[ll**2S 
CORRNORMB@SORT(NOX+NOR) 

"!:!ND"FOR K; 
l.DXs•SQRTOIDlO; 
"FOR" St•M "STEP" -1 "UNTIL" l "00" 
"BEGIN" Js•Cl[Sli"IF" JA•S "THEN" 

"SEGIN" Clt•X[JJ;X[Jlt•XCS];XCSJt•Cl;ICHCOL<lvN•J•S,A>"END" 
"F.N0 11 

lifND" LSQRiFSOL ® 
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RFCEIVED I 731?.17 

THI~ SECTION CONTAINS 2 PROCEDURES FOR THE SOLUTION OF AN 
nVFROfTERMINF.O SYSTEM OF LINEAR EQUATIONSs 
SOLSVODVR SOLVES AN OVERDETERMINED SYSTEM OF LINEAR EQUATIONS e 
MUL TIPl YING THE RIGHT ... HANO s me 0Y THE PSEUOO ... INVERSI: OF TIU: (H\!l!N 
MATRIX; THE SINGULAR VALUES DECOMPOSITION SHOULD BE AVAILABLE@ 
SOLOVR CALCULATES THE SINGULAR VALUES DECOMPOSITION AND SOLVE' AN 
OVERDETERMINEO SYSTEM OF LINEAR EQUATION.Se 

KEYWORDS I 

SEST l~AST=SOUAR~S SOLUTION 
SINGULAR 1/UUES 
PS euoo .. INVERSE 

SURSECTION 3 SOLSVDOVR 

THE HEADING OF THE PROCEDURE IS : 
"PIHJCFOURE" SOLS\IDOVR <Uo \/Alo V11 Me Ne lC@ EM); 
WVALUE 11 M.Nm "INTEGER" MeNJ 11 ARRAY" U• VAL, V• X• EN~ "CDDF 11 l~PSOI 

THf MEANING OF THE FORMAL PARAMfiE~S IS: 
!It <ARRAY XDENHFYl:R>; 

11 ARRAY 11 U[lUNolBNJi 
INTRYITHE MATRIX u IN THE SINGULAR VALUES DECOMPOSITION u•s•V'@ 

\/Ali <ARRAY IDENTIFIER>; 
"ARRAY 11 VlltlSN]S 
ENTRVHHE SINGULAR 1/ALUES,. 

Vs <ARRAY IOF.NHFitR>; 
WARRAVW V[ltN,l1N]; 
ENTRYITH~ MATRI~ II IN THE SINGULAR VALUES DECOMPOSITION,. 

Ne <ARITHMETIC EXPRESSION>J 
THE NUMBER OF UNKNOWNS@ 

Ma <ARITHMfTIC EXPRESSION>; 
THE LENGTH OF THE RIGHT-HAND SIDE VECT□Ro N SHOULD SATISFY 
N <"' M,. 

)(& <ARRAY IDENTIFIER>~ 
OOARRAY" xn 21'1'.I: 
FNTRYE THE RIGHT=HAND SIDE VECTOR; 
EXITa THF SOLUTION VECTOR IN X[l!NJ,. 

EMi <ARRAY IDENTIFIER>j 
WARRAY" fM[6!6]; 
ENTRY@ EM[6]i THE MINIMAL N □N=NEGLeCTABLE SINGULAR VALUE@ 



PPnCEDURES USED s 
MATVEC m CP34011 
TAMVfC m CP~4~12 

(FEBRUARY l97Q) PAGE 2 

RECllIRED CENTRAL MEMORY z AN AUXILIARY ARRAY OF N RtAL5 IS DECLAREDe 

RUNNING TIME s ROUGHLY PROPORTIONAL TO (M + N) • N 

MFTHOO ANO PERFORMANC~ B 

THE SOLUTION IS FOUND IN THREE STEPS 2 
le U1 • X m Xl IS CALCULATED, 
2@ VAL+• Xl m X2 IS CALCULATED, HERE VAL+ DENOTES THE OIAGnNAL 

MATRIX OBTAINED FROM VAL BY SETTING UAL+[I,I1 m l/UALCI1 IF 
VALCI] GREATER THAN OR EQUAL TO EMC&], ANDO OTHERWISE, 

lo THE ~OLUTION V • X2 IS CALtULAT[De 

SUASECTIDN m SOLOUR 

CALLING SEOUENCf 2 

THE HfAOING OF THE PROCEDURE IS a 
"INTEGER" "PROCEDURF" SOLOVR(A, M, N, X, EMi; 
"VALUE" Mo Nt "INTFGER" M, N3 "ARRAY" A~ X@ E"J "CODE" !42811 

S □ tOVRtm THE NUM8ER OF SINGULAR VALUES NOT FOUNOg l®i@ ZERO IF ALL 
SINGULAR VALUES ARE CALCULATED. 

THE ~EANING OF THE FORMAL PAREMETERS IS I 

Am <ARRAY IOENTIFI~R>s 
"ARRAY" AC1aM,1aN]; 
ENTRVs THE MATRIX OF THE SYSTEM; 

Mn <ARITHMETIC EXPRESSION>; 
THE NUMBER OF ROWS OF Al 

NI <ARITHMeTIC EXPRESSION>; 
THE NUMBER OF COLUMNS OF A, N Cm Mi 

XI <ARRAY IOENTIFIER>1 
"ARRAY" XC1aM1; 
ENTRYz THE RIGHT=HAND SIDE VECTOR; 
EXIT; TH~ ~OLUTION VECTOR IN X[ltNls 

FM! <ARRAY IDENTIFIER>; 
"ARRAY" !Mf0Sl]$ 
ENTRY: EM[O]s THE MACHINE PRECISION; 

EM[21m THi RELATIVE PRECISION OF THE SINGULAR VALUES® 
E~I41i THE MAXIMAl NUMBER Of ITERATIONS TO BE PERFORMED IN 

THf SINGULAR VALUES DECONPOSITION; 
iMC6J2 THE MINIMAL NON=NEGLECTABLE SINGULAR VALUE; 

FXITaeM[l11 THF INFINITY NORM OF THE MATRIXZ 
EM[311 THE MAXIMAL NEGLECTED SUPERDIAGONAL ELEMENT; 
f.Mf51t THi NUM8ER OF ITERATIONS PERFORMED IN THE SINGULAR 

VALUES DECOMPOSITION; 
EN[ll& THE NUMERICAL RANK Of THE MATRIX, I@E@ THE NUMBER OF 

SINGULAR VALUES GREATER THAN OR EQUAL TO E~[6le 



PROCEOflRE~ USE!) i 

ORISNGVAlDtC • CP34273 
SOLSVOOVR ° CP,4280 

RFOU!RfO CENTRAL M~MORY t 

(Fi:!BRUARY 197<1) 

AUXILIARY ARRAYS ARE DECLARED TO A TOTAl OF fN + 21 * N REAlS 

RUNNING TIME a ROUGHLY PROPORTIONAL TO (M + Nt * N * N 

MfTHOD AND PERFORMANCF 1 

rnr SOU!'!' ION rs FOUND IN TWO STEPS I 

1@ THI!: Sl'NGtllAR \LUUES DECOMPOSITION IS CALCULATf.D BY MEANS OF THE 
l>ROCEOIIRF ORISNGVi\LDEC (SECTION 3e "io lo2) 3 

i. THE SDLUTinN rs CALCULATED AY MEANS OF THI PROCEDURE SOLSVDOVR. 
CTI-HS SECTIOl'O; 

RHfRF.NCES : 
WILKINSON• J.H. AND C.REI"SCH 
HANDBOnK OF AUTOMATIC C~HPIJTATlnN, VOL. 2 (CONTRIBUTION J.-1~) 
LINEAR AlGFBRA 
HEIDELBr:RG flQ71l 

flfAMPlP f'JF USE t 

FIRST A PROGRAM IS GIVEN, AND THEN THE RESULTS OF THIS PRO~RA~ s 

"BfGIN" "ARRAY" A[ls~»l15], B[118], F,M[OB1]J 
"INTEGER 11 I; 
"INTFGER" "PROCEDURE" SOLOVR(A, M, N» X, EM); 
"VALUE" M• N; WINTcGER" M, N; "ARRAY" A» X, EMI 

"CODE 11 342'81; 
A[lol]tu22S A[l,211• Af2c3l1•l0# A[1,3]ss A[7,llffl• A[~,51B@2; 
A[le4]too At3,511•3i Atl,5]&• A[Z,2]tn73 A[2,11••14i A[2,5]&•8i 
A[2141t• AtB,31t•~; A[3,l]Z• AC~•3l3• At6»51B•-lB AC3,Zl••l3« 
A[3,41t•-ll3 Af4»llt•-3J A[4,?]a• At4»4ll• A[5,4l•• A[8,411•=Zi 
A[4»~ltml~; A[4,5]im A[Sc5JS• AC8,l]S•4! A[5,l]t• A[6,l]suq; 
A[5,?lt•8; At5,~Jt• AC6,21t• AC7.51t•ll A[6,3]1••7S 
AC6-411• A[1,41tu A[8•211•5S A[1•211•=6S A[7,l]ln6J 
8[111••18 B[2]B•2t 8[3]1e B[7]1•li 8[411•41 BC5]3 ■ 8[8]i ■ O; 
B[6]t•-!& EM[mJr•"-14; EM[2l••"-12t E~[4]:•803 EM[6l&•"-10S 
Ic• SOLOVR(A, 8• 5, B, EM)# 
OUTPUT(6li; H(1t4B, "l"NUMBER SINGULAR VALUES NOT FOUND z ">", 
azo,,. 4~. "("NORM t "I"• N,I. 48, "("MAX NEGl ~UBD ELEM 1 "I"• 
N,I, 48, "!"NUMBER ITERATIONS t ">"• 320, I, 48, "<"•ANK t 19 ) 19 , 

IZD, /")"» I, EM[ll, EM[ll, EMC5l• EM[7]); 
OUTPUT€6le 19 119 /e 48, 19 1 19 SOlUTI □N VECTOR")",/•/• 5148, Ne /1 19 1"• 
B[l], B[2la BC~1w 8[41• B[5ll 

it!;'NO" 



Ntll'lAER SINGlllAR 1/AlU[S NJT FOUND I u 
"1'1R"1 8 +4. 41'00,l.JCOO(i.,,,(, 19 +.;,.,1 
MAX Ni:Gl Slll:3D t:lHl : +4., 'N7707?74l'f'1' 1>11=014 
Nl!MRH IT.:RATION) I f:, 
P ANI< ! 1 

snUlTI()N VFCT("IR 

-R.~313333313334 11-002 
+l.J9AQ2274562fl7 19-Dl5 
+ 2. '5!'1 :h)t.lJ(!l•llt)!lO,J 11-1101 
-~.3333133333332"-hOZ 
+ fl ■ 3 3 3 ~ 3 3 3 3 3 3 3 3 4 11=tl,; 2 

SnllRCF. TF.XT« S) a 

"COl.1f" 342~0; 
"PRCJC!:nt1RF 11 ';OlSVOnVRCllo IIAL.t \1 9 Mo th li'. ■ !:Ml; 
11 \JALUP• !'lo !H "!MTEGEP" 14, 110 "Al-:RAY" U.t VAL, Ve X, fl\l!; 
11 BFGIN 11 "INTEGER" I; 

"Rfill" MIN: 
19 ARRAY 11 Xl[l3N18 
19 RfAL" 11 PROCEDU~f" "1ATVtC<l• U, l» A, q)I 
91 VAlllf 11 l» !I, T: *'INTr:GER" l» Ua I; '*ARRAY" Ae Bi 

11C'1Df'" 340118 
"!U''.,HII "PROCFDlJRF• TAMV(Cll.11 U» I, A» 1:q I 
111JA'ltlE11 lo II. l; "YNH::GER" l • 11; I; "ARRA 1 19 A; PI 

IICODf" ~40123 
MINI" f.Mrt>11 
HFOR 11 '[IIO l 11 STEP 11 J lllJNilL" N "00 11 

PAGE 4 

XHIHm 11 IF 11 1/Alril <" MIN "THEN 11 0 11 ElSE•1 TAM\Jf.Cn, Mp Yo !h 10 f 
VAUIH 
"FOl:!'1 11 .. 1 11 STFP" 1 lilJNiU" N "non 
X[I11" MAiVtCClo Nb I, Ve Xl) 

"ENl.1 11 SnLSVDOVRi 
'*EnP" 

11cno1: 11 ;:14101; 
11 INT~GfR'* 11 PADCEDUAE" SnLOVR(A.i, M, N• Xa EMli 
"VALU.:n Ma NI "lNTECH:R" M, NI 11 ARRAY 11 A; X, pq 
"REGIN" 11 INTFGf.A" I: 

11 ARAAY 11 VAl[liNl, V[liN.i,llN]: 
"INTFG~A" 19 PRC1CEDURl: 11 QRISNGVAlDfC(A, M, N, VU, V, PO; 
11 VAll.lf 11 Mo N: 11 1:Wl'FGEA" M, N; 11APRAY 11 Ae VAL.a Vo EM; 

IICf'lOF 11 ~421H 
"PROCeDURP1 SOLS\/DfJVl<<U.1> VAL» Vr, M, N, )(,. EM); 
11 VALUE 11 M, N: 11 TNTEGER" M, N; 11 ARRAV" U, VAL, U» X; EM$ 

11 Cf!DF. 11 "14'81.H 

SrJI.OVRs'" Ir"' ORISNGVALDE:C(A, M, N, VAL, V, EM>; 
"IF" I"' I "THFN" SOLSVDOVRIA, Vil» Ve M, N ■ Xe EMJ 

"HHJII 511LOVR i 

"rOP" 



YNSTITIITE I MA"l'HFMATICAL CENTRE 

RFCfIVEO a 731217 

RRifF DFSCRIPTION 3 

THI~ ~ECTION CONTAINS 2 PROCEDURPS FOR THE SOLUTION nF AN 
IJND~RDEHIH1II\IED SYSTEM OF LINEAR E'lUATIONSs 
SOLUND EXPECT~ IS INPUT THi MATRIX OF THE SYSTEM 
CALCUlATfS THF SINGULAR VALUES DECOMPOSITION BY 
PROCEDURf QRISNGVALDEC• ANO 5hlV~S THE SYSTEM BY 
PR □CEDURF SOLSVDUNn. 
SDLSVDUND ASSUMES THAT TH~ MATRIX IS 

OF ~QUATif'll\lS, 
111:!ANS OF f!-lf! 

MEIN~ OF T4F 

ALREADY DEC □"P05ED AND SOLVES THE SYSTEM OF EQUATIONS• MULTIPLYIN~ 
THE RIGMT ... ,U.MD SIDE BY TI-It: PScUDO ... INVERSI: OF TH~_ C::IVEN MAT~IX .. 

BEST tl?AST..,SOUAR&::S SClLUTIO"l 
S lNGUlAR VALl!ES 
P SEIIOO..,INVERSE 



SUB~fCTIO~ 3 SOLSUDUND 

CALLING SEOUENCF t 

THF HEADING nF THE PROCEDURE IS I 
"PROCEDURE" SOLSVOUNDCU, VAL, V, M, N, r, EM); 
"VALUE" M, N; "INTFGER" M, N; "ARRAY" U, VAL, V, X, EM; 

Tm, MEANING OF THE FORMAL PARAMETERS IS ! 

lit <ARRAY IDENTIFIER>e 
"ARRAY" U[ltM,ltNJ; 
ENTRYsTHF !UlRIX U IN THE SINGULAR VALUES DECOMPOSITION V*Sil<ll*• 

VALa <ARRAY IDENTIFIER>; 
"ARRAY" VAL[ltNJ; 
FNTRYzTHE SINGULAR VALUES; 

Vt <ARRAY InENTIFIFR>; 
"ARRAY" vr11N,l8N]S 
F.NTRY:T4f MATRIX V IN THE SINGULAR VALUES DECOMPOSITION. 

Ni <ARITHMETIC EXPRESSION>; 
THf LeNr.TH OF TH€ RIGHT=HAND SIDE VECTOR; 

~t <ARITH~ETIC EXPRESSION>; 
THE NIIMRFR OF UNKNOWNS, N SHOULD SATISFY N <,. l'H 

Xt <ARRAY IDENTIFIER>; 
"ARRAY" Xl'.lH!lJ 
~NTRYt THE RIG~T=HANO SIDE VECTOR IN X[llN]; 
EXITS THE SOLUTION VECTOR IN xr1:M1; 

~Mt <ARRAY IOENTIFIER>s 
"ARRAY" EMl'.6111>1t 
fNTRVt ~M[6Jt THf MINIMAL NON=NEGLFCTABLE SINGULAR VALUEe 

PRnCF.DllRF.S usi;n. 

MATVF.C ., CP.HO:U 
TAMVEC oo CP14012 

REQUIRED CENTRAL MEMORY s AN AUXILIARY ARRAY OF N REALS IS DECLARED 

RUNNING TIME r RnUGHLY PROPORTIONAL TO (M ♦ N) "'N 

METHOD ANO PERFORMANCE s 

THE SOLUTION IS FOUND IN THREE STEPS w 
1@ V1 ii< X • Xl IS CALCULATED, 
Ze VAL+* Xl • X? IS CALCULATED, HERE VAL+ DENOTES T~E DIAGONAL 

MATRIX ORTAINED FROM VAL BY SETTING VAL+CI,Il m l/VALl'.I1 IF 
VAl[I] GRfATER THAN OR EQUAL TD EMC6l, ANO O OTHERWISE@ 

3e THF. SOLUTION U ii< X2 IS CALCULATED@ 

lANGUAGF s ALGnL 60 



<DECE i"'BER 1975} 

SUBSFCTION s SOLUND 

CftLLING SEQUENCE : 

THf HEADING ~F THE PROCEDURE IS t 
"!NT~GiR 11 "PROCEDURE" SOLUND{A, M, N, X, eM)t 
"VALIJftt ~, IH "INT~GER 11 M, N; "ARRAY" At X, EM; 

SnLUNDla TMR NUMBER OF SINGULAR VALUES NOT FOUND• I.Ew ZERO IF All 
SINGULAR VALUES ARE CALCULATED., 

THt MFANING nF THE FORMAL PAREMETERS IS 1 
Al <ARRAY I~ENTIFIER>; 

"ARRAY" A(ltM•l•NJI 
ENTRYI THE TRANSPOSE OF THE MATRIXt 

Ml <ARIT~MfTIC EXPR~SSION>; 
THE NUMBER OF ROWS OF A: 

Nt <ARITHMF.TIC EXPRESSION>: 
THE NUMBER OF COLUMNS OF A• N <e ~-

Xt <ARRAY IDENTIFI~R>; 
HARPAYII lifCUM1: 
eNTRYt THE R!GHT=HAND SIDE VECTOR IN Y[ltN]i 
~XIT& T~~ SOLUTION VECTOR. 

rMs <ARRAY IDENTIFIER>; 
"ARRAY» EM[Qs7]8 
F.NTRYs FM[O]a THE MACHINE PRECISION& 

-=11rll: THE RHATIVti PRECISION FOR T4E SINGULAR VALU!=Ss 
EMC4ls THE MAXIMAL NUMBER Of ITERATIONS TO Re PERFnR~EO IN 

THE SINGULAR VALUES DECOMPOSITION: 
F.MU,1 a THE MINVUL NON-NEGlECTABU: SI!IIGUlAR VALUE; 

EXITS &M[l11 THE INFINITY NORM OF T~E MATRIX; 
fM[31 s THE MAltIMAL NEGLECTED SllPEROIAGONAL ELH1ENT: 
EM£511 THE'NUMBER OF ITERATIONS PERFORMtD IN THE SINGULAR 

VALUES DECOMPOSITIONS 
EMC11t THE NUMERICAL RANK OF THE ~ATRIX, Ief.e T~E NUMBER OF 

SINt.ULAR VALUES GREATER THAN OR EQUAL TO EMC6le 

PROCEDURES USEO & 

QRISNGVALDF.C • CP34273 
SOLSVDUND e CP34282 

AllX !LI ARY ARRAYS ARE DECLARED TO A TOTAL OF f ~ + U • N REA LS 

THI:'. SOLUTION IS FOIJND IN T\40 STEPS a 
lm THE SYNGlllAR 'VALUES D!ECOMPOSUION YS CALCULATED BY MEANS OF TH~ 

PROCEDURE 01HSNGVAlDEC3 
?~ THF SOLUTION IS CALCULATED BY MEANS OF THf PROCEDUR€ SOLSVOUNOe 



!MAY 1914) 

RUNNING TI~E ; ROUGHLY PROPORTIONAL TO f" +NI* N * N 

WILKINSON• JaHe AND CeRiINSCH 
HANDBOOK OF AUTOMATIC COMPUTATION» vnL. 2 
lI Ni-;: .IH~ Au;r. l'H'/ A 
~EIOf.LBFRr. (1Q71) 

E'lfAMPLE OF USE 2 

FIRST WE GIVE A PR~GRAM• AND THAN THE RESULTS OF THIS PROGRAM s 

11 BEGIN" "ARRAY" A[liq•lt5l• B[lt8l• EM[Oi71i 
"INTFGER 11 'I'; 
"INTEGER" "PROCEDURE" SOLUNO(A, M• N, Xa E"lij 
"VALLI!" M• Ng "INTEGER""• N; "ARRAY" A, X, EM; 

IICOflF.11 34?.!l:I; 
A[1.llim?23 A[l,2]1 8 A[2,3]sm1~3 A[1.3]sm Af1,l1im Af~;51sm2; 
A[l,41im Af395lim1; AC1,51im Af2,2]1m7; AC2el]Sml4; A[2,5]sm~; 
A[2o4]:m A[A.!]imC; A[lol]lm A[!ol]!m A[6.,]sm•13 A[3,l]!ml18 
At3»41Sm=]1S A[4g1]Sm=Ji A[4,2]Sw A[4o413m A[5.4]S@ A[~o4]Sm=2J 
A[4.~]Sm]lt AC4,5J:m AC5,5Jsm AC8,l]lm4t A[5,1]Sm A[6a111mo; 
A[5e2]Sm~; AC5o!Jtm AC6ol]:m AC7.~J1a1: A£6o3l1•=13 
A[6o41Sm A[1o41Sm A[S.2]1•5; A[1o2]1m=6$ A[7e31@m6; 
Br111,.=1; 8[2]Bm?; B[~]l,.l; B[4J:m4: A[5Jtm~; 
E IH O] 3 ,. 11-14; I: Mr 2 U "' 11= l l; EM t 4 H .. 8(l; I: MC 6] I .. 19= 1<.H 
Is,. Sf.llllll!DU"' 8.o !h, B, EMU 
OUTPIITU,1;, '9(1941:h 00('1NU"1BcR srnr.ULAR VALUES NOT FOUND I ">"• 
3zn. ,, 4fh 11< "NORM 1 ">"•"'• 1, 40. "<"MAY NEGL SURD ELEM s ">"• 
N•I• 4Bo "l"NUMRER ITERATIONS a 11 1"• 3ZOo I• 48• 11 C11 RA~K @ 11 111 , 

3ZD. / 19 ) 11 , Io FM[ll• EM[3l• ~M[5l• EM[71)i 
OUTPIIT<6li, 11 ( 91 /i, 48• 91 ('1<iOUJTION \IECT!JR 11 )"• I.I, 8U•8t> "l:d') 11 )", 

B[lJ, sr21. 8[31. 8[41. 8[5]. B[6]. 8[7]. 8[81) 
•1~ND 11 

Nlll'IBtR S!Nf.lJUR VALUES NOT FOUND 2 f'l 
No R M 1 • 4 .. 41!1ifl,0~11;;>~10!0,tHl o 011 + a o 1 
MAX NEGL SURO ELEM @ +40!977072741076 11=014 
NUMBER ITERATIONS s 6 
RANK s ~ 

SOLUTION VFf.TrlR 

+l ■ 641A25b4la255"-0~Z 
+l.4A076Q?.301694 11-002 
=4 .. 83974':158Cil1438 11=002 
+ 1" {l0110(llJ01ifJOO\l2 "=0 0 2 
-6e7Q4A11794~740 19""1"l0! 
+l .. 16~2 564HlZ565 11=l'll'U? 
+?.e99Q99999Q9996 11=002 
-8 ■ !974158974128"-DO! 



SOURCE TEXTfS>m 

"CODE" !114282¥ 
19 PROCEnURE" SOLSVDUNDCU, VAL. V• M» N• W. EM)i 
19 VAlUE 19 ~. Na 19 INTEGER 19 ~. Nt "ARRAY" U» VAL, Ve X» EM; 
198EGIN 19 19 INTtGER 19 I; 

19 Rl:Al 11 MllH 
"ARRAY" Xl[l1N18 

NREAL 19 "PROCEDURE" MATVECCL, U, 1, A, BI; 
11\JAl!JEW l, U, I; 11 INTfGfR 19 l, lh It 11 ARIUY11 A, BJ 

"CODE" ~40 U B 

19 REAL" "PROCEDUR~w TIMVEC<L, U• I• A, 813 
11 VALUE 11 L, U, Ii 19 INTEGER 19 L• Ue Ii 19 ARRAY 19 •• Ba 

"C □ oe: 11 140123 

MINE,. i:Mff-l; 
19 FOR 19 ra .. 1 19 STEP 19 1 "UNTIL" N 1100" 

PAGE 5 

XHI'.11 .. IIIf'.li \IU[I'I -c.. Mit,! 19 THEN 11 t> "ELSE" TAMVfCn, N., Ie V, )0 J 
VAUIJ; 
"FOR" Ir" 1 "STEP" l 11UNTIL 19 M 19 00 19 

xtnm" MATVECUo N;, I, Ua XU 
11iND" SnLSVDUNOI 

19 EOP 91 

11 cooe 11 ·31i2a:1, 
"INTF.GER 91 11 PROCEDURE 91 SOLUNDfAa Me N, X, E~)I 
"VALU~ 11 M., Nt 11 INTEGER 11 M, NI "ARRAY" A, X• EM; 
11 AEGIN 91 "INTEGER" It 

91 ARRAY" VAL[lsN], V[ltNPli~lS 

11 1NTEGER" 11 PROC~DURE" ORISNGVALDECIA, M• N, VAL, V, EMIi 
11WaUH:" '4• Ni "INTEGER 11 M@ l-H "ARRAY" A, VALe V., EM; 

11 CODi: 11 3"'?.?'H 

IIPIHJCEDWH,11 SOLSVD\IND <U, VAL, V, l'l, N.1> X, EM l 3 
"VAUJF. 11 l'lt N: "INTEGER" Mo 1-U 11 ,U'IIHYII IJ, VAl.s, Ve X» El'H 

11 C □ DE 91 '34?fln 

SnLUNDt" It'" QRISNG\IALOEC <A, M, N, VAL, V, EM); 
11 1F 19 Im~ 11 THEN 11 SOLSVDUND(Ae VALo Ve M, Ne Xo EMI 

"Hrn 11 sn1.uNou 
11fOP 11 





~ATHFMATICAL CfNTRE 

RFCE!VFD 2 131217 

BRIEF D~SCRIPTION 1 

THIS SECTION CONTAINS 2 PROCEDURES FOR THE 
c•LCULATION nF THE HOMOGENEOUS EQUATIONS A. X ■ AND x•. A ■ o. 
WHERE A DENOTES A MATRIX, AND X A VFCTOR1 
HOMS □LSVD ASSUMES THAT THE SINGULAR VALUES DECOMPOSITION OF A HAS 
REHl GIUEN@ 
HOMSOL FIRST CALCULATES SINGULAR VALUES 
DECOMPOSITION BY ~EANS OF THE PR~CEDURf QRISNGVALDEC® 

K YWORDS t 

HOMOGENEmJ:: SOUJTI!lN 
SINGUUR VALU!cS 

S IJ 8 SEC n rJN 

THE HEADING OF THE PROCEDURE IS I 
11 PROCEfH!Rt 11 HOMSOlSIIDW; VAL, V• MJ1 Nh 
"VALUE" M• NI "INTEGER" M, NI "ARRAY" u. VAL• VI 

THE MEANING OF THE FORMAL PARAMETERS IS I 
UI <ARRAY IOENTIFIER>I 

"ARRAY" U[l1M.11N]I 
@NTRYITHF MATRIX u IN THE SINGULAR VALUES DECOMPOSITION u•s•v•. 
EXIT• TME COLUMNS OF U THAT CORRESPOND TO THE ELEMENTS 
OF VAL WJTM A VALU~ SMALLER THAN SOME SMALL CONSTANT MAY ~E 
SEEN AS THE SOLUTIONS OF xi •A~ 01 

VALi <ARRAY ID~NTIFIER>; 
RAAAAYII VAL[l1N]1 
P.JTRYITHE Sil\lGlJUR VALUESI 
exIT ITH& ARRAY WILL BE ORD~RED IN SUCH A WAY THAT 
VAL[IJ < VALtJ] IF J < It 

VI <ARRAY IDENTIFIER>; 
"ARRAY" V[ 1N.11N]I 
ENTRYITME MATRIX V IN THE SINGULAR VALUiS DECOMPOSITIONI 
EXIT1THE COLUMNS OF V THAT CORRESPOND TO THE ELEMENTS OF VAL 
TMAT AAF SMALLER THAN SOME SMALL CONSTANT MAY BE SEEN AS THE 
SIJUlTIONS OF THE EQUATION A 0 X "' 01 
<ARITHMFTIC JXPRESSION>1 
THE NUMREA OF ROWS OF U1 

NI <ARITHMETIC EXPRESSION>1 
THE NUMB~A OF CnLUMNS OF UI 



PROC~DURES USEn n 

ICHCOL ., CPHOll 

RUNNING TIME ! PROPORTIONAL TON 1 2 

MF.THnD AND PFRF □RMANCE i 

THE PROCf.DURE DOES NOTHING MORE THAN A SIMPLE SORTING PROCESS ON 
T4F ELEMFNTS OF THE ARRAY VAL, AT THE ~AME TIME THE COLUMNS OF U 
AND V ARE INTERCHANGED, ACCORDING TO THE INTERCHANGING OF T~E 
n.;M!=NTS VAL., 

SUASECTJON 1 ~OMSOL 

THt HEADING nF THE PROCEDURE IS I 

•INTEGER• •PROCEDURE• HOMSOLIAv Mu Ns Vo ENI; 
•VILUE" M• Ni •INTEGER" M1 NI •ARRAY• Ao V1 EMi 

~IOMSrH .. 1,. T~E NUMBER OF SINGULAR VALUES NOT FOIJND, I mE,, ZERO YF All 
SINGULAR VALUES ARE CALCULATED@ 

THE ~EANING nF THE FORMAL PAREMETERS IS t 
Al <ARRAY IOrNTIFlfR>: 

"ARRAY• A[liMeltN]! 
ENTRYa THE ~ATRIX; 
~XIT1 THE COLUMNS OF A T~AT CORRESPOND TO THE £LlMEMTS OF 

VAl THAT ARF SMALLER THAN SOME SMALL CONSTANT~ MAV BE SEEN 
AS THE SOLUTIONS DF THt EQUATION X9 $Amo,, 

~I <ARITHMETIC ~XPRESSION>t 
THf NUMBfR OF ROWS OF Ae 

NI <ARITHMETIC ~XPRESSION>; 
THE NUMBER OF COLUMNS OF A@ 



Vr <APRAY !OtNTIFIFR>: 
"ARRAY" vr1aN.11~1, 
FXITl TM~ COLUMNS OF V TMAT CDRRFSPJND TO tLiMFNT~ DF VAL 

S~ALLER T~AN 50~E SMALL CONSTANT MAY B~ 5Ef~ A~ TMF 
SOLUTIONS OF THL EOUATTO~ A• X • n. 

~ME <ARRAY IDENTIFIFR>s 
91 ARPAY 11 !l;;M(1H 7]; 
i:I\ITRY: fMC!)]: THF MAC4!Nl PPHIS!Cl"l: 

;:Mf?.1# T~c RHATIVC: PRECISION 1=11P TH£. 5If'JGULAR VALIIESr 
EM[41& THf MAXIMAL NUMA!R OF ITERATIONS TO BE PERFORMFD I~ 

TMf SINGULAR VALUE~ DECOMPOSITION. 
EM[6Jt THE MINIMAL N~N-NEGLECTARLE SINGULAR VALUE; 

~xrrs EMfl13 TH~ INFINITY NOP~ OF THt MATRIXJ 
~Ml'.31 s THt MAXIMAL NSGlj:ChO SlJPl:f.l.DIACONAl Hi'"l~NH 
FMr51 t Tiff NUM'3ER OF ITF.RAT!flN'> PHFOIHH:D JN TI-If:: HNGl 1LA~ 

VlllUiS neco~POSIT[ONf 
Fi,.f111 THE NU"!fRICAL RANK f'JF THf MATRIX, I.E. THE llltJMl3ER 'lF 

~INGULAR VALUES GREATER THIN DR ~OUllL TO ~M[~l. 

PR,1CfOIJRfS !!<;Hl I 

ORIS~GVALDFC • CP34273 
llO,-,SlllSVf'l "'CP34?84 

T4t SOlllTinN IS FOllND IN TWO SH.PS 1 

lo TI-IF. SINGIILAR Vf.\LUES Oi::C!1"1PfJSIT!i1N I$ CALCULATED !W "'fAN<; 'JF T'-',:, 
PROCrDURF QR[SN~VALD~C; 

2o THE S!NGlJLAR l!ALIJtS A~E ORDEREO AV MEANS or= 1'1-lE PRl1CfDl!RF 
HOMSIJL svn. 

WILKINSON, JoHe AND C@RtINSCH 
~ANDAfJ'lK OF AUTOMATTC COMPUTATION, VOL. 2 
UNEllR ALG!'!~Rll 
MiIDflAFRG (1971) 



( N!JVt:MB;::R 1916 l 

fl/AMPL\'.' OF USF i 

"RFGINn "ARRAY" A[l18.l15], U[l15,l15], E~[~17]; 
11 INTEGf:1p1 I, J; 
AClolJl,.?2; At1,2J: .. A(?,31!.,10: Ail,3]im At7,l1i"' A[9D~1i"''I 
AL1.o411m AL3»51t,.1; ,Hl,51r,. Af2,2Jtio7t A[2.,1Jl«]4; At?,5Ji"'P1 
A[?.4H" A[13,.3J1.,t,; AC?.,lH,. AC3»311"' A[n,5Jim-U A[3,;'31,.1·-n 
AC3,4it.,-11t A[4,.!J;"-3i A[4,.2]l" A[4 9 4itm Af5,4]i., AFP 1 4ii,.=?; 
A[4.,311,.J~; AC4,':;J1 .. A[S,.5]1,. AfP,1il,.4t A[5,1Jt,. J!(folll,.91 
A[5.211mR; A[5.3]1m /1[6,']1" A[7o511mll A[6,3]1m-71 
Ar6.41t" A[7.41i" A[B.2]t"~I A[7.2]1"-~I /1[7,~]1m61 
EM[ ]im•-141 ~M[2]1m•-l~I EM[4]!mBOI EMf6]1~•-101 
Jim HOMSnLIA• 81 5• V, EM!; 
flUTPUHhl, "("48, ''< 1'1-.JUMl'H:R SlMGIJlAR VALUES NOT FOUND r nin, 
3zo.,. 48. N(NN□ RM I "J", N.,. 48a R(NMAX NEGL SUBD ELEM I "'"• 
N, I, 48, 11 {'lNl!MRFR Iil::R/ITI!JNS ! 1q11,, 3701 /, 4R• ll(ttRANK 1 ,qn, 
3ZOi, 1 11 1 11 , r,, EMClJ. EMC31, EMrs1, £:MC7'.l 1, 
11 FORII JI .. f:M[7] + 1 "STEP" 1 IIIJNTlL" 5 11[10 1' 

CJ!lTPIJTU,li, iqn/, 4A, 11C"CC1lUMN NUMRER I np,, O;, ~u ,48, 2011} • 
31/, 48. NI ■ 111 1•. J. A[l,J1, vr1.J1, A[2,Jl, V[2.Jl, Ar3,J1, 
V[3,J] Ar4,Jl, VC4.Jl, A[5•Jl• V[5.Jl• A[6,Jl, Af71Jl. A[R,J11 

liENn" 

NPMBi:R SHIGllLAP IJAllJES NOT FlllJNO I 0 
Nf1RM t +4.41.1011tll)11{1C,f'cu1)0"+00l 
MAX N~GL SURD ~LEM r +4.3Q7707?741076"-014 
Nf!MRl:R ITERATIONS l'J 
RANK I 3 

i,llUli'AN NUMBFR I 4 
+3 ■ 4 i','}l'H;iQQRLiWdU2 11-(nil 
•6. 12336Q6~3011"~00l 
+1,22n746191C546"-0J~ 
+A .. lR nz574433R<rn 11-o~n 
-4.634437187t9Q6"-0U3 
+3.34uQB~Q83Bl25 11-no1 
-3.157R4l~8~740R"-002 
-1.3547246472774"-COZ 

COl!fMN NHMRF.R I 5 
-2.5533]00413182 11-001 
-1.7359Ru924R754 11•0Dl 
-2.2081225414163"-001 
+4 ■ 1165471593410•-u~Z 
+a.2044247n57656 11-no1 
-? ■ R8Q'5Q53QQ64Q2 11-~02 

H,,, 13 27 596621 gqlt 11-0::; 2 
=4® 0115a<'?79•:>? ?l\JU n-1102 

-4 ■ 1909548511~71"-Gnl 
+4 • 4J5(l 9l 2 3(l3713 11-U4'.il 
-5.2004549247434 11-002 
+h,. 71,r '5<:!l 4f,216 U, 11=:»0l 
+4.1297730284731 11-P~l 

•o.oooa0ooooocDun+0~J 
-4.18548063849D9"-0Dl 
-].4870005120758 11-001 
-2.44153~3724~31"-0~1 
+8.022171223774?"-001 



SOURCE T(.H(S)I 

19CflDf" .34284; 
"PROCff)IIRt:" II0!.151:lLS VOW, VAL1> V, M, NI; 
11\/Allll:" M, IH IIJ:NTFGER" 1"11 NI "ARRAY 11 U11 V/ll, \1$ 

"REGIN" "INTFGER" I11 Jg 
"R.;AL" X; 

"PROCEDURE" ICHCOLCL11 U, I, J11 A)a 
19 VALUE 11 L• u., I., Jg "INTEGER" L., I', I, J; "ARRAY" A; 

"CODF" 34031; 

19 FOR" Isu N "$TiP" - 1 111 UNTIL" 2 "DO" 
"FOR" Jew I - 1 "STEP" - l "UNTIL" 1 110n" 
"IF" VAL[Il > VAL[Jl "THEN" 
"BE~IN" ~a• VAL[IJ; VAL[I]ta VAL[Jl; VALCJJta Xs 

ICMCOU 1., M., J., J, U) I ICHCOLU., NP I• J,. \I} 
"END 11 

"fNOtt HOMSOLSVD; 
"E OP" 

"CODf" 142853 
"INTEGER" "PROCEDURfll HOMSOL(A• M, N1> V, EMI; 
"VALUE" M, NB "INTEGER" M, NI "ARPAY" A, Ve E~; 
"B~GI~" "INTEGER" I; 

"ARRAY" VAL[lrNl; 

"INTcGER" "PROC~OURt" QRISNGVALDcC(A, ~, N, VAL, v, EM)$ 
11 VALUE 11 Ms N: "INTEGER 11 M, Ni "ARRAY 11 A, VAL, V, fM; 

"CODF" 3427'3; 

11 PRnCEDURF 11 H0"4SOLS VD<U, VALJ> V, I'» N); 
"VALUE" M, Ni "INTEGER" M, N; "ARRAV 11 Ut VAL, V; 

11C00f!" ~4l!fl4g 

HOMSnLim Ism ORISNGVALDGC(A, M, N, VAL, Ve EM)J 
"IF" I a O 11THEN" HOMSOLSVD(A, VAL, V, M, NI 

"ENO" HOM!:OL: 
11EfJP II 





INSTl TUTc : MAT1-ti::MA TI CAL Cc:NTRE 

RiC!IVFO I 731217 

THIS SECTION CONTAINS TWO PROCEDURES FnR THE 
CALCULATION OF T~E PSeuon-INVERSE OF A MATRIX• 

PAGE l 

PSDTNVSI/D ASSUMrS THAT THE !-!ATRIX IS GI\11:1'1 AS SINGUL4R VALIIE~ 
Dl::C,JMPOS ITION,. 
P~OINV FIRST CALCULATES THIS OECOMPOSITIONe 

PS i:UDO ... HJ V~ RS ~ 
SINr.UlAR VAlilES 

SURSfCTION t PSDINVSVD 

CALLIN~ SEOUF.NCF. ! 

THE HEADING nF THF PROCEDURE IS t 
11 PR11CEDt!Rf 11 PSIHNVSVD ( (U, \/AL, V, I", "l, EMh 
11 VALUi" M, NS 11 YNTEGER" Ms !H 11 APRAY 11 11, VAL, Vu !;"1; "CODI:" ~~211l6t 

TI-IF MEANING OF THE·FQRMAL PARAMtTFRS IS t 
Ui CARRAY IDENTIFIER>; 

11 ARRAV 11 U[l8M,1BN]t 
fNTRYs THE MATRIX U IN TH~ SINr.ULAR VALUES DECQMPOSITION 

u * s • vi; 
EXITi THE TRANSPOS~ OF THE PSEUOn-INVERSEe 

VALi <ARRAY fOENTIFIER>t 
"ARRAY" VAL[lSN]; 
TI-Ii: SINGULAR VALUES• 

VI <ARRAY IDENTIFIER>; 
"ARRAYP V[lSNsl!N]I 
TME MATRIX V IN THE SINGULAR VALUES DECOMPOSITION U • 5 • V1 e 

Mt <ARITHMETIC EXPRESSION>; 
TI-IF. NUMBER OF ROWS OF Ue 

Ni CARITHMfTIC EXPRESSl~N>g 
THE NUMBER OF COLUMNS OF V0 

EMS <ARRAY IOENTIFlfR>; 
"ARRAY 11 F.Mf6s6H 
ENTRY s EMl.'6 la THE ~I"IIl>IAL t!ON=NEGI.ECHBLE SINGULAR VAL!JE" 



(DfCEMAF.R 197Q) 

MATVEC • CP ~4011 

REOUIRfr CENTMAL MFM□ RY & AN AUXILIARY ARRAY OF N REALS IS DECLARED 

RUNNING TIME I Rn!IGHL'I' PROPORTIONAL TO M * N * N 

MFTHnD AND PfRFOR~ANCE a 

TWG PSEUOO-INWRSc IS CALCULAHD HI TWO STEPS 1 
1. T4F MATRIX X •VAL+* u• rs CALCULATED, WHEPE VAL+ DENnTES TMF 

DIAGONAL MATRIX OBTAINED FROM VAL BY PUTTING 
VAl+fI,11 m l/VAL[I1 IF VAltI1 GREATER TrlAN OR EOUAL Tn EM[61, 
AND VAL+rI,I]. D OTHER~tsr. 

;>., THI: P'>l=IJDO rnVFPSE (V * )(J IS CALClllATfD .. 

SUASf:CTYON I PSDINV 

CALLING SEOtli'NCf s 

'l'HF. HE Ml ING OF THE PROCt:OIJRI: JS 1 

"INTEGER" "PROCEDURE" PSOINVfA, M» N» EM)g 
"V•LtJF" Mo Ni "INTEGER" M. NI "ARRAY" A• E~3 "CODE" !4287; 

PSOINVS• THE NUM'3rR OF SINGULAR VALIJES NOT FOUND, I.E.. Zf:RO IF All 
S INGIILAR VALUES ARE CALCULATED. 

THE MEANING OF THE FnRMAL PARAMETfRS IS t 
A <ARRAY IDENTIFIER>; 

naRRAY" A[l:M,lsN]; 
ENTRY IT~~ GIVFN MATRIXt 
EXIT s THE TRAN<iPOSE OF THE: PSEUDO-INVERSES 

Mt <ARITHMETIC iXPRESSION>; 
THE NllMAFP OF ROWS OF A; 

N& <ARITHMETIC EXPRESSION>: 
THE NUMAf.R OF r.nLUMNS OF A, N<m Mi 

C-Ms <ARRAY IDENTIFir.R>: 
"ARRAY« EM[n:7]; 

EMTRVt E~cn1, THE MAC4INE PRECISION; 
EM[21r THE RfLATIVE PRFCISION FOR THE SINGULAR VALUES; 
FM[4lt THE ~AXIMAL NUMBEP OF ITERATIONS TO RE PERFORMFD; 
~~[6Jt THi MINIMAL NON-NEGL~CTA8lE SINGULAR VAlUEi 

EXIT! EM[lJt THE INFINITY ~OR" OF THE MATRIX; 
EMr~lt THE MAXI~AL NEGLECT~O SUPERDIAGONAL ELEMENT; 
FM[5Ja THE NUMBER OF ITERATIONS PERFORMED IN THE StNGUlAR 

VALUES DECOMPOSITION; 
iM[711 THE NUMERICAL RANK OF TH& MATRIX, I@E@ THE ~UMRfR OF 

SINGULAR VALU~S GREATER THAN OR EQUAL TO f~r6]1 



QRISNr.VALOEC m CP~4273 
PSOINVSVO a CP3428~ 

RFOU[RfD CENTRAL MEMORY s 

AUXYLIIRY ARRAY•S ARE DECLAREO TD A TOTAL OF IN+ 11 • N REAl5 

MfT~OO AND PfRFORMANCF. z 

F1R"T THE SINGULAR I/HULS DECOMPOSITION IS CJILCULA'fEDe AND THAN THE 
PS!'EIJOO ... JNIIF.RSE IS C.HCUUTEO BY PSDINVSVDe 

RHl:RENCF.S m 

W!lKIN~ONe JeHe AND CekcINSCH 
HANDBOOK OF AUTOMATIC COMPUTATION» V0le2 
LYNEAR ALGERIU 
HF.IDelRfRC. (1Q71) 



FIRq' Wt- r.rvr- A PflOGRAM, AND THE:N T~F !ff'il!L rs OF THIS PPfJGPAf,4 

"RiGIN" "ARRAY" A[la8,lt5]; EM[Qt7]t 
"I"ITFGER" I, J; 

"INTEGFR" "PROCFDURE" PSnINV(A, ~, N, EM); 
"VALUE" Me NI "INTiGER" M, Ni "ARRAY" A, E~I 

"CODE" ~4?~7; 

ACl•llt•?.~t Arl,2Ja• Af2•1Jl•l0J Atl,31t• A£7,l1Ba A[S,511•?.J 
Arl,41S• Ar3.5]£•~; Arl,511• AC?,211•71 ACZ,111•141 Af~,~Ja•Rt 
At?.,41t• AC9,31Z•O; A[3»111• A[3,3]1m AC6,5l:•-l; A[3,2Jt•13; 
AC3.4]Sa=l1: A[4,lJ:•-3; At4,2J#• A[4,4JI• A[5,4JI• A[~,4lt•=2t 
A[4,311•13S AC4s~1t• At5,51t• A[8,l1B•4J AC~,llt• AC6,1Jt•9J 
At~o?1r•A; A[5,~JS• AC6,2]S• AC7,~11•lt AC6,3ll•-7; 
A[6,4J:s A[7,41:• A[8,2Jta~; A£7,l]Z•=6# A[7,~1S•68 
E '1 [\, 1 s "'"= 14 I EM [ 2 H • 11= 1 ?I F. M [ 4 J t "8 ·.H E 111 [ 6 H ""= l<H 
r,~ PSOINVCA, 8, 5, EM); 
OIJTPl!T(f)l, tt(t14R• 11 ("NUMRER ~INGULAR. VALUES NOT FOUND a ttp1,. 

3ZD,/, 4R, "("NOR~ s "I",~,;,. 4R, 11 ( 91 MAX NEGL SURD ELE~ a ">", 
N.1>/, 48, tt( 11NUMBER ITERATIONS: tt)n,. '110, I, 4B, "1 91 RA~K s ")", 
~ZD, /tt)tt, T, EM[ll, EM[3J, fMC~J, ~~C7J); 
□UTPUT(61,. "( 11 /e 48, "("TRANSPOSE OF PSEUDO-INVERSE"}", I, 
4B, 11 P 1FIRST THRfi: COLUMNS")", I, /, 8(48, 3INI, /h I, I, 
4Ae "<'*LAST nrn coLUMNS 11 >"• ,, ,. ,:q1~a, zrn>" ll"l"P 
A[l,11• Ar1,2J, A[l,1J, AC2,11, A[?,.21, 4(2,~1, AC,,11, Af3,,i, 
AC3,3J, AC4,lle AC4,2l, AC4,3J, A[5,111 A[5,21, AC5,3l, AC6,ll, 
A[1':u2J, AC6,3J, AC7,ll, A[7,2J, A[7,3J, AtS,l], At9§2], AP!,31, 
H:l.w4'19 A0,51, .H2,4h At2,'5l, At3,41, AC3,t::h Ar4»41, A!'.411'51, 
Af5,41a A[5,51, A[~,4], A[6,5l, A[1,41, A[1,81, A[B,41.t ACP,51) 

"ENO" 

NHMEll:R S!NGUlAR VALUES NOT FOUND m 0 
NnR M i +4 "4Utl,J1 .. hJ(Ol')(h!Of; 11+0vl 
MAX NfGL SUBD El~M : +4o397707274ll76"-114 
NIIMPER TTFRATIOUS t 6 
RANK t '-1 

TRANSPOSf nF PSEUDO-INVERSc 
FIRST THRr:~ COLUMNS 

+2.11298C7692308"-~n2 
+0.3l08074358074"-DD3 
-1.1,n77564H12'56"-ml2 
-7.,916666666h667"-0b3 
+ 5. 512 a 2,,..n2e zu 511-ou 3 
+l .. 4 311-<n,1;2' 5h41l'P'-~M,2 
+4.805~333333335"-0~3 
+l.50641D25641D2"-an3 

+4@615!846153850"-~03 
+2.2115384615376"-003 
+2 .. 7403646153£148"-(!02 
-s.o~ooocoo~oaJ7"-003 
+9.8~76923t76935"-003 
-2e596153S46154A 19--()0~ 
-1 .. 49gq999g99q9a 11-0,12 
+7. 4f'3S4615313447"-003 

-201073717948727 19-003 
+2.0~2884615384~"-002 
-3.~862179487199 19~003 
+3. 31' i;,o;co'°f'OOOOl 11-002 
-8.9143580743~2~"-004 
-Z.013~217948716"-002 
+1.531249909999~"-002 
-l.6987170497147"-003 



(MAY l974l 

LAST TWO C!'JLU"INS 

+7.6041666666662"=00! 
-2.~8~3333331295"=004 
... z.1,04166666667"$0~2 
-5.4166666666662"-003 
... '5" llwOtiO!luOv@Oo 5 llfo,(j() ! 
+le28l2500~COC0u"=002 
+1.23g593333333zn-002 
=4e99999999QQ993"=003 

"Cnm.: 11 !4?.IH,1 

• 3. !I06u!:19743!>894 11 ... 1'..11'.;3 
+la001602564l026 11-002 
+4e2U67307692303"-G~! 
+1.041~666666667"-002 
+3e20512Pl051275 11=001 
-6. zog935 89743 S'i 11-it1(;3 
+2.~04166666b656 11=003 
+1.6025641025649 11=001 

"PROCEDURE" PSDINVSVD(U. VAL, V• M» N» eMli 
11 VALU'" M• N; "INT~RER" M, N; •ARR~Y 11 Uo VAL, V, EM; 
"BFGIN" •INTEGER• Io JW 

NRfAL" ~r~. VALI; 
11 11.RRAY" X[UNH 
IIRi:AI." "PROCfOIIF!E" MATVEC( l» U» L• A» I'!); 
11 VAUJE 11 lo u,. Iw 11 INTF.GER 11 b U» H 11 ARRAY" A» !U 

&ICQl)!,!N 34011; 
MIIH .. Ef'/1[61: 
"FOR" Iam 1 11STEP" 1 •UNTIL" N 110~ 11 

NIF 11 VAL[I] > MIN "THEN" 
•l'!fGIN" VALiam I I VALCI]; 

PME 5 

· "FDR" Ja .. I •STEP" 1 "UNTIL" M 1100 11 U[J,.J1a .. U[J,J] • VALi 
"i:NO• 
"ELSE• NFCRN JI@ l "5TEP 11 1 "UNTIL" M 11 00" U[J,.J]:m ~, 
"F □R" Ism l 11STfP 11 1 "UNTIL" M "DO" 
•B&GIN" 11 FOR" Ja@ 1 "STEP" l "UNTIL" N •oa• X[J]&m U[l1Jl1 

•F□R" Jtm l •STFP• 1 •UNTIL" N "DC" 
iJfI,,Us" MATVl:CO» N,. Jo V11 )0 

•~&:N0 111 

11 END• PSOINVSVD; 
"E OP" 

IICOOEN ~4281; 
•INTEGER" "PRCCEnURE" PSDINVIA» M» No E">; 
"VALUE"~. Ns "INTEGER""• N3 "ARRAY• A• EM; 
"B~~INR •INTEGER" 13 

''ARRAY 11 VAI.O.:Nh VC.LHl,liN]; 
•INTEGER" 11 PA □ CHDURE 11 QRISNGVALDECIAo M, N• VAL• V, (M!i 
11 VALUE 11 M, Nt 11 INTEGER• M, N: 11 ARRAY• A, VAL» V, EM! 

11 Cf'll)F.II ~'92731 
11 PRnCEDURE 11 PSDINVSVOCU• VAL, V» M• No EM)s 
"VALUE• M, N; IIJNTE~ER• M, Ni •ARRAY• U, VAL, V, EMS 

"CODE 11 34:'8it.; 

PSDtNV@m Ism OAISNGVALDECIA, M, N, VAL• V• fM)3 
"If" I " 0 11THF.Nte PSOINVSVCHA, VAL, V, M, N, El"! 

''l:NDII p:;QINV: 
"l:l]P II 





(DEC1:MBf.'R 1975) 

AUTHOR 

,I., KOK., 

INSTITUTE ~ATHEMATICAL CENTRE. 

TMIS SECTION CONTAINS THE PROCEDURE DECBND 
FOR THE OECO~POSITION OF A BANb MATRIX BY GAUSSIA" ELI"INATION 
WITH STA81l1ZJNG ROW INTf.ACMANGfS (PARTIAL PIVOTINr,). 

KFV '41CJRDS 

LINFAR EOUATinNS, 
PARTIAL PIV~TING, 
f.lAIISS UN i:UMI!IIAT!ONs 
BAN!'l MATRIX., 

CJ.\LU:NG SEOIJ1eNCE 

TMf YEADING OF TH~ PROC~DURE IS 

"PROCi:OURf" OECSND< A; N, Ula RW, AUX• l''h PI; 11 \IALUE" Na Lill, RIH 
91 INTEGER 11 No LWo RWs "INTEGER""ARRAY" P; "ARRAY 11 A, Mo AUX; 

TYE MEAMING OF THE FORMAL PARAMETERS IS 

A <ARRAY IDENTIFIER>; 
"AARAY 11 A[l I (LW + RW} • (N - 1) + Nli 
~NTRY : A CONTAINS ROWWISE THe BAND ELEMENTS OF THF 

BAND MATRIX IN SUCH A WAY THAT THE (1,J)-TH ELEMENT OF 
THE MATRIX IS GIVEN IN A[f lW + RW) *(I• 1> + Jla 
I•l, ••• ,N ANO J•~AXfl,I=lW>, ••• ,MIN(N;I+RW)e 
THE VALUES OF THE REMAI~ING ELEMENTS OF A ARE 
UIU,lEVANT., 

t:XIT t THE BAND tLEMENTS OF THE GAUSSIAN ElIMINATfO 
MATRIX, WHICM IS AN UPPERTRIANGULAR BAND MATRIX WIT~ 
fLW + RW) COOIAGONALSa ARE ROWWISE DELIVEREP IN A AS 
F □ llOWSt THE <I,J>=TH ELEMENT OF UIS 
AC ( lW + RW) *(I= J) ♦ J l,I•l,e.,e,N ANO 
J•I,eee»MIN(NaI + lW + RW). 

N <ARITHMETIC EXPRESSION>t 
ORDER Of THE BAND MATRIX; 

LY <ARITHMfTIC EXPRESSION>; 
NUMijER OF LEFT CODIAGDNALS OF At 



RW <ARITHMETIC EXPRESSION>; 
NUMBrR OF RIGHT COOIA~~NALS OF Ai 

AUX <ARRAY IDENTIFIER>; 
"ARRAY" AUXCl s 5]1 

PAGE 2 

FNTRY IAUX[2J ~ EPS IS A RELATIVE TOLtRANCE Tn CONTROL 
THE FLIMINATIONJ THE PROCESS IS DISCONTINUED IF 
(EPS > PIVOT[Il / FUCLIOF.AN NORW OF I=TH R □W) 
IN THE I-TH ELIMINATION STEP; 

NORMAL EXIT i 

All'l([l 1 "' SIGN OF THE OHERMINANT OF THE MATRil! 
(+l nR -Ut 
AUH31 ,. 1>4; 
All)([51 ,. MINIMUM ABSOLUTE VALUE nF 
PIVOT[I1 I EUCLIDEAN NORM OF THc I-TH Row; 

ABNORMAL EXIT t IF THF ELIMINATION CANNnT BE CARRIED 
OUT, I.~. IF TEMP (THE QUANTITY 
ABS(PIVOT[IJ / EUCLIDEAN NORM OF THE l=TH ROW)l 
IS rao SMALL IN THE I-TH FLIMINATION STEP ! 
AUXn"I ,. I ... 1, 
AtlX[?J ,. TEMPS 

M <ARRAY IDENTIFIER>; 
"ARRAY" M[l: LW • (N - 2) + 1]; 
r.xrT a THf GAUSSIAN MULTIPLIERS ~f ALL ELIMINATIONS 

IN SUCM A WAY THAT T4E I-TM MULTIPllfR OF TH~ J-TM 
S TE P I $ M [ L W * ( J - l > + I = J J., 

P <ARRAY IOENTIFIER>i 
"INTEGFR""ARRAY" PCl t Nll 
EXIT I TME PlVOTAL INDICES. 

PROCfOIJRE!; USEO 

VECVEC • CP34010, 
ELMVEC • CP~40?.0, 
ICMV~C w CP34o,o. 

RF0UIRED CENTRAL MEMnRY 

EXECUTION FIELD LE~GTH s A REAL ARRAY nF N ELEMENTS IS DECLARED., 

RUNNING TIME 

fCl * LW + en $ (L\,/ + RW + l) * NB 
THE CONSTANTS Cl ANO CZ DEPEND UPnN THe. 
ARITHMfTIC OF THE COMPUTERe 



UNGU Ar i; ALt.OL Mle 

OECaNO PERFORMS THE DECOMPOSITION OF A MATRIX WHOSE NON-ZERO 
ELEMENTS ARE IN BAND FORM• AND WHOSE BAND ELE~[NTS ARE ST~PiP 
R □wwrs, IN A ONE-DIMENSIONAL ARRAY .. 
TME METHOD USED IS GAUSSIAN ELIMINATION WITH STA9[L!ZING Raw 
INTERCHANGFS !PARTIAL PIVOTING)., 
THF GAUSSIAN ELIMINATION IS PERFORMED INN STEPSa IN THE K-TH 
STEP, Km 1, •••, N, A PIVOT IS SELECTED IN THE K-TH COLUMN □ F 
THE REMAINING SUBMATRIX OF ORDfR N - K + 1 (THIS COLUMN 
CONTAINS AT MOST LV • l NON•ZERO ELEMENTS); THEN THE PIVOTAL 
ROW 15 INTERCHANGED WITH THE K•TH ROWi SUBSiOUENTLY THE K-TM 
llNKNf"JWN IS Hil'IIrl!ATi=D rn THE LAST N - K ROWS (ONL V THE FIRST 
LW nF THiSE LAST ROWS ARE !NVOLVcO H~RE>o 
T4F PIVOT IS SELECTED IN SUCH A WAY THAT ITS ABSOLUTt 
VALIIE DI\/IOf.0 r!V TI-IE EUCLIDEAN NORM OF T!-IE CfJIHI.ESPONDING ROW OF 
THF ~ATRIX I~ MAX!MALe THUS• THE MATRIX IS EQUILIBRATED IN THIS 
PIVOTIN~ STRATF.GY SUCH, THAT THE ROWS F.FFECTIVELY OBTAIN UNIT 
EUClIDUN NIJRl'I. 
TMP PROCEDUR~ DSLIVERS THE BAND ;LEMFNTS OF THi ELIMINATED MATRIX 
(WHICH IS AN UPPfR TRIANGULAR MATRIX WITH LW • RW 
SUPERDUGl'JNALSl AND THE GAUSSIAN MULTIPLIERS FOR EACH ElIMI!llATl'O"I .. 
TH~ flIMIMATinN CANNOT BE CARRIED !'JUT IF THE ABSOLUTE VALU~ OF THE 
PIUnT IS LESS THAN A GIVEN RELATIVE TOLERANC! CAUX[2l) TIMES THE 
fUCLIDFAN NORM OF THE CORR~SPONOING ROW OF T~E MATRIJ. THr:N THE 
PRFVI □U~ STEP NIJMBFR OF THE ELIMINATION lS OFUVERED (1111 AllXnl, 
WHICH ELSE TAKES THE VALUE N>e SEE ALSO REF Cll• SECTION 212. 

[11 OEKKfR, ToJe s 
ALGOL ~l PROCEDURES IN NUMERICAL ALGERRA, PART 1, 
MC TRACT 22, 1Q~A, MATHEMATISCH CENTRUM, AMSTERDAM. 

fXAMPLI; 11F lJSi: ; 

SF~ EY AMPI.F OF IISE nF SOLBNO. 



11co11r 11 343zoa 
11p1rnCEfHJPt'* !'lii:CBNDI A» N, lW; f<loh AtlX, "1, P l: "VALUt:. 111 N;, lW.11 RW; 
11 INTEGfR" N, LW, RW; '1 INTEGER" "ARRAY 11 P: 11 ARRAV 19 AD M.11 AlJ)(; 
11 BFGIN 11 11 INTEGF.R" IP J, I<; KK, 1<1<1, PI<» Ml<, II< .. lWl, F, 0.11 W» Wl, 

W?.» NRW» IW» S!'lET; 
11 REAL 11 P, S, EPS, MIN; 
11 ARRIIV 11 vn 31'03 

11 REAL 1111 PROCEDURE 11 VECVEC(A, Be C, D, E); "CODl 11 3401~; 
"PROCEDURE" t:LMVEC ( A, B, C, D, E, F l; 111 COOE 19 34020; 
11 PROCEOIIRE11 IC!-11/EC( Ae B, C, D) 3 11 CODI:" 340303 
Fas LWS Wlsa lW + RWB 1,/Sm Wl + lS W?Sm W = ?.3 IWam 03 SOETsm lt 
NRWtm N - RW; lW11m LW + 11 QSm LW = 1; 
IIFQRII I:m 2 IISTfPII 1 11UNTIL11 LW 11 00" 
11 AEGIN 11 aam Q = li IWSm IW + Wll 

"FOR" Jim IW Q "STEP" 1 "UNTIL" IW noon A[J]lm D 

IWsm - WlW Qaffi - LWS 
11 FORtt Jam l "STEP" l "UNTIL" N noon 
"8EGIN" IW1 5 IW • W; "IF" I Cm LWl "THEN 11 IW1m JW - Ii 

Olm Q + WS 11 IF 11 I> NRW "THEN" QSm Q - 11 
V[l13 00 SQRTCV[CVEC(IWa Q, o. A» A)) 

"i:Nl)II; 

EPSrm AUX[213 "INsm 15 KKts - Wll MKsm LW3 
"IF" F > NRW 11 THEN" W2tm W2 + NRW - FI 
"FOP" Ktm 1 "STfP 11 l "UNTIL" N noon 
"BEGIN""IF 11 F C N "THEN" Fam F + 13 IKam KKim KK + Wi 

MK3 00 MK + LW3 Sim ABS(A[KK]) I V[K1t PK!& Kl KKllm KK + li 
nfnR 19 Jim I<+ 1 "STEP" 1 "UNTIL" F noon 
"BFGIN 11 IKam IK + WlS MC~~+ I - K)am Rim A[lKli A[IK1Sm O; 

R1 .. ABSUU I IHIH "Ii= 11 R > S 11 THFN 11 

11 BfGIN 11 Sim Rt PKlm l 11 END 11 

11 ENO>lg 
AJFn S C MIN IITMFN" M[Nim St "IF" S C EPS ATHEN 11 
11 HEGIN" AUl[!]lm K - 11 AUX[5]tm S; "GO ran END 11 E~D•1 
11 IF" K + W? >m ~ "THEN" W2S• W2 - li 
P[Kltm PKt AIFH PK A., K •THENH 
•sr~IN" V[Pl<]im V[K]; 

PK#" PK - Kl ICHVEC(Kl<lD KK1 + W2a PK* Wl, Ali 
SD~Tsm - SDETI Rtu MfMK + PK]; M[MK + PK]tm A[KI<]; 
A[KK]r" R 

"FND" 11 ELSE 11 RB• A[KK]i 11 IF" R c D "THEN" SDET&m - SnETI 
rw, .. KKll LWli" F - K + MK: 
11 FaR 11 r, .. "11< + 1 11 sri=pn 1 nirnru 11 LWl 1100 11 

11 REGIN• M[I1aw Sim MCI] I R; IWtm [W + WIS 
~lMVEC(IWa IW + W2e Kl<l = IWD A, A,= SI 

"ENO'* 
11END 11 1 
AUXf~]im Ni AUX[5]Sm MIN; 

EN02 AUX[l]: 0 SDET 
11END" flECfHlD I 

"iOP" 



cnNTRtRIJTnR 

INC: TI TU TE MATHEMATICAL CiNTRte 

RfCf!Vtn 

RRIEF DFSCRIPTION 

THIS SECTYnN CONTAINS THE PROCFDURE DETER~BND 
Fl'JR THE CAll'.:!llATICIN OF THE DETER~INANT m= A BAND MATRIX .. 

K/!Y WORDS 

OETfRMINANT, 
RAND MATRIX. 

TMr HfADJNG nF TH~ PROCEDURE IS 

PAGE l 

•RfAL••PROCfDURE" DETERM~NOCA, N, LW» RW, SGNOET); •VALUE" N, LW, 
RWi SGNDETS "INTEGER" N, lW• RW• SGNDETB "ARRAY" .A; 

DETFRMBND DELIVERS THE DETERMINANT OF THE ~ATRir. 

THi; MEANING nF T!le HlRMAL PARAMETERS IS 

A, N, LW» RW : Sf~ CALLING SEQUE.NCE OF Df.CBND 
(SECTION 3ele2olololelela): 
ENTRY 8 THE CONTENTS OF A ARE AS PRODUCED BY necsND ~R 
DF.CSOL8NO (SECTION 3olo2ol.1.lolo3e)i 

SGNOET <ARITHMETIC EXPRESSION>; 
~NTRY s THc Slr.N OF THE DETERMINANT AS OElIVERE~ IN 
AllX[l1 BY DECBNO, IF THE ELIMINATION 8V OECBND WAS 
SUCCiESSFIJL., 



(0£:CEMBrR 1Q75l 

PIHJCEDUPFS UStD 

RIINNHIG TIME 

UNGUAGF 

MFTHnD AND PF.RFnR~ANCF ' 

D~T~RMBNO CAN Rr CALLED AFTfR QCCBND OR DF.CSOLBND ONLY IF THE 
GAl!SSIAN i:LIMINATION WAS SUCCESSl=IJL, I..!c• IF AUXC3] '" Ne 
THE FIINCTION VAL!JE nF DETERMBND IS 
TMt DETfRMINANT OF THE GAUSSIAN ELIMINATED UPPER TRIANGULAR 
MATRIX PRnVIDED WITH THE CORRECT SIGN THAT IS DclIVERED RY 
DrCBND OR DFCSOLBND IN AUXtlle 
OFTFRMBND SHO!JI. D NrJT 13£ CALLEO \./HEN OVERFLOW CAN RI: EXPECT!:O., 

SE~ 2XAMPLES OF USE OF SOLBND AND OECSOLBNDe 

t:O!IRCE TEXTIS) t 

11 COD[ 11 '34321& 
11 REAL 1111 PR □CEOURE 11 DiTiRMBND(A; N, LW; RW1 SGNDET>; 
11 VALU~ 11 N, LW1 RW» SGNDfT; "INTLGER" N, LW• RW, StNDET; "ARRAY" A; 
11 BFCIN""INTEGFR" I. L: 11 REAL" P; 

Ls• lt PI• 11 LWt• LW + RW + 13 
nFnRtt It• l "STFP" 1 "UNTIL" N noon 
"BEGIN" Pz• A[ll * P: LS• L + LW "END"; 
OETERMBNO&• ABS(P) * SGNOET 

"i}ND" Den:i.?MAND& 
11 EnP 11 
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Rl:VTSriR 

INSTITUTE MATHEMATICAL CENTRE@ 

RECEIVFD 

BRIEF OFSCRIPTinN 

THTS SECTION CONTAINS TWO PROCEDURES. 
A) SnLRNOa FOR THi SOLUTION nF ONE OR MORE SYSTEMS 
OF LINEAR EOUATIONS WITH THE SAME COEFFICIENT MATRIX, IF THT.S 
MATRIX HAS sr~N D~COMPOSED 0Y A CALL OF THE PR □CiDURE DEC9~D 
«S~CTI □N 3ela2elelelalelele 
R) Df.CSOLBN!h FOR THE SOLUTION OF ONf. SYSTEM OF 

PAGF 1 

lINfAR FOIJATHJNS ElY GAUSSIAN HIMINATION WITH STABILIZING ROW 
INTFRCHANA~S IPARTIAL PIVOTING} IF THE COEFFICIENT MATRIX IS IN 
BAND FOR~ AND IS STOR€D ROWWISf IN A ONE~DI~ENSIONAL ARRAYo 

KtV IJIJRf'l') 

LIN&AR EOUATIONSa 
PARTIAL PIVnTING, 
GAUSSIAN ,LIMINATIDNb 
SANO MATIHX .. 

Sll"SECTYON Sl'!lBND,. 

T4F. HEADIN~ OF THf PROCEDURE IS 

11 Pi:!OCEDUREH '-OLBNIH Ac tle Ulc R\Jc M, P» 8) # "VAUtr:vi lh i.W, RWS 
11 INTEGER 11 Ne LW, RWI 11 INTEGER 1111 ARPAV 11 pg 11 ARRAY 11 A, M, R; 

T~f MEANING OF THE FORMAL PARAMETERS I~ 

A. N. LW. RW; M, P • Ste CALLING Sf0UcNC€ OF OECBND@ 
FNTRY I THE CONTE~TS OF THE ARRAYS A• M, PARE AS 
PRODUCf:D BY DeCBNOt 

B <ARRAY IDENTIFIER>; 
"ARRAY" 8[1 a Nls 
ENTRY I THE RIGHT HANO SIDE OF THE SYSTEM OF LINEA~ 
i!OIJATIONSJ 
ilIT THE SOLUTION OF THF SYSTEM. 



l>ROCt DIJRES U<:EO t 
VECUFC $ CP140109 
FlMVEC oo CP~4020e 

RUNNING TI"I!: 
(C3 • lW + C4 • R~ + C5) • N; 
THE CONSTANTS c~, C4 AND c~ ~EPEND UPON THE 
ARITHMETIC nF THE CnMPUTERe 

LANGUAGI ALGOL 6Ue 

SIJLRND CAlCIJlATt:S f!,;!ii: S □ LUTHlN OF A SYSTEM OF U:NEAR EQIJAHfJI-IS, 
PROVIDED THAT THE MATRIX WAS DECOMDDSED BY A SUCCESSFUL CALL nF 
OECBND <S~CTION a~le?elel@lele1e>e 
TME SOLUTION OF THE LINEAR SYSTEM IS oqTAINEn BY CARRYING !JUT THE 
ELIMINATIONS. FOR 
WH!C4 THE GAUSSIAN MULTIPLIERS ARE SAVED, ON WE RIGHT MA!llfl SIDE.1> 
AND BY SOLVING THE NEW SYSTEM WITH THE UPPER TRIANGULAR BAND ~ATAIX 
D AS PRnnuc&o BY DECBND, BY BACK SUBSTITUTION@ THE SOLUTIONS OF 
SEVfAAl SVSTF.MS WITH THE SAME COf.FFICIENT MATRIX CAN BE ORTATNED RV 
SUCCESSIVE CALLS CF ~OLBN00 

F'XAl<IPL.? rJF usr: s 
THF FnLLOWING PAOGRAN SOLVES THE SYSTEM ~F SI~ULTANEOUS EQUATI~NS 

Z $ Xl X2 
Xl + 2 * X2 X3 

X2 + 2 $ X3 
)(3 

X4 
+ 2 * X4 X5 

X4 + 2 * X5 

.. 1 
,. j 

.. 0 

.. 0 

" 1 

"BEGIN""CC~MENT" 11na22. TEST DECBND. SOLB~D AND DFTERMBND$ 
•PROCeDURE• DECBND(A• N• LWe AW, AUX, M, PII "CODE" 3432D; 
"PROCl:OURl:11 SOLBND(A.,. N.,. lloJ• Alil• M• Pi, BI g t!CCJDf 11 3407U 
11 REAL""PROCEDURE" DETERMBND(Ai, N.1> LW. RW, SGNDET}i •CnDE" 34~21$ 
•INTEAFR• It •INTEGER""ARRAY" ROWIND[l a 511 
11 ARRAY" RANO[l t l3]i, MULTCl s 4]§ RIGHTID AUX[l 2 5]1 
"FOR" Ism 1 •STEP" 1 "UNTIL" 13 1100 11 

BAND[I]I$ W[FII II+ 11 '' 3 • 3 c I "THEN" 2 "ELSE" - 11 
RIGHTCl]Zm RIGHT[5]:m li 
"FOR• Ism z., 3o 4 •D □ 11 RIGHT[J]tm 01 AUX[2Jmm 11= 121 
DECBNDIBAND9 5s 1» 1» AUX, MULT, AOWINnl; 
11yft1 AlllCC!I] '" 15 "THEN" 
•BEGIN• SnLBNDIBAND, 5.1> lo l• MULTo ROWIND, RIGHTJIB 

OUTPUTl61.,. 11 ("'(+2Ze4D?S), / 11 1"DETEAMINANT IS "l" +eRD 11+Dn 
iqw@ IRIG4HI1.1> Itm 1 r '5l.1> DETERf'IBIIIDUIANPo 5, 1, lu A!lXf.:U)l 

11 ENl'.l 11 

"ENO" 

DELIVERS 
+l.,OJ{l,:.i +l.,OQ;)~ +l.,iJO~l-0 +l.,\J,JOtJ 

DfTERMYNANT IS +.,60000000 11 +01 



SllBSFCTtrJN OECSOL13ND., 

CALLIN~ SEQUENCE 

TME HEADING OF THF PROCEDURE IS t 

91 PIH1CEOURf" OECSOLBND(A, N, LW, IH#.11 AUX, BH "VALUE" N, LW, RY; 
"INTEGfR" N, LW, RWI "ARRAY" A» AUX, Bi 

THt' MFANING OF THE FORMAL PARAMETERS IS 

A, N. UI, RWa All)( 1 SE:E DECBND (SECTION t 3alo2elelelele1.>¥ 
q I SEE SOLBND (THIS SECTION> .. 

PROCEDURFS USED 

VfCVEC • CP~4~1~, 
ElMVEC m CP34020, 
ICHVEC • CP34030o 

RFOUIRED CENTRAL ~F~ORY 

EXfCUTION FIFLO LENGTH a A REAL ARRAY OF N f:LE~£NTS AND A R~AL 
AR~AY OF lW + 1 EL~MENTS ARt DECLARED~ 

RUNNING TI ME 

(Cl$ LW + c~, * (LW + RW + l) * Ni 
THE CONSTANTS Cl AND Cb DEPEND UPON THE 
ARITMMETIC OF TME COMPUTERe 

lANGUAGF ALGOL 6(]., 



(JIINE 19741 

DfCS □lBND P~RFORMS GAUSSIAN ELIMINATIJN IN THE SAME WAY AS DECBND 
, MfANW~[lf ALSO CARRYING OUT THE ELIMINATION WITH THE GIVFN 
A[GHT HAND SIDfe TMF SOLUTION OF THE ELIMINATED SYST~M IS 1BTAINFO 
BY qacw SU8STITUTIONe 

ttq~~IN""COMMENT" 13oa22. T2ST DECSOLBND ANO DETERMBND! 
11 PROCEDURf 11 Dt:CSl1LBND(A; N., LW» RW, AUX» B>t 11 CODE" 343?.2i 
11REAL 11 11PROCEDUAf" DLTERMBND(A, N, LW• RW, SRNDETll 11 CODF 11 343211 
11 tMTFGFR 11 I: 
11 ARRAY 11 BAND[l s 13], RIG4T, AUXfl e 5]; 

11 FOR 11 Iaw 1 11 ST[PII 1 11UNTIL 11 13 11 00 11 

RAND[I]:m "IF 11 (I+ 11 II 3 • 3 C I "THENII Z 11 ELSE" - li 
RIGHT[l]Ss RIGHTC5]Bm li 
"FOR" Ism 29 1v 4 •D0 11 RIGHT[I]ts 03 AU)([~]lm "- l?t 
DECSDLRNO(A~NO, ~, l» lg AUX, RIGHT); 
11 IF 11 AIJ)(l'3"1 "' 5 "TMFN" 
11 1'H'GIN 11 

OUTPUT{61, 11 111 51+2Ze4DZB>» l"l"DETERMINANT IS 11 1• + .. eo•+DD 
1')'19 IRir.HTCil.e II" 1 I 51a DETERMANO<BAND» ~.e la la AUX[ll)) 

"EIIIO" 
lifND" 

WMICH SOLVES THr SAME PAOBL~~ AS THE PROGRAM IN THE EXA~DLE nF USE 
OF Snl~NDe D(LIV~RS 

+l.,fllf•1,1i +1,,.:.:.J(;J. +l.,!.it(',r., +;i.,(,f.tO +1 .. 0000 
DETf.R~INANT IS +.,60~00000"+01 



SOURCE TEXT CS> t 

"CnDc" ~4011 i 
"PROCEDURE" SOLBND(Ae N. LW, PWa Ma P» Bll "VALUE" Na LW» PW; 
"INTtGERR Ns LW» RW: "INTEGER" "ARRAY" p; "ARRAY" A, B, M; 
"BEGIN" "INTEGER" F. I, K, KK• W, Wl, W2s SMIFT: 

"REAL 11 Sm 

"REAL""PROCEDURE" V(CVEC(A, Be c. D, El; "CODE• 34010; 
"PROCEOIIRf.11 1:LMIIFC( As !h c. o., E• F) I "CODE" 34020t 

Ft• LW: SHIFTS• - LW: Wll• LW ~ l; 
"FOR" Kl• l »STEP" 1 "UNTIL" N "DO" 
"BEGIN""IF" F c N "THEN" Fa ■ F + 13 SHIFTI• SHIFT+ Wll 

I••PCK]i SI• B[I]I "IF" I A. K "THEN" 
ttBfGIN" Bflll• R[K]; BtK]as S ttfN01t; 
El~VECCK + le F., SHIFT, B» M, - S> 

t1END 11 t 
Wls• LW + RWS WI• Wl + lt KKI• (N + li * W = WlJ W2S• = li 
Sl-fIFTB• N * WU 
llfQRII ,o .. N 11STEP" - 1 111Jll/''l"U" l "00 11 
"BEGIN" KKt• KK - WS SHIFT!• SHIFT - WlW 

IIJFII W? c Wl "THEN" WZI• W2 • 1; 
BrKJ:• (R[Kl - VECVEC{K + 1, K + ~2, SHIFT, B, A)! I A[KKl 

11END 11 

ttt::ND" SOLBND; 
' llf.OP II 

wwcnnl:!" 3432?! 
11 PROCEDURE" DECSOLBNDCA, N, LW, RW, AUX, 8); 11 VALUE 11 N, LW, Rijl 
"INlEGFRII N., LW., RW: 11 ARRAY 11 A, B» AUXi 
11 BEGIN 11 "1NTEGER 11 r. J, K, KKP KK1» PK» IK» LWl, F, Q, w, w1. W2,IW, 

NRW, SHIFT, SDET; 
11 REAL" R, s. EPS, MIN: "ARRAY 11 M[asLW], V[!IN]~ 

11REAL" 11 PROCEDURE 11 VECVEC(As B, C, D, E); 11 CODE 11 34010; 
IIPROCEOURE" flMVFC(A, B, C, D, E, FI; "CODE 11 34020; 
"PROCEOIIRE" ICHVEC CA, Bit Cit rn; "CODEii 3403()f 

Ft• LWB SOETI• 11 Wlt• LW + RW; WI• Wl + ii WZs• W = 2J IW&• Of 
NRWI• N - RW; LWlt• lW + l; Q:• LW - l; 
ltFQRII lim 2 IISJEPII 1 11UNTIL 11 LW HQQH 
11 BEGIN 11 08• 0 - 13 IWI• IW + Wli 

IIFOR" J:• IW - Q •STEP" 1 "UNTIL" IW "DO" l[J]tm D 



IWtw - W2 01 00 = LWI 
"FnR" Iwm 1 "STEP" 1 "UNTIL" N "DO" 
ne=GIN" IWroo TW + WI "IF" I Cm LWl "THEN" IWI@ IW -

0100 o + W; "IF" I> NRW "THEN" Qlm Q - ll 
VtI11~ SORT(V~CVf.C(IWa O, O, Aa All 

"ENDH; 
FPS1w AUY[2]1 MIN1w 11 KK: ■ - Wll 
"IF" F > NRW "THEN" W2&• W2 + NRW - FI 
HF □ Rn Kt• 1 "STEP" 1 "UNTIL" N noon 
neEGJNHRtFn F C N HTHEN" frm F + 11 TKI• KK • KK + WI 

Sr• A8SIA£KK]I I V[Kll PKI• Kl KKll• KK + 11 
"FOR" I1 ■ K + 1 "STfP" l "UNTIL" F noon 
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"BEGIN" IKI• IK + Wl: M[I - K]I• Al• A[IK]; A[IK]I ■ I 
Al• ABSIRI I V[I]I "IF" R > S "THEN" 
"B&GIN" SI• Al PKI• I "END" 

nsNnn; 
"IF" S < ~IN "THEN" MINi ■ SI "IF" Sc EPS "THEN" 
"BEGIN" AUXf1]1 ■ K - 11 AUX[~]lm SI "GO TO" END "fND"; 
"IF" K + W? ►• N "THEN" W21m W2 - 11 "IF" PK•• K "THEN" 
nqEGIN" V[PKll ■ V[Kll 

PKI• PK - Kl IC4VECCKKl. KKl + w2. PK• w1. All 
SDET1• - SDETI Rt• B(KJi BCK]I ■ B[PK + KJ; 
R[PK + K11• RI R&• MCPKJ; MF.PKII• A[KKJI A(KK1fm P 

"~ND" 
"ELSEN RI• A[KK]; ILll• KKl! LWll• F - Kl 
"IF" R c O "THEN" SDETsa - SDETI 
NFQRP II ■ 1 "STEP" l "UNTIL" LWl noon 
NRfGIN" M[Tll• $Im M[Il IRS IWI• IW + Wl 

ELMVECrrw. IW + w2. KKl - Iw. ,. •• SI 
B(K + I1i• BCK +I]= B[KJ • S 

"END"I 
AUX[~l•• NI AUX[5]1• MINI 
KKI• IN+ 11 • W - Wll W21 ■ - 11 SMIFT1m N • Wll 
"FOR" Kim N "STEP" - 1 "UNTIL" 1 noon 
"BEGIN" KKtm KK ~ Wt SHIFTtw S4IFT = Wlt 

"IF" W2 c Wl nTYEN" W21m W2 + 11 
B[W11™ IR[K1 - VECVECIK + l ■ K + W2• SHIFT 81 All I & KK] 

"END"I 
~ND AUXtl]zw ~OEi 
"END" OFCS1LBNn1 

RFQP 
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AUTHOR: Wo M□ FFMANNa 

INSTITUTE& MATHEMATICAL CENTRE. 

THIS SECTION CONTAINS TW1 PREPARATORY PRnCEDURES FOR THE 
SnLUTI~N OF SYST~MS OF lIN€AR AlGtBRAIC EQUATIONS WITH A 
TRIDIAGONAl MATRIX; 
DECTRI PERFORMS A TRJANGUL4R DECOMPOSITION OF A TRIDIAGONAl 
MATRIX., 
OECTRIPIV PFRFORMS A TRIANGULAR DECOMPOSITI~N OF A TRIDIAGONAl 
MATRIX, USING PARTIAL PIVOTING TO STA8ILIZE THE PROCESS. 

lU DECOMPOSITION, 
TR(ANGULAR DECOMPOSITION• 
TRIOIAGONAL MATRIX. 

SllRSECTr □Ns DECTRie 

TMi HEADING OF THIS PROCEDURE ISs 
"PROCEDURE" DfCTRI(SUS, DIAG, SUPER, N, AUX>J 
"VALUE" Ni "INTEGER" N# "ARRAY" SUB, OIAG, SUPER, AUX3 

T~F. ~EANING nF THE FOR~AL PARAMETERS IS1 
SUBs <ARRAY ID~NTIFIER>; 

"ARRAY" susr1s N - l]J 
ENTRVi THE SUSDIAGONAL Of THe GIVEN MATRIX T, SAVt 

T[I • 1, I] S40ULD BE GIVEN IN SUB[!], I• 1, 
• •., • N - 1; 
SUPPOSE L DENOTES THE LOWER-BIDIAGONAL MATRIX, SUCH 
THAT LU• T, FOR SOME UPPER-BIDIAGONAL MATRIX U, 
WIT~ UNIT DIAGONAL ELEMENTS, THEN LCI + l, ll WILL 
RE DELIVERED IN SUSCIJ, I• 1, •••• AUXC3l - lt 



orAr.: <ARRAY IDENTIFIER>; 
"ARRAY" DIAGrl: N]; 
ENTRVs THE DIAGONAL OF Ti 
EXIT1 L[I. Il WILL BE DfLIVERiD IN DIAG[Il• Im 1» ""'•• 

AIIXr3J; 
SUPERB <ARRAY lD~NTIFicR>; 

"ARRAY" SUPER[lt N = l]W 
F.NTRY: T~E SUPERDIAGONAL OFT: T(I, I+ 11 SHOULD BE GIVEN 

IN SUPER(IJw Is l» "®"• N = 1; 
EXITS urr. I+ l] WILL RE DELIVERED IN SUPER[I1. Im 1 • 

.,.,.,_. AUxt3] ... 13 
Ns <ARIT~METICAL EXPRESSION>; 

THE ORDER OF T~E MATRIX; 
AUXI CIRRAV IDENTIFIER>; 

"ARRAY" AUX[Zt5]3 
F.NTRV: 

LANl';tJAGE r 

AUX[?lt A RELATIVE TOLERANCE! A REASONABLE CHOICE FOR T~IS 
VALUE IS AN ESTIMATE OF THE RELATIVE PRECISION OF 
THE MATRIX EL~ME~TS. HOWEVER» IT SHOULD NOT BF 
CHOSEN SMALLER THAN THE MACHINE PRECISION; 

EXIT: 
AUX[31t THF NUMBER nF ELIMINATION STEPS PERFORMEDS 
AUH~:lm IF AUX[31 " N.o THE!'! AUX[';i] Will E0lJAl THE INF:nun

NOR~ OF T~E MATRIX» ELSE AUX[5] IS SET EQUAL TD 
THE VALUE OF THAT ELEMENT WHICH CAUSES THE 
BREIKDnWN CF THE DECOMPOSITI~Na 

THE MF.THOD USED IN DECTRI YIELDS A LOWER=BIDIAGONAL MATRIX L AND A 
UNIT UPPER-BIDIAGONAL MATRIX U, SUCH THAT THE PRODUCT LU EQUALS THE 
GIVEN TRIDIA~ONAL MATRIX; THE PROCESS IS TERMINATED IN THE K-TH 
STEP, IF THr: MODULUS OF THi K-TH DIAGONAL ~lEMfNT IS SMALLER THAN A 
CERTAIN SMALL VAlUEs WHICH IS GIVEN BV AUX[2] MULTIPLIED BV THE 
l=N □ RM OF THf. ~-TH ROW; IN THIS CASE AUXf3] ~Ill Bf GIVEN TMF. VAlUf 
I< .. l ANO AUH51 WILL BE GI\IEN THE VALUE OF THI:: K=TH l''!IAGONAL 
ELEMENT., 

EXAMPLE OF USi1 SE~ DECSOLTRI ISECTION 1ele2elelolo2@!le 



SURSECTIONs DECTRIPIVs 

CALLING SEOUcNCfz 

(DECEMBER 1Q75) 

THE HEADING OF THIS PROCEOU~E IS: 
"PROCEDURE" OECTRIPIV(SUB, DIAG, SUPER, N, AID, AUX, P!V)J 
"VALUE" Ns "INT~GER" Ni "ARRAY" SUR, OIAG, SUPER, AID, AUX; 
HBUOLEAN" "ARRAY" PIVJ 

THE MEANING OF THE FORMAL PARAMf.TERS !St 
SURI <ARRAY IDENTIFIER>; 

"ARRAY" SUB[lt N = 113 
ENTRYa THE SUBDIAGONAL OF THE GIVEN MATRII T, SAY; 

TCI+l,I] SHOULD RE GIVEN IN SUBCl1,I > l1eeeeN - 2 
FXITa LET T 9 DENOTE THE MATRIX T WITH PERMUTED R~W~s 

SUPPOSE L DiN□tes THE LOWER-BIDIAGONAL MATRIX, SUCM 
THAT LU m 1 9 , FOR SOME UNIT UPPER=TRIANGULAR MATRIX 
!le THEN LCI • 1, I] YILL BE DELIVERED IN SURC11, 
Im 1, •••• AUXC31 = 13 NOTE THAT U HAS rwn 
COOIAGDNALS, BECAUS! OF TNE PARTIAL PIVOTING DURING 
THE DECOMPOSITION; 

DIAGt <ARRAY !DENTIFIER>; 
"ARRAY" OIAG[I& N]S 
FNTRYS THE DIAGONAL OF Ti 
EXIT• LCI»IJ Will Be DELIViRtD IN DIACCil,I•l, •••• AUXr3]; 

SUPERt <ARRAY IDENTIFIER>; 
"ARRAY" SUP&R[ls N - Ill 
F.NTRYa THE SUPERDIAGONAL OF TS TCI, I+ 11 SHOULD BE GIVEN 

IN SUPeRCI], I• l• •••• N = 11 
~XTTz U[I, I+ ll WILL SE DELIVERED IN SUPER[ll, I• 1, 

•••• AUX[31 = 11 
Nt <ARITHMETICAL EXPRESSION>; 

THE ORDER OF THE MATRIX; 
AIDs <ARRAY ID~NTIFIER>J 

"ARRAY" AID[ll N - 218 
fXITsU[J,I+?J WILL BE DELIVERED IM AID[Il•I•l••••tA~X[1l•23 

AUX1 <ARRAY IDENTIFIER>; 
"ARRAY" AUX[2151B 
ENTRY! 
AUXt2Jt A RFLATIVE TOLERANCE; A REASONABLE CHOICE FOR T4IS 

VALUE IS AN ESTIMATE OF THE RELATIVE PRECISION OF 
THE MATRIX ELEMENTS, HOWEVER, IT SHOULD NOT ~E 
CHOSEN SMALLER THAN THE ~ACHINe PRECISIONI 

fXITl 
AUl[!Jt THE NUMBER OF ELIMINATION STEPS PERFORMED; 
AUXr!Ji IF AUX[!J • N, THEN AUX[!l WILL EQUAL TME INFINITY

NORM OF THE MATRIX, ELSE AUX[5l IS SET EQUAL TO 
THE VALUE OF T~AT ElcMf.NT WHICH CAUSES T~~ 
BREAKDOWN OF THE DfCOM 0 0SITIONe 

PIV: <ARRAY IDENTIFIER>: 
"B □OlfAN""ARRAY" PIVfl a N - l]S 
THE VALUE OF PIV[I1 WILL BE TRUE IF THE I-TH AND II+ 11-T~ 
ROW ARE INTfRCHANG~D, Im 1, o••• MIN(AUXC3], N ~ l>, ELSE 
PIV[IJ WILL Be FALSEe 



PRnCFDURES USEDm NONEo 

THf METHOD USED IN DECTRIPIV YIELDS A LnWER-B[DIAG□NAL MATRIX LAND 
A UNIT UPPFR-TRIANGULAR MATRIX U WITH TW □ CODIAGONALS» SUCl-l T4AT 
nu: PR.ODIJCT LU EQUALS THE GilltN TRIDIAGIJNAL MATRIX WITl-l PE RMIITED 
ROIJ5:; PAPTIAL PIVOTING IS U<;ED DMtING THE TRIANGULAR DECOMPOS ITTf"INa 
I.E. THAT fl~MENT OF THE K-TH COLUMN OF L IS CHOSEN AS PIVOT IN THE 
K-TH STEP, WHOSE MODULUS DIVIDED BY TH~ 1-NORM OF THE CORRESPONDING 
ROW nF THE GIVEN MATRIX IS MAXIMAL; TWE PROCESS IS TERMINATED IN 
TI-lie K..,Ti-1 STEP» IF THE MODIJUIS OF THE K-TI-! PIVOT HEMENT IS LESS 
THAN A CFRTAIN SMALL VALUE, WHICH IS GIVEN 8Y AUX[21 MULTIPlIED 8Y 
THt 1-NORM OF THE CORRESPONDING ROWS I~ THIS CASE AUX[l] ij!ll ~f 
GIVEN THE \IAUJIE I< = lo AND All)([!:iJ WILL BIE GIi/EN THE VAlll!: nF THF 
K-iM PIVOT ElEMfNTo 

SOURCE TE:XTSII 

"Cl'lDr. 11 ~44?:U 
IIPROCF.DIIR!= 11 OFCTR H SUB a DIAGa SUPER, N, AUlO; 
11 VALUE 11 Ni 11 INTEGER" M; "ARRAY" SU8a DIAGe SUPER, AUXI 
•eFGINII "INTEG~R" I• Mli 

"REAL" De R, S, Ue NORM, NORMl• TOLi 
T□ Lsm AUX(2li Osm DIAG[lli Rmu SUPER[l]; 
NORM!m NORMlZm ABS(D) + ABSCR); 
"IF" A8SCO! Cm NORMl • TOL "THEN" 
"BFGIN" AUXr~1@m D~ AUX[!]:m Di "GOTO" EXIT "END"; 
Utw SUPF.Rfll:m RID; Sim SUB[lJ; Nl:m N = 11 
"FOR" I:m 2 "STEP" 1 "UNTIL" Nl "DO" 
"~FGIN" Dim DIAG[I1i Rsm SUPER[IJI 

NORMlam ABS!S) + ABS(D) + ABSCR); 
r, a'" DUG r. n s .. n - u * s; 
"IF" ABS(Dl cm NORMl * TOL "THEN" 
"BEGIN" AUX[!]:m I - IJ AUX[5]:m Di "GOTO• EXIT "END"I 
Utm SUPfR{Il:,. RID; Sz,. SUB[Ill 
"IF" NORMl > NOR" "THEN" NORMaoo NORMl 

ti1~NON; 
Dim DIAGCN]: NORMlt" ABSCD! + ABS(Sli 
Dim DIAG[N]sm D - U $ S3 
"IF" ABS ( D> <" NORMl * T□ l "THEN• 
11 rHrnIN" A1Jxca1: .. 1-u; AUXC5H" oi 11 Goro11 EXIT "END'1 i 
11 IF 11 NORMl > NOR~ •THEN 11 NOR~am NORMli 
AUX[a]im N; AUX[51tm NORMI 

Fll!T8 



(JUNE 19141 

"COOF 11 '.-!4426S 
11 PROCFOURE 11 DECTRIPIV<SUB• DIAG, SUPER, N, AID, AUX, PIV)i 
"VALUt" N: "INTEGER" IH "ARRAY" SUB, our.. SUPER, AID, AlJJC; 
11 BOOLEAN" 11 ARRAY" PIV: 
11 BEGIN 11 "INTEGER" I• Il, Nl, N2S 

HREAL" D, Re S, U, Te Oe V, W, NOR~, NORMl, NOR~2g TOLi 
TOLi• AUX[21; Dt• DIAG[ll; RS• SUPER[113 
NORMS• NORM21• ABS(O) + ARS(R)i N21m N - li 
11 F0R" Ism l "STEP" 1 "UNTIL" NZ "DO" 
11 AEGIN 11 Ils• I+ 1: St• SUB[!]; Tt• DIAG[Illi Q: ■ SUPER[ll1t 

NJRMll• NORMZI NDRM2&• A~S(S) + ABS(T) + A8S(O)W 
11 IF" N □RMZ > NORM "THEN" NOR~:• NORMZI 
"IF" ABS(D) • NORM2 c ABS(S) • NORM! "THEN" 
"RfGIN" 11 IF" ABS(S3 Ca TOL • NOR~2 "THEN 11 

"BEGIN" AUXCl]I• I - 11 AUXf5lZ• S; 11 GOT0 11 EXIT "END": 
DIA~ril&" S; U:m ~UPER[i]su TI S; 
Van A!D[Ila• 0 I SS SUB[Ilt• DJ 
wa .. Sl/PER[IllS• -v. DJ D• .. DIAIHHll .. R ... IJ. CH 
Rs• Ws NORM2!• NORMl; PIU[IJs• 11 TRUE 11 

11 END 11 "ELSE" 
"R~GINII "!FIi ABS(D) <• TOL • NORMl 11 TYEN 11 

lf!H:GTN 11 A!IX[:!Js .. t - 1; A!IY[5l3• o; 11GOTCJ 11 orn "ENO"; 
Ut• SIJPER[IJs• R / Di Di• D!AG[UH• T - U * St 
AID[llS• Q; PIV[Il&• 11 FALS[II; Rt• Q 

"END 11 

11END"I 
Nr, .. N - lr SI• SUB[Nl]; TI• DIAG(N]f NORMl!• NORM2; 
NORM2S• ABS(S) + ABS(T); "!F 11 NORM2 > NORM IIJHEN 11 NOR~•• N0RM2t 
11IF 11 ARS(DI • NORM2 c ABS(S) • NORMl "THEN 11 

IIR~GINII IIIFII ABS(S) c .. TOL • NOR~2 11 THEN 11 

"SEGIN 11 AUX[31l• N2; AUX[5Ja• S; 11 GOT0" EXIT 11 END 11 1 
DIAG[NIJ•• Ss Ua• SUPER[Nl]S• T / SS SUB[Nll•• OS 
Ds• DIAG[Nltu R - U • DJ NORM2t• NORMlJ PIV[Nl]I• 11 TRU&" 

11 END 11 11 !:l~E 11 

11 BFGIN 11 11 1F 11 ABS(Dl <• TOL * NOPMl "THEN 11 

11 BF.GIN 11 AUX[3]aw Nl; AUX[51S• Di 11GOT0 11 iXIl 11 ENDII; 
Us• SUPERCN1Jt• RID; O:• DIAG[Nlt• T - U • S; 
PIV[Nl1n• 11 FALSE~ 

11 rND 91 ; 

•IF 11 APSIO> Cs TDL • NORMZ 11 THEN" 
11 8EGIN 11 AUX[~l•• Nl& AUX[5]8• Ds "GOTO" fXIT 11cND"i 
AUX[311• Ns AUX[51i• NORM; 

HYTs 
111:ND" DECTR :i'P.I\18 

"EOP 11 
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CONTRIRUTORs Ja Ce Pe ijUSo 

INSTITUTE• MATHfMATICAl CaNTREa 

BRIEF DFSCRIPTIONt 

T4I5 SECTION CONTAINS FOUR PROCEDURES 
FOR SOLVING A SYSTEM OF LINEAR EQUATIO~S WITH A 
TRIDIAG□NAl MATRIX; 

PAGE 1 

SOL TRI CA!.ClllATl:S A SOLUTIIJN BV Fl11HIARO AND 1-UCK SUSSTITIITHlN IF 
THE TRUNGUlAR DECOMPOSED FORl'I AS DELIVERED BY DECTIH IS GIVEN., 
DECSOLTRI PFRF □RMS THE TRIANGULAR DECOMPOSITION rF THE GIVEN 
MATRIX ( NOT U~ING ANY PIVOTING STRATEGY DURING THE PROCES~ > AND 
CALCIJLAT~S TH~ SOLUTION BY FORWARD ANO BACK SUBSTITUTION .. 
SOL TRIPI\/ CALCIJLA"l'f:S A S!JlUTION BY FORWARD ANO SACK SU13TITIITI!1N,!F 
TME TRIANmlLAR DECOMPOSED FORM AS DELIVERED BY DECTQIPIV IS G!VE~e 
D~CS □LTRIPIV PERFORMS THE TRIANGULAR DECOMPOSYT!ON OF THE GIVEN 
MATRIX I USING PARTIAL PIVOTING> AND CALCULATES THE SOLUTinN RY 
FORWARD AND AACK SUBSTITUTION@ 

ALG~All!AIC fQIJATIONS,i, 
llNl=AR SYSTFMSi, 
TRIOIAG~NAL MATRIXj 
FORWARD AND BACK SUBSTITUTION,. 



SUBSECTION: SOLTRJ. 

CALLING SECUFNCF.s 

f"i:: He.ADING nF THIS PROCi:DURt Iss 
ttpRnCfOURE" SOLTRICSUB, DIAG, SUPER, N, B)i 
11 VALUF. 91 N; 11 !NT!:GER" N; 11 ARRAY" SIIB, DUG, SUPER* IH 

THF ~EANYNG OF THF. FOR~6l PARA~ETERS 1St 
SUR: <ARRAY IDENTIFIER>; 

11ARRAY 11 SUR[l, N - 1]1 
F.NTRY a THE SUBDIAGONAL OF THE 
LOW~R-BIDIAGONAl MATRIX, AS DELIV~RED BY DECTRI (SF.CTION 
~.1.2.lelel@Zellt 

OIAG: <ARRAY IDENTIFIER>; 
"ARRAY" DIAG[llN]I 
FNTRV t THF. DIAGONAL OF THE LOWER= 
BIDIAGONAL MATRIX, AS DEl!VERED BY DECTRI; 

SIIPERr <ARRAY IDENTIFIER>; 
IIARRAV" SUPER[lt N - 111 
~NTRY s THF SUPt-RDlAGONAl OF TµE 
UPPER-BIDIAGONAL MATRIX AS OF.LIVERED qy DECTPI; 

Nl <ARITHMF.TICAL EXPRESSION>; 
THE nRO~R nF THE MATRIX# 

Bt <ARRAY IDENTIFIER>; 
IIJlRRAY" IHl: N1; 
ENTRYt TH& RIGHT-HANO SIDE OF TME LINEAR SYSTEMt 
EXITS THF. CALCULATED SOLUTION OF THE LINEAR SYSTEM., 

PROC~DURES USEDE NONE. 

ALGOL 60., 

SnLTRI CALCULATES THE SOLUTION OF A LINEAR SYSTEM WIT4 A 
TRIOIAGONAL MATRIXe WITH FORWARD ANO BACK SUBSTITUTIONS TMF 
TRIANGULARLY DECOMPOSED FnRM OF THE MATRIXa AS PRODUCED BY DECTRI 
(SECTION 3ele2e1elele2ell, SHOULD BE GIVEN; ONE CALL OF DECTRI 
FOLLOW~O BY SEVERAL CALLS OF SOLTRI MAY BE USED TO SOLVE seVERAL 
LINEAR SYSTEMS HAVING THE SAME TRIO!AGONAl MATRIX, BUT DIFFF.RENT 
R!GMT-MAND SIDES. 

EXAMPL~ ~F us~s St~ OF.CSOLTR! (THIS SECTION). 



SUBStCTIONs DECSnLTRis 

CALLING SEQUENCES 

THE HEAOING OF THIS PROCEDURE ISa 
19 PROC!DURI" DECSOLTRIISUB, DIA&, SUPER, N• AUXc BJ; 
19 VAUJE"1 N; "INTEGER" N: "ARRAY" Sllfh Dil'.\Gg SUPER, AUX, IH 

THE MEANING OF T~t FORMAL PARAMtT~RS rsa 
SURs <ARRAY IDENTIFIER>; 

"ARRAY" su~r1s N ... 113 
ENTRY# THE SUBOIAGONAL OF THE GIVEN ~ATRIX Te SAVI 

Tri+ 1, I] SHOULD ge GIVEN IN SUR[I1. I~ 1 • 
., "", N ... 1; 

i:=XT'!'1 SUPPOSE L DENOT'ES THF L □WER=BIIHAGONAL MATRI'XD SUCH 
THAT LU m T, FOR SOME UPPHR•BIDIAGONAL MATRIX U, 
WITH UNIT DIAGONAL ELEMENTS. THEN l[I + 1, 11 WILL 
BE OELIVERiO IN SUB[IJ, Im le eeee AUXf3l ~ 11 

DIAG2 <A~RAV IDENTIFIER>; 
"ARRAY" DIAG[II N1B 
€NTRYt THE DIAGONAL OF Ti 
F.XTTs LfI, Il WILL B~ DELIVERED IN DIAG[Ils I® 1u oeee 

AIIH 3 l; 
SUPER@ <ARRAY IDENTIFIER>3 

"ARRAY" SUPER[ll N - 11B 
ENTRY! T~E SUPERDIA~ONAl OFT; T[Ig I+ 1] SHOULD BE ~YV~N 

IN SUPER[Il» I® 1, "®•• N - 1: 
F-XITs U[I, I+ 1] WILL BE DELIV~REO IN SUPER[IlP Im 1, 

*®®' AUX[3] - lt 
Ns <ARITHMETICAL EXPRESSION>; 

THE ORDER OF THE MATRIX; 
AUXI <ARRAY IDENTIFIER>; 

"ARRAY" AUXC215]; 
ii:NTRV s 
AUXf?ll A PELATIVE TOLfRANCE: A REASONABLE CHOICE FnR T41S 

VALUE IS AN ESTIMATE OF THE RELATIVE PRECISION OF 
THt MATRIX ~LfMENTS» HOWEVERP IT SHOULD NOT 0F 
CHOSEN SMALLER THAN THE "ACHINE PRECISI □NI 

EXIT t 
AUX[1]B THF. NUMBER OF ELIMINATION STEPS PERFOR"EO; 
AUX[51! IF AUXt:31 " Np THEN AUH51 WILL EQUAL THE INFHU'.TY ... 

NORM Of THE MATRIX (SEE SECTION 3el .. 2@1.,1@1e2.,1, 
SURSECTI □N DECTRI>i 

Bi <ARRAY JDENTIFIER>; 
"ARRAY" IHUN1a 
~NTRVt THE RIG~T-HAND SIDE OF THE LINEAR SYSTEM, 
F.XITa IF AUXC3l "N, THEN THE SOLUTION Of THE LINEAR 

SYSTEM IS □ VERWPITTEN ON B, ELSf B REMAINS 
UNAL TE RE De 



PRnCEOURES USEDS 

DECTRI • CP344?3, 
SOlTRI • CP,4424. 

LANGUAGl::I ALG!Jl 60., 

(JIJNC: 1974) 

OECSOLTIU CALCULATES Tl-!E SOLIITION OF A LINEAR SYSTE~ WITH A 
TRIDIAG□NAl MATRIX! TH~ TRIANGULAR DECOMPOSITION IS DONE BY CALL[NG 
OECTRI (SECTION 3ele2elelele2ell AND THE FORWARD AND BACK 
SIIBSTITllTHIN BY CALLING SOL TRI (THIS SFCTI □tO; IF AUX[3] < N, Tl-lt::N 
THi EFFECT OF DECSOLTRI IS MERtLY THAT OF DECTRie 

EXAMPLE OF uses 

LET T RE A TRIDIAGONAL MATRIX WITH SU8DIAGONAL AND SUPERDTAGONAL 
Elf~ENTS I* 2 AND I RiSPECTIVELV CI m 1, • .,.,, N = 1>» AND DIAGONAL 
HfMENTS I + 10 ( I ,. 1, .... , N); LET B RE THE SECOND COLIIMN OF T; 
THEN THF ~!JLUT!ON OF THE LINEAR SY$TEM TX m B IS GfVfN BV THf 
SECOND UNIT VECTOR: BY THE FOLLOWING PROGRAM WE ~AY snLVE THIS 
SYSTE~ AND PRINT THF ERROR IN THE CALCULATED SOLUTION. 

"Bf'.<HN" 
"PROCErntRE" DEC~!JLTRI(L, a. u, N, ,. B); "CODE" 144?!3 
"PEAL" "PROCEDURE" VECVEC(L• U, S. A• Bls "CODE" !4010; 
"!NTEGl:P" I; 
"ARRAY" n, SUB. SUPER• B[lt3~l• AUX[2t51; 
"FOR" II• 1 "STEP" 1 "UNTIL" 30 "DD" 
"BEGIN" SUB[I1t• I* Z; SUPER[Ilsm I; D[Il&• ! + lQ; 

IHil s"' ~'1 
"END"• er11, .. lt 8[21•• 128 R[3l1• 41 
AUX[;?ls• n .. 14; 
OECSOLTRHSU!lt D, SUPERP 30.11 AUY, 0); 
OUTPU1171, tt(tt/,"("AUX[31 AND AUX[,1t")"e2C/,N)")", 
AUX['.!IJ, AUXC5J>; 
8[2)3• BC21 = 1; 
OUTPUTl71, "l"//tt(ttER~OR IN THE SOLUTION! "I"• N"J"• 
SQRT(VECVECCl» 30, o. s. B>)) 

111:ND 11 

R!:SUlTSt 

AUl[3] AND AUX[S]: 
+3.0000000000000 11 +001 
+1.2400000000000 11 +002 

ERROR IN THE SOLUTIONS +o.oaouooaooaooo 11+000 



SUBSECTIONS ~OLTRIPIV. 

CALLING SEOUFNCEt 

THE HEADING OF THIS PROCEDURE ISt 
"PRnCEOURE" SOLTRIPIVISUB, OIAG, SUPfR, Na AID, PIV, 8)3 
"VALUE" Ns "INTEGER" N; "ARRAY" SUB, OIAG, SUPER, AID, BI 
"BOOlfAN" "ARRAY" PIV; 

THE MEANING nF THE FORMAL PARA~ETERS IS: 
SURI <ARRAY IDENTIFIER>; 

"ARRAY" SURtl, N • lli 
ENTRY• TH£ SUSDIAGONAL OF THE 
LOWrR-BIOlAGONAL MATRIX, AS OtLIVfReo BY DECTRIPIV IS~CTIDN 
~.1.?..1.1.1.2.1); 

DIAGa <ARRAY IDF.NTIFIER>i 
"ARRAY" OIAG[lBNll 
fNTRY: THi DIAGONAL OF THE LOWER• 
ij!OIAGONAL "ATRIX, AS DELIVEREn BY OECTRIPIV; 

SUPERt <ARRAY IOFNTIFIER>; 
"ARRAY" SUPER[ll N - 111 
F:NTRV: T4t FIRST CODIAGONAl OF 
THF UPPER-TRIANGULAR MATRIX AS DELIVERED RY DECTRIPIV; 

Ns <ARITHMFT1CAL EXPRF.SSION>r 
THE ORDER OF THE MATRIX; 

Al~r <ARRAY IDENTIFIER>; 
"ARRAY" AIO[l: N - Z]; 
FNTRVa THF. SECOND CODIAGONAL OF 
THE UPPER-TRIANGULAR f'IATRIX AS DELIVERED BY DECTRIPIVW 

PlVt <ARRAY IDENTIFIER>; 
"BOOLEAN""ARRAY" P!V[l: N-1]; 
ENTRYa THE PIVOT= 
INFnRMAT10N AS DELIVERED BY DECTRIPIVJ 

Bi <ARRAY IDENTIFIER>J 
"ARRAY" BU Hill; 
ENTRY& THE RIGHT-HAND SIDE OF THE LINfAR SYSTEM# 
FXITt THF CALCULATED SOLUTION OF THE LIN~AR SYSTEM. 

PROCEDURES USE01 NONE. 

lANGUAGfx 

METHOD AND Pf.RFORMANCes 

SOLTRIPIV CALCULATES THE SOLUTION OF A LINEAR SYSTE~ WITH A 
TRIDIAGONAL MATRIX• WITH FORWARD AND BACK SUBSTITUTION; T~E 
TRIANGULARLY OF.CO~POSED FORM OF THE MATRIX,AS PPODUCtD BY DECTRIPIV 
(SFCTION 3.1.2elelele2el>, SHOULD BE GIVEN; ONF CALL OF DF.CT~IPIV 
FOLLnweo BV SEVERAL CALLS OF SOLTRIPIV MAY BE USED TO SOLVE SEVERAL 
LINEAR SYST~MS HAVING THE SAMt TRIDIAGnNAL MATR!Xe BUT DIFFERENT 
RIGHT-HAND sroes. 
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OAMPlf OF USi: t 

LET T 8~ TM~ MATRIX AS GIVEN IN THE EXAMPLE OF USE Of DfCSDLTRI 
(THIS SECTION) AND LET 81 AND 82 SE THE SECOND AND THIRD COLUMN OF 
T, THEN THE SOLUTIONS OF TME LINEAR SYSTEMS T~ m Bl ANij TX ~ qi 
ARE GIVEN BY THE SECOND A~D THIRD UNIT VECTOR RESPECTIVELY: IN T4E 
FOLLOWING PROGRAM THESE SYSTEMS ARE SOLVED AND TM( iRAORS IN TME 
CALCULATED SOLUTIONS ARE PRINTFDe 

11 !3EGIN 11 

11 PROCEDUR! 11 DECTRIPIVIL11 D, U11 N, A, AX11 P)i "CODE" 144263 
11 PR □ Ci:DURE" SOLTRIPIV(l, D, U, N, A, P11 B)i "CODE'" 34427; 
11 REAL 11 11 PROCEDURE" VECVEC(L, U, S» A, B>i "CODE" 340101 
"INHGER" I a 
11 ARRAY" D• SUB, SUPER• AID, Bl, 82[11301, AUX[2t5]; 
"S□OlEAN 11 11 ARPAY" PJV[l32Q]; 
"FnRn Is• 1 "STEP" I "UNTIL" 30 "DO" 
"BEGIN" SUB[I]Jm I•?; SUPER[l]tm IS O[l]tm I+ IOI 

01[!1:m BZ[I]:m ~ 
"END"• Bl[l]Sm l# Bl[Z]cm 121 Bl[3]im 43 
82[2]3m '-1 B2[3]Z@ 13# B2[4]3m 61 
AU)C[ 2 H.. "=14: 
DECTRIPIVISUBo D• SUPER• 30, AID, AUX, PIV>w 
SOLTRIPIVCSUB, Do SUPER, 30, AIDo PIV, Bl)J 
SOLTRIPIV(SUB, 01 SUPER, 30, AID, PIV, 021; 
OUTPUTl71o "1 11 1,"("AUX[3] AND AUX[~]t"l"•2ll•N>"I"• 
AUXt'.3111 AU)([5H s 
Bl[2]am Blf2l = li B2f3]sm 62[31 = 11 
OUTPU1171, "("ll"C"ERROR IN 81: "l",N•"l"EPROR IN 022 "l"•N"1 11 , 

SORTIVECVEC!l, 30, 01 Bl, 81)!1 SQRi(VF.CVEC«1, 30, O@ 829 B2Jil 
ill;:N l)ff 

RESULTS! 

IUX[J] AND AUX[~]! 
•3$aa0Qa~oaaoaoan+oo1 
+1.?400000000000"+002 

tRROR IN Bll +0®0000000000000"+000 
ERRnR IN 821 +0@0GQOGOGOGODDG"+0~fj 
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CALLING SEQUENCE! 

THF. Hf.ADING nF T~IS PROCEOURe ISt 
"PROCfDURE" DECSOLTRIPIVl5US, DIAG, SUPER, N, AUX• BJ; 
HVALUE" N; "INTEGER" N, "ARRAY" sue. DIAG. SUPER. ,ux. Al 

THe MEANING nF THE FORMAL PARAMETERS IS1 
SURa <ARRAY IDENTIFIER>; 

"ARRAY" SUA[l! N - 111 

PAGE 7 

fNTRYS THE SUBOIAGnNAL nF THE GIVtN M~TRIX ,. SAY; 
T[I • l• ll S40ULD BE GIVEN IN SUA[Il, I® 1, 
"""@ N = 1, 

FXITm THE ELEMENTS CF SUB WILL BE nVERWRITTE~i 
DIAGI <ARRAY IDENTIFIER>J 

"ARRAY" OIAGC1a N]; 
FNTRV: THE DIAGONAL OFT; 
rXIT: THE ELiMENTS OF D!AG WILL ~E OVEPWRITTEN; 

SUPFRID <ARRAY IDENTIFIER>; 
"APRAY" SUPFR[lt N - 111 
FNTRYI THE SUPERDIAGONAL OFT; TrI» I+ ll SHOULD Bf GIVE~ 

IN SUPER[l]D Im lP eeeb N = 11 
fX!Tw THE ELEMENTS OF SUPEQ WYll BE OVERWRITTEN; 

Ni <ARIT~METICAL EXPRESSION>; 
THE ORDER OF THE ~ATRI1; 

AUXI <ARRAY IDfNTIFIER>i 
"ARRAY" AUXf2t51i 
F.NTRYt 
AUXrZ]i A RELATIVE TOLERANCE; A REASONABL~ CHOICE FOR THIS 

VALUE IS AN ESTIMATE OF THE RELATIVE PRECISION CF 
THE MATRIX ELEMENTS» HOWEVER, IT SHOULD ~OT ijf 
CHnSEN SMAllfR T~AN THe MACHINE PRECISION; 

i;un 
AUX[!]E THE NUMBER CF ELIMINATinN STEPS PERFOR~EDr 
AUXf5]1 IF AUXC3] m N, THEN AUX[51 WILL EQUAL THE INFINITY= 

NORM OF THE MATRIX (SEE SECTION 3olo2olololo2olo, 
SUBSECTION oeCTRIPIV)i 

Bi <ARRAY IDr.NTIFIER>; 
"ARRAY" B[l i N]J 
ENTRY! THE RIGHT=4AND SIDE OF THE LINEAR SYSTEM; 
~XIT: IF AUX[3] m N• THEN THE SOLUTION OF THE LINEAR 

SYSTEM WILL BE OV~RWRITTEN ON Bo ELSE B WILL R~MAIN 
UNU TEREO. 



PRt1Ci~OllR F.S usr,o I NnNf .. 

REYUIRFD CENTRAL MfMJRYi 

FX~CUTION FIELD LENGTH! ON~ AUXILIARY APRAY OF TYPi en□LfAN AND 
ORDER N IS OfCLARED IN OECSOlTRIPIV: 

lANGUAGF! 

ONF CALL OF DF.CSOLTRIP1\I IS EQUIVALENT lHTH CALLING CONSECIITIVHV 
DECTRIPIV ISECTION ~.1.,2.1.1.ie2ell AND SOLTAIPIV CTHJS SECTIO~Jt 
H □Wf\lERo DECSOlTRIPIV DOES NnT ~AKE USE OF DECTRIPI\I AND SOLTAIPIVD 
TO SA\/~ MeMORY SPACE AND TI~E; THIS IS ONLY TPUt IN TH( CASE T4AT 
lIN~AR SYSTfMS WIT4 DIFFERENT MATRICES HAVE TO RE SOLVED; IF 
AIIX(3] < N THEN 
DECSOLTRIPIU IS TERMINATED PAEMATU~ELY ISEE DECTAIPIV IN SECT[ryN 
!@1@2@1@1@1@2el)m 

TH~ SAMf lINfAR SYSTEM AS GIVEN 1N THE EXAMPLE OF USE OF DECSOLTRI 
MAY BE SOLVFD WITH DECSOLTRIPIV BY TH~ FOLLOWING PROGAAMI 

11 Bio(HN 11 

11 PROCEDUPE 11 OECSOLTRIPIV<l• D• U, No A• Bli 11 CODE 11 !442RI 
11 REAL 11 '*PRfJCEDIJREW VECVEC«L,, lie Se A» !Hi 11CODE" :!4<.'.U.th 
WINTEGF!R" I; 
"ARRAY" n, SUB~ SUPER, B[ll!Gle AUX[2s,]; 
11 FOR 11 Imm I "STfP 11 l "UNTIL 11 30 11 D0 11 

11 BEGIN 11 SUBCI]im I• P; SUPER[l]tm It DCI]tm I+ 101 
IHI]tm ~ 

11 END 11 s RrlJI® 13 8[211m 128 B[]]lm 4$ 
.&UXl'.11 z,. 11 ... 14; 
DECSOlTRIPIV(Sllf\w Dw SUPER,. :.!k'h AUX~ IH i 
OUTPUTl?l• •C•ln"l"AUX[:.!] AND AUX[51@"1"•21/•Nl"I"• 
AUXf111h AUX[5lH 
B[21t"' B[?.1.., 1: 
OUTPUTC7lw nrn//•l•ERROR IN THE SOLUTIONI •I•• N"I"• 
S0RTIVEC\IECl1e 30• o,. 8w BIJ) 

"t=Nl'J" 

Rf.SlllTS! 

/llJJU:!] AND AIJH,H 
+!oDDOna~onoooaon+nu1 
+lel4D000000000~•+002 

ERROR IN THE SOLUTIONS +OeDOOODOODDOOOO•+ODD 



S!1URCE TEXTS t 

wcnOi'" ~44;>4g 
l!PFHJCFDURE 11 SOL TR H s11e. DUG, SUPER, N .. B) i 
"VALUE 11 Na 11 INTEGiR 11 N; 11 ARRAY 11 SUBs DIAG, SUPER• Bi 
IIBJGIN 11 11 INTE~ER 11 I: 

llt:!FAl..11 R; 
Ram Bf11Sm B[l] I DIAGrl1B 
11 FOR 11 I:m 2 "STEP" l 11 UNTII.." N 11 DO" 
P:u B[!]!m IRfil - SUBCI = 1] * Rl I QIAGfIJ; 
11 FORII Ism N = 1 11STEP 11 -1 "UNTil 11 1 11 on 11 

Ram B[IJ tu BCI] = SUPER[Il * R 
"FNl'1 11 SIJl TRI; 

IIE!JP II 

'®Cf1DEW 1442'5 t 
IIPROCFDUPE 11 DECSOlTRIISUB, DIAG• SUPER• N, AUX, A!i 
11 VALIIF" Ni 11 INTEGE:R 11 IH 11 ARRAV 11 SUB• !HAG,. SIJPER» AUX, Bi 
W!H7 C.IN" 11 PROCfDIJIH:" DECTRI(SLJB, DIAG.o SUP:::R, N, AUJ()g IICOOE 11 34423: 

11 PROCEDURE" SnLTRI( SUB, DIAG. SUPfR• N, 8)$ 11 CODE" ~44?4! 
DECTAif5UR, DIAG• SUPER,~. AUX)J •IF• AUX[!1@ N "THEN" 
SOlTRI(SUB» DIAG, SUPeR• N» 8) 

"END" Oi=CSOLTRI: 
"E □ fHI 

"C•1 Of!" :444 21 I 
11 PROC~DURi" Sfll TR IPill<SIH!, !HAG, $! 1PER, N.• AIDc Pl\!o 13 l; 
t!VAUIE" N; 11 INTEGER" !H 11 ARRAV" SUBe OIAG1 SUPER, AlDv 8~ 
11 BO~lFAN" 11 ARRAV 11 PIVt 
ne&GIN" "INTEAfRN I• Nll 

11 Rfll" Rie Bil1 Q, 5• T; 
NU" N = U 
11 FOR" Isa l 11 STEP" 1 "UNTIL" Nl 1100" 
11 BFGIN 11 11 IF 11 PIV[Il 11 THEN 11 

"BEGIN" Bltm BfI+l]i Bilmw 8[11 •END" 
"it:lSf" 
"BEGIN" Bite 8[111 Bilsw B[l+ll "END•1 
Pim 8[I1sm BI/ DIAG[I18 
BrI+lltw Bil ~ SLJBCIJ • R 

11 END 11 t 
Rt@ B[Nlsm BfNl I DIAG[N1; 
Ti@ BrN11:oo BrNl] = SUP[R[N1] $ R; 
WIF[IRII Ii@ N - 2 "STEP• =l lllJNTIL• l 1100 11 

•BEGIN 11 Sim Rff Ram Ti Tmm B[IJ;oo ~[[] - SUPER[IJ • R -
l•IFII PIV[Il "TMEN 11 AID[Il • S "flSE 11 OJ 

16 E N0 11 

11 END• sntTRIPIVm 
WEQPOI 



"CODit- 11 ~4to2'f!; 
11 PR □CEDURF" DECSDLTRIPIVISUB, DIAG, SUPfR, N, AUX• BII 
11'\IALIIE" N; "HlTFGERn N; IIARRAY" S!JB, D!AGo SUPER, AUXw Bf! 
11 BEGIN 11 11 I~TEGER 11 Ie Il, Nl, Nit 

flR!!!Al" O, Re S• U» T, o, V, W, NORM, NDRMl, N □ RM2, TOL., 
1n. en. qn: 
11 Rn □LEAN 11 11 ARRAV" PIU[liNli 
rou .. AUxr:ni o, .. IJUGUH 1, .. SUPciR[.U; IHI'" !HUi 
NDRM!m NORMli" ABSl~l + ABS(R); N2t" N = 2; 
11 FOR 11 Jim 1 11 STEP 11 l "UNTIL 11 N2 11 00 11 

"RFGIN 11 Ill® I+ lt S1w SU8fI]; Tsm DIAG[I1l~ Qi® SUPE,[Illi 
en: .. arn:i; 
NORMJrm NORM2; NCRM21" A85CSI + ABS(TI + A~510ll 
"IF" NDRM2 > NnRN "THEN" NCRMam NORM2W 
"IF" ABSCD) • NORMZ c ABS(SI * NORMl "T4EN" 
"REGIN" "IF" 185(5) Cm TOL • NCRM2 "TMEN" 

11 BEGIN" AUXf1]tm I - 13 AUX[51sm Si "GOTO" EXIT "ENnn; 
Utm SUPER[I11 .. T'S; Bllim B[I]Sm Bil 'S; 
RI1m BI= Rll • D; Vim SUR[IJ1m QI Sa 
W!'" St!PERl'.Illi" -V • DB o,., OUG£U11" R .. U • 0$ 
Rim WI NORMZ1m NOR~l; PIV[IJ1m "TRUE" 

11 EN0 11 "El$E" 
"BEGIN" "IF" A8SIDI cm TnL • HORMl "TYEN" 

11 BEGIN 11 1uxr,1:w I - lt AUX[5]1s 01 "GOTO" EXIT "EN0 11 1 
Uz., 5.IIPfRCI11,. R I O; BII" !HIJI" IH I fii 
811" 811 - BI• Si Di" nIAGfil]im T - U • Si 
PIV[I]im "FALSE"I RI@ a 

"ENl)II 
llf I'-! I) !I$ 

Nli" N - lt Si" SUB[Nlll Tim DIAG[N]; NORMlim NORM21 S[llm B[Nll 
NORM2im AB$(SJ + ABS!TJI "IF" NORM2 > NORM "THFN" NORMlw NnPM?I 
"IF" ABSIDI • NnRM? c ABSISI • NORMl "THEN" 
"R~r.IN" NIF" AqSISI Cm TOl $ NORMZ "THEN" 

"Ai:G1N 11 Alllf[3]!" N2; AU)l'{'3H,. ~I 11 G □ TO" EHT 91 EN0 11 1 
Usm SUPFR[Nl]lm T / St 8111'" B[Nl]la Ril I SI 
Bism 81 =All• O; Olm R .. U • DI NORM?.1@ NORM1 

"i:ND 11 11 ELSf. 11 

"RFGIN" 11 IF" ABSIDI cm TnL • NORM1 "THEN" 
11 8iGIN" AUX[3]sw ~21 AUX[5]Se DI "GOTD 11 EXIT 11 END 11 1 
Usm SUPER[Nl]lm RID; Bllm B[Nl]I@ BI I DI 
Bii 00 Bil = RI • Si 01" T - U • S 

"f:ND"I 
"IF" IRSIDI Cm TOL • N □ RM2 11 THEN 11 

"BEGIN 11 AUXf~1ioo NJ; AUX[51S 00 Di 11GOT0 11 ~XIT "END 11 1 
AUX[i1tm NI AUX[51!m NORM; 
AIJ1m B[N]i@ AI ID; Bitm B[N&]lm q[Nll - SUPER[Nll • Alll 
11 F □ R" Ism N - ? 11 STEP" -1 "UNTIL• 1 •oon 
11 BfGIN• BI2Zoo Bil; Biltm BI; 

Riim Rf.!1im B[I1 = ~UPf~[IJ • Bil = 
l"IFR PIV[I] "THEN• SUB[I] • 812 "ELSE• G) 

11 f::NOW 8 
B.ITI 
"~ND" DECS □ llRIPIVI 



AUTHOR 

CONTRIBUTOR 2 J., KOK,, 

INS H TU TE 

1UOOle 

BRIFF OESCRIPTtON a 
THIS SfCTION CONTAINS TMc PROCfDURE CHLOiCBND 
FOR THE CHOLESKY OECO~POSITION OF A SYMMETRIC POSITIVE DEFINITE 
BAND '4ATRUe 

KEYWORDS I! 

LINEAR EQUATIONS, 
C~OlfSKY OF.COMPDSITI □ Ne 
SYMMETRIC POSITIVE DEFINITE MATRIX• 
BAND MATRIX. 

TMF HEADING OF THE PROCEDURE IS t 
wp~OCEDURE" CHLDECBNOIA• N, W• AUXIJ "VALUE" N• W3 "INTEGER" N• Wt 
"AIH!AVW A;, AIJ)O 

THE MF.ANING OF THE FORMAL PARAMETERS I~ s 
I i CIRRIY IDENTIFIER>; 

WARRAY" A[l s W • (N - 11 + NJ® 
~NTRY a A CONTAINS COlUMNW!SE (!.,Ee THE(I.Jt-TH 
ELFMENT OF THE MATRIX IS A[(J-l>•W+Il• J 00 1•ee•N;, 
ImMAX«l•J=Wt, •• ,J) THf UPPER-TRIANGULAR BAND 
ELEMENTS CF THE SY~M~TRIC BAND MATRIX# 
FXIT z THt BAND ELEMENTS Of THE CHOLESKV 
MITRII• ijHICH IS AN UPPER-TRIANGULAR BAND MATRIX WITH 
W SUPEROIAGONALS• ARf DELIVERED COLUMNWISE IN As 

N <AR!TH~ETIC EXPRESSION># 
ORDER OF THE ~ANO MATRIX; 

W <~RITHMfTIC EXPRESSION>; 
NUMBER OF SUPERDIAGONALS Of THE MATRIX! 

AUi <ARRAY IDENT!FIER>i 
•ARRAY• AUXC2 t I]; 
ENTRY I AUIC2l IS A RELATIVE TOLERANCE TO C □NT~OL TYE 

CALCULATION Of THE DIAGONAL tLEMENTS OF THE 
CHOLESKY MATRIX (SEE METHOD AND PERFORMANCE}! 

NOFIMU nn 
AUH:31 m IH 

ABNCJRJIIIU EXH t 
IUX[J] 00 K - 1, WHERE~ IS THE INDEX OF THE DIIGO~AL 
~L~MENT OF T~t CHOlfSKV MATRIX THAT CA~NOT Bf 
CUCUU'ITED,. 



VECVEC • CP14010e 

RUNNING TIME s 

fCl * W + C?l * W * N; 
THF CONSTA~TS Cl AND C2 DEPEND UPON THE 
ARITHMETIC OF THE COMPUTER. 

MrTHOD ANO PERFORMANCE a 

CHlnECSND PERFORMS THE CHOLESKY 
POSITIVE DEFINITE MATRIX, WHOSE 
AND WHOSE UPPER-TRIANGULAR BAND 
!ONAl URAV., 

OECOMPOSITION OF A SYMMETRIC 
NON=ZERO ELEMENTS ARt IN BAND FORM, 
ELEMENTS ARE STORED COLUMNWISE IN 

TME METHOD USED IS CHOLESKY 1 S SQUARE ROOT METHOD., IF THE GIVEN 
MATRIX IS POSITIVE DEFINITE, THEN THIS METHOD YIELDS AN UPPER
TRIANGULAR BAND MATRIX, THi CHOLESKY MATRIX. THE NUMBER OF 
NON-ZERO SUPERDIAGn~AlS OF THE GIVEN MATRIX AND ITS CHDLESKY 
MATRIX ARf EQUAL. T~E PROCESS IS COMPLET~D INN STAGSS, AT EAC~ 
STAGR PRODUCING A ROW OF THE CHOLESKY MATRIX. HOWEVER• THE 
PROCE~S IS DISCONTINUED IF AT SOME STAGE, SAY K, THF K-TH DIAGONAL 
EL~MENT OF THE GIVEN MATRIX MINUS THE SUM OF SOUARES OF T~E 
SUPFRDIAGONAL FLE~fNTS CF THE K-TH COLUMN OF THE CHOlfSKY "ATPII 
(THE SQUARE ROnT OF THIS QUANTITY BfING THE K•TH DIAGONAL ELEME~T 
OF THE CHOLESKY MATRIX) IS EITHER NEGATIVE OR LESS THAN A GIVEN 
RfLATIVE TOLERANCE (AUX[2]) TIM~S THE MAXIMAL DIAGONAL ELE~ENT 
THE GIVEN MATRIX. IN THIS CASE THE GIVEN MATRIX» POSSISLY ~ODIFIED 
BY ROUNDING ERRORS, IS NOT POSITIVE DEFINITE. THIS IS INDICATED IN 
AUXf3J, BY WHICH THE VALUE K • l IS DELIVERED. IF THE 
DECOMPO~ITION IS CARRIED OUT FULLY, AUIC3l BECOMES Ne 
THE PROCEDURE DELIVERS THE ~AND ELEMENTS OF THE C~OLESKY MATRIX. 
s~e ALSO REF [lJ, SECTION 222. 

Ri!FFRENCE 

[11 OEKKERD T.J. 8 

ALGOL 60 PROC~DURiS IN NU~ERICAL ALGEBRA, PART le 
MC TRACT 22, 1Q~8• MATHEMATISC~ CENTRUM» AMSTERDAMe 

fXAMPLi:! OF USE t 

SEE EXAMPLE nF USE OF CHLSOLBND ■ 



"C00E 11 34330$ 
"PROCEDllPl: 11 CHlDf.CBNOUo l'li, We AUlO i "VALUE" N, 10 11 INTEGERW !11» IJ; 
'*ARRAY" A,, AUX3 
"BEGIN" "INTEGER" J, Ka J~Ar. KK, KJv WlB START; 

"REAl 11 Ra EPS, MAXS 
11RfAl""PROCEDURE 11 VtCVEC<l» Ua Sa A, Rli 00 CODE" 34010t . 
MAX: .. ~); Kl<:., ... lilt Wlt"' W + 1; 
"FOR" Jaw 1 11STEP 11 I 11 UNTil" N 11on 11 

"BEGIN" KKsm KK + WI; 11 1F" A[KK] > MAX "THEN 11 MAXt"' A[KKJ 11 E~D"t 
JMAX:m Y: Wl:= W + 11 KKsm - W; EPSlm AUX[2] • MAXI 
11 FOR" KBoo 1 11STF.P" 1 11UNTIL 11 N "D0 11 

11 B~GJN 1111 1FII K + W > N "THEN 11 JMA)(sm JMAX - 11 KKim KK + Wli 
START#@ KK ... K + 11 
Ram A[KKl ... VECVEC«"IF 11 ¥ <m Wl 00 THEN 11 START '*ELSE 11 KK = We 
KK - la 0, A, A)I "!Fil R Cm EPS HTMEN" 
"BEGIN" AUX[3]1 00 K - l; "GO T0 11 ENO "END"; 
A[KK1Cm Rsm SQRT(Rli KJSm KKt 
"FOR" J:m 1 "STEP" I "UNTIL" JMAX "DO" 
"BEGIN" KJ1m ~J + W; 

A[KJ]Sm IA[KJ] - VECVEC("IF" K + J cm WI "THEN 11 START 
"ELSC" KK - W + J• KK - la KJ - KK• A, All I R 

llfNl)II 

"EN0 11 t 
AUX[ ~H"' Nt 

£-NOB 
lli:ND" CHI.DECRND t 

"E (HUI 
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CflNTR ISUTOR 1 

ms r nnn ~ATHEMATICAL CENTREa 

RECF.IVFD n1oc1 .. 

BR!F.F DESCRIPTION 

THIS ~ECTION CONTAINS ONE PROCEDURE, 
CHLOETERMBNO, FOR THE CALCULATION OF THE DETERMINANT OF A SYMMETRIC 
POSITIVE DEFINITE 13AND MATRIXo 

DETFRMINANT • 
SYMMETRIC POSITIVE DEFINITE MATRIX, 
13ANO MATRIX,. 

CALLING SEOUiNCE 

THf 4EAOTNG OF THE PROCcOURE IS a 

"R&AL""PROCrDURE" CHLOETERMBND(A, N, W); "VALUE" ND w; 
"INTEGER" N, Wt "ARRAY" A; 

C4LOETERMBNO D~LIV~RS THE O~TERMINANT Of THE SY~METRIC POSITIVE 
DFFINITE BAND MATRIX WHOSE CHOLESKY ~ATRIX IS STORED IN Ae 

TH~ MEANING OF THE-FORMAL PARAMETERS IS t 

SEI: CHUNG Sl:0llFNCE OF CHLOECBND 
fSf.CTION 3oleZalele2•1•1•)1 
THE CO~TENTS OF A ARE AS PRODUCED BY CHLOECBND OR 
CHlDECSOL8ND (SECTION 3el•Z•lele2ele3m)e 

Pll.nCf.DllRF.S IISED t NfJN[., 

RUNNING TIME a PROPORTIONAL TO No 

lANGUAGF ALGOL 60e 
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CHlDtTERMRND CAN SE CALLED AFTER CHlOECBND OR CHLDECSOLBNO ONLY IF 
TM~ CHOLESKY Dica,PnSITION WAS SUCCESSFUL, I.E. IF 
AUXC:31 ., Ne 
THF FUNCTinN VALUE OF CHLDJTERMBND IS THE SQUARE OF TM~ DETERMINANT 
OF THE CHOlESKY MATRIXe 
CHLOETERMRND ~H □UlD NOT RE CALLED ijHEN nVERFLOW CAN BE EJPECTrn. 

EXAMPU: OF USF. a 

SF~ fXAMPL~S OF us~ OF CHLSOLBND ANO CHLDFCSOLPND. 

"CODF." 14331: 
"Ft:.&l 1111PROCFntJPF." CHlOETERMl'lND(A,. N, Wi; 11 \JUUE" N1> \H 11 INTEGER" N,Wt 
ilARRAV'' A; 
"BFGIN""[NTERER" J, KK, W1; "REAL" P; 

Wll• W + l; KKt• - W; Pt• l; 
. "FOR" JI• l "STEP" 1 "UNTIL" N "Dn" 

"BEGJN" KKim KK + Wll Pt• A[KK] • P "FND"I 
CHlDETfRM~NO:• P * P 

"END" CHLOfT~RNBND# 
"1:0P 11 



T" J. Di KKt Re 

CONTRII\IITOR s J,. KOK .. 

r111nnur;: MATHEMATICAL CENTRE. 

RRT~F DFSCPIPTION i 
TMIS SECTION CONTAINS Twn PROClDURLS. 
Al CMLSnLBNn .. FJR THE SOLUTI~N nF nNE ~R ,.,~Rt SYSTiMS OF LlNFAR 
[OllATIOt-15 WTTH THF SAMi, COEFFICI~NT MATRIX, W\.llCl-l IS SYMMEJOIC, 
pn~TTTVE DEFTNITi ANO IN qANDFORM, PROVIDFD THAT TMI! 
MATRJ)( !-!AS "H'N DiCO"IPil'SfD 13Y A CALL rJF rm: PROCEDURE CMLDECAN!"I 
fSFCTinw 3.1.2.1.1.?..1.~.,. 
B) CHLDECSnLAND, Fm~ TII•~ Sl"JllJTIO" OF uNr: SYSnl" OF L!Nf.AR 
i!OllATinNS qy C1-10Lf$KV 9 S S::IUAQS ROOT "1ET 1rnD, PQOVIOEO THAT TI-U· 
SVMMFTPIC rn~ITIVr !"IF.FINITE COFFFIClENT MATQIY I~ IN BAND F('JRM 

ANn rs STOP~I") COLUMN~ISt IN A ONc=DIMENSrn~AL ARRAY. 

KfVWOQD'; I 
LINiAR fQlJATIONS, 
CMnLESKY OECnMPOSJTJON, 
SVMM~TRTC PU~ITTVF nEFINITE MATRIX, 
I'.\ Ii tJ O I" AT R T)( • 

SLJ~Sl::CTl'JN tr 

THF 4FADING nF T~F PROCEDURE IS a 
11 PRrJCEOlJRic 11 CHLSOLBNDU, !\le W, R)i 11 VALUE 11 Nll \.Ii "Itl!Ti:Gl:R" r,i_. Ws 
11 ARRAV" A, Bs 

THE MFANING OF THE FORMAL PARAMETERS IS s 
lo N, W a SEF CALLING SEOUENC~ OF CMLDECBND, 

THF CONTENTS □ F THE ARRAY A ARE AS PRODUCED BY 
CHLDECBNO; 

B <ARRAY IDENTIFIER>; 
11ARRAV 11 0[1 I N]J 
ENTRY* THl RIGHT 4AND SIDE OF THE !YSTEM OF LIN~Ao 
.:o!IATIONS; 
F.>rIT THE SDLlfTICN OF TH!: SYSTEM. 

VECVEC • CP34n1u. 
SCAPRDl• CP~4017. 
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(c; * 1./ + C4) * N; 
TM; CONSTANTS C3 AND C4 DEP~ND UPON TME 
ARITHMrTIC OF THi C~MPUTcR • 

.Ut.Ol 60m 

MET~OD AND PERFnRMANCE 3 

THl PROCF.DURI: CHLSOLBNO CALCULATES T4E SOLUTIOf'J OF A SYSTEM OF 
LINEAR EOUATIONS, PROVIDED THAT THE CO~FFICl~NT MATRIX WAS 
DiCOMPOSFD BY A SUCCESSFUL CALL OF CHLDECBNO (SECTION 
3.1.2.1.1.2.1.1.i. 
'i'HF SOLIITION OF THF LINEAR SYS'fi:M IS OB'i'Jl:rNEO BY CARRY!Nt; OUT T4E 
FORWARD AND RACK SUBSTITUTION WITH THE CHOLESKY MATRIX AND THE 
RIGHT HAND SIDE. T~E LATTER IS OVERWRITTEN RV THE SOLUTIO~. 
T~~ SOLUTIONS OF S~V~RAL SYST~MS WIT~ THE SAME CO!FFICIENT MATRIX 
CAN RE ORTAINEO BY SUCCESSIVE CALLS OF CHLSOLRND. 

TH( FOLUJWTNG ?R:JGRAM S1l\/ES THi: SVSTf:M OF SP!IJL TANi.:OUS ::OIIATIO!IIS 

, • )(1 )(2 .. l 
lfl + 2 • )(2 l(3 .. ,u 

)( 2. + 2 • X3 )(4 " 0 
X3 + 2 * X4 X':> .. 0 

Y.4 + 2 * )( 5 .. l 

"RFRIN""CPMM~NT" 710829, TEST C~LDECBND, CHLSOL8ND AND 
C.!lDUERMBND; 
"PRnCEDURE" CHLnEcqNDIA, N, w, AUX)I NCQOE" 3433~1 
"PROCEDURE" CHLSDLBND(A1 N, W, B)i "CODE" 1431?; 
"RfAL""PRnCEDURi" CMLDfTfRMBNO(A, N, W): «CQDl" ~4331; 
ttINTEGi:R" I; 
"ARRAY" 5YNBAND[1 s Q], RIGHT[l a ,1. AUX[2 i 3Jt 
"FOR" It• l "STEP" 1 "UNTIL" 9 "DO" 
SYMBAND[Ils• "IF" I II Z • 2 c I "THEN" 2 "ELSE" - 11 
RIGHT[lJE• RIGHT[~]:• 1; 
"FOR" IB• 2. 1, 4 "DO" RIG4T[I]t• n, ALIWr?1t• "- 121 
CMLDECBND!SYMBAND, 5, 1, AUX); 
"IF" AUW[3] • 5 "THEN" 
nqEGIN" CHLSOLPNO(SYMBAND, 5, 1, RIGHT); 

nUTPUTl6l, "'"~(+2Z.402R), l"C"DFTERMINANT JS "'" +.BO"+On 
"I", (RIGHT[IJ, !is ls 51, CHLD~TERM8NO(SY~BAND, 5, llJ 

11 EN0 11 

"f:r-lD 11 e 

T4IS PROGRAM DELIVERS: 
+1.,C.,lH'.lC +l.,CJOu +l.,J,0:,j.J +:!.@~r.l'l] 

DF.TfRMINANT IS +e60000000 11 +01 



Alll SllR'H~CTHJN 1 CHLOECSl'JLBNO. 

CON 

INS 

REC 
T4e HEADING OF THF PROCEDURE IS : 

BRI 11 PIHJCEOURE'* CHlOECSOlBNDU, Nt W, AUX, B); 11 IIALUE 11 N.11 IU 
"fNTEGER" N.,, Wt "ARRAY" A.11 AUX, BI 

CAl 

THt' MfANING OF THE FORMAL PARAMcTERS IS t 

PROC(DURES USED: 

CHLDECBND • CP34330.,, 
CHLSOLBND m CP,4311@ 

IHINNING TIMF.& 

! SH CHLIJHBNO I 
t SEE CHLSnLB~D. 

(Cl$ W + C5) • W * N; 
T4e CONSTANTS CJ AND C5 D~PEND UPON THe ~Lf~SNTARY 
ARITHMETIC OF THi COMPUTER. 

U!NGHAGI: ALGOL 6,0o 

METHOD ANO PERFORMANCE· 1 

CHLDECSOLBNO SOLVES A SYSTEM OF LINEAR EQUATIONS SY CALLING 
C4LOECBND ANn, PROVIDF.D THAT THE CHOLESKY OF.COMPOSITION WA~ 
SIJCCfSSFIIL.,, CHLSOLBNOo THE COEFFICIENT MATRIX OF THIS SYSTEM HAS Tfl 
Sf A SYMMtTRIC POSITIVt DEFINITE BAND ~ATP.IX WHOSE UPPER-TRIANr.UlAP. 
~AND ELEMENTS ARE STORED COLU~NWISE IN IONAL ARRAYe 

nm PROGRAM 

RBEGIN""COMMENT" 730629, T~ST CHLDECSOLSND AND CHLDETERMBND; 
"PROCEDURE" CHlDECSOLBNDCA, N, W, AUX, B>; "CODE" 343331 
»P.fAl""PROCEDURf" CHLOETER~BND<A, N, W)g "CODE" 343311 
"!NTl:GER" U 
ttARRAY" SYM8AND[1 s 91, RIGHT[l 8 5], AUX[2 t 3]1 
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PROCl.:OllRES USE!H NONE® 

LANGUAGfs 

METHOD AND P~RFORMANCfz 

THE METHOD USED IN DECSYMTRI YIELDS A UNIT UPPFR-BIDIAGONAL MATRIX 
u ANO A DIAGONAL MATRIX D, SUCH THAT THE PRODUCT U'DU EOUALS THE 
GIVEN SYMMETRIC TRIOIAG□NAL ~ATRIX3 THE PROCESS IS TFR~INATED I~ 
THE K-TH STFP IF THE MODULUS OF THE K-TH DIAGONAL ELEMFNT IS 
SMALLER THAN A CERTAIN SMALL VALUE, WHICH IS GIVEN BY AU1[21 
MIH. TI PLIED BV THE 1-NORM OF THE K=TH ROW; IN THIS CASE AUl{[1 'J WILL 
BE GIVl:N THE VALUE I< - 1 AND AtJX[5l WJLL BE GIVEN THE VALUE OF 
THE K-TH OIAGnNAL ELEMENT. 

SOil fl<AMPLF OF LfSf: SEE DEC'iOLSYMTRI (SECTION 3 .. 1 .. 2.1,.1.2,.2.,::n., 

"Cn 
<lfPR SOURCE TEXT@ 
11 AR 
"BE "CODE" 3442D# 

11 PROCE!)IJRfll f'lECSVMTRIHIIAG, CO, N, AUlO t "IJA!..UE 11 IH 11 l'NTEGER" !H 
11 ARRAY" DIAGe CO§ AUX; 
11 BEGIN" "INTEGER" I, Nl; 

11 RFAL" O, R, S. U, TOL, NORM, NORMR; 
TOLt• AUX[2]B Di• DIAGrl]8 Ra• CO[l]i 
NORM!• NORMRt• ABSCD) + ABS{R)3 
"IF" ABS(O) Cm NORMR • TOL 11 T~EN" 
"BEGIN 11 AUX[31&• 03 AUX[5]1• DJ 11GOT0 11 EXIT 11 END 11 J 
Ur• CO[llt• R I 03 Nls• N = lf 
11 FOR 11 It• 2 11 5TEP 11 1 11 UNTIL 11 Nl 11 00 11 

11 BfGJN11 SS• Rs Rs• CO[I]J OS• DIAG[l13 
NORMR&• ABS(S) + ABS(D) + ABS(R); 
ns ■ OIAG[JJ:• D - u * S; 
11 IF 11 ABSIDI Ca N□RNR * TO!. 11 THEN 11 

nerGIN 11 AUX[3]1• I - li AUXt5li• D; "GOTO" EXIT 11 fND 11 t 
111• CO[IJI• R / D; 11 IF 11 NORMR > NORM 11 THEN 11 NORMt• NCTRMR 

"END" g 
01• DIAGrNJt NORMRlm ABS(D> + ABS(R)t 

11cr O:• DIAG[N]; .. D ... U * R; 
11 PF 11 IF 11 ABS(D) <• NORMR • TOL "THEN 11 

"I~ 11 BEGINtt AlfX[3J2• Nl; AUX[5JS• O; 11GOTOII EXIT 11 EN0 11 t 
"Pf "IF" NORMR > NORM "THEN" NORM:o NORMR; 

AUX[31ftm N; AUX[5Jt• NORMS 
~XIT t 
"END" DECSYMTRI; 

IIFQPII 



~ t CHlDECSOlBND. 

:<HIENCE I 

!ADING OF THF PROCEDURE IS : 

:DURE" CHlDECSOlBNDU, ill. W-"' AIJX, 8) I "IIALUE 111 N, \,J; 
iER" N, Ws "ARRAY" A, AUX• B; 

ANING □ F THE FORMAL PARAMiTERS IS I 

USF.D I 

BND " CPl433•0• 
BND • CP34H2e 

t SEf CHLOECBNDI 
t SEE CHlSOlBND. 

W + C5) * W $ N; 
NSTANTS Cl AND CS O(PiND UPON THE ~l~M~NTARY 
ETIC OF TH£ COMPUTERo 

HGOl Ml., 

PERFORMANCE· r 

;nLBND SOLVf.S A SYSTEM OF LINEAR f.QUATIONS BY CALLING 
3ND ANn, PROVIDED THAT THE CHOLESKY OF.COMPOSITION WA~ 
iFlll.- t.HLSOLBND. THE COEFFICIENT MATRIX OF THIS SYSTEM HAS Tf'l 
fMMtTRIC POSITIV~ DEFINITE SANO MATRIX WHOSE UPPER-TRIANGULAR 
.EMENTS ARE STORED COLU~N~ISE IN IONAl ARRAVo 

!GRAM 

'"COMMENT" 71~8291 TtST CHLDECSOLBND AND CHLDETERNBND; 
IC!DURE" CHLOECSOLBND(A, N, W, AUX, B); "CODE" 34333; 
1l 11 "PROCEDlJRf~ CHlDETER~BNDU, N,, W) t 11 CODt" 34'.ll3U 
'l:GER" IS 
AV 11 SYM8AND[l s qJ, R!GHT[l t 5]• AUXC2 s 3]1 

I ( SECTION 

iJTION Tn 



SUBSECTION& S □ LSYMTRle 

CALLING SEOUENCF.a 

THE HEADING OF THIS PROCEDURE ISs 
"PROCEDURE" SOLSYMTRI(DIAG, CO, N, B>; 
"VAlllf" Ni "INTEGER" Nf "ARRAY" DIAG, CO, B; "CODE" 344?11 

THF. MEANING nF THE FORMAL PARAMETERS 1$1 
DIAGt <ARRAY IDENTIFIER>; 

"ARRAY" DIAGCliNJJ 
fNTRVs THE DIAGONAL ~ATRIX, AS 
DELIVERED BY DECSYMTRI (SECTION 3elo2@lele2e2@l)J 

CDs <ARRAY IDENTIFIER>; 
"ARRAY" c □ r11 N - 111 
ENTRYt THi CODIAGONAL OF THE UNIT 
IIPPF.R-BIDIAGONAL MATRIX AS DtLIVER~D BY D£CSYMTRI; 

Ni <ARITHMETIC EXPRESSION>; 
THE nRDER OF THE MATRIX# 

SI <ARRAY IDE~TIFifR>s 
*ARRAY" B[1sN1; 
ENTRY: THE RIGHT HAND SIO[ OF THE LINEAR SYSTEM; 
IXITa THE CALCULATED SOLUTION OF THE LINEAR SYSTtMo 

PROCEDURES USEDa NONi. 

METHOD AND PFRFnRMANCEs 

SOLSYMTAI CALCULATF.S T4E SOLUTION OF A LINEAR SYST~M WITH A 
SYMMETRIC TRIDIAGONAL MATRIX• WITH FORWARD ANO BACK SUBSTITUTY~N; 
THE TRIANGULARLY OFC □MPOSED FORM OF THf MATRIX, AS PRnOUCEO SY 
DECSYMTRI (SECTION 3ols2elela2e2oll, SHOULD BE GIVEN; ONE CALL OF 
OECSYMTRI FOLLOWED RV SEVERAL CALLS OF SOLSYMTRI MAY ~E USED TD 
SOLVE SEVERAL LINEAR SYST~MS HAVING THE SAME SYMMETRIC TRIDIAGONAl 
MATRIX, BUT DIFFERENT RIGHT HAND SIDES. 

tXAMPLF. OF USEt SFE DECSOLSYMTRI (THIS SECTIONle 



SU~SECTYONt DFCSOLSYMTRJs 

CALLING SEOUENCEs 

THi HEADING OF THIS PROC~DURE !Sa 
"PRnCFOURE" DECSOLSYMTR!(DIAG, CO, N, AUX, 8); 
"VALUE" Ni "INTEGER" Ni "ARRAY" DIAGs Cn, AUX, Bi "CODE" !4422! 

THE MEANINR OF THE FORMAL PARAMETERS rss 
DIAGt <ARRAY IDENTIFIER>; 

"ARRAY" DIAG[ls Nli 
~NTRYt THE DIAGONAL OF THE GIVEN MATRIX T, SAYi 
EXIT: SUPPOSE U DENOTES THE UNIT UPPER-BIDIAGONAL MATRl1, 

SUCH THAT U•DU. T FOR SOMc DIAGONAL MATRIX D, 
WHERE U• DENOTES THE TRANSPOSED MATRIX¥ THEN O[l,IJ 
WILi BE DELIVERED IN DIAG[I], Im l• ••®' AUXC31; 

COt <ARRAY IDENTIFIER>; 
"ARRAY" cor1, N • 1]8 
ENTRYa THE CODIAGONAL OF Tf TCI, I+ ll SHOULD BE GIVEN IN 

CD[Il, I•!, •••~ N - 1; 
FXITi urr .. 1 + 11 wnL sc DE:LIVERIED rn corx1, :r .. i, ...,,.. 

AUX[3] - U 
N1 <ARITHM!TIC EXPRESSION>; 

THe ORDER OF THE MATRIX; 
All)O <ARRAY IDENTIFIER>; 

"ARRAY" AUX[Zt5l& 
\';NTRYs 
AUX[2Ji A RELATIVE TOLfRANCE; A REASONABLE CHOICE FOR THIS 

VALUE IS AN ESTIMATE OF THE RELATIVE PRECISION OF 
THE NATRIX ELF~ENTS, HOWEVER, IT SHOULD NOT ijE 
CHOSEN SMALLER THAN THIE MACHINE PRECISION; 

EXIT# 
AUXDH THE NUMBER OF HIMINATillN !n"EPS PERFORl'IEO; 
AUXf5lm IF AUX[31 a N, THEN AUXC5l WILL EOUAl THE INFINITY= 

NORM OF THE ~ATRIX, tLSE AUX[5l IS SET EOUAl T~ 
THE VALUE OF THAT ElEM!NT WHICH CAUSES THE 
BREAKDOWN OF THE DECOMPOSITION; 

81 <APRAY IDENTIFIER>; 
"ARRAY" B[l&NH 
~NTRYs THE RIGHT HAND SIDE OF T4E LINEAR SYSTEM3 
EXIT! IF AUX[3] 0 N THEN THE SOLUTION OF THE LI~EAR 

SVSTE~ IS OVERWRITTEN ON BP ElSf ~ REMA!~$ 
UNALTERED. 



PRnCFOURFS LIS~Ot 

DECSYMTRI w CP3442~• 
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OECSOLSYMTRI CALCULATfS THf snLUTION OF A LINEAR SYSTEM WITM. 
SYMMETRIC TR!DIAGONAL MATRIX# TH2 TRIANGULAR DtCOMPOSITION IS O~Nf 
SY CALLING DF.CSYMTRI (SECTI~N 3.1.2.1.1.2.Z.l) AND THE FORWARD A~D 
BACK SllBSTITUTTON RY CALLING SillSVMTOI <THIS SECTION); IF AIJlt'[31<N, 
T~~N THE cFFFCT OF DFCSOLSYMTRI IS MERr:LY THAT OF OF.CSYMTR!e 

f)(AMPLF OF USEm 

LETT BE A SYMMETRIC TRIDIAGONAL MAT,IX OF ORDER 100 WIT4 DIAGnNAL 
CLEMENTS!(!• 1, •••• lOvl AND CnOIAGONAL EltMf.NTS I• 2 <I• l• 
,.,..., Qq); LET THE RIGHT HAND SIDE B ~c GIVt:N BY THE SECONO C!1LIJMN 
n~ Ti THEN TME SOLUTION OF THE LINEAR SYSTEM TX • 8 IS GIVEN RV TMi 
SECOND UNIT VECTIJIH BY THE flJLLOWING PR'JGRAM WE ~AV SOL VE 11-lIS 
SYSTEM AND PRINT THE ERROR IN THE CALCULAT~D SOLUTION@ 

"RFGIN 11 

11 PROCErlllRE" DECSOLSVMTRHO, r., N, A, R)t 11COOi: 11 3442'23 
"REAL" "PROCEDURE" VECV!:C<la ll, S., Ae BH "CODE" 340lCH 
"Il'llif!GER 01 H "ARRAY" D, CO, B[lil001, AllXf2l!i]; 
11 FOR" It• 1 11 STEP" 1 "UNTIL" l~O 11 00 11 

"BEGIN" D[I]soo Ii c □ rI]#s I• 21 B[Ilwm Q "END"I 
B[l1s ■ R[?1S• 2; S(3]1• 4t 
I.IUX[2lt,. "--14; 
DfCSOLSVMTRI(D, CO, 100, AUX, B)t 
8[?,]lm Br2] - !i 
OUTPUTl71, tt(tt/•"I" AUX[3l ANO AUX[5]t 11 l 11 ,2114R,Nl"I"• 
AUXDh AUXt51H 
OUTPUT(71, "("II,"<" ERROR IN T4E SOLUTIONt"l",N,I">", 
SORT(VF.CVEC(l, luO, O, B, B)ll 

"END" 

RESULTS; 

AUX[!l AND AUX[5]s 
+1.aoo~aotid~aau~ 11+on2 
+4.9!00~000~0~00"+002 

~ARnR IN THF SOLUTIONS+DeOOOOOOODODOD0 11+000 



SU~SECTIONs DECSOLSYMTRio 

CALLING SEOUeNCFm 

THr HEADING OF THIS PROCEDURE ISs 
"PirnCFnlJRi: 11 OECSOLSVMTIH(DIAG, CO.t N. AUJC, 8); 
11 VALUE 11 NS "INTEGER" NB "ARRAY" DIAG. en. &ux. 83 "CODE" !4422i 

THE M~ANINR OF THE FORMAL PARAMETERS ISs 
OIAGt <ARRAY IDENTIFIER>; 

"ARRAY" DIAG[la Nl; 
~NTRYs THE DIAGONAL OF THE GIVEN ~ATRIX T, SAYI 
EXIT: SUPPOSE U DENOTES THE UNIT UPPER-BIDIAGONAL ~ATRIV, 

SUCH THAT u•ou. T FOR SOME DIAGONAL ~ATRIX o, 
WHERE U• DENOTES THE TRANSPOSED MATRIX; THEN O[I,Il 
WILL BE DELIVERED IN DIAG[I], I w 1, OG@I AUX[31J 

CO: <ARRAY IDENTIFIER>; 
11 ARRAY 11 CO[ll N - llS 
ENTRYa THE COD!AGONAL OF Ti TCI, I+ ll SHOULD BE GIVEN IN 

COCil, I• !e •••• N - 1; 
FlCITt UCI, I+ ll WILL BE DELIVERED IN CO[!], Im 1, ®®®' 

AUXC3l - lB 
Ns <APITHM~TIC EXPRESSION>; 

THE ORDER OF THE MATRIX; 
A'lllr <ARRAY IDENTIFIER>; 

"ARRAY" AUXC215]S 
l!NTRYt 
AUllC2]1 A RELATIVE TOLfRANCF.; A REASONABLE CHOICE FOR THIS 

VALUE IS AN ESTIMATE OF THE RELATIVE PRECISION OF 
THF. MATRIX ELF~ENTS, HOWEVER, IT SHOULD NOT ijE 
CHOSEN SMALLF.P THAN THe MACHIN£ PRECISION; 

1::xrn 
AU1f3lt THE NUMB~R OF ELIMINATION STEPS PERFORMEDI 
AUXf5ls IF AUXC31 • N, THEN AUX[51 WILL EOUAL THE INFINITY

NORM OF THE ~ATPIX, ~LSE AUXC5l IS SET EOUAL fry 
THE VALUE OF THAT ELEM~NT WHICH CAUSES THE 
BREAKDOWN OF THE DECOMPOSITION, 

Rt <APRAY IDFNTIFIER>; 
"ARRAY" Btl&NH 
~NTRYs THE RIGHT HAND SIDE OF THE LINEAR SYSTEM; 
EX!Ti IF AUX[3l m N THEN THE SOLUTION OF THE LI~EAR 

SYSTE~ IS OVERWRITTEN ON B, ELS~ ij RF.MAI~~ 
UNALTERED. 



PRnCFOllRFS USE'Dt 

DECSYMTRI m CP3442h, 
SOL~YMTRI • CP34421. 
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11!:f.SOLSYMTRI CALCULATES THf SQL1JTION OF A LINEAR SYSTEM WITH A 
SYMMETRIC TRIOIAGONAL MATRIX; THe TRIANGULAR DlCOMPOS!TlON IS oiNf 
BY CALLING OECSVMTRI (SECTinN 3o!o2ol.!o2o2ol) AND THE FORWARD A~D 
f\ACI< SUBSTITUTION BY CALLING SfllSVMTl?J !THIS SECTION); IF Ailli'C:n<N• 
T~fN THE r.FFFCT OF DFCSOLSVMTRI IS MERfLY THAT OF OECSVMTRio 

LETT BE A SYMMETRIC TRIDIAGONAL MATPIX OF ORDER 100 WIT4 DIAGnNAL 
CLEMENTS I II ml• •••• lQu) AND CODIAGONAL fLtM~NTS I• 2 II• ls 
uu 991: LET THE RIGHT HAND SIDE B ~E GIVE:N BY THE SECOND C1llJ1'4N 
n~ Ta THEN T~E SOLUTION OF THE LINEAR SYSTEM TX. R IS GIVEN ~v THE 
SECOND UNIT VECTLlRi BY THE FrJLLOWil'JG PR'1GRA!'I WE 1'4AY SOL VE TI-IIS 
SYSTEM ANO PRINT TH~ ERROR IN THE CALCULAT~D SOLUTION@ 

11 8fGIN" 
••PROCEDURE" DFCSOLSYMTRHD. C, N, A• ~)i 11CDDE" 34422¥ 
"REAL" "PROCEDllRi: 11 \/ECVEC<L, ll• S, A, BJ® "CODE" 34Ul03 
11 INT!=GfR"' H 11 ARRAY 11 D, C □• BUH001, AIIH2t~J; 
"FOR" 13• 1 "STEP" 1 "UNTIL" 1~0 11 0 □" 
"BEGIN" D[I]&m IS COfI]sm I* 2t B[llt• a "END"B 
B[l13• 8[?1&• ?.; 3(3)S• 4; 
AUX[2]:m "-14; 
DL°CSOLSYMTRUD;, C0.1> 100, AUX» B)i 
8(7.lt• Br.2J..., 1; 
OUTPUTC71, "( 11 /, 11 (" AUXC3l AND AUX[5]t 11 ) 11 ,2(/48,Nl 11 J", 
AUXl:31» AUX[51h 
OUTPUT(71, "l"ll, 11 1" ERROR IN T4f SOLUTIONt•l••N•l•I•• 
SORT CVECVEC n- lijO, !'.I, 0, B l)) 

11 F.N0" 

RESUlTSs 

AUX[~J AND AUX[5]i 
+1.000JOO~OOQG0~11+0~2 
+4.9!tooooo~o~ao•+oo2 

~RRnR IN THF SOLUTION1+0.0000000000000 11+0oa 





SOURCE TEXTS a 

"CODE" 34421; 

(JUNE 1974) 

"PROCEDURE" SOLSYMTRIIDIAG, CO, N» Blt "VALUE" N3 "INTEGER" N$ 
"ARRAY" DIAG, CO, Bi 
"BEGIN" "INTEGER" I; 

91 Rl!Al 11 R, S; 
Rae 8fl1C B[l]B• R / DIAG[lll 
"FOR" Isa 2 "STEP" l "UNTIL" N "00" 
"BEGIN" R:• ~[TJ - COCI-ll * R; B[lli• R I DIAG[IJ 11 END"3 
Sa• BU.IH 
HFQRII Ism N - 1 "STEP" -1 "UNTIL" 1 "DO" 
S:• B[I]tm B[Il •CO[!]* S 

"END" SOLSYMTRI; 
!t!;QPH 

"CODE 11 ':l4422 s 
"PROCEDURE" DECSOLSYMTRI(OIAG» CO, No AUX, Bl3 11 VALUE 11 N; 
"INTEGER" N; "ARRAY" DIAG, CO, ALIX, Bi 
"BEGIN" "PROCEDURE" DECSVMTRI(DIAG, CO, N, AUX>s "CODE" 344203 

"PROCEDURE" SOLSYMTRT(DIAG, en. N, B)f "CODE" 344211 
OECSVMTRl(OIAG9 CO, N, AUX); "If" AUX[31 00 N "T~eN" 
SOLSYMTRI<DIAG, C □• N, B) 

ttfND" OECSOLSVMTRIB 
"1:0PII 



«DECEMBER 1975 > 

RfCEIVEDs 73U615e 

BRI~F D~SCRIPTIONs 

CONJ GRAD SOLVES A LINEAR SYSTEM OF EOUATIONS BY THc METHOD OF 
CONJUGATf GRADIENTS@ THE SYSTEM HAS TD BE SYMMETRIC AND POSITIVE 
DEFI'll!IU® 

CALLING SEOUENCEr 

THE HEADING OF THE ~RCCEDURE READSB 
"PROCEDURE" CONJ GRAD (MATVEC, Xa Ra L, Na Gn ON; ITERATE, NDRM2)t 
"VALUf" L, ~$ "BOnLEAN" GO ON$ "INTEGER" L• N, ITFRATE; 
"REAL" N□RMi; "ARRAY" X• Ri "PROCEDURE" MATVEC; 

T~~ MEANING OF TH~ FORMAL PARAMETERS ISt 
MATVECm <PROCEDURE IDENTIFIER>; 

TH~ HEADING OF THIS PROCEDURE REAOSt 
"PROCEOURE" MATVEC ( P, 0) I "ARRAY" P, 01 
THIS PROCEDURE DEFINES THE MATRIX A ITHE COEFFICIENT MATRIX 
OF THE SYSTEM) AS FOLLOWS m 

AT fAC~ CALL MATVrC □~LIVERS IN Q THE MATRIX=VECTOR PRODUCT 
APt P AND 0 ARC ONE= DIMENSIONAL ARRAYS• 
19 ARRAV" P,Q[L#N]; 

Xt <ARRAY IDENTIFIER>; 
11 AIHU'1Y 91 X[UNH 
~NTRVs AN INITIAL APPROXIMATION TO THE SOLUTION XI 
EXIT: THE SOLUTION; 

Rs <ARRAY IDENTIFIER>; 
"ARRAY 11 Rrl UIH 
iNTRYs THc RIGHT=HAND SIDt OF THE SYSTEM; 
EXIT! THE RESIDUE 8 - AX, COMPUTED RECURSIVELVI 

L~NI <ARITHMETIC EXPRESSION>1 
LANO N ARE RESPECTIVELY THE LOWER AND UPPER BOU~D OF THE 
ARRAYS X§RaP,O; 

GO ON& <BOOLEAN EXPRESSION>; 
GO ON INDICATES THE CONTINUATION OF THE PAOCESSe 
THIS ~XPRESSION MAY DEPEND OM TH~ JENSEN PARAMtTERS ITERATE 
AND NORMZ@ WITH THIS BnOLiAN EXPRESSION THE USER COMTRnlS 
THE CONTINUATION OF T~E PROCESSe IF GO ON!w WFALSEW T~~ 
ITERATION PROCESS IS STOPPED@ 

ITFRATEs<IDENTIFIER>i 
D~LIVERS THE NUMBER OF ITERATION STEPS ALREADY PERFORMED; 

NORM2t <IDENTIFIER>; 
nELIVEAS T4E SQUARED EUCLIDIC NORM OF THE RESIDUE.COMPUTED 
Pi!CllRSHH V 



PIH1CF.DIIRES usrn, 

VFCVEC • CP34010, 
ELMVEC • CP340?.0 • 

RiOUIREO CfNTRAL MEMORVs 

(JUIIIE 1914) 

EXECUTION FIELD lENGTHt 7 + 2 * ( N = l + l ). 

THE RUNNING TIME IS PROPORTIONAL TO THE NUMBfR OF ITERATION STEPS 
PERFnR"4EO. EACH ITERATION SHP REQUIRES ONE EVALUATION OF THf 
PROCtDIJRF MATVfCe THE EVALUATION OF TWO SCALAR - VECTOR = PRODUCTS 
AND ONE VECTnR - VECTOR - PRODUCT. 

UNGIIAGF I ALGOL 6k.i@ 

METHOD AND PFRFORMANCis SEE REF[lJe 

r11.J.K.REIO,. 
ON THE METHOD OF CONJUGATE GRADIENTS FOR THE SOLUTION OF LARGE 
SPARSE SYSTEMS OF LINEAR EQUATIONS. 
INtLARGF SPARSE SETS OF LIN~AR EQUATIONS [JeKeREID EOJ1Q71o 



19 81:GIN" 
"PROCEDURE" CDNJ GRAD€AeX•P•l•N,GO ON,IT.NOJ; 00 CODE 19 14'2Di 
"ARRAY" X•R[0:12]; 
11 IN'l'EGER" !1'• Ii 
"REAlH NIH 
HPROCIDUREH A«X.8)) 
"ARRAY*' x.s; 
"BEGIN" 8[01am2+X[Ol=X[11B 

*'FOR*' Ilml "STEP" l "UNTIL" 11 "00" 
B[I]Zm=X[I=1]+2*XCIJ=XCI+ll; 
B[l2llm?*Xfl2l=X[lll 

"~ND" Jn 
19 FOR" Ism~ "STEP" 1 "UNTIL" lZ "00" X[l]swB[JJsmG; 
B[~]am1;Bf1Z]am4s 
CONJ GRAD(A,X,B,0,12.IT<ZO "AND" NO>"=lO,XT,NO)i 
OIITP!JT(61, 91 (1'111(11Ho, ''>",133051h 11 (HNQo, l')Vl,N,11,l<l!h 
"("X")",ZnR,"("~") 11 ,//1'1)1'1,[T,NO)s 
l'IFOR 19 [amO 19STEPH 1 "UNTIL" 1? 1'100 19 

miTPun 61 JO 11 P'N.; a, N,., 11 > ", xc I 1., EH n > 
''1'.:Nl'l" 

DEU:\IERS s 
ITw 013 NO" +3,.3424581859911"-021 

+l .. 2141857142857 00 +000 
+1 .. 4285714285115"+0~~ 
+la642857l428572"+000 
+1e~57142857142Q"+~oo 
+2 .. 011420 5714Z86 00+otm 
+2 .. 2857142857144"+~00 
+2.,50~b~00000001"+~00 
+l .. 7142857142858 91+~ 
+2 .. Q285714285115"+000 
+3el42857142A572 19 +~00 
>t-3 .. 3571428571'129 11+0i(JIIJ 
+3 .. 5714285114286 00 +000 
+3.,1A57141A51143 00 +000 

=7e1054273576010 00~015 
+1 .. s1,121a9z4zq6 00-~14 
-1 .. 3184703260130"-014 
+le6718441615q46"~014 
-1 .. 5514524667596"-al4 
+2.2130119956186" ... 014 
=20252~161805431"-014 
+2.,0834tei49529361 19 ... lll4 
=l .. 8614551.504802"-0H 
+109161204~0!355"•014 
... l .,23 66043539824 11-(jH 
+8e2548341242118 19-0l5 
+4 .. 440892098500619=016 o 



SOURCE TEl<T IS 11 

IICiJDfll 342:>0i 

(JUNE 2974) PAGE 4 

11 PROCEDURE 11 CONJ GRAD( MATVEC, X, R• L• N• Gn ON• ITERATE, N□ RM2>1 
11 VALUE 11 l, N: 11 PROCEDURE 11 MATVEC; 11ARRAY 11 x. R; "BOOLEAN11 GO □NI 
11 INTEGER11 L• N, ITERATE; "REAL" NORM2; 
11 BFGIN 11 11 ARRAY 11 P• AP[ L# N]3 

11 INTEGER" Is 
11 REAL 11 A• B. PRR• RRP; 
11 REAL 11 11 PROCEDURE 11 VECVECI A• B• C, D, E>; 11 CODE 11 34010: 
•PRQCEDURE 11 ELMVEC( A, B, C, D, f, Fil 11CODE 11 340201 
11 FOR 11 ITERATEsm O, ITERATE+ 1 11 WHILE" GO ON 11 00 11 

11 BEGJN 11 11 IF 11 ITERATE m O 11 THEN 11 

llf:lt:GIN" MATVl:C( X, P); 
11 FOR 11 Ir~ L 11 5TEP 11 1 11 UNTIL 11 N 11 D0 11 

P[ I]Sm R[ I]am R[ I] - P[ Ill 
PRRi"' VECV[C( Lu Ns Ou Ru RJ 

11 F.Nn 11 11 ELSE 11 

11BEGIN 11 Bsm RRP / PRRJ PRRam RRPi 
11 FORII Izm L 11STEP 11 1 11 UNTIL 11 ~ noon 
P[ I]tm R[ Il + B * PC Il 

"1::1110•1s 
MATVF.C( Po AP); 
.u .. PIIR I VECVE:C( L, Ni (h P• AP); 
ELMVF.C! L, N• O, Xu Pu A)3 
ElMVECf le Nu Ou R• AP» =Ali 
NnRM2t"' RRPzw VICVEC< l• N• ~• R» RJ 

"Eh!D" 
llfNDli CONJ GR.AD; 

"EOPII 



UITGAVEN IN DE SERIE MC SYLLABUS 

Onderstaande uitgaven zijn verkrijgbaar bij het Mathematisch Centrum, 
2e Boerhaavestraat 49 te Amsterdam-1005, tel. 020-947272. 

MCS 1.1 

MCS 1.2 

MCS 1.3 

MCS 1.4 

MCS 1.5 

MCS L6a 

MCS 1.6b 

MCS 1.7a 

MCS 1.7b 

MCS 1. 7c 

MCS LB 

MCS 2.1 

MCS 2.2 

MCS 3.1 

MCS 3,2 

MCS 3.3 

MCS 4 

F. GoBEL & J. VAN DE LUNE, Leergang Beeliskunde, deel 1: 
Wiekundige baeiskennie, 1965. ISBN 90 6196 014 2. 

J. HEMELRIJK & J. KRIENS, Leergang Besliskunde, deel 2: 
Kansberekening, 1965. ISBN 90 6196 015 o. 
J. HEMELRIJK & J. KRIENS, Leergang Besliskunde, deel 3: 
Statistiek, 1966. ISBN 90 6196 016 9. 

G. DE LEVE & W. MOLENAAR, Leergang Beeliskunde, deel 4: 
Markovketens en waahttijden, 1966. ISBN 90 6196 017 7. 

J. KRIENS & G. DE LEVE, Leergang Besliskunde, deel 5: 
Inleiding tot de mathematieahe beeliskunde, 1966. 
ISBN 90 6196 018 5. 

B. DoRHOUT & J. KRIENS, Leergang Besliekunde, deel 6a: 
Wiskundige programmering 1, 1968. ISBN 90 6196 032 O. 
B. DORHOUT, J, KRIENS & J.TH. VAN LIESHOUT, Leergang Beslis
kunde, deel 6b: Wiskundige programmering 2, 1977. 
ISBN 90 6196 150 5. 

G. DE LEVE, Leergang Besliekunde, deel ?a: Dynamisahe pro
grammering 1, 1968. ISBN 90 6196 033 9. 

G. DE LEVE & H.C. TIJMS, Leergang Besliskunde, deel ?b: 
Dynamisahe programmering 2, 1970. ISBN 90 6196 055 x. 
G. DE LEVE & H.C. TIJMS, Leergang Besliekunde, deel ?a: 
Dynamieahe programmering 3, 1971. ISBN 90 6196 066 5. 

J. KRIENS, F. GoBEL & W. MOLENAAR, Leergang Beeliskunde, deel 8: 
Minima:x:methode, netwerkplanning, simulatie, 1968. 
ISBN 90 6196 034 7. 

G.J.R. FORCH, P.J. VAN DER HOUWEN & R.P. VAN DE RIET, 
Colloquium Stabiliteit van differentieeahema's, deel 1, 1967. 
ISBN 90 6196 023 1, 

L, DEKKER, T.J. DEKKER, P.J. VAN DER HOUWEN & M.N. SPIJKER, 
Colloquium Stabiliteit van differentieeahema's, deel 2, 1968. 
ISBN 90 6196 035 5. 

H.A. LAUWERIER, RandMaardeproblemen, deel 1, 1967. 
ISBN 90 6196 024 X. 

H.A. LAUWERIER, RandJuaa:r•deprob lemen, deel 2, 1968. 
ISBN 90 6196 036 3. 

H.A. LAUWERIER, RandJ..Jaardeproblemen, deel 3, 1968. 
ISBN 90 6196 043 6, 

H.A. LAUWERIER, Representaties van groepen, 1968. 
ISBN 90 6196 037 1. 



MCS 5 

MCS 6 

MCS 7.1 

MCS 7.2 

MCS 8 

MCS 9.1 

MCS 9.2 

MCS 10 

MCS 11 

MCS 12 

MCS 13 

MCS 14 

MCS 15.1 

MCS 15.2 

MCS 15.3 

MCS 16.1 

MCS 16.2 

MCS 17 .1 

MCS 17.2 

MCS 17.3 

MCS 18 

MCS 19 

J.H. VAN LINT, J.J. SEIDEL & P.C. BAAYEN, ColloquiumDiserete 
wiskunde, 1968. 
ISBN 90 6196 044 4. 

K.K. KOKSMA, Cu:r>sus ALGOL 60, 1969. ISBN 90 6196 045 2. 

Colloquium Moderne reken:maehines, deel 1, 1969. ISBN 90 6196 046 O. 

Colloquium Moderne reken:maehines, deel 2, 1969. ISBN 90 6196 047 9. 

H. BAVINCK & J. GRASMAN, Relaxatietrillingen, 1969. 
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