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PREFACE

These proceedings cover part of the lectures given in the seminar ‘Mathemati-
cal Structures in Field Theories’, held at the University of Amsterdam during
the academic years 1983-1984 and 1984-1985 (see CWI-Syllabi 2, 6 and 8).

Chapter 1 by G.M. Tuynman gives an introduction to classical mechanics
and symplectic geometry and is an introduction to the next two chapters.

M.G. Bergvelt treats in the second chapter Yang-Mills theory as a classical
albeit singular dynamical system; the mathematical frame work is in terms of
differential geometry and the paper is an application of the work by Gotay,
Nester and Hinds to the Yang-Mills system.

The third chapter by A.P.E. ten Kroode is devoted to the geometrical
description of the Toda lattice. This lattice is described as a Hamiltonian sys-
tem on a co-adjoint orbit in the dual of a Lie algebra. The symplectic struc-
ture is the Kostant-Kirillov symplectic form.

We thank the Centre for Mathematics and Computer Science again for the
excellent technical production of these proceedings.

The editors
E.M. de Jager
H.G.J. Pijls
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An Introduction to Classical Mechanics
and
Symplectic Geometry

G.M. Tuynman
Mathematical Institute, University of Amsterdam






§1. NEWTONIAN MECHANICS

The equations of motion of a system of N particles are given by Newton's
second law:

dqu
dt2

dq
> dt

QD) m, (t) = Fi(q(t) (t)) i=1,...,3N

where we have introduced the n = 3N coordinates q , ...,qn on R

which denote the positions of the N particles in space; m, denotes the
mass of a particle and F. denotes the force exerted on the '"i-th" par-
ticle.

In general Fi can depend on the positions and the velocities of the parti-
cles and explicitly on the time t, but in these notes we restrict our-
selves to the so-called time independent systems in which Fi does not de-

pend on t explicitly.

EXAMPLE 1: a particle in a constant 'vertical gravity field:
(Fi) = (0,0,-mg) (i=1,2,3) m, =m

EXAMPLE 2: a particle in a gravity well:
@) = -mr 2 @hdhe), = @hie @@

EXAMPLE 3: a charged particle in a (static) electromagnetic field with the

usual Lorentz force:

b2 ¥

> > d_> > >
) = elE(q) +JEAB@}

2le

> >
F(q,

. . 3 > . -
where e 1s the electric charge of the particle, E the electric field,

n,n 3

A

>
B the magnetic field and the vector product in R



EXAMPLE 4: a damped oscillator (in 1-dimension):

d d
F(q,E%) = —kq—a£ .



§2. THE LAGRANGE FORMALISM

The Lagrange formulation of classical mechanics starts with the assumption

that the force Fi can be derived from a potential function V(q,q) by

( dq, .\ _ _ v/ dg, ), d
(2) F, \q(t)’ﬁ(t)} = _i\q“)’ﬁ(t)/ * I

v / dq
3 40)
oq

” \q(t),dt )

. . . i . .
where V 1is a function of 2n wvariables q , q (it should be noted that
most systems which occur in practice, satisfy this assumption). Now Newton's
equations become:

2 i

d“q _d v dq _ v dq, )
(3) mi dtz (t) = E ';)?(q(t) s E(t)) aq_i(q(t) N dt(t) .
EXAMPLE 1: V(q,q) = mgq3

EXAMPLE 2: V(q,q) = -myr !

EXAMPLE 3:  V(q,d) = e{o(a) - d"4,(a)}

where Ai and ¢ are defined by the equations E = -grad ¢ , B = rotA.
EXAMPLE 4: for this system no such potential function exists.

It is well-known that the equations (3) are not invariant under changes of
coordinates, e.g. in example 2 the equation

e ey

d

0 o
t2 ar
is not compatible with the (Newtonian) equations of motion (3).

In order to derive a form of the equations of motion which is invariant un-

der changes of coordinates we introduce the kinetic emergy function T by

=

q,® = ) dm @H?
i=1

and we define the Lagrange function (or Lagrangian) L by



L(q,q) = T(q,q) -V(q,q).

With these definitions we can rewrite (3) as:

(42) 2L (q(0), §(0) = s (q(®), §(e))
3q 3q
i dqi

(4b) q (t) = T (t)

which are called the Euler-Lagrange equations of motion.

A few remarks can be made at this point. Firstly, equation (4b) strongly sug-
gests that the space IRzn is the tangent space TR®  where q are co-
ordinates on R" and q the associated coordinates in the fibres (tangent
space) :
. i 9 .
(q,4) represents the tangent vector ¢ —7 at q.
3q
. . cpos . 2 .
Secondly, with the above indentification of R " with TR" we see that
T, V and L are functions on TR® and that the kinetic energy defines
. n
a metric on R .
The usefulness of the above definitions is expressed by the following propo-

sition.

PROPOSITION 2.1: the form of the Euler-Lagrange equations is invariant un-

der changes of coordinates; more precisely if (q) <s a different set of

coordinates on R" with associated coordinates g in TR"  then (4) is

equivalent with

%(ﬁ(t), §(e)) = dd—t:% . 5o
(5) q

21 B dq‘i
g (t) = —E(t)



PROOF: we have coordinates ﬁl = ﬁl(q) hence the associated coordinates in

the fibres of TR" transform according to

21 9", ]
6) q:L = —q.—qJ
an
. (5) A1 pe j
94 . 2 d dg
Now qJ (@ q ] =ql = dqt = q at
aq 3QJ
. j i
hence dJ = %%? because 233- is invertible.
aq

Furthermore, we have the 3 equalities:

3L _ AL agJ , AL aq

sa>  8gd aqt 8l aq’
oL _ oL 330 _ oL ag) ©) 31 o
25 ,£~.+ _1~ = ~ﬂ_
ot 0gd agt gl aqt 287 aq*
i?ﬁiz_ﬁfi_éalL_?_z_@f_ik:_a_(ﬁidk): 2]
dt aql aqkaql dt Bqlaqk aql qu aql
.. o oL d oL .
Combining these 3 equalities we get TR This proves that (5)
3q 3q
implies (4); the other implication is proved analogous. QED

Till this point we supposed that the "position" of our system could be any
point of R" (the so-called configuration space). More generally one con-
siders systems in which the position of the physical system is a point of

an arbitrary manifold Q for which the motion is described by a Lagrangian
L: TQ » R . Such systems occur when there exist constraints which restrict
the position of the system (in Hfl) to a submanifold Q of R™ . Then
the position of the system is described by a point of Q and the velocities
q(t) = %% will be tangent to Q. One can prove (e.g. see [Arnold] and

references cited there) that the equations of motion remain the same:

3L _ d BL gt _ i
[7dc i 4



but now § are (local) coordinates on Q with associated coordinates §

in 1Q.

REMARK: proposition 2.1 guarantees us that the time evolution of the
"position" of the physical system ('position' seen as a point of TQ) as
described by the equations (5) is independent of the chosen coordinate sys-—

tem on Q hence the time-evolution is a well-defined process.

REMARK: on R" the kinetic energy T defined a metricy; if Q is a sub-
manifold of R" to which a mechanical system is restricted, then both T
and V are functions on TQ and T (again) defines a metric on Q (which

is the metric induced by the metric on R"  defined by T).

m, joined by a rod of length 1 then

EXAMPLE: two particles of mass m, m,

R§ 5 Q2 m? X 52 . On Rﬁ the Lagrangian is given by

m m
L= 5 @hH2+ @+ @ v 2@+ @+ @Y - .

Now (q,4) can be expressed in terms of coordinates (§,§) on TQ hence

L can be considered as a function on TQ.



§3. CONSERVED QUANTITIES IN THE LAGRANGE FORMALISM

DEFINITION: a function f: TQ - R is a conserved quantity for the motion

described by the Lagrangian L if
£ £a®, @) = 0
dt >
i.e. f 1is constant along the trajectories of the motion in TQ.

PROPOSITION 3.1: the expression E(q,q) defined by

. oL .1 .
E(q,q) = —=4 -L{q,q®)
g

18 independent of the choice of local coordinates (q) on Q, hence E

i8 a function on TQ, called the energy function.

PROPOSITION 3.2: E <Zs a conserved quantity.

. d /oL .i ) _
PROOF : dt\a.i q L/ =
q (Euler-Lagrange)
_ (4 BL) i, oL ddt oL dgt_ oL dgt g
dt 3 1/ adl dt aql dt 3&1 dt

. QED

CONSTRUCTION: if X 1is a vector field on Q expressed in local coordinates

(@) as X(q) = El(q)—§2~ then we can define a 1ift of X to TQ as fol-
3q

lows. Let P be the local 1-parameter group of diffeomorphisms of Q as-

. . . d ~ .
sociated with X (i.e. i le=0 pt(q) = X(q)) then G defines a local

1-parameter group 9, of diffeomorphisms of TQ by:
ct(q,é) 1= (pt(q), pt*d)-

The 1lift X, of X to TQ is defined as the vector field on TQ associ-
ated with the flow Op- In local coordinates (q,q) on TQ X, is given

by
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. i .
. i 3 3 .] 9
7 X, (2,9 = £'(q) = + 2 (@ =5
3¢ aq’ 3§
*
Similarly Py defines a flow Bt gapft on T Q which defines a vector

*
field X' on T Q given in local coordinates by

. i
() X(q,) = €@ = + - (@p; -
3¢"  9q ]

i *
where (q,p) represents the 1-form pidql TqQ.

THEOREM (E. Noether): Let X be a vector field on Q with representation

X(q) = El(q)'"éf then:
3q

X,L=0 = f:= jﬂi(q,d)gl(q) 18 a conserved quantity.
3q

d/. i3\ _,id oL aet o
a\® a1 Tt a gt ae A
34 3g 34

PROOF :

AL, 3¢’ dg? aL _ iaL  3g’ .j oL
i
3q

. =X L=0.
aq

3 .1 +

i ] dt .1
BqJ 9q QED

oq aq

COROLLARY: <f p, <Zs a 1-parameter group of diffeomorphisms of Q such

t

that the Lagrangian L <is invariant under the action of Pe in the sense

- -l _d
X,L=0 where X = & A T = Tele=0" ¢
i oL 4

t?:ty f=£ - .
a¢t

then there exists a conversed quan-—



§4. THE HAMILTON FORMALISM

oL

.1
3q
is a conserved quantity as can be seen from Noether's theorem (or directly

If a Lagrangian L does not depend on a coordinate q1 then p; =

from the Euler-Lagrange equations). Because such a situation frequently oc-
. . . . 9L .
curs in physics, one studies the functions P, =—7 which are called
3q’

. . . i
(generalized) momenta associated to the coordinates q .

1 2

EXAMPLE 1: oL L 0 = p, = mﬂ— and p, = mEL are conserved
—— 1 2 1 dt 2 dt
3q dq
quantities.
EXAMPLES 2: %%‘= 0 Py = %% = m(q2d1—q1d2) is conserved; Py is (a com-—
t from) th 1 S ongadd
ponent from) the angular momentum vector pang =mqng-.

The definition of p; is dependent on the choice of the (local) coordinate
system and in fact if (§) is a different coordinate system on Q we have:

- oL oL ag'j agj
(9) p.=-——=——j .i=p. T

3" 8¢’ 8g"  Jog
*
Comparison of this formula with the dependence of coordinates on TqQ , as-
sociated to coordinates on Q, shows that the functiomns P behave as co-
*

ordinates on the fibres of T Q. If we formalize this idea, we get the

Legendre map associated with the Lagrangian L :

.o > T : 2 L)
(10) me 1> 1, (@) > ((ap - 2F)

x .
where now the p; are coordinates on TqQ : (q,p) "is" the 1-form pidql.

According to (9) this definition is independent of the coordinate system

and hence well-defined on TQ.

If we want to describe formula (10) in a coordinate free way, we have to
make some preliminary remarks. First: if V 1is a vector space, then we

can identify TV and VxV; the identification is given by (v,w) € VxV
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e n

is" the tangent vector at v € V of the curve ¢: R~>V, t k> v+tw.
Furthermore, if f 1is a function on V then df is a function on TV,

more precisely
df’ TV >R, w b df| w.
v v \

But we identified TVV with V hence for v € V we have df v V>R

or dflv €v.

If we now turn our attention to TQ with a Lagrangian L: TQ - Q we have
for € and L = L‘ : L :TQ~>R; T Q 1is a vector space hence we
4€Q q T Q qa° q > g P

can apply our results:
€T aL | e (r Q" =1
= = R
v e Tl alv € (T q

(N.B. the d of qu\v is the d-operator in TqQ, NOT the d-operator

in Q!) This formula now defines a map

FL: TQ > T
) Q, (q,v) I (q,qu!V)

which is given in local coordinates by (10).

REMARK: FL 1is a map which preserves fibres (hence a fibre bundle map)

but in general it is not linear, so it is not a vector bundle map.

REMARK: FL 1is sometimes called the fibre derivative of L because in the
coordinate independent definition it uses obviously the derivative dL

only along the fibres.

REMARK: there exists a more geometrical interpretation of the Legendre

transformation FL which is given in detail by [Arnold].

In these notes we will restrict ourselves to the case where FL 1is a bijec~

tion (diffeomorphism) in which case L 1is called a hyperregular Lagrangian
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(by [Abraham & Marsden]). The case FL not bijective will be discussed by
M. Bergvelt in the setting of constrained hamiltonian systems.

*
! :T Q> TQ is a fibre preserving map and, be-

FL bijective implies FL~
. . . *%
cause there exists a natural isomorphism between TQ and T Q (we only

consider finite dimensional manifolds), we can ask: does there exist a func-

* -
tion H on T Q such that FL ! is the fibre derivative of H?

PROPOSITION 4.1: the fibre derivative of H :=E oFL—1 is equal to

S ARLEPE T L

* .
PROOF: we use local coordinates (q,p) on T Q and (q,q) on TQ; by

FL' the coordinates dl are functions of (q,p), dl = dl(q,p) and H

is defined by

H(q,p) = pidl(q,p) -L(q, 4(q,p))

where we used that jg%(q, q(q,p)) = P; by definition of FL. Now we have:

3q
. .j . .
oH L1 9 9L 9 .1
3. - 4 (6P +P-—Bg— ‘—3% =4 (q,p).
i 1°P; 8¢t Py QED

REMARK: H := E oFL_1 is called the hamiltonian of the physical system; it

is also called the function associated to L by the Legendre transformation.

* -
REMARK: if H1: T Q> R 1is another function such that FH1 = FL ! then

. 1 . . .
one can (easily) show that H-H is a function on Q or more precisely

*
Jh: Q » IR,:H-—H1 =hom where w: T Q > Q denotes the bundle projection.

The importance of the special choice of H is expressed by the following

PROPOSITION 4.2: (q(t), q(t)) <s a solution of the Euler-Lagrange equations

iff (q(t), p(t)) = FL(q(t), 4(t)) <s a solution of



i dp.

dq _ OoH 1 _ _oH

(n FE® = 5o @®,p(), FF(@® = - (a®), p(0).
i aq
oH .1 . P
PROOF: [+—] 3. =q as seen in the proof of proposition 4.1;
i
QH o3¢0 L 3L ag) oL
sq" I agt aqt 8 aqt  aqt

(N.B. ¢ = q(q,p)) hence (11) = dg = g d oL _ 2L

T qQ, S5~ ~a‘. The reverse 1m-—

plication is proved analogous. QED

1 2. 2, 2 3
EXAMPLE 1: H(q,p) = o (p1+p2+p3) +mg q

2.2, 2

1 -1
EXAMPLE 2: H(q,p) = fE(P1+p2+p3) -myr

EXAMPLE 3: H(q,p) = ;—m(§>—eK(q))2 +e¢(q)

PROPOSITION 4.3: the equations (11) are invariant under changes of the co-

ordinates (q) on Q.

PROOF: we apply proposition 4.2 and proposition 2.1 (invariance of the

Euler Lagrange equations). QED

We finish this section by the explanation of its title: When one describes
*
a physical system by the equations (11) (Hamilton's equations) on T Q with

the hamiltonian function H, then one says: we use the hamilton formalism.
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§5. CONSERVED QUANTITIES IN THE HAMILTON FORMALISM

THEOREM (E. Noether): <f X = gl(q)—j?r 18 a vector field on Q satisfy-
9q
ing

+
XH=0

then El(q)pi is a conserved quantity.

i *
PROOF: remark first that El(q)pi is a correctly defined function on T Q
(independent of the local coordinates); the actual proof that El(q)pi is

conserved is analogous to Noether's theorem in the Lagrange formalism.

QED

We see that Noether's theorem in this form generates conserved quantities
of a special kind: linear in the momenta p, and we will try to generalize
Noether's theorem to a larger class of functions. However, to do so, we

need an intermezzo concerning Poisson brackets.
*
DEFINITION: if f and g are functions on T Q then their Poisson brack-
*
et [f,g]l is the function on T Q defined by

of 3 of 9
[fsg](q;p) = ap. (q,P) gl (qsp) - H (Q,P) apg. (QsP) B
1

aq aq i

PROPOSITION 5.1: the definition of Lf,gl is independent of the local co-

*
ordinates on Q, i.e. [f,gl is a well-defined function on T Q.

*
PROPOSITION 5.2: <Zf f,g and h are functions on T Q then the Poisson

brackets satisfy the relations

(i) [f,g] = - [g,f] (antisymmetry)
(ii) Lf+g, hl = [£,h] + [g,hl (linearity)
(iii) [feg,h] = £ - [g,h] + [f,h]l-g (Leibnitz-rule)

(iv) [f, [g,h1] + [g, [h,£1] + [h, [£f,g]] = 0 (Jacobi-identity)
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*
COROLLARY: the set of all functions on T Q together with the operations

addition and Poisson bracket form a Lie algebra.

*
DEFINITION: if f 1is a function on T Q, then the associated hamilton

*
vector field Xf on T Q 1is defined by

Bf 9 2

X_| - R 3 2 .
lam  %iaqt|@,m  3q* Pif(q,p)

Again this definition is independent of the local coordinates (q) on Q

*
(with associated coordinates (p) on TqQ).

PROPOSITION 5.3: the solutions of Hamiltons equations (11) are the integral

curves of XH'

After this intermezzo we return to the conserved quantities:

*
THEOREM (Noether, generalized): f: T Q - R Zs a conserved quantity Lff
[u,f1 =0 <Zff X H = 0.

of dq- . of 9Pj

d dg”  8f i
PROOF:  ——f(q(t), p(t)) = —F F- 3p; dt

aq
- i‘%;_ﬁ__aﬁa_ﬂl - [H,£1 = -xH .
aqt °Pi °Pi 3q QED

REMARK: if f£(q,p) = El(q)pi then Xf = X' where X is the vector field

i 3 . . .
El(q)——?j on Q hence "both" theorems concur on functions linear in bp.
3q



§6. CANONICAL TRANSFORMATIONS

In this section we will derive a class of transformations (diffeomor-
* . .
phisms) of T Q for which the hamilton equations (11) are invariant.
In general this class will be much larger than the class of diffeomorphisms

*
of Q with their associated diffeomorphisms of T Q.

DEFINITION: we define a 1-form 60 on T*Q (i.e. eo is a section of
T*(T*Q)) as follows: denote by m: T*Q + Q the bundle projection and
let o be a point of T*Q then q := n(a) and a € T:Q (i.e. o 1is a
1-form on TqQ) . We define 60 in o by its value on tangent vectors:

k
if T€T(T'Q then
(12) 60 a(T) := u(n*r).

0 . . *
This 1-form eo 1s called the canonical 1-form on T Q.

PROPOSITION 6.1: <n local coordinates (q) on Q and associated coordi-

*
nates (p) in T Q eo 8 given by

i
eo B pidq

PROOF: let (q;,pio) be the coordinates of o, i.e. o = Piodql q

1-form on TqQ ; let 1 be the arbitrary tangent vector

T = Tl—EL-+T, 2 then w,t1 = Tl”éf' and 6 (t) = Tlp
i j op. * ola
9q ] 3q

Now p. is the value of the (coordinate) function . at the point o
io Pi

io”®

and t° is the value of dql on T hence Gola(r) = (pidql) a(T).

QED

Nota Bene: the symbol dq1 in o = piodqllq is quite different from the
symbol dql in eo 0 pidq1 o in the first case, the d-operator is the

exterior derivative on Q, in the second it is the exterior derivative on
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* . i . .
T Q. In fact, the functions ¢ are (coordinate) functionms on Q and we
i . . *
have used the shorthand q~ also as (coordinate) functions on T Q where
. i . .
we should have written q °m (hence the correct expression of 60 is

. B i
given by eo = pid(q m)).

REMARK: we did not motivate the definition of 80 ; however, historically
there is a very strong motivation to introduce 60 inspired by a close anal-
ogy between classical mechanics in the hamilton formalism and geometrical
optics (see for instance [Arnold]). 1In fact most of the definitions given

in this section are motivated by this analogy.

%*
DEFINITION: on R =T QxR (called the enlarged phase space) we define a
1-form o by

= %0 _ (He *
o = n160 (H ﬂ1)ﬂ2dt

*
where n1: R~>TQ and L R > R are the projections and t the stan-

dard coordinate on R . In local coordinates (q,p,t) o is given by

a = qu -H(q,p)dt.

DEFINITION: the distribution Ka on R 1is defined by

*
K ={£€TR | i do = 0ET R} = T_R.
0,r r £ r r

PROPOSITION 6.2: Vr€R : dimKu r - 1.
s

PROOF: consider the point r = (q,p,t) 1im local coordinates and the matrix
Aij defined by Aij = da(vi,vj), i,j =1, ...,2n+1 where (Vi) is the

basis of TrR associated to the local coordinates (q,p,t) then we have



¢ -1 LI

ap q

(13) Aij= I ¢ —g% ap
aq ap 3,

and rang(A..) 2n = dimkerA.. = 1.
1] 1]

QED

COROLLARY /DEFINITION: Ku is a 1-dimensional distribution hence integrable;

the integral curves of Ka called the characteristics of .

PROPOSITION 6.3: <f L <s a characteristic of o then Myt Lo R s in-

Jective; if we parametrize L by the coordinate t,

L(t) = (q(t), p(t), t) €L then (q(t), p(t)) satisfy hamiltons equations

dq oH dp _ 0oH

t 9p > dt 3q

PROOF: according to formula (13) the vector (field) Xa given by

is an element of Ku = ker A . Because the coefficient of at is 1,
Tyt L R 1is injective and can be integrated to give t as a parameter

along L. The other components of Xa now prove the second claim. QED

DEFINITION: Gt is the local 1-parameter group of diffeomorphisms of R
associated to the vector field Xa (as defined in the proof of proposition
6.3). We define g, as the local t-parameter group of diffeomorphisms as-
sociated to XH (see §5) or in other words: &, defines the time-—evolution

of the physical system described by the hamiltonian H.
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COROLLARY : ﬂ1*Xa = XH and Gt(m,t') = (gt(m), t'+t) . Furthermore if
r € L s an arbitrary point of a characteristic L of o then L = {Gtr}

where t takes all allowed values.

. . . 1
DEFINITION: suppose Y 1is a closed curve in R (i.e. y: S - R) then
we consider all characteristics of o which intersect Yy . These charac-
teristics form a so-called tube of characteristics and we say that a closed

' in R encloses the same tube of characteristics if there exists

curve Yy
. 1
a function 71: S > R such that

¥ = - .
Y (p) Gr(p)y(p) or in words:

the characteristic which inter-

sects y in v(p) intersects

Y a time Tt(p) '"later'".

PROPOSITION 6.4: <f y and vy' enclose the same tube of characteristics

then

PROOF: define the surface o as consisting of those points of the tube of
characteristics lying between y and y' then 30 = y-y' and we have by
Stokes' Lemma:

[ a=f a=[da=0

y=v' 3o o}
where the last equality follows because o0 consists of characteristics of

v of o we

o (hence for each pair of independent tangent vectors Vi Y,

have da(v1,v2) =0). QED
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*
COROLLARY: <f Yy g a closed loop in T Q then

$§6 =6 6 or § pdg= § pdq.
y 8.Y y 8. Y

COROLLARY : g:deo = deo or in local coordinates: the 2~form dpi A dq1

18 invariant under the flow of X,

*
PROOF: let o be any surface in T Q such that 8c =y a single closed

loop then

* *
= de .
Joeto, - J eas,

—
o
D
]
<
fer]
]
Ny
D
1]

dp, A ... A dpn A dq1 N dqn on

COROLLARY: the volume element ¢

*
T Q <s conserved under 8-

1

PROOF: € = (n1) |« (~) 22D (s )™

QED
At this point we have gathered enough results to find/define a class of dif-
feomorphisms under which the hamilton equations are invariant.

* *
DEFINITION: a diffeomorphism g: T Q >+ T Q 1is called a canonical transfor-

mation if g¥de = de
o )

*
PROPOSITION 6.5: suppose g <s a canonical transformation of T Q, and
suppose ql are local coordinates on Q with associated coordinates P

on T*Q then the system (Ql,Pi) defined by Q1 = qlog , P, := P;°8 al-

i
*
so 1s a system of coordinates on T Q and we have: the equations of motion

*
on T Q are given by:
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PROOF: g* do_=de_ = dpiAdql = dPiAdQl hence if 8 :=p, dql—Pi aQt

then dB = 0 and we have pidql—Hdt=PidQ1—Hdt+8.

Now because dB = 0, the characteristics of P dql—Hdt are equal to the

characteristics of Pi dQl-Hdt and we then apply proposition 6.3. -QED

COROLLARY: the form of the hamilton equations (11) <s <invariant under canon-—
*
Zeal transformations of T Q.

*
PROPOSITION 6.6: <Zf h <s a diffeomorphism of Q then g :=h s a

*
canonical transformation of T Q.

]

PROOF:  (g*8 )| (1) eolgu(g*T) = (go) (m, g, 1)

(h*a) ((rog), 1) = (h*a) (b7 'em) 1) = (h¥) (b, 'm,7)

1]

= *g = * =
a(m, 1) eo'u(r) = g'0 =0 = g¥do =do
QED

REMARK: from the proof of proposition 6.6 we see that g = h* satisfies

the condition g*eo = 60 which is a stronger condition that g¥* deo = deo !
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§7. SYMPLECTIC GEOMETRY

In the previous two sections all definitions were given in (local) coordi-
nates although we showed that they were independent of these coordinates,
e.g. hamiltons equations, Poisson brackets and hamiltonian vector fields.
The question arises which properties are due to special choices of our co-
ordinate systems, and which properties are valid in general, i.e. we ask
ourselves: what is the essential structure needed to prove "all" our propo-
sitions?

The answer is given by symplectic geometry; it turns out that very little
structure is needed: only a manifold and a two-form satisfying certain con-
ditions (a so-called symplectic manifold). In this section we will outline
this "construction" and we will reformulate the previous two sections in a
coordinate~free way, showing that the structure of a symplectic manifold in-

deed is the only essential ingredient.

Nota Bene: the context in which we will reformulate the previous sections
is slightly more general than the context of these sections. The reader

should be aware of this fact when he thinks some proofs are superfluous.

DEFINITION: a symplectic manifold is a pair (M,w) in which M is a mani-

fold and w a closed nondegenerate 2-form on M, i.e.

dow = 0

*
Y TmM > TmM s X b= igw 1s an isomorphism.

PROPOSITION 7.1: the dimension of a symplectic manifold (M,w) is even:

dimM = 2n.

PROOF: consider a basis (ei) of TmM and the matrix Ai' 1= w(ei,e.)

then A 1is skew symmetric and:
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dimM

dmMae D = (-1 det A

det A = det (—AT) = (-1
hence if dimA is odd then detA =0 and ¢ cannot be an isomorphism.

EXAMPLES: 1. if Q 1is a manifold then (T*Q, wo) is a symplectic manifold
when wy = deo; Wy is called the canonical 2~form on T*Q.

2. M=PC the complex projective space of complex dimension n carries

a natural symplectic structure. If (zoz...:zn) are homogeneous coordinates

on M then we have local complex coordinates (w1,...,wn) =

(%o Zi-r Fim “n) _ .

= \ET""’MET_u _ET_E""E:V on U.1 = {zi_#O}. The real and imaginary parts
i i i i

of W, form a set of 2n real local coordinates and in terms of these co-

ordinates the symplectic form w 1is given by

2
. a f -
w = 1i——-"o dw Adw
oW 3w a b
a b

n
where f(w1,...,wn) = 2n(14-a§1waﬁaL
3. As a special case of 2) we have S = E1¢ and the symplectic form w
is given by:

w = -———£—~Z dwAdw on Uo with coordinate w.

(1+ww)

In real coordinates (p,q), w = p+iq we have

2
w = —~2—-2————idp/\dq.
(p7+q"+1)

. .. . . 2
If we use the identification of coordinates on S :

2p/(1+p2+q2) { sin® sin ¢
2 2 .
(p,q) < | 2q/(1+p7+q") = | sin® cos ¢ | ~— (0,¢)

2 2 2 2
(p7+q"=1) /(1+p~+q") 1 cos 0

then w is given by

w = $sin6 dO Ad¢
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which is the usual volume element on 52 times 4.

*
In proposition 6.5 we saw that the canonical symplectic form w, on TQ
is an important object in classical mechanics. The famous theorem of

Darboux states that locally every symplectic form w looks like W, -

THEOREM (Darboux): let (M,w) be a 2n-dimensional symplectic manifold and
m € M, then there exist local coordinates (ql’Pi)iZ1 around m such that

w = dpi/\dq1 locally.

The proof we will give of this theorem is almost verbatim taken from [Woodhouse]
and is due to Moser and Weinstein; it depends upon the following lemma of

Moser.

LEMMA: let w and o be two closed nondegenerate 2-forms on M; if for

some m € M wo =0 then there exist neighbourhoods U and V of m

and a diffeomorphism p: U >~ V such that p(m) = m and p*c = w.

PROOF: d(o-w) =0 = 3 a neighbourhood W of m and a 1-form o on W:
do =0o-w A a =0. Define N = Wx[0,1] and denote by pr: N - W the

projection on the first factor; we then define a 2-form € on N by:
Q = priw + tepr*(o-w) + dt Apr¥a.

For each t € [0,1] we define it: W~ N by it(w) = (w,t) and we define

Qt = iiﬂ = w+t(o-w). If we choose W sufficiently small, then Qt is non-
degenerate for all t € [0,1]. Using the same technique as in the proof of
propositions 6.2, 6.3 one can show that there exists a unique vector field

X on N such that

de(x) =1, i.0 =o0.
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Let ¢ be the flow associated to X and for each x € W let

t
t ¢x(t) = ¢t(x,o) be the integral curve of X through (x,0) € N.
Then dt(X) = 1 implies ¢x(t) € Wx{t} for all values of t for which

. . . - * - _ .
¢X is defined. Since & {m} x [0,1] priw (wm o Ao 0) 1if follows
that ¢m(t) = (m,t) for all t € [0,1] hence there exists a nmeighbourhood

U of m such that ¢X(t) is defined for all (x,t) € Ux[0,1].

Now define p: U >V = p(U) by ¢X(1) = (p(x), 1) and notice that

- . _ Lo Sk ko x ak

LXQ 1XdQ-+d1XQ 0 and ¢1 °o i iyep = if o¢19 o 0119 =

= i?ﬂ = p*i?ﬂ (because LXQ =0) = QO = 0*91. From the definition of
Qt it follows that p*o = w. QED

PROOF of Darboux's theorem: consider the matrix wij = w(ei,ej) where

(ei) is a basis of TmM associated to some coordinate system around m.
It is elementary linear algebra to show that there exist local coordinates

(rl,si)iz1 around m such that

g -1
w,., = or (equivalently)
1]
I ¢
w_ =ds, Adr’.
m i

. i
Now define o = dsi/\dr around m then A and we can apply Moser's

lemma. Let P; =8;°0, ql =t op then (ql,pi) are local coordinates

around m and w=p%==@iAml. QED

DEFINITION: a coordinate system (ql,pi) on a symplectic manifold (M,w)
is called a canonical coordinate system if w = dpi/\dql on the domain of

(qi,pi)-
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COROLLARY: every point on a symplectic manifold has a neighbourhood on

which there exist canonical coordinates.

We now turn our attention to hamilton vector fields: on a symplectic mani-
*
fold (M,w), © defines an isomorphism between TmM and TmM hence w

defines an isomorphism between vector fields and 1-forms by:

g <> a <« i£m+a=0.

DEFINITION: a vector field & on M is called a locally hamiltonian vec—
tor field if the associated 1-form o defined by igm-+u =0 1is a closed
1-form; & 1is called a (globally) hamiltonian vector field if o 1is exact.
If & 1is a hamiltonian vector field and igw-+df = 0 then we denote

£ = Xf and & is called the hamiltonian vector field associated to the

function £. We can express the relations between functions, 1-forms and

locally/globally hamiltonian vector fields in the following diagram:

exact closed all
. 1-forms 1-forms 1-forms
functions 1
on M Im(d) & Ker(d) &—— A (M)
© ,///)i///a related
C (M)\ I 1 I by w
f|—+xf AM) &—— AO(M) C— UM
globally locally all
ham.vf ham.vf vector fields

PROPOSITION 7.2: in local canonical coordinates (q,p) on (M,w) the vec—

tor field X s given by:
_ 9f 3 9f 3
X “%p. .1 1%,
Py aq 9q
i i 9 9 .
PROOF: w =dp,Adq”, X_ =0 —+B,+—, i, w+df =0 = for any vector
_— i £ 1 T1i9p. X
9q f
. i 9 3
field Y on M, Y=Y —+Y. 57— we have:
i 73 9p.
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i, o(Y) = 0(X_,Y) = B.Y -a'y, = -df(¥)
X f 1 i

f
9f i of
- ‘(‘TY *5‘;%)
aq i
hence
Bl = - jﬁ%- and o, = gﬁl
3q pl

QED

*
PROPOSITION 7.3: Llet H be a hamiltonian on T Q and w the canonical

symplectic form. Then the time evolution of the physical system described
by this hamiltonian is given by the flow of the vector field XH (see prop-

osition 5.3).

PROPOSITION 7.4: <f & € U(M) then & € AO(M) = ng = 0.

PROOF: 1let o be defined by igw-+a = 0 then (using the identity

L =1 d+di€) we have:

€ 13

Lw=0 e ido+diw=0 < diw-=20

g £ g g

= da =0 & £ €A (M.
° QED

DEFINITION: a canonical transformation p of a symplectic manifold (M,w)
is a diffeomorphism p of M such that p*w = w.

COROLLARY: the flow of a locally hamiltonian vector field consists of ca—
nontical transformations, in particular if o is the flow associated to

X then ptw = w.

€ AM).

PROPOSITION 7.5: ¢&,n € AO(M) = [g,nl = Xw(E,n)
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PROOF: using the identity i[E 01 = LE in —i.r]Lg we have

1[E’n]w =L fw-i L w

13 €
= dlf 1nw-+1£d 1nw (proposition 7.4)
= ~du(E,n) (n € A_(0)

hence [g,n] = Xw(&,n)'

QED
COROLLARY: A(M) <s an ideal in AO(M) (with addition and commutator
brackets)

DEFINITION: the Poisson bracket of two functions f and g on M is de-

fined by

[f,gl = w(xf,xg)
COROLLARY: [X_,Xx 1 =
——— f g

X[f,g]'

PROPOSITION 7.6: <n local canonical coordinates (q,p) L[f,gl 1is given by:

[f,g] = gﬁi.iﬁ%._ jﬁ%,§2L_
Pi 3¢t 3¢t °Pi

PROOF: by definition of Xf we have:
[f,g] = w(xf,xg) = (1X w)(Xg) = (—df)(Xg) = —ng

£

and we apply proposition 7.2. QED
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PROPOSITION 7.7: Zif f,g and h are functions on M: then the following

equalities hold:

(1) [f,g1 = -[g,f] (antisymmetry)
(ii) [f+g, h]l = [f,h]l +[g,h] (linearity)

(iii) [feg,h] = f+[g,hl1+[f,h] - g (Leibnitz rule)
(iv) [f,[g,h1] +Lg, [h,f11+[h, [f,g]] =0 (Jacobi—identity)
PROOF :

(i) [f,g1 = w(Xf,Xg) = -w(Xg,Xf) = -[g,f].

(ii) [f+g, nl —Xh(f+g) = —th—x g = [f,h]l +[g,h]

h
(iii) [f-g,hl = —-Xh(f-g) =-fX8-8Xf = felg,hl+[f,h]l-g.

(iv) this is a consequence of the closedness of w!

o
]

dw(Xf,Xg,Xh)

Xfm(Xg,Xh)-ng(xf,xh)-+xhw(xf,xg)

- w([xf,xg], xh) +w([xf,xh], xg) —w([xg,xh], xf)

Xf[g,h] + Xg[h,f] + Xh[f,g]

T oQpe g0 Xp) m0py ps X)) o0&, qs Xp)
2{Cf,Lg,n]]1 +[g, [h,f1]1+ [h, [f,gl1}.

il

QED

COROLLARY: the map £ F— X £ is a Lie algebra homomorphism from
«c” s+, 0,1 to (AM,+,0,1). The kernel of this map consists of all
locally constant functions on M, <in particular <f M is connected then

ker = R .
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INTRODUCTION

Nowadays one hardly needs an excuse to study Yang-Mills theories. In
this report we will investigate pure Yang-Mills theory (i.e. gauge fields
without matter) as a classical dynamical system.

It is well-known that Yang-Mills theory is, just as Maxwell theory, an
example of what is called a singular dynamical system. This means that the
coordinates and momenta one starts with are not independent, there are con-
straints imposed on them. These constraints may lead to gauge freedom and
one has to be careful in determining the true degrees of freedom and in
deriving the equations of motion.

Dirac [9] and Bergmann [28] around 1950 developed a formalism to treat
singular systems. This formalism, while algebraically sound did not give
much insight into what one is actually doing.

Since then classical mechanics has been formulated in the language of
differential geometry ([2], [3], [7]) and also the Dirac-Bergmann theory can
be fitted in this framework, as was shown by Gotay, Nester and Hinds [9],
giving a very intuitive picture of the theory of constraints.

Many interesting physical theories are singular in the above sense.

Two recent reviews of this subject are Sundermeyer [15] and Hanson, Regge
and Teitelboim [42]. However, they use the Dirac-Bergmann formalism. The
geometric theory can be found in [9] and in papers by Gotay and Nester [11]
and Gotay [12]. See also Lichnerowitz [10] and Sniatycki [12].

We will apply in this report the Gotay, Nester and Hinds theory to the
Yang-Mills system.

The results we obtain in this way (the "Reduced Phase Space' in
particular) are not new, they also follow from the traditional Dirac-Bergmann
method (see for example Mitter [24]). We hope, however, that the geometri-
cal approach clarifies the usual treatment of Yang-Mills theory in the liter-

ature.
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Another point is that there are indications (infinite number of conser-
vation laws, Bicklund transformations) that Yang-Mills theory might be com-
pletely integrable, just as the Korteweg-de Vries equation and the Sine-
Gordon equation are. This phenomenon of complete integrability is under-
stood (at least for finite dimensional systems) on a fundamental level using
the geometrical formulation of mechanics, see for example Symes [43]. Also
in this respect a geometric formulation of the dynamics of Yang-Mills theories
seems useful.

This report is organized as follows: We try to be as self-contained
as possible, so we start with explaining in Chapter 1 the modern formulation
of mechanics, (as far as we need it of course, it is a vast subject [2]).

We assume that the reader is familiar with the basic concepts of differen-
tial geometry, such as manifolds, tangent vectors, differential forms, Lie
derivatives etc. A good elementary introduction for physicists is

Schutz [31]. Mathematically more sophisticated is Abraham & Marsden [2],

the notation of which we will try to follow. In Chapter 2 we summarize the
Gotay-Nester-Hinds theory and we apply this in Chapter 3 to the Yang-Mills
system. We find that the "true phase space' of Yang-Mills theory is the
cotangent bundle of the space of inequivalent gauge potentials (orbit space).
We summarize briefly in the last part of Chapter 3 what is known about orbit

space and the relation with the Faddeev-Popov quantization of gauge theories.
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Chapter 1

CLASSICAL MECHANICS IN THE LANGUAGE OF DIFFERENTIAL GEOMETRY

1.1. Introduction

Traditionally physicists formulated classical mechanics, or phyisics
in general, in terms of coordinates with respect to some reference frame.
This approach tends to lead to clumsy formulae ([1], see also fig. 3.1 of
[17]) and it obscures the geometric content of the theory one is studying.

For these reasons there is a trend in modern physics to formulate
theories in coordinate independent way. (See for instance [25], [26], [17].)
In this chapter we will show how one can do this for classical mechanics,
using the language of differential geometry, [2], [31, [41, [7].

We start with the traditional formulation:
A system of n degrees of freedom is described by n generalized coordi-
nates (q1,q2,...qn) and n generalized velocities (41,42,...,qn).
The dynamics is determined by a Lagrangian function L(qi,qi), which appears

in the Euler-Lagrange equations, the equations of motion of the system:

d oL _ 3L (1.1.1)

dt aqi 3qi

This is the Lagrangian formalism. An equivalent description is given by
the Hamiltonian formalism. One introduces a momentum p1 conjugate to q;
by
i oL
(1.1.2)
and a Hamiltonian function H(qi,pl) by

; . . . .
H(q;,p") = plqi(qi,pj) -L(qi,qi(qimj))-

This definition makes sense only if it is possible to express, using (1.1.2),
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the velocities as functions of the coordinates and the momenta. If this is
not possible one speaks of a constrained Hamiltonian system. The study of
these systems will be our major topic. In this introductory chapter, however,
we will assume that there are no constraints. The equations of motion equi-

valent to (1.1.1) are

dqi ) aHi
dt st
p (1.1.4)
dpt _ -a
dt qu

These are the well-known Hamiltonian equations.

In the rest of this chapter we will rephrase this familiar theory in
geometric terms.

We take configuration space M, the space of which the qi‘s are
coordinates, to be an n-dimensional differentiable manifold. (So we consider
first systems with a finite number of degrees of freedom. In section 1.6
we generalize to infinite systems). Veloeity phase space, the space of
qi's and éi's, is then the tangent bundle TM of M; the space coordi-
natized by qi'S and pi's, phase space, 1is the cotangent bundle T*M

of M. We leave it to the reader to proof that the di s and pl'

s have
the correct transformation character to make this identification with the
tangent bundle and the cotangent bundle possible.

Remark that in general one needs more than one set of coordinates to
cover the whole of configuration space. For instance, if one describes a
particle moving on the surface of a sphere in three dimensions (so M = 82)
one needs at least two coordinate systems.

The Lagrangian and the Hamiltonian are functioms on the tangent and co-

tangent bundle:
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L: TM > R

*
H: TM~> R

In the next section we will give the intrinsic connection between these func-

tions and between the tangent and cotangent bundles of configuration space.

1.2. The fiber derivative.

The transformation (1.1.2) from velocities to momenta can be interpreted

as a mapping:
*
FL: M > T M
%
by demanding that in local coordinates of TM and T M one has:
. i
FL(qi’qi) = (qisP = =) . (1.2.1)

FL is called the fiber derivative of the Lagrangian.
*
We see that FL maps the fibres of TM into the fibres of T M

(see fig. 1.)

FL

™ —_— "M

4,9 % / (qi,pi)

Fig. 1. The fiber derivative.

The assumption that there are no constraints, which we make in this
chapter, is equivalent to the assumption that FL 1is bijective. In the

case of constraints FL will fail to be bijective.
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We can define FL implicitly in a coordinate free way as follows:
d
<z | FL(w) > = —L(w+tz) . (1.2.2)
dt
t=0
Here z and w are points of TM with the same projection on M, i.e.
z and w are points of the same fiber, and one can define the sum of them,
as is used in the right-hand side of (1.2.2). The bracket on the left-hand
*
side of (1.2.2) is the contraction between an element of T M, FL(w) and
an element of TM, z. The name fiber derivative comes from the right-hand
side of (1.2.2): one takes there the partial derivative of L 1in some
direction in the fiber.

Using the fiber derivative we define the Hamiltonian by:
Ho FL(w) = <w | FL(w) > - L(w) w € TM. (1.2.3)

We now show that in local coordinates FL defined by (1.2.2) has the
form (1.2.1) and that the Hamiltonian (1.2.3) has the local form (1.1.3).

Let in local coordinates
z = (qi’éi)’ w = <ql"’.‘7i)
and
i
FL(w) = (q;,p") -

Then the right-hand side of (1.2.2) becomes

d . : _ .
a‘t-L(qi,Wi"'tZi) ot = e Z, .

The left-hand side of (1.2.2) is

Equating these results we obtain
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and FL 1is of the form (1.2.1).
In local coordinates the Hamiltonian becomes
. i. .
HeFL(q;,q;) = p q; ~L(q;,d,)

and this is just the form (1.1.3).
We stress that the mapping FL and the Hamiltonian are defined by
(1.2.2) and (1.2.3) without reference to coordinates. We have here an in-

trinsic way to define FL and H.

1.3. The geometric meaning of Hamilton's equations.

In this section we will interpret Hamilton's equations (1.1.4) as the
equations for the integral curves of a vector field on phase space P.
A vector field on P 1is a mapping X: P » TP. In local coordinates

a point u in P 1is given by
i
u = (q;5p)
and the vector field X by

X = a'(u) =—+b, (W) — . (1.3.1)
u 9q. i 1
i p

An integral curve 2(t) of the vector field Xu is a curve in P which

satisfies:

d _
T L) {u = x (), (1.3.2)

(in other words: the tangent vector to £(t) 1is in every point equal to
the value of the vector field X in that point). In local coordinates we

have

2O = (0, pH(©)
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and (1.3.2) reads (using (1.3.1)):

d

L4, = al(a;®, p'e)
(1.3.3)
Lp.(0) = b (q;(0), pT(D) .

Comparing (1.3.3) with the Hamilton's equations (1.1.4), we see that solu-
tions of (1.1.4), the physical trajectories on P, are integral curves of

the so-called Hamiltonian vector field XH:

B o e = e, (1.3.5)
XH pl aqi qu i

Denoting an integral curve of XH through u by KH(u,t) we see that

the time evolution of the system is given by the flow Ft of XH:

Ft: u > Ft(u) = QH(u,t)

Fo: u - Fo(u) RH(u,o) = u.

The Hamiltonian vector field XH is closely related to the differential dH

of the Hamiltonian. In local coordinates

dh = B—qu. +--%clp1 .

ap
The components of this 1-form are, apart from ordering and some signs, pre-
cisely the components of the Hamiltonian vector field XH.

We have defined Xy in (1.3.5) using coordinates, but we want to give
an intrinsic definition. Since dH, the differential of a function, is an
intrinsic object, it is useful to investigate the relationship between dH

and XH . This is the subject of the next section.

1.4. The symplectic form, coordinate dependent definition.

The relationship between dH and XH can be put in an elegant form

by introducing a 2-form w on P, which has in local coordinates the form:
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w=dp' A dq; . (1.4.1)
One can easily checks that for arbitrary vector fields Y on P:
w(Xy,Y) = -dH(Y) . (1.4.2)

This gives the connection between dH and XH that we were looking for.
We can look upon (1.4.2) as an equation for the Hamiltonian vector field

XH , 1if the Hamiltonian H 1is given. But then the mapping

*
Q: TP > TP
defined by
<Y | 2(X) > = w(X,Y) (1.4.3)

(with X and Y in TP) has to be surjective to insure that at least one
solution of (1.4.2) exists and has to be injective to insure that not more
than one solution exists. In short: Q has to be bijective. If this is
the case w 1is called symplectic. (In general any closed 2-form is called
symplectic if the associated mapping (1.4.3) is bijective).
We show that w 1is symplectic by choosing a local basis for TP :
<_9_ )
qu ? api/

and using (1.4.3) and (1.4.1) to obtain

“(?cr;) -

(1.4.4)

(2o

op

The inverse mapping is
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9—1(dq.) = ~§7
1 3 1
P (1.4.5)
- 3 a
o l@ph = -5
94

and Q is a bijection and w symplectic.

Another definition, equivalent to (1.4.3), of Q 1is given by

Q(x) = ixw

where iX is the contraction, from the left, of X with a form.

With this notation we write for (1.4.2)

i, w=—-dH. (1.4.6)

%

We refer to equation (1.4.6), following the practice in the literature [9],
as the equations of motion of our system (even if it would perhaps be more
logical to use this name for the equation (1.3.2) for the integral curves

of XH).

Since we have used coordinates in (1.4.1) to define the symplectic form w
the equations of motion (1.4.6) are still coordinate dependent. 1In the next

section we give an intrinsic definition of w .

1.5. The symplectic form, intrinsic definition.

We first define on phase space a canonical 1-form 6, the Liouville
form, and then define the symplectic form w as the exterior derivative of 6.
*
Consider the cotangent bundle P = TM of M. The bundle projection

m 1is a mapping from P to the base space M:
me P >M.

The derivative w, of this map is a mapping from the tangent bundle TP on

the tangent bundle TM
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Tt P >~ M.

Let u be a point in P, i.e. u 1is a 1-formon M, and Y a vector

*
in TP. We then define the canonical 1-form 6 in T P by:
<o |y >=<u|m ¥ >. (1.5.1)
u u

In local coordinates we have

i
u = (q;5p)
T u b (qi)
(1.5.2)
O
94 op
_ 9
1T"‘Yu R T
3q
*
The 1-form u in T M acting on TM reads
i
u=p dqi.
We obtain for the right-~hand side of (1.5.1):
i
a;p
This leads to
i
8 =p dqi. (1.5.3)

Note, however, that 6 1is defined by (1.5.1) without reference to coordinates.

From the canonical 1-form © we define the 2-form w by
w = do . (1.5.4)
In local coordinates

i
w, = dp /\dqi
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in accordance with (1.4.1).

So we have in (1.5.4) an intrinsic definition of the symplectic form
w and consequently an intrinsic formulation of mechanics. We briefly sum-—
marize what we have done to achieve this.

We started with a finite dimensional differentiable manifold M as
configuration space. On velocity phase space TM there was a Lagrangian
function L. Using L we defined in (1.2.2) the fiber derivative FL,
which was in its turn used to define H (1.2.3). We assumed that FL was
bijective. On phase space we defined the canonical 1-form 6 (1.5.1) and
the symplectic form w . The Hamiltonian vector field was obtained from
(1.4.6). The dynamical trajectories of the system are integral curves
(1.3.2) of XH.

We stress that we never needed to introduce coordinates to describe the

general framework of mechanics.

1.6. Infinite dimensional systems. [5], [6]

The formulation of Hamiltonian mechanics given in the preceedings sec—
tions applies to systems with a finite number of degrees of freedom. In this
case the configuration spaces, phase spaces etc. are finite dimensional.

We want to study field theories, where the configuration spaces (the spaces
of initial conditions) are function spaces. To include these theories we
have to generalize the formalism.

The basic mathematical notion we need is that of a Banach-manifold,
which is a straightforward extension of the idea of a manifold to infinite
dimensions. Locally a Banach manifold is homeomorphic to a (possibly infinite
dimensional) Banach space E . Thus we have an atlas of charts of M,

consisting of pairs (Ui,¢i) with Ui open in M and

¢;: U, > E
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a homeomorphism to some fixed Banach space E, such that if
U. NU.#¢
1 ]

the transition function ¢i °¢;1 is continuous, of order Ck , analytic

etc. depending on whether one studies a Co, Ck or C” Banach manifold.

In the standard way one defines related structures such as the tangent bundle,
1-forms etc.

Remark that finite dimensional manifolds are also Banach manifolds.

We can now apply the geometric theory of dynamics to the infinite dimen-
sional case. To explain how one deals with Banach manifolds we define and
calculate the canonical 1-form 6 and the symplectic 2-form w for a sys-
tem the configuration space M of which is a Banach manifold.

We first give a list of the manifolds needed for the formulation of

Hamiltonian mechanics

M q U X
™ vq UXE (x,e)
* *
P=TM Pq UXE (x,0)
* %*

TP qu UxE x EXE (x,0, e,B)
%* * % *%
TP 0 UxE xE XE (x,a,v, £)

P

q

Table. 1.

The first column contains the various manifolds, the second gives typical
points in these manifolds. The third one gives a natural coordinate neigh-
bourhood of that point and the last column gives the coordinates in a natural
chart. We use Latin characters for elements of E and Greek ones for ele-
ments of E* . We give some comments to explain the table. M 1is a Banach
manifold modelled on E, so every point q of M has a coordinate neigh-

bourhood U which is homeomorphic with some part of E. The tangent space



48

at a point of U is E, so we have TU = UxE as a coordinate neighbour-
hood for TM. To construct the cotangent bundle P = T*M we use the dual
space of the tangent space in every point of U. This is E* and

T*U =U xE" is a neighbourhood for P . In the same way one constructs
neighbourhoods for TP and T*P . The vector Y with coordinates
(x,0,e,B) can be represented by a curve &(t) = (x+et,a+tB) on P . The

vector acts on functions on P in the following way

Y (f) = lim f(’”et’“‘”it) - £0x,0) (1.6.1)
pq t>0

After these preliminaries we define on P the canonical 1-form 6 (as in
(1.5.1) by:

(%)
o Y =<7 Y |p >. (1.6.2)
pq\ Py A

Expressed in natural coordinates we have (compare with (1.5.2))

*
m: P =T M>M
(x,0) + x
m,: TP -~ TM

*

(x,0, e,B) > (x,e) .
The 1-form pq has coordinates:

pq = (x,0) .

The right-hand side of (1.6.2) is therefore given by

<w, Y | pq> = <(x,e) | (x,0)> =<e|a>. (1.6.3)
q

3 . *
Here is the last bracket the dual contraction between E and E . The

left~hand side of (1.6.2) is (using the table):

8 (Y >=<(e,8) | (y,)> =<e|y>+<B|£> (1.6.4)
Pq\ Pgq
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Equating (1.6.3) and (1.6.4) we obtain
<eloa>=<e|y>+<B|£>.

This is solved by £ =0 and y =a.
Therefore the canonical 1-form is given by

8 = (x,a,a,0) . (1.6.5)
Pq

ompare this with (1.5.3).
Next we define the symplectic 2-form w as in (1.5.4). Using the
definition of exterior derivative we have
wpq(Y1,Y2) = depq(Y1,Y2) = (Y‘)Pqe(Yz) - (Yz)pqe(Y1)

—epq([Y1,Y2]) (1.6.6)

with Y1 and Y2 vectors in T P.

To obtain the symplectic form in local coordinates we have to calculate
the right-hand side of (1.6.6). To do this we have to extend the vectors
Y1 and Y2 to vector fields in a neighbourhood of pq . One can proof that
the result, w, 1is independent of the extension. Therefore we can choose

a simple form for these vector fields, we will use vector fields that are

constant in some local chart. So if

Y, = (x,a,e’,81)

Y2 = (x,a,ez,Bz)

are the vectors in the point pq = (x,0), then the vector fields in a point

ﬁa = (%,8) in the neighbourhood have the same value:

) = (%,8, e1,61)

<
~
el
=}
~
i

(ﬁ,&,ez,Bz).
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In this case the commutator of [Y1,Y2] vanishes and we are left with

w (Y,,Y.)) = (Y,)) e(y,)) - (v, o(Y,). (1.6.7)
pq 1272 1 pq 2 2 pq 1
From (1.6.5) we obtain:
0 (Y2) = <e2| a>(x,a)' (1.6.8)

Pq
The label (x,a) is attached to express the fact that (1.6.8) is a function

on P . The action of Y1 on this function is, using (1.6.1):

S(Yz)(x+e1t,a+81t) - 6(Y2)(x,a)
(Y1) 6(Y2) = lim .
pq t>0
' <e2 |a+81t> - <e2 [a> = <e2 [B1>
= lim T
t>0
Similarly we have:
(Yz)p (6(Y1)) = <e, | 32>
q
and the result reads
@, (¥,,Y,) =<e2l81>—<e1 l32> (1.6.9)
q
with
pq = (x,0), (Y1)Pq = (x,a,e1,81), (Yz)Pq = (x,a,ez,Bz).

Having defined w we can now proceed as in section 1.4 to define the

Hamiltonian vector field XH'

1.7. Hamiltonian Systems.

In our discussion until now we have considered phase spaces which are
cotangent bundles of some configuration space M. For general purposes
this is too restrictive, there are examples of interesting dynamical systems

that do not have a configuration space but do have a phase space. An example
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is that of a classical particle with spin, studied by Souriau, [7], p.180.
This leads us to define a Hamiltonian system as a triple (P,w,H).

The phase space P 1is a Banach manifold, w is a symplectic form, i.e.

a closed 2-form on P which induces an isomorphism between TP and T*P.

The pair (P,w) 1is called a symplectic manifold. H is the Hamiltonian.

The Hamiltonian vector field XH is defined by

i = ~-dH

Xﬂw
and the physical trajectories of the system are integral curves of XH'

This is the general setting of dynamics we are going to use in the following

chapters.
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Chapter 2

PRESYMPLECTIC MANIFOLDS, CONSTRAINT MANIFOLDS AND REDUCED PHASE SPACE

2.1. 1Introduction.

In Chapter 1 we discussed the mapping Q (equation (1.4.3)) from the
tangent bundle of phase space, TP, to its cotangent bundle, T*P , in-
duced by a closed 2-form w . The mapping § was supposed to be an iso-
morphism between the fibers TuP and TjP for all points u of P. 1In

that case the equation
i(XH)w = ~-dH (2.1.1)

for the Hamiltonian vector field XH has a unique solution.

There are, however, many interesting situations in which the 2-form w
(or the mapping Q) 1is not so well-behaved. For instance, it may be the
case that there is a point u of P and a vector Y (unequal to zero)

1
in TUP such that

m(Y1,Y2) =0 (2.1.2)
for all Y2 in TuP .  The mapping § associated to this w 1is then not
%
injective: the vectors X and X+YI have the same image in T;P . This
means that equation (2.1.1) has no unique solution in u. In general @

will then also be not surjective, and there may be no solution at all to
(2.1.1) in u.

One distinguishes four classes of closed 2-forms, depending on the
properties of the induced mapping £ : w 1is called
a) degenerate if @ 1s neither surjective nor injective
b) weakly degenerate if §Q 1is surjective

c) weakly nondegenerate or weakly symplectic 1L Q 1is injective
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d) symplectic or nondegenerate if Q is an isomorphism

For finite dimensional manifolds the cases b), ¢) and d) are identical
(TP and T*P have the same dimension), but for infinite dimensional mani-
folds there could be a difference. Case b) seems not to be of physical in-
terest and we will not consider it in the rest of this paper. If ® belongs
to class a) or c) one calls the pair (P,w) a presymplectic manifold, if
w belongs to class d) one speaks of a symplectic manifold.

Using this terminology we can say that equation (2.1.1) does not have
a solution on all of P if (P,w) 1is presymplectic. There may, however,
be a submanifold of P (a constraint manifold) on which (2.1.1) does have
a solution. One can then try to use this submanifold as the phase space of
the dynamical system.

A systematic algorithm to find such a submanifold on which solutions of
(2.1.1) do exist was developed by Gotay, Nester and Hinds ([9], [11], [12],
see also [10], [13]), who geometrized and generalized the earlier Dirac-
Bergmann theory of constraint ([8], [28], see also [1]), which was formulated
in the traditional coordinate dependent formalism of mechanics.

We sketch here the general idea of this algorithm, the precise mathe-
matical formulation will be given in section 2.3.

We start with a presymplectic manifold (P,w) and a Hamiltonian H.
Since § 1is not surjective the image Q(TuP) of a fiber TP is in general
a subspace of T:P and the i-form dH 1is in general not in the range of

Q. See fig. 2.
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TP

T,P

Fig. 2. The mapping § in the presymplectic case. The shaded
region is the range of @, the dashed line is dH.
The region of P where dH 1lies in the range of @
is the constraint manifold M1.
We now restrict ourselves to a subset M1 where dH is in the range of Q.

We assume that M1 is a manifold and we refer to it as a constraint manifold.

On M1 we do have a solution XH of the equations of motion (2.1.1),

but XH is not necessarily tangent to M1 :  the vector XH(u) belongs to

1 is only a subspace. (See for a further discussion

of this point Remark 1 following definition (2.2.1) and fig. 3). If XH

T P of which T M
u M1 u

is not tangent to M1 an integral curve of it will leave M1 . This means,

interpreting the integral curves of XH as the dynamical trajectories of
our system, that the system will evolve to a point where (2.1.1) does not
have a solution. Since this is unacceptable we restrict ourselves to a sub-
T M2 is the next con-

straint manifold. On M2 we have solution XH , tangent to M

manifold M2 of M1 where XH 1s tangent to M

10 but not
necessarily to M2 itself. So we must again restrict ourselves to another

. On M, we
2 3

can have the same problem (XH not tangent to M3) and in this way we are

constraint manifold M3 of M2 where XH is tangent to M
forced to construct a chain of submanifolds which hopefully ends at a sub-
manifold Mk such that XH is tangent to Mk in all points of Mk . It

may happen that this final constraint manifold is empty. In that case we
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conclude that there is no way to define consistent dynamics on the original
presymplectic manifold (P,w) with the given Hamiltonian.

In most cases though the final constraint manifold will be nontrivial
and in the next section we will develop the technical tools needed to con-~

struct explicitly the chain of comstraint manifolds M1M2, ""Mk'

2.2. Technicalities [9].

In this section (P,y) 1is a presymplectic manifold, M 1is a submani-

fold of P and
j: M>P

is the embedding of M in P . We will often identify M and its image
in P, but it is good to keep the difference between the two in mind.

The mapping &
*
Q: TP >~ T P
is defined by
(X)) = iXNw (2.2.1)

and Q is assumed to be closed, i.e. § maps closed sets in closed sets.

DEFINITION 2.2.1

™ = {YETP‘M | Y=3,X, Xx€}

REMARK 1

TM is the embedding of TM into TP M but it is not equal to

TP M Take for example P = R?, M= 52 and j: M > P the standard em-
bedding of the 2-sphere in R?. A vector in the radial direction is then

an element of TP M but not of TM (see fig. 3).
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IR3

SZ

T.M

Fig. 3. The difference between TM and TP|  :

M
X belongs to TP M but not TM.

REMARK 2.
TM 1is closed because j induces a homeomorphism between TM and TM.

DEFINITION 2.2.2.

™ - ete|y | wx,n =0, Ve

’I‘M’L is called the symplectic complement of TM with respect to w.
We now need some facts about Banach spaces. Let S be a subspace of

the Banach space E.

DEFINITION 2.2.3.

The annthilator of S 1is the subspace of the dual of E defined by

sh - ver" | v(s) =0, Vs€S}.

*
Let L be a subspace of E .

DEFINITION 2.2.4.

The annihilator of L 1is the subspace of E defined by

Ll- = {e€E | 2(e) =0, VLEL}
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PROPOSITION 2.2.5.

PROOF .

1) Let v € SF—, then v(s) =0 for all s imn S and by continuity

v(t) = 0 for all t 1in the closure of S ; accordingly S annihilates
any Vv € SF_ and
scshHi.

2) Suppose there is an element w of (SP-)F_ not in S, then by the

Hahn-Banach theorem (see for example [27], theorem 12.3) there exists

a continuous linear functional B such that

B(w) # 0 and R(t) =0, for all t in S.

[

From B{(t) = 0 follows that B 1is an element of S and therefore

B{w) = 0. This is a contradiction and we conclude that an element w
. -

in (S8 ) but not in S does not exist:

o=

(s ) «s. |

PROPOSITION 2.2.6.

Kk *
Let E be reflexive, T.e. E "-FE and L a subspace of E ; then

The proof of this proposition is analogous to the one of the previous propo-
sition.
We can extend the notion of annihilator and symplectic complement to

fiber bundles, the fibers of which are Banach spaces, by calculating the
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annihilator or symplectic complement in each fiber separately.
We now formulate the basic theorem of the constraint algorithm, which
gives a characterization of the range of the mapping § induced by the

closed 2-form w.

THEOREM 2.2.7.
am = (meH
PROOF.
We start by noting that
amy ™ = (2.2.2)
since by definition of the annihilator (Definition 2.2.3)
sz(@_)l—= {YETP‘M | <Y |a(x) >=0, VK€ ™M}
and by definition of @ (equation (2.2.1))
<Y | X)) > = w(X,Y).
So we obtain
9(@)‘_ = {Y€TP’M | w(X,Y) =0, VX€TM}

but this is the definition of 'I‘M'L (cf. Definition 2.2.2). This proofs
equation (2.2.2).
We then apply the annihilator to both sides of equation (2.2.2) to find,

using Proposition 2.2.6 :

A - (m - .

Now § was supposed to be a closed mapping and TM is closed, so finally

we get:
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am = (mH . ]

An immediate consequence of this theorem is that a form o 1is in the

range of Q’M if and only if
<TM"L | o> =0.

We will use this fact repeatedly to calculate the chain of constraint

manifolds.

2.3, The constraint algorithm.

Let (P,w) be a presymplectic manifold and H a Hamiltonian function:
H: P> R.

Our aim is to find a Hamiltonian vector field XH on P, i.e. a solution

of

i(XH)w = ~dH . (2.3.1)
This means that dH must be in the range of @,

dH € Q(TP) . (2.3.2)
Using the fundamental Theorem 2.2.7 this is equivalent to

dH € (TP'L)}—
or

<tet | au> =o0. (2.3.3)

As Q 1s not surjective for presymplectic w equation (2.3.3) is not true

for all points of P and we must restrict ourselves to points where it is
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true. This gives the first constraint manifold M1:

M, = (p€P | <Pt | aH>(p) =0} . (2.3.4)

On M1 we have at least ome solution XH of (2.3.1) but this solution need

not be tangent to M1 , as we argued in section 2.1. For a solution to be

tangent to M1 we must have

dH € Q(I§1).
Using again the fundamental theorem this leads to the condition

<mf; [du> = 0.

This need not be true on the whole of M1 and we have to make a further

restriction to a submanifold M2 of M1:
M, = (m€M, | <TM# | dBE>(m) =0} .
In this way we construct a chain of submanifolds
M, = {mEMz_1 | <TNH£'__1 | dH>(m) =0} .
I1f we end up with a manifold Mk with the property

<TM.t|dH>=O

for all of its points the chain stops. By construction there will be a

solution of (2.3.1) on Mk , for

dH € (T )

and this solution will be tangent to Mk.

Mk is called the final constraint manifold.
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2.4, Gauge freedom.

In this section we consider the equations of motion on the final con-

straint manifold Mk:

i(xH) w/Mk = -dH/Mk . (2.4.1)

On Mk this equation has a solution XH but if @ 1is not injective the
solution need not be unique. Any vector Z € kerlﬁzgk may be added to XH

to give a new solution

~

X, = X, +2Z (2.4.2)

which is again tangent to Mk.

One refers to this arbitrariness as gauge freedom and XH and XH-FZ
are called gauge equivalent vectors. Using the physical interpretation of
integral curves of solutions of (2.4.1) as dynamical trajectories, gauge
freedom means that an initial condition, a point m(o) of Mk , will evolve
to different points mXH(t) , depending on the choice for the solution of
(2.4.1). '

We now make the crucial assumption that this freedom of choice has no

physical significance. The solutions XH and XH-+Z describe the same

physics. This leads to the following

DEFINITION 2.4.1.

Points on Mk are physically equivalent (or gauge equivalent) if they
can be reached from the same initial condition by integral curves of solu-
tions of equation (2.4.1) in the same lapse of "time". By "time' we mean

the variable t parametrizing the integral curves.
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Fig. 4. Gauge freedom.
XH and XH-+Z are gauge equivalent vector field;
m1(t) and mz(t) are integral curves of XH and
XH-+Z. For each t the points mi(t) and m2(t)

are equivalent.

COROLLARY 2.4.2.

Points that can be reached in the same time from equivalent points are

equivalent.
We now define gauge vector fields.

DEFINITION 2.4.3.

A gauge vector field is a vector field whose integral curves consist
of physically equivalent points.

The collection

G1 = kerQ N ng

considered above consists of gauge vector fields, but there are (many) more.

This is shown by the following proposition.

PROPOSITION 2.4.4.

Let X be a solution of equation (2.4.1) and Z a gauge vector field.

Then their commutator [X,2] <s also a gauge vector field.
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PROOF .

Let w; and w; be the flows (local diffeomorphisms) associated with
the vector fields X and Z . Consider a point m in Mk . Applying
the flow w; to m_ we get a gauge equivalent point w;(mo). The evolution

of these two points generated by X is

t ot
by rmy Fm =y (m))

t ot
wz(mo) — m2-—wx(wz(mo))

The points w, and m, are equivalent (use the Corollary 2.4.2). The point

m, is equivalent to w—;(mz) and accordingly m, and w_;(mz) are equi-

valent. Applying finally w-§ to m, and w_g(mz):

-t
s m

-t -t, t
XMy — X(m1) =9 X(wx(mo)) =m

-t -t -t -t -ttt
Vg g (6) = 9y ) = 6T e ()

we obtain the gauge equivalent of m and m3(t) for all ¢t.

The curve m3(t) consists of points equivalent to m and hence of points
equivalent to each other. This means that the tangent vector to m3(t)

for t=0 1is a gauge vector. The tangent vector to m3(t) is the commuta-
tor [X,zZ] (see for example Theorem 4 of section 1.4 of [29]), which is

therefore a gauge vector field. ¥

A similar argument shows that if Z1 and 22 are gauge vector fields

then also the commutator [Z 1 is a gauge vector field.

1’22

Starting from G, = kerQ N Iﬁk we can construct a series of sets

1

G2,G3... Gz of gauge vector fields by defining:

G =G +[X,G£_1]+[G ] L= 2,3,...

3 -1 1—1’G£-1

with X a solution of 2.4.1 tangent to Mk . Obviously one has
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so by this construction we enlarge in every step the collection of gauge

vector fields until for some lf

for all k > & .GR is then the complete set of gauge vectors.
f
One can proof that for all ¢

c .
GQ TMt n ™
Because the proof is somewhat technical we give it in Appendix A.

To proceed we make the following assumption:

Assumption 2.4.5.

Define N by

N = TMt n ng

then we assume

1imG, = N . (2.4.3)
2
Q>

In most cases equation (2.4.3) is true but one can construct some counter
examples (see [11], [12]).

One should realize that a vector XH-PX (with XH a solution of
(2.4.1) and X an element of TMt) is only another solution of the equa-

tions of motion tangent to Mk if both
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a) X€TM , so X must belong to N, and
b) we restrict the vector space TP/Mk on which the forms dH/Mk and

i(XH+X)w/Mk act to its subspace ka , for only then we have

w(XH+X,Y) -dH(Y)

= m(XH,Y)

-dH(Y)
because X € TMk satisfies
w(X,Y) =0

only for Y in sz and not for arbitrary Y in TP/Mk .  The restriction
of TP/Mk to ng is equivalent to pulling back the equations of motion
to Mk and so the assumption 2.4.5 is tantamount to this pulling back to
M . (ef. [11D).

The assumption 2.4.5 enables us to characterize the final comstraint
manifold Mk by its gauge freedom, that is by N, or more geometrically
by the way TMk intersects Egk . One introduces the following terminology

([301, [2]):
Mk is called

a) Isotropic if Eyk < TMt

b) Cotisotropic (or first class) if TMt [ IMk

c) Second class (or weakly symplectic) if ™ N TMt = {0}

d) Mixed in all other cases.

If the manifold Mk is both isotropic and coisotropic (i.e. ng = TMi)

it is called a Lagrangian submanifold. Lagrangian submanifolds play an im-
portant role in the theory of canonical transformations and in geometric
quantization ([2]), but are not very interesting in the context of constraint
manifolds, see point a) below. The name weakly symplectic for case c) will

be explained in section 2.5.



66

From the point of view of gauge freedom the above characterization of

Mk has the following meaning.

a) An isotropic constraint manifold has as its gauge vectors all tangent
vectors. This means that all points are gauge equivalent and that there
is no dynamics on Mk.

b) A first class manifold has maximal gauge freedom: all potential gauge
vectors (i.e. vectors in TMt) are in fact gauge vectors (i.e. belong
to EMQ .

c) 1In a second class manifold there is no gauge freedom, all points are

physically inequivalent.

As for the case of a mixed constraint manifold we refer to a theorem
by Sniatycki [13], which says that every mixed constraint manifold M of
P is a first class submanifold with respect to some submanifold P of P,
with P itself a second class manifold of P .

These considerations show that for our purposes (finding physical phase
spaces from presymplectic systems) we can restrict our attention to first
and second class submanifolds. These cases will be discussed in the next

two sections.

2.5. Second class constraint manifolds.

The final constraint manifold Mk of a presymplectic system (P,w,H)

is called second class (or weakly symplectic) if

g@knnq'('= {o}. (2.5.1)

For such manifolds there are no gauge vector fields and the equation

= —dH (2.5.2)

" My

has a unique solution tangent to Mk'

i(XH)w
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The name ''weakly symplectic manifold" can be understood from the follow-
ing theorem.
THEOREM 2.5.1.

The pullback w, = i*0  of the presymplectic form w to the final con-

straint manifold M by the submanifold map j <18 weakly symplectic, i.e.

the associated mapping
T:’c
B >
et T > T M
s injective.

PROOF .

Suppose wk(X,Y) =0 for some X(#0) and all Y in ng. Then
w(j,X,j,¥Y) =0 for all j,Y € TM . Consequently j X € TMt . Of course,
juX 1is also an element of ng and we conclude from the definition of a

j.X = 0. Since

weakly symplectic manifold that Ju

j, 1is injective X must

be zero, hence j*w is weakly symplectic (and _ 1is injective). #

k
We want to describe the dynamics entirely in terms of objects defined
on Mk. Therefore we pull the equations of motion (2.5.2) back to M

by the submanifold map to obtain:

Skp . . %
LDl 1 =] [-(dH)l 1. (2.5.3)
u Y,

"

We use for the right-hand side

3
il |, 1 =4d@G = d(H (2.5.4)
",

*H)IMk ‘Mk)
Equation (2.5.4) is not entirely trivial, because we take the pullback of a

restricted form dH , and restricted forms are somewhat peculiar. For

instance, the exterior derivative of the restriction of an exact form is not

necessarily zero:
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d((dH) .M'k> #0

in general. For a discussion of (dH) | see Appendix A.
*
The left-hand side of equation (2.5.3) is a form in T Mk acting on a

vector Y in TMk in the following way
P o], T = (3,0 (2.5.5)
k

We know that XH lies in ng (by construction of the final constraint

manifold Mk) . This means that there is a vector iﬁ in TMk , with

Xy = K -

So we find for the right-hand side of equation (2.5.5):

]

0(X3, D) = 0(3,X 5,0 = i@

(2.5.6)

[1(X) i1 (D)
Introducing the notation

%
o =
H = i*H = H|

k I,

and using equations (2.5.4), (2.5.5) and (2.5.6) we obtain for the '"pulled

]

w w

back" equations of motion.
l(XH)wk = -de (2.5.7)

Here we have expressed the equations of motion in terms of intrinsically
defined objects on Mk' In this derivation of (2.5.7) we have nowhere used
the fact that Mk is second class, so (2.5.7) is true for arbitrary final
constraint manifolds. However, for a second class constraint manifold

(2.5.7) has a unique solution.
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The conclusion of this section is that for a presymplectic system with
a second class final constraint manifold we can forget that we started with
a presymplectic triple (P,w,H) and use the weakly symplectic system
(Mk,mk,Hk) as the description of the system. We can say that we have elim-
inated unphysical degrees of freedom by going from P to the 'true" phase
space Mk . In the next section we will show that in the case of a first
class constraint manifold we have to eliminate even more degrees of freedom
to get rid of the gauge freedom of the final constraint manifold.

In the rest of this paper we will not discuss second class constraint
manifolds any further. We would like to remark that there are very interest-
ing physical systems described by second class manifolds. An example is the

Korteweg—de Vries equation (see McFarlane [14]).

2.6. First class constraint manifolds.

The final constraint manifold Mk of a presymplectic system (P,w,H)

is called first class if

Tbﬁi‘c@k. (2.6.1)

For such manifolds the solutions of the equations of motion are not unique.
We can add to any solution XH tangent to Mk (such solutions do exist
by the construction of Mk) an element Z of TMt to get another vector
field which is according to (2.6.1) again tangent to Mk . We argued (or
rather postulated) in section 2.4 that XH and XH-+Z describe the same
physics, and that points connected by the integral curves of gauge vector
fields Z € TMt n zgk are physically equivalent.

To eliminate this gauge freedom we want to identify gauge equivalent
points of Mk . We therefore have to find the set Lm of all points that
are equivalent to a given point m of Mk . One constructs Lm by taking

the union of all integral curves of vectors Z going through m.
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According to the Frobenius theorem (see for instance Theorem 2.2.26 of [2])
the set L is a smooth manifold (a maximal integral manifold of TMt)

if TMi is involutive i.e. if for any pair Zys 22 in TMt their commuta-

tor [Z1,22] is also in TMt . Fortunately, we have the following theorem:
THEOREM 2.6.1.

™  is Znvolutive.

PROOF .

Let Z1 and Z2 € TMt , this means that

i(zi)w(j*x) =0, i=1,2, Vxemk.
We have to show
i([Z1,ZZ])w(j*X) =0.
Using the indentities A.7 and A.8 from Appendix A we calculate
. . I . . 1. B
i(lz,,2,Du(G X = [LZ1 i(z,) -i(z,) LZ1J0)(J*X) =
[d1(Z1)1(22) +1(Z1)d1(22)-1(22)1(21)d-1(22)d1(Z1)]w(J*X) =0.

All terms are separately zero, the first, second and fourth because Z1 and

22 belong to TMt and the third because w 1is closed. | |
Because of this theorem and the theorem of Frobenius there goes through

every point m of Mk a maximal integral manifold Lm of the collection

of gauge vector TMt. One says that Mk is "foliated" by the "leaves" L

of gauge equivalent points (see [2], [3] and fig. 5).
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Fig. 5. The foliation of Mk by leaves of gauge

equivalent points.

We can now form the quotient space R = Mkﬁv of Mk by the following
equivalence relation: two points m, and m, of Mk are equivalent if
they lie on the same leaf L, or in other words, if they are gauge equi-

valent. R 1is the space of leaves Lm of Mk°

We have a canonical projection

me Mk - R

which assigns to a point of Mk the leaf to which it belongs. We assume
R to be a smooth manifold and w to be a smooth mapping. R is called the

reduced phase space of the presymplectic system (P,w,H) .

We can express the dynamics entirely in terms of objects defined on R,
We first introduce on R a 2-form wp in the following way. Let Y1 and
Y2 be two vectors tangent to a point & of R, A point £ of R corres-

ponds to a leaf L in Mk’ Take any point m on L and two tangent vec—

tors Y, and Y, in Tka that project on Y, and Y, :

1 2 1 2
Y1 =T, 1 Y2 = H*Yz.
We define wp by
p(¥y5¥)) = 0y (¥,Y))
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with w = jw

the pullback of w onto Mk'
THEOREM 2.6.2.

wp s well-defined.

PROOF .

We have to show that the definition is independent of
a) the choice of point m on L,

b) the choice of tangent vectors ?1 and ?2.

Concerning a) we note that Wy is constant along a leaf:

tangent vector field to a leaf, i.e. any element Z of TMt,

szk = 1(Z)dwk+d1(Z)wk =0

because Wy is closed and Z € TMt.

To proof b) we remark that if we choose two other vectors

that project on Y1 and Y2:

Ty Ty Ty T Ty

then
Yo=Y, vz, v, =Y+z,

with Z1 and 22 elements of TMt . Using this we obtain
mk(Y1,Y2) = wk(Y1+ZI, Y2+22) = wk(Y1,Y2). |

THEOREM 2.6.3.

wp s weakly symplectic.

take any

then

Y and

1
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PROOF .

Suppose
wR(Y1,Y2) =0

for all Y2 € TR, then

wk(&?1 3, =0

~ ~ 1 . .
for all Y2 € TMk or consequently Y1 € TMk . But then the projection of

~ .
Y1 18 zero:

THEOREM.

The Hamiltonian Hk i8 constant along leaves of the foliation.

(One can also express this by saying that W, 1s gauge invariant).

k

PROOF .

Let X be tangent to a leaf, i.e. X € TMt. Then, using the defini-

tion of XH we calculate
X(Hk) = de(X) = —wk(XH,X) =0

(because X € TMi). Hk is constant along leaves. #&

On R we have in this way constructed a weakly symplectic for wp and a

well-defined Hamiltonian HR.' (HR(Lm) i= Hk(m)) .  We can formulate the

equations of motion on R :

i(XH Jw = —dHR
R

The unique solution XH of this equation is the projection of all solutions
R
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of the equations of motion on Mk'
differ precisely by an element of
to R.

With the reduced phase space
our original presymplectic system

determine the character of R for

This is because two solutions of Mk

TMt s which is '"projected out" by going

R we have found the true phase space of
(P,w,H) . In the next chapter we will

the Yang-Mills system.
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Chapter 3

THE YANG-MILLS SYSTEM

3.1. 1Introduction.

We will calculate in this chapter the final constraint manifold of the
Yang-Mills system using the techniques developed in the last chapters.

First we recall some definitions and results on the fiber bundle formula-
tion of gauge theories. For more details see Eguchi et. al. [17],

Bleeker [16] and Daniel and Viallet [18].

Then, in section 3.3,we show that the Yang-Mills equations can be formu-
lated as a presymplectic Hamiltonian system. In section 3.4 we apply the
constraint algorithm to calculate the final constraint manifold. In section
3.5 we discuss the gauge freedom and the equations of motion on the final
constraint manifold and in section 3.6 we calculate the reduced phase space

and conclude this report with some general remarks.

3.2. Fiber bundles.

3.2.1. Principle fiber bubdles.

A principle fiber bundle P(M,G) 1is a manifold P on which the Lie

group G acts freely and differentially from the right: there is a mapping
d: PxG » P
such that

1) @ 1is smooth
2) o(elp,g)sg,)) = ¢(p,g.8), VP €EP, Vg .8, €G
and
?(p,e) = p, Vp € P, e 1is the identity element of G

3) if &o(p,g) =p for any p € P, then g =-e.
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One also uses the notation
o(p,g) = pg = Qg(p).

This action of G on P defines an equivalence relation on P: two points

P, and Py of P are equivalent if there exists a g € G such that
P, = Py8-

The quotient space P/G 1is M. One further assume that the projection
m: P> P/G=M

which assigns to an element of P 1its equivalence class in M 1is such that

there exists on M an open covering {Ua} such that
-1
m (U)=2U xG.
o o

Thus P 1is locally trivial, i.e. the product of M and G and we can

locally (on ﬂ—1(Uu)) introduce coordinates in P, such that
p= (g, with p€w (1), x=7(p) €U, g€C.

The action of G takes in these coordinates the simple form:
pg, = (x,g)g1 = (x,gg1).

One calls P the total space of the principle fiber bundle, M is the base-

space, G the structure group and ﬂ_1(m), with m € M, the fiber over m.

Tangent vectors Xp in TpP are called vertical if W*Xp = 0: they are

tangent to the fiber over w(p) .

3.2.2. Associated fiber bundles.

Let P(M,G) be a principle fiber bundle as defined above. We construct

for every linear representation
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Rep: G » GL(F)

of G on some vector space F a new manifold E, that has locally the
product structure MxF 1in the following way: Define on PxF the action

of G by
(,5) > (p,0)g = (pg,Rep(g NE), p€P, £EF, g€GC.
Choosing local coordinates on P we can write
(p,f) = (x,g,£)
and the action on G takes the form
(p,Dg, = (pg1,R8p(g;1)f) = (X,ggPRep(g;])f) .
The action of G on PxF defines an equivalence relation in the usual way:
(@)~ (pyaf)) = 3 (pr&, Rep(g” DE) = (py,f,) -

The quotient space PxF/G 1is called E.

Using the local coordinates we can always choose a representative of an

equivalence class to be of the form
(x,e,f)

by making a suitable transformation. So we find that locally E can be
coordinatizaed by (x,f) and E 1is locally a product MxF . More abstract-—

ly: there exists a projection
: E
e > M

(defined by the commutativity of the following diagram:
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P (FxF) /G=E

pr, is the projection on the first coordinate.) such that
w ' U) =u xF
E o” T o

with {Ua} the same open covering of M used in the definition of P(M,G).
E 1is called the vector bundle associated to P(M,G) and the represen-

tation Rep of G on F.

3.2.3. Sections.

A mapping
s: M > P(M,G)

is called a section of the principle fiber bundle P iff

The collection of all sections is denoted by TI'(P) . One similarly defines
sections of an associated fiber bundle E . One denotes the collection of
sections of E by T(E).

Important is the following fact [18]: there is a bijective correspon-

dence between T(E) and the collection of functions
f: P~>F
with

f(pg) = Rep(g-1)f(P) (3.2.3.1)
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To see this, introduce coordinates in P and E. A section g of E

has the form

]

x b sE(x) (x,gé(x)) = [(X,E,EE(X))]

[(x,g, Rep(g ) 5, (x))]

with EE(x) € F and square brackets denoting the equivalence classes in
PxF. We have for every point p = (x,g) in P a value Rep(g_1);£(x)
in F. This defines the function (3.2.3.1). If on the other hand we have

a function (3.2.3.1) then we can define a section of E by

x — [(x,8,£(x,8))] = [(x,e, Rep(g) Rep(g ) £(x,e))]

[(x,e,f(x,e))] = (x,f(x,e)) .

One can generalize this result in the following way: Let Ak(M,F(E))
be the collection of k-forms on M with values in the sections of E, and
let Kk(P,F) be the set of k-forms on P with values in F such that for

-k
all o € A (P,F)

* -1
1) @ga=Rep(g ),

2) o 1is zero on vertical vectors (vertical vectors were defined in the
last paragraph of section 3.2.1).

Then the spaces Ak(M, (E)) and Kk(P,F) are isomorphic. The proof of

these correspondences is analogous to the proof in the case of functions.

One calls a form o transforming as in 1) a form of type Rep and a form

o satisfying 2) is called horizontal.

3.2.4. Connections on a principle fiber bundle.

We defined in section 3.2.1 a tangent factor Xp in TPP to be verti-
cal if it is tangent to the fiber ﬂ-i(ﬂ(P)). One can show that every verti-

cal vector Xp is of the form
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_d
Xp = dt(p exp tZ)t=0

for some £ 1in the Lie algebra 2(G) of G.

To define the notion of horizontal vectors we introduce a so-called
connection form A on P. A is a Lie algebra valued 1-form with the fol-
lowing properties
1) o*A = ad(g Ha,

g

ad is the adjoint representation of G, acting on the Lie algebra
2(G) .

2) Ach -1
Z* is the fundamental vertical vector field on P, induced by I 1in

2(G) =

£ =y
p - TP -exp(tZ))t=0.

We define a vector X to be horizontal (with respect to the connection form

A) if
A(X) =0.

Property 1) says that a connection form is of type ad and property 2) tells
us that A 1is not horizontal. However, in the next section we will show
the relation between connection forms and the set K‘(P,Q(G)) of horizon-

tal forms of type ad.

3.2.5. The space of all connections of a principle fiber bundle.

In general there are in a principle fiber bundle many ways to define
horizontal vectors, i.e. there are many possible choices of connection form
A

We are interested in the space of all connections C(P) . This is an

affine space modelled on the vector space KT(P,Q(G)) : consider two con-
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nection forms A1 and A2 . Their difference

is an element of KI(P,Z(G)) for

1 6T = 0'A -0 A = ad(g )(A.-A) = ad(g DT
g - g1 g 2 = adlg 1 727 adleg

%* * *
2) T(I) =A#Z)—A%Z) =5-1=0

*
for all vertical vectors I

On the other hand, if A is a connection and T an element of K‘(P, G))
then T+A 1is also a connection, as one easily checks.

C(P) considered as a manifold has as its tangent space TAC(P) the
model space Ki(P,E(G)) : the curves through a point A of C(P) can be

represented by
AT(t) = A+tT
with

TER(P,2G) .

3.2.6. Hodge star operator and metrics on sections.

In this section we collect some elementary facts of Riemannian geometry
and use these to define a so-called Hodge star operator on Ak(M) , the
space of k-forms on M. We extend this notion of the Hodge star operator
to Ak(M,F(E)) the space of forms with values in the space of sections of
some associated fiber bundle E with typical fiber F . Using the isomor-
phism between Ak(M,F(E)) and Kk(P,F) discussed in section 3.2.3 the Hodge
star operator can be defined on Kk(P,F) . Finally, the star operator is

used to define metrics on the spaces

A%en, AF,re) and AN, .
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A. Riemann geometry.

We start with an orientable, n-dimensional (pseudo-) Riemannian manifold
(M,g) . The metric g induces in every point of M a nondegenerate symmet-—

ric mapping

g0 T wr M R
m m m

x 1) g0k Ly
The superscript 1,0 tells us that the function g;’o acts on tensors of
type 1,0 : vectors. In general a superscript p,q attached to a function
indicates that it acts on tensors of type p,q. In the sequel we will drop
the subscript m for notational convenience.

The metric induces, in the same way as a symplectic form does, cf. equa-

tion (1.4.3), an isomorphism between tangent and cotangent space:

*
11’0:TM->TM
m m

<y | %) > = g1’O(X,Y) , VYETM.

With this isomorphism we can define the mapping

0,1 * %
g :T MXT M > R
m m

by

-1

@, =g @Y W, % @) .

So the metric g gives in every point m of M not only a scalar product
on the space of vectors, but also on the space of 1-forms. One can even

generalize to a scalar product gp,q for arbitrary tensors:
P,q, P crmd P (r 9
g "[(TmM) (TmM) 1 x [(TmM) (TmM) 1 >R

is defined as follows:
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Let A and B be tensors of type p,q, then we can write with

respect to some reference frame

J,oeeed i i
A=A, 9 x'e...exPeou, ®...00,
1, «.s 1 J
1 P 1 q
and similarly for B . Then

J.eeei §....3 i, 1 i
2%, p) = Ai1 p 311 iq 1,0(y ! x 1) g1,0/X 2 x 2\

0,1 \
cee 8 (mj ’wjé .

q

Also the isomorphism can be extended to p,q tensors:
% *
9t wPe(rm? — (T wPe(r
m m m m
is defined by

<B | P29 > = gP°%a,B) .

q

In the language of classical tensor calculus the mapping gp’ contracts

all corresponding indices on two tensors of type p,q and the isomorphism
179 raises all p lower indices and lowers the q upper indices of a
tensor of type p,q.

We remark that the mapping. P4 respects the symmetry or antisymmetric

. o,k .
of the tensors they act on. For instance, 1 ’ transforms a k-form into

an antisymmetric tensor of type k,o: a k-vector.

B. The Hodge star on Ak(M).

We choose an orthonormal base {mi} of 1-forms on M and take the

wedge product to define the volume form V :

V=w, Aw

1 2/\...Awn, dimM = n.

One can prove that V 1is independent of the choice of the orthonormal frame,
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except for a sign, corresponding to a choice of orientation.

Define the Hodge star operator by

k

T R Gl

xa = 1 v(1°°%) ().

s

k!
. c e . o,k .

Some comments on this definition: o 1is a k-form, I ’ (a) 1is a k-vector and

V(Io’k(a)) is the contraction of that k-vector with the volume form. The

factor is conventional.

1
k!
One can show that, for a,B € Ak(M), one has
ah 8 = g2 (a,8)V = Bhxa.
Another property of the star operator is

k(n-k)a

wxa = (=) 181 . o€ Afan

lgl 1is the determinant of the matrix
ij 1,0,.1 _j
gl =g ()
for any basis {x'} of TM.

C. The Hodge star on Ak(M,F(E)).

Consider a form ap € Ak(M,F(E)) . Locally we can write

ap =0®f

with a € Ak(M) and f € F.
The Hodge star on Ak(M,P(E)) is then defined by
k n-k
%o 2 ATOLT(E)) > A0 T(M,T(E))

* = %y ®
g a®f .
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The star operator acts only on the form o and not on the vector f.

D. Hodge star on Ak(P,F).

Using the isomorphism
Is : 4501, T () ~ AX(P,F)
discussed in section (3.2.3) we define the Hodge star operator
*p *e,r > % e,m)
=1

% = * o
by F Is o E Is

E. Metric on Ak(M).

Let o and B be points of Ak(M) . Then for every point of M we

have the n—-form:
ol * R = go’k(a,B)V

which can be integrated over M to give a metric, a bilinear symmetric non-—

degenerate mapping, on Ak(M):

(3 :Ak(M)xAk(M) - R

(a;8) = JahxB = Igo’k(a,B)V = (B3a) .
M M

Here we have to assume something about o, B or M for the integral to
exist. We can, for instance, take M to be compact or o and B to be of

compact support etc.

F. Metric on Ak(M,F(E))-

To introduce a metric on Ak(M,F(E)) we need a metric h on F.
Let {(Ui,¢i)} be a trivializing atlas for Ak(M,F(E)). We mean by this

that for a point oy of Ak(M,F(E)) we have on Ui a coordinate represen-



86
tation of the form:
i k i
¢i(uE)—a®fa, a €A™, faEF.

If Ui n Uj is not empty we have

i
¢i(aE) B u®fa

3 on Ui n Uj
¢j(otE) =ae@f

. i i . . o .
and the relation between fa and fi is given by the transition function
of E, a function on Ui n Uj taking values in the representation of G

on F:
i_ j

fa = Rep(g)fcx
for some g in G (in every point of Ui n Uj)°
We introduce on Ui the function

- k k

gh/Ul:A (Ul,P(E))XA (Ui’F(E)) - R
by

/U (a,8) = &0 (e, mncel )

i E’E i o’

If the metric h on F 1is invariant under transformations with the repre-
sentations of G, the functions éﬂ]Ui and EEYUj will coincide on the
overlap Ui n Uj and it will be possible to define a function gh on the

whole of M. This global function is used in the metric on Ak(M,F(E)):

. oy _ o,k
(aE’BE)E é' gh(aE,BE)V ={g (a,B)h(fa,fB)V

f ol % B)N(E ,E,)
M
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G. The metric on l_\k(P,F) .

Let o and BF be points of Kk(P,F) . Then the metric (;)F on

them is defined by
(0380 = (Ts (o) ;1™ (L))
F’°F'F ¥ F''E "

H. Example: the metric on Ak(M,F(ad P)) .

In the sequel we will often use the bundle adP, the bundle associated
to P(M,G) and the adjoint representation of G on the Lie algebra 2(G) .
We assume G to be a matrix group. The adjoint action of G on the Lie

algebra is then

ad : Gx2(G) + 2(G) .

(g,0) > gog !

We define a metric on 2(G) wusing the trace:

h: 2(G)x2(G) ~ R

h(%1,22) = tr(z112) .

This metric is invariant under adjoint transformations and we define a metric

on AX(M,r(adP)) by

( B .. = fonA*Btr(fafB)

o 5
ad P’ ad P’ad P M

with in some chart ¢ :

)

¢(aad P o

i
Q
®
h

¢(BadP B*
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3.2.7. Codifferentials.

If one has on some linear space V a metric ( ; ) and a linear oper-

+
ator A, one can introduce the adjoint operator A of A by
+
(¢3A0) = (A ¢39) Vo,b € V.
As linear space we take

* b
A M = & AT
p=0

and the metric of section (3.2.6E), with forms of different degree orthogonal.

We then define the adjoint & of the exterior derivative d

k+1

a: AF > A

by
*
(da;B) = (a;6B) a,B € A (M) .

One easily checks that &, called the codifferential, lowers the degree of

a form by one:

k-1

s: A% > a5 T .

The codifferential is related to the exterior derivative and the star oper-

ator through the formula [16]
so = (-1 181 P gy

with o a k-form, n the dimension of M and |gl the determinant of the

metric.
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3.2.8. Covariant differentiation and covariant codifferentials.

To differentiate forms of type ad on P(M,G) with values in £(G)
we have to introduce a generalization of the exterior derivative. This is
the covariant derivative D A

+
D, : A°(2,2(®) » A" (2,000
H
D6 = @™
Here H 1s the horizontal projection on forms:
k ~k
H: AT(P,2(G)) > AT(P,2(G))

H

H H
R 10500 s

o, ... 0% )

[ Ik

. H . . . .
with Xi the horizontal part (with respect to the comnection A in P(M,G))
of the vector Xi.

One can show that for elements ¢ of KR(P,Q(G))
D,¢ = do+ [angl.
Notation.
Let
k m
n€ A (P,(G)) , v E N(P,(G)),
then we define a product
k
(navl € A™(P,2(6))

by combining the wedge product of forms and the commutator of the Lie algebra:

we write locally

n=neL ﬁEAk(M),L,KESL(G)

V= P8k v e A"
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then

[nav]l =1 A yelL,K]

One can also show that the covariant derivative of the connection is

I%A=dA+HAAM

Remember that a connection is not horizontal, therefore A does not belong

to A%(P,2(G)). The 2-form

F(A) = DA

is the curvature of the connection A. F(A) belongs to KZ(P,K(G)).

The curvature F satisfies the Bianchi-identity DAF =0.

In section 3.2.6G,H we defined a metric ( ; ) on Kk(P,l(G))

2(6)

and therefore we can define the adjoint operator of D This is the co-

A
variant codifferential 6A . One can prove that GA is in the same way
% ; % o
related to DA and 2(Q) as 6 1s related to d and :
o g n(k+1)* . o %
8,0 D= 6D %) °Pa OME

3.3. The Yang-Mills equation.

3.3.1. The manifestly covariant formulation.

Let M4 be a four-dimensional Riemannian or pseudo-Riemannian manifold,
P(MA,G) a principle fiber bundle over M4 with structure group G and
C = C(P(MA,G)) the set of connections in P.

We call an element A € C a Yang-Mills connection if it is an extremum

of the Yang-Mills functional or Action S :

S(A) = —-3(F(A); F(A)) F(A))

2(C)

-3 Mf tr(F(A)A*l(G)
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with F(A) the curvature,

F(A) =D, A = dA+3[AanA]l,

A

C3)

the inner product of section 3.2.6 G, H and * the Hodge

2(G) 2(G)

star of 3.2.6D. From now on we will not distinguish between Hodge stars and
metrics on Ak(M),Ak(M,Q(E)) and Kk(P,F) and we will accordingly drop the

subscripts indicating the difference.
PROPOSITION.

A Yang~Mills connection A satisfies
§,F(a) =0 (3.3.1.1)

PROOF .

Since C 1s an affine space modelled on Ki(P,i(G)) (see section 3.2.5),

we can write for am arbitrary element of C.
A, = AT, A€ K’(P,Q(G))

The connection A 1is an extremum of the action if
sy =0

for all A € L (P,2(Q)) .

One easily calculates

i

2
D, (At) = DA(A) +DAx+o(t )

F(A)
t t

and

AGA) = 5(a) +£(D, 5 F(A)) +0() .

Therefore
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d
TS = (DA F) = (3 8,F) .
This is zero for all X if and only if equation (3.3.1.1) is satisfied. @&
Equation (3.3.1.1) is called the Yang-Mills equation. Notice that it
has the same form in Euclidean and in Minkowski space-time. The metric struc-

ture is hidden in the definition of the codifferential. If one writes out

the equation in components the difference will appear.

3.3.2. The 3+1 decomposition of space-time.

We want to look at the Yang-Mills equations as the equations of motion
of a Hamiltonian system. In this formalism time plays a special rdle and we

assume therefore that M4 can be decomposed as
M = RxM (3.3.2.1)

with R the time coordinate axis and M3 space, a three-dimensional
Riemannian space. The splitting (3.3.2.1) induces a splitting of the tangent

space at every point of M4 . We write

= e Lt oy o
Xm a (t,x) at*—a (t,x) T
9%
with
e, er, x etut, 2 em.
m m BXI X

We assume the metric to be of the form:
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Depending on whether one studies an Euclidean theory or the Minkowski version

of it, the parameter p 1is plus or minus one. is the Riemannian metric

of M3.

The splitting of space-time also extends in a natural way to forms:

&3

let of be a p-form, then we write

WP = thuuf\;—'1 +w¥

with
p-1 _ (3\p p_ P_ p-1
Wy l\Bt/m N Wp = W thwN .

This splitting is orthogonal with respect to the metric of forms discussed

in section 3.2.6E: the normal part of P :dt/\w§_1 contains dt while

the tangent part wg does not. Therefore

p-1
N

p
* =
dt Aw A 7w 0

(since *mg does contain dt) and accordingly

(dt/\wl?l_l ;wg) =0.

The action of the exterior derivative can also be decomposed:

P _ p=1, Py _ oD _ p-1 p
dw d(dt A wy W ) dt A (wT d3wN ) + d3wT
with d the exterior derivative on M3 and

3

The inner product of forms on M4 is decomposed as follows:
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(a3B)

f g (a B)dV dt
M4

o,k o,k N
j[g (dt Aa dt/\BN)+g (oLT,BT)]dVBdt

N’

f [go’1 dt dt)gg skt
4
M

S loCagsB) g + (apsBp) lde (3.3.2.3)
R

o,k
(aN,BN) *gq (aT,BT)]dV3dt

N’"N"3

Here dV3 is the volume element on M3 and ( ; )3 the metric of forms
on M3, induced by 8y - We have used the orthogonality of normal and

tangent components.

= BE with values

The results (3.3.2.3) can be generalized to form o
in sections of an associated fiber bundle E, provided we can define an
appropriate metric on such forms (see section 3.2.6F). First, we split ap
(and BE similarly) in normal and tangent components by using a chart ¢

of E and writing:
$(ap) =aef
and splitting the 1-form:
= thaN+0LT

This defines the splitting of oap

_ -1 _ -1
OLEN—d) (thor.N®f), uET—cb (cfof)

This splitting is independent of the choice of chart ¢, because in another
chart only f 1is changed, not the form o . By a calculation similar to the

one leading to (3.3.2.3) we find

(ag3Bp) = n{ [ (ops B sp + Cppiopp) 3gldt (3.3.2.4)
with ( ;) the metric on forms on M3 with values in sections of the

3E
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pullback bundle of R to MB.

With the isomorphism of section 3.2.3 between Ak(M,Z(E)) and Kk(P,F)
we can make a 3+1 decomposition of forms in Ak(P,F) and also decompose
the metric of sections of Ak(P,F) in the obvious way.

We use (3.3.2.4) to write for the Yang-Mills action
S(A) = -§(F(a); F(a)) = [ L(p)dt

We interpret the function L(t) as the Lagrangian for the Yang-Mills system.
To calculate L(t) we have to decompose F(A) . Because we want to express
everything in terms of the connection A, we have also to decompose A.
Here we encounter a slight difficulty. F 1is a horizontal form (of type ad)
on P and as such isomorphic to a form on M. We can then split this form
on M and return to P by the isomorphism: this defines uniquely the split-
ting:

F = FN+F

T

However, A 1is not horizontal and therefore not naturally isomorphic to a

formon M. To get a form on M we choose a section
s: M > P

and pull A back to M by this section

We can split AM in normal and tangent parts
AM= thAN+AT. (3.3.2.5)
We then write for F(A) :

F(A) = dt A (AT—DZTAN) + D7 A (3.3.2.6)
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. 3 . . . 3
with DA the covariant derivative on P(M ,G) and

= d3AN + [AT/\AN]

T d3AT + g[ATAAT]

=

>
1]

We leave it to the reader to check that though the splitting of A (3.3.2.5)
is not independent of the choice of section s, the splitting of F
(3.3.2.6) is independent.

If we now use (3.3.2.4) we find for L:

3 . 3
L(t) = ~do(ap =D, Ags Ap=Dy Ag= (D, Aps Dy Ap)y.
T T T T
In the rest of this paper we will use only the 3+1 decomposed formalism,

so it is convenient to change the notation by dropping sub and superscripts

3 and introduce

With these conventions the Lagrangian becomes

L(t) = —ﬁp(A—DAAb; A-DAAb) - i(DAA; DAA). (3.3.2.7)

3.3.3. The Yang-Mills system as a constrained Hamiltonian system.

Motivated by the form (3.3.2.7) of the Lagrangian that we derived from
the action S(A) we take as a configuration space for the Yang-Mills system

a space Q consisting of pairs (AO,A) with
A € 1%p,,2(0), A€ C(P)
o 3? > 37

P3 = PB(MB,G) is the principle fiber bundle obtained from P(MA,G) by

pullback with the submanifold map j :

] :}'13—>M4 = ]R><M3
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and

P, = i*put,0) .

Notice that the mapping j 1is time dependent, so P3, A0 and A are also
dependent on time.

We have seen in section (3.2.5) that the tangent space to C(P3) is

K1(P3,£(G)). Therefore velocity phase space is:

1Q = gx10(p,,0(@)) x 1 (2,,(0) (3.3.3.1)

We assume that the metrics on KO(P3,2(G)) and K1(P3,R(G)) are nondegener-
ate. Since M3 is a Riemannian manifold these metrics are nondegenerate

if and only if the Lie algebra metric is nondegenerate. By the Cartan crite-
rium this is equivalent to demanding that the Lie algebra is semi-simple,
which we do from now on. If these metrics (on Kk(P3,2(G))) are nondegener-
ate we can identify according to the Riesz lemma, the space Kk(P3,2(G))

and its dual. We therefore use the metric for the contraction between T*Q
and TQ . More explicitiy, let (AO,A) be a point of Q, X = (AO,A,AO,A)

a point of TQ and w = (AO,A,no,w) a point of T*Q. Then the contraction

of w and X is:
<w | ¥> = tr(r Axh ) + [ tr(maxA) = (m 3A) + (m358) .

Notation.

It is useful to introduce the following notation: Let X and w be

as above, then we write them as:

The symbols etc. are a reminder of to which space the different

s 8
SA_’ A
o)

components of vectors and forms belong. With this notation calculations be-
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come quite similar to calculations in finite dimensions. For instance,

8 8
<m_6A_+m8A | AO-SK(;-+A§A->

<w | x>

- : 8
<m 6A | AO~M—°> + <7sA | Agg>

1]

(no;Ag-+(w;A).

This looks like in the finite dimensional case:

X = al—év~+bl—éﬁ-, w = c.dxl-i-d.dyl
9. 1 i 1
X ]
z 1 9 1 9 1 1
<w [ X> =<3 —s+b — | c.dx” +d.dy >
i i i i
9x oy

i

i i
ac.+b’d. .
i i

The summation over the index 1 in the finite dimensional case is replaced

by an integration. A vector X = A E%_‘ Aé% acts on a function f(AO,A)

according to:

= _c_l__ A Ay o= 4 A _d_ A
X(f) = ER f(A0+)\Ao, A+MA) = ER f(Ao+}\Ao, A) + ax f(AO, A+)A)
(3.3.3.2)

A commutator of vector fields is calculated in the familiar way

>
]

f (A A) +f(A A) y Y=g(A A) +g(A A)

[%,7] = X(g ) 5 +X(g) —Y(fo)%-Y(f)—gK (3.3.3.3)

with X(go) etc. calculated according to equation (3.3.3.2)

We now want to go from velocity phase space TQ to phase space T*Q,
using the fiber derivative. Let X and Y be two vector fields on Q.

We write

i 8 8 s 8 .38 -
X =4 + A, Y—B06A0+BGA, FL(X) = 7 _6A_ +méA .
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With equation (1.2.2):

S
SA
o

. -8 ~
<Y | FLGX)> = <B_ *B oy | m GA +mEA> =
- S A LAA +2B LA+ B).
dA 0’0 o’
Using the form (3.3.2.7) of the Lagrangian we obtain:
(Bo,ﬂo) + (Bym) = —p(B;A-—DAAO).
As B and B are arbitrary we find for the components of FL(X) :

o

m™ =20

3
it

-p (A-D AAO) .

The range of FL 1is a submanifold M1 of T*Q on which

On M1 we define the Hamiltonian as in equation (1.2.3):

Ho FL(X) = <X | FL(X)>-L(X)

i

-~ (A34-D,A ) +} (A-DA ;A-D,A ) +}(D,A;D,A)

]

-p (w3m) +(ﬂ;DAAo)-+£(DAA;DAA) (3.3.3.4)

To define Hamiltonian mechanics on M, we need a symplectic form on M

1 17

The natural candidate is

the pullback of the symplectic form T*Q by the submanifold map

. *
iy M1 > T7Q.

However, we have the following
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PROPOSITION 3.3.3.1.

w, 78 not symplectic .

1
PROOF .

We will show W, is degenerate. In Chapter I (equation (1.6.9)) we calcu-

lated w:

w(Y1,Y2) =<e2 | (31>—<e1 | 82>

with
Y = (x,u,e1,81) Y, = (x,a,ez,Bz) .

1

In the present notation we have

x = (Ao’A)
a = (m_,m)
[e]
T .85 . s
ey = Ay 6A0+A1_<SK’ ) 'A026A0+A2?SK
) .8 . .8
By = o SRR T By = To2®n_ "2 % ¢

So now equation (1.6.9) reads

(Y1 ,YZ) = (T'r01 ;Aoz) + (T'r1 :Az) - (ﬁOZ;Aol) - (ﬁZ;A1).

Let X and Y be vectors in TM1 , then
w1(X,Y) = w(j,X, j,Y).
The vectors j*')\(‘ and j*"f do not contain components in the E?— direction.
o

Identifying j;(' and ')\(', and j*?{' and Y we find for w,

0, K = Cigshe) = Cigsde) (3.3.3.5)



It will now be clear that w, is degenerate, because any vector in the A

direction gives zero contribution to w, . So w, is not symplectic. &

The conclusion is that (M1,m1,H) is a presymplectic system and we have

to apply the constraint algorithm.

3.4. The constraint algorithm for the Yang-Mills system.

We want to find a solution of
1(XH)m1 = —-dH (3.4.1)
on M1, with

H = -§p(m;m) + (n;DAAO) + &(DAA;DAA) . (3.4.2)

In chapter two we found that the condition for a solution to exist on M1

was:

<TMJ1' | aa>=0. (3.4.3)

PROPOSITION 3.4.1.

The set of points of M, for which (3.4.3) is true is the submanifold

1

M, of M, defined by

M, = (A ,A,m €M, | 8,m=0}.

PROOF .

We have

ey

]

{XETM1 | w1(X,Y) =0, VY€’I‘M1}

.8 -0
{Aoa: | AO€A (P5,2(6))}
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Using this

.6 d .
<A ——GAO | au> oA +tA)

+(n;DAAO)

Since Ao is arbitrary this expression is zero iff

On M2 one has solutions of (3.4.1). These solutions are tangent to

M, 1iff

<y | aw>=o0. (3.4.4)

PROPOSITION 3.4.2.

For all points of M, equation (3.4.4) <is satisfied.

2

PROOF .

We have to find the form of TM;. To this end we first prove some

lemmata.
LEMMA 1.
§ § §

Let Y = AOEXO—'*A‘S-A-'*‘TT-S—“

be a vector in TM1/M2. Then
Y € M, < (#;D,n) - (4; [n aD) = 0.

PROOF of lemma 1.

Since all functions of the form

fn(A,ﬂ) = (W;DAn) , neE 1_\°(P3,2(G))
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are zero on M2 s Wwe have
Y € Ey& i Y(fn) =0 an

But

= (3D, + (3 [A,nD) .

d .
Y(fn) = a(ﬂ + AT DAH\An)

We rewrite the last term as
(r; [A,n]) = =(&; [7,n]) ' (3.4.5)

This formula is based on the fact that the trace used to define the metric

of Lie algebra valued forms is cyclic: for arbitrary a,B,y € 2(G) we have
tr(alB,y]) = tr(aBy - ayB) = tr(aBy -Bay) = tr(la,Bly) .

This proofs Lemma 1. ¥

LEMMA 2.
1f Y = Aoai-o—uig%ws% € m,
and

(#,B) - (A,C) =0
then

B = DAn R C = [n,n]
for some

n € (P3,2(G)).
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PROOF of lemma 2.

Define a function
=0 =1 =1
mA : A (P3,2(G)) > A (P3,2(G)) x A (PBZ(G))
by
n b (D,n, =[m,n]) .

In Proposition 2.2.5 we proved

sTHF -3

for any subspace S of a Banach space E. Take E to be the product

l_\1(P3,SL(G)) x/'\1(1>3,z(c)) and S the image of TA:S =

By Lemma 1 we have

PP N -1 .
s = {(#,A) €A (P3,2(G)) x 1\ (P3,2(G)) | (73D,
s e R I
= {(7,A) | AOE—A—O—+A&—+N-§1—T- €m,) .

We identify here Kk(PB,Q(G)) and its dual.
Now let Y € EEQ , then (ﬁ,A) € SF—. Furthermore, let
This means that (B, -C) € (SF31—

since S 1is closed. We find

B=DAn,

COROLLARY .

_ 8 8 8
TMé =4, 6A0+[“’”]5—E+DA”EK'

or by Proposition 2.2.

AR (P4,2(6))

]

n) = (As[m,nD)

(#3B) - (4,0)

5, (B,-C) €5,

C = [wr,n] for some n € KO(PB,Q(G)). v

0}

0.
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PROOF of the corollary.

XETM;=><»1(X,Y)=O Wegb_ﬁz
= (fg3Ap) — (1 340) = 0.
Applying Lemma 2 leads to

ﬁX=[1rn], szD”' A4

We now start the proof of the proposition by calculating, using the

form (3.4.2) of the Hamiltonian:

<miy | an> -

d . . .
I H(A_FAA_, AAA, m+Af)

d
= =(n;D,A ) + (13 [DpAA D + (DD, N3 D A)
-p([m,nl;m) + ([m,nl; DAAO).
The first term is zero:
(W;DAAO) =0,
because we are on M, . Collecting terms with A0 we find

#

(m;l Dyn AAO]) + ([n,n];DAAo) (ms [DAn /\Ao]) + (3 [nADAAO]) =

= (3D, Inaa D) = 0.
Here we used property (3.4.5) of the inmer product, the fact that [n AAb]
is an element of KO(P3,Z(G)) and again that we are on M2.

To show that the other terms:

p{lr,nl;m, (DADAn; DAA)

are zero we need the following property of the inner product:
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(2;8) = (oo™ *Mge™) | vn € 7\0(93,2((;)) . (3.4.6)

The proof of this is based on the fact that the trace is cyclic:

)\ - -
tr (e we Anekn Xn)

Be = tr(aB) .

Applying this to o = 8 = 1 and differentiating with respect to A we get

0 =3y e M Mre™ Ny = 2(In,rlym = ~2([n,nl;m.

The only remaining term (of equation (3.4.4)) is
(DAD

N DAA).

We can induce a transformation
An

AN -
DAA F— e DAAe

by making a transformation
A /.’3;}\ = eAnA e_>\n + e)\nd e_>\n .
Using this in (3.4.6) and differentiating we find
(DADAn;DAA) =0.
This proves the proposition. W
This rather lengthly calculation shows that M2 is the final constraint
manifold.

3.5. Gauge freedom for the Yang-Mills equations. The equations of motionm.

We summarize the results of the first sections of this chapter.
. 4 . . .
We have decomposed space-time M  into the product of a time-axis and

a space manifold:
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M =RxM .

On M4 we have a principle fiber bubdle PA(MA,G) which induces, after

splitting space-time, a bundle P3(M3,G) on M3. The dynamical objects

of Yang-Mills theory are connections on P In the 3+1 decomposed form

4
these become elements of the space Q of pairs (AO,A) with AO

a (time dependent) Lie algebra valued function of type ad on P3 and A

a (time dependent) connection form in P The cotangent bundle of Q

3
consists of quadrupples (AO,A,ﬂo,n) . The dynamics takes place in the
T, = 0 constraint manifold M1 of T*Q. M1 consists of triples (AO,A,H).

oM T*Q the

embedding of M1 and w the canonical symplectic form on T*Q . The

On M1 we have the presymplectic form w, = ij , with j

Hamiltonian on M1 reads:

H(AO,A,H) = ~dp(mwymw) + (m; DAAO) +£(DAA;DAA) (3.5.1)

with p =1 if M4 is Euclidean and p = -1 if M4 is Minkowski. The
metric of forms ( ; ) 1is defined by using the trace in the Lie algebra

and the Hodge star on M3 .

To the presymplectic system (M1,w1,H) we applied the constraint algo-

rithm and we found that the manifold M2 < M1 < T*Q defined by

is the final constraint manifold. This means that the equation of motion:

i(XH)w1 M, M, (3.5.2)

- _dHI

have at least one solution tangent to M2 .  This was the position we reached

at the end of section 3.4.

We now look in more detail at the final constraint manifold MZ'
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PROPOSITION 3.5.1.

M, is a first class submanifold.

PROOF .

We have to show that
TM; < TMZ'

The general form of TMé is (cf. the corollary of section 3.4)

TR 8 § 4 —o
TM';' = {Aoggg+[n,n]6—E+DAn N | AO,nEA (P3,£(G))}.
In the same section (cf. Lemma 1, section 3.4) we proved that

X €TM ~==>(1'rX,D

) Aﬂ) - (AX, [ry,n]) =0, vn .

So we have to show that if X € TM% , that is if

ﬁX=[n,n], AX=Dn

this condition is satisfied. We calculate:
([Tl':n'],DAn) - (DAn', ['IT,T]]) =
= (m, [n'ADAn) + (m, [DAn'An}) = (W,DA[n'An]) .

This is indeed zero, because [n'An] belongs to KO(P3,1(G)) and we are
on M, . |

Next we investigate the gauge freedom on Mz. As we argued in section 2.6
we can add to a solution XH of the equations of motion (3.5.2) any vector

Z € GR , with
G = GR—1 + [G2_1,)%{] + [G2_1 ’Gl'l] L= 2’3’41

with

(2]
It

1 kerQ1 n IMZ
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to obtain a gauge equivalent vector field XH-+Z . In Appendix A it is

shown that
6, < i

In other words TMé is an upper bound for GQ . The following proposition
shows that the bound is saturated for £ = 2 and consequently for all &

larger than 2.

PROPOSITION 3.5.2.

G, = TM';.
PROOF .
Using
_ _ ° 6 ® -0
G, = TMJ{ = {AOE—A; | A €A (P,,2(6))) (3.5.3)
we have
G, = TM'1L+ [TM#', xH] + [TMJ',TM':‘] .

Because of (3.5.3) TM# is the tangent bundle of the Ao—manifold and

therefore
[TM#,TM#] = TMf, '

We find

(]

i

A
=

LEMMA 3.5.3.

$ §
(—pﬂ+DAAO) =t ([rw, AO] - GADAA) T

1

is a solution of the equation of motion (3.5.2).
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PROOF .

We contract equation (3.5.2) with an arbitrary vector Y:
w (X, ¥) = -dH(Y) . (3.5.4)

In section 3.3.3 (see the Proof of proposition 3.3.3.1) we showed that

0 () = G sy = Gryshy )

with

X, = A S a8
OXHGAO AXHGA XHcSTr
T
YT Aoy E TR Ty
Using the expression (3.5.1) for the Hamiltonian we calculate the right-hand

side of (3.5.4):

_ —_d_ . . R
dH(Y) = Y(H) = T H(Ao+)\A A+AA, n+an) .

oY’
We consider the various terms separately:

d
TTHA AL Q) = (13D,A )

Y AoY ?

d ° . o
a-A-H(AH\AY) = (m; [AY, Ao]) + (DAAY;DAA)

]

(Bys =lm, A 1+6,D,4) ,

]

d N .
H_AH(MMY) (nY, p‘1T+DAAo) .

So

-dH(Y) = -(A §,m + (A [n, & 1-6,D,4)

oY;

-(T’rY; —pn+DAAo) .
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Substituting this in (3.5.4) and comparing terms depending on the arbitrary

AoY’ AY’ WY , we find sufficient conditions for a solution of 3.5.4 to be:

1) §wm=20

=
Li

2)

3) AXH -pm+D, A
Ao

Condition 1) is by definition true on M

=[r,A]-56
o

5 s 2) and 3) give components of

XH, the Ao)( being arbitrary. This proves the lemma. v

We stress that the Hamiltonian vector field of Lemma 3.5.3 is just a
solution of the equations of motion and certainly not the unique solution.

LEMMA 3.5.4.

[TMJ1', xh] = DAn%+ [n,n]—é%r—, nEI_\o(P3,SL(G)) .

PROOF of lemma 3.5.4.

An arbitrary element of TM# can be written an

§

i
We use XH of the form of Lemma (3.5.3). With the expression (3.3.3.3) for

the commutator of vector fields, we obtain

[trMl }g{] = n—( CLEUN A) ([m, Al ]- GADAA)éi

5A+“5A

with

=Dn

s
n S, (0,8, A

“EK”[“’AOJ = [m,nl
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we find

8 $
[TM_:-, XH] = DAnm"‘ [TT,T]]'(S—T? . v

Combining Lemma 3.5.4 and equation (3.5.3) gives:

.8 s 8
Gy = A, 6A0+DA”E+[“’”]§F

with Ao and n arbitrary. But this is exactly the form we found in

section 3.4 for an element of TMé : therefore

G2=TM§. a

The upshot of this proposition is that all elements of TMé are gauge
vectors. We can therefore give the general solution of the equations of
motion by adding to a special solution, for instance, the one we found in

Lemma 3.5.3, an arbitrary element of TMé . In this way we obtain

A S S - 15
XH B Aogzg+[ r:”“"DA(AOJ”]):I 6A+[[“’Ao+n] GADAAJ L

We can simplify by noting that if n is arbitrary also Ao-kn is, and we
can incorporate A0 in n to get
.8 s | 1s
=A —+[- —+ - = . .5.
X, = Al 6A0+[ oT +DAn] 35 L[vr,n] GADAAJ 3 (3.5.5)

3.6. Reduction of the final constraint manifold.

In the last section we found that the most general Hamiltonian vector
field on M2 (equation (3.5.5)) depends on two arbitrary functions Ao
and n. To eliminate this gauge freedom we apply the reduction procedure
sketched in sectiom 2.6.

We first note that two points of M, of the form (AO,A,ﬂ) and

2
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(Aé,A,n) (i.e. differing only in their A0 component) are gauge equivalent.

$

They can be connected by an integral curve of a gauge vector field AOEK_’
o

for take AO = Ac"--A0 .  Then we define a curve
= -
A(N) Aoi-A(Ao Ao)

d .
1 = = v ——— =
with A(0) AO ,  A(1) A0 and cl)‘A(k) Ao

This means that the Ao part of M, 1is physically irrelevant and we

2

can without loss of generality take A0 to be zero. We then get a new

manifold ﬁz of pairs (A,m) still satisfying the constraint

M2 is a submanifold of the cotangent bundle T*C, with C the space of

connections of the bundle P3(M3,G).

On M, we have a Hamiltonian H (compare with equation (3.3.3.4)):

H(A,m) = -fp(m,m) + $(D,A,D,4) (3.6.1)

and the equations of motion

M

1%, } W, = —dﬁ‘—z (3.6.2)

have the general solution (compare with (3.5.10))

- (- S - S
Xz = (-pm+D,n) 6A+([“’”] 8§,D,8) 5= (3.6.3)
with arbitrary n . Gauge vectors on ﬁz are:
_ 8 $
XT] = DAﬂm"‘ ['ﬂ,n]a . (3.6.4)

By going from M2 to ﬁz we have already eliminated some gauge freedom.

Now there is only one arbitrary parameter left, viz. n.

We will show that the remaining gauge freedom on M, is intimately

2
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related to the geometry of P3(M3,G). To explain this we have to make a
digression on "gauge" freedom in principle fiber bundles. A priori this

concept of '"gauge' freedom (in the context of fiber bundles) has nothing to

do with the concept of gauge freedom introduced in relation with constrained
Hamiltonian systems. However, the two concepts turn out to be the same for
the Yang-Mills system.

We define an (active) "gauge' transformation of a principle fiber bundle

P to be a smooth mapping
f: P> P

such that

1) £ is equivariant:
f(pg) = f(p)g Vp €EP, Vg €G
2) £ <induces the identity on the base space:
m(£(p)) = n(p)

(For the relationship between this definition of "gauge' transformation and
the more usual (passive) one, where 'gauge" freedom is related to the freedom
of choice of a section to coordinatize the bundle, see Choquet-Bruhat

et al. [32] p.405.)

Because of 1) and 2) every f can be written uniquely as
£(p) = pt(p)
with 1 € KO(P,G), the set of G valued functions on P satisfying:

t(pg) = g-1T(p)g-
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Therefore there is an isomorphism between the set of "gauge" transformations,
denoted by GA(P) and KO(P,G). The set GA(P) 1is a group. The multipli-
cation is defined by composition; if f1(p) = p11(p) and fz(p) = prz(p)

then f2 of1(p) = pT1(p)T2(p). The new function f2 Qf1 satisfies 1) and 2).
The inverse of f1(p) is defined by

£' @ = plr, 17

It also satisfies 1) and 2). In fact one can prove (modulo some technical
details [22]) that GA(P) is an (infinite dimensional) Lie group, with as
its Lie algebra KO(P,Q(G)). This means that we can write every

T € KO(P,R(G)) in exponential form:
©(p) = expln(p)]

for some n € KO(P, (G)). (See also Bleeker [16]).
A "gauge" transformation f induces a transformation f on the space

of connections:
- - *
f: c~>cC, £(A) = £ (&) .

In this way we obtain a group GA(P) of transformations of C .

Consider a 1-parameter family of gauge transforms:
A
fn(p) = pexplan (p)].

For X =0 this transformation is the identity. Define in C the follow-

ing curve:

A = B
n

LA
a) = fn*(A)

for some given A € C. The tangent vector of this curve in A:

La0) = Slexp Gm1%a .
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turns out to be (see Bleeker, Theorem 3.2.16, [16]):

d .
A0 =D, . (3.6.5)

One can think about the tangent vector to the curve A( ) as the in-
finitesimal generator in C of the "gauge' transformation, induced by n.
Notice that the vector (3.6.5) is just the é%- component of the gauge
vector (3.6.4). This is the motivation to lift the action of GA(P) on C
to an action on the cotangent bundle T*C in the obvious way, i.e. by the

pullback of f: we define a transformation T*E,
T*F : T*C > T*C

by
THE(A,m = (£ ), £ (m) .

See figure 6.

~J

e

Fig. 6. The lift of a diffeomorphism of C
to the cotangent bundle T*C

(In classical mechanics this procedure of lifting transformations from con-
figuration space to phase space is well-known. One speaks of point trans-—

formations. See Abraham & Marsden [2], p.181).



117

We now determine the form of an infinitesimal transformation on T*C

induced by n, 1i.e. we calculate the tangent to the curve

A0),T() = TEN (A,

THEOREM 3.6.1.

d $§ 8
H—)T(A()‘)’ (X)) 1o = -D,nzx~ [ﬂ,n]a— .

PROOF

To first order in A we have, using (3.6.5),
-1
23
A) = £ = A~ .
A(N) \ n/ (A) A ADAT]

This means that (A(A);nw(A)) a 1-form is in the point A-ADAn . To calcu-

late w(\) we contract this form with a vector X = (A(A),A) :

<A, 1)) | (A ,A) > =<z [A>.
With the definition of w()) we have

<) | 4> = <n | ENA>. (3.6.6)
We represent X by a curve through A(}) :

A(A,T) = A(N) +7A

. d _
(with EA()\,T) = A) .
Then
=A ; _zx d _d =
fn*A = fn* I A(A,T) e fn(A(A,r))

d
= 4 (A1) +)\DA(>\’T)n) =
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- ad?(A(A) +7A +A(dn + [AQ)) +TA,n]))

A+A[A,n].

Substituting in (3.6.6):

<r(A)|A> = <w | A+ AlA,n1>

]

<m|A> + a<nm | [A,n]>.

The contraction < |> 1is defined using the trace of the Lie algebra. Using

the cyclicity of the trace we find
<t(\) | AD> = <w=2Alm,nl |A> .
Hence

(A, () = (A-AD,n, = Alm,nl) .

The tangent to this curve is

8 $
DAT]?SK—[TT,Y]}S—_" . |

Comparing this result with (3.6.4) we see that the set of gauge vectors

of the Yang-Mills system (after eliminating the Ao component) coincides
with the infinitesimal generators of '"gauge" transformations on T*C .
(The minus sign is irrelevant since both n and =-n generate gauge trans-
forms (and also "gauge' transformations!). The minus sign comes from the
definition of the action of GA(P) on T*C by pullback, see also fig. 6).

Notice that we have proved in section 3.3 that gauge vectors are tangent

to M, , so "gauge' transformations map points of M

) to points of M

2 2"

Now we want to understand the meaning of the final constraint manifold

ﬁz and of the condition
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"gauge' transformations. In the above we have

from the point of view of
seen that any element n of KO(PB,Q(G)) generates ''gauge'" transformations

on T*C and has associated with it a vector field, its infinitesimal gener-

ator:

§ §
Xn _DAnﬂJ'[“’”]ﬁ . (3.6.7)

T*C, as a cotangent bundle, is a symplectic manifold with a canonical 2-form
w derived from the Liouville-form 6 by w = d6 . One might wonder whether
the gauge vector field (3.6.7) is the Hamiltonian vector field of some

Hamiltonian function. This turns out to be the case:
THEOREM 3.6.1.

i(Xn)w = -dHn
with

Hn = (m; DAn) .

PROOF .

One can prove that the Liouville-form 6 1is invariant under "gauge"

transformations:
XT |k
T f 6 =0.
( n)

(In fact 6 1is invariant under the 1ift of any diffeomorphism of the base
space, see Abraham & Marsden [2], Theorem 3.2.12). Since Xn is the
infinitesimal generator of T*fn , we find that the Lie derivative of ©

in the direction Xn is zero:
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LX6=H

KAk
d[(Tfn)ee]
n

i\ J=0.

Using property A.8 of the Lie derivative and the definition of w we obtain:

o
@
[}

di(X )6 +1i(X )de =0
n n
or
i(Xn)w = —d[i(Xn)G].
Hence
Hn = i(Xn)e.

Writing 6 in local coordinates and using the form (3.6.7) for Xn we find

]
1]

- | S S
<o |xn> <mSA | DNz + [n,n]5ﬂ>

= (ﬂ,DAn) . @

Notice that the mapping

n>H
n

from the Lie algebra KO(PB,Q(G)) of the '"gauge transformations to Hamil-
tonian functions is linear. (It is in fact a Lie algebra homomorphism if
we define the Lie product of two functions Hn and Hn' by the Poisson-

bracket:

Pt} = L )

Because of this linearity we can define another function:

J: TFC > KO(P3,2(G))*
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which maps points of T*C to the dual of the Lie algebra of 'gauge' trans-—

formations, such that
H (0 = <J(x) | n> vx € T*C .

Wwith <|> the contraction between the "gauge" Lie algebra and its dual.
This J 1is Souriau's momentum mapping, (see Souriau [7], Abraham & Marsden

[2]). 1In our case it is:
J(a,m) = 5Aﬂ.

We find that the final constraint manifold ﬁz is the inverse image of zero

of the momentum mapping:
M, =J (0).

This is quite a remarkable result: ﬁz , the final constraint manifold of
a presymplectic system (M1,w1,H) appears here as a level manifold of a
function J which has nothing to do with the precise dynamics of the system
we are studying. (J does not depend, in any way, on the form of the
Hamiltonian (3.6.1)). J depends only on the underlying geometry of the
Yang-Mills system.

We proceed to calculate the reduced phase space associated to M by

2

quotienting M, by the action of the 1ift of GA(P) to T*C. We denote

2
this 1ift by GA(P) .

THEOREM 3.6.2.

YINe) = 1*(c/GA(®)) = T'W

with W = C/GA(P)
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PROOF .

. * =
We have to construct two smooth mappings between T W and MZ/GA(P)’

which are each other's inverse. First we will show that any form in T*W

can be pulled back by the projection from C to W to an equivalence class

of forms on ﬁz , (Lemma 1, 2 and 3). This gives the mapping

% = . . = *
g MZ/GA(P) .  Then we define a mapping from M2 to T"W and prove that
equivalent points of ﬁz map on the same point of T*W. This gives the
. = *
mapping M2/GA(P) > TW.

We need some definitions: let
pr: C > W

be the projection which associates to a connection A 1its equivalence class
[A] in W. The pullback for pr gives a mapping
pr*: T'W » T*C

Let w € T*[K]W s, with [A] some fixed equivalence class, then pr*w is
a collection of forms in T*C, all lying above points A that project on

fixed equivalence class [A] :
priw = {(A,m) €T*C | pr(a) =[A] , n(X) = w(pr,X), VX€T,Cl

LEMMA 1.

Any (A,m) € pr*w belongs to M for all w € T*W.

2 9
LEMMA 2.

All points of pr*w are related through transformations of GA(P) ,

for all w € T*W.



LEMMA 3.

If (A,m) € pr*w, then also T*E(A,n) € pr¥v,

and all w € T*W.

PROOF of lemma 1.

Let X € T,C be a vector tangent to an orbit of

A
the projection pr, X of X to T[A]W is zero:
pr,X =0.
Consequently

pr¥w(x) = w(pr,X) = 0.

Such an X is of the form (see equation (3.6.5))

$

X=Dngz-

Let (A,m) be a point of pr*w, then

<wéA | D 8 > = (n;DAn) =0, Vn

A" SA

and (A,m) belongs to ﬁz . v

PROOF of lemma 2.

Let (A,m) and (A',m') in pr*w. A and A‘!

class [A], hence
A' = E(A)
for some f in GA(P) . We have

m(X) = w(pr*x) . VX € TAC

123

for all £ € GA(P)

GA(P) in C, then

project on the same
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but
pr = pref
(because f 1is a "gauge" transformation). Therefore

m(X) w(pr OE)*X) = w(pr*f*x) = pr*w(f*X)

T (£,X) = £ (X)
and we find
(a,m = (71N, ") = TFE@A' 1)

and (A,w) and (A',n') are gauge related. ¥

PROOF of lemma 3.

Let (A,m) € pr*w and (A',r') = T*E(A,m) = (£ (&), F*(m)) . We have

to show that (A',nm') € pr*w. This is the case if

1) pr(a') = [A] = pr(a)
but A' = 5—1(A) and pro f—1 =pr, so pr(A') = pr(a)
2) ' (X) = w(pr*w)

but w'(X) = FRr(X) = H(E*X) = w(pr*f*X)

w(pref) X) = w(pr,X). ¥

These three lemmata show that any element of T*W 1ifts by pullback to an

equivalence class of points of MZ , l.e. to an element of MZ/GA(P)'

We show conversely that every equivalence class of M, defines a unique

2

element of T*W. To this end define a mapping
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. M > TH
S: MZ "W

(A,m) > w€ TE’A]W

by

w(x) = 1(X)
with

XET W i’ETAC , X=prX
LEMMA 4.

The definition of s is independent of the choice of vector X that

projects on X.
LEMMA 5.

Points of ﬁz that are related through ‘'gauge'" transformations have

the same image under s.

PROOF of lemma 4.

Let §1 and %2 both project on X . This means that they differ by

a gauge vector:

then

w(X) = ﬂ(X1) = H(Xz) +w(DAn)
but the last term:

ﬂ(DAn) = (ﬂ;DAn)

is zero because we are on M, . v
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PROOF of lemma 5.

Let (A',m') = T*E(A,m1) , w = s(A,m) then
7' (X) = N(E*§ = w(pr*xxfgi) = w(pr*X) = 1(X)
and accordingly

s(A",m") = w. v

The mapping s 1is the inverse of the lifting by pr*:
s(pr*vw) = w,
and also
pr¥(s((a,m)) = (A,m) .

We leave it to the diligent reader to prove that the mappings between T*W

and MZ/GA(P) are smooth and that therefore these spaces are diffeomorphic.
i}
REMARK ..
MZ/GA(P) as a reduced phase space has a symplectic structure defined

on it (see section 2.6). T*W has a canonical symplectic structure. These
two structures are identical if we make the identification implied by the

last theorem.

Theorem 3.6.2 tells us that the reduced phase space for the Yang-Mills theory
can be obtained by first eliminating the unphysical (and ungeometrical)
degrees of freedom from the configuration space C to get W, the "true"
configuration space and then constructing T*W, the true phase space.

The reduction of the space of connections C by the action of the
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group of gauge transformations GA(P) has been studied extensively in recent
years (Singer [19], Narashiman and Ramadas [29], Mitter and Viallet [22]).
We will summarize the results of these investigations, referring for proofs
m&re to the literature than we have done until now, since one needs for those
somewhat more advanced mathematics (cohomology etc.) than we have used in
this report.

To perform the reduction of C by the action of GA(P) we have to
impose some restrictions on both C and GA(P).

Notice first that a gauge transformation
fz: P->P, fz(p) = pz = Rzp

with 2z a constant element of the centre of G (so =zg = gz for all

g € G) has trivial action on C:

f (A) = £*A = R*A
zZ Z

E

AdzA Q) (iz)*A Q) (id)*A =A.

For equality (1) we use the fact that a connection transforms with the ad-
joint representation, (2) is the definition of the adjoint representation
(with izg = zgz—1) and (3) uses the fact that 2z 1lies in the centre of G,
so izg = zg z_1 =gz z_1 = 1idg for all g € G. To get a not trivial

group action on C we have to qoutient GA(P) by the constantly centre

valued transformations. We denote the resulting group by GA(P) .

Next consider a connection A in C for which

A = A-fDAn

for some generator of gauge transformations n . Such a connection A,
which admits one or more covariantly constant functions n 1is called re-
ducible. One can prove (Kobayashi and Nomizu [38]) that a principle fiber

bundle P(M,G) with a reducible connection is equivalent to a reduced bundle
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P(M,H) with H a subgroup of G, with the same connection A.

The "dimension'" of the orbit of GA(P) through a reducible connection is
smaller than the orbit through an irreducible connection (one that does not
admit covariantly constant functions). One can not properly speak of
"dimension" in the infinite dimensional spaces we are working with, but the
intuitive idea will be clear: some generators n leave invariant reducible
connections while transforming irreducible ones. This "jump" in "dimension"
gives rise to singularities, which are studied by Arms [33]. To avoid these
singularities one restricts the action of GA(P) to the irreducible connec-
tions, denoted by C. One can prove [19] that C is open and dense in C,
so by this restriction to C one does not loose much information. One then

proves ([19], [29], [22]) that (modulo technical details)

m: C>W = C/GA(P) (3.6.8)

is a Cm-principle fiber bundle with W a smooth manifold. W is called
the orbit space of Yang-Mills theory.

The Riemannian structure of C enables us to define a conmection in
the fibration (3.6.8). We take as horizontal vectors in a point A of C
those vectors which are orthogonal to the fiber through A . Since the

tangents to the fiber are of the form D horizontal vectors <t satisfy:

A

(DAn;T) =0

or

The connection form associated to this horizontality is

~ -1
Xy = (8,0 8,

as one can easily check.
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The base space W inherits from C a Riemannian structure:

Let wEW, and X ,Y €TW
W w W

X =1,X Y =u,Y for some X

v a0 v wTp0 A’YA € TAC’ T(A) = w.

Then we define the metric gy on W by
g (X)) = (X3

with ( ;3 ) the inner product of TAE = K1(P3,2(G)).

The Hamiltonian H(A,7) on ﬁz is invariant under gauge transforma-

tions and therefore leads to a Hamiltonian H on T*ﬁ, which is defined by

ﬁ(w,ﬂw) = H(A,m) —ip(ﬂ;n)~+§(DAA;DAA)

with (A,7) any point on ﬁz that projects on (W,ﬂw) . We see that in
the Minkowski case (p = =1) the Hamiltonian on T*W 1is of the familiar
form: a kinetic part quadratic in the momenta and a potential
v(a) = i(DAA;DAA) independent of the momenta. Babelon and Viallet [23]
have studied this system with the potential V(A) put equal to zero. The
projections (from T™™W to W) of integral curves of solutions of the equa-
tions of motion are then geodesics with respect to the metric gﬁ defined
above. They discovered an infinity of conserved quantities that are in in-
voluﬁion, suggesting that the geodesic motion on W is completely integra-
ble. It would be interesting to investigate the influence of the potential
V(A) on these results.

One can introduce explicit coordinates on W. Take a point w € W
and a point A in C projecting on it: m(A) = w. Define a linear sub-

space SA of C by

S, = {A+T€C|(§AT=O}.
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This submanifold SA intersects, as we have seen, the fiber through A

orthogonal, and by continuity it will intersect the fibers in a neighbourhood
of A only one time. This means that S, defines a (local) section of the

A

fibration (3.6.8). We use SA to coordinatize W. Let w' be a point in

a neighbourhood U of w, such that there exists a unique A+T 1in SA

that projects on w' . We take as a coordinate function in U
¢: UCW > 1_\1(P3,JL(G))

w' = 1(A+T) > T .

In the physics literature the coordinatization of W by choosing a section
of (3.6.8) is called fixing a gauge. One refers to the particular coordi-
natization by ¢ defined above as the background gauge or the generalized

Coulomb gauge.

~ 4 T——L—-ﬂ Atr /+7SA
¢ ! {
| |
| |
; ;
7 W=mu(d) W =a(4 +1) U

Fig. 7. The background gauge.

This coordinate system is used in the path-integral method of quantiza-
tion. Formally one should integrate over all paths in W to obtain the

generating functional:

z= Dwe—is(w)/‘li

W
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Using, however, the diffeomorphism

with 7 the restriction of 7: C > W to §

A one can equally well-inte-

A’

grate over S

z= [ Du e—iS(w)/ T
WA(SA)
f nsze-is(ﬁzw)/ T

Sa

f det(nA)DTe_iS(T)/ h

Sa

Det(nA) is the Jacobian detefminant of the mapping NS
It is the famous Faddeev-Popov determinant. One can also interpret it as

the square root of the Riemannian metric g » as was shown by Babelon and
Viallet [40].

We have in this (admittedly sketchy) discussion of the path integral
assumed that SA intersects every fiber exactly once, in other words, we
assumed that SA defines a global section of the fibration (3.6.8).

Gribov [39] has discovered that this assumption is incorrect if one studies
non-abelian theories in Rﬁ with boundary conditions equivalent to compact-
ifying space to 83 . He showed that SA far away from A intersects in

this situation the orbit through A again, see fig. 8.

. The orbit of A

Sy

Fig. 8. The Gribov effect.
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When this occurs SA fails to be a global section of the fibration (3.6.8).
One might then wonder whether there exist any global sections of this fibra-
tion at all. Singer [19] and independently Narashiman and Ramadas [20] have
proved that if one takes space to be compact and G mnon-abelian there exist
indeed no global sections of the fibration (3.6.8). The fibration is non-
trivial. This has the consequence that one needs more than one coordinate
neighbourhood (in fact a countable infinite number, Singer [37]) to coordi-
natize W by local sections of (3.6.8). This means that the path-integral
method as described above is strictly not correct. In some situations, how-
ever, one can treat the theory pertubatively, i.e. consider only small vari-
ations A around some fixed commection A . Then the above method will

lead to the familiar Feynman graphs. To include nonpertubative effects,

i.e. the influence of large fluctuations, one should calculate the path-inte-
gral in local sections of (3.6.8) above neighbourhoods in W forming a
partition of unity and then sum over all neighbourhoods. For this to be
practical one should have explicit coordinates of W independent of sections

of (3.6.8).

SUMMARY AND OUTLOOK

We have now reached the goal of this report: to derive the true phase
space of Yang-Mills theory. The true phase space turned out to be the co-
tangent bundle of orbit space, the space of the gauge inequivalent connec-
tions in P3(M3,G). Of course, this is only kinematics and there remains a
lot to be done before one can say that one understands the dynamics of the
Yang-Mills theory, even at a classical level, not to mention the quantized
theory.

For instance, one would like to know how the self-dual solutiomns of

Yang-Mills equations (those for which the curvature (in not 3+1 decomposed
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form) satisfies «F(A) = tF(A)) are embedded in orbit space. These self-
dual solutions have interesting properties (Backlund transformations, infinite
number of conserved quantities) suggesting complete integrability and one
wonders whether these properties might extend to the complete Yang-Mills
theory. One way of investigating this question could be to translate these
results in the symplectic language described in this report. Research along

these lines is in progress.
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Appendix A.
In this appendix we prove the following

THEOREM.

Let (P,w,H) be a presymplectic system, Mk its final constraint mani-

fold, XH a solution tangent to Mk of the equations of motion:

i(XH)w/Mk = —dH/Mk a1

and let
G, =G£_1+[G£_1,G1_1]+[G2_1,XH] L =2,3,...
with
G1 = kerQ N Eﬂk.
Then
G, = T N M (A.2)
PROOF .

We use induction on &% . Let & be equal to 1. If Y€ G1 then

Y € kerQ, 1i.e.
w(Y,zZ) =0
for all Z, - in particular for Z of the form

Z =3,z

(with Z € TMk and j: Mk + P the embedding of Mk in P). We find

therefore

YETI\¢
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Y 1is also an element of -Emk and the theorem is proved for & = 1.

Let (A.2) be true for some 20:

6, CTN[lJ;nII_’Lk.
o
This means two things
1. it ) =0
o

2. GJLo 1s tangent to Mk.

We have to prove that 1. en 2. are both true for 20 +1:

A _
.ge, ) =0 (A.3)
o]
2. G20+1 is tangent to Mk (A.4)
with
- [ 1 1
G, +1 = G +le, G, ] +16, 56, | (A.5)
o o o o

That (A.4) is true is obvious: Gl is tangent to Mk by the induction
hypothesis, XH is also tangent tg Mk and sums and commutators of vectors
tangent to a submanifold are again tangent to that submanifold.

To prove (A.3) we have to make a little compoutation. Substitution of
(A.5) in (A.3) gives an expression with three terms:

ke Ry s |
i l(GZo+1)w j I(GE Jw+j l(LG

1
G, PDw+
o QoJ

'q’ b
o
+ '*i([ G ]) (A.6)
] I_XH, 2 J W .
o
The first term is zero by the induction hypothesis.

To calculate the other terms we use two identities:

i([x,YD L (V) - iDLy (A.7)

L

X di(X) +1i(x)d (A.8)
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with LX the Lie derivative in the direction X, see for example Chapter 2
of Abraham and Marsden [2].
Using this, the second term of (A.6) becomes:
sk = . % I . o -
] 1([21,22])w 3 (ILZ1 i(z,)) - i(z )L 1}m)

2z (A.9)

]

j*({di(z1)i(zz) + 1(21)di(zz) - i(zz)di(z1) - i(Zz)i(Z1)d}w)

Z1 and Z, are arbitrary vectors in G The last term of (A.9) is zero

2 %

(o]

because w 1is closed. The other terms are zero because Z1 and 22 both

belong to Tgl and to TMt by the induction hypothesis. As an example we

will show that the second term of (A.9) is zero:
j*[i(z1)di(z2)w](?> =0 (A.10)
for arbitrary Y in TMk . For convenience we introduce the 1-form o by:
a = i(Zz)w.

Remark that o 1is zero on elements of TMk (since 22 € TMt) . Define the

image of Y in Iﬁk by:

~

Y =3,7.

With this notation the left-hand side of (A.10) becomes

i*i(zDdi(z)e®@) = i(z,)da(Y)

da(Z1,Y).
Using the definition of exterior derivative we get:
da(z,,Y) = z,a(Y) - Ya(z,) -a(lz,,YD

and this is indeed zero because Y, Z, and [21,Y] all belong to TM

1

and, as we have already said, o annihilates TM, . Similar calculations
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show that the other terms of (A.9) are also zero and so we find that the
second term of (A.6) does not contribute.

We now calculate the last term of (A.6), again using (A.7) and (A.8):

j*i([Z,)%_l])w = j*[{LZi(xH) - (XL, Jul )
= j*[{di(z)i(xﬂ) +1(2)di(x) - 1(x)di(2) - i(x) i(2)d}e] .

The fourth term of (A.11) is zero because w 1is closed, the first and third
terms can be shown to be zero by the same type of calculation as used to
prove (A.10). So we find for (A.6):

ol _ ol .

j Ll(Gg +1)m =3 1(GK )dl(XH)m (A.12)

o o

Using the equations of motion (A.1) we can write this as

j*[i(c

. +1)w} - j*{i(c2 )d(dH/Mk)}

Naively one could think that
d(di/M ) =0

but things are a little bit more complicated than that. The problem is that
by restricting dH to Mk one can loose the exactness of it: dH/Mk is an
element of T*P/Mk and one has to extend this form to T*P to calculate the

exterior derivative of it. This extension is in general not equal to dH.

To be more explicit we introduce submanifold charts on P, i.e. charts

(U,¢) such that
¢: UCP > ExXF
and

¢(Uf1Mk) = ¢(U) N Ex{0}
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In such a chart a point of U has coordinates (pE,pF) , with P € E,

Py € F and if it has coordinates of the form (pE,o) it lies on Mk'

For simplicity we assume both E and F to be finite dimensional.
Introduce bases {ei} and {fj} for E and F respectively, and their

dual bases {dei} and {dfi} , with
de.(e.) =6.., df.(f.) =6.., de.(f.) =
i 7] ij i 7] ij i3
With respect to these bases we have

i i
P = (pE’pF) - pEei+pF fi

H(p)

H(pE e., pF £.)
and
- i i
dH(p) (pE,pF)de *s (PE,PF)df
1 J
Restricting dH to Mk we get:
=98 i
dH/Mk aei )de *oEo J (pE)df

where the partial derivatives do not any longer depend on the coordinates
in F.
To calculate the exterior derivative we extend dH/Mk constantly in

the direction of F, we find

2 . 2 .
_ o0 H k i 3 H k i
d(dH/M.k) = aeksei de Ade” + aekafi de Adf

The first term is zero because of the symmetry of the partial derivatives
and the antisymmetry of the wedge product. So we end up with
2

d(dH/M.k) = —;5?— de /\df
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To determine (A.13) we have to calculate:

2 . .
i(zyd(an/n) = Tei%i{dek(z)dfl - dekdfl(z)} X

Now Z belongs to G2 , therefore to TMk and so Z does not have com-
o

ponents in the direction of F :
i .
af " (z) =0 Vi .

Substituting all this in (A.13) we find

] xf BZH

o k i\
jrice Jwi = == de (Z2)df" |} =0
L g+ | \aekafi Ji

Because the pullback of af' to Mk is zero:
j*aft = dj*et = 0.

We leave it to the reader to check that our final result is independent of
the choice of coordinates we have made, and to extend the proof to infinite

dimensional spaces.
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§1. INTRODUCTION

In this seminar we will consider a one-dimensional lattice (chain) of parti-
cles, moving under the influence of a nearest neighbour interaction. Such

a system may in general be described by a Hamiltonian:

n-1

2
P 121 0(a;,479;) M

e~

1

H(q’p) = 5
i

where the pi's are the momenta of the particles and the qi's the dis-
placements from their equilibrium positions. ¢ 1s the interaction poten-

tial, which is assumed only to depend on coordinate differences.

The equations of motion corresponding to the Hamiltonian (1) are:

(. _ oH _
93 Bpi Py
(2)
. _ _O0H _ _ o _
Lpi = ——aqi = ¢'(q 4 q;) - ¢'(gymay )
(where ¢'(r) stands for %%).

A well-known example is the case of a harmonic interaction. ¢(xr) = %Krz.

The system (2) then becomes:

(& =
94 TPy
. (3)
By = Klag, 720595 )
(where: q, = 0 =: S I i=1,2...n) or equivalently:
q; = K(qi+1_2qi+qi—1) (4)

This is a set of linear differential equations and the general solution may
be written as a superposition of N independent periodic solutions, the
so-called normal oscillation modes.

We remark at this point that in the limit =n > « and the average distance

between the particles =~ o, the discrete label 1 may be replaced by a con-
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tinuous variable x and (4) becomes:

—5 3 g = q(x,t) (5)

3 g - K 9 q
ot 3x

(the wave equation).

With the development of the first computers it became possible to study nu-
merically nonlinear interactions; Fermi et al. added for instance cubic and

quartic interactions:

B | 3
¢o(xr) = 2Kr +3Kar (6a)
§(r) = gxr’ 4 pker” (6b)

To their surprise the computer experiments yielded for suitable initial con-
ditions (not too large energy) again nearly periodic solutions of the equa-
tions of motion, belonging to the potentials (6a,b).

These results led Toda[1] to the idea, that there might exist a non-
linear lattice, admitting rigorous periodic solutions. By demanding that
the equations (2) have certain periodic solutions he arrived at the poten-—

tial:

0(r) = ae™ %)

We thus have the Hamiltonian:

1

n-1 B(q. ,=-q.)
H(q,p) = 5 R

p. ta e
1t i=1

Il 1

1

If we perform the canonical transformation:

(
s =B :op X%
q; =59 * ifn 5 (a>0)
8 (8)
s =2
P; T BPi

we get:
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2 n n-t 2(§._ .-9.)
~” A 1 ~2 1
H(q,p) =BT<E z pi+ 2 e + 1>
i=1 i=1
B2

and by rescaling the time t I—

well consider:

n-1 2(q.,,=q.)
p% + z o i1 Ui 9)
1 i=1

1
H(q sp) = i
i

[ te]

(9) will be referred to as the Hamiltonian for the Toda-lattice.

The associated equations of motion are:

i i
(10)
C 2/e2(qi+1—qi) _ez(qi'qi—1)
S
(i=1,2...n; Q= s Qg (T —® )

or equivalently:

o FinT) | 20Ty

q; = e -e (11)

Just as in the case of the harmonic interaction we may consider the contin-

uum limit and get:

q. =6qq . -a 3 4= a(x,t) (12)

which is the by now famous Korteweg-de Vries equatiom.

The Toda-lattice may thus be considered as a discrete analogon for the KdvV-
equation and therefore it is not surprising, that we can find soliton solu-
tions for (10). The periodic solutioms, that led Toda to the exponential
lattice in the first place, are in fact the so-called croidal waves, which
are also known from the KdV-equation.

A completely different application of the Toda-equations (10) arises in re-

lation with the study of certain spherical symmetric magnetic monopoles

(see [2]).
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Flaschkal[3] was the first to start an analytical survey of the Toda-equations.

He observed that with the definitions:

( 0 b
3 by v 1 L 0
A= | P " ; B = | P
bn—1 . c. bn—1
. 0
v bo-1 % J g ba-1
q...79.
where a. = -p. , b. :=e it (13)
i i i

the equations of motion (10) are equivalent to the matrix differential equa-

tion:
A = [a,B]

This equation is known as the Lax—form of the equations of motion, after
Peter Lax[4] who studied an equation of this type in relation to the
Korteweg-de Vries equation. Using the fact that B 1is antisymmetric, it
is not difficult to show, that the eigenvalues of A are constants of the
motion. (See e.g. Todal[1]).

Because A is symmetric, it may be diagonalized and thus we get n inde-

pendent constants of the motion:

1 k
fk(q,p) i= EtrA k =1,2...n (15)
n
examples: f1(q,p) =trA=- ) p; =: ~P
i=1
-1 2(q, ,=q.)
1.2 1¢ 2 " it 4
fz(q,p)—ztrA =5 Zpi+ Z e =: E

1 i=1
where P and E are of course the total momentum and total energy of the

system. Even more is true; we can prove that the fk's are in involution:

{fi,fj} =0 Vi, j (16)
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(15) and (16) in fact establish, that the Toda-lattice is an example of a
so-called completely integrable system. (See e.g. Arnold[5] for a precise
definition.)

The intention of this seminar is to place the theory of the Toda-lattice in-
to a geometric framework. Having done this, we will get an interpretation
of the Flaschka-transformation (13) and the Lax-equation (14). We will al-
so be able to prove the involution statement (16) and to solve the initial

value problem for the Toda-lattice implicitly.
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§2. SYMPLECTIC AND POISSON STRUCTURES

In this section we will define two very important notions in a geometric de-
scription of dynamical systems namely symplectic structures and Poisson

structures. We will see, that these two structures are 'almost' equivalent.

DEFINITION 2.1. A symplectic structure is a pair (M,w) where M 1is a
differentiable manifold and w a symplectic form, i.e. a closed, nondegen-

erate 2-form.

DEFINITION 2.2. A Poisson structure is a pair (M,{ , }) where M is a

differentiable manifold and { , } a Poisson bracket, i.e. a mapping:
{, r:canxc an ~c

satisfying the following properties:

1) linearity : {f, rg+uh} = A{f,g} +u{f,n}

2) antisymmetry : {f,g} = -{g,f}

3) Jacobi-identity : {f, {g,h}} + {h, {f,g}} + {g, {h,f}} =0

4) Leibniz-identity: {f,gh} = g{f,h} + h{f,g}

REMARK. In Russian usage a Poisson structure is called a Hamiltonian struc-—
ture. 1In our opinion this terminology is a bit misleading because there is
no Hamiltonian present yet.

It is well-known, that if we have a symplectic structure, we can define a

Poisson structure by means of the following construction:

- If f € Cw(M), the Hamiltonian vector field Xf is given by the relation:
i, w = df ’ 7))

- The Poisson bracket is then given by:

VE,g€C (M), x€EM : {f,g}(x) := wx(Xf(X),Xg(x)) (18)
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One now easily verifies the properties 1)-4) of a Poisson bracket. In par-

ticular the Jacobi-identity follows from dw = 0.

We will now consider the reverse procedure; i.e. starting from a Poisson

structure we will try to define a symplectic structure.
Given a Poisson bracket we may define Vf € c M a mapping:

X, cT(M) > ¢ (M)

by: X (8) = {g,£} Vg € C (M) (19)

Because of properties 1) and 4) of a Poisson bracket this is a derivation
and therefore it comes from a vector field, which will of course be called
the Hamiltonian vector field associated to £.

Using the Jacobi-identity, it is easy to show:

[Xf, xg] =X (20)

{g,f}

In words: the collection of Hamiltonian vector fields is involutive.

DEFINITION 2.3. A Poisson structure (M, { , 1) is called regular if the
collection Dp 1= {Xf(p) [ £€C (M)} has constant dimension Vp € M. It is

called transitive if: dimDP = dimM Vp€EM.

So if we have a regular Poisson structure, the collection of Hamiltonian
fields is integrable according to Frobenius' criterion. M 1is then foliated
by integral manifolds of the Hamiltonian fields and these manifolds all have

the same dimension.
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IR2n+k

EXAMPLE. 1In with coordinates (q]...qn, PyeesPs Tyeeet ) we may

k

define a Poisson bracket by:

n
3f g _ 9f dg
(e = | (L 2e-R0 ),
i1\ 995 p; dp; Bqy

In each point the collection of Hamiltonian fields is spanned by:

9 9

9
I“—“—,*llt———
8q1 aqn ap1 apn
So we have a regular Poisson structure. The integral manifolds are given

by:

In the case k = 0 we have a transitive Poisson structure.

In the general case, however, a Poisson structure need not be regular. We

then have the following theorem, which is due to Kirillov[6].

THEOREM 2.1. If M, { , }) <s a Poisson structure, then M splits into
submanifolds M, such that each M, 18 an integral manifold of the

Hamiltonian vector fields.

N.B. We will see an example of a nonregular Poisson structure in §5.
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So we arrive at the 'nice' conclusion, that also in the general case M
is foliated by integral manifolds of the Hamiltonian fields, but these mani-

folds may very well have different dimensions.

if s (= Ma for some o ) is such an integral manifold, we can equip S

with a symplectic form as follows:

¥en € TS ¢ 3f,g € c”(M) such that &

Xf(p)

n Xg(p)

define: wP(E,n) = {f,g}(p) (21

This is well-defined,

£ = Xf1(p)

we have: {f1,g1}(p)

because supposing:

=X.(); n=X (p) =X (p
£y 8 8y

: Xg1(p)(f1)
ng(P)(f1)
{f1,g2}(p)

]

]

- % @)()

- sz(p)(gz)

= {f,,8,}(p)

It is not hard to verify, that the 2-form defined above is closed and non-

degenerate.

Summarizing we can say, that for any symplectic structure, we can immediate-
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ly define an associated (regular) Poisson structure. If we start with a

Poisson structure (M, { , }), M 1is foliated in symplectic substructures.
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§3. GROUP ACTIONS

Hamiltonian systems often possess symmetries. These symmetries are geome-
trically best described by the action of a Lie group on the phase space.

It is well-known (Noether) that symmetries give rise to conserved quantities.
The two most familiar examples are conservation of linear and angular momen-—
tum associated to tramslational and rotational invariance respectively.

In general the conserved quantities belonging to certain group actions on
the phase space are described by the so-called momentum mapping, which was

introduced by Souriau about 1970 and will be defined in this section.

DEFINITION 3.1. Let M be a C -manifold, G a Lie group. A (left-) ac-

tion of G on M 1is a Cm—mapping:
¢: GXM »+ M
such that:
i) VxEM : ¢(e,x) = x
ii) V€M, g,h€G : ¢(g, ¢(h,x)) = ¢(gh,x)
REMARK. Instead of ¢(g,x) we often write: ¢g(x).

If there is on M a symplectic form or a Poisson bracket, we may require
that they are preserved by the group action. This is expressed in the fol-

lowing definition:

DEFINITION 3.2. Let (M,w) be a symplectic structure. A group action is

called symplectic if:
Vg€G : ¢Zw = w.

Let (M, { , }) be a Poisson structure. A group action is said to be a
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Poisson action if:
. *° * = [4% *
Vg € G; f1,f2 €Cc M ¢g{f1,f2} {¢gf1,¢gf2} .

The relation between Poisson actions and symplectic actions is given by the

following:

PROPOSITION 3.1.

ofw = w = ¢ _

= *E LELY = (6% L0%E. Y.
g 1) g 1*Xf X¢§f ??? ¢g{ 1 2} {¢g 1 ¢g 2}

PROOF. Abraham & Marsden, chapter 3.

REMARK. The Poisson bracket occurring in this proposition is the Poisson
bracket associated to the symplectic form w . If we had started with a
Poisson structure, we still have equivalence (2), but in order for equiva-
lence (1) to hold we must require that the group action leaves invariant the

integral manifolds of the Hamiltonian fields.
We will now turn to the infinitesimal description of a group action.

DEFINITION 3.3. Let ¢: GXM > M be a group action, g the Lie algebra of

G.
For & € g we define the Killing-vector field EM on M or infinitesimal

generator of the action as:

Ey(P) := Zlgt" ¢(expt &, p) |, (PEM) (22)

N.B. We stress that the subscript M denotes the manifold on which the

group acts.

If (M,w) 1is a symplectic structure and ¢: GXM - M a group action, we can

ask ourselves if there is a connection between Hamiltonian vector fields
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and Killing-vector fields.

DEFINITION 3.4. A group action ¢: GXM -+ M is called Hamiltonian if there

exists a linear mapping:
g

such that:
3 = X~ Vp €M 23
M(p) J(g)(p) p (23)

We see that in this case any Killing-field £M is generated by the Hamil-
tonian 3(&). That this situation actually occurs in practice is demon-

strated by the following example.

Let ¢ be a group action; ¢: GXM > M or equivalently ¢g: M~>M Vg€G.

We then have the derivative:

¢g* : TXM > T¢ (x)M
g
and the pullback:
o Tt Mo TM
g 4,0 x °

The composition of two pullbacks is given by:

*o*= o *___*
¢g ¢h (¢h ¢g) ¢hg'
ok L % .
The push-forward wg = ¢g—1 : TXM > T¢g(x)(M) obeys:
Yoo =¥ =% =
A

%
and therefore y: GXT*M > T M defined by wg := ¢* is a (left) action

g-1
*
of G on T M, called the Znduced action on the cotangent bundle.

We now have the following:
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PROPOSITION 3.2. 1) vy <Zs symplectic with respect to the canonical symplec-—

*
tic structure on T M

ii) ¢ <s a Hamiltonian action with Hamiltonian:

J(E) = 0(E 4.

T*M
PROOF. We first recall for the reader's convenience the definition of the
*
Liouville form 6 on T(T M).
VK €T (T'M) : 0 (X) := a(n,X)
o o M) AR AU

* *
where o € TM and w: TM > M 1is the canonical projection.

i) By construction of ¢ we have commutativity of the followi ¢ diagram:
* b *
™™ ——f—s Ty

o,k

M —B 5 u
* *
we then have Vo € T M, Xa € Ta(T M) :
*
(wge)(xa) =

ewg(a) (lpg*xu)

ROICRIIES

wg(a)(¢g*°v*xa)

G(H*Xa)

: ea(xa)
So ¥ =0 = Yo =g, |
wg ¢g

d

. _d *
ii) Let & € g and gT*M(a) 1= dtlbexptE (a) t=o (a€T M)
. =4 *g) =
we then have: LET*MG It Opexptge) 0.

Using the identity L6 = ix(de)-+d(ixe) we get:
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0=1L 8 =1 (ae) + d(6(&_x.))
Epm &y u
= i w = d(6(& ) (w :==-d6)
Epsy T
= £ =X .
T*M ] (gT*M)

For later use we mention the following:

LEMMA 3.3.
Tl (@) = & (m(a)) .
d
PROOF . H*ET*M(u) = EE'(ﬂowexptE(a))'t=o (see diagram on preceding page)
_d
T dc ¢expt£(ﬂ(u))‘t=o

: EM(ﬂ(a))-

We are now finally prepared to define the momentum mapping, as was announced

in the introduction of this section.

DEFINITION 3.5. Let (M,w) be a symplectic structure, ¢: GXM + M a
Hamiltonian action. We then define the momentum mapping J associated to

¢ by:

J: M > g*

VpEM, x€g : J(p)(x) := I(x)(p) (25)
N.B. J(p) € g* because J: g > c”(M) is linear.

That the momentum mapping J of a Hamiltonian group action is indeed a very
useful geometric tool to describe constants of the motion, will be clear

from the following:
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* *
PROPOSITION 3.4. Let ¢: GxM >~ M be an action and Y: gxT M~ T M the in-

*
duced action. If H: TM > R <8 a Hamiltonian invariant under ¢ , i.e.
*
Hoy = H, the momentum mapping J: T M ~ g* associated to ¥ <s constant

along the integral curves of X -

PROOF. Define y:t b> y(t) € T*M by: vy(t) = XH(Y(t))

4
dt

VEEg - I(()(®) = - T (D)

L]

%, (Y(£)[5(E)]
= (3(e), HH(v(e)

X5y V(e [H]

~E g (Y (£)) [H]

=—iHow

Is (v () s

exps & =0

EXAMPLES.

1) M= r> coordinates E[>= (q1,q2,q3)

3

* * . > >
TM=TTR coordinates (q,p) .

Choose G = ]R3 , the 3-dimensional Euclidean group:

0,(@ = (@+%)
X

> i = 3
VE = (£,,8,,8,) €g = R .

@)@ = I @
= (g % 3(3,3)) (Prop.3.2 ii))

=0
(@,p) TR
@B (,E 4 4(@B)
T R

@R E @) (Lemma 3.3)
R

> >
=p-g
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> > -> . . . .
So J(q,p) = p and for translation invariant Hamiltonians the linear momen-

tum will be conserved.

2) M=R , G =50(3)

>

VA€ S0(3) : ¢A(3) = Aq

{X€EM(3,R) | X! = -x}

g =
(0 0 o)
basis of g: E1 =10 0 -1
0 1 o0
0 0 1
E. =0 0 o0
2 -1 0 o
0 -1t 0)
E.=|1 0 0
3 1o o0 o
0 -53 52
Ve€g = £ =B E FEE FEEy = 85 0 -Ey
ty & O

> d -> _d ->
Ems(q) T a€‘¢expt£(q) t=o _ dt °XPt ta t=o0
>
=£q.
As in example (1) we find:

@2 E) =pe (ED = E -+ (A

>

where & := (€1,52,E3)-
> > > > . . . . .
So: J(q,p) = gAp and for rotation invariant Hamiltonians the angular mo-

mentum will be conserved.

3) We now come to the most important example for our purposes.

Choose M =G, a Lie group. G can act on itself by means of left and

right multiplications.

L (h) = gh R (h) = hg.
g()g, g() g
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*
The hereby induced actions on T G will be denoted by:

*
The momentum mapping for the left-action becomes: o € TG, & € g:

@ = FE W

L
= GG(ET*G(a))

L

g (@)

= Q(H*E

= algg(n(@)))

d

- u(ﬁflbxpté

IO

= a(Rn(oc)*g)

*
(R 4y ().

L *
So: J () = R“(a)u (26a)
For the right-action we will of course find:

JR(a) = L*

(@) (26b)

*
We see that in both cases the form a € T"(Q)G is pulled back to the fibre

*
over the identity TeG o g*

TG

) R 0

The mathematical interpretation of the conserved quantity is shown in the

picture above; vy(t) 1is the integral curve of a left-invariant Hamiltonian.
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1f we pullback an arbitrary point on vy(t) to T:G using the induced right-
action, we will always end up in the same point wu.

As a physical application of this construction we mention the case of a

rigid body, where the configuration space is indeed a Lie group, namely

G = SO0(3). The conservation laws (26a’b) turn out to be the so-called Euler

conservation laws. (Abraham & Marsden, Ch.4)
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§4. SYMMETRY AND REDUCTION

When there are symmetries present in a Hamiltonian system, the phase space
can be reduced; that is: a number of variables can be eliminated. The re-
sult is called the reduced phase space, which contains the essential dynamics.
The procedure by which it was obtained is called reduction. In this section
we will describe the reduction procedure, thereby using the notions of a
Hamiltonian group action and its associated momentum mapping, as defined in

the previous section.

The setting is as follows:
Let M be a Cw—manifold, K a Lie group, ¢: KxM ~ M a group action.

We may divide out M with respect to the X-action and suppose:

-L=MK is a C -manifold
- the projection f: M > L 1is a Cw—surjection

-f,: ™M~>TL is a Cm—surjection

In the previous section we saw, that the induced action on the cotangent
bundle:
* *
Y: KXT M > TM
is Hamiltonian and therefore possesses a momentum mapping:
%
J: TM>K*.

We also saw, that this momentum mapping is conserved along the integral
curves of a Hamiltonian vector field associated to a K-invariant Hamilto-

3 . . * 3
nian. Therefore it seems rather natural to study surfaces in T M on which

*
J has a constant value u € k™ ¢

-1 *
J (p) :={c€TM I J(a) =ul} .
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- *
We will assume that J 1(u) is a submanifold of T M.

The following proposition is now almost trivial:

) *
PROPOSITION 4.1. If g € C (T M) <s K-invariant and Ft 18 the flow as-

soctated to the Hamiltonian vector field Xg , we have:

PG =W

PROOF . VotEJ—1(u) : J(Ft(ot)) =J() =u = Ft(u)€J—1(U)-

We see, that if we have a Hamiltonian system with symmetry, or more precise-
*
ly: if we have a K-invariant Hamiltonian on T M, the motion is restrict-
-1 o s .. .
ed to surfaces J (u). For our purposes it is sufficient to comsider

J_1(O). (See: Abraham & Marsden, Ch.4 for the general case.) We then have:

LEMMA 4.2.

@ €370 = a(g,(r(@)) =0 VEEk.
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PROOF.  J(a)(8) := J(&)(a)
= ea(ET*M(a)) (prop. 3.2ii)
= a(m, &)
= a(gM(n(a))). (lemma 3.3)

If f: M > M/K =L is again the projection as defined above, it is easy

to see that:
ker £, = {g,() | g€k}

(So: aG.fq(O) > a(kerf*lﬂ(m)) = {0}) .

Now f 1is of course K-invariant:
fo¢k=f Vk € K
differentiating both sides in x € M we get:

£, = f

¢k(x) °¢k*’x *Ix

= x€kerf = ¢ .x€kerf
* *
IX k |¢k(X)
or equivalently: ¢k*kerf*Ix = kerf*|¢ () °
k

It is now easy to prove the following:

PROPOSITION 4.3. J"1(0) 18 invariant under the K-action.

PROOF. According to lemma 4.2 we have to prove that:

1

Wy ) By (P a))) =0 Yo €J (0), k€K, £E€Kk.
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(wKa)(EM(ﬂ(wka))) = u(¢k_1*EM(n(wk0ﬂ)))

= a( £.,( m(a)))
@0 -1 Bt

gM(¢kn(a)) € ker f, W ¢k_1*EM(¢kﬂ(u)) € ker f, (o)

— a(¢ _, & (¢ m(a))) = 0.
o . 1,5 A

If we have in J_1(0) a solution curve +vy(t) of a K-invariant Hamiltonian,

we can ask ourselves how K acts on vy(t).

PROPOSITION 4.4. K transforms a solution curve of a K-invariant Hamilto-—

© *
ntan g € C (T M) <nto another solution curve of g.

* *
PROOF. The action ¥: KXT M + T M 1is induced and therefore symplectic

(prop. 3.2). According to proposition 3.1 we then have:

by (@) = lefqg(wk(u))

Xg(wk(u)) (g 1is K-invariant)

From this the proposition is immediate. |

X (i)
Y (Y(1))

Xe()

@ ¥()

IO

Yi(a)

. . -1
So once we have a solution curve vy(t) in J (0), we can generate others

by performing K-transformations on vy(t).
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REMARK. Sometimes there is no physical difference between y(t) and wky(t).
The group K 1is then called a gauge group and the solutions vy and wky

are called gauge equivalent.

We are now going to construct a mapping X: J—1(0) > T*L , projecting inte-
gral curves of K-invariant Hamiltonians in J—T(O) on integral curves of
certain associated Hamiltonians in T*L . It will appear, that +y(t) and
wky(t) have the same image under ¥ . Therefore T*L contains the essen-

tial dynamics and is often called the reduced phase space.
Construction.

- %
X: a€J 1(0) — dE€rT L

£(n(a))
VEET L : 3EET M such that £ = £ .
f(m(a)) m(a)
Now define: @&(£) := a(f) o)

This is well-defined because supposing:

~

£ =1£f,8=1£fn E,NET M
m(a)

L}

we have:

]

f,(6-n) =0 < £-n € kerf,

= a(E-n) =0 (lemma 4.2)

= a(g) = a(n) .
The mapping X 1is surjective because:
V"FT L ~ € * . . ~
a < £(x) i Qof, x TxM is a preimage of & wunder .

(see (27))
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X is however not injective because if £(x) = f(y), 8- f, v is also a

preimage of & .

We will now show that there is a simple relation between any two preimages.
f(x) = £(y) = 3Fk€K such that vy = ¢k(x)

because of the invariance of f wunder K

we have again:

e = alx

f o
* k
|y=¢k(X)
So: Gof, | = Gof, | ¢ x| = ¢F(@cf, | ).
' sl = BTuy o ey = R
_ . *
So we have: Vo,B€J 1(0) : @=f = 3Ik€K such that o = cka .

o %k
A function g € C (T M), 1invariant under the K-action, induces in a very

o k
natural way a function g € C (T L) by means of:
g@ := g(a) (28)

*
REMARK. If g is the Hamiltonian on T M g 1is called the reduced Hamil-

*
tontan on T L.

) *
Conversely, any function § € C (T L) comes from a K-invariant function

© *
g €C(TM.
We now have the following

* %
PROPOSITION 4.5. i) If 0,y are the canonical 1-forms on T M and T L

respectively, we have:

Xy = o -1
TJ (0)
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ii) 1f gec (T M, 2 € C (T L) are as above, we have:
X (o) = X.(8 (29)
XaXg ) g )

iii) {g,h}(8) = {g,h}(a) (30)

PROOF. i) The following diagram commutes:

-1 * X *
J (0)cTM —&~— T1L

lﬂm lHL

f

M ey

L
because: aEJ_1(0) X &ET* M L H— f(TrM(a))€L
£(mr ()
M
wes ') T M) en H sy €L .

1

We now have VX € TaJ— ).

*
G (0 = B, (0

~r L
= a(ﬂ*oX*X)

= A(£gem %)
:= a(nl:‘[X)
=: eu(x) .
So: xXv=90l _, . |
TJ (0)

N.B. If p :=-dy and w := —d® are the associated symplectic forms, we

also have of course:

Xp =0w 1

37 ) x 137 (0) .
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ii) Note that:

g(@) = gox(a) = gla)

so: g =gox =X§

L]
o,
(0]

[}
>
*
~
(=9
o
Q)
~

i 0] = i ~\ P
X (o) XA (8)
Ko g g

]
=
>
~
Q)
~

= x*Xg(a)

1ii) {g,h} (&)

]

Xa(8) (8]

x5 %y (@) [gd

X, ()18 o x]

Xh(a)[g]

{g,h}(a). B

Point ii) of this proposition tells us that integral curves of a K-invari-
*
ant Hamiltonian g € c (T M) are projected on integral curves of the re-
. N - o0 *
duced Hamiltonian § € C (T L).

Furthermore v(t) and wky(t) have the same image under ¥ .

Finally we discuss a very special case of the above construction.

Let M =G be a Lie group and assume that G may be decomposed in two Lie
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subgroups K and L 1i.e.:

VQ€EG : IIZEK, I!XEL such that:

Q = zX.

We simply write: G = KL.

We then have

M/K = G/K

L and the notation used above may be maintained.

* *
REMARK. We saw that functions on T M= T G, invariant under the (left)
. * . . *
action of K on T G, induce functions on T L.
*
Often we simply start with functions on T G, invariant under the left-ac-

*
tion of the whole group G on T G and call them shortly left-invariant.

We conclude this section with a brief summary:

- A symmetry is described by the (induced) action of a Lie group K on the
phase space T*M

- The Hamiltonian is K-invariant and the solution curves lie in the sur-
faces J‘1(u)

- J_1(0) is invariant under K and solutions in J—1(0) may be transform-
ed into each other by K-actions

- X: J—1(0) *’T*L projects solutions of the Hamiltonian g on solutions of

the reduced Hamiltonian ;3 y(t) and ¢ y(t) have the same image un-
& k

der x.
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§5. KIRILLOV'S POISSON STRUCTURE

The intention of this section is to introduce a Poisson structure on the
dual 5* of any (finite-dimensional) Lie algebra g of a Lie group G.
According to Weinstein[7] this structure has already been found by Lie him-
self about 1890. It was rediscovered in the sixties by Kirillov (Study of
unitary representations of nilpotent Lie groups), Kostant and Souriau (geo-
metric quantization.)

The set-up will be rather similar to the one in the preceding paragraph.
Again we are going to divide out the symmetries of a Hamiltonian system.
However, in this section we will take for the phase space of our Hamiltonian
system an arbitrary Poisson manifold. (So in general not a cotangent bundle.)
The symmetry is again described by a group action but in general this action
need not be Hamiltonian.

To be specific:
Let (M, {,}) be a Poisson manifold and ¢: GXM - M a Poisson action of

G on M.
We will first formulate an analogue of proposition 4.4:

PROPOSITION 5.1. Let f € Cm(M) be a G-invariant Hamiltonian. Then G

transforms a solution curve of £ into another solution curve of f£.

PROOF. The G-action is assumed to be a Poisson action and therefore we

have according to prop.3.1:

¢g*xf = X¢*
-1
g f

=X (f is G-invariant)

From this the proposition is immediate. |
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We are now going to divide out the G-symmetry and we will assume:

- M/G 1is a ¢ -manifold

P: M > M/G is a submersion.

N.B. Note that we are dividing out the whole phase space with respect to

the G-action instead of only a part (J_1(0)) of it, as was the case in §4.

If f,g € c”(M) are invariant under the G-action:

fod = £, god =g VKEG

they will induce functions £,g € ¢ (M/C) by:

Te®) :=£(p), BEO®) =g .

Because the G-action is assumed to be a Poisson action, the Poisson bracket

between two invariants will be invariant itself:

{f:g}°¢k ¢;{fsg}

oy f, oysl
= {f,gl}

This enables us to define a Poisson bracket on M/G by:

{£,3Y@®() := {£,8}(p) (31)

From this definition we see:

XV(P(p))f?] := {f,g}(p)
g
= (p)
= [f]
Xg(p) f
= [No
Xg(p) f o Pl
- (P*xg(p))[?] VE € ¢"(M/G)
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= PX(® =X (G) (32)
g

In words this means, that the solution curves of a G-invariant Hamiltonian
g on M are projected on the solution curves of the induced Hamiltonian
E on M/G by P. It is obvious that vy(t) and ¢gy(t) have the same

image under P.
We will now construct an example of this rather general situation by choosing:

M=TG, ¢ =D =17 .

*
The action of G on T G 1is induced and therefore a Poisson action.

(see prop. 3.2)

* *
In order to comsider the space T G/G we take an o € T G. The orbit O

under the action ig becomes :

%
0, := {(geTC | S=L*_10L for some g € G}
g

and this corresponds precisely to a left—invariant one-form!
*
So we may conclude: T G/G = 5*. It is obvious, that this is a manifold.

%
Under the identification 5* o TeG the projection
*
P: TG~ g*

simply becomes the pullback to the fibre over the identity by means of left-

translation

P(a) = L::(u)u (33)

Using the above construction, we can now define a Poisson bracket on g* :
Vi,g€C(g"), wEG=TG:

(£, a0 = {£f,g}(w) (34)
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~

where f = foP, g =goP are the corresponding left-invariant functions

*
on T G.

This bracket is called Kirillov's Poisson bracket.

In order to get an explicit expression for this bracket, we will need the

following defintions.

DEFINITION 5.1. Let M be a C -manifold, f € C (M),

p € M.

dient of f in p 1is defined as the second component of df b’

i.e. df’p = (p, VE(p)) .

If (x ,...,xn) are local coordinates around p we simply get:

1

\

_ (g af
Vf(P) \8X1 (p)""’axn(p)/'

If M= 5* , Te Cm(g*) , o€ g* we have:

d}"“a = (o, VE(a))

~ *
where V£f(a) 1is considered to be an element of Tag* =g

So: vE: a€g* I—-—*V?(a)Eg.

DEFINITION 5.2. Let G be a Lie group, g its algebra.

action of G on itself is defined by:

I:G~>G
g

Vg, h€G: Ig(h) := ghg |

In other words: I :=1L oR .
g g -1

**N
=g

The gra-

The congjugation

The derivative of this mapping at e is an action of G on g,

the adjoint action:

called

(35)



Associated to this action we define the coadjoint action of G on

Ad' : g% > g%
g g g

% .
Ad' := (Ad ) =1L o R
1

g g g g

177

(36)

g* by

(37)

We can now compute the associated Killing vector fields: (See e.g. Abraham

& Marsden, Ch. 4.1)

VE,n€E g, o€ gk o:

- d -
Es(n) = EFAdexptE(n)‘t=0 Le,nl
and:
£ (o) 1= Sagr (@)
g* odt expt & lt=o
and indicate them by:
EEE aclg 1 g7g
adg(n) = [g,n]
Eg*Eadé togkogh
We have:
. ' =4 aqr
Vo € g*¥, E,n € g: adl(@)(n) = g Adexptg(“>|t=o(”)

\

[ a
0L\—({EAdexp—tE(ﬂ)’t:=o/

-u(adg(n))

1]

[(—adg)*a](n).

(38)
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So: adé = —(adg)* (39)

We will now compute explicitly Kirillov's Poisson bracket on 5* . The cal-
culations are rather technical and therefore the reader may wish to skip them

and just look at the result (42).

Yo € T, G . f left-invariant:
m(a)

£(a) = £(P(a))

*

= f(L“(a)

a)

TR

]

R

*N
@ (o)

R . . . . .
where J is the momentum mapping associated to the right-action of G on

*
T G as discussed in §3 example 3.

. . * . 3
We will now first compute J for an arbitrary momentum mapping.

. * * *
So if £ € g = TJ(p)g* 5 then J & € TpM.

Vv € TpM with: v = y(0), «y(0) =rp:

]

TECY) = £,

d
= 35 EEGO]
- 5 IO G|, (form. (25))

= d<3<£))!p(v).
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So we may conclude:
7' = aGE) (EegaT;  gh) (40)
We are now prepared for the following:

o * ~
PROPOSITION 5.2. let £ € C (T G) be left-invariant, f the corresponding

*
function on g*. Then Vu € TeG ~ g% the Hamiltonian vector field associ-

ated to £ at u is given by:

d -
dt (Rexpt VE() () |t=0

i

Xf(u)

~, -R
[v f(“)]T*GIu &1

*
In words: At the fibre over the identity TeG the Hamiltonian vector field

Xf , associated to a left—invariant Hamiltonian £, coincides with the

R

~ *
Killing vector field [V £(u)] of the right-action of G on T G.

T*G
PROOF . ixf(u)m11 = dflu
*N
= a@® D,
=J (df‘u)
*
= R, vEW))
CEIwe g2 T, g
J (W)
= d(ﬁR(v?(u))).u (form. (40)).
XA ~
RET |
~, R
= X (W) =X, = [VEW I k.|, - L
f Pt s el
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It is now easy to compute Kirillov's Poisson bracket:

{£,2Y ) := {£,g} ()

= X [£]
g(u)

d

dt f(Rexpt VE) W) t=o

d -

dt f(Lexp—tV'g(u) °R expt VE(u) () t=o

= — F(ad'

dt exp—tVE(u)(U))lt=o

= ~Lad' g,y DT (TEMW)
= —u(VEMW, VEWD).
Result: Kirillov's Poisson bracket is given by:
{£,21 0 = -w(@EW, vED (42)

As was explained in §2, we can, given a Poisson structure, always define a
symplectic structure on the integral manifolds of the Hamiltonian vector
fields. Therefore we will now study those integral manifolds.

The Hamiltonian vector fields on g* are given by:

VEZEC (g9, a €gf: X (a)lgl = ~{F,gHa)
- f

a(LvE(a), V()1

= e i ~ >
(ad'y f(a)u)(v g(a)) .
In coordinates this reads:

JX @ vE@ ! = ] (-aa’ 0ivgt .
1

£ vE(a)
1f a(t) < g* is an integral curve of X _(a) we may write:
f

Xf(u) =4 = —ad‘VEku)a (43)
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This equation, which is to be interpreted as the equation of motion of a
Hamiltonian system on g*, is often referred to as Kirillov's equation.

(43) may be rewritten in the form:

@], (44)

d
= - L = - — ¥ ~
X () ad vE® dt Adexptv £(a)

¥ f(a

If we make the special choice: T = ’Ex , Where:
fx(u) := a(x) (x€g)

we get: V'}flx(cx) =x,
Therefore the mapping Te Cw(g*) — V?(u) €g is surjective.
Combining this remark with formula (44) we may conclude, that the integral

manifolds of the Hamiltonian fields are given by the orbits under the co-

*

adjoint action of G on g

One now easily computes the symplectic form on one of those orbits Ou

ma(ad}'(a, ad;u) = wa(XN (), X, (a))

f f
—x -y

={f , f }(a)
-x’ -y
= —o([VEf (@), VE ()1
-x -y

= —a(lx,y]) (45)

This form is usually referred to as the Kostant-Kirillov symplectic form on

a coadjoint orbit in the dual of a Lie algebra.



182

We briefly summarize, what we have done in this paragraph:

- We started with a Poisson manifold (M, {,}) as the phase space of a
Hamiltonian system, and a symmetry described by a Poisson action
¢: GXM > M,

- The quotient space M/G was equipped with a Poisson bracket in a natural
way.

- The projection P: M - M/G carries over the solution curves of an invari-
ant Hamiltonian f on M to the solution curves of the associated
Hamiltonian f on M/G.

-~ This general construction was applied to the case: M = T*G, M/G = g* .

- The Poisson bracket on g* 1is given by (42). The integral manifolds of
the Hamiltonian fields are the coadjoint orbits of G in g*. The sym-

plectic structure on those orbits is given by (45).
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%
§6. BIINVARIANT HAMILTONIAN SYSTEMS ON T G

In this section the lines of §§4 and 5 will come together. Central is pro-
position 6.3, which deals with Poisson commutativity of a certain class of
functions on g*. This proposition will eventually enable us to prove the

involution statement (16) in §8.

Consider a Lie group G, that may be decomposed in two Lie subgroups K
and L as in the end of section 4; G = KL.

o % -
Let h € C (T G) be left-invariant; h OLg =h Vg€GgaG,

~ %
In §4 we saw, that h defines in a natural way a function h € c(T L),

In §5 we saw, that h also defines a function b€ Cw(g*);
o & ~ w %
h€C (TG ——— h€cC (TL)
h € Cw(g*)

-~

~ *
In this scheme h and h may be any functions on T L and g* respective-
* -
ly. If however h € c’(T'G) 1is in addition also right-invariant (hoRg=10,
h and h will also possess certain symmetries as will be clear from the

following two propositions,

~ o0 *
PROPOSITION 6.1. h € C (T G) right-invariant

o % *
= h €C (TL) right-invariant (under the L-action on T L)

We will first proof the following lemma.

- - *
LEMMA 6.2, VY € L: RY leaves J 1(0) < T G invariant and the follow-

ing diagram commutes:
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7o) etie X 1L

Ty —2 1L

jﬁY

PROOF. We recall: uE.J—1(0) = u(kerf*|n(a)) =0

where: f: G=KL >~ L is the projection.

Vv € kerf, : v will be tangent to a curve:

]

y(t) = z2(v)X zZ(t) €K, XEL

> Rov = o 2(6) (x¥)

Y
and this is again an element of kerf, VY € L . Therefore:

1

Vo € J (0), v € kerf,, Y €EL:

(ﬁYu)(V) = a(Ry_1*v) =0

= -1 = -1 . .
= RYu €J (0) and RY leaves J (0) invariant.
®

To prove commutativity of the diagram we observe:

VA € Tf(ﬂ(a))YL : dIg € Tf(n(a))L such that

g=R_1*ﬁ
Y

~

VE : 3g € Tﬂ(u)G such that:

€ Te(n(an®

E = £,£



We then have:

Vo € 371

]

© ¢ ®R_ o0 @@ = x@® _ D
Y Y
= x(@) (®)
= a(g)
*
= (R _,a) (R,%E)
¥ 1 Y
*
= (XoRY_1u)(f* RY*E)
*
= (x°R _1a)(RY*°f*E)

= (xeR"_a) (A)
Y

s0: R _jex =x°R _,. B

PROOF of Proposition 6.1.

RRLE) = BRyx ()

RORG (@)

h(R;a)

]

h(a)

h@. @

L}

REMARK. It is clear that if we start from a right-invariant function
~ o % - *
h € ¢ (T L), the associated function h := hey € Cm(T G) 1is only right-

*
invariant under the action of L on T G.

PROPOSITION 6.3.

o % 1 ~
h € C (T G) right-invariant ¢=él== h coadjoint invariant
4&: ' o~
ad Vh(a)®
L BB

=0 Vo€ g*

0 VZEC (gh

]
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PROOF .
i € T,'c G R* T* G > * G
D O (O Tr(ag
L* T* G T*G *
M4 > o
m(a)g m(a)g e g
KR ) =B R" o)
a) = o a
-1 w(a -1
. (a)g e
= RWor” oL* )
- g™t 1" ®
g
~ *
= '
h(ad'_, Ln(a)a) m
*g
h(a) = h(Ln(oa)a) (2)
from (1) and (2) i) is immediate. B
ii) h coadjoint invariant
> ih(Ad' a) =0 Vx € g a € g¥
dt expt x 2’ 2
*d o~ _
= T h(a expt x o 0 vx,0
t=0
> ad}'(oc(V'ﬁ'(u)) =0 Vx,0
'~ =
> ath(a)a(x) 0 Vx,o
[ *
= ath(u)ot 0 Vo € g - [ |
% d ~ d ~
NB: — h(ad'_ @) =0 = = h(ad @) =
—_ dt expt x £=0 dt expt x t=s
- -4 Raar (Ad' )
dt’ expt' x 7 exps x I .
t'=0
-4 Raa o8 =0
dt expt’' x £'=0
iii) {n,gHo) = X (a) [3]
= 1
adv?;(a)a(v"g'(a))
=0 v3.. H®
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o %
We see, that if we start from a biinvariant h € C (T G), we end up with

~ o * ~
right-invariant h € C (T L). But such h defines in a natural way an

*
(Rn(a)

* *
o€ T L =%
e 4
(This is of course completely analogous to the comnstruction in §5, where we

*
started from left—invariant functions on T G in stead of right-invariant

*
functions on T L) .

The Hamiltonian structure on &* is again given by Kirillov's Poisson
bracket:

%

vu € 2% {h, 231w = (VAW , VWD | (46)

NB: The difference between left- and right-actions is manifest in the sign

of the Poisson bracket.

We thus have the following diagram:

[ -~ o &
hec (TG ——— hec(TL)
biinvariant right-invariant
~ o K x °© 4
h€c (g) h€ec (9

coadjoint invariant
LEMMA 6.4. In the above diagram we have:

h=h (47)
gt



* ~
V& € L7 = TeL: h(d) = h(qd).

If f: G=KL > L 1is again the projection on L, we have:

~

z 3 -_— d -
VE €T L: & = E?(X(t))lt=0’ X(t) cL , X(0) =e

~ d d -~
.8 = — £(X(t)) = — X(t) =£ .
oo lc=o de t=0
So: a(E) = a(£,0) = a(®).
*
So: x: & > @ va € TeL'

We then have:

h(8) = h(@@) =1h@). §

. x . . . o~ * ~ . P
REMARK. Since h 1is the restriction of h to & < g* and h 1is coadjoint

~

invariant, one might think, that h is also coadjoint invariant. This is,
however, not true. We must realize that we are in fact dealing with two dis-
tinct actions:
G' * *
Ad™ : Gxg" > g
L' * *
Ad™ @ Lxg > &
In particular we will see in the example of the next section, that for

X € L the mapping

does not leave invariant &* , while
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has this property by definition.

Therefore for B € g*:

~ LY
h(Adx B)

H i
= =4
~ ~
> >
o 9
> b
™ ™
~ 4

1]
=
~
™
N
]
o'
~~
™
N

At this point we recall Kirillov's equation (43) for the Hamiltonian vector

field on g*:
~o = e ' ~
Xh(a) ad R
Because h 1is coadjoint invariant, we have using proposition 6.3:
= %
Xﬁ(u) =0 Yo € g

meaning that the Hamiltonian systems on coadjoint orbits in g* , derived
*
from a biinvariant Hamiltonian system on T G, are trivial. This fact will
*
enable us to solve Hamilton's equations on T G explicitly. By performing
. . . * * * %

two successive projections from T G to TL and from TL to & we can
then solve the Hamiltonian systems on orbits in &* , which are nontrivial,

because h 1is not coadjoint invariant. One of those Hamiltonian systems in

&* will appear to be the Toda-lattice, in which we are interested. (see §8)
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§7. EXPLICIT CALCULATIONS

In this section we will specify the groups G, K and L and their algebras.
By introducing coordinates on these groups, we will be able to derive expli-

cit formulae for the left-actions, (co-)adjoint actions etc.

For G we will choose the general linear group: G = GL(n,R) .

PROPOSITION 7.1.

¥Q € GL(n,R): 3!z € 0(n,R) , 3!X € L(n,R)

such that Q = ZX,

where: 0(n,R) = orthogonal group
L(n,R) = group of matrices of the form:
11 ¢
. , X..>0
. 11
X ‘x
nl . nn

also called: the lower triangular group.

The proof of this proposition is based on the Gramm-Schmidt orthogonalization
procedure. It is not difficult but rather technical and therefore we will

omit it here.

On GL(n,R) we have a global chart:

2
K: QEGL(n,R) +— (Qij)E]Rn

%
This induces global charts on TG and T G:

T6 = Gxg s XETQG: X = (Q,Q Q€g =Mn,R)

*

* % *
TG =Gxg so aETQG: o Q,P) PEg

M(n,R)



. 3

If X=) Q.| and o= ) P,
L, 3Q. . L

i3 ij QlJ‘Q i ij
; T,
a(X) = z Pij Q7 trE Q.

ij

dQ

In these coordinates one now easily derives

.. we have:
ijiQ

the following formulae:

i) L,+(Q,Q) = (aQ,4d) VA,QEG, QE€g
.. * -1, T *
ii) L _,(Q,p) = (aQ,(a )'P) VA,QEG, PEg
A
iii) Adgx = oxq”" VQEG, XE€Eg
ad,Y = [X,Y] VX,Y € g
AdP = @ hHT T vQ € G , PE g¥
T
ad' (P = [P,X'] VX €g, PEg*
PROOF .
i) trivial
ii) Suppose: L*__1(Q,P) = (AQ,B) then:
A
* . . T.
L _1(Q’P) (LA*(Q’Q)) = (Q,P) (Q’Q) = trP Q
A
= (AQ,P) (AQ,AQ)
= tr 2T AQ = er(aTH)1Q VQ € g
= tr PTQ = tr(ATf)TQ vQ € g
= =", =
... -1
Ad X := L 4R =
iii) Q Q* Q_1*X QX Q
adXY = [X,Y] (see definition 5.2)
AdéP(X) i= P(Ad _/X)
Q
=tr PYq Xq

el @ H 21 x

VX € g

191

(481)

(48i1)

(48iii)
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So: AdgP = @ HTeot. m

ad%P(Y) := -P([x,Y])

1]

-er PL[X,¥]

—tr[PT,X],Y

li

tr[P,XT]TY VY € g

T
So: ad%P =[p,x 1. H

%
In order to get the analogous formulae on TL, T L, & and &* we observe,
that besides the decomposition of the group G = KL, we also have a decom-

position of the algebras:

g =koyg (49)
where k = {antisymmetric matrices}
% = {lower triangular matrices}

define furthermore:

K" i= {x€g* | trx'¥=0 vvEK)

]

{symmetric matrices}

o
.
]

{x€g* | trx’'y=0 vyeg)

. bl . .
{strictly upper triangular matrices}

]

i.e.: the diagonal elements are zero.

We then have:

(4]
1]
1=
57
=

(50%

1]
1=
®
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and this yields the isomorphisms:

*
Km gt and gt it (50°)

1

We can now introduce coordinates:

in(n+1)

K: XEL }— (X ...X ) ER
nn

11°%21°%22:%3
TL=Lxg so: £ETL: &= (XX (XK€Y

* *
T'L = Lx2* ~ Lxk'  so: GETL: 8= (X,R) ReKh

The decompositions are made explicit by:

VA € M(n,R) : A =IA+IA

and: A=1 A+ A,
oot
here: LA =A -(A)" 513
where: 1_( = + +
_ T b
II&A = AptA_+ () (517)
T c
I A=A +A +(A) (517)
L 0 - -
k
I A=A - (A )T (51d)
) T

and:

A \
+
C %o

These formulae can easily be checked in the case of 2x2 matrices.

We are now ready for the following formulae:

i) LY*(x,{() = (YX,yX) Y,X€L, XE€2 (521)
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* -
ii) L R = (x, 1 )R VI,XEL, REK
Y 0 (52ii)
ii1) AdyY = Xyx ! VX,Y € L (52iii)
adXY = [X,Y] VX,Y € 2
ad'R =T (x HTrxT VKEL, REK
X n k
K
ad!R =1 [R,XT] VKE L RE i
X kJ. - -

*
COMMENT. These formulae only differ from the analogous ones on TG, T G

etc. in an occasional projection I L We will only proof ii) to show how
k

the projection I | comes in.
k

* ~ ~
Suppose: L _1(X,R) = (YX,R) where X,Y€ L, R,RE IEJ' we then get:
Y

(X,R) (X,X)

(L:_1<x,r<)> (Lya(X,50)

tr RT)'(

]

(YX,R) (YX,YX)

= tr(YTﬁ)T)'(
So: trRU K = tr(YR) X VK € &
= R=YT§+Z where: ZE&'L
- 2= HR-a"H

ms: (v Hz e gh

s0: ﬁ=ﬂlﬁ=ﬂl(Y_1)TR. B
Kk

)
m

(xp: I (%)

{0} because g* =k ®L2) .

=



In §6 we constructed the following diagram:

o % -~ L
h€C (TG ——> he€C(TL)

biinv. rightinv.
T e c (g h € c (2™
coadj.inv.
where: h=%h " .
Lieg”

We now mention without proof:

vh(A) = m,vR@)

(A€ 15"‘)

195

(53)
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§8. THE TODA-LATTICE

In this section we will finally fulfill the promises, made in the end of §1.
We will get an interpretation of the Lax-equation (14) and the Flaschka-
transformation (13). Also we will proof the involution statement (16) and

solve the initial value problem.

Consider the situation, that was explained in §7.
G = KL where G = GL(n,R), K =0(n,R), L =L(n,R).

*
If we start from a left-invariant Hamiltonian h € Cw(T G) we have:

h € (T G) (Q,P) € TG
%*
| |
~ ) * T *
h € ¢ (gh) X:=QPEg
* T ~_ T
h(Q,P) = h(LQ(Q,P)) = h(1,Q°P) =: h(Q'P) (54)

*
Hamilton's equationson T G become:

_ _oh _ k(P

Q3 T e, - ap,,
ij ij

5 -9 __ 30 (Q"p)

13 aQij BQij
A short calculation yields

. ~, T

Q =Qvh (QP)

(55)

v QTP
The evolution of X := QTP€§* may now be calculated in two ways:
1) directly: X = ('QTP+QT15

]

vilQ P - QT BT

vE T, x

]
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2) with the aid of Kirillov's equation (43) and formula (48iii):

~ T
= - adeg(x)x = [Vh(X) ", x].

*
In the situation of §7 h € Cw(T G) was also right-invariant. We then

have according to proposition 6.3:

' = *
advtl(X)X 0 VX € g

and therefore:
X=0 = QTP = constant = Q:Po

The system (55) is now solved trivially:

Q(t) = Qo) exp(t VR(Q'P))

(56%)

P(t) = P(o) exp(~t VR (Q'P))

or equivalently using formula (48ii):

* b
(Q(t), P(t)) =R - (Q_,P ) (567)
exp—ch(QTP) ° o

The general reduction scheme was:

@,pest@erc —X— ERETL
* *
LQ RX

x=QTP€g* A:=T RX €48 =

We now calculate the evolution of A :=1 RXT using Kirillov's equation

on &* (43):
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A = ad'y A (-sign because of right-reduction!)
vV h(a)
-1 1A, (VRANT] (formula (52iii))
k
=1 [, vhw"
k
= -1 [a, vha 1T (A€1_<'L > AT =a)
|3
= = J_[A,II'QV'}\{(A)]T (formula (53)
k -
~ T ~, T
= -] _L[A,Vh(A)] + 1 [A, T, Vh(a)]
1 k
k Kk -
=1 l[A,nkv'f{(A)]T ([A,VR(A)] = 0)
k -
= [a, HKV h(a)] .
In the last line we used the fact:
[k K < it
So we finally get:
A = [A, nkv'ﬁ(A)] (57)

If we want to proceed any further, we will now have to specify the Hamil-

. ~ © % . . .. .
tonian h € C (g ). It is clear that h will have to be a coadjoint in-
variant function on g* . A class of coadjoint invariant functions is given

by the so-called trace-monomials:

k

T (0 = ferx K= 1,2... X € g*
The gradient becomes:
vE® = @hH (58)

we get for A € k

If we choose in particular ho= ?2, k
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vh(a) = A
equation (57) then becomes:

: T
A = [A,B] where B = HEA =A -(A) (59)
*
As was explained in §5 the Hamiltonian vector fields on £  are tangent to

the orbits of the coadjoint action of L on o*

We now select one very

special orbit, namely the one passing through the matrix

Using formula (52iii) for the coadjoint action of L on &* , We can ex-—

plicitly compute the form of the matrices in 0, = {Ad}'(A0 | X€EL} and get:

%o
a, b1 (]
b1 . .
VAEO, : A= .. b (60)
0 .
. 'an
] b
L n-1
n
where X a. =0, b. >0
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for B =1 A we get:

k
[
0. b1
B = _bl - 61)
. n-1
° 0
t -b )

If we £fill in (60) and (61) in (59) we indeed get the Lax-equation (14)
for the Toda-lattice and we may therefore conclude that the Lax-equation
(14) is to be interpreted as the equation for the Hamiltonian vector field

tangent to the orbit O
%0

We must realize, that the set of coordinates a;, bi’ Zai =0, bi >0

is just an 'obvious' set of coordinates on the symplectic manifold 0A ,
0

but they are by no means canonical (= Darboux) coordinates.

In fact a rather long calculation yields for the Kostant-Kirillov symplectic

form on O, :
%o
n-1 db, i
w= 1 52 (1) (62)
i=1 i k=1
If we use a,...a s b,...b as independent coordinates on O we can
1 n-1 1 n-1 AO

consider the coordinate transformation:

& TPy
B i=1,2...n1 (63)
A
i
n-1
where q, is defined as: q, = - Z q; (one easily checks that the
i=1
Jacobian of the transformation (a1—an_1,b1~bn_1) > (p1—pn_1,q1~qn~1) is

non-zero, so that (63) indeed defines a coordinate transformation.)
n—1

If we define furthermore: P, = "a =~ Z P, we have:
i=1
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T o) b oaaa(T
= dq A dp dq dp )
i=1 \k 1 k} i=2 \k 1 k
n-1 n-1
=dq, Adp, + ) dq; adp, - dq_~ ) dp
APyt L K
i=2 k=1
)
= dq. adp, | (64)
i=t ' Yem

where CM stands for the centre-of-mass manifold in T'R" defined by:

We conclude:

The coadjoint orbit 0A may be identified with the centre-of-mass manifold
0
. * . . .
CM in T Bfl . The Flaschka-transformation (13) is to be interpreted as a
transformation from a set of obvious coordinates on OA to a set of canon-
0

ical coordinates on CM.

We will now proof the involution statement (16).

PROPOSITION 8.1. Define

fk(A) t= —tr A YA € 15"' ~ g

then
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PROOF. We of course have:

o % -~ o X
f €EC (TG ——— f €C (TL)

k k
biinvariant rightinvariant
~ © g % ©, %
£ €C (g9 £.€C (2D
coadj.invariant
vaert gt (5,7 )@ = {F,E 1@
- - >R : k> "¢
= {%k’%k}(X(A)) (see proof lemma 6.4)
= {fk, fk} (a) (proposition 4.31iii)
= {E,E,} )

because %L is coadjoint invariant. (see proposition 6.3) @
We will now briefly sketch how to solve the initial value problem of the
Toda-lattice. It should be clear, that once we have a solution curve
(Q(t), P(t)) for a biinvariant Hamiltonian h € Cw(T*G) we can perform
two successive projectionms.
%
(t), P(t)) 2 (x(t), R(Y)) k—i A(t) =nkleT

to obtain solution curves (X(t), R(t)) of the right-invariant Hamiltonian
~ o X X
h€C (TL) and A(t) of the Hamiltonian h € Cw(&*). In particular we

have at t = 0:
*

R
X
(Qy»B,) Ao (X R 2> 4.

- %
In general a lot of different initial conditions on J 1(0) TG and on

*
T L will yield the same initial condition AO. In particular, we can choose:
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(1,49 R (1,80) F— a4, .

- *
The integral curve passing through (1,A0) on J 1(O)C:T G isgiven by (56%) :

Q(t) Qoexptvﬁ(QTP) = expt A

0
(65)

P(t)

expt A

~T T
Poexp-ch (Q°P) = A 0

0

Q% = szo = A, VRQP) = A )

0 0

A calculation involving an explicit formula for ¥, which we did not dis-

play here, yields:

A(t) = Ad] (66)

X(t)AO

where X(t) is defined by

tA

Q(r) =e 0. Z(t)X(t).

We can thus give the following 'receipe' for solving the initial value
problem:

1) Give the initial data qi(O), pi(O) and construct the matrix:
a, (0) b, (0)

Ay = 2@ T b__,(0)
.an(o) n

bn—l(o)

.

2) Perform the ortho-triangular decomposition:

0
e = 2(0)x()
-1 T T
3) A(r) = Ad)'((t)Ao =1, [x(e) '] A, [(x(t)]
K

extract the pi(t)'s and qi(t)'s from A(t).
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§9. FINAL REMARKS

In this essay we explained the integrability property of the Toda-lattice,
by describing it as a Hamiltonian system on a certain coadjoint orbit in the
dual of a Lie algebra &*. The symplectic structure on such an orbit was

given by the Komstant-Kirillov symplectic form (45).

There are of course other coadjoint orbits in &* and corresponding
to them other completely integrable systems. As far as we know, these orbits
have not been classified in a systematic way yet. An example of another
'"Toda-orbit' and its associated integrable system may be found in an article
by Symes [8].

In the introduction of this essay we suggested, that the Toda-lattice
may be considered as a discrete analogue of the KdV-equation. In fact it is
known that the KdV-equation can be written as a Hamiltonian system, possess—
ing a denumerable sequence of constants of the motion, which are in involu-
tion with respect to a certain Poisson bracket. (See Gardner et al. [9])

Adler [10], inspired by the results of Gel'fand and Dikii [11], showed
that the Toda-lattice and the KdV-equation may be treated in an analogous
way. He described the KdV-equation as a completely integrable Hamiltonian
system on a coadjoint orbit in a certain infinite dimensional Lie algebra,
namely the symbol algebra of pseudo-differential operators. The symplectic
structure on the infinite dimensional orbit is again provided by the Kostant-
Kirillov form. (generalized to the =-dimensional case.) The associated
Poisson bracket coincides with Gardner's bracket mentioned above.

More recently Flaschka [12] et al. demonstrated that the AKNS-system
of evolution equations, containing all known soliton equations such as
Korteweg—de Vries, Sine—Gordon and nonlinear Schr&dinger—-equation, may be

described as a set of Hamiltonian systems om a coadjoint orbit of another
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infinite dimensional Lie algebra, namely the Kac-Moody algebra
$2(2,0) ® C(£,£ D).

With these short remarks we hope to have given the reader an impression
of the importance of the Kostant-Kirillov symplectic structure for describing

discrete and continuous integrable systems.
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