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One-dimensional random polymers

R.W. van der Hofstad

Summary. Polymers are long molecules consisting of many building blocks.
Polymers have two characteristic properties. The first is that they are irregular,
because there are different possibilities for the angles between the building blocks.
The second is that they try to avoid self-intersections because of polarization of
the building blocks or the excluded-volume-effect.

Probabilistic polymer models are based on lattice random walks or Brownian
motion with a self-repellent interaction. The paths of these processes model the
configuration of the polymer in space. The random walk or the Brownian motion
models the irregularity, the self-repellence penalizes self-intersections. We study
the Domb-Joyce model based on simple random walk, and the Edwards model
based on Brownian motion. The Domb-Joyce model is a generalization of the
self-avoiding walk where self-intersections are unlikely, but not impossible. The
Edwards model is the continuous space-time analogue of the Domb-Joyce model.
We are interested in the behavior of the end-to-end distance of the polymer as the
number of building blocks increases. The end-to-end distance gives an indication
of what the spatial extent of the polymer is.

Polymer models are prototypes of models with a global interaction: any piece of
the polymer interacts with all the other pieces, even the ones that are far apart
when measured along the polymer chain. This makes polymer models different
from most of the mathematical literature, where Markovian models are studied
with a local interaction in space and/or time. The global interaction makes these
models mathematically hard.

In Chapter 1, we will give a general introduction to polymers and probabilis-
tic polymer models, and we will give insight as to what kind of behavior we
expect. Then we will describe the known results, thereby focussing on the one-
dimensional case. In the other chapters we will extend these results. Among
other things, we will describe the links between the two models mentioned above
in dimension one.
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Chapter 1

Polymers

1.1 Introduction

Polymers are long molecules consisting of building blocks called monomers. Polymers can
consist of a few thousand monomers. Examples are plastics (like polyester and PVC),
biopolymers (like cellulose, DNA, starch and certain proteins) and rubber. An important
feature of a polymer is its functionality: the number of connections the monomers can
make. If this functionality is two, then the polymer is called linear, otherwise it is called
a branching polymer. In this work we will consider linear polymers only. An example of
a linear polymer is polyethylene, where the monomers are CH,, except at the endpoints,
where they are CHj.

Polymers have two characteristic properties.! The first is that they are irregular: there
are different possibilities for the angles between the monomers. The second is that they
try to avoid self-intersections. The reason for the latter can be either polarization or the
excluded-volume-effect. Polarization means that the monomers have an electrical charge.
The excluded-volume-effect means that once there is a monomer in a certain position, this
position is full and there can be no other monomer there.?

Realistic dimensions for polymers are two (for a polymer on a surface) and three (e.g. for
a polymer in a solvent). However, it turns out that two- and three-dimensional polymers are
mathematically too difficult and therefore we will mainly consider one-dimensional poly-
mers. We can think of a one-dimensional polymer as a polymer in a thin tube. Although
dimension one is highly special, the investigation of one-dimensional polymers brings up
general features that are shared by two- and three-dimensional models. The same is true
for dimensions greater than or equal to four. Therefore, the ‘folklore’ of polymers also
includes such ‘non-realistic’ dimensions.

Polymers are important chemical objects. Freed (1981) estimates that 60% of research

1More properties of polymers or the interaction of polymers with their environment will be mentioned
in Section 1.8.

2Strictly speaking, a polymer cannot have any self-intersection since no two pieces of any molecule can
occupy the same space. However, if we associate extra space with the polymer induced by the vibrations
or the electrical fields of the monomers, then this associated space can have self-intersections.

5



6 ' CHAPTER 1. POLYMERS

in the chemical industry is related to polymers. Polymers are also interesting physical
objects. De Gennes (1979) contains a description of many fascinating microscopic and
macroscopic properties that are induced by the typical polymer characteristics. Finally,
and most importantly for this work, polymers turn out to be mathematically interesting as
well, as we will see later on. They are prototypes of models with a global path interaction.

Probabilistic polymer models are based on lattice random walks or Brownian motion
with a self-repellent interaction. The paths of these processes model the configuration of the
polymer in space. The random walk or Brownian motion models the irregularity, the self-
repellence models the tendency to avoid self-intersections. An example of a probabilistic
polymer model is the self-avoiding walk, where all paths of a fixed length with no self-
intersections have equal probability. In Sections 1.2-1.3 we will introduce two probabilistic
polymer models, namely, the Domb-Joyce model based on the simple random walk and the
Edwards model based on Brownian motion. The Domb-Joyce model is a generalization
of the self-avoiding walk, where self-intersections are penalized but not impossible. The
Edwards model is the continuous space-time analogue of the Domb-Joyce model.

We will be interested in the shape of the polymer as the number of monomers increases.
An interesting quantity that measures the typical size of the polymer is the mean-squared-
displacement, i.e., the expectation of the square of the end-to-end distance of the polymer.
The investigation of this quantity turns out to be difficult. What makes polymers hard
to analyze is that the interaction acts globally: all pieces of the path interact with each
other. This is different from models with a local interaction, like Markovian models in
space and/or time. ’

Polymers have become increasingly popular among chemists, physicists and mathe-
maticians. Most of the rigorous results known today are from the last decade. For a
mathematical introduction to polymer models, see Freed (1981) and Madras and Slade
(1993). For an introduction to polymers and their heuristics from the chemist’s or physi-
cist’s point of view, see Flory (1971) and de Gennes (1979). The Domb-Joyce and the
Edwards model are toy polymer models (see also footnote 1). Chemists and physicists are
interested in more realistic models. However, at present these are mathematically too diffi-
cult to investigate. Even the Domb-Joyce and the Edwards model have not been analyzed
in the realistic dimensions two and three.

1.2 The Domb-Joyce model

Let X be a random variable on Z¢ such that X = e with probability 1/2d for each of the
2d neighbors e of the origin. Let S; = Z;'=1 X; (¢ € N), where {X};en are independent
random variables having the same distribution as X, and let Sy = 0. The process (.5;);en,
is called simple random walk on Z¢, starting at the origin. (S;)%, is the n-step path of
a random walker, who at times 0,... ,n — 1 makes a step to one of his/her neighboring
lattice points with equal probability. We can think of (S;)?, as modeling a linear polymer
in space. In fact, this is the so-called ideal polymer (see Madras and Slade (1993) Section
2.2), where there is no interaction between the monomers. The process (S;)icn, is very
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irregular, since at every step the walker changes his/her direction with probability Zd 1.
However, the ideal polymer has a tendency to have many self-intersections. To model
the polymer better we therefore need to introduce a penalty for paths having many self-
intersections.

Let P be the law of simple random walk and let E be expectation with respect to P.
For n € N, define a new probability measure Q2 on n-step paths by setting

QA (80 )= - exp[ ,BZ Lsizs | P (S0 ) (12.1)
#J
where Z? is the normalizing constant
28 = B(exp [ Liss,]) (122
11"‘;6:]0

and B € R{ is a parameter. The law QF is called the Domb-Joyce n-polymer measure with
strength of repellence 8. A linear polymer consisting of n monomers is modeled by the
distribution of (5;);_, under the measure @2, the ith step of the path playing the role of
the orientation of the ith monomer of the polymer.

QP gives a penalty e2# to every self-intersection of the path. This has a tendency
to reduce the number of self-interséctions. Furthermore, the irregularity of a typical path
under @7 is inherited from P. Special cases of the Domb-Joyce measure are 8 = 0, where
Q% = P is the law of simple random walk, and 8 = oo, where Q% is the law of the self-
avoiding walk. The n-step self-avoiding walk measure gives equal probability to all n-step
paths having no self-intersections. (Note that the sum in the exponent in (1.2.1) is zero if
and only if (S;);-, is self-avoiding.)

The exponent in (1.2.1) depends in a sensitive way on the exact shape of the path. Self-
intersections can occur between any two pieces of the path, even those that are far away
when measured along the polymer chain. This makes it difficult to prove mathematical
statements for the distribution of (S;)]_, under Q% as n — oco. Furthermore, (Q2)nen is
not a consistent family of measures, in the sense that @2 is not the projection on n-step
paths of a stochastic process, like the distribution of (S;);_, under P. The reason is that
form<n

“5 (exp[ El{si—s]HS),—o) (1.2.3)

i#j

is not equal to

Zlf’ exp -8 Z {sizs;}] (1.2.4)

i,5=0

1]
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In terms of the polymer, the inconsistency means that we cannot think of (Q%),cn as
modeling a growing polymer. There is no ‘time’ relation that makes a sensible connection
between @5, an QP for m # n. So the Domb-Joyce model describes polymers of a fixed
length in space.

There are various interesting questions one can ask about the shape of the polymer
under the Domb-Joyce measure @ as n — co. How much space does it occupy? Is it
clumped or not? How large are the holes it leaves open? An indicator of the typical
size of the polymer is the mean-squared displacement. The mean-squared displacement
for a polymer consisting of n monomers is the expected square of the end-to-end distance
Eqp [|S"|2] The following conjecture on the behavior of this quantity as n — oo is folklore:

Conjecture 1.1 For every 8 € R
Egs [1Saf?] ~ Dn®  (n — o), (1.2.5)

where D = D(B,d) > 0 is some amplitude and v = v(d) is some critical ezponent. The
latter is believed to be independent of B and to assume the values

I

Il

d
d
p (1.2.6)
d

D= O oo
ot
0]
oo

vV

;'-lk W N =

For d = 4 it is believed that there are logarithmic corrections to the above behavior, i.e.,
1
Egs [|Sn|*] ~ Dnlogni (n— oo). (1.2.7)

The fact that § = oo is included in Conjecture 1.1 means that the Domb-Joyce model is
in the same universality class as the self-avoiding walk. Therefore the Domb-Joyce model
is often called the weakly self-avoiding walk.

For B8 = 0, we have

Eg [ISuI*] = Ep[ISuI*] =, (12.8)

corresponding to D = 1,v = % for all d. Comparing this with (1.2.5-1.2.7) ind = 1,2,3
and 4, we see that the exponential in (1.2.1) has a tendency to spread out the path in order
to reduce the number of self-intersections, as was perhaps to be expected. Apparently, in
d = 1,2,3 and 4 the self-repellence changes the scale of the polymer. This is also visible
in Figure 1, where we see realizations of a 200-step simple random walk and a 200-step
self-avoiding walk in d = 2. The simple random walk forms a spaghetti-like clump around
the origin, while the self-avoiding walk moves away from the origin more.
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The fact that the exponents in (1.2.5) and (1.2.8) are the same for d > 5 means that the
weakly self-avoiding walk in d > 5 is only a small perturbation of simple random walk, in
the sense that there is no change in the qualitative behavior.

Monte Carlo simulations confirm the behavior in (1.2.5-1.2.7). For a reference to these
methods for self-avoiding walks, see Madras and Slade (1993) Chapter 9 and Hughes (1995)
Chapter 7 (where also references are given to the relevant literature). Flory developed a
heuristic calculation predicting that the exponents in (1.2.6) are max {335, 5} (see Madras
and Slade (1993) Section 2.2). This calculation computes the probability of not having any
self-intersections if we throw n points uniformly in a box of size n” and compares that to
the probability for the endpoint of simple random walk to be n¥. Maximizing over v gives
the value max {523, 3}.> However, numerical methods indicate that v/(3) < 2. The precise
value for ©(3) is not known.

Conjecture 1.1 has been proved in a number of dimensions. For d = 1, Greven and den
Hollander (1993) proved (1.2.5-1.2.6) using large deviation theory, and computed D(f, 1).
The ideas of their proof will be explained in Section 1.4. For d > 5, Hara and Slade

(1992a,b) used the so-called lace expansion technique to prove that

{Sft"]/\/ﬁ}te[o,l] (1.2.9)

under the self-avoiding walk measure Q3° converges weakly to Brownian motion with a
variance larger than one. The lace expansion is a method to compare a model with
interaction to the model with no interaction (the so-called mean-field model). Hence,
D(oo,d) > 1,v(d) = % for d > 5. Their result easily implies (1.2.5) for all 8 € R*. For
an explanation of the lace expansion in high dimensions, see Madras and Slade (1993)

3Freed (1981) derives a recursive formula for v(d), predicting the same values.
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Chapters 5-6. Brydges and Spencer (1985) had earlier used the lace expansion to prove
(1.2.5) for d > 5 and g sufficiently small.

How can we understand these results? Heuristically, for d = 1 the geometry of Z is so
easy that it is possible to use a Markovian-like description in space (see Section 1.4 for a
more detailed explanation). On the other hand, for d large enough the self-intersections
of simple random walk are so close that they only act locally, i.e., the behavior under
the Domb-Joyce measure is not structurally different from the behavior under the simple
random walk measure.

Remarkably, nothing is known for the realistic dimensions d = 2,3. These are in-
termediate dimensions, where we lack the simplifying properties described above. Even
seemingly innocent statements like

limy, o0 nleQg [1S.2] =0
(1.2.10)
limy oo 2Eqs[|Sn]?] =00

are unproved. Nature is giving us a hard time!

The investigation of the two-dimensional Domb-Joyce model is a real challenge. On
the one hand, this problem is expected to be difficult, on the other hand it is expected
to be easier than the three-dimensional model, where even the precise value of v(3) is not
heuristically known. Bounds for v(d) like those following from (1.2.10) would be a great
mathematical improvement in dimensions two and three.

1.3 The Edwards model

Let (By)i>0 be standard Brownian motion on R, starting at the origin. Let P denote its
law, the Wiener measure. Originally, Brownian motion was used as a model to describe
the irregular behavior of a dust particle in water due to collisions by the surrounding water
molecules. This dust particle performs a highly irregular motion, which is reflected by the
fact that the paths of Brownian motion are P-a.s. continuous, but nowhere differentiable.
Brownian motion is the weak limit of simple random walk and therefore inherits many of
its properties. N N
Let F be expectation with respect to P. For 8 € R}, define a new law Qg on paths of

length T by specifying its Radon-Nikodym derivative with respect to p

dQf 1 T

—_— ((BS)SE[O,T]) = A—ﬂexp [—,3/ dS/ dt 6(33 — Bt)] (T > 0) (131)

dP Zr 0 0

Here § is the Dirac function, 8 € R{ is the strength of self-repellence, and Zqﬁw is the
normalizing constant

78=F (exp [—ﬁ /0 " s /O "t 8(B, — Bt)]) . (1.3.2)
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Equation (1.3.1) means that for all Borel sets A
N 1 -~ T T
& (Bwcom € A) = 2B (exp -5 / ds /0 dt 6(B, — Bt)]l[w,,sem@}) . (13.3)
T 0

@77’. is called the Edwards T-polymer measure with strength of repellence 3. For a rigorous
definition of @g in terms of Brownian local times, see Chapter 3.

The Edwards model is the continuous space-time analogue of the Domb-Joyce model.
The exponent in (1.3.1) punishes self-intersections. Since Brownian motion is the weak
limit of simple random walk, we can think of the Edwards model as ‘looking at the Domb-
Joyce model with a small interaction parameter from a distance’. This can in fact be made
rigorous (see Chapter 2, Theorem 2.5).

We have defined the Edwards model only in dimension one. It can also be defined in
dimensions two (see e.g. Cadre (1996), Le Gall (preprint 1996), Stoll (1989), Varadhan
(1969), and Westwater (1980)) and three (see e.g. Bolthausen (1993), Rosen (1983), West-
water (1981) and Zhou (1992)). However, the difficulty in these dimensions is that the
random variable in the exponent in (1.3.1) is infinite P-a.s. This is because most of the
self-intersections of the Brownian path are for times that are close together. One way to
solve this problem is to put in the indicator that It — s| > ¢ in the exponents in (1.3.1-
1.3.2). This truncation gives a well-defined measure Q for every € > 0. It can be shown

that, as € | 0, QT’E converges to some measure QT. This is defined to be the Edwards

measure. Unfortunately, the above limiting procedure to obtain @51 makes it more difficult
to investigate the behavior of (B)scjo,7) under @g This is illustrated by the fact that in
dimension three @_e, turns out to be mutually singular with respect to P. Hence, there
is no way of writing down a formula like (1.3.1) using a Radon-Nikodym derivative with
respect to P. In dimension two c’j;% is absolutely continuous with respect to ﬁ, but still
not much is known about the T' — oo behavior.

The advantage of the Edwards model over the Domb-Joyce model is that Brownian
motion is somewhat easier to work with than simple random walk. The disadvantage is
that the Edwards model is more difficult to define.

It is expected that a similar behavior to that in (1.2.5) holds, i.e., for d = 1,2,3

Eg [|Br’] ~ DT? (T — o0), (1.3.4)

where D = D(8,d) is some amplitude and & = P(d) is a critical exponent that is believed
to be the same as v(d) in Conjecture 1.1. However, there is only a proof for this fact in
d =1 (see Theorems 1.1 and 1.3 below). Because of the exponential factors in (1.2.1-1.2.2)
and (1.3.1-1.3.2) it is very difficult to compare the Edwards model and the Domb-Joyce
model directly. Since the typical paths under the Domb-Joyce measure and under the
Edwards measure are atypical under P and P respectlvely, it is not possible to use the
invariance principle to prove convergence of Qﬁ towards Q1 as n — oo. This is reflected
by the fact that in dimension one, the behavior under the Domb-Joyce measure @7 for n
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large is different from the behavior under the Edwards measure @’% for T large. However,
in Chapters 2-4 we will describe a link between the two models as 3 | 0.

In dimension one, much is now known about the behavior of the n-polymer under the
Domb-Joyce measure and the T-polymer under the Edwards measure. There are laws of
large numbers (LLN) and central limit theorems (CLT) for the end-points of the paths.
We know what the underlying variational principles are. We have results explaining the
scaling in the interaction parameter 3 and the links between the Domb-Joyce model and
the Edwards model. All this, and the remaining open problems, will be explained in the
rest of this work. The part of these results that is new is presented in Chapters 2-5.
Together with the results previous to this work as described in Chapter 1 they give a clear
picture of the behavior in the one-dimensional Domb-Joyce and Edwards model.

1.4 Law of large numbers for the Domb-Joyce model

Fix d = 1. In this section we will explain the LLN for the endpoint of the path in the
Domb-Joyce model (Theorems 1.1 and 1.2 below). This implies (1.2.5-1.2.6).

Theorem 1.1 (Greven and den Hollander (1998)) For every 8 € R* there exists a 6*(8) €
(0,1) such that

Jim Qﬁ(l%lsnl -6*(8)|< E)= 1 for every € > 0. (1.4.1)

Theorem 1.1 proves Conjecture 1.1 for d = 1 with v(1) = 1,D(8,1) = 6*(8)?. Theorem
1.1 says that the self-repellence causes the path to have a ballistic behavior no matter how
small the interaction parameter.* The quantity 6*(8) in (1.4.1) is called the speed of the
polymer.>

We will give a brief explanation of the proof of Theorem 1.1. Define

1 .
Jo(0) = lim ~10g B(exp [~B Lisims;y] Lis,=rom )- (1.4.2)
=0

Greven and den Hollander (1993) prove that this limit exists and that Jg(6) is strictly
negative with a unique maximum at the value 6 = 6*(8). This implies that

To(0"(6)) = lim - log 22, (143)

4The term ballistic behavior refers to the fact that the end-to-end distance of the polymer grows
proportionally to the number of monomers.

By symmetry, the LLN implies that Q5(S,/n)™! =% L[8g«(s) + 6_g+(g)] 25 n — oo, where 3 is
the Dirac point measure in §, =% denotes weak convergence, and 1(X)~! denotes the distribution of a
random variable X under a measure p.
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i.e., J3(6*(B)) is the exponential growth rate of the normalizing constant Z5. Furthermore,
from (1.4.2-1.4.3) and (1.2.1-1.2.2) it follows that

Jim ~log Q4 (S, = [0n]) = J5(6) — J5(6"(5)), (1.4.4)

which is strictly negative for 8 # 6*(3).
To explain how (1.4.2-1.4.3) arise, we rewrite

D lsi=sy = Y L(@) — (n+ 1), (1.4.5)
i,7=0 TEZ
i#j
where
b(z)=#{0<i<n:S;=z} (nENy,z€Z) (1.4.6)

are the local times. Substituting (1.4.5) into (1.4.2), we see that we have to understand

1
Jp(6) = =B + lim ~log & (exr) (-8 ta()?] 1{sn=ren1})- (14.7)

x€EZ

We next rewrite (1.4.7) as

Js(0) = —B+limy_ o = log P(S, = [6n])

: (1.4.8)
im0 1 logE(exp (B cp bn()?]|Sn = [an]).
From large deviation theory, it is well known that
lim %log P(S, = [6n]) = —%(1 +) log (1+6) — -;-(1 _O)log(1—0).  (149)

From (1.4.8-1.4.9) we thus see that a balancing takes place: the first term in (1.4.8) is a
decreasing function in 6, while the second term is expected to be increasing in 0, since if
the walk is spread out more then there will be less self-intersections. The first key step in
the proof of the LLN of Greven and den Hollander is

lity o0 1 10g B (exp [~ Ty £a(e)?] S = [6n1)

(1.4.10)
= limp 0 £ log E(exp [-8 yfon] tn(z)?] \S’n = fﬂn]),

which means that the contributions coming from local times below 0 and above S,, = [6n]
are negligible on an exponential scale.

SIn fact, Greven and den Hollander prove a slightly weaker statement, namely, (1.4.10) only for § =

6*(B)-
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Let P, be the law of the random walk with drift # € (0,1). Under Py, the walker makes
a step to the right with probability (1 + 6) and to the left with probability 3(1 — 6),
causing an effective drift 8 to the right. The second key step in the proof of Greven and
den Hollander is

limy oo 2 log B(exp -8 X2 &(2)][S0 = [6n1)

(1.4.11)
= limy, 0 % lOg EPg (exp [_IB Z:[;in]] Zgo(x)])a
where
bo(z) =#{i>0:S;=2} (r€2) (1.4.12)

are the infinite time local times, which are finite Py-a.s. (Note that, under Py, S, is
approximately [#n] by the law of large numbers, which explains why the condition S, =
[0n] drops out.) Next, {€u(z)}zez turns out to have a Markov representation, which
follows from Knight’s description of the local times of simple random walk (see Section
4.2.2). This Markov property is a direct consequence of the simple geometric structure
of z. Then, the stage is set to use large deviation techniques. These techniques are well
suited to express limits of expectations of exponential functionals of Markov processes, like
in the r.h.s. of (1.4.11), in terms of variational problems. After some more analysis, this
procedure gives a recipe for 8*(3), which we will now describe.
For r € R, 8 € R* define the matrix A,z by

Appli,j) = erEH-D=AEH-D PG5 5) (4,5 €N), (1.4.13)

where P is the stochastic matrix
. i+45—2 1yét+i-1
P(i,j) = ( : 7 ) ) (5) . (1.4.14)

Define A(r, 8) to be the unique largest eigenvalue of A, in I?(N).” Then A(r,) can be

written as a variational problem by the Rayleigh representation for eigenvalues of compact

self-adjoint operators. P is the transition matrix of the Markov process underlying the

local time process, 0 is the self-repellence parameter as in (1.2.1-1.2.2) and r is a Lagrange

parameter that plays the role of Lagrange multiplier in the underlying variational problem.
For fixed 3, let r*(83) be the unique solution of the equation A(r,8) = 1, i.e.,

A(r*(B),B) = 1. (1.4.15)

In terms of these objects we have the following representation for 6*(3) and the exponential
rate Jg(6*(8)):

"A,p ¢ 12(N) — [%(N) is positive, self-adjoint and compact for all r € R,3 € R*. Moreover,
(v, B) — A(r, B) is analytic. Furthermore, r — A(r, 3) is strictly increasing and log-convex, A(0, 3) < 1 and
lim,_, o0 A(r, B) = oo for every 3 € R* (see Greven and den Hollander (1993)).
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Theorem 1.2 (Greven and den Hollander (1993)) For every 8 € R*
Jp(0°(B) = —r*(B). (1.4.16)
-1
6*(8) [%A(r, ﬂ)] (1.4.17)

r=r*(g)’

Theorem 1.2 gives us a functional analytic description of the key quantities in Theorem
1.1, which turns out to be extremely useful (see Chapters 2 and 4).

Remark: The following conjecture is appealing:
Conjecture 1.2 (8 +— 0*(B) is increasing.

Indeed, if the penalty for self-intersections is higher, then we expect the walk to spread out
more. However, Conjecture 1.2 turns out to be equivalent to a second-order differential
inequality for A(r, 8) that is highly non-trivial. Conjecture 1.2 is one of the open questions
remaining in the one-dimensional Domb-Joyce model. It appears that the monotonicity of
6*(B) is deeply hidden. This is related to the fact that (Q2),cn is not a consistent family
of measures (see also Section 1.2). Furthermore, we have not been able to couple Q7 and
Q7 for B # (. Therefore we have no hope to give a coupling argument for Conjecture 1.2.
The following correlation inequality implies Conjecture 1.2:

Covgs (1Snl, Ze,,(m)‘*’)g 0 for all n large enough. (1.4.18)

z€Z

This can be seen by differentiating EQE[IS,,I] with respect to 8 and using Theorem 1.1 and
(1.2.1-1.2.2). It is not hard to check (1.4.18) for 8 = 0, where Q2 = P. It has been shown
to hold for n < 15 and all 8 > 0 by a computer enumeration. However, (1.4.18) is still
open for n > 15 and 3 > 0.

1.5 Law of large numbers for the Edwards model

Westwater (1984) proved a law of large numbers for the Edwards model similar to Theorems
1.1-1.2.

Theorem 1.3 (Westwater (1984)) For every B € R* there ezists a 6*(8) € (0,00) such
that

Tllrgoéfa(l%lBﬂ - 9*(ﬁ)| < e)= 1 for every € > 0. (1.5.1)

The quantity 0:*(,6) is again called the speed of the polymer® Westwater (1984) gives a
description of §*(8) in terms of a derivative of an eigenvalue of a differential operator on

8By symmetry, (1.5.1) says that the distribution of Br/T under @f}. converges weakly to %(5"(0) +
5_5.([,)) as T — oo.
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L%(R*) similar to Theorem 1.2. The proof of Theorem 1.3 uses large deviation theory
together with the Ray-Knight description for Brownian local times and is in this sense
close to the proof of Theorems 1.1-1.2. From the proof it follows that

#(8) = — lim %log 7 (15.2)

T—o00

exists. It turns out that 6*(8) = 6*(1)B3 by Brownian scaling (see Chapter 2 and Section
3.1.2). Hence 3 — 6*(0) is increasing.

1.6 Central limit theorem for the Domb-Joyce model

The LLN for the Domb-Joyce model in Theorem 1.1 has been supplemented by a central
limit theorem (CLT). In the CLT the fluctuations around the leading order behavior are
investigated.

Theorem 1.4 (Konig (1996)) For every 8 € RT there exists a 6*(8) € RT such that

"151;0 Qﬁ(%‘;—:}gﬁ < C)= N((—o0,C]) for every C € R, (1.6.1)
where N is the standard normal distribution and o*(8) is given by
o |
* 2 _ p* 31 7 o
a*(8)* = 6*(8) [ 527\ 6) 720 ﬂ)]m*(m' (1.6.2)

The quantity o*(0) is the spread of the polymer. Theorem 1.4 was proved via a higher
order large deviation analysis of (1.2.1). This proof includes a more precise investigation
of the normalizing constant than in (1.4.3).

Remark: The following conjecture is again appealing:
Conjecture 1.3 3 — o*(08) is decreasing.

It is expected that the spread o*(8) is less than one, the value for simple random walk.
This means that as the path moves upwards (or downwards) to reach approximately the
value £6*(8)n at time n, the fluctuations around the endpoint are squeezed compared to
simple random walk. Note that limg_,. 0*(8) = 0 should hold, since the variance of the
endpoint of the path equals zero for G = oo.

1.7 Organization of this work

The rest of this work is organized as follows.
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In Section 1.8 we describe some related models, each modeling different aspects of the
polymer interacting with its environment.

In Chapter 2 we investigate the behavior of 6*(8) and r*(3) as 8 | 0, the so-called
weak interaction limit. The proofs rely heavily on the explicit forms given in (1.4.15) and
(1.4.17). We investigate the scaling of the eigenvalue A\(r,3) as 8| 0 and r ~ a3 for any
a € R. Furthermore, we give a link between these results and 6*(3) and 7*(0).

In Chapter 3 we prove a central limit theorem for the end-point of the path in the
Edwards model, thereby extending the law of large numbers in Theorem 1.3. The proof
uses a higher order large deviation analysis and the Ray-Knight theorems for Brownian
local times. It turns out that the scaled mean 6*(8) and the scaled standard deviation
6*(B) can be identified in terms of the one-parameter family of Sturm-Liouville differential
operators that is analyzed in Chapter 2.

In Chapter 4 we prove a central limit theorem for the end-point of the path under @~
when G, — 0 and ﬁnn% — 00 as n — oo. This means that the interaction parameter (3
depends on the number of monomers and decreases to zero as the number of monomers
increases. We explain why this regime is interesting and also explain the links and differ-
ences with Chapters 2 and 3. Along the way, we extend the scaling results in Chapter 2
to the full spectrum of A Y (a € R).

In Chapter 5 we give bounds for the constants involved in the LLNs and CLTs in
Chapters 2-4 and explain what these bounds mean for the polymer. Furthermore, we
prove that for small 3 the spread of the polymer *(83) in the Domb-Joyce model is indeed
less than one.

In Chapters 1-5 we find many features that we also expect to occur in the Domb-Joyce
model and the Edwards model in the realistic dimensions two and three, namely:

e There is a link between the Domb-Joyce model and the Edwards model in the sense
that the scale of the polymer is the same in both models and is larger than the scale
of the model without interaction.

e There is scaling in the interaction parameter for both models. For the Domb-Joyce
model this scaling is asymptotic when the interaction parameter tends to zero, while
it is exact for the Edwards model.

e The weak interaction limit is singular for both models, and the limits are equal.

e There are difficulties in proving monotonicity in the interaction parameter in the
Domb-Joyce model, while this follows from the exact scaling in the Edwards model.

e Proofs are technical and often ad hoc methods in combination with functional analysis
have to be used. Due to the global nature of the interaction we cannot prove results
in a more standard way.



18 ' CHAPTER 1. POLYMERS

1.8 Related models: an outlook on the future

The models in (1.2.1-1.2.2) and (1.3.1-1.3.2) are caricatures of reality, since only the barest
features of the polymer interaction are taken into account. There are more realistic models
for polymers around. We will describe some of these models here.

1.8.1 Repulsion and attraction
For n € N, define the measure Q" on n-step paths by setting

1,7 exp [*ﬁ Eﬂ: Lisi=s;y + gg i 1{|s,»-s,-1=1}]P((Si)i"=o)a (1.8.1)

B,
Z’" i,5=0 4,7=0
1#]j

(8910 =

where ZP" is the normalizing constant

n n
ZP=E (exP [—ﬁ ;) Lsi=s;} + 57;1' 1;) 1{1si—s,»|=1}]) (1.8.2)
oy =

and 3,7 € Ry are parameters. Equations (1.8.1-1.8.2) give a model for a polymer in a
repulsive solution. The first term in the exponent models the polarization or the excluded-
volume-effect as described in Section 1.2, the second term models the fact that the polymer
wants to be close to itself because of the repulsion of the solution.

It is believed that there is a critical curve 8 — 7(8) such that the following behavior
holds:

(¢) For v < v(8) the polymer behaves as in Conjecture 1.1.
(i¢) For v > ~(8) the polymer localizes in the sense that the leading order behavior is

Egso [1Saf?] ~ D*vt (n— ), (1.8.3)
with D = D*(8,v,d) >0, v+ = v*(d) < 3 for all d.
We have the following conjecture:

Conjecture 1.4 For alld > 1

(i) v(B) = B.
(ii) v+ (d) = 0.

In van der Hofstad and Klenke (preprint 1998) there are heuristic arguments for this
conjecture. At y = (3, there is a transition where on the one hand the normalizing constant
is exponentially small for oy < 3, while on the other hand we have that

787 > e’ (1.8.4)

for v > B and some positive constant ¢ = ¢(8,v,d). This suggests the behaviour as in
Conjecture 1.4.
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1.8.2 Elasticity
For n € N, define the measure Q°? on n-step paths by setting

Q4o((s )1_0) Z,;,,, xp [- ﬁZ |{S"JS|’,,] (s ),_0) (1.8.5)

Bé

where ZP? is the normalizing constant /
787 = B(exp [~ ﬂZ |Z{S_‘JS|: 1) (1.8.6)

1#:

and B € R},p € R{ are parameters. Equations (1.8.5-1.8.6) give a model for an elastic
polymer, where the penalty oof a loop of length k is e (so, the penalty for a self-
intersection is small when the time difference is large). For p = 0 we get the Domb-Joyce
model. Kennedy (1994) proves that in d = 1, for 0 < p < 1 and for 3 sufficiently large, the
behavior is ballistic: for any € > 0, there exists a Gy = fy(€) such that for all 8 > G,

lim QA7 (%|s,,| >1- e) =1 (1.8.7)

The proof is based on a renormalization type argument. In Caracciolo et al. (1994) there
is the following conjecture:

Conjecture 1.5 For all 8 € R and p € R,

Egss[S2]~ Den™  (n — ), (1.8.8)
where D, = D,(8,p) is some amplitude and
min{%2,v} forp < ¢
17 = 2 1.8.9
e(p) { ; fO’f‘ p> > Td. ( )
Herev = V(d) is the critical exponent for the Domb-Joyce model as in (1.2.6). Furthermore,
for p= %4 it is believed that there are logarithmic corrections to the above behavior.

The clalm in Conjecture 1.5 means the following. If p is small, then the elastic polymer
has the same critical exponent as self-avoiding walk, since there is a considerable penalty
for self-intersections that are far apart. If p is intermediate, then the elastic polymer has
a critical exponent that linearly interpolates between the self-avoiding walk exponent v
and -21- If p is large, then the elastic polymer behaves like a small perturbation of simple
random walk, since the intersections that give a contribution in (1.8.5) have to be close.
In fact, this has been proved using the lace expansion in van der Hofstad, den Hollander
and Slade (preprint 1998) for all p > %% and 8 small enough.

(For d = 1 and p = 3, this conjecture ﬁts nicely with the result that {Sjn)/+v/n}iepo,1) under

.3
Q5" ? converges to {Bt}te[o,ll under Q? (see Sections 1.2-1.3 and Chapters 2 and 4).)

It is hoped that the model for an elastic polymer in dimension one is related to the
Domb-Joyce model in dimension two. This relation is being investigated.
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1.8.3 Inhomogeneity

Instead of changing the interaction, we can also change the reference measure in the defi-
nition of the polymer model. We will do so in the next example.

Let (S;)ien, be the inhomogeneous random walk where the steps are uniform in [— R, R]¢
C z% (R € N), starting at the origin. This is a model for an inhomogeneous polymer, where
there are monomers of different sizes. (It is possible to make the measure different from
uniform, to incorporate different densities of the respective monomers.) The measure is now
defined in the same manner as in (1.2.1-1.2.2). Note that this measure is also interesting
ind=1for=cif R> 1.

Konig proves a LLN and a CLT for the end-point of the path in d = 1 as in Theorem
1.1 and Theorem 1.4 (see Konig (1994) and (1996)). Furthermore, for 8 = oo the speed is
in (0, R) (see Konig (1993)).

1.8.4 A polymer near an interface

Let w = (w;)ien be an i.i.d. sequence of random variables taking values 1 with probability
1. For n € N, define the (random) measure Q2™ on n-step paths by setting

1 n
Mhw oy Y ) i ; ) 8.
(S ) A P B i;(w, + h)sign(S)]| P (S ), (1.8.10)
where h € [0,1), A € [0,00) and Z)** is the (random) normalizing constant
P — E(exp [)\ 3w+ h)sign(Si)]). , (1.8.11)
i=1

Equations (1.8.10-1.8.11) model a polymer near an interface in the following way. Think of
(2,5:)% as a polymer consisting of n-monomers, where time is viewed as an extra spatial
dimension, namely the direction in which the interface lies. Think of the upper half plane
as ‘oil’ and the lower half plane as ‘water’. There are two types of monomers, occurring
randomly with equal probability and indexed by w: w; = +1 means that monomer i is
attracted by ‘water’, while w; = —1 means that monomer i is attracted by ‘ocil’. For
h € (0,1), the polymer has an overall tendency to prefer ‘oil’.

Bolthausen and den Hollander (1998) investigate this model in dimension one. They
define the polymer to be localized if

lim 1 log Z} > \h, (1.8.12)
n—oo N
and delocalized otherwise. (The limit exists w-a.s. and is non-random.) They prove that
there is a phase transition, i.e., there exists an h, = h.()) such that there is localization
for 0 < h < h,, while there is delocalization for h > h.. Intuitively, in the localized regime
the polymer remains in a finite region close to the interface with high probability. In the
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delocalized regime, on the other hand, the frequency of time the polymer spends in the ‘oil’
converges to 1 (see Biskup and den Hollander (preprint 1997)). Note that if the polymer
is always in the upper half plane, then we have equality in (1.8.12), since in that case
sign(S;) = 1 for all 4 and )"}, w; = o(n) a.s. by the law of large numbers. Furthermore,
Biskup and den Hollander (preprint 1997) prove that in the localized regime the tails of the
distribution of the position of the path at any time in between 0 and n are exponentially
small and the dependence on the boundary conditions (i.e., w) is small.

1.8.5 Branching polymers

A lattice tree is a nearest neighbour connected graph on z¢ containing no loops. Lat-
tice trees having no loops is analogous to self-avoiding walks having no self-intersections
(see Section 1.1). We think of the uniform measure on all lattice trees as modeling the
distribution in space of a branching polymer.

It turns out that for d large enough, the distribution of lattice trees converges to the dis-
tribution of super-Brownian motion conditioned on having mass one (so-called integrated
super-Brownian excursion (see Derbez and Slade (1998a,b). Super-Brownian motion is
a process that at any fixed time is a random measure, having Gaussian properties (see
Aldous (1993)). Super-Brownian motion is the weak limit of critical branching random
walks. The proof of the scaling of lattice trees uses a lace expansion.® This result is similar
to (1.2.5-1.2.6) for d > 5 proved by Hara and Slade (1992a,b).

1.8.6 Conclusion: the scale of a random polymer

We can summarize the scaling behavior of the models in Sections 1.8.1.-1.8.5 in the follow-
ing way. The scale of a polymer

e is different from the scale of the model without interaction if the dimension is low
and the interaction is sufficiently global.

e is larger than the scale of the free model if the interaction is self-repellent, i.e., there
is a penalty for self-intersections.

e is smaller than the scale of the free model if the interaction is self-attracting, i.e., if
there is a reward for self-intersections (like in the model in (1.8.1-1.8.2) for v > v(8)).

e depends on the precise interaction in a very sensitive way.

For an expository text on probabilistic polymer models, see den Hollander (1996) and
Slade (1996).

9They prove the same results for lattice trees in d > 9 that can take sufficiently large steps.
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Chapter 2

Scaling for a random polymer

2.1 Introduction and main results

In this chapter we investigate the scaling behavior of the exponential rate *(8) and the
speed 6*(0) in the Domb-Joyce model as B | O (recall Theorem 1.2). This scaling theory
turns out to follow from a scaling analysis of /\(aﬁ%,,@) for @ € R as 8 | 0 described in
Theorem 2.3 below. This analysis makes use of the notion of epi-convergence of functionals

on LA(RY).

The rest of this section is organized as follows. In Section 2.1.1 we give an extension of
Theorems 1.1-1.2. In Section 2.1.2 we present numerical evidence for the scaling of the key
quantities 7*(8) and 6*(83). In Section 2.1.3 we give our main scaling theorem and present
a handwaving argument how it implies the scaling of r*(8) and 6*(8). In Section 2.1.4 we
give some figures illustrating the scaling results in Section 2.1.3. In Section 2.1.5 we relate
our results to the LLN for the Edwards model (recall Theorem 1.3).

2.1.1 Law of large numbers in Greven and den Hollander (1993):
Theorem 2.1

Recall the definitions of A, s and P:
A, g3, j) = eG+I=D=BGE+I-1? p(; ) (2.1.1)
with

P(i,j) = ( “;i;Q ) (%)”j_l. (2.1.2)

Let 7.5 be the unique normalized and positive eigenvector corresponding to A(r, 8), i.e.,
the pair (A(r, 8), 7r.5) satisfies

ArpTrg = A, B)Trp, (tr8 20, ”Tr‘ﬂ”l"‘(N) =1). (2.1.3)

23
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Recall that r*(B8) is the unique solution of A\(r,8) =1, l.e.,
A(r*(8),8) =1
Define p,, to be the empirical distribution of local times, i.e.,
=— 34
=157 gn ?
IRnI TER, “

where R, is the range of the random walk

R, = (min S;, max 5;).

0<i<n * 0<i<n
Theorem 2.1 (Greven and den Hollander (1993))
(¢) For every B € R* there exists 0*(8) € (0,1) such that

JEEOQZ(I%ISnI—ﬁ’*(ﬁ)IS 6)=1 for every € >0,

where

0*()@) = [%)\(7‘, ﬂ)]:—:?‘*(ﬂ).

Furthermore, § — 6*(8) is analytic, limgyo 6*(8) = 0 and limg_,o, 6*(8) = 1.

1) For every B € R there ezists a probability distribution u} on N such that
B

lim Qg(”un — uplln < e)= 1 for every € >0,
n—00
where

/"E(k) = [ Z Tr,ﬂ(i)AT,ﬂ(i’j)TT,ﬂ(j)],-:r*(ﬂ)'
i Tk

Furthermore, B pj is analytic, limgo pj = 0 and limg_., pj = 8, pointwise.

Recall that 6*(08) is called the speed of the polymer.

(2.1.4)

(2.1.5)

(2.1.6)

2.1.7)

(2.1.8)

(2.1.9)

(2.1.10)

Theorem 2.1 extends the results in Theorem 1.1-1.2 and states that the empirical
distribution of the local times converges to uj given by the r.h.s. of (2.1.10). We can
think of 4% as the stationary distribution of {€,(x)}s=, under Q5(:|S, > 0). Furthermore,
Theorem 2.1 states that 8*(8) converges to 0 as 8 | 0. In the sequel we will investigate at

what rate this convergence takes place.



2.1. INTRODUCTION AND MAIN RESULTS 25

2.1.2 Numerical estimates of r*(3) and 6*(3)

Table 1 below lists numerical estimates of 7*(8) and 6*(8) obtained from (2.1.4-2.1.8),
based on a 300 x 300 truncation of A,g defined in (2.1.1). We have used a standard
iteration method to estimate the largest eigenvalue and corresponding eigenvector for a
range of r, B-values.

B B3r*(B)  B56%(B)
2 1.696 0.793
0.5 1.730 1.055
102 2.011 1.10938
1073 2.098 1.10930
104 2.144 1.10886
103 - 2.168 1.10910
10-¢ 2.179 1.10924
Table 1

There is ample evidence for the asymptotic behavior r*(8) ~ a*% and 0*(8) ~ b* B3
(8| 0), with estimates a* = 2.19 £ 0.01 and b* = 1.109 £ 0.001.
The value of 6*(3) has been computed by making use of the identity

e*zﬂ) = huj(k) =2 [E”rz'(ﬂ),ﬁ(i)} -1, (2.1.11)

keEN i1EN

which follows by differentiating the relation (7., Ar g7 8)i2(n) With respect to r, using the
symmetry of A, (2.1.3) and (7.3, 27r8)i2yy = 0. Since 7,5 is easier to estimate than
2 \(r, B), the relation in (2.1.11) allows for better accuracy than (2.1.8).

2.1.3 Main results for the weak interaction limit: Theorems 2.2—
2.4

The goal of this chapter is to turn the numerical observations in Section 2.1.2 into mathe-
matical statements. Our results are formulated in Theorems 2.2-2.4 below.

1. Our main scaling theorem reads:
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Theorem 2.2 There ezist a*,b* € (0,00) and n* € {n € L*(R") : ||n||;: = 1,7 > 0} such
that as B | 0

grir() - @
~30*(8) - b (2.1.12)
B3us([-6731) = ().

2. The limits a*,b* and n* in Theorem 2.2 can be identified in terms of the following
Sturm-Liouwville problem. For a € R, let L® be the differential operator defined by

(L%)(u) = (2au — 4u®)z(u) + ' (u) +uz”(u)  (z € C°([RY)). (2.1.13)
In Section 2.5 we will show that the largest eigenvalue problem

L% = pzx (p €R,z € L2(RT) N C®(RT))
(@) |zllzz =1,z >0 (2.1.14)
() [ () + @]} < 0o

has a unique solution (p(a),z,) with the following properties:

(7)) ar p(a)is analytic, strictly increasing and strictly convex on R
(i)  p(0) <0, limgye p(a) = 0o and limg)_o p(a) = —o0 (2.1.15)
(443) a > z, is analytic as a map from R to L2(R*).

The main part of our analysis to prove Theorem 2.2 will revolve around the following
theorem:

Theorem 2.3 Fiza € R. As B | 0, uniformly in a on compacts in R,

B3 [MaB,0) -1 — pla) (2.1.16)
—%Taﬂiﬁ(['ﬂ—ﬂ) =5 z4(:). (2.1.17)

Consequently, a*,b* and n* are given by

a* is the unique solution of p(a) =0
b* = [p'(a*)] ! (2.1.18)
n*(:) = '21'[1'11"(%)]2

The scaling of the eigenvalue and the eigenfunction in (2.1.16-2.1.17) will be proved in
Sections 2.2-2.5. We will show that (2.1.18) follows from (2.1.16-2.1.17) in Section 2.7.
Using (2.1.16), we now give a heuristic explanation for the scaling of r*(83) and 6*(83)
in Theorem 2.2 and the values of the limits in (2.1.18). From (2.1.16), (1.4.15) and the
monotonicity. of 7 — A(r, 8) and a — p(a) it is clear that 7*(8) ~ a*@3. Then use (1.4.17)
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to get

a=p~4r(9) (2.1.19)

3. The analysis in Section 2.5 of the Sturm-Liouville problem will lead to the following
additional properties: :

Theorem 2.4 (i) u — 4+ (u) is analytic and strictly decreasing on R = [0, 00).
() u > uzos (u) is unimodal with a minimum ot u = 1a*.

(i)
T 4
lim 4™ log z4 (u) = -3 (2.1.20)
(i)
1 ot 2
=2 / [ (u)]2du. (2.1.21)
0

Theorems 2.2-2.4 are proved in Sections 2.3-2.7. Section 2.2 contains preparations.

Our result 6*(8) ~ b*3% implies that the speed is not right-differentiable at 8 = 0. Thus
the limit of weak repellence cannot be treated by perturbation type arguments (i.e., by
doing an expansion of (1.2.1-1.2.2) for small 3). This is a general feature of one-dimensional
polymer models that we will also encounter in Chapters 3-5.
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2.1.4 Figures illustrating Theorem 2.3

N o~
< e
o <
=1 =3
R R
- < 4
= =1
N o~ ]
=3 S
o p=-
=3 S
T T T T T T T T T T
[o] 10 20 30 40 50 60 o 20 40 60 80 100 120 140

i i
Figures 2a and 2b

Figures 2a-b compare z,+ with the numerical estimates in Section 2.1.2. The solid line is a

power series approximation of x, for a = 2.19. The dots are the values of ,3_%7',»»(5) B ( [uf ‘él)
for 8 = 107, respectively, 107° and u € [0, 3]. The agreement is excellent. (For 8 = 107¢

all dots were found to lie on the solid line within printing precision.) Rigorous bounds on

the constants a* and b* will be given in Chapter 5, where we prove that a* € [2.188,2.189]

and b* € [1.10,1.124] (see Theorem 5.1(¢ — 47)).

2.1.5 Relation to the Edwards model: Theorems 2.5-2.7

First we will show how the Edwards model arises as a limit of the Domb-Joyce model
where the interaction parameter decreases with n in a certain way. Then we will clarify
the link between the weak interaction limit of the LLN for the Domb-Joyce model and the
LLN for the Edwards model.

Theorem 2.5 For every 3 € RY

. _3 ~4
Qe ((n“%S[m] Jost<1 € ) =" Qf((Bt)OStSI € ) as n — oo. (2.1.22)
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Proof. See Brydges and Slade (1995) Theorem 1.3. The double sum in (1.2.1) equals
Y. (z) — (n + 1) (recall (1.4.5)), of which the first term may be absorbed into the
normalizing constant Z2 in (1.2.2). The key point is that n-3 > 22(x) under the law P

converges to foT dt j;,T ds §(B, = B,) under the law P (recall Section 1.3). This immediately
implies Theorem 2.5. The analogue for T # 1 is obvious. O

We can think of Theorem 2.5 in the following way. If we look at the polymer under the
Domb-Joyce measure from a large distance and the interaction is small, then it looks like
the polymer under the Edwards measure. .

Westwater (1984) proves the following result, which is a recipe for 6*(8) and 7*(8)
analogous to Theorem 1.2: "

Theorem 2.6 (Westwater (1984)) For every 3 € R*

#@B) = E(8,0) (2.1.23)
B = [%E(B,,\)]H, (2.1.24)

where E(,@, A) is the smallest eigenvalue in L*(R*) of the operator LB given by

(ﬁﬁ’Ay) (v) = [sz + 7%~ -l-v"l(-—(-ii + 1v'z)v'l] y(v). (2.1.25)
2 dv? 4
(The term between round brackets equals 'v'sliAﬁLv-‘% with A,(.i)d the 2-dimensional Laplace

operator.)
Theorem 2.7 below links the scaling in Theorem 2.2 with the LLN in Theorem 1.3 and
with the recipe for 8*(3) in Theorem 2.6:

Theorem 2.7 For every 3 € RY

E(8,0) = a*f
) N (2.1.26)
[&BGY)] _ =v8,

where a*,b* are the same constants as in Theorem 2.8.

Moreover, it turns out that n* in (2.1.18) is the stationary distribution of the local times
in between 0 and Br under the measure Qk(-|Br > 0) (see Chapter 3).

Theorems 2.6-2.7 imply that the characteristic quantities of the Edwards model have
exact scaling, while for the Domb-Joyce model there is only asymptotic scaling as 8 | 0.
The powers 3 and 2 in Theorem 2.7 turn out to follow from Brownian scaling (see Chapter
3).

The link established in Theorem 2.7 is not unexpected, but far from trivial. On the
one hand, if § is small, then the path has many self-intersections like Brownian motion.
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On the other hand, the exponents in (1.2.1) and (1.3.1) make the random walk and the
Brownian motion behave atypically. This makes it difficult to compare the two models
directly and to use the weak convergence of random walk towards Brownian motion. Note
that it is not possible that §*(8) = 6*(8) for all 3, since 6 (B) becomes arbitrarily large as
B — oo, while obviously 8*(8) < 1. Furthermore, the proof of Theorem 2.7 given below
is completely functional analytic and compares the respective recipes in Theorems 2.1 and
2.6. It therefore does not provide any probabilistic link between the two models.

Proof. Take the eigenvalue problem
(£22y) @) = BB, Ny(o). (2.1.27)
Substitute the following change of variables into (2.1.25):

y(v) = v%:c(%,fi%vz)
(2.1.28)
u =15l

Then, after a small computatioh, we obtain the Sturm-Liouville problem in (2.1.13-2.1.14)

(L) (v) = px(u), (2.1.29)
with
a =B5EB,N)
) (2.1.30)
p =673

Think of (2.1.30) as a parameterization of the curve a — p(a) in terms of A. Recalling the
definition of a*,b* in (2.1.18), we now get from (2.1.29-2.1.30) that

p(a*) =0 & a* = B3 E(B,0) (2.1.31)

and

(2.1.32)

where p — a(p) is the inverse function of a — p(a). O
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Finally, we give a heuristic explanation of the power % in our result 6*(8) ~ b* 33 (810).
First, by Brownian scaling

1
Eéi'”% (B) = 7B (BT)- (2.1.33)
Since, according to Theorem 1.3,
PP . 1
[0*(8))* = Jim = Eg (Bz), (2.1.34)

it follows that
0*(B) = 6*(1)85 (2.1.35)

(see also Section 3.1.2 where we give the argument in more detail). Next, according to
Theorem 2.1,

0B = lim —E 5(S2). (2.1.36)

n—oo N2 Q8
Moreover, by Theorem 2.6 we know that for ,3, T fixed

lp

n 3
no QA

(52 ~ B

"ET%
@

(B}) (n— o). (2.1.37)

Now, if we assume that (2.1.37) continues to hold for 3 fixed and T' = n, then by using
(2.1.36-2.1.37), respectively, (2.1.33-2.1.34) we arrive at

[0*B)? ~ 2By (S7)
' (2.1.38)

~0BF  (T=n-w).

The above argument clearly has uniformity problems because (2.1.35) and (2.1.38)
would imply 6*(8) = 6*(1)83 for all 3. However, this cannot be true because 6*(8) < 1
for all 8. Nevertheless, it explains the power % without using the explicit solution.

2.1.6 Outline of the proof

The rest of this chapter is organized as follows.
In Section 2.2 we give a variational formula for the scaled eigenvalues using the Rayleigh
representation and introduce the notion of epi-convergence.
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In Section 2.3 we prove that the functional appearing in this representation epi-converges
to a functional that is the quadratic form corresponding to the Sturm-Liouville differential
operator L% (recall 2.1.13).

In Section 2.4 we investigate the scaled eigenvectors of Aa 5% 5 (which are the maximizers
of the variational problem in the Rayleigh representation) as 8 | 0.

Section 2.5 contains the proof of an auxiliary lemma that is needed in Section 2.4.

In Section 2.6 we investigate the limiting variational problem. Then the stage is set to
prove our main results in Section 2.7.

2.2 Preparations

In this section we formulate the functional analytic framework in which we are going to
approach our scaling theorem. Section 2.2.1 shows that our key result, Theorem 2.2 in
Section 2.1.3, is equivalent to convergence of a variational problem involving a certain
functional Fj to a variational problem involving a certain limit functional F* (Lemma
2.1 and Proposition 2.1 below). Section 2.2.2 shows that this convergence of variational
problems holds when Fj epi-converges to F'* and certain compactness properties for the
maximizers are satisfied (Proposition 2.2 below). In this section we also formulate the
main steps that have to be checked in order to prove these facts (Proposition 2.3 below).
In Section 2.2.3 we collect some properties of the matrix P, defined in (2.1.2), that will be
needed in the proofs. ‘

2.2.1 A variational representation: Lemma 2.1
Rayleigh’s formula for the pair (A(r, 8), 7 ) defined in (2.1.3) reads

(Z) )‘(7'7 16) = maxyeﬂ(n),?o,(yv Ar,ﬂy>12
1
llyll2 < (2.2.1)

(&) g is the unique maximizer.

In anticipation of the scaling suggested by Table 1, we pick r = a,6§ for some a € R and
rewrite (2.2.1) in the following form. Define the functional Fj : L*(R*) — R as

F@) =% [ au [ d A (uB=1, 0B 3) -8 H el (22
30) =578 " [" v olw)o0)4,5q ,(Fus 1, o8 ) -0 M el (222)
Lemma 2.1 For all B3 € RT

(i) B5[Maf5,0) —1]= max’”eﬁzl‘l”‘”_’_’”f“ Fi()

(2.2.3)

(#3) ﬂ_%Taﬁg‘ﬁ([-ﬂ—ﬂ) is the unique mazimizer.
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Proof. (i) Fix 8 € R*. For x € L*(R") define
1 B3
@) = B3 / a(wdu  (i€N). (2.2.4)
(i-1)B3

Then the first term in (2.2.2) equals §~3 (%, A
write

aﬂg,ﬂi)lz' Hence, using (2.2.1)(3), we may

B3 [A(a,@g,,@) —1]= max max  Fg(z). (2.2.5)
yEL2(N),u20, z€L2(vt),z>0,
”9”1251 ”w”L2=1’j=y

Note that, by Cauchy-Schwarz, we have ||Z||z < ||z||z2 and so the restrictions ||yl <
1, |lzllzz = 1, = y in (2.2.5) are compatible. Interchange the two maxima in (2.2.5) to
get the claim. . .

(i2) Use that ||Z]|;2 = ||z||z2 if and only if z(u) = B~ 5%(:) for u € ((i — 1)83,403]. O
2.2.2 A key proposition: Proposition 2.1

In Sections 2.3-2.6 we will prove:

Proposition 2.1 As 5|0

(l) MmaX,cp2pt), >0, Fg(x) — MaAX,c12rt)z20, Fa(x)

ll=ll2=1 ||z||{,2=1 (2.2.6)
(ii) unique mawimizer Lh.s. —* unique mazimizer r.h.s.,
where the limit functional F® : L2(R*) — R is given by
(o]
Fo(z) = / {2au — 4®)[p(@)]? - ulz' ()] }du, (2.2.7)
0

with the understanding that F®(z) = —oo if z ¢ C*(R{) or if the integral is not defined.

Note that by partial integration F?(z) = (z, L%z) 2 for all z € L*(R$) N C?(RY) satisfying
(2.1.14) (i), with L* as defined in (2.1.13).

Lemma 2.1 and Proposition 2.1 imply (2.1.16-2.1.17) in Theorem 2.3 pointwise in a. It
will later be strengthened to uniform convergence in a on compacts (see Lemma 2.19). To
prove Proposition 2.1, we will need the notion of epi-convergence, which we next explain.

2.2.3 Epi-convergence: Propositions 2.2-2.3
Let (X, 7) be a metrizable topological space and let Y C X be dense in X. Let

Gg : X—R (8>0)

G XoR (228)
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Definition 2.1 The family (Gg)g>o s said to be epi-convergent to G on'Y, written
elimgGg=Gon Y, (2.2.9)
if the following properties hold:

(i) Vzg—"z € Y :limsupg, Gp(zs) < G(z)

The importance of the notion of epi-convergence is contained in the following proposition:

Proposition 2.2 Suppose that
(1) e-limngﬁ =GonY
(2) VB >0:Gjs is continuous on X and has a unique mazimizer Tg € X
(3) 3K CY such that
(?) K is T-relatively compact in X
(43) G has a unique mazimizer T € K
(#4) I(zp)p>0 C K such that x5 — Tg =7 0 and Gg(zg) — Gs(Zs) — 0 as B | 0.
Then as 3]0

‘sup Gg(zr) — supG(z) (2.2.11)
zeX zeX
g —7 I (2.2.12)
Proof. See Attouch (1984) Theorem 1.10 and Proposition 1.14. O

Remark: Epi-convergence differs from pointwise convergence: limgo Gg(z) = G(z) for
all z € Y. Namely, (2.2.10)(z),(i3) are weaker in the sense that they require only inequali-
ties, but stronger in the sense that they involve limits in neighborhoods rather than single
points. Epi-convergence is a unilateral notion. We have chosen the direction that is suit-
able for suprema rather than infima.

Fix a € R. We are going to apply Proposition 2.2 with the following choices:

X = {z€ L’R"):2>0,||z| =1} (2.2.13)
Y = XNCYRY)
T = topology induced by || - ||zz

K = Ké¢={zreY:F(z)>-C}

Gsg = Fg

G = F°

with Fjg and F* defined in (2.2.2) and (2.2.7) and with C large enough so that K¢ # 0.
Our main result is:

Proposition 2.3 Assumptions (1) — (3) in Proposition 2.2 hold for the choice in (2.2.13).

We prove Assumption (1) in Section 2.3, (3)(¢),(4¢) in Section 2.5 and (3)(44) in Section
2.4. We already know (2) to be true because of Lemma 2.1(i3).
Proposition 2.3 proves Proposition 2.1 in Section 2.2.2.
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2.2.4 Properties of P: Lemmas 2.2-2.4

We list a few identities and estimates for the matrix P, defined in (2.1.2), that will be
needed later on.

Lemma 2.2 For everyi>1,k>0

Proof. Elementary. Use that the summands in the l.h.s. can be rewritten as P(i + k, j)
times the r.h.s. Then use that ), P(i + k,5) = L. O

Lemma 2.3 (i) Fori,j — oo such that i — j = o((i + j)%)

. 1 (i —j)? RN
P(i,j) = { ———exp [~ 2| 1+ O + §)75)]. 2.2.15
) ={ s 0 [y gy 1+ 0+ 7Y (2:2.15)
(%) There exist 0 < ¢; < c2 < 0o such that
i—j)? L i — j)? .
exp [—cz ((z +€)) ] < P(z,(]) < exp [——cl (ZZ +‘2)) ] foralli,j > 1. (2.2.16)
Proof. Via Stirling’s formula. See also Révész (1990) Theorem 2.8. O

Lemma 2.2 allows us to compute the following moments, which we will need in Section 2.3:

Yisi i+ —1)"P(i,5) = 2i (n=1)
4i% + 2§ (n=2)
843 + 12i2 + 64 (n=23)
16i* +- 48i3 + 722 + 32 (n=4)

(2.2.17)

Lemma 2.3(¢) is a Gaussian approximation of P, while Lemma 2.3(i7) shows that P(z, j)
is small away from the diagonal.

Lemma 2.4 For alli,j > 0 with (i,7) # (0,0)

P(i+1,5)+ P(i,j+1)—2P(:+ 1,5+ 1) =0, (2.2.18)
with the convention P(i,0) = P(0,7) = 0.
Proof. Elementary. a
Lemma 2.4 will be needed in Section 2.4 to obtain estimates of 7 2 _, the eigenvector of

g% .0’
Aty
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2.3 (F§)p>o is epi-convergent to F*: Lemmas 2.5-2.8

In this section we prove Assumption (1) in Proposition 2.2 for the choice in (2.2.13).
This section is technically involved, as it consists of a chain of estimates and inequalities
that are needed to handle the epi-convergence. The proof is contained in Lemmas 2.5-2.8
below.
Throughout Sections 2.3 and 2.4 we fix a € R and we write the abbreviations Fp = Fg,

F=F A=A 3 ,\B)=Xab5,8), 15=7_3 .
We begin by splitting Fj, F' into two parts, namely (recall (2.2.2) and (2.2.7))
Fy =Fj+F}
(2.3.1)
F =F'4F2
with
Fj(z) =673 [ du [° dv 2*(w)[Ag — P)([uf™5], [v67%])
(2.3.2)
Fj(z) =—3B7% [3° du [i° dv [z(w) — 2(v)]2As([uB~#], [vB~3])
and
Fi(z) = [°du (2au — 4u?) 2%(u)
(2.3.3)
FXz) = — [° du ulz'(w)]>.
Lemma 2.5 Y(zp)s50,25 =% € X : limsupg Fj(z5) < F'(x).
Proof. Abbreviate
ep(i,g) = afi(i+j— 1) — B+ — 1)%, (2.3.4)

which is the exponent appearing in Ag(i, 5), i.e., Ag = e* P (see (2.1.1-2.1.2)). We note
that eg has the following properties:

(i) ep(i,§) <0 fori>af 5,5 > 1

(i) ep(i, j) < iazﬂ% for i,j > 1. (2.3.5)
Hence, for small enough 3 and large enough N
Fj(zs) < 673 [ du f3° dv z3(u)
(2.3.6)

x{ea([uB™s1, [vA™31)+ej([uf 31, [vB51) }P([uB51, [v6751)
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(use that et < 1+t + tfort<landt< 0). The integral over v can be transformed into
the following sum:

B8 > {eali, ) + €3(i,3) } P(i, ) with i = [uB3]. (2.3.7)
j21
Using (2.2.17), we can carry out the summation. Namely,
Yio1 8(in5)P(ij) = af3(2) — B(4i? + 2i)
207 \P(i 4 224042 | o; 5,03 P (2.3.8)
ijl e5(i,5)P(i,5) = a°B3(4° + 2i) — 2a03(8° + 12i + 67)
+8%(16i* + 48i3 + 7242 + 324).

Since i = [u8~5] < (N + 1)873, the contribution to (2.3.6) of the second sum can be
estimated above by

1

N
B3 (6a2(N + 1) + 168(N + 1)4) / du z5(u) = O(B3), (2.3.9)
0
where we use that ||zg||2 = 1. The error term is uniform in zg for fixed N. Hence we get

Fi(zg) < 78 [ du zh(u)
x{aB (2[up¥]) - B(afuf~#]" + 2[up=S]}+O(6E)  (23.10)

= ‘/(')N du z5(u)(20u — 4u?) + O(83).
Now let G | 0. Then we obtain, recalling that zz S g,
limsupgo Fj(zs) < limsupgy, fON du 23 (u)(20u — 4u?)
(2.3.11)
= fON du 2%(u)(2au — 4u?).
Finally, let N — oo and note that the r.h.s. of (2.3.11) converges to F*(z). O
Lemma 2.6 Vz € X : liminfgo Fj(x) > F*(x).
Proof. Estimate
2 o0 e 1 1 1 1
Fi(z) > B3 / du/ dv 2*(u)eg([uB 31, [vB™3]) P([uB73], [vB75])  (2.3.12)
0 0
(use that et > 1+t for all t). The integral over v is B3 times the first sum computed in
(2.3.8) with i = [ug~3]. Hence
Fj(z) 275 [y du ()

x {aB?(2uB7%) — B(4(uB™ +1)? +2(upt + 1))} (2:3.13)

= [ du 22(u)(2au — 4u?) + O(B3).
Now let 8 | 0. Then the claim follows. O
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Lemma 2.7 V(zg)s50,25 =% 2 € X NY :limsupg, F2(zp) < F*(z).

Proof. The proof is in Steps 1-3 below.
STEP 1 For every € >0 and N, M finite

Fiten) < —3(1+0(8h) [ au [ [[_:%-{x,,(u) ~ gp(u+wph)}] pulw), (2314

where ¢q, is the Gaussian density with mean zero and variance 2u.

Proof. Pick € > 0 and N, M finite and N sufficiently large. Then

u+MB3

Fi(as) < — 3 be oot / du / o B [0 )P (fu 4, B ),
(2.3.15)

where we use that As = €* P and eg(fu,@‘%'l, [vﬁ‘%])z —9N?33 on the region of inte-
gration (since N is sufficiently large, see (2.3.4)). Put w = 87(v — u). Then by Lemma
2.3()

1
Fizp) < —1873e79%8% [Ny [M dw B8 [zp(u) — z5(u +whs)]?
(2.3.16)
X L — 2R (] s)),
{me)ﬁp[ 4u]}( + o(8?))
where the error term is uniform on the region of integration. Collecting all the powers of

B, we get the claim. O

To investigate the limit of the integral in (2.3.14) as B | 0, we proceed with a technical
fact contained in Steps 2 and 3 below. Let T} be the translation operator defined by
Thap(') = zp(- + h).

STEP 2 For every 0 < b; < by < 00

’lllll’(l)lﬁl'}f(;/ { [Thzp — z)(u) } >/ [’ (w)]? du. (2.3.17)

Proof. Since (2.3.17) is trivial when the liminf is infinite, we may assume that the liminf
is finite, say L. Pick any subsequence h,, 3, along which the liminf is reached, and put
Yn = 7=[ThaZp, — Tp,). Then, because ||ynllz2pp, ) < L+ 1 < 00 for n large enough, it
follows from the Banach-Alaoglu theorem (Rudin (1991) Theorem 3.15) that there exists
a subsequence (yn,) and a y € L2[by, by] such that

Yn, — y weakly in L?[b;, by) (k — 00). (2.3.18)
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ThUS, for any ¢ € Ccl(bl) b2) = {¢ € Cl(bla bZ) : Supp(¢) Cc (bh bZ)}

b2 b
/ () B()du — / ywewdy  (k— oo). (2.3.19)
by b,

1

Next, the Lh.s. of (2.3.19) can be rewritten as
fbl? Yn, (w)p(uv)du = f,,';2 i [ThaTp, — zp,] (W) (u)du
= it g, (u) i (T, — ] (w)d (2.3.20)
= [ 26, (W)E[Top ¢ — dl(w)du+o(1)  (n— o0).

The last equality holds because ||z, || 2+) = 1 and |;-[T-p,¢—¢]| < max,eg+ |¢/(u)| < co.
Let n — oo and note that by the latter property ,

hi[T_hnd) — @] — —¢' pointwise and Weé,kly in L?[by, by). (2.3.21)
n

Together with x5, —%* x, (2.3.21) implies that the last integral in (2.3.20) tends to
fbbf z(u)[—¢'(u)]du = bb: 7' (u)p(u)du (recall from (2.2.13) that z € Y C C*(Rg)). Since
Cl(b1,b) is dense in L2[by, by] in the weak topology, we thus have from (2.3.19)

y=21" a.e. on [by,by). (2.3.22)
The claim now follows by combining (2.3.18) and (2.3.22), and noting that || - || L2{b1,l;z]

is lower semicontinuous in the weak topology: L = limy_oo |Un, |lz2{51,05) = Yl z251,00) =
l12'l] z2(o1 -

STEP 3 For every € > 0 and N finite, every f : R* — R* bounded and continuous, and
every w € R

lirgl%nf/e- du f(u) [El—%-{xﬁ(u) —xﬁ(u+w,6é)}]22/ du f(u) [w:c’(u)]z. (2.3.23)

€

Proof. Pick any sequence (f,)nen of functions on R* such that

(1) fa(u) = fap for copr <u < cpp (k=1,...,m600 =€,6n = N)
(1) fu<f (2.3.24)
(#3) fn T f in sup-norm on [¢, N] as n — o0.
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Then, by () and (i7),

Lh.s. (2.3.23) > liminfay [ du fo(u) [Z’l{{xﬁ(u) — zg(u + wﬁé)}]z

> Y poq fagliminfage [ du [—-‘;{xﬁ(u) - zg(u + wﬁé)}]a
- R (2.3.25)

2 Ek——l fnLL ko1 d,’“ [wx'(u)]
= [N du fulw)[wa' )],

where in the third inequality we use (2.3.17) with h = wfs and b, = Cn;k—h by =cpi (k=
1,...,n). Now let n — oo and use {¢i¢) together with Fatou to get the claim in (2.3.23). O

Using (2.3.23) we can now finish the proof of Lemma 2.7. Indeed, continuing with
(2.3.14), we get ,

limsupg o Fj(za) < —3 M ! dw f du Poy{w) ['wa:‘(u)]
(2.3.26)
—1 (Y au [2'(w)] Y, dw wiég(w).

Finally, let M — co and note that [° dw w?¢q,(w) = 2u. Thenlet N — co and € | 0 to
get the claim in Lemma 2.7. O

Lemma 2.8 Vz € Y : liminfgyo Fj(z) > F*(z).

Proof. Recall that
Fi(z) = -~} /0 ” du / " v [o(w) — ()P As([uB4, [oBH). (2.3.27)
Now, substitute .
(u) — o(v) = / " (s)ds (2.3.98)
into (2.3.27) and use Cauchy-Schwarz and Fubini to obtain
> g% / ds ['(s)] /du/ dv (v — u)Ag bigl([ub~¥1, [v6~4)).  (2.3.20)
Then use (2.3.5) (i) to get

Fi(z) > - "“'ﬁaﬁ"“/ ds [z’ (s)]2/ du/ dv (v —w)P([uB™%], [v8751). (2.3.30)
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Perform the change of variables w; = 878 (u — s),w, = 87§(v — ) to arrive at

Fj(z) > —ehas? I ds [2'(s)]? fi)m dwy [;° dw; (wp —wy)
(2.3.31)

XB=8P([s673 — wif¥], [s67% +wyf7¢]).
Finally, use Lemma 2.3(%) to get
00 0 00
timsup F3(2) > — [ dsle @) [ dun [ dwn (wa - wi)gn(un — we) = F(a),
7 ’ - (2.3.32)

where the last equality follows by integration over the Gaussian density and (2.3.2). O

Lemmas 2.5-2.8 show that Fp epi-converges to F' on Y. This proves Assumption (1) in
Proposition 2.2 as was claimed in Proposition 2.3.

2.4 An approximate maximizer of Fjg: Proposition 2.4

Again we fix a € R and suppress it from the notation. Like Section 2.3, this section is
technically somewhat involved, as it consists of a chain of estimates and inequalities that
is needed to handle the approximation.

Define the scaled form of the eigenvector 75 of A as

Ta(u) = Bo75(1) for (i — 1)@5 <u<iB5 (i > 1). (2.4.1)
By Lemma 2.1, 73 is the unique maximizer of Fg. However, 75 is a step function and
therefore F(7p) is not defined, ie., 75 ¢ K = {z € X : F(z) > —C} (recall (2.2.13)).
Thus, to apply Proposition 2.2, we must find an approximation of 73 that lies in K and
approximates Fj(75) (i.e., we must prove Assumption (3)(i4¢) in Proposition 2.2).

Proposition 2.4 There exists (75) C K such that as 8 | 0

(@) 75— 7sllzz — 0
(1) 0 < Fy(r) — Fy(7p) — 0. (24.2)

2.4.1 Proof of Proposition 2.4: Lemmas 2.9-2.12

The proof of Proposition 2.4 is contained in Lemmas 2.9-2.12 below. We prove Lemmas
2.9-2.11 in this section. The proof of Lemma 2.12 is in Section 2.5.
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We will see that it suffices to pick for 75 the following linear and renormed interpolation
of 7_'51

7 = Tl
fo(u) = B78{75(6) + (b5 —i)(7(d) — 75 — 1))} (24.3)

for (i —1)85 <u<ifs  (i>1)

(put 75(0) = 75(1)).
We begin with two lemmas showing what is needed about 7 in order to prove Propo-
sition 2.4. Abbreviate A7g(i) = 75(¢) — 75(¢ — 1) (¢ > 1).

Lemma 2.9 (i) ||75 — 7)1z < |]Az-[3||,z + 75(0).
(1) 0 < Fp(Tp) — Fp(7s) < MB)B™3||A7pl|%[1 — I A7sll% + 375(0)] 7"

Proof. (i) From (2.4.1) and (2.4.3) we compute

_ R 1
1% = sllze = 3l (2.4.4)
. 1
I178llze = l7sllZ — (s, A7g)ia + §IIATaI|122- (2.4.5)

Using the relation (73, Arg)z = || Argl|% — 373(0), together with (2.4.4-2.4.5) and |||z =
1, we get

76 — Tallze < 178 — 7gllz2 + |75 — 75l 2
= |75 — 7llz + 7]l 22 — 1]
= (311A73l%)Y2 + |[1 = Sl ATalIZ + $72(0)]2 — 1] (2.4.6)
< (3)2|A7glli2 + gl AT + 375(0)
< ()2 + ATl + 375(0),

where we use that || A7glz < 2,73(0) < 1.
(¢¢) From the definition of Fj in (2.2.2) we get, after substitution of (2.4.1) and (2.4.3),

Fy(7g) = B3(rp, Agrg)z — B3 || 7slI%
(2.4.7)

Fy(ig) =B~3((15 — 1A15), Ap(7p — 1 A75))2 — 873|752
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It follows from (2.4.7) that

Fp(7s) = Fp(Ts) = Fp(7) = i, Fs(7)
(2.4.8)
= 874 e {3 B) ATall: — KAy, ApArsha },

where in the second equality we use the symmetry of Ag and the relations Ag7g = A(8)73
and (2.4.5). Finally, observe that |[(A7g, AgA7g)i2| < (|ATg|, Ag|ATg|)e < A(B)|ATs||% to
get the claim. O

Lemma 2.10
Fis) 2 —2v5a (8% Tin @) [ ~ §lAmsll% + §73(0)) 4
(2.4.9)
+{20,3% Zizl iZTE(i) + :3—% 21’21 Z'AT};(Z')}[l - ‘"ATBHP + (0)]_1-
Proof. According to (2.3.1) and (2.3.3)
F(hs) = /0 " du = {(20u - 4u?) 73(w) — ulp(w)}. (2.4.10)
Use (3.3) to obtain the estimates -
_[;] du u?7(u) < B3 Yoo t? max{Tg(i),'rg(i -1}
- (2.4.11)

J57 du u[fh(u))? < B3 Y is1 IAT(3).

Since [;7 du uif(u) < (f;° du u#3(u))"/?|| 7|2, we get the claim because F(73) = —rlfalll -
L

Fp(7p). 0

Lemmas 2.9 and 2.10 set the stage for the proof of Proposition 2.4. Namely, we now
see that it suffices to prove the following estimates:

Lemma 2.11 There exists C such that for B small enough

(¥ ZiZI i2T§ ()< Cﬂ_g (449) Tﬁ(o) < Cﬂ3 10% 3

1 2.4.12
(49) EiaiA'rg(i) <CBs (w) ||ArgllE < cpd log— ( )

Indeed, Lemmas 2.11(44i-iv) and 2.9(i-i¢) imply (2.4.2), while Lemmas 2.11(3-i¢) and Lemma
2.10 imply that F(73) > —C for 8 small enough and C sufficiently large, which guarantees
that 75 € K = ?Z In the sequel, C will be a generic constant, possibly changing from
line to line.

In the proof of Lemma 2.11 we will make use of the following additional lemma, the
proof of which is deferred to Section 2.5:
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Lemma 2.12

limsupgyo 53 [A(6) ~ 1]
liminfgo 873 [M(B) — 1]

Proof of Lemma 2.11(¢). First estimate
A(B) Eiji"’rf;(i) = ;iZTﬁ(z‘)Aﬂ(i,j)w) <Y 6+ 5 — 1)*75(3) Ag(i, 5)75(3)-
Then use 1+t < ¢ anfi (2.1.1), (2.1.3) to get
AB) + 383, (i + 5 — 1)*75(8) Ap (3, 5)75(5)
= 325,11+ 380 + 5 — 1)75(8) Ag(i, 5)75(4)

< Zi,j Tﬁ(i)Aaﬂg,%ﬂ(i,j)Tﬂ(j)

Rewrite (2.4.15) as

B 36+ — 177(5) Agli ) 75(4) < 2673 [A(2

i,j

Finally, use Lemma 2.12 to get that

limsup,@§ Z('L + j — 1)%75(1) Ag(i, 5)75(j) < o0.

plo ij

Proof of Lemma 2.11(i7). The proof is divided into 2 steps.

STEP 1 For all 8

1

Proof. Write out

YGIATE(E+1) = Yilrp(i + 1) — 75(3)]?
= Y ilr56 +1) + 75(9)]

— 55y Loig 2678(0) Ap(i + 1, 5)7(j)-

IV IA

) - Aest, ).

Y iATii+1) = ﬁ Z(z 45— 1)[1 — PG5 (1) Ay (i, )75(5).

(2.4.13)

(2.4.14)

(2.4.15)

(2.4.16)

(2.4.17)

(2.4.18)

(2.4.19)
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Now substitute the relation (see (2.1.1-2.1.2))
Ag(i+1,5) = e*tIP(i+1,5)

= eea(iHJ)iiz'i.Llp(z‘,j) (2.4.20)

= eeli+1)—ea(i) z‘+21'i_1 Ag (G, 5)-

This gives
YuiATA(E+1) = rhs. (2.4.18) + 336 + 1) + 75(3)] (2.4.21)
=i i+ 3 = 17 A, 1)) =
Both sums in the r.h.s. are equal to Y,(2i — 1)73(¢) and therefore cancel out. O
STEP 2 For 8 small enough
1 Y - 1
L __epli+1,5)—ep(ig) . .. . L
Sy S+ D= A < O @42
Proof. By (2.3.4) we have eg(i + 1,7) — eg(i, ) = aBf — B(2i + 25 — 1). Hence
Lhs. (24.22) < s S0+ — Dlea(i,) — eali + 1, )l (0)Aalis )7s5)
< 3528 250 + 5)°75(1) Ap (i, 5)8(4) (2.4.23)
<88Y; i27'§(i)
(use that e > 1+ for all t). In the third inequality we use the symmetry of Ag and the
fact that ||Ag|liz = A(B). The claim now follows from Lemma 2.11(3). O
Steps 1-2 complete the proof of Lemma 2.11(%). O

Proof of Lemma 2.11(:%).

By Cauchy-Schwarz, we have for every N

= Tﬂ(N) - zz]il ATﬁ(’i)
< 7(N) + (Zfil %)1/2(211,‘;1 iA’rg(i-))l/z. (2.4.24)

Pick N = [$~%]. Lemma 2.11(i) gives 75([8~2]) < CB3. Together with Lemma 2.11(ii)
1
and the estimate 3°[%, *1 i < log 5, the claim follows. a

Proof of Lemma 2.11(iv).
The proof is divided into 2 steps.



46 CHAPTER 2. SCALING FOR A RANDOM POLYMER

STEP 3 For all 8

T AT +1) = 335 Z( )#(“)[ — ees 1)~ 75(4) Ag (i, §)75(4)

—m3(D[1 = s As(1, 1)

(2.4.25)

Proof. By Lemma, 2.4 we have the following relation:
Ag(i, ) — Ap(i — 1,5) = Ag(i, j — 1) — Ag(i, ) + 245(5, j)[1 — e =sCI] - (2.4.26)
(note that eg(i — 1,7) = eg(s,5 — 1)). Hence
Yilrs(i + 1) — 75(3)]
= 75(1) + 2355, 78(8)[75(8) — (i — 1)]
= 13 + x5 Tise Xy 1(0)[An6,5) — Agli — 1, )lmp()  (B427)

= 751 + xf5 Lina 205 (D[ A (6,5 — 1) — Ap(3, §)]7s(3)
+>‘(p) PP Z [1- eeﬁ(l b=es i (i) Ag(i, §)75(5)-

The third term in the last expression is twice the sum in the r.h.s. of (2.4.25) except for
the part with ¢ = 1,5 > 2. The second term can be rewritten by carrying out the sum over
i, namely (use that A(z,0) = 0)

j=1: ,\(g) > i>2 78(1)Ap(i, 1)75(1)
=Z273(1) + 15 73() Ag(1, 1)

Y ATi(+1)

(2.4.28)
Jj=z2: ,\(g) 2oine Ta(0)[Ap(i, 5 — 1) — Ap(3, 7)]75(5)
= 215(5)[76(5 — 1) = 75()] — 3 Ta(D[As(L,5 — 1) — Ap(1,)I75(5)-
Thus, after carrying out the sum over j, we see that (2.4.27) becomes
AT +1) = =3 AT+ 1)
+2{r.h.s. (2.4.25) — 5F5 30551 — e @D =es D] 75(1) Ag(1, 5)75(5)

+(D[L - 3354 11)]}

+3g572(1)Ap(1,1) = 55 Sjoa 8(D[As(1,5 — 1) = Ag(1,5)]7(5)-
(2.4.29)
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Now, by (2.4.26) for i = 1,

21 — 50D~ A (1, ) = —[Ag(L,§ — 1) — A(L,1)] + Ap(L 7). (2430)
Hence (2.4.29) simplifies to

YA +1) = =Y, AT+ 1)+ 2rhs. (3.35)

+{27301) - EyB AL D) = s T (D As(L3)75(3) -

(2.4.31)

But the term between braces is zero. O
STEP 4 For @ small enough

r.h.s. (2.4.25) < CB3 log % (2.4.32)

Proof. The first term in (2.4.25) i$ easy to bound. Indeed, we have eg(i — 1, j) —eg(é,j) =
—af8% + B(2i + 2j — 3) and hence we get

1°t term in (2.4.25) < ;\-(3— > aB375(3) Ag(i, 5)75(5)

BY &, N
(5,5)#(1,1) (2.4.33)

< 2063
(in the first inequality use that €' > 1 +¢ for all £). For the second term in (2.4.25), use
that P(1,1) = 7 and eg(1,1) = af3% — B. Together with A(8) > 1— Cf% (see Lemma 2.12)
we get

2™ term in (2.4.25) < 27‘3(1)0,8% for B small enough. (2.4.34)

Finally, use Lemma 2.11(#4%) to get the claim (recall that 75(0) = 75(1) in (2.4.3)). O

Steps 3-4 complete the proof of Lemma 2.11(iv). O
Lemma 2.11 completes the proof of Proposition 2.4. Lemma 2.12 will be proved in Section
2.4.

Proposition 2.4 shows that Assumption (3)(4i¢) in Proposition 2.2 holds. We will prove
Assumptions (3)(¢),(4) in Section 2.6.
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2.5 Proof of Lemma 2.12
To prove the upper bound in (2.4.13), use (2.3.5)(4%) to get
AB) = 2;78(0)Ap(i, §)75(4)

= th 75(8)e* & P(i, §)75(5)
(2.5.1)

NG

a2p} Y. ; 78(i) P(i, 5)78(5)

IA

e

1
a?p33
e19°83

L

IA

where the last inequality follows from ||P||;z < 1. This immediately gives the claim.
To prove the lower bound in (2.4.13), use (2.2.3)(i) to get that for any z € L?(R*) with
Iz =1

B75(AB) - 1] > F5(a). (25.2)
Pick for z
(i
z,(u) = (F) e 7 (o> 0). (2.5.3)
Now, we know from Lemmas 2.5-2.8 that
3 [/ —_ a
1[%1 F3(z,) = F*(z,). (2.5.4)

Hence liminfg; 873[\(8) — 1] > F%(x,). Compute

Fo(z,) = [;°{Gau— 4z, (w)]? - ule) ()] pdu

u2
= (&) [ (2au — du? — 2)e 37 du (2.5.5)

107

1/2
= (%) ao — 4o0? — (2#)11720'

Pick 0 = o(a) = ﬁ; to get the claim. a

2.6 Analysis of the limit variational problem

Recall the notation in (2.2.13)

X ={zel’®):z>0|z)n=1)
Y =XnC\®Y) (2.6.1)
K =K¢={zeY:Fz)>-C}
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In this section we analyze the limit variational problem appearing in (2.2.6), i.e.,

sup F%(z). (2.6.2)

zeX

In Section 2.6.1 we show that z — F“(z) is upper semicontinuous and K¢ is relatively
compact in X (in the L2-topology). This implies that F achieves a maximum in K, =

4 ={zx€X:F(z)>—C} (0 for C large enough). In Section 2.6.2 we show that all
maxima of F* in X are solutions of the Sturm-Liouville problem

Lz =pr (p€R,z € XNC®RY)), (2.6.3)

where £* is defined in (2.1.13). In Section 2.6.3 we analyze (2.6.3) and show that it has
a unique solution z, satisfying F%(z,) > —oo and z, > 0, with corresponding eigenvalue
p(a). This identifies z, as the unique maximizer of (2.6.2) and p(a) as the maximum. We
also study a — z, and a — p(a) to prove the claims that were made in (2.1.15).

2.6.1 Existence of a maximizer of F* in K: Lemma 2.13

It will be convenient to transform F*, £%, K& as follows. Define (recall (2.2.7))

Fo(z) = —Fo(z) + (% + 1)|z]2

R (2.6.4)
= [ {q(u)[z(w)]? + p(u) [z’ (w)]?}du
with
Z’EZ; : T(LZu —la)2+1. (2.6.5)

F is the ‘energy’ functional corresponding to the Sturm-Liouville differential operator L£e
defined by (recall (2.1.13))

(Loa)(u) = —(L)(u) + (5 + Da(w)

(2.6.6)
= q(u)z(u) — [p(u)z’'(u)]".
Define (recall (2.2.13))
ks =Ko .
¢ o (2.6.7)

={zeY:F*z)<C}.

Lemma 2.13 For every a € R
(i) K% # 0 for C large enough
(it) K% is relatively compact in L*(R*) for all C € R
(i) v Fo(x) is lower semicontinuous on X.
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Proof. Standard.

(i) Trivial.

(#7) We check the conditions in Dunford and Schwartz (1964) Theorem IV.8.20.
(a) K% is bounded in L2(R").

(b) By Cauchy-Schwarz

(@ +v) — z(w)du = [P0 o' (t)dt)?
< [5° du [log (u +v) — logu] [ dt t[z'(¢)]? (2.6.8)

= fOoo di t[xl(t)]zl(t7 'v)l{th}y
where

I(t,v) = (t+v)log (1 + %) +(t—v)log (1 — -"ti). (2.6.9)

Since t — I(t,v) is decreasing and I(v,v) = 2vlog?2, it follows that

lif{)l (z(u + v) — z(u))?du = 0 uniformly for = € K2. (2.6.10)
v Jo
(c) From p(u) > 0 and lim,_, g(u) = oo follows

00

IJim #*(u)du = 0 uniformly for z € K2. (2.6.11)

Conditions (a)-(c) imply that K3 is relatively compact.
(444) Define

Ve = {z e L*R*") : F(z) < oo} (2.6.12)
On V* define the inner product
@ = [ (atw)ew)y(e) + p) Wy W)} (2:6.13
Then (V% (-, -)va) is a Hilbert space, ||z|v- > ||z|r2 and
Fo(z) = (z,2)ye = |z|%a. (2.6.14)
Thus we must prove that liminf,, o [|Za|lve > ||2||ve for any z, - 2.

Let L = liminf, , ||Zn|lv=. The case L = oo being trivial, assume L < co. Then, by
the Banach-Alaoglu theorem (Rudin (1991) Theorem 3.15), there exists a subsequence (z,, )
and a y € V° such that L = limg_,s ||2n, ||ve and z,, — y weakly in V® (k — oco). Hence
L > |ly|lv- by Fatou. But, by (i¢), weak convergence in V* implies strong convergence in
L%(R"). Hence z,, —~* y. Together with z, —~* = this implies y =  and hence the claim
follows.

Incidentally, note from (2.6.4-2.6.5) that V' does not depend on a because it is nothing
other than the collection of z € L*(R*) for which [;°{u?[z(u)]? + u[z'(v)]*}du < oo (recall
(2.1.14)). O
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- =a
Lemma 2.13 implies that F** achieves a minimum in K (for C large enough).

2.6.2 Characterization of the minimizer(s) of /%: Lemma 2.14

Lemma 2.14 Any minimizer T of E% in X is a solution of Loz = px for p = pla) ER,
the minimal eigenvalue of L* in V.

Proof. Standard. Define p(a) by

p(a) = min F4(z). (2.6.15)

zeX

Let Z € V* be any minimizer. Then for any h € L%(R*) and € > 0
F°(Z + eh) > p(a)||Z + eh2a. (2.6.16)

Writing out both sides of (2.6.16) and using that F(Z) = j(a), we obtain (see (2.6.13-
2.6.14))

26(Z, hyve + €| hl|%a > p(a){26(Z, k)2 + €| h||22}- (2.6.17)
Let € | 0 to obtain
(Z, h)ve > p(a)(Z, h)r2 for all h € V. (2.6.18)
Replace h by —h to get the reverse inequality. Thus
(Z, hyve = p(a){Z, h) 2 for all h € V°. (2.6.19)
Now note that we have from (2.6.6) and (2.6.13) by partial integration
(Z, h)ye = (%, LD for all h € C}(RT). (2.6.20)
It follows from (2.6.19-2.6.20) and the symmetry of £* that Z is a weak solution of £z =
p(a)z. This in turn implies that Z is a strong solution.
To see that p(a) is the minimal eigenvalue of £* in V*, note that if L% = px, then by
(2.6.6), (2.6.13-2.6.14) and integration by parts
FY(z) = (z,2)ye = (z, L) 12 = p||| 2 = p. (2.6.21)

O
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2.6.3 Analysis of the Sturm-Liouville problem: Lemmas 2.15-
2.17

Lemmas 2.13-2.14 show that F has a maximizer in K and that each maximizer is a
solution of L%z = pz for p = p(a), the maximal eigenvalue of £* in V* (recall (2.6.4-
2.6.7)).

Lemma 2.15 (i) All solutions of L%c = px are of the form

xG,P(u) = fa,p(u) + ga,p(u) log u, (2622)

where fo, and g,, are power series with infinite radius of convergence.
(") Fu(za,p) = —00 Z‘fga,p #0.

Proof. (i) Formally substitute fo,(u) = 3,50 fat” and ga,p(u) = 3,50 gt Then the
coefficients are found to satisfy the recurrence relations

9n = 75(PGn-1 — 2a9n_2 + 49n_3)
(2.6.23)

fo =5 (pfa-1—20fn—2 +4fn-3 —2ng,) (n > 1)

(with fo1 = f9 = g-1 = g—2 = 0). Note that g, is a solution of (2.6.3) and that f,,
depends on g,,. By induction on n, (2.6.23) is easily shown to give the following bounds:

n(nl\—2
|ful < Ki(n) ; (2.6.24)

lgn| < KZ(n!)73 (n 2 1),

with K, K, large enough (depending on p,a and fo,go). This implies that the formal
solution exists everywhere.

(%) Trivial, since 2z4,(u) ~ gou™ (u | 0) with go # O implies F®(z,,) = —oco, while
go = 0 implies that g, = 0. O

At this stage we know from Lemma 2.15 that all maximizers of F* are of the form z, ,(u) =
fa,p(u) and, in particular, are analytic on R{.

Our next step is to find the asymptotic behavior of the solutions of (2.6.3) as u — 0.
This will be needed to get uniqueness of the maximizer.

Lemma 2.16 L%z = pz has two independent solutions z,, and z} , satisfying

lim u™2 logz; ,(u) = :l:é. (2.6.25)

u—00 3
Proof. We use Coddington and Levinson (1955) Theorem 2.1 page 143-144. Define

wi(u) = z(u?)

wy(u) = u"wf(u). (2.6.26)
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Then (2.6.3) can be written as
w'(u) = v B(u)w(u), (2.6.27)

where r = 2 and

wa(u)
0 Y . ) (2.6.28)

4
16-%+2 -3

w

w(u) = “’1(”))
B(u) =

Note that B(u) = 3, ,ou "By (By # 0) is a convergent power series in u~l, with By
having eigenvalues A; 3 = 4. Therefore (2.6.27) has a formal solution of the form

w(u) = P(u)ufe®®, (2.6.29)

where P(u) = Y oo ju™P, (det P, # 0) is a formal power series in ™!, R is a complex

diagonal matrix and Q = %Qo + .-+ +u@, is a matrix polynomial with @; diagonal and
Qo = diag{\1, A2}. From the proof of the theorem it follows that P,Q, R can be chosen to
be real because B, A2 are real. On p.151 of Coddington and Levinson (1955) there is the
further remark that for every formal solution there exists an actual solution with the same
asymptotics. O

We see from Lemma 2.16 that =}, ¢ L?(R*) and so (2.6.3) has a unique solution in
L?(R*) up to multiplicative constants.

Lemma 2.17 Define
S.={p€ER: f,, € L*(R"), fo,(0) = 1}. (2.6.30)

Then

(¢)  Sa is countable, bounded from above and has a mazimum

(i)  p(a) = max S, is geometrically simple

(%) fap@ >0

(v) Vp€Ss,p<max S, : fo, changes sign in R*.
Proof. Standard Sturm-Liouville theory.
(3),(4¢) By Lemma 2.13(ii), V® is compactly embedded in L?(R*) (compare (2.6.7) and
(2.6.12)). Therefore the eigenfunctions of £* in V* form an orthogonal basis of V. Since
V@ is separable, this in turns implies that S, is countable. We know from Lemmas 2.15—
2.16 that £ has a unique eigenvector in V' with eigenvalue p(a), i.e., p(a) is geometrically
simple. Since p(a) = maxzecy« F*(z) = maxS, by Lemma 2.14, we also know that S, is
bounded from above and has a maximum.
(#4i) From (2.2.7) we see that F*(|fop@)|) = F®(fap))- Therefore it follows from the
uniqueness of the maximizer that fo, = |fa,| > 0. Let uo = inf{u > 0: fy p(a)(uw) =0} >
0. If uy < oo, then we must have % fap(a) (o) = 0 and di::; fa,p(a)(ug) > 0. However, this
contradicts (L fo,p(a)) (%) = p(@) fa,pa)(u) at the point u = ug (see (2.1.13)).
(tv) This follows from (#¢) and the fact that the eigenfunctions of £ in V° form an
orthogonal basis. a

Lemmas 2.13-2.14 and 2.17 show that Assumptions (3)(z — é¢) in Proposition 2.2 hold.
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2.6.4 Dependence on a: Lemma 2.18

The maximal eigenvalue and eigenvector of (2.1.13-2.1.14) are
pla) =max S,
_ Wfﬂgﬁ_ (2.6.31)
T, = .
f a,p(a) || L2
We can now prove the following properties:

Lemma 2.18 (i) a — p(a) and a — z, are analytic
(%) a — p(a) is strictly increasing and strictly conver on R
(3) p(0) < 0, limgyeo p(a) = 00 and limg) o, p(a) = —o0.

Proof. (i) We give the proof by applying Crandall and Rabinowitz (1973) Lemma 1.3 in
the following setting. Pick a € R and consider the Hilbert space (V, (-, )y) with V = V0,
Then, from (2.6.5-2.6.6) and (2.6.13),

(TasUhve = (L0, )12 = p(@) (Tary)

2 (2.6.32)
(xa,y)V“ = <$a,y>V - 2ab(1‘a, y) + %’(xaay>L2,
where b: V x V + R is the bilinear form defined by
b(z,y) = / uz(u).y(u)du. (2.6.33)
0

For every z € V the functional y — b(z,y) is continuous and linear. Hence it follows
from the Riesz representation theorem (see Rudin (1987) Theorem 6.19) that there exists
a unique linear operator B : V — V such that

b(z,y) = (Bz,y)y for all z,y € V. (2.6.34)
B is symmetric because b is. B is bounded because

IBz|l}, = b(x, Bx)

IA

(2 w2a?(uw)du) ? || Bz 12
(2.6.35)
< 3llzllv|Bzl| 2

<

DN

lllv || Bzllv

(see (2.6.5) and (2.6.13)), so that || Bz|ly < i||lz|lv. To see that B is compact, let (zn)nen
be a bounded sequence in V. Then, by Lemma 2.13(43), there exists a subsequence (Zn, )ren
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L

and an z € V such that z,, — z as k — oco. Hence, as in (2.6.35),

”ank - B:L‘”%, = b(zﬂk -z, B("’;nk - ‘7"))

< ”znk —1'|'L2%||B($nk - x)”V
(2.6.36)
< ||zn, — 2l gll2n, — zllv

-0 (k- o0).

In the same manner we can prove that there exists a unique linear, symmetric and compact
operator C : V +— V such that

(z,y)12 = (Cz,y)y for all z,y € V. (2.6.37)

Now rewrite (2.6.32) as follows

2

([1d - 2aB — (p(a) - %)C’]xa,y)v =0forallyeV. (2.6.38)

Hence, (V, {(,}v) being a Hilbert space, we have

z, is a C-eigenfunction of Id — 2aB

. . 2
with (largest) eigenvalue p(a) — .

(2.6.39)

Next note that a — Id — 2aB is analytic in the operator norm. Therefore, to get the claim
from Crandall and Rabinowitz (1973) Lemma 1.3, it suffices to check that p(a) — 9;:4 is a
C-simple eigenvalue of Id — 2aB, i.e.,

(a) dim(N(A%)) = codim(R(A%)) =1

(b) Cz, ¢ R(A%),

where A® = Id—2aB — (p(a) — %)C and N(A®%), R(A%) denote the null space, respectively,
the range of A°®.

We have dim(N(A%)) = 1 because of Lemma, 2.17(iz). Moreover, because 2aB+ (p(a) —
“7‘2)0 is compact, we have dim(N(A%)) = codim(R(A%)) (see Rudin (1991) Theorem 4.25).
This proves (a). To prove (b), first use that A® is symmetric and bounded to get that
N(A®) = R(A%)* (the orthogonal complement of R(A%)) and R(A®) = R(A%) (see Rudin
(1991) Theorems 4.12 and 4.23). Since R(A%) = R(A%)*, it follows that N(A%)* = R(A®).
Hence (b) is equivalent to (Cz,,x,)v # 0. But (Cza, za)v = (X, Za) 12 = 1 by (2.6.37).
(%) Because

pla) = sup F*(x) (2.6.40)
zeX

with unique maximizer x = f, y(o), we immediately see from (2.2.7) that

M 2 /0@0 2u[fa,p(a) (u)]2du >0 (2641)
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(pick || fa,p(@)llz = 1). This demonstrates that p’(a) is everywhere strictly positive. More-
over, since a — F*(z) is affine for every = we have from (2.6.40) that a — p(a) is convex.
Because of analyticity, it follows that either a — p(a) is strictly convex or p(a) = Cia+ Cs.
However, the latter is impossible because of Lemma 2.12.

(#i7) Trivial. Let € — o0 in (2.6.41) or else see (2.2.7). O

2.7 Proof of Theorems 2.2— 2.4

We can now collect the results from Sections 2.2-2.6 and give the proofs of our theorems
in Section 2.1.4.

Proof of Theorem 2.3. Combine Proposition 2.1 with Lemma 2.1. The proof of the
uniform convergence in a on compacts in R is deferred to later (see Lemma 2.19). We will
prove the equalities in (2.1.18) together with Theorem 2.2. O
Proof of Theorem 2.2.

1. 7*(8) ~ a*@3.

According to (1.4.15), 7*(8) is defined as the unique solution of

A(r,B) =1 (2.7.1)
From (2.1.16) we know that for every a € R
873 [MaB?, 8) — 1] p(a). (2.7.2)

Let a* > 0 be the solution of p(a) = 0 (recall Lemma 2.18). Now, because r — A(r, 3) is
increasing (as is obvious from (2.1.1)), we have for every € > 0
Xr.B) 2 1+B3p(a" +€) +0(B3) for r > (a* + )8
Ar,B) < 1+B3p(a* —€)+o(B3) for r < (a* — €)3.

Since p(a*—€) < 0 < p(a*+e¢) for every € > 0 (see Lemma 2.18(i7)), (2.7.1) combined with
(2.7.3) implies

(2.7.3)

iy ool

(a* — )85 < 7*(8) < (a* + €)B3 for B small enough. (2.7.4)
Let € | 0 to get the claim.
2. 6*(8) ~ b*B5.
According to (1.4.17), 6*(0) is defined as
1 0
52 8)]

: 2.7.5
r=r*(8) @7.5)
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Define
3}
’\(7‘7:6) o
—0or " _
&(r,B) = g(r’ =3 log A(r, B). (2.7.6)

Because r — A(r, 8) is increasing and log-convex (see footnote 7 in Section 1.4), we have
that for all b, >0and a €R

§@p%8) < y[log((a+ kB, B) ~ log A(ast, B)| -
§ah,B) 2 iy[logA(aBt, B) — logA((a— )63, ). -
| Together with (2.7.2) this gives
limsupgyo BHé(aph, B) < AOEH) =P 218
liminfsy B3€(aB3,0) > —%S—P(“) —pla—h) h
Let h | 0 to get (use Lemma 2.18)
lim ﬂ%«aﬂ% B)=/r(a). (2.7.9)
Next, because r +— £(r, 3) is increasing we have, via (2.7.4), for 8 small enough
Er1(0),8) < (@ +8%,0) = BE/(a" + ) +o(}) 2710
E(r*(8),8) > &((a*—€)B5,6) = B30/ (a* — €) + o(B73).
Since (recall that A(r*(8),8) = 1)
1 *
7o) - £(r*(8),8), (2.7.11)
it follows that
plla*—e) < m < p'(a* + ¢€) for 8 small enough. (2.7.12)

Let € | 0 to get the claim with & = p'(a*).
3. ,B—éTr(ﬁ)‘ﬁ('-‘ﬂ_%-l)—)Lz z4(+) if limmoﬂ‘%r(,@) =a.

Fix a € R. Let 7(8) be such that limge 8 3r(8) = a. Put a(8) = B-3r(8). Then,
similarly as in Lemma 2.1,

ﬂ‘én(g),g([-ﬂ"é]) is the unique maximizer of Fg(ﬁ), (2.7.13)

where the parameter a is replaced by a(8).
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Lemma 2.19 Assumptions (1) — (3) in Proposition 2.2 hold for the following choice re-
placing (2.2.13):

K = K% (C sufficiently large) (2.7.14)
Gy = Fg*(ﬂ)
G = F*

Proof. The point is that limgjg a(3) = a. It is trivial to check that all estimates in Sections
2.3 and 2.4 remain valid when the fixed parameter a is replaced by a + o(1) (8 | 0). See,
in particular, the proofs of Lemmas 2.5, 2.6, 2.11-2.12. O

The claim in 8 now follows from Proposition 2.2.
4. f35([-6781) = Ja2(5)-
Abbreviate Ag = A+(5),5 and 7 = T,+(g),3. According to (2.1.10)
wpk) =Y 1a(D)Ap(i, HTa()- (2.7.15)
i+ =k

Because of 3, it suffices to prove that ﬁ’éu;‘,((-ﬂ‘% ) — 73([1-1) —»%' 0. Now, use that

Ap(ik — 1 — i) = " Pk-0K? %pk,l(i), (2.7.16)

where p; is the probability mass function corresponding to a binomial random variable with
parameters % and ! € N. Hence, write out and estimate

1

18- 35 ([-8737) - éfs(éonu < 1(B) + L(8) + 1(8), (27.17)

where

L(B) = ZkeN Tg([%k])l Ei,j:i+j—1=k[Aﬁ - PJ(3,4)I
L(B) = Yoken Liguirj—1-k 18(0)Ap (0, §)I75(5) — m8([5K1)] (2.7.18)
I(B) = EkeN Zi,j:i+j—1=k Tﬂ(l-%k])Aﬁ(i,j)|Tﬂ(i) —75( f%’ﬂ)l

Use (2.7.16) to estimate

1(B) = 5 BRI @ 1] -0 (2.7.19)

keN

by Lemma 2.11(¢).
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For I5(8), use (2.4.5) and Cauchy-Schwarz to estimate
L(B) < ke Xoijuirj1=k T8(1)Ap (1, 5) Ef:%k“ |ATs(1)]
< 12 | Arylle By jen (i)l — 513 P 5) (27.20)

*. 1 . ol =
< 1e98% | Aglle 3, 75(3) i3,

where the last inequality follows from Lemma 2.2 and Cauchy-Schwarz. Finally, use
Cauchy-Schwarz once more together with Lemma 2.11(¢),(iv) to get

B(8) < 2t | Ary| (Srtngd @) () o (27.21)

The estimate for I3(8) is similar.
Results 1-4 complete the proofs of Theorems 2.2 and 2.3. O

Proof of Theorem 2.4. The asymptotic behavior of z,+ in (ii7) was proved in Lemma
2.16 (pick a = a* and p = 0). To prove (i) and (i7), we recall that z,« solves (see (2.1.13)
and Theorem 2.2) -

0= (LY z)(u) = (2a*u — 4u?)z(u) + [uz] (u) (2.7.22)
and has a power series representation (see (2.6.23))

La* (U) = EHZO x"un

20z 3 + ) (> 1) (2.7.23)

0.

Tn = #(
rT1= 9=
We observe that u > 2a*u — 4u? changes sign from positive to negative at u = ga Since
g+ (u) > 0 for all u > 0, it follows from (2.7.22) that u — u-tz.(u) is unimodal with a
minimum at u = Za*. It is clear that u—zu‘( ) — O0aswu | 0. By the ummodahty we must
have that ua—-xa.( u) — C as u — 0o. However c must be 0 otherwise [[° u[-Lx,. (u)]*du =
00, which is impossible since F (z,+) = p(a*) = 0 > —oo0 (see (2.2.7)). Thus we conclude
that u£a,. (u) < O for all u > 0, which implies that u +— x4 (u) is strictly decreasing.

To prove (iv), use the eigenvalue relation L%z, = p(a)z,, the symmetry of £* and
(%4, d%xa) 12 = 0, to obtain

pl(a) = %(-Tm Laxa)Lz
(2.7.24)
= [ 2ux?(u)du.
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Now, use & = p(a*).
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Chapter 3

Central limit theorem for the
Edwards model

3.1 The Edwards model in terms of Brownian local
times

As in Chapter 1, let (B;)i>0 be standard one-dlmensmnal Brownian motion, starting at 0.
Let P denote its distribution on path space and E the corresponding expectation. In this
chapter we will prove a CLT for the end-point of the path, extending the LLN proved by
Westwater (see Theorem 1.3 in Section 1.5). First we will give a rigorous definition of the
Edwards measure @i in terms of Brownian local times.

There exists a jointly continuous version of the Brownian local time process { L(t, ) }:>0 zcr
satisfying the occupation times formula

/t f(Bs)ds = /L(t, z)f(z)dz P-as. (f : R — R* Borel, t > 0) (3.1.1)
0 R

(see Revuz and Yor (1991), Sect. VI.1). Think of z — L(t,z) as the density of time the
Brownian motion spends in z until time ¢. The Edwards measure Qg in (1.3.1-1.3.3) may
now be defined as the Radon-Nikodym derivative with respect to P

d;}; Zlﬁ exp ﬁ/ (T, z) dx] (3.1.2)

where Z8 = E(exp[-f Jg L(T, z)? dz]) is the normalizing constant. The random variable
Jo L(T, z)* dz is called the self-intersection local time. Think of this as the amount of time
the Brownian motion spends in self-intersection points until time 7.

The path measure Qﬁ defined in (3.1.2) is the continuous space-time analogue of the
Domb-Joyce measure defined in (1.2.1), which is clear from the fact that the exponent in
(1.2.1) can also be rewritten in terms of the sum of squares of the local times of simple
random walk (recall (1.4.5)).

61
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The effect of the self-repellence is of particular interest. This effect is known to spread
out the path on a linear scale (i.e., By is of order T under the law Qg as T — oo, see
Theorem 1.3 in Section 1.5). We have investigated the B dependence of the exponential
growth rate of the normalizing constant #*(8) and the speed of the polymer *(8) in
Chapter 2. It is the aim of the present chapter to study the fluctuations of By around the
linear asymptotics. Our main result appears in Theorem 3.1 below.

3.1.1 Main theorem: Theorem 3.1

The speed é*(,ﬁ) in Theorem 1.3 was characterized by Westwater in terms of the smallest
eigenvalue of a certain differential operator (see also Theorem 2.6). In the present paper,
however, we prefer to work with a different operator, introduced and analyzed in Chapter
2. For a € R, define K2 : LX(R}) N C%(R}) — C(R{) by

(K*z)(u) = 2uz”(u) + 22’ (u) + (au — v?)z(u) (3.1.3)

for u € Rf. The Sturm-Liouville operator K will play a key role in the present paper.! It
is symmetric and has a largest eigenvalue p(a) with multiplicity 1. The map a — p(a) is
real-analytic, strictly convex and strictly increasing, with p(0) < 0, lim,,_ p(a) = —c0
and lim, . p(a) = co.

Similar to (2.1.18), define c* € Rt by

2 _ P'(a)
= @) (3.1.4)
Our main result is the following central limit theorem:
Theorem 3.1 For every 8 € R" there exists 6*(8) € R™ such that
|Br| - 6*(8)T
——— < C) =N((—00,C)) for all C € R, 3.1.5
Sy <€) =N=o.0) (3.L5)

where N' denotes the normal distribution with mean 0 and variance 1. The scaled mean
and variance are given by

lim @?

6*(8) = b"B3, *(6) = c". (3.1.6)
Theorem 3.1 says that the fluctuations around the asymptotic mean have the classical

order /T, are symmetric, and even do not depend on the interaction strength.
The numerical values of the constants in (3.1.6) are

a* = 2.189 £ 0.001, b* =1.11+0.01, ¢ =07+0.1. (3.1.7)

For bounds on a*, b* and c¢*, see Theorem 5.1(i-iii). Note that ¢* < 1. Apparently, as the
path is pushed out to infinity its fluctuations are squeezed compared to those of the free
Brownian motion with 6*(0) = 0, 6*(0) = 1.

1The operator K® is a scaled version of the operator £* analyzed in Chapter 2, Section 2.6, namely
(Koz)(u) = (L°Z)(u/2) where T(u) = x(2u). Of course, this scaling does not change the spectrum of the
operator.
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3.1.2 Scaling in g

It is noteworthy that the scaled mean depends on § in such a simple manner and that
the scaled variance does not depend on 8 at all. We have derived the G-dependence of
the scaled mean and the exponential growth rate in an analytic manner in Section 2.1.5.
However, these facts are direct consequences of the Brownian scaling property as we will
see now. Namely, we will deduce from (3.1.5) that for every 8 € RT

~ A~

6*(8) = 6*(1)85, §*(8) = 6*(1). (3.1.8)
Indeed, for a,T >0

(Br, {L(T,z) }acr) 2 (¢77 Bar, {a"3 L(aT, a3 )} sca) (3.1.9)

where 2 means equality in distribution (see Revuz and Yor (1991), Ch. VI, Ex. (2.11),
1°)). Apply this to a = 8% to obtain, via (3.1.2), that

Qr(Br) ™ = Qi (B75By,) (3.1.10)

where we write u(X)™! for the distribution of a random variable X under a measure u. In
particular, we have for all C € R

~g (Br — 0*(1)85T
AL~ <C|Br>0
a( FOVT | B> 0)
R B —-é*(l)ﬂ?ﬁT (3.1.11)
=Q;§T(ﬂ—'—“—"~ s C‘Bﬂ% >O)'
(1) 85T

The r.h.s. tends to N((—00,C]) as T — oo if B € R* (in (3.1.5) pick 8 = 1 and replace
T by B3T). Since the pair (6*(8),5*(8)) is uniquely determined by (3.1.5), we arrive at
(3.1.8).

3.1.3 Outline of the proof

Theorem 3.1 is the continuous analogue of the central limit theorem for the Domb-Joyce
model proved by Konig (1996) (recall Theorem 1.4). We will be able to use the skeleton of
that paper, but the Brownian context will require new ideas and methods. The remaining
sections are devoted to the proof of Theorem 3.1. We give a short outline.

In Section 3.2, we use the well-known Ray-Knight theorems for the local times of
Brownian motion to express the Lh.s. of (3.1.5) in terms of two- and zero-dimensional
squared Bessel processes. The former describes the local times in the area [0, Br], the
latter describe the local times in (—o0, 0], respectively, [Br, 00).

In Section 3.3, with the help of some analytical properties of the operator X proved in
Section 2.6, we introduce a Girsanov transformation of the two-dimensional squared Bessel
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process. The goal of this transformation is to absorb the exponential random variable
exp (—ﬁ fOBT L(T, z)? dz) into the transition probabilities. The transformed process turns

out to have strong recurrence properties. The Gaussian behavior of (Br — §*(8)T)/VT is
traced back to the asymptotic normality of the inverse of a certain additive functional of
this transformed process. Thus, the central limit behavior is determined by those parts of
the Brownian path that fall in the area [0, Br].

In Section 3.4, we prove a central limit theorem for the inverse process. Furthermore, as
a second important ingredient in the proof, we derive a limit law and a rate of convergence
result for the composition of the transformed process with the inverse process.

In Section 3.5, we finish the proof of Theorem 3.1 by showing that the contribution of
the local times in (—o0, 0] U[Br, 00) remains bounded as T' — oo and is therefore cancelled
by the normalization in the definition of the transformed path measure in (3.1.2).

3.2 Reformulation of the problem

3.2.1 The main proposition: Proposition 3.1

Since the dependence on (3 has already been isolated (see (3.1.11)), we may and will restrict
to the case § = 1.

Throughout the sequel we.will frequently refer to Revuz and Yor (1991), Karatzas and
Shreve (1991). We will therefore adopt the abbreviations RY, respectively, KS for these
references.

The remainder of this paper is devoted to the proof of the following key proposition:

Proposition 3.1 There ezists an L € R* such that forallC eR

lim e TE(e” k2T 41 orour) = LNea((—00,C)), (32.1)

T—o00

where a*, b* and c* are defined in (2.1.18) and (3.1.6), and N,2 denotes the normal dis-
2

tribution with mean 0 and variance o*.
Theorem 3.1 follows from Proposition 3.1, since it implies that the distribution of (B —
b*T)/V/T converges to N2 (divide the Lh.s. of (3.2.1) by the same expression with C' = oo
and recall (3.1.2)).

Sections 3.2.2 and 3.2.3 contain preparatory material. Section 3.2.4 contains the key
representation in terms of squared Bessel processes on which the proof of Proposition 3.1
will be based.

3.2.2 Ray-Knight theorems for Brownian local times

This subsection contains a description of the time-changed local time process in terms
of squared Bessel processes. The material being fairly standard, our main purpose is
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to introduce appropriate notations and to prepare for Lemma 3.1 in Section 3.2.3 and
Lemma 3.2 in Section 3.2.4.
For u € R and h > 0, let 71 denote the time change associated with L(¢,u), i.e.,

mw=inf{t>0:L{t,u) > h}. (3.2.2)

Obviously, the map h + 7 is right-continuous and increasing, and therefore makes at
most countably many jumps for each u € R. Moreover, ﬁ(L(T,’:,u) =hforallu>0)=1
(see RY, Ch. VI). The following lemma contains the well-known Ray-Knight theorems. It
identifies the distribution of the local times at the random time 7}’ as a process in the
spatial variable running forwards, respectively, backwards from u. We write C2(R*) to
denote the set of twice continuously differentiable functions on R* with compact support.
RK theorems Fizu,h > 0. The random processes { L(7*, u+v)}y>0 and {L(7¥,u—v)}y>o0
are independent Markov processes, both starting at h.

(5) {L(1#,u+v)}y>0 is a zero-dimensional squared Bessel process (BESQ®) with gener-
ator

@ HE) =2f" (W) (f € CARY)). (323

(43) {L(1¥,u—v)}vepo, is the restriction to the interval [0, u] of a two-dimensional squared
Bessel process (BESQ?) with generator

(Gf)(v) =2vf"(v) +2f'(v)  (f € CL(®RY)). (32.4)
(¢4) {L(m¥,—v)}v>0 has the same transition probabilities as the process in (3).
Proof. See RY, Sects. XI.1-2 and KS, Sects. 6.3-4. O

3.2.3 The distribution of ({L(T,z)}ser, Br): Lemma 3.1

The RK theorems give us a nice description of the local time process at certain stopping
times. In order to apply them to (3.1.2), we need to go back to the fixed time T. This
causes some complications (e.g. we must handle the global restriction [ L(T,z)dx = T),
but these may be overcome by an appropriate conditioning.

This subsection contains a formal description of the joint distribution of the three
random processes

{L(T, Br + x)}s20, {L(T,Br —)}scio.Br)s {L(T,—Z)}s>0, (3.2.5)

in terms of the squared Bessel processes.? The main intuitive idea is that, up to a P-null-set
(recall (3.2.2)),

{=T}={Br=u,L(T,Br) =h} for all u,h > 0. (3.2.6)

This has two consequences:

2This description has recently been improved by C. Leuridan (preprint 1996).
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(1) Conditioned on { By = u,L(T,Br) = h}, the three processes in (3.2.5) are the
squared Bessel processes from the RK theorems conditioned on having total integral
equal to T'.

(i) The distribution of (Br, L(T, Br)) can be expressed in terms of the squared Bessel
processes.

We will make this precise in Lemma 3.1 below.

Let us first mention some earlier works on the distribution of {L(T,z)}ser with T > 0
independent of the motion. Perkins (1982) proves that {L(1,%)}er is a semi-martingale.
Jeulin (1985) uses stochastic calculus, in particular Tanaka’s formula, to recover the RK
theorems and Perkins’ result and to prove the conditioned Markov property of the triple
(L(1,z),z A By, [*  L(1,u)du) in x, given inf,<; B,. In Biane and Yor (1988), the RK
theorems are extended to the case where T is an exponential time, independent of the
Brownian motion, under P(- |L(T,0) = s, Br = a) for any fixed s,a > 0. Finally, Biane,
Le Gall and Yor (1987) also deal with the intuitive idea (3.2.6) when identifying the law
of the process {_l—oBur,?}ue[U,ll‘

T .

Let us return to our identification of the law of the process ({L(T, z)}zer, Br). In order
to formulate the details, we must first introduce some notation. For the remainder of this
paper, let

{Xv}vZO = BESQZa {X;}UZO = BESQO (327)

Note that {X,},>0 is recurrent and has 0 as an entrance boundary, while {X3}},>0 is
transient and has 0 as an absorbing boundary (see RY, Sect. XI.1). Denote by P, and P},
the distributions of the respective processes conditioned on starting at A > 0. Denote the
corresponding expectations by E, and Ej, respectively. Furthermore, define the following
additive functional of BESQ? and its time change:

Aw) = / “Xodv  (u>0), (3.2.8)
(3.2.9)
ANt = inf{lu>0:A(u) >t} (t>0). (3.2.10)

Note that both u +— A(u) and t — A~!(t) are continuous and strictly increasing towards
infinity, Pp-a.s. So A and A~! are in fact inverse functions of each other. We also need the
analogous functional for BESQ?:

A*(w) = f: Xz dv (u € [0,09]),
(3.2.11)
A7HE) =inf{u>0:A%(u) >t} (t > 0).

Note that, Pi-a.s., u — A*(u) is strictly increasing on the time interval [0,&], where
& =inf{v > 0: X} =0} < 0o denotes the absorption time of BESQ®. Define Lebesgue
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densities ¢, and ¢y, ; by

Il

Pu(t) dt P} (A*(00) € dt),

Sy t(u, ho)dudhy = Py, (A7(t) € du, X, € dhy)

(3.2.12)

for a.e. h,t,hy,u,hy > 0. (The function ¥, is explicitly identified in Lemma 3.6 in Sec-
tion 3.5.2.) Put the quantities defined in (3.2.8-3.2.12) equal to zero if any of the variables
is negative. Now the joint distribution of the three processes in (3.2.5) can be described
as follows:

Lemma 3.1 Fiz T > 0. For all nonnegative Borel functions ®;, ®; and ®3 on C(R) and
for any interval I C [0, 00)

E(@l({L(T, Br + w)}zzo)‘bz({L(T, ~)}a20) @3 ({L(T, Br — )}sepo,5r)) lBTGI)
= [du _/[;),00)4 dty dhq dta dho g IE;:‘ ((I)i({X;}'uZO)

X Ep, (%({Xv}velﬂ»ul)

A*(o0) = t,-) ¥, (i)

AT —ti—t) =u, Xy = h2)¢h1,T—-t1——t3 (u, ha).
(3.2.13)

Proof. Essentially, Lemma 3.1 is a formal rewrite using (3.2.8), (3.2.12) and the RK-
theorems, which say that under P, and P}, respectively,

D
{Xo}veo = {L(Ti?’“"v)}vem,u}
(3.2.14)
{X;}so 2 {L(mu+v)}hso.
However, the details are far from trivial.
We proceed in four steps, the first of which makes (3.2.6) precise and is the most
technical.

STEP 1 P(7! € dT)dudh = P(By € du, L(T, Br) € dh)dT for a.e. u,h,T > 0.
Proof. From the occupation times formula (3.1.1) we get for every ¢ > 0
¢
/ 1p,cauds = L(t,u) du. (3.2.15)
0

Thus, we obtain for every bounded and measurable functions f : (Rt)? — Rand g: RT — R
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with compact support:

/0 " du / " dh f(u, ) Bg(r)
~ [[auB ([ adzieu) s L)

~ [T ([ ate.w) o0 Bl Lt ) | B = )
(3.2.16)

[ © dE(L(t,u) . A 3
= /0 du /0 dt ——"=g(t) B[ (u, L(t,w)) | B. = u]

= /oo du /oo dt%g(t)ﬁ[f(u, L(t,u)) | B: = u]
0 0

_ /0 " dt o) BLF (B, L(t, B.)))

(The second equality follows from Proposition 3 in Fitzsimmons, Pitman and Yor (1993),

the fourth from (3.2.15).) . O
Next, abbreviate for u,h > 0,
v= ([ Lo Lo, [T L o). @217)
0 0

Then the distribution of Z} is identified as:
STEP 2 For every u,h >0 and a.e. T,t, ho,ts,

P(ZP € d(T, t1, ha, 1)) = Yn(t1) b1ty —ta (U, B2)ton, (£2) AT dty dhy dt. (3.2.18)
Proof. According to the RK theorems, {L(7},—z)}s>0 is BESQ? starting at L(7%,0).
Moreover, L(r,0) itself has distribution P,(X,)~!. Furthermore, from (3.1.1) we have

o o] U [o.¢]
= / L, u+v)dv + / L(m,u —v)dv + / L(r¢, —v) dv. (3.2.19)
0 0 0
Combining these statements with the RK theorems and (3.2.14), we obtain

o <] o o]
P(Z2} € d(T, t1, ha, ts)) =P;,(/ X dv € dt,) 11»;2(/ X, dv € diy)
o . 0 (3.2.20)
X]P’h(/ deved(T—tl—tz),Xuedhz).
0

But the r.h.s. of (3.2.20) equals the r.h.s. of (3.2.18), because of (3.2.12) and the identity
{A(u) <T—=1t— t2} = {A_l(T -t — t2) > U} 1mp11ed by (328) O
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STEP 3 P(rj5 ;. =T)=1.

Proof. Simply note that Tf(,TR Br) ~ T is distributed as the time change 79 for the pro-

cess (Bryt — Br)iso (recall (3.2.2)). But P(rQ = 0) = 1 (see RY, Remark 1°) following
Prop. VI.2.5). O

STEP 4 Proof of Lemma 3.1.

Proof. First condition and integrate the L.h.s. of (3.2.13) with respect to the distribution
of

(Br, L(T, Br)), which is identified in Step 1. According to Step 3, we may then replace
T by 7 on {Br = u, L(T, Br) = h;}. Next, condition and integrate with respect to the
conditional distribution of Z} given { 7i2 =T'}. Then the Lh.s. of (3.2.13) becomes

/ du / dh, Thx cdl) [ P(Z ed(T,t,h,t))
[0,00)3 P(r € dT)

x E(<I>1 ({L(7  u+ 2) }oz0) @2 ({L (7, —) bono)

x <I)3 ({L(T;:l U — x)}TE[O:u]) l Z;LL1 = (T7 t17 h’27 t2)) .

Now use Step 2, apply the description of the local time processes provided by the RK
theorems in combination with (3.2.14) and (3.2.17), and again use the elementary relation
between A and A~! stated at the end of the proof of Step 2. Then we obtain that (3.2.21)
is equal to the r.h.s. of (3.2.13). O

O

In Lemma 3.1, note that A*(co) = t;, respectively, o corresponds to the Brownian
motion spending t;, respectively, ¢ time units is the boundary areas [Br, 00), respectively,
(—00,0], while A=}(T —t; — t5) corresponds to the size of the middle area [0, Br] when the
Brownian motion spends T' — ¢; — t, time units there.

(3.2.21)

3.2.4 Application to the Edwards model: Lemma 3.2

We are now ready to formulate the key representation of the expectation appearing in the
L.h.s. of (3.2.1). This representation will be the starting point for the proof of Proposi-
tion 3.1 in Sections 3.3-3.5. Abbreviate

Cr =0T +CVT. (3.2.22)
Lemma 3.2 For allT > 0,

E (e_ fg L(T,E)z dx 10<BTSCT)

Cr 2
= du/ dt, dh, dta dh E} e“fowx.’fzd”
[ [ s aane T

_[*x2
X Ep, (e Jo X3 dv

A%(00) = t:)¥n,(t)  (3:223)

AN T —ti—ty) =u, Xy = h2)¢h1,T—t1—tz (u, hy).
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Proof. This follows from Lemma 3.1. O

Thus, we have expressed the expectation in the Lh.s. of (3.2.1) in terms of integrals
over BESQ® and BESQ? and their additive functionals. Henceforth we can forget about
the underlying Brownian motion and focus on these processes using their generators given
in (3.2.3) and (3.2.4).

The importance of Lemma 3.2 is the decomposition into a product of three expectations.
The main reason to introduce the densities ¢, and ¢4, ; is the fact that the last factor in
(3.2.23) depends on t; and t;. This dependence will vanish in the limit as T — oo, as we
will see in the sequel. After that the densities ¥y, and ¢y, + can again be absorbed into the
expectations (recall (3.2.12)). In Section 3.5.2 we will identify 1. Of @y, we need little
more than its existence.

3.3 Structure of the proof of Proposition 3.1

All we have done so far is to rewrite the key object of Proposition 3.1 in terms of expec-
tations involving squared Bessel processes. We are now ready for our main attack.

In Section 3.3.1 we use Girsanov’s formula to transform BESQ? into a new Markov
process. The purpose of this transformation is to absorb the exponential factor appearing
under the expectation in the last line of (3.2.23) into the transition probabilities of the
new process. In Section 3.3.2 we list some properties of the transformed process. These
are used in Section 3.3.3 to obtain a final reformulation of (3.2.23) on which the proof of
Proposition 3.1 will be based. In Section 3.3.4 we-formulate three main propositions, the
proof of which is deferred to Sections 3.4-3.5. In Section 3.3.5 the proof of Proposition 3.1
is completed subject to these propositions.

3.3.1 A transformed Markov process: Lemma 3.3

Fix a € R (later we will pick a = a*). Recall from Section 3.1.1 that p(a) € R is the largest
eigenvalue of the operator K* defined in (3.1.3). We denote the corresponding strictly
positive and L?-normalized eigenvector by z,.® From Lemmas 2.16 and 2.18, we know that
T, : Rf — R* is real-analytic with limy,_ .o u"2 log z,(u) < 0, and that a — =z, is analytic
as a map from R to L?(RJ). Define

Fo(u)=v*—au+p(a) (u€eERY). (3.3.1)
The following lemma defines the Girsanov transformation of BESQ? that we will need later:

Lemma 3.3 For t,hy,hy > 0, let P,(hy,dhs) denote the transition probability function of
BESQ?. Then

~ a h _rt »
P2(h dha) = = Ehj; B, (e P04

3This is a slight abuse of notation because of the scaling factor 2 (see footnote 1).

X, = hz) Py(h, dhs) (3.3.2)
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defines the transition probability function of a diffusion {X,}v>0 on Ry .

Proof. Recall the definition of the generator G of BESQ? given in (3.2.4). According to
RY, Sect. VIIL3, if f € C%(R{) satisfies the equation

G(f)+ 56U - FG() = F (33.)
then

(DI} 50 = {ef(Xc)—f(Xo)-fJ Fa<xs>ds} (3.3.4)

>0

is a local martingale under P), for any h > 0. Substitute f = logz in the Lh.s. of (3.3.3).
Then an elementary calculation yields that for all w > 0

(GU) + 3G — £ GUN)(w) = 2uf"(w) +2f' () + 20 (w)?
_ 2uz” (u) + 22 (u)
z(u) )

(3.3.5)

We now easily derive from the eigenvalue relation K,z, = p(a)z, (recall (3.1.3)) that (3.3.3)
is satisfied for f = f, = logz,. Herce, {D{ =%},50 is a local martingale under Py,. Since F,
is bounded from below and z, is bounded from above, each th *% is bounded Pj-a.s. Hence
{D,f“’“}tzo is a martingale under Pj,. The lemma now follows from RY, Prop. VIIL.3.1. O

We will denote the distribution of the transformed process, conditioned on starting at
h > 0, by P} and the corresponding expectation by Ef. Note that we have

B2(9(X:)) = En(Df*"g(X:))  (t>0,g: Ry — R measurable). (3.3.6)

3.3.2 Properties of the transformed Markov process

We are going to list some properties of the process constructed in the preceding subsection.
1. The process introduced in Lemma 3.3 is a Feller process. According to RY,
Prop. VIII.3.4, its generator is given by (recall f, = logz,)

(G*f)(u) = (Gf)(w) + (G(fuf) — fuG(f) — FG(fa)) (w)
= (Gf)(u) + dufy(u) f'(u) (3.3.7)

" / xla(u) 2 (m+
=2uf(u)+2f(u)(1+2um) (f € C2(R™)).
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2. According to KS, Ch. 5, Eq. (5.42), the scale function for the process is given (up
to an affine transformation) by

Sa(u) = /cu v::;—% (¢ > 0 arbitrary). (3.3.8)

Since z, is continuous in zero and has a sub-exponential tail at infinity (see the remarks
at the beginning of Section 3.3.1), the scale function satisfies

lig)l Sq(u) = —0c0  and lim s,(u) = oo. (3.3.9)

3. The probability measure on R{ given by
pa(du) = z4(u)? du (3.3.10)

is the normalized speed measure for the process (see KS, Ch. 5, Eq. (5.51)). Since it has
finite mass, and because (3.3.9) holds, the process converges weakly towards y, from any
starting point h > 0 (see KS, Ch. 5, Ex. 5.40), i.e.,

Jim B (f(Xy) = /oo f(u) pa(du) for all bounded f € C(RY). (3.3.11)
oo A

Using this convergence and the Feller property, one derives in a standard way that p, is
the invariant distribution for the process. We write

P = / P2 o (dh) (3.3.12)
0

to denote the distribution of the process starting in the invariant distribution and write E®

for the corresponding expectation.
4. According to Ethier and Kurtz (1986), Theorem 6.1.4, the process {Y;}:>o given by

Y= Xag  (£>0) (3.3.13)

is a diffusion under P* with generator
(éaf ) (u) = % (éaf ) (W) (u>0,f€CIrRY) (3.3.14)

(see (3.3.7)). This process has the same scale function s, as {X;}i>o (see (3.3.8)), and its
normalized speed measure is given by

Vo(du) = mxa(u) du. (3.3.15)

(In order to see that v,(R*) = 1, recall (2.7.24) and footnote 1). Similarly as in (3.3.11),
for any starting point A > 0

Jim E(f(Vy) = /oo f(u) va(du) for all bounded f € C(RY) (3.3.16)
oo 0
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and hence v, is the invariant distribution of the process {Y;}:>0. We write
P = / P2 v, (dh) (3.3.17)
0

to denote the distribution of the process {X;}:>o starting in the invariant distribution v,
of the process {Y;}:>0 and we write E* for the corresponding expectation.

3.3.3 Final reforrhulation: Lemma 3.4

Using the representation in Lemma 3.2, we will rewrite the Lh.s. of (3.2.1) in terms of
the transformed process introduced in Lemma 3.3. This will be the final reformulation in
terms of which the proof of Proposition 3.1 will be finished in Sections 3.3.4-3.3.5.

For h,t > 0 and a € R, introduce the abbreviation (recall (3.2.11) and (3.2.12))

Ff(u) =u'—au (u€R])
: (3.3.18)
wa(h,t) =E; (e— Jse P2ty dv

A*(00) = t)¢h(t) = estwq(h, t).

Recall that E* denotes the expectation for the transformed process {X;};>¢ starting in the
invariant starting distribution y, given by (3.3.10).

Lemma 3.4 For every T > 0,
B (e‘ h ey de lo<Br <C’I‘)

+ (War (Xo tl) wa'(XA—l(T—z —t; )at2)
= [ at, | at ]E“ a0 ) g 1t )
/ 1/ 2 wa.(Xo) ATt =) <O ™ X A1 (T —ta —t2))

(3.3.19)

Proof. First, from (3.2.8), (3.3.1) and from p(a*) = 0 it follows that on { A~}(t) = u}
u U
a*t — / X2dy=— / Fp(X,)dv  (t,u>0). (3.3.20)
0 0

By an absolute continuous transformation from Py to B", we therefore obtain via (3.3.2)
the identity (recall (3.2.12))

( b X | AN (t) =, X, = hg) O o (U, o) dudhs
o (B (3.3.21)
=P (A7) € du, X, € dhy)= Eh;;

for a.e. u, hy, ha,t > 0. Similarly to (3.3.20), we have on { [° X} dv =1t}

a't— /0 (X dy = — /0 TEe(XNdv  (t>0) (3.3.22)
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and hence
e e, (7 K| A%(00) = ti)un, () = war (hit)) (1= 1,2). (3.3.23)

Next, note that the L.h.s. of (3.3.19) is equal to the L.h.s. of (3.2.23) times the factor e?'T.
We divide this factor into three parts, according to the identity T'=t; + (T'— t; — t2) + to,
and assign them to each of the three expectations in the r.h.s. of (3.2.23). Substitute
(3.3.21) with ¢t = T — t; — t5 and (3.3.23) into (3.2.23). Then we obtain that the Lh.s. of
(3.3.19) is equal to

g+ (h1)
g0 (he) (3.3.24)
(AAI(T —t; —tg) < Cr, Xa-1(T-t1—t5) € dhz).

/[ )4dh1 dhy dt; dta wer (R, t1)wes (he, t2)
0,00
B

1

Now formally carry out the integration over hy, ho, recalling (3.3.10) and (3.3.12), to arrive
at the r.h.s. of (3.3.19). O

Roughly speaking, the function w,+ in the r.h.s. of (3.3.19) describes the contribution
to the random variable exp[— fR L(T,x)?dz] coming from the boundary pieces (i.e., the
parts of the path in (—o0,0] U [Br, o)), while A=}(T — t; — t,) gives the size of the area
over which the middle piece (i.e., the parts of the path in [0, Br]) spreads out.

3.3.4 Key steps in the proof of Proposition 3.1: Propositions
3.2-3.4

The proof of Proposition 3.1 now basically requires the following three ingredients:

(1) A CLT for {A~!(t)}s>0 under P*".

(2) An extension of the weak convergence of {Y;}:>0 = {X4a-1()}¢>0 stated in (3.3.16).
(3) Some integrability properties of wg:.

The precise statements that we will need are formulated in Propositions 3.2-3.4 below.
The proof of these propositions is deferred to Sections 3.4 and 3.5.

We need some more notation. Let (-, )2 denote the standard inner product on L%(Ry).
Let (-,-)3. denote the weighted inner product

(Frg)3n = / " dh hf(W)g(h) (3.3.25)

on L*°(Rf) = { f : Rf — R measurable| [;° dh hf*(h) < co}. We write || - || .2, respec-
tively, || - ||S. for the corresponding norms.
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For bounded and measurable f,g : Rf — R, T > 0 and a € R, abbreviate (recall
Lemma 3.3, (3.3.10) and (3.3.12))

fo_=af S g °° AT py(x,)ds

NT:a‘_"]E .’L‘—(YO).’IJ_(YT) = A dh f(h)IEh e Jo avte g(XA“l(T)) . (3326)
a a

Furthermore, define

o?(a) = 5;53)3 (3.3.27)

and note that 0%(a*) = c*? defined in (3.1.4). Denote by p~! : R — R the inverse function
of p:R—R.

Proposition 3.2 For all bounded and measurable f,g : Rf — R and for every a,\ € R
and all T, T" >0,

~ f A (A-1(1)-T) g A2 2 , TN e m—a
E* (l'a (Y())CCT( 7 (a))xa (Yr) | =e7” (éT)N’{"’?a,\,Te(T Torz )’ (3.3.28)
where
ayr=p* (p(a) - —)i-) (3.3.29)
vT -

and &7 € [a,a\T| U [aaT, a].
Proposition 3.3 Let f,g : Rf — R be measurable such that f/id,g € L*>°. Then for

every a € R and ar — a,

N9 — 1

'I!i—l}l.lo Tar p’(a) <f, iEa)Lz (g, Ia>22. (3.330)

Recall (3.3.18). For a € R, define y, : Rf — [0, 0] by
va(h) = / wo(h, ) dt = B} (&5 FEOD®) (3.3.31)
0

Furthermore, define, for p € (1,2), respectively, ¢ € (2,00), and t > 0,

WD) = (2 hPee (h)* Py (h, )P dh)?
(3.3.32)
WD) = (J° htar (h)> %wgs (h, t)7 dh) 2.

Proposition 3.4

(i) Yo+ is bounded and measurable.
(i) For any p € (1,2), W,Sl) is integrable on R*.

(iii) For any q € (2,00) that is sufficiently close to 2, Wq(2) is integrable on R*.
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3.3.5 Proof of Proposition 3.1

In this subsection we finish the proof of Proposition 3.1 subject to Propositions 3.2-3.4.
We will show that (3.2.1) follows from (3.3.19), with L identified as

L= b*(Yars Tar) 12 (Yar » Tar) 72- (3.3.33)

STEP 1 For all t;,t3 > 0, as T — oo the integrand on the r.h.s. of (3.3.19) tends to
b (W (- 1), Zae Y1200 - ), Ze Y Nt (=00, ).

Proof. By Proposition 3.4(i%), for all ¢;,t, > 0 the functions f = wg:(-,¢;) and g =
Wes (-, t2) satisfy the assumptions of Proposition 3.3. Define a (non-Markovian) path mea-
sure P}Y by

ey 1§
d  Nif z,

(YO)%(YT)- (3.3.34)

Write IE{{ for the corresponding expectation. Apply Proposition 3.2 for a = a* and
T' =T —t, — t5 to obtain that for every A € R and T > t; + t,

Nf,g .
A TA=Y(T—t, —to)—b* 2 w1 T—t1—tg, . e
Eg“g—tl—‘tz,a‘ (GW[A @=t=ta)=b T]) = e%az(gT) '————1 2T e(t1+t2)(a'\”r N )1 (3335)

where p(a*) =0, b* = W}z'—) (recall (3.1.6)), a3 7 = p‘l(—%) and &7 € [a*,a} 7] Ula} 1, a"].
Since ¢/, p" and p~' are continuous, we have a}; — a* and 0?(£) — c? as T — oo.
Therefore, by Proposition 3.3, the r.h.s. of (3.3.35) tends to eAz_zc'2 as T — oo. Thus, the
distribution of ﬁ[A‘l(T— t1 —ta) — b*T] under P}?, \—ta.ar CONVerges weakly towards N.z.
Via (3.3.34), this in turn implies that (recall (3.2.22))

. ogr (Was (X0, 1) War (X A-1(7—t,—t5)» t2)
l Ea (___—__ 1 _ o 1 2 )
Tl—rvrolo Tg» (XO) A I(T 2 tZ)SCT Lo (XA_I(T—tl—lz))
. _ . 3.3.36
= '1!220 N%‘ftl—tzya'lpg“{tl—tz,a‘ (A I(T —t = t2) —-b'T < Cﬁ) ( )
= b*(f, %a) 12(9, Ta*) 12 Newa ((—00, C]),
again according to Proposition 3.3. O

STEP 2 For all t1,t; > 0, and any p,q > 1 satisfying % + % = 1, the integrand on the
r.h.s. of (3.8.19) is bounded uniformly in T > 0 by W,El)(tl)qu(tg) defined in (3.3.32).
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Proof. Recall 3. and 4. in Section 3.3.2. Make a change of measure from E%" to E®’, use the
Hélder inequality and the stationarity of {Y;}:>o under P** (recall (3.3.15) and (3.3.17)),
to obtain

e (w..~ (Xo.t1) War (XA-l(T—n—tz)v‘*))

Tas (Xo) lA_l(T—tl—-tz)SCT za‘(XA_l(T—u—tz))

10 x\ma* [ War (Yo,tr) War(YT—t) —t5,t2)
S p(a*)lE“ (yaza,(}’;) zat(YT—lel—gtz) )

(3.3.37)
< o) (B ([2oe])) " (5 ([lzzama] "))
= WD (t) W2 (ta).
Oa

STEP 3 Conclusion of the proof.v

Proof. Let T — oo in (3.3.19) and note that, for some p,q > 1 satisfying rl» + % =1, the
bound in Step 2 is integrable in (¢, t2) € (R*)? by Proposition 3.4(iz) and (i7). By Steps 1-
- 2 and the dominated convergence theorem we may interchange 7' — oo and f0°° dty f0°° dt,,
to obtain

limr_,o Lh.s. of (3.3.19)
(3.3.38)
=b* [5 dty [§ dts (W (-, 1), Tar) 12 (Was (-, t2), Tar ) jaNewa ((— 00, C)).

Use (3.3.31), Proposition 3.4(i) and Fubini’s theorem to identify the r.h.s. of (3.3.38) as
LN_2((—00,C]), with L given in (3.3.33). O

3.4 CLT for the middle piece

This section contains the proofs of Propositions 3.2 and 3.3.

3.4.1 Proof of Proposition 3.2
Recall Lemma 3.3 and (3.3.26) to see that the Lh.s. of (3.3.28) is equal to

00 —1pt
e“ﬁg/{; dh f(h)Eh (6- OA (T)(F“(X’)_V%) dsg(XA_1(T/))) . (341)
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According to (3.3.29), p(arr) = p(a) — % Since T" = fOA—l(T,) X, ds (see (3.2.8)) and

Fy(u) = u? — au + p(a) (see (3.3.1)), we may write the exponents in (3.4.1) as

A_l(T’) A—I(TI) )‘ T
_/ Fa,\T(Xs)ds‘l'(a_a/\,T)/ Xsds—i
0 ’ 0 p(a)

A-I(T) A
- _ _ N 7 _
- /0 Fyr(X)ds+T (a ot ﬁpf(a)) +(T = T')arg - a).
(3.4.2)
Substitute this into (3.4.1) and use (3.3.26) to get that
Lh.s. of (3.3.28) = eT(“““*'T——ﬁim)N;;{'M’Te<T"T'><W-a>. (3.4.3)

Next, expand the inverse function p~! of p as a Taylor series around p(a) up to second

order. It follows that there is an r7 in between p(a) and p(a) — —\;\—7—: such that

ar = pp(a) — Z5) = p7(p(a) — 25 (071 (p(a) + 32 (071)"(rr)
(3.4.4)
=a- 77'1% - %(,%(P“I(TT)) =a- 77% — 2 0%(¢r)

(see (3.3.27)) with & = p~!(rr). Observe that &7 is in between a and a) 7 by monotonicity
of p. Now substitute (3.4.4) into (3.4.3) to arrive at (3.3.28).

3.4.2 Proof of Proposition 3.3

We will use an expansion in terms of the eigenfunctions of the operator M® : L2°(R{) N
C%(R{) — C(R*) defined by

Moz () — EoD)) — pla)a(u) (5.45)

u

(recall (3.1.3)). Obviously, M is a symmetric operator with respect to (-, )}, because K*
is a symmetric operator with respect to (-,-)zz . It is also a Sturm-Liouville operator. We
are going to identify its eigenvalues and eigenvectors in terms of the ones of K°.

For | € Ny, let p®(a) denote the Ith largest eigenvalue of K and zi) € L*(R*) the
corresponding eigenfunction, normalized such that ||z||z> = 1 (all eigenspaces are one-
dimensional by Lemma 2.16). Then p(® = p, and each p®) is continuous and strictly
increasing (differentiate the formula p®(a) = (z, K3z} 2 to obtain 450(a) = 128|152
via (3.1.3)). Moreover, lim, .+ p¥(a) = +o00. Since z{) has a subexponentially small tail
at infinity (see Lemma 2.16), it is also an element of L*°(R).

Next, define a®(a) € R and 3 € L%°(R}) by

pPa—a@)=pla) and ¢ =—5 -
||xa_au)(a)||m

(I € Ny). (3.4.6)
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Note that a©@(a) = 0, y¥ = z./+/¢(a), and oV (a) < a(a) for all I € Ny since p?(a)
is strictly decreasing in ! and strictly increasing in a.

STEP 1 For each a € R, the sequence (y)ien, is an orthonormal basis in L2°(R*).

Proof. Since M* is a symmetric Sturm-Liouville operator, all the eigenspaces are orthog-
onal to each other and one-dimensional, and they span the space L?°(R*). Thus, it suffices
to show that the functions y(o), y,(ll), .. are all the eigenfunctions of M?. Now, from (3.1.3)

and (3.4.5) we easily derive the equivalence
Moz =azx = K%z = p(a)z, (3.4.7)

which is valid for every a,a € R and £ € C%(R}). From (3.4.6) and (3.4.7) we see that
(@®(a))ien, is the sequence of all the eigenvalues of M® with corresponding eigenfunctions

(y((,l))leNo, since (3.4.7) implies that for every eigenvalue a of M2, there is an | € Ny such
that p®(a — a) = p(a). a

STEP 2 For every h,T >0, € Ny and a € R,

) @
£ (3; (YT)) = @ L), (3.48)
a a

Proof. Use (3.3.7) and (3.3.14) to compute, for f € C?(R"),

(r (G- o mezme) o

Apply this for f = y, use (3.1.3) and the eigenvalue relation Kz#) = p®(a")z¥ for
(a’,1) = (a,0) and for (a’,1) = (a — a®(a),!) to obtain

G v () %5
— = . 4.1
= aV(a) o (3.4.10)

Thus, Ge being the generator of the process {Y;};>0, the function f(T) = Eg (yz‘(‘—:)(YT))

satisfies the differential equation f’ = o (a)f. Therefore f(T) = e @T £(0), which is
our assertion. a

STEP 3 Conclusion of the proof.

Proof. According to Step 1, we may expand g € L>°(RJ) as

9= nyfi (9,98)5a ( )(g,zaT)Lz+Ey(')<9,y§lﬁ)m (T>0).  (34.11)
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Substitute this into (3.3.26) to obtain (recall (3.3.10) and (3.3.12))
IN%ZZT - ,T%Ej(f’ IG)LZ (g: za)iz l

< |yt tania s = sz n (0,2 8412)

[0 .
52| (e b 0o 0 (B0 ) 0805
With the help of Step 2, the second term on the r.h.s. of (3.4.12) equals

)
e o] (f:" dh f(h)zaT(h)%zm)) (9,52,

aT

) Dyo Dye
< @V Yoo |(;§,y§T))Lz(g,y«5%)Lz|

) . )? o )?
< enony 52, (1, uD) 'y S0 (t00D5)

W
= DT L1152 g3

(3.4.13)

This tends to zero as T' — oo since limr_., a®(ar) = a(V(a) < 0. The first term on the
r.h.s. of (3.4.12) vanishes as T — oo because of the continuity of a — z, € L*(R") and
a — p'(a) (see Lemma 2.18). O

3.5 Integrability for the boundary pieces

This section contains the proof of Proposition 3.4. It turns out that the functions w,
(in (3.3.18)) and y, (in (3.3.31)) have a nice representation in terms of standard one-
dimensional Brownian motion, and that y, is a transformation of the Airy function. This
will be explored in Section 3.5.2. Section 3.5.1 contains some preparations.

3.5.1 Preparations: Lemma 3.5
Let Ai : R — R denote the Airy function, i.e., the unique (modulo a constant multiple)
solution of the Airy equation

z"(u) —ur(u) =0 (u€ER) (3.5.1)
that is bounded on Rf. Let u; = sup{u € R| Ai(u) = 0} be its largest zero. From

Abramowitz and Stegun (1970), Table 10.13 and p. 450, it is known that u; = —2,3381....
For a < —23u;, define z, : Rf — R* by

Al (2—%(u - a)) >0, (352)

Y (—2-%a) -

Za(u
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In Lemma 3.7 in Section 3.5.2, z, will turn out to be equal to y,. Some of its properties
are given in the following lemma.

Lemma 3.5 For all a < —2%u1, the function z, is real-analytic, strictly positive on Ry
with z,(0) = 1, and satisfies

2z)(u) + (@ —u) z(w) =0  (u>0). (3.5.3)
Moreover,
lim u % log z4(u) < 0. (3.5.4)
Uu—00

Proof. It is well known that Ai is analytic. From (3.5.2) and the definition of , it is clear
that 2,(0) = 1 and that z,(u) > 0 for » > 0. Equation (3.5.3) follows easily from (3.5.1).
The asymptotics in (3.5.4) follows from Abramowitz and Stegun (1970), 10.4.59. O

Finally, Theorem 5.1(z) below shows in particular that Lemma 3.5 can be used for a = a*. O

3.5.2 Proof of Proposition 3.4

Let B, be the distribution of standard one-dimensional Brownian motion {B:}+>0 condi-
tioned on starting at h and let Ej be the corresponding expectation. Define

T.=inf{t>0: B, =u} (u €R). (3.5.5)
Lemma 3.6 For every a € R and h,t > 0,

we(h,t) = e“‘ﬁg (e— Js 2B dsl To= t) ¥n(t),

i(t) Piyed) h g (3:56)
= = e 8t
" dt 22t
Consequently,
va(h) = By (ef"T °<“-233>d8) € [0,00]. (3.5.7)

Proof. Recall (3.2.11). According to Ethier and Kurtz (1986), Theorem 6.1.4, the process
{Y¢} 20 = {X4e-1(y }e20 is 2 diffusion with generator (see (3.2.4))

(@) w=1@nw=2/w (7eCr"). (3.538)
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In other words, the distribution of {Y;*};>0 under P} is equal to that of {Byar }:t>0 under
P, which in turn is equal to that of {2B;ar, }+>0 under P% . Thus, noting that a‘%A*“(t) =

1/X .1 and hence j;)AH(t) X2dv= [ Xju-1(5) ds, we have

Ej, (e— 0 X2 dv | A*(00) = t) =E; (e_ 150 X352 dv | A*(&) = t)
(3.5.9)
=E; (e“jof‘*‘l(t) X% dv | A*1(t) = 50) = E% (e—fg 2B.ds | T = t) ’

which proves the first formula in (3.5.6) (see (3.3.18)). In the same way, we see that ¥
defined in (3.2.12) equals the Lebesgue density of Ty under P%, and its explicit shape is
found in RY, p. 102. Finally, the representation (3.5.7) is a direct consequence of (3.3.31). O

Proof of Proposition 3.4(:). In view of Lemma 3.5 and Theorem 5.1(z), the following
lemma implies Proposition 3.4(z).

Lemma 3.7 2, =y, for all a < —23u;,.

Proof. Since y,(0) = 2,(0) = 1 and since z, is bounded on Ry, it suffices to show that
Yo satisfies the same differential equation as z, (see (3.5.3)). But this easily follows from
the argument in the proof of KS, Theorem 4.6.4.3, picking (in the notation used there)

a=a<—2%u1,k(u)zu,’n:O,b:O,andc:oo. |
O

Proof of Proposition 3.4(i¢) and (ii7). Fixp € (1,2) and ¢ € (2,00). In the following,
we use ¢ as a generic positive constant, possibly varying from line to line.

STEP 1 W,Sl) 1s integrable at zero.

2
Proof. Use (3.5.6) to estimate wes (h,t) < ct~3he~ 5t for any h > 0 and ¢ € (0,1]. Using
the boundedness of 2% on R, this gives

oo 1/p
W) <ec ( / R T dh)
0

=t} ( / " he-% dh) . (3:5.10)
0

1_
= ctP y

[N

which is integrable at zero. O

STEP 2 Wq(2) is integrable at zero.
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2

Proof. Use h'*9e~% < ct** for t € (0,1] and (as in Step 1) use (3.5.6) to estimate
2

wgs (h,t) < ct~2he~ % for any h > 0 and ¢ € (0,1]. This gives

1/q
W) < et (f; haar (h)-9hte=% dn)
1
=ct3 ( I e (B0 e Y dh) e (3.5.11)

1
< cthi 1 ([ 2 ()95 dn) "

The integral is finite for any g > 2 since limp_,oo h~2 log Zo+ (k) is finite (see Lemma 2.16).
Thus, the r.h.s. of (3.5.11) is integrable in ¢ at zero. O

STEP 3 W,Sl) is integrable at infinity.

Proof. Since ¢t — t~7 is a probability density on [4,00), Jensen’s inequality (and the
boundedness of z2:? on R*) give

00 00 00 1/p
/ wih(t)dt <c / ( / hl—Pt?wa.(h,t)Pdh) t2dt
4 4 -“\JO

00 0o 3 . i/p
<c ( / / RPt2 P~V (R, )P dt dh) .
0 0

Use (3.5.6), Jensen’s inequality for the conditioned expectation, and the Brownian scaling
property to estimate

(3.5.12)

wae (b )P < (P (8) By (ePpli20do | T, = 1)

W12 2
< chr 0Py (1p5) B, 4 (e“ p31pd—[§7" 2B, ds

To = tp%) (3.5.13)

h
2

= ch”“lt%(l"”)wa‘pé (hp3, tp3).
Substitute this into (3.5.12) to get
00 P 00 1
( / wih(t) dt) <c / 2.4 (hp3) dh. (3.5.14)
4 0
This is finite by (3.5.4) (see Theorem 5.1(3)). O

STEP 4 Wq(z) is integrable at infinity if ¢ € (2,00) is sufficiently close to 2.
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Proof. If we estimate in the same way as in (3.5.12) and in (3.5.13) but do not estimate
Zq+(h)279, then we end up with

00 q 00 1
( / WA (t) dt) <c / Wizee (h) 'z, 4 (hg®) dh. (3.5.15)
4 0

For ¢ sufficiently close to 2, we have a*q3 < —23u, (see Theorem 5.1(7)) and may apply
(3.5.4). Finally, use that limy_., h—3% log 24+ (h) is finite and Lemmas 3.5-3.7 to deduce
that the r.h.s. of (3.5.15) is finite for ¢ sufficiently close to 2. O

O

Acknowledgment: We thank M. Yor for help with the proof of Lemma 3.1 and an
anonymous referee for pointing us at a mistake in the original proof of Theorem 3.1.



Chapter 4

Central limit theorem for a weakly
interacting random polymer

4.1 Introduction and main results
In this chapter we will be concerned with the end-to-end distance S,, under the measure
Q% with 8, — 0 and n%B, — 0o as n — oo. (4.1.1)

This is a weak interaction limit where the strength of repellence decreases with the length
of the path. Our main results are Theorems 4.1 a nd 4.2 in Sections 4.1.1 and 4.1.2. The
regime in (4.1.1) will turn out to be mathematically interesting because the weak interaction
limit is singular, in the sense that it cannot be obtained as a small perturbation of simple
random walk. It is also physically interesting as a family of models describing a polymer
with fixed n, @ lying on some curve n — f, fitting the constraints.

Earlier work concerned the following cases:

(a) (‘ballistic’) 8, = B € R*: Greven and den Hollander (1993) and Konig (1996),
Section 1.4 and Section 1.6,

(b) (‘weakly ballistic’) 8, = 8 | 0: Chapter 2,

(c) (‘diffusive’) B, = Bn~% with 8 € R*: Brydges and Slade (1995), Theorem 2.5 in
Section 2.1.5.

Technically the regime in (4.1.1) is difficult because the polymer has intricate scaling
properties.

The problem addressed in this paper was brought to our attention by David Brydges
and Gordon Slade. They were interested in whether a law of large numbers (LLN) could
be proved when 8, = Bn™? (8 € R*,p € (0,2)) and in what way the result would be
related to what was known for cases (b) and (c). This point will be clarified in Section
4.1.2, where we state a central limit theorem (CLT) for |S,| under the law Q% in (4.1.1).

85
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4.1.1 Case 3, =0 | 0: Theorem 4.1

Recall that in Chapter 2 we proved that as 3 | 0, uniformly in a on compacts in R,
B75[NaB5,8)—1] — pla), (4.1.2)
42 \@st ) ~ Jla) (413)

We will need that also the second derivative of A has a scaling as in (4.1.2-4.1.3). This is
formulated in the next theorem, which identifies the behavior for small £ of the quantity
o*(0) introduced in (1.6.2).

Theorem 4.1 As B | 0, uniformly in a on compacts in R,
_1 07
3

22 \(aB1,8) = p'(a) (4.1.4)

B

Consequently, as 5 | 0,
a*(8) — ¢, (4.1.5)
with ¢* as in (3.1.4)

Note that (1.6.2), (4.1.4) together with Theorem 2.2 explain (4.1.5) and (3.1.4).

We will see that (4.1.2-4.1.3) and Theorem 4.1 are the key technical results underlying
our central limit theorem, Theorem 4.2 in Section 4.1.2. The proof of Theorem 4.1 is given
in Section 4.8. The proof uses an extension of (4.1.2), Proposition 4.3 in Section 4.4.2, which
states that all eigenvalues of A, g have a scaling as in (4.1.2). The proof of Proposition 4.3
is in Section 4.4.9.

Rigorous bounds on a*, b*, c* will be given in Chapter 5.

4.1.2 Case (3, — 0 and n%,@n — 00: Theorem 4.2

In terms of the objects defined in Section 1.4, we can state the main result of this chapter.
Recall (1.4.17) and (1.6.2). Define

0, = 0%(G,) (4.1.6)
on = " (Bn). (4.1.7)
Theorem 4.2 If 3, — 0 and ﬁnn% — 00, then
lim @A~ (M < C’)= N((=o0,CY]) for every C € R. (4.1.8)
n—00 an\/ﬁ

The proof of Theorem 4.2 will be given in Sections 4.2-4.9. The essence of Theorem 4.2
is that the CLT holds with 8, = 6*(8,) and o, = 0*(8,), i.e., the interaction parameter
B, is simply substituted into the quantities 6*(3) and o*(8) appearing in Theorem 1.1
and 1.4 for B, = B. Thus the weak interaction behavior is uniform in the regime under
consideration.
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4.1.3 Discussion

Using Theorem 2.2 and (4.1.5), we see that the key quantities in Theorem 4.2 behave as

fun ~ b*Bin (4.1.9)
onv/n ~ c*n. (4.1.10)

If B, = Bn~P then O,n ~ b*( 3n'-8. The exponent 1— £ is seen to be a linear interpolation
between the boundary cases 1 (p = 0) and % (p= g’-), corresponding to ballistic, respectively,
diffusive behavior (compare with Theorems 1.1 and 2.5). This exponent was recently
conjectured by Brydges and Slade (1995).

A heuristic explanation of the leading order behavior is the following. If the mean of
S, conditioned on S, > 0 is o, and if the local times below the starting point 0 and above
the endpoint S, are negligible (as in (1.4.10)), then the local times in between 0 and o, are
of order na;;!. (Note that the local times have to sum up to n.) Hence, the exponential
in (1.2.1) is of order exp {—B,a;,'n?}. The probability for S, to be of order a, is of order

exp {—a2n~'}. The two exponentials have to balance each other, so a, is of order ,8,% n.

The fact that the fluctuations of S, are asymptotically Gaussian and are of order \/n
means that the CLT is robust under the weak interaction limit, as was perhaps to be
expected. However, the fact that the standard deviation g,/ ~ ¢*\/n is asymptotically
independent of the parameter G, is rather striking. This has to do with scaling properties
of Brownian motion. Indeed, the constants b*, c* also appear in the CLT for the Edwards
model proved in Chapter 3. Namely, the speed 6* (B) and the spread 6*(8) of the T-polymer
in (1.3.1) in the limit as T — oo are (recall Theorem 3.1)

6*(8) =b6s
(8 =c* (8 € RY). (4.1.11)

Thus the weak interaction limit of the Domb-Joyce model connects up nicely with the
Edwards model.

Despite this connection, the proof of our CLT is rather involved. In fact, we will need
to develop the full scaling picture of the polymer measure, which is difficult because of
the global nature of the path interaction. Unfortunately the weak interaction Domb-Joyce
model and the Edwards model cannot be coupled nicely on one probability space. Therefore
we will be able to benefit very little from what we know for the Brownian case.

Our proof uses a higher order large deviation analysis of Z2» (see (1.2.2)) as n — oo,
namely up to and including O(1). It turns out that the O(1)-term is structurally different
from the one appearing in the analysis of ’Z\g as T — oo (see (1.3.1)) given in Chapter 3.
This is another indication that the models are hard to compare directly. For a comparison
of the O(1)-terms appearing in Chapters 3 and 4, see Theorem 5.1(iv).

We have 6*(0) = 0,0*(0) = 1 since Q% = P for all n. Hence the speed 6*(8) is
continuous at B = 0 by Theorem 2.2. However, the spread o*(8) is not continuous at
B = 0, because of (4.1.5) and Theorem 5.1(é17). This once more shows that the weak
interaction limit is singular.
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Finally, we have no doubt that {(Sine — 0nnt)/ony/n},,, under Qa(-|S, > 0) con-
verges to Brownian motion. The convergence of the finite-dimensional distributions should
run along the lines of the present paper, but will be much more involved. The tightness
should be easy and should run along the lines of Madras and Slade (1993) Proof of Lemma
6.6.3.

4.1.4 QOutline of the proof

Section 4.2 gives a Markovian description of the local times of simple random walk (Knight’s
theorem). We use this description to write the moment generating function of S,, under
QB(-]S, > 0) as the expectation of an exponential functional of three Markov chains.
These Markov chains correspond to the local times in the areas (—o00, 0), [0, S,] and (S, ).

In Section 4.3 we absorb the exponential functional into the transition kernels of
the Markov chains and rewrite the moment generating function as a correlation function
involving three scaled continuous-time processes.

In Sections 4.5-4.7 we show that, in the limit as n» — oo, the correlation function
factorizes into a product of thrée parts. The part corresponding to [0, S,] gives the CLT in
Theorem 4.2, the parts corresponding to (—o0,0) and (S,,00) give rise to constants that
drop out in the normalization.

In Section 4.4 we formulate an important tool used in Sections 4.5-4.7: a scaling limit
assertion for the spectrum of the transition kernels introduced in Section 4.3. The limit is
the spectrum of the operator £ defined in (3.1.3), which determines the constants in our
CLT. The proof of the limit assertion appears in Section 4.9, the proof of Theorem 4.1 in
Section 4.8.

4.2 Reformulation of the problem

In Section 4.2.1 we formulate our main proposition, Proposition 4.1 below, implying The-
orem 4.2. In Sections 4.2.2 and 4.2.3 we apply Knight’s description of the local times
of simple random walk to get a convenient representation, Lemma 4.1 below, of the key
quantity appearing in Proposition 4.1.

4.2.1 The main proposition: Proposition 4.1

Define the n-step local times
b(z)=#{0<i<n:S =z} (n € N,z € 2). (4.2.1)
Then
Y lsimsy =Y L) — (n+1), (4.2.2)

i,j=0 TEZ

1#]
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and so (1.2.1) can be rewritten as

B8
% = % exp l:—ﬂZéﬁ(x)] (4.2.3)

z€Z

with Z8 = ZP exp[—B(n + 1)).
Next, in addition to 6, = 6*(8,),0, = 0*(8,) introduced in (4.1.6-4.1.7), define (see
(1.4.15))

Tn = T*(/B'n)- (424)

For future reference, we recall here the limiting behavior of r,,, 6, and o, (see Theorem 2.2
and (4.1.5)):

_2 _1
Bn3rn — a¥, Bn 26, — b*, o, — C*. (4.2.5)
The rest of this paper is devoted to the proof of the following main proposition.

Proposition 4.1 There is an L € R such that for every u € R,

—Opn 2
Jim & B (e—ﬂnzmei(m) o 1{s,,>o}) = Le7. (4.2.6)

Proposition 4.1 implies that under the law Q% (-|S, > 0) the moment generating function
of (Sp — 0,n)/0on\/n converges pointwise to the one of N as n — oo (divide the Lh.s. of
(4.2.6) by the same expression for u = 0 and use (4.2.3)). By symmetry, it therefore implies
the central limit theorem as stated in Theorem 4.2.!

4.2.2 Knight’s description of the local times

This subsection provides an important tool in the proof of Proposition 4.1, namely, a family
of Markov chains that describes the local times of simple random walk (recall (4.2.1)) at
certain stopping times, viewed as a process in the spatial parameter. The following material
is taken from Knight (1963) and is the discrete space-time analogue of the Ray-Knight
theorems for local times of Brownian motion (recall Section 3.2.2).

Fix d € Ny. Define the successive times at which the walker makes steps d — d+ 1 and
d+1— d, by putting Ty ; = Ty, = 0 and for k €N,

Tlld = inf{i>T,I_1,d:S,~_1=d,,5’i=d+1}’

inf{i > T}, 4 : Sisy=d+1,8 =d}. (4.2.7)

Pl
a
i

By discarding null sets we may and will assume that all these stopping times are finite
(simple random walk is recurrent). Note that T,Iyd < T,id < T,g +14- Recall the definition of

!In the original paper (van der Hofstad, den Hollander and Konig (1997b)) there was an erronous g%
in the statement of the main proposition Proposition 1.
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the stochastic N x N matrix P in (1.4.14), and introduce a stochastic Ny x Ny matrix P* by
putting

P*(i,5) = l{,-#o}P(i,j +1)+ L{i=0} 1{j=0} (3,7 € Np). (4.2.8)
Let

{m(z) }zeno and {m*(z) }zeno (4.2.9)

be the Markov chains with transition kernel P and P* respectively. Later we will need
that both {m(x)}sen, and {m*(x)}zen, are critical branching processes with a geometric
offspring distribution with parameter 1, where {m(z)}.en, has one immigrant per time
unit and {m*(z)}sen, has none. The point 0 is therefore absorbing for {m*(z)}zemno-

In terms of these Markov chains, we can describe the distribution of the local times
of simple random walk at the stopping times T,g'd, respectively, Tkl’d as follows. (Here £

means equality in law.)

Knight’s Theorem Fir k,d € N. Let {m(z)}sen, start at m(0) = k. Let {m}(z)}zene
and {m}(x)}zen, be two independent copies of {m*(z)}sen, starting at mi(0) = m(0) and
m3(0) = m(d) respectively. Then

{m(.z‘) + m((l? - 1) - 1}:t=1,... ,dy

)
3
kS
—~
IS8
_F
—
|
8
N
[—
8
Il
—
a
s

youe

I

{en (@+2)} {m}(@) +mi (@ — 1)} oen, (42.10)

T€EN

{ZTJ,d(l - 2) }weN

The three processes in the Lh.s. of (4.2.10) are conditionally independent given m(0) and
m(d). Furthermore,

{m3(z) + m3(z — 1) }oen.

ei(z)‘l'l =d 'fosd,
eTl (.’L‘) = Tk,d {z=d} . (4'2.11)
he bri, (@) = Lig=arry  otherwise.
Proof. Fix k,d € N. Define the number of steps x — x + 1 until time T}I,d by
mk,d(z) =#{0<Z STII,d :Si—l =x751=.’1,‘+1} (QL'EZ) (4212)

From Theorem 1.1 and Corollary 1.1 in Knight (1963) it follows that the random processes
{mia(d+ ) }zen, and {myq4(d — x)}zen, are independent Markov chains, both starting at
k. Furthermore, {my 4(d — ) },¢qo,.. 4} is homogeneous and N-valued with transition kernel
P, while {my4(d+ x)}sen, and {my4(—2)}zen, are homogeneous and Ny-valued both with
transition kernel P*.



4.2. REFORMULATION OF THE PROBLEM 91

Use the relation
#{0<i< T,ld 281 =2,8=z—1}

42.1
_ mea(z—1)—1 ifze{l,...,d} (42.13)
- mgq(z — 1) otherwise
and remember (4.2.1) to get
_ mk,d(z)+mk,d(x——1)— 1 ifze {1,... ,d},
eT}I,d(x) - { Mp,a(z) + myqa(z — 1) otherwise. (42.14)

Hence (4.2.10) and the conditional independence assertion follow from the previous re-
marks. The reader easily verifies (4.2.11). O

In the sequel P and P} will denote the laws of the two Markov chains in (4.2.9) starting
in k € N and k € Ny respectively. We write E and E} for expectation with respect to Py
and P}, respectively.

4.2.3 The distribution of ({¢,(z)}zez, Sn): Lemma 4.1

The description of the local times given in Knight’s theorem is very powerful, but has
the disadvantage that the local times are observed at certain stopping times. For the
description of the polymer we need to go back to the fixed time n. One of the problems
we consequently have to deal with is the global restriction ) ., fn(x) =n + 1.

Fix d, n € N. In this subsection we derive a representation for the expression

B(e P Teerti@1g ) (4.2.15)

in terms of the Markov chains introduced in the preceding subsection. The idea is to sum
over the number of steps 1 — 0, d + 1 — d (respectively d — d + 1), and over the amount
of time the walker spends in the three areas —Np, {1,...,d} and {d + 1,d +2,...} until
time n.

Define the functionals

Uy = Zi;[m(m)+m(w— 1) -1], (4.2.16)
Vi = f:[m(x)+m(x— 1) — 1P, (4.2.17)
Ut = z;jl[m*(x)+m*(x— 1], (4.2.18)
V* = g[m*(x)+m*(x— )2 (4.2.19)

In terms of these new objects we may write:
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Lemma 4.1 For alln, d € N,

~bn 3 ()
E(e z€r l{s"=d+1,Sn_1=d})

2
- 3 IIEL(e—ﬂ""*l{u*=n.-}) (4.2.20)

k1,n1€N k2,n2€N i=

XE, (6“’""" Lvy=n-n1-ns+1) 1{m(d)=k2})

and
B ¥ B(a)
E(e T€L 1{Sn=d,Sn_1=d+1})
2 *
= ¥ Y IIE; (e—ﬁnlv s {U*zni}) (4.2.21)
k1€M\{1},n1€No kz,mp€Ni=1
*Bh1 (B—B"WM] 1{Ug=n—m1—nat1} 1{m(d)=kz}) ,
with

Proof. Observe that ) ., £:(z) =t + 1 for any (random or fixed) ¢ € No. Split the class
of paths under the indicator in the Lh.s. of (4.2.20) according to the amount of time the
walker spends in the three areas —Ny, {1,... ,d} and {d+1,d+2,...} and to the number
of steps 0 — 1, d — d + 1 until time n :

mrsma =Yt U {Se wra-n
1

keN k1,k2,m1,n2€N o=

g - (4.2.23)
ZeTJl,d(d-i- l—z)=n—-n;—ng+1, Eelel,d(l — Z) = ng, my, 4(0) = k2} .
=1 =1
Furthermore, write the exponent in the L.h.s. of (4.2.20) as
o0 d )
Y @) =) Ld+a)+ ) Ld+1-z)+» E(1-2) (4.2.24)
T€EZ r=1 =1 z=1

Combine (4.2.23) and (4.2.24), use Knight’s theorem and substitute (4.2.16-4.2.19) to
arrive at (4.2.20).
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In order to prove (4.2.21), split

{Sn=4d,Sp=d+1}=|J{Tiy=n}= |J {ithé’d(d+z)=m,

keN ki1,k2,n1,m2eN \z=1

d ]
XEZTL{M(d+ z—1)=n—n;—ng+1, ZleTél,d(l — Z) = ng, My, 4(0) = kg} .
= =
(4.2.25)

Now substitute (4.2.11) and proceed analogously. Along the way, use that {ZTII +1d(d +
1+1,

Z)}zen and {ET,I d(d — Z)}gen, are conditionally independent given my, 4(0), and shift the

sums over k; anl(i ny by one. O

In the proof of Proposition 4.1 we will focus on the contribution coming from the r.h.s.
of (4.2.20). It will be argued at the end of Section 4.3.6 that (4.2.21) behaves in the same
manner as (4.2.20) as n.— o0, i.e., the small perturbations are harmless.

The role of Lemma 4.1 is that we have rewritten the key quantity of Proposition 4.1
in terms of expectations of exponential functionals of the two Markov chains defined in
(4.2.9). We can henceforth forget about the underlying random walk. It is important that
in Lemma 4.1 we have products of expectations.

4.3 Structure of the proof of Proposition 4.1

In this section we explain the main steps in the proof of Proposition 4.1. Our approach
is a variation on the method used in Chapter 3. In Sections 4.3.1 and 4.3.2 we introduce
transformed and time-changed Markov chains that are specially adapted to our problem. In
Sections 4.3.3 and 4.3.4 we introduce several quantities that are needed to rewrite Lemma
4.1 in a more appropriate form, to be found in Lemmas 4.2 and 4.3 below. In Section
4.3.5 this leads to a key proposition, Proposition 4.2 below, that is the technical core of the
argument. In Section 4.3.6 we finish the proof of Proposition 4.1 subject to Proposition 4.2.
The proof of Proposition 4.2 follows in Sections 4.5-4.9.

4.3.1 A transformed Markov chain

In this subsection we define a transformation of the Markov chain {m(z)}sen, introduced
in Section 4.2.2. The goal of this transformation is to absorb the random variable e=#="4
(see (4.2.17)) into the new transition probabilities.

Recall (1.4.13-1.4.15) and fix r € R and 8 € R*. As was pointed out in Section 1.4, the
matrix A,g has a unique largest eigenvalue A(r, ). We will denote the associated positive
{2(N)-normalized eigenvector by 7. 5. Consequently,

A,,,ﬂ(i,j) Tr,ﬂ(j)

Prg(i,5) = Mr,B) Trp(4)

(i,j € N) (4.3.1)
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defines a stochastic matrix P,5. We will write ]P’Z’ﬁ to denote the law of the Markov
chain {m(z)}sen, starting at ¥ € N and having P, as its transition kernel. We write
]EZ’ﬁ for the corresponding expectation. Note that this chain is positive recurrent with
invariant distribution {724()}ien. We write P?, E™# when the chain starts in its invariant
distribution.

4.3.2 A time-changed Markov chain

Since it will turn out that the transformed Markov chain {m(z)}.en, needs to be evaluated
at the random times at which the additive functional {Ug}acn in (4.2.16) exceeds certain
values, we must introduce some more notation. For | € N define

T,=inf{deNy:Us > 1} (4.3.2)
and
X, =Uq -1, Y, =m(Ty), Zy =m(T; - 1). (4.3.3)
The triple
= (X, Y1, 2) (4.3.4)
is a random member of the set
Z:{(i,j,k)ENoxszi'§j+k—2}. (4.3.5)

Fix r € R and 3 € R". For any k € N, under the law IPZ,’ﬁ the process {T' }ien, is & Markov
renewal process with transition kernel ), g on ¥ given by

Q’I‘,ﬂ ((ilyj11k1)7(i27j2ak2)) o (436)
= 1{1'1=0ﬂ'2=1'2+k2—2,kz=j1}Pr,ﬂ(.71»-72) + Lspmis—1,j2=j1 ka=ki1}

and starting at I'g = (0, k, k). It is easily checked that the probability distribution v, 5 on
Y. defined by

Urglis g, ) = n,g(j)g‘ff(%-g—))n,ﬁ(k) (4.37)

is the associated invariant distribution (9, denotes the partial derivative with respect to
r).2

We write P*? and E™ to denote probability and expectation with respect to the Markov
chain {T' }ien, starting in its invariant distribution v g.

2To see that v, g is normalized, differentiate the relation A(r, 8) = (1,5, A, 37r8)i2 With respect to r
and use that 0, A, 3(j, k) = (j + k — 1) A, 5(j, k), ArpTrg = (7, B)7rp and Op(1y g, Trg)12 = 0.
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4.3.3 Unscaled representation: Lemma 4.2

We are going to reformulate the r.h.s. of (4.2.20) in terms of {I';}ien,, since this is the
natural object for our analysis. First we need some more notation. For r € R and 3 € RY,
define the function wy 5 : N2 — Ry by (see (4.2.18-4.2.19))

w,,ﬂ(k, l) = ]E; (e—ﬂV*+rU*1{U*=l}) = e”wo,g(k,l) (4.3.8)
and the functions f; and f5: ¥ x No — R* by

wrp(J, 1 £ %)

Gt k- Dmp() (4.3.9)

f:ﬁ((i1j7 k)v l) =

Our reformulation of the Lh.s. of (4.2.6) in Proposition 4.1 (up to some factors and an
indicator) now reads as follows.

Lemma 4.2 For pu €R andn €N,

et E(e—ﬂn py f?.(w)el‘?,.si‘?"- 1{(;55,,_1<Sn})

1 . (4.3.10)
= 0—* Z ]Er:’ﬁ" (f;;yﬂ"(r‘o;nl)l{XoSn—n1-—‘n2+1} fr—:”ﬁn(]-—‘n-—n1—-nz+l;n2)) )
n n1,N2€Z
where v}, = r(p) and 0} = 63 (u) are given by
)‘("‘ann) = 6_#, (4.3.11)
0* A(T:L’ IBn) (4‘3‘12)

" AT, B)
Proof. Begin by observing that for every k1, ks2,n1,m2,d € N,7 € R and 7, as in (4.3.11),

d
eI IA(ry, Bn)|“Ex, (e“""v"e"m LUy=n—ny—ny+1} 1(m(d)=k2})
(4.3.13)
= elmtmalr [\(r, :Bn)]d ]P’glﬂn (Ud =n-n—ny+1,m(d) = k2) ::an?l::; ’

This identity is a straightforward consequence of (1.4.13-1.4.14), (4.2.16-4.2.17), (4.3.1)
and (4.3.11). Insert (4.3.13) for r = r* into (4.2.20), use (1.4.15) and (4.3.8), and write
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. . * * .
the abbreviations w, = w,» T = Trx P? = P/*? and E? = E**"", to obtain
nyﬁn’ n nyﬂn’ k k k k )

Lh.s. of (4.3.10)

= 3 Y wp(ky,m)wn(kz,n2)

k1,k2€Nn1,n2€N

PR —n _ — Tn (k1)
X2 b (Ua=n—n1—ny +1,m(d) = ko) 25 (4.3.14)

SRR

k1,k2€ENN1EN

X 2 Z E';:l (1{Ud=n—n1—n2+1}1{m(d)=k2}wn (k2,n —ny— Ud + 1)) .

n2€EN deN

Interchange the sum over d and n, and carry out the sum over ny to see that

last line of (4.3.14)

= dz E} (Lwa<n-ni} Lim(@=ka}Wn (k2,n —n1 — Ug + 1))
€N

Tom (4.3.15)
= Ef, dE Lm(dy=ta) Wn (kz,n — 1 — Ug + 1)
=1

noh wn!kz,n—nl—UT +1)
= E;:l (,;1 1{m(Tk)=k2} m(Tk)+m(Tk—1’3—1 ) s

where the last equality holds because for every d € N there are precisely m(d)+m(d—1)—1
numbers k such that T;, = d (recall (4.2.16) and (4.3.2)). Now write n, =n —n; — k in
(4.3.15) and use the notation in (4.3.3), to get

r.h.s. of (4.3.15)

n—n;—1 wn(kg,n~n1—UTn_ﬂ . +1)
= X E, (1{mm-n1-nz>=kz}m(rn_nl_,,2>+m<n_n§-n2—1)—1 (4.3.16)
n—ny—1

_ wn(kaHZ—Xn—nl—n2+1)

n
- Z Ekl (1{Yn~"1—"2=k2} Yn—nl—n2+zn—n1—n2—1) :

n2=0

Substitute (4.3.16) into (4.3.14), change the starting measure into {7, (k1)%}+,en, use that
Z, = m(0) since T} = 1, carry out the sums over k; and k, and recall (4.3.9), to arrive at

n—n1—1
Lhs. of (4310)= Y Y & (3’1@31—) fr (I‘n_nl_nz,n2+1)), (4.3.17)

n1EN ne=0 T"(Zl)
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where we abbreviate E" = E™/ and f¥ = f ;

Now let P" be the distribution of the Markov chain {T';};en, on ¥ with transition kernel
Qys.8. and initial distribution
P" (Co = (6,5, k) = =0} (0]~ vy 5. (4, 5, ) (4.3.18)

Since the distribution of I'; is the same under P" as under P*, we can write E" instead of
E" in (4.3.17). Moreover, Z; = Y, under P". Therefore (4.3.18) allows us to change the
starting measure from P" to P* = P"##~ and obtain

n—ni—1

Yo,

Lhs. of (4.3.10) = Z Y E (w"( (g,"l)l{xl,:()} i (rn_m_,,2,n2+1)). (4.3.19)
"nleN na=0 7 v

Next, formally extend the time range of the Markov chain {I'},cy, to the negative
integers by putting

(X1, Y1, Z) = (—1, Yo, Zy) (l=-(Y+2-2),...,0), (4.3.20)

on {Xp = 0}. Note that {I'};>_(vy+2,-2) is still a Markov chain with transition kernel
Qrs..- In (4.3.19) we can now use (4.3.20) to replace

1wy (Yo, ny)

51-'1; Tn(YO) {Xo=0} (4321)
by
1 wy(Y_i,n1)
o z:( Yot 2 = V() - (4.322)

™ ieNo
Substitute this into the r.h.s. of (4.3.17) to obtain
Lh.s. of (4.3.10)

nmoy-l =n wn(Y_i,m1) —
9* Z Z E E ((y T2 D20 1{X—i=‘i}fn (Fn—m—nzanZ + 1)) .
n1€EN n2=0 i€ENp
(4.3.23)

Finally, use that {I'};>_(vy+2-2) is stationary under P" to shift the time by ¢. Then shift
the sum over n; by i. Carry out the sum over i and shift the sum over n, by one to obtain
the r.h.s. of (4.3.10). O

In the r.h.s. of (4.3.10) appears a correlation function. In the sequel we will prove that
the first and the last factor in this correlation function are asymptotically independent as
n — oo. The indicator on {Xy < n —n; —ny + 1} will be harmless, as X, will turn out to

be of order G, g o(y/n) and n, and n, of order G, i o(n) (see (4.3.26) below).
The sums over n; and n, in (4.3.10) range only formally over Z, since they are restricted
by the conditions n—n;—na+1 > 0, n1+Xo > 0 and ng— Xy, —np+1 > 0 (see (4.3.8-4.3.9)).
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4.3.4 Scaled representation: Lemma 4.3

The limiting behavior of the r.h.s. of (4.3.10) will come out of a scaling analysis. We will
turn the sums over (i, j, k) € ¥ and n;,ny € Z into integrals over

(u,v,w) € S=R{ xRy xR and t1,t; €R (4.3.24)
using the substitutions
(i,5,k) = ([uB~57, [vB™3], [vB™5 + wB™s]) = (u,v,w)s (4.3.25)
and
ny = [t.873], ng = [taB75]. (4.3.26)

Fix r € R and 8 € R*. Define a scaled version of the measure v, g defined in (4.3.7) by

— _s
Upg (u,v,w) = B8 1{u52v+wﬂé}yr’ﬂ ((u,v,w)g) . (4.3.27)

Here the power of 8 is chosen so that 7, g is a Lebesgue probability density on S.
Next, we need scaled versions of the functions fﬂ defined in (4.3.9). Let

R=S xR%. (4.3.28)

- =t n—
Define f, 55, f,55 and g, 55 : R — Ry by

—t _ _5 2

fr,ﬂ,é((uvvaw)’tht2) = 66(t1 tZ)IB ° :ﬂ((u’%w)ﬂ; [tlﬂ 3])1{u5n[3§ —t1—ta} (4'3'29)
7;3,6((u7vaw)ytlat2) = e6(t1—t2)ﬂ*% ;ﬂ((u,‘l),'l.l))'@; I—tl/B_g-l) (4330)
Tallwo,w) 1) = SR (150, i 06D o = (@ 0,0))

= Stgd (QE f( - [687)) (w, v, w)g) (43.31)
for (u,v,w) € S and ty,¢, > 0, where

t0(t1, by) =n — [6873] — 10731, (4.3.32)

ﬁ’ﬂ is the ¢th power of the transition kernel @, defined in (4.3.6), and § > 0 is an
auxiliary parameter that will turn out to be convenient.
We will regard 7, g as a function on R that does not depend on the last two coordinates.
In terms of the scaled objects introduced above we have the following representation
for the Lh.s. of (4.2.6) appearing in Proposition 4.1 (up to an indicator).
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Lemma 4.3 For§ >0, p€R andn €N,
ernnE(e_ﬂ" > eﬁ(w)eu%’?ﬁl{ossn_msn})
(4.3.33)
= n(rmmri-n =) [5;%’02]—1 <\/"7rn—ﬁn 7:;,[5,,,67 NZTS ?:L:l,_ﬁn,5>L2(R)
where v} =} (1) and 0} = 6%(u) are given in ({.8.11-4.8.12).
Proof. Substitute (4.3.27) and (4.3.29-4.3.31) for r = r and 8 = G, into (4.3.10). O

4.3.5 A key proposition: Proposition 4.2

Lemma 4.3 gives us the final representation for the quantity appearing in Proposition 4.1.
We are now ready to state the main technical ingredient needed for the proof of Proposition
4.1.

Proposition 4.2 There ezists an integrable function v : (R¢)? — R* such that for § > 0
2

sufficiently small and any sequence 7!, = B3 (a* + o(1)),

[o¢] o <]
lim (,/—v,;,ﬁn T odo /P yfijﬁ",6>L2(R) —p /0 dty /0 dtyy(t,ts).  (4.3.34)

n—00

The function v will be identified in Section 4.4.3. The proof of Proposition 4.2 is given in
Sections 4.5-4.9.

4.3.6 Proof of Proposition 4.1

In this subsection we finish the proof of Proposition 4.1 subject to Proposition 4.2. In fact,
we show that Proposition 4.1 holds with

00 o
0 0

Fix u € R. First we analyze the asymptotics of the exponential in the r.h.s. of (4.3.33).

2

STEP 1 nh_x})lo {n ('r" —ri(p) — u;:o’j;)} =£.

Proof. We write s — A7!(s,() for the inverse of r — A(r,3) for fixed 8, and we write
8;A7! for the partial derivative of A\~ with respect to its first argument. Expand A~1(s, 8,)
in a Taylor series around s = 1. Abbreviate y, = ”—n% Then, from (4.3.11), we obtain
the existence of some number &, in between 1 and e #» such that

(k) =XA"He™, )
= AL B,) + (67 — 1) 9N YL, Ba) + 5 (€7 — 1)2 A&, B)  (4.3.36)

=7p+ (et — 1) 0, + L (e — 1) B2A"1(Eq, Bn)-
2 3
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Here the last equality follows from (1.4.15-1.4.17) and (4.1.6-4.1.7).
Next, we calculate

33)\_1({“, ,Bn) = [88 [ar)‘(r’ ﬁn)];iA_l(S,ﬂn)] 5=§
_ [ O2A(r,n) }
{6rA(r,Bn)} r=A"1(£n,0n) (4337)

~ [ bn %*azx(aﬁ,? )
{

i ’5’aax(aﬁ§ ,ﬂn)} } 3
a=0n 3/\_1(€mﬁn)

Equation (4.1.2), together with the fact that p, = o(ﬂ,%) (recall (4.1.1) and (4.2.5)), implies
that

2
3

A7 (&ny Bn) — A7H(1, Ba) = 0(6R). (4.3.38)
Hence, (4.1.3) and (4.1.4) give that the numerator in the r.h.s. of (4.3.37) converges to
¢"(a*) and the denominator to p'(a*)®. Thus we obtain lim, ., 82X 1 (&, B,) = c*? with ¢*2

as in (3.1.4). Substituting (4.3.37) into (4.3.36), and noting that e™#» —1 = — £~ +0(3),
we get -

2
) =rat (—52z +O0)) a3 (525 +OR) (1 +0(1)
(4.3.39)
= 1o gl + B2 EE(1+ o(1).

This together with (4.2.5) implies the claim. O
STEP 2 limy_co 7265 = a*.
Proof. From Step 1 we have

. a2t On g 1
lim (r, —7)6n® = lim | p 7+ 7 |- (4.3.40)
n—00 n—00 Un\/ﬁ,ag 277/,37?
Use (4.1.1) and (4.2.5) to obtain that the r.h.s. of (4.3.40) vanishes as n — co. Now use
(4.2.5) once more to get the claim. O

STEP 3 Conclusion of the proof.

Proof. Because of Step 2, we may apply Proposition 4.2 for rj, = r* and 6], = 6}, and
obtain that the inner product in the r.h.s. of (4.3.33) tends to b*Z, where L is given in
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(4.3.35). Furthermore, Step 1 says that the exponential in the r.h.s. of (4.3.33) converges

2
towards e'T as n — oo, while (4.1.3), (4.2.5) and (4.3.12) yield that ﬂ;%B,*, — b*asn — 0.
_ Summarizing, we have now proved (4.2.6) with the additional indicator on the event
{0< 8,-1 < S,} in the Lh.s. and the additional factor  in the r.h.s. However, the limit
assertion remains true with locs, ,<s,) replaced by ljo<s,<s,_,}, since (4.2.21) is only a
1

small perturbation of (4.2.20). Indeed, m*(1) and m(1) are of order B,° = o(8;') (see
also (4.4.24) and (4.4.28) below). The details are left to the reader.
Adding the two limit assertions, we end up with (4.2.6). O

4.4 Preparatory tools for the proof of Proposition 4.2

In this section we collect some tools that will be needed in the remaining sections for the
proofs of Theorem 4.1 and Proposition 4.2. The quantities appearing below require some
patience of the reader, as their full meaning will only become clear later on.

4.4.1 Spectral properties

In this subsection we describe spectral properties of some operators involved in the proof
of Proposition 4.2, since we later will need to do some eigenvalue expansions. We are able
to characterize the spectra of £2, A, 5 and &L completely, as well as a large part of the
spectrum of @, g. The latter will be needed in Section 4.6 to identify the Lh.s. of (4.3.34),
and will turn out to approximate the spectrum of ;15[,“* in a certain sense.

L*: For any a € R, the differential operator £ defined in (2.1.13) is a Sturm-Liouville
operator on L%(Ry). For I € Ny, let p(a) be the I'th eigenvalue of £ (arranged in
decreasing order) with corresponding eigenfunction ¥ e L*(R{), normed such that
12| 2@g) = 1. From general Sturm-Liouville theory it follows that p®)(a) is simple,

P isa real-analytic function on R{ and

{2Y}1en, is an orthonormal basis of L2(Ry). (4.4.1)

From Lemma 2.16 it follows that z\’ has a sub-exponentially small tail at infinity.
The principal eigenvalue p®(a) = p(a) and corresponding eigenvector 0 = g will
play a key role in the sequel. Since z, has no zeroes on R, we may and will pick the
sign such that z,(u) > 0 for all u > 0. Note that £* z,. = 0, because p(a*) = 0 (see
Theorem 2.3).

A, g: For any r € R and § € R", the matrix A, g defined in (1.4.13) is a symmetric Hilbert-
Schmidt operator on I?(N). For I € Ny, let AO(r, B) be the I'th eigenvalue of A,

(arranged in decreasing order of absolute values) with corresponding eigenvector TT(%,

normed. such that |7 |lavy = 1. Note that XO(r, ) = A(r, §) and 7 = 7.5 as
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defined in Section 4.3.1. Differentiate the formula A®(r, 8) = (T,f?,, Ar,ﬂ'rr(,l[),)lz(m with
respect to r to obtain that

820 (r, ) = AO(r, ) 3 (2i — 1) 1 ()2 (44.2)

i€EN

Thus, A®( -, 8) maps R either onto —R*, {0} or R*. Since A¥)(r,0) > 0 for all 7 < 0,
the continuity of 8 + A®(—1,8) in zero and (4.4.2) imply that A& (r,8) > 0 for
all 7 € R and all B € (0, Bo(l)) for some Go(I) > 0. Thus, the map r +— XO(r, B) is
strictly increasing and has limits 0, respectively, co as r — —o0, respectively, 7 — oo
for those (.

: Recall the definitions of L>°(R{) and M%" in (3.3.25) and (3.4.5):

L>*(R}) = {f : Ry — R measurable : /oo dhhf(h)? < oo} (4.4.3)
0
(£ ) (u)

u

(M z) (u) (u>0). (4.4.4)

From the symmetry of £*" on L2(Ry]) it follows that M?" is symmetric with respect to
the natural inner product (f,g) 2.0(t) = J5° drhf(h)g(h) on L**(R{). Differentiate

the formula p®(a) = (&, L2z{) ., (&) With respect to a to obtain

d
Ep(l)(a) = 2||z?||2 > 0. (4.4.5)

L2o(R7)

Thus, p® : R — R is continuous and strictly increasing. Moreover, lim,_,+o, p®(a) =
+00. Therefore, for every | € Ny we may define o € R by

pY(a* — a®) = p(a*) = 0. (4.4.6)
Let
®
P )
yO(v) = L)() (4.4.7)

7 .
”xfl*)_a(z) “L2v°(lkg')

Then y® is a normed element of L?°(RJ). As explained in Step 1 in the proof of
Proposition 3.3, {y®}ien, is the set of all eigenvectors of M®" (up to multiples) and

{yW}ien, is an orthonormal basis of L*°(Rg). (4.4.8)

3To see why, use (1.4.13-1.4.14) and the Gamma-integral representation for (i + j — 2)! to write
i il 1\2
2(7'7 Ar,OT)l'B =e fooo dtet (Ez‘eN (—:glz)-l-(t_;_)"' 1) > 0 for any T € lz(N),T ?é 0.
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Q,p: Fix 1 € N and 8 € R* so small that AO(r, 8) > 0 for all 7 € R. Define a®(r,8) € R
by

’\(l)(r - a(l) (‘f‘, ﬁ): IB) = ’\(0) (7', ﬁ) (449)

Note that o)(r, 8) < a9 (r, B) = 0 because the map r — AU (r, ) is strictly increas-
ing. Define a vector V,f% by

N, . _ ki . . 1
VE’%('L,], k) = e O (r,8)(j+k )Tr,ﬂ(J)Ar,ﬂ(Jv k)Tr(—)a(')(r,ﬂ),ﬂ(k)
(4.4.10)

% (BA(r, 8) BAO(r — a®(r, 8),8)F ((i,4,k) € B).

Note that V,ng = v, 5 defined in (4.3.7). A straightforward calculation shows that

(90ms) Gk = MGG K)  (GibER), (44l

ie., 1/,(% is a left-eigenvector of Q.5 with eigenvalue A (In order to derive
(4.4.11), we distinguish between the cases i = j+k —2 and ¢ < j+k — 2, use
the eigenvalue property of Tr(l[), for A, and the symmetry of A, g, and observe that
Arp(G, k)e @UHE—D = A, 5(j, k) by (1.4.13).)
Next, introduce
O
yO=——1L TR (4.4.12)
' ,©
B
This quantity will later turn out to play an analogous role as y® defined in (4.4.7).
However, @, is not reversible, so we cannot expect that {yg}i}lem is a basis of I2(X).

In the sequel we will suppress R and N from the notation for the spaces L? and L?°
and {? respectively.

4.4.2 Eigenvector scaling limits: Proposition 4.3

Proposition 4.3 below relates the eigenvalues and the eigenvectors of £* and A,s. For
B € R*, define scaled L2-versions of vectors 75 € {? by putting

T5(h) = B s75([RB75])  (h>0) (4.4.13)

and 7T(0) = T3(0+). Here the power of 8 is chosen in such a way that ||75];z = |75/ 2
We have the following scaling limit result extending (2.1.16-2.1.17).

Proposition 4.3 As 8| 0, uniformly in a on compacts in R,
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(2) for alll € Ny,

574 [\O@pt, B - 1] - p9a)

(4.4.14)
74, > z® in L2 and in L2
af3.,8
. (0 —_ 0 . .
(22) Tiﬁ)g 5= Tagl,p COMVETgES to 2 = z, uniformly on Ry, provided |p(a)| < 1.

(ii3) For r(8) = a*B3 (1 + o(1)), there ezists C € R* such that for every u,v € R*

7O (u+v) < 7@

TrB).p r(ﬁ),ﬂ(u). (4.4.15)

The proof of Proposition 4.3 is given in Section 4.9.

4.4.3 The function v

In this subsection we introduce the function v : (R¢')2 — R* that appears in the formulation
of Proposition 4.2.

Denote by X* = {X*(¢)},50 the zero-dimensional squared Bessel process with gener-
ator ’

(G*f)(u) = 2uf"(w). (4.4.16)

With a slight abuse of notation (see the end of Section 4.2.2), we denote the distribution
of X* conditioned on starting at v > 0 by P} and the corresponding expectation by E}.
The point 0 is absorbing for X* and is reached almost surely in finite time.

Recall that F*(u) = u? — au for a,u € R. For v,t > 0 and a € R define

wo(v,t) = Ej (e“f<§’° F}(X*(a))do

/000 X*(0)do = t) WYo(t) = e*wo(v,t), (4.4.17)

where (see Lemma 3.7)

P: (‘l;)OOX*(O') do € dt) _ v e_yz__zt_‘ (4418)
dt V2rt3

It is shown in Lemmas 3.5-3.6 that there is a critical a. € (2%(1*, 00) such that for every
a < a, the function z, defined by

ho(t) =

2,(v) = / we(v,t) dt = E (e‘ Jo* F;(x*("))d”) (v>0) (4.4.19)
0

is real-analytic on Ry and has a sub-exponentially small tail at infinity.
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Define a function v : (Rf)? — R* by

b*
')’(tl, t2) = 5 (wa‘('1t1)1xa‘>L2 ('wa‘(-, tg),.’L‘a»)Lg . (44.20)

Note that

*

s b
Bty (¢, ta) = 9 (Was45(+5 1), Tar) p2 (War 45(5 t2), Ta) 2 - (44.21)

Hence, since a* < a., the r.h.s. of (4.4.21) is integrable for § > 0 small enough. This implies

in particular that y(¢;,ts) decays exponentially fast towards zero as t; — oo or t3 — 00.
_1

From (4.4.18) it can be easily deduced that (¢, ¢2) is of order O(¢; ?) for ¢; | 0 (¢ = 1,2).

Consequently, v is integrable on (Rg)2.

4.4.4 Convergence of the function w,3: Lemmas 4.4-4.6

For the proof of Proposition 4.2 we next isolate the appropriate convergence assertion for
the function w, g defined in (4.3.8). Recall that {m*(z)},en, is the Markov chain on Ny
with transition kernel P* that was introduced in Section 4.2.2, and P}, is its distribution
when started at k& € Ny.

Fix r € R and B8 € R*. Define & scaled version of w, s by putting

Brp(v,t) = B 5w p([v875], [t678])  (v,t>0). (4.4.22)

We also need to introduce the sum of w;, g over its second argument and its scaled version,
namely

zrp(k) = Y wrp(k,l) =Ef (eV"FV") (k € Ny)
IeNo (4.4.23)
Zrp(v) = [0 Wrp(v,t) dt = z5([vB73]) (v>0).

The reader gains more insight into these quantities once they are expressed in terms of the
scaled continuous-time process

{X3(0)} 50 = {6% (m*([08H1) + m*([oB1 — 1) } (44.24)

o>0 ’
Indeed, for any v > 0, denote the distribution of the process X5 = {Xj(0)}s>0 under
]P’*[' 54 by P*? and the corresponding expectation by EX#. Then (see (4.2.18-4.2.19))
U* =3 [° X4(0) do,
(4.4.25)
V* =671 [ X}5(0)* do.



106 CHAPTER 4. CLT FOR A WEAKLY INTERACTING RANDOM POLYMER
Thus, with the abbreviation FP )(u) = u? — 78~ 3u, we have

00 1:(8) ( yrx
w”',ﬂ(vv t) = ]E,:’ﬂ (e_ I Fr (Xﬂ(a)) do

[ xsrao = o0t w00, @)
where (see (4.4.25))
v = a8 (U = 1e8741). (4.4.27)

In Section 4.5.2 we will identify 1/1(ﬂ ),

Recall that {m*(z)}sen, is a branching process whose offspring distribution has mean
one and variance two. From Ethier and Kurtz (1986) Theorem 9.1.3 it therefore follows
that

PyP—P; if vy—veER; and B0 (4.4.28)

In view of this, the following assertions are plausible. Their proofs are deferred to Sec-
tion 4.7.

2
Lemma 4.4 For every a < a., r, = 32 (a + o(1)) and compact interval I C RY,

_ ’ ,
limsup/dt/ dy ———— Dy, (0, 0)° /dt/ wa(v 2 . (4.4.29)
n—oo J1  Jo

2
Lemma 4.5 For every a < a. and r), = 3 (a+0(1)) there are g € (0,1) and C € R* such
that for sufficiently large n,

Zrp.(v) <Cg" (v ERY). (4.4.30)
2
Lemma 4.6 For every a < ac, 7, = 33 (a + o(1)) and any interval I C R,

/dt Wyt g, (-5 t) — /;dt we(-,t) as m— oo. (4.4.31)

4.5 Proof of Proposition 4.2

In this section we begin the proof of Proposition 4.2. The assertion we have to prove is
of the form [, fom — [;° Jo~ 7 for certain functions yn,y. We will prove this assertion
by splitting the integrals into the boundary pieces near 0, respectively, co and the main
piece in the middle, and showing that the boundary pieces give small contributions. In
Section 4.5.1 we formulate the program in three lemmas. In Sections 4.5.2 and 4.5.3 we
deal with the boundary pieces. The convergence of the main piece is proved in Section 4.6.
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4.5.1 Splitting the integrals: Lemmas 4.7 —4.9

Fix some sequence 7], = ,8,% (a* + o(1)), put 6, = X}, Bn)/0-A(rh, Bn) and observe from
(4.1.3) that

— 670 b (n— oo). (4.5.1)

Furthermore, fix § € (0, ac27s — a*), abbreviate Ti& = ?,i;“ﬁmé, Tns = jq'f;’:ﬂmé and 7, =
Uy g., and introduce the abbreviation (see the Lh.s. of (4.3.33))

1 —
Tnlts 1) = 57 (VP gt 2) VB Tgoti) L o (ot €B). (452)
n

Observe from (4.3.29-4.3.31) that Tlé(u, v,w,t1,t2) =0fort; < —uﬁé and g, 5(-,t1,t2) =0
for o < 0 (see also the end of Section 4.3.3) . Thus limy, . ¥n(t1,t2) = 0 for ¢; < 0 and
’)’n(tl,tg) =0 for ty < 0.

According to Lemma 4.3, Proposition 4.2 states that

00 00
lim dt1 / dt2 ’Yn(tlv t2) = / dtl / dt2 ’)’(tl, tz), (453)
0 0

n—00

where v has been introduced in Section 4.4.3.

We split each of the two integrals in (4.5.3) into [+ [N + [%°. Lemmas 4.7-4.8
below state that the mixed contributions coming from the first and the third integral are
small, uniformly in n, when € > 0 is small and N < oo is large. The precise assertions are
the following;:

Lemma 4.7 For any 0 < € < o0,

lim llmsup/ dt1/ dt2 ’)’n(tl,tg) 0= llm hmsup/ dt1/ dt2 Yn tl,t2
€ N

N—-oo pooo N—oo pooco
(4.5.4)

Lemma 4.8

E 00
lim hmsup/ dt; dta Yn(t1,t2) = 0= hm hmsup/ dtlf dty ya(t1,t2). (4.5.5)

€0 pnooo —00 —00 n—0o0

Since + is integrable on (R{)?%, Proposition 4.2 directly follows from Lemmas 4.7-4.8
and the following lemma, which states the convergence of the main piece of the double
integral.

Lemma 4.9 For any 0 <e < N < 00,

N N N N
lim dtl / dt2 ’Yn(tly tz) = / dtl / dt2 ’)’(tl, tg) (456)
€ € €

—
n—00 €
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4.5.2 Proof of Lemma 4.7: cutting away large ¢, 1,

We will give the proof for the second equality in (4.5.4) only, since the proof for the first
- is similar.
Recall (4.5.2) and use the Cauchy-Schwarz inequality to estimate

f;\)’o dtl _l:o dtz ’)’n(tl, tz)

= f;o dty f:o dty fs ds Vn(s)—f_:,a(& t1,t2)7, 5(s, t1, t2)
_ 12 (4.5.7)
< (f:ro dty [ dty [5ds Tn(s) Fr 5(s, 11, tz)z)

X (f;o dt]_ f;o dt2 fS dS 'ﬁn(s)ﬁgﬁ(s,tl,tg)z)l/z .

In Steps 3 and 4 below we give the respective estimates for the two factors in the r.h.s. of
(4.5.7). First we make two intermediate steps, the first of which identifies the function w,(,ﬂ )
defined in (4.4.27). Recall that P denotes the distribution of simple random walk (Sk)ken,-

STEP 1 For any v,t,3 € R™,

B)(t) = %ﬂ—%p (Srtﬁ‘?ﬂ = [vﬂ‘é]) . (4.5.8)

Proof. Since {m*(z)}sen, is a critical branching process, Theorem (2.11.2) in Jagers (1975)
implies that

Pl (Zm*(:c) =j) - ?P*(j,j —K G2k (45.9)

=0

Note that U* =227 m*(z) — k (recall (4.2.18)) P;-a.s., and so (4.5.9) implies for [ > k,

e 2k 14k L=k\ k(1) l ke
rwr =0 - oo (SRR CE () (L L) < Eeson. s

Substitute k = [v3-3] and | = [t8~3] and recall (4.4.27) to arrive at (4.5.8). O

STEP 2 There is a C > 0 such that for sufficiently small 8 € R*,
Wr5(v, 1)
Brp(,t] C omap(@30,23)  (reRv>0,t>0). (4.5.11)
Bros ] "B

Proof. Use (4.4.22) and (4.4.26) to rewrite

2
_ — B Btk -BV* | rx -2 (8)
T, ) = By (e Ut = [tB 31)% ). (4.5.12)

lv,
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Use the Cauchy-Schwarz inequality and Step 1 to find

= 2 2r(28)~ 3128 x —26V* | 7% — 492 -2 (B ()2
Bps(v,t)? <e B sy (€| U= 1128@8)8) v (0)
By " (4.5.13)
= Way,25( 2311 23 t)JfE)i(z—éT) War 26( 231) 23t)231/) (t).
230
Use Step 1 and Stirling’s formula to arrive at (4.5.11). O
STEP 3 There is a C > 0 such that for all N,e > 0,
o <] 00
limsup/ dt1/ dtzfds ﬁn(s)-f-,:ft;(s,tl,tz)2 < %e“f‘s. (4.5.14)
n—oo JN ' Nz
Proof. Abbreviate 7, = 7. g, and T = @ o580 Use (4.3.29-4.3.30), (4.4.22),
(4.3.25) and (4.3.9) to see that for (u,v,w) € S, e
- ' TO (0. t, + ubs .
Fag((u,0,0), 81, t5) < —0 (”’tll “[f 5) gus gttr (4.5.15)
B3[(2v + wpz)B~37a(v)
Introduce for v,7 € R the notation
~1 ~ -1 . ~
An(v,0) = ﬁ" Artopn ([0 "1, [0 °1) il 0,07 > 0 (4.5.16)
otherwise.
Then for any (u,v,w) € S,
Un(u,v,w) = b, 70 (v) Ap(v,v + wﬂ,%)?.,,(v + w,@,%). (4.5.17)

Next write [, ds as [7° dv [, dw 7" % du, substitute (4.5.15) and (4.5.17) into the Lh.s.
of (4.5.14) and carry out the integral over t,, to get

1{ dt, [ dt, ! ds Tn(8) T (5, 11, 12)?

1
dv [dwA,(v,v+ w,@,%)w

|4 T T
<o Far, T hs (4.5.18)
N 0 R
& 1
1
§ 20t wpP du €503 _ oD wntupl?

5 wotups pAorwsd)s 3]

_1

By (4.5.16) we may let the w-integral range over [—vf, ®, 00) only, because of the estimate
1 2 1

2v + wlf >.v. Now use Step 2 for 8 = B,,7 = r, + 033 and t = t; + uf7, estimate
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1
(1 + uﬂﬁ)% > N3 (the case ”—” requires a further standard cutting argument for the u-
integral which is left to the reader), carry out the ¢;-integral and the u-integral, to obtain

Lh.s. of (4.5.18)

- B L 1 (4.5.19)
< é—%%e"“‘ Ofdv I{dw A,(v,v +wﬂ,§)’—"(%ez"+wﬂ'§2§f)(v2%),
where we abbreviated Z) =z (see (4.4.23)).

2(7',.1+6ﬁn )12Bn
Split the w-integral into f vbn ® 4t f . In the first part, estimate eﬂ" (u+ush) < e3”ﬁ"

and use the following scaled form of the elgenvector relation:

/ , dwAn(v,0 + ﬂn)M = \(r, Ba) = 1+ 0(1), (4.5.20)
—vﬁ,. Tn(v)

where the last equality follows from Proposition 4.3(z). In the second part, use Proposition
4.3(i17) to get that

¢, = sup sup T"(U + h) (4.5.21)
neN T>v>0 T"(v)

Furthermore, from Lemma 2.3(¢) it follows that there exists some ¢y > 0 such that

2
(v,w > 0,n € N). (4.5.22)

1 _1
An(v,v 4+ wBE) < Bncyexp [—cz T
2v + wps

This bound is smaller than cz,Bn e 3°2"’ﬁ" for v < w,Bn Therefore we can estimate

_ L b ,
j:;;% dw Ap(v,v + wﬂﬁ)&t_(;_:(':_)ﬁn_)eﬂﬂ (20+wp¥)
3 2
< cre®Bi foo L div e~ (F-B3) (45.29)
< et

< czesvBn’

for large n and some c3 > 0.
Collecting all these estimates and substituting them into the r.h.s. of (4.5.19), we get

that, for some C > 0,
C o } ;
Lhs. of (4.5.19) < ;V—gb;e_“s / dv e3P 79 (v23) + o(1). (4.5.24)
2 0

Now use (4.5.1) and Lemma 4.5 for 20, instead of 3, and for a = 25a* + 6. O
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STEP 4 There is a C > 0 such that for all N,e > 0 and k € N,

00 {o o]
limsupsup/ dt1/ dtgfds ﬁn(s)gf}_ﬁ s(ss t,t)? < gse“N‘s. (4.5.25)
N € s e €2

n—oo keN

Proof. Fix t;,t2 > 0, recall (4.3.32) and abbreviate t',?" = tf"(tl,tg). Apply the Cauchy-
Schwarz inequality to the expectation with respect to the stochastic matrix Q. g, in
(4.3.31) (recall (4.3.6)), use (4.3.25) and (4.3.30-4.3.31) and recall that v, is invariant
for @Q: ., to see that

Jsds Un(8)977 5, 5(8, 1, t2)?
_5 Bn _2
< A1) [ ds 7,(s)6n (Qiz,ﬂ,,f,; (3 1 31)2) (wo,w)s)  (45.26)

= fS ds Un(s)-f,_‘“ﬂm&(s, t2, t1)2.

Now use Step 3 with the roles of N ' and € reversed. O

4.5.3 Proof of Lemma 4.8: cutting away small ¢;,,

In this subsection we prove Lemma 4.8 subject to Lemma 4.9. We will prove the second

assertion in (4.5.5) only, the proof of the first is similar. For the proof it will be expedient to

return to the underlying random walk picture that we left behind at the end of Section 4.2.
First we need some abbreviations. For k,n € N and € > 0, let :

K(n) e eT:lkE e_ﬂn Zwezfi(:c) 1 i 1
N {Zz>sk £ (x)<eBn 3 } {Sx>0}

(4.5.27)

= eT;LkE e_ﬂn Emezfi(x) 1 ) 1
( {zz<0 £ (x)<ePn % } {Sx>0}

(the last equality holds by reversibility of the random walk). Let

Lg,'e) = elrakE (C_ﬂ" Lol (m)l{z 1{5}:)0}) (4528)

~2 -2
> S}, & (x)>eBn ° 1Laco te(@)>eln ’ }
and

Ry (e—ﬁn Yeer (@)1 {sk>o}) . (4.5.29)

The proof of Lemma 4.8 is now divided into five steps. In the first step we will estimate
fn dt, j: dty ya(t1,12) above by K,(L"e) Then we will prove that limsup,,_, Kf(L"g) vanishes as
€l 0.
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STEP 1 For allneN, € >0,

/ dt, / dt2 u(ts, t2) < K. (4.5.30)
R 0

Proof. Tracing back the steps from Lemma 4.1 to Lemma, 4.3, it is seen that t5 plays the
role of the scaled amount of time the random walk (Sy, ... ,S,) spends below 0. Indeed,
recall (4.5.2), (4.3.27) and (4.3.9) and use Lemma 4.2, to see that

f]R dtl j: dtg Yn (tl, tz)

e (4.5.31)
< E Z Ernfn (frt,ﬂn(ro;nl) f&,ﬁn(rn—n1—nz+l;n2)) .
N1EN ng=1
Then use Knight’s Theorem to see that
I dty fos dty w(t1,t2)
" (4.5.32)
;n THN Lg z£12: Y
SemtE (6 o 2one (m)l{ZKoln(m)Ssﬂ;%}1{055n—1<5n}) < Kag.
O
Define
y _2
M =P|> L ;(x)<efn? ). (4.5.33)
= 7
In terms of this quantity we have the following bound for K,(,ﬁ)g:
STEP 2 For all m > ﬂrf%,
_2
KM < 2¢mnbn’pm M (4.5.34)
’ m—|Bn 3J
Proof. Obviously, for all £ < m,
—Bn ¥ £2,() —Bn ¥ £(x)
1 e @ g s <1 Y 250, (4.5.35)
{ ZS lm(m)SEﬂng} { Z; [Zm—lk](m)Se'ﬂn3}
z>Sm xz>5m

But, {[€n — €](z + Sk) }zez is independent of {€x(x)}zez and has the same distribution as
{€m-k(z)}rcz- Multiply both sides with e"=™, take expectations on both sides of (4.5.35)
2

and pick k =m — |3, 2], to arrive at

’ _2 —Bn 2(x
K5 Se’"mP( > ¢ -k<w)58ﬂn§)E(e P >)

T>Sm—k

(4.5.36)
— gerhlon ) Zm

m-1p7 8]
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STEP 3
limsupp{™ = O(ve) as €l0. (4.5.37)

n—00

Proof. From the Arcsine law (see Spitzer (1976) Section 20) it follows that

i pf® — % /0 ) _z\/%__z). (4.5.38)
O
In view of (4.5.34) in order to prove Lemma 4.8 it suffices to prove that {Z:l"_)m_g | }n en 18
bounded. We will do so by using a recursive chain of estimates on Z,E"). ’
STEP 4 For sufficiently small € > 0 and all |8, %J <m<n,
Zm < %Z:im;% +I,. (4.5.39)
Proof. Use that
z < 2K%, + LW, (4.5.40)
(recall (4.5.27-4.5.28)). Then use Steps 2-3 and r;, = a*ﬁ,%(l +0(1)). O

STEP 5 Proof of Lemma 4.8.

Proof. Use Steps 1 - 2 for m = n and Step 3 to get that [, dt; [ dtaym(t1,t2) <
C\/EZ(") 3 for some C >0, alln € N and all € € (0, ), say. Define
n—

n

% = sup Li"s),. (4.5.41)
ken

Choose ¢’ according to Step 4 and apply (4.5.39) repeatedly to obtain

lnﬂéj—l 11 1Lnﬁ§J -2
n—|Bn 3| 1=0 1<k<m‘§ ]

Like in Step 1, for all ¢ > 0,

00 00
L;:,le)’ < 2/ dt1/ dt2 /ds Vn(S) f;(;(s, tl, tz)gf,’_ﬁ 5(8, t1, t2) + 0(1) (4543)
¢ € S e

(Here we use that the expressions in (4.2.20) and (4.2.21) have the same limiting behavior.)
From (4.5.43), (4.5.7) and Steps 3-4 in Section 4.5.2 it follows that

limsup C < oo for all ¢ > 0. (4.5.44)

£
n—oo

Finally, use (4.2.5) to get the boundedness of {Z )

2 O
n—|B, %)

}neN'
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4.6 Proof of Lemma 4.9: intermediate ¢, 1,

In this section we give the proof of Lemma 4.9 subject to Lemmas 4.4-4.6. The latter will
be proved in Section 4.7.

Our strategy is the following. In Section 4.6.1 we show strong convergence of the
left argument of the inner product in (4.5.2), defining the function ~,, and weak relative
compactness of the right argument. Consequently, fE N dty fs N dt, Yu(t1,t2) converges along
certain subsequences. The limit turns out to be independent of the subsequence and is
identified in Section 4.6.2 with the help of a certain eigenvalue expansion.

2
For the remainder of this section, fix some sequence r;, = 33 (a* + o(1)), some 0 < € <
N < o0 and some d§ > 0 sufficiently small. Abbreviate

R'=8x[gN]x[e,NJCR (4.6.1)

and write L?(R’) for the space of the square integrable functions on R'. Regard this as
a subspace of L?(R). Recall the notations and abbreviations introduced at the beginning
of Section 4.5.1. We introduce an operator ® mapping functions z : Rt — R to functions
$z:S —Ras

(<I>x)(u, v, w) = z(v)l{us%} V ¢2v(w)’ (4.6.2)

where ¢y, is the normal density with mean 0 and variance 2v. Note that ||<I>x||"£2(s) =
2||z]|22, for z € L%°.

4.6.1 Convergence along subsequences: Lemma 4.10
This subsection is devoted to the proof of the following lemma:

Lemma 4.10 The sequence {\/7s3,, s}nen is weakly relatively compact in L*(R'). Further-
more, for every subsequence in n there exists a further subsequence along which

N N
/ dt1/ bz u(t1,t2) — (s, 95) 2(rr) » (4.6.3)
£ £

where gs 1s the weak limit of /U3, ; along this subsequence, and

(s, t, ta) = i)/ (¢%’(’1t1)) (). (4.6.4)
Proof. The proof is divided into four steps. First we formulate a general functional ana-
lytic statement that will be needed in the proof.

STEP 1 Letd € N and Q C R? be measurable. If x,z1,Ts,... € L*(Q) satisfy
(i) zn, — = pointwise on

(i6) imsup,, o, [|Zn]lz2(@) < 1]l L2(0),

then T, — x strongly in L*(Q).
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Proof. By Condition (iz), every subsequence has a further subsequence that weakly con-
verges. The weak limit must be z by Condition (7). Since strong convergence is equivalent
to weak convergence and Condition (i%), the claim follows. O

For (u,v,w) € S and n € N define

hn(u, v,w) = 22l M
20+ Fn w

(4.6.5)

h(u,v,w) = Y& (cp%) (u, v, w).

STEP 2 h, — h strongly in L*(S).
Proof. Recall (4.5.16) and (4.5.17). Apply Step 1 for Q = S, z, = h, and =z = h.

Condition (i) is satisfied by the uniform convergence of 7, to x4+ (see Proposition 4.3(4%))
and by the fact that

nl-l-{go An(v,v + wﬂ,%) = ¢hoy(w) (v>0,w €R) (4.6.6)

(which follows from Lemma 2.3(7), (1.4.13) and (4.2.5)). In order to show that Condition
(#2) is satisfied, use the scaled eigenvalue relation (4.5.20) to calculate

Tulv + wOE)

) = b A1, Bn), (4.6.7)

thlliz(s) = b;/ dvxi‘(v)/ dw Ap(v,v +wpg)
0 —00

where we use that .+ is L?-normalized. Since ||h||L2¢s) = b*ll%‘l 120 = b*, the proof is
finished via (4.5.1) and Proposition 4.3(3). a

Next abbreviate W, = W g, and define

1
Wo(v,t+uBi) 54—
(1,0, 10), 1 ) = —2 ’6"1) g 0tamt)
Tor(V)V 20 + Bl w

and fin 5 = gnshn, € L2(R’) (where h, is regarded as an element of L?(R')).

(4.6.8)

STEP 3 u,s — ps strongly in L*(R').

Proof. It suffices to handle the case § = 0, since the dependence of pu,s and ps on d is
very simple. Since h,, is uniformly bounded on R’, in view of Step 2 it is enough to show
that gnoh — o strongly in L%(R').

First we prove the weak convergence. To that end we want to show that (g, oh, 2) 12 Rr) —
(1o, 2) L2(rr) for any z € L*(R'). We need to do this for functions z(s, t1,t2) = y(s,t2) la<t,<p
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with y € L?(S x [, N]) and [a,b] C [e, N] only, since the class of these functions is dense
in L(R'). For such z we have (abbreviating s = (u,v,w)),

oo 2v+wﬂn fdt1 Wn(v,t1 +uﬂ,,

N (&)
h,z n = [dty [dv [ dw du *—————h(s)y(s, t2)
(qn,O )Lz(R ) Ef 2 ‘({ _{o f o ('v)\/2v_+ﬁnl_ y 2

(4.6.9)

nosos fdt1 Wox (v,t1)
= (uo, Z)LZ(R’)»

where we used Lemmas 4.5-4.6 and the dominated convergence theorem.
In order to show the strong convergence, we estimate with the help of Lemma 4.4,

limsup ||gn,0hlZ2 g
n—o0

2v+wﬁn
=(N —5)11msupfdt1 fdv f dw [ du""'(v—tli—wb* bav(w)
n—oo ¢ —00 0 2v+wil
< V(N —¢) hmsupfdh fdv’”"(” it1)? (4.6.10)
n—oo ¢
N oo )2
< BN —¢) [ dt [ doter @)l
€ 0
= ”/“0”%2(}{’)‘
Fatou’s lemma, together with the weak convergence, implies that ||gn oh||%. &) — llpo 12 (R):

Weak convergence together with convergence of norms implies strong convergence.
STEP 4 Proof of Lemma 4.10.

Proof. From (4.5.25) it follows that sup,ey [|[v/Zny 41l 2(r7) < 00, and so the first assertion
in Lemma 4.10 follows. Given any subsequence in 1, choose some further subsequence along
which +/T,g,, s converges weakly towards some gs € L?*(R’). Note that pns = m:,a-
Then the second assertion follows from Step 3 by

Lhs. of (4.6.3) = <un,,s,§;,5\/5n> " (s 95) 2 ) - (4.6.11)

LZ(RI)

]
O
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4.6.2 Identification of the limit: Lemma 4.11
The proof of Lemma 4.9 is finished by the following assertion.

Lemma 4.11 For all weak accumulation points g5 € L*(R') of {\/Tn G, 5}n,

N N
(1, 95) oy = b° / dt, / dty (s, ta). (4.6.12)

Proof. The proof is divided into four steps. Recall Sections 4.4.1 and 4.4.2. For | € Ny,
let

1
w(v,8) = 5 (U, war (- 12)) 2 v (0). (4.6.13)
Recall (4.6.2).
STEP 1 For all g € L*(R)),

oo N N
(:“619)1,2(12') = Z \/I;/ dt1/ dt, t1—t2) ((@w(l)(~, tl)) (-),g(-,tl,t2)>L2(S) . (4.6.14)
=0 € €

Proof. Observe from (4.6.13) and (4.4.8) that Y5 (w®(-,t,) is the L?°- projection of

%&’”) onto the subspace spanned by y©@, ... ,5®. According to (4.4.8), it therefore con-
verges in L2° to 2e348) as k — oo, for any ¢, € [¢, N]. Thus we also have Y°p_o (Sw®(-,t1)) —
(Q’ﬂ%}t—‘)) in L%(S). In view of (4.6.4), the dominated convergence theorem yields the

assertion since we have the following integrable majorant:

leﬁ(tl_tz) Zf:o <((I>w(l)(': tl)) ()a g(" tl, t2)>L2(S)|

< Nlg(-str,ta) lzasye™ ”Zf:o w®(-, 1) (4.6.15)

L2

War (+5t1)
2id

< g tas ta) | a(sye™

L2:0 ’

where the second inequality is Bessel’s inequality. Now use the estimate wg«(v,t) <
ety (t) (see (4.4.17)) to get the bound. O

Later we will apply Step 1 for g a weak accumulation point of {\/ﬁ_nﬁ,;‘ 5 Inen to identify
each summand in the r.h.s. of (4.6.14). For this we will use an approximation of ®y®,
where y®) appears in the definition of w® in (4.6.13), in terms of the left-eigenvectors of
Qr: 8, introduced in Section 4.4.1. It will in fact turn out that every summand in the r.h.s.
of (4.6.14) is equal to zero with the exception of the 0’th one, which is equal to the r.h.s.
of (4.6.12). As we already mentioned in Section 4.4.1, we suspect that it is not possible to

expand /7,3, ; directly in terms of {yﬁgﬂn},em (see (4.4.12)).
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Fix | € Ny and choose n so large that A (r,3,) > 0 for all » € R. In the sequel

we will abbreviate o) = a® (!, B8,) and WY = U"'(i)ﬁn’ y = yﬁ?,gn, and we introduce

1
bd = B[O (1!, — ag), Br)]~t. Note that from Proposition 4.3 and the monotonicity of
ri— \® (r,8,) and a > p:(l)(a) we have

lim a8, = o® (4.6.16)

n—00

see also (2.7.3-2.7.4)). e eigenvector property of vy,’, defined in (4.4.10), le to the
also (2.7.3-2.7.4)). The ei f 19, defined in (4.4.10), leads to th

following. Recall (4.4.12) and (4.3.25) and define 7 (u,v,w) = ﬂ;%yg)((u,v,w)ﬂn) for
(u,v,w) € S.

STEP 2 For large n € N and all t1,t5 € [, N],

(1) S oWt (1, . —e \
(yg)7 Vng’n,&('vtl’tz»m(s) =er bt ta) <y1(zl)’ \% ann,&('?t17t2)> (4'6"17)

L3(s)’

where ta(t,t2) = n — [t16: ] - [taf 1.

Proof. Note that the term /¥, cancels in both inner products. From (4.3.30-4.3.31) and
(4.3.9) it can be seen that (4.6.17) is nothing but the inner product of the scaled version

of (4.4.11) with £75(, [t18a 7, [ta 1) o
Recall the notation in (4.6.2).
STEP 3 For anyl € Ny,
. —(1) D _ e 1aY
Jim 70 — @y, 5 = 0. (4.6.18)
Proof. Recall that 7, = T, 3, (see also (4.5.16)). Define for (u,v,w) € S

O §
—an’Bn ® (2v+wpe —u)

b, (u,v,w) = 1{u§2v+wﬁ,% }e
(4.6.19)
— 1 -
X \/An(v, v+ whs)—=)
Tn(v+wBE)
Then it is clear that
) Y — AT : 1 "

T (u, v, w) = &y (u, v, w)\/ b T ol g, (v + wpBs) ((u,v,w) € 9). (4.6.20)

As an intermediate step, we show first that

lim |70 — 4P| =0, (4.6.21)
n—oo
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where
1
79 (u, v, w) = ®p(u, v, w)y® (v + wpy) ((u,v,w) € 5). (4.6.22)
8 1
To this end, we write [¢ds = [, dw [° dv f02 v du, shift the v-integral by wB$ and
evaluate the u-integral, to get

() —
158 — D135,

_wad 1 2
= [ydw ffg,% dv [2 7P du @, (u,v — wh, w)? (\/ b&”?ﬁ)_ag) 50— y® (v))

1 1 1
Ot 5y — -
—an’ Bn © (2v—wpp ) _ H —wBs
= fRdwfwédvﬁ—i'—'——'—‘——"—_’%——lAn(v—wﬂ,‘:,v)T"; (15)/3
wly —201$.‘)ﬂn3 n

2
) ()
(V7 g 0-0)

_1 _ L ) .
< [P dv fi’fg“ dw Ap(v — wﬂg,v)zﬂt@

Tn(v)

2
1
<o goh) (V79 4, 0)-100))
(4.6.23)

Similarly as in the proof of Step 3 in Lemma, 4.7 in Section 4.5.2, split the w-integral into

1 1

—wf. 6 —6
f_;ﬂ" + [ vﬁ“_%. Use (4.5.22) to see that the first part vanishes as n — co. In the second

~vfn

1
part, estimate v — 268 < 3v, carry out the w-integral and use (4.5.20), to see that
2

130 — 791Facs) < oV) +3IVBITY o) ) =yl (4.6.24)

Now (4.6.21) follows from Proposition 4.3(¢) together with (4.6.16).

In order to show (4.6.18), it is now enough to show that ¥ — ®y® in L*(S). To
do this, we will apply Step 1 in Section 4.6.1. First, in (4.6.19) we see that ®,, converges
pointwise towards ® = ®1 on S. Indeed, use (4.6.16), (4.1.3) and (4.6.6) as well as the
uniform convergence of 7, (see Proposition 4.3(i¢)) to derive the pointwise convergence of
®,, to ®. Since y® is continuous on R*, clearly g’jg ) converges towards ®y® pointwise on S
(see (4.6.22)). Thus, Condition (z) of Step 1 in Section 4.6.1 holds. Next, in order to show
that Condition (4z) is satisfied, we derive as in (4.6.23),

3 vﬁ;% 1
— L Fulv—wBe w1
171 Zss) = / dv / dw A (v — wﬁﬁ,v)%(v - 380w (46.25)
0

—00
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This time, split the w-integral into [ 2pufin ® + f o , for some small p > 0. Proceed as
ﬁn
in (4.6.23-4.6.24) to arrive at

hmsup||‘<’>llms> <1 +p)yN3ee =1+p. (4.6.26)

Letting p | 0, we see that also Condition (i¢) holds. O
STEP 4 Proof of Lemma 4.11.

Proof. Let g; be any accumulation point of {/Z,g,, s}nen in L*(R'). We may and will
assume that /7,g,; — g5 weakly in L?*(R’). We apply Step 1 to g = g5. We will
show that the lth summand in the r.h.s. of (4.6.14) is equal to zero for I > 1 and
equal to fEN dt; LN dtay(t1,tz) for I = 0. To this end, we recall that (dw®(-,t,))(-) =
3 (¥, war (-, 1)) 1, (@y?)(-) and use Step 3 to see that the I-th summand is equal to

N N
Vb fdtl fdt2 e‘s(tl_tZ)% (y(l)vwa‘('7tl)>L2 < y(l))( ) g6 yt1, 82 >L2(S)
€ €

L3(s)’

N N
= VB lim [ dt [ dtz 84 DL (0, wge (1)) (0, VTG, 11, 12))
: (4.6.27)

since the map (ty,t2) — =21 (y® w,.(-,t,)),, is bounded on [¢, N]*>. Use Step 2 to
get

N N
rhs. of (46.27) = VB lim [ty [ dty 61 (Y0, wpe (1)) 1,
° e (4.6.28)

(O] — —
xeo ) (g0 /BT 5(, 1, 12))

12(s)
For I > 1, we estimate
|r.h.s. of (4.6.28)]

_2
< \/b_*limsup e"‘g)("_Nﬂ" )

n—00

_!dtl % (y(l)ywa’ (7 t1)>L2

| [ty (50, VTeFr al112))

L2(8) l

(", 20)12 <Vba) il,) ® 4 7'Z_r£.,ﬂn> V.
n—0n",On 2.0

(4.6.29)

. O Nps )1
< Vb*limsup eon (n—NB )5

n—0oo
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2
The r.h.s. is zero by (4.6.16), because o < 0, n33 — oo and (||F£2’Bn||p,o||E,;”5n|le,o)n is
bounded (see Proposition 4.3 and Lemma 4.5).

For I = 0, recall ¥ = v/b*z,. and use Proposition 4.3 and Lemma 4.6 to get

r.h.s. of (4.6.28)

N N _
= Vb* lim [ty [ dta 5 (', was (-, 11)) 12 (Vs Vo3 22)) 12(5)
€ 13
©) N N
=vb* Jim by Sty [ dta 3 (YO, wee (-1 £1)) 12 (Tny Wi, 6, (-, t2)) 12 (4.6.30)
€ €

N N
= hzﬁfdtl fdt? (xa‘?wa*(')tl»lrz(xa‘vwa‘(',tZ))L2
£ £

= b* LN dtl Lthz’)‘(tl,t‘z).

oo

4.7 Proof of Lemmas 4.4-4.6

4.7.1 Proof of Lemma 4.4: properties of w, g,

In this subsection we prove Lemma 4.4. QOur first step is a pointwise asymptotic estin;ate.
2 _2
Fix a < ac, 7}, = af2 (1 +0(1)) and v,t € R*. Pick a sequence t, — t such that [¢,0,°%] +
_1
[vBn ®] is even (otherwise wy g,.(v,t,) = 0).

STEP 1 limsup,_,. Wr g, (v, tn) < we(v,t).
Proof. Note that (4.5.8) implies, with the help of Stirling’s formula, for every n > 0,
_2 -1
[lim sup {I':/),(Dﬁ")(s) —Pu(s)| :w €RT, 5 21, [86n %] + [wha ®] even} =0. (47.1)
Therefore it suffices to show that (see (4.5.12))

lim sup E}#» (e‘ﬁ"v*

n—0o0

U* = [taf 1)

/OOOX*(U) da=t).

(4.7.2)

crp (e Fror
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To this end, first note that for every N € Nand § > 0,

EXPn (e‘ﬁ"V*

where

U = [t 1) < B (e dEL e U*=rtnﬂ;§1), (473)

mp,

g  =pgimf{men: f o) do > t, — 8}

}-

Our next aim is to show that the distribution of {Y;*(k A (N&}))}N?, under PHP»(-|U* =

[tn0n® ]) converges towards the one of {Y*(kA (N&5))}H", under P5(-| [3° X*(0) do = 1),
where

(4.7.4)

Yi(k) =inf{X} (0) |5t <o <

Zla'

& - =inf{s>0: [J X*(0) do >t -6}
(4.7.5)
Y*(k) =inf{X*(0) |5t <o< £},

To this end, pick Borel sets A;,... , Ayz C R¢ and use the strong Markov property for the
Markov chain {m*(z)}sen, at time (N NEY )Bn where N, = ﬁn [NBn 3] to obtain

Py (M2 (Y (k A (VED) € A} |07 = 1) wi)

wanes (4.7.6)
=Eyb ([Hk— L eamvepnean | V65 ngy ( [ X(0)do ))

(recall (4.2.18)). Since, by (4.7.4),

NnAEF 1 )
£ — / X (0)do > 6 — BI X% (N AED), 4.7.7)
0

we may insert the indicator on the event {t,— [; A X} (o) do > 36} in the expectation in

the r.h.s. of (4.7.6). Indeed, on the complement of this set, we have X} (N,A&}) > léﬁn ,
hence the i-term in the expectation in the r.h.s. of (4.7.6) is equal to zero by (4.5. 8)
Then use (4.7.1) to see that

lim r.h.s. of (4.7.6)
n—oo

(4.7.8)
N 2 NAED s
= lim ]Ev’ﬂ" ([HkN=1 I{Y,f(k/\§?)EAk}:| QZJXE"(NA&L) (t — fo N Xﬁn(o) dO'))

n—00
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Since (v,t) > 9,(t) is a bounded continuous function on R§ X [18,00) and X* — &5 is a
continuous functional, the map

NAEs
X" 1/)X*(N/\Ea) (t - / X*(O') dO’) (4.79)
0

is a bounded continuous functional. Hence, we get from (4.4.28) that

lim Lh.s. of (4.7.6)

n—00

=E, ([HkNil 1{Y*(kA(N§5))€Ak}] Yx*(NALs) (t — [ Xx*(0) df’)) (4.7.10)

=py (2 Y* (b A (V&) € A} | [5° X*(0) do = t) (),

where we used the strong Markov property at time N A §s. Therefore, the distribution
2

of {Y*(k A (NEM)}N?, under B3P (- |U* = [t °]) converges towards that of {Y*(k A
(N&))HZ, under Pi(-| [5° X*(c) do =t). So we obtain for every N € N and § > 0 that

2, .
Lhs. of (4.7.2) < E} (e—% TN v (k)2

/ X*(0) do = t) . (4.7.11)
0
Now, let 6 — 0 and N — oo to get (4.7.2) by the dominated convergence theorem. O

STEP 2 Conclusion of the proof of Lemma 4.4

Proof. Let I C Rt be a compact interval. Since

o0 —T’ ,t 2
Jao [ a2 Tanlnd o (@712
I 0

(use (4.4.26) and (4.5.8)), we may apply the reversed Fatou inequality, and so by Step 1
the assertion follows. O

4.7.2 Preparations for the proof of Lemmas 4.5-4.6

In this subsection we will start the proof of Lemmas 4.5-4.6. Their proofs will be finished
in the next subsection. Recall Section 4.4.4.
We need some more notation. Let

& = inf{o > 0: X} (o) = 0} (4.7.13)
be the absorption time of X} . Furthermore, define for I > 0

K™ = sup %, 5.4(v), (4.7.14)

vekg
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where

_ o0 (Bn)yrx o
Zr, (V) = EpP (e 2 FE 3, ))d"l{gnsz}) (4.7.15)

Clearly, K,(") is finite for all [ and n.
STEP 1 There exists N > 0 such that for alll > 0 and n € N,

K™ = sup Z g.4(v). (4.7.16)
v€E[0,N]

Proof. Pick N so large that F,ff ) ig positive aﬁd increasing on [%N ,00) for all n € N. Use

_1
the strong Markov property for the Markov chain {m*(z)}sen, at time G, 37'1(\? ) where
™ _ g * 183) < L
Tn = Piinf $t € N: X (t67) < -2—N (4.7.17)
to estimate

(n)
_ N F(Iﬁn) X* do _
Zr, Bad (V) < EpPn (e b TG, 1{cnst}) SUP  Zry g, (1)

u€[0,3N]
) plBn) (1
< sup B2 (e il (zm) 2t .a(1) (4.7.18)
u€[0,N]
< sup Zy g,(u),
u€[0,N]
where in the first inequality we use the monotonicity of Z; g,:(u) in I. a

In Step 2 below, we derive a recursive upper bound for Kl("). For € > 0, define

ey = sup, Py (6 > k) (4.7.19)
ve|o,
— &) [F pBn) i xx
CE(,Z),N = 2‘[%}:1)\[} ]E;vﬂn (e 1+ )fo Fré (Xﬁn(d))da) . (4.720)

STEP 2 Foralll,k,e, N >0 andn €N,

€

1
KO < g+ k0[] [ w72

€
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Proof. Use the monotonicity of K ,(") in [, the Markov property at time k, and Holder’s
inequality to obtain

K" < Kl(:;c

_ k p(Bn) o yx
sup {]E;1ﬂn (e Jo Fy (XB"(U))Ml{g,.Sk})
ve([0,N]

_ ok p(Bn)yx
+ J dvmgon (LD 5 () € 80) B}
Rt

IA

_ rk p(Bn) yx
O\ + sup B4 (e G (x""(”))d”l{g,,>k)) K™

ve[o,N] (4.7.22)

€

() ) o140 FYD (X3, () do e
Coxn + K™ | sup EjP- 0 Frh W hn

IA

v€E([0,N]
L
T+e

[ sup P:Ps( § > k)
v€E([0,N]

= 1
=l 1 [ota] = 3]

€

m _

STEP 3 For any N > 0, limsupy_,, limsup,,_,., 7 5 = 0.
Proof. For all n,k €N,

o™ = sup [1— Py (X5, (k) = 0)]
v€E[0,N]

1 [vﬁn 3]
= sup |1-— (1 + — ) ] .
B e (4723)

_INgs
S fe) ™
[kBn 31

The second equality is taken from Knight (1963) Theorem 1.2. Since 8 — (1 + ﬁ)”Nﬁ

decreases towards e™ %, the claim follows. O
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STEP 4 For every N > 0 and any € > 0 such that a + € < a,

lim sup lim sup CG('L)N < co. (4.7.24)
k—o0 n—00 b
Proof. For all &,
limsup C™, < sup E (e_ 3 F(“+=>(X;)d”) (4.7.25)
n—o0 ™ v€[0,N]

by the following argument. Pick v, € [0, N] to be the maximizer in (4.7.20). Choose a
subsequence (n;) along which v,, converges towards some v € [0, N] and

lim sup CG(Z)N = llim By (e_(p“) I F‘Szf)(xiz(“))d") . (4.7.26)
&, o

™
n—0oo

Then, by (4.4.28) and the convergence of Fé,i‘;) towards Fy,

lim sup CC(TIEC),N < ]E; (e_fok Fote(X*(0)) da) ) (4727)
n—oo
The r.h.s. of (4.7.27) converges to z,4.(v) as kK — oo (see Lemmas 3.5 and 3.7). O

4.7.3 Proof of Lemmas 4.5 and 4.6
STEP 5 Forallr € R, B> 0 and k;, ks € Ny,

Zryg(kl + k2) < erg(kl)zr,g(kg). (4728)

Proof. Let {m}(z)}zen, and {m}(z)}zen, be two independent copies of the Markov chain
{m*(z)}zen, in (4.2.9) starting at k; and ks respectively. Then the distribution of {m*(z)}zen, =
{mji(z) + m3(z)}sen, is equal to Py ., (since they are branching processes). Now recall
(4.2.19) and estimate

—BV* < —B Y mi(@) + i — D — B Y lmi(a) + mie — D, (4.7.29)

xENo x€No

recall (4.2.19) and (4.4.23), and use the independence. O

Let a < a. and choose some sequence 7), = (,(a + o(1)). First we derive a uniform
bound on the function Z,; g, defined in (4.4.23).

STEP 6 sup,,cysup, Zr, 8, (v) < 00.
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Proof. Pick N as in Step 1 and € > 0 with a + € < a.. Then, according to Steps 3 and 4,
for all sufficiently large k and sufficiently large n (depending on k) we may conclude from
Step 2 that

ci
Kl(n) S Uqf;iv -
1+4e 1+e€
1= [eQ] ™[]

Letting | — oo and using the monotone convergence theorem, we obtain that sup,>q Zr, 5, (v)
is bounded above by the r.h.s. of (4.7.30). Letting first n — oo and then k — oo, we get
the claim via Step 4. O

. (4.7.30)

STEP 7 Conclusion of the Proof of Lemma 4.5
Proof. Pick some € > 0 and choose N > 0 such that
2(N) <1-—2e. (4.7.31)
Lemma 4.6 with I = R{ states
JLI{.IO%T;‘,[;"(U) = 2,(v) (v=0). (4.7.32)
Consequently, for all sufficiently large n € N, |
Ze g (N) <1—e. (4.7.33)

Recall (4.4.23) and use Step 5 repeatedly to conclude that for all v > 0,

Zr g (0) < (1 — )17 sgg?,;nﬁn(u). (4.7.34)
vz

Now the assertion follows with ¢ = (1 — s)ﬁ and some C' chosen according to Step 4. O
STEP 8 Proof of Lemma, 4.6.

Proof. First we derive the distributional convergence of

00
D"(‘Z) = exp (—A Fffn)(XE" (o)) dd) 1{1;13 X}, (0)do€l} (4.7.35)

under P;#» where I C R{ is any interval. We do this for I = R} only; the general
case is similar. To this end, pick § > 0 and choose k so large such that P}(§ > k) < &
(where £ = inf{t > 0 : X*(t) = 0} denotes the absorption time of X*) and such that
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PPn(g, > k) < 6 for all n € N (this is possible by Step 3). Then, for every v € R and
n €N,

imsup, .. i ( [ PP, (0)) do 2 )
0

k
< timsup, o, {rion ([ FE00G, () do 2 7) + 260> 1)}
0
(4.7.36)

< (Ofk FOC(@)do 2 7) +5

<P (:fF;(X*(a)) do > ’y) +25.

Let 6 | 0 to get the upper bound. The lower bound is derived in a similar way.
Thus, we have derived the distributional convergence of sz) under P3P~ towards that

of exp(— [;° F}(X*(0)) do)1{ J+ X*(0)doer} under P;. In order to derive the convergence in
0
the L'-norm, it is sufficient to prove uniform integrability of the sequence {Dﬁz)} This

is done by simply noting that (DSZ))1+€ < D,E:) with b, = (1+€)r), = (1 + e)a,B,% and by
applying Step 6 to by, instead of ], for some € > 0 sufficiently small.

Summarizing, we have proved the pointwise convergence in (4.4.31). Using the bound in
Lemma 4.5, we conclude that Lemma 4.6 holds, with the help of the dominated convergence
theorem. O

4.8 Proof of Theorem 4.1

In this section, we prove Theorem 4.1 subject to Proposition 4.3. Fix a € R. In the sequel,

when r = a,Bg, we will only indicate the S-dependence and will write 75 = T H,Ag =

Aa 54 5 and A\(8) = )\(a,8§, B) and so on. Recall Sections 4.4.1-4.4.2. We will make repeated
use of the scaling notation (4.4.13). The proof of Theorem 4.1 is divided into four steps.

STEP 1 For all 8 € R,
BTSBINB) = B3 [BNBN + (8:75, )12, (4.8.1)
where
g5(i) = B3(2i — D)73() (i €N). (4.8.2)

Proof. Differentiate (4.4.2) for [ = 0 with respect to a. O
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STEP 2 limsup ||0,7g|12 < oo.
8l0 :

Proof. By differentiating the relation 73 = ﬁAﬂTﬂ componentwise with respect to a, we
have

1

N 0uAB) . B3hs(i) | (ApOaT) (i)
Oup(i) = — M) 75(3) + ,\(g) + 6,\(,6) , (4.8.3)
where
hs(i) = 873 (Badp)7s) 3) (i EN). (4.8.4)

Multiply (4.8.3) by 8-38,74(i), sum over i € N and use the notation (2.3.2) and the fact
that (8,73, 7s)r2 = 0, to obtain

F3(0,75) = B73(MB) — l8:Tpll32 — (s, 0uT )iz, (4.8.5)

Use (4.9.3) below for y = 0,75/|0.7sl|z> and note that Fjj is homogeneous of order two
and that (8,73,7) 2 = 0, to get

F§(0as) < 573D (6) — 18,7175 (48.6)
Combine this with (4.8.5) and use the Cauchy-Schwarz inequality to obtain

[Pl 2 ,
B3IA(B) — AD(B)]

Now use that limsup ||hg|lz2 < oo (see Lemma 2.11(i)) and that 8-3[A(8) — AV (8)] —
Bl0

1075l 2 < (4.8.7)

p(a) — pM(a) > 0 by Proposition 4.3(¢) to get the claim. O
STEP 3 9,75 converges to 0,z, weakly in L? as 3 | 0.

Proof. By Step 2, every subsequence of {8,73}s>0 has a further subsequence that con-
verges weakly in L? as 3 | 0. Denote the weak limit along such a subsequence by y,. We
will prove that y, = 8,z, independently of the subsequence involved. By (4.4.1), it suffices
to prove for all [ € Ny that

(ymzr(zl)>L2 = <6axa, -'L'g))LQ- (4-8-8)

This is easily derived for [ = 0, because

(Baar 20) 12 = 0= (3,75, 75") 12 — (Y, & )12 (4.8.9)
along this subsequence, since ?g)) —L* £, according to Theorem 2.3.
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In order to derive (4.8.8) for | > 1, differentiate the relation L%z, = p(a)z, with respect
to a to get with f,(u) = 2uz,(u)

fa+ L8sz4 = p(a)0274 + p'(a) x4 (4.8.10)
Now, take the inner product with 78 and use the L2-symmetry of L%, (z,, z! ) =0 and

the eigenvalue relation cozd) = =p® (a)x(l) to get for [ > 1

my
(Baa, ) 12 = p((j;’_‘”—%. (4.8.11)

By Proposition 4.3(7), ? converges converges strongly to z{) and therefore
(075,75 12 = (Yar 2P 12 (4.8.12)

along the subsequence. To investigate the l.h.s. of (4.8.12) for [ > 1, multiply (4.8.3) by
(l)( ) and sum over i € N, to get

<Eﬁ’_‘(l)>L2
B73A(B) — AO(8)]

(recall (4.8.4)). Now use Proposition 4.3(i) and the fact that hs —%* f, to see that

<3a7:ﬂ;?(gl))m =0(B) (4.8.13)

(8aT 4,75V 12 — rhs. of (4.8.11). (4.8.14)
Finally, combine (4.8.11), (4.8.12) and (4.8.14) to arrive at (4.8.8) for [ > 1. O

STEP 4 Conclusion of the proof of Theorem 4.1.

Proof. Use (4.1.2-4.1.3) to see that the first summand in the r.h.s. of (4.8.1) vanishes as
B 1 0. Since gg —L* 1. we therefore conclude from Step 1 that

lim 5~50N(8) = (Buta, fo)r2- (4.8.15)

Differentiate (4.4.5) with respect to a to see that the r.h.s. of (4.8.15) is equal to p"(a). O

4.9 Proof of Proposition 4.3

In this section we prove Proposition 4.3. Recall the notion of of epi-convergence intro-
duced in Section 2.2. In Section 4.9.1 we use the Rayleigh formula to derive a variational

representation for the spectral gap of A s In Section 4.9.2 we will use the notion of

epi-convergence to prove the convergence of eigenvalues and eigenfunctions as stated in
Proposition 4.3(7). In Section 4.9.3 we will prove uniform convergence of the scaled largest
eigenvector as stated in Proposition 4.3(i).
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4.9.1 Proof of Proposition 4.3(i): variational representations

In this subsection we derive a variational formula for the spectral gap of A As in

2 .
af33 .8
Section 4.8, we suppress the dependence on a in the notations of various objects we are
dealing with. Fix 8 € R* so small that AV(8) > 0 (see below (4.4.2)).

Rayleigh’s formula for (A(l)(,B),T(ﬂl)) reads as follows. Recall the definition of F§ : L? —

R in (2.2.2).
Lemma 4.12
B3 [/\(1)(,6) — 1]= max

2€L2 el L2=1,(2,75) 2 =0

Fg(z)
(4.9.1)

(1) . .,
T(ﬂ) 8 a marxrimaizer.

Proof. Note that by the positivity of A()(3) (see Section 4.4.1) and Rayleigh’s formula,
we have

AD(6) = max (z, Apz)p2. (4.9.2)

€l |[all,2=1,(z,75"),2=0
Now see the proof of Lemma 2.1. ' O

We now want to follow the same scheme as in Chapter 2 for the representation in Lemma
4.12 replacing the representation in Lemma, 2.1. In order to prepare for this, we first rewrite
the maximum in (4.9.1) in such a way as to remove the S-dependence from the set over
which the maximum is taken. After that we subtract the maximum in (2.3.1) to get the
spectral gap.

Lemma 4.13
Fi(y) = B3 [2O(B) - 1]

yeL?,|lyll 2=1 1—(y, ?g)))iz

1

~B73[X0(8) = A (p)] =

(4.9.3)

(1) . L
T(ﬂ) 8 a marvmizer.

)

Proof. First, since Fj is quadratic and z — z — (z, ?g))) Lﬁg) is surjective from L? to

{zeL?: (z,?g)))Lz = 0}, we may write

Fi(y - .79 7s)

max =(0)\2
y€L? ||yl 2=1 1- <ya Tﬁ >L2

r.hs. of (4.9.1) = (4.9.4)
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(where the functional is defined to be —oo when y = ?E,O)). Next, define the bilinear form

FP @) =073 [ au [ o alwo)4s (fus 1, Fop )= m a9
Note that Fg") (z,z) = Fg(z). Moreover,
F(2,79) = g3 [AO(B) — 1](z, 75" 12 (4.9.6)

because Tg)) is the scaled eigenvector of Ag associated with A(G). Hence

Fg (v — 7078

(4.9.7)
= F{(4,9) = 200, 7 P (0,75 + (0, Te ) FS) (75, 75))-
Combine Lemma 4.12 with (4.9.4) and (4.9.6-4.9.7) to get the claim. O

Note that the numerator in the r.h.s. of (4.9.3) is negative for any y # ?g)) with
llyllzz2 = 1 by Lemma 2.1(z), and that the denominator is maximal for y = ?},1) because
T, 7 =0.

4.9.2 Proof of Proposition 4.3(i): convergence of ?(ﬂl) and A\ ()

In this subsection we use the variational representation in Lemma 4.13 to prove Propo-
sition 4.3(z) for | = 1 following the patterns of the proof of Proposition 4.3(¢) for [ = 0,
given in Chapter 2. The proof for general [ can then easily be completed using induction
on [, as is explained in the end of this subsection.

In what follows convergence is studied for 8 | 0 and fixed a € R. However, all arguments
remain valid when a is replaced by a(8) with limgjga(8) = a, ie., the convergence is
uniform for a in compacts. As in Section 4.8, a is suppressed from the notation when
r= aﬂg and we only indicate the B-dependence.

We will apply Proposition 2.1 to the maximum in the r.h.s. of (4.9.3), this time with
the following choices replacing (2.2.13):

X = {zel?:|z|p=1} (4.9.8)
Y = XNnCYRY)
T = topology induced by || - |2

Fy(@) - 575 [2(8) - 1]
1-— (:E,Tg)))iz
F(z) - p%a)
1- <Z7x¢(10)>%2
K = Kc={z€Y:F(z)>—C} for some C large enough.

Gp(z)
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STEP 1 If Assumptions (1) — (3) in Proposition 2.1 hold for the choice in (4.9.8), then
Proposition 4.3(z) for l =1 follows.

Proof. Proposition 2.1 then implies that as 6 | 0

B0 —AD(B)] — max G(z) (4.9.9)
7"},1) —L*  unique maximizer of G.

Repeat the argument in the proof of Lemma 4.13 to see that

pP@ = max  F(z)=p"a)+maxG(z)
z€X, (2,2 2=0 z€X
(4.9.10)
with unique maximizer :1:,(,1)
(recall Section 4.4.1 for the definition of zM ). This completes the proof of the scaling
of A®(B) and the L2-convergence of ?E,l). The L*°-convergence of ?E,l) follows from the
L2-convergence and Lemma, 4.15(3) below. O

STEP 2 Proof of Assumptions (1) — (3) for the choice in (4.9.8).

Proof. Proof of Assumption (1)

We know from Lemmas 2.5-2.8 that e-limg)oFg = F. Moreover, T(ﬂn) L2z by

L

Proposition 4.3(i) for I = 0. Hence, for all z3 —° = we have

(@5 T2 — (2, 29)a. (4.9.11)

Since 873 [A©(8) — 1]— p©(a) by Proposition 4.3(i) for { = 0, the claim follows.
Proof of Assumption (2)

See Lemma 4.12(i7).

Proof of Assumption (3)

Assumption (3)(z) is proved in Lemma 2.13.

Assumption (3)(4¢) follows from (4.9.10).

The proof of Assumption (3)(éi:) requires a minor adaptation of the proof of the corre-
sponding statement for ?g)) in Lemmas 2.9-2.11. The point is to construct a relatively
compact sequence of approximate maximizers of Gy approximating 7"},1) in L?. For this

sequence we will pick the following linear and renormalized interpolation of T[(,l). For se-
quences {7(%) };en introduce the notation

Ar())=7GE+1)—7() ({€N) (4.9.12)
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and define
7 = 2P
(4.9.13);
W) = TP+ — DA —1) (- 1<upE<i)

(put 7'( )(0) = Tﬁ(l)(l) and compare with (2.4.3)). We see from (4.9.8) and (4.9.11) that
Assumptlon (3)(449) is implied by the following lemma:

Lemma 4.14

@) 7P -7P - 0asB0
(i4) F“(_(l)) Fﬂ(*},l)) —0asfBl0
(243) hm 1nf F( Yy > —o0.

Proof. The estimates in Lemmas 2.9-2.10 for (A©® (ﬂ),?g))) carry over to (A(D (ﬁ),T(ﬂl)).
because they only use the eigenvalue/eigenvector relation. Hence, Lemma 4.14 will be
proved once we check that the following estimates in Lemma 2.11 carry over as well. In,
the following, we use C as a generic positive constant.

Lemma 4.15 For small 8-> 0,

® X 2SO (@)? < 083, @) YA E)? < 0ps,
iEN
(i) 7l (0)2 < 03 log 3, () A% < CBRlog .

Proof. (i) We give here a similar proof as for Lemma 2.11(¢). First note that

1
G < B3 [AD(B) — 1]< C for all 5 small enough. (4.9.14)
Indeed, the upper bound is implied by A (8) < A©(3) and Proposition 4.3(i) for | =
the lower bound can be obtained from Lemma 4.13 by an approximate test function, namely
z=z - (.7:(1) 7O ) Lz’l'(o) using (4.9.6) and Lemmas 2.5-2.8.

Fix 8 > 0 so sma.ll that A1(8) > 0. Use the eigenvector property of T ) and; use
1+182 < 38+ for § j € N to estimate

200) (145 TP 67) = T 1+ 47) 704,367
i€ i,J€E (4%915)
< XI5 DA 1,607 ()] < MaB$, 36).

i,jEN

where the last inequality uses the Rayleigh formula.
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Now subtract A()(3) on both sides of (4.9.15) and divide by %ﬂé)\(l)(ﬁ) to arrive at

2 2 1
ﬁ3 'LGZNZ 'r(l) < A(l)(ﬁ) 3 )\(G,IBZ,EIB)_/\(I)()@) . (4916)

Use Proposition 4.3(z) for [ = 0 and (4.9.14) to see that the r.hs. of (4.9.16) is bounded
as 3] 0.

(%) In the proof of Lemma 2.11(iz), Step 1 is an equality for 7'(1) and Step 2 should

(1)

be proved with absolute value signs (since 75" is not nonnegative). This causes no further

problems.

(4¢) The proof of Lemma 2.11(74¢) only uses Chapter 2 Lemma 2.11(i—t) and therefore
remains valid with the help of Lemma 4.15(i — 43).

(fv) In the proof of Lemma 2.11(iv), Step 3 is again an equality. In Step 4, again
absolute value signs have to be introduced.

This completes the proof of Lemma 4.15. O
Lemma 4.15 completes the proof of Lemma 4.14. O
Lemma 4.14 finishes Step 2. . O

STEP 3 Proof of Proposition 4.3(i) for | > 2.

Proof. The extension of the proof to [ > 2 is made via induction on . We describe the
main line of thought, the details are left to the reader.
Indeed, using the Rayleigh representation of A()(83) for | > 2 we have

B3 [)‘(l) B) - 1]= max Fg(x). (4.9.17)
zeL?, |zl 2 =1
(@79) 2=0,5=0,... -1

The B-dependence of the set can be removed as in Lemma 4.13. Using the induction
hypothesis and the bounds in Lemma 4.15 for ’7'"2) instead of T[(,l), we can deduce the
assertion for ! from the one for 0,... ,/—1 in the same way as we derived the one for [ = 1
from the one for [ = 0 in Steps 1-2. O

4.9.3 Proof of Proposition 4.3(ii): uniform convergence of 75

In this subsection we prove uniform convergence of 74 by applying the Arzela-Ascoli the-
orem. The proof is divided into five steps. Fix a € R satisfying |p(a)| < 1 and recall
(4.9.12).

STEP 1 74(0) < 1+ 85| Arg|.
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1

Proof. Pick k € Nk < 373
Write

such that 75(k) < B&. This is possible, since |75z = 1.

k k
7p(0) = B871p(1) = B b7p(k) — B8 D Arp(i) < 1+ 678 3o |ATH()]. (49.18)

Now use the Cauchy-Schwarz inequality. O
STEP 2 limsupg,75(0) < oo.
Proof. Eq. (2.4.25) says that

||Arg||l22 < ,\_(% Z [1_eeg(i-l,j)—ea(z',j)]Tﬂ(i)Aﬂ(i,j)Tﬁ(j)
(6,5)eN2\{(1,1)}
(4.9.19)

—73(1) [1 - sE5Aa(1,1)]
where eg is the exponent in (1.4.13)
es(i,j) = aBi(i+j—1)— Bi+j—1)% (4.9.20)

Use 1—et < tforallt € Rand eg(i—1,5) —es(, ) > —aB% and (1.4.13-1.4.14) and (4.1.2)
to estimate in (4.9.19)

Xp) - e

1A7s]1% < 2lal8? — 73(1) = 6% (2la| — T2(0)p(a)(1 + 0(1))) .  (4.9.21)

A(B)
Substitute this in Step 1 and use the triangle inequality to obtain
75(0) < 14 4/2|a| + 7T5(0)v/]o(a)|(1 + o(1)). (4.9.22)
Now use that |p(a)| < 1 to get the claim. O

STEP 3 limsupg, B3 || Argll < oo.
Proof. This is an easy consequence of (4.9.21) and Step 2. O
STEP 4 As 3] 0, Tz converges uniformly to z, on [0, N] for all N > 0.
Proof. Define 75 : Rf — R™ to be the scaled linear interpolation of {75(3)}sen, i-e.,

To(w) = Tp(u) + B8 (uB 5 —i)Ars(i — 1) (i—1l<uB 5 <i,i€N).  (4.9.23)
With the help of Step 3, one obtains that

175 = Tslloo < B3 ATl -0 (B10). (4.9.24)
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Similarly as the proof of Step 1, one obtains that

|7(u) — Ta(v)| = < |u—|3873| AT (4.9.25)

/:l A1p(s)ds

using the Cauchy-Schwarz inequality. Then use the Arzela-Ascoli theorem and Steps 2-3
to see that {7} scg+ is relatively compact in the uniform norm on [0, N]. Use (4.9.24) and
Proposition 4.3(3) for [ = 0 to finish the proof. O

STEP 5 Conclusion of the proof of Proposition 4.3(it).

Proof. Let € > 0 be given. We can choose N so large that max{73(v),z.(v)} < § for all
v > N, 0 sufficiently small. This is possible since for all u € [v,v + 1]

o) <7t + [ BT e " (19.26)

by a similar argument as in Step 1. Hence, by Lemma 2.11(: —44) and the Cauchy-Schwarz
inequality, for all v > N

Polw) < J7H Fawddu+ (S Ary(wdu) "

<% ( ;uz??;(u)du)l/z +7% (f:,o uEZ(u)du) e (4.9.27)
)

From Step 4 we then have sup,¢p ) [Ts(v) — Za(v)| < € for sufficiently small 8. Thus,
for those 8, we have ||T5 — T4||oo < €.

4.9.4 Proof of Proposition 4.3(ii)

The proof presented here is similar to the proof of Step 5 in Section 4.7.3.
Note that

Tr,ﬂ(kl + kZ)Tr,ﬁ(].) = limd—wo F(—:'_"I'B'B'Ag,ﬂ(kl + kz, 1)
(4.9.28)

= limg o0 F(T{_,B-SE’CI_HCZ (erUd+Vd 1m(d)=1) .

Here the first equality follows from the fact that A, has a positive spectral gap, while
the second equality follows from (1.4.13-1.4.14), (4.2.9) and (4.2.16-4.2.17). Now, let
{m*(z)}zen, and {m(z)}zen, be two independent Markov chains as in (4.2.9) starting
at ky and k, respectively. Then the distribution of {m*(z) + m(z)}sen, is equal to Pk, 4,
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(since they are branching processes with geometric offspring distribution and {m*(z)}zen,
has no immigrant, while {m(z)},en, has one immigrant). Furthermore, use (4.2.16) to
estimate

d
-8BV, = —,BZ('m*(:c) +m(z) +m*xz— 1) +m(z — 1) — 1)2
= (4.9.29)
d d
< ——,BZ(m*(x) +m*z—1)° - ﬁZ(m(m) +mz—1)—1)"

Then use (4.2.16-4.2.19), (4.9.29) and the independence of {m*(z)}sen, and {m(z)}zen, to
bound the expectation in the r.h.s. of (4.9.28) by

Trp(k1 + k2) 7 5(1) < Jim B}, (V" P Lns(@=0) m&m (€U Pl @=1) . (4.9.30)
Recall (4.9.28) and (4.4.23) to arrive at

Trp(k1 + k2)7r5(1) < 2 g(k1) 70 g (k)7 5(1). (4.9.31)

Dividing by 74(1) and Lemma 4.5 now prove the claim. O

Acknowledgment: We thank Hans Duistermaat for many useful discussions during all
stages of this chapter.



Chapter 5

The constants in the central limit
theorems

In this chapter we will investigate the constants a*, b*, c*, LandL appearing in Chapters 2
to 4 (recall (2.1.18), (3.1.4)), (4.4.20) and (4.3.35)). Our main results are that the constant
c*, giving the spread of the polymer in both the Edwards model and the weakly interacting
Domb-Joyce model, is strictly smaller than 1 and that the O(1)-term of the normalizing
constant in Chapter 3 is larger than the one appearing in Chapter 4.

The first result means that the variances in the CLT’s for the Domb-Joyce model and
the Edwards model are discontinuous at 8 = 0 and that the fluctuations around the
asymptotic means are squeezed compared to the fluctuations of simple random walk and
free Brownian motion. Intuitively, this is because the endpoint of the path lives on a larger
scale than free Brownian motion and simple random walk, respectively. Therefore, we can
think of the law of the endpoint of being “less random”, which implies that the variance
is smaller.

The second statement means that the normalizing constant in the Edwards model
is larger than the normalizing constant in the Domb-Joyce model. This is intuitively
reasonable: simple random walk is restricted to the integers, while Brownian motion is free
to move over the real line. Brownian motion can therefore optimize the partition function
better.

5.1 Main theorem: Theorem 5.1

The following is our main theorem:
Theorem 5.1

(i) o €[2.188,2.189]
(i) b € [1.104,1.124]
(iii) c* € [0.60,0.66]
(iv) L=%L>L.

139
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The proof of Theorem 5.1 is given in Sections 5.2-5.6 and is based on estimates of the
eigenvalues of the differential operator X (recall (3.1.3)). Section 5.2 describes the Sturm-
Liouville theory with which we can estimate the constants. In Sections 5.3-5.6 we derive the
estimates for a*, b*, ¢*, L and L respectively. The above estimates are computer assisted
and we give exact error estimates.

The bounds in Theorem 5.1(¢ — 42) can be made arbitrarily sharp by making the esti-
mates of the eigenvalues sharper. For the bound in Theorem 5.1(ii) this is not the case,
which is due to the fact that ¢* in (3.1.4) is a more complicated object.

5.2 Preparations: Lemmas 5.1- 5.4

In this section we will analyze the zeroes of the eigenfunctions of the Sturm-Liouville
differential operator K® (recall (3.1.3)).

5.2.1 Sturm-Liouville theory: Lemmas 5.1- 5.3

Let u — x,4,,(u) be the solution of

(K*z)(u) = 22" (u) + 22" () + (au — u?)z(u) = pz(u), (5.2.1)
with
Zap(0) = 1,2, ,(0) = p (5.2.2)

(see also Section 2.6). This solution is unique by Lemma 2.15, but by Lemma 2.16 it need
not be in L*(Rg)! In fact, the only values of p for which x, , is in L%(R{) are the eigenvalues
p®(a) (recall Section 3.3.2). In the sequel we will use the extreme sensitivity of the tails
of z,, with respect to a and p to get sharp numerical estimates.

The method described here is not new and can be found e.g. in Coddington and Levinson
(1955) Theorem 2.1 on page 212 for regular differential operators. The case where the
differential operator is regular singular, but £(0) = 1 (as in (5.2.1)), can easily be derived
from this result. However, we will derscribe the method below, since it gives a good
understanding of the behavior in our case.

Suppose that u(a, p) < oo is a zero of z,,. The starting point of our investigation is
the following lemma:

Lemma 5.1 For all a,p € R and u(a, p) < oo,

Zu(a,p) >0,
a4, ) o (5.2.3)

Proof. We will prove the first statement only. The proof of the second statement is
analogous.
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Fix a and suppose u(a, p) < oo is a zero of z, ,. Then, by the implicit function theorem
and the fact that z ,(u(a,p)) # 0, p — u(a,p) is a differentiable function. By (5.2.17)
below, z,, can be represented as a power series with coefficients that are differentiable in
a and p. Hence

ya,p(u) = d;dpxa,p(u) (5.2.4)

exists. Differentiate z, ,(u(a, p)) = 0 with respect to p to get

0 = (u(a, ) (0, + gl ). (5.2.5)

Thus, to prove Lemma 5.1 it is sufficient to prove that x ,(u(a, p)) and ya,(u(a, p)) have
opposite sign.
To that end, note that y, , satisfies the inhomogeneous differential equation

(’Caythi’) () = PYa,p(¥) = Ta,p(u), (5.2.6)
with
g{axp(o) = Oa y:z,p(o) = 1) (527)

which is obtained by differentiating (5.2.1-5.2.2) with respect to p. Now, let u — &, ,(u)
be any solution of (5.2.1-5.2.2) such that lim,o Zop() _ _1 (recall (2.6.22)) and note that

Inu
Zq,p and £, , are a basis of solutions for the homogeneous equation K%z = pz. Since the

Wronskian of the differential equation (5.2.1-5.2.2) equals
Uz, ,(u)q,p(u) — udl, ,(u)q,(u) = 1, (5.2.8)

the solution to (5.2.6-5.2.7) is given by

Yo () = — (1) / " e (6)dE + 70, (w) / ¥ Erap(E)an(€)dE. (5.29)

Since u = u(a, p) is a zero of z,,, we obtain

u(a,p)
Ya,p(u(a, p)) = —Za,p(u(a, p)) /O €x? (£)de, (5.2.10)

80 Ya,0(u(a, p)) has opposite sign from &, ,(u(a, p)). Finally, substitution of u = u(a, p) into
(5.2.8) gives

u(a, p)z, ,(u(a, p))iap(ula, p)) =1, (5.2.11)

vsghich together with (5.2.10) proves that x, ,(u(a, p)) and y,,(u(a, p)) indeed have opposite
sign. . O
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Lemma 5.1 states that if there is a zero for z,,, then this zero will move to the left as
p decreases or a increases and vice versa. Furthermore, z,,(0) = 1 prevents zeroes from
moving to the negative axis. Hence, z,, can only get more zeroes as p decreases or a
increases.

Using Lemma 5.1, we will prove the following stronger statement:

Lemma 5.2 Let n = n(a,p) be defined by
n(a, p) = #{zeroes of x4} (5.2.12)

Then, for every a € R, p — n(a,p) is a step function that makes a jump precisely at the
eigenvalues p®(a), i.e., n(a,p) = k for p € (0% (a), p*V(a)] (k> 1).

Proof. Fix a € R. For k € N, define
Ay = {p: A C R{ bounded such that z,, has at least k zeroes in I}. (5.2.13)

Then A; is an open interval, unbounded to the left by Lemma 5.1 and the fact that
,,(0) = 1. Consequently, A¢ is a closed interval and has a smallest element p®). We will
show that p*) = p®)(a).

To that end, let ug(a, p) be the kth zero of z,,. Then

lim u(a, p) = co. (5.2.14)
oo

To see why, suppose that lim ;) u(a, p) = v < co. Then, by continuity of p — z4,(u),
v = ug(a,p®) is the kth (finite) zero of 2,50 (). Eq. (5.2.5), together with 2/ 20 (v) #0
and g, o (v) # 0 (recall (5.2.8-5.2.10)), give that Zux(a, p*)) > 0, which is a contradiction.

Furthermore, since p — Z4,(u), p — z, ,(u) and p — =g ,(u) are continuous for all
u € Ry (see (5.2.17- 5.2.18), x, 50 (u) and z, 20 (uw) have opposite sign for large u by the
following reasoning. Let

1 1
c(a,p) = 3¢+ 5 a2 —4p (5.2.15)

be the last zero of p,,(u) = u® — au + p. Take p < p® such that wuk(a, p) > c(a, p) (recall
(5.2.14)). Then x,,, has a zero larger than c(a, p). Next, rewrite (5.2.1) as

[uz), ,(w)]" = Pa,p(w)Ta,p(w), (5.2.16)

where the ’ stands for differentiation with respect to u. Then, for all u € [c(a, p), ux(a, p)),
Tq,p(u) and x, ,(u) have opposite sign, since otherwise these signs would remain to be the
same by (5.2.16) and hence x,, cannot have a zero larger than u. (Note that p,,(u) > 0
for all u > c(a,p).) Now, let p T ¥ and use (5.2.14) and the continuity of c(a, p), to
see that z, ;0 (u) and z/, ., (u) have opposite sign for u > c(a,p®). The only way this is
possible is when lim,,_, Ty 5k) (u) exists and is bounded. Use Lemma 2.16 to see that then
T, 5w is in L2(R]). Hence, p*®) has to be an eigenvalue of K¢ in L%(R{). It is now easy to
see that p*) = p®)(a) by counting the number of finite zeroes of z, 5, which has to be
exactly k — 1. g
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Lemma 5.3 Ifv > c(a, p) and if To,(v) and z} ,(v) have the same sign, then z,,(u) and
T ,(u) have the same sign for all u > v.

Proof. Easy. See (5.2.16). O

Lemma 5.3 will be useful in order to determine the number of zeroes of z, , from a computer
plot of z, ,(u) for u in a bounded interval.

5.2.2 Power series approximation: Lemma 5.4

We end this preparatory section by explaining how we can determine the number of zeroes
of z,, in a bounded interval.
Use (2.6.23) to write ,,,(u) as a power series

Tap(w) =) gau™, (5.2.17)

n=0

where the g,’s satisfy the recurrence relation

1
9n = 55 (PIn-1— agn-2 + gn-3) (n21), (5.2.18)

with go = 1,9_; = g_2 = 0. By induction on n, it is easy to derive the following bounds:

o< K@ 5, (5.2.19)
(nh)3
where K(a, p) satisfies
lel la| 1

+ ¥ <1 5.2.20
23K(a,p) 23K(a,p)? 2K(a,p)? ( )

In the sequel we will take

_2 3]a| 3

K(a,p) = max{273|p|, 4/ =5, V3}. (5.2.21)

23

(This corresponds to bounding the first term in (5.2.20) by %, the second by % and the
third by %. This choice turns out to be good enough for the choices of a and p that we will
use in the sequel.)

In order to estimate how well the power series with a finite number of terms approx-
imates x,,(u) on a bounded u-interval, we have to know what the contribution is of the
remote summands in (5.2.17).
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Lemma 5.4 For every k €N, p,a € R and N € R",

|ig u| < ———M—— uniformly for u € [0, NJ, (5.2.22)
—"" T (1— NCy)V2nk
where Cy, is given by

Ci = Ci(a, p) = E%f—)fi (5.2.23)
Proof. Use Stirling’s inequality

n\"
! - 2.
nl > 27m(e) (5.2.24)

and (5.2.19), to get

= (5.2.25)

O
We have now completed our preparation and can start with the proof of Theorem 5.1.

5.3 Proof of Theorem 5.1(7)

Fix p=0and N = 8, k = 350. Use Lemma 5.2 to see that if £, has a zero then a > a*,
while if 240 has no zero then a < a*. Next, (5.2.21) gives that

K(a,0) < 1.7 uniformly for a < 2.2. (5.3.1)
Hence, in (5.2.23),

Cr < 0.07. (5.3.2)

Thus, by (5.2.22), the difference of z,, and the power series approximation of z,,(u) with
350 terms is smaller than or equal to 2 x 107% (for these values of N, @, p and k). The
proof now follows from Figure 3, Lemma 5.3 and the fact that c¢(a,0) = a < N = 8 for
a < 2.2 (recall (5.2.15)).



5.4. PROOF OF THEOREM 5.1(II) 145

Figure 3a-b: The power series approximation of £, with a = 2.187, respectively,
a=2.188 and N = 8,k = 350.

5.4 Proof of Theorem 5.1(i7)
5.4.1 The lower bound for b*

First we derive an equality, (5.4.2) below, that we will need later on to prove the lower
bound for b*. After that we use the results in Sections 5.2 and 5.3 to prove the upper
bound for b*.

Compute

0= [uzh (W’ =2 [;°(uz’e (u)) uzhs (u)du

(5.4.1)
== [y (a*u — w?)uzl. (w)za: (u)du,

where we used (5.2.1) and p(a*) = 0. Now, integrate by parts to get

. 7. 2 3 [® 22 a* 3 [ 52
0=a uxs. (u)du — 5 wzs. (u)du = 73 u'zs. (u)du, (5.4.2)

0 0 0
since
00
pa) = / uz’(u)du. (5.4.3)
0

(Note that the boundary terms at infinity disappear by the super exponential decay of x4«
in Lemma 2.16.)
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To prove the lower bound for b*, use & = p/(a*) and recall (5.4.3) and write out using
partial integration:

a*— % = [Cdu(a’u—u?)zl(u)

= =2 [° du (a*u — u?)Ter (u)z)a (u)
(5.4.4)
=4 [ du [z} (u)? + uz. (u)a). (u)]

= 2||e’'|[]

L2(R)’
Here the second equality uses (3.1.3), while the third equality again follows from partial
integration. Therefore, a rough lower bound for b* is

2 2
a* — 'I-): Z 0 or b* Z ;;, (545)

which together with Theorem-5.1(¢) gives

b* > 0.91. (5.4.6)

However, (5.4.6) can be improved using (5.4.2), partial integration and the Cauchy-Schwarz
inequality:

1 = =207 du uzqr (u)z) (u)

<2l e/ fo- du vl (w)

(5.4.7)
= \/§l|$'||L2(n;r)\/ %%T
= bi,\/a*b* -2 %a*.
Rewrite this to get
31
*Hr_9 > *2Y - 4.
a*'b*—2>b pe (5.4.8)
or
2 31
b* > — + b2 —.. A.
= a* + 4 q*? (5 9)
Now, insert (5.4.6) into the r.h.s. of (5.4.9) and use Theorem 5.1(:) to get
b* > 1.043. (5.4.10)

Iterating (5.4.9) seven times, each time with the improved lower bound, we arrive at the
lower bound in Theorem 5.1(3%).
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5.4.2 The upper bound for b*

To prove the upper bound for b*, use the monotonicity of a — p(a) and the relation
b* = [p'(a*)]™! (see Theorems 2.3— 2.4), the mean value theorem and Theorem 5.1(z) to
get that

. 1
b < T00p.188) = p@ 1T

Furthermore, c(a,p) <3 < N =9 for these values of a, p (recall (5.2.15)), so that Lemma
5.3 applies. Recall (5.2.21) to get

(5.4.11)

K(a,p) < 1.7 uniformly for p € [—0.0096,0],a € [2.178.2.188]. (5.4.12)
Hence (5.2.23) gives

Ck(a, p) <0.07 uniformly for p € [—0.0096,0],a € [2.178.2.188]. (5.4.13)

Thus, by (5.2.22), the difference between z,,(u) and the power series approximation of
Ta,p(u) with 350 terms is smaller than or equal to 2 x 10~ (for these values of N, a, p
and k). Now use Lemma 5.2 and Figure 4 to get that

p(2.178) < —0.0096

p(2.188) > —0.0007, (5.4.14)

since z,, has one zero for (a,p) = (2.187,—0,0096) (note that z,,(N) < 0 for (a,p) =
(2.187,—0,0096)), while z, , has no zero for (a, p) = (2.188, —0,0007) (note that z, ,(N) >
0 for (a, p) = (2.188,—0,0007)).
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Figure 4a-b: The power series approximation of z, , with (a, p) = (2.188,—-0.0007),
respectively, (a, p) = (2.187,—0.0096) and N =9, k = 350.

5.5 Proof of Theorem 5.1(ii7)

In Sections 5.5.1-5.5.2 we prove the upper bound for c¢*, in Section 5.5.3 the lower bound
for c*.

5.5.1 The upper bound for ¢*: Lemmas 5.5-5.6
By differentiating (5.4.3) with respect to a, we get

p'(a)=2 /:o du uz,(u)ye(u), (5.5.1)

where y, € L2(RJ) is the function

d
va(w) = ~za(u). (5.52)
Differentiating the relation ||$a||iz @) = 1 with respect to a, we get
(Tas Yad 2ty = O- (5.5.3)
Hence, we can rewrite (5.5.1) as
p@) =2 [ du(u=p@)en) w(w). (55.4)
0

Note that, by (5.4.3), also u — (u — p(a))z.(w) is orthogonal to x,. Furthermore, differ-
entiating the eigenvalue relation K%z, = p(a)z, with respect to a, we get that y, satisfies
the inhomogeneous differential equation

~(K%y) (w) + p(a)y(u) = fa(u), (5.5.5)
where
fa(w) = (u— p(a))za(u)- (5.5.6)

Lemma 2.16 gives that all the p®)(a)’s have multiplicity one. The Rayleigh representation
for pM)(a) reads

pV(a) = sup (y, K*y)L2. (5.5.7)

y:llyll p2=1,(%a,y)  2=0
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Hence, we have that for all z € L%(R}) such that (z4, )12 =0,
(@, (p(a) = K 2) 12 2 [p(a) — pD (@)]l[2]Fa(gs)- (5.5.8)

Therefore, we are in the situation of Griffel (1988) Proposition 10.31. Apply this proposi-
tion to get

1 2
(y: .fa)L2 < [p(a) — p(l) (a)] ”fa”LZ' (559)

Substitute (5.5.6) and use (5.5.3) to get
/" 2 oo / 2 .2
p'(a) < Wa—)-rl-?(l—)(a_)]/o du (u — p'(a))” z5(w). (5.5.10)

Because of (5.4.14) and (5.5.11) below, the following two inequalities suffice for the upper
bound in Theorem 5.1(i%):

Lemma 5.5 b*3 [[* du (u — p'(a*))? 2. (u) = b*(3a*b* — 1) < 0.72.

Proof. See (5.4.2) and Theorem 5.1(i — i3). O
Lemma 5.6 —p()(2.2) € [3.3,3.4].
Proof. See Section 5.5.2 below. a

5.5.2 Proof of Lemma 5.6: Spectral analysis of K¢

In this section we will prove bounds for —p(!)(2.2), using computer plots of z, , for a = 2.2
and suitable values of p, Lemma 5.2 and the error estimates in Lemma 5.4. Lemma 5.3
guarantees that there are exactly as many zeroes as seen in the plot.

In the same way as in (5.4.3) above, we have

d 00
%p(k)(a) = /(; du uz® (u)? > 0, (5.5.11)

where z") is the eigenfunction corresponding to the eigenvalue p®)(a) (recall Section 4.4.1).

Hence, all the eigenvalues are increasing in a. Therefore we can take a = 2.2 for an upper
bound on p®(a*). By (5.2.20)

K(2.2,p) < 2.15 uniformly for p € [—3.4,0]. (5.5.12)
Again we pick N = 8 and k = 350. Then by (5.2.23)
Ci(2.2, p) < 0.085 uniformly for p € [—3.4,0]. (5.5.13)

Therefore, by (5.2.22), the difference between z,,(u) and the sum of the first 350 terms
of the power series of z,,(u) is smaller than or equal to 6 x 107%°. In Figure 5 the sum
of the first 350 terms of the power series of x,,(u) is plotted for ¢ = 2.2 and p = —3.3,
respectively, p = —3.4. Since ¢(2.2,—3.4) < 8 and ¢(2.2,—3.3) < 8 (recall (5.2.15)), the
number of zeroes of T32 _34 is 1 and the number of zeroes of z22 33 is 2 by Lemma 5.3.
This proves that p(2.2) € [-3.4,—3.3].
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Figure 5a-b: The power series approximation of z,, with (a, p) = (2.2, —3.4),
respectively, (2.2, —3.3) and k = 350, N = 8.

5.5.3 The lower bound for c¢*

For some s > 0, let

y(u) = s(u — p'(a))zq(u). (5.5.14)

Then y is orthogonal to z, (see (5.4.3)).
By (5.5.5) and Griffel (1988) Proposition 10.31, it follows that

1
7¢'(@) = sup [2(z, fa)r2 + (2, (p(a) — K*) 7) 2] (5.5.15)
zi||a|| L2=1,(%a)x) 2 =0
(recall (5.5.6)). Substitution of z =y (see (5.5.14)) gives

1 2 .
50"(a) 2 ZlwlZe + (w: (pla) = K*) 9) 12 (5.5.16)
Next, compute for a = a*,

(K¥y)(u) = s(u—p'(a*))(K¥ 24+ (w) + dsuzl. (u) + 25T 4~ (u)

(5.5.17)
= s(4duxl. (u) + 2x4- (u)),
where we use that p(a*) = 0 (see Theorem 2.3). Hence, by partial integration
W, K¥y)2 =5 [§ duu — p(a*)) 240 (4)Ter (u)
(5.5.18)

= —25%p/(a*).
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Furthermore, use (5.4.3) and (5.4.2) to compute

Iyl =s*(fy vzl (w)du — p(a*)?)

(5.5.19)
= /() (Ba" — p/(a))-
Substituting (5.5.17-5.5.19) into (5.5.16) and maximizing over s, we get
9 2
o"(a*) > p'(a*)? (ga*b* - 1) . (5.5.20)

The lower bound now follows from the definition c*2 = %;T)% (recall (3.1.4)) and Theorem

5.1(¢ — i3).

5.6 Proof of Theorem 5.1(iv)

Recall Propositions 3.1 and 4.1 where L and z appear. In this section we use the repre-
sentations of L and L to prove that L = ¢ L. Since a* > 2 by Theorem 5.1(i), this will

prove that L > L as claimed.
Recall from (3.3.33), Lemmas 3.5 and 3.7, (4.4. 20) and (4.3.34-4.3.35) that

L = 0" (T, 20 )12 (Tary 200)50 (5.6.1)

*

b
L = 5(311": za*)%ﬁ, (5.6.2)
(see Chapter 3 footnote 1 for the factor -;-) where z,~ satisfies the Airy equation
22"(u) + (@* —w)z(u) =0  (u €R). (5.6.3)

Hence we have to prove that

o a*
(Tars 200 )12 = — (Ta*> Za*) L2- (5.6.4)
2

The proof relies on the fact that the differential equations for . (recall (2.1.13)), respec-
tively, zq+ (recall (5.6.3)) are similar.

Since K x4+ = p(a*)zq = 0 (recall Theorem 2.3) and K is symmetric in L%(R*), we
have

= (K ) &ar, 2as) 12 = (Tae, (K* V'2ae)r2 (i =1,2). (5.6.5)
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Compute (for i = 1)
(K% 24+) () = 22} (u) + u[220 (u) + (0° — u)zas (u)]= 22} (w). (5.6.6)
This gives (for i = 2)
(K920 ) (w) =2 (K" 2.) ()
= 42" (u) + 2u[22" (u) + (a* — u)z. (u)] (5.6.7)
= 420 (u) + 2uzge (w).
Substitution of (5.6.3) into (5.6.7) gives
(K™ )220 (1) = (du — 20) 2+ (w). (5.6.8)

After substituting (5.6.8) into (5.6.5) for ¢ = 2, we end up with (5.6.4).

Note: Just prior to completion of this work, we received a letter from John Westwater
explaining a different functional analytic method to obtain sharp numerical estimates on
a*,b*,¢*. Rather than working with the Sturm-Liouville differential equation (5.2.1), he
uses the variational problem in Westwater (1984) and a truncation of an expansion into
Laguerre polynomials of the minimizer of this variational problem. His method gives rig-
orous upper bounds on a*. All other estimates are non-rigorous for lack of error estimates.
The values found are fully in agreement with the bounds in Theorem 5.1(i — %43).

Acknowledgment: We thank J. Duistermaat for pointing us at the Sturm-Liouville the-
ory in Section 5.2.1, which clearly is the key ingredient in the proof of Theorem 5.1 (i —ii%).
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Summary

Polymers are long molecules consisting of building blocks called monomers. Polymers
can consist of a few thousand monomers. Polymers have two characteristic properties.
The first is that they are irregular, because there are different possibilities for the angles
between the monomers. The second is that they try to avoid self-intersections because of
polarization of the monomers or the excluded-volume-effect. Polarization means that the
monomers have an electrical charge. The excluded-volume-effect means that once there is
a monomer in a certain position, this position is full and there can be no other monomer
there. Realistic dimensions for polymers are two (for a polymer on a surface) and three
(e.g. for a polymer in a solvent). However, it turns out that two- and three-dimensional
polymers are mathematically too difficult and therefore we mainly consider one-dimensional
polymers. We can think of a one-dimensional polymer as a polymer in a thin tube.

Probabilistic polymer models are based on lattice random walks or Brownian motion
with a self-repellent interaction. The paths of these processes model the configuration of the
polymer in space. The random walk or the Brownian motion models the irregularity, the
self-repellence models the tendency to avoid self-intersections. We study the Domb-Joyce
model based on simple random walk, and the Edwards model based on Brownian motion.
The Domb-Joyce model is a generalization of the self-avoiding walk, namely where self-
intersections are made unlikely but not impossible. The Edwards model is the continuous
space-time analogue of the Domb-Joyce model. We are interested in the behavior of the
end-to-end distance of the polymer as the number of monomers increases. The end-to-end
distance gives an indication of what the spatial extent of the polymer is.

Polymer models are prototypes of models with a global interaction: any piece of the
polymer interacts with all the other pieces, even the ones that are far apart when mea-
sured along the polymer chain. This makes polymer models different from most of the
mathematical literature, where Markovian models are studied with a local interaction in
space and/or time. The global interaction makes these models difficult, which is reflected
by the fact that the proofs in this work are technical. The basic tools used in this work are
the theory of large deviations, Markov chains and diffusions for the local time processes of
simple random walk and Brownian motion, and functional analysis.

In Chapter 1 we give an introduction to polymers, define the above models and state
the main results and conjectures. We formulate the law of large numbers for the one-
dimensional Domb-Joyce model and give a sketch of the proof by Greven and den Hollander
(1993), because this proof gives a clear picture of the techniques used in this field. We also
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state the law of large numbers for the one-dimensional Edwards model proved by Westwater
(1984) and the central limit theorem for the one-dimensional Domb-Joyce model proved by
Konig (1996). A law of large numbers states that the end-to-end distance of the polymer
divided by the number of monomers converges to a positive and finite number. This
number is called the speed of the polymer and depends on the self-repellence parameter.
A central limit theorem describes the fluctuations of the end-to-end distance around this
linear behavior. Furthermore, we give an outlook on the future by describing a few related
polymer models and some results and conjectures for these models.

In Chapter 2 we investigate how the key quantities in the law of large numbers for the
Domb-Joyce model behave as the self-repellence parameter tends to zero, and we relate this
behavior to the law of large numbers for the Edwards model. It follows from these results
that the behavior in the Domb-Joyce model with a very small, but positive, self-repellence
parameter is not comparable in any way to the random walk without self-repellence. This
means that the weak interaction limit is singular.

In Chapter 3 we prove a central limit theorem for the Edwards model, in Chapter
4 a central limit theorem for the Domb-Joyce model when the self-repellence parameter
tends to zero with the number of monomers. Furthermore, we explain the relation and the
differences between the central limit theorems in Chapter 3 and 4. It turns out that the
variances in these CLTs as a function of the self-repellence parameter are discontinuous
at zero and are smaller than 1, the value for simple random walk and Brownian motion.
This once again shows that the weak interaction limit is singular. The results in Chapter
4 show that the behavior of the end-to-end distance in the Domb-Joyce model is uniform
in the interaction parameter.

In Chapter 5 we give bounds for the constants in the central limit theorems in Chapters
2-4 and we explain what the bounds mean for the polymers.

Chapters 2-5 give a clear picture of the behavior of the polymer in the Domb-Joyce
and in the Edwards model in dimension one. The remaining open problems are related to
monotonicity properties of both the mean and the variance in the CLT for the Domb-Joyce
model. A challenge are the realistic dimensions d = 2, 3, where virtually nothing is known.
The results in dimension one do give insight in these realistic dimensions and prove results
that we also expect to hold in d = 2, 3.
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Glossary

Below we list the mathematical symbols that occur frequently in this work and refer to the
formula or section in which they are introduced. Furthermore, we have included a brief
explanation in words.

a* (2.1.18) exponential rate normalizing constant Edwards model
A p(i,5) (1.4.13) [?(N)-matrix that describes distribution of the polymer
under the Domb-Joyce measure

A, (4.5.16) scaled version of A,, g,
A(w) (3.2.8) additive functional of the two-dimensional squared Bessel process
ATYt)  (3.2.8) inverse process of u'— A(u)
A* (u) (3.2.11) additive functional of the zero-dimensional squared Bessel process
At (3.2.11) inverse process of u — A*(u)
aP@) (3.4.6) eigenvalue of M
aO(r,B) (4.4.9) _eigenvalue of Q5 ‘
b* (2.1.18),(2.1.21) speed of the polymer in the Edwards model for 8 = 1
(Bi)i>o  Section 1.3 Brownian motion
c (3.1.4) standard deviation in the CLT for the Edwards model
Ck (5.2.23) constant in bound on approximation of z,, by

' its power series with k terms
cla,p)  (5.2.15) - last zero of f,,
Fe (2.2.7) limiting functional of Fg
Fo(u) (3.3.1) u? — au + p(a)
Fi(u)  (3.3.18) u® —au
F! (2.3.3) first part of functional F®
F? - (2.3.3) - second part of functional F*
Fg (2.2.2) functional to describe variational problem corresponding to the

scaled eigenvalue of A

F; (2.3.1) first part of functional F d
F} (2.3.1) second part of functxonal Fe
I, (4.3.4) Markov renewal process
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f 7,0,0

by
f n,6
—n,—

9rpé

{ln(2)}2ez
Mﬂ.
{m()}seno

{m*(2)}zeno

(4.3.9)

(4.3.29 — 4.3.30)
above (4.5.2)
(4.3.31)

above (4.5.2)
(4.4.20)
(4.5.2)

(3.1.3)

(5.2.19 — 5.2.21)

(4.2.6), (4.3.35)

(3.1.1),(3.2.15)
(3.1),(3.3.33).

(2.1.13)
(2.2.1)
Section 4.4.1
(1.4.6)
(3.4.5)
(4.2.9)
(4.2.9)
Section 1.2
Section 1.3
(1.4.14)
(4.2.8)
(3.3.2)

(4.3.1)

below (5.2.15)

(3.2.12)

(4.4.27), (4.5.8)
(2.1.10)

(2.1.5)
(4.3.7)
(4.4.10)
(4.3.27)

GLOSSARY

functions describing contribution of local times from the
boundary pieces

scaled ffﬁ

abbreviation of 7:.“5'_ b

matrix product of ¢,th power

of Qrg, and f;ﬁ

abbreviation of g2 5

integrand of integral representation of L

discrete version of

Sturm-Louville differential operator, scaled version of £*
constant in bound of the coefficients

of the power series representation of z,,

corresponds to the limit of the normalizing constant in the
weakly interacting Domb-Joyce model

Brownian local time process

corresponds to the limit of the normalizing constant in the

‘Edwards model

Sturm-Louville differential operator

largest eigenvalue of A, 5

lth largest eigenvalue of A,

local time process of simple random walk
Sturm-Liouville operator £K*

Markov chain describing local times inbetween 0 and S,
Markov chain describing local times below 0 and above S,
simple random walk measure

Wiener measure

Markov transition matrix corresponding to {m(z)}zen,
Markov transition matrix corresponding to {m(z)*}zen,
transition probability function of transformed
two-dimensional Bessel process

transition matrix of transformed Markov chain
w—au+tp

density of total local time of Brownian motion below 0
or above Bp

discrete version of 1,

stationary distribution of local times under the
Domb-Joyce measure inbetween 0 and the endpoint
empirical distribution of local times

stationary distribution of {I';}ien

lth real eigenvector of Q5

scaled version of v, g



Qh
Q7
Qr,ﬂ
r(8)

Tn

p(a)
(Si)iero
a*(B)
a*(B)

{X'u}'uZO
{5(5 )

(1.2.1)
(1.3.1),(3.1.2)
Section 4.4.1
(1.4.15)

(4.2.4)

below (2.1.14)
Section 1.2
(1.6.2)

(2.1.3),(2.2.1)

(1.4.17), (2.1.11)

(4.1.6)
(3.1.6)

(4.2.16)
(4.2.18)
(4.2.17)
(4.2.19)
(3.3.18)

(4.3.8)
(4.4.22)
below (2.1.14)
Section 4.4.1
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Domb-Joyce measure

Edwards measure

Markov transition matrix of {I'1}en
exponential rate of the normalizing constant

in the Domb-Joyce model

7*(Bn)

largest eigenvalue of £*

simple random walk

standard deviation in the CLT for the Domb-Joyce model
standard deviation in the CLT for the Edwards model
o*(Bn)

random time change of Brownian motion

in the Ray-Knight theorems

eigenvector of A, 5 corresponding to A(r, )
speed of the polymer in the Domb-Joyce model
0 ()

speed of the polymer in the Edwards model
additive functional of local times

total local time below 0 or above S,

additive functional of squares of local times
total sum of squares of local time below 0 or above S,
function describing contribution of local times
below 0 and above Br

discrete analogue of w,

scaled version of wy g

largest eigenfunction of £*

lth eigenfunction of £*

eigenfunction of £* with eigenvalue p
two-dimensional squared Bessel process
zero-dimensional squared Bessel process

lth eigenfunction of M

discrete version of y®

time changed {X,},>0 process

scaled and shifted Airy function

normalizing constant for the Domb-Joyce model
normalizing constant for the Edwards model
weighted L? inner product
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