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Preface

I was first introduced to the subject of this book by Wim Albers in 1986. He
showed me an early version of Akritas (1988), in which an apparently completely
new x-test in the random censoring model was described. In the classical i.i.d.
model the x?-test statistic reduced to a simple functional of a process which was
an intriguing transformation of the empirical distribution function.

Shortly after that, I learned more about this process from several other seem-
ingly independent sources [in the end all sources trace back to Aalen (1976)]. In
Aki (1986) the process was attributed to the innovation approach in Khmaladze
(1981), and in Shorack and Wellner (1986) two chapters were dedicated to “the
basic martingale”.

Provided that T is not too large, the basic martingale behaves on the interval
[0,T] as a lineair transformation of some empirical process. The recognition
of this fact led to Einmahl and Koning (1992), in which several results for the
empirical process were transferred to stochastic integrals with respect to the basic
martingale. A main tool was a strong approximation on the interval [0, T)].

The work on that paper made the usefulness of a more general strong ap-
proximation clear to me, so I started investigating the interval [0,c0). A major
difficulty is that on this interval the basic martingale no longer behaves as a linear
transformation of an empirical process. As Theorem 2 on page 26 shows, this
difficulty can be taken care of. In fact, Theorem 2 goes somewhat further than a
strong approximation, since it also presents an exponential inequality governing
the approximation. The combination of an approximation and an exponential
inequality is referred to as a KMT-type inequality.

The major theme of this book is the statistical application of the KMT-type
inequality Theorem 2, especially in the areas of testing, estimation, deviations,
and efficiencies. In Chapter 1 an overview is presented. Some basic tools are
described in Chapter 2. The theory is developed in Chapters 3 and 4, applied to
the problem of testing exponentiality in Chapter 5, and supported by computer
simulations in Chapter 6.

ALEX J. KONING

May 1993
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Chapter 1

An overview

This chapter is meant to provide an overview of the remainder of the book.
Although some technical elements are outlined in section 1.9, the interested reader
should consult the other chapters for full detail.

1.1 Introduction

The complexity of the finite sample distribution of a test statistic often makes
approximation necessary. In most cases approximations are motivated by weak
convergence arguments. However, such arguments fail to give insight into the
accuracy of the approximation. Typically, the approximations are poor in the
tail of the distribution, the region which is of importance in determining critical
regions and probability values.

This book discusses the use of the approximation theory of Komlds, Major
and Tusnddy (1975) to construct approximations for test statistics themselves,
rather than for their distribution functions. The accuracy of the approximations
is indicated by accompanying probability inequalities.

These probability inequalities imply weak convergence. In fact, they have
consequences which go far beyond weak convergence, such as deviation results
[see section 1.2]. Thus, one may view the inequalities as refinements of the implied
weak convergence results.

The test statistics considered mainly occur in the random censoring model,
and are of the goodness-of-fit type. Section 1.2 pays some attention to goodness-
of-fit tests in the i.i.d. model. ‘

In section 1.2 the approximation of empirical processes is described. Sec-
tions 1.3 and 1.4 introduce the notion of KMT-type inequalities and the random
censoring model, respectively. Section 1.5 addresses testing the simple null hy-
pothesis. The transition to the composite null hypothesis, the subject of sec-
tion 1.8, is made in sections 1.6 and 1.7.
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1.2 KMT-inequalities for empirical processes

Many tests for assessing the fit of a cumulative distribution function F(t) to an
i.i.d. sample are based based on the empirical distribution function F), of the
sample. A vast majority of these so-called EDF tests have test statistics which
can be expressed in terms of the empirical process

Un(t) = nV2{Fo(t) - F()}. (L1)

Obviously, empirical process theory has direct implications for this class of EDF
tests.

If the sample indeed originates from the distribution F, then it is noticed
in Doob (1949) that as the sample size n tends to infinity, the empirical pro-
cess seems to behave more and more as a familiar Gaussian process, Brownian
bridge [with time F'(¢)]. This observation has provided the inspiration for the so-
called Empirical Central Limit Theorem [ECLT], which tells us that the empiri -l
process converges in distribution to a Brownian bridge. The ECLT appears as
Theorem 1 on page 19 of this book.

Although the ECLT is a very useful device, it only describes the asymptotic
behavior of the empirical process. Hence, the question arises how well a Brownian
bridge approximation to the empirical process performs for finite samples. This
question was answered by Komlds, Major and Tusnddy (1975) by giving their
famous probability inequality, which appears as Inequality 2 on page 19.

Within the class of empirical process EDF tests there is the important subclass
of tests based on statistics of the form T'(U,), where T is a Lipschitz functional [see
Definition 2 on page 27]. As examples of members of this subclass we mention
Kolmogorov-Smirnov, Cramér-von Mises and x? tests. Since according to the
probability integral transformation we may take U, and B, to be equal to U,oF
and By, o F, Inequality 2 implies that

P(IT(U,) — T(B,)| > ernY*(cylogn + z)) < csexp{—cqz}. (1.2)

Hence, if we know the distribution of T'(B,) then we may use the KMT-inequality
to bound probability values P(T(U,) > z).

The KMT-inequality implies that the difference between P(T(U,) > ) and
P(T(B,) > z) soon becomes neglible if n tends to infinity, provided that z is
kept fixed. However, if z tends to infinity and n is kept fixed, P(T(B,) > )
typically behaves as exp{—az?} for some a > 0, whereas the difference between
P(T(Uy,) > ) and P(T(B,) > z) as indicated by the KMT-inequality behaves
as exp{—bz} for some b > 0. This difference will eventually become much larger
than P(T(B,) > ). Thus, the usefulness of the KMT-inequality for bounding
probability values depends on whether we let n or = tend to infinity.

This immediately raises the question what will happen if we let n and =
simultaneously tend to infinity. In other words: what can be said about the
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difference between P(T'(U,) > «,) and P(T(B,) > x,) as n tends to infinity, and
P(T(B,) > z,) behaves as exp{—a(z,)?}? This question is addressed in Inglot
and Ledwina (1990) and Inglot, Kallenberg and Ledwina (1989).

It turns out that in case z, — oo and z, = o(n!/?) the difference be-
comes neglible with respect to P(T(B,) > z,). Observe that in this situation
P(T(U,) > z,) also behaves as exp{—a(z,)?}. In mathematical statistics this is
known as a deviation result. Deviation results are important in the evaluation of
statistical tests, and are classified according to the rate at which z, is allowed to
converge to infinity. A moderate deviation result allows z, = O((logn)!/?), and
is required in the computation of weak intermediate efficiency [see Kallenberg
(1983)]. A Cramér type deviation result allows z, = o(n'/®), and is required in
the computation of intermediate efficiency [see Kallenberg (1983)]. A Chernoff
type deviation result allows z, = O(n'/?), and is required in the computation
of Bahadur efficiency [see Bahadur (1960)]. Observe that the deviation result
implied bv the KMT-inequality just falls short of being Chernoff type.

For the interesting examples of test statistics T'(U,) the deviation result just
described was already known before. However, the earlier work on deviations of
T(U,) consists of separate results. A clear advantage of the KMT-inequality is
that it enables a unified approach.

1.3 KMT-type inequalities

The KMT approach to the EDF statistics sketched above may be extended to
statistics based on other stochastic processes. In particular, we are interested
in statistics of processes Q,(t) for which there exist a sequence of identically
distributed approximating Gaussian processes W, (t) such that the KMT-type
inequality

P( sup |Qn(t) — Wi(t)| > n "(clogn + z)7) < czexp{—caz} (1.3)

t€[0,00)

holds for 0 <y <1/2 and 7 > 0.

By setting = equal to log n, it is easily seen that the supremum over ¢ of Q,(t)—
W, (t) remains bounded in probability, even after multiplication by n”(logn)”.
This implies that @), converges weakly to a Gaussian process having the same
distribution as Wj.

Although @, is asymptotically Gaussian, the asymptotic distribution of the
statistic T'(Qy) is in general non-normal. Asymptotic Pitman efficacy can be
defined for non-normal test statistics [see Rothe (1981)], but has the undesirable
property of depending on the size of the test. Moreover, its computation is in most
cases extremely troublesome. This makes it rather impractible to use asymptotic
Pitman efficacy to evaluate test statistics based on Q.

From the proof of Theorem 3 on page 43 we may infer that inequality (1.3)
yields a deviation result for 7(Q,) allowing z, = o(n"/(?"=1), provided that
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P(T(Q,) > z) behaves as exp{—az?} for n tending to co. Deviation results
shed light on the “tail” behavior of the approximation. Hence, we may view
the number v/(27 — 1) as an indicator of tail accuracy. It should be as high as
possible. '

The implications of KMT-type inequalities for intermediate efficiency and for
the equivalence of limiting approximate Bahadur efficiency and limiting Pitman
efficiency are discussed in Kallenberg and Koning (1993) [see also Appendix A].
Here the ratio v/7 is of importance.

In later sections in this chapter KMT-type inequalities for processes occurring
in the random censoring model are described. The distribution of the approxi-
mating Gaussian process is in some cases omitted from the description, since it
can be quite complex. Thus, our main focus in this chapter will be the accuracy
of the approximation, as indicated by v and 7.

1.4 Censoring

In the analysis of failure time data we are interested in the time passing between
a first event and a second event. Sometimes a third event makes the observation
of the second event impossible. In this situation we only know a lower bound to
the actual failure time. It follows that we have two types of observations, which
we call “uncensored” or “censored”, depending on whether the second event is
observed.

Techniques for the analysis of failure time data should distinguish between
these two types of observations. Hence, tests based on the empirical process are
in general not applicable.

Nevertheless, an abundance of tests is available for failure time data. A strik-
ing feature of the leading tests is that the central role of the empirical process
has been taken over by another stochastic process, which was named the basic
martingale in Shorack and Wellner (1986). This process will be discussed in later
sections.

In what follows we shall assume that the so-called random censoring model
holds. In this model we have two independent sequences X;,...,X, and Y3,...,Y,
of non-negative i.i.d. random variables which are observed indirectly by means
of the sample (Z1,61),...,(Zn,6,), defined by

Zi=X;\Y, & =lx<yy-

The distribution of X; is of interest.
It is convenient to represent the sample (Z1,61),...,(Zs,6,) by means of the
empirical distribution functions

Hi(t) =n""Y lzcisi=1)s Ho (t) =073 1z,c- (1.4)

i=1 i=1
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One may show that results obtained under the random censoring model con-
tinue to hold if the random variables Yi,...,Y, are degenerated in +oo. In this
case the random censoring model reduces to the classical i.i.d. model.

1.5 Testing the simple null hypothesis

The fact that nH] is a counting process provides the entry point for an approach
of the random censoring model, which has become quite popular over the last
fifteen years. A counting process is a nondecreasing process starting at zero,
making jumps of length 1 at random points in time, and is constant elsewhere.
To each counting process corresponds another stochastic process, referred to as
the compensator, such that the difference between the counting process and its
compensator has the martingale property: the conditional expectation of the
process at some time ¢ given all events occurring before time s < ¢ is equal to the
value attained by the process at time s. Observe that multiplying a martingale
by a fixed constant does not affect the martingale property.

Let P, be the probability measure generated by the pairs of random variables
(X1,Y4,),...,(Xn,Ys). Suppose there exists a cumulative distribution function
F| indexed by 0 belonging to some set ©, such that P,(X; < t) = F(t;0,) for
some 0, € O. Typically, O is a very large class of distribution functions.

Now, suppose we are interested in testing the simple null hypothesis that 6,
equals 6y, where 6y is some element of the set O.

Let A(t; 0) denote — log(1— F(t;0)), the cumulative hazard function belonging
to F(¢;0). The counting process nH} has compensator n [;(1— H,—(s))dA(s;0,).
The basic martingale

M, (t;60) = n'2{HA(t) — /0 ‘(1 = Ho_(s))dA(s: 60)}, (1.5)

is the difference between n H! and its compensator under the null hypothesis, mul-
tiplied by n~'/2. If the null hypothesis holds, then the basic martingale behaves
approximately as a Wiener process with time

H'(t;60) = /0 “ Po(Ya > s)dF(s; 6o). (1.6)

Although this can be shown by Rebolledo’s martingale central limit theorem,
empirical process techniques [outlined briefly in section 1.9] are capable of pro-
viding a KMT-type probability inequality [with ¥ = 1/2 and 7 = 2]. Recall that
KMT-type probability inequalities are refinements of central limit theorems.
Now that we are able to establish asymptotic properties of the M, (¢;6o) with-
out exploiting its martingale character, we may consider the martingale concepts
discussed above merely as a natural way to arrive at a process which under the
null hypothesis reflects the randomness in the sample. From a goodness-of-fit
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0.0035, 0.0086, 0.0132, 0.0467, 0.0490*, 0.0669, 0.0802, 0.0830, 0.1086,
0.1173, 0.1181*, 0.1518*, 0.1653*, 0.1900*, 0.2029*, 0.2037, 0.2109*, 0.2324,
0.2342, 0.2394, 0.2447*, 0.2596*, 0.2979*, 0.3681, 0.4055, 0.5316".

Table 1.1: Data given in Woolson (1981). A suffix * denotes that the observation
was censored by the close of the study.

perspective the essential feature of M,(t;6) is its functional dependence on the
null hypothesis value of the parameter [just like the functional dependence on
#o of the classical one-sample t-test]. Thus, if the null hypothesis does not hold
there is no guarantee that the null hypothesis behavior will still apply. Actually,
drastically different behavior is what we are hoping for, since this will facilitate
distinguishing between the null and the alternative hypothesis.

Observe that M,(¢; 6y) shares a time-transformation property with the empir-
ical process: if we transform the data by applying a function ¢ which is increas-
ing almost everywhere with respect to F(¢;6p), then the “new” basic martingale
equals M, (£(t); 0o). Thus this type of transformation only has the effect of alter-
ing the time-scale.

There is one special transformation which stands out because of its simplifying
effect. If the distribution F(¢;6p) is continuous, then transforming by applying
the cumulative hazard function A(¢;6p) yields data which are under the null hy-
pothesis standard exponentially distributed. This is convenient, since for testing
standard exponentiality the basic martingale simplifies to

Ma(t; 00) = ntHHYE) ~ [[(1~ Ho(9))ds), (L.7)

which is a spline function. Changes in slope relate to failure times, censored or
uncensored. If a change in slope coincides with a jump, then the corresponding
failure time is uncensored.

The transformation by means of the cumulative hazard function is exploited
in Woolson (1981), where data obtained from a random sample of 26 psychiatric
patients are analyzed. The random sample was drawn from all psychiatric pa-
tients who were first admitted to University of lowa Hospitals during the years
1935-1948.

The cumulative hazard function was computed according to mortality tables
for the State of Iowa. Observe that if there is no difference in mortality between
the psychiatric patients and other residents of Iowa, then [and only then] the
transformed data should have a standard exponential distribution, and hence the
basic martingale takes the form (1.7). In Figure 1.1 this stochastic process is
depicted.

Now the question arises whether Figure 1.1 corresponds to what we expect
from the basic martingale under the null hypothesis. Informally, we could inspect
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Figure 1.1: Basic martingale computed from [transformed] Woolson data.

Figure 1.1, having the properties of a Wiener process in mind. For instance, there
is some drift away from the X-axis noticable in the figure, which could be a sign
that we are not dealing with a process close to a Wiener process. In other words:
there is some reason to doubt the null hypothesis.

If we are not content with such loose findings, then a formal approach which
uses the basic martingale to construct test statistics is more appropriate. In
Woolson (1981) the test proposed by Breslow (1975) is applied. Fundamentally,
the test of Breslow uses M, (00;0,) as test statistic. Under the null hypothesis
M, (-;00) behaves approximately as a Wiener process with time H(-;6o) [see
(1.6)], and thus M,(o0;6,) behaves approximately as a normal random variable
with mean 0 and variance H'(oo;6p). Because the distribution of ¥; is unknown,
it becomes necessary to estimate H!(oco;8). This is typically done using the
estimator

[0 - B (9)dn(s00) = [7(1 - Ha-(s))ds, (1.8)

which is the null hypothesis compensator of H}(¢) evaluated in co. In case of
the Woolson data the estimator (1.8) takes the value 0.1794. As roughly can
be inferred from Figure 1.7, M, (oc0;8) itself takes the value 2.033. Thus, the
test based on M, (o0;6p) and estimated variance yields an asymptotic probability
value 0.0000, which leads to rejection of the null hypothesis. Hence, the mortality
of psychiatric patients differs from the mortality of other inhabitants of the State
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of Iowa.

In Chapter 3 a broad class of tests based on sublinear Lipschitz functionals
of stochastic integral with respect to the basic martingale is studied. Within this
class the test statistics are of the form T'(Q,), where @,(¢) is defined as

Qnlt) = /0 " Lo(s)dMa (53 60), (1.9)

L,(t) is a random element of D[0,00) satisfying certain properties, and T is
sublinear [see Definition 1 on page 20] as well as Lipschitz.

An example of a sublinear Lipschitz functional is the projection in infinity
Tr(€) = &(c0). Tests based on statistics of the form Tr(Q,.) are called gener-
alized rank tests. Special cases are the aforementioned test of Breslow, and the
generalized rank tests of Fleming and Harrington, having weight process

La(t) = (1 = F(t; 60))° (1.10)

[see Fleming, O’Fallon, O’Brien and Harrington (1980), Fleming and Harring-
ton (1981), Harrington and Fleming (1982), Fleming, Harrington and O’Sullivan
(1987)]. Generalized rank test statistics are asymptotically normal.

The supremum functional Ts(§) = sup,¢[o,«) {(t) is another example of a sub-
linear Lipschitz functional. Tests of the form Ts(Q,) are called supremum type
tests. Special cases are the test studied by Aki (1986), and the supremum type
tests of Fleming and Harrington, also having weight process (1.10). Supremum
type test statistics have a non-normal asymptotic distribution.

The general KMT-inequality given in Theorem 2 on page 26 for an appropri-
ately centered version of the stochastic integral @Q,(t) and its specialization for
the null hypothesis [with v = 1/6 and 7 = 2] enable the computation of various
kinds of efficacies. These efficacies all coincide, and are maximized by generalized
rank and supremum type tests based on a weight process which satisfies

Ln(t) -k ¢a(t;00) (111)

at a sufficient rate. Here Py is the probability measure corresponding to the
null hypothesis, ¥,(¢; 6g) is the score function [the evaluation in 6y of the partial
derivative of log A(t;0) in the direction in which the alternative approaches the
null hypothesis], and A(¢;0) is the derivative of A(¢;0). The generalized rank
tests based on this type of weight process are asymptotically most powerful. The
corresponding supremum type tests do not perform much less, since they have
efficiency 1 [in the sense of approximate Bahadur efficiency, limiting approxi-
mate Bahadur efficiency, weak asymptotic intermediate efficiency, and - under
extra conditions on L,(t) - asymptotic intermediate efficiency] with respect to
the asymptotically most powerful generalized rank tests.

This implies that the statistics Tr(Mn(+;600)) and Ts(M,(-;8o)) are recom-
mended for testing against alternatives of the proportional hazard type, and
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statistics Tr(fo(1 — F(s;60))dM,.(s;60)) and Ts(Jo(1 — F(s;600))dM,(s;8)) for
testing against logistic shift alternatives.

In this respect the application of the test of Breslow to the Woolson data is
certainly appropriate, since there are psychological motivations for assuming a
proportional hazard model for psychiatric patients. This model states that the
hazard of a psychiatric patient is proportional to the baseline hazard, in our case
the hazard of an inhabitant of the State of Iowa.

1.6 Adjusting the null hypothesis

The fact that for the Woolson data Tr(M,(+;6o)) leads to rejection of the null
hypothesis could be interpreted as an indication that a proportional hazard model
is indeed more appropriate. But does it fit the data?

Recall that in the previous section it was convenient to apply the cumulative
hazard function to the data, since in this way the general problem was reduced to
the problem of testing standard exponentiality. Under the proportional hazard
model it is convenient to apply the baseline cumulative hazard to the data, since
the transformed data follow an exponential distribution with unknown mean, say
vn. The actual hazard experienced by a psychiatric patient is equal to the baseline
hazard divided by v,. Hence, the general problem of testing the proportional
hazard model is now reduced to the problem of testing exponentiality.

Observe that the mean of the exponential distribution is not known. Our null
hypothesis gives an incomplete specification of the distribution of the data, and
is henceforth composite. The unknown mean is a nuisance parameter.

Let us return to a more abstract level: since the simple null hypothesis was
rejected, we adjusted the null hypothesis by adding an extra nuisance parameter
to our model. Section 4 hypothesized that P,(X; < t) could be written as
F(t;0,). From now on we write this probability as F(¢;v,, 0,) for some (vy,0,)
in the set T x O. Already anticipating the necessity of the inclusion of more
nuisance parameters to make the model fit the data, we assume that T is a
subset of r-dimensional Euclidean space.

Let P,, denote the probability measure which corresponds to the point (vo, 8o).
Observe that P,, “belongs” to the null hypothesis that 6, equals 6.

1.7 M-estimation
Under P,, the basic martingale takes the form
t
Mo(t;v0,80) = n /2 { H(t) — / (1 = Hy—(s))dA(s;v0, 60) ), (1.12)
0

where A(t;v,0) = —log(1 — F(t;v,0)). In practical situations we are faced with
the problem that the null hypothesis does not provide any knowledge about the
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actual value of vo. Hence, we replace vy by some random element v(™ € T in an
effort to obtain this knowledge elsewhere. Under P,, this random element should
be an estimator of vg.

A convenient class of estimators to use is the class of M-estimators as proposed
by Hjort (1985). Within this class estimators are obtained as solutions to the set
of M-equations

Qn;(oo;v(")) =0, i=1,...,m (1.13)

where ®,;(t;v) is defined as a stochastic integral with respect to the basic mar-
tingale

®,.i(t;v) = /: éi(s;v)dM,(s;v,6). (1.14)

The integrand ¢;(t; v) is a given deterministic function. M-estimators are gener-
alizations of the maximum likelihood estimator. The latter estimator was studied
in this context by Borgan (1984), and is obtained by setting ¢;(¢;v) equal to the
partial derivative of log A(t;v,8) with respect to the i** component of v. kL e
A(t;v,0) denotes the hazard function, the derivative with respect to ¢ of the cu-
mulative hazard function A(t;v,8). A general theory of M-estimation is worked
out in subsection 4.2.1 on page 52.

Consider the exponential distribution function F(t;v,6p) =1 — e **. Since
the corresponding hazard function A(t;v,6p) equals v, the maximum likelihood
estimator v(" is obtained by setting ¢;(¢;v) equal to 1/v. Multiplying both sides
of (1.13) by v yields the maximum likelihood equation

—t/vu

Mn(oo;v("),t%) =0. (1.15)

For the Woolson data the maximum likelihood estimator of the unknown mean
of the baseline cumulative hazard transformed data attains the value 0.309. This
suggests that the baseline hazard is less than a third of the real hazard a psychi-
atric patient experiences, leading to the preliminary conclusion that the hazard
of a psychiatric patient is more than three times as high as the hazard of an
arbitrary resident of Iowa.

Of course, this only holds under the proportional hazard model. Before turn-
ing the preliminary conclusion into a definitive one, we should assess the validity
of the model. This can be done by the methods described in the next section.

The stochastic integral M,(t;v(™,6,), depicted in Figure 1.2, is closely related
to a well-known and frequently used graphical technique for assessing exponen-
tiality. The total time on test plot is constructed by plotting

[ = Hae(5))d (550, 60)

versus H1(t) [see Barlow and Proschan (1969), and for variants Gill (1986)]. Here
v(™ is the maximum likelihood estimator. If the data indeed follow an exponential
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Figure 1.2: The stochastic integral involved in the construction of the maximum
likelihood estimator.

distribution, then the total time on test plot should be approximately straight,
making a 45 degree angle with the X-axis.

Observe that at ¢ = [j(1— H,_(s))dA(s;v™,8,) the vertical deviation of the
total time on test plot from the ideal line equals n='/2 M, (¢;v(™, 6,).

1.8 Testing the composite null hypothesis

Now that we have the M-estimators at our disposal, it seems obvious to adapt
the test statistics discussed earlier to the composite null hypothesis by simply
plugging in these estimators. This leads to statistics T'(Qn(-;v(™)), where T is
as before and Q,(t;v) is defined by

Qn(t;v) = /Ot L,(s;v)dM,(s;v,0) (1.16)

for some weight process L, (t;v). By exploiting the relation between M-estimators
and stochastic integrals with respect to the basic martingale, the KMT-type
inequalities for Q,(t) can be extended to Q.(t;v(™). However, we must pay a
price for the plugged-in estimator: the accuracy of the probability inequalities
governing the approximation decreases. This is reflected in the values v = 1/6
and 7 = 3.
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Figure 1.3: The stochastic integral leading to optimal generalized rank and supre-
mum type tests for testing exponentiality versus logistic shift alternatives.

Again, the KMT-inequalities lead to various kinds of efficacy which all coincide
and are maximized by generalized rank tests based on weight processes satisfying

La(t;0™) —P,, Yajo(t; vo, bo) + )" cidi(t; vo), (1.17)

i=1

and supremum type tests based on weight processes satisfying
Ln(t, U(n)) —-)puO 1pa|0(t; Vo, 00) (118)

[see Theorem 13 on page 67]. Here the c;’s are constants, and ¥,o(t; v, 6o) is the
effective score function, i.e. a projected version of the score function ¥, (¢; v, 6p),
defined similar to the score function t,(t; ) we encountered earlier. The con-
vergence in P, -probability should take place at a sufficient rate.

If the estimation method is maximum likelihood then the following holds. The
optimal generalized rank tests have asymptotic relative Pitman efficiency 1 with
respect to the generalized likelihood ratio test, and thus are asymptotically most
powerful. The optimal supremum type tests have efficiency 1 [in the sense of ap-
proximate Bahadur, limiting asymptotic relative Pitman and weak intermediate
efficiency] with respect to the optimal generalized rank test.

The effective score function t,)o(t; v,80p) also appears in Hjort (1990), in an
investigation of x-tests based on Q,(t;v(). Although the argument there lacks
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mathematical rigour, it underlines the universal importance of the effective score
function as weight process. .

As a direct consequence of (1.13), adding a term ¢;¢;(¢; v) to the weight pro-
cess does not alter the generalized rank test. This property, reflected in (1.17), is
especially convenient when the estimation method is maximum likelihood, since
in this case the difference between 1,0(t; v, fo) and 1,(t; v, 6o) is a linear combina-
tion of the functions ¢;(t;v). It is easier to construct a weight process converging
to 14(t;v,00) than one converging to 1,o(t; v, fo).

For given t, an optimal generalized rank test for testing the proportional
hazards model versus alternatives where the ratio between the hazard and the
baseline hazard function changes at point t is the statistic My,(t;v(™,8,), where
v(™ is the maximum likelihood estimator. Thus, the total time on test plot is in
particular useful for the detection of change points in the hazard function.

Judged by the enormous popularity of the one-sample Wilcoxon test, logistic
shift alternatives are of far greater practical importance than the change point
alternatives just described. For testing exponentiality versus logistic shift alter-
natives the weight process

Jo? 1 = F(sv,00)(1 = Hn- (s))dA(s53v,60) ) 1

Ln(t;v) = (1 = F(t;v,60)) — H1(co)

)

leads in combination with maximum likelihood estimation to optimal generalized
rank and supremum type tests [see subsection 5.3.2 on page 92]. For the Woolson
data standardized versions of the corresponding test statistics attain values 0.338
and 0.711, leading to probability values 0.7355 and 0.8892 respectively. Hence,
it is clear that the proportional hazards model should not be rejected, and that
our earlier conclusion about the mortality of a psychiatric patient was justified.

1.9 Some technical details

In this section it is briefly outlined how the various KMT-type inequalities are
derived from the original KMT-inequality, and how the sublinearity of T leads
to deviation results. Of course, the remarks in this section hold only under
appropriate conditions. These are given in the following chapters.

First we consider the simple null hypothesis. We may re-express M,(t;6o) as
follows:

Ma(t;00) = UMt) + | “Un_(s)dA(s; 60) + n'/2D(t; 86,6,).  (1.20)

[see page 24]. Here U}(t) and U,_(t) are empirical processes corresponding to
H}(t) and H,_(t), and D(t;0o,0,) is a deterministic function which is identical
to zero if 8, equals fp. Now applying the original KMT-inequality yields that
a stochastic integral with respect to M,(t;0) — n'/2D(t; 6o, 8,) is approximated
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by a Gaussian process. Under the null hypothesis the approximating process is
time-transformed Wiener.

An alternative approach for obtaining KMT-type inequalities for M,(t; o)
under the simple null hypothesis is given in Koning (1993), and uses partial
sum process techniques. The resulting KMT-type inequality has ¥ = 1/4 and
7 = 1. The partial sum approach also has useful applications outside the random
censoring model.

The transition from the simple to the null hypothesis is enabled by the two
following facts. There exists an element v, in T such that under P, the ran-
dom variable n!/?(v(® — v,4) is closely approximated by a random vector with
components

/w &i(8; Uno)d{ M (8; Vno, b0) — nlﬂD(s; Vno, 00, Un, 0n)} (1.21)
0

[see Theorem 7 on page 55], where D(%;vp0, 80, v, 0y) is the obvious extension of
D(t;6,,8,) [see (4.6) on page 54]. Moreover, there exists an r-dimensional func-
tion Ko(t; vno) [defined by (4.16) on page 57] such that Q,(t; v(™) is approximated
by '

Qn(t;vno) + 02 (V™ — v,0)T Ko(t; vpo). (1.22)

Hence, after subtracting n'/2 f{ L,(s;vno)dD(s;vno,80,n,0,) from Q. (¢;v™),
the resulting process is approximated by a zero mean Gaussian process. Even
under P,, the covariance function of the latter process remains intricate [see
Theorem 8 on page 58].

The theory of Borell (1975) describes the tail behavior of sublinear functionals
of Gaussian processes [see Inequality 5 on page 21]. It follows that there exists
nonnegative constants a, a such that

lim 7% log Po(T(Qx) > z) = a/2, (1.23)

lim z72log P,y (T(Qn(-; ™)) > z) = 4/2. (1.24)

Now the Lipschitz property of T' enables us to obtain deviation results for T'(Q,.)
[zn = o(n!/®) allowed] and T(Q.(-;v™)) [z, = o(n!/3°) allowed] from the KMT-
type inequalities. The differences in rate are due to differences in accurateness of
the corresponding inequalities.

1.10 Concluding remarks
In this chapter applications of KMT-type inequalities in the theory of goodness-

of-fit tests were described. As the section on M-estimation indicates, there are
other areas where KMT-type inequalities are of use as well.
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In Castelle (1991) the study of stochastic integrals f; L.(s)dH2(s) leads to
results for some well-known two-sample generalized rank tests and for maximum
likelihood estimation in the Cox regression model.

The field of nonparametric estimation in the random censoring model is cov-
ered in Burke, Csorgé and Horvath (1981), where the Nelson-Aalen estimator
of the cumulative hazard function A(¢) and the Kaplan-Meier estimator of the
distribution function F(t) are investigated. Processes related to these estimators
can be expressed as stochastic integrals with respect to the basic martingale.
Analogues for @,(t) of the Chibisov-O’Reilly theorem, the Lai-Wellner Glivenko-
Cantelli theorem and the James law of the iterated logarithm are derived, and
their implications for the Nelson-Aalen and the Kaplan-Meier estimator discussed
in Einmahl and Koning (1992).

Other examples of KMT-type inequalities and their implications can be found
in Csorgd and Horvath (1993).

The intricate asymptotic structure of Q,(¢;v(™) shows some resemblance to
the asymptotic structure of the empirical process with estimated parameters [see
Durbin (1973)]. In Khamaladze (1981, 1982) a transformation of this process is
constructed which converges to a time-transformed Wiener process. A similar
transformation can be constructed for @, (¢;v(™). However, this transforma-
tion is quite complex, and involves the in general unknown distribution function -
H'(t;v0,6o), the expectation of H!(t) under P,,. Estimating this distribution
function complicates matters even further.
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Chapter 2

Tail probabilities of various
suprema

2.1 The empirical process

Empirical processes have been the subject of ongoing investigations for over half
a century. In this chapter we encounter the most important results. For a more
elaborate survey we refer to Csorgé and Révész (1981) and to Shorack and Wellner
(1986).

Let (92,4, P) be a probability space, and let {Z;};‘;l be a sequence of ran-
dom variables mapping (9, A) into ([0, 1], F), where F C B[0,1]. Let P be the
probability measure induced by the sequence {Z;}%,.

Suppose each of the random variables within this sequence has a standard
uniform distribution under P. The [standard] uniform empirical process at stage
n is defined by

Un(t) =723 (1izicy — 1) (2.1)
i=1
for 0 <t < 1. It is easily seen that —infyepoy (7n(t) is equal in distribution to

SUP;e[o,1) Un(t). Moreover, we have

P(sup |Un(t)| > z)

te[0,1]
< P(sup Uy(t) > z) + P(— inf Un(t) > z)
te[o0,1) tef0,1]
< 2P(sup U, (t) > z) (2.2)

tefo,1]

Hence, bounds for tail probabilities of sup,¢(,y; U,(t) directly translate into bounds
for tail probabilities of — infie(o1) Un(t) and SUP;e(o,1] [U.(2)].

17
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An important early result for the tail probability of sup,¢(g U,(t) was derived
in Smirnov (1944). Surprisingly, it is known under the name Birnbaum-Tingey
formula, since it was also discovered in Birnbaum and Tingey (1951). It tells us
that

P( sup 0n(t) > ynl/z)

t€(0,1]
Y (n Y . ;
=S () et asy i @)
=0 :
for 0 < y < 1. Applying Stirling’s formula to (2.3) yields that
lim P(sup U,(t) > z) = exp{—2z7} (2.4)
"0 telo,1]

for z > 0. The Birnbaum-Tingey formula provided the basis of the following
well-known equality.

Inequality 1 (DKW-Inequality) There exists a positive constant c; such that
P(sup U,(t) > z) < ¢; exp{—2z?}
telo,1]

forz > 0.

The DKW-inequality was first proven in Dvoretzky, Kiefer and Wolfowitz
(1956). Observe that if we know a valid value of ¢;, then the DKW-inequality
enables us to construct a conservative version of a Kolmogorov goodness-of-fit
test. The rather intriguing conjecture that ¢; could be set equal to 1 was made
in Birnbaum and McCarty (1958). Equation (2.4) shows that the Birnbaum-
McCarty conjecture implies that constructing a Kolmogorov goodness-of-fit test
by using asymptotic methods never yields an anti-conservative test.

For over thirty years the Birnbaum-McCarty conjecture remained an open
question in empirical process theory. During these years various attempts have
been made to prove it, resulting in steadily decreasing permitted minimal values
of ¢;. As recommended values of ¢; have acted 305.2 [Devroye and Wise (1979)],
29 [Shorack and Wellner (1986)], and 2%/2 [Hu (1985)]. Recently, the Birnbaum-
McCarty conjecture was proven in Massart (1990) for a slightly modified ver-
sion of the DKW-inequality which restricts attention to values of z satisfying
exp{—2z?} <1/2.

A generalization of the DKW-inequality, which can be applied in the non-i.i.d.
case and not only to the empirical process but related processes as well, can be
found in Marcus and Zinn (1984). N

Asymptotic expansions of the distributions of sup,gp, Un(t) are found in
Lauwerier (1963), Penkov (1976) and Gnedenko, Korolyuk and Skorohod (1961),
whereas other approximations to this distributions are contained in Stephens
(1970) and Harter (1980).
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2.2 The Brownian bridge approximation

In Doob (1949) it is noticed that as the sample size n tends to infinity, empirical
processes seem to behave more and more like a Brownian bridge. This observation
has provided the inspiration for the following result [also known as Donsker’s
Theorem, since it originally appeared in Donsker (1952)].

Theorem 1 (Empirical Central Limit Theorem) The sequence of empiri-

cal processes {[L(t)};,";l converges in P-distribution, as random elements of
DI[0,1], to a Brownian bridge.

As a consequence of the well-known Skorohod construction Theorem 1 implies
the existence of a probability space on which we have a sequence of empirical pro-
cesses and a Brownian bridge such that the supremum of the difference between
each of the empirical processes and the Brownian bridge converges to zero in
probability.

An alternative to the Skorohod construction [Skorohod (1956)] is the so-called
Hungarian construction, given in Komlés, Major and Tusnady (1975). The Hun-
garian construction culminates into the following inequality.

Inequality 2 (KMT-Inequality, Brownian bridge version) Ifthe probabil-
ity space (2, A, P) is sufficiently rich, then there exists a sequence {B, (1)}, of
Brownian bridges such that

P( sup IUn(t) - Bn(t)I > n']/z(q logn + z)) < czexp{—csz},
tef0,1]

where cy—c4 are absolute constants.

In Bretagnolle and Massart (1989) it is shown that ¢y, ¢ and ¢4 may be taken
as 12, 2 and 1/6, respectively.

For some applications [for instance, the derivation of a law of the iterated log-
arithm] it is necessary to imbed the sequence of Brownian bridges into a Kiefer
process [see Kiefer (1972)]. However, imposing this extra structure on the se-
quence of Brownian bridges seems to worsen the rate of convergence. The most
far stretching result concerning the Kiefer process approximation is given by In-
equality 3. This inequality requires that the underlying probability space is the
same for every n € IN. It is still an open question whether this inequality can be
improved so as to yield the same rate of convergence as does Inequality 2.

Inequality 3 (KMT-Inequality, Kiefer process version) If the probability
space (R, A, P) is sufficiently rich, then there exists a Kiefer process K (t,n) such
that
P(sup |Un(t) — n V2K (t,n)| > n""*(cslogn + z) logn) < csexp{—crz},
te(0,1] i

where cs—c; are absolute constants.
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In Mason and van Zwet (1987) a refined KMT-inequality is given, which
emphasizes the behavior of the approximation near 0 and 1. However, for our
purposes the original KMT-inequality suffices.

2.3 The general Gaussian process

Among the Gaussian processes, the Wiener process W (¢) takes first place. Results
for the supremum of this process are well-known and can even be considered
classical. The reflection principle yields

P( s?p]W(t) > 1) =2P(N(0,1) > z) (2.5)
tefo,1
P(sup [W()]> =) = 4 S (=1)*P(N(0,1) > (2 + 1)z) (2.6)
telo,1 k=0

Interest in the supremum of a general Gaussian process came about rela-
tively late, at the beginning of the seventies [Fernique 1970, 1971)), Landau and
Shepp (1971) and Marcus and Shepp (1971)]. The following inequality was then
obtained.

Inequality 4 (Inequality of Fernique) There ezist positive constants cs and
¢ such that for every x > 0 and every separable Gaussian process Z(t) satisfying
P(supyeo,00) 1Z(t)| < 00) =1

P( sup |Z(t)| >z [ sup E{Z(t)}?) < czexp{—coz?}.

t€[0,00) t€[0,00)

In Borell (1975) an inequality for the tail probability of sublinear functionals
of a Gaussian process is given which relates this tail probability to the norm of
the sublinear functional induced by the Gaussian process, and yields a finer result
than Inequality 4 when applied to the supremum of a Gaussian process.

Definition 1 A functional T which maps D[0,c0) into IR is said to be sublinear
I T(E +) < T() + T(C) and T(ct) = cT(€) for all ¢ > 0 and £, € Do, o).

Refer to Pollard (1984), page 108, for the definition of the function space
D0, 00).

The norm of a sublinear functional T induced by the Gaussian proces Z(t) is
defined as

Tz = sup T(f), (2.7)

where Ok is the unit ball in X, the reproducing kernel Hilbert space belonging
to Z(t). The theory of reproducing kernels is described extensively in Aronszajn
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(1950). The reproducing kernel Ky belonging to a standard Wiener process on
[0,1] consist of functions f mapping [0,1] into IR, which are absolutely contin-
uous and satisfy Jy (f'(s))?ds < co. The norm of an element of Kw is equal to
J3(f'(s))*ds, and hence the unit ball in Ky is the set S of functions f mapping
[0,1] into IR, which are absolutely continuous and satisfy [y (f'(s))?ds < 1 as well
as f(0) = 0.

The set S may seem familiar to statisticians and probabilists, since it also
shows up in connection with the law of the iterated logarithm [see Strassen
(1964)]. We shall refer to S as the set of Strassen functions.

Inequality 5 (Inequality of Borell) Let X(t) be a mean zero separable Gaus-
sian process satisfying P(sup,ejo o) |X(t)] < 00) = 1, and let T be a sublinear
function. Assume that P(T(X) > u||T||x) < 1/2 for some u. Then fort > u

P(T(X) > t||T||x) < P(N(0,1) >t — u).
Corollary 1 We have
lim ~2log P(T(X) > t) = —(|[T]lx)*/2.

Each of the Gaussian processes to which we shall apply Inequality 5 can be
considered to be a linear transformation of some standard Wiener process. Thus,
a sublinear functional T of such a Gaussian process Z(t) is in essence a sublinear
functional Tz of the underlying standard Wiener process. This observation
leads to

T ||zey = sup Tz()(f), (2.8)
fes

which makes the computation of norms as in (2.7) relatively easy.

The inequality of Fernique seems to imply that it is rather the variance func-
tion than the covariance function which determines the tail behavior of the supre-
mum of a Gaussian process. However, the covariance function is not completely
irrelevant, as some finer results show. In Adler and Samorodnitsky (1987) a
refinement of the inequality of Fernique is given which is based on metric en-
tropy methods [see Dudley (1967)]. Talagrand (1988) presents a necessary and
sufficient condition for

Pl Z0)> )
#=c0 P(N(0,1) > z{sup,cf00) E{Z(t)}?}1/2)

=1 (2.9)

to hold. This condition can be verified by metric entropy methods and entails
the behavior of the covariance function near points where the variance function
reaches its maximum.

For a completely different approach, treating suprema of Gaussian processes
from a boundary crossing perspective, refer to Durbin (1985).
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Chapter 3

The simple null hypothesis

3.1 Introduction

In this chapter, which contains the material of Koning (1991), we consider the
situation where (2, 4, P) is a probability space, F, is a subset of B[0,c0), and
at stage n each of the independent random variables X;, ..., X,, Y1,...,Y, maps
(2, A) into ([0,00), Fy). The probability measure induced by these random vari-
ables is denoted by P,. Each pair (Xj,Y;) is assumed to have the same distribu-
tion.

The censoring distribution, the distribution of the censoring time Y;, does
not depend on n. Hence, there exists a cumulative distribution G such that
G(t) = P,(Y; < t) for each n. Defectiveness of G(t) is allowed.

The failure time distribution, the distribution of X;, is more complicated since
it depends on n. This dependence is given structure in the following way: there
exists a cumulative distribution function F, indexed by 8 belonging to some set
0, and a sequence of points {0,}%2, such that F(¢;6,) = P,(X; < t) for every
n € IN [that is, 6, is the actual value of  at stage n].

Now suppose 6y is an element of @ which is of special interest to us, say
because we want to know whether 8,, could possibly be equal to 6y for every
n € IN.

If 8, equals 6, [denote the probability measure corresponding to this situation
by Po, the expectation operator based on this probability measure by & and the
situation itself by “under Py"], then the basic martingale takes the form

Ma(t: 60) = nV2{H1(2) — /Ot(l — Ho(s))dA(s;00)}, (3.1)

where A(t;0) = —log(1 — F(t;0)) is the cumulative hazard function belonging to
F(t;0) and H!(t) and H,_(t) are given by (1.4) on page 4. Note that we only
know that M,(t;0) is a martingale under Py. If 6, is arbitrary [refer to this
situation as “under P,”, and denote the expectation operator belonging to P, by
E&,] then the process M,(t;0) is in general not a martingale. Nevertheless, we

23
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also call M,(t;6p) a basic martingale. Although misleading, this does not lead
to difficulties since we do not encounter the original basic martingale M,(t;6,)
anymore.

In section 3.3 we study tests based on a special type of functional of a weighted
version of a process @,(t), which is a stochastic integral with respect to the basic
martingale, that is

Qu(t) = /O * Lo(s)dMa(s; 60). (3.2)

Here the weight process L,(t) is a.random element of D[0,c0) which possesses
certain properties.

The probability theory underlying the results in section 3.3 is presented in sec-
tion 3.2, where the process Q,(t) is approximated. The common way to approach
a stochastic integral with respect to the basic martingale is by martingale meth-
ods, but in this chapter an empirical process approach is followed, fundamented
on an alternative representation of M, (¢;6p) in terms of empirical processes. A
slight drawback of the empirical process approach is that we must assume that
both F(t;0) and G(t) are continuous on the complete real line. However, this
assumption has its rewards: the knowledge obtained by the empirical process
approach is far more precise than can be obtained by using standard martingale
methods such as Rebolledo’s Central Limit Theorem.

Define the cumulative distribution functions H'(¢;6,) and H(t;6,) by

H'(50) = Pz S t,6=1) = [ ‘(1= G(s))dF(s;6,),  (3.3)

H(t;0,) = Po(Z1 <t) =1 - (1= G(1))(1 = F(t;6,)), (3.4)

and the empirical processes UL(t;0,) and U,-(t;0,) by
Un(t;0,) = n'/*{H)(t) — H'(t;65)}, (3.5)
Un-(t;0,) = n*/?{H,_(t) — H(t;6,)}. (3.6)

Then we may decompose M, (t; 6) conveniently into three parts
t
Ma(t;00) = UL(t;6,) + /0 Un_(s;0,)dA(s; 00) + n/2D(t;00,6,) (3.7

[compare to the decomposition given in equation (7.1.2) in Shorack and Wellner
(1986)]. The first two parts involve empirical processes, and can be handled by
empirical process theory. The third part is nonrandom and involves the function

D(t;60,6) = [ ‘(1 = H(s;0)){dA(s; 8) — dA(s; 6o)}. (3.8)

Observe that if § coincides with 8y, then D(¢; 6o, 6) is identical to zero. As can be
expected, the function D(t;6,6) will show up frequently in our results. Loosely
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speaking, it reflects the distance between the distribution functions F(¢;6) and
F(t, 00) ) .

Although for the empirical process approach it is needed that G is continuous
on the complete real line, we may show that our approximation results remain
true on [0,t*), where t* = sup{t : G(t) < 1} is finite, if G is continuous only on
(—00,1*), by appropriately modifying G on the interval [t*,00). Thus, our results
also have implications for Type I censoring.

Moreover, the assumption of independence between X; and Y; may be relaxed.
However, it is crucial that (3.4) still holds.

Finally, we point out to the reader that sections 3.2 and 3.3 contain results
only, and that proofs are gathered in section 3.4.

3.2 Probability inequalities

In this section we present probability inequalities which concern the approxi-
mation on the halfline [0,00) of [a centered version of] the process @,(t) by a
one-parameter Gaussian process, both under P, as under Py. For treatment of
the former situation, the following condition is needed.

Condition 1 There exists constants 0 < a < 1/2 and ¢, < oo such that
/ (1 F(s;0))°dA(s; 60) < ca
0
for every 0 € O.

Essentially, Condition 1 relates the right tail behavior of F(t;0) to the right
tail behavior of F(t;6o). Note that if (1 — F(¢;6))/(1 — F(t;6)) remains uni-
formly bounded in 8, then Condition 1 is satisfied for any a > 0. Observe that
Condition 1 implies

ID(tly 00, 9) - D(tg, 00, 0)I S 010(1 - H(tl A tz, 0))1—0, (39)

where ¢10 = ¢4 + 1/a. From (3.9) it immediately follows that D(t; 6o, 0) remains
bounded by c¢o.
The weight process L,(t) is assumed to satisfy Condition 2.

Condition 2 There ezists a positive non-decreasing function q(t) such that

a L,(-)/q(-) is a random element in [the left continuous right limits version of]
D[0,0) endowed with the J, metric.

b There exists a constant ¢;; not depending on 0, such that

SUP)ILn(t)f/Q(t) <en,  V(Ia(-)/q(})) < en

te[0,00

with P,-probability 1 [here V(f) denotes the total variation of f].
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c There exists a deterministic function L(t;0,) such that for every B < 1/2

P.( s[up ) [La(t) — L(t;0,)]/q(t) > c12n™?) < cran™,
tel0,00

where ¢1,—c14 are positive constants not depending on 0,,.

d There exist constants c;5—cy17 > 0 such that for every z > 0

Pol sup |La(t) — L(t;00)l/q(t) > n~"*(cislogn + ))

t€[0,00)

< cisexp{—cirz}.
Both sup,¢o,c0) [ L(t; 8)]/q(t) and V(L(+;0,)/q(-)) do not exceed c11 as a con-
sequence of Condition 2.
Subsequent results may be viewed as bearing upon Q,(t)/q(¢) rather than
upon Q,(t) itself. Hence, the choice of ¢(t) will often be inflicted by the pro, cted
application of these results. Typically, one chooses ¢(t) = (1—F(t; o)) for some

p20. ~
Under Conditions 1 and 2 we have the following result.

Theorem 2 There exists a sequence {W,(t)}32, of mean zero Gaussian pro-
cesses which have covariance function

EWo(t1)Wa(ts) = H (81 Aty 0,)
t1 Atz
+ /0 (2D(s; 80, 0,) — D(t1; 00, 6) — D(t2; 8o, 0,) }dA(s; o)

——D(t;;00,0n)D(t2;00, 0.,,) (310)

such that for every 8 < (1/2 — &) A 1/6 there exist positive constants cig—coo not
depending on 0, such that

P,( sup |{Q"(t)—nl/z/oth(s)dD(s;Oo,Oﬂ)}

tef0,00)

- *L(530,)dWa(s)|/q(t) > c1sn~?) < crgn=®. (3.1

Moreover, there exist positive constants ca;—co3 such that for every z > 0

Pol_ sup 1Qu(t) = [ Lis; Go)dWa(s)\/a(t)

t€[0,00)

> n"8(cy; logn + z)?) < cpp exp{—casz}. (3.12)
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Corollary 2 The sequence {Qn(t)/q(t)}32, converges in Py-distribution to
X(t;00)/q(t), where X(t;6p) is a time-transformed Wiener process with variance
function [{(L(s;00))2dH"(s;6o).

In Theorem 2 a stochastic integral with respect to a Gaussian process ap-
pears. This integral is defined in the usual way, that is f} L(s;#,)dW,(s) denotes
L(t; en)Wn(t) - f(: Wn(s)d[’(s; 0n)

There is a refinement of Theorem 2 worth mentioning. If the stochastic process
L,(t) coincides with the function L(¢;6,) with P,-probability 1, then (3.11) holds
for every 8 < (1/2 — @). Moreover, the term n~'/¢ in (3.12) may be replaced by
n-1/2

An approximation of Q,(t) by a two-parameter Gaussian process, only valid
under P, and on some fixed closed interval, can be found in Einmahl and Koning
(1992), where it is used to derive complete analogues of the Chibisov-O’Reilly
theorem, the Lai-Wellner Glivenko-Cantelli theorem and the James law of the
iterated logarithm.

Convergence in Py-distribution of the sequence {Q.(¢)/q(t)}22, may also be
obtained by using Rebolledo’s martingale central limit theorem [Shorack and
Wellner (1986), p. 895], provided that the weight process L,(t) is predictable.
However, such an approach does not lead to probability inequalities of the same
type as (3.12), which will prove to be essential for deriving moderate deviation
results for the test statistics considered in the next section.

3.3 Sublinear tests

In this section we study sublinear tests for the simple null hypothesis that 6,
equals 5. These tests are based on statistics of the form T(Qn(-)/q(-)), where T
is a special type functional mapping D[0, o) into IR. We consider the behavior
of these test statistics under the null hypothesis and under fixed and local alter-
natives, as well as efliciencies of the corresponding tests. Generalized rank and
supremum type tests receive special attention, and are shown to be in some sense
optimal for specific choices of the weight process.

Definition 2 A functional T mapping D[0,0) into IR is said to be Lipschitz if
there exists a constant cr such that

IT(€) = T(¢) <er sup [£(t) —((2)]

te[0,00)

for every £,( € D[0,00).

Condition 3 The functional T is sublinear and Lipschitz.
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Since T is sublinear, the tail behavior of a random variable obtained by ap-
plying T to some Gaussian process £ is described by. Inequality 5. The Lipschitz
property, which is borrowed from Inglot and Ledwina (1990), enables us to carry
these results to some extent over to non-Gaussian processes close to ¢.

3.3.1 Deviations

Let S be the set of Strassen-functions and define
a = {supT( [ L(s;00)'(H'(s; 00))dH' (s 00)/a(N} . (3.13)
fe€S 0

One may interpret a~'/2 as the norm of the functional T induced by the repro-
ducing kernel Hilbert space of the Gaussian process X(t;60)/q(t), the limit in
Py-distribution of the sequence {Q(t)/q(¢)}5%,. Suppose that

Condition 4 The number a is positive.

Theorem 3 describes the tail behavior of T'(X (-; 86)/q(:)) [and thus the tail be-
havior of the asymptotic distribution of T'(Qx(+)/¢(+))], and presents a moderate
deviation result for T(Qn(-)/q(-)). It holds if equation (3.12) and Conditions 3
and 4 hold.

Theorem 3 We have

lim ¢ log Po(T(X(00)/9(-)) > £) = —a/2. (3.14)
Furthermore,
Jlim (sn)7*log Po(T(@n(-)/4(")) > $n) = —a/2 (3.15)

for any sequence {s,}, such that s, — oo and s, = o(n'/*®) as n — co.

Since s, = O((logn)!/?) is a special case of s, = o(n!/1®), Theorem 3 implies
that a moderate deviation result holds for T'(Q.(-)/¢(-)). Moderate deviation
results are important from a statistical perspective, because they play a role in
evaluating the performance of a test.

As with Theorem 2, Theorem 3 can be refined in the special case where L,(t)
coincides with L(t;85) with Py-probability 1. Now s, = o(n'/*®) may be replaced
by s, = o(n'/%), and thus we have obtained a Cramér type large deviation result.
A Cramér type large deviation result should be distinguished from a Chernoff
type large deviation result which allows s, = O(n!/2).

To transform (3.14) into a moderate or large deviation result, probability
inequalities of the type (3.12) are needed. Hence, Theorem 3 does not follow
from Rebolledo’s Central Limit Theorem.
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It is possible to generalize Theorem 3 by relaxing the Lipschitz requirement in
Condition 3. For example, in Inglot and Ledwina (1989) it is assumed that there
exists a constant cr > 0 and a weight function §(¢) belonging to some special
class such that '

IT(¢) -T() <er b 1§(t) = ¢(1)1/4(t)  for all £, ¢ € D[0, 00).

However, since the functionals of our primary interest, the generalized rank and
supremum type functionals, already are Lipschitz, we have preferred to present
Theorem 3 in the simple version.

Since in general the distribution function H'(¢;6o) is involved in a, practical
problems arise when the censoring distribution G is unknown. In this case it seems
best to multiply the original weight process by the square root of an estimator
for a. Typically, estimators for a are obtained by replacing H'(t;60) by Ji(1 —
H,_(s))dA(s;60). Of course, it should be verified whether the newly constructed
weight process meets all requirements.

3.3.2 Behavior under the alternative hypothesis

Next, we consider the behavior of T'(Q.(-)/q(:)) under the alternative hypothesis.
Before turning to local alternatives, we first briefly discuss the behavior under a
fixed alternative. Suppose that 6 is an element of ©, not necessarily equal to 6o,
and that we have 6,, = 6 for all n € IN [we shall refer to this situation as “under
Py”]. Combining equation (3.11) with Conditions 2c, and 3 yields for every 8 > 0

n~?IT(Qn(-)/4() - nl/zT(/o L(s;0))dD(s;00,0)/q(-))| —p, 0. (3.16)
To make treatment of the behavior under local alternatives possible we need
additional notation and conditions. First we assume
Condition 5 O is a conver subset of IRP.

The hazard function A(t;6) is defined as the derivative with respect to t of
A(t;0). Let 1/),'(t'0) denote the first order partial derivative of log A(¢;8) with

respect to the i* component of 4, a.nd w(l)(t 6) the second order partial derivative
of log A(t; 6) with respect to the i** and j** components of 6.

Condition 6 For every § € © and i,j = 1,...,p the functions A(t;0), i(t;0)
and 1/),(})(1; 0) ezist. For some 3 > 0 there exists a constant cyq such that for every
0eO®andei,j=1,...,p

| (1021 = H(s36) A (5;0) < ean,

[T W 550)2(1 = H(s; )220 (536) < ca.
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In the description of the behavior of the test statistics under local alternatives,
the p-dimensional vector function K,(t) is involved. The i** element of K,(t) is
defined by

Kai(t) = /0 * L(s; 80 )i(s; o) dH* (s; o). (3.17)

It is easily proved that K,;(t)/q(t) remains uniformly bounded in ¢t and 6y under
Conditions 1 and 6.

Recall that L(t;6) is the limiting function of the process L, (t) under Py. Let
LSI)(t; 0) denote the first order partial derivative of L(¢;6) with respect to the ith
component of §, and Lg)(t; 0) the second order partial derivative of L(¢;6) with
respect to the i and j** components of 4.

Condition 7 For every § € O and i,7 = 1,...,p the functions Lf])(t;a) and
L,(_?)(t;0) exist. There exists a constant cys such that for every § € © and for
t,7=1,...,p

sup (1— H(t;0))"2|L{(£;0)|/q(t) < cas,

te[0,00)

sup )(1 — H(t;0))' =L (£;0)]/q(t) < cas.
t€(0,00

Theorem 4 Suppose the sequence {0,}°, converges to the point 6. Let h be

the p-dimensional unit vector defined by h = lim,—o0 (0, — 00)/|0n — bo|, and let

o denote lim,_,, n'/?|6,, — 6y|.

a If o = oo then (n'/?|0, — 0o|)*T(Qn(-)/q(-)) converges in P,-probability to
T(HKa()/a()]

b If o < 0o then {T'(Qx(-)/q(:))}2, converges in P,-distribution to the random
variable T({X(-;60) + ohTK.(-)}/q(")).

Theorem 4 reveals three types of behavior of the sequence of test statistics
{T(Qx(-)/q(-))}2,, depending on the rate at which the alternatives converge to
the null hypothesis. If the rate is faster than n=!/2 then we have convergence in
distribution to the same limit as under the null hypothesis. If the rate is of the
order n~'/2 then we also have convergence in distribution, but to a limit different
from the one under the null hypothesis. If the rate is slower than n=1/2 then the
convergence in distribution is lost, since the sequence of test statistics blows up
as n tends to infinity.

3.3.3 Efficiencies

Now that we have investigated the behavior of the test statistics, it is time to eval-
uate the corresponding tests. For assessing the performance of a test a multitude
of efficiency concepts are available. A few of them are discussed.
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To introduce these concept, consider two infinite sequences of tests. Each of
the tests in these two sequences has the same size, that is the same probability of
falsely rejecting the null hypothesis. For ease of exposition, suppose that the nt"
test in the i*h sequence [ = 1,2] is based on the test statistic Ty, rejects the null
hypothesis if T;, > t;,, and does not reject if T;, < t;,. We have no knowledge
about the action taken if T;, = t;,. Hence, the power of the n* test in the ith
sequence under Py is bounded from below by Ps(T;, > tin) and from below by
P@(ﬂn 2 tin)~

The definition of asymptotic relative Pitman efliciency that follows next is
adopted from Wieand (1976).

Definition 3 For a given function B:0 - [0,1], let 7\7?(9) be the largest sample
size such that Po(Tin 2> tin) < B(0). If for a unit vector h € IRP there ezists a

constant eby(h) such that

g
liminf ﬁ%(&
! N1 (‘91‘)

~—

2 e?z(h)

and

lim sup f’# < 2y (h)
= Ny(6))
for any sequence {0;}2, tending to Oy while satisfying lim;_,o, B(8;) € (0,1)
and lim;j_,oo(0; — 60)/10; — 60| = h, then e'ﬁ,(h) is the asymptotic relative Pitman
efficiency in the direction h of the first sequence of tests with respect to the second.

By using this general definition one allows the asymptotic relative Pitman
efficiency to depend on both size and power [which are kept under con.rol] of
the tests. In Rothe (1981) an alternative definition is given which involves
liminf;—.c N5(6;)/N75(6;) and limsup;_., N3 (8;)/N%(6;), where N?(6) is the
smallest sample size such that Py(Tin > t;n) > 3(0) In case there is a transfor-
mation of the test statistics available so as to obtain transformed test statistics
which are asymptotically normal and have asymptotic variance 1 for any sequence
{6,322, such that lim,_q, n'/?|0, — 65| < oo, then the asymptotic relative Pit-
man efficiency does not depend on size and power. The asymptotic mean of these
transformed test statistics divided by lim,_ n1/2|0n — 6] is the square root of
what is called the efficacy of the sequence of test statistics. For two such sequences
the asymptotic relative Pitman efficiency is equal to the ratio of their respective
efficacies. Unfortunately, since the efficacy approach can not be followed for
general sublinear tests [the supremum type tests are for instance explicitly non-
normal], the task of establishing asymptotic relative Pitman efficiencies becomes
too formidable.
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Under these circumstances approximate Bahadur efficiencies are often much
easier to compute.

Definition 4 A sequence of test statistics {Tin}32," is said to be a standard se-
quence if the following three conditions are satisfied.

a The sequence {T;,}22, converges in Py-distribution to a random variable T;.
b There exists a constant a; > 0 such that

tlirglo t 2 log Po(T; > t) = —ai/2.

c For every fized 0 € © — {60} there exists a constant b;(6) > 0 such that
[n=Y2T;, — b;(0)| converges to zero in Py-probability.

The approzimate Bahadur slope of a standard sequence {T;,}%, is defined as

a;(b;(0))%. The approrimate Bahadur efficiency of a standard sequence {T1,}52,

with respect to another standard sequence {T5,}32, is defined as the ratio of their

respective Bahadur slopes a;(b1(0))?/a2(b2(0))%.

By Corollary 2 and equations (3.14) and (3.16) it immediately follows that
the approximate Bahadur slope of the sequence {T'(Q.(-)/q(-))}2, is given by
o{T(f; L(s5;0)dD(s; 80, 0)/a(-))}2.

Approximate Bahadur efficiency has been subject to some criticism. Already
in Bahadur (1960) it is advocated that conclusions should not be entirely based on
approximate Bahadur slopes. In Wieand (1976) a condition is given under which
the existence of the limiting [as the alternative approaches the null hypothesis]
approximate Bahadur efficiency implies the existence of the limiting [as the size of
the test approaches zero] asymptotic relative Pitman efficiency and the equality
of the two limits. This condition obviates most of the difficulties involved in the
interpretation of approximate Bahadur efficiencies, at least for 8 in the vicinity

of 00.

Definition 5 A standard sequence {T:,}%, is said to be a Wieand sequence if
there is a constant €* > 0 such that for every ¢ > 0 and § € (0,1) there exists an
integer N such that

Py(In~ YTy, — by(0)] > €bi(0)) < 6
for every fized 0 satisfying |0 — 6o| < € and n > N/(b;(9))?.
Theorem 5 (Wieand (1976)) Let {T1,}32, and {T2,}2, be two Wieand se-

quences. Suppose limg_,g, b;(8) = 0 for ¢ = 1,2 and suppose that for every p-
dimensional unit vector h the limit

Jimm {ax(51(6))7)} Haa(b2(60))°) (3.18)

ezists if (0 — 0o)/|0 — Oo| tends to h. Then the limiting [as the size of the tests
approaches zero] asymptotic relative Pitman efficiency exists and is equal to the
limit given in (3.18).
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Theorem 5 is not valid if Rothe’s definition of asymptotic relative Pitman
efficiency is used. See Appendix A for more details.

Obviously, the limiting asymptotic relative Pitman efficiency does not de-
pend on the size. Surprisingly, by letting the size of the test tend to zero, the
dependence on the power has also vanished.

Theorem 6 Let h be a p-dimensional unit vector, and let § approach 0y from
the direction h [that is, limg_g, (6 — 60)/]0 — 00| = R]. If

e(h) = a{T(h" Ka(-)/4()}’ (3.19)

is not equal to zero, then {T(Qn(-)/q(-))}2, is a Wieand sequence with approzi-
mate Bahadur slope of the form

|6 — 0o|*{e(h) + o(1)}. (3.20)

The Wieand approach to efficiency is based on letting both the size of the
test tend to zero and the alternative tend to the null hypothesis. However, both
operations are done separately. In Kallenberg (1983) a concept of efficiency is pro-
posed based on performing both operations simultaneously. It can be considered
as intermediate between the Pitman and the exact Bahadur approach.

Definition 6 A sequence of test statistics {Tin}2, is said to be a Kallenberg
sequence if the following conditions are satisfied.
a There exists a constant a; > 0 such that

7}12{)1(’(.9,1)'2 log Po(Ti > 84) = —ai/2

for all sequences {s,}22, such that s, — oo and s, = o(n'/®) as n — co.

b There exists a positive function b;(0) such that n=Y2T;,[b;(8,) — 1 in P,-
probability for all sequences {0,}%2, such that 6, — 6y and n'/?|, — 6| — oo
as n tends to infinity.

If the sequences {T1,}22, and {T2,}2, both are Kallentberg and if the lLimit

lim, o0 @1(01(0n))2/a2(b2(0,))? exists, then the asymptotic intermediate efficiency

of {T1n}32, with respect to {T2,}32, is defined as this limit.

Typically, b;(8) behaves near 6, as a linear function of |6 — 6|, which justifies
introducing the intermediate slope limy .o a;(6;(6x)/|60, — 6o])?. If the weight pro-
cess L,(t) coincides with L(t;8,) with P,-probability 1, then T(Q.(-)/q(:))}2, is
a Kallenberg sequence with intermediate slope equal to the quantity e(h) defined
by (3.19), as follows from Theorem 4 and the refinement of Theorem 3.

A variant of asymptotic intermediate efficiency, also proposed in Kallenberg
(1983), is weak asymptotic intermediate efficiency. Here only sequences {s,}32,
such that s, — oo and s, = O((logn)/?) as n — oo are considered. Observe
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that the sequence {T(Q.(-)/q(:))}52, has weak intermediate slope e(h), even if
the weight process does not coincide with its limiting weight function. Hence, the
weak intermediate approach yields the same picture as the Wieand approach.

The concepts in Kallenberg (1983) were proposed so as to correspond with
several types of moderate and large deviation results. In the light of Theorem 3
it is tempting to propose a variant of asymptotic intermediate efficiency, which
considers sequences {s,}22, such that s, — oo and s, = o(n!/*®) as n tends to
infinity.

In the beginning of this section we assumed that the functional T is sublinear.
A close look reveals that sublinearity is used in the derivation of (3.14) only. Thus,
we may set up an equivalent theory for functionals other than sublinear, provided
a result similar to (3.14) holds. As examples we mention the functionals occuring
in Cramér-von Mises and chi-square tests [see Durbin (1973)].

However, we have preferred to restrict our attention to the class of sublinear
tests, since it comprises two particularly appealing subclasses, the class of gen-
eralized rank tests, based on the generalized rank functional Tg, and the  lass of
supremum type tests, based on the supremum functional Ts. The remainder of
this section is devoted to these two subclasses. We should warn that all the atten-
tion given here to generalized rank and supremum type tests could falsely yield
the impression that they are the only sublinear tests worth notice. For instance,
refer to Aki and Kashiwagi (1989) for a sublinear test based on a functional other
than Tg and Ts.

3.3.4 Generalized rank and supremum type tests

It is easily seen that both Tr and Ts satisfy Condition 3. Hence, our theory
applies [set ¢(t) equal to 1 for all ¢ € [0,00)]. An application of the Cauchy-
Schwarz inequality yields

(sup [ L(si00) (B (3 00))AH (s50))° < [ (Esi00)F (5300

for every t € [0,00). Moreover, the right-hand side of latter inequality is achieved
and bounded by [5°(L(s;00))?dH(s;8,). Thus, defining ar and as according to
(3.13), with T replaced by Tr and Ts respectively, it follows that

ar=as = { [ (L(s;00))"dH" (5;00)} " (3.21)
Similarly defining er(h) and es(h) according to (3.19), we obtain
er(h) = ap{hT K,(c0)}?, (3.22)

es(h) = as{ sup ATK,(t)}. (3.23)

te[0,00)
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It should be noted that if the weight process coincides with its limiting func-
tion with P,-probability 1, then Tr(Q,) can be written as the sum of i.i.d. random
variables [see Proposition 3.1 in Aki (1986)], and hence results for this special
type generalized rank test may be proven in a simpler manner. For instance,
Theorem 3 is now an immediate consequence of Theorem 1 on page 549 of Feller
(1971). Observe that this alternative proof also leads to a Cramér type large
deviation result.

As opposed to general sublinear tests, generalized rank tests do allow us to
compute asymptotic relative Pitman efficiencies. By Corollary 2 and Theorem 4b,
it follows that the asymptotic power against local alternatives 6, = 8o + n~'/?h
of the test based on Tr(Q,) of size & equals

Po(X(00;80) > za(ar)™"/? — kT K, (o)),

where z5 is the (1 — &) quantile of the standard normal distribution. This implies
that the efficacy of the sequence of test statistics {Tr(@r)}32, is equal to egr(h).
Since applying the Cauchy-Schwarz inequality to AT K,(co) yields

er(h) < /0 " (KT (s; 00))2dH' (3 60), (3.24)

where 9 (t; 6p) is the p-dimensional vector with elements ;(¢; 85), it follows that
er(h) [and hence asymptotic relative Pitman efficiency, limiting approximate Ba-
hadur efficiency and weak intermediate efficiency of generalized rank tests] is
maximized by those tests based on weight processes with limiting weight func-
tion satisfying

L(t; 60) o< hT4(t; 6p). (3.25)

From the following lemma it follows that the upper bound for the efficacy derived
in Rao (1963) coincides with the right hand side of inequality (3.24), and thus
generalized rank tests based on weight processes with limiting weight function
satisfying (3.25) are asymptotically most powerful.

Lemma 1 The Fisher information matriz I(6) equals the p X p matriz with
elements

1i5(00) = [ (5300} (53 00)dH (5 60)

Clearly, the use of a generalized rank test instead of a classical test [the likeli-
hood ratio test, say] does not have to result in loss of asymptotic relative efficiency.
This raises the question whether the same conclusion holds for a supremum type
test. After all, in contrast to the generalized rank test which is not consistent
against alternatives approaching the null hypothesis in a direction perpendicular
to K,(c0), the supremum type test has the character of an omnibus test. Needless
to say, it is rather attractive to have an efficient omnibus test at our disposal.



36 - CHAPTER 3. THE SIMPLE NULL HYPOTHESIS

In virtually the same way as with eg(h), we obtain that es(k) is maximized
by supremum type tests based on weight processes with limiting weight function
satisfying (3.25). Furthermore, it is easily seen that these tests have efficiency
1 with respect to the optimal test in the sense of limiting asymptotic relative
Pitman efficiency, limiting approximate Bahadur efficiency and weak intermediate
efficiency.

This last result may impel to question the usefulness of concepts which are
not able to distinguish between generalized rank tests and supremum type tests.
However, as recent results on the tail behavior of the supremum of a Gaussian
process show, this inability is basically a consequence of letting the size of the test
tend to zero, which is the sensible thing to do if we are committed to avoiding
making errors, Type I as well as Type II. From Rubin and Sethuraman (1965) it
follows that minimizing the Bayes risk leads to letting the size of the test tend
to zero at a rate n~'. Observe that this is exactly the situation to which weak
intermediate efficiency refers.

3.4 Proofs

In this section we prove the theorems presented in sections 3.2 and 3.3.

Proof of Theorem 2 As in Einmahl and Koning (1992), proof of Proposition 1
[see also Theorem 3.1 in Burke, Csorgé and Horvath (1981)], let U, denote the
empirical process based on the uniform (0,1) random variables

Z; = 6;H (Z:;0,) + (1 — &){H" (003 8,) + H*(Z:;0,)},
where
Ho(t;ﬂn) = H(t;0,) — Hl(t;O,,)

is the cumulative distribution function of the censored failure times under P,.
Note that

Up(t;6a) = Un(H'(t; 65)),
Un-(t;02) = Un_(H"(t;62))
+Un-(H"(0036,) + H°(t;0,)) = Un(H" (003 64)),
where U, (t) denotes the left continuous version of Uy (t). Inequality 2 yields the

existence of a sequence {B,(t)}%, of Brownian bridges with continuous sample
paths such that for all z > 0

P.( sup |Un(t) — Bu(t)] > n~?*(czlogn + 7)) < c3exp{—caz}. (3.26)
t€[0,00)
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Now define mean zero Gaussian processes Bl(t), B,(t) and W,(t) by

BX(t) = Bu(H'(t;6,)),

B"(t) = Bn(Hl(t; 071))

+Bn(H1(°°;0n) + Ho(t§ 0.)) — Bn(Hl(oo;Bn)),

Wa(t) = BL() + [ Ba(s)dA(s;00)

The processes BL(t) and B,(t) are used to approximate UL(t;0,) and U,_(t;6,),
respectively. Thus, it follows by (3.7) that W, (¢) approximates M, (¢;65) —
n/2D(t; 6o, 0,). Before studing the implications of this approximation, we first
pay attention to the covariance structure of W, (¢). Covariance calculations yield

SHB}L(tl)B,‘l(tg) = H'(t; Aty;0,) — H(t1;0,)H (t2;6,),
EnBL(t1)Ba(tz) = H'(t1 Aty;0,) — H'(t1560,)H(t2;0,),
EnBn(t1)Bn(t2) = H(t1 A ty;0,) — H(t1;0n)H (23 05),
and hence (3.10). Observe that (3.10) implies
En{Wa(t1) — Wa(t2)}?
= H'(t, Vt3;0,) — H (t; A tg;0,)
+2 t:;\:f{D(s; 60,0,) — D(t1 V t; 8o, 6,)}dA(s; 0o)
—(D(t1;60,6,) — D(t2;60,6,))?, (3.27)
from which we may infer by (3.9)
En{Wa(ts) — Wa(t2)}?
< H' (41 V t9;0,) — H (t; Aty 0,)
200 [ (1~ H(s;0,))' A (s 0)

1Atz

< em [’V”a — H(s;6,))°{dA(s:0,) + dA(s; 60)},  (3.28)

1AL
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where c36 = 1 + 2¢10. To gain some probabilistic insight in the process W, (),
remark that
B.(s)

t
Wn(t)_/o mdi(S;ao,gn)

is a time-transformed Wiener process with variance function H!(t;6,). Moreover,
the process B,(t)/1— H(t;6,) is a time-transformed Wiener process with variance
function H(t;6,)/(1 — H(t;6,)).

Recall that W,,(t) approximates M, (t;8) —n'/2D(t;0y,0,). As a direct conse-
quence we have that [ L,(s){dM,(s;0) —n'/2dD(s;8,0,)} is approximated by
J¢ La(s)dWy(s). Unfortunately, the latter process is not easy to work with [it may
not even be Gaussian), so we prefer replacing f; L(s)dWx(s) by f§ L(s;0,)dW,(s).
To evaluate the effects of this replacement, we make use of a pure jump process
Jn(t), which is defined by

Ju(t) = Wa(zin) for t € I, (3.29)

where I;p, = [Tin, Zit1n) and 0 = 2o < Tyn < -+ < Tyy(m)n = 00 is a grid
chosen so as to satisfy

[ (0= H(538,)) {dA(s:6.) + dA(s:0))

wn

<13 /0°0(1 — H(s;0,))*{dA(s;0.) + dA(s; 60)}  (3.30)

for i =0,...,m(n) — 1. If the grid is chosen carefully, then there is no need for
m(n) to exceed n'/3 + 1. We shall assume that this is indeed the case.

It follows by (3.28) that the variance of the mean zero Gaussian process W, (t)
is bounded by cy6c10, Whereas the variance of the mean zero Gaussian process
Ju(t) — Wy(t) is bounded by cscion~'/3. Hence, by applying Inequality 4 we
obtain

Po( sup |Ju(t)] > z) < Pu( sup |Wa(t)] > z)
t€[0,00)

t€[0,00)
< cgexp{—cyrz?}, (3.31)
P,( sup |Ja(t)— Wi(t)] > 2n71/8) < cgexp{—cyrz?}, (3.32)

t€[0,00)
where c37 = c9/(c26¢10). Note that the application of Inequality 4 to J,(t) — W,(t)
is justified since this process is separable.
For any sequence {d,}22, of points in (0,00) we may now write

sup [{Qn(t) — nl/? /0 " Lo(5)dD(5; 00, 0,)}

t€[0,00)

~ [ B 0) W (5)l /(1) < 3 A, (3.33)

=1
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where

Anl = sup |Qﬂ(t) - /t Ln(s){du/n(s) + 7’),1/2dD($; 007 en)}l/q(t)’
t€[0,dn] 0

Apg = sup IQn(t) - Qn(dn)l/q(t)a

t€[dn,00)

t
Anz = sup I/ L,(s)dW,(s)|/q(t),
t€[dn,c0) Ydn

t
Ang=n' sup | | Lu(s)dD(s;00,0.)l/a(2),

t€[dn,00) dn

Dns= sup | [ La(s){dWa(s) — dJu(s)}]/a(t),

te[0,00) YO
t

Ans = sup | | {Ln(s) — L(s;0,)}dJn(s)]/q(2).
te[0,00) JO

Observe that the terms A,5 and A relate to the replacement of [} L,(s)dW,(s)
by J§ L(s; 0,)dW,(s).

Later in this proof we will meet two specific choices of {d,}22,. A first choice
leads to (3.11), and a second to (3.12). Both choices have in common that d, — oo
as n — oco. But before these choices are made, we explore the behavior of A,
i=1,...,6 for general sequences. Integration by parts yields with P,-probability 1

Ap < {t:[ggo)an(t)/q(t)l +V(La(-)/q(-))}

x{ sup |Ma(t;00) — n'/>D(t; 6o, 6n) — Wa(1)[}

t€[0,dn)
< 2ci1{ sup |Un(t;0:) — Bi(t)|
t€[0,dn)
t
+ sup | [ (Un-(s;0) — Ba(s))dA(s; 60)(}
te[0,d,] YO
< 2¢11(1 + 3A(dyn; 00)) sup |Un(t) — Ba(t)].

tef0,1]
and therefore it follows by (3.26) that
Po(Any > 2¢11(1 4 3A(dy; 00))n Y2 (cylogn + z)) < csexp{—csz}.  (3.34)

Observing that A, = 0if Z,,., < d,,, where Z,,.,, denotes the largest order statistic
of the sample 73, ..., Z,, we obtain

Pn(An2 7& 0) S Pn(Zn:n 2 dn)
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< 1—(H(dy;6,))"
< n(1 — H(di b)) (3.35)
Twice integrating by parts yields with P,-probability 1
Ans < {V(Ln()/a()) + sup IL ®)l/q()}

x{ s | [ dW(s 1/9(t)}

t€[dn,00)

<dcy; sup  |Wi(t) — Wa(dn)l.

t€[dn,00)
Thus, applying Inequality 4 yields

Po(Ans > denz{ sup En{Wa(t) — Wa(dn)}?}?) < cgexp{—coz®}. (3.36)

t€[dn,00)
Similarly, combining integration by parts with inequality (3.32) produces
Po(Ans > 4cyzn™%) < cgexp{—carz?®}. (3.37)

Furthermore, we have with P,-probability 1

Do < { sup | ["a(s)dn(5)l/a(0)
m(n) 1
X{{ Z |{Ln($i+1,n) - L(-'L‘i+1,n; on)}/q($i+1,n)

1=0

~{La(zin) — L(%in; 0n)}/ q(in)l}

+ sup |La(t) — L(t;0.)|/4(t)}

t€[0,00)
< (4n'* 4 6){ sup |Ja(t)I}
t€[0,00)
X{:esuf; |Ln(t) — L(t;0.)]/q(t)}- (3.38)

A general investigation of the behavior of A,4 is rather useless, since it depends
too much on the actual situation. Thus, we content ourselves with (3.34)-(3.38).

Next we turn to the aforementioned specific choices of {d,}32,. For both
choices the inequalities just derived are sharpened, supplemented by an 1nequahty
for A4, and combined.



34. PROOFS 41

To prove (3.11), choose 3 < (1/2—a)A1/6, and d, so as to satisfy H(d,;60,) =
1 —n=0+ where v = (1/2 — a — 3)/a. Note that v > 0. Since

A(dn; b0) < (1 — H(dy;0,))"" /Od"(l — H(s; 6,))dA(s; 60)
< eonl/?P, (3.39)
it follows from (3.34) that
Po(Any > 2¢11(1 + 3¢a)(1 + ¢2)n P logn) < ean™. (3.40)
By (3.35) we immediately have
Pa(Anz #0) <n7. (3.41)

From (3.27) we may infer for ¢t > d,

En{Wa(t) — Wa(da)}? < cascro(l — H(dn; 6,))' 72,
and hence (3.36) implies

P(Aps > 4cll{c266mn"h+2m log n}l/z) < cgn~®. (3.42)
Integration by parts yields with P,-probability 1

Ang < 2¢11n*? sup )ID(t;(?o, 0,) — D(dn; 6o, 0n)|,
t€|dn,00

which leads in combination with (3.9) to
P(Ang > 2cucwn“(ﬂ+7)) =0. (3.43)
From (3.37) we obtain
P.(Aps > 4c111f1/6(log n)1/2) < cgn~, (3.44)
Combining Condition 2c with equations (3.31) and (3.38), it follows that
Po(Ans > 10c12n" P (log n)/?) < (e15 + cg)n~(eraneen) (3.45)
[note that we have used 8 +1/3 < 1/2]. Now, (3.40)-(3.45) together with (3.33)
yield (3.11).

If 0, = 0o, then we may obtain a sharper result by making a different choice
of d,. Let £ > 0, and choose d, so as to satisfy H(d,;8) =1 — exp{—z}/n. By



42 CHAPTER 3. THE SIMPLE NULL HYPOTHESIS

noting that A(d,;0) < —log(1 — H(d,;0)) = logn + z, we obtain from (3.34)
forn > 1

Po(An > 2¢1n" % (5log n + 3z)(cplogn + )

< czexp{—cyz}. (3.46)

Furthermore, we have by (3.35)
Po(An2 # 0) < exp{—z}, (3.47)

and since by (3.27)

g sup Eo{Wa(t) — Wa(da)}?
t€[dn,0)

< @(H'(00300) — H' (dn; 60))
z(1 — H(dn; 60))

<n!

— I

it follows by (3.36)
Py(Ans > 4cun‘1/2) < cgexp{—coz}. (3.48)
As a simple consequence of the fact that D(t;6o,6o) is identical to zero, we have
Po(Ang #0) = 0. (3.49)
Equation (3.37) implies
Po(Ans > 401111'1/61:) < 2cg exp{—corz}, (3.50)
whereas combining Condition 2d with equations (3.31) and (3.38) yields
Po(Ane > 1007821 % (¢ 15 log n + ) < (c16 + cs) exp{—(c17 A co7)z}.  (3.51)

Hence, (3.46)—(3.51) together with (3.33) yield (3.12).

We conclude the proof of Theorem 2 with the remark that if L,(¢) coincides
with L(t; 6,) with P,-probability 1, it suffices to bound the left hand side of (3.33)
by Y%, Ani. This yields the refinement of Theorem 2 mentioned at the end of
section 2. 0
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Proof of Theorem 3 Equation (3.14) directly follows from Corollary 1. To
prove (3.15), observe that as a consequence of Theorem 2 there exists a process
Xn(t;00), equal in Py-distribution to X(¢;6p), which satisfies

Fo( Sup_1Qn(t) = Xa(t30)l/g(t) > n~ (e logn +2)°)
t€e[0,00

S C22 eXp{—ngl‘}, (352)

with ¢35 = 1/6 and co9 = 2. Now, let c3p = c28/(2c29 — 1) and choose Cre < B<2.
Note that for n — oo

ncao(Z-ﬁ)(sn)B > nce0(2-8) > logn,

ne02=F) (5 VB = (n=05 V=25 )2 > (s,)%,
(n—63o sﬂ)Czsﬁ—l <1
[here a,, > b, denotes b,/a, — 0], and hence (3.52) implies

Po(IT(Qn(-)/q(-)) = T(Xa(+560)/4("))] > exnceeli=2F)(s, )27

< Po( sup |Qn(t) — Xa(t; 60)|/q(t) > n0U=2eP) (s, )2eF)
. t€[0,00)

< ¢ exp{—cza(nm(z'm(sn)ﬂ — ¢g1logn)}
< exp{—a(sn)?/2}. (3.53)

Since T(Xx(+;60)/q(-)) and T(X(-;60)/q(:)) are equal in P,-distribution, we
may bound Po(T(Qn(-)/q(-)) > sn) from below by

Po(T(X(+560)/q(-)) > sn(1 + cr(n™0s,)2P 1))
—Po(T(Xn(500)/4()) = T(Qu(-)/4(-))| > exne=)(s,)0)
and from above by
Po(T(X(180)/9(-)) > su(1 — cx(n=505,)%5=1))
+Po(T(Xa(300)/4()) = T(@n()/a(-))] > exn=>o1=o)(s,,) )

and thus it follows that (3.14) and (3.53) together yield (3.15). This concludes
the proof of Theorem 3. a

The proofs of Theorem 4 and Theorem 6 make repeated use of the following
lemma, which holds under Conditions 1 and 6.
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Lemma 2 Let g(t;6) be a real valued function, g,(l)(t;B) the first order partial
derivative of g(t;0) with respect to the i** component, of . Suppose there exists a
constant c3; such that

sup (1 — H(t;0))%|g(t; 0)| < can, (3.54)
t€[0,00)
sup (1— H(t;0))' g (t;0)] < car (3.55)
te[0,00)

for every 6 € ©. Then there exists a constant c3p such that

t
sup | | g(s;0)dD(s;00,0)| < c32/0 — 6o, (3.56)

te[0,00) YO

t t
sup | [ g(s;0)dH(5;0) = [ g(si00)dH" (53 00)] < caald — o] (3.57)
te[0,00) YO 0

for every 0 € ©. Let g(?)(t;ﬁ) the second order partial derivative of g(t;0) with

respect to the it* and j'ﬂ components of 0. If
sup (1= H(t;6))lg(t0)] < can, (3.58)
t€[0,00)
sup (1— H(t;0))*1g)(t:0)] < ca, (3.59)
tef0,00)
sup (1— H(; 0))' 19 (£:0)| < ex (3.60)
te[0,00

then

t
sup | | g(s;8)dD(s;80,8)

te[o,00) YO

¢
= [ 6 = 00)7w(5; o)y (s 80)dH s )]
< c32/0 — bo|? (3.61)
for every 6 € O.

Corollary 3 There exists a constant cz; such that

¢
sup || (1— H(s;G))"%dD(s;00,9)| < c32]0 — Bo)-

te[o,0) YO

for every 0 € O.
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Proof of Lemma 2 For convenience, we introduce the functions
Ao(t;0) = A(t;0) — A(t; 60),

Ao(t;8) = A(t;0) — A(2; 6o).

Let Afl)(t; #) and A,(l)(t; ) respectively denote the first order partial derivatives
of Ao(t;0) and Ao(t;0) with respect to the i** component of . Furthermore, let
Ag)(t;ﬁ) and /\g)(t;G) respectively denote the second order partial derivatives
of Ao(t;0) and Ao(t;0) with respect to the i** and j** components of 6. By
Condition 6 we have for every t € [0, 00)

[ = Hs 0D (s; 0)ds
= [ = H(s0) 2 1i(s: 0)ldA(5:0)
<A 7= H(s0) dn(s 0
< [ (Wil 001 — H(s;0))' P dA(5;0)}?
< (caa/B)?, (3.62)
and hence
(1= H(t:0)):* 1AL (5;0)]
= (1= H(5:0)) [ A (s;0)ds]
< [ - Hs 0O (s 0)1ds
< (ead/ ). (3.63)
Now, we find by using the identity
1— H(t;0) = (1 - H(t;00)) exp{—Ao(t; 0)}

that the first order partial derivative of [ g(s;8)Ao(s;0)(1 — H(s;8))ds with re-
spect to the " component of 8 is given by

[ 146(50) = 9550008550153 6) + g3 )M (53 0)} (1~ H{(s; 0))ds,

and is bounded in ¢ and 6, as follows from Condition 1, (3.54), (3.55), (3.62) and
(3.63). By expressing D(t;00,0) as [3(1 — H(s;0))\o(s; 0)ds we obtain (3.56)
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As for (3.57), by writing H'(t;8) = [;(1 — H(s;0))A(s;0)ds, it follows that

the first order partial derivative of [§ g(s;8)dH'(s;0) with respect to the i** com-
ponent of 4 is given by

[ 16(5:0) + 9l 0) 13053 0) — AP(5:0}}(1 = H(s0)\(550)ds

and is bounded in ¢ and 6.
Finally (3.61). For every t € [0, 00) we have

[ = B s 0)0E s )1
= [ (1= H(s;0)0 290 (5:0) + (53 0)5(5: 0)ldA(s30)
< {7 (1= H(s0)PdA(s;0)}
x{ [0 (50071 - H(s; )07 PdA(5;0) /2
H [ @il 0)2(1 = H(s;0))' > dA(5;0)}/*
x{ [ (W5 021 — H(s; 0))' 2P dA(s;6)}
< (ca/B)* + c2a, (3.64)

and
(1 — H(%0) 02| AD(2;0)] < (c24/8)* + caa- (3.65)

Note that the first order partial derivative of f{ g(s; 8)Ao(s;8)(1 — H(s;8))ds with
respect to the i component of 8 equals [{ g(s; 80)v:(s;80)dH*(s;6p) when eval-
uated at § = 6y. Furthermore, the second order partial derivative with respect
to the ** and j** component of 8 is given by

[ 162(550) = (50D (5:0) - o (53 0)AL (5;0)
—9(5;6)AD(5;0) + 9(5; )AL (5; )AL (55 0) Ao (s 0)
+{g{(5:0) — g(5; 0)A (5 6) ]\ (53 6)
+{g"(5;0) — g(s:0)A(5;0)}12{" (5: 6)
+9(s;0)A5 (53 0)}(1 — H(s;0))ds.

Hence, (3.61) follows from Condition 1, Condition 6, (3.55), (3.58), (3.60) and
(3.62)-(3.65). This concludes the proof of Lemma 2. ) o
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Proof of Theorem 4 Let {W,()}52, be the sequence of mean zero Gaussian
processes given in Theorem 2. We may write

4

sup |Qn(t) — n'/2)0, — Oo|hT K, (t)]/q(t) < Z i (3.66)
t€[0,00) i=1
where
t
A = sup |{Qn(t)—n’/2/ Ln(s)dD(s; 00, 0,))
te[0,00) . 0
t
~ [} Lsi0m)dWa(s)l/a(t),
t
Any = sup | L(S;On)de(S)I/Q(t),
tE[O,oo)
Az =n'"? sup | ( n(8) = L(s;0,))dD(s; 00,0,)|/q(t),
te[O,oo) 0
Ang = n'’? sup f L(s;0,)dD(s;00,8,) — |0, — 0o|AT Ko (t)|/q(t).
te[0,00)
By (3.11) we have for 8 < (1/2 —a)A1/6
Pu(Any > c1an™P) < cign™. (3.67)

From integration by parts we obtain with P,-probability 1
Apz < 2enn SUP l/ q(t)dWn(s)|
< 2¢;; sup 2 sup |W,(s)|
t€[0,00) 0<s<t

< deyp sup |Wa(t))-

te[0,00)

Since by (3.28) and Condition 1 the variance function of the process Wy(t) is
bounded by (c6)?, it follows by Inequality 4

P (Anz > 4cricaez) < cg exp{—coz?}. (3.68)
Lemma 2 yields the existence of a constant cs3 such that
Ans < can'/?{|8n = 0f* + |(62 — 00) — 16 — bo|h[} (3.69)
and for every § € © and 3 < 1/2

t
P sup [ (Ln(s) = LLsi0)dD(5:00,0)/a(t) > exld ~ o)
t€[0,00)

< P,(n? sup sup |Ln(s)— L(s;0,)|/q(t) > c12)-

te[0,00) 0<s<t
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Note that by Condition 2c this last inequality implies
P((n'?|0, — 05]) "  Ans > c33n ™) < epan™M. (3.70)

The first part of the theorem is now easily proved by means of the inequality
|(n'/2165, — 60[) " T(Qn(-)/a(-)) — T(R" Ka(-)/4(-))]

4
< cT(nl/2|0,1 —6o))7!

A, (3.71)

1

1

To prove the second part of the theorem, we first note that the supremum
over t of the distance between the processes Q,(t)/q(t) and {f§ L(s;8,)dWy(s) +
n'/2|0,, — 0o|hT K,(t)}/q(t) is bounded by A,; + A,z + A4, and hence converges
to zero in P,-probability if n'/2|6, — | tends to a finite limit as n — co. Thus, it
remains to show that the latter process converges in P,-distribution to {X (¢;6)+
ohTK,(t)}/q(t), which boils down to the convergence in P,-distributic v of
Jo L(s;0)dWo(s)/q(t) to X(t; 60)/q(2)-

Let By(t) be as defined in the proof of Theorem 2. Split [y L(s; 8,)dW,(s)/q(t)
into the two parts

[ Hss 0 {d(9) = T L5 dD s 0o, 0} ()

and
/(; L(s; gn)%dD(s; 00,0.)/q(2).

The first part may be interpreted as a time-transformed Wiener process di-
vided by ¢(t), the time transformed Wiener process having variance function
J5(L(s;6,))*dH"(s;0,)/(q(t))?. It follows from our Lemma 2 and Theorem V1.10
in Pollard (1984) that the first part converges in P,-distribution to X (¢;6o0)/q(?).
Use Lemma 2 to show that the supremum over ¢ of the second part converges to
zero in P,-probability. This completes the proof of Theorem 4. m]

Proof of Theorem 6 Let A,,;, A2, A,z and A4 be as in the proof of Theorem 4,
and define b(0,) as T'(fy L(s; 0,)dD(s; 6o,6,)/q(-)). We may write

In2T(Qa(-)/(+)) = b(8a)] < ern™*{ A1 + Az + Ans}. (3.72)
Furthermore, we have
16(82) = 162 — 60| T(hT Ka(-)/a(-))] < ern™/*Apa. (3.73)

Since e(h) is not equal to zero, this yields the existence of positive constants
€* and c34 such that for 8, satisfying |0, — 6p| < €*

caaln — Bo| < b(6,) < 1. (3.74)
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Now suppose 0 € O — {6} satisfies |0 —6o| < €*, and set 8, equal to 8. Choose
e>0and § € (0,1). By (3.67) and (3.68) it follows that there exists an integer
Nj not depending on 6 such that for n > N

Pyp(Any > (N)?e/dcr) < 6/4,
Py(Ana > (N)Y2¢/4cr) < 6/4.
Hence, for n > N;/(6(8))? we have
Po(n "V {Any + Anz} > €b(8)/2¢cr) < §/2, (3.75)

since n > Ny and (N;/n)/? < b(6). Moreover, (3.70) implies the existence of an
integer N > Nj not depending on 4 such that for n > N

Py(Anz > €b(0)/2¢cr)
< Py((n?|0 — 0o]) "' Apa > caqe)

< 6/2. (3.76)
Combining (3.72)-(3.76) now yields that {T(Q.(-)/q(:))}3%, is indeed a Wieand

n=1
sequence.
Finally, (3.20) immediately follows from (3.69) and (3.73). This concludes the
proof of Theorem 6. O

Proof of Lemma 1 The log-likelihood of the observation (Z;, 6;) under Py is
6’(0, Z1,61) = 61 lOg A(Zl, 0) - A(Z], 0)
[see Borgan (1984)]. This yields that
7] Z
55,000 21,8) = B13i(2130) /0 i(s; 0)dA(s;8)

is the score for the i** component of 6. Observe the close relation between 1;(t; 8)
and the score function. The information matrix I(0) has elements

0 a
507][(07 Zlvél)}{a_é]—e(av Zlvél)}

- /0°° hi(t; 0);(t; 0)dH' (¢ 6)

1;;(6) = &

= [T wit0) [ witsi0)dn(si o) (1:0)

= [T 0i60) [ wisi0)dn(s;0)dH 10)

+ [T [ i 00dn(s0) [ (s 0)dn (s 0aH 556)
= [ it 0055 0)aH 150).
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The last line follows from
/o°° bi(t; 0) /Ot ;(5;0)dA(s;0)dH (t; 0)
+ /0 % b5(t:9) /0 i(s;0)dA(s; )dH (¢ 0)
—_-/0 {¢i(t;0)/() ¥;(s;0)dA(s; 9)
(0 /0 “i(s; 0)dA(s: 0)} /t ™ dH(u; 0)dA(; 6)
= [T [Ftwttso) [ 6i(ss0)dn(5:0)
+,(t;0) /0 “u(s; 0)dA(s; 0) YA (t; 6)dH (u; 0)
= /0 - /0 " ilt; 0)dA(4:0) /0 " ,(5; 0)dA(s; 0)dH (u; 6).

This ends the proof of Lemma 1. m]



Chapter 4

The composite null hypothesis

4.1 Introduction

In this chapter the results for the simple null hypothesis are extended to the
composite null hypothesis, which involves estimation as well as testing. Though
the lines of the previous chapter are followed rather closely, this chapter is made
as self-contained as possible. As a consequence some of the remarks may seem
familiar.

Again, (2, 4,P) is a probability space, and F, C B[0,00). At stage n
each of the independent random variables X,,...,X,,Y;,...,Y, maps (Q,.4)
into ([0,00), F,). The probability measure induced by these random variables is
denoted by P,. Each pair (X, Y;) is assumed to have the same distribution. The
censoring distribution, the distribution of the censoring time Y;, does not depend
on n. Hence, there exists a cumulative distribution G such that G(t) = P,(Y; < t)
for each n. Defectiveness of G is allowed. The failure time distribution, the dis-
tribution of X;, does depend on n.

However, the structure of the dependence of the failure time distribution on
the sample size n is different. Now we suppose the existence of a cumulative
distribution function F, indexed by (v, ) belonging to some set T x ©, and a
sequence of points {(vn,0,)}22; such that F(t;v,,0,) = Pa(X; < t).

The set T refers to the nuisance parameter, the parameter which value is not
specified in the null hypothesis. Any information concerning these parameters
must be supplied by the sample.

The set O refers to the parameter of interest, the parameter which value is
specified in the null hypothesis. Denote the value of the parameter of interest
under the null hypothesis by 6. Thus, at every stage n we want to test the null
hypothesis that 6, equals 6.

Let vy be an arbitrary element of Y. If (v,,6,) equals (vo,8) [denote the
probability measure corresponding to this situation by P,,, the expectation op-
erator belonging to this probability measure by &,,, and the situation itself by

51
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“under P,,”] then the basic martingale takes the form
ot
M, (t; vo, 60) = n'/>{ HL(2) —/ (1 — Hn_(s))dA(s; vo, 60)}, (4.1)
)

where A(t;v,0) = —log(1 — F(t;v,0)) is the cumulative hazard function belong-
ing to F(t;v,8). If (vn,0,) is arbitrary [refer to this situation as “under P,” and
denote the expectation operator by £,] we also call M,(¢;vo,8) a basic martin-
gale, despite the fact that the martingale property is in general lacking.

In section 4.3 we study tests based on a sublinear Lipschitz functional of a
process Q,(t;v(™), where v(™ is a random element of T and

Qn(t;v) = /Ot L,(s;v)dM,(s;v,8) (4.2)

is a stochastic integral with respect to the basic martingale. Here the weight
process L,(t;v) is a stochastic process.

We restrict ourselves to the case where T is a convex subset of IR". In sec-
tion 4.2 the probability theory underlying the results in section 4.3 is presented.
Proofs are gathered in section 4.4.

4.2 Probability inequalities

In this section we present probability inequalities which concern the approxima-
tion on the halfline [0,00) of [a centered version of] the process Qn(t;v(™) by a
one-parameter Gaussian process, both under P, as under P,,. For treatment of
the former situation, the following condition, which relates the right tail behav-
ior of F(t;v,0) to the right tail behavior of F(¢;vg,6), is needed [compare with
Condition 1].

Condition 8 There ezists constants 0 < o < 1/2 and ¢, < 0o such that
o]
/ (1 = F(s;0,8))°dA(s; vo, 80) < ca
()

for every v,ug € T and 8 € O.

4.2.1 The M-estimator v(®

Of course, before studying the process @,(t; v(™) we must know the properties of
the random variable v("). It is desirable that, at least under the null hypothesis,
v(™ is an estimator for vo. Hence, we let v(") belong to the class of M-estimators
proposed by Hjort (1985). An M-estimator v(®) is obtained as the solution in Y
to the equations

®,i(00;0™) =0 i=1,...,rm, (4.3)
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where ®,;(t; v) is the stochastic integral

B,i(t;v) = /0’ é:(5;0)dMi(s; v, 6), (4.4)

and ¢;(t;v) is a given function.
The most prominent example of an M-estimator is without any doubt the
maximum likelihood estimator. Since under P,, the log-likelihood of the sample

(Zlyél)a LR (ZTH 571) is given by
n/°° log A(s; vo, 8o)dH () — n/°°(1 — H,_(s))dA(s;vo,80),  (4.5)
0 0

where A(¢;v,0) is the hazard function, the derivative of the cumulative hazard
function A(¢; v, 0) with respect to t, the maximum likelihood estimator is obtained
as M-estimator by setting ¢;(¢;v) equal to ¢;(¢;v,6q), where ;(t;v,0) denotes
the first order partial derivative of log A(¢; v, #) with respect to the i component
of v [see Borgan (1984)].

The study of the behavior of v(® involves the following regularity conditions

on ¥;(t;v,0) and ¢;(t;v). -

Condition 9 There exists a constant ¢y, such that for every i = 1,...,r and
v € T the function ;(t;v,00) exists, is bounded by c, and has total variation
bounded by cy. The first order partial derivatives of ¥;(t;v,6p) with respect to the
components of v exist, are bounded by (cy)?, and have total variation bounded by

(cy)?.

Condition 10 For everyi=1,...,r and v € T the function ¢;(t;v) is bounded
by (cy)~? and has total variation bounded by (cy)~2. The first order partial deriva-
tives of ¢i(t;v) with respect to the components of v ezist, are bounded by (cy)7!,
and have total variation bounded by (cy)~'. The second order partial deriva.ives
of ¢i(t;v) with respect to the components of v exist, are bounded by 1, and have
total variation bounded by 1.

Condition 10 is less restrictive than it might seem at first glance, since it is
clear from (4.3) that multiplying ¢;(¢;v) by a nonzero constant has no effect on
the estimator itself. Observe that the constant may even depend on wv.

However, Condition 10 does involve restrictions on the behavior of the second
order partial derivatives, which may prevent the maximum likelihood estimator
from falling into the framework considered here. If this is the case, one may weigh
replacing the maximum likelihood estimator by a closely related M-estimator,
obtained by setting ¢;(t;v) equal to a smoothed version of v;(¢; v, 6o).

Before formulating two additional conditions, we first introduce the cumula-
tive distribution functions

Hl(t;vnvon) = Pn(Xl S t,51 = 1)7
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H(t;0,,0,) = Po(X: < t)

[note that H!(t;v,,0,) is possibly defective]. Moreover, we define the function
D(t, vlv 007 v, 0) by

D(t;v', 60, v,0) = /0‘(1 — H(s;v,0)){dA(s;v,0) — dA(s; 0", 00)}.  (4.6)
Condition 11 There exists a function 7 : T x © — T such that
[ isi m(0,0))dD(s; 7(v,0), 80,0, 0) = 0
fori=1,....;r,veT and 0 € O.

The function D(t;7(v,8),00,v,0) appears frequently in our results. To in-
crease readability we shall abbreviate it by D(t;v,8). It reflects the distance
between the distribution F(t;v,0) and the set of distributions under the null
hypothesis.

It is possible to choose T so as to satisfy m(v,0p) = v for any v € T. We
shall tacitly assume this is indeed the case. Hence, we may view (7 (v, 6),6) as a
projection of the point (v,8) on T x {6p}. Moreover, it immediately follows that
D(t;v,60) equals zero for any t € [0,00) and v € T.

Let =o(v, 8) be the r X r matrix with elements

Zai(0,0) = [ 61055 7(0, ) (557(0,0), )T (550, 0)
— [T {670,055 7(0,0), )

+6(s;7(v,8),80)}dD(s; v, 6),

where ¢$]l) (t;v) denotes the first order partial derivative of ¢;(t;v) with respect
to the 7 component of v. We shall assume that =, satisfies Condition 12. Refer
to the matrix AAT as the square of the matrix A.

Condition 12 There ezist a constant css such that the eigenvalues of the square
of the matriz Zo(v, 8) all exceed (c3s5)* for everyv € T and 0 € O.

The complexity of the last two conditions may seem discouraging. However,
if we are only interested in what happens under the null hypothesis then we may
set © = {6y} and the situation clarifies considerably. Now Condition 11 holds
automatically as follows from setting 7(v, ) = v. Moreover, Condition 12 only
involves Zp(v, 6p). Observe that

Z0ij(v,00) = /ooo di(s; v);(s; v, fo)dH* (s;v,60).
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Hence, =Zo(v, 0p) is of a much simpler nature than Zo(v, 8).

To verify Condition 12 in the general case a two stage procedure could be
succesful. First show that the eigenvalues of the square of Z¢(v, fp) are bounded
from below, uniformly in v. Then try to show that the eigenvalues of the
square of Zo(v,8) — Zo(m(v, ), 0p) remain small enough to guarantee that Con-
dition 12 holds. Note that the elements of Z¢(v, ) — Zo(7(v, ), o) are bounded
by 4(cy) ™! supyepo,00) D(t;v,0). Thus this approach can be expected to work if
SUPyefo,00) (t; v, 0) is small, which occurs in the neighborhood of 6o.

Denote 7(vn, 0r) by Uno, Zo(vn, 0») by Zon and Zo(vo, 8o) by Leo, and let ¢(¢;v)
be the r-dimensional vector with elements ¢;(¢; v).

Theorem 7 There exist positive constants czg, c3y not depending on v, or 0,
and a random variable S, such that if

Sn < nl/Z’ (47)
then there exists a solution v(™ to the equations (4.3) which satisfies

n1/2fv(") — ’Unol < €365y (48)

n1/2|'.:."5,3 /oo B(8; vn0){dM,(8; Vno, 60) — dD(s;vn,60,)}
0
—n!2(v® — vo0)| < c3r{S,}? (4.9)

Furthermore, for every 8 > « there exist positive constants cag, czg not depending
on v, or 0,, such that

Po(Sy > cagn®(log n)™?) < czgn™ P~ (4.10)

Moreover, if (v,,0,) = (vo,0), then there exist positive constants cqo — cag not
depending on vy such that

Py (Sn > z(cqologn + z?)) < cq exp{—cqrz®} (4.11)
for every z > (n'/?logn)~1.

The strength of inequality (4.9) depends on the behavior of the random vari-
able n=1/2{S,}2. In the following corollary this behavior is characterized.

Corollary 4 If o < 1/4, then
n~%{S,}% —=p, 0. (4.12)
If (U, 07) = (vo, bo), then
P,y (n7Y?{S,}2 > n72z(cyologn + z)?) < ca1 exp{—caz) (4.13)

for every x > (n'/?logn)~2.
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Our approximation of the process Q,(t;v(™) is based on (4.9) directly. How-
ever, (4.9) may also be used to prove asymptotic normality of the estimator
v(™), since by the refinement of Theorem 2 we may approximate [5° ¢(s;vno)
{dM,,(s; Uno, 00) — dD(s; vy, 0,)} by the r-dimensional Gaussian random variable
®,, defined by

é, = /Ooo (85 Vno ) dW, (85 Uno), (4.14)

where W, (t; vn0) is the Gaussian process of Theorem 2. Under P, the covariance
function of W,,(¢; vne) is somewhat intractable, and thus there is little use in giving
an expression for the asymptotic variance of n'/2(v(™ —v,4) under P,. But again,
everything becomes more transparent if (v,,0,) equals (vo,00). Under P, the
process W, (t;vo) is a Wiener process with variance function H'(t;vo,600), and
hence the covariancematrix of ®,, is equal to X, the r X r matrix with elements

Beei = [ (53 v0)65(s5 vo)dH' (55 vo, o) (4.15)
Hence, we arrive at the following corollary.

Corollary 5 If (vn,0n) = (vo,bh), then there exists a sequence {én}?;l of r-
dimensional Gaussian random vectors with zero ezpectation and covariance ma-
triz X.. such that

/20 — v) — B3 &a| = Op,, (n7/*(logn)?)  asn — co.

The convergence in P,,-distribution of the sequence {n!/?(v(™ — vg)}; to a
Gaussian random variate with zero expectation and covariance matrix £ Lee Xgn
where Yo, denotes the transpose of X9, was proved for the maximum likelihood
estimator by Borgan (1984) using martingale methods. Observe that in this case
Y5 ZeeXg, is equal to B! Hjort (1985) mentions that the approach of Borgan
can be extended to M-estimators without difficulty. However, the results obtained
in this way do not stretch as far as Corollary 4, which also conveys information
about the rate of convergence.

4.2.2 The process Q,(t;v(™)

Now that we have gained some knowledge about the M-estimator v("), it is time
to direct our attention to the process Q,(t;v(™). But first we make some as-
sumptions about the weight process L, (t;v).

Condition 13 The weight process L,(t;v) satisfies

a Ly(-;v) 1s a random element in [the left continuous right limits version of]
D0, o] endowed with the J; metric. There exists a constant cq3 not depending
on v, v, or 0, such that L,(t;v) is bounded by c43 and has total variation
bounded by c43 with P,-probability 1.
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b There exists a deterministic function L(t;v,0) such that for every f < 1/2
there exist positive constants cqy—cqe not depending on v, or 0, such that

Po( sup |Ln(t;vn0) — L(t;0n, 0,)] > casn™) < casn ™.
t€[0,00)

In addition, there exist positive constants cqr—cq9 not depending on vg, such
that for every z > 0

Pu,( sup |La(t;v0) — L(t;vo,00)| > n™*(carlogn + z))

tef0,00)

< cagexp{—ceoz}.

c The first order partial derivatives of L,(t;v) with respect to the components of
v are random elements of D[0,00). With P,-probability 1 they are bounded by
c43, and have total variation bounded by cy3.

d For everyi =1,...,r there exists a deterministic function LEl](t; v, 8) such that
for every B < 1/2 there exist positive constants cyq—cq¢ not depending on v, or
0, such that

P.( sup |LY(t;v00) — LE-I](t; Uny 0n)| > caan™P) < cqsn™e,
t€[0,00)

where Lfll,-)(t;v) is the first order partial derivative of L.(t;v) with respect to
the i** component of v.

e With P,-probability 1 the second order partial derivatives of L,(t;v) with re-
spect to the components of v are random elements of D[0,00). They are
bounded by c43, and have total variation bounded by c43.

Condition 13 asks of various random elements of D[0,c0) that they are uni-
formly bounded and have uniformly bounded total variation with P,-probability
1. However, if needed we may replace “P,-probability 17 by “P,-probability
tending to 1 at a fast enough rate”. The rate at which P,(S, < cn'/?) tends to
1 is for any ¢ > 0 fast enough. In section 5.3 the relaxed version of Condition 13
is used.

To describe the effect of the M-estimator v on the process Q.(t;v™),
we introduce the r-dimensional vector function Ko(t;v,8). The i** element of
Ko(t;v,0) is defined by

Koi(t;v,0) = /: L(s;v,0)%i(s;m(v,8),00)dH"(s;v,0)

+ /:{L(.;; v, N)i(s; m(v,0),60) + LE-I](s; v,0)}dD(s;v,8). (4.16)
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Observe that Ko;(t;v,8) remains bounded, uniformly in v and 6. Moreover, we
have under P,

t
Ko(t;v0,00) = /0 L(s; vo, 60)(s; vo, Bo)dH" (s; vo, 00), (4.17)

where t(t; v, 0) is the r-dimensional vector with components ¢;(t; v, 8).

Theorem 8 There exists a sequence {W,(¢;vn0)}32; of mean zero Gaussian pro-

cesses with covariance function -
gan(tl; vnO)Wn(tZ; vnO) = Hl (tl A t2; Un, on)
t1 Aty
""/ {D(tl;v’naon) +D(t2;vn59n)
0
—2D(s; vn, 0,) }dA(S; Uno, 0o)
—D(t1; U, 0,)D(t2; Un, 0r) (4.18)
such that for every S <-(1/2 —2a) A 1/6 we have

t
Pal 5 [{@(t;0™) = /2 [ Lo(530m0)dD(s; v, )}
) 0

tef0,00

" L(s; v, 0n)d
_{L (s’vna n) Wn(s,vno)

~(Ko(t;vn,0a)) s | #(55 vn0)dWa(s; vao) H

> Cson_ﬁ) S c51n'°5’, (419)

where cso—csz are positive constants not depending on v, or 0,.
If in addition (v,,0,) = (vo,0p) then there exist positive constants cs3 — cs5,
not depending on (v, 0), such that

Pu( 5P [@n(t;0™) = { [ L(s; v0,60)dWa(550)

te[0,00)

~(Ko(t; v0,00)) 23 [ (53 vo)dWa(s;vo)}]
> n"Y8(1 4 z)(csslogn 4 z)?) < csqexp{—cssz}. (4.20)

Corollary 6 is based on the observation that the Gaussian process which
is used in Theorem 8 to approximate Q,(t;v(™) under P,, may be written as
Jo? Lo(s, t; vo)dW,(s; 60), where the function Lo(s,t;vo) is defined by

LQ(S, t; 'U()) = L(S; Vo, 00)1{,5:} - (1{0(t, Vo, 00))T2;01¢(S; ‘Uo). (421)
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It seems that Lo(s,t;vo) is an adapted version of L(s;vg,8p), in which the influ-
ence of the M-estimator at the stochastic integral evaluated at point ¢ is accounted
for.

Corollary 6 The sequence {Qn(t;v™)}>2, converges in P, -distribution to a

n=1

mean zero Gaussian process X (t;vo, 0o) with covariance function

Evo X (t1;v0, GO)X(tZ;'Um bo)

= /oo Lo(s,t1;v0) Lo(s, ta; vo)dH* (s5v0, 00). (4.22)
0

Corollary 6 implies that the variance function of X (t;vo, ) may be written
as

o { X (t;v0,00)}? = /0 “(Lo(s, t; vo))2dH" (5; vo, 6o). (4.23)

Since we have
/Ooo /ooo(Lo(s, t;v0))2dH" (s;v0, 00)dH" (t;vo,60) < oo, (4.24)

we may view the operator which assigns [;° Lo(s,t;vo) f(s)dH(s; vo,00) to any
f € DI[0, 00) such that [5°(f(s))*dH"(s;vo,00) < oo as a Hilbert-Schmidt opera-
tor. This operator is used to transform W, (¢;vo) into a Gaussian process which
under P,, closely approximates Q,(t;v(). The relatively complicated form of
the covariance function of Q,(t; v(™) gives rise to the interesting question whether
there exists another operator which can be used to transform Q,(t;v(™) into a
process closely approximated by W, (¢;vo) under P,,. It is possible to solve this
inverse problem by following the path set out by Khamaladze (1981, 1982) in his
study of the empirical process with estimated parameters.

However, the derivation of probability inequalities of the type given in Theo-
rems 2 and 8 for the transformed process would require additional notation and,
above all, quite unpleasant conditions. Therefore, we do not pursue this point
any further.

The second part of Condition 13b is only needed for verifying (4.20). Thus,
(4.20) and Corollary 6 remain valid if the second part of Condition 13b is dropped.

The proof of Theorem 8 makes us of Theorem 1. Just like this theorem, The-
orem 8 can be sharpened in the case where L,(¢;vn0) coincides with L(¢;v,,6,)
with P,-probability 1. Then, (4.19) holds for every 8 < (1/2 — 2a), and in (4.20)
the term n~'/¢ may be replaced by n=1/2.

Convergence in distribution of a sequence of processes strongly related to
{Qn(t;v™)}2, was obtained by Hjort (1984) [see also Hjort (1990)].
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4.3 Sublinear tests

As in the previous chapter we may use a functional T mapping D[0, o) into IR to
construct a goodness-of-fit test. Applying T to the process Q,(t;v(™), we obtain
a statistic which can be used to test the composite null hypothesis 6,, = 6,.

In this section we study deviations, behavior under fixed and local alterna-
tives, and efficiencies of sublinear tests, based on test statistics T(Qn(t;v(™)),
where T satisfies Condition 14.

Condition 14 The functional T is sublinear and Lipschitz.

Observe that this condition is exactly the same as Condition 3. Thus, the
remarks concerning Condition 3 also apply here.

4.3.1 Deviations
Define

a(vo) = {sup T(/ - Lo(s, - vo) f'(H"(s;v0, 00))dH" (s; v0,600))} 2 (4.25)
fes

where S is the set of Strassen functions. One may interpret (d(vo))~'/? as the
norm of the functional T', this time induced by the reproducing kernel Hilbert
space of the Gaussian process X(t;vo,8), the limit in P, -distribution of the
sequence {Q,(t;v(™)}%,. Suppose that

Condition 15 inf, ey @(vo) is positive.

Theorem 9 describes the tail behavior of T'(X(-;vo,8)) [and thus the tail be-
havior of the asymptotic distribution of T(Q,(-;v{™))], and presents a deviation
result for 7(Q,(-;v™)). It is valid whenever equation (4.20) and Conditions 14
and 15 hold.

Theorem 9 We have

Jim 2 Jnf (a(vo)) ™" log Py (T(X (+;v0,80)) > t) = —1/2. (4.26)

lim ¢ 23013@(%)) log Py, (T(X (-5 v0,60)) > t) = —1/2. (4.27)
Furthermore,

Jlim (sn)7 inf (a(vo))™" log Poo(T(Qu(:0™)) > s4) = =1/2 (4.28)

Jlim (s,)7 sup (&(vo))” 'log Pu(T(@n(50™)) > s) = —1/2 (4.29)

v €T

for any sequence {s,}°2, such that s, — oo and s, = o(n'/*°) as n — co.
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Obviously, (4.28) and (4.29) also hold for any sequence {s,}3; such that
S, — 00 and s, = O((logn)!/?). The deviation result based on the latter type of
sequence is called moderate and is important from a statistical perspective, since
it plays a role in evaluating the performance of a test.

As with Theorem 8, Theorem 9 can be refined in the special case where
L, (t; vo) coincides with L(¢; vo, 85) with P, -probability 1. Now sequences {s,}32,
such that s, — co and s, = o(n'/1°) are allowed.

From a practical viewpoint it is desirable that a test for the composite null
hypothesis is based on a test statistic. which has under the null hypothesis an
asymptotic distribution which does not depend on the actual value of the un-
known parameter. Hence, the rate at which the tail of the distribution of the test
statistic decays should not depend on the unknown parameter. Theorem 9 implies
that in order for this latter situation to occur it is sometimes needed to multiply
the original weight process by the square root of @(v). Of course, it should be
verified whether the newly constructed weight process meets all requirements.

Since in general the distribution function H(#;vg, o) is involved in &(v), a
slight problem arises when the censoring distribution G is unknown. In this case
it seems best to divide the weight process by the square root of an estimator for
d(v). Typically, estimators for @(v) are obtained by replacing H!(t;vo,00) by
J3(1 = H,_(s))dA(s; vo, 8o).

4.3.2 Behavior under the alternative hypothesis

To describe the behavior of T(Q,(+;v™)) under a fixed alternative, suppose that
v, =v €T and 0, = 0 € O for every n € IN [we shall refer to this stuation as
“under P,)"]. Then for every 8 > (2a —1/2)*

n P T(Qn(-;v™)) - nl/2T(/0. L(s;v,0)dD(s;v,0))| =R, 0. (4.30)

as follows from combining (4.19) with Conditions 13 and 14.
The treatment of local alternatives requires a more substantial effort. First
we impose structure on 0.

Condition 16 O is a conver subset of IRP.

As an immediate consequence of Condition 16 we have that T x© is a subset of
IR™*?. Hence, it is sensible to redefine v;(t; v, 0) as the first order partial derivative
of log A(¢;v, #) with respect to the i component of (v,0),i =1,...,r + p. Note
that this redefinition is consistent with the earlier definition. Likewise, redefine
w,(; )(t; v,0) as the second order partial derivative with respect to the i** and j**
component of (v, ).
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Condition 17 For everyv € T, 6 € © and i,j = 1,...,r + p the functions
A(t; v, 8), ¥i(t;v,0) and 1/;,(})(1!;11,0) exist. For some 3 > 0 there exists a constant
cse such that for everyv € T,0€ 0 andi,j=1,...,r+p

/090(1/);(3;11,0))2(1 - H(s;v,0))(1_2°’)'ﬁdA(s;v,0) < cs6,

[T @ 550,0)(1 = H(si0,0)20720 A (550,0) < cso

Denote the p-dimensional vector with components t,;(t; vo, 80) by ¥.(t; vo, 6o),
and define

Ka|o(t;vo)=/0 Lo(s, t;v0)%a(8; vo, 00)dH (85 v0, 00) (4.31)

[compare with (4.21)]. Observe that under Conditions 8 and 9 the components
of Kgjo(t;vo) remain uniformly bounded in t, vy and 6,.

Let Af-”(t;v,O) denote the first order partial derivative of A(t;v,0) with re-
spect to the i component of (v, ). Define the r x r matrix Z,(v, ) by

Zpij(v,0) = /:o $i(s; 7(v,0))0;(s; 7(v, 8), 80)dH (s;v,8)
+ /:o pi(s;m(v, 0))A§1)(s; w(v,0),80)dD(s;v,8), (4.32)

Condition 18 All eigenvalues of the square of the matriz Zy(v,0) ezceed (css)?
for everyv € T and 6 € O.

It should be noted that Zy(v,8) = Zo(v,6p) for every v € T. Since the
smallest eigenvalue of the square of Z;(v,0) tends to the smallest eigenvalue
of tue square of Zy(v,0p) as 6 tends to 6y, the remarks on the verifiability of
Condition 12 also apply to Condition 18.

The next condition concerns Lfl)(t;v,G), the first order partial derivative of
L(t;v, ) with respect to the i component of (v,8), and Lg)(t; v, 8), the second
order partial derivative of L(t;v,6) with respect to the i** and j** components of

(v, 9).

Condition 19 For everyv € T, 8 € © and i, = 1,...,7 + p the functions
Lgl)(t;v,0) and Lg)(t;v,ﬂ) erist. There ezxists a constant csy such that for every
veEY, 0€0 andi,j=1,....,Tr+p

sup (1 — H(t;v,0))1/2|L$1)(t;v,0)| < cs7,
t€[0,00)

sup (1~ H(t;v,0))l"°’|L$?)(t;v,0)| < cs7.
t€[0,00)
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Theorem 10 Suppose the sequence {(vn,0,)}52, converges to the point (vo,6o).

Let h be the p-dimensional unit vector defined by h = limp_.00(0n — 00)/|0r — Gol,

and let o denote lim,_.o, n'/?|0, — 6q|.

a If o = oo then (n'/?|0, — 0o|) T (Qn(-;v™)) converges in P,-probability to
T(hTI(alo('; ’Uo)).

b If a < 1/4 and 0 < oo then {T(Qn(+;v™))}2, converges in P,-distribution
to T(X(+;v0,80) + ahT Kqjo(+; 0)).

The proof of Theorem 10b makes use of the fact that (4.19) holds for some
B > 0, which provides the reason for the occurrence of the restriction o < 1/4.

If @ < 1/4 then Theorem 10 reveals three types of behavior of the sequence of
test statistics {T(Qn(+;v™))},, depending on the rate at which the alternatives
converge to the null hypothesis. If the rate is faster than n~!/? then we have
convergence in distribution to the same limit as under the null hypothesis. If
the rate is of the order n=1/2 then we also have convergence in distribution, but
to a limit different from the one under the null hypothesis. If the rate is slower
than n~1/2 then the convergence in distribution is lost, since the sequence of test

statistics blows up as n tends to infinity.

4.3.3 Efficiencies

In the previous chapter a number of efficiency concepts were introduced. However,
the definitions given there only apply to the simple null hypothesis. We shall now
carry these definitions over to the composite null hypothesis, and reflect on their
implications.

Our definition of asymptotic relative Pitman efficiency is restricted to the
situation in which we have two infinite sequences of tests of the same size, and
where the nt* test in the i** sequence is based on the test statistic T},, rejects the
null hypothesis if T;, > t;n, and does not reject if T;, < t;,. Again, we have no
knowledge about the action taken if T;, = ¢;,.

Definition 7 For a given function 3 : T x0 —[0,1], let Wf(v,é) be the largest
sample size such that P(yg)(Tin > tin) < B(v,0). If for a unit vector h € IRP ard

every vo € T there exists a constant efz(h; vg) such that

b
No(v;,0,) _
liminf 22%0%) 5 05 0

7% Ny (v5,6;)

and i

lim sup _—_E(L’()» < &y (h;vo)
i=ee Ny(vj,0;)
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for any sequence {(v;,0;)}32, tending to (vo,00) while satisfying lim; ..
B(v;,8;) € (0,1) and limj_.oo(8; — 00)/|0; — Oo| = h, then eby(h;vo) is the asymp-
totic relative Pitman efficiency of the first sequence of tests with respect to the
second.

This definition allows the asymptotic relative Pitman efficiency to depend
on both size and power of the tests. It does not involve NP(v,0), the smallest
sample size such that P, ) (Tin > tin) > B(v,0), as is propagated by Rothe
(1981). An efficacy approach is possible if there is a transformation of the
test statistics available such that the transformed tests statistics are asymptoti-
cally normal and have asymptotic variance 1 for any sequence {6,}32, such that
lim,_, n!/2|0, —85| < co. The asymptotic mean of the transformed test statistics
divided by lim,_., n!/2|6, — 8| is the square root of what is called the efficacy
of the sequence of test statistics. For two such sequences the asymptotic relative
Pitman efficiency is equal to the ratio of their respective efficacies. In absence of
such a transformation, the computation of asymptotic relative Pitman efficienc. :s
becomes too formidable for general sublinear tests.

Definition 8 A sequence of test statistics {Tin}32, is said to be a standard se-
quence if the following three conditions are satisfied.

a The sequence {T;,}3, converges in P,,-distribution to a random variable T;.
b There exists a constant a; such that

. —-2 . ] — ..
tlirgt u?éf‘r log P, (T; > t) = —a;/2.
lim t~2 sup log P,y (T: > t) = —a;/2.
t—o0 v €T

¢ There exists a positive function b;(v,0) such that |n~'/2T}, — b;(v, 8)| converges
to zero in P, g)-probability for everyv € T and § € © — {6o}.

The approzimate Bahadur slope of a standard sequence {Tin}32, is defined as

a;(bi(v,0))%. The approzimate Bahadur efficiency of a standard sequence {T1,}32,

with respect to another standard sequence {T5,}%2, is defined as the ratio of their

respective Bahadur slopes a1(by(v,0))%/az(b2(v,8))?.

By Corollary 6 and equations (4.26), (4.27) and (4.30) it immediately fol-
lows that the approximate Bahadur slope of {T(Qn(-;v™))}2, is given by
a(vo){T(J5 L(s;v,0)dD(s;v,0))}*.

Definition 9 A standard sequence {T;,}32; is said to be a Wieand sequence if

n=1
there is a constant €* > 0 such that for every e > 0 and § € (0,1) there exists an
integer N such that

Pog)(In" T — bi(v,0)] > ebi(v,6)) < §
for everyv € T, 0 € © — {6p} satisfying |0 — Oy| < €* and n > N/(bi(v,0))2.
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Since our definition of standard sequences slightly extends the one used in
Wieand (1976) [it allows P,,(T; > t) to depend on wvg], an adaption of Wieand’s
result is in order.

Theorem 11 (Wieand (1976), adapted) Let {T1,}5%, and {T2,}32, be two
Wieand sequences. Suppose limgy g)—.(v,.00) bi(v,0) = 0 for i = 1,2 and suppose
that for every p-dimensional unit vector h the limit

Jim {a1(b1(v,6))*}/{aa(ba(v,9))’} (4.33)

exists if (0 — 09)/|0 — 60| tends to h. Then the limiting (as the size of the tests
approaches zero) asymptotic relative Pitman efficiency exists and is equal to the
limit given in (4.33).

Theoi.:m 11 is not valid if variants of asymptotic relative Pitman efficiency
such as in Rothe (1981) are used. See Appendix A for more details.

Theorem 12 Let h be a p;dimensional unit vector, let (v,0) approach (vo,b)
from the direction h [that is, h = lim(, 6)_(vo,60)(0 — 00)/]0 — bo|], and define
e(h; vo) by

e(h;v0) = a(vo){T(RT K,po(+;v0))}? (4.34)

If inf e e(h; vo) is not equal to zero, then {T(Qn(-;»™))}2, is a Wieand se-
quence with approzimate Bahadur slope of the form

|6 — 8o|*{e(R; vo) + o(1)}. (4.35)

Definition 10 A sequence of test statistics {Tin}32, is said to be a Kallenberg
sequence if the following conditions are satisfied.
a There exists a constant a; such that

n—oo

lim (s,)~? nolsz log Py (Tin > sn) = —aif2
vo

lim (s,)72 sup log P, (Tin > s,) = —a;/2
v €T

n—o00

for all sequences {s,}32, such that s, — oo and s, = o(n'/®) as n — co.

b There ezists a positive function b;(v,0) such that n='/*T;, /b;(v,,0,) converges
to 1 in P,-probability for all sequences {(v,,0,)}2>, tending to T x {6o}.

If the sequences {T1,}52, and {T2,}32, both are Kallenberg and the limit lim, oo

a1(b1(vn, 0,))?/az(b(vn,0,))? exists, then the asymptotic intermediate efficiency

of {T1,}2, with respect to {T2,}%2, is defined as this limit.
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The typical behaviot of b;(v,8) near T x {6p} is as a linear function of |0, —8q|.
This brings us to call lim,_.c a;(8i(vn,0,)/|0n — 6o])? the intermediate slope of
the Kallenberg sequence {T;,}52,.

Theorem 9 does not ensure that {T'(Q.(-;v())}2, is a Kallenberg sequence.
Reason for us to turn to a variant of asymptotic intermediate efficiency, weak
asymptotic intermediate efficiency. Here only sequences {s,}%2, such that s, —
oo and s, = O((logn)'/?) as n — oo are considered. Observe that the sequence
{T(Qn(-;v™))}2, has weak intermediate slope e(h;vo). Hence, the weak inter-
mediate approach yields the same picture as the Wieand approach. Theorem 9
shows that our tests may be evaluated using a variant of asymptotic intermediate
efficiency which considers sequences {s,}2, such that s, — oo and s, = o(n'/3°)
as n tends to infinity.

In the beginning of this section we assumed that the functional T is sublinear.
A close look reveals that Condition 14b is used only in the derivation of (4.26)
and (4.27). Thus, we may set up an equivalent theory for functionals other than
sublinear, provided results similar to (4.26) and (4.27) hold.

4.3.4 Generalized rank and supremum type tests

We have already seen that both Tp and Ts satisfy Condition 14. Hence, our
theory applies. Defining ar(vo) and as(vo) according to (4.25), with T replaced
by Tr and Ts respectively, it follows that

an(vo) = { [ (Lo(s, 003 v0))*dH* (s; vo, B0)} 7, (4.36)
as(vo) = { sup [ (Lo(s,t;v0))*dH (53 v0, 00)} " (4.37)
t€(0,00) YO

[discover the relation with the variance function of X (t; vo, 6p) by comparing with
equation (4.23)]. Similarly defining er(h,vo) and es(h,vo) according to (4.34),
we obtain

er(h, vo) = ap(vo){hT K,po(00; v0) }2, (4.38)

es(h,vo) = as(vo){ s[gp | hT K 4j0(t; v0) }2. (4.39)
t€|0,00

As opposed to general sublinear tests, generalized rank tests do allow us to
compute asymptotic Pitman efficiencies. By Corollary 6 and Theorem 10b, it
follows that the asymptotic power against local alternatives 6, = 8y + n~'/2h of
the test based on Tr(Qa(:;v™)) of size & equals

Py (X (005 0,00) > za(ar(ve))™? — hT K,po(c0; o)),

where z5 is the (1 — &) quantile of a standard normal distribution. This implies
that the efficacy of the sequence of test statistics {Tr(Qa(+;v™))}, is equal to
CR(h, Uo).
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Let I(vo, o) be the Fisher information matrix, the symmetric (r +p) X (r +p)
matrix with elements

I;j(vo,00) = /0 Il)g(t;vo,ao)lﬁj(t;vo,oo)dHl(t;U0,00). (440)
Partition this matrix as follows
— 100 IOa
I(vo, 0,0) = ( Lo L. > , (4.41)
where Io is an r X r matrix. Define the effective score function t,o(%; vo, o) by

Yajo(t; Vo, o) = ¥a(t; vo,80) — Laolog ¥ (t; vo, bo). (4.42)

The effective score function may be interpreted as a projection of the score func-
tion t4(t; vo,8p). Observe that

/000 1a(t; vo, 00)(Ya(t; o, 00)) TdH (£; v0,60) = Iua — Taolig Toa- (4.43)
The right-hand side of the latter equation is known as effective Fisher information.

Theorem 13 The mazimized values of ep(h,vo) and es(h,vo) are both equal
to hT{I,o — Iolo' Ioo}h. Generalized rank tests based on weight processes with
limiting weight function satisfying

L(t; vo, 60) o< AT {hajo(t; vo, 00)} + vT $(t; vo), (4.44)

where v is an arbitrary r-dimensional vector, are mazimizing er(h,vo). Supre-
mum type tests based on mazimum likelihood estimation and weight processes with
limiting weight function satisfying

L(t’ Vo, 00) (68 hT¢alO(t; Vo, 00) (4.45)

are mazimizing es(h, vo).

One may infer from the proof of Theorem 13 that for every supremum type
test with es(h,vo) = hT{lsa — Liolgo Ioa}h there exists a generalized rank test
[based on either the same stochastic integral or a “killed” version Q,(t A ;v(™),
where 0 < 7 < oo fixed] with eg(k,vo) = hT{I,o — Lol Ioa} h- The reverse is not
true. If the stochastic integral underlying a generalized rank test with er(h,vo) =
hT{IM — Lol Io.}h does not converge in P, -distribution to a Gaussian process
attaining its maximum in oo, then we have that es(h,vo) is less than T {I,, —
Lol Ioa } b for the supremum type test based on the same stochastic integral.
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This fact makes the choice of the weight process more critical for supremum
type tests than for generalized rank tests. Preferably, the construction of a weight
process should lead to

/ * (Lo(s, t; vo))*dH (s; vo, 80) < / " (Lo(s, 00; o)) *dH (s; vo, Bo).
0 0

That is, under maximum likelihood estimation the weight process should be based
on (4.45) rather than on (4.44).

Shortly after Theorem 9 a method of standardizing a weight process was
described. If we follow this method for weight processes with limiting weight
function satisfying (4.45), we obtain that the standardized weight processes have
limiting weight function

hTpaj0(t; v, 6o)
VAT {Laa = Lolog Toa }h

As far as generalized rank tests are concerned, the choice of the M-estimator
turns out to be of secondary importance. The maximized value of eg(h,vo) does
not depend on the estimation procedure. Equation (4.46) does not depend on the
estimation procedure. For a weight process constructed according to (4.46) we
have ag(vo) = 1, so the asymptotic behavior of the test statistics under the null
hypothesis is not influenced by the estimation procedure. This implies that the
quantity er(h,vo)/ar(vo), which characterizes the behavior of the test statistic
under the alternative hypothesis, does not depend on the estimation procedure.

The choice of the M-estimator is far more important for supremum type tests,
because of its effect on the position where the variance function [5°(Lo(s,;vo))?
dH'(s;vo,0,) is maximized. For a general M-estimation procedure this position
is difficult to determine. Theorem 13 restricts itself in this respect to maximum
likelihood estimation. :

In Hjort (1990) x2-tests constructed from Q,(t;v™), where v(™ is the max-
imum likelihood estimator, are studied using martingale methods. The effective
score function appearing in our (4.45) also shows up in Hjort’s equation (5.7). -
Without rigorous mathematical support, Hjort states that as a weight process
this function “is a very good choice”.

The maximum likelihood procedure pays no attention to the alternative hy-
pothesis. A modification of the maximum likelihood estimator is obtained by
choosing

L(t;v,60) = (4.46)

(t;v) = h(t;v,00) ~ Toal s a(t; v, 60) (4.47)

This choice sets [3° ¢i(s; v)br4i(s;v,00)dH(s;v,00) equal to zero for every v €
T,i=1,...,rand j = 1,...,p. Hence, the r x p matrix Z,(v,0p) defined in
(4.100) on page 80 is a null matrix. Since this matrix is related to the r x p
matrix of partial derivatives of 7 (v,6) with respect to the components of 8 [see
the proof of Lemma 3], we may say that estimation is in a sense performed
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“perpendicular” to the alternative hypothesis. Again the situation where the
censoring distribution G is unknown calls for extra attention, since G is involved
in I, I}. We may try to estimate this quantity, but then the resulting function
#(t; v) is a random element of D[0, 00), and falls outside our framework.

4.4 Proofs

In this section the proofs of previously stated theorems are gathered, with excep-
tion of Theorem 11, which is proved in Appendix A.

Proof of Theorem 7 Let ®,;(v) be shorthand notation for ®,;(co;v). Then
the ** equation involved in the definition of the M-estimator v(") may be written
as ®,;(v(™) = 0 [see equation (4.3) on page 52).

The proof is based on a second order expansion of ®,;(v) around v,. The
stochastic terms in the expansion are approximated by means of deterministic
counterparts. The quality of these approximations is reflected by the random
variable Sy, to be introduced later. Conditional on the event S, < n'/? we use
the “approximated” expansion to show the existence of v("), and prove (4.8) and
(4.9). Subsequently, empirical process theory is used to study the behavior of the
random variable S, in some detail, yielding (4.10) and (4.11).

The first order partial derivative of ®,;(v) with respect to the j* component
of v is given by

nij

<I>(l-)-(v) =n"1/? /ooo ¢.(‘Jl')(5§ v)dM(s;v,60)
- /ow $i(530)i(s; v, 00)(1 — Ha(s))dA(s;v,00).  (4.48)

Furthermore, the second order partial derivative of ®,;(v) with respect to the j*
and k™ components of v is given by

2 (v) = n72 [ 6(s; v)dMa(s; v, o)

= [T 101051008550, 00) + (550, Bo )i v, 60)}

(5 0)9k(s; v, 00) }(1 — Ho_(5))dA(s; v, 6o), (4.49)

where ¢,(-f,):(t; v) is the second order partial derivative of ¢;(¢; v) with respect to the

7 and the k** components of v, and wﬁ) (t;v) is the first order partial derivative
of 1;(t;v) with respect to the k** component of v.
Let ®()(v) denote the r x r matrix with elements ®{!)(v), and <I>$L2,~)(U) the

n)

r X r matrix with elements ®®

nijk(v). By making essentially the same expansion
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as in Borgan (1984), we obtain
Bi(v) = @pi(vno) + B (V0) (v = Vo) + (v = Vo) B (V) (v — vn0)/2 (4.50)
for every v € T. Here ®))(vyg) is the it* row of ®(M)(vy0), and v’ a point on the
line segment between v and vpg.
Now define constants css—ceo by css = 4(1 + co + /@), cs9 = c35/6cs587°,
cso = ((cy)?cascso/67) A (cycas/2r®) A css, and let V;, denote the closed ball in
T with centre vn,o and radius csy, Moreover, denote the empirical processes

n'/2{H})(t) — H'(t;vn,0,)} and n*/?{H,_(t) — H(t; vs,0,)} by U}(t;vn,0,) and
Un—(t; v, 0y), respectively. The random variable S,, is defined by

Sn = (2/ce0){ sup |UL(t;vn,0,)|
t€[0,00)

t
+ sup sup [ |Un(s50,0,)|dA(s; v, 00)}. (4.51)

t€[0,00) vEVR

Observe that for functions f, g which are bounded by 1 and have total vari-
ation not exceeding 1, we have for every v € V,,

In-1/2 /0 ” f(s)dMa(s; v, 00) — /0 ~ 9(s)(1 — Ha-(s))dA(s; v, 6o)
— [7{5(s) + 9(5)}dD(s; v, B0, v, )
+ [7 g(s)dH (5i0n,80)
< [n712 fowg(s)dU,l(S;vnﬂn)l
Hn12 /0°°{f(s) + 9(8)}Un—(5; vn, 0)dA(s; v, 60)|

< ceon %S,

where the last inequality follows from integration by parts. Hence, by Condition 9,
Condition 10 and Condition 11 we have

n'/?(cy)?|®ni(vno)| < cooSn, (4.52)
2, |84 (vno) + Eanij] < ce0Sn, (4.53)

and forallv eV, .
2102 (1) + Awije(v)] S cooSn,



4.4. PROOFS | 71

where A,;jr(v) is defined by

Aniin(0) = [ {8:(55 ) {82 (550, 00) + (53 0, Bo)ha(s3 0, 00)
+85) (53 0)0(5; v, 60) }dH (55 v, 0)
= [T 18500853 0,00) + (55 v, B0 (53 0, 60))
+850(s30) + 85 (55 0) k(53 v, 80) }dD(5; v, 00, n, Or).

Note that |Anijx(v)| < css for all v € T.
Assume that (4.7) holds. It follows that

|®ni(vno)| < cascso/6r, (4.54)
I‘I’Szl;}(vno) + Zonij| < cas /212, (4.55)

and for every v € V,
lq’%k(”ﬂ < 2¢s8. (4.56)

As a consequence of (4.55) and Condition 12 we have
|®0) (v,0) (v — vno)| > 35|V — vno|/2- (4.57)

We shall now prove the existence of a solution in V, to the equations (4.3).
Let R,(v) be the r-dimensional function defined by

Ra.(v) =v— {q)ﬁl)(vno)}_lq)n(v)v

where ®,(v) is the r-dimensional function with elements ®,;(v). Then it suffices
to show the existence of v(™ € V,, such that v(® = Rn(v(")).
For every v € V, we have for some v’ on the line segment between v and vno

|Ba(v) = vno| < 2|@ (va0) (v — vno) — @ (v)|/ a5

<zmmmm+zzw% (v = vaol)*} /35

7=1 k=1

< 2s0/3, (4.58)

and hence R,(v) maps V, into V,. Furthermore, for every v,v* € V,, there exist
points v’,v” on the line segment between v and v* such that

|Ba(v) = Ra(v")] = {2 (00)} H{OW (vn0) — @ (v/)} (v — v")]
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< 21{@ (vao) — ‘Pﬁ"(v')}(v —v")|/ess

< 2{22 E 19525 (0"} (o = ")) eas

i=1 j=1k=1

< 2jv —v"|/3. (4.59)

Set so equal to vy, and define the sequence {s;}32; recursively by s; = Rn(si-1).
From (4.58) and (4.59) it follows that this sequence converges to a point v € V,
which satisfies v(™ = R, (v(™).

Next we show (4.8) and (4.9). From (4.50), (4.56) and the fact that ®,;(v(™) =
0 for:=1,...,r, we may derive

|®n(n0) — Zon(v™ — vno)| < €nlo™ — vpol, (4.60)

where

f = C58T3|'U(") — v 0, + Z Z I@S";(Uno uom‘jl. (461)

1=1 7=1

Since IEO,,(v(") — vno)| > cas|v(™ — vy| and &, < 3css/4, we obtain

[0 — vno] < 4[®n(vno)l/css,

and hence it follows from (4.52) that choosing cag = 4ceor/cas(cy)? yields (4.8).
Combining (4.8), (4.53) and (4.61) gives

n'/%¢, < {cascssr® + ceor?/cy} Sn, (4.62)

which together with Condition 12, (4.8) and (4.60) leads to (4.9), with c3; =
cas{cascssr™ + ceor?/cy } [ cas.

The remainder of this proof, the verification of (4.10) and (4.11), resembles
part of the proof of Theorem 2. Let f],,(t) be the empirical process based on the
uniform (0,1) random variables Za,. .. , Z,, defined by

Z; = 8:HY(Z;;00,0,) + (1 — 6;){H (00; Un, 0,) + H(Zi;v4,0,)},

where
H° (t;vn,0,) = H(t;v,,0 )—Hl(t;vn,on)

is the cumulative distribution function of the censored faxlure times under P,.
Inequality 1 yields

Po(sup |Un(t)] > z) < 2¢; exp{—222}. (4.63)
tefo,1]
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Let {dn}32, be a sequence of points in [0, 00). Later in this proof we specify this
sequence in two different ways, depending on whether we are checking (4.10) or

(4.11). Since Condition 9 implies that for every ¢t € [0,00) and v € V,
A(t;v,60) < ce1A(t;vno, fo),
where cg; = 1 + reycs, it follows that

A(tv v, 00) SC(;]A(t, Uno, 00)a

d°°(1 — H(s; vn, 6))dA(s; v, 60)
< cor [ (1= H(5;vn, 02))dA(5; v, O0).
Furtherm. re, we may write

Sn S (2/660){A1n + AZn + A3n}7

where as consequences of the construction of U,(t) and (4.65) we have
Ay, = sup |UL(t;vno, 00)]
t€[0,00)

< sup |Ua(t),
tef0,1]

¢
Agn = sup sup [ |Up—(8;vn,0,)|dA(s;v,00)
te[0,dn] vEVn JO

< { sup |Un_(s;vn,0n)[}{sup A(dn;v,00)}
veV,

t€[0,dn]

< 3061A(dn; Vno, 00) Sl[lp] |0ﬂ(t)|’
t 1

'y

t
Az, = sup sup |Un=(8;Un, 0,)|dA(s; v, 0o).
t€[dn,00) VEVR Ydn

Together with (4.68) and (4.69), inequality (4.63) yields
Po(Avn + Aan > dce1A(dn; Vno, 00)z) < 2¢4 exp{—21‘2}.

Observing that (4.66) impiics

(o]

Az, < nl/zcm/d (1 — H(8;vn,0,))dA(s; vno, b0) if Zpm < dy,

n

(4.64)

(4.65)

(4.66)

(4.67)

(4.68)

(4.69)

(4.70)

(4.71)
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where Z,., denotes the largest order statistic of the sample Z,,..., Z,, we obtain
Pu(Asn > n'/2cq, /d (1 = H(s;vn,02))dA(5; vr0, 60))

< n(1 — H(dp;vn,0y)). (4.72)

Now choose 8 > a, and d, so as to satisfy H(dn;vn,0,) = 1 — =1+ where
¥ = (8 — a@)/a. By Condition 8 we have

A(dn; vno, 60) < can®,
/oo(l — H(8;vn,0,))dA(8;Vn0,00) < cenP~rtY),

it follows from (4.71) and (4.72) that

Po(Arn + Az > dcqcern®y/(vlogn)/2) < 2¢,n77, (4.73)
Po(Asp > cacnf~ 01Dy < =) (4.74)

and hence (4.10).
Finally, assume (vy,0,) = (vo, ). Choose d, so as to satisfy H(d,;vo,00) =
1 — exp{—222}/n, where z > (n'/?logn)~!. By noting that

A(dyn;vo,80) < logn + 222,

/T(l — H(s;vo,80))dA(s;v0,00) < exp{—2z?}/n

< (n"Y%logn)z,

we obtain from (4.71) and (4.72)

Po(A1n + Az > 4cgiz(logn + 22%)) < 2¢; exp{—2z?}, (4.75)
P, (Azn > carzlogn) < exp{—2z%}, (4.76)
by which (4.11) readily follows. This concludes the proof of Theorem 7. ]

Proof of Theorem 8 The proof is based on replacing stochastic terms in a
second order expansion of @,(¢;v) by deterministic counterparts. The “approx-
imated” expansion is applied to @,(;v(™), and combined with (4.9) and Theo-
rem 2.
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The first order partial derivative of Q,(¢;v) with respect to the i** component
of v is given by

QW(t;v) = /L“’sudM (s:v,00)

/% [ La(s; 0)i(55v,00)(1 = Har ())dA(s5;0,00),  (4.77)

and the second order partial derivative of Q,(t;v) with respect to the i and j
components of v is given by

Q1) = [ LE)(s;v)aMa(s;v,00)
=0 [ L5 0) 4530, 00) + (55 v, )i (50,0}
+Lf‘1j)(s;v)1/),~(s;v,00)

+L0 (s;0)1i(s;v,00) }(1 — Ho (s))dA(s; v, 60). (4.78)

Here Lﬁ)~(t; v) denotes the second order partial derivative of L,(¢; v) with respect
to the ¢** and j** components of v.
Now define
- ¢
QW(t50) = n'/* [ La(s;0)bi(5; v, B0)dH' (53 vn, 0n)
0
t
—nl/Q/ {Ln(s;v)¥i(s;v,60)
0

+LY (s;v)}dD(s; v, 00, vn, 8,), (4.79)

QE(50) = ' [ L5500l ,00) + L5505 v, 00)
+Ln(s;v){¢§;’(s;v,eo)
+i(s; v, 00)b;(s; v, 60) } }dH (85 vn, b)
w172 [ 1L (55053 v, 00) + LD (55 0)5 (55 v, 00)
+La(s30){9 (53 v, 00) + Pi(s; v, 60)h;(s; 0, 60) }

+L$"J(s v)}dD(s;v,00,vn,0,). (4.80)
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By Condition 9, Condition 13 and integration by parts we obtain the existence
of a constant cgp, not depending on v, or 8,, such that

sup | Koi(t; vay 0n) — n"2Q (5 vno)|

t€[0,00)
< ce2{ sup |Ln(t;vn0) — L(t;vn, 05)|

t€[0,00)
+ sup |LE(tvm0) — LIt 04, 04)1}, (4.81)

te[0,00)-
e Q5 (55 vm0) + QL (15 vn0)| < c625n, (4.82)

and for every v € V,

sup [QZ(t0) + QRU(t; )| < 625 (4.83)

t€[0,00)

Next we introduce the set Q,, consisting of all w € € such that S, < n'/?
and that all random elements in D[0, c0) occurring in Condition 13 are bounded
and have bounded variation as specified in this condition. By noting that there
exists a constant ce3, not depending on v, or ,, such that for w € Q,

sup |QE(t;v)| < cesn'’?,
t€[0,00)

it follows from (4.83) that for w € 2, and v € V,,

sup QU (t;v)| < (coz + coa)n'/?,
t€[0,00)

and hence by (4.8)

sup [(v™ = v0)TQY (£ v) (V™ — vno)| < caan™/2{S,}?, (4.84)
t€(0,00

where Q?)(¢;v) is the r x r matrix with elements Qg}(t;v) and cgq = (ce2 +
ce3)(casr)?.

Furthermore, letting Q{!)(¢; v) denote the r-dimensional vector with elements
Qs,l;)(t; v), we obtain by (4.8), (4.81) and (4.82) for every w € 2,

sup [(0™ — 00)T{QV(t; Vno) + n*/2Ko(t; va, 0n)}|
te[0,00

< o™ — vgo| Y- sup | 1QY(t;vno) + QL (t; vro)|

i=1 t€[0,00

+ sup QW (t; vno) — 02 Koi(t; va, 0)|}
t€[0,00)
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< cagcean /25, Z{Sn
=1 -

+nl/? sup |Ln(t;vn0) — L(t; vn, 05)|

t€[0,00)
+nl/? sup ]Lfll,-)(t;vno) - LEll(t;vn,Bn)I}. (4.85)
t€[0,00)

Since for every v € V; and t € [0,00) we may find a point v’ on the line segment
between v and v,g such that ’

Qn(t;v) = Qu(t; vno) + (v — vro) QY (t; Vo)
+(v = va0) QP (1) (v — vn0) /2, (4.86)
it follows from (4.84) and (4.85) that for every w € Q,

. S[l(.)lp ) ‘Qn(t; v(n)), - Qn(t; UnO) + nl/2(v(n) - U'nO)TI(O(t; Un, On)'
€|0,00

< (ceq + casce2)n 125, Y {5

i=1

+nl/? sup |Ln(t;vn0) — L(t; v, 05)|

te[0,00)
+n17% sup |LE(t;vn0) — LV(t; vny 02)]}-
t€[0,00)

[here we have used v(™ € V, if w € Q,]. Hence, by (4.9) and the fact that
Ko(t;v,0) remains bounded, uniformly in v and 6 [say by ces], we obtain

Sup )lQn(t;v"‘)) ~ Qn(t;vn0) + (Ko(t; vn, 0,)) =5,
€10,00

/:o B(8; Vo) {dM,(8; Uno, bo) — dD(s;vn,0,)}

< (ceq + casCe2 + 037065)n_1/25n Z{S'n

i=1

+n'"% sup |Ln(t;vn0) — L(t;vn,0,)]

t€[0,00)
+n17? sup |LY)(t;0m0) — LI (t; 00, 00} (4.87)
t€[0,00)

for every w € Q,. Now, (4.19) follows from (4.10), Condition 13 and by applying
Theorem 2 to Q(t; vno) and [5° ¢(s;vno)d My (8;vn0,00) separately.
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For the special case (v,,8,) = (vo,8p), we may replace (4.81) by

sup |Koi(t; vn,0,) — n*/?Q(¢; vno)|
tef0,00)

< ez sup |Ln(t;vno) — L(t; vn,0,)], (4.88)

t€[0,00)

and hence (4.87) simplifies to

sup IQn(t; v(n)) - Qn(t;vno)

t€[0,00)

+(Kolt500,00))7E5 [ ¢(s3 v0)dMa(s3 vo,Oo)
< (co4 + c3scez + carces)n~ /28, Z{S

+n!/? s[up)|L,,(t;Uo) — L(t;v0,60)|} (4.89)
te[0,00

for every w € Q,. Applying Theorem 2 twice, together with Condition 13 and
(4.11) yields (4.20). This concludes the proof of Theorem 8. o

Proof of Theorem 9 Equations (4.26) and (4.27) are obtained along the lines
of the proof of Theorem 5.2 in Borell (1975).
To prove (4.28) and (4.29), define the mean zero Gaussian process X, (t; vn, )

by
. ¢
Xn(t;vn,0,) =/ L(8;v4,0,)dW,(8;Un0)
~(Ko(t; va0,00))" 5 [ 9(s50n0)dWa(s3 vao),

Observe that X,.(t;vo,ﬂo) is equal in P, -distribution to X (t; vo, 00). Moreover,
by Theorem 8 we have

Puo(,é‘[L‘P ) |Qn(t; v'™) — Xu(t; vo, 80)| > n ™" (csolog n + 2)™)

< cq1 exp{—cazz}, (4.90)

with c2s = 1/6 and cz9 = 3. Let c30 = c8/(2¢29 — 1) and choose c;3 < B < 2. By
the same methods as vsed in the proof of Theorem 3 one may show

Py (IT(Qn(50™)) = T(Xa(;v0,60))| > exnerlt=2P)(s,)2P)

<<exp{-—uiﬁréf,r a(vo)(sn)?/2}. (4.91)
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Now (4.28) and (4.29) follow from bounding Py, (T(Qx(-;v™)) > s,) between
Py (T(X (-5 v0,00)) > sa(1 + er(n™s,)*77))

=Py (T(Xa(-3v0,00)) = T(Qn(50™))| > epnr=ef)(s, )27)

and
P, (T(X(+;v0,00)) > sn(1 — cp(n™0s,)2A1Y)
+ Py (T(Xa(5 00, 00)) = T(Qn(50™))| > erneso(i=ead)(s, )98,
This concludes the proof of Theorem 9. O

To prove Theorems 10 and 12 we need the following lemma, a “composite null
hypothesis” version of Lemma 2.

Lemma 3 Let g(t;v,0) be a real valued function, g,m(t; v,8) the first order par-
tial derivative with respect to the ith component of (v,0). Suppose there ezists a
constant cgg such that

sup (1 — H(t;v,0))%|g(t;v,0)| < ces, (4.92)
t€[0,00)
sup (1— H(t;v,6))'~Ig{"(t;,0)] < cas (4.93)
t€[0,00)

for everyv € T and 6 € ©. Then there exists a constant cg7 such that

t
sup | [ g(s;v,0)dD(s;v,0)| < ce7|0 — bol, (4.94)

te[0,00) YO

t
sup | | g(s;v,0)dH" (s;v,0)
te[0,00) YO

= [ 9(5i7(0,0), 00 (537(v,0), )|

< cerl6 — 6. (4.95)

for everyv € T and 6 € O. Let gg)(t; v, 0) the second order partial derivative of

g(t;v,0) with respect to the i** and j** components of (v,0). If

sup (1 — H(t;v,0))%|g(t;v,0)| < cee, (4.96)
t€[0,00)
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sup (1 — H(t;v,0)%|g"(t;v,0)] < ces, (4.97)
te[0,00) '

sup (1 — H(t;v,8))' g (t;v,0)| < cos (4.98)
tef0,00)

then there ezists an r-dimensional function K7|,(t;v) such that
t
sup | [ g(s;v,0)dD(s;v,0) — (0 — 00)TKflo(t; 7(v,0))|
0
< ce7]0 — bo|* | (4.99)

for everyv € T and 0 € O.

Proof of Lemma 3 Let the Z,(v,0) be the r x p matrix with elements
Z,ii(v,0) = /0 i(57(0,0))r4(5:7(v, 0), 6)dH (30, 6)
+ /0 i3 7(v, ) ALY, (53 (v, 0), 86)dD(s; v, 0), (4.100)

and define K7jo(t;v) by

Kp(tiv) = /ooo 9(5;0,00){ta(s; v, 60)
—({Z0(v,60)} 'Za(v, 00)) (55 v, 00) }dH (s;v,60).  (4.101)

The Implicit Function Theorem tells us that the r X r matrix of partial derivatives
of m(v,0) with respect to the components of v equals

—{Z0(v,8)} 'Zp(v, 0),

and that the r x p matrix of partial derivatives of 7(v,6) with respect to the
components of § equals

"{Eo(vao)}_lzﬂ(v’o)'
Now fix v’ € T and define the function k : © — T by
7(x(6),0) = v'.

A second application of the Implicit Function Theorem yields that the r x p
matrix of partial derivatives of k with respect to the components of @ equals

—{E4((v,6),00)} ' Za( (v, 8), b0)-

The elements of this matrix and the partial derivatives of these elements with
respect to the components of 6 are uniformly bounded in v’, v and 6.
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Let §(t;v) be defined as g(t; (0),8), let §")(¢;v) be the first order partial
derivative with respect to the :** component of #, and let gm(t v) denote the

second order partial derivative of §(¢; v) with respect to the i* and j** components
of 8. We have

sup (1— H(t;n(v.0),00))|(t; v)] < ces,
te[0,00)

sup (1 — H(t;7(v,0),00)) |3 (t;v)] < ces

t€[0,00)

for some constant cgs. Moreover, if (4.96)-(4.98) hold, then we have

sup (1 — H(t;7(v,0),60))%|3(t; v)| < ces,
t€[0,00)

sup (1 — H(t;7(v,0),00))713(t; v)| < ces,

t€[0,00)

sup (1= H(t;7(v,0),00))"~ 3D (t;v)| < ces.
t€l0,00

Hence we are in the position to apply Lemma 2. By noting that ces may be
chosen independently of v’ our lemma follows. m

Proof of Theorem 10 Let {W,(¢;v,.0)}52, be the sequence of mean zero Gaus-
sian processes given in Theorem 8. We may write

sup |Qn(t;v™) — n'/2|8, — 80| AT Koyo(t; vo)|
te oo

S Aln + AZn + A3n + A4n + ASua
where

Atn= sup [{Qu(t;v™) —n!/? / Ln(8; 920)dD(s; 0n, 62)}

tG[O,oo)

t
—{/ L(s;vn,0,)dW,(s;v0)
0

~(Ko(t;vr,00))7Z52 [~ 6(5; va0) AW (55 vm0)},

t
Agn = sup | [ L(s;vn,0,)dW,(s;vm0)
t€[0,00) YO

~(Ko(t50n,0)Z5) [~ g(s5vm0)dWa (55 v10)l,

¢
Azn =n"? sup | [ {Ln(s;000) — L(8;0n, 0,)}dD(s; 0, 0,)|
t€[0,00) YO
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t
Agn = n'/? sup ] L(s;vnaan)dD(*s;Un,on)
te[0,00) YO

—]0,, - OOIhTIX’a[o(t; Uno)l,

Asn = 1210, — 0| sup {hT Kqjo(t; vao) — kT Kqpo(t; vo)}-
t€[0,00)

By (4.19) we have for 8 < (1/2 —2a) A 1/6
Pn(Aln > C5on_ﬂ) S c51n‘°52. (4102)

Recall that Ko;(t;v,0) is bounded by cgs. It follows that the r components of
(ZoH)T Ko(t; vn, 0,,) are bounded by casces, and hence we obtain by integration by
parts with P,-probability 1

Agn < 2(cqz + cascest) sup |Wi(t;uno)l
. t€[0,00)

The variance function of the process W, (t; vy0) is bounded by (1 +4(c, +1/a))?,
and thus Inequality 4 leads to '

P (Agn > ceo) < carexp{—casz?}, (4.103)

where cgo = 2(cq3 + c3scesT)(1 + 4(ca +1/a)). By observing that Kjjo(t;v) equals
Kapo(t;v) if g(t;v,0) is equal to L(t;v,0), and that the components of Kqjo(t; v)
remain bounded, it follows from Lemma 3 that there exists a constant ¢z such
that

A < cron'’?{|0, — 0o|* + | (6 — 60) — (|65 — 6o|B)|}, (4.104)
and foreveryv € T,0 € © and 8 > 1/2

t
Po(n® sup | (La(8;vn0) — L(5;vn,8,))dD(s;v,8) > crol0 — 6ol)
te[0,00) /O

< Py(n® sup | Ln(t; vno) — L(t;vn,05)| > c4a).
t€[0,00)

Note that by Condition 13 this last inequality implies
P,,((nl/zw,. - 00])_1A3n > C7on_ﬁ) S C45Tl_c’6. (4105)
Finally, there exists a constant c7; such that

A5n S C71n1/2(|0,. - 00')('11" - ’Uol). (4106)
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The first part of the theorem is now easily proved by combining the inequality
|(n*/?16 — 60]) " T(Qu(t; v™)) = T(A” Kajo(-5 v0))|
< er(n]0n — 6) 7 (Atn + Az + Asn + Agn + Asp).

with (4.102)-(4.106).
_ In the proof of Theorem 9 we introduced the mean zero Gaussian process
Xn(t;vn,0,). Observe that

, S[:)lp ) IQn(t; U(n)) - {Xn(t; Un, Hn) + n1/2|0n - '90|hTI(aIO(t; UnO)}l
€]0,00 .

S Aln + ASn + A4n-

Since the right hand side of this inequality converges to zero in P,-probability
because o is finite, we may prove the second part of the theorem by showing that
the process Xn(t; Uy, O) +n1/?0, — 00[hTKa|o(t; Uno) converges in P,-distribution
to X(t;vo,00) + ohTK,po(t;vo). This boils down to verifying the convergence
in P,-distribution of X,(t;vy,0,) to X(t;vo,80), which can be done by using
Lemma 3 to check the conditions of Theorem VI.10 in Pollard (1984). This
completes the proof of Theorem 10. ]

Proof of Theorem 12 Let Ay, Aj,, A3, and Ay, be as in the proof of Theo-
rem 10, and define b(v,,0,) as T'(f; L(s; vn, 0,)dD(s; v,,0,)). We may write

[n 2T (Qn(-;0™)) = b(vn, 8,)] < exn V2 {Arn 4 Agn + Asn}. (4.107)
Furthermore, we have
18(vns ) = |8 — 80| T(RT Kqjo(+; vn0))| < ern™ /2 A4y (4.108)

Since inf,,, ey e(h;vo) is not equal to zero, this yields the existence of positive
constants €¢* and c7, such that

C72|0n — 00! < b(vn,ﬂn) <1 (4109)

for 6, satisfying |0, — 05| < €*.

Now suppose § € © — {6p} satisfies |6, — 6o < €*, and set (vy,0,) equal to
(v,0) for every n € IN. Choose ¢ > 0 and § € (0,1). By (4.102) and (4.103)
it follows that there exists an integer N; not depending on v or 6 such that for
n>N

P(u,g)(Aln > (N1)1/2€/4CT) < 5/4,

Pooy(Dan > (N1)Y%e/4er) < §/4.
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Hence, for n > N;/(b(v,8))* we have
Pooy(n "V { A + Azn} > eb(v,0)/2¢r) < §/2, (4.110)

since n > Ny and (Ny/n)!/? < b(v, ). Moreover, (4.105) implies the existence of
an integer N > N; not depending on v or 8 such that for n > N

Proay(Ban > eb(v,0)/2cr)
< P(v,l’)((nllzwn - 90|)_1A3,, > crg€)

< é/2. (4.111)

Combining (4.107)-(4.111) now yields that {T(Qn(+;v™))}%, is indeed a Wieand
sequence.

Finally, (4.35) immediately follows from (4.104) and (4.108). This concludes
the proof of Theorem 12. m]

Proof of Theorem 13 Observe that for any r-dimensional vector 7 and every
t € [0,00) U {oo}

/0 * 0T 9(5; vo, o) Lo(s, t; vo)dH'(s; vo, 6o)
= 0" Ko(t; vo, 60) — 17 LoeZ5. Ko(t; vo, fo)
=0.
By choosing 7 equal to Igy' Ipsh it follows that we.ma,y write AT K,jo(t; vo) as
/0 " BT {a(5; vo, B0) — TaoIiz(s; vo, 80) } Lo(s, ; vo)dH™ (5; vo, Bo),

and hence we have by the Cauchy-Schwarz inequality that {hTK,jo(t;vo)}? is
bounded by

W (oo = Taolig Toah [~ (Lo(s,t; v0))*dH* (s; vo, o)
0

for every t € [0,00) U {oo}. This immediately yields that both er(k,v,) and
es(h,vo) are bounded by hT{I,, — Iol5 Io. }h. It is easily established that this
upper bound is achieved by generalized rank tests based on (4.44) and by supre-
mum type tests based on maximum likelihood estimation and (4.45). o



Chapter 5

Testing exponentiality

5.1 The exponential distribution

If E; is a random variable having an exponential distribution with mean e™¥ then
it follows that
P(E; > t) = exp{—e"t}.

The parametrization chosen here is fairly uncommon. But, as we shall see later,
for our purposes it is rather convenient. The standard exponential distribution
is worth special mention. Here v equals zero.

It is easily seen that the cumulative hazard function belonging to the ex-
ponential distribution is linear with intercept 0 and slope e'. Note that the
corresponding basic martingale is a spline.

In this chapter the standard exponential distribution is used to generate sam-
ples Xi,...,X, under the null hypothesis. Moreover, when investigating the
effect of censoring various exponential distributions are used to generate samples
Y1,...,Y,. In this respect note that if X; has a standard exponential distribution
and Y; an exponential distribution with mean e~v, then the probability that X;
is censored by Y; is given by

5.2 Harrington and Fleming alternatives

In the results of previous chapters the functions (t;6p) and (t;vo,6) show
up regularly. Hence, the applicability of these results depend heavily on the
complexity of these functions. In Harrington and Fleming (1982) a family of
distributions indexed by a single location parameter is constructed such that

P(t;600) = (1 — F(t;60))° (5.1)

85
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for some fixed p > 0. The distributions within this family correspond to random
variables which are allowed to take values anywhere on the real line. In this -
section we study an extended Harrington and Fleming family, indexed by two
parameters, and always containing the exponential distribution as special case.

5.2.1 Derivation

The fact that we are dealing with a location parameter enables us to write
M£:8) = A(t — 0+ 86; 60)

for all ¢t € IR. Hence, we have

_ XN(t60)

where X' (t;6p) denotes the derivative of A(¢;6p). Thus, to find a family such that
(5.1) holds, we must solve the equation
X'(t; 60)
A(t; 00)

= (1= F(%60))", (5.2)

which is actually a second order differential equation in disguise, as can be noted
by writing 1 — F(t; 6p) = exp{—A(t;6)}. Let us for a moment restrict ourselves
to positive values of p. Then the solution to the differential equation (5.2) is
given by

F(t;00) = 1 — (14 pet)~V. (5.3)

Note that for p = 1 we obtain the logistic distribution.

Unfortunately, the Harrington and Fleming distributions do not fit into our
framework, since they put positive mass on the negative part of the real line.
Nevertheless, they indicate the way to construct other families of distributions
better suited for our purposes. Observe that (5.3) implies

1= F(t;0) = [1+ (1~ F(t;60))7 — 1)e"~ "]/, (5.4)

Replacing F(t;60,) by the distribution of an exponential random variable with
mean eV, we obtain from (5.4)

1 — F(t;v,0) = [1 + (exp{—pe’t} — 1)e’~%]1/¢ (5.5)

Now let us derive the Harrington and Fleming distribution for p equal to zero.
In this case the solution to (5.2) is given by

F(t;00) = 1 — exp{—¢'},
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which implies
1 — F(t;0) = (1 — F(t; 0,)){0=03,

and hence the failure time is an exponential random variable with mean e
Of course, this distribution can be considered to be a special case of the distribu-
tion F(t;v,0), so no adjustments of (5.5) are needed to include the case p = 0.
We shall refer to the family of distributions F'(¢;v,8) as the family of Harring-
ton and Fleming alternatives to the exponential distribution. We point out that
for small values of p, the Harrington and Fleming alternatives closely resemble
the exponential distribution. In fact, for p equal to zero we cannot speak of
alternatives anymore.
By rewriting (5.4) in the intriguing form

(1=F(t;0))"—1 = o=t
(= F(t:00) 71

o —6—v

it follows that
1— F(t;00) = [1 + ((1 = F(£;0))™" — 1)e®~?]~1/°

by which the inverse of F(t;v,0) is readily calculated. When applied to uni-
form random variables this inverse generates random variables having distribution
F(t;v,0). However, we shall generate latter random variables in an alternative

though strongly related way. Suppose E; is a standard exponential random vari-
able. Then
(pe”) " log(1 + (e?Bi — 1)e?~%) (5.6)

is a random variable with distribution F(¢;v, ).

5.2.2 Maximum likelihood estimation

Testing whether the random variables Xj,..., X, follow an exponential distri-
bution with unknown mean involves estimation of this mean under the null-
hypothesis. Since we have

A(t;v,00) = e’t,

it follows that

Yi(t;v,00) = 1,
and hence the maximum likelihood estimator v(™) can be found by solving the
likelihood equation

H2(o0) — exp{v™ — v} /oo(l — H,_(t))dA(s;vo,00) =0
0
(here vy is some arbitrary element of Y), which yields

o™ = vy + log H}(00) — log /O°°(1 — Ho_(t))dA(s; vo, o).
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Condition 11 on page 54 requires the existence of a certain function =(v,8),
related to the M-estimator. This function indeed exists and is given by

7(v,0) = vy + log H'(00; v, 8) — log /oo(l — H(s;v,0))dA(s;vo, ).
0

The description of the behavior of v(") involves the 1 x 1 matrices Zo(v, ),
Za(v,0) and Z4(v,8). For the maximum likelihood estimator both Z(v, 8) and
Zs(v,00) have H'(oo;v,8,) as single element. Hence for Conditions 12 and 18
to hold it is necessary that H!(oo;v,8,), the proportion uncensored observations
under the null hypothesis, remains bounded away from zero. Observe that since
in our framework the censoring distribution does not depend on v, or 8,, the pres-
ence of censoring leads to the requirement that e™¥ should not exceed a certain
limit. However, it is possible [at the cost of additional complexity] to extend our
framework by allowing the censoring distribution to depend on the parameters
of the failure time distribution. This extension, which involves a straightforward
generalization of Lemma 3, enables us to consider types of censoring in which the
censoring distribution is linked to the failure time distribution.

If the proportion of uncensored observations remains indeed bounded away
from zero, then Lemma 3 may be used to show that Conditions 12 and 18 hold
if © is appropriately chosen. The single element of Z,(v, ) is equal to p,(v),
where pg(v) is defined by ~

ps(v) = /0 - F(;_;u,ao))f’dHl(s;u,oo).

It should be stressed that the form of the function ¥;(¢;v,6) depends on
the actual parametrization of the failure times. For instance, parametrizing the
exponential distribution in the common way [using the reciprocal of the mean
as parameter] leads to a different function v;(¢;v,8,), and hence to a different
maximum likelihood estimator. :

5.2.3 Modified maximum likelihood estimation

In the preceding chapter a modification of the maximum likelihood estimator was
introduced, which was constructed “perpendicular” to the null hypothesis. In the
situation considered here, this estimator is based on the function

d(t;v) = %(1 — F(s;v,6))" — 1.

Now Z¢(v, 6p) and Z4(v, 8) have as single element po(v) — (1,(v))?/p2,(v) and
zero, respectively. The matrix Z;(v, fp) is equal to Z(v,bp). Observe that due to
the involvement of the censoring distribution G in p,(v) and py,(v) the modified
maximum likelihood estimator can only be constructed if G is known. If there
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is no censoring present, then pg(v) = (1 + 8)7!, and hence ¢;(¢;v) takes the
relatively easy form

1+2p
t;v) =
¢1(,‘U) 1+p

exp{—pet} — 1,

while the single elements of the matrices Zo(v, 6p) and =, (v, 6o) equal p*/(2p+1).

Without knowledge of the censoring distribution, we can not apply the mod-
ified maximum likelihood estimation procedure to the Woolson data. Thus, to
illustrate this procedure we introduce a second data set.

In Proschan (1963) a sample of 15 failure times of airconditioning equipment
in aircraft is given. In this data set the phenomenon of censoring is absent. Nev-
ertheless, when applied to the Proschan data the modified maximum likelihood
procedure fails to yield an estimate for v(™),

The estimator v(™ should satisfy ®,;(co;v™) = 0 by equation (4.3) on
page 52. In “igure 5.1 ®,,(c0;v) is displayed as a function of v. As one can see
it takes positive values only, leaving the modified maximum likelihood estimator
undefined. Of course, it is.possible to extend the definition of an M-estimator
s0 as to cover this case also. E.g. rather than setting ®,;(co;v(™) equal to zero
we could minimize the absolute value of ®,;(co;v(™). For the Proschan data
this extended procedure yields -5.3474 as an estimate for v,. In contrast, the
maximum likelihood estimate is -4.7980.

Witkout question the phenomenon observed here is undesirable, but under-
standing may enable us to avoid it. To arrive at an explanation view the basic
martingale M,(t;v,0,) as the difference between the “counting process” part
n'/2H1(t) and the “compensator” part exp{v — vo} Ja(1 — Hn—(s))dA(s;vo, 0o).
Note that the latter part can alternatively be represented as exp{v — vno} f¢(1 —
H,_(s))dA(s;Vn0,600). As v tends to —oco the process M, (t;v,68p) behaves more
and more like the counting process part. The compensator part becomes domi-
nant as v tends to +oo.

Now observe that for fixed ¢ the function ¢;(¢;v) changes sign from positive
to negative as v travels from —oo to +00. As a consequence ®,,(co; v) is positive
for values of v close to either —oo or +o00. Thus, in order for ®,(co;v) to have
a zero, there must be a deep enough “dip” somewhere in its graph. As we can
see from Figure 5.1 the dip exists, but is not deep enough.

74, 57, 48, 29, 502,
12, 70, 21, 29, 386,
59, 27, 153, 26, 326.

Table 5.1: Data given in Proschan (1963).
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Figure 5.1: ®,1(o0;v) for modified maximum likelihood estimation procedure,
applied to the Proschan data. Minimized value is 0.32467.

In case the dip was deep enough we would have had the choice between [at
least] two zeroes. Our theory leads us to expect that ®,;(oco; v) seen as a function
of v has a positive derivative near v(™. Hence, if there are two zeroes we should
choose the one to the right of the point where the dip is maximal. In this respect
it is noteworthy that for the Proschan data the maximum likelihood estimate
is larger than the estimate based on the generalized definition of the modified
maximum likelihood estimation procedure.

In the previous chapter we concluded that the estimation procedure was of
secondary importance as far as asymptotic properties were concerned. However,
at this moment it seems that we should prefer a function ¢;(t;v) which does not
change sign [say, which is nonnegative]. By using similar arguments as above it
follows that such a function leads to ®,;(00; v) being positive for values of v close
to —oo, being negative for values of v close to +00, and hence having an odd
number of zeroes.

An additional advantage of a nonnegative function ¢(¢;v) is that Condi-
tion 11 holds automatically. The integral f;° ¢1(s; v }dD(s;v',60,v,8) is positive
for values of v’ close to —oo, and negative for values of v’ close to +oco. This
can be seen by viewing the function D(t;v’,60p,v,0} as the difference between
(1 = H(s;v,0))dA(s; v,8) and its counterpart f}(1 — H(s;v,8))dA(s;v', ).
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Figure 5.2: Stochastic integral related to the modified maximum likelihood esti-
mator, constructed from the Proschan data. The value of v(™ is -5.3474.

5.3 Weight processes

In this section we are dealing with a sample (Z1,61),...,(Zn,6,) arising from
a Harrington and Fleming alternative to the exponential distribution [that is,
F(t;vp,0,) is defined according to (5.5)], and we discuss appropriate choices of
the weight process which lead to optimal generalized rank and supremum type
tests for the composite null hypothesis that the sample comes from an exponential
distribution with unknown mean. The choices have in common that their limiting
weight functions satisfy

(I = F(tv,60))* — pp(v)/pro(v)
L(t;v,0p) = .
) = o) () P ra(®)

(compare with (4.46)). Hence, we always have ap(vo) = as(vo) = 1. Moreover,

er(h, vo) = es(h,vo) = \/uzp(vo) — (5(v0))?/ po(vo)-

(5.7

5.3.1 Known censoring distribution

If the censoring distribution is known then we are in the position to make the
obvious choice of using the limiting weight function L(t;v, o) as weight process.
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Figure 5.3: Stochastic integral based on maximum likelihood estimation and
weight process for known censoring distribution, constructed from the Proschan
data. The value of v(™ is -4.7980. The two-sided generalized rank and supremum
type test statistics attain values 1.529 and 1.967, respectively. The corresponding
asymptotic probability values are 0.1262 and 0.0983.

The most important case of a known censoring distribution is the absence of
censoring. Here we have pg(v) = (1+ B)~!, and hence setting the weight process
equal to the right-hand side of (5.7) results in

\/1+2

La(t;v) = YL((1 + p) exp{—pet} — 1]. (5.8)

Observe that
m(t v) = —(1+ p)y/1 + 2pe“t exp{—pe“t}

LA (0) = —(1 4 p)y/1 + 2p(pe” — 1)e"t exp{—pe-t}
Moreover, using the fact that L(t;v,0) = L,(¢;7(v,0)) for every v € T and
0 € O, it is easily seen that the weight process in (5.8) satisfies Condition 13.

5.3.2 Unknown censoring distribution

If G is unknown then it will not be possible to compute pg(v), and thus we are
forced to estimate it. As remarked before, the common way to obtain estimators
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for quantities involving H'(¢;v,6,) is to replace this distribution function by
Jo(1 — H,_(s))dA(s;v,0). This procedure yields as weight process

(1 = F(tv,60))* — to(v)/fro(v)

L,(t;v) = , (5.9)
() \/ﬁz’a(v) = (5(v))?/ to(v)
where
fo(v) = (1 = F(50,00)°(1 = o (s))dA (55, 00)
= /0 ” exp{—Be’s}(1 = Hy_(s))e"ds. (5.10)

To verify Condition 13 we need some insight into the random behavior of
fp(v). Lemma 4 supplies us with the necessary knowledge, by relating the dif-
ference between a generalized version of fig(v) and its deterministic counterpart
to the random variable S, of Theorem 7 on page 55.

Lemma 4 Let g(t;v) be a real valued function, and define

ivig) = [ 9(s0)(1 = Ha(s))dA (55 v, 60),

u(0,09) = [~ g(si w(v,0))(1 — H(s;v,0))dA(s; (v, ), ).

If the function g(t;v) remains uniformly bounded in t and v, then there exists a
constant c73 such that for every w € Q

l[‘(vno;g) - ﬂ(vnaan;g)l < 073n“1/2.5',,.

Corollary 7 If for every i =,...,r the function g,m(t;v), the first order partial
derivative of g(t;v) with respect to the i* component of v, remains uniformly
bounded in t and v, then there exists a constant cz3 and a function ,uEl](v,G; 9)

such that for every w € )

|ﬁz(’1)(vn0;g) - /‘Ell(vmen;g)l < C73n~1/25n-

where ﬁfl)(v;g) is the first order partial derivative of fi(v;g) with respect to the
ith component of v.

If in addition the function g,(;)(t;v), the second order partial derivative of
g(t;v) with respect to the ith and j** components of v, remains uniformly bounded
in t and v, then there exists a constant c;3 and a function pgl(v,O;g) such that

for every w € Q

|iX? (0n0; 9) — 13 (s, 0 9)| < cran™/28,,.

where ﬂf?)(v;g) is the first order partial derivative of i(v;g) with respect to the

ith and j** components of v.
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Proof of Lemma 4 From (4.51) we obta;ns
l&vno; g) — p(vn, bn; 9)]
= | [ 955 0m0){Hn-() = H(5; va, 02) }AA (55 00, )]

¢
< |g(t;vno)|n ™2 sup | | Un—(8;0n, 0,)dA(S; vno, 00)|
tef0,00). YO

< sup |g(t;vmo)l(coo/6)n " /2 S,.
t€[0,00)

Proof of Corollary 7 Define

g (t;0) = g (t;0) + g(t; v)¥i(t; v, bo),

g(tv) = g2 (t;v) + ¢{V (& 0);(t; v, 60)
+g§l)(t; v)i(t; v, o) + g(t; U)'/’a(gl)(ty v, o).
Then we have
i (w; g) = u(v; g)),

i (v; 9) = plv; g5)-
Since both g7 (t;v) and g};(t; v) remain uniformly bounded in ¢ and v, we are in
the position to apply Lemma 3, which yields the desired result. o

5.4 Total time on test plots

The weight processes of the previous section were derived so as to yield generalized
rank and supremum type tests which are optimal against & specific alternative.
However, in some circumstances the choice for some test statistic is not based
on specific optimality, but on consistency against a broad elass of alternatives
instead. In this respeci statistics based on total time on test plots are worth
mentioning.

Total time on test plots are discussed in Barlow and Proschan (1969) and
in Gill (1986). According to the former paper, they are obtained by plotting
St < H,_(s))dA(s; v, 85) versus HX(t), where v is the maximum likelihood
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estimator. Under Type II censoring these plots allow to make assessments con-
cerning the hazard function underlying the data. In particular, monotone hazard
functions are easily recognized: depending on whether the hazard function is
increasing or decreasing, the plot shows a convex or concave curve.

If the underlying distribution function is exponential [corresponding to a con-
stant hazard function], then the total time on test plot should reflect a straight
line through the origin, making a 45 degree angle with the X-axis. The deviations
from this line are connected to the process M, (t;v(™,6,). Not surprisingly, many
proposals for tests for exponentiality inspired by the total time on test plot turn
out to be based on functionals of M,(¢;v(™,8,). The supremum type test was
mentioned in Barlow and Campo (1975). Observe that the generalized rank test
does not make much sense, since it follows from the definition of the maximum
likelihood estimator that M, (oo; v("),ﬂo) is zero.

The asymptotic theory for M, (t;v(™, ) is simply derived from the fact that
for this process we have

Hl(t; Vo, 00)

Lo(s,t;v0) = 1(scty — H?(00;v9,60)

That is, the sequence { M,(¢;v(™,605)}22, converges in P, -distribution to a mean
zero Gaussian process with covariance function
Hl(tl A tg; Vo, 00)(1 fand Hl(tl \ tz; Vo, 00))
Hl(OO; Vo, 00)
For a better understanding of the qualities of the total time on test plot,
consider the cumulative distribution function

1 — exp{—ev*%t} ift<r,

F(t;v,0) =
1 —exp{—e"tfr —ev0(t — 1) ift > T,

where 7 € [0, 00) is fixed. It follows that

1/)1(t;v,0) = 1,
1 ift<r,
2/)2(t;'(),0) =
-1 ift>r.

Now suppose that our knowledge of the censoring distribution is sufficient to
determine H'(7;v,60) and H'(co;v,6p). In order to find optimal generalized
rank and supremum type tests, we choose a weight process recommended by
Theorem 13, yielding

—H(rw, .

I_M ift S T,

H1(oov,80)

1(.. .
Hi(riwbo)  iry S 7

~ H(coiu,00)

La(t;v) =
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The resulting stochastic integral satisfies
Tr(Qa(59™)) = Qulr; v™) + (Qulo0;v™) — Qu(r; ™))
= M(r;0™, 6). |

Hence, we may view the test based on the statistic M,(r;v(™,6;) as an op-
timal generalized rank test for the composite null hypothesis § = 0 in the
example above. With some more effort we may show that the test based on
either supyc;c, M (t;v(™,0p) or sup,c,c.. My(t;v™,8,), depending on whether
Euo { Mo (7;0™, 06)}? is equal to supgc;c, Evo { Mn(t; (™), 8p)}? or equal to sup, <,
Evo {M,(t;v™,65)}2, is an optimal supremum type test for the same testing prob-
lem.



Chapter 6

Small sample characteristics

6.1 Simulations

The theory of the preceding chapters is asymptotic of nature. It can be expected
to work if the sample size n is large, but there is no absolute guarantee that this
theory is also applicable in situations where the sample size is relatively small.

In this chapter we investigate which are the limitations to our theory with
respect to sample size. The investigation is conducted by means of simulation
experiments in situations described in section 5.1 and subsection 5.2.1.

Within the class of goodness-of-fit tests considered in our theory, a test is
determined by four items: the estimation procedure, the weight process L, (¢;v),
the functional T', and the testsize. In the simulations choices are made for each
of these items.

o If we count “no estimation” [that is, replace v(" by v] as an estimation
procedure, then two different estimation procedures are available, the other
procedure being maximum likelihood. The modified maximum likelihood
procedure, introduced in section 4.3, is not included in the simulations
because of the weaknesses discussed in section 5.2.

e The weight process L,(t;v) is always a linear function of exp{—pe“t}, where
p equals 1. For administrative reasons the weight process is identified by a
two-digit identification code, which determines the coefficients of the linear
function. The first digit indicates whether the coefficients are deterministic
(1; involve ug(v)] or random [2; involve fig(v)]. The second digit marks the
kind of weight process; it can be either 1 [one-sample log-rank: slope of the
linear function is equal to zero|, 2 [one-sample generalized Wilcoxon: inter-
cept of the linear function is equal to zero] or 3 [weight process advocated
in section 5.3].

o A description of the functionals T used is given in Table 6.1. For each test
statistic an asymptotic P-value is computed. For generalized rank tests this

97
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is done by means of the standard normal distribution, while for supremum
type tests the distribution of the supremum of a standard Wiener process
on [0,1] is used. Observe that for a supremum type test with underlying
stochastic integral not weakly converging to some time-transformed Wiener
process, the asymptotic P-value is asymptotic in two respects: not only the
sample size n should be large enough, the observed value of the test statistic
should be large as well.

The asymptotic P-value facilitates intercomparison, since it transforms the
various test statistics under study to statistics which have nearly the same
null-distribution, while preserving the characteristics of the resulting test.

e Each test statistic is combined with 5 different test sizes, running from
0.5/n to 2.5/n.

During the simulations, a histogram of the asymptotic P-values is constructed.
This histogram, which has interval width (5n)~, is used afterwards for density
estimation. _

The estimated density under the null hypothesis serves as the basis for the
construction of critical points of the P-values. If Table 6.4b tells us that the
critical point of the left-sided generalized rank test is 0.0136 for size 0.020, this
means that rejecting the null hypothesis if and only if the asymptotic P-value
is less than or equal to 0.0136 yields a test with size 0.020 “exactly”, implying
that we would obtain an anticonservative test if we were to use the asymptotic
P-value as an approximation to the exact P-value [that is, rejection only takes
place if the asymptotic P-value is less than or equal to 0.020].

Subsequently, power is estimated by computing the left tail probability be-
longing to a critical point of the asymptotic P-value. This computation takes
place according to the estimated density under one of the four alternative hy-
potheses.

The sample sizes used are 25, 50 and 100. For each of these sample sizes
we construct 10000 replications of five types of censored and five types of uncen-
sored samples. For the construction of censored samples the standard exponential
distribution serves as censoring distribution.

Test Functional T(€)
Leftsided Rightsided Twosided
Generalized rank —€(00) £(o0) [€(00)]
Supremum type | SuP;efo,o0) —€(t) SUPiefo,0) §(E) SUPseo,00) €(H)]

Table 6.1: Functionals used.
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6.2 The simple null hypothesis

The simulated samples are drawn from a distribution F'(¢; vy, 6,) belonging to the
family of Harrington and Fleming alternatives to the exponential distribution, as
described in Section 5.2. The value of v, and p are always 0 and 1, respectively.
Hence, we are considering logistic shift alternatives to the standard exponential
distribution.

The parameter of interest 6, varies in the following way with sample size:

2logn

0, = cy. | ——,
1\ pzp(vo)

(6.1)

where ¢y is chosen according to the type of hypothesis under which simulation
takes place. There are five types of hypotheses: Hrp, Hy, Hy, Hr and Hpgp; the
respective choices of cy are -1.0, -0.5, 0.0, 0.5 and 1.0. The resulting values of 8,
are displayed in Table 6.2. The value of 8, under Hy coincides with 6.

The asymptotic power of a generalized rank test is equal to the probability
that a standard normal random variable exceeds zz — (8, — 6)y/ner(h), where
25 is the (1 — &) quantile of the standard normal distribution.

Approximating z;z by v/—2log&, we find that equation (6.1) implies that
under Hi; and Hggr the power of a size 1/n one-sided generalized rank test
based on stochastic integral 12 [for which eg(h) = u3,(vo)] will tend to 0.5 as n
tends to infinity. However, the power of such a test will still be far away from
0.5 in the region of the sample sizes we are considering, due to poor quality of
the approximation of z5. Table 6.3 indicates the power we could expect from the
generalized rank test based on stochastic integral 12. )

Observe that the same crude approximation of zs is used under similar con-
ditions in the weak intermediate efficiency concept.

Sample Type of Hip Hy, H, Hp Hpr

size  Censoring

25 None -0.8789 -0.4395 0.0000 0.4395 0.8789
25 Exp(1l) |-1.0149 -0.5075 0.0000 0.5075 1.0149
50 None -0.6852 -0.3426 0.0000 0.3426 0.6852
50 Exp(1) |-0.7912 -0.3956 0.0000 0.3956 0.7912
100 None -0.5257 -0.2628 0.0000 0.2628 0.5257
100 Exp(1) |-0.6070 -0.3035 0.0000 0.3035 0.6070

Table 6.2: Values of 8,. The values of v,,, 6y and p are always equal to 0, 0 and

1, respectively.
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Size One-sided test Two-sided test
oftest| Hpy Hy Hr Hpr | Hyp Hp Hr Hgr
Sample size 25
0.020 | 0.686 0.216 0.216 0.686 | 0.584 0.145 0.145 0.584
0.040 | 0.784 - 0.315 0.315 0.784 | 0.686 0.217 0.217 0.686
0.060 | 0.837 0.387 0.387 0.837 | 0.744 0.271 0.271 0.744
0.080 | 0.871 0.446 0.446 0.871 | 0.784 0.316 0.316 0.784
0.100 | 0.895 0.495 0.495 0.895|0.814 0.355 0.355 0.814
Sample size 50
0.010 | 0.681 0.177 0.177 0.681 | 0.588 0.120 0.120 0.588
0.020 | 0.771 0.256 0.256 0.771 | 0.681 0.177 0.177 0.681
0.030 {0.820 0.315 0.315 0.820|0.735 0.220 0.220 0.735
0.040 | 0.852 0.362 0.362 0.852 | 0.771 0.257 0.257 0.771
0.050 | 0.875 0.403 0.403 0.875]0.799 0.288 0.288 0.799
Sample size 100
0.005 | 0.677 0.145 0.145 0.677 | 0.590 0.099 0.099 0.590
0.010 | 0.761 0.209 0.209 0.761 | 0.677 0.145 0.145 0.677
0.015 | 0.806 0.257 - 0.257 0.806 | 0.727 0.180 0.180 0.727
0.020 | 0.837 0.296 0.296 0.837 | 0.761 0.209 0.209 0.761
0.025 | 0.859 0.329 0.329 0.859 | 0.786 0.235 0.235 0.786

Table 6.3: Asymptotic power of generalized rank test based on stochastic inte-
gral 12 (no estimation). Also valid for generalized rank test based on stochastic
integral 13 (maximum likelihood estimation).

6.2.1 Stochastic integral 11

The first stochastic integral we encounter, type 11 [no estimation], is based on
the weight process

La(t;v) = (po(v)) /. (6.2)

Hence, this stochastic integral yields the same tests as the basic martingale
M., (t; vo, 0p). The generalized rank test is the well-known test of Breslow (1975),
a one-sample logrank test. The supremum type test was investigated by Aki
(1986). Both tests are indicated for detecting proportional hazards alternatives.
In our simulations the alternatives are of a different type, namely logistic shift.
We have ap = ag =1 and

en(t) = es(h) = Lok (63)

In the absence of censoring this becomes er(kh) = es(h) = 1/4.
To obtain some intuition about how the small sample behavior deviates from
the asymptotic behavior, we first pay some attention to M;(oo; vg,6y), the basic
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martingale for sample size 1, evaluated at infinity. Remark that M, (co;vg,6p) is
an appropriately scaled sum of n independent copies of M;(oo;vo, 6o).

We may view M;(oco;ve,00) as a difference between two nonnegative random
variables 6; and A(Z;vo,0p), which do not have much in common. The former
takes values 0 and 1 only [in the absence of censoring it even becomes degener-
ate], and hence is bounded. The latter takes values everywhere on the complete
halfline, and in general has a distinct tail. Thus, for small sample sizes we may en-
counter asymmetric behavior of the basic martingale. Since the limiting process
of the basic martingale is Gaussian the asymmetry should vanish as the sample
size becomes larger.

Under Hy both random variables have mean H!(oo;vo,8), and hence we
expect that the mean of M,,(co;vg, ) is equal to zero. Tables 6.4a, 6.5a and 6.6a
show that this expectation, which also could be inferred from martingale theory,
becomes true.

Moreover, these tables reflect the asymmetry of the basic martingale. Under
H;, and Hpj the mean of M, (co;vo,8) deviates more from zero than under
their counterparts Hg and Hgg. This is in part compensated by the standard
deviation, which tends to inflate under Hy, and Hyp and to deflate under Hp and
Hpgpg.

If we conclude from Tables 6.4a, 6.5a and 6.6a that the generalized rank test
based on M, (¢;vo, ) is more sensitive to the left than to the right, then we are
drawing our conclusions too hastily. The asymmetry of the basic martingale is
also reflected in the tail behavior under Hy, since the left tail of M,(oo; v, fo) is
more outstretched than the right tail.

The adverse location of the leftsided critical points annuls the initial higher
sensitivity on the left side, and even makes the leftsided generalized rank test less
sensitive than the rightsided generalized rank test.

Tables 6.4, 6.5 and 6.6 also indicate that the effects of the asymmetry of the
basic martingale are even worse for supremum type tests.

6.2.2 Stochastic integral 21

The stochastic integral type 21 [no estimation] is a variant of stochastic integral
11, having weight process

La(t;v) = (jio(v)) /2. (6.4)

Hence, it is obtained by dividing the basic martingale by the square root of the
variance estimator fig(vo) = [5°(1 — Hy—(s))dA(s; vo, 0). By making this division
the martingale property is lost. The quantities eg(h) and eg(h) are the same as
for stochastic integral 11, and are given by (6.3).

Before looking at the simulation results, we first investigate the behavior of
stochastic integral 21 evaluated at oo for sample size 1 by viewing it as the dif-
ference between the random variables 6;(A(Zy;vo,80))~"/% and (A(Z1;vo, 80))Y/2.
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Both are nonnegative and take values everywhere on the complete halfline. In
general, the former random variable is heavier tailed than the latter. Moreover,
under Hyp the random variables differ in mean. To examplify, suppose censoring
is absent. Now we have

b <o) =expi-Y,

\/A(ZI;UOaOO) B
Po(\/A(Z1;v0,00) < 2) =1~ exp{—z’}.

The tail of 8;(A(Z1;vo,800))"'/?, which vanishes at a rate z~2, is quite heavy,
whereas the tail of (A(Z; vo,80))"/? is moderate [that is, comparable to the tail of
a Gaussian random variable]. Moreover, under P, the mean of 6;(A(Z; vo, 80))~Y/?
is equal to 7'/2 and differs from the mean of (A(Z1;vo,80))!/?, which is equal to
71/2/2. It seems that the behavior of stochastic integral 21 shows asymmetry that
is in some sense opposite to asymmetry in the behavior of stochastic integral 11.
This is also reflected in Tables 6.7, 6.8 and 6.9.

Though egr(h) and es(h) coincide, the supremum type tests surpass the gen-
eralized rank test in sirnulated power. This is not only true for stochastic integral
21, but also for stochastic integral 11, and underlines the omnibus character of
the supremum type tests.

Surprisingly, Tables 6.4c and 6.7c show that the simulated power of one-sided
tests based on stochastic integral 21 do not differ much from the simulated power
of the corresponding tests based on stochastic integral 11. This is certainly not
true for the two-sided tests. Two-sided tests based on stochastic integral 21 are
relatively more sensitive to positive and less sensitive to negative values of 6,,.

Po(

6.2.3 Stochastic integral 12

The weight process underlying stochastic integral 12 is given by

La(t;v) = (1p(v))/* exp{—pe“t}. (6.5)

The generalized rank test based on stochastic integral 12, a one-sample version
of the two-sample generalized Wilcoxon test, was recommended by Harrington
and Fleming (1982) as a test against the alternatives proposed in the same paper
[which we have highlighted in section 5.2], to be used if there is no censoring
present. Their recommendation followed from heuristic arguments. Indeed, the
theory in section 3.3 shows that this test is optimal.

For stochastic integral 12 we have

er(h) = es(h) = pzy(vo) (6.6)

If there is no censoring present we have er(h) = eg(h) = 1/3. If the censoring
distribution is standard exponential then eg(h) = es(h) = 1/4.
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The stochastic integral evaluated at infinity may be viewed as the scaled sum
of n independent copies of the random variable (1— F(Zy; vo, 60))61— F(Z1; vo, 6o),
which takes values between -1 and 1. For instance, under Hp and in the absence
of censoring this random variable is uniformly distributed on the interval [—1,1].

This suggests that the behavior of the stochastic integral is very close to
symmetry, an impression confirmed by the uncensored sample simulation results.
The censored sample simulations show a slight difference between the left- and
right-sided critical values, and a higher sensitivity to negative values of 6,.

The simulated power of the generalized rank test is in accordance with the
asymptotic power given in Table 6.3.

As we compare with the simulation results for stochastic integral 11, we see
that the one-sided tests indeed yield higher power. However, the two-sided supre-
mum type test gets the worst of it under Hy, and Hyp,.

6.2.4 Stochastic integral 22

Stochastic integral 22 is a variant of stochastic integral 21, to be used if the
censoring distribution is unknown. Its weight process is

La(t;v) = (j1p(v))™"/* exp{—pe"t}. (6.7)

The generalized rank test based on stochastic integral 22 appeared in Harrington
and Fleming (1982). The quantities eg(h) and es(F) are given by (6.6).

As we compare the uncensored sample results of stochastic integral 22 and
stochastic integral 12, we do not spot many differences in simulated power of the
one-sided tests. This in contrast to two-sided tests: those based on stochastic
integral 22 are relatively more sensitive to positive and less sensitive to negative
values of ,. Observe that we reached the same conclusion in the comparison
of stochastic integral 12 with stochastic integral 11, suggesting that the use of
a variance estimator does not have much effect on the power of one-sided tests,
but shifts the sensitivity of two-sided tests to the right. In censored samples, the
shift in sensitivity is also noticable for one-sided tests.

With respect to stochastic integral 21, the stochastic integral clearly yields
higher simulated power, especially for generalized rank tests.
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Hip H Hy Hp Hgr

mean @, (o0o; vo) -2.5089 -1.1775 -0.0006 1.0270 1.8984
st.dev. Qn(00; vp) 1.2064 1.1066 0.9935 0.9013 0.7754
skewness Qn(0o;vp) | -0.2450 -0.2967 -0.3690 -0.4190 -0.4382
kurtosis Qn(co;ve) | 0.0579 0.0787 0.1239 0.2699 0.3639

a

Size Generalized rank test Supremum type test
of | Left- Right- Two- | Left- Right- Two-
test | Sided Sided Sided | Sided Sided Sided

0.020 | 0.0136 0.0340 0.0216 | 0.0082 0.0544 0.0154

0.040 | 0.0299 0.0539 0.0422 | 0.0209 0.0832 0.0370

0.060 | 0.0510 0.0741 0.0642 | 0.0350 0.1092 0.0599

0.080 | 0.0713 0.0914 0.0852 | 0.0509 0.1334 0.0809

0.100 | 0.0923 0.1094 0.1053 | 0.0692 0.1592 0.1045

- b

Size One-sided test Two-sided test

of test | Hrp, Hy Hgp Hgpr | HrL Hp, Hp Hgr
Generalized rank test

0.020 | 0.579 0.175 0.194 0.572 | 0.550 0.157 0.063 0.332
0.040 | 0.690 0.253 0.278 0.673 | 0.643 0.215 0.129 0.464
0.060 | 0.763 0.325 0.349 0.740 | 0.699 0.262 0.189 0.561
0.080 | 0.806 0.377 0.395 0.782 |0.737 0.300 0.235 0.620
0.100 | 0.837 0.426 0.440 0.815]0.766 0.330 0.278 0.668
Supremum type test

0.020 | 0.626 0.188 0.214 0.644 | 0.619 0.183 0.023 0.199
0.040 | 0.740 0.281 0.303 0.746 | 0.725 0.267 0.068 0.376
0.060 | 0.798 0.347 0.376 0.808 | 0.780 0.326 0.121 0.487
0.080 | 0.842 0.406 0.433 0.848 | 0.814 0.370 0.165 0.565
0.100 | 0.874 0.459 0.486 0.878 | 0.845 0.411 0.212 0.633

c

Table 6.4: Tests based on stochastic integral type 11 (no estimation) and n = 25.
No censoring.

a: description stochastic integral;

b: critical points asymptotic P-values;

c: simulated power generalized rank and supremum type tests.
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Hrp Hp Hy Hp Hgr
mean @),(00; vg) -2.6880 -1.2767 0.0009 1.1440 2.1442
st.dev. Q,(o0; o) 1.1637 1.0741  1.0096 0.9064 0.8265
skewness Qn(oo;vp) | -0.1545 -0.2768 -0.3440 -0.3658 -0.3906
kurtosis @Q,(o0;v0) | 0.0754 0.0255 0.0323  0.2722  0.2386

a

Size
of
test

Generalized rank test
Left- Right- Two-
Sided Sided Sided

Supremum type test
Right- Two-
Sided  Sided

Left-
Sided

0.010
0.020
0.030
0.040
0.050

0.0054 0.0205 0.0091
0.0124 0.0320 0.0195
0.0205 0.0431 0.0295
0.0290 0.0520 0.0411
0.0385 0.0612 0.0522

0.0041
0.0096
0.0156
0.0226
0.0304

0.0290 0.0077
0.0470 0.0172
0.0592 0.0272
0.0699 0.0365
0.0818 0.0483

b

Size
of test

Hpp

One-sided test
H, Hr Hpgp

Hyp

Two-sided test .

Hy, Hp

Hppr

0.010
0.020
0.030
0.040
0.050

0.010
0.020
0.030
0.040
0.050

0.533
0.633
0.701
0.746
0.782

0.599
0.697
0.758
0.801
0.832

Generalized rank test

0.121 0.160 0.574
0.183 0.227 0.657
0.231 0.275 0.711
0.271 0.310 0.745
0.309 0.345 0.773

0.514
0.601
0.655
0.701
0.733

0.111 0.040
0.164 0.087
0.198 0.122
0.232 0.162
0.258 0.196

Supremum type test

0.145 0.179 0.633
0.214 0.261 0.733
0.262 0.308 0.777
0.309 0.345 0.808
0.351 0.381 0.836

0.592
0.684
0.741
0.777
0.808

0.141 0.024
0.204 0.056
0.249 0.091
0.282 0.118
0.318 0.153

0.303
0.435
0.510
0.575
0.620

0.243
0.385
0.479
0.539
0.595

C

Table 6.5: Tests based on stochastic integral type 11 (no estimation) and n = 50.

No censoring.

a: description stochastic integral;
b: critical points asymptotic P-values;
c: simulated power generalized rank and supremum type tests.
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Hyp Hy Hy Hp Hgr
mean @),(oco; vg) -2.8722 -1.3656 0.0048 1.2636 2.3894
st.dev. @, (o0;v0) 1.1257 1.0725 1.0015 0.9377 0.8719
skewness Q,(co;vp) | -0.1833 -0.0575 -0.1562 -0.1560 -0.3505
kurtosis @,(o0;vp) | 0.1006 -0.0101 0.1590 0.0286 0.0881

a

Size

test

Generalized rank test

Left-
Sided

Right-
Sided

Two-
Sided

Supremum type test

Left-
Sided

Right-
Sided

Two-

Sided

0.005
0.010
0.015
0.020
0.025

0.0024
0.0061
0.0097
0.0153

0.0084
0.0142
0.0183
0.0238
0.0293

0.0038
0.0091
0.0137
0.0185
0.0236

0.0018
0.0050
0.0082
0.0119
0.0167

0.0106
0.0208
0.0275
0.0319
0.0382

0.0033
0.0089
0.0124
0.0175
0.0229

0.0208

b

Size

One-sided test
of test | Hyp Hy

Hp

Hpr

Hypp

Two-sided test

Hp

Hr Hgr

0.005 | 0.506
0.010 | 0.617
0.015 | 0.676 0.181 0.192
0.020 | 0.734
0.025 | 0.771

0.005 | 0.562
0.010 | 0.685
0.015 | 0.747
0.020 | 0.790 0.251
0.025 | 0.825

Generalized rank test

0.089 0.111
0.146 0.161

0.226 0.228
0.258 0.256

0.512
0.605
0.653
0.697
0.730

0.483
0.579
0.631
0.670
0.701

0.080
0.126
0.154
0.177
0.200

Supremum type test

0.104 0.120
0.172 0.193
0.213 0.233

0.258

0.288 0.291

0.576
0.692
0.741
0.764
0.793

0.559
0.672
0.712
0.754
0.785

0.101
0.162
0.188
0.219
0.246

0.032 0.293
0.072 0.417
0.098 0.482
0.119 0.529
0.143 0.571

0.024 0.271
0.057 0.424
0.079 0.480
0.104 0.541
0.128 0.589

Table 6.6: Tests based on stochastic integral type 11 (no estimation) and n = 100.

No censoring.

a: description stochastic integral;
b: critical points asymptotic P-values;
c: simulated power generalized rank and supremum type tests.

C
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Hyp Hy Hy Hp Hgr
mean ()n,(00; vp) -1.9871 -0.9820 0.1001 1.2910 2.5929
st.dev. Q,(00;vp) 0.8302 0.9106 1.0119 1.1623 1.3168
skewness Qn(oco;vp) | 0.1902 0.1855 0.2282 0.2734 0.3854
kurtosis @n(co;vp) | 0.1021  0.0295 0.1244 0.0630 0.1389

a

Size Generalized rank test Supremum type test
of Left- Right- Two- | Left- Right- Two-
test | Sided Sided Sided | Sided Sided Sided

0.020 | 0.0328 0.0110 0.0178 | 0.0258 0.0172 0.0217

0.040 | 0.0543 0.0256 0.0377 | 0.0459 0.0378 0.0430

0.060 | 0.0776 0.0433 0.0563 | 0.0658 0.0596 0.0632

0.080 | 0.0989 0.0599 0.0774 | 0.0821 0.0849 0.0845

0.100 | 0.1194 0.0783 0.0966 | 0.1024 0.1084 0.1050

‘ b

Size One-sided test Two-sided test

of test | Hyp Hy, Hp Hgpr | Hyp Hy Hp Hgpp
Generalized rank test

0.020 | 0.580 0.176 0.194 0.570 | 0.329 0.058 0.180 0.549
0.040 | 0.689 0.253 0.278 0.673 | 0.463 0.112 0.244 0.635
0.060 | 0.762 0.323 0.348 0.740 | 0.546 0.156 0.291 0.686
0.080 | 0.806 0.377 0.396 0.781 | 0.618 0.201 0.334 0.727
0.100 | 0.837 0.427 0.440 0.815|0.666 0.236 0.368 0.753
Supremum type test

0.020 | 0.624 0.185 0.213 0.632 | 0.446 0.093 0.172 0.573
0.040 | 0.737 0.280 0.300 0.737 [ 0.585 0.162 0.236 0.663
0.060 | 0.801 0.353 0.370 0.799 | 0.665 0.215 0.278 0.714
0.080 | 0.838 0.404 0.433 0.845 { 0.722 0.267 0.318 0.751

0.100 | 0.873 0.459 0.478 0.874 | 0.764 0.307 0.352 0.781
c

Table 6.7: Tests based on stochastic integral type 21 (no estimation) and n = 25.
No censoring.

a: description stochastic integral;

b: critical points asymptotic P-values;

c: simulated power generalized rank and supremum type tests.
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Hpp

- Hp Hy

Hp

Hpr

mean Q,(00; vo)
st.dev. Qn(o0; vo)
skewness @, (00;vg)
kurtosis @,(o0; o)

-2.2409
0.8588
0.1778
0.0927

-1.1183  0.0731
0.9193 1.0127
0.0907  0.0592
-0.0266 -0.0785

1.3365
1.0923
0.1204
0.0741

2.6797
1.2178
0.1574
0.0863

a

of Left-
test | Sided

Size Generalized rank test
Right-
Sided

Two- | Left-
Sided | Sided

Supremum type test
Right-
Sided

Two-

Sided

0.010 | 0.0145 0.0078
0.020 | 0.0255 0.0155
0.030 | 0.0360 0.0244
0.040 | 0.0462 0.0320
0.050 | 0.0566 0.0404

0.0104 | 0.0133
0.0209 | 0.0229
0.0302 | 0.0325
0.0397 | 0.0412
0.0500 | 0.0510

0.0104
0.0220
0.0312
0.0407
0.0515

0.0115
0.0234
0.0352
0.0448
0.0545

b

of test | Hrp, Hj,

Size One-sided test

Hp

Hpr | Hip

Two-sided test

Hy

Hp

Hgr

0.010 | 0.533 0.122
0.020 | 0.635 0.184
0.030 | 0.702 0.232
0.040 | 0.747 0.271
0.050 | 0.781 0.309

0.010 { 0.603 0.148
0.020 | 0.700 0.216
0.030 | 0.761 0.268
0.040 | 0.802 0.312
0.050 | 0.833 0.354

Generalized rank test

0.161
0.226
0.275
0.310
0.346

0.576 | 0.360
0.657 | 0.478
0.711 | 0.542
0.745 | 0.588
0.773 | 0.630

0.054
0.093
0.126
0.156
0.182

Supremum type test

0.177
0.260
0.303
0.342
0.382

0.628 | 0.457
0.725 | 0.580
0.771 | 0.653
0.805 | 0.697
0.832 ] 0.730

0.079
0.136
0.182
0.213
0.241

0.132
0.187
0.225
0.252
0.280

0.128
0.190
0.232
0.263
0.286

0.529
0.611
0.653
0.687
0.715

0.558
0.645
0.699
0.727
0.753

Table 6.8: Tests based on stochastic integral type 21 (no estimation) and n = 50.

No censoring.

a: description stochastic integral;
b: critical points asymptotic P-values;
c: simulated power generalized rank and supremum type tests.

C
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HLL HL Ho HR HRR
mean @),(co;vp) -2.4953 -1.2375 0.0551 1.4118 2.8098
st.dev. Qn(o0; vo) 0.8843 0.9496 1.0046 1.0812 1.1612
skewness @Qn(co;v0) | 0.0675 0.2184 0.1538 0.1735 0.0019

kurtosis @n(o0;vp) | 0.0828 0.0387 0.1109 0.0353 0.0139
: a

Size Generalized rank test Supremum type test
of Left- Right- Two- | Left- Right- Two-
test | Sided Sided Sided | Sided Sided Sided

0.005 | 0.0064 0.0031 0.0036 | 0.0060 0.0039 0.0038

0.010 | 0.0125 0.0065 0.0083 | 0.0117 0.0090 0.0095

0.015 | 0.0177 0.0094 0.0131 | 0.0166 0.0135 0.0157

0.020 | 0.0251 0.0135 0.0169 | 0.0220 0.0172 0.0209

0.025 | 0.0317 0.0176 0.0215 | 0.0283 0.0223 0.0254

< b

Size One-sided test Two-sided test
oftest HLL HL HR HRR HLL HL HR HRR
Generalized rank test
0.005 | 0.509 0.091 0.112 0.514 | 0.320 0.036 0.089 0.457
0.010 | 0.615 0.146 0.160 0.602 | 0.440 0.067 0.130 0.547
0.015 | 0.676 0.181 0.192 0.653 | 0.513 0.092 0.161 0.604
0.020 | 0.735 0.227 0.229 0.697 | 0.553 0.112 0.183 0.639
0.025 | 0.771 0.258 0.255 0.729 | 0.591 0.132 0.204 0.669
Supremum type test
0.005 { 0.583 0.112 0.124 0.580 | 0.400 0.049 0.087 0.494
0.010 | 0.689 0.173 0.188 0.683 | 0.547 0.094 0.136 0.604
0.015 { 0.747 0.213 0.225 0.731 | 0.623 0.135 0.176 0.668
0.020 { 0.791 0.253 0.256 0.762 | 0.671 0.161 0.200 0.702
0.025 | 0.827 0.291 0.290 0.791 { 0.702 0.182 0.219 0.725

C

Table 6.9: Tests based on stochastic integral type 21 (no estimation) and n = 100.
No censoring.

a: description stochastic integral;

b: critical points asymptotic P-values;

c: simulated power generalized rank and supremum type tests.
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Hrp

Hp

Ho

Hp

Hrpr

mean Qn(oo7v0)
st.dev. @Qn(00; vo)
skewness Q),,(c0; vg)
kurtosis @,(00; vo)

-2.4705
0.9437
0.1673
-0.0295

-1.2552
0.9867
0.0898
-0.0596

-0.0056
0.9935
-0.0437
0.0041

1.2677
0.9986
-0.0476
-0.0771

2.4906
0.9411
-0.0150
-0.1089

a

Size

of

test

Left-
Sided

Generalized rank test
Right-

Two-

Sided Sided

Supremum type test
Right-
Sided

Left-
Sided

Two-

Sided

0.020
0.040
0.060
0.080
0.100

0.0205
0.0409
0.0605
0.0827
0.1018

0.0202
0.0420
0.0607
0.0830
0.1041

0.0213
0.0407
0.0619
0.0826
0.1023

0.0201
0.0422
0.0624
0.0798
0.1007

0.0245
0.0484
0.0733
0.0993
0.1214

0.0231
0.0441
0.0680
0.0918
0.1123

b

Size
of test

One-sided test

Hy, H

Hr  Hpp

Two-sided test

Hy, Hp

Hp

Hgrpr

0.020
0.040
0.060
0.080
0.100

0.020
0.040
0.060
0.080
0.100

0.679
0.783
0.836
0.876
0.899

0.216
0.316
0.388
0.452
0.497

0.634
0.746
0.800
0.834
0.866

0.194
0.299
0.365
0.413
0.466

Generalized rank test

0.223 0.681
0.329 0.793
0.394 0.840
0.458 0.879
0.507 0.902

0.576 0.142
0.678 0.215
0.740 0.273
0.783 0.319
0.814 0.359

Supremum type test

0.217
0.314
0.391
0.454
0.498

0.675
0.780
0.840
0.875
0.894

0.546
0.648
0.716
0.758
0.786

0.139
0.207
0.266
0.316
0.348

0.152
0.224
0.283
0.328
0.363

0.135
0.206
0.264
0.307
0.343

0.582
0.682
0.746
0.791
0.820

0.557
0.660
0.727
0.771
0.802

Table 6.10: Tests based on stochastic integral type 12 (no estimation) and n = 25.
No censoring.

C

a: description stochastic integral;
b: critical points asymptotic P-values;
c: simulated power generalized rank and supremum type tests.
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Hpp Hp Hy Hp Hrpr

mean @,(oo; o) -2.7531 -1.4008 0.0090 1.3952 2.7374
st.dev. @, (o0;vo) 0.9678 0.9949 1.0041 0.9878 0.9591
skewness @,(oc0;vp) | 0.0421 -0.0946 -0.0353 -0.0335 -0.0963
kurtosis Qn(co;v0) |-0.0557 -0.0788 -0.1121 -0.0061 0.0510

a

Size Generalized rank test Supremum type test
of | Left- Right- Two- | Left- Right- Two-
test | Sided Sided Sided | Sided Sided Sided

0.010 { 0.0107 0.0117 0.0125 | 0.0099 0.0117 0.0130

0.020 | 0.0187 0.0223 0.0229 | 0.0199 0.0237 0.0220

0.030 | 0.0282 0.0318 0.0313 | 0.0284 0.0343 0.0324

0.040 | 0.0367 0.0415 0.0404 | 0.0376 0.0430 0.0434

“ 0.050 | 0.0473 0.0514 0.0498 | 0.0477 0.0529 0.0518

' b

( Size One-sided test Two-sided test

of test | Hyp Hp, Hg Hpr | Hrr Hy, Hp Hgr
Generalized rank test

0.010 | 0.678 0.186 0.189 0.688 | 0.599 0.137 0.132 0.601
0.020 | 0.755 0.250 0.271 0.777 | 0.688 0.192 0.187 0.686
0.030 | 0.810 0.305 0.325 0.819 | 0.731 0.227 0.222 0.730
0.040 | 0.840 0.349 0.371 0.851 | 0.767 0.260 0.258 0.765
0.050 | 0.869 0.392 0.409 0.874 | 0.794 0.288 0.286 0.790
Supremum type test

0.010 | 0.628 0.164 0.172 0.661 | 0.569 0.131 0.121 0.578
0.020 | 0.729 0.237 0.253 0.759 | 0.644 0.173 0.166 0.652
0.030 | 0.776 0.287 0.306 0.805 | 0.698 0.212 0.208 0.707
0.040 | 0.810 0.335 0.343 0.830 | 0.742 0.248 0.242 0.747

0.050 | 0.841 0.376 0.380 0.855|0.766 0.273 0.265 0.771
¢

Table 6.11: Tests based on stochastic integral type 12 (no estimation) and n = 50.
No censoring.

a: description stochastic integral;

b: critical points asymptotic P-values;

c: simulated power generalized rank and supremum type tests.



112

SMALL SAMPLE CHARACTERISTICS

CHAPTER 6.
Hy  Hp Ho Hr Hgr
mean (), (00; vo) -3.0270 -1.5210 0.0066 1.5154 2.9940
st.dev. @, (00;vo) 0.9825 1.0059 0.9934 1.0063 0.9878
skewness Qn(co0;vg) | 0.0169 0.1574 0.0199 0.0238 -0.1805
kurtosis @n(co;ve) | 0.0282  0.0133 0.0289 0.0087 -0.0607

Size

test

Left-
Sided

Generalized rank test
Right-
Sided

Two-
Sided

Supremum type test
Two-

Sided

Left-
Sided

Right-
Sided

0.005
0.010
0.015
0.020
0.025

0.0042
0.0110
0.0168
0.0211
0.0261

0.0055
0.0109
0.0160
0.0213
0.0257

0.0042
0.0092
0.0150
0.0219
0.0282

0.0042
0.0101
0.0172
0.0230
0.0278

0.0057
0.0121
0.0174
0.0236
0.0276

0.0043
0.0099
0.0159
0.0230
0.0286

b

Size
of test

Hyp

One-sided test

Hy,

Hr  Hpgr

Two-sided test

Hy, Hp

Hp

0.005
0.010
0.015
0.020
0.025

0.005
0.010
0.015
0.020
0.025

0.660
0.777
0.823
0.845
0.864

0.626
0.739
0.798
0.829
0.846

0.135
0.223
0.276
0.303
0.334

0.124
0.199
0.259
0.301
0.327

Generalized rank test

0.155 0.676
0.220 0.759
0.265 0.801
0.302 0.832
0.332 0.853

0.565 0.090
0.670 0.141
0.732 0.182
0.777 0.222
0.805 0.253

Supremum type test

0.143
0.214
0.254
0.293
0.316

0.660
0.752
0.790
0.824
0.840

0.541
0.649
0.708
0.754
0.777

0.088
0.137
0.176
0.212
0.237

0.090
0.141
0.183
0.221
0.248

0.084
0.134
0.172
0.209
0.233

0.563
0.655
0.718
0.760
0.788

0.542
0.644
0.702
0.746
0.770

Table 6.12: Tests based on stochastic integral type 12 (no estimation) and n =

100. No censoring.
a: description stochastic integral;

b: critical points asymptotic P-values;
c: simulated power generalized rank and supremum type tests.

C
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Hyp  Hp Hy Hp Hpr
mean ), (co; vg) -2.6827 -1.3144 -0.0069 1.2127 2.2095
st.dev. @, (o0;vp) 0.9600 0.9889 . 0.9949 0.9891 0.9857
skewness Qn(oc0;vp) | 0.1601 -0.0420 0.1245 0.1567 -0.0424
kurtosis Qn(oc0; vo) 0.0668 0.0678 -0.0579 -0.0133 -0.0032

a

Size
of
test

Generalized rank test

Left-
Sided

Right-
Sided

Two-

Sided

Left-
Sided

Right-
Sided

Supremum type test

Two-

Sided

0.020
0.040
0.060
0.080
0.100

0.0244
0.0435
0.0612
0.0806
0.0986

0.0195
0.0401
0.0602
0.0779

0.0988

0.0218
0.0435
0.0637
0.0836
0.1024

0.0269
0.0463
0.0658
0.0853
0.1062

0.0229
0.0464
0.0693
0.0926
0.1154

0.0255
0.0498
0.0710
0.0921
0.1150

b

Size

of test | Hryp

One-sided test

Hp

Hp

Hpr

Hyy,

Two-sided test

Hj,

Hp

Hpr

0.020 | 0.776
0.040 | 0.846
0.060 | 0.882
0.080 | 0.906
0.100 | 0.923

0.020 | 0.756
0.040 | 0.823
0.060 | 0.862
0.080 | 0.889
0.100 | 0.909

Generalized rank test

0.257 0.197
0.344 0.295
0.410 0.366
0.469 0.417
0.514 0.471

0.560
0.679
0.740
0.781
0.821

Supremu

0.245 0.183
0.331
0.396 0.346
0.451
0.500 0.449

0.276

0.400

0.535
0.650
0.716
0.760
0.794

0.665
0.762
0.809
0.841
0.864
m type te
0.651
0.745
0.792
0.823
0.847

0.160
0.240
0.294
0.340
0.375
st

0.160
0.236
0.287
0.332
0.373

0.138
0.208
0.259
0.302
0.337

0.128
0.193
0.239
0.275
0.312

0.466
0.580
0.642
0.684
0.714

0.441
0.549
0.604
0.649
0.685

C

113

Table 6.13: Tests based on stochastic integral type 12 (no estimation) and n = 25.
Standard exponential censoring.

a: description stochastic integral;
b: critical points asymptotic P-values;
c: simulated power generalized rank and supremum type tests.
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CHAPTER 6. SMALL SAMPLE CHARACTERISTICS

Hypp Hy

H, Hp Hgr

mean @,(00; vg) -2.9356 -1.4346 0.0160 1.3357  2.5290
st.dev. Q. (00; vp) 0.9731  0.9889
skewness (),,(co;vp) | 0.1730  0.0761
kurtosis @n(0o;ve) | -0.0120 0.0398

0.9887 0.9866 0.9940
-0.0530 0.0011  0.0696
-0.0368 -0.0892 -0.0176

Size
of
test

Generalized rank test
Left- Right- Two-
Sided Sided Sided

Supremum type test
Left- Right- Two-
Sided Sided Sided

0.010
0.020
0.030
0.040
0.050

0.0133 0.0100 0.0116
0.0241 0.0196 0.0233
0.0346 0.0285 0.0336
0.0457 0.0384 0.0435
0.0547 0.0492 0.0535

0.0138 0.0115 0.0140
0.0261 0.0216 0.0252
0.0357 0.0314 0.0362
0.0481 0.0416 0.0466
0.0572 0.0539 0.0574

b

Size

oftest| Hy H, Hr Hggr

One-sided test

Two-sided test
HLL HL HR HRR

0.010 | 0.771 0.214 0.158 0.576
0.020 | 0.837 0.294 0.229 0.676
0.030 | 0.872 0.353 0.283 0.731
0.040 | 0.898 0.403 0.333 0.778
0.050 | 0.912 0.435 0.379 0.814

0.010 | 0.745 0.202 0.148 0.558
0.020 | 0.819 0.284 0.216 0.652
0.030 | 0.851 0.332 0.264 0.708
0.040 | 0.881 0.387 0.306 0.748
0.050 | 0.895 0.418 0.351 0.787

Generalized rank test

Supremum

0.671 0.134 0.115 0.499
0.755 0.200 0.172 0.601
0.796 0.242 0.212 0.654
0.825 0.277 0.243 0.691
0.848 0.310 0.275 0.722
type test

0.664 0.138 0.113 0.491
0.735 0.194 0.157 0.571
0.777 0.233 0.195 0.627
0.807 0.268 0.225 0.665
0.828 0.298 0.252 0.695

Table 6.14: Tests based on stochastic integral type 12 (no estimation) and n = 50.

C

Standard exponential censoring.

a: description stochastic integral;

b: critical points asymptotic P-values;
c: simulated power generalized rank and supremum type tests.
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Hpp Hp Hy Hp Hpr
mean Qn(co;v0) | 3.1813 -1.5650 -0.0012 1.4840 2.8180
st.dev. @, (o0;vo) 0.9902 1.0035- 0.9990 0.9930 0.9735
skewness Q,(o0;v0) | 0.0615 -0.0067 0.0172 0.0445 0.0627
kurtosis @n(00;vg) 0.0272 0.0634 -0.0628 -0.0304 -0.1104

a

Size
of

test

Left-
Sided

Sided

Generalized rank test
Right-

Two-

Sided

Supremum type test
Left-  Right-
Sided  Sided

Two-
Sided

0.005
0.010
0.015
0.020
0.025

0.0062
0.0108
0.0155
0.0210
0.0263

0.0050
0.0096
0.0139
0.0204
0.0252

0.0055
0.0112
0.0157
0.0205
0.0249

0.0059 0.0056
0.0116 0.0098
0.0177 0.0152
0.0225 0.0206
0.0267 0.0268

0.0061
0.0116
0.0167
0.0214
0.0274

b

Size
of test

Hpp

One-sided test

Hp

Hp

Hpr

Hy, H

Two-sided test

Hp

Hpgr

0.005
0.010
0.015
0.020
0.025

0.005
0.010
0.015
0.020
0.025

0.753
0.813
0.847
0.875
0.893

0.725
0.796
0.838
0.862
0.876

0.175
0.232
0.277
0.315
0.349

0.161
0.227
0.279
0.308
0.335

Generalized rank test

0.134
0.193
0.234
0.286
0.317

0.599
0.685
0.731
0.779
0.807

Supremu

0.128
0.176
0.225
0.262
0.299

0.575
0.655
0.714
0.751
0.785

0.661 0.115
0.741 0.167
0.781 0.198
0.807 0.227
0.826 0.251

m type test

0.646 0.115
0.723 0.159
0.762 0.193
0.788 0.219
0.813 0.247

0.096
0.144
0.173
0.200
0.221

0.091
0.130
0.161
0.186
0.213

0.515
0.613
0.660
0.692
0.718

0.498
0.581
0.633
0.668
0.700

C
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Table 6.15: Tests based on stochastic integral type 12 (no estimation) and n =
100. Standard exponential censoring.
a: description stochastic integral;

b: critical points asymptotic P-values;
c: simulated power generalized rank and supremum type tests.
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HLL H; H, Hp Hpp
mean @n(00; vg) -2.2360 -1.1624 0.0380 1.4089 2.9266
st.dev. @n(00;vg) 0.8033 0.9057 1.0068 1.1480 1.2667
skewness Q,(co;vp) | 0.3294 0.3004 0.2372 0.2789 0.3802

kurtosis Qn(o0;v0) | 0.1695 0.1496 0.2227 0.1071 0.1084
a

Size Generalized rank test Supremum type test
of Left- Right- Two- | Left- Right- Two-
test | Sided Sided Sided | Sided Sided Sided

0.020 | 0.0295 0.0115 0.0172 | 0.0316 0.0129 0.0193

0.040 | 0.0519 0.0306 0.0386 | 0.0577 0.0318 0.0425

0.060 | 0.0721 0.0479 0.0600 | 0.0790 0.0541 0.0634

0.080 | 0.0943 0.0695 0.0801 | 0.0981 0.0795 0.0876

0.100 | 0.1140 0.0908 0.0995 | 0.1192 0.1007 0.1112

< b

Size One-sided test Two-sided test
oftest| Hy Hy Hr Hpr | Hyp Hp Hrp Hgr
Generalized rank test
0.020 | 0.680 0.217 0.222 0.682 | 0.448 0.083 0.196 0.648
0.040 | 0.783 0.316 0.331 0.796 | 0.597 0.156 0.276 0.742
0.060 | 0.837 0.388 0.395 0.842 | 0.684 0.222 0.330 0.794
0.080 | 0.876 0.452 0.458 0.879 | 0.736 0.269 0.369 0.825
0.100 | 0.900 0.498 0.508 0.903 | 0.777 0.312 0.403 0.846
Supremum type test
0.020 | 0.631 0.193 0.219 0.679 | 0.410 0.074 0.194 0.647
0.040 | 0.744 0.297 0.316 0.784 | 0.553 0.142 0.272 0.737
0.060 | 0.798 0.363 0.393 0.842 | 0.632 0.195 0.316 0.783
0.080 | 0.834 0.412 0.458 0.876 | 0.695 0.248 0.362 0.817

0.100 | 0.865 0.463 0.499 0.895|0.738 0.293 0.399 0.845
¢

Table 6.16: Tests based on stochastic integral type 22 (no estimation) and n = 25.
No censoring.

a: description stochastic integral;
b: critical points asymptotic P-values;
c: simulated power generalized rank and supremum type tests.
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Hip

Hy

Ho

Hp

Hgpr

mean @, (0o;

st.dev. Qn(o0; vo)
skewness @Qn(00; o)
kurtosis @Q,(co;vo)

’U())
0.8433
0.1642
0.0072

-2.5403

-1.3217
0.9244
0.0602
-0.0212

0.0401
1.0094
0.1406
-0.0447

1.5004
1.0916
0.1864
0.0576

3.0692
1.1856
0.1680
0.1438

a

Size
of

test

Generalized rank test
Left-
Sided

Right-
Sided

Two-

Sided

Supremum type test
Two-

Sided

Left-
Sided

Right-
Sided

0.010
0.020
0.030
0.040
0.050

0.
0.
0.
0.
0.

0157
0249
0349
0447
0553

0.0073
0.0156
0.0240
0.0334
0.0426

0.0113
0.0213
0.0313
0.0395
0.0492

0.0158
0.0280
0.0378
0.0483
0.0591

0.0066
0.0154
0.0243
0.0318
0.0411

0.02
0.03

0.0108

0.0412
0.0514

10
12

b

Size

of test | Hpp

One-sided test
H; Hp

Hppr

Hrip

Two-sided test
Hi, Hp

0.010
0.020
0.030
0.040
0.050

0.682
0.756
0.808
0.842
0.869

0.010
0.020
0.030
0.040
0.050

0.630
0.727
0.776
0.810
0.840

Generalized rank test

0.188
0.251
0.303
0.351
0.392

0.190
0.269
0.324
0.373
0.409

Supremu

0.165
0.236
0.286
0.334
0.374

0.175
0.254
0.307
0.344
0.382

0.691
0.777
0.820
0.852
0.875

0.666
0.760
0.807
0.832
0.857

0.511
0.614
0.682
0.719
0.754

0.453
0.561
0.628
0.676
0.713

0.094
0.146
0.187
0.216
0.250

0.170
0.226
0.269
0.296
0.327

m type test

0.080
0.126
0.164
0.195
0.224

0.161
0.217
0.256
0.287
0.315

0.663
0.736
0.778
0.800
0.821

0.645
0.719
0.762
0.791
0.811

C
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Table 6.17: Tests based on stochastic integral type 22 (no estimation) and n = 50.

No censoring.

a: description stochastic integral;
b: critical points asymptotic P-values;
c: simulated power generalized rank and supremum type tests.
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Hpp Hp Hy Hp Hrp
mean (),(0o;vp) -2.8397 -1.4559 0.0280 1.5959 3.2537
st.dev. @Qn(o0;vo) 0.8787 0.9488 0.9965 1.0835 1.1513
skewness Qn(00;v0) | 0.1150 0.2746 0.1530 0.1764 -0.0241

kurtosis @Qn(oo0;ve) | 0.0801 0.0891 0.0922 0.0397 -0.0521
a

FSize Generalized rank test Supremum type test
of | Left- Right- Two- | Left- Right- Two-
test | Sided Sided Sided | Sided Sided Sided
0.005 | 0.0062 0.0034 0.0044 | 0.0066 0.0031 0.0049
0.010 | 0.0145 0.0079 0.0096 | 0.0140 0.0082 0.0097
0.015 | 0.0211 0.0123 0.0141 | 0.0225 0.0124 0.0154
0.020 | 0.0255 0.0169 0.0200 | 0.0295 0.0175 0.0202
0.025 | 0.0310 0.0211 0.0262 | 0.0346 0.0212 0.0260

: b

Size One-sided test Two-sided test

of test | Hyy  Hp Hrp Hpp | Hnn Hy, Hr Hpgr
Generalized rank test

0.005 | 0.661 0.135 0.153 0.675 | 0.503 0.069 0.125 0.631
0.010 { 0.779 0.224 0.221 0.762 | 0.620 0.113 0.179 0.714
0.015 | 0.825 0.276 0.267 0.804 | 0.679 0.147 0.212 0.752
0.020 | 0.845 0.302 0.303 0.834 | 0.730 0.180 0.244 0.785
0.025 | 0.865 0.335 0.334 0.854 | 0.766 0.211 0.274 0.810
Supremum type test

0.005 | 0.627 0.124 0.141 0.656 | 0.482 0.065 0.127 0.630
0.010 | 0.737 0.197 0.217 0.754 | 0.581 0.103 0.172 0.702
0.015 | 0.797 0.259 0.255 0.791 [ 0.650 0.138 0.211 0.749
0.020 | 0.830 0.302 0.293 0.824 | 0.689 0.164 0.235 0.773

0.025 | 0.846 0.327 0.316 0.841 | 0.726 0.190 0.260 0.796
<

Table 6.18: Tests based on stochastic integral type 22 (no estimation) and n =
100. No censoring.

a: description stochastic integral;

b: critical points asymptotic P-values;

c: simulated power generalized rank and supremum type tests.
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Hip Hy Hy Hp Hpr
mean @, (0o; vo) -2.2593 -1.1703 0.0334 1.4153 2.9081
st.dev. @, (o0; vo) 0.7537 0.8685 1.0072 1.1883 1.4242
skewness @,(o0;v0) | 0.3465 0.1826 0.3746 0.4447 0.2876
kurtosis Qn(c0;ve) | 0.3054 0.2065 0.1635 0.3483 0.2306

a

Size Generalized rank test Supremum type test
of | Left- Right- Two- | Left- Right- Two-
test | Sided Sided Sided | Sided Sided Sided

0.020 | 0.0328 0.0115 0.0183 | 0.0391 0.0128 0.0199

0.040 | 0.0533 0.0293 0.0413 | 0.0615 0.0321 0.0462

0.060 | 0.0734 0.0479 0.0620 | 0.0821 0.0511 0.0712

0.080 | 0.0919 0.0651 0.0813 | 0.1004 0.0745 0.0932

0.100 { 0.1095 0.0875 0.1011 {0.1233 0.0973 0.1142

' b

Size One-sided test Two-sided test
oftest | Hp, Hp Hrp Hpr | Hii Hp Hr  Hgr
Generalized rank test
0.020 | 0.725 0.224 0.225 0.656 | 0.469 0.076 0.207 0.633
0.040 | 0.811 0.316 0.327 0.750 |{ 0.636 0.155 0.288 0.714
0.060 | 0.860 0.385 0.400 0.805 | 0.714 0.216 0.334 0.756
0.080 | 0.891 0.443 0.448 0.838 | 0.766 0.264 0.375 0.786
0.100 | 0.910 0.490 0.500 0.867 | 0.802 0.307 0.409 0.811
Supremum type test
0.020 | 0.694 0.209 0.224 0.653 | 0.412 0.062 0.202 0.629
0.040 | 0.779 0.292 0.323 0.748 | 0.586 0.137 0.282 0.713
0.060 | 0.826 0.359 0.386 0.794 | 0.673 0.195 0.337 0.757
0.080 | 0.857 0.409 0.446 0.832 | 0.727 0.240 0.374 0.785
0.100 | 0.884 0.463 0.491 0.860 | 0.764 0.280 0.404 0.805

C

Table 6.19: Tests based on stochastic integral type 22 (no estimation) and n = 25.
Standard exponential censoring.

a: description stochastic integral;

b: critical points asymptotic P-values;

c: simulated power generalized rank and supremum type tests.
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CHAPTER 6. SMALL SAMPLE CHARACTERISTICS

Hyp Hy

Hy Hp Hrr

mean @), (co; vo) -2.5515 -1.3127 0.0446 1.4920 3.0873
st.dev. Q,(00;vp) 0.7966  0.8895 0.9965 1.1267 1.3034
skewness Qn,(co;v0) | 0.3045 0.2346 0.1233 0.1841 0.2629
kurtosis Qn(oco;ve) | 0.0985 0.1021 0.0337 0.0002 0.1047

a

Size

test

Generalized rank test
Left- Right- Two-
Sided Sided Sided

Supremum type test
Left- Right- Two-
Sided Sided Sided

0.010
0.020
0.030
0.040
0.050

0.0182 0.0059 0.0095
0.0304 0.0139 0.0210
0.0408 0.0221 0.0307
0.0533 0.0313 0.0404
0.0630 0.0414 0.0517

0.0199 0.0064 0.0096
0.0331 0.0147 0.0223
0.0462 0.0230 0.0334
0.0586 0.0315 0.0438
0.0694 0.0414 0.0551

b

Size

of test | Hyy, H; Hp Hgr

One-sided test

Two-sided test
H LL H L H R H RR

Generalized rank test
0.010 | 0.724 0.192 0.179 0.656
0.020 | 0.805 0.271 0.259 0.746
0.030 | 0.845 0.324 0.314 0.796
0.040 | 0.879 0.380 0.365 0.828
0.050 | 0.896 0.415 0.404 0.855
Supremum type test
0.010 | 0.688 0.174 0.174 0.653
0.020 | 0.768 0.245 0.251 0.737
0.030 | 0.818 0.305 0.302 0.784
0.040 | 0.849 0.353 0.343 0.813
0.050 | 0.871 0.391 0.383 0.840

0.494 0.070 0.163 0.633
0.637 0.127 0.228 0.715
0.698 0.170 0.269 0.756
0.742 0.206 0.302 0.787
0.780 0.242 0.337 0.811

0.439 0.059 0.154 0.624
0.591 0.112 0.225 0.711
0.658 0.152 0.264 0.751
0.703 0.186 0.295 0.779
0.739 0.217 0.324 0.800

C

Table 6.20: Tests based on stochastic integral type 22 (no estimation) and n = 50.
Standard exponential censoring.

a: description stochastic integral;

b: critical points asymptotic P-values;
c: simulated power generalized rank and supremum type tests.
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Hyp  Hp Hy Hp Hpp
mean @, (00; vg) -2.8453 -1.4611 0.0189 1.6074 3.2586
st.dev. Qn(o0; vo) 0.8423 0.9220 1.0016 1.0965 1.1892
skewness Qn(00;v0) | 0.1730 0.1140 0.1342 0.1735 0.1851
kurtosis @n(co;ve) | 0.0830 0.1155 -0.0324 0.0143 -0.0617

a

Size

test

Left-
Sided

Generalized rank test
Right-
Sided

Two-
Sided

Supremum type test
Two-

Sided

Left-
Sided

Right-
Sided

0.005
0.010
0.015
0.020
0.025

0.0087
0.0139
0.0195
0.0254
0.0314

0.0034
0.0071
0.0107
0.0165
0.0207

0.0051
0.0102
0.0149
0.0198
0.0244

0.0091
0.0161
0.0231
0.0282
0.0329

0.0036
0.0071
0.0108
0.0159
0.0207

0.0059
0.0101
0.0156
0.0201
0.0263

b

Size
of test

Hyip

One-sided test

Hy,

Hp

Hpgr

Hpp

Two-sided test

Hy,

Hp

Hpr

0.005
0.010
0.015
0.020
0.025

0.005
0.010
0.015
0.020
0.025

0.714
0.781
0.823
0.853
0.876

0.678
0.760
0.807
0.830
0.850

0.158
0.213
0.261
0.300
0.332

0.147
0.207
0.257
0.286
0.312

Generalized rank test

0.157
0.217
0.257
0.309
0.338

0.670
0.743
0.781
0.825
0.845

0.530
0.638
0.693
0.734
0.762

0.070
0.114
0.144
0.172
0.198

Supremum type test

0.152
0.209
0.249
0.291
0.323

0.663
0.730
0.771
0.808
0.831

0.506
0.591
0.657
0.695
0.732

0.068
0.100
0.133
0.157
0.182

0.138
0.189
0.222
0.248
0.274

0.139
0.180
0.218
0.242
0.269

0.642
0.710
0.748
0.773
0.794

0.642
0.699
0.739
0.765
0.790

C
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Table 6.21: Tests based on stochastic integral type 22 (no estimation) and n =
100. Standard exponential censoring.
a: description stochastic integral;

b: critical points asymptotic P-values;
c: simulated power generalized rank and supremum type tests.
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Sample Type of Hyp H; Hy Hp Hggr
size  Censoring

25 None -1.7579 -0.8789 0.0000 0.8789 1.7579
25 Exp(1) |-3.0447 -1.5224 0.0000 1.5224 3.0447
50 None -1.3703 -0.6852 0.0000 0.6852 1.3703
50 Exp(1) |-2.3735 -1.1867 0.0000 1.1867 2.3735
100 None -1.0513 -0.5257 0.0000 0.5257 1.0513

100 Exp(1) |-1:8209 -0.9105 0.0000 0.9105 1.8209

Table 6.22: Values of 8,,. The value of v,, vy, 8y and p are always equal to 0, 0,
0 and 1, respectively.

6.3 The composite null hypothesis

As in the previous section, the simulated samples are drawn from a distribution
F(t;v,,0,) belonging to the family of Harrington and Fleming alternatives to
the exponential distribution. The values of v, and p are 0 and 1, respectively.
However, the parameter of interest 8, varies in a different way with sample size:

0, = cx 2logn
" n{p2,(vo) = (1s(v0))?/po(v0)}’

where vp is equal to zero. Again cy is chosen according to the five types of
hypotheses Hyr, Hy, Hy, Hr and Hgrg under which simulation takes place; the
respective choices of ¢y are -1.0, -0.5, 0.0, 0.5 and 1.0, resulting in the values of §,,
listed in Table 6.22. The asymptotic power of the generalized rank test based on
stochastic integral 13 and maximum likelihood estimation is given in Table 6.3.
For size 1/n the power of a one-sided version of this test will under Hgrgr and Hry,
tend to 0.5 as n tends to infinity.

(6.8)

6.3.1 The maximum likelihood estimator

On the basis of Theorem 7 and its corollaries we expect that »(") has a distribution
which is close to Gaussian if the sample size is sufficiently large. Moreover, under
H, the mean is close to zero and the variance should be near (n H'(oo; vo, 6))~!.

As far as Hy concerns, in Table 6.23 we see that although the mean of v(™)
deviates from zero in uncensored samples, it tends to zero rather quickly [roughly
at a rate n!']. For censored samples the deviation is unnoticable. The variance
of v'") is in both tables as indicated.
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mean v
st.dev. v(®
skewness v(®)
kurtosis v{®

mean v
st.dev. v(®
skewness v(®)
kurtosis v{®

Hyp Hy, Hy Hp Hgrp

Sample size 25; no censoring
‘mean v(" -0.7436 -0.3936 0.0177  0.5029 1.0580
st.dev. v(® 0.1331 0.1643  0.2002 0.2496 0.3153
skewness v(™) | 0.2820 0.2259 0.2756 0.1672 0.0561
kurtosis v | 0.0179  0.0488 0.1580 0.0956 -0.0528

Sample size 50; no censoring
mean v(" -0.6023 -0.3167 0.0101 0.3782 0.7834
st.dev. v | 0.1016 0.1201 0.1411 0.1694  0.2021
skewness v(™ | 0.0718 0.2544 -0.0947 0.1701 0.1833
kurtosis o™ | 0.0658 0.0818 0.0426 0.0462 0.0115

Sample size 100; no censoring
mean v(™ -0:4773 -0.2475 0.0044 0.2824 0.5787
st.dev. v(™ 0.0766  0.0875 0.0995 0.1143 0.1300
skewness v(™ | 0.1303 -0.0761 0.0374 0.1051 0.0959
kurtosis 0™ | -0.0133 -0.0021 -0.0002 0.0058 0.0374

Sample size 25; standard exponential censoring

mean v(™ -1.5431 -0.8943 -0.0015 1.1522 2.5095
st.dev. v(™ 0.2363 0.2581 0.2950 0.3486 0.3997
skewness v(™ | -0.5300 -0.2887 -0.1889 -0.2045  -0.1894
kurtosis o™ | 0.8844 0.5535 0.2429  0.1699 0.2315

Sample size 50; standard exponential censoring

-1.2828 -0.7154 0.0009 0.8723 1.8736
0.1669 0.1812 0.2025 0.2336 0.2721
-0.2753 " -0.2176 -0.1274 -0.0040  -0.1408
0.1905 0.2161 0.1948 0.1749 0.0635

Sample size 100; standard exponential censoring

-1.0317 -0.5621 0.0002 0.6539 1.3898
0.1221  0.1313 0.1425 0.1586 0.1809
-0.2834 -0.0988 0.0171 -0.0144 0.1241
0.2477 0.1269 0.0046 -0.0584 0.0962
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Table 6.23: Description of the behavior of the maximum likelihood estimator.
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6.3.2 Stochastic integral 12

We have already encountered stochastic integral 12 in discussing the simulation
results for the simple null hypothesis. The inclusion of this stochastic integral in
the simulations for the composite null hypothesis is intended to show the perils
of plugging in estimators and subsequently carrying on as under the simple null
hypothesis.

Since stochastic integral 12 is scaled for the simple null hypothesis, we do not
have that ag(ve) and as(vo) are equal to 1. Instead, we have agr(vo) = 4 and
as(wvo) is even larger. As a consequence, the computed asymptotic P-values are
far too conservative [see Tables 6.24b, 6.25b and 6.26b].

The magnitude of the computed asymptotic P-values raised some difficulties
with the storage of the simulation results, These were solved by choosing the
interval width of the histogram of the asymptotic P-values differently, which
unfortunately made the precision of the simulated power decrease.

If we are using critical values as given in Tables 6.24b, 6.25b and 6.26b, then
Theorem 13 on page 67 yields that the generalized rank test is optimal. However,
the supremum type test is not. It is clear from Tables 6.24c, 6.25¢ and 6.26¢ that
a supremum type test is outdistanced by the corresponding generalized rank test.

6.3.3 Stochastic integral 13

Stochastic integral 13 is based on the weight process for known censoring distri-
bution proposed in section 5.3. The quantities er(h,vo) and es(h,vo) are given

by

er(h,vo) = es(k,vo) = \/h2p(vo) = (p(v0))?/ o(vo)- (6.9)

If censoring is absent then both egr(h,vo) and eg(h,vo) are equal to 1/12. If the
censoring distribution is standard exponential they become 1/36.

Since the generalized rank tests based on stochastic integrals 12 and 13 differ
from each other by a multitude of M, (co;v(™, 6,), which is zero by the definition
of the maximum likelihood estimator, their power should be about the same. The
differences between the simulated power of generalized rank tests in Table 6.24c
and Table 6.27c should be adressed to the inaccuracy of the simulated power men-
tioned in the discussion of stochastic integral 12. The same holds for Tables 6.25¢
and 6.28c, and Tables 6.26c and 6.29c.

The supremum type tests based on stochastic integral 13 perform better than
those based on stochastic integral 12. The only exception is the two-sided supre-
mum type test when applied to a situation in which 6,, is negative.

The simulated power of the generalized rank test tends to be lower than the
asymptotic power given in Table 6.3, especially for the smaller test sizes. This
effect is stronger for samples where censoring is present.



6.3. THE COMPOSITE NULL HYPOTHESIS 125

6.3.4 Stochastic integral 23

The weight process for unknown censoring distribution proposed in section 5.3
leads to stochastic integral 23. For this stochastic integral er(h,vo) and es(h, vo)
coincide with those for stochastic integral 13, and hence are given by (6.9).

On the whole, tests based on stochastic integral 23 seem to be more sensitive
to negative values, and less sensitive to positive values than the corresponding
tests based on stochastic integral 13. The difference in sensitivity is stronger
for two-sided tests than for one-sided tests, for supremum type tests than for
generalized rank tests, and for small samples than for large samples. In rather
surprising contrast to two-sided tests, the simulated power of one-sided tests in
uncensored samples remains relatively unaffected by the choice between the two
stochastic integrals.
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Hpp Hy, H, Hp Hpr

mean Q,(oco;v(™) -1.0809 -0.6409 -0.0898 0.5314 1.1619
st.dev. Q,(oco0;v(™) 0.3097 0.3921 0.4905 0.6101 0.7482
skewness Q,(co;v(™) | 0.4893 0.3543 0.3055 0.3904 0.3986
kurtosis @, (oco; v™) | 0.3068 0.0904 0.2030 0.1534 0.1028

a

Size
of
test

Generalized rank test
Left- Right- Two-
Sided Sided Sided

Supremum type test
Left- Right- Two-
Sided Sided Sided

0.020
0.040
0.060
0.080
0.100

0.1583 0.1524 0.2536
0.1865 0.2070 0.3105
0.2065 0.2416 0.3548
0.2268 0.2686 0.3862

0.0666 0.0896 0.1000
0.0963 0.1324 0.1533
0.1207 0.1689 0.1887
0.1435 0.1983 0.2158
0.1641 0.2253 0.2504

0.2436 0.2914 0.4135
4 b

Size

One-sided test

of test | Hyp, Hy, Hp Hpr

Two-sided test
Hy;, Hp Hr Hpgr

Generalized rank test
0.020 | 0.625 0.182 0.206 0.553
0.040 | 0.743 0.276 0.305 0.661
0.060 | 0.810 0.346 0.371 0.717
0.080 | 0.861 0.412 0.420 0.757
0.100 | 0.893 0.470 0.465 0.786
Supremum type test
0.020 | 0.542 0.155 0.180 0.496
0.040 | 0.669 0.243 0.262 0.599
0.060 | 0.744 0.311 0.326 0.668
0.080 | 0.797 0.367 0.373 0.708
0.100 | 0.836 0.421 0.415 0.738

0.450 0.092 0.161 0.491
0.610 0.174 0.213 0.560
0.709 0.247 0.253 0.606
0.767 0.299 0.283 0.636
0.810 0.348 0.311 0.662

0.453 0.107 0.103 0.368
0.593 0.186 0.158 0.458
0.662 0.239 0.193 0.510
0.706 0.278 0.222 0.544
0.756 0.325 0.256 0.586

C

Table 6.24: Tests based on stochastic integral type 12 (maximum likelihood esti-
mation) and n = 25. No censoring.

a: description stochastic integral;

b: critical points asymptotic P-values;
c: simulated power generalized rank and supremum type tests.
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Hpp

Hy,

Ho

Hp

Hgr

mean Q,(co; v(™)
st.dev. @, (oco0;v™)
skewness Q,(oc0; v(™)
kurtosis Q,(co0;v(™)

-1.2453
0.3464
0.3151
0.0730

-0.7006
0.4138
0.3780
0.1572

-0.0607
0.4950
0.2343
0.0186

0.6449
0.5834
0.1073
-0.1256

1.3887
0.6955
0.0958
0.0173

a

Size
of

test

Left-
Sided

Generalized rank test
Right-

Two-

Sided  Sided

Supremum type test
Right-
Sided

Left-
Sided

Two-

Sided

0.010
0.020
0.030
0.040
0.050

0.1283
0.1530
0.1683
0.1879
0.1998

0.1230
0.1576
0.1819
0.2001
0.2148

0.2050
0.2497
0.2828
0.3094
0.3302

0.0434
0.0662
0.0841
0.0992
0.1122

0.0580
0.0850
0.1084
0.1291
0.1446

0.0641
0.0997
0.1244
0.1484
0.1698

b

of test

Size

Hpp

One-sided test

Hp

Hp  Hpr

Two-sided test

Hyp H

Hr

Hgr

0.010
0.020
0.030
0.040
0.050

0.010
0.020
0.030
0.040
0.050

0.644
0.748
0.798
0.849
0.875

0.541
0.668
0.738
0.786
0.816

0.150
0.222
0.273
0.340
0.378

0.114
0.191
0.254
0.301
0.339

Generalized rank test

0.188 0.622
0.269 0.705
0.319 0.753
0.361 0.783
0.392 0.804

0.496 0.078
0.626 0.140
0.706 0.187
0.753 0.227
0.788 0.262

Supremum type test

0.153
0.221
0.276
0.320
0.352

0.539
0.631
0.689
0.731
0.758

0.447
0.584
0.650
0.703

0.076
0.136
0.177
0.220

0.740 0.258

0.145
0.191
0.232
0.263
0.285

0.082
0.133
0.164
0.195
0.223

0.562
0.626
0.669
0.698
0.720

0.407
0.504
0.557
0.599
0.631

Table 6.25: Tests based on stochastic integral type 12 (maximum likelihood esti-

C

mation) and n = 50. No censoring.

a: description stochastic integral;

b: critical points asymptotic P-values;
c: simulated power generalized rank and supremum type tests.
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Hrp

- Hp, H, Hp Hgr

mean Q,(oco; v™)
st.dev. Q,(oc0;v(™)
skewness @, (o0;v(™)
kurtosis Q,(oc0;v(™)

-1.3881 -0.7630 -0.0323 0.7286 1.5403
0.3779 0.4358 0.4986 0.5694 0.6417
0.1092 0.2182 0.2227 0.0705 0.0306
-0.0570 0.0015 0.0517 -0.0068 0.0099

a

Size

test

Generalized rank test Supremum type test

Left-
Sided

Right-
Sided

Two- | Left- Right- Two-
Sided | Sided Sided Sided

0.005
0.010
0.015
0.020
0.025

0.1137
0.1339
0.1480

0.0877
0.1142
0.1334

0.1584 0.1471

0.1591 | 0.0339 0.0331 0.0440
0.1996 | 0.0489 0.0497 0.0672
0.2305 | 0.0588 0.0617 0.0834
0.2510 | 0.0696 0.0739 0.0985
0.2675 | 0.0798 0.0841 0.1109

0.1678 0.1598

b

Size

One-sided test
of test | Hry, Hy

Hp

Two-sided test
HRR HLL HL HR HRR

0.005 | 0.691 0.157
0.010 | 0.775 0.220
0.015 | 0.821 0.265
0.020 | 0.846 0.299
0.025 | 0.867 0.330

0.005 | 0.561 0.113
0.010 | 0.663 0.167
0.015 | 0.716 0.203
0.020 | 0.763 0.241
0.025 | 0.796 0.276

Generalized rank test

0.139
0.200
0.247
0.281
0.313

Supremum type test

0.111
0.164
0.201
0.236
0.265

0.610 | 0.484 0.067 0.121 0.579
0.698 | 0.614 0.114 0.165 0.653
0.746 | 0.699 0.161 0.204 0.701
0.777 |1 0.743 0.192 0.227 0.729
0.799 | 0.774 0.220 0.248 0.747

0.519 | 0.446 0.068 0.074 0.427
0.612 |1 0.560 0.112 0.113 0.525
0.662 | 0.623 0.142 0.140 0.574
0.699 | 0.665 0.168 0.163 0.610
0.726 | 0.700 0.189 0.183 0.638

C

Table 6.26: Tests based on stochastic integral type 12 (maximum likelihood esti-

mation) and n = 100. No censoring.

a: description stochastic integral;
b: critical points asymptotic P-values;
c: simulated power generalized rank and supremum type tests.



6.3. THE COMPOSITE NULL HYPOTHESIS

Hy.  H Hy Hgp Hgppr
mean Qn(oo;0™) | -2.1617 -1.2819 -0.1796 1.0628 2.3237
st.dev. Qn(co;v™) | 0.6195 0.7841 0.9811 1.2203 1.4965
skewness @,(oo; v(")) 0.4893 0.3543 0.3055 0.3903 0.3986
kurtosis @, (oo; v(")) 0.3068 0.0904 0.2030 0.1534 0.1028

a

Size

test

Generalized rank test

Left- Right- Two-
Sided Sided Sided

Supremum type test
Right- Two-
Sided Sided

Left-
Sided

0.020
0.040
0.060
0.080
0.100

0.
0.
0.
0.
0.

0225 0.0198 0.0226
0377 0.0512 0.0430
0507 0.0806 0.0646
0673 0.1082 0.0831
0826 0.1360 0.1017

0.0422
0.0699
0.0920
0.1180
0.1404

0.0134 0.0222
0.0324 0.0474
0.0546 0.0722
0.0792 0.0985
0.1043 0.1246

b

Size
of test

Hyp

One-sided test
H, Hr Hgp

Hip

Two-sided test
Hp, Hp

Hrr

0.020
0.040
0.060
0.080
0.100

0.020
0.040
0.060
0.080
0.100

0.623
0.745
0.809
0.862
0.894

0.618
0.739
0.802
0.853
0.882

Generalized rank test

0.181 0.205 0.552
0.278 0.305 0.660
0.345 0.372 0.718
0.414 0.420 0.757
0.470 0.465 0.785

0.451
0.613
0.710
0.766
0.809

0.093 0.161
0.175 0.214
0.248 0.254
0.298 0.283
0.347 0.311

Supremum type test

0.180 0.217 0.562
0.278 0.295 0.649
0.342 0.361 0.707
0.408 0.411 0.747
0.453 0.456 0.779

0.292
0.471
0.576
0.657
0.714

0.042 0.202
0.102 0.266
0.154 0.308
0.206 0.348
0.256 0.383

0.492
0.560
0.607
0.636
0.661

0.544
0.620
0.661
0.694
0.723

C
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Table 6.27: Tests based on stochastic integral type 13 (maximum likelihood esti-
mation) and n = 25. No censoring.

a: description stochastic integral;

b: critical points asymptotic P-values;
c: simulated power generalized rank and supremum type tests.
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Hyp

Hy, H, Hp Hgr

mean Q,(oco; v™)
st.dev. Q,(oc0;v(™)
skewness Q.,(oco; v(™)
kurtosis @, (o0; v("))

-2.4907 -1.4012 -0.1215 1.2897 2.7773
0.6929 0.8275 0.9900 1.1667 1.3910
0.3151 0.3780 0.2343 0.1073  0.0958
0.0730 0.1572 0.0186 -0.1256 0.0173

a

Size

of
test

Generalized rank test Supremum type test

Left-
Sided

Right-
Sided

Two- | Left- Right- Two-
Sided | Sided Sided Sided

0.010
0.020
0.030
0.040
0.050

0.0117
0.0203
0.0274
0.0381
0.0461

0.0101
0.0224
0.0349
0.0461
0.0563

0.0112 | 0.0200 0.0061 0.0107
0.0215 | 0.0346 0.0154 0.0215
0.0320 | 0.0496 0.0250 0.0351
0.0419 | 0.0627 0.0354 0.0466
0.0516 | 0.0764 0.0444 0.0578

b

Size

Of test HLL

One-sided test
Hy,

Hp

Two-sided test
Hpr | Hip Hp Hr Hgr

0.010 | 0.643
0.020 | 0.748
0.030 | 0.799
0.040 | 0.848
0.050 | 0.875

0.010 | 0.630
0.020 | 0.738
0.030 | 0.800
0.040 | 0.839
0.050 | 0.866

Generalized rank test
0.150 0.188
0.221
0.272 0.320
0.338 0.360
0.378 0.391
Supremum type test
0.144 0.179
0.218 0.259
0.281
0.325 0.351
0.372 0.384

0.270

0.313

0.621 | 0.495 0.078 0.145 0.561
0.705 | 0.627 0.140 0.192 0.627
0.754 | 0.708 0.189 0.232 0.671
0.783 | 0.753 0.227 0.262 0.698
0.802 | 0.788 0.262 0.285 0.720

0.603 | 0.357 0.040 0.171 0.592
0.692 | 0.501 0.081 0.223 0.656
0.739 | 0.603 0.128 0.272 0.705
0.772 |1 0.661 0.164 0.305 0.732
0.794 | 0.705 0.192 0.328 0.751

C

Table 6.28: Tests based on stochastic integral type 13 (maximum likelihood esti-
mation) and n = 50. No censoring.
a: description stochastic integral;
b: critical points asymptotic P-values;

c: simulated power generalized rank and supremum type tests.
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Hpp Hp H, Hp HRgp
mean Q,(oco;v™) -2.7763 -1.5259 -0.0645 1.4571 3.0805
st.dev. Q,(o0;v(™) | 0.7558 0.8716 0.9972 1.1389 1.2834
skewness Q,(co;v(™) | 0.1092 0.2182 0.2227 0.0705 0.0306
kurtosis Q,(co;v(™) |-0.0570 0.0015 0.0517 -0.0068 0.0099

a

Size Generalized rank test Supremum type test
of | Left- Right- Two- | Left- Right- Two-
test | Sided Sided Sided | Sided Sided Sided

0.005 | 0.0080 0.0036 0.0049 | 0.0124 0.0026 0.0048

0.010 | 0.0134 0.0082 0.0104 | 0.0208 0.0058 0.0094

0.015 | 0.0179 0.0129 0.0163 | 0.0276 0.0102 0.0149

0.020 | 0.0226 0.0181 0.0214 | 0.0341 0.0138 0.0219

0.025 | 0.0267 0.0230 0.0260 | 0.0408 0.0182 0.0263

b

Size One-sided test Two-sided test
oftest| H, Hy Hp Hpr | Huu Hr Hp Hgr
Generalized rank test
0.005 | 0.693 0.157 0.141 0.616 | 0.486 0.068 0.121 0.580
0.010 | 0.776 0.221 0.203 0.701 | 0.617 0.115 0.165 0.654
0.015 | 0.819 0.261 0.245 0.744 | 0.696 0.159 0.203 0.700
0.020 | 0.846 0.298 0.282 0.777 | 0.741 0.191 0.226 0.727
0.025 | 0.865 0.327 0.312 0.798 | 0.772 0.216 0.246 0.745
Supremum type test
0.005 | 0.674 0.146 0.139 0.605 | 0.387 0.043 0.135 0.600
0.010 | 0.760 0.212 0.194 0.681 | 0.500 0.074 0.177 0.662
0.015 | 0.803 0.253 0.242 0.733 | 0.579 0.101 0.214 0.704
0.020 | 0.832 0.288 0.271 0.759 | 0.651 0.133 0.248 0.739

0.025 | 0.856 0.317 0.304 0.785 | 0.686 0.154 0.266 0.755
[

Table 6.29: Tests based on stochastic integral type 13 (maximum likelihood esti-
mation) and n = 100. No censoring.

a: description stochastic integral;

b: critical points asymptotic P-values;

c: simulated power generalized rank and supremum type tests.
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Hyp  Hy Hy Hrp Hrpr
mean Qn(oo;v("y) -1.8702 -1.1822 -0.1362 0.9217 1.6082
st.dev. Qu(co;v™) | 0.7950 0.8010 0.9887 1.3607 1.7703
skewness Qn(co;v(™) | -0.3152 -0.1281 0.3725 0.7136 0.9926

kurtosis Q,(co;v™) |-0.0514 0.1657 0.5918 1.0510 1.7083
a

Size Generalized rank test Supremum type test
of | Left- Right- Two- | Left- Right- Two-
test | Sided Sided Sided | Sided Sided Sided

0.020 { 0.0204 0.0188 0.0178 | 0.0353 0.0118 0.0151

0.040 | 0.0381 0.0464 0.0394 | 0.0657 0.0327 0.0407

0.060 | 0.0552 0.0733 0.0617 | 0.0945 0.0593 0.0690

0.080 | 0.0715 0.1030 0.0817 | 0.1200 0.0834 0.0958

0.100 | 0.0885 0.1310 0.1035 | 0.1449 0.1091 0.1255

. b

Size One-sided test Two-sided test
oftest| Hy H, Hr Hpr | Hn H, Hp Hgr
Generalized rank test
0.020 | 0.396 0.138 0.180 0.336 | 0.256 0.073 0.140 0.278
0.040 | 0.527 0.224 0.253 0.421 | 0.389 0.135 0.187 0.342
0.060 | 0.615 0.294 0.304 0.475|0.481 0.190 0.224 0.386
0.080 | 0.679 0.354 0.351 0.520 | 0.543 0.237 0.252 0.415
0.100 | 0.728 0.409 0.391 0.555 | 0.599 0.280 0.278 0.440
Supremum type test
0.020 | 0.384 0.136 0.183 0.338 | 0.165 0.038 0.160 0.309
0.040 | 0.512 0.220 0.257 0.421 | 0.288 0.090 0.220 0.378
0.060 | 0.598 0.288 0.315 0.481 | 0.380 0.135 0.265 0.428
0.080 | 0.654 0.342 0.354 0.521 | 0.447 0.173 0.298 0.460

0.100 | 0.707 0.393 0.389 0.555 | 0.502 0.214 0.330 0.494
[«

Table 6.30: Tests based on stochastic integral type 13 (maximum likelihood esti-
mation) and n = 25. Standard exponential censoring.

a: description stochastic integral;

b: critical points asymptotic P-values;

c: simulated power generalized rank and supremum type tests.



6.3. THE COMPOSITE NULL HYPOTHESIS

Hy;  Hp

H, Hp Hpr

mean Q,(co0; v(™) -2.2354 -1.3145 -0.1076 1.2216 2.2743
st.dev. Q,(co;v™) | 0.7809 0.8333 0.9853 1.2965 1.7302
skewness Q,(co;v(™) | -0.1759  0.0189  0.2438 0.3669 0.7487
kurtosis Q,(co;v™) | 0.0986 0.1111 0.2499 0.4027 0.7663

a

Size

of

test

Generalized rank test
Left- Right- Two-
Sided Sided Sided

Supremum type test
Left- Right- Two-
Sided Sided Sided

0.010
0.020
0.030
0.040
0.050

0.0136 0.0079 0.0103
0.0221 0.0186 0.0207
0.0324 0.0332 0.0313
0.0401 0.0458 0.0422
0.0493 0.0587 0.0543

0.0222 0.0053 0.0081
0.0376 0.0156 0.0226
0.0516 0.0239 0.0347
0.0657 0.0363 0.0469
0.0776 0.0479 0.0602

b

Size

One-sided test

of test | Hryp Hp Hp Hgpr

Two-sided test
Hyy, Hy, Hrp Hpr

Generalized rank test

0.010 | 0.498 0.143 0.171 0.426
0.020 | 0.604 0.201 0.238 0.501
0.030 | 0.685 0.258 0.298 0.560
0.040 | 0.731 0.294 0.338 0.595
0.050 | 0.771 0.339 0.366 0.627

0.322 0.066 0.148 0.388
0.444 0.118 0.190 0.449
0.528 0.157 0.224 0.486
0.594 0.194 0.251 0.513
0.646 0.232 0.278 0.538

Supremum type test

0.010 | 0.479 0.137 0.170 0.420
0.020 | 0.594 0.200 0.248 0.515
0.030 | 0.662 0.249 0.287 0.556
0.040 | 0.714 0.292 0.331 0.600
0.050 | 0.749 0.323 0.367 0.629

0.215 0.035 0.154 0.399
0.354 0.080 0.221 0.486
0.431 0.113 0.258 0.525
0.491 0.143 0.286 0.554
0.545 0.170 0.310 0.580

C
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Table 6.31: Tests based on stochastic integral type 13 (maximum likelihood esti-
mation) and n = 50. Standard exponential censoring.
a: description stochastic integral;

b: critical points asymptotic P-values;
c: simulated power generalized rank and supremum type tests.
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Hrp

Hy

Ho

Hp Hgp

mean Q,(oco0; v(™)
st.dev. Q,.(oo;v("))
skewness Q,(oo;v(™)
kurtosis Q,(oco0; v(™)

-2.6127
0.7917
-0.0218

-0.0534 0.1

-1.4708
0.8383
0.0448

-0.0769
1.0164
0.1697

373 0.1738

1.4259
1.2443
0.2699
0.2143

2.7542
1.5497
0.2691
0.0762

a

Size
of

test

Generalized rank test

Left-
Sided

Right-
Sided

Two-

Sided

Supremum
Left-
Sided

Right-
Sided

type test
Two-
Sided

0.005
0.010
0.015
0.020
0.025

0.0050
0.0107
0.0147
0.0192

0.0030
0.0074
0.0130
0.0173
0.0213

0.0037
0.0076
0.0129
0.0190
0.0233

0.0073
0.0168
0.0230
0.0291
0.0355

0.0021
0.0055
0.0097
0.0133
0.0185

0.0032
0.0073
0.0125
0.0181
0.0233

0.0229

b

Size
of test

Hyp

One-sided test

Hy

Hp  Hpr

Hy, Hp

Two-sided test

Hp  Hgr

0.005
0.010
0.015
0.020
0.025

0.005
0.010
0.015
0.020
0.025

0.513
0.646
0.700
0.748
0.777

0.486
0.631
0.686
0.725
0.759

0.093
0.161
0.199
0.238
0.266

0.084
0.157
0.196
0.230
0.259

Generalized rank test

0.143
0.203
0.249
0.275 0.641
0.297 0.661

Supremu
0.138 0.462
0.195 0.546
0.238 0.598
0.268 0.628
0.301 0.657

0.473
0.555
0.610

0.355 0.040
0.466 0.075
0.558 0.111
0.624 0.147
0.661 0.169
m type test

0.258 0.023
0.372 0.048
0.459 0.075
0.521 0.099
0.566 0.119

0.120
0.158
0.191
0.222
0.238

0.435
0.492
0.541
0.578
0.598

0.124
0.169
0.205
0.232
0.255

0.442
0.511
0.558
0.592
0.615

Table 6.32: Tests based on stochastic integral type 13 (maximum likelihood esti-

C

mation) and n = 100. Standard exponential censoring.
a: description stochastic integral;

b: critical points asymptotic P-values;
c: simulated power generalized rank and supremum type tests.
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Hpp Hy Hy Hp Hpr

mean Q,(oco; v™) -2.5843 -1.4571 -0.2413 0.9568 2.0603
st.dev. Q,(oc0;v™) 0.8544 0.9362 1.0125 1.1183 1.2755
skewness Q,(co;v(™) | 0.1440 0.0118 -0.0374 0.0973 0.2046
kurtosis Q,(co;v™) |-0.0257 -0.0991 0.0559 0.0741 0.1778

a

Size
of
test

Generalized rank test
Left- Right- Two-
Sided Sided Sided

Supremum type test
Left- Right- Two-
Sided Sided Sided

0.020
0.040
0.060
0.080
0.100

0.0101 0.0313 0.0154
0.0214 0.0636 0.0313
0.0337 0.0934 0.0473
0.0482 0.1215 0.0660
0.0629 0.1477 0.0865

0.0187 0.0255 0.0211
0.0403 0.0499 0.0423
0.0609 0.0742 0.0671
0.0846 0.0997 0.0887
0.1092 0.1261 0.1096

b

Size

One-sided test

of test | Hyy Hy, Hg Hgr

Two-sided test
HLL Hy, Hp Hrp

Generaliz

0.020 | 0.618 0.178 0.209 0.558
0.040 | 0.744 0.274 0.303 0.658
0.060 | 0.812 0.349 0.369 0.717
0.080 | 0.862 0.414 0.419 0.757
0.100 | 0.893 0.470 0.464 0.786

Supremu

0.020 | 0.620 0.178 0.213 0.555
0.040 | 0.747 0.278 0.292 0.646
0.060 | 0.811 0.349 0.356 0.699
0.080 | 0.859 0.412 0.408 0.742
0.100 | 0.889 0.464 0.452 0.775

ed rank test

0.575 0.151 0.095 0.379
0.694 0.232 0.145 0.463
0.760 0.289 0.185 0.520
0.810 0.346 0.221 0.566
0.849 0.395 0.257 0.606
m type test

0.521 0.124 0.132 0.441
0.641 0.192 0.196 0.532
0.717 0.253 0.245 0.595
0.762 0.293 0.280 0.632
0.795 0.331 0.311 0.658

C
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Table 6.33: Tests based on stochastic integral type 23 (maximum likelihood esti-
mation) and n = 25. No censoring.

a: description stochastic integral;

b: critical points asymptotic P-values;
c: simulated power generalized rank and supremum type tests.
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Hpy Hy Hy Hp Hgr

mean Qn(oo; v™) | -2.8551 -1.5364 -0.1641 1.1944 2.5041

st.dev. Q,(co0;v™) 0.8911 0.9439 1.0071 1.0731 1.1909

skewness Q,(co;v(™) | 0.0749  0.1252 -0.0094 -0.0902 -0.0735 ||

kurtosis Qn(co0;v™) | -0.0674 -0.0068 -0.0208 -0.1120 0.0969
a

Size Generalized rank test Supremum type test
of | Left- Right- Two- | Left- Right- Two-
test | Sided Sided Sided | Sided Sided Sided

0.010 | 0.0054 0.0156 0.0083 | 0.0094 0.0122 0.0105

0.020 | 0.0119 0.0303 0.0176 | 0.0202 0.0255 0.0213

0.030 | 0.0178 0.0443 0.0262 | 0.0312 0.0373 0.0320

0.040 | 0.0270 0.0563 0.0341 | 0.0431 0.0487 0.0436

0.050 | 0.0337 0.0672 0.0449 | 0.0568 0.0599 0.0562

- b

Size One-sided test Two-sided test

of test | Hrp, Hy, Hp Hpr | HrL Hy Hp Hpp
Generalized rank test

0.010 | 0.635 0.145 0.187 0.620 [ 0.599 0.124 0.090 0.457
0.020 | 0.749 0.221 0.268 0.704 | 0.710 0.189 0.137 0.549
0.030 | 0.801 0.274 0.322 0.754 | 0.762 0.233 0.171 0.597
0.040 | 0.849 0.340 0.361 0.783 | 0.794 0.268 0.196 0.630
0.050 | 0.874 0.377 0.392 0.803 | 0.829 0.311 0.229 0.668
Supremum type test

0.010 | 0.632 0.145 0.179 0.602 | 0.547 0.101 0.115 0.502
0.020 | 0.745 0.221 0.259 0.691 | 0.651 0.158 0.168 0.587
0.030 | 0.802 0.278 0.311 0.736 | 0.714 0.198 0.205 0.633
0.040 | 0.843 0.330 0.348 0.767 | 0.755 0.231 0.240 0.672

0.050 | 0.872 0.380 0.384 0.794 | 0.788 0.264 0.272 0.704
(¢

Table 6.34: Tests based on stochastic integral type 23 (maximum likelihood esti-
mation) and n = 50. No censoring,.

a: description stochastic integral;

b: critical points asymptotic P-values;

c: simulated power generalized rank and supremum type tests.



6.3. THE COMPOSITE NULL HYPOTHESIS

Hyp Hy

Ho HR HRR

mean Q,(oco0; ™) -3.0751 -1.6314 -0.0937 1.3753 2.8332
st.dev. Q,(c0;v(™) | 0.9156 0.9623 1.0027 1.0607 1.1205
skewness Qn(co;v(™) [ -0.0646 0.0458 0.0515 -0.0831 -0.1074
kurtosis Q,(co;v(™) [-0.0999 -0.0676 -0.0034 -0.0067 0.0394

a

Size

test

Generalized rank test
Left- Right- Two-
Sided Sided Sided

Supremum type test
Left- Right- Two-
Sided Sided Sided

0.005
0.010
0.015
0.020
0.025

0.0045 0.0057 0.0053
0.0085 0.0119 0.0104
0.0129 0.0169 0.0146
0.0164 0.0234 0.0196
0.0202 0.0291 0.0247

0.0068 0.0051 0.0058
0.0125 0.0097 0.0114
0.0183 0.0159 0.0168
0.0238 0.0199 0.0221
0.0304 0.0254 0.0277

b

Size

One-sided test

of test | Hy  Hp Hr  Hgp

Two-sided test
H, LL H L H R H RR

Generalized rank test
0.005 | 0.692 0.155 0.139 0.612
0.010 { 0.774 0.219 0.203 0.700
0.015 | 0.823 0.266 0.241 0.742
0.020 | 0.848 0.300 0.283 0.776
0.025 | 0.867 0.329 0.314 0.799
Supremum type test
0.005 | 0.678 0.148 0.139 0.605
0.010 | 0.758 0.210 0.192 0.675
0.015 | 0.807 0.255 0.242 0.732
0.020 | 0.834 0.290 0.268 0.755
0.025 | 0.861 0.324 0.302 0.783

0.618 0.114 0.093 0.519
0.712 0.168 0.133 0.602
0.756 0.203 0.157 0.642
0.792 0.235 0.183 0.676
0.818 0.262 0.207 0.705

0.557 0.092 0.104 0.540
0.651 0.134 0.147 0.620
0.708 0.169 0.178 0.660
0.743 0.197 0.203 0.691
0.771 0.221 0.226 0.717

Table 6.35: Tests based on stochastic integral type 23 (maximum likelihood esti-

C

mation) and n = 100. No censoring,.
a: description stochastic integral;

b: critical points asymptotic P-values;
c: simulated power generalized rank and supremum type tests.
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Hypp Hp Hy Hg Hpp
mean Q,(c0;0™) | -2.8138 -1.5424 -0.2213 0.7090 1.1824
st.dev. Q,(c0;v™) 0.9407 1.0018 1.0388 1.0960 1.2419
skewness Q,(oco;v(™) | 0.2262 0.0034 -0.0759 -0.0518 0.1543
kurtosis Qn(co;v™) | -0.0464 -0.1069 -0.0652 0.0672 0.3960

Size Generalized rank test Supremum type test
of Left- Right- Two- | Left- Right- Two-
test | Sided Sided Sided | Sided Sided Sided
0.020 | 0.0076 0.0330 0.0128 | 0.0134 0.0358 0.0195
0.040 | 0.0178 0.0583 0.0267 | 0.0297 0.0658 0.0417
0.060 | 0.0306 0.0865 0.0443 | 0.0502 0.0913 0.0637
0.080 | 0.0429 0.1139 0.0627 | 0.0730 0.1174 0.0901
0.100 { 0.0577 0.1374 0.0791 | 0.0947 0.1435 0.1150

' b

Size | One-sided test Two-sided test

of test | Hyy Hp, "Hp H=r | Hr Hy Hp Hgpp
Generalized rank test

0.020 | 0.663 0.191 0.153 0.288 [ 0.642 0.173 0.051 0.140
0.040 | 0.773 0.294 0.216 0.374 | 0.742 0.256 0.088 0.195
0.060 | 0.836 0.373 0.275 0.438 | 0.802 0.325 0.123 0.246
0.080 | 0.873 0.434 0.327 0.491 | 0.838 0.378 0.160 0.288
0.100 | 0.899 0.492 0.367 0.531 | 0.864 0.419 0.185 0.324
Supremum type test

0.020 | 0.686 0.197 0.152 0.291 | 0.643 0.167 0.063 0.162
0.040 | 0.791 0.298 0.228 0.381 | 0.747 0.250 0.109 0.235
0.060 | 0.848 0.380 0.281 0.442|0.799 0.310 0.148 0.282
0.080 | 0.888 0.451 0.326 0.488 | 0.836 0.363 0.186 0.326

0.100 | 0.910 0.503 0.367 0.532 | 0.864 0.405 0.220 0.366
T

Table 6.36: Tests based on stochastic integral type 23 (maximum likelihood esti-
mation) and n = 25. Standard exponential censoring.

a: description stochastic integral;

b: critical points asymptotic P-values;

c: simulated power generalized rank and supremum type tests.
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Hpp Hy Hy Hr Hrr
mean Q,(oco; v(™) -3.1650 -1.6180 -0.1682 1.0020 1.7408
st.dev. @, (oco0;v(™) 0.9699 1.0124 1.0113 1.0526 1.1820
skewness Q,(oco;v(™) | 0.1576 0.0563 -0.0837 -0.2078 0.1002
kurtosis Qn(co;v™) | -0.0450 -0.0851 -0.0480 0.0441 0.0562

a

of Left-
test | Sided

Size Generalized rank test

Right- Two-
Sided  Sided

Supremum type test

Left-
Sided

Right-
Sided

Two-

Sided

0.010 | 0.0056
0.020 | 0.0107
0.030 | 0.0183
0.040 | 0.0245
0.050 | 0.0311

0.0171 0.0092
0.0308 0.0172
0.0442 0.0255
0.0605 0.0356
0.0733 0.0449

0.0094
0.0180
0.0278
0.0398
0.0496

0.0179
0.0321
0.0465
0.0584
0.0720

0.0125
0.0256
0.0359
0.0482
0.0589

b

of test | Hyp  Hp

Size One-sided test

Hr  Hpr

Hip

Two-sided test

Hy

Hr  Hrgr

0.010 | 0.760 0.191
0.020 | 0.828 0.262 0.205 0.457
0.030 | 0.870 0.325 0.257 0.514
0.040 | 0.897 0.379 0.291 0.552
0.050 | 0.913 0.416 0.328 0.588

Generalized rank test

0.010 | 0.745 0.187 0.143 0.374
0.020 | 0.816 0.252 0.208 0.457
0.030 | 0.864 0.324 0.259 0.515
0.040 | 0.888 0.368 0.310 0.565
0.050 | 0.908 0.407 0.340 0.597

0.720
0.793
0.833
0.862
0.881

0.168
0.229
0.274
0.320
0.354

Supremum type test

0.142 0.371

0.709
0.794
0.828
0.856
0.874

0.155
0.223
0.262
0.302
0.333

0.060 0.227
0.091 0.289
0.119 0.336
0.149 0.380
0.173 0.410

0.069 0.251
0.113 0.328
0.144 0.372
0.175 0.415
0.197 0.444

Table 6.37: Tests based on stochastic integral type 23 (maximum likelihood esti-

C

mation) and n = 50. Standard exponential censoring.

a: description stochastic int

egral;

b: critical points asymptotic P-values;
c: simulated power generalized rank and supremum type tests.
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Hpp

I,

Hy Hp

Hpr

mean Q,,(oo; v(™)
st.dev. Q,(oco;v(™) 0.9883
skewness Q,(co;v™) | 0.0873
kurtosis @, (co;v(™)

-3.4306

-0.0689

-1.7217
0.9882
0.0091
0.0228

-0.1192  1.2254
1.0271  1.0378
-0.0652 -0.1170
-0.0293 0.0102

2.2003
1.1022
-0.1709
0.0174

a

Size
of
test

Generalized rank test
Left- Right-
Sided Sided

Two-

Sided

Supremum type test
Right- Two-
Sided  Sided

Left-
Sided

0.005
0.010
0.015
0.020
0.025

0.0030 0.0070
0.0061 0.0129
0.0087 0.0195
0.0120 0.0258
0.0159 0.0312

0.0037
0.0089
0.0127
0.0162
0.0202

0.0041
0.0096
0.0142
0.0188
0.0238

0.0064 0.0056
0.0124 0.0111
0.0168 0.0170
0.0225 0.0212
0.0286 0.0266

b

Size
of test

Hip

One-sided test
H;, Hp

Hpgp

Hip

Two-sided test
H, Hgp

Hgrr

0.005
0.010
0.015
0.020
0.025

0.005
0.010
0.015
0.020
0.025

0.754
0.824
0.856
0.882
0.902

0.746
0.833
0.866
0.889
0.906

Generalized rank test

0.149 0.117
0.215 0.164
0.256 0.211
0.295 0.246
0.336 0.274

0.411
0.493
0.551
0.592
0.626

0.697
0.794
0.829
0.850
0.870

0.114 0.050
0.184 0.089
0.220 0.111
0.248 0.128
0.274 0.145

Supremum type test

0.140 0.108
0.222 0.158
0.268 0.190
0.305 0.220
0.338 0.254

0.388
0.476
0.519
0.559
0.597

0.701
0.778
0.820
0.842
0.861

0.113 0.064
0.164 0.100
0.208 0.127
0.233 0.143
0.260 0.164

0.263
0.357
0.399
0.431
0.460

0.293
0.372
0.425
0.456
0.486

C

Table 6.38: Tests based on stochastic integral type 23 (maximum likelihood esti-
mation) and n = 100. Standard exponential censoring.
a: description stochastic integral;
b: critical points asymptotic P-values;
c: simulated power generalized rank and supremum type tests.
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6.4 Conclusion

Replacing ps(vo) by fis(ve) in the weight process shifts the sensitivity. The di-
rection of the shift depends on whether we are dealing with the simple [increased
sensitivity to the right] or composite [increased sensitivity to the left] null hy-
pothesis.

An exception should be made for one-sided tests. The indifference spotted
here seems to suggest that the replacement has about the same effect as a mono-
tone transformation of the test statistic.

If censoring occurs, then left-sided tests should be preferably be based on
stochastic integral 12 [simple null hypothesis] or 23 [composite null hypothe-
sis], and right-sided tests on stochastic integral 22 [simple null hypothesis] or 13
[composite null hypothesis]. No preference can be given for one-sided tests in the
absence of censoring. The same is true for two-sided tests, since higher sensitivity
to the left or right is no criterium for two-sided tests, where the user is supposed
to be ignorant of direction.



142 CHAPTER 6. SMALL SAMPLE CHARACTERISTICS



Appendix A

On Wieand’s theorem

This appendix contains the first three sections of Kallenberg and Koning (1993),
which materialized in an effort to generalize Theorem 11, stated in section 4.3 on
page 65. )

Wieand’s theorem on equivalence of limiting approximate Bahadur efliciency
and limiting Pitman efficiency is extended in several ways. Conditions on mono-
tonicity and continuity are obviated, composite null hypotheses are incorporated,
and the implications of a weaker form of Wieand’s Condition III* are investigated.

A.1 Introduction

To compare the performance of two sequences of test statistics, many efficiency
concepts have been proposed. Probably the most widely used is asymptotic
relative Pitman efficiency.

In Bahadur (1960) the concept of exact Bahadur efficiency was proposed. This
concept requires large deviation results, the derivation of which often becomes
the stumbling-block in the application. As a “quick and dirty” variant Bahadur
simultaneously proposed approximate Bahadur efficiency, valid for comparison of
so-called standard sequences. Since it is rather easy to verify whether a sequence
of test statistics actually is standard, approximate Bahadur efficiency in spite of
its apparent shortcomings [see Bahadur (1960)] has become quite popular.

In favour of approximate Bahadur efficiency, Bahadur argued that for many
well-known test statistics the limiting [as the alternative approaches the null hy-
pothesis] approximate Bahadur efficiency is equal to the asymptotic relative Pit-
man efficiency. Working with an extended version of asymptotic relative Pitman
efficiency, Wieand (1976) elaborated this point by presenting a condition under
which the limiting approximate Bahadur efficiency, coincided with the limiting
[as the size of the test tends to zero] asymptotic relative Pitman efficiency.

Unfortunately, Wieand only proved the theorem which stated this coincidence
for the simple null hypothesis. Moreover, he requires continuity and strict mono-
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(0030) 0

Figure A.1: Limiting Pitman efficiency.

tonicity of the tail of the asymptotic null distribution of the sequence of test
statistics. In this note we extend Wieand’s theorem to composite null hypothe-
ses, while discarding continuity and strict monotonicity conditions.

Evaluating limiting Pitman efficiency means that the alternative is sent to the
null hypothesis and afterwards the size a to zero. This is outlined in Figure A.1.

The order of the operations is reversed for the limiting approximate Bahadur
efficiency, as is sketched in Figure A.2.

Under Wieand’s Condition III* it holds for standard sequences of test statistics
that both ways of approaching (©o,0) yield the same result. In fact it can be
shown that for any way in which (6, a) tend to (©,0) the result is the same,
provided that Wieand’s Condition III* holds.

Often, the knowledge of the behavior of the test statistics is available in great

(©0,0) 0

Figure A.2: Limiting Bahadur efficiency.
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(60’0) 6

Figure A.3: The restricted area of admitted trajectories.

detail under the null hypothesis, but scarse under the alternative hypothesis.
This may lead to problems with the verification of Wieand’s Condition III*, since
it deals explicitly with the behavior under the alternative hypothesis. However, if
a weaker form of the condition holds [cf. Definition 13 in section A.2] it still can
be shown that we come close to the answer of the Bahadur approach for any tra-
jectory in a restricted region, for instance trajectories as sketched in Figure A.3.

The closer we want to be to the answer of the Bahadur approach, the smaller
the area of admitted trajectories. This is reflected by a lowering of the curve
depicted in Figure A.3, and implies that we should restrict ourselves to tests of
even smaller size.

Thus, the quality of the approximation of the finite sample relative efficiency
by the approximate Bahadur efficiency for alternatives close to the null hypothesis
is only guaranteed in case of (very) small levels.

The organization is as follows. In section A.2 notation is introduced and
definitions are given, while section A.3 contains the results. Proofs can be found
in Kallenberg and Koning (1993).

A.2 Preliminaries

Consider the situation in which we have two infinite sequences of test statistics
{T1n}22, and {T2,}22,, rejecting the null hypothesis Hy : § € O for large values
of the test statistics. The number n here refers to the number of available ob-
servations. The whole parameter space is denoted by ©, which is a metric space
with metric d. For each a € (0,1) the critical value is denoted by t:,(c). So, Hy
is rejected if T;,, > tin(), accepted if Ty, < tin(a), and

sup Po,(Tin > tin(@)) < a < sup Py (Tin 2 tin(a)). (A1)
60€9o 60€©g



146 ON WIEAND’S THEOREM

Definition 11 For each o, € (0,1) and § € © — Oy, let Ni(a,3,0) be the
largest sample size such that the power at 0 of the size « test based on {Tin}52,
is less than (3.

The finite sample relative efficiency of {T},}52, with respect to {T2,}52, is
denoted by Ny(«, 3,0)/Ny(a, 3,0). A value larger than 1 indicates that {T1,}52,
is preferred to {T2,}22,, since {T1,}5%; needs less observations for the same
performance.

Definition 12 {T},}%, is said to be a standard sequence if the following three

conditions are satisfied.

a There exists a nondecreasing function G; such that infg,co, Po,(Tin < t) tends
to Gi(t) for all continuity points of G;.

b There exists a constant a; > 0 such that

Jim ¢~ log(1 - Gi(t)) = —ai/2. (A.2)

¢ There exists a positive function b;(0) such that [n=*/2T;, — b;(0)| converges to
zero in Py-probability for every 6 € © — O,

The approzimate Bahadur slope of a standard sequence {T;,}2, is defined as

a;(b;(0))%. The approzimate Bahadur efficiency of a standard sequence {T1,}52,

with respect to another standard sequence {15,122, is defined as the ratio of their

respective Bahadur slopes ay(b1(0))%/[a2(62(8))?].

This is a slightly weaker form of the definition of standard sequences given in
Bahadur (1960), not requiring continuity of G;.
For a standard sequence {T;,}52, define for each 0 < a < 1

g(e) =inf{t:1-Gi(t) < a}, g(a)=sup{t:1—Git) > a}. (A.3)
By this definition and the monotonicity of G; we obtain

1-Gi(t) > a forallt <g(a), 1-Gi(t) 2 a forallt <g(a),
1-Gi(t) < e forallt>g(a), 1-Gi(t) >« forall t > g;(a).
It is easily seen that

g,(0) <Gi(a). (A.4)

In view of Definition 12a, denote for each ¢ > 0 and 0 < a < 1 by @; = 7i(, €)
the smallest number such that for all n > 7;(a,€)

1— inf Py (Tin < Gi(@)(1 4 €)V?) < a (A.5)
60 €90
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Similarly denote for each ¢ > 0 and 0 < a < 1 by n; = n;(a,¢€) the smallest
number such that for all n > n;(a,€)
1— inf Py (Tin < q.(a)(1 — €)% > . (A.6)
60€00 =
Define n;(a, €) by
ni(a, €) = max(7i(e, €),n;(a,€)). (A.T)

Finally we present the weaker form of Wieand’s Condition III*.

Definition 13 A standard sequence {T;,}22, is said to be a {s,}32,-Wieand
sequence if there is a constant € > 0 such that for every ¢ > 0 and 6 € (0,1)
there exists a constant C;(e, 6) such that

Py(|n YT, — b:(0)] > €bi(0)) < 6 (A.8)
for every 8 € © — O satisfying infg,co, d(8,0) < € and n'/?b,(0) > Ci(e, 6)sn.

It can be shown that a standard sequence {T;,}52, is a {s,}52,-Wieand se-
quence if there exists a.nondefective cumulative distribution function @ such
that

Py(|Tin — n*/20;(0)| > z5,) < 1 — Q(x) (A.9)

for every z > 0 and 0 € © — Oy satisfying infg,co, d(8,60) < € [choose Ci(e, 6) so
as to satisfy Q(eCi(e,8)) > 1 — 8]. Remark that if s, remains bounded, Defini-
tion 13 reduces to Wieand’s Condition III* [in case of a simple null hypothesis],
and the observation above is a consequence of the lemma given in section 4 in
Wieand (1976). In the sequel we shall use the phrase “under Wieand’s Condition
IIT*” to indicate that s, remains bounded, thereby tacitly extending Wieand’s
original definition to general null hypotheses.

We close this section by introducing a set which plays a role in section A.3.
For each a,¢€,6 € (0,1) let A(a,¢€,8) be the set of points § € © — Qg for which

-1
n> 5—{-1)%;’}3 implies  n'/2b;(8) > Ci(e, 6)sn (A.10)
for 1 = 1,2. Lemma 5 sheds light on the relation between the set A(a,¢€,d) and
Wieand’s Condition III*. Observe that in case we have
inf  b;(6) =0,
9€0-0,

this lemma implies that A(a,¢€,8) equals © — Qg for a sufficiently small if and
only if s, is bounded.

Lemma 5 If s, remains bounded then for every €¢,6 > 0 there exzists a(e,§) >
0 such that A(e,€,68) coincides with © — @g for every 0 < a < afe,8). If
infge A(a,e5) bi(0) = 0 for some a,€,6 > 0, then s, remains bounded.
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A.3 Results

Our main result is the following theorem, which shows where the finite sample rel-
ative efficiency Na(a, 3,0)/Ni(a, B,0) may be approximated by the approximate
Bahadur efficiency a;{b;(0)}2/[a2{b2(6)}?]. (If limits are taken with @ tending to
some subset of @, then of course 6 runs through © — Qg; further the notation is
explained in section A.2.)

Theorem 14 Let {T1,}2, and {T2,}32, be two {s,}22,-Wieand sequences, and
let OF be a subset of Og. Suppose that the limit

Jiz, a1 {81(0))?/[aa {ba(0))?] =: e(0}) (A11)

—%

ezxists. For each a,¢€,6 € (0,1), let A*(a,€,6) be a subset of A(a,€,6) satisfying
Im&hmsup sup mf d(0 6o) = 0. (A.12)

a—0" fEA*(ae,8) B0 €

Assume that

_ni(ee)

limsuplimsup sup <1 (A.13)

=0 a—0 GeA* (a e.6) [ﬁ%‘—?%‘}i,—]
Then for B € [6,1 — é] we have
Ny(e, 3,0) Ny(e, B,0)

limliminf _inf S opg) =~ imlimsup sup T = e(6))
(A.14)

When considering a specified trajectory 8(a,e,8), along which ©F is ap-
proached as a — 0, it seems obvious to choose A*(a,¢€,8) equal to the singleton
containing 6(a, €, §).

If Wieand’s Condition III* does not hold, the requirement that 6(«, €, §) should
be an element of A(«,¢€,6) limits the trajectories admitted for a fixed € > 0. The
lower ¢, the smaller the area through which the trajectories are allowed to run.
As already observed in section A.2, this is reflected in Figure A.3 by a lowering
of the curve. For instance, if n!/2/s, is a monotone increasing function g of n,
condition (A.10) holds if and only if

e

for:=1,2.

If Wieand’s Condition III* does hold, the set A(a,¢, ) equals @ — O if 0 <
a < ofe,6), where a(e,§) is given by Lemma 5. It now easily follows that for
every sequence {(0;,a;)}%2, tending to (OF,0) we obtain

No(ey, B, 6;)

Ni(a;, 5.0, e(65), (A.15)
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provided that

) ) ni(a;j, €
limsup lim % <1,
€e—=0 1= _‘_M]
ai{bi(6;)}2

as is formally seen by taking A*(a, €, §) equal to {0,} ifa; < a < aj-1,j =1,2,...
[0 = 1]. This is closely related to intermediate efficiency [cf. Kallenberg (1983)].

Another consequence of Lemma 5 is that under Wieand’s Condition III* we
may take A*(a, €, 8) to be the intersection of © — O with an arbitrary environment
of O3, shrinking to ©f as @ — 0, and [afterwards] € — 0. More precisely, let

ni(a, €) < —2loga
1+e€ (1,,'{6,'(0)}2

Then (A.12) and (A.13) are satisfied. Now consider a sequence {6;}32; which
tends to Of as j — co. Assume that

A*(a,€,6) = {0 € A(a,¢,86) : 0i2(g‘d(0,00) <e€ }.

_lim b;(()j) =0
J—00

Let a,€,6 > 0 satisfy a < d(c, &), with a(e,6) as in Lemma 5. Then there exists
J(a,€,6) such that for all j > j(a,¢,8) we have §; € A*(a,¢,8), and hence it
follows that

Ny(e, 3,9) Ny(a, B,06;)
v 6 Ny(a, B, 0) = liminf Ny(e, B, e])
< limsup ———-2= Ny(a, B, J) sup Na(e,B,6) (A.16)

jmoo Ni(a, B, 9) peA(aes) M1(a, B,0)

Applying Theorem 14 we get

. Ny(a, B,
6(60) - llH&llIc;n_}(l)'lf GeAl‘r(lac5) Njga g ;
No(a,8,6;) _ 2(a, 8, 6;)
<1 s
mipflimint 577G, 5,9, < limsuplimsup e )
<limlimsup sup M e(0g)

=0 40 ped(aves) N1(a, B,0)

and therefore
lim i 2@ 8,65) _
a—+01—*oo Ni(e, B,9;)

Since the sequence {6,}32, was arbitrarily chosen, it follows that

Na(a, 8,6)
N N (e, 5.9)

e(6y)-

= e(03).
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This extends Wieand’s theorem to testing problems with composite null hypothe-
ses. Moreover, note that Wieand’s conditions on continuity and monotonicity are
not needed to obtain this result.

There exist alternative definitions of limiting Pitman efficiency which involve
Ni(a, 3,0), the smallest sample size such that the power at 8 of the size a test
based on {T;,}, is greater than or equal to 8. Observe that there is a dis-
proportionate effect of the behavior of T}; on N,(a, 3,8). Definition 13 only has
meaning for sample sizes which are sufficiently large, and is therefore not capable
of providing lower bounds for N;(«a, 3,6). It follows that the fact that {7;,}52,
is a {s,}52,-Wieand sequence does not shed light on asymptotic relative Pitman
efficiency as defined in for instance Rothe (1981).

In absence of Wieand’s Condition ITI* the verification of (A.13) requires some
effort. In case the test statistics are functionals of either the empirical process or
the partial sum process, the approximation theorems available for these processes
[see Komlés, Major and Tusnddy (1975)] may lead to probability inequalities of
the type considered in the following lemma.

Lemma 6 Suppose that {Ti,}32, is a standard sequence for which there ezist a
random variable T; with distribution function G;, positive constants 7, v, A and
a sequence k, = o(n"/") such that

sup Poo(|Tin — Ti| > 07" (kn + 2)7) < 777, (A.17)
80€99

Then for every € > 0 there exist a constant c(e) such that (A.13) holds for
A*(a,€6,8) = {0 € A(a,€,8) : a;{bi(0)}* < |log |~ /c(e)}.

Typically, one finds v < 1/2, 7 > 1 and k, proportional to logn [see Chap-
ters 2-4, Koning (1993), and Csorgd and Horvath (1993)].

The magnitude of k, allowed in Lemma 6 strongly suggests that it is essentially
the tail rather than the center of the distribution of n?|T;, — T;| which determines
the shape of A*(a, ¢, §).
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