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0. Introduction

In this monograph we study finite-dimensional Hamiltonian systems with Ha-
miltonian

H=33 0" +V() 01)

where p = (p1,...,ps) and ¢ = (q1,...,¢n) are momentum and coordinate
vectors of R?" and the potential V(q) is of the following type:

V(g)=9>> v(g — ar) (0.2)

i<k

where g € R is a coupling constant and where the function v(q) may be of the
following form:

g’ (I
a?sinh™%(aq) (II)
v(g) = a?sin"%(aq)  (III) (0.3)
a’p(aq) (Iv)
g2+’ (V)

where p(z) is the Weierstrass function and a,w € R are parameters. These
Hamiltonians describe one-dimensional n-particle systems with pairwise inter-
action. The Weierstrass function p(z) = p(z;w;,ws) is doubly periodic in z in
the complex plane with halfperiods w; and ws. In the limit in which one of the
periods goes to infinity one gets, up to a constant, a potential of type II or III.
If both periods go to infinity one obtains a potential of type I. So the systems
of type IV are the most general. Replacing a by ia in a potential of type III,
one gets a system of type II and, if one puts a = 0, one gets a system of type L.
The system of type I is known as the Calogero-Moser model ([2], [3]) and that
of type II as the Sutherland model ([4], [5]).

The potential V(g) can also have the form:

V(g) = Z_: 9;°0(gj — gj+1) (VD) (0.4)
Vig) = Z”(Qj — gj+1), (gn+1 = q1) (V1) (0.5)

where
v(q) = exp2q (0.6)

and where the 0 < g; € R are coupling constants.
These Hamiltonians describe n-particle systems with nearest-neighbour inter-
action and are known as the nonperiodic Toda lattice (VI) and the periodic
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Toda lattice (VI'). One can get the nonperiodic Toda lattice as a strong cou-
pling limit of the Sutherland model (see [53]) and the periodic Toda lattice is
obtained by adding the potential energy term exp 2(g, — ¢1)-

All these systems are related to the root system A, _; and they are completely
integrable in the sense of Liouville (see chapter 2 for a precise statement).
Now there turn out to be all kind of generalizations of these systems. One can
associate integrable systems of these type to each root system. Also one can
quantize these systems ([1],[15]). Furthermore there are relativistic generaliza-
tions of the classical and the quantum systems (see [16],[17],[18],[19] and [53] for
a recent review). There have also been found integrable relativistic models with
an external potential ([21]). For the classical type I model, mastersymmetries
have been found ([20]).

All these systems are integrable in the classical or quantum sense. In [52]
Opdam has proved that the quantum systems of type I, IT and III are completely
integrable for all root systems and for all values of the coupling constants
Ja, using socalled shift operators. By taking a classical limit, using symbols
of differential operators, the integrability of the classical systems follows as
well, for all root systems and all values of the coupling constants. In [51] and
[50] Heckman has simplified this proof, using properties of the socalled Dunkl
operators.

On the other hand, Olshanetsky and Perelomov have proved in [38] and [43]
the integrability of the classical systems of type I-V, using a Lax matrix and a
certain functional equation. This proof however up to now only seems to work
for classical root systems, and only for special values of the coupling constants
(in the BC, and B, case).

For the models of type VI and VI', the socalled Toda systems, and for nu-
merous other integrable sytems, there exists a group-theoretical proof of the
integrability, using the socalled Kostant-Adler-Symes-Reyman-Semenov-Tian-
Shansky (K.A.S.R.S.) construction (see in particular [11] for a review). For
these systems the solution of the Hamilton equations can be reduced to a fac-
torization problem in a group G.

It is still not clear what kind of relation there exists between the K.A.S.R.S.
theorem on the one hand, and the integrable systems that can be solved using
this theorem, and the integrable systems of Calogero-Moser type on the other
hand, i.e. the models of type I-V and their generalizations.

In this monograph we describe a way of obtaining the classical systems of type
I-V, which is reminiscent of the K.A.S.R.S. construction and which seems to
generalize that setting. In particular there seems to be no Yang-Baxter operator
or double Lie algebra to describe the corresponding Poisson structure.

The setup of this book is as follows:

In chapter 1 we describe the models of type I-V associated with root system
A, _1. This is merely a reformulation of [1].

In chapter 2 we collect some properties of Poisson manifolds.
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In chapter 3 we review some facts about real semisimple Lie algebras and
observe some properties of quasi-split Lie algebras.

In chapter 4 we describe in some detail the theory of Poisson structures on Lie
algebras, double Lie algebras, Yang-Baxter operators and Lie bialgebras. In
section 4.5 we describe the K.A.S.R.S. theorem and illustrate it by the examples
of the Toda lattice and the harmonic oscillator.

In chapter 5 we use the theory of the chapters 2—-4 to construct the systems of
type I-V as Hamiltonian systems on real semisimple Lie algebras. This is done
in section 5.3 by constructing a (nontrivial) Poisson imbedding of the phase
space M in a larger space P = A X g, where A is the configuration space and
g is a real semisimple Lie algebra. In section 5.4 it is shown how the Hamilton
equations can be derived.

In section 5.5 a condition is formulated for a certain constant element u € g (the
moment ), which is sufficient for integrability, and this condition is translated in
a condition on the dimension of the centralizer of y in the compact subalgebra
£

In section 5.6 it is shown how the Lax equation can be derived, using the
condition of section 5.5 and a functional equation. In section 5.7 this leads to a
(new) Lie algebraic proof of the integrability of the systems of type I-1II. The
only ingredients in this proof are the functional equation, the condition on p
and the properties of g and Ad-invariant functions.

In chapter 6 we analyse in more detail the examples which are related to clas-
sical root systems. In section 6.1 we classify all possible u’s in the case of
quasi-split Lie algebras and in the case of root systems of exceptional type.
This results in a few unknown choices, corresponding to the classical root sys-
tems and to the Fy case. All this suggests that the construction of a Lax pair,
as described in chapter 5, does not work in the case of root systems of type
Eg, E7, E6 and Gz.

In section 6.2 it is shown how the examples of p which are known to satisfy the
condition of section 5.5 can be constructed in a canonical way. They are all
elements of quasi-split Lie algebras and for these cases there exists an involutive
automorphism o, commuting with the Cartan automorphism 6, which has some
extra properties, which makes it possible to characterize p in a canonical way.
In section 6.3 a Lie algebraic construction is given of the Lax pair in the case
of the classical root systems, explaining why the conditions on the coupling
constants are necessary.

In section 6.4 a certain property of the root system A, _; is formulated that
could explain why the construction of p does not work in the case of the ex-
ceptional root systems.

In chapter 7 we try to analyse the relation between the construction of chapter
5 and the K.A.S.R.S. theorem. The upshot is that there does not seem to
exist a double Lie algebra structure which ”explains” the Poisson structure of
chapter 5 and the corresponding Lax pair.



4

1. The A,_; models

1.1. The models of type I — IV.

In this section we describe in more detail the systems of type I-IV (see [1] and
[49] for more details). Consider first its configuration space. Because V(q)
becomes infinite if g; = g; for j # k, the ordening of the particles during the
evolution of the system cannot change and so one may assume that g; > g3 if
j < k. The configuration space for the systems I and II is therefore of the form

A={qeR" |q1>q>...> ¢} (1.1)
and for the systems III and IV it has, up to periodicity, the form
A={geR" |g1>q>...>qq — ¢ <d} (1.2)

where d = 7/a for type III and d = 2w/a for type IV, with w a halfperiod of
V(q). The phase space M is given by

M=AxR" (1.3)

Now let f;, fo € C*°(M), then the canonical Poisson bracket on M C R?" is
defined by

{fl,fz}:i (%%—%%) (1.4)

= \0Op; 0g;  Oq; Op;

so for the coordinate functions one has

{pj, ax} = 6ji (1.5)

Hamilton’s equations are given by

. OH
¢ =1{H,q;} = a5, =pj
. OH
pi={H,pj}=—5—=¢"> (e~ ¢;) (1.6)
9 ey

where the dot denotes the time derivative. For type I these become:

G =pj, Bi=-20") (q—q;)"° (L.7)
pwy

Define

1 n 1 n
Gtot = ;L‘ Z;‘Ij, Ptot = Z Z;Pj (1-8)
]: ]:



then, because v(q) = v(—gq), (1.6) implies
Qiot = Ptot; Ptot =0 (1.9)
so the system is translation invariant and one has the Poisson bracket relations

{H7 qtot} = Ptot, {Haptot} = Oa {ptota qtot} =n (110)
Now define the matrices L and M by

L= ZpJeJJ+gZ ;= qi) " i(ejk — exj) (1.11)

i<k

2
M =g (g — q) ilejn + exj — ejj — exr + ~ 1) (1.12)
j<k

where {e;i,j,k = 1,...,n} is the standard basis of gl(n,C), i = /-1, g € R
a coupling constant and I, the n X n identity matrix. L is hermitian, M is
traceless and skew-hermitian and a straightforward calculation, using

€jkeim = 6klejm (1.13)
shows that (1.7) is equivalent with the matrix equation
= [M, L] (1.14)

if one requires that ¢;o; = pio;- The Hamiltonian can be written as
1
H= §trL2 (1.15)

Equation (1.14) is known as a Lax equation for the Calogero-Moser model and
(L, M) is called a Lax pair. Now define

fiu(L) = —trL’c 1<k<n (1.16)
These are real-valued functions and
1 = npiot, fo=H (1.17)
From the Lax equation (1.14) one easily derives with induction that
(L*) = [M, L*] (1.18)
and so, using the properties of the trace, one concludes that
fe(L) =0 (1.19)

and because fi(L) = ¢ Ls~® =1 A * are polynomials in the eigenvalues Ajof L, it
follows that the eigenvalues are conserved so one immediately gets n constants
of motion. Going to the center-of-mass coordlnates qJ = ¢j —Gtot> Dj = Pj —Ptot,
L becomes traceless and {p;, qr} = &1 — n, d; = pj, Pj = Pj.
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Because L is hermitian and M is skew-hermitian the Lax equation implies
that there exists a one-parameter family U(t) of unitary matrices such that
U(0) =1, and

L(t) = U(t)L(O)U(t) ™" (1.20)

so L(t) undergoes an isospectral deformation under the action of the group
SU(n). Differentiating (1.20) one gets back the Lax equation (1.14) with M =
UU~L. So the solution of the Lax equation is reduced to the construction of the
one-parameter group U(t). This can be solved for the Calogero-Moser model,
as we shall see presently.

Now define the matrices P, Q and p by

Q =diag(qi,..-,qn), @G >q > ...> ¢y (1.22)
p=gy il +ex) (1.23)
i<k

From (1.9),(1.11) and (1.12) one derives the following relations

@ Ll=p (1.24)
[Q, M] = Lo (1.25)
[M,u] =0 (1.26)
Q = P = Lajag (1.27)

where Lgj,e and L.g denote the diagonal component resp. the off-diagonal
component of L. Note that (1.24)—(1.27) uniquely determine L, M in terms of

the g;,p;.
From this one also derives:

@, L] + (@, L]
=[P, L1 +[Q,[M, L]]
=[P, L] +[[Q, M], L] + [M, [Q, L]
=[P>L] + [Loﬂ"L] + [M>/‘l‘] =0

(1.28)

so (1.14) and (1.27) are consistent with (1.24). Now define the matrix
X(t) = L(0)t + Q(0) (1.29)
then X(t) is hermitian and

[X(8), L(0)] = p (1.30)



Because X (t) is hermitian there exists a unitary matrix U(t) such that

UBX@U )™ = Q) = diag(q1(t), - - -, aa(t)) (1.31)

At this point it is not yet clear that Q(t) indeed satisfies (1.24)—(1.28). This
has still to be shown. Now it turns out (see [46]) that it is possible to choose
U(t) in such a way that U(0) = I,, and

Utput)™ =u (1.32)
and if one now defines
L(t) = U®)L(0O)U ()~ (1.33)
then Q(t) and L(t) satisfy
[Q(2), L(2)]
=[UWX®OU@®)™ UGLO)U(t)™]
— U)X (1), LO)]U()
S URU) =

(1.34)

which implies. that ¢;(t) # qx(t) if j # k and U(t) becomes unique by requiring
that ¢1(t) > ga(t) ... > gn(t). Differentiating (1.31) gives

Q=[UULQ|+L (1.35)

so equating diagonal and off-diagonal components yields

Q = Ldiag =P (136)
[QUU™] = Log (1.37)

differentiating (1.32) gives )
[UU,u] =0 (1.38)

and differentiating (1.33) gives the Lax equation (1.14). From (1.37), (1.38)
and (1.14) it follows that UU~! = M, so we have constructed a one-parameter
family U(t) such that (Q(t), L(t)) is the solution of the equations (1.14) and
(1.27) which also satisfy (1.24)—(1.26) and {g;(t),1 < j < n} are the eigenval-
ues of X(t). So the solution of the Calogero-Moser model is reduced to the
calculation of the eigenvalues of X(t).

Example 1.1. (n =2) Let (p, q) denote the center-of-mass coordinates, with
q > 0 then one has

i=p, p=1/4¢g°¢">, H=p*+1/4¢%¢? (1.39)
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and Q = dla‘g(q1 —q)v P = dla‘g(pa —p) and

X (t) = (q(0) + tp(0))(en1 — ez2) + 1/2igtq(0) ™! (e12 — e21) (1.40)
and the eigenvalues of X(t) are (A(t), —A(t)) with’
A(t) = v/(q(0) + tp(0))2 + 1/4¢%t2¢(0)=2 > 0 (1.41)
and so q(t) = A(t), p(t) = A(t) and because H is constant it follows that
p(£00) = 1/p(0)2 + 1/442¢(0)~2 (1.42)
The matrix U(t) is given by
U(t) = cossly +isins(eja + ea1) (1.43)
e 1= 14(0) + tp(0)
2. _ 1 — q(0) +tp
T ( () )
and so
1/2 arcsin ( gt ) (1.44)
s = — .
29(0)A(?)
Observe that this is well-defined because
g2t
7 <1
49(0)2A(¢)?
Now we return to the models of type II-IV and make the ansatz
L=P +gz : - qk e]k — ek]) (1.45)
i<k
M =g y(g — a)ilejn +exj)
i<k
0 (1.46)
— 9 2(g; — ar)ilejs + e — ~1n)
i<k

so L is hermitian, M skew-hermitian, z, y and z are real-valued functions, with

2(=q) = —2(q), y(=9) =y(a), =(—9)=2(q) (1.47)
and
v(q) = 2*(q) + constant (1.48)

If one requires that Hamilton’s equations (1.6) are equivalent with the Lax
equation (1.14), under the assumption that ¢;,; = pto1, where L and M as in
(1.45) and (1.46) then it turns out that

y(9) = —='(9) (1.49)
and z(q) and z(q) have to satisfy the functional equation
z(£)z'(n) — z(n)z'(§) = =(§ + n)[2(£) — 2(n)] (1.50)

This functional equation has been solved by several people and one has
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Theorem 1.2. [38] Let z(n) be an odd meromorphic function which satisfies
(1.50) and

limna(n) =1 (1.51)

then
z(n) = z"(n)/2z(n) (1.52)
(z)2 =z* - 2022 + ¢ bceR (1.53)

and z(n) can have the following form:

! (I
=, i

2(n) = a cot(an) ! (III a) (1.54)
asin™!(an) (I1I b)

acn(an)/sn(an), adn(an)/sn(an), a/sn(an) (IV a,b,c)

where sn, cn and dn are the Jacobi elliptic functions and a € R is a parameter.
O

This gives a Lax pair for the systems I-IV. From (1.52) and (1.53) one derives

2(n) = z(n)* — b (1.55)

so the functional equation can be simplified to

(€)z'(n) — 2(n)z'(€) = z(€ +n)(*(€) — «*(n)) (1.56)

and M becomes:

_gz j — gk Z(ejk+ek])

i<k

2
—gZx i — qr)i(e;; + exk — nI")
i<k

(1.57)

Again H = %trL:” and from the Lax equation it follows that the f; are con-
served quantities and L undergoes an isospectral deformation. One can also
prove with the help of the functional equation that the fi are in involution and
are functionally independent ([49]), so the systems of type I-IV are completely
integrable. In some cases one can explicitly solve these equations by construct-
ing the one- parameter family U(t). In chapter 5 we shall give another (Lie
algebraic) proof of the integrability of tJhe models of type I, II, and III.
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1.2. The model of type V.

Now consider the model of type V as defined in (0.1)—(0.3) (see [1] and [49] for
more details). The configuration space and phase space are the same as for the
models of type I and II and Hamilton’s equations are given by:

95 =pj

pi=-20") (ax —4;)"° +20°¢" Y (a — ;) (1.58)
k#j k#j

Define the matrices P,Q,L,M and p as for type I, then one can easily verify
that the equations (1.58) are equivalent with the matrix equations:

Q=P, L=[ML]-&Q, & =2mnuw’g? (1.59)

This is not yet a Lax equation. So define

L* = L+iaQ (1.60)
then
@, L =p, [L*,L7]=2iop (1.61)
and
(L' =1- (1.62)
where } denotes the hermitian adjoint. From (1.59) it follows that
L* =M, L*] +ioL* (1.63)
Now define
Ni=L*L", N,=L"L* (1.64)

then N; and N, are hermitian and satisfy the Lax equations

Ny = [M, Ny)
Ny = [M, Ny] (1.65)
Finally define
N =1/2(Ny + Ny) = L? + &*Q? (1.66)

then N is again hermitian, H = 1/2tr N and N satisfies the Lax equation

N =M, N] (1.67)

So the eigenvalues of N are conserved and N undergoes an isospectral defor-
mation. Using N one can explicitly solve this model. To see this define

X(t) = Q(0)cos &t + &1 L(0) sin &t (1.68)
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X (t) is hermitian, so there exists a one-parameter family U(t) of unitary ma-
trices, such that

UMX®OUE)™ = Q1) (1.69)

Of course at this point one has to show that this Q(¢) indeed satisfies (1.59)-
(1.61). Now define

L(t) = U(t)(L(0) cos &t — @Q(0) sin &t)U (¢) ™" (1.70)

Again one can choose U(t) in such a way that U(t)pU(t)~! = p and U(0) = I,,.
Now .
[Q(0), X ()] = &~ sin (@t)p (1.71)
and so
[Q(2), L(t)] = p (1.72)
So again ¢;(t) # qx(t) if j # k and U(t) becomes unique by requiring ¢;(t) >
g2(t) ... > g, (t). Differentiating (1.69) with respect to ¢ gives:
Q=[UUQI+L (1.73)
and equating left- and righthand sides yields:
Q=P [QUU Y=L (1.74)
Differentiating (1.70) gives:
L=[UU,L]-&%Q (1.75)

and combining (1.74) and (1.75) it follows that M = UU~! so we have con-
structed an integral curve (Q(t), L(t)), satisfying (1.59). Using (1.69) and (1.70)
one can check that

N(t) = U(t)N(O)U(t)™" (1.76)
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2. Poisson manifolds and completely integrable systems

In this chapter we collect some well-known facts about Poisson manifolds. We
refer to the literature ([22],[23],[24],[25],[26],[39],[40]) for the proofs and further
details.

Let M be an n-dimensional smooth manifold.

Definition 2.1. A Poisson structure or Poisson bracket is a skew-symmetric
bilinearmap{ , }:C®(M)xC>(M) — C°>(M) which satisfies the following
properties (f, g,h € C®(M)):
{f9,h} = f{g,h} +{f,h}g (Leibniz property) (2.1)
{{f,g9},h} +cycl. =0 (Jacobi identity) (2.2)
So a Poisson structure turns the commutative algebra C*° (M) into a Lie algebra
such that {h,.} : C*°(M) — C*(M) is a derivation for all h € C*(M).

Definition 2.2. A Poisson manifold is a manifold with a Poisson structure.

Example 2.3. Let M = R*™ with coordinates {p1,...,Pm,q1,---,qm} and

define
(=Y (P22 - 219 (23

= \9p; 0g;  04; p;

This is the socalled canonical Poisson bracket and {p;, g} = ;.

Definition 2.4. A Poisson mapping ¢ : M — N, with M and N Poisson
manifolds, is a smooth map which satisfies:

¢*{f,9tn ={8"(f), 9" (9)}m (2.4)
for all f,g € C>°(M), where the pullback ¢* : C>°(N) — C*°(M) is defined by:
¢*(f)(m) = f(¢(m)), meM (25) .

A diffeomorphic Poisson mapping ¢ : M — M is called an automorphism of
the Poisson manifold M.

Definition 2.5. An infinitesimal endomorphism A of a Poisson manifold M
is a linear map A : C*°(M) — C°°(M) which satisfies:

A{f, 9} = {A(f), 9} +{f, A(9)} (2.6)

so it is a derivation of the Lie algebra C>°(M); it is called an inner endomor-
phism if there exists a function h € C*°(M) such that

A(f) = A{h, f} (2.7)

Definition 2.6. A submanifold N C M, where M and N are Poisson man-
ifolds, is a Poisson submanifold of M if the inclusion i : N — M is a Poisson
mapping.
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Definition 2.7. A function f € C®(M) is called a Casimir function (or
distinguished function, cyclic function or invariant) if f € Z(C>*(M)), i.e.
{f,h} =0 for all h € C*(M).

Remark 2.8. The constant functions are Casimir functions.

Definition 2.9. With each h € C®°(M) one can associate a vector field
vy : C®°(M) — C*(M) by defining

uw(f) =1{h, f}, feCT(M) (2.8)
This is called the Hamiltonian vector field associated with the Hamiltonian h.

Lemma 2.10. The map h +— v;, has the following properties:

U{f’g} = [vf,vg] (2.9)
vi{f, 9} ={vn(f), g} + {f,vn(9)} (2.10)
vgg = fug + vy (2.11)

Proof. This follows directly from the definition of the Poisson bracket. [

So the map v : C®°(M) — V(M) defined by v(h) = v, is a Lie algebra homomor-
phism from C*°(M) into the Lie algebra of inner infinitesimal endomorphisms
of M.

Definition 2.11. Let v;, be a Hamiltonian vector field with Hamiltonian h.
Let ¢ : R — M be a smooth curve in M such that

(t) = (va)(4(1)) (2.12)

where (v3,)(4(¢)) is the value of vy, in @(t). Equations (2.12) are called Hamil-
ton’s equations with Hamiltonian A. The unique maximal integral curve passing
through z € M is denoted by 9(¢,z) and is called the flow of v;, and is often
written as

P(t, ) = exp(tvy,)(z) (2.13)

Example 2.12. Let M = R?*™ with Poisson bracket (2.3). Then the Hamil-
tonian vector field vy corresponding to f is given by

=S (L2 2 2) a9

Let ¢(t) = (p(t), (¢(t)) be a curve in M then Hamilton’s equations become:

o (_0f _9of of  Of
¢(t)_( FPRERE 8qm’6p1""’6pm) (2.15)
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written out in terms of the coordinates (pi,...,Pm,q1,---,dm) these become:

of . _ of

o= —d =t 2.16

Take for example f = Z;n:1 a;p;, where a; € R, then vy = Z;’;l ajg‘?l—;, which
is the generator of a translation, and the corresponding flow is ¥(t,p,q) =
(p,q + ta), where a = (a1, ..., an).

Lemma 2.13. For each t, the flow exp(tv) : M — M determines a (local)
Poisson automorphism of M.

Definition 2.14. Two functions f,g € C*°(M) are said to be in involution if
{f7 g} =0.

Lemma 2.15. Let v}, denote a Hamiltonian vector field, let f € C*°(M) and
f and h in involution, then f is constant along integral curves of vy,.

Proof.
41606 = dFBON0) = SO (60)
= wn(£)(@(0) = {b, H6(0) =0
a

Example 2.16. Consider the Calogero-Moser model as defined in (1.6) and
(1.7). In this case {H, piot } = 0, which followed from the translation-invariance.
So the total momentum is conserved along integral curves of Hamilton’s equa-
tions.

From the properties of the Poisson bracket it follows that in each point m € M,
vy, depends only on dh and {f, g} depends only on df and dg, so there is a bundle
map B : T*M — TM such that v, = B(dh) and v = Bd : C*(M) — V(M).
B is sometimes called the Hamiltonian operator. One may also think of B as
defining a contravariant skew-symmetric 2-tensor W on M, for which

{f,9} = W(df,dg) = dg(B(df)) (2.17)

The tensor W is sometimes called a cosymplectic structure. Now let {z7,5 =
1,...,n} be local coordinates on M. Then it follows from the properties of the
Poisson bracket that one can write:

. Of O
{f,9}= Xk: W”“—ajj —3mgk (2.18)
]’

where ‘ .
Wik = {7 2*} (2.19)
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So a Poisson structure is determined by the system of functions W7*. These are
sometimes called the structure functions of M relative to the local coordinates
z7, and the matrix W is called the structure matrix of M. One can also
view the W7* as the components of the cosymplectic structure. The Jacobi
identity is equivalent to the Jacobi identity for the coordinate functions. In
local coordinates one has in each point z € M

B(dz') = ij(w)a—iE (2.20)
k=1

Example 2.17. Choose W constant and skew-symmetric.

Definition 2.18. The rank of a Poisson structure at a point x € M is defined
as the rank of the linear map B(z) : T*M — T, M. In local coordinates it is
also the rank of the matrix W7 (z).

Lemma 2.19. The rank of a Poisson manifold at any point is always an even
integer.

Lemma 2.20. The rank of a Poisson manifold is constant along flows of
Hamiltonian vector fields.

Definition 2.21. A Poisson manifold M is called symplectic if the rank is
everywhere equal to the dimension n of M.

Corollary 2.22. A symplectic manifold is even-dimensional.

If M is a symplectic manifold, then one can define a symplectic structure on
M by
w(Bdf, Bdg) = dg(B(df)) (2.21)

From the properties of B it follows that w is a closed non-degenerate 2-form
on M.

Theorem 2.23. Each Poisson manifold M naturally splits into a family of
even-dimensional symplectic manifolds, the leaves of the socalled symplectic
foliation. The dimension of any such leaf N equals the rank of the Poisson
structure at any point y € N.

Theorem 2.24. (Darboux) Let M be an n-dimensional Poisson manifold of
constant rank 2m < n. At each z € M there exist local coordinates

(Paq,z):(le-~apm,¢h,"-,Qm7217--~,21)

where 2m + | = n, in terms of which the Poisson bracket takes the form:

=3 (ﬂ,a—g_ - 2f—a—g) (2.22)
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so {pj, qr} = é;i and the z; are Casimir functions. The leaves of the symplectic
foliation intersect the coordinate chart in the slices {z; = ¢1,...,21 = a}
determined by the distinguished coordinates z. So locally a Poisson structure
always has the canonical form (2.22), but this is often not the most convenient
way of viewing a Poisson structure. This is for example the case for Poisson
structures on Lie algebras, which will be studied in chapter 4.

Finally consider completely integrable Hamiltonian systems (in the commu-
tative case). These are systems which satisfy the conditions of the following
well-known Liouville-theorem.

Theorem 2.25. (Liouville) Let M be a symplectic manifold of dimension
n = 2m and consider Hamilton’s equations on M with Hamiltonian h. If
there exist m functions {f1,..., fm, fi = h}, which are functionally indepen-
dent, such that {f;, fc} = 0 for all j,k then the Hamiltonian system is com-
pletely integrable, which means that there exist global action-angle coordinates
{I;,¢;,7 =1,...,m} on M in which the equations become:

I;j=0, ¢;=7fI), I=(h,... L) (2.23)

These are 2m ordinary differential equations which can be integrated immedi-
ately.

Remark 2.26. The Liouville theorem does not give an explicit construction
of the angle variables, but in concrete examples, for example the Calogero-
Moser model, there often exists a natural construction of these action-angle
variables. For example, in the case of the Calogero-Moser model ([18], [44]) the
action variables are the eigenvalues A; of L and the angle variables are given
by:

1 )

¢; = -tr(QL"Y), 1<j<n

J
and one can easily verify, using (1.16), (1.25), (1.27) and (1.14) and the prop- °
erties of the trace, that:

b = §tr<v‘) = (L)

Finally, a useful criterium to decide whether a submanifold is a Poisson sub-
manifold is the following:

Lemma 2.27. A submanifold N C M of a Poisson manifold M is a Poisson
submanifold iff all Hamiltonian vector fields are tangent to N.

Corollary 2.28. If M is a vector space and N a subspace this simplifies to
the condition:
vg(z) €N, forallz € N, f € C*(M) (2.24)
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3. Real semisimple Lie algebras

In this chapter g is a finite-dimensional real semisimple Lie algebra (see [30],[32]
and [33] for the proofs and more details). Let < , > be the Killing form
and 6 a Cartan involution of g, with corresponding eigenspace decomposition
g = t®p, which is orthogonal with respect to the Killing form, and commutation
relations

g ct [LplCp, [pplCt (3.1)

The Killing form is negative definite on ¢ and positive definite on p and one
can define an inner product on g by

<z, Yy >o=— < z,0(y) > (3.2)

Let G be a connected Lie group with Lie algebra g, such that G has finite
center, and let K be the subgroup corresponding to €. Then K is a maximal
compact subgroup of G and the center of G is contained in K. Let g¢o be the
complexification of g, which is again semisimple. Now suppose g is noncompact,
so dimp # 0. Then p contains a maximal abelian subspace a. Let hgr be
a maximal abelian subalgebra of g which contains a and which is #-stable.
Then the complexification h¢ is a Cartan subalgebra of g¢. Also one has the
orthogonal decomposition

br=(brNE) @ (hrNp)=(hrNE) G a (3.3)
and we write hy = hr N E. Let m be the centralizer of a in &, then
by Cm (3.4)

Now let

=009 ) o (3.5)

a€R

be the root space decomposition of g with respect to ad a, with corresponding
root system R, then

go=mda (3.6)

and we write

QOJ_ = Z G (3'7)

a€ER

R is called the restricted root system of the pair (g, a). Let A denote the simple
roots with respect to some ordening, R, the positive roots, R_ the negative

roots and define
8= D G 0-= Y fa (3:8)
a€R+ a€ER_
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One also has 0(g,) = g—, and the commutation relations
[ngﬂ] Cgatpifat+BeER

[90790] C 9o, {my m] cm
[90,9+] C 9+, [80,8-] C -

[80:9-a] C g0, [80,80] C 8a (3.9)

Furthermore one has
< ga,gp >=0ifa+F#0 (3.10)

Example 3.1. Let g = sl(3,C), viewed as a real Lie algebra. It consists of
all traceless 3 x 3-matrices over C, and the Killing form is given by

< z,y >= Retr(zy)

for z,y € g. The Cartan involution 6 is given by #(z) = —z', where { denotes
the hermitian conjugate. Then ¢ = {traceless skew-hermitian matrices}, p =
{traceless hermitian matrices}, G = SL(3,C) and K = SU(3). Choose a =
{real diagonal matrices with zero trace}, then m = za. In this case b = m, so
hbr=m®a=go. Let ¢ = diag(qi, ¢2,93) € a and define ¢(¢q) = ¢;,5 =1,2,3.
Then the restricted root system R is given by R = {a; :=¢; — €, 1 < j #
k < 3} and is of type As.

Choose

A={oj:=¢;j—€j41, j=1,2}
then the positive roots are Ry = {ajx € R,1 <j <k <3} and R_ = {a €
R,3 > j >k > 1}. The root spaces g, are given by

fa;, = R < ejk,ie]-k b

Definition 3.2. The (real) rank of g is defined as | = dima and m,, := dim g,
is called the multiplicity of the root a.

Remark 3.3. In contrast to the complex case R can be a non-reduced root
system, m, can be > 1 and m is in general a proper non-zero subspace of gy
and is not necessarily abelian.

Example 3.4. If g =sl(3,C) then =2 and m, =2foralla € R. Alsom
is abelian.
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Because the Killing form restricted to a is positive definite and nondegenerate,

a is an l-dimensional Euclidian vector space with inner product ( , ) and
one can identify a and a* with the helpof ( , ). If @ € a* one defines t, € a
by

(a,to) = afa), for all a € a (3.11)

and if a, 3 € a* one defines

(e, B) = (ta,tp) (3.12)
Furthermore one defines
hy = —ta (3.13)
Y (@) '

Now choose 0 # e, € go, @ € R, and the following two different normaliza-
tions:

a) Define (see [33])
e—a:=—0(eq) € g0 (3.14)

and normalize e, in such a way that

< ey, €q >g= (3.15)

(2, @)

then also

< e€_g,_q >9= (3.16)

(2, @)

and one has the commutation relations

[ea1 e-—a] = ha
[hee, €] = 24 (3.17)
[hay e—a] =—2e_q

50 {hqa, €q, €_q} forms an sl(2,R) subalgebra. Also

ay€—a 7= 3.1
< €q,€_q > ) (3.18)
From (3.14) it follows that
€a—€_o €L ey,te_,EP (3.19)
and so
<ey—Ee €y — € >=— 4
o - [e3 - - (a, a)
4
<egte_g,lqte_g>= (3.20)
(, @)
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b) Now define (see [38]):
e—ai=0(ca) € §-a (3.21)

and normalize e, in such a way that

< €y, €q >9=1 (3.22)
then also
<e_g,_q>9=1 (3.23)
and
< eg,e_q>=—1 (3.24)
Now one has the commutation relations
1
[ea, 0] = —ta = —g(a,a)ha
[ha, €a] = 2ea (3.25)
[hou e—a] =—2e_qo
and also
eate_o €L ey—€e_,EP (3.26)
and

<eyte_qg,€qte_og>=-—2
<€y —€_q,€u—€_g>=2 (3.27)
Example 3.5. Let g = si(3,C). In this case one has:

taye = oy, = dj — dy

jk ik

where d; = e;; and so (@, &) = 2. Now the two normalizations almost coincide,
so choose the second one. If one chooses €a;. = 1€jk , then e, = iey; and if
one chooses e,;, = e;i then e_,;, = —eg;.

Definition 3.6. An element x € p is called regular if dim Centy(x) = dim go.

Lemma 3.7. An element ¢q € a is regular iff a(q) # 0 for all @ € R. In that
case Centy(q) = go. '

Definition 3.8. The positive Weyl chamber a, of a is defined as
ar ={a€a|afa)>0, foralla € R} (3.28)
The Weyl alcove ui, d € R, is defined as
a¢ ={a€a|0<afa) <d, forall @ € R}} (3.29)

So a4 and a? consist of regular elements.
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Definition 3.9. The character § of g is defined as:
§ = dimp — dim¢ (3.30)
But because dim g3 Np = dim gz N ¢ one also has
§=1—dimm (3.31)
Definition 3.10. A real noncompact semisimple Lie algebra is called split if
dimm = 0, quasisplit if h; = m (see [42, p 172]) and a normal real form of g¢

if dim by = 0.

Example 3.11. Let g = sl(3,C), then ¢ = diag(q1, ¢2,93) € a is regular if
@1 # q2 7 q3 # q1- The positive Weyl chamber and Weyl alcove are given by:

ar ={q€alq >q >q}

af ={g€alq>q>g,q-g<ddeR}

Because in this case m = ¢a, § = 0 and because b = m, g is quasisplit.

Lemma 3.12. A real semisimple Lie algebra g is split iff it is a normal real
form. '

Lemma 3.13. If g is a normal real form and semisimple then m, = 1 for all
a € R.

Now specialize to the simple noncompact Lie algebras. Then one has:

Theorem 3.14. If g is a real simple noncompact Lie algebra then it belongs
to one of the following two types:

Type III: the pair (g, ) is such that g is a simple noncompact real Lie alge-
bra, the complexification g¢ is a simple Lie algebra over C and 6 is a Cartan
involution such that ¢ is a compactly embedded subalgebra.

Type IV: the pair (g, 6) is such that g is a complex simple Lie algebra, viewed
as a real Lie algebra and 6 is the conjugation of g with respect to a maximal
compactly imbedded subalgebra.

The Lie algebras of type IV are listed in Table IV and those of type III in Table
V of [30].

Now suppose g is quasi-split then dim b;, = dimm but also dim h; = rank g¢o —
dim a and combining this with (3.31) one gets the following condition:
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Lemma 3.15. A Lie algebra g is quasi-split iff
rankge =21 — 6 (3.32)

Now combining the information of Tables IV, V and VI of [30] and Tables 9.3
and 9.6 of [32] one finds the following:

Proposition 3.16. If g is a real noncompact simple Lie algebra of quasi-split
type, then g belongs to one of the following classes:

1) g is of type IV.
2) g is of type III and is a normal real form of g¢.
3) g is of type III and one of the following series:

Alll (p=g¢q,p=q+1), BDI(p=gq+2), EIl (3.33)

where we have used the notation of [30].

Proof. If gisof type IV then m = ia, so m is abelian, § = 0 and rank g¢ = 21,
so the condition (3.32) is satisfied. If g is of type III and a normal real form
then dimm = dimb; = 0, so § = and rankge = I. Now suppose g is of type
IIT and not a real form then one can check the condition (3.32) and one finds
that the only cases are the ones in (3.33), with:

ATIL (p = g
g = su(q,q9),6 = 1,1 = q,gc = sl(2¢,C),rankge = 2g—1 = 2l — §,¢ =
s(u(q) ®u(q)), R =C,

AIIl (p=gq+1)
g =su(q+1,q),t = s(u(g+1)®u(q)),6 = 0,1 = q,9¢ = sl(2¢+1,C),rank g¢ =
2¢q, R = BC,

BDI (p = q+2)
g =s0(q+2,q),t=30(q+2)®so(q),R=By,6 =q—1,l = q,9c = s0(2q +
2,C),rank go = q+1

EIl
9= FE¢,t = su(6) ®su(2), R = Fy,6 = 2,1l = 4,9c = Eg,rankgc =6 O

Using this classification and the tables already mentioned one also finds:

Proposition 3.17. If gis a real simple noncompact Lie algebra, the following
properties are equivalent:

(i) g is quasi-split.

(i1) m is abelian.

(iii) my < 2 for all @ € R.

(iv) the Satake diagram has no black nodes.

Proof. Observe that m, = 2 for type IV and m, = 1 for normal real forms.
Inspection of Table VI from [30] shows that the Proposition is true. O
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4. Poisson structures on Lie algebras

4.1. Introduction.

In this chapter we consider Poisson structures on Lie algebras and their relation
with integrable systems, via the Kostant-Adler-Symes theorem. For most of
the proofs and for more details we refer to [11],[12],{13],[14],[36],[37],[47] and
[48]. '

Let g be a real finite-dimensional Lie algebra. Let ¢ : g ® g — g be a 2-form
on g with values in g and define { , }:C>®(g*) x C=(g*) — C*(g*) by:

{f,9}(X) = M¢(F, @) (4.1)

where f,g € C®(g*), F = df()\),G = dg(A\),\ € g*, and where we identified
T*g* with g, so we view F' and G as elements of g.

Proposition 4.1. If ¢ satisfies the Jacobi identity

d(d(z,y),2) +cycl. =0 for all z,y,z€ g (4.2)

then (4.1) defines a Poisson bracket on C°*°(g*) and the linear functions on g*
form a Lie subalgebra of C*(g*)

Proof. It is clear that { , } is skew-symmetric, bilinear and satisfies the
Leibniz rule. From chapter 2 we know that the Jacobi identity is equivalent
with the Jacobi identity for coordinate functions. But coordinate functions on
g* belong to (g*)* & g, so if one takes z,y € g then dz()\) = z,dy(\) = y and
{z,y}(A) = XN(é(z,v)), so {z,y} € (g*)* = g. From this one gets d{z,y}(\) =
#(z,y), so

{z, 9}, 2}(V) + eycl. = A(@(d(z,), 2)) + cycl. = 0 for all A € g", 2,9, € g

O

We shall use the symbol (g, #) to denote the vector space g equipped with the
bracket ¢.

Now assume that g has a nondegenerate invariant symmetric bilinear form
< , >. Identify g and g* using the isomorphism « : g — g* defined by
k(z)(y) =< z,y > for all z,y € g. Now define

{f,9}(z) =< z,6(F,G) > (4.3)

where f,g € C*(g),z € g, F = Vf(z),G = Vg(z)and < Vf(z),y >= df(z)(y)
for all z,y € g. One easily checks that this defines a Poisson bracket on C*(g)
which is isomorphic with the bracket (4.1),where the isomorphism is given by
the pull-back of k, and g* forms a Lie subalgebra of C*°(g). So if ¢ satisfies
the Jacobi identity, then there are two Lie algebra structures on g and a Lie
algebra structure on g*, which are in general independent of each other.
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Example 4.2. Let ¢(z,y) = [z, y] then the corresponding Poisson structure
on C*(g*) is known as the Lie-Poisson bracket or Kirillov-Kostant bracket. In
this case the two Lie algebra structures on g coincide.

4.2. Double Lie algebras and Yang-Baxter operators.
Now make the ansatz
#(,9) = }[R(@), 3] + }lo, RO = 9] (44)
where R € End g.
Definition 4.3. A pair (g, R) is called a double Lie algebra if (4.4) satisfies the

Jacobi identity. The symbol gp is used to denote the vector space g equipped
with the bracket (4.4).

Now define
w(z,y) = R[R(z),y] + Rz, R(y)| - [R(z), R(y)], =,yeg  (45)
then, using the Jacobi identity for [ , ], it is easy to show that the Jacobi

identity for (4.4) is equivalent with
[w(z,y),2]+cycl. =0 (4.6)

Definition 4.4. An operator R € End g is called a Yang-Baxter operator if
w(z,y) = p[z,y] for all z,y € g, where p € Ris a constant. If p = 0 this reduces
to the Yang-Baxter equation

w(z,y) =0 (4.7

If p # 0 one can rescale R in such a way that it satisfies the modified Yang-
Baxter equation

w(z,y) = [2,9] (4.8) .

The operator R is called unitary if R* = —R where R* denotes the adjoint of
R.

Proposition 4.5. If Ris a Yang-Baxter then (4.4) satisfies the Jacobi identity.

Proof. Substitute (4.7) or (4.8) in (4.6) and use the Jacobi identity for
[ ] O

Example 4.6. A trivial solution of (4.8) is R = id. In this case ¢(z,y) =
[z, 9], so of course one refinds the situation of Example 4.2. So the Lie algebra
g itself is a (trivial) double Lie algebra.

Example 4.7. Take g = sl(2,C), then all unitary R are of the form R = ad 2
for some z = ah +fBe+vf,a, 3,7 € C. All these operators R are Yang-Baxter
operators, because w(z,y) = 4(a?® + B7)[z,y], for all z,y € g.
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Definition 4.8. A function f € C*°(g) is called Ad-invariant if
f(Adh(z)) = f(z), forallz € g,h e G (4.9)

Here G is a connected Lie group with Lie algebra g and Ad is the adjoint
representation of G on g.

Lemma 4.9. Let f,g € C*(g) be Ad-invariant functions then they have the
following properties:

(i) [V f(z),a] = 0

(i) [V(2), V()] = 0

(ii1) Vf(Adh(z)) = Adr(V f(z))

(iv) 4 | 1m0 VF(z + tly,2]) = [y, Vf(2)]
forall z,y € g,h € G.

Proof. We first prove (iii). For all z,y € g one has:

< Vf(Adh(z)),y >
= % |t:0 f(Adh(z) + ty)
= i | 1=0 f(z +tAdRT (y))
< Vf(2), Adh(3) >
—< AWV (@), y >
and so the result follows. Now (iv) is nothing but the infinitesimal form of (iii),

(1) follows from (iv) by taking y = z and (ii) follows from (iv) and (i) by taking
y = Vg(z) in (iv). O

Example 4.10. Let ¢ : g — End V be a finite-dimensional representation of
g and define

fulz) = —};tr[cp(x)k], k> 1 (4.10)

then the f; are Ad-invariant functions and are homogeneous polynomials of -
degree k.

Now consider the Lie-Poisson bracket on C*°(g)

{f,g}(z) =<=,[F,G] > (4.11)
where f,g € C*(g),z € gand F = Vf(z),G = Vg(z). The structure func-

tions are given by . _ .

Wik = {27 2%} = ¥ 2! (4.12)
where ¢J * are the structure constants of g with respect to a basis {T}}, {T}} is
the dual basis and z = 27T} and so the Poisson bracket becomes in coordinate

form:
1 0f 99
OzI Oz

{f,9}=d"*=z (4.13)
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where we have used the sommation convention.
The map B(z) : g — g is given by

B(z)(y) =adz(y), y€g (4.14)

and so the Hamiltonian vector field is given by

vi(z) = [z, Vf(z)] (4.15)
or in coordinate form: of 9
Uf((l?) = lkxlg‘,;;.é;k? (416)
and Hamilton’s equations become:
it = gt 2L (4.17)

LT g

From (4.14) one also sees that rank B(z) = dim O, where O, is the AdG-orbit
through z. If g is semisimple and z is regular, then the corresponding orbit is
called a generic orbit, otherwise it is called a singular orbit (see [28], [36] and
[37] for the non-semisimple case).

The following theorem has much to do with Theorem 2.23 and precizes it in
this particular case.

Theorem 4.11. [28] The Lie-Poisson bracket has the following properties:
(i) the Ad-invariant functions are Casimir functions.

(i1) the symplectic leaves are the orbits of Ad G on g and are the common level
sets of the Ad-invariant functions.

(iil) for all h € G, Ad h is a linear Poisson automorphism, which preserves the
leaves of the symplectic foliation.

(iv) if A = k(y) € g* then vy = —ady and

exp(tva(z)) = Ad(exp(—ty))(z) (4.18)
so the flow of v} is the orbit of exp(—ty) through z.

Now consider the more general situation where g is a double Lie algebra. Then
there is the following theorem:

Theorem 4.12. [12] Let gg be a double Lie algebra with Poisson bracket

{f,9}(z) =<=z,[F,G]r > (4.19)

where [F,G]g as in (4.4), then:
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(i) the Ad-invariant functions on g are in involution with respect to (4.19)
(ii)
o3(2) = o, R(F)] + L B[, F] (4:20)

(iil) if f is Ad-invariant then:
o7(e) = 3o, R(F)] (4.21)

(iv)
B(z) =adzo R+ R*oadz

4.22
= %[ad z, R] if R is unitary ( )

Proof. (i) follows directly from Lemma 4.9, (ii) and (iv) follow directly from
(4.19) and (4.4) and (iii) follows from Lemma 4.9 and (ii). O

So in the case of a double Lie algebra the Ad-invariant functions are in involu-
tion and if z is regular they are also functionally independent. So to construct
integrable systems one has to restrict oneselves to a symplectic submanifold of
dimension 21.

Remark 4.13. Theorem 4.11 and 4.12 can be formulated more generally in
the case of (4.1) without identifying g and g*. Instead of the adjoint repre-
sentation one has to use the coadjoint representation of g on g*. If g has a
nondegenerate invariant symmetric bilinear form, then the adjoint and coad-
joint representations are equivalent (see [12] and [13] for more details).

4.3. Poisson automorphisms of double Lie algebras.
Definition 4.14. A Yang-Baxter operator R is called invariant with respect
to z € g if (in the ring of endomorphisms of the vector space g)

Roadz—adzoR=[R,adz] =0 (4.23)

If R is unitary this implies B(z) = 0 so vs(z) = 0, which means that z is a
fixed point.

Lemma 4.15. If R is a Yang-Baxter operator and § € Autg a Lie algebra
automorphism of g then R := 0RO~ is again a Yang-Baxter operator and R
and R are called equivalent.

Proof. Straightforward. O

Definition 4.16. R is called invariant with respect to § € Autgif R = §RO~1.
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Proposition 4.17. If R is invariant with respect to § € Autg then 6 €
Aut gg, 0 is a linear Poisson automorphism of (4.19) and

B(6(z)) = 6B(z)8~ ! - (4.24)
Proof. Straightforward. O

Example 4.18. If R is invariant with respect to = then R is invariant with
respect to § = Ad(exp(tz)) and this is an inner Poisson automorphism.

Example 4.19. If R = id then it is invariant with respect to all § € Autg.
One can generalize this to the situation in (4.1) and then one has:

Proposition 4.20. If 0 € Aut g satisfies

0¢(z,y) = ¢(6(x), 6(y)) (4.25)

where ¢ as defined in section 4.1, then 6 € Aut(g, ¢) and @ is a linear Poisson
automorphism of (4.1) and if # = Adexp(¢z) is an inner automorphism of g
then (4.25) implies the infinitesimal identity

[Z,¢(£B,y)] = ¢([Z,J}], y)+¢(.’z, {Z,y]) (4‘26)

If one views ¢ : g Q@ g — g as a 2-form with values in g then (4.26) is nothing
else but

L.¢=0 (4.27)

which means that ad z is a derivation of the Lie algebra (g, ¢).
Now let # = Ad exp(tz) be a Poisson automorphism, §* the pull-back and define

A(f) @) = F; | 129 0*(F)(z) = df (z)([z, 2]) (4.28) -

Then A : C*°(g) — C*°(g) is an infinitesimal endomorphism of g, as one checks
easily. So if f is Ad-invariant, then 6*(f) = f and A(f) =0.
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4.4. Properties of Yang-Baxter operators.
Now we are going to study Yang-Baxter operators in more detail.

Proposition 4.21. [12] Let R € End g be a solution of (4.7) then
(i) $R: gr — g is a Lie algebra homomorphism.
(i1) Im R is a subalgebra of g and ker R is an abelian ideal of gg.
(1i1) '

[Im R,Ker R] C Ker R

[Im R, (Im R)*] C (Im R)*
[Im R, (Ker R)*] C (Ker R)*
[Ker R, (Ker R)*] € (Im R)* (4.29)

(iv) (Ker R)* is a Poisson submanifold of g.
Proof. (i) and (ii) follow immediately from (4.4) and (4.7); (iii) follows from

(4.7),.(ii) and the properties of the scalar product; (iv) follows from (iii), (4.20)
and Corollary 2.28 , because Im R* = (Ker R)*.

Proposition 4.22. Let R € End g be a solution of (4.8) and define
-~ R: =1(R+id), g+=ImRy, bt =KerRy (4.30)

then:

(i) R+ : gr — g are Lie algebra homomorphisms.
(ii) g+ are subalgebras of g

(iii) ¢4 are ideals of gp

(iv) Ker R is abelian in g

(v) lg+, bx] C Ex

(vi) [t4,t-]r =0

(vii) & and £+ are Poisson submanifolds of g
(viii) €4 are subalgebras of g

(ix) [g,Ker R] C Im R

Proof. (i), (ii) and (iii) are direct consequences of the fact that one can
rewrite (4.8) as:

Re[z,9]r = [Rs(x), Re(y)] (4.31)
(iv) follows directly from (4.8) and (v) and (vi) follow from the fact that:

[z, y]r = [R+(2),y] + [z, R—(y)] (4.32)
Now one has

vg(z) = [z, Ry (F)]|+ R% [z, F] = [z, R_(F)] + R} [z, F] (4.33)



and! se: ane can: write

B(z) =adzoR_ + R} oadx (4:34)
Because
ImR} = (Ker Ry )" = b (4.35)
and' (v) implies
[ex,04] C by, [tf,g]cCel (4.36)

(vi1) follows from (4.33). and Coroellary 2.28. Now suppose z,y € Ker R_, so
R(z) = z, R(y) = y, then using (4.8) one gets

[z,y] = 2Rz, y] - [z, ]
and so R_[z, y] = 0. Finally (ix) follows directly from. (4.8). O
An important property of Yang-Baxter operators is the following:

Proposition 4.23. Suppose that g has a nondegenerate invariant symmetrie
bilinear form and R € Endg is a Yang-Baxter operator. Define

Rt=YR+R), R =LXR-R" (4.37)

where R* is the adjoint of R with respect to the bilinear form. Suppose that
Rt satisfies (4.7) and

R[R"(z),y] = [B* (x), R(y)]. (4:38)

for all z,y: € g, which says that R is Im R*-invariant, then: R~ is a. unitary
Yang-Baxter operator and Im: R™ is abelian.

Proof. From (4.38) one easily derives, using the properties of the bilinear
form:

R*[R*(z),y] = [R*(2), R (y)] (4.39)
and’ so also

RY[R"(z),y] = [RY (=), R* ()] (4.40)

R™[R*(),y] = [R* (), B~ ()] (4.41)

From (4.41); one obtains the dual form:, using the bilinear form:
B[R (a), 3]+ B¥[o, B (3)] = 0 (4.42)
Now combine (4.40) and. (4.7) to obtaim
(R (z), R (y)] = @ (4.43)

so Im: R' is abelian. Now a straightforward: calculation, using (4.7), (4.40))
(4.41) and (4.42), shows that B~ is a Yang-Baxter opveratmz O
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Remark 4.24. If (4.38) is true then:
Im R? is abelian <= R satisfies (4.7)
because of (4.40).

An important and interesting solution of (4.8) is given by the following

Proposition 4.25. Let g = a® b (vector space direct sum), where a and b
are subalgebras, let 7, and 7, denote the corresponding projections and define

R=1m,—m (4.44)
then R satisfies (4.8), and in this case one has:
[, y]r = [7a(2), ma(y)] — [m(2), m(y)] (4.45)
and
R,=7m,, R_=-m, g+=%8 =a, g_=t_=5b (4.46)
Proof. Straightforward calculation. O

Corollary 4.26. Let n, denote the normalizer of a in b, then R is invariant
with respect to n,, where a, b and R are as in Prop. 4.25.

Proof. Suppose z € n, C b then [z,a] € afor all a € a. So for all y € g:
R[z,y] — [z, R(y)]
=R[z, 7,y + mpy] — [z, R(7oy + mpy)]
=R[z, 7.y] + R[z, my] — [z, Tay — TpY]
=[z, m.y] — [z, mpy] — [z, Tay] + [z, Tpy] = 0

Corollary 4.27. R is z-invariant <= m,(z) € n; and m(z) € n,.
Proof. Straightforward. a

Example 4.28. Let g be a real semisimple Lie algebra and let g = g ®goPg-—
be the triangular root space decomposition as defined in Chapter 3. Then
a=g4+ ®go and b = g_ are subalgebras and so

R=ny+mg—7_ (4.47)

is a Yang-Baxter operator, where 7y, 7, and m_ denote the projections on the
corresponding subspaces. Now 7§ = m, 7} = 7_, at =g,, bt =g_®go and

R*=m_+my — 7y (4.48)
and so R~ = my — 7m_ and Rt = 7my. If g is quasi-split then gg is abelian,
R* satisfies (4.7), and the commutation relations (3.9) imply that R* and R
satisfy (4.38), so R~ = w4 — m_ is a unitary Yang-Baxter operator. Observe

that R? = id, but (R7)? # id!
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4.5. The K.A.S.R.S. theorem.

An important connection between solutions of (4.8) of the form (4.44) and
integrable systems is given by the following theorem.

Theorem 4.29. [12] (Factorization theorem of Kostant-Adler-Symes-Rey-
man-Semenov-Tian-Shansky) Let g be a real Lie algebra with a nondegenerate
invariant symmetric bilinear form and identify g and g* using this form. Let
g = a®b with a and b subalgebras. Let R = 7, —m; be the corresponding Yang-
Baxter operator and { , } the corresponding Lie-Poisson bracket (4.19).
Then one has (4.45) and (4.46). Let h € C*°(g) be an Ad-invariant function,
with H = Vh(z) and consider Hamilton’s equations with Hamiltonian h:

z =vp(z) = [z, 7. (H)] = —[z, mp(H)] (4.49)

Let A and B be the connected subgroups of G corresponding to the subalgebras
a and b and let (g.(t), gs(t)) be the solution (for small t) of the factorization
problem

exp[—tH(0)] = gs(t) " ga(t) (4.50)

where H(0) = Vh(z(0)), then the solution of the Lax equation (4.49) is given
by:
z(t) = g5(t)z(0)gs(t) ™" = ga(t)z(0)ga(t) ™" (4.51)

Proof. Differentiating (4.51) gives

z= [g.bgb-l?m] = [g.aga~1am] (452)
and
H(t) = Vh(gs(t)z(0)gs(t) ") = () H(0)gs(t)* (4.53)

where we have used Lemma 4.9. Now differentiate (4.50):

D90 = 3 (0(0) xpH(0))s(1)™
= Ga(t) exp(H(0))gu(t) " + ga(8) exp(tH(O) H(0)gu (1)
= Ga(t)9a(t) " 90(1)gs(8) ™" + gu(t) H(0)gs (1) ™"

= ga(t)ga(t)™! + H(t)
(4.54)
and so H = gg5 " — §ag. !, which implies

To(H) = ~gaga™",  m(H) = gsgs™" (4.55)

because a and b are subalgebras, and substituting this in (4.52) gives (4.49).
a
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So the solution of the Lax equation (4.49) is reduced to a factorization problem
in the Lie group G. This is the finite-dimensional group-theoretical analogue
of the Riemann-Hilbert problem in the case of partial differential equations.

From Prop. 4.22 it follows that one can restrict (4.49) to the Poisson subma-
nifold at or bt.

Remark 4.30. One can formulate Theorem 4.29 for any real Lie algebra,
without identifying g and g*, using the coadjoint representation (see [12]).

We shall now consider two applications of Theorem 4.29.

Example 4.31. (The finite nonperiodic Toda lattice) Let g be a normal real
form of a simple complex Lie algebra, then dimm = 0 and m, = 1 for all
a € R. Choose 0 # e, € g, with normalization (3.15). Now consider the
following decomposition:

g =t @ [ (Iwasawa decomposition) (4.56)

where [ = go @ g (Borel subalgebra) and £ is the maximal compact subalgebra
as defined in chapter 3. Then one has in terms of the projections mg, 74, 7_
and the Cartan involution 6:

T = Ty + 07y

m =7+ 7T — Oy (4.57)

Also
g=trolrt (4.58)

where £+ = p and [+ = g_ and one has
=7y, WL =7m_, 60*"=§0 (4.59) -

so
Ty =T =7_ +7_0

T =, =T+ Ty —7_0 (4.60)
Now the Yang-Baxter operator R = m; — 7; becomes:

R=m4 +20my —mg — 7 (4.61)

and
R =7n_+427_0 —mg — 7y (4.62)

but 7 = w_6 and so one gets

R =n,—-7n_, R'=20m, —7g (4.63)
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so one sees that the skew-symmetric part of R is the unitary Yang-Baxter
operator of Example 4.28. Now take as phase space the Poisson submanifold
p and as Hamiltonian h(z) = 1 < z,z > then VA(z) = z and Hamilton’s
equations become

z = [z, mp(z)] (4.64)

with respect to the Yang-Baxter operator R. But because z € p one has
f(z4+) = —z_ and so -

mp(z) =z4 +0(zy) =24 —z_ = R () (4.65)

Now one gets the Toda lattice by restricting the equations (4.64) to the Poisson
submanifold O, consisting of the Ad* L-orbit through the element , defined
by

p= galeatea), 0<go€R (4.66)
a€A

Here we have identified [* and #% = p via the Killing form, and L is the
connected subgroup of G with Lie algebra [. A general element of O, can be
written as:

L=P+ Z gaexpa(Q)(eqy +e_qy) (4.67)
a€A

where P,@Q) € a. The Hamiltonian H is given by

9 2
H=1<PP>+3 P exp2a(Q) (4.68)
a€A (a’ a)
and the Lax equation (4.64) becomes
L=[L,M] (4.69)
where '
M=L,-L_= Z gaexpa(Q)(eq —e—y) (4.70)

a€A

If one specializes this to the case g = sl(n,R), one gets:

Q =diag(q1,...,qn), P =diag(p1,-..,pn)

n—1
B= Zgj(ej,jﬂ +e€jt+1,5), g; >0
j=1
n n—1

H=5) pj+ gexp2(g; — gj+1)
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n—1
L=P+ gjexp(q; — gj+1)(ejj+1 + €415
=1
n—1
M =" gjexp(q; — gj+1)(€jj+1 — €j41,7) (4.71)
=1

and Hamilton’s equations become

4 =pj, Pj=29;_1exp2(gj—1 — ¢;) — 29; exp2(qj — gj+1) (4.72)

with the convention that g9 = —o0, gn+1 = co. In this case the orbit O,
consists of the socalled Jacobi matrices. These have simple spectrum and the
factorization in SL(n,R) in this case is known as the ortho-triangular decom-
position or QL factorization (see [8],[9],(10] and [25] for more details).

One can also take the Yang-Baxter operator R™, because the Jacobi matrices
are again a Poisson submanifold (but not the subspace p!). One gets the same
Lax equation, but the factorization is somewhat more difficult. Observe that

the Lie-brackets [ , ]gand[ , ]g- are non-isomorphic and that
8R-6 = —R- (4.73)
and so
Oz, ylr- = —16(x),0(y)] - (4.74)

so 0 is an anti-automorphism of gg- .

Example 4.32. (Harmonic oscillator) Consider the decomposition (g is a real
semisimple Lie algebra)
g=nob (4.75)

where n = g4 and b = gy ® g_ (Borel subalgebra) and the corresponding
Yang-Baxter operator (cf. Example 4.28)

R=m,—my=7y — T —T— (4.76)

and g = nt @b, wherent =g, ®go, b- =g_ and also Ry = 7,, R_ = —m,
so the Hamiltonian vector field on nt becomes
vi(z) = [z, 10 (F)] — mp [z, F)

= [z, 74 (F)] — (7o + 74 )[z, F] (4.77)

If one now takes as Hamiltonian the function f(z) = 1 < z,z >, then Hamil-
ton’s equations become

.’t() = 0, .’i:+ = [$0,$+] (478)
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Now take g = sl(n,C) and take as the phase space the elements = € n' of the
form:

= iijejj + Zajkejk (4.79)

where w; € R, aji = pji + i(w; — wi)g;x and pjx, gjx € R, then

f(z) = LRe[tr(z?)] = -1 ijz (4.80)

Jj=1

with Z;'L=1 w;j = 0 and Hamilton’s equations become:

Wi =0, ¢k =pjk, Pik = —(wj —w)’gin, (G <k) (4.81)

These equations describe 1n(n — 1) harmonic oscillators, which for g = sl(2,C)
reduce to the well-known one-dimensional harmonic oscillator , by taking w; =
—wy = tw, q12 = ¢ and p13 = p. Factorizing exp[—tz(0)] one gets:

9b(t) = gm(t) = diag(expitwy, ..., expitw,) (4.82)

2(t) = Ad(gn(1))2(0) (4.83)

is the solution of (4.81).

Of course in this special case the Lax equation (4.78) can be integrated imme-
diately, because 2y = 0, so one does not need the factorization theorem. But
one should observe that with respect to the given Poisson bracket p;; and g;x
are not canonically conjugated variables. Instead, for example in the case of
n = 2, one has

{p,q} =2¢°, {w,p}=2wq, {w,q}=-2w"p (4.84) -

and if one defines P =p and @ = —1q~! then

PQ}=1 (4.85)
Z = p?+w?q? belongs to the center and the Hamiltonian is given by H = ——%wz.

Remark 4.33. One can also take R = m, — 7_, because then n' is again a
Poisson submanifold, since Ker(R_) = n and one gets the same Lax equation.
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4.6. Lie bialgebras.

Consider the Poisson bracket on C*°(g) as defined in (4.3). Because g* is a
Lie subalgebra of C*°(g), this induces a Lie algebra structure on g*, which is
isomorphic with the Lie algebra (g, ¢), so we shall denote this bracket also by
¢. Define the dual map ¢* : g — g® g by

<P (z),y®z>=<z,4(y,2) >, =z,y,2€49 (4.86)

Definition 4.34. [47] The pair (g,g*) is called a Lie bialgebra, if ¢* is a
one-cocycle with values in g ® g, i.e.:

do*(z,y) = ¢*([z,y]) — z.¢"(y) + y.¢"(z) =0 (4.87)
where g acts on g ® g by:
z.(y®z)=[z,y] @2 +y®[z,2], =z,y,z€9 (4.88)

The connection between Lie bialgebras and integrable systems is given by the
following Proposition:

Proposition 4.35. Let h(t) = expty € G denote a one-parameter subgroup
of G and let 6(t) = Adh(t). Let f,g € C>(g) be Ad-invariant, then:

A{f, g}(=z) = d{f, g}(=)([y, =])
=<, (Ly¢)(F,G) > (4.89)
=< d¢*(y,z), F® G >

for all z,y € g.

Proof.
0*{f, g}(z) = {f, g}(Adh(x))
=< Adh(z), ¢(V f(Adh(z)), Vg(Adh(z))) >
=< Adh(z), $(Adh(F), AdR(G)) >

where we have used Lemma 4.9, and so

A{f,9}(2) = & | ,= 0*{f, 9}(2)
=<[y,z],8(F,G) > + < z,¢([y, F],G) + ¢(F, [y,G]) >

and this can be rewritten in the form (4.89). O

Proposition 4.36. Suppose (g, g*) is a Lie bialgebra and G is a connected,
simply connected Lie group, then the Ad-invariant functions form a Lie subal-
gebra of C>(g).

Proof. Let f,g be Ad-invariant functions, then, because d¢* = 0, Prop.
4.35 implies A{f,g} = 0, and this implies 6*{f, g} = {f, 9}, so {f, g} is Ad-
invariant. 0O
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The connection between Lie bialgebras and double Lie algebras is given by the
following

Proposition 4.37. [12] A double Lie algebra (g, R) is a Lie bialgebra iff:
(1) there is a nondegenerate invariant bilinear form on g
(ii) R is unitary.

Proposition 4.38. Suppose g is a complex or real semisimple Lie algebra
and (g, g*) is a Lie bialgebra, then g is also a double Lie algebra.

Proof. Because g is real or complex semisimple each 1-cocycle is a cobound-
ary, so ¢* is exact, which means that there exists a skew-symmetric tensor
r € g® g, such that ¢* = dr. Here dr(z) = [z ® id + id ® z, r]. Now identify
with a unitary R € End g via the Killing form, i.e.:

<rz®y>=<zR(y)> z,y€cg (4.90)
then one finds, using the invariance of the Killing form that

d’(mvy) = —-[R(I),y] - [:E, R(y)]
so (g, R) is a double Lie algebra. O

Remark 4.39. In this case the Ad-invariant functions form an abelian Lie
subalgebra of C*°(g), but in general this is not true.

Recall that (g, R) is a double Lie algebra if R is a Yang-Baxter operator. In
general this is not a necessary condition, but one has:

Proposition 4.40. [47] Suppose g is a complex simple Lie algebra, (g, R) is
a double Lie algebra and R is unitary, then R is a Yang-Baxter operator.

Proof. Define the 3-form < R, R > with values in C by:
< R,R > (z,y,2) =< z,[R(y), R(z)] > +cycl.,, x,y,z€g (4.91)
Because R is skew-symmetric < R, R > is also skew-symmetric, and for all
z,Y,2,u € @g:
L, < R,R > (z,y,2)
=< [u,z], [R(y), R(z)] > + < z,[R[u,y], R(2)] >
+ < z,[R(y), R[u, z]] > +cycl.
=< u, [z, [R(z), R(y)] - R[R(w)> y] — Rz, R(y)]] + cycl. >=0
because of (4.6) and (4.5). But if g is a complex simple Lie algebra, the only
ad-invariant 3-form is a < z, [y, z] >, with @ € C, so
<R,R>(z,y,2)=a<az[yz2]> (4.92)

and rewriting this yields

R[R(z),y] + Rz, R(y)] — [R(z), R(y)] = o[z, y]

so R is a Yang-Baxter operator. O
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Remark 4.41. The 3-form < R, R > is known as the Schouten bracket of R
with itself (see [48]).

Proposition 4.42. Suppose ¢* is ad z-invariant with z € g, which means
¢*([2,z]) = 2.¢*(z) for all z € g, then (t) = Adexp(tz) is a Poisson automor-
phism of (4.3).

Proof. This is nothing but the dual version of Prop. 4.20. |
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5. Hamiltonian systems of type I-V on Lie algebras

5.1. Introduction.

In this chapter we are going to construct Hamiltonian systems of type I-V for
all root systems. This will be done by defining a phase space and a Poisson
bracket on it. Also we shall derive a Lax equation in the case of the classical
root systems and give a Lie algebraic proof of the integrability for the systems
of type I, II, and III.

Let R be a root system in an n-dimensional Euclidian vector space F and let
A, R, and ( , ) be defined as in chapter 3. Let @ — g, be a Weyl group-
invariant mapping of R into [0, 00). This implies that g, = gg if (o, @) = (8, B).
Let p,g € E and q, = (a q) and define:

Z 902v(qa) (5.1)

a€R+

with v(z) as in (0.3). Then H is determined by the root system R.

Let {dj,j = 1,...,n} be an orthonormal basis of E; denote by p;,q; the
components of p resp. ¢ w.r.t. this basis and by a; the components of a.
Define the configuration space A by:

A={gq€ E| gy >0,a € R} (positive Weyl chamber) (5.2)
for type I, IT and V, and
A={q€e FE|qy>0,a€ Ry,2%(q) < d} (Weyl alcove) (5.3)

for type III and IV. Here is  the maximal positive root, d = 7/a for type
IIT and d = 2w/a for type IV. So A consists of regular elements. The phase
space is now defined by M = A x E. Take the canonical Poisson bracket on
M CExE=R™;ie.

of 89 Of 89)
g 99 999 5.4) -
te}= Z <3p 9q; 94, Op; G4
for f,g € C>°(M). Then Hamilton’s equations become:
. _OH ‘
q; = 6P7 = Dj
Pi=—m—=— Y ga’v'(ga)e (5.5)
6% a€R,

These equations are the generalizations of (1.6) for abstract root systems.
If v(z) is of type I-IV then, using (1.48) and (1.49), (5.5) becomes:

G =pj, Bi=2 ) 9u’5(qa)y(da)e (5.6)
a€Ry

where the functions  and y are defined in (1.49) and (1.54).
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5.2. The Weierstrass p-function.

Now consider the Weierstrass function p(z, w1, ws) with half-periods w; and ws.
Tt satisfies the differential equation '

(0')? =40 — gap — g3 (5.7)

The constants gs,g3 € C are called the invariants of p and should not be
confused with the coupling constants g,. The discriminant A is defined by

A = gy —27g32 (5.8)
Let eq, e2, e3 denote the roots (in C) of the cubic equation
423 — gz — g3 =0 (5.9)
then A can be expressed in terms of e, es, e3 by
A =16(e; — e3)*(e1 — e3)?(eq — e3)? (5.10)
Thus all roots are different if A #0. Also
e1 = p(wi), e =pwtws), e3=p(ws) (5.11)
and of course the ej, e, e satisfy the symmetric function relations:
e1+es+e3 =0, ejese3=1/4g3, ejes+eses+eres=—1/4g0 (5.12)

The type IV case corresponds with A > 0. Then ej, e, e3 are real and so are
g2,93. If A > 0 the roots are numbered in such a way that e; > es > e3 and
there is the following correspondence between tuples (p, w1, w2, g2, g3, €1, €2, €3)
on the one side and tuples (z(n), k, k', K, K', b, c) on the other side (with z(n) .
of type IVc):

v(n) = a®p(an; w1, wz) = z(n)® — 1/3a*(k* + 1) (5.13)
er=1/3(2 k%), ex=1/3(2k>—1), e3=—1/3(k*+1)
A=16k*(1-k*)?, b=1d’(k*+1), c=d'k’
92 =4/3((1 +k*)* —3k%) >0
g3 = 4/27(1 + k2)(2 — k*)(1 — 2k?) (5.14)

and w; = K, wy = 1K',
Let 21, z9 be the roots of the equation

22— 2z4+c¢=0 (5.15)
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and D = 4(b% — ¢) its discriminant, then
21 = a2, z = a®k?, D=a*(1-k%)? (5.16)
and so z; > 29 > 0 because 0 < k? < 1 and also
e = 1/3a—2(221 —2), ey =1/3a"%(220 — 21), e3= —1/3a7%(2 + 29)
Aa'? =16Dc? (5.17)

From (5.14) one sees that indeed e; > es > e3 and moreover e; > 0, e3 < 0

and
ea=0if k> =1

<0if0<k’®<3 (5.18)
>0if L1 <k’ <1
Also g, > 0 because 0 < k? < 1 and
gs=0ifes =0
>0ifes <0 (5.19)
<0ifey >0
The type I and III cases correspond with a limit situation in which A = 0, so
kE2=0o0rk?=1.
Type II:
k=1k =0,e, =ex =1/3,e5 = —2/3,92 = 4/3,93 = —8/27,q = 1,K =
00, K'=(1/2)m,b=a%,c=a*, D=0
a?p(an) = a’coth®an — 2/3a’ (5.20)
so one gets the type Ila case and the IIla case can be obtained by the substi-
tution a — ia.
Type III:
k=0,k'=1e,=2/3,ea=e3=-1/3,K=1/2m, K' =00, =0
g2 =4/3,93 = 8/27,b=1/2a%,¢=0,D = a*
a?p(an) = a®sin™%(an) — 1/3a’ (5.21)
so one gets the type IIIb case and the IIb case by the substitution a — ia. The
type I potential can be obtained by taking the limit a — 0 and in this case
@2=g3=0e1=ey=e3=0,K=K'=00,b=c=D=A=0 (5.22)

This can be derived by scaling the constants g5, g3, €1, €2, €3 and using

p(1; g2, 93) = a®p(an; gaa™*, g3a~%) (5.23)
Then

v'(n)? = 4v(n)® — gyv(n) — g3 (5.24)

2

with gh = a*gs, g4 = a®g3 and from this one derives e} = a’e;, el = a’ey, e} =

a?e3, A' = a2 A, w! = w; /a,wh = wy/a.
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5.3. The Poisson structure.

Let g be a real noncompact semisimple Lie algebra with restricted root system
R (cf. chapter 3) and define P = A x g. Let (q,2) € P, then T, .\P = a® g,
so the Killing form induces a non-degenerate scalar product on T{, .)P by

< (a1, 21),(as, 22) >=< a1,ay > + < 21,29 > (5.25)

We will identify a and a* = E using the Killing form. One can view P as a
trivial vector bundle over A with fiber g and projection @ : P — A, given by
7(q, z) = q, where (g,z) € P.

Now define the linear map X(q) : g — g by:

X(q)(2) =0if z € go, X(q)(ea) = z(c(q))eq (5.26)
and choose the function z in such a way that
z(qy) >0if g€ A (5.27)

This can be realized by choosing it of type I, IL b, ITI b, and IV c in (1.54). Then
X (q) is semisimple, and because of (5.27) Ker X(q) = go and X(q) : g3 — 9¢-
is an isomorphism. Now define X ~!(q) by

X 7Ho)(z)=0ifz €90, X'(g)(ea) =z (alq))eq (5.28)

In the same way define the map Y (q) : g — g by

Y(q)(2) =0if z € go, Y(q)(ea)=y(a(q))eq (5.29)

and R := —Y X! (From now on we suppress the g-dependence). Because z(n)
is uneven and y(n) is even, it follows that

7

X:t—-pp—t Y:tE—tp—op (5.30)

Lemma 5.1. The maps X,Y satisfy the following properties:
(i) X is skew-symmetric and Y is symmetric with respect to the Killing form.
(ii) X and Y commute.
(iii) X and Y commute with ad z for all z € go.
(iv)
mo[X(2),y] = —molz, X (y)]

mo[Y(z),y] = mo[z, Y (y)] for all z,y € g (5.31)
where 7y denotes the projection on gg.

Proof. (i) is clear because z(n) is uneven and y(n) is an even function. (ii)
is trivial, (iii) follows from the definition and from the fact that [go, go] C ga
and (iv) follows from (i) and (iii). O
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Now define

[2,9]r = [7a(2), R(y)] + [R(z), Ta(¥)], ,y €9 (5.32)

where 7, denotes the projection on a.

Proposition 5.2. Formula (5.32) defines a new Lie bracket on g
Proof.

[[z,v]Rr, z]r + cycl.

[[ma(z), R(y)] + [R(z), ma(y)], 2] + cycl.

= [R[ma(z), R(y)] + R[R(z), ma(y)], ma(2)] + cycl.
([ma(2), R*(y)] + [R*(2), ma(y)], ma(2)] + cycl.
[[7a(z), R2(y)], ma(2)] + [[Rz(y)’ ma(2)], ma(z)] + cyel.
([ma(2), ma(2)], R*(y)] + cycl. = 0

where we have used Lemma 5.1(iii),(iv) and the Jacobi identity for [ , ]. O

Now consider the corresponding Lie-Poisson bracket on C*°(g). This can be
extended to a Poisson bracket on P in the following way. Let f,g € C°°(P) and

F; and F; the components of F' = V f(g, z) (with respect to the decomposition
P = A x g), then define

{f,9h(q,z) =< z,[F2,Ga]p > (5.33)

where (¢,z) € P and R = R(q).

Proposition 5.3. Formula (5.33) defines a Poisson bracket on P, which is
linear on each fiber g.

Proof. The skew-symmetry and Leibniz rule are clear, so from chapter 2 we
know that it is suffient to prove the Jacobi identity for coordinate functions. For
coordinate functions on g it reduces to the Jacobi identity for the Lie bracket
[ , ]rong. Now observe that

C®(A) C Z(C®(P)) (5.34)
O

Now define a second bracket on C*°(P) by setting for (¢,z) € P and f,g €
c>=(P)
{f7g}0(q, 1") =< WG(F2))G1 > =< Fla 7I'a(G2) > (535)

Proposition 5.4. Formula (5.35) defines a Poisson structure on P.

Proof. Trivial, because the corresponding structure matrix is constant and
skew-symmetric. O
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Proposition 5.5. The brackets { , }oand { , }; form a Hamiltonian
pair, which means that { , }o+A{ , } satisfies the Jacobi identity for
all A eR. '
Proof. Because {
prove that

, Yoand{ , }; are Poisson brackets, one only has to

{{f,9}o,h}r +{{f, g}1,h}o +cycl. =0 (5.36)

To prove this it is sufficient to prove it for coordinate functions and then it
is clear that the first term of (5.36) is zero because the structure matrix of
{ , }o is constant, so one only has to prove:

{{f,gh,h}o +cycl. =0 (5.37)

First we prove the following Lemma:

Lemma 5.6. Let f, g be coordinate functions on P and (g, 2) € P, then
mV{f,g}1(q, 2) = ma[R'(G2), [z, ma(F2)]] + ma[ R (F2), [7a(G2), 2] (5.38)
mV{f, 9h(q,2) = [F2,G2]r (5.39)
where
R'(q)(ea) = '(a(q))ea, r(n) =~z (n)y(n) =z~ (n)a'(n)
Proof. Let (g(t),z + ty) be a curve in P through (g, z), then
< V{f,9h(qg,2),(¢,y) >
= & 1m0 {f1 911 (a(2), z + ty)
=400 <z+ty, [m2VF(qt), 2+ ty), 2Vg(q(t), z + ty)] r(er)) >
=<y,[mVf(q,2), 72V g(q, 2)|r(q) >
+ < 2, im0 [TV £(a(8), 2 + t9), 2 Vg((8), 2 + )] rie)) >
=<y, [F2, Ga]r(g) > + < z,[7aF2, [4, R'(q)(G2)]] >
+ < z,[[¢, R'(q)(F2)], maGa] >
=<y, [F2, Ga|Rr(g) >
+ < ¢,[R'(9)(G2), [z, maF2]] + [R'(¢)(F2), [7aGa, 2]] >

where we have used Lemma 5.1. This proves Lemma 5.6. |

Now substitute (5.38) and (5.39) in (5.37) to obtain:

< mV{f, gh(q, z), H > — <mV{f,gh(q, z), Hy > +cycl.

The first term is zero because Hy € a and [F2, Ga|g € gé- and the second term
becomes:

— < [R'(G2), [z, maF2]] + [R'(Fy), [maGa, 2]], H2 > +cycl.
=<z, [ﬂ-ﬂF% [R,(G2)? 7T0H2]] + [[RI(F2)7 ﬂ'aHz], ﬂ-uG2] > +CyC1' =0

for the same reason as in the proof of Prop. 5.2. This ends the proof of Prop.
5.5. O
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Now define

This is a Poisson structure on P, and the Hamiltonian vector field correspond-
ing to a function f is given by:

vf(q,z) = (o Fa, molz, R(F2)] — [R(z), no F3] — F1) = B(q,z)(F1, F2) (5.41)
where (g,z) € P.

Now choose p € g and define

P, ={(g,X(q)u+x0),q € A,z0 € 8o} (5.42)

Remark 5.7. P, can be viewed as a trivial fibre subbundle of P = A x g,
because ¥ : A x go — P, C P, defined by 9(q,20) = (¢, X(q)p + z0) is an
isomorphism, which is linear in the fibres.

Lemma 5.8. We have

‘ C*(m) C Z(C*>(P))
Proof. Let f € C*°(m) then F; = 0 and F; € m, so from (5.41) it follows
that vs(g,z) = 0 for all (¢,z) € P, and so f € Z(C®(P)). O

Proposition 5.9. P, is a Poisson submanifold of P.

Proof. Let (q(t),zo(t) + X (q(t))u) denote a curve in P, with ¢ € a,Zg € go.
Differentiating this with respect to ¢ gives

(4(8), [Y (a(1))m, 4()] + 20(t)) € Tig,0) Py (5.43)

and comparing this with (5.41) one sees that v¢(q, z) € T(4 )P, for all (¢,z) €
P and f € C(P), so using Lemma 2.27 we conclude that P, is a Poisson
submanifold of P. o

One can rewrite Hamilton’s equations on P,, using Lemma 5.1 and the defini-
tion of R and one gets:

g=maFy, z=[Yp,n.Fo)+m[Yp,Fo]—F (5.44)

Proposition 5.10. If u € € then P, is a Poisson manifold of constant rank
21, where | = dima.

Proof. Consider the map B(q,z) : Tiq2)Pu — T(q,c)Pu With (¢,z) € P,.
From Lemma 5.8 and Prop. 5.9 it follows that

m C Ker B(g, :L‘), Im B(g,z) C T(q,a:)Pp. (5.45)
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and also dim T, ,)P, = 3l — 6 (where § as defined in chapter 3). Because
dimKer B(q, z) + dimIm B(g,z) = dim T, ,)P, it is sufficient to prove that
Ker B(q,z) = m. So let v(q,z) = (¢,[Yn, q] + 20) € T(4,2)P, and assume that
v(g,z) € Ker B(q, z), then one has:

e =0, ¢= WU[Y/"H [Yll‘a Q]], g €a,%o € go (546)
but this implies

0<<q,4>=<q,m[Yp,[Vnd]>
=<[g,Yu],[Yn,q] > (5.47)

because Y i € ¢ and the Killing form is positive-definite om p. Thus < ¢,¢ >=0
and so ¢ = 0, which implies that v(q, z) € m. O

Coroilary 5.11. The symplectic leaves of P, have dimension 2! and they
intersect P, in the coordinate slices m; = const. , where {m;,j = 1,...,dimm}
are coordinates on m.

Remark 5.12. We will denote by PS the symplectic leaf, for which m; = 0.
In that case one has z € p and a general element of PS will often be denoted
by (@, L), where @ € a, L€ p and P € a.

5.4. Derivation of Hamilton’s equations.

Now we are ready to give a (generalized), K.A.S.R.S type construction of the
Hamiltonian systems as defined in Section 5.1.

Choose 0 # e, € g, for & € R, with normalization (3.21) and (3.22) and
define

u= Z golea +e_y) €L (5.48)
QGR+

where g, is a Weyl group invariant function of a. Because in general dimg, =

mg > 1, this choice is not unique. To describe the models of type I-IV define
on P, the following function

flgz)=%<az,2> (5.49)
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where (g,z) € P,. Using (3.27) one finds

flgz) =1 <zo+ Xp, 20+ Xp>

= % < zg,To > +% < Z X(ea+e—a), Z X(eg+e_p) >
a€R4 BER

<ozt Y 0agsm(a(@)e(B(@) < ca— e ares—eop >
a,fER,

<Zo,zo > + Z 9o’ ((q))’
a€R,

=1<pp>+ Y 9a°0(ge) + 5 < Ty T >
OKGR+

Nl

D=

|
L]

(5.50)
where zg = p + Ty, p € 4, T, € m. Restricting this to a symplectic leaf, where
Z,, = const. , gives the Hamiltonian (5.1) of type I-IV.

From (5.49) one derives
=0, F,==x (5.51)

and substituting this in (5.44) one finds:
g=p, z=[Ypp+m[Yp, Xy (5.52)

and so ) _
P =Tl = m4[Y i, X )

= mq[ Z gaY(eq +e_q), Z 98X (ep +e_p)]

a€ERy BER,
= > 9u95u((0)2(B(@)malea + e—arep—e-g]  (5:53)
a,BERL
= Z gazy(qa)w(Qa)ta
a€Ry

Now take the components with respect to the orthonormal basis {d;,j =
1,...,n} of E and one gets back the Hamilton equations (5.5) and (5.6). Here
we make constantly use of the identification of a and a* = E. Under this
identification one has the correspondence

a
—_—
2(a, @)

aet, o :=

ha (5.54)

To describe the system of type V one has to take as Hamiltonian the function:
H=f(q,w)=-§-&2<q,q>+%<m,m> (5.55)
where @ € R is a constant, and then

Fi=0% F=x (5.56)
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Substituting this in (5.39) one finds
G=p, &=[Ypp|+m[Yn Xy -’ (5.57)

and one easily verifies that these are the same equations as (1.58) in the case
of a root system of type A, _; (if one identifies ¢ with @, p with P and z with
L). So we shall view (5.55) as the generalization of the type V Hamiltonian for
abstract root systems.

5.5. A condition on pu.

Hamilton’s equations (5.52) and (5.57) are not yet in Lax form. In order to
derive the Lax equation one has to impose conditions on the element p, where
p € ENmt. It turns out that a sufficient condition is the following:

(VE € )(mm[k, 1] = 0 — Fm € m, [k + m, u] = 0) (5.58)

In chapter 6 it is shown that such elements do exist. In the split case, when
m = {0}, the condition is trivial and implies that u € Z(¥). In section 6.1 the
nontrivial cases, where £ is not semisimple, are listed. In this section we will
assume that g is not of split type, so m # {0}.

Now consider the following chain of maps:

7|,J_
Cente(p) % tNgd B m (5.59)

where A = my, o adp, Ty denotes the projection on m and w3 denotes the
projection on gg. Then (5.58) is equivalent with :

Ker A C Im7g- (5.60) .

but one also has:
Im7y C Ker A (5.61)

because p € EN g

Lemma 5.13. m = Centy,(p) ®ImA

Proof.
Im A = (Ker A*)* = Ker(ad p 0 7 )+

= (m @ Centpy(p))*
= Centp(p)t Nm

and m = Centy,(p) ® Centn(u)* Nm O
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Using Lemma 5.13 and (5.61) one obtains the following relations:

dim Centg(p) = dim Centy, (1) 4 dimIm 7

dimN gy = dimKer A + dimIm A = dim Ker A + dimm — dim Cent (1)
dimIm 7y < dimKer A (5.62)

Using these relations one can prove:

Proposition 5.14. Suppose p € ENm', then the following properties are
equivalent:

(i) dimKer A = dimIm 7 (which implies (5.58))

(ii) dim Cente(u) = dim€ — 2dimm + 2 dim Centy, (1)

Proof.

(i)=(ii)

dim Cent(p) = dim Cent (1) 4 dim Im 7
= dim Centy(p) + dimKer A
= dim Cent () + dim €N g3 — dimm + dim Cent, (12)
= dim¢ — 2dimm + 2 dim Centy, ()

(ii)=(1)
dimKer A = dim ¢ — 2dimm + dim Cent, (u)
= dim Cent¢(p) — dim Cent, (1)

=dimIm 7r()L

Remark 5.15. So we are looking for elements u € € N m* for which the
dimension of the AdK-orbit is equal to 2dimm— 2 dim Centy(p). In [45] Adler
also derives some sufficient conditions on p. He remarks that his properties A
and B imply that one should look for p’s whose orbits have dimension 2dim t.
However, his construction only seems to work for Lie algebras of type IV, and in
this case his condition coincides with ours if one requires that dim Centp () =
0. So in this case our condition is more general and we will show in section
6.1 that the only p which satisfies this condition is the one already known
for the A,,_1 case. Moreover, our condition can be formulated for all real
semisimple Lie algebras and our proof of the integrability assumes no other
special properties of g. Adler also requires that g, # 0, but in the BC,, case
this is not necessary.
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Because m C Ker A and Im A C m it follows that Im A C Ker A, so A% = 0.
Now

t=Ker A® (Ker A)*
=KerA®Im(adpomy)

and if one of the conditions of Prop. 5.14 is satisfied one can define a linear
map
M:KerA—ImA (5.63)

as follows: if k € Ker A then according to (5.58) there exists an element m € m
such that [k + m,u] = 0. But because of Lemma 5.13 one may take the
component of m in Im A and still [k +m, u] = 0. This uniquely defines a linear
map M : Ker A — Im A with the property that [M(k) + k, u] = 0, in other
words:

M +1id : Ker A — Cente(p) (5.64)

We also observe the following

Proposition 5.16. If yu satisfies one of the properties in Prop. 5.14, then one
has the following exact sequence of maps:

wt T
0 — Centy,(p) — Cente(p) > €N g7 AmI Centy(p) — 0 (5.65)
Proof. Trivial. d
5.6. Derivation of the Lax equation.

Now we are ready to derive a Lax equation for the models of type I-V. Recall
the functional equation

z(n)y(€) — =(£)y(n) = =(€ + n)(@*(€) — 2*(n)) (5.66)

Let g € A,a,B € R and a+ 3 € R and take n = a(q), £ = 8(q), then one gets
the following equation for the maps X and Y:

[Xeq,Yeg] — [Yeq, Xeg) = X[eq, X2e,3] - X[Xze(,, eg] (5.67)

Now let 21, 25 € gg, with z; = Y acr A\ €ar 22 = Zﬁénpﬁeﬂ, then, because of
linearity, one easily derives that

7rd‘ [X21,Y 2] — 7rd‘ [Y21, X2] = X2, Xzzz] — X[X2zl, 29) (5.68)

for all 21, 22 € g7 -
Now suppose that p € €N gg satisfies (5.58). Choose z; = z2 = p in (5.68),
then

Ty (X, Yi] = X[, X4 (5.69)
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Now
Tl X2p) = =7 [ X2, Xpt] = 0

so X2?u € Ker A and thus
(X2 + MX2u,u] =0 (5.70)
where M : Ker A — Im A is the map which was defined in section 5.5. And so

X[, X?u] = X[MX?p, 4]

— MX X (5.71)

where we used Lemma 5.1.

Proposition 5.17. Suppose p satisfies (5.58) and X and Y satisfy the func-
tional equation (5.67), then Hamilton’s equations (5.52) on P, can be written
in the form:

g=p, z=[Mz—zy] (5.72)

where (g, z) € P,, z,, denotes the component of z in m, and M = MX2u+Yp.
So on the symplectic leaf PS, Z is in Lax form, i.e. £ = [M,z]. In general one
has on P, &, = [M,z,], because &, = 0. Here z,, denotes the projection of x
on p.

Proof. Substitute (5.69) and (5.71) in (5.52) to find

& =[Yp,p|+ ma[Yp, Xp
= [Yu,p] + [Y 11, Xpu] = 75 [V s, X 1]
=Y,z - zn] + X[u, X?4]
= [V, — 2n] + IMX?p, X )
=[MX’pu+Yp,z -z, =[M,z— z,]

where M = MX?u+Yp. O

Using this result one can also easily derive a Lax equation for the type V model.
Indeed, on P? Hamilton’s equations (5.57) become

q =P z = [M’ .’L‘] - (:’2q (573)

Now let g be the Lie algebra of an associative algebra and define N = 22 +&2¢?,
then .
N =@z + zi + (49 + q4)
= [M, 2]z — &gz + 2[M, ] — &*zq + &*(pq + gp) (5.74)
= [M, %] - &*{(Xu)q + a(X )}
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On the other hand one has, because in this case Y = X?
[M,N] = [M,2* + &*¢"]
= [M, 2]+ &*[X?p, ¢’
= [M,2%] + @*q[Xp, q] + @*[ X1, qlq
= [M,2%] - &*{q(Xp) + (Xn)a}

(5.75)

so N is in Lax form.
5.7. A proof of the integrability for type I, II, and III.

To prove that the Ad-invariant functions are in involution on P, we first derive
another form of the functional equation (5.66). For notational convenience we
write f for the function z.

Proposition 5.18. Suppose the function f satisfies the functional equation

F@)f'(y) = f@)f'(2) = flz +y)(£(2)* — f(%)?) (5.76)
and ‘
F(@)’ = f(2)* = 20f(2)’ +¢, f(z)#0 (5.77)
then f also satisfies the functional equation
f@) F@Y_ e .
te+n (55 + 50) = 7o @0 6w
Proof.

1), T o o
fe+) (£8 4+ £D) (52 - sy

= fle+y)(f(=)* = F@*)(f(@)F'(v) + F@)f @) [F (@) f )]

= (f@)f'(y) = ) @) @) F @) + fW) f (@) [F (@) f)] ™

= (f@)?f' )’ - F@*F @D)f () f )]

= {f(@)*(Ff(y)* = 26f(y)* + ¢) — F(¥)*(f(=)* — 2bf(2)* + )} f (=) f(w)] "
= (c— f@)? F)*) () = F))f (@) f(v)]

which implies (5.78). a

In fact, given (5.77), (5.78) and (5.76) are equivalent, because
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Proposition 5.19. Suppose f satisfies (5.77) and (5.78), then it also satisfies
(5.76).

Proof. Differentiating (5.78) to z resp. y and subtracting, one gets

zﬂw+w<fma_f%w)

2f(z) 2f(y)
'@ PO g o (=) fY)
= te+9) (555 - 5 ) - veson (5 )
+ f(@)f'(y) = f'(x) f(y)
Bl (f(w)f(y

c (f’(:v)

) (755 5)
o (7o~ 76)

=2(f(=)f'(v) - f()f (33))
which implies (5.76), because (5.77) implies

G
2f (=)

= f(z)2 —b (5.79)
O

Corollary 5.20. If f satisfies (5.78) and (5.77), then R = —Y X~ ! and X
satisfy the equation

X[Rz1, 22) + X[21, Rzg] = emg [X Y21, X "12p] — 73 [X 21, X 29 (5.80)
for all z;,29 € g(J,'.

Now let f € C*°(g) be an Ad-invariant function, viewed as a function on P,,
by defining f(g,z) = f(z). Then F; =0 and F> = F = V f(z).

Lemma 5.21. Let f be an Ad-invariant function, viewed as a function on
P,, then mg[p, X (7, F)] = —[mn F, ]
Proof. Because f is Ad-invariant one has [F, z] = 0. Taking the ¢-component
of this gives [m, F, myz] = [wmz, mF]. Using this one gets:

T [y X (1p F)] = =7t [ X pp, 7p F| = — 7y [mp, mp F)

= — T[T F, Tmz] = — [0 F, ]
where we have used extensively the commutation relations (3.9). a

Corollary 5.22. X(m,F) € Ker A if one of the following conditions is satis-
fied:

(i) g is quasi-split.

(ii) f is restricted to the symplectic leaf PB.
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So if p satisfies (5.58), f is Ad-invariant, and one of the conditions in Corollary
5.22 is satisfied, one can write

[, X (myF)) = [MX (7, F), (5.81)
and so
X, X (mpF)]
= X[MX(my F), ]
= [MX(,F), Xg]
= [MX(WPF)v z]
By taking F = z one gets back (5.71).

Using (5.80) one can rewrite the bracket { , }; on P, as follows, where we
write F' = Fy5 and G = Gs:

(5.82)

{f,9h(q,2) =<z, [rF, R(G)] + [R(F), 7.G] >
=< x, [mF, R(myG)] + [R(mp F), me G| >

5.83
=<z, [mpF, R(m,G)] + [R(mp F), 7, G| > (5:83)
— <z, [mymF, R(myG)] + [R(my F), my myG] >
The second term in (5.83) becomes, using Lemma 5.1:
— < X, [mymyF, R(myG)] + [R(mp F), my mpG] >
=< p, X[mg Fy, R(Gy)] + X[R(F), my Gy > (5.84)

= ¢ < md (XU E), XTG> — <y md [X(F), X(G,)] >
= e < [XTHE), XU > - < w [X(Fy), X(Gy)] >

where F), resp. G, denote the components of F' resp. G in p. So the Poisson
bracket on P, can be written as:

{f» 9}1(% 1’) =<z, [R(Fp)va] + [va R(GP)] >
+e< [ XHE), X HG,)] > (5.85)
- < [X(Fy), X(Gp)] >

so the Hamilton vectorfield corresponding to a function f becomes

v5(q, x) = (mo F, mplz, R(F,)] — mp Rz, F)

XU XN+ X[ X - ) 9
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Theorem 5.23. Let P, be the phase space of the models of type I, II or III,
with Poisson bracket (5.40). Let f, g € C*°(g) be Ad-invariant functions, viewed
as functions on P,, where y satisfies (5.58). Then they are in involution on P,?
and the Hamiltonian vectorfield on P,? corresponding to such an Ad-invariant
f can be written as:

v5(g, @) = (maF, [MX(Fp) — R(Fp), x]) (5.87)
Proof. For the models of type I, II and III, one has ¢ = 0, if the function

z(n) is chosen of type I, IIb and IIIb. If (g,z) € Pg then z € p, so if f is
Ad-invariant then [F),, z] = 0. Using this and (5.82), one can rewrite (5.86) as:

& = [z, R(F,)] + X[, X (Fp)]
= [z, R(Fp)] + [MX(F}), 7]

Now the involution of f and g follows as a corollary, because [G,z] = 0. a

Remark 5.24. For the general model of type IV this proof does not work,
because it is not clear how the c-term in (5.86) can be recast in Lax form.
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6. Construction of examples

6.1. Classification of u.

So we have shown in the previous chapter that (5.58) is a sufficient condition
to derive the Lax equation and to prove that the Ad-invariant functions are
in involution. In section 5.5 it was shown that (5.58) is equivalent with a
restriction on the dimension of the AdK-orbit through p. From this condition
we derive a necessary inequality and classify all elements p which satisfy that
inequality. In the case of the classical root systems we thereby restrict ourselves
to the Lie algebras of quasi-split type. One reason for this restriction is that
all the examples that are found up to now, are connected with quasi-split Lie
algebras. Moreover, in these cases p can be defined in a canonical way, as will
be shown in section 6.2 and 6.3. For the root systems of exceptional type we
also list the possible elements in the non-quasi-split case.

So let g be a real simple noncompact Lie algebra with Cartan involution 6. Let
t be a Cartan subalgebra of &€ which contains h. From the classification in [30]
it follows that & will be of the form:

eZCEBel@Ez:C@?S (61)

where ¢ denotes the center of ¢, with dimc¢ < 1 and ¥ and £ are simple.
Evidently one has ¢ C t and so

t=cht Oty (6.2)

where t; and t; are Cartan subalgebras of ¢ and £. From Prop. 5.14 it follows
that it is sufficient to look for elements u € £ N m* which satisfy

dim Cent¢(p) = dim € — 2 dimm + 2 dim Cent (1) (6.3)
but because Cent(u) = ¢ ® Centg_ () this becomes:
dim Centg, (¢) = dim € — 2dimm + 2 dim Centy, (1) (6.4)

Furthermore we assume that g is not split, so m # {0}, otherwise p € .
Because ¢ = AdK(t) and because dimension relations are the same for the
whole orbit, we are looking for elements ¢ € t, of the form:

t=t. 4+t +to =1t.+1, (6.5)
which satisfy:
dim Centy, (t) = dim & — 2dimm + 2 dim Centy, (1) (6.6)

where t. is the component of ¢ in ¢ and ¢, the component of ¢ in t; @ ts.
If p € ¢ then p satisfies (6.3), but because we also require that u € m* this is
only a nontrivial solution if ¢ C m*, so:
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Lemma 6.1. Suppose dim¢ = 1, then p € c¢ satisfies (6.3) and 0 # p € m*
iff c C mt.

In general ¢ ¢ m* but:

Lemma 6.2. c¢Nm = {0}.

Proof. Suppose ¢ € cNm, choose ¢ € a,. Normalize the root vectors e, such
that e, —e_, € p, then
[q7 [C» €a — e—a]] = [C: [qa €a — e—a]] =0

because [g,e, —e_o] € Land ¢ € ¢. So [c,e, — e_,] € a because g is regular.
But because ¢ € m one also has [c,e, — €_,] € at, which implies [c, e,] = 0 for
all @ € R, because [m, g,] C go. But this means that ¢ € Z(g) = {0}. O

Now consider the complexification ¢ = € @ it;, which is again semisimple,
with Cartan subalgebra h = t, ®it,. Let h; = t; ®it; and hs = to, D ity. Let &
denote the root system of the pair (t¢, ) with root space decomposition

to=ho» g (6.7)
aEd

Then dim g* = 1. For each a € h* define t, € h such that
k(to,h) = a(h) forall h € h (6.8)

where k(, ) is the Killing form of ¢c. Then it, = R < ¢,,a € & >. So it is clear
that our problem is equivalent to finding an element h € it, which satisfies

dim Centg. (h) = dim ¥, ~ 2dimm + 2 dim Centy, (1) (6.9)
Now it is easy to see that
dim Centg (h) = dimc h + |[{a € @ | a(h) = 0} (6.10)
but dim¢ h = dim¢t,, so (6.9) becomes
dim#¥, — dimt, — 2dimm + 2dim Centp(u) = [{@ € ® | (h) = 0}| (6.11)

Now let A denote the simple roots of ®, &, the positive roots. Identify h with
h*, using the Killing form of &c. Define the fundamental dominant weights
Aj € b* by (A, k) = L(an, k);x, where ay, € A.

Because of the Weyl group invariance of our problem and because each weight
A € b* is conjugate under the Weyl group to a dominant weight, it is sufficient
to find a a dominant weight

dim b
A= Z CjAj, Cj Z 0 (612)
1
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which satisfies
2b(A) = dim &, — dimt, — 2dimm + 2 dim Cent () (6.13)

where
b(A) = [{a € B4 | (2, ) = 0}] (6.14)

One can calculate b(A) as follows: colour the vertices of the Dynkin diagram
of ® black which correspond to the A; for which ¢; # 0, then 2b()) equals the
total dimension of the subdiagrams which are formed by the white vertices.

Example 6.3. Consider ® = A3 and take A = ¢y A1, then 2b(A\) = |A42| = 6.
Here |Az| denotes the total number of roots in As.

From (6.13) one can derive the following necessary condition:
2b(A) > dim ¢, — dimt, — 2dimm (6.15)

First consider the Lie algebras of type IV. Then £ is semisimple and dimm =
dimt =1, so (6.15) becomes:

2b()) > dim€ — 31 (6.16)

1. Consider g =sl(n+1,C), viewed as a real Lie algebra, then ¢ = su(n +
1),R=® = A,,l =n,dimt = n(n+2). It is easy to see that 2b(\) < dim -3/
and one has equality if A = ¢; A1 or A = ¢, A, with ¢1, ¢, # 0, because |A,_1| =
n(n — 1) = n(n + 2) — 3n. So, combining this with (6.13), this means that one
must require that Centy,(p) = {0}.

It turns out that this is the only solution in the case of the type IV algebras,
because, using the information in [29],[30] and [35] and the inequalities:

|Dy| < |An| < |By| forn <3

|An| < |Dy| < |By| for n. >3

it is easy to verify that for all the other root systems
2b(A) < dim€ — 31

Example 6.4. Take g = G2, then dim¥ = 14, but 2b()) < |4;]| < dim¢-3l =
8.

Next consider the normal real forms. Then, cf. Lemma 3.12, g is split, i.e.
dimm = 0, so (6.3) implies that u € c. So all the possible solutions correspond
with the cases where £ is not semisimple. This gives the following examples:
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2.AI (n=2): g =sl(2,R),t = s50(2),dim¢ = 1, R = A; (isomorphic with AIII
(p=g=1)).

3. DI (p = q+2): g = s0(2,2), ¢ = s0(2)®so(2), R = Dy & Ay x A; (isomorphic
with Al (n = 2)xAI (n = 2)).

4. CI (n >1): g = sp(n,R),t = u(n), R = C, (the case n = 1 is isomorphic
with AI (n = 2)).

5. BI (¢ =1,p=2): g =s0(2,1),t = s0(2), R = B; = A, (isomorphic with
Al (n =2)).

6. BI (g=2,p=3): g =150(3,2),¢ = s0(3) ® s0(2), R = By (isomorphic with
CI (n = 2)). So the only non-isomorphic case is CI (n > 2), with u € c.

Next consider the quasi-split Lie algebras of type III which are not normal real
forms.

7. AIIl (p=q=n >1): g = su(n,n),t = c® su(n) ® su(n),R =C,,® =
Ap1®Ap_1,dimt =2n%2—1,dimm =n—1,dimt = 2n—1, so dim€, —dim t, —
2dimm = 2(n — 1)? and the only solutions are:

A= (c1X1,0), A=(cn-1An-1,0)

Here A\; and \,_; denote fundamental dominant weights and the notation
(c1A1,0) means that the component of A in b} is ¢; A1 and the component of A
in b3 is zero. These two cases are conjugate under the Weyl group so consider
the first one. If ¢; = 0 then p € ¢ and because in this case ¢ C m*, this is a
solution. If ¢; # 0 then

26(A) = |Ap_s| + |An_1]| = (n = 1)(n =2) + (n — )n = 2(n — 1)?

so one has equality in (6.15) and so one must require that dim Centy (1) = 0.
Of course one also has the solutions A = (0,c1A1) and A = (0, cp—1Ap—1) With
dim Centp(p) = 0.

From this it is clear that for all other choices of A one has 2b(\) < 2(n — 1)%.

8. AIIl (p=q+1=n+1>2): g=su(n+1,n)andt=cPsu(n+1)®
su(n),dimt =2n(n+1),R= BC,,®=A, ® A,_1,dimm = n,dimt = 2n, so
dimé¢, —dimt, — 2dimm = 2n(n — 1) and one has the solution A = (¢; A1, 0) or
the conjugate solution A = (c,\,,0). In this case ¢ ¢ m, so one must take ¢; #
0 and then 2b(\) = 2|A,,_1| = 2n(n — 1). So one has again equality in (6.15)
and one must require that dim Centy(p) = 0. Another solution is A = (0, ¢c1 A1)
or A = (0,¢p—1An—1), With ¢, c,—1 # 0 and 2b()) = 2(n%? —n+1) > 2n(n—1).
In this case one must require that dim Centy,(s) = 1. One can easily verify
that for n > 5 these are the only solutions and for all other choices of A
we have 2b(A) < 2n(n — 1). For n = 3 one has furthermore the solution
A = (0,c1A1 + c2A2), with ¢; # 0 A ez # 0 and 2b()\) = 12 so one must have
dim Centy(p) = 0. For n = 4 there is the solution A = (0, co\2) with 2b()\) = 24
so again dim Centp(p) = 0.
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9.BDI (p=q+2,g=n>1): g=so(n+2,n),t=so(n+2)&so(n),dimt =
n(n+1)+1,dimm=1,R = B, and

dimt=n+1if n is even

=n if n is uneven

The n = 1 case is isomorphic with the case g = sl(2,C) and the n = 2 case
is isomorphic with AIIl (p = ¢ = 2), so let n > 3. For n = 3 one has
dim¢—dimt—2dimm = 8 and £ & B,® A; and the only solution is A = (0, ¢1 A1)
for which 2b6()\) = 8. Because one has equality in (6.15) one must require
dim Cent,(p) = 0. But in this case m C so(5), so dim Centy,(p) = 1, which
means that there is no A satisfying (6.13).

For n = 4 one has dim¢—dimt—2dimm = 14 and ¢ = s0(6) ® so(4) = A3 ® D,
and Dy & A; x A;. The only A which satisfies (6.15) is A = (0, ¢; A1, 0) and in
this case 2b(\) = |A3|+|A1| = 14. Again one has equality in (6.15) so one must
require dim Centy, () = 0, but because m C so(6) one has dim Centy(p) = 1.
So again there is no A which satisfies (6.13). One can easily check that for
n > 5 one has 2b(A) < dimt — dimt — 2dimm.

10. EIL: g = Eg, R = Fy,t = su(6) @ su(2),dimt = 38,dimm = 2,dimt = 6,
so dimt — dimt— 2dimm = 28 and because ® = A5 & A;, the only possibility
is A = (0,¢1 A1) with ¢; # 0 and then 2b(A\) = |A5| = 30, so for (6.13) to be
satisfied one must have dim Cent,(p) = 1. But m C su(6) so this cannot be
the case.

Let us finally consider the non-quasi-split cases where R is of exceptional type.

11. EVL: g = B, R = Fy, t = 50(12) @ su(2), ® = Dg® Ay, dim € = 69, dimm =
9,dimt = 7, so dimt — dimt — 2dimm = 44, and the only solution is A =
(0,c1A1) with ¢; # 0 and 2b(X) = |Dg| = 60, so one must require that
dim Centy,(p) = 8. But m C 50(12) so this cannot be the case.

12. EIX: g = Eg,R = Fy,t = E; ® su(2),® = E; & A;,dimt = 136,dimm =
28,dimt = 8, so one must require 2b(A) > 72. There are two possibilities:

A =(0,c1A1) with ¢; # 0 and 2b()\) = |E7| = 126, so dim Centy, (1) = 27

and

A= (a1, i) with ¢; # 0A ¢} # 0 and 2b(\) = |Eg| = 72, so one must
require dim Centy,(p) = 0.

So let g be a real semisimple noncompact Lie algebra with restricted root system
of exceptional type, then the only possible choices for u which cannot be ruled
out correspond with the root system Fjy and are given in 12.

Remark 6.5. This implies that the construction of the Lax pair in chapter
5 does not work for the cases Fg, F7, Eg and Gy.
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Remark 6.6. Another reason for restricting to the quasi-split case is the
following: the analysis in this section determines dominant weights A € h*
which satisfy the inequality (6.15) and so corresponding elements ¢t € t which
satisfy (6.15). To obtain from this an element u € m* which satisfies (6.3)
one has to be sure that the AdK-orbit through ¢ intersects m*, and that the
constants ¢; can be chosen in such a way that Cent,(u) has the right dimension.
If g is quasi-split one has m C t so t& C m*. So one only has to know that the
AdK-orbit through ¢ intersects t-, and this follows from a convexity theorem
of Kostant (see [31, p. 473]).

6.2. A construction of px for quasi-split Lie algebras.

Now let o be a (nontrivial) involutive automorphism of g, i.e. 02 = id, which
commutes with the Cartan involution 8. The corresponding eigenspace decom-
position is denoted by g = § @ q, with commutation relations:

b,blCh, [ha]Ca, [g9]CH (6.17)

Because # and o commute one also has:

t=(nheEng), p=@FEnhe(na) (6.18)

and all these decompositions are orthogonal with respect to the Killing form.
Now choose a and fi o-stable. Then m is o-stable too and one has the orthog-
onal decomposition:

a=(anh)@(ang), m=(mNhemnaq) (6.19)

Furthermore consider the involutive automorphism ¢® = ¢ with eigenspace
decomposition g = h* @ q* and

h*=tnhepng, q"=tNgdpnh (6.20)
Now suppose that the triple (g, o, 0) satisfies one of the following conditions:
(i) dim(goNg*)=1foralla € R (6.21)

(i) dim(ga Nh*) =1for all a € R (6.22)

If this is the case, define root vectors e, and e_, as follows:
(i) Choose for all & € R, the root vector e, € g, N q* which satisfies (3.22)
and define e_, = 6(eq) € g—o. Then one has o(e,) = —0(ey) = —€—_q, s0

ente_o€ENG ey—e_,€pNY (6.23)

Now define:

p= Y galeate_s)€tng (6.24)
a€R,
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(i1) Choose for all a € Ry the root vector e, € g, N h* which satisfies (3.22)
and define e_, = 0(ey) € g—,. Then one has o(e,) = 0(en) = €y, so

eate_o €N, ey—e_,€pNQ (6.25)
Now define:
p= Y galeate_o)€tNh (6.26)
QER+

There is a strong relation between triples (g, o, ) which satisfy (6.21) or (6.22)
and quasi-split Lie algebras. Indeed, comparing Prop. 3.16 with Table IV in
[41] one can verify that the following is true:

Proposition 6.7. Let g be a real noncompact simple Lie algebra, then the
following properties are equivalent:

(i) g is quasi-split.

(ii) there exists an involutive automorphism ¢ and a Cartan involution 6 which
commutes with ¢ such that (6.21) or (6.22) is true.

In the next section we will see that all the examples of u that are known to
satisfy (5.58) belong to quasi-split Lie algebras and can be constructed as in
(6.24) and (6.26). If (6.21) or (6.22) is true then one also has:

Lemma 6.8. Suppose (g, 7, 0) satisfies (6.21) or (6.22) then:
()acpng

(i)mceng

Proof. We prove it for the case (6.21). The other case is similar.
(i) Observe that a is spanned by the ¢, and

U(ta) = [a(e_a),a(ea)] = ‘[e—mea] = —lq

soty €4.
(ii) Choose for @ € Ry a root vector f, € g, N h* which satisfies (3.22) and
define f_, = 0(fa) € 9—o- Then d0(fo) = fa, 50 0(f-o) = fo. Now define

Ba = %[eou f—a] + %[e—av foz] (627)

then O(hy) = ha, so i’fa € t and for all a € a one has [a, he] = 0, so by €
go Nt =m and also (hy) = —hq, s0 hy € mN g and, beause dimg, < 2, m is
spanned by the h,’s and so we conclude that m C €N gq. a

Now suppose one has the situation of (6.21) and p € €N q is defined as in
(6.24). Then €Ngq C Ker A because m C €N q and because of the commutation
relations. To prove that p satisfies (5.58) it is sufficient to prove it for all
z € €N q, because:
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Lemma 6.9. Suppose one has the situation of (6.21), and suppose that p €
N q satisfies (5.58) for all z € €N q. Then also the following is true:

wetNhNKerA= [w,pu[=0

and so u satisfies (5.58) for all z € £.
Proof. For all z € €N q one has

< [w, y], z >=< w, [, 2] >=< w, [p, m(z)] >
=< [w, p], m(z) >=< Tm[w, u],m(z) >=0

so we conclude that [w, u] = 0. O

Now suppose one has the situation of (6.22) and p € tNh is defined as in (6.26).

Then €N h € Ker A, because of the commutation relations and so p can only
satisfy (5.58) if €N h € Cente(p).

Example 6.10. Let g be a normal real form and ¢ = 6 then ¢ = ) and
p =q,s0 h* = g and q* = {0} and clearly condition (6.22) is satisfied. If now
p satisfies (5.58) then & = Cente(p), so p must be a central element of £ and
this is only possible if £ is not semisimple. Observe that this also follows from
condition (ii) of Prop. 5.14 because dimm = 0.
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6.3. Explicit construction of examples.

In this section we will give an explicit construction of u and the corresponding
Lax pair for the classical root systems. In all these cases g is quasi-split and p
can be defined as in (6.24) and (6.26).

6.3.1 The A,,_1 case

Let g = sl(n,C), viewed as a real Lie algebra, with the Killing form given by
< z,y >= Retr(zy) (6.28)

The Cartan involution  is given by 8(z) = —2, where  denotes the hermitian
conjugate, and we choose o(z) = —z'. Then ¢ = {skew-hermitian matrices},
p = {hermitian matrices}, h = {complex skew-symmetric matrices}, q =-
{ complex symmetric matrices}. Choose a = {real diagonal matrices}, then
a is a o-stable maximal abelian subspace of p and m = ia. Moreover a,m C ¢.
Let ¢ = diag(q1,...,9») € a and define ¢;(q) = gj. Then the restricted root
system R is given by R = {a;, :=¢; — ey, J # k} and is of type A,_1.
Choose .

A={aj:=¢j—€j41,1<j<n-1} (6.29)

then the positive roots are R, = {ajr € R,j < k} and R_ = {aji € R,j > k}.
The root spaces g, are given by

8o, = Span < ej, ieji > (6.30)
and so my, = 2 for all @ € R. Also

9a;, Nq" = Span < iej;, >
and

9o, N H* = Span < ejy > (6.31)

so dimg, N q* =dimg, NHh* =1 for all @ € R.
Following the construction in Section 6.2 choose €a;, = e and fo,, = eji
which satisfy the normalization (3.22). So e_q,, = iex;, foa;, = —exj, and
define, as in (6.24):

p=g> ilejk+er), geR (6.32)

i<k
which is precisely the element p as defined in (1.23). Because A,_; has only
one root length, there is only one coupling constant, which is denoted by g.
Moreover:
tNngNm' =Span < ey +e_q,a € Ry >
tENh=Span < fo, + fn,x € R} >
pNh=Span <e, —e_,o, 0 € Ry >

pﬂqﬂaJ'=Span-<fa—f_a,a€R+>-

(6.33)
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Furthermore one has:

tas = hay = dj — di (6.34)

where d; = e;; and so (a,a) = 2. Here t, and h, are as defined in (3.9) and
(3.13).
The positive Weyl chamber and Weyl alcove are given by:

ar ={g€alqg —qr>0if j <k}
at ={gea|0<q—qu<difj <k, deR} (6.35)

Lemma 6.11. Centg,(u) = {0} if g # 0.

Proof. Let ¢ € a and [g,pu] = 0 then gZa€R+ a(q)(eq — e—o) = 0 which

implies a(q) = 0 for all @ € R and so ¢ = 0. Because m = ia the Lemma
follows. O

Proposition 6.12. The element yu, as defined in (6.32), satisfies (5.58) and
the map M : ENgNmt — m is given by:

2
M(Caik + e-ajk) = 2(;[,, - d]‘ - dk) (636)

Proof. From Lemma 6.9 it follows that it is sufficient to construct the map
M for €N q and one easily checks that [y, (id + M)(e, + €-4)] = 0. d

So u satisfies (5.58) which was sufficient to prove integrability. Now use (6.36)
in (5.72) and one gets back the Lax pair (L, M) as defined in (1.45) and (1.57).

Remark 6.13. One can write p in the dyadic (see [34] for properties of dyads)
form:

u=1igle®@e—1I,) (6.37)

where e = (1,...,1) € R® and one easily checks that y is conjugate under AdK
to ngiA; if g > 0 and to —ngiX, 1 if g < 0. Here A\; and \,,_; are fundamental
dominant weights of si(n,C), with

1 1
AL = ;diag(n —-1,-1,...,-1), Ap-1 = —diag(1,1,...,1,1—n) (6.38)
n

This example corresponds to case 1 of section 6.1.
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6.3.2 The BC,, and B,, case

Let g = su(n + 1,n) which consists of matrices of the form:

A w B
X=|-vl ia —wl (6.39)
c v -Af

where A € gl(n,C), B,C € u(n),a € R,v,w € C* and tr(A — A) +4a =0. An
element X € g will be denoted as X = (A, B,C,w, v,1a).

Remark 6.14. The standard representation of su(n + 1,n) is given by ma-

trices of the form . .
) A w C

X=|-wt ia ot (6.40)
ct B

v B

where C € gl(n,C), A, B € u(n)

, U, ,a € R. The relation between these
two representations is given by X

weC
= gXg~!, where g € SO(2n + 1) is the

element 1 g 0 g
7§ n W n
g= ( ? 1 0 ) (6.41)
1
—WI" 0 ﬁIn
so that the correspondence is given by:
- 1 (v +w)
w=—wv+w
V2
1
V= —=(v—w)
V2 1 (6.42)
A=3(B+C)+ 3(A- AT
B=-1(B+0C)+1(A- Al
C=4B-0)- LA+ A

In the representation (6.39) one can take 8(X) = — X' o(X) = —X* and
t={(A,B,B,w,w,1a), A € u(n)}
p = {(A, B,-B,w, —w,0), At = A}
c=R<i-1I,,(2n+1)I,,(2n+ 1)I,,0,0,2n) > (6.43)
h={(A, B,-B', w,w,0), A' = —A}
q={(A, B, B',w, —w,ia), A* = A}

For a one can take:

a={(D,0,0,0,0,0), D = diag(q1,---,92)} (6.44)
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so a C q and
m = {(:D,0,0,0,0, ia), D real diagonal, 2trD + a = 0} (6.45)

so m C q and m is abelian. From (6.44) and (6.45) it follows that | = n and
dimm = n, so § = 0, as expected. AlsomNt; = mNE; = cNm = {0}, dime=1
and ¢ ¢ mt.

For the Cartan subalgebra t of € one can choose:

t = {(¢D1,tD5,iD2,0,0,a), D1, D, real diagonal,trD; +a =0}  (6.46)
som C t,c C tand dimt = 2n. The Killing form is given by:
< z,y >= Ltr(zy) (6.47)

Let ¢ = (D,0,0,0,0,0) € a and define €;(q) = g;, then the restricted root
system is given by

R = {%e;,+2¢;, +(e; + €1), £(gj — ex), 5 < k} (6.48)

and is of type BC,. For the simple roots A one can take A = {ej —€j+1,1 <
j<n-—1,e,} and then

Ry ={¢j, 25,6 — ex, €5 + €k, 5 < k}

R_ = {-—Ej, —2¢j,er — €5, ——(sj +6k),j < k} (6.49)

Now write o = €; — €, Bjr = €j + €k, then the corresponding root spaces are
given by:
g¢; = Span < (0,0,0,¢;,0,0), (0,0, 0ie;,0,0) >

g-¢; = Span < (0,0,0,0,¢;,0),(0,0,0,0,4e;,0) >
g2¢;, = Span < (0, 7e;;,0,0,0,0) >
8-2¢; = Span < (0,0, 7e;;,0,0,0) >
8o;: = Span < (e, 0,0,0,0,0), (ie;%,0,0,0,0,0),5 < k >
9-a;. = Span < (e;,0,0,0,0,0), (ze44,0,0,0,0,0),5 < k >
9, = Span < (0,3(ejx + €x;),0,0,0,0),(0,ej% — €x,0,0,0,0),5 < k >
8-5;. = Span < (0,0,%(ejr+e€x;),0,0,0),(0,0, ej5—ex;,0,0,0),5 < k >~ (6.50)
SO Mg; = Mgy, = mg, = 2 and my,; = 1. Also one has t,; = d; :=

(€44,0,0,0,0,0) and < dj,d; >= §;; and so:

tej_—'dj, (8j,€j)=1, he;, = 2d;

M

toe; = 2d;, (2Ej, 26_7') =4, h2€j = %dj
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ta].k = dj - dk, (ajk,ajk) = 2, hajk - dj - dk
tﬁjk = d]' + dg, (,Bjk;ﬁjk) =2, h,@jk = dj + dj, (6.51)

In this case the involution ¢ is given by 0%(z) = Z and from (6.43) and (6.50)
it follows that dim(g, N q*) = 1 for all @ € R, so following the construction in
6.2 define the root vectors by:

e, = (0,0,0,ie;,0,0), e_c, = (0,0,0,0,ie;,0)
fe; =(0,0,0,¢4,0,0), f-., =(0,0,0,0,e;,0)
ese; = (0,V2iej;,0,0,0,0), e_s, = (0,0,V?2ie;;,0,0,0)
foe; = f-2¢; =0
ea; = (i€1,0,0,0,0,0), e_q,, = (iex;,0,0,0,0,0)
Fase = (€5£,0,0,0,0,0), fq,, = (—ex;,0,0,0,0,0)
eg;. = (0,4(ejr + €x;),0,0,0,0), e_g;, = (0,0,i(ejx + ex;),0,0, 0)
fo5e = (0, €1 —€1,0,0,0,0), f_g,, = (0,0,ej% — ex;,0,0,0)  (6.52)

where j < k.
Now define as in (6.24)

B= Z golea +e—q) (6.53)

a€R

where g, is a Weyl group invariant function from R to R. Because BC, has
three different root lengths, there are three different coupling constants. Using
(6.51) and (6.52) this becomes:

H® = gZ(ea,-k + e—ajk) + gZ(eﬂjk + e—ﬂjk)

i<k i<k
+01 Z(egj +e_e;)+ 92 Z(ezgj +e_g;) (6.54)
J J

= (f1, i+ 192V2In, o +192V/21,, ig1€, igr€, 0)

where /i is the element defined in (6.32), e = (1,...,1) € R® and g,¢91,92 € R
are constants, with g; # 0.

Lemma 6.15. If p # 0 then Cent,(p) = {0}.
Proof. Let g € a and [q, u] = 0 then

9(9 — ax) = 9(gj + qr) = 914; = 292q; =0

for all j < k and this implies ¢ = 0. O
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Proposition 6.16. The element p, as defined in (6.54), is conjugate under
AdK to

1
n+1

1 1
—_ 3 if 2g — —— >
(n +1)(2¢ oy 1\/592)1()\1,0) + g2V 2c if 2g Y V2g2 >0

and to

1

n+1

1 1
- 1)(29 — ——V2g2)i(An, 2cif 29— ——V2g2 <0 (6.55
(n+1)(29— ——=V20:)i(An, 0)+ =7 92V2¢ if 29— ——7 V292 < 0 (6.55)
iff
91® =2¢° — V2959 (6.56)
where A; = %Hdiag(n, -1,...,—1)and A, = —T;i—ldiag(l, 1,...,1,—n) are fun-
damental dominant weights of sl(n+1, C) and ¢ = itdiag(nl,+1, —(n+1)1,) € ¢,
where we have used the representation (6.40).
Proof. First transform g to the standard representation (6.40). After split-

ting off the c-component one gets a matrix i/ in su(n + 1), where fi is of the
form:

b ... b c
a=17  1 t | fdiagla—b,...,a—b0
=1 b iag(a a=b0)
C C —na

where a = ;L—i—l-gﬂ/i, b=2g and ¢ = g1V/2, so ¢ # 0. With induction one can
easily prove that this matrix has eigenvalues a — b with multiplicity n — 1 and
eigenvalues p; and ps with multiplicity 1, where p; and py are the roots of the
equation:

M4 (n—1)(a=bX—n(a®+(n—1)ab+c*) =0

SO

p1=3%(n—1)(b—a)+ %\/1_7, p2=3(n—1)(b—a)— %\/5
where D is the disriminant. Now D can be rewritten as:
D = (n—1)%*(a - b)? + 4n(a® + (n — 1)ab + ¢?)
=[(n+1)a+ (n — 1)b]? + 4nc?

and because c # 0 this implies D > 0, so p; > ps.

Now consider the following cases:

(i) Suppose VD > (n+1)|b — a| then ¢ > b? — (n+1)ab and p; > a—b > ps.
So fi is conjugate to

diag(p1,a—b,...,a=b, p2) = :[(n+1)(b—a)+ VDA +1[(n+1)(a—b)+V D]\,

where A\; and A, are fundamental dominant weights of sl(n + 1,C).
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(ii) Now suppose 0 < v/D < (n +1)|b—a| then ¢ < b* — (n + 1)ab. Now
consider two subcases:

a) Suppose b—a > 0 then v/D < (n+1)(b—a) and this implies p; > p» > a—b,
so fi is conjugate to:

diag(p1, p2,a—b,...,a—b) = VDAy + %[(n—l— 1)(b—a) — V' D]Ag

b) Now suppose b — a < 0 then vD < (n+ 1)(a — b) and this implies a — b >
p1 > p2, so [i is conjugate to:

diag(a — b,...,a — b, p1, p2) = :[(n + 1)(a — b) = VD]Auo1 + VDA,

From this it is clear that f is of the form ¢;A; or ¢, A, if and only if VD =
(n+1)|b — al, but this is equivalent with ¢* = b*> — (n + 1)ab, which is nothing
else but (6.56). If /D = (n+ 1) |b — a| then i is conjugate to:

(n+1)(b—a)\i +acifb—a>0
(n+1)(a—b)A, +acifb—a <0
Because v/D > 0 this also implies b — a # 0. From this the results about p

follow. ' a
So combining this with the discussion in 6.1 it is clear that one must require:

1
2g— ——V2 6.57
g n+1\/_92750 (6.57)

and
Centm(u) = {0} (6.58)

but (6.57) follows from (6.56) and because g; # 0 (6.56) also implies g # 0 and
one can check that this implies Centy,(p) = {0}.

Remark 6.17. This element p corresponds to the first example of case 8 in
Section 6.1.

Proposition 6.18. Suppose g; # 0 and (6.56) holds, then the map M :
tNgNnm' — mis given by:

4 4

M(eajk + e—-ajk) = i(mfn —e€jj — €r,0,0,0,0, D 1)
. 4 4
M(eﬂjk + e_ﬁjk) = Z(én——l—ljn — €55 — ekk,0,0,0,0,m'—l)
2
) —9¢.) =tV2(——I, —€;;,0,0,0,0, ———
M(eze; +e_ac;) “/—(271—!—1 € 0 2n—|—1)

M(eej + 6-—51) = Z(bIn — glg_lejj,0,0,0,0,a)
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where
P (g—l - 2ni) (6.59)
2n+1\ g a1
and 0 '
g9 )1
= = 4+ 2= 6.60
2n+1 (91 * g) (6.60)

Proof. Let X1, X, € €N g with
X1 =4(Aq, By, Bi,wy,wy,a1), Xz =i(Ag, By, Ba,wa, wa, az)

and Aj, Ay, By, By real symmetric, wy,ws € R*,a;1,a9 € R and a; + 2tr4; =
ag + 2trAs = 0 then

(X1, X2] = (As, B3, B3, w3, w3, 0) (6.61)
with
As = [Az,Al] + [Bz, Bl] +wy @ wp —w; Q@ wo

Bs = [Ag, B1] + [B2, A1] + wy @ wi — w; @ wy (6.62)
w3y = (A2 + By — agid)wl - (A] + By — alid)wg

Taking X3 = p, the condition [X7, X2] = 0 reduces to the equations:
gle®e, A1+ Bi|+gie®@w1 —g1w1 ®e=0

91(A1 + By)e — (g1a1 + 29 < e,w; >)e = (\/5_(]2 — 2g)w; (6.63)

where we have used (6.37) and where <, > denotes the standard inner product
in R™. Using (6.63) one can verify that

[(id + M)(eq + €—a),pu] =0 for all @ € R, (6.64)
O
Now one can apply the construction of chapter 5 and conclude that using (6.54)

and (6.64) one can construct a Lax pair for Hamilton’s equations for the BC,,-
Hamiltonian:

H

Il

n
3> p°+a* D la(g — k) + 2(qj + ax)]
j=1 i<k
o(g;)* + 92 ) #(2g;)
=1 i=1

(6.65)
+91°

J

for g1 #0,9:1% = 29% — v/2ggs.
This gives a more transparant Lie algebraic interpretation of the construction
of Olshanetsky and Perelomov in [38] and [43)].
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One can now consider three special cases:

(1) g2 # 0 = BC,-model
(i) g2 = 0 = g1 = 2¢%. This corresponds to the B,-model for special values
of the coupling constants.
(iii) g2 # 0,91 = g = V2g2. This can be viewed as a reduced As,-model by
imposing the conditions:

Gnt1 =0, Qontat; =—¢;, 1<j<n (6.66)

So one does not get a Lax representation for the B,-model for all values of the
coupling constants.

Proposition 6.19. One can easily verify that in the general case
[eEj + e—Ej + M(eé‘j + e—Ej)a/'l‘] =V:i= g_l(glz - 292 + 929\/5)(.)"6] + f—Ej)

and
[ea +e_ot M(ea + e—a):,u] =0

for all other roots @ € R. This implies that Hamilton’s equations for the general
BC,, model can be written in the following way:

=[Yp+MXpz]— X

Now define:
H= QZ(eajk + e—ajk) - QZ(eﬁjk + e—ﬂjk)
<k i<k
= (ﬂ? _ﬂ) —p'a 0,0, 0)
g0 —p
= 0 0 O
- 0 4

where i =gy, (ejr + ex;) € su(n). In the standard representation this
takes the form:

00 0
00 0
0 0 24

so using the results in the A,-case, it is clear that y is conjugate under AdK
to —2ngi(0, A,—1) if g < 0 and to 2ngi(0, A1) if g > 0, where A\; and A,_; are
fundamental dominant weights of sl(n,C).

One can also easily verify that:

Centp(p) =R < (il,,0,0,0,0, —2in) >

so dim Centy(p) = 1. So this p satisfies (5.58) and corresponds to the second
example of case 8 of section 6.1. Using this p one gets another Lax repre-
sentation of the D,-model. Of course one can also view p as an element of
su(n,n). Then dim Centy, (1) = 0 and this corresponds to the example of case
7 in section 6.1.
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6.3.3 The C,, and D,, case

To obtain a Lax representation of the C,, and D,-models we have to take
g = su(n,n), which corresponds to removing the n + 1** column and row in
(6.39) and taking

v=w=a=0, g =0 (6.67)
Then the restricted root system R is of type C,. The element u takes the form:
=, o+ igaV2In, i+ igaV2I,) (6.68)

In the same way as in the su(n + 1,n) case one can check that

Centy(p) = {0} iff g #0V ga #0, Centw(n)={0}iffg#0  (6.69)

If g = 0 then p € ¢, dim Cent¢(p) = dim € and dim Centy, (1) = dimm, so p still
satisfies (5.58). If g # 0 the map M is given by:

2

M(eq;, +e—a;) = z(;;[n —ejj — €, 0,0)
2

M(eﬁjk + e—ﬂjk) = 7'(;In — €55 — €Lk, 0>0)

. 1
M(e26j +e_g; = 'L\/i(;.[ﬂ - ejj,0,0) (670)

The corresponding Hamiltonian is given by (6.65) with g = 0 and g # 0V
g2 # 0, so using (6.70) and the construction of chapter 5 one gets a Lax
representation of the following models:

(i) g # 0 A g2 # 0 = Cp-model
(ii) g # 0,92 = 0 = D,-model
(iii) v/2g2 = g # 0 = this can be viewed as a reduced Aj,_1-model by imposing
the conditions:
g +qmt1-;=0, 1<j<n (6.71)

(iv) g = 0, g2 # 0 = this can be viewed as n uncoupled A;-models.

Proposition 6.20. In these cases u is conjugate under AdK to
2ngi(A1,0) + g2v2¢c if g > 0

and to

~2ngi(An—1,0) + g2v2c if g <0
where ¢ = idiag(l,,—I,) € ¢ and A\; and A\,_; are fundamental dominant
weights of sl(n,C).
Proof. First transform p to the standard representation. After splitting off
the c-component one is left with the matrix:

(% 5)

where i =gy . ;(ejr + er;). And so the result follows. O
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Now consider the case CI (n > 2) with g = sp(n,R), which consists of the

matrices of the form:
A B
X = (C —A") (6.72)

where A, B,C € gl(n,R) and B, C are real symmetric. Denote a general ele-
ment X by X = (A, B,C), then

t = {(4, B,—B), A € so(n), B real symmetric}
p = {(4, B, B), A, B real symmetric} (6.73)
For a one can choose:
a={(D,0,0),D =diag(qi,.--,qn)} (6.74)

and then
m= {0}, ¢=Span(0,l,,—1,) (6.75)

For the Killing form one can take (6.47) and the restricted root system is of
type C,. Now define
p=g2v2(0, I, —1I,) (6.76)

The Cartan involution is given by
6(X)=0(A,B,C)=(-A",-C,—B) (6.77)

In this case one can take o = 6 and then (6.22) is true. Now define the root
vectors as in 6.2 and then

K= g2 Z(eze,- +e_2;) (6.78)
=1

so one gets another Lax representation of case (iv) above, where the map M
is trivial, because p € ¢.
This example corresponds with case 4 of section 6.1.

6.4. Analysis of the map M.

So in all the examples of section 6.3 p can be constructed in the same way:

p= Y galea+e_a) (6.79)

a€ERy

where g, is Weyl group invariant and where the root vectors are defined as in
section 6.2. The map M is given by:

m(a) ;= M(eq+e_o) Em (6.80)
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so that

[ea +e_o+ m(a):#‘] =0 (681)
This arises the question whether such a construction is possible for all quasi-
split Lie algebras, especially for the algebras of type IV.

In this section we analyse in more detail the map M in the case of si(n,C), as
defined in (6.36), but now considered as a complex Lie algebra. Define

p=9Y (e +ex) (6.82)
i<k

with g € C. Recall from (6.36) that
2 .
m(aji) = M(ejr + ex;) = ;;In —ejj—ekks J<k (6.83)

then one still has
[ejk + ex; + m(ajk),;z] =0

Now ho = m @ a is a Cartan subalgebra of g and the Killing form is given
by < z,y >= tr(zy). Take a Chevalley basis {e,, €_q, ho} Which satisfies the
commutation relations:

[ea) e—a] = ha

[has€a] = 264
[ha, e—a] =—2€e_,4

and define the fundamental dominant weights \; € b, by:
(/\j, ak) = —%(ak, ak)éjk (6.84)

Using these weights and the structure constants c, g one can give a more ab-
stract characterization of m(a). First observe:

Proposition 6.21. The map m(a) as defined in (6.83) has the following
properties:
(i) m(a) = m(~a)
(i) e(m(e)) =0
(iii) B(m(a)) = 0 if (, 8) = 0
(iv)
B(m(a)) = cq,—p if (0, 8) =1
== -—Ca’ﬂ lf (a,,@) = -1

Proof. (i), (ii) and (iii) are clear. Now suppose a = ¢; — &, and 8 = € — g,
with m < n,5 < k, and suppose (a,3) = —1. Then a + 3 € R and there are
two possibilities:

a)j=n=>m<n<kand

lea; es] = [€jk) €mj] = —€mk = —€atp
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S0 ¢q,p = —1 and B(m(a)) =1 and this agrees with (6.83).
bym=k=j<k<nand

[eas 5] = [ejk, €kn] = €jn = €atp
0 cq,3 = 1 and B(m(a)) = —1 and again this agrees with (6.83).

If (o, 8) = 1 then @ — 8 € R and one can easily check that the proposition is
true. ]

Corollary 6.22. Using the fundamental dominant weights m(a) can be writ-
ten as:

1
m(a) = Z(a, )(Ca,a; F Cay—a; )N (6.85)
j=1

where o € A.
In this form the definition of m(a) is valid for all root systems, but the ques-
tion arises which of the properties survive. Still m(a) = m(—a) because the
structure constants satisfy c,.3 = —c_q,-g-
So one would like to know why (6.81) is not true for the other root systems.
So let R be of type A,D or E and choose a Chevalley basis. Let a,8 € R
and let 8 — ra, ..., 3+ qa be the a-string through 5, then r — g = % and
lea,ep) = 0if ¢ =0 and [eq, eg] = £(r+ 1)eqyp if ¢ > 1. Now for type A, D or
E one hasg+r < 1soif ¢ =1 thenr =0. So ca,ﬁ2 =1lifa+ 3 € R. Alsoone
has (a,@) = 2, so 7 — ¢ = (o, 8). Combining these bits of information there
are the following possibilities:

¢g=0,r=0=(a,8)=0,0+¢ R,a—¢R
¢g=0r=1=(a,8)=1,8+a¢ R B—a€R (6.86)
¢g=1r=0=(a,8)=-1,8+a€R,B—-a¢R

Using this one can compute for « € R,:

[ea +e_q+ m(a), :u']
= Z [ea +e_o+ m(a), ep + e_ﬁ]

BER,
= capleatp —€—a—p)t > Ca-plea—p —ep_a)
BER BERL
+ ) B(m(e))(ep —e—p)
BER, (6.87)

= Z R )

YER4,(7,0)=1

- Z Cy,aley —e—y)

YER4,(v,0)=-1

+ Z v(m(a))(ey —e—y)

YER4
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where we have used
Caff = Cf—a=f = C-a-fa

(6.88)

and it is clear that (6.87) is zero if m(c) satisfies the properties of Prop. 6.21.

Proposition 6.23. Define m(a) as in (6.85), then it satisfies the conditions

of 6.21,if o, 8 € A.
Proof. Choose a = ay,8 = a,, then @ — 8 ¢ R and so

l
m(ax) = Y (, @) Cap,a; N

j=1

Now properties (ii), (iii) and (iv) follow directly from (6.89).

Proposition 6.24. A necessary condition for Prop. 6.21 to hold is:

Cap,am+an, = Car,an

for ag, am, an € A, (am, an) = =1, (am, ar) = 0, (an, a) = —1.
Proof. Let 8 = a,, + a,, then (8,a;) = —1 and so

B(m(ar)) = (e, @m)Cay,am + (Qk; ¥n)Cay,an = —Cax,an

and because of Prop. 6.21 (iv) this must be equal to —c,, g.

(6.89)

(6.90)

a

Apparently this property of the structure constants is only satisfied in the case
of the root system A,, and this could ‘explain’ why the construction only works

for sl(n,C).
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7. Lie bialgebras and Yang-Baxter operators

In this chapter we want to compare the construction in chapter 5 and 6 with
the construction of integrable systems in chapter 4 and see whether the Pois-
sonstructure can be understood in terms of an underlying double Lie algebra
structure and a corresponding Yang-Baxter operator.

7.1. The co-Lie-algebra structure.

Let g be quasi-split, satisfying (6.21) and define the root vectors as in section
6.2. Let r € g ® g be the skew-symmetric tensor corresponding to the map R,
)

<rnz®y>=<z,R(y) > (7.1)

for all z,y € g, where we extended the Killing form to an g-invariant scalar
product on g ® g. Now consider the Poisson structure on C*°(P) as defined in
(5.33) and define the map ¢ by

$(y, 2) = [may, R(2)] + [R(y), 7az] (7.2)
The dual map ¢* is defined by
< ¢*(z),y®z>=<z,9(y,z) > (7.3)
Using (7.1) one finds
¢*(z) = (1 ®id)[r,z ® I] + (id ® m4)[r, I ® ] (7.4)
which can also be written as:
¢*(2) = —(ms ® id + id ® mg)dr(z) (7.5)
where dr(z) = [z ®id+id®z,7]. Let {T}} be a basis of g, {T}} the dual basis,
then one can write (7.4) as:

¢*(2) = D_mlR(Ty), 2] © Ty = 3 T; ® ma[ R(T}), 2] (7.6)

Lemma 7.1. Let g be quasi-split, satisfying (6.21), and define the root vectors
as in section 6.2, then:

(i) < eq,fea >=0foralla € R

(ii) [ea) f-a] = [e-a; fo]

Proof.

(i) Because e, € q* and f_, € h* one has 0%(e,) = —e, and 0%(f-o) = fu
and so < ey, f_o >= 0 because ¢% is an automorphism.

(i) [a) f-=a)] — [6=as fa] € a, but for all a € a

<a, [ea’ f—a] - [e—ayfa] >=< [a7 ea]af—a > =< [a;e~a])fa >=0

because of (i) and so [eq, f-o] = [6—a) fa] =0 0
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Corollary 7.2. h, = [eq, f—al, where h, as defined in (6.27).
Now we can compute ¢*, using R = —Y X!

Proposition 7.3. The dual map ¢* is given by:

(i) ¢*(z) =0 for all z € go.

(i1) ¢*(eq) = T(a(q))(ta @ €n — €0 @ t,) for all & € R.

(i11) ¢*(fa) = 1(a(q))(ta @ fo — fa ®ty) for all @ € R,

where () = 27 1(n)z'(n).

Proof. Straightforward calculation, using the commutation relations (3.9)
and (3.25). O

Now consider the boundary of the chain ¢* : g — g ® g, defining the co-Lie-
algebra structure, defined by:

d¢*(z,y) = ¢"([2,y]) — z.6"(y) + y.¢"(2) (7.7)
where g acts on g ® g as in (4.88).

Proposition 7.4.
(i) ¢* is ad go-invariant, so d¢*(z,y) = 0if z € gy or y € go.
(ii) dg*(ea;e—a) = do*(fa, f-a) =0
(ili) do*(ea f-a) = do*(e-a; fo) = 2r(a(q))([ea; f-a] ®ta — ta ® [ea, f-a])
(iv) do*(eq,ep) =0if 0# a+ f ¢ R and (o, 8) = 0.
Proof.
(i) If z,y € go it is clear, because [go,go] C go- So let z € gy and y € g,
then (i) follows from the commutation relation [gg, go] C ga, and because ¢*
is linear ¢*([z,y]) = z.¢*(y) for all z € gp and y € g.
(ii) dp*(ea,e—a) = e—a.0*(€a) — €4.0*(e—o) and
e—o-0*(ea) =7(a(g))e—n.(ta ®eq — €4 QR ty)
= (e, a)r(afg))(e-a ® o — €a ® €-a)
and so e_,.¢*(eq) — €4.¢*(e~4) = 0 because 7 is uneven. In the same way one
can prove that d¢*(f,, f-o) = 0. '
(111) d¢*(eaa f—-a) = f—a-¢*(ea) - ea-¢*(f—a) and
f-a-8*(ea) =71((q))f-a-(ta ® ea —€a ®14)
= %(a, a)r(a(@){2f-a B ea — 264 ® f-0u
+ h(x ® [f—cn eOt] - [f—DU ea] ® hOt}
which implies, using Lemma 7.1:
d¢™(eq, f-a) = (o, )r((q))([ea) f-a] ® ha — ha ® [€a; f-a])
and so d¢*(eq, f-a) = dd*(e—q, fa)-
(iv) do*(ea,ep) = eg.0*(es) — €a.¢*(eg) Where
98" (€a) = (0(0))€p-(ta & €a — ca ® L)
= B(ta)r(a(g))(ea ® eg — €p ® €a)
and because (o, 3) = 0, d¢*(eq, eg) = 0. O

(7.8)
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Corollary 7.5. Let Gy be the connected subgroup of G with Lie algebra go,
then Adg, g € Gy is a Poisson automorphism of C*°(P).

Proof. This follows from Prop. 4.42, Prop. 7.3 and Prop. 7.4. O
Corollary 7.6. Let f,g € C*(g) be AdG-invariant, then {f,g}1 is AdGo-

invariant.

Proof. This follows from Prop. 4.35 and Prop. 7.4. a

Proposition 7.7. The pair (g, g*) is not a Lie bialgebra.

Proof. For (g,g*) to be a Lie bialgebra, the chain ¢* must be a cocycle, i.e.
d¢* = 0. Now take 0 # a+ 3 ¢ R and (a,3) # 0 then from (7.8) one derives

dg*(ea, ep) = (o, B)(r(a(q)) + r(B())(ea @ s —ep @ es)  (7.9)
and this is in general not equal to zero. ]

7.2. The Poisson bracket on P,.

Now consider the ¢ = 0 case, then R and X satisfy the functional equation:
X[R(21), z2] + X[z1, R(22)] = —m5 [X (21), X (22)] (7.10)
for all 2;, 25 € g

Proposition 7.8. Let g be quasi-split, satisfying (6.21). Suppose that p
as defined in (6.24) satisfies (5.58), then the Poisson bracket on Py can be
rewritten as

{f,9}(g,z) =< z,[S(F),G]+[F,S(GQ)] >+ < F,Gy > - < F1,G > (7.11)
where the map S € End g is defined by
S = Rmy — MXmpny (7.12)
Proof. Using (5.85) the bracket {, }; on P_ can be rewritten in the following
way:

{f,9h(q,2) =< z,[R(F), Gy + [Fp, R(Gp)] > — <, [X(Fp),X(Gp)](> ) '
7.13
Because p satisfies (5.58) and p € €N g, €N gq € Ker A and so the map M is
defined on the whole space £ N q. Using this the second term of (7.13) can be
rewritten as:

= <, [X(Fynp), X (Gpng)] + [X (Fong), X (Gpnp)] >
== <[1, X(Fpp)], X (Gpng) > — < X(Fpng), [X(Gorp), 1] >
= < [ MX (Forp)], X (Gpng) > — < X(Fyng), 18, MX (Gprp)] >
== < Gpnq), X[p, MX (Fyp)] > + < Fpng), X[pt, MX(Gpp)] > (7.14)
= < Gpng, IMX (Fpnp), 2] > + < Fyng, [, MX (Gpnp)] >
= <z, [Gpng, MX (Fyp)] + [MX(Gpnp), Fpna] >
= < z,[G, MX (Fynp)] + [MX(Gprp), F] >
and combining this with (7.13) gives (7.11). O
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This suggests that S could be a possible candidate for a Yang-Baxter operator.
So define

¥(y, 2) = [S(y), 2] + [y, S(2)] (7.15)
Because S is zero on ¢, it is clear that
Y(y,z)=0ify,z €t (7.186)
and ¥ : EQ@p — € p®p — p. Now define:

w(y, 2) = S¢(y, 2) — [S(y), S(2)] (7.17)

then
w(y,z)=0ify,z€toryetzep (7.18)

andw:pRp — L

Proposition 7.9. The map S is not a Yang-Baxter operator.

Proof. If it is a Yang-Baxter operator then S must satisfy:

w(y, z) = Mq)ly, 2] (7.19)

where A(g) is a constant which may depend on ¢, but not on a. Now take
y=hs€aand 2 = f, — f_o € pNgNal then (7.19) reduces to

r(e(q))? = M(g) foralla € R (7.20)

which implies r =constant, and this is not true for root systems other than
Az O

Proposition 7.10. The map 1 defines a Lie bracket on g iff S is a Yang-
Baxter operator.

Proof. We already know from chapter 4 that if S is a Yang-Baxter operator
then v defines a Lie bracket. Now suppose that ¢ defines a Lie bracket. This
is equivalent with the condition:

[w(y, z),w] + cycl. =0 (7.21)
for all y,z,w € g. For y,z € p, w € ¢ this reduces to
[w(y, 2),w] =0 (7.22)

for all w € & so w(y,z) € Z(¢). If ¢ is semisimple then w(y,z) = 0 for
all y,z € p. Combining this with (7.18) it follows that S is a Yang-Baxter
operator. If € is reductive (7.22) implies that w(y,z) = ¢ € ¢ for all y,z € p.
Now choose y, z,w € p in (7.21). Then one gets:

[c,y+z+w]=0forall y,z,wep

and so ¢ € Z(g) = {0} so w(y,z) =0 for all y,z € g and so S is a Yang-Baxter
operator. O
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Corollary 7.11. The pair (g, S) is not a double Lie algebra.

Because S is zero on £ and S : p — €, the dual S* is zero on p and §* : € — p.
Using this one can rewrite the Poisson bracket on P, as:

<z,[S(F),G)+[F,S5(G)] >
= <3,[8(F),G,] +[F,, S(G)] > (7.23)
= <,[(8 - §°)(F), Gyl + [Fy, (5 - 57)(G)] >

so the restricion of ¢* to P, can be written as:
¢*(z) = —(mp @ id +id ® 7, )ds(z) (7.24)

where s € g® g is the skew-symmetric tensor corresponding to the map S — S*.
So the restriction of ¢* to fibres F, is the projection of a coboundary.

Proposition 7.12. The map ¢* has the following properties:

(i) ¢* is constant on fibres.
(i) ¢*(Xeq) = (X ®i1d+1d @ X)d*(eq)
Proof. This follows directly from Lemma 5.1 and Prop. 7.3. O

Proposition 7.13. The map S — S* is not a Yang-Baxter operator.
Proof. The same as for Prop. 7.9. a

All this suggests that there does not exist a double Lie algebra structure on g
such that P, is a Poisson submanifold and Hamilton’s equations with respect
to an Ad-invariant function are of type I, I, IIT or V.
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