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movement of the boundary nodes. The grid then produces no longer spirals, but is 
congruent with the initial grid and rotated with the characteristic velocity, and the 
problem is solved without any trouble. Another trick to avoid that the numerical pro­
cedure breaks down, is described by Mueller and Carey [14]. They add an extra 
penalty term to the method, which brings on an anti-rotation to the grid movement. 
This regularization term, however, has only a limited working: with any choice of 
the constant, appearing in the penalty, there remains some point of time for which 
the line tangling takes place. Only, with larger penalty values the method would col­
lapse at a later moment in the time-integration. But, larger penalty values also result 
in a worse resolution of the pulse, yielding larger errors during the computation. 

5.3.3. Example III ('Parabolic pulse') 
In the two previous examples we encountered difficulties in applying MFE due to 

its strong relation with the method of characteristics for hyperbolic equations. Next, 
we give an example of a PDE with an exact solution very similar to that of model 
(3.3), but now the PDE has a parabolic character. It has already been treated by 
several authors ([ 1, 17]), and is defined by 

au a,= flu+ f (x,y,t), (3.4) 

on the domain Q = (-0.5, 1.5)x(-0.5, 1.5), with 

U I t=O = Uexact I 1~0, 

u I an = Uexact I an, 

The source f (x,y,t) is chosen so that the exact solution is 

Uexact = exp(-80[(x-r (t))2 + (y-s (t))2 ]), 

where 

r (t) = (2+sin (1tt))/4, s (t) = (2+cos (1tt))/4. 

This solution is a rotating pulse and thus very similar to the solution of Example II. 
However, in contrast with the hyperbolic Example II, the grid points do not move 
according to a principle like (2.8). In particular, MFE, applied to (3.4), shows no 
spiral effect. The points are not stuck to their position on the pulse and the grid 
structure remains more or less the same during the time-stepping. This is illustrated 
in Figure 5.4, where we pictured the grid at several points in time. Although the 
error of the approximation is higher than in Example II (this can be repaired by 
increasing the number of points), the procedure does not break down because of grid 
tangling. On the contrary, once the grid has been forced around the cone, the time 
stepping process is satisfying, although the penalty choice is also of influence in this 
case. 

Finally, noteworthy is that the concentration of triangles in regions with large 
second order derivatives indicates a similar equidistribution behaviour as stated in 
Section 5.2.3 for one dimension. 
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FIGURE 5.4. MFE grid for Example III at t = 0.25, 0.5, 1.0 and 2.0. 
Dividing each quadrilateral by the diagonal from upper left to lower right 

gives the MFE triangles. 
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5.4. CONCLUSIONS 
For hyperbolic or strongly convection dominated convection-diffusion equations, 

the grid points are moved by MFE in a way similar to the method of characteristics. 
This results in a very good approximation of the solution but sometimes also in dis­
torted grids, because the grid movement is independent of the grid distribution. Such 
grids then eventually cause the numerical time-stepping to fail. A procedure to 
delete and create points could in some cases be a remedy, but will on the other hand 
complicate the method considerably. 

For scalar parabolic equations one can show that in ID the MFE movement of a 
grid point does depend on the grid distribution. MFE approximates a transformation 
striving after equidistribution of derivatives of the solution. An example showed 
that possibly this remains valid also in 2D. 
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Chapter 6 

Application of a Moving-Grid Method to a Class of 1 D 
Brine Transport Problems in Porous Media 

6.1. INTRODUCTION 

The subject of this chapter originates from the problem of disposal of hazardous 
waste, e.g., high-level radioactive waste, in salt formations. The most probable 
mechanism for release of these wastes to the biosphere is by transport via ground­
water. Existing standard mathematical models for the study of groundwater flow and 
brine transport assume that the salt concentration is less than or equal to seawater 
concentration. This, however, is not true for flows in the vicinity of rock salt forma­
tions. In the vicinity of these formations, e.g., salt domes, the salt concentration may 
become very large and in fact to an extent that the groundwater flow is really 
influenced by the salt concentration. Recent theoretical and experimental hydrologi­
cal studies indicate that for such high-concentration situations the involved basic 
equations of flow and transport need to be modified [9, 10]. This involves a 
significant effort in numerical modelling since the partial differential equations 
(PDEs) which show up cannot be solved by analytical means. The contents of the 
current chapter has its origin in part of these numerical modelling studies. 

We discuss the application of a numerical moving-grid method, originally 
developed for general time-dependent PDEs in one space dimension, to a specific 
class of nonlinear, brine transport problems borrowed from [7]. Our purpose is two­
fold. Firstly, while focusing on the application, we wish to show that this numerical 
method is a valuable tool for modelling nonlinear (brine) transport problems in one­
space dimension, specifically so for problems having solutions with rapid transi­
tions, such as a solute front transported in the soil or a sharp fresh-salt water inter­
face. Secondly, while now focusing on the numerical analysis aspects, we wish to 
show that for the class of transport problems chosen, the grid-movement approach is 
successful and may provide a notable improvement compared to the more traditional 
approach of time-stepping on a fixed spatial grid. 
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The numerical method is based on the method-of-lines (MOL) approach for solv­
ing time-dependent PDEs (see, e.g., Ch. 10 in [5], and [11]). The method is of the 
finite-difference type and implicit, and thus applicable to wide classes of one-space 
dimensional PDE systems. In addition, the main feature of the method is that for 
evolving time it automatically refines the spatial grid in regions with large spatial 
transitions. Since it is a Lagrangian type method, in many cases of practical interest 
the grid movement also softens the solution behaviour in time, so that larger time 
steps can be taken than on a fixed spatial grid. The actual moving-grid algorithm 
underlies the principle of spatial equidistribution and is provided with appropriate 
grid regularization procedures to cater for smooth grid trajectories. The principal 
ideas for this regularization emanate from [6] and a further comprehensive discus­
sion of the complete moving-grid algorithm can be found in [13] (see also [8] and 
the references therein). 

An advantage of the moving-grid method is that it can be implemented in most of 
the MOL software packages based on sophisticated implicit stiff ODE/DAE solvers. 
We mention the BDF solvers developed by Gear, Byrne, Hindmarsh, Petzold and 
others (see, e.g., [4]). In the brine transport problem application we have used the 
FORTRAN package SPRINT [l]. SPRINT is a package developed for solving gen­
eral algebraic, ordinary and partial differential equations. Its core is formed by 
implicit stiff ODE/DAE solvers (of BDF type). In [3] SPRINT has been provided 
with a software interface based on the moving-grid method here considered. This 
moving-grid interface (MGI), being an extension of the fixed-grid interface based on 
[12], is a most convenient tool for researchers who wish to concentrate on modelling 
their physics, since it automatically carries out the spatial discretization, thus reliev­
ing them from numerical choices to be made and saving programming time. The use 
of MGI merely requires that the mathematical problem be formulated in terms of 
FORTRAN statements. Consequently, both the spatial discretization and the tem­
poral integration can then be left to the package and the user only has to set to some 
numerical control parameters, like a local tolerance parameter for the numerical 
integration in time, the number of points for the spatial discretization, and some 
parameters controlling the grid movement. In the experiments reported here we have 
used the MGI from [3]. 

Section 6.2 is devoted to the moving-grid method. An outline is given on impor­
tant properties and principles of this method. The class of fluid-flow/salt-transport 
problems we focus on is discussed in Section 6.3. The physical properties involved 
here are advection-dispersion and in case of dominant advection solutions with rapid 
spatial and temporal transitions arise. In Section 6.4 we present results of numerical 
tests, emphasizing the occurrence of the rapid transitions and the use of the 
moving-grid method. Section 6.5 is devoted to concluding remarks. 
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6.2. THE MOVING-GRID ALGORITHM 

6.2.1. The moving-grid algorithm 
We will present the algorithm along the lines of the numerical method-of-lines 

approach for solving time-dependent PDEs. Consider an abstract Cauchy problem 
for a system of PDEs in one space dimension, 

du at = .L(u), XL < X < XR, f > 0, (2.1) 

where u = u (x,t) and Lis a spatial operator of at most order 2. We do not discuss 
boundary conditions here, since these are dealt with in the usual way. It is assumed 
that the solution u has (a sufficient number of) finite temporal and spatial derivatives 
and these are allowed to be very large. We thus focus on problems possessing solu­
tions u with very large spatial and temporal variations, but do not consider problems 
with genuine discontinuous solutions. 

The discretization of the PDE is carried out in two stages. In the first stage .L(u) is 
discretized on a selected space mesh, which converts (2.1) into a Cauchy problem 
for an ODE system. The second stage then deals with the numerical integration in 
time of this semi-discrete system. Let us discuss the first stage, which here takes 
place in a moving reference frame. First we choose N time-dependent grid points 
X;(t), 1 s i s N, defining the space grid 

X: xL = X 0 < ... <X;(t) < X;+1(t) < ... <XN+I = xR, t ~ 0. (2.2) 

As yet the trajectories X;(t) are unknown, but they are supposed to be (sufficiently 
often) differentiable. Next, along each trajectory x (t) = X;(t) we introduce the total 
derivative 

(2.3) 

and spatially discretize the space operators d/dx and L so as to obtain the Lagran­
gian semi-discrete system 

. . 
U; = X;[(U;+i -U;_1)/(X;+I -X;_1)] + L;, t>0, 1 sisN. (2.4) 

Here, U; and L; represent the semi-discrete approximation to their exact counter­
parts u and Lat the point (x,t) = (X;(t),t). The finite-difference replacement for Lis, 
in principle, still free to choose. We discuss this in Section 6.2.5. Note that we use 
the standard, central finite-difference approximation for u,v Also note that the boun­
dary values U O and UN+ 1 are to be defined from the semi-discretization of the physi­
cal boundary conditions. The internal grid points X; are still free to choose. The pur­
pose is to let them move automatically such that the grid X becomes fine in regions 
of high spatial activity and coarse in regions where the spatial variation is low. One 
way to accomplish this is to apply equidistribution. For this purpose we introduce 
the point-concentration values [6] 

n; = (AK;)-1, AK; = X;+i -X;, 0 s i s N, (2.5) 

and the equidistribution equation 
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l :,:; i :,:; N, (2.6) 

where M; ~ {a> 0 represents a so-called monitor value that reflects the variation in 
space. The parameter a> 0 serves to ensure that M; remains positive. Trivially, n; is 
proportional with M;. Thus the equidistribution idea assumes that if some measure 
of the spatial error is available, here taken to be represented by M;, then a good 
choice for the grid X would be one for which the error is equidistributed over X. 

In applications the monitor M; is usually taken to be a semi-discrete replacement 
of a solution functional m (u) containing one or more spatial derivatives (note that 
the variables U; and X; are still time continuous). Lest we miss the obvious, the 
choice of monitor is important because it plays a decisive role in the actual local 
grid refinement. Following [2, 8, 13], in the present implicit MOL approach we 
advocate the first derivative monitor 

] NPDE 

M; = (a+ NPDE I: P_;(AU/)2(MS2f', AU/= u/+1 - uf, (2.7) 
J=l 

where NPDE denotes the number of PDEs in (2.1) and U/ is the j-th component of 
the vector variable U;. Note that, at a given point of time, (2.7) is a semi-discrete 
replacement of m (u) = (a + lluxll2f2 , where 11- II is the involved weighted Euclidean 
norm. With a= 1 we have the well-known arc-length monitor which places grid 
points along uniform arc-length intervals. We use a as a parameter which can even­
tually be used for tuning purposes. In fact, the main purpose of this tuning parameter 
is to keep the monitor values positive, saying that a small value of a suffices. 
Clearly, a should not be taken too 'large' compared to the maximum of lluxll2 , since 
this would result in a uniform grid, approximately. The weighting parameters P; in 
(2.7) serve to make it possible to let certain components dominate the grid move­
ment. This may be desirable in case of a badly scaled problem, for example. The 
actual choice of the monitor parameters a, P1, ••• , PNPDE will influence the out­
come of a numerical simulation and, therefore, their optimal choice is problem 
dependent. On the other hand, our experience is that with the monitor (2.7) the 
method is quite robust and a bad choice merely effects the resulting accuracy. This 
means that given a well described problem class, like the brine transport problems, a 
close-to-optimal choice is normally easy to determine. 

6.2.2. Grid smoothing 
The Cauchy ODE problem resulting from the first MOL stage thus reads 

. . 
U; = X;[( U;+i - U;_ 1 )/(X;+i - X;_1 )] + L;, t>O, 1 :,:; i:,:; N, 

n;_ 1IM;_ 1 = n;IM;, t > 0, I:,:; i:,:; N. 

(2.8a) 

(2.8b) 

After prescribing initial data for U; and X;, 1 :,:; i :,:; N, and the boundary values U 0 

and U N+I from a semi-discretization of the physical boundary conditions, system 
(2.8) can be numerically integrated in time so as to obtain the final fully discrete 
solution on the moving grid X. However, since (2.8b) prescribes X in an implicit 
way in terms of the unknowns U;, there is little control over the grid movement. For 
example, it may happen that the grid distance M; varies extremely rapidly over X or 
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that for evolving time the trajectories X;(t) tend to oscillate. A too large variation in 
MC; may be detrimental to spatial accuracy and temporal grid oscillations do hinder 
the numerical time-stepping since the grid trajectories are computed automatically 
by numerical integration. Following [6,8,13], we therefore employ two so-called 
grid-smoothing procedures, one for generating a spatially smooth grid and the other 
for avoiding temporal grid oscillations. This involves a modification of the grid­
equation system (2.8b). 

The modified grid-equation system is given by 

- d- - d-
(n;_1 + 't dt n;_i)/M;_1 = (n; + 't dt n;)IM;, t>O, 1 ::::; i :s; N, (2.9) 

where ii;= n; - K(K+l)(n;+J - 2n; + n;_1) with n_1 = n 0, nN+I = nN. We note in 
passing that in the actual implementation n; is replaced by (MS1 and n; by 
- t;X/(M; )2. The modification thus results in a 5-point coupled, time-dependent 
grid-equation system. A consequence of the grid-smoothing is that, in addition to the 
monitor parameters a, P1, ••• , PNPDE, two new grid parameters have been intro­
duced, namely Kand 't. 

The parameter K > 0 is connected with the spatial grid-smoothing. Any grid X 
solving (2.9) satisfies 

K n;-1 K+l --<--<-­
K+l - n; - K ' 

(2.10) 

showing that we have control over the variation in M;. Through K we can control 
grid clustering and grid expansion. Loosely speaking, the monitor function still 
determines the shape of X and K the level of clustering. Note that the extreme value 
K = 00 yields a uniform grid. Of importance is to emphasize that for a given number 
of points N, and any given distribution of monitor function values M; , K determines 
the minimal and maximal interval lengths (see, e.g., [13]). In actual application the 
minimum should of course be related to the expected small scale features in the 
sought solution. In our application we choose K = 2. With this value of K we not 
only obtain a rather modestly graded space grid, but also keep a sufficient number of 
points within the actual transitions of du/cJx. 

The parameter 't ~ 0 is connected with the temporal grid-smoothing and serves 
to act as a delay factor for the grid movement. More precisely, the introduction of 
the temporal derivative of the grid X forces the grid to adjust over a time interval of 
length 't from old to new monitor values, which provides a tool for suppressing grid 
oscillations and hence to obtain a smoother progression of X (t). However, choosing 
't too large will result in a grid X that lags too far behind any moving steep spatial 
transition. In fact, it can be shown that for 't➔00 a nonmoving grid results. In situa­
tions where temporal grid-smoothing is really advisable, one should therefore 
choose 't not too large. For practical purposes a good choice is one which is close to 
the minimal temporal stepsize taken in the numerical integration, so that the 
influence of past monitor values is felt only over one or a few time steps. 
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6.2.3. Integration in time 
We now have semi-discretized (2.1) on a moving grid. The semi-discrete formu­

lation consists of the combined equations (2.8a) and (2.9), where ni = (MS1 and 
iii= - /'JX/(Mi)2 are used to convert the dependence on the point concentration 
values into a 'natural' dependence on the grid points Xi. Recall that the boundary 
values U O and UN+ 1 are to be defined from the spatial discretization of physical 
boundary conditions. The equations can be written in the linearly implicit ODE sys­
tem form 

Yl(Y)Y = G (Y), t > 0, Y(0) given, (2.11) 

where Y assumes the natural ordering of unknowns U{, X;, i.e., Y = 
( · · ·, U], · · ·, uf PDE, Xi,··-l- Form (2.11) is a standard format for various well­
known stiff ODE/DAE solvers. Note that without temporal grid-smoothing (2.9) is 
of purely algebraic form, so that (2.11) then becomes a DAE system. The numerical 
results in this chapter have been obtained with the LSODl-based BDF solver of the 
SPRINT package. A similar solver is DASSL [4] which we have also applied else­
where [13]. It is of interest to note that in our moving-grid application these solvers 
are employed in essentially the same way as in the conventional nonrnoving MOL 
approach. 

6.2.4. A moving-grid interface 
As the integration in time is done automatically by the stiff integrator, it makes 

sense to also automize the spatial discretization of the PDE operator with its boun­
dary conditions. This is particularly attractive for researchers who wish to concen­
trate on modelling their physics, since it saves programming time and relieves them 
from numerical choices to be made. Such a FORTRAN interface for use with the 
moving-grid method has been developed in [3]. We have also used this interface, 
called MGI, in the tests reported in Section 6.4. 

MGI is an extension of the fixed-grid interface from [12] which is available in the 
SPRINT package and covers the following PDE system: 

NPDE Ouk a 
~ Cjk(x,t,u,ux)-:;;- = x-m---=,-(xm Rj(x,t,u,ux)) - Qj(x,t,u,ux), 
k=l at ax 

(2.12) 

Index j runs from 1 to NPDE, uk is the k-th component of the vector-valued func­
tion u, and Rj, Qj can be thought of as flux and source or sink terms, respectively. 
The parameter m serves to cover polar co-ordinates (m = l or 2). In our present 
application we work in Cartesian co-ordinates and thus m = 0. The coefficient func­
tions Cjk, Rj, Qj are supposed to be at least continuous. The boundary conditions 
should fit in the MGI master form 

(2.13) 

and the standard initial condition uk(x, 0) = u~ is supposed. The underlying spatial 
discretization of MGI is briefly discussed in Section 6.2.5. For a more detailed 
description of the use of MGI we refer to [3]. 
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6.2.5. The spatial discretization in MG/ 
In order to reduce accuracy problems that arise for coefficients like x-m in (2.12) 

when x is near zero and m >O, a spatial discretization method is used which is 
second order in space. The nonlinear Galerkin-based method is extensively 
described in Skeel and Berzins [12]. In the following we give a summary of this 
discretization method when applied to the PDE class (2.12) transformed to its 
Lagrangian form. We omit, however, the error analysis which can be found in Skeel 
and Berzins. 

First we apply the Lagrangian transformation. 
Let w be defined by w := uxx and S j by 

• • NPDE • k k 
sj = Sj(x,t,U,Ux,u,w) ·= L cj,k(u - w ) + Qj-

k=l 

Then system (2.12) becomes 

Sj =x-m(xmRj)x for j=l, ... ,NPDE, (2.14) 

with Cj,k> Qj, and Rj defined as before. On the spatial grid (2.2) we will formulate 
the Galerkin method for (2.14). Introduce the approximation Uk of uk 

N+l 
Uk(x) = L Uf<l>\m>(x). 

i=O 

Let w\ml denote the test functions. The trial functions <1>\ml and the test functions 
w\ml are given in the Appendix. Introduce the weight function xm and integrate 
(2.14) on [xL, Xk] partially, so as to obtain 

XR 

f m (m>s dx - m (m>c )R I m (m>( )R I X 'If, j - XR 'If, XR j x=x, - XL 'If, XL j x=xl - (2.15) 
XL 

for j=l, ... ,NPDE and i=O, ... ,N+l. 

Using the fact that w\m>(x)=O for x ~X;_1 and x ~X;+t we get for i=l, ... ,N and 
j=l, ... ,NPDE 

(2.16) 

The integration over an interval [X;_1, X;] is performed by numerical quadrature 
using 1 quadrature point ~i-'I,· After applying the numerical integration on 
[X;_1, X;] and [X;, Xi+tl and lumping (that is evaluation of i/ takes place in X; 
rather than in~) (2.16) yields 

X1 Xi+I 

si.-½ f xmu,(m)dx + si.+'12 f xmu,(m)dx -
J "l'l J '!'I -

X1-1 X 
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X. d (m) X,+1 d (m) 

- i:µ Ri,-½ Jxm-µ~dx - i:µ Ri,+'I, J xm-µ~dx + E (2.17) 
':>,-½ 1 dx ':>i+'I, 1 dx ' 

where 

x,_, X, 

s//2 = S/~i-½, t, u (~;-\/,), Ux(~;-1/,), U;, W;), 

st'1' = S/~;+•1,,t, u (~;+•1,), uxe~i+'12),U;, W;), 

R~+½ = R /~i+½,t, U (~;+•12), Ux(~;+ 112)), 

and E stands for the total error due to interpolation, quadrature and lumping. For the 
definition ofµ we make a distinction between two special cases 
i) the regular case (m = 0 or xL > 0): µ = m 

ii) the singular case (m > 0 and xL = 0): µ = -1. 
The choice of~ depends onµ. On an interval [X;, X;+i] we choose ~i+'I, = Y-µ,;+ 112 , 

where Yp,i+IIZ denotes the GauB-point for the weight function xP, i.e., 

J (x-yp,i+l/2)xPdx=0. 
X, 

(2.18) 

The numerical integration in (2.17) is then second order accurate. If we neglect the 
error E in (2.17), we arrive at a semi-discrete approximation of (2.14 ), for i = 1, ... ,N 

with 

X+, d (ml 
ym+I J m+I 'If, dx d )"0 1 ':,i+'/2 = - X -- , an ':,i+½ = · 

x, dx 

For a list of the test functions '!')ml, the trial functions <l>)m), the quadrature points 
~i+½ and the integrals sf+"t! see the Appendix. In [ 12) a justification is given for all 
choices of the parameters and functions. There it is shown that the spatial discretiza­
tion method is second order accurate, both in the regular and the singular case. 

The right boundary equation in (2.13) x/xR,t) R.i lx=x. = YJ lx=xR is combined with 
the semi-discrete approximation of (2.15) with i =N + 1 

m+I ym+l 
S(N+l)-'I, XR - ':,N+½ ym-u ):µ. RN+l/2 m R I 

J m+l + ':JN+112 ':>N+½ j =xR j x=x, (2.20) 

to eliminate Rj lx=x,· 

In the regular case the same procedure is applied to the left boundary equation in 
(2.13) x/xL,t) Rj lx=X1 = YJ lx=X1 and 

ym+l xm+l 
So+½ ':,'/2 - L ):m R'/2 - m R I 

J - ':,½ j - - XL j x=x , 
m+l 1 

(2.21) 

from which we can eliminate R.i lx=xl. If xL and mare both zero we take xZ,=l. In 
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the singular case, however, we use just the semi-discrete approximation of (2.15) 
with i =0 which gives 

(2.22) 

This means, that for X 1 ➔xL the boundary equation tends to R j I x=x,. =O, which is a 
natural constraint for polar problems. 

Equations (2.19) and (2.9) are combined to the now fully semi-discretized system 
(2.11). 

6.3. THE 1D FLUID-FLOW/ SALT-TRANSPORT PROBLEM 

Disposal of radioactive wastes in rock salt formations is being considered as a 
serious possibility by a number of countries. An integral part of the safety assess­
ment of waste disposal is the study of mathematical models for nuclide transport to 
the geosphere via groundwater flow. Existing standard models for groundwater flow 
and salt transport assume that the salt concentration is less than or equal to seawater 
concentration. In such low-concentration situations the models in use have been 
sufficiently validated and in many cases of interest the fluid flow and the salt con­
centration equation can be treated uncoupled. However, for flows in the vicinity of 
rock salt formations the salt concentration may become high and influence the fluid 
density to an extent that it effects the fluid flow. On the other hand, salt is tran­
sported by the fluid and thus fluid flow and salt transport are mutually coupled. The 
existing standard models and their uncoupled treatment are then no longer adequate 
for safety assessment which makes it interesting to study this intricate situation. 
Recent theoretical and experimental hydrological studies [9, 10] indicate that for 
such high-concentration situations the involved basic equations of flow and transport 
need to be modified, which requires a significant effort in numerical modelling. Here 
the moving-grid method enters the scene, because in the high-concentration situa­
tions also large concentration gradients prevail, making the use of fixed-grid 
methods inefficient. 

In the modelling of transport of M solutes by groundwater flow generally M + 1 
sets of equations appear, viz., one set for each solute and a set for the flowing fluid 
[9]. The set for the fluid (brine) constitutes the fundamental balance of mass pro­
perty of the fluid supplemented with a Darcy-law expressing conservation of 
momentum. Similarly, for each solute the associated set constitutes the balance of 
mass property supplemented with conservation of momentum through a Fickian­
type law. If temperature changes are important, then an energy equation should be 
added. Also, if deformation effects of the porous medium and porosity changes are 
important, then an additional set of equations for the solid phase of the porous 
medium has to be provided. In the present study we do not consider temperature or 
deformation effects and assume only one solute, the salt. We thus consider an isoth­
ermal, single-phase, two-component saturated flow model in the idealized case of 
one space dimension. It is further assumed that no external body forces except grav­
ity exist and that the two brine components, water and salt, do not react or adsorb. 
This specific model, which we have borrowed from the RIVM report [7], has been 
selected for demonstration purposes. 
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The model comprises the following set of equations. For the fluid and salt we 
have, respectively, 

The fluid density p is supposed to obey the equation of state 

P = Po exp (~(P-Po) + yw), 

(3.1) 

(3.2) 

(3.3) 

with constant reference density p0 , constant reference pressure p 0 , constant 
compressibility coefficient ~, and constant salt coefficient y. Other constants are 
porosity n, permeability k, viscosity µ, gravity g and dispersion length 'A. The vari­
ous variables are the (Darcy) velocity of the fluid q, the hydrodynamic pressure p 
and the salt-mass fraction w. We thus consider the medium to be homogeneous with 
respect to porosity, permeability and viscosity. However, inhomogeneities, and also 
sources and sinks, can easily be taken into account. 

The set of equations can be formulated as a system of two PDEs with pressure p 
and salt concentration ffi as independent variables. To this end we compute, from 
(3.3), 

(3.4) 

and subsitute into (3.1) to obtain the fluid-mass balance equation 

. ap aw a 
np~- + npy- = - -(pq). at at ax (3.5) 

A further substitution yields the salt transport equation 

aw aw a 
npat = - pqa.; - ax (pJ). (3.6) 

We have used this form as input for the numerical solution method. A few com­
ments are in order. First, substitution of the expression for J into (3.6) yields the 
advection-dispersion equation 

aw aw a aw 
np-a = -pq-a. + -a (p'Alq I-a), 

t X X X 
(3.7) 

showing that in the present model the physical salt-transport phenomena are advec­
tion and dispersion. Molecular diffusion is absent here. It is easily built in, however, 
since this merely amounts to adding a small constant to 'A I q 1- Assuming 'frozen' 
coefficients, we see that the Peclet number is 

Pe = I Lpq I = !:._ 
p'Alq I 'A' 

(3.8) 

where L denotes the physical length of the medium. Hence, for 'A « L advection 
dominates and this is just the physical situation that gives rise to steep concentration 
gradients. Another point worth to mention is that the compressibility coefficient ~ is 
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very small compared to the salt coefficient y. In fact, it is often zero, in which case 
the balance equation (3.5) reduces to 

am a 
npy- = - -(pq) (3.9) 

dt dX 

and a pldt is absent. We then have two equations for dWldt of which (3.5) can be 
rewritten to a PDE containing only spatial derivatives. Hence this rules out the pos­
sibility of explicit time-stepping. Note that if we would also put y = 0, that then the 
density p is constant and the. mass balance equation reduces to the simple pressure 
equation Pxx = 0. Of course, a zero salt coefficient y is not realistic in our applica­
tion. 

Non-scaled Scaled 

Time 0 < t < T [sec l I= t/to, to= µL2 /(kop0) = 104 

Space 0<x <L [ml x=x/L 
End time T [sec] T=Tlto 

Domain length L= 1 [ml L= 1 

Pressure p [kglmlsec 21 p = pipo 

Salt concentration (0 ro= ro/m0 

Density p [kg!m 3] P = pipo 

Penneability k=ko= 10-12 [m2l k = k/ko = 1 

Viscosity µ= ~ = 10-3 [kglm/secl µ=µ/~= 1 

Reference pressure Po= 105 [kglmlsec 21 Po= 1 

Salt inflow concentration m0 = 0.26 ro0 = 1 

Reference density Po= 103 [kg/m 31 Po= 1 

Gravity force g= 9.81 [mlsec 21 g = (poLg)po = 0.0981 

Porosity n=0.2 n =0.2 
Salt coefficient r=0.69 'Y = rroo = 0.1794 

Dispersion length A[ml A=AiL 
Compressibility coefficient ll= 10·10 [msec 2 !kgl ~ = JlPo = 10-5 

TABLE 6.1. Model data. Bold face notation is used for the non-scaled quantities. 

To complete the model description, we must give the initial and boundary condi­
tions. Defining the space-time domain as [0,L ]x[0, T], the initial and boundary con­
ditions we have imposed for w(x,t) and p (x,t) are, respectively, 

and 

m(x, 0) = 0, 0::;; x::;; L, 

am 
ax(l,t) m(0,t) = m0 > 0, 0, 0 < t ::;; T, 

(3.10a) 

(3.10b) 
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p(x, 0) = Po[(l-x/L)P1eft + (x/L)Pright], 

p(0,t) = PoPleft, p(L,t) = PoPright• 

0 :--; x :--; L, 

0 < t :--; T, 

(3.1 la) 

(3.llb) 

where ro0 is the left-end salt concentration and p left and p right are pressure 
coefficients. 

We have selected these conditions with the aim of generating a travelling salt 
front. Note that at t = 0 there is no salt in the medium and that the inflow value 
roo > 0. Hence, assuming appropriate model data, this should give rise to a travelling 
front. The steepness and speed of the front will of course be determined by the com­
plete set of physical data. A characteristic set is given in Table 6.1 which comprises 
all data needed to run the problem, except for the end time T, the dispersion length 
A, and the pressure coefficients p left and p right· Finally, numerically we have 
treated the problem in scaled, dimensionless form. We refer to Table 6.1 for the 
scaling relations with the dimensionless values of all quantities involved. From these 
relations one can check that all equations are left invariant (note that this also holds 
for (3.3) due to the fact that after scaling p 0 = 1). Hence, in the remainder we have 
worked with the same set of equations as discussed above. The pressure coefficients 
p left and p right are left unchanged and will be specified with the nume1ical exam­
ples. 

6.4. NUMERICAL EXAMPLES 

We will present results of three numerical examples. To simplify the demonstra­
tion, these results have been obtained with a fixed set of numerical control parame­
ters: 

TOL = 10-5 (temporal integration) (4.la) 

K = 2, 't = 10-3 , a= 10-2 , P1 =0, P2 =1 (grid movement) (4.lb) 

i 
X;(O) = N + I , 0 :-,:; i :-,; N + I (uniform initial grid) (4.lc) 

SPRINT was called in standard mode, thus providing automatically an initial step­
size and Jacobian evaluation. The Euclidean norm was used for local error control 
while ( 4. la) was imposed for all components of the vector Y ( cf. (2.11 ); 
NPDE=2, u 1 = p, u 2 = ro). Note that TOL = 10-5 is quite small. However, to 
accurately simulate the rapid birth of the salt front, which arises from the incon­
sistency between the initial and left-end salt concentration, a small tolerance value is 
natural. We also emphasize that we always started on a uniform grid, just for con­
venience of use. This means that immediately after start the method should rapidly 
cluster most of the grid points near the left boundary. 

The grid parameters take on more or less standard values, except for p 1• The 
choice P 1 = 0 means that the pressure gradient d p ldx is not taken into account in the 
monitor (2.7). We decided to omit d pldx in the monitor since in our examples 
d p/dx varies very slowly and thus acts more or less in the same manner as the con­
stant regularization parameter a. In such cases a too large value for the near con­
stant pressure gradient yields a unnecessarily large regularization effect. This, in 
turn, would imply that variations in the concentration gradient droldx become of 
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6.4.1. Example I 
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The first example is defined by the data of Table 6.1, together with 
A = 1.E -3, T = 5 and p Left = 1. 7, p right = 1.0. With this choice of pressure initial 
function the arising salt front travels to the right boundary and finally renders a 
steady state for p and co with p equal to the linear initial pressure and co = COo = 1. 
The steady state starts to settle at about t = 2, far before the end time T = 5 has been 
reached. Consequently, due to the uniform salt concentration, at about t = 2 the grid 
should again become uniform. Hence this example provides an interesting test for 
the moving-grid method. The pressure p undergoes only a marginal change for t > 0 
and below we will therefore only plot co. 

Figure 6.1 depicts the grid and salt concentrations at some values of t for N = 25 
and 50. We see that the grid accurately reflects the anticipated solution behaviour. 
At very early times the grid points rapidly cluster near x = 0, then the cluster travels 
with the front and when the steady state is reached, a uniform grid appears. While 
N = 25 results in a little overshoot at the top and in a little smearing at the foot, 
N = 50 gives already very accurate salt concentration profiles. The profiles for 
N = 100 (not shown here) do equal those for N = 50 up to plotting accuracy. 

Table 6.2 shows integration history for N = 25, 50 and 100 and serves to provide 
insight in the costs of the implicit numerical integration method. The given data 
have the following meaning: STEPS= number of integration steps; JACS = number 
of Jacobian updates; RESIDS = total number of evaluations of the ODE system, 
including those needed for the Jacobian updates; NITER = total number of Newton 
iterations; CPU = central processing time on an ALLIANT/FX4 computer, using 
one processor. Note that our decision to start on a uniform initial grid has its price. 
For example, for N = 100 more than half the number of steps is used to reach 
t = 0.1. In fact, at t = 10-4, 10-3 , 10-2 , we have, respectively, STEPS = 39, 152, 
271. A great deal of these steps is needed simply to adjust the initial grid to the very 
steep concentration profile at the very early times (see the right upper plot in Figure 
6.1). Therefore, somehow adjusting the initial grid to the expected solution profile at 
the first forward time level will reduce STEPS significantly. We also wish to remark 
that the method efficiently detects the steady state, since for t > 2 the temporal step­
sizes are rapidly increased and very few steps are required to complete the integra­
tion. Finally, we have also tabulated ffimax - COo, which is the maximal overshoot at 
the given points of time. We see that already for N = 25 the overshoot is very little. 

A further inspection of the salt concentration plots shows that, as expected, the 
first derivative monitor (2.7) places quite a number of points just within the front 
where oco/ox is largest. Fortunately, the spatial grid-smoothing, resulting in relation 
(2.10), has the nice side-effect of keeping a substantial number of points at the foot 
and top of the front, where oco/ox becomes smaller and finally zero. This only 
works, of course, if K is taken not too small. Note that there should be enough points 
at the foot and top so as to avoid wiggles, since the spatial discretization is based on 
a common central finite-volume scheme. For a comparison of results obtained with a 
second-derivative monitor based on m (u) =(a+ llux.xll2 )'/4 and with a fixed grid, the 
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reader is referred to [14]. There it is concluded that the moving-grid approach with 
the first-derivative monitor is to be preferred with respect to accuracy and 
efficiency. 

6.4.2. Example II 
The second example is also defined by the data of Table 6.1, but now 

p Left = 1.11, p right = 1.0, T = 500 and A= l .E -4. The smaller pressure gradient in 
the initial function has two effects. First, it yields a smaller fluid velocity resulting in 
a larger time scale, which explains the larger value for T. The second and more 
interesting effect is that the travelling salt front now comes to a stand still before it 
has reached the right boundary. This happens at about t = 150, at which point of 
time the front lies near x = .6. The reason is that the fluid velocity q tends to zero, 
uniformly in x, which settles the system into a steady state and this takes place long 
before the salt front has reached the right boundary. We note that this phenomenon 
is rather special in the sense that it heavily depends on the initial pressure gradient. 
The stand still of the salt front is lost with a relatively slight change in this gradient. 
Also note that this stand still requires a zero molecular diffusion which in reality is 
not true, of course. However, the simulation of this rather subtle situation provides a 
nice numerical test as it requires an accurate balancing of gravity force pg and pres­
sure gradient force a pldx in the Darcy velocity expression in (3.1). Finally, we have 
made the dispersion length ten times smaller than in the previous example, giving a 
Peclet number of l .E +4 and a much steeper front (recall that the spatial discretiza­
tion of the MGI is based on a common central finite-volume scheme). Figure 6.2 
shows the computed grid and salt concentration profiles at some values of time for 
N = 25 and 50. Like in the previous example, we see that the grid movement accu­
rately reflects the anticipated solution behaviour. For early times it is completely 
similar, while for later times the cluster around the steep salt front remains in posi­
tion. We also see that N = 25 now results in more overshoot, due to the fact that the 
dispersion length is ten times smaller than in the previous example. However, 
N = 50 again gives a very accurate solution and the profiles for N = 100 (not shown 
here) do equal those for N = 50 up to plotting accuracy. 

Table 6.3 contains part of the integration history for N = 25, 50 and 100, provid­
ing the same information as before. With this table we wish to call attention for an 
inherent model difficulty stemming from the absolute value function in the 
dispersion-flux expression pJ = - pA I q I cox. In the table this difficulty manifests 
itself in the large number of time steps and Jacobian updates used over the 'near 
steady-state interval' [200, 500] for N = 100 (recall that the steady state starts to set­
tle at about t = 150). While the code easily detects the numerical steady state solu­
tion with 25 and 50 points, which can be concluded from the few number of steps 
needed to integrate from t = 200 to t = 500, this is clearly not the case with 100 
points. In fact, with 100 points this 'near steady-state part' of the integration interval 
requires 1038 - 423 = 615 integration steps and 707 - 105 = 602 Jacobian updates, 
which is rather extreme. What has happened here is that the iterative Newton algo­
rithm repeatedly fails to converge, so that the strategy of the SPRINT code keeps the 
temporal stepsize down and keeps asking for new Jacobians. 
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FIGURE 6.1. Example I: Gridlines and salt concentration profiles at 
t= 0.1, 0.5, 1.0, 5.0. The left part of the figure corresponds with 

N = 25 and the right part with N = 50. Note the difference 
in scaling in each of the two gridline plots. 
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STEPS JACS RESIDS NITER OVERSHOOT CPUtime (sec.) 

N=25 t=0.l 149 39 931 407 7.0E-3 --

t=0.5 198 47 1175 545 7.0E-3 --

t=l.0 220 52 1302 607 6.0E-3 --

t=5.0 565 144 3532 1610 -- 140 

N=50 t=0.l 202 53 1282 574 8.0E-4 --

t=0.5 225 58 1413 638 l.0E-3 --

t=l.0 234 61 1481 667 1.0E-3 --

1=5.0 450 118 2904 1335 -- 236 

N=IO0 t=0.l 301 83 1988 882 3.0E-4 --

t=0.5 317 87 2085 927 3.0E-4 --

t=l.0 326 89 2140 956 6.0E-4 --

1=5.0 529 142 3533 1648 -- 566 

TABLE 6.2. Example I: Integration histories. 

The Newton convergence failure is caused by I q I if q;::;0. The following obser­
vations explain this. Due to the absolute value function, entries of the Jacobian 
matrix contain sign(q). Consequently, if q;::;O, then during the Newton iteration 
approximate values for q readily change sign. Since the size of entries is large, as 
they contain terms (M;f2 , and ;'j.X; can be very small, it happens that during the 
iteration process entries frequently change their value from large positive to large 
negative, or vice versa. No doubt this severely hinders the convergence of the itera­
tive Newton process and, as we have observed, often will lead to convergence 
failures and requests for a Jacobian update. This explains why the march to steady 
state in the case of 100 points is so troublesome. However, we stipulate that also 
with 25 and 50 points the march to steady state eventually becomes troublesome. It 
all depends on the size of the computed velocities q and is a matter of accuracy. 
With lesser points the computed velocities arrive in the troublesome regime for 
larger values of time when the system has become sufficiently stationary or, in other 
words, when the numerical velocities have become sufficiently small. Ironically, 
with 100 points the accuracy is sufficiently good to have the troublesome Newton 
convergence behaviour already for 200 < t < 500. 

We emphasize that the troublesome march to steady state originates from the 
Jacobian matrix needed in the iterative solution process and not from the integration 
formula itself. In fact, we have also run the problem with I q I replaced by ✓q 2 + £ 

with £ = 10-5 , which completely remedies the situation and a normal march to 
steady state is observed with very large stepsizes towards the end value T, even up 
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to T = 1012 . When the modelling does not allow this slight modification in the 
dispersion-flux expression, an alternative remedy is to change the expression for 
I q I only in the entries of the Jacobian, so as to avoid the sign changes. This 
involves a little change of the Jacobian matrix and thus should not interfere 
significantly with the convergence behaviour of the iterative Newton method. 

6.4.3. Example III 
This example is derived from Example I by changing the salt concentration value 

co(0,t) = 1 to the step function 

1, 0 < t::; 0.75, 

w(0,t) = (4.2) 

0, 0.75 < t::; 5.0. 

Thus for O < t ::; 0.75 the two solutions are equal and at t = 0.15 the step function 
generates a second front at x = 0 resulting in a block-form concentration profile. The 
block then travels to the right boundary and eventually the system runs into steady 
state with uniform zero salt concentration. For the moving-grid method this solution 
is more difficult to compute, since now two travelling fronts are present which 
appear and disappear at different values of t. Hence, instead of two times, four times 
the solution shape is drastically changed and the automatic grid movement and step­
size control should be able to cope with these drastic changes. For example, without 
neglecting the already existing first front, at t = 0.15 the method must rapidly cluster 
grid points at the left boundary and decrease the time step to timely see the onset of 
the second front. Therefore, for the same accuracy, roughly twice the number of grid 
points and time-stepping effort will be needed as for Example I. 

We have used N = 25, 50, 100. Apparently, 25 points is not enough, but with 50 
points the solution is already fairly accurate. A comparison for 50 and 100 points 
reveals only minor differences at the top of the computed salt block profile and we 
may conclude that the results are very satisfactory. The gridline plot in Figure 6.3 
for N = 100 nicely reveals the onset of the second front where very small time steps 
have been taken, similar as at t = 0 (see Figure 6.1). The arrival of the two fronts at 
the right boundary can also be clearly recovered from the plot, like the change to the 
uniform steady state grid. Note that also here small time steps are needed to accu­
rately simulate the rapid solution change. The integration costs tabulated in Table 
6.4 indeed show that the time-stepping effort is about twice as large as for Example 
I. As anticipated, comparison of Tables 6.2 and 6.4 reveals that the costs are mainly 
determined by the drastic changes in the solution shape. Once the front exists, the 
time stepping is done very efficiently, as can be deduced from the number of Jaco­
bian updates listed in Table 6.2 at t = 0.1 and 1.0. 
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STEPS JACS RESIDS NITER OVERSHOOT CPUtime (sec.) 

N=25 t=l 160 40 958 421 2.0E-2 --

t=lO 239 64 1509 654 3.0E-2 --
t=lOO 335 92 2155 930 3.0E-2 --

t=200 354 95 2244 980 4.0E-2 --

t=500 373 101 2371 1072 4.0E-2 95 

N=50 t=l 249 59 1473 685 4.0E-3 --
t=lO 300 72 1787 826 2.0E-3 --

t=lOO 338 79 1983 931 2.0E-3 --

t=200 355 81 2048 968 2.0E-3 --

t=500 379 88 2204 1033 2.0E-3 185 

N=lOO t=l 312 85 2058 926 4.0E-4 --
t=l0 346 93 2253 1015 4.0E-4 --

t=lOO. 410 103 2538 1168 7.0E-4 --

1=200 423 105 2592 1196 8.0E-4 --

t=500 1038 707 12700 3344 9.0E-4 1753 

TABLE 6.3. Example II: Integration histories. 

STEPS JACS RESIDS NITER CPUtime (sec.) 

N=lOO l=l.0 554 159 3734 1624 --

t=2.0 819 262 6008 2511 --
1=5.0 1009 308 7259 3154 1146 

TABLE 6.4. Example III: Integration histories. 

6.5. CONCLUDING REMARKS 

We have applied a moving-grid finite-volume method to a particular class of 

one-space dimensional fluid-flow/salt-transport problems with rapid spatial and tem­

poral transitions in the salt concentration. The success of this method rests on two 

sorts of automatic grid-adaptation. The first adaptation is connected with the space 

grid and serves to cope with the rapid spatial transitions. These are dealt with by 
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FIGURE 6.3. Example III: Gridlines and salt concentration profiles at 
t= 0.1, 0.5, 1.0, 2.0, 5.0 for N = 100. 
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integrating on grids that spatially equidistribute a relevant measure of the error. The 
equidistriblition is realized in a dynamic Lagrangian approach where the grid is 
adapted continuously in time. This feature is important since it makes it possible to 
accurately and efficiently follow steep travelling fronts. The second adaptation 
serves to cope with rapid temporal transitions and is just the use of variable stepsizes 
in the numerical integration. Variable stepsizes are a prerequisite when drastic solu­
tion changes have to be dealt with, like the onset of a steep front. The numerical 
integration has been performed with the LSODI based stiff ODE solver of the 
SPRINT package [1]. 

Our findings reported in Section 6.4 have convincingly shown that the method is 
very well suited to solve ID brine transport models involving high concentration 
gradients. Because we have worked with an a priori chosen set of numerical control 
parameters, it is most likely that tuning of these parameters will further enhance the 
efficiency and accuracy for the specific model at hand. Since the method has been 
originally developed for general, one-space dimensional PDE systems [6,13], the 
method is also an excellent candidate for solving fluid-flow/solute-transport prob­
lems from other fields of application. In this connection it is worth to emphasize the 
user-friendly computational environment of the SPRINT package and the moving­
grid interface MGI [3], which together provide a numerical software tool that 
requires a minimum of programming effort. 
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Chapter 7 

Moving-Finite-Element Solution of Time-Dependent 
Partial Differential Equations in Two Space 

Dimensions 

7.1. INTRODUCTION 

The aim of this chapter is to show the capability of the 2D moving-finite-element 
method (MFE) to solve different kinds of time-dependent partial differential equa­
tions (PDEs) having solutions with steep moving fronts, rotating pulses, or other 
features involving fine scale structures. MFE belongs to the class of moving-grid 
methods, which is a subclass of the class of (time-dependent) adaptive-grid 
methods. Adaptive-grid methods are numerical methods for PDEs which strive to 
resolve the sharp transitions in the PDE solution to acceptable degrees of accuracy 
thereby avoiding the use of an excessive amount of spatial grid points. Fixed-grid 
methods are in such situations computationally inefficient, since, to afford an accu­
rate approximation, they should contain an unacceptably large number of nodes. 
Adaptive methods use non-fixed, non-uniform or locally uniform grids and automat­
ically concentrate the grid in regions of high spatial activity during the time­
integration process. 

In contrast with the one-dimensional case (see, e.g., [20, 24, 35]), application of 
moving-grid methods in two space dimensions is less trivial. For instance, there are 
many possiblities to treat the one-dimensional boundary and to discretize the spatial 
domain each having their own difficulties for specific PDEs. Therefore, 2D 
moving-grid methods have hardly been applied to real-life problems. The MFE 
method [10, 14, 20, 24], considering its general approach, allows in principle a large 
class of PDE problems to be dealt with. However, because of the intrinsic coupling 
between the discretization of the PDE and the grid selection, the application of 
MFE, as for any other method, is not without difficulties. The main difficulty we are 
referring to is the threat of grid distortion. Grid distortion can occur in many dif­
ferent ways due to the quite complex solution behaviour of 2D-evolution problems 
[38]. This chapter describes some aspects of the MFE method when applied to 
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various kinds of PDEs with different underlying background. More precisely, three 
main PDE characteristics are recognized, i.e., convection, diffusion, and reaction. 
For each of this notions MFE acts differently with respect to efficiency (time­
integration process), grid movement, etc .. 

MFE is based on the well-known nume1ical method-of-lines (MOL) approach for 
solving time-dependent PDEs. The MFE-method used here restricts its finite­
dimensional approximation to a piecewise linear function on a hexagonally con­
nected triangularization of the 2D spatial domain. The grid movement is generated 
by a least-squares minimization of the so-obtained PDE residual with respect not 
only to the time-derivatives of the solution amplitudes, as in the standard (fixed­
grid) Galerkin case, but also to the now unknown grid velocities. This procedure 
yields, according to the MOL idea, a large system of stiff ODEs, which may be 
integrated with a sophisticated implicit stiff ODE/DAE solver, for example the 
SPGEAR module in the SPRINT package [8, 9]. 

In literature, several tests of the MFE method in 2D are described. These can be 
found, e.g., in [3, 6, 10, 14, 18, 29, 38]. Theoretically, however, little is known about 
the moving-finite-element method in 2D. An exception in this respect is the work by 
Baines and Wathen [4, 7,36,37], and Miller [23]. A very important theoretical pro­
perty is the relation of MFE in both lD and 2D, for hyperbolic PDEs, with the 
method of characteristics [4]. Secondly, for convection/diffusion equations with a 
small diffusion coefficient it can be shown that MFE resembles a perturbed method 
of characteristics [4, 38]. Additionally, in the case of parabolic equations there is a 
strong link of MFE with equidistribution principles [38]. All these properties have 
their influence on the performance of the method when applied to different types of 
PDEs, as we will see in this chapter. 

This chapter is divided into four sections. In Section 7.2.1 we describe the MFE 
method for a general system of PDEs in two space dimensions. The treatment of 
second-order operators is discussed in Section 7.2.2. Section 7.3.1 shows an applica­
tion of MFE to convection-reaction equations. A special feature of this section is 
the use of a non-rectangular domain for the so-called 'Molenkamp-test' (see also 
[26, 30]), which is an important testproblem in meteorology. In Section 7.3.2 MFE is 
applied to a reaction-diffusion equation from combustion theory [19,27]. An 
interesting aspect in this section is the effect of the regularization parameters (penal­
ties) on the grid movement, quality of the solution, and the numerical time-stepping 
procedure, respectively. Section 7.3.3 deals with convection-diffusion equations, 
and shows the effect of a small diffusion coefficient in the PDE on the semi-discrete 
MFE system. Also in this section, MFE is applied to a system of nonlinear brine 
transport problems in a porous medium, of importance in the field of hydrology 
[34, 39]. Finally, Section 7.4 is devoted to some concluding remarks. 



143 

7.2. DESCRIPTION OF MFE IN TWO SPACE DIMENSIONS 

7.2.1. The method 
In this section a description is given of the moving-finite-element method in two 

space dimensions. For more details the reader is referred to [10, 11, 20, 24]. The 
method is presented along the lines of the numerical method-of-lines (MOL) 
approach. 

Consider an abstract Cauchy problem for a system of PDEs in two space dimen­
sions, 

au<n 
~ = Lj, j=l, · · · ,p (x,y)Eil, t>O, (2.1) 

where Lj is a spatial differential operator containing at most second-order deriva­
tives. The MFE-approximation to u <n is chosen to be piecewise linear on a hexago­
nally connected triangularization of n 

M 

u<n:::: u<n=l:; uF>(t) a1(x,y, {X1(t),Y1(t)}), j=l, · · · ,p, (2.2) 
l=I 

where M denotes the total number of gridpoints, and a,1 are the standard piecewise 
linear hat functions. Differentiating (2.2) with respect to t by the chain rule, and 
using the time-dependence of the gridpoints (X1(t ), Y1(t)) we obtain 

uF>=i u\j)al +X1~F> + Y(tF>, j=l, · · · ,p. (2.3) 
l=I 

The basis functions ~p> (see Figure 7.1) have the same support as a,1, i.e., the hexa­
gon of triangles surrounding the j-th node. They are discontinuous at the center and 
on the inner edges of the hexagon; they are zero on the hexagonal boundary and 
take on (for each PDE-component) the six different values of - au<!) ldx at the cen­
tral vertices of the six triangles. Note that due to the piecewise linear approximation 
(2.2), - au<!) liJx has a constant value on each triangle. A similar description l}olds 
for iin, but now related to - au<1> Id y. The equations determining the semi-discrete 
unknowns up>, X1 and Y1 are now obtained. in the standard Galerkin way by minim­
izing the PDE residual R with respect to u;1>, X; and Y;, where 

p ( ') 2 2 
R := L Wj IIU/ -Lj(U)IIL,(O) + !;Pk. (2.4) 

j=I k 

Here wj are non-negative weight factors and Pk is the grid-regularization term 
(penalty) (see [11]) 

(2.5a) 

with 

(2.5b) 

and 
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FIGURE 7 .1. The basis functions a1 (left) and Wl (right). 

£2 ? 
£kSk:=(-)- , 

fik 
(2.5c) 

where £1 and d are small user-specified constants. The effects of adding this 
penalty term are explained below. Note that the second sum in (2.4) is taken over 
the three perpendiculars lik of each triangle. The minimization of (2.4) is performed 
by setting 

cJR 
~ =0, for i=l, · · ·, M; j=l, · · · ,p, 
cJV; 

d~ = d~ = 0, for i=l, · · ·, M 
cJX; cJY; 

and results in a large system of (p+2)xM ordinary differential equations in the 
unknowns u[n, X; and Y;: 

M • (j) () . ( ') . 
I,<a;,a1>V1 + <a;,~11 >X, + <a;,y/ >Y1 = <a;,Lj(U)>, ,~1 (2.6a) 

for i=l, · · · ,M; j=l, · · ·, p, 

(2.6b) 

for i=l, · · ·, M, 
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(2.6c) 

for i=l, · · ·, M, 

wher~ <.,.> denotes the usual Lrinnerproduct. It is clear that (2.6a) without the X­
and Y-innerproducts is just the standard Galerkin method applied to (2.1) using 
piecewise linear basis and trial functions on. a nonu!1iform triangular grid. The time­
dependency of the grid is reflected in the X- and Y-innerproducts in (2.6a) and the 
complete equations (2.6b) and (2.6c). 

Working out the innerproducts and defining the vector 

ll := (···,up>, ... , U)P>, X;, Y;, · · · f, 
we arrive at the semi-discrete MFE system 

J<l(T1,€i) ~ = G (ll,E~), t >0, ll(0) given, (2.7) 

where ..91. is a symmetric matrix, the so-called mass-matrix, containing quantities 
from the left-hand sides of (2.6), whereas the only problem-specific terms are con­
tained in the vector G. It must be noted that, for e1 =e2=0, i.e., without regularizafion 
terms, there exist fundamental difficulties with solving system (2. 7). 

The first difficulty is a possible singularity in the mass-matrix ..9l.. The matrix ..91. is 
singular in the so-called case of 'parallelism'. Parallelism occurs in the absence of 
curvature in the solution of the PDE. In this case, the basisfunctions ~\jl and a.; 
(and/or y/> and a.;) become linearly dependent, which means that the parametriza­
tion of the time-derivative cf/> in (2.3) degenerates. In other words, the minimiza­
tion procedure then has no unique solution, resulting in a zero mass-determinant: 
det J<l(T1,0)=0. Therefore, to avoid the problem of solving a DAE system of index 1 
or higher, the er-term (2.5b), also called intratriangular viscosity, was introduced in 
the residual (2.4). It can be shown, that, for e1 :;c(), ..91. is positive-definite and thus reg­
ular. The second degeneracy of ..91. arises whenever the triangles get too thin or lose 
their positive orientation, i.e., '2D mesh-tangling'. The matrix ..91. will then become 
very ill-conditioned and numerically singular, because in such cases the triangle 
area tends to zero, giving widely varying eigenvalues. Note, that this behaviour is 
time-dependent. Both singularities of the mass-matrix are also discussed theoreti­
cally in [37]. Since it appears in the left-hand side of (2.7), the parameter e1 can 
also be seen to serve as a tool to control the grid-point motion. 

Another difficulty in (2. 7) could arise from a possible singularity of the nonlinear 
steady-state system: G (ll,0)=0. In the already described case of parallelism, which 
appears in applications with, e.g., a constant steady-state, the system G=O could 
have non-unique solutions. The parameter Ez in (2.5c) ('intratriangular spring 
force') serves to prevent this degeneracy. 

As for any other method, the regularization is somewhat heuristic and necessarily 
problem-dependent. For example, if e1 is chosen too large, the grid movement is 
restricted; E1 ➔00 gives a non-moving grid, with the result that there may not be 
sufficient refinement in regions of large spatial activity. On the other hand, if E1 is 
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too small, the mass-matrix JI. may become numerically singular. The parameter £2 

could be chosen equal to zero in most applications. For PDEs with 'flat' steady-state 
solutions a small non-zero value of £2 suffices to keep the semi-discrete ODE sys­
tem regular. As for £ 1, too large values for £2 could restrict the grid movement: 
£2➔00 gives a uniform (non-moving) grid. 

The weight-factors w1 in (2.4) serve to make it possible to let certain PDE com­
ponents dominate the grid movement equations (2.6b) and (2.6c). This may be desir­
able for a badly scaled problem, or if one PDE component is strongly varying and a 
second component has only a mildly varying solution, for example. 

7.2.2. Second-order operators 
The MFE method used here has serious difficulties, when solving PDEs with 

second-derivative terms. Due to the piecewise linear approximation (2.2), second 
order derivatives fail to be defined in the usual sense. For example, /1,.u is zero on 

the interior of each triangle, but has a measure of constant strength - (a:++ a:- ) 
on on 

on each inner edge. Here the + and - denote the two triangles over which the jump is 
made. Furthermore, the basis function P; has a discontinuity along each inner edge. 
This can be derived from the relation P;=-Uxa;. These two properties combined 
indicate that the innerproduct <P;,/1,.u> even fails to be defined in the sense of distri­
butions, which makes it impossible to evaluate h P;/1,.u dQ. Note that these con­

siderations hold for the right-hand side y-innerproducts in (2.6c) as well. 
There are several 'tricks' to get around this fundamental difficulty: 

1. Miller [20, 24] uses the idea of 'mollification' to regularize the undefined inner­
products. Mollification can be interpreted as using a limiting equation obtained 
by applying the minimizing condition to a PDE residual underlying a smoothed 
(mollified) piecewise linear function and then letting the limiting equation 
approach its now well-defined limit (using a small perturbation parameter, the 
so-called 8-mollifier). 

2. Johnson [17] and Mueller [28] apply Green's theorem in a clever way to work out 
the troublesome innerproducts. Their treatment, however, can only be used for 
special PDE operators. 

3. Sweby [31] uses the idea of 'recovery'. This involves fitting a piecewise polyno­
mial to the first derivative and then differentiating this better defined quantity. The 
process is simple in one dimension, but in two dimensions the expressions may 
become very complex. 

4. Higher order test functions. This means, that instead of applying a minimization 
of the PDE residual, i.e., a projection on a space of piecewise linears, we do a 
projection on a higher order function space. Then, no problems are encountered 
when evaluating the right-hand side innerproducts. This Petrov-Galerkin 
approach works well in lD (see [16]), and seems to improve the nodal movement 
and position of the grid points in steep fronts. In 2D, however, the evaluation of 
the innerproducts is not so simple and straightforward as in one space dimension. 

It is interesting to note, that for the relatively simple case of a Laplacian operator 
ideas 1. and 2. yield identical semi-discrete equations. This is expressed by the 
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following lemma: 

LEMMA 7.1. The right-hand side innerproducts in (2.6b) for £1.__u) = Au using 
mollification are identical to the ones using idea 2. In other words: 

<~;,Au>1. = <~;,Au>2 .• 

PROOF By definition we have: 

(2.8) 

<~;,AU>z. = J~;Uxx dD. + J~;Uyy dD. =- J UxCl..;U_u dQ- J UxCl..;Uyy dD., 
Q Q 61 61 

where frc are the six triangles surrounding the grid point (X;,Y;). Applying the chain 
rule, the divergence theorem, and the small support of a;, respectively, this expres­
sion can be written as 

where A ('t) is the area of triangle 't. Next, using relations between a.;.x, Cl..;,y, A ('t), 
the lengths L of an edge, and the unit normal vector n on an edge, (2.9) can be 
rewritten as 

(i.e.= inner edge), 

where n I and n 2 denote the x- and y-component of the normal vector n, du/on the 
normal and duld't the tangential derivative on each edge, and the second sum is 
taken over the two inner edges of 't. Expressing duldn and duld't in terms of u_" u y 

and n, finally results in 

du+ du- u; + u-; L 
I, ( a;:;-+a;:;-) 2 2 

6 edges 

This is equal to <~;,Au>1., since the mollified form consists of - (du+ ldn+du- ldn) 
(the constant measure of Au on each inner edge) and -(u1 + u~)/2, which can be 
interpreted as a mean value for -ux along an edge (see [11]). □ 

To apply MFE to real-life problems, such as the brine transport problem in Sec­
tion 7.3.3, involves the treatment of a general second order flux term in combination 
with the piecewise discontinuous basis functions ~; and Y;- In this case, option 2. 
can not be used, and options 1. and 3. yield extremely complicated nonlinear semi­
discrete terms in the right-hand side vector G in equation (2.7). We have used 
another idea, which is in our opinion the simplest justifiable option. The idea makes 
use of the fact, that, owing to the piecewise linear approximation, the first order spa­
tial derivatives are constant on each triangle. For instance, the innerproduct of ~; 
with a flux term V· <j)(u, Vu) is treated as follows: 

<~;, V· <j)(u, Vu)>:= f ~; V· <j)(u, Vu) dD. = f -U, a; V· <j)(u, Vu) dD. 
Q 61 

:::: I,-Ux(•) fa; V· <j)(u, Vu) d't, (2.10) 
61 1 
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where the last integral may be approximated without difficulties in the usual way by 
some quadrature rule, e.g., the mid-point rule. It must be noted, that using (2.10) is a 
bit tricky, because the jumps of B;-values over triangle edges are, more or less, aver­
aged in the approximating integral. In some sense, when replacing <I> by v' u, giving 
back the Laplacian, (2.10) is an averaged approximation to formula (2.8). Moreover, 
'freezing' one space dimension in (2.10), say the y co-ordinate, approximates the 
mollified interpretation of <B;,uxx>, since applying (2.10) to <B;,uxx> yields: 

<B;,Uxx> = I -uxCX;Uxx dx::::: L-ux,e/J CX;Uxx dx 
xi-1 2e/ e/ 

::::: -Ux,2el LI CX;Uxx dx (el =element), 
2el el 

where Ux, 2e1 is the average value of Ux over the two elements. Defining m; to be Ux 
on the element (X;_1 ,X;) and working out the integral by partial integration, we 
obtain 

m;+m;+1 1 2 2 
- 2 (m;+1-m;) =-2 (m;+1-m; ). 

The last expression is equivalent to <B;,Uu>1. (see [24]). 

For the brine-transport application, we evaluate the flux innerproducts according to 
the idea above. In the other numerical experiments in this chapter the second idea is 
used for the Laplacian-innerproducts. 

7.3. AN EVALUATION OF MFE IN 2D 
System (2.6) is implemented according to the ideas in [11]. This holds also for 

the treatment of the boundary terms. To obtain the fully discretized solution, ODE 
system (2.7) must be integrated numerically. It is known, that this system will usu­
ally be extremely stiff. For integration in time, therefore, a suitable stiff ODE solver 
must be used. In our numerical experiments we have solved the implicit ODE sys­
tem (2.7) with the (implicit) BDF integrator SPGEAR of the SPRINT package [8, 9] 
in the usual way. This means amongst others that the resulting algebraic system is 
solved by a modified Newton process. In the description of the experiments, which 
all were done on an SGI Indigo workstation, the following notation is used: 

STEPS= number of successful time-integration steps 
JACS= number of Jacobian evaluations 
BS = total number of Newton iterations 
TOL= time-tolerance (absolute and relative) for the SPGEAR integrator 
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7.3.1. Application to convection-reaction equations 
For this type of PDEs a standard form for the right-hand side operator £ in (2.1) 

is 

L(u)=-y·'Vu + g(u,x,y,t), (3.1) 

where y defines the convection term, and may depend on u, x, y, and t. This means, 
that (2.1) for this choice of £ is of the hyperbolic type. MFE applications to this 
class of PDEs can be found in [3, 6, 28, 29, 38]. It is known, see, e.g., [4], that, for 
this choice of PDE operator, there is a strong link between the semi-discrete MFE 
system (without regularization terms) and the characteristic equations of the PDE. 
More specifically, it can be shown that for PDE operators £ of the form (3.1) with y 
linear in u, x, y, while setting aside boundary effects, the ODE system (2.7) is 
equivalent to a discretized version of 

cx,yf =f, 

u =g. 

(3.2a) 

(3.2b) 

In many cases, this characteristic behaviour is very beneficial. However, there are 
some situations in 2D for which this behaviour could give problems. Two of these 
problems are described in [38]. The first problem has to do with a possible differ­
ence between the directions of the characteristic curves of the PDE (the movement 
of the 'fluid' -particles) and the movement of the solution front. The second problem 
can be summarized by the term 'grid rotation', and may occur in PDE problems 
where the characteristic curves are circles, spirals, etc.. Furthermore, equations 
(3.2) show, that for y=O, i.e., when we are dealing with an ODE instead of a PDE, 
there will be no grid movement at all. This is a desirable property, since pure ODEs 
can not produce propagating wave solutions. 

The following numerical example from this PDE class is the so-called 
'Molenkamp-test', which is a standard test problem in meteorology (see also 
[25, 26, 30]). In fact, this example is identical to Example II in [38] enhanced with a 
linear reaction term. It was this example (without reaction term) for which MFE 
produced a strongly distorted grid when applied on a square with fixed comer 
points. It will be shown that, if we let the boundary points 'move around the comer', 
MFE produces a very accurate solution on a well-adapted grid. The effect on MFE 
of adding the reaction term will be examined as well. 

EXAMPLE I ('Molenkamp-test'): 
The operator £reads for this test-problem: 

1 du I du 
£(u)=-1t(y-2) dx + 1t(x-2)ay - c u, (3.3) 

with initial and boundary conditions 

1 2 3 2 
u I r=O = u 0(x,y) = exp(-80[(x-2 ) +(y-4 ) ]), 
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# rotations STEPS JACS BS Umax 

I JOO 68 374 1.00000 

3 205 162 842 1.00000 

5 289 234 1205 0.99989 

7 390 323 1664 0.99989 

TABLE 7.1. Example I: Integration history for c==O. 

u lan==O, 

The domain Q is chosen to be a circle with center (1/2, 1/2) and radius ff, in con­
trast with the experiments in [38], where Q was represented by a square. It must be 
noted that the choice of a circular domain is certainly not rest1ictive. On c)Q equa­
tion (2.6a) is replaced by u == 0. Equations (2.6b) and (2.6c) are not altered, so that 
the grid points on the boundary are now free to move. 

The exact solution describes a pulse that moves around in circles with a constant 
speed. During the movement the shape of the pulse changes, depending on the value 
of c in the reaction term. For c==O, the shape of the pulse i~ unchanged, whereas, for 
c>O, the peak of the pulse will decrease. The characteristic curves are circles with 
centre (1/2, 1/2) 

On these curves the solution varies according to u == - c u, resulting in the exact 
solution: u (x,y,t) == u0 e-c 1• 

From literature it is known, that many numerical methods have severe problems 
with solving this test example (see [25, 30]). Two important drawbacks of standard 
numerical techniques to solve (3.3) are, that either they damp out the solutions 
dramatically, because of numerical diffusion, and/or they exhibit strong oscillations 
in the solution during the integration process. 

In Table 7.1 and Figure 7.2 the results for MFE applied to model (3.2) on a circu­
lar domain with c ==O are given. In the below described runs the standard choices 
TOL==I.E-3, £y==I.E-4 and d==I.E-9 are made. In this example the effects of the 
penalty terms are not essential; they are only needed to keep the semi-discrete sys­
tem (2.7) non-degenerate. The starting grid consists of only I lxl 1 points of which 
5x5 are distributed uniformly around the cone in (0.25,0.75)x(0.5, 1.0). 

A notable point is that the integration costs remain almost constant during each 
rotation of the pulse. This can be explained by the property of MFE to follow the 
characteristic curves of the PDE, thereby yielding almost linearly (in x and y) vary­
ing grid speeds during the calculations. Note, that this is the optimal way to follow 
the rotating pulse. Also, the maximum value of the pulse shows no tendency to 
decrease as for other methods. In fact, the en-or in the peak of the pulse is less than 
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FIGURE 7.2. MFE solution for Example I (c=0) at t= 0.0, 0.5, l.0 and 2.0. 

l.E-4 even after several rotation periods. Both effects can be explained by refer­
ring to equation (3.2) with g=O. In contrast with [38], the grid structure now remains 
undistorted and well-adapted to the shape of the pulse. 

If we take a non-zero reaction term, for instance c=l or c=lO in (3.2), the results 
do not change dramatically. As for the previous case, the error induced by MFE for 
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the maximum amplitude is less than 1.£-4 for both c=l and c=IO. The time­
integration costs are, say for c=l: STEPS= 95, JACS= 68, BS= 361 for the time­
period 0$;t$;2. Again, this could be explained by the fact that the semi-discrete MFE 
system (2.7) is strongly related with equations (3.2), but now with g:;t:O. 

7.3.2. Application to reaction-diffusion equations 
For this type of PDEs a standard form for the right-hand side operator Lin (2.1) 

is 

L(u) = V·(D(u)Vu) + f (u,x,y,t), (3.4) 

with a diffusion coefficient D. MFE applications to this class of PDEs can be found 
in [2, 10, 17, 18,38]. 

In the folJowing numerical example, MFE is applied to a scalar reaction-diffusion 
equation. The effect of the penalty parameters £ 1 and £ 2 on the time-stepping pro­
cess, the movement of the grid, and the quality of the solution, are examined, 
respectively. 

EXAMPLE II ('Flame propagation'): 
This example of the reaction-diffusion type is a model of a so-called single one­

step reaction of a mixture of two chemicals [19] and stems from combustion theory. 
The right-hand side operator Lin (2.1) reads in this case 

L(u) = d liu + D(l+a-u)e-01u, (3.5) 

on the domain Q = (0, l)x(0, 1), subjected to the initial and boundary conditions 

u I r=o=l, 

du 
-::;--=0, at x=0, y=0, 
on 

u=l, at x=l, y=l. 

The dependent variable u here represents the temperature of the mixture. The 
parameter a is the heat release, D=Re 0 /a8 the Damkohler number, 8 the activation 
energy, and R is the reaction rate. For small times the temperature gradualJy 
increases in a circular area around the origin. Then, provided the reaction rate is 
large enough, at a finite time 'ignition' occurs causing the temperature to suddenly 
jump from near unity to 1 +a, while simultaneously a reaction front is formed which 
circularly propagates towards the outer Dirichlet boundary. When the front reaches 
the boundary the problem runs into steady-state. Following [ 1] we select the param­
eter values a=I, 8=20, R=5, but choose a different value for the diffusion parameter 
d. While in [I] the diffusion coefficient d=l, we have here put d=0.1 as in [33]. A 
smaller diffusion parameter has the effect that the temperature front becomes 
steeper, particularly so upon approaching steady-state. With this choice of parame­
ters the 'ignition' takes place at about t=.24 and the solution is in 'steady-state' at 
about t=.35. It is known (see, e.g., [13] for the one-dimensional case), that BDF 
codes need a rather smaIJ time tolerance TOL of, say 1.£-5, because of the different 
time-scales in the model. This is especially so to detect the start of ignition 
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accurately. Small errors at this time point result in significantly larger global errors 
later on. This 'local instability' of the model can be explained by inspection of the 
reaction term: for 1:<S;u:<S;l.8 its derivative dj /du is positive, for example 1.E +3 for 
u:::::J.6, resulting locally in growing solutions and for u~l.8 negative, for example 
-5.5E +3 for u:::::2.0, resulting in locally decreasing solutions, respectively. 

Since the initial solution is constant, we let MFE start on a uniform grid consist­
ing of 21x21 moving grid points. The experiments shown below are separated in 
two different subcases. First, a standard value for d is chosen, viz., 1.E-9, while 
varying the first penalty parameter £1 from l .E -6 to 1. Second, with a fixed value 
for £1, viz., l .E -4, the effects of varying d within a range from 0 to 1 are studied. 

Figure 7.3 shows the grid and solution generated by MFE at some interesting 
points of time for the standard choice of parameters £1= 1.E -4 and £~= l.E -9. 
Although there is no exact solution available, the numerical solution may be com­
pared with a 'reference' solution obtained by [33), where an adaptive grid with local 
refinement is used. Both solutions resemble very well, and both adaptive grids, 
although underlying totally different adaptation principles, indeed generate 
refinements in the same regions. Moreover, just as in Example III of [38), we see for 
this PDE (especially in steady-state, i.e., at t=0.35) a concentration of triangles in 
regions with large second derivatives. This corroborates the conjecture that for par­
abolic equations in 2D there is a close relation between MFE and equidistribution 
principles. This is, unfortunately, only an experimental evidence, in contrast with 
the one-dimensional situation for which there is some theory available in this 
respect. 

Tables 7.2 and 7.3 show integration data for increasing values of £1 and £~, 
respectively. From Table 7.2 we note that the efficiency of MFE depends highly on 
the choice of £1• For very small values of this parameter the solution is still accurate, 
but is computed on a grid which moves not very smoothly in time. We also see, that 
for larger values of £1, the adaptivity of the method is influenced, while for too large 
choices the grid does not move at all. In this respect, the parameter £1, originally 
introduced in the minimization procedure to ensure the regularity of the mass­
matrix, can also be seen as a smoothing parameter for the grid movement. The 
integration performance of MFE is in one aspect disappointing. If we calculate the 
ratio JA CS/STEPS as a function of £1, we see from the table that for £1 =l.E-4 this 
ratio is 0.34, i.e., when using MFE optimally, whereas for £1 =1 (a fixed grid) 
]ACS/STEPS is only 0.12. We may conclude, that the efficiency of MFE, at least 
for this testproblem, although resulting in accurate solutions, is strongly influenced 
by the choice of the intratriangular viscosity constant. The effect of the parameter 
£2 , introduced to keep the steady-state MFE system regular, is less important (see 
Table 7.3). In fact, £2 could have been chosen equal to zero for this example, since 
the steady-state solution still possesses a steep profile. Also, the time-integration 
process is not much influenced by this parameter, in contrast with the penalty con­
stant £1• This can be seen in the second column of Table 7.3, where the number of 
time steps is almost constant for the smaller values of this parameter. Note, that a 
fixed (uniform) grid, with an inaccurate solution, is obtained, if we let £2 tend to 
infinity. In the case of a flat steady-state, as in the next numerical example, this so-
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FIGURE 7.3. Grids and solutions of Example II at t= 0.25237, 0.27653, 0.35000. 



called spring constant plays a more significant role. 

d STEPS JACS BS SOLUTION(*) GRID(**) 

l.E-6 1984 579 5928 O.K. NON-SMOOTH 

l.E-4 618 

l.E-2 502 

l.E-0 423 

d STEPS 

0 609 

l.E-9 618 

209 2188 O.K. 

93 1370 O.K. 

52 1066 BAD 

TABLE 7 .2. Example II: Variation of £T. 
(*): compared with the solution in [33] 

(**): this is, of course, a subjective notion 

JACS BS SOLUTION 

188 2105 O.K. 

209 2188 O.K. 

ADAPTIVE 

TOO SLOW 

FIXED 

GRID 

ADAPTIVE 

ADAPTIVE 
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l.E-6 635 186 2212 O.K. LESS NON-UNIFORM 

l.E-3 783 255 2839 INACCURATE ALMOST UNIFORM 

l.E-0 469 75 1250 BAD UNIFORM 

TABLE 7.3. Example II: Variation of d. 

7.3.3. Application to convection-diffusion equations 
For this type of PD Es a standard form for the righthand-side operator £ in (2.1) is 

L(u) = £ 11u - ~·Vu, (3.6) 

where, in general, £ is a small coefficient, and ~ a linear or nonlinear function of u. 
Depending on the proportion £/11~11, the PDE defined by (3.6) can be classified 
numerically as hyperbolic or parabolic. The numerical difficulties for this type of 
PDEs, in fact, arise because of this 'double' property: for do the PDE will be of the 
hyperbolic type, whereas otherwise the PDE will possess parabolic properties. MFE 
test results for this class of PDEs can be found in [10, 14, 21, 22, 28, 29, 38]. Since 
the displacement of solution fronts for this type of equations is mainly determined 
by the convection term ~-Vu, the complete movement may be defined by a per­
turbed characteristic ODE system. In formulas: 

(3.7) 
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where r represents the position vector (x,yl, and f, hare some functions containing 
first and second order spatial derivatives of the solution u. Similar to the pure con­
vective case (see Section 7.3.1), the semi-discrete MFE equations are now related to 
equations (3.7), of course without penalty terms (£1 =£2=0). In one space dimension, 
we can formulate the function f explicitly, both in the continuous and semi-discrete 
case, see, e.g., [12, 38]. In [4] it is shown that, in two dimensions, the MFE grid 
speeds are, in a certain sense, approximations to 

r = p + E ((Liu)Juw(Liu)yfuyy)1"· 

It is clear, that the perturbation term f, though multiplied by the small diffusion 
coefficient £, may be of importance in subregions of the spatial domain Q, where the 
solution of the PDE model possesses large first and second order derivatives, such as 
in boundary layers and steep transitions. Therefore, a proper treatment of the 
Laplacian-innerproducts in (2.7) is indispensable. 

The following two numerical PDE examples will show the performance of MFE 
for convection-diffusion equations. First, a simple linear PDE is discussed with the 
accent on the effects of the semi-discrete diffusion term, especially its effect in a 
boundary layer and for steady-state situations. The second example is a strongly 
nonlinear system of two PDEs, describing brine transport in a porous medium. Here, 
the weightfactors wj, which were defined in (2.4), play an important role. An addi­
tional aspect in this example is the use of general second order flux terms. 

EXAMPLE III ('A linear model'): 
For this example we have chosen the convection term p to be constant: 

P=(P1,P2 )7' =(1,112)7°, and two different values for£: l.E-2 and l.E-3. The 
domain Q is the unit square and the boundary and initial conditions satisfy 

t=0: u=I for0:s;x::;;1111 and o::;;y:s;J/11, 

u = 0 elsewhere, 

t > 0: u = 1 for x = 0 and 0::;; y ::;; 1/11, and for y = 0 and 0::;; x::;; l/11, 

ciu a,; I an = 0, elsewhere. 

With these choices, the solution is a front that, starting as a small-sized block near 
(0,0), moves approximately with speed IIPII and direction p. After having reached the 
boundary, the solution u tends to a constant steady-state value of l for t➔00, as we 
have Neumann conditions on the remaining part of the boundary. Note, that this 
part of the computation is difficult, since the solution at the boundary is lifted from 0 
to I, while still obeying the Neumann conditions. 

In Table 7.4 the time-integration history is presented for E=l.E-2. Figure 7.4 
shows the grids and solutions at t=0.3, which is halfway the propagation phase of 
the front. Using the standard values Ej=l.E-4, £~=1.E-9 and TOL=I.E-3, MFE is 
applied to this test problem on a starting grid of 25x25 grid points, of which 13xl3 
are distributed uniformly over the block, and the remaining ones uniformly over the 
rest of the domain. 
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There are some interesting remarks to be made regarding the figures in the table. 
At first, we see a start-up phase, in which MFE tries to cope with the initial discon­
tinuity u and the initial nonuniform grid. After that, the propagation phase of the 
solution dominates the performance of the moving-grid method. This can be seen 
from the almost constant time integration between t==0.25 and t==0.75. In this phase, 
MFE approximates a perturbed characteristic movement (see (3.7)), with a small 
perturbation term E f. Around t=l.0 the front hits the boundary, at which point the 
perturbation f is no longer negligible. As indicated above, this part of the computa­
tion combined with the approach to steady-state takes many time steps. It must be 
noted, that, when taking a smaller diffusion coefficient, these effects appear even 
stronger. For E=l.E-3, the propagation phase until t==0.75 takes only STEPS=41, 
JACS= 24 and BS= 142, letting the characteristic movement of the grid points show 
better. On the other hand, the steady-state phase becomes proportionally more 
expensive. Until t=lO0.0, the diffusion takes over the integration process: 
STEPS= 333, JACS= 212 and BS= 1031. 

t STEPS JACS BS PHASE 

0.25 32 20 106 START-UP 

0.50 45 25 149 PROPAGATION 

0.75 57 34 200 PROPAGATION 

1.00 64 37 222 BOUNDARY EFFECTS 

100.00 119 64 381 STEADY-STATE 

TABLE 7.4. Example III: Integration history for E= 10-2 • 

EXAMPLE IV ('Brine transport in a porous medium'): 
This problem stems from hydrology and models the transport of salt in a porous 

medium [15]. In the present application we consider a particular model for isother­
mal, single-phase (only fluids), two component (water and salt) saturated flow, 
which is constituted by a system of two PDEs basic to groundwater flow: a con­
tinuity equation for the brine mass and a transport equation for the salt mass concen­
tration. These equations are supplemented with two basic laws, viz., Darcy's law 
and Fick's law. After a few simplifications (see [34, 39]), the following system of 
two nonlinear PDEs determines the model 

aro npTt = -v'·(pJ) - pq·v'ro , (3.8a) 

c)p aro 
~npat + ynpTt = -v'·(pq) ' (3.8b) 
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where 

FIGURE 7.4. Grids and solutions of Example III at t=0.3 for 
E= 10-2 (left), 10-3(right). 

K 
q=--(VP-pg) (Darcy'slaw), 

µ 

J = -1JVco (Fick's Jaw). 

(3.9a) 

(3.9b) 



The 2x2 dispersion tensor is defined by 

a,L-a,T 
'lJ= (nDmo1+a.T I q I)/+ - 1 q-,-qqT, I q I = (qT q) 112 , 

To complete the physical model, an equation of state is added, given by 
~(P-P0 )+ym 

P = Poe • 
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(3.9c) 

(3.9d) 

In equations (3.8) and (3.9), the following notation is used: the quantities ro, P, p, n, 
µ, K, q, J and g represent, respectively, salt mass fraction, pressure, density, poros­
ity, viscosity, permeability, Darcy velocity, dispersive flux and the gravity vector. 
Further, Dmol stands for the molecular diffusion, a,T for the transversal dispersion 
coefficient, a,L for the longitudinal dispersion coefficient, ~ for the compressibility, y 
for a salt coefficient, and p0, PO for reference density and pressure values. 

Some characteristic properties of PDE system (3.8) and (3.9) may be derived. 
First, it can be seen easily, that the matrix 'lJ is positive definite for I q I :;t:O. In addi­
tion, however, it is noted that for I q I J,o the PDE system may, in some cir­
cumstances, be not well-posed [32]. This ill-posedness could occur in special cases, 
such as in stagnation points or in vortices. In the present application the model does 
not suffer from these singular situations. Second, both dispersion coefficients a,T and 
a,L highly determine the character of equation (3.8a). Equation (3.8a) is of the 
convection-diffusion (advection-dispersion) type and, as usual, numerically difficult 
to solve if it is advection dominated. With the below selected initial and boundary 
conditions and the actual choice for a,T and a,L, steep travelling salt fronts are gen­
erated. Further, a special feature of the model is that the compressibility coefficient 
~ is very small or even zero. If ~=0, then the 2x2-matrix multiplying the time­
derivative vector (ro1,P1f is singular and (3.8b) is effectively replaced by an equa­
tion without temporal derivatives. As we will use a stiff (implicit) ODE/DAE solver, 
viz., the BDF module of the SPRINT package, there is no need to distinguish 
between ~=O and ~:;t:O. Finally, it is known, that the pressure equation (3.8b) can, in 
certain circumstances, be approximated in a so-called Boussinesq sense, replacing it 
by the standard continuity equation V·q = 0. With the present conditions this results 
in a very smoothly varying pressure distribution P(x,y,t). For more information 
with regard to the PDE model, the interested reader is referred to [34, 39]. 

The application of MFE to this model needs an extra explanation. There are three 
additional aspects worth mentioning: 

1) The first aspect is the appearance of a matrix, not equal to the identity matrix, 
in front of the time-derivative. However, for this, only a minor modification is 
needed to apply the minimization procedure, which was explained in Section 7.2.1. 
No special difficulties are encountered when working out the innerproducts for the 
new semi-discrete formulation. 

2) The second aspect deals with the treatment of general second-order operators. 
This has already been treated in Section 7 .2.2. 

3) The third new aspect in this MFE-application is the use of the weight factors 
wj (see equations (2.6)). The wj were introduced to make it possible to let the grid 
movement equations (2.6b) and (2.6c) be dominated by certain PDE components. In 
the brine transport equation this possibility is very welcome. Since the pressure 
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gradients oP lox and oP lo y are expected to vary only slowly, the weight factor w 2 is 
taken zero. This means, that pressure effects are not taken into account in the 
moving-grid equations (2.6b) and (2.6c), and that the salt concentration changes 
take the responsibility for the grid movement (w 1 =l). 

In the present MFE-application constant values are taken for the permeability 
(K =l.E-10), viscosity (µ=l.E-3), porosity (n=0.4) and the molecular diffusion 
(Dmoi=0). Further, the model is subjected to initial and boundary conditions on the 
unit square (0, I )x(0, 1 ): 

w(x,y, 0) = O; P(x,y, 0) =Po-PI y, 

y = 0 and 2/11 < x < 8/11 : ow/on= 0, P = Po, 

y = 0 and x elsewhere w = Wo, P = Po, 

x = 0, 1 and 0 < y < I ow/on = oP/on = 0, 

y = I and 0 < x < I ow/on = 0, P = Po- p 1, 

where w0 , p 0 and p 1 are constants: w0=0.25, p 0=1.7E+5, p 1=0.7E+5. The 
remaining problem data are: ~=4.5£-10, y.=0.6923, p0=9.98£+2, P0=1.E+5 and 
g=(0,-9.Sll. The dispersion coefficients are chosen: ar=2.E-3 and aL=l.E-2. 

Under these conditions, the model describes an injection of salt water of a high 
concentration through two gates at the bottom of the domain. Due to the small 
values of aT and aL, and the boundary conditions imposed on the pressure com­
ponent P, the solution w(x,y,t) of the PDE model is a travelling fresh/salt water 
front, moving from the lower boundary to the upper boundary. After having reached 
that boundary, the dispersion and the Neumann boundary condition take over the 
process, resulting in a smoothing out of the two fronts. For t sufficiently large the 
fronts disappear completely which means that the whole medium is filled with the 
high-salt concentration fluid. 

MFE is applied to this model with a starting grid of 3Ix21 gridpoints, of which 11 
gridpoints in the y-direction are distributed uniformly between 0 and 0.1 and the 
remaining ones uniformly over the rest of the domain. We have scaled the equations 
in such a way, that wand Pare of the same order of magnitude. Therefore, we can 
select one time-tolerance value for all DAE components, viz., TOL=l.E-3. The 
penalty parameter values are ET=l.E-4 and £~=1.E-8. Figure 7.5 shows the MFE 
solutions for w at some characteristic points of time. Since the solutions for p do not 
change dramatically, we leave them out of the discussion. We clearly see the move­
ment of the grid points following the two salt fronts. The lower two plots picture the 
steady-state process, for which finally MFE renders a uniform grid. Table 7.5 gives 
the time-integration history belonging to this run. It is interesting to remark that the 
figures in Table 7 .5 are almost identical to the ones in Table 7.4. The four phases 
described in the previous example can also be recognized in this application: 1. the 
start-up phase, which costs a considerable number of STEPS for MFE to cope with 
the initial solution and grid distribution, 2. the propagation phase of the fronts, with 
a nearly constant time behaviour, for which the characteristic movement of the grid 
points is responsible, 3. the phase, in which the salt front hits the boundary and 4. 
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t STEPS JACS BS PHASE 

0.25 40 19 118 START-UP 

0.50 48 23 144 PROPAGATION 

1.00 59 25 174 PROPAGATION 

10.00 96 44 287 BOUNDARY EFFECTS 

l.E+6 146 71 423 STEADY-STATE 

TABLE 7.5. Example IV: Integration history. 

the steady-state phase. The last two phases account for almost 50% of the integra­
tion effort. 

For practical simulations of the model there is a need for more general boundary 
conditions (flux-conditions) and smaller values for the dispersion coefficients. 
Smaller ay and aL have the effect to give yet steeper fronts in ro. However, to apply 
MFE on such cases, we need to consider a more careful treatment of the general 
second order flux terms (2.10), since they have a strong influence on the grid move­
ment, especially in the steep parts of the moving front solution, and near steady­
state. 

7.4. CONCLUSIONS 

As a member of the class of moving-grid methods, the moving-finite-element 
method (MFE) is able to accurately approximate solutions of PDE models in two 
space dimensions possessing steep local transitions. In this chapter MFE has been 
applied to PDEs with a different underlying background, viz., containing convec­
tion, reaction and/or diffusion terms. In all examined cases, steep moving front solu­
tions are satisfactorily followed by the semi-discrete moving-grid points. It must be 
stressed that compared with standard fixed-grid methods, a notable advantage of 
MFE is, that it can be used with a relatively small number of spatial grid points, 
when applied to PDEs with sharp transitions. 

The effect of the penalty parameters on the semi-discrete ODE system depends on 
the PDE to be solved. The first parameter, the intratriangular viscosity constant, £ 1, 

has an important influence on the efficiency of the time-stepping procedure. For 
small values the grid movement may become irregular, whereas for slightly larger 
values of £ 1 it can be seen as a grid-smoothing parameter. Too large values of £ 1 

yield an (unwanted) non-moving grid. The second parameter, the intratriangular 
spring constant, q, needs only to be used for PDEs with a flat steady-state solution, 
and, therefore, affects the time-integration process for large points of time. Further, 
the steady-state 'flame front' solution strengthens the conjecture, that, for parabolic 
equations, MFE is closely related to equidistribution principles. 

For convection-diffusion equations MFE resembles a perturbed method of 
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FIGURE 7.5. MFE solution of Example IV at 
t== 0, 0.1, 0.25, 0.5, 0.75, 1.E+6. 
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characteristics. The PDE diffusion coefficient plays an important role in this respect. 
Since MFE uses piecewise linear basis functions, second derivative terms are not 
well-defined. Several regularizations are possible to treat the troublesome innerpro­
ducts. The diffusion term and, thus the choice of regularization, influences the grid 
movement around steep transitions, near boundary layers and also in near steady­
state situations. 

MFE is applied to a brine transport problem in a porous medium. The weight fac­
tors, introduced to emphasize or de-emphasize certain PDE components, are utilized 
to let the grid-movement of the method merely be driven by the first component, the 
salt mass fraction, which consists of steep moving fronts, and not by the second 
component, the pressure, which varies only little during the whole time-period. A 
special treatment, of the general flux term is carried out, using the average of the 
first derivatives of the solution, to cope with undefined innerproducts. 

Future developments to improve the performance of MFE, could contain: 1. the 
use of higher order basis/testfunctions, 2. the incorporation of an initial grid pro­
cedure (see [5]), which could also be used for regridding after grid distortion, and 3. 
the implementation of general flux (Robin) boundary conditions. Finally, there is a 
need for more theoretical results with regard to moving-finite-elements in two space 
dimensions. 
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