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Chapter 1

Introduction

1.1. INTRODUCTION, SCOPE, AND BACKGROUND

In this monograph some statistical aspects of classifications are considered.
Two different meanings of the word classification should be distinguished:”
first, that where structures are imposed on an hitherto unstructured class of
objects, e.g. by defining subclasses, designing categorical, hierarchical, or taxo-
nomic systems, secondly, that where individual objects are allocated to the
different classes of such predetermined systems. '

We shall concern ourselves mainly with problems associated with the second
meaning. Many activities result in such classifications. We are subconsiously
recognizing, i.e. classifying, objects around us such as books, chairs, cats, dogs,
etc. Taking action on the basis of such classifications is often completely
interwoven with our everyday behaviour. Spoons, forks, knives are recognized
as such and put into different boxes. Patterns are recognized as letters from
which words and sentences are made. In these situations the observer feels no
uncertainty about the true group membership of the observed objects. An
assessment of the consequences of corresponding actions can be made without
taking into account the fact that the objects could have been misinterpreted.

However, there are many practical situations in which considerable uncer-
tainty exists about a specific classification, and consequently the observer has
to often reckon with a wide range of possible consequences of corresponding
actions. For example, pathologists are often concerned with situations in which
there is much uncertainty about the true disease a patient is suffering from.

Much scientific work deals with the classification of objects, in both men-
tioned meanings of the world. In disciplines like archeology, biology, psychol-
ogy, medicine, etc., the task may be to design a categorical system, or, if such
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a system has become available, to allocate objects or individuals to the
different classes. ’

Classification methods are studied from an abstract, i.e. not subject matter
related point of view by techniques like discriminant analysis, pattern recogni-
tion, statistical decision functions, cluster analysis, fuzzy sets, etc. Each of
these techniques focuses, from its own point of view, on a smaller or greater
part of the process in which relations are established between objects and
classes.

An ideal system such as a categorical system which partitions the overall
population of objects into mutually exclusive subpopulations, may not always
be expected to fully describe the real situation. Definitions may be more or less
vague, or not enough knowledge is available. However, in this monograph we
shall assume that a well-defined system with mutually exclusive classes, which
are together exhaustive, is available.

The classification or assignment of a specific object to a class or population
will usually appear as a forced decision at the end of the process of investigat-
ing relations between objects and classes. We shall consider models in which
previous to the stage in which the classification is made, a set of probabilities
has been computed for the object. One such probability indicates the probabil-
ity that the object belongs to a specific population. Such probabilities are
always conditional on the model specified. This means that in the statistical
models we shall consider, these probabilities depend on the definitions of the
populations, number of the populations, features selected, probability densities
of these features for the populations, vector of scores of the objects on these
features, and prior probabilities.

If the above-mentioned model parts are all known then the probabilities,
which we shall call posterior probabilities from now on, can be computed
without statistical uncertainty. In practice, however, not all model parts are
completely known. For example, the population probability densities of the
features have to be estimated from past observations. The consequence is that
the posterior probabilities are affected by statistical uncertainties. In this
monograph we shall study, among other things, some aspects of these statisti-
cal uncertainties in the posterior probabilities by means of the sampling distri-
butions of the estimators of posterior probabilities.

Most of the statistical models in this monograph can be described as fol-
lows. The object under investigation is known to originate from one of k(=2)
populations II,,...,IT,. By means of the scores on p measurements, a p dimen-
sional vector of scores x, characterizing the object, is obtained. We regard x as
the outcome of a p dimensional random vector X. The probability distribution
of this random vector X depends on the population the object comes from.
Because it is unknown which population the object comes from, it is therefore
unknown by which one of the k probability distributions the random vector X
is described. Let these k probability distributions by which the populations
IT,,...,IT;, are characterized, have probability densities f/,...,f; on the p dimen-
sional outcome space Z of X. Then the object under investigation produces the
probability density values f;(x),...,fy(x) for the k populations. Often k so-
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called prior probabilities py,..., 0, Sk_1pp=1 can be assigned to the object.
This assignment should be based on information which is conditionally
independent of X given the population number. The meaning of these prior
probabilities can be made clear by looking at the situation in which only the
object and the k populations are given and no vector of scores of the object is
available. In that situation the prior probabilities contain all the information
we have about the group membership of the object. If we introduce the ran-
dom variable T with

P(T=t)=p, , t=1,.k

where T describes the number of the population to which x belongs, then
ZX|T =t has density f;,t=1,..,k. The conditional probabilities p,, t=1,....k
are determined by the theorem of Bayes. We have

b = P(T=1|X=x)

k
PT=0/x)/ 3 P(T=R)fi(x)

k
p.fi(x) D onfu(x) t=1,..k (1.1.1)
h=1

It is assumed that the numerical values of x,py,...,p; are given. If fi,...f;
would also be known, then also f;(x),...,fx(x), and hence the posterior proba-
bilities Prjxs t = 1,...,k, can be computed.

However, in practice, the population densities f7,...,f; are unknown. Often,
only their functional form as an element of a class or family of densities can
be postulated. Accordingly, let us assume that the k-tuple of population densi-
ties is fully specified once the value is given of the underlying parameter ¢
which can be any element of the parameter set ©. Write f1,...,f; ¢ for these
population densities. As 6 is unknown, the values f;4(x),...,fi9(x) in the
observation vector x are unknown. Hence the posterior probabilities

k
P (0) = Ptﬁ,o(x)/hglphﬁ,,o(X) t=1,....k (1.1.2)

(see (1.1.1)) are functions of the unknown parameter §. This implies that they
themselves have to be regard as unknown parameters.

Throughout this monograph it is assumed that for each of the populations
II,,...,II; a random sample of objects is given. Each object is characterized by
its p dimensional vector of scores. Thus, data of the form
Xp1sesXpn, ERP, h=1,...k, the so-called training samples, are available to us
and regarded as outcomes of the independent random variables
Xntseo» X, h=1,....,k, where X;; has density f,q9,h=1,..k;j=1,...m.
Further, let X|T =¢ have density f; 3. From the training samples the unknown
parameter 6, the unknown values f, 4(x), #=1,...,k, and the unknown posterior
probabilities py.(6), h =1,...,k can be estimated. If R, denotes an estimator
for p,x(0), then Ry =r; ., . p(X115sXkn,) Where r is a suitable function.
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Now, let n=n;+ - -- +ny, and

Rie = Ry, Rig)” and pe(8) = (p1x(0).-...011x(0)".

The asymptotic distribution of n'?(R.,—p.(d)) for various models will be
one of the main objects of study of this monograph.

Strong emphasis on the statistical uncertainties in estimates of posterior pro-
babilities can be found in the following publications. SCHAAFSMA (1976)
presents the asymptotic distributions of some statistics useful in obtaining such
results. MCLACHLAN (1977) studied the asymptotic bias of posterior probabili-
ties in a k =2 model, but ignored the asymptotic variance. SCHAAFSMA and
VAN VARK (1977) present asymptotic distributions of estimators for posterior
probabilities in the case k =2,p =1 under assumptions of normality of the
population distributions and equality of the variances. In SCHAAFSMA and
VAN VARK (1979) results for the multivariate case p=1 can be found. They
assume k =2 and equality of covariance matrices. In AMBERGEN (1981) their
results have been extended to the case k=2, p=1 and equality of the covari-
ance matrices. This latter publication also presents variances and covariances
of some related statistics. AMBERGEN and SCHAAFSMA (1982) consider the case
k=2,p=1, normality of the population densities, both for the situation of
equality of covariance matrices and for the situation in which no assumptions
about the equality of covariance matrices are made. This latter publication
also theorizes about the nonparametric approach where kernel estimators are
used for the estimation of posterior probabilities. AMBERGEN (1984) gives
asymptotic distributions of estimators for posterior probabilities in the situa-
tion that both continuous and discrete variables are involved. AMBERGEN and
ScHAAFSMA (1983, 1984) studied, as an application of the theory of estimating
posterior and typicality probabilities, the origin of the Border Cave cranium, a
subject well-known in physical anthropology. AMBERGEN and SCHAAFSMA
(1985) compare four estimators of posterior probabilities under the assumption
that the populations have normal densities.

Further relevant articles are those of SCHAAFsSMA (1973, 1982, 1983, 1985a,
1985b). A credibility interval for the posterior probabilities has been derived
by RiGBY (1982). CrITCHLEY and ForD (1984a, 1984b, 1985) studied uncer-
tainties in certain statistics, e.g. estimators of log-odds, which are basic to the
estimation of posterior probabilities, in k=2 models. They introduced plots
displaying the discriminant scores together with the statistical uncertainties in
the corresponding log-odds. RuAL (1984) extended their work to the case of
unequal covariance matrices. AITCHISON, HABBEMA, and Kay (1977) com-
pared the estimative method with the predictive method (see section 3.5).
HaBBEMA, HILDEN, and BJERREGAARD (1978, 1981) studied the measurement
of performance in probabilistic diagnosis. Various types of scoring rules
played a major role in their research. HERMANS and HABBEMA (1975) com-
pared five methods to estimate posterior probabilities. HERMANS et al. (1981)
evaluated several methods of discriminant analysis by means of posterior pro-
babilities and penalty scores. They studied the reliability of the estimated pos-
terior probabilities by means of equation (9) of HABBEMA, HILDEN, and
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BIERREGAARD (1978,II). GANESALINGAM and MCLACHLAN (1979) analysed
data of HaBBEMA, HERMANS and VAN DEN BROEK (1974) by computing
discriminant functions and posterior probabilities. They tried to obtain some
idea of the reliability of the estimated posterior probabilities by comparing the
results of the two methods.

Recent publications closely related to the subject of this monograph, are the
following ones. CRITCHLEY, FORD, and RuAL (1988) present methods based
on the profile log-likelihood with the aim of improving the small-sample pro-
perties of interval estimates for posterior log-odds. CRITCHLEY, FORD, and
RwuAL (1987) review a number of methods. CRITCHLEY, FORD, and HIRST
(1988) present an evaluation of methods of interval estimation for log-odds by
applying them to a set of medical data. CRITCHLEY, FORD, and HIRrsT (1987)
deal with a possible simplification of the profile log-likelihood method.

Some of the results presented in this monograph have been implemented in
the computer program POSCON, that has been programmed by D.M. van der
Sluis. The program computes estimates of posterior probabilities, standard
deviations, and correlations between them. An important facility, which has
been implemented in this program, is that the set of variables is allowed to be
partitioned into a number of subsets which are regarded as independent. To
each of the subset one of the models, to be considered in the next chapters,
can be applied. See the manuals of the computer program by VAN DER SLUIS,
SCHAAFSMA and AMBERGEN (1985, 1986), section 5.2 of this monograph for a
short description, VAN DER SLUIS and SCHAAFSMA (1984), and SCHAAFSMA and
AMBERGEN (1987).

The subject of selecting variables has not been treated in this monograph.
For a recent study and survey we refer to STEERNEMAN (1987).

In many practical discrimination problems both continuous and discrete
variables are involved. For example in medicine a differential diagnosis is
often based on discrete variables, e.g. symptoms which are present or absent,
as well as based on continuous variables, e.g. clinical tests. A method often
used in this situation is logistic discrimination. See Cox (1966, 1970), DAY
and KERRIDGE (1967) and ANDERSON (1972, 1973). The inverse of the
Fisher-information matrix of corresponding maximum likelihood estimators
can be used to give standard errors of the logistic posterior probabilities. By
means of iterative algorithms the maximum likelihood parameters are com-
puted. The logistic approach is also used if all variables are of one type,
discrete or continuous. The logistic posterior probabilities are equal to the
classical posterior probabilities for example when the variables are (1) multi-
variate normal with equal covariance matrices, (2) multivariate dichotomous,
(3) multivariate dichotomous following the log-linear model with equal second
and higher order effects, (4) a combination of (1) and (3), (see ANDERSON
(1973)). Many have applied the logistic approach. For example, KRUSINSKA
(1981, 1982) uses iterative algorithms for the maximum likelihood estimators of
the parameters of the logistic discriminant functions in order to compute pos-
terior probabilities in a k=2 (k=2, respectively) model with data from
exponential families of distributions. The measure of the goodness of



6
discrimination is the percentage of correctly classified individuals.
1.2. CHAPTER OUTLINES

In this section a short survey will be given of the subjects to be studied in the
following chapters.

In chapter 2, the main result of this research, the asymptotic distribution of
the estimator of the vector of posterior probabilities is derived for a wide class
of models. Each of these models has k=2 populations and p=1 variables.
We distinguish between models in which all variables are discrete, those where
all variables are continuous, and models in which some variables are discrete,
the other ones being continuous. If all variables are continuous, then it is
assumed that they follow a multivariate normal distribution. If both continu-
ous and discrete variables are involved, then the normality of the continuous
variables is assumed to be conditional on the discrete ones. Further, some spe-
cial cases are specified by assuming equality of covariance matrices of mul-
tivariate normal distributions for some special groups of outcomes of the
discrete variables.

Chapter 3 starts with the standard construction of Bayes rules in situations
where the parameters of the population densities are known. Some applica-
tions of Bayes rules to relevant problems with normal densities are given.
Next, in situations where parameters of the population densities are unknown,
the asymptotic distribution of the posterior probabilities is used in various
ways. Further, attention is paid to situations where a forced decision has to be
taken. The fully Bayesian approach is also considered.

In chapter 4 various miscellaneous results are given. For models with mul-
tivariate normal distributions, the non-existence of unbiased estimators of the
posterior probablities is established. Unbiased estimators for various-quanti-
ties such as (1) the value of the multivariate normal density in a specified
point, (2) the value of the log-odds, and (3) the logarithm of the multivariate
normal density, are derived. Variances and covariances of the last two estima-
tors are obtained. Further, various methods of constructing confidence inter-
vals for posterior probabilities are compared.

In chapter 5 a numerical application is studied, a short description of the
computer program POSCON is given, and a simulation study is carried out.
The application concerns a case from physical anthropology, namely a cranium
found in Border Cave in South Africa. The computations were performed by
a computer program written by the author. The computer program POSCON
is a new, extended version of this earlier program. Section 5.3 deals with a
simulation study where both discrete and continuous variables are involved.



Chapter 2
Derivation of the asymptotic distribution of the

estimator for the vector of posterior probabilities

2.1. INTRODUCTION AND SUMMARY

In this chapter the asymptotic distribution of the estimator of the vector of
posterior probabilities is derived for various models. The models have in com-
mon that k=2 populations are involved about which information is available
through so-called training samples. The vector of scores of the individual or
object we want to study, as well as the prior probabilities for each of the k
populations for this individual or object are given. The posterior probabilities
belonging to the individual or object are considered as parameters which are
estimated from the training samples.

In this chapter we shall use the notation in which X refers to a continuous
random vector, D to a discrete one, and (X,D) to a random vector consisting
of continuous as well as discrete components. Y will be used in the discussion
of the general situation covering each of the three cases. Let the vector of
scores of the individual or object under investigation be denoted by y, which is
considered as a realisation of the random vector Y. Let T be the random vari-
able which describes the number of the population the vector of scores y
comes from, and let

P(T=t)=p, , t=1,..,k

denote the prior probabilities which are assumed to be given. The conditional
distribution SAY|T =t) depends on the unknown parameter #€®, usually
through some subvector 6,,:=1,. k. Let AY|T'=¢t) have the Radon-
Nikodym derivative f; o with respect to some measure o on the outcome space
of Y, (t =1,...,k). In our models the measure o will be (1) the Lebesgue meas-
ure, or (2) the counting measure, or (3) the product of (1) and (2). The poste-
rior probabilities p,,(d) are given by
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py(0) = pifi0() X pufro(y) t=1,...k : (2.1.1)
h=1 .

(see (1.1.2)). These posterior probabilities depend on the unknown parameter
6. We shall estimate p;,(6),7=1,...k from the training samples yii,...,Vkn,
which are considered outcomes of the independent random variables
Y11, Yin,. The random variable Yj; has the same distribution as Y given
T=h(i=1,.,n;h=1,..,k). Let R, be an estimator of p,,(f),7 =1,....k. Of
course, Ry, is a function of Yyy,..., Yy, . We shall use the notation

Ry = Ry, Rip)" and py(0)=(01(8),.... 01, (0))".

Let 6, be the real but unknown parameter point. Further, let
n=n;+ --- +n,. We shall derive that

Zn" (R, —pyy (o) — Ni(0,%g, Mg ¥y) (2.1.2)

where ¥ is the k Xk matrix of partial derivatives of p.ly(ﬁ) with respect to
logf; ¢(y), t=1,...,k evaluated at the point (logfl,go(y),...,logfk,oo(y))T. From

k
oy (0) = pexp(log f0())/ 3 erexp(log fi.6(»))
h=1
t =1,...,k, we have that ¥, is specified by
Yo, = (@)1 —py(00)) =1,k (2.1.3)

Vo5 = —Py@0)psy(B0)  t,5=1,.k; 1. (2.1.4)

The matrix My, has size k Xk and depends on the model assumptions to be
imposed. Note that ¥, can also be written as

Wy, = diag(p.,(80)— p1,(00)p,(6)

where diag means diagonal matrix. Further, note that ¥, is symmetric and
that |\I’9u| =0.

Instead of p.ly(ﬂo), ¥y, and My, , expressing that the vector of posterior pro-
babilities and the two matrices depend on 6, we shall usually use the shorter
notations p.,, ¥, and M, respectively.

The derivation of the asymptotic result of (2.1.2) for various models will be
the subject of this chapter.

Three different kinds of model will be studied. These differ from each other
in the types of components of the random variables Y and
Yy, i=1,..,m; h=1,..,k. Let there be ¢ components of discrete type and p
components of continuous type. We distinguish between

(1) all discrete; ¢=>0, p =0,
(2) all continuous; g=0, p >0,
(3) both continuous and discrete; g>0, p >0.
For the reader’s convenience, the corresponding results are mentioned below.



The proofs will be given in the sections 2.3 up to 2.6.

Ad(1). (All components are discrete). Let us, for notational convenience,
transform the g discrete random variables into a new one. Let the categories
of this new random variable be numbered from 1 up to d(<<co0). Usually, this
number d is the product of the numbers of categories of the g original random
variables, but in practice some recoding may be applied reducing the number
of categories. Accordingly, we work with the independent discrete-valued ran-
dom variables

Da Dlla'--aDlnlr-‘, Dkla---aDknk

in which
P(D=t|T=t)=py, (=1,..,d; t=1,.k,
P(T=t)=p,, t=1,.,k
P(Dy;=0=Py,, t=1,...d; i=1,..,n; h=1,.,k,
and
d

Spow=1, h=1,.,k

Let j denote the outcome of the random variable D. Then, using the natural
estimator of the p,;’s, i.e. that to be defined in (2.3.2), the elements of the
matrix M in (2.1.2) are

M, =b"p;'(1-p,) =1,k
M, =0 t,s = 1,..,k; t-s
where b, is defined by n,/n—b,, t =1,...,k, and y has been replaced by ;.
Ad(2). (All components are continuous.) We assume that the p continuous

variables follow a multivariate normal distribution. So the independent ran-
dom variables

X, X 11500 X 1n, 5000 Xpe 150005 X,
are distributed as follows

X|IT =1t~ Ny(p, Z) t=1,..k

P(T =1t) =p, t = 1,..,k

Xpi ~ Np(pn, Zp) i=1,..,ny; = 1.,k
Let f,(x) denote the f, 4(y) of (2.1.1) then

1
3P _ 1
fix) = @m) VS| 2exp(—5A2,)

where
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A)zc;t =(x _P't)TEt_l(x —Iy). )
It is natural to distinguish between situations where equality of the dispersion
matrices 2,...,Z; is imposed, case (A), and those where this assumption is not
made, case (B). As a consequence, different estimators will appear each having
its own asymptotic distribution.

(A). (Equality of dispersion matrices: == --- =3%;=2.) We distinguish

between two ways of estimating the posterior propabilities.

(A.1). Because of the equality of dispersion matrices the factors
1 1

(277)‘31”[2,]-7 can be cancelled in numerator and denominator of (2.1.1).
Then using the estimator to be defined in (2.4.16) the matrix M of (2.1.2)
becomes

1
M, = b 'A%, + A%, t =1,k

1 _
M, =S {—p)' S =) fs = Lok 1os

(A.2). The factors mentioned under A.l are not cancelled. Using the estima-
tors to be defined in A.2 of section 2.4 the matrix M becomes

1 _ 1
Y4 + (b, I_I)A)zc;t +_2A2;1
1

2

Mtl

1 1 1 _
Mts y4 _—ZA)zc;t __ZA)Zc;s +_2{(X _”S)TE 1(x _H't)}2

for t,5s =1,...,k; t=£s.

REMARK. The matrices M presented under A.1 and A2 are different. The first
one is the covariance matrix of the asymptotic distribution of

142 1
172 — A2 —
n (—zAx;, 2Ax;,), t=1,..,k

Whereas the M under A.2 is the covariance matrix of the asymptotic distribu-
tion of

1 A 1422 1 1
n!2(—log(2m2) — 34k, — (—log(R7E)—3A%)), 1 = Lk

However, if the M’s are premultiplied and postmultiplied by the matrix ¥
specified in (2.1.3) and (2.1.4), the composed matrices Y M ¥ are equal for both
approaches. Therefore, the asymptotic distributions of the estimator of the
vector of posterior probabilities are equal for both approaches.

(B). (No assumptions about the dispersion matrices.) With the estimators to
be defined in B of section 2.4 matrix M becomes

1., _
M, =—b 'p+AY,) =1k
M, =0 t,s = 1,..,k; tfs.
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ReMarRk. If 3= --- =3, is assumed then a comparison between the
matrices M under A.2 and B is of interest as a check on the validity of the for-
mulas. The matrices M under B and A.2, which are the covariance matrices of
the asymptotic distribution of n'/?(log f(x)—log f(x)), have the property that
their difference is positive definite. For this verification see remark after
theorem 2.4.4.

Ad(3). (Both continuous and discrete components.) The discrete variables are
combined into one discrete variable. We assume further that the p continuous
variables have conditional on the discrete variable a multivariate normal distri-
bution. We work with the independent random variables

(X>D)a (Xll’Dll)ama(Xln,: Dln,)o"-a(Xkla Dkl),-'-’(ank’Dknk)

in which
X|D =1t T=t ~ Np(y,Zy) t=1,...k; t=1,..d
PD =t|T=t) =py t=1,.,k; t=1,..,d
P(T=t) = p, t=1,..k

and

Xhithi =t~ Np(""h% 2hif) i:17-'-:nh; h:Ir-"k; L= 1""’d
P(Dy = 0 = pu i=lm k=1, k 0= 1,.d

Again different cases are generated by making different assumptions about the
dispersion matrices 2, ,h=1,...,k;¢=1,...,d. In each of the cases a special esti-
mator for the posterior probabilities will appear. These estimators differ in the
way in which the dispersion matrices 2;;,h =1,...,k are estimated; here j comes
from the realisation (x,j) of (X,D). The four cases presented below are special
situations of the more general results to be presented in theorem 2.5.2 and
2.5.3. We have for the matrix M of (2.1.2) that the following results hold true.

First. (No assumption about 2yj,...,2;.)
M, = b7 Spr p+AL) + pit(—p,
7 t 2Dy 12 x;tj) Dy ( pt])

M, =0
for t,s=1,...,k; t=£s.

Second. (Assumption 2= - - =2, h=1,...,k.)
—1 )1 -
M, = b, l{_z(P +A?€;tj) + py I(I"Ptj)(1+A)2c;tj)}

M, =0
for t,s =1,...,k; t=£s.
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Third. (Assumption 2= - - - =2;)

M, = br‘{px} (A=py) + py ‘Aiw}
k _1 1 2 1 4
+ (2 pwbn)” 9P A%y T8Ny
h=1

M, = %(hélphjbh)~1{P_Ai;tj—A)zc;sj + Ai;thJ}
for t,s=1,...,k; t%s.
Fourth. (Assumption 2= - - - =2,.)

M, = b 'p;'(1—p,;+A%,) + _12P“A)2c,tj+_12Ai;zj

N NS WC R Y NS v
M, = 2P 2Ax;tj_ 2Ax;sj+ 2Ax;tjsj

for t,s =1,...,k; t=~s.

In the above mentioned results the following notations were used:
— — . — — 2 A2

Ai;,j:j—(x—u,j)TEujl(x —pg) with u =t or u =5, and Ay, = A,y

ReMARK. The results of the discrete case under ad(1), and the continuous
cases A.2 and B under ad(2) can be derived as special situations of these for-
mulas. The discrete case is obtained from each of these four cases by taking
p =0, and Ai;,jzAi;sj:Ai;tjstO. If the discrete variable has only one possi-
ble outcome then the continuous variables are the only interesting ones.
Therefore, with p,;=1, tj replaced by ¢, and tjsj replaced by s, we obtain that
case first becomes B, second becomes B, third becomes A.2, and fourth
becomes A.2. For more of such special derivations, especially those who give
A.1, we refer to the remarks after theorem 2.5.2 and 2.5.3.

In many applications one can throw doubt on the assumption of normality
and especially that of equality of covariance matrices. In such situations a
suitable approach is to do tests about the normality and equality of covariance
matrices in order to get a decisive answer. Possible transformations of the
data may precede these tests.

If the normality is rejected, and eventually other types of parametrized den-
sities are rejected too, one can always fall back upon nonparametric methods
with kernel and window estimators. Such methods for obtaining the popula-
tion densities are often based on the minimization of the integrated mean
squared error, which is the variance plus the squared bias. See the early arti-
cles of ROSENBLATT (1956), PARZEN (1962), and CACOULLOS (1966). A review
article about the subject is BEAN and Tsokos (1980). The sensitivity of the
estimated population densities for the width parameter can cause large stan-
dard errors in the estimates of the posterior probabilities. Asymptotic distribu-
tion results for posterior probability estimates based on nonparametric
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methods with kernel estimators can be found in e.g. AMBERGEN and
SCHAAFSMA (1982). ‘ ' '

Simulation-based comparative studies on the quality of the linear, quadratic,
and kernel discrimination have been done by e.g. REMME et al. (1980) for
multinormal, lognormal, etc. distributions. Their criterion for the goodness of
discrimination is the percentage of correct classifications. See also articles of
HABBEMA et al. (1974, 1978).

The effects of dimension on the percentage of correct classification for
linear, quadratic, and kernel discrimination were studied by e.g. VAN NESS
and SIMPSON (1976) and vAN NEss (1979).

By means of the bootstrap method, standard errors or confidence intervals
for the posterior probability can also be obtained. As references to the
bootstrap method we mention EFRON (1977, 1981, and 1982). The percentile
method, described in EFRON (1981) section 4, can be used for obtaining a
confidence interval for the posterior probabilities for each of the earlier men-
tioned models.

Dealing with both discrete and continuous variables, KRUSINSKA (1984)
transforms the discrete variables into linguistic variables using a transforma-
tion method of SAITTA and Torasso (1981). Thereafter linear or quadratic
discrimination functions can be applied. For linguistic variables and related
membership functions of fuzzy sets, see ZADEH (1965, 1975, and 1976).

The type of distribution used for the case of both continuous and discrete
variables in ad(3) and in section 2.5, is a special one of the class of conditional
Gaussian distributions presented in LAURITZEN and WERMUTH (1984). They -
studied so-called mixed-interaction-models for a set of continuous and discrete
variables using conditional Gaussian distributions. If there are ¢ discrete and
p continuous variables, i belongs to the outcome space of the discrete ones,
and y to the outcome space of the continuous ones, then the probability func-
tion of a conditional Gaussian distribution is given by

fly) = eXp{g(i) + K@)y —_lzyTA(i)y}

where g is a real valued function of i, 4 is a vector valued function of i taking
values in R?,A(i) is a p Xp matrix valued function of i taking values in the set
of positive definite symmetric matrices. Easy to see that the continuous vari-
ables given the discrete ones follow a multivariate normal distribution. In
LAURITZEN and WERMUTH (1984) a mixed-interaction-model is represented by
a graph. A vertex of the graph corresponds to a variable. Connections
between vertices by line segments have the following meaning. If for any pair
of vertices, not directly connected with each other, the corresponding variables
are conditionally independent given the remaining variables, then the model
has the G-Markov property. Interesting is that a conditional Gaussian distri-
bution has the G-Markov property if and only if it is G-Gibbsian. This latter
property means that the logarithm of the probability function has an expan-
sion in which the index runs over those subsets of the discrete variables whose
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corresponding vertices are all directly connected with each other. The func-
tions used in such an expansion depend only on the variables of the index ele-
ment. For the conditional Gaussian distributions this becomes, for example

. . . 1 .
log fiy) = 3 a®+ 3 na()y—7 Jy ¥ali)y
dcA dcA dcA
where A is the set of all discrete variables. See also DARROCH, LAURITZEN,
and SPEeD (1980), EDWARDS (1986), and GILL (1985). A recent publication
about this and related subjects is WERMUTH and LAURITZEN (1987).

2.2. MAIN LINE OF THE DERIVATION

A central role in the derivation of the asymptotic distribution of the estimator
of the vector of posterior probabilities is played by the “4-method” which is
formulated in lemma 2.2.1. The dispersion matrix of the asymptotic distribu-
tion of the estimator of the vector of posterior probabilities is given in (2.1.2)
as the product of three matrices. This is a consequence of the §-method.

LemMA 2.2.1
If .
Zn'2(Y,—n) — N,(0,3)
for some sequence of p-dimensional random vectors Y,,n=12,. and
g =(g1,...,gq)T.' R? —>RY is differentiable in 1 while
i — L __a___)T
0x ax; "7 dx,
and

d d
Vem = (ggl(n),..-,—é—;gq(n)f
then

Pn I/Z(g(yn)_g(n)) — Nq(O, Vg(n)Z(Vg('n))T).

This lemma can be found, for example, in SERFLING (1980), section 3.3,
theorem A. Application of this lemma in the derivation of the asymptotic dis-
tribution of the estimator of posterior probabilities for the cases of the follow-
ing sections, will be along the following lines. First, the asymptotic distribu-
tion of the estimator of the vector # of unknown parameters is derived. Let 6,
be the estimator of # and let n=n;+ --- +n,. We shall see that, if
n,/n—b,€(0,00), h =1,...,k, in all cases

Zn'"2(8,—8) — N(0,A) (2.2.1)

where A depends on the model specified. The next step is the derivation of
the asymptotic distribution of the estimator of the k logarithms of the Radon-
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Nikodym derivatives in the score vector y of the individual under investigation

by applying lemma 2.2.1. Let logfs(y)=(logf1¢(»),-- log fi.¢(»))” and let
log f,(v) be the estimator of the vector log fy(y), then

Zn"(log f,(v) —log f4(»)) — Ni(0,M) 22.2)

where M depends on the model specified. M can be written as the product of
three matrices, say M =AAAT, where A is given in (2.2.1) and 4 is the matrix
of partial derivatives of log fy(y) in the point §. An exception to this step is
the derivation to be given in section 2.4 for the case of equality of dispersion
matrices. In that case the asymptotic distribution of the estimator of the vec-
tor of squared Mahalanobis distances A,zc, . 1=1,...,k is derived, instead of the
asymptotic distribution of the estimator of the vector of the logarithms of den-
sities. See also the remark under ad(2) in the previous section. The third step
is the derivation of the asymptotic distribution of the estimator R, of the vec-
tor of posterior probabilities p.,. With lemma 2.2.1 we get

Zn'* (R, —pyy) = Ni(0,¥ M) (2.2.3)

where M is given in (2.2.2) and ¥ is the matrix given in (2.1.3) and (2.1.4).
There are some advantages in the availability of the asymptotic distribution
of the estimators of the logarithm of the Radon-Nikodym derivatives in (2.2.2).
Suppose that the set of component variables of the random vector Y is parti-
tioned into s subsets which henceforth are regarded as mutually independent.
Let y=(y®,...,y®) denote the score vetor, in which y¢) is the score vector of
the j-th subset. The postulated independence implies that :

ho) = TLAbG)
j=
and
log f.6(y) = _ﬁllogﬂﬁ)(y(’))
j:

where fif} is the Radon-Nikodym derivative which belongs to the j-th subset
of variables. The independence between the subsets implies that the dispersion
matrix of the asymptotic distribution of

n'2(log f,(7)—log fo(»))

is the sum of the dispersion matrices of the asymptotic distribution of the
n"2(0g ], ()~ log /(7))

j=1,..,s. This obvious but useful result has been implemented in the POS-

CON computer program to be discussed in section 5.2. More precisely, it is

the basis of the incorporated update system: as the log-density estimates and

the corresponding dispersion matrices are sums, a recursive implementation is
allowed.
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2.3. DISCRETE CASE

In this section the asymptotic distribution of the estimator of the vector of the
k posterior probabilities will be derived in the case that there are only discrete
variables. Let the discrete variables be recoded into one discrete variable with
d cells or categories as possible outcomes. Let Py, be the probability mass in
cell ¢ of population A,t=1,...,d; h=1,...,k. The object or individual for which
we want to compute the posterior probabilities has such scores on the original
discrete variables that in terms of the recoded variable its outcome is in cell j.
Let D denote the recoded variable which generates this observation, then

where T is the variable which describes the number of the population the
observation comes from. This 7" has distribution

P(T=0)=p, t=1,. .k

These p,’s are the prior probabilities. The posterior probabilities are given by

py = P(T=1|D=j) = P(T=1,D=j)/ ﬁP(Tzh, D=j)
h=1
= P(T=0)P(D=j|T=1)/ ﬁ P(T=h)P(D =j|T =h)
h=1

k
= o/ 2 Pwprj =1,k (2.3.1)
h=1

We shall use the notation p.; =(p1U,...,pkU)T.
Estimators of the posterior probabilities are function of the independently
distributed random variables '

Diy,.;D iy sy Digtyeee, Di,
where

PDy=t) = pp =L...d; h=1,...k; j=1...m.
We shall use the notation R;; for the estimator of p,;, =1,...,k and write
R ;=(Ryjj,....Ry;)". Define

Ny = %I{Dh,:e} h=1,.,k; 1=1,...4d,

i=1

for the number of observations in cell ¢ of training sample 4. Write

P =np '‘Ny  h=1..k;1=1,.,4d,
and let the estimator of the posterior probabilities be defined by

k
Ryj = pipij/ 2 ouprj t=1,...k. (2.32)
h=1
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The variables Ny, h=1,...,k; t=1,...,d; d <<oo, are components of the random
vector (Nyy,...,Npy) following the multinomial distribution M(ny;py1s---,Pha)s
h=1,...,d. The expectations, variances and covariances are given by

ENp = puny

VARNy, = pu1—pr)ny

COV(Nu; Nim) = —PrtPrmhn
with as a consequence that

Epy = P

VARDy = pu1—puny '

COV(Phs Pm) = —Phs Phm"i |

where, of course, h=1,..,k; t=1,..,d, and m=1,..,d. For n; tending to
infinity the following result can be formulated for 2 =1,...,k

Ph1 — Phi

n)/? . — N40,V3) (2.3.3)

Pra — Pha
where V), is defined by
Vi = Pht(l —Pht) t=1,..,d

and

Vheis = —PhsPht t,s =1,...,d; ts.

See, for example, CRAMER (1946) p. 318 or BisHOP et al. (1975) p. 470. It can
be proved by establishing convergence of characteristic or moment generating
functions. Another way to prove result (2.3.3) is by means of the multivariate
central limit theorem to be formulated in section 2.4, see (2.4.8). From (2.3.3)
and the independence between 13,,,, h=1,...,k for i fixed, it follows that

(A A
P — Py

Fnl’? . — N0, W) (2.3.4)

ﬁkj — Pkj
where W is the diagonal matrix defined by
I/I/vtt = bt_lpt](l_Pt]) 1= 15'",k
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and where n,/n—b,, t =1,...,k, n=n;+ - - - +n; and, as indicated earlier, j is

the cell containing the score of the individual under investigation. With
lemma 2.2.1 we obtain

logpy; — logpy;

Fn? : — N.(0,M) (2.3.5)

logpi; — logpy|
where M is the diagonal matrix specified by

M, = b 'p;'(1=p,) =1,k (2.3.6)
Once again applying the §-method (lemma 2.2.1) we obtain

THEOREM 2.3.1.
Zn'2 (R j—p))) > Nu(0,¥YM¥)

where M is defined in (2.3.6) and ¥ in (2.1.3) and (2.1.4) (y has been replaced by
J)

2.4. CONTINUOUS CASE

In this section we shall derive the asymptotic distribution of the estimator of
the vector of posterior probabilities if the k populations have multivariate nor-
mal densities in R?. Two different cases will be considered. Namely, (A) the
case with the assumption of equality of dispersion matrices, and (B) the case in
which no assumption about the dispersion matrices is made. Moreover, we
shall give two different approaches for the first case. As a consequence we
shall consider the derivations of the approaches A.1, A.2, and B, supresent But
first we shall present some theory for each of the three approaches.

Let x be the vector of scores for the p variables of the individual under
investigation. We shall consider x as the realisation of the random variable X
with distribution

X|T=t ~ Ny(p,Z;) t=1,....k
and use the postulated values
P(T=t)=p, t=1,.,k
for the prior probabilities. The posterior probabilities are given by (see (2.1.1))

k
P = Pi) D onfi@) =1,k 24.1)
h=1

where the value f,(x) of the density of the A-th population at the vector x is
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given by
_ 1
fiux) = 205, " 2exp(—5 A% 1) (2.4.2)
in which
Avw = =) 2 (e — ). (2.4.3)
For the vector of the k posterior probabilities we shall use the notation
P-[x:(P”x,---,Pk|x)T-

Estimators of the posterior probabilities are functions of the independently
distributed random vectors

Xllr":Xln, "")Xkl,-":ank

in which Xj,;~N, (s, Zp), h =1,....,k;i =1,...,n;. We shall use the notation R
for the estimator of p, t=1,...,k and write R.|x=(R1|x,...,Rk|x)T. The sample
mean vector f, and the matrix of the corrected sums of squares and cross pro-
ducts S, are defined by

ny
b =n ' X h=1..k (2.4.4)
: i=1
and '
ny
S = DX~ )X~ )" h=1,.k (2.4.5)

i=1

respectively. They are distributed as follows

By ~ Ny(wnniy ' Zp) (2.4.6)
and
Sp ~ Wy(n,—1,%) 2.4.7

in which W is the notation for a Wishart distribution. Definition and proper-
ties of a Wishart distribution are given in, for example, Rao (1973) p. 533,
ANDERSON (1958), p. 154 and MUIRHEAD (1982), p. 85.

A theorem which lies at the basis of many or our results is the multivariate
central limit theorem. It can be formulated as follows (see Rao (1973), p.
128). If Yy,...,Y, are independent identically distributed (i.i.d.) random vari-
ables which assume values in R? with EY,=p and VARCOV(Y;)=T for
i=1,...,n, then

n
Zn'2(n ! '21 Yi—p) — N,(0, 7). (2.4.8)
i=
If we apply this theorem to the estimator i, defined in (2.4.4) we obtain
L) (B — ) = Np(0,25) (2.4.9)
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where in fact the equality sign is valid because of result (2.4.6).

The asymptotic distribution of =, =(n,—1)7'S, can also be derived. We
shall use a slightly more general notation by replacing n, —1 by fand 2, by =.
Let A be a m Xn matrix. Write 4 .j for the j-th column of 4, j =1,...,n. Then
vec(A) is the mn X 1 vector defined by

vec (4) = (47,...,4D)T.

This means that vec(4) is obtained by placing the columns of 4 below each
other.
If f2~W,(f,Z), then

L2 (vee(S) —vee(E)) — N,2(0,T) (2.4.10)
where the p? X p? matrix T is specified by

T 1p+ie—1p +k = ik 2t ZpZjx
for i,j,k,0=1,....p.

ProoF: By definition of the Wishart distribution

. f !
L2 =23722T =S W,

s=1 s=1

where Zy,...,Z; are iid. with Z;~N,(0,Z) and W),.., W are iid. with
W~W,(1,Z) for s=1,...,f. Thus

L2 (veo(S) —vee(S)) = LF(f! é vec(W,)—vec(S)).
s=1
By means of the multivariate central limit theorem, see (2.4.8), it is proven that
the distribution at the right-hand side tends to N,:(0,7). Therefore, note that
Evec(W,) = vec(EW,) = vec(EZ,ZT) = vec(Z)
for s =1,...,f, and
VARCOV (vec(Wy))
= E(vec(W,)(vec(W,))") — Evec(W X Evec(Wy))"
= E(vec(Z,ZD(vec(Z,Z1))T)— Evec(Z,ZT)(Evec(Z,ZT))".
The ((j —1)p +i,(¢— 1)p +k)-th element of VARCOV(vec(Wy)) is
EZ,Z,;ZZ,y—EZ,,Z, ;EZ Z;,
= 22 + 22+ ZpZp—2Zy
= Zp2p + ZpZp
for i,j,k,t=1,....,p and s =1,...,f. This completes the proof of (2.4.10).

Now, we shall present some definitions and notations about matrices. Some
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properties, which will be used frequently later on, are also given. MAGNUS
and NEUDECKER (1979, 1986, 1988), and MUIRHEAD (1982) are suitable refer-
ences.

Let A be a mXn and B a s Xt matrix. The Kronecker product 4 ®B is the
ms X nt matrix with a;;B as its (i,j)-th submatrix, i =1,...,m and j =1,...,n.

The following properties are useful. It is assumed that the size of the
matrices is such that the sums and products exist.
(@) (4,®B)(4,®B,)=4,4,8B,B,
b) (AQB)T=4T®BT
(c) MARB)RC=4RBXC)
d A+B)BC=ARC)+(BRXC) (2.4.11)
(&) A®B+C)=AR®B)+(ARC)
(f) A®1=184=4
(@ (a4)®(BB)=ap(A ®B),a and B scalars.
If A is a m Xm matrix then trace (4) is defined by

trace(4) = D A;.
i=1

If the matrix A has size m Xn, BnXm, Cs Xt, Dt Xu, and E uXv, then
(@) trace (AB) = vecT(4T)vec(B)
(b) vec(CDE) = (ET® C)vec(D).

Let ¢;=1,; denote the i-th column of the identity matrix I of dimension p. We
define

(2.4.12)

T é &
El] = eiej and I<P = EE’J®E]’
i=1j=1

For the p Xp matrices 4 and B we have
(@) K,vec(d) = vec(4 7y
b K,=K,

(¢) K,(A®B) = (B®A)K, (2.4.13)

PP
(d) vec(Ivec'(I) = 3 D E;®F;.
i=1j=1

With the above definitions the convergence result (2.4.10) can also be
expressed as follows. If fZ~W,(f,Z) then

,971/2(vec(i)—vec(2)) - N0, +K,)(E®X)) (2.4.14)

(see also MUIRHEAD (1982), p. 90). MAGNUS and NEUDECKER (1980) define
1

—P@+1)

v(Z)=L,vec(2) where L, is the linear transformation from R? *P to R
which eliminates those elements of vec(Z) which originate form the supradiago-
nal part of 2. Using this, (2.4.14) can be written as



22

LF0E)—(E) > Nty 4105 LUy +K)E®E),: +K)LD)

where, of course, the covariance matrix is equal to L, (I, +Kp)(2®2)L[,T . The
advantage is that the covariance matrix is non-singular. However, we shall use
the result (2.4.14).

A.1. EQUALITY OF DISPERSION MATRICES

It is assumed that the k dispersion matrices are equal, ie. ;= - -+ =2, =2.
Hence, in the formula of the posterior probabilities (2.4.1) the factors
|27=| 712 =(27)"P’2|=| "2 can be cancelled. This implies that

1 k 1
pux =pexp(—54%,)/ X prexp(—5A%0) (2.4.14)
h=1

where
Ai;h =x—w) = x—w) h=1,..k (2.4.15)

For the estimation of the common dispersion matrix = the observations of
each of the k populations can be used. So, let us define

k
S = 2 Sh
h=1
where S}, is defined in (2.4.5), then

k
S~ Wy (X (m—1), Z)
h=1

(see Ra0 (1973), section 8b). Sometimes additional information is available in
the form of extra independent observations which can be used for improving
the estimate of 2. Therefore we shall write S~W,(f,2) where
f=Z2k=1(n,—1) in most applications but larger values of f are also allowed.
- By replacing the parameters p, by f,, h=1,....k and = by ==f"'S in (2.4.15),
the plug-in estimator

ng A .
A = =) (D) x— 1) | (2.4.16)
of Ai;h, h=1,...,k is obtained. Next, by replacing A,?;;h by A,zc;h in (2.4.14) the

plug-in estimators R, of py, ¢ =1,...,k, and R, or p,, are obtained. Let us
define

A)ZC = (A)ZC;la--',A)zc;k)T
and

~2 ~2 ~2

Ax = (Ax;]w-,Ax;k)T'

Now, the asymptotic distribution of n" Z(R.lx —pyx) will be derived by means
of the 6-method (lemma 2.2.1) from the asymptotic distribution of
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~2 . et . . ..
n'2(A; ;h—A,ZC .»)- This latter distribution will be derived in its turn from the
k +1 independent asymptotic distributional results

Zn' 2@y —m) = Ny0,b;'S) h=1,..k (2.4.17)
and
L (vee(2) —vec(E)) — Np(0,(I: + K, ) (E®)) (2.4.18)

by applying the §-method. For that purpose and later derivations it is useful
to have some matrix derivatives available. RAO (1973), ANDERSON (1958) and
ROGERs (1980) are suitable references. If A is a p Xp matrix and b a column
vector of length p, then

@ - gy

94
obTab _ 71
) YR bb (2.4.19)
T
(©) aba:b = 24b , A symmetric.

Let 2 denote a covariance matrix of size p Xp, and x and p column vectors of
length p (see ROGERS (1980) p. 85). If g =(x —p)"="!(x —p) then

@ B = 3 1x—p

ap
®) Tg‘g‘—) = (x—m)x—p)T (2.4.20)
© &= -3 a—pe—pE

If g=|=7"|"" then
(a) % _ —rl=7Y 72

™ h
o I (2421
b) s 272
If g =In|Z| then
98 _ s
(@) 0= 2
P (2.4.22)
98 _ _
b) o = 2
A=)
Now, applying formula (2.4.20,a) and (2.4.20,c) to A2 .» W€ obtain
A2,

= =237 'x—w)d  h =1,k
e

and
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A2,
dvec(Z)

where 8,,=0 if h=~t and 8,,=1 if h =¢ and where vec (bbT)=b®b, b cRP?, has
been used. This latter formula follows easily from the definitions of vec and
®, and also from formula (2.4.12,b). Results about vector and matrix
differentiation, as in above formulas, can also be found in MAGNUs and NEU-
DECKER (1980, 1985, 1986, 1988).

If ny/n — b,>0and n/f — 1 then

= 37\ x—w)®= 'x—pw) h=1..k

b=

Fn 2 ] — Niy+,7(0,B)

e — My
vec(ﬁ) —vec(Z)

where B is the block-diagonal matrix specified by the blocks
bi'Z,.br 2, (I +K)E®).

Now, by using lemma 2.2.1 we obtain that
n'2(E =03 - N, T)

where T =D + Q with D the diagonal matrix specified by

9A2 A2
) (b =X

D, =
g (aﬂ't apy

)
= (=20 —p) =70 E(—227 (e — )

= 4bt_1A)2c;t

and Q specified by

T 0A%
01 = Gramy) U T KOG, o)

= (O —p) =7 ®(x ) =TI +K,)
(EO)(—Z7'(x —p)®27 (x —p)
= (e =) 27 ) —p) 2T — )
+ (=) =7 ®(x —p) 'ETHK, (x —p) ®(x —pr)
= 2{(x—p) 27 e},
where we have used that K,(b®b)=K, vec (bb "y=vec(bb")=b®b.
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So, the variance-covariance matrix 7" can be written, with Ai; ‘ :(A,zc; ,)2, as
T, = 4b;'AZ, + 2A%, t=1,..,k
T, = 2{(x—p) S "x—w))?*  ts=1,...k; ts

Finally, the asymptotic distribution of the estimator of the vector of posterior
probabilities is given in the following theorem.

THEOREM 2.4.1.
Zn'*(Rx—pix) = N0, ¥ M¥)
where ¥ has been specified in (2.1.3) and (2.1.4) and matrix M by

1
M, = b; 'A%, +5A%, t=1,...,k

1 -
My =S {(x—p)" =2 x—p)Y ts=1,..k; tss.

A.2. ALTERNATIVE DERIVATION IN THE CASE OF EQUALITY OF DISPERSION
MATRICES

It is also possible to derive the asymptotic distribution of the estimator of pos-
terior probabilities in the case of equality of dispersion matrices without can-
celling the factors (27) 7/2|=|~"/2, in contrast with (2.4.14). The motivation -
for this extra derivation is that the intermediate results concerning the asymp-
totic distributions of n'2(fy(x)—fi(x)) and nj*(logf,(x)—logfi(x)) are
interesting by themselves and did not appear in the foregoing derivation. In
addition, assuming =; = - - - =3, it is interesting to compare the variance of
these asymptotic distributions with the corresponding variance which will be
derived in case B where no assumption about the dispersion matrices is made.
See further remark after theorem 2.4.4. R

The estimators Rijxs t =1,...,k are functions of the estimators f,(x) of the
densities f;(x),h=1,...,k. We get

~ k ~
Rtlx = Ptft(x)/ thfh(x) t=1,..,k
h=1

where }?,(x), h=1,...,k are obtained by replacing in f;(x) the p, and = by p,
and =, respectively, where ==/"'S and

Fix) = @m)yPRIZ| " 2exp{ —5(x — ) = (x— )

for h=1,..,k. By using the results of (2.4.19) and (2.4.20) the following
derivatives are obtained

fn(x)

» = )= x — )8y ht=1,...k (2.4.23)
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8fix)
avec(X) = Jil{
+ 2T ) ®E T (x — )

With the derivatives in (2.4.23) and (2.4.24) and with the asymptotic distribu-
tions of fiy,...,f, and vec (2) in (2.4.17) and (2.4.18), we can derive, using the
8-method of lemma 2.2.1, that

F100— 1))

—izvec(E N ~ (2.4.24)

n'? : — N(0,T) (2.4.25)

Je(x) = fie(x)
where I' is defined by
1 _ 1
w = (RO {Zp+ b7 — DAL, +5A%,) (2.4.26)
1 1 1
Ty = £)fi(0){5p —5A%, —5A%, (2.4.27)
1 _
+ (o —m) 2T ()Y}
for ¢, s=1,...,k; t4s and A2, in (2.4.15).

Proor. The dispersion matrix I' can be written as I'=D+Q where D is a
diagonal matrix. We have

3fi(x)

D, = (_'“)(b 12)( fl( )

= (i) —p) 270 2NHE)ZE T (x— )

= (f(x); A2, t=1,.,k

The matrix Q is specified by

9f(x)
avec(Z)

= fi{—5vec ! E7Y) + () S H®((x — 1) =71

3fi(x)

T
) (I +K )(2@2)(a )

Ou = (7 ~v )

Uy TK)E®2)f(x){ — vec(z D)

+ S ET - p)®E (x — )
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= LS vec (S NE@Tvee= )

eI EOINE )@ (x — )
— (=) =T ®(x —p)TETHEBT)(vee(S )
+ (=) =B —p)E )
 EODE (- )@ (x )

+ the last four terms again but with Z®X replaced by K,(2®2)}.

Now, with (2.4.12.b) and (2.4.12.a) we find that

vec!ETHE®Z)vec(S ™) = vec (S vec(Z) = trace(I) = p
Further, using (2.4.12.b)

vec (27— p)®(x — 1))

= {(x =) ®(x —p) vec(Z™H}"

= (vec((x—p) = x—p )} = A2,

Hence
1 1 1 1 _
Oy = [x)fi()(qp —30%, —7 A%, +7{(x =) =7 x — )}
+ the four terms mentioned above}.

Now, with (2.4.13.c) and (2.4.13.a) we get

K,(E®Z)vec(T7") = E®I)K,vec(Z™") = (E@Z)vec(T )
and with (2.4.13.b) and (2.4.13.a) we derive that

vec'(ZTHK, = (KjvecE™ )T = (K,vee(E™")T = vec’(Z7).

Further, K,(b ®b)=vaec(bbT)=vec(bb "Y=b®b. Hence, the last four terms
in Qy, with K,(2®Z2) are the same as the four terms with Z®ZX. So that

1 1 1 1 _
Oy = [P —5 8% —5 A% 5 (e — ) 27 (x — )}
for s,t=1,...,k.
The matrix I' is obtained by putting I';,=D,+Q,, t=1,..,k and I'y=Q,,
t,s=1,..,k; s%t. This completes the proof of (2.4.25).

For the logarithm of the estimator of the density we can easily derive that

’1°g} 1(x)—log f1(x )\

Fn? . — N (0,M) (2.4.28)

log £ (x)—1og f(x)
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where M is defined by

My =Sp + 67 =DA%, + 0%, (2429

1 1 1 1 -
My =—p—50%,—5A%, + S{x—m) 27 x—p)}2. (24.30)
For the estimator of the vector of posterior probabilities we obtain

THEOREM 2.4.2.

Zn'*(R x—ppx) = Ne(0,¥M¥) (2.4.31)
where ¥ is defined in (2.1.3) and (2.1.4) and M in (2.4.29) and (2.4.30), respec-
tively.

REMARK. At first sight the dispersion matrices WM ¥ of the asymptotic distri-
butions in theorems 2.4.1 and 2.4.2 look different because the M in theorem
2.4.2 has a few terms more than the M in theorem 2.4.1. However, the matrix
of these extra terms premultiplied and postmultiplied by ¥ is zero. Hence the
WMV of theorem 2.4.1 and 2.4.2 are equal. See also the remark in section 2.1
under A.2.

B. NO ASSUMPTION ABOUT THE DISPERSION MATRICES

In this case there are k dispersion matrices =;, & =1,...,k about which no
further assumptions are made. The estimator for p, is

A kA
Rt|x = ptﬁ(x)/zphﬁl(x) t:1”k
h=1

where f,(x), h=1,...,k are the estimators for the densities

Jilx) = @my P3| expl —5 (x— m) Zi (x — )}

h=1,..,k and which are obtained by replacing u, by t, and 3, by fi s,
where f, =n, —1. For these estimators we have

Ly (=) = Ny(0,Z,) h=1,.k (2.4.32)
and

L (vee(S)) —vec(S))) — N, (0,1 + K, )2, ® ) (2.4.33)
and these k +1 estimators are independent of each other.

LEMmMA 2.4.3.

Pk Gi0)= 1) — N O3+ AL (2434
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and i
S (log fi(x) —log fu(x)) — N(O5(p+A%.4)) (2.435)
for h=1,.. .k

Proor. The asymptotic variance in (2.4.34) is given by
6fh(x) afh( ) r ., Ofux) fn(x)
) (@) )+ avec(Zy) avec(Z,)

where we have used the §-method of lemma 2.2.1 and the asymptotic variances
in (2.4.32) and (2.4.33). The derivatives are specified by

0
%’% = fi)Zr =)

) (T + K ) ®Zi)( )

and

3fu(x)
avec(Z,)

The computation is straightforward. The second statement, (2.4.35), follows
by once again using lemma 2.2.1.

Result (2.4.34) has been published earlier in AMBERGEN and SCHAAFSMA
(1982, 1984). It will also be presented under (1) of theorem (4.5.1) of this
thesis. .

For the estimator of the vector of posterior probabilities we obtain

= A —5veeZr N5 G —m) ®E; (x —m))}-

THEOREM 2.4.4.
Zn'*(R x—ppx) = Ni(0,¥M¥)
where M is defined by
1,
M, ==b'p + ALy =1k

M, =20 ts=1,.,k; ts
and ¥ is given in (2.1.3) and (2.1.4).
REMARK. A comparison between the covariance matrices of the asymptotic
dlstnbutlons of n'?(log f,,(x) logf(x)) in the cases A2 and B if
2= -+ =3 is assumed, is of interest because it provides a check on the

va]idity of the formulas. The matrix V" of the differences between on the one
hand (2.4.35) and on the other (2.4.29) and (2.4.30) is

Vi =507 =D{@—1) + 0%, ~ 1Y) =1k

1
Ve = —3(@ =1 + A5~ D@L~ D+ —A%A%)
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for 1,s=1,...,k; t=*s. We shall verify that V' is positive definite. This result is
obvious because the estimation method A.2 in which all observations are used
for the estimation of the common dispersion matrix 2, will have smaller vari-
ance for the estimation of Eﬁ‘zla,logf,(x), a,€R, t =1,...k, than method B will
have. The vgriﬁcation is given first for the case p =1, next for p=2. Let
a=(ay,...,a;) .

Case p=1. We have A}, —A2 A% =0, hence
a™Va =5 Sb; (A2, — 12a? —5(S(A2, — D)
! !
With the Cauchy-Schwarz inequality we derive that
(E(Ai «—Da) = (?(btl )b VAL~ Day)y
< Cb) b, (AL, —1)*a}) (2.4.36)
! !
= 2b; 'A%~ 1.
t
Using this result we find a” Va=0.
Case p=2. Deﬁne V =C +D where
Cu =520 1) =1,k
Cs = —5(0—2) ts=1,.,k; tss
and

1. 1
Dy = (b, 1-1)(A)2c;t"1)2 T3 =1 1=1 0k

1 1 1 .
Dy = =7 —5 (8%, — DA%, — D) +754%,A% ssin’y,

for t,s =1,...,k, t~s, where we use A} =A2 A2 cos’y,; with y,, being the

angle between (x —p,)"=712 and (x —p,)"S "2, Now, we have that
1 _ 1
a’Ca =—@p—23b; 'ai 5@ —2)Sa,)*
t t

Again, Cauchy-Schwarz gives that
Sa)’ = (SO a)y
t t

< Cb) b 'at

= Ebt_la% (2.4.37)
t
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With this inequality we find a”’Ca=0. In order to verify that a’ Da=0, note
that

1 _ 1
a"Da =5 3b; 'A%, — 1Y a —5 (S~ Da)’
t t

1 _ 1
+ 536 a5 Ca) (2.4.38)
t t

1Az a2 )
+ Q‘ZA)c;tAx;satassn'1 Yis -

t,s

With the inequalities (2.4.36) and (2.4.37) we find

a’Da = ‘%ZA)ZC;,A,ZC saasin’y, ; .
s
If the a’s t=1,..,k all have the same sign then aTDa=0. The situation
remains that there are positive as well as negative a,’s. From now on, let ¢
denote the index of positive and s the index of negative a;’s. Split the summa-
tions in (2.4.38) into a part with positive and a part with negative g;’s. Apply
inequalities (2.4.36) and (2.4.37) to these parts. Use the lower bound
2, SA,ZC;,A,ZC sa,a, for the last term of (2.4.38), take terms together, then

aTDa = —S(Sb)(Sb (B2, — 12 +5(Sb)Sb; (02— 14,
+ LSS ) S (Sh)Eb; ad)

+ 2((A)2c R 1)+ (A)zc s 1))(1,(15

1,8

= _1221?7 by (A% — Dbsa, +bag ) + (A% — Dba, +bsa,)’) = 0.
1,5

So, it is established that ¥ is a positive definite matrix. This reassures us that
no computational errors are made.

2.5. BOTH CONTINUOUS AND DISCRETE VARIABLES

In this section the asymptotic distribution of the estimator of the vector of the
k posterior probabilities will be derived in the case that there are both continu-
ous and discrete variables. As mentioned in section 2.1 the discrete variables
are combined into one discrete variable which can take on d different values.
By these d different values each of the k populations is divided into d subpo-
pulations. Let (h,/) be the /-th subpopulation of population h;h=1,.. k;
t=1,...,d. The p continuous variables, given the discrete variable, follow a mul-
tivariate normal distribution, or in other words, the subpopulations can be
associated with a multivariate normal density in R?. The score (x,j) on the
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continuous and discrete variable of the individual or object we are interested
in, is considered as a realisation of the random variable (X,D) which has dis-
tribution

XID = E,T:t ~ Np(.u'tl’sztl) E:I,,d, t:L--':k
P(D =tT=t) = py i=1,..,d; t=1,...,k
P(T=t) = p, t=1,..k

where the p,, t =1,...,k are the given prior probabilities. The posterior proba-
bilities are defined by

k
P,y = P(T=0)f((x,j)/ X P(T =h)fi(x.))
h=1

k
= oPyifij () X epuifuy(x)  t=1,....k
n=1
where

Ju(x.9 = P(D=L|T=h)fj(x)

and
_ _ 1 _
Sux) = Qm) P2 |2 " 2exp{ —5(x — ) i (X — )}

for t=1,...,d; h =1,...k, which is the density of the (A,f)-th subpopulation, i.e.
the condmonal density of X given T =h,D =\.
For the vector of the k posterior probabilities we shall use the notation
- T
i) = (P1]0x gy P, ) -
Estimators of the posterior probabilities are functions of the random vari-
ables

(XH’D Il)v---:(Xln, :Dln,)am,(XkI’Dkl)a"')(an,(’Dkn,()

which yield the training samples. They are independent of each other and dis-
tributed according to

Xhithi =t~ Np(”‘hhzhﬂ) izl,-'-:nh; hzla,k5 ezla---ad
P(Dy=0=pu i=1,.m h=1,..k; t=1,..d

Let us define the random variable

ny
Nus = D I(Dypi=s) h=1..k; s=1,..4d
i=1
wich gives the number of observations in cell s of sample 4. Here I is the indi-
cator function. Let n, denote the outcome of N,. Hence
ny+ - -+ +npu=n, where ny+ - - - +n,=n. We shall assume that n,;>1,
h=1,..,k, s=1,...,d without explicitly mention this each time. Further, let us
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define
Prs = ni\Ny  h=1,..k; s=1,..d
as the estimator of p;, and
n,
Brs = Nig' 3 I(Dyi=5)Xpi
i=1
and
N K
S = Wis— D71 S I(Dp =) X = Pons ) Xii — Bns)”
i=1

as estimators for p,, and 3, respectively, for # =1,...,k and t=1,..,d. The
estimator f;;(x), h =1,...,k, where j is given by the score (x,j), is defined by
replacing in f;(x) the paramater w,; by pi,; and Z; by a suitable estimator
which will be defined explicitly in the various cases which follow. The estima-
tor Ryyxj) Of py(r,j) for £ =1,...,k is defined by

~ k N
Ry = PiPiifij(x) X oupaifuj(X)
h=1
and the notation for the k estimators together is

_ T
Ry = Rijpe o s Rie,p) -

For the derivation of the asymptotic distribution of the estimator of the vec- .
tor of posterior probabilities we shall use the following lemma.

LeMma 2.5.1.
f’hl —Phr1
}A’hd “Phd
2 .ahl Un1
$nh/ - N(O,Mh)

VeC(ﬁh 1 ) - VCC(Eh 1 )

ﬁhd — Mnd

vec(ﬁhd) —vec(Zpy)

\
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for h =1,...,k and where My, is a d +d(p +p?) square block-diagonal matrix with
blocks :
D T —1 Ehs 0 =1 d
h —PhPh 5 Phs 0 (Ipz +Kp)(2hs®2hs) , S=1,..,

with D, a diagonal matrix with diagonal elements py,,...,pps, and where
Ph=n1sPra)’ and K, defined just after (2.4.12).

PrOOF. The proof of this lemma is given in section 2.6.

As in the situation of only continuous variables in section 2.4, we shall also
consider two cases in this section. However, instead of assumptions about
dispersion matrices of populations themselves, the assumptions about the
dispersion matrices of the subpopulations lead to the two cases. With j the
score on the discrete variable, j considered fixed, we shall distinguish between
the following situations.

A. No assumption about the dispersion matrices 2;; up to 2;.
B. Equality of the dispersion matrices 2; up to ;.

A. NO ASSUMPTION ABOUT THE DISPERSION MATRICES 2; UP TO Z;

Let us use the notation =, :Ehj, h =1,...,k, where j is the score on the discrete

variable. Now, define the sets of indices :
G, = {s; 1<s<ud for which 2, = 2}, h=1,..,k

The value fj;i(x) of density f;; at the score vector x is estimated by ]A'hj(x)
which is obtained by replacing in f;(x) the parameter p;; by ,&hj and 2; by
2y, defined as follows

. 1 ny ~ a
2y = TS (m—1) > ST (Dh =) X — s X — s) "
56, hs seG,i=1
(ms—1) &
= _““‘"“—'—2 5
2w

Thus we assume that the observations of those subpopulations which have the
same dispersion matrix as 2, are used for the estimation of the latter.
For large n, we find

and, lemma 2.5.1 implies that

Ln) 2 (veo(S,) — vec(Sy)) — N0,( 3 )~ Ty + K )(E,© )

teG,
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where the notation 2, is used for ;. Together with the result

Ly by — ) = Np(O,pi' =),
mentioned in lemma 2.5.1 and with the derivatives
/i 0/
 frj(X) and i (X) ,
Oz avec(Zy)

evaluated at the point (u;,vec’(Z,))”, see also (2.4.23) and (2.4.24), we can
easily derive with lemma 2.2.1 that

L}/ () — fi(x)) = N(O,T)
where

Th = (2o Ay +5p( S pie) ™ —( 3 o) "' A2y,

seG, seG,
1 _
+5( 3 pr) " A )
seG,
and in which
A_)zc;hj = () Zij" (x — ).

This is proved in the same way as the analogue result in lemma 2.4.3. For the
variance I', we can write I', =D, + Q; where

D, = (ﬁzj(x))zpl;}lA)zc;hj
and
1.1 1
Qh = (ﬂj(x))2(2phs) 1{_2p_A)2c;hj+_2A?c;hj}'
seG,

Now, using the asymptotic distribution of nj’ z(ﬁhj —ppj) mentioned in lemma
2.5.1, it is easy to derive that

gn;l,/z(ﬁhjﬁj(x)_Phjﬁij(x)) — N(0,8))

where

0, = P%jrh + (ﬁxj(x))2phj(1—17hj)'
Further

L}/ (10g(Py fi () —1ogPrifi (X)) = N(O,T;)
where

1 _ - - 1 -
Th =52 pw) " @i = (3 pue) ™ AR 5 X pw) ™ A%

seG, seG, seG,

+ piy (1=py).
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The following theorem can now be formulated.

THEOREM 2.5.2.

L2 (R )y = P(x,jy) — Ni(0,¥MY)

where ¥ is defined in (2.1.3) and (2.1.4) and M by

M, = bfl{izp(zpts)_l+(p;fl‘(2Pts)_])Ai;tj

seG, seG,

1 _ _
(S P ALy + Py A—pyp}y =1k
segG,

M, =0 ts = 1,..,k; tss

and where b,= limn,n ™', t =1,...k.

h—00

REMARK. From theorem 2.5.2 a number of special cases can be derived.

().

2.

).

.

Take G,={j}, this means that only the observations from subpopulation
(¢,j) are used for the estimation of 2,;. Hence 2. p;=p;; and

1.1 1 _ -
My = b Yoppg' +5py Ay + pg ' (—py)}.

Take G,={s; s=1,...,d}, this means that the subpopulations (, 1) up to
(t,d) are assumed to have the same dispersion matrix. We obtain
2seG,ptszl and ‘

1.1 _ 1 _
M, = b, 1{_2]7 + (Ptjl*l)A)zc;tj +_2A;4c;tj +Ptj l(1 “Ptj)}-

Take d =1, hence with probability 1 the discrete variable has a given
value. The only nontrivial random variables are the continuous ones.
The asymptotic distributions are the same as those of the model with no
assumptions about the dispersion matrices in section 2.4. Now,
Py=1, Zsc6pis=1, and (¢,j)—(2, 1), then

1, _
M, ==b '"(p + A%} =1k

and this formula can also be found in theorem 2.4.4.
By taking p =0 we obtain the case of only discrete variables presented in
section 2.3. With A2 ;,,]:Ai .y =0 the diagonal elements of M become

M, = b 'p;'(1=py) t=1,..k

see also theorem 2.3.1.

REMARK. The above-mentioned cases correspond with cases mentioned earlier
in section 2.1 under ad(1), ad(2) and ad(3). We have that (1) is (ad(3), firs?),
(2) is (ad (3), second), (3) is (ad(2), B), and (4) is ad(1).
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ReEMARK. Note that the continuous case B, see section 2.1, can be derived as a
special case of above-mentioned cases (1) and (2). )

B. EQUALITY OF THE DISPERSION MATRICES 2; UP TO 2

Let us use the notation 2=3;;= - -- =3, and define the set G of double
indices as follows

G = {(h,s); 1<h<k; 1<s<d for which Z),=Z}.

The densities fhj(x), h=1,.,k at the score vector x are estimated by
Juj(x), h=1,....k. The estimated densities are obtained by replacing p;; by i
and 3; by 2 in the formula of the densities. The estimator 2;; of 2 is based
on the observation vectors of the subpopulations with double index in the set
G. We define

1 &

2= 2—(’1;—:17(;,%0 EII (Dpi =) Xpi = Pons ) Xni — Pns)”
(t,u)eG ’
_ (nps—1) S
B (hs)eG > (,—1) e
(t,u)eG

For large n this can be written as

~ .. b ~
RESDY Phs—Ah Zs-
hs)eG | D) Pub
(tu)eG

With use of lemma 2.5.1 it can derived that

Zn'2(veo(S) —vee(S)) — N0, S prsbn) 'L + K, NEI)).
(h,s)eG

Now, using
Zn'" (g — ) = N(O,py;'by ' 5)
from lemma 2.5.1 and the expressions for

/(%) afhj(x )
e Bvea)

evaluated at the vector (u[j,vecT(E))T and given earlier in (2.4.23) and (2.4.24),
we can derive with the §-method of lemma 2.2.1 that

(70—,

n''? - — Ni(0,T)

()= /i)
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where I' is given by I'=D + Q and D a diagonal matrix with

Uy 7 1,1 Uy
"= (——%Q)T(p,,‘b, 12)(’;’7(:))

= (f,j))py b AL =1,k
and the matrix Q is defined by

9f;i _ af;;
TS (S o)y KNESDN L

Qs = (Bvec(E) oG avec(Z)

)

11
= ftj(x)fvj(x)((hz) Gphubh) I‘E{P”A)Zc;tj_A)zc;sj + Afc;zjsj}

for t,s=1,...,k, hence

Ty = G 52( S pubi) ™ + @b~ = 3 prbn) D2y

(hu)eG (h,u)eG

1 _
50 3 pubn) 'A%y} 1=k
(hu)eG

and

. —1
rts = f;j(x)f;j(x)( 2 Phubh) l—z{P_A)zc;tj_Afc;sj +Ai;ljsj}
(h,u)eG

for t,s=1,...,k; t%~s and in which
A)zc;tjsj = (x _.utj)TE_l(x_f"'sj)

and A;zc;tj :Ag{;tjtj'
Next we derive that

rﬁljflj(x) - Pljflj(x)\

n'? . — N.(0,0)

\ﬁkj}(kj(x) - pkjfkj(x)J
where O is defined as
© = diag (i 'piy(1 = p)(fiyGW, h=1,...k)
+ diag{py;, h=1,....k}I diag{py;, h =1,...k}

and where diag{d,, h =1,...k} denotes the diagonal matrix with d,,...,d; as its
diagonal elements. Further we find

1085 1,71,(x)) — logp 1))

Snl’? . — N(0,M)

log(ii iy () — 10g(pi i)
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where M is defined by
My = b 'py ' {(1=py +A%4)

—1pl 1
(S pubn) ™ (5P~ BTy k)
(h,u)eG
1 —
My =50 S pubn) ™ (0 =By =02y + M)
(hu)eG

for t,s =1,...,k; t5%=s. Hence

THEOREM 2.5.3.
Zn'2(R (x,jy = P ) = Nie(0,¥M¥)
where YV is defined in (2.1.3) and (2.1.4) and M just above this theorem.

Because of the property that the sum of the elements of a row or column of
the matrix ¥ is zero, see also the remark after theorem 2.4.2, theorem 2.5.3 can
also be formulated with M replaced by M’, where M’ is defined by

1. - 11
M’y = b, lptjl{l_Ptj + A)Zc;tj} + ( 2 Phubn) l_zAfc;tj
. (hu)eG

, 1l
Mts = ( 2 Phubh) LEA?c;tjsj
(hu)eG

ReMARK. The following special cases can be derived.

(1. G={(h,j); h=1,...,k}. This means that only the observations of the sub-
populations (1,j),...,(k,j) are used for the estimation of Z. Cases (1a) and
(1b) are obtained by replacing S u)e Prubs by =k =1psby in M and M’
respectively.

2). G={(h,s); h=1,...,k; s=1,...,d}. The assumption is that all subpopula-
tions have the same dispersion matrix. We obtain that 2, ,yc¢ prbr=1.
Substituting this into the formulas for M and M’ gives case (2a):

1 - 1 1
M, = b; lptjl(l—sz + A)zc;tj) +5p _Ayzc;tj +-2‘A?c;tj

-1 2 2 4
M, = 2(P_Ax;tj_Ax;sj+Ax;tjsj)»

and case (2b):
-1 - 1
M, = b, 1Ptjl(l'_Ptj + Ach;tj) +_2A?c;tj
1
M/ts = _ZA;‘"U‘U

(3). Assume that d =1. Hence we have only continuous variables. The results
are the same as those of equality of dispersion matrices in section 2.4, see
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theorems 2.4.1 and 2.4.2. Putting d=1,p;=1,244)c¢ prbr=1, and
(h,j)=nh in the formulas for M and M’ gives case (3a): ‘
M, :_lzp + (bt_l_l)A)zc;t +_12Ai;t

1 1 1 1 -
M, = —p—5 0%, —5 0L+ {(x—m) =7 (x —py))?

and case (3b):

1
— p1A2 — A4
M'tt - bt Ax;tj + 2Ax;t

My = 5 (G —p) 7 ()2

which are the same as the M of theorem 2.4.2 and the M of the theorem
2.4.1, respectively.

(4). Take p =0, hence only discrete variables are involved. We obtain M =M’
where

My = b 'py'(1=py)
M, =0
which correspond with the elements of matrix M in theorem 2.3.1.
ReMARK. These above-mentioned cases correspond with cases mentioned ear-
lier in section 2.1 under ad(1), ad(2), and ad(3). We have that (1a) is (ad(3),

third), (2a) is (ad(3), fourth), (3a) is (ad(2), A.2), (3b) is (ad(2), A.1), and (4) is
ad ().

REMARK. The continuous case A.1, see section 2.1, can be obtained as a spe-
cial case of above-mentioned cases (1b), (2b), and (3b). The continuous case
A.2 can be derived from (1a), (2a) and (3a).

2.6. PROOF OF LEMMA 2.5.1

In this section we shall give three different methods of proving lemma 2.5.1.
This lemma deals with the situation of the n;, independently distributed ran-
dom variables (Xj;, D), i =1,...,n,, h fixed, 1<<h<<k and

Xni|Dpi =t ~ Ny Zpe) i =1,omp; h=1,...k; ¢=1,...d
and

P(Dy;=t) =ppy i=1,..,m; h=1,.k; t=1,...d
The lemma gives the asymptotic distribution of

n AT A o AT A
@n1s Bris Ve (Ch1)seesPas Bras Ve (Cha))T,
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see lemma 2.5.1 for the precise formulation.

METHOD 1

This method of proof is based on lemma 2.6.1, which gives a relation between
asymptotic distributions of a fixed and a random sampling scheme. The ran-
domness of the sampling scheme is brought about by the discrete component
of the random variables. The k different classes in lemma 2.6.1 correspond
with the d classes of the training set variables of section 2.5.

Let wLm:RqX"‘—»Rq, t=1,...,k and m =1,2,... be continuous functions. Let
the i.i.d. random variables Y¥,i =1,2,... each with density function f3, 6,cR?
assume values in RY,{=1,...,k. The random variables W), defined by

WO = (Y0, YY) 1=1,.k; m=1,2,.
are assumed to satisfy
LmA(W)—0,) - N,(0,Z) =1,k
Let (X;,D;), i =1,...n, be ii.d. random variables whose distributions are given
by
k
P(D;=d) =p,>0, d=1,..k, D p;=1
d=1
and X;|D;=d has density f,,d=1,..,k; i =1,..,n. Let N, be deﬁned-by
Ny = DID;=0h =1,k
i=1
where [ is the indicator function, and let p,, be defined by
Pin =n Ny, (=1,k
Further, let W, be defined by
Win = win (X Xy ) =1,k
where n; is the value assumed by N,, and where X g (X with subindex
t,j =1,...,ny) is the j-th element of the subsequence of those X;’s with D;=L.

Now, using the notation p, =@ --Pr.n)’ and p =(py,....pr)’, we have the
following result.

LEMMA 2.6.1.

n'? . — N 1140, M)
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where M is a blockdiagonal matrix with the blocks
D—ppT, pi'Zy,pi '
and where D is the diagonal matrix D =diag{p,....px }-
Proor. We shall prove the convergence in distribution by the pointwise con-

vergence of the corresponding characteristic function. So, let zo€R¥, 1, eRY,
t=1,...,k then we define

¢n(t0atlr"5lk) =
E{exp(itgn'*(@p,—p)+it]n2 (W, —0)+ - - -
+ itfn AW, —60)))- (2.6.1)

By conditioning to D,...,D, formula (2.6.1) can be written as
k
ED,,...,D,, {E{exp(itgn 1/2(1‘;n _P)+ 2 ithn 1/Z(I/Vj,n _0]))|D1 =dy,....Dy :dn}} =
j=1

k
Ep,.. p{exp(itdn'*(p,—p)E{exp( 3 it} n"*(W,,—0)\D,=d,,..,D,=d,}} =
j=1

k
" zd )exp(irg n'2(p, —p))E {exp( _zlizfn VYW, ,—0)D1=d\,....D,=d,)
19eesy J=

-P(D,=d,,...,D,=d,) , (2.6.2)

where P(D,=d,,...,.D,=d,)=py - ps. The W,,,.., Wy, are conditional
on D,,...,D, independent because of their definitions in which the (X;,D;) ’s
appear as ii.d. random variables. Hence the expression for the characteristic
function, formula (2.6.2), becomes

k
> exp(itdn'?(p, —p) [T E{exp(it] n"*(W;,,—0,)|D, =d,....,D,=d,}
@,,-..,d,) Jj=1

-P(D,=d,,...,D,=d,). (2.6.3)
Now, note that
"g(I'Vj,nKDl :dl,---yDn :dn;Nj,n :n])) = gW%)
hence
LW, —0)|(D,=d,,...,D,=d,;N; ,=n)))
n o
— ag(n_j)l/2n}/2(W%) ___0])

so the formula (2.6.3) becomes

> exp(itdn'*(p,— p))f[E{exp(iz}“(ni)“zn}/z(W§,{> —0))}
j=1 j

(1505 1)
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'P(Nl,,, =n,,...,Nk,,, :nk)=
k .
S exp(irdn' @, —p) 169 ()2
(1ot j=1 n;
'P(Nl,,,=n1,...,Nk’,,=nk) (264)

where ¢ is the characteristic function of nj(W{’ —6,). Now, let us write
for j=1,...k

¢$,{>(t,-(4)1’2) = ¢Q(tp] )+ R (t),p), 1) (2.6.5)
where ¢ is the characteristic function of the N, 4(0,2)) distribution, which is
the limit distribution of m'2(W{)—@, ). The fact that characteristic functions

are bounded in absolute value by one and hence the remainder terms
R%) (tj, Pjs n) bounded in absolute value by two, implies that

koo .
ITL@L@p; ") +RP (t,p5m)— Hsb(’)( s
j=1

k
<f(k) EIIR%’ (t;, pj> )| (2.6.6)
=

in which f (k) is a suitable constant which depends only on k. Using (2.6.5)
and (2.6.6), formula (2.6.4) can be written as

> explitin "Z@n—p))m@( 717

- P(Nl,,,znl,...,Nk,,,:nk)+R (2.6.7)

where

lRl< 2 f(k)2|R(I)( ’Pj’ n)lp(Nl,n:nlr-‘aNk,n:nk)
(ny,..., nk) Jj=1

= f(k)ZlE IR (¢}, pj» ). (2.6.8)
fe=

Now, because n'/2(p, —p,) converges in distribution to a N(0,D —ppT) distri-
bution, (see CRAMER (1946) p. 419), the first term of formula (2.6.7) tends to

l k
CXP(“_ztoT(D“PPT)io 2 2 ]Pj 'z t)
j=1

which is the desired characteristic function. The proof is finished if we show
that the remainder term R tends to zero. Now,

E|RY) (1, pj» mI<E[$%(1/(~- )”2) D1 ”J“Z)l

+ El6Q(; (—)“2) oD(tp; ). (2.6.9)
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For the first term at the right-hand side of formula (2.6.9) we have that
Nj~Bin(n,pj)
nan’ .
0P (1)—¢Y)(2), Vt eRY, uniform on compact sets

hence

W(t( )“2) o9 (—)“2)—>0 (2.6.10)
Further, because of

|¢$6)(t( )”2) ¢V’(t(—)"2)|<2 (2.6.11)
we conclude from (2.6.12) and (2.6.1 1) (see CHUNG (1968) th. 4.1.4) that

E|6$)(t(5; )" A G "0 26.12)

For the second term at the right-hand 51de of formula (2.6.9) we obtain from
Nj~Bln(n,pj)
¢¥) is a continuous function

n 1/2P —1/2
tj(Fj) —Lp;

that

0><r<—)“2)-»¢0>( %)
and

o5 )“2) $Lp; 1) (2.6.13)
Further

|¢v>(z( )“2> oQp; M <2 (2.6.14)

Formula (2.6.13) and (2.6.14) imply that
E 9 (—)“2) oBp; -0 (26.15)
This completes the proof of lemma 2.6.1.

The proof of lemma 2.5.1 can easily be obtained by using lemma 2.6.1. For
the estimators f;,, and vec(Z;;) of the mean and dispersion matrix respectively
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of a multivariate normal distribution with parameters p,, and 2, we have
e 0
0 Uy +K)Eh®30)| )

ﬁhz B
Fm!? - — N(.
vec(Zy) —vec(Zyy)

ol
0

K

see section 2.4, and MUIRHEAD (1982) p. 90. Now, let (, vccT(ﬁlh Ne play
the role of W in lemma 2.6.1, then the correctness of lemma 2.5.1 follows
immediately.

METHOD 2
In this proof of lemma 2.5.1 we begin with the definition of the following ran-
dom variables, which are functions of (X, Dy;), i =1,...,n;,, namely

Risi = I(Dy;=s)

Shs,i = Xnl(Dpi=s)

Thsi = (X ® X)) (Dy; =s)

for s =1,...,d and i =1,...,n,. We formulate the following lemma.
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LEMMA 2.6.2.
)
nh_léthl,i ~Ph1
nh_liéshl,i ~Phila
nh_liéTh1,i—Ph1(VeC(2h1)+Mh1®ﬂh1)
n)/? : — N(0,0)

ny,
—1
ny - 2 Ridi—Pha

i=1

n,
-1
ny " D Shdi — Phalthd

i=1

ny
1D Thai —Pra(vec(Zna) + pna ® pina)

i=1
L J

where Qy, is a square matrix of size d(1+p —+p? and partitioned as

Ot - Onia
On =

Onar - Onad

with Qp, o, =1,...,d, t =1,...,d square matrices of size 1+p +p2. These Qy, , are
specified by the following submatrices, for s =1,...,d:

Ohss;tt = Prs(1—pis)
Oh,ss;12= pas(1 "Phs)ﬂi{s
Ohssi13= prs(1—pas) {vec (Spe) +pis ®pfy )
Ohss:22= PhsZhs T Phs(1 —Pis)tnshtis
Ohss:23= Phs{1hs ® s + 2 Opf} +
Pis(1=Pis) (Bns VeeT () + s (s O afs)}
Ohss:33= Phs {Chs ®Zp )Ty + K+ (i) ® s +
s ® s B ptys + s @ S O pufy + 2 @ ety } +
Pis(1=pro){vec(Zyo)vec! (Zy,) +
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vec(Zy) (ks @pis) + (pas @ pys)vec! (Sps) + -
(s @ s )i O )}

and the other submatrices of Qg follow from the symmetry. For
s =1,..,d, t =1,...,d, s5~t we have

Ohts;11 = ~PuPhs
Ohissiz = —PuPhslihs
Ohiss13 = —PuPns{vecT (o) + i O pjy)
Ohts21 = ~PriPhslnt
Ohis22 = —PuPhstihelihs
Ohis23 = —PuPhshine {vecT (Spo)+ph ®pk}
Ohis;31 = ~PuPhs {VEAZp) iy @ e }
Onis32 = —PuPrs {Ve(Zhe)F i ® pine }pify
Ohis;33 = —PuPns {VecEp)vec! (Zy,) +
(ae O ) veeT (Sps) + vee(Sy)(pis @pis) +

(e @ ) (s O ) ).

The proof of this lemma will be given after lemma 2.6.4. We shall first give a
few equalities which are frequently used in the fortcoming derivations. Let u
be a p-dimensional vector and = a p Xp symmetrical matrix, then

() vec(uu)=p@®u=Ip®@ul=IQu)p® )= Su)
(b) W®NE=p®
PrOOF. (@D =2 @N=(1QZ)W ' ®N=p"@==uI)"

© I¥wW==(Z®w"
PROOF.

(W) =2 p")=ER I u ) =2@u"=E®p)"

(d) @@ )=p@=@p"

PROOF.

@I p)=((r®) NI =((u®Z)N®(1pT) =
p®=QuT

(© COWE'RI = p'®I®y

PrOOF. (E@p)(p' 1) =EONEp ) =EON(1QE®u") =
wDO®UEOL)=p@ZO = ="

LEMMA 2.6.3.

(@) E I(Dyi=s) = py
(b) VAR I(Dy;=5s) = pus(1—pps)
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(©) E I(Dpi=5)Xni = Phshins
(d) E I(Dy=5)X1 X = prs(s + tashis)
(€) E I(Dyi=5)X1i ®Xpi = pps(vec(Zps) + pins @ pips)

ProOF. (a) and (b) follow from the Bin(1, p,,) distribution, (c), (d) and (e) can
be derived with use of conditional expectations.

LEmMMA 2.6.4.
Let U~N,(0,1) and X~N,(p,2), then

(a) EURUT =1

(b) EURU = vec(l)

(¢ EUUT®U =0

(d EUUT®UT =0

(e EXXT®XT) = " ®@ul)+pvec’ ) +p’ @+ =@ur

() E UUT®UUT = K,+I1®I+vec(I)vec'(I)

(® EX®XNXT®XT) = pp" @uu"+3@up" +(u®pvec’ () +
pT ®ZQu+u@Zu’ +vec(S)(u ®u’) +
! @2 +(E® )1, +K,)+vec(Z)vec! (2)

where K, has been defined after (2.4.12).
ProOF. Let U; be the i-th component of U,i=1,...,p. Then (a),...,(d) follow
directly from
EU=EU =0
and

EU?=1, EU =3, i=l.p

PRrROOF of (e).
EX(XT®XT) = E@+Z"20)p" +UTE") @@ + UTE?)
— u(‘uT®‘uT)+E‘u(UT21/2®UT21/2) +
EEI/Z U(,U,T® UT21/2)+E21/2 U(UTZI/Z ®‘uT)

where we have deleted terms with first and third moments of U. Now, using
S2y=1®="2U=3"2U®] the expression becomes

[L(MT®[.LT)+,U.E(UT®UT)(21/2®21/2) +
MT®21/2EUUT21/2 + EI/ZEUUT21/2®[.LT.

With EUUT=I, EUT®UT=vec'(I) and the property vec(4BC)=
(CT®A)vec(B) with the special choice 4 =C =32 and B =1 the proof of (e)
is finished.

ProoF of (f). Let T;;=E,;;+E; where Ej; is defined after (2.4.12), then
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EU,U,UUT = T; + &1 7
where §;; is the Kronecker delta: §;;=1if i=j and §;=0if iz~j. Now,
EUUT®UU" = EJ\U,UE;®UU"T =
Lj

L] Lj bJ

DE;QF;+3E;RE;+(JE)®I =
ij ij i
vec(Ivec(I) + K, + IQ®L

PROOF of (g).
EX®X)XT®XT) = EXXTQXxXT =
E@+Z"2U)u! + UTSV) @ (u+ =2 U)Wl + UTSV?),

If we delete the terms with first and third moments of U we find
uuT @uuT +SV2EUUTSV2 @uuT + EpUTS 2 @uUTSV? +
ESV2UT @uUTSY? + EpUTS2 @S2 uuT +
ESV2UpT @312 UpT +pu @ SV2EUUTSV? +
ES12yyTs\2@si2yyTsie,

Now, use EUUT=1I, EUT®UT =vec’(I) and vec'(N)(Z?*®3"?)= vec!(D),
then the first three terms become

pu’ @up” +Z@pup” +(p®pvec’ (2).

Using EU® UT =1 the fourth term becomes
(21/2®[L)I([,LT®21/2) — (1®(21/2®“))(MT®21/2) —
ApNRE?@wE"?) = W OE?OWE? @ 1)=p"®=®pu

The fifth term is the transpose of the fourth term and becomes p@Z®pu’.
Further, the sixth and seventh term can be evaluated into

E2 @ vec(T)(u ®pT)=vec(Z)(n' ®p”)

and
T ®SV2EUUTS? = y’®3

respectively. The last term can be written as
C2QSVHEUUTQUUT(E2 @312 =
12 ®IK,(Z2®32) + (2@ IR IS ®3V2) +
C"2 @3 Yyvec(Ivec (INZV2Q1?),
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Using ("2®3"H)K,=K,(Z"2®="?) and (Z"*®@Z"?)vec(I)=vec(Z) this
becomes )

(E®2)1,; +K,) + vec(Z)vec ().

This completes the proof of (g) and hence the proof of lemma 2.6.4 has been
finished. The results of this lemma can also be found in, for example,
MaGnNUs and NEUDECKER (1979).

PROOF OF LEMMA 2.6.2. The proof follows from the multivariate central limit
theorem, see (2.4.8), and the lemmas 2.6.3 and 2.6.4. The expectations
ERyy;,ESyy; and ET),,i are given in lemma 2.6.3. The submatrices Q) ,, and
O, of the variance-covariance matrix Q) are obtained in the following way

Ohss;t1 = VAR(Rys,))=VARUI(Dy;i =5)) = pps(1—pas).
Further, without a detailed derivation, we summarize
Ohss, 12 = EI(Dy=5)X};— EI(Dy;=5)EI(Dy; =5)X};
Ohss13 = EI(Dy=5)X};® Xjj; — EI(Dy=s)EI(Dyy; =5) X, ® X}y
Onss2 = EI(Dy=5)XpXj; — EI(Dyyi=5) X EI(Dyy = )X}
Ohss23 = EI(Dy=35)Xpu(X};® X)) — EI(Dy =5) X EI(Dy =) X1, ® X
Ohss,33 = EI(Dy=5)(Xp ® Xpi)( X ® X[) — EI(Dy =5) Xy ® X
-EI(Dy; =5)X}; ® XF.
The elements of the submatrix Q, ,; are derived in a similar way. We have
Ohis;tt = COV(Rpy i, Rysi) = COV(I(Dy=1), I(Dpi=s)) =
= T PuPhs v
and it is easy to see that
Ohis;z = —EI(Dy =1)EI(Dy;=5)Xp;
Ohis;13 = —EI(Dy=1)EI (D, =5)X1; ® X},
Onis1 = —EI(Dy=1)Xy, EI(Dy; =s)
Ohisa = — EI(Dyy=10)X,, EI(Dy; =5)X},;
Ohis3 = — EI(Dy=1)XyEI(Dyy =$)X}; ® X},
Ohus31 = —EI(Dy; =1)X),; ® Xy, EI(Dy; = 5)
Ohss, 22 = — EI(Dy=1)Xy; ® X, EI(Dy = 5) X}
Ohss,13 = —EI(Dy=0)Xy;® Xy EI(Dyy; = 5) X1, ® X ;.

Now, with the results of lemma 2.6.3 and 2.6.4 the elements of Q) and Q)
of lemma 2.6.2 can be obtained immediately. This completes the proof of
lemma 2.6.2.
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The py,,pss and vec(Sy), s =1,...,d can be expressed as functions of the
Ry i, Sps; and Ty, s =1,...,d, i =1,...,n,. We have

1 o
Phs = — X Ry,
ny i=1
1 2
—»S
a hy ,'g] s
Bps = 1 n,
— YR
ny, ,~§1 hs,i
N _ 1 M _ R A T
veo(Zps) =~ 2 T (D =) Xpi — is) D (Xpi — s
Nhs 1 i=1
1 n, 1 ny, ) 1 n,
o 2 Ths,i — 2 Shs,i — 2 Shs,i
Ny Ry =) LS R i=)
= — ®
Np—1| 12 12 1 &
- 2 Rhs,i - 2 Rhs,i - 2 Rhs,i
ni=y Ry =) My =1

where N, ZZ?LII(DM =85)=Z/"2 | Rps,-

We shall reformulate lemma 2.5.1 in a way which corresponds better with the
formulation of lemma 2.6.2.

LEMMA 2.6.5.
ﬁh 17 Phi
ﬁh 17 M
vec(ﬁ.‘.h D—vec(Zy1)
“n)? : — N(0,B,)
f’hd “Pha
ﬁhd  Paa

L vec(2yg) — vee(Zpg)

where By is partitioned as By=(By,, t=1,..,d;s=1,..,d), with By, square

matrices of size 1+p +p?, specified as follows. For s =1,...,d the By, are the
blockdiagonal matrices

o 1 1
By = diag{pns(1—ps), ;}:Ehs’ ;;;(Ipz_'_Kp)(Ehs@Zhs)}

and for s =1,...,d;t=1,...,d; t5%s:
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_ T
By ;s = —PupPrs€i€i

where €, is the unit vector of size 1+p +p>.

PROOF. For the proof of the asymptotic result of this lemma it is allowed to
replace the factor Ny /(Ny,—1) in vec(Zy,) by 1 because this factor is 1+o(1).
After this replacement the py,, py,; and vec(Z,) are functions of

1 & 1 & 1 &

- 2 Rhs,i: - E Shs,i and — E Ths,i-
Mh =1 M=) h =

In order to apply the 8-method of lemma 2.2.1 we shall define the function
g: RAA+p+pY) _, Rd(1+p+p")

where

g:((gl,s’ 82,55 g3,s)s s :1a---sd)
with
815U, Vi, Wiy, Vi, Wa) = U
— ,,—1
gZ,S(uh Vi, WiseesUg, Yy, Wd) = Us Vg
1

I -2
g3,s(u1a Vi, WiseesUg, Vg, Wd) = Usg W; U vs®vs

and u,eR!, v,eR?, w,eRP*?, for s =1,...,d.

Now, let the vector 7, be defined by

M = @nt> Pribit, P (vecEp1) + wr Opy1) ...

wesPhd> Phathd> Pra(Vec(Zha) + pa®pa)")"
then the matrix of partial derivations of g at the vector 7, are given by
Vem) = (Vgmysrt =1,.d; s =1,...,d) with Vs square matrices of size
1+p +p?, specified by

Pl 1 1 )
1 o o VCCT(EthP—hsM{s@MZs
Ay S
T = [0 2 —Lrern)-Laeu
B3 Phs Phs P s P $
1
0 0 —]
L Phs ?

for s =1,...,d and Vemy,is =0 for t=1,...d;s=1,...,d;t5s. The variance-
covariance matrix B, can be derive from

Bh = vg(ﬂh) Qh(vg(m))T

where Qj, is defined in lemma 2.6.2. This completes the proof.
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METHOD 3

This method will be based on the asyfnptotic distribution of maximum likeli-

hood estimators. If the independent identically distributed random variables

Y;, i =1,2,3,... have probability density function fy, with =(,...,6;)7, and 0,

is the maximum likelihood estimator of # based on Y,...,Y, then
Zn"2(0,—0) — N©O,I;")

where I is the Fisher-information matrix defined by

82
To)s: = Eo{— 96,00, logfa(Y1)} s, t=1,...k.

We shall prove that py1,....Pha> f1s %t (51— 1) Zpteeeslhas Mid (Mg —1)Zpa
are the maximum likelihood estimators of ppi,....Pras Mr1s 2h1s->Mhd> Shds
respectively. For reasons of notational convenience we shall drop the index A.
The above-mentioned asymptotic result is also valid if, instead of a probability
density function, a Radon-Nikodym derivative with respect to a suitable meas-
ure is taken.

Let f be the Radon-Nikodym derivative of the distribution of
(X;, D;),i=1,...,n with respect to the product measure of Lebesgue measure
and counting measure. Let (x;, d;) be the outcome of (X;, D;) then

Sxi,d) = Pd,f By E,,,.(xi)

in which the first factor is the probability that the discrete random variable has
outcome d; and in which the second factor is the value of the multivariate nor-
mal density with parameters p; and X, at the vector x;,i =1,...,n. The max-

imum likelihood estimators yield those parameters for which logll}_; f(x;, d;)
is maximal. We have that

n d n d n,
log[ Lfxi, di) = logII Ilps + 10gII I1fp.=(xs)

i=1 s=1i=1 s=1i=1

d ng d n
=log[] Ilps, + Xlogllfu.=(xs)

s=1i=1 s=1 i=1

d
= Lp1,pa)  + 2L, Z)

s=1
where s,...,s, are those indices for which d; =s,i=1,...,n,. Let t,...,t, be
the remaining indices: d, %s,i=1,...,n,, n;+n,=n. We shall now derive the
maximum likelihood estimators p;, i, and S, for Ps» s, and =, respectively,
s=1,...,d.
a n
lo x;, d;) =
apJ ng( 1 l)

i=1

™ 3 a
S

= ap, osl111p

s=1li=1
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= s XZ logp,, + s lgllog(l —Ps)
ng n
Ps 1-p,’
Equating this last expression to zero gives
2o
ps P s=1,..,d

Note that the expression just after the (*) also appears when the maximum
likelihood estimators of the parameters of a multinomial distribution are

derived by means of differentiation. This implies that L(p,...,p,) is maximal
di) =

i=1

ng

2

l=1

I 72— 2()(?3', _'nu's)Tzs—l(xs, _.us)}

2 Es_ : (xs, _.u‘s)
i=1

Equating this to zero gives

S

—Exs, s=1,..,d

ns i=1
Further

L d) =
i=1

(*)

- 82 IOng” E('xs

i=1

_w @
- 25

1 -
__z(xs, _nu's)TEs l(xs, — )}

1 _ _

- __znszs ! +_ I(Z(XS “s)(xsi_“s)T)Es 1-
i=1

Equating this to zero and substituting ,&S for u, gives

2

2 - 2 (xs p‘x)(xs

St——l

—ps), .,d.

)

Now, note that the expressions just after the last two (*)’s also appear when
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the maximum likelihood estimators of the mean and covariance matrix of a
multivariate normal distribution are derived by means of differentiation.

Hence Ly(p;, =) is maximal. See the proof of WATSON (1964), used for exam-
ple in MUIRHEAD (1982), p.84 and Rao (1973), p. 531. Thus we have that

A a

A ~ d 2
L(pl,...,pd) + st(.“‘sa Es)
s=1

is maximal. Hence p,fi;, and =, s =1,...,d are maximum likelihood estima-
tors. Because they are equal to py, ji;, and =, s =1,....,d we have proved that
these last-mentioned are maximum likelihood estimators.

Let us now consider the Fisher-information matrix of a multinomial distri-
bution and of a multivariate normal distribution. For a multinomial distribu-
tion with vector of parameters p=(p,,...,p;)’ and vector of maximum likeli-
hood estimators p, we have

&', —p) > NO,I; ")
where
I;' = B—pp” with B=diag(p,,....pa).

For a multivariate normal distribution with mean p,, covariance matrix X,
using the notation A,=(u],vec’(Z,))7 and As.n, the corresponding vector of
maximum likelihood estimators, we have
Zn'? (s =N) > NOI )
where
1 N 0
I ' =
A 0 (I +K,)(Z,®Z)

with K, defined after (2.4.12).
We shall show that the covariance matrix in lemma 2.5.1 is the inverse of
the Fisher-information matrix

__82
T logf(Xla Dl)}
0704
where A=(p”, A],..,A])T. We shall drop the index 1 in X; and D,. We have
that

Iy = Ex{

_32

Iy = EpExp=; {W
AUVA

(logf Py (X) + logps )}

_32 a2
= EDEX|D=s {mlogf B S, (X)}+ Ep {—TIOEPD}-

The last term is a matrix with zeros everywhere, except for the upper-left block
of size dXd. That block is equal to the Fisher-information matrix 7, of the
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above-mentioned multinomial distribution. For the first term we need the fol-
lowing four matrices

(a) EDEXIDZS{ apa T logfu 3 (X)}
(b) EpExp— {8—;£\—Tlog fHI,EX(X)} =0 v=1,..,d.
(© EDEX|D:s{ AN logf,.s (X)}

= EDEX|D=s {8 a)\ a}\T ngu 3 (X)}

= ED3DVEX|D:V{ logf, s (X)}

oA ONT

9
= E _
Py X|D—v{a>\ E)}\T gfu, b (X)}

=pdy v=1,.,d

where 8 is the Kronecker-symbol and I, is the Fisher-information matrix of
the multivariate normal distribution with vector of parameters A,.

d EpExp-=
( ) D X’D—s{a}\ aAT

log f,, g(X)} =0, v, w=1,...,d;vFw.

So, the Fisher-information matrix 7, is the block-diagonal matrix with blocks
I,,piIysspaly,- The inverse Iy! is the covariance matrix in lemma 2.5.1.
This completes the proof.
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Chapter 3
Incorporating sfandard errors of
posterior probabilities in

decision-making processes

3.1. INTRODUCTION

In this chapter we shall describe how the results of chapter 2 can be incor-
porated in decision-making processes. We suppose that there are k popula-
tions with corresponding densities f; 4, 2 =1,...,k where 8 is an element of the-
parameter set ©. Let X denote the random variable which generates the vector
of scores x. We assume that X has density f; 4 if the vector of scores belongs
to population z. Let X\,...,X}, denote the random variables which generate
the training samples x;,...,Xy, . For these random variables we assume that
Xy; has density f, 5. Moreover X, Xy,..., X, are supposed to be independent.
If the parameter § is unknown, then the sample space is denoted by 2" *!,
which is the product of the outcome spaces of X, X,..., X, where n =3,
If the parameters are known, then the training samples are not needed with as
a consequence that after their deletion, the sample space is denoted by Z%; i.e.
the outcome space of X. In that case we will often write f, instead of
Jne, h=1,...k. Further we assume that an action set.&/={a,,...,a,} and a loss
function L(t,a), which is a function of ¢ and a, have been specified. The
unknown number ¢ of the population from which x is a random drawing is
usually considered to be the outcome of a random variable T with values in
the set {1,...,k}. The probabilities P(T =t)=p,, t =1,...,k are the prior proba-
bilities. We shall assume that numerical values of py,...,p; are given. We con-
sider the posterior probabilities

k
Pre = Pufro(x¥) X pufuo(x) t=1,..k
h=1

If the parameter 6 and the prior probabilities p,,...,p; are known, then the
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optimal decision rule assigns to x that action a for which the conditional
expected loss

k
E{L(T,a)|X =x} = 3 L(t,a)p,x
t=1

is minimal (non-uniqueness, allowing randomization, appears if there is more
than one action for which this minimum is obtained). This is the Bayes rule.
More about this approach of constructing multiple decision rules when popula-
tion densities are known can be found in section 3.2.

In practice, however, the parameter 6 is unknown. In section 3.3 we shall
consider an approach in which the conditional expected losses
E{L(T,a;)|X =x}, j =1,...,m are regarded as unknown parameters which have
to be estimated from the training samples. For expressing the statistical uncer-
tainties in the estimates, the theory of chapter 2 can be used.

If one is forced to take a decision and wants to comply with this demand in
a rational manner, than one will need a procedure which prescribes the action
to be chosen. Such decision rules are studied in section 3.4.

While the theory in the sections 3.2, 3.3 and 3.4 has a classical-statistical
touch, that in section 3.5 deals with the so-called fully Bayesian approach.
Here priors are not only postulated on {1,...,k} but also on ®. This requires a
more or less subjectivistic attitude.

3.2. TAKING DECISIONS IF PARAMETERS ARE KNOWN

Model 1 of this section concerns the situation in which ¢ is regarded as an
unknown parameter assuming a value in the parameter set {1,...,k}. In model
2 class number ¢ is regarded as the outcome of random variable 7 with
P(T=t)=p,, t =1,...,k being given in advance. In any case the specific class
densities are assumed to be known.

Model 1. Suppose that the number ¢ has to be considered as an unknown
parameter because no real meaning is involved in the randomness of 7, or
because no reasonable information is available with respect to py,...,0;. Let
the vector of scores x be the outcome of the random variable X which has den-
sity f, where ¢ is an unknown element of {1,..,k}. Let the sample space Z be
the set of all possible outcomes of X. Defined o/ as the set of m possible
actions and let L(z,a) be the loss if action a is taken while ¢ is the true but
unknown population number. Let the function d:Z—.+/ be a nonrandomized
decision rule. The risk of decision rule d, as a function of the unknown
number ¢, is given by

R(t,d) = E,L(t,d( X)) = g:L(t,aj)P,(Rj) = ﬁL(z,aj)/ﬁ(x)dx
Jj=1 Jj=1 R

J

where the R;={xeZ; d(x)=aq;}, j=1,..,m satisfy RjU --- UR, =%, and
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R,NR;= @ if i].

Model 2. Let t be the outcome of the random variable T where the prior pro-
babilities P(T =t)=p,, t =1,...,k are given. The sample space %, the action set
&/ and the loss function L are suppose to be the same as in model 1. Let d be
a nonrandomized decision rule. Use the notation p for the prior distribution
pP1,--,Pk. The Bayes risk of d with respect to p is defined as

k
r(p,d) = hE prR(h,d)
=1

which is a weighted average of the values of the risk function defined in model
1. An obvious interpretation is that

r(p,d) = EE{L(T,d(X))|T} = EL(T,d(X))
is the overall expected loss if d is applied.

Procedures. For both models larger classes of decision rules can be defined by
introducing the concept of randomization. For model 2 this is not very useful
because, for given p, the Bayes risk can be minimized by choosing an
appropriate nonrandomized rule (see FERGUSON (1967). p. 43). Thus the fol-
lowing remarks about randomized rules are only of practical interest for model
1. Two different randomization techniques can be distinguished. On the one
hand we have the randomized decision rules corresponding with probability
distributions on the class of nonrandomized decision rules. On the other hand
we can assign to every element x €% a distribution over the set .27 of possible
actions. They are called behavioral decision rules. If the action space %/ con-
sists of a finite number of elements, say m, then a behavioral rule can obvi-
ously be characterized by ¢(x)=(¢(1|x),...,¢(m|x)) where ¢(j|x) is the proba-
bility that action a; is taken after x €2 has been observed and =7 ¢(j|x)=1.
See BLACKWELL and GIRSHICK (1954) for an extensive treatment and proof of
the essential equivalence of both types of randomization.

Comparing procedures for model 1. The following fundamental concepts come
from Wald’s general theory of statistical decision functions. However, here
they are adapted to the specifications of model 1. References are WALD
(1950), LEHMANN (1950, 1959), ANDERSON (1958), and FERGUSON (1967).

Let d and 4’ be two decision rules. We say that d’ is as good as d if
R(t,d)<R(t,d),t=1,...,k, and that d’ is better than d if R(1,d")<R(1,d),
t=1,...,k while R(¢,d")<<R(t,d) for at least one r€{l,....,k}. A decision rule d
is called admissible if there is no decision rule better than d. A class of rules is
called complete if for every rule outside the class there is a rule in the class
which is better. A class of rules is called essentially complete if for any rule d
outside the class there is one in the class which is as good as d.

The class of nonrandomized decision rules can be considered a subset of
both the class of nonrandomized decision rules and the class of behavioral
decision rules. For most of the situations to be considered, the class of
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nonrandomized rules is sufficiently large. According to DVORESTSKY, WALD
and WoLFowITZ (1951) (see FERGUSON (1967) p. 79), the class of nonrandom-
ized rules is essentially complete if the parameter set and the action set are
both finite, and the probability distribution of X has no point masses.

Before constructing procedures for model 1, we focus on the following prob-
lem.

Constructing the Bayes rule for model 2. It is natural to construct the Bayes
rule d,, with respect to the prior distribution p, i.e. to construct the rule which
minimizes the expected risk r(p,d):

r(p.dy) = inf r(p.d)

This rule d, can be obtained by conditioning with respect to the observed
data. For that purpose note that

r(p,d) = EL(T,d(X))
= E{EL(T,d(X))|X)

where, for a particular value of x, the integrand
k
EL(T,d(X)|X=x) = 3 L(1,d(x))pyx
=1 «

is the conditional expected loss. Hence d, is obtained by defining that for any
fixed x €Z the value d,(x) is that action a €%/ which minimizes the conditional
expected loss EL((T,a)|X =x). Thus the Bayes rule not only minimizes r(p,d),
it also minimizes the conditional expected loss given any outcome x of X.

Bayes rules for model 2 are admissible if all prior probabilities are positive
(FERGUSON (1967), p. 60). .

The Bayes rule constructed by minimizing the conditional expected loss
Sk 1L(2,d(x))p, can equally well be obtained by minimizing the expression

k

2 L@.d(x)p,fi(x)

=1
because the denominator f(x):2§‘, =1Pnfn(x) Of py, plays no part in the
minimization process. The sample space % is partitioned by the Bayes rule d,
into m regions R;, j =1,...,m where (apart from non-uniqueness complications)

k k
Rj = {X;EL(t:aj)Ptpc = m,in(zlL(t,ai)ptlx)}'
=1 b=

ExampLE. Consider the special case of 0—1 loss, i.e. m =k, L(t,a)=1if 154
and 0 if 1 =j. The Bayes rule is obtained if
k

k
Ri={x; 3 pfi(x)=min( > p,f,(x))}

t =114 Por=tpsti
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= (x; pfix) = max (pifi(x))}

= {x;pj|x = mlax (p1|x)}

Thus, the Bayes rule assigns the individual under investigation to the popula-
tion with maximal posterior probability.

EXAMPLE. A special application is that in which the probability densities are
those of multivariate normal distributions:

fix) = 2757V exp(—5(x — )= x ).

The Bayes rule is given by the regions

1 1 _ .
R; = {x; logp; —log(det(Z)) —(x —p)"=; ' (x —p;) maximal}.

If covariance matrices are equal these regions become
1 - .
R; = {x; logp;—(x—p,)"= 7" (x —p,) maximal}.

If, in addition, the prior probabilities are equal these become
R; = {x; (x—,uj)TE_l(x —p1;) minimal}.

This means that the assignment is to that population which has the smallest
Mabhalanobis distance from observation x. It is easy to see that equality of the
covariance matrices implies that the boundaries of the regions R;, j =1,...,k are
linear. If the covariance matrices are not equal then these boundaries have a
quadratic form.

Constructing minimax rules for model 1. For model 1 we shall consider the
minimax rule 4*. This rule is defined by

max R(t,d") = inf max R(t,d)
t t

where d runs over the set of all possible randomized rules. Minimax strategies
were introduced in game theory by VON NEUMANN and MORGENSTERN (1944).
WALD (1950) extended their ideas by regarding the theory of statistics as a
game of the statistician (player 2) against nature (player 1). Clear descriptions
can be found in ANDERSON (1958), FERGUSON (1967), LEHMANN (1959), etc.

A decision rule which has the same risk R(#,d) for all points of the parame-
ter set is called an equalizer rule. If an equalizer rule is Bayes then it is a
minimax rule (see FERGUSON (1967), p. 91). We saw that the Bayes rule d,,
with respect to some prior p can be identified with m regions R (p),...,R,,(p) in
the sample space Z. If a (least favorable) prior distribution p can be found
such that
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R(td,) = S L(t.a)P,(R(p))
j=1

does not depend on ¢, then d, is an equalizer rule, Bayes rule, and hence
minimax rule.
In the special case of 0—1 loss (m =k) the risk reduces to

R(t,d,) = 1=P(R(p)), t=1,...k

In this case d, is minimax if p is such that P,(R,(p)) does not depend on
te{l,. k}.

EXAMPLE. Let fi(x) be the density of N(0,1) and f,(x) that of N (%,2). Let

the loss be 0—1 and m =k =2.
(a). The Bayes rule for prior distribution p=(p;,p,) is given by the partition
{R1(p), Ry(p)} of R where

1 1 11 1
R (p) = {x; logp, ——2x2 > logp, ——log2 —5—(x ——5)2}

Ry(p) = R—R(p).

Using the notation
1
A(p) = {7 +2log2+4log(p;/py)}""

we have
Ri(p) = (x5 —3—A() < x < —5+A(p)).

(b). The Bayes rule of (a) is an equalizer, and hence minimax rule if the fol-
lowing probabilities are equal

Pi(Ry(p) = B(—5 +A(p))—B(—5 —A(p)

and
1 1

Py(Ry(p) = ®(—2 *(I+A@)+1-0(—2 *(1—-A(p)).

(c). The minimax rule among the rules which have only one cutting point can
be obtained as follows. Let d, be the rule with cutting point c, i.e.

Ry, = {x;x<<c} and R, = {x;x=c}.
The risks are
R(1,d;) = P{(Ry)= 1—=P1(R;,) = 1—=P(c)

and

1

2

RQd,) = Py(Ry)= 1—Py(Ry0) = Q2 (c—2))
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The required minimax rule is obtained for that ¢ which is the unique solution
of R(1,d.)=R(2,d,). This gives ¢ =.21.

3.3. DISCUSSING THE CHOICE OF DECISION IF PARAMETERS HAVE
TO BE ESTIMATED

In this section we shall consider the realistic situation in which the k densities
are unknown while 7 has the prior distribution defined by P(T=t)=p,,
t =1,...,k, numerical values of the p, being specified. We shall focus on the
choice of decision. In section 3.2 this was done of model 2 in which the s
were known. The present section contains some adequate supplementaries
when the s are unknown. The sample space 2" *! is the space of outcomes of
X,X\1,...,Xkn, Where X generates the vector of scores x of the individual under
investigation and X); generates the vector of scores x;, i =1,..,m;h=1,... k.
All these 1+ 3% _n,, variables are considered independent given 6 and {T =1}.
The random variable X, has density fj, o where 6 is the unknown parameter.
The density of X is given by the simultaneous distribution of (X,T) where
X|T=t has density f; 9. The action set is denoted by .«/={a,...,a,}. The loss
function is given by L(z,a). As usual, let the posterior probabilities be denoted
by ‘

k
pyx(0) = Ptft,o(X)/hE Prfno(x) , h=1,..k
=1

We shall use the notation p,|, instead of the longer notation p,(f), although
this latter expresses explicitly that the posterior probabilities depend on the
unknown parameter 6. The conditional expected loss, given the observation x,
if action a; is chosen, is ’

k
E{(L(T,ap|X=x} = X L(tLa)pyx, j=1l,....m.
(=1

In practice, the parameter 6 has to be estimated from the training samples
Xpi, i =1,..,np;h =1,..,k. The uncertainty in the estimate to be obtained
causes uncertainties in the population densities, the posterior probabilities, and
the conditional expected losses. One of the aims of this thesis is to provide
means to express these statistical uncertainties. These or similar means should
be applied unless the statistical uncertainties are negligible.

Being interested in statistical inference with respect to the Zf‘zlL(t,aj)p,|x we
focus on the estimates

k
EL(tyaj)pt]x ’ j:17'-~7m-
t=1

In the previous chapter asymptotic distributions were derived under various
model assumptions. These results are of the form

Zn 1/2(R x p'|x)_)Nk(0a2~|x)
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where 2., depends on the choice of the model. Let L be the k Xm matrix
with L;;=L(t,a;), then '

Ln'"*(L"R |, —L"p.)>N,,(0,L"2 L)

where
T . A
(L R|x)] = 2 L(taaj)pl[x
(=1
is the estimator of the conditional expected loss
k
LTp); = I L(t,a)pyx
r=1

if action g; is chosen (j =1,...,m). It is obvious that the corresponding covari-
ance matrix n _ILTE.le should play a part in the considerations if the statisti-
cal uncertainties expressed by this matrix cast reasonable doubt on statements

which one would like to make.

Testing, ranking, and selection techniques. Various kinds of considerations can
be based on the asymptotic distribution of LTR.IX. After having obtained real-
isations of the estimators of the posterior probabilities and the covariance
matrix, we can forget the original context and base our considerations entirely
on these realisations. We can apply various techniques of testing hypotheses,
ranking actions, selecting actions, etc. In our approach the posterior probabili-
ties and the conditional expected losses are regarded as parametric functions to
be estimated. Distributions of their estimators have been derived. These
results can be used for testing statistical hypotheses about these parametric
functions.

The asymptotic distribution of » I Z(R.lx —p.x) is the multivariate normal dis-
tribution N;(0,2,,) on the k —1 dimensional hyperplane

L, = {x; xeR* , xT1=0, 1 = (1,..,1)7}

in the k dimensional space R¥. This implies that the asymptotic distribution
of nV2(LTR .|x—LTp.|x) is concentrated on a hyperplane of dimension at most
min(k —1,m) in R¥. The actual dimension depends on the structure of the
loss matrix L. The just-mentioned multivariate normal distributions can be
used to obtain approximations to the exact distributions of R, and L"R,,.
We have the approximations:

Ry~ Npjor2y)
and
LTR ), ~ N(LTp~L7S,, L)
n

The sets on which the exact distributions are defined are easily indicated as
follows. Let ej,j=1,...,k be the j-th unit vector in R*. Let lj,j=1,...,k
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denote the j-th row in the loss matrix L. The distribution of R |, is concen-
trated on the so-called unit simplex

k k
Uc = {y; yeR, y=Dae;, 0,20, i =1,...k, D o;=1}
i=1 i=1
and the distribution of L7R | on
k k
Hyg; = {z; zeR™, z= D a;l;, 0,20, i=1,...,k, D a;=1}.
i=1 i=1
Confidence regions for the unknown parameter p,, can be constructed by
means of isodensity ellipsoids. Assume that 2., is the estimate of Z,,. Note
that its rank is equal to k —1. Because 2., is symmetric, there exists a k Xk
orthogonal matrix U, i.e. UUT =U"U=1, such that
A 0

TS _
U'Z,U = 0 0

where A, is a (k —1)X (k —1) diagonal matrix. Let
V = (UTR )P
be the vector of the first £k —1 components of U TR.|X. Then
S = (v veR ™, n(V —)TAL (V —)<xd -1(a))
is an approximate confidence ellipsoid for U Tp.|x of significance level 1—a.
Here x% () is the point with P(G>x? _ (@)=« if G~x} _;. Hence
(r:reU, (UTrVes),
where (UTr)V is the vector of the first k —1 components of U Ty, is an
approximate confidence ellipsoid for p.,.
In an analogous way confidence ellipsoids for the vector of conditional

expected losses LTp.,x can be constructed. Let Y be an orthogonal matrix of
size m Xm such that

Iy, 0

Ty TS _
YLE.,XLY— 0 0

where T |x 1s a diagonal matrix of order t=min(k —1,m). Let
Z = (YTL™R )™

be the vector of the first { components of Y'L”R .. Then
Sy = {z: zeR%, n(Z —2)"T 1 (Z —2) < x(@))

is an approximate confidence ellipsoid for the parameter Y7L Tp.|x of
significance level 1 —a. Hence

{w: weHg; , (YTw)VesS;}

where (Y7w)V is the vector of the first ¢ components of Y7w, is an
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approximate confidence ellipsoid for L7p,,.

In practice, instead of the confidence ellipsoids for the whole vector p., or
LTp.Ix, confidence intervals for the separate posterior probabilities
Pijx> ¢ =1,...,k or conditional expected losses (LTp.Ix)j, j=1,..,m will suffice.
One can use

—1/2 (S 172
Rt|x == Ulqn ’ {(2~[x)tt} !

and

(LTR,); = wien ™ V2{(LTZL);}?

as confidence intervals of confidence level 1—a for p;, and (L Tp.|x)j, respec-
. . . . 1.
tively, 1 =1,...,k; j=1,...,m. Here uly 18 the point with P(U>u_12,,)?2a if
U~N(0,1). Because these intervals are derived from the limiting multivariate
normal distribution, it can happen that the intervals are not concentrated in

the zero-one interval. Various transformations are applicable to overcome this
trouble. We present here an adapted version of Fisher’s variance stabilizing

transformation, f{(p) :LzlnFE = arctanh(p) where —1<p<<+1, for the
—p

correlation coefficient computed from a sample from a bivariate normal distri-
bution (see WITTING and NOLLE (1970), p. 52). Let

X
1—x

g(x) = 5In ie. x ==+ tanh (g(x)

then
(E~|x)tt
Ln'(g(Ryx) — g(oy)>N(O,~—5————)-
(g A § l 4p12|x(1~pt|x)2

From a 100(1—a)% confidence interval for g(p,x) a 100(1—a)% confidence
interval for py|, is obtained by

n —1/2{(ilx)n}1/2
2R1|x(1 _Rt|x)

1 1
— + tanh {arctanh(2R,), — DxEut,

. . . 1 .
These intervals have the property that for point estimates R, = the intervals

are symmetric around R;,. For other point estimates the intervals are asym-
metric around Ry, stretching out to either the boundary 0 or 1, whichever one
lies farthest away from the point estimate.

If k=2 then a confidence interval for the log-odds log(f}(x)/f,(x)) can be
used, because the posterior probability

pae = {1+(p1/p2) exp(log(fi(x)/fr(x)))} "

is a function of the log-odds. A confidence interval for the posterior probabil-
ity is a one-to-one transformation of the one for the log-odds and it is a subin-
terval of (0,1) (see also SCHAAFSMA and VAN VARK (1979). CRITCHLEY, FORD
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(1984a, 1984b 1985), CrITCHLEY, FORD and RwAL (1987, 1988), CRITCHLEY,
ForD and Hirst (1987, 1988) and RwAL (1984) focussed on the interval esti-
mation of the log-odds instead of the interval estimation of the posterior pro-
babilities.

In some situations it is interesting to judge certain specific linear combina-
tions an.|x and bTLTp.IX of posterior probabilities and conditional expected
losses. The corresponding 100(1 —a)% confidence intervals are

T -1/2;, TS 172
a Ry = ulon {a"2za}

and

bTLTRx = uion~2(bTLTS, Lb}"?,

respectively. A special case is testing whether a difference exists between two
particular posterior probabilities, or between two conditional expected losses.
If, for example, the i-th and j-th posterior probability are considered, then the
hypothesis H :p;), =p;|x is rejected in favour of A :p;j,7pjix, if Rijx — R is not
contained in the interval

0 = uten H{Epu + Sy — 2y}

An interesting question, from a statistical point of view, is whether the
population with the largest estimated posterior probability coincides with the
population with the largest theoretical, but unknown, posterior probability.
First, let us introduce some notation. Let {(1),...,(k)} be the permutation of
{1,...,k} defined by

Rop< " <Rejx-

This means Ry, h =1,...,k are the order statistics of Ry, h =1,.....k and (h)
is the statistic which gives the number of the population which appears with
the A-th smallest of the estimated posterior probabilities. Further, let
{[1],...,[k]} be the permutation for which

P " Pk

However, because [ =1,..,k are unknown, these [t],#=1,..,k are
unknown. Now, the above question, whether {(k)=[k]}, can be analyzed by
considering the theoretical probability

Py ((K)=[k])

as a function of 6. Let oUZn”‘(E.|x),»j, i,j=1,...,k and let us for notational
convenience assume that [k]=k, i.e. (§,x) is such that the true posterior proba-
bility is largest for population k. We have that

Ripx = Ry Pljx ~ Pix I'y v Trg—t

is AN ( : |- : )

Ry —1jx — Ry Pk —1jx ~ Pklx | P R P
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where T' is the (k —1) X (k —1) matrix with

Ty = o + o}, —20% d=1,..,k—1

Iy = a,-zj + oik—o,-zk—oij i,j=1,.,k—1; iZ].
The probability that Ry, becomes the largest estimated posterior probability,
Pox((k)=k), is

PRy —Rpx<O, . . ., Ry 1y — Ry x <0} ,
which can obviously be approximated by the value F(0,...,0) of the distribu-
tion function of Ny _(B,T) where B;=pjx —pxx (j=1,....,k —1) and where I
has been defined above. Of course F(O, . . .,0)=G(—B) where G is the distri-
bution function of N;_;(0,). Note that —B,>0 if [k]=k(j =1,....,k —1).
The computation of F (0, —;) or G(— B) requires numerical integration.

An interesting inequality with respect to the probability that Ry, becomes
the largest estimated posterior probability, is as follows. Note that we drop
the assumption that [k]=k. We use that P(N;A4;)=1—3,P(A{) for events
Ay,...,A,. Applying this we get

k
Py((k)=h) = P( {Rijx —Rux<0})
izh

= 1= ZP(Ri|x_Rh|x>O) ~1— 2 @( Pijx — Phx )

i=1 =) {0l t+oin—203}"
i=h i=h
where @ is the distribution function of the standard normal distribution. For
the probability that the population with the largest estimated posterior proba-
bility coincides with the population with the largest theoretical posterior pro-
bability we get '

Pi|x — Plk]|x

k
Py ((K)=[k]D) = 1— > ¥
* igl {07+ 0k — 207

i#k]
In practice this lower bound can be estimated by substituting Ry for ppyx,
(k) for [k], and by making similar replacements for the variances and covari-
ances.

The k computed point estimates Ry, t=1,...k depend on the training sam-
ples. Other training samples would have given other point estimates. An
interesting question is which population would have its corresponding poste-
rior probability occurring most often as largest in a very long series of training
samples when the observation x is the same each time. Therefore, let {i;...,i; }
be the ordering defined by

Py ((k)=i))< - <Py ((k)=iy).

}1/2 ’

The population with the number i is the solution of this problem. Assign-
ment to this population can thus be motivated. Interesting is whether the
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ordering {i,...,ix } coincides with the ordering {(1),...,(k)}. .

There are various rules in the theory of ranking and selection which can be
applied to the vectors R., and LTR.|x. Most of these rules are derived under
the assumptions of normality. We refer to three books about the subjects:
BECHHOFER, KIEFER and SOBEL (1968), GIBBONS, OLKIN and SOBEL (1977) and
GUPTA and PANCHAPAKESAN (1979). Two ranking ideas for the posterior pro-
babilities are worth mentioning. The first idea is to take a fixed u<[0,1] and
rank the populations according to the increasing order of

Pg,x(R,|x>u) t=1,..,k
This is approximately as the ranking in increasing order of

u—R
1—o(——) =1,k

Oyt
or as the ranking in decreasing order of

u—R
— =1k

On
The second idea is as follows. Rank the populations according to the increas-
ing order of

Rtix—uao,, t=1,...k

where a, and thus u,, is fixed. These points are the lower bounds of one-side
confidence intervals for p;,, z =1,...,k with a confidence level of 1—a.

The conditional expected losses play a role in the ranking and selection of
the actions. Interesting problems are, for example, “selecting a subset contain-
ing the best”, or, in medical terminology, “making a differential diagnosis con-
sisting of all possible diseases”. In these problems a central role is played by
the selection of those actions which are not significantly worse than the best,
i.e. the action with minimal conditional expected loss. We shall confine our-
selves to a reference to the earlier mentioned books about ranking and selec-
tion.

3.4. FORCED DECISIONS

In this section we shall consider situations in which one is forced to take a
decision. It is not always satisfying for the client or applied statistician to
have only estimations and standard errors of posterior probabilities and condi-
tional expected losses. Often he wants a recommendation or specific rule,
especially when he is forced to take a decision. In two auxiliary models we
shall make some proposals, which incorporate the standard errors of the poste-
rior probabilities.

Let us assume that in the original model the action set is &/={a,,...,a,,} and
that loss function L(t,a)),t=1,...,k; j=1,...,m describes the loss when action
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a; is taken if the observation comes from population ¢. Further we have reali-
sations r, of Ry, 1 =1,...k and s;; of n™"*(Z))}/* i=1,..,k; j=1,....,k where
we call to mind that the parameters have the following relation to each other

L2 (R |y~ pp)>N(0,2,).

The problem is now that a procedure has to be constructed which prescribes
which action ae&/ has to be chosen given the r,t=1,.,k;
sipi =L k;j=1,..k and L(t,a)) j=1,..m;t=1,.. k. The simple plug-in
procedure is a possibility. This rule chooses that action for which
Sk_,L(t,a)r,, which is an estimate for E {L(T,a)|X=x}, is minimal. When the
loss function has 0—1 structure, this rule chooses that action for which the
estimated posterior probability is maximal. This is often done in practice.
However, the standard errors of the r,, ¢ =1,...,k are not taken into account.
We shall describe two auxiliary models in which the standard errors
Sust =1,...,k are not ignored. In the auxiliary models a fictitious decision
experiment is done which has a simpler structure than that of the original
model. The decision taken in the auxiliary model is used as the decision ulti-
mately taken. The link between the original and the auxiliary model is that
the outcomes of the estimators of the posterior probabilities in the original
model are taken as outcomes of variables to be used in the auxiliary model.

Auxiliary model 1 (See also SCHAAFSMA (1985)). Let the unknown parameters
Pt =1,..,k of this auxiliary model correspond with the unknown posterior
probabilities p;|, # =1,...,k in the original model. For the point p=(p,...,px)
in the parameter set @ ={(p,...,px); p;i=0, Z,p;=1} the vector (Ny,...,N;) of
observable random variables follows a multinomial distribution
M(n*;py,...pr) where n* is defined later on and which has realisations
N;,=n,=rnn", t=1,..,k. Thus the estimators N,/n" in the auxiliary- model
have the same realisations as the estimators R, of the posterior probabilities
in the original model, namely r,, ¢t =1,...,k. In addition we consider the unob-
servable random variable 7, independent of (N,..,N,), and with
P(T=t)=p,, t=1,...,k. Further, the loss is given by L'(p,t,a;)=L(t,a;). For
the risk of a decision rule 4, which can only be a function of the observable
random variables (N ,...,Ny), we get

R(p,d) = E,L'(p,T,d(Ny,...,Ny)) = E,L(T,d(Ny,...,Ny))

k
= E{ 3 LtAN 1,..N)p:)

t=1

because of the independence between T and (N,...,N,). If we define
k
L*(p,a)) = E,L'(p,T,a;) = E,L(T,a;) = 3 L(t,a))p;,
=1

which corresponds with the conditional expected loss

E{L(T,a)|X=x} = Zf_|L(t, a,)px
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in the original model, then the risk of rule d can be written as

R(p,d) = E,L’(p,d(Ny,....Ny))-

Further, let us suppose that on © the prior P(p) is given. The problem is to
choose that action a e/ such that the expected risk, i.e. the expected condi-
tional expected loss in the original model, is minimal. Hence, the correspond-
ing Bayes rule is obtained by minimizing

[R(p,d)dP(p).
[C]

The solution is derived by taking for fixed (n,...,ny) that action a which
minimizes

[L*(p,a)dP(pin,,....ny).
(€]

Let the prior P(p) be the distribution with constant density, i.e. the Dirichlet
distribution with all parameters equal to one. The density of a Dirichlet distri-
bution is given by (see DEGRoOOT (1970), p. 50)

Dlag+ - +oy) 4 o
D) T 7'
where o;>0,i=1,..,k and p;=0,i=1,..,k, Sk 1pi=1. The distribution
P(p|ny,...,ny) becomes the Dirichlet distribution with parameters

-1

P(Pla---,Pk§ ala"'aak):

ny+1,...,m+1. Hence the conditional expected loss becomes
k T(n* +k) n n
L, ' pitdpg...dpy.
5231 COP T 1) Taer Pt P

The action which is assigned to (n4,...,n;) is the solution of
. k n n,+1 n
anEL(t,a)fp]‘ ccepe o pidpy...dpy.
t=1 )

Using the Dirichlet (n;+1, ... ,n,+2,...,n,+1) distribution this becomes

k Tn{+1)---Tn,+2) - -T'(n.+1
min'S' L(1.a) (ny )r f": ) (ne+1)
a /2 (n*+k+1)
or
k T'(n,+2)
min » L(t,a) ——
a 2:1 F(l‘l,+1)
or

min{ 3 Lsay, + =3 L)),
a n

t=1 t=1

Note that this result differs only from that where the statistical uncertainties
are ignored, by the addition of the second term. If n* tends to infinity then
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the difference disappears completely.

What remains to be done is to determine n*. Note that (N,...,Ny) has a
M(n}:py,....,pi) distribution, hence N; has variance n’p,(1—p;),i =1,...,k and
N;/n*, which is an estimator for p;, has variance p,(1—p;)/n", 1,...,k. Recall
that for the variances of R;, we got the realisations s;; =n _I(Z.IX),-,-, i=1,..,k.
In order to get a good link between the original and the auxiliary model we
choose n* such that either (1) or (2) holds, where (1) and (2) are defined as fol-
lows:

(1). The mean of the variances in the original model is the same as the
mean of the variances in the auxiliary model:
k k p.(1—p;
s = EM
i=1 i=1 R
With r; as the estimate of p; this implies that »n* has to be chosen
according to

k k
n' = (S A{rl=r)})/ st

i=1 i=1

(2). The mean of the variances of the ¢ largest estimated posterior probabili-
ties in the original model are equal to the mean of variances of the
corresponding estimates in the auxiliary model. So, let r(jj...,r ¢} be the
realisations r,...,7; in increasing order and s|;) the standard derivation
belonging to r;; then

k k

= 3 () 3 s

i=k—t+ i=k—t+1

Auxiliary model 2. A drawback of auxiliary model 1 is that the standard errors
are modified a bit and that the correlations between estimates are ignored. An
alternative model for specifying the actions to be chosen, given
7,84, 1, =1,...k, is as follows. A random vector Z has outcome z, where Z has
the Nk(p,n_IE.lx) distribution with p unknown and 2, known. Z must be
compared with the R, in the original model in which it has approximately the
Nk(p.lx,n*12.|x) distribution. The original p,, corresponds with p=(p1,...,ps)-
We assume that this unknown parameter p belongs to the parameter set
O={@1,-pr); Zpi=1,p;=0,i=1,..,k}. Further, there is an unobservable
random variable T with P(T =t)=p,,t =1,...,k, 2;p;=1. The loss function is
defined by L'(p,t,a;)=L(t,a;) in which 7 is the unobservable realisation of T.
On the parameter set © the prior p,(p;]) is specified, where I =(1,...,1). This
is a Dirichlet distribution with all parameters one, thus it has the constant den-
sity pas(p;1)=T(k)=(k —1)!. Further let f(z;p,n_12.|x) be the density of Z.
The T and Z are independent given p. So, if we define

k
L’(p,aj)) = E L'(p,T,a;)) = X L(t,a))p; ,

=1
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we find that the risk of a rule d in the parameter point p is given by
R(p,d) = E,L'(p,T,d(Z)) = E,L"(p,d(2)).

Now
1
f(Z; P> ;2|x)Pd(P,I)

[Fe P papiT)dp
(2]

P(plz) =

and the Bayes rule is obtained by taking for fixed z that action a for which

k
[(SLGapfC; by BiopupiD)dp
e 1=

or
k 1
S L(t,a) [ f(p; 2,2 )p.dp
=1 0

is minimal. The transformation back to the original model is by replacing z by
(r1,---,7x) which are the realisations of R,...,Ry . Note that for a sufficiently
small dispersion matrix » "12.1 x the rule approaches the rule

min ﬁ L(ta)r,.

a =1

3.5. FULLY BAYESIAN APPROACH

In this section we shall describe an approach in which the k densities
fne,0=1,...,k are unknown, a prior T has been put on the numbers 1,...,k and
a prior P on the parameter set ®. More precisely, prior T is given by
P(T=t)=p,, t =1,...,k, prior P has density p(f) in §€®, and T and P are
independent. In other words, a prior has been put on the parameter set
{1,..,k} X© with value p,p(f) in the parameter point (¢,6) and with above-
mentioned marginals and such that independence holds. Let the observations
X,X 11,.--»Xkn, D€ an element of the sample space %, which consists of all out-
comes which are generated by the independent random variables
X, X11,..-» Xin, - The probability density on Z'is given by

k
ﬁ,o(x)hgligﬁ,o(xhi)-

Further, there is the action set &/={a,,...,a,,} and the loss function L(z,a)
where aes/and te{1,...,k}. The risk of decision rule d in the parameter point
(¢,0) is given by

R(,0,d) = E gL(t,d(X,X11,-.., Xin,))
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kM
= [L(t’d(xax111"-axkn,()ﬁ,0(x)h1:[l _lilrﬁt,o(xhi)dx‘lxll N dxknk'
T e

The Bayes risk of decision rule d with respect to prior (7,P) becomes
R(d) = EL(T,d(X,X11,..., Xin,))
= é} Py ({ E g L(t,d(X, X 11,.., Xis, )P (6)db.
The Bayes rule is obtained by minimizing the conditional expected loss:
m‘.'linEk:fL(t,a)p(t, 01, 11,..., Xpen, )0

=19
which can be written as

k
main E L(taa)Ppred(t)
r=1
where P,.4(?) is the predictive posterior probability
re X
Prrea(t) = T”’M(—-—)——— r=1,.k
M_E: lpuﬁx,pred(-x)

with f; ,r.q(x) the predictive density of the distribution of the vector of scores
in population ¢, evaluated at the observation x:

fipred®) = [f.0()P B1% 11,00, %0n, )dO
[C]

with

k n
PO IL 11 £, o(x,)

P(0|x11,~--,xknk) = X

efp(o)sl;[ugrfs”)(xsi)da

A special case is that in which the assumptions are made that =(6,,...,0;),
that the prior probability p(0)=p(0)) - - - px(0y), and that f, g=f4, t =1,....k.
Writing ©=0, X - - - X0, we obtain

POx 115 Xpn,) = p1(O1|X 115X 1n) * PrCOr| Xk 15005 Xkn,)

and the predictive density is given by
ft,pred(x) = ffé),(x)])t(atlxtlr--axtn,)dar
@,

The approach of this section is called the predictive or fully Bayesian
approach. A series of articles has been published on the subject, especially by
GEISSER (1964, 1965, 1966, 1967, 1970, 1977, 1980, 1982a,b). The series was
preceded by the articles of GEISSER and CORNFIELD (1963) and CORNISH
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(1961), in which the fiducial argument of FISCHER (1935, 1954) was elaborated
upon. Studies about comparisons between predictive and estimative
approaches can be found in, for example, GEISSER (1982a), AITCHISON and
KAy (1975), MCLACHLAN (1979), HERMANS and HABBEMA (1975), AITCHISON,
HaBBEMA and KAy (1977), HABBEMA and HERMANS (1978). One of their
results is that the predictive approach gives less extreme estimates for the pos-
terior probabilities than the estimative approach. However, MORAN and MUR-
PHY (1979) showed that if adjustments for the bias of the odds in the estima-
tive method are made, both methods are comparable.
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Chapter 4

Miscellaneous results, normal densities

4.1. INTRODUCTION

Throughout this chapter we shall assume that there are k(=2) populations and
p continuous variables. The variables follow a p-variate normal distribution.
In some cases we shall assume that the covariance matrices are equal and in
other cases that they are not, but it will always be clear which case we are
dealing with. We shall present unbiased estimators and their variances for
various statistics. These statistics appear in a natural way if one tries to esti-
mate the posterior probabilities. In section 4.2 a proof is given that unbiased
estimators for posterior probabilistics themselves do not exist if normality is
assumed. Now, recall that the posterior probabilities can be written as

k
Pex = ptﬁ(x)/ 2 phﬁl(x)’ 1=1,..k (411)
h=1
with fi(x) the density of the s-th population at vector x. Unbiased estimators
with minimum variance of the k densities are given in section 4.3. If we define
the log-odds
1
o = log(fu(x)/ fix)) = S (A%, — A%
_ Ts—1 1
= (=) 27 {x =5+ 1)}

in case of equal covariance matrices, then

k
ooy = { D owor ' expup)} " 1=,k
h=1
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In section 4.4 unbiased estimators for these {,., are given together with their
variances and covariances. The posterior probabilities can also be written as
functions of logarithms of the population densities. The unbiased estimators
of the log-densities and their variances are derived in section 4.5. Section 4.6
presents the results of a simulation study of the quality of confidence intervals
for posterior probabilities constructed on the basis of asymptotic distributions.

4.2. THE NON-EXISTENCE OF UNBIASED ESTIMATORS FOR POSTE-
RIOR PROBABILITIES

In this section it is proved that unbiased estimators for the posterior probabili-
ties do not exist under assumptions of normality. We shall give a proof for the
case that two populations are involved. The more general case with more than
two populations can simply be given by extending the proof of this section.

Let the two populations correspond with the p-dimensional multivariate nor-
mal densities

_ 1 _
[i@) = 12737V exp{—5 (e —p) S (e —p)) 1=1,2,

The training samples are generated by the independent random variables

X'l,.. X;, with ‘XJINN[I(M‘jH Ej)’ l=1,,nj;]:1,2

J i L]
Define

Y=t 3K =12

i=
and
n;

S = SE= G- j=12

Then

Y, ~N,(, nj'Z)) and S;~W,(n;—1, ), j=1,2

If we want to obtain an unbiased estimator for the posterior probability of
population one, then we are searching for a function h:RP 7 TPXP*PXP R
which satisfies

Ey 2, 5h(Y1, Yo, $1,.85) = pix 421

for every point (u;,u,,2;,2,) of the parameter set. Note that 4 depends on the
vector of scores x, the prior probability p;, the sizes n; and n, of the samples,
and the dimension p.

However, we shall show that such a function /2 does not exist. Unbiasedness
requires that (4.2.1) is true for every point in the parameter set. For the proof
of the non-existence of an unbiased estimator it is sufficient that a subset of
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the parameter set can be found on which (4.2.1) is not fulfilled.

So, let us suppose that a function A exists which satisfies (4.2.1). After ta-
king the expectation with respect to Y,,S; and S, a function g:RF—>R is
obtained which satisfies

E, s gY1) = pix (422)

Let x Z(xl,...,xp)T and uj=(uj1,...,u]P)T,j =1,2, and let us take p;;=x;,
i=2,..,p; ;=x and 2, =2, =I. Then the function g satisfies

P
f e fg(yl,---,yp)(i—T)—P/Z exp{ —_12n1 20}[.—””)2}‘1))1 ... dyp

i=1
— -1 1 2y1-1
= [1+ppr " exp{7 01 —pn)} -
After integrating out y,,...,y, and replacing y; by y, ui; by p, p207 ! by a, x;
by b, n; by n, Vapu by », and the transformation z = \/;y, we get the follow-
ing result. A function f:R—R for which
+ o0

/ f@ﬁ exp{—5(—» )z = [1+a exp(5(b—n "2} (423)

for all veR, where @ >0 and b eR. Another formulation for the left-hand side
of (4.2.3) is
+ o0

E,fZ) = [ fz)dF,(2) (4.2.4)

where Z~N(»,1) and F, is the distribution function of Z. The left-hand side
of (4.2.3) is transformed by the Gauss- or Weierstrass transformation

t=—z, G(t) = f(—t)exp(—t*/2)
into a two-side Laplace transform (see MAGNUs et al. (1966), p. 398). The

consequence is that (4.2.3.) becomes

+c0

[ G@) exp(—t)dt = 2m)" exp(pA)1+a expz(b—n VP (425

Now, by definition of Lebesgue integrability and the fact that the right-hand
side of (4.2.5) is finite for every veR, we have

+ 0

[ 1G@) exp(—1»)|dt <+o0 VreR. (4.2.6)

Let us define for the complex number z eC the following two functions
+ 0

gz) = f G(t) exp(—tz)dt

-0

and
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g,(z) = 2m)'"? exp(—lzzz)[l-Fa exp{—lz(b—n—”zz)z}]_-l.

Note that the function gy(z) can be defined for every zeC, because
|G (t)exp(—1z)| is integrable by (4.2.6). But this means that also G (¢)exp(—1z)
is integrable (see RUDIN (1964), p. 250), and

g2)|< [|G(1) exp(—tz)|dt <+ o0, VzeC.

It can be proved that gy(z) is analytic on C (see PApouLis (1962), p. 170).
Further, the function g,(z) is analytic, with poles at the points z =u +i» where

u=n"Y2p—n""2w  y=—n"2w Ya+2kn)

and
w = =={ ln(%)i{ lnz(%)+(7r+2k77)2}”2}”2

and keZ. So, we have on C two analytic functions of which one has poles
and the other none. This means that they are different on C and hence, by a
result from analytic function theory, they cannot be equal on R (see CONWAY
(1973), theorem 3.7). But this is a contradiction with (4.2.5). The conclusion
is that a function G satisfying (4.2.5) does not exist. So, it has been proved
that unbiased estimators for posterior probabilities do not exist under assump-
tions of normality.

The non-existence of unbiased estimators of posterior probabilities has also
been mentioned in SCHAAFSMA (1985b). ‘

4.3. UNBIASED ESTIMATORS FOR NORMAL DENSITIES

In section 4.2 we proved that unbiased estimators for the posterior probabili-
ties themselves do not exist. However, the posterior probabilities are functions
of other parameters, see for instance formula (4.1.1). An approach is to use
the unbiased estimators of the basic parameters. This was done in the preced-
ing chapters. However, other parameters like f,(x), logf;,(x), etc. can be used
as well. Plugging unbiased estimators for these parameters into the expression
of the posterior probabilities provides a modification of the estimators for the
posterior probabilities studied earlier. From formula (4.1.1) we see that
Ju(x), log fu(x), and §,.,, =log(fu(¢)/fi(x)) can be used as parameters. In this
and the following sections we shall therefore concentrate upon the unbiased
estimation of these parameters.

In this section we shall present the unbiased estimator with minimum vari-
ance, MVUE, for the density f,(x) of the multivariate normal distribution.
Section 4.4 gives the unbiased estimator of {,.,, and section 4.5 that of
log fi(x).

Let X;i,...,X;, be independently and identically distributed, X,;~N,(y;,Z,).
Try to find the minimum variance unbiased estimator, based on these X;;’s, for



80

Six) = 20572 exp{—5(x— ) E (k=)

For p =1, KoLMOGOROV (1950) solved this problem by deriving the MVUE
for the probability P(X,;>u), using the Rao-Blackwell theorem. For that pur-
pose he evaluated P(X,,=u|X,,S,). Note that taking derivatives is a linear
operation which preserves unbiasedness. So, the conditional density of X;;
given X, and S, is the best unbiased estimator for the density of the normal
variable X;;. Many authors have presented solutions to the problem for the
case p=2. For a complete proof see for instance EATON and MoRRis (1970)
or GHURYE and OLKIN (1969). Recently SCHAAFSMA (1985b) also obtained the
estimator. The MVUE estimator for f;(x) is equal to the conditional density
of X, given X,; and S, this is

1
T3 font” "

1
— —_ ~(f,~
1 (-G =X)Ts7 =X}
TG (f, —p))n — 172772,/

t
n—1

4

n T\To—1
—(x—X)'S; (x—X))),
n,—1

I o,1)(

where 1o y(a)=1 if a€(0,1) and O otherwise. Further recall to mind that
X,~Np(u,,nf12,) and S,~W,(f;, 2,) where fy=n,—1. This f; should not be
confused with f;(x), which is the density at point x.

44. UNBIASED ESTIMATORS FOR LOG-ODDS AND THEIR VARI-
ANCES

In this section it is assumed that the densities of the k(=2) populations are
multivariate normal with equal covariance matrices. In section 4.1 we saw that
in that case the k posterior probabilities can be written as

k
pt|x = { 2 phptMl exp(glx;ht)}_]’ t= 1""1k (441)
h=1
where the log-odds ., =log(f,(x)/f(x)) is specified by
_ 1
Som = =) 27 H{x—Z(m+p))}, b 1=1,..k (4.42)

Unbiased estimators of the parameters ., with their variances and covari-
ances will be derived. Subsequently, they will be used in a theorem about the
asymptotic distribution of the corresponding estimator of the vector of poste-
rior probabilities. From the independent random variables Xj;,i=1,...,n;;
h=1,...k, in which X}, is distributed as N,(u;,2) we form the independent
statistics X.,...,X., S where

ny
X =n' DXy . h=1.k

i=1
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and
k n, . T
S = DX~ X ) Xni— X)".
i=1i=1
Then
Xy ~N,(y, ny ' 2)
and

k
S~Wy( X (my—1), 2).
h=1

To deal with situations where additional information is available for estimating
2, we shall present results for the more general case where S has the W,(f, Z)
distribution. As estimator for {,.,, we use

U = (f —p = DX =X )TS x5 (Xp- +X,.)}

1 _ _
+=p(ni ' —=n ) (4.4.3)

which has the property that
EUx it = §x;ht- (4-4-4)
This result follows immediately from the independence of X},., X,. and S, from
EX,.=m, EX;.=p,, and '
ES™!' =(f—p—-17'=7L

The statistic S~ ! is said to have an Inverse-Wishart distribution if S has a
Wishart distribution. For more about Inverse-Wishart distributions see for
example MUIRHEAD (1982), p. 97 and EATON (1983), p. 330.

The next theorem lies at the basis of many of the computations which will
follow.

THEOREM 4.4.1.
Suppose S~W,(f,Z). Let S and Z be partitioned as
San Sa 20,1 21,2
Sen Sea|’ 201 202

where S 11y and 21 1) are g Xq submatrices. Define
Sz = San—SaySaySen

and
22 = 2(1,1)_2(1,2)2(5,12)2(2,1)’

then
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ey Stua~Wy(f—p +q, Zn2)

(2) S“'z is independent Of(S(],z), S(z,z))

B SuylSey~NCuyZanSe Z1128S02)
4) San~W,—¢(f: Z0,2)-

References for this theorem are MUIRHEAD (1982) p. 93, SRIVASTAVA and
KHATRI (1979) p. 79, and for the first two statements Rao (1965) p. 539.

The special case of theorem 4.4.1 when 2=1 and g =1, is given in the next
corollary (S is replaced by V and S, ;) by V1)

COROLLARY 4.4.2.
If V~W,(f,I) and Vy, is the (1,1) element of V, then

D) Vu—VayVayVen~Wi(f—p+1L1) = xf 11
2 Vi—Vayo V(E,lz) V 2,1y is independent of (V1 2), V (2,2))
B VarVed)Vey~N,-100, I, 1)

4 Vay~W,-1(f; I, -1).

The following lemma about the inverse of a partitioned matrix is very useful
(see Rao (1965), p. 33).

LeMMA 4.4.3.

Let A be a p Xp square matrix with

40D 40
4D 40D

Aqy Aap

and A~
Apny A

where A 1.1y and A"V are q X q submatrices, then
1 AD = (A(l,l)_A(l,Z)Aé,IZ)A (2,1))—1
@ A" = —Uay—Aapdanden) ' Aanda)
() A%V = —4ghdnnAay—Aandanden)
@ A®Y = Aoy +apdendan—Aapdebden)  dasdely
The next lemma can be found in Rao (1965), p. 538.
LemmA 4.4.4.
If S~W,(f, 2) and B a q Xp matrix, then

BSBT~W,(f, BZB").
A direct application of this lemma is the following corollary.
COROLLARY 4.4.5.
If V~W,(f, 1) and ¥ an orthogonal matrix then

LV = LYy’



83

and
LV = vy T

The following lemma gives results about first and second moments of the
Inverse-Wishart distribution.

LEMMA 4.4.6.
Let V~W,(f,I) and let V and V™ ! be partitioned as the A and A~ of lemma
4.4.3 with g =1, V 1.1y and V"V replaced by V|, and V1 respectively, then

M EV!=(-p-D"!

@ EV'=(-p-D7

@  E@M=(p-(f—p—3)

@ EVOIVED = (f —p)” ‘(f—P—l) (=37 -1

Q) EV"2=gf—p) 'f—p=D'F—p=(fF-DI,

©  EVEOVED = (f —py~l(f —p 1) I(f —p—3)"1,,

7 EVYeA =90

® EV'V®Y =90

© Ev®Iped =9

10 EVVeY = (f—p) '(f—p D (f—p=( -2

Proor of (1): EV'=EWV,— V2 V(E’lz) V(z,l))_' which is the expectation of
al/ szc —p +1 distribution.

PrOOF of (2): A proof of this can be found in many places, for example in,
Das GuptaA (1968), LACHENBRUCH (1975), MUIRHEAD (1982), EATON (1983),
etc. We shall give the proof of Eaton. Corollary 4.4.5 gives that & ! i

invariant under orthogonal transformations: if ¥ €O (p), the set of orthogonal
pXp matrices, then LV '=¥V ¥ Hence EV '= E¥V~!
VYT'=VEV ¥ for all ¥eO(p), which implies that E V! =cI, where c is a
constant. According to (1) we get c=E(V V) =EV'=(f —p—1)~..

PROOF of (3): Lemma 4.4.3 (1) gives E(V'')Y?=E(V 11— VayVanVen) D
From corollary 4.4.2 it follows that this is the second moment of a 1/x7 —, +1
distribution.
PrOOF of (4): With corollary 4.4.2 and lemma 4.4.3 we get
EVIAYED = E vV, VahVehVaenV"

= E(V")E trace (Vo by (Vap Ve ) (VayVa'))

= E(V") trace EV}
Now apply (3) and note that trace EV(35 = trace {(f —(p —1)—1)"" p—1}=
f-p)" (p —1), where (2) is used.

PrOOF of (5): The same invariance considerations as in (2) give E V" 2=dI,
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where d is a constant. Now, d=(EV ~2);;= E(V''Y2+EV1Dp2D and apply
(3) and (4) of this lemma. See DAs GUPTA (1968) and EATON (1983).
PrOOF of (6): With corollary 4.4.2 and lemma 4.4.3 we get
E V(2’1) V(l’z) =E Vé)lz) V(Z,I)V“ V” V(I,Z) V(E,lz)
= EV'YE Vo (Var Ve Vay Ve Ve
= E(V''YEVR)
Now, apply (3), lemma 4.4.4 and (2).

PROOF of (7):
Eviyld= _f V”V“V(l,z)V(E,IZ)
= —E(V''VE ViyVo it (Vo =0

where lemma 4.4.3 and corollary 4.4.2 has been used.

PRrROOF of (8):
EV'yad= —EVI'Woh Ve
= —E(V'"YE Vo Ve Va
= EV'"YE Ve *(VayVas) =0

PRrOOF of (9):
EVIAYED= —E V'V Vo (Vo +Vah Ve Vi VayVah)
= —EVWVayVes'Ve¥ |
HEVIYE VayVe VanVes' VenVanVes Ve
=0
where V91, =V 11—V, V@,lz) V 2,1y and corollary 4.4.2 (3) has been used.

ProOF of (10):

EV'VE) = EVI Vo +E VI'WahVon V' Vay Vi
= EV'WVah +EWV"YE Ve (VuyVa i) (Vay Ve Wa s
= EVV'E Vgh+E(WV'"YE V)
=D+ =D =3 -p) -
=== —p DI,

For the derivations which follow it is good to have a complete survey of all
possible second moments of an Inverse-Wishart distribution.
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LEMMA 4.4.7. :
If V~W,(f, I) and i, j,k, t represent four positive integers, all different from each
other, then

1 BV =(f—p —_})_'(f—P j]3)'1 »

@ EVV = (f—p)_l(f—p -1 _1(f —p—3) -1(f —P =2
8 gg’g; =(()f—p) f—p—-D(f—p—3

(5) EVivk=0

6) EVirvk=0

(7 EVivH =o.

PrOOF. The first six moments can be obtained directly from lemma 4.4.6 using
(3), (10), (6), (8), (10) and (6) respectively. However, the moments of (4), (5)
and (6) can also be obtained in the following way. Take in corollary 4.4.5 for
¥ a diagonal matrix with ¥}, =1, ¥,,=—1, ¥33=1, ¥,y=—1 and ¥;=1 for
i=5,.,p. Let B be a 4Xp matrix specified by B=(I4:0). Hence
BV 'BT =BYV ¥ BT which is

Vll V12 V13 V14 + Vll _ V12 + V13 _ V14
V21 V22 V23 V24 _ V21 + V22 _ V23 + V24
L V31 V32 V33 V34 = + V31 _ V32 + V33 _ V34
V41 V42 V43 V44 _ V4l + V42 — V43 + V44

After integrating out variables we get: ZV''V'2=—-2V""V12 hence
EVyR2=—Epy2=0, further A'"'V3=—-A""V3 which implies
EV'WP=—EV'"V?=0 and LV?V"=-2V"?V"B, hence EV"V1=
—EV'?Y3=0. In order to prove (7) we apply the same technics but now

with ¥, =—1, ¥;=1,i=2,...,p hence
Vll V12 V13 V14 + Vll _ VIZ _ V13 _ V14
V21 V22 V23 V24 _ V21 + V22 + V23 + V24
& V31 V32 V33 V34 =% _ V31 + V32 + V33 + V34 .
V41 V42 V43 V44 _ V4I + V42 + V43 + V44

Hence V1273 = — 21123 from which E V213 =0 follows.

LEMMA 4.4.8

If S~Wy(f, 2),X,-~Np(u,-,n,-_12),Xj~Np(uj, nj_lE), all independent of each
other, and c,d eRP, then

1) ES7'ed™S ' =(f—p) '\ f—p-D(f—p—3)7"
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A(f —p =227 'ed"ET 37 TET! + T2z,
@) EXTST'XX[ST'X; = (f—p) ' (f—p—D'(f -}
A —p w2 w2y + 26 el 37
+ QHp(f —p = D)pn; 'ny !+ n w2 T 02 ),
(B) EXTST'XXTST'X, = (f—p—D"'(f—p—3)""
A= 2 20 20 2+ pp+2n7 %)

PrOOF. The first formula is a generalisation of the result of DAs GUPTA
(1968), lemma 2.4 (i), in which ¢ =d was given. The second and third formula
can be obtained from COV(XTS ~!X), where

S~ VI/P(f: 2)5 VCC(X)NN, XP(VCC([.L), D ®2)

with X and p of size p Xr, D=diag{nf1,...,bfl}, X; and p; (i =1,...,r) the i-th
column of X and p, respectively. Formula (3) is the second moment of a non-
central F-distribution. However, we shall give our own proof in which (1) is
derived from lemma 4.4.7 and in which (2) and (3) are derived from (1).

PRrOOF of (1): Let V=3"1283"1V2 4=3"12¢ and b=3""24 then
ES 'ecd™ST! = EZTV2y ey TIZTI2

)4 P
= 2—]/22 Zaibj(EV_lfiCjTV_l)E—l/z
i=1j=1

Vli le ... VliVjp
P P . ’ ]
— 2—1/22 Eaibj . . 2—1/2
i=1j=1 .
yPiyil ... ppiyip

where a; and b; are the i-th and j-th element of a and b respectively. ¢ is the
vector with 1 at the i-th and 0 at the other positions. Now, apply lemma 4.4.7
then the expression becomes

T2 Sabi{eel(f—p) ' F—p D' —p-3)'(f—p—2)
i=1j=1
iy

+ el (F—p) ' (f—p—D7\(f—p—3)"")=7""
P
+ 272N ab el (f —p—1) " (f —p—3)"!

i=1

+ I—¢e)f—p) ' (f—p—D'(F—p =327,
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and the desired result can be obtained directly.

ProOOF of (2): The independence of the three statistics enables an easy use of
conditional expectations. We obtain

EX]ST'X,XTST'X; = Ex x E{X]ST'X,X]S 7' X;|X,, X;}
= Ex,x(X[E{ST' X, X] S ' |X,, X;} X)).

Now, with (1) and using the notation a =(f —p) " '(f —p — 1)~ '(f —p —3) "%,
we obtain

a(f —p —DEXIS7'X,XTS7'X; + 2aEXTS7' X, X7 X,
which, using the independence between X; and X, can be written as

a(f —p —2) trace(T "' E(X,X])) trace(Z ™' E(X,X]))

+2a trace(S ™' E(X; X)) E(X,X))).

Now, after the substitution EX;X! =VAR(X;)+EX,EXI= n;'S+uu!l and
EX;X]=n;'S+pp], the result is obtained by straightforward computation.

ProoFr of (3): Conditioning to X; gives
EXTS ' X,XTS7'X, = Ex(XTE{S ' X,XTS 7'|X,}X)

and applying (1) gives
f—p—D"'(—p—3)"'EXT= ' X,xT=7'X,

in which the second moment of a non-central xf,-distribution appears. Now,
X;=p;+n; ?ZV2U, where U~N,(0,1), with EU=0, EUUTU=0, UTU~x;,
EUTU=p and EUTUUTU=VAR(UTU)+(EUTU)*=p(p +2). Formula (3)
can now be derived by straightforward computation.

Remember that the aim of this section is to derive expectations, variances and
covariances of the statistics U,.; defined in (4.4.3). The expectations have
been given in (4.4.4). For the covariances we must distinguish between
COV(Uy.ji, Uy,j) and COV(Uy,j; Uy,;) where i,j,t and s represent four
different numbers. From (4.4.3) we see that U,.; and hence VAR(U,.;),
COV(Uy.ji, Uy,js) and COV(Uy i, Uys) are invariant under the transforma-
tion y—>A(y —x), S—ASAT, where A =371/2, )y eR” and x is the vector in the
sample space at which the posterior probabilities are computed. Hence the
original problem with S~W,(f, Z), X;~N,(i, 2) te{i,j,t,s} is equivalent to
the problem with x =0, S~W,(f, I), X;~N,(», I) where »=2""?(;—x)
te{i,j,t,s}. From (4.4.3) and (4.4.4) we derive that

COV(Ux b Ux;ix) =

1 _ _ _ _
== —p—DE{XTS 7' X,— X[S 7' X)(XES T Xs— X[ S T X))}
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~ (e3P =1 )} e —5p (7 =0 )

Analogue expressions for COV(Uy,j;, Uy s) and VAR(U,;;) are obtained by
replacing the indices i by j and s by ¢ in just-mentioned formula. By applying
lemma 4.4.8 and using the notation

<ij>=(x—p) 27\ x—p) ij €{ijst}
we obtain

VAR(Uy ;) = (f —p = —p) " '(f —p =37\
G =P —p — 1) (<> — <t >)?
+ <t> <jj>—<tj><tj>
+ (=D —p— DY —pnj =Yy <) >
+ (=D —p =D —pn ' —nj Y <t,1>
+ p(f =1 —p =1 G5 —p)nj 2+ ) —n nf Y,

COV(Uy 1, Us ) = 3(f —p =D/ —p) "' (f —p =)
I —p D)< > =<t t >N<j,j>— <s5,5>)
+ <jj><jj>—<j,s><j,s>
+ <ts><ts>—<t,j><tj>
+ (=D —p—D7(nj =0 <> —<t,t>)
+ (=D —p D7 =0 I > <s,s>)
+2(f —Dn; ! <jj>
+p(f =D —p =17y —n DYy =0

+ p(f - l)nj_2] s
and

COV(Uy i, Upi) = 5(f —p —INf —p)"'(f =p —=3)"".
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1 —p =) U<)) > — <t,t >)<i,i >— <s5,5>)
+ <i,j><i,j>—%s,j><s,j>
+ <t s><ts>—<it><it>
+ (=D —p D)7 I > <t1>)
+ (=D —p =D 7] =7 N<ii>—<s5,5>)

+p(f =D —p =D 7' = n7 @ =0 DL

These formulas have also been mentioned in AMBERGEN (1981). The formula
of VAR(Uy, ;) is also given in SCHAAFSMA (1982), p. 873, and in CRITCHLEY
and Forp (1984b), section 3.3.

The variances and covariances of the statistics Uy,; can be used for a
verification of the asymptotic distribution of the estimator of the vector of pos-
terior probabilities presented in theorem 2.4.1. We have

k ‘
Rt|x = { 2 phpt_1 exP(Ux;ht)}_l t:L""k’
h=1
where U, is defined in (4.4.3), as estimators for the posterior probabilities

k
o = { S oner ' expun)} ! =10k,
h=1

and where {, ., is defined in (4.4.2). Let us define
Ue = (Ux;t15e Usier5eees Us s Usestac) T
and
$x = CritloeosSask Loeoos S sthooes S stk) T
in which the Uy,; and §‘x;jj, j=1,...,k are zero.
THEOREM 4.4.9.
If n;/n—b;>0, i =1,...,k then
&Zn'"*(U,—$,) > Nixi(0,T)
and
Ln'*(R x—py) = Ni(0, BTBT)

where, with a notation in which Ty ;; is the (i,j)-th element of the (t,s)-th subma-
trix of size k Xk of matrix T, for t =1,....,k:
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1 1
Tpj = 5<Juj >+ 5<t,t,>*—<t,j>?
+b7'<jj> + b <tt> Jj=1,.k; jFt

] 1 . 1.
Ty = 5<tt>2——5<t,j>? +5<ij>?
1. _ . . . .
——2<1,1f>2 +b7l<t,t, > i = 1.,k @At jFEL i)

rtt,tj = Flt,jt =0 j=1..k
and for t,s=1,....k; t=£s:

Liij = i2<i,j>2 ——12—<s,j >2 + —15<t,s >2 —i2<i,z>2
i), s, jFE; IS, it

Do = —Tuis iZ=t; is~s

Ty =~y sy j#

Piii = Liiss is=t; iEs

iy = Tuys =0 J=L..,k

Fts,st = —T ss,1t

and B is a k Xk?* matrix, partitioned into k submatrices of size k Xk, and with
the notation B ; the (t,5)-th element of the {-th submatrix, for t =1,...,k:

By = —pixio; | exp(xij) = —puulje  J = Lok
B;; =0 j=1..k; s5t
B, =0. '

Note that, because of the many zeros in I" and B, we have

k k
(B I'B T)t,s = 2 2 Or|xPi|x Fts,isz|x Pj|x-
h =

i=1j=

We have checked that BTBT =V¥©W, where the matrix © has been specified in
theorem 2.4.1, and the matrix ¥ in formulas (2.1.3) and (2.1.4). We shall not
give this computation because it is long and tedious. We confine ourselves to
a short outline of the straightforward computation. Partition the set of double
indices I ={(i,j);i=1,...,k;j=1,.,k} into the following subsets. For
t=1,..,k; s =1,...,k and for the relations (R ,...,Rs)e X} {=, 5} we define

S(t,S,R 1 ,...,RS) =
= @D (N EIINGRHNGRLD)NGR31)N(IR 45) N (R 55)}.

Hence
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Ik = U S(t,S,Rl,...,RS)

for t =1,...,k and s =1,...,k. Easy to verify that for  =s at most 5 and for r5%s
at most 10 nonempty subsets S(,5,R,...,R5) are defined. For any fixed pair
t,s the nonempty subsets are disjunct. Subsequently

(BFB T)t,s = 2 2 \I,ti@ij‘l’js
Ry, Rs) (0,))eSW8, Ry, R5)

fort=1,..,k and s =1,...,k.

4.5. UNBIASED ESTIMATORS FOR LOGARITHMS OF NORMAL DEN-
SITIES AND THEIR VARIANCES

Unbiased estimators of the logarithm of the densities of the populations are
derived when normality is assumed. The variances of these estimators are
obtained and used in the asymptotic distribution of the posterior probabilities
under various model assumptions. Throughout this section we shall assume
that the k populations are characterized by multivariate normal distributions
with unequal covariance matrices: N,(yy, Zp), # =1,....,k. The k posterior pro-
babilities in (4.1.1) can be written as

Pix = Py exp(}\,)/hélph exp(\,), t=1,..k 4.5.1)
where
A = log (fu(x))
= ‘izP 103(277)_%10g[2h|_—1§A:2c;h (4.5.2)
with

A2y = (=) =7 (x —m).

The unbiased estimator of A, which we shall consider in this section is
1 1
L, = —p log(m)— log(|Sx|)
1 p—
(=P —Dx—X,.)"S;  (x — X,,)

14,1 . 1
L) .21‘1'(—2(12 —i+1)) + 5pny ! (4.5.3)

=
where

¥() = %{bg(r(y»} = —Ff(%}

with
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[eo]
I(y) = [x'"'e ™ dx, y>0,
0

and where Xj. and f, 1S, are the estimators of the mean and covariance
matrix of the A-th distribution. Note that, Xj.~N,(uy,n, S,) and
Sy~W,(fi» Zp). Do not confuse this f; with f;(x), the latter being the density
at point x.

Note also that A, —A,={,., defined in (4.4.2), and that L,—L, is an
unbiased estimator for §,.,. However, L, —L, is not equal to Uy, defined in
(4.4.3). This is because the estimators for the covariance matrices are different
in the two approaches, which originate from different assumptions about these
covariance matrices.

For the variance of L, we shall derive that

—1
VAR(L) =& S W) + ni(h—p—3" -
j=0

L2p(f,—1) + dmy(fy,— DAZ,, + 2n}A% )

—4n; (fi—p =17 k) (4.5.4)
in which '
¥() = L (logTp)) = 5 —1
dy2 =0y +i)?

(for this last equality see ERDELYI et al. (1953), p.22).

Sometimes, additional observations are available for the estimation -of the
covariance matrix, while these observations are not used for the estimation of
the mean. This implies that the parameter f, is different from n,—1. Let
there be the following extra observations for the estimation of the covariance
matrix 3, of the A-th population: a number of e,; extra observations from the
h-th population itself, and e;; extra observations from a j-th extra population,
which hasa density N,(m, ;) with py; unknown, for j=2,..,a,. Hence
Jo=ny+221(e;—1). The extra observations may not be used for the estima-
tion of the other k —1 covariance matrices, and the extra populations are not
selected from the other k —1 populations. The asymptotic distributions we are
looking for will depend on the way the n;,, and enj> J = Lsap; h=1,...k
behave if n, where n=3k_,n,, tends to infinity. Let e;/n,—cyjs j=1,...,a43
h=1,..,k, and n,/n—b,>0, h=1,...,k if n—>o00.

Let us define

k
Ry = p exp(L))/ 3 pp exp(Ly) t=1,....k
h=1

as estimators of the posterior probabilities in (4.5.1). Further, let us introduce
the notations L=(L1,...,L;)" and A=(A,,...,.A,)".
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THEOREM 4.5.1.
If n—>co then
ZLn'HL—X) - Ni(O, D)
and -
Ln'"A(R s —py) = Ni(0, ¥D V)
where D is the diagonal matrix defined by

1 a, B a,
:-—z—bh 1(1 + Echj) 1{p+22cth§;h+Ai;h}
j=1 j=1
for h =1,....k and where the matrix ¥ is defined in formulas (2.1.3) and (2.1.4).

PrOOF. The proof can be given with the same technique as used for theorem
2.4.4. However, it is interesting to see that the diagonal elements of matrix D
can also be derived from (4.5.4). In this derivation one needs that

limn¥'(n) = 1

n—oo

which can be proved with

[e]

T=n f —dt

Y n—l

1=n f L sdt<n
no @D i= o(
where the term in the middle is n¥'(n).
REMARK. A special case of theorem 4.5.1 is that in which there are no extra

observations. This implies that ¢;; =0, j =1,...,a;; h=1,...,k. Hence the diago-
nal matrix D is specified by ‘

= b \p+Aty) h=1,.k
This is equal to theorem 2.4.4.

In the remaining part of this section we shall prove that L, in (4.5.3) is an
unbiased estimator for A, in (4.5.2) and that its variance is (4.5.4). For the
sake of convenience we drop the index 4 and replace X,. by Y, hence
Y~N,(u,n"'Z) and S~W,(f, 2).
From lemma 4.4.6 (2) and lemma 4.4.4 with B=3"? we derive that
ES '=(f—p—1)"'=7", hence

E(f —p—Dx—YV'S\x—7) =
= (f —p — 1) trace{(ES " )(E(x — V)(x — 1))}
= (=W = c—p +n'p. (45.5)

From Rao (1965), p. 540 we see that |S|/|Z] is distributed as the product of p
independent central x* variables with degrees of freedom: f —p +1,....f — 1, f,
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hence

S| _
.5£’~||§]!-—.,?G1G2'--GP

where G;,i=1,...,p has the x} —p+i distribution and the G/s are mutually
independent. Taking logarithms gives

’
.?log-l%{- = 2> logG;

i=1

hence
P
E log|S| = log|Z| + §1E logG; . (4.5.6)
Now, we need the following lemma.

LeEMMA 4.5.2.
If U~x2, then

ElogU = ¥(57) + log2

VAR logU = ¥'(5v)

ProOOF. We use that E logU=M’(s)|;=o and Elog2U=M"(s)|s —o Where M(s)
is the moment-generating function of logU:

M(s) = Ee*'°tV= EU®,
which can be computed by using the density p,(u) of U:

-1

vl 11
py(u) = u exp(—5u)(3) "
r'Gr)
We obtain that
Tv+s)2*
M(s) = ——
'y

and with

_ I'tx) oy — Ix) T'(x)
Y(x) = (o) and Y'(x) = T(x) (_F(x))

the lemma can be proved.
The application of lemma 4.5.2 to (4.5.6) gives

E loglS| = loglS| + plog2 + S¥Ch(f —p +i). 4.5.7)

i=1
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The fact that L, in (4.5.3) is an unbiased estimator of A, in (4.5.2) follows
immediately from (4.5.5) and (4.5.7).
For the variance of L, it can be derived from (4.5.3) that

VAR(Ly) = 4 VAR(log|S|) +
S —p —DPVAR(x — ¥)'S~'(x — V) +

L(f —p —1)COV(loglS|, (x — ¥)TS ' (x — Y)). (45.8)

The first two terms of the right-hand side are easiest to derive. For the first
term, using (4.5.6) and lemma 4.5.2, we get

VAR(loglS|) = VAR (1og|L§il) = $ VAR(ogG)

i=1
= ﬁ ‘1"(%(}’ —p +i)) (4.5.9)
i=1

and for the second term of (4.5.8) we find with (4.5.5) and lemma 4.4.8 (3) that
VAR(x —=Y)'S7'(x—Y)) =

(fF—p—D72(f —p —3) " 1{2A* +an " 1(f — DA% +2pn " 2(f —1)} (4.5.10)
in which A2=(x —p)T="!(x —p). For the derivation of the third term in
(4.5.8) we need the following two lemmas.
LEMMA 4.5.3.
If S~Wy(f, Z) and d€R? then

COV(log|S|,d"S ~'d) = —2f —p—1)"2d"="'d

PrOOF. Let ¥ be an orthogonal matrix with d7=712/(|dTS~V2|| as its first
row. Let W=X27Y2§37"2 and V=¥"WV¥ then W~Wy(f,I) and
VW,(f, I). Now

CoV(log|S|, dTS'd) =
— COV(Iog]E”ZWE“zL dT2—1/2W—12—1/2d)
= COV(log|W|, dT=~ 12 ¥ Ty ~1¥s"12q)
= COV(log|¥V¥T|, ]V~ led"2"1d)
= dT="'dcov(logv|, V). (4.5.11)
Define
I =Vay Vay

0 I,
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hence |C|=1 and
Viau—VayVayVay 0

T =
cve 0 Voo

and
V1= 1Vu—VaaVerVazl Vel
= "D Vel

where lemma 4.4.3 (1) has been used. Now, using the independence between
V' and ¥V, 5 (see corollary 4.4.2 (2)), expression (4.5.11) becomes

—d"27'd cov(logy", V') =
dT=7'd {(E(V" log(V"") ") —EV'E log(V'")7'}.

Now, let U=(V"")"" then, according to corollary 4.4.2 (1), U~x}—p+1-
Further, introduce a G with a x} —p—1 distribution, then

E(V" log(V'")™") = E(U 'logU) =

= fu_l(logu)u(f'l’ +1)/2exp(——12u)615)(f *1’+1)/21’_‘(—12(f —p +1)) du
0
=({-p—1)"'ElogG

= (f —p— ) (WG —p— 1)) + log2)

where lemma (4.5.2) has been used. Subsequently, with lemma 4.4.6 .(1) we
obtain EV''=(f —p —1)"!, and once again using lemma (4.5.2)

E log(V")™! = ¥e5(f —p +1)) + log2.

Now, using ¥(x +1):‘I'(x)+% the proof of the lemma can easily be com-
pleted.

LeMMA 4.5.4.
If S~W,(f, Z), D~N,(p, Z) and S and D are independent, then
CoV(log|S|, DTS™'D) = —=2(f —p — 1) 2(p +pT= ).

PrOOF. We use that
COV(g(S), h(D,S)) =
= Ep{COV(g(S)|D). (h(D,S)|D))} +
COV(E{g(S)|D}, E{h(D,S)|D})
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where g and & are suitable real valued functions. Since E{g(S)|D} is a con-
stant the last term disappears. So, the left-hand side of the lemma becomes

Ep{COV(log|S|, (DS ' DD =d)))
and by lemma 4.5.3 this is
—2f —p—1)"2ED"="'D

which evaluates to the right-hand side of the lemma, by which the proof is
completed.

The last term of the right-hand side of (4.5.8) can be evaluated by using
lemma 4.5.4 with D =n'?(x —Y). So

cov(loglS|, (x —Y)'S 7' (x —Y)=
= n~'COV(log|S|, DTS ~'D)
= -2n" 1 (f—p—-Dp+nx—p’= ' x—p}. (4512

The variance of L, given in (4.5.4), can now easily be derived from (4.5.8) and
the three formulas (4.5.9), (4.5.10) and (4.5.12).

4.6. A COMPARISON OF THE ACCURACY OF FOUR METHODS OF
CONSTRUCTING CONFIDENCE INTERVALS FOR POSTERIOR PRO-
BABILITIES :

In this section we shall study the quality of four different methods of con-
structing confidence intervals for posterior probabilities in a specific model.
These methods originate from the use of different estimators. The confidence
intervals are constructed on the basis of the asymptotic distributions of these
estimators. The quality of the approximate confidence intervals is investigated
by means of simulation experiments. The model is that in which a multidi-
mensional observation vector originates from one of k populations, specified
by multivariate normal distributions with equal covariance matrices. The esti-
mators are based on training samples from the k populations. Observation
vector and prior probabilities are given.

Let x denote the observation vector which comes from one of the popula-
tions. These populations are characterized by p-dimensional multivariate nor-
mal distributions with equal covariance matrices. Accordingly, let f; denote
the probability density function of N,(p,Z), h=1,.,k. The means
pn, h =1,...,k and the covariance matrix 2 are unknown. For each of the k
populations the outcomes x;,...,Xy, are given of the independent identically
distributed random variables Xj,;,...,Xy, in which X}, has density f,. Let the
prior probabilities be denoted by py,, A =1,...,k and considered given. The pos-
terior probabilities are

k
ptlx = pt_ft('x)/ Ephﬁl(x)’ tzl,---,k
h=1



98
in which
fix) = a3 2exp(—5A2,)
with
p= ) 2T ()

By cancelling the factor [27=| /2 we get the simpler expression
1 k 1
Pix = piexp(—7 A%,/ 3 prexp(—3A%:) »
h=1

see also formula (2.4.14).
Let X, denote the mean of the sample of the 4-th population and let S be
the pooled matrix of corrected sums of squares and cross products

ny,
X = ni ' S X

i=1
kM
S =3 3 X~ X)X~ Xp)".
h=li=1
Take n=n;+ - ---+n, and f=n—k then X,~ [,(,u;,,n,,_IZ) and
S~W,(f, Z). With the notation
Vi = (x—X)'S 71 (x — Xp)
the four different estimators RY), j =1,...,4 for p,|x, t =1,...,k are defined by

; ) 2 )
R = p, exp(—3A “)/zph exp(—5 A

. L R20) . .
in which Ax(l,f is an estimator for A2 e

AXp = (F +h) P2y,

A 2(2)

xh _fV)zch
A0
Acp = (F—p—1) Vi

224 _

Aew =(F—p—D V)zc;h — Pl !
So, the estimator R§|1,2 is obtained by plugging the maximum likelihood estima-
tors X;, and (f +k) 'S for p, and =, respectively, into the formula of A2.
The other three estimators are obtained by applying the principle of unblased—
ness. The second estimator is based on ES=f2 and the third one on
ES '=(f —p—1)"'=7! (see MUIRHEAD (1982), p. 97). The fourth estimator
satisfies

EAX) =a2.
This can be verified by showing that

EVip=¢—p=-D""Mu+n'GF—p-D7'p.
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We derive this as follows
EV2, = Ex—X)"S " '(x —X3)
= E trace{(x — X;)TS ~'(x — X3)}
= E trace{S '(x — X,)(x — X)T}
= trace E{S ~'(x — Xp)(x — X;,)7}
trace {(ES ™" WE(x — X,)(x — X;)")}
trace {(ES ~'")WE(x — X,)E(x —X,)T + VAR(x — X))} ,

where we have wused that S and X, are independent, that
E traceE{-} =traceE{-}, and that trace{4B}=trace{BA}. By putting
EST'=(f—p—1)"'=7!, E(x—X,)=x—m, and VAR(x —X;)=n; 'S into
the formula, the desired result is easily obtained.

The distributions of the four estimators defined above are in first order
asymptotically the same. For the estimator Rg,‘,% the asymptotic distribution
was derived in chapter 2, theorem 2.4.1. With the notation R(()Z :(RYB““-,R%)
this distributional result is given by

Ln"A(R§} —p)x) > Nu(0,¥0F)

with ® defined in theorem 2.4.1 and ¥ in (2.1.3) and (2.1.4). From these
asymptotic distributions we obtain the approximate 100(1—a)% confidence
intervals for p,, t =1,....k

. 1 .. . 1. )
[RI =7 Lk, R + 5 LR j=1,...,4
where
' - eRPNORAV)
Ly = 2usen™2{(¥7 079, )12
denotes the length of the confidence interval, and in which w1, is defined by

PU >u_lza):i2a if U has a standard-normal distribution. The estimators (:)(i)

and v are defined by plugging-in the estimators Rﬂ} for pyx, AZ(Q for Ai s
and b (x —X;)TS "'(x — X))+ ¢ for (x —p,)T="!(x —p,) in the matrices ©
and ¥, respectivel(y, (G =1,..,4), where bO=f+k, bP=f p® =p®
=f—p—1,cV=c@=c®=0, and c®=—pn; ! if =0 and ¢ =0 if h=~L.
In order to investigate the reliability of the four methods of constructing
approximate confidence intervals, the following simulation experiment was car-
ried out. Note that an overall comparison of small sample performance of the

. i . . . 1 .
estimators Rﬁ{; and the approximate confidence intervals R%}C:‘:—ZLS{}

(j =1,...,4) is rather complicated because the performance depends on the very
large number of parameters

P> k, Mgy Ny Ty O X,y P15 Pps Biseees ks b
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where ¢ indicates the number of the population from which the vector of scores
x has been drawn. We selected 500 parameter points for the simulation exper-
iment, and we did the following for each point: compute p,gx, generate 1000
times a set of training samples and compute each time RY{), L{2(j =1,...,4).
Count the number of times the intervals contains the true value p;|, and divide
this number by 10, so that it can be compared with the 100(1 —«a). The 500
points were grouped into 25 clusters of 20 points each. Within a cluster only
the x vectors differ because they were drawn independently. For the points
within a cluster the same training set was used. We made the restrictions
t=1,a=0.05, ,u1=0p,2=Ip,p,,=k_1 (h=1,..,k) and considered only pj
which is the most important, because often largest, posterior probability. For
each cluster we averaged the results of the 20 points. These average results
with their standard deviations are presented in Tabl 4.1; a cluster corresponds
with a row in the table. In order to get a nice layout of the table we introduce
the following notations:

n=1,n;);  B=(15e )5

a=(0,0,0,0)"; »b=(2,0,0,007; ¢=(0,2,0,0)7; d=(1,1,1,1)T
e=(1,1,0,07; £=(0,0,2,0)7; g£=(0,0,0,2)"; h=(0,0,1, 1)7
L=(1,1,11); 1g=(l4;14); m4=(0,1,0,1); mg=(my;my).

Bias, mean square error (m.s.¢) and mean absolute deviation (m.a.d.) of the
point estimators RS{,)C (j =1,...,4,t =1) were also studied.

For the chosen parameter points we conclude that the m.1. estimator RE,’}
has a smaller bias, a smaller m.a.d. and a smaller m.s.e. than its competitors,
at least on the average. Table 4.1 shows that the confidence intervals for
j=2,3 and 4 are slightly more reliable than those based on the m.1. estimator
(j=1). Sample sizes should certainly not be smaller than 50 (25) if one
requires that the true confidence coefficient of the interval based on the m.1.
estimator and 1—a=0.95 should not be smaller than 0.50 (0.85).

The results of this section were published earlier in the Journal of Multivari-
ate Analysis, 16, 432-439, (1985). Publication in this thesis is with permission
of Academic Press, Inc.
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Input parameter values

for the clusters

Averaged confidence coefficients with standard deviations
for the four methods

Pk, p n j=1 j=2 j=3 j=4
p=4 50.14 920 20 928 1.8 933 16 930 1.6
k=4 50.14—25m, 908 2.6 91.8 23 928 1.9 923 20
p=(abed) 25.1;4+25m, 90.1 29 912 30 921 27 916 24
25.14 889 32 90.6 2.7 920 21 914 1.9
15.14 843 45 872 4.1 89.7 34 884 32
p=4 50.1g 924 22 931 1.7 933 14 929 12
k=8 50.1g—25mg 923 22 931 14 934 1.1 924 12
n= 25.1g+25mg 900 3.0 918 2.3 922 1.8 91.7 1.5
(ab - - - gh) 25.13 905 33 916 23 922 16 913 13
15.1g 877 438 89.8 33 90.0 22 894 1.6
p=8 50.14 88.7 1.6 893 15 909 1.5 904 1.6
k=4 50.1,—25m, 870 24 879 22 90 21 894 19
abe 25.14+25m, 863 24 875 22 89.6 20 89.1 20
p= [aaaZ] 25.14 834 24 8.0 22 882 23 872 23
15.14 76.2 4.0 78.7 - 3.8 848 33 83.1 33
p=8 50.14 864 2.3 8.0 21 914 27 9.1 2.7 .
k=4 50.14—25m, 838 25 8.0 24 904 2.8 90.5 3.1
abe 25.14+25m, 844 26 86.2 2.7 903 35 892 32
= {aaaﬂ 25.14 802 2.7 833 28 89.0 44 88.6 4.6
15.14 733 3.8 715 43 86.5 6.3 85.6 6.7
p=8 50.1g 894 22 90.0 1.8 9.8 14 90.3 14
k=38 50.1g—25mg 89.1 2.1 90.0 2.1 90.9 1.6 894 1.7
p= 25.13+25mg 859 3.1 87 26 879 19 882 17
[ab s gh] 25.1¢ 850 42 8.6 3.2 88.0 23 873 22
aa - - - aaj 15.1g 792 5.2 820 3.6 84.8 28 835 26
TABLE 4.1.  The Reliability of the Confidence Intervals
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Chapter 5

Application and simulation study

5.1. THE BORDER CAVE CRANIUM

In this section we shall illustrate our theory with an application from physical
anthropology. Group membership discussions are important in physical
anthropology and the often occurring impossibility to increase the size of the
training samples in this field of science leads to the need to express the statisti-
cal uncertainties in the group membership probabilities. In our theory this
need is satisfied by presenting standard deviations for the posterior probabili-
ties. '

The following application was suggested by the physical anthropologist G.N.
van Vark, University of Groningen, and deals with the Border Cave cranium, a
famous specimen in physical anthropology.

In 1940, W.E. Horton, while digging for guano at Border Cave (near the
boundary between Swaziland and Zululand, South Africa) found human
remains including a partial adult cranium. More of the cranium was found
during 1941-42. It is widely agreed that the cranium can be associated with
Middle Stone Age industry, date 90.000-110.000 B.P.. However, the group
membership of the cranium has been the subject of a controversy, described in
a number of. articles. The basic question of interest being whether it is of
Negro (Zulu, Sotho, Venda, Teita, Dogon, Nguni, Shangana-Tonga, etc.) or of
Khoisan (Bushman and Hottentot, with present-day descendants San and
Khoikhoin, respectively) origin. Among the first articles we mention COOK,
MALAN and WELLS (1945), WELLS (1950, 1969, 1972) and BROTHWELL (1963).
Discriminant analysis techniques were used in DE VILLIERS (1973), RIGHTMIRE
(1979, 1981), CamPBELL (1980, 1984), DE VILLIERS and FATTI (1982), AMBER-
GEN and SCHAAFSMA (1984), and FATTI (1985). Some more interesting articles
about the Border Cave cranium are those of BEAUMONT et al. (1972, 1978).
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More about multivariate statistical techniques used in research to skeletal
remains can be found in VAN VARK (1970, 1976) and in VAN VARK and VAN
DER SMAN (1982).

Our evaluation of Border Cave is based on a comparison with crania from
k =8 African populations, namely males and females of the Bushman, Zulu,
Dogon and Teita (see Table 5.1). We used samples from van Varks’s database.

Measurements Border Bushmen Zulu Dogon Teita
Cave -
males females males females males females males females
N;=41 Ny=49 N3=55 N4=46 N5=48 Ng=53 N7;=34 Ng=49

1 SOS, Supraorbital projection 10 6.73 5.69 6.18 5.24 5.40 4.08 6.44 4.94

2 FMB, Bifrontal breadth 112 97.27 93.90 101.98 97.74 99.54 94.34  100.06 95.43
3 NAS, Nasio-frontal subtense 15 15.41 16.20 17.84 16.48 16.46 15.45 18.79 17.12
4 NFA, Nasio-frontal angle 150 14320 143.65 141.51 14270 14346 143.68 138.88  140.49
5 WMH, Check height 21 20.93 19.84 20.73 20.06 21.21 19.96 2221 20.18

6 FRC, Nasion-bregma chord 116  109.17 105.10 111.69 109.39 110.00 10566 108.71 105.76
7 FRS, Nasion-bregma subtense 32 2846 2822 2771 2770 26.69 2564 2662  27.02
8 FRF, Nasion-subtense fraction 51 47.59 45.08 47.16 46.04 47.88 44.62 48.82 47.37

9 FRA, Frontal angle 122 12429 12273 12633 12533 12758 127.28 12741 12543
10 OBB, Orbit breadth, left 45 39.27 37.67 40.44 39.20 39.71 38.08 39.65 37.76
11 MDH, Mastoid height 26 25.24 21.61 28.42 25.61 29.06 25.21 29.09 24.18

TABLE 5.1.  Measurements of Border Cave compared with means for eight
modern African populations

Unfortunately Hottentots were absent from this database. RIGHTMIRE (1979)
had concluded that Border Cave is closest to the Hottentot centroid. However,
RIGHTMIRE’S (1979) Table 5.2 shows that Hottentot males and Bushman males
are very similar. As a consequence we are not very concerned

standard Correlation-matrix
deviation
1 2 3 4 5 6 7 8 9 10 11

1 SOS 1.18 1.00
2 FMB 3.43 029 1.00
3 NAS 221 025 033 1.00
4 NFA 4.43 -0.18  -0.07 -0.96 1.00
5 WMH 2.17 006 026 0.03 0.04 1.00
6 FRC 4.63 004 022 009 -004 022 1.00
7 FRS 2.62 -001 006 -0.12 0.15 -002 0.60 1.00
8 FRF 3.46 -0.03 010 002 001 022 053 018 1.00
9 FRA 3.78 003 004 019 -0.19 014 -0.18 -089 0.18 100
10 OBB 1.65 008 063 025 -009 004 011 -001 002 006 1.00
11 MDH 3.14 0.11 018 0.04 001 016 012 003 000 002 012 1.00

TaBLE 5.2.  Standard deviations and correlation matrix for the eleven
measurements in the eight populations for the case with
homogeneity of dispersion matrices



104

about the missing Hottentots. We used p =11 variables, see Table 5.1, con-
forming to the definitions of HOWELLS’ (1973) measurement system.

We shall show that the Border Cave cranium is not typical for any of the
populations investigated by us. The original question whether Border Cave is
of Negro or of Khoison origin is not property solved by comparing Border
Cave with samples from subpopulations. Nevertheless this may be regarded as
a first step.

By making univariate comparisons (e.g. on the basis of Student’s two sample
test) using the scores of Border Cave, the means of the populations in Table
5.1, and the standard deviations in Table 5.2, it is clear that Border Cave is
not very typical for any of the eight populations, in fact it looks rather atypi-
cal.

The same conclusions can be reached on the basis of multivariate considera-
tions. We shall consider three methods to discuss the typicality of the speci-
men.

(a) First we compute estimates of the Mahalanobis distances between Border
Cave and the populations. Two cases, one with homogeneity of covariance
matrices, the other without this assumption are considered. The following
notations are used. X, is the mean of the A-th sample, S, the matrix of
corrected sums of squares and cross products of the measurements for the 4-th
sample, S =3k_,S, the pooled matrix of corrected sums of squares and cross
products and n=n;+ --- +n,. In the case of homogeneity of covariance
matrices, the squared Mahalanobis distances are defined as

A = (e =) =710 —pyy)
for h =1,...,k and their maximum likelihood estimators are
Ko = ne=X)"S ™' (x = X3, |
In the case that no assumptions are made about the covariance matrices the
corresponding formulas become

Al = (x—m) =0 (x—pmy)
and

A2 _
A = my(x—=Xp) S (x — X;).
The numerical values of Ax;hh:{ﬁi;hh}”z and Ax;h:{ﬁi;h}“z are presented
in Table 5.3 and Table 5.4. The shortest distances in the two models are
A, =6.4822 for the Bushman males and A,.;=6.1420 for the Zulu males.
These are so large that Border Cave can not be seen as a random drawing
from any of the 8 populations, at least not if the estimates Xj, S and S, are
regarded as the true values of the corresponding population parameters.

(b) Secondly, we can perform Hotelling tests to test the null hypothesis that
Border Cave is from the same population as the A-th sample. Thus the
analysis is based on the assumption of normality. Tests for the homogeneity
of covariance matrices can also be performed, though this has not been done.
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In the case of homogeneity, the Hotelling 77 statistic
m(n —k —p+Dn~"'(m,+1)7'p _IAi;hh

has the F(p, n —k —p +1) distribution (see Rao (1965), 8.b.2. XII). In the
case without the assumption of homogeneity the statistic

a2
(n,—p) (m+ 1) 'p 1AL,

has the F(p, n,—p) distribution. Table 5.3 and Table 5.4 show the results. In
the column with the heading “F-prob” the level of significance is denoted. We
see that all the levels are below 5%. Hence the null hypothesis that Border
Cave and the A-th training sample are from the same population is rejected
(h=1,..,8).

(c) The third method deals with typicality probabilities. If x is the vector of
scores of Border Cave then we define the typicality probability of Border Cave
with respect to population 4 as

ay(x) = P(G>(x—m) =y (x —m))

where G has the xlz, distribution. The atypicality of vector x with respect to
population 4 is given by 1—ay(x). The larger the Mahalanobis distance
between x and the centre w, of the population, the less typical x is for this
population, and the smaller the typicality probability a,(x). Note that,
although x is considered fixed, a;(x) is an unknown parameter because a;(x)
depends on y;, and 2,. Hence it makes sense to consider confidence intervals
for the typicality probabilities. Under the assumption of normality of distribu- -
tions and homogeneity of dispersion matrices, an exact confidence interval for
A2, can be obtained by using the fact that

ny ("‘k—P+1)”~1Pﬁ]A)2c;hh .
has the noncentral F distribution with p and n —k —p +1 degrees of freedom
and noncentrality parameter n,A2 . (see Rao (1965) 8.b.2 XII). In the
present study one might content oneself with approximate results based on the
unbiased estimator

x2

Ax;hh = (n —k 4 _l)n_lA,zt;hh_nh_lp
as estimator for A2 . and with corresponding standard deviation

x2
st.dev. (A, ) = [(n—k —p —3) 1 (244, +
+ 4(n —k —Dny A2, + 2p(n —k — Dny 2}]V2.

Approximate 95% confidence intervals for the A2 . can be obtained with the
formula

x2 %2
Ax -hh =+ 1.96 st.dev. (Ax;hh)

and an approximate 95% confidence interval for the typicality probability
ay(x) is given by
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(P(;=U.B. (AL m)), P(x;=L.B. (A% )

where U.B. and L.B. mean upper and lower bound of the confidence interval,
respectively. Numerical values are given in Table 5.3. We may conclude that
Border Cave is very atypical for any of the 8 populations when normality of
distributions is postulated. If we drop the assumption of homogeneity of
dispersion matrices, then additional uncertainty appears because =, has to be
estimated on the basis of sample 4 only, (h =1,...,8). We shall derive approxi-
mate confidence intervals in the same way as before. Exact confidence inter-
vals for Ai;h can be derived from

a2
(m—p)p Dy
which has a noncentral F(p, n, —p; nhA,z,,x) distribution. The unbiased estima-
tor
32 —142 —1
Dy = (my—p =2)ny, Agy—ny p

for AZ., has standard deviation
X2
st.dev. (Ay) = [(m,—p —9 ' {244, +
4y =2y A%y +2p(ny— 2 2],

See Table 5.4 for the numerical values of both quantities. Approximate 95%
confidence intervals for the A2, are given by
Zi . £ 1.96 st.dev. (Zi;h)
and with
(P(x;=U.B.(A%,)), P(x;=L.B.(A%1)))

we obtain the approximate 95% confidence intervals for the typicality probabil-
ities ay(x),h =1,...,k. From Table 5.4 we see that the intervals are much
larger than in Table 5.3, the case of homogeneity of dispersion matrices. The
two largest intervals are those of the Bushman males and Zulu males. Interest-

ing is that for these two populations the A,.,’s are almost equally large, but
that the lengths of the approximate intervals for the typicality probabilities are
very different (for Bushman males, twice as large as for Zulu males). This is
caused by the difference in sample sizes (41 for the Bushman males and 55 for
the Zulu males). For both populations the estimate 0.0026 for
a,,(x):P(x;;?A,zc;h) is very small. Hence the conclusion is that Border Cave is
not typical for any of the populations.

Our overall conclusion is that, whichever way we turn, Border Cave is not
typical for any of the 8 populations and cannot be seen as a random drawing
from any of the populations involved.

In spite of the above conclusion it is illustrative to compute the posterior
probabilities and their standard deviations. They are shown in Table 5.3 and
Table 5.4 for equal prior probabilities. Because Border Cave is not a random
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drawing from any of the 8 populations, these posterior probabilities have not
the usual meaning and should not be attached to Border Cave. However, let
us assume that, in some purely hypothetical situation, a random drawing from

~ A 72 A ~
Ni| A | F-prob | Avin stdev(Dy.) | LB (@n(x) UB.(en(x)) | ppjx  st-dev(pyix)
males | 41 | 6.4822 | 0.025 | 39.4976 |  3.5915 0.0000 00006 | 07493 0.2827
Bushman
females | 49 | 7.5935 | 0.008 |54.3450 |  4.6302 0.0000 0.0000 | 0.0003 |  0.0005
males | 55 | 6.6615 | 0.021 | 417962 |  3.6213 0.0000 00003 | 02307 02713
Zulu
females | 46 | 7.1284 | 0.013 |47.8503 |  4.1680 0.0000 0.0000 | 0.0092| 00131
males | 48 [ 7.1309 | 0.013 [47.8940 |  4.149 0.0000 0.0000 | 0.0091 | 00131
Dogon
females | 53 | 8.3023 | 0.004 |65.0248 |  5.4028 0.0000 0.0000 | 0.0000 |  0.0000
males | 34 | 7.3834 | 0.009 | 512680 |  4.6099 0.0000 00000 | 0.0015| 0.0024
Teita
females | 49 | 7.9342 | 0.006 |59.3516|  5.0106 0.0000 0.0000 | 0.0000 |  0.0000
TABLE 5.3.  Statistical quantities of Border Cave in the case of homogeneity

of dispersion matrices.

one of 8 populations has the posterior probabilities and standard deviations
presented in Table 5.3 and Table 5.4. If conclusions are based only on the
point estimates of the posterior probablities, then Table 5.3 suggests that the
drawing is from population 1 (probability 0.75) and Table 5.4 suggests that the
drawing is from population 3 (probability 0.94). However, if standard devia-
tions are taken into account, Table 5.3 as wel as Table 5.4 suggest that the

A ~ x2 ~ ~
Ni| Ay | Fprob | Ay stdev(d, ) L.B.(ap(x)) UB.(ap(x))| px Ix st.dev(ppx)
males | 41 | 6.5025 | 0.044 |28.6076 |  8.1951 0.0000 03241 00558 [ 03112
Bushman
females | 49 | 7.6926 | 0.014 |43.2518 | 10.7208 0.0000 00226 | 0.0000 | 0.0002
males | 55 | 6.1420 | 0.046 | 28.6075 |  6.6095 0.0000 01545  |09434] 03128
Zulu
females | 46 | 7.3389 | 0.020 |38.3992|  9.9941 0.0000 00646 | 0.0006 |  0.0040
males | 48 | 7.4473 | 0018 |402121| 10.1334 0.0000 00408 | 0.0002] 0.0014
Dogon
females | 53 | 9.7556 | 0.002 | 71.6202|  16.6504 0.0000 00001 | 0.0000 |  0.0000
males | 34 | 9.8733| 0.004 |59.8860 | 19.7334 0.0000 00313 |0.0000 |  0.0000
Teita
females | 49 | 10.9610 | 0.001 |88.0442 |  21.5855 0.0000 0.0000 | 0.0000 |  0.0000
TABLE 5.4. - Statistical quantities of Border Cave in the case of hetero-

geneity of dispersion matrices.

drawing can be from both population 1 and population 3. So, rather than the
population with the largest posterior probability, the two populations with
largest posterior probablities are chosen. Fortunately, in both tables, these are
the same two populations. Hence the conflict between the two allocations in
the case where assignments were made to the most probable population, has
disappeared.
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5.2. THE COMPUTER PROGRAM POSCON

This section contains a short description of the computer program POSCON.
The name POSCON was chosen by its programmer D.M. van der Sluis as a
contraction of the words “posterior probability” and ‘“confidence interval”.
Estimates of posterior probabilities, standard deviations, and correlations
between the estimates of the posterior probabilities can be computed by the
program. It is assumed that k mutually exclusive populations are involved and
that the individual under investigation belongs to one of these k populations.
The individual is characterized by a vector of scores. The k prior probabilities
for the individual can be given, possibly with involved uncertainties. The pro-
bability densities of the populations are computed from training samples. The
formula of Bayes is used for the computation of the estimates of the posterior
probabilities. The standard deviations of the estimates of the posterior proba-
bilities are computed from the asymptotic distribution of the estimates.
Further output of the program are estimates of typicality probabilities with
their standard deviations, and F-probabilities of related Hotelling tests.

The computer program POSCON consists of three parts CREATE,
CHANGE and RUN. A so-called POSCON system file contains the relevant
information, such as a database of training samples from the populations. The
two parts CREATE and CHANGE are used for creating and changing this
database. The real computation is carried out by the part RUN on the basis
of the statistical model specified by the user.

POSCON, written in fortran 77, can be used interactively, but also com-
mands from a special command file can be read. In the interactive mode the
user has to type special commands or to use displayed menus. The program
has a number of scratch files. One of them is a backup file of the input com-
mands. This file can be used as a command file in a next run. Another
scratch file contains the output written on the display as well as all kinds of
information not automatically displayed. This scratch file can also be
displayed.

In the part RUN information is asked about the individual whose posterior
probabilities have to be estimated. The user has to give the vector of scores of
the individual. He has to select a number of variables and populations from
the database, let’s say p and k, respectively, and he has to specify the k prior
probabilities. Next a probabilistic context has to be chosen. This consists of
(1) an eventual partitioning of the set of p variables into subsets, and (2), a
specification of the probabilistic models for the subsets. The subsets are
regarded as stochastically independent for each of the k populations. Further-
more they are also considered as independent of the information on the basis
of which the prior probabilities are specified. For a choice of a probabilistic
model for a subset of variables the following models are available.

(1) DIS, all variables are discrete.

(2) NOR, all variables are normally distributed.

(3) NEC, all variables are normally distributed with the additional assump-
tion that the covariance matrices of the k populations are equal.
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(4 MIX, some variables are discrete, the other ones are normally distributed
conditional on the discrete ones.

The theory behind the above-mentioned four models has been presented in
chapter two of this monograph.

The model MIX requires that some further choices have to be made. Let ¢
be the number of possible outcomes of the vector of discrete variables. Hence
a training sample can be divided into ¢ classes by collecting all observations
with the same outcome of the vector of discrete variables. With the command
RECODE the user can combine various classes into one new class. Let d be
the number of classes obtained in this way. A further assumption is that the
continuous variables, given the discrete variables, have a multivariate normal
distribution, which depends on the class to which the outcome of the discrete
variables belongs. With respect to the kXd covariance matrices 2,
h=1,...,k;j=1,..,d the program offers the following four options.

(1) NOC, no constraints for the covariance matrices.

(2) CLC, column constraints, Zj;= - - - =2, j=1,....d.
(3) RWC, row constraints, 2, = - - - =34, h =1,...,k.
(49) MXC, maximal constraints, 2y;= - - - =2 .

The model MIX is based on theory described in section 2.5 of this mono-
graph. More about the computer program POSCON can be found in VAN DER
Svuis et al. (1984, 1985, 1986).

5.3 A SIMULATION STUDY IN THE CASE OF BOTH CONTINUOUS
AND DISCRETE VARIABLES

In this section we study the quality of point estimates, standard deviations and
confidence intervals for posterior probabilities in the case of both continuous
and discrete variables. The study is based on simulations for the four -cases
mentioned in section 2.1 under ad(3). Theoretical results can be obtained
from theorems 2.5.2 and 2.5.3. The four cases correspond with the options
NOC, RWC, CLC, and MXC of the model MIX in the computer program
POSCON, see section 5.2.

The aim of this simulation study is certainly not to a give a comprehensive
review of the goodness of the approximations based on theorems 2.5.2 and
2.5.3. Such a study would require simulation results for many inputs, because
the number of parameters in the case of both continuous and discrete variables
is very large. In fact, we shall present only results for one very special parame-
ter point. It is obvious that the conclusions to be arrived at can be very
misleading if they are extrapolated to other situations.

We restricted our attention to two populations (k =2) and four variables,
namely two discrete and two continuous ones (p =2). The two discrete vari-
ables had two categories each. The probabilities for the combined categories
(d =4) are denoted by P,, t=1,2; /=1,...,4 and can be found in Table 5.5.
The two continuous variables follow conditional on a combined category, a
multivariate normal distribution; parameters are u,, 2,4, t =1,2; [ =1,...,4; py
can be read from Table 5.5.
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. | population 1 population 2

/ Pij B Paj Mo
1102 (00 | 03 (0.25,0.25)
2102 (03 |03 (0.50,3.50)
3103 (3.0 |02 (3.750.75)
4103 (33 | 02 (4.00,4.00)

TABLE 5.5  Parameters of the subpopulations.

Various sizes of the training samples were used, namely, n; = n, = 50, 100,
200, 400, and 800. For each of these cases the following 4 points were done 40
times: (1) a training set was drawn from the two populations, (2) 100 vectors
of scores were drawn from population 1, (3) for each of the vectors of scores
the theoretical and estimated posterior probability of belonging to population
1 and the standard derivation were computed, and, whether or not the theoret-
ical posterior probability was situated in the 95% confidence interval was
registered, for each of the four models, (4) the frequency of confidence inter-
vals with the theoretical posterior probability situated in it was computed,
being some number between 0 and 100, for each of the four models. The
means with their standard errors of these 40 numbers are presented in Table
5.6 for the four models considered. Note that NOC means that no constraints
are imposed, CLC means that 2“2221, 212:222, 213:223 and 214:224,
RWC stands for 2= --- =24 and 2,,= --- =2y, and MXC means
2= =3y= 3y =---=2y. Hence, for the options NOC, CLC,
RWC, and MXC the observations from 1, 2, 4, and 8 subpopulations, respec-
tively, are used for the estimation of the covariance matrices.

Note that another way of simulation would have been generating vectors of
scores and then for each of them generating a large number of training sam-
ples. This would have given comparable figures for the confidence levels, but
would have required much more computer time.

The figures in Table 5.6 display that the nominal confidence level of 95% is
not attained in most situations. The intervals are on the average, a bit too
small. This shortcoming tends to decrease if the sample sizes are increased
and

ny=n, NOC CLC RWC MXC

50 717 1.7 | 863 15 | 8.7 1.7 | 893 12
100 844 18 | 894 1.7 | 898 1.8 | 9.1 20
200 913 12 |930 13 ]921 12933 1.2
400 926 1.0 | 93.7 1.1 | 936 1.1 | 935 1.1
800 945 0.7 | 957 08 | 943 09 | %46 09

TaBLE 5.6  Confidence levels with standard errors.
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theoretical | frequency percentiles “mean | st.dev.
posterior 0 25 50 75 100

probability
0.0-0.1 9 -0.050 | -0.048 | -0.013 | 0.054 | 0.136 | 0.013 | 0.067
0.1-0.2 53 -0.109 | -0.050 | -0.023 | 0.022 | 0.198 | -0.003 | 0.066
0.2-0.3 220 -0.156 | -0.064 | -0.017 | 0.040 | 0.364 | -0.007 | 0.077
0.3-0.4 582 -0.236 | -0.045 | -0.002 | 0.045 | 0.334 | 0.002 | 0.076
0.4-0.5 678 -0.243 | -0.054 | -0.001 | 0.054 | 0.298 | 0.001 | 0.078
0.5-0.6 553 -0.291 | -0.044 | 0.007 | 0.068 | 0.305 | 0.007 | 0.088
0.6-0.7 430 -0.429 | -0.033 | 0.016 | 0.068 | 0.288 | 0.013 | 0.086
0.7-0.8 474 -0.335 | -0.049 | 0.007 | 0.053 | 0.235 | 0.002 | 0.079
0.8-0.9 514 -0.339 | -0.036 | 0.008 | 0.040 | 0.124 | -0.001 | 0.061
0.9-1.0 487 -0.686 | -0.022 | 0.000 | 0.017 | 0.073 | -0.008 | 0.048

TABLE 5.7  Percentiles, means and standard deviations of distributions of
differences between estimated and theoretical posterior probabili-
ties for option RWC with n; =n,=200.

the number of parameters is decreased, i.e., if NOC is replaced by CLC or
RWC and if CLC or RWC is replaced by MXC. That the results for NOC
with ny=n, =50 are rather poor should be expected because 8 different 2X2
conditional covariance matrices are estimated, each one from about 12 obser-
vations.

We may expect that goodness of approximate confidence intervals depends
on the theoretical posterior probabilities themselves. Therefore, we shall study
as function of the theoretical posterior probabilities, first, the differences
between the estimated and theoretical posterior probabilities, secondly, the
standard deviations of the estimated posterior probabilities, and, thirdly, the
confidence levels of the confidence intervals.

The differences between the estimated and theoretical posterior probabilities
as function of the theoretical posterior probabilities are summarized in Table
5.7 for the option RWC with n; =n,=200. The 40X 100=4000 theoretical
posterior probabilities are grouped into 10 groups. The second column gives
the respective frequencies. For each group the distribution of the just men-
tioned differences is studied. Percentiles, means and standard deviations of
these distributions are given. The distributions center reasonably well around
zero. The standard deviations are largest for the values near 0.5 and smallest
for the values near 0 and 1 of the theoretical posterior probability. A table
like Table 5.7 was obtained for each of the 4 (model options) X 5 (sample
sizes) =20 situations studied. The minimum and maximum of the standard
deviations of the 10 distributions of differences involved are presented in Table
5.8 for each of the 20 situations. In fact, because of some outliers in the groups
0.0-0.1 and 0.1-0.2, the minimums and maximums were chosen from the
groups corresponding with the interval 0.2-1.0. We see that the standard devia-
tions become smaller if the sample sizes are increased or if the model complex-
ity (number of unknown parameters) is decreased.
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NOC CLC RWC MXC
ny=n, | min. max. | min. max. | min. max. | min.  Mmax.
50 0.154 0224 | 0.092 0.170 | 0.126 0.163 | 0.079 0.147
100 0.087 0.176 | 0.046 0.129 | 0.054 0.125 | 0.043 0.117
200 0.063 0.110 | 0.038 0.088 | 0.048 0.088 | 0.032 0.080
400 0.048 0.085 | 0.025 0.067 | 0.023 0.066 | 0.021 0.062
800 0.023 0.052 | 0.016 0.041 | 0.016 0.043 | 0.015 0.040

TABLE 5.8 Minimum and maximum of standard deviations of distributions
of differences between estimated and theoretical posterior proba-
bilities.

The standard deviation of the estimated posterior probabilities as function
of the theoretical posterior probabilities are given in Table 5.9 for the option
RWC with n;=n,=200. Percentiles, means and standard deviations of the 10
distributions of standard deviations of posterior probabilities are displayed.

theoretical percentiles mean | st.dev. | confidence
posterior 0 25 50 75 100 level

probability
0.0-0.1 0.016 | 0.020 | 0.028 | 0.057 | 0.112 | 0.046 | 0.033 71.8
0.i-0.2 0.030 | 0.051 | 0.059 | 0.077 | 0.190 | 0.068 | 0.028 943 .
0.2-0.3 0.046 | 0.059 | 0.070 | 0.085 | 0.199 | 0.077 | 0.026 95.5
0.3-0.4 0.044 | 0.056 | 0.066 | 0.082 | 0.226 | 0.074 | 0.026 93.3
0.4-0.5 0.046 | 0.059 | 0.066 | 0.081 | 0.276 | 0.075 | 0.025 95.6
0.5-0.6 0.050 | 0.064 | 0.076 | 0.094 | 0.203 | 0.083 | 0.027 93.3
0.6-0.7 0.044 | 0.058 | 0.068 | 0.087 | 0.355 | 0.077 | 0.030 91.6
0.7-0.8 0.036 | 0.052 | 0.059 | 0.075 | 0.306 | 0.069 | 0.029 90.7
0.8-0.9 0.018 | 0.040 | 0.049 | 0.058 | 0.229 | 0.053 | 0.023 90.1
0.9-1.0 0.001 | 0.019 | 0.031 | 0.043 | 0.305 | 0.034 | 0.026 87.3

TABLE 5.9  Percentiles, means and standard deviations of distributions of
standard deviations of posterior probabilities and confidence lev-
els for option RWC with n; =n, =200.

The last column gives the confidence level of the confidence intervals. Note
the trend in the figures of percentile 0, 25, 50, 75 and the mean. The influence
of py(1—py)x) can be clearly detected, see formula 2.1.3 and 2.1.4. The means
and 50-th percentiles can be compared with the standard deviations in Table
5.7. They agree reasonably well.

A comparison of the distributions of the standard deviations of the
estimated posterior probabilities for the 20 situations can be made by means of
Table 5.10 and Table 5.11. The minimum and maximum of the means of the
10 distributions are given in Table 5.10. We see that the larger the sample sizes
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NOC CLC RWC MXC
ny=n, | min. max. | min. max. | min. max. | min. max.
50 0.126  0.220 | 0.074 0.162 | 0.096 0.160 | 0.068 0.153
100 0.080 0.145 | 0.049 0.121 | 0.054 0.124 | 0.044 0.166
200 0.052 0.101 | 0.033 0.082 | 0.034 0.083 | 0.029 0.078
400 0.035 0.074 | 0.024 0.060 | 0.022 0.061 | 0.020 0.057
800 0.023 0.053 | 0.016 0.042 | 0.015 0.044 | 0.014 0.041

TABLE 5.10 Minimum and maximum of means of distributions of standard
deviations of posterior probabilities.

are, the smaller the means are. Further, the means become smaller going from
left to right in the table. In Table 5.11 the means of the standard deviations of
the 10 distributions are displayed. Largest variation in the values for the stan-
dard deviations of the estimated posterior probabilities appear for small sam-
ple sizes. The variation becomes smaller if the model complexity decreases.

n,=n, | NOC | CLC | RWC | MXC

50 0.135 | 0.064 | 0.075 | 0.053
100 0.079 | 0.037 | 0.049 | 0.033
200 0.044 | 0.023 | 0.027 | 0.020
400 0.030 | 0.015 | 0.020 | 0.014
800 0.020 | 0.010 | 0.013 | 0.009

TABLE 5.11 Means of the standard deviations of distributions of standard
deviations of posterior probabilities.

As said before, the last column of Table 5.9 displays the confidence level of
the confidence intervals for the posterior probabilities as function of the
theoretical posterior probabilities for the option RWC with n;=n,=200. The
figures of the groups 0.0-0.1 and 0.1-0.2 should not be taken too seriously,
because of small numbers of generated values in these groups,

NOC CLC RWC MXC
n;=n, | min. max. | min. max. | min. max. | min. max.

50 713 824 | 818 91.7 | 804 906 | 839 939
100 744 909 | 8.6 932 | 835 940 | 837 944
200 842 942 | 899 964 | 873 956 | 89.1 96.8
400 86.8 952 | 915 959 | 91.1 950 | 90.6  96.5
800 925 963 | 932 977 | 902 97.0 | 925 969

TABLE 5.12  Minimum and maximum of confidence levels.

see Table 5.7. Maximal figures for the confidence levels are attained for
theoretical posterior probabilities near 0.5, whereas for larger values of
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theoretical posterior probabilities the figures become smaller. This trend could
also be seen for most of the other 19 situations. We had few generated values
for the first groups for all situations. Deviations from the nominal confidence
level were large for these groups. In table 5.12 the minimum and maximum of
the confidence levels of the groups corresponding to the interval 0.2-1.0 are
displayed. The trend is the larger the sample sizes the larger the minimums
and maximums. For n;=n,=50 and n; =n, =100 the levels are too small for
all four models. For the other three sample sizes, for all four models, except
for NOC with n; =n, =200, the nominal level of 95% is situated between the
minimum and maximum. The models CLC, RWC and MXC appear to give
better 95% confidence intervals than model NOC.
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