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Introduction

The work described in this tract has been inspired by the parallel object-oriented language
POOL. The tract describes the design of the language itself and the techniques that have
been used to give it a formal semantics. The language POOL, or more precisely, this
family of languages, has been developed as a vehicle for writing application programs for
a parallel computer. Programming such a parallel machine is considerably more difficult
than programming a sequential machine, but if it works, a parallel machine can do the
job faster and cheaper than a sequential one.

POOL is directed towards symbolic applications, in contrast to numerical ones. Due
to their irregularity, symbolic applications are more difficult to implement correctly and
efficiently on a parallel machine. POOL tries to alleviate these problems by supporting
an object-oriented programming style, which is currently the best available technique to
structure large and complex software systems. In an object, pieces of data are closely
integrated with the operations that can be applied to them and together they are
protected from the outside world by an explicit interface: The internals of an object
can only be reached by sending it messages of a precisely determined kind. In POOL,
such an object also contains a local process, so that it can operate in parallel with the
other objects in the system. The same message interface protects the sequential inside
of an object against the parallel outside world.

This tract consists of a collection of papers, all of which have been, or soon will be
published elsewhere:

e Pierre America.
Issues in the design of a parallel object-oriented language.
Formal Aspects of Computing, Vol. 1, No. 2, 1989, pp. 366-411.

e Pierre America and Jan Rutten.
Solving reflexive domain equations in a category of complete metric spaces.
Journal of Computer and System Sciences, Vol 39, No. 3, 1989, pp. 343-375.

e Pierre America, Jaco de Bakker, Joost Kok and Jan Rutten.
Denotational semantics of a parallel object-oriented language.
Information and Computation, Vol. 83, No. 2, 1989, pp. 152-205.

e Pierre America and Jaco de Bakker.
Designing equivalent semantic models for process creation.
Theoretical Computer Science, Vol. 60, No. 2, September 1988, pp. 109-176.

e Joost Kok and Jan Rutten.
Contractions in comparing concurrency semantics.
Report CS-R8755, Centre for Mathematics and Computer Science, Amsterdam,
the Netherlands, November 1987. An extended abstract appeared in T. Lepisto
and A. Salomaa, editors, Proceedings of the 15th International Colloquium on
Automata, Languages and Programming, pp. 317-332, Lecture Notes in Computer
Science 317, Springer-Verlag, 1988. (To appear in Theoretical Computer Science.)



e Jan Rutten.
Semantic correctness for a parallel object-oriented language.
SIAM Journal on Computing, Vol. 19, No. 3, 1990, pp. 341-383.

e Jan Rutten and Jeffery Zucker.
A semantic approach to fairness.
Report CS-R8759, Centre for Mathematics and Computer Science, Amsterdam,
the Netherlands, November 1987. (To appear in Fundamenta Informaticae.)

The first paper, “Issues in the design of a parallel object-oriented language”, gives a
more extensive introduction to the language POOL2, the member of the POOL family
that is currently being used in subproject A of ESPRIT Project 415. It also discusses
the factors that have influenced the most important decisions in the design of this
language. Among others, it presents the basic principles of object-oriented programming,
it compares several alternative ways of integrating parallelism into an object-oriented
language, and it explains the viewpoint taken in POOL towards typing and inheritance.
It also gives an overview of the studies on formal aspects of POOL.

The rest of the papers are concerned with formal semantic models for parallel languages,
in particular POOL. Object-oriented programming has grown out of an intuitive understanding
of what are the important issues in the organization of large software systems. The
development of a formal basis for this programmming style has been somewhat neglected
for a long time. Recently it has become clearer and clearer that such a formal understanding
is indispensable in order to make the right choices in the complex process of designing
object-oriented systems. This is even more important in parallel systems, where we can
rely even less on our intuition.

In this tract we discuss two styles of formal semantics that have been developed for
POOL: operational semantics and denotational semantics. The operational formalism
describes the execution of a POOL program in terms of a sequence of transitions between
states. The possible transitions are described by a transition relation, which is defined
inductively by axioms and rules, corresponding to the syntactic structure of the language.
For POOL, an operational semantics along these lines was first described in the paper
“Operational Semantics of a Parallel Object-Oriented Language”, by Pierre America,
Jaco de Bakker, Joost Kok, and Jan Rutten, which appeared in the Conference Record of
the 13th Symposium on Principles of Programming Languages, St. Petersburg, Florida,
January 13-15, 1986, pp. 194-208. Chapter 7 of this tract also defines such an operational
semantics for POOL.

The denotational semantics works by defining for each syntactic category (e.g., statements,
expressions) a meaning function that maps a syntactic construct to an element of some
mathematical domain. Here the main point is the principle of compositionality: the
meaning of a composite construct only depends on the meaning of its constituent parts,
not on their actual form. This denotational semantics is described in the third paper
included here, “Denotational semantics of a parallel object-oriented language”. The
mathematical domain used here is a complete metric space, which is obtained as a solution
of a reflexive domain equation. The second paper in this collection, “Solving reflexive
domain equations in a category of complete metric spaces”, develops a category-theoretic



technique by which a large class of these domain equations can be solved (uniquely up
to isomorphism).

The next three papers are devoted to establishing the relationship between operational
and denotational semantics. The paper entitled “Designing equivalent semantic models
for process creation” investigates this relationship in the context of four languages,
ranging from a very simple language with uninterpreted atomic action and a static
process structure to a language where the individual processes can store and communicate
data and where new processes can be created dynamically. For each of these languages it
is proved that the operational semantics and the denotational semantics are equivalent, or
in other words, that the denotational semantics is correct with respect to the operational
semantics. This means that there exists an abstraction operator that takes the denotational
semantics of a program and, by stripping away the structure necessary for compositionality,
produces exactly the operational semantics.

The technique used to prove this is essentially based on the introduction of semantic
operators that replace the so-called continuations used in the denotational semantics.
Unfortunately this leads to long and complicated proofs. Therefore, in the next paper,
“Contractions in comparing concurrency semantics”, a different technique is developed,
which defines the semantic functions themselves as fixed point of some higher-order
operators and relates these operators to each other. In the sixth paper, “Semantic
" correctness for a parallel object-oriented language”, this technique is applied to the
language POOL, with all its semantically essential constructs, thereby establishing the
correctness of the denotational semantics with respect to the operational semantics.

The last paper in this collection, “A semantic approach to fairness”, deals with
fair processes and fair operations on processes, in the same context of complete metric
spaces as the preceding papers. For a simple semantic model, which can be used for the
denotational semantics of languages with uninterpreted atomic actions, it is shown how
to derive from any process a fair version, which does not postpone certain alternatives
forever when repeatly choices must be made. Moreover, it shows how a fair version of
the infinite iteration of a single process can be constructed.






Issues in the design of a
parallel object-oriented language

Pierre America

Abstract

This document discusses the considerations that have played a role in the de-
sign of the language POOL2. This language integrates the structuring techniques
of object-oriented programming with mechanisms for expressing parallelism. We
introduce the basic principles of object-oriented programming and its significance
for program development methodologies. Several approaches for integrating ob-
jects and parallelism are compared and arguments for the choices made in POOL2
are presented. We also explain why inheritance is not yet included in POOL2.
A brief overview of the research in formal aspects of POOL is given. Finally we
indicate some directions for future developments.

Note: A revised version of this article appeared in Formal Aspects of Computing. The ori-

ginal version is reproduced in this tract with kind permission of the British Informatics
Society Ltd.



1 Introduction

It is generally accepted that the speed of computers that are organized according to
the traditional Von Neumann model is approaching its physical limits. In this model,
instructions and data are transported back and forth between processor and memory
through the famous “Von Neumann bottleneck” and as memories become larger and
processors faster, we come closer and closer to the limit that the speed of light imposes
on the bandwidth of this bottleneck. A large number of solutions to this problem
have been proposed, ranging in radicality from caches [Smi82], which serve as a kind
of “impedance adapters” between a fast processor and a slow memory, to completely
different computer organizations that are to be combined with revoluiionary models
of computations (see, e.g., [FFGL88,TBH82|).

An approach in between these extremes proposes the use of a number of traditional
processors, each with its own private memory and connected together by a network
by which they can exchange information. Provided the network is designed carefully,
this organization is scalable to a very large number (several thousands) of processors.
Several concrete architectures are based on this general principle [Hil85,0di87,Sei85].

A problem at least as difficult as designing such parallel machines is how to program
them. Traditional programming languages such as Fortran and Pascal are closely
related to the von Neumann architecture: they describe a single sequence of actions that
the computer should perform. It is not at all an easy task to transform such a program
automatically to an equivalent program that makes efficient use of the opportunities
for parallelism provided by the hardware. Only for numeric applications, which often
have a simple control structure that is largely independent of the actual values of the
data, attempts in this direction have been successful, first for vector computers [Ken80]
and more recently also for MIMD computers [ACK87]. For symbolic computations,
with their more irregular and data-dependent structure, the automatic exploitation of
parallelism in traditional programming languages is much more difficult and it has not
yet lead to results that are useful in practice.

A drastic approach to this problem is to use pure functional [Bac78,Tur85] or logic
[Kow79] programming languages. The idea is that a program in these languages only
expresses what information the programmer wants, not how this should be obtained.
By only giving the essential dependencies between input and output, this should leave
enough freedom for the implementation to detect and exploit the parallelism automat-
ically. And in fact, the detection of potential parallelism in these languages is quite
easy. However, its exploitation has turned out a much more difficult task than it had
been initially assumed. Despite the advances made in the last years, the use of implicit
parallelism in purely functional and logic languages is not yet understood well enough
to be able to base a complete system exclusively on this kind of languages. Therefore
it remains necessary to use languages that provide explicit mechanisms for expressing
and controlling parallelism.

Dealing with parallelism is not the only problem in programming symbolic appli-
cations for parallel machines. The organization of the software itself, data structures,
algorithms, etc., for large and complex applications is often a very difficult matter,



where reliability, flexibility, and user-friendliness are important issues. This establishes
a real challenge for software technology. A promising approach to meet this challenge is
object-oriented programming [Cox86,Mey88|. Object-oriented programming languages
offer excellent support for modularity and encapsulation. Object-oriented software
development methods provide a relatively high degree of flexibility and reusability.

In this paper we discuss the most important issues that have played a role in the
design of the programming language POOL2 [Ame88a|. This language integrates the
structuring principles of object-oriented programming with mechanisms for expressing
parallelism. It is intended for formulating applications in the area of symbolic comput-
ing such that they can be executed 6n a parallel machine called DOOM (Decentralized
Object-Oriented Machine) [Odi87]. The language POOL2 is developed from earlier
languages in the POOL family, in particular POOL-T [Ame85b,Ame87a].

Section 2 explains the basic principles of object-oriented programming and briefly
discusses its impact on software technology. In section 3 we introduce and compare
several different ways in which object-oriented programming can be integrated with
mechanisms for expressing parallelism. Section 4 then gives an overview of several
new language concepts in POOL2 and section 5 explains why inheritance is not one of
them. Then in section 6 an overview is given of the formal studies related to POOL.
Finally, section 7 presents some conclusions and indicates some possible directions for
future developments.



2 Object-oriented programming

2.1 Basic principles

In the object-oriented programming style a system is described as a collection of objects
(see figure 1). An object is best defined as an integrated unit of data and procedures
acting on these data. One can think of it as a box that stores some data and has the
possibility to act on these data. The data in an object are stored in variables. The
contents of a variable can be changed by executing an assignment statement.

Figure 1: A POOL object

A very important principle is that one object’s variables are not accessible to other
objects: they are strictly private. In other words, the box has a thick wall around
it, which separates the inside from the outside. The only way in which objects can
interact is by sending messages to each other (see figure 2). Such a message is in
fact a request from the sender for the receiver to execute a procedure. This kind of
procedures, which are executed in response to messages, are called methods in POOL.
The receiver decides whether and when it executes such a method, and in some cases it
even depends on the receiver which method is executed (see section 5). In general, the
sender of the message can include some parameters to be passed to the method and the
method can return a result, which is passed back to the receiver. In this way objects
can cooperate and communicate. It is important to note that this interaction between
objects can only occur according to this precisely determined message interface. Thus
every object has the possibility and the responsibility to maintain its own local data
in a consistent state.

Objects are entities of a dynamic nature. At any point in the execution of a program
a new object can be created, so that an arbitrarily large number of objects can come
into existence. (Objects are never destroyed explicitly. However, they can be removed
by garbage collection if it is certain that this will not influence the correct execution
of the program.) In order to describe such systems with many objects, the objects are
grouped in classes. All the elements (the instances) of a class have the same names
and types for their variables (although each object has its own set of variables) and
they all execute the same code for their methods. In this way, a class can serve as a
blueprint for the creation of its instances.

Several object-oriented programming languages use different mechanisms to de-



Parameters
Sender Receiver
Result

vl:= v2!meth2(v3) ANSWER (meth2)

Figure 2: Sending a message

scribe object creation. In general it is agreed upon that creating new objects is not a
natural task for the existing instances of the same class (where would the first instance
come from?) but rather for the class itself. In Smalltalk-80 [GR83] classes are con-
sidered to be objects themselves: they can also be created and changed dynamically.
Therefore it is natural to describe object creation in class methods: a new object can
be created by sending an appropriate message to the class. In POOL it is not natural
to consider classes as objects, because we do not want them to change during program
execution (see also section 5). Therefore in POOL the creation of new objects is done
by routines, a kind of procedures different from methods. Routines are not associated
with certain objects and they do not have direct access to any object’s variables. In-
stead, in general (but see section 4.1) a routine is associated with a class, and it can
be executed by any object that knows it. By encapsulating the creation of new objects
in routines, it can be ensured that such a new object is properly initialized before it is
used.

It is interesting to discuss the nature of the data that is stored and manipulated
in the objects. In general, a variable contains a reference to some object. Also in
parameters and results of methods, references are transferred. Some languages, like
Objective-C [Cox86] and Eiffel [Mey87], in addition have some other built-in data
types, like integers and characters, that can be manipulated by the objects. These
languages are sometimes called hybrid object-oriented languages. By contrast, in pure
object-oriented languages, like Smalltalk-80 [GR83] and POOL, every data item is
represented by (a reference to) an object. In these languages, even very simple things
like integers are conceptually modelled as objects. For example the addition 3+4 is
performed by sending to the object 3 a message mentioning the method add and having
(a reference to) the object 4 as a parameter. In response to this message, the object 3
somehow knows how to add itself to the parameter object and it returns the result,
a reference to the object 7, to the sender of this message. Of course, this is just
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the conceptual view: in an actual implementation some optimizations will take place
so that these operations can be performed much more efficiently using the hardware
facilities for integer addition.

2.2 A simple example

=

Window

(position 3

Vector Vector Vector

&
3

50 100 150 200

Figure 3: A few objects

Let us illustrate the concepts mentioned above by means of an example. Figure 3 shows
a few objects in a certain state during the execution of a program. We see an instance
of the class Window, which has three variables, contents, position, and size. The
variable contents refers to an unspecified other object (drawn as a “black box”). The
variables position and size each refer to an object of the class Vector. Instances of
the class Vector have two variables, x and y. Both x and y refer to integers, which
are also objects, instances of the class Integer. Integers are drawn as small “black”
boxes. Note that these small black boxes do not represent objects in which integers
are stored. Rather, they themselves are the integers. This is also illustrated by the
fact that whenever two different variables, possibly in different objects, have the same
integer value (e.g., 50) then they refer to the same integer object, instead of storing
each a separate copy of the integer or referring to different objects that store the same
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integer.
In this section we shall concentrate on the class Window. The following piece of
POOL2 code sketches how it could be described.

CLASS Window

VAR contents : Object
position, size : Vector

METHOD move (to : Vector) : Window

BEGIN
position := to;
display_contents (); %% a method call
RESULT SELF

END move

METHOD display_contents () : Window

%% only for internal use!

BEGIN

- %% actual text not relevant here
RESULT SELF

END display_contents

METHOD where () : Vector
BEGIN

RESULT position
END where

ROUTINE create (cont : Object, pos, siz : Vector) : Window
TEMP w : Window

BEGIN
w := Window.new (); %% the standard routine new
w ! init (cont, pos, siz);
RESULT w

END create

METHOD init (cont : Object, pos, siz : Vector) : Window
%% for internal use only!

BEGIN
contents := cont;
position := pos;
size 1= 8iz;

display_contents ();
RESULT SELF
END init
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END Window

A little explanation is appropriate here. First the variables are declared, each with its
type. A variable may only refer to instances of the class that is indicated by the type of
this variable. Then the methods and routines are defined. In the method move another
method, display_contents, is called directly (without sending a message). In some
other object-oriented languages this is done by sending a message to the expression
SELF, which always indicates the object executing this expression.

We see that for every access to the internal variables of an object, a method is
needed: the method where simply reads the value of the variable position, whereas
the method move essentially assigns a new value to this variable. In the latter case the
method also ensures that the internal consistency is maintained, which here means that
the window is actually displayed at the point indicated by the variable position. This
illustrates how methods can be used to provide the outside world with a controlled
access to the internal variables of an object.

Note that methods and routines can have temporary vartables, which only exist
during the invocation of the method/routine. To distinguish them from the variables
that exist from the object’s creation onward, the latter are also called instance variables.
Within a method or routine, the parameters can also occur as expressions, just like
the temporary and instance variables, but parameters are not allowed as the left-hand
side of an assignment.

This example also illustrates the typical use of routines for the creation and initial-
ization of new objects. The routine create takes care of this. The creation of a new
object is done by calling the routine new, which is automatically provided for the class
Window by the language. Then the routine create immediately sends an initializing
message to the newly created object. In our example this is indicated by a so-called
send statement:

w ! init (cont, pos, 8iz)

which sends a message to the object referred to by the variable w, specifying the method
init and as parameters the values of the expressions cont, pos, and siz. In response
to this message, the object initializes its variables with the information contained in
these parameters and brings itself into a consistent state (by executing the method
display_contents). Only then the routine create returns the new object to its caller.
(In fact, the language POOL2 provides a more convenient notation to make sure that
newly created objects are properly initialized. We have not used this here in order to
illustrate clearly the basic principles.)

Let us finally give a small example of code that uses this class Window. This code
could appear, for instance, in the definition of another class. We assume that w is a
variable of type Window and that v, v1, and v2 are variables of type Vector that have
already been initialized. Finally something should refer to an arbitrary object that
can be displayed in our window. In these circumstances, the following piece of code
creates a new window, moves it around and asks its new position:
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w := Window.create (something, vi, v2);
w ! move (v);
vl := w ! where ()

Note that to the users of the class Window we would like to grant only the routine
create and the methods move and where, and to hide the routine new and the methods
init and display_contents. In POOL, this is made possible by the unit mechanism,
explained in section 3.3.

2.3 Relationship with modules and abstract data types

One may argue that object-oriented programming as introduced above is just a formu-
lation of well-known principles in new terminology: One can compare an object with
a record and sending a message with a procedure call (in fact, this comes very close
to the way in which many object-oriented languages are implemented). For structur-
ing software there are already concepts like modules and abstract data types. Let
us therefore first look at the relationship between modules, abstract data types, and
objects.

First we consider the notion of modules, as it appears in, e.g., Modula-2 [Wir82] and
Ada [ANS83] (where the name package is used). Such a module is nothing more than
a collection of declarations of data types, variables, procedures, etc., provided with
an interface that specifies which of these declarations can be used outside the module.
The programmer has a large amount of freedom in choosing what to put in one module
and where to place the boundaries between modules. It is intended that the grouping
of declarations into modules is a meaningful one [Mey82], but the language does not
enforce this in any way. It only enforces that the interfaces, once made explicit, are
observed.

In programming with abstract data types, as exemplified by the notions of ‘cluster’
in CLU [LAB*81] and ‘form’ in Alphard [Sha81], there is a clear notion of what is
contained in a “module”, a data type definition, and what it is about: Such a definition
should describe one data type, its internal representation and the operations that can
be performed on its instances. The interface with the outside world consists of the
names of those operations that are to be available outside the data type definition,
together with some specification of their behaviour (which is mostly limited to the
types of the parameters and results). The internal representation is not accessible from
outside the data type definition. With respect to modular programming, abstract data
types are much more restrictive in the choice of the boundaries between program units,
but on the other hand they offer a much clearer conceptual view of the meaning of
these units.

Note that both modules and abstract data types only offer the guarantee that
the facilities defined in a program unit are used correctly (that the interfaces are
observed) in a statically typed language (a language where for every expression it is
possible to determine the type of the object it denotes from the program text alone,
see section 5.2). In other languages, the use of meodules and abstract data types is not
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completely useless, because it ¢an give a clearer structure to the program, but it does
not offer such a high degree of security as in statically typed languages.

Object-oriented programming is even more restrictive than abstract data types
about the allowed constructs in a class definition. In the definition of an abstract data
type A, the operations performed on the type can access the internal details of all their
arguments that are of type A, and there may be more than one of these. In object-
oriented programming, however, a method can only access the variables of the object
it is associated with (the destination of the corresponding message). So the internal
details of only one object at a time can be accessed.

Let us illustrate this with an example. Below is the definition of an abstract data
type of complex numbers with addition as its only operation (we use an imaginary
syntax):

TYPE Complex
VAR re, im : Float

OP add (x, y : Complex) : Complex
TEMP z : Complex
BEGIN z := Complex.new ();

Z.re != X.re + y.re;
z.im := x.im + y.im;
RESULT z

END add

We see that the code of the operation add has access to the re and im variables of
both its arguments plus the new object that is to be the result. The difference will be
clear with the following corresponding class definition in an object-oriented style:

CLASS Complex
VAR re, im : Float

METHOD add (y : Complex) : Complex
%% the first operand is the destination of the message
TEMP z : Complex
BEGIN z : Complex.new ();
z ! put_re (re + y ! get_re ());
z ! put_im (im + y ! get_im ());
RESULT z
END add

METHOD put_re (new_re : Float) : Complex
BEGIN re := new_re;

RESULT SELF
END put_re

METHOD get_re () : Float
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BEGIN RESULT re
END get_re

METHOD put_im (new_im : Float) : Complex
BEGIN im := new_im;

RESULT SELF
END put_im

METHOD get_im () : Float
BEGIN RESULT im
END get_im

Here the code of the method add only has direct access to the variables re and im of
its destination object. Messages must be sent to obtain the real and imaginary part of
the second operand y and to fill the variables of the resulting object z.

One can express this difference between modules and abstract data types on the one
hand and object-oriented programming on the other hand by saying that with modules
and abstract data types, protection takes place at a syntactic level (each module is
protected against the other modules), whereas with object-oriented programming the
protection is at a semantic level (each object is protected against the other objects).
This results in a finer granularity, because different object are protected against each
other even if they are described by the same class definition.

2.4 Impact on software development

The most important contribution of object-oriented programming in the direction of
better software development methods stems from the fact that it is a refinement of
programming with abstract data types: It encourages the grouping together of all the
information pertinent to a certain kind of entities and it enforces the encapsulation of
this information according to an explicit interface with the outside world. For the user
of a certain class, the set of available methods and routines, together with a description
of their behaviour (including at least the types of the parameters and results), is all
that is relevant. The inside of the objects, the variables and the code of methods and
routines, is completely inaccessible to him.

Two important quality aspects of software are addressed by this technique: The
first one is adaptability: If a piece of software must be modified (a frequently occurring
phenomenon), it is very often the case that many of the relevant pieces of code are
inside one class definition instead of spread out over the whole program. Moreover, if
the interface of such a class is unchanged or only extended (new methods are added,
but the old ones retain their functionality), it is clear that the rest of the program
will not be affected by the change. Another aspect is reusability: A class that is well-
designed and validated by testing or verification can be used over and over again in
different programs. In order to be able to use a class, one need only consider the
external interface; the internal details are irrelevant.

It is true that modules already provide the possibility of encapsulating pieces of
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software. However, they do not give guidelines about which definition should be placed
together in a module. By choosing a wrong subdivision of a system into modules, it
is very well possible to arrive at a collection of modules that not easily adaptable or
reusable. The extra value of abstract data types and object-oriented programming is
that in addition these techniques give an idea about what belongs in one “module”: A
class definition describes one class of entities, together with all the operations that can
be performed on them. It has turned out in practice that this indeed leads to a better
system structure.

Object-oriented programming also leads to a different way of designing software.
The common technique of top-down functional design starts from the required end-to-
end functionality of a complete program and divides this iteratively into subfunctions
until basic language primitives are obtained. The resulting software is not very adapt-
able to changing requirements, because in practice the changes mostly pertain exactly
to this end-to-end functionality. Moreover it is very unlikely that the subfunctions into
which the program is divided coincide precisely with subfunctions in another program,
which would allow reuse of software, because these subfunctions are obtained in an
ad hoc way for each program separately. By contrast, object-oriented design initially
focuses on the basic entities (objects) manipulated by the program and it grows to-
wards the required end-to-end functionality in a rather bottom-up way. The resulting
software is often easier to adapt to changing circumstances, because these basic entities
are not very likely to change. Moreover, this way of designing software leads more often
to meaningful software components that can be re-used. (A more extensive discussion
of these issues can be found in [Mey88].)

In a strongly typed, sequential environment the extra protection offered by object-
oriented programming when compared with abstract data types does not seem very
important. Indeed, it may even be a nuisance, as in the above example about complex
numbers. One of the reasons nevertheless to choose an object-oriented language in this
situation might be that good object-oriented languages are available [Mey87,Str86),
whereas languages that directly support abstract data types are not so widely available.

However, as soon as we leave this safe environment, the extra protection becomes
really useful. As an example we mention dynamically typed languages, i.e., languages
in which every data item has a well-defined type but where it is in general not possible
to determine this type from the program text only. A well-known example is Lisp
[MAE*80,Ste84]. This kind of languages are often used for rapsd prototyping, a tech-
nique where a “quick and dirty” preliminary version of a program is produced in order
to experiment with certain aspects, in particular the user interface. Since the resulting
prototype program will not be used for production purposes (it is to be hoped!), relia-
bility is not such an important issue, but flexibility ts important, because a prototype
program must be changed often and quickly. Therefore the use of a dynamically typed
language is justified.

Some of the problems with programming in such a language are that it is in general
not very well possible to make the structure of the data explicit (everything is coded
in lists) and that errors are detected too late and at too low a level (a common error
message in Lisp says that you have tried to extract the first element of an empty
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list). Object-oriented programming can help here: A class describes the organization
of a certain kind of data very clearly: it gives the internal representation and the
available operations. Furthermore the object-against-object protection mechanism,
unlike the type-against-type protection of abstract data types, also functions in a
dynamically typed situation. Therefore errors can be caught earlier: the most common
error message in a dynamically typed object-oriented language is that a message has
been sent to an object that does not have an appropriate method, which occurs as soon
as a data entity is being used in a wrong way.

Object-oriented programming in dynamically typed languages does not stand in
the way of flexibility, but it can help in making the structure of a system explicit.
This is probably an important reason why object-oriented languages like Smalltalk-
80 [GR83] and object-oriented extensions of Lisp [WM80,BDG*87| are so popular for
rapid prototyping. Another reason is the support for reusability: If a prototype must
be made from scratch, the amount of work this costs can be prohibitive. If however
one can make use of a good collection of well-organized software for recurring tasks (for
example, handling windows and menus on a bit-mapped display) then sophisticated
systems can be constructed very quickly because one only has to take care of the
essentials.

Another area in which an object-oriented approach has proved to be valuable is
operating systems [Jon78, MT86,WLH81|. Here, again, it is impossible to check stati-
cally whether certain operations are permitted and the object-oriented approach gives
a good model along which the dynamic checks can be organized. In these systems,
the object-oriented principles are often complemented by using capabslities instead of
just object references. Such a capability not only indicates the identity of an object,
but it also explicitly determines the set of operations that may be performed on the
object by the holder of the capability. This set may be smaller that the set of all the
operations that the object itself admits. It must be admitted that the techniques used
in these kinds of operating systems are often quite expensive, so that objects should be
fairly large and message should not be sent too often in order to maintain a reasonable
performance. Often traditional mechanisms are used to describe the actions of the
system on a lower level.

Apart from dynamically typed systems, also parallel programming constitutes an
area where the more fine-grained protection of object-oriented programming presents
a clear advantage above abstract data types. This is the subject of section 3. Further-
more, even in statically typed systems, there is a structuring mechanism, inherstance,
which can be used with object-oriented programming but not in general with abstract
data types. This mechanism is discussed in detail in section 5.1.



18

3 Parallelism

3.1 Integrating parallelism in an object-oriented language

Despite the terminology of “message passing”, most existing object-oriented languages
are sequential in nature. This can be explained by the fact that they observe the
following restrictions:

1. Execution starts with exactly one object being active.

2. Whenever an object sends a message, it does not do anything before the result
of that message has arrived.

3. An object is only active when it is executing a method in response to an incoming
message.

Under these conditions we can see that at any moment there is exactly one active
object, although control is transferred very often from ene object to another.

Now one can think of several ways to introduce parallelism to object-oriented lan-
guages. One possibility is to add processes as an orthogonal concept to the language.
In some sense this can be seen as eliminating restriction 1. Several processes can be
active at the same time, each one executing an object-oriented program in the way de-
scribed in section 2.1. These processes act on the same collection of objects; it is even
possible that they are executing the same method in the same object at the same time.
This way of dealing with parallelism has been adopted by some languages that were
initially meant to be purely sequential, such as Smalltalk-80 [GR83] and Trellis/Owl
[SCB*86,MK87|.

While this approach seems appealing theoretically, it is not so attractive in practice.
The point is that it does not at all solve the problems associated with parallelism (we
shall come back to this point later). There are still extra facilities needed for synchro-
nization and mutual exclusion. To that end, the above languages provide some built-in
classes, for example, semaphores. Even then, the facilities for parallel programming
remain rather primitive. ’

The second approach can be clearly described as relaxing restriction 2 above: In-
stead of letting an object wait for the result after sending a message, one allows the
sender to go on immediately with its own activities. This is called asynchronous com-
munication. In this way the sender can execute in parallel with the receiver of the
message. It is possible to obtain a large degree of parallelism after a number of mes-
sages have been sent. This scheme has been adopted most notably by the family of
actor languages [Hew77,Lie81,The83,Agh86] but also in [Lan82].

A quite different scheme can be obtained by relaxing the last restriction. Now an
object does not always wait quietly until it receives a message, but has an activity of its
own, which we shall call its body. Execution of the body is started as soon as the object
is created, and it takes place in parallel with the other objects in the system. At certain
explicitly indicated points the body can be interrupted in order to answer a message.
This takes place in the form of a rendez-vous: the sender and the receiver synchronize
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(the one that is first willing to communicate waits until the other is ready, too), the
parameters are passed to the receiver’s method, which is then executed, and finally the
result is passed back to the sender (not necessarily at the end of the method execution),
after which both objects again pursue their own computations independently. This is
called synchronous communication. In this approach, too, a large degree of parallelism
can be obtained, by creating a sufficient number of objects whose bodies can execute
in parallel. The languages from the POOL family use bodies as their main mechanism
to describe parallelism.

3.2 Comparing different approaches

Let us first compare the above approaches with respect to the criterion of how they help
to solve the problems of parallel programming. The key to parallel programming is
handling the nondeterminism that results from the unknown relative execution speed
of the processes: This nondeterminism should be reduced as much as possible, but
a certain amount of it is necessary to make effective use of the parallelism. Now
the degree of nondeterminism is increasing very quickly not only with the number of
processes, but also with the number of atomic actions in each process, or otherwise
stated, with the number of places in each process where it may interact with other
processes!. _

Now the disadvantages of the first approach (processes as orthogonal concepts)
become very clear: In this approach, a process must expect interaction (perhaps we
should call it interference here) from other processes at every point of its execution.
Therefore the number of different executicn sequences of which the programmer has
to take care is very large. The extra mechanisms [MK87| added in order to restrict
this nondeterminism, for example semaphores, require a disciplined use, which is not
enforced by the language. Therefore it is clear that this approach is not suitable for
extensive parallel programming.

In fact this issue also plays a role in the traditional dichotomy in parallel program-
ming between shared variables and message passing (see also [AS83]). How cumber-
some it is to work with shared variables, when compared with message passing, can
also be seen by considering the formalisms for verifying such programs: The classical
system to formally verify shared-variable programs [OG76] requires that every asser-
tion in any of the processes is left invariant by every action in every other process. For
n processes having each m actions with m + 1 assertions around them, this requires
n(m + 1)m"! checks. Reducing n would reduce the degree of parallelism. Reducing
m could be done by increasing the size of atomic actions, and this is precisely what
happens with message passing. Moreover, because the communication partner is often
indicated explicitly, the checks can be restricted to the set of pairs of corresponding
communication statements, which in general leads to a much smaller number of checks.
This has been formalized in [AFR80].

1For example, if we have m processes that do not influence each other’s behaviour, and the ith
process has n; atomic actions, then the number of possible interleavings is equal to the multinomial
coefficient (n;ny,...,nm) =n!/(n1! - -ny!) wheren=n; + -+ np.
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Of course, the choice between shared variables and message passing is also influ-
ence by the underlying machine architecture. In machines with a shared memory
between processors (or sequential machines, where the parallelism is virtual) imple-
menting shared variables is trivial, while message passing requires some work. On
the other hand, in machines without a shared memory, where the processors exchange
information over a communication network, message passing can be mapped directly
to the architecture. In these machines it is possible, but very cumbersome and ineffi-
cient to implement shared variables. This seems to indicate that even if the machine
architecture is not fixed in advanced, it is best to choose message passing instead of
shared variables. (DOOM [Odi87], the machine for which POOL2 was developed, does
not have shared memory between processors; they communicate via a packet-switching
network.) ‘

All these arguments imply that for integrating parallelism in object-oriented lan-
guages the two other approaches (asynchronous communication or bodies) are superior:
Here the concepts of object and process are effectively unified into one concept, so that
the terms ‘object’ and ‘process’ have become synonymeus. Processes now only interact
at clearly defined points: only where messages are sent or answered. Moreover, the
possible ways of interaction are limited: only parameters or results may be passed.
The variables of each object are protected from access by other objects. If a certain
piece of data must be shared among different processes, it can be put in an object of
its own. The way in which it can be accessed is then clearly defined by the available
methods (and possibly its own body). The language supports to a large degree the
discipline necessary in using these mechanisms. Note that inside an object everything
happens sequentially. This sequential, deterministic inside is protected from the paral-
lel, nondeterministic outside world by the message interface. Allowing multiple parallel
processes to be active inside the same object (as is done, e.g., in Emerald [BHJ*87])
would spoil this comfortable situation.

The choice between asynchronous message passing and the use of bodies for achieving
parallelism is much less obvious than the choice against the first approach. Asyn-
chronous communication leads to more flexibility, because the sender does not need
to synchronize with the receiver in order to communicate. In this way it is easier in
certain cases to keep the available processors in a system busy. On the other hand,
asynchronous communication has certain problems associated with it:

For the programmer it is important to realize that the lack of synchronization with
asynchronous communication not only increases the system’s flexibility in exploiting its
resources, but it also increases the degree of nondeterminism: there are more possible
executions of such a program than for synchronous communication, and the program-
mer must ensure that all of these lead to a correct result. Furthermore, the set of
messages that have been sent but not yet received constitutes a component of the
system’s state that does not occur explicitly in the program but is nevertheless very
important. (Most formal techniques for asynchronous communication, e.g. [BKT84]
explicitly represent these travelling messages; the notable exception is temporal logic
[KVR83].)

The most important problem for the implementation is the buffering of messages
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that have been sent but not yet received. In principle, it is not admissible just to
reserve a fixed buffer space and to block a sender if it tries to send more messages than
fit in this buffer, because it would lead to deadlock in programs that are semantically
correct. For example, if the sender transmits n messages labelled a and then a message
labelled b whereas the receiver first wants to get a b message before answering the
a messages, then a deadlock will occur if n is larger than the number of messages that
fits in the buffer. On the other hand, in most cases the communication pattern is
simpler that this (the receiver does not require such a peculiar order of messages) and
in these circumstances one would like to slow down the sender when it gets too far
ahead of the receiver. It does not seem possible to solve this problem in general.

Another issue is whether to guarantee that messages travelling from the same sender
to the same receiver should arrive in the order in which they were sent. This can be
ensured by either using an end-to-end protocol, or by employing a fixed routing between
every pair of nodes in a network and making sure that messages are kept in order at
each stage of their transmission. In both cases this decreases the performance of the
communication system and this penalty would have to be paid even by programs that
do not need order preservation.

Let us remark here that it is easy to implement asynchronous communication in
a language that has only bodies and synchronous communication: For every message
that is to be sent asynchronously, a buffer object is created. The message is sent
(synchronously) to the buffer and later the buffer will send it (again synchronously)
to the destination. The other way around, implementing synchronous communication
with asynchronous communication is also possible, but in certain systems, including
actor languages, this is quite cumbersome. The problem is here that an actor cannot
selectively wait for messages of a certain kind. Therefore, after a message has been
sent and the sender is waiting for the result, it must accept every message that arrives
and determine whether it is indeed the expected answer. If not, the message must be
stored for later use, or the actor can send it to itself (which would result in some kind
of busy waiting).

In POOL we have chosen to use bodies and synchronous communication as the
basic mechanism to express parallelism. In most cases, this turns out to be the most
natural way to program an application. If the programmer does not explicitly indicate
a body, a default body is taken, which continuously answers one message after the
other in the order in which they arrive. A method may return its result to the sender
of the message before it actually terminates. In this way parallelism can arise with
synchronous communication and the default body (this is illustrated by the example
in section 3.3). However, in some case an explicit body is needed because it allows to
answer messages selectively, indicating the specific kind of messages that are welcome.
For example, a buffer might wish to answer only insert messages while it is empty, only
extract messages if it is full, and both kinds of messages otherwise. In other cases, the
use of a body is not strictly necessary but just more natural, especially in objects that
are really active and not just waiting for a request to arrive.

Receiving a message is done in an answer statement, which contains a list of method
names. This indicates that exactly one message is to be answered, in principle the first
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message that mentions a method occurring in the list. Note that the sender is not
indicated (whereas in sending a message the destination is given explicitly). This
gives the answering object to react flexibly on the supply of messages, taking the one
that comes first without having to commit itself to a specific communication partner.
If such a commitment is nevertheless desired, it is often possible to revert the roles
of sender and receiver, because synchronous communication transmits information in
both directions anyway.

POOL2? also provides a conditional answer statement, that specifies that a message
should be answered if a suitable one has already arrived. If no such message is available
at the moment, the conditional answer statement will not wait for one but terminate
immediately. Again this contributes to an object’s flexibility in reacting on the other
objects. It would be possible to increase this flexibility even more by allowing an
object to indicate a collection of send and receive actions with the intention that one
of these actions is performed, preferably the first that can take place. This could be
expressed by a generalization of an Ada-like select statement [FY85]. A mechanism to
implement this in a POOL context has been developed [Wou88]. Whether this will be
incorporated in a future version of the languages will depend on actual performance
figures.

In POOL2, asynchronous communication is provided in addition to synchronous
communication. Conceptually it is considered as an abbreviation for the mechanism
that creates a buffer object for each asynchronous message. This also means that
preservation of message ordering is not guaranteed, because the buffer objects may
proceed with unknown relative speed. Of course, an implementation is encouraged to
use more efficient mechanisms, as long as they have the same semantics. In principle,
the programmer is responsible to ensure that a sender of asynchronous messages does
not get too far ahead of the receiver.

If we compare POOL with traditional parallel programming languages [AS83] we can
easily classify it with respect to criteria like the following:

1. Shared variables or message passing? (POOL: message passing.)
2. Value passing or remote procedure call? (POOL: remote procedure call.)
3. Synchronous or asynchronous message passing? (POOL2: both.)

4. Channels or direct naming of communication partner? (POOL: direct naming of
receiver by sender, no naming of sender by receiver.)

5. Static or dynamic process structure? (POOL: dynamic.)

Most of these choices follow directly from the wish to change as little as possible in
the mechanisms as we know them from sequential object-oriented programming. The
others have been discussed above. The most obvious way in which POOL distinguishes
itself from traditional parallel programming languages is by unifying data structures
and processes in a single concept of object. This gives rise to a typical style of pro-
gramming, which is illustrated by the example in the next section.
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Finally, let us make some remarks on another issue that is always important in
concurrent systems: fairness. In POOL there are two requirements on the execution
of a program that ensure a certain kind of fairness: The first is the fact that the
execution “speed” of any object is arbitrary, but positive. This means that whenever
an object can proceed with its execution without having to wait for a message or a
message result, it will eventually do so. Clearly this is a very natural and necessary
requirement to be imposed on the implementation of a concurrent language. Requiring
more precise guarantees about the relative execution speeds of different objects would
necessitate a way of measuring those speeds, and even in languages specifically meant
for real-time applications (for example Ada [ANS83]) those guarantees are considered
too involved to be included in a language definition.

The second requirement on the execution of a POOL program is the condition
that all messages sent to a certain object will be stored there in one queue in the
order in which they arrive. When that object executes an answer statement, the first
appropriate message in the queue will be answered (here ‘appropriate’ means that the
message mentions a method occurring in the answer statement). This condition ensures
that it is impossible that an object is sent a message and it executes infinitely many
answer statements in which the message could have been answered, without answering
this one message. In fact, it is not difficult to see that the latter condition (a message
will eventually be answered) is exactly equivalent to the first one (messages are stored
in a queue), when one takes the arbitrary but positive speed of the sending object into
account.

Note the contrast here with the situation in, e.g., Ada. In Ada, each entry (in this
situation corresponding with a method name in POOL) has its own queue, and fairness
is not guaranteed between different queues. Then it is possible that infinitely many
messages with one name are answered without answering a message with another name,
even when these messages are answered in a select statement where there is always
another open branch for answering the second message. We consider this situation
definitely undesirable. In POOL, it may be a little more difficult to implement the
de-queuing operation efficiently, but the mechanism is much more convenient for the
programmer.

Of course, fairness is only a worst-case guarantee from the language, in a situation
where better, quantitative guarantees cannot be given. In practice, it is intended that
an object that does not have to wait for another one proceeds as quickly as possible,
that messages travel as fast as possible from the sender to the receiver, and that they
are answered in an order that approximates as well as possible the first-come-first-
serve principle. This is also the reason why message-answering fairness in the language
definition is formulated in terms of queues instead of infinite neglection.

3.3 An example: parallel symbol tables

In this section we present a small programming example that shows a typical way of
programming in POOL. In this example we implement a parallel version of a symbol
table, a data structure that can associate keys with other pieces of information. We
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also illustrate the use of a few other elements of the language POOL2, units and generic
classes.

Units are the largest pieces of a POOL2 program. They come in.two kinds: imple-
mentation units and spectfication units. An implementation unit contains a collection
of class definitions, giving the full details of each class. The corresponding specification
unit indicates the interface it other units: it lists the classes that can be used outside
of the current unit and for each of these it gives the headers of the available methods
and routines. Another unit can import these facilities by mentioning the first unit in
its so-called use list.

Below is a specification unit that describes the class ST, each instance of which
represents a symbol table.

SPEC UNIT Symbol_Table

CLASS ST (Info)
%% Each irstance is a symbol table containing
%% pairs of a string and an instance of the class Info.

ROUTINE new () : ST (Info)
%% Delivers a new, empty symbol table

METHOD insert (key : String, i : Info) : ST (Info)

%% Inserts a new pair into the destination symbol table.

%% key must not be NIL.

%% If the key is already present, the old Info is overwritten.

ROUTINE search (st : ST (Info), key : String) : Info
%% Retrieves the info stored with this key.
%% If this key is not present in the symbol table, NIL is returned.

END ST

The class ST is generic, that is, it has a class parameter Info, for which an arbitrary
class can be filled in when the class ST is used. This allows us to define the class in such
a general way that it can be used in many different circumstances without modifying
the text. (It would also be possible to make the type of the key a parameter of the
class definition. However, in the implementation unit we shall need the fact that keys
are ordered. In section 4.1 it is explained how the ordering on keys can be made known
to the symbol tables, such that the type of the keys can indeed become a parameter
of the class ST.)

The class ST provides its users with two routines and a method. The routine new
creates and returns a new symbol table object, which is empty initially. The method
insert adds a new piece of information to the symbol table, consisting of a key, which
is an object of type String, and an instance of the class Info. Finally we have the
routine search, which tries to look up the Info associated with a given key in a symbol
table. We shall see below why search is a routine instead of a method.
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Now here is the first part of the corresponding implementation unit:

IMPL UNIT Symbol_Table

CLASS ST (Info)

VAR my_key : String %% key stored here
my_info : Info %% Info stored here
left : ST (Info) %% all pairs with key < my_key
right : ST (Info) %% all pairs with key > my_key

%% new is a standard routine

METHOD insert (key : String, i : Info) : ST (Info)
BEGIN
RESULT SELF; %% rendez-vous ends here
IF my_key == NIL %% I am empty
THEN my_key := key; my_info := i;
left := new (); right := new ()
ELSIF key = my_key %% the key is stored here
THEN my_info := i '
ELSIF key < my_key
THEN left ! insert (key, i)
ELSE right ! insert (key, i)
FI
END insert

Now we see that a symbol table is internally organized as a tree. Each node in
the tree can contain a single key and its associated Info. Furthermore it contains
references to the left and right subtrees, which contain the other symbol table entries.
The routine new need not be described explicitly. A routine with this name is supplied
automatically by the language. It creates and delivers a new object of the associated
class, with all the variables initialized to NIL (a reference to no object). In our example,
this is exactly what an empty symbol table looks like.

The method insert returns its result to the sender of the message right at the
beginning. In this way, the sender and the receiver are synchronized, but the sender
need not wait until the execution of the method is completed. Instead, the rest of
the method can execute in parallel with the sender. The actual value returned by
the method is not important. Therefore the convention is followed that the object
executing the method returns a reference to itself. This is indicated by the expression
SELF, which denotes the object that is executing the expression.

After having returned the result, the method insert determines what to do with
the new piece of information. If the symbol table is empty, the new information is
stored locally. Otherwise, if the new key happens to be the same as the key already
stored here, the local Info is simply overwritten. In all other cases, the new key/Info
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pair is sent to one of the subtrees. In the program text, the operators ‘=’ and ‘<’ are
a short-hand notation for message sending operations. For example, key < my_key is
an abbreviation for the send expression key ! less (my_key), which sends a message
to the object referred to by key, requesting the execution of the method less with
parameter my key. The operator ‘==, however, is an abbreviation for a call of the
routine id, which is available for every class. This routine checks whether its two
parameters refer to the same object.

One can now ask where the parallelism comes into this example. We have already
seen that the sender of an insert message does not have to wait until the new infor-
mation is actually stored in the symbol table. The sender can proceed with its own
activities after having handed over the information to the symbol table, and the symbol
table will process it in parallel with the sender’s activities. The same holds, of course,
for a symbol table object that inserts a key/Info pair into one of its subtrees; again it
can proceed with a new request immediately after it has given the pair to the subtree.
‘This means that every node in the tree, in particular the top node, needs only a fixed
amount of time to process an insertion, independent of the actual size of the symbol
table. By contrast, in a sequential system such an insertion would cost an amount of
time that in the best case increases logarithmically with the size of the symbol table.
To put it otherwise, our parallel symbol table is able to process insertion requests
with a constant throughput, whereas in a. corresponding sequential symbol table, the
throughput rate would decrease as the symbol tables grows.

We would like to maintain this advantage even when look-up requests are sent to
the symbol table. However, here it is not possible just to hand over some information
to the symbol table, but a reply is desired. Determining this reply will cost an amount
of time that increases with the size of the symbol table. So an individual user of the
symbol table will inevitably have to wait longer for a reply to his look-up request.
What we can do, however, is to maintain the constant throughput rate of the symbol
table when there are several, parallel users. This is done as follows: A look-up request
is sent to the top node of the tree. This top node returns a result, which just indicates
that the request is received. The actual reply will be sent later. If the top node does
not store the requested information itself, it delegates the request to one of its subtrees,
and so on. When finally the information is found, it is sent directly to the sender of
the initial request, without passing via the higher nodes in the tree. In this way we
can retain the constant throughput property of the symbol table.

There is one problem here: The reply must be sent to the object that sent the
initial look-up request to the top node, and it cannot be the result of this request
message. Therefore it must be sent in a separate message from some node in the tree
to the requesting object. However, we want to make our symbol table available to an
object of any arbitrary class, and we cannot make sure that such an object has an
appropriate method to handle the message. To solve this, we introduce a new class,
called Searcher (this class is hidden from the users of the unit Symbol_Table). The
instances of the class Searcher serve as intermediaries to help other objects in doing
look-ups in symbol tables. For each look-up request, a dedicated Searcher object is
created, it is sent a message (with method go) specifying the symbol table and the key
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of the requested information. The method go in the Searcher object sends a request
to the symbol table and starts waiting for the reply. When this reply has arrived, the
requested information can be passed back to the requesting object as a result of the
method go.

Here is the code:

ROUTINE search (st : ST (Info), key : String) : Info
TEMP 8 : Searcher (Info)

BEGIN
8 := Searcher(Info).new ();
RESULT s ! go (st, key)
END search

METHOD look_up (key : String, client : Searcher (Info)) : ST (Info)
%% Not in SPEC UNIT; used by class Searcher
BEGIN

RESULT SELF; %% rendez-vous ends here

IF my_key == NIL

THEN client !! reply (NIL)

ELSIF key = my_key

THEN client !! reply (my_info)

ELSIF key < my_key

THEN left ! look_up (key, client)

ELSE right ! look_up (key, client)

FI
END look_up

%% Class ST needs no explicit body:

%% Incoming messages are anwered in order of arrival
%% by the default body.

END ST

CLASS Searcher (Info) %% Note: not in SPEC UNIT!
VAR info : Info

%% new is standard routine

METHOD go (st : ST (Info), key : String) : Info

BEGIN
st ! look_up (key, SELF);
ANSWER (reply); %% now the result is in info

RESULT info
END go
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METHOD reply (new_info : Info)
%% invoked asynchronously
BEGIN info := new_info

END reply

BODY ANSWER (go) %% each Searcher is used only once!
YDOB
END Searcher

What we see in this example is a programming style that is different from traditional
parallel programming: We do not have a collection of processes on the one hand, and
a collection of data structures on the other hand, such that the processes act on the
data structure, and where we must ensure that it will not happen that two processes
are accessing the same data structure at the same time. Instead, the processes and
data structures are closely integrated. One could say that each data structure performs
the necessary operations on itself. In this way, synchronization and mutual exclusion
are much easier to handle. In addition, the advantages of sequential object-oriented
programming (section 2.4) are maintained.
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4 More details about POOL2

The language POOL2 is based on the principles explained in sections 2 and 3. Briefly
summarized, these principles amount to describing a system as a collection of objects,
each having variables, methods, and a body, where the objects can be created dy-
namically, are grouped in classes, and interact exclusively by sending messages to each
other. However, POOL2 is not the simplest possible language based on these principles
(this predicate would be more appropriate for POOL-T [Ame85b] or even better for
POOL-S [Ame85a], an early language that was never implemented). While such a sim-
ple language has a surprising expressive power, it is nevertheless more convenient for
a language used for complex and realistic applications to provide some more facilities.

4.1 Special language elements

The additional language constructs of POOL2 are all based on the idea of “syntactic
sugar”, a special notation, intended to be more convenient and more natural, for
something that is already expressible in the language by other means. As an example, in
section 3.3 we have already seen how operators in expressions can be used to abbreviate
send expressions. E.g., the expression 3+4 is an abbreviation for 3tadd(4). POOL2
takes this idea rather far. For some kinds of syntactic sugar the language definition
states explicitly into which more primitive form the sugared notation is expanded.
In this way the programmer can make the new notation available for one of his own
classes by defining a suitable method for this class. For example, the operator + can
be used for any class that has a synchronous method add with one parameter. Let us
call this ezpliest syntactic sugar. In other cases the actual expansion is hidden from
the programmer, so that he can only access these features using the special notation
(fmplicit syntactic sugar). This applies, for example, to the notions of globals and
routine objects, which are discussed below.

The extra facilities provided by POOL2 in addition to the basic primitives of parallel
object-oriented programming include the following:

e a lot of explicit syntactic sugar

e implementation and specification units
e generic classes

e asynchronous communication

e new-parameters

e global names for objects

e routines being considered as objects

e enumeration classes

o a collection of standard classes and standard units
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We have already encountered several of these constructs in the previous sections.
The others are briefly discussed below. A more extensive discussion can be found
in [Ame88d|, where it is also indicated how the functionality of the constructs can be
obtained using only the basic primitives.

For the creation and initialization of new objects, POOL2 provides the built-
in routine new, which is automatically included for each programmer-defined class.
The parameters of this routine can be specified by the programmer. These so-called
new-parameters are passed to the newly created object, where they remain available
throughout the lifetime of this object. Before the new object is handed over to the
caller of the routine new, it first initializes its variables, according to expressions in
the variable declarations and/or by executing explicit initialization statements. In this
way, the designer of a class can make sure that all the existing instances of the class
are properly initialized. Of course, this can also be done by sending every new object
an initializing message, as was illustrated in section 2.2, but since some form of explicit
initialization is needed for almost every class, it seems more than justified to introduce
some more convenient syntax for it. .

In POOL2 it is possible to define a global name to be bound to a specific object.
Any other object in the system can then refer to this object by this name. Such globals
are defined in global definitions:

GLOBAL my_name : String := "Pierre"
n : Int := (3+4) * (first ! get_number ())
first := Big_Object.new()

Conceptually, what happens here is that for each global implicitly an object is cre-
ated, which we shall call a global manager. This global manager starts to evaluate the
expression in the global definition. As soon as this terminates, it stores the resulting
value, and from that moment on this value is available for any other object in the
system. If an object tries to determine the value of the global before this is known, the
object becomes blocked until the global manager has finished evaluating the global.
This mechanism ensures that even dependencies among globals (as in the above exam-
ple, where n depends on first) are handled correctly, as long as they remain acyclic;
otherwise a deadlock occurs.

The manner in which the execution of a system is initiated is also based on globals:
A few objects are created by declaring them to be globals. These objects may create
other ones and so on until the desired degree of parallelism is reached. In the above
example, the class Big_Object might be defined in such a way that it sets the whole
system running.

We have already seen that POOL distinguishes between methods, a kind of procedures
that are associated with individual objects, and routines, which are in general associ-
ated with a class. Because of the fact that a method can directly access the variables
of the object it is associated with, it is not possible to consider it as an object itself:
If a method could be stored in variables, passed around in messages and executed by
any object that had access to it, the protection of the original object that owned the
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method could not be guaranteed. (Note that we are talking about the method itself,
not the program text that defines it.) However, no such restriction applies to routines,
because these are not associated with individual objects and have no direct access to
any object’s variables. Therefore, POOL2 takes the point of view that routines can be
considered as objects. That is, they can be stored in variables, passed as parameters
or results of messages, and even new ones can be created dynamically: In addition to
the routines associated with a class (we call them class routines), it is possible to write
routine ezpressions, which indicate the creation of a new routine object. For example,
the expression

ROUTINE (p : Int) : Int
BEGIN RESULT p ** 2 - 3
END

creates a routine that represents the function mapping any integer z to 22 — 3. This
routine will be an instance of the class ROUTINE (Int) : Int. It is even possible to
pass a kind of new-parameters to such a newly created routine object. For example,
we can write the expression

ROUTINE (p : Int) : Int
TEMP i : Int
BEGIN
i = p**2 - ¢;
IF i < O THEN RESULT O ELSE RESULT i
END

where t is an integer variable of the object executing this routine expression. At the
moment this expression is evaluated, the value of t is determined and this is stored
with the routine object. This value will be the one that is used whenever the routine
is called, even if the original variable t changes its value. In this way the routine does
not need and does not have access to the variable t after its creation.

Such a routine object can be called by any other object that has a reference to it.
For example, if the variable f is of type ROUTINE (Int) : Int, then the expression

£(3) + £(6 - £(2))

will lead to three calls of the routine object to which f refers.

Note that the possibility to pass routines as parameters considerably enhances the
usefulness of generic classes. For example, in section 3.3 we could have made the type
of the keys into a parameter of the class ST. The desired ordering on these keys could
be passed as a new-parameter to every symbol table object. The class specification
would then look like this:

CLASS ST (Key, Info)
ROUTINE new (less : ROUTINE (Key, Key) : Bool) : ST (Key, Info)

END ST
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Now a symbol table that stores pairs of integers could be created by the expression

ST (Int, Int).new (ROUTINE (n, m : Int) : Bool BEGIN RESULT n < m END)

In addition to powerful mechanisms for defining classes, POOL2 also provides a num-
ber of standard classes [Ame88b]. These are available in every program unit without
explicit importation via a use list. For standard classes more efficient implementations
are provided than would have been possible if they were defined by the programmer.
Moreover, for some of these classes, e.g., Int and String, a special notation is available
so that the instances can be represented in a program in a natural way.

The collection of standard classes comprises classes of small, fixed-size entities:
booleans, characters, integers, and floating point numbers, but also of potentially large
objects: strings and (multidimensional) arrays. In addition, there are generic standard
classes for tuples and unions: A tuple contains a fixed number of components, possibly
of different types, whereas a union contains one object reference out of a fixed number
of possible types (a tuple can be compared with a fixed record in Pascal [BSI82|, a
union to a variant record).

All these classes, with the exception of arrays, have been defined in such a way
that their instances are immutable objects, i.e., once they are created, their contents
cannot be changed any more. The advantage of this is that an implementation may
freely make multiple copies of such an object without changing the behaviour of the
system. In a machine like DOOM, without shared memory, it is much more efficient
sending a copy of a small object than sending a reference so that the receiver must
send several more messages to determine the contents of the object. For objects like
strings or tuples, it is even possible to include a copy in a message that travels from
one processor to another but to include a reference if the message is local.

On the other hand, the arrays in POOL2 are even more dynamic than in most other
programming languages: they can even change their size at run-time. The rationale
behind this is that the language implementation can do this much cheaper than a
POOL programmer could (for example, by dealing cleverly with pages in a virtual
memory system, it can be avoided to copy a complete large array that must grow a
little more). If these facilities are not used, they do not cost anything extra.

A number of other facilities, which are not so basic to the language, are included
in standard units [Ame88c|. The facilities of these units can be imported without the
programmer having to define them. Currently POOL2 provides standard units for
doing input/output on files, for communicating with the Unix operating system on a
host machine, and for controlling the allocation of objects to processors in DOOM.

The latter brings us to another issue: the mapping of a POOL program to a machine
like DOOM [0di87]. This machine consists of a number of processors (called nodes),
each with its own private memory, which communicate via a message passing network.
There is a very natural way of implementing POOL on such a machine: every object
is allocated to a certain node, where its data are stored and its body and methods
are executed. In general, there are many objects on each node, sharing the processor.
These objects must be scheduled one after another, so that they cannot really run in
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parallel. On the other hand, having multiple objects on a node makes it possible for
the processor to do useful work even if many of these objects are waiting for messages
or method results.

At the creation of a new object, the programmer can influence the choice of the node
by allocation pragmas. These can serve as annotations to calls of the standard routine
new, and they indicate possible choices for the new object’s location. For example, in
the expression

C.new (par) (* ALLOC HERE, WITH obj, setl & set2 *)

it is indicated that the new object is to be allocated preferably on the same node as
its creator. If that is not possible, the object should be placed at the same node as the
object in the variable/parameter obj. If even that is not possible, it should be placed
on a node that is in the intersection of set1 and set2, which are variables/parameters
of type Node_Set, representing sets of nodes. Whenever there are several possibilities
for the allocation of the new object, the intention is that the least occupied node is
chosen.

If a message must be sent between two objects on the same node, this can be han-
dled locally, without involvement of the communication network. Only if a message is
transmitted between different nodes this network is used. In general, nonlocal com-
munication is more expensive than local communication, because the data must be
copied several times and larger messages must be split up in packets and reassembled
again. Note that the same POOL send and answer constructs are used for both local
and nonlocal communication.

In DOOM, the communication network has been implemented in such a way that
the distance between two nodes in the network is not very important for the cost of
communication between them. Therefore the most important decision in allocating
objects is whether they should be on the same node or on different nodes. If they are
on the same node, communication between them is cheap, but they cannot actually run
in parallel. If they are on different nodes, they can run in parallel, but communication
is more expensive. A thorough understanding of a program is necessary to make the
optimal decision. Therefore advice from the programmer is invaluable. Fortunately, in
most cases this advice can be limited to allocation pragmas of the form HERE, ~ HERE,
WITH obj, or ~ WITH obj.

The general idea is that allocation decisions are made by the programmer and
the run-time system together, where the programmer supplies the knowledge of the
program, and the run-time system the knowledge of the current situation with respect
to node occupation.

4.2 Another example program

We shall illustrate some of the abovementioned language constructs in the following
example. It implements a parallel version of priority queues. Such a priority queue
can store a collection of items; when these are retrieved from the queue the one with
the highest priority is output first. Items with the same priority are treated in a
first-in-first-out way. Here is the specification unit:
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SPEC UNIT Prio_Queue

CLASS PQ (Item)
%% Instances of this class are priority queues that store
%% elements of the class Item.

ROUTINE new (higher : ROUTINE (Item, Item) : Bool) : PQ (Item)
%% Creates and returns a new, empty priority queue.

%% The routine higher determines the priority ordering.

%% If it returns TRUE, the first argument is assumed to

%% have a higher priority than the second.

METHOD put (i : Item) : PQ (Item)
%% Stores the item i in the queue; returns SELF.
%% The argument i should not be NIL.

METHOD get () : Item
%% Deletes and returns the item with the highest priority.
%% This method will not be answered when the queue is empty.

END PQ

We see that the class PQ is defined in a generic way and that the priority criterion,
the routine higher, is passed as a new-parameter to every instance. The corresponding
implementation unit is somewhat more interesting. The same technique is used as in
section 3.3: Every PQ object only stores one item and delegates the rest to another
priority queue. Here is the code:

IMPL UNIT Prio_Queue
CLASS PQ (Item)

NEWPAR (higher : ROUTINE (Item, Item) : Bool)
%% The routine new, which creates and returns a new, empty priority
%% queue, is defined automatically with the above parameter list.

VAR max : Item %% the highest-priority element in the queue
rest : PQ (Item) %% a PQ that stores all the other elements
%% Both variables are automatically initialized to NIL.

%% Invariant: max == NIL <==> queue is empty
%% max ~== NIL ==> rest ~== NIL

METHOD put (i : Item) : PQ (Item)
%% Stores the item i in the queue; returns SELF.
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BEGIN . .

RESULT SELF; %% end of rendez-vous: sender can continue
IF max == NIL %% queue is empty

THEN max := i;

IF rest == NIL
THEN rest := PQ (Item).new (higher)
FI
ELSIF higher(i, max) %% only if i has a higher priority
THEN rest ! put (max); %% we replace max by i ‘
max := i '
ELSE rest ! put (i)
FI
END put

METHOD get () : Item
%% Deletes and returns the item with the highest priority.
%% This method will not be answered if the queue is empty.

%% Therefore we know that max ~“== NIL, so rest ~== NIL.
BEGIN
RESULT max; %% end of rendez-vous: sender can continue
max := rest ! get_largest_or_NIL ()
END get

METHOD get_largest_or_NIL () : Item
%% Returns NIL if the queue is empty. Otherwise it deletes
%% the item with the highest priority and returns it.

BEGIN
RESULT max; %% end of rendez-vous: sender can continue
IF max “== NIL
THEN max := rest ! get_largest_or_NIL ()
FI

END get_largest_or_NIL

BODY
DO %% forever
IF max == NIL
THEN ANSWER (put, get_largest_or_NIL)
ELSE ANSWER (put, get, get_largest_or_NIL)
FI
0D
YDOB

END PQ



36

The class PQ has an explicit body, which makes sure that messages asking for the
method get are only answered when the queue is not empty. In this way an object that
asks for a new element from the queue is automatically delayed until such an element is
actually available. For internal purposes an additional method get_largest_or_NIL
is needed, which is always answered but returns NIL if the queue is empty. (This
method might be useful even for users of the class PQ, so it could be mentioned in the
specification unit, too.)

The above unit is used by the following program. This will sort pairs of integers
and strings, which it reads from the standard input file:

IMPL UNIT Sorting
USE File_IO0 Prio_Queue
GLOBAL root := Sorter.new()

CLASS Sorter

%% An instance of this class will read pairs of integers and strings
%% from the standard input file until a negative integer is found.

%% Then it will print the preceding pairs in ascending order of the
%% integers. Pairs with the same integer will be printed in the order
%% in which they were input.

ALIAS Pair = [Int, String]

VAR compare := ROUTINE (pi, p2 : Pair) : Bool
BEGIN RESULT p1 € 1 <p2 Q@ 1
END
Pq := PQ (Pair).new (compare)
n : Int := standard_in ! read_Int ()
8 : String

BODY
WHILE n >= 0
DO s := standard_in ! read_String ();
pa ! put ([n, s8]);
n := standard_in ! read_Int ()
0D;

i) %% until deadlock occurs
[n, 8] :=pq ! get ();
standard_out ! write_Int (n, 10)
! write_String (s + "\n")
0D
YDOB
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END Sorter

The use list of this unit mentions the above unit Prio_Queue in addition to the
standard unit File_IO0. The system is started by the definition of the global root,
which is made to refer to a new object of the class Sorter. In the definition of the
class Sorter first an alias is defined, a synonym for the class name [Int, String],
which in turn is an abbreviation for Tuple2 (Int, String). Each instance of this
standard class stores a pair containing an integer and a string. We shall insert this
type of objects into our priority queue.

The routine that determines the priority criterion on pairs is defined in the initial-
ization of the variable compare. (It is possible to use this routine expression directly
as an argument for the routine new below, but this is not so readable.) In this routine,
the expression p1 @ 1 is a piece of explicit syntactic sugar, which stands for the send
expression p1 ! get_1(), extracting the first component from the tuple pi.

The standard input and output files are denoted by the globals standard_in and
standard_out respectively, which are exported by the standard unit File_I0. These
globals are referring to elements of the classes Read_File and Write_File. More
instances of these classes can be created by calling the appropriate routines, which
either create new files or associate POOL objects to existing files. Actual input and
output can then be performed by sending messages to these objects.

The expression [n, 8] is syntactic sugar for the routine call

Tuple2 (Int, String).new (n, 8)

which creates a new tuple object with n as the first component and s as the second.
However, when [n, s8] appears at the left-hand side of the assignment, it makes sure
that the tuple yielded by the right-hand side is analyzed, storing its first component
in n and the second component in s.

The operator + for strings denotes concatenation: it delivers a new string containing
the characters in the first operand followed by the characters in the second operand.
The string "\n" contains a single character, a line feed.

To illustrate the function of the program, consider the following sample input:

1 jumps over

O the quick brown fox
1 the lazy black dog
-100000

The corresponding output will be as follows:

O the quick brown fox
1 jumps over
1 the lazy black dog
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5 Inheritance and typing

In this section we deal with two issues that seem quite independent at first, but at a
closer look turn out to be closely related. We explain the concept of inheritance and
indicate the problems associated with it, which justify that inheritance is not included
in POOL2. We also sketch some directions along which solutions to these problems
could be found. This requires a careful analysis of the relationship between inheritance
and typing.

For the largest part, this section is quite independent of the specific properties of
POOL. It is applicable to a large class of object-oriented languages. Therefore we shall,
for the moment, forget about the peculiarities of POOL, such as bodies and routines.

5.1 Inheritance

The concept of inheritance was already present in the first object-oriented languages,
like Simula [DN66] and Smalltalk-80 [GR83]. The basic idea is that in defining a new
class it is often very convenient to start with all the variables and methods of an existing
class and only to add some more in order to get the desired new class. The new class
is said to inherit the variables and methods of the old one. (Note that inheritance is a
relationship between classes, not between instances.)

This inheritance mechanism constitutes a very successful way of incorporating fa-
cilities for code sharing in a programming language. Both the programmer and the
implementor can take advantage of it. For the programmer the most important thing
is not that he need not write the inherited code several times: for this task a text edi-
tor can offer enough help. It is important, however, that the sharing of code has been
made explicit. In reading a program, it is not necessary to compare pieces of code in
order to see whether they are the same or in what aspects they differ: all this is clearly
indicated in the code itself. Moreover, if the program is changed, the changes automat-
ically apply to all the classes inheriting the code. Therefore consistency is guaranteed.
The implementation can profit from code sharing by producing more compact code,
occupying less computer memory. Especially in systems without shared memory, where
code must often be duplicated over many nodes, this is a considerable advantage.

As an example, the piece of code below shows how a class Bordered _Window could
be described as a subclass of the class Window, defined in section 2.2. The new class
represents windows that have been adorned with a border of a certain width and colour.
Note that it is only necessary to indicate the things that have changed. We can add
new variables and methods, we can override the existing methods, and all the time we
have access to the features of the superclass (even to the overridden method move).

CLASS Bordered_Window
INHERIT Window

VAR border_width : Integer
border_colour : Colour



METHOD change_border (new_width : Integer,
new_colour : Colour) : Bordered_Window

BEGIN

border_width new_width;

border_colour := new_colour;

display_border ();

RESULT SELF
END change_border

METHOD move (to : Vector) : Bordered_Window %% redefined
BEGIN
Window.move(to); %% the method of the superclass!
display_border ();
RESULT SELF
END move

METHOD display_border () : Bordered_Window
%% only for internal use
BEGIN
%% actual text not relevant here
RESULT SELF
END display_border

ROUTINE create (cont : Object,
pos, s8iz : Vector,
border_width : Integer,
border_colour : Colour) : Bordered_Window
TEMP w : Bordered_Window
BEGIN
w := Bordered_Window.new (); %% standard routine new
w ! init (cont, pos, s8iz);
w ! change_border (border_width, border_colour);
RESULT w
END create
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But there is more to inheritance than only code sharing: Suppose that the class B
has inherited all the variables and methods from the class A. Then, in a way, we can
consider every instance of B equally well as an object of class A: At any point where an
object of A is expected (because certain messages are sent to it), any object of class B
will satisfy our needs, because it will accept all the messages that an object of class A
would accept. Therefore the instances of B can be considered as specialized versions
of the ones in class A. This can be expressed by calling the class B a subclass of A
and A a superclass of B (note the correspondence with the terminology of subset and

superset in set theory).



Conceptually, if we consider objects in a program as representations of entities in
the real world (for example in a database or simulation system) and if we use them
mainly as collections of variables in which attributes can be stored, then this makes
good sense. For example, if we have defined a class Vehicle with variables to store the
owner and the maximum speed, it is convenient to define the class Car as a subclass of
Vehicle so that we only have to add a variable to store the licence number. An instance
of class Car is then automatically considered as an element of the type associated with
class Vehicle.

Of course, this procedure can be repeated several times. For instance, we can define
a class Truck as a subclass of Car, with an extra variable to store the load capacity, we
can define Bus as another subclass of the class Car, with a variable for the number of
seats, and we can define Bike to be a subclass of Vehicle, adding a variable containing
the number of speeds. In this way we can get a whole hierarchy of classes, which has
the form of a tree:

Vehicle

c/ >k
B/ N

Truck

Moreover, it is possible to allow a new class to inherit from more than one existing
class. This mechanism is called multiple inheritance, in contrast to linear inheritance.
For example, a horse can be considered as an animal (having, for example, a father and
a mother) and as a vehicle, and therefore the class Horse can be defined conveniently
as a subclass of both Animal and Vehicle. In the case of multiple inheritance, the
class hierarchy is not a tree any more; it becomes an acyclic directed graph:

Vehicle Animal

NS

Horse

A mechanism like the one described above is included in most object-oriented pro-
gramming languages. In those languages that are statically typed, like Trellis/Owl
[SCB*86] and Eiffel [Mey87], this mechanism is linked with typing in a way that is
discussed below. In dynamically typed languages, like Smalltalk-80 [GR83], the con-
notation of specialization, associated with inheritance, is nowhere enforced explicitly by
the language. The organization of classes into such a hierarchy based on specialization
is only formulated in some informal advice to the programmer [HO87].

Even in these dynamically typed languages, there are some problems with inheri-
tance. The most difficult one is the phenomenon of name clashes in multiple inheri-
tance. Such a class occurs when a class tries to inherit from two superclasses that both



41

have a variable or method with the same name, so that they cannot both be included in
the new class. A large variety of solutions to this problem has been proposed, ranging
from mandatory explicit renaming by the programmer [Mey88] to imposing a priority
ordering on all the superclasses, often together with mechanisms describing how several
methods should be combined [BDG*87|.

5.2 Relationship with typing

In a language that have a notion of static typing, in the sense that for each expression
it is possible to determine from the program text the type of object it denotes, it
is possible to make the implications of the specialization in subclasses explicit. For
example, if B is a subclass of A, then it should be allowed to use an expression having
type B wherever an object of type A is expected. For example, such an expression may
be assigned to a variable of type A and a message mentioning a method of class A can
be sent to it.

A few extra conditions are necessary to make this absolutely safe: In particular,
suppose that the class A has a method m and that B redefines this method. If in
class A the method m has parameter types PIA, ..., P2 and result type R4, while in
class B it has parameter types P2,..., PP and result type R? then we must require
that the number of parameters are equal (n = I), that PA < PB,..., PA < PB, and
that R < RA, where X <Y expresses that X is either equal to Y or it is a subclass
of Y (possible via a number of other subclasses).

We can see that this is necessary if we consider the situation where we send a
message listing the method m to an object contained in a variable of type A. Then we
expect that the method takes n parameters of types Pf,..., PA. However, the actual
object stored in the variable may be an instance of class B. Therefore, the number of
the parameters must be the same: n = [. Furthermore this object expects parameters
of types PP,..., PP and it may apply to them all the operations allowed by these
classes. For, e.g., the first parameter this will not lead to problems, provided that
P{ < PE, because under this condition the actual parameter (of type P{!) will indeed
admit all the operations defined for PE. This is called the contravariant parameter
type rule, because for parameters the inclusion sign < point in the other direction
than for the classes A and B themselves. For the result types we have a covariant rule,
because the method m of the class B may return any result of type RZ, and because
this will be treated as an object of type R4, we must require RE < R4,

These rules have been studied in their purest form in [Car88]. They are incorporated
in the language Trellis/Owl [SCW85]. Whereas in Eiffel [Mey87] it is not explicitly
stated that these rules are enforced (and [Mey88] even gives an example that does
not obey the contravariant parameter type rule), circumstantial evidence nevertheless
indicates that these rules are intended to be satisfied.

While a statically typed language that enforces the above rules is indeed completely safe
with respect to type checking (in the sense that never a message will be sent to an object
that does not have a method for it), there are still some problems. For example, the
simplest solution to name clashes in multiple inheritance, explicit renaming of inherited
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variables and methods, cannot be applied: With renaming it cannot be guaranteed
that if class A has a method m, every subclass will also have a method m, because
the subclass could have renamed it. (In Eiffel this problem is attacked by nevertheless
taking the renamed method in such a case, which is at least confusing.)

A more serious problem that in some cases we want code sharing without subtyping
or subtyping without code sharing. For example, in implementing a class Stack, it
might be convenient to inherit the code from the class Array, in order to be able to
store stack elements. However, we do not want Stack to be a subtype of Array, because
we do not want all the array operations (storing and retrieving elements at arbitrary
places) to be applicable to stacks, too. In another case, adding a new method to a
number of existing ones may violate an invariant on which the correct functioning of
the old methods is based. In this case, an object of the new class will not behave as a
specialized version of the old one.

The other way around, we can think of several different ways in which a stack can
be implemented. While these implementations have completely different code, we do
not want to consider them as different types, because they have the same behaviour.
As another example, we would like to be able to consider the class Int as a subtype of
a class Ordering, where the latter only specifies that a method less should be present
that gives rise to a total ordering on the elements. This should be possible even though
Int is a built-in class and Ordering a programmer-defined one, so that code sharing
is utterly impossible.

Therefore we propose, for a future object-oriented language, to make a clear distinc-
tion between inheritance and subtyping. Inheritance deals with the internal structure
of the objects: their variables and the code they execute for their methods. Subtyp-
ing, on the other hand, deals with the externally observable behaviour of the objects:
the messages that they accept (in particular the method names and parameter types)
and the results they return. Note that this distinction is analogous to the separa-
tion between the implementation of an abstract data type (or class) and its interface
to the outside world. By separating these concepts, many of the problems currently
associated with inheritance can be solved easily [Ame87b].

In this context, it is useful to distinguish between the notions of class and type. Let
us continue to consider a class as a collection of objects that have the same internal
structure: the same variables, methods, and body. Then we can use the term ‘type’
for a collection of objects that have certain common properties with respect to their
behaviour. In other words, whereas a class groups together the objects that have been
buslt in the same way, a type comprises a collection of objects that can be used in a
certain way.

With these definitions, inheritance can take place without the connotations of sub-
typing. Pieces of code can be imported under the only condition that they perform
some useful function. Redefinition and renaming is never a problem, because the new
class is in principle unrelated to the existing ones. Subtyping can now be done a pos-
teriori: after a class has been defined it can be determined whether or not its instances
belong to a certain type, and for any two types it can be determined whether one is
a subtype of the other. This should be done on the basis of a specification of the ex-
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ternally observable behaviour of the class’s instances, without regarding their internal
implementation.

At this point it is not so easy to see how this notion of subtyping can be formalized.
In any case, a specification formalism should be devised that considers the behaviour of
an object, but not its internal structure. It is not at all trivial to devise such a formalism
(see also section 6). However, suppose that we have an appropriate formalism available.
Then we can associate each type 7 with a specification ¢(z), by which we mean that
the type 7 consists of all the objects 8 for which ¢(8) holds. Now we can say that a
class A belongs to 7 (or rather, that all the instances of A belong to 7) precisely if
VB € A¢(B). Moreover, if the type o is characterized by the specification (z), then
we can say that o is a subtype of 7, or o < 7, precisely if VB ¥(8) — ¢(B).

As an example, we can consider the specifications associated with the types Bag
and Stack. Elements of both these types can store integers. They have a method
put to insert a new integer and a method get to retrieve an integer. The difference
between the two is that the type Stack requires that the integers are retrieved in a
last-in-first-out order, while the type Bag does not specify a certain order. Now it
can be seen that Stack is a subtype of Bag, because every object that satisfies the
specification associated with Stack will automatically satisfy the specification of the
type Bag. For a concrete class that implements stacks, e.g., using arrays, it can be
established that the instances are members of the type Stack by verifying that they
satisfy the specification of Stack. In that case it is clear that they also belong to the
type Bag. (In [Ame89] it is shown how these specifications can be given in a formal
way using techniques from abstract data types.)

5.3 Integrating it into POOL

Once we have decided that inheritance and subtyping are separate things, we can deal
with them separately. In order to introduce inheritance into POOL, we can imagine
the concept of inheritance package, a set of variables and methods, which may or may
not comprise all the variables and methods of a given class, as long as it is complete: if
a method in the package accesses a variable, this is also in the package. It might even
be useful to give an explicit inheritance interface to such a package, which only lists
a number of variables with their types and method headers. The advantage of this is
that, in addition to making the interface explicit and easier to read, it is possible to
hide certain variables and methods so that they cannot be used in a wrong way.

Inheriting routines does not make sense, because these can anyway called from any
point in the system. Bodies, however, require some special attention. Unfortunately
there seems to be no natural way of inheriting bodies, especially in the case of multiple
inheritance. The only part of the body that is a natural candidate for inheritance is
the initialization of the variables. By including this in such an inheritance package, it
can be ensured that all variables, even the hidden ones, are correctly initialized.

For objects where the body plays an important role, inheritance might not be a very
useful mechanism. But for other objects, with a more server-like role, which wait for
messages and then process them, it might be just as useful as in sequential languages.
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Also remember that the programming style advocated for POOL consists of letting
the objects themselves perform the operations on them. If many classes of objects
have a different parallel behaviour, but similar operations, sharing the code of these
operations might be very useful.

For the integration of subtyping withing POOL we propose the same approach as
sketched broadly above. However, for a parallel language it seems even more difficult
to develop an appropriate specification formalism, which is based exclusively on the
external behaviour of the objects, without depending on their internal structure (work
in this direction is briefly sketched in section 6). Moreover, it is highly improbable
that such a formalism would be suitable in practice, i.e., that it would be possible to
specify formally every type in every program, and that a compiler could verify the
relationships between classes and types. Therefore it would probably be best, for a
practical language, to leave a part of these specifications informal. But at the very
least it would be possible to formalize the requirements on the availability of methods
and the restrictions on their types (e.g., the contravariant parameter type rule).
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6 Formal aspects

The POOL family of languages has been the subject of extensive research in the area
of formal techniques. Several frameworks have been employed to give a formal descrip-
tion of the semantics of POOL and the relationships between these semantic models
have been investigated. Furthermore, significant progress has been made to develop a
formalism in which the correctness of a program with respect to a certain specification
can be verified. In this section, we give a brief overview of these studies. For more
details, the reader is referred to the original documents.

In order not to obscure the semantic essentials of the language with many syntac-
tical details, the syntax has been simplified considerably in these formal studies. All
the syntactic sugar present in POOL2 has been removed, and even several important
facilities of POOL-T (e.g., units and routines) have disappeared. Furthermore the
types of variables, parameters, and method results are no longer explicitly mentioned
in the program. In this way we arrive at a language with a very simple syntax. Nev-
ertheless it is straightforward to translate an arbitrary POOL2 program to this simple
language: For the special POOL2 elements, it is indicated in [Ame88d| how they can
be reformulated in POOL-T terms. Translating POOL-T into this simple language
is also easy: Units are merged together (taking care of name clashes between hidden
classes), each routine definitions is transferred into method definitions in the classes
where the routine is called, and finally all the typing information is omitted. Via these
translation steps we can say that we have given a formal description of POOL2.

6.1 Semantics
8.1.1 Operational Semantics

The simplest semantic technique is the use of transition systems to define an op-
erational semantics. This technique has been introduced by Hennessy and Plotkin
[HP79,P1081,Pl0o83]. It describes the behaviour of a system in terms of sequences of
transitions between configurations. A configuration describes the system at one par-
ticular moment during the execution. Apart from a component describing the values
of the variables, it typically contains as a component that part of the program that is
still to be executed. The possible transitions are described by a transition relation, a
binary relation between configurations (by having a relation instead of a function, it
is possible to model nondeterminism). This trarsition relation is defined by a number
of azioms and rules. Because of the presence of (the rest of) the program itself in the
configurations, it is possible to describe the transition relation in a way that is closely
related to the syntactic structure of the language.

The term “operational” can now be understood as follows: The set of configurations
defines a (very abstract) model of a machine, and the transition relation describes how
this machine operates: each transition corresponds to an action that the machine can
perform. The fact that the semantic description follows the syntactic structure of the
language so closely (as we shall see below) is a definite advantage of the transition
system approach to operational semantics.



The operational semantics of POOL [ABKRS86] uses configurations having four
components:
Conf = Pga(LStat) x & x Type x Unit

The first component is a finite set of labelled statements:

{{et1,81)5 -+ {Qn, Sn)}

Here each a; is an object name and the corresponding s; is the statement (or sequence
of statements) that the object is about to execute. This models the fact that the objects
oq,...,a, are executing in parallel. The second component is a state ¢ € X, which
records the values of the instance variables and temporary variables of all the objects
in the system. The third component is a typing function 7 € Type, assigning to each
object name the class of which the object is an instance. Finally, the last component
is the complete POOL program or unit, which is used for looking up the declarations
of methods (whenever a message is sent) and bodies (when new objects are created).

The transition relation — between configurations is defined by axioms and rules.
In general, an axiom describes the essential operation of a certain kind of statement
or expression in the language. For example, the axiom describing the assignment
statement has the following form:

<XU {{a,z:= ﬂ)},a,r,U> — <XU {{e,8)},0{B/a, z},T, U>

Here, X is a set of labelled statements, which are not active in this transition, « is
the name of the object that executes the assignment, § is another object name, a
special case of the expression that can in general appear at the right-hand side of an
assignment, and 0{8/a, z} denotes the state that results from changing in the state ¢
the value of the variable z of the object « into the object name g.

Rules are generally used to describe how to evaluate the components of a composite
statement or expression. For example, the following rule describes how the (general)
expression at the right-hand side of an assignment is to be evaluated:

(XU{{e,)},0,7,U) = (X' U {{a,€)}, 0, 7', U)
<X U{{e,z :=¢€)},0,T, U> — <X’ U{{e,z:= e')},or’,r',U>

According to this rule, if the transition above the line is a member of the transition
relation, then so is the transition below the line. In this way the rule reduces the
problem of evaluating the expression in an assignment to evaluating the expression
on its own. The latter is described by specific axioms and rules dealing with the
several kinds of expressions in the language. Note that as soon as the right-hand side
expression has been evaluated completely, so that an concrete object name § results,
the assignment axiom above applies and the assignment proper can be performed.

The semantics of a whole program can now be defined as the set of all maximal
sequences of configurations (c;, ¢z, ¢s, . . .) that satisfy ¢; — ¢;;;. Each of these sequences
represents a possible execution of the program.
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6.1.2 Denotational semantics

The second form of semantic description that has been used to describe POOL is
denotational semantics. Whereas operational semantics uses an abstract machine that
can perform certain actions, denotational semantics assigns a mathematical value, a
“meaning”, to each individual language construct. Here, the most important issue is
compositionality: the meaning of a composite construct can be described in terms of
only the meanings of its syntactic constituents.

For sequential languages, it is very natural that the value associated with a state-
ment is a function from states to states: when applied to the state before the execu-
tion of the statement, this function delivers the state after the execution. However,
for parallel languages, this is no longer appropriate. The first problem is that parallel
languages are in general nondeterministic: it is no longer possible to predict a single
output state for each given input state. In general, there is a set of possible output
states.

The second problem is that describing the set of possible output states for each
input states does not provide enough information to be able to compose a statement in
parallel with other statements: information on the intermediate states is also required.
This leads us to the concept of resumptions (introduced by Plotkin [Plo76]). Instead
of delivering the final state after the execution of the statement has completed, we
divide the execution of the statement into its atomic (indivisible) parts, and we deliver
a pair (0',r), where o' is the state after the execution of the first atomic action and
r is the resumption, which describes the execution from this point on. In this way,
it is possible to put another statement in parallel with this one: the execution of the
second statement can be interleaved with the original one in such a way that between
each pair of subsequent atomic actions of the first statement an arbitrary number of
atomic actions of the second one can be executed. Each atomic action can inspect the
state at the beginning of its execution and possibly modify it.

For a very simple language (not yet having the power of POOL) we get the following
equation for the set (the domain) in which the values reside that we want to assign to
our statements:

P={p}u(Z > P(Ex P)). (1)

The intended interpretation of this equation is the following: Let us call the elements
of the set P processes and denote them with letters p, ¢, and r. Then a process p
can either be the terminated process py, which cannot perform any action, or it is a
function that, when provided with an input state o, delivers a set X of possible actions.
Each element of this set X is a pair (o', q), where o' is the state after this action and
g is a process that describes the rest of the execution.

It is clear that equation (1) cannot be solved in the framework of sets, because the
cardinality of the right-hand side would always be larger than that of the left-hand side.
In contrast to many other workers in the field of denotational semantics of parallelism,
who use the framework of complete partial orders (CPOs) to solve this kind of equations
(see, e.g., [Plo76]), we have chosen to use the framework of complete metric spaces.
(Readers unfamiliar with this part of mathematics are referred to standard topology
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texts like [Dug66,Eng77] or to [BZ82].) The most important reason for this choice is
the possibility to uses Banach’s fixed point theorem:

Let M be a complete metric space with distance function d and let f :
M — M be a function that is contracting, i.e., there is a real number €
with 0 < € < 1 such that for all z,y € M we have d(f(z), f(y)) < e.d(z,y).
‘Then f has a unique fixed point.

This ensures that whenever we can establish the contractivity of a function we have a
unique fixed point, whereas in CPO theory mostly we can only guarantee the existence
of a least fixed point.

Another reason for using complete metric spaces is the naturalness of the power
domain construction. Whereas in CPO theory there are several competing definitions
(see, e.g., [Plo76,Smy78]) all of which are somewhat hard to understand, in complete
metric spaces there is a very natural definition:

If M is a metric space with distance d, then we define P(M) to be the set
of all closed subsets of M, provided with the so-called Hausdorff distance
dy, which is defined as follows:

dg(X,Y) = max{ggg{d(z,Y)},igg{d(y,xn}

where d(z,Z) = inf,ez{d(z,2)} (with the convention that sup® = 0 and
inf@ =1).

(A few variations on this definition are sometimes useful, such as taking only the
nonempty subsets of M or only the compact ones. The metric is the same in all cases.)

The domain equation that we use for the denotational semantics of POOL (see
[ABKR88|) is somewhat more complicated than equation (1), because it also has to
accommodate for communication among objects. For POOL, the domain P of processes
is defined as follows:

P = {p}u (E — P(Stepp))
where the set Stepp of steps is given by

Stepp = (£ x P) U Sendp U Answerp,

with
Sendp = Obj x MName x Obj* x (Obj — P) x P

and
Answerp = Obj x MName x (Obj* — (Obj — P) ! P).

The interpretation of these equations (actually, they can be merged into one large
equation) is as follows: As in the first example, a process can either terminate directly,
or it can take one out of a set of steps, where this set depends on the state. But
in addition to internal steps, which are represented by giving the new state plus a
resumption process, we now also have communication steps. A send step gives the
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destination object, the method name, a sequence of parameters, and two resumptions.
The first one, the dependent resumption, is a function from object names to processes.
It describes what should happen after the message has been answered and the result
has been returned to the sender. To do that, this function should be applied to the
name of the result object, so that it delivers a process that describes the processing
of that result in the sending object. The other resumption, called the independent
resumption, describes the actions that can take place in parallel with the sending and
processing of the message. These actions do not have to wait until the message has
been answered by the destination object. (Note that for a single object the independent
resumption will always be py, because a sending object cannot do anything before the
result has arrived. However, for the correct parallel composition of more objects, the
independent resumption is necessary to describe the actions of the objects that are not
sending messages.) Finally we have an answer step: This consists of the name of the
destination object and the method name, plus an even more complicated resumption.
This resumption takes as input the sequence of parameters in the message plus the
dependent resumption of the sender. Then it returns a process describing the further
execution of the receiver and the sender together.

Equations like (1) can be solved by a technique explained in [BZ82]: An increasing
sequence of metric spaces is constructed, its union is taken and then the metric comple-
tion of the union space satisfies the equation.. The equation for POOL processes cannot
be solved in this way, because the domain variable P occurs at the left-hand side of the
arrow in the definition of answer steps. A more general, category-theoretic technique
for solving this kind of domain equations has been developed to solve this problem. It is
described in [AR88|. Let us only remark here that it is necessary to restrict ourselves to
the set of non-distance-increasing functions (satisfying d(f(z), f(v)) < d(z,y)), which
is denoted by —! in the above equation.

Let us now give more details about the semantics of statements and expressions. These
are described by the following two functions:

...]s : Stat — Env — AObj — Conts —' P
I---Is

[...]g : Ezp — Env — AObj — Contg -l p

The first argument of each of these function is a statement (from the set Stat) or an
expression (from Ezp), respectively. The second argument is an environment, which
contains the necessary semantic information about the declarations of methods and
bodies in the program (for more details, see [ABKR88|). The third argument is the
name of the (active) object executing the statement/expression. The last argument
is a continuation. This certainly deserves some explanation. It seems natural that
the semantic function of a statement returns a process describing just the execution
of that statement. However, we would get into trouble then, because in defining the
semantics of the sequential composition s;;s; of two statements we would have to
determine the sequential composition of the corresponding processes. This turns out
to be impossible, the main source of trouble being the fact that s; can create a new
object which should execute in parallel not only with the rest of s;, but also with s,. In
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the same way, one would expect that the semantic function for expressions just returns
a value (an object name) as its result. This approach, however, would leave us with
the problem of describing the possible side-effects of expression evaluation, which can
be quite complicated, e.g., involving message sending.

Continuations form the most convenient and elegant solution to these problems.
(For a nice introduction to the use of continuations in a sequential setting, see [Gor79].)
The semantic function for statements is provided with a continuation, which is just
a process (Conts = P), describing the execution of all the statements following the
current one. The semantic function then delivers a process that describes the execution
of the current statement plus the following ones. Analogously, the semantic function
for expressions is fed with a continuation, which in this case is a function that maps
object names to processes (Contg = Obj — P). This function, when applied to the
name of the object that is the result of the expression, gives a process describing
everything that should happen in the current object after the expression evaluation.
Again, the semantic function delivers a process describing the expression evaluation
plus the following actions. )

Now we are ready to give some examples of clauses that appear in the definition
of the semantic functions [...]g and [...];. Let us start with a relatively simple
example, the assignment statement:

[z := els (1) () (p) = [e] s (1) () (AB-{(c", P}}).

This equation says that if the statement z := e is to be executed in an environment, v
(recording the effect of the declarations), by the object a, and with continuation p (de-
scribing the actions to be performed after this assignment), then first the expression e
is to be evaluated, with the same environment v and by the same object a, but its
resulting object is to be fed into an expression continuation AB.{(o’,p)} that delivers
a process of which the first action is an internal one leading to the new state o' and
having the original continuation p as its resumption. Here, of course, the new state o'
is equal to 0{8/a, z}, only different from o in that the value of the variable z in the
object a is now equal to 5.
The semantic definition of sequential composition is easy with continuations:

[s15 8205 (") (@) (p) = [s1]s(v) (@) ([ 5205 (") (@) (P))-

Here the process describing the execution of the second statement s, just serves as the
continuation for the first statement s;.
As a simple example of a semantic definition of an expression let us take an instance

variable:
[z] () () (f) = Ao{{o, f(o(e)(z)))}.

Evaluating the expression z takes a single step, in which the value o(a)(z) of the
variable is looked up in the state 0. The resumption of this first step is obtained by
feeding this value into the expression continuation f (which is a function that maps
object names into processes).
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As a final example of a semantic definition, let us take object creation: The expres-
sion new(C) creates a new object of class C and its value is the name of this object.
Its semantics is defined as follows:

[rew(C) () () (f) = Ao-{{o",7(C)(B) || F(B))}-

Here f is a fresh object name, determined from o in a way that does not really interest
us here, and o' differs from o only in that the variables of the new object § are
initialized to NIL. We see that execution of this new-expression takes a single step, of
which the resumption consists of the parallel composition of the body v(C)(8) of the
new object with the execution of the creator, where the latter is obtained by applying
the expression continuation f to the name of the new object 8 (which is, after all,
the value of the new-expression). The parallel composition operator || is a function in
P x P — P, which can be defined as the unique fixed point of a suitable contracting
higher-order function ®pc : (P x P — P) — (P x P — P) (an application of Banach’s
fixed point theorem). )

From the above few equations it can already be seen how the use of continuations
provides an elegant solution to the problems that we have mentioned.

There are a number of further steps necessary before we arrive at the semantics
of a complete program. One interesting detail is that in the denotational semantics,
sending messages to standard objects is treated in exactly the same way as sending
messages to programmer-defined objects. The standard objects themselves (note that
there are infinitely many of them!) are represented by a (huge) process psr, which is
able to answer all the messages sent to standard objects and immediately returning
the correct results. This process pst is composed in parallel with the process py,
which describes the execution of the user-defined objects in order to give the process
describing the execution of the whole system. From this process it is possible to derive
a set of possible execution sequences that resemble the ones that we had with the
operational semantics.

6.1.3 Equivalence of operational and denotational semantics

Despite the fact that the two forms of semantics described above, the operational and
the denotational one, are formulated in widely different frameworks, it turns out that
it is possible to establish an important relationship between them:

O = abstro D,

which in some sense says that the different forms of semantics of POOL are equivalent.
Here D is the function that assigns a process to a POOL program according to the
denotational semantics and O assigns to each program a set of (finite or infinite) se-
quences of states, which can be extracted from the sequences of configurations obtained
from the operational semantics. Finally, abstr is an abstraction operator that takes a
process and maps it into the set of sequences of states to which the process gives rise.
The complete equivalence proof can be found in [Rut88]. In the present section we
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shall give a rough sketch of this proof, which proceeds in several steps. We apologize
for sometimes being somewhat sloppy in our notation.

The first step leads to an operational semantics that delivers a process, instead
of a set of sequences of states. For this, it is most convenient to switch to a labelled
transition system, a transition system in which the transition relation is ternary, and
where the extra component gives some more information on the nature of the transition
(e.g., whether it is an internal step or a communication action). Now it is possible to
define another operational semantics O* as follows:

0*(X Po 4 if X has terminated
(%) = z\a.{(a’,O*(X')) I (X,0) (X',a’)} U... otherwise

Here X and X' are finite sets of labelled statements (see section 6.1.1), (X, o) stands
for a configuration containing X and o, In¢ stands for a transition that is labelled as an
internal on., and the dots (...) stand for additional, more complicated terms dealing
with communication actions. Note that this definition is a recursive one: 0* also
occurs at the right-hand side. However, it can be made into a well-formed definition
by taking O* as the unique fixed point of a suitable contracting higher-order function.

Now it is possible to prove that
0 = abstr o 07,

which completes the first step of the equivalence proof.

The second step consists mainly of getting rid of the continuations. Two different
techniques have been developed for this. The first technique defines a number of addi-
tional semantic operators that allow a denotational (compositional) style of semantic
definitions without the use of continuations. The resulting semantics can be proved to
be equivalent both with 0* and with the denotational semantics with continuations.
For a language slightly simpler than POOL (instead of methods it has a CSP-like value
communication) this approach has been explored in [AB88a]. For POOL itself, this
has not yet been tried, but it seems feasible. The advantage of this technique is that it
provides a clear intuitive idea of the proof, but unfortunately it leads to a large number
of tedious calculations (the advantages of using continuations become very clear when
one tries to avoid them).

The second technique describes the semantic functions themselves as fixed points of
suitable higher-order contractions over different domains, the one with and the other
without continuations. By defining mappings between these domains and showing that
they commute with the contractions, it can be shown that the two semantic functions
are equivalent. This technique has been introduced in [KR87] and it is used in [Rut88|
to prove the equivalence of POOL semantics. This technique is more difficult to explain,
but it definitely leads to a shorter proof.

The final step consists of dealing with a number of details in the semantic defini-
tions that are not yet solved by the above steps. For example, the standard objects
are described by special axioms in the operational semantics, but in the denotational
semantics there is a large process pgr to describe them. The problem is that the above
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two steps only work if in the domain equation for P we take, in the power domain P (X),
only the compact subsets instead of all the closed ones. (This is because a continuous
function maps each compact set into a compact une, which is not necessarily true for
closed sets.) However, the process pst does not fit in this domain. The problem can
be solved by proving that if p resides in the “compact” domain then abstr(p || pst) is
compact. (For more details, see [Rut88]).

6.1.4 Other forms of semantics for POOL

In addition to the operational and denotational semantics described above, POOL has
been the subject of a number of other semantic studies. Let us first mention [Vaa86]. In
this paper, the semantics of POOL is defined by means of process algebra [BK84,BK85].
This is done as follows: with the help of an attribute grammar, each POOL program
is mapped unto a specification of a process in the ACP formalism with a number
of additional operators. This specification in turn can be interpreted in each of the
different semantic models that exist for ACP, e.g., bisimulation [BBK87] and failure
semantics [BKO86].

In addition to describing the semantics of POOL, [Vaa86] also studies a number
of related issues. One of them is the implementation of a fair (in a technical sense)
communication mechanism with the help of message queues. The analysis in [Vaa86]
detected a small error in the language manual. After this had been corrected, the
correctness of this implementation could not yet be proved, unfortunately. In bisim-
ulation semantics it can be shown that the process that results from using explicit
message queues is different from the process that does not use these queues. However,
this difference is due to the strict notion of equivalence in bisimulation semantics: all
we are interested in is that the two processes can not be distinguished by observation
from outside. This notion is captured by failure semantics (leading to some additional
axioms of equality in the formalism), but unfortunately [Vaa86] does not go as far as
giving the equivalence proof in this case, because of its expected complexity.

Another semantic technique, which is currently explored for its suitability to de-
scribe POOL, uses graph grammars. In [JR87], a special type of graph grammars, called
actor grammars, are used to describe the semantics of actor languages, a different type
of concurrent object-oriented languages [Agh86,Cli81,Hew77] (see also section 3.1). In
this model, the execution of a program can be seen as a sequence of rewritings of a
graph which represents the system. Production rules in the graph grammar describe
how these rewritings should take place. In [Lei88] an initial study is made of the
viability of such a technique for describing the semantics of POOL.

Finally, we should mention here some work which describes POOL on a different
level. In [DD86,DDH87] a description is given of an abstract POOL machine. In
contrast to the “abstract machine” employed in the operational semantics described
above, this abstract POOL machine is intended to be the first step in a sequence
of refinements which ultimately lead to an efficient implementation on real parallel
hardware (DOOM). This abstract POOL machine is described formally in AADL, an
Axiomatic Architecture Description Language.
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6.2 Proof theory

Developing a formal proof system for verifying the correctness of POOL programs is
an even harder task than giving a formal semantics for this language. Therefore this
work has been done in several stages.

First the proof theory of SPOOL, a sequential version of POOL, has been studied
(see [Ame86]). This language is obtained by omitting the bodies (and the possibility
to return a result before a method ends) from POOL, such that now at any moment
there is only one active object and we have a sequential object-oriented language. For
this language a Hoare-style [Apt81,Ho0a69] proof system has been developed. The main
contribution from the proof theory of SPOOL was a formalism to deal with dynamically
evolving pointer structures. This reasoning should take place at an abstraction level
that is at least as high as that of the programming language. More concretely, this
means the following:

1. The only operations on “pointers” (references to objects) are

e testing for equality

o dereferencing (determining the value of an instance variable of the referenced
object)

2. In a given state of the system, it is only possible to reason about the objects that
exist in that state, i.e., an object that does not exist (yet) cannot play a role.

Requirement 1 can be met by only admitting the indicated operations to the assertion
language (however, this excludes the approach where pointers are explicitly modelled as
indices in a large array that represents the “heap”). In order to satisfy requirement 2,
variables are forbidden to refer to nonexisting objects and the range of quantifiers is
restricted to the existing objects. (The consequence is that the range of quantification
depends on the state!)

It is somewhat surprising that even with these restrictions it is possible to describe,
e.g., the creation of a new object. The trick is that the reference to the new object
can be removed from the precondition of the new-statement if one takes the properties
of the new object into account. In fact, the SPOOL proof system has recently been
proved to be complete [AB88b], i.e., every correctness formula that is true can be
proved in this system. (The only addition with respect to “classical” proof systems
is the possibility to quantify over finite sequences of object references, which is not
uncommon in dealing with abstract data types [TZ88].)

Another contribution of the SPOOL proof system is a proof rule for message passing
and method invocation (in a sequential setting). In this rule the context switching
between sending and receiving object and the transmission of parameters and result
are representing by appropriate substitution operations.

Along a different track a proof theory was developed to deal with parallelism, in par-
ticular with dynamic process creation. In [Boe86] a proof system was given for a
language that essentially only differs from POOL in that message passing only consists
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of transmitting a single value from the sender to the receiver (like in CSP [Hoa78]).
The approach in this proof system is similar to that in [AFR80|: It consists of a local
proof system, in which each process is verified separately, using assumptions on the
behaviour of the communication statements, and a global proof system, in which these
assumptions are proved, using a global invariant.

Whereas the proof system in [Boe86] uses an explicit coding of object references by
numbers, an integration with the work on SPOOL has lead to a more abstract proof
system for the same programming language [AB88c|. Again this proof system has been
proved to be sound and complete.

6.3 Future work

Especially in the area of formal aspects there remain many unsolved problems, so that
there is ample opportunity for future work. With respect to semantics, our next goal
is to define a semantics in which there is a clear notion of the behaviour of a single
object. Ideally, this semantics would be fully abstract, which means that it only leads
to different meanings for constructs that can actually be observed to be different. In
order to reach this ideal, the semantics must abstract away from the internal details
of the object, because these cannot be observed from outside.

Another interesting issue connected with semantics is formal verification of an im-
plementation of the language. In the case of the POOL2 implementation on DOOM,
this is utterly infeasible, if we exclude miracles. However, certain aspects may turn out
to be tractable. Some of these (e.g., message queues, see section 6.1.4) have already
been tackled. The most promising implementation aspects pertain to optimizations: If
a program satisfies certain syntactic conditions, objects of a certain class have a spe-
cific behaviour, which allows a simpler and more efficient implementation. Formally
proving this kind of properties can make sure that the optimized version of a program
indeed has the same semantics as the original one.

In the area of proof theory, the next goal is the development of a sound and complete
proof system for the full language POOL, i.e., with dynamic process creation and
rendez-vous communication. This is certainly not a trivial extension to the languages
that have already been dealt with. Rendez-vous communication is more complex than
simple value passing, especially if nested rendez-vous are possible (note that [GR84]
makes use of the fact that the nesting depth is statically bounded, which is not the
case in POOL).

Another goal, possibly for the more remote future, would be a compositional proof
system, which would allow the separate verification of a single class and the construc-
tion of a complete program on the basis of external specifications of the component
classes. Such compositional proof systems exist already (see, e.g., [ZREBS85]), but
they rely on the fact that the interconnection structure of the processes is determined
statically. The dynamic structure of POOL systems will probably require totally new
techniques.

An issue where both semantics and proof theory could be of considerable help is
inheritance. Formalization of the approach sketched in section 5.3 would ideally consist
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of a fully abstract semantics for POOL plus a specification/verification formalism that
respects this semantics. It is clear that a large effort will be required to reach these
goals.
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7 Conclusions

In the design of POOL2 several aspects have played a role. In the first place, POOL2
should be a tool that allows a professional programmer to construct rather large and
complex applications that run correctly and efficiently on a parallel machine. Extensive
experience with POOL-T has shown that this language offers considerable help in this
respect, by providing adequate concepts that can be used in a flexible way. POOL2 is
certainly a more complex language, but once it is mastered it is even more convenient
for the programmer. Many small and several medium-sized applications have been
written in it with good results.

Implementing POOL efficiently on a parallel machine is not an easy task, due to
the quite luxurious facilities that the language offers to the programmer. Therefore -
a considerable effort is needed in the construction of the compiler and the run-time
system. At the moment of this writing, the first POOL2 programs are running on
our parallel machine, DOOM. It is too early to give a realistic impression of the
performance. .

A large research effort has been directed at the formal aspects of this language.
Especially developing a denotational semantics for a language is a quite severe test of
the soundness and validity of its concepts. In the semantic analysis of POOL we have
found no significant flaws in the language design. We hope that in the near future we
can develop a formalism for the verification of POOL programs. While it is unrealistic
to assume that large programs can be verified completely with such a formalism, it
might nevertheless give directions towards a better informal basis for software design.

The future developments in the POOL language family will depend to a large extent on
the experience with execution of POOL2 programs on a parallel machine. Experimental
data will become available in the near future. This can help us to discover where the
language or its implementation needs further improvement. Another possibility for the
future is the integration of inheritance/subtyping into the language. In order to do
this in the right way, more theoretical research is needed. New application areas may
also necessitate new language concepts. For example, we can think of the notion of
persistency in connection with advanced data and knowledge bases. The overall goal is
a clean and consistent combination of concepts in a language of moderate complexity.
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This paper presents a technique by which solutions to reflexive domain equations can be found in a certain
category of complete metric spaces. The objects in this category are the (non-empty) metric spaces and
the arrows consist of two maps: an isometric embedding and a non-distance-increasing left inverse to it.
The solution of the equation is constructed as a fixed point of a functor over this category associated with
the equation. The fixed point obtained is the direct limit (colimit) of a convergent tower. This construction
works if the functor is contracting, which roughly amounts to the condition that it maps every embedding to
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1. INTRODUCTION

The framework of complete metric spaces has proved to be very useful for giving a denotational
semantics to programming languages, especially concurrent ones. For example, in the approach of De
Bakker and Zucker [BZ] a process is modelled as the element of a suitable metric space, where the
distance between two processes is defined in such a way that the smaller this distance is, the longer it
takes before the two processes show a different behaviour.

In order to construct a suitable metric space in which processes are to reside, we must solve a



68

reflexive domain equation. For example, a simple language, where a process is a fixed sequence of
uninterpreted atomic actions, gives rise to the equation

P = (po} U (AXP).

(Here U denotes the disjoint union operation.) In [BZ] an elementary technique was developed to
solve such equations. Roughly, this consisted of starting with a small metric space, enriching it itera-
tively, and taking the metric completion of the union of all the obtained spaces.

In many cases this technique is sufficient to solve the equation at hand, but there are equations for
which it does not work: equations where the domain variable P occurs in the left-hand side of a func-
tion space construction, e.g.,

P = {po} U (P-P). -

This kind of equation arises when the semantic description is based on continuations (see for example
[ABKR]). In this paper we present a technique by which these cases can also be solved, at least when
we restrict the function space at hand to the non-distance-increasing functions.

The structure of this report is as follows: In section 2 we list some mathematical preliminaries. In
section 3 we introduce our category € of complete metric spaces, we define the concepts of converging
tower and contracting functor. We show that a converging tower has a direct limit and that a con-
tracting functor preserves such a limit. Then we see how a contracting functor gives rise to a converg-
ing tower and that the limit of this tower is a fixed point of the functor.

Section 4 presents two cases in which we can show that the fixed point we construct is the unique
fixed point (up to isomorphism) of the contracting functor at hand. One case arises when we work in
a base-point category: a category where every space has a specially designated base-point and where
every map preserves this base-point. The other case is where the functor is not only contracting, but
also hom-contracting: it is a contraction on every function space.

Finally, in section 5, we present a large class of functors (including most of the ones we are interested
in), for which we can show that each of them has a unique fixed point.

Acknowledgements
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2. MATHEMATICAL PRELIMINARIES

In this section we collect some definitions and properties concerning metric spaces, in order to refresh
the reader’s memory or to introduce him to this subject.
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2.1. Metric spaces

DEFINITION 2.1 (Metric space)

A metric space is a pair (M,d) with M a non-empty set and d a mapping d:M X M—[0,1] (a metric or
distance), which satisfies the following properties:

(@) VxyeM[d(xy)=0e x=y]

(b) VxyeM[d(x,y)=d(y,x)]

(©) VxyzeMld(xy)<d(x,z)+d(zy)).

We call (M,d) an ultra-metric space if the following stronger version of property (c) is satisfied:

(¢) Vx,y,zeM[d(x,y)<max{d(x,z),d(z,y)}].

Note that we consider only metric spaces with bounded diameter: the distance between two points
never exceeds 1.

Example

Let A be an arbitrary set. The discrete metric d4 on A is defined as follows. Let x,y €4, then
0 ifx=y

dy(x,y) = 1 if x#y.

DEFINITION 2.2
Let (M,d) be a metric space, let (x;); be a sequence in M.
(a) We say that (x;); is a Cauchy sequence whenever we have:
Ve>0 INeN Vn,m>N [d(x,,x,)<e].
(b) Let xeM. We say that (x;); converges to x and call x the limit of (x;); whenever we have:
Ve>0 INeN Vn>N [d(x,x,)<e].
Such a sequence we call convergent. Notation: hm,-_.wxi =X.
(c) The metric space (M,d) is called complete whenever each Cauchy sequence converges to an ele-
ment of M.

DEFINITION 2.3

Let (M,,d,),(M,d;) be metric spaces.

(a) We say that (M,,d,) and (M,,d,) are isometric if there exists a bijection f:M;—M; such that:
Vx,yeM, [dy(f(x),f(y))=d(x,y)]. We then write M;=M,. When fis not a bijection (but only
an injection), we call it an isometric embedding.

(b) Let f:M,—M, be a function. We call f continuous whenever for each sequence (x;); with limit x
in M, we have that hm,_,wf(x,) =f(x).

(©) Let A=0. With M,—*M, we denote the set of functions f from M, to M, that satisfy the fol-
lowing property:

Vx,y M [da(f (x).f Q))<A dy(x,p)).
Functions f in M;—'M;, we call non-distance-increasing (NDI), functions f in M,—‘M, with
0<e<1 we call contracting.

PRrOPOSITION 2.4
(a) Let (M,,d,),(M3,d;) be metric spaces. For every A=0 and fe M,—* M, we have: f is continuous.
(b) (Banach’s fixed-point theorem)
Let (M,d) be a complete metric space and f:M—M a contracting function. Then there exists an
x €M such that the following holds:
(1) f(x)=x (x is a fixed point of f),
2) WyeM|[f()=y _-.;{: =x] (x is unique),
() VxogeM [lim, oo/ (x0)=x ], where £0+D(xq)=f(f®(xg)) and fO(x0)=xo.

DEFINITION 2.5 (Closed subsets)
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A subset X of a metric space (M,d) is called closed whenever each Cauchy sequence in X converges to
an element of X.

DEFINITION 2.6

Let (M,d),(M,,d,), . . . ,(M,,d,) be metric spaces.

(a) With M,—>M, we denote the set of all continuous functions from M, to M,. We define a
metric dr on M, —»M; as follows. For every f,f,eM;—>M;

dr(f1,f2)=supxem, {d2(f1(x), f2(x))}.

For A=0 the set M, —* M, is a subset of M,—M,, and a metric on M,—* M can be obtained
by taking the restriction of the corresponding dr.

(b) With M, U --- UM, we denote the disjoint union of M, ..., M,, which can be defined as
{1} XM U --- U{n}XM,. We define a metric dy on M, U - -- UM, as follows. For every
x,yeM, u--- UM,,

di(x,y) if x,ye{j}XM;, 1<j<n
dy(xy) = 1y otherwise.
(c) We define a metric dp on M} X - - - X M, by the following clause.
For every (X1, ..., %), (1, - - -, ya)EM | X - - XM,

dp((X|, . ,xll)y(yh ... yyn)):maxi{di(xhyi)}'

(d) Let 9,(M)=%/{X|X CM|X is closed and non-empty}. We define a metric dy on %,(M), called
the Hausdorff distance, as follows. For every X,Y %, (M)

dy(X,Y)=max{sup,.x{d(x,Y)},sup,.y{d(y, X)}},

where d(x,Z)=%/inf,.7{d(x,2)} for every ZC M, xeM.
An equivalent definition would be to set V,(X)={yeM |IxeX[d(x,y)<r]} for r>0,XCM,
and then to define

dy(X,Y) = inf(r>0| XCV,(Y)A YCV,(X)).

PROPOSITION 2.7

Let (M,d), (M,,d,), ... ,(M,,d,), dr, dy, dp and dy be as in definition 2.6 and suppose that (M,d),
(My,dy), . .. ,(M,,d,) are complete. We have that

(@) (My>5M;,dp), (M,~* M), dp),

(b) (M U --- UM,,dy),

(C) (Ml Xowee medl’)’

) (Fa(M).dy)

are complete metric spaces. If (M,d) and (M;,d;) are all ultra-metric spaces these composed spaces are
again ultra-metric. (Strictly spoken, for the completeness of M\ —M, and M,—* M, we do not need the
completeness of M. The same holds for the ultra-metric property.)

If in the sequel we write M| >M,, M1 M,, M\U---UM,, M, X - - - XM, or 9,(M), we mean
the metric space with the metric defined above.

The proofs of proposition 2.7 (a), (b) and (c) are straightforward. Part (d) is more involved. It can be
proved with the help of the following characterization of the completeness of (3,(M),dy).

PROPOSITION 2.8
Let (3/(M),dy) be as in definition 2.6. Let (X;); be a Cauchy sequence in 3, (M). We have:

lim;_,  X; = {(lim;_, x;|x; € X;, (x;); a Cauchy sequence in M}.
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Proofs of proposition 2.7(d) and 2.8 -can be found in (for instance) [Du] and [En]. Proposition 2.8 is
due to Hahn [Ha]. The proofs are also repeated in [BZ].

THEOREM 2.9 (Metric completion) _

Let M be an arbitrary metric space. Then there exists a metric space M (called the completion of M)

together with an isometric embedding i :M—M such that:

(1) M is complete

(2) For every complete metric space M’ and isometric embedding j:M—M' there exists a unique
isometric embedding j:M—M' such that joi=j.

PrOOF
The space M is constructed by taking the set of all Cauchy sequences in M and dividing it out by the
equivalence relation = defined by

(xn)uE(Yn)n =ad hmn-»ood(xmyn):o-
The metric d, on M is defined by

4= [()le) = limy,_, o d (Xn,)

and the embedding i will map every xeM to the equivalence class of the sequence of which all ele-
ments are equal to x: -

i(x) = [l

It is easy to show that M and i satisfy the above properties.

3. A CATEGORY OF COMPLETE METRIC SPACES

In this section we want to generalize the technique of solving reflexive domain equations of De
Bakker and Zucker ([BZ]). We shall first give an example of their approach and then explain how it
can be extended.

Consider a domain equation

P={p) U@ XP),

with 4 an arbitrary set. In [BZ] a complete metric space that satisfies this equation is constructed as
follows. An increasing sequence A® CAV C - - - of metric spaces is defined by

©0) A9 = {po}, dj trivial
(+1) AT = (p} U 4 X A™
dy 11 (po, @) = 1if geA™*V | g 5 p,

1 ifa.;éaz

dy+1(<ay, p1>, <ay, pr2>) = {1 .
+1 1 P1 2, P2 T'dn(Plspz) ifa; = ay.

Note that for every i=0, A9 is a subspace of A7*!. Their union is defined as

A = UA(")’
neN

and a domain A is defined as the metric completion of this union:
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A® = 4"
It is then proved that A% satisfies the equation. (We observe that A* is isometric to the set of all
finite sequences of elements of 4, while 4 is isometric to the set of all finite and infinite sequences,
in both cases with a suitable metric.)

In order to extend this approach, we shall formulate a number of category-theoretic generalizations of
some of the concepts used in the construction described above.

First we shall define a converging tower to be the counterpart of an increasing sequence of metric
spaces; then the construction of a direct limit of such a tower will be the generalization of the metric
completion of the union of such a sequence. Finally we shall give a generalized version of Banach’s
fixed-point theorem.

For this purpose we define a category € of complete metric spaces.

DErINITION 3.1 (Category of complete metric spaces)

Let C denote the category that has complete metric spaces for its objects. The arrows ¢ in C are

defined as follows. Let M|,M, be complete metric spaces. Then M;—‘'M, denotes a pair of maps
I

M, =2M,;, satisfying the following properties:
J
(a) iis an isometric embedding,
(b) j is non-distance-increasing (NDI),
(c) jei=idy,.
(We sometimes write <i,j > for «.) Composition of the arrows is defined in the obvious way.

REMARK
For the basic definitions from category theory we refer the reader to [ML].

We can consider M, as an approximation of M,: in a sense the set M, contains more information
than M, because M, can be isometrically embedded into M,. Elements in M, are approximated by
elements in M. For an element m, €M, its (best) approximation in M, is given by j(m;). (The rea-
son why j should be NDI is, at this point, difficult to motivate.)

When we informally rephrase clause (c), it states that the approximation in M of the embedding of
an element m, M, into M, is again m,. Or, in other words, that M, is a consistent extension of
M,.

DEFINITION 3.2
For every arrow M| —'M, in € with = <i,j > we define

8(c) = dp,op, (i0),idp, ) (= SUPm, e m, {d, (i2(m2),m))}).

This number plays an important role in our theory. It can be regarded as a measure of the quality
with which M, is approximated by M, : the smaller &(:), the denser M, is embedded into M.

We next try to formalize a generalization of increasing sequences of metric spaces by the following
definition.

DEFINITION 3.3 (Converging tower)

(a) We call a sequence (Dj,,), of complete metric spaces and arrows a tower whenever we have that
VneN [D,—* D, .1 €C].
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Dy—"D|»"Dy— -+ 5D, > "Dy > -+

(b) The sequence (D,,t,), is called a converging tower when furthermore the following condition is
satisfied:
Ve>03INeN Vm >n=N [8(t,m)<e€], Where ty, =ty —1° - - * % Dy—D,,.

D, i’Dn+]_‘ U —4)m—l‘"n—_’] D,
ExamPLE 3.4

A special case of a converging tower is a sequence (D,,t,), that satisfies the following conditions:
(a) VneN [D,»"D, €€,
(b) Je[0<e<1 AVneN [8(t, +1) < €d(1y)])-

(Note that B(un)<B(n)+ -+ +3(im -1)<EHa)+ - ¢ B} < T a))

EXAMPLE 3.5
Let AQCcAMC .- be the sequence of metric spaces defined at the beginning of this chapter. We
show how it can be transformed into a converging tower, by defining a sequence of arrows (i,), (with
t, = <ip, j,>>) with induction on n:
(0) io(po)=po, jo trivial,
(A+1) ips1 2 ACFD o AC*D | trivial (i 41(p) = p)

jn+1 ZA("+2) —-)A("+1) ,

Jn+1(0) = po
Jn+1(<a, p>) = <a, ju(p)> for <a, p> € A"*D
It is not difficult to see that we have obtained a tower
AO S 4D L

which is converging.

3.1 The direct limit construction

In this subsection we show that in our category € every converging tower has an initial cone. The
construction of such an initial cone for a given tower (the direct limit construction) generalizes the
technique of forming the metric completion of the union of an increasing sequence of metric spaces.
Before we treat the inverse limit construction, we first give the definition of a cone and an initial cone
and then formulate a criterion for the initiality of a cone.

DEFINITION 3.6 (Cone)
Let (Dp,t), be a tower. Let D be a complete metric space and (y,), a sequence of arrows. We call
(D,(Yn)n) a cone for (Dp,t,), whenever the following condition holds:

VneN [D,—"DeCAY, = Yy +1°%}
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Dn fn Dn+l

YN * ,/7..+1

D

DEFINITION 3.7 (Initial cone) )
A cone (D, (y,)n) of a tower (D,,t,), is called initial whenever for every other cone (D’,(yn),) of
(Dp,tn)n there exists a unique arrow ¢:D—D’ in Csuch that:

VneN [ey, =v,).

Lemma 3.8 (Initiality lemma)
Let (Dy,t), be a converging tower with a cone (D, (y,),). Let v, = <a,,B,>. We have:

D is an initial cone < lim,_, a,°B, =idp,

PROOF
C=

Suppose lim,_, ,a,°8, =idp. Let (D', (yn)a), With ¥, = <a,, B,>, be another cone for (D,, t,),. We
have to prove the existence of a unique arrow D—'D’eC such that

VneN[toy, = vi].

First we construct an embedding i:D—D’, then a projection j:D'—D. Next, the arrow ¢ will be
defined as 1= <i, j>.
For every neN we have

a, ° BeD-D".

We show that (a,°B,), is a Cauchy sequence in D—D’ and then use the completeness of this function
space to define i as the limit of that sequence.
Let m>n=0. We have

dp_.p(&m ° B » @n © By) =

dpp (@ © By U © inmfam © Bm) =
supxep{dp(@m © Bm(X), @m © inmfum © Bm(X))} =
[ because aj, is isometric ]

SUPxen{dp, Bm(X): inm ° jam © Bm(x))} =

[ because B, is surjective ]

supxep, {dp, (%, inm®jnm(x))} =

dD..—-D.(idD_, inm°jnm)) = 8(‘nm) .
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Let €>0. Because (D,, t,), is a converging tower there is an N €N such that
Vm>n=N [ 8m)<e].
Thus (a,°B,), is a Cauchy sequence. We define
i = lim,_,,0n°B, .
We prove that i is isometric by showing:
Vx, yeD [ dp (i(x), i(y)) = dp(x, y) ]
Let x, y €D, we have
dp(i(x), i(y)) =
dp (im0 0°B, (x), iy o0 n°Ba(y)) =
limy, o dp-(ay°Bn(x), €z°Ba(y)) =
[ because a,, is isometric ]
lim, . dp, (BA(x), (Bx()) =
[ because a, is isometric ]
limy, o dp(,°Ba(x), @n°Ba(y)) =
dp(lim, , a,°B,(x), lim,_,a,°B,(y)) =
dp(x, y).
Thus i is isometric.
Similar to the definition of i we choose
j = lim, 9B, .
We have that j is NDI, because, for x, yeD":
dp(j(x), ) =
dp(limy 03B (x), liDloc0 2B} (1)) =
T, o (@, (x), @noB(»)) =
[ because a, is isometric ]
lim, o dp, (B,(x), (B,()) <
[ because B8, is NDI |

75
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lim, ,,,dp(x, y) =
dp(x, y).

We also show : j ¢ i=idp. Let xeD, then
Jeikx) =
JAlim, o, © Ba(x)) =
lim, . ° a, © Ba(x) =
1y, oo Lilyn o0 @ © Bim © @y © Ba(x) =
lim, o a, © B, © &y © Bulx) =
[ because B, o a, = idp, |
lim, 0, © By(x) = x.

Now we can define
L=<, j>,

of which we have so far proved : D—'D’eC.

Next we have to verify that ¢ satisfies the condition
VmeN [ 1Y, = Ym ].
This amounts to .
VmeN [ica, = an /\B,,,°j=ﬁ;,,].
Let m = 0. We only prove the first part of the conjunction. We have
i©ay = (lim, ,a, B, ° an
= (liMy, 00 +m © Brtm) © U
= limy 0@ 4 © Brtm © U
= liMy 00 @p 4 © B tm © Cn4m © Im, m+n
= liMy 0 @y 4 © idp,, . © i, mn
= liMy 0 Oy = Gy -
Finally we show that ¢ is unique. Suppose D-*D’, with /=<i’, j'>, is another arrow in G, that
satisfies
VmeN[{ oy, = v ].
We only show that i’ = i, leaving the proof of j* = j to the reader:

’

1

Il

i’ o idp

=i o liMy, 0 0m © B
= limy i © O © B
= limp, oo tm © B

=1.
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Suppose now that (D, (y,),) is an initial cone of the converging tower (D,, t,),. We have to prove

that
lilnm—oaoan ° Bn = 'dD .

By an argument similar to the proof for (a, © B,), above, we have that (a,
sequence. We define

f=liln’l—$wu’loﬁ'l’
D' ={x|xeD|fx)=x}

We set out to prove that D’ = D.

The set D’ is a closed subset of D, so it again constitutes a complete metric space
have

a, : D,—D’

because of the following argument. Let d€D,, then:
flay(d)) =
limy, o0 0m °Bm(@n(d)) =
My sco @ +m °Bn+m © (en(d)) =
im0 +m Batm © @ntm © in n+mld) =
limy, o0 0y 4 © in n+m(d) =
Iy 0n(d) =
a,(d) .

So fla,(d)) = a,(d), and thus a,(d) € D'.
Next we define, for each neN:

a;, =a,,
B = BnD’ (B, restricted to D),
Yo = <a, B>

o B,)n is a Cauchy

. For each neN we

It is clear that (D', (y,),) is another cone for (D, t,),. Because (D, (Y,),) is initial, there exists a

unique arrow D-»"D’eCwith yy = <i}, j,;> such that

VneN[y oy, =va 1.

The set D’ can also be embedded into D: let D'—" D, with 1, = <i,,j, >, be defined by

iZ = idD' ,

j2=i1.

Then D'-"DeC For i, is isometric, j, is NDI and the following argument shows that

Jj2°iz = idp. Let deD’. Then
J2 0 ix(d) = ja(d)
= iy(d)
[ because d € D’, we have f(d) = d ;
in other words, (lim,_,,a, ° B,Xd) = d |

It
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(i1 © (timy-, o0, © Bn)XA)
= lim, (i1 © &y © B.Xd)
= lim, (o © B Xd)
= lim, (@ © B )d) = d.

Ay

ay il iZ
D, D D’ D
i\/ B. J2
. Bn

Now we are able to define D—*D by
t=gyoy
= <iyoiy, ji ©ja>.
It is easy to verify that
VneN[iey, = v, ].
By the initiality of D we have that
L= <idp , idp> .

Thus i; o iy = idp. This implies D = D’.
Conclusion:

lima,,OB,, =idD.

The initiality lemma will appear to be very useful in the sequel, where we shall construct a cone for
an arbitrary converging tower and prove that it is initial.

DEFINITION 3.9 (Direct limit construction)
Let (D, t)s, With 4, = <iy,j, >, be a converging tower. The direct limit of (D,,t,), is a cone (D,(Yx)a),
with y, = <a,,B,>>, that is defined as follows:

D =% {(X,,),.an ?0[)(,, €D, /\jn(xn +I) = xn]}
is equipped with a metric d:DXD-[0,1] such that for all (x,),(Va)nED:
d((xn)m(}’n)n)=Sup{db,,(xm}'n)};
a,:D,—D is defined by a,(x)=(x; )¢, where
jk,,(x) if k<n
X = 4{x if k=n
in(x) if k>n;
Bn:D—D, is defined by B,((xx)k)=xX,.

LeMma 3.10
Let (D,d) be as defined above. We have:
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(D,d) is a complete metric space.

PRrOOF
Let (x,)n, (Ya)n€D. Let m>n=0, then

dD. (Xn, }’n) = dD,. (jmn(xm)v ]nm(}’m))
< [ because j,, is NDI ]
dD_(xm’ _ym) .

Thus (dp,(x,, yn))s is an increasing sequence. It is bounded by 1, thus its supremum exists, and is
equal to the limit. It is not difficult to show that d is a metric. _

We shall prove the completeness of D with respect to this metric. Let ('), with X =(xb, xi, xb, ...)
be a Cauchy sequence in D. Because for all k and for all n and m:

dp,(xk, xF') < supien{dp,(xk, x¥'))

=dE,x")
and (ii), is a Cauchy sequence, we have, for all keN, that (x}); is a Cauchy sequence in Dy. For
every k we set
X = limy_, oo} -
We have ji(xy +1)=x, since
JeCer+1) = (im0 Xk +1)
= im0 jic(Xk +1)
= lim;_, o Xk
= Xk .

Thus (x; )x is an element of D. ‘
Because the convergence of the sequences (x}); for k €N was uniform, we have

Ve>0INeN VkeN Vn>N [ dp, (x], x)<e].
This fact implies that (x; ), is the limit of (Ei)i, since, for €0,
d((x > X7) = supgen {dp, (xk, xE))
<€
for n bigger than a suitable N.
RELATION BETWEEN THE DIRECT LIMIT CONSTRUCTION AND METRIC COMPLETION

We can look upon the construction of the direct limit for a tower (D,,i,), as a generalization of tak-
ing the metric completion of the union of a sequence of metric spaces. We define

Dy = {0)XD,
Dyp+y = {n+1}X(Dy 41 \in(D,)) U Dy,
and take /,:D,—D, as follows:

lo(d) = <0,d> fordeD,,
L) if d=i,(d)eD,, with d'eD,
1) =Y cpt1d> if deiy(D,).
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Because each i, is an injection, this construction works, and we see that each /, is a bijection. There-
fore, we can use (I,), in the obvious way to define a metric d), on each D, and suitable i,:D,—D, +,
and j,:D, 4+ —D,.
Now we have an isomorphic copy of our original tower, which satisfies the condition that each
in:D,—D, 4, is a subset embedding. From now on we leave out the primes, and just suppose that
in:D,—D, + satisfies this condition.
If we define U as the union of (D,),, and d:UX U-[0,1] by

d(x,y) = dp,(x,),

whenever xeD,,yeD,, and k=m,n, we have that (U,d) is a metric space. Generally, it will not be
complete. The direct limit of (D,,i,), can be regarded as the completion of (U,d) in the following
sense. :

In U we consider only such sequences (x,),, for which:

VneN[x,eD,] M
and
VneN[x, = ja(xa+1)} 2
It follows tha. (x,), is a Cauchy sequence. For m >n we have
A(xmsXn) = dp_ (Xmsinm(Xn))
= dp, (Xms fnmJm(Xm))
< dp__.p, (idp, ;inm°fum)
= 8(twm ).

This number is small for large n and m, because (D,,i,), is a converging tower.
For every (x,), and (y,), in U, that both satisfy (1) and (2), we have:

if ‘-iinn—modD.(xm}’n) = 0, then (xn)n = (Yn)m

because of:
dD,,(xm)’n) = dD,, (jn(xn +1 )ajn()’n +1 ))

< dp,, (Xa+1:Yn+1)

(expressing that (dp (x,,y,))s is 2 monotonic, non-decreasing sequence with limit 0, so all its elements
are 0).
Of course it is not the case that every Cauchy sequence satisfies (1) and (2), but we can find in each
class of Cauchy sequences that will have the same limit a representative sequence, which satisfies (1)
and (2), and which by the above is unique. Let (x,), be an arbitrary Cauchy sequence in U. As a
representative of the class of Cauchy sequences with the same limit as (x,),, we take the sequence
(Vn)n, defined by

Yn = im0 X,
with

X  if xp€D,
*m =\ juk(Xm) if X @D,, and k >n is the least number with x,, €Dy

(Remember that k >n=>D;, D D,). It is not very difficult to show, that we have indeed:
limn—bu) dD,(xmyn) = 01
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and that (y,), satisfies (1) and (2). Finally we remark that the direct limit D of (D,,t,), consists of
exactly those sequences in U, that satisfy (1) and (2), and thus can be viewed as the metric completion

of (U,d).

Remember from theorem 2.9 that the metric completion M of a metric space M is the smallest com-
plete metric space, into which M can be isometrically embedded, in the following sense: M can be
isometrically embedded into every other complete metric space with that property.

For the direct limit of a converging tower, we have a similar initiality property:

Lemma 3.11
The direct limit of a converging tower (as defined in definition 3.9) is an initial cone for that tower.

PrOOF
Let (D, t,), and (D, (Y,).) be as defined in definition 3.9. According to the initiality lemma (3.8), it
suffices to prove

lim,_,oa, © B, = idp ,
which is equivalent to
Ve>03INeN Vn>N [ d(a, © B,, idp)<e]
Let €>0. Because (D,, «,), is a converging tower, we can choose N €N such that
VYm>nZ=N [ d(iym © jum, idp_)<e].
Let n>N. Let (x,,), €D, we define
Ol = @ © Bl ().
For every m>n we have
dp Ymy Xm) = dp_(inm(Xn), Xm)
= dp, (iwm ° jum (Xm), Xm)
< d(inm®jum idp,)
<e
Therefore
dp((/m)m> (Xm)m) = sup{dp_ (Ym: Xm)} <e.
Because (x,), € D was arbitrary, we have
d(ay © Byidp)<<e
for all n>N.

3.2 A fixed-point theorem
As a category-theoretic equivalent of a contracting function on a metric space, we have the following
notion of a contracting functor on G

DEFINITION 3.12 (Contracting functor)
We call a functor F:@-C contracting whenever the following holds: there exists an ¢, with 0<e<]1,
such that for all D—'E €€ we have:
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8(F1) < ed(1).

A contracting function on a complete metric space is continuous, so it preserves Cauchy sequences
and their limits. Similarly, a contracting functor preserves converging towers and their initial cones:

LeEmMa 3.13
Let F:C—C be a contracting functor, let (D,,t,), be a converging tower with an initial cone (D, (Yn)n)-
Then (FD,,F4,), is again a converging tower with (FD,(FY,),) as an initial cone.

The proof, which may use the initiality lemma, is left to the reader.

THEOREM 3.14 (Fixed-point theorem)

Let Cat be a category and let F:Cat—>Cat be a functor. Let Dy—"FDqeCat. Let the tower (Dy,t,), be
defined by D, .y =FD, and v, 1) =Fu, for all n=0. If this tower has an initial cone (D,(Y,)») and if this
tower and its cone are preserved under F, that is, if (FD,,Fu,), has (FD,(F¥,),) as an initial cone, then
we have: D=FD.

PRrROOF
We have that

(FDna F”n)n = (Dn+l’ Ln+l)n-

This implies that (D, (y,),) and (FD, (Fy,),) are both initial cones of (D, +1, ty+1)s- It follows from
the definition of an initial cone that D and FD are isomorphic.

Dn+1 =FDn

Yn+ 1/ \F Yn
D ------ - FD

COROLLARY 3.15 Let F be a contracting functor F:C—C and let Do—"FD€C. Then F has a fixed point,
that is, there exist a D €C with D=FD.

ProoF Consider the tower (D,,t,), defined by D, =FD, and ,+, =Fu, for all n=0. This tower
can be seen to be converging in the same way as in example 3.4. Thus it has a direct limit (D, (Y,)n),
which is (according to lemma 3.11) an initial cone for this tower. According to lemma 3.13, F
preserves towers and their initial cones. Now we can apply theorem 3.14, which yields: D=FD.

REMARK
It is always possible to find an arrow Dy—°FDoeC: Take Dy={p,}; because FD, is non-empty we
can choose an arbitrary p; e FDy, and put i = <ig,jo> with i(pg)=p, and j(x)=p,, for xeFDy.

4. UNIQUENESS OF FIXED POINTS

We know that a contracting function f:M —M, on a complete metric space M, has a unique fixed
point. We would like to prove a similar property for contracting functors on C.
Let us consider a contracting functor F on the category of complete metric spaces €. By corollary
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3.15 we know that F has a fixed point, that is there exists D €C and an isometry x such that
DSFD.

Suppose we ha_ve another fixed point D’ with an isometry A, such that
D'%FD’.

We know by the construction of D that it is the direct limit of the converging tower (Dy,t,),, Where
Dy—"FD€eCis a given embedding and D, 1 =FD,, t, +; =F,.

If we have that D’ is also (the endpoint of) a cone for that tower, the initiality of D implies that there
exists an isometric embedding D—*D’eC.. If we moreover can demonstrate that this ¢ is an isometry,
then we can conclude that the functor F has a unique fixed point, which would be quite satisfactory.
A proof for « being an isometry might look like:

&) = (M 8(Fy)
<ed(),

implying (once the question-mark has been eliminated) that 8(t)=0, thus ¢ is an isometry.

It turns out that we can guarantee that the second fixed point D’ is also a cone for the converging
tower (Dy,1,), in one of two ways. Firstly, we can restrict our functor F to the base-point category of
complete metric spaces (to be defined in a moment). Secondly, we can require F to be contracting in
yet another sense, to be called hom-contracting below.

We shall proceed in both directions, first exploring the unicity of fixed points of contracting functors
on the base-point category, then focusing on functors on C that are contracting and hom-contracting.
In both cases it appears to be possible to prove the equality marked by (?) above. Unfortunately (for
good mathematicians, who are said to be lazy), this takes some serious effort, to which the proof of
the following theorem bears witness.

First we give the definition of the base-point category:

DEFINITION 4.1 (Base-point category of complete metric spaces)
Let @ denote the base-point category of complete metric spaces, which has triples

<M, dm>

for its objects. Here (M,d) is a complete metric space and m is an arbitrary element of M, called the
base-point of M. The arrows in € are as in C (see definition 3.1), but for the constraint that they
map base-points onto base-points, i.e. for <M,d,m>—-><"><M'd’,m'>eC we also require that
i(m)=m’, and j(m")=m.

REMARK
The definitions of cone, functor etcetera can be adapted straightforwardly. Moreover, lemmas 3.8,
3.11, 3.13 and corollary 3.15 still hold.

THEOREM 4.2 (Uniqueness of fixed points)
Let F be a contracting functor F: € —€. Then F has a unique fixed point up to isometry, that is to say:
there exists a De such that

(1) FD =D, and
(2) VD'eC [FD'=D' = D=D/].
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We define a converging tower (D,, t,), by
Do = <{po}, dip,}> Po> ,
D, ., = FD, for all n=0,
i : Dg—D,, trivial,
t+1 = Fu, for all n=0.

Let (D, (ya)n) be the direct limit of this tower. As in theorem 3.14, we have that both (D, (v,),) and
(FD, (Fvy,),) are initial cones of (D,, t,),. The initiality of (D,, (Y,),) implies the existence of a
unique arrow D—*FD, such that for n=0,

Dn +1
Yn / \Qn
*
D —_— FD
FIGURE 1

Because also (FD, (FY,)), is initial, we know thag x must be isometric.

Now let D’eC" be another fixed point of F, say D’-;»FD' for an isometry A. We define (y,), such that
(D', (Ya)n) is a cone for (D,, t,), : -

Yo : Do—D’ is the unique arrow, which maps base-point to base-point,

Ynt1 = A1 o Fy, .

We have that (D', (¥,),) is indeed a cone for (D,, t,), because of the commutativity of the following
diagram, for all neN: )

D,, -‘——9‘" FDn =Dn+|

Yn * Fy,

L

We prove it by induction on n :

(0)  Because the arrows in ¢ map base-points onto base-points, we have that (A\™'eFyze);(po)
and (Yo)(po) are both equal to the base-point of D’, and for any xeD’, that
(™" FYpouh(x)= (Yo)(X)=Ppo.
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Note that this is the only Place, where we make use of the base-point structure of €.
(n +1) Suppose that we have A~ 'oF¥y, o1, =Y, . Then

Ao FYpiiothsr = A1 o F(¥pin o 1)
=" °F()‘-] °F'1-’n ° 1)
=\l e R,
= ;n'f-l -
Again by the initiality of (D, (v,),) there is a unique arrow D—*D’ such that, for all neN :

D,

) A
D D’
——————— >
)
FIGURE 2

As indicated above, we now set out to prove that ¢ is an isometry. When we apply F to figure 2, we
get

FD,
N
FD —_Ft_——> FD’

which leads to:

D, 1,
Flp/ \i&H
FD * D’
P A
FD’

(because ¥, +1 =A"" © F¥,, 50 F¥, =\ © y,4), or, replacing A by A~ and reversing the corresponding
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arrow:

Dy X FD 2 FD 2L D

;n +1
Substituting k ° v, 4 for Fy, (figure 1) yields:

-1
D, 2t p X FD _F_‘.FD'L D’

\_i.;_‘_/

or: A"! o Fiok) oy, =Ya+1 (this equality also holds for yo and y,). But according to figure 2, ¢ is
the only arrow with: VneN [t oy, = ¥,]. Thus

t=A1oFiok,

or, in other words:

D —* o FD

L¢ * ‘LF L
D’ > FD’ .

This commutativity, together with the fact that x and A are isometries implies:
8(t) = 6(Fv).

(For the definition of 8 see definition 3.2.)
Now the proof can be concluded, following the train of thought indicated above:

8(t) = 8(Fv)
<e-8(),
for some 0<<e<1, since F is a contraction. This implies
8v=0,
so (if ¢« = <i, j>)
ioj = idp .
At last we can draw the desired conclusion:

DD,
=
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Now we return again to our original category C of complete metric spaces and provide for, as prom-
ised above, another criterion for functors on G, that, together with contractivity, will appear to be
sufficient to ensure uniqueness of their fixed points.

DEFINITION 4.3 (Hom-contractivity)
We call a functor F:C—C hom-contracting, whenever

VPeCVQeC3e<1 [Fpo:(P-°Q)-*(FP-CFQ)]
where
P—°Q = {¢|::P—Q|¢is an arrow in €}, Fp (1) = Fu.

REMARKS
Because arrows in C are pairs, we have on P—°Q the standard metric for the Cartesian product. So
let 4, u:P—Q, 4y =<i,,j;> and ,, = <i,,j;>. Then their distance is defined by

d(u,%) = max{dp_o(i1,i2),dp_r(j1,j2)}.

It is not the case that every hom-contracting functor is also contracting, which follows from the fol-
lowing example. .

Let A ={0} and B ={1,2} be discrete metric spaces. We define a functor F:C—€ as follows. For
every complete metric space P € let

_ |4 if P contains exactly 1 element
FP=1p otherwise.

For «:P—Q we define Fi:

1, f FP=FQ=A

Fi={1p f FP=FQ=B

g if FP=A and FQ =B,
where = <ig,jo>, with ig:0m1, jo:1,20. Note that there is no :P—Q if FP =B and FQ =4. It
is not difficult to verify that F is a functor, which is h?m-contracting. The following argument shows
that it is not contracting. Let C ={3,4} with d(3,4)=7, and let k:4—C, with k= <k,/> be defined
by k:0~3 and /:3,4-0. Then we have 8(x)=%, but Fx:FA—FC is 1y:A—B (as defined above), for
which 8()=1.

THEOREM 4.4
Let F be a contracting and hom-contracting functor F:C—C. Then F has a unique fixed point up to
isometry, that is to say: there exists a D €C such that

(1) FD=D and
2) VD'eC [FD'=D' = D=D'].

ProOF

The proof of this theorem differs from that of theorem 4.2 only in the definition of ¥o. There we
could take for ¥, the trivial embedding of D, into D’, mapping p, onto the base-point of D’. Here we
have no base-points. But we can use the fact that F is hom-contracting by taking for y, the unique
fixed point of the function G:(Do—°D’)—(Dy—CD’), that we define by: G(y) =A~'oFjoy, for
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Ye(Do—°tD’). (Note that G is contracting because F is hom-contracting.) It follows that yo, thus
defined, satisfies A~ 'eFyyoy = o, which serves our purposes.

5. A CLASS OF DOMAIN EQUATIONS WITH UNIQUE SOLUTIONS

In this section we present a class of domain equations over the category C that have unique solutions.
For this purpose we first define a set Func of functors on C and formulate a condition for its elements
that implies contractivity and hom-contractivity. It then follows that every domain equation over €
induced by a functor that satisfies this condition, has a unique solution.

DEFINITION 5.1 (Functors)
The class Func, with typical elements F, is defined by:
F ::= Fy| id| F\—F,| F\»'Fy| FYUF,| F\XF;| 94(F)| F\°F,

where M is an arbitrary complete metric space and ¢>0. Every FeFunc is to be interpreted as a
functor

F:C-C

as follows. Let (P,dp), (Q,dp)€C be complete metric spaces. Let P—'Q €@, with t=<,j>. For the
definition of each F & Func we have to specify:

(1) the image of P under F: FP,

(2) the image of d under F: Fd,

(3) the image of « under F: Fi (= <Fi,Fj>).
(a) F=Fy:

(1) FP=M,

(2) Fd = dy (the metric of M),

() Fuo= <idy,idy>.

We sometimes use just a set A instead of a metric space M. In this case we provide 4 with the
discrete metric (definition 2.1).

(b) F=id*:
(1) FP=P,
(2) Fd = Mx,y)ymin(l, ed(x,y)),
(3) Fi=u

Next we define functors that are composed. Let F,, F; € Func, such that
() FiP=P,, F,P =P, F1Q=Q1, F2,0=0,,
(2) F\d=d,, Fd =d,,
Q) Fu=<iyji1>, Fa=<iyjr>.
(c) F=F\>F;:
(1) FP=P,-P,,
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(2) Fd = dr (see definition 2.6(a)), _
(3) Fi= <Af‘(i2° °j]), )\g‘(jz°g°i1)>.

(F=F;-!F), is defined similarly.)
(d) F=F| UFzZ

(1) FP=P,UP,,

(2) Fd = dy (see definition 2.6(b)),

(3) Fu=<Mp-if pe{0} XP; then i1 ((p)) else i2((p)) fi,

Ag- if ge{0} X Q; then j;((g)) else j2((g)) fi>.

(e) F=F, X Fy:

(1) FP =P XP,,

(2) Fd = dp (see definition 2.6(c)),

(3) Fu= <A<py,pr>-<iy(p1)ia(p2)>,2<q1,42>-<j1(q1),j2(92)>>.
) F=84(F):

(1) FP =9y(Py),

(2) Fd = dy (see definition 2.6(d)),

(3) Fu= <AX{i)(x)|xe€X},AY-closure {j,(y)|yeY}>.

(g) F =FoF;: the usual composition of functors on C..

REMARK
The set Func contains elements of various form. We give an example. Let Fy, F,€Func. The follow-
ing functor is an element of the set Func, as can be deduced from its definition. '
1
F\—AF, =% idA«(F,—!(id 4 °F,)), for 4>0.

LEmMMA 5.2
For all FeFunc we have: F is a well defined functor on C.

PrOOF

We treat only one case by way of example, being (lazy and) confident that it shows the reader how to
proceed in the other cases.

Let F = F|—!F,, and suppose F) and F, are well defined. Let (P,dp),(Q,dp) and P—'QeC, with
¢ = <i,j>; furthermore, let for k = 1,2:

P =P, FQ =
Fidp = dp,, Fidy = dy,
Foo = <ig,ji>.

The functor F is defined by
(1) FP = P,='P,,
() Fdp = dr,



(3) Fu = <Fi,Fj> = <Af(iofoj1),Ag"(j2°gci1)>.

P P\>'P,
i l T J T—rr>,i= = Mrfj)=Fi l T Fj=Ag-(j2og°11)
0,-'0;

It follows from proposition 2.7, that (P;—'P,,dr) is a complete metric space, which leaves us to
prove:

(a) Fi is isometric,
(b) Fj is NDI and
(©) FjoFi = idgp.
Part (a): Let f),f,€P —'P;. We want to show
dep(fi1.f2) = dpg(Fi(f1),Fi(f2)).
We have
supgeo, {dg, (i2°f1°71(9), i2°f2°j1(¢))} = [because i, is isometric]
supgeo, {dp, (f1°/1(9)./2%1(9)}
= [because j, is surjective]
_ supep, {dp, (1), f2(p))}
= dP.;P,(flny)-
Part (b): Let g;,g,€Q1—' Q;. We want to show:
drp(Fj(g1),Fj(g2)) < dro(g1,82)
Let peP,; we have:
dp,(Fj(g1Xp), Fi(g2)P)) = dp,(j2°g1°11(p),j2°82°11(p))
< [j, is NDIj
dg, (g1°i1(p).g2°11(p))
< drg(g1,82)-
Part (c): Let fe P;—'P,. We have
FjoFi(f) = jaoiyofojioiy
= f.

DEFINITION 5.3 (Contraction coefficient)
For each FeFunc we define its so-called contraction coefficient (notation: c(F), with ¢(F)€[0,0]),
using induction on the complexity of the structure of F.

(a) If F=Fy, then ¢(F)=0.
(b) If F=id*, then c(F)=c.
Let F,, F, € Func, with coefficients ¢ (F,) and ¢(F). Then we set:



91

(c) If F=F,—>F,, then c(F)=max{oo'c(F}), c(F3))}.

(d) If F=F,>5'F,, then c(F)=c(F})+c(F3).

(If we would restrict ourselves to ultra-metric spaces, we could write max{c(F),c(F,)} here.)
(e) If F=F,UF,, then c(F)=max{c(F,),c(F2)}.

(f) If F=F| XF,, then c(F)=max{c(F;),c(F3))}.

() If F=%,(F)), then c(F)=c(F). .

(h) If F=F\oF,, then c(F)=c(F,)c(F3).

(With co we compute as follows: 00-0 = 0-00 =0, 00c = ¢*00 = 00, if ¢ >0.)

THEOREM 5.4
For every functor F € Func we have

(1) VP! Q eC[8(Fyy<c(F)8()),
(2) VP,Q €C[Fp o :(P-°Q)>"P(FP-CFQ)).

PRrOOF
Let P,Q €@ ' eP-°Q, with 1 = <i,j>,/ = <i’,j’>.
Case (a) F = Fy:
Part (al)
8(F1) = dpg_,rg(FicFj,idy)
= dFQ_,FQ(idMOidM,idM)
=0 = c(Fyd).
part (a2)
dpp_erg(FLFV) = dy_ey(id,id) = 0 = c(F)yd,_eo(s,v).
Case (b) F = id:
part (bl)
8(Fv) = drg_.ro(FicFj,idrg)
= supgeo{dro(ivj(g).9)}
= supgco{€dg(i°j(9).9)}
= e8(1)
= c(F)5(y).
Part (b2)

dpp_erg(Fut) = edp_eo(uV)
= C(F)'dp_,GQ(l,l').

Now let F,F, € Func and suppose the theorem holds for these functors. For k = 1,2 we use the fol-
lowing notation:

Feo = y, F/
Fki = g, Fki’

Fj

w, FRP =Py, F,Q = Ok,
i
jk)ij, =];(1
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We only treat the cases that F = F)—!F, and F = F| X F,.
Case (d) F = F,-'F;,:
Part (d1)

8(Fy) = drg_.ro(FioF}j,idrg)
= supgero{dro(i22°8°1°/1,8))-
Let ge FQ =Q,-'Q;. For q,€Q, we have
dg, (i2°)2°8°1°/1(91):8(91)) < dp,(i2°j2°g°11°j1(q1),g°11°/1(q1))+
do,(g°i1°j1(91).8(q1)).

(This “+” could be replaced by “max” in the case of ultra-metric spaces.)
For the first term we have

do,(i2°j2°8°11°j1(41).°11°j1(41)) < Supg, e, {dg,(129/2(92).92)}
= 8(Fy).
For the second
dy,(g°1°/1(91).8(91)) < [because geQ,~'Q;]
dg, (i1°/1(91),91)

= 8(F ).
We see
O8(Ft) < 8(Fyt)+8(Fy1)
< [induction]
(c(F1)+c(F))d(r)
= c(F)o(x).
Part (d2)

dpp_crg(Fi, FU') = max{drp_ro(Fi,Fi'),drg_,rp(Fj,Fj’')}.
For the first component, we have
drp_.ro(Fi,Fi') = suprcrp qe, {do, (Fi(f Xq).Fi'(f Xq))}.
Let fe FP,qeQ,. Then
do, (Fi(fXq),Fi"(fXq)) = dp,(i2°f°j1(g)i2°f>/1(q))
< dp,(i2°f°) (@) i2°fo)1()) + dg, (1212 1(g).12°f%)1(¢))
< dp,g,(i2,12) + dg,(12°/)1(9). 129/ (9))
< [because i; is isometric ,fe P, —!P,]
dp,g,(i2,i2) + dg,p,(j1:)1).

(Again, in the case of ultra-metric spaces, we would have “max” here.)
Likewise, we have for the second component

drgro(Fj,Fj’) < dp,_g,(ir,i1) + dg,p,(j2,2)-
Together this implies



dpp_erp(FL,FV) < dp e (F\,F 1) + dp,_eg,(Fat,Fyt)
< [induction]
(c(F1)+c(Fa)ydpoeo(n,t)

= c(Fydp_eo(s,t).
Case () F = F, X Fy:
Part (1)
8(Fv) = drg_,ro(FioFj,idrp)
= supgero{dro(Fi°Fj(4),9)}
= SUP<q,.q,>cFo{dro(<i11(q1):i2%/2(42)>,<q1,92>)}
= SUP<q, ¢,>cFo{max{dy, (i1°1(41):91),dg, (12°/2(92),92)}}
= max{sup,, g, {do, (11°/1(91),91)},5upy, 0, {dp, (129/2(42).92)}}
= max{8(F4),8(F,0)}
< [induction]
(c(F1)+c(F2))d()
= c(F)8().
Part (f2)
dpp_erp(Fi,Fi') = supscrp{dro(Fi(p),Fi'(P))}
= SUP<p, p,>erp {dr(<i1(1)i2(R1)>, <i1 (P2),12(p2)>))
= max{sup,,cp, {dg, (i1(P1):i1 (1))}, 5uPp, c p, {dg, (:2(2): 12 (22))} }
= max{dp, g, (i1,i1),dp,~g,(i2,i2)}-
Similarly, we have
drg..rp(Fj,Fj") = max{dg,_,p,(j1,j1),d0,~p,(j2:j2)}-
Thus we obtain
dpp_erp(Fu,FV') = max{dp g (F1t,F1V),dg, cp,(Fy1,Fyt)}
< [induction]
max{c(F1),c(F2)}-dp_g(s,t)
= o(Fydp_eq(,)
COROLLARY 5.5

For every F € Func, with 0<c(F)<1, we have
(1) Fis a contracting functor, and
(2) F is a hom-contracting functor.

COROLLARY 5.6
Every reflexive domain equation over C of the form

93
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P=FP, .
Jor which FeFunc and c(F)<1, has a unique solution (up to isomorphism).

6. CONCLUSIONS

We have presented a technique for constructing fixed points of certain functors over a category of
complete metric spaces. This enables us to solve the reflexive domain equations associated with these
functors. The technique is an adaptation of the limit construction that was first used in the context of
certain partial orders (continuous lattices, complete lattices, complete partial orders). Nevertheless,
we have encountered some nice metric phenomena in our metric framework. To begin with, the con-
cept of a converging tower is an analogue to the concept of a Cauchy sequence in a complete metric
space, and indeed, both have a limit. Furthermore, a contracting functor on our category of metric
spaces is a concept analogous to that of a contracting function on a complete metric space, and both
are guaranteed to have a fixed point. If we strengthen our requirements on the functor to include
hom-contractivity (also analogous to contractivity of a function), we even know that the fixed point is
unique (as is the case with a contracting function). Therefore the whole situation looks very much
like Banach’s theorem in a category-theoretic disguise. :

A few questions remain open, however. We are still looking for a functor that is contracting but not
hom-contracting, or even better for a functor that is contracting but has several non-isomorphic fixed
points. Another point is what can be said about functors where the argument occurs at the left hand
side of a general function space construction (all continuous functions, not just the NDI ones).

In any case, the class of functors (and, thus, domain equations) that we can handle is large enough, so
that our technique is a useful tool in the construction of domains for the denotational semantics of
concurrent programming languages.

RELATED WORK

The subject of solving reflexive domain equations is not new. Various solutions of the kind of equa-
tions mentioned above already exist. We shall not try to give an extensive and complete bibliography
on this matter and confine ourselves to the following remarks.

We mention the work of Scott ([Sc]), who uses inverse limit constructions for solving domain equa-
tions. Our method of generalizing metric notions in terms of category-theoretical notions shows a
clear analogy to the work D. Lehmann ([Le]) did in the context of partial orderings. In fact, there is
a clear similarity between the metric and the order-theoretic cases: Both are based on theorem 3.14
and in both cases the main part of the work is showing that the premisses of this theorem are
satisfied. Of course, the details of these proofs are quite different. It is interesting to notice that in the
order-theoretic case one can often prove that there is an initial fixed point of the functor: a fixed
point that can be embedded in every other fixed point (see, e.g., [SP]), whereas in the metric case we
can prove the existence of a unique fixed point (up to isomorphism). This is a nice parallel to what
happens at the elementary level: in order theory one can prove that certain functions have a least
fixed point, whereas in complete metric spaces we have unique fixed points of contracting functions.
Our work is also related to the general method of solving reflexive equations of Smyth and Plotkin
(ISP)). In the terminology used there, we show that our category C is w-complete in the limited sense,
that all converging towers have direct limits. Further we show that a certain type of w-continuous
functors (called contracting) has a fixed point. (Without having investigated the precise relationship,
we also mention here the anology between their notion of an O-category, and the fact that in our
category € the hom-sets are complete metric spaces.)
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A denotational mode! is presented for the language POOL, ‘a parallel object-oriented language. It is a syn-
tactically simplified version of POOL-T, a language that is actually used to write programs for a parallel
machine. The most important aspect of this language is that it describes a system as a collection of com-
municating objects that all have internal activities which are executed in parallel. To describe the semantics
of this language we construct a mathematical domain of processes. This domain is obtained as a solution
of a reflexive domain equation over a category of complete metric spaces. A new technique is developed
to solve a wide class of such equations, including function space constructions. The desired domain is
obtained as the fixed point of a contracting functor implicit in the equation. The domain is sufficiently rich
to allow a fully compositional definition of the language constructs in POOL, including concepts such as
object creation and method invocation by messages. The semantic equations give a meaning to each syn-
tactic construct depending on the POOL object executing the construct, the environment constituted by the
declarations and a continuation, representing the actions to be performed after the execution of the current
construct. After the process representing the execution of an entire program is constructed, a yield func-
tion can extract the set of possible execution sequences from it. A preliminary discussion is provided on
how to deal with fairness. Full mathematical details are supplied, with the exception of the general domain
construction which is described elsewhere

Note: This paper appeared in Information and Computation and is included in this tract
with kind permission of Academic Press, Inc.

1. INTRODUCTION

In this paper we give a formal semantics of a language called POOL (Parallel Object-Oriented
Language). It is a syntactically simplified version of the language POOL-T, which is defined in
(America, 1985) and for which (America, 1986) and (America, 1987) give an account of the design
considerations. POOL-T was designed in subproject A of ESPRIT project 415 with the purpose of
programming a highly parallel machine which is also being developed in this project (see (Odijk,
1987) for an overview). The language provides all the facilities needed to program reasonably large

(*) This work was carried out in the context of ESPRIT project 415: Parallel Archi es and Languages for AIP — a VLSI-
directed approackh.
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parallel systems and many small and several large applications have been written in it.

The language POOL for which we shall give a formal semantics is described in detail in section 3.
In this language, a system is viewed as a collection of objects. These are dynamic entities containing
data (stored in variables) and methods (a kind of procedures). Objects can be created dynamically
during the execution of a program and each of them has an internal activity (its body) in which it can
execute expressions and statements. While inside an object everything proceeds sequentially, the con-
current execution of the bodies of all the objects can give rise to a large amount of parallelism.
Objects can interact by sending messages to each other. Acceptance of a message gives rise to a
rendez-vous between sender and receiver, during which an appropriate method is executed.

The relationship between POOL (as described in section 3) and POOL-T is such that there is a
straightforward translation from valid POOL-T programs to valid POOL programs. This translation
merely performs some syntactic simplifications and it omits some context information (POOL-T is a
statically typed language, POOL is not). At no point does this translation replace any semantic prim-
itive by another one. The sole reason for using two languages and translating between them is that
POOL-T is a practical programming language, where readability, among others, is much more impor-
tant than syntactic simplicity. In order not to overload the present paper, we shall not describe
POOL-T and the above translation, but take as a starting point the language POOL as described in
section 3.

After having defined an operational semantics for POOL in (America et al., 1986), in this paper we
set out to develop a denotational semantics. In general, denotational semantics assigns to every con-
struct in the language a meaning, which is a value from a suitably chosen mathematical domain. The
most important principle in denotational semantics is compositionality: The meaning of a composite
construct is determined solely on the basis of the meanings of its components, which means that the
actual form of these components is irrelevant. .

An important choice we have made is to use the mathematical framework of complete metric spaces
for our semantic description. In this we follow and generalize the approach of (De Bakker and
Zucker, 1982). (For other applications of this type of semantic framework see (De Bakker et al.,
1986).) First, we construct a suitable domain P of processes, which is a set of mathematical objects
that will be used as meanings. It will satisfy a reflexive domain equation, which will be solved by
deriving from it a functor on a certain category of complete metric spaces and then constructing a
fixed point for this functor. The mathematical techniques to do this are sketched in section 2 and
presented in detail in (America and Rutten, 1988). They are not necessary for an understanding of
the rest of the paper.

After having constructed the domain P, we want to define a mapping from the set of POOL pro-
grams (also called units) to P. Before we assign a semantic value to the unit as a whole, we first
define the semantics of statements and expressions. This semantics will be given by functions of the
following type:

[ 1g: Exp—Env—0bj—Contg—P

[---1s:Stat—Env—0bj—Conts—P
where

Contg = Obj—P,

Contg = P.

We give the formal description of the type of these semantic functions here because we want to stress
three of their characteristics: the use of environments, objects and continuations.

The environments (elements of the set Env) are used to store the meanings of declarations (of
classes and methods). With the help of [ - - - §z and [ - - - I5 we can define for each unit U a suitable
environment vy, which contains the meanings of the classes and methods as they are defined in U. It
will be constructed as the unique fixed point of a contracting operator on the complete metric space
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of environments. The semantic domain Obj stands for the set of object names. Its appearance in the
defining equations reflects the fact that in POOL each expression or statement is evaluated by a cer-
tain object. Finally, a continuation will be given as an argument to the semantic functions. This
describes what will happen after the execution of the current expression or statement. As the con-
tinuation of an expression generally depends upon the result of this expression (an object name), its
type is Obj—P, whereas the type of continuations of statements is simply P. This use of continua-
tions makes it possible to define the semantics, especially of object creation, in a convenient and con-
cise way. (For more examples of the use of continuations in semantics, see (De Bruin, 1986) and
(Gordon, 1979).)

The denotational semantics proper for POOL is presented in section 4. It first discusses the details
of the process domain P. Next, it defines an auxiliary operator for parallel composition, which is
used, e.g., in the equation for the creation of a new object. (POOL itself does not have a syntactic
operator for parallel execution: parallelism occurs implicitly as a consequence of object creation.)
Then the core of the semantic definitions, in terms of the various semantic equations for the respective
classes of expressions and statements, is displayed. Once the reader has understood (or taken for
granted) the underlying mathematical foundations he will appreciate, we hope, that the framework
allows a concise, rigorous, and compositional (the touchstone of a denotational model) definition of
intricate notions such as the creation of a new object or the passing of messages leading to the invoca-
tion of the appropriate method. Section 4 then continues with the discussion of the standard process
Pst» which describes the standard objects (integers, booleans, and nil) of the language. Next, the
definition of the environment y; corresponding to a unit U is given and used to define a process py.
In a last step we show how the set of all possible sequences of computation steps can be obtained
from the process resulting from the parallel composition of py and psr.

In section 5 the semantic model is adapted to provide the possibility to formulate requirements that
distinguish between fair and unfair executions of the program. The ideas in this section are not in
their final form and will probably be developed further in subsequent work. Section 6 presents some
conclusions and gives some directions for further research.

As related work concerning the semantics of POOL, we first refer to (America et al., 1986), where
we describe the semantics in an operational way, using a transition system in the style of (Hennessy
and Plotkin, 1979). In (Vaandrager, 1986), the semantics of the language is described by translating it
into process algebra and using the several kinds of semantics that had already been developed for the
latter (see, e.g., (Bergstra and Klop, 1984)). In order to do this, some extra process algebra operators
are introduced. The advantage of this approach is that it uses an existing framework which admits
algebraic calculations with meanings of programs, and furthermore that it can deal with fairness in a
natural way. However, due to the extra translation step, the meaning of an individual construct is
quite hard to understand.

Semantic treatments of parallel object-oriented languages in general are scarce; we only know
(Clinger, 1981), which gives a detailed mathematical model for an actor language. This is done by
defining a set of so-called augmented actor event diagrams, each of which is a fairly complicated
structure representing (the beginning of) a single computation. In order to deal with nondeterminism,
a novel power domain construction is used. This technique deals very well with fairness, but the
event diagrams seem a rather ad hoc construction.

As to the material in section 2, there is a vast amount of literature on order-theoretic domain
theory (see, for instance, (Gierz et al., 1980)). Our approach, in which a category of metric spaces
and (generalizations of) Banach’s theorem are central, may be an attractive alternative that can be
used in a situation where the contractivity of the various functions encountered is a natural
phenomenon.

Acknowledgements: We are indebted to the members of the Working Group on Semantics of
ESPRIT project 415, especially to Werner Damm who stressed the importance of using continuations
at a moment we had given up on them (at that time the approach in (America and Rutten, 1988) had
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not yet been conceived, and continuations did not fit into the process domain). We also wish to
thank the following persons for their contribution to the discussions of many of the preliminary ideas
on which this report is based: Frank de Boer, Anton Eliéns, Hans Jonkers, Frank van der Linden,
John-Jules Meyer, Marly Roncken, and Erik de Vink. Finally we are grateful to the anonymous
referees, whose comments on an earlier version of this paper have led to considerable improvements.

2. METRIC SPACES AND DOMAIN EQUATIONS

In this section we first collect some definitions and properties concerning metric spaces. Then we
show how the well-known direct limit construction can be used as a means to produce a solution of a
recursive domain equation in a category of complete metric spaces.

It is not absolutely necessary to read this section in order to understand the rest of this paper. It
mainly gives a mathematical justification for the constructions used in sections 4 and 5.

2.1. Metric sp..ces

DEFINITION 2.1 (Metric space)

A metric space is a pair (M,d) with M a non-empty set and d a mapping d:M X M—][0,1] (a metric or
distance), which satisfies the following properties: '

(@) Vx,yeM[d(x,y)=0« x=y]

(b) VxyeM[d(xy)=d(yx)]

(c) VYx,y,zeM[d(x,y)<d(x,z)+d(z,y))

We call (M,d) an ultra-metric space if the following stronger version of property (c) is satisfied:

() Vx,y,zeM [d(x,y)<max{d(x,z),d(z,y)}]

REMARK
In our definition the distance between two elements of a metric space is always bounded by 1.

EXAMPLE

Let 4 be an arbitrary set. The discrete metric d4 on A is defined as follows: Let x,y €4, then
0 ifx=y

dy(xy)= 1, if x5y

Now (4,d,) is a metric, even an ultra-metric, space.

DEFINITION 2.2

Let (M,d) be a metric space, let (x;); be a sequence in M.

(a) We say that (x;); is a Cauchy sequence whenever we have:
Ve>0 INeN Yn,m >N [d(x,,x,)<€].

(b) Let xeM. We say that (x;); converges to x (denoted by x =lim;_, , x;) and call x the limit of (x;);
whenever we have:
Ve>0 INeN VYn>N [d(x,x,)<e].
Such a sequence we call convergent.

(c) The metric space (M,d) is called complete whenever each Cauchy sequence converges to an ele-
ment. of M.

(d) A subset X of a metric space (M,d) is called closed whenever each Cauchy sequence in X con-
verges to an element of X.
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DEFINITION 2.3

Let (M,,d,),(M,,d;) be metric spaces.

(a) We say that (M,,d,) and (M,,d,) are isometric if there exists a bijection f:M;—M; such that:
Vx,yeM, [dy(f(x),f(y))=d (x,p)]. We then write M;=M,. When fis not a bijection (but only
an injection), we call it an isometric embedding.

(b) Let f:M,—M, be a function. We call f continuous whenever for each sequence (x;); with limit x
in M, we have that lim;_,,, f(x;)=f (x).

(c) Let e=0. With M,—*M, we denote the set of functions f from M, to M, that satisfy the fol-
lowing property: Vx,y e M, [dy(f (x).f (V))<ed\(x,p)].

Functions fin M 1—!'M; we call non-distance-increasing (NDI), functions f in M;—‘M, with
0<e<1, we call contracting.

PROPOSITION 2.4 Let (M,,d,),(M>,d>) be metric spaces. For every €=0 and fe M\—‘M, we have: f is
continuous.

THEOREM 2.5 (Banach’s fixed point theorem)

Let (M,d) be a complete metric space and f :M—M a contracting function. Then there exists an xeM
such that the following holds:

(1) f(x)=x (x is a fixed point of f),

(2 VWyeM [f(y)=y = y =x](x is unique),

() VxoeM [lm, . f"(xo)=x]} where f"*'(xo)=f(f"(xo)) and Fxo)=xo

REMARK: This theorem will be the main mathematical tool that we shall use: Contracting functions
" and their unique fixed points play an important role throughout this paper.

DEFINITION 2.6

Let (M,d),(M,,d)), . . . ,(M,,d,) be metric spaces.

(a) With M,—>M, we denote the set of all functions from M; to M,. We define a metric dr on
M ,—M, as follows: For every f),f,eM,—>M, we put

de(f1.f2)=supxenm, {d2(f1(x), f2(x))}.

This supremum always exists since the codomain of our metrics is always [0,1]. For =0 the set
M, —*M, is a subset of M—M;, and a metric on M, —*M; can be obtained by taking the res-
triction of the correspondmg dr.

(b) With M, U --- UM, we denote the disjoint union of M, ...,M,, which can be defined as
{}XM U - - - U{n}XM,. We define a metric dy on M, U - - - UM, as follows: For every
x,yeMU - - UM,

di(x,y) if x,ye{j}XM;,1<j<n
dy(xy) = { otherwise.
If no confusion is possible we shall often write U rather than U.

(c) We define a metric dp on the Cartesian product M X - - - XM, by the following clause:
For every (x1, . .. ,%n), (P15 - - s yn)EM X + - - XM,

dP((xlv e vxn)a(ylv s ,yn»zma-xi{di(xivyi)}'

(d) Let $,(M)={X:XCMAX s closed}. We define a metric dy on 9,(M), called the Hausdorff dis-
tance, as follows: For every X,Y €%,(M),

dll(X, Y)=W{S“Pxex{d(X, Y)}vsupye}’(d(y,x)}},

where d(x,Z)=inf,Ez{d(x,z)} for every ZCM, xeM. (We use the convention that sup@ =0
and inf@ =1.)
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(e) For any real number ¢ with e€[0, 1] we define
id(M,d)) = (M.d),
where d'(x,y)=ed(x,y), for every x and y in M.
PROPOSITION 2.7

Let (M,d), (M\,d,), ... ,(M,,d,), dr, dy, dp and dy be as in definition 2.6 and suppose that (M,d),
(M,,d,), . .. ,(M,,d,) are complete. We have that

(@) (M—>M,dr), (M\—>*M3,df),
®) (M\U - UM,,dy),

(€) (MyX - XM,,dp),

@) Fa(M),dy),

(e) id((M,d)),

are complete metric spaces. If (M,d) and (M;,d;) are all ultra-metric spaces, then so are these composed
spaces. (Strictly spoken, for the completeness of M\ —M, and M,—*M, we do not need the complete-
ness of M. The same holds for the ultra-metric property.)

Whenever in the sequel we write M, —>M,, M,—>'M,, MU --- UM, M, X - -+ XM,, 94(M), or
id (M), we mean the metric space with the metric defined above.

The proofs of proposition 2.7 (a), (b), (c), and () are straightforward. Part (d) is more involved. It
can be proved with the help of the following characterization of the completeness of (9,(M),dy).

PROPOSITION 2.8
Let (3.4(M),dy) be as in definition 2.6. Let (X;); be a Cauchy sequence in $,(M). We have:
lim;_,,, X; = {lim;_, X;|x; €X;, (x;); a Cauchy sequence in M}.

Proofs of proposition 2.7(d) and 2.8 can be found in (for instance) (Dugundji, 1966) and (Engelking,
1977). Proposition 2.8 is due to Hahn (Hahn, 1948). The proofs are also repeated in (De Bakker and
Zucker, 1982).

2.2. Solving reflexive domain equations
We shall use as a mathematical domain for our denotational semantics a complete metric space satis-
fying a so-called reflexive domain equation of the following form:

P =F(P).

Here F(P) is an expression composed of P and some given fixed spaces by applying one or more of
the constructions introduced in definition 2.6. A few examples are:

(1) P=AUidyBXP)
(@) P=AUI,BXidy(P))
(3) P=AU(B—idy(P)),

where 4 and B are given fixed complete metric spaces. De Bakker and Zucker have first described (in
(De Bakker and Zucker, 1982)) how to solve these equations in a metric setting (see also (De Bakker
et al. (1986)) for many examples).
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Roughly, their approach amounts to the following: In order to solve P=F(P) they define a
sequence of complete metric spaces (P,), by: Po=A4 and P,.;=F(P,), for n>0, such that P, C
P, C - -. Then they take the metric completion of the union of these spaces P,, say P, and show:
P=F(P). In this way they are able to solve the equations (1), (2), and (3) above.

For our denotational semantics we shall have to solve a domain equation of yet another type,
namely

@ P=AUid,P-'G(P)),

in which P occurs at the left side of a function space arrow, and G(P) is an expression possibly con-
taining P. Here, the method of (De Bakker and Zucker, 1982) fails, since, with F as in (4), it is not
always the case that P, CF(P,). )

In (America and Rutten, 1988) the approach is generalized in order to overcome this problem. The
family of complete metric spaces is made into a category C by providing some additional structure.
(For an extensive introduction to category theory we refer the reader to (Mac Lane, 1971).) Then the
expression F is interpreted as a functor F:C—C which is (in a sense) contracting. It is proved that a
generalized version of Banach’s theorem holds, i.e., that contracting functors have a fixed point (up to
isometry). Such a fixed point, satisfying P==F(P), is a solution of the domain equation.

We shall now give a quick overview of these results, omitting many details and all proofs. For a full
treatment we refer the reader to (America and Rutten, 1988). §

DEFINITION 2.9 (Category of complete metric spaces)
Let C denote the category that has complete metric spaces for its objects. The arrows ¢ in C are
defined as follows: Let M;,M, be complete metric spaces. Then M, —‘M, denotes a pair of maps

M, 22M,, satisfying the following properties:
J
(a) iis an isometric embedding,
(b) j is non-distance-increasing (NDI),
(©) jei=idy,.
(We sometimes write <i,j > for «.) Composition of the arrows is defined in the obvious way.

We can consider M as an approximation of M;: In a sense, the set M, contains more information
than M, because M, can be isometrically embedded into M,. Elements in M, are approximated by
elements in M,. For an element m, M, its (best) approximation in M, is given by j(m,). Clause
(c) states that M, is a consistent extension of M.

DEFINITION 2.10
For every arrow M, ‘M, in € with «= <i,j > we define

8() = dyg, o, (i°),idp,) (= SUPm, e, {du, (i2(m2),m3)}).

This number can be regarded as a measure of the quality with which M, is approximated by M,: the
smaller §(:), the better M, is approximated by M.
Increasing sequences of metric spaces are generalized in the following

DEeFINTTION 2.11 (Converging tower)

(a) We call a sequence (D,,+,), of complete metric spaces and arrows a tower whenever we have that
VneN [D,—»"D,;,€C].

(b) The sequence (D,,t,), is called a converging tower when furthermore the following condition is
satisfied:
Ve>03INeN Vm>n=N [8(,,)<e€), where b,y = t,—1° - * ot,: Dy—D,y,.



104

EXAMPLE
A special case of a converging tower is a tower (D,,t,), satisfying, for some € with 0<<e<l1,

VneN [8(e +1) < €8()]-

(Please note that 8(tm)<8(in)+ - - + +8(im—1)<€"8(tg)+ - - - +e€” -'-s(lo)sﬁ-a(‘o).)

We shall now generalize the technique of forming the metric completion of the union of an increasing
sequence of metric spaces by proving that, in C, every converging tower has an initial cone. The con-
struction of such an initial cone for a given tower is called the direct limit construction. Before we
treat this direct limit construction, we first give the definition of a cone and an initial cone.

DeriNiTION 2.12 (Cone)
Let (D,,t;), be a tower. Let D be a complete metric space and (y,), a sequence of arrows. We call
(D,(Yn)n) a cone for (D,,t,), whenever the following condition holds:

VneN [D,»"DeCA Yy = Yn+1°}

DEeFINITION ? 13 (Initial cone) )
A cone (D,(Y,),) for a tower (D,,t,), is called initial whenever for every other cone (D’,(y,),) for
(Dy,tn)s there exists a unique arrow ¢:D—D’ in € such that:

VneN [ey, = v,].

DEFINITION 2.14 (Direct limit construction)
Let (D,,t,)a, With ¢, = <i,, j, >, be a converging tower. The direct limit of (Dy,t,), is a cone (D,(Yy)n)s
with y, = <g,,h,>, that is defined as follows:

D= {(X,,),,an?O[X,,GD,, /\jn(xn +l) = X,,]}
is equipped with a metric d:D X D—[0,1] defined by: d((x,)n,(Ya)s)= sup{dp (xn.ys)}, for all (x,),
and (y,), €D.
8n:D,—D is defined by g,(x)=(x;)x, where
jk,,(x) if k<n
X =4{x if k=n
in(x) f k>n;
hy:D—, is defined by h,((xi)k)=xX,.

Lemma 2.15
The direct limit of a converging tower (as defined in definition 2.14) is an initial cone for that tower.

As a category-theoretic equivalent of a contracting function on a metric space, we have the following
notion of a contracting functor on C.

DEFINITION 2.16 (Contracting functor)
We call a functor F:C—C contracting whenever the following holds: There exists an ¢, with 0<e<1,
such that, for all D—>‘E eC,

S(F(v) < €8(1).
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A contracting function on a complete metric space is continuous, so it preserves Cauchy sequences
and their limits. Similarly, a contracting functor preserves converging towers and their initial cones:

LeMMa 2.17
Let F:C—C be a contracting functor, let (D,,t,), be a converging tower with an initial cone (D,(Yn)n)-
Then (F(D,),F (t,))» is again a converging tower with (F(D),(F(y5)),) as an initial cone.

THEOREM 2.18 (Fixed-point theorem)

Let F be a contracting functor F:C—C and let Dy—"F(Do)eC. Let the tower (Dy,t,), be defined by
D, +1=F(D,) and v, + =F(,) for all n=0. This tower is converging, so it has a direct limit (D,(Yn)n).
We have: D=F (D).

REMARK: In (America and Rutten, 1988) it is shown that contracting functors that are moreover con-
tracting on all hom-sets (the sets of arrows in C between any two given complete metric spaces) have
unique fixed points (up to isometry). It is also possible to impose certain restrictions upon the
category € such that every contracting functor on € has a unique fixed point.

Let us now indicate how this theorem can be used to solve the equations (1) through (4) above. We
define

(1) Fy(P)=AUidy(BXP)
(2) Fy(P)=AU3(BXidy(P))
(3) F3(P)=AU(B—idy(P)).
If the expression G(P) in equation (4) is, for example, equal to P, then we define F, by
(4) F4(P)=AUidy(P-'P).

(Please note that the definitions of these functors specify, for each metric space (P,dp), the metric on
F(P) implicitly (see definition 2.6).) Now it is easily verified that F,, F,, F3, and F, are contracting
functors on C. Intuitively, this is a consequence of the fact that in the definitions above each
occurrence of P is preceded by a factor id,. Thus these functors have a fixed point, according to
theorem 2.18, which is a solution for the corresponding equation.

REMARKS

(1) In (America and Rutten, 1988) it is shown that functors like F; through F, are also contracting
on hom-sets, which guarantees that they have unique fixed points (up to isometry).

(2) The results above hold for complete ultra-metric spaces too, which can be easily verified. The
domain we shall use for our denotational semantics is an ultra-metric space.

3. THE LANGUAGE POOL

3.1 An informal introduction to the language

The language POOL makes use of the principles of object-oriented programming in order to give
structure to parallel systems. Object-oriented programming (of which the language Smalltalk-80
(Goldberg and Robson, 1983) is a representative example) offers a way to structure large systems.
Originally it was only used in sequential systems, but it offers excellent possibilities for a very advan-
tageous integration with parallelism. (This was already proposed in (Hewitt, 1977), using an
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approach quite different from ours.).

A POOL program describes the behaviour of a whole system in terms of its constituents, objects.
Objects contain some internal data, and some procedures that act on these data (these are called
methods in the object-oriented jargon). Objects are entities of a dynamic nature: they can be created
dynamically, their internal data can be modified, and they have an internal activity of their own. At
the same time they are units of protection: the internal data of one object are not directly accessible
for other objects.

An object uses variables (more specifically: instance variables) to store its internal data. Each vari-
able can contain the name of an object (another object, or, possibly, the object under consideration
itself). An assignment to a variable can make it refer to a different object than before. The variables
of one object cannot be accessed directly by other objects. They can only be read and changed by
the object itself. .

Objects can interact by sending messages to each other. A message is a request for the receiver to
execute a certain method. Messages are sent and received explicitly. In sending a message, the
sender mentions the destination object, the method to be executed, and possibly some parameters
(which are again object names) to be passed to this method. After this its activity is suspended. The
receiver can specify the set of methods that will be accepted, but it can place no restrictions on the
identity of the sender or on the parameters of messages. If a message arrives specifying an appropri-
ate method, the method is executed with the parameters contained in the message. Upon termination,
this method delivers a result (an object name), which is returned to the sender of the message. The
latter then resumes its own execution. Note that this form of communication strongly resembles the
rendez-vous mechanism of Ada (ANSI, 1983).

A method can access the variables of the object that executes it (the receiver of a message). Furth-
ermore it can have some temporary variables, which exist only during the execution of the method.
In addition to answering a message, an object can execute a method of its own simply by calling it.
Because of this, and because answering a message within a method is also allowed, recursive invoca-
tions of methods are possible. Each of these invocations has its own set of parameters and temporary
variables.

When an object is created, a local activity is started: the object’s body. When several objects have
been created, their bodies execute in parallel. This is the way parallelism is introduced into the
language. Synchronization and communication takes places by sending messages, as described above.

Objects are grouped into classes. All objects in one class (the instances of that class) use the same
names for their variables, they have the same methods for answering messages, and execute the same
body. In creating an object, only its desired class must be specified. In this way a class serves as a
blueprint for the creation of its instances.

There are a few standard classes predefined in the language. In this semantic description we will
only incorporate the classes Boolean and Integer. On these objects the usual operations can be per-
formed, but they must be formulated by sending messages. For example, the addition 2+4 is indi-
cated by the expression 2!add(4), sending a message with method name add and parameter 4 to the
object 2.

There is a special standard object, nil, which can be considered to be an element of every class.
Upon the creation of a new object, its instance variables are initialized to nil, and when a method is
invoked, its temporary variables are also initialized to nil. If a message is sent to this object, an error
occurs. In general, whenever a run-time error occurs, the whole system will halt immediately.

At this point it is useful to emphasize the distinction between an object and its name. Objects are
intuitive entities as described above. In this paper there will appear no mathematical construction that
directly models a single object with all its dynamic’ properties (although it would be interesting to see
a semantics which does this). Object names, on the other hand, are modeled explicitly as elements of
some abstract set Obj. Object names are only references to objects. On its own, an object name gives
little information about the object it refers to. In fact, object names are just sufficient to distinguish
the individual objects from each other. Note that variables and parameters contain object names, and
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that expressions result in object names, not objects. Only for standard objects: integers, booleans, and
nil, it does not seem to make sense to distinguish between an object and its name. However, even for
these objects a separate description of their behaviour is necessary (see section 4.4). If in the sequel we
speak, for example, of “the object a”, we hope that the reader understands that the object with name
a is meant.

3.2 Syntax of POOL
In this section the (abstract) syntax of the language POOL is described. We assume that the follow-
ing sets of syntactic elements are given:

IVar (instance variables) with typical element x,
TVar (temporary variables)  with typical element u,
CName  “(class names) with typical element C,
MName  (method names) with typical element m.

We define the set SObj of standard objects, with typical element ¢, by
SObj = Z U {u,ff} U {nil).

(Z is the set of all integers.) Note that for standard objects, we do not distinguish between object

names and the objects themselves. ’
We now define the set Exp of expressions, with typical element e:

e = X

u

e'mey,...,e)

m(ey,...,e)

new (C)

ej=e;

s;e

self

¢

The set Stat of statements, with typical elements s, . . . :

s = Xee

Ue—e

answer V' (VCMName, V+£2)
e

515982

if e then 5, else s, fi

do e then s od
selgyor --- org,les

The set GCom of guarded commands, with typical elements g, . . . :
g = e answer V then s (V CMName).

(Note that V=@ is allowed.)

The set Unit of units, with typical elements U, . . . :

U::=<C|éd|,...,C,=dn> ('l?l)
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The set ClassDef of class definitions, with typical elements 4, . . . :
di=<(mepy,... mesp),s>
And finally the set MethDef of method definitions, with typical elements TR

pu=<(upy,...,uy),e>.

3.2.1 Informal explanation

Expressions
An instance variable or a temporary variable used as an expression will yield as its value the object
name that is currently stored in that variable.

The next kind of expression is a send expression. Here, e is the destination object, to which the
message will be sent, m is the method to be invoked, and e, through e, are the parameters. When a
send expression is evaluated, first the destination expression is evaluated, then the parameters are
evaluated from left to right and then the message is sent to the destination object. When this object
answers the message, the corresponding method is executed, that is, the formal parameters are initial-
ized to the ¢’ jects names in the message, the temporary variables are initialized to nil, and the expres-
sion in the method definition is evaluated. The value which results from this evaluation is sent back
to the sender of the message and this will be the value of the send expression.

A method call simply means that the corresponding method is executed (after the evaluation of the
parameters from left to right). The result of this execution will be the value of the method call.

A new-expression indicates that a new object is to be created, an instance of the indicated class.
The instance variables of this object are initialized to ni/ and the body starts executing in parallel with
all other objects in the system. The result of the new-expression is (the name of) this newly created
object.

The next type of expression checks whether e; and e, result in the same object. If so, # is returned,
otherwise ff.

An expression may also be preceded by a statement. In this case the statement is executed before
the expression is evaluated.

The expression self always results in the name of the object that is executing this expression.

The evaluation of a standard object ¢ results in that object itself. For instance, the value of the
expression 23 will be the natural number 23.

Statements

The first two kinds of statements are assignments, to an instance variable and to a temporary vari-
able, respectively. An assignment is executed by first evaluating the expression on the right, and then
making the variable on the left refer to the resulting object.

The next kind of statement is an answer statement. This indicates that a message is to be
answered. The object executing the answer statement waits until a message arrives with a method
name that is contained in the set V. Then it executes the method (after initializing the formal param-
eters and temporary variables). The result of the method is sent back to the sender of the message,
and the answer statement terminates.

Next it is indicated that any expression may also occur as a statement. Upon execution, the
expression is evaluated and the result is discarded. So only the side effects of the expression evalua-
tion (e.g., the sending of a message) are important.

Sequential composition, conditionals and loops have the usual meaning.

A select statement is executed as follows: First all the expressions (called guards) in the guarded
commands are evaluated from left to right. They must all result in an object of class Boolean, other-
wise an error occurs and the system is halted immediately. The guarded commands of which the
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guards have resulted in ff are discarded (they do not play a role in the further execution of the state-
ment). Now one of the remaining guarded commands is chosen. For this there are two possibilities:
One possibility is that the (textually) first guarded command is chosen in which the answer statement
contains no method names (if there such a guarded command). In this case the statement after then
is executed and the select statement terminates. The second possibility is that a guarded command
with a nonempty answer set is chosen. For this the following requirements must be satisfied:

- A message has arrived specifying a method in this answer set.

- This guarded command must be the (textually) first one that contains this method in its answer set
and for which the guard resulted in 7.

- There must be no guarded command with an empty answer set and a true guard occurring before
this one.

If this case applies, the above message is answered (by executing the specified method and returning
the result), the statement after then is executed, and then the select statement terminates.

Guarded commands
These are sufficiently described in the treatment of the select statement.

Units

These are the programs of POOL. A unit consists of a number of bindings of class names to class
definitions. If a unit is to be executed, a single new instance of the /ast class defined in the unit is
created and execution of its body is started. This object has the task to start the whole system, by
creating new objects and putting them to work.

Class definitions

A class definition describes how instances of the specified class behave. It indicates the methods and
the body each instance of the class will have. The set of instance variables is implicit here: it consists
of all the elements of JVar that occur in the methods or in the body.

Method definitions

A method definition describes a method. Here u; through u, are the formal parameters and e is the
expression to be evaluated when the method is invoked. The set of temporary variables is again
implicit: it consists of all the elements of TVar that occur in the expression e, with the exception of
the formal parameters.

3.2.2 Context conditions

For a POOL program to be valid there are a few more conditions to be satisfied. We assume in the
semantic treatment that the underlying program is valid.

These context conditions are the following:

- All class names in a unit are different.

- All method names in a class definition are different.

- All parameters in a method definition are different.

Any POOL program that is a translation of a valid POOL-T program will automatically satisfy these
conditions. POOL-T is even more restrictive. For example, it requires that the type of every expres-
sion conforms with its use, and it forbids assignments to formal parameters. However, the conditions
above are sufficient to ensure that the program will have a well-defined semantics.
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3.3 An example program

As an illustration of programs that can be written in POOL, we present an example. In the followmg
program (unit) U, a parallel implementation of Eratosthenes’ sieve for generating prime numbers is
given. An object of the class Primes (the “root” object) generates an infinite ascending stream of
integers, which it feeds into a chain of instances of the class Sieve. Each of those remembers in its
variable p the first number it gets (always a prime), and from the rest passes on only those numbers
that are not divisible by p. The computation proceeds in a pipelined way:

Primes Sieve Sieve Sieve
p=3
..23 _22 =21 q 19
first next next next

U = <Sieveedgjeye, Primesedpimes >

where
dgieve = <(iNPUte=inpu, Create<=picreate); Ssieve >,
with
Binput = <(n), qe=n; self>,
Poreate = <(), new(Sieve)>,
Ssieve — answer(input);
p<q;
nextecreate();
do 1t
then answer(input);
if g!mod(p)'equal(0)!not()
then nextlinput(q)
fi
od,
and
dprimes = <(), Sprimes >,
with
Sprimes = firstenew(Sieve);
i2;
do 1t
then firstlinput(i); i«iladd(1)
od
(It is assumed that {p, q, next, i, first} CIVar and ne TVar.)
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4. DENOTATIONAL SEMANTICS

This section constitutes the heart of our paper. First, the sets of objects and states are introduced and
the mathematical domain P of processes is defined which we use for our denotational semantics.
Secondly, an auxiliary semantic operator for parallel composition is defined, followed by the
definition of environments. Then the semantics of expressions and statements is defined, with the
use of the notion of continuations, some familiarity with which may be helpful for the reader. (For an
extensive treatment of continuations and so-called expression continuations, which we shall also use,
we refer to (Gordon, 1979).) Next, the semantics for the standard objects (integers and booleans) of
POOL is given. The section culminates in the definition of the semantics of a unit (a POOL program).
This involves in particular the definition of the environment corresponding to it. Finally, the notions
of paths and yield of a process are introduced.

4.1 Domain definitions
Before we can give the definition of our process domain we have to define the sets of objects and the
set of states.

DEFINITION 4.1 (Objects) -
We assume given a set A0bj of names for active objects together with a function
7: AObj—CName,

which assigns to each object a€AO0bj the class to which it belongs. Furthermore, we assume a func-
tion :

v: 94,(40bj) X CName — AObj,

such that n(X,C)¢ X and (X, C))=C, for finite X CAObj and C e CName. The function » gives for a
finite set X of object names and a class name C a new name of class C, not in X. The set 40bj and

the set of standard objects SObj together form the set Obj of object names, with typical elements a
and B:

Obj = AObjU SObj
= AObjUZ U {1t ff} U {nil}.

REMARK: A possible example of such a set 40bj and functions 7 and » could be obtained by setting:
AObj = CName XN,
n(<Cn>) = C, and
WX,C)=<C, max{n:<Cn>eX}+1>.

DEFINITION 4.2 (States)
The set of states Z, with typical element o, is defined by

S = (AObj—IVar—0bj)
X (AObj—TVar->0bj)
X Dn(AOBj).

REMARKS
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(1) We denote the three components of s€Z by 0 = <a),05,03>.

(2) The first and the second component of a state store the values of the instance variables and the
temporary variables of each active object. The third component contains the object names
currently in use. We need it in order to give unique names to newly created objects.

In order to give a meaning to expressions, statements, and units we shall define a mathematical
domain P, the elements of which we shall from now on call processes.

DEFINITION 4.3 (Semantic process domain P)
Let P, with typical elements p and ¢, be a complete ultra-metric space satisfying the following
reflexive domain equation:

P ={po}Vidy,(E>F.(Stepp)),
where Stepp, with typical elements 7 and p, is
Stepp = (EXP)U Sendp U Answerp,
with
Sendp = Obj X MName X Obj" X (Obj—P)X P,
Answerp = Obj X MName X (Obj" —(Obj—P)—'P).

Here Obj°, with typical elements a and B, is the set of finite sequences of object names. (The sets
{po}), =, Obj, MName, and Obj" become complete ultra-metric spaces by supplying them with the
discrete metric (see the example preceding definition 2.2).)

In section 2 it is described how to solve such an equation. Let us try to explain intuitively the
intended interpretation of the domain P. First, we observe that in the equation above the subexpres-
sion idy, is necessary only to guarantee that the equation is solvable by defining a contracting functor
on the category C (see section 2). For a, say, more operational understanding of the equation it does
not matter.

A process peP is either py or a function from Z to 9,(Stepp). The process pg is the terminated
process. For p#p, the process p has the choice, depending on the current state o, among the steps in
the set p(0). If p(6)= @, then no further action is possible, which is interpreted as abnormal termina-
tion. For p(o)# @, each step mep(o) consists of some action (for instance, a change of the state o or
the registration of an attempt at communication) and a resumption of this action, that is to say the
remaining actions to be taken after this action. There are three different types of steps me Stepp.

First, a step may be an element of 2 X P, say

7= <d,p'>.

The only action is a change of state: ¢’ is the new state. Here the process p’ is the resumption, indi-
cating the remaining actions process p can do. (When p’=pg no steps can be taken after this step .)
Secondly, 7 might be a send step, me Sendp. In this case we have, say

7= <a,m,§,f,p >,

with a€Obj,me MName,BeObj", fe(Obj—P), and peP. The action involved here consists of the
registration of an attempt at communication, in which a message is sent to the object a, specifying the
method m, together with the parameters 8. This is the interpretation of the first three components
a,m, and B. The fourth component f, called the dependent resumption of this send step, indicates the
steps that will be taken after the sender has received the result of the message. These actions will
depend on. the result, which is modeled by f being a function that yields a process when it is applied
to an object name (the result of the message). The last component p, called the independent



113

resumption of this send step, represents the steps to be taken after this send step that need nor wait
for the result of the method execution.
Finally, 7 might be an element of Answerp, say

7= <a,mg>

with a€ Obj, me MName, and ge(Obj’—(0bj—P)—'P). It is then called an answer step. The first
two components of 7 express that the object a is willing to accept a message that specifies the method
m. The last component g, the resumption of this answer step, specifies what should happen when an
appropriate message actually arrives. The function g is then applied to the parameters in this message
and to the dependent resumption of the sender (specified in its corresponding send step). It then
delivers a process which is the resumption of the sender and the receiver together, which is to be com-
posed in parallel with the independent resumption of the send step.

We now define a semantic operator for the parallel composition (or merge) of two processes, for which
we shall use the symbol ||. It is auxiliary in the sense that it does not correspond to a syntactic opera-
tor in the language POOL.

DEFINITION 4.4 (Parallel composition)

Let
[[:PXP-P

be such that it satisfies the following equation:
plg = Aa.({wflq 1mep(o)Aq(o)y#2} U {ﬂﬂp rmeq(o)Ap(o)#2} U

U {7l.p:7€p(0),0€49(0)})

for all p,geP \ {po}, and such that pollg=qllpo=po. Here, wﬂq is defined by

<o’,p'>ﬂq = <d,p'llg>,

|

<a,m,/_3,f,p >!qu = <a,m, B,f,pllq >, and
<a,m,g>ilg = <o,m,A\BAh-(g(B)h)lg)>,
and 7|,p by
(<o, g(l_i)(f)llp>} if m= <a,m,73,f,p > and p=<a,m,g >
Tlop = or p=<a,m,B,f,p > and 7= <a,m,g >
] otherwise.
REMARKS

(1) We observe that this definition is self-referential, since the merge operator occurs at the righthand
side of the definition. For a formal justification of this definition see the appendix (A.1), where
the merge operator is given as the unique fixed point of a contraction
®pc:(P X P! P)—(P XP-!P).

(2) Since we intend to model parallel composition by interleaving, the merge of two processes p and
q consists of three parts. The first part contains all possible first steps of p followed by the paral-
lel composition of their respective resumptions with g. The second part contains similarly the
first steps of ¢. The last part contains the communication steps that result from two matching
communication steps taken simultaneously by process p and ¢q. For meStepp the definition of
7llq is straightforward. The definition of 7|,p is more involved. It is the empty set if 7 and p do
not match. Now suppose they do match, say 7= <a,m,B,f,p> and p=<a,m,g>. Thenwis a
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@

send step, denoting a request to object a to execute the method m, and p is an answer step,
denoting that the object a is willing to accept a message that requests the execution of the
method m. In «|,p, the state o remains unaltered. Since g, the third component of p, represents
the meaning of the execution of the method m, it needs the parameters 8 that are specified by a.
Moreover, g depends on the dependent resumption f of the send step #. This explains why both
B and f are supplied as arguments to the function g. Now it can be seen that g(BX/)lp
represents the resumption of the sender and the receiver together. In order to get more insight in
this definition it is advisable to return to it after having seen the definition of the semantics of an
answer statement.

If, for a given state o, either p(o) or g(o) is empty, then (pligXo) is the empty set. Since the
empty set is used to mode] abnormal termination, this can be understood as follows: If abnormal
termination occurs in one of the two components of a parallel composition, then the entire com-
position is considered to terminate abnormally.

The merge operator is associative, which can easily be proved as follows. Define

€ = supygrcp {dp((plig)llr, pliglir)))

Then, using the fact that the operator || satisfies the equation above, one can show that €< /:-e.
Therefore ¢=0, and || is associative.

Next, environments are introduced in the following

DEFINITION 4.5 (Environments)

The

set of environments is defined as follows:
Env = (AObj—P)
X (MName—AObj—Obj" —(0bj—P)—! P).

REMARKS

)]
@

We denote the first and the second component of y by v, and v,.

When we are going to compute the semantics of a certain unit U, we shall define an environment
Yy such that it contains all information about the definitions that are present in U. It will be
needed in the computation of the semantics of U. The first component vy, of an environment vy is
a function that, supplied with an object name a, gives the process representing the execution of
o’s body. Note that this body depends on the class of &, which can, however, be determined from
the object name by applying the function 7. We shall need this first component when we want to
define the semantics of a new-expression.

The second component vy, gives the meaning of method executions and is used to define the
semantics of an answer statement, a method call, and a select statement. When we supply v,
with arguments m and a we get the meaning of the execution of the method m by the object a.
It depends on the parameters that are passed to the method, so 8 is a third argument. The final
argument is the expression continuation f; which, applied to the object resulting from the execu-
tion of the method, yields a process that represents the steps to be taken next. The result
Y2(m)YaXBXf) €P is a process expressing the meaning of the execution of the method m by the
object a with parameters B and expression continuation f.
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4.2 Semantics of statements and expressions
In this section we define the semantics of statements by specifying a function { - - - I of the following
type:

[--1s: Slat-aEnv—»AObj—aContsa'P

where Contg = P, the set of continuations of statements. Let s Stat,ye Env,acAObj, and peP. The
semantic value of s is the process given by

[s1s(rXa)p).

The environment y contains information about class definitions (needed to evaluate new-expressions)
and method definitions (needed to evaluate answer statements, select statements, and method calls).
The second parameter of [s]s, the object name a, represents the object that executes the statement s.
The semantic value of s finally depends on its so-called continuation: the semantic value of everything
that will happen after the execution of s. The main advantage of the use of continuations is that it
enables us to describe the semantics of expressions, in particular the new-expression, in a concise and
elegant way. For that purpose, we shall specify a function

[---);:Exp—>Env—>AObj—Contg—'P

where Conty = Obj—P, the set of expression continuations. Let ecExp, ye Env, aeAObj, and
fe€O0bj—P. The semantic value of e is the process given by

Lele(r)a)/)-

The environment v, the object a and the continuation f serve the same purpose as in the semantics of
a statement s. However, there is one important difference: the type of the continuation. The evalua-
tion of expressions always results in a value (an element of Obj), upon which the continuation of such
an expression generally depends. The function f, when applied to the result B of the expression, will
yield the process f (B) that is to be executed after the evaluation of the expression.

REMARK

Please note the difference between the notions of resumption and continuation. A resumption is a part
of a semantic step me Stepp, indicating the remaining steps to be taken after the current one (see the
explanation following definition 4.3 above). A continuation is one of the arguments that we give to
our semantic functions. Such a continuation, when supplied as an argument to [s1s(y)Xa), for a state-
ment s, an environment v, and an object a, indicates the actions that should be taken after the state-
ment s has been executed. It may appear as a resumption in the result. A good example of this is
the definition of [x<«elg (in definition 4.7, S1) below.

DEFINITION 4.6 (Semantics of expressions)
We define a function
[---)z:Exp—Env—>A0bj—Contg—!'P,
where
Contg = Obj—P,
by the following clauses. Let ye Env,acAObj, fe Obj—P.

(El, instance variable)
[x1e(YXa)f) = Ao-{ <o, flo1(a)x))>}.

The value of the instance variable x is looked up in the first component of the state o supplied with
the name a of the object that is evaluating the expression. The continuation f is applied to the
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resulting value.

(E2, temporary variable)
Lule (X)) = Ao { <0, /(o2 (a)(u))>).

(E3, send expression)
Le!m(e,, . . . ,e)le(yNa)Xf) =
lele(vNaX
AB- (le ) De(yXeX
AB:- e2de(r)aX

AB, -1+ (Le Je(yXaX
M, Ao-{<B,m,B,f,po>}) - D))

where

B: <Bl’ e ,Bn>~
The expressions e,e, . . . ,e, are evaluated from left to right. Their results correspond to the formal
parameters 8,8, ...,B, of their respective continuations. Finally a send step is performed. The
object name B refers to the object to which the message is sent. The sequence <Bi,...,B,>

represents the parameters for the execution of the- method m. Besides these values and the method
name m the final step <B,m,B,f,po> also contains the expression continuation f of the send expres-
sion as the dependent resumption. If the attempt at communication succeeds, this continuation will
be supplied with the result of the method execution (see section 4.1). The independent resumption of
this send step is initialized at pg.

(EA, method call)
Im(ey, . . ., e)le(¥Xa)f) =
Le\Je(y)aX
ABy- (Le2Be(yXaX

ABn—]' ([en]E(Y)(a)(
AB, Ao+ (<o, Yo(m¥Xa)BY)>}) - -+ )
where
B= <B]v e ,Bn>~

Here the final step is not a communication step. It represents the execution of the method m by the
object a with the parameters 8 and the continuation f.

(ES, new-expression)

[ew(O)le(YXa)X(/f) = Ao-{<d’, v (B)If(B)>)

where
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o’ = <o\ {Ax-nil/B}, 03, 3 U{B}>, and
B=¥o3,0).
A new object of class C is created. It is called »(03,C): the function », supplied with the set of all
object names currently in use and the class name C as an argument yields a name of class C that is
not yet being used. The state o is changed by initializing the values of the instance variables of the
new object to nil and by expanding the set o3 with the new name 8. The process v,(B), representing
the body of the new object, is composed in parallel with the process resulting from the application of
the continuation f to B, which is the value of the evaluation of this new-expression. We are able to
perform this parallel composition because we know from f what should happen after the evaluation of
this new-expression, so here the use of continuations is essential.
(E6, identity checking)
le1=e2le(yXaXf) = Le1]e(vXaX
ABy- [e2dp(yXaX
ABy if B=p,
then f (1)
else f ()
fi)).

(E7, sequential composition)

Is;eleXaXf) = Isks(rXaXTel s(rXa))).

The definition of [ - -- 15 is given below in definition 4.7. Lemma 4.8 states that [ - - - ]z and
[ - - - Is are well defined, although their definitions refer to each other.

(EB, seif )
[selflc(yXaX/) = fla).

The continuation f'is supplied with the value of the expression self, that is the name of the object exe-
cuting this expression. We use f(a) instead of Ao-{<o,f(«)>} in this definition, wishing to express
that the value of self is immediately present: it does not take a step to evaluate it. A similar remark
applies to definition E9:

(E9, standard objects)

[o)e(rXaXf) = fi4)-
DEFINITION 4.7 (Semantics of statements)
The function

[--:)s:Stat—Env—AObj—Conts—'P,
where

Contsg=P,
is defined by the following clauses. Let ye Env,a€AObj,p P.

(S1, assignment to an instance variable)
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[x<—els(Y)aXp) = lele(YN@)ABAo-{ <o’ ,p>})
where }

o’ = <oy {(01(a){B/x})/a}, 02,03>.
The expression e is evaluated and the result B is assigned to x.

(S2, assignment to a temporary variable)
[uels(yXa)p) = [elz(YNa)ABAe{<0'p>})

where

o = <a,,0; {(o;(a)(ﬁ/u})/a},o; >,

(S3, answer statement)
[answer VIs(yXa)p) = Ao-{<a,m,g,>:meV}

where for meV

gn = ABEOb;"- Af€0bj—P- v,(m) () (B) AB(f(B)IIp)).

For each method m the function g, represents its execution followed by its continuation. In the
definition of g, the second component of environment vy is supplied with arguments m and a. This
function g,, expects parameters B and a continuation f, both to be received from an object sending a
message specifying the method m. After the execution of the method both the continuation of the
sending object and the given continuation p are to be executed in parallel. So the final argument v, is
supplied with is :

AB(f(B)lp).

REMARK

Now that we have defined the semantics of send expressions and answer statements let us briefly
return to the definition of =|,p (definition 4.4). Let 7= <a,m, 8,f,q> (the result from the elaboration
of a send expression) and p=<a,m,g > (resulting from an answer statement). Then 7|, p is defined as

7l = {<0,g(BXf)llg>).

We see that the execution of the method m proceeds in parallel with the independent resumption g of
the sender. Now that we know how g is defined we have

gBXS) = Y2(mXaXBYAB(f (B)llp)).

The continuation of the execution of m is given by AB-(f(B)llp), the parallel composition of the con-
tinuations f and p. This represents the fact that after the rendez-vous, during which the method is
executed, the sender and the receiver of the message can proceed in parallel again. (Of course, the
independent resumption ¢ may still be executing at this point.) Moreover, the result 8 of the method
execution is passed on to the continuation f of the send expression.

(S4, expressions as statements)

lels(Xa)p) = [ede(YXa)XABP).

If an expression occurs as a statement, only its side effects are important. The resulting value is
neglected.
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(S5, sequential composition)
Is155:)s(YXe)p) = [s1)s(yXaXLs2 0 (YXa)p))-
The continuation of s, is the execution of s, followed by p. We observe that a semantic operator for
sequential composition is absent. The use of continuations has made it superfluous.
(S6, conditional)
[if e then 5, else 5, fils(vYXe)p) =
lel:(NABGf B=2
then [s1s(vXe)(p)
elseif B=f
then [s2)s(vXa)p)
else Ao+ @
fi)).
If Be{u,ff}, then the result is Ao- &, indicating abnormal termination due to the occurrence of an
error.
(87, loop statement)
[do e then s odls(y{a)p) = Fixed Point (®)
where ®:P—P is defined by
(q) = lele(Ya)AB-Ao-{ <o, if B=11
then [sls(vXaXg)
elseif B=f
then p
else Ao- @
fi>}).
We shall show below (lemma 4.8(b)) that ® is contracting.

(S8, select statement)
Isel (e, answer V', then s,) or - - - or (e, answer V,, then s,) lesls(yXa)p) =
Le)Je(yXaX
AB,- if By &{1,ff} then Ao-@
else [e2] (v aX

AB,- if B, e {1, ff} then Ao-@
else Ao
{<o, Iscds(YNa)p)>: B =tt A V=3 AVi<k[Bi=u=V,5%2]} U
(<a,mgmi>: Be=tt A meV, AVi<k[Bi=tu=(meV,\V;7#02)]})
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fi),
where
gnik = ABEOb]*- Afe Obj—P-
2(m) (@) (B) AB((B) Il Iseds(yXa)p)))-

The reader is entitled to some explanation. First the guards are evaluated from left to right. If any of
them evaluates to something different from 2 or ff, then an error occurs immediately, indicated by
Ao-@. After the evaluation of the guards we have two sets of possible steps:

The first set is empty or contains a step corresponding with a guarded command that has a true
guard and an empty answer set, and for which there does not occur any empty answer set to its left.

The second set contains those steps that result from the selection of a method in one of those
guarded commands that have a non-empty answer set V. A message specifying the method me ¥}
can be answered if to the left of the k-th guarded command there occur no guarded commands with
an empty answer set nor with an answer set containing m. This expresses exactly the priority order of
the methods as explained in section 3.2.1. The function g, expresses the execution of the method m
in the k-th puarded command. The only difference with the function g, used in the definition of the
answer statement (S3 above) is that the continuation of the receiving object a (which executes the
select statement s) in this case is: [s,Js(yNa)(p). It represents the execution of the statement s, of the
k-th guarded command, followed by p, the continuation of the entire select statement.

Note that a guarded command for which the guard evaluates to ff can never be selected. If all
guards in the select statement evaluate to ff, the result is Ao- @, denoting abnormal termination.

LemMa 4.8
The semantic functions [ - - - g and [ - - - 15 of definitions 4.6 and 4.7 are well defined:
(a) For all ecExp,s€Stat,yeEnv,acAObj:

[elz(vX@)e(0bj—P)—! P and [sls(yNa)eP—'P.
(b) The function ®:P—P used in definition 4.7 (S7) is contracting.

For the proof see the appendix (A.2).

4.3 Standard objects

DEFINITION 4.9 (Integers)
Let the process pyyr, which represents the activity of all integer objects, be such that is satisfies the
following equation:

PNt = Ao ({<n,add,gf >:neZ} U {<n,sub,g; >:neZ} U ---),
where
g+ =ABeObj" AfeObj—P-
(if BEZ then fin+ B)Hpm-r else Ao @ fi),
g7 = ABeObj" \feObj—P-
(if BeZ then f(n — B)lpwr else Ao- 2 fi),
and where the dots stand for similar terms representing the other operations on integers.
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REMARKS

(1) This definition is self-referential since ppnt occurs at the righthand side of the definition. For-
mally, pint can be defined as the fixed point of a suitably defined contraction on P, similar to
the definition of the merge operator || as the fixed point of the contraction ®pc (see A.1 in the
appendix).

(2) We observe that pyr is an infinitely branching process. Such a process fits naturally into our
domain. This is the reason why we have chosen @,( - - - ) (closed subsets) in our domain equa-
tion rather than @y, ( - - - ) (compact subsets).

(3) The operational intuition behind the definition of pint is the following: For every neZ the set
pmnt(0) contains, among others, two elements, namely <n,add,g; > and <n,sub,g; >. These
steps indicate that the integer object n is willing to execute its methods add and sub. If, for
example by evaluating n'!add(n’), a certain active object sends a request to integer object n to
execute the method add with parameter n’, then g,/ , supplied with n’ and the continuation f of
the active object, is executed. We have that g;f (n’Xf) is, by definition, the parallel composition
of f supplied with the immediate result of the execution of the method add, namely n +n’, and
the process ppnr, which remains unaltered: g} (n’X(f)=f (n +n’)llpint. If, by mistake, a request
for the execution of the method add arrives that specifies the wrong type or number of parame-
ters, then Ao-@ is the result: the system deadlocks.

DEFINITION 4.10 (Booleans) -
Let the process ppooL, Which represents the behaviour of the booleans # and ff;, be such that it
satisfies the following equation:

ProoL = Ao ({<b,and,gp >:be{n,ff}} U {<b,orgy >:be{u,f}} U
{<b,not,ggz>:be{u,f}})

where
gb =ABeObj" A\ feObj—P- (if Be {11, [} then f(bAB)l|psooL €lse Ao+ 2 fi)
gl =ABeObj" AfeObj—P- (if Be{u,ff} then f(bVP)llpsooL else Ao- @ fi)
g7 = ABEObj*-Afe Obj—P- (if B = <> then f(~b)llppooL €lse Ao- & fi)
REMARK

As with pyyr, the definition of pgoor is self-referential. It can be formally justified along the lines of
remark (1) above. The intuition for this definition is very similar to that of the definition of pyyr (see
remark (3) above).

DEFINITION 4.11 (Standard object nil)
The process pyyL, representing the behaviour of the standard object nil, is given by:

PriL = Ao {<nil,m, AB-Af-Ao- @ >:m e MName).

REMARK

The process pny., representing the behaviour of the object nil, is willing to execute any method
meMName. The execution of a method consists of immediate (abnormal) termination, indicated by
Ao 2. In this way, we model that sending messages to nil leads to abnormal termination of the entire
system.

DEFINITION 4.12 (Standard objects)
We define one process for all our standard objects:
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Pst =pwrlpsoor llpniL,,

EXAMPLE

The standard objects are assumed to be present at the execution of every POOL statement s. There-
fore the process representing the semantic value of s will be put into parallel with pgr. An example
may illustrate how communication with a standard object proceeds. We determine

[x(2!add3))s(yXa)po)llpst
for a given x elvar, ye Env, and acAO0bj. First we compute the semantic value of the assignment:
[x(2!add3))ls(rXa)po)
= [2!add(3)le(rXaXf).
[where = AB-Ad’"-{<0”,po>} with 6" = <0’ {(¢"/(a){B/x}/a},02,0'3>]
= [20(rXa) A8y -(I31(Y)aX AB2-Ao-(<py,add, B2, £,po >} )
= BB1e(rXo)ABAo-{<2,add, 82, fpo> )
= Ao-{<2,add,3,f,po>}.
Now the parallel composition:
Ao-{<2,add,3,f,po > }ipsT
= Mo+{<2,add,3,f,po>}lIA0"{. . . ,<2,add,g,>, . .. }ilppooLllpPNni
[where g; = ABe Obj"\f€ Obj—P-(if BeZ then f(2 + B)lpnt else Ao & fi)]
= Ao-{<2,add,3,£,po>|,<2,add,g2>, . . . }llpsoor lpNiL
[where all steps have been omitted but for the successful communication step)
= Ao-{<0,823Xf)>, . . . }YipsooLllpniL
= Ao+ {<o,f (S)lpmnt>, . . . HipBooL I
= Ao-{<o,(Ad’{<06”,po>}DllpmNT>, - - . }IpBoor PN
where ¢” is as above but with 8=35.

4.4 Semantics of a unit

4.5.1 Environments
If we want to define the semantics of a unit U we obviously need an environment yy that contains

information about the class definitions and the method definitions of U. It will be defined as the fixed
point of a contracting function.

DEFINITION 4.13
Let Env be the set of environments as defined in definition 4.5. Thus
Env = (AObj—P)
X(MName—>AObj—0bj’ —(0bj—P)—'P).

For every Ue Unit, we define a function @y : Env—Env. Let yeEnv, y=<y),72>. Now ®y(y),
denoted by ¥, is given as follows: First we determine y,: Let a€AObj and C =7(a). If U specifies a
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definition for the class C, then we put
(@ = [sls(Xe)po),

where

otherwise:
Yi(a) = Ao 2.

Now we define ¥,. Let m e MName, ac AObj, BeObj", fe Obj—P, and put C =w(a). If U specifies
a definition for C in which m occurs and length(B) is equal to the number of formal parameters of
m, then we put

F(mXa)BXSf) = Ao (<0, [ele(YXa)ABAG-{ <, f(B)>})>),

where

U=<...,Ced,...>,
d=<...,(....mep,...),...>,
p=<(uy,...,up),e>,
o = <o0y,0,{h/a},03>,
B=<B....8.>,

h(w)=Bifori=1,...,n,

h(u) = nil for ug{u,, ... ,u,),

¢ = <o, ,62{02((!)/(!},33 >.
Otherwise, we put

F2(m¥a)BXS) = Ao 2.

REMARK

If 3, is applied to an object name of which the class is not defined in the unit U, then the empty pro-
cess, Ao- 2, is the result, indicating that an error has occurred. The same happens when v, is supplied
with incorrect arguments. The definition of ¥; is straightforward. It provides a process representing
the body of the appropriate object. If ¥, is applied to a method m and object «, we get as a result
the semantic value of the expression e that is used in the definition p of m, preceded by a state
transformation in which the temporary variables of a are initialized. After the execution of e these
temporary variables are set back to their old values again, and the continuation f is supplied with the
resulting value of e. (Here we use the fact that, although evaluation of a method by an object might
lead to a nested invocation, this always proceeds in a “last in, first out” fashion.)

LemMMa 4.14
Let Ue Unit and let ®y be defined as in 4.13. Then ®y is a contraction.

For the proof see the appendix (A.3).

DEFINITION 4.15
Let Ue Unit, let @y be as in 4.13. We define

Yy = Fixed Point (®y).
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4.5.2 Semantics of a unit
The execution of a unit U with U = <C,<d), .. .,C,<=d,> consists of the creation of an object of
class C, and the execution of its body.

DEFINITION 4.16 (Semantics of a unit)
We define a function

9 : Unit—P
as follows: Let Ue Unit. Then
NHUL = pylipsr

where

pu = [sTs(roXn(2,Co)Xpo),
with
U=<...,Coe=<...,s>>,

and yy as given in definition 4.15.

REMARK .

The function sl is supplied with the environment yy, which contains information about the class
and method definitions in U, the name W @,C,) of the first object, and with py, denoting the empty
continuation. The standard objects are represented by psr. They are assumed to be present at the
execution of every unit U. Therefore they are composed in parallel together with py.

4.5.3 Paths and yield
The semantics of the statement x«1; x«x + 1 executed by object a, and with the continuation p, is:

Ao {<d’, Ao+ {<0',po>}>},

where in ¢’ the value of o(a)x) is set to 1, and in o’ the value of o(a)(x) is set to o(a)x)+1. This
process consists of two successive state transformations that are not yet composed. The reason for
this is that in our semantics parallelism is modeled by interleaving. If, however, we know that the
statement above is the entire POOL program we want to consider, then no further parallel composi-
tion, and thus no further interleaving, will take place. Then we are able to compose the two state
transformations into one that accumulates their respective effects. For that purpose we introduce the
notion of paths. Given a process p; and a state ¢;, we want to consider computation sequences start-
mg from <0],p1 >.

DEFINITION 4.17 (Paths)
A finite or infinite sequence (<o;,p;>); with 0;€Z, p;eP is called a path (starting from <a),p,>)
whenever
(@) Vj=1[j<length((<o;,p;>)) = <0j+1,p;+1>€p;(o))]
(b) The sequence satisfies one of the following conditions:
(1) It is infinite. (This represents an infinite computation.)
(2) The sequence terminates with the pair <a,,p,>, where p, =po. (This represents normal ter-
mination of all the objects in the system.)
(3) The sequence terminates with the pair <o,,p,>, where p,(c,)= @. (This represents abnor-
mal termination.)
(4) The sequence terminates with the pair <o,,p,>, where p,(0,) CSendp UAnswerp. (This
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represents termination by deadlock.)
The set of all paths we shall call Path.

REMARKS -

(1) A path (<p;,0;>); represents a particular execution of the process p; starting from the state o;.
In every component <o;,p;> of a path starting in <;,p,>>, the state g, is passed on to the
resumption process p,.

(2) In general a set p;(o;) may contain elements of Sendp or Answerp, besides elements of ZXP.
Since we consider paths of only those processes that represent total (POOL) systems that are not
expected to communicate with any environment, we view such elements as unsuccessful attempts
at communication. Therefore we do not want to incorporate them in our definition of paths.
Note that if p;(s;) contains only elements of Sendp and Answerp, then the paths ends, and we
have the termination by deadlock of case (4) above.

(3) Note that for paths representing the execution of an entire unit case (2) above never arises due to
the fact that at least the standard objects are always ready to answer messages. This means that
“normal termination” of a POOL program is an instance of case (4) above.

Next we define the function yield. It presents us, given a process p and a state g, with the set of all
possible paths that start from <a,p>.

DEFINITION 4.18 (Yield)
The function yield :P—Z—%(Path) is defined as follows. Let peP,o€Z. Then

yield(pXo) = {(<0;,p;>); : (<0;,p; >); a path such that <o;,p,>=<o,p>)}

If we want to have all computation sequences of the dénotational meaning of a given unit U, we can
apply this function yield to the semantics of U as given in definition 4.16:

yield (A UY) (oy).
The state oy we start with must be such that
o) = Aa-Ax-nil,
6; = AaAu-nil,
03 = {”2,C,)},

(where U = < ... ,C,<d,>) in which all variables are initialized to nil, and the set of object names
that are currently in use consists of the name of the first active object.

5. FAIRNESS

We shall now introduce the notion of fairness. A path will be called fair if it does not represent a
situation in which an object is infinitely often enabled to take a step but never does so.

To determine whether a path is fair or not, for each step that occurs in the path we have to identify
the object that takes it. It appears that the semantics of statements as we have defined it offers too
little information to make the desired identification. Therefore a small adaptation of our semantic
domain P, the merge operator || and the semantic functions [ - - - }g and [ - - - 15 is required.

In our new domain, which we shall still call P, we label every step with the name of the object that
takes it. We give the adapted equation that must be satisfied and forget about the details of how to
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solve it.

DEFINITION 5.1 (Adapted domain P)
Let P be such that it satisfies the following equation:

P = {po} Uid 4(S—9.(Stepp))
where
Stepp = ComppU Sendp U Answerp,
Compp = AX X P (the set of computation steps),
Sendp = Obj X Obj X MName X Obj" X (Obj—P)X P,
Answerp = Obj X MName X (Obj" —(Obj—>P)—>'P).
The set of labels A, with typical elements «, is defined by
A = Obj U(Obj X Obj).

The set Answerp is as before, because answer steps were already labeled: their first component indi-
cates the object that is willing to answer the method specified by the second component. The first
component of a send step denotes the object that is sending a message; the second indicates the
object to which this message is sent. The first component of a computation step (i.., an element of
Compp) is an element of A. It is either an object, indicating the object that is taking an (internal)
computation step, or it is a pair of objects, indicating the two participants in a successful communica-
tion step (see the definition of the merge operator below).

The definition of the merge operator has to be adapted to this new definition of the domain P.

DEFINITION 5.2
Let [l: P X P—P be such that it satisfies, for p,geP:

14 if §=po
q if p=po
plig = {Ao ({wﬂq 1mep(o)Ag(o)# 2 }U otherwise.
{-rrﬂp 1meq(o)Ap(o)#2 }U
U {7lop: mep(0),p€4(0)})

For meStepp we distinguish three cases.

W) <xop>lg=<xoplg> _

(i) <a,B,mB.fp>llg=<a,BmB,f.pllg>

(ili) <a,m,g>llg=<a,m,AB-Ah-(g(B)h)lig)>.

Finally the set of successful communications between two processes is defined as follows. Let
m,peStepp. We have

{<(@B).0, gBX)lp>) if 7=<a,B,m,B.f,p> and p=<B,m,g>
mop = or p= <a,B,m,B,f,p> and 7= <B,m,g >
[} otherwise.

The definition of a path (as given in definition 4.17) has to be altered straightforwardly: A path now
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contains triples <x;,0;,p;>. Finally. the definition of [ - - - ]z and [ - - - ] ought to be changed. We
give one example of a clause of the definition of [ - - - 1¢.

DEFINITION 5.3
Let[---]g and [ - - - 15 be as given in definitions 4.6 and 4.7, but adapted straightforwardly as is
illustrated by the following clause. Let acA0bj,y€Env,fe Obj—P. We define

[x1e(YXa)f) = Ao-{<a,0,f(0; (a)(x))>).

As fairness is a negative constraint let us define which paths are to be excluded.

DEFINITION 5.4 (Unfairness) .
g) path (<k;,0;,p;>); is called unfair whenever one of the following conditions holds:
Ik ig=0 Vn=i,
[3p 30 [<K,0,p> €pa(0,)]AKFHy 1]
(ii)
3 I<ip,iy, ... > 38 3Im 3B
V=0 [1<iy <ig 4]

AVn=ig 3f 3p [<a,B,m,B,f,p> €Pa(0,)]
AVk=1 3g [<B,m,g>e€p, (0;)]
AVR>ig [k, 7 <a,f>]].
(iid)
Ja I<ip,iy, ... > Im .
V=0 [1<if <ig 41]
AVn=ig g [<a,m,g> ep,(0,)]
AVk=13B3B 3f 3p [<B,a,m,B.f,p>€p, (0,)]
AVn>ig -3B [k, = <B,a>]].

REMARK

The unfairness of a path satisfying condition (i) is interesting only when xeObj. Let k=a, for an
object ac0bj. When condition (i) is informally rephrased, it states that from a certain moment iy on,
object & is continuously willing to take a step (namely <a,0,p>, where ¢ and p depend on the
moment n) but in this path never does so.

If a path satisfies condition (ii) it is unfair with respect to an object a because this object is neglected
in too rude a manner. It tries, from a certain moment iy on, to communicate with object 8 in order
to have method m executed. But although there are infinitely many moments i, at which object B is
willing to execute this method m our object a is never chosen as a matching communication partner.
Condition (iii) concerns the academic case that an object a wants to execute method m from moment
ip on but never does so, although infinitely many matching partners present themselves one after
another. (They might all be the same object.) Whenever the first component of a path results from the
evaluation of a POOL program, condition (iii) implies condition (ii). For, once an object is willing to
send a request to object a for the execution of method m, it is unable to do anything else until «
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agrees to the request.

DEFINITION 5.5 (Fairness)
A path (<k;,0;,p;>); is called fair if it is not unfair.

We define a function fairyield, which presents us, given a process p, a state o, and a label «, with the
set of all possible fair paths that start from <x,o,p>.

DEFINITION 5.6 (Fairyield)
The function fairyield: P—Z—A—%(Path) is defined as follows. Let peP, 0€Z, k€A, then

Sairyield(pXo)(x) = {(<k;,0;,p; >); : <Ky,01,p,>=<k,0,p> and
(<k;,0;,p;>); is a fair path}.

(Formally the choice of a label & is necessary, but of no importance for the result of

fairyield (p Xo)(k).)
The fair computation sequences for a unit U are now given by
Juirvield(M UlXoy)Xa),

where @ U] is as in definition 4.16, oy as defined at the end of subsection 4.5.3, and a is an arbitrary
label.

6. CONCLUSIONS

Now that we have given a semantics for the language POOL, it is time to evaluate our efforts. The
first thing to note is that we have succeeded in giving a semantics that is really denotational: It con-
stitutes a rigorously defined mapping from the syntactically correct constructs of the language to a
mathematical domain suitable for expressing the behaviour of these constructs. Furthermore, this
mapping is defined in a compositional way, in the sense that the semantics of a composite construct is
defined in terms of the semantics of its constituents. We think we have given a satisfactory semantics
to a parallel language with very powerful constructs: dynamic process (object) creation (the new-
expression) and flexible communication primitives (send, answer and select).

The techniques we have used are quite general. We are confident that they can also be used to give
a denotational semantics to other parallel languages, such as Ada or Occam.

Giving a denotational semantics to a language is an excellent way of reviewing the language design
itself. In doing this for POOL, a simplified version of POOL-T, we have encountered no major
semantic anomalies. A minor point is the semantics of the select statement, which appears to be
overly complex and difficult to understand. In the design of POOL2, a new member of the POOL
family, we have decided not to change the basic semantic primitives of the language, and to introduce
only some syntactic ‘sugar’ to enhance its ease of use. The select statement, however, is omitted and
its functionality is obtained by the use of a conditional answer, which accepts an appropriate message
if there is any and otherwise continues without waiting,

Let us now review some of the details of the present work: Why did we use the metric framework
instead of the more common order-theoretic framework? We did this because it was possible. One
should realize that the main reason to use structured domains instead of plain sets is that we want to
be able to solve equations describing the required semantic objects in a recursive way. An equivalent
formulation is that we want to construct fixed points of certain operations. Now the order-theoretic
approach has turned out to be very valuable in the situation that the operations under consideration
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may have many fixed points. Taking the least fixed point of a continuous operation on a complete
partial order amounts to taking the solution that makes the fewest arbitrary assumptions. In other
words, it takes the solution that is only defined insofar as it is defined explicitly by the equation. In
contrast, the metric approach is very useful if the equation has only one solution. If the equation is
characterized by a contracting operation on a complete metric space, then this implies that the equa-
tion has exactly one solution, and that this solution can be approximated by repeatedly applying the
corresponding operation, starting from an arbitrary point. In a situation with unique fixed points, we
think that the metric approach is more appropriate because it makes this situation manifest.

One could argue that our paper is not very concise, because we have to justify our constructions
with proofs that are sometimes very lengthy. But if we compare this with the order-theoretic
approach, we see that such proofs are also required there. They are, however, frequently omitted.
This is justified on the one hand by the fact that order theory has become rather standard, so that the
reader can be assumed to be able to provide the proofs himself, and on the other hand by the
existence of very general theorems stating that functions (or functors) constructed in certain ways
from certain basic building blocks are guaranteed to have fixed points. The metric approach is not
yet so well known, so we thought it advisable to include the relevant proofs, but on the other hand,
corresponding general theorems about the existence of fixed points for large classes of functors have
been developed (see for example (America and Rutten, 1988)). A remarkable point is that the
mathematical techniques used to solve reflexive domain equations, which in (De Bakker and Zucker,
1982) differed greatly from the ones used in the order-theoretic approach, have again converged to the
latter in our work.

An important issue is the choice of the concrete mathematical domain in which the meanings of our
program fragments reside, the space P of processes. It is certainly complex enough to accommodate
all the different constructs in the language. However, in certain respects it appears to be too complex.
For example, in the definition of fairness we had to deal extensively with unrealistic situations,
processes that could never turn up as the meaning of a program. Intuitively it is clear that if we want
to use a single domain of processes to describe the semantics of different constructs like expressions,
statements, and units, then this domain cannot be made simpler. So if we want simpler (smaller)
domains, we shall have to use different ones for different syntactic categories. Actually there are good
reasons for trying to develop another semantics with smaller domains:

First, the semantics given here does not provide a clear view of the basic concept of the language,
the concept of an object. It would be nice to have a semantics in which the objects appear as building
blocks of the system and in which their fundamental properties, e.g. with respect to protection, are
already clear from the domain used for their semantics.

Secondly, there is the notion of full abstractness. A semantics is called fully abstract if any two pro-
gram fragments that behave the same in all possible contexts are assigned equal semantic values.
Intuitively speaking, a semantics is fully abstract if it does not provide unnecessary details. This is
certainly a pleasant property of a semantics. Now full abstractness assumes a notion of observable
behaviour of a program and in the language as we have presented it, programs do not interact at all
with the outside world. Therefore such a notion of observability still has to be developed for POOL.
Nevertheless it seems extremely unlikely that for any reasonable choice of observable behaviour a
semantics along the lines of the current paper will turn out to be fully abstract.

Another unsatisfactory point is the treatment of fairness. The way this is defined here, by first gen-
erating all execution paths and then excluding the unfair ones, has a definite non-compositional
flavor. It would be much more elegant if processes exhibiting unfair behaviour did not even arise in
the whole construction. The most important ingredient would be a fair merge operator, merging two
fair processes into one fair process. However, in our framework such a fair merge is impossible,
because in some situations the resulting process would give rise to non-closed subsets of steps (con-
taining a whole Cauchy sequence, but not its limit). To solve this problem we shall probably need a
more general theory of fairness, if possible in the metric framework.

A final point of further work to be done is the comparison of this denotational semantics with the
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operational one given in (America et al., 1986). An equivalence proof would, of course, be very desir-
able. For a language that is only slightly simpler than POOL (instead of the rendez-vous mechanism it
uses simple value transmission) this has already been achieved (see (America and De Bakker, 1988)).
Proving the equivalence of the operational and denotational semantics for the full language POOL is
the subject of current research.
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APPENDIX

In definition 4.4 we gave an equation for the merge operator ||. Here we show that there is exactly one
operator in PXP—!P satisfying that equation. Let ®pc: (P XP—!P)—(PXP—'P) be defined as
follows: For © € P X P—!P we define ®pc(©), which we denote by O, by:

péq = )\o.({vréq :mep(o)Ag(o)#2} U {wép tmeq(o)Ap(o)#2) U
U {7l.p: m€p(0),p€4(0)})
for all p,geP \ {po}, and by poéq=qépo =po. Here, -rréq is defined by
<o’,p’>6)q = <d'p’'Og>,
<a,m,ﬁ,f,p>éq <a,m,E,f,p®q >, and
<a,m,g>é)q = <a,m,>\/_9~)\h-(g(ﬁ)(h)®q)>,-

Il

and 7l,p by
(<o, gBXf)Op>) if 7= <a,m, B,f,p > and p=<a,m,g >
Tlep = or p=<a,m,[_3,f,p> and 7= <a,m,g >
@ otherwise.
LEmmMa Al

(@) Ppc is well defined, that is:
VO eP X P—! P[®pc(O)eP X P-!P)
(b) ®pc is a contraction.

PrOOF
(a) ®pc is well defined:
Let O eP X P—'P; we show

Vp1.p2.9192€Pldp(p1 Og1,p2 éql)smax{dp(PlyPZ)vdp(qlqu)}]

where © =®pc(0).
Let py,p2,41,92 €P. We have (recall that P is an ultra-metric space)

dp(p) Og, P2 éqz)sma’({dr(Pl 9q P éq:),dr(m éqz,Pz 0g2)).
It suffices to show that

(1) dp(p: Oq1.p1 éq2)<dp(q1,l12)»

(2) dp(p1 ©q2,p2©0q2)<dp(p1,p2)-
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We treat only the first case, the second being symmetric to it.
If one of p,,q;,g; is equal to pg, the result is trivial, so suppose p1,41,427%po. Let 0€Z and let for
i=1,2

X, = (nOgilrep\(9)A g0}~ 2)),
Y, = (n0p|reqo)np (0} 2 ),
Z; = U (7l.p: m€p1(0),pE4i(0)),
S0 py éqi(a)=X,« UY;UZ,;. Because o is arbitrary it suffices to show that
’/é'dgd(s,q,,)(Xl UY UZ,,X,UY,UZ;y)<dp(q1,92)

The factor % is due to the occurrence of idy, in the domain equation for P (see definition 4.3). We
have

dg,sipn(X1UY 1 UZ1,X,UY,UZy)<
max(d@d(s‘fpr)(xl ’XZ)’d‘?,(Slep,)(Yl ) YZ)’d%(S!ep,)(Zl ,22)}.

This is a consequence of the fact that the union operator is NDI, which is quite easy to prove. We
show: dg (sig,)(Z1,Z22)<2dp(q1,92)- (The proofs for X; and Y, are straightforward.) By the
definition of the Hausdorff distance we have ’

d?d(Slep,)(Zl’ZZ) = max{supz| eZ, {d(lhzz)},SUPz,ez, {d(zlyzl )} }
We consider only the first supremum:
Supz,eZ| {d(zl)ZZ)} = SUPz.ez.infz,ez; {dSlep,(zlaZZ)}'

Let z,€Z,. There are several possibilities: _
1. Suppose {z,}=<a,m,B,f,p > |, <a,m,g,> with <a,m,B,f,p>€p(0), <a,m,g;>€q,(0).
1.(a) If there is a <a,m,g;>€q;(0), then we can take z, €Z; such that

{z2}= <a,m,ﬁ,f,p > | <a,m,gy>
Then we have
dsiep, (21,22) = dsip, (<0,81(BXf)Op>,<0,g2(BXf)Op>)
= dp(g1(BXf)Op, g2(BXf)Cp)
< [since © P XP—'P]
d(g1,82)
= ds,q,,(<¢x,m,g1>,<a,m,g2 >).
Now for any >0 we can choose <a,m,g;>€g,(0) such that
ds,,h(<a,m,g| >, <a,m,g; >)Sd@d(s,¢p’)(q|(0’),q2(0))+(
<ds_.9,(s1p,)(q1,92) T €
<2-d(q),92)te
Therefore
d(z,,Z,)<2-d(q,,92)+¢
for arbitrary ¢, so
d(z1,2,)<2d(q1,92)-
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1.(b) If there is no g, such that <a,m,g,>€qg;(0), then
g (si1p,)(41(0),42(0)) = d(<a,m,g1 >,q2(0)) = 1.
Therefore
dp(q1,92) = Yrds,(sip,)(q1(0),2(0)) = 4.
Now
d(z1,Z2)<1=2dp(q1,92).
2. The second possibility is that {z,}=<a,m,g>|,<a,m,B,f1,p>,
with <a,m,g>ep,(0), <a,m,B,f1,p>€q,(0). This case can be treated similarly to the first case.
From 1. and 2. we know that for arbitra.fy zy€Zy:
d(21,Z2)<2dp(q1,92)-
Symmetrically we have
Vz3€2; [d(22,21)<2dp(q1,92)]
Therefore we can conclude

dg siep)(Z1,22)<2-dp(q1,92)-

(b) ®p¢ is a contraction: .
Let ©;,0,ePXP-!P, let ©;=%®p(O;). We show that

dpxp_p(O1,02)<%d(O),0,).
We have
dpxpip(©1,07) = supp gep{dprp O19,p029)).
Let p,ge2—9,(Stepp),0€Z. Let for i=1,2
X, =4 (rOiglrep(o)),
Y, =4 (O;plneq(o)},
Z; =% \J {nlop: mep(0).pEq(0)},
sopé,-q(a)':X, UY;UZ;. We have
do,spn(X1 UY1UZ),X,UY,UZs)<
max{ds,(siep, (X1, X249 (51ep,) (Y1, Y 2),d 3 (516,)(Z 1, Z2) }.
We consider dg,(siep,)(X1,X2). By definition of the HausdorfT distance we have
A3, (siep,)(X1,X2) = max{supy, e x, (d(m,X2)},50py, c x, {d(72,X1)})
Let m € X,. We show
d(my, X2) = infy, e x, {dsiep, (M, m2)} < dpxp_ p(O1,O2).
We treat one of the three possible cases for m; € X, say m = <o’,p’©,q >, where p’ep(o):
inf,,,sx, {ds,%(<o',p’®1q>,1r2)}<
ds1ep, (<0',p' D19>,<0’,p'Oy9>) =
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dsxp(<d',p'©19>,<0’,p'O9>) =
dp(p’O14,p'Oa9)<
dpxp-'p(O1,02)
Thus we have
SUDy, < x, {d(m1,X2)} <dpxp_'p(©1,0)).
Similarly
SUPy,cx, {d(72, X 1)} <dpx p_'p(O1, D).
So
d?,(slcp,)(xlvXZ)gdPXP-—t'P'(Ol ,O2).
And analogously
dg,(siep)(Y1, Y2)<dpxp_,' p(O1,O;).
We have, according to the definition of Z;, that Z, =Z,. So
ds, (51 (P ©19(0).p ©29(0)) = d (s16p)(X1 U Y1 UZ) . X, UY,UZy)
<dpxp'p(O1,02).
This holds for every oeZ. Therefore
dp(p O 14,0 ©29)=5d35,(510p)P O14:0 O29)
<Wdpxpp(01,02)
and thus
dppip(O1,02)<Wrdpxp_p(©1,02).

LEMMA A2 (Lemma 4.8)

For every expression e, statement s, environment v, and active object a we have:
() lelz(X@)e(0bj—>P)-'P

(i) [sls(YNa)eP—'P

(ii) vpeP[®,,, €P-%P]

where ®,; , : P—P is defined, for g€ P, by

®,.;,(q) = [ele(yXaX
ABAo (<o, if B =1t then [sls(YNa)Xgq)
elseif B=ff then p
else Ao @
fi>)).

Proor
We prove this lemma using induction on the complexity of the structure of statements and expres-
~ sions. The proof consists of two parts. Let ye Env, ac A0bj. We show the following:
(a) For all simple (see below) expressions e and statements s we have
[elz(vXa)e(0bj—»P)—>! P and [sls(yXa)e P—'P.
(b) Suppose we have proved part (i) and (i) of the lemma for statements 5; and expressions ;. If
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s€Stat and e € Exp are composed of the the statements 5; and expressions e; the lemma holds for
e and s.

Part (a)

Simple expressions are of the form x, u, new(e), self or ¢, the only type of simple statement is of the
form answerV.

Let e be a simple expression. We have to show that

Vf1.f2€(0bj—P) [dp(lele(yXaXf1).[ede(YNaX[f2)) < dobjp(f1,f2))

Let f1,f2€(0bj—P). For every simple expression e that is not a standard object nor the expression
self, we even have:

dp(Tede (X)) Ll e (XN 2) < Krdonyp (1. f2)

Intuitively the decrease of distance follows from the fact that the evaluation of these expressions
always takes at least one step. In this step the state may be changed and the value of the expression is
passed on to the continuation f;. This may be illustrated by the general form of the semantics of such
expressions e:

Lele(YXaX(f) = Ao {<d', - -« fi(B) - - - >}

for some o’€X, BeObj. As an example let us treat one such type of expression.
We show that [new(C)lz(yX@)€(Obj—P)—! P:

dp([new(O) (v X(f1), Inew( Ol (Y)aX(f2)) =

Ao (< nB)If1(B)>}, Ao { <o, vi (B f2(8)>)} =
YoSupgez {dsig, (<", 11BN 1(B)>, <o, vi B f2(B)>)} =
Yrsupgez {dp(n B/ 1(B i B)If2(B)} <

[because || is NDI]

Yersupges {dp(f1(B).f2(B)} <

Yodosj.p(f1,/2)-

Here o’ and B are as in definition 4.6, part ES.
For the standard objects we have the following: Let ¢€SObj, then

dp(Iol (Y XX /1) [e)e(YRaX(f2)) =
dp(f1(¢).f2(P))<

dosj~p(f1,/2)

and analogously for self.
For the only simple statement answerV, we have, for given processes p,,p, €P,

dp(lanswerV1s(yXa)p ), [answerV]s(yNa)p2))=

dpQo-{<a,m gV >:meV}Ao-{<amg?P>meV})
where for j=1,2 and meV,

£%) = ABE0bj" Af(0bj~P) y2(m)a)BYAB(AB)Ilp,)).
The desired result is straightforward from

ot (0j~py-P(ER ER)<
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[because y,(m)a)B)e(Obj—P)—'P]
SUPfe(0bj—P) {dosjpAB-(FBIp 1) AB-(f(B)llp2))} =

sup,cp{dp(pllp1,plip2)} <
[because || is NDIJ

dp(p1,p2).
Part (b)
Composite expressions are of the form e!m(ey, . . . ,e,), m(ey, . .. ,e,), e;=e;, or s;e. Composite
statements are of the form x<«e, u<e, e, s5;5,, ife thens, elses, fi, doe thensod or
sel g; or --- or g, les. Suppose that we have proved part (i) and (ii) of the lemma for expressions
eey,...,e,€Exp and for seStat. We shall treat one composite expression and one composite state-
ment.

We show that [e!m(e, . . . ,e,)lg(vXa)e(Obj—>P)—!P. Let f,,f,€(0bj—P). We have:
dp(le!m(ei, . . . ,e)le(YNaXf1), [e!m(ey, - - . &) e(Y)@)(f2)) =
4, Tele (X - - - Ao (<Bm,B.f1.po>)} -+ ),
Lede(YXa) - - - Ao {<B.m,B.f1,p0>} - ) <
[by the induction hypothesis for e]
d(--- >\0'{<BaM,E,f1’P0>} cee, e ‘>\0'{<ﬁ,M,B,fz,Po>} o)<
[by the induction hypotheses for e, . . . ,e,]
dp(Aa-{<B,m, B, f1,po>}.Ao-{ <B,m,B,f2,p0>}) <
Yordopjp(f1,f2).
The most interesting example of a composite statement is the do-statement. We have that
[do e then 5 od}(yNa)eP—'P

by the following argument, which at the same time proves part (iii) of the lemma.
First, we show that

VpeP[®,,,cP—"P]
Let g,,9,€P. We have:
dP(q)e.s,p (q ") q)e.s,p(q )=
dp(lede(YNa)AB - - - gy - - ), [ele(YXa)YAB - - - g2 - - - )<
[by the induction hypothesis for e]
dopjspMBAG-( gy }, ABAG{ -+ - gy -+ )<
Yedp(Isls(YNeaXq 1), Isls(YNa)g2)) <
[by the induction hypothesis for s]
Yrdp(q1,92)-
Secondly, let p,,p; €P. We define
1 =% Fixed Point (®.,,),
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g2 = Fixed Point (®,,,).

We have
dp(ldo e then 5 odls(yXa)p1),[do e then s odls(yXa)p2)) =
[by definition] dp(g;,42) =
dp(Des.p,(91), .5 p, (92))<
[by the same kind of calculation as above,using the induction hypothesis for e]
Yo-max{dp(Isls(YXaXq1).[sls(vNaXq2)).dp (p1.p2)} <
[using the induction hypothesis for s]
Yrmax{dp(q1,92),dp(p1,P2)}-

We see:
dp(q1,92)<%-dp(p1,p2)-

LEMMA A.3 (Lemma 4.14)
Let for a unit Ue Unit &y be defined as in definition 4.13. Then ®y is a contraction.

PROOF
We shall show
Vy,8€ Env[dgn (,8)< %-dgn (1,9)),

where y=®y(y), §=<bu(8), by proving for v,6€ Env thé following two inequalities:
(@) g, (P,(8)1)<Vrrdgnm(1,0)

(b) dEnv, (827 a(8)2 )< Yodgm (7;8)'

We have

dgm, (1,®0) =
SUPacaon; (dp(Y)i (@), BN (@)} <
SUPs e star,ac 40t { A5 (Y aXp o). Is)s(8Xa)po))).
Now it is easy to prove (in the same way as in lemma 4.8) that, for every s Stat and e € Exp,
[s)s € Env—*(40bj—P—!P),
[elr € Env—*(40bj—(0bj—P)-'P).

Intuitively this can be explained by the fact that whenever the environment occurs in the semantic
equations (the cases E4, ES, S3, and $8), it is “guarded” by Ae-< - - - >. From this observation it
follows that

SUP; e siar,ac 40 {Ap(s)s (YN aXpo), s1s(BXa)po)} < %-dem(v.8),

which concludes the proof of part (a).
The proof of part (b) is similar to that of part (a) and therefore we omit it.
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1. Introduction

Process creation is an important programming concept which appears in a variety
of forms in many contemporary programming styles. In imperative programming
one finds it in languages such as Ada [1], NIL [43] and many others. In the context
of functional or dataflow languages we refer to [22] for a semantic study dealing
with process creation. For logic programming many recent references can be found
in [42]. Object-oriented programming (see [5] for a general introduction from a
theoretician’s point of view) has the family of actor languages (see, e.g., [2, 23, 30])
as examples. The present study was inspired by the language POOL, an acronym
for Parallel Object-Oriented Language, described in [3, 4].

In two previous investigations we have developed operational (0) and denota-
tional (2) semantics for POOL [6, 7]. These two semantic models were designed
independently of each other, and the investigation reported below constitutes the
first step towards the goal of settling the relationship between the two models. For
this purpose we concentrate on the programming notion of process creation together
with a simple version of process communication, and leave a number of further key
notions in POOL for later study. More specifically, we treat communication in the
sense—approximately—as exemplified by CSP [31, 32] and do not treat message
passing and method invocation—notions which should be situated at the same level
as remote procedure call or Ada’s rendez-vous. A similar combination of process
creation with CSP-like communication was first described in [19], a paper which
provides a proof-theoretic treatment of these concepts taken together.

Before going into the characteristics of the languages we shall deal with, let us
say something about the terms “‘operational” and ‘‘denotational”. Operational
semantics gives a model of computation by constructing from a given program a
kind of “‘abstract machine” having a set of ‘“‘states” (which we shall call configur-
ations), and describing the transitions this abstract machine can make from one
state to another. Denotational semantics works by assigning a meaning, which is a
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mathematical entity, to each fragment of a program, in such a way that the meaning
of a composite piece of program can be inferred by looking only at the meanings
of its parts, not at their internal structure. We say that denotational semantics
describes the meaning of programs in a compositional way. Fortunately, the technique
we use for our operational semantics, transition systems in the style of Hennessy’s
and Plotkin’s Structured Operational Semantics (SOS) [29, 38,39] describes the
abstract machine and its state transitions in a way that is directly related to the
syntactic structure of the original program. Due to the explicit presence of this
abstract machine, the transition systems employed have, we feel, a strong operational
intuition.

The emphasis in our semantics design is very much on a systematic development
of the tools for both the operational and denotational models. We have therefore
structured the presentation in four sections, dealing with four languages of increasing
complexity. Using some terminology which will be explained in a moment, we shall
successively present operational and denotational semantics for

(1) a uniform and static language £,,;

(2) a uniform and dynamic language £,4;

(3) a nonuniform and static language %,;

(4) a nonuniform and dynamic language £, .q-

These languages are conceptually ordered according to the following diagram:

xnud

‘“Tus

In this ciassification, a uniform language is one which has uninterpreted elementary
actions. In other words, the indivisible or atomic unit of such a language is just a
symbol from some alphabet, and the meanings assigned to programs in a uniform
language bear strong resemblance to formal languages (here with finite and infinite
words). A nonuniform language has interpreted elementary actions, in our case
assignments and communications. Thus, (individual) variables appear on the scene,
and as a consequence we find in our semantics the notion of a state, i.e., of a
mapping from variables to values. Programs now transform states, and we shall
develop a mathematical structure with entities which combine the flavour of state-
transforming functions with that of a record of the computational history. In Section
5, we shall provide evidence that the latter notion is necessary in view of the parallel
execution operator.

The second distinction in the above diagram concerns that of static versus dynamic
languages. In the former, we have a fixed number of parallel processes, in the latter
a dynamically growing number of processes: each time a new process is created,
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the total number of active processes increases by one. (We shall not investigate in
our paper any notion of process destruction, a concept not present in the language
POOL.)

The simplest element in the partial order is &£, to be treated in Section 3. It is
extended in two directions: one adds the notion of process creation (%£,4), dealt
with in Section 4, and the other adds the notion of interpreted elementary actions,
described in Section S. Finally, in Section 6, both extensions are brought together,
and the full complexity of a nonuniform dynamic language is confronted.

In Sections 3 and 4, the languages are uniform and the semantic models are of
the so-called “linear time” variety (see, e.g., [11] or [40]), i.e., they consist of sets
of (finite or infinite) sequences over a certain alphabet. The operational semantics
is a uniform version of the Structured Operational Semantics (SOS) of Hennessy
and Plotkin [29, 38, 39]. The denotational semantics is built on metric foundations
(apart from the above diagram, no partial order is employed in our paper); this
remains true for later (nonuniform) sections. A distance between two sequences or
sets of sequences is readily defined, and most of the tools of metric topology we
use are quite standard. In particular, we shall make heavy use of Banach’s fixed
point theorem for contracting functions on a complete metric space. Accordingly,
our (denotational) semantics will be defined, when dealing with recursive constructs,
only when the recursion is guarded. In formal languages, one would say that the
grammar concerned satisfies a Greibach condition. (In the nonuniform setting we
shall take an approach where guardedness is automatically satisfied.)

In each of the Sections 3 to 6 we shall, after having presented the two semantic
models, go on to investigate their equivalence. In Sections 3 and 4 we actually prove
that the two semantics yield the same result, i.e., that for te £, or t € £,4 we have
O[t] = 2[t]. For £,,, this is a result which was already obtained earlier (and
presented in [16]). Below, we repeat certain parts of the proof as a first step towards
the equivalence theorem for %4, a result which we believe to be new. In the analysis
of £,4 we make essential use of the notion of continuation, both of a syntactic and
of a semantic kind. Since we develop the semantics of £, as preparatory for £,
we have adapted accordingly the treatment of [16], which does not employ continu-
ations. The equivalence proofs for £, and £,4 have strong similarities. On the
other hand, there is also a fundamental difference having to do with the following
consequence of process creation: in a statement with a syntactic sequential composi-
tion (**;”), say s,;s,, we do not know whether to model the syntactic ;" by semantic
concatenation (““-’’) or by parallel execution (*‘||”’). To see this, contrast the statement
a;b yielding the singleton set {ab} as its meaning, with the statement new(a);b.
The intended meaning of the latter equals that of a| b, which in turn equals the set
{ab, ba}. To overcome this problem we introduce an auxiliary semantic operator
“:”” which is able, somewhat surprisingly, as it were dynamically to make the decision
whether to opt for ““-” or **||””. We consider the introduction of this operator, together
with the derivation of its basic technical properties (such as associativity) as a main
contribution of our paper.
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In Sections 5 and 6 we investigate the nonuniform case. £, has simple communi-
cation commands which are syntactic variations on CSP’s P,?x and P;!e constructs.
We stress that our mentioning CSP here is only to indicate the type of communication
we have in our language. Partial, let alone full, modelling of CSP is not our aim
here. The mathematical structures used to model %,,, and #,.q4 are Plotkin’s
resumptions [37], presented in a fully metric framework as first described in [17]
and subsequently extended and put in a category-theoretic perspective in [8]. We
use the terminology of process domains P, satisfying certain (reflexive) domain
equations of the form

P=%(P)

and we shall design the semantics of programs in %, and %,,4 such that the
meaning of a program is a process p € P. Processes are objects which have a branching
structure, and the models for %, and &, .4 are called branching time [11, 40].

The operational models for Z,,, and £,,4 once more use SOS style transitions.
An important new feature is that, in defining the operational meaning of a program,
we collect the information from the induced transition steps into a process. In other
words, we assemble the information in successive transition steps into a branching
time object. Denotationally, we also use processes as meanings, obtained in the
usual manner by a compositional system of defining equations. For the nonuniform
languages, we do not have that 0 and 9 yield the same function: In order to allow
a compositional definition of & for the communication constructs, we include in
9[s] more information than in O[s] (here s is a nonuniform, static or dynamic,
statement). We therefore introduce a natural extension 0* of O, which preserves
one-sided communication information, and then on the one hand establish that
0* =9, and on the other hand settle the relationship between 0 and 0% in terms
of an abstraction operator abs, resulting in the equivalence 0 = abs o 0*.

In Section 6, we combine the techniques designed for £,4 and %, to deal with
all of &Z,.4. In this way, the reader may obtain a better understanding of this
somewhat complicated case: The concepts of process creation and value communica-
tion have first been treated in isolation, and now a synthesis of the methods from
Sections 4 and 5 is made. In £,,,4 we have classes (ultimately stemming from Simula
[24]), and creation of a process amounts to the creation of a new instance of a class
(in the world of object-oriented programming, this instance would be called a (new)
object). Such an instance has a name which is (just) another value—in addition to
values such as integers or truth-values—and which may be assigned to a variable.
In Z,.,s we encounter for the first time expressions with nontrivial semantics.
Consequently, the syntactic and semantic statement continuations used in previous
sections are now extended with (syntactic and semantic) expression continuations.
Operational and denotational semantics for £, 4 are without major surprises once
one has digested Sections 4 and S. At various points, the definitions owe much to
similar definitions in [6, 7], though a systematic redesign has been applied in order
to allow the final equivalence proof. Again, techniques of Sections 4 and 5 are
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brought together, in particular leading to a nonuniform generalization of the **:”
operator. Also, an additional argument is necessary to deal with the two forms of
recursion now present, one in recursive procedures and the other in recursively
defined classes.

This concludes our overview of the contents of the paper. We also mention that
in Section 2 we collect some mathematical preliminaries. We list elementary
definitions and some useful theorems in metric topology, and provide a brief sketch
of the intuition and mathematical basis for (our way of) solving process domain
equations.

Detailed semantic models of process creation are scarce in the literature. Semantic
studies are reported in a few of the already cited papers [2, 23,42, 43], but these
are all focused on very different problems and techniques. Our work shares with
[22] the central role played by continuations. However, that paper investigates
process creation in a (deterministic) dataflow setting, and does not address semantic
equivalence issues.

Our debu to Plotkin’s seminal work in semantics should be clear from the above.
To Nivat we are indebted for stimulating our interest in metric techniques going
back to his lectures in [35]. Without the detailed semantic analysis of POOL described
in [6,7], the present paper would have been impossible. Many of our semantic
definitions can be traced back to concepts and techniques first developed in these
two papers.

2. Mathematical preliminaries

2.1. Notation

If X is a set, we denote with (X)) the power set of X, i.e., the collection of all
subsets of X. (X)) denotes the collection of all subsets of X which have property
. A sequence X,, X;, . .. of elements of X is usually denoted by (x;) =, or, briefly,
(x;);. The notation f: X - Y expresses that f is a function with domain X and range
Y. We use the notation f{y/x}, with xe X and y € Y, for a variant of f, i.e., for the
function which is defined by

v if x=x,

Hy/x ) = {f(x') otherwise.

If f: X > X and f(x)=x, we call x a fixed point of f.

2.2. Metric spaces

Metric spaces are the mathematical structures in which we carry out our semantic
work. We give only the facts most needed in this paper. For more details, the reader
is referred to [25, 26].
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2.1. Definition. A metric space is a pair (M, d) where M is a nonempty set and d
is a mapping M x M »[0, 1] having the following properties:

(1) Vx,ye M [d(x,y)=0&x=y],

(2) Vx,ye M [d(x,y)=4d(y, x)],

(3) Vx,y,ze M[d(x,y)<d(x,z)+d(z,y)].
(d is called a metric or distance.)

Examples. (1) Let A be an arbitrary set. The discrete metric on A is defined as
follows: Let x, y € A.

0 ifx=y,

d ) —
(x, ) {1 if x # 3.

(2) Let A be an alphabet, and let A = A*U A“ denote the set of all finite and
infinite words over A. Let, for xe€ A™, x(n) denote the prefix of x of length n, in
case length(x)= n, and x, otherwise. We put

d(x y) =2-sup(nlx(n)::_\'(n)}

with the convention that 27 =0. Then (A™, d) is a metric space.

2.2. Definition. Let (M, d) be a metric space and let (x;); be a sequence in M.
(1) We say that (x;); is a Cauchy sequence whenever we have

Ve>03aNeNVn m> N [d(x,, x,)<e].

(2) Let xe M. We say that (x;); converges to x, and call x the limit of (x;);
whenever we have

Ve>03aNeNVn> N[d(x, x,)<e].

We call the sequence (x;); convergent and write x = lim, x;.
(3) (M, d) is called complete whenever each Cauchy sequence in M converges
to an element of M.

2.3. Definition. Let (M,, d,) and (M., d,) be metric spaces.

(1) We say that (M,, d,) and (M,, d,) are isometric if there is a mapping f: M, >
M, such that

(a) fis a bijection,

(b) Vx,ye M, [dy(f(x),f(y))=d\(x, y)].
We then write M, = M,. If we have a function f satisfying only condition (1)(b),
we call it an isometric embedding.

(2) Let f: M, > M,. We call f continuous whenever, for each sequence (x;); with
limit x in M, , we have that lim, f(x;) = f(x). We shall denote the set of all continuous
functions from M, by M, > M,.
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(3) We call a function f: M, > M, contracting if there exists a real number ¢ with
0=<c <1 such that

Vx,ye M, [dx(f(x), f(y)) < cd\(x,y)].

(4) A function f: M, > M, is called non-distance-increasing if

Vx, ye M, [dy(f(x),f(y))<di(x, y)].

We shall denote the set of all non-distance-increasing functions from M, to M, by
M, 5 NDI M,.

24. Lemma. Let (M,, d,) and (M,, d,) be metric spaces, and let f: M,-> M, be a
contracting function. Then f is continuous. The same holds for non-distance-increasing
Junctions.

2.5. Theorem (Banach). Let (M, d) be a complete metric space. Each contracting
function f: M - M has a unique fixed point which equals lim,f'(x,) for arbitrary
Xo€ M. (Here f°(xo) = x, and ' (xo) = f(f'(x0)).)

Proof. Since f is contracting, the sequence (f'(x,)); is a Cauchy sequence. By the
completeness of (M, d), the limit x = lim, f'(x,) exists. By the continuity of f (Lemma
2.4), f(x) =f(lim; f'(x,)) = lim, f ' (x,) = x. If, for some y € M, f(y) = y then, by the
contractivity of f, d(x, y) =d (f(x), f()) < cd(x, y). Hence, since ¢ <1 we conclude
that d(x, y) =0, and x =y follows. [

2.6. Definition. Let (M, d) be a metric space.

(1) A subset X of M is called closed whenever each converging sequence with
elements in X has its limit in X.

(2) A subset X of M is called compact whenever each sequence in X has a
subsequence which converges to an element of X.

Remarks. (1) The definition of compactness given here is in fact what is called
sequential compactness in general topology. In a metric space this is equivalent to
compactness.

(2) Taking, in Definition 2.6(2), X equal to M defines when the space (M, d) is
called compact.

(3) In a metric space every compact set is closed.

2.7. Definition. Let (M, d), (M,, d,), and (M,, d,) be metric spaces.
(1) We define a metric dg on the set M, > M, of all functions from M, to M, as
follows: For every f,, o€ M,> M, we put

de( fi, 7)) = sup d>(fi(x), fr(x)).

(2) We define a metric dp on the Cartesian product M, x M, by
dp((x1, y1), (X2, y2)) = max di(x;, y,)-
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(3) With M, M, we denote the disjoint union of M, and M,, which may be
defined as ({1} x M,) u ({2} x M,). We define a metric d, on M, M, as follows:

di(x,y) ifx,ye{i}xM,;fori=1ori=2,
1 otherwise.

dU(x9 Y) ={

In the sequel we shall often write M, U M, instead of M, M,, implicitly assuming
that M, and M, are already disjoint.

(4) Let 24(M)={X|X < M, X closed}. We define a metric d,; on (M), called
the Hausdorff distance, as follows:

dy(X,Y)= max{sup d(x,Y),supd(y, X)}
xe X yeyY
where d(x, Z) =inf.. ;d(x, z) (here we use the convention that sup # =0 and inf @ =
1, so that the empty set will have distance 1 to every other set).

2.8. Theorem. Let (M, d), (M, , d,), (M,, d,), dg, dp, dy, and d, be as in Definition
2.7, and suppose in addition that (M, d), (M,, d,), and (M,, d,) are complete. We
have that

(1) (M, > M,, d;) (together with (M, > M,, d¢) and (M, »>"~"' M, dy)),

(2) (M XM, dp),

(3) (M,LUM,, dy),

(4) (Po(M), dy)
are complete metric spaces. (Strictly speaking, for the completeness of M,—> M,, the
completeness of M, is not required.)

In the sequel we shall often write M,> M,, M, x M., M,UM,, P, (M), etc.,
when we mean the metric spaces with the metrics just defined.

The proofs of parts (1), (2), and (3) of Theorem 2.8 are straightforward. Part (4)
is more involved. It can be proved with the help of the following characterization
of completeness of (?,(M), dy).

2.9. Theorem. Let (P, (M), dy) be as in Definition 2.7. Let (X;); be a Cauchy sequence
in ?,(M). We have

lim, X, = {lim, x;| x; € X;, (x;); a Cauchy sequence in M}.

Theorem 2.9 is due to Hahn [28]. Proofs of Theorems 2.8 and 2.9 can be found,
e.g., in [25] or [26]. The proofs are also .repeated in [17].

2.10. Theorem (Metric completion). Let M be an arbitrary metric space. Then there
exists a metric space M (called the completion of M) together with an isometric
embedding i: M - M such that
(1) M is complete,
(2) for every complete metric space M' and isometric embedding j: M - M’ there
exists a unique isometric embedding j: M > M’ such that j o i=j.



148 P. America, J. De Bakker
Proof. Standard topology. [
Finally, we have the following result from Rounds [41].

2.11. Theorem. Let f: M,-> M, be an arbitrary function, where M, and M, are
compact metric spaces, and deﬁnef: Pa(M,)-> P(M,) byf(X) ={f(x)|xe X}. Then
the following statements are equivalent:
(1) fis continuous.
(2) Forevery X € P,(M,) we hauef(X) € P,(Ms,), andfis continuous with respect
to the Hausdorff metrics.
(3) Forevery X € P,(M,) we havef(X) € ?.(M.,), and, for each decreasing chain
(X;)i (ie, Xi2 Xy, for all i) of elements in P ,(M,) we have

H(nx)-nix.

2.3. Resumptions and domain equations

We begin with a brief intuitive introduction of the notion of resumption (due to
Plotkin [37]). We use the terminology of processes p, g, which are elements of a
process domain P. We emphasize that we are concerned here with semantics rather
than with syntax: processes are elements of mathematical structures rather than
(pieces of) program texts. Process domains are obtained as solutions of domain
equations. In this informal introduction we let A and B stand for arbitrary (fixed)
sets (where necessary provided with the discrete metric) and we shall denote by p,
an arbitrary mathematical object which shall play the role of a nil process. A very
simple equation is

P={p,}u(AxP). (2.1)

We can read this equation as follows: a process pe P is either p,, which cannot
take any action, or it is a pair (a, g) € A X P, where a is the first action taken and g
is the resumption, describing the rest of p’s actions. Clearly, (2.1) has as a solution
the set of all finite sequences (a,, a,, ..., a,, p,), with n=0 and q; € A for all i. The
set of all these finite sequences plus all infinite sequences (a,, a,, ...) is another
solution.

We next consider

P={p}u(A-(BxP)). (2.2)

This is already a much more interesting equation: each process p is either p, or a

function which, when supplied with an argument q, yields a pair p(a) =(b, p). We

see that p maps a to b, at the same time turning itself into the resumption p'. We

can say that p determines its first step b and the resumption p’ on the basis of a.
The following equation we consider is

P={py}u(A>Py(BxP)). (2.3)
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Now, if we feed a process p # p, with some a € A, a whole set X of possible pairs
(b, g) results, among which the process can choose freely. For reasons of cardinality,
(2.3) has no solution when we take all subsets, rather than all closed subsets of
B x P. Moreover, we should be more precise about the metrics involved. We should
have written (2.3) like this:

P={p}U(A~>P.(Bxid,/»(P))) (2.3)

where, for any positive real number ¢, id. maps a metric space (M, d) into (M, d")
with d'(x, y) = cd(x, y). We shall adopt the convention that in domain equations
like (2.1), (2.2) and (2.3) every occurrence of the defined space P on the right-hand
side is implicitly surrounded by id,,,. (Note that (2.1) and (2.2) can be solved even
without this convention, resulting in a set of sequences or trees respectively, with
the discrete metric.)

It will turn out that (2.3) is the right type of domain equation for our purposes.
We shall, in Sections 5 and 6, specialize A and B to certain sets which have the
appropriate semantic connotations. As we shall see later, an important advantage
of processes as in (2.3) is that they allow a natural definition of their merge, which
combines interleaving and communication steps in a way which is quite familiar in
concurrency semantics (for one example, see ACP [18]).

We next discuss how one may solve equations as exemplified by (2.1) to (2.3).
These equations are special cases of domain equations as studied in depth in the
domain theory initiated by Scott and developed further by many researchers (includ-
ing Plotkin’s [37], see, e.g., [27] for a comprehensive reference). We shall here
briefly sketch an approach to the solution of such domain equations which is fully
couched in the setting of (complete) metric spaces (first described in [17]) and, in
this way, avoids any mention of order-theoretic structures. We thus obtain a unified
mathematical foundation for our semantics since we exclusively base ourselves on
metric techniques. We present a somewhat streamlined version of the results in [17].
There is an important class of domain equations not covered in that paper, viz.
equations of the form

P=---(P>--:)--- (2.4)

i.e., involving functional domains with the ‘“‘unknown” domain on the left-hand
side of ““>"". Recently, a fuller treatment of the metric approach has been described
by America and Rutten [8]. There, equations P = %(P) are solved in a category of
metric spaces, also catering for situations as in (2.4). For the purpose of the present
paper, the restricted case to be described below suffices, and we thus avoid the
introduction of various category-theoretic notions which are not essential for the
applications at hand.
We consider a domain equation

P=%(P) (2.5)

where ¥ is a function (technically, a functor on the category of complete metric
spaces, but we do not have to be aware of this) which is constructed according to
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the following syntax (where ¢ is a real number, 0<c¢<1, and M an arbitrary
complete metric space with metric dy,):

F o= Fy |id, | F X Fo | FIU T | P F) | Forg > F. (2.6)

The above definition of % should be understood as follows. For each complete
metric space (Q, d) we define the complete metric space (#(Q), ¥(d)) to which ¥
maps (Q, d):

(1) FM(Q)=M, F\(d)=dp. Thus, %, is the constant function, yielding
(M, dy,) for every Q. In various applications, we just give some arbitrary set A and
assume for A the discrete metric.

(2) id(Q)=Q, id.(d)(x, y) =cd(x, y).

(3) If F=%,x%,, assume that #(Q)=Q, and F(d)=d, for i=1,2. Then we
put #(Q)=Q,x Q, and ¥(d) = d; (see Definition 2.7).

(4) If = %,UF,, assume again that #,(Q) = Q, and %;(d) =d, fori=1,2. Then
we put #(Q) = Q,JQ, and #(d)=d, (see Definition 2.7).

(5) If F=P,(F'), assume that F'(Q) = Q" and F'(d)=d'. Now we put F(Q) =
P.(Q’') and F(d)=(d')y (see Definition 2.7).

(6) If F=%\ > F', we already know that F,,(Q)=M and F,,(d)=dy. Now
assume that #'(Q)= Q' and ¥'(d)=d'. We put #(Q)=M - Q' and F(d)=(d')s,
where (d')g is the function metric on M - Q' derived from d' (see Definition 2.7).

According to [17], for & as just given we can solve (2.5) by the following scheme:
Define inductively

Po={{po}, do) d,the discrete metric,
Pn-H = 9( Pn)

Observe that—ignoring the obvious identification of P with {i}x P for i=1,2 in
case ¥ involves a disjoint union—we have for all n

P,c P, (2.7)

Now we put (P, d,)=(, P,,\U, d.) (with the obvious interpretation of {_J, d,,)
and we define (P, d) as the completion (see Theorem 2.10) of (Pw, d,). Then we
have the following theorem.

2.12. Theorem. For % and P as above, we have P = %(P).

Proof. A nonessential variation of the results of [17]. O

Remark. The scope of the techniques applied in the proof of Theorem 2.12 was not
fully understood in [17], and substantial clarification was provided by [8]. In
addition, [8] brings an essential generalization: The clause %, > %’ in (2.6) is
replaced by %, > %., thus dropping the restriction that only constants appear on
the left-hand side of “»™. A precise analysis is provided of the ensuing situation,
involving the notion of contraction coefficient ¢ =0 of a functor %, and culminating
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in the result that, for ¢ <1, (2.5) has a unique solution (up to isometry). A key step
in this analysis is a generalization of (2.7): in the presence of general functional
domains we can no longer gloss over the need for a precise embedding of P, into
P,.,, and a rigorous definition of an arrow.: P,— P,., is needed. For arbitrary
complete metric spaces (M,, d,) and (M,, d,), such an arrow ¢: M,—> M, is a pair
(i,j) with i:M,~> M, an isometric embedding and j: M, M, a non-distance-
increasing function such that j o i is equal to the identity function on M.

3. A uniform and static language -

We begin with a detailed study of £, a uniform and static language. First we
present its syntax, and its operational semantics in the style of Hennessy and Plotkin
[29, 38,39]. Next, we develop the metric framework to define the denotational
semantics for Z,,. Finally, we discuss the relationship between the two semantics
and outline an equivalence proof. Most of this section can already be found in [16,
Section 2]; we repeat this material here to make the present paper self-contained
and to prepare the way for the treatment of the dynamic case in the next section.
There are a few new points in the development presented below as well, partly due
to the fact that %, has only one level of parallelism, partly caused by our wish to
achieve a smooth transition to the definitions for &,4, the language with dynamic
parallelism (a notion not treated in [16]). The latter aim has in particular motivated
our use below of the technique of continuations.

3.1. Syntax and preliminary definitions

Let A be a finite alphabet of elementary actions, with typical elements a, b, ¢ (by
this we mean that the letters a, b, and c, possibly adorned with primes or subscripts,
will be used to range over elements of A) and let StmV be an infinite set of statement
variables, with typical elements x, y. Statement variables are used in the syntactic
construct for recursion, as we shall see in a moment.

3.1. Definition (Syntax for statements and programs). (1) The set &, of (uniform
and static) statements, with typical element s, is defined by
s u= alx|s;s;]s,0s, | wx(s]

The prefix px in the construct ux[s'] binds occurrences of x in s’ in the usual way.
We call a statement s closed if it contains no free occurrences of statement variables.

(2) The set £, of (uniform and static) programs, with typical element ¢, is defined
by

t o= sl s, (n=1).

Here we require that s,,..., s, are all closed (so that programs are always closed).
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Examples. (1) Statements: a;b, pux[(a;x)u b], px[(a;x)u(x;b)ucl,
wx[(a,;x;a.)uny[(y;b)uc]l, a;y;b (only the last example is not closed).

(2) Programs: Each of the closed statements listed under (1), and, in addition,
(a;b) | px[(a;x) U bl ux[(x;b) U cl, px[a;x]||wy[b;y].

A statement s is of one of the following forms:
® an elementary action aq,
® the sequential composition s,;s, of statements s, and s,,
® the nondeterministic choice s, U s- (also known as local or internal nondetermin-

ism): s, U s, is executed by executing either s, or s,, where the choice is made

nondeterministically.

® a statement variable x, which is (primarily) used in:

® the recursive construct ux[s]: its execution amounts to execution of s, where
occurrences of x in s are executed by (recursively) executing px[s]. For example,
with the semantic definitions to be proposed presently, the intended meaning of
wx[(a;x)uw b] is the set a* - bu{a®“}.

A program t=s,|| - - - ||s, consists of n=1 statements which are to be executed
in parallel. Since n remains fixed throughout the execution of t, we call the language
&£, static to distinguish it from the dynamic language ¥,4 studied in Section 4.

&, has no synchronization or communication. The issues which arise when such
notions are added to it are studied in detail in (later sections of) [16]. We do not
want to complicate our treatment of &, ,—which plays only a preliminary role in
the present context—by including such ramifications.

Substitution of a statement for a statement variable is defined in the familiar way:
s[s’/x] denotes the result of substituting s’ for all free occurrences of x in s, with
the usual precaution of renaming bound variables when necessary to avoid clashes.

In both operational and denotational models we shall use the universe of streams,
defined as follows.

3.2. Definition (Streams, cf. [20,21]). We assume that L& A. The set A™ of all
streams over A is defined by

A¥=A*0 AY U (A* x{L})

where A* (A“) is the set of all finite (infinite) words over A.

We shall use u, v, w to range over A* and use ¢ for the empty stream. Streams
of the form (u, L) will be written as u- L or simply uL. We shall abbreviate (g, L)
to L. The use of L is motivated, in an operational setting, by our wish to produce
some visible result as the outcome of an infinite computation that does not produce
an infinite sequence of elementary actions. For example, we shall organize the
definitions such that both wx[x] and wx[(x;b) U c] deliver L as an outcome (in the
latter case together with cb*).
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We shall use a” for the infinite sequence of a’s. length(u) yields the number of
symbol occurrences (from Au{Ll}) in u. In particular, for ue A, length(u) =0,
and for u=u'l, u'€ A* we have length(u) = length(u’)+1. we use “<” for the
prefix ordering on A*, i.e., we put u<v whenever u=0v or ue A* and, for some
we A", u- w= v (the reader who wants to see a precise definition of the concatena-
tion “-” of streams is referred to Definition 3.12). For example, we have ab < abc,
a"<a” ab<sabl, but al % abl. We recall that each <-chain (u;);, with u; < u,,,,
i=0,1,..., has a least upper bound u =1lub, u; in A", where (u;); is either infinitely
often increasing (u; # u;., for infinitely many i) and then u € A, or (u;); stabilizes
in some u; (u; = u, forall i =i,), and then u = u,. We conclude this list of definitions
with the notation u(n), which denotes the <-prefix of u of length n in case this
exists, and which equals u otherwise.

In both this and all subsequent sections we shall make extensive use of so-called
continuations, both of syntactic and semantic variety. In defining the semantics of
a statement, we shall use a continuation to indicate the ‘““actions” which remain to
be done after this statement. Syntactically, this is done by a piece of program text,
a syntactic continuation, to be defined below. Semantic continuations will be
introduced in Section 3.3. The use of continuations in the context of £, is not
necessary or especially helpful, but it introduces the techniques which will be applied
fruitfully in the following sections. .

We shall denote the empty syntactic continuation by E (note that E is not itself
a statement) and then define the following sets.

3.3. Definition (Syntactic continuations). (1) The set SyCo of syntactic continuations,
with typical element r, is defined by

ru= E|s;r

Here we require that each statement s occurring in a syntactic continuation r is
closed (so that syntactic continuations are always closed).

(2) We define the set PSyCo of parallel syntactic continuations, with typical element
p, as follows:

p::= LTI (n?l)

3.2. Operational semantics

We now proceed with the operational semantics for ¥,, and %,,. We apply the
technique of transition systems, introduced by Hennessy and Plotkin [29, 38, 39],
and proven to be quite fruitful in a variety of concurrency semantics. The particular
version employed below is close to the style of definition in [9, 10], though these
papers deal in fact with interpreted rather than with uninterpreted languages (cf.,
for example, the discussion in [12] of the distinction between uniform and nonuni-
form). In [16] we also discuss the relationships between our version of the transition
formalism and other variants one may encounter in the literature.
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A configuration is either a pair (p, w), with we A*x{L}, or simply a stream w,
with we A*. A transition is a pair of configurations of the form

(ps W)" <P’, W’) or <pa W)—) W”

(where w, w'e A*x {1}, w"e A*). In order to understand such transitions, we first
mention—anticipating later precise definitions—that a program t=s,]| - - - ||s, will
correspond to a parallel continuation p=s,;E, ..., s,;E. For each configuration
(p, w), we view p as the program currently to be executed, and w as an (unfinished)
stream of elementary actions collected so far. The -’ relation as given above either
reflects a one-step transition to a new such pair (p’, w), or a one-step transition to
a (finished) stream w". The transition system to be defined in a moment provides
the information necessary to deduce transitions of the given form. More precisely,
we shall define the relation ‘> between configurations as the smallest (with respect
to set inclusion) relation which satisfies the axioms given in the following definition.

3.4. Definition ( Transition system for ¥,.). The system-7,, for £, consists of the
following five axioms (in a self-explanatory notation):

Cooo,azr,...,wl)=>(...,r...,wal), Elem
(...,(s,;sz);r,...,w)—>(...,s,;(s2;r),...,w), SeqComp
(oo (syusa)yr oo, Wy syir o, W sar o, w) Choice

(here X - Y |Z is short for X > Y and X - Z),
Covoypx[shin...,wy=> (..., s[pux[s]/xlr, ..., w), Rec
(E,...,E,wl)->w. Term

(Note that, by our conventions, in the first and fifth axiom we A*, and in the
remaining ones we A*x {1}.)

Our next step is the definition of a semantic function O - |, yielding, when applied
to some p, a subset of A®.

3.5. Definition. We define the function
O[-]1: PSyCo - P(A™)

as follows. Let p € PSyCo. We put a stream w into O p] whenever one of the following
conditions is satisfied:

(1) There is a finite sequence of configurations ({p,, w;))"., such that (p,, w,)~>
(pi+1, Wiry) for i=0,...,n—1, py=p, wo=1, and {p,, w,)~> w.

(2) There is an infinite sequence of configurations ({p;, w,));" ,, such that {(p,, w;) >
(Pis1, Wiz fori=0,1,... py=p, wo=1, w,=w;L, and w=(lub, w)) L.
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Remark. In clause (2) we use the obvious fact that if (p, wL)—>(p’, w' L), then w=w'".
Note that, for (w}), infinitely often increasing, w' =" ub, w! belongs to A“, so from
the definition w=w'L we infer that w=w’ (by Definition 3.12, concatenating any
stream to the right of some infinite stream has no effect). For (w;); stabilizing in

'
ino

w; , we obtain w=w, 1.

Examples. (1) Ofux[(a;x)ub];E]={a“}u a*b, O[px[(x;a)u b];E]={L}u ba*.
(2) Ol(cu(a;b));E,d;E]={cd, dc, dab, adb, abd}.

We conclude the operational semantics definitions with the definition of O[] for
te f,,:

3.6. Definition. The mapping O[-]: %~ P(A™) is defined as follows. Let t=
s - v |Isn € Lus. Then

Olt]=0[s,;E,...,s,;E].

Remark. There is a natural connection between the notions discussed above when
restricted to programs without parallelism (t=s,) and the languages with finite or
infinite words produced by context-free grammars in the sense of, e.g., Nivat [35].
For example, the grammar X - aXb|c produces {a“}u{a"ch"|n=1}, and so does
Olpx[(a;x;b)u c]]. A difference arises in the presence of unguarded recursion (cf.
Definition 3.14 below); for example, O[px[(x;b) U c]] equals {L}u cb*, whereas
X - Xb|c would, by Nivat’s definitions, produce only cb*. Briefly, the role of L in
our style(s) of semantics has no counterpart in traditional formal language theory.
Fixed point considerations for infinitary languages generated by grammars which
may be left recursive (in other words, which do not satisfy the Greibach condition)
are discussed for instance by Niwinski [36].

A number of elementary properties of O[ -] are collected in the following lemma.

3.7. Lemma. (1) O[E] ={e}.
(2) Ola;r]=a-0[r].
(3) Ol(sy;55);r] = O[sy5(s257)].
(4) Ol(syv s2);r] = O[s,5r] L O[s2;7].
(5) Ofux[s];r] = O[s[px[s]/x];r].

Remark. This lemma presupposes the formal definition of operations on (sets of)
streams to be given in Definition 3.12.

Proof of Lemma 3.7. Obvious from the definitions. O

3.3. Denotational semantics

By way of preparation for the denotational semantics for #,,, we present some
basic definitions which introduce the metric setting we apply for this purpose.
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3.8. Definition. We define the distance d: A* x A* [0, 1] by
d(u U) = 2—sup(n|u(n)=u("”

where 27 =0.
Examples. d(a,a,a,, a,a,a,)=2"7", d(a",a”)=2"";d(e, L)=1.

3.9. Lemma. (1) (A", d) is a complete metric space.
(2) For finite A, (A™, d) is compact.

Proof. See, e.g., [35]. O

Let #,(A™) denote the collection of all nonempty closed subsets of A*. We
usually abbreviate 2,.(A*) to S,.. Let X, Y range over S,.. We put X(n)=
{u(n)|ue ¥}. Now we also define a distance d on S,,..

3.10. Definition. The distance d : S,.X S,.~[0, 1] is defined by
d(X, y)=2sepinX(m=vim)

where, again, 27 °=0.
We have the following important theorem.

3.11. Theorem. (1) (S, 3) is a complete metric space, and if A is finite, this space
is compact.

(2) d coincides with the Hausdorff distance (cf. Definition 2.7) induced on S,. by
the distance d on streams.

Proof. Part (2) is easy from the definitions, and part (1) then follows from Theorem
2.8 (together with a theorem that says that compactness also carries over from any
M to ?,(M), see [25,26]). The omission of the empty subset, which has distance
1 to every other subset does not disturb closedness or compactness. [

Remark. As a consequence of part (1) of Theorem 3.11, each Cauchy sequence
(Xn)n in (S, d) has a limit lim, X, in (S,., 3), a fact we shall employ several
times below.

Next we introduce three semantic operators *“-”, ““U”, and *“||””, which are counter-
parts of the syntactic operators of sequential composition, choice and parallel
execution. The first two are well-known; the ||-operator (when applied to two sets)
consists of the shuffle of all streams in the two operands. As remarked before, no
operations involving synchronization or communication are considered for this
language. The precise definition of the semantic operators proceeds in stages.
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3.12. Definition (Semantic operators). (1) We assume as known the operation **-”
of prefixing an element a€ A to a finite stream u € A* yielding as a result a- u
(also written as au). Moreover, we put a-(u, L)={(au, L) for uec A*.
(2) Assume X, Yc A*U (A*x{L}). We define
(a) a- X ={au|uec X},
(b) for ue A*U(A*x{L}), we define u- X by induction on the length of u, as
follows: e - X=X, 1 - X={L}, (au) - X =a- (u- X);
(¢) X-Y=U{u Y|ueX};
(d) X u Y is (indeed) the set-theoretic union of X and Y;
(e) u| W (which will be used in (2)(f) is defined by induction on the length of
u, as follows: e X =X, L| X ={1}, (au)| X =a- ({u}| X):
() X||Y=(X[Y)U(Y[X), where X| Y=U{u| X|ueX}.
(3) Assume that X and Y are arbitrary elements of S,, and let ope{:, U, |}.
Then we put

X op Y=Ilim,(X(n)op Y(n)).

3.13. Lemma. (1) The operators op from {-, U, ||} are we}l-deﬁned. In particular, for
each X, Ye S, ., (X(n)op Y(n)), is a Cauchy sequence.
(2) Each op is a continuous mapping: S,.X S,.~> Sc.

Proof. Either by combining results from fll] with Rounds’s theorem (Theorem
2.11), or by appropriately modifying the proof as given in [17, Appendix B]. [

We need one last step before we can give the definition for the denotational
semantic function 9P[-]. We shall restrict the definition of @[] to statements
involving only guarded recursion defined as follows.

3.14. Definition. (1) A statement variable x may occur exposed in a statement s.
This notion is inductively defined as follows:

(a) x occurs exposed in x;

(b) if x occurs exposed in s, then x occurs exposed in s;s’, sus’, s'us, and

wyls] for y # x.

(2) A statement s is called guarded when for each of its recursive substatements
of the form wx[s] we have that x does not occur exposed in s’. A program
t=s,| -+ ||s. is called guarded if all its constituents s; are guarded.

Examples. The statements wx[a;x] and px[wy[b;yl;x] are guarded, whereas
px[(x;b)u c] and py[pux[y];b] are unguarded.

Let &%, denote the sets of guarded statements and £%; the set of guarded programs.
We shall now define the mappings 2:

D[-]: S~ (I > (SeCo ——> S,.))
and
D[-1: L5~ Snc
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where I is the set of environments and SeCo the set of semantic continuations, both
to be defined below. (Recall from Definition 2.3 that - P! stands for the set of all
non-distance-increasing functions.) We take y to range over I' and ¢ to range over
SeCo »"NP' S, .. The type of especially the first 2 might require some explanation;
it means that we apply the function 9 to a guarded statement, an environment, and
a continuation in order to get an element from S,, i.e., a nonempty, closed set of
streams.

The definition of the set SeCo of semantic continuations is simple: We just take

SeCo=S,,.,

and use X, Y to range over SeCo as well. A semantic continuation denotes the
semantics of the statements to be executed after the one to which @[] is applied.
To be more precise, when @ is applied to a (guarded) statement s and an environment
v, we get a function ¢:SeCo »"P' S, .. The interpretation of this function is as
follows: if X € SeCo =S, is the semantics of a statement, say s’, to be executed
after s, then the semantics of s and s’ together is given by ¢(X) (this is illustrated
very well by part (1)(b) of Definition 3.15 below). At this point continuations may
seem a complicated way of doing a simple thing (concatenating sequences), but in
later sections we shall see that the technique of continuations enables denotational
semantics to do in a simple way things that otherwise require quite an effort.

There are two reasons to require the function ¢ to be non-distance-increasing:
The technical reason is that we want Lemma 3.16 below to hold. The intuitive reason
has to do with the fact that such a function ¢ will not have the opportunity to
analyse its argument in detail and make decisive choices based on that analysis,
but it will just concatenate the argument to the end of some set of streams, possibly
(in later sections) interleaving it with yet another set of streams. This kind of
operation will “shift” the argument “to the future”, and due to the nature of the
metric on S,, this means that the distance between ¢(X) and ¢(Y) will possibly
be smaller than the distance between X and Y, but definitely not greater.

For the set of environments we use

I'=StmV - (SeCo =, S.o)-

An environment gives a meaning to each statement variable. In more conventional
languages, which use procedure declarations where we use the p-construct, the
meaning of such a set of declarations would be recorded in an environment vy, which
is subsequently used to interpret the procedure calls in the statements after the
declarations. Our recursive construct effectively combines a declaration and a call
of a ““procedure”, named with a statement variable. Therefore the statement s within
the recursive construct px[s] will be interpreted with respect to an environment
different from the one used in interpreting the recursive construct, where the
difference lies in the meaning assigned to the statement variable x (see equation
(3.1) below).
We are now sufficiently prepared for the following definition.
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3.15. Definition (Denotational semantics for &,, and ¥,,). (1) Assume that se ¥
is guarded. We define @[s] by structural induction on s:
(a) 2[al(y)(X)=a" X,
(b) Dsy;5l(¥)(X) = D[s:](¥)(D[s2D(v) (X)),
(©) 2[5V s](¥)(X) = D[s:)(y)(X)L D[] (¥)(X),
(d) 2[x](y)(X)=y(x)(X),
(e) D[ux[s](¥)(X)=p(X) where ¢, is the unique fixed point of the operator
®:(SeCo »NP'S,.) > (SeCo »NP' S, ) given by @(¢) = D[s](y{e/x}). (We
use the variant notation y{¢/x} introduced in Section 2.1.)
(2) For t=s,| - - - ||s,, t guarded, we put

2011 = DI J(V){eD] - - - 120s.1(v){eD)

where vy is arbitrary (and we assume the obvious associativity of *

19)‘
The definition in clause (1)(e) is justified by the following lemma.

3.16. Lemma. If s is guarded and x does not occur exposed in s, then we have that
the operator @ defined by ® = Ap.D[s](y{¢/x}) is contracting.

Proof. Induction on the complexity of s, using the condition on x. [

By Banach’s theorem (Theorem 2.5), the operator @ in Definition 3.15(1)(e)
indeed has a unique fixed point ¢.. In particular, for the meaning of px[s] we
have the familiar fixed point relation (for each vy):

@0 = D[ ux[s11(y) = D[s)(y{@/ x}). (3.1)

Note furthermore that ¢, =lim, ¢;, where ¢, can be chosen arbitrarily and the rest
of the sequence is given by ¢;,, = D[s](yv{ei/x}).

3.4. Equivalence of operational and denotational semantics

After having defined both 0 and & for (guarded elements of) &, and &£, we
next discuss the relationship between the two semantics. We shall in fact establish
that, for t guarded,

ol 1] = 2[1]. (3.2)

We need some technical properties of @ which will play a role in the inductive
argument to prove (3.2). A very detailed treatment of variants of these results can
be found in [16] (variants stemming from the fact that the latter deals with nested
parallelism as well). Therefore, we state the results here without proof.

3.17. Lemma. (1) O[s;r]=0[s;E] - O[r].
(2) Ofr,, r))=0[r] ||0ﬂrz]]-

For the statement of the next theorem we need some further notation: Consider
a recursive construct ux[s]. Let Q be a new elementary action, i.e., Q € A. (This is
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the only place where we find it convenient to distinguish a syntactic elementary
action () from the corresponding semantic cne (L).) Q will play a role only in
connection with Theorem 3.18 below. We first introduce a corresponding axiom
(extending the list of transition axioms in Definition 3.4):

(oo, ., wy>w, Undef

(Recall that w e A* x{L}. Thus, Undef is an axiom which terminates the computation
with an unfinished stream.) Moreover, for each n=0, s, and x, we introduce the
notation s\"’ given by

=0, sV =s[s/x].

The following theorem is proved in [16].

3.18. Theorem. Assume that px[s] is closed and guarded. Then we have

OTpx[s];r] =lim, O[s{";r].

Proof. See the argument in [16], which involves an elaborate development of
auxiliary tools. [

Theorem 3.18 is in fact crucial for the proof of (3.2). We shall prove (3.2) in a
way that anticipates the strategy followed in the next section where we deal with
Zua- Our reason for doing this is our wish to pinpoint the places where the proof
of the dynamic case is essentially more involved than that of the static case.

In order to prove (3.2), we first prove a more general result, and then obtain (3.2)
as a direct corollary.

3.19. Theorem. Let s be guarded but not necessarily closed, and let the set of free
statement variables of s be contained in {x,, ..., x,}, m=0. Lets,, ..., s, be closed
and guarded statements, let §=s[s;/x;]i~,, and let, for any r, O]r] be short for
AX.(O[r] - X). Let furthermore

@i =0[s;;E]
fori=1,...,m, and let y=y{p;/x;}/~,. Then we have
O[s;E] = D[s1(¥).
Proof. Induction on the complexity of s. We treat three representative cases:
Case 1: s=x;. Then O[S;E]=0[s;;E] = ¢; = D[x](7).

Case 2: s=5'";s". Now the free statement variables of s’ and s” are also among
{x1,..., X,}. We can write §'=5'[s;/x;]/~, and similarly for s”. Then we get

O[$;E]=0[(5";5");E]
=0[§";(s";E)] (Lemma 3.7)
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=AX.0[s";(s";E)] - X

=AX.(O[s";E]-(O[s";E]- X)) (Lemma 3.17 and associativity of *“:”)
= AX.(0[5; E](O[S";E](X)))

=AX(D[sT(¥)(D[s"](y)(X))) (twice the induction hypothesis)

= 2[s';5")(3).

Case 3: s = wy[s']. Let us first remark that from the conditionson s and s,, ..., s,
it follows that § is guarded. We define s' = s'[s;/x;]/~, (note that y may still be free
in 5'). Now we have on the one hand

O[s;E]=AX.(O[S;E] - X)
=AX.lim,(O[§"";E] - X) (Theorem 3.18 and continuity of “*:)
=lim,(O[5}'"); E]).
On the other hand, we have 2[s](y)=1im,, ¢,,, where ¢,.can be chosen freely and

Uns1 = D[s'T1(¥{¥./y}). Our choice for s, will be ¥, = AX.{ L}. We prove, by induction
on n, that

o[, E] = ¢,. , (3.3)
The case n=0 is clear. Now assume (3.3) as induction hypothesis. Then
Olsy"" " El = O[s'[si/x17\[5)"/ ¥} E]
= D[V r{@i/ x}Z v/ y}) = DUV Y/ ¥}) = b1

Here we have used the main induction hypothesis with s’ replacing s, m + 1 replacing
m, and s,,...,S,, S(,"" replacing s,,...,s,. In order for the main induction
hypothesis to apply we have to establish that @[5} "'; E] = y,, which is nothing but
our nested induction hypothesis (3.3).

Now that we have proved (3.3) for all n, it is evident that @[S;E] = 2[s](y),

which proves the most difficult part of the theorem. O
3.20. Corollary. For guarded t we have O[t] = D[t].

Proof. For any closed and guarded s, and any vy, we have, by the previous theorem,
that O[s;E]=2[s](y). Hence, O[s;E]=0[s;E]({e})=2D[s](y){e}). If =
sill - -+ |Is., we therefore obtain

O[1]=0O[s;E,...,s.,;E]=0[s;E]| - - - |O[s.;E]
=D[s:)(v){eD] - - - 12[s.1(v){eH =2[:]. O
We conclude this section with a remark on possible other models for Z,,. Besides

the operational and metric denotational (linear time) models for .¥,,, we have also
developed several other models which have been described elsewhere:
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(1) A denotational semantics based on a cpo structure on (certain) sets of streams
equipped with the Smyth order [12, 14, 33, 34].

(2) Adenotational semantics based on a cpo structure on (certain) sets of so-called
finite observations equipped with the order of reverse set inclusion [12, 14].

(3) A branching time denotational semantics based on a process domain of the
kind described in Section 2.3 [11].

The equivalence of the models in (1) and (2) has been established in [14], the
equivalence of the model in (1) and the denotational metric model is proved in
[13], and the relationship between the branching time model and (any of) the linear
time models is settled in [11].

4. A uniform and dynamic language

We now turn our attention to a language with process creation. In this section we
study the uniform version of this phenomenon as couched in the language ¥,4. In
Section 5 we shall investigate a nonuniform generalization.

A substantial part of the semantic theory for £, can be carried over to the present
case. Thus, we can be much shorter in our definitions. The main equivalence result
also closely follows the approach from Section 3, but for one important new problem
which requires nontrivial additional analysis.

4.1. Syntax and intuitive explanation

We start with the following definition.

4.1. Definition (Syntax for statements and programs). (1) Let s range over the set
Fuq of (uniform and dynamic) statements:

s u= alx|s;;s|s,0s | wx[s']] new(s’).
(2) Let t range over the set #,4 of (uniform and dynamic) programs:
t =5

Here we require again that s is closed. Thus, a program in %4 is simply a closed
statement from ¥4.

The intuitive operational semantics for ¢ or s may be described in terms of a
dynamically growing number of processes which execute statements in parallel in
the following manner:

(1) Set an auxiliary variable i to 1, and set s, to s, the program to be executed.
A process, numbered 1, is created to execute this s,.

(2) Processes 1 to i are executed in parallel. Process j executes s; (1=<j<1i) in
the usual way (see Section 3) if s; begins with an elementary action, sequential
composition, choice, or a recursive construct. For example, if s; begins with an
elementary action a, then this a is appended to the output word, and s; is set to its
(syntactic) continuation (the part after this atomic action).
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(3) If some process j (1<j<1i) has to execute a statement of the form new(s’),
then the following happens: The variable i is set to i+ 1, then s, is set to s', and a
new process, with number i, is created to execute s;. Process j will continue to
execute the part after the new-statement (s; is set to its continuation). Go back to
step (2).

(4) Execution terminates when there is no process left with a nonempty continu-
ation.

Examples. (1) The statement a;new(b;c);d determines the execution as suggested
by the following picture (where the arrow denotes creation of a new process):

(2) Thestatement a;new(b;new(c;d);e);f determines the execution as suggested
by the diagram:

a
_
f b
—_—
e c

4.2. Operational and denotational semantics

The above intuitive explanation would clearly benefit from a more formal descrip-
tion, and this will be the main content of the present section.

We first develop the operational semantics for #,,. We profit from the preparatory
work in Section 3, and assume the general framework as described there. Also,
configurations (p, w) or simply w' (with we A* x {1}, w' e A*) are as before, except
that the statements s in such a parallel syntactic continuation p (see Definition 3.3)
should now belong to &4 instead of &. The transition relation ‘-’ is now defined
as the smallest relation satisfying the axioms in the following definition.

4.2. Definition ( Transition system for £,4). The transition system 7,4 for £, 4 consists
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of all the axioms of Definition 3.4 (i.e., of all of J,), and in addition the axiom
(...,new(s)r,.... wy=>(...,r...,s;E w). New

Here on the left-hand side we have a parallel syntactic continuation p with, say,
n=1 components and new(s);r as the ith component (for some i, I<i<n). On
the right-hand side we have the parallel syntactic continuation p’ with n+1 com-
ponents, r as the ith component and s; E as the (n+ 1)st component (and no changes
with respect to p in the remaining components).

The definition of Ofp] is as before, but now with respect to transition system J 4.
Also, since each t € £, equals some s € &4, we simply put, for t =5, O[] = Os; E].

Example. Take f=a;new(b;new(c);e);f. Then O[t]={afbce, abfce, abcfe, abcef,
afbec, abfec, abefc, abecf}.

The elementary properties of @ listed in Lemma 3.7 remain valid. In addition,
we have the following lemma.

4.3. Lemma. O[new(s);r]=0[r, s;E].
Proof. Clear from the definitions. O

We proceed with the definitions for the denotational semantics for ¥,4 and Z£,4.
A complication which arises is that the notion of a statement being guarded has to
be refined. A typical case concerns a recursive construct such as px[new(a);x],
where the elementary action a does not fulfil the duties of a guard: this construct
may choose to start execution with the recursive call x. The precise definition of
guardedness requires an amended definition of ““x is exposed in s”’, and this involves,
in turn, a notion of generalized new-statement.

4.4. Definition. (1) A generalized new statement g is defined by

g == new(s)| g8 lg' uslsug | px(g]

(2) When a statement variable x occurs exposed in a statement s € &, is defined
inductively as follows:
(a) x occurs exposed in x;
(b) if x occurs exposed in s, then x occurs exposed in s;s', sus’, s'Us, wy[s]
(if y # x), new(s), and in g;s.
(3) A statement s € ¥4 is called guarded if, for all its recursive substatements of
the form wx[s'], s’ contains no exposed occurrences of x.

We shall now give a denotational semantics for £, 4 by defining

D[ -]: Fou> (I'>(SeCo —— §,.)) and D[-]: L2 Spe,
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where we use I', SeCo, and S, as in 3ection 3.3. (Analogously to Section 3.3, 54
denotes the set of guarded statements, and £%, the set of guarded programs.)

4.5. Definition. (1) For guarded se ¥4, s not of the form new(s’), we take over
the clauses from Definition 3.15.
(2) For guarded s of the form new(s’) we put

Dnew(s)](y)(X)=2[sI(y)({eD) || X.
(3) For guarded 1€ %4, t =s, we put D[] = D[s](y)({e}), where y is arbitrary.

We see that the meaning of a new-construct new(s’) in a situation that X remains
to be done (i.e., with a semantic continuation X) is given by the result of putting:
X in parallel with the meaning of s’ where nothing remains to be done after it
(continuation {e}).

Remark. It has been proved that the expressive power of £, is essentially greater
than that of #,, in the sense that for each te %, there is a t'€ £ 4 such that
O[t] = O[t'] (indeed, take t'=t), but not the other way around. (1J.J. Aalbersberg
and P. America, personal communication.)

4.3. Equivalence of operational and denotational semantics

We now address the question as to whether, for guarded ¢, O[t] = 2[t]. We follow
the line of reasoning as in Section 3. First, we again have this lemma.

4.6. Lemma. (1) For all r,, r,e SyCo we have O[r,, r,] = O[r] || O[r,].
(2) If wx[s] is closed and guarded, then O[ux[s];r] =1lim, O[s\";r].

Proof. See the sources given with Lemma 3.17 and Theorem 3.18. [

The next step in the argument concerns the analogue of Lemma 3.17(1) (and,
somewhat more hidden, the way in which O[] is defined, cf. Theorem 3.19). Let
us see whether we may expect that O[s;r] = O[s;E] - O[r]. It is easy to see that this
is not the case by taking, for example, s = new(a) and r = b;E. Then the left-hand
side equals {ab, ba} and the right-hand side equals {ab}. On the other hand, taking
s=a, r=>b;E, we see that neither is it true in general that O[s;r] = O[s;E]| O[r].
What we need here (and in the definition of @[ -]) is an operator which, as it were,
is able to decide dynamically whether the operation at hand is of a sequential or
of a parallel character.

Having pinpointed the problem which distinguishes the situation in the current
section from that in Section 3, we develop some additional tools and associated
lemmas in such a way that eventually we shall be able to adopt the same style of
argument for the main equivalence result as used in Section 3.
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We shall introduce the semantic operator **:”, which should clearly be distinguished
from both - and **||”’. The definition of *“:” requires the introduction of an auxiliary
elementary action, not belonging to AU {1}, and denoted by V. Its intuitive function
is to mark the termination of a local process and (thus) to indicate where a
continuation should start. We shall put A'= Au{V}, and introduce the extended
stream set A® as

A = AN U {wVw, | w, € A*, wye A%}

6,9

We now define the operator *“:” as follows.

4.7. Definition. We shall put S, .= 2,.(A®") (recall that S,.= P,.(A™)).
(1) The operator “:”: A**' x A**'> §! _is given by

o[ 112 0w =l
’ {w} otherwise.

(Note that w’' could again contain an occurrence of v, which will behave as an
ordinary elementary action with respect to ““||™.)
(2) For X, YeS|., X and Y with finite streams only, we put

X:Y=U{uw|lue X, ve Y}.
(3) For arbitrary X, Y €S, we put
X:Y =lim,(X(n):Y(n)).

66,99

An important technical lemma concerning the operator *:” is the following one.

4.8. Lemma. (1) “:” is continuous as a mapping A*'x A** > S/ and as a mapping
57X She—> She-

(2) Restricting the domain of ““:” to S, X S,. will restrict its range to S, or in

other words, " : 8. X S, S,c.

3) (X:Y)Z=X:(Y:Z), for X,Y,ZeS...

4) {(wWh:X =wX, forwe A", XeS'..

B (XuY)rZ=(X:Z)u(Y:Z), for X,Y,ZeS!..

6) (X||Y):Z=X|(Y:2Z), for Xe8S,., Y,ZeS|..

Proof. We only prove part (3). Below, we shall prove that (u:v):w=u:(v:w) for
u, v, we A®'. Then we obtain, for X, Y, Z with finite streams only,

(X:Y):z= U U @w=U U U ((u:u):w)

ueX:Y weZ weX ue Y weZ

U U U (ui(u:w)) = X:(Y:2).

weX ueY weZ

For general X, Y, Z, we take the limit of X (n):Y(n):Z(n).
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We now prove that (u:v):w=u:(v:w). If ue A™ (so that u has no occurrence of
V) then (u:v):w={u}=u:(v:w), and if ve A* then (u:v):w=u:v=u:(v:w). Now
suppose that u = u,vu, and v = v,v/v,. We prove two inclusions:

(1) (u:v):wcu:(v:w).Wehaveu:v=u;- (u,]|v),50(u:0):w=UJ . (ujo) (1 W):W.
Let w’'€ u,||v. We distinguish two subcases:

(a) w'e A™. This is only possible (since v=v,vv,) if u,€ A“ U (A*x{L}). Then
w'eus|lv;, so w'eu| (v, (v5]|w))=u,||(v:w), and therefore (u,w'):w=
{uyw'} < u:(v:w).

(b) w'=wivw). Now there are u,;, u,, such that u, = u, u,,, W€ uy|v;, whe
uy||v,. We obtain

(uyw):w=u,wi(wy]|w) < “1(“21”“1)(“22””2”"’)
< uy (]| (01 (v, w))) = u:(v;w).

(2) u:(v:w)< (u:v):w. We have u:(v:w) =u, - (uof[(v:w)) =U ey th - (ua]lu') =
Uu’evzllw u; + (Uy]|(v,0)). Now let v'ev,||w and w'e u,||(v,v’). There are u,;, u,,,
wi, and wj such that w'=wiw}, wi€ uy | v,, whe uy|v’. We have that

WiV (uxnlv) € uy - (uy)|v,V0,) = usv. (4.1)

(The inclusion holds since u,|v,v/v, contains the set (u,|v,)v (42| v,), which in
turn contains w{v/(u,,||v,).) We conclude that .

W' = u,wiwh e u,wh (| 0s| W) € (u:0):w,

where the last inclusion follows from (4.1) by postfixing both sides with “:w”. [

We next show how the new operator *“:” solves the problems described after
Lemma 4.6. First we extend—for the remainder of this section—the definition of
SyCo (cf. Definition 3.3), and now put

r= E|J]|s;r

We emphasize that the ““elementary action” v occurs only in syntactic continuations;
the syntax for statements s € &4 is not modified. Before we can state and prove the
equivalent of Lemma 3.17(1), we discuss the induced amendment of the transition
system J,4. Firstly, all axioms of 7,4 now refer to r (and p) which may involve
V. Secondly, we extend 7,4 with an axiom catering for v. In the present context,
we need this axiom only in a restricted version:

Covoody oo, wl)> (... E ..., wV1l) Elem’

where w e A* and none of the continuations appearing at the dots (...) involves
V. In other words, we restrict attention to parallel syntactic continuations p which
involve at most one constituent syntactic continuation r ending in v. This is no real
restriction since that property applies to all configurations in transition sequences
which interest us: It holds trivially for p containing only one component, and it is
preserved by applications of the axiom New, which creates new components.
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We can now state the following lemma, which applies the technique of induction
loading to prove Corollary 4.10.

4.9. Lemma. Let s € ¥, (not necessarily closed) and suppose that all the free variables
insarein {x,,...,x:}. Now let s,,...,s, be closed and guarded and define § =
s[s;/x;15.,. Suppose further that for i=1, ...,k and for any r we have

Os;;r] = Os;3V]:0[r]
and that § is guarded. Then we have for any r
O[s;r] = O[s:V]:O[r].
Proof. Induction on the complexity of s. We give full details of the proof, in order

to exhibit its dependence on Lemma 4.8.
(1) If s=aq, then §=aq, so we get

Ols;rl=0[a;r]=a- O[] (Lemma 3.7)
={av}:0[r] " (Lemma 4.8(4))
= 0[a;V]:0[r] = O[5;V]:0[r].

(2) If s =x,, then §=s; and the property follows from the assumption about s,.

o, on

(3) If s=s';s", then we get in an obvious way §=§";5", so
O[s;r] = O[(5";5");r]
=0[s";(s";r)] (Lemma 3.7)
= 0[5V]: O[5";r] (ind. hyp. for s)
= 0[5;v]:(O[5"V]:00r]) (ind. hyp. for s")
= (0[5";v]:015";v]):0[r] (Lemma 4.8(3))
=0[s";(5"V)]:0[r] (ind. hyp. for s’)
= 0[(5";5");V]:0[r]
= 0[5:v]: 0[]
(4) If s =5'U s", then, again, §=3§"U §" and we get
Ol s;r] = 01(5' v §");r]
=0[s";r]u O[5";r] (Lemma 3.7)
=(0[5"V]:0[r]) v (O[5";V]:0[r])  (ind. hyp. for 5', 5")
=(0[5";V]u O[s"V]):0[r] (Lemma 4.8(5)
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=0[(5" v §");V]:0[r]
= 0[5;V]:0[r].
(5) If s =new(s’), we get §=new(s’) and then

O[s; r] = O[new(s");r]
=0[s"; E]|| 0[] (Lemmas 4.3 and 4.6(1))
= (O[5 EJ{VD:00r] (%)
= (0[5 E]||0[V1): O[]
= Olnew(s):v]:01r]
= 0[$5;V]:0[r].

Here, at the place marked (), we have used (X|[{V}): Z=X|Z if X € S,.c, Z€ S\
this is a special case of Lemma 4.8(6) together with Lemma 4.8(4).

(6) Let s=px[s']. Suppose (without loss of generality) that x & {x,, ..., x;}. Put
§'=s'[s:/x;]5-,, so that §= ux[§']. Then we have by Lemma 4.6(2)

Ol$;r] = O[ux[§';r] =1lim, O[$\"; r].
Now we shall prove in a minute that ‘
o1s™; 'l = 015" V1:01r] (4.2)
for all n and for all r'. Once we have proved this, we can calculate
O[5;r] =1lim, O[5 r] (Lemma 4.6(2))
=1im,(O[5{";v]:0[r]) (property (4.2))
= (lim, O[5{";¥]):0[r] (continuity of ““:”")
= 0[5:V]:0[r] (Lemma 4.6(2)),

which is what we wanted.

We still have to do the proof of property (4.2), which runs by an induction on n
(nested within our original induction on the complexity of s). For the case n =0,
we have 57 =Q, so O[5 ”;r]= L= 1:0[r] = O[5”;V]:0[].

For the induction step we assume that property (4.2) holds for a certain value of
n. Then we can apply the main induction hypothesis for k+1to s’ with x,, ..., X, =

Sr(n)

Xi,..., X, xand s;,..., S+ =S8,..., 5, S, in order to get
oI5 sl = O15'[8¢™/ x1;r']
=O[s'[s:/ x.1i21;r']
= O[s'Tsi/x:1i213V1:00r]
=0[s"VVlolr]. 0O
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4.10. Corollary. For closed and guarded s, O[s;r] = O[s;V]:O[r].

We are, at last, sufficiently prepared for the main theorem of this section.

4.11. Theorem. Let s€ ¥4, not necessarily closed, and let the set of free statement
variables of s be contained in {x,, ..., x,,},m=0. Lets,, ..., s, be closed and guarded
statements, let § = s[s;/x;]17.,, and define @[r] by

O[E]=0[V]=AX.X, Os';r] = AX.(O[s";vV]:0[r](X)).

Let furthermore ¢, =0[s;;E] fori=1,..., m, and let y = y{¢;/ x;}/~,. Now if § is also
guarded, we have

O[S;E] = D[s]().
Proof. Very similar to that of Theorem 3.19. We shall prove two cases of old

statements plus the case of the new statement.
Case 1: s=s'}s"

0[s$;E]
=0[(5";5");E]
=AX.(0[(5";5");VI: Ol E)(X))
=AX.(O[5"; (5" V)]: X) (Lemma 3.7)
=AX.(0[5"V]:(0[5";v]: X))  (Corollary 4.10 and Lemma 4.8(3))
=AX.0[5"; ENO[5";El(X))
=AXD[sT(y)(D[s"I(y)(X)) (ind. hyp.fors'and s")
= D[s";s"1(y) = D[s1(¥).
Case 2: s =py[s']. Asin Theorem 3.19, let us define §' = s'[5;/x;]i~, and calculate
O[$;E] = AX.(O[5;V]: X) = AX.lim, (O[5}'";v]: X ) = lim, O[5}""; E].

Here we have used Lemma 4.6(2) and the continuity of ““:”. From this point on the
argument follows exactly the same lines as in Theorem 3.19.
Case 3: s =new(s’).

Olnew(s); E]
=AX.(O[V,§";E]: X)
= AX({VHIOI5; ED): X)
=AX.(O[$";E]|| X) (Lemma 4.8, parts (6) and (4))
= AX.((O[5:V1:0[ED| X)  (Corollary 4.10)
= AX.(O[5"; E]({e}) || X) (Lemma 3.7 and def. of )
=AX(2[s'1(¥){eDH || X) (induction hypothesis)
= P[new(s)](y) (Definition 4.5). O
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4.12. Corollary. For guarded t€ &4 we have O[t] = D[1].
Proof. Clear from Theorem 4.11. [

We have thus completed the semantic analysis of 4, and are now ready for the
generalization to the nonuniform case.

5. A nonuniform and static language

This section is devoted to the semantic definitions for a nonuniform and static
language. The elementary actions are now interpreted, viz. as assignments and
communication actions. However, for the moment we return to a static framework,
and leave the treatment of the dynamic case to the next section.

5.1. Syntax

The nonuniform framework involves the introduction of three new syntactic
classes:
® The set IndV of individual variables, with typical elements x, y. For IndV we

take an infinite alphabet of variable names.

® The set Exp of expressions, with typical element e.
® The set Test of conditions, with typical element b.
We shall return to the syntax for expressions and conditions in a moment. Note
that we have changed the notation with respect to Sections 3 and 4 in that we now
use x, y for individual rather than statement variables. For the latter purpose we
here use variables v ranging over StmV. (The nonuniform framework has no streams,
so we can freely use the letters u, v, w.)

In the static case, a program will again be composed of n components s,, ..., s,.
Contrary to the uniform case, we are also interested in the identity of, in general,
the ith statement (or process, in a terminology used, e.g., in CSP [31, 32]), and we
introduce for this purpose the set I ={1, 2, ...} of indices, with i, j, k, ] ranging over
I. Typically, indices i, j will be used in communication statements of the form i?x
or jle, denoting communication of two sorts: The first occurs, in general, in some
process k and requires a value for the variable x from process i. The second occurs,
say, in a process [ and sends the current value a of the expression e to process j.
In the case that k=j and /=i and, moreover, the communications synchronize in
the usual sense, then the “handshake”” communication can indeed take place, and
the variable x takes the value a. Once more, this informal description requires
formal definition, to be elaborated in the sequel.

The last syntactic set we need to introduce is that of (individual) constants. We
shall not bother to make a distinction between syntactic constants and semantic
(basic) values, and use the set V, with typical elements «, 3, for both purposes.

We now define the syntax for %,,, and %, (and for Exp).
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5.1. Definition. (1) Let e range over the set Exp of expressions:
e == x|al|e ope,|ope’

(Here op stands for an arbitrary binary or unary operator. We prefer not to take
the trouble to introduce general n-ary function symbols into our language.)

(2) We do not specify a syntax for the elements b of Test. We only require that
their evaluation terminates and takes place without complications such as side-
effects.

(3) Let s range over the set ¥, of nonuniform and static statements:

s = x=e|s;;5, | v|pv[s']]if b then s, else s, fi|i?7x | ile
(4) Let t range over the set %, of nonuniform and static programs:
to= sl s, (n=1).

We require that the statements s,,...,s, are closed and furthermore that every
index i occu.ring in ¢ actually corresponds to a component statement, i.e., i<n.

We see £, is similar to (classical) CSP (as in [31]). There are also important
differences: the absence (in %,,,) of guarded commands with communication in
guards or features such as the distributed termination convention. On the other
hand, %, has full recursion rather than only iteration. Compared with &, we
have simplified £,,, by dropping the ‘U’ operator. Extension of the treatment
below to cover “u” is not difficult and we leave it to the reader.

5.2. Operational semantics

We proceed with the development of the framework for the operational semantics
for Z,,,. Syntactic continuations r are, as before, defined by

r = E|s;r

where s is closed. Instead of parallel syntactic continuations p in the form of n-tuples
r,...,r,, we now let p range over sets of the form

{<i19r1>,"'s<in, rn)} (n?l)

where all the indices i, ..., i, must be different. Thus, in the pair (i, r), we make
explicit the identity of the component r. We shall not require that every index i
occurring in a communication statement ile or i?x within p also occurs as the first
component of a pair (i, r) € p.

We shall often use the notation p U {(i, r;)}, with the convention that p is supposed
not to contain an element of the form (i, r’). Such a condition also applies to the
notation p U {(i, r;), {J, r;)}: here we suppose that i #j and that p does not contain
an element whose index is i or j.

The next step in the development of the semantic model is the introduction of
states, and of the meaning or evaluation function for expressions (and conditions).
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5.2. Definition. (1) The set of states X, with typical element o, is defined by

3=1-(IndV->YV).
(2) We define the meaning function for expressions,

[-1:Exp>(I> (3~ V),

as follows:
[x]() (o) =0o(i)(x), [a](i)(o)=aq,
[ei op ] (i)(a) = ([e)](i)(7)) opsem([ €21 (i) (),
[op e](i)(0) = opsem([ €] (i) ().

Here we use op,., for the semantic operator corresponding to op.

(3) We do not give a detailed definition of [b](i)(co’), which yields an element of
the set of truth values {t, f}.

The operational semantics for &,,,, and £, is again given through a transition
system. This time, configurations are of the form (p, o). Transitions are pairs of
configurations written in the form

(p, o) =>{p’, o).
There is no special role here for (an equivalent of) the L-action.

Nonuniform transitions involve states rather than streams as the intermediate and
final results. Since states are entities which are not naturally amenable to the
operation of merging, we shall encounter below the necessity to resort to additional
means to formulate results which are counterparts of uniform facts such as O[[r,, r.] =
ol 0lr].

We first give the transition system J,,, for £,,.. Extending the formalism of the
uniform case, we also employ rules, written in the format

1-2

3>4’
The meaning of such a rule is the following: In case a transition 12 is an element
of T ., then the rule allows us to infer that 3> 4 is a valid transition of I, as well.

Remark. Our framework for the operational semantics gives us quite some freedom,
so that we can choose whether to use a rule or an axiom to express the semantics
of a certain construct. The intuitive meaning remains the same, but technically an
axiom needs a transition to perform a certain transformation, while a rule does not.
We could, in fact, formulate the operational semantics for £, in terms of axioms
only, but we prefer the version as adopted below. The reason for this is our wish
to stay as close as possible to the denotational semantics to be developed sub-
sequently. The denotational framework does not provide so much freedom, mainly
because of the necessity to arrive at contracting operators having unique fixed points.
We have chosen the denotational semantics with the least possible number of
computation steps, and tuned the operational semantics to match it.
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—

5.3. Definition. The transition system J,, specifies the relation “-»” between
configurations of the form (p, o) as the smallest relation which satisfies the following
axioms and rules:

(po{(i, (x=e);n}, o)=>(pu{(inN}a) Ass
where o' =o{o(i){B/x}/i} and B =[e](i)(o).
<p % {('3 8 ;(52 7r))}a 0’)") (p’a U’)

(PG, (s8], )= (', )’ SeaComp

(pu{(i, po[sL;n}, o) > (p U (i, s[po[s]/v];n}, o), Rec

(pu{(i,if b then s, else s, fi;r)}, o) > (p U {(i, 5,31}, o) Cond
in case [b](i)(o)=t, and an analogous axiom for the case [b](i)(c)=1.

(p i, (j2x);m), (J, (ite);r}, o) > (p U {(i, 1), (j, r2)}, o) Comm

where o’ = a{a(i){B/x}/i}, and B =[e](j)(o).

Remarks. (1) Observe that no transition is defined for a configuration (pu
{(i, (j?x);r)}, o) in the case that p does not contain the matching pair (j, (ile);r’)
(and a symmetric observation).

(2) The difference in treatment between SeqComp and Rec—the first as a rule,
the second as an axiom—is motivated by the corresponding definition in the
denotational semantics (which will be given in Definition 5.8). In operational terms,
replacing (s,;s.);r by s,;(s,;r) does not take a time step, whereas the replacement
of wo[s] by s[wo[s]/v] does take a (silent) time step, (i.e., a step that does not
change the state). In a uniform setting, the same effect would be obtained by
transforming each recursive construct ux[s] into px[skip;s] where skip is a special
elementary action denoting the silent step. Accordingly, the automatic introduction
of silent steps obviates the need for the guardedness restriction.

(3) Inthe axioms Ass, Cond, and Comm we see how the evaluation of an expression
e or condition b is parameterized by the index of the statement which contains the
occurrence of the expression or condition involved. Effectively, this means that
different components are treated as if they had disjoint sets of variables.

The transition system J,, is a natural generalization of the corresponding systems
T s and J,4. What is more difficult is the definition of O] p] and O[¢]: a formulation
which is a straightforward extension of the uniform approach is not feasible,
assuming that we want to express results which are variations on relationships such
as

Olp, v p,]=0[pi] " Ol p.]. (5.1)

Two problems arise when we consider (5.1). The first concerns the basic question
as to well-formedness of (5.1): we have as yet no outcome for O[p] which allows
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the operation of merging to be applied to two instances of it. The second may be
considered as a more “‘practical” one: In a situation where p, involves a send and
p» a matching receive communication, p, U p, will allow a matching transition by
the Comm axiom, whereas the components p, and p, separately do not allow the
corresponding send and receive actions to proceed. Thus, we expect that neither
Ol p.] nor O[p,] will contain the necessary information enabling the communication
to take place through the semantic operator “||” (in whatever way the latter will be
defined).

In order to solve the principal problem, we apply a new method, which might
be considered somewhat drastic in an operational context: we choose to deliver a
process, now taken in the technical sense of Section 2.3, as the outcome of O[p].
Thus, the outcome of O[p] is an element of a certain process domain P obtained as
the solution of an appropriate recursive domain equation P = %(P), where the form
of & is to be determined in a moment. We intend to show that, by adopting this
approach, we achieve two goals: Firstly, we shall be in a position to define “||” as
an operation on processes and to apply it to O[p,] and O[p,] above. Secondly, since
we shall employ processes as well in our denotational model, we have a much
smaller distance to bridge between the operational and denotational definitions.

The domain equation we use to determine the appropriate process domain P
exploited below is described in the following definition.

5.4. Definition. (1) Let the set Comm of communications, with typical element 7,
be given by

Comm=1x(1?IndVuUI'V).

(The delimiters *“?” and ““!”” are used here to underline the connection with statements
of the form i!x and i!e. Properly speaking, they are cosmetic variants of the Cartesian
product operator ““X™.)

(2) Let the set Step of steps, with typical element 7, be given by

Step =3 U Comm.
(3) Let the function & be given by
F(P)={po}u (X > P.(Step x P)).

(4) Let P be the process domain solving the equation P = %(P). We shall use
D, q to range over P.

(5) Let Py={po}, P, = F(P,). By the general theory (Section 2.3) we know that
each p e P is either an element of some P,, in which case we shall call p finite, or
else p is called infinite and there is a Cauchy sequence (p,), with p, € P, such that
p =1lim, p,. For finite p, we call the smallest n such that pe P, its degree.

(6) We shall use X, Y to range over 2 (Step x P) and = to range over Step X P.
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Example. We have ({i, j7x), p) € Step X P. Below, we shall always adopt for this the
simpler notation (i, j ?x, p).

€6, 9

"
b

We proceed with the semantic definitions for the familiar operators and “
this time defined as mappings P x P> P. We shall in fact propose two definitions.
The first one is probably simpler, and is based on an induction on the degree for
finite processes. The second one involves Banach’s theorem and is given here to
familiarize the reader with its subsequent use in definitions where the simpler
inductive definition is less convenient.

5.5. Definition. Let p, g€ P. We define p- q and p||q as follows:

(1) (Definition by induction on the degree of p and q.) We first consider the case
that both p and g are finite. We put p, - p = pollp =pllpo=p. If p is (or if p and g
are) different from p,, we put

p-a=2Xo(p(o)-q),
plg=xrc.((p(a)|g) v (q(a)lp)u (p(o)l, q(a)))
where X-g={n-q|me X}, Xl|q={m|qlmeX}, (np)-q=(np' -q), and

(m, p"lg =(m, p'llg) (note that, here, the degree of p’ is less than the degree of p, or
the maximum of the degrees of p and q). Moreover,

Xlu Y=U{7rl|cr T | ﬂlEX, 7T2€ Y}’
where )|, 7, is defined by

(1, j2%, pols (i ite, po)y ={(a”, pil|p)}

with o' = o{o(i){a/x}/i}, together with a symmetric clause, and |, m, =9 for
m,, m, not of the above form.

Finally, for p or q infinite, so that we have p=1im,p, and g =lim,q, with
Pu» 4n € P, we put p- g =1lim,(p, - ¢.) and p|lg =1im,(p.| g.).

(2) (Definition with Banach’s theorem.) We define “-” and “||” as the unique
fixed points of the contracting (higher-order) functions @, ¥:(PxP-> P)-»
(P x P- P) given in the following manner: Let ¢, y € Px P> P be arbitrary. We
now define @(¢) and ¥ (¢). Let us abbreviate @(¢)(p, q) to péq and ¥ (¢)(p, q)
to pd?q. Then we put

1)

Aa.(p(o)¢q) ifp+#po;
3 q if p=po,
pdq=4p if g = po,

Ao ((p(0) §q) U (q(a) yp) U (p(0)|y a(0))) otherwise;
where  X¢q={m¢qlme X}, Xiq={mfqlmeX}, (n,p)¢q=(n,p ¢q),
(m,pY¥q={m, p'¥q), and where
Xla,w Y=U {’”llo,w 2 l meX, me Y}
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Here 7|, m, is given by

(iaj?xv pl)’a.dl (.’, i!a’ p2> = {(Ula pl ‘pPz)}

with o' =o{o(i){a/x}/i}, together with a symmetric clause, and |, 7, =@ for
,, 7> not of the above form.

Now we define ““-” to be the unique fixed point of @ and *‘||” as the unique fixed
point of V.

It should be clear from these definitions that they are variations on one theme:
in the second an appeal to Banach’s theorem replaces the inductive argument of
the first. We omit the proof that the above definitions are justified (and that they
define the same operators). Details of a very similar proof are given in [7].

We are now ready for definition of the operational semantics of £,

5.6. Definition. (1) We define O[-]: PSyCo— P as follows: Let pe PSyCo. If p<
{1, E),...,{(n, E)}, we put O[p] = p,. Otherwise,

Olpl = ra{{a”’, OLp'D)|{p, o) > (p’, o)}

where, of course, the transition relation “—”" is the one given by 7.
(2) The function Of-]: %,,s-> P is defined as follows. Let t=s,|| - - - ||s,. Then

O1t] = OL{(1, s1;E), . .., (n, s, EN.

It is not difficult to verify that O as given in part (1) of this definition is well-defined.
Once more, we deduce this by the following reasoning: Let the (higher-order)
mapping F:(PSyCo - P)- (PSyCo - P) be defined in the following manner:

Po ifpc{(1,E),...,{(n E)},

F(M)(p)= {/\0_'«0," -/”(P,))l(f)a o)->{p', ')} otherwise.

Then F is a contracting mapping, and O as given in Definition 5.6(1) is the unique
fixed point of F.

Remarks. (1) Itis not difficult to establish that, for each (p, o), there are only finitely
many {p’, ') such that (p, o)—>(p’, o’). Hence, the set occurring in the Ao.{...}
clause in Definition 5.6(1) is finite and therefore closed.

(2) Note that O[p] = Ao may well occur. For example, O[{(1, (2?x);E)}] = Ac.0
since there are no transitions ({(1, (2?x);E)}, )- - - - defined in J,,,. In general,
O does not preserve information on one-sided attempts at communication.

(3) Processes p which equal O[p] for some p are in fact elements of a process
domain P’ which satisfies

P'={p}u(Z > Py(Z x P).

This is the case since no steps in Comm x P are delivered by the transition relation
*“-»". The more involved process domain P is exploited in full only in the definitions
of 0* and of the denotational semantics 9, both of which we shall discuss presently.
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Now that we have given a process interpretation for O[p], yielding results in a
domain for which || is well-defined, we have a well-formed question to ask: is it
true that O[p, U p] = O[p,] || O p-]? The answer is negative—for the same reason as
already explained earlier. However, a not too far-fetched variation on this property,
which does indeed hold, will be presented soon. Rather than immediately getting
to this, we first develop the denotational semantics for £,,,. In this way, the reader
may acquire some additional appreciation for the way we utilize the process notion
in our framework. In fact, a combination of ideas involving:
® the tools of environments and semantic continuations as employed in Section 3,
® the operational semantics of %,,,, and
® the definition(s) of “||”
will altogether provide most of the background to understand the denotational
definition.

5.3. Denotational semantics

We introduce semantic continuations and environments in the following definition.

5.7. Definition. (1) The set of semantic continuations is given by SeCo ="' P.
(2) We define the set of environments by I' =" StmV - (I - (SeCo - "' P)).
We shall use p, g to range over SeCo and v to range over I.

The definition of & will be given for all se &,,, and all te %,,. Thus, the
restriction to statements with only guarded recursion is lifted. As remarked earlier,
this is explained by our definition of recursion which involves a treatment of recursive
calls such that always at least one initial “‘silent” step is made upon ‘“‘procedure
entrance”. That is, (the equivalent of) a transition is made which does not affect
the state but which does take (what may be seen as) one unit of time. For example,
execution of pwo[v] will result in an infinite sequence of such silent steps (rather
than in just L as in the uniform case). All this is a matter of taste rather than of
principle. One may disagree with our feeling that silent steps are more natural in a
nonuniform than in a uniform setting.

We now give the definitions of @[s] and of 2[t]. We shall often suppress
parentheses around arguments of functions for easier readability.

5.8. Definition. (1) We define the function

D[ -1: Frus > (T > (I > (SeCo —> P)))

as follows:
(a) D[x=e]yip=Arc.{{(a’, p)}, where ¢'=c{o(i){a/x}/i} and a =[e]io;
(b) Dls;s:lvip = 2[s:]vi(2[s.]vip);
(c) 2Q[if b then s, else s, fi] yip
= Ao.{(o, if [b]io = t then D[s,]yip else D[s,]vip fi)};
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(d) D[vlvip=y(v)ip;
(e) D[pe[s1lyip = @(i)(p) where ¢. is the unique fixed point of the operator
&, which maps the space I - (SeCo ->""' P) to itself, and is given by

D(¢) = Airp.ra{(o, D[sly{e/v}ip)};

() 2[j?]yip=Ac{(i, j?x, p)};
Pl jlelyip = ra.{(i, j'a, p)}, where a =[e]io.

(2) We define the function 2[-]: &,..~ P as follows: Let t=s,|| - - - ||s, and let
v be arbitrary. Then
D[] = D[s:\]y1pol - - - |1D[s.]ynpo-

Remark. The definition in clause (1)(e) above is justified by the fact that the function
@ is contracting. Note that its unique fixed point can again be obtained as ¢.. =
lim, ¢, where ¢, is arbitrary and

k1= P(@i) = Ai.ap.ro{(o, D[s]v{e/ v}ip)}.

Examples. (1) 2[po[v]]vip = Ao{(0, Ao{(o,...)D}.
(2) We have

21220 [(113)] = 2122x]1po || D11'3]v2po

= Ao {(1, 22%, po} | Ac{(2, 113, o)} = g1l g
= A0{<l’ 2?xa CI2>, (27 1'37 ‘I1>, (0{0(1){3/x}/1}5 P()>}'

The resulting process, say g, contains two steps resulting from one-sided (failing)
communication: (1,...) and (2,...). Moreover, there is one step resulting from
successful communication: (o{...}, p,), where 3 is assigned to x. We recall that the
latter step ultimately results from the definition of |, 7. (or |, 7.) given in
Definition 5.5. The operation of abstraction, to be introduced in a moment, will
simplify the result g to just Ac.{(c{...}, po)}, throwing away the unsuccessful parts
(1,...)and (2,...).

5.4. Equivalence of operational and denotational semantics

We return to the question concerning the (non)compositionality of 0. We shall
introduce an extension of J,,, to J%,,, which induces an associated operational
semantics 0*, and we then settle the relationship between 0, C*, and .

5.9. Definition. (1) We expand the notion of configuration such that it includes
pairs of the form (p, n) (recall that n ranges over Step =% U Comm). Therefore, in
addition to configurations of the form (p, o), we also consider configurations of the
form (p, 7). (Actually, the latter ones will only occur on the right-hand side of a
transition.)
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(2) The transition system J %, extends the system J,,, of Definition 5.3 by adding
to it the axioms

(pu{i, (j2x);r), oy=>{p U {(i, N}, (i, j2x)), IndComml1
(pu{(i, (jle);n}, o)y =>(p u{i, N} (i, jla)) IndComm?2
where a =[e]io. Moreover, the rule SeqComp of J,,,:

(Ui, s15(s23r)}, 0) > (p’, o)
(pu{(i, (s155:);n)}, 0)=>(p’, o)

is replaced by

(p U {{i, s15(s2;r N}, o) > (p', M)
(U (i, (s1352);m), o) =o', 0’}
(3) The operational meaning 0*: PSyCo - P is defined by

@»*np]]:{po ifpg{(l,E),-n,(", E)}:
: Aa{(n', 0O*[pD|(p, 7)>(p’, n")} otherwise.

(Here we take “-”" as determined by J%,,.)

(4) The operational meaning 0% : %, ..~ Pisdefined as follows: Let t =5, - - - ||s,.
Then

0*[1] = O*[{(1, 513 E), .. ., (n, s, s ED}].

Following the detailed analysis as in [16], it is not difficult to prove the following
theorem.

5.10. Theorem. 0*[p, U p,] = 0*[p,]| O*p,].

For example,
O*[{41, (27%); E), 2, (113); EM]
=A0{(1,2x, p1), (2, 113, p), (a{o(1){3/x}/1}, po)}
where p, = A0.{(2, 1!3, po)} and p, = A0.{(1, 27x, po)}. Thus,
O*[{(1, (27x); E), (2, (1!3); E)}] = Aa{(1, 2?x, po)} || Aa{(2, 113, po)}
= 0*[{(1, 22x); E || 0*[{€2, (113); EM}].

The relationship between 0 and 0* is settled by the introduction of an abstraction
operator abs: P~ P' (with P’ as given in remark (3) after Definition 5.6). When
applied to some p € P, abs(p) deletes from p all pairs (7, p’) which occur anywhere
“inside” p: all unsuccessful attempts at communication disappear, and only the
results of successful communications remain, together with the “normal” steps
caused by, e.g., assignments. Again (as was the case with any p), abs(p) may have
(inner) branches of the form Ao.—a phenomenon which is often called deadlock.

The abstraction operator is defined as follows.
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5.11. Definition. For finite p we put abs(p,) = py, abs(Ao.X) = Ao.abs(X), and
abs(X)={(a’, abs(p"))|(c’, p'y e X}.

(Note that a pair (7, p’)e X will not contribute to abs(X).) For infinite p, with
p=lim, p, and p, € P,, we take abs(p)=1im, abs(p,).

Again relying on the general results in [16], we have the following theorem.
5.12. Theorem. O = abs o O*,

The final part of this section ié devoted to the proof of the equality of 0* and .
5.13. Theorem. For all te ¥,,,, O*[t] = D[1].

The proof closely follows the strategy applied for the uniform version of this
result described in Section 3. We first state a simple lemma on 0* which we need
below.

5.14. Lemma. (1) O*[{(i, (x = e);r)}] = Aa-{{a’, OF{i, r)}])}, with o' as usual.

(2) O*[{¢, (51382 = 0*ﬂ{<i’ s15(s2r N

(3) O*[{(i, if b then s, else s fi; r)}]

= Aa.{(a, if [b]ic then O*[{(i, s,;r)}] else O*[{(i, s,;r)}]fi)}.

(4) O*[{<i, (%)} = Aa{(i, j 2x, OF{(i, D}

(5) O*[{(i, (jle);} = Ao {(i, jla, O*[{(i, N}])} where a =[e]io.

(6) O*[{(i, (j?2x);r0), (s (ite)sra)}] = Ao {(i, j 2x, OF[{(i, ry), (J, (ile);r)}]),
Gy e, OF{CG, (72x);5 1), Gy rd), (o, OF{(G, 1), G, r})} with « =[elio and o' as
usual.

Proof. Easy from the definitions of I}, and 0*. O

Remark. Note that part (2) of this lemma would not hold in the form as given if
T nus contained an axiom for SeqComp, rather than a rule. Conversely, part (3)
would not hold if we had a rule for Cond, instead of an axiom.

The next lemma applies some notation which is a slight variant of the one
introduced preceding Theorem 3.18. Let us, temporarily, add the statement skip to
our language, with an associated transition

(p L {(i, skip;n)}, o) > (p L{(i, N}, o) Skip

(note that we could take skip as another name for x:= x). Let, for given s and v,
(n+1)

s\ be defined by 5!’ =skip and s\"*" =skip;s[s."’/v]. We can then prove the
following lemma, once more using the framework of [16].
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5.15. Lemma. For closed s:

O*{(i, wol s = lim, O¥{(i, s, )]

We are now ready for the statement of the main step in the proof of Theorem 5.13.

5.16. Lemma. Let s € &, be arbitrary (not necessarily closed) and let the set of free
statement variables in s be contained in {v,,..., v}, k=0. Let s,, ..., s, be closed
statements, and let § = s[s,/v,]5_,. Let, for any p, O]p] be short for Ap.(O*[p] - p).
Let, furthermore, for h=1, ...k,

@n = ALO[{(, 5,3 EM
and let = y{@,/va}5_.. We then have, for any i,

Ol{<i, S;END = D[s](¥) (D).
Proof. Induction on the complexity of s, following the argument as given in the
proof of Theorem 3.19, but for the addition of an extra parameter i, and replacement
of X by p (and using Lemmas 5.14 and 5.15 to deal with the individual cases). [
5.17. Corollary. For closed s:

Ol{<i, s; EM = 2[s1(y) ().

Now it is easy to prove Theorem 5.13.

Proof of Theorem 5.13. Take any t=s,|| - - - ||s,. Then

O*[1] = O*[{1, 5, E), ..., (n, 5,5 EN}]

=O0*[{Q, si; END - - - 16*1{(m, 50 ED}L.

By Corollary 5.17, we have for each i that

O, 53 E) = O*{(i, s END - po= 04, 53 END(po) = BLs:1(¥) () po).
Thus,

O*[t] = O*[{C1, s;;ENT || - - - | 0¥, s, EN

=25l NWpo) |- I 2Is IV (m)(p) = 2[1). O
Remark. Contrary to the situation for the uniform case, we have at present investi-

gated only metric (operational and denotational) models for £,,.. Therefore we
have no information on the feasibility of order-theoretic models for this purpose.
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6. A nonuniform and dynamic language

We have, at last, arrived at the presentation of the semantic models of a nonuniform
and dynamic language. Not surprisingly, it brings a synthesis of the ideas of Sections
4 and §; for the reader who has understood these sections, the present section
contains few surprises. Still, some technical difficulties which are not straightforward
from previous considerations remain to be overcome.

6.1. Informal introduction and syntax

As usual, we begin with the syntax. Statements are almost as before, but for the
fact that communications i?x or ile (with static i, 1<i<n) are now replaced by
communications e?x or el!e’, in which the value of the expression e is (the name
of) a dynamically created process. The expression itself can be, for example, a
variable, in which this process name is stored. The syntax of expressions also contains
an essential new clause, viz. “‘new(c)”. This expresses that a new process (of class
¢) is to be created. Each program consists of a set of class declarations (¢, & s,); -1,
and, assuming that ¢ above equals ¢, for some k, the (side-)effect of new(c) is the
creation of a new process which will execute the statement s = s,. Here we have the
counterpart of the construct new(s) in Section 4. In addition, this new process is
referred to by a (new) name, say «, and the value of the expression e will be this
name a. Therefore, in the (common) case that new(c) occurs in an assignment
x =new(c), the name « of the newly created process is assigned to x. In this way,
upon subsequent occurrences of x in, e.g., x!e, it is known that the value of e has
to be sent to process a.

We now give the formal syntactic definitions. Let CNam be the coilection of class
names, with typical element c. Let IndV and StmV be as before, and let a« and B
range over the set Obj of objects to be defined presently.

6.1. Definition. (1) The set Exp of expressions, with typical element e, is defined by

e = x|a|eope,|ope | new(c)
(Here, again, op stands for an arbitrary binary or unary operator.)

(2) We do not give a detailed syntactic definition for the set Test of conditions
(with typical element b) but we assume, for simplicity, that conditions (unlike
expressions) can be evaluated without side-effects.

(3) We define the set &,,4 of statements, with typical element s, by

s = xi=e|s;;8,| v|no[s’]|if bthens, elses,fi| e?x|ele’| 2x| e

(4) The set £,.q4 of programs, with typical element ¢ is defined by

t = (1 E5,...,,Es,) (n=1).

Here we require that all the s; are closed, that all the ¢, are different, and that any
class name ¢ occurring in any s; (in the context new(c)) is one of ¢,, ..., C,.
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Remarks. (1) In &,,4 we allow communications of the form ?x or !e which do not
name a corresponding process (they are, in fact, willing to communicate with any
other process). However, we shall reéquire, in order that a match be established
between a pair of send and receive statements, that at least one of the two explicitly
identifies the process in which the other occurs. (Hence, no communication takes
place between ?x and le.)

(2) By convention, executing a program ! = (¢, < $;)x~, is initiated by executing
the statement x:=new(c,), for some fresh x (i.e., some individual variable not
occurring in f). In other words, a process of class ¢, is created implicitly. (Its name
is stored nowhere, so this process cannot be addressed explicitly by other processes.)

(3) Note that we now have two forms of recursion, one in constructs of the form
pov[s] and the other in case of a declaration such as ¢c&<---¢- - -

The set Obj of objects replaces the set of values v which we encountered in
Section 5. It consists firstly of the so-called standard objects SObj. Here one may
think of the union of the set of values V and the truth-values {t, f} as employed in
Section 5. Moreover, we now also have the set of so-called active objects AObj,
which consists of the names of processes as mentioned in the introductory paragraph
of this section. In fact, we may see AObj as the generalization of the set I of Section
5. We define AObj as '

AObj = CNam xN

where N is the set of nonnegative integers. At each moment an active object (c, I)
is the name of the Ith process of class ¢, i.e., the process created by the Ith execution
of a new(c) construct.

From now on we shall use the term ‘“object” in the above sense, i.e., for an
element of AObj, not to confuse it with the technical term “process” in the sense
of Section 2.3, the precise meaning of which we shall give in Definition 6.5.

6.2. Operational semantics

We proceed with the preparations for the operational semantics for £, 4. Firstly,
we refine the class of syntactic continuations, by distinguishing between statement
continuations and expression continuations.

6.2. Definition. (1) The class of syntactic statement continuations SyStCo, with
typical element r, is defined by
r= E|s;r'|eg

where s is closed. (The colon ““:”” used here should not be confused with the semantic
operator ““:’ as introduced in Definition 4.7. Here it is simply a syntactic symbol,
comparable with *;”.)
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(2) The class of syntactic expression continuations SyExCo, with typical element
g, is defined by

g = Azr

where z € IndV. Here z may not occur as the left-hand side of an assignment in r.
(3) The class of parallel syntactic (statement) continuations PSyCo, with typical
element p, is defined as the collection of sets of the form

{(al’rl>,"'9<anarn)} (nZO)

where the a; are different elements of AObj.

The intuitive meaning of a syntactic expression continuation g = Az.r is to describe
a computation which depends on some value. The variable z serves as a placeholder
for this value in . When g is given a value, i.e., an object a € Obj, then it delivers
a syntactic statement continuation r[a/z] (where the value a'is put in the place of
z). A syntactic statement continuation r of the form e:g is executed by first evaluating
the expression e (which may or may not take some time steps or have some side-effect)
and then feeding its value into g in the way described above. This yields a syntactic
statement continuation which is executed subsequently.

We also extend the class of states by introducing a second component, as follows.

6.3. Definition. We define the set of states by ¥ =23, x3,, with typical element
o=(0,, 0. We put 2, = AObj > (IndV - Obj) and X,= CNam —>N.

A state o has the following function:
® The first component o,, is as o in Section 5, but for the replacement of I by

AObj and of V by Obj. Thus, for any object @ and individual variable x, o,,(a)(x)

is the value of a’s x-variable.
® The second component o,, records for each class name ¢ the number I = o(,)(c)

of objects of that class that have been created up to this point.

We shall usually suppress indices and simply write o, also in cases where o, or
02 is meant.

In the transition system to be presented in a moment, we shall take into account
the fact that evaluation of expressions may now be more involved since they may
contain new-constructs. For reasons of simplicity, we shall not include a similar
extension in our treatment of conditions. We shall, just as in Section 5, assume that
evaluation of a condition b—expressed by the notation [b](a)(o)—is simple and
has no side-effects. (Of course, it is a minor exercise to adapt the treatment below
to cover the case of conditions which may include new-constructs.)

The operational semantics for £,,4 is given in terms of a transition system 7,4
of axioms and rules for configurations {p, o). Throughout, 7,4 assumes one fixed
program = (¢, <s,)r-;, and we shall also assume that all class names occurring
in any statement are declared in this program ¢ (We might carry the information
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contained in ¢ along as an extra component of the configuration, but we find this
too cumbersome.)

6.4. Definition. The transition system 7,4 is given by the following axioms and
rules:

(pui{le, (x=B);n} a)>(pu{(a,n}, o) Assl
where o' =o{o(a){B/x}/a}.

(pufla, e:rz((x=z);r))}, o) > (p’, o)

Ass2
(pU e, (xi= €)1}, o)~ (p', o) -

where z is a fresh variable, i.e., an individual variable not occurring in p, e, or r
(actually, it is sufficient to require that z does not occur in r). Note that this rule
is only useful if e is not itself a constant .

SeqComp, Rec, and Cond are as in Definition 5.3 (with a replacing i).

(puf{a, e:Az((z2x);r))}, o) =>(p’, o)

(00, (€200}, )= (9, &) Receivel
with z fresh.
(pul{a, e:Az(e":A2((z12);))}, 0> (p', &) Send1
(pu{a, (ele);n}, a)>{p’, o)
with z and z' fresh.
(pu{(e, e:az.((!2);r)}, 0)>{p’, o) Send?2

(pu{(a, (le);n}, a)>(p’, o)

with z fresh.

(pu{e, (BMx);n), (B, (ala');r)}, o) > (pu{{a, r)),(B, r))},0’) Comml
where o' =o{o(a){a’/x}/a}.

(pu{a, (Bx); 1), (B, (la");r)}, ) > {pu{{a, r), (B, r)}, 0')  Comm2
with o’ as above.

(pu{la, (Mx);n), (B, (ala');r)}, o) > (p U (e, r), (B, )}, o)~ Comm3
with ¢’ as above.

(pufla, x: )}, o) > (pu{{a, o(a)(x):g)}, o). IndV

(o {{a, r[B/z])}, o) {p’, o)
(pu{{a,B:Az.)}, 0)>(p', o)

(p U {{a, (B, 0Pserm B2):8)}, 0)>(p’, o)
(pu{{a, (BiopBr): )}, o)>(p', o)

Obj

Binopl



Equivalent semantic models for process creation 187

Here, B, op,.m B stands for the object B that results if we apply the semantic operator
op.., corresponding to op to the objects B8, and S,.

(pufla, e,:Az,.(€;:A2,.((z, 0p 2,): g)))}, o) > (p’, ")

inop2
(0 (@, (€ 0p €2): )}, 7> (', o) Binop
with z, and z, fresh.
(U {(a, (0Buen B): £, 0) > (', ) U
nopl

(pui{{e, (opB):g)}, 0)>(p", o)

Again, op,., B stands for the object B’ that results if we apply the semantic operator
op..., corresponding to op to the object S.

(pu{(a, e:Az((op 2): g))}, o) >(p’, o)

X
(oo, (0pe): g}, o) (o', o) Unop

with z fresh.
(pu{(a,new(c):g)}, o) > (pu{{ea, B:8),(B, s;E)}, o) New

where c&s occurs in t, B ={c, o(c¢)+1) and o' =o{o(c)+1/c}.

Remarks. (1) In the New axiom, dealing with the case e =new(c), a new object
executing the statement s is created, and the name B ={(c¢, o(c)+1) is delivered as
the resulting value for e. As we already saw, (c, I) is the name of the Ith object of
class ¢, and, for each ¢, o(c) stores the currently highest object number. This also
explains the update ¢’ of o upon object creation.

(2) The general scheme to deal with expression evaluation is the following. If
the expression e occurs in a certain context, for example x := e;r, then an application
of a rule (in our example, Ass2) transforms the context to one of the form e:g (in
our case, e:Az(x= z;r)), indicating that first e is to be evaluated, after which its
value can be used. Because a rule is applied and not an axiom, this does not take
any time steps. Now the axioms IndV or New (which do take a time step) or rules
like Binop1l and Unopl (which do not take time) will take care of the evaluation of
the expression. If necessary, the rules Binop2 or Unop2 will break the expression
further apart (again without taking time). After the expression has been evaluated,
the rule Obj will put the resulting object 8 back into the original context, and further
axioms or rules (in our example, Ass1) will deal with this result 8 in an appropriate
way.

The step from J,,4 to the corresponding O is very similar to the one described
in Section 5. We first introduce the relevant process domain.

6.5. Definition. (1) The set Comm of communications (with typical element 7) is
defined by

Comm = AObj x (AObjIndV L ?IndV U AObj10bj L 10bj).
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(2) We define the set Step of steps (with typical element n) by
Step =3 U Comm.

(3) The process domain P (typical elements p and q) is the solution of the
following domain e juation:

P={po}u (Z - P.(Step x P)).

6.6. Definition. (1) O[-]: PSyCo— P is defined by

@[[p]]:{Po ' if p={(a,, E), ..., (@, E)},
ra{(a’, O[p'D|{p, o)>(p’, ')} otherwise.

(2) O[-]:%,ua— P is defined as follows. Let t ={(c,<s;)r—;. Then

O[] = O[{(c,, 1), 513 EM}.

Remark. Although not specified here, the process p = O[t] will of course be started
in a state o,, which satisfies go(c,) =1 and oy(c) =0 for ¢ # ¢,. The choice of this
o, and p above amounts to starting the computation with the first object of class
¢,, while objects of other classes do not 'yet exist.

Anticipating the definition of p||g, to be given in Definition 6.7, we again remark
that it is not the case that O p, U p.] = O[p,] || Olp-]. As before, we shall remedy this
by extending J,.q4 to T ¥,4, and then introducing a corresponding extension of 0
to O*.

6.3. Denotational semantics

We proceed with the denotational semantic definitions. We first fill in the details
of the definition of the merge operator ““||”” (in this section, we do not use the
operator “*-”’).

6.7. Definition. Let V¥, , ¢/;, (/7, ¥, X, Y, and = be as in Definition 5.5(2), but with
P as in Definition 6.5. The only new element in the definition of ‘|| with respect
to Definition 5.5 concerns |, 7>, which is here given by

(@, B2X, 1) |0 (B, @'a’, p2) = {(”, pr¥p2)},
(CY, ?x’ pl> llr.l/l <Ba a !al’ P2> = {(UI, P l/’Pz)},
(a7 B?x7 Pl> ]rr_lb (Ba !als p2> = {(UJ, P d’p;’)}

with o' = o{o(a){a’'/x}/a}, together with three symmetric clauses, and ml(,‘d, m=0
for m,, m, not of the above form.
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Corresponding to the distinction, for syntactic continuations, between statement
continuations r and expression continuations g, we have a similar distinction at the
semantic level: We have, besides the set of semantic statement continuations
SeStCo =" P (with typical element p), also a set of semantic expression continu-
ations SeExCo =" Obj - P, with typical element f.

Furthermore, corresponding to the two types of recursion, we accordingly have
two components of an environment, defined as follows.

6.8. Definition. The set of environments is defined by I'=1I",x I, with typical
element y =(y,), ¥2)), Where

I, = StmV > (AObj - (SeStCo —5 P)) and I',= CNam - (AObj~ P).

In an environment vy =(y,, ¥2)), the first component vy, assigns an interpretation
to each statement variable, which gives a process after being told which object is
to execute the statement and which process is to be activated after this statement
variable. This first component corresponds to the environments as used in Section 5.

The second component v,,, is important for the creation of new objects. When
given the class ¢ and the name « of the object to be created, vy,)(¢)(a) is the process
to be activated for it. :

Again, we shall often omit the indices in dealing with environments.

We shall define two semantic evaluation functions & and &, the first for statements
and programs, and the second for expressions. Since expressions are now more
involved than in Section 5, we consequently need a more complicated definition of
their meanings. The relevant types are

D[ ]: Pova= (I > (AObj - (SeStCo ——— P))),

€[ -]: Exp - (I’ > (AObj > (SeExCo ——— P)))

and, in addition, @[-]: L..a—> P. We draw attention to the fact that &[e], when
supplied with some v, a, and f, delivers a process pe P instead of some value
B € Obj. Values (i.e., objects) which result from evaluating an expression are always
passed on to some expression continuation rather than being delivered explicitly
by the semantic function.

6.9. Definition. (1) The function & is defined by
(@) E&[x]yaf=Aro{(o, fla(a)(x))};
(b) [Blyaf=1(B);
(c) %[e, op ex]yaf = €[ e\ ]y (AB,.E[e] ya(AB2.f( B OPsem B2)));
(d) €[op e]yaf = &€[e]ya(ABS(OPcem B));
(e) Elnew(c)lyaf=Aof{(a’, y(c)(B)|f(BN} where B=(c,a(c)+1) and o'=
o{o(c)+1/c}.
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(2) We define the function & for statements as follows:

(a) D[x:=e]yap=E[e]ya(AB.Ac{(a’, p)}) where o’ =o{o(a){B/x}/a};

(b) D[s:;s]yap = D[s\]ve(Ds.]yap);

(c) 2[if b then s, else s, fi] yap
= Ao.{(o, if [b]ac =t then D[s,]vap else D[s.] yap fi)};

(d) 9[v]yap = yu(v)ap;

(e) D[uvlsllyap = ¢(a)(p), where ¢ is the unique fixed point of the function
&, from the space AObj - (SeStCo »"NP' P) to itself, which is given by

D(¢) =Aa.rp.ra{(o, D[s]y{e/v}ap)};

(f) 2[e?x]yap=E€[e]lya(AB.ro{ e, B2x, p)});

(8) 2[?x]yap=2r0{{a, ?x,p)};

(h) D[e'elyap=E[e]lyva(rB.E[eTya(AB" Aa{(a, B!B', p)}));

(i) 2['elyap = Elelya(AB.ra{(e, !, P)}).

(3) Let, for a program ¢, the mapping ¥,:I',»> I', be given as follows:

¥, (v2)(c) = Aa.D[s]({y1, ¥2))(a)(po)

where c<s occurs in ¢, and y, € I'| is arbitrary (since ¢ is closed, the choice of v,
is really immaterial). If ¢ is not declared in ¢, we can put ¥,(vy,)(¢)=Aa.p,, for
example. '

Let y,, be the unique fixed point of ¥, (see the remark below). We put
¥ =¥\, ¥20), for arbitrary y,eI,.

(4) Now we can define the denotational semantics of programs as follows. Let
t=(c,&<S8,....,¢,<S,). Then

2[1] = 2[s:](v:)(er, 1))(po)-

Remarks. (1) The clause for Z[new(c)] uses essentially the same idea as in Section
4 of putting the newly created process y(c)(B) in parallel with the (expression)
continuation f (supplied with the new name 8 which is the value of the expression
new(c)). Here y(c)(B)—or yu(c)(B), to be precise—will, in the context of a
program ¢ = (¢, <s,)r~,, contain the relevant information on the class ¢ as a result
of the definition of ¥y, (to be precise, vy,,) in clause (3). We also observe that due
to our requirement that all class names used in a program ¢ must be also be declared
in it, the result of vy, for undeclared classes does not matter (actually, new objects
of such classes would execute the process po).

(2) Clause (2)(e) is justified by the fact that the mapping @ is contracting. Again
we can obtain its unique fixed point by ¢, =lim; ¢;, where ¢, is arbitrary and

®ir1 = Aa.Ap.ra{(o, D[s]y{e:/ v}iap)}.

(3) The mapping V¥, in clause (3) is contracting since recursive occurrences of ¢
in any s are always constituents of statements which take time steps (specifically
in evaluating new(c)) before we apply y to such a recursive occurrence of c.
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6.4. Equivalence of operational and denotational semantics

We start this section with the promised extension of J,,, and 0.

6.10. Definition. (1) The notion of configuration is expanded so as to include pairs
of the form {p, n) (note that n ranges over Step =3 U Comm).

(2) We obtain the transition system J%,, from T,.q by adding the axioms
(0 U{a, (BN}, 0> (p U e, N}, e, B2X)), Receive2
(pUle, (7))}, @) > (p U (e, N}, @, %)),  Receive3
(p U {a, (BI1B):P), ) > (p U (e, P}, (e, BB, Send3
(i@, (1B):n)}, ) (p U ia, )}, (e, 18)) Sendd

and by replacing, in all rules,

(p1, ) (p’, o)
(p2, 0)>(p’, o)

by

(p1,9)~>(p", m)
(p2, o)>(p’, 0"’

(3) Now we define 0*[-]: PSyCo— P by

0*[p] = {po if p={(er, E), ..., {an, E)},
Ao {(n', 0*[p'D(p, o) >(p’, ")} otherwise.

(4) O*[-]: L..a— P is defined as follows. Let t =(c,<s,); ;. Then
0*[1] = O*[{{{c,, 1), s1; EN}.

As in Section 5, we have the following lemma.
6.11. Lemma. 0*[p, U p.] = 0*[p,] || 0*p.].

The abstraction operator abs can be defined as in Definition 5.11 (but now applied
to P as in Definition 6.5). Again, we have

6.12. Lemma. O = abs o 0*.

We can now discuss the relationship between 0* and %. The treatment combines
ideas of Sections 4 and 5. We first present a lemma listing various properties of 0*
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which are either direct from its definition, or follow as in Section 5 (in turn relying
on [16]).

6.13. Lemma. (1) 0*[{(a, (x = B);")}] = Aa-{(o’, O*[{{a, P)}])} with o' as usual.

(2) O*{({a, (x=e);r)}] = O*[{a, e: Az.((x = z2);r)}] where z is fresh.

(3) O*[{e, (51552);m = O*[{(e, 51;(s2;r D}

(4) O*[{{a, if b then s, else s, fi;r)}]

= Ao{(o, if [b]aoc then O*[{{q, s,;r)}] else O*[{{a, s,;r)}]fid}.

(5) O*[{{e, wo[s);r)}l =lim, O*[{{a, s'";r)}] where s =skip and s"*"=
skip;s[s\"'/v]. Note that here we cannot use x = x for skip any more because x = x
now costs two steps. ‘

(6) O*[{{e, (e7x);r)} = O*[{{e, e: Az.((z2x);r))}] with z fresh, and similar
equations for e'e' and le.

(7) 0*[{{e, (B?2x);} = Ac-{{a, Bx, O*[{{a, r)}])} and similar equations for ?x,
B!B', and !B.

(8) 0*({a, (B?x);1), (B, (a!a’); r)}] = Ao{{a, B2x, O*[{(a, r1), (B, (a'a);r)}]),
(B, ala’, O*[{{a, (B?x);r1), (B, ra}), (o', O*[{(e, 1), (B, r)})} where o' is as usual,
and similar equations for ?x with ala' and for B ?x with 'a’.

9) 0*[{(a, x: )] = r0-{(0, O*[{(e, o(a)(x): )]}

(10) 0*[{(e, B:Azr)}] = O*[{{e, r[ B/ 2]}

(11) 0*[{{e, (B1op B2): )} = O*[{(e, (B, OPsem B2): &)}] and a similar equation
for unary operators.

(12) 0*[{{a, (e, 0p e2): g)}] = O*[{(a, €,: Az, .(e2:A2,.((z,0p 22): g))}] and  a
similar equation for unary operators.

(13) O*[{a, new(c): )}l = ra.{(o’, O*[{{a, B: g), (B, s;E)}])} where c<s occurs
in t and with o' =a{o(c)+1/c} and B={c, o(c)+1).

We continue with the analysis which links 0* with 9 and &. Our aim is the proof
of the following theorem.

6.14. Theorem. For a given program t ={c,<s,)x-1, for closed s, arbitrary r, e and
g, and for vy, as in Definition 6.9(3), we have

(1) O*[{(e, e: @)}] = Elel(y,)(a)(AB.O*[{{a, B: g)}]),

(2) 0*[{a, s; 1 = D[s](y.) () (O {(a, N}]).

In order to prove this theorem, we apply a nonuniform version of the strategy
used at the end of Section 4. Since we are concerned with both statements and
expressions, we need the nonuniform argument in two forms. Firstly, we introduce
the branching time analogues of the constructs uv'v from Section 4. One form also
mentions the v/, the other one is parameterized by objects 8 from Obj, each of which
plays a role similar to the one played by v. For the remainder of this section we
introduce three domains P, Q, and R with typical elements p, g, and r respectively
(the last not to be confused with re SyStCo).
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6.15. Definition. (1) Recall from Definition 6.5 that P is the solution of
P={po}u (2> P(Step x P)).

As before, we shall use X to range over 2 (Step X P) and 7 to range over Step X P.
(2) The domain Q is the solution of the following domain equation

Q={po}u ({V}X P)U(Z > Py(Step x Q)).

We shall use Y to range over 2,(Step x Q) and ¢ to range over Step X Q.
(3) The domain R is defined as the solution of

R=(Objx P)u (X > P,(Stepx R)).

We shall use Z to range over ?.,(Step X R) and { to range over Step X R.

The intuitive interpretation of Q and R is as follows. An element of Q is a process
executing a specific statement (the “‘local’” one), possibly in parallel with some other
processes. Termination of the local statement is explicitly indicated by v. The idea
is that a continuation can start at that point (see the definition of the operator **:”
below). More specifically, if g€ Q is of the form (v, p) this means that the local
process terminates immediately, and that the parallel processes continue with p. If
in g the local process does not terminate immediately, an ordinary step is possible,
after which we come in the same situation again. Because we have also included
Do in Q, P can be embedded in Q in a canonical way. We shall therefore assume
that actually P< Q.

An element of R is evaluating an expression, again possibly in parallel with other
processes. It will be composed with elements of Obj > Q or Obj - R by the operator
“:”. If the evaluation of the expression terminates, it delivers a value B being the
result of this expression, together with an ordinary process p representing the ongoing
computation of the other processes (which is to be executed in parallel with the
semantic expression continuation).

We shall define four forms of the operator *“:”” which will take care of the
composition of elements of Q and R with appropriate continuations (notice the
analogy with Definition 4.7):

6.16. Definition. (1) We define ““:”: Q x Q - Q by the following clauses (which can
be completed to a full definition along the lines of Definition 5.5):

(a) po:q=po;

(b) (v, p):q=p|q (see Definition 6.17 below);

(c) (Aa.Y):q=20.(Y:q), where Y:q={¢:q|¢é€ Y} and (n,¢):q=(n,q":q).

(2) We define “:”: QX R— R as follows:

() po:r=po;

(b) (V, p):r=p|r (see Definition 6.17);

(c) (Aa.Y):r=2Ao.(Y:r), where Y:r={¢£:r|é€ Y} and (n,q"):r=(n, q':r).
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(3) The operator “:”’: Rx(Obj-> Q) - Q is given by the following clauses:

(a) (B, py:f=plf(B); .

(b) (Ae.Z):f=A0.(Z:f), where Z:f={{:f|{€Z}and (n, r):f=(n, r:f).

(4) Finally, we define the operator ““:”: R x (Obj - R) - R by the following clauses
(we shall use h to range over Obj—> R):

(a) (B, p):h=p|h(B);

(b) (Aa.Z):h=2A0.(Z:h), where Z:h={{:h|{eZ}and (9, r):h=(n, r:h).

Note that if g € P, then p: g € P, so that we also have “:”: Q@ x P> P. Analogously,
if fe Obj— P, then we get r: fe P, so that we can state “:”: R x (Obj - P)~ P.
We also need the definitions: of p| g and p||r:

6.17. Definition. (1) We define the operator “||”:Px Q- Q by the following
clauses:

(@) pollg=4, pllpo=p, PIKY, PY =, pliP"Y;
(b) for p # po and q £ { po} U ({V} X P) we define
plla=ra.((p(a)g)u (pllg(a)) L (p()].q(a)));
(c) for X € P (Step x P) we put X ||g = {w||q| € X}, where (n, p")llg =(n, p'[l 9);
(d) for Y e P.(Stepx Q) we put p||Y ={p|£|£e Y}, where p[(n, ¢)=(m, pllq");
(e) for X and Y as above, we define
X|, Y=U{n|, €é|me X, éc Y}

where (91, p) o (m2, ¢)={(c", p'llg"} with &’ as usual if 5, and 5, are matching
communications, and 7 |,& =0 otherwise.

Note that restricted to P x P this coincides with the old operator ““|” (see
Definition 6.7).

(2) We define the operator ““||”: P x R - R by the following clauses:

(@) pollr=r, pl(B, pY=(B, PP’

(b) for p# p, and r¢ Obj x P we define

plir=2xa.((p(a)|r)u (plr(a)) v (p(a)|.r(o)));

(c) for X € P,(Step x P) we put X ||r={=|r|7e X}, where (n, p)|lr={(n,p'||r);

(d) for Z e P,(Stepx R) we put p|Z={p||¢|¢ e Z}, where p||(n, r'y=(n, p|r';

(e) for X and Z as above, we define

X|,Z=U{nl,¢|me X, {cZ}

where (1,, p)o (12, ¥y ={(a", p'|r)} with ¢’ as usual if 5, and 7, are matching
communications, and |, { =@ otherwise.

Analogous to Lemma 4.8 we have the following important lemma.

[ 1]

6.18. Lemma. (1) All forms of the mappings *“:”" and *
(2) The operators *||” are associative:
(@) (pllpllg=pill(p:ll9),
() (pillplIr=pill(p2lI 7).

” are continuous.
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e,

(3) The operators ““:” with the first argument from Q are associative:

(@) (41:92):9:=91:(42:93),.

(b) (g1:92):r=gq,:(q,:r).

(4) The operators ““:” with the first argument from R have an analogous property
(let us call it A-associativity):

(@) (r:f):q=r:AB.(f(B):q),

(b) (r:f):r'=raaB.(f(B):r'),

(c) (r:h):f =r:AB.(h(B):f),

(d) (r:h):h'=r:AB.(h(B):h’).

(5) Finally, we have a kind of distributivity:

(@) (rll9):9'=rl(q:q9"),

(®) (pllg):r=pli(q:r),

(©) (plr):f=pll(r:f),

(d) (pllr):h=pl|(r:h).

Proof. Part (1) can be proved by observing that each version of “:” or *“||” is the
unique fixed point of an appropriate higher-order function that maps continuous
operators into continuous operators. Therefore, and **||” are themselves con-
tinuous.

For the other parts, one first proves that p:q=p and p:r=p forall pe P, g Q,
and re R. The rest of the properties are then proved in the order (2)-(5)-(3)-(4),
by a metric argument. We illustrate this technique by giving the proof of part (3)(a).
(We assume that part (5) has already been proved.) Consider the operators ¢ and
¥, given by P(q,, g2, 93) =(4:1:92):9; and ¥(q,, 92, ;) = q::(92:9;). Both can be
seen as elements of the metric space Q x Q X Q - Q. We shall show that @ =¥ by
proving d(®, ¥)=0. Let us therefore denote d(®, ¥) by &, or in other words,

6,9

e= sup do((9::92):93, 9::(q2:45)). (6.1)

41.92.93€ Q

Now let q,, g,, g; € Q be arbitrary. We show

do((4::92):93, 9::(g2:93)) <ze. (6.2)

Distinguish the following cases:

(1) g1=po- Then (41:92):93=Ppo:q5=Ppo= q::(42:95).

(2) ¢:=(/,p). Then (q::9>):q:=(pllg2):q;=(by part (5)(a)) pll(g.:95)=
q::(42:93).

(3) g:€ 2> P,(Step x Q). Now by Definition 6.16 we have that q,:9,, (4,:9,):g3,
and q,:(g,:g3) are also elements of 2 > P (Step x Q). Let o€ & be arbitrary and
set Y =gq,(c). Then we get, by Definition 6.16,

(g1:92)(0)=Y:q,={&:qx| €€ Y}={(n, q':‘I2>|<77a qhe Y},
((91:92):43)(0) = (Y:92):q:={(m, (¢":92):9:)|{n, gy Y},

and
(4::(92:95))(0) = Y:(q2:95) ={(m, ¢":(q2:93))|(m, gy e Y}.
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Now the time has come to remember our convention from Section 2.3 that, implicitly,
every occurrence in the right-hand side of the domain being defined is surrounded
by id,,, (cf. equation (2.3)). Of course, this also holds for the defining equation for
Q in Definition 6.15. From (6.1) it follows that

do((9:92):93, 9':(q2:93)) < e.
Therefore

did./z(O)((q/:‘h):an q':(g2:93)) <3e.
By applying the clauses of Definition 2.7 (and remembering that o was arbitrary)
we can corniclude that

do((9::92):93, 4::(g5:93)) < 3&.

Because q;, ¢q,, and g, were arbitrary in (6.2), we can conclude from (6.1) that
e<ig sothat d(®, ¥)=e=0and d=¥. 0O

Next, we state the analogues of Lemma 4.9 andu Corollary 4.10. By way of
preparation we need some extensions to the definitions of PSyCo and O*.

6.19. Definition. (1) We define the set PSyCo’, with typical element p, to be the
same as PSyCo, except that at most one of the components has an re SyStCo’,
defined (together with g € SyExCo') by

Pou= Vs |e:g g ou= Azr
with s closed.

(2) The set PSyCo", with typical element g, is the same as PsyCo except that
exactly one component has an 7e SyStCo", which is defined together with ge
SyExCo" by

Po= s |eg g ou= AzF|V
with s closed.
(3) We define the function O[-]: PSyCo’ - Q as follows

R " ifp={(a, E),... (e, D),
Olp1 =1 V. 0*[p'D) if p = {(e, )} o',
ra{(o’, O[p'D)|(o, p)>(a’, 6"} otherwise.

Here we interpret the transition relation - with respect to 7,4 (only extended

in so far that we declare the existing axioms and rules also applicable to our new
parallel syntactic continuations).
(4) We define the function O -]: PSyCo” - R as follows

P {(B, oD if 5= {(, B:)}U '
PIZ e (o, 615D (o, 5Y> (0", 5}  otherwise.

Note that PsyCo < PSyCo’, and that O restricted to PsyCo is equal to 0*. Further-
more, Lemma 6.13 also holds for © and 0, and we can restate Lemma 6.11 as follows.
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6.20. Lemma. (1) (j‘ﬂpué]]=0’*[[p]]]|0"[[p]].
(2) Olpu pl=0*plllO15].

Now we can state the next lemma.

6.21. Lemma. (1) For any e Exp, a € AObj, and g € SyExCo we have

0*[{(a, e:g)}] = O{(a, e:V)H:(AB.OM{(a, B:)})

and the same for any g with 0* replaced by @ and for any g with O* replaced by 0.

(2) Let s € P,uq (not necessarily closed) and let all free statement variables of s be
contained in {v,, ..., vc}. Now lets,,...,s, be closed statements such that, for any o
and r,

0*[{(a, 53} = Ol{(e, s:;V):0%[{(e, N}]

and for any ¥ the same with O* replaced by O and for any ¥ the same with O* replaced
by 0. If we define § = s[s;/v;]t-,, then we have, for any a and r,

O*[{(, ;] = O[{(e, §;V)}H:0*{(a, N}]
and analogously for any ¥ and for any ¥.
Proof. Part (1) is proved by induction on thé complexity of e. We give some typical

cases:
Case 1: e=p.

O1{(a, B:V)]: (AB"-0*[{(a, B":2)}])
=(B, po): (AB".O*[{{e, B":g)}]) (Definition 6.19)
= pol| 0O*[{{a, B:g)}] (Definition 6.16)
=0"[{{e, B:2)}] (Definition 6.7).

Exactly the same proof works for g with @ and for § with 6.
Case 2: e=ope'.

0*[{(e, (op €'):2)}]

= 0*[{{e, €":Az.(op z: g))}] (Lemma 6.13(12))
= Ol{(a, e V)}]: (AB".0*[{(a, B':Az(0p z: g))}]) (ind. hyp.)
=0[{{a, e":)}]: (AB".0*[{(a, op B': g)}]) (Lemma 6.13(10))
= 01{(e, e":V)}]: (AB".O*[{{a, 0p.em B': 2)}]) (Lemma 6.13(11))
= OT{(es, €'V} : (AB".6T{(e, 0psem B': V)] : (AB.O*[{(, B:)}D))

(Case 1)

= (01{(a, &'V} : (AB".O[{(c, 0psem B": VII)) : (AB.O*[{(a, B:g)}])
(Lemma 6.18(4))
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= (6[{(e, e':V)}: (AB".61{(a, B":Az(op z:V))}I])): (AB.O*[{{e, B:g)}])
(Lemma 6.13(11, 10))

= 0[{(e, e":Az.(0p z:V))}]: (AB.O*[{(a, B:g)}]) (ind. hyp.)
= 6[{(a, op e':V)}] : (AB.O*[{(e, B:g)}]). (Lemma 6.13(12))

Again, the proof is also valid for g and g.
Case 3: e=new(c).

0*[{(a, new(c):g)}]

= Ao.{(d’, 0*[{(a, B:8),(B, s; E)}])}
(Lemma 6.13(13), with s, o', and B as usual)

= Ao{(o’, O*[{( B, s; EN] || 0*[{{a, B:g)}])} (Lemma 6.11)
= ra{(o’, O*[{(B, s; EN || (O1{(a, B:v)}]: (AB".OF[{(a, B":g)}])))}
(Case 1)

= Ac{(o”, (O*[{(B, s; EN] || 61{( e, BV} : (AB".0*[{(a, B":£)} D)}
(Lemma 6.18(5))

= Ao {(o", O*[{( B, s; EM || 61{(a, BV} : (AB".O*[{(a, B":2)}])
(Definition 6.16)

=ra{(a’, O[{(B, s;E), (@, B:V)ID}: (AB".0%[{{e, B :2)}])
(Lemma 6.20)

= 6[{(a, new(c):V)}]: (AB".0%[{(e, B :g)}]). (Lemma 6.13(13))

Once again, the proof is also valid for g and g.

Now we can prove part (2) by induction on the complexity of 5. Again some
typical cases:

Case 4: s=x:=¢ (so §=35).

0*[{(a, x:=e;n)}]

= 0*[{{a, e:Az.(x = z;r))}] (Lemma 6.13(2))
= 0[{(a, e:)H: (AB.O*[{(, B:Az(x = z;r)}]) (part (1))
=0[{(a, e:)}]: (AB.O¥[{{a, x:= B;)}]) (Lemma 6.13(10))

= 6ﬂ{(a, e} :(AB.Aa{(a’, O*[{(a, r)}])}) (Lemma 6.13(1), o’ as usual)
= 0{(a, e:V)}]: (AB.Ac{(o", O1{{a, V)}I: O*[{( e, }]D})
(because O[{(a, V)}] = (v, po) and (¥, Po): 4 = pollg = q)

= 0[{(a, eV} : (AB.Ac{(0, O{(a, VIID}: O*[{(ex, r)}])
(Definition 6.16)
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= 0[{(a, e:v)}: (AB-O[{(e, x = B;V)}]: O*[{(a, }])  (Lemma 6.13(1))

= 0[{(a, eV} : (AB.O{(a, B:Az(x = z;¥))}]: O*[{(a, N}])
(Lemma 6.13(10))

= (O[{(a, e:V)}]: (AB.O[{(, B:Az(x = z;V)}])): O*[{(a, r)}]
(Lemma 6.18(4))

= O0[{{a, e:Az.(x = z;V))}]: O*[{(a, r)}] (part (1))
= O0[{{a, x = e;V)}]: O*[{(e, r)}]. (Lemma 6.13(2))

For 7 or 7 instead of r the proof runs exactly the same.
Case 5. s=e?x (so §=5).

0*[{(a, e?x;1)]
=0*{{a, e:Az.(z?x;r))}] (Lemma 6.13(6))
= 6{(a, e): AB.O*[{(ar, B:Az(z2x;P D) (part (1))
= 0[{(a, e:v)}]: (AB.O*[{(e, B2x;1)}]) (Lemma 6.13(10))

= 0[{(a, e:V)}]: (AB.AG{(a, B2x, O*[{(a, MI])}) (Lemma 6.13(7))
= 0[{(a, e:V)}]: (AB.AG{a, B2x, O{{a, V)}]: O*[{(a, )}])})

(see above)

= 0[{(e, e:V)}]: (AB.AG{(a, Bx, O{(a, VII)}: O*[{(a, N)}])
(Definition 6.16)

= 0[{(a, e:V)}]: (AB.O[{(a, B:Az(z7x;v )N} : C*[{(e, )}])
(Lemma 6.13(7, 10))

= (01{a, e:V)}1: (AB.O1{(a, B:rz.(22x;¥)}])) : O*[{(a, r)}]
(Lemma 6.18(4))

= O0[{(a, e:Az.(2?2x;V))}]: O {(a, N}] (part (1))
= 0[{(a, e?2x;)}]: O*[{(e, P)}]. (Lemma 6.13(6))

Case 6: s = pv[s']. Without loss of generality we can assume that v {v,, ..., v;}.
If we define §’ = s'[s;/ ;] ,, then we have § = wo[§']. Now we first prove, by induction
on n, that for any « and r (and also for 7),

O*[{(e, 5501 = 61 {(a, 555V : 0*{(a, N} (6.3)

For n=0, we get §© =skip and

0*[{(a, skip;n)}]
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= Aa.{{a, O*[{{a, N} (definition of skip)
= Ara{(a, O[{(a, V)}]: O*[{(a, N})}  (see above)

= Aa{{, O[{{a, V)}I)}: O*[{(a, )}] (Definition 6.16)

= O[{(a, skip;V)}]: O*[{(a, r)}] (definition of skip).

Now let us assume (6.3) for certain n; then we can apply the outer induction

hypothesis for s, with v, =0 and sc,,=5.". If we define §”=5[5"/v]=
’ 1k+1 . .

s'[si/v;]iZy, this gives us

O*[{(er, ;01 = 6[{(a, 5V} : 0*{(a, )] (6.4)
Now we can calculate |
O*[{(a, 550}
= 0*[{{a, (skip;5,"); M}
= 0*[{(a, skip;(§1";r)] ‘ (Lemma 6.13(3))
=Ara{{o, O {{a, $'; D} (definition of skip)

= xo{(a, O1{(a, $ VO 0*ﬂ{<a, M} (by (6.4))
=A0{(o, O[{(e, 0D} : 0*[{(a, r)}]  (Definition 6.16)
= O[{(a, skip;(5,'";v ) : O*[{(a, }] (definition of skip)
= O[{(a, (skip; $");V): O*[{(a, N}] (Lemma 6.13(3))

= O[{(a, 5"V} 0*[{(, Nl

which gives us (6.3) for n+1.
Finally, we can compute as follows:

0*[{(e, wo[5'];m}]
=lim, 0*[{(a, §,";)}] (Lemma 6.13(5))
=1im,(0[{(a, §;"\V)}]: O*[{(a, r)}]) (by (6.3))
= (lim, 0[{(a, §\™;V)}]): 0*[{(a, }] (Lemma 6.18(1))
= O[{(a, po[§' V) : O*{(a, N} (Lemma 6.13(5)). O

In order to prove Theorem 6.14, in addition to the reasoning encountered earlier,
there is one extra step necessary to deal with the possible recursion in declarations
such as c<...new(c).... This step involves the second component 7y, of an
environment y. For simplicity’s sake we again drop the indices.
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6.22. Lemma. Let t be a fixed program. If y e I satisfies
v(¢) = 1a.0%[{{a, s; E)] ' (6.5)

for c&s in t, then we have the following:
(1) For any ec Exp, ye I, a € AObj, and f € Obj > P we have

8lelyaf = O1{(a, e:V)}:f

(2) Letse &4 (not necessarily closed) and assume that the free statement variables
insareallin{v,,...,v} and lets,, ..., s be closed. Put §=s[s;/v;]*_, and define

@i = AaAp.(O[{(a, s;;v0:p)  (i=1,...,k)
and let = y{@;/v;}*_,. Then we have, for any a and p,

D[slyap = O1{a, $V)}:p.

Proof. The proof follows the same line of argument as in Sections 4 and 5. It runs
by induction on the complexity of e and s. We make use of Lemmas 6.13, 6.18,
6.20, and 6.21 and we need the assumption (6.5) to deal with the case e = new(c).
We shall deal with some typical cases here, starting with part (1).
Case 1: e=p.

E[Blyaf=£(B) (Definition 6.9)
=poll £(B) (Definition 6.17)
={(B, po).-f (Definition 6.16)

=0[{(a, B:V)}]:f  (Definition 6.19).

Case 2: e=ope'.

Elop e'lyaf
= &[e']ya(AB.f(0Pserm B)) (Definition 6.9)
= 8leTya(AB.61{(a, 0pserm B :V)H:S) (Case 1 for op;em B)
= &le'lya(AB.O[{{a, B:Az.(0p z:V))}]:f) (Lemma 6.13(11, 10))
= O1{(a, e)}: (AB.61{(a, B:Az.(0p z:V))I]:Sf) (ind. hyp.)
= (01, e :V)}: (AB.O1{a, B:Az(op z:VD)):f  (Lemma6.18(4))
= 0[{(a, e":Az(op z:V))}]:f (Lemma 6.21)
= O[{(a, op " : V)}]:f (Lemma 6.13(12))

Case 3: e=new(c).
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€lnew(c)]yaf
=ra.{{a’, y()(BF(BN (Definition 6.9, with ¢’ and B as usual)
=xa{(a’, y(c)(B) 1 (O1{a, BN/ M (see Case 1)
= ra-{(a’, (v(e)(B) || 6T (e, B:VIH):/)) (Lemma 6.18(5))
=xa{(a’, (v(c)(B) || O1{(e, BVY:S (Definition 6.16)
= Aa{(a’, (OB, s; DN O1{ee, BvIDS by (65))
=ro{(o’, O1{(B, s;E), (e, B:VID}:Sf (Lemma 6.21)
= O[{(a, new(c):V)}]:f. (Lemma 6.13(13))

And now part (2). Again we deal with a few typical cases.
Case 4: s=x'=¢,50 §=s5.

D[x = e]yap
= gle]7a(AB.AG{(", P)}) (Definition 6.9, with ¢ as usual)
= &[e] ya(AB-O[{{a, B:rz.(x = z;v))}]:p)

(see proof of Lemma 6.21, Case 4)

= 0[{(a, e:v)}]: (AB.O[{(, B:Az(x = z;v)}]:p) (part (1))
= (00{{a, e:V)}]: (AB.O[{(a, B:Az(x = z;v))}])):p (Lemma 6.18(4))
= 0[{(a, e:Az.(x=z;V))}]:p (Lemma 6.21)
= 0[{(a, x = e;v)}]:p. (Lemma 6.13(2))

Case 5: s =pv[s']. Let us assume again that v {v,, ..., v}, so that, if we define
§'=5'[s;/v;]5_,, then we have § = po[§']. Now, on the one hand, we have, by Lemma
6.13(5) and Lemma 6.18(1), that

Ol e, §;V):p =1im,(O[{(a, $3;V)}1:p). (6.6)
On the other hand, Definition 6.9 says that
D[ slyap =lim, ¢, («)(p) (6.7)

where ¢, can be chosen arbitrarily, and

Ynr = AaAp.ro{(o, D[s'ly{¢,/viap)}.
Now we make a definite choice for ¢,, namely
o= raAp(O1{(e, 5 v)}]:p)
and we prove, by induction on n, that

¥, = AaAp.(O[{(a, 5 V) :p). (6.8)
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For n =0 this is obvious, so assume (6.8) for some n; then we can apply the outer
induction hypothesis to s’ with v,,,=v and s;,,=35.", so our inner induction
hypothesis (6.8) says that ¢;., = i,. We then get (because s'[s;/ 1,1} = §[§"/v])

D 1¥{¢n/ v}ap = O[{(a, S5,/ v]V)H:p (6.9)
and we calculate
Unei(a)(p) = ro{(o, D[s']¥{¢./ v}ap)} (definition of ¢,.,)
=r0.{(o, O{(a, S5,/ v];V)}:p)}  (by (6.9))
= ra-{(o, O[{(a, §T5 ™ /v];V)})}:p  (Definition 6.16)
= O[{(a, skip;(5'[5,"/vl;¥)}]:p  (definition of skip)
= O[{(a, (skip; 5[5/ v]);v)}:p  (Lemma 6.13(3))
=O0[{(a, """V V)}:p (definition of §;"*V).
Finally, (6.8) tells us that in (6.6) and (6.7) we are taking the limit of the same
sequence, so their respective left-hand sides are equal. [
One more step is necessary before we reéch the desired conclusion.
6.23. Lemma. Let vy, be as in Definition 6.9(3). Then we have that v, satisfies (6.5).
Proof. Choose any vy satisfying (6.5). Then, by the definition of ¥, (in Definition
6.9(3)), we have, for c<s in ¢,

¥, (v)(¢) = Aa.D[s](y)(a)(po)

= Aa.(O[{(a, s;v)}]:po) (Lemma 6.22)
=a.(O[{(e, s;V)}: 6[{{a, E)}])  (Definition 6.19)
=Aa.0*[{(a, s:E)}] (Lemma 6.21)
=y (by (6.5)).

If we have furthermore that y(c¢) = Aa.p, for ¢ not declared in ¢, then we have that
v is a fixed point of ¥,, so that y=1v,. O

Now we can prove Theorem 6.14:

Proof of Theorem 6.14. For part (1), we calculate as follows:

0*[{(a, e:g)}] = O[{(a, e:v)}]: (AB.0*[{(e, B:g)}]) (Lemma 6.21)
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= €lelv,a(AB.O*[{{a, B:2)}]) (Lemma 6.22)

where the application of Lemma 6.22 is allowed by Lemma 6.23.
Now for part (2), we have

O*[{(a, s;10}] = O[{(a, s;v)}]: 0*[{(e, )}] (Lemma 6.21)
= P[s]y.a(O*[{{a, r}]) (Lemma 6.22)

where §=s and 7y, =y, because s is ciosed. Here, again, Lemma 6.23 justifies the
application of Lemma 6.22. [

6.24. Corollary. For any te &, .4, 0*[t] = D[¢].

Proof. Let t =(c;<s,)*_,; then we have

0*[t] = O*[{(c1, 1), s EN _ (Definition 6.10(4))
= D5, J(v)(er, D(O*{(er, 1), EN])  (Theorem 6.14(2))
= 2[s:0(y)(er, DI(po) (Definition 6.10(3))
=9[1] (Definition 6.9(4)). 0O

With Corollary 6.24, we have obtained the ultimate goal of our paper: to establish
the equivalence of an operational and a denotational semantics for a nonuniform
language with process creation.
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0. INTRODUCTION

We present a study of three concurrent imperative languages, called Ly, L, and L,. For each of
them we shall define an operational semantics 0; and a denotational semantics %, for i =0,1,2, and give
a comparison of the two models. (We shall use the terms semantics and semantic model as synonyms.)
This comparison is the main subject of our paper, rather than the specific nature of the languages
themselves, or the particular properties of their semantics.

The languages L; have been defined and studied already in much detail in [BMOZ1,2] and [BKMOZ].
We rely heavily on these papers, using many definitions taken from them literally, and others in an
adapted version. (The languages Ly, L), and L, we use here are called Lo, Ly, and L; in the
papers mentioned.)

Let us try to characterize in a few words the languages under consideration. They all belong to the
wide class of concurrent (parallel) imperative programming languages. We shall discuss parallel execu-
tion through interleaving (shuffle) of elementary actions (in L), together with synchronization and
communication (in L,) and extended with (an elementary form of) message passing (in L,). Imperative
concurrency is further characterized by an explicit operator for parallel composition on top of the
usual imperative constructs, such as elementary action and sequential composition. Herein it differs
from another widely used style, so-called applicative concurrency, where the parallelism is implicit.
Further, Ly and L, are uniform and L, is nonuniform. In Ly and L, the elementary actions are left
atomic, whereas in L, an interpretation of these actions is supplied. They consist of assignments, test
and send and receive actions. Another important feature is the presence of local nondeterminacy (in
L) and global nondeterminacy (in L, and L,). (Sometimes this is called internal and external non-
determinacy.) The difference between the two has major implications for the different semantic
models. (For an extensive discussion of this matter see, e.g., the introduction of [BKMOZ].)

For our semantic definitions we shall use metric structures, rather than order-theoretic domains. The
metric approach is particularly felicitous for problems where histories, computational traces and tree-
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like structures of some kind are essential. Moreover, it allows for the definition of the notion of con-
traction, which we discuss in more detail in a moment. Our operational models ; are based on the
transition system technique of Hennessy and Plotkin [HP] and Plotkin [P12, PI3]. They are closely
related to the ones defined in [BKMOZ], but there are some differences. We use labeled transitions
and (in ©; and ©,) communication is treated somewhat differently. Our denotational models D; are
almost exactly the same as in [BKMOZ). They are defined compositionally, giving the meaning of a
compound statement in terms of the meaning of its components, and tackling recursion with the help
of fixed points. For D; and D, we use a reflexive domain, being a solution of some domain equation
in the style of Plotkin [P11] and Scott [Sc]. We shall not give the details of solving in a metric setting
this type of equations, but refer the reader to [BZ], where a solution was presented first, and to [AR],
where this metric approach is reformulated and extended in a category-theoretic setting.

Although the semantic models presented here are (roughly) the same as in [BKMOZ], there is one
major difference, being the way in which they are defined. In this paper we define both the opera-
tional and denotational models as fixed points of contractions.

A contraction f:M—M on a complete metric space M has the useful property that there exists one
and only one fixed point x e M (satisfying f (x)=x). This elementary fact is known as Banach’s fixed
point theorer~ (see A.4.(b)). Such a fixed point x is entirely determined by the definition of f: any
other element y e M satisfying the same properties as x, that is, satisfying f (y)=y, is equal to x. The
contractions ® we use in this paper are always of type

(I’Z(Ml—-)Mz)—)(Ml—)Mz),

that is, they are defined on a complete metric function space M;—M;. Then the fixed point of ® is a
function from M, to M,. ‘

The fact that our denotational models can be obtained as fixed points of suitable contractions is not
very surprising, fixed points playing traditionally an important role in denotational semantics. It is
interesting, however, to observe that the same method applies to the definition of gperational models.
One might wonder whether the models thus obtained still deserve to be called operational. That this is
the case follows from the fact that they equal the models defined in the usual manner, without the use
of fixed points (see lemma 1.12).

The main advantage of this style of defining semantic models as fixed points is that it enables us to
compare them more easily. This brings us to the discussion of what has been announced above to be
the main subject of this paper: the comparison of operational and denotational semantic models,
which we shall also call the study of their semantic equivalence. About the question why this would be
an interesting problem we want to be brief. Different semantic models of a given language can be
regarded as different views of the same object. So they are in some way related. Their precise relation-
ship we want to capture in some formal statement.

Let us now sketch the way we use contractions in our study of semantic equivalences. Let L be a
language. Suppose an operational model O for L is given as the fixed point of a contraction

O:(L>M)—>(L—>M),
where M is a complete metric space. Suppose furthermore that we have a denotational model 9 for L

of the same type as 0, that is, with ©:L—M, for which we can prove ®(90)=9. Then it follows from
the uniqueness of the fixed point of @ that 0=9).

In the context of complete partial ordering structures similar approaches exist (see, e.g., [HP] and [AP]).
There, the operational semantics 0 can be characterized as the (with respect to the pointwise ordering)
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smallest function ¥ satisfying ®(9)=9, for some continuous function ®. Then it follows from
(D)= that O is smaller than 9. In order to establish =9 it is proved that O satisfies the defining
equations for &), from which it follows that & is smaller than ©. Please note that within the metric set-
ting we can omit the second part of the proof.

In general © and 9 have different types, that is, they are mappings from L to different mathematical
domains. In the languages we consider, this difference is caused by the fact that recursion is treated
in the denotational and operational semantics with and without the use of so-called environments,
respectively. Therefore, © and 9 cannot be fixed points of the same contraction. Now suppose © and
%) are defined as fixed points of

®:(L->M))->(L-M,), and Y:(L->M;)->(L->M>)

respectively, where M, and M, are different complete metric spaces. Then we can relate 0 and 9 by
defining an intermediate semantic model for L as the fixed point of a contraction

¥ (L->M)—>(L->M’),
and by relating ® , ®’ and ¥ as follows. If we define
Si(L-M)—»(L-M’), and fr:(L->M;)—(L->M’),
and we next succeed in proving the commutativity (indicated by *) of the next diagram:

®
LM, - LM,

Al " W
v
LM — LM
Lt *2 1

¥
LM 2 = L->M 2
then we are able to deduce the following relation between © and 4:

S D=£1(0).
It is straightforward from *, and *,, and the fact that ®, ®’, and ¥ are contractions.

This will be the procedure we follow for the models & and 9 of L, in section 1. There f| and f; are
such, that for closed statements (i.c., containing no free statement variables) seL,, we have:
6(s)=¢(s). Once this result has been achieved for L, it is straightforward to adapt the definitions,
lemmas and theorems involved so as to deduce a similar result for L; and L,. (For the latter
languages there is one slight complication. It appears to be convenient to relate L—M, and L—>M;
via two intermediate types, L—-M’ and L—»M".) In [BMOZI,2] and [BKMOZ] there have already
been given proofs for the semantic equivalence of operational and denotational models for L, and
L,. These proofs, however, are quite complicated and not so easy to understand. Furthermore, the
proof for L, is much more complex than that for L, involving an intermediate ready-set domain.

The method of proving semantic equivalence as described above is general in the sense that it is appli-
cable to very different languages, such as Ly, L; and L,.

This paper has seven sections. You are now reading section 0, the introduction. It is followed by the
treatment of Lo, L; and L, in sections 1, 2, and 3 respectively. Then, in section 4, some conclusions
and remarks about future research are formulated. Section 5 gives the references and section 6, the
appendix, gives the basic definitions of metric topology.
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1. A SIMPLE LANGUAGE (L)

1.1 Syntax

For the definition of the first language studied in this paper, we need two sets of basic elements. Let
A, with typical elements a,b, . . . , be the set of elementary actions. For A we take an arbitrary, possi-
bly infinite, set. Further, let Stmv, with typical elements x,y, . . . , be the set of statement variables.
For Stmv we take some infinite set of symbols.

DEerFINITION 1.1 (Syntax for L)
We define the set of statements L, with typical elements s,t, . . . , by the following syntax:

5= alsy;s215) Usylsyllsy Ix I px[t]
where t € L§, the set of statements which are guarded for x, to be defined below.

A statement s is of one of the following six forms:

- an elementary action a.

- the sequential composition s,; s, of statements s; and s,.

- the nondeterministic choice sy Us,, also known as local nondeterminism [FHLR]: s, Us, is exe-
cuted by executing either s, or s, chosen nondeterministically.

- the concurrent execution s,lls;, modeled by the arbitrary interleaving (shuffle) of the elementary
actions of s, and s,.

- astatement variable x, which is (normally) used in

- the recursive construct pux[t]: its execution amounts to execution of ¢ where occurrences of x in ¢
are executed by (recursively) executing px[t]. For example, with the definition to be proposed
presently, the intended meaning of ux[(a;x)Ub] is the set a*-b U {a“}.

An important restriction of our language is that we consider only recursive constructs px[t], for which

t is guarded for x: r€L§. Intuitively, a statement ¢ is guarded for x when all occurrences of x in ¢ are

preceded by some statement. More formally:

DEFINITION 1.2 (Syntax for L)
The set L§ of statements which are guarded for x is given by
t:= a
| t;5, forseL,
| Uty | iz,
| y , forys#x
I mx[e]
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| wlt), forysx, t’'eL§ NL}.

m to avoid possible confusion about the definitions of Ly and L§, let us give a more extensive
definition, for which the ones given above are shorthand. We define L, and, for every x eStmv, L§
simultaneously and in stages:
Stage 0:
Ly(0) = AUStmv, L§0) = AU(Stmv \ {x})
Stage (n+1):
Lo(n+1) = Lo(m)U {s1;52151,52€Lo(n))

U {s1Us;|s1,52€Lo(n)}

U {sylls21s1,52€Lo(n)}

U {mx[t]lteL§(n)}.
L(n+1) = L§(n)U {t;sl1teL§(n), seLy(n)}

U {t Ut 1t),t2€L§(n)}

U {tlle2 18,02 € L§ (n))

U (welr]lreLs(n))

U (wlrlly#x AteL§(n) N L ().
We define

Ly = U Lom), L§ = U Li(n).

REMARK (Empty statement)

It appears to be useful to have the languages under consideration contain a special element, denoted
by E, which can be regarded as the empty statement. From now on E is considered to be an element
of Ly, and L§. We shall still write Ly for LoU{E} and L§ for L§ U{E}. Please note that syntactic
constructs like s;E or Ells are not in L.

Now that we have formulated the notion of guardedness for x, we can easily generalize this:

DEFINITION 1.3 (Guarded statements)
The set L§ of guarded statements (guarded for all x) is defined as

16 = nxeStmv Lﬁ
As L, and Lj, also L§ has a simple inductive structure.
LEMMA 1.4 The set L can be given by the following syntax:
t:=alt;sly Ulzlh”tz“lx[l]

where s€ L.

We need yet another notion of syntactic nature, that is, the notion of closedness.
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DEFINITION 1.5 (Free variables, closed statements)
For every statement seL, we define the set FV(s) of all statement variables that occur freely in s as
usual:

FV(a) = @, FV(x) = {x}, FV(ux[s]) = FV(s)\ {x},
FV(sy0ps;) = FV(s;)UFV(s,), for op = ;,U,ll

We call a statement s closed (notation: closed (s)), whenever FV(s)=@. Finally, we define for
L =L0$ Li‘)‘ ) and L6:

L = {s|seL| closed (s)}
We have: (Lo)' = (L3 = (L§). .
We expect that the reader may benefit from a few
EXAMPLES
First we observe that L§ CL§ CL,. Further we have that
xeLly, xeLj
yixel§, y;xell
pxly;x]eLo, wly;x]e€Lo
a;pxly;x]el§ Nl
wla;px[y;x]leLoy
1.2 Operational semantics

We first introduce a semantic universe for both the operational and the denotational semantics for Lg.
DEFINITION 1.6 (Semantic universe Pg)
Let A*, the set of finite and infinite words over 4, be given by

A® = A" UA4°.

For the empty word we use the special symbol €. Let dy= denote the usual metric on 4® (see example
A.1.1). We define

Py = Ppe(4%),

with typical elements p,q, . . . , the set of all non-empty, compact subsets of 4. As a metric on Pg
we take dp, =(d4=)y, the Hausdorff distance induced by d,4=. According to proposition A.7 we have
that Py together with the metric dp, is a complete metric space.

The operational semantics for L, is based on the notion of a transition relation.

DEFINITION 1.7 (Transition relation for L§)
We define a transition relation

a
(writing s—s’ for (s,a,5")€—) as the smallest relation satisfying

a
(i) a—E (for all acAd)
(ii) for all aeA, s,teLg, s’,s€Ly: if s'#E, then:
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a - a -
s = (555
a a
AsUt—>s' AtUs—s’
a a
Aslit—=s'lit A tlls—tlls’

a
A px[s]— s'[ux[s )/ x]),
where the latter statement is obtained by replacing all free occurrences of x in s by px[s]; and if
s’=E, then:
a a
s—E = (s;5->75
a .a
AsUt—-E ANtUs—>E
a a
Asllt—>t Atlls—>t
a
A px[s]— E).

a
Intuitively, s—s’ tells us that s can do the elementary action a as a first step, resulting in the state-
ment s’. We now give the definition of &), the operational semantics for L§. (It is defined on closed
statements only, because we do not want to give an operational meaning to, e.g., a;x: what should it
be?) It will be the fixed point of the following contraction.

DEFINITION 1.8 (9)
Let ®:(L§ —Po)—(L§ —P,) be given by

{e} ifs =E

q’O(FXs) = a
U {a-F(s")|s’eLf nacANs—s') if s # E

for FeL§—Py and seL§.

REMARKS 1.9
(1) It is straightforward to prove that @, is contracting.
a
(2) Please note that closed (s) and s—s’ imply closed (s).

(3) We have that ®y(F)s) is a non-empty, compact subset of 4, because {a |3s’eL5’ [s—is’]} is
finite and non-empty (this follows from lemma 1.14 below) and F(s’) is compact for every
s’eL§. This implies that ®(F)e L§ —Po.

DEerINITION 1.10 (8): & =Fixed Point(®y)
REMARK: We use open brackets to denote application of € to an argument s: G[s].

In [BKMOZ] another, seemingly more operational, definition of & is given. We shall repeat a slightly
different version of it here and show that it is equivalent to this fixed-point definition.

DEFINITION 1.11 ()
Let seL§, s7~E. We define 85:L§ —P, by putting weA® in 65ls] if and only if one of the following
two conditions is satisfied:
a, a; a, a,
(i) s-os51-o5> o, As, =EAw=a, - a,
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a, a a a4 Gy
(i) s>85)1>8230> O8> AW =4y Gyt

a a a G

(where s—>s’—>s"’ abbreviates s—s’ A s'—s”). If s=E, then Opfs]={¢).
LEMMA 1.12: 6,=06;

PrOOF

Let wed®, seL§, with s~E. We have
webls] « [definition Og]

JacAd3s'eLfIw'ed™ [s-a->s’/\w =a-w Aw'els]]
<> [definition @)
we®y(0Xs).
Since Oy € L§ — Py, it follows that 05 =®(0;). Thus 05 =6,.

We give yet another characterization of §y. It is based on the following definition and will be the one
we use in proving semantic equivalence.

DEFINITION 1.13 (Initial steps)
We define a function
I:Lﬁ —)@ﬁ"(A XLo)

(where 94,(X) ={Y|Y CXA finite (Y)}) by induction on L§:

() I(E)=2,and I(a)={(a, E))

(ii) Suppose I(s)={(a;, 5))}, I(t)={((b}, 1;)} for s,teLf, a;b;€A, s;,t;€L,. (The variables i and j
range over some finite sets of indices, which we have omitted.) Then

I(s55) = {(a;, s:;5)} (for 5€Ly)
I(sU1) = I(s)UI(1)

I(slle) = {(a;, sill)) U{(®;, sliy;)}
Ipx[s] = {(a;, silpx[s)/x]D).

REMARK: Please note that for all s5%E the set I(s) is finite and non-empty.

This definition is motivated by the following lemma, which can be easily proved.

LeMMA 1.14: VaeAVseL§Vs'eL, [s:>s’ © (a, s)el(s))
COROLLARY 1.15: ®y(FXs)= | {a-F(s")| (a,s")€l(s)}, for F:L§ —P,, seLf \ {E).

1.3 Denotational semantics

The second semantic function we define for L, will be denotational: We call a semantic function
F:Ly—>M (where M is some mathematical domain) denotational if it is compositionally defined and
tackles recursion with the help of fixed points. The first condition is satisfied if for every syntactic
operator gp in Ly we can define a corresponding semantic operator gp:M X M—M (assuming op to be
binary) such that
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F(s10ps) = F(s1)0pF(s2).
As semantic domain for the denotational semantics of L, we take again P,. The semantic operators
corresponding with ; , U, and ||, the syntactic operators in L, will be of type Po X Py—Py.

DEFINITION 1.16 (Semantic operators)
The operators ;, U, |I: PgX Py—P are defined as follows. Let p, g€ Py, then

@) piqg= 9 ifp = {¢
i U{a'@s; 9)| pa7#%2} otherwise
@) pUq =pUg (set—theoretic union)
=P ' ifg = {¢}
(i) P"q = 1q . ifp _ {(}

U la@all )1 p2) U U (il go)| 4.7 2) otberwise,
where, for every pe Py and a €A, we define:
Pa={w|weAd®rawep).
(We often write gp rather than gp if no confusion is possible.)
REMARKS 1.17

(1) This definition is self-referential and needs some justification. We shall give it for ; and leave the
case of || to the reader. We define a mapping: ®:(Po X Po—Po)—>(PoXPy—Pg) by

q ifp = {e}
d’(FXP’q) = {U {a.F(pmq)lpa?&ﬂ} otherwise.

It is not difficult to show that @ is contracting. Then we define: ;=Fixed Point(®), which
satisfies the equation of definition 1.16 above.
(2) If we define the left-merge operator || by

Lg=1{" ifp = (¢)

PLY =\ U {aall 9)| pa#2) otherwise,
then we have that

plg=plLqu qlLp

(using the fact that p’lig’=¢q'llp’, for all p’ and ¢’). This abbreviation will be helpful in some
future proofs.

We need the following properties, which are easily verified:

Lemma 1.18 . -
(a) Forop =7, U, and || we have

Vp.p's9:.9'€ Py dp,(p op g, p’ op 4') < max{dp,(p.p"), dp,(4,:9)}]
(b) For p,p’eP, with egp, eep’, and q,q’€ Py we have
~ - 1
dp,(p3¢, p’q") < max{dp,(p.p"), 73°dp,(9:9"))}-

(c) The operators 3, U, and | preserve compactness.
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We shall treat recursion with the help of environments, which are used to store and retrieve meanings
of statement variables. They are defined in

DEFINITION 1.19 (Semantic environments)
The set T’ of semantic environments, with typical elements v, is given by
T = Stmv—>/p,,
We write y{p/x} for a variant of y which is like y but with y{p/x}(x)=p.
Now we have defined everything we need to introduce the denotational semantics for Ly.
DErFINITION 1.20 (¥, Do) .
We shall define D as the fixed point of
¥o:(Lo—»T—>'Pg) > (Lo—T>'Pg)

which is given by induction on L,. (Here I'—!P, denotes the set of non-distance-increasing func-
tions (see A.3.(c)).) Let FeLy—I'—!Pg, then:

& Yo(F)aXy)={a)}, Yo(FYx)¥)=7(x), Yo(FXEXy)={€}
@) Yo(FXs op t)Xy) = ¥o(FYs)Y) op ¥o(FYIXY)
@iy o(FYpx[s () = Yo(FYsHy{F(ux[s])v)/x}) for seL§,

for op=;, U, |l, and ¢p as in definition 1.16. (We define ¥o(F) only for those s and ¥, such that
FV(s)Cdom(y).) Now we set

D = Fixed Point(¥;).

REMARK: We have: Dollpx[s[l(y)= DolsI(y{Dolpx[s]l(v)/x}). (As for 8, we also use open brack-
ets for %.)

It is not obvious that ¥, is contracting. The fact that we consider only guarded recursion is essential
for proving it.

LemMa 1.21
(a) IfFELo—)F—)IPo, then ?o(I;)ELo—-)r-)lPo.
() If FeLo—T—'Py, then for all v\, y,€T, s€Ly:
(*) VyeStmis €Ly = v1()=10)]
=

(**) dp,(¥o(FXs)11), ¥o(FXsXr2)) < %’dr(‘n,vz)-

(©) ¥ is contracting on Lo—T—! Py,

PrOOF
(a) The proof of (a) goes along the lines of (b), which is more interesting.
(b) Let FeLy—!Py, let y,,y;€l. We use induction on L.
(i) For s=a we have: dp (¥o(FXa}11), Yo(FXaX12))=0. Let s =x, with xeStmv. Suppose (*)
holds for x. Then
dp, (Yo (FXxX1), ¥o(FXxX12)) = dp,(v1(x), v2(x))
= 0 [because of (*)].

(i) We only treat sequential composition and recursion. Let s =s,;s,, with 51, 5,€L. Suppose (b)
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holds for s; and s,. Suppose (*) holds for s,;s,. This implies that (*) holds for s,. Thus we have
(**) for s,. Now:

dp,(¥o(FXs1;52)n1), Wo(F)s1;52X¥2))

= dp, (Yo (F)s1)71); Yo(FXs2)11)s Yo(FXs1Xv2); Wo(FYs2)(12))

< [for all seLo \ {E}, F and y we have: e&¥o(F)sXy); thus lemma 1.18(b) applies]
max{dp, (Yo(F}s1 Y1), ¥o(FXs1X12)), 3 dr, (¥o(FXs2)Xn), ¥o(F)s2)X12)

< [(**) for s,; (a) for s,]
max(3-dr(n.v2), 3dr(n, 1))

= %'dl‘('ﬁ»'ﬁ)

(The proof for sy Us;, and s, |ls, is similar.) Next we treat recursion. Let s, €L, and suppose that
px[s,] satisfies (*). Then s, satisfies it. Thus we have (**) for s;. Now

dp, (Yo(F)px[s1DX(11), Fo(FXpx[s1]1)(v2))
= dp,(Yo(FXs)Yn {F(px[s1]Xv1)/x}), ¥o(F)s)y2{F(ux[s1])(v2)/x}))
< [(*) holds for sy, also w.r.t. v; { F(ux[s;]Xv:)/x}, for i = 1,2, thus so does(**)]
2 dr(n (Fouxlsi Dn)/x), 12 (Flaxls1 D)/ x))
< 3max{dr(n,m), dp,(Fuxlsin), FuxlsiXr2))
< [(a) for px[s\]]
%'dr(Yl,Yz)-

(c) Let F|,FyeLo—»T—>'Py,. We only treat recursion. Suppose dp,(¥o(Fi1)XsXv), ¥o(F2)sXY))
<5d(F\,F,), for some s€L§, all yeT'. Then

dp,(Yo(F 1 Xpx[s IXY), Wo(Fa)Xpx[s IXY))
= [vi = v{Fi(x[sIXv)/x}, i = 1,2]
dp,(Yo(F1)sX11), Yo(F2X5X72))
< max{dp,(Yo(F1)sX11), Yo(F2XsX11)), dp,(¥o(F2XsX11), Yo(F2XsXY2))}
< [induction, (b)]
max{3-d(F),F;), 3-dr(n,v2)}
= max(3-d(F\,F2), 5-dp, (F\(elsIXv), Fa(uxls Dv))
= +d(Fy,Fy).

1.4 Semantic eguivalence of &, and
An important difference between ) and @ is that recursion is treated with and without semantic
environments, respectively. We have

Dlux[s I(v) = DlsIy{Dolux[sI()/x})
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and

Colpx[sTl = CGolls[ux[s]/x]}.

In the latter case the statement px[s] is syntactically substituted for all free statement variables x in s,
whereas in the first case the environment y is changed by setting x to the semantic value of px|[s].
We shall compare &, and % by relating both to an intermediate semantic function €', which takes
syntactic instead of semantic environments as arguments. It will be defined such that for syntactic
environments §:

S'Tux[s @) = 6'[sI(3{mx[s]/x}).

Here 8 is changed, the new value of x is the statement px[s]. By first comparing ¢, and ¢’ and next
&'’ and @ we are able to prove the main result of this section: Gfs}= D,[s](7), for all seL§ and
arbitrary yeI'. For the definition of 0, we need

DEFINITION 1.22 (Syntactic environments)

The set A of syntactic environments, with typical elements 8, is defined by
A = (8|8e(Stmv— Lg)A(S is normal)},

where the notion of normal environments is given in:

DEFINITION 1.23 (Normal environments)

A syntactic environment § is called normal, whenever
(@) Vxedom(8) [8(x)eL§]
(ii) VseLg [FV(s)Cdom(8)=>3k=0 [s[} eL{]],

where s[6P =s, s[8]' =s[8(x1)/x1, . . . ,8(xs)/X,] (With FV(s)={x),...,x,}) and s[8}" ! =(s[8])[8}".
For & normal and se€ L, with FV(s) Cdom(8), we define
s<6> = 5[},

where k = min{m|s[6]"eL§ ).

REMARKS

(1) From now on we shall assume whenever we consider se L, and §€A together (as two arguments
for a function, or as a pair) that FV(s) Cdom(5).

(2) Let 8eStmv—™L, be such that for x,y e Stmv: 8(x)=y and 8(y)=x. Such an environment is not
normal. It does not give us any useful information about the values of x and y.

(3) It would be too restrictive to require for all e Stmv—"L, that Vxedom(8) [x[8]eLf]. An
example may illustrate this. Let & be defined such that dom(8)={x,y}, and

8p)=pylb;x;y), 8(x)=px[a;ny(b;x iyl
Such an environment we shall encounter when computing &fux[a;py[b;x;y]]l. Now y[8]=
8(y)eL§, but y[sPeLf.

Now that we have introduced syntactic environments, we can formulate a principle of induction for
the set Ly XA, which we shall heavily use in the sequel.

THEOREM 1.24 (Induction principle for Ly X4)
Let =CLy XA If:
(1) AXACE
@) {st}XACE = {5;5,5UL, slt} XACE for s,t,5€L,
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() {s}XACE = {mx[s]} ¥XACE for seLj

@ (8(x),0)€eZ = (x,0)€E for xeStmv and 8€A,
then:

E = LyXA

PrOOF
Let EC L XA, suppose E satisfies (1) through (4). We first prove fact (a) and fact (b) given below,
and next show that (a) and (b) imply: ==Ly XA. So we have

fact (a): L§XAC=
fact (b): VSCLyXA[SCE=S'CE], where
S’ = {(5,0)I(s,8)e Lo XA A VxeFV(s) [s¢L§ = (8(x), 8)eS]}.

To show that (a) holds, we use (1), (2), and (3), and induction on the structure of L§. We proceed

with (b). Let S CLy XA and suppose S CE. Let S’ be as above. We use (1) through (4) and induction

on L, to show that S'CE. Let (s,8)eS’, for seLy, €A.

(i) s=a: (a,8)e=, because (1).

(ii) s=s,ops,: Suppose that if (s;,6)€S’, then (s;,6)e =, for i=1,2. If (5,8)€S’, then also (s,,6) and
(s2,8)€S’. Thus (s5,,6),(s2,8)€=. By (2) we have: (5, op s53,0)e=. -

(iii) s=px[s,), for s,eL§: Suppose that (s;,0)eS’ implies (s;,8)e=. Because s,€L§ we have:
(51,0)eS’ & (ix[s,],0)eS’. Because (ux[s;],8)eS’ we have (s;,8)e=. Thus, using (3), we have
(ux[s1],8)€E.

@iv) s=x: If (x,6)eS’, then (8(x),0)€S, thus (because S CZE) (8(x),0)e=. Because of (4), we then
have that (x,8)e =. :

Thus facts (a) and (b) hold. Next we show that ==Ly X A. For this purpose we define, for all neN:

Vo = L6 XA,
Va+1 = {(s5,0)I(s,8)eLo XA A VxeFV(s) [seLl = (8(x), 8)eV,]}.

Then we have:

(*) VseLyVéeA3neN [s[6]'eLg =(s,8)€V,],

which we prove with induction on neN. Let seLy and 8€A. If s[6°cL§, then seL§ CLf. Thus

(s,8)e V. Now suppose (*) holds for neN, and suppose s[8]'*!€Lg. Then (s[S])[6}" L§, thus by

induction (s[8],8)€ V,,. This implies (s,8)€ ¥, +, which proves (*) for n + 1.

Because all €A are normal we have

V(s,8)eLoXAIneN [s[0)"eLg].

Together with (*) this implies:

V(s,8)eLy XAIneN [(s,8)eV,].

Since V¥, CLo XA, for all neN, it follows that Ly XA=U,.nV,. Now VCZE because of (a), and
V,CE=V,+ CE because of (b), so we conclude: ==L, XA.

O

REMARK

We cannot reason about a free statement variable x unless we know what statement it is bound to.
Therefore, we consider non-closed statements together with syntactic environments, which give infor-
mation about the free variables they contain. This explains why we have formulated an induction
principle for Ly XA instead of L, only.
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Now let ZCLoXA. The first three conditions of the principle suffice to prove that L§ XACE, since
they express exactly the syntactic structure of L§ (see lemma 1.4). (We have chosen L§ here instead
of L§, because the latter set has no simple inductive structure.) Thus also L§ XA (CL§ XA) CE.
Adding condition (4) enables us to prove Lo XACZE. This may be motivated by the fo]lowinF. For
every statement s€L, and normal environment §€A there exists an /eN such that s[6feL§ CL§.
Let us call keN with k=min{/|s[8f eL§ } the degree of closedness of s with respect to 8. Please note
that every se L§' has degree 0, and arbitrary se L has, for arbitrary 8, a finite degree. Therefore, this
degree can be used as a measure for the complexity of statements. Our induction principle is indeed a
principle of induction on the degree of closedness. Conditions (1), (2), and (3) are sufficient to prove
Z for all (5,8) with degree 0. They form, so to speak, the basis of the principle. Condition (4)
expresses the “step part”: if = holds for (8(x),5), which has degree k, say, then = holds for (x,8),
which then has degree k + 1.

We now proceed with the definition of §y’. It will be of type
OOIZL()—)A——)P 0>
which could be called intermediate between
OOILﬁl—)Po, and Do:Lo-—)r—)Po.
Instead of basing the definition of &’ on some transition relation (as in definition 1.8) we use a vari-
ant of the initial step function (definition 1.13).
DEeFINITION 1.25 (Initial steps with syntactic environments)
We define a function
I':Ly—>A—%p,(A X Lo X4),
using the induction principle for Ly X A. The predicate ZC Lo XA we use is defined as:
Z(s,6) = I'(sXd) is defined.
We shall define I’ such that = satisfies the induction conditions. Thus we ensure that I’ is defined for
every seLq and 6€A (with FV(s) Cdom(9)).
(1) I(EX%)=9, and I'(aX8)={(a,E,d)}, for all aeA, deA.
(2) Suppose I'(s)‘—‘}\&{(a,-,s,-,ﬁ,-)}, I'(t)=>\8'{(b],tj,81)} for S,I,Si,leLo, a,»,bjEA, and 8,-,8_,-EA.
(The variables i and j range over some finite sets of indices, which are omitted.) Then:
I's5)0) = {(a, 35, 8)) (for SeLy)
I(sUt)8) = I'(s}8)UI'(t)d)
sl = {(a, silt, 8))U{(B;, sl 8)))

(3)  For the definition of I’(ux[s]) we have to consider possible clashes of variables. Therefore, we
distinguish between two cases (supposing that I'(s) has already been defined):

, _ [Ie)®{xlsVx)) if xedom(®)
Fals D) = {1'(3)(8{,&[51/2}) if xedom(),

where X is some fresh variable with X ¢dom(8) and 5=s[x/x].
(4)  Suppose I'(6(x)Xd) has already been defined. We set:

I'(x)8)=I"(8(x)X3)-

REMARKS
(1) We have: if I'(sX8)= {(a;,s;,5;)}, then normal (§;), and thus §; €A, for all i.
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(2) The definition of I'(px[s ]X8), with x edom(8), is correct, because s and 5 have the same complex-
ity. :
(3) If I'(sX8)={(a;,s:,6;)}, then for all i: Vx € Stmv[x edom(8) Ndom(8;) = &x) = §;(x)].

DEFINITION 1.26 (9,")
We define ®y':(Lo—A—Pg)— (Ly—>A—Py) by
, _ g if s=E
Lo’ (FXsX8) = 1| ) (a-F(s'¥®)(a,s",8)eI"(sX8)} otherwise
for FeLy—A—Py, seLg, and €A with FV(s) Cdom(9).
DEFINITION 1.27: Oy’ =Fixed Point(®,’) -

Next, we compare & and &’. We can do this by relating 7 and I, since we have:
&ls] = U {a-%ls'VI(a,s")el(s)}, for seLy, ss£E
%'Is10) = U {(a&'Is'V(®)|(a,s",8")el'(s)8)}, for seLy, s5£E, de€A.

THEOREM 1.28 (Relating I and I)
For all seLy and 8eA, with FV(s) Cdom(8), we have:

VacAVs'eLyV¥' €A [(a,s',8)el'(sX0) & (a,s'<d'>)el(s<6>)).
(For the definition of s <6> see 1.23.)
PrOOF
We define
Z(s,0) = VaeAVs'e L V¥ €l [(a,s',8)el'(sX0) & (a,s'<d'>)el(s<6>)]

and use the induction principle for Ly XA to show that Z=L,XA. We only treat the case of recur-
sion. Suppose seL§ such that {s}XACZE. We have to show that{ux[s]} XACE. Let deA and
assume (without loss of generality) that x dom(8). Then

- T'Gx[s]N®) = I'(sX®)
where 6’ =8{pux[s]/x} (by the definition of I’). On the other hand, we have
I(ux[s]1<6>) = [x edom(8)]
I(px[s<86>))
= I(s<0>[ux[s <8>)/x])
(the latter equality following from:
VieLf [I(uxlt]) = I(t{ux[t}/xDD.
We take a quick (but deep) breath and proceed as follows:
§<8>[ux[s<6>)/x] = [definition s <§>]
s[8]<6>[ux[s <6>)/x]
= [x &¢dom(d), Vy edom(8) [x e FV(8(»))]]
s[O)lpx[s <6>)/x]<6>
= s[8][px[s )/ x]<6>
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= [& = 8{uxls)/x)]
s[8]<é6>

= [xeFV(s[8'D]
s[6'1<&'>

= 5<b'>.

Thus we have I(ux[s]<6>)=I(s<§>). Combining this with I'(ux[s ]X8)=I'"(s¥d’), which we saw
above, yields:

E(px[s1,0) & =(s5,0).
Because {s} XACE we may conclude: Z(ux[s],8).
a

We formulate the relation of & and G’ in terms of their defining contractions ® and ®,'. This can
be elegantly done using the following

DEFINITION 1.29
We define <>:(L§ =Pg) — (Lo—A—Py), for every FeL§ —P,, by
<>(F) = F<> (notation)
= AseLyASel- F(s<6>).

REMARK

This mapping links two kinds of semantic functions, one using syntactic environments, and the other
one not using environments. If FeL§ —»P,, then F<> is a in a sense extended version of F: it can
take as an argument also statements se L that are not closed, provided it is supplied with a syntactic
environment, which is to give the (syntactic) values for the free variables in s.

THEOREM 1.30 (Relating ®y and ®y'): VFeL§ —Pg [®¢'(F<>) =(0y(F))<]

PRrROOF

The theorem is an immediate consequence of theorem 1.28. Let F eL§—Pg, let s €Ly, s#E.
Bo'(F<>Xs)®) = U (aF<>(X®)(as',8)el(5X8))

U (a-F(s'<8'>)(a,s',8")eI'(sX8)}

[theorem 1.28]

U {aF(s'<&>)l(a,s' <8 >)el(s<6>)}

= Qy(F)s<6>)

= (Po(F))=> (sXO).

Because @, and ®,’ are contractions with & and &’ as their respective fixed points, we have:
COROLLARY 1.31 (8'=05"): VseL, VoA [6'[s1(6)= Sls<=>1).

Finally we relate
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8’:Ly—A—Pj and @y:Lo—->T—Py.
For this purpose we define the following mapping.
DErINITION 1.32
We define ~:(Lo—>T'—Py)—(Lo— A—Py) by:
~(F) = F (notation)
= AseLyASeA Fs)3) .
for FeLg—T—Po, where 8" is given by & = Ax edom(8)-FS(x)X8 ). (We often write  rather than
if from the context it is clear which F should be taken.)
REMARKS -
(1) We have to justify the self-referential definition of &, For this purpose we define
Z(s,8) = VxeFV(s) [seL} —>(¢§F (x) is well defined)],

for seLy and 8€A, and use the induction principle to prove: ==Ly XA. Then it follows for all
x €Stmv with x edom(8) that § (x) is well defined. Conditions (1) through (3) of tlgg induction
principle are trivially fulfilled. We prove condition (4). Suppose (8(x),8)e=. Thus & (p) is well
defined for all y e F¥(8(x)). This implies that § (x) is well defined, since

5 (x)=F)E).

(2) In the same way as <>, also ~ links two different kinds of semantic functions, one using syn-
tactic, and the other using semantic environments. Again F is an extended version of F in the
sense that it takes syntactic environments as an argument instead of semantic ones. In the
definition above a syn_tlgct_ic environment 8€A is changed into a semantic version (according to the
semantic function F) § of it, which then is supplied as an argument to F.

Next, we come to the main theorem of this chapter. It relates the denotational semantics % and the
operational semantics &, which is a fixed point of 'y, by stating that also ¢ is a fixed point of ®'.
From this it follows that 8’ =¢.

THEOREM 1.33: <I>0’(6~Do)=6~Do
PRrROOF
Let EC Ly XA be defined by

E(5,8) = Dy (RXsXB) = Du(sXB)

for (s,8)e Ly X A. We use the induction principle for Lo XA to show that ==L XA. Let d€A.
(1)  For aeA we have ®y'(DXaX8)={a}= Dy(a)d), so 4 XACE.
(2) Lets,seLy and suppose Z(s,8). We show: Z(s;5,8).

(bo'(gDo)(s ;5)X8)= [definition ®,’ and I'(s;5)]

U (@ Bo(s"5X) 1 @,5",8) el "(sX8))

U (@ @(sX®); WEXON(@,s",8)el"(sX8))
[see remark (3) after definition 1.25]

U (@"@(sX®); BEHO) I (@',5",8)el'(sX))
= [definition ;]
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(U (@™ D(s"X8) | (@',5",8) el "(sX8)}); ToGHE)
= [definition ®;]
B0’(To)Xs)8); To(EX®)
= [because =(s, 8)]
Do(s)); DoEN)
= y(s;5X0).
This proves =(s;5,8). Now let 5,te L, and suppose Z(s,8) and =Z(7,8). We show: Z(sllz, d).
®y'(Dp)sllX8) = [definition @y’ and I'(s|l1)]
U {a’-"'bo(s’llt)(S’)l (a’,s’',8")el'(s8)}U
U {b’-5~DD(SI|t’)(8’)| ', 0,8)el'(t)X)}
U (@@ XX (@',5',8) eI (s)E)} U
U (0" (D)) DX (', 8) eI (1X0)}
[see remark (3) after definition 1.25] .
U (@@ X8 IR (e)d) | (@',",8) eI (s)8)) U
U (0" @o(sX®)I D (X8| ',1',8)eI"(1)))
= [definition || (see remark 1.17(2))]
(U {a" (X)) (@5, 8)EI(sXO)DLL D(1)(®)) U
(U (6" DX (., &)l (B Do(sX8)
= [definition ®;']
('@ )s)YO)IL Do(1)3) U
(0’ @ X)B)IL To(sX8))
= [we have =(s, 8) and =(t, 8)]
(Go(sXO)IL Do(r)B)) U
@ ()G o))
= @y(sXB)ITu(1)X0)
= By(slexd).

This proves Z(sllt,6). The case E(s U¢,8) is simple.
(3) Let seL§ and suppose {s} XACE. We show: E(ux[s],6). Assume (without loss of generality)
that x ¢ dom(8). Then

‘po’(f'-Do)([l.x[s IX0) = [definition @y’ and I'(ux[s I}(5); let & =8{pux[s]/x}]
U {a’-":Do(s')(8’)l (a',s',8)el'(sX8")}
= B'(D)sX®)
= [we have Z(s, §")]

B(sXS)
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= ls1®)

= [definition 3’]
DlsIE{ Dol px[s 16)/x})

= [definition %]
Dlpx[s116)

= @ (ux[s 1))

This proves Z(ux|[s],8).
Let x € Stmv, suppose Z(8(x),6). Now

®y'(@)xX8) = [definition @y’ and I'(x)3)]

D0’(ToXO(x)X0)

= [because Z(3(x),5)]
Do(80x)XB)

= D[o(0)I@)

= [definition 3]
8(x)

= Blx}(@)

= y(x)0).

Thus =(x, 8).

The induction principle now implies: = = Lo XA.

As an immediate consequence of this theorem, we have

COROLLARY 1.34 (6y’=%): Vs Lo VoeA [0’[s1(8)= Dls1(3)].
Now combining corollaries 1.31 and 1.34 yields the main theorem of this section.
THEOREM 1.35 (05> =%): VseL, VoeA [Gols <6>1= Dls1(3)).

COROLLARY 1.36: For all seL§, and arbitrary yeT': &ls] = BIsl(y).

1.5 Summary of section 1
It may be useful to give a short overview of this section because we shall follow the same approach of
proving semantic equivalence in the next sections. We have defined an operational semantics &, for
L, as the fixed point of @), and a denotational semantics ¢, as the fixed point of ¥,. We have
related & and ) via an intermediate semantic function &’, defined as the fixed point of ®,’. To be
more precise, we have related @), ¥,, and ®,’ using mappings <> and ~, for which we have proved

some properties, schematically represented by the following diagram:

225
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o,
L§—P, — L§->P,
<>, * <>
o,

Ly—»A—Py — Ly—A-P
~1 * A~
¥,
Ly-»T-Py — Ly->I'-P

The * in the upper rectangle indicates that it commutes, the symbol *4, in the lower rectangle indi-
cates that it commutes only for the fixed point of ¥, (that is, ). Please note that * has been for-
mulated as theorem 1.30, and *;, as theorem 1.33. The main result of section 1 (theorem 1.35) fol-
lows from this diagram, because * implies: 07~ = &’ and *4, implies: G’ = 6.

REMARK

The lower rectangle does not commute for arbitrary FeLo—I'—-P,. As an example take
F =As-Ay-{€}. Then, for given a,beA and €A:

¥o(FXa;b)8) = ¥o(F)a:b)6™ ")
= ¥o(F)a)E"") T ¥o(FYb)E* ")
= {a)i(b)
= {ab),

whereas

By'(F)a;b)X0) = {a-F(b)®)}
= {a-F(b)E))
= {a).

2. A LANGUAGE WITH COMMUNICATION AND GLOBAL NONDETERMINISM (L)

2.1 Syntax

For L, we introduce some structure to the (possibly infinite) alphabet A of elementary actions. Let
C CA be a subset of so-called communications. From now on let ¢ range over C and a,b over A. Simi-
larly to CCS [Mil] or CSP [Ho] we stipulate a bijection ~:C—C with ~o~ =idc. It yields for every
ceC a matching communication ~ (c), which will be denoted by . In 4 \ C we have a special ele-
ment 7 denoting a successful communication. Let Stmv, with typical elements x,y, . . . , be again the
set of statement variables.

DEFINITION 2.1 (Syntax for L)
The set L,, with typical elements s,¢, . . . , is given by
s::= alsy;sylsy +salsyllsg Ix | pxft]
where 1 e L}, which is defined below. Please note that a4 D C.

DEFINITION 2.2 (Syntax for LY)
The set L} of statements which are guarded for x is given by
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t:=a
| t;s, forseL,
| t1+12; 18yl
| y, for y5£x
| px[r]
- | wlt'), for y£x, t'e L NLX

DEFINITION 2.3 (Syntax for L£)
The set L% of statements which are guarded for all x € Stmv is defined by

= altyslty+ig |ty lleg | pxfe],
where seL;.

REMARK
We extend L,, L}, and L with the empty statement E (see the remark following definition 1.2).

The definitions of FV(s) (free variables of s5) and of (syntactically) closed statements are as in section
1. The language L, differs from L, in two respects. First, the presence of communication actions
entails a more sophisticated interpretation of s lls,. Secondly, the operators of global nondeterminism
51 +53 and of local nondeterminism s; Us, of L, are differently interpreted. For an extensive discus-
sion of L, we refer the reader to [BKMOZ] (where, for obvious reasons, it is called L,). After we
have defined an operational semantics for L;, we shall briefly discuss the intuitive meaning of L.

22 Operational semantics

DEFINITION 2.4 (Semantic universe P,)
Let, as in definition 1.7, the set 4® be defined as 4® = A°UA“. We extend this set by allowing as
the last element of a finite sequence a special element 9, which will be used to denote deadlock:

AP = A"UA"-(d)ude.
Now we define a complete metric space P, with typical elements p,q, . . . , as
Pl = @M(Ag))i

the set of all non-empty, compact subsets of 4. As a metric on P, we take (d4=)y (see A.6(d)). We

shall use P, as the semantic universe for the operational semantics of L;, which will again (as for Lo)
be based on a transition relation:

DEFINITION 2.5 (Transition relation for L)
We define a transition relation

—CIE XAXL,
as the smallest relation satisfying

a
@) a—E, for acA. (Please note that it is also possible that aeC!)
(ii) forallaed,s, telf and s’,5€L,: if s'5~E, then:
a a
s> = (5553

a a
Ast+tos' At+s—s'
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a a
Aslit—>s'lle A tlls > tlls”
a
A px[s]— s'[px[s )/ x]);
and if s’=EF, then:
a a
S—>E = (s;5>75
a a
ANs+t—>EANt+s—E
a a
Aslltst Atlls—>t
a
A px[s]— E).
(i) for all ceC, s,relf, s',t'eLy: if s'52E5~t’, then:
c c T
(=5 ANt-t)=ssli>sllr,

and if s'=E, then:

c < T
CoEANt-s)=>sllt>r.

DEFINITION 2.6 (D))
Let ®,:(L{ —P,)—(L§{ —P,) be given by
{¢} if s=E
b, (F)s) = {{9} if {a|3s'[s—>s"|NaeC}=2
U {a-F(s")|s—>s'AaeC) otherwise,
for FeL{—P, and seLf§.
DEFINITION 2.7: 0; = Fixed Point(®;)
EXAMPLES
The following examples illustrate the intended meaning of L,:
6 lx1 = {3}
01[8“51 = {‘l’}
Ol(a;0)ll(b;0)] = {ab, bat)
01l(a;b) + (a;c)] = {ab,ad}
Oila;(b +c)} = {ab},
for ceC, a,beA\C.

Thus with global nondeterminacy + the statements s; =(a;b)+(a;c) and s; =a;(b +c) get different
meanings under 0;. This difference can be understood as follows: If s, performs the elementary action
a, the remaining statement is either the elementary action b or the communication ¢. In case of ¢, a
deadlock occurs since no matching communication is available. However, if s, performs a, the
remaining statement is b+c, which cannot deadlock because the action b is possible. Thus
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communications ¢ create deadlock only if neither a matching communication ¢ nor an alternative ele-
mentary action b is available. '

We again characterize the operational semantics by defining for each statement s a set of pairs of
which the first element denotes a possible first step of s.

DEFINITION 2.8 (Initial steps)

We define a function I:1£ -»%4,(4 X L) by induction on L.

(@) I(E)=2 and I(a)={(a, E)}

(ii) Suppose I(s)={(a;, 5;)}, I(t)={(b;, t;)} for s,t€LX, a;,b;€A, and s;,t;€L,. (The variables i and
j range over some finite sets of indices, which we have omitted.) Then

I(s;5) = {(a;, 5:;5)) (for5eLy)

I(s+1) = I(s)UI()

Ity = (@, sillD}U (b, sl UL, sillt)lai=b;)
IxlsD = {(@, siluxls)/xD}.

a
LEMMA 2.9: VaeAd Vselj Vs'eL, [s—s' < (a,s")el(s)]

a
COROLLARY 2.10: For FeL§' —P, and seL{, such that {a|3s'[s—s']1\agC)5~ D, we have:
O, (FXs) = U {aF(")(a,s")el(s)NaeC}.

2.3 Denotational semantics
We follow [BKMOZ] in introducing a branching time semantics for L. First we have to define a suit-
able semantic universe. It is obtained as a solution of the following domain equation:

P={po} U%w(d4 XP). *

Such a solution we call a domain, and its elements are called processes. We can read the equation as
follows: a process peP is either pg, the so-called nil process indicating termination, or it is a (com-
pact) set X of pairs <a,q >, where a is the first action taken and g is the resumption, describing the
rest of p’s actions. If X is the empty set, it indicates deadlock (as does 9 in the operational semantics).
For reasons of cardinality (*) has no solution when we take all subsets, rather than all compact sub-
sets of AXP. Moreover, we should be more precise about the metrics involved. We should have
written (*) like this:

DEFINITION 2.11 (Semantic universe P)
Let (P,,d) be a complete metric space satisfying the following reflexive domain equation:

P={po}US,(4 Xidy(P),

where, for any positive real number ¢, id, maps a metric space (M,d) onto (M,d’) with
d'(x,y)=c'd(x,y), and U denotes the disjoint union (see definition A.6). (For a formal definition of
the metric on P we refer the reader to the appendix.) Typical elements of P, are p and ¢, and are
called processes.

We shall not go into the details of solving this equation. In [BZ] it was first described how to solve
this type of equations in a metric setting. In [AR] this approach is reformulated and extended in a
category-theoretic setting.
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As in definition 1.16 we define a number of operators on Fl.

DEFINITION 2.12 (Semantic operators) _
The operators ;, +, |I: Py XP;—P) are defined as follows. Let p,g€P), then:

N | | ifp = po
O pa= {<a, p'; g>|<ap’>ep)} otherwise
N P ifg=po
@ prq=44q ifp=po
pUgq otherwise
P ifg = po
q ifp = po

(iii) pﬁq = {<a,p’ﬂq |<a,p’>ep}u
{<a,pliq’|<a,q’>eq}U
{<n, p'llg’>| <c,p’>epn<c,qg’>eq} otherwise.

(We often write op rather than gp if no confusion is possible.) For a justification of these definitions
see remark 1.17.

DEFINITION 2.13 (Semantic environments)
We use I' to denote the set of semantic environments (as in definition 1.19), with typical elements vy,
given by

T = Stmv—™P,.

DEFINITION 2.14 (¥,,),)
We define the denotational semantics ¢); of L; as

D, = Fixed Point(¥,),

where ¥,:L, —>I‘—>F1 is defined exactly as ¥, in definition 1.20 but for the following two clauses:
¥i(FXaXy) = {<apo>)
¥\(FXEXY) = po.

We realize that it must be difficult for the reader who sees this type of denotational semantics for the
first time to understand and appreciate it. Nevertheless, we consider it for our purposes preferable to
refer the reader to [BKMOZ], where he can find an extensive explanation. In this paper, we want to
stress the technique of proving semantic equivalences, with which we now proceed.

2.4 Semantic equivalence of 0, and 9,

It is quite obvious that the result of the previous section, as formulated in corollary 1.36, namely that
VseL§ vyeT [&ls1=DlsI(m)],

does not hold for the semantic functions 0, and %,. The semantic universe P, of 0, is a set of sets of
streams, whereas P, the semantic universe for ), is a set of tree-like, branching processes. Thus,
when comparing the types of 0,:L,—P, and 9,:L,—»I'->P,, we observe that besides the fact that 0,
takes a statement as an argument as well as an environment, which 0, does not (as is the case with ¢
and &), there is a second difference between 0, and @,. That is, they have different co-domains:
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P,£P, (which is not the case in the previous section). The strategy we shall follow to relate 0, and
), is to define functions

01 "L 1 —A-P 1
(where A will again be a set of syntactic environments) and
@]'ZL]—)A—)?],

and then relate O, and 6,’ (similarly as with & and '), next ;" and ¢ (similarly as with &' and
¢)), and finally compare 0,’ and 9,” by using a suitable abstraction operator a:P—P;. Like we did
in the previous section we define 0’ (and 9,’) as fixed point of a contraction.

We start with the comparison of 9, and 0,’.

DEFINITION 2.15 (Syntactic environments)

The set A of syntactic environments, with typical elements 8, is given by
A = {8|8e(Stmv—i L)A(S is normal)).

(For the notion of normal see definition 1.23.)

We formulate an induction principle for L, X4, as in 1.24.

THEOREM 2.16 (Induction principle for L, X A)

Let ZC Ly XA If
(1) AXACE
(2) {st}XACE = {s;5, s +¢t, slt} XACE, fors,t,seL,
3) {s}XACE = {ux[s]} XACE, for seL}
@) (O(x),0)eE = (x,8)€E, for xeStmy, and deA

then:
Z =L, XA

PROOF: See theorem 1.24.

DEeFINITION 2.17 (Initial steps with syntactic environments)

As in definition 1.25 we use the induction principle to define a function
I''L,»A—%, (A XL, XA)

(1) I'(EX8) = @, and I'a)®) = {(a,E, b)) for all ac A, SeA.
(2) Suppose I'(s)=A8"{(a;,s;,8;)} and I'(t)=A8-{(b;.1;,8))} for s,teLy, a;,b;€A, and §;,,€A. Then:

I'(ssX8) = {(a;, 5:;5, 8;)} (for all5eL;)
I'(s +1X8) = I'(sX8)UI'(tXd)
I'(slle)®) = {(a;, sillt, 8)}U {(by, sligj, §))U{(m, 5lly;, 8, U8) |G = b))
(3), (4): as in definition 1.25.
REMARK

In the clause for s|it in the above definition we take the union of two environments, §; and §;. This we
can always do, if we impose the restriction upon all §;’s and §;’s that:

if a; = b;, then (dom(8;) \ dom(8)) N (dom(8;) \ dom(8)) = 2.
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If this condition is not satisfied (and in general it is not) a suitable renaming of variables should be
applied. An example of a statement for which this should happen is: px[c;x ]liwx[c;x].

DEFINITION 2.18 (®,")
We define q’|':(L1—)A—-)P1)—)(L]-—>A—)P|) by

{¢} ifs =E
®,'(F)s)8) = {{9) if {(a,5",8)el(sX®)|agC) = @
U {a"F(s'X&)| (a,5',8)el'(sX8)NaeC) otherwise

for FeL,—»A—P,,seL;, and §€A.
DEFINITION 2.19: 8,’= Fixed Point(®,’)

THEOREM 2.20 (Relating I and I')
VseL, V8eA [I'(sX8) = {(a;,5:,6)) & I(s<6>) = {(a;,5,<8;>)}]
PROOF: See theorem 1.28.

DEFINITION 2.21: We define <>:(L{'—P)—(L,—>A—P;) by

<>F = F<>

= AseL-NOeA-F(s<6>)

for FeL{ -P,.
TuEOREM 2.22 (Relating ®; and ®,): VFeL§ —»P, [®)'(F<) =(®,(F))~~]
PROOF: See theorem 1.30.
COROLLARY 2.23 (0,'=07"): VseL, VéeA [0,'[s](6) =0, [s<é>1]]
Next we define D,":L;—>A—P, as the fixed point of the contraction below and compare 9, and %, ".

DEFINITION 2.24 (¥") _ _
We define ‘l’] ’I(L] —)A—)Pl)—é(lq —A->P 1) by

, © ifs=E
YV (FYX®) = 1 (<a, F(s'X®)> (a,s",8)l'(sX0)) otherwise,

for FeL,—>A—>I_’l, se€L,, and 8eA.
DEFINITION 2.25: %,’= Fixed Point(¥,")

REMARK

As 0’ also D, takes syntactic environments as arguments. Their co-domains, however, are different:
P,5P,. One could call 9’ a branching variant of 0,". Another difference is that 0,’(cX8)={d},
whereas 9D, (c)8)={<c,po>}, for ceC and deA.

In order to relate ,":L, -—>A—>§, and 30, :L,—»T—P, we use the following

DEFINITION 2.26
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Let ~:(L,»T—P;)—(L,—>A—P)) be given by
~(F) = F
= AseL, MeA-F(s)E)
for FeLl—»I_‘?ﬁl, where 8" is defined as § = Axedom(S)-F(S(x))(éF ). (For a justification of the
definition of § see remark (1) following definition 1.31.)
THEOREM 2.27: ®,'(D;) = D,
ProOF: This theorem can be proved in essentially the same way as theorem 1.33.

COROLLARY 2.28: 6D|'=5~D]

Finally we provide the only missing link in the chain that is to connect 0, with 9, : the comparison of
6)':L,—>A—P) and 9;":L;—A—P;.
We relate their different semantic universes P; and P, in the following
DEFINITION 2.29 (Abstraction operator a)
We define an abstraction operator a:P;—P; by:
a = streamserestr,
where restr (for restriction) and streams are recursively defined:
@) restr :F|—>ﬁ1 '
Po ifp =po
PR\ (<a,restr(p’)> | <a,p’>epNaeC} otherwise
(ii) streams:ﬁ,—»Pl
{€) ifp = po
p~1(9) ifp =20
U {a-streams(p’)| <a,p’>e€p} otherwise.

REMARKS

(1) Since the definition of restr and streams is recursive, we have to verify that it is well formed. It
suffices to note that these functions can be defined as fixed points of contracting functions (cf.
remark 1.17). _

(2) The abstraction operator a transforms a (branching) process peP, into an element a(p)eP, in
two steps. First it cuts off all branches (all subprocesses) of p; that are labeled with an element
of C: these ¢’s can be regarded as failed (individual) attempts at communication. This is what
restr does. Then streams takes all paths (streams) of the result of restr (p), putting a d symbol
(denoting deadlock) at the end of all paths ending in the empty process. This can be understood
as follows: When a path in restr(p) ends in the empty process this means that the operation restr
has cut off everything at the end of the corresponding path in p. By definition of restr only c’s
could have been present. Thus this path in p should be interpreted as indicating a situation in
which only individual communication steps can be taken. Operationally, we consider this to be a
case of deadlock. Therefore, we replace this empty process by 9. This is what streams does.
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Now that we have defined a mapping a:P,—P;, we extend it in the following way.
DEFINITION 2.30
Let a:(Ly—»A—P,)—>(L,—->A—P;) be defined by
a(F) = F* (notation)
= AseL,-A6eA-a(F(sX9))

for F eL,-—»A-—j.. (Please note that we use again the symbol a. We trust that no confusion will arise
from this slight abuse of language.)

TuEOREM 2.31 (Relating ¥, and ®,"): VFe L, »>A—P [&'(F*)=(¥,'(F))*]
ProOF _
Let FeL,—»A—P,, let seL,; and 8€A be such that {(a,s’,68")el'(sX8)|aeC}*~ 2. Then:
D)/(FXs)0) = U {aF*(s'X8")(a,s".8")el'(sY8)NaeC}
= U {a(aF(s')d))(a,s',8)el'(s)O)NagC}
= streams({ <a,restr(F(s'(8'))>|(a,s’,8")eI'(s}8)AaeC})
= streamserestr({ <a,F(s'X8")>|(a,s,8)el'(sX8)})
= a(¥1'(FXsX8))
= (/' (F))*(sXB).
If seL, and d€A are such that {(a,s",8")el’(s¥6) laeC}= @, then
®,/(FoXsX®) = (2)
= streams(D)
= streamsorestr({<a,F(s'X8")>|(a,s’,6")eI'(s X8)})
= (1 ()1 (s)6)

COROLLARY 2.32 (D) =0,"): VseL, VoeA [«(@,'[s1®)= 0,'[s1(5)]
Combining corollaries 2.23, 2.28 and 2.32, which state:

(223) 65> =0

232) o' =@

(228) @' =4y,
now yields the main theorem of this section:
THEOREM 2.33 (OF> =(D,)%): VseL, V8eA [6,[s<6>]1= (@ [s1())]
COROLLARY 2.34: For all seL{ and arbitrary yeI: 0,[s] = (D [s1(v)).
2.5 Summary of section 2

We can again give a quick overview of the main theorems of this section by drawing a diagram as fol-
lows:
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L{—P, - L§{->P,

<> <> (theorem 2.22)
[

Ly—»A-»P, —» L,-A-P,

at * ta (theorem 2.31)

_ ¥ -

L1—>A—-)P| -> L| —-)A—)Pl

~1 *a P~ (theorem2.27)
¥,

L-»I'—P, —» L;—»I'->P,

where (as in subsection 1.5) * indicates commutativity and *4, indicates commutativity with respect
to the fixed point of ¥, (that is, ;). Please note that if we could identify P; and P, we could iden-
tify the second and the third horizontal lines of this diagram, leaving out the mapping a. This would
yield a diagram of exactly the same shape as that of subsection 1.5. This is just a way of rephrasing
what has already been said above: The only new thing about proving semantic equivalence for L,
compared with Ly, is the presence of a difference between the semantic universes P, and P, of 0,
and 9, which made the introduction of a necessary. Theorems 2.22 and 2.27 are just (slightly)
modified versions of theorems already present in section 1 (namely, theorems 1.30 and 1.33).

3. A NONUNIFORM LANGUAGE WITH VALUE PASSING (L;)

We devote the third section of our paper to the discussion of semantic equivalence for a nonuniform
language. Elementary actions are no longer uninterpreted but taken as either assignments or tests.
Communication actions ¢ and ¢ are refined to actions ¢?v and cle (with v variable and e an expres-
sion), and successful communication now involves two effects: both synchronization (as in the
language L,) and value passing: the (current) value of e is assigned to v. Thus, we have here the syn-
chronous handshaking variety of message passing in the sense of CCS or CSP.

We shall introduce a language L, which embodies these features and present its operational and
denotational semantics 6, and 9,. Nonuniformity of L, calls for the notion of state in both semantic
models: They now deliver sets of streams, or processes, over state transformations, not over uninter-
preted actions as in the previous sections. The main goal of this section is to provide the reader with
yet another example of a language to which the method for proving semantic equivalence, as
developed in section 1 and 2, applies. Although L, will be in some sense more complex than L, and
accordingly ©, and %), more intricate than 0, and 9, the proof of the equivalence of operational and
denotational semantics will essentially be the same. Because of this emphasis on proving semantic
equivalence, we shall not give very much explanation when defining the semantics. For this we refer
the reader again to [BKMOZ], which we (roughly) follow in our definition of ¢, and ,. Nor shall we
give any proofs, because all of them can be obtained by straightforwardly modifying a corresponding
one from section 2.

3.1 Syntax

We now present the syntax of L,. We use three new syntactic categories, viz.

- the set Var, with elements v,w, of individual variables

- the set Exp, with elements e, of expressions

- the set Bexp, with elements b, of boolean expressions.

We shall not specify a syntax for Exp and Bexp. We assume that (boolean) expressions are of an
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elementary kind; in particular, they have no side effects and their evaluation always terminates. State-
ment variables x,y, . . . are as before, as are the communications c € C. The latter now appear syntac-
tically as part of value passing communication actions c?v or cle.
DEFINITION 3.1 (Syntax for L,)
sx=v:=elblcvlclelsy;syls) +salsyllsy x| px]e]
where t € L}, defined in
DEFINITION 3.2 (Syntax for L}
The set L3 of statements which are guarded for x is given by
t:=v:=elblcW|cle '
| t;s, for séLz
|ty +ea10llt,
| y, for y5x
b pxlr]
| wylt’), for yx, t'eL5 NLY

DEFINITION 3.3 (Syntax for L§)
The set L8 of statements which are guarded for all x € Stmv is defined by

t:=v:==elblcWlclelt;s|t, +12tililtzlux[t],
where seL,.

REMARK: The sets L,,L3, and L§ are extended with the empty statement E (cf. the remark preceding
definition 1.3).

It will be useful to unite assignments v:=e, tests b and communications ¢?v and c'e into one set of
basic steps.

DEFINITION 3.4 (Basic steps)
We define the set Bsteps of basic steps, with typical element a, by
BStep = Comm U Bexp U Asg,
where the set Comm of communications is defined by
Comm = {cW|ceC,veVar} U {clelceC, ecExp},
and the set Asg, of assignments, is defined by
Asg = {v:=elveVar, ecExp}.

The sets BSteps and Comm can be regarded as the nonuniform equivalents of the sets A of atomic
actions and C of communications of the previous section.

3.2 Operational semantics

DEFINITION 3.5 (Transition relation for L§)
We define — C L§ X BStep X L, as the smallest relation satisfying
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a
@) a—E, for all aeBStep. (Please note that it is also possible that a € Comm!)
(i) for all aeBStep, s, telf and s',;5€L,: if s'5E, then:
a a
s = (@585

a a
As+tos' ANt+s—os’
a a
Aslit-s'llt Atlls > tlls”

A uxls ]S> s Tuxls V)
and if s’=E, then:

a _a_
s—E = (s;5s>5
a a
Ast+HtoEANt+s—>E
a a
Asllt—=t Atlls -t

a
A px[s]— E).
(ii) for all 5,4, s',t'eL,, and ¢ v,c'eeComm: if s’~E=t’, then:

cle v = vi=e
o' At-)=2(6llt - sl Atlls - 2lls"),

and if s’=E, then:
c

cle vi=e vi=e
CoEANt-s)=6lt - ' Atlls - 1),

For both operational and denotational models the notion of state is fundamental. Elements v,w in Var
will have values in a set Val. A state is a function that maps variables to their (current) values.
Accordingly, we define

DEFINITION 3.6 (States)
The set = of states, with typical element o, is defined as
2 = Var—Val
We shall also employ a special failure state 9, with 9¢Z, and define
P =3"Us-(djuse.
Elements of 2§ will be denoted by finite or infinite tuples <g},0,, . . .>. The empty tuple will be
denoted by e. We shall write o for <¢>>. Concatenation is defined as usual.
For expressions ec Exp and be BExp we postulate a simple semantic evaluation function, details of

which we do not bother to provide. The values of e and b in state ¢ will be denoted simply by
lelo (eVal) and [blo (e{11, f}).

DEFINITION 3.7 (Semantic universe P;)
We define the semantic universe P, by

Py =2-%,.(2%),
where 9,.(2%°) is the set of all non-empty and compact subsets of Z§.
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DEFINITION 3.8 (9,)
Let ®,: (LY —P;)—(L§ —P,) be defined by

D, (FXE) = {¢};

if {a13s'[s—>s")\(@€AsgV(aeBExpAlalo=1))) = 2, then
Q,(FXs) = {3);

otherwise
ByFYs) = | (0-F(sX0)| 55’ AlBlo=11} U

v.=e

U {UV:=!'F(SI)(GV:=0)I s — S’},
for FeL§ —»P, and se€L,, and with
Oy.=¢ = 0{[8]0/\'}.

(The notation o,.-, will also be used in the sequel.)
DEFINITION 3.9: 8, = Fixed Point(®,)

EXAMPLES

O[v:=0] = Ao-{<a{0/v}>}.

Glv:=0ll (v:=1; v:=v + 1] = Ao {<0{0/v}, 0{1/v}, 0{2/v}>,
<o{l/v},o{0/v},o{1/v}>,
<o{1/v},a{2/v},0{0/v})>)

Glv:=0; px[v:=v+1; x]] = Ao-{<e{0/v},0{1/v},0{2/v}, ... >}

6 lv:=0;v<0]=MAo-{<o{0/v}, 3>}

Qlc] = Ao-{<0>}

QleMlic!3] = Ao {<o{3/v}>)

We can again characterize the operational model using an initial step function.

DEFINITION 3.10 (Initial steps)

Let I: 15 —»%5,(BStep X L,) be defined by

i) I(E)= @, I(a)={(a,E)}, for acBStep

(i)  Suppose I(s)={(a;,s,)}, 1(t)={(b},1;)} for s,telf. a;.bje BStep, and s5,.1,& L ;. Then

I(s;5) = {(a;,5:;5)), forSel,
I(s +t) = I(s)UI(t)

I(sllt) = ((ai, sill)} U {(by, slle))} U {(v:=e, sllt) (@, = Aby=cle)via, =cle b, =
I(px[s]) = {(a;, silux[s)/x])).

LEMMA 3.11: VaeBStepVself VseL, [s—s'<Xa,s)el(s)]

COROLLARY 3.12
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For FeLY —P,, seLy and o€Z with {(a,s")el(s)| acAsgVv(acBExp Alalo=11)}5#2:
O,(F)sXo) = U {oF(s'Xo)| (b,s)eI(s)AIblo=1t))} U
U {oy.=c F(s'No,.=c)| (v:=e, s")el(s)}.

3.3 Denotational semantics
As in section 2.3 we start with the definition of a suitable semantic universe. It will be a process
domain that is obtained as a solution of the following domain equation:

P={py}U9.,(SSteps X P),
where the set SSteps of semantic steps, with typical elements «, is given by
SSteps = (2-2) ’
UE-{f})
U (C X Var)
U (CX(Z-Val)).

We can read this equation as follows: a process p € P is either pq, the nil process, or it is a (compact)
set X of semantic steps ke SSteps. Such a semantic step can have one out of four forms. First it can
be a state transformation. These will be used to give a semantics to assignments. Then it can be a
mapping from states to the set of truth values, corresponding with boolean expressions. Next, it can
be a pair <c,v>, corresponding with an input statement ¢?v. And finally it can be a pair <c,f >,
corresponding with an output statement cle. Here, f is used to denote the value of e (that is,
[eleZ—Val). . :

As in section 2.3 we should be more precise about the metrics involved. We give a formal definition
below and refer the reader to section 2.3 for further explanation and references.

DEFINITION 3.13 (Semantic universe P)

Let (P,,d) be a complete metric space such that it satisfies the following domain equation:
P={po} U9, (SSteps Xid ,(P)),

with SSteps as above. Typical elements of P, will be p and g.

DEFINITION 3.14 (Semantic operators)

The operators 5, +, and ||: P, X P,—P, are defined as follows. Let pq eP,, ke SSteps, ceC, veVar,
and feZ—Val. Then:

(1)
. |9 ifp = po
P9 {<x, p";'q>|<x,p'>ep} if p5£pg
(i)
) P ifg=po
ptg =149 ifp=po
pUgq otherwise

(iii) If p =py, then pﬂq=qﬁp=q. If p#po and g5%4po, then:
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plig = {<k, p'lig>| <xp’>ep)U

{<k, pllg'>|<k,q’>eq}U
{<Aoo{f(0)/v},p'llg’>] (<<cv>p'>epn<<cf>,9>eq)V
(<<ef >p'>epA<<cv>,q'>eq))

For a justification of these self-referential definitions see remark 1.17.
DEFINITION 3.15 (Semantic environments): I‘=Stmv—>ﬁ"l—’2 (typical elements are ).

DEFINITION 3.16 (¥;,%,)

We define the denotational semantics ), of L, as
&, = Fixed Poiny(¥;),

where ¥;:(Ly—T—P;)—(L,—»T—P) is given, for FeL,—»T—P,, by:
() ¥(F)a)V)={<x,po>)}, and ¥,(F)E)¥)=po.

with
Ao-o,.=, ifa=v:=e
_ Ao-[alo if ae BExp
Ka = V<ev> ifa=ch

<c,Aofelo> if a=cle

(i)  Ya(F)(sop 1)(v) = ¥a(F)s)v)op ¥2(F)1)y) for op = 3, +, Il
iy Y (FYpx[s ) = ¥ (F)s)y{F(ux[s](y)/x}).

Similarly to lemma 1.21 we have that ¥, is contracting.

EXAMPLES
Dv:=00(y) = {<Aoo{0/v},po>}
Dlv:=Lvi=v+11y) = {<Aao{1/v}, {<Ao"0’{d'(V)+1/v}, pg>}>)
DleWlc3ky) = {<<cv>,{<<cAo3>,pp>)>,
<< A 3> (<< v>pe>)>,
<Ao-0{3/v},po>}
Dlv:=0; px[v:=v+1; x]l = {<Ao-o{0/v),p>). where peP; satisfies
p = {<Ao-o{o(v)+1/v},p>}.

3.4 Semantic equivalence of 0, and %,

The proof of the semantic equivalence of & and 9, is essentially the same as in the previous section.
Therefore, we only give a brief outline of how to proceed, leaving out the details of some definitions,
omitting all proofs, and stressing the (small) differences. We define

8, = Fixed Point(®,’) and %’ = Fixed Point(¥;’)
with ®,” and ¥,’ defined as follows. Let ®,":(L,—~A—P,)—(L;—A—P,) be given by
D, (FYEXS) = {e};
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if {(a,s',8")el'(sX8)| acAsgv(acBExpAlalo=tt)} = @, then
;' (F)s)8) = {9};
otherwise
@, (FXsX8) = | {0-F(s'XoX&)! (b,s",8')el'(sX®)Albo=11} U
U {0y:=e F(s'XO' N0y .=¢)| (v:=e,5",8")el'(sXD)},
for FeL;—»A—Py,seLl; and §€A (A and I’ can be defined similarly to definitions 2.5 and 2.17).
Let ¥’ (L2—>A—>P2)—->(L2-—->A—->P2) be defined by
Po ifs=E
¥, (FYsX®) = {{<xa,F(s’)(8’)>I(a,s’,8’)el'(s)(8)} otherwise,
(with «, as in definition 3.16) for FeL,—»A—P,,s€L,, and 8€A.

The definitions of ®," and ¥,’ are somewhat more involved than their counterparts from section 2.
What is different here is that a syntactic basic step does not literally coincide with the semantic step
that represents its meaning,. In the previous section we had elementary actions a and ¢ both as syntac-
tic and semantic entities. Here we have syntactic basic steps v:=e, b, c‘e, and ¢, all of which are
semantically represented in a different way.

Similarly to the definitions 2.21 and 2.26 we can define mappings

<>:L§ —Py)—>(L,—A—P;) and
~{(Ly=T—Py)~(Lr—A—Py),
and prove
&' = 0F and D' = @,
l})Tinally, we can compare G’ and 9’ by recursively defining a suitable abstraction operator a:P,—P,
y
a(po)o)= (e},
and, for p#p,, by
alp)o) = U {f 0)ap’Xf(0))| <f.p'>€p A feZ-Z}U
U (oa(Xo)| <f.p'>ep A(feS-{F.u))Af (0)=11),
if {<fip'>| <fp'>epA(feZ-ZV(feZ-{ff.1t) A f(o)=1))}5=2, and by
a(pXo) = {3}, otherwise.

(For a justification of this self-referential definition see remark 1.17.) In a(p)(o) all pairs <kp'>ep
with keZ—{1,ff} and «k(e)=ff, or ke C X Var, or ke C X(E—Val), are neglected. This corresponds
with the restriction operator of definition 2.29. A second effect of applying « is that it transforms a
(branching) process p e P, into a function a(p)eP,=Z—-%, (A5 ), which yields, when supplied with
an argument o, a set of streams (in a sense the paths of p). In this respect a is similar to the operator
streams of definition 2.29. Applving a has yet another effect. If feZ—2 and <f,p'>ep, then
S (@)a(p’Xf (a))ea(pXo): the state transformation f'is applied to the current state o, and the resulting
state f (o) is concatenated with a(p’Xf(0)), in which f (o), being the new state, is passed through to a
applied to p’, the resumption of f. In this way, the effect of different state transformations occurring
subsequently in p is accumulated. A simple example may illustrate this. Consider

p=DQlvi=Lv:i=v+1}
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= {<)‘a'°v:=l,{<}‘o"alv:=a’(v)+]ap(]>}>}-

a(p)o) = {<o,.=1, a({<A0"0';.=)+1, P0 > })N0y:=1)>)}
= {<0v:=lv Oy:=2, u(PO)(ov:=2)>}
= (<ov:=lv av:=2>}-

Next, we extend a to a mapping a:(L, —A—P;)—(L—A—P;) by putting for FeL, —A—P;:
a(F) = Fo
= As-A8-a(F(sX9)). -
We shall prove that
VFeL,—A—P, [8)/(F*) = (¥ (F)°]
Let FeLz-—>A—>ﬁz, seL,, 8eA, and oeX be such that
{(a,s",8"Yel'(sX8)lacAsgVv(acBExp AMalo = 11)}# 2.
Then
®,"(F*}(s }(8)0)
U {o-Fo(s'X8' o)1 (b,s",8)el'(s)8) Ablo=n}U
U {0y.2 FA('X0' N0, =) | (v:=e,s",8)el'(s)X0))}
U {0 (a(F'(s'X8)X0)) | (b,s",8)el'(sX8)A[blo=1}U
U {0y = (@(F'(s'X8"))No0,.=.)) | (v:=e,5".8)el'(s)(8)}
a({ <k, F'(s'W8")>| (a,s",8)eI'(s)(8)}Xo)
[with «, as above]
= a(¥,'(FXs)X8))o)
= (F2'(F));*(sX8)Xo).
The case that ®,'(F*)Xs}6)(o)={0} goes similarly. This proves
VFeLy—A—P; [&)/(F*) = (¥, (F)F].
Now it follows that
@y =6
Collecting the results from above, we see:
05> = (@,)°, or, equivalently
VseL, VoeA [0,[s<6>] = a@[s1()),
with the obvious corollary, that
VseL§ VyeT [61s] = a(Dlsl(v)]}
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4. CONCLUSIONS

We have developed a uniform method of comparing different semantic models for imperative con-
current programming languages. We have defined operational and denotational semantic models for
such languages as fixed points of contractions on complete metric spaces, and have related them by
relating their corresponding contractions. Here, we benefit from the metric structure of the underlying
mathematical domains, which ensures the uniqueness of the fixed point of such contractions (Banach’s
theorem). It turns out that once this method has been applied to a certain (simple) language (L), it
can be easily generalized for more complex languages (L; and L,). This we consider to be the
strength of this approach. Currently, we are investigating possible extensions of this method to deal
with yet other languages, containing, e.g., program constructs for process creation.

Our investigations are related to the question of full abstraction, which at the same time is a topic for
further research. If L is a language with semantics € and %, then we call D fully abstract with respect
to O if

vseLVieL [Ns1=r] = VOO [ICEI=00C O],

where C(-) ranges over the set of contexts for L, that is, the set of statements in L containing one or
more holes. An example would be s;(-), where () denotes the hole. Given such a context C(-) and a
statement s the statement C(s) is obtained by substituting s for all the holes in C(-). The issue of full
abstraction is mostly raised with respect to a model O that is gperarional, expressing a notion of obser-
vability, and a model % that is compositional. Then it follows from a relation between © and T of the
form O=ac® that for all s and reL:

AWsI=N1] = vC() [ICEI=0C ()]

(This property is sometimes called: correctness of @ with respect to €.) Thus, our result of proving
O=ao% partly solves the problem of full abstraction. The reversed arrow is still an issue for further
research.
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6. APPENDIX: MATHEMATICAL DEFINITIONS

DEFINITION A.1 (Metric space)

A metric space is a pair (M,d) with M a non-empty set and d a mapping d:M XM —[0,1] (a metric or
distance) that satisfies the following properties:

(a) VYx,yeM[d(x,y)=0 e x=y]

(b) Vx,yeM[d(x,y)=d(y,x)]

(©) Vx,y,zeM[d(x,y)<d(x,z)+d(z,p)].

We call (M,d) an ultra-metric space if the following stronger version of property (c) is satisfied:

() Vx,p,zeM[d(x,y)<max{d(x,z),d(z,y)}]

Please note that we consider only metric spaces with bounded diameter: the distance between two
points never exceeds 1.

ExAMPLES A.1.1
(a) Let A be an arbitrary set. The discrete metric d4 on A is defined as follows. Let x,y €4, then

0 ifx=y
dA(x,)’) = 1 1f x#y.

(b) Let A be an alphabet, and let A® =4 UA* denote the set of all finite and infinite words over 4.
Let, for xeA®, x(n) denote the prefix of x of length n, in case length(x)=n, and x otherwise.
We put

d(x’y)zz_-“‘l’(" ‘*‘("):)’("))’

with the convention that 2~® =0. Then (A*,d) is a metric space.



245

DEFINITION A2

Let (M,d) be a metric space, let (x;); be a sequence in M.

(a) We say that (x;); is a Cauchy sequence whenever we have:
Ve>0 AINeN Va,m >N [d(x,,xn)<el.

(b) Let xeM. We say that (x;); converges to x and call x the limit of (x;); whenever we have:
Ve>03INeN Vn>N [d(x,x,)<e].
Such a sequence we call convergent. Notation: lim;_, . x; =x.

(c) The metric space (M,d) is called complete whenever each Cauchy sequence converges to an ele-
ment of M.

DEFINITION A3

Let (M,,d,),(M,,d,) be metric spaces.

(a) We say that (M,,d,) and (M,,d,) are isometric if there exists a bijection f:M;—M; such that:
Vx,yeM, [dy(f(x),f(y))=d(x,y)]. We then write M;=M,. When fis not a bijection (but only
an injection), we call it an isometric embedding.

(b) Let f:M,—M, be a function. We call f continuous whenever for each sequence (x;); with limit x
in M, we have that lim, . f (x;)=f (x).

(c) Let A=0. With M, —~* M, we denote the set of functions f from M, to M, that satisfy the fol-
lowing property:

Yy €M [dy(f (x).f (1)) <A-d) (xp)] :
Functions f in M,—'M, we call non-distance-increasing (NDI), functions f in M;—‘M, with
0<<e<1 we call contracting.

PRrOPOSITION A4
(a) Let (M,,d,),(M;,d,) be metric spaces. For every A=0 and feM, —A M, we have: [ is continuous.
(b) (Banach’s fixed-point theorem)
Let (M,d) be a complete metric space and f:M—M a contracting function. Then there exists an
X €M such that the following holds:
(1) f(x)=x (x is a fixed point of f),
(2) YyeM [f(y)=y = y=x](x is unique),
(3) VxoeM [lim, oo /™ (xo)=x], where [ *V(xo)=f(f ™ (xo)) and fO(x0)=xs.

DEFINITION A.5 (Compact subsets)
A subset X of a metric space (M,d) is called compact whenever each sequence in X has a subsequence
that converges to an element of X.

DEFINITION A.6

Let (M,d),(M\,d,), . . . ,(M,,d,) be metric spaces.

(a) With M,—>M;, we denote the set of all continuous functions from M, to M,. We define a
metric dr on M| —M, as follows. For every f1,f,eM,—>M,

dr(f1,f2) =suprem, {d2(f1(x), f2(x))}.

For A=0 the set M, >4 M, is a subset of M,—M,, and a metric on M, —* M, can be obtained
by taking the restriction of the corresponding dp.

(b) With M, U --- UM, we denote the disjoint union of M,,... ,M,, which can be defined as
{I}XM U --- U{n}XM,. We define a metric d, on MU - -- UM, as follows. For every
x,yeM,uU .- UM,

di(x,y) f x,ye(j}XM;, 1<j<n
dy(y) = 1) otherwise.

(c) We define a metric dp on M, X - - - XM, by the following clause.
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For every (x, ..., X,), (1, - - . Yn)EM X -+ XM,
dP((Xla EER ,xn)v(yl, . 1yn)):maxi{di(xnyi)}~

(d) Let 9,(M)=%{X|XCMAX is compact and non-empty}. We define a metric dy on %,.(M),
called the Hausdorff distance, as follows. For every X,Y e®,.(M)

dH(X’ Y):max{supx eX{d(xs Y)}vsupye y{d(y,X)} }a

where d(x,Z)=%inf,.{d(x,z)} for every ZC M, xeM.
In 9.,(M)=%{X|X CMAX is compact} we also have the empty set as an element. We define dy
on %.,(M) as above but extended with the following case. If X @, then

dy(2,X)=dy(X, 2)=1.
(e) Let ce[0,00). We define: id (M,d)=(M,c-d).

PROPOSITION A.7

Let (M,d), (M,,d,),...,(M,,d,), dr, dy, dp and dy be as in definition A.6 and suppose that (M,d),
(M,,d,),...,(M,,d,) are complete. We have that

(2) (My>M;,dp), (M) ~"M;,dF),

(b) (MU --- UM,,dy),

© (MX - XM,,dp),

(@) (Fn(M),dy), and (9,,(M),dy)

are complete metric spaces. If (M,d) and (M,,d;) are all ultra-metric spaces these composed spaces are
again ultra-metric. (Strictly spoken, for the completeness of M{—M, and M, —* M, we do not need the
completeness of M. The same holds for the ultra-metric property.)

The proofs of proposition A.7 (a), (b) and (c) are Straightforward. Part (d) is more involved. It can
be proved with the help of the following characterization of the completeness of the Hausdorfl metric.

PROPOSITION A.8
Let (9.,(M),dy) be as in definition A.6. Let (X;); be a Cauchy sequence in 9,,(M). We have:
lim;_, o, X; = {lim;_,  X;|x; € X;, (x;); a Cauchy sequence in M ).

The proof of proposition A.8 can be found in [Mic] as a generalization of a similar result (for closed
subsets) in [Du] and [En].
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Semantic Correctness for a Parallel Object-Oriented Language

J.J.M.M. Rutten
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P.O. Box 4079, 1009 AB Amsterdam, The Netherlands

Different semantic models are studied for a language called POOL: a parallel object-oriented language. It
is a simplified version of POOL-T, a language that is actually used to write programs for a parallel machine.
The most important aspect of this language is that it describes a system as a collection of communicating
objects that all have internal activities which are executed in paraliel. For POOL, an operational and a
denotational semantics have been developed previously. The former semantics aims at the intuitive opera-
tional meaning of the language, whereas the main characteristic of the latter is compositionality. In this
paper, we relate both models, which are quite different, and prove the semantic correctness of the denota-
tional semantics with respect to the operational semantics. Our semantic investigations take place in the
mathematical framework of complete metric spaces. For the operational semantics we use a simple space
of functions from states to compact sets of streams (which are sequences of states); for the denotational
semantics, a domain of processes is used, which is the solution of a reflexive domain equation over a
category of complete metric spaces. The main mathematical tool we use is Banach's theorem, which
states that contractions on complete metric spaces have unique fixed points. Both the operational and the
denotational semantics are reformulated and are presented, as well as many operators on the semantic
domains, as the fixed point of a suitably defined contraciion. In this way, we are able to establish a formal
equivalence between both models. For this purpose, we introduce an intermediate domain, which first is
compared to the operational model by means of an abstraction operator. This function takes processes,
which are tree-like structures, as arguments and yields sets of streams as results. Next, it is shown that
both the intermediate and the denotational model are fixed points of the same contraction, from which their
equality follows. From both facts, the main result of our study follows: The operational meaning of a POOL
program is equal to the denotational meaning to which the abstraction operator is applied. In this manner,
the correctness of the denotational semantics with respect to the operational semantics is established.

1980 Mathematical Subject Classification: 68810, 68C01.

1986 Computing Reviews Categories: D.3.1, F.3.2, F.3.3

Key words and phrases: operational semantics, denotational semantics, process creation, object-oriented
programming. semantic correctness, complete metric spaces. contractions.

Note: This paper appeared in Sam Journal on Computing and is included in this tract
with kind permission of Academic Press, Inc.

1. INTRODUCTION

We study different semantic models for a language called POOL: parallel object-oriented language.
Although the theoretical foundations of object-oriented programming in general, and of parallel
object-oriented programming in particular, have not been paid much attention to, this language has
been extensively studied in a formal semantic context: In [ABKR86(a)] and [ABKR86(b)], an opera-
tional and a denotational semantics of POOL have been developed. The main goal of this paper is to
compare the two models, which are quite different, by proving some formal relation between them,
which at the same time will establish the correctness of the denotational semantics with respect to the
operational semantics. Before we explain in some detail the language POOL and the contents of this
paper, we first give a short explanation of the notion of semantic correctness and the way it can be
proved.

A semantics for a programming language £ is a mapping 9T:£—D, where D is some mathematical
domain (a set, a complete partial ordering, a complete metric space), which we call the semantic

(*) This work was carried out in the context of ESPRIT project 415: Parallel Architectures and Languages for AIP — a VLSI-
directed approach.
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universe of M. Sometimes 9N is called a model for £. Traditionally, two main types of semantics are
distinguished: operational semantics and denotational semantics. Without wanting to get involved in a
discussion about the precise definitions, we state that in our view the main characteristic of the former
is that its definition is based on a transition relation ((HP79], [P181], [P183]); a denotational semantics
is characterised by the fact that it is defined in a compositional manner: the denotational semantics of
a composite statement is given in terms of the denotational semantics of its components. (As a second
distinctive property one often considers the way in which recursion is treated: The usual view is that
an operational semantics treats recursion by means of so-called syntactic environments (or body
replacement) whereas a denotational semantic uses semantic environments, in combination with some
fixed-point argument.)

Now consider an operational semantics ©:2—D and a denotational semantics 9:£->D’". A natural
question is whether 9 is correct with respect to 0, that is, whether % makes ar least the same distinc-
tions as O does. (Often, 9 makes more; see [KR88] for a simple example.) If we define for a seman-
tics M:L—D" an equivalence relation = by

s Sop t & MsT=M4],
for all 5, 1 €f, then the correctness of % with respect to © can be formally expressed by the condition:
=n C =

One way to prove the correctness of @ is to introduce a so-called abstraction operator a:D'—D,
which (is in general not injective and) relates the denotational semantic universe with the operational
one. If one can prove that

) = qo @

then a precise relation between © and 9 has been established, which moreover implies the correctness
of & with respect to 0.

_ As a mathematical framework for our semantic descriptions we have chosen complete metric spaces.
(For the basic definitions of topology see [Du66] or [En77].) In this we follow and generalize [BZ82].
(For other applications of this type of semantic framework see [BKMOZ86].) We follow [KR88] in
using contractions on complete metric spaces as our main mathematical tool, exploring the fact that
contractions have unique fixed points (Banach’s theorem). We shall define both operators on our
semantic universes and the semantic models themselves as fixed points of suitably defined contrac-
tions. In this way, we are able to use a general method for proving semantic correctness: Suppose we
have defined O as the fixed point of a contraction

®: (6->D)— (E—D).

If we next show that also a°% is a fixed point of @ then Banach’s theorem implies that 0= ac.

It is the approach sketched above that will be applied to the language POOL. Before doing so, we
start in section 2 with a toy language that is extremely simple but has with POOL in common a con-
struct for process creation. This section can be seen as a prolongation of the introduction and tries to
give the reader some feeling for the techniques used. Since no definitions or results of this section are
used in the other sections it can be skipped without any problem.

The language POOL is described in detail in section 3. It is a simplified version of the language
POOL-T, which is defined in [Am85] and for which [Am86] and [Am87] give an account of the design
considerations. POOL-T was designed in subproject A of ESPRIT project 415 with the purpose of
programming a highly parallel machine which is also being developed in this project (see [Od87] for
an overview). The language provides all the facilities needed to program reasonably large parallel sys-
tems and several large applications and many small ones have been written in it.

In POOL, a system is viewed as a collection of objects. These are dynamic entities containing data
(stored in variables) and methods (a kind of procedures). Objects can be created dynamically during
the execution of a program and each of them has an internal activity (its body) in which it can execute
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expressions and statements. While inside an object everything proceeds sequentially, the concurrent
execution of the bodies of all the objects can give rise to a large amount of parallelism. Objects can
interact by sending messages to each other. Acceptance of a message gives rise to a rendez-vous
between sender and receiver, during which an appropriate method is executed.

In section 4, we follow [ABKR86(a)] in defining an operational semantics for POOL. It is based on
a transition relation and is given, and here we differ from [ABKR86(a)], as the fixed point of a con-
traction. The semantic domain used is a complete metric space of (functions from states to) compact
sets of streams, which are sequences of states.

In section 5, we present a denotational semantics for POOL, very similar to the model given in
[ABKR86(b)]. We define a mapping from the set of POOL programs (called units) to some reflexive
domain of processes P (cf. [PI76]), which is a complete metric space with tree-like structures for its
elements. It satisfies a reflexive domain equation, which is solved by deriving from it a functor on a
category of complete metric spaces and then taking the fixed point of this functor. The mathematical
techniques to do so are sketched in section 2 of [ABKR86(b)] and presented in detail in [AR88].
Before we assign a semantic value to the unit as a whole, we first define the semantics of expressions
and statements, which will be given by functions of the following type:

@g: Lg—AObj—Contg—P, and 9g: Lg—AObj—Contg—P,
where Lg and Lg are the sets of expressions and statements and
Contg = Obj—»F, Conts=P.

The semantic domain AOb; stands for the set of (active) object names. Its appearance in the seman-
tics of expressions and statements reflects the fact that in POOL each expression or statement is
evaluated by a certain object. Further, a continuation will be given as an argument to the semantic
functions. This describes what will happen after the execution of the current expression or statement.
As the continuation of an expression generally depends upon the result of this expression (an object
name), its type is Obj—P, whereas the type of continuations of statements is simply P. The use of
continuations makes it possible to define the semantics, especially of object creation, in a convenient
and concise way. (For more examples of the use of continuations in semantics, see [Br86] and
[Go79].)

After having defined an operational and a denotational semantics for POOL, we come to the main
subject of our paper: The comparison of both models. This constitutes a non-trivial problem, mainly
because, first, the respective semantic domains are very different and, secondly, because the denota-
tional semantics is defined in terms of continuations, whereas the operational semantics is direct, that
is, does not use continuations. Moreover, the communication mechanism of POOL (consisting of mes-
sage passing with method invocation) is dealt with quite differently by the two models. The solution
that we propose consists of the introduction of an intermediate semantic model, in section 6, which
has in common with the operational semantics that it is direct (without continuations) and that it is
based on the same transition relation, but which has for its range the same reflexive domain of
processes as the denotational model has. Then, in section 7, this intermediate model is related to the
operational semantics by means of an abstraction operator which takes processes as arguments and
yields sets of streams. Next, it is connected with (an extended version of) the denotational semantics
by the observation that both models are fixed point of the same contraction. As a result, it follows
that the operational semantics of a unit equals its denotational meaning to which the abstraction
operator is applied.

Section 8, which contains the references, is followed by three appendices. Appendix I gives the
mathematical definitions we use; in appendix II, the abstraction operator that is used in the proof of
the semantic correctness for POOL is defined in all formal detail. Finally, appendix III shows how the
language POOL can be extended with so-called standard objects and how the definitions and proofs
can be adapted in order to obtain a similar correctness result for the extended language.

Semantic treatments of parallel object-oriented languages in general are scarce; we only know
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[CI81], which gives a detailed mathematical model for an actor language. This is done by defining a
set of so-called augmented actor event diagrams, each of which is a fairly complicated structure
representing (the beginning of) a single computation. In order to deal with nondeterminism, a novel
power domain construction is used. As to the comparison of operational and denotational semantics
for languages with process creation, we only know of [AB88], where some simplified versions of
POOL are studied. None of these languages, however, contains the original POOL-T constructs for
communication (for message passing with method invocation), the treatment of which, in the correct-
ness proof, we consider to be an essential part of this paper.

ACKNOWLEDGEMENTS: We wish to thank Pierre America for his detailed and constructive com-
ments on preliminary versions of this paper. Discussions with Jaco de Bakker are gratefully ack-
nowledged, as well as the contributions of the Amsterdam Concurrency Group: Jaco de Bakker,
Frank de Boer, Arie de Bruin, Joost Kok, John-Jules Meyer and Erik de Vink. We thank Mini Mid-
delberg for the expert typing of this document.

2. A VERY SIMPLE LANGUAGE WITH PROCESS CREATION

Before we tackle the main problem of this paper, we would like to start with a much simpler case:
We introduce a very small “toy” language Ly and present an operational and a denotational seman-
tics for it. Next, we shall compare these two models. All this can-be regarded as a little exercise, a
“warming up” so to speak, aiming at a better understanding of what follows in the next section: It
turns out that for both the languages Ly and POOL (to be introduced in the next section) the opera-
tional and denotational semantics can be compared in very much the same way.

For the definition of Ly we need a set (a,be)4 of elementary actions. (Throughout this paper, we
shail use the notation (x, y €)X for the introduction of a set X with typical elements x and y.) For 4
we take an arbitrary, possibly infinite, set. It will contain a subset (c€)C CA4 of so-called communica-
tions. Similarly to CCS ([Mil80]), we define a bijection ~: C—C with ~°~ =id. It yields for every
ceC a matching communication ¢. In 4 \ C we have a special element r denoting successful commun-
ication.

DEFINITION 2.1 (Syntax for Ly)
The set of statements (s,t €)Lr is given by

5 10= al sy;8; | new(s).

Note that ae4 D C. To Ly we add a special element E, denoting the empty statement. Note that syn-
tactic constructs like s; £ and new(E) are not in Ly.

A statement is of one of the following forms: First, it can be an elementary action g. Here elemen-
tary means that it is an uninterpreted action. Examples of possible interpretations are assignments, or
read and write actions. Secondly, a statement s can be the sequential composition s5;; s, of statements
sy and s5;. Finally, it may be a new-statement mew(s), the execution of which amounts to the creation
of a new process which executes s. A more detailed explanation will follow below.

The operational semantics will be formulated using the notion of parallel statements. A parallel
statement is a finite sequence of statements which are to be executed in parallel.

DEFINITION 2.2 (Parallei statements)

Let (p,me€)Par be given by Par=(Lr)" , the set of finite sequences of statements. Typical elements
will also be indicated by <s,,...,s,>, for n=1. For p=<s,,...,5,> and 7=<t, ... ,1,> we
define p/\’lf=<S|, I SN £ TR 2

Next we define the operational semantics of parallel statements. It is based on the well known
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notion of a transition relation (in the style of Hennessy and Plotkin ([HP79, P81, P183))).

DEFINITION 2.3 (Transition relation for Par)
Let — C Par X A X Par be the smallest relation (writing p—a—p’ for (p, a, p)e—) satisfying:

(1) <a>—a-»<E>, <aps>—a-><s>

(2) if <s>-—a—p, then <new(s)>—a—p

(3) if <s,t>—a—p, then <new(s);!>—a—p

(4) if <sy;(s2;83)>—a—p, then <(sy;53);53>—a—p
(5) if p—a—p’, then p"mr—a—p" 7 and 7" p—a—n"p’
(6) if p—c—p’ and m—C¢—7’, then p"m—7—p" 7,

fora€Ad, ceC, s,1,5,,5,,53€Lr, and p,p’,m,7 € Par.

Intuitively, p—a—p’ tells us that starting in the parallel statement p the elementary action a can be
performed, resulting in the parallel statement p’. Interesting in the definition above are (3), (5) and
(6). According to (3), the parallel statements <s,# > and <new(s);s> can perform the same elemen-
tary actions. In other words, evaluating <mew(s); > results in a parallel statement <(s,r >. Thus we
see that the length of a parallel statement increases when new(s) is evaluated. Operationally, this can
be viewed as the creation of a process that starts evaluating s, while statement 7 is being executed in
parallel. According to (5), a composite parallel statement p” 7 can perform all the elementary actions
that can be performed by either p or «. In (6) it is expressed that if p can perform a communication
action ¢ and « can perform a matching communication action ¢, then p” =, the parallel statement com-
posed of p and =, can perform a 7 action, denoting a successful communication.

EXAMPLE: <new(c);a;new(c);b> —a— <c, new(c);h> —b— <¢, ¢, E> —7— <E, E,. E>.

Before we give the definition of the operational semantics of parallel statements, we introduce its
semantic universe P.

DEFINITION 2.4 (Semantic universe P)
Let A" denote the set of finite sequences or words of elements of 4; let € denote the empty word. We
extend this set by allowing as the last element of a finite sequence a special element 8, which denotes
deadlock:

(we)dy=A"UA"-{9).
Now we define {p,q€)P =F,(43), the set of all non-empty, finite subsets of A3. Let d4; denote the
usual metric on Aj (see the definition in A.1.1). We take dp =(dy;)y, the Hausdorff metric induced by
d4;, as a metric on P. According to proposition A.7, we have that (P.dp) is a complete metric space.

DEFINITION 2.5 (Operational semantics ©)
Let 6= Fixed Point (®), where ®:(Par —P)—(Par —P) is given, for F€ Par —P, and pe Par, by

[{c} if p=<E,... E>
O(F)p) = {{9) if VaVp' [p—a—p =acC]A p#<E,... E>
U (aF(p'): p—a—p’'AaeC} otherwise.

It is straightforward to show that @ is a contraction and thus has a unique fixed point.
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Since our language does not contain any constructs for recursion, we need not be able to describe
infinite behavior. Therefore, it is not really necessary to define O using a contraction on a complete
metric space. It would have been sufficient to take P as an ordinary set without any metric, and define
© with an easy induction on the structure of statements. Our motivation for nevertheless exploiting
metric structures here is given by the fact that in the next section we will deal with recursion and
infinite behavior. There the use of some mathematical structure which can handle these, such as com-
plete metric spaces, is obligatory. Our use of complete metric spaces at this stage can be seen as part
of the introductory function of this section.

The operational semantics O can be best explained by giving a few
ExampLES:

H<a>] = at{<E>] = a(e) = {a}

Of <new (a)>] = {a}

oi<c>] = {9}

Ol<ce>] = {7}

M<a;b>] = a¥l<b>} = {ab}

O <new (a); b>] = (aOL<Eb>], b-{0]<a,E>]} = {ab, ba)
Note that a single communication <c¢>, without a matching communication ¢ in parallel, creates a
deadlock.

Such an operational semantics is nice, because it is intuitively very clear. However, it is not compo-
sitional with respect to the binary syntactic operator ;, that is, there is no semantic operator
5t PXP-P, corresponding to ;, such that for all s and #:

Of<s;i>i=0i<s>1; oi<r>1
This can be easily seen by the following argument. Suppose there is such an operator ;. Then:
O <new (a);p>] = Of <new (a)>] ; O[<b>]
= [since Of <mew (a)>]=0[<a>]]
Oi<a>]; 0l<b>}
= Oi<a;b>],

which yields a contradiction, as can be seen from the examples above.

The denotational semantics to be defined in a moment has the property that it is compositional
with respect to the syntactic operators in Lr.

First, we define a suitable semantic universe.

DEFINITION 2.6 (Semantic universe P)

We define a complete metric space (p,q €)P by P =F,(A"), the set of non-empty finite subsets of 4°.
Let d4- be the usual metric on 4”; we define dp =(d; )y.

The only difference between P and P is that the latter does not contain finite sequences ending in 9.

DEFINITION 2.7 (Denotational semantics %)
Let 9: Ly— Cont —P, where Cont =P denotes the set of continuations, be given by

Nal(p) = ap, AEYp) = p
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Dnew(s)lp) = plldsi({e})
As;thp) = AsKNAedp)),
with ||: P XP—P as defined below.

A continuation p e Cont denotes the semantics of the statement to be executed after the one to
which 9 is applied. The meaning of a new-construct new (s) with continuation p is determined as fol-
lows: The meaning of s is computed with the empty continuation {e}, which indicates that after s
nothing remains to be done. Since s is to be executed in parallel with everything that follows, the
result is composed in parallel with p, which indicates the remainder of the program after s.

DEFINITION 2.8 (Parallel composition |[),
Let |l: P XP—P be such that it satisfies, for p,geP,

plig =pllguqlpUplg
where
rllg = U{a@allg): pa#2} U {g:€cp},
Pla = U{r @clige): pe7# 2 #4c},
with p, = {w: a-wep}, the set containing all the postfixes of a in p.

The above definition is self-referential and needs some justification. Formally, we can define || as
the fixed point of a contraction ¥: (P X P—P)—(P X P—P) given, for feP X P—P, by

Y(MHp.q) = pllyqUqllrpUplsy,

where
plrg = Uf{af paqg): pa#2} U {q:eep),
Plra = U{r(fp.9)): pe~ D 5g:).

Note that % is compositional with respect to “;”. The corresponding semantic operator
5 (P—P)X(P—P))—(P—P) is not expressed explicitly in the definition of %. For completeness
sake, we give its definition. We have, for f,geP—P:

g = Nfgp))

Semantic equivalence of © and 9

After having defined © and 9 for Par and Ly, we next discuss the relationship between the two
semantics. We shall compare 0 and 9 by relating both to an intermediate semantics ¢': Par—P, given
in

DEFINITION 2.9 (Intermediate semantics ©) _ _ _

Let @ = Fixed Point (9'), where ®': (Par—P)—(Par—P) is given, for F€Par—P and pe Par, by
, (€} fp=<E,...,E>

(F)p) = U {aF(p’): p—a—p’} otherwise.

Note that in @', as opposed to @, single-sided communication steps aeC are allowed. The
difference between © and ¢ can be illustrated by giving a few examples:

oi<c>]={3}), fl<cec>I={},
ol<e>l={c}, Ol<ce>l={c, <, 7).
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The relationship between © and ¢ will be expressed using the following abstraction operation.

DEFINITION 2.10 (Abstraction operator «)
We define an abstraction operator a: P—P by
{8} if VYa[p, 9 =ae(]
«p)= U (a(a(py)): agCAp,7#D} U {e:eep} otherwise,

with p, as in definition 2.8. (For a justification of this self-referential definition see the remark follow-
ing definition 2.8.)

The definition of « can be understood as follows: If all the words wep begin with a communication
action aeC, we have operationally a deadlock, since no single communication action is allowed.
Therefore, we then have: efp)={0}. In the last case, a(p) contains all the words in p that begin with a
non-communication action a€4 \ C, with « recursively applied to p,, the set of postfixes of ¢; addi-
tionally, a(p) contains ¢ if eep.

The following theorem can be proved straightforwardly.
THEOREM 2.11: VF & Par—P [#(acF)= ao®’(F)]

Since @ and @’ are contractions and thus have unique fixed points, it follows that
COROLLARY 2.12: O0=a o @

PROOF
We have: ao0 = ae®@(0') = ®(a°). Thus both ao@ and O are fixed points of @ which implies
that they are equal.

The relationship between O’ and D can be elegantly expressed using the following mapping.

DEFINITION 2.13 _ _ _ .
We define ~: (Ly—Cont—P)—(Par—F) as follows. We denote, for Fely—Cont—P, ~(F) by F
and put

F = NpePar-(Fs ()l - - - IFG,)X{e}),

with p=<sy,...,5,>.
A simple consequence, using the associativity of |, of this definition is: F (p" -r):I? (p)lli‘"(r). If the
function F takes a parallel statement <s,,...,s,> as an argument, then the F values of all the sub-

statements s; supplied with the empty continuation {¢} are computed and next composed in parallel.
Now we can prove that @' =9. It is a corollary of the following

THEOREM 2.14: ®/(D)=%

ProOF
The proof uses induction on the structure of parallel statements. We treat one typical case, leaving the
other ones to the reader. Consider p"7e Par and suppose p#<E, ... ,E> and m#<E, ... E>.

Suppose we already know that ®'(D)(p)=Xp) and ®’'(D)(7)=N(w). We show: ®’'(D)(p" 7)=Np" ).
Y@Yp m) = U (aNp): p'm-a—p')
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= [definition_of — (2.3 (5) and (6))]
U {a-ED(p”"Ir): p—a—p’'} U U {a-gD(p"‘w’): m—a-m} U
U {(rUp" " ): p—c—p' Am—T—')
= [definition ~]
U (@) I19(m): p—a—p'} U U {a(Dp)lINT)): m—a—m') U
U (+(@@)I9T): p—c—p' Am—C—')
= [definitions || and | ] .
(U {@9p): p—a—p}lL Am) U (U {aDr): 7—a—>m'}IL Np)) U
(U (cXp): p=cop'}| U (T - Um): 1))
= (@@L Um) U @@L Xp)) U (@(Dxp)| (DY)
= [induction]
ML Xmy) U (X)L Xp) U(EXp)| )
= ap)||Dm)
= @p*m) V O

COROLLARY 2.15: @=9)
Combining Corollaries 2.12 and 2.15 now yields the main theorem of this section.
MAIN THEOREM 2.16: €=a®

COROLLARY 2.17: VseLr [ <s>] = a(Dsi({e}))]

3. THE LANGUAGE POOL

In this paper, we compare different semantic models of a language that we call POOL: Parallel
Object-Oriented Language. It is a simplified version of a language called POOL-T, which is defined in
[Am85]. (For an account of the design considerations for POOL-T see [Am86] and [Am87].) The
simplification is two-fold. First, we omitted certain language constructs from POOL-T (such as the
select statement and the method call) as well as some of the protection mechanisms offered by the
definition of classes (such as different classes having different (instances of) variables and method
definitions). We have done this in order to make life somewhat easier: the semantic definitions are
shorter and so are the proofs of the theorems. We feel justified in doing so, since it is straightforward
to extend the approach of this paper to the full language. Secondly, we give an abstract syntactic
description of POOL which is a simplified version of the formal description of POOL-T.

A POOL program describes the behavior of a whole system in terms of its constituents, objects.
Objects contain some internal data, and some procedures that act on these data (these are called
methods in the object-oriented jargon). Objects are entities of a dynamic nature: they can be created
dynamically, their internal data can be modified, and they have an internal activity of their own. At
the same time they are units of protection: the internal data of one object are not directly accessible
for other objects.

An object uses variables (more specifically: instance variables) to store its internal data. Each
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variable can contain the name of an object (another object, or, possibly, the object under considera-
tion itself). An assignment to a variable can make it refer to an object different from the object
referred to before. The variables of one object cannot be accessed directly by other objects. They
can only be read and changed by the object itself.

Objects can interact by sending messages to each other. A message is a request for the receiver to
execute a certain method. Messages are sent and received explicitly. In sending a message, the
sender mentions the destination object, the method to be executed, and possibly a parameter (which is
again an object name) to be passed to this method. After this, its activity is suspended. The receiver
can specify the set of methods that will be accepted, but it can place no restrictions on the identity of
the sender or on the parameters of messages. If a message arrives specifying an appropriate method,
the method is executed with the parameters contained in the message. Upon termination, this method
delivers a result (an object name), which is returned to the sender of the message. The latter then
resumes its own execution. Note that this form of communication strongly resembles the rendez-vous
mechanism of Ada ((ANSI83)).

A method can access the variables of the object by which it is executed (the receiver of a message).
Furthermore, it has a formal parameter, which is initialized to the actual parameter specified in the
message.

When a- object is created, a local activity is started: the object’s body. When several objects have
been createn ‘heir bodies execute in parallel. This is the way parallelism is introduced into the
language. Synchronization and communication takes places by sending messages, as described above.

Objects are grouped into classes. All objects in one class (the instances of that class) execute the
same body. In creating an object, only its desired class must be specified. In this way a class serves
as a blueprint for the creation of its instances.

At this point, it might be useful to emphasize the distinction between an object and its name.
Objects are intuitive entities as described above. In this paper, there will appear no mathematical con-
struction that directly models a single object with all its dynamic properties (although it would be
interesting to see a semantics which does this). Object names, on the other hand, are modeled expli-
citly as elements of some abstract set Obj. Object names are only references to objects. On its own, an
object name gives little information about the object it refers to. In fact, object names are just
sufficient to distinguish the individual objects from each other. Note that variables and parameters
contain object names, and that expressions result in object names, not objects. If in the sequel we
speak, for example, of “the object o, we hope the reader will understand that the object with name «
is meant.

Now we describe the (abstract) syntax of the language POOL. We assume that the following sets
of syntactic elements are given:

(x€)IVar (instance variables),
(ue€)TVar (temporary variables),
(Ce)CName (class names),

(me)MName (method names).

DEerFINITION 3.1 (Expressions, statements, units)
We define the set of expressions (e €)Lg and the set of statements (s€)Lg by:

e::= x| ul| e;'m(ez)| mew(C)| s;e| self
§ 1= x<e| uce| answer m| sy;5,| if e then s, else 5, fi| do e then s od
The set (Ue)Unit of units is defined by

U= <(Cresy, ..., Cuessy), (impes<uper>, . .., me<uy,,e>) >.
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We write Ce=s e U if there exists an / such that C;=C and s;=s. Similarly, we write me=<u,e >eU.

An instance variable or a temporary variable used as an expression will yield as its value the object
name that is currently stored in that variable.

The next kind of expression is a send expression. Here, e; is the destination object, to which the
message will be sent, m is the method to be invoked, and e, is the parameter. When a send expres-
sion is evaluated, the destination expression and the parameter expression are evaluated successively.
Next, the message is sent to the destination object. When this object answers the message, the
corresponding method is executed, that is, the formal parameter is initialized to the name of the
object in the message, and the expression in the method definition is evaluated. The value which
results from this evaluation is sent back to the sender of the message and this will be the value of the
send expression. .

A new-expression indicates that a new object is to be created, an instance of the indicated class. Its
body starts executing in parallel with all other objects in the system. The result of the new-expression
is (the name of) this newly created object.

An expression may also be preceded by a statement. In this case the statement is executed before
the expression is evaluated.

The expression self always results in the name of the object that is executing this expression.

The first two kinds of statements are assignments, to an instance variable and to a temporary vari-
able, respectively. An assignment is executed by first evaluating the expression on the right, and then
making the variable on the left refer to the resulting object.

An answer statement indicates that a message is to be answered. The object executing the answer
statement waits until a message arrives with a method name that is specified by the answer statement.
Then it executes the method (after initializing the formal parameter). The result of the method is sent
back to the sender of the message, and the answer statement terminates.

Sequential composition, conditionals and loops have the usual meaning.

Units are the programs of POOL. A unit consists of a number of definitions of class bodies and
methods. If a unit is to be executed, a single new instance of the last class defined in the unit is
created and execution of its body is started. This object has the task to start the whole system, by
creating new objects and putting them to work.

The relationship between POOL and POOL-T is the following: POOL is obtained from POOL-T
via two successive simplifications. First, certain language constructs from POOL-T are omitted (like
the select statement) as well as some of the protection mechanisms in POOL-T, which are offered by
the definition of classes (such as different classes having different variables and method definitions).
Secondly, some syntactical simplifications are performed and some context information is omitted
(POOL-T is a statically typed language whereas POOL is not). The reason for making the first
simplification is simply lack of space, to which should be added the consideration that it would be
straightforward to extend our results to the full language. The sole reason for making the second
simplification is that POOL-T is a practical programming language, for which readability, among oth-
ers, is more important than syntactic simplicity. Therefore, it is convenient to take a simplified
language, POOL, as the semantic core of POOL-T.

If one compares the version of POOL described in this paper with the one given in [ABKR86(a)]
and [ABKR86(b)], some minor differences can be observed. (For example, in the send expression of
definition 3.1 above only one parameter can be specified whereas in the definitions of the papers men-
tioned an arbitrary number of parameters is allowed.) However, it can easily be seen that it is
straightforward to adapt the definitions and proofs given in this paper such that they apply to the ver-
sion of POOL occurring in [ABKR86(a)] and [ABKR86(b)].
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4. AN OPERATIONAL SEMANTICS FOR POOL

In this section we give the definition of an operational semantics for POOL, which is a modified
version of the one given in [ABKR86(a)]. (At the end of this section, we shall compare both models in
some detail.) It is based on a transition relation and will be defined as the fixed point of a suitable
contraction. For this purpose, we introduce a number of syntactic and semantic notions.

First of all, we introduce the set of objects.

DEerFiNITION 4.1 (Objects)
We assume given a set AO0bj of names for acrive objects together with a function
v: P4, (A Obj)—>AOhj

such that W X)e X, for every finite ¥ CAOb;. Given a set X of object names, the function » yields a
new name not in X.
Further we define

Obj = AObjUSObj,

where SObj is the set of so-called siandard objects, to be introduced in Appendix I

A possible example of such a set AObH/ and function » could be obtained by seiting:
AObj = N, ’
W X) = max{n:neX}+1L

In POOL, a few standard classes, the instances of which are called standard objects, are predefined;
examples are the classes of booleans and integers. The semantic treatment of these standard objects
is somewhat different from the way the active objects (which are created during the execution of a
POOL program) are treated. Because we want to formulate our semantic models as concisely as possi-
ble in order to focus on the correctness proof, the standard objects are treated in an appendix (ilI}.

Next, it is convenient to extend the sets Ly of expressions and Lg of statements by adding some
auxiliary syntactic constructs.

DEFINITION 4.2 (Lg/, Lg')
Let (ee)Lg and (s€)Lg be defined by
e = x| u| e;lm(ey)| new(C)| s;e| self| a| (e, ¢)
5 1= xee| uee| answer m| 5,5, | if e then s, else 5, fi| do e then 5 od|
release(B, s)| (e,})

with a, B€A0bj, pcLpg and YeLps. Here the sets of parameterized expressions (¢€)Lpy and
parameterized statements (Y €)Lps are given by

¢ 1= Au-e

Y= Aus,
with the restriction that u does not occur at the left-hand side of an assignment in e or s. For
a€0bj, p=MAu-e and y=>Au-s, we shall use ¢(a) and Y(a) to denote the expression and the statement
obtained by syntactically substituting « for all free occurrences of u in ¢ and v, respectively. The res-

triction just mentioned ensures that the result of this substitution again is a well-formed expression or
statement.

Let us explain the new syntactic constructs. In addition to what we already had in Lg, an expres-
sion eeLg can be an active object a or a pair (e,¢) of an expression e and a parameterized
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expression ¢. The latter will be executed as follows: First the expression e is evaluated, then the result
B is substituted in ¢ and ¢(B) is executed. As new statements we have release statements release(S,s)
and parameterized statements (e,$). If the statement release(B,s) is executed, the active object 8 will
start executing the statement s (in parallel to the objects that are already executing). The release
statement will be used in the description of the communication between two objects (see definition 4.8
below). The interpretation of (e,y) is similar to that of (e,¢).

DEFINITION 4.3 (Empty statement)

The set Lg, as given in the definition above, is extended with a special element E, denoting the empty
statement. This extended set is again called Lg. Note that we do not have elements like s;E or
do e then E od in Lg.. (There is, however, one exception: We do allow E in if e then s else E fi,
which is needed in definition 4.8(A8) below.)

DEFINITION 4.4 (States)
The set of states (6€)2 is defined by
S=(A0bj — IVar — Obj)
X(AObj — TVar — Obj)
X 94, (AOb)).

The three components of ¢ are denoted by <o, 0,, 03>. The first and the second component of a
state store the values of the instance variables and the temporary variables of each active object. The
third component contains the object names currently in use. We need it in order to give unique names
to newly created objects.

We shall use the following variant notation. By o{f/a, x} (with x €IVar) we shall denote the state
¢’ that is as ¢ but for the value of o,’(a)(x), which is B. Similarly. we denote by o{B/a, u} (with
ueTVar) the state o’ that is as o but for the value of o,’(a)(u), which is .

DEFINITION 4.5 (Lébclled statements)
The set of labelled statements ((a, s)€) LStat is given by LStar =A0bj X Lg..

A labelled statement (a, s) should be interpreted as a statement s which is going to be executed by
the active object a.
Sometimes, we also need labelled parameterized statements. Therefore, we extend LStar:

LStat’= LStat U( AObj X Lps).

A pair (e,y) indicates that the active object a will execute the statement v as soon as it receives a
value which it can supply to  as an argument.

Before we can give the definition of a transition relation for POOL, we first have to explain which
configurations and transition labels we are going to use.

DEFINITION 4.6 (Configurations)
The set of configurations (pe)Conf is given by
Conf=94,(LStat) X Z.
We also introduce:
Conf =94,(LStat’) X 2.
Typical elements of Conf and Conf’ will also be indicated by <X,6> and <Y,0>.

We shall consider only configurations <X,o> that are consistent in the following sense: For
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X:{(“iv sl)v s

ey, 5)), we call < X,0> consistent if the following conditions are satisfied:

Vije(l, ... k) li# =ava], and

{(Xh .

Whenever we introduce a configuration </X, o>>, it will be tacitly assumed that it is consistent.

A configuration <X, ¢>>, consisting of a finite set X of labelled statements and a state o,
represents a “snap shot” of the execution of a POOL program. It shows what objects are active and
what statements they are executing; furthermore, it contains a state o, in which the values of the vari-

. .ak} (_:.03_

ables of the active objects as well as the set of object names currently in use are stored.

DErirmion 4.7 (Transition labels)
The set of rransition labels (Ae)A is given by

Ao

These labels will be used in the definition of the transition relation below and are to be interpreted
as follows. The label 7 indicates a so-called computation step. Next, (a, 8;!m(B;)) indicates that object
« sends & message to object f, requesting the execution of the method m with parameter 8,. Finally,

{7} U {{a, Biim(B): o, By €A0b), Be0bj} U {(BIm): LeAObj}.

(Bm} indica..s that the object 8 is willing to answer a message specifying the method m.
Now we are ready to define a transition relation for POOL.  ~

DerFNITION 4.8 (Transition relation)
Let UelUnir. We define a labelled transition relation

— U= € Conf XAX Conf"

Triples <p|, A, py>€ — U-~ will be called transitions and are denoted by

[Li U. }\«» 0.

Such a transition reflects a possible execution step of type A of the configuration p,, vielding a new

configuration py. The relation - U-- is defined as the smallest relation satisfying the following pro-

perties:

Axioms
(A1)
(A2)
(A3)
(A4

(A5)
(A6)
(AT)

Rules
(RD

<{(a, (x, $))}, 0> = U, 1= <{(a, (61{a)(x), ¥))}, 6>

<{{a, (u, $))}, 0> —U, 7= <{(a, (52(a)(ut), ¥))}, 0>

<{(a, (Bi!m(B), 1)}, 0> U, (o, (Bi!m(Br)))— <{(e, )}, 0>

<{(a, (mew (C), ¥))}, 6> —U, 7— <{{a; (B, ¥)), (B, 5¢)}, ¢’>, where:
Cescel, B=uo;), 0’ =<g), a0y, 03 U{B}>.

<{(a,ze-B)},0> — U, 7= <{(o,E)},06{B/a,z}>, for z€ IVar UTVar.
<{(a, answer m)}, 6> — U, (a?m)-> <{(a,E)},0>

<{(a, doe thens od )},0> — U, r—

<{(a, if e then (s; do ¢ then s od ) else E fi )},0>

If <{(a, (e,Auzeu))}, 0> —U, A— p,



261

then <{(a, z«e)},0> — U, A— p, for zelVarUTVar.
R2) If <{(a, 5)},6> — U, A> <{(a, s)}UX,0'>,
then <{(a, s;1)},0> —U, A <{(a, s";t)}UX,0'>
(read 7 instead of s';1 if s'=E).
If <{(a, 5)},6> —U, A> <{(a, $)} UX,0'>,
then <{(a, s5;t)},0> — U, A» <{(a, M-(Y(u);1))} U X,0’>.
(R3) If <{(a, 5;)},0> — U, A— p, then <{(a, if B then s, else s, fi )},0> — U, A p,
sy if B=u
where §;= {32 if B=4.
(R4) If <{(a, 1),(B,5)},0> — U, A— p, then <{(a, release (8,5);t)},0> —U,A- p
(read release(B,s) instead of release(B,s);t if t =F).
(R5) If <{(a, (e,Au-if u then s, else s,fi ))},0> —U, A p,
then <{(a, if e then 5, else 5 fi )},0> —U, A— p.
(Here s, is allowed to be E.) .
(R6) If <{(a, ((e},Au;(e2,Auyu;'m(uz))),¥))},0> —U, A p,
then <{(a, (e;'m(e2).¥))},0>—U, A— p.
(R7) If <{(a, 5s;(e;¥)},0> —U,A— p, then <{(a, (s;e,9))},0> —U, A p.
(R8) If <{(a, (e,Au<(d(u),¥)))},6> —U, A p, then <{(a, ((&,9),¥))},0> —U, A— p.
R9) If <{(a, #B))},0> —U, A— p, then <{(a, (B,¥))},0> —U, A— p, for BObj.
If <{(a, {a))},0> —U, A— p, then <{(a, (self,y))},0> —U, A— p.
(R10) If <X,0> —U,A> <X',0’>, then <XUY, 0> — U, A» <X'UY,0'>.
(RI11) If <X,0> —U, (a,8;!m(B))— <{(a, ¥)} UX’,0> and
<Y,0> —U, B;Im— <{(B1,5)}UY" 6>,
then <XUY,0> —U, 7>
<{(B1,(€m,Au-(t 03 (B1 Y1tm); Telense(a, Y(u));s))}UX'UY,0'>,
where o’ =0{B,/B,up}, and me=<u,,e,>eU.
(End of definition.)

The general scheme for the evaluation of an expression is very similar to the approach taken in
[AB88]. Expressions always occur in the context of a (possibly parameterized) statement, such as
X«e. A statement containing e as a subexpression is transformed into a pair (e,y)) of the expression e
and a parameterized statement y by application of one of the rules. (In our example, x<«e becomes
(x, Au-x<u) by an application of (R1).) Then e is evaluated, using the axioms and rules, and results
in some value B’ Obj. (Applying (Al) transforms (x, Au-x«u) of our example into (8, Au-x«u), for
some B’ 0bj.) Next, an application of (R9) will put the resulting object 8’ back into the original con-
text ¢ (yielding x«pB’ in our example). Finally, the statement J{8') is further evaluated by using the
axioms and the rules. (The evaluation of x«pB' results, by using (A6), in a transformation of the
state.)
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Let us briefly explain some of the axioms and rules above.

In (A4) a new object is created. Its name B is obtained by applying the function v to the set o3 of
the active object names currently in use and is delivered as the result of the evaluation of new(C). The
body sc of class C, defined in the unit U, is going to be evaluated by B. Note that the state o is
changed by extending o; with B.

In (R8), the evaluation of an expression pair (e,$), where ¢ is a parameterized expression, in the
context of a parameterized statement y is reduced to the evaluation of the expression e in the context
of the adapted parameterized statement Au-(¢{u), ).

(R11) describes the communication rendez-vous of POOL. If the object « is sending a message to
object 8, requesting the execution of the method m and if the object B, is willing to answer such a
message, then the following happens: The object B, starts executing the expression e,, which
corresponds to the definition of the method m in U, while its state 05(f) is changed by setting u,,,
the formal parameter belonging to m, to B,, the parameter sent by the object & to ;. After the execu-
tion of e, the object B, continues by executing u,, «0,(8; Xuy ), which restores the old value of u,,
followed by the statement relesse{a,y{u));s. The execution of release{a,y(u)) will reactivate the object
«, which starts executing y{u), the statement obtained by substituting the result # of the execution of
€, into Y. Note that during the execution of e, the object « is non-active, as can be seen from the
fact that a does not occur as the name of any labelled statement in the configuration resulting from
this transition. Finally, the object B, proceeds with the execution of the staternent s which is the
remainder of its body. .

(Note that we have not incorporated any transitions for the standard objects; this is done in
Appendix IIIL)

Now we are ready for the definition of the operational semantics of POOL. It will use the following
semantic universe.

DEFINITION 4.9 (Semantic universe P)
Let (we)I§ =2 UZUZ" {3}, the set of streams. We define

(P,q E)P :E_’g’ncompad(zgc) )

where compae(2§°) is the set of all non-empty compact subsets of Z§°, and the symbol 3 denotes
deadlock. The set P is a complete metric space when supplied with the usual metric (see definition
A.6).

The elements of P will be used to represent the operational meanings of statements and units. For
a given state o€Z, the set p(o) contains streams weZ§, which are sequences of states representing
possible computations. They can be of one of three forms: If weZ’, it stands for a finite normally
terminating computation. If weZ2®, it represents an infinite computation. Finally, if weZ*-{(9}, it
reflects a finite abnormally terminating computation, which is indicated by the symbol 9 for deadlock.

DEFINITION 4.10 (Operational semantics for POOL)
We define the operational semantics of finite subsets of labelled statements. Let, for a unit Ue Unit,
the function

©y: (Fpa(LStat)—P)—>(F4,(LStat)—P)
be given, for Fe%®g,(LStat)—P and X € ¥4, (LStat), by:
{e} if VaVs [(a,s)eX=>s=E]

y(FXX)=MAo-{{8} if —<X,0> —U, 7— and Jads [s7“E A(a,s)€X]
U {0"F(X')¢"): <X,0>—U, 7> <X',6’>} otherwise,

where
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<X,0> —U, 7> = 3X3d [<X,0> —U, 7> <X',0'>]
Now the operational semantics 0y: Pz,(LStat)—P is given as
0y = Fixed Point (®y).

It is straightforward to prove that @y, is a contraction and thus has a unique fixed point.

The definition of @, is very similar to the definition of ® in the previous section (definition 2.5). If,
for a given Xe%g,(LStat) and o2, we have that —<X,6> — U, r—, then no computation steps,
which are indicated by 7, are possible from <X,¢>>. The transitions that are possible are of the form

<X,0> —U, (a,B,!m(By)) »p, or <X,0> —U, (a?m) —p’,

denoting attempts of a single object « to. perform a communication action without any matching
object being present. This is an instance of deadlock and therefore we here have: Oy[ X1(o)={9}. On
the other hand, for every transition

<X,0> —U,1-<X,0>

the set Oy[ X1(o) includes the set o’- Oyl X’J(0’), in which the transformed state o’ is concatenated with
the operational meaning of X’ in state o’.
Finally, we can give the operational semantics of a unit.

DEFINITION 4.11 (Operational semantics of a unit)
Let[ --- Jo: Unir—P be given, for aunit U=<(. .., Cyé=s,), ... >, by

[ULe=0ul{("(2),5.)}1.

The execution of a unit U=<(. .., C,<s,), ... > consists of the creation of an object of class C,
and the execution of its body. Its name is given by »( @), the name of the first object.

Comparison with [ABKR86(a)]

In [ABKR86(a)], an operational semantics for POOL is defined which differs from 0y in a number
of respects: There, a transition relation without labels is used whereas we have a labelled transition
relation here; further, in [ABKR86(a)] communication is modeled by means of a so-called wair state-
ment as opposed to the release statement we use here; also our use of parameterized expressions and
statements is new. All these differences can be seen as minor variations of the semantic definitions
and are motivated by the main goal of this paper, which is to relate the operational semantics with
the denotational one. There is one major difference, however, which we shall treat in some detail: In
definition 4.10 of this paper, O is given as the fixed point of a contraction, whereas in [ABKR86(a)]
the operational semantics is defined in terms of finite and infinite sequences of transitions. In order
to show the equivalence of both approaches, we now define an operational semantics Oy, in the style
of [ABKR86(a)], for which we next shall prove that it equals 0y.

DEFINITION 4.12 (Alternative operational semantics)

Let, for a Ue Unit, the function
Oy Ppa(LStat)>P

be given as follows. Let X € %4,(LStat) and ceZ. We put for a word weZg:
webylX1(o)

if and only if one of the following conditions is satisfied:
(1) w=o, - - - 0, and there exist X, . .., X, such that
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<X, 0> —Ur—s <Xy,0,> —Usr= - - —Ur— <X,,0,> and ¥(a,5)eX,[s=E]
(2) w=o0y0, - - - and there exist X{,X,, ... such that

<Xa> —Ur— <Xy0,> —Unr—s <X;,00> — Ut~ - -~
{(3) w=g, 0,0 and there exast Xy, . .., X, such that

<Xo> —Urs <X0> —Ur— - ~Ur-s <X,,0,>

and He,s)eX, s55E] and —<X,.0,>—Ur

Ii is not siraightforward that the sets OyfXJ(o) are in P, that is, that they are compact; we prove
this fact in the following i

LEspia 4.13 (Compactness of Oy): For every X € 95, (LStat)y and o€ Z: Oy XW(o) is compact.

PROOF
Let (w;); be a sequence of words in Opf XI(e) (CEF), say
C o= gletel oo

We show that (w;); has a converging subsequence with its limit in 0y{X](e). Assume for simplicity
that all words w; are infinite. Since w; €0yl X (o), for every i, there exist infinite transition sequences
such that

<X,o><X! ol >ea <Kot s -

{omitting the labels U,7). From the definition of — it follows that the set
(<X',0/>: <X,0>—<X,0'>)

is finite. Thus there exists a pair <<X;,s, > such that for infinitely many ’s:
<Xlol> = <X, 0>

Let f):M->R be a monotonic function with, for all i,
<X}y 0foy> = <Xy,0>.

Next we proceed with the subsequence (wy) of (w;); and repeat the above argument, now with
respect to the set

{<X',0'>: <X),00>-<X'e'>}.

Continuing in this way, we find a sequence of monotonic functions (f;),, defining a sequence of
subsequences of (w;);, and a sequence of configurations (< Xj,o, > ), such that

and <X,0>--><X,00>—><X;,00>— -

and moreover such that the sequence (wy, () is a subsequence of the sequence of (wj)). Now we
define

gty = fi@).
Then we have

limw,;, = 610203 - -.
i—-ecg(') 10203

Thus we have constructed a converging subsequence of (w;); with its limit in 0y XJ(s). (In case the
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words w; are not all infinite a similar argument can be given.)
It is not difficult to show that Oy =0y:
THEOREM 4.14: Oy, =0y

\PNR;X;):ove that Oy is also a fixed point of @y, from which the equality follows. Let X € ¥4, (LStar)
such that 3(a,s)e X [s#E], let €2 and let weZ§. If w=09 then
wedy(OyXX)o) < webylX1(0).
Now suppose w#d. We have -
weOylX1(o) & 30’ 23X’ P4, (LStar) Iw’' €ZP
[<X,0>-><X',0'> Aw=d"w Aw €0yl X'](0)]
« [definition &)
w ey (O X XXo).
So we see: Oy =Py(0y).

5. A DENOTATIONAL SEMANTICS FOR POOL

The denotational semantics that is defined in this section was already presented (in a slightly
different form) in [ABKR86(b)]. (For a comparison of the two models we refer the reader to the end
of this section.)

Our denotational model has a so-called domain (a solution of a reflexive domnain equation) for its
semantic universe. In [BZ82] it was first described how to solve these equations in a metric setting.
Then, in [AR88], this approach was generalized in order to deal with equations of the form:
P=---P— -, acase that was not covered by [BZ82]. For a quick overview of the main results of
[AR88], the reader might want to read section 2 of [ABKR86(b)].

Further, our model is based on the use of continuations. For an extensive treatment of continuations
and expression continuations, which we shall use as well, we refer to [Go79].

We start with the definition of a domain P, the elements of which we shall call processes from now
on.

DEFINITION 5.1 (Semantic process domain P)
Let (p,q €)P be a complete ultra-metric space satisfying the following reflexive domain equation:
P = {po}Vidy(Z—>Pcompaci(Stepp)),
where (m,pe)Stepp is
Stepp = ComppU Sendp U Answerp,
with
Compp = ZXP,
Sendp = Obj X MName X Obj X (Obj—P)X P,
Answerp = Obj X MName X (Obj—(Obj—P)—'P).

(The sets {po}, =, Obj, and MName become complete ultra-metric spaces by supplying them with the
discrete metric.)
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In [AR88], it is described how to find for such an equation a solution which is unique up to isomor-
phy. Let us try to explain intuitively the intended interpretation of the domain P. First, we observe
that in the equation above the subexpression id,; is necessary only to guarantee that the equation is
solvable by defining a contracting functor on G, the category of complete metric spaces (see Appendix
I). For a, say, more operational understanding of the equation it does not matter.

A process p P is either p or a function from 2 to Peompacr(Stepp), the set of all compact subsets of
Stepp. The process py is the terminated process. For p5£pg, the process p has the choice, depending
on the current state o, among the steps in the set p(6). If p(c)= &, then no further action is possible,
which is interpreted as abnormal termination. For p(0) @, each step mep(o) consists of some action
(for instance, a change of the state ¢ or an attempt at communication) and a resumption of this
action, that is to say, the remaining actions to be taken after this action. There are three different
types of steps me Stepp. o

First, a step may be an element of X P, say

7= <d,p'>.

The only action is a change of state: o’ is the new state. Here the process p’ is the resumption, indi-
cating the remaining actions process p can do. (When p’=p, no steps can be taken after this step 7.)
Secondly, 7 might be a send step, me Sendp. In this case we have, say

= <a,mpB.fp>,

with a€Obj,m e MName,Be Obj, fe(Obj—aPT), and pEF. The action involved here consists of an
attempt at communication, in which a message is sent to the object a, specifying the method m,
together with the parameter B. This is the interpretation of the first three components a,m, and B.
The fourth component f, called the dependent resumption of this send step, indicates the steps that
will be taken after the sender has received the result of the message. These actions will depend on the
result, which is modeled by f being a function that yields a process when it is applied to an object
name (the result of the message). The last component p, called the independent resumption of this
send step, represents the steps to be taken after this send step that need nor wait for the result of the
method execution.
Finally, 7 might be an element of Answerg, say

7= <a,m,g>

with a€Obj, me MName, and ge(Obj—>(0bj—>ﬁ)—>'1—’). It is then called an answer step. The first
two components of 7 express that the object a is willing to accept a message that specifies the method
m. The last component g, the resumption of this answer step, specifies what should happen when an
appropriate message actually arrives. The function g is then applied to the parameter in this message
and to the dependent resumption of the sender (specified in its corresponding send step). It then
delivers a process which is the resumption of the sender and the receiver together, which is to be com-
posed in parallel with the independent resumption of the send step.

We now define a semantic operator for the parallel composition (or merge) of two processes, for
which we shall use the symbol ||. It is auxiliary in the sense that it does not correspond to a syntactic
operator in the language POOL.

DEFINITION 5.2 (Parallel composition)

Let || : P X P—P be such that it satisfies the following equation:
Pllg =2o (p(o)Lg) U (g(o)Lp) U (p(9)|44(0))),

for all p,g€P \ {po), and such that pollg=gqllpo=p,. Here, X|l g and X|,Y are defined by:
XlLg = {Trﬁq: reX},
X|sY = U{rm|.p: meX, peY},
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where wﬁq is given by

<o p'>lg = <d'p'lig>,
<a,m,B.f.p >ﬂq <a,m,B.f,pllg>, and
<a,m,g>iig = <a,mA\BA-(g(BXK)lg)>,
and |,p by

{<o, gBXNlp>) if 7=<a,m,B,f,p> and p=<a,m,g>
Top = or p=<a,m,B,f,p > and 7=<a,m,g >
] otherwise. )

We observe that this definition is self-referential, since the merge operator occurs at the right hand
side of the definition. For a formal justification of this definition see the appendix of [ABKR86(b)],
where the merge operator is given as the unique fixed point of a contraction on PXP—'P.

Since we intend to model parallel composition by interleaving, the merge of two processes p and ¢
consists of three parts. The first part contains all possible first steps of p followed by the parallel com-
position of their respective resumptions with g. The second part contains similarly the first steps of g.
The last part contains the communication steps that result from two matching communication steps
taken simultaneously by process p and q. For weStepp the definition of = | g is straightforward. The
definition of =|,p is more involved. It is the empty set if 7 and p do not match. Now suppose they do
match, say 7= <a,m,B,f,p> and p=<a,m,g>. Then 7 is a send step, denoting a request to object
a to execute the method m, and p is an answer step, denoting that the object a is willing to accept a
message that requests the execution of the method m. In 7|,p, the state ¢ remains unaltered. Since
8 the third component of p, represents the meaning of the execution of the method m, it needs the
parameter B that is specified by a. Moreover, g depends on the dependent resumption f of the send
step 7. This explains why both 8 and f are supplied as arguments to the function g. Now it can be
seen that g(BXlip represents the resumption of the sender and the receiver together. (In order to get
more insight in this definition it is advisable to return to it after having seen the definition of the
semantics of an answer statement.)

The merge operator is associative, which can easily be proved as follows. Define

€ = sup, o,.7 {dr((pllg)llr, pliglir))}
Then, using the fact that the operator || satisfies the equation above, one can show that e< /3.
Therefore e=0, and || is associative.
Now we come to the definition of the semantics of expressions and statements. We specify a pair of
functions <%g,%Ds> of the following type:
Dg: Lg—AObj— Contg —!P,
Qs: Ls—>AObj— Conts —'P
where
Contg=Obj—P and Conts=P.
Let seLg, acAObj, and peF. The semantic value of the statement s is given by

DsLsh(a)p).

The object name & represents the object that executes s. Secondly, the semantic value of s depends
on its so-called continuation p: the semantic value of everything that will happen after the execution of
s. The main advantage of the use of continuations is that it enables us to describe the semantics of
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expressions in a concise and elegant way.
The semantic value of an expression e€Lg, for an object a and an expression continuation
fe Contg, is given by

Delel(aXf).

The evaluation of an expression e always results in a value (an element of Obj), upon which the con-
tinuation of such an expression generally depends. The function f, when applied to the result B of e,
will yield a process f(B)€P that is to be executed after the evaluation of e.

Please note the difference between the notions of resumption and continuation. A resumption is a
part of a semantic step € Stepp, indicating the remaining steps to be taken after the current one. A
continuation, on the other hand, is an argument to a semantic function. It may appear as a resump-
tion in the result. A good example of this is the definition of Fs(x<e) (in definition 5.3(S1)) below.

DEFINITION 5.3 (Semantics of expressions and statements)
Let

i

Oc

D,

Lg—AObj—Contg—'P

Ls—>AObj—Contg—'P.

For every unit Ue Unit we define a pair of functions Dy = <%, Ds> by
%y = Fixed Point (¥y),

<

where

Yy: (Qe X Qs) = (Qe X 0s)
is defined by ‘nduction on the structure of Lg and Lg by the following clauses. For F=<Fg, Fs>
we denote ¥ (F) by F=<Fg, Fs>. Let peConts =P, feContg =Obj—P and acAObj. Then:

EXPRESSIONS

(El, instance variable)

Fp(x)a)(f)=Ao-{ <o, f(0)(a)x))>}.

The value of the instance variable x is looked up in the first component of the state ¢ supplied with
the name a of the object that is evaluating the expression. The continuation f is then applied to the
resulting value.

(E2, temporary variable)

Fr(u)a)f)=Xo-{ <o, f(o;(a)(u))>}

(E3, send expression)

Fe(e, Im(e)XaXf)= Fe(er Xa)ABy-Fr(eaX@)MB, Ao {<B1,m,Ba,f,po>))).

The expressions e, and e, are evaluated successively. Their results correspond to the formal parame-
ters B, and B, of their respective continuations. Finally, a send step is performed. The object name 8,
refers to the object to which the message is sent; 8, represents the parameter for the execution of the
method m. Besides these values and the method name m, the final step <fB;,m,B,,f,po>> also con-
tains the expression continuation f of the send expression as the dependent resumption. If the attempt
at communication succeeds, this continuation will be supplied with the result of the method execution.
The independent resumption of this send step is initialized at p,.
(E4, new-expression)

Fg( new (C)XaXf)=Ao-{<d, (B Fs(scXBXpo)>},
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where

B = ’(03 ):

o= <6,,07,065U {B}>, Cesce U.
A new object of class C is created. It is called »(03): the function » supplied with the set of all object
names currently in use yields a name that is not yet being used. The state ¢ is changed by expanding
the set o3 with the new name B. The process Fs(scXB)po) is the meaning of the body of the new
object B with p, as a nil continuation. It is composed in parallel with f(B), the process resulting from
the application of the continuation f to B, the result of the evaluation of this new-expression. We are
able to perform this parallel composition because we know from f what should happen after the
evaluation of this new-expression, so here the use of continuations is essential.

(ES, sequential composition)
Fy(s:eXa)(f)=Fs(sXaXFs(eXaX/))

The continuation of s is the execution of e followed by f. Note that a semantic operator for sequential
composition is absent: the use of continuations has made it superfluous.

(ES, self)
Fy( self YaXf)=fla). 4
The continuation of f is supplied with the value of the expression self, that is, the name of the object
executing this expression. We use f(a) instead of AB-{<<o,f(a)>} in this definition wishing to express
that the value of self is immediately present: it does not take a step to evaluate it.
STATEMENTS
(S1, assignment to an instance variable)
Fs(xe)a)p)=FrleXa)MBAo-{<o',p>}),

where o’ =0{B/a,x}. The expression e is evaluated and the result B8 is assigned to x.
(S2, assignment to a temporary variable)

Fy(ueeXa)p)=Fe(eXa)ABAo-{<d’,p>}),
where o’ =o{B/a,u}.
(S3, answer statement)
F( answer m)a)p)=Ao-{<a,m,gn>},
where
£n =ABAfAG-{ <, Fie(enXa)ABNG{ <7, f(B)lp>})>),
with
o=0o{B/a,u,},
' =0{02(a)(tm)/ 4 },
me=<uy,,e,>el.

The function g, represents the execution of the method m followed by its continuation. This function
gn €xpects a parameter B and an expression continuation f, both to be received from an object send-
ing a message specifying the method m. The execution of the method m consists of the evaluation of
the expression e,,, which is used in the definition of m, preceded by a state transformation in which
the temporary variable u,, is initialized at the value B. After the execution of e, this temporary vari-
able is set back to its old value again. Next, both the continuation of the sending object, supplied



270

with the result 8’ of the execution of the method m, and the given continuation p are to be executed
in parallel. This explains the last resumption: f(8')llp.

Now that we have defined the semantics of send expressions and answer statements let us briefly
return to the definition of 7 |,p (definition 5.2). Let 7=<a,m,B,f,q> (the result from the elabora-
tion of a send expression) and p=<a,m,g> (resulting from an answer statement). Then =|,p is
defined as

7|op={<0,g(BXf)lig>}.

We see that the execution of the method m proceeds in parallel with the independent resumption g of
the sender. Now that we know how g is defined we have

gBX)=Ao-{ <0, Fg(em Xa)YAB"Ao-{ <7, f(B)lp>})>}.
The continuation of the execution of m is given by AB-Ao-{<o’,f(B')llp>}, which consists of a state
transformation followed by the parallel composition of the continuations f and p. This represents the
fact that after the rendez-vous, during which the method is executed, the sender and the receiver of
the message can proceed in parallel again. (Of course, the independent resumption ¢ may still be exe-
cuting at this point.) Moreover, the result ' of the method execution is passed on to the continua-
tion f of the send expression.
(54, sequential composition)
Fs(s1352)(@)p)=Fs(s1 XaXFs(s2Xa)p)).
(SS, conditional)
Fs(if e then s, else 5 i Ya)(p)=
Fr(eXa)\B- if B=1t
then Fy(s; XaXp)
else i’s(sz)(a)(p)
fi).
(S6, loop statement)
Fs( do e then s od Ya)(p)=
Ao-{ <o, Fg(eXa)AB) - if B=1t
then Fy(s)a)Fs( do e then s od Ya)(p))
else p
fi)>).

(End of definition 5.3.)

It is not difficult to prove that ¥ is a contraction and hence has a unique fixed point Dy. As a
matter of fact, we have defined ¥ such that it satisfies this property. Note that the original func-
tions Fr and Fs have been used in only three places: in the definition of the semantics of a new-
expression, of an answer statement, and of a loop statement. Here the syntactic complexity of the
defining part is not necessarily less than that of what is being defined. At those place., we have
ensured that the definition is “guarded” by some step Ao-{<o’, ... >}. It is easily verified that in
this manner the contractiveness of ¥y, is indeed implied.

DEFINITION 5.4 (Denotational semantics of a unit)
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We define [ - - - 1g: Unit—P. For a unit Ue Unit, with U=<(. .., Cye=s,), . . . >, We set
(Ul = D55, 0(2)Xpo)

The execution of a unit always starts with the creation of an object of class C, and the execution of
its body. Therefore, the meaning of a unit U is given by the denotational meaning of sc, the body of
class C,, supplied with (@), denoting the name of the first active object, and with p,, the empty con-
tinuation.

Comparison with [ABKR86(b)] )

There are some differences between the denotational semantics <@g,%s>> presented here and the

denotational semantics given in [ABKR86(b)]: The former model is given as the fixed point of a con-
traction ¥y and does not use so-called environments to deal with process creation (new(C)) and the
meaning of the execution of a method (answer m); the latter model is defined without the use of a
contraction and does use environments. In [ABKR86(b)], the semantics of a unit U is given with the
help of a special environment yy, which contains information about the class and method definitions
in U and is obtained as the fixed point of a suitably defined contraction. Another difference is the
way the loop statement is treated: In this paper, the definition of its semantics fits smoothly in the
definition of <%g,%s> as a fixed point. In [ABKR86(b)], a contraction is defined especially for this
case.
Another way to express these differences is that the three constructs for recursion present in POOL
(i.e., the new expression, the answer and the loop statement) are treated here by means of one fixed
point definition, whereas in [ABKR86(b)], environments are used for the first two forms of recursion
and a specially defined contraction for the last one. However, we state (without proof) that the two
definitions are equivalent: it is straightforward how to translate the one approach into the other.

An additional difference between the denotational semantics of a unit given here and the one
presented in [ABKR86(b)] is the presence of a semantic representation of the standard objects in the
latter, whereas these are not treated in this section. As mentioned before, we do not treat standard
objects now because we want to concentrate on the correctness proof. In order to show, however, that
our proof (to be presented in section 7) can also deal with standard objects, we shall extend, in
Appendix III, both our operational and our denotational semantics with a semantic representation of
standard objects, and prove that the correctness result still holds for these extended models.

6. AN INTERMEDIATE SEMANTICS )

After having defined an intermediate semantics Oy for 95, (LStat) and a denotational semantics Dy
for Ly and Lg we shall, in the next section, discuss the relationship between the two. As we did in
section 2, we shall compare §; and %y by relating both to an intermediate semantics
Ou’: Pfin (LStat)— P, the definition of which is the subject of this section.

DEFINITION. 6.1 (Intermediate semantics Oy’)
Let Ue Unit. Let Oy’: 9, (LStat)—P be given by
Oy’ = Fixed Point (®y’),
where
Dy’ (% (LStat)—>P)—>($g, (LStat)—P)
is defined, for F e@ﬁ,(LStat)—af and X €%, (LStat), as follows.
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If VaVs [(a,s)e X=>s =E], then ®'(FYXX)=p,. Otherwise we have
@y (FYXX)=Mo(CrUSFUAF)

where

Cr = {<d,F(X)>: <X,0> —U, 1> <X',0'>},

Sp = (<B1,m B, AB-F({(e,(B)}), F(X")>:

<X,0> —U, (a,8!'m(B))» <{(a,})} UX',0>},

Ar = {(<a,m,gn>: <X,0> —U, (a?m)— <{(a,5)}UX",0>}
with

gn = MBAF(NG{ <8, Dlend(@NB MG (<&, fBVIF(((@,))>))>) | (X)),
and

o = o{B/a,u,),
0 = o{0y(a)(Up)/ ety },
n. =<uy,e,> €U

(It is straightforward to show that @' is a contraction.)

The function 0y’ differs from the operational semantics Oy in two ways. First, its range is the
semantic universe P, which is used for the denotational semantics 9y, instead of P, the semantic
universe of Oy: For every set X €%, (LStat) the function Oy’ yields a process Oy'(X)€ P, rather than a
function from states to sets of streams of states. Secondly, in addition to the computation steps (indi-
cated by the set Cr above) single-sided communication steps are present in 0y'(X) (indicated by Sr
and Af, for send and answer steps), whereas Oy(X) contains only computation steps. On the other
hand, the similarity between the definitions of Oy and 0’ is obvious: both are based on the transition
relation —U— for %4,(LStat).

At first sight, two facts regarding the relation between ¢’y and 9y can be mentioned. First, they
have the same range, that is, the semantic universe P of processes, in which single-sided communica-
tion actions are visible. Secondly, %y is defined compositionally with the use of semantic operators
(like the merge ||), whereas the definition of Oy’ is based, as was mentioned above, on the transition
relation —U—s.

In the next section the relationship between Oy, Oy’ and @, will be formally expressed. Let us, for
the time being, try to elucidate the definition of Oy’ above by explaining what communication steps
are present in Oy'(X).

Corresponding with every send transition of the form

<X,0> —U, (a,1'm(By))~> <{(a. )V X",0>
the set Oy'(X)(0), for a state 02, contains a send step of the form
<Bi, m, B2, N8Oy ({(, Y/(B))}), O (X")>.

Here B,, m and B, indicate that a message specifying the method m with parameter B, is sent to the
object B,. The dependent resumption of this send step is AB-Oy’({(e,¥4B))}): the meaning of the state-
ment that will be executed by « as soon as it receives the result 8 of the message. The last component
of this send step, the independent resumption, consists of Oy’(X’), which is the meaning of all the
statements executed by objects other than a. Thus it is reflected that these objects need not wait till
the message is answered; they may proceed in parallel.

Next, 0'(X)(0) can contain some answer steps. For every answer transition
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<X,0> —U, (a’m)-» <{(a,5)}UX",0>
the set Oy'(X)o) includes an answer step
<a,m,g,>,

with g,, as in the definition above. It indicates that the object a is willing to answer a message specify-
ing the method m, while the resumption g,, indicates what should happen when an appropriate mes-
sage arrives. This function g,,, when supplied with a parameter 8 and a dependent resumption f (both
to be received from the sending object), consists of the parallel composition of the process 0;'(X")
together with the process

Xo-{ <7, Veleml(@ABNG- (<3, fIBNO'({(@5)})>})>} .

(Note that we have used the function %y here; the definition of Oy’ therefore depends on its
definition.) The process Oy'(X") stands for the meaning of all the statements executed by objects
other than the object a: these objects may proceed in parallel with the execution of the method m, the
meaning of which is indicated by the second process. Its interpretation is the same as in the definition
of &gl answer m J(a)p) in the previous section but for the fact that here the last resumption of this
process consists of f(8)I19y'({(a,s)}): the parallel composition of the dependent resumption of the
sender (supplied with the result 8’ of the method m) and the meaning of the statement s, with which
the object a will continue after it has answered the message.

7. SEMANTIC CORRECTNESS

We are now ready to establish the main result of this paper. We shall relate the operational seman-
tics Oy and the denotational semantics 9y by first comparing Oy and 0, the intermediate semantics
defined in the previous section, and next comparing 6y’ and 9. These relationships will be formally
expressed by means of suitably defined abstraction operations. From this we shall deduce the fact that

[Ulo= abstr(IUla),

where abstr: P—P is such an abstraction operation.

Part 1: Comparing 6y and Oy’ _ _
We start with the definition of abstr: P— P, which relates the semantic universes P and P of Oy and
oy

DEFINITION 7.1 (Abstraction operation abstr) _
Let abstr: P—P be defined as follows. We set abstr(pg)={e}. If peP \ {py}, then

@) i po)n Comps=2
abstr(p)=>\o-{ U (0"abstr(p’X0’): <o’,p’>ep(0)} otherwise,

where Comps =S X P. (Formally, we - can define this operation correctly by giving it as the fixed point
of a suitably defined contraction on P—P: See Appendix II for an extensive formal treatment of the
function abstr.) :

The function abstr transforms a process pei into a function abstr(p)eP=2-%,.(Z§), which
yields for every o€X a set abstr(p)(o) of streams. (If one regards the process p as a tree-like structure,
these streams can be considered the branches of p.) If p(6)N Compp= @, that is, if p(o) is empty or
contains only single-sided communication steps, then we have a case of deadlock because, operation-
ally, single-sided communication is not possible. Therefore we then have: abstr(p)Xo)={3}. If, how-
ever, p(o) does contain a computation step <d’,p’>, then we have: o’-abstr (p'Xo’)C abstr (pXo).
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The changed state o’ is concatenated with abstr(p’}(o’), in which o’ is passed through to abstr applied
to p’, the resumption of <¢’,p’>. Thus the effect of different state transformations occurring subse-
quently in p is accumulated.

Next, we use the operation abstr to relate &y and @'

THEOREM 7.2 (Relating ®y and ®y’): VF E@ﬁ,,(LStat)—J_’ [@y(abstr °<F)= abstr ° (®y'(F))]

ProoOF
Let F E@ﬁ,,(LStat)—»f, XeP4,(LStat) and o€Z. Suppose —VaVs[(as)eX=s=E] If
~<X,0> —U, 1 —, then

@y (abstr o-FXXXo)={d}
= abstr(@y'(FXX)Xo)
since ®y'(FY(X)X0) N Comps= 2. (Recall that Comps ==X P.) If <X,0> —U, 7— we have
@y (abstr oFY(XXo) = | {0 (abstroFYX')o'): <X,0> —U, 7— <X',0'>}
U (o' (abstr(FYX)Xo'): <X,0> —U, 1 <X',0'>}
[ see definition 6.1]
abstr(A\o-Cr)o)
= abstr(\o<(Cr U SrUAF))o0)
= abstr(®y' (FXX)Xo)
= (abstr ° @y (F)YXXo).

Since ®; and ®;’ are contractions and thus have unique fixed points, the following corollary is
straightforward:

COROLLARY 7.3: Oy = abstr o O/

Part 2. Comparing Oy’ and Dy. _
In order to compare Oy’: ¥4, (LStat)»>P and DyeQpXQs we define an extension of Dy
(=<%Dg, Ds>>) in two steps. First, we define Dy’ (=<', Ds'>)e Q' X Qs’, with

Qr’ = Lg’—»AObj— Contg 1P,
Q' = Lg'—>AObj— Conts —'P,

which is as %y but with the extended sets of expressions and statements, Lg’ and Lg', for its domain.
(Recall that Lg’ is used in the definition of LStat = AObjXLs') Next, we extend 9y’ to
Dy: Ppin (LStat)—P, which takes sets of labelled statements for its arguments.

DEFINITION 7.4 (%Dy")

Let ¥'y: (@' X Qs")— (Qr’' X Qs’) be defined as follows. For F=<Fg, Fs>, we denote ¥'y(F) by
F=<Fg, Fs>. Let acAObj, pe Contg=P and fe Contg =O0bj—P. Now F is defined similarly to
¥ /(F) (definition 5.3) but with the following clauses added:

Fe(BXaXf)=/(B), for BcObj D AObj,
- Fe((e,p)XaXf)=Fg(eXa)AB-Fe(@B)XaX/))
F(EXa)p)=p
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Fs (release(B,5)Xa)p)=p|IFs(sXBXpo)
Fs((e, ¥)XaXp)=Fr(eXa)AB-Fs(UB)XaXp))
Finally, we set
Dy =<Dg’, Ds'>
= Fixed Point (¥'y).

The meaning of (e, ) is obtained by first evaluating the expression e, then substituting the result 8
into the parameterized expression ¢ and finally evaluating the expression ¢(B). The interpretation of
Ds’I(e,¥)] is similar. In Dg'[release(B,s)l(a)p), the meaning of the statement s (when executed by the
object B and with the empty continuation p,) is computed and composed in parallel with the process
P, the continuation of the release statement.

DerFINITION 7.5 (D) _
Let Dy: Pp,(LStat)—P be given by

Dy=(Dy),

where ~: (QgXQs) — (‘?f,,,(LStat)—ai) is defined as follows: If F=<Fg, Fg>, then ~(F), here
being denoted by F is given by .

F({(@,51), - - - 2 (@,5K) )= Fs(siXar Xpo)ll - - - | Fs(si Xaw )po)-
(We put F(8)=p,.)

Note that we have: F(XU Y)=F(X)IF(Y).

The omission of parentheses in the parallel composition above is justified by the fact that || is asso-
ciative.

Given a finite set X of labelled statements (a,s;), the value of Dy(X) is obtained by first computing
the semantics of every labelled statement (a;,s;)€ X. This is given by 9ss;1(a;}(po), where the label o;
indicates the name of the object executing the statement and where p, indicates that after s; nothing
remains to be done. Next, all the resulting processes are composed in parallel.

Now that we have extended the domain of 9Dy to ¥4,(LStat) we are ready to prove the fact that
Dy=0y’. It is a straightforward corollary of theorem 7.7 below. The proof of this theorem makes use
of the following

LeMMAa 7.6
For all acA0bj and Y€ Lps we have:

VB [20'@uX{(@¥B))) = Dy({(@UBNN] =
VeeLg' [0/ (DuX{(a(e ¥))}) = Du({(as(e,¥)))]

PROOF
The proof uses induction on the complexity of expressions. We treat two simple basic cases, being
(lazy and) confident that these will show the reader how to proceed in the other cases. So let
a€AO0bj and Y€ Lps and suppose

VB [0 (DuX{(@¥B))) = Du({( BN}

For e =B we have

O DX {(@ BN} = S’ DyX{(@UB)})



276

= [ hypothesis ]
Dy({(e.¥(B)})

= D'TYB(e)po)

= D TBNe)po)

= Dy({(. (BN}

if e= B,'m(B,) then
Oy’ DX {(@,(B1!m(B2):¥))}) = Ao-{<B1,m, B, ABDy({(xUB)}), o>}
= Ao-{<B1,m, B2,AB-Ds'IYB)(aXpo), po>}
= D/IBI N @AL' D TB I @)ANB 1
Ao {<B'v,m, B2, AB-Ds'THBa)po), po>)))

= De'LB: !m(B2)N(@)AB-Ds TR ()P o))
= LB !m(By), V)I(@)(po)
= Dy({(a(Br!m(B2), ¥N)}).

THEOREM 7.7: ®y'(Dy)=Dy

Proor
We show: VX €FPg,(LStar) [@y'(DyXX)=Dy(X)], using induction “on the number of elements in X.

Case I: X={(a,s)}, with acA0bj, seLs'.
The proof uses induction on the complexity of the statement s. We treat some typical cases.
(i) answer m:
Oy’ (Dy){(a, answer m)})= Ao-{<a,m,g,>}
with
8n= ABAfXG{ <0, Dplen)(@MBAo-{ <0, BN Dp({(e. E)})>})>)
= MM { <7, Delenl@ABNo-{ <7, f(B)>))>)

(and o’ and o’ as in definition 6.1). If we compare this to the definition of Dsfanswer m]
(definition 5.3(S3)) we see

Ao-{<a,m,g,>}= Dslanswer m}(a)(po)
= DY({(c, answer m)))
(ii) x<«e: we distinguish two subcases. First , if e=48, then
BN {(@xB))) = Ao-{<o{B/a,x},po>)
= A '[BH@)ABA(<o{B/a,x}, po>))
= Bs'[x—Bl(a)po)
= Dy({(@,x<B))
If e Obj, then:
S/ (DyX{(a,x<e)}) = [ definition —U—> ]
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Oy’ (DyX{(a(e;Aux —u))})
= [ see (v) below ]
v({(a,(e;Auxu))})
= Dp'el(a)AB-Ds’[x Bl (a)po))
= Og'[x—el(a)Xpo)
= Dy({(a,xe)}).

(iii) s,;5: case analysis for s,.
(iv) do e then s od:

O,/ (DyX{(a, do e then s od )})
= Ao-{<0,Dy({(a, if e then s;(do e then s od) else E fi )})>}
= Xo-{<0,D'[el(a)}AB- if B=1t then
Ds'Is)(a)XDs’Ido e then s odl(a)po)) else po fi )>}
= 9g'[do e then s odl(a)po)
= Dy({(a, do e then s od )}). .
(v) (e ¥): by induction we have that the theorem holds for (a,y(B)), for every BeObj. Now we can
apply lemma 7.6.
Case 2: Xe9, (LStat) and X has at least two elements.
Suppose we have two disjoint sets X; and X, in 94, (LStar) with X=X, UX, such that
Dy (DuXX)=Dy(X)
for i=1,2. Assume X, X,7{<a;,E>, ..., <a,,E>}. We shall show that from this induction
hypothesis it follows that
D' DYXX1 U X2)= Dy(X, UXy).

(This is proved in very much the same way as the fact that <I)’(‘.©)(p)=°-D(p) and <I>’(°~D)(1r)=6~D(w) implies
@'(DYp" ) =Np" 7), which occurs in theorem 2.14 of section 2.)
From the definition of — U—> (definition 4.8, rules 10 and 11) it follows that

Py@BYNX1UX2)= Ao (X] UXZ UZ).

Here
X} = (<, DX 1 UXy)>: <X}, 0> —U, 7> <Xy, ¢'>}
U{<Bi, m, B2, NBDy({(a, UB)Y), Dy(X) U Xz)>:
<X1,0> —U, @B !'mB)— <Xi'U{(@y)),0>)
U{<a,mgn,>: <X,,6> —U, (alm)» <X,'U{(a,5)}, 0>}
with

gm = ABAf(o{ <7, Delen(@ABNo-{ <, fBYIDy({(e:5)}))>))>}
II Dy(X1' U X,))

and e,,, @ and ¢ as in definition 6.1. The set X3 is like XJ but with the roles of X, and X, inter-
changed. Finally,
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Z = (<o, Dy({(B1, (em> Au-(tn—02(B1 u); release (a,(u)); 5))} U X' UX2)>:
<X,0> —U, @Bi'm(B)—> <{(@$))UX/, 0> and
<X,0> —U, (BiIm)—> <{(B,9)}UX/, o>, fori=1, j=2ori=2, j=1}

(and o'=0{B,/B1, Upn}, me=<u,, e,>ecU). The steps in X7 correspond to the transition steps that
can be made from X; U X, as a result of a transition step from X; (by an application of rule 10 in the
definition of — U-), for i=1,2.

The set Z contains those steps that correspond with a communication transition from X, UX,
which results from a send transition from X; and an answer transition from X; (for i=1, j=2 or
i=2, j=1) by an application of rule 11. ‘

Now we have

X1 = @y (DyXX 1 M)l Dy(X>),

X3 = &y’ QXX Dy(X)),
Z= 0" (WX X1)0)|s Pu'(DuXX2X0).
The proofs of these facts are not difficult (but tiresome and therefore omitted). It follows that
By'(DuNX1UX) = Ae(X]UXIUZ)
= A (@' (DX )L Dy(X2)U -
Oy (DN X2 X)L Dy(X1)U
- Oy @XNX2)(0))e DU (DN X2)0))
= [ induction hypothesis ]
Ao (Dy(X 1 X)L Dy(X2)U
(X2 Xo)L Dy(X1)U
(X1 )0)|e Du(X2)0))
= [ definition || ]
V(X DIDY(X2)
= Dy(X, UX3).
This concludes the proof of theorem 7.7. o

Since Oy’ and Dy are both fixed points of the same contraction ®’, they must be equal:
COROLLARY 7.8: O/ =y,

Part 3. Collecting the results
We have proved that Oy = abstr o Oy’ and that Oy’ =9},. Thus

THEOREM 7.9: Oy = abstr ° Dy
From this theorem we deduce the main theorem of this paper:

THEOREM 7.10: [Ulg = abstr({Uls)

PRrROOF
Let U=<(..., Cye=sy), ... >. Then
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U)o = Oul{((2), s)}1 .
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APPENDIX I: MATHEMATICAL DEFINITIONS

DEFINITION A.1 (Metric space)

A metric space is a pair (M,d) with M a non-empty set and d a mapping d:M X M —[0,1] (a metric or
distance) that satisfies the following properties:

(a) Vx,yeMld(x,y)=0« x =y]

(b) Vx,yeMld(x,y)=d(y,x)]

(©) Vxp,zeMld(x,y)<d(x,z)+d(zy)]

We call (M,d) an ultra-metric space if the following stronger version of property (c) is satisfied:

(©) Vx,y,zeM[d(x,y)<max{d(x.z),d(z,y)}}

Please note that we consider only metric spaces with bounded diameter: the distance between two
points never exceeds 1.

ExAMPLES A.1.1

(a) Let A be an arbitrary set. The discrete metric d, on A is defined as follows. Let x,y €4, then
0 if x=y

UEY) =11 if xty.

(b) Let A be an alphabet, and let 4> =A"UA" denote the set of all finite and infinite words over A.
Let, for xeA®, x[n] denote the prefix of x of length n, in case length(x)=n, and x otherwise.

We put
d(x,y)=2"swn:xln=yl]}

with the convention that 2~® =0. Then (4 ®,d) is a metric space.

DEFINITION A.2
Let (M,d) be a metric space, let (x;); be a sequence in M.
(a) We say that (x;); is a Cauchy sequence whenever we have:
Ve>0 INeN Vn,m>N [d(x,,xn) <€)
(b) Let xeM. We say that (x;); converges to x and call x the limit of (x;); whenever we have:
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Ve>0 INEN Vn>N [d(x,x,)<e.
Such a sequence we call convergent. Notation: lim,_,, x; =x.

(c) The metric space (M,d) is called complete whenever each Cauchy sequence converges to an ele-
ment of M.

DEFINITION A3

Let (M,,d,),(M,d) be metric spaces.

(a) We say that (M,,d,) and (M,,d,) are isometric if there exists a bijection f:M;—M; such that:
Vx,y eM, [dy(f(x),fly))=di(x,y)]. We then write M;=M,. When fis not a bijection (but only
an injection), we call it an isometric embedding.

(b) Let f:M,—>M, be a function. We call f continuous whenever for each sequence (x;); with limit x
in M, we have that im;_, . f (x;)=f (x). )

(c) Let A=0. With M,—~* M, we denote the set of functions f from M, to M, that satisfy the fol-
lowing property:

Vx,yeM, [day(f (0).f () <A-di(xp))

Functions fin M,—'M, we call non-expansive, functions f in M;—‘M, with 0<e<1 we call
contracting.

(For every A=0 and feM;—*M, we have: fis continuous.)

PROPOSITION A.4 (Banach’s fixed-point theorem)

Let (M,d) be a complete metric space and f:M—M a contracting ﬁmctwn Then there exists an xe M
such that the following holds:

(1) f(x)=x (x is a fixed point of f),

2) VyeM [f(y)=y = y =x](x is unique),

() VxoeM [lim, .. ®(xo)=x} where f®*+D(xo)=/(f™(xo)) and fO(xe)=xo.

DEFINITION A.5 (Closed and compact subsets)

A subset X of a complete metric space (M,d) is called closed whenever each Cauchy sequence in X has
a limit in X and is called compact whenever each sequence in X has a subsequence that converges to
an element of X.

DEFINITION A.6

Let (M,d),(M,d)), . . . ,(M,,d,) be metric spaces.

(a) With M,—>M;, we denote the set of all continuous functions from M, to M,. We define a
metric dr on M, —M, as follows. For every f1,f,eM,->M,

dr(f1,f2)=supsem, {d2(f1(x), f2(x))}.

For A=0 the set M, —*4M, is a subset of M,—M>, and a metric on M,—*M, can be obtained
by taking the restriction of the corresponding dy.

(b) With MU --- UM, we denote the disjoint union of M,,...,M,, which can be defined as
{1}XM U --- U{n}XM,. We define a metric dy on MU --- UM, as follows. For every
x,yeM,U - UM,

d(x,y) if x,ye{j}xXM;, 1<j<n
dy(xy) = otherwise.
(c) We define a metric dp on M X - - - XM, by the following clause.
For e"ery (X], e )xn)v (}’1, e ,}’.,)EM| X XM,,

dp((x1, - - -, X0), (15 - - - »yn))=max; {d(x;,y;)}.

(d) Let Pupsea(M)={X: XCMAX is closed}). We define a metric dy on @j5.q(M), called the Haus-
dorff distance, as follows. For every X,Y €9,,eq(M) with X, Y52
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dy(X,Y)=max{sup, cx{d(x, 1)},5up, ey (7, 1)}),

where d(x,Z)=%inf, . 7{d(x,z)} for every Z CM, xeM. For X5~ @ we put
dy(8,X)=dy(X, 2)=1.

The following spaces
FBeompact(M) = {X: XCM A X is compact}
Pncompact(M) = {X: X CM A X is nonempty and compact}

are supplied with a metric by taking the respective restrictions of dy.

(e) Let c€[0,1). We define: id(M,d)=(M,c-d).

PROPOSITION A.7

Let (M,d), (M,\,d,), . .. ,(My,d,), dr, dy, dp and dy be as in definition A.6 and suppose that (M,d),
(M\,dy),...,(M,,d,) are complete. We have that

(@) (My>M,,dp), (M,~" My,dp),

(b) (Ml u--- UMn’dU)r

© (M X -+ XM,,dp),

@) Petosea(M),d1r), (Feompact(M),dp) and (Fncompac(M),dpr)

are complete metric spaces. If (M,d) and (M;,d;) are all ultra-metric spaces these composed spaces are
again ultra-metric. (Strictly spoken, for the completeness of M1 —M, and M,—" M, we do not need the
completeness of M. The same holds for the ultra-metric property.)

The proofs of proposition A.7 (a), (b) and (c) are straightforward. Part (d) is more involved. It can
be proved with the help of the following characterization of the completeness of the Hausdorff metric.

PROPOSITION A.8
Let (P 1o5ea(M),dy) be as in definition A.6. Let (X;); be a Cauchy sequence in Djp5eq(M). We have:
lim;_,  X; = {lim;_, X;|x; €X;, (x;); a Cauchy sequence in M}.

The proof of proposition A.8 can be found in [Du66] and [En77]. The completeness of the Hausdorff
space containing compact sets is proved in [Mi51].

APPENDIX II: THE FUNCTION abstr
The definition of abstr: P—P can be viewed as a fixed point characterization of a somewhat
differently and more intuitively defined operation

abstr*: P—P,
which we introduce below. Next, we show that abstr =abstr*.
DEFINITION IL.1 (abstr*)

Let peP and €2, and let weZ¥.
(1) We call w a finite stream in p (o) if there exist <oy,p;>, . .., <0,,p,>> such that

W =0y -+ 0, AVI<i<n [<0;+1,pi +1> €Pi(6:))] A <01,p1 > €p(0) A p=Po.
(2) We call w an infinite stream in p(o) if there exist <o,,p;>,<0;,p,>>, ... such that
w=010; - -+ AVI<i [<0;41,pi 41> €pi(0)] A <01,p1>€p(0).
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(3) We call w a deadlocking stream in p(o) if there exist <o,,p;>, ..., <60,,p,> such that
w =0 0,0 AVI<i<n [<0;41,pi+1>€pi(0)] A
<o0),p1> €p(0) A paFPo /\p,,(o,,)ﬂ(ZX;)= 2.

Now we define a function abstr*: P—P by
abstr’ (p) = Ao-{w: w is a stream in p(0)}.

We have to verify that for every peP and o€X the set abstr*(p)Xo) is compact. This is not trivial
and is proved in theorem IL3 below (which is a slightly generalised form of lemma AIl4 in
[BBKM84]). The fact that we use in the definition of P compact subsets rather than closed ones is
essential for the proof. (For a process domain defined with closed subsets, [BBKM84] provides a coun-
terexample of the theorem.)

In the proof of theorem I1.3 below, we need the following lemma:

LemMa 112 _

Let g=1im,_, gy, for q,q,€P: assume (without loss of generality) that for all n=0
d(g,gn) <27C V.

Let 6€Z and let (w;); be a sequence in Z§° with w; abstr®(g;Xo), for every i=0. Then
Vn 3u [w,[ntueabstr* (gXo)].

PROOF .
Let wy[n]=o0; - - - 0,. (In the case of termination or deadlock the rest of the proof is analogous to this
case.) Now there must be ¢, . . .,g" with

<01,4' >€g,(0) and <o;11,4' "' >eqi(o))
for 1<<i<<n. We shall show that there are 5', e ,q" with <ol,'q" >egq(o) and <a,-+,,§i+1 >e§i(o,-)
for 1<i<n. We do this inductively: For i=1 we observe that d(¢,g,)<2""*", so
d(q(0),gx(0))<27"<}. Because <0,,q' >€q,(0), there must be ag with
<01, >eq(0) and d(g',7")<27".
For the inductive step, let 1<i<n and let §' be such that d(g',7 )<2~"*D*/. Then
d(g'(0),F (e))<2"+i<k,
Because <o; 41,4’ *!>eqi(0;) there must be ag ' with
<o+1,§ > (o) andd(git,g T )<2 "+,
With q‘, N ,ﬁ" suitably chosen, we can take ueabstr'@")(o,,) arbitrary, and then w,[n]-u will be
in abstr* (qXo).
THEOREM I1.3: For every p €P and o€X the set abstr’ (pXo) is compact.

PROOF

Let (w;); be a sequence in abstr*(p)o). We shall show that there exists a subsequence of (w;); that has
its limit in abstr*(p)o). First we introduce some notation: For an arbitrary word weZf, w <k >
indicates the word that is obtained from w by omitting the first k elements. We call po=p, 0p =0 and
fo=idy, the identity function on the set of natural numbers. We shall inductively construct for every
n=0 a function f,:N—N, a process p, P, and a state o, such that:
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L. Vi=0 [wln]=0, - - - 0,]
2. Vi, 0<i<n [ <o0; +1,pi +1>€pi(0;) ]
3. 3(wi); in abstr® (paX0,) Vi=1 [vilil=wy ) <n>[i]]
4. f, is monotonic and there exists a monotonic h with f,=f, —°h.
Once we have constructed such sequences (f,),, (P), and (o,),, we are done: We can define
&) = £i().
This function is monotonic and we have
lim;_, o, woy = 0107 - - -

Since ;-0 - - - €abstr*(p)(o) we thus have found a subsequence (wg(;)); of (w;);, which has its limit in
abstr* (p)(o).

The construction is as follows: Suppose we are at stage n=0. Let (v;); be a sequence in
abstr’ (p,Xo,) satisfying property 3. above. Let for every i=1

.

Then there as ¢i, g¢b, . . . eP with
<7i,q} >ep,(0,), and
Vj=1[<7i1.4;+1>€qi()]

Since the set p,(o,) is compact, the sequence (<t},q} >); has a converging subsequence, which is
given by, say, the monotonic function h and which has a limit, say <, > in p,(0,). We may assume

Vji=1 [V =1 A d(gi¥,q)<270+D),
Now we take
Pn+1 =4, Opy] =T, f;x-H =fn°h-

In order to show that this construction works, we have to verify that p, 4, 6,4, and f,+, again
satisfy properties 1. through 4. above.
1. We have for every i=1:

Waoln 1= we olnlwy, o0 +1)
=01 0wy, )y <n>(1)

=0y Oy pg(1)

= 01" OpOp4y.

2. We have <o, 41,pp+1> = <T1,4>> €py(0,).
3. In order to prove this property, we are going to apply the following version of lemma I1.2: For
all g, q1, ¢q2, .. .€P, and for all x;, x,, ... €2F,

Vi=1[d(g,q)<2"¢*V A x;€abstr’(g;}o)] =

3(y,), in abstr* (g¥o) Vi=1 [yili] = x[i]].
This we now use: Since

Viz1[d(p,+1,419)<27¢*D A vy <1>eabstr (19 X0, +1)]
there must exist a sequence (v;); in abstr’ (p, +1 X0, +1) With

Vi1 [v/i] = vy <1>[i]].
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Now
Vh) <1>[i] = w)lh (D)I<1>[i]
= wi,o<n>h@OI<1>[]
= wy, op<n><1>[i]
= w, o<n+1>[i}]

(Here we have used twice the fact that h(i)>i, for all i=1.)
4. By definition.
This concludes the proof of theorem II.3.

Next we show that the function abstr:P—P, given in definition 7.1, can be defined as the fixed
point of a contraction.

DEFINITION I1.4 (Formal definition abstr) _
We define Z:(P—'P)—>(P—'P); let FEP—-'P, PeP and 0e=. We put
E(F)poXo) = {e},
E(F)pXo) = {3}, if p(o)N Compp=2.
Otherwise, we set
E(F)XpXo) = U {o"F(p')o'): <o, p'>€p(0)}.
Finally, we define
abstr = Fixed Point(Z)

It is straightforward to show = is contracting. The fact that for every peP and o€Z the set
E(FXpXo) is compact needs some explanation. In order to prove this, it is convenient to adapt the
definition of X a little. Recalling that P =Z—%,,,(Z§) we define

Z: (PXZ)" Breomp(CE)) = (P XD Feomp(ZF)),

where the superscript 1 above the arrow indicates that we consider only non-expansive (and hence
continuous) functions, by

E(FX<p,0>) = (J{o"F(<p',0'>): <d',p'>€p(0))}.
Now

Z(FX<p,0>) U ({dF(<p',o>)}

<d',p'>ep(0)
y (0" {F(<p',0'>): <d’,p'>e€p(0)})

]

l}) (o""F({<p',0'>: <d’,p">€p(0)}))
This union can be seen to be compact by first observing that from the compactness of p it follows
that the union is finite: the set
{o": 3p’eP[<d’,p’>ep(o)]}
is finite. The compactness of p(o) further implies the compactness of the isomorphic set
{<p',o’>: <d,p'>ep(0)},
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for every o’eX, which is preserved under the continuous mapping F and the concatenation with o’.
So we have a finite union of compact sets, which is again compact. Now the compactness of
E(F)Xp)o) follows straightforwardly from the compactness of Z'(F'{<p’,¢’>), for arbitrary F’,p’
and o’. The fact that Z(F) is again non-expansive is also easily verified.

We conclude this appendix by showing that abstr and abstr* are equal:

THEOREM IL.5: abstr =abstr*

ProoF: Consider p eP— {Po} and o€Z such that p(e)N(Z XP)s@. Then:
weabstr* (p)o) < [definition abstr*]
Io’'eZIW' ey Hp’eﬁ [w=0o"w’ Aw'eabstr*(p'Yo")]
<> [definition =]
w e Z(abstr)(p Xo).

The other cases are easy. We see: abstr® =Z(abstr*). Because E is a contraction the theorem follows.
(Note the similarity of this proof and the one of theorem 4.14.)

APPENDIX III: STANDARD OBJECTS

We want to extend the language under consideration with a few standard classes of so-called stan-
dard objects, namely the classes Boolean and Integer. On these objects the usual operations can be
performed, but they must be formulated by sending messages. For example, the addition 23+ 11 is
indicared by the send expression 23! add (11), sending a message with method name add and parame-
ter 11 to the standard object 23. The set of expressions Lg, given in definition 3.1, is extended with
these standard objects:

e::= x|u|e,!m(e;)| new(C)| s;e| self| a,
where ae SObj, with
SObj = ZU{n, ff}.
Recall that we already defined (in definition 4.1):
Obj = AObjU SObj
(= AObjUZU({1t, f}).

Intuitively, the evaluation of the expression a, with acSObj, results in that object itself. For
instance, the value of the expression 29 will be the integer 29.

Below, we shall first extend the definition of the operational semantics, next we adapt the definition
of the denotational semantics (following [ABKR86(b)]), and finally we shall prove that the
equivalence result of section 7 still holds.

I11.1 Standard objects in the operational semantics
We extend the set L, given in definition 4.2, with the standard objects:

e::= x|u|e;!m(e;) new(C)| s;e| self] | (e, $),

where now a€Obj =A0bj U SObj.
Next we add to the set of labeled statements (definition 4.5) an abstract element S, that represents
all standard objects and for which transitions will be specified in a moment:

LStat* = LStat U {S,).



287

The following transitions are possible from S;:
<{S:}, 0>—nladd—><{(S,}, 0>
<{S$:}, 0>—nlsub—><{S;}, 6>
<{S:}, 0>—brand—><{S;}, o>
<{S$;}, 6> —-blor-»<{S,}, 6>
<{S;}, 6>—bMot><(S,}, 6>

for every neZ and be{t, ff}. (This list can be extended with transitions for other operations.)
Communication with a standard object is now modeled by the following transitions:

If <{(a,s)}, 0>—(a,n'add (m))»<{(a,})}, 0>

then <{(a,s), S;}, 0> —y—><{(a, Y n +m)), S;}.

If <{(a,s5)}, 6>—(a, by'and (b2))»><{(a,¥)}, 0>
then <{(a,s), S;}, 6>—y-><{(a,Y(b) Ab3)), S;}, 6>,

and by similar transitions for the other operations. The result of, for example, an addition of the
integers n and m is computed and passed through to the parameterized statement of the object
requesting the execution of the method add.
Finally, the operational semantics of a unit (definition 4.11) is changed by taking into account the
standard objects; we put
[mﬁ = OU[{(I’(Q)’Sn)v SI}]

(In the operational semantics defined in [ABKR86(a)], the standard objects are treated somewhat
differently. There no special rules are given for the communication with a standard object; instead,
some axioms are added that replace in one step a send expression that addresses a standard object by
the corresponding value of the result.)

111.2 Standard objects in the denotational tics
The denotational meaning of a standard object a€Lg is given by

Delad(BYS) = fla),
where BeAObj, and feContg. _

We follow [ABKR86(b)] in introducing a process ps, P that represents the denotational meaning
of the standard objects. For this we have to adapt our semantic process domain P. In definition 5.1
the domain P is given by

P =(po} U idy(Z—>Fcompaci(Stepp)).

In order to let the standard process pg,, to be defined below, fit into our semantic domain nicely, we
are forced to use closed subsets of steps rather than compact ones. Let us indicate the process domain
given in definition 5.1 by P,,. We introduce here P, which satisfies:

Py ={po) U idy(Z~>Peiusea(StepF.)).

We have, via an obvious embedding, that P,, CP,.
Next we introduce pg, € P,;, which represents the meaning of all standard objects. It satisfies the fol-
lowing equation:

Pst = Ao+ ({<n, add, gf>:neZ}u
{<n,sub, g, >:neZ}uU
{<b, and, gp>:be{n, ff}}U
{<b, or, gy>:be{n, f}}U
{<b, not, gz >: be{n, f}}),
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where
gF = A\BeObj’ \feObj—P- (if BeZ then f(n + B)lps; €lse ps, fi),
g~ =ABeObj" \feObj—P- (if BeZ then f(n — B)llps, else ps, fi),
gb = ABeObj* \feObj—P- (if Be{,ff} then f(bAPB)llps, else ps, fi)
g5 =ABeObj’-AfeObj—P- (if Be{tt,ff} then f(bVB)llps, else ps, fi)
gF = ABeObj" AfeObj—P- f(—b)lps:.

This definition is self-referential since ps, occurs at the righthand side of the definition. Formally,
Ps: can be given as the fixed point of a suitably defined contraction on P,. _ _

We observe that pg, is an infinitely branching process, which is an element of P, but not of P,.
This explains the introduction of P.

The operational intuition behind the definition of pg, is the following: For every neZ the set pg, (o)
contains, among others, two elements, namely <n,add,g} > and <n,sub,g, >. These steps indi-
cate that the integer object n is willing to execute its methods add and sub. If, for example by
evaluating n'add(n’), a certain active object sends a request to integer object n to execute the method
add with ;-arameter n’, then g, supplied with n’ and the continuation f of the active object, is exe-
cuted. We .. ve that gf (n’)f) is, by definition, the parallel composition of f supplied with the
immediate result of the execution of the method add, namely » +n’, and the process pg,, which
remains unaltered: g, (n’}f)=f (n +n’)l|ps,. (A similar explanation applies to the presence in ps,(c)
of the triples representing the booleans.)

The standard objects are assumed to be present at the execution of every unit U. Therefore we
adapt the denotational semantics of a unit (definition 5.4) as follows:

U1y = GDs[s,,](V(ﬂ))(po)lk)s,.

111.3 Semantic equivalence
Finally, we extend the arguments presented in section 7 in order to show that for the modified ver-
sions of [U)y and [Ulg, as presented above, we still have:

[U)y = abstr(IU}g).
We begin by adapting the intermediate semantics Oy’ ( definition 6.1), which will now be of type
0u': Ppm(LStat* )P,
We put:
Ou'({S:})) = psi
and for X C LStat* —{S,} (=LStat):
O/ (XU{S,}) = O’ (DIOy'({S: ),

with Oy’(X) as defined according to definition 6.1.
Next we extend the definition of abstr to an operation:

abstr* :Py—(E—>HEE)),

where abstr® is defined as in definition IL1. Please note, however, that for processes p€P, it is in
general not the case that abstr*(p)o) is a closed subset of 2%°. Fortunately we can prove the follow-
ing, which turns out to be all we need:

THEOREM II1.1: For every peP,, and o€2: abstr* (plps,Xo) is compact.
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ProOF
The proof is analogous the one for theorem IL3, given the additional observation that for every
PEP,, the set

@lpsXo)N(E X Py)

is compact, which we prove now.
According to the definition of || we have

(llps:Xe) = p(e)Lps: U psi(o)Lp U p(0)lpsi(o)
From the continuity of || and the compactness of p(o) it follows that
P@ILps)NEXPy) = (<, p'lps>: <, p'>ep(0))
is compact. Secondly, the set
@si(@)Lp)N(EXPa)
is empty. Finally, we show that
P(@)epsi (@) N(EX Par)

is compact. Consider a sequence (<o, ¢;>); in this intersection. We show that it has a converging
subsequence (<o, g¢;)>);. According to the definition of |, there exist sequences
(<a;, mj, B;, f;, pi>); in p(0) and (<a;, m;, g;>); in pg,(0) such that

9 = gB:XMHlpi.
Because p (o) is compact there exists a monotonic function k:N—N such that
(<agy, Migys Briiy, fetiys Prgiy™)i

is convergent. From the definition of the metric on P, it follows that we may assume that there exist
a,m and B such that for all i

Qi (i) = Qy My iy =m, and ﬁk(i)=B~

The definition of pg, implies that for every <a, m, g> in ps,(0) the function g is entirely determined
by a and m. Thus

(<owgy, MGy, B> = (<a m, geiy>) = (<a, m, g>);,
for some g. Suppose we have
S =lim g fiqy Ap = EmiLepig);
then <a,m,B,f,p>e€p(o) and
lim;_,, <0,g:> = <0,g(BX/lp> €((0)|opsi(@)N(EX Pur). O
COROLLARY II1.2: abstr® o0y’ €94, (LStat™ )>P
(Recall that P =2—F,ompea(Z5°).)
THEOREM II1.3: Oy =abstr* <Oy’
This theorem can be proved by showing that in addition to Oy also abstr®o0y’ is a fixed point of
. This can be done analogously to the proof of theorem 7.2. From this observation and the fact

that @, is a contraction the theorem follows.
The definition of 9Dy, which is given in definition 7.5, is also changed. It will be a function of type
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Dy: Ppa(LStat*)—P,
that is like the original Dy but for the clause that
Dy({S:) = psr-

A last step towards the goal of this third appendix, which is to prove the semantic equivalence of
the denotational and operational semantics with standard objects present, consists of the observation
that theorem 7.6, stating that

0”’(@;}) = ;]’

can be proved for the new version of 97 as well. The extended proof involves some new case analysis
(within Case 2), concerning the communications with standard objects. This being the last appendix,
this step being the last step towards our goal, and the author being only human, we omit the details
and state without proof:

THEOREM II1.4: (Extended version of 7.6): ®,'(Dy)=Dy
COROLLARY IIL5: (Extended version of 7.7): @ =9y,

Finally we are ready to prove the extended version of the main theorem (7.9) of our paper:
THEOREM II1.6: [U]py = abstr’([Ula)

ProOF
[ULe = oul{(n(2), s.), S:}}
= [theorem II1.3]
abstr’ (8y'({((X(B), 5,), Si}))

= [corollary IIL5]
abstr* (Dy({(N(2), ), Si}))
abstr* (Dsls, 1 2))po)llps:)
abstr* ([U]s). ]

Il
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In the semantic framework of metric process theory, we undertake a general investigation of fairness of
processes from two points of view: (1) intrinsic fairness of processes, and (2) fair operations on processes.
Regarding (1), we shall define a “fairification operation on processes called Fair such that for every (gen-
erally unfair) process p the process Fair(p) is fair, and contains precisely those paths of p that are fair. its
definition uses systematic alternation of random choices. The second part of this paper treats the notion of
fair operations on processes: suppose given an operator on processes (like merge, or infinite iteration), we
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1. INTRODUCTION

The most basic context in which the notion of fairness can be defined is that of a repetitive choice
among alternatives. In [F] the reader can find an elaborate introduction to the notion(s) of fairness,
with an extensive overview of the research in this area. Here “fairness” means that, in having to
choose repeatedly among alternatives, no alternative will be postponed forever. Usually a nondeter-
ministic programming language is taken as the context for such a study, especially the language of
guarded commands ([D])).

In this paper we propose a different approach, which could be called a semantic one, as opposed to
the language (or syntax) directed approach mentioned above. Our point of departure is a
semantic domain for nondeterministic languages in general, without limiting ourselves to the choice of
a particular language. Such a semantic domain will in general be a solution of some reflexive domain

equation
FP=P,

where F is a functor on some category of mathematical domains, and “="" means “is isomorphic to”.
Various techniques have been developed for solving this type of equation. We follow a metric

il
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8504296.
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approach, introduced by De Bakker and Zucker in [BZ1], and reformulated and extended in a
category-theoretic setting in [AR]. The category C under consideration consists of complete metric
spaces, and the functors on C are so-called contracting functors. These spaces are composed from
basic metric spaces (sets provided with the trivial 0-1 metric) by the operations of union, Cartesian
product, forming function spaces, and forming the set of all (closed) subsets of a given space. Exam-
ples would be complete metric spaces satisfying one of the following equations:

P=AU(BXP), or
P=AU(B—(CXP)),

where 4, B and C are arbitrary sets and = stands for “is isometric t0”. (Since elements of € are pairs
<P,dp>, consisting of a set P and a metric dp on P, domain equations over € should also specify a
condition on these metrics. In this introduction, however, we omit such details.)

Another example of a domain is a metric space P satisfying the domain equation:

P= {PO}U@CI(B XP)

(Here @,( - - - ) denotes the set of all closed subsets of (- - -).) Since this is the domain we shall use
in this paper as a starting point for our study of fairness, we discuss it in some detail. The (possibly
infinite) set B={b,,b,, ... } is called the alphabet of P. The elements of P are called processes. A
process p € F _s either pg, the so-called nil process, or a (closed) set of the form

p={<b,pi>|<b,pi>eBXP,icl}

for some set I of indices. (Here the set I represents the choice among alternatives.) Then p can be
regarded as a process that for each i€l can take a step b;, and then continues with the process p;
(called the resumption of b;). This is itself either p,, indicating that the process p has terminated after
performing step b;, or again a (closed) set of possible next steps and corresponding resumptions.

Roughly, one can think of these processes as tree-like entities. However, there are some differences.
Trees with a left branch labeled a and a right branch labeled b, and with a left branch labeled b and a
right branch labeled a, are identified, and both are represented by {<a,po>,<b,po>}. A tree with
only one branch labeled a is identified with a tree with two branches both labeled a. Furthermore, we
do not consider arbitrary subsets of B X P, but only closed ones. For an extensive comparison of trees
and processes we refer to [BK].

In our approach the elements of B, which are called basic steps, are atomic actions, whose possible
interpretations have been abstracted from. One such interpretation would be to associate a basic step
b; with each component of a guarded command, indicating that the i-th component of that command
is selected. Another interpretation would be to regard b; as an arbitrary action of the i-th component
of a system of (possibly infinitely many) active components, indicating that “progress” is being made
by that component. A context in which this interpretation makes sense is that of object-oriented pro-
gramming (see e.g. [ABKR]). The basic steps could also be thought of as being different possible
actions (e.g. read, write, assignment, etc.) which a single component can perform.

In this framework of metric process theory, we undertake a general investigation of fairness of
processes from two points of view: (1) intrinsic fairness of processes, and (2) fair operations on

TOCESSES.

Regarding (1), a process p is called (intrinsically) fair if all its paths are fair. A path for p is a
sequence of pairs: <a,,p;>,<aj,p;>, ..., such that <a;,p,>ep and <ag;+,,p;+1>€p; for all
i=1. The difference between fair and unfair paths can easily be illustrated with a simple example:
consider a process p € P satisfying

p={<0,p>,<lp>}.

This process must choose infinitely often (in fact at every step) whether to perform the basic step “0”
or the basic step “1”. The following path in p



293

<0p>,<0p>,<0p>,...

is unfair (with respect to basic step “1”), because step “1” can be taken infinitely often, but never is.
An example of a fair path is

<0p>,<lp>,<0p>,<lp>,...

There are actually two notions (at least) of fairness current in the literature. The notion we are con-
sidering in this paper is often called “strong” fairness (e.g. in [OA]), as opposed to “weak” fairness. In
our context a path 7 would be called weakly fair if every basic step that is from some moment on
continually enabled in 7 occurs infinitely often in #. (For the definition of enabled see 2.3.) This
notion is also called justice ([LPS]). A path is strongly fair if every basic step that is enabled infinitely
often (but not necessarily continually) in 7 occurs infinitely often in #.) The difference between these
two notions can again be illustrated with a simple example: consider a process p € P satisfying

P={<0,{<0p>}>, <l {<lp>}>}).

This process can choose infinitely often whether to perform twice the basic step “0”, or twice the
basic step “1”. Then the path in p

<0,{<0,p>}>, <0,p>, <0,{<0p>}>, <0p>,...

is weakly fair but not strongly fair. We do not consider weak fairness further in this paper.
We shall define in section 3 (for a finite alphabet B) a “fairification” operation

Fair:P—Pp™

(where P™™ is a suitably extended version of P), such that the process Fair(p) is fair, and contains
precisely those paths of p that are fair, or, more precisely, representatives of such paths. The relation
between Fair(p) and p will be clarified by the definition of a mapping from the paths of Fair(p) to
those paths of p which they represent. Roughly, Fair(p) is defined by associating indices with the
subprocesses (or “nodes™) of p so as to provide a “bookkeeping” of the way in which alternative sub-
processes are chosen in forming paths. These indices indicate priorities for each of the basic steps b;.
During the construction of Fair(p), new sets of indices will from time to time be chosen by certain
random choices. (This idea of implementing fair scheduling by means of systematic alternation of ran-
dom choices is well known (see e.g. [AO}, [BZ2,3], [P]).) In section 4 this theory is extended to an
infinite alphabet, with an “expanding” system of indices (i.. increasing in length), so that an index at
a node records all the (finitely many) basic steps already encountered on the path to that node.

We turn now to (2), the notion of fair operations on processes. Suppose given an operation O on
processes, which is, say, binary: 0:PXP—P. We want to define a fair version O;:PXP—P of 0,
such that for all p;,p,€P: first, if p, and p, are (intrinsically) fair, then so is Odp,,p,); and second,
Op1,p2) is fair with respect to the operation 0. This second condition must be explicated for each
operation 0. A good example is the merge operation |:PXP—P. In [BZ2,3] a fair version ||y is
defined. In this case the second condition is the requirement that all paths in the resulting process
pillp2 must be fair with regard to alternate scheduling from p, and p,. A trivial and wrong solution
to the problem would be to define

P]"_/Pz = Fair(pﬂlpz).

Obviously, the first condition would be satisfied, but not so the second. The reason for this is,
roughly, that in the resulting process p,llp;, (intrinsically) unfair paths of p,llp; that are fair with
respect to the alternate scheduling from p, and p, should still be present. The operation Fair, how-
ever, would remove them from p,lip,. So this solution would be too coarse. A satisfactory solution
was given in [BZ2,3], where the fair merge was defined on the basis of alternate sequences of random
choices.

In this paper (section 5) we shall consider another example of an operation on processes, namely
infinite iteration ( - - - )°:P—P, defined by
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p¢ = lim,_,qp",

n+l—

R

where p®=py and p p"op. (Here “o” stands for sequential composition of processes.) We
define the fair infinite iteration p“ of a process p € P and, after explicating the notion of fairness with
respect to infinite iteration, prove that the conditions above are indeed satisfied.

An area that remains to be investigated is that of fairness for non-uniform processes [BZ1], where
our uninterpreted basic actions are replaced by basic state transformations, since here even the
definition of fairness of paths in such processes is problematic.

RELATED WORK: We already mentioned [F] above, where the reader can find an introduction to the
notion(s) of fairness. Next, we mention a few related papers without the intention of giving a com-
plete overview of this area of research. ‘

In [DM], fairness properties are imposed through metrics that allow convergence to fair processes
only. The starting point is a simple concurrent language for which a semantics is given with the help
of so-called concurrent histories, which are partial orderings describing 'true’ concurrency. In [AO]
and [CS], proof rules are given for fair transformations in concurrent systems: in the first paper for a
fixed number of concurrent components, and in the latter for a (possibly) growing number.

The main difference between the above approaches and ours, is that they consider fairness with
respect to parallel (or concurrent) behavior of subprocesses, and we relate fairness to nondeterministic
choice (represented by the nodes in our processes). Furthermore, the fact that we study fairness of
processes purely at a semantic level, enables us to consider the notion of arbitrary fair operation on
processes, of which the merge (of concurrent, possibly infinitely many, processes) is just one example.

ACKNOWLEDGEMENTS: It was Jaco de Bakker who first noticed that fair scheduling, implemented
by systematic alternation of random choices (as in [P]), could be used to model fair merge in the
semantic framework of process domains, as in [BZ2,3]. The second author had useful discussions with
Shenquan Xie on fairification and fair infinite iteration.

2. MATHEMATICAL PRELIMINARIES

DEFINITION 2.1 (Domains)
We shall use mathematical domains P of processes p, which are such that:
(1) P is a complete metric space,
(2) P satisfies the following reflexive equation:
P ={po}U%y(4 XP),

where = stands for “is isometric to0”, p is a null process, %,( - - - ) denotes the set of all closed sub-
sets of (- --) and 4, with typical elements g, is such that it contains as a subset a (possibly infinite)
alphabet

B={b|,b2, .. }
of basic steps.
We shall not dwell too long upon the mathematical details of the construction of a domain P which

satisfies the above definition. Let us just briefly mention two different approaches. First, one can take
the metric completion of the union of metric spaces Po CP; C - - - defined inductively by

Po={po},
Pn+| = {PO}U@cI(A XPn)~
(The metric on Py is trivial, the metric on P, can be defined using the metric on P,.) For this
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method, full mathematical details and extensive motivation are supplied in [BZ1]. Secondly, one can
interpret the reflexive equation for P as defining a functor F on a category of complete metric spaces,
thus:

FP = {po} U9u(A XP).

(The definition of F should also specify a metric for FP.) In [AR] it is shown how to define F as a
so-called contraction, which has a (unique) fixed point; so

FP=P.
Thus this method also presents us with a solution.
ReMARK: We should be more precise about the metrics involved. We should have written the equa-
tion above like
FP = {po}U%(A Xidy(P)),
where, for any positive real number ¢, id, maps a metric space (M,d) onto (M,d’) with
d'(x,y)=c-d(x,y). For the details see [AR].
We now introduce a number of concepts related to processes.
DEFINITION 2.2 (Paths)
A path for a process peP is a (finite or infinite) sequence
m=(<ap;p;>,<azp;>,...)
such that
<a,pi1>ep AVi=l[<a;41,pi+1>€pil
We say that 7 passes through p;, and p; will be called a node of p or a subprocess of p (for i=1). The
set of all paths for p will be called Paths(p).
The following definition explains which processes we want to consider fair.
DEFINITION 2.3 (Fairness)
(a) Let b;eB. Consider a path
T=(<ap,p>,<a,p;>,...)
We say that b; is enabled in = (or i is enabled in 7) whenever
3keN3geP[<b,q>e€p])
If <b;,q> €p, we also say that b; is enabled at step k. We say that b; occurs in 7, whenever
3k eN|a, =b;).
(b) We call a path 7 fair whenever for all b;€B, if b; is enabled infinitely often in =, then it occurs
infinitely often in 7.
(c) A process peP is called fair if all its paths are fair.
EXAMPLE: Let p P be such that p ={<a,p >,<b,p >)}. Then b is continually enabled in
T=(<ap>, <ap>,...),
but never occurs in it. Thus, the path = is unfair.
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Please note that only basic steps b; € B are taken into account in the definition of fairness.

3. FAIRIFICATION OF PROCESSES WITH FINITE ALPHABET

Let P be defined by
P = {po} UF(BXP),
with B a finite alphabet:
B={by,...,bn}.

Given a process p € P, we want to form a new process Fair(p), which is, in some sense, a fair version
of p. For this purpose we want to define a function

Fair: P—P'™
such that there is an obvious correspondence between the paths of Fair(p) and the fair paths of p.
Here P/™ is ~iven by:

P = (p 1 UPy(A X PId),
where A = BU Index, and Index is a set of indices (to be defined below). A node p’ of a process
peP™ with

P ={<vp,>|vel}, ,
for some subset I of Index, is called a sum node and is denoted by

P'=2pr

vel’

After having defined the function Fair, we shall clarify the relation between p and Fair(p) by defining
a mapping

®: Paths(Fair(p))— Paths(p),

that will satisfy the following two properties. First, for every path we Paths(Fair(p)) we have that
®(n) is fair. Secondly, any fair path in p will be in the range of ®. The function Fair will be defined
in such a way that it transforms a process p into a fair process Fair(p) by labeling each node of p
with an index and, moreover, interspersing some new nodes consisting of sums of indices (to be
defined below). Indices are the main building blocks in the definition of the function Fair. They are
defined as follows.

DEFINITION 3.1 (Indices)
The set Index of indices, with typical elements », is given by
Index = {<ny,...,n5> |
Vie{l,...,m} [n=0A0<5;<00 A(m;=0&s5,=00)]},
where m is the number of elements in B, and n} denotes the Cartesian pair <n;,s;>.
Let p be a process and » an index. The process p”, which is defined below, can be viewed, informally
speaking, as a process that behaves like p as far as is allowed by the index ». Consider the i-th ele-

ment of », say nj'. It is related to b;, the i-th element of our alphabet B. The interpretation of n;
(relative to p) is that in paths starting in p, a step b; is permitted #; times with priority s;.
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For the priorities s; we have the convention that a low number indicates a high priority. It is possible
that two or more s;’s have the same value, the corresponding b;’s having the same priority. The sym-
bol oo indicates the lowest priority possible. Because it is always associated with an » that is 0, it can
also be interpreted as indicating no priority at all.

REMARK

The interpretation of the i-th component n}' is in a sense orthogonal to the approach taken in e.g.
[AO]. There a single number z; is used to indicate the priority of the i-th component of some system
of active components. This number z; indicates, roughly, the number of times a computation can
“allow itself” not to choose this component as the next one to make progress. In our approach the
number n; indicates the number of times we are allowed fo choose b; (the i-th component) as the next
step, before another component gets the highest priority.

Now suppose we have a process p containing a step <b;,q >:
p={..,<b,g>, ...}

and assume furthermore that we have ve Index with
v=<...,m},...>

where ;>0 and 5; =min{s, . . .,s,}. Then, according to our interpretation of p”, it is permitted to
choose <b;,g>> as the first step of a path starting from p. With the resumption g of this step will be
associated a new index »~ [i], in which »n; is decreased by one. If n;>1 nothing happens to the priority
s5; of b;. If n;=1 (and so decreased to 0) it is, for the time being, the last time that b; is allowed, and
s; is changed to oo (the lowest priority possible). As we will see, at some later stage it will be taken
care of that n; and s; are reset again, so that n,>0 and 5;,<<co. All this is formalized in the following
definition.

DEFINITION 3.2
Let veIndex be such that

v=<n’1‘,...,nf‘,...,;1’m'>,
and letie(l, ...,m}. We define
<ni,....m—=1%...,nn> if n,>1
vlil= |<n},...,0°, ... 0> if n=1
undefined if n;=0.

There is one other operation on indices we shall need.

DEFINITION 3.3
Let ve Index be such that

v=<nj,...,nn>,
then

NG) = (<iy,... 7> |
vje(l,...,m} [(n;=0As;=00)=(n;>0A5;=s5 +1) A
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where s =max({sy, .. .,Sm} \ {e0}).

The elements » in N (v) are obtained from » by changing, for all i with n;=0 and s; = co, the value of
n; to an arbitrary positive number and the value of s; to s +1. In words, this means that b; is again
allowed to be chosen (#; times) but with a priority lower than all other priorities present in » that are
not oo. This definition will also be used in the definition of Fair, where it will be further elucidated.
We now give this definition, upon which an explanation will follow.

DEFINITION 3.4 (Fairification)
We define a function

Fair: P—P!™
Let peP. Then

Fair(p) = 3, fair(p,»),

vel,
where
Ly={<nl,...,nL>|n>0,i=1,...,m)
and
fair:P X Index—P™
is defined as follows. (We often write p” for fair(p,v).) For all veIndex we define

Jair(py,v) = po.
For p74p, we distinguish two cases.
Case 1:

If 3ie{l,...,m}[n>0As<co A enabled(i)],

then p’ = (<b;,q" Ul> | <bj,g>ep Asj=min(s, ...,5n}).
Case 2:

If Vie{l,...,m} [enabled(i)= (n,=0As;=0)],

then p’= 3 p.

7eN )

REMARKS

(1) The definition of fair:P X Index—P™ is self-referential and therefore needs some justification.
We observe that fair could be defined as the fixed point of a mapping

®:(P X Index— P™)—>(P X Index—P'™),

which can be defined according to the definition scheme of fair above. It is straightforward to
see that such a definition yields a contracting function, which thus has a unique fixed point (cf.
Banach’s fixed point theorem ([BZ1], [AR])).

(2) Because case 2 never occurs twice in succession, fair(p,») never contains two sum nodes succes-
sively.

(3) Every node in Fair(p) is either a sum node, or of the form {<b;,p;>|jel}, for some set of
indices I.

(4) We give some informal intuition for this definition. The indices v Index in the definition above
can be interpreted as strategies for the construction of a process Fair(p) such that every path in
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this process will be fair with respect to every b; in B. An element » in I, can be regarded as per-
mission, for each i, to choose b; n; times. All i are supplied at the beginning with the same prior-
ity, that is 1.

We will treat p” for the case that p5£p,. As long as case 1 applies there is no need to change our
strategy or, in other words, to choose a new ». Each b; that is enabled at p, and for which n,>0
and 5;=min{s, . . .5, }, may be chosen as the next step in the new process we are constructing.
The index » is changed according to the definition of »~[i], so n; is decreased by 1 and the prior-
ity s; remains constant, unless n; was 1. Then it is set to oo, indicating no priority at all.
Because every application of case 1 causes the decrease of an n;, it is obvious that after a finite
number of such applications case 2 must hold. For didactic purposes we shall now make a con-
ceptual distinction between two possible situations that may arise in this case. Formally how-
ever, as may be inferred from the definition of case 2, this is not necessary.

First, it may be the case that all n;’s have been decreased to 0 (and all 5;’s have been set to oo).
Then we can consider the strategy suggested by the » we started with to be a great success: every
b; has been chosen the number of times we had in mind for it (n;). The fact that originally all
n;’s were strictly positive implies that so far we have made sure that all b;’s have been treated
fairly. It is clear what to do next: we can just restart by choosing a new index », with all n;
strictly positive and all s; set to 1. According to the definition of N (), this is exactly what hap-
pens in this case.

The second situation is more typical. It concerns the case that for all i that are enabled at p, n;=0
and s; = co. But we have not finished the strategy suggested by the original », because there exists
at least one j not enabled at p, with n;>0 and s;<co. Although we have not finished our first
strategy, we are forced to change it because it does not tell us what to do about the /’s that are
enabled at p. A new strategy » is defined such that for all j with n,>0 and s;<co these values
remain unchanged, thus preserving that part of the first strategy (v) that has not yet been dealt
with. For all other i (enabled or not enabled) the value of ; is set to an arbitrary strictly positive
number, and the value of 5; to max{s;,...,s,}+1. So the new priority introduced here is
lower than all the already existing priorities. When at a later stage one of the js, for which n;
and 5 remain unchanged here, is enabled, it will take precedence over those i’s for which a new
priority is introduced. Thus a fair treatment of such ;s is ensured for the future.

Now for the rest of this section let p € P be fixed. We define a mapping
®: Paths(Fair(p))— Paths(p),
relating to each path = in Fair(p) a fair path in p. For its formal definition we shall make use of the
following lemma.
LemmA 35
For all p € P with p5#p,, veIndex and <a,q > € fair(p,v), there exist p’€ P and v’ € Index such that
q =/air(p',v) \
aclndex =p’'=p A
aeB= <ap'>ep.
The proof is straightforward from the definition of p” (= fair(p,)).
DEFINITION 3.6 (The mapping ®)
Let
T = <ag,q0>, <a;,q1>, ...
be a path in Fair(p). By the above lemma and the definition of Fair(p) we can rewrite it as
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7= <ag,p’>, <appl >, ...

for certain »,»,, . .. €lndex and p,,p,, . .. €P. Now if we delete all pairs <a;,p; > with g; € Index,
and all superscripts »;, we get a sequence

q)(‘”) = <ai,api, >’ <ai,,Pl',>9 ey

which is a path in p. We call ®() the path in p corresponding to the path « in Fair(p). This defines a
mapping
©: Paths(Fair(p))— Paths(p).

Next, we have an important theorem.

THEOREM 3.7
Fair(p) is fair. That is, for all we Paths(Fair(p)), = is fair.

ProOF
Let e Paths(Fair(p)) be such, that

w T <a1,41>,<a83,42>, . ..
= <appl >,<ayppi>, ...

Suppose b; is enabled infinitely often in 7. We must show that b; occurs infinitely often within . It is

sufficient to show that for any j, if b; is enabled at the node p} of =, then b; occurs further on in the

path , that is, for some j'=j: b;=a;.

We consider the sequence ¥, #;+1, . . . and observe that for every k€N, v 4 is obtained from »; by

an application of case 1 or 3'in the definition of Jair(p, v) (definition 3.4). Now let

v=<nl,...,nn>.

We consider all possible cases.

(1) ’li=0:
Then s;=o0. For every application of case 1 (above) one of the n,’s must decrease. Therefore
eventually case 2 must apply, which makes all n,’s positive and brings us to the next case.

(2) n;>0: This implies 5;<<co. As long as s; is not the highest priority, the following may happen.
Any application of case 1 results in either the decrease of an ny, not to 0, or the decrease of an ny
to 0 and the removal of a higher priority than s;. After a finite number of applications of case 1,
the latter must happen. Any application of case 2 introduces only priorities that are lower than
5;, and must be followed by an application of case 1. Furthermore, during any of these applica-
tions, n; and s; remain constant. It follows then that eventually s; will be the highest priority.
Because b; is enabled infinitely often in =, it must be enabled at some step beyond this, at which
point case 1 will be applied to it and b; will occur at the next step.

Now that we have proved that we did not promise too much, that is to say that Fair(p) indeed con-
tains only fair paths, let us also make sure that for all fair paths in p there is a corresponding path in
Fair(p).

THEOREM 3.8
Any fair path in p is in the range of the mapping ®.

ProoF
Given a fair path 7’ € Paths(p), we must construct a path =€ Paths(Fair(p)) such that
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O(7r) =
First, we partition the set {1, ...,m} into two parts F and I, where F is the set of all i such that b, is

enabled finitely often (perhaps never) in ', and I is the set of all i such that b; is enabled infinitely
often in «’. Thus:

{,....m}=IUF.

Note that for all i€ F, b; occurs only finitely often in #’, and for all i€l, b; occurs infinitely often in
@', since «’ is fair. Let /; €N be so big that

(1) no b; with i eF is enabled in the part of 7’ at or after step /;;

(2) every b; with i e occurs at least once by then.

Now for i=1,...,m, let n;’ be the number of times that b; occurs before (or at) step /;, and then
define .
n,-' +1 if ieF
= n,~’ if iel

We define our first index »; by
nw=<nl,...,nl>.

Now we can construct the first part of the path « corresponding with the part of =’ before step 1y, by
starting with p”, and repeatedly applying case 1 for the appropriate b;, thus decreasing the n;’s until
(at step /;) our index is such that forallie{l,...,m}:

lEF=>n,'—]/\S,'—l,
iel=>n=0As5;=00

Now case 2 must be applied to get a sum node, since no i€ F is enabled at step /;. To determine the
following index », we again choose a number /; €N, with /; >/, such that every b; with i ] occurs at
least once between steps /; and /, (including /,, excluding /,). Then choose an index »; such that, for
iel, n; denotes the number of occurrences of b; between /; and /,. We proceed as before, construct-
ing the part of ' beiween /; and /. Continuing in this way, we construct a path « in Fair(p) such
that &(7) = ='.

ReMARK: This function @ is not bijective. In general there are more than one (in fact, infinitely many)
paths in Fair(p) that are mapped by ® to the same path in p.

4. FAIRIFICATION OF PROCESSES WITH INFINITE ALPHABET

We now want to extend our technique of fairification to a set of processes, which we shall (again) call
P, defined by

P= {po} U@d(B XP),
with B an infinite alphabet:

B= {b],bz, .o }
We shall again define a function

Fair:P—P™,

where P/™ is given by
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P = {pg}UFy(4 X PId),
A =B U Index,

with Index to be defined below. We shall repeat the approach of the previous section with some
small but essential changes. The definitions, lemmas and theorems that need not be changed will be
mentioned, but not repeated in full.

An important change is the new definition of indices. They no longer have a fixed length.

DEeFINITION 4.1 (Indices)
The set Index of indices, with typical elements », is given by

Index = UMENIndex[’f'],
with
Index™ = (<}, ... 0> | Vie(l,...,m} [n=0A0<5<00 A(n;=0es=00)]}.

An index of length & is related to the first k elements of our alphabet B. The interpretation of »n; and
priority s; is as before. When we define, for a given process p, a fair version Fair(p), we shall, during
the construction, increase the length of the indices used, thus considering fairness with respect to a
growing number of basic steps b;. Once the length of an index is bigger than or equal to some ieN,
it is ensured that b; is treated fairly thereafter. The definition of the first operation on indices,
v~ [ - -], remains unchanged, but for the fact that the original definition (3.2) should hold for indices
of arbitrary length. The most important adaptation of this section lies in the following new definition
of N(»).

DEFINITION 4.2

Let veIndex be such that » = <ny',...,n;;> and let peP. We define
Nep)={(<il,...,imn>|
m'>mA

{k |1<k<m’ An,>0) N {k | k enabled at p} == @ A
Vj ([(A<j<m)An;=0As5;=00)=(1;>0 A5;=s +1)) A
(A<jm)An>0 As;<co)=(;=n; A5;=s;)) A
m<js<m'=n>0A5=5+1)V([#;=0A5=00))]}
where s =max{sy, . ..,S,)-
Let us see how this definition is used in the definition of the function Fair below, and then try to

comment on its intuitive interpretation. Although we do not change the definition of Fair (definition
3.4), we repeat its most interesting part and discuss it in the context of the altered definition of N (»).

If peP with p£p,, then p” (= fair(p,v)) is given by:
Case 1:

If 3ie(l,...,length(»)} [n;>0 A s;<o0 A enabled(i)],

then p” = {<b;q" UI> | <b,q>ep Asj=min{s,, . . ., Siengih»)} }-
Case 2:
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If Vie{l,...,length(v)} | enabled(i)= (n;=0 A 5;= )],

then p'= 3 P
reN(rp)

The interpretation of case 1 is the same as before. When the condition of case 2 holds, we are
obliged to change our strategy, that is to choose a new index, because our current strategy does not
say anything about the /’s that are enabled at p. This can have two reasons. For such an i we either
have n;=0 and s; =00 or i>length(v). In order to be able to continue our construction, we therefore
allow several new strategies v€N (v,p), which all must satisfy the following constraints. First, the part
of the old strategy » that has not been dealt with yet has to be preserved: for 1<<i<length(v) with
n;>0 and 5;<oo we have m;=n; and 5;=s;. Then, for 1<<i</ength(v) with n;=0 and 5;= oo, the
values of n; and s; are reset: n; arbitrary positive, 5;=1+s5. As in the finite case, the new priority is
lower than the existing ones. Because we want each b, €B eventually to be treated fairly, for each k
there should be a moment in our construction where an index » is introduced with length(v)>k.
Therefore we requlre the length of the new index » to be strictly greater than the length of ». For the
newly introduced j's (length(v)<<j<m) we require

(nj>0/\sj—s+1)v(nj—0/\sj~—oo)

Although here ;=0 is allowed, we know that the next time that case 2 is applied n; will be set to a
strictly positive value. The newcomers, so to speak, are granted one (and only one) moment of respite.
The motivation for this generosity lies in the rather selfish wish to prove theorem 4.4. It appears that
it would be too restrictive to demand for all such j that 71]- >0. Finally, the condition that

{k |1<k<m An>0} N {k |k enabled at p}# @

entails that case 2 can never occur twice in succession.

Now for the rest of this subsection let p € P be fixed. We define a mapping
®: Paths(Fair(p))— Paths(p),

relating to each path # in Fair(p) a fair path in p, in exactly the same way as in definition 3.6. We
finally repeat theorems 3.7 and 3.8 of the previous section, which together show that the definition of
Fair(p) (using the new definition of N (»,p)) is satisfactory. The former proofs of these theorems have
to be altered, as can be seen below.

THEOREM 4.3
Fair(p) is fair. That is, for all w< Paths(Fair(p)), = is fair.

PRrROOF
Let p P and let we Paths(Fair(p)) be such that
WE<al’ql >s<a2’q2>1 e
=<appl >,<appF>, ...

Suppose b; is enabled infinitely often in #. We must show that b; occurs infinitely often within .
From the construction of Fair(p) it follows that in the sequence (;); each index »; ., is obtained
from v; by an application of case 1 or 2. Since case 1 can be apphed only finitely many times in suc-
cession, it follows that case 2 must have been applied infinitely many times, each application increas-
ing the length of the index. Therefore there is an N €N such that for all j >N:

length(v;) > i.
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Now we are back in the old situation of the previous section! The proof can be completed as before,
but for the new observation that with the increase of the length of an index, only priorities lower than
the existing ones are introduced.

THEOREM 4.4
Any fair path in p is in the range of the mapping ®.
ProOF
Given a fair path =’ < Paths(p),
T = <bi|’Pl >, <b,‘1,p2>, .oy
we must construct a path 7 Paths(Fair(p)) such that
O(r) =7
First, we partition N into two parts F and I, where F is the set of all i such that b; is enabled finitely
often (perhaps never) in «’, and [ is the set of all i such that b; is enabled infinitely often in #’. Thus:
N=IUF
Note that (a. in 3.4) for all i€ F b; occurs only finitely often in #’ and for all i€l b; occurs infinitely
often in =/, since #’ is fair. Secondly, we introduce the following functions that will be very useful in

our proof.
(a) For all LeN we define a (position) function Pos;:B—N by

smallest L’>=L such that
Vj=L’ b ep;] - if keF
smallest L’>=L such that
Y IL<j<L'Ab=b] ifkel

Posy(by) =

For keF this func.ion gives the smallest position greater than L after which b is never enabled
again. For ke the smallest position greater than L is chosen such that b, has occurred (at least)
once since L.
(b) Forall L, L'eN, with L<L’, we define a (number) function Num;, ;.:B—N by
1+ (number of occurrences in 7’
of b, between L and L) if keF

(number of occurrences in 7’
of b, between L and L) if kel

Numy ;(by) =

(In this definition between L and L’ means including L and excluding L'.)

We shall define, at each of an infinite sequence of stages k, an index v, and, corresponding to that
index, the k-th part of the path 7 corresponding to #’. After we have constructed, at stage k —1, the
(k —1)-th approximation of path 7 corresponding to the initial segment

<b,'I ,pl>, ceey <bi,1pl>

of path =, then at stage k we shall take into account the basic steps b, and all the b;’s we have
encountered in the preceding stages. We shall make sure that the length of the index », will be, as
prescribed by definition 4.2, strictly bigger than the length of », _,. Note that in the previous section,

where our alphabet was finite, from the beginning we could focus on all b;’s at the same time.

Stage 1 ‘
For the definition of our first index »; we focus on basic step b; . We define
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L, = Pos\(b;,),
Ry={iy,...,ip,.1}
M, = maxR,.
Our first index »), with »; =<n{', . ..,n >, is defined so that

VIS‘]SM] UERI =>(nj=Num1,Ll(bj)/\sj=1)/\
jeR] =>(n]=0/\sj=oo)]

The length of v, is M, because according to the definition of indices no holes are allowed in »;, that
is: every index is related to an initial part of the enumeration of our infinite alphabet {b,,b,, . . .}.
For those basic steps b; that do not occur in the path #’ before place L, default values n;=0 and
sj=oo are chosen in »,. (Here we use the fact that for newly introduced j’s, n; can get the value 0
once. See the corresponding remark in the explanation following definition 4.2.) With », we can con-
struct the first part of = corresponding to the part of =’ before L, starting with p”, and repeatedly
applying case 1 for the appropriate b;, thus decreasing the n;’s until (at step L) our index is such that
for all I<isM 1.

(eFNR)=m=1As=1),
(elNR, VigR )= (n;=0N5;=00).
Now case 2 must be applied, since no je FNR, is enabled at step L. This brings us to stage 2.

Stage 2 )
We define our next index »,, taking into account all steps encountered at stage 1, that is all b’s with
1<i<M,, and the next step in the path #’, that is b, . We define

Lz = max({l’os,_|(bin )} U {POSL| (bk)i 1<k <M, }),
Rz = {], ‘e ,Ml} U {iL|, e viL,—]}’
M2 = 1+maxR2.
We define our second index »,, with v, =<71'§‘ e ,ﬁ;’;; >, such that
VI<j<M, [(1<j<M) Am=0)V (j>M) AjeR,) =
;lj=Num,_“L2(bj)/\§j= 1 +max{sk I I<k<sM, }) N
(l<j<M| /\nj= I) = (;l/=nj /\Ej=sj)/\
(jeRy) = (1;=0A5;=c0)).

Note that M, the length of »y, is strictly bigger than M, the length of ». We proceed as before,
constructing the part of 7 corresponding to the part of =’ between L) and L,. Continuing in this
way, we construct a path = in fair(p) such that ®(z) = =",
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5. INFINITE ITERATION

Let P be the mathematical domain of section 3, that is, a complete metric space satisfying
P = {po} UF.(BXP)

where B is a finite alphabet
B = {by,...,bn}.

The operation of sequential composition on P is defined in

DEFINITION 5.1 (Sequential composition)
Let o: P XP—P be given by ’
4 if p=po
P4 = 1 {<bprg>|<bp>ep) if p#po

for all p and ¢ in P.

REMARKS

(1) Because this definition is self-referential, it needs some justification. We observe that o can be
defined as the unique fixed point of a contraction ® of type. ®: (P XP—P) — (PXP—P). (Cf.
definition 3.4.)

(2) It is not very difficult to show that:

1
Yp.4.9'€P [pF#po = dp(p°g.p°q") <7 dr(4:9"))
We shall use this property below.

In this section we want to study the operation of infinite iteration of a process peP. It is defined as
follows:

DErFINITION 5.2 (Infinite iteration)
Let ( --- )*: P—P be given by
0 — K n
p® = limp
n+1 —

for pe P, where p®=pg and p"*! =p"cp.
(This limit exists, as can be easily proved using the property of remark (2) above).

Let us now explain how fairness issues come into play by taking the infinite iteration of peP.
Generally, taking the infinite iteration of a process p € P introduces new infinite paths in p® that were
not yet present in p. When we take, for example, p={<a,po>,<b,po>>}, then p does not contain
any infinite paths, whereas p®, which satisfies

P’ = {<ap®>,<bp®>},
contains many. Some of these are unfair, such as
7 = <ap“>,<ap’>,<ap“>,...,

which is unfair with respect to b,. Such unfair paths = we call globally unfair. We do not call every
unfair path in p“ globally unfair, only those that are introduced, so to speak, by taking the infinite
iteration of p. Another example may illustrate this point. (Formal definitions follow below.) Con-
sider a process p € P satisfying
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P = {<ap>,<bpo>}.

Then p® will contain the unfair paths
<ap>,<ap>,...,
<bp>,<ap>,<ap>,...,
<bp>,<bp>,<ap>,<ap>,..., etc.

The unfairness of these paths is, as it were, reducible to the unfairness of the path
<ap>,<ap>,...,

which was already present in p. Therefore they will not be called globally unfair paths.

There is a second notion of unfairness, which plays a role here. It is called node (or local) unfair-
ness. Again we explain it here by giving an example, the formal definition following below. Let peP
contain the node p'={<ap;>,<bp,>}. Let wcPaths(p”) and suppose = passes through p’
infinitely many times. If it is the case that in « the next step that is taken after passing through p’ is
always a, and never b, we call = node unfair (with respect to the node p’). The reason for this termi-
nology is obvious: although b is infinitely often enabled in « at node p’, it is never chosen in 7 as the
next step after p'.

The notions of global and node unfairness are in a sense independent. Let p € P be given by

p = {<bp’>}, where
P = {<ap>,<bpe>).
Consider 7€ Paths(p“), given by
m= <bp'>,<ap>,<bp'>,<ap>,....

This path is not globally unfair, but is node unfair with respect to the node p’. Thus node unfairness
does not imply global unfairness. The same holds in the opposite direction. Let p € P be defined by

P = {<a".{<apy>,<bpo>}>|neN} U {a“},

using a" and @ as shorthand with an obvious interpretation. (The fact that a“ ep is not important
for the point we want to make with this example, but is implied by the (topological) closedness of p.)
Now it is not difficult to find a path

7T = <a.py>,<apy;>,<ap3>, ...
in Paths(p®) (with p,,p2,p3, . .. nodes of p) that is globally unfair (with respect to b), but fair with
respect to every node of p, although it passes through p infinitely many times.
Let us now proceed with formally defining these notions of global and node unfairness. Actually,

we shall define what we consider to be globally fair and node fair. For this we need the following
notion.

DEFINITION 5.3 (Iteration paths)
Let peP, wePaths(p®). We call 7 an (infinite) iteration path, whenever = is the concatenation of an
infinite sequence of finite paths m,m,, . . . € Paths(p):

T = MOMOM°. ...
- For a basic step b occurring in 7, we say that b occurs in the k-th instantiation of p.
REMARK

We have not defined the concatenation of finite paths. It is just what one would expect: if
m=<app;>,...,<ampo>, and m=<b;,q,>,...,<b,po> are finite paths in Paths(p),
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then:
meom = <app1>, ..., <a@p,p>,<b,q1>, ..., <bm,po>.
(Note that finite paths always end in <a,p,>, for some aB.)

DEFINITION 5.4 (Global fairness)

Let peP, nePaths(p®). We call « globally fair whenever

(1) = is fair (in the sense of definition 2.3); or

(2) 7 is not an iteration path.

We call p“ globally fair whenever all paths in p“ are globally fair.

ReMaRk: It follows that a path in-p“ is globally unfair if and only if it is an iteration path and
unfair.

DEFmNITION 5.5 (Node fairness)

Let peP, wePaths(p®). We call 7 node fair with respect to p’, for a subnode p’ of p, whenever it is
the case that: if 7 passes through p’ infinitely often, then for all b€ B that are enabled in p”: b occurs
infinitely often in =, immediately after p’. We call = node fair if it is node fair with respect to every
subnode p’ . “ p. Finally we call p® node fair if all paths in Paths(p“) are node fair.

REMARK

In this definition the phrase “z passes through p’ infinitely often” is not altogether clear: it may be
the case that a subnode p’ occurs in p on more than one place; p might even contain infinitely many

instances of p’. Below we shall overcome this ambiguity by being more precise in identifying sub-
nodes of p. i

The aim of this section is to define two fair versions of the infinite iteration operator:
(- )*:pop

such that the result p“~ will be globally fair and node fair respectively. For this purpose we first give
an alternative definition of infinite iteration, which will be used as a starting point for defining

( )“’n.

PROPOSITION 5.6 (Alternative definition of infinite iteration)
Let peP. We define App,: P—P by

App,(po) = p °App,(p)

App,(q) = {<a,App,(¢)>| <a.q'>eq), if g#po.
(Read “append” for App.) Then we have:

P° = App,(p)

REMARKS
(1) Formally, App, can be defined as the unique fixed point of the function ®,:(P—P)—(P—P),

given by
®,(FXpo) = p°F(p),
D,(FXg) = {<a,F(¢)>|<a,q'>eq), if g#po.

(It is straightforward to show that @, is contracting.)
(2) The function App, applied to an argument geP replaces all occurrences of py in ¢ by p, in
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which, recursively, all occurrences of p, are again replaced by p.
(3) From proposition 5.6 it follows that App,(po)=App,(p).

PROOF OF THE PROPOSITION
We define, for fixed p € P, a function ¢,: P—P by

#(9) = qp*-
We have
$(po) = pop® = p* = pp*®
= po(pp®) = podp(p)
and, for geP, g#p,: .
&p(¢) = gop® (definition of °)
= {<a,q'p“>|<a,q'>€q}
= {<a,4,(¢)>|<a,9'>eq}.

From this it follows that ¢, is also a fixed point of ®,. Because ®, is contracting, it has a unique
fixed point, thus ¢, =App,. Thus

P° =pp° = %) = App,(p).

(1) Global fairness

In this subsection we set out to define a fair version
(- )'-’;-: P— pFind

of the operation of infinite iteration such, that for p in P the result p“~ will be globally fair. The

range P of this mapping ( - -+ )** is given by
PF'"d = {po) U@d(A XPFIM),

with
A = BU FIndex,

where FIndex is a set of indices to be defined below. A naive first attempt would be to define
pi~ = Fair(p®),

with the function Fair as in definition 3.4. This would be wrong, according to our definition of global
fairness. The function Fair transforms its argument into a process, in which all unfair paths have
disappeared. However, not every unfair path in p° is globally unfair, only those that are iteration
paths. Thus the function Fair removes too many paths from p“. (For an illustration see the informal
explanation above.) Therefore we have to come up with another solution. We shall use the definition
of p* as App,(p) as a starting point for the definition of p“*, but changing it by again using indices
(as we did in the definition of Fair) to label the nodes of p. After having defined p“*, we shall clarify
the relation between p“* and p* by defining a mapping
®: Paths(p“~) - Paths(p®).

Although the idea of defining p“~ as Fair(p“) does not work (as was mentioned above), the definition
of ( --- )* will be surprisingly similar to that of the function Fair. The reason is the following: in

constructing p“* for a given peP, we do two things at the same time. On the one hand we construct
(a special version of) the infinite iteration of p, and on the other hand we select certain paths, namely



310

those that are globally fair. The first task is performed along the lines of the definition of App,, the
second task is realised following the definition of Fair. So in some sense the definition of p“~ will be
a combination of the definitions of App, and Fair (see proposition 5.6 and definition 3.4).

DEFINITION 5.7 (Flag indices). The set of flag indices, with typical element p, is defined by:
FIndex = {<<ny,s1,f1>, ..., <fpSms fn>> | 1;=0, 0<s5,< o0, fie{U,D}}

where m is the number of basic steps in our finite alphabet B, and {U,D} is the set of flags, contain-
ing two elements: U (for “up”) and D (for “down”).

The interpretation of n; and s; is as in definition 3.1 (see the informal explanation that follows
there), but for the difference that only the first occurrence of b; in each instantiation of p in p“= will
cause n; to be decreased by 1. Whether or not b; has been chosen in a given instantiation of p, is indi-
cated by the flag f;. If it is up, b; has not yet been chosen, and if it is down, b; has been chosen at
least once in the current instantiation of p.

We need the following operations on indices.

DEFINITION 5.8
Let pe FIndex, with p=<<n|,s,f1>, ..., <Mp,5m,fn>>>, and let ie{1, . ..,m}. We define

M iff=D
<<nsLLI>, <=L, D>, <Ny S fr S>> i fi=U AR>S

U= cnsifi>, . <0,0,D>, ..., <tpsmfu>> i f=UAn=1
undefined otherwise.

For pe FIndex with f;= U the interpretation of p™[i] is as in definition 3.2, with the difference that U
is changed to D. This indicates that in the current instantiation of p the basic step b; has been chosen
(at least once). If fi=D, then p~[i]=p, as indicated above. This will be explained below, after the
definition of p“~.

DEFINITION 5.9

Let pe FIndex, with <<p=n,s\,f1>, ..., <Np,Sm,fm>>. We define
N(“") = {<<;'h§1v~l>y oo a<;'m’gmv-m>>|
Vie(l,...,m} [(m=0As5=00=n,>0A5=1+max{s;| 1<j<m})

AM>0As<oo=>m=n; A5;=s;)
A=A,
The interpretation of N(u) is as in definition 3.3, because the flags do not matter here.
DEFINITION 5.10
Let pe FIndex with, p=<<n|,s,,f1>, ..., <Mp,Sm,fm>>. Then
pU = <<"IaslsU>’ ey <NpySms U>>.
This operation sets all flags to “up” and is used upon entrance to a new instantiation of p. Now we

are ready to define ( - - - ).

DEFINITION 5.11 (Fair infinite iteration)
We define ( - - - )*:P—PF"_ 1et peP. Then

P = A1),

nely
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where )
Iy = {<<m,L,U>,...,<n,,,U>>|n>0}
and for given peP
App,: P X Findex—P™
is defined as follows. (We write g* for App,(¢.1).) Let pe Findex. We define

A}Pp(PO,F) = AWP(PJ‘U)'
For geP, qp,, we distinguish two cases.
Case 1:

If ie{l,...,m) [enabled(i)A(f, =DV(s;<ooAn,>0))],
then ¢* = {<b,7" "'>|<b,g>eqA

(fi=DV(s;<ooAn>0As;=min{s, . .. ,5})}
Case 2:
If Vie(l,...,m} [enabled(i) = (f; = UAs; = 0 An; =0)]
then ¢* = 3 ¢*.
weN@p)
REMARKS

(1) The remarks (1), (2), and (3) following definition 3.4 apply also to the above definition.

(2) We give some informal explanation of this definition by referring to remark (4) after definition
3.4 and making explicit what is different here. First, when we reach p, in the definition (3.4) of
fair, we are done: fair(pg,v) = po. Here we contmue by appending p to po, together with the
index p changed into p”: App,(po. )= App,(p. 1 U). The reason why we append p to pg is obvi-
ous: we are building the infinite iteration of p. (See proposition 5.6.) The index p is changed to

U, that is all flags f; of p are set to U to indicate the entrance of a new instantiation of p. The
second important difference between this definition and definition 3.4 is the role played by the
flags. Let geP with <b;,§>€q for some geP, b;eB. If f;=D (down), then b; has already been
chosen (at least once) in the current instantiation of p. Therefore it may be chosen unrestrictedly,
even infinitely many times, within this instantiation of p (no matter what the values of n; and s;
are). In this case we have: p~[i]=p, formally expressing that b; may pass “for free” without
changing the values of n; and s5;. The reason for letting b; pass for free is that it provides us with
the presence within p“* of those infinite paths (possibly unfair) that are not iteration paths (and,
hence, not globally unfair). If on the other hand f;=U and n;>0 and 5;=min{s, . . . ,s, } <00,
then b; may be chosen (as in case 2 of definition 3.4), but now p is changed into u~[i] by chang-
ing the values of n; and s; (as in definition 3.4) and by changing the flag f; to D.

Now for the rest of this subsection let p e P be fixed. We define a mapping
®: Paths(p“~) — Paths(p®),

relating to each iteration path in p“ a corresponding fair iteration path in p®. We start by re-stating
lemma 3.5.

Lemma 5.12

LetpeP with p=p,, pe FIndex, and <a,q> € App,(p,u) for acB and qu Then there exist p’e P
and p’ € FIndex such that
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q = App(p".) 1
acFIndex = p'=p A
aeB = <ap'>ep.

The proof is straightforward from the definition of ﬁ" (= A4pp, . 1))-

DEFINITION 5.13 (The mapping ®)
Let

7T = <4ag,40>,<4a1,41>, . . .
be a path in p“~. We can rewrite it as:

7 = <agp*>,<a)pl >,<ayph >, ...
for certain p,p,p, ...€FIndex and p),p;,...€P. If we omit in = all pairs <a;,p}> with
a; € FIndex, and further all superscripts y;, we get a sequence

O(7) = <a;,,p;,>,<a;,,pi,>, ...
which is a path in p©. We call @(7) the path in p corresponding to the path « in p“*. This defines a
mapping

®: Paths(p“~) — Paths(p®).

THEOREM 5.14 :
p“= is globally fair. That is, for all mePaths(p“*), if  is an iteration path, then = is fair.

PROOF

Let we Paths(p“~) and suppose 7 is an iteration path. We reduce the proof of this theorem to thai of
theorem 3.7 by making the following observation. Since « is an infinite iteration paths it enters
infinitely often into a new instantiation of p. Upon each entrance, all flags are raised (set to “up”).
As was observed above, if f;=U (for i€(1,...,m}), then b; is treated in case 1 of definition 5.11
above in exactly the same way as in case 1 of definition 3.4. Because this situation arises infinitely
often, the argument given in the proof of theorem 3.7 also applies here. (Note that case 2 in both
definitions 3.4 and 5.11 is the same.)

REMARK: Formally we have to extend definition 5.4 of global fairness to processes in P**. This can
be done straightforwardly. :

THEOREM 5.15: Any globally fair path in p® is in the range of the mapping ®.

PROOF

Let o’ € Paths(p*) such that =’ is globally fair. We must construct a path 7€ Paths(p“~) such that
() = 7.

We distinguish between two cases: first, that #’ is not an iteration path (and possibly unfair); second,

that 7’ is an iteration path and fair.

(1) Suppose ' is not an iteration path. Without loss of generality we may assume that 7’ lies
entirely within p (that is, the first instantiation of p in p®). We define a flag index p by

p=<<LLU>,...,<lLU>>
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and take <p,p*> as the first element of the path « that we are constructing. Now we can con-
tinue the construction of = by repeatedly applying case 1 (of definition 5.11) for the appropriate
b’s (namely, those that occur in «’). Each time we encounter a b; for the first time, the
corresponding triple <1,1,U > in the index is changed into <0,00,D >. >From this moment
on b; may be chosen unrestrictedly within this instantiation of p (in which the path # lies),
without changing the index. The path = thus constructed is an element of Paths(p“~). Further-
more: ®(m)==". (Note that it is of no importance whether #’ is fair or not.)

(2) Suppose 7’ is a fair infinite iteration path. As in the proof of theorem 5.14, we reduce this proof
to that of the corresponding theorem in section 3 (theorem 3.8) by observing that the latter only
needs a slight modification. When we count the number of times that a certain b; occurs before
a given step /; in the path #’, we have to count only the first occurrences of b; in different instan-
tiations of p. With this change in mind the proof of 3.8 can easily be transformed into a proof of
this theorem.

(2) Node fairness
Let us now forget about global fairness and focus on the second notion: node fairness. We again set
out to define a fair version

(- )”;-: P—pNind
of the operation of infinite iteration but now such, that for all peP the result p“~ will be node fair.
The domain P is like P and PF/, but with

A = BUNIindex,

with NIndex a set of indices to be defined below.

In constructing this second version of infinite iteration we proceed globally as in the previous sub-
section, now using node indices in order to ensure the node fairness of p“~, instead of flag indices,
which were used above. We shall characterize (and even identify) a subnode of a given process p e P
by the subpath in p that leads to it.

DEFINITION 5.16 (Nodes)
Let peP. We define the set of nodes of p by

Nodes(p) = {m|37’ € Paths(p) [ is a finite initial part of 7']}.
For me Nodes(p), with 7=<a,,p,>, . .., <a,,p,>, we define

end(m) = p,.

(When no confusion is possible we sometimes identify = and end(7).) We set end(e) =p, where ¢ is the
empty path.

The set of node indices for a given peP is defined as follows. Each node index for p has two com-
ponents: the first is a finite mapping, associating with each of a (finite) set of nodes of p an index as
defined in 3.1; and the second is a node of p. Such a node index schedules the fairness of paths with
respect to this second component. At each moment in the construction of p°, we consider only a
finite number of nodes (the domain of the first component), namely those that we have encountered
thus far.

DEFINITION 5.17 (Node indices)
Let peP. We define the set of node indices for p as follows:

Nlindex, = (Nodes(p)—"" Index) X Nodes(p),
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where —/" denotes the set of partial functions on Nodes(p) with a finite domain, and Index is defined
as in definition 3.1. A typical element of NIndex is denoted p=(p;,p;). For p, eNoda(p)-»ﬁ" Index
we use the variant notation for functions: for ' € Nodes(p) and € Index,

if ;=7

14
nlIm® = @) if e

(We shall use this notation whether or not « € domain(p).)

We again need the operations »~[i] and N(v) on indices veIndex (see definitions 3.2 and 3.3).
They are used in the following

DEFINITION 5.18 (Fair infinite iteration)
We define ( - - - ) :P—P¥"_ Let peP. Then

pwh = 2 A”p@’(phc))

pe(e)}-l,

where ¢ is the empty subpath of p (identifying p as a subnode of itself),

Iy = {<nl,...,n}>|n>0}

and for given peP

App,: P X NIndex—PVid

is defined as follows. (We write ¢° for Appy(q.p).) Let pePimsex, o {p|,py) annt tet acp IF
q+end(p,), then App,(q,p) is undefined. Now suppose that g = -«(p2). 1xcu we deline

A”p(pO’p) = AWp(va(pl ,C)).

For g#p, we distinguish two cases.

. . S
AN 1 A) OnEdnmmanial - N T g S, o MG D, Then

(al) If Jie(l,...,m} [enabled(i)An;>0As;<oo], then

g = (<b,g VR 2<hd>) 5| p, G>eqas=min(s;| 1<j<m)).
(a2) If Vie(l,...,m} [enabled(i)=n; =0As; = o0}, then
qp — q(p.(//m}.h)'

YeN®p)

Case (b): p, domain(p,). Then

— l’ il
¢* = Eq(p( /h)m),

vel,

where I is as above.

REMARKS

M
(0

3

The remarks (1), (2), and (3) following definition 3.4 apply also to the above definition.

We have that App,(q,p) is undefined whenever gend(p,). This implies (since p, € Nodes(p))
that App, is defined on nodes of p only, which seems quite natural.

We give some informal explanation of the definition above. If we arrive at pg, with index p, we
continue with App,(p,p’). Here p'=(p),¢), that is, the second component of p’ now indicates that
the node we are treating next is (emd(¢)=) p itself. The interpretation of cases (al) and (a2)
above is entirely similar to that of the cases 1 and 2 in definition 3.4: if p, edomain(p;), then
v=pi(py) is treated exactly as before. A small difference is that, in (al), the second component
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py is extended with <b;,g> to denote that the next node of p that is treated is g
(=end(py°<b;,g>)). If p,¢domain(p,), an extension of the domain of p; takes place. Here I
is the set of initial indices (as in definition 3.4).

Now for the rest of this subsection let p e P be fixed. As in definitions 3.6 and 5.13 we can define a
mapping
®: Paths(p“~) — Paths(p®).
The following two theorems can be proved by easy generalizations of the corresponding proofs (3.7
and 3.8) in section 3.

THEOREM 5.19 p“* is node fair.
THEOREM 5.20 Any node fair path in p® is in the range of the mapping ®.

Combining global and node fairness .
We could now combine the two definitions (5.11 and 5.18) of fair infinite iteration and construct a
function

(o )= PP

such that p“* would be both globally and node fair. We do not do this and confine ourselves to the
observation that it would be a straightforward and dull exercise. Similarly for the generalization to
an infinite alphabet.
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