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Preface

In this tract systems of linear boundary value problems (BVPs) for ordinary
differential equations are studied. Especially are examined solution methods for
BVPs based on the integration of initial value problems (IVPs), like (multiple)
shooting techniques. The main problem to evade arises from the fact that a
BVP may have both (fast) increasing and (fast) decaying modes. This implies
that straightforward integration of the differential equation will be expensive
(small stepsizes) and/or the results will be inaccurate (the decaying modes will
be dominated by the increasing modes).

Some of these problems can be circumvented by a continuous decoupling of
the (fast) increasing and the (fast) decaying modes. Such a decoupling can be
interpreted as a transformation that actually accounts for the direction of the
fastest increasing (called: dominant) modes. Hereafter, the growth of these
modes can be determined separately. For this technique we generally have to
solve only well-conditioned IVPs, the solutions of which are slowly varying or
fast decaying. The price to be paid is that some of these IVPs are non-linear.
One of the best known decoupling transformations is the (classical) Riccati
transformation, for which an IVP, involving quadratic terms, has to be solved.
One of the main difficulties is that the quadratic Riccati differential equation
generally will not have a solution on the whole interval. This problem can be
overcome in two ways: generalizing the Riccati transformation to an orthogonal
transformation or rearranging the basis of IR™ before the solution blows up.

In principle a decoupling transformation only determines the direction of the
dominant modes. To obtain growth factors and the direction of the other modes
various techniques are available. An obvious way is to integrate in the opposite
direction. In that case, however, one has to store and interpolate intermediate
results or to solve another non-linear IVP. Both options are not very attractive.
Therefore a generalized invariant imbedding technique is suggested, which is not



necessarily related to the Riccati (decoupling) transformation. The resulting
technique, which involves forward integration only, turns out to be similar to
a backward integration, after the dominant modes have been decoupled.

The combination of a Riccati transformation with invariant imbedding is called
the Riccati method. It turns out that this Riccati method is a rather robust
method, which can solve both simple and complicated problems (such as stiff
problems, turning point problems and singular problems)

In Chapter 1 some more or less elementary concepts from linear algebra that
are fundamental in the discussion on differential equations (DEs) are treated.
Important concepts are the gap and the distance of linear subspaces. Also a
definition of the rotational activity of a solution (sub)space of a linear DE is
given, which will be used throughout this thesis.

In Chapter 2 some recently developed fundamental concepts for linear BVPs
are reviewed, like conditioning. A central role is played by the (exponential)

" dichotomy of the solution space. A dichotomic solution space can be partitioned
in (at least) two parts, which solutions differ both in direction and in growth.
An important result is formulated in Theorem 2.19, which shows that with
straightforward integration and for almost any initial value the subspace of
dominant modes will be obtained.

In Chapter 3 general decoupling transformations are studied. A special class
is formed by continuous orthonormalization methods, where the decoupling
transformation is orthogonal. In this chapter also the generalized invariant
imbedding technique is discussed. In Theorem 3.14 we prove that this technique
delivers the direction of modes, which are dominant in opposite direction.

In Chapter 4 decoupling via the Riccati transformation is considered. By its
simple form (block lower diagonal) some reduction is obtained in number and
complexity of the resulting IVPs. Of course one has to pay for this reduction:
the transformation does not necessarily exist on the whole interval of interest.
It will turn out, however, that under mild conditions this difficulty can be
overcome quite satisfactorily. The theory results in the Riccati method, by
which both stiff and non-stiff linear BVPs can be solved rather efficiently.

In Chapter 5 the Riccati method is examined in more detail when applied to
so-called stiff problems. To this end two kind of stiff problems are considered:
with and without turning points. If no turning points are present then some
reduction in the number of DEs can be obtained, which is of interest for large
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problems. When turning points are present then the super-stability property of
integration methods based on the Backward Differentiation Formulas may cause
inaccurate results. Some techniques to circumvent this problem are proposed.

In Chapter 6 the decoupling technique is examined when applied to BVPs with
a singularity of the first kind. It turns out that by this technique one has to
solve only singular IVPs that obtain (unique) analytic solutions. Using the
first terms of the power series expansions of these solutions one is able to move
away from the singularity, whereafter a regular problem remains. This regular
problem can be solved by one of the techniques discussed in the Chapters 3
and 4.

Note for reading: the equation numbering does not contain the number of the
chapter in which it appears. A reference to a numbered equation is always
within the same chapter, unlike otherwise stated.



Chapter 1

Preliminaries

In this chapter we shall first discuss some elementary results from linear alge-
bra. Therefore we use, where possible, the same notation as in ([20]). In the
Sections 1.2 - 1.4 we consider some concepts that play a fundamental role in

- the discussion of differential equations. Some of them are already known for
a long time, while others, like the rotational activity of a time-varying linear
subspace, are quite new.

1.1 Elementary definitions and results

e span, range and rank
By the span of a given set of vectors {a;}f_; in IR we mean the linear subspace
spanned by aj,...,a;. This span is denoted by

span{ay,...,ax} . (1)
By [a1 oo ak] we mean the n X k matrix whose i-th column is equal to the
vector a;(¢ = 1,...,k). Let A = [al | -+ | ak] be a matrix in IR™**. The

range of A is defined by

R(A) = span{ay,...,ax} . (2a)
The kernel or nullspace of A is defined by

ker(A) = {zeR¥|Az=0}. (2b)

The rank of a matrix is equal to the maximal number of independent columns.

Hence,



2 chapter 1

rank (4) = dim (R(4)) . (3)
If rank (A) = min{n, k} , then A has full rank.

e symmetry
An n x n matrix A is called symmetric if A = AT, and skew-symmetric if
A = —AT. Any matrix A can be written as the sum of a symmetric matrix

and a skew-symmetric matrix:
1
A:E(A-f—AT) + %(A—AT). (4)
The symmetric part of A is defined by
1 T
symm (4) = 5(A—}-A ) - (5)

e orthogonality
The matrix A = [ay |-+ | ak] eIR™** is column orthogonal if the columns of
A are mutually orthonormal, i.e.,

a,'Taj:&,'j, (s,7=1,...,k).

If k = n then we just say that A is orthogonal If & > n and AT is column
orthogonal, then we call the matrix A row orthogonal

For any k-dimensional subspace §; C IR™ there exists a column orthogonal
matrix Q; such that §; = R(Q1). This is a result of the following:
Let A; eIR™ ¥ with k < n. Then there exist a column orthogonal matrix

Q; ¢eIR"** and an upper triangular matrix R;; € IR*** such that
A]_ = Q1R11 . (6a)

This is called a QR-decomposition of A;.

If A; has full rank and we moreover require that the diagonal elements of Rj;
are positive, then Q1 and R;; are uniquely determined.

If A; eIR¥*™, with k < n, then a QR-decomposition of A4; is obtained by

4,Q= [o Ru] , (6b)

where Q e IR™*™ is orthogonal and Ry € IR*** is upper triangular.

It is always possible to extend a column orthogonal matrix Q; to a full n x n

orthogonal matrix @ = [ Q1 Q2 ] . The orthogonal complement of S; =
k. n-k

R(Q1) is then given by
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Si- =R(Q2) - (7

e norm and condition number

Throughout this thesis we shall mainly use the Fuclidean norm (2-norm).
Hence, if z€IR™ then || z ||= v/zTz. For a matrix AeIR™™* we use the in-
duced matrix norm

| Az ||

All= 0t . 8
l4ll= max {50 | 2 # 0 ®)
This quantity will sometimes be denoted by lub(4). Similarly we define

Az ||

el

elb(4) = min {1221 |20}, )

Property 1.1
Let AeIR™™* agnd BeIR***. Then lub(AB) > lub(A) glb(B) .

" Incidentally, we shall also use the following norm
| Al = max {|ai; || ai; = (3,7)" element of A} . (10)
’YJ

Observe that this norm is not an induced matrix norm, nor it is submultiplica-
tive.

A matrix AeIR™* (k < n) has full rank if and only if glb(4) > 0 and then
the condition number of A is defined by

lub(A)

A= —2, 11
~(4) glb(A4) (11)
If £ > n then there exists an z # 0 such that Az = 0. So, glb(4) = 0.

However, if rank(A) = n then we define the condition number of A by

_ lub(AT)
K(4) = (A7) ° (12)

Observe that any (column/row) orthogonal matrix Q is perfectly conditioned,

ie., k(Q)=1

An easily verifiable result is the following:

Lemma 1.2
Let A, BeR™ ™. Then || [4|B] || < v2 max{| 4.1 B} .
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e singular value decomposition (SVD)

If AeIR™** then there exist orthogonal matrices U = [ul [+ ] un] eIR™*"
andV = |vg |-+ vk] €IR*** and a diagonal matrix T = diag(c1y, .. .,0,) e R"**
such that

A=UzVT, (13)

where 01 > 02 > -+ > 0p > 0 (p = min {n, k}).
The 0; (i =1,...,p) are the singular values of A. It will be convenient to have
the following notation:

Omax(A4) = the largest singular value of A,
Omin(A) = the smallest singular value of 4.

e inverse and pseudo-inverse
If AeIR™*™ is non-singular, then there exists a non-singular B ¢ IR**™ such
that AB = BA = I, the n x n identity matrix. The matrix B is called
the inverse of A and is denoted by A~1. For non-square matrices we make
the following generalization. Let AeIR™*¥ (k < n) have full rank. Then the
pseudo-inverse of A is defined by

At = (ATA) 14T . (14)

For AT we obtain that At A = I;. Moreover, A At describes the orthogonal
projection onto R(A).

e eigenvalues and eigenvectors

The eigenvalues of a matrix A ¢ IR"*™ are the n (possibly complex) roots of its
characteristic polynomial p(z) = det(zI, — A). The set of these roots is called
the spectrum and is denoted by A(4). If AeA(A), then any non-zero vector
z € IR™ that satisfies Az = Az is referred to as an eigenvector. More generally,
a subspace S C IR™ with the property that ze¢S = AzeS is said to be an
invariant subspace for A.

Corresponding to the eigenvalues of A we shall use the definitions:

Amax(4) = max {Re(A) | AeA(A4)}
Amin(4) = min {Re(A) | AeA(4)}.
We have the following result:
1417 = Amax(4T 4) . (15)

e Schur-decomposition
A matrix A eIR®*" is block upper triangular if it can be partitioned in the form
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Ay A - Ay
A= | 0 Az : ’
0 -~ 0 Ay

where each diagonal block 4;; is square. If each diagonal block is of order at
most two, then A is said to be in quasi-triangular form. For the spectrum of
A we have

1
A4) = | M4a) - (16)

i=1
Theorem 1.3
Let AeIR™*™, Then there exists an orthogonal matriz U eIR"*™ such that
UT AU is quasi-triangular. Moreover, U may be chosen such that any 2 x 2
diagonal block of UT AU has only complez eigenvalues (which therefore must be
conjugates). The diagonal blocks may appear in any order along the diagonal.

If A is symmetric, then A(4) C IR, which implies that D = UT AU is a diagonal
matrix. If, moreover, Amin(A) > 0 then the square root of A is defined by

A3 = UTVDU, (17)
where v/D = diag(v/X1, - - -, v/As )- In that case the matrix (A%)_1 is denoted
by A-3.

e matrix product
Let {A;}™, be a given set of matrices in IR"*™. Then we shall use the following
notation (k < m):

k
I14i = 4xAk-q...4: . (18)

=1

If k = 0 then we identify this (empty) product with I,,.

1.2 Separation and measure

A linear equation that will return throughout this thesis is the so-called Sylvester
equation ([20, p.242)):
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BX-XC=D, (19)

where B eIR***¥, C¢IR™! and D eIR**! are given matrices and X e IR**! is to

be determined.

Lemma 1.4 ([20, Lemma 7.1-4])
The Sylvester equation (19) has a unique solution for every D, if and only if

AB)NAC)=0.

|
Definition 1.5
The separation of the matrices B e IR*** and C e IR is defined by
sep(B, C) = X:n]“ll:kx, {H—BH—?—H l X # 0}.
|
Property 1.6 ([57)])
Let B,E eIR¥** qnd C, FeIR™!. Then
sep(B+ E,C+F) > sep(B,C)— || E| - || F| .
|
Property 1.7 ([57])
The separation of BeIR¥** and C e IR™ satisfies the inequality
sep(B,C) < min{|B—v|| BeA(B), 7eA(C)}.
|

In the analysis of linear differential equations we sometimes need a (posi-
tive) lowerbound for the separation of matrices. To this end we consider, for
AeIR™ ™, the initial value problem

d

—X = AX t>0 20
dt ’ =5 (20)
subject to

xX(0)=1I, (21)

(X is an n x n matrix function). This initial value problem has the unique
solution
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X(t)=et, t>o0. (22)

P

An important role in the dicussion of the stability of the differential equa-
tion (20) is played by the measure of the matrix A, which, with respect to the
2-norm for matrices, is defined as (cf. [59])

H(4) = Ama (54 +47)) . | | (23)

Property 1.8 ([59])
Let AeIR™ ™ then Amax(4) < p(A) and || et4 || < etr(4), ¢ > 0.

Theorem 1.9
Let BeIR*** gnd C e IR} be such that

u(B) +u(~C) < 0. (24)
Then
sp(B,C) > —(u(B)+u(~0)) .

Proof:
In the first place we observe that the condition (24) implies that the Sylvester
equation

BX -XC=D (25)
has a unique solution, for any D e IR¥*!. Moreover, from (25) it follows that

d (etBXe—tC’) — ¢tB p—tC

dit
Hence,
)
X = —/etBDe—tht ,
0

which exists by the condition (24). Therefore,
I
(u(B) + #(—C))

Since this is true for any matrix D and corresponding solution X, we obtain

. BX - XC
sep(B,C) = min {‘—LTX—H—J

X< -
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> —(#(B)+u(—0)) :

1.3 Gap and distance

In chapter 2 we shall consider the (asymptotic) behaviour of time-dependent
linear subspaces. An important tool for that discussion is the gap between two
linear subspaces A and B (GAP(A, B)) This is defined as the sine of the
smallest possible angle between a vector from A and a vector from B. More
formally (cf. [20, p.428]):

Definition 1.10
Let A and B be linear subspaces of R™. Define 6¢[0,7/2] such that

cos @ = max max {uTv ull=1,||v]|l=1}.
Then

GAP(A,B) =sinf .

n
Example 1.11
Let A = span{( ;1) } and B = span{( \/T? )} (le] < 1). Then
GAP(A, B) = [e|.

&

The gap between two subspaces can be regarded as a measure for the separation
of the two subspaces. Similarly we can define a measure for the distance of two
(equidimensional) subspaces.

Definition 1.12
Let A and B be equidimensional subspaces of IR™. The distance between A and
B is defined by

DIST(A,B) = mai{GAP(span{a},B)} .
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Remark 1.13
The equidimensionality requirement of .4 and B yields a symmetry in the def-
inition of distance, i.e., DIST(A, B) = DIST(B, A).

|
The same definitions and notations of gap and distance will be used for matrices

A and B. In that case we mean by DIST(A4, B) the distance between R(4) and
R(B). Similarly, by GAP(4, B) the gap between R(4) and R(B) is meant.

When we are dealing with the gap and the distance of linear subspaces the
following more or less straightforward results will often be used.

Property 1.14
Let A and B be linear subspaces with A® B = IR™. Then

GAP?(A,B) + DIST?(AL,B)=1. (26)

Moreover, let Q; be an orthogonal basis of AL and Qs an orthogonal basis of
"B. Then

GAP(4B) = [ (@7G) " I = omin(@7 Q) (27)
Similarly, with Q1 an orthogonal basis of A, we obtain
DIST(A,B) = DIST(4,B8')
= 1@ Q1] = omax(Q27Qu) -
| #
Property 1.15 '
Assume Ay e R™*¥(k < n) with rank(4,) =k, Q@ = [ 9_{ 9_2, ] an orthogonal

k. n-k

matriz and K, = [ g:i ] % k . such that Ay = Q1 K11+ Q2K21. Then

1 if K11 singular

-1
DIST(A41,Q1) = [ Ko K11 |l - if K11 non-singular
14| Kas Kia 71|

Less straightforward are the following two results.
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Property 1.16
Assume A; e R™**(k < n) with rank(4;) = k, Q; e R**F and @, e R**(*~%)
column orthogonal matrices for which @ = | Q1 Q. | is non-singular and K, =

Ifu L with K1, non-singular are such that Ay = Q1K11 + Q2K,:1.
K | [ n-k

Then we have:

if || K21 K71 ||< 1 then DIST(4:1,Q;) < I KZ}K‘E_I I
T 1= || Ka Kot

Proof:
Let Q = [Q1 Qz] €¢IR™*" be an orthogonal matrix with Q; = Q1. Then

5-0 [ Iy, Q1:?2 ]
0 Q2 Q:
and

K1

A= @ Qz][K ]—[Ql QZ][K11+Q1 QZI—(ZI]-

Q2 K»
If | K21 K71 ||< 1 then Ki; 4+ @17 Q; Koy is non-singular and

1
” S L — -1 .
1- ” K21 K11 ”

~ =~ ~ -1
Il (I + @17 @2 K21 Ki7Y)

Therefore,
DIST(4;,Q;) = DIST(4;, Q)

| QZTQZ Kn(f{n + QITQZ 1?21)_1 I
\/1 +1| Q2T Q2 K21 (K11 + @17 @, 12'21)_1 ||2

O - = -1
| Q2T Q2 Koy K7 (Ix + @17 Q2 Kon Ki71) 7 ||

IA

| Q27 Q2 Koy K71 ||
T 1-||Ka Kyt

| Ko Ki7t | )
1- || Ko Ky7t ||

Lemma 1.17
Let Q1 e IR™* and Q, e R**("=*) be column orthogonal matrices with
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GAP(Q1,Q;) > 0. Then

© I Q]I
-1 2

) I [@: Q] Il

IA
[

1+1/1— GAP2(Qs,Q2)

1 2
< -
1— \/1 — GAP?(Q1,Q2) GAPH(Q1,Q2)

Proof:
Let Q = [Q1 Qz] and Zz1 = Q;7Q;. Then

QTQ—[ I Zz1T]_I 4 0 ZaT

Zy1 In_g Zn 0

From the singular value decomposition Z3; = U X VT we obtain

0 ZuT [V Vv vV Vv T 0
[zn o ||lv -v]| |v -v 0—2]'
- Hence,
0 Zx7T

) =1 +‘7ma.x(221) .
Za1 0

)‘ma.x(QTQ) =1+ Amax([

From Property 1.14 we obtain

Omax(Z21) = \/1 — GAP%(Qy,Q,),

by which (i) follows.
To see the second proposition note that

” Q—l ”2 = 1/)‘min(QTQ) = 1/(1 - o'max(ZZI))
and observe that

: < %, for all te(0,1].

1-/1—-t

1.4 Rotational activity

In this section we shall give definitions and derive properties concerning time-
dependent matrices and subspaces. Let X1 = [#1]|---|zi] be a continuously
differentiable n X k (k < n) matrix function on some interval Z. Assume
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that X;(7) has full rank, for all 7eZ. Decompose X; into a direction matriz
Ty = [t1]---|tx] and a positive size matriz D1y = diag(dy,...,dx), (cf. [56])

X, =T Dy, (28)

where || t;(7) ||=1(i=1,...,k), for all TeZ. We say that t; is the direction
of z; and d; is the growth of z; (i =1,...,k).

The following properties of T; and D;p; directly follow from the requirements
on X; and the differentiability of the 2-norm.

Property 1.18
The matriz functions Ty and D11 have full rank and are continuously differen-
tiable.

|
Now we can define the rotational activity of a matrix function.

Definition 1.19
Let X1:T — R™**(k < n) be continuously differentiable. Assume X;(t) has
full rank, for all Te€eZ. The rotational activity of the matriz function X; at

the time T is defined by || iTl('r) || » where Ty is the direction matriz corre-

dr
sponding to X; (see (28)).

Property 1.20
The rotational activity of a matriz function X; is invariant under permutations
of the columns of X;.

For our purposes the concept of rotational activity of a matrix function may be
too restrictive in some situations. Sometimes we are interested in the rotational
activity of a linear subspace. In order to obtain a workable definition of the
rotational activity of a linear subspace we first look at orthogonal bases of
that subspace. Let Q;:7 — IR"** be continuously differentiable and column
orthogonal. Then, for all TGI we have the inequalities

d d
|~ @2 @:7) 22 P Zh I (29)

TdQ1 dQl “

< e || + (I - Q@) =
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Define the k-dimensional (time-dependent) linear subspace S; by 81 = R(Q1).
Then the term || QIT% || quantifies the rotational activity of @; within

81, while || (I, — Q1 @:17) %O;_—l || quantifies the rotational activity of Q; or-
thogonal to S;. Now any orthogonal basis Q; of S; can be written as

Q1=Q1 %1, (30)

where Z11: T — IR™** is an orthogonal matrix function. Observe that

1T -G@N 2| = (- @) (22 20+ @0 222

| n - @@ 22 7,
Dy

| (I. — @1 @:") == (31)

Hence, the rotational activity within S;* is independent of the choice of the
- (orthogonal) basis. For the rotational activity within S; we obtain

- d
| 679 Ql IR PARLRICy NPT

dQ dZ
[ERET AL

(32)

Therefore, the rotational activity of the column orthogonal basis Q, of S; is
minimal if Z;; is a solution of the differential equation

dZy _ _Q,T dQ1

dr (33)

In that case the rotational activity of Q; is equal to || (I, — Q1 Q1 )dQ1 I|.
Remark that (33) implies that

d
E(ZHTZII) =0.

So, any orthogonal initial value for Z;; induces an orthogonal Z;;(7), for all
TeZ. This leads to the following (unambiguous) definition.

Definition 1.21
Let X, be a given n X k matriz function, having full rank. The rotational
activity at 7 of the k-dimensional, linear subspace Sy = R(X1) is defined by

| (I - @ @) 22 ),
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where Q1 18 a column orthogonal (time-dependent) basis of Si.

Let X;:Z — IR™*¥ (k < n) be a given continuously differentiable matrix func-
tion having full rank. Define §; = R(X1). One might think that the rotational
activity of X is at least as large as the rotational activity of S;. However, this
is not the case, as is illustrated by the next example.

Example 1.22
1 1-—¢2
Let,for 0 < |e| <1, X1(r) =] 0 ecost |, 7€[0,1]. Then X; isidentical

0 esinT
to its direction matrix. Therefore, the rotational activity of X;(7) is equal
dx 1 0
to “ ! || =¢ . Moreover, the matrix function Q1(7) = | 0 cos7 | is
0 sinT

column orthogona.l and satisfies R(Q1) = R(X1). Hence, the rotational activity

of R(X1(r)) is equal to || (I — Qu() Qu(r)") LR (r) =1 .
B

The above example shows that an ill-conditioned matrix function X; may have
a much lower rotational activity than the corresponding subspace R(X1). A
relation between the two follows from

Property 1.23

Let X1:T — IR™¥¥ (k < n) be a given continuously differentiable matriz func-
tion having full rank. Let Ty be the direction matriz corresponding to X;.
Decompose Ty as Ty = Q1211, where Q1 is column orthogonal. Then

dT; d
1952 11 (1 - @ @) 22 gy (39)
Proof:
From T; = Q1Z;;1 we obtain
185y = &g, 10,20
7
> | (I - @1 QIT)("’QI It @ 2y
d
= - ") 22 7
> || (In — Q1@:7) -c# || glb(Z11)
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= (- Q@) || alb()

T

We shall return to the concept of rotational activities of matrix functions and
of time-dependent linear subspaces in Section 3.2. In connection with solutions
of linear differential equations we shall consider, for instance, a direct method
for the computation of an orthogonal basis with minimal rotational activity.



Chapter 2

Fundamental concepts for
BVPs

2.1 Introduction

In this chapter we consider the linear system of (ordinary) differential equations
(DEs)

d :
E? =A@z + f(t),  teT, (1)
where = and f are n-vectors and A an n X n matrix function. The interval
of integration Z may be finite or infinite. In the former case we shall always
assume that Z = [0,1] and in the latter case T = [0, 00 ). For the moment we
let Z be finite, so Z = [0,1], and consider boundary conditions (BCs) of the

form:
BO%z(0)+ Blz(1)=b (2)
(B% B'eIR™*" and beIR™). In the sequel we shall also consider BCs having

a special form, such as separated ones, where B® = [ B%Z ] %:_k and B! =

1
[ B ] Lw , for some integer k.

0 I n—k
A fundamental solution X of (1) is defined by
%X:A(t)X, teT, (3)

16
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where X is an n X n matrix function with X (0) non-singular (the columns of
X form a complete set of solutions of the homogeneous part of (1)). The basic
existence theorem for the two-point boundary value problem (BVP) (1) and (2)
can be stated as follows

Theorem 2.1 ([29])

Let A, feC?[0,1] and X be a fundamental solution. Then the BVP (1) and (2)
has a unique solution z e CP*1[0,1] if and only if B(X) = B®° X(0) + B X(1)
18 non-singular.

In the sequel we assume that (1), subject to (2), has a unique solution (is a
well-posed problem). For any fundamental solution X the solution z of (1), (2)
can be written as

o) = X)) BX) b+ [ Gt 5)5(s)ds (4)

where the Green’s (matriz) function G is given by

X(t)B(X)"*B°X(0)X~'(s) , t>s
G(t,8) = (5)
{ —X(t)B(X)"'B'X(1)X"!(s) , t<s
Define
a= max [|G(ts)ll (6)
and
B = max | X@)B(X)™] . (1)
Then we obtain, for all te[0, 1], the (stability) inequality
1
fz@ |l < Bllbl +a/||f(s) || ds . (8)
0

The choice of the function norm is in some sense arbitrary, but may have a
great influence on the magnitude of the stability constants, as is for instance
seen in

Example 2.2 (cf. [56])
Consider, for 0 < € < 1, the DE
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d?u du

eﬁ+2t5:0, te[-1,1], (9a)
subject to
u(—-1)=0 and wu(l)=1. (9b)

Transforming (9a) into a first order system with z; = % and z2 = u yields

()= 6) 2
Define
B(t) = et*/¢ and I(t):\/—ir;; /_ :o E(r)dr .

The scaling factor \/7e has been chosen such that I(1) = 1, for ¢ sufficiently
small. A fundamental solution X of (10) is given by

1 __1
Xt) = [ Z= PO O ] .
I(t) 1-1(2)
Observe that B(X) = B~1 X(—1) + B! X(1) ~ I,. Hence,
~1 || ~ max - o=
max || X() B |~ mpx | X() | = O(2),
but

[ nxes@ e~ [ 1xe e = o

On the other hand, with z; = \/7¢ % and z2 = u we obtain the system

d [z, —2tfe 0 2
V/7e
A fundamental solution X of (11) is given by

E(t) -E(t)

=1 10 1-10)

1
which implies that both max || X(2) B(X)™! || and / || X(¢) B(X)~1 || dt are
0

of order 1.
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If, however, one is interested in the value of %% then at ¢ = 0 one is confronted
again with the factor 1/,/e.

Observe that both a and (3 are independent of the choice of the fundamen-
tal solution X, that « is invariant for row scaling of the BCs, but 3 is not.
Therefore we first look more precisely at the BCs.

Let U V7 be the SVD (cf. (1.13)) of B = [ B| B | eIR™". Now the con-
dition of the BCs is defined as k(B) (cf. (1.12)). Observe that this condition is
not influenced by an orthogonal transformation. Hence, without loss of gener-
ality we may assume that U = I,,. In order to normalize the BCs we observe
that

1=«(V)<«k(DB),
for any n X n diagonal matrix D. Therefore, by writing the BCs as
Voz(0)+Vizg(l) =21 (12)

we have, with respect to the 2-norm, optimized the BCs by an appropriate row
scaling (£71). In the sequel we shall make the following assumption

Assumption 2.3
The n X 2n matriz B = [BO IBI] is row orthogonal. Moreover, the BVP (1)
and (2) ts well-conditioned, i.e., the stability constants a and 8 are of moderate

size.

A straightforward way of solving the BVP (1), (2) is the so-called shooting
method. In that case the solution z is constructed by superposition of the
columns of a fundamental solution X and a particular solution, as for instance
has been done in (4). However, in many applications the solution space of (1),
(2) is dichotomic, which, roughly speaking, means that homogeneous modes,
i.e., solutions of the homogeneous part of (1), exhibit a widely varying growth
behaviour. In general this implies that the columns of the fundamental solution
X will become nearly dependent, which, of course, influences the numerical
computations where this X is involved. How this numerical instability can be
overcome will be discussed in the next chapter.
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2.2 Dichotomy

In this section we shall have a closer look at the concept of dichotomy. For vari-
ous reasons we assume that the system of differential equations is homogeneous
and defined on IR* (Z = IR*). Hence,

dz
—_ = >0.
C=A)e, 20 (13)

Let X be a fundamental solution of (13), i.e.,

d
ZX=40X, t>0

X (0) non-singular

(14)

Denote the solution space (or flow) S of this DE by
S={Xc|ceR"}. (15)

Now we shall concentrate on solution subspaces & that can be split into two
subspaces of (exponentially) decreasing solutions; one for decreasing time (S1)
and the other for increasing time (S).

Definition 2.4

A solution subspace S; C S is called a dominant subspace or a subspace of
unstable solutions if there ezist positive constants k; and A1 such that for any
non-trivial ¢1€S; we have

L@ - o s (=) ,
1626 I < ki ) t<s. (16)

A solution subspace S; C S is called a dominated subspace or a subspace of
stable solutions if there exzist a positive constant ky and a non-negative constant
A2 such that for any non-trivial ¢, €S2 we have

Il $2(2) |l N2 (t—s3) s
T < » f2e (")

Here k1 and k; are assumed to be of moderate size. The option that A; may
be equal to 0 implies that smooth solutions are assumed to be in S,.

Remark 2.5
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(i) On an infinite interval the mere existence of finite k; and k; is sufficient for
analytic applications. For numerical purposes and on finite intervals we
have to be more careful. That is why k; and k5 should not be excessively
large. The relation between the magnitudes of k;, A; (¢ = 1,2) and the
length of the interval (when this is not normalized to length 1) becomes
important. We shall return to this question at the end of this section.

(i) If A is a constant matrix, then any non-trivial solution of (13) satisfies
| =(t+ &) |l h Amax(4)
T < pa(h) e maxis),
Il =() I "
where p,(h) is an n-th degree polynomial in h with p,(0) = 1 ([59]).
Corresponding to this inequality a sharper bound (especially for small
values of h) may be obtained if we replace Definition 2.4 by

$reS1 = | 10) || < | da(t+h) || (1+ kah)e PP (> 0)
and

b1eS2 = || d2(t) || < || $2(t +R) || (1+keh)e™ 222 (B >0).

However, with these definitions the formulations and proofs of theorems
like Theorem 2.9 become more complex.

(iii) The subspace S; is not uniquely defined. Nevertheless, for ¢ going to
infinity the subspace S1(t) is unique (cf. Theorem 2.19). The subspace Sz,
however, is unique, since it can be regarded as the subspace of solutions of
(13) that are uniformly bounded. It is not restrictive to assume that S (0)
is orthogonal to S;(0), which makes both §; and S, uniquely defined.

Definition 2.6

A solution space S that can be split in Sy @ Sy with S; (i = 1,2) satisfying,
respectively, (16) and (17) is said to be weakly exponentially dichotomic. (In
[7] this property is called ‘comparative exponential dichotomy’.)

In this defintion the adverb >weakly’is used to distinguish between this property
of the solution space and the better known property of exponential dichotomy.

Definition 2.7 ([11])
The solution space S is called exponentially dichotomic if for each fundamental
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solution X there ezists a projection P (P # 0,1, ) such that
| XE)PX ) || < meM(E=Y) o0<t<s,

| X@E)(I-P)XYs)|| < mee22(t=38) t>5>0.

For the same reasons as before the quantities m; and ma should not be large.
Moreover, we assume that Ay > 0 and X2 > 0.

Remark 2.8

If in Definition 2.7 both A; and )\, are zero, then the solution space S is called
dichotomic. In [26] it is shown that well-conditioning of the BVP, corresponding
to the stability constants given in (6) and (7), implies dichotomy of the solution
space S. This concept will be used in Chapter 5, when we are dealing with
singular perturbation problems.

The following result is well-known (cf. [7]). However, since its proof is quite
instructive, we shall recapitulate it here.

Theorem 2.9
If the solution space S is exponentially dichotomic then it is also weakly expo-
nentially dichotomic.

Proof:

Assume S is exponentially dichotomic and let X be a fundamental solution
of (14). Since P of Definition 2.7 is a projection, there exists a non-singular
matrix H such that

15!17}1—1—[Lc 0](1<k<n)
"o o = '

Define Y = X H-! and write Y = [ i Y, ] . Then

kE n-k

I

| X(t) P X~'(s) | 1Y () Y=i(s) |l

I Ya@) o]Yy=*(s)| . (18)
Let
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= {ch]_ IC]_E]R.k} . (19)

Thus ¢1€851 = ¢1(t) = Ya(t)er, t >0 (c1eR¥).
Hence, for any non-trivial ¢; ¢ S; we obtain

la@l _ Inwey _ MHO] )
” ¢1(3) ” ” Yl(s) €1 ” ” [Y1(s) Yz(s)] (col) ”

I [va o] y=2(s) |

< mle_)‘l(s—t), t<s,

IA

by (18).
In a similar way we define

82 = {Yg Ca I Ca E]R.n_k } (20)
-and derive the relation (¢2 #0)

2

Weakly exponential dichotomy is not enough to guarantee exponential di-
chotomy (cf. [38]) as is illustrated by the next example.

Example 2.10

et 0 e~ At

S is weakly expomnentially dichotomic with the dominant subspace 51(t =

1 1-— e"”
span { ( 0 )} and the dominated subspace S;(t) = span {( )}

t > 0. However, for any projection P # 0, I,, the quantity || X (2) PX 1(t) | is
not uniformly bounded.

1 V1i—e2t e’ 0
Let X(t) = , t>0 (A > 0). Clearly,
0

As will be demonstrated in the sequel exponential dichotomy implies that the
gap between S; and S; remains bounded away from zero (cf. Definition 1.10).
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Assume S is weakly exponentially dichotomic with some given S; and S2. Let
Y = [ Y1 Y» ] be a fundamental solution of (14) such that the columns

k n-k
of Y7 span S; and the columns of Y, span S;. Make, for ¢ > 0, the following

QR-decompositions:

Yi(t) = Q1(t) Ras(2) (21)
and
Y3(t) = Q2(t) Raa(t) (22)
(Ql , Qz column orthogonal matrices and Ry;, Rz upper triangular matrices).
Hence,
. . Ry4(2) 0
Yo = [neno] = [0 &0 [ 0 Rt
B I Q17 (t)Qa(t) Ry1(2) 0
= @) @:0)] { 0 070 6a0 S ] (23)

where Q(t) = [Ql(t) Qz(t)] is an orthogonal matrix with Q;(t) = @, (¢)(¢ > 0).
Using (23) and Property 1.14 we obtain

Property 2.11

-1

aaP(si0),50) =1 (@7®&0) Il . t>0.

Before the main result of this subsection is formulated we first need

Lemma 2.12

[0
1/GAP(5:(1),8:(8)) = 1Y) o Y1) |
(L 0],
= IIY(t)_0 0]Y @1, t>0.

Proof:

1Y) [

0 Y—l —
. 1=

n—k
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I @t) @2(t) ]

[0 0 ][Ik Q17 () Q2(2)

| 0 I 0 QZT(t)Qz(t)} SV

0 0
I @1(8) Q) ] 0 (QzT(t) Qz(t))_l ] |

162(6) (@27 Ga) ™ I

. -1
= 1(@"() &) II= 1/6AP(S:1(),50))
by Property 2.11. This proves the first equality.

0 o
To derive the second equality we observe that Y (t) 0 Y-1(t) isa
n—k

projection. Now the result follows directly from the observation that || P ||=
.|| In = P ||, for any projection P # 0, I,,.

Theorem 2.13 (cf.[11], p.11)

The solution space S is exponentially dichotomic if and only if S is weakly
ezponentially dichotomic and the gap between the corresponding S; and Ss is
uniformly bounded away from zero.

Proof:

if-part: Assume S is weakly exponentially dichotomic and GAP ( S1(t), S2(t) ) >
d > 0,forallt > 0. Let Y be a fundamental solution as in (21) and (22). Then,
for any non-trivial ¢, € S; and ¢t > s, we have

hal-s) s lBO]
¢ 2 )

|1 @2(t) Raa(t) ez || ¢y e IR
1 Ga(e) Bna@)en || 7 )

|| R22(t) ez ||
|| Ra2(s)c2 ||

Hence,
Rz }(s)ds ||
Il d ||

< kpe2(t—9) (24)

_ Rys(t)
Raa(t) Ry~ ? = [ B2
| Raa®) B (o) | = max {

| v0)
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Therefore,

1Y () Y=1(s) || = || Raalt) Baa~(s) (@7 () @a(s)) |

n—k

<« N Rn@t) Re™'(s) | < kBon-s) 45,
GAP(31(3),52(3)) d

In a similar way we may deduce

Ive) | Y ls FehlD, ecs,
By the relation X = YH (H non-singular), P = H! I; g H and the

foregoing results we obtain validity for any fundamental solution X, which
completes the proof.

The ’only if’-part is a direct consequence of Theorem 2.9 and Lemma 2.12.

Without an explicit calculation of a fundamental solution it is hard to check,
in general, whether S is exponentially dichotomic or not. A rather trivial case
is obtained if A4 is a non-singular, constant matrix with eigenvalues in both the
left and right (open) halfplane of € ([59]). Less trivial is the following result,
originally derived by A. Lazer ([32]).

Theorem 2.14 -
Let A(t) = (a;j(t)) be a continuous n X n matriz function on the half line IRT.

Suppose there exist a constant § > 0 and an integer k, 1 < k < n, such that,
for allt >0,

@) los®)] 2 6+ 3 lag®)]  (i=1,...,m)
i
(ll) a,-,'(t) >0 (i:l,...,k) and aﬁ(t) <0 (i:k+1,---,n) .

Then S is weakly ezponentially dichotomic and dim (Sl(t)) =k.

A generalization of this result will be given in Chapter 4.
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A sometimes easily verifiable property is that of (exponentially) bounded growth
(cf.[11], p.9).

Definition 2.15
The solution space S of the homogeneous DE

dz
—‘E:A(t):z:, t>0, (25)
has exponentially bounded growth if there ezist an o > 0 and a ¢ > 0 such

that every non-trivial solution of (25) satisfies

Il =) |

— < cealt_sl, forallt,s>0.

Il z(s) |l

This definition directly leads to the next two results.

Corollary 2.16
'S has exponentially bounded growth if and only if for any fundamental solution
X of (14) we have

| X)) X~1(s) || < cexlt=3l ts>0.

Corollary 2.17
t

If [l A(r) || dr < a|t—s| (t,s > 0), then S has ezponentially bounded
8

growth.

A relation between exponentially bounded growth and a separation of subspaces
of the solution space S is given by

Theorem 2.18

Assume that the solution space S has exponentially bounded growth. If, more-
over, S is weakly exponentially dichotomic then the gap between the correspond-
ing S1(t) and S(t) is uniformly bounded away from zero.

Proof:

(We shall construct a solution of (25) that, for some ¢ > s > 0, will grow
as fast as kie Mt - s)/GAP (Sl(s),Sz(s)). By the ‘exponentially bounded

1
growth’-condition this implies that the gap must be bounded away from zero.)
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Let s > 0 be fixed. Choose u€S1(3), veSz(s) and e (0,7/2] such that u™u =
vTv = 1 and GAP(Sl(s),Sg(s)) = GAP(span{u}, span{v}) = sinf. Define
$1€S51 and ¢ €S2 by ¢1(s) = u and @2(s) = v. Let

1 6
Bt)= —=hit) - Tohalt), t20.

Then ¢ €S and || ¢(s) || = 1. Moreover, for any h > 0, we have
lé(s+Rh) Il = |l ¢1(s+h)—cosbgz(s+h)| /sinb
| $1(s+h) || — cosb || ga(s+R) |

>

GAP( 81(s), S:(s) )
S k_l, eMh _ cosf ks e—Azh
T aAP(Si(s),5a(s) )
S El;eA;[h_kZe—Agh

GAP($1(s), 5:(5) )

Since || ¢(s + k) || < ce@h || 6(s) |l = ce®h, we have obtained, for any h > 0,
the relation

1 eAlh —k e—/\zh
GAP(81(s), S:(s)) > B 2

ce@h
Define
1 e)‘lh - kz e—-/\zh

d=sup & ,
r>0 cech

then d > 0 and independent of s. So

GAP(Sl(s),Sg(s)) >d>0, foralls>0.

From these results we for instance conclude that exponential dichotomy is ob-
tained if the matrix function A is uniformly bounded and satisfies the conditions
of Theorem 2.14 (cf. [11], proposition 6.3). It is even sufficient that the system
can be transformed (by a sufficiently smooth transformation) into a system
that satisfies these properties. We shall return to this aspect in the Chapters
3 and 4.
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2.3 Consistency

In section 2.2 we obtained some insight in the meaning of a (weakly) exponen-
tially dichotomic solution space S. Here we want to deduce some convergence
and growth properties for solutions in such a solution space. To this end we
need Definition 1.12 of distance between subspaces.

2.3.1 Infinite intervals

With Property 1.16 we are able to prove

Theorem 2.19
Let the solution subspace S be weakly exponentially dichotomic and
Y = [ Y1 Y, ] a fundamental solution such that ‘R(Yl(t)) = 81(t) and
& nk
R(Ya(t)) = 8:(¢), for allt > 0. Let X(2) = [ %) X)) | =Y() B, ¢ 20
& nk
(H non-singular). Then
(i) Hur non-singular = DIST(R (X1(¢)),$1(¢)) = O(e~(a+22)t) ¢
0o.
(i) Huy singular = DIST(R(X1(t)),5:(t) ) > GAP(8:(6),5:() ) -
Proof:

(i) Observe that, using the notation of (21), (22) and the partitioning

Hii Hiz | Tk . - Ru(t)H
H= | Hyn Hap ] Int X =[ Q1 Qo] R::Et;H: ] !

k n—k

(24) we have seen that

| Raa(t) Raa™X(s) || < koe™P2(E=) ¢,
Similarly we obtain

I Rua) R (o) | € bae™ (68 <5
Hence, if Hy; is non-singular, then

F(t):=|| Raz(t) Ha1 Huu ™" Rua ™' (2) ||

< || Ra2(t) R2271(0) || F(0) || R1a(0) R~ (2) ||
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< kykpe (A +22)t pioy (26)
From this and Property 1.16 result (i) follows.

(i) If Hqq is singular then there exists a vector vy eIRF (v1 # 0) such that
X1 v = Q3 Ryy Hyq vq, which is in S;.

|
Remark 2.20

(i) Observe that to obtain DIST(’R,(Xl(t)),Sl(t)) — 0 as t — oo it is not
strictly necessary that both A; and A, are positive. If Hy; is non-singular
we only have to require that A\; + A2 > 0.

(ii) The condition ’Hy; non-singular’ is identical to
55(0) mz(xl(o)) ={0}. (27)
Hence, as soon as (27) is satisfied we have
DIST(’R(Xl(t)),Sl(t)) = 0(e— (M1 +A2)ty |

Definition 2.21 (cf. [38])
Let the solution space S be weakly ezponentially dichotomic with corresponding
subspaces S and S;. Then a fundamental solution X = [ X X, ] is called

k. n-k

consistent if it satisfies Sp(0) N 'R(Xl(O)) ={0}.
|

What we conclude from (26) is that for large values of ¢ the distance between
R (X 1(0)) and S1(0) is of minor influence. This is what we would expect, since
81(0) is not uniquely defined by (16). As is illustrated by Theorem 2.19 only
the asymptotic behaviour of 8;(t) is unique.

To measure consistency of a fundamental solution X we may use the quantity
1/GAP (R(Xl(O)) ,S2(0) ) . This can be seen from the following observation.
Write, using the same notation as in (21) and (22),

x@=y0 [ 5] =160 &0 5]
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Then ” Rzg(O)Hg]_ H11_1R11_1(0) ” = ” K21K11-1 ”. Now construct an
orthogonal matrix U = [Ul Uz] €¢IR™*"™ such that X;(0) = [Ul Uz] [ ‘/31 ]

(V11 non-singular). Then

wowl[§] - xo =100 w05

[ @:1(0) Q2(0) ] [ Knﬁu'l ]Ku.

Hence,

[ angu-l ] =UT[ 1(0) @2(0) ] [ K21%11—1 ] )
from which we obtain the relation
KnKu™'= —(UzTQZ(O))_l U>7 Q1(0) .
Using Property 1.14 we have
| | R22(0) Hzs H11 ™' Rua ™ (0) || = || Ko Kua ™" ||

<11 (07620 11727 G:(0) |

DIST (R (X1(0)), 5:(0) )
AP (R(X:1(0)),5:(0))
1
AP (R(X:(0)),5(0))

We can always find a dominant subspace S; with DIST(’R(Xl(O)) , 51(0)) =
0. So, the consistency of X is most fairly (and uniquely) quantified by

1 /GAP( 'R(XI(O)) , S2(0) )
We shall finish this section with a statement conserning the growth of solutions
that are determined by X;(0).

IA

(28)

Theorem 2.22
Assume S is weakly ezponentially dichotomic and GAP ( S1(t), Sz(t)) >d>0,

forallt > 0. Let X = [X1 .Xz] be a consistent fundamental solution. For any

non-trivial solution ©1 = X1¢1 (0 # 1 eIR* ) of (25) we have
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M(—t)—u e~ (s—1) s
e S ey, o<iss,

kiks e— (A1 +A2)¢

where Kq1(t) = 2mq (1+ ) (my = ky1/d).
GAP(R(X1(0)),5:(0))

Proof:

Since X is a consistent fundamental solution we have

Xi(t) = [ Yat) Ya(t) | [ gzi] , >0,

with H;; non-singular. Hence,

lza@) Il _ | Xa@®)e |l
Iz | [ Xa(s)en |l

11a @0 ]| Rl | al

1180 @0 ]| guid o |

1] Rag s ] e

< 16169 &) T @0 @ 11 11:::(('5; Iéii |
I [ Ry(s) Hay ] e |

Moreover, for 0 <t < s we have

|| R ] e

R33(t) Hay
max k R (3)H11 <
0#celR u
I puld i ] e
14 || Rya(t) Hay Hiy "t Ry~ (2) ||?
< | Ru@®)Ru=() | + ||2 22(t) H21 H1a _111 (_z I
1+glb (Rzz(s)Han Ru (3))
< || Rua(t)Ria~2(s) || (1+ || R2a(t) Ha1 H1i ™" Rua ™' (2) ||)

Eqks e— (A1 +A2)t

e (s—1)
< ket (1+ GAP(‘R(Xl(O))’SZ(O)) )

(cf. (26) and (28)).
By Lemma 1.17 the proof is completed.
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In Chapter 3 we shall see why this result is important in relation with invariant
imbedding techniques.

2.3.2 Finite intervals

The generalization of the consistency concept to finite intervals is not straight-
forward. Consider the homogeneous DE

dz
Z =AMz, te[01]. (29)

Now we make the following definition.

Definition 2.23

Let Z be the fundamental solution, corresponding to (29), with Z(0) = I, and
letUT VT, with © = diag(o1,...,0n ), be the SVD of Z(1). The solution space
.8 has a y-observable dichotomy (v > 1) if for some integer k(1< k < n) we
have

Ok =Y O0k+1 -

LetV = [ \ZBR ) ] . Forte[0,1], we define the subspaces

—  —

kE n-k

5it)=R(ZB)Vi) and Si(t) = R(2()V2) - (30)
Then Sy 13 called a dominant subspace and S a dominated subspace.
|
A relation between dichotomy on a finite and on an infinite interval is given in

Property 2.24
Assume that the homogeneous DE

9 _AW)e,  te[o,00) (31)
dt
e+ A2
has an exponential dichotomic solution space S with ———— > 1 (see Def-

m1 My
inition 2.7 ). Then the DE (29) has a y-observable dichotomy, for some
A1+ A
e

my My

¥ 2>
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Proof:

Let Z be the fundamental solution of (31) with Z(0) = I,, and let U V7T be
the SVD of Z(1). From the exponential dichotomy of the solution space S we
obtain that there exists a projection P such that

mie~™M > || PZ-Y(1) || = || PVEL] .

Since dim(’R(P)) = k one can show that || PVE~! ||> 1/ok. Hence, of >

A1

<. Similarly we obtain that
m

mye™? > || Z(1)(In = P) || = | SVT (Lo = P) | > on4r -
Therefore,

or o e+ Az

Ok+1 ~  Mmamg

If in Definition 2.7 we have the inequalities m; < e A1 and me<e A2 then the
above property implies that the exponential dichotomy of (31) can already be
observed at [0,1].

In the Chapters 3 and 4 we discuss so-called decoupling transformations. Such a
transformation tries to separate the solutions in S; from those in S,. It will turn
out that the stability of such a decoupling transformation is strongly influenced
by the dichotomy factor . Therefore, in our applications the Definition 2.23
is only appropriate if v is significantly larger than 1. In Chapter 5 we shall
consider singularly perturbed problems, which in general have dichotomies with

¥y> 1.
Although it is not essential we shall make the following restriction.

Assumption 2.25
If the solution space S has a y-observable dichotomy, then the integer k is such
that ox+1 <1< 0.

u
Remark 2.26
(i) GAP(8:(0),5:(0) ) = GAP(S:(1), (1)) = 1.

(if) R(V2) is the solution of the minimization problem
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min {HZ(lvH ‘dm(V)—n—k}
VCR® veV I

Equivalently, ’R(Vl) is the solution of the maximization problem

min {||Z(1)v|| |dim(V)=k}.
VCR veV vl

(iii) Let X be some fundamental solution, then U £ V7T is also the SVD of the
incremental matriz X (1) X ~1(0) (cf. [26]).

Definition 2.27
With the definitions of (30) a fundamental solution X = | X1 X3 | is called

k n-k
consistent at t = 0 if GAP(R(X1(0)), $2(0) ) >0
Equivalently, X is called consistent at t = 1 if GAP('R(XZ(I)) , 51(1)) >0

|
Similarly to Theorem 2.19 we may now formulate

Theorem 2.28

Assume the solution space S has a y-observable dichotomy (v > 1). Write S =

S188; as in (30). Define a fundamental solution X by X,(0) =V [ gn ] (with

rank([ gi ]) — k) and X(1) = U[ g:z ] (with rank([ g:z ]) —n—k).
Then

(i) if Hy1 is singular then DIST(R(Xl(l)),Sl(l)) =

else DIST(R(X1(1)),81(1) ) < M@gﬂ

(i) #f Hao is singular then DIST(R (X3(0)),5(0) ) = 1

else DIST (R (X2(0)),52(0) ) < U_Iil_z-g&—u

Proof:

(i) Note that, with & = , we obtain

0 X
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Xi(1)=U% Hu | _ U1211H11 + UzX22Hay .
Hy

If Hy; is non-singular, then
DIST( R (X1(1)),81(1) ) = DIST( Xx(1), U1 )

_ || S22 Ha1 H11 7 117 ||
A/ 1+ || B2z Hay Hy718 72

|| Has Huy ™ ||
¥

If Hy, is singular the result is obtained by Property 1.15 and the observa-
tion that GAP (R (X3(1)),5;(1) ) =o.

o _
< kil | Hoa Hi17t || =
Ok

(ii) Since X2(1) = V3 B117 ! Hiz+ V2 B22~ ! Ha; the proof goes similarly to (i).
n
Note that || Ha; Hu“l || is directly related to GAP('R(X1(0)) , 82(0)):
GAP(R(X1(0)),52(0) ) = 1/4/1+ || Ha1 Hiy™* |2 (cf. Property 1.15).
Similarly we have that GAP (R (X3(1)),81(1) ) = 1/y/1+ || Huz Hao™ |2

Theorem 2.28 tells us something about the direction of solutions of the DE.
Like in Theorem 2.22 also results about the growth of solutions can be derived.

Hy, _
H21 ] and Xz(l) =

Again let X be a fundamental solution with X;(0) =V [

U [ gn ] Assume X 1is consistent at both ¢t = 0 and ¢ = 1. Then, for
22
21 = Xy1¢1 (c1 #0), we have

211 0 H
Hy 2 [ 11 ] 2
|| z1(1) ”2 _ o= [ Hj ] el _ I 0 Xo ] Hj cll

Y " ) 7
IOy [ B ] | 7 ]t

| S12di |P | || S22 Hoy Hia~* 0170 dy ||

— II dl ”2 ” dl ”2 (dl - Hll Cl)
L o By |

AT
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> L = 012 GAP?( R(X1(0)), 5:(0) ) .
TiEeE (R(x:10), ()
So,
ECT 1 . "
FesM T~ 01 cAP(R(X1(0)), 52(0) ) D
Equivalently, for z2 = X3 ¢3 (c2 # 0), we may derive
[l z2(W) I Tk+1 , 33
12011 = cap(®(X(1)), 5:(1)) )

The splitting of the solution space S is based on the values of the fundamental
solution Z at the boundary points. Hence, we can only say something about a
dichotomy at these boundary points. The concept is therefore not directly
applicable for the whole interval; it does not guarantee a different growth
behaviour of solutions all over the interval. However, we do know that the
“larger the factor v, the better the situation of infinite intervals is approximated
(cf. Property 2.24).

2.4 Conditioning

In this section we consider the finite interval [0,1]. We shall examine the
relation between the stability constants (cf.(6) and (7))

—_ -1

g = max || X@)BX)™|
-1
—_ 0 1
= max [ X [B°XO)+B x(1)] | (34)
and

= 35

a = max |G|l (35)

with (exponential) dichotomy of the solution space S. How closely these quan-
tities are related has already been explained by de Hoog and Mattheij ([26]).
Here we shall derive similar results using our own normalizations and defini-

tions.

A relation between a and S is given by

Theorem 2.29
With the definitions (34) and (35) we obtain the relation
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B < V2a.
Proof:
For the stability constant o we have
= G(t, > G(t = X(#)B(X)-1B°] .
a= max. | G(¢,5) ||  max | G(¢,0) ||=  max || X(t) B(X) I

Equivalently, o >  max, || X(¢)B(X) B! ||

Hence, by the row orthogonality of [BO |Bl] (Assumption 2.3) we have, for
all te[0,1],

I X () BX)™ || = | X(t) B(X)™ [ B°| B! |

= || [x@) B0 B | X()) B(X) B'] | < Ve

by Lemma 1.17.

|
Now we first assume that the BCs are separated, i.e.,
0 I m B1 I m )
B® = d B'= . 36
B2 | fnm 0 [ 0 ] Tn-m (36)
T T

The value of the integer m is at this moment unspecified. Define a fundamental
solution X = [ X X, ] by

G) B2X(©0) = [0 Lim], (37a)
) BUX(1) = [In o] . (37b)

Observe that by the well-posedness of the problem and Assumption 2.3 these
conditions are not contradicting and the matrix function X is a uniquely defined
fundamental solution, with X3(0) and X;(1) column orthogonal.

Since B® X (0)+B! X (1) = I,, the Green’s function G has the simple expression

0
X(t) [ .
G(t,s) = (38)

—X(t) [
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As in Lemma 2.12 we now have
Property 2.30

GAP(Xl(t),Xz(t)) > a!, forallte[0,1].

|
Moreover, for all non-trivial ¢; ¢ IR™,
C1
Xi(t) 0
el imear  MEO0()
c - X:1(1)e - c
Pl 1@l xw 1 (9)1
Im, O
< I1X@®) X' e (39)
0 O
Similarly, for all non-trivial c; e R"™™,
[ X® ezl (40)

Il ez |l

To obtain a relation between dichotomy, consistency and conditioning we again
look at the SVD of Z(1), where Z is the fundamental solution starting with the
identity. So, Z(1) = U S V7T, where U = [u1| e Iun] and V = [’U1| .. -|v,.] are
orthogonal matrices and ¥ = diag(o1,...,0,). Define l; as the largest index
such that o, > @ > 1 and I, the smallest index such that 07,41 < 1/a < 1.
From (40) we obtain that solutions in X, (satisfying the homogeneous BCs at
t = 1) grow at most a factor a. Hence,

GAP(X,(1), [u1|---|u11] )>o0. (41)
Similar arguments show that for X;(0) defined by (37a) we have

GAP(X1(0), o142l +-Ioa ] ) > 0. (42)

Definition 2.31

Consider a BVP with a given stability constant o. Let Z be the corresponding
fundamental solution with Z(0) = I,. Let UL VT be the SVD of Z(1). Define
ly as the largest index such that o1, > o > 1 and ly the smallest index such that
o411 < 1/a<1. Ifl; >0, then 'R(Z(t) [v1| ooy, ] ) is called the subspace
of fast increasing modes.

Correspondingly, if la < n, then 'R( Z(t) [vz=+1| e Ivn] ) is called the sub-
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space of fast decaying modes.
Finally, if Iy # ly then a solution in R(Z(t) [v11+1|---|v12]) 15 called a
smooth solution.

|
From (41) it follows that
B! [u1|---|u11]c:0 = ¢=0.

Hence, we may say that the fast increasing modes are controled by the BCs at
t = 1. Similarly, the fast decaying modes are controled by the BCs at ¢ = 0.
The factor of smooth solutions which is contained in the solution z of (1),
subject to (36), may be determined on either side.

Now let the solution space S have a y-observable dichotomy, i.e., there exist
a constant v > 1 and an index k such that ¥ = ox/og4+1 and o1 <1< 0%
The properties (41) and (42) do imply consistency at one of both ends for the
fundamental solution X, defined by (37a,b) (cf. Definition 2.23), as soon as
k=liork=1.

Property 2.32
Ifv > a? then l; < k < Iy with at least one equality.

Proof:

Since 01,41 < 1/a <1< a < oy, and 041 < 1 < o we know that I; < k < I,.
If I —1l; < 1 then we are ready. Now assume I3 < k < l;. Then v = o} /og41 <
a?, which is in contradiction with the assumption.

Hence, if ¥ > o2 then the separation of the solution subspace S, induced by
the dichotomy, coincides with our definitions of fast and smooth solutions; the
smooth solutions are grouped together with the fast decaying solutions (k = I;)
or with the fast increasing solutions (k = l). Since our orientation is from left
to right we shall assume, without loss of generality, that in such case k = I;.
If I; = I (implying m = k) then there are no non-trivial smooth solutions
of the homogeneous part of (1) and we have consistency of the fundamental
solution X at both ends. Hence, no decaying solutions are present in X; and
no increasing solutions in X5.

In general, however, l; # I and m may be different from k. In that case
smooth solutions will be present in both X; and X,. Although not dramatic
(cf. Property 2.30) this is a less desirable situation for continuous decoupling
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transformations, as will be discussed in the Chapters 3 and 4, since the stability
of such methods depends on the ratio o /om+1.

If the BCs are non-separated, then they do not induce a consistent fundamen-
tal solution X in a straightforward way. However, one can always construct
separated BCs which define the same solution # and which cause just a small
perturbation of the stability constants ([26]). If the solution space S has a
v-observable dichotomy, then these separated BCs can be written as

VT 2(0) =5, and U T z(1)=b,, (43)

where V2 and U; are given in Definition 2.23 and b= (%1> has been chosen
2

properly.

Denoting the stability constants corresponding to the DE (1) and the BCs (43)
by & and 3 (see (34) and (35)), then one can, for instance, show that § < +/2 8.
Now, with (a, 8) replaced by (&, 3) we can use the earlier obtained results for
separated BCs. We have to realize, however, that the derivation of (43) is not
constructive, in the sense that it does not yield a numerically stable algorithm
for the computation of a consistent fundamental solution X. For a discussion
of how the initial values of X may be chosen in order to obtain consistency we
refer to Section 3.4.
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Decoupling methods

3.1 Introduction

In Section 2.1 we have already seen that any solution of (2.1) can be expressed
as a linear combination of the columns of a fundamental solution X and a
particular solution p. Assume that the solution space S is exponentially di-
chotomic. Hence, there exist a k-dimensional dominant subspace S; and an
(n — k)-dimensional dominated subspace S;. In general, each column of X (0)
will contain a non-trivial part of modes from S;, unless X(0) has been cho-
sen very specifically. This implies that, possibly after some initial effect, all
columns of X will grow correspondingly to the fastest modes. The directions
of these modes will be in S; (cf. Theorem 2.19). Therefore, the numerical in-
dependence of the columns of X will be destroyed. In this situation we cannot

expect to find by superposition an accurate approximation for the solution of
a BVP.

This difficulty can be overcome by the use of a so-called multiple shooting
method ([14],[29],[42],[50]). To reduce the effect of dominant growth behaviour
of solutions the interval [0,1] is divided into m subintervals [¢;,¢;41] (¢ =
0,...,m—1), where

O=tg<ti < <tp_1<tm=1. (1)

For ease of notation we define tm41 = 1. On each interval [¢,ti41] (7 =
0,...,m) a fundamental solution X ' and a particular solution p* are computed.
This implies that for any solution z of

42
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dz
5 =AW+ 1), te[0,1], (2)

there exists a sequence of vectors { ¢! }72, such that

z(t) = X'@t) S +p'(t),  tel[titipr], (i=0,...,m).
Continuity of the solutions at the nodes requires that

XY) G i (G) = () = X)) F 400 (), (i=1,...,m).(3)
Together with the transformed BCs

B° X%(10) ¢® + B X™(tm) ¢™ = b— B°p°(to) — B p™(tm) , (4)
these relations lead to the multiple shooting system

Mé=d, (5)

‘where [M|E|J] =

—XO(t))  X(t1) ct P°(t1) — p'(t1)

-X1(t2) X3%(t2)

i —X™tm) X™(tm) | ™| P Htm) — P (tm)
The performance of a multiple shooting method depends on

- the way (and the accuracy) in which these X* and p* are computed,
- the choice of the initial values X*(¢;) and p'(%;),

- the strategy that determines the shooting points t;,

and, last but not least,

- the linear solver for (5).

If the solution manifold of (2) contains mildly varying modes only, then an ex-
plicit Runge-Kutta method may be used to approximate X*~1(¢;). The matrix
Xi(t;) is often chosen such that it is a well-conditioned matrix, whose first k
columns give an accurate approximation of §;. These properties can be ob-
tained by the construction of the QR-decomposition of X*~1(t;) (i =1,...,m)
([39],[54]). Let

[ BOXO(t0) : B1X™(ty,) | ® | b— B%°(to) — Bip™(tm) ]
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Ri' Ryt

1 (6)
Ryo*

X-lt) = Q Ri = [Qli in]

k n—k

with @Q* orthogonal and R*® (block) upper triangular. Take Q* as the initial
value X*(t;)(4 = 1,...,m). Then, by Theorem 2.19, R(Q;*) will approx-
imate S; quite accurately as soon as X°(tp) has been chosen correctly (see
Section 3.4). The growth of solutions within 'R(Qf) over the interval [£;_1,%;]
is given by R1:*. Moreover, as is shown by geometrical arguments in [42], R,

indicates the growth of dominated solutions over the interval [¢;_1,1;].

The shooting points are chosen adaptively such that || X*(¢) || is bounded
by some fixed constant, for all te[¢;,£;41]. This criterion implies that the
QR-decomposition of (6) yields the information about direction and growth of
solutions within a prescribed tolerance. Finally (5) is solved by a forward and
a backward sweep (decaying solutions in a forward direction and increasing
solutions backward ([39]). During this backward sweep we implicitly find the
direction of the dominated subspace. It can be shown ([33],[42]) that by such
a multiple shooting method the solution of a well-conditioned BVP with only

mildly varying solutions is obtained in a numerically stable way.

The algorithm sketched above can be simplified if the BCs are separated. As-

Lk and b:(b1 )Ik (7)
by

I n—k I n—k

Bll
0

0

Tk 1
BOZ B =

BY =
In—k !

and X(t) = [ X1(t) Xa(2) ] . If the initial values X°(¢o) and p°(¢o) are chosen
& ak
such that

B% [ X:%¢to) | #°(t0) ] = [0 1], (8)
k 1

then the k-dimensional solution manifold determined by the BCs at ¢ = 0
is spanned by p° and the columns of X;°. Similarly to (6) the columns of
X, (¢ = 1,...,m) can be orthogonalized at the shooting points ¢;. This
implies that we only need to compute particular solutions p* and the first k
columns of each fundamental solution X*, whose span does not contain domi-
nated solutions (cf. (2.42)). This method is called the Godunov-Conte or sta-
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bilized march algorithm and is proven to be numerically stable too ([50]).

Observe that any multiple shooting algorithm, using an explicit integration
routine, will be inefficient if there are very rapidly varying solutions, since
then the number of integration steps needed to compute X*~1(¢;), will be-
come prohibitively large. Such so-called stiff problems (see Chapter 5) are not
just artificial ([12],[48]). Therefore we shall look at generalizations of multiple
shooting algorithms that take advantage of such rapidly varying solutions. It
will appear that these generalizations decompose the fundamental solutions X*
continuously throughout the subinterval [¢;,2;11] (¢ = 0,...,m —1). As we
shall see this implies that the directions of solutions are computed indepen-

dently of their growth behaviour.

3.2 Continuous decoupling

'3.2.1 General description

In [39] it is shown that by the construction of the QR-decompositions (6) a
decoupling is obtained of the dominant and dominated subspaces of the homo-

geneous part of

dz
X AW+ i), telo1], ©)

at the shooting points ; (¢ = 1,...,m). This decoupling yields the direction
of the dominant subspace and (separately) the growth of solutions in both the
dominant and the dominated subspace. In this section we try to perform such

a decoupling in a continuous way (cf. [42]).

Let X be a fundamental solution corresponding to (9) which is to be continu-

ously decomposed in
X=TY, (10)

where the n x n matrix function T (and consequently also Y') is non-singular,
for all £. The matrix function T has to represent the directions of solutions,
while the matrix function Y has to indicate the growth behaviour of the various
solutions. In [4] the computation of matrix functions T' and Y that satisfy (10)
is called a factorization method.

From (10) we deduce
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dX _dTy  p3¥ (11)

ATY:AX:E_E %

Let A be some n X n matrix function, generally depending on A and T and to
be specified later on, such that

%:A(T,t)y, te[0,1]. (12)
Then (11) yields that T has to satisfy the, generally non-linear, Lyapunov
equation

dT -

7t_:A(t)T—TA(T,t), te[0,1]. (13)

Hence, for any n x n matrix function A and initial values T'(0) and Y (0) such
that X (0) = T'(0) Y (0), a decomposition of the form (10) is obtained as soon
as T and Y satisfy the DEs (13) and (12).

The equation (13) can also be viewed as the relation between A and T' that

results if (9) is transformed into

dy

Z ATy @), telo1], (14a)
by the substitutions
z(t) = T(t)y(t) and f(t) = T(t) f(2) . (14b)

Then (9) and (14a,b) imply that
A(T,1) =T () AW T - T () S (9, (140)

which is equivalent with (13), and the n X n matrix function Y, defined by (12),
is nothing but a fundamental solution of the transformed system (14a).

Observe that in the decomposition formulation we choose A, whereafter T' and
Y follow from (13) and (12). In the transformation formulation we start with
some T, from which 4 and Y are obtained. Practical algorithms are often a
combination of the two. To obtain special structures for T and Y (like (block)
upper /lower triangular or (column) orthogonal) we put some requirements on
both A and T. In principle one can say that (13) consists of n? equations for

2n? variables (the elements of A and T'), so that n? degrees of freedom are left.

For a decoupling of direction and growth the decomposition (10) must be such
that Y is (block) upper triangular and T well-conditioned and properly scaled,
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uniformly in ¢ (cf. [42]). Hence, A has to be (block) upper triangular, for all ¢,
and (14a) is a partially decoupled system, obtained by transformation of (9).
For the sake of convenience we shall call the system (14a) decoupled if Ais
(block) upper triangular.

For the form of the matrix function T in (13) we have two genuine possibilities:
orthogonal, leading to a QR-decomposition, or lower triangular, leading to an
LU-decomposition. The best known member of the latter kind is the so-called
Riccati transformation, which will be discussed in the next chapter. In this
section we shall concentrate mostly on the former group. A solution method
for a linear BVP based on the computation of the decomposition (10) with

orthogonal T is called continuous orthonormalization.

From now on we shall assume that A depends on T in a continuous way and

that A is block upper triangular, i.e.,

. fin 1‘112 I k
A = 0 4&22 I n—-k ) (15)
& oack

where the dimension k is not yet specified (actually, if possible, we shall choose
k equal to the dimension of the dominant subspace). Observe that (15) implies
that Y can be taken block upper triangular (if Y is partitioned like A, then
Y>1(0) = 0 implies that ¥2; = 0). From now on we shall assume that Y is block
upper triangular with the same partitioning as A. Let T = [ T T, ] . Then
& ak

from (12), (13) and (15) it follows that one may obtain differential equations
for T and Y7, that are decoupled from those for T3, Y12 and Y33, namely

d

ETI = A(t) T]_ - T1 1111(T1,t) y te [0, 1] y (16)
d -
-&?YH = Au(Tl,t) Y11, te[0,1]. (17)

Let X = [ X1 X, ] be a given fundamental solution. Define the matrix
E n-k

functions T and Y3; by (16) and (17), respectively. If the initial values have

been chosen such that X;(0) = T1(0)Y11(0), then X; = T Y14, from which

we obtain that ’R,(Tl(t)) = ’R,(Xl(t)), for all ¢, independently of the choice

of Ay;. Hence, if Ay, is chosen such that Ty is well-conditioned and properly
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scaled, then the direction of X; is represented by T; and its growth by Yi;.
This result can be formalized as follows:

Property 3.1
Let X1 and Ty be n X k matriz functions satisfying, respectively, the DEs

d

aXl = A(t) X1 , te[O, 1] y (18&)
4= AT - T An(m,y),  tel01], (18b)

where Ay, is a continuous k x k matriz function, depending on A and Ti,
such that Ty ezists on [0,1]. If ’R.(Tl(O)) = ’R.(Xl(O)) then 'R(T1(t)) =

R(Xl(t)), for allte[0,1]. Moreover, if T1(0) has full rank, then Ty(t) has
full rank, for allt.

Remark 3.2
If the solution space S is exponentially dichotomic then we obtain, from The-
orem 2.19, that the subspace ’R(Tl(t)) will asymptotically be equal to the

dominant subspace as soon as Sz(0)NR (Tl(O)) = {0} (see also Theorem 3.5).

3.2.2 Possible choices

Now we shall discuss various possibilities for the choice of A;;. For notational
convenience we suppress the dependence of A;; on Tj.

Our main goal is to choose A;; such that
(1) Ti(2) is uniformly well-conditioned
(ii) the DE (16) for T} is stable
(iii) the rotational activity of Tj is as small as possible (see Definition 1.19).

The requirements (i) and (ii) are somewhat related, as will be shown in Theo-
rem 3.5. If the DE (16) is solved by an automatic integration routine, then the
third requirement hopefully maximizes the stepsizes that are taken.

It can be shown that the choice 4;; = diag(TlTA Ti) leads to a matrix func-

. . . . d .
tion Ty with all columns having unit lengths. In that case || ETI || is the
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rotational activity of 77 and, at the same time, the rotational activity of Xj.
However, this choice will, in general, be in conflict with all three of the above
requirements. Therefore we look for better choices of A;;.

To obtain an idea how the first requirement can be fulfilled, we make the
following observation. Let T} satisfy the DE (16). Then

d dTi\T r(dTh
BT = -(F) n-n7(F)

dit
= —NT(A+AT)Ti+ AT V"I + TP Ty Ay

= Apn+ AT -TT(A+ ATy (19)
—(Ie — T Ty ) Ay — AT (L - TTTh) .
From this relation we obtain

Property 3.3
The matriz function Ty is column orthogonal, for all t, if and only if T1(0) is
column orthogonal and

symm( Ay; ) = symm(T3TATy) . (20)

Proof:
If (20) is satisfied and T}(0) is column orthogonal, then with Z;; = I} -TTTy
the DE (19) reduces to the linear DE

d - .
-C-l—t-Zn =—Z11 Au(t) - Aﬁ'(t) Z11 . (21)

Hence, Z11(0) = 0 implies Z;; = 0, which proves the ‘if-part.
On the other hand, if T} (t) is column orthogonal, for all ¢, then (19) reduces to
0=(Au+A47)-TT(4A+AT)Ty,
which is identical to (20).
u

This property is valid only for exact computations. If we want to have a
similar property for the numerical approximation of 77 we need something like
asymptotic stability for (19). This is formalized in

Theorem 3.4
Consider the DE
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dT;

-d_tl = A@t)Ty - Ty An(t), t>0, (22)
where the k x k matriz function A, satisfies

- symm(Au(t)) = symm((T,TAT:)(t) ) (23)

- [J.(—fin(t)) <—a; <0 (23b)

- || Au(®) - symm(/in(t)) || is bounded, uniformly int . (23¢)

Then Ty ezists on [0,00), for any value of T1(0). Moreover,
. T _
tl—l-»lglo T1 (t) Tl(t) = Ik y
(i.e., Ty is column orthogonal at c©).

Proof:
Since symm( A;;) = symm(TyT AT, ), Property 3.3 asserts that Zy; = I —
TyTT, satisfies the DE (21). Define the k x k matrix function R;; by

d -
ERII = —Ri1An(t), t>0 (24)
R11(0) I,

Then one verifies directly that, for all ¢ > 0,

Z11(t) = Ru1T (t) Z11(0) Rua(2) (25a)
From (24) we find, using (23b) and Property 1.8,

| Ru(®) || < e~ (25b)
Hence,

1 Zu(@) | < 722 || 21 (0) | (25¢)
from which we obtain

IT@) [P < 1467298 || Z0(0) | -

So, Ti(t) is uniformly bounded.
Observe that (22) can be written as
dTy

—Jt— = A(t) T1 - T]_ symm(A~11(t)) - T1 Sll(t) y 14 2 0 y
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where S11(t) = Aj4(t) — symm(A'u(t)), the skew-symmetric part of A;;. By

the boundedness of T}, A and S;; we obtain that iTl is uniformly bounded,
from which the existence of T} follows by standard reasoning.

Moreover, by (25c) the DE (21) has Z;; = 0 as asymptotically stable solution,
which yields the column orthogonality of T} at co.

If (23a,b,c) are satisfied, then the requirements (i) and (ii) will be fulfilled. The
obvious choice

A =TTAT,, (26)

satisfies the conditions (23a) and (23c), if T} is uniformly bounded. The condi-
tion (23b), however, is rather strong and will, in many cases, not be satisfied.
In the proof of Theorem 3.4 we actually have used only the property that
|| R11(t) || = 0, as t — oco. This condition is less restrictive and will be satis-

.fied, in general, as soon as T is uniformly well-conditioned and properly scaled
(in the sense that | 1- || Ty || I is sufficiently small). This is shown in

Theorem 3.5

Assume that the solution space S is ezponentially dichotomic with dim(S1) =k
(see Definition 2.7). Let Ty and Ry, satisfy, respectively, the DEs (22) and (24).
If T1(0) has full rank and 'R,(Tl(O)) N S2(0) = {0}, then, for allt, we have

IRa® I < (1T 1| /b (T2(0)) ) Ka(0) et (27)
where the function K; is given in Theorem 2.22.

Proof:

Let Y11 be the solution of (17) with ¥;1(0) = Ix. Define X; = T3 Y13 , which
forms the first £ columns of a fundamental solution X. By the condition for
R(Tl(O)) (: 'R,(Xl(O)) ) this X is consistent. Hence, using Theorem 2.22, we

have, for any c¢; e IR* and for all £ > 0,

1 ot o IX@all _ 1T Yu@e |
AR PAO Y R FAOP|
|| Y1a(t) ea ||
< (I 1 /gb(n0) ) 2R

Therefore,
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g—u;(_;m < (Il () || /glb(Tl(o))) Ka(0) et

-1
Note that, by definition, Ry;(t) = (Yn(t)) . Together with Property 1.1 this
proves the theorem.

By this theorem we see how closely the requirements (i) and (ii) are connected.
If A;; has been chosen such that 7Tj is uniformly well-conditioned, then the
DE (22) will be stable, in general. If, for some reason, || Ti(t) || will become
large, then at such a point we can always restart the DE (22) with a column
orthogonal matrix, spanning the same subspace. Such restart techniques will
be discussed thoroughly in Section 4.3.

In order to fulfill the third requirement the following observation will be useful.

Property 3.6
The choice Ay = Tyt ATy minimizes the quantity || %(t) ||, for each t.

Proof:
For each t€[0,1] and any c; e IR* with || ¢; || = 1, we have
dTy dT:
1 el = ITOTHO D@ e | +

I (1 - T T 0) T I

IT3(t) (Tu+®) AQ) Tat) - An(®)) e P +

I (I - O TH®) A Ta@) e |

v

I (I - BOTH®) AO T e I -

Hence, for any Ay, || diit-Tl >l (I,l -1 T1+) AT, || and this lower bound
can be achieved if 4;; = Tyt ATy, since then these two matrix functions are
identical.

|

If the choice A;; = Tyt AT, would lead to a column orthogonal matrix function
T, then the rotational activity of T is equal to the rotational activity of the
subspace R(T}), which is in some sense the best we can do.
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Observe that with the choice 4;; = Ty ATy we have (see (19)):

%(Ik—TlTTl) =0,

independently of the value of T;(0). Hence, as soon as T1(0) is column orthog-
onal, then Ti(t) is column orthogonal, for all ¢. So we have derived

Property 3.7
Let Sy be the solution subspace spanned by the columns of X1, where X, is the
solution of

d
ZXi=AW) X1, te[0,1],

with X1(0) a given column orthogonal n x k matriz.
Define the n X k matriz function Ty by

3t = awh-hiFae)h

(28)
Tl(O) = X1 (0)

Then the columns of Ty form an orthogonal basis of Sy with at each time a
minimal rotational activity.

If Ty is column orthogonal, then TytAT) = TyTAT,. The numerical ap-
proximation that is obtaine will be just nearly column orthogonal. However,
Theorem 3.4 suggests that, in general, the column orthogonality is a stable
property. Therefore, the choice Ay, = 1T ATy will generally suffice too.

Remark 3.8
For BVPs with a singularity of the first kind (see Chapter 6) the choice Ay =
Tyt AT has already been suggested by Abramov in 1961 ([1]).

In order to obtain column orthogonality the symmetric part of Ay; is pre-
scribed. Hence, we still have —;—k(k — 1) degrees of freedom left. This is just
sufficient to make A, upper triangular, uniformly in ¢. This (unique) Aqq can
be constructed using a mapping 1, defined as follows.

Let M ¢ IR¥** be decomposed as

M=L+D+U, (29)
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where L is strictly lower triangular, U is strictly upper triangular and D diag-
onal. Define 9,(M) by

vi(M)=LT +D+U. (30)

Note that 31(M) is the unique upper triangular matrix with the same sym-
metric part as M. We now have

Property 3.9

Let the matriz functions X1, Ty and Y11 satisfy, respectively, the DEs (18a),
(22) and (17). Assume that the initial values have been chosen such that
X1(0) = T1(0) Y11(0) is the QR-decomposition of X1(0).

Then Xi(t) = Ti(t)Y11(t) is the QR-decomposition of X;(t), continuously in
time, if and only if Ayy = $:1(TyTATY).

Proof:

The matrix function Y;; is upper triangular, for all ¢ > 0, if and only if ¥1,(0)
and Aj;(t) are upper triangular. In Property 3.3 it is shown that T} is col-
umn orthogonal, for all ¢ > 0, if and only if T7(0) is column orthogonal and
symm(A;;) = symm(T1TATy). By the construction and uniqueness of the
effect of the operator 1, the result follows.

|
Although triangularity of 4,; and Yi; is a nice property it probably does not
lead to the most efficient computation of a well-conditioned basis of R [ X3 (t)) ,

for all £. This is illustrated by the next (perhaps contrived) example. Therefore
we stay to our choice Ay =TTAT.

Example 3.10

Let
A1 cos? wt + ), sin? wt (A2 = A1) sinwt coswt +w 0
A@t)= | (M2 =X1) sinwt coswt —w  A; sin?wt + Ay cos?wt 0
0 0 -1

Then a fundamental solution X is given by

coswt sinwt 0 ettt
X(t) = | —sinwt coswt 0 erat
0 0 1 e~ Mt

This expression directly gives the unique QR-decomposition of X. So, with
k = 2 we obtain for T}, as defined by Property 3.9,
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coswt sinwt
Ti(t) = | —sinwt coswt
0 0

Note that the rotational activity of T} is equal to w, for all ¢, which may be
very large.
On the other hand, the matrix function 7}, defined in (28), is given by

10
fit)=10 1],
0 0

which is stationary. Of course, the rotational activity of X; (also equal to w) is
now completely moved to Y73, but this is in general less troublesome, since Y71
satisfies a linear DE. Moreover, if an absolute accuracy is required, then the
impact of this rotational activity on the integration routine may be reduced
drastically by the invariant imbedding technique of Section 3.3.

3.2.3 The complementary subspace

So far we have discussed the role of T} only. In some situations, for instance if
the BCs are separated (cf. the marching techniques), this will be sufficient. In
the general case, however, also T3 has to be considered.

In Theorem 3.5 we have shown that under certain conditions the matrix func-
tion A;; governs the growth behaviour of the k most dominant solutions. Now
we want to choose the n x (n — k) matrix function T such that the growth
behaviour of the solutions in the (n — k)-dimensional dominated solution sub-
space are reasonably well governed by A,,. Therefore it is not sufficient for T
to be well-conditioned and properly scaled. As has been shown in [42], we also
need that GAP( Ty, T:) is not too small. This implies that the n x n matrix
function T' = | T} Tz] has to be well-conditioned and properly scaled.

If we want T to be orthogonal, for all ¢, then we obtain similarly to Property 3.3,
that

symm(A) = symm(TTAT) .
Hence, since A,; = 0, we get

symm(A4;;) = symm(TyTAT) (31a)
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symm(A43;) = symm(T;TAT;) (31b)
and
A =TT (A+A7)T; . (31c)

For T; we have found already in Section 3.2.2 the DE

= AT - T An@), 120 (32)

From the Lyapunov equation (13), the conditions (31b,c) and the orthogonality
of T' we obtain for T the DE

d
prik

A(t) Ty — Ty Aya(t) — To Aza(t)

= AQ)T - T TT (A() + AT() To — T An(t)

= AQT+ (BT - L) (4#) + AT () To - T An(t)

= —ATOT + T (T (4) + AT() To - An(t) )

= —ATO)T+ T2 AZ(t), t>0. (33)

Let Z51 = ToT Ty. Then from (32) and (33) we derive

{ %Zn = Ag(t) Za1 — Zo1 Ana(2) t20 (34)
Z21(0) = TZT(O) TI(O)

Under mild conditions, which certainly will be satisfied if the solution space is
exponentially dichotomic, Z = 0 is the asymptotically stable solution of the
DE of (34). Hence, the mutual orthogonality of T} and T3 is an asymptotically
stable property.

Properties, similar to those derived for T; (like column orthogonality), can also
be obtained for T; by replacing A by —AT. This implies, for instance, that
for any fundamental solution X there exists a unique orthogonal n x n matrix
function T such that Y = T—! X is upper triangular, for all ¢ (cf. [37]).

In order to make T} (nearly) column orthogonal we found in Section 3.2.2 as
the most obvious choice A;; = TyTAT;. Similarly we obtain for T3 the choice
figz = TzTA T2 . Then

. TVTATy, TVI(A+AT)T

A= . (35)
0 T,TAT,
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Hence, to complete the decomposition of the fundamental solution X we have
to compute a non-singular block upper triangular solution Y of the DE

d,_ | BTOAOTE TTO(40) + 470) T

= . Y.  (36)
0 T (t) A(t) T (t)
Remark 3.11
Although the matrix function A is partially decoupled, the columns of the
fundamental solution Y will in general become nearly dependent. Therefore the
construction by superposition of y from a particular solution and the columns
of Y may cause a loss of accuracy. One way to circumvent this instability is the
use of a (generalized) multiple shooting method. Another way will be discribed
in the next section.

.3.2.4 Determination of the dominated subspace

To finish Section 3.2 we consider the following question: is it possible to com-
pute a uniformly well-conditioned matrix function T such that YV is block di-
agonal? In other words: can we find a well-conditioned transformation T such
that the transformed system is completely decoupled?

If A;5 = 0, then we obtain from the Lyapunov equation (13) that

d -
a—t-Tz =AQ) T - T Agz(t) .

By Property 3.1 and Theorem 2.19 this implies that the gap between R(T}) and
R(T2) will become small, unless ’R(Tz (0)) contains only dominated solutions.
This subspace, however, is generally unknown, and even if it was known, then
the DE for T> would be poorly conditioned. Therefore we may conclude that
it is impossible, in general, to determine the dominated solution subspace in
forward direction, or, which is actually the same, to decouple completely in
just one sweep.

To determine the dominated solution subspace we need a double sweep. There-
fore, let T' be defined by (32) and (33), where A;; and A, are chosen such
that T is orthogonal, uniformly in t. Then any regular solution Y of (36) is a
fundamental solution of the transformed system. Let ¥ be such a fundamental
solution, satisfying

[ffu(o) 1?22(0)]:[0 I,._k] and [Yu(l) 1?12(1)]=[Ik o] .(37)
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This indeed defines a block upper triangular fundamental solution, since Yo =
0 and ffzz(l) is a non-singular matrix. Hence, it can be decomposed as

o) = Yu) ¥u@®) ] [ L Ra@) [Yn(t) (38)
L0 P Lo L (N O

where Ry5(t) = Yi2(t) P531(t), for all . One easily verifies that R, satisfies
the DE

d A - - 2 A -
Z Riz=Ayp+ Ay Rig— Rig Aga,  te[0,1 .
{dt 12 12 11 Rz 12 A22 [0,1] . (39)
R12(1)=0
Now a fundamental solution X of the original system is given by
. I R Viu 0
X = 1¥=[nn]| "
0 I._; 0 Y
. iz 0
= [Tl T1R12+T2] .
Vi 0

- [T1 Tg]

0 (RERiz+Ii-1)3¥s

where Ty = (T Riz + T2 )(RESR1z + I,_x)~% is column orthogonal, for all
te[0,1], and mutually orthogonal to Ty at t = 1.
Define, for te[0,1],

a1a(t) = || Ar2(¥) Il (40a)
&) = —M(—fiu(t)) - #(x‘izz(t)) . (40Db)
Then we have

Theorem 3.12
Define, corresponding to (40a,b),

agp = olgl?gxl d12(t) and = 0?321 &) .

Ifv > 0 then || Ry2(t) || < aia/7, for allte[0,1].

Proof:
Define the k x k incremental matrix function Wiy4(¢, 7), for each 7¢[0,1], by
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{ -‘%Wu(t,‘r) = A (t) Wit 1), te[0,1] 1 (41)
W11(T, T) = Ik

and the (n—k)x (n—k) incremental matrix function Was(t, 7), for each 7€[0,1],
by

{ %sz(t,r) = ~Waalt,r) An(t) , te[0,1] (2)
Waa(7,7) = In—k

Then Ry, of (39) satisfies

ﬁlz(t) = — / Wll(t, T) }112(‘7') sz(t, T) dr . (43)

From this relation it follows that

AN

| Rua@ | < [ 1 Ass() | foxp( [ (=Aua(s) + u(aa(s)) do) }dr

r

j&lz(r) {exp(— / é(s)ds) }dr

t

IA

If ¥ > 0 then one easily verifies that the right hand side of this relation is
smaller then aj2/7, which proves the theorem.

|
If there exist positive constants «; and a; such that ;1.(—1111) < —aj and

u(x‘izz) < —aj then ¥ = a3 + az. Moreover, for any solution z1 e R(X;) we
obtain (cf. (25b)):

| 2a(t) | > e || za(0) ||,  te[0,1]

In Definition 2.23 we have defined a dominant solution subspace S§; and a
dominated solution subspace S; that are mutually orthogonal at both ends
t =0and t = 1. If T1(0) is chosen such that R (Tl(O)) = 51(0) then it follows,

via R (Ty(1)) = ;1) and R (T5(1)) = S3(1), that R(3(0)) = 5(0). Hence,

Ty (0) and T5(0) are mutually orthogonal, which implies that by this choice
1}12(0) = 0. Under these conditions we obtain, for any solution z; e R(X>)

that
22ty | < e=%2t || 2a(0) || /1 || Ruz(?) |12
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et || 25(0) ||
GAP (T3(2), Tat) )

From this result we may conclude that, in general, R(T}) will be a dominant
solution subspace (determined in a forward sweep) and that 'R(TZ) will be a
dominated solution subspace (determined in a backward sweep).

3.3 Invariant imbedding

3.3.1 General description

One of the first inventors of the term ‘invariant imbedding’ was Bellman (for
instance [6]). Since the early sixties the term has been used quite often, but not
always with the same meaning. Denman ([13]) uses the following definition:

‘Invariant imbedding is a mathematical procedure by which a par-
ticular problem is imbedded within a family of related problems.
The family of related problems are initial value problems and easily
solved by a digital computer.’

However, sometimes one has to guess which imbedding is used and the corre-
sponding IVPs may be very stiff. Often it is suggested that invariant imbedding
is necessarily connected with the Riccati transformation ([53]). This miscon-
ception can be explained by historical arguments. The particle transport prob-
lem ([6]), for instance, is a classical example where the Riccati transformation
(transmission) and invariant imbedding (reflection) are connected.

In this section we shall explain what we mean by invariant imbedding. It will
turn out that invariant imbedding is just a special technique to perform the
necessary backward sweep of a decoupled system. Therefore it can be combined
with any decoupling transformation, not necessarily being a Riccati transfor-
mation (which will be discussed in Chapter 4). The combination of some de-
coupling transformation with invariant imbedding results in a method that can
be seen as a generalization of a multiple shooting method (see Section 3.1).

Let T be any (time-dependent) transformation, defined by (13) and existing for
te[0,1], such that with y = T~z the original system (9) becomes decoupled,
ie.,
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dy:

iq _ at Tk _ fin(t) {iu(t) ( % ) + ( fil(t) ) , (44)
dt dy2 | ta-s 0 Aja(t) Y2 fa(t)
dt

te[0,1]. The transformed BCs read
B°T(0)y(0) + B*T(1)y(1) =b. (45)
A fundamental solution Y corresponding to (44) is defined by

Ag(t) Aga(t)
0 Aza(t)

Yii Yis
0 Y

Yiu Y2
0 Yo

d

= . te[0,1].(46)

If T' is well-conditioned and properly scaled, then we have seen in the foregoing
section that Yj; represents the growth behaviour of the unstable solutions,
whereas the growth behaviour of dominated solutions is represented by Ya..
Hence, the k x k matrix function Y3; can be computed in forward direction.

However, a forward computation of the k£ x n matrix function | Y3; Y32 | would
" lead to numerical instability. Therefore, it seems better to compute this part
of the fundamental solution from right to left. So we look for the fundamental
solution ¥, satisfing the BCs (cf. (37))

[#21(0) %22(0)] = [0 Tas] and [ Faa(1) Pro(0) ] =[ L 0].(47)

Similarly, a particular solution $ may be computed by
5 A11(t) Aga(t 5 fi(t
i({”) _ [ An® ) (;1> + (fl( )> . te[0,1], (48a)
dt \ P2 2 f2(?)

0 Ag(t)
subject to
$2(0) =0 and p1(1)=0. (48b)

By the principle of superposition we know that there exists a vector ¢ e IR™ such
that

y(t) = Y () e+ B(2) , for all te[0,1].
By the choices (47) and (48b) we directly obtain that ¢ = (5%8) . Hence, for
2
all te[0,1], we have the relations
y1(t) = Y11(t) 92(1) + Y12(2) 92(0) + 1 (2) (49a)

Y2(t) = Voo (t) y2(0) + Ha(t) - (49b)
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The values of y;(1) and y2(0) are obtained by substituting (49a) with ¢ = 0
and (49b) with ¢ = 1 into the BCs (45). Hereafter, the value of y(t), for any
te[0,1], can be computed by (49a,b).

The transformation T' (and therefore A) has been computed in a forward sweep.
Therefore, the computation in a forward sweep of Y5, and p, will not cause
serious difficulties. However, the computation of ffu, Y1, and p1 in a back-
ward sweep requires the storage and interpolation of intermediate results. For
separated BCs Meyer ([43]) suggests to overcome this difficulty by computing
the solution of the original problem in a backward sweep, and to project this
solution from time to time onto the manifold determined by R(T}) and T% ps.
Although such a method overcomes the problem of an overwhelming memory
access, the instability of the original problem still remains. Moreover, it is a
priori unknown which points should be taken as projection points.

The computation of [ffzz | 132] in a forward sweep and [ffn Yis | 131] in a back-
ward sweep (and also the update of Meyer) is based on the sound idea to express
a solution of (44) in terms of y2(0) and y;(1) (a classical shooting method ex-
presses the solution in terms of y(0), and multiple shooting in terms of y*(t;) ).
What usually is meant by invariant imbedding ([6],[53]) is not to ezpress yi1(t)
in terms of y1(1) and y2(0), dbut y1(0) in terms of y1(t) and y2(0). In other

words: instead of (49a) we look for functions [ Ryy Riz | 91 ] Tk
— — «—
k n—k 1

such that, for te[0,1],

¥1(0) = R11(2) y1(t) + Ra2(t) y2(0) + g1(2) . (50)
(This is a generalization of the so-called recovery transformation, cf. [53]).

Let Y be the fundamental solution satisfying (46), with Y'(0) = I,,, and let p
be a particular solution satisfying p(0) = 0. Then

v1(t) = Y11(2) 1(0) + Y12(2) v2(0) + pu () (51a)

Y2(t) = Y22(t) 92(0) + p2(?) - (51b)
Comparing (50) with (51a) yields the relations

Ru=Yu™', Rip=-Y117"'Y1; and g1=-Yi ;s (52)

From these relations we derive that (50) holds if and only if [Ru Ry, | g1]
satisfies

d -
EERH =—-Ry Au(t) , te[O, 1] , R11(0) =1, (53&)
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%R]_z = —R11(t) .‘ilz(t) Yzz(t) , te€ [0, 1] , R12(0) =0, (53b)
d

prishe —R11(2) (A1z(t) p2(t) + f1(t)) , te[0,1], ¢1(0)=0. (53¢c)

The equation (53a) will generally be numerically stable (cf. Remark 3.2). More-
over, the equations (53b,c) are actually not DEs.

Taken together, the relations (50) and (51b) can be written as

I, —Rya(t) (y1(0)>+ —Ru(t) 0 (yl(t)) _ (zﬂt)) (54)
0 —Ya(t) | \v2(0) 0 Lix | \v2(t)) — \p2(t)/°
At t = 1, this yields n relations between y(0) and y(1). Together with the BCs
(45) this is sufficient to determine y(0) and y(1):

B° T(0) BT(1) 5
Ik ——Rlz(l) —Ru(l) 0 (zE;);) = gl(l) .(55)
0 —Yzz(l) 0 I,k p2(1)

In combination with (10) we observe that a simple relation with the original
problem is given by

Property 3.13

Let X be the fundamental solution corresponding to (9) with X(0) = T(0).
Then we have the relations Ty = X1 R11 and T3 Ys = X; Ris + Xo.

In matriz notation:

Ri1 Rz I 0
- (56)

0 I, 0 Yo
Proof:
The relations in (52) can be written as

Yiu Y2 Ru Ry | [I5x O
0 Y 0 Lix| |0 v
Now the result follows directly from the relation X = T'Y.
|

Let X be a consistent fundamental solution. Then we know (Property 3.1 and
Theorem 2.19) that R(Ty) = R(X1) — 81, the dominant subspace. On the

other hand, ’R,(X [ 1z ) cannot contain dominant solutions, since Y2 rep-

In—k
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resents the growth of dominated solutions. Actually, the invariant imbedding
technique described above will asymptotically deliver the dominated subspace
at ¢t = 0, as is shown by

Theorem 3.14
Consider the homogeneous DE

dz
E:A(t)z, te[0,00) . (57)

Assume that the solution space S has an ezponential dichotomy (S = 81 @ Sz,
with dim(S;) = k). Let T be a decoupling transformation as in (44), such
that

(1) T is uniformly well-conditioned and properly scaled

(ii) The matriz function Ryy, as defined in (53a), satisfies || R11(t) ||— O as

t— 00 .
Then
DIST(8(0), & ( 7(0) [ 122_(:) ]) )=O(]| Ruu(t) ||), ast — oo .

Proof:
From (50), where y = T~ 'z, we obtain the relation

[t = Ru®)] T71(0)2(0) = [Ru@®) 0] T-1(t)=(t) -
Hence, for any solution z of (57), there exists a vector c; ¢ IR® ¥ such that, for
all t >0,
R11(t) 0

2(0) = T(0) [ 122_(:) ] ¢z + T(0) .

T-1(t)z(t) . (58)

By assumption (i) the quantity || 7(0) |||| T-(¢) || is uniformly bounded.
Moreover, the solution subspace S consists of all uniformly bounded solutions.

Hence, all solutions z in Sz with || z(0) || = 1 are uniformly bounded by the
same constant. So, if z€S; and || z(0) || = 1, then
Ru(t) 0] .
Il T(0) T @)=l = Ol Ru(®)[[), t—oco.

This implies, together with (58), that for each z € S; we have
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cap(span(a(), R (10) [ 520 ])) = of1 Ru) ).

With Definition 1.12 of distance this shows the required result.
|

As a direct consequence of this theorem and the Properties 1.14 and 1.15 we
have

Corollary 3.15

(i) The matriz Ryp = tlim Ri2(t) ezists.
— 00

(i1) If T(0) is orthogonal, then_GAP(Sz(O),’R,(Tl(O)) ) =1/4/1+4 || R12||?.
]

Using (2.28) this corollary implies that the measure of consistency of an or-
‘thogonal matrix T(0) is quantified by /1+ || Ry2 ||2.

3.3.2 Restarts

The relations (51b) and (50) do contain the proper information to determine
the solution somewhere in the interior of the interval, once y(0) is known.
Unfortunately, however, the computation of y; (t) from y;(0), using (50), would
be unstable, since R;; will generally be ill-conditioned with respect to inversion.
If we know a priori that the solution is wanted at the points 0 = t5 < t; <

R R
-++ < tp = 1, then instead of determining e e , for all te[0,1],
0 Y |p2
R i R i i
we could determine 1 12 |9 , for te[ti,tiy1] (¢ =0,...,m—1),
0 Yo' |pot

which satisfy the DEs (see also Section 4.3):

d. . . ) .
—Y22" = Aa(t) Ya2' , Yao'(ti) = In—k

dt

d ., i g i

EZRH = —Ry" Ans(t), Ru'(t:) =1L,

d_ iy 7 i i

ERH = —Ry1*(t) A12(t) Y22'(t) , Ra2'(t:) =0

d . . . .
:ﬁpz' = Agp(t)p2* + f2(t) , p2'(t:)=0,
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201t = —Ru'() (Au@p'®) + H0) , or'(6)=0.

With the solutions of these DEs at ¢ = ¢;;; we obtain the relation

I —Rid*(tit1) ] (yl(ti))+

0 -—ngi (ti+1) Y2 (ti)

0 Lii | \v2(ti+1)
Together with the BCs (45) this yields the exact number of relations to deter-
mine y(¢;) (¢ = 0,...,m). Actually, we have obtained a system which is an
extension of (55) and very similar to the multiple shooting system (5), namely

My=5b, (59)
where M =
I B°T(0) , B'T(1)
[ I —Ry°(t1) ] —Ry°(t) O ]
0 -Y3'(t) 0 I

{ I —Ry™ (tm) ] [ —R;y™ tm) O

L 0 _Y22m_l(tm) 0 In—k
and
[s1%] = [ W) v tm)"

T g1%(t)T pO(t)T 1™ (tm)T p2™ Htm)T

In this multiple shooting system the dominant and dominated solutions have
been decoupled already. Therefore, a relation between y(0) and y(1) can be
otained by a straightforward substitution: define the sequence

Fi Pt | dy?
{ 1 2o }m by the relation
0 F221 dZ’ 1=0
t; Fi' Fiof 1 dy’
yz(t‘i) 0 Fzg' yz(O) d2

Then one obtain the numerically stable recursions (cf. (4.58a-¢) ):
fori=0,...,m— 1 (forward sweep)

Pt = Yook (tig1) Fao* Fl =TI, ,

—Ri*(tip1) O ] (y1(ti+1)) _ (91(ta'+1)

pa(tit1)

|

)

|
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dy*t = Vi (tiga) o’ + po (tiga) d’=0,
for i = m,...,1 (backward sweep)
Fii*7 = Ry Y(8) Pt " =1,
Fi'~' = Ry~ 1(t:) Fro* + Ruo* ™1 (t:) For' ™ Fi™ =0,
di*™!' = R (t:) di’ + Ri (k) do T + 00PN () di™=0.

The multiple shooting system (59) now reduces to the n x n system
L 0 (yl(l)) _
0 Fzgm Y2 (0)
0 d,° 1 0
b— B°T(0) -B'T1) | , m]) - (61)
0 ds

With the solution of this system and the relation (60) we can find the solution

Fi,° F,°
11 12 +BIT(1)

( B°T(0)

n—k

.y (and therefore z = T'y) at all points ¢; (i = 0,...,m).

Remark 3.16
Comparing the relations (60) and (49a,b) we obtain

F]_li F]_zi dli _ ?11(&') ?IZ(ti) ﬁl(t')
0 Fy'|dyt 0 Vao(ts) | Pa(t:)

This result will be elaborated in Property 4.24.
|

Restarting at any point where output is required will be expensive if there
are many. In that case it seems worth while first to construct some major
subintervals and to maintain some of the information at the intermediate output
points. On such a major subinterval, say [£;,€4+1], we have a BVP with
separated BCs, namely y,(¢;) and y1(£i+1) given. Using the relation

va(t) = Yao' () wa(ts) + p2*(ts) ,  tel&, &ipal],

we obtain (n—k) conditions at any point ¢ in this subinterval. In order to derive
at some specified point ¢ a full set of n conditions we have to transform the
information that is contained in y;(£;+1) backward to this value of ¢. To this
end another (simple) decoupling transformation is needed (see, for instance,
Remark 4.19).
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Remark 3.17
Under the proper conditions the result of Theorem 3.14 can easily be general-
ized to

DIST(S,(t:), R T(%:) [ I‘;l:_(:) ] ))—0 ast—oco.

In general we will have that (cf. Property 3.1 and Theorem 2.19)
DIST( 81(t:), R (T3(t)) ) = O(e™A1%)

and
| Ruf@) lI=0(e~M = 8)) (t>1,).

Hence, if both quantities are small and T'(¢;) is orthogonal, then || Ri2*(¢) ||
yields a proper indication of GAP(Sl(t;),Sg(t;)) (cf. Corollary 3.15). This
implies that under these conditions a large value of || Rjs*(t) || indicates a
large stability constant a (cf. Lemma 2.12).

Remark 3.18

One can show that the resulting system can also be derived from the classical
multiple shooting system .5) with a fundamental solution X, satisfying (56).
The necessary decoupling of dominant and dominated solutions in X (¢;) (i =
1,...,m) is performed in a numerically stable way by the transformation T

3.4 Initial values

So far we have not discussed the difficulty of choosing proper values for T'(0)
and k. Even in the description of the (standard) multiple shooting technique
in Section 3.1 we have not touched on this subject.

Assume that the solution space S has an exponential dichotomy. Then the
initial values have to be chosen such that they induce a decoupling, which is
in correct order, i.e., such that the growth of the increasing modes is governed
by Ai;. By the well-conditioning of T' the growth of the decaying modes is
then governed by A,;. Hence, if possible, the integer k should be equal to
the dimension of the dominant subspace S;. Unfortunately, this quantity is
generally not known beforehand. In case of separated BCs we get an indication.
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However, when smooth solutions are present this indication may be wrong (see
also Section 2.4).

If k # dim(S;) we do not necessarily obtain an inefficient algorithm. A crucial
role in the stability analysis is played by the fundamental solution Ry; in (53a).
As long as R;; does not contain fast increasing modes, then we still have
a method that is stable (but not asymptotically stable). This condition is
identical to the requirement that R(T}) does not contain fast decaying modes.

Suppose we have separated BCs of the form B%%z(0) = b, and Blz(1) =b,,
where B2 e IR(® %)™ and B11¢IR**"™. Then this value of k will do. Moreover,
if T(0) is chosen such that its first k¥ columns satisfy the homogeneous part of
the BCs at t = 0,i.e., B°2T1(0) = 0, then R(T}) does not contain fast decaying
modes (see Section 2.4).

With non-separated BCs the situation is more complex. If T(0) has been
chosen randomly, then every column will have probability 1 that it contains a
non-trivial component of the fastest growing mode. Similarly, with probability
1, the k fastest increasing modes are contained in the span of the first k£ columns
of T'(0). This explains why the choice T'(0) = I,, will suffice, in general.

If the eigenvalues of A give a proper indication of the growth behaviour of the

solutions of
dzx

S=AWMe,  telo,1],

then a Schur transformation of A(0) seems to generate a safe start: let U% e IR**"
be such that A°(0) = (U®)T A(0) U° is (quasi) upper triangular ([20],p.192).
In [58] it is indicated how the diagonal blocks (1 x 1 or 2 X 2) can be ordered
along the diagonal. Therefore we may choose U such that the real parts of the
eigenvalues of the diagonal blocks are well ordered; the most positive ones to
the left and the most negative ones to the right. Then we can take T'(0) = U°.
In the case of constant coefficients we indeed obtain with this starting value a
consistent fundamental solution. However, the eigenvalues of A give only local
information of the growth behaviour. For the global behaviour of solutions
they may be very misleading.

Example 3.19
Let
1-—20¢

At) = 1+20¢ _ ,  t>0.
A _qplm20t

1420t
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Then A(0) = 100 _(10 , which seems to be correctly ordered. However,
the corresponding fundamental solution, starting with the identity, is given by
(1 + 20¢t) e—10¢ 0
X = 0 I
1420t

This fundamental solution is not consistent.

Fortunately, the possibility remains to check whether the initial ordering has
been done correctly or not (cf.[39]). If the gap between T} and T, stays suf-
ficiently large, then the matrix function Y5, of (46) has to govern the growth
behaviour of non-increasing solutions. Hence, if some elements of Y35 turn out
to become large, say at t = £, then some columns of T'(0) have to be permuted.
Since all the necessary information is available at £, this can be performed
without an explicit restart of the integration at ¢ = 0, although the resulting
formulas do not look simple.

In the general case of non-separated BCs the Schur transformation may also
indicate which value for k should be chosen. Assume that the rotation of the
invariant subspaces of A is moderate (compared to the growth behaviour of
solutions of the DE). Then the dichotomy of the solution space will correspond
to a separation of the spectrum of A. However, again we have to be cautious,
as is illustrated by the next example.

Example 3.20
Take the matrix function A of Example 3.10. Basis solutions of the DE grow,
respectively, like e ’\lt, eA2t and e—*1t. For t = 0 we obtain

Al w 0
A(O) = —W Ag 0
0 0 =X

2
and ,\(A(o)) =M ; Az + \/(’\1 - ’\2) —w?, —A; 5. Hence, if both A;
and ); are positive, then we have two eigenvalues in €* and one eigenvalue
in €7, independent of the frequency w. The choice ¥ = 2 corresponds to the
dimension of any dominant solution subspace.

If, however, A\; and A, have opposite signs, then the situation may be quite dif-
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ferent. In the general situation that A\; > 0 and A2 < 0 (and therefore k = 1)
we have two eigenvalues in €~ and one in €t as long as |w| < v/=A1 ;. For
stiff problems (in this case: max { |A1|, |A2]| } > 1) this condition will generally
be satisfied.

For instance, let A = —);. Then A(A(O)) = {‘_*)\1 4/1-— (w/)\l)2 , —A1 }

As long as |w/A1]| is sufficiently smaller than 1, this spectrum nicely indicates
the growth behaviour of solutions. However, if |w/A;| & 1 (or even more so
|w/A1] > 1) then all information about increasing solutions is lost and it is
impossible to decide which value of k¥ would be the correct one.

This example illustrates once again that at £ = 0 we do not have, in general,
sufficient information to decide how the partitioning should be chosen and
which initial value we have to take. Local information may be misleading.
The effect of the initial choices can be checked during the integration, but the
reparation in the case of a misconstruction may sometimes be time consuming.

3.5 Separated BCs

In Section 3.1 we have already seen that in a multiple shooting method we can
reduce the number of equations involved in the computation if the BCs are
separated. This is true also for the method sketched above. Assume that the

o Jo=(@)

Let T = [ T T, ] be a decoupling transformation, existing on [0, 1], such

—  —

BCs are given by

B%z(0)+ Blz(1) = [ B(:n ] z(0) +

k. n-k
that
B2Ty(0)=0. (62)
Then
by = B%%z(0) = B2 T(0) y(0) = B2 T5(0) y2(0) . (63)

By the well-posedness of the BVP and the regularity of T'(0) the matrix B2 T5(0)
will be non-singular. Hence, y2(0) is known. Moreover, by T the DE for y»,
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d - -
prizhe Azn(t)y: + f2(t) , te[0,1],

is decoupled from y;. Therefore, y; can be computed at the same time as T'.

Since y2(0) is known the recovery transformation (50) can be reduced to the
simpler form

yl(O) = Rn_(t) yl(t) + gl(t) , for all te [0, 1] , (64)
where R;; and g; have to satisfy the DEs (cf. (53a,c) ):

d -

-‘ER].]. = —R11 All(t) ) te [0, 1], R11(0) = Ik y (653.)

d - -

Zo=-Ru) (du@®wn®) + £®), «@©)=0. (65b)

Thus, by the initial choices (62) and (63) the computation of Y22 and R;; has
become superfluous.

If T is orthogonal even a further reduction can be obtained, since we are actually
interested in 2 = Ty = Ty y; + T2 y2. We can avoid the computation of T,
(just as in marching algorithms) as follows. Define z = T3 y,. Then

z=Tiyp1+z. (66)

Since T is orthogonal, the orthogonality condition 737z = 0 is satisfied over
the entire interval.

Assume T is defined by (32),(33), where A is chosen such that T is orthogonal.
Then, using fo = 3T f and Ay 4+ A% = ToT (A + AT) T, (cf. (31b), we have
dz dT; dy
x* - artla

= —47®)z+ Do) {(4n) + A5 ®) T (W) 2+ H®)}
= —AT()z+ B() T () {(AQ) + 47() OB ()2 + £(2)} -

Since T, will not be computed we have to use the relations T} T+ 0T =1,
and T, T2Tz = z, which results in

L - W2+ (L-nOTTM){ (40 + 470)z + 50}

(- O BT (1) (4@) 2 + (1) - Tu() BT (2) AT (2) 2. (67)

The initial value 2(0) is determined by
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7,7 (0 0
1 (0) 2(0) = .
BOZ bz
Hence, as soon as T1(1) and z(1) have been computed we are able to determine

y1(1) from the BCs at t = 1:
by = BYa(1) = BY(T(1)u(1)+2(1))

= B”'Tl(l)yl(l) = b1—B112(1) .

With y;(1) known we can use the recovery transformation (64) to determine
the solution at any desired point. By the orthogonality of T' we have (cf. (31¢)
and (14b)):

Ap=TT(A+ATYT, and f=TTF.
Since in the expression for A;, the matrix function 7T} is involved the backward
sweep also needs a slight modification. Using T> T»T z = z, (53c) changes into

% = —Ru@® T7 () { (4t) + AT(1)) 2() + F(D)} , te[0,1], g (0)=0.

Hence, for separated BCs we only have to solve DEs for the (n+ k) x (k + 1)

matrix function [ 1;11 gz ! ] (in marching algorithms the order of the system
1

is equal to n x (k +1)).

3.6 Conclusions

Let us now recapitulate the foregoing results for continuous orthonormalization
and invariant imbedding. In the first place we remark that a continuous deter-
mination of directions of solutions implies that the number of DEs that is to
be solved is larger than in the current (multiple) shooting methods. Moreover,
the complexity of these DEs has been increased (a linear problem is solved by
non-linear problems).

On the other hand, the stability properties of the corresponding DEs have been
improved, in general. Besides, the transformation T can be chosen as smooth
as possible (cf. Property 3.6), having rotational activity only within R(T7)*.
This implies that, possibly after some initial layer effect, an automatic integra-
tion routine may choose large stepsizes.

Using the invariant imbedding technique we obtain that in the resulting method
the IVPs we have to solve are all expected to be numerically stable in forward
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direction. A qualified automatic initial value integration routine will therefore
choose, in general, its stepsizes quite efficiently. Moreover, we do not have to
store and interpolate intermediate results.

These benefits become more evident if the growth behaviour of solutions of the
original problem is quite extreme, like in singular perturbation problems (see
Chapter 5). For such problems also the backward sweep has a great influence
on the total performance of the method. If output is required in just a few
points, then the invariant imbedding technique is the most promising, since it
circumvents the creation of many extra internal layers and excessive memory
access has become superfluous.

Hence, continuous orthonormalization combined with invariant imbedding may
be very successful for stiff and homogeneous (eigenvalue) problems, like the Orz-
Sommerfeld equation with high Reynolds numbers (cf. [12]).

The disadvantages, like the number and the complexity of the DEs that are to
be solved can be reduced if more restrictions are imposed on T'. In the case of
a Riccati transformation (see Chapter 4) the same number of DEs are to be
solved as in the multiple shooting case. ‘

Note that one can say that by invariant imbedding the problem is imbedded in
the class of BVPs:

% =A@t)y+ft),  tel0€],

subject to
BOT(0)y(0) + BIT() () =b,  €e[0,1].

This illustrates why the invariant imbedding technique can be used very well
for free boundary problems ([44]).
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Riccati transformations

4.1 Introduction

In Chapter 3 we have discussed a general framework for a continuous decoupling
of the DE

dz

= =AW+ (1),  te[01] (1)
into

%:A(t)y+f(t), te[0,1], (2)

where y = T—1z, for some transformation 7. The relation between T and A
is given by the Lyapunov equation (3.13), a system of n? equations for 2n?
variables (the elements of T and A). Hence, we have n? degrees of freedom.

If A is block upper triangular, for all ¢, then the DE (1) is said to be decoupled
by T. Assume that A (and similarly A) is partitioned as

Ann Az | T&
A(t) =A= Ax1 Asg I n—k ) (3)
T oack

where the dimension k is to be determined later. The requirement Ay, = 0
reduces the number of degrees of freedom with k(n — k). In Chapter 3 we
constructed an orthogonal transformation T'. This extra condition prescribes
the symmetric part of A (Property 3.3), which reduces the degrees of freedom
with another in(n 4 1). We did not use the resulting degrees of freedom,

75
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although their number turned out to be just sufficient to make A upper trian-
gular (cf. Property 3.9). The resulting system of DEs for T were at least cubic
(cf. (3.31a,b)).

In this chapter we shall use the remaining n? — k(n — k) degrees of freedom to
simplify the form of T and the corresponding DEs. To this end we consider the
well-known Riccati transformation (cf. [42],[51])

I
R21(t)

in which exactly n? — k(n — k) components of T'(t) are prescribed. Observe
that, for all £e[0,1],

T(t) =

0 0,1 4
In_k], te[0,1], ®)

I 0

T_l(t) =

| —R21(t) Ini

and

i 0 0
d
—=Tt)=| 4
dit a

i dtR21(t) 0

From the Lyapunov equation (3.13) and the requirement A;; = 0 we obtain
that the matrix function R3; has to satisfy the DE

d
'(ERZI = A21(t) + A22(t) Ra1 — Ra1 A11(t) — Ra1 A12(t) Ra1 (5)

which is the so-called (matriz) Riccati equation. As long as a solution R2; of
(5) exists, we have (cf. (3.14b,c) ):

- A11+ Aix Ry A1z
= (63.)
0 Azz — Ry1 Aga
and
= fi )
= . 6b
f (—Rm fi+ fa (6b)

Hence, a corresponding fundamental solution Y of (2) may have a block upper
triangular form as well. Like in (3.10) we have that X = T'Y is a fundamental
solution of the original system (1). Therefore, we actually have constructed a

block LU-decomposition of such a fundamental solution X.

From the relation X = T'Y we conclude that
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Rgl(t) = X21(t) Xll_l(t) . (7)
This yields a first result on the existence of Rz1(t).

Property 4.1
Let T be some given interval. Then a solution Ry1 of (5) exists on T if and
only if there ezists a fundamental solution X, corresponding to (1), with Xy,

non-singular on T.
|

Although the existence of R»; is important, we also have to take care of its
boundedness. As in Chapter 3 one of our main goals is to obtain a well-
conditioned and properly scaled transformation T'. For the Riccati transforma-
tion this condition is fulfilled as long as || Rj; || stays sufficiently bounded. In
the next section we will see by which factors || R2; || is mainly determined.

We may not be able, however, to find a solution of (5) which is sufficiently
" bounded over the entire interval [0,1]. In that case a transformation of the
system (also called a restart) has to be considered. The way such difficulties
can be handled will be discussed in Section 4.3.

To finish this section we make the following two remarks.

Remark 4.2

Assume that Rj;, subject to R21(0) = 0, exists on [0,1]. Then, after the
computation of fundamental and particular solutions R;1, R12, Y22, g1 and ps
by the invariant imbedding technique of Section 3.3.1, we obtain from (3.50),
(3.51b) and using that z3(0) = y2(0) the well-known relations (cf. [6],[53]):

z1(0) = Ry1(t) z1(t) + Ra2(t) z2(0) + g1(t) , te[0,1], (8a)
:l:g(t) = R21(t) a:l(t) + Yzz(t) 1132(0) + pz(t) , tE[O, 1] . (Sb)
These relations can also be written as

[Ik - R12(t)] z(0) = [Rn(t) 0] z(t) + g1(t) ,

[—Rzl(t) In_k]az(t) = [o Ygz(t)]x(0)+pz(t),

which express the similarity in the two formulas. Various authors have used
these relations as a starting point for the derivation of the so-called Riccat:
method, by which the combination of the Riccati transformation and invariant
imbedding is meant ([45],[53]).
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|
Remark 4.3
If £ is such that Rj;(t) exists for all t€[0,£), but %m} R21(t) does not exist,
‘then the homogeneous BVP

dz
-CE = A(t) z, (9)

subject to
[~Ra1(0) k] 2(0)=0 and [L 0]=()=0

has a non-trivial solution. This property can be proved with the help of Prop-
erty 4.1. The parameter £ is called an eigenlength or characteristic length of

(9) ([33])-
|

4.2 Existence and boundedness of Rz.l

The fact that || R2; || may become large (implying an ill-conditioned transfor-
mation T'), or even unbounded, is one of the main arguments used by critics
to reject the Riccati transformation as a general solution method for linear
BVPs. In this section we discuss the factors that influence the magnitude of
the Riccati matrix R,;.

As will be shown in the next section the following assumption does not violate
the generality of the transformation.

Assumption 4.4

R21(0) =0.

Example 4.5
(i) Consider the second order DE

d2
Et—y—i-wzy:O, te[0,1].

.. d .
Transforming it to a first order sysiem by #; = y and z2 = —y, we obtain

dt
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20)-[ 50 ]@). o .

The corresponding 1 x 1 Riccati matrix is given by
R2:(t) = —w tan(wt) .

Hence, it blows up very fast if w is large.
There are two main reasons for this phenomenon. In the first place the
solution space of (10) is not exponentially dichotomic, and in the second

place the basic modes co.s(wt) and sin(wt) are fast rotating.
— sin(wt) cos(wt)

(ii) The second order DE

d2
Fg_wa:O, te[O,l],

can be written as

w315 0)6) o

The corresponding Riccati matrix is now given by
Rzl(t) =w tanh(wt) N

which is bounded by w on the entire interval.

In this example the solution space S is exponentially dichotomic and the
directions of the corresponding dominant and dominated subspaces are
independent of time.

|
By only taking into account the norm of A one can state the following theorem.
Theorem 4.6
Let A be partitioned as in (3) and define M = max || A(2) ||. Then the solution
R31 of o

d
%Rn = A21(t) + A22(t) R21 — R21 A11(t) — Ra1 A12(t) Roy

Ry1(0)=0

ezists at least on [0,€), where § = ma.x(%, 1).

Proof:
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Let 7(t) =|| R21(t) ||F, the Frobenius norm of R2;(¢). Then 7(0) = 0 and

% < M(142r+7%).
dr . . r(t)
Hence, ———— < M dt, from which we obtain < Mt. Therefore,
(1+7)? 1+ 7(t)
Mt
< —.
"® S T

Now the theorem can be proved by standard reasoning.

This result may be sharpened if more specific information about A is used. To
this end define, for any value of 7, the incremental fundamental solutions Mj;
and Mzz by

dt , (11)

{ iMn(t»T) = —Mu(t,7) Au(?)
My (7, 7) = I

d
{ M2t ) = Aza(t) Mas(t,7) (12)
Mgg(T, T) =TI,

Define, for ReR(®~¥)xk
f(t, R) = A1(t) — RA12(t) R . (13)

Then, using Assumption 4.4, the DE (5) can be written in integral form as

Ra(t) = /Mzz(t, T)f(r, R21(1-)) My (t,7)dr . (14)
Therefore,
| R2a(2) || < (15)

/exp(/ju(Azz(s)) ds) || f('r, Rzl('r)) Il exp(/ju(-—An(s)) ds)dr.

)
Now define

a21(t) = || A21(8) || , (16a)

a12(t) =1 A12(t) || , (16b)
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oft) = — (-4 () + B(An(2)) - (16¢)
Then we are able to show

Lemma 4.7
Let p be the solution of the IVP

% =az(t) — 2¢(t) p+ara(t) p?,  p(0)=0. (17)

As long as p exists, we have the inequality || Ra1(t) || < p(t) .
Proof:
Define r(t) =|| R21(t) ||. Then (15) yields

t

r(t) < /(azl('r) + ai2(7) 1'2(1')) exp(—2 /;tc(s) ds)dr .

0
Moreover, p satisfies the equality

t

0 = [ (an) + aualr) £(0)) exp(=2 [ te)ds)ar

0

Hence,

r(t) — o) < / 9(t,7) ((r) = (7)) dr ,

t
where g(t, 7) = a12(7) ('I‘(T) + p('r)) exp(—-2/ c(s) ds), which is a non-negative
function. Now, using the Lemma of Gr6nwall,r the lemma is proved.

Theorem 4.8
Let £ be such that, for allte[0,€], (see (16a,b,c))

(@) ct)>v>0

a21(t) alz(t)

2w < 1

(i) K(t) =

_ 021(t) 1 _ _ﬂ)_ — an
@) -0 = 5 =m0 0 (1+ VI=K®) end
melR satisfy
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p-(t) < m<pi(t), 0Lt<E.
Then 0 < || R21(t) || £ m, for allte[0,£].

Proof:
Observe that p_ and p, are defined such that (17) is identical to

%’ = aus(t) (0-2-(t) (p—P+(0)) -

Therefore,
p <0 ifp_(t) < p(t) < p4(2t)
;ﬁ" ={ =0 ifp_(t) = p(t) or py(t) = p(t)

>0 elsewhere

Since p(0) = 0 < p_(0) the result follows from Lemma 4.7 in a straightforward
way.

Sometimes the upper bound in Lemma 4.7 may be overly pessimistic, as is
illustrated by the next contrived example.

Example 4.9
Let the matrix function A be defined by

eAt eZAt

A(t):[ . M] (A>0), t>0.

Then one easily checks that the corresponding Riccati matrix Rj; satisfies
Ry — 0 as t — oo. However, for p we obtain the DE

d,
Eg:(l—e’“p)z, t>0,

whose solution will grow rather fast.

Now we shall obtain a result slightly more general than Theorem 4.8. To this
end we define the non-decreasing functions s, s3; and s;2 by (see (11) and

(12))

s(t) = 2/” Maa(t, 7) [l Mua(t, 7) || dr (18a)
0
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s21(t) = max || 4ai(7) ||, (18b)
and
s12(t) = max || duz(7) || - (18¢)

Then we have

Theorem 4.10
As long as t is such that, correspondingly to (18a-c),

s2(t) s21(t) s12(t) < 1, (19)
then R2;(t) exists and || R21(t) || < s(t) s21(¢).
Proof:
Observe that s(0) = 0, which implies that (19) is satisfied for ¢ = 0. Now let
t > 0 be such that (19) is satisfied. Existence of a solution of (5) can be proved

by the method of successive substitution, applied to the non-linear integral
equation (14). Hence, define the sequence of matrix functions {R*(¢)}2, by

RO(t)=0,
t : 20
RiH1(t) = /Mzz(t,r)f(T,R'('r)) My, (t,7)dr . (20)
Let
w't) = max | RO I, i=0.1,0. (2)

Then from (20) and (13) it follows that

wtl(t) < %s(t) 01;13%:‘ Il f(r,R*(T)) I

IA

% s(0) (s2(0) + 02w (1)?) .

This implies that the requirement (19) guarantees boundedness of the numbers
wi(t) by s(t)s21(t) (cf.[57])). In order to show that the R¥(t) converge we
observe that

| £(r, B¥ (7)) = f(r, R=}(7)) |
< A I (1R@ [+ 11 R 1) || R ) - R || -

Hence, for all £€[0,t] we have
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| R¥*1(€) - RE(&) |l

¢
/ | Mza (¢, 7) Il £(r, R¥ (7)) = £(r, R*H(r)) Il Maa(&, ) || dr

<
< 3O 22O 260 m(6) gmax, | () - B |
< o(0)mualt) smlt) max, || B¥(r) - BN | -

Therefore, again using (19), lim R*(t) exists, is bounded by s(t) s21(t) and,
1— 00
moreover, it satisfies the integral equation (14).

Remark 4.11
Observe that R,; also satisfies the DE

d - -
;ﬁRzl = A31(t) + A22(t) R21 — Ra1 Ay1(t) + Roy A12(t) Ra1

where A3y = Ay1 + A1z Roy and Ay = Az — Roq Arn (see (6a)). Hence, a
similar result as that of Theorem 4.8 can be formulated with ¢ replaced by

a(t) = — (Wl—Aua(0) + wlAns(t)) )

Equivalently, Theorem 4.10 is also valid with M;; and M, replaced by R;; and
Y33, the fundamental solutions corresponding to, respectively, —A; and A,,.
These solutions are actually computed when the invariant imbedding technique
of Section 3.3.1 is used (see (3.53a) and (3.46) ).

From the foregoing we may conclude that it will be hard to give sharp condi-
tions that imply boundedness of solutions of the Riccati DE. Only in special
applications, which occur for instance in control theory, we have conditions (of
symmetry and definiteness) that guarantee boundedness of the Riccati matrix
(cf. [52]).

Remark 4.11 shows already that the magnitude of R2; is strongly influenced
by the growth behaviour of the fundamental solutions Ri; and Y2, and by

|| A21 || and || A1z ||. Therefore it is important that the distance between
’R([ RIk(t) ]) and 8;(t), the dominant subspace at time ¢, is sufficiently
21

small (cf. Theorem 3.5).



chapter 4 85

Using geometrical arguments similar conclusions can be drawn. To this end we
look at the algebraic Riccati equation

0= Azl(t) + Azz(t) Pgl(t) — Pgl(t) All(t) - P21(t) Alz(t) Pgl(t) . (22)

Observe that if P;y(t) satisfies (22), then

Ik Ik
At = As1(t) + A12(t) Paa(t) ) 23
© [ Pa(t) ] [ Py(t) ] (400 + 400) Pa() (23)
which implies that ’R,([ PIk( 9 ]) is an invariant subspace of A(t). Moreover,
21

one can show that
A(4() = A(Au(t) + 412(8) Paa(®)) UA(422(t) - Pas(t) Asa(t))

(cf.[57]). For the remaining part of this section we make the following assump-
tion.

~ Assumption 4.12
The matriz A(0) is (block) upper triangular and correctly ordered, i.e.,

A11(0)  A;2(0) ]

A(O):[ 0 Ag(0)

and Amin (A11(0)) > Amax (Agz(O)) (which can always be obtained by an (or-
thogonal) Schur transformation (see Section 3.4) ).

With this assumption and the definition of separation of matrices (Defini-

tion 1.5) one can prove the following generalization of Theorem 3.5 in [57].

Theorem 4.13
Define

as(t) = || 421(2) || ,
a12(t) = || A12(2) ||,
and
d(t) = %sep(Au(t), Azz(t)) : @

As long as d(t) > 0 and
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a.21(t) alz(t)

K(t) = dz(t)

<1
then there exists a unique continuously differentiable solution Py of (22) with
P2;(0) = 0 and satisfying

agl(t) 1 a21(t)

| Paa() || < 10 1+\/1—K(t)< FOBR

(25)

Proof:
Stewart ([57]) shows that, for any fixed ¢ with K(¢) < 1, there exists a unique
solution P,;(t), which satisfies (25). From Property 1.6 we obtain

aza
sep( A1+ As le, Agy — Py A12) > 2d—2 12d 21 >0

Hence, using Assumption 4.12,
Amin(A11 + 412 P21) > Amax(A22 — Pa1 A12) - (26)

This implies that ’R.( [ PIk( £) ] ) is the (unique) invariant subspace correspond-
21

ing to the k eigenvalues with largest real parts (/\(An + Ai2 Pgl)) . With (26)
it follows that this invariant subspace changes in a continuously differentiable

way.

Observe that the quantities s in (18a) and d in (24) have a relation similar to the
one obtained in Theorem 1.9. By this relation the conditions of Theorem 4.8
and Theorem 4.13 are coupled.

Assume the solution P, of (22) defined in Theorem 4.13 exists on some interval

[0,&]. Define the matrix function E; as the solution of the Riccati DE
d

d
E;E'm = —Epn + (Azz(t) — P () A1z(t)) Ey

- Exn (An(t) + A12(2) le(t)> — E21 A12(t) B2y,

subject to E1(0) = 0. Then E3; is nothing but the difference between R3; and
Py;. The magnitude of Es; is, cf. Theorem 4.10, in the first place determined
by the growth behaviour of the fundamental solutions corresponding to Aay —
P2y Ay5 and —(A11 + A1z P21) and in the second place by the values || %Pu l|
and || Ayz ||. Since Ry; = Pa1 + E2; we observe that, if both P»; and Ejy
remain sufficiently bounded, then also R3; remains bounded. These conditions
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will be fulfilled if:

- the eigenvalues of A(t) are sufficiently well separated into two clusters; globally
speaking: one cluster containing eigenvalues with positive real parts and the
other cluster containing eigenvalues with non-positive real parts.

Relative to this separation we need that

- the invariant subspace belonging to the cluster of eigenvalues with positive
real parts does not change too rapidly

- the quantity || A1z || is not too large

- F2,(0) is sufficiently small.

Remark 4.14
Differentiating the algebraic Riccati equation (22) yields the (time-dependent)
Sylvester equation

d d
(A22 — Py1 Arp )(aPZI) - (EZPZI)(AH + A2 Pyy) =

- ( %Au + (%Azz) Pz — Py (%Au) — Py (%An) P21) .

Hence, the magnitude of || -j—tPgl || is determined by || %A |, || P21 || and
SCP(Au + A1z P31, A2z — P31 A1 )

4.3 Separated BCs

In this section we shall discuss in more detail what the Riccati method looks
like in case of a BVP with separated BCs. We have seen already in Section 3.5
that a reduction in the number of DEs can be obtained. By choosing the proper
initial values (Section 4.3.1) the Riccati method requires the computation of

the n x (k + 1) system [ gu ZI ] Observe that the order of this system is
21 Y2

as large as for a stabilized march algorithm (see Section 3.1).

However, the Riccati DE for R;; will be non-linear. This non-linearity may
cause some additional orthogonalization steps, in order to keep the decoupling
transformation well-conditioned. How such a restart can be performed will be
treated in Section 4.3.2.

The resulting method is described algorithmically in Section 4.3.3.

For the computational aspects of the Riccati method we refer to Section 4.5.
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4.3.1 Initial values

Assume that the solution space S has an exponential dichotomy (S = 51 @ S3).
In Section 3.4 we have already seen that, if possible, k should be chosen equal
to dim(S;). The Riccati matrix Ry is constructed such that

R(00) =2([ gl ]) &

where X, is an n x k matrix function consisting of the first k& columns of a funda-
mental solution X (cf. (7)). As follows from Remark 4.11, this fundamental so-
lution X should actually be consistent, since then DIST (’R,(Xl (t)) ,S1 (t)) —

0 as t — oo (cf. Theorem 2.19). Hence, we have to satisfy the relation

{0} =R(X:(0)) N &:(0) = R([ Rlek(o) ]) N 8:(0) . (28)

For separated BCs, i.e.,
B%2z(0)=b, and Bz(1)=1b,,

where B2 eIR(®~%¥)X» and B!1¢IR*¥*", this value of k will do and we may
choose a fundamental solution X = [X 1 Xz] that satisfies the homogeneous
BCs at t = 0, i.e., B2 X;(0) = 0 (see Section 3.4). Assuming that X;,(0)
is non-singular, the corresponding initial value for the Riccati transformation,
satisfying

52| gty | =0 (20)

would be R21(0) = X21(0) X1172(0) (cf. (7)). This quantity, however, may be
large, implying, at least for small ¢, a poorly conditioned Riccati transforma-

tion.

There are some ways to decrease the magnitude of this initial value. Allowing
that the columns of B%? (and correspondingly the elements of z) are permuted
one may derive

Theorem 4.15 ([60])
There ecists a permutation matriz TI° = [ M;° I,°] such that B2 1,0 is

k n—k

non-singular and all elements of the matriz R210(0) that satisfies

B%? H°[ szg(o) ] =0 (30)
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are in absolute value not greater than 1 (|R210(0)| < 1).

This implies that for the permuted system

dz®
—- =AW+ ), te[0,1],

where z0 = (II%)Tz, f0 = (II°)7 f and A° = (II°)T ATI°, we can find a start for
the Riccati transformation that satisfies the homogeneous BCs at ¢ = 0 and is
well-conditioned, for ¢ sufficiently small.

Even more reduction can be obtained by an orthogonal transformation with a
generally less simple form. This is a result of

Property 4.16
By the well-posedness of the BVP there ezist an orthogonal matriz U° e IR™*™
and a non-singular matriz Va,° eIR(=F)X("=k) gych that

B2 O = [0 szo] : (31)
Using Assumption 2.2 on the row orthogonality of B°? we can obtain V5,0 =
L.

||
With this choice for the orthogonal transformation U° the system
dz° 0 0 0
—d_t':A(t)w +f(t)’ t€[011]1 (32)

where z° = (U%)Tz, fO = (U%)!f and A° = (U°)TAUO, has at t = 0 the
BCs by = BO2U%20(0) = [0 Vggo]:vo(O). Hence, the Riccati transformation,
satisfying the homogeneous BCs at ¢t = 0 starts with zero (R31(0) = 0).

We have to realize, however, that even this starting value does not guarantee
boundedness for Ry; for a long time, as is seen in the next example.

Example 4.17
Consider the BVP with constant coefficients

de [—10 0

- = z, te[0,1],
dt 20 10] [%:1)
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subject to z2(0) = 1 and z1(1) — z2(1) = 0. This is a well-conditioned prob-
lem, with an exponentially dichotomic solution space. The increasing solution

el0t _ g—10t
rotational acticity is high. This is illustrated by the fact that the corresponding
Riccati DE, given by

%RZI =20+ 20 R,; , Rzl(O) =0,

—10t
( € satisfies the homogeneous BCs at ¢ = 0. However, for small ¢ its

has the fast increasing solution R2;(t) = €20 — 1.
|

A Riccati transformation fitted to the BCs at ¢ = 0 has an interesting property,
which is a direct result of (2), (4) and (6a)

Property 4.18

Assume that we have separated BCs with B%% = [0 Vzgo] (cf. Property 4.16).
Let € be such that the solution of the Riccati DE (5), subject to Ry1(0) = 0,
exists on [0,£]. Then any solution of the (incomplete) IVP

dz
{ = a)e+ £, )
.BO2 18(0) = bz

satisfies the relation

[-Raa®) Lox]e)=wn), teloe], (34)
where y, is the solution of the IVP

% = (Azz(t) — Rai(t) A1z(t)) y2(t) = Ra1(t) f1(t) + f2(t) ,

subject to ‘/220 yz(O) = bz.
|

Remark 4.19

Property 4.18 with ¢ = £ can be interpreted as follows: with (34) the (n —
k) boundary conditions B%% z(0) = b, are transformed to the point £ in the
interval. So, what is left is a BVP on [¢, 1] with separated BCs. We shall take
advantage of this in Chapter 6, when dealing with BVPs having a singularity
of the first kind.

Similarly, we can define a Riccati matrix S;2 and a vector function z; such
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that, if S1, exists on [£,1], any solution z of the DE, fitting the & boundary
conditions B! z(1) = b;, satisfies

[Ik - S1z(t)] 2(t) = 21(t),  te[g,1].

Using both R3; and S1; we obtain the proper number of conditions to determine

z(€):
Ii —5S12(¢) _ (z1(8)
—&ﬁ)l@k]daygﬁo’

Sometimes Sy is called the inverse Riccati matriz ([15]).

Of course, the final solution z can not be computed by just constructing a
continuous description of the solution manifold corresponding to the BCs at
t = 0. As we have seen in Section 3.2.4, some kind of backward sweep is needed
too. For such a backward sweep we prefer the invariant imbedding formulation
of Section 3.3. For separated BCs (cf. Section 3.5) this implies that (in a forward
sweep) we have to compute the functions Ry;, R;2 and g1, which are determined
by the relation (cf. (3.64))

¥1(0) = Rua(t) 1 (¢) + 91(2) - (35)
These functions satisfy the DEs (cf. (3.65a,b))

%Rn =—Ryy (A11(t)+A12(t) R‘u(t)) , 20, R1:(0) = I , (36a)

S01=-Ru(®) (4u@w® + £0) , t20,  nO=0. (36b)

Remark 4.20

The DEs we have to solve for the Riccati transformation (R2; and y2) and for
the invariant imbedding technique (Rii, Ri2 and g;) can be written in one
n x (k + 1) system:

d| Rui|g1 | _ 0 0 n

dt | Ra1 | vy A21(t) fz(t)
0 0 Riujgr| | Ru|a A1i(t) | f2(2)
0 Ax(t) Ry | y2 Ry | y2 0 0
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g1 g1
Y2 Y2

When the BCs at ¢t = 0 satisfy B%? = [0 Vzgo] (cf. Property 4.16), then the
initial values are given by

R11(0) g1(0) _ Ik 0
y2000] | 0 (Va2®)~ 1, | °

R31(0)
This is actually how they are computed, since then no intermediate results have

Ry
R

0 A12(t)
0 0

Ry
Ry

to be stored and interpolated.

|
4.3.2 Restarting techniques
Even the knowledge that no dominated solutions are contained in ’R( I )
R21(2)

does not guarantee boundedness of Ry; over the entire interval (cf. Example 4.17).
Suppose that at some point within (0,1), say at t = ¢;, the Riccati ma-
trix has grown such that we have to decide for a new basis of the subspace

Iy o1 il
’R([ Raa(t) ) We indicate some (old and new) possibilities for such a new

basis, when the Riccati transformation has been fitted to the BCs at ¢ = 0, i.e.,
when (34) holds.

(i) Often BVPs have an equal number of BCs at both ends (for instance: a
second order system that is transformed to a first order one). This implies
a square Riccati matrix. If in that case R2;(¢1) is non-singular, then the
solution manifold, described by (34) (with ¢ = ¢;) can be written as

[In_k - Slz(t)] 2(t) = wit), t>t1,

where the initial value of y,! is given by y21(¢1) = —-(R21(t1)) 1yz(tl).
Hence, for ¢t > t;, the matrix function Sy2 (which also satisfies a Riccati
DE) and the vector function y,! are computed instead of R; and y». In
other words: the transformation T of (4) is, for ¢ > ¢1, replaced by

Slgt I
Tl(t):[ I_(k) :] '

Important drawbacks of this restarting technique are
- it is far from general
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- problems may be expected with the numerical stability of the method

- the implementation is not straightforward.

In [9] Breitenecker discusses a generalization of this concept for non-separated
BCs.

More success may be expected from one of the following techniques:

(ii) ([60]) For any permutation matrix II' = [ o' I, ] such that the ma-

— —

k n-k

trix [——Rn(tl) In_k] II;! is non-singular, we have that at ¢t = ¢; the
relation (34) is equivalent to
[~Rai(t) Lo-s]ot(tr) = () (37)
where
Rol(t) = ([—R21(t1) In—k] Hzl)—l [—R21(t1) In—k] m,t,
zl(t1) = ()2 (t1) ,
and ,
yl(t) = ([—Rz1(t1) In-—k] Hzl)_lyz(tl) .

As a result of Theorem 4.15, II* can be chosen (and computed) such that
all elements of Rzll(tl) are in absolute value not greater than 1.

Now, for ¢t > ¢, the original matrix function A is to be replaced by A! =
()T AT and the inhomogeneous term f by f! = (II')T f. Hereafter,
the integration continuous with R;; and y; replaced by Ry;! and 3!,
respectively.

This technique is not straightforwardly generalizable to the case of non-separated
BCs.

(iii) ([35]) The permutation matrix II' can be replaced by another orthogonal
transformation U?, such that a further reduction can be achieved. Choose
U? such that

[—Rzl(tl) In_k]Ulz [.ﬂ. @1] , (38)
k n-k

where V2! is a non-singular matrix (in fact: Vzp! = (Uzzl)_T). Then,
with z! = (U!)Tz the relation (34) reads

[o vnl] 2}(t1) = va(t1) - (39)
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This implies that a new Riccati matrix, say Rz;!, and a vector function
y2l, can be defined with the initial values, respectively, Rs1'(t1) = 0
and y21(t1) = (Vaz')~1y2(t1), describing the same solution manifold, but
corresponding to a new basis (namely the columns of U?).

Such orthogonal transformations have the advantage that they can be applied
in the general case of non-separated BCs too. However, the complexity of the
final solution method is increased, since we have to replace the matrix function
Aby A' = (U')TAU? and the inhomogeneous term f by f! = (U)T f.

Remark 4.21
The first k columns of the orthogonal transformation U? of (38) form an orthog-

onal basis of 'R,([ RZf’E £4) ]) In fact: [ Z:i ] U,;! is the QR-decomposition
of [ R I’E 0 | Hence, the orthogonal update technique described above has
21(t1

some similarity with the Godunov-Conte algorithm ([29]); first a more or less
easily computable basis of the solution subspace corresponding to the left BCs
is computed. At points where this basis is found to be poorly conditioned a
reorthogonalization of this basis is carried out.

The restart strategy for the invariant imbedding technique has been discussed
in Section 3.3.2. For separated BCs it implies that, for ¢ > ¢;, we have to solve
the DE

&t 0] = ([0 40

Iy, 0 1
Rai'(t) w2l(2) ]+[0|fl (t)]},

subject to [Rnl(tl) [gll(tl)] = [Ik |0] This yields the relation (cf.(35))

v1'(t1) = Ru'() v1' () + 917 (2) , 12>t . (40)

4.3.3 Algorithmic description

Assume a set of restart points {t;}%,, with 0 = tp < t; < -+ <t = 1,
are determined by the output requirements and the boundedness condition for
R1*. Then, as is illustrated by Theorem 4.6, the number m will be finite. By
these restarts a set of subintervals [¢;,%,41](¢ = 0,...,m — 1) is generated.

For separated BCs we can give now a complete description of the Riccati
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method, by which we mean the combination of a Riccati transformation, in-
variant imbedding and the orthogonal restarting technique (iii).

Algorithm 4.22
step 1. Construct an orthogonal U°eIR"*™ such that

BO2U°=[0 V5 (ngo non-singular)

k. n-k
and set Q0 := U? and y,7(¢o) := ba.
step 2. For:=0,1,...,m—1do

a. Define, for te[t;,t;41], the transformed matrix function

A(t) == (@)TA(t) @ (41a)
and the vector function
F1@2) = (@) f(2) - (41b)
| Ry gt
b. Solve, for R* := 11', 91| and for te[ti,tit1], the i-th Riccati
Ry | y2!
DE
d 0 0 0 0 .
—R*= . . + . R? 42
dt [ Axt(t) | f2°(2) ] 0 Az'(t) ] (42)
T 4. i ' i .
e[ A0 50 ] 0 a0 ]
0o | o0 00
Iy

subject to R(t;) =

0
(Va2')~1y* 2 (k) ]
c. Construct an orthogonal matrix U*+! e IR**" and a non-singular ma-
trix Vap'tl e IR(®—%)X(=F) sych that

[—Rzlf(t.-ﬂ) In_k] U*+1:[ 0 sz"+1] (43)

—_—  —

k. n-k

0

and define Q*t! := Q* U*+1,

Defining

i = (Ui)Tm-i—l - (Q")T:z: ’ (i=0,...,m) . (44)
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we obtain, similarly to (39), the relation

[0 Vs | oi(ts) = v 2(2s) -
Observe that the initial values at ¢ = ¢; are chosen such that

zi(t) = y2'(ti), (i=0,...,m). (45)
Hence, z,%(t;) is directly obtained during the forward sweep.

When the integration step is fulfilled and ¢ = 1 has been reached, then z1™(¢,,)
can be computed with the BCs at ¢t = 1:

b = Bn:c(l) = Bl Q™ z™(tm)
= B! leazlm(tm) =b — B szmzm(tm) .
The kxk matrix B! Q;™ is well-conditioned, since the BVP is well-conditioned.

Now z;%(t;) (i = m — 1,...,0) is determined (in a backward sweep) from the
generalized recovery transformation (cf. (40)):

yi'(t:) = Raa* (fiv1) y1* (tiv1) + 91° (big1) (t=0,...,m—1). (46)

By the special form of the Riccati transformation we have z;*(t) = y;1*(¢), for
all te[t;,ti41]. Hence, (46) can be written as

21 7 (tio1) = Ru' () 20 T (8) + 91t () (47)
Together with

:nli_l(t;) = [Uui Ulzi] mi(ti)
we obtain

21 T (tio1) = Wi 2t (8) + wit (i=1,...,m), (48)
where

Wit = Ri* (k) Unt®

and

wit = Ryt T ) Usa® 2ot () + 91° 7 (&)
= Ry 'U gt () + 91" (k) -

Observe that (48) is generally a numerically stable recursion.
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4.4 Non-separated BCs

If the BCs are non-separated, say B®z(0) + B! z(1) = b, then some steps of
the algorithm for the Riccati method become slightly more complicated. For
instance, the number of DEs that are to be solved is somewhat larger. Also a
proper value of the integer k is generally unknown.

4.4.1 Initial values

One might hope that the eigenvalues of A(0) give correct information about
the growth behaviour of homogeneous modes. In general this will be the case
if the Riccati matrix Rj; is relatively close to the solution P»; of (22), i.e., if
the conditions mentioned at the end of Section 4.2 are fulfilled.

A useful tool for the computation of eigenvalues and invariant subspaces is the
Schur decomposition of Theorem 1.3. It directly delivers the eigenvalues and
some of the invariant subspaces, depending on the order for the eigenvalues
that has been chosen. Now construct the Schur transformation U° such that

A1:°(0)  45,°(0)

4%(0) = (U%T 0 _
(0) = (U")"A(0)U [ 0 An(0)

and Amin (A110(0)) > Amax (AggO(O)). Then the integer k is chosen such that
the separation between A;1°(0) and A2,°(0) is sufficiently large.

In Section 3.4 we took T'(0) = U°. If U11° is non-singular, then a similar
choice for the Riccati matrix would be Rj1(0) = U2,°(U11°)~?, since then

I _ 0 . .
’R([ Ra1(0) ]) = R(U,"). This does not guarantee consistency (cf. Example

3.19), but makes it quite likely. However, R;;(0) may be large, implying a
poorly conditioned transformation T', at least for small ¢.

This problem can be circumvented by transforming the DE with U°, before
starting a decoupling. Hence, define z° = (U°)Tz. Then

dz® 0 0
.E?:A(t):co—{-f(t), te[0,1], (49)

where A° = (U°)TAU® and f° = (U°)Tf. This system satisfies Assump-

tion 4.12 and therefore we may choose R31(0) = 0 (observe that R([ Ié“ ]) is

the invariant subspace of A°(0) corresponding to the k eigenvalues with largest
real parts). This choice defines a consistent fundamental solution as soon as
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R(U,°) N S,(0)={0}.

Now the Riccati transformation

yO — (TO)_I:BO — k 0 wO ,
—Ry® In_i

yields thé relation
[~Ra®(t) Tno]2%0) = 02°(2) - (50)

However, contrary to the case of separated BCs, y,°(0) is unknown, which im-
plies that the function y,° can not be computed directly. Therefore, step 2b.
of Algorithm 4.22 has to be extended with the computation of a fundamen-
tal solution Y32° corresponding to fié’z = A% — R0 A44,° (see (6a)) and a
particular solution p,°, satisfying the DE

%on = (Azzo(t) — R2,°(t) A120(t))P20 — R21°(t) £1°(2) + £2°(2) ,

(see (6b)). With the initial values
[R210(0) Y22°(0)[p2°(0)] = [0 In—klo]

the relation (50) transforms into
[—Rzlo(t) I,,_k] 20(t) = Y220(t) 22°(0) + p2°(2) (51)

which is, apart from the transformation U?, equivalent to the relation (8b).

4.4.2 Restarting techniques

From (51) we see that a restart can be performed similarly to the case of
separated BCs (step 2c.). Assume a restart turns out to be necessary at ¢t =
ti (i =1,...,m). Then an orthogonal matrix U? e IR"*™ is constructed such
that (cf. (43))

[~Rat " () Tk | UF = [0 V2], (52)
with V35' non-singular (again: Voo = (ngi)‘T). Defining
wi - (Ui)Tmi—l , (53)

we obtain, on each subinterval [¢;_1,¢;], the equivalent of (51), namely
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[—sz'l(t) In—k] 2 () = Yoo M) 22’ (tima) + 22T H(2) - (54)
Combining the relations (52)—(54) yields the recursion

23t (8:) = War o= (tio1) + wa'—1 (55)
where

Waa' ™t = (Vao') 1Yo 1 (8) = (Uz2®)TY22' "1 (84)

wy' ™t = (Va2') pet (i) = (Uze') o2 () -

Since during the forward sweep the value of z,%(¢;) is unknown, the invariant
imbedding relation (47) has to be generalized too. According to (8a) we have
to compute, on each subinterval [t;_;,%;], the matrix functions Ry,*"! and
R15"~! and the vector function g1°~ ! such that

21" (tim1) = Rid* M) 20t () 4 Ra2 () 22t M (tio1) + 92 7 (k) -
Hereafter we obtain the recursion
e Ytic1) = Ru*l(t) [Uni U12i] zt(t;) +
Ry " (t:) 2o " (tim1) + 91" ()

= Wit zi(t:) + Wiat 228 (tim1) + wi® (56)

where

Wi = Ri* 7Y (t:) Ut

Wiz' = Rut 7Y (8:) Ur* Was' ™1 + Rypt (%)
and

wi® = Ryr* 7 (t:) Ur' wa' = + g1* 71 (t:) .

The recursions (55) and (56) contain relations between the solution z at consec-
utive points. This implies a relation between z°(0) and z™(1). Such a relation
can, for instance, be obtained by the construction of a sequence of matrices
{F}m, and vectors {d*} such that (cf.(3.60))

:l!gi(ti) = Fzgi wgo(to) + dzi , (573.)
:l:li(t,,') = Flli zl"‘(tm) + Flzi wzo(to) + dli . (57b)

One immediately derives that the F*’s and d*’s have to satisfy the recursions:
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for i =0,...,m— 1 (forward sweep)

F't' = W' Fag', Fo® =Ty, (58a)

d' T = War'dy' +wet, d° =0, (58b)
for i = m,...,1 (backward sweep)

Fl=wy'Ft, Fu™=1I, (58¢)

Fi'~t = W' Fio* + Wio' Foo'™', Fa™ =0, (584d)

di Tl = Witd + Wit dy T wet, di™=0. (58e)

One easily verifies with an induction argument the following

Property 4.23
Fori=0,...,m we have the relations

i-1
k
' = H Wa2"
k=0
i—-1  i-1
do’ =Z( I we )wf )
j=0 k=j+41
m—i—1
-k
Fi' = H W™,
k=0

m—i—1 m—-i-1

Foi= ) ( I1 Wllm_k)lem"j P37t
§=0 k=j+1

m—i—-1 m—-i-1

di' = Z ( H Wum_k) (lem_j dzm_j_1+wzm_j_1) .
i=0 k=it

The values of z,%(to) and ;™ (¢m) can be determined from the BCs:

B%z(0)+ B'z(1)=b (59)

) (e

= B°Q%z%to) + B1Q™ z™(tm) = b

Fi.° Fpp° ]

= B°Q°
( 0 In-—-k
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Define, for ¢ = 0,...,m,

i i
PP Fiy F12. and di — (dl:)
0 Fa' ds
Fi.° Fpp° 0
Observe that F0 = 1 ¥ | andFm=|""
0 I 0 Fpp™
Then the solution z of the original problem is, at t = ¢; (¢ = 0,.
by
t' —_ L2, ) t —_ ] Ft ‘ld‘l .
2(ti) = Q' (t) = Q (mZO(t0)>+Q

Inspired by this expression we make the following observation.

Property 4.24
Let Z = [ VAR ] be a fundamental solution, satisfying
k. n-k

d
ZZ=AWZ, te[o,1],

subject to Z(0) = QO FO.
Then, fori=0,...,m, we have

Q F'=2Z(t) .

Equivalently, define the particular solution z by

a0, teloa],
with z(0) = Q°d°.
Then, fori=0,...,m, we have

Q'd’ = z2(t;) .
Proof:

101

(60)

(61)

..,m), given

(62)

(63)

(64)

Observe that the initial value Z(0) is such that (63) holds for ¢ = 0. Suppose

it is also valid for some i =1 — 1, i.e.,
Z(tl—l) — Ql—l Fl—l X

Define, for te[¢;—1,%], the matrix functions
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Yo = (@) 2()
Al—l(t) — (QI'I)TA(t) Ql—l .
Then,

d
EY’“l =AY, tetiont],

and Y'-1(_,) = F'-1.
From Property 3.19 we conclude that
Iy 0
Rzll_l(t) ngl_l(t)

_ -1
Rnl—-l(t) R121 1 (t)
0 In—k

is the fundamental solution corresponding to A'~!, which is the identity at
t =t;_1. Hence, for all te[ti_1,%],

I 0

g Ry(8) RN T 1
roe= Ry'"Y(t) Yar'ml(2) ] s

0 In—k

The definition of U? is such that, cf.(52),

T 0 ] - [ (U)™r (Ua')T Yo'~ (t) ]
RO ¥a) | 0 (U22")TYa2' "2 (1) .

So we obtain,
Yl_l(t;) i [ (Wlll)_l _(W1l1)—1R121_1(t1) + (Uzl1)TY221“1(tl) ] -t
0 Wyt
Using the definition of ngl and the orthogonality of U’ this reduces to
(W)™t —(W!) 1wyt
W221—1

Yily) = U F-l=U'F'.

Therefore,
Z(tl) — Ql——lyl—l(tl) — QIFI i

By induction result (63) is proved.
The correctness of (64) is seen by the following observation. For all t€[0,1]
we have (cf. (62))

z(t) = Z(t)(

1™ (tm)
mzo(to)

) + z(t) .
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Hence,
2(t:) = (t:) — Z(t:) (‘”;;2;;) _Qidi
|

As a result of this property we conclude that the Riccati method, as it is
sketched above, finally delivers, at a discrete set of points {¢; }, the values
of a fundamental and a particular solution of the original problem. At all
points ¢; a block QR-decomposition of that fundamental solution is available.
In often prevailing circumstances the columns of the fundamental solution will
be reasonably scaled. We shall return to this aspect of the Riccati method in
Section 4.5.

4.4.3 Algorithmic description

In this subsection we algorithmically describe the Riccati method for general
BCs, as it was discussed in the foregoing subsections. So, consider the n x n
BVP

dz
5 =AW=+, te[o1], (65)

subject to the (non-separated) BCs
B%z(0)+ B'z(1)=b. (66)

The n x 2n matrix [BO | B ] is assumed to have orthogonal rows. The solution
z is required at the g + 1 output points

0=¢§ <& < <g=1.
Algorithm 4.25
step 1. Initialization part

a. Compute an orthogonal matrix U% e IR**" such that (U°)T A(0) U° is
(block) upper triangular and correctly ordered (see Assumption 4.12).

b. Determine a partitioning integer k, 1 < k < n. (If no other information
is available one may use as guideline the eigenvalues of A(0)).

c. Set1:=0, j:=0, t: =19 := & and Q° := UO.
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step 2. Integration part
While j < ¢ do

a. Set A*:= (Q)TAQ, f*:= (@) f and * := (Q*)Tz.

(Then (65) changes into Ec-li:c" = AH(t) ' + Fi(¢) ).

) Ryt Ry | gd .
b. Solve, for R* = ) ) . | and ¢ > ¢;, the Riccati DE
Ry' Yao' | pot
d_. 0o o] o 0 0 _
—R*= . ; + . R (67)
dt Aglt(t) 0| f2 (t) 0 Azg’(t)
Anf() 0| fit(2) 0 Api(t)
—-R? 0 o] o —R'| 0 0 R?,
0 o] o0 0 0
subject to

I 0
0 In—k

0
0 )

until ¢ = €41 or |R%(t)] = a (for some given constant a > 1).
Set t; 41 1= t.

Ri(t) = [

c. Construct an orthogonal matrix U**! e IR**" and a non-singular
Voo 't e R(*—F)X("=k) gy ch that

[-—Rz1i(ti+1) In—k] Uttt = [0 sziﬂ] .

d. Generate [Wn" |w2‘] by
Waat i= (Vaz' T1) " 1Wa0* (tig1) = (U22* )T Va2l (fis1)
wa' 1= (Va2 *1) " 1poi(tia) = (Ua2't1) T 02 (tig1)

and [W11‘+1 Wit [yt ] by

Wittt i= Ris® (tig1) Ut
Wiattt i= Rya(tig1) Ur2't! Waz® + Raa* (tig1)
w1t = Rypt(tip1) U P wa + g1° (tig1)

e. Set i:=i+1;ift; = &1 then j:= j + 1; Q' := Q*~1U".

step 8. Completion part
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a. Set m = i (and observe that ¢,, = 1).

b. Generate, for i = 0,...,m, the matrices Fy,' and the vectors ds* by
the forward sweep

Fooltl = Woo Fagt, Fa® =1,y
da*t = Wartdy' +wy', d°=0

and, for ¢ = m,..., 0, the matrices [Fu" Flgi] and the vectors d;*
by the backward sweep

Fi '=wiy'F', Fu™=1I
Fip'~t = Wiy Fro* 4+ Wig' Foo*™', Fia™ =0
di* = Wit dy + Wit dy T w, ™ =0.
c. Compute the values of z2°(to) and 1™ (¢,) from the BCs:
Fi,° Fyp° I 0 ) <"L‘1m(tm)>
0 In_x 0 Fp™ z2%(to)
- (3)-me(s)-me ()
d. Compute z'(t;) (i =1,...,m) by
(wl") _ Fu' P’ (:61’"(tm)> + (dlf)
Py 0 Fyt | \22%0) ds*)
e. Set z(t;) = Q@ z*(t;) (i =0,...,m).

(BO Q°

+BIQ'"[

By the integration of the n x n system of DEs (67) the original continuous
problem has been replaced by a discrete problem. This discrete problem finally
reduces to solving the n x n linear system (60) and the linear recursions (57a,b).
The condition of the system (60) and the stability of these recursions will be
discussed in the next section.

4.5 Computational aspects

The Algorithms 4.22 and 4.25 have been implemented in the package RICCATI.
In this section we shall discuss some computational aspects of the method and
details of the implementation of Algorithm 4.25.
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4.5.1 Initialization

The first step in Algorithm 4.25 is just a minor one, although the effect of a
bad choice for the partitioning integer k¥ may be dramatic. In this subsection
we only remark that in RICCATI U° is computed by an adapted version of the
routine HQR3 of Stewart ([58]).

4.5.2 Integration

The most expensive part of the algorithm is step 2b. On [#;,t;11] we have to
solve the i-th Riccati DE:

{ asz = A1 (t) + A22°(t) R21* — Ra1* A11*(t) — Rar® A1o' (t) Rot® (68)
Rmi(t.') =0

Furthermore, with fiz'z = As' — Rai* Ao and 1.1'1’1 = Ai* + A12* Ryt we
must solve the linear DEs:

%Yzzi = Al(t) Yo', Yarl(ti) = Iy (69a)
oot = A5 - Rt 10 + 240, paE) = 0 (69%)
.‘%Ru‘ =-Ri* 4},(t), Ru‘(t:) =1L (69¢)
%Ru‘ = —Ry11*(t) A12*(¢) Ya2'(t) , Ra2'(t:) =0 (69d)
%gli = —Ru'(t) (A1zi(t) P2t (t) + fli(t)) , g1*(t:)=0. (69e)

These DEs may be stiff or non-stiff, where a stiff problem is one in which
the solution components of interest are slowly varying, but solutions with very
rapidly changing components are possible ([55], p.127). One of the better im-
plementations of a solver that can handle both types of problems is the routine
LSODA from ODEPACK ([25]). For non-stiff problems it uses an implicit
Adams-method, whereas for stiff problems the so-called Backward Differentia-
tion Formulas (BDF) are used. The routine LSODA has the nice feature that
it automatically switches from one method to the other and vica versa. In
many applications the integrator works satisfactory, but there are situations
(see Example 5.26) in which it fails completely. We shall return to this aspect
in Section 5.3.
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The accuracy of the result can be controled by the n x (n+ 1) matrices RTOL
and ATOL, containing relative and absolute error tolerance parameters, respec-
tively. The integration routine will choose its stepsizes such that all components
of the n x (n + 1) matrix EST of approximated local errors in R, satisfy the
inequality

EST; < RTOL;; * |Rij|+ATOL;; (1<i<n, 1<j<n+1).(70)

Since we want to consider the integration routine as a black box most parts
of the code have been left unaltered. Just some minor updates, increasing its
efficiency by using matrix arithmetic, have been performed. These updates are
mainly found in the Newton-like step, which computes the correction term in
a BDF-method. The only non-linear DE to be solved is the Riccati DE (68).
The Jacobian J* of (68) is given by

Observe that Aj; and A}, have been computed already in order to solve (69a-
e). For computing the correction term in a BDF-method we have to solve a
Sylvester equation of the form

(In—x —ph AH)AXoy + phAXey A}y = h Dy (72)

where h is the suggested stepsize, 1 some constant, depending on the order of
the method, A X5, the correction term in the approximation of the solution R3;
and the matrix Dj; is computed from earlier approximations and corresponding
function values.

If the Riccati transformation decouples correctly, then A\(A,) will be in €~ and
M(A{;) in €©F. This implies that (72) will have a unique (and small) solution
(cf. Theorem 1.9).

To solve (72) we transform (using orthogonal transformations) I,_x — uh A4,
to Hessenberg form and A/, to (2 x 2 block) upper triangular form (cf. [21]).
Hereafter the solution A X5, of (72) is found columnwise, where for each column
a (2 x 2 block) upper triangular system has to be solved. These nice (almost)
upper triangular forms are also useful when (69a-¢) are solved. Moreover,
it gives us the opportunity to compute the eigenvalues of Aj, in a simple
way. These eigenvalues give, in general, a nice indication of the (local) growth
behaviour of the fundamental solution Y5,.

Which value should be given to the upper bound constant a is hard to say.
However, it seems better to choose a not too large, for instance a = 3 or a = 5.
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Large values of a may force the integrator to reduce the stepsize, without
preventing an additional restart.

4.5.3 Orthogonalization

In analyzing step 2c we make the following observation:

Property 4.26
Let Ry eIR=F)Xk 1ot 7 = [ U, U, ] be orthogonal and such that

k n-k

[—R21 I,,_k] U= [0 sz] . (73)
Then

(i) the columns of Uy form an orthogonal basis OfR([ ék })
21

(ii) Va2 = Uz~ T.

Proof:

I
(i) From [—R21 In_k] U; = 0 we obtain that [ R
21

] = U; V13, for some
. kExk
non-singular V3; e IR**%,

(ii) Extension of (73) gives

I; 0
U =
—Ry1 In_

from which we obtain

Unn Uss
0 Va2

Ix 0
Ry In_x |

This directly yields the required result.

-1
Uin U

0 Vzg

vT =Uv-1=

The relation (73) only prescribes the subspaces R(U1) and R(U;). However,
we are still free in choosing an orthogonal basis for these subspaces. Hence,
each U satisfying (73) may be post-multiplied by a block-diagonal orthogonal

Zi 0 . Then UZ still satisfies (73). In principle, Z1;

matrix, say Z = 0 Za
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may be chosen such that Wiy = Ry;1 Uy; Z11 has a nice form, for instance upper
triangular. In the same way Z2; may be chosen such that Wy, = Z25 T Uzs T Yoy
has an upper triangular form. Although these combinations can be combined
partly with the determination of U, it does not seem worth-while the extra
operations, since the algorithm is constructed such that none of the matrices
Wi1 and Wy, has to be inverted. However, for the stiff BVPs that will be
discussed in Chapter 5, these upper triangular forms may be useful. Like in
other multiple shooting techniques the diagonal elements of W5, indicate, in
general, which solutions have been damped out and which have not. If it turns
out that parts of W5, are negligible small, then the corresponding columns of
Y32 (and Rj2) can be skipped from further computations. The same is true for
Wii.

Another important aspect in the suggested construction of the matrices wWi=
Wit Wia'
Wk is the memory access of the computer. Observe that after the

0 22

. computation of W* the matrices R1;*, Ryo* and Ys,* are not needed anymore.

Hence, the memory locations of these matrices can be used to store the matri-
ces Wi, This implies that no extra positions in the memory of the computer
are occupied.

Probably this is the best place to remark that in the completion part of the
algorithm the matrices W* are overwritten by the matrices F?, which are de-
termined in step 3b.

Of course, similar remarks can be made for, respectively, w1, w2 and d,*, d,°.
These are stored in the memory locations of g,* and p,*.

4.5.4 The computation of z;™(¢,) and z,°(¢)

In this subsection we investigate the condition of the system (60):
1™ (tm)
z2°(to)
We first remark that, since Z is a fundamental solution and the original problem

is well-posed, the matrix B® Z(0) + B! Z(1) is non-singular (cf. Theorem 2.1).
In Section 2.1 we have seen already that the sensitivity of the solution z for

[B°2(0) + B 2(1) ( ) =b— B%2(0) — B'2(1) . (74)

changes in the BCs is given by the stability constant

B = max || 2(t) (B° 2(0) + B 2(1)) e (75)

Now we have
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Theorem 4.27

I (B°2(0) + B 2(1)) " || < V28

Proof:

Let z be such that || (BO Z(0) + B! Z(l)) z||=glb (BO Z(0) + B! Z(l)) and

”m”: 1. Th

B 2

v

v

v

en

max {I| 2(t:) (8°2(0) + B 2(0) "}

{ | Z(t:)= | }
T (B22(0) + B 2() < |

{12621y
© Lam(B° 2(0) + B 2(1))

I (B02(0) + B 2(1) || max {]| Z(t) = [}

I (B02(0) + B (1) || max {| F ||| F™= [

I (B0 2(0) + B 2()) |

Fi,° Fi° | [z,
- ] W1

I (B°2(0) + B* 2(1) || max {]| a2 |||l =1 [}

Iy,
0 Fy™

max { |

%«/5 I (B° Z(0) + B! z(1)) e

Well-conditioning of B® Z(0) + B! Z(1) is obtained as soon as the quantities

| £° || and ||
together with

F™ || are sufficiently bounded. This follows from Theorem 4.27

Theorem 4.28
| B Z(0)+ B* 2(1) || <

(14 || F12® ||) max {1, || F11° ||} + max {1, | F22™ ||} .
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Proof:
Using the row orthogonality of [BO |Bl] and relation (63) we obtain
18220+ Bz = o [80181] | 2 ] <] 2 ] n
Z(1) Z(1)
| 2 fisurenuen
Fm
Wirite
7O Fi,° F° _ [ I Fpp° Fi,° 0 ] .
0 I, 0 I, 0 I
Observe that
I Fi°
I [ 0 I, ] < (1 F2 )
- Hence,
| B®Z(0) + B Z(1) ||
0
< (B | [ SR TR Ry
< (14| Fi® ||) max {1, || F1a® |[} + max {1, ]| F2a™ ||} .

From the foregoing results we see why it is important to choose U? such that
Il Fi;' || (4,5 = 1,2; 1 = 0, m) are sufficiently bounded. Since Z(0) =

0 Fi,° Fip° 0 . .
U 0 I we have Z5(0) = UQ F15° + UJ. Using the Properties 1.13
n—k
and 1.14 we directly obtain
Lemma 4.29
GAP(1:% 7,(0) ) = ———1———2 .
14| Fu° ||

How far these results are really useful depends on the character of the original
problem. Suppose that the solution space S has an exponential dichotomy
to which the integer k corresponds, i.e., the dominant solution subspace S;
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is k-dimensional. Then we may expect, as a result of Theorem 2.22, that
|| F11° ||~ k1e=*t and || Fo2™ ||~ kae~*2 (see Definition 2.4). As has been
indicated already by Lemma 4.29 the magnitude of || Fi5° || is determined
by the initial choice U°. Let Qi = [Ql" sz] (i=0,...,m). KUOis
consistent at ¢ = 0 then R(Zl(l)) = 'R(le)) will be a dominant subspace
(cf. Theorem 2.19). Since 'R(Zg(l)) (: ’R.(ng)) 1 R(Q1™) we conclude

that ’R.(Zg(O)) almost describes the dominated solution subspace S;. Hence,
as a generalization of Corollary 3.15 we obtain that the consistency of U is in

Lemma 4.29 measured by 4/1+ || F12° ||2. Gathering these results yields the
estimate

V2

<
(GAP(Uf,sz(O)

w(B° 2(0) + B* 2(1)) &

) + 1) V23, (76)

where 85(0) is the dominated solution subspace at ¢ = 0.

The general conclusion we can draw from the foregoing analysis is: if || F© ||
and || F™ || are reasonably bounded, then the system (74) is well-conditioned.

4.5.5 The computation of z(¢;) (¢ =0,...,m)

First we look at the stability properties of the linear recursions

:1:2"+1(t,~+1) = szi :l!zi(t,') + ’w2£ , 1=0,....,m—1, (77)
and
21" (tim1) = Wt o0t (8) 4+ Waa' 22"~ (tim1)+wi® i=m,...,1.(78)
m
With ¢ = (m 0%:"?) and using the relations (57a,b) these recursions simplify
z2%(to
to
. ) . Fi' Fiy :
z*(t;) = Fletd® = ) (cl>+(d1,~> , 1=0,...,m.(79)
0 Fzg1 C2 dz

The kind of perturbations we are going to consider is affecting the matrices
{F*}™, and the vectors {d*}™ . For deriving stability results we need

Property 4.30
Let

ot =Ale+dt, 1=0,...,m,



chapter 4 113

where ¢, {d*}™, are given vectors and { A* }, are given matrices. Consider
the perturbed ezpression

7= (A + AA ) e+ di + AdY 1=0,...,m, (80)
where
| A% (| < aet || 4° | re (812)
| AdF || < ae+t || d | e, (81b)

for some given values of ae and re. Then
|2 —2 || < ae (1+ || cl)+re (| A° |l el + 1 d* |]) -

Proof:
From (80) we obtain

F—2' = AAlc+ AdY,
which yields the required result.

Applying Property 4.30 to the (decoupled) system (79) with possible pertur-
bations like (81a,b) yields

| 25 —22* || < (14| 2 ) ae + (|| Fa2® ||l c2 || + || da* ||) e
and
N2 -2l < (el + ez l) ae+
(I Fua* 1l ea 1+ 1 Faz® |||l ez || + 1] da® |]) re -

Hence, the obtained accuracy of z*(;) is similar to the one of F* and d* if the
problem has been scaled such that || ¢; || and || ¢z || are just moderate and

(et R [ R ]

0 || P2
This last condition prevents that, at least for the most significant components

of z1*(¢;) and z,%(%;), a subtraction of two almost identical numbers has to be
performed, which would lead to a loss of accuracy.

The way the perturbation matrices and vectors have been built up follows from
the relations of Property 4.23. These relations show that the amplification
factors of errors made during the integration steps are given by ] || Wa2* |,
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II || Wai® || or a combination of two such factors. This implies that the
partitioning has to be chosen such that both || Wi1* || and || Was' || are at least
moderately sized, for all ¢ = 0,...,m. This condition is for instance satisfied
if the solution space S is exponentially dichotomic and the transformation U°
happens to be such that || F12° || is not too large.

We finish this subsection with a remark on scaling. As is expressed in (78) the
value of z,*(¢;) (i = 1,...,m) is actually computed by

21 " (tis1) = Wik @1 () + Wao' 22° (1) + i’

where z3°~1(t;_;) is given by Fas~'cy; + dp*~'. This implies that the er-
rors in Wip' and @°~1(t;—1) are multiplied. Therefore, ||z2*(t:)||/||1*(%:)|]
has to be reasonably bounded, for all i. Observe that this quantity is equal
to ||(Q2°)Tz(%:)||/II(Q1%)T z(:)||, which is large only if DIST(z(t:), @:*) ~ 1.
However, Q,* will, in general, represent a dominant solution subspace, which
implies that, at least for ¢ # 0, this distance will be sufficiently bounded away
from 1. Thus, for ¢ = 1,...,m, the correct scaling is a result of the dichotomy
of the solution space of the DE and the decoupling property of the Riccati
transformation.

Remains the possibility that || (Q2°)Tz(to) || / || (@1°)Tz(to) || is large, imply-
ing that c; is (relatively) large. This illustrates again the importance of the
initial transformation UP°.

4.6 Examples

In this section we want to show the performance of the implementation of the
Algorithms 4.22 and 4.25 in the RICCATI package.

4.6.1 Constant coefficients

The first example we consider has constant coefficients and separated BCs. The
DE is given by (cf. Problem 3 in [33]):

du d’u  du
W:U)W‘l‘ﬁ‘—wu, tf[o,T]. (82)

The separated BCs are:
u(0) = 1+e“T4e T
u(T) = 2+e T and Z—?(T) =14+w—-eT.
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Exact solution: u(t) = et + e“(*=T) 4 ¢t-T.

d?u du
A first order system was made by z; = T g and z3 = u.

Most of the tested codes in [33] were already in trouble for relatively small
values of w and T' (w = 20 and T of order 1).

To indicate the performance of the integration routine LSODA ([25]) we have
solved (82) with w = 20 and T = 1, 10, 100, respectively, and without any in-
termediate output points. The required accuracy in all components was 106,
absolute or relative, depending on the size of the solution. The obtained accu-
racy for the solution = = (z1, z2,z3)T was of the same order. Other results are
shown in Table 4.1, where the second column contains the number of integra-
tion steps, the third column the number of function calls and the last column
the stepsize of the last accepted integration step.

T | # steps | # func. calls Lstepsize at end

1 63 138 6.63 102
10 171 363 3.4410°!
100 192 389 81.4 ()

Table 4.1

The solution space of a DE with constant coefficients has no rotational activity.
Therefore, in case of an exponential dichotomy, the Riccati matrix will converge
to a constant matrix. In our case: [1/20,—21/20]. This is the main reason
why solving the problem with T' = 100 is almost as expensive as the problem
with T' = 10. Observe the amazing final stepsize.

This example illustrates that invariant imbedding is indeed a working tech-
nique. The solution has for increasing w a boundary layer at ¢ = T'. However,
an accurate solution is obtained by taking small stepsizes at t = 0 and (very)
large stepsizes at ¢t = T'.

Similar results have been obtained for larger values of w. In Table 4.2 one finds
the results for T' = 10 and w = 20, 2000, respectively. Required intermediate
output points where ¢ = 2.5,5.0 and 7.5. Again we observe from the last
column that the Riccati matrix converges, which implies that on the last two
subintervals the results are nearly the same. Moreover, we see that the increase
of w does not really affect the performance. This is explained by the fact that
w does not influence the convergence of the Riccati matrix, since the number
of BCs at t = 0 is such that the separation is between the solutions that grow
like e* and e~?, respectively.
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t # steps # func. calls abs. error in u |R21|

w:20 | 2000 | 20 2000 20 2000 20 2000

2.5 89 110 | 190 193 6.910-° | 8.810~7 | 1.0410°° [ 9.87107 7
5.0 87 100 | 180 188 2.9107% | 411077 | 7.0410°% | 6.70 1073
7.5 87 99 | 181 196 271077 | 4.8107% | 4.74107° | 4521075
10.0 | 87 99 | 181 196 0 0 3191077 | 3.0510°7

Table 4.2

4.6.2 Rotational activity

The second example we shall consider is based on Example 9.1 of [42]:

p 1+ 19cos(2wt) 0 —w + 19sin(2wt)
d_”t” = 0 19 0 (83)
w+19sin(2wt) 0 1 —19cos(2wt)

subject to the non-separated BCs
z(0)+ z(7)=b.

The inhomogeneous term f and the vector b are chosen such that the solution
becomes z(t) = (ef,wet et )T.
A fundamental solution X corresponding to (83) is given by

cos(wt) 0 —sin(wt) 20t
X(t) = 0 1 0 19t : (84)
sin(wt) 0 cos(wt) e~ 18¢

For w not too large the growth behaviour of solutions is nicely indicated by
the eigenvalues of A. For instance, for w = 4 we obtain )\(A(O)) = {1+

/345,19, 1 — /345 }. Therefore we choose k = 2.

One of the components of the Riccati matrix is expected to behave like tan(wt).
Hence, some restarts will be unavoidable. The number of such restarts depends
on the value of the boundedness constant a, i.e. |Rz1(t)] < a (see step 2.b of
Algorithm 4.25). In Table 4.3 the results are shown for w = 4, the accuracy of
integration = 10~° and for different values of a. A small value of a causes a
relatively large number of restarts. On the other hand, a large value of a does
generally not affect the number of restarts, but the algorithm becomes less
efficient, since steprefinement will take place at the end of each subinterval.
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The obtained relative accuracy at the boundary and restart points when a = 3

a | # restarts | # steps | # func. calls l

1 15 641 1333

3 526 1137

50 720 1724
Table 4.3

is shown in Table 4.4 (w = 4 and the accuracy of integration = 10~6).

t |rel. error in z1 | | |rel. error in z5| | |rel. error in z3 |

0 9.3110°8 7.71 108 3.75 1076
0.342 3.37 1077 7.31108 1.83 1077
0.659 2.37 1077 2.1110"8 4.12 1077
0.972 1.50 108 8.17 10~8 2.331077
1.286 3.61 107 2.66 10~8 1.88 1077
1.603 1.20 1077 4.93 108 3.50 1077
1.918 3.30 1077 7.88 1078 1.74 10~7
2.234 1.78 1077 7.15 1078 4.09 107
2.550 7.47 10~8 1.12 1077 1.90 10~7
2.865 4.60 1077 5.22 10~8 1.96 107

™ 4.02 1079 1.78 10~ 1.62 10~7

Table 4.4

Finally we remark that the Schur transformation induces a consistent funda-
mental solution (cf. Lemma 4.29), since

|Fi2°] = 0.106, |F1;,°] =1.19107%6 and |F™|=2.7810"%.
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Stiff Boundary Value
Problems

5.1 Introduction

In this chapter we shall investigate various aspects of the Riccati method, de-
rived in the previous chapter, when applied to stiff BVPs. A BVP is called stiff
if the homogeneous part has solutions with rapidly changing (non-oscillating)
components, to be called the fast modes. Typically, fast modes have their im-
pact on the final solution of a BVP only within small regions, so-called layers.
Outside these layers a solution z is composed of slow (or ‘smooth’) modes (in
that || z ||, || %_tﬂi ||, etc. are bounded by moderate constants). However, the
potentially rapid growth of fast modes on larger intervals makes the BVP nu-
merically hard to solve. This problem is reminiscent of what is well-known for
IVPs. There the main question is to let the stepsize of the integration routine
be dictated by the activity of the smooth components only, which is called the
stiffness problem. We shall adopt this terminology as well in the context of
BVPs.

The notion of stiffness can be made more precise for a singular perturbation
problem. There the quotient of the time scales of the smooth and the fast modes
is governed by one or more (small) parameters. A most convenient situation is

obtained when the system is in so-called bordered form:

[ oAl =] 2] (=) (59 setomnon

118
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where E = diag (€k41,.-+,6n ), 0<& < 1(¢=k+1,...,n). The integer k
may be zero, i.e., the homogeneous problem may have fast modes only.
Generally, the derivative of z5 grows unboundedly when E — 0. Moreover,
when E — 0 the DE reduces to the differential-algebraic system
d
pric M Ay (t) 21 + Asa(t) 22 + f1(t)

0 = Ax(t)zi+ Az(t)z2+ falt) -

In general, the solution of this system can not satisfy all the BCs simultaneously.
This singular behaviour accounts for the name singular perturbation.

A numerical method for solving a general (stiff) BVP is based on discretization
([3],[31]). Recalling that the fast modes have a possibly significant contribution
to the solution = only inside the layers, we realize that the mesh used for
discretization should be chosen quite differently inside and outside these layers.
Such a grid should be relatively fine inside (commensurating with the activity
~ of the fast modes) and fairly coarse where the particular solution z is smooth.

Besides purely numerical techniques there are also a number of mixed analytic
and numerical methods. Two familiar techniques are (analytic) decoupling of
the system when it is in bordered form (possibly combined with regular ex-
pansions) ([41],[49]) or matched asymptotic expansions. The latter method,
realizing the singular behaviour of the fast mode part when E — 0, uses dif-
ferent power series for the smooth part of the solution (outer solution) and the
layer part of the solution (inner solution). By requiring that the final solution

is in CP[0, 1], for some integer p, those two solutions are matched at the layer
ends ([17]).

Stiff BVPs have already received much attention in the literature, both ana-
lytically and numerically ([3],[19],[23],(31],[61]). Numerically, problems where
the layers appear at the boundary only can generally be solved quite satis-
factory nowadays. Problems with internal layers, often related to so-called
turning points are less well solved, although there is a growing literature, see
e.g. ([10],[30],[62]). Part of the problem for internal layers is that the location
of the turning point is often not known beforehand and has to be determined
during the solution process. We shall return to this class of difficult problems
in Section 5.3.

In this chapter we shall discuss the Riccati method of Chapter 4 for two kind
of well-conditioned BVPs:
problems having no internal layer (Section 5.2) and problems that do have
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such a layer (Section 5.3). For the first class of problems we shall assume
that the solution space S is ezponentially trichotomic, which is a refinement
of the concept of exponential dichotomy (Definition 2.7). It will turn out that
for large problems, with a relatively small number of slowly varying modes, a
substantial reduction can be obtained. The quintessence of the Riccati method
will not be violated, since it will work too. The proposed adaptation is for
reasons of efficiency only.

When internal layers are present it is not directly clear whether the Riccati
method will work or not. As we have seen in Section 3.2 the Riccati trans-
formation determines the direction of a dominant subspace. However, in an
internal layer this direction may change drastically. The influence of this rota-
tional activity on the Riccati method is investigated in Section 5.3. To simplify
the discussion we shall mainly consider 2-dimensional singular perturbation
problems, involving a parameter «.

5.2 Large systems

In this section we shall present a reduction technique for the Riccati method,
discussed in Chapter 4, when applied to large systems of DEs, with no internal
layers. In the discussion the role of the Riccati transformation is not essential;
any decoupling transformation will do.

5.2.1 Exponential trichotomy

In Chapter 2 we have introduced the concept of exponential dichotomy. Here
we want to generalize this concept in such a way that slow modes are isolated
from the rapidly varying ones. Let S be the solution space corresponding to
the homogeneous DE

£if:A(t)m, te[0,00) . (2)
dt

Definition 5.1

The solution space S of (2) is called exponentially trichotomic if for every
fundamental solution X there exist projections Py, P» and Ps, with Py + Py +

P; = I, such that
| X@) LX) || <mie =Y, 0<i<s,

1/me < || X@) P X" Y(s)|| <ma, 0<ts,
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| XE) P X~1(s) || <mae 23— o0<s<t,
where the constants my, my and m3 are of moderate size and Ay, A3 > 0.
|
Remark 5.2
(1) An exponential trichotomic solution space is also exponentially dichotomic.

(if) As in the case of exponential dichotomy, Definition 5.1 is equivalent to the
following formulation (cf. the proof of Theorem 2.9):
the solution space S of (2) is exponentially trichotomic if it can be split
into three parts, S = S; @ S; @ S3, with

$1e8 = ()]l < me =D gi(e) ||, 0<t<s,
$2€82 = 'anz | 2(s) | <l 2() | < ma | a(s) I, O <25,

$3¢85 = [ ga(t) | < mae 3 9) | ga(s) ||, 0<s<t,

where my,m; and mg are positive (moderate) constants and Ay, Az > 0.
Moreover, there exist positive constants qi, g2 such that, uniformly in ¢,

GAP($1(t),S2(t) @ S5(t) ) > a1 and GAP(Si(t) @ 5(1),5() > a2 -

Here the subspaces S; (¢ = 1, 2, 3) are defined as S; = { X(t)P;c|ceR" }

Property 5.3

The ezponential trichotomy of S is observable on a sufficiently large but finite
interval.

Proof:

Consider the DE (2), having an exponentially trichotomic solution space S, on
the finite interval [0,£] (£ > 0). Let the solution subspaces S; (i = 1,2, 3) be
defined as in Remark 5.2 (ii). Then we have

bresi = 1616 112 —eME [ 1(0) |
1

$reSy = -,;11— 1 626) 11 < 11 $20) [| < ma || 2(6) I
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daeSs = | 4a(6) Il < mae™3E || 45(0) || -
Hence, if £ is such that both

A€ A3
¢ >1 and €
mi ma mz m3

>1

then the exponential trichotomy is observable on [0, ¢].

Since our main interest are DEs on a finite interval, say [0,1], we have to
assume that the exponentially trichotomic behaviour of the solution space &
can already be observed on [0,1]. As we have seen in Property 5.3 this will
certainly be the case under the following

Assumption 5.4

e A1 e A3
>1 and >1.
my m2 ma M3
|
Remark 5.5

With the above assumption a mode ¢; €S; with || ¢1(1) || = 1 is only signif-
icantly different from 0 in a (small) O(1/A;) neighbourhood of 1. Similarly,
a mode ¢3€S3 with || #3(0) ||= 1 is only significantly different from 0 in a
(small) O(1/A3) neighbourhood of 0. Therefore these fast solutions can only
play a role in the boundary layers. This implies that by Definition 5.1 internal
layers are excluded, since modes in S, have no layer behaviour at all.

So far we have not specified what the dimensions are of the solution subspaces
Si(i = 1,2, 3); anyone of these subspaces may even be empty. In the sequel we
partition matrices and vectors accordingly to the dimensions k,! and m of the
solution subspaces S;(i = 1, 2, 3), respectively. So,

An(t) Aw(t) Aws(t) | T* z(t) | T+
A(t) — Azl(t) Azz(t) A23(t) I 1 and :C(t) — .’l}z(t) I 1 (3)
A?__l_(.t) A.Si(.t) A‘;g(.t) Im rcit) Im

k 1 m 1
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5.2.2 Single shooting

The reduction technique for the Riccati method that is presented in this section
is based on the following observation. Consider a DE

dz
S =AM+ 1), te[01], (4)

with slow and fast decaying modes only. So, k =0 and S = S, ® S3. In order
to compute a fundamental solution X, satisfying

dx=a0x, teo1], (5)

with X (0) non-singular and consistent (see Section 2.3), we need an integration
routine by which
— the slow modes are computed accurately
— the influence of the fast decaying modes on the stepsize is restricted to the
initial layer at ¢ = 0.
‘This implies that we have to use a stiffly stable integrator ([46]), for instance
a BDF-method (such as implemented in the routine LSODA in ODEPACK
([25])). In genmeral, such an integration routine automatically generates the
expected grid: small stepsizes in the boundary layer at t = 0, say on [0, 6], and
a coarse grid hereafter. This implies that also in the boundary layer accurate
solutions are obtained. At the end of the layer, say at ¢t = §, the fast decaying
solutions have been damped out. Hence, rank|{ X (6)) is effectively reduced to
1, the dimension of S;. Let the QR-decomposition of X (8) (possibly after some
column permutation) be given by

R R
xo=[e o] ]l ®
1 m L —
4 m

The matrix R33 will be O(e_)\36) ([42]), which is negligible, for é large enough
(i.e., smaller than the error due to the numerical integration routine (cf. (4.70) ).

The inhomogeneous term can be treated in a similar way. Compute the par-
ticular solution p, satisfying

P aOp+50), tel0,8],  p(0)=0.

By superposition we know that there exists a vector ¢ = (62

that

) eIR"*™ such
cs
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z(t) = X(t)c+p(t), forall te[0,6]. (7)
Hence,

a(6) = X(5)c+(6)

= o @]| 7 2 fe+n0)
~ Q:[Ry Ras]c+n(s)
= Qu([Ra Ras |c+Qi"p(6)) + (Turm — @2Q2")(5) -
Let
e2® = [Raz Ras]c+Qa"n(6). (8a)
Then we approximately have
2(6) = Qac2® + @5 QsTp(6) (8b)
Remark 5.6

From (8b) we obtain that at ¢ = § the manifold of slow modes is approximately
described by the relation

Q37z(8) = Q3Tp(5) . (9)

The accuracy of this approximation depends on the magnitude of || Razcs ||
Hence, it is important to scale the DE and to choose the initial value X(0)
such that c3 is not extremely large.

For t > § we want to find a continuous extension of (8b). To this end we write

any solution z, satisfying (8b), as
2(t) = X2°(t) 2 +9°(t) ,  te[4,1]. (10)

Hence, X,° is a part of a fundamental solution, satisfying the IVP

%XZO =A(t)X,°, te[61],  with X2°(6) = Q- .

Similarly, p° is a particular solution of (4), satisfying

ad? C= AW+ f(t), te[6,1],  with p%(6) = QaQsTp(6) .
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T
Observe that X, contains slowly varying modes only. Since (Xzo(é)) p°(6) =
0 this implies that, at least for ¢ near §, a well-conditioned representation of
X% @ p° is given by X,° and p°.

Substitution of (7) with ¢ = 0 and of (10) with ¢ = 1 into the (general) BCs
B%z(0)+ B'z(1)=b

yields (p°(0) = 0):
B°X(0)c+ B X5%°(1) c2° = b— B*p°(1) .

Together with the continuity of  at ¢ = § (relation (8a)) this results in the
shooting system

B° X(0) B X,°(1) ¢ b— B pO(1) |
_[Rzz R23] I (Czo) - ( QZTPI()5) ) . .

From (CCO) the solution = can be computed in any desired point.
2

The above sketched method has some interesting benefits.
(i) The grid is automatically generated by the integration routine.

(ii) The influence of the fast decaying modes is noticeable only in the boundary
layer.

(iil) The method is not restricted to singular perturbation problems (where an
explicit small parameter ¢ is available).

(iv) For non-stiff problems, having slow modes only, it simplifies to a single
shooting method.

(v) A generalization to a solution method for multi time-scale problems is
straightforward, without an explicit knowledge of the various time-scales.
This makes the method also suitable for mildly stiff problems.

(vi) If necessary, more subintervals can simply be generated, resulting in a
multiple shooting system.

(vii) the total number of integration steps does not really depend on the stiff-
ness of the system.
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This last observation is an important property. To prove the result we consider
the scalar model problem

d

Ti% =z, t>0, (12)
subject to z(0) = 1. This has the exact solution z(t) = e, Let h; be the
stepsize taken in the (i + 1)'* integration step (i = 0,1,---). Let TOL be
the required absolute accuracy per step and EST; an approximation of the
local discretization error (cf. [55], p.115). For a p-th order method a standard

technique to choose the stepsizes is given by

1
TOL \7p¥1
where the constant c is a safety factor, smaller than 1.
i-1
Let tg = 0 and define the nodes t; by t; = Zhj (¢ = 1,2,--+). The local
j=0

discretization error at t;;1 satisfies ideally
EST; ~ € hP 12D (1, 1) = {h;”“)\”“e)‘t“"l , (14)
where £ is a positive constant of moderate size. Now we have

Property 5.7

Suppose we want to have the solution of (12) in some point T. Let p be

the order of the method used and let the initial stepsize hg be given by hg =
1

c (TOL)p+1 A . .
—_—|— . Define v = ——. Using the stepsize strategy (13) we need
1—e vT
approzimately ———— steps to obtain z(T).
-V ho
Proof:

Combining (14) with (13) yields
hi=hoe VYl ,  (i=0,1,---). (15)

Now consider a continuously differentiable function h such that, for all : =
0,1,---,

i—-1 i
ti=Y h z/ h(r)dr .
7=0 0

Then (15) is approximated by its continuous form
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h(t) = ho exp(—v /0 “h(rydr),  t30. (16)

Differentiating (16) yields the Riccati DE

dh 2
E = —vh y t_>_0 ’
RO0) = ho

which has the exact solution h(t) = %(t + -l%)‘l.
0

N-1
Let N be such that T =ty = th' Then
j=0
—vT —vi 1 1.4
hoe = hge N:hN%h(N):—(N-{-——
v v ho
e?T 1

Corollary 5.8

Consider the DE (12) with A € —1. Then the number of integration steps
needed to reach a point T outside the initial layer is independent of the stiffness
parameter ).

Proof: .
p+1
Note that vhy = — ¢ (ZQE) P , which is independent of A. If A «
\ p+1V\ ¢
—1, then v = ST < —1and e’T ~ 0. Hence, with Property 5.7, the
p

: : TOL\*** .
number of integration steps is approximately given by ?:1;1 (——O—L-) , which

is depending on the required accuracy, but not on the stiffness of the DE.
|

In the next section we transform a general stiff BVP, with an exponentially
trichotomic solution space S, into a sequence of problems that can be solved
by this shooting method. To this end we shall use an adapted version of the
Riccati method of Chapter 4. With the above shooting technique (and with
invariant imbedding) we are able to reduce the number of DEs that has to be
solved. This is especially of interest when we are dealing with a large system.
For small systems the Riccati method of Chapter 4 will work too, and will
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almost be as efficient as the adapted version discussed in the next section.

5.2.3 Riccati transformation

We now want to treat the general case, where also fast increasing modes are
present. For reasons, discussed in the Sections 3.4, 4.4.1 and 5.2.1, we shall
make the following assumptions:

- A(0) isin quasi-triangular form and correctly ordered (cf. Assumption 4.12).

—  the BVP has been scaled such that || z(¢) || has a reasonable upper bound,
for all ¢.

-~ the solution space S has an exponential trichotomy (see Definition 5.1),
with dim(S;) = &k, dim(S;) =1 and dim(S3) = m.

Consider the DE (cf. (2), (3)):

p T Ay1(t) Aa(t) Ais(t) z1 fi(t)
7 o = | A21(t) A22(t) Aas(t) zz |+ | fat) , (17)
T3 Azi(t) As(t) Ass(t) 3 fa(?)

te[0,1], subject to the BCs
B%z(0)+ B'z(1)=b. (18)

Often the Riccati transformation is used to decouple the fast modes (both
increasing and decaying) and the slow modes ([41],[63]). If (17) is a singular
perturbation problem in bordered form, like (1), then it can be shown that
there exists such a Riccati transformation, having an asymptotic power series
expansion in ¢ ([61]). Unfortunately, this technique can not be generalized to
the case of a general stiff BVP, since the DE for this Riccati matrix will be
unstable, unless all fast solutions are decaying. In the latter situation, however,
it is probably more efficient to decouple only once, outside the initial layer, as
is discussed in Section 5.2.2.

The Riccati transformation we propose for a general stiff BVP decouples the
fast increasing modes, 81, from the other ones (both slow and fast decaying
modes). For this latter solution manifold we can use the same reduction as
obtained by the shooting technique described in Section 5.2.2. Observe that
for obtaining accuracy this reduction technique is not necessary; the Riccati
method of Chapter 4 will deliver accurate results too. For large systems, how-
ever, these reductions will make the algorithm more efficient.
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Define the Riccati transformation

I 0 0
T@t)=| Raa(t) I O . (19)
R3(t) 0 In

In order to decouple we obtain, as is shown in Chapter 4, the Riccati DE

AE AR b1 R Do | I B

[ B - [ Bt ][4t an)] [ 32

subject to
Ra(0) | _ [ O
[ Ras(0) | = | 0 (20Db)
(A(0) is assumed to be in quasi-triangular form and correctly ordered).
I
Let Ty = | Ry |. 1 DIST(R(Ti(t)),Si(t)) behaves like (e~21%), then
R31

the decoupling induced by (19) has been done correctly (cf. Theorem 2.19). In
that case the DE (20a) will be asymptotically stable, since the corresponding
Jacobian has eigenvalues all far in the left halfplane of € (cf. (4.71)). This im-
plies that, possibly after some initial layer (depending on the distance between
'R,(Tl(O)) and 81(0)), the Riccati matrix will be slowly varying. More pre-
cisely, outside the initial layer the variation of the Riccati matrix is governed
by the rotational activity of S;.

Y
Define y = | y2 | = T-'z. Then, as long as T exists, we obtain the trans-
Y3
formed system (cf. (4.6a))
P [ Au(t) Anz(t) Aus(t) f1(t)
_d—?: = 0 .‘Izg(t) lzg,(t) y + fz(t) , (213.)
0 As(t) Ass(t) f(?)
where
- R
Ay = A+ [Am A13] [ R:i ] ) (21b)

and



130 chapter 5

Ay A
A3z Az

fo| | Az Aus|fo
fal | Asa Assl| fa

Since R(T}) describes, in general, a dominant solution subspace, containing fast

_[ gii ] [412 4151 11] (21¢)

increasing modes only, the growth of these modes is governed by A;; (where
we assume that the Riccati matrix stays sufficiently bounded). Moreover, the
fizz 4‘.1_:23 ]
Asz  Ass
and this growth has been decoupled from the fast increasing modes. This

growth of the slow and fast decaying modes is governed by [

implies that for the decoupled part of (21a) (involving y» and ys) the technique
described in Section 5.2.2 can be used. Hence, we have to solve the IVP

d Yoz Ya3 | p2 _ (22a)
dt | Y3, Ya3 | ps
Ayy(t) Ans(t) Yo Ya3 | p2 0 0] fa(t)
. _ + . , 20,
Asx(t)  Ass(t) Y2 Ys3|ps 0 0] f3(t)
subject to the initial values
Y22(0) Y23(0) | p2(0) } _ [ L 00 ] . (22b)
Y32(0) Y33(0) p3(0) 0 Im 0

By the principle of superposition there exists a vector (c2> eIR™*™ such that,
C3
as long as the Riccati matrix exists, (cf. (4.8b))

—Ryi(t) L 0 _ (%@
“Ry(t) 0 In ]”(t) - <y3(t))

ng (t) Yg3 (t)

c2 p2(?)
Y32(t) Yas(t) (03) * (Pa(t)) (23)
Observe that by (22b) and (20b) we have

(@)= =0 @

When the fast decaying modes have become smaller than the required (abso-

lute) accuracy for integration, say at t = §, we make the QR-decomposition

(c£.(6))
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Y32(8) Yaa(6) —o ~ol1| Rz’ R2®
=[a2 42] , (25)
Y32(6) Yas(é) 0 Riss
0 0
Q= [on an] eIR(+™)%(+m) orthogonal and RO = [ RSZ }1;230 }
33

eIR(H™)*X(+m) ypper triangular).

Since 6 has been chosen such that || R33° || is below a prescribed tolerance
(generally || R33° || = 0(e—*3%)), we obtain that

Y22(8) Ya23(6)
Yaz((S) Y33(6)
Therefore, using the boundedness of || z(t) ||, (23) reduces at t = § effectively

to (cf. 8a,b) ):
—Ry(6) L © ]w(é) on[Rn" RZBO]CZ) + (Z%)

] ~QY [ R’ Ry .

—R31(8) 0 I,
= QzOCZO + QsOQ_soT (i:g;) ) (26)
where (cf. (24))
e = [Rzzo sto] (Zzgg;) +QL" @zg;) : (27)

Similarly as has been done in (10) we seek for a continuous extension of (26),
for t > 6, of the form

Tt 0= () = [0 ] e+ ()

One verifies directly that [ gzi ] still has to satisfy the Riccati DE (20a).

As has been shown in Section 5.2.2, for satisfying (28) we moreover need the
solution of the IVP

af Y| pr? ] [ Al () ][ ¥ | 220 H 0| ) ] (269)
dt | V350 | ps® Ag(t) Asa(t) ]| Ya2 | pa° 0 fote) |
t > 6, subject to
[ Y22°(8) | p2°(6) | A0l 504 0T (P2(6)
| v3,0(6) | 5°(6) ] = [ Q2 | Q3 Qs (p3(6)> ] . (29b)
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Remark 5.9
At t = §, the solution manifold which does not contain fast decaying modes
(81 b)) oS (6)) is approximately described by (cf. (9))

—R21(6) Il 0 _ ‘OT Pz(5)
—R31(6) 0 Im]mm - (pa(é)) ' (30)

Note that this relation has been obtained without using any information con-

=oT
3

cerning the BCs.
|

5.2.4 Invariant imbedding

In Section 5.2.3 we have used forward integration in order to obtain the solution
manifold at ¢ = é that does not contain fast decaying modes. Similarly, one
might integrate backward from ¢ = 1 for obtaining at, say,t = 1—§ a description
of the solution manifold that does not contain fast increasing modes. However,
on the remaining interval [§,1 — §] all the fast solutions are still potentially
present.

In order to find the solution manifold which does not contain fast increasing
modes we shall use the invariant imbedding technique discussed in Section 3.4 .
If the decoupling has been done correctly, then the growth of the fast increasing
modes is governed by A;;. So fundamental solutions corresponding to the
adjoint equation

d

ERH = —Ry1 A11(t) , t>0,

will damp out fast (generally || R11(2) || = O(e_>‘1t) ). To obtain the recovery
transformation (3.50) we moreover have to solve the DE

d

E[Rlz Ri3 | 91] =

Yzz(t) Y,s (t)
Y. (t) Y33(t)

pa(?)
p3(t)

—Ri1(2) ( [Am(t) A13(t)] + [0 0| fl(t)]) )

subject to [ R1z(0) Rus(0) | 91(0) | = [0 0]0].
The right hand side of this last equation strongly depends on the magnitude of
Y22(t) Yaa(t) | pa(t) ]

Ri1. Assoon as || R11(%) || has become negligible (and
11 Il Raa(2) | gligible ( Yaalt) Yas(t) | polt)
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stays sufficiently bounded) then [Ru Ry3 | gl] attains a constant value
(cf. Corollary 3.15).

Assume § has been chosen such that both || R33° || and || R11(6) || can be
neglected (6 ~ max (1/A1,1/A3)). From the relation (cf. (4.8a)):
[ = Ru@®) - Rus®)]2(0) = Ru@®) z:(t) +a1(2) ,

and using the boundedness assumption on || z(2) ||, we obtain that the solution
manifold at ¢ = 0 which does not contain fast increasing modes (52(0)6983(0) )
is approximately described by (cf. Theorem 3.14)

[Ik - R12(6) - R13(6)] 1:(0) = 91(6) . (31)

5.2.5 Computing the solution

Assume that the Riccati matrix stays sufficiently bounded over the entire in-
terval (and that no intermediate output points are required). Then, using (28)
with ¢ = 1 and (27) we obtain the relation:

—Ru(1) I O
~Rs(1) 0 In

Y22°(1) 0 p.o](2(0) = oT (P2(6) p2°(1)

Ry° R .
[nf@) d 2 23]m4m Qs mw))+ 30(1)
Together with (31) and the BCs (18) this yields sufficient information to de-
termine the solution at the boundary points:

z(1) = (32)

BO B!
Iy | —R13(8) — Ri3(é) 0 0 0 ( z(0) )
0 —Yzzo(l) 0 0 —R21(1) I 0 m(l)
0 [—ﬁfﬂ)]thR”] ~Ray(1) 0 In
b
= 91(9) . (33

Geot) * [t 2 G265

By its simple structure this system can be reduced straightforwardly to an nxn
system, involving z5(0), z3(0) and z1(1) only.
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This system has been obtained by integrating on [0, 6] a complete nx (n+1) set
Ry Riz Rz | ¢a

of DEs, involving | R2; Y22 Yas |p2 |,andon[6,1]an (I4+m)x (k+1+1)
R3; Y32 Yss |p3

Ry Y3

0
PSR P2 } Parts of these DEs are quadratic
a1 Y32

set of DEs, involving [ i
3

and parts are linear.

Remark 5.10

In the general case the length of the interval may be such that also slow modes
increase too much for obtaining an accurate result. In that case the general
decoupling technique as described in [42] can still be used to distinguish between
the slowly increasing and slowly decreasing modes.

Remark 5.11

The influence of the boundary layer at ¢ = 1 on the solution z at ¢ = 0 is
effectively approximated by the computation of a boundary layer at ¢ = 0 for
the corresponding adjoint equation. This implies that the integration routine
will generally use large stepsizes at the end of the interval, passing the boundary
layer at ¢ = 1 in just one step. This is allowed, since we have not asked for the
solution somewhere near this boundary, but at the endpoints only.

If we are interested in the solution z at ¢t = 1 — §, for some small §, then a
restart at 1 — § has to be performed (see Section 5.2.6), which induces small
stepsizes.

5.2.6 Restarts

In general one also wants to know the solution at intermediate points, which
requires a restarting procedure at such points (cf. Section 4.3.2). Moreover,
some restarts in order to control the magnitude of the Riccati matrix may be
necessary. At each restart a new layer has to be resolved accurately. Although
this layer resolution is not important for the solution z as such, it is unavoidable
when the invariant imbedding technique is used. However, the intervals where
these extra steps liave to be taken are again relatively short (0(1 / )\1)) and, as
we have seen in Property 5.7, the number of integration steps is independent
of A;. So, the overhead will be moderate if the number of such restarts is fairly
small.
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Assume a restart has to be performed at ¢t = t; (t1 > 6). So, at t = t; we
possess the values of

Rai(t1) Y22°(t1) | p2°(t1)

R3i(t1) Y32°(t1) | pa°(t1) ‘

In Chapter 4 a restart at ¢ = ¢; was made by the construction of an orthog-
onal basis for the dominant subspace S;(t1), described by 'R([ L ])

Ry1(t1)
This Riccati transformation decoupled between the dominant and dominated

solution subspaces. In case of an exponential trichotomy we moreover want
to distinguish between the subspaces S;(¢1) ® Sz2(¢1) and S3(t1). Therefore we
continue in a fashion slightly different from the Riccati method of Chapter 4.

We start with the computation of an orthogonal matrix Q! = [Qzl Q?}] =
[ Qi Qs
Qs Qs

~ transformations and satisfying

] eIR(H™)*X(+m) - heing a product of elementary Householder

= = T
Q212 Q213 Yzzo(tl) _ Rzgl 34
51 Ol Y32°(t1) | 0 ! (34)
Qa2 Qs 32 \1
where Ry;' e IR™¥! is upper triangular. The matrix Q ! has been constructed
such that, at t = 14, [ QOI eIR™™! represents an orthogonal basis for the
2
subspace of slow modes within the complementary subspace, which is in the
0 o
Riccati formulation spanned by | I 0 |. This construction is possible,
0 I,

since the slow modes dominate the fast decaying modes.

Now we want to construct an orthogonal matrix U! e IR**™ such that

- -

Ik Ik
(1) ’R( Ro1(t1) ) = 'R(U1 0 ), implying that the first £ columns of
| R31(t1) 0

U?! form an orthogonal basis of-Sl(tl). (This is similar to the Riccati
method of Chapter 4.)

I 0 [ I, ©
(i) R(| Ras(tr) @4 |)=R(U'| 0 I |), implying that the first (k-+
| Rai(t1) Qs 0 0

1) columns of U? form an otthogo;la.l basis of S1(t1) ® Sa(t1).
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Such a U?! can be obtained by the QR-decomposition

—Rzl(t]_) Il 0
—R31(t1) 0 Im

0 Varl! Va3t

o o0 wmtl|’ (35a)

@’

where V35! and Va3! are non-singular and upper triangular. This implies that

-1

I 0 0 Ul Ut Ugs?
Ry(ti) Qf Q% |=U'| 0 V' W3l : (35b)
Rai(t1) Qd, Q3 0 0 Vit

Now define z! = (U!)Tz. Then from the relation (cf.(28))

e = () < [l e ()

we obtain, using (34) and (35a),

o) =16 | r@r Gaen) - 09

Vool Va3!
0 Vil

Hence,
~ Ot
ea'(tr) = (V)@ (Zol0) (37)
30 (1)
The computation of z3!(¢;) will not introduce large errors, as is seen by

Property 5.12
Ry (t .
) < il [ R 1L G=2era).

Proof:
From (35a) we obtain the relation (U = [U11 Uyt U31] ):

—Raq(t I; 0
21(t1) ] 7t .

Vil = (6T
17 (Q] ) [ ‘—R31(t1) 0 Im

—Rai(t1) I Ra1(t1)
Hence, || V;;' || < < 1+ [ e ] .
1%t < [ O TER R Bl
Moreover, from (35b) we get (V;;1)~! = (U;1)7 [ Q01 ] So, || (Vi) |1 < 1.
J
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With (37) m components of z1(t;) are explicitly known, without using the BCs;
the relation holds for all solutions x, with z(0) reasonably bounded.

On the interval [¢;,?2], where ¢; is the next restart point, we compute, corre-

sponding to A(t) = (UY)TA(t) U and f1(t) = (UY)T £(2),

. . . . .Rz]_1 . Rzll(tl) 10
(i) a Riccati matrix [ Ryt ] with [ Ratl(t) | = |0 ]’

. . Va2l | . Yl(t) | _ [ I
(i1) a fundamental solution [ Yapt ] with [ Yaol(ts) | = | 0 and
. . A 1t 0
(iii) a particular solution (ZJ with (ﬁ:lgti;) = (a:31(t1)>’ (see (37)).

Then there exists a vector ¢z € IR! such that, for all te [t1,t2], we have
—Ry'(t) I 0 1 1
21 ( ) a:l(t) — [ Y221(t) ]Cgl + (ﬁzl(t)) ) (38)
—Rxu'(t) 0 I, Y327 (¢) 31(t)

/From the initial values at ¢ = t; we obtain that c;! = z21(¢;).
A relation between c2° of (27) and ¢,! is found by matching (36)-(38) at t =t
and requiring just continuity (cf. multiple shooting):

-

Vaslea! = Vaplzmpl(ty)

Rar'er® + (@) (000 - vas' (a7 (P10 2)

30(t1) 30(t1)

~ 0(¢
= Ryple’ + [Iz — Vaz'(Vas') ™t ] @Hyr (ZOEJ;) . (39)
In order to obtain a relation between z5*(%;) and 22**1(¢i1) (i =1,...,4—1)
similar steps can be taken at the points ¢;;; (see Algorithm 5.13).

Similarly to the strategy at ¢t = 0 we can use the invariant imbedding technique
to obtain at ¢t = ¢; a description of the solution manifold which does not
contain fast increasing modes. However, since z3(¢1) is known explicitly, we
can simplify the recovery transformation (3.50) to a relation of the form

mll(tl) = Rlll(t) 1}11(t) + ngl(t) (l!zl(t) + gll(t) . (40)

Again we obtain that Rnl(t) & e")‘l(t —11) and therefore Ry3! and gyt will
converge rapidly to constant values. If §; > 0 is such that R111(t1 + 61) has
become negligible, then (40) reduces approximately to the relation

z1}(t1) = Ria (81 + 61) 22 (1) + 911 (81 + 61) - (41)
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Hence, the k components of z11(¢;) can be expressed explicitly in terms of
z21(t1), without using the BCs. Again this relation is true for all solutions z,
with z(t) reasonably bounded.

A similar relation can be obtained at the other restart points. The details will

be given in Algorithm 5.13.

5.2.7 The algorithm

Assume a set of restart points {t;}{_,, with 0 < ¢; < t2 < --- < ¢4 = 1,
is determined by the output requirements and the boundedness condition for
Ry:'. We summarize the description of the Riccati method for a stiff BVP
(with an exponentially trichotomic solution space) in the following

Algorithm 5.13

Step 1. The first subinterval

a. Integrating through the initial layer.
Ri1 Rz Riz| 91

n [0,6] solve,for R= | Ry; Y22 Yas | p2 | the Riccati DE
R3; Y3z Yss | ps

0 0 0 0 0 0 0
%R: An(®) 0 0| fo(®) |+ |0 Awm(t) Am(t) |R
Asi(t) 0 0 fs(t) 0 Ass(t) Ass(t)
Au(®) 0 0| A(Y) 0 An(t) An(t)
0 0 0 0 0 0
_R R,
0 0 0 0 0 0
0 0 0 l 0 0 0
Iy 010
~ subject to R(0)= | 0 Ix 0|0
0 0 I,]|0

The value of 6 is chosen such that both |R11(6)| and |R330| are
below a prescribed tolerance, where R33° is obtained from the QR-
decomposition (cf. (25)):

Y2(6) Yaa(6) | (29 0

09 QO] R2° R33°
Y32(8) Ya3(6) 2

oo (42)
33
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b. Integration over [6,11].

R Y. 0 0
On te[6,11] solve, for R? = 2 220 on the Riccati DE
R31 Ya2 | p3
4 po_ Azi(t) O] faft) N Aza(t)  Azs(t) o
dt Az(t) 0] f5(t) Azy(t)  Ass(t)
An(t) 0] f1(?) Aga(t)  Ags(t)
~R°| o of o [—-RrO| o o |Ro,
0 o] o 0 0
. Rui(8) Q% | =047 (1;2(5))
subject to RO(6) = v 999 cf. (29b)).
J ( ) R31(6) Q302 Q3 Q3 3(6) ( ( ))

step 2. Restarts and further integration
Fori=1,...,q9do

. [oh a
a. Construct the orthogonal matrix Q * = [ 2.2 2.3 e RUHm)x(+m)

Qf: Q3
satisfying
. ~ . aT ) )
Qiz @ [ Y22' 7 (i) ] _ [ Ryo! ]
% Q] LYVl 0

b. Compute an orthogonal matrix U * e IR"*" such that
5i. 04 1T i i

Qi Q33 0 Vo' Vo3

' 0 0 Vit

—Ry""Yt;) L © —
—R31i_1(t,,') 0 Im -

i
c. Define Q* := HU" and, for te[t;,ti11],

k=1
At = (@)TAMQ
Fit) = (@)TF(t)
2(t) = (@)T=(t).

Ri' Ri | gt
. Ifi < q, then onte[t;,t;y1] solve, for R* = | Ra® Ya' | pot | the
Ra' Ys5' | pst

o

Riccati DE
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p 0 0 0 0 0 0

ER’. = Azli(t) 0 fgi (t) +10 Azzi(t) A23i (t) R}
As(t) 0| f54(2) 0 Ass*(t) Asa'(t)

Alll(t) 0 f1 (t) 0 Alzi(t) A13i(t)

-R* 0 —-Ri[0 0 0 R?,

0 0 0 0
I 0
subject to Ri(t;) = | 0 I; 0 )

0 0 :c3'(
where z3(t:) = (Vas [gzz (ﬁzfig )) (cf. (37))-

The first k& rows of R?, i.e., [Ru" Ry’ | gl"], however, are to

be computed only until |R11"| has become negligible (and, as a

consequence, | Rys* | gx"] has reached a constant value).
Assume this is the case at t = ¢; + §;.

step 3. Computation of the solution at the nodes #;

a. Solving the multiple shooting system.
Solve the (n + (¢ + 1)I) x (n + (¢ + 1)!) (multiple shooting) system

Mé=d, (43)
where M =
ng(é) R13(6) 0 I T
B| 1 0 B! | I
0 Im 0
—[ R2° Ry | I 0
—Rp'  Vp
| —R3,? V2! U

and
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[ =(0) 91(6) 0 )
25(0 b-B°| o |-B? 0
cz(o) 0 z3%(tq)
st 3 0\T P2(5)
@d=| . “ (pe’(é_) p0(t2)
1 w0 (56)
219(t,) [Iz - %3q("33q)_1] Q9T (ﬁi::igzg)

Comment: by the choice of R*(t;), we have c;* = z,i(t:) (i =
1,...,9).

b. Computing the remaining parts of z*(¢;).
Set (cf. (31), (41) and (37), respectively):

21(0) = Ri2(6) z2(0) + R13(8) z3(0) + 91(6) ,

21'(t:) = Rug*(ti + &) &2’ () + 91* (6 + &) (i=1,...,—1)
and

i i 5. Z )
s (t) = (V) @7 (P 0)) (=10).
c. Backtransformation.

With z(t;) = Q*z*(t;) (i = 1,...,q) the solution z is found at all
the restart and boundary points.

Remark 5.14

The special structure of the matrix M in (43) can be used to solve the system
efficiently. Observe that both Va,* and Rzs* (i =1,...,q) are upper triangular
and of moderate size. Let F3,° = I; and d,° = 0. Solve, for i = 1,...,¢q, the
upper triangular system

Vao! [Fzzi |d2i] = Ry’ [Fzz'._1 | dzi_l] + [0 | 92‘] ) (44)

i it ive1] (A v (P2 (E)
where g5* = [I, — Va3*(Va3®) ] (@9 pyi-1(t3) (cf. Property 5.12).
3 i
Then, for ¢ = 0,...,q, we have
(i)  Fi' is upper triangular

(ll) CZi = FzziCZO + dzi .
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Using these matrices and vectors and the relation (27) the multiple shooting
system can be reduced to the n x n system

Ez=e, (45)
where E =
R12(8) Ra3(9) 0 I
BO I 0 + B1QI | Fy,? [Rzzo R230] BlQt| 0
0 In, 0 0
and (z|e) =
2a(0) 91(6) ’
w0) | =57 0| =50t | aremaanr (7))
91 0 Pa(é)
z19(1) 239(1)

The stability of the recursion (44) depends on the values of || (Vaz*)~1Rz2a" ||.
Similar to Property 5.12 we have that || (V32*)~! || < 1, for all 5. The values
of || Ra22* || can not be large, since they indicate the measure of growth of
slow modes on the interval [¢;,%;41]. However, if some of the elements of Rzzi
become large, then a more advanced double sweep technique like in [39] can
be used to decouple between the slowly increasing and slowly decaying modes.
With ‘large’ we mean here that, for some 4, 7/ || Fz5* || is of the same order as
the required accuracy, where 7 is the machine precision.

Remark 5.15

Suppose | = 0. Then (41) reduces to z1*(t;) = g1*(t; + 6;). Hence, together
with (37), zi(t;) (i = 1,...,¢—1) (i.e., the solution at the intermediate output
points) is directly obtained. The solution at the boundary points is determined
by (31), (37) with ¢ = ¢, and the BCs (18).

Remark 5.16

The efficiency of the proposed method highly depends on a correct choice of the
dimensions of the Riccati matrix. In Section 4.4 we have already suggested to
use the Schur-transformation in order to find out which dimensions have to be
chosen. However, this strategy is, like all possible other ones, not waterproof.
In Section 3.4 we saw that even separated BCs do not necessarily give us the
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correct dimensions. This is the main reason why the BCs are not explicitly
used in step 1 of the algorithm.

If, however, the number of zero rows in B turns out to be equal to k (and I # 0),
then a substantial reduction in the number of operations can be achieved. In

that case the value of [ ﬁziggg

of the fundamental solutions [ ;,22,» ] (¢ =0,...,4—1) (and at [0,8] the
32

] can be chosen such that the computation

Y2 Yos
Y2 Ya3
multiple shooting system reduces to a k X k system to determine z,9(1). Of

computation of ) has become superfluous. Moreover, the final

course, the same is true if the number of zero rows in BP is equal to k + 1, since
then all the integrations can be performed from right to left.

5.2.8 Example

To demonstrate that the reduction technique of the foregoing sections works
indeed we use an adapted version of the second example in [41]. Since the
system is only 3 x 3 we shall not look at the efficiency of the reduction.

Let, for t€[0,10] and €1, €2 some given positive (small) parameters, the matrix
an(t) alg(t) a13(t)

function A be defined by A(t) = | a21(t) a@22(t) a23(t) |, with
a31(t) a32(t) ass(t)

sin?(t) — 3 cos?(t) 4sin(t) cos(t) +1

an(t) = o a1(t) = o
t) (3 cos?(t) — sin?(t) —
as(t) = cos(?) (3 cos ()Els“‘() ) —sin(t)
an(t) = 4sin(t€)1cos(t) 1, anl(t) = cos2(t) :13sin2(t) ,
ags(t) = cos(t)—“—_‘—“_45in(tlfosz(t),
(I,31(t) = a32(t) = 0, a33(t) = —1/62 .
Now consider the linear DE
& - Aot i), telo], (46)
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where the term f has been chosen such that Z(t) = (e"'t,e_t,e_t )T is a

particular solution. A fundamental solution X of (46) is given by

cos(t) sin(t) cos(t)
X(t) = | —sin(t) cos(?) 0 dia.g(e_st/sl, e(t— 10)/51’ e—t/ez ) )
0 0 1

The (non-separated) BCs are z(0) + z(10) = b, where beIR? is such that the

solution we look for is equal to Z(¢) + X (t)

ek ekt

If both €; and e; are very small, then we have one fast increasing mode, pro-
ducing a layer of thickness O(e;) at t = 10, and two fast decaying modes, with
layers of thickness, respectively, O(e1) and O(ez) at t = 0. Hence, k =1,1=0
and m = 2. Moreover,

sin(t) cos(t) cos(t)
Si(t) = span{ cos(t) }, Sz = {0}, S3(t) = span{ —sin(t) |, 0
0 0 1

The precise bound for GAP(Sl(t), Sa(t)) is given by a complicated expres-
sion, but it is amply bounded away from zero. Hence, the solution space S is
exponentially dichotomic.

Since the solution subspace S is rotating, the Riccati transformation will need
some restarts.

Firstly we solved the problem with e; = 10~ and &; = 10=%,10~9, respec-
tively, without prescribing any internal output point. A restart was made as

R2y
R31
value larger than 3. Since this Riccati matrix will behave like a tangent and

soon as one of the elements of the Riccati matrix [ ] became in absolute

arctan(3) = 1.25 we were not surprised to find 7 internal shooting points (al-
most equally spaced). In Table 5.1 the results are shown. It again shows the
nice feature of the adaptive stepsize strategy: in the layer the initial stepsize
was, respectively, 1.7 10~7 and 1.7 10~1°, and at the end of a shooting interval
it was increased to, respectively, 2.3 10~2 and 2.1 10~2. As has been shown in

Corollary 5.8 the number of integration steps does actually not depend on ;.

Secondly we solved this problem withe; =10~ ®ande; =1. Nowk=l=m =
1 and
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t error in 3 error in x2 error in 3
e = 10~C € = 1077 e; =105 e =10~° €1 =10"% | ¢ =10"°
0 111005 1.2 1008 —5.710—10 2.910-11 —1.510° 11 1.510— 11
1.35 3.81007 3610797 [ —1.7107% | —1.610-06 1.810712 | —2.810708
2.60 1.510~10 1.7 10710 6.5 10~11 8.210~ 11 2310713 | —3310~ 12
387 | —2.81071 | —2.91071 | —1.31012 8.01012 0 2.810~11
5.13 3.410712 4.710712 1.5 1011 1.310—11 —2.8 1014 —2.9 1012
6.39 | —7.71070° —7.710799 7.9 1010 8.110~10 0 9.01012
7.65 7.110—10 6.9 1010 —3.41079° ~3.410799 3.610"1% 2.5 1011
892 | —9.310710 | —2.01079% | —5.210710 | —9.410—10 0 —2.7 1011
10 | —1.11079% | —1.210706 5710710 [ _2.71011 3210712 | —8.410712
g2 = 106,

accuracy of integration: 104,

total number of steps: 586 (e; = 1076), 674 (e; = 10~9).

total number of function evaluations: 1038 (e, = 107°), 1162 (¢4 = 10~°).

Table 5.1: Absolute accuracy of the computed solutions on the Burroughs

B7900 of the Eindhoven University of Technology (machine accuracy: %8‘13 =
710712),

{ sin(t) cos(t)
Si(t) = span{ cos(t) }, Sa(t) = span{ 0 } and
0 1

cos(t)
S3(t) = span{ — sin(t)
0

Again the gaps between these subspaces are bounded away from zero and there-
fore the solution space S is exponentially trichotomic.

In Table 5.2 the errors are shown for different required accuracies for inte-
gration. We see that the obtained accuracy in the solution of the BVP is
proportional to the accuracy of integration.

5.2.9 Conclusion

The Riccati method for stiff BVPs, having an exponential trichotomic solution
space can be summarized as follows.

A Riccati transformation is used to determine the dominant solution subspace
S1. By the decoupling property of this transformation we obtain a decoupled
part that contains slow and fast decaying modes only. For this part the shoot-
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t error in 23 error in @3 error in =3
104 106 104 10—% 10—% 10—¢

0 1.610-05 421009 —7.310~10 291011 —9.1 1008 —6.110—10
1.34 1.5 10705 1.1 10707 —1.7 10706 5.5 10~12 6.2 1005 4.710~07
259 | —2.71070% —1.410797 —-3.610%7 | —5.81070° 3.110705 1.610~07
391 | —9.31079 | —1.710707 | —8.210708 4.410~11 1.310708 2.310~07
5.19 2.310706 3.110—08 —5.510"12 —2.610"10 4.8 10706 6.71008
6.45 2.2 1006 2.710798 3.01011 2.3 10710 2.310706 2.910708
7.80 2.910708 5.110—10 -6.310~13 2.5 1011 6.7 10707 7.91070°
9.05 | —2.0107°97 | —2.1107%% | —6.210"1% | —2910712 2.210797 2.210709

10 —1.610795 —4.2 1079 7.2 1010 —3.110712 9.110708 6.21010

€1 =10~¢ , €2 =1.
accuracy of integration: 10~* and 105,
total number of steps: 586 (accuracy = 10~*), 1132 (accuracy = 10~°).

total number of function evaluations: 1032 (accuracy = 10~*), 1914 (accuracy = 10~°).

Table 5.2: Absolute accuracy of the computed solutions.

* ok

ing technique described in Section 5.2.2 may be used, since outside the initial
layer the influence of the fast decaying modes is negligible.

To deal with the influence of the fast increasing modes we use the invariant
imbedding technique of Section 3.3. The boundary layer at ¢ = 1 is effec-
tively approximated by a boundary layer at ¢ = 0 for the adjoint equation
(cf. Remark 5.11), or at ¢t = t,_; if intermediate output is required or when the
Riccati matrix becomes too large.

This combination implies that on the largest part of the interval [0, 1] we have
to solve an (I + m) x (k + I+ 1) system of DEs, which is partially quadratic.

The main advantage of the proposed method is that the involved DEs can all
be solved efficiently by a stiffly stable integrator, like LSODA from ODEPACK
([25]), since the solution we are interested in is smooth almost everywhere.
This implies that outside some layer the stepsize is controled by the variation
of the slow modes and does rot depend on the growth behaviour of rapidly
changing modes. Moreover, the number of integration steps does not depend
on the stiffness of the system.

Also the number of shooting points ¢; does not depend on the growth behaviour
of the fast solutions, but is governed by the rotational activity of S; and the
output requirements of the user.

Of course, the method also has some disadvantages. In order to solve a linear
system of DEs one has to solve a quadratic (matrix) DE. Moreover, at the
shooting points ¢; (¢ = 1,...,¢q — 1) steprefinement is done, which does not
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correspond to a rapid change of any basis solution. Also the disadvantages of
the original Riccati method are still present. This implies that for obtaining
efficiency the rotational activity of the dominant subspace S; has to be mod-
erate.

Finally, we have to be cautious, since BDF-methods, which are used in LSODA,
have the so-called property of super-stability (see also Section 5.3). By this we
mean that exponentially increasing solutions are numerically damped out when
the stepsize h is chosen too large (cf.[16]). Therefore, the stepsize has to be
bounded corresponding to the growth behaviour of the most rapidly increasing
mode within the subspace of slow modes.

5.3 Some turning point problems

In Section 5.2 we assumed that the solution space & had an exponential tri-
chotomy. In Remark 5.5 we observed that this assumption excludes the exis-
" tence of internal layers. Here we shall investigate to some extent how the Riccati
method of Chapter 4 (and its implementation) performs when such layers are
present. To simplify the discussion we concentrate on singular perturbation
problems of the form

dz
e-‘—izzA(t,e)a:-i-f(t,e), te[-1,1], (47)

where ¢ is a small parameter, 0 < € < ¢ (&o fixed).

First we shall indicate (and later define) what is meant by a turning point. It
will turn out that essentially we have two kinds of turning points: in growth or
in direction (which may appear both at the same time). These types of turning
points have a different effect on the Riccati algorithms of Chapter 4. It will
turn out that just some minor implementation modifications will make the al-
gorithms accurate also for two-dimensional turning point problems. Moreover,
we conjecture that this result generally will be valid for larger problems too.

5.3.1 Uniform dichotomy

In Remark 2.8 we have noticed already that well-conditioning of a BVP (with
the co-norm as function norm) implies that the solution space S is dichotomic
(but not necessarily exponentially dichotomic). This means that there exists a
constant K > 0 of moderate size such that S can be split in S; & S2, satisfying
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$re51 = |41 [ < K || 41(8) [, t<s,

$2¢85; = || 2() [ < K || 42(s) ||, 2>

Moreover, the gap between S;(t) and S;(t) is uniformly bounded away from
zero.

For singular perturbation problems we shall make an extension of this di-
chotomy concept.

Definition 5.17
The family of solution space S¢ of the homogeneous DEs

e— = A(t, &)z, te[-1,1], (48)

is uniformly dichotomic for e€(0,eq], if each 8¢ can be split in S & S§ such
that

$1°€¢S] > |45 | < K [[:1°(9) ||, t<s, (49a)
$2°€S; = [[ @) < K || 2°(s) ||, t2>s, (49b)

where the constant K > 0 is of moderate size and independent of €. Moreover,
the gap between S5(t) and S5(t) (cf. Definition 1.10) has to be bounded away
from zero, uniformly in both t and €.

For the singular perturbation problems we have in mind we shall make the
following assumptions:

Assumption 5.18

(1) Both A(t,€) and f(t,€) are continuous on [—1,1] X (0,&0]. Moreover, if
A(t,0) exists, then it is required to be non-zero.

(ii) The family of solution space S¢ is uniformly dichotomic.

(iii) Solutions of (48) that are slowly varying on the entire interval are grouped
together in S%.

iv) The quantity k£ = dim(S¢) is independent of € and 0 < k < n.
1

(v) Let Z*¢ be the fundamental solution corresponding to (48) with Z¢(—1) =
I.. Let U¢ ¢ VeT be the SVD of Z¢(1) and define v = 0%/0% 41, €€(0,€0].
Then v — oo as ¢ — 0.
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Definition 5.19
According to the SVDs Z¢(1) = U¢ £¢ VT (cf. Assumption 5.18) the k-dimen-

sional subspaces S§(t) = R| Z¢(t) Vi ) are called the dominant subspaces. Sim-

ilarly the (n — k)-dimensional subspaces S§(t) = ‘R,(ZE @) Vf) are called the
dominated subspaces.

Remark 5.20 _
Suppose we have a family of BVPs, consisting of the DEs (47) and separated
BCs of the form

B2 z(0)=b; and BMz(1)=b,,

where BO2eIR™%)%X™ and B! ¢IR**™ have full row rank. If there exists a
constant ¢ < 1 such that both

DIST(R((BgI)T),s;u)) <gq and DIST(R((Bg’?)T),s;(o)) <q,

uniformly in ¢, then together with Assumption 5.18 (ii) the BVPs are uniformly
well-conditioned (with the co-norm as function norm) (cf. [26]).

Assumption 5.18 (ii) implies that solutions in Sf are nowhere fast decaying
and those in 8§ are nowhere fast increasing. Moreover, in this section we afe”
interested in solution spaces that are not exponentially dichotomic. Therefore
we shall assume that the solution subspaces S§ contain solutions which are
somewhere in the interval slowly varying and somewhere fast increasing. If the
DE has solutions with an internal layer, then it is no restriction to assume that
this condition is satisfied. The position where, roughly speaking, a solution in
8§ changes its nature is called a turning point. In the sequel we shall give a
more refined definition, but first we illustrate by some examples that the above
assumptions make sense and allow for a fairly wide class of problems.

Example 5.21
Consider the scalar homogeneous DE

dz

e§=(1+et/e)"1z, te[-1,1]. (50)

Solutions of (50) are, for all ¢, given by z.(t) = ¢(1+ e—t/e "1 (ceIR),
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where ¢, =|| zc(—1) |-

Now we may call ¢ = ¢ a turning point for (48) if, in a neighourhood of €, A,
and/or the direction of g, changes an order of magnitude. This is formalized
in

Definition 5.238
Assume that the DE

ej—f:A(t,e)a:, (t,e)e[—1,1]x (0,&0] (56)

satisfies Assumption 5.18. Write ¢ = 8§ @ S§. Let the solutions z. of (56) be
decomposed in direction and growth as (cf. (55))

z(t) = c. exp(/_1 Ae(T)dT) ge(t) .

Then (56) has a turning point att = ¢ if fori =1 and/ori =2

IL>0% >0 >0 <e<endy, 37 [‘ Ae(€+h)—Ac(E—R) ’> L]

and/or
>0 >0Fen >0V <e<en Iy, 37 [II g (§+h)—g (6 —h)| > L] :

In the first case we have a turning point in growth, whereas in the latter case
we have a directional turning point.

Example 5.24

(i) If (56) is a scalar equation, then A.(t) = ﬁ(i_’f_) In that case any point
where A(t, €) changes in size and/or sign is a turning point. For instance:
Alt,e)=(1+ et/"7)‘1 (cf. Example 5.21).

(ii) Consider the DE (51). Then there exists a constant ¢ & 1 such that z.(t) =
c(E(t’e) €S;. Clearly the DE (51) has a directional turning point at

I(t,¢)
t = 0, since I(—h,€)/E(—h,€) — 0, when ¢ — 0, and E(h,¢)/I(h,€) — 0,

when € — 0 (h > 0 fixed). Moreover, one can show that

( IE 2tE?
€

Ae = Jre

) (I2 + E?)1,
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If the system (47) is given in bordered form, like in (1), then a turning point
is sometimes interpreted as a position where an eigenvalue of A,; changes sign
([31]). Although intuitively clear, this ‘definition’ is only appropriate if the
eigenvalues are sufficiently indicative for the growth behaviour of solutions.
This is true if away from the turning point the rotational activity of the cor-
reponding invariant subspaces is moderate (for instance: independent of ), as
will be the case when A is diagonally dominant and sufficiently smooth ([10]).
To obtain a well-conditioned BVP, for all ¢, also the eigenvectors of A2 have
to change drastically at the turning point.

Actually we should consider the kinematic eigenvalues (for a definition see [56]).
Roughly speaking, these quantities indicate the growth of (pure) fundamental
solutions, i.e., of homogeneous modes not containing parts of faster increasing
modes.

The definition we shall use is based on quantities like these kinematic eigen-
values and on the Assumption 5.18. To facilitate the notation we introduce
normalized solution subsets St and S%, defined by

$1°€5T = p1TeSEA || 41°(1) ||=1, (52a)
$:5€SE = $2feSEA || 25(=1)||=1. (52b)

Let z, be a solution of the homogeneous DE (48). Then z. can be decomposed
in

Te = We ge 7 S e (53)

where w, =|| z, || is the size of z, and ¢, indicates the direction of z. on the
unit sphere. One verifies directly that (cf. Section 3.2):

'c%e'-:'@Qe—QeAe(t)» te[_l’l]’ (548')

dwe

= ABwe,  te[-11], (54b)
where

x(® =7 (289) o). (54)

For some modes z. this quantity ). is a kinematic eigenvalue corresponding to
(48), since (53) can be written as

2e(£) = c. exp( /_ RYCTLTACR (55)
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which are fast increasing for ¢ < 0 and smooth for ¢ > €. In the neighbourhood
of 0 we have a layer or transient. Hence, we have a turning point at ¢ = 0.
If the value of z is given at a non-negative point, then we have a uniformly
well-conditioned class of problems.

n
Example 5.22 (cf. Example 2.2)
Consider the BVP
d?u du
3227'*‘27&2?—0, te[—l,l], (51)
subject to u(—1) = b2 and u(1) = b;.
du

Writing =1 = /7e and z5 = u this DE is transformed into the system

dt

=2t 0
si<zl) = <w1> , te[-1,1],
dt To 5/7‘- 0 T2
subject to z2(—1) = by and z3(1) = by . Define

E(t,e) = et/ and I(t,e) = _\/:!T_E /t E(r,e)dr .

With
- (Z) 5=}

Assumption 5.18 is satisfied. For all ¢ sufficiently small we have that the
solution

E(t,¢)

t) = S

2 (I(t,e) e

is fast increasing for ¢ < 0 and smooth for ¢ > /e. Again we have a turning
point at ¢ = 0.

5.3.2 The definition of a turning point

In [62] Wasow gives a definition of a turning point by using the (absence of
an) asymptotic representation of a formal fundamental solution of (47). He
implicitly indicates that a turning point can be caused by a change in the
direction matrix and/or in the size matrix (see (1.28)).
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which is large for ¢ < 0, while A.(h) — 0, when ¢ — 0 (h > 0 fixed).
Hence, we also have a turning point in growth at ¢ = 0.

The reason why we explicitly distinguish between the two forms of turning
points, direction and/or growth, lies in the fact that they may show up sepa-
rately in our algorithms. A solution method for a BVP based on a continuous
decoupling transformation T' (cf. Chapter 3) effectively tries to determine the
direction of 8§, whatever the growth activity may be of modes within S§. Here-
after, the growth of modes is determined by some kind of forward and backward
sweep.

The first part of the algorithm, the determination of T', is generally affected
only by sudden changes in the direction of S%, whereas the second part, the
computation of a fundamental solution of the transformed system, might be
affected by sudden changes in growth. The latter kind of problems we shall
consider first.

5.3.3 Turning points in growth

Assume that the BVP has a turning point at ¢ = 0. If the rotational activity
of 8%(t) is moderate, even in the neighbourhood of ¢t = 0, then the decoupling
transformation T' will be slowly varying on the entire interval. The dichotomy
of 8¢ prohibits solutions in S;° (i = 1,2) to change from being fast decaying
into fast increasing or vica versa. Hence, we only have four possible situations
for the non-smooth behaviour of solutions at a turning point, which are shown
in Figure 5.3

If the invariant imbedding technique of Section 3.3 (based on integration of the
adjoint equation) is used to determine the growth behaviour of solutions in S%,
then the situations C and D (see Figure 5.3) change into A and B, respectively.
Hence, we only need to consider the first two possibilities:

A: a slow mode changing into a fast decaying mode

B: a fast decaying mode changing into a slow mode.

We shall show by an example that the integration routine LSODA from ODE-
PACK ([25]) very likely yields the correct grid and the required accuracy. To
this end it is sufficient to consider scalar problems.

Example 5.25
Consider the scalar DE
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1 ' | 1 l
f . |
A' . smooth de::ﬁng B decf:;gng : smooth
T I
| |
-1 0 1 -1 0 1
| !
C' 1 fast D fast A
) smooth : increasing . increasing : smooth
l l
! |
-1 0 1 -1 0 1

Figure 5.8: Possible turning points in growth

e:-:ii—:za(t)z+f(t), te[-1,1], (57)
subject to z(—1) = 1.
Let

0 t<0 —2te , t<0
t) = Y= d t) = = .
a(t) {—Zt N A {—Zt , >0 (58)

2-12, t<0

3e~t/e_1, t>0
changes into a fast decaying mode.

With

Then the exact solution z(t) = { is a slow mode that

2t , t<0 2t t<0
1) = o= d t) = =, 59
a(t) {o L t>o 4 SO {2tc , 1>0 (59)

2¢(t—1)/e _1, t<o

t24+2e 1/e_1, t>o0
fast decaying mode that changes into a slow mode.

we obtain the exact solution z(t) = { , which is a

With ¢ = 10~% and a required tolerance (absolute or relative, depending on
the size of the solution (cf. (4.70)) of 10~6 both problems were solved similarly
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by LSODA. In Figure 5.4 the results are shown for situation A. The stepsizes
have been indicated on a logarithmic scale and the accuracy on a 1/logarithmic
scale.

Since the routine is based on implicit methods, the sudden change in growth
is detected and the stepsize is reduced before ¢ = 0 is reached. As soon as
the layer has been passed, the stepsize is increased significantly. Therefore,
the total number of steps taken is reasonable: 88 in situation A and 115 in
situation B.

When € = 108 (and ATOL = RTOL = 10~°) we get a similar result in situ-
ation A: on the entire interval the required accuracy is obtained and the total
number of steps taken is equal to 100 (which is in agreement with the results
for e = 10~% (cf. Corollary 5.8) ).

In situation B, however, the computed solution for ¢ > 0 turned out to be com-
pletely wrong; steprefinement was performed after first accepting one relatively
large step passing t = 0. The error introduced in this step does not damp out.
With a small modification, forcing the integration routine to evaluate a corre-
sponding new Jacobian at each BDF-step, this difficulty could be repaired. In
our case this modification is not really expensive (&~ +10%), since in the layers
an Adams method with function iteration is used. Moreover, an explicit form
of the Jacobian is available (cf. (4.71) ), whereas the matrices involved (4;; and
1122) are computed anyway. So it is only the extra decomposition that counts.
After this modification the results were similar to the case ¢ = 10~5,

It is to be expected that these observations hold more generally, and so a
turning point in growth will be noticed by the integration routine and handled
correctly. However, in many 2-dimensional applications the spectrum of A(t, ¢)
contains one eigenvalue which is O(¢) and one eigenvalue of moderate size that
changes its sign, say at ¢t = 0 (cf. Examples 5.29 and 5.30). If away from ¢t = 0
the rotational activities of the corresponding eigenvectors are moderate, then
we have at the same time a turning point in growth (both of type A and B)
and a directional turning point.

5.3.4 Directional turning points

To investigate the effect of a directional turning point on the Riccati method
we concentrate on 2-dimensional homogeneous problems (n = 2), of the form
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10-5 —

10710

accuracy

chapter 5

106

1073 —
10~4 —
10-5 —
10-6 —
10~7
1078 —
10~9 —

i

stepsize

Figure 5.4: Accuracy and stepsizes taken by LSODA
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ej—j:A(t,e)z, te[-1,1], (60)
since they may give us sufficient insight in possible pitfalls. From now on we

shall skip the dependency on ¢ in the notation of the solution (sub)spaces.

Assume that the solution space S is uniformly dichotomic and that there exist
continuously differentiable functions s; (bounded by a constant of moderate
size) and s; such that, for all te[-1,1],

S51(2) :'R.([ sll(t) ]) and Sg(t)z'R([ szl(t) ]) .

Note that by the restarting technique discussed in Section 4.3.2 the interval
[—1,1] is divided in subintervals, such that on each subinterval this condition
will be satisfied. Hereby we assume that s; may become infinite, implying a

direction of ((1)) . Now one verifies directly that

; _ | s1(t) — s2(2) |

() cAP(5:(0.5:(1)) = V1t 52(0)/1+ s22(2)

(ii) the rotational activity of S; (¢ = 1,2) at time ¢ is given by
1B 1/ (14 5°0)) -

Let 7 be the Riccati matrix for (60), which in this case is a scalar Riccati
function. If we have (exponential) difference in growth between solutions in &;
and 83, respectively, then DIST('R([ r(l 1) D,Sl(t)) will become small, for

almost any initial value r(—1) (cf. Theorem 2.19). This implies that | r(t) —
81(t) | will become small. However, in the experiments we sometimes obtain
for the numerical approximation 7 that |7(t) — s3(t) | is small, for ¢ > 0. This
is explained by means of an example.

Example 5.26 -
Consider the second order scalar problem

d?u du
Eﬁ—a(t)d—, te[-l,l], (61)

with a(t) < 0, for allte[—1,1]. Suppose we have separated BCs. Let at t = —1
the BC be given by u(—1) + ¢ %(—1) = 0. Writing z; =u and z2 = ¢ % we
obtain
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-1 . +l

\_/-_-:(:>\

Figure 5.5: Direction field of € d—: = (a(t) - r) T.

a
e%(:D: 2 a(lt) ] (:;)’ te[-1,1],

subject to z1(—1) + z2(—1) = 0 and a BC at t = 1. This system is in correct
order (cf. Assumption 4.12), for all te[—1,1].

1 0
A Riccati transformation of the form T'(t) = @ 1 } that fits to the BC
r
at ¢ = —1 is obtained if r satisfies the Riccati DE
dr '
ea-(a(t)—r)r, te[-1,1], (62)

subject to r(—1) = —1. (Observe that we have omitted the orthogonal trans-
formation mentioned in Property 4.16, which would have resulted in a Riccati
function 70, starting with 70(—1) = 0. This is done for reasons of clarity). A
sketch of the corresponding direction field is given in Figure 5.5. There the
areas where the direction points upward (downward) is indicated by a plus
(minus) sign.

Hence, for 0 < € < |a(t)|, r = 0 (= s1) is a stable fixed point of (62), whereas
there is an unstable asymptotic solution » = s3(t) near the curve r = af(t).
Therefore the solution of (62) that fits to the BC at ¢ = —1 rapidly tends to
—oo if 83(—1) > —1 and to 0 if s5(—1) < —1.

Assume s3(—1) < —1 and let r; be a given approximation of r(t;), for some
t;e[—1,1]. The set of DEs to be solved contains the (stiff) Riccati DE (62),

which has to be solved by an implicit method. Typically we shall consider
Euler Backward (the simplest BDF-method). Then r;4;, the approximation of
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r(tit1) (: r(t; + h,')), is a solution of the quadratic equation

€

z2+(—,-le:—a(t¢+1))z—hir;:0,

which will generally have two solutions in IR. Hence,

7':'+1=—% (hii—a(tm)) + \/%+ji~(h%—a(ti+1))2- (63)

It is very natural (and likely) that the integration routine will choose that
solution which is the nearest to r;. Then the wrong sign (minus) will be chosen
if a(ti+1) — 2r; > €/h;. If, for some reason, r; is close to a(t;y1) (z sz(t,-+1))
and h; is large, then | 7;+1 — a(ti+1) | will be small too. This does not fit to the
prediction that r rapidly tends to zero.

The reason for the phenomenon that the integration routine may step on a
different solution curve lies in the fact that by BDF-methods fast increasing
modes are numerically damped out too. This property is called super-stability
([16]). Although almost any exact solution r will move away from s;, we find
numerically that there exists a neighbourhood of s; in which the discretized
solution 7 will stay. The size of this neighbourhood depends on

—  the difference in growth between solutions in S; and those in S; (~ ¢€)

— the stepsize h

— the gap between S; and S,

—  the rotational activity of Ss.

There are various reasons why the numerical solution will arrive in this numer-
ically stable, but analytically unstable neighbourhood.

In the first place the initial value of the Riccati function » may be such that it
is already close to s3(—1). This would effectively imply a non-consistent funda-
mental solution. When the Riccati transformation has been fitted to separated
BCs this is only possible for ill-conditioned problems.

The second possibility is that the discretized solution {r;} switches from s; to
82, a situation sketched in Figure 5.6. We see that if this happens the local
discretization error is of the order | s; — 82 |. This error depends on the stepsize
h and the smoothness of 31, while | 81 — 32 | is closely related to the gap between
S1 and S,. Hence, this situation will not occur if s; is smooth on the entire
interval and the gap between S; and S, is sufficiently large. As is shown in
Property 2.30 this last requirement is fulfilled as soon as the stability constant
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Figure 5.6: A switch to the wrong subspace

a is sufficiently bounded (in co-norm).

For some (directional) turning point problems we may expect potential trouble.
For such problems the function s; is smooth, in general, except for some small
region around the turning point, say at ¢ = 0. The integration routine may
arrive with a relatively large stepsize at t = 0, where s; changes drastically.
Difficulties may then be expected as soon as the first ‘guess’ for r;4; is in
the numerically stable neighbourhood of s;. This may occur if there exists a
function z: [—1,1] — IR? and a positive exponent p (depending on the layer
behaviour at ¢t = 0) such that

- z(t)eSyi(t), for all te[—1,—¢P)

- z(t)eSy(t), for all te(e?,1]

— the rotational activity of z at time ¢ is moderate, for all te[—1,1].

For a well-conditioned BVP this can happen only at a directional turning point.
Therefore a turning point with this property will be called switchable and
otherwise non-switchable.

From the above we conclude that the super-stability phenomenon can only
disturb the detection of a switchable turning point. This is illustrated by some
examples.

Example 5.27
Let, for some functions p; and p; (generally depending on ¢), the matrix func-
tion A be given by
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A(t):[ —p2(t) 1 ]

-p1(t)p2(t) pa(?)

t)[ 1 1 ]_[ 1 1 ][m(t)—Pz(t) 0]
() p20t) | | 21) pa(t) 0 ol

Consider the BVP
dz

¢ =A(t)z, te[-1,1],

with the boundary values z2(—1) and z2(1) given.

Then

The corresponding Riccati DE, fitting to the BC at t = —1, is given by

{ e (O -7)(r-p®), tz-1 (64)

r(-1)=0

. Assume that p;(t) > pa(t), for te[—1,0), and p1(t) < pa2(t), for te(0,1]. At
t = 0 we have that A = 0 is a defective eigenvalue of A(t) ([20], p.196). This
is, however, not essential. For ¢ sufficiently small, we shall have

pl(t) , t<0
pz(’t) , t>0

S1(t) =1z(: 811(t) ) . with s1(t)z{

and

[ 1 . 2(t), t<0
Sg(t):'R.(- s2(t) ) , with sz(t)z{ ;(t) >0

Solutions in S; are fast increasing for ¢ < 0 and slowly varying for ¢ > 0. On

the other hand, solutions in S, are slowly varying for ¢ < 0 and fast decaying
for ¢ > 0. Hence, we have a turning point at ¢ = 0. Moreover, turning points
exist at those points where p; — p, changes drastically.

Both types of turning points are examplified by the following choices for p; and
p2:

pi(t) = (14e+3)/e)7 (65a)
p2(t) = (t+1)* - 1. (65b)

In Figure 5.7 we have sketched p; and p, and have indicated upward (down-
ward) directions of the trajectories of the corresponding Riccati DE (64) by
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plus (minus) signs as before.

Att = —% we have a turning point both in direction and in growth. However,
there does not exist a smooth function switching from s; to s;. Therefore,
the integration routine will detect the activity of s; at ¢t = —% and reduce its
stepsize before t = ——%— has been reached. Hence, the computed Riccati function
stays close to p; (and s;). This kind of turning points can therefore be handled

adequately in general.

At t = 0, however, a smooth function switching from s; to s; does exist, namely
p1. By the smoothness of s; on (—3 +¢,0) the integration routine will use
large stepsizes near t = 0. Consequently it will step over easily from s; to sz,
without noticing the instability.

This effect is illustrated in Figure 5.8, where for ¢ = 10~% and a required
tolerance of 10~6 the stepsizes found by LSODA and the difference |r — p; |
are shown. We see that | » — p; | is small, except for the initial layer at ¢ = —1
and the ‘high activity’-region of p; around ¢t = ——%.

Remark 5.28

With the functions p; and p; given in (65a,b) we cannot obtain (in co-norm)
a uniformly well-conditioned BVP. This results from the observation that both
51(0) and s2(0) go to 0, when ¢ — 0. Hence, GAP(S{(O),S;(O)) — 0 and
therefore the stability constant a — oo, when € — 0 (cf. Lemma 2.12).

This is not the only reason for a switch to the dominated subspace. In Ex-
ample 5.22, for instance, the gap between S{(t) and S(t) is bounded away
from zero, uniformly in ¢ and e. However, as soon as 4/e becomes smaller
than the permitted tolerance, then we again obtain the switch from S5 to S5
(S5(—t) = S5(t) ~ 0, for ¢ not too small).

In Example 5.27 not only one eigenvalue changes sign at ¢ = 0, but at the
same time one of the invariant subspaces degenerates. This is a quite common
situation in 2-dimensional problems, as is shown in the next, less contrived,
example.

Example 5.29
Consider a well-conditioned BVP of the form
5 d%u

du
o malt)z +u,  te[-11], (66)
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Figure 5.7: Direction field of DE (64).
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Figure 5.8: Stepsizes taken by LSODA and |r — p; |.
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subject to u(—1) = bz and u(1) = by.

Let ¢ =¢ @— and z; = u. Then

&
e%(::) - [ a(tl)/e (1)] (::) =A@z, te[-1,1], (67)

subject to z3(—1) = by and z5(1) = b;.
Well-conditioning of (67) (but not necessarily of (66)!) implies that a(—1) > 0
and a(1) <0.

The corresponding Riccati DE is given by

dr _ a(t) 2
{s—_l—Tr—r , t>-—1 (68)

Let the function p be such that 0 = 1 — a(t) p—p?, t > —1. Then R( (Il’))

€

is an invariant subspace of A, corresponding to the eigenvalue 1/p. One easily
verifies that p = p; or p = p_, where p, = 2—1-(—a +va? +4e2). Hence, if
- £ -
€
| Jt-j' ' << 1, then
' % , ifa(t) >0
p4(t) ~ alt €
and
([ aft € .
—9 - m y lf a(t) > 0
p-(t)=q
— if a(t) < 0
0 , ifa(t) <

Now the DE (68) can be written as ¢ %:— = (p+(t) - r) (r —p- (t)) Therefore,

51(t) :’R(( 1 )), with 81 (£) ~ py (t), and S3(t) :‘R(( 1 )), with s3(t) ~
s1(?) s2(t)

p—(t). Hence, turning points are found at those places where a changes sign.
If we take a(t) = t/2 — t3 ([30]), then we have turning points at ¢ = 0 and
t=+ %\/ﬁ The direction field for the trajectories of the corresponding Riccati

DE (68) is sketched in Figure 5.9.
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Figure 5.9: Direction field for (68), with a(t) =t/2 — 3.

~ For ¢ = 10~3 and ATOL = RTOL = 10~ the turning points are all noticed
by LSODA and handled correctly (i.e., steprefinement). However, for £ = 106
(and the same tolerances) only the first turning point is noticed, whereafter the
numerical solution stays in the neighbourhood of —a(t)/e. Hence, the last two
turning points are missed.

From the foregoing we may conclude that an integration routine based on
implicit methods will detect a non-switchable turning point. The detection of
a switchable turning point, however, depends on the stepsize h. Using large
stepsizes the routine may pass the turning point without noticing the rotational
activity.

If the position of a turning point is known beforehand, then one can force the
integration routine to reduce its stepsize, for instance by requiring an output

point just before the turning point is reached. We shall return to this and other
aspects in the next section.

5.3.5 The Riccati method

So far we have tested the integration routine LSODA separately for the Riccati
DE and for the linear part. However, in the Riccati algorithm all DEs are
written in one system, as is described in the Algorithms 4.22 and 4.25. This
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means that a turning point undetected by the integration of the quadratic part
of this system (direction), may be detected by the integration of the linear part
(growth).

As we have seen in Section 5.3.4 a switch into the wrong subspace can occur
only when the integration routine is using (relatively) large stepsizes. In some
applications the stepsize is not restricted by the quadratic part of the system
(the Riccati DE), but by the linear part. This is shown in the next example.

Example 5.30
Consider a general BVP of the form

d%u du
22 2 _ av — 69
&= a(t) dt+b(t)u’ te[—-1,1], (69)
subject to u(—1) =1 and u(1) =2.
With z, = ¢ 3—1: and z2 = u the DE (69) is transformed into the first order
system

A0 e

subject to z2(—1) =1 and (1) = 2.

(i) Let a(t) =t/2—1t3 and b(t) = 1 (see Example 5.29).
The corresponding direction field can again be found in Figure 5.9.

The dominant subspace S contains modes that are fast increasing when a(t) >
0 and smooth when a(t) < 0. By the BC at ¢ = 1 this implies that these
solutions can influence the solution of the BVP on the interval [%\/5, 1] only.
On the other hand, the dominated subspace S, contains modes that are smooth
when a(t) > 0 and fast decaying when a(t) < 0. As a consequence, these
modes can influence the solution on [ -1, %\/i ] only.

Hence, for £ small, the solution z; (= u) must have the shape as sketched in

. . du ., .
Figure 5.10. Since z; = ¢ —-E, it will be small almost everywhere.

dt

We have solved the problem with the code from the RICCATI-package, that
is suited for separated BCs (Algorithm 4.22). The tolerance for integration
(absolute or relative, depending on the size of the solution) was 107 in all
cases and for all components. A restart was made as soon as the Riccati
function became larger than 1 in absolute value.

Fore = 10~* (so e2 = 1078) and without asking for intermediate output points,
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Figure 5.10: Solution of (69), with a(t) = ¢/2 —t3 and b(t) = 1.
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the integration restarted at —0.70705, 0.0127 and 0.70716, which is indeed quite
close to the turning points {0, + %\/5} For ¢ = 10~° these restarting points
were, respectively, —0.707106, 7.49 10~5 and 0.707107.

That in these cases the super-stability phenomenon does not prevent the de-
tection of a turning point can (partly) be explained as follows.

On the first subinterval [—1, —%\/5 — €) we have that both the Riccati func-
tion r(t) and z,(t) are O(e). So, y2(t) = —r(t) z1(t) + z2(t) =~ z2(t), which
is a slowly varying function. Hence, the stepsize on this subinterval will be
controled by the y;-part of the system.

On the second subinterval ( ——%\/5, 0) the dominant modes are smooth. Hence,
in contrast to the other (vanishing) parts of the system of DEs, the correspond-
ing fundamental solution and its inverse (R;1) are moderately varying. Hence,
on this subinterval the stepsize will not be increased significantly. Moreover, as
soon as t becomes positive, R;; will change drastically, whether the direction
of the Riccati transformation is correct or not. Therefore the stepsize will be
decreased around ¢ = 0.

On the third subinterval (0, %\/5 ), it might be the activity of the Riccati func-
tion which provokes the stepsize to go down at the turning point, since all the
other parts of the system are extremely small. This is similar to the situation
in Example 5.29, where the activity of the Riccati function was able to detect
one turning point too. There it was the first one; here it is the last one.

We also ran the program to compute the solution with specific output at the
points -1.0, -0.9, -0.8, -0.7, 0.7, 0.8, 0.9 and 1.0. The results for ¢ = 10~
are summarized in Table 5.11. Observe that €2 = 10~!2, which is smaller
than the machine-precision of the Burroughs B7900 (= 1 8-3), on which the
computations were performed.

The last column of Table 5.11 contains the absolute value of the upper left
element of the orthogonal transformation Q* (¢ = 0,...,10). It illustrates
nicely the direction of the dominant subspace at t =¢; (¢ = 1,...,10), which
indeed corresponds to the expected directions from Figure 5.9: Q* ~ I, when

tie(—1,-3v/2) or t;€(0,3v2) and Q* ~ [ (1) (1) ], when t;e(—1+/2,0) or
tie( % \/i, 1].

Similar results were obtained for other values of €.

(i) Let a(t) = —sin%(nt) and b(t) = 1 — ¢ ([30]).

Similarly to what has been done in Example 5.29 one can derive that, for
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t; u(t;) %(t‘) #71t) | Rut(k) stfps fufcs_ | Quit|
—-1.0 1.00 —2.00 — — — — 1
—-0.9 7.65107! | —2.74 | 3.58107% | 6.231073° | 94 174 1
—0.8 438107 | —3.91 [ 5.34107° | 3.77107% | 95 164 1

~-14/2]20310"° | —1.64 | 1.04 0 219 | 514 | 0.69
-0.7 0 0 0.965 1.45107% | 320 665 | 210°*
~0 0 0 1.04 3.19107* | 363 705 0.72
0.7 0 0 0.965 0 379 764 1

~1v2 |325107% | 253 1.01 0 212 | 480 | 0.70

0.8 8.75107! | 17.81 0.990 | 4.12107% | 354 741 | 910°°

0.9 1.53 5.49 | 5.3410°C 0.572 71 101 | 4107

1.0 2.00 4.00 | 1.5910°° 0.765 63 89 |[210°°

Table 5.11: Solution of (70) with a(t) =¢/2— 13, b(t) = 1 and ¢ = 1076,

* %

1#£0,+1,

B 1] . o a(t) _ sin?(7 t)
Si1(t) —R(- s1(2) J) y  with s1(2) = _eb(t) T e(1-1)

and

[ 1] . € €
S5 (t) =1e(_ ) J)  with sa(0) % oy = o

This situation is sketched in Figure 5.12.

Clearly, the gap between S;(t) and S,(t) is large, for all . Moreover, the
d81

L))/ (14 5:20)) ~

, which is O(e) almost everywhere. For values of ¢ such that

rotational activity of S; at time ¢ is approximated by |
em sin(2mt)
€2 + sin*(mt)
sin(wt) & /¢, the above approximations are not valid anymore, but we may
expect (from the differentiability of S;) a large rotational activity (O(l / \/E)>

Running our code with ¢ = 10~5, an integration tolerance of 10~% and without
requiring intermediate output points we found one immediate restart at ¢ =
—0.99896, whereafter t = 1 could be reached with a Riccati function in absolute
value not greater than 1.

Observe that in this example we do not have to be afraid for the super-stability
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Figure 5.12: Direction field for a(t) = —sin?(xt) and b(t) = 1 —t.

1V

-1
phenomenon, since after the initial rotation (~ [ 3 V2 12\/5 ]) there is no
3V2 V2

smooth function switching from the corresponding S; to S,.

t
- / 1/s1(7)dr
As in Example 5.29 we expect solutions in S; to grow like e Y-1 .

Hence, these solutions are fast increasing near ¢ = —1,0,1 and smooth else-
where. Similarly, solutions in S; are smooth near ¢ = —1,0, 1 and fast decay-
ing elsewhere. Hence, the solution of the BVP is extremely small, at least on
(-1+4¢,0). On (0,1) we have to be cautious, since b(1) = 0, which makes
that the boundary layer at ¢ = 1 has less influence on the final solution. This is
seen also in Table 5.13. There the results are shown for £ = 10~5, intermediate
output points —1, 0, 0.1, 0.2, ..., 0.9, 1 and additional output points as soon
as |r(t)] > 1. If we had chosen b = 1, then for instance the last two rows of
Table 5.13 would have read:



chapter 5 171
i | o) | ) | ) [ Ruw) | et | i, |10
—~1.0 1.000 | —1.41 107°° — — — — 1
—0.999 | 8.71071° | —1.79 107%¢ 1.02 3.87107 | 97 182 0.699
0.0 |[1.5107% | 1.501072¢ | 1.051072 | 4.32107*° | 435 910 | 0.707
0.1 0.378 3.56 1.00 107° | 5.60 10726 | 240 480 | 910°®
0.2 0.602 1.39 7.11107° 0.627 82 128 [2107°
0.3 0.704 0.753 1.25 1075 0.855 57 88 |1107®°
0.4 0.765 0.508 4.06 10~ 0.920 54 80 |T710°°
0.5 0.810 0.405 1.63 10°° 0.945 52 69 |510°°
0.6 0.849 0.375 5.78 1077 0.955 51 73 | 4107°
0.7 0.887 0.407 1.611077 0.957 50 74 | 5107
0.8 0.933 0.540 1.2110°¢ 0.951 50 72 6 10°°
0.9 1.007 1.05 4.68 107 0.927 53 74 11075
1.0 2.000 8.10 10%7°2 | 4,04 1073 0.503 134 223 |410°°

Table 5.13: Results for a(t) = —sin®(nt), b(t) = 1 —t and € = 105,

* ok
t; u(ti) %(t;) pi-l (%) Ry it (t:) | # steps | # funcs. |Q11i |
0.9 | 1.8510°2° | 1.93 10~ | 7.58 10~ ° 0.582 91 1107*
1.0 2.00 2.00 10198 1.00 6.54 1026 234 399 0.707

The number of steps in the subinterval [ —0.999, 0] is twice as large as for the

subinterval [0, 0.1], since we have to pass two layers. First the Riccati function

r! will at ¢ = —0.999 move rapidly from 0 to 1. Hereafter its value will stay

just below 1, until ¢ = 0 is reached. There it changes rapidly back to 0. On

[0,0.1] we have a similar intial layer, but the end layer is missing.

5.3.6 Conclusion

In the foregoing sections we have investigated the effect of turning points on

the accuracy of the Riccati method of Chapter 4. To this end we mainly have

restricted the discussion to two-dimensional problems. We conjecture that the

conclusions we draw from them are valid for larger systems also.

We have categorized four kind of turning points, namely
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I:  turning points in growth
A: a slow mode changing into a fast mode
B: a fast mode changing into a slow mode
II: directional turning points
A: non-switchable
B: switchable.

A turning point of the form I:A or II:A will be detected by the integration
routine and the stepsize will generally have been decreased before the turning
point is reached.

For a turning point of the form I:B it turns out that without any modification
steprefinement may be performed too late. This can be circumvented by eval-
uating a new Jacobian at each BDF-step. After this, such turning points will
generally be handled correctly.

The remaining category, the switchable turning points, is the most trouble-
some. The super-stability property of BDF-methods may cause an incorrect
approximation of the dominant subspace. This can happen only if (relatively)
large stepsizes are used. By writing all the IVPs in one system the stepsize
strategy will be rather conservative. Moreover, as soon as one of the compo-
nents of this system detects the turning point, then it will be handled correctly,
in general. The examples indicate that for two-dimensional problems switch-
able turning points will generally be noticed too.

If not, however, we have the possibility to check whether the direction of the
Riccati transformation is correct or not. As we have seen in Chapter 4 the ma-
trix Ay; = A1 + A1z Ray governs the growth of the dominant solutions. Simi-
larly the growth of the dominated solutions is governed by Az = Ajya—Ryy Ay,
For two-dimensional problems both matrix functions are scalar, say G;; and a3,
respectively. Since we have a dichotomic solution space we may expect that

1 : . . . . .
(r ( t)) will represent the direction of a dominant mode and therefore d;1(¢) will

not be much smaller than @»3(t), for all te [ -1, 1]. If, however, (r(lt)) happens

to be the direction of the dominated subspace, then generally G11(t) < @22(¢).
Hence, by checking the values of @;;(t) and Gj2(t) an incorrect switch may be
noticed.

With this safety checking, the extra Jacobian evaluations and the conservative
stepsize strategy the Riccati method is able to detect and to handle correctly
all kind of turning points in case of a two-dimensional problem.
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Remark 5.31
Checking the values of @;1(t) and @22(t) can be generalized to a checking condi-

tion for larger problems. In that case the best we can do is comparing A (/iu(t))
with A (A'zz(t)) . Observe that for such a check the main part of the determina-
tion has already been done. In (4.71) it is indicated that for the determination

of the correction term in a BDF-step we have to solve a Sylvester equation of
the form

(In—k —#hfizz) AXz + AXyyph Ay =hDy .

Therefore A;; has already been transformed to quasi-triangular form and A,
to Hessenberg form.



Chapter 6

Singular Boundary Value
Problems

6.1 Introduction

The last kind of problems for which we shall investigate the properties of a
continuous decoupling transformation are BVPs with a singularity of the first
kind ([24], p.114). In this chapter we shall often use the concept of analytic
functions, which is defined in

Definition 6.1
A real (matriz/vector) function ¢, defined on [0,1], is called analytic at t = 0
[e o]

if there exists a power series E t* ¢% with positive radius of convergence 6,
k=0

such that ¢(t) = it" ¢*, for 0 <t < min(1,6).
k=0
|
Consider the DE
8 = Aot ), ve(01], (1)
subject to the BCs
z(0) = ltiﬁ)l z(t) exists (and finite) (2a)

and

174
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B%z(0)+ B'z(1)=1b, (2b)

where B, B1¢IR**™ are such that J:ank([B0 I Bl]) = s and beIR’ (s will be
specified later such that the BVP has a unique solution).

Assumption 6.2

The matriz function A and the vector function f are continuous on [0,1] and
analytic att = 0.

Fort sufficiently small they have the power series ezpansions

At) = i t* A*  and f(t) = i tk £ . (3)
k=0

k=0

(Remark: AF is not the k-th power of A.)

In Section 6.2 we shall show that the solution space & of the homogeneous
" DE corresponding to (1) generally is the sum of a subspace S; of solutions
z having a finite limit at ¢t = 0 (the dominant subspace) and a subspace S
of solutions z for which ltilrg z(t) does not exist. The solutions in S, are fast

decaying for ascending t. Moreover, if A(0) has purely imaginary eigenvalues
then S; may contain solutions that behave like cos(Int) and sin(Int). Together
these solutions constitute the dominated subspace.

As has been done in [34] we shall use a decoupling transformation to decouple
S1 and S;. As a result the existence condition (2a) is replaced by a linear
boundary condition at ¢ = §, for some § > 0 (cf. Remark 4.19). Next, the
invariant imbedding technique of Section 3.3 will be used to find a relation
between the undetermined parts of z(0) and «(§). By a combination of these
two techniques the singular BVP (1), (2a,b) is replaced by a regular BVP on
[6,1]. This regular problem can be solved by any of the methods discussed in
the foregoing chapters.

The resulting IVPs on (0,6] for the decoupling transformation T and parts
of the fundamental solution Y (cf. (3.12) and (3.13) ) have nice stability prop-
erties: at ¢ = 0 the spectra of the corresponding Jacobians lie in the closed
left halfplane ©~. As we shall see in Theorem 6.17 this implies that all these
DEs have solutions that are analytic at ¢ = 0. This is surprising, since we
do not assume that the solution z is itself analytic; a fundamental solution
corresponding to (1) and (2a) generally has singularities at ¢ = 0, involving
non-integral powers of ¢ and integral powers of log(t) ([24], §9.5).
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By the computation of a number of terms of the corresponding power series
expansions we can obtain an accurate approximation at ¢ = § of the decoupling
transformation T' and parts of the fundamental solution Y. It is this property
that gives us the oppurtunity to move away from the singularity at ¢ = 0.

Remark 6.3

An approximation at ¢ = § of the solution subspace S; could also be obtained in
a more straightforward way. Integrating away from the singular point rapidly
gives a good approximation, for almost any initial condition. However, the
performance of most numerical integration methods is strongly influenced by
the regularity of the solution. Hence, such an integration might be costly.
Theorem 6.17 implies that the span of the solutions that satisfy (2a) (S;) can
be described by analytic functions that may be obtained more easily than the
solutions itself. Moreover, if (0) is not completely determined by the condition
(2a) (cf. Theorem 6.5), then, in some way or another, we have to take care for
the influence of some solutions that start at ¢ = 0.

In the case of a homogeneous singular BVP with separated BCs, i.e., B® =0,
these nice properties of a continuous decoupling transformation have been no-
ticed before. In the sixties continuous orthonormalization has been quite popu-
lar in the Russian literature ([1]), whereas benefits of the Riccati transformation
are, for instance, discussed in [47] and [5].

Of course, a singular BVP can also be solved by other techniques, like finite
differences ([27]). However, the performance of such a method depends on the
smoothness of the solution = (which in some, but by no means all, interesting
applications is analytic too), whereas the efficiency of continuous decoupling
and invariant imbedding is mainly influenced by the rotational activity of S
and the output requirements.

6.2 Preliminaries

In this section we shall derive and state some elementary results for DEs with
a singularity of the first kind. To this end we use the power series expansions
given in (3) and, without loss of generality,

Assumption 6.4
The n x n matriz A® has the block-diagonal structure
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A% 0 0 0 1=
0 0 A% 0 |I»
A= 0 0 A% 0 |Ilq¢, (4a)
D00 A dln
k p q m

where the dimensions k, p, ¢ and m are determined by the conditions

MAS) € T MAS,) € €7, M(AS) CiR and p = dim(ker(4%)) .(4b)

|
Observe that 0 may or may not belong to A(4}). However, the conditions (4b)
imply that
AQ .
rank([ A:OZ ]) =q. (5)
For z ¢ IR™ we shall use two kind of partitions:
Tk I k
k
z=| l» and z= (au) Lrtp . (6)
Zq le z2/ 1 g4m
Tm m

Correspondingly to this last partition the matrix function A is partitioned in

A(t)— A11(t) Alz(t) Ik+p (7)
T LA An@) | Tem

k+p q+m

With Assumption 6.4 we obtain that )\(Alol) C (C"' u {0}), /\(Azoz) c e
and A3 =0.

By the condition of existence of z(0), parts of (0) are determined directly, as
is shown in

Theorem 6.5
Let © satisfy (1) end (2a). Then

A%z(0)+ f° =0, (8)
where A° and f° are defined in (3).

Proof:
Assume A% z(0) + f° # 0. From the DE (1) and the continuity of the solution
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we obtain, for t sufficiently small,

tj—: = A° m(o) + fO + E(t) , where E(t) —0ast—0. (9)

Choose to > 0. Then integration of (9) leads to

t

z(t) — z(to) = log(%) (AO z(0) + fo) + /@ dr .

to

For t and % sufficiently small we have, since £(t) — 0 as t — 0,
1 t
() = afto) [| = 5 1l 4°2(0) +£° ||| Log() | -

Hence, }ir% || z(t) — z(to) || does not exist, which contradicts (2a).

Assumption 6.6
The matriz A° and the vector fO are such that

(Fo)er([ 42 ])- o)
| |

Corollary 6.7
Assumption 6.6 is a necessary condition for the ezistence of solutions of (1)
subject to (2a).

Observe that (8) can be written as

A% ee(0)+ fi° =0
A ] £’
2 |z (0)+< =0 . (11)
[ A 177 TARS
AL 2m(0)+ f® =0
Hence, using (5) and Corollary 6.7, zx(0), £4(0) and z,, (0) are uniquely defined
by the existence condition (2a). This implies, for instance, that if the DE (1) is

homogeneous, then only z,(0) may be non-zero. However, this does not mean
that we have p degrees of freedom left, as is seen in
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Theorem 6.8

With the Assumptions 6.2 and 6.4 the DE (1) has solutions x, subject to (2a),
if and only if (10) is satisfied. In that case these solutions form a (k + p)-
dimensional linear manifold.

Proof: (sketch)
The necessity of (10) for the existence of a solution z has already been given
in Corollary 6.7.
Assume (10) is satisfied. Then zx(0) and z2(0) are uniquely defined by (11).

T (0)
Define g = ( 0 ) eIR™ and g(t) = A(t) Zo + f(t). Then g is analytic at
z2(0)
t = 0 and g(0) = 0. Now consider the DE
d¢
1% Awysraw),  te(01]. (12)

If (12) has a solution ¢ such that ¢(0) exists, then z(t) = ¢(t)+Zo is a solution
- of (1), subject to (2a).

By Theorem 6.5 we know that ¢2(0) = 0. Let to > 0 be given. With the
variation of constants formula ([24], p.99) we find that ¢ has to satisfy

$1(t) = (%)Aﬂ& + (13a)
/‘G)Aﬁ (A& $a(r) + [Aﬁ(T)TAfz(T)] #(r) + gl(r)) N
ba(t) = /t‘(_::)Azoz ( [A2*1(T) Az*z(?] é(7) + 92(7')) ir. (13a)

where A*(t) = A(t) — A° and ¢; e IR**P.

Existence of a solution ¢ of (13a,b) for te(0,t9] and any &; e IR**? can, for
sufficiently small ¢y, be proved by the method of successive approximations,
starting with ¢(°) = 0. At the same time, using that A\(41,%) C (C+ u{ 0})
(0 being a non-defective eigenvalue ([20], p.196) ) and A(A422°) C F, we obtain

that there exist constants ¢i,c2 > 0 such that, for ¢ sufficiently small,

I ¢1(8) | < ex and || $2(t) || < cat.

For other values of ¢ the boundedness of ¢ is obvious, which implies that ¢
satisfies (12) and ¢(0) exists.
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Moreover, ¢ depends linearly on £;. This proves that the solution manifold of
(13a,b) is (k + p)-dimensional.

Corollary 6.9 (cf.[27])
In order to obtain a unique solution of (1), subject to (2a,b), the number s of
independent BC's (2b) must be equal to k + p.

Proof:

By Theorem 6.8 we see that the existence condition (2a) imposes g + m linear
restrictions on the solution. Hence, the solution is uniquely determined by
another k + p independent linear restrictions.

The solution method we propose is based on continuous decoupling transfor-
mations. Then a non-linear IVP has to be solved (cf. Section 3.2). In the next
section we shall prove that this non-linear IVP has a solution which is analytic
at £ = 0. To this end we investigate the behaviour of a solution of a special
class of non-linear singular IVPs in the complex plane. This complexification
is needed, since the space of analytic functions at ¢ = 0, defined on (0,1], is
not complete.

Theorem 6.10
Let 61,62 > 0 be given. Define the set A by

A={(z2)eCx T | |2| <6 A [2]|<6}.

Let F:T x €* — C" be a given function, being analytic in both arguments on
A, i.e., the formal power series
o]
F(z,z) = Z fijrogn B @I T2 I

4,415 in=0
where fij,...j. € C*, converges for all (z,z)e A. Define
8F
F; = —(0,0).
17 bz 0,0)
Suppose that
(i) F(o,0)=0

(i) MF)cCC.
Then there exists a g > 0 such that the IVP
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dz
2= F(z,2), (14a)

subject to

i =
tlfg z(t)=0, (14b)
teRt

has ezactly one analytic solution for |z| < &.

Proof: (sketch)
By the variation of constants formula we obtain that for analytic functions z
(14a,b) is equivalent to the integral equation

1
— —F; f dar
z(z) = /0 T F(‘rz, :c(‘rz)) — (15)
where F(z,z) = F(z,z) — Fyz.
On {z eC | 2| <6 } define the sequence of functions {z%} by
{ =0
1
i+l — - & i ﬂ
2 ti(2) = /0 T F(TZ, z (‘rz)) -

In [34] it is shown that there exists a §, with 0 < § < 61, such that for all
|z| < éandi=0,1,2,---

(i) z*(z) is well-defined and analytic at z =0
(i) 3, g+ such that ||2*(2) || < clz]
(iii) on {ze cC I lz] < 6} the sequence {z*} converges uniformly.

This proves the existence of an analytic solution of (14a,b).

Let y be another analytic solution of (14a,b) and define e(z) = z(z) — y(2).
Then e is an analytic function at z = 0, satisfying the integral equation

1
—_ —-Fl i . EZ
e(2) —/0 T (F(Tz,a:(rz)) F(TZ, y('rz))) — - (16)
It can be shown ([61], p.93) that there exists a constant ¢y, such that
I== P < e (lm@pP-t+1), o<r<1,

where v is the size of the largest Jordan-block corresponding to an eigenvalue

A of F; with Re(X) = 0. Moreover, since %{-(o, 0) = 0, there exists a constant
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¢z such that

1522l < e (lel+l2l) -
Therefore, using (16) and the analyticity of z and y, we obtain that
eIl < s el gpas, lletr)

for some positive constant c3. This implies that e(z) = 0, for |z| sufficiently
small. By uniqueness of the power series expansion of an analytic function we
obtain that z(z) = y(z), for |z| < 6.

Remark 6.11

Under the assumptions of Theorem 6.10 (14a,b) does not necessarily have a
unique solution. For example, let F(z,z) = z2. Then (14a,b) has infinitely
many solutions, namely z(z) = 0V z(z) = (c—log z)~1 (ce €). Of course, only
the first one of these solutions is analytic at z = 0.

However, one can show that each of the following restrictions makes the solution

unique:
— restrictions to the DE:
(a) MF)cCC™ or

(b) F linear in z,
— restrictions to the solution:

(¢) llz(2) [I=0(lz*) (e >0).

Clearly we have the following result:

Property 6.12
If all coefficients of F in Theorem 6.10 are real, i.e., fij,...;, €IR", then the
analytic solution of (14a,b), restricted to the interval [0,80], is real.

|
Example 6.13
Consider the linear IVP
2 = AW el)+£(),  te(0,1]
g e A (17a)

z(0) = 2o
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where A and f are analytic at ¢t = 0 and /\(A(O)) co. By Theorem 6.5 we

have to assume that A(0) zo + f(0) = 0.
Define, for te[0,1], ¢(t) = z(t) — zo. Then ¢ is a solution of

%:A(t)¢+g(t), te(0,1], , (17b)
$(0)=0

where g(t) = A(t) zo + f(t). Hence, g(0) = 0.
The linearity of (17b) implies that ¢ is unique and analytic (cf. Remark 6.11)
and as a consequence this holds for the solution = of (17a) as well.

6.3 The Riccati method

In Section 6.2 we have seen that the existence condition of z(0) implies that
~zx(0) and z2(0) can be computed directly (cf. (11)). Write

BO — [ Bt B pgO2 ]

k 7 g+m
Then the BC (2b) reduces to the k + p conditions

:ck(O)
B% z,(0) + B'z(1) = b— B° 0 , (18)
1:2(0)

where z1(0) and z2(0) are given.
This seems to be too many restrictions, but is not; the fact that z;(0) is known

does not impose extra restrictions to the solution, as may be derived from
(13a).

6.3.1 The Riccati transformation

Now we want to use a decoupling transformation to separate between the solu-
tion subspace 81, consisting of all homogeneous modes of (1) existing at ¢ = 0,
and S, the subspace of fast decaying solutions. To this end we shall use a
Riccati transformation, although similar results can be derived for continuous
orthonormalization methods.

From Theorem 6.8 we observe that the size of the Riccati matrix function Ry;
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must be (g +m) x (k+ p). From the Lyapunov equation (3.13) (and (4.5)) we
obtain that Ry; has to satisfy the DE

d
t "(ERzl = A21(t) + A22(t) R21 — R2y A11(t) — R2y A12(t) Ray - (19)

Observe that by Assumption 6.4 the matrix 4(0) = A° has already a nice form:
block upper triangular and correctly ordered (cf. Assumption 4.12). By the
definition of S; the choice R;1(0) = 0leads to a consistent fundamental solution
(cf. Section 4.4.1). Moreover, the boundedness of R; is mainly determined by
the rotational activity of S; and the difference in growth between solutions in
Sy and S; (cf. Section 4.2). This difference grows unboundedly when ¢ | 0.
Therefore we may expect the Riccati matrix to be a rather smooth function,
at least for ¢ sufficiently small. Indeed, we have

Theorem 6.14
There exists a £ > 0 such that (19), subject to R31(0) = 0, has ezactly one
solution on [0,€) that is analytic at t = 0.

Proof:

Consider the entries of a matrix function U (t) e RUT™*(¥+P) a5 entries of a
vector function u(t) e RUT™E+P) | Let F(t,U) = Ag1(t)+A22(t) U—UAq(t)—
UA12(t) U and let F(t,u) be the associated vector function. Now it is evident
that F(t, u) satisfies the conditions (i) and (ii) of Theorem 6.10 and the condi-

tion of Property 6.12. Moreover, for F; = %%-(0, 0) we have

Fiu= (Azzo o (—Ano)) u,

where @ denotes the Kronecker sum. So
A(Fl) = /\(A220)+/\(—A110) = {’)‘EC l v¥= ﬁ—a N ﬁe)\(Aggo) , ae/\(Auo) } .

The partition has been chosen such that A(F;) C cC-. So, with R51(0) = 0, all
conditions are satisfied to guarantee on [0,£) (¢ > 0) the existence of exactly
one solution of (19) that is analytic at ¢ = 0.

From now on we shall mean by R2; this unique analytic solution of (19), starting
with R21(0) = 0.
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Remark 6.15 -
Write, for t sufficiently small, Ry1(t) = Z t* C*. Using the power series expan-

k=1
sion of A we obtain by formal differentiation and multiplication the following
relation for C¥ (k =1,2,---):

(klgpm — A22°)C* +C* 41,° = (20)
k-1 k-m-1
A21k + Z (Agzmck_m _ Ck—mAllm —_Ccm™ Z Alznck—m—n ) .
m=1 n=0

By Lemma 1.4 this Sylvester equation has a unique solution, for all & > 1.
Hence, C*, C?,--- can be calculated consecutively.

To show the close relationship with the Riccati matrix in the regular case we
formulate the following result (cf. Property 4.1):

Theorem 6.16
Let £ > 0 be such that the Riccati matriz Roy exists on [0,€). Then there exists

a fundamental solution X = [X 1 X3 | , satisfying the homogeneous DE
ktp  qbm
d
taX=A(t)X, te(0,1],

such that, for allte(0,£), we have the relation
Rai(t) = X21(t) X117 1(2) .

Proof:

If X is a fundamental solution with X (t) non-singular, for all t€(0,¢), then
it follows by simple manipulation that X5, X1, 7! satisfies the same DE as Ra;.
In that case, using Theorem 6.10, it suffices to show that X5; X1, ! is analytic
at t = 0 and lim X5;(t) Xuu~i(t)=o0.

If A° has no eigenvalues that differ by a positive integer, then there exists a
fundamental solution X of the form

X(t) = P@)t4°,  te(0,1],

where P is analytic at ¢ = 0 and P(0) = I,, ([24], Theorem 9.5.c). This matrix
X already has the desired property, since X21(t) X11~(t) = Paa(t) P11~ (¢).

If A° does have eigenvalues that differ by a positive integer, then the proof
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becomes rather technical and therefore we refer to ([34]).

Note that the initial value R,;(0) = 0 exactly corresponds to the BC ‘z2(0)
given’ (see (4.29)). This implies that we may use the technique for separated
BCs, as described in Section 4.3 and summarized in Property 4.18. This results
in

Theorem 6.17
Let £ > 0 be such that the analytic solution Ray of (19) ezists on [0,£). Then
any solution of the incomplete singular IVP

dz

t i A(t)z + f(2) , (21a)

subject to (cf. (11))
0
AY 0 |z +| £° |=0, (21b)

satisfies the relation

[-Ra®) Lim]o®)=w@®), teloe), (22)
where y, is the unique and analytic solution of the singular IVP

dy2 _
12 (A)-Bit) At) ) B R, te(0,6),(29)

subject to y2(0) = z2(0).

Proof:

Observe that the DE (23) can be obtained from the relation (22) by formal
differentiation. By the definition of ¢ and Assumption 6.6 the system (21b)
has a unique solution. So, (22) is satisfied for ¢t = 0. This implies that (22) is
valid, for all ¢.

Define figz(t) = Azz(t) - Rz;l(t) Alz(i) and fz(t) = —-Rgl(t) f1(t) + f2 (t) Then
(23) can be written as

B nu RO, te(0,6).

Note that A,, and f, are analytic functions at ¢ = 0. Moreover, A(Agg(O)) =
AM422°) C il and, by Theorem 6.5, fizz(O) y2(0) + fg(O) = 0. Hence, by
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Theorem 6.10, (23) has exactly one solution which is analytic at £ = 0. Since
the DE is linear this solution is the unique solution of (23) (cf. Remark 6.11).

So, we have derived that the BC ‘z3(0) given’ can be transferred to ¢ + m
independent linear BCs at a position, say 6, inside the interval (0,1], away
from the singularity. To this end we need to compute the Riccati matrix R,
satisfying (19) with R3;(0) = 0, and a vector function y;, satisfying (23) with
y2(0) = z3(0). Both these functions are analytic at ¢ = 0. Hence, we may
use the first terms of their power series expansions to move away from the
singularity.

6.3.2 Invariant imbedding

By the Riccati transformation of Section 6.3.1 the BC ‘z,(0) given’ has been
transferred toa BC at ¢t = 4. In this section we shall use the invariant imbedding
‘technique of Section 3.3 to transfer the remaining k + p BCs (cf. (18))

zx(0)
B%g,(0) + B'z(1) = b— B 0 , (24)
:82(0)
into BCs of the form
Bbz(6) + Blz(1) =1}, (25)

where BS e RE+P)X" and jeIRF+?. To this end we have to express z,(0) in
terms of z1(6).

Since y2(0) is known and, by the special form of the Riccati transformation,
Y1 = 1, the recovery transformation (3.50) can be reduced to the simpler form

(cf. (4.35))
21(0) = Rua(t) 21(t) +91(t) ,  ¢20.

However, in our situation zx(0) is known also. Hence, we can restrict ourselves
to the relation

2,(0) = Rps(t) o1 (t) + gp(t), £20, (26)

where Ry,1(t) e IRP*(**7) and g, (t) eIR.
As in Sections 3.5 and 4.3 we obtain that R,; and g, have to satisfy the IVPs
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t%ﬁ;,1 = —Rp1 (4u1(t) + 4ua(t) Rua(2)) , £> 0, Rpa(0) = [0 L, ](27a)

+ 205 = ~Bp(t) (Aus®) () + 1), 1> 0, g(0)=0. (27b)
Define A;1(t) = A11(t) + A12(t) R21(t). Observe that A;; is analytic at ¢t = 0.
Moreover, since R2;(0) = 0, /\(—1111(0)) = M~-411°) C T". Hence, by
Theorem 6.10, R,; is analytic at ¢ = 0. Since Ajs, y2 and f; are analytic at

= 0 and A;2(0) y2(0) + f1(0) = A12(0) z2(0) + f1(0) = 0, the vector function
gp is analytic at ¢ = 0 as well.

If Rp1 and g, have been computed until ¢ = §, then the BCs (24) are transferred
into the BCs

:vk(O)
B% R,,(6) z1(8) + B'2(1) = b— B° ( gp&g ) (28)

Remark 6.18

In [34] it is shown that R, is the matrix consisting of the last p rows of X 1Y,
where X7 is the k x k upper diagonal block of the fundamental solution X,
defined in Theorem 6.16.

|
6.3.3 The regular BVP on [§,1]

Together with the condition (22) the BCs (28) give a complete set of BCs on
[6,1]:

2 (0)
B® R, (5) 0 B R ( ) )
~Rn(6) Ipim ]“’(5)+[ 0 ]m(l)— 22(0) , (29)
y2(6)

where 2 (0) and z2(0) are given vectors, determined by (11).

Hence, a solution of the singular BVP (1), subject to (2a,b), is on [§,1] also
a solution of the regular BVP (1), subject to (29). Finally we show that this
solution is unique.

Theorem 6.19
The regular BVP (1), (29) has o unigque solution if and only if the singular
BVP (1), (2a,b) has a unique solution.
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Proof:
Let Z be a particular solution of (1), with
2(0)
z(0) = 0 ,
:Bz(O)

where 1(0) and z2(0) being determined by (11).

Let X = [X1 Xz] be a fundamental solution such that R(X;) contains

all homogeneous modes of (1), satisfying (2a). Hence, Ry; = X2 X1t
(cf. Theorem 6.16) and for any solution of (1), subject to (2a), there exists
a vector ¢; € IR**? such that

:B(t) = Xl(t) c1 + :l_:(t) .

By the special choice of X; and Z(0) we have that (11) is indeed satisfied.
Moreover, from the BCs (2b) we obtain that ¢; has to satisfy

([o B o] x:(0) + B! X1(1) ) e = b B°%(0) - B'a(1) .

So the singular BVP has a unique solution if and only if the (k + p) x (k + p)
matrix

[0 B% o] X1(0)+ B Xy(1) = [ 0 B% | + B Xy(1) (30)
is non-singular (cf. Theorem 2.1).
Now define (cf. (29))
B?R,(8) 0
—Ra(8) Ipim ] .
Then the regular BVP has a unique solution if and only if the n x n matrix

B(X) = B® X(8) + [ f:)l ] X(1)

B =

is non-singular. Since Rz; = X31 X11~! we observe that B(X)21 = 0. More-
over, (see (30))

B(X)1u=[0 B ]+B'Xy(1),

which is non-singular if and only if the singular BVP has a unique solution.
Hence, it suffices to show that B(X)2; is non-singular.
Note that, since X(6) and X;,(§) are non-singular,
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B(X)22 = R21(8)X12(6) + X22(8)
—X21(8) X117 () X12(8) + X22(8)

((),,) "

Therefore B(X) is non-singular.

To solve the regular BVP any of the techniques discussed in the foregoing
chapters may be used. However, for a continuous decoupling method, like the
Riccati transformation, one probably has to choose another partition. If ¢ # 0
then the original partition used on (0,6] will generally not correspond to an
(exponential) dichotomy on [, 1]. Therefore, on [§, 1]it might be better to use

a Riccati matrix which is of order (n— k) X k or m X (n — m). For example: let

A(t) = diag()\(t), [ (t) i ] ,—/\(t)), where A(t) > 1, for all t. Then we shall

have one fast increasing mode, one fast decaying mode and two slowly varying
modes. Hence, on [§, 1] difference in growth behaviour is more pronounced if
we take dim(S1) =1 or 3.

Remark 6.20

As in the regular case it is not necessary to store and interpolate intermediate
results. All the required functions can be computed by solving just one (n —
k) x (k + p+ 1) Riccati DE. Write

Rp1 | 9p ]
Y2 '

Ry
Then, for ¢t > 0, we have

R =

dR _ 0 0 + 0 0
dt | An(t) | f2(2) 0 Axf(t)
Aqq(t t 0 At
| An® fl()]_R () | o
0 0 0 0
subject to

0 I 0
R(O):[O 0 mz(O)] .

By Theorem 6.10 this IVP has exactly one solution which is analytic at ¢ = 0.
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Remark 6.21
If the existence condition (2a) is replaced by the boundedness condition
sup || z(¢) || < oo, (31)
te(0,1]
then still a reduction to a regular BVP on [§, 1] can be obtained. In that case
we have to transform A° such that the purely imaginary eigenvalues and the
corresponding invariant subspaces of A® have been isolated too. Hereafter, a

technique similar to the one derived above may be used. For details we refer
to [34].
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