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PREFACE

This monograph considers the behaviour of various types of chi-
square goodness-of-fit test statistics. The first chapter gives a review
of recent literature on the subject.

Chapter II investigates the influence of the number of classes k in
the presence of a location-scale nuisance parameter. When k > «, we prove
the asymptotic normality of the Moore-Spruill (1975) class of xz statistics
(extending Morris' (1975) theorem for the Pearson statistic when k =+ « and
no nuisance parameters are present). Criteria are developed whether to
choose a large or a small number of classes. A theoretical explanation was
still lacking for simulations showing that the Rao-Robson-Nikulin test
dominates other commonly used x2 tests. The present limit theorem implies
that, when k - «, the Rao-Robson-Nikulin test is better in the sense of
Pitman efficiency.

The choice of the location-scale estimator is the subject of the
third chapter. Non-robust estimation (i.e. the estimator is not /;;consis-
tent under local alternatives) is best: under non-robust estimation general
EDF tests, including generalized x2 tests, are consistent while the asymp-
totic local power remains bounded away from one in more classical situa-
tions of e.g. ML or robust estimation under heavy-tailed aiternatives.
Complementary results are given for Vn-consistent estimators having
a relatively large bias or variance under local alternatives. A simulation
study illustrates the theoretical results of the second and the third chap-
ter.

The last chapter deals with power approximations for the Cressie-
Read (1984) class of x2 statistics when no nuisance parameters are present.
Although classical (moment-corrected) x2 approximations work reasonably
well under the hypothesis, non-central x2 power approximations are inade-

quate for moderate sample sizes. A non-local Taylor expansion of the test
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statistic yields a new approximation based on a weighted sum of indep?ndent
non-central x2 distributions; the distribution error is of order O(n_z)
uniformly in alternatives and levels. Exact power computations for n=20,50
show that the new approximation is very good and is greatly superior to

traditional ones.
It is a pleasure to me to express my deep gratitude to prof.dr. J.

Oosterhoff and dr. W.C.M. Kallenberg for their constant encouragement and
stimulating advice. Also I like to thank prof. D.S. Moore for the
stimulating discussions during his visit at the Vrije Universiteit. Although
I cannot mention them all, I want to thank everyone who contributed to the
pleasant working conditions at the Vrije Universiteit.

I thank Mr. K. Snel for his excellent typing of the manuscript and
Mr. D. Zwarst and his technical staff of the Centrum voor Wiskunde en

Informatica for the reproduction.

Feike C. Drost
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CHAPTER I

INTRODUCTION

I.1. GOODNESS-OF-FIT TESTS FOR SIMPLE HYPOTHESES

Let Yl""'yn be n independent identically distributed real-valued
random variables with distribution function FY and consider the general
testing problem FY = H for a given distribution H. A well-known omnibus
goodness-of-fit test is the classical Pearson chi-sguare test (cf. Pearson
(1900)) . The original problem is reduced to a multinomial setting parti-
. Let pki(O) =
N . = #{j;Yj €1

P | I
tioning the range of the YSs into k cells Ikl""'Ikk

= Ph(%jelkf denote the cell-probabilities under H and let Nki ki}
denote the cell counts (i = 1,...,k), then Pearson's chi-square test rejects

for large values of
. — k 2
(1.1.1) Pn = iEl(Nki'-npki(o)) /(npki(O)).

A common competing statistic is based on the likelihood ratio for grouped
observations:
IR =2
n

k _
1=

Cressie and Read (1984) have systematized the theory of multinomial good-
ness-of-fit tests by considering the class of statistics
k N . A+1

TR () = —2B __ =N } -1,01);
(1.1.2) CR () = YOI 151 Pki(O){(npki(O), 1t A er\{-1,0});
for A = 0 and A = -1 EF;(A) is defined by continuity in A. This class in-
cludes the likelihood ratio statistic (A = 0), the modified likelihood
ratio statistic (A = -1) and the statistics of Pearson (A = 1), Freeman-
Tukey (A = -%) and Neyman (A = -2).

Little is known about the exact distributions for small and moderate sample



sizes. As n > © and k is fixed, however, the Cressie-Read statistics have
limiting chi-square distributions with k-1 degrees of freedom under H
(cf. Cressie and Read (1984)). Esséen (1945) has shown that this approxi-
mation is very accurate if A ® 1 (cf. also Yarnold (1972), Larntz (1978),
Cressie and Read (1984)). The large sample theory is less satisfactory
under alternatives. Local and nonlocal theories lead to different conclu-
sions (cf. Cressie and Read (1984)). Moreover, exact power computations and
simulations are not easily explained by these (non)local theories (cf. e.g.
West and Kempthorne (1971), Cressie and Read (1984), Kallenberg et al.
(1985), Quiné and Robinson (1985), Kallenberg (1985)).
In practice the number of classes is taken larger if n is larger: k=]%1* o
as n > ® (cf. Mann and Wald (1942)). Tumanyan (1956) and Steck (1957)
proved the asymptotic normality of Pearson's chi-square statistic under H
when k > ©, k = O(n). Using a different technique Morris (1975) extended
these results to local alternatives for ﬁg and Zﬁg. The asymptotically
optimal choice of k is investigated in Kallenberg et al. (1985); they
obtained simple criteria (based on the information function) for ?; and Zﬁs.
These results generalize to the Cressie-Read tests.

Next 'consider omnibus goodness-of-fit tests which are based on the
raw data instead of on grouped observations. Well-known examples are the
Kolmogorov-Smirnov test and the Cramér-von Mises test. They belong to the

general class of EDF statistics

T =TmE () -H(-)),
which are functionals of the difference between the empirical distribution
function Fn of Yl""'yn and the hypothesized distribution function H. For
fixed k the Cressie-Read statistics appear as a special example. In
principle the limiting distributions of EDF statistics are known, they are
functionals of Brownian bridges (cf. Billingsley (1968)). In practice they

are seldom useful.

I.2. COMPOSITE HYPOTHESES

The situation sketched above is rather simple. In actual problems one
often encounters p-dimensional nuisance parameters 6 and one wants to test
the composite null-hypothesis

(1.2.1) Hy FY e {5°(-:0):0 ¢ © c R},



where H*(-;0) is a giver distribution for each 6.
Several modifications of ?; have been proposed. Let

= en (ﬁkl”"’ ) be the maximum likelihood estimator of © based on

3 N,
n kk
grouped observations and estimate the unknown cell probabilities by the

probabilities of Ikl""'I under H*(-;en ) . Replacing unknown by estimated

probabilities in (I.l.l),,t:e obtains the Pearson-Fisher statistic (cf.
Fisher (1924)). In a similar way one obtains the statistic of Chernoff and
Lehmann (1954), who estimated 6 by the maximum likelihood estimator

égL = éﬁL(Y1""'Yn) under the model Hj. A drawback of these methods is
that cells are supposed to be fixed while the distributions vary with 6.
This results in widely different cell probabilities. Therefore, when the
original observations are available, partition the support of H*(-;e) into
k 0-dependent classes I;i(e) with probabilities pki(O) >0(i=1,...,k)

independent of 6. Let
. *
(1.2.2) N (0) = #{j,Yj € I,(0)}

denote the number of observations in the i-th cell and define the random

k-vector Vk(e) by its components

- b .
(I.2.3) Vki(e) = (Nki(e)-npki(O))/(npki(O)) (i=1,...,k).
Let én be some estimator of 6, then Roy (1956) and Watson (1957,1958)

proposed a Pearson type test based on random cells:
(1.2.4)  WR_ = |lv, 6|2
n k''n

(H-‘ldenotes Euclidian distance). Similarly the Cressie-Read class is

generalized to the random-cell situation:

6 )\A+l
_ _2n k Nki(en) }
(1.2.5) R, = oDy 5 pki(O){(m -1
Imposing regularity conditions on én' the limiting distributions of

WRn = CRn(l) under H  and local alternatives are weighted sums of k in-

dependent (noncentrag) chi-square variables. The same holds true for the
Cressie-Read class because Taylor expansion of CRn(X) shows that

CRn(A) -hﬁn converges to zero in probability (cf. Cressie and Read (1984)).
The limiting null distribution of the Chernoff-Lehmann statistic is known tc

be of this type too but the limiting null distribution of the Pearson-



Fisher statistic is an ordinary chi-square.
To avoid awkward limiting distributions Nikulin (1973) and Rao and

Robson (1974) proposed to use a quadratic form
— 8 ' = 8
(I.2.6) RRN =v, (8) % v, (6),

where Z; is a generalized inverse of the asymptotic covariance matrix of
Vk(en) under HO (cf£. (II.1.11)). The Dzhaparidze-Nikulin statistic projects
Vk(én) on a suitable linear subspace of Fﬁ such that all perturbations due
to the replacement of 6 by Gn are removed (cf. Dzhaparidze and Nikulin
(1974)):

. - b3 U ' —1 v A
(1.2.7) DIIIn = vk(en) [Ik—Bk(BkBk) Bk]vk(en)

(Bk is defined in (II.1.9)). As opposed to the Cressie-Read class the
latter two statistics have limiting (noncentral) chi-square distributions.

Moore and Spruill (1975) developed the theory of general quadratic forms:
PO o
(1.2.8) MS =V, ()T v (6),

where Pk is an arbitrary (k x k)-matrix. They obtained the limiting distri-

butions of MSn both under H. and local alternatives.

For fixed k Spruill (1976) ghowed that if WRn and RRNn are compared by
means of the approximate Bahadur slope, RRNn is uniformly at least as
efficient as WRn. The analogous result for Pitman efficiencies is not true;
in several cases local theory implies that Wﬁn and DNn are preferable to
RRIVn (cf. Drost (1987), also cf. Moore (1977), LeCam et al. (1984)). The
simulation studies of Rao and Robson (1974) are better explained by the
nonlocal theory than by the local theory; RRNn generally dominates ”Rn'

In the presence of nuisance parameters a natural extension of
general EDF statistics is proposed by Chernoff and Lehmann (1954),
Neuhaus (1976) and C53r93 and Révész (1981 a) . Estimate the unknown distri-
bution function H* (-;0) by H*(-;én) and apply the classical EDF functionals
T to the difference n%(Fn(')-H*(°;én)):

%

- 2y -H (-0
(1.2.9) = T(n (Fn( ) -H ( 'en)))°

Durbin (1973) suggested a different approach. Let [ : R x O ~ R be a trans-

formation such that C(Yi;e) is distributed as H under HO if 6 is true and

replace the original observation Yi by Zi = C(Yi;én) (i=1,...,n). Then,



with fn the empirical distribution function of Zl,...,Zn, the classical EDF

functionals T are applied to n5(§n(-)-H(-)):

%

(1.2.10) Tn = T(n (Fn(')'-H(')))-

Under regularity conditions, including the asymptotig normality of én under
H0 and local alternatives the limiting distributions are functionals of
Brownian bridges with parameters generally depending on H and the type of
estimator (cf. e.g. CsOrgd and Révész (1981 a)) . Stephens (1974) suggested
useful approximations of these limiting distributions.

To estimate O it is common practice to employ a maximum likelihood
estimator of 6 under HO or an asymptotically equivalent estimator. Little
is known about the influence of the method of estimation on the power of
tests. This is not surprising: the asymptotic distributions (under alter-
natives) are quite complicated for most goodness-of-fit tests in common use
and hence, a comparison of (asymptotic) powers under different estimators
may not shed much light on the problem.

Quite another statistic.is proposed by CsOrgo and Révész (1981 b)
when the nuisance parameter is a location-scale parameter. Their test is
based on spacings between order statistics and is independent of 6. Again

the limiting distribution under H, is a complex functional of a Brownian

0
bridge; under fixed alternatives the test is consistent.

I.3. OUTLINE OF RESULTS

In the remaining chapters we restrict attention to a location-scale

nuisance parameter

8 = (u,0)' and
O =Rx (0,%)

and consider the testing problem

(1.3.1) Hy : FY e B = {8*(-;0) = H(i;—“);u € R,0 > 0}.

In Chapter II the results of Tumanyan (1956), Steck (1957) and
Morris (1975) are extended to a subclass of the Moore-Spruill class, in-
cluding the classical extensions WRn, RRNn and DNn of ?;. When k tends

slowly to infinity these statistics have normal limiting distributions



under Hy and under local mixture alternatives (Theorem II.2.2). The para-
meters of the normal distributions are the leading terms of the expecta-
tions and variances of the statistics for fixed k. Bickel and Rosenblatt
(1973) obtained a similar result for the Watson-Roy statistic when the
Fisher information is finite. In the proof of Theorem II.2.2 we rewrite

the statistics under consideration as the sum of ?; and some remainder
terms that are small in probability. Then the desired result follows from
Morris (1975). (Without proof several authors claimed that results for fixed
k are easily extended to the case where k is of order vn . But they seem to
have overlooked the problems arising from bounding the remainder terms due
to the growing dimension of Vk(e).)

As an important consequence of Theorem II.2.2 we show that when k -+ ®

the Rao-Robson-Nikulin test generally dominates the statistics DNn and HRn
in the sense of Pitman (Corollary II.3.1). This partly explains the con-
flicting results for fixed k between simulation studies of Rao and Robson
(1974) and local theory (cf. Moore (1977), LeCam et al. (1984), Drost
(1986)) .

Theorem II.2.2 implies also that the criterion whether to keep k bounded or
to let k » » for the classical Pearson statistic (cf. Kallenberg et al.
(1985)) extends to the location-scale nuisance parameter case.

The effect of the estimation procedure on the asymptotic local power
is investigated in Chapter III. We show by very crude methods that other
estimators than the usual maximum likelihood estimators may lead to a large
increase of power for certain interesting classes of alternatives.

First we consider strongly non-robust estimation, i.e. situations where 6n
behaves well under HO but is not vn-consistent under local alternatives.
Then general EDF statistics, including CRn(A) and MSn, are consistent
(Theorem III.2.1), while the asymptotic local power is bounded away from 1
in more classical situations where én is V/n-consistent (cf. Durbin (1973),
Moore and Spruill (1975), Cressie and Read (1984)).

In the second part of this chapter we assume that én is /n-consistent.
Then, for special chi-square type tests, we prove oncemore that it is
preferable to use non-robust estimators, i.e. estimators which have a
relatively large bias or variance under local alternatives (cf. Section
II1I1.3).

Theoretical results and numerical evidence suggest that non-robust esti-

mators are best. Robust estimation leads often to a substantial loss in



power for interesting ranges of alternatives while the gain in special
directions is relatively small. This explains also simulations of Stephens
(1974), who pointed at the high power of several goodness-of-fit tests when
parameters are estimated, compared to the same tests with known parameters.
Finally the last chapter deals with power approximations for tests of
the Cressie-Read class when no nuisance parameters are present. Although
classical (moment-corrected) chi-square approximations work reasonably well
under the null-hypothesis for CRn(A) (cf. Larntz (1978), Cressie and Read
(1984)), (moment-corrected) non-central chi~-square power approximations are
inadequate for moderate sample sizes (cf. Figure IV.3.1). When the power is
high a simple more or less accurate approximation is a normal one (cf.
Broffitt and Randles (1977)). It gives a crude impression of the power as a
function of A. Quite often, however, the errors are ten percent or more
(cf. Figure IV.3.2). In Section IV.2 we present a new approximation based on
a weighted sum of independent noncentral chi-square distributions. In
Theorem IV.2.1 we show that the accuracy is of order o(n-%) uniformly in
alternatives (local or nonlocal) and levels.
Exact power computations for n = 20 and n = 50 show that the approximations

are very good especially in the range 0 < A < 2 (cf. Section IV.3).






CHAPTER II

GENERALIZED CHI-SQUARE GOODNESS-OF-FIT TESTS
FOR LOCATION-SCALE MODELS
WHEN THE NUMBER OF CLASSES TENDS TO INFINITY

II.1. PRELIMINARIES

II1.1.1. Local alternatives

Let Yl""'Yn be i.i.d. real-valued absolutely continuous random
variables with distribution function FY and consider chi-square type tests
(I.2.8) for the testing problem (I.3.1) when k > ©, It seems out of the
question to obtain useful asymptotic properties for the whole class of
Moore-Spruill statistics when k > © because the choice of Pk depends on k
and the class of all (k xk)-matrices is too large when k > ®. Estimating
the nuisancg parameter 6 disturbs the simple covariance matrix of Vk(e)
when 0 is known. This motivates the following subclass of the Moore-Spruill

class:

2 = gy - [ |“' 8
(IT.1.1) X = vk(en) [Ik Dka+Dk!\(k)Dk]Vk(6n) ,

where Ik is the (k xk)-identity matrix, Dk the orthonormal matrix defined
in the line preceding (II.1.12) and A(k) a symmetric nonnegative definite
matrix characterizing Xﬁ. This subclass contains the classical random-cell
gen?ralizations WRn,,RRNn and DNn of Pn' The matrix Ik'-DkDi project;
Vk(Gn) on the orthogonal complement of the column space of Dk (col.(Dk))
and removes all noise due to en (cf. Dzhaparidze and Nikulin (1974)). The
second part DkA(k)Di permits a large degree of freedom in directions
sensitive to the estimator Gn (cf. Rao and Robson (1974), Hsuan (1974),
McCulloch (1985)).

To study the behaviour of Xi for a broad class of alternatives, let
G be any given alternative and consider the contamination family of

location-scale distributions

(I.1.2) Gy = {G;n(.;e) = Gnn(:;li)

- Y el A
5 (1 nn)H( S )+nnc( S ),u €¢R,0 >0},
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where nn > 0 as n > ©, A common choice of nn is of type nn = n-%Y~+0(n—%)
for some fixed Y > 0. When k is bounded this rate results in an asymptotic

local power bounded away from one at the local alternative hypothesis

Y
(I1.1.3) H1n : F e Gnn

(cf. Moore and Spruill (1975)). We consider general n, + 0 when k * .,

II.1.2. Assumptions on the distributions.

Denote the gradient with respect to 6 by Ve (Vé transposes Ve), let
En{v(Y)} denote the expectation of v(Y) with respect to G let the symbols
o, OP, 0 and 0p have a componentwise interpretation if they are used for
vectors or matrices and put 90 = (0,1)".

We denote the null (alternative) distribution H (G) by its equivalent
Go (Gl) to unify notation in the remainder of this manuscript. Denote the
densities corresponding to G;(x;e) (Gn(x)) by g;(x;e) (gn(x)) and assume
the following regularity conditions

-a (Vx,y e R) [go(x) —go(y)l < LOIx—yl for some Lo < o
-b lim xg,(x) =0
|x]ae 0

2
C.II.1 1 =-c EO{”VS log gg(Y;9)|e=eJ[ } <o

-d G1 is differentiable

-e M, = sup gl(x) < o
XER

The Lipschitz continuity of 99 implies absolute continuity. Let gél)

be a
derivative of g0 with respect to Lebesgue measure; so C.II.l1-c is properly
defined and implies the finite existence of the Fisher-information matrix

Je = OZJ, where

=3 * . ! * -
(I1.1.4) 3 = B[y log gf(¥;6) |e=eo Vo log g5 (¥:0) |e=90]-
The conditions C.II.1-a,e imply that 9 is bounded

(II.1.5) M_ = sup gn(x) <o (0=<n<1).
xeR
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II.1.3. Assumptions on the estimator en.

Suppose en is location-scale equivariant and admits the pointwise

representation

b g L B (Y o5
(1I1.1.6) n (en-e) =n 0 j§1h 5 +OQn AR A
where h = (hl,hzf : R,QJRZ is the vector-valued influence function and
Qn = (an,anf : Igl*'R? the remainder. The influence function h often
coincides with the influence curve (cf. Huber (1981) or Serfling (1980)).
Assume

[ -a Enn)} =0

' -1
-b Eo[h(Y)h(Y) l=n

C.II.2 { -c El{h(Y)} = 0 if nl’nn is unbounded

-a B {lnml|?) < =

-e Qn(Yl,...,Yn) = OP(I) under G0 and Gnn

where A is a finite nonsingular matrix. Sufficient for (II.1.6) to hold

1
under Hln(nznn=0(1)) is that (II.1.6) holds under Hy and [ (gl/go— l)szO < o,
because under the latter condition the joint distributions of Yl""’Yn

under Hyo and under HO are contiguous (cf. Oosterhoff and van Zwet (1979)

and Oosterhoff (1985)). However, the integral condition is not satisfied for
heavy-tailed alternatives as shown in Kallenberg et al. (1985). Of course

(I1.1.6) and C.II.2 may still hold under H n for particular estimators in

1

such cases too. Condition C.II.2 implies that én is V/n-consistent under HO

and H1n (if Qn = Op(l) it even implies the asymptotic normality of én)

58 -
(I1.1.7) n (en-e) = 0p(1) under HO and H

in

In Chapter III we shall consider the case n&”én-6||+ % under Hln' Under
regularity conditions Bickel (1982) (cf. also Hajek (1972)) showed that the
maximum likelihood estimator éﬁL admits the representation (II.1.6) with
4, = op(l) and

-1 (1) (1)

ML -1 '
(I1.1.8) h (x) =7 veloggg(x;e)le=eo=-a (g (x)/gy(x), 14xg " (x)/g(x))',

implying A = J.
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II.1.4. Definitions and notations.

A natural choice for the cell-boundaries in the location-scale model

is of type U +a0. Let {ak}k>2 be a sequence of (k+l)-vectors with com-

ponents —-® = a0 < ... < Ay = o inducing a partition of R into k disjoint

intervals (for each 0)

* 0) = '+ ] i =1 k
Iki( = (L+a 10,u+aki<5 (i=1,...,k).

ki-

Let I ., be the interval

ki
*
T = T (Og) = (@ g0y
and put
* * _ * .
py; (n,6%,0) = £* . dG (x79)
ki

the probability of I;i(e*) under G; (x;8) (i=1,...,k). The cell-probabili-
ties are independent of 6 = 6”

= % - P
Py ; (M = p,(n,8,8) = 4G, (x) (i=1,...,k).
I,
. ki
Define the (kx2)-matrices B, = [Bik'B2k] and C, = [clk’CZk] by their i-th
rows
B . = p.1(0)V.p*. (0,0 )|
ki~ Prit oPki V077 lo=0
=%
(I1.1.9) = py; (O lggla, 1) -gqla )y, 4900, 4) -390 )]
| '
Cy = (P (0 [ hx)'de,(x))-a
Txi

(i=1,...,k). Direct calculation shows that the rows of Bk can also be

written as

— -3 ' * s
B, =P (0) | Vglogggix;6) lo—o a6 (x)  (1=1,....%).
Ipg 0
i
Note that Ck = Bk when using éﬁL (with hML given by (II.1.8)). Using

Lemma A of Kallenberg et al. (1985), the Cauchy-Schwarz inequality and the

finite existence of J and A it is easily seen that in the general case

' ' _
(I1.1.10) BkBk = 0(1) and Cka =0(1) as k > »,

Straightforward calculation shows that the asymptotic covariance matrix
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under HO of the non-vanishing part of vk(én) is given by (cf. Remark II.4.1)

- 1 1] -1 1
= - v — - -
(11.1.11) Zk I, q]q]'+(B] C, )A (B] C]) C A Cpy

where q = (ptl(O),...,p;k(O»'. Zk does not depend upon the location-scale
2 _ ' = qt - . .
parameter. Note that||qkl| 1, quk chk 0. Let Dk be a matrix with

orthonormal columns such that col.(Dk) = col.([Bk,Ck]) and let Y(k) be the

nonnegative definite matrix
]
(I1.1.12) Y(k) = Dk Zk Dk'
Then, substituting (II.1.12) in the RHS of (II.1.13),
= - v 1 1]
(11.1.13) Zk I - 99 Dka-+DkW(k)Dk.
Define the k-vector dk(nn) by its components

% b
n (pki(nn)-pki(O))/pki(O)

d,.;,Mmy)

e} e .
n nn(pki(l) -pki(O))/pki(O) (i=1,...,k).

Finally define A;(nn), the noncentrality parameter Ak(nn), the location

parameter mk(nn) and the variance parameter sﬁ(nn) by
* _ L L 2
& () =[lAG) D@, (n ) -B.nn E {h Dl

= ' % 2 %
A ) =|llx, -p, 0@, () -Ba'n B DI +a M)
(I1.1.14)

mk(nn) k+Ak(nn) and

2
sk(nn)

2k-+4Ak(nn).

The last two parameters are the leading terms of the expectation and the

. 2 _ _ 2 -
variance of Xn' Note that Ak(O) = 0, thus mk(O) = k and sk(O) = 2k.

II.1.5. Assumptions on the rate of k.

Let k = k(n) be a particular choice of the number of cells and

assume (under H_ put nn = 0)

0
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-a k - ® and nn > 0 as n > ®

-b lim max p,.(0) =0
koo 1<i<k ki

C.II.3 5 9 9
-c lim max d., k+|la =0
Lin max d, (m)/ G +[la, )l

-a (n’li+n ) (L +x )lo%k }>§ Loy =01

g K 09T 2 Py
where Ak is the maximum eigenvalue of A(k). Condition C.II.3-b puts a more
or less natural restriction on the cell-width as k - © and implies

lim max .(n) =20
s 1516k TKi''n

Condition C.II.3-c is the uan (uniformly asymptotically negligible)
condition of Morris (1975). A better grasp of C.II.3-d is obtained by

- -1 -1
looking at the special case nn =n %Y-ko(n 2y and pki(O) =k (i=1,...,k).

Then C.II.3-d reduces to
-1 _1 2 3
nZ(1+k 2Dk logZ k = o(1).

For the test statistics with Ak = O(k%)lthis implies that the maximum
number of cells is slightly less then n"%; examples are Wﬁn and DNn (cf.
Section II.3). In other important examples where Ak =~ k this bound reduces
to n5 (cf. RRNn in Examples II.3.3 - II.3.5). We end this subsection with
some technical conditions (under BO put nn = 0)

L
-a Qn(Yl,...,Yn) = op(k‘L‘/(l +>\k)2) under Gnn

1 1 1
-b tr.(A(k)2¥(k)A(k)Z) = o(k?)
C.II1.4 <
-c Dkdk(nn) = O(Sk(nn))

4 a4
k1'“kk-1

-1 _%
-d (n 2+nn)max{a }log 2 x = 0(1)
The curious condition C.II.4-a is often implied by C.II.3-d because the
-1
remainder term Qn is usually of order OP(n %) (Serfling (1980), Ch.2 proves
this for estimators based on quantiles; for regular estimators one even
-1

= 2
expects Q OP(n )).
In the Appendix II.5 it is shown that D]'{dk
Stieltjes sum approximating an integral. Under very restrictive conditions

1
(nn)/(nznn) is a kind of Riemann-

this approximation is quite accurate, but even if the conditions of
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Lemma II.5.1 are not satisfied the accuracy is often of order o(1),
1
implying Didk(nn) = O(nznn). The last condition puts a restriction on the

extreme cell-probabilities. Often the tail-behaviour of 9 bounds the akas

by log k, in which case C.II.3-d implies C.II.4-d.

II.1.6. Complementary remarks.

Consider statistics which do not depend on h through Ck

Ak = o(k%). Then the representation (II.1.6) is not necessary to obtain

Theorem II.2.2 but (II.1.7) suffices. Taking, however, h = 0 and A==A_1 =0

and suppose

(reducing a lot of terms to zero in this section) we can incorporate these
cases in the framework of (II.1.6). Thus, assuming Ak = o(k%) and (I1.1.7),
we omit the conditions C.II.2 and C.II.4-a,b (to delete C.II.4-b use
tr.A(k) = O(Ak) = o(ki) and derive from (II.1.10) that tr.¥(k) = 0(1)).

Finally note that the conditions C.II.3-b,c and C.II.4-c can be
replaced by

lim max (1) =0

oo 1915k Tki

- _1

if n =n %Y-fo(n 2) and if all cells are equiprobable (use
2

lla, ()II* = otk)).

II.2. MAIN RESULTS

In this section the limiting null and alternative distributions of

s rs 2 .
the test statistic Xn are given for the testing problem HO versus Hln' In

the proofs it is sufficient to restrict attention to the special choice
60 = (0,1)' of 0 because the distribution of Xi is invariant with respect
to 0.

PROPOSITION II.2.1. (Morris (1975)) Assume C.11.3, then

5 - 3 .

(P -/ (202 2 H(0,1) and
(I1r.2.1) _ ) 51
B, - Ge+lla )7 2k +4lla, (n )] H2 >, (0, 1)

PROOF. Under H, . Let uk and Gi be the expressions appearing in (5.5) and

in k
(5.7) of Morris (1975). Straightforward calculation shows
_ 2 k 2 2
W= k+”dk(nn)” +o(1) and X, of, = (2k+4”dk(nn)n )(1+0(1)). The

conditions of Theorem 5.1 of Morris (1975) are directly implied by our
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conditions. Application of this theorem yields the desired result. 0

REMARK II.2.1. The conditions of Proposition II.2.1 can be relaxed. For
more detailed results about ?A we refer to Morris (1975) and Kallenberg et

al. (1985). 0

THEOREM II.2.2. Consider the statistics Xi for testing Hy against the
family of alternatives (1I.1.2) determined by G- Assume C.II.1 -C.II.4,
then

2
(I1.2.2a) (Xn-k)/(2k)% +d0 v¢,1,
2 . . * - ®
(11.2.2p) (X -m (n))/s(n) a, N(o,1) Zf 1r1113§3up AN ) /sy (ny) < @ and
2 3 o . * o
(II.2.2c) (Xn-k)/(Zk) +Pln if ilm Ak(nn)/sk(nn) = oo,

PROOF. cf. Section II.4. [

REMARK II.2.2. Obviously Theorem II.2.2 continues to hold if 6 is either a
location or a scale parameter. The proof requires some slight modifications

in notation. 0

In the remainder of this section we state some corollaries concerning
the number of classes, the relative efficiency of test statistics of type
(IT.1.1) and the choice of estimators.

It is common practice to choose the parameter nn such that the
asymptotic local power is bounded away from o and 1. So the additional
condition on A;(nn) to obtain limiting normal distributions in Theorem
II.2.2 is quite natural, since otherwise there exists a subsequence of {Xi}
for which the power tends to one. This is further elaborated in Corollary
II.2.3; the ratio of the noncentrality parameter Ak(nn) and the square root
of k determines the asymptotic power

2 2
Ba(annrnn) = Pln(Xn(er---lYn) > Ck)

of Xi, where the critical values ck are given by

. 2
o = 1nf{c,Po(Xn(Y1,...,Yn) > ¢c) < al.

COROLLARY II.2.3. Assume C.II.1 - C.II.4, then
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o 0
2 . 1
i = £ i 2 =
(11.2.3) lim Ba(xn'n’nn) iff %ig Ak(nn)/k
1 o
PROOF. The critical values of the test Xi satisfy
¥ voud |
¢ = k+(2k)2E +o(k?),
where Ea = Q—l(l—a) denotes the upper O-point of the standard normal dis-
tribution function ®. Because every subsequence of A;(nn)/sk(nn) has a
further sequence with a limit (finite or infinite) we assume without loss
of generality that the sequence A;(nn)/sk(nn) has a limit. If
*
i <
rll_gg A (/s (n ) < apply

2 _ 2 _
Ba(annlnn) = Pln(Xn > Ck) =

2 1
P, (X -m(n N/s (M) > =AM )/s (M) + & (2K)Z/s, (n)) +0(1))
o 0
iff Ak(nn)/sk(nn) -+
1 ]

(using (II.2.2b)) and otherwise apply

2 _ 2 _ 2 3
Ba(Xn.n.nn) = Pln(Xn > ck) = Pln«Xn"k)/(zk) > Ea-+0(1)) > 1

(using (II.2.2c)). Combination of these two results yields (II.2.3). |

REMARK II.2.3. Assume C.II.1 - C.II.4, then Corollary II.2.3 implies
0 asymptotic local power | bounded k
_1 1
lim A (n"2)/kZ = =
n->o k 2
Sl of Xn highest for k>

J"Y-i—o(n_%) results in an asymptotic local power
between 0. and 1 for bounded k. 0

because the choice nn =n

To evaluate the relative efficiency of test statistics of type
(i)
k = (1)
and the estimator Gn (i=1,2)

(II.1.1) we introduce some more notation. Let S
(i)

be a statistic of type
(I1.1.1) induced by the matrix A(k)

and define the sequence nl(n)

(1)

n, () = min {n ;8 (5., ) - Ba(S(Z)

k(nl)

(2)
k

M) < o}.

(1)

The Pitman efficiency of Sk

with respect to S is defined by
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ep(S(l),S(z)) = lim n, (n)/n

N0

provided that this limit exists. In Corollary II.2.4 it is shown that the
(1) (2)
X and Sk

noncentrality parameters A]il) (nn) and

relative performance of S only depends upon the ratio of their

(2)
Ak m,) -
2

COROLLARY II.2.4. Consider a nonzncreaszngsequence {n } such that nn_
(1) (1)

vartes slowly as n > . For S assume A (n )/kz i > 0 and assume

C.II.1 - C.II.4 under Hy and H (mth contamtnatzon factor n ). For S(z)
assume A(z) (n )/k% > c, < L and assume C.II.1 - C.II.4 under Hy and H

(for all cortamv,natwn f‘actors =7 -1 with m(n) » © as n + © gnd such
n

that l;u:usup m(n)/n < s +c /c for some small fixed ¥ > 0.
Then

(1) o(2), _
(I1.2.4) ep(S ,S ) = cl/cz.

PROOF. Let a = bn have the interpretation: (V € > 0) (3 no) (Vn > no)

la -b | < €. Note that B (s( )

:n,ﬂn) > Q)(Cl -gu) > 0. First assume
0 < cl,c2 < © gnd let {m = m(n)} be a sequence such that m< (—6+cl/c2)n=ﬁ'

for some 0 <8< cl/cz. If m remains bounded

(2) (1)

Ba(sk(m),m,nn)'k'-a NRACH -8, ® B, (S "mum ),
otherwise
2 A n )
n n
oo _k(m) m
Ba(sk( yrmeny) & ‘b(,ﬁ T ga)
2 A, (n)
i " “km)'n
< ¢(_n____.r21_______g ~ O((-8+c, /e, -E)
n nnﬁ k%(m) o 1772772 o
~ (1)
< q)(C1 -Eu) ~ BOL(Sk ,n,nn)-
Similarly one proves for m(n) = (6+cl/02)n (0 <6 < 6*)

8 (S(2)

o S (m ),m.nn) = O((S + cl/cz)cz—ia)

> 0(c, ~£) ~ B (55 nim )

1) 5(2)

and thus eP(S ) = cl/cz. Next consider sequences {m = m(n)} such

that m < Mn = n for some M € R. Then, if c ==,
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6wy < 1 45
and, if c, = o,

By (5520 mmy) ™ a < 8(ey £ ~ B (5 nm).
Hence ep(S(l),S‘z)) =o. 0

This corollary resembles Theorem 5.1 of Shirahata (1976); the
dependence upon k in relation (5.4) of Shirahata (1976) disappears when
k > o,
The noncentrality parameter of Xi is heavily influenced by the choice of2
the estimator via the influence function h. The relative performance of Xn
for different kinds of estimators can be calculated from Corollary II.2.4,

cf. subsection III.3.2 for a more detailed discussion.

II.3. CLASSICAL EXTENSIONS OF ?; AND EXAMPLES

II.3.1. Asymptotic distributions.

In this section we investigate several properties of the statistics
WRn, RRNn and DNn (cf. Section I.2). The Rao-Robson-Nikulin statistic is
not precisely defined in (I.2.6) because we did not specify the generalized
inverse of Zk. Although the exact distribution of RRNn depends upon the
choice of Zk in several examples where r(Zk) < k-1, the limiting nmall-
distribution of RRNn is generally independent of this choice when k is
fixed. If k = @ the choice of Zk is more delicate (cf. Example II.3.2).
Therefore we restrict attention to the Moore-Penrose generalized inverse

+
Zk of Zk; from now on we assume that

_ A\t A
(11.3.1) RRNn = Vk(en) Zk Vk(en).

To make comparisons of WRn, RRNn and DIVn more transparant define the

modified Dzhaparidze-Nikulin statistic
~ s _ .
(11.3.2) DN = v, (8) [Ik Dka]vk(Gn) .

which projects vk(én) on the linear subspace of Rk orthogonal to col. (D,).

k
Note that DIVn = DIVn when using the maximum likelihood estimator éﬁL and

the influence function hML of Bickel (1982) (cf. (II.1.8)). In Table II.3.1
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the limiting null-distributions of the statistics WRn, RRNn, DIVn and ﬁﬁn
are given when k is fixed. Note that these statistics belong to the class

of statistics (II.1.1).

Table II.3.1. Classical extensions of Pn.

Xi A (k) limiting null-distribution
r (Dy,)
2 k 2 *1)
e, Tt () Xe-t-r (o) * 35 MeaXis
+ 2 *2)
RRIVn ¥ (k) Xy (zk)
-1 *3) 2
- 1 '
DNn Ir(Dk) z(z'z) "z Xk-l—r(Bk)
~ 2
DNn 0 Xk—l—r(Dk)
*1) Aki (i.=1,...,r(Dk)) are the eigenvalues of Y (k)
*2) p(£) = k-1-r(D,) + (¥(K))
k k
*x3)

z is a (r(Dk) xr(Bk))-matrix such that col.(Dkz) = col.(Bk)

Let k > ® as n > ®, Then the conditions C.II.4-a,b are trivially
satisfied for the statistics WRn, DNn and ﬁﬁn because Ak <1-= o(k%).
Taking h = 0, A = A_1 = 0 condition C.II.2 is also automatically fulfilled
for the Watson-Roy statistic and the Dzhaparidze-Nikulin statistic (cf.
subsection II.1.6). This choice is not possible for the modified
Dzhaparidze-Nikulin statistic because we essentially use a non-null
function h in the definition of Dk (Ck). Note also that C.II.4-b is
satisfied for RRNn.

The Watson-Roy test also appears in density estimation theory. As a
particular case Bickel and Rosenblatt (1973) obtained limiting distri-
butions of this type when the Fisher information is finite. In Example

II1.3.1 these results are derived from Theorem II.2.2.

- -1 1 -
EXAMPLE II.3.1. Put pki(O) =k 1 (i=1,...,k), n,=n %k“y+o(n %k?'-) and
—_— _1l 9 3

assume C.II.1, C.II.3-c, C.II.4-c,d, (II.1.7) and n %kﬁ log7 k > 0 as

k > © and n * <, Then
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1
(WRn"k)/(2k)2 +dO N(0,1) and
1 2
- z X
(WR_-k)/(2Kk) a1, N(\/‘z' I(g1,2),1) ,

where I(g1,2) is the Fisher information (cf. (II.3.7)).

PROOF. Lemma Al of Kallenberg et al. (1985) shows ||dk(nn)H2/(nnx21) > I(g,;,2).
Application of Theorem II.2.2 yields the statements. [J

For such distant alternatives as considered in Example II.3.1 the
asymptotic local power is bounded away from 1 if the Fisher information
is finite. Indeed, in view of Remark II.2.3, we recommend bounded k in
our testing problem (I.3.1).

The second example shows that special sequences for the generalized
inverse can have a disastrous effect on RRNn. This is due to the fact that

one has to choose a generalized inverse for every k.
EXAMPLE II.3.2. Consider the Laplace null-hypothesis with unknown location

: Y
HO : £ € {go(x) = lz-exp (—[x—u|);u € R}.

Put p, . (0) = k! (i=1,...,k), let I =med (¥,,...,¥ ) and let k = k(n) be

a sequence of even numbers tending to infinity such that k2 log% k = o(n%).
Then the limiting null-distributions of WRn and DIVn = RRNn (with the Moore-
Penrose generalized inverse) are asymptotically normal with parameters k
and 2k.

In general the asymptotic distribution of RRNn depends upon the choice

of Zk'

PROOF. Under Hpy the median satisfies condition C.II.2 with hML(x) = sgn(x)
and Q9 =0 (n-%) (cf. Serfling (1980), Ch. 2) and, because Bin =J =1, we
btain b3 I—)ZJ’ = I -qaq'-q(q), with q& = (-k_ i R k_%)'
o nt =% =TI -qq-q/(q), with q = PR ’ PR .
C.II.1 -C.II.4 are easily verified using lakll =g = log (k/2).
Theorem II.2.2 yields the first statement.

To prove that the asymptotic distribution of RRNn depends upon the choice
of Z; we consider the generalized inverse

- _ * , k.,
Zk = Ik+knqk(qk)
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of Zk. Then
. .- . 0 even
RRN =V, (W) X V. (U) =HWR +{ ifn{ .
n k''n k 'k''n n X odd
Thus (RRN;-k)/(Zk)% does not converge to a normal distribution. O

Note that the distribution of RRNn does not depend on the choice of 2; if
r(Zk) = k-1. Although r(ik) < k-1 seems rather pathological it quite often
occurs when using estimators based on quantiles, e.g. the median or the
interquartile range.

In Example II.3.3 we consider a normal null-hypothesis against a
Cauchy alternative. Although n% (-fn-u) = 09(1) does not hold at the fixed

alternative, it is satisfied under the sequence of local alternatives.

EXAMPLE II.3.3. Consider the testing problem of a normal null-hypothesis

with unknown location

Hy FY e {0 (x-p);u € R}

against the local alternative

H o e {11 -n, )0 (=) +n (—+— arctan (x-U));u € R}.
Put p, . (0) = ot (i=1,...,k), n =n %y+o(n i), let un =n! Z;.‘___l Yj and

let the sequence k = k(n) + ® such that kg 1°g§ k = o(nz) Then

lim B (WR ,n:n )= 11.!!1 B (DN ,n,n )= 1lim B (RRN ,n,n ) = 1.
nse O nro O

PROOF. First we derive the limiting distributions of WR RRNn and DNn
under Hy. The mean estimator fulfills C.II.2 Wl;h h (;;N= X.

Furthermore note that lakll =a, ¢ = (21og k)? and X, " = 1/(1'-B£Bk) <
< 2k log k. From Theorem II.2.2 it follows that WRn, RRNn and DIVn are
asymptotically normal with parameters k and 2k. With the previous choice
of h condifion C.II.2 is violated under local alternatives. Note, however,
that n2(ﬁ -u =3 ayp N(0,1) + yCauchy = 0 (1). Application of Remark
II.4.2 ylelds the limiting distributions of WR and DN under local alter-
natlves. Corollarv II 2.3, RRN DN = DN n’ (B B ) %B d (n ) = 0 and

Ak (n) = (n ) > nln L (P (1) —l/k)zk > ck/log k (for some ¢ > 0) imply

the de51red statements. [
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I1I.3.2. Pitman efficiencies.

Let én be a particular choice for the estimator and assume that the
same influence function h is used for each of the statistics under con-
sideration. McCulloch (1985) proved that if one uses éiL the Rao-Robson-
Nikulin statistic is the sum of the Dzhaparidze-Nikulin statistic and the
positive statistic for testing normality which is proposed by Hsuan (1974).

This result generalizes to

(11.3.3) D <DN < WR ; DN <RRN .
n n n n n

Similar relations are true for the corresponding noncentrality parameters.

COROLLARY II.3.1. Assume the conditions of Corollary 1I.2.4 ‘br the
statistics ﬁﬁn, DNn, WR and RRN and suppose D d (n ) = o(k“), then

(1I1.3.4) ep(z'ﬁv,mv) - ep(ﬁv,wm =1 and

5 . 2, BRN
(11.3.5) e, (DN ,ERN) = llﬁ:_g ”dk(nn)ll /b () < 1.

PROOF. The noncentrallty parameters of WFn, DNn and 5Wn are equal to
”d (n )” -+0(k2) Application of Corollary II.2.4 yields (II.3.4) and
(11.3.5). 0

Hence, under mild conditions the Rao~Robson-Nikulin test turns out to be
the best one of the classical generalizations of ?; if k tends slowly to
infinity (cf. Section III.4 for numerical illustrations).

The tests (II.1.1) can also be used for the simple testing problem
G0 versus Gn , inserting the estimator en for the known value of the
locat10n—scale parameter. In this manner X becomes a competitor for the
classical Pearson chi-square statistic. The limiting distributions of X
for simple hypotheses are identical to the limiting distributions under
composite hypotheses because the testing problem is invariant with respect
to the location-scale parameter. Thus, assuming the conditions of

Corollary II.3.1,
(II.3.6) e P,RRN) <1 =e (P,DN) = e (P,DN) = e_(P,WR).
P P P p

1
Finally we investigate the behaviour of the ratio Ak(nn)/(kznni) for
the test statistics (I.2.4), (I.2.7), (II.3.1) and (II.3.2); it plays an
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essential role in our discussions. For fixed k the parameter Ak(nn) heavily
depends upon the choice of the estimator én and the matrix A(k). When
k > © Proposition II.3.2 shows under very severe conditions that the

1
behaviour of Ak(nn)/ (nnrzlkz) is only determined by the information function
(cf. vajda (1973))
(I1.3.7)  I(gy,0) =Eyllg, /gy -1} (1 <z <=
for values near r = g‘- and not on én. In this very regular case the
criterion to keep k bounded or to let k * « only depends on the ratio of

the densities 9 and 95 (cf. Remark II.2.3).

PROPOSITION II.3.2.

i) Let Xi be a statistic of type (II.1.1) with noncentrality parameter
Ak(nn) . .Asiwne
- I(g1,§+p) = o for some p < 0O
-vVe>0 qlx) =g, (G-(;1 (x))/go(Ga1 (x)) Zs bounded on [e,1-€]
if q(x) is not bounded in a neighborhood of 0 (1), then q(x-l)
(q(l—x_l)) varies regularly at o

Ioga, Il = odlay ()l

- limsup max kpk. (0) <
ko 1<i<k <t

Then
(11.3.8)  Lim A (n)/kZnnd) = =
o o kM n :

ii) Let Xr21 be one of the statistics (1.2.4), (I.2.7), (II.3.1) and (I1I1.3.2)
with noncentrality parameter A, (n). Assume

- I(gl,%+p) < o for some p > 0

- for suffictiently small € the components of h(G(—)1 (x)) are Lipschitz
continuous of order % on [e,1-€] and monotone on the intervals
(0,e) and (1-€,1)

- h(Ga1 x) = 0x"%) and h(Gal(l-x)) oS asx v o for some
0<é6< -‘1]7
2460
- )\k = o(k2+ 4+3p 26) as k > o

- liminf min kp, .(0) > 0
ko 1<i<k Ps |
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Then

. 3 2 _
(I1.3.9) iiz Ak(nn)/(k nnn) = 0. .

PROOF. cf. Section II.4. 0

In Example II.3.4 we consider the testing problem of an exponential
null-hypothesis against the contamination of two exponential densities.
It is shown that the Pitman efficiency of RRNn with respect to DIVn and WRn
is strictly greater than one.

EXAMPLE II.3.4. Consider the testing problem of an exponential null-
hypothesis with unknown scale

Hj : F e {1 - exp (-x/0);0 > 0}

against the contamination of two exponential densities

B Fe{a -n) (1 - exp (-x/0) + 1 (1 - exp (-x/(40));0 > 0}.

Put p,.(0) =k * (i=1,...,k) and n fy+o(n f), let 6. =n 5%, vy,
ki % l =1 7j
and let the sequence k = k(n) =+ © such that k logf k = o(n2). Then

e, (RRN,WR) = e (RRN,DN) > 1.

PROOF. Take h(x) = ML(x) = x-1 and note that 0 < ay < A1 = log k,
-3
(8;B,) 2 [Byd, (n )| <2vlog k and that A /k = k~ Lya - BB,

from zero and infinity. Now the condltlons C.II. 1-—C II.4 are easily veri-

) is bounded away

fied. By tedious algebra one can show Ak (n ) = A (n )-+0(log k) =
1
O(k%) and 11m1nf (A (n ) - Ak (n ))/k2 > 0. Apnllcatlon of Corollary
I1.3.1 ylelds the desired result. D

Proposition II.3.2 is not applicable to Example II.3.4 because the para-

meters are such that I(gl,énkp) = o for all p > 0. If, however, we choose
an alternative G1 such that I(gl,%nfo) < o for some p > 0, the condltlons
of Proposition II.3.2 are satisfied because A = 0(k) and h (F (1—x» =

=-logx - 1 =0(x_6) for all § > 0.

Note that the contamination of two different distributions from the same

location-scale family does not lie in that family. This is an unpleasant

feature of the local family (II.1.2): Although H, and H, coincide Example

0 1
II.3.4 shows that the power at local alternatives Hln can be appreciable.
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The final example shows that, for fixed k, one cannot order the
classical extensions of ﬁg. The order which holds for k - ® may even be

reversed.

EXAMPLE II.3.5. Consider the testing problem of a normal null-hypothesis
with unknown location versus a regular symmetrlc alternative. Put

-1 —1 n
pki(O) =k (1-—1,...,k), L=D %Y-ko(n 2), and let u Xj=1 Yj.

Then, for fixed k,
e (DN,WR) > 1
P
e (WR,RRN) > 1
P
2 1oq? 3
while, for k > ® and k? log? k = o(n2),

DN ,WR) = WR,RRN) = 1.
ep( WR) ep( ' )
PROOF. cf. Example 5.1 of Drost (1987). O

II.4. PROOFS

II1.4.1. Proof of Theorem II.2.2.

The proof is based on three lemmas. The first one rewrites Vk(én) as
the sum of the classical Pearson term and two remainder terms. The last two
lemmas investigate the influence of the error terms. Proofs are only given

under H, and 0 = 60 = (0,1)' (the proof under H. is obtained by substi-

in 0

tuting n_ = 0). Note that (II.1.7) implies that ﬁn »5 0 and 6n »p 1 if 0

is true. Throughout this section we assume without further references the
conditions C.II.1 -C.II.A4.

Introduce the notations (aij)ij for the matrix with (i,j)-th entry
.,(b.). for the vector with elements b. and let G.j be the Kronecker

symbol The relevant values for the 1ndlces i and ] are derived from the
text. Let G (U) = Jy dG, (x) and let g(X)I = g(b) -gla) g(x)l |§ is

defined in a similar manner.
LEMMA II.4.1. (Moore and Spruill (1975))

5 ) = —Bntd -
(11.4.1) vk(en) = vk(eo) Bkn (en 90)+Rk,

where R, =R *Ry. Ry and R, are random k-vectors with components
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n ] a
-3 1 Mn ¥ 2% ki
= pki(O)n?-{Fn(x) —Gnn(x)} ) - and

n ¥ %i-1% |%ki-1

e
|

1ki

R

1 -
LI -} oynt (g -
ori = Bygn? 6, -0 +p, 2 (0)n? (B} (.6 ,60) -p,; (N))

(i=1,...,k).

PROOF. Direct calculation. 0

REMARK II.4.1. Relation (II.1.6) implies Vk(en) =vk(90) - B

- Ban(Yl' . .,Yn) + Rk and the covariance matrix Zk (cf. (II.1.11)) is

n T §=1 h ( Y. ) +
J J
obtained by evaluatlng the expectation

_ _% n _ -1l n '
Eyl{v, (6, -Bn j§1 h(Yj)} {v 6 -Bn2 j§1 h(Yj)}]- 0
LEMMA II.4.2.

HRRIF = op(l) under By and B, and
(I1.4.2) '

”A(k)%D;{RkHZ = op(ki') under Hy and H, .

PROOF. Under . H, . The conclusions are implied by similar statements about

in
le and R2k'
]

1 1
B Irylf = o ) ana [[A0 iR, [P = 0 o).

The proof is a modification of Ruymgaart (1974). His theorem is not direct-
ly applicable because for k - « the mean of k tight random variables is
not necessarily tight.

Let B(n,p) be a random variable having a binomial distribution with para-
meters n and p. Let ¢ be some sufficiently large constant. We use the

following inequalities (cf. Bahadur (1966), Hoeffding (1963)).

nt) < c . exp (-2nt2) uniformly in p € (0,1)

v

(1I1.4.3) P(|Bin (n,p) - np|
and t > O,

t) < c- exp (—%tz/(np+t)) uniformly in
p e (0,1) and t > O,

[\

(II.4.4) p(|Bin (n,p) - np|

(11.4.5) P (sup an(x) -F(x)| 2t) £ c-exp (-2nt?) uniformly in t > 0
x€R
and distribution F.

Let € > 0. Because of (II.1.7) there exists NE such that for all n
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5 - > <
1>1n(ni'llen 0ol > ) < e/a.
Let n, be a sufficiently large integer. Define intervals

J.={xeRri|x-a

-1
< 2 i = -
-~ ki] e+ +|aki|)n N} =1,k

where the constants cni 2 0 are chosen such that for n 2 n0

= 2n? 1og? - -
(11.4.6) Gy (3,) = 207 log? k  (i=1,...,k-1).

Note that C.II.3-d implies that the RHS of (II.4.6) tends to zero. The
construction is possible because of (II.1.5) and C.II.4-d. Note

£ 3 .)

Pln(a ie{1,...,k-1} un-kaklcn ni

- - -1
= i - - > 2
P, 31iec{1,...k1} |un~+aki(on 1) eyt +|aki|)n N)

1 . i
< pln(n2|un| > N) +P1n(n2|0n—1l > Ng) < €/2.

Let 6 > 0. Because of C.II.3-d, for n 2 ny.
- k -
256 n 3 log% k £ p %(O) < § and
i=1 ki
% 1 3 k -1
- Zz 2 <
256 n 4k Ak log? k izl pki(O) < 6.
%,
Because ||A (k) L
P (”A(k)%D'R IF > 8k3) are both bounded b
in k k!l = 4

|F < Ak”R1k|F the probabilities plndlklkIF 2 §) and

- - - = 2
k4 Pa*aki% (Pt 3ki-1%
P1n<1)=:1 Pki(O)n({Fn(X) —Gnn(X)} - ) >

a. a
ki ki-1

- k.
> 256 n 3 log% k Z pki(0)>

A

P 3ic {1,...,k-1} u +a 0 £ It

;)

€ J .;

+ Pln(v ie{1,...,k-1} un-fakicn ni

0 +a .0 _
3ic U, k1) [{F 0 -Gneo}| P KR 2 a0 10t k)
n n
ki
k=1

€
=+ I p,_(sup |F_(U) -G
2 451 In Uedy; ™

(11.4.7)

IA

_% 3
n @] = 80" logh k),
n
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where Jni ={uc Jni; U is an intervall}l. To prove that the second term of

(II1.4.7) is bounded by €/2 define the conditional probability

- 3
") = Pln(szg _IFn(U)'-Gnn(U)I z 8n ? logt]{an(Jni) = j/n)

ni
(i=1,...,k-1;3=0,...,n).

Then

- 3
P, (su F_(U) -G, (U) ZBn%logu k)
in Uc? _I n L™ l
(I1.4.8) ni
= g, 1t I 1 )ﬂ.(j)P (F (J_.) = j/n).
<j£nzlogik 3>n? log? k * In"n"ni

For n 2 n, it is easily seen that the first sum of the RHS is bounded by

€/ (4k) using (II.4.3), (1I.4.6), ﬂi(j) < 1 and

1
% 1oq?
Pln(Fn(Jni) £ n % log? k)

IA

1 1
- 2 2
P, (n | F (3 ) Gnn(Jni) | 2 n? 1092 k)

A

c - exp (-2 log k) £ €/(4k).

Next we show that the second sum of (II.4.8) is also bounded by £/ (4k).
Note that for j # O conditionally given Fn(Jni) = j/n

| | F, (1) Fro() |
sup |F_(U) -Gp (U)| < Gp (J _.)q sup - +
Ued 4 n n n Nt Ued i Gnn(Jni) Fn(Jni)|
Gy (U
+ sup B Ny
F (I .) Gpn (3_.)
Ued ; | 'n ' ni N, "ni
< |F (3 ) -Gnn(Jni)I +Gp (3.;) sup |7, @ =Gy @ |,

UeJni

where Gn is the conditional distribution of Yl under H1n given Jni and
~ n

Fj is the corresponding empirical distribution function based on j

observations. Define

=3
. _ “F 1ogt -
™ @) pm(lpn(ani) Gnn(Jni)l > 4n ¥ log kIFn(Jni) j/n) and

~ ~ -1 i
j = - > [ 4
WZi(J) Pin (325 ‘IFj(U) Gnn(U)l 2n % log"* k)
ni
(i=1,...,k-1;5=1,...,n).
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Using (II.4.4), (II1.4.5) and ‘rri(j) < wli(j) +‘n2i(j), for n 2 ng the second
sum of (II.4.8) is bounded by

jgni log%k (m,3) +m,y, GNPy (F (T L) = j/n)

1 3
- > L L
< P1 (n[F (J i) Gnn(J i)| 2 4n* log" k) +

+ I %
j>n? log? k

c - exp (-4 logk/(1 + 2n4" 1og}" k)) +

P, sup |§j (x) -Enn(x)l >0t 1og"*‘ k)P, (F (J_.) =3/n)

n(x

IA

. exp (-2inF 1og? .
+ .Z 1 1 c-exp(-2jn 2 log k)Pln(Fn(Jni) = j/n)
j>n2 log? k
< 2c . exp (-2 logk) < €/(4k).
Thus from (II.4.7) and (II.4.8) we obtain Pln(“lell2 2 §) < € and
1 1
2p' 2
Pln(”A(k) DlekIF > 8k?) < e.
- 3 - %
B. IIRZkIF = 0,(1) and [|A(x) Dkazle = 0, (k%)
Observe that for i=1,...,k
-3 % - |pk 6 * 3
In"%py; (ORy ;| = [pg; (VB B -8 —py s (M) +py; (00,00 |
. a, . +0_+(0_-1)a, . a, .
- IP;‘ti(O)Bki(en'eo) +G (%) ki n- n‘ ki _ ] ki |
n a, .  +u_+(0 -1a . a, .
ki-1 n n ki~1 ki-1

a
- - ki
= !—go(x){un+ (Gn—l)x} +
qgi-1
* - . Bi
*on GG+ (0 - 1)x) |
ki1

where x* (x) is a random point between x and x +ﬂn + (an -1)x

< max 205 | +15_-1 =]} -
{akl"' .. 'akk-l

gk ) -x| +n gy X (x)) g (xFx)) |}

< 2L, max i |+ 16 -1 x| 12 +
{ay; ragk-1
+2n (M) +M)) {max {h [ +1o -1] x|}
ak1 r8kk-1

IA

2 2 2 2
e - max (ay g say N6, -0,ld16, -8l + .
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2 2 -1 :
Thus HR kl < 2c n”S —GOH (”6 -0 H +n, )max {a 1,akk 1} 1§1 p; (0). Using
”A(k)ZDkRzkII < AAIRZk , B is 1mp11ed by (11.1.7), C.II.3-d and

c.11.4-d. 0O

LEMMA II.4.3.

i) 2
HD v (BO)H = Op(l) under B and
(1I1.4.9)
2
' —-—
“Dk(Vk(eo) —dk(nn))” =0, under H, .
ii) 3 I - 2_ %
lAGx) 2D} (v, (8) ~Byn j§1 h(Yj))“ ofk?) under By and
(11.4.10) N
R 1 - n
1A (x) 2Dy (V, (By) =4, (n ) -B,n 2 z {h(Y ) -Ey by 3|2 =0y(s(n)
under H, .
in

PROOF. Under Hln' First we evaluate the expectations

1
Enn[ (Vk(Go) -4, (m)) (Vk(eo) -4, () 1

- -t oot -7 -3 '
=T oHn (8, T 00y, () - (g + 0 7d () gy 0 2dy ()Y

k ki n’"ij N
Ep [B.n! ¥ {hv.) -E, n(v)} T {h(v.) -F, h(v.}B']
n )= . P .
L e S s R S M e 377 3T Tk
- - "1 ] ) 1
=(-n)BA Bk+nanE1[h(Y)h(Y)]Bk +
2 not
-nanEl{h(Y)}El{h(Y)}Bk and
E, [B n_% z {h(y,) =En (¥, )}V, (6,) - d (n))']
n, "k 3=1 j L k70 k''n
S -3 ' '
=BA Cu N B (0 (0) i h(y)'aG(y) -GN} +
- -3 '
nBE (hv} (g +n 2d, ()"

Proof of part i): note that (using C.II.3-d)

B {llo} v, (8p) -3 (n D%

IA

tr.D [I +n 2(6 pk2(0)d (nn))ij]Dk

A

-3 -4 -
(1 + mex n p,:(0)|a, . (n)|)tr. DD

~

o(1).
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The proof is completed using the implication
2 . : 2 . .
(II.4.11) E{llxkll } = 0(1) uniform in k=l|xk|| = opm uniform in k.

Proof of part ii): let A(U) denote the maximum eigenvalue of the matrix

U (as before Ak is the maximum eigenvalue of A(k)), then

i, -1 2
Enn{llA(k)sz(Vk(eo) -4, (n)-Bn? j>=:1 ey —Engm(yj)})ﬂ }

=]

IA

1
' -3 -3 -1,
tr. A(k)Dk[Ik +n (Gijpki (O)dki (nn) ) i3 +BA "B +

1

+

1 ] "1 v -
nanE'l[h(Y)h(Y) ]Bk B,A C' -CA

L
kPG TGR Bt

-1
2 ' - '
B, (B, 2(0) i Ikin(y) 4G, (y) -Gy (y))] +

1
2 ' _ '
N, (.2 (0) IIkih(y) dG, (y) =Gy (¥)) By +

+

1
-} ,
nanEl{h(Y)}(qk-Pn 4, (n)) +

-1
+n (g +n 2d, ( NE {(hv'lB o

IA

1 % . -1
tr. A(K)2¥ (KA ()2 +n A, tr.D.D, max Py, (0 lp,;(1) = py (O] +

+

' 2
nn)\k)\(BkBk)El{”h(Y)” } o+

S S| '
2nn)\k{tr. B.B, i§1 P, ;(0) f I, h(y)'dG,(y) - G(y)

+

1
- 2
J1,, DOAG ) Go(y>} +

+

2 ' 2 k 2,3
2nn)\k{)\(BkBk)HE'1{h(Y) H 151 Py (0) (p,; (1) =p, . (017}

O(Sk(nn)) using C.II.3-d and C.II.4-b.
The proof is completed using (II.4.11). 0

PROOF of Theorem II.2.2. Under H, . The column space of [Bk,ck] is the

kernel of the projection matrix Ik.-Dkbi’ thus (using Lemma II.4.1)
2 _ ~ " - ] ] A
X =V () [1k Dka+DkA(k)Dk]Vk(9n)
_ v - []
(11.4.12) = (V, (6,) +R) (1-p,D;] (v, (6) +R) +

-1 n
- - 2 -
+ (v, (85) -4, (n ) -Bn j>=:1 {h(Yj) Ennh(Yj)} +
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1 . v
+d,.(n) - BanEnn{h(v)} +R -B,Q (Y ,...,¥ )'DAKD] -
. - _nt ¥ -
v, 8 -4, () -Bn j}=:1 {h(Yj) Ennh(Yj)} +
.
+4d,(n)-Bn Enn{h(Y) T+ R -BO (Y ,..00¥)).

o . . .5 2, _ 2
Proposition II.2.1 implies Pn = Op(k-fudk(nn)“ ) = OP(sk(nn)), thus the
first term of the RHS can be rewritten as

2 ' 2 ' 2
llv, ® I ~lIpg (v, (8) =a, (n NI -lIpa, (n)[I* +

o 32
2(v, (8) -a, (n )'D,Did, (n ) + ||l -D,DLI%R |7 +

U - '
+ 2vk(eo) [Ik Dka]Rk

'3 2 2
ANk + ||[1, D, D128, (n )| %, 2k + 4la, ()] ) +0, (s, (M)

(use the previous lemmas, C.II.4-c and the Cauchy-Schwarz inequality for

the cross-terms). Similarly we treat the second term of (II.4.12)
1 n
7p' - . - 2
lAG) 2Dy (v, (8) -4, (n ) -B.n 3-51 {h(vj) Ennh‘Yj)})” +
' 2 *
+ |[A k) Dk(Rk-Ban(Yl,...,Yn))“ +AL(n ) +cross-terms
1
= A* * 7
Ak(nn)-Pop(sk(nn))'fop((Ak(nn)sk(nn)) )
(also use C.II.4-a). Formulas (II.2.2a) - (II.2.2c) are directly implied by

X

[=IN N

2 * * s
AIV(mk(nn),sk(nn) - Ak(nn)) + OP(sk(nn)) + op((Ak(nn) sk(nn)) )

X

[= I V]

* %
k+Ak(nn) +0p(sk(nn)) +op((Ak(nn)sk(nn)) ). O

REMARK I1I.4.2. Omit the conditions C.II.2-c,d,e under local alternatives
but assume that (II.1.7) holds. Then, if Ak = o(sk(nn)), some minor modi-
fications in the final part of the proof show that Theorem II.2.2 is still
applicable (replace El{h(Y)} by zero). 0

I1.4.2. Proof of Proposition II.3.2.

If A;(nn)/(k%nni) = 0 under the conditions of part ii) the propo-
sition follows directly from Propositions 4.2 and 4.4 of Kallenberg et al.
i 2 2 *
- '12 < <
(1985) bec:use ||[x, 1'2’ka] a )l © = 8 () < la, ()l “+4L (). The
proof of Ak(nn)/(k%nnn) + 0 is only required for the Rao-Robson-Nikulin
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statistic. First we give some algebraic relations

B'B - B'BAB'B nonnegative definite =

I -BAB' nonnegative definite and

A,B nonnegative definite and symmetric =

A-A(A+B) +A nonnegative definite,

which follow from the spectral decomposition of symmetric matrices. These
L} _1 1
X Ck) and Ik CkA Ck. To prove

that the last matrix is nonnegative definite we show Z-\-C]LCk 2 0. Define

are used for the matrices (Bk--Ck)A—1 (B

for each v € ZRz gv(y) = v'Ah(y), then

' !
v'(a Ckck)v

v'a (J h(y)h(y)' 4G, (y) +

k

-1 f
- i§1 pki(O) IIki h(y)dGO(y) IIki hy) dGo(y))AV
k

B 2 _at P 2
- iEI {J’Iki g, (¥) 4Gy} pkj_(O){IIki 1 gv(y)dco(y)} } 2 0.

Thus, with A(k) = ¥(x)¥ = (o} zknk)+,

*(n) = I!A(k)%n'(d (n)-B n?E vy ?
Ak n k'"k''n k TNy

1
2 ] - ] -1 ] ] -1 ] .
[|Ax) [DyD, =Dy, A" CyD, +DiC A €D, ]

' 1 2
- Dp(d, () - Bkan'nn{h(Y) bll

1 -
< 2||A(k)2[D}'{Dk-D'C a~lc'p, In!

—B.n? 2
KCid DD (ay (n) B a?Ey () h[T +

% ] -1 L Al - % 2

+ 2||A) 2p,c a7 DD (4, (N) - Byn Enn{h(y)})ll

< 2||lp!p, -p!c,a tc!p 1! @ (n) -5 otz {n(n) h 2
Kk " PGP CiPid Py 9k (M) ~Byen™Eny

PR T O a3
+ 2[Ago?pic a”(cpa, (n) - an Enn{h(Y)} +

' 3 ' 3 2
+ (a-ciC) nZEnn{h(y) }- Cy (B -Cpn Enn{h(Y) })II

A

N 2
2[la, () -B,n E’nn{h(Y)}“ +

1
Foa. -1, 4 -1 3 2
+ 6[[A(x) 2Dy, AT (CpaT (Cpd, (N ) - An Enn{h(Y) hil“ +



+

+

A

IA

using Proposition 4.2 of Kallenberg et al.

Lemma II.5.1.

L} "1 ] 2
6||A(k);-DkaA (A-ckck)n%Enn{h(y)}ll +

i‘ ' _n' -1
6||A ) #[DD, -D C A C oD,

2 3 2
4lla, ()| ° +4f|Bn E’nn{h(Y)}” +
6xlo,c atcra (n) - anlE {h(!!)})ll2 +
kK k'k 'n n,

i, ' -1
6llA ) 2[DiD, - DLC A

oy b 2
WC CyD IpiCon Enn{h(Y)}“ +

12||A(k)%D' (B, -C )A’%A’l' %E {h(Y)}H2 +
S g
12||A(k)%[D'D -p'c.a"te'p In' (B, -C )n%E {n(n)}|| 2
Kk™Uk kKT CkkkUkT kTN,
2 1 2
4||dk(nn)ll +4I|Bkn2Enn{h(Y)}" +
-1, 1 2
exlla2(cpa, (n) -AnZEnn{h(Y)})ll +
[ P (] -1 ] % v % 2
6||logp, -Dic 2 C,D 12D Cn Enn{h(Y)}” +
12”A%n%l'7n nw}? +
n
1

Al ] -
12||lpo;p, - DiC, A

' 3 _ % 2
WCxP €Dy 12D (B, - Cp)n Enn{h(Y) A

2 2 2 '
alla, ()| +non|IE, {hx) Y| (4)\(BkBk) +6M(CiC,) +

[ ' ' - i’ 2
¢, -D,D, ID; (B, - C,)n Enn{h(Y)}H
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+ 12X (a) +12A((Bk—ck)'(Bk-ck))> +

6\ nn2||A% : oo [, a(payf. nwg pdy +
k' n i=1 ki Iki 1 Iki 0

- IIk' h(y)g, (y)dy“2
1

o (k%nnrz‘) '

]

II.5. APPENDIX

LEMMA II.5.1. Let q and r be nonnegative measurable functions on (0,a),

a > 0 satisfying the following conditions

f
0

49
g’ (x)dx < « for some p > 0

(1985), (11.1.10), C.II.2-c and
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r is a monotone function, bounded on (a*,a) for each 0 < a¥ <a
and r(x) = O(x—é) for some 0 < § < %—as x ¥ 0.

. i-1 i
Then, writing Uki = (&iT"E‘A a), as k > ©
a [ak]+1 -:1}%%+6
(I1.5.1) Jrxagxax - ¥ k[ rxax [ qxax-= 0<k \
0 i=l Uy Upy /

PROOF. Put W = fg r(x)g(x)dx and note that W < «®, Let
[ak]+1
wo= I k] ra [ gmax (k=1).
i=2 U, . U, .
ki ki

First consider the case that r is nonincreasing. By HOlder's inequality

and the inequality (a-b)¢ < a®-b° if a>b >0 andc 2 1

wkz z r(%)f q(x)dx

i>2 Uki
> ¥ [ r(xqlxdx - I {r(éil) - r(i)} | ax)ax
i22 Uy, i>2 Ups
2w -J rxagqxax- X {r (3'-]:(-1—) - r(%)} [ axax
Ukl i=2 Uki
4+3p 1+3p 4+3p 3
> 0 -[I {r(x)}1+3p dx]4+3p[I {q(x)} 3 clx]4+3p .
U1 Ukt
4+3p 1+3p 4+3p 3
_[ 5 {r(1-1) _r(i>}1+3p]4+3p[ s (I q(x)dx) 3 ]4+3p
. k k .
i22 i22 Uy
4+3p 1+3p a 3
_§2+5p 1450 N =
> - [f L 1#3p dx]4+3p [I q3+p(x)dx]4+3po(1) .
Ukl 0
4+3p 4+3p 1+3p 1+3p

_[ s {r (i—l)}1+3p _{r (}_)}1+30]4+3pk—4+3p
5 LNk k
4+3p 3

[ _— (k f q(x)dx> 3 ]4+3p
i>2 Upi

14+3p
-—=4§
=w+ O(k 4+3p )

(to bound the last factor within brackets we applied Lemma A1 of Kallen-
berg et al. (1985)). By the same line of argument
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1+3p

4+3p

1+3p

+8 -=—==43
. 4+3p )
. =0
X ) Since k IUkl r(x)dx IUkl g(x)dx (k

(by HOlder's inequality), (II.5.1) follows.

w, S¢u+0(k

Now suppose r is nondecreasing, hence bounded on (0,a). Proceeding as

_1i30
o

before we obtain w-w,_ =0k 4+3P

X ) and the proof is complete. 0

REMARK II.5.1. If r(x) = O(x °) for all & > 0, then Lemma II.5.1
guarantees that the LHS of (II.5.1) is of order O(k_%_e) for some € > 0.
One easily generalizes Lemma II.5.1 to partitions where the intervals have
variable length. One obtains the same bound if k-minimal length is bounded

away from zero. O

Observe that the sum in the LHS of (II.5.1) is a kind of Riemann-
Stieltjes sum approximating the integral Ig r(x)q(x)dx. Under strong

regularity conditions Lemma II.5.1 shows that the precision is of order

~1+30
4+3p'+ . _ -1 -1 _ -1

O(k .E.g. with q(x) = gl(GO (x))/gO(G0 (x)) and r(x) = Ah(GO(x)),

' 3 ko4
cd (n)/(n?n) = I p (0) f gqax | r(xax
k'k' 'n n i=1 ki U
Uki ki
approximates the integral f; g(x)r(x)dx = AEl{h(Y)}. Even if the conditions
of Lemma II.5.1 are not satisfied the precision of this approximation is
often of the order o(1), implving C'd, = O(1). In the same manner

k'k
Y. vy
Bkdk = 0(1) and Dkdk =0(1).
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CHAPTER III

THE POWER OF EDF TESTS OF FIT UNDER NON-ROBUST ESTIMATION
OF LOCATION-SCALE NUISANCE PARAMETERS

III.1. PRELIMINARIES

IITI.1.1. Assumptions.

It is well-known that under regularity conditions, including the

asymptotic normality of n%(én-e) under H., the estimated -empirical process

0

converges to a Brownian bridge B, which may depend on 6 (cf.

6
Durbin (1973), Neuhaus (1976), CsOrgd and Révész (1981a)):

1.
nZ(Fn(')-GO(‘))

1 - - * - - =
=. 2 . - . -
n (Fn(un'+ On) Go(un~+ Gn,en)) +d0 Be under HO'

In principle this leads to the asymptotic null-distributions of EDF
statistics. Of course the only EDF statistics .of practical .interest are

those which have a limit distribution independent of € under H If the

- 0"
estimator en of 6 is location-scale equivariant, i.e. (cf. (II.1.6))

$.a _ _ Y, -H Y -u
C.III.1 n (en 0) = an —~5 ,...,—n——c ,

then the exact distribution of fn and hence of Tn is invariant under 0.

The limiting distribution of Tn is often a bounded functional of B Be,

thus Tn is bounded in probability (uniformly in 0). (The statistic ?n often
satisfies this relation too.) Therefore equivariant estimators are often

used. In this chapter we do not bother about the derivation of the limiting

distributions under HO' but assume Tn = Op(l) under H. and f; = Op(l) under

0

Hy uniformly in 0.

Traditionally one assumes that the estimator én is v/n-consistent both
under H0 and local alternatives in order to obtain the limiting distribu-
tions. Note, however, although the sample mean and the sample variance are

optimal estimators in a normal null-hypothesis model, they need not to be
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/n-consistent for particular heavy-tailed alternatives. In this chapter we

consider such strongly non-robust estimators:

’

C.III.2 néllén-en %, @ under Hy

where Hln is a sequence of local alternatives

Y * *
H :F e {1 -nn)co(-,e) +nn<;1(-,e);u € R,0 > 0}

such that n%nn =0(1).
Estimators based on sample quantiles cannot satisfy C.III.2 because their

influence curves are bounded.

III.1.2. EDF tests.

Our consistency Theorem III.2.1 applies to the following EDF test
statistics:

the Kolmogorov-Smirnov statistic

(I11.1.1) KS_ =max {KS',ks"},
n n n

where %
+ -
KS_ =n ;2% {F () —Go(y)} and
Ks; = -n% inf {ﬁn(y)-'Go(y)},

yeR
the Kuiper statistic

(I11.1.2) K_=KS' + ks ,
n n n

the Cramér-von Mises statistic

-~ 2
(III.1.3) CM_ =n f {Fn(y) -Go(y)} 4Gy (y) .
the Anderson-Darling statistic

~ 2
(II1.1.4) AD_=n f {F (v) -6 ()} d1og {G (y)/ (1 -G,y },
generalized xz-statistics based on random cells

—_ A '

(111.1.5)  MS_ =V, (6 ) Tv, (6),

generalized xz—statistics based on fixed cells
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~ _ ~ 1 ~ -
(111.1.6) M5 = vk(én) LV, @),

Cressie-Read statistics based on random cells

6 J\A+1
_ 2 X Nki(eg))
(I11.1.7) CRn()\) = m i§1 Pki(O){(npki(O) -1

and Cressie-Read statistics based on fixed cells

(111.1.8) CR_(\) = szn—f : (0,6, ){(-———yl‘—lg—r) - 1} ;
n (A+1) j=1 ki n npki(O, 0’ n)
— L I _ ..
He?i 90 = (0,1), Nki = #{J,Yj €
= Ny
definite (k xk)-matrix (the other symbols are defined in Sections I.2 and

I1.1.4).

1,b ¥, 6) =
-npki(O,GO,én))/(npki(O,ﬁo,én))z (i=1,...,k) and T, is a positive

The test statistics (III.1.6) and (III.1.8) belong to the class
defined in (I.2.9)} the other ones to the class defined in (I.2.10). The
statistics Xi defined in (II.1.1) are of the form (III.1.5) if A(k) - I is
a nonnegative definite matrix. This condition excludes the (modified)
Dzhaparidze-Nikulin statistic. Using estimators based on quantiles it
excludes also RRNﬁ in special cases (cf. Example II.3.2), but quite
generally W(k)+-I is nonnegative definite (e.g. if r(Zk) = k-1).

III.2. STRONGLY NON-ROBUST ESTIMATION

II1T.2.1. A consistency theorem for EDF statistics.

Throughout this section we assume C.III.1. and suppose that the EDF
statistics are bounded in probability under Ho. In view of the discussion
in Section III.1 these assumptions are satisfied in practical applications.
In combination with the strongly non-robustness property C.III.2 and a
harmless regularity condition this leads to the following consistency

theorem.

THEOREM III.2.1. Assume C.III.1 and C.III.2.

i) Suppose G, is differentiable on a non-empty open set S such that

0
Vy € s)go(y) > ¢ > 0. If the test statistics (III.1.1) - (III.1.4) are

bounded in probability under Hy, then the power of the corresponding tests

tends to one under local alternatives H .

ii)  Suppose there exist at least two boundary points a and akj
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(1 #3 € {1,...,k-1}) such that G,
positive derivative on small open balls around a and ay e If the test
statistics (II1.1.5) and (III1.1.7) are bounded in probability under Hy,
then the power of the corresponding tests tends to one under local alter-—

18 continuously differentiable with

natives H, .
in

iii) Suppose G, is continuously differentiable on R and suppose 99 s

0
positive on R. If the test statistics (III.1.6) and (I1I.1.8) are bounded
in probability under Hy, then the power of the corresponding tests tends

to one under local alternatives Ho (but not uniformly in 6).

PROOF. cf. Section III.S. 0

A slight modification of the proof shows that Theorem III.2.1 also
applies to the one-sided tests based on KS: (KS;) provided that S contains
positive and negative numbers and that C.III.2 is replaced by

1
24 -
or by n (un W 7p

1. 3 -

2 - - =
n Io{} g| -)Pln ® and n (]Jn W) 0p(1)+under Hln in ©
(n (un-—u) *Pln -®), The result for KSn also holds for the peak statistic

max V., (B ) introduced in Dijkstra et al. (1984) in a special case.
1<i<k ki’ 'n ~
Examples show that Theorem III.2.1 is not necessarily true for MSn and MSn
if Tk has an eigenvalue zero (e.g. the Dzhaparidze-Nikulin statistic).

Similarly Theorem III.2.1 is not true for the Watson statistic:
_ -~ 2
W= M nlf {Fn(y) Go(y)}dGo(y)] .

Both terms of the RHS tend to infinity under the conditions of Theorem
III.2.1 but they may kill each other.

In practice the number of classes on which the statistics (III.1.5) -
(II1.1.8) are based is often taken larger if n is larger; k = kn > ®© as
n *> ©, In this setup EDF tests are no longer bounded in probability under
H,. Strengthening the non-robustness condition C.III.2, another version

0
of Theorem III.2.1 is still in force.

COROLLARY III.2.2. Let k = k >« as n >, assume k “n’[[8_ -6+, =,
n

C.1I11.1 and suppose that the eigenvalues of Pk (ke N) are bounded away from O.
i) Suppose, for each k, there exist at least two boundary points a
and 3 (1 #3 € {1,...,k-1}) such that G,
with positive derivative on small open balls (with fixed radius) around

a,; and a5 and such that max{laki|,|akj|} <M< ®and laki-akjl >8> 0.

If the test statisties (III.1.5) and (III.1.7) are of order Op(k) under

ki
18 continuously differentiable
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Hy then the power of the corresponding tests tends to one under local
alternatives Hy -

ii)  Suppose G_ is continuously differentiable on R and suppose 99 s

0
positive on R. Assume that, for each k, there exist at least two boundary
points a and a ., (L#3¢ {1,...,x-1}) such that (V k)

maX‘ﬂakiI,lakjl} <M< and laki-akjl > 8 > 0. If the test statistics

(III.1.6) and (I1I.1.8) are of order O_(k) under H. uniformly in 6, then

0
the power of the corresponding tests tends to one under local alter-

natives H, .
in

PROOF. cf. Section III.S5. O

Compare the results of Theorem III.2.1 and Corollary III.2.2 with
more classical situations. Assuming én to be Vn-consistent and to satisfy
some additional regularity conditions under local alternatives, the EDF

statistics are also bounded in probability under H, . Hence the power is

bounded away from one. Non-robust estimation thus 12ads to a substantial
gain of power!

Of course it is clear that one cannot choose estimators that satisfy
C.III.2 for the whole range of alternatives. Theorem III.2.1 and Corollary
III.2.2 do not give any information about the possible loss in directions

where én is /n-consistent under H n Simulations, however, show that losses

are comparatively small (cf. Section I11.4).

Since sample moments are very sensitive to heavy tails, EDF tests based on
sample moment type estimators are expected to perform well against heavy
tailed alternatives (not only for a normal null-hypothesis!). Medians,
trimmed means, interquartile ranges or median absolute deviations are less
attractive estimators from this point of view.

Stephens (1974), pointing at the high power of several goodness-of-
fit tests when parameters are estimated compared to the same tests with
known parameters, merely commented that the precise location and scale are
relatively unimportant when fitting data. For EDF tests the effect on non-
robust estimation is a more satisfactory explanation, since in the
examples considered by Stephens the sample mean and sample variance are
used as estimators. The tests discussed by Witting (1959) and Bofinger
(1973) , however, for which both the cell boundaries and the estimators are
based on sample quantiles, will not enjoy the increased power due to non-

robust estimation.
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IITI.2.2. Extension to Neyman smooth tests.

Results similar to Theorem III.2.1 hold for quite different classes
of goodness-of-fit tests. Consider the Neyman smooth tests based on the

test statistics
(I11.2.1) Nn = Un(en) Fkun(en),

where Un(e) is a k-vector with components

1l n i (Y= -
U.© =nZ % {Gl(—J——) - (i+1) 1} (i=1,...,K%
ni 3=1 0 g

and Fk is a positive definite (k X k)-matrix (cf. Thomas and Pierce (1979)
for a recent discussion). A natural choice for Fk is the inverse of the

asymptotic covariance matrix of Un(én) under HO.

PROPOSITION III.2.3. Assume C.III.1, C.III.2, n%(én-—e) = Op(l) under H
and

0

(I11.2.2) min {]un—ul ,Ign_ol} +P1n 0.

Suppose Go'is symmetric about zero, twice continuously differentiable with
bounded derivatives 9 and 95 and bounded Y9, (¥) and yzgé(y) (on R). Then
the power of the Neyman smooth test v, with k 2 2, tends to one under H

in

PROOF. cf. Section III.S. O

REMARK III.2.l.Inview of the preceding results the condition (III.2.2) is
somewhat startling. Note, however, that a lot of estimators are consistent

under local alternatives although they are not /n-consistent. O

From the proofs it is obvious that all previous results continue to
hold if 6 is one-dimensional, i.e. in pure location or in pure scale
families. In this case the condition (III.2.2) in Proposition III.2.3 can
be suppressed. In pure location models this proposition also holds for
k = 1. Note that for pure scale families on:R+ 9 need only be positive

+
and continuous on R in Theorem III.2.1 iii).

III.3. COMPLEMENTARY RESULTS FOR NON-ROBUST ESTIMATION

The non-robustness condition C.III.2 imposed on the estimator én

seems to be very strong. For instance if H_ A specifies a normal location

0
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family and G, is a standard Cauchy alternative, the sample mean §; does

not yet sati;fy C.III.2 under local contamination families with contami-
nation factor nn = n_%Y-+0(n_%), because n%(§;-u) still has a (non-normal)
limit distribution. Hence Theorem III.2.1 only applies to rather extreme
classes of alternatives. However, to describe small sample size behaviour
extreme classes of alternatives may be of interest.
In this section we show that the good power properties of RRNn under non-
robust estimation also holds true for broader, less extreme classes of
alternatives. Although this is hard to prove we believe nevertheless that
this extends to general EDF statistics. Numerical evidence in a couple of
examples supports this view (cf. Section III.4).

Let nn = n_%Y-fo(n_%), consider local families of type (II.1.2) and
assume C.II.1 and C.II.2 (with Qn = op(l) both under G, and G

0 uRE

under H RRNn converges in distribution to a noncentral chi-square dis-

tribution with r(Zk) degrees of freedom (cf. Moore and Spruill (1975)). In

Then,

the remainder of this section we assume r(Zk) = k-1; hence
2
(III.3.1) R}?IVn +d1n X-1 (Ak(nn)) '

where Ak(nn) is defined in (II.1.14). One can show by straightforward
+
calculation that Z} is given by

+ _ . _ -1 _ '
Zk = Ik qqu (Bk Ck)R (Bk Ck) +
+ (I, - (B,-C )R_l(B -c,)e S_1C'(I - (B, -C )R-l(B -c)h
k k "k k k' Tk k'k Tk k x k7'
where
1
R =2+ (B -C)(B -C) and

0
]

' ' -1 '
A- Cka + Ck(Bk - Ck)R (Bk - Ck) Ck.

I11.3.1. Bias effects.

Consider the simple situation that 6 = p. To analyse the effect of
the estimation procedure we compare the maximum likelihood estimator éﬁL
with some arbitrary estimator én' Suppose that both estimators allow the

representation (II.1.6) and that the limiting distributions under H, are

in
given by (III.3.1) (under H0 Ak(nn) = 0). For the influence function hML of

ML
Sn we assume El{hML(Y)} = Bidk(nn) = 0. In location families this holds

true e.g. if both the densities 95 and 9 and the partition Ikl""'Ikk
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are symmetric about zero. This is not uncommon.
To compare the respective powers it is sufficient to analyse
ML . ML seqs
- > — -
Ak(nn) A}5 (nn). Clearly, if Ak(nn) Ak (nn), the Rao-Robson-Nikulin test
based on 6, will be asymptotically at least as efficient than the same test

based on éﬁL. Tedious algebra shows (A is now a scalar)

ML 2
At =87 = A m) - lla, ()l

(I11.3.2) 1
=y % B(E{h(Y)} s, (n) /(1—2CkA Bk+B kA 1y oy

where
s (m =y 2 leran )= 3 (po(0) [ h(y)de (y)
1 =Y R GGNg) = 2 Py PP 19 g RNIEG LY

is a kind of Riemann sum corresponding to El{h(Y)}.

By assumption the denominator is positive. Hence the maximum likelihood
estimator is the worst choice for én' Note, however, that in symmetric
location models El{h(Y)} - Sl(h) = 0 if h is antisymmetric; although the
choice of an asymmetric influence function improves the power this is quite
unnatural.

Note that E {h(v)} - 5, (h) = 0 if h is constant on the 1nvervals

k1""'Ikk
it follows that |E {h(v)} - S (h)] is large for those alternatives for

. Conversely, since S, (h) is bounded by = 2 1mixk;ﬁ<(0)E {|h(Yﬂ]
which |E1{h(Y)}| is large, i.e. for which Gn has a large bias. Of course,
one can also compare two arbitrary estimators; in the RHS of (III.3.2) one
obtains the difference of two complex expressions. A comparison is
difficult because it is not the bias El{h(Y)} ktut the difference
El{h(Y)}-Sl(h) which plays a crucial role.

Imposing similar conditions in scale or in location-scale models one
may derive similar expressions (cf. Drost et al. (1985)); The conditions

El{hML(Y)} = Bédk(nn) = 0 are, however, rather restrictive in these cases.

I1I.3.2. Variance effects.

In the local contamination family C.II.2 implies
covy {h(v)} » A_l = covo{h(Y)],
n

i.e. the asymptotic variance of én under HO and under Hin is the same. In

view of the previous results it is, however, not unlikely that a much

larger variance of én under alternatives than under H_ might increase the

0
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power of the Rao-Robson-Nikulin test. To model this situation, we slightly

modify the family of local alternatives:

*

(r11.3.3) {e (we)=(1-1)e( )+TG Y0 e r,0 > 0},

T,n in' O
| _%
where Tn =n iY-I-o(n ), G1n has density 9n and satisfies, for given
partition Ikl""'Ikk' )
(II1.3.4) Gln(aki) = Gl(aki) (i=1,...,k-1).

We briefly denote the local alternatives (III.3.3) by H:n and assume that

the representation (II.1.6) of én continues to hold under Hzn with

-a E’T'n{h(Y)} =0 (nem
1

-b lim cov_ n{h(Y)} =a +2,
C.III.3 n - !
-c %3g‘n f||h(y)NdG1n(y) =0

-d Qn(Yl""'Yn) = qp(l) under GT,n

where A2 is a finite (2 x 2)-matrix. For A

distribution determined by G

9 not to vanish the tails of the

in must strongly depend on Tn. The trick of

condition (III.3.4) is that the multinomial part of the distribution of

RRNn behaves exactly as in the local family H, . Note that (III.3.3) forces

in

A2 to be nonnegative definite.

We first show that Theorem 4.2 of Moore and Spruill (1975) remains

valid in the present situation.

LEMMA III.3.1. Consider the family of alternatives (I111.3.3) and an esti-

mator én of 0. Assume C.II.1, C.II.2 (under Hy with o = op(l)) and C.III.3,

1 — L] — _ - -
let Bkdk(Tn) = dek(Tn) = 0, let r(Zk) =k=1"and k 2 4. Then
(1I11.3.5) RRN ~>_x x2 (la, (t )||2) +(1+p )X2+ (1+p )X2
. o ay, "k-31%n 1'% 2'Xq

i
where p, and p, are the two eigenvalues of A%Bk Zk B AL .

PROOF. Since the distribution of RRN is invariant under 6, take 6 = 60 =

= (0,1)". Obviously Lemma II.4.1 remains valid under H .w1th Rk op(l)
(cf. also Moore and Spruill (1975), Theorem 4.1). Asymptotlcally the co-

variance matrix of the principle part of Vk(én) under HY equals

in

ZT,n = Z + BkA2Bk'
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where we have used C.III.3-a,b and Remark II.4.1. The central limit theorem
implies
N
v (0 ) > M@ (T) R

dln

since, for each linear combination of the components of Vk(én), the
Lindeberg condition holds.

The conditions B d (T ) = C (T ) = 0 imply X% 4a (T ) Z d(T ) = d trnL

T,n k
Let Pk be an orthonormal matrlx such'that Pkdk(T ) = (”dk(T )” 0,...,0) and
35 T - -
P (Z ) (Z ) Ppo= I - quqk (Z ) BkAsz(Zk) P =

= dlag(l,...,l 1+p1,1+p2,0). Hence
+4 4 2
= 2
BRN = ||z 2 v, (8|
_ +3 2 012 2 2 2 2
= llp, = 2 v, Bl “at X3 Qla el ™y + (@ + o] + (L+p)X] -
This can also be derived from Corollary 2.2 in Dik and de Gunst (1985). [

5 (1)

PROPOSITION III.3.2. Let 6 satisfy the conditions of Lemma 1II.3.1 and

let p(l) and p(l) be the oorresponding etgenvalues (i=1,2). If p(l) and
;1) are both larger (smaller) than p(2) and p(z), then the Rao-Robson—

Nikulin test based on 9(1)
same test based on Gé )" against the local alternatives (II1.3.3).

18 asymptotmcally more (less) powerful than the

PROOF. Immediate from Lemma III.3.1 and the fact that both test statistics

are asymptotically distributed as Xi—l under Ho. 0O

Roughly speaking, the proposition states that if A, is large relative

2
to Xk’ the test RRNn has a large asymptotic power. This will general-
ly be true if the variance of én is much larger under H: than under Ho. As

noted before, the condition Bidk(Tn) =cld (T ) = 0 is severely restrictive

k'k
in (location-) scale families, but is often satlsfied in symmetric location

families.

REMARK III.3.1. Suppose the matrix X D

associated with éél) satisfies
r(i(l)

(
k
) =r £ k-2 (instead of r = k-1). Then the first term on the right in

(III.3.5) has r-2 df's. Since in this case the asymptotic null distribution

of RRNn also has r-2 df's, we still have the implication p(l) > p(z),
él) > p(2) = the asymptotic power of RRNn is higher with 6; ) than with
5(2)

, but the implication for the reverse inequalities is not necessarily

true, depending on how large the differences 0(2) il) are. 0



49

Results similar to those in subsections III.3.1 and III.3.2 cannot be
obtained for the Watson-Roy test, or in general for MSn and CRn(A), since
the asymptotic null-distribution depends on the choice of the estimator.
Nevertheless, in view of the close relationship between RRNn, MSn and
CRn(A) it is quite likely that materially the same properties hold for
these classes of tests.

Since influence functions of almost all estimators of location and
scale are bounded on compact sets, light-tailed alternatives with heavy
centers will not distort the random intervals as much as heavy-tailed
alternatives. Hence it is more rewarding to choose estimators appropriate

for heavy-tailed alternatives than for light-tailed alternatives.

IIT.4. NUMERICAL EXAMPLES

The asymptotic theory of the previous sections suggest the following
rule of thumb:

To achieve a high power of EDF tests against a class of alternatives,

non-robust estimators are best.

Moment estimators are expected to perform well against heavy-tailed alter-
natives. One expects a similar result for light-tailed alternatives: high
powers for estimators with influence curves concentrated in the center of
the alternative density. However, since the densities considered here are
bounded, the latter effect is probably small.

The power of various EDF tests is compared for a couple of well-

known estimators én of 8. The estimators, based on a sample Yl,...,Yn are:

Mn = samplé median,?h = trimmed mean with 10% trimming on both sides,
4
Yn = szplz mean, Madn = gedian of ‘Yj —Mnl (3j=1,...,n),
Dn =n zj¥1 IYj--YnI,.Sn = sample variance and In = interquartile range.

The influence curves are given in Table II.4.1 (Ca denotes the 0 point of

the distribution GO).
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Table I1I.4.1. Influence functions

estimator influence function conditions for C.II.2
under H
0
estimator
for u
M {gg( 0} Mh-1 W} g, >0, 5 =0
n 0'°.5 (=, 5) 0'°.5 2.5
i’-f; sgn (y) lyl >T g, symmetric and
3 .9 .9 0 :
n,-1 ( ) >0
' v lyl <z g %9
= 2
Y v Eo{y} =0, EO{Y } <w
estimator
for o
-1 .
Madn/C.75 {2g&C.75)C‘75} go symmetric and
B AL 0 9t .75) > 0
.75">.75
-1 2
D /El¥l x|} |yl -1 Eyly} =0, E{y"} <
s, -é—{ (y—r)2 -1} E'O{Y} =r, varo{Y} =1,
EO{Y4} <
e 2
Y y-1 EO{Y}=1,E0{Y}<°°
° Y<C 25
_4 -1 -
In/log3 5 (log 3) 3;.25<y<C.75 gorexponernt:.al
8 -1
3(109 3) Y>C_75

In location-scale models the influence functions are obtained by com-

bining the corresponding influence functions.

We consider four different null hypotheses and simulate for each

of them the power at a heavy-tailed, a light-tailed and a skew alternative.
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I. HO: normal location family N(u,1), U € R.
Alternatives: Cauchy (0 = -&) density 21T_1(1 +4y2)_1 heavy-tailed
normal (0 = %) density g—cb(%y) light-tailed
Gumbel density e Y exp (-e7Y)  skew

Estimators of M: Mn, Y

and Y .
n,-1 n

II. HO: normal location-scale family N(u,of;, u 521_{{ o > 0.
Alternatives: Cauchy density ™ (1+y") heavy-tailed
normal mixture density -12{¢(Y+%-) +(y —%—)}
Gumbel density e Y exp (6 Y) skew
Estimators of (1,0): (Mn,Madn/¢'1 (%-)),(?n,Madn/dfl(%)),
(Yn' (-g-)% D ) and (?n,sn) .

IIT. HO: Laplace location family, density -&exp (—ly—ul) ., U eR.

Alternatives: Cauchy (0 = %) density 2‘IT_1 (1 +4y2)-1 heavy-tailed
normal (0 = ‘3-) density é—¢(—§-y) light-tailed
Gumbel density e Y exp (eY) skew
Estimators of J: Mn' ?n,-l and ?n.
V. Hy: exponential scale family, density o le” (y/g)l(olm) (y), o> 0.

-1 & -
Alternatives: gamma (0 = 3—) (1"(%.)) lyie Yy (0,) (y) heavy-tailed
_ e o
gamma (¢ =3 (TG y *e™1 o, (y) light-tailed
halfnormal 2¢(y)1 (0,) (y) light-tailed
’

Estimators of O: In/log 3, Yn and Sn‘

Comment: According to the rule of thumb, the tests based on the estimators
should be increasingly (decreasingly) powerful agéinst heavy-tailed and
skew (light-tailed) alternatives. The third problem is included, not for
its intrinsic importance, but to demonstrate that efficient estimation

under HO is not necessarily effective.

We verify the assumptions of the previous sections. The conditions
C.II.1 and C.III.1 are trivially satisfied in all cases and C.II.2 is also
fulfilled with the following exception: the estimators involving ?; with
respect to Cauchy alternatives.

For symmetric null-distributions and alternatives (ignoring Cauchy
alternatives but e.g. including Laplace heavy-tailed alternatives) the
first two location estimators listed satisfy assumption C.III.3; note

- 3 -13 is-
that A, = 0 for M, Yn,-l and (Mn,Madn/<I> (7)) . The only example satis
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fying the non-robustness condition C.III.2 is given in case II: the Cauchy
alternative with estimator (?;,Sn): a very high power is thus expected.
The sample mean Yn alone does not satisfy the non-robustness condition at
the local Cauchy shift alternatives and hence our theory does not predict
high power in this case. However, to embed a sample of moderate size from
a Cauchy distribution in a local contamination family, this family must
have an even heavier-tailed distribution as an endpoint. For such a con-
tamination family the non-robustness condition will be satisfied. Of
course such a family will not often .exist, but the argument explains
nevertheless that the effect of heavy-tailed alternatives extends much
further than the non-robustness condition suggests.

Monte Carlo experiments have been run to estimate the true power of
several goodness-of-fit tests for sample size n = 50 and nominal level
o = .05. For the chi-square type tests LRn’ WRn and RRNn equiprobable
cells (under HO) are employed with k = 4,5,6,7,8,9,10,12 and 15. Note
that r(Zk) < k-1 when using estimators involving ﬁn =M and k even:
r(Zk) = k-3 if en = (Mn,Madn) and k is a multiple of 4, otherwise
r(Zk) = k-2. Since Vkﬂég € col. (Zk) for these cases the Rao-Robson-Nikulin
statistic is invariant under the choice of Zk. In fact we used a more
simple form than the Moore-Penrose generalized inverse Z;.

Critical values are estimated for each HO based on 20000 samples
and compared to the asymptotic critical values from x2 distributions
for LRn, WRn and RRNn and the critical values reported in Stephens (1974).
Quite surprisingly the obtained values were close to the asymptotic values
for moment estimators while, for robust estimators, the asymptotic values

often lead to errors of more than .005 in size.

For the EDF tests the power at the alternatives in the testing
problems I - IV was simulated using 10000 samples in each case, thus
reducing simulation error to less than .01 with confidence .95. For each
test and estimator the same samples were employed for better comparison.

The simulated powers are displayed in Figures III.4.1 - III.4.4.

In most cases the power differences can be well explained by the rule of
thumb. In problem II the very low power of the test based on (Mn,cMadn)

stands out; the predicted increase of power of the tests based on con-
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secutively (?;,cMadn), (?;,ch) and (?;,sn) against heavy-tailed alterna-
tives is rather small, suggesting that estimation of U has more effect on
the power than estimation of 0. In problem III the test based on the median
(the asymptotically efficient estimator) does not perform well, in agree-
ment with the rule of thumb. For case IV the picture is less clear.
Although for such a family Theorem III.2.1 still applies, the assumptions
of Section III.3 are far from satisfied due to the lack of symmetry. With
skew distributions the relative robustness of different estimators is less
clear.

Full location-scale families generally do not satisfy the assumptions
of Section III.3 either, since the scale component violates the symmetry
conditions. This may not be so serious if the effect of estimating location
is more important than the effect of estimating scale and if for fixed
scale the family is symmetric (cf. problem II).

Instead of using simulation, the true power of the Rao-Robson-
Nikulin test can also be approximated by the theoretical asymptotic X2
power computed from (III.3.1), replacing nn by 1. Another approximation is
suggested by (III.3.5), taking Tn = 1 and determining p1 and pz from

a, = covl{h(Y)} —covo{h(Y)}

for those cases where the covariance matrices are finite. Note that the

approximations coincide whenever A_ =0. Both approximations, however, turn

2
out to be unreliable; errors between .1 and .25 or larger are quite

common (for n = 50).
Apart from the numerical inaccurécy of the approximation, there is
also a more theoretical problem. The true power of the tests does not
depend on the values of the location-scale parameters, but the asymptotic
*

power in the local models H, and H
in in

k) and hence on the choice of the location-scale

does depend on the choice of the

alternative G, (or G
1 1,n,

parameters defining Gy (ox Gy k)‘ In symmetric pure location models it
’ ’

is natural to fix G1 so that points of symmetry under Go and G1

but in other models the choice is not unambiguous and yet determines the

coincide,

asymptotic power. As an extreme case, when testing the normality hypo-
thesis of problem II with 50 observations, the x2 approximation (III.3.1)

yields considerable power at fixed normal (!) alternatives if one takes
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Figure III.4.1. Normal location null-hypothesis. Powers under three alter-

natives for several EDF tests and three estimators: - = Mn;
""""" = ? . = Y .
n,.1’ Yn

_power Cauchy(c=.5)

.8
.6" Il.
.4 Ut — ’__,-——"::: ________________
247 '

IR 8 12 k WR 8 12 k RRN 8 12 k KS K CM AD

power normal (o=.75)

LR 8
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12 k WR

.8
6
4]
2
12 k WR 8 12 k RRN 8 12 k KS K CM AD

LR 8
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Figure III.4.2. Normal location-scale null-hypothesis. Powers under three

alternatives for several EDF tests and four estimatorss: - = (Mn,Madnn
— — 3 —

........... = [ —— — - )
(Y ,Mad ); (Y, (m/2) D.): (Y .S

_power Cauchy

>

-\\.\. ._ "\.\“__“\._ -------- /4’

_________________ -

.8 1

~ - Pee et
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.6 1
.41 H

i - yi
21 LT Y

LR 8 12 k R 8 12 k RRN 8 12 k KS K CM AD

_power normal mixture (p;-py=30)

LR 8 12 k WR 8 12 k RRN 8 12 k KS K CM AD
_power Gumbel
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Figure III.4.3. Laplace location null-hypothesis. Powers under three alter-
= Mn;

natives for several EDF tests and three estimatorss:--weeee-
=Y.
n

power Cauchylo=.5)

CM AD

LR 8 12 k WR
power Bumbel

.8 1
.6
.4

8 12 k WR 8 12 k RRN 8 12 k KS K CM AD
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Figure III.4.4. Exponential scale null-hypothesis. Powers under three al-

ternatives for several EDF tests and three estimators:........c... = In/log3;
= ?i; ----------- =S .
n n

_power gamma(a=1.5)

.81
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G. to be N(0,1) and G, to be N(O,oz) with 02 much larger than one (cf. also

Egample I1.3.4 for préblem IV). The reason, of course, is that the corres-
ponding local family of alternatives consists of mixtures of normals which
are non-normal. A sound asymptotic approximation to the small-sample power
of chi-square type goodness-of-fit tests in the presence of location-scale
parameters still seems . .to be lacking.

The simulations also illustrate the theory of Chapter II. For the
Watson-Roy test and the Rao-Robson-Nikulin test we expect an increasing
(decreasing) power as a function of k for heavy (light) tailed alternatives.
Comparison of Figures III.4.1 -III.4.4 with Figure 1 of Kallenberg et al.
(1985) indicates that the effect of the choice of k is relatively small in
the presence of nuisance parameters. Note also the higher power of the Rao-
Robson-Nikulin test compared to the Watson-Roy and the likelihood ratio
test. The most powerful test statistic, however, seems to be the Anderson-

Darling statistic (cf. also Green and Hegazy (1976)).

III.5. PROOFS

TIII.5.1. Proof of Theorem III.2.1.

Introduce the error term

u
EJy)= +y (y e R).

In the proof of part i) and ii) it is sufficient to restrict attention to
the special choice 90 = (0,1)' of © because the distribution of Tn is in-
variant with respect to 6.

i) Take Xy # x, € S. Observe that C.III.2 implies
B, (I8 -0 || > max{x, +x,)2%, x, ~x,) 2} + ¥ /]x, -x,[) > 1
in n 0 1 2 ' 2 n 1 2

for a sequence {En} such that négn + o and En -+ 0. Calculation of the
intersection points of thf lfnes En(xl) = En' En(x2) = En, _En(xl) = En
and —En (x2) = En in the (un,on- 1) -plane shows

{max{|E_(x) |, lE_(x,)]} > £}

> {[ﬂ | > ¢ max{.x1+x2| 1}} v {|a -1] > 28 /|x —le}
n n ]x1~x2 n n 1

Dﬂwn—6d|>(mm{ml+x£2,m1-x£2}+m%%/Hl—xd}.



59

Hence
(III.5.1) pln(max{lzn(xl)l,lEn(xz)|} >g) > 1.

(We consider two different arguments x, and X, because Pln(|En(x1)l > En)
i
does not necessarily tend to one as n > ®.) Put bn = -%—cn2 En and note that

bn + ®© as n > ©, Observe that

{nélﬁn(xl) —Go(xl)l > b}

1
2 i g ) - T G -
{n an(un+x10n) Gyl +x,8 ) +Gy(x) +E (x,)) Go(x1)| > b}

U

1
{nz)s;ex%IFn(y) -Go(y)l < é-bn} n {|En(x1)| > En} n

3
n {n%|e,(x, +E_(x,)) -Gy (x,)| > 3b }

i 1
{n ;g%IFn(y) -Go(y)l <%b}n {|En(x1)| > g}

for n sufficiently large. A similar relation holds true for x,. Hence,

2

using the weak convergence of n% (Fn(-) —GO(-)) under H (cf. Shorack

(1979)),

in

(I11.5.2) Pln(n%max {lf'n(xl) -Go(xl)l,lﬁn(xz) —Go(x2)|} 2b) > 1.

In a similar way one proves for sufficiently small €

P, (n2 inf max{lf‘ (x,+€,) -G (x,+€ )|,
(I1I1.5.3) S | FT S [ P n*1t 51 TE* T
|Fn(x2+e2) -Gy (x, +€,)) [} 2 b) > 1.

This immediately implies that the test statistics (III.1.1) - (III.1.4)

tend to infinity in probability under H, . Noting that the critical values

in
of the tests are bounded above, the proof is complete.

ii) Grouping of observations decreases the Cressie-Read statistics. Pool
the observations twice into two classes, once with cells (—°°,aki], (aki,°°)
and once with cells (-«,a, .], (akj ,©) (for notational simplicity take

kj

i=1and j = k-1). Then ™ :
+1 - ~
Npq (On) N (n_Nkl(en))

n)‘+1p])€1(0) nk+1(1_pk1(0)))\

A+1

2n
CRn()\) > O+ max

. ©
NG (B

+ -
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Taylor expansion of the last expression and bounding its second derivative

with respect to Nki(én)/n (i =1 or k) yields the further inequality

-1 = 2 N 2
CR_(\) 2 n max{(Nkl(en) - npy, (0)) ,(Nkk(en) (0))“}

-np

) 2 (- 2
= nmax {[F_(a, ) -6y )% IF @, ) -6ya, I

Let B(akl) and B(akk—l) be small open balls with centers a, and a1 Let

K < B(akl) U B(akk—l) be a compact set such that ak1 and akk—l are interior

. _1 . _ .
points of K. Choose c = 5 I;é% go(y) and put S {y € B(akl) U B(akk-l)'

go(y) > ¢}, then application of (III.5.2) with x1 = ak1 and x,

2 -

kk-1
yields CRn(A) _)pln ©, Finally

Msn > ylvk(en) vk(én) = chRn(l) '

where Y1 > 0 is the smallest eigenvalue of I‘k, completes the proof of

part ii).
iii) As in part ii) it is sufficient to show that

-1 — 2 - 2
n max{(Nkl - npkl(o,eo,én)) ,(Nkk—npkk(o,eo,én)) }+P1n .

The distribution of Tn is not invariant with respect to 0 and hence the
proof has to be given for arbitrary 0. Fix 0. Replacing a and a1 by

(ak1 -u)/c and (a -U)/0, construct ¢ = c(0) and S = S(0) as in part ii).

kk-1
Choosing En = gn(e) as in part i) implies (cf. (III.5.1))

e ) = ) o

— v -1 - —u\
=2 n_¥Y-UH _ _ P}
En(y) an 5 OEn( 5 )/On {y e R)

Define

and let {An} be a sequence such that An -+ © and n%En/An + © ag n > ®, Then

Pln(max{‘fn(akl) |, lEn(akk—l) |} > g /b))

a, ,—H a -
= ki “kk=1 " 5 .5
Pln(Omax{ En( (o ) ! En( ] )|}/on z gn/An'on/U = An)
= = Bkk-1"%k1 o ,
o Byt Ry - 251 D)}
on/c > An)
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1
Put bn = bn(e) ='%cnzgn/An (bn + © as n > ®©) and note that

i * .5
{n?|F (2, ) -Gylay 6 )| > b}
i a, 1-U a, .~ =
- et o) - o) - (o(HE 4B mp) - o(247))]

]

F(y) —GO(X;—“—) < %bn} n {lE (a,, )| > & /B }
I L 2y 3

n{n2 GO( > +E(a 1))-(-;0( S ) >7bn}

{ F (y) - (Y—‘—) <$p } n {|'E‘n(ak1)| > En/An}

for sufficiently large n. Proceeding as in part i) yields the desired

result. O

1
{n2 su;
Ye

REMARK III.5.1. From the proof of Theorem III.2.1 one observes that this
theorem applies also to other EDF tests. It is sufficient to require that
(III1.5.2) or (III.5.3) implies Tn +P1n ©, A similar result holds true for

~

T . 0
n
III.5.2. Proof of Corollary III.2.2.

Similarly to the proof of Theorem III.2.1 ii),iii) one may construct
c (c(0) and s (S(0) since for each k there exist boundary points
a,; # 3y such that (Vk) max{lakil,lakjl} < M < ©, Then proceeding as in
the first partlof the proof of Theorem III.2.1, choose En (Eée)l such
that £~ 0, nzgn/kir + © and (III.5.1) holds true. Put b; = b_/k?, then
bg + ® and for each of the tests (III.1.5) - (III.1.8)

K]
=]
v

(b;) %) 1 and

%0 » 1.

g
—~
v

The proof of the corollary is complete since the critical values of the

tests are of order k. [

III.5.3. Proof of Proposition III.2.3.

It is sufficient to restrict the proof to 6 = 8y = (0,1)". write

. - . Y._ﬂ . _ n .
U 6 = 3 g { if¥5 n) i } 3 i Cpsaan-l
ai8y) =n 321 GO\—f—-On Go(Yj) +n j§1{G0(Y3‘) (i+1) .



62

Application of the mean value theorem and the central limit theorem yields
Uni(en) = OP(l) (i=1,...,k) and hence IVn = Op(l) under HO.
To show that IVn +P1 » define the random variables

n

min{lﬁni,‘en— 1|} if min{lﬁnl,lan— 1|} > n_% logn

En = max{lﬁnl,lén- 1|} if max{[ﬂn|,|5n~1l} < n_% logn

-1
n 2 logn elsewhere

Note that by C.III.2 and (III.2.2) E‘n >

LA
Pn1 0 and n En Pipy ®, Let Sn(a) be

the event such that

‘n% b {G (y ) - (i+1) 1}l < niine (i=1,2)
J_

1
-
=]

|n jE gO(Y ) -E {gO(Y)}I <e

a7t

ad=]
- -

' go(Yj)| <€

N
=]
.

L
90 (¥ (Go(r) - 3| <€

. .
M8 I MB
- -

Iy
5

1 1
5 ngo(y.) (GO(Y‘) - 5) - 2F {YgO(Y)(GO(Y) - 5)}| <

< 1 8 x(v voe (122
< max 2,8/ x;ax or eG 5 9=eo '

o/[o mex 77 7o(oo( ) - %)2|e=eo)]} '

where A(A) denotes the maximum eigenvalue of A. Note that for all € > 0
(S (E)) + 1 as n > ® Put € = —S-m:l.n {E {go(Y)} E {YgO(Y) (G () - —)}} >0
and let Yy > 0 be the smallest eigenvalue of I"k. Then N Y1”U (6 )H

-

=]

implies

2 .2
P1n(1Vn = YlE nEn)

‘ 2 - 2.2 |- .
(111.5.4) 2P, (U (B) 2¢ ngn,lon—1| < Iunl,sn(e)) +
- -~ 2 2 .2 |- .
+ P (@ B -u (617 2 2 ngn,lun| < !cn—1|,sn(e)).

G - <1 G - < <1
Suppose (¥ ,...,Y ) € S_(e) and |Gn 1| = {l , then Ion 1| < E <1 and

the error in the Taylor expansion given below is uniformly less than EnE.

It follows under Hln
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n Y.-fi
- in) _ 3
Unl(én) £n jEl{GO(_—Gg_) GO(Yj)} +n gnF

%
1l n Yi-E
7 i~en) _ 3

<n jEI{GO(T) GO(Yj)} + n Ene

I T B K -1 3 %
< -n Enn =1 gO(Yj) n (On— 1)n jzl ngo(Yj) + 2n Ene

1

< -n%En(E'O{go(Y)} - 4g) < -nfgne.

Similarly (Y,,...,Y ) € S_(€) and |5n—1| < -{i_ implies

3
Unl(en) 2 n Ene

and hence the first probability in the RHS of (III.5.4) is equal to
= < |7
P, (15, 1| = lunl,sn(e)). Next suppose (¥,,...,¥ ) € S (€) and
lﬁnl < Gn -1, then |ﬁn| <E < 6n~ 1 and the error in the Taylor expansion
given below is uniformly less than EHE. In this case

5 . _% n (Y._ﬁn) 1 2_ 1 2
U ,0)-u (B)<n j§1{(GO —l——an ) (GO(Yj) =) T+
+2n%€n€
_l n Y-l 2 2 1
b J n) _ 1,4 _ _1
<n j)=:1{(c;o< 1+€n> 3 - (G - )} +2mfE e
<-nfinlaf i
-n{_n R g(Y.)(GO(Yj) -3)+

17073

3
—n%En—lzg Y.g.(Y.) (G (Y)-1)+3ni€€
n =1 3905 Yo tty T 2 n

IA

3 1
-n En(ZEO{YgO(y) (GO(Y) - -2‘)} - 5€) < —n%€n5€.
similarly (¥,,...,¥)) € S_(€) and lu | < 1-G implies
; 5) > b
Unz(en) —Unl(en) 2 n EHSE

and hence the second probability in the RHS of (III.5.4) is equal to
S ls
P1n(|”n| lon 1|,sn(e)). Thus

2,2
1>1n(IVn 2y, € nEn) 2 P(Sn(E)) > 1

and the proof is complete. ]






CHAPTER IV

POWER APPROXIMATIONS TO MULTINOMIAL TESTS OF FIT

IV.1. INTRODUCTION

In this chapter we return to the simple hypothesis

for some specified distribution function G0 and consider the class of
Cressie-Read statistics Eﬁg()). For this class the null hypothesis reduces

to the following multinomial testing problem
(Iv.1.1) H G : p =p,
where p = (Pl""’Pk) is the vector of cell-probabilities under HO.
Since classical asymptotics for multinomial goodness-of-fit tests fail to
adequately describe the finite-sample truth, we present instead a new
large-sample approximation to the distribution of the statistics Eﬁg(l).
The new approximation follows the structure of the statistics CRn(X) more
closely, avoiding local expansion of the alternative cell probabilities.
Hence the approximation is valid for an almost unrestricted range of alter-
native distributions G of the observations Yl,...,Yn and a fixed number k of
cells. This method is computationally feasible, gives excellent agreement
with exact computations and Monte Carlo results, and enables us to extend
the qualitative insights obtained in earlier work.

The classical approximation to the limiting alternative distribution
of EE;(K) for k fixed is based on sequences of local alternatives Gn with

cell probabilities “in such that

k
(Iv.1.2) §=1limn X

2
e lﬂmm'%)@i

exists and is finite. Then the limiting distribution of any Eﬁh(x) under G_

is noncentral chi-square, xi_l(d). The distribution Xi—l(a) gives an
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Figure IV.1,1, Three approximations to the power of the ﬁn test, compared

0
to simulated true powers for n=100 and level 0=.05, For the A  approxima-

tion see (IV.2.8), The testing problems and data are taken from Kallenberg

et al. (1985), Fig 2. Equal (0) and unequal (+) null probabilities are con-
sidered.
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adequate approximation to the power of ?; (A = 1) against an alternative Gn.
The approximation is less good for fﬁ; (A=0) , as Figure 2 of Kallenberg et
al. (1985) demonstrates, and further calculations show it to be very poor
for more extreme values of A.

The classical limiting distributions under the null hypothesis and
sequences of local alternatives follow from a Taylor series expansion of
the statistic Eﬁh(k) to second order terms. All Eﬁg(l) are asympto-
tically equivalent. To illustrate the insensitivity of this approach,
note that the same Taylor series expansion shows that one can also write
the noncentrality parameter as

(Iv.1.3) § = lim 2nIA(ﬂ :p)
n-oo n

for arbitrary A, where

k

A 1 A+1
I (q:p) = XTXZTT'iii Pi{(qi/pi) -1}

is a directed divergence between the discrete distributions p and q on k
points. A discussion of the role of 2IA(ﬂ:p) as a measure of lack of fit
is given in Moore (1984).

For finite n, this alternative choice of § with A = 0 does in fact improve
the numerical accuracy of the noncentral chi-square approximation to the
power of fﬁ;, as Figure IV.1.1 shows. But for A far from 1, the chi-square
approximation to the power is very poor, just as is the case for the chi-
square approximation to the null distribution.

We propose the use of a large-sample approximation Ax based on a
Taylor series expansion of Eﬁh(k) under an arbitrary sequence of alterna-
tives Gn. The expansion is essentially the same as in the classical ap-
proximation, but does not rely on the local character of Gn' It reduces
=G, But the first order terms

1 (0
are not negligible under fixed Cﬁ #GO.Hence the approximating distributions

to the usual null hypothesis theory when G

are more complex, generally linear combinations of noncentral chi—squares
plus a constant. The approximating distribution is simplest when A = O,
taking the form xi_l(do)-fﬁo, where the constant Eo and noncentrality para-
meter 60 are functions of the “i and p; given by (IV.2.9). Figure IV.1.1
shows that this approximation to the distribution of fﬁ; is superior to

the classical result based on (IV.1.2) or the alternative expression
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Figure IV.1,2. Three approximations to the power of the ?n test, compared

to simulated true powers for n=100 and level o= .05. For the A1 approxima-

tion see (IV.2.7), for the B1 approximation see (IV.2.10). Same data as in

Figure IV.1.1.
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(IV.1.3). Our approximations are easily implemented via suitable software,
and are analytically much simpler than such competing methods as Edgeworth-
type expansions of the distribution functions.

A second approach is to look for the "locally best" noncentral chi-
square approximation. In the series expansion of Eﬁg(k) only the coeffi-
cients of the quadratic term are expanded locally to obtain an approxima-
tion BA which is still as close as possible to Eﬁg(k) but with the
pleasing feature that it has a simple distribution of the form
fxxi_l(G(x)) + E(A), which is give; in (Iv.2.10). For Eﬁ; this .
approximation coincides with the A" approximation described above. In
Figure IV.1.2 both approximations are compared with the classical xi_l(d)
approximation for Pn’ Although the locall§ best noncentral X approximation
cannot be expected to do as well as the A- approximation, it performs a lot
better than the Xi—l(s) approximations with § from (IV.1.2) and (IV.1.3).

Similar expans;ons of CRn(A) under fixed G, and k are easily obtained
for the case of testing fit to a parametric family {Gg(-;e);e € O c RP},
where the parameter 6 is estimated by én(Yl,...,Yn). Yet we do not know
whether a result like Theorem IV.2.1 holds true for these cases too. The
distribution.theory of the resulting expressions is complex and needs
second order expansions of ni(én-e). We confine the present investigation

to the case of completely specified Gg.

IV.2. APPROXIMATIONS

IV.2.1 Expansions and approximations.

For an alternative Gn let ﬂn = ( ”"'nkn) be the vector of cell

m
in
probabilities. The ﬂin are assumed to be bounded away from zero. The dis-

tribution of the vector N, of cell counts under Gn will often be denoted

k
by Py 7 Ep and var; have a similar interpretation. Put
n n n
Y, = (N_-nm, )/ (nm, )%,
k
(Iv.2.1) in i in in
rin = ‘nin/pi (i=1,...,k)

and consider the following Taylor expansion of ?ﬁn(k) under G+ for A #-1,0,
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— A -
CRnO\) = 2nI (Nk/n:p)

k
_ 2 A -1 A+1 ]
B W[i’il rian;i.n{1 + (oM, ) Yin} -n
(1v.2.20 = —2 [ F A (s ouny@r, )Py, +losnaar, ) 2
o A(1+2) [4j=q Tin in in in " 2 in in
_3
+ %(Ml))\()\—l) (o, ) TYin + .1 - n]
A -1
=AaA"(Y)+0 (n 2),
n b
where
X ko -1 1.2 A -2 K A
AT(Y) = i)=:1 rin{Yin”‘ (o7, ) }* + 2n1 (m_:p) -n) 151 ToFin
k - -
= r>.‘ {v. +2 1(n1r. )i(l-r.)‘)}2+2n1)‘(ﬂ :p) +
(1v.2.3) j=1 4in "in in in n
- k -
- nA B Y om, (1-r.>\)2r>.\
j=1 in in’ Tin
A L N N
=B (Yn) + i§-1 (rin_rnk)yin
k A
with rn>\ =i§1 (1 —'nin)rin/ (k-1) and
Aoy, - k - -t 3 A 2 A
B (Yn) =Ty i}=:1 {Yin+ (Arn)\) (n‘nin) (rin—l)} + 2nI (nn.p) +
(Iv.2.4) X
- X2ES 3 m  -12.
nA ;-4 in Tin

The linear part of ﬁn(}\) (and A}‘) is given by

A

-1 k1
(v.2.5) try) =2n8A7! T oa?
n : in in

i - 1)Yin + 2nI)‘ ('ITn:p) .

The second expression for AA is useful because with this form the
expansion (IV.2.2) extends to A = 0 or -1 by taking appropriate limits in
both CR_(A) and 2. Note that A" = CR_(\) if X =1 and 2 =g if A=0. The
cuadratic B is introduced because its asymptotic distribution is simple
due to equal coefficients of the quadratic terms; among such forms it is
closest to AA (and thus to Z’fn()\)) in the sense that E.nx;[A)\(Yn) - BA(Yn)} =>‘0.

Insert:}'\.ng fn)\ =1 in (IV.2.4) we get a slightly simpler form of B",
denoted by Bl' which is sc)imetimes)\useful too).\ N

The leading parts A (Yn), B (Yn) (ox B, (Yn)) and L (Yn) of the ex-
pansion of CRn(M can be used to construct approximations to the distribu-

tion of Eﬁn(k). Let Un have a multivariate normal distribution



71

Un = (U1 ,...,Ukn

14
~ N, (0, Ik-nfﬂfl )
1 ‘1 1
where ﬂi = (ﬂgn,...,ﬂin)[ Since Y, is asymptotically distributed as U

A A

(under G ), replace Y by U in AA B” and L" and consider the approxlma—

tions Ax(Un), B (U ) and LA(U ) . The construction suggest that A (U ) is
the best and L (U ) the least reliable approximation.
To derive their distributions, we employ the following notation. Let

Qn be the diagonal matrix

}x
in

o = . !
. lk
2
rkn

and Moo= (uln,...,ukn)' the vector

néx—i(ﬂ% (1-r_x),...,ﬂ% (1-—r—A

1
L in in kn'" kn» -

Let 6 ,...,9 be the eigenvalues and S the (k Xk) orthonormal matrix of

kn
elgenvectors of the matrix Q (I —ﬂé % )Q

)OS =S . .

3
(Iv.2.6) Q (I, =m2m Sh 0 .

n'k nn
Let T = dlag(eln,...,ekn) and write
wn = (wln,...,wkn) = SnQnun.

Zl'z2"" are independent standard normal random variables.

Apply the orthogonal transformation S; to Ax(Un). Then

A 2 A 2
2w =g @ +u)ll"+2n1 (@ :p) -llop |l

2

= lIste @ _+w)ll® + 2nr* (m_:p) - [Is;o I
o 1.2 2 Xy 2
efn#o ein(zi+min/ein) + 0.Z=0 w; +2nT (T _:p) 151 Wi

in
since 8'Q (U +u ) ~ N _(w_,S'Q (I —ﬂ%ﬂ%') S ) =N (w_,T ). As one of the
n“n' n 'n k' ' n’""n"n""k nn Qn n k' ' n'"n"

ein vanishes, assume 0 = 0. It follows that A (Un) is distributed as

kn
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L 2 A k=1 2
Z 6 (z, +w, /02 )% + 2nT (T _:p) - X )
i=1 i in’ "in n i=1 in
or, in a more suggestive notation, as
k-1 2 2 A k=1
.2, . (w, /0, :p) - .
(Iv.2.7) iEI einxll 1n/ 1n)+ 2nI (ﬂn p) 151 win

This can also be derived from Corollary 2.2 in Dik and de Gunst (1985).
In the particular case A = 0, the AA approximation to the distribu-

tion of fﬁ; reduces to the shifted noncentral X2 distribution

(Iv.2.8) Xk 1(6 ) + g
where
0 k 2 k 2
§=n I T, (log r, ) - n T T, logr,
(1Iv.2.9) n i=1 1in in j=1 in in
0 k 0
E =2n X 7, logr, -6 .
n i=1 1in in n

In all other cases we get linear combinations of noncentral Xf distribu-
tions. The approximation for ?; is no exception; it is just (IV.2.7) with
A=1.

A similar orthogonal transformation shows that BA(Un) is distributed

as
(v.2.10 £ ,x2 6N 4 gD,
where . .
- 2

5()\) = n()\fn)\) 2[ I om, (r).\ --1)2 - { T om, (r>.‘ -1)} ]

(Iv.2.11) n i=1 in 1in j=1 inin
\) _ A, )
g =2n1"(m :p) - T 56 ",

In the sense explained above BA is the "best noncentral X2 approximation"

to the dlstrlbutlon of CR (A\). For A = 0 it coincides with AA. The distri-

bution of B (U ) follows by inserting ¥ L= 1 in (Iv.2.10) and (IV.2.11).
The more cla551cal approximations Xk—l(dn) with én = 2nIl(ﬂn:p) or

A
= H i imati to B, £ R -p.| >0
Gn 2nI (ﬂn p) are in fact approximations to or maxl]ﬂin pll as

1
n > ©, In an expansion of L around p; the parameters of the B?(Un)

distribution can be written as

a1, X 3,2 4
%1‘hlmfm+miimm'%)@i+m“m%hm‘%|)
(A)___l_ k 3,2 4

£1 = -3n(2a1) izl(nin p;) /pi+0(nmaxi|1Tin pil ).
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The Xi—l(sn) distributions arise if 6;?)

i r is approximated by Gn and E;ﬁ) by
0. The advantage of A and B , that no expansions of “in around p; are
made, is thus lost.

Obviously the linear approximation LA(Un) is normally distributed
with expectation 2nI (ﬂn:p) and variance

2 K A 2
0% - @ e -7

-2 k A
an) “{Z m, (x
jop inTin

IV.2.2. Asymptotic error bounds.

As a counterpart to the stochastic expansions in subsection IV.2.1
we have the following theorem on the distribution error of the expansions.

See Cox and Reid (1986) for related work.

THEOREM IV.2.1. Let k 23 and A € R. Let 0 < € < %—and I[€ =

={n e]f%xniniﬂi z¢g, T = 1}. Let {s_}, s, >0, bea nondecreasing
= . - < i * =

sequence, let H(sn) = {m e He.maxilﬂi pil s /n Y and let T (s)

= He\n(sn) .

i) As n > >

A

(IvV.2.12) sup sup Ipﬂ(ﬁn()\) >c)-p@(U) > )| = O(n_%).

melle c>0

ii) If sn/ni + 0, then as n > @
1

— A )
(Iv.2.13) su sup |P_(CR_(A) > ¢c) =-P(B (U ) >c)| = 0(s n “).
'neﬁ(sn) &0 | T n n’. ! n

iii) If sn/nlz + 0 and an = ZnIA(ﬂ:p), then as n > ©

(1v.2.14) TSr"elﬁ(sn) sup |pﬂ(ﬁ§n(>\) > ¢) -p(xi_l(an)\) >a)| = O(Snn'%).
iv) If sn/n* + 0 and 6n = 2n11(ﬂ:p), A#1, then as n >
(IvV.2.15)  sup sup |P_(CE_(\) > c) —p(x2 (8)>a)| = 0(52n—%).
meli(s ) ¢>0 L k-1""n n
1
v) If s, and sn/n2 <1, then as n >
(Iv.2.16)  sup, sup |pﬂ(ﬁn(x) > ¢) -—P(LA(Un) >l = 0(5;1).

mell (sn) c>0

-1
The error bounds in iv) and v), when larger than O(n 2), are sharp.

PROOF. cf. Section IV.4. ]
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REMARK IV.2.1. The theorem also holds for k = 2 if ¢ is restricted to
Y < ¢ < for any fixed Y > 0, i.e. for levels bounded away from one. The

bound in ii) remains valid if we further simplify BA(Un) by taking fn 1

y =
everywhere. 0
REMARK IV.2.2. The error bound in v) also holds for normal approximations

based on moments of Eﬁ;(k) or Ax(Un) and remains sharp. 0
REMARK IV.2.3. We have no proof that the bounds in i) - iii) are sharp. O

The strength of the theorem lies in the uniformity of the error
bounds. The error of the AA approximation is at most Cn—% for all alter-
natives Wn € ]'[8 (and all significance levels an). Hence the Ax approxima-
tion is satisfactory both from a local and a nonlocal point of view. Taking
Tin = Py (i=1,...,k), A)\ (Un) = ”Un”2 and hence under the null hypothesis
the approximation is equivalent to the classical Xi-l null approximation.

N The BA and the Xi_l(Gn) approximations have the same error bound
O(n 2) as A" for contiguous alternatives (with maxi{ﬂin-pi' = O(n—%)). For
more distant alternatives they do not perform as well and they
may not be any good at all for fixed alternatives. The‘claésical approxima-
tion does even worse. For alternatives with maxi‘ﬂin-pij ~ n ¥ the error
bound in iv) approaches 0(1), whereas the bounds in ii) and iii) are still
O(n_%). Examples show that for appropriate ¢ and
maxilﬂin-pil > n_% the actual approximation error of Xi—l(an) with
én = 2n11(ﬂn:p) can indeed increase to one for any A # 1!

Of course these results are not surprising. For contiguous alterna-
tives AK, BA and xi_l(dn) do equally well because expanding ﬂin around
Py the three statistics are asymptotically equivalent up to OP(n_i). For
more distant alternatives the use of local expansions leads to a loss and
hence Ax is superior.

The linear approximation LA shows quite different behaviour. It
works quite well for fixed alternatives (comparable to AX), but breaks
down completely for contiguous alternatives. Broffitt and Randles (1977)
used the asymptotic normality of the Pearson statistic under fixed alter-
natives to propose a normal approximation to large powers of the 5£ test.
For large k (k > ® as n > ©) the normal approximation also improves locally,

see Morris (1975), but here we restrict ourselves to moderate values of k.
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IV.2.3. Moments and moment adjustments.

The fit of the approximations to the true distribution of Eﬁ;(%) can
also be judged from the similarity of the moments. Under fixed alternatives

we find by elementary calculations
el _ A -1 15 A 2
Eﬂ{CRn()\)} = E{B (un)} +n ()\—1){3 Tx (1 -3m +2m)/m, +
1 A 2 -2
+ Z(A-Z)Zri(l—ni) /ni} +0(n "), A > -1
A A
Entw )} = B8 w )}
A A -
E{B (un)}= 2nI” (M:p) +F, (k-1)

E{Bi‘ (Un)} = 27 (T:p) +k -1

E{Xi_l(ZnIx(ﬂ:p))} 2nIA(ﬂ:p)+1<—1

E{X§_1(2n11(‘ﬂ:p))} 2n11 ('n':p) +k-1

E{L>‘ ) } = 2n1? (T:p)

var_{CR_ (M)} = var{Ax(U )}-4(1+A"1){z ﬂ.r?x- (z ﬂ.r’))z} +
m n n 1 1 1 1

salz oA Mo, 2> a1
1 1 11
var{AA(U )} var{BA(U Yy} -2{z “.r?k % 2} +
n n 11 1

2% =2
+ 2{z (-m)ry —r>\(k-1)}

A A _2
var {B (Un)} var {L (un)}+2g>\(k-;)

var{Bi‘ (Un)} var {L)\ ) }+2(k-1)

8nIA(n:p)-+2(k—1)

var{xi_l(ZnIA(ﬂ:p))}

8n11(ﬁ:p)-+2(k—1)

var{xi_1(2n11(ﬂ:p))}

varithw )} = a2z 1 e - 2 1 ?)
n 1 1 11
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The first moment of AA and BA fits best to the moment of EEQ(A). The

fit deteriorates if we go to B?

Of course the statistics can be adjusted by a linear transformation

and the other approximations.

to get the "right" first two moments (of Eﬁg(l)). Such transformations are
quite common for the Pearson statistic and the likelihood ratio statistic
under the null hypothesis.

Cressie and Read (1985) calculate the first and second moment of
Eﬁh(k) under contiguous alternatives and suggest a moment adjusted
xﬁ_l(ﬁn) approximation, but they do not pursue this subject.

Broffitt and Randles (1977) use the exact moments of Pn under fixed
alternatives to construct a normal approximation to t?e power of the Pn
test. This is nothing else than the moment adjusted L approximation.

The order of magnitude of the error bound in Theorem IV.2.1v) is not

changed. More numerical details are reported in Section IV.3.

Iv.2.4. Asymptotic efficiencies.

A comparison of the (asymptotic) efficiency of the different aﬁg(k)'s
is not easily based on (IV.2.7) since this expression lacks transparency.

From (IV.2.2) - (IvV.2.4)
—_ A _1
CRn(k)/n = 21 (ﬂn:p)-+09(n 2y,

A
suggesting that 2I (ﬂn:p) may be a good measure of the relative power of
the tests in the Cressie-Read class. This coincides with the approach by
approximate Bahadur efficiencies, since the approximate slope of the

statistic Eﬁg(k) at T equals ZIx(ﬂ:p). Of course this is also in accor-
2

_ k-1
based on CRn(A) (cf. also Moore (1984)).

dance with the Y. (2nIX(ﬂ:p)) approximation of the power of the test
The discrepancy measure ZIA(ﬂn:p) is still rather unwieldy. For
alternatives with ﬂin = pi-+0(1) (i=1,...,k) a Taylor expansion is
informative:
by k 2 k e 2
21%(m :p) = T (m._-p)%/p,++0-1) T (FR-n)y(m, -p)/p, +
(IV.2.17) n j=1 4in “i i i=1 Pj in i i

1 k 4/3.
+ 75(A-1) (A-2) i>:1 (M =2y) fol 4 eee

The first two terms of the expansion suggest an increase of power with A

for those alternatives ﬂn for which the more important contributions
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(‘nin--pi)z/pi to the leading term le(ﬂn:p) have positive ﬂin-pi, and a
decrease in the opposite case. In other words: large values of A seem a
good choice for sharply peaked likelihood ratios ﬂin/pi; small values of A
seem preferable for deep dips of nin/pi. Cressie and Read (1984) make the
same recommendations, based on numerical evidence.

If Py = --r =P and the alternatives are anti-symmetric, i.e. for
each i there is an index j such that ﬂin-pi = —(ﬂjn-pj), the second term
of the expansion (IV.2.17) vanishes and the third term may be of interest.

This term suggest a local minimum of the power between A =1 and A =2.

IV.3. NUMERICAL RESULTS

A A .
To investigate the small-sample performance of the A" and B approxi-
mations relative to the other approximations discussed in Section IV.2 we
present some new numerical work and survey other work in the same area. Our

conclusions are summarized in subsection IV.3.3.

Iv.3.1. Power computations.

For sample sizes n = 20 and n = 50 and level o = .05 the true power
of the tests in the Cressie-Read class is computed in a number of examples
by direct enumeration. Randomization was used to get exact size .05. The
corresponding critical values were also used as a starting point for the
various power approximations, to put all approximations on an equal
footing.

For small n and A £ -1 the critical value increases in giant steps
to+® as o > 0 (cf. Read (1984)). In fact, for A £ -1 the null probability
PP(EE;(A) = ®) = PP (miniNi = 0) is considerable if m;niEé{Ni} is small,
e.g. for n = 20, k= 50r n = 50, k = 10. If the critical value turned out
to be +», we discarded values A £ -1. (Since computations are in steps of
.25 for A, the smallest A reported in such cases is -.75.)

The true power of the tests is an irregular discontinuous function
of A if n is small (this is somewhat obscured in our graphs due to linear
interpolation). The reason is, that as A varies sample points (nl,...,nk)
in the rejection region are replaced by others with different probabilities
under alternatives. s

In Figure IV.3.1 the true power of the Zﬁi}k) tests is compared to the
traditional Xi_l(ZnII) approximation, the AA approximation (IV.2.7) and the
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Figure IV.3.1. Three approximations to the power of the test ﬁn()\)

(-2<A<4), compared to exact powers for level o= .05 in a couple of exam-

ples with varying k,n,p and T: = exact power;----------- = A)\ approxi-
mation; -eeeeeeeeeeenes = B approximation; --= )(2 (2nI1 {T:p)) approximation.
_power -- power.

- ] “ n=20 k=4
1 TN p=01,1, 1, 1)/4
T=(13,13,13, 1)/40

n=20 k=4 7

2] p=(1,1,1,1)/4 '2'/ TN
] n=1(5,1,1,11/8

Al T 1 T T ~r— T T ]

2 -1 0 1 2 3 X -2 -1 0 1 2 3

power " _power 0 ket
n=20 k=4 n=2 =

] p=1(1,1,1,11/4 ] p=1(1,1,1,1)/4

-8 1 m=1(4,4,1,1)/10 -8 1 w=1(7,5,3,11/16

2 -1 0 1 2 3 X -2 -1 0 1 2 3 X
ower ower -
P n=20 k=5 il n=20 k=5
p=1(1,1,1,1,1)/5 ] p=(1,1,1,1,11/5
-8 1=18,3,3,3,%/20 -5 ] =1(1,1,1,1,0)/4
.6 1 .6 1
.4
.21 \\
/ . —
-2 -1 0 1 2 300




Figure 1V,.3.1

_power

(continued),

n=20 k=5
p=1(1,1,1,1,11/5
m=(3,3,2,1,1)/10

.8

_power

79

n=20 k=5
p=(1,1,1,1,11/5
7=17,5,4,3,11/20

n=50 k=5 ] n=50 k=5
.2 1 .2 1
p=11,1,1,1,11/5 p=1(1,1,1,1,13/5
n=18,3,3,3,3)/20 mT=1(1,1,1,1,01/4
. , . . . . . . - \
-2 -1 2 3 by -2 -1 0 1 2 3 2

.4 1 .4
n=50 k=5 1 n=50 k=5
.2 ] .2
p=1(1,1,1,1,13/5 p=11,1,1,1,1)/5
m=1(3,3,2,1,1)/10 m=17,5,4,3,11/20
. . . . . . . . . .
-2 -1 2 3 X -2 -1 0 1 2 3 DY



80

Figure IV.3,1 (continued).
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BA approximation (IV.2.10). Based on these graphs and numerous other

examples not reported here, we draw the following conclusions:

- the xi_1(2n11) approximation is tolerable but not quite satisfactory for
A =1 (the Pearson test); the approximation error often exceeds .04, even
for n =100. For values of A away from 1 the approximation breaks down
completely;

- the A" approximation is superior to the other approximations and is quite
accurate for a wide range of A values; the approximation error is usually
smaller than .03 (n =20, 0 < A £ 2}) or .015 (n = 50, -5 < A < 3); for
the.?g test the approximation is excellent;

A
A approximation is satisfactory but not as accurate as the A

- the B
approximation (except near A = 0 where they coincide);

- if one or more of the expected cell counts under the hypothesis is small,
approximations are often inaccurate for A < 0, but probabilities ﬂi =0
(under Gn) do not invalidate the Ax approximation;

- for alternatives where one Tri/pi is very large, the power increases with
A; for alternatives with one very small value of ﬂi/pi, the power de-
creases, and for alternatives with only moderate values of ﬂi/pi, the

highest poﬁer is usually achieved for A between -1 and %u

These conclusions confirm the simulation results displayed in Figures
Iv.1.1 and IV.1.2 and agree with the theory developed in Section IV.2.
Somewhat surprisingly, the AA and BA approximations under alternatives are
satisfactory for a broader range of A values than the X2 null hypothesis
approximation (cf. Cressie and Read (1984)), although AA and Bx reduce to
this approximation under HO.

We also comment on some other approximations discussed in Section
IV.2. The Xi_1(2nlx) approximation is an improvement on the Xi_1(2n11)
approximation for A # 1, but falls short of the BA approximation.
Adjusting the first moments, using the nonlocal terms of
E{Eﬁg(k)},-reported in subsection IV.2.3, the adjusted xi_l(dn) approxi-
mations for 6n = 2nIA and 6n = 2nI1 almost coincide. For small sample
sizes these approximations turn out to be serious competitors to BA."
This can be theoretically justified, the moment corrected appro#iﬁations
have the same error bound as BA.

A few typical cases are displayed in Figure IV.3.2. The BA

1
is about as effective as B* for 0 < X £ 1, but slightly less

approximation
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Figure IV.3.2. Four approximations to the power of the test ﬁn()\)

(-2<A<4), compared to exact powers for level o.= .05 in a couple of exam-

ples with varying k,n,p and T: = exact power; s = moment
corr. )(2 (2nI1 (T:p)) approX.; —— — —= )(2 (2nI1 (T:p)) approx.;
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T=(4,4,1,1)/10

1

n=50 k=S
p=(1,l,1,l,ll/5
m=1(8,3,3,3,3)/20

1 2 3 X

n=50 k=5 * n=50 k=5
2] p=(1,1,1,1,11/5 2] p=1,1,1,1,1)/5
w=1(1,1,1,1,0/4 n=1(3,3,2,1,1)/10
, - - . . . - : !
-2 -1 2 3 Y -2 -1 0 1 2 3 )
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accurate outside this interval.

The linear approximation LA, cf. (IV.2.5), is disastrous. Adjusting its
moments by using a normal approximation with the moments of Eﬁg(k) i; an
improvement, but the normal approximation is still better when the A
moments are employed (see subsection IV.2.3). It then competes with
x§_1(2nIA). Yet, errors of .06 (n = 20) or .04 (n = 50) are quite common in
the range -12'- <A< 2—%—. See Figure IV.3.2.

A few words on computational aspects are in order. The noncentral xz
approximations do not present any difficulties since library routines are
widely available. To compute the Ak approximation (IV.2.7) the eigenvalues
and eigenvectors in equation (IV.2.6) are first determined. One can then
proceed in different ways. We have employed a procedure described by Kotz,
Johnson and Boyd (1967) which expresses the cdf of (IV.2.7) as a weighted
sum of cdf's of central X2 distributions with positive and negative
weights. Sheil and O'Muircheartaigh (1977) give a sihilar procedure with
positive weights only. A different approach is described in Davies (1980),

cf. also Farebrother (1984).

Iv.3.2. Related work.

The AA statistic for A = 1 first appears in Patnaik (1949, p. 219),
he refers to a Pearson Type III distribution and finds the approximation
too cumbersome. In his opinion the Xi_1(2n11) approximation is adequate for
practical purposes (when Pn is used).

Slakter (1968) simulated the power of the Pearson test in a large
number of cases and compared it to the Xi_1(2n11) approximation. His main
conclusion is that the x2 approximation overestimates the true power quite
a bit for small sample sizes. Haber (1980) remarks that Slakter's con-
clusion is too pessimistic; he only finds that x2 approximations close to
one are suspect.

In West and Kempthorne (1971) and Kallenberg et al. (1985) the powers
of the ?5 test and the fﬁ; test are compared. West and Kempthorne (1971)
find that the“Pn test seems to have more sensitivity against alternatives
for which one component of T is relatively large, whereas the LRn test
appears better against alternatives where one component is relatively
small". This exactly confirms our own results and is also in agreement with
the numerical results in Cressie and Read (1984) and in Kallenberg et al.

(1985) . West and Kempthorne (1971) also note that, for fixed alternatives,
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the differences between the sensitivities of both tests are diminished if

n increases. This can be explained by a local expansion of the noncentrality
2n10(ﬂ:p). However, even for very large n there are alternatives for which
the power differences are large since 2nlI1(ﬂn:p)-Io(Wn:p)l can be made

large for any n.

Iv.3.3. Discussion

Global asymptotic expansions of test statistics are a useful tool
for constructing satisfactory power approximations. The importance of a
global approach is illustrated not only by the striking accuracy of the
AA approximation, but also by the fact that the strictly nonlocal normal
approximation (with AA moments) is a serious competitor to the strictly
local Xi-l(én) approximation . The asymptotic error bounds give a good
idea of the relative accuracy of the various approximations in small

samples. Moment adjustments often improve approximations.

Our recommendations on the use of power approximations are as

follows:

i) do not use the xi_l(ZnII) approximation for other EF;(A) tests
than Pn; N

ii) for accurate work always use the A" approximation (or exact compu-
tation);

iii) for many practical purposes BA is a good and simple approximation
for -1 < A < 3., For 0 £ A £ 1 the B} approximation is equally
effective and slightly simpler;

iv) for quick and dirty work the unorthodox normal approximation based

A
on the moments of A" (see subsection IV.2.3) deserves consideration.

Since global expansions are not very transparent, local expansions
are still useful to get insight in qualitative power properties of the
tests. Local theory and extensive numerical work by several authors lead

to the following recommendations concerning the choice of A:

a) if alternatives with one or two large values of Tri/pi are of
special interest, use the Pearson test (A = 1) or CRn(X) with
A= 2;
b) if alternatives with one or two small values of ﬂi/pi are of special

interest, use the likelihood ratio test (A = 0) or the Freeman-Tukey
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test (A = -%ﬁ;

c) in other cases the ?ﬁ and fﬁs test are competative; the fﬁ; test is
perhaps more powerful for a somewhat broader range of alternatives,
but the null hypothesis distribution of ﬁg is easier to control

(Cressie and Read (1984) advise A = 2).

There seems to be no sound reason to choose extreme values of A; distribu-
tions under hypothesis and alternative are hard to approximate and the

power gain is uncertain.

IV.4. PROOFS

Before proving Theorem IV.2.1 we derive some preliminary results.
Let Z1,Zz,... be i.i.d. standard normal variables with cdf ¢ and density ¢.
Repeatedly we use the order relation

(IV.4.1) p(|zll > log n) = o(n—%),

which continues to hold if Z1 is replaced by a standardized binomial
Bin (n,p) variable, uniformly in p bounded away from O and 1. We begin with
a crucial lemma, which is in the same spirit as Theorem 1 in Cox and Reid
(1986) . Although many constants and sets in the sequel depend on n, sub-

scripts n are suppressed to simplify notation.

LEMMA IV.4.1. Let ai’bi (i=1,...,m) and c be real numbers, m = 2, let
Pi(-) (i=1,...,m) be polynomials of fixed degree q = 0 and let a; > 0 and

d0 > 0 be fized. Uniformly for a; >ag, b, €R, c >0 and the coefficients

of the Pi bounded by dyr

m 2 _% m m 2
(1v.4.2) P £ a/(Z,-b.)+n 2 3 P(|z.]|)sc)=P( £ a(z,-b)<c
i=1 1 i 71 =1 14 j=1 11 74
+0(n‘5).
The relation continues to hold for m = 1 2f ¢ > y for some fized y > O.
PROOF. Assume without loss of generality bi 20 (i=1,...,m). We systema-
tically treat the case m 2 2 and only comment on points where arguments

for m = 1 are different. Put

-1
ey = 4q+1mdon 2min {log¥n, max {1 ,b?, ... ,bg}}.

We consider three cases.
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i) Let g = 0. The statistic in the LHS of (IV.4.2) is now of the form
bX ai(zi‘-bi)2-+n-%d with |d| < do and (Iv.4.2) follows from the mean value
theorem if the density of X ai(Zi--bi)2 is bounded. For m = 2 it is easily
derived from a convolution representation that the density is smaller than
%(alaz)_%. An induction argument shows that for m 2 3 the density is
bounded by the same bound. For m = 1 the density is trivially bounded for

arguments away from zero.

ii) Let ¢ 2 s and g 2 1. It is sufficient to prove the lemma for the
. - q J (4= =
special cases Pi(|zi|) =4, Zj=1 |zi| (i=1,...,m) and Pi(|zi|)

=-dOZ§;1 Izilj(i.=1,...,m) (the constant terms have been dealt wtih in i)).
- 2, -4 - ' m -

Let T(z) = X ai(zi bi) +n ¢ X Pi(|zi|) (z-(z1,...,zm) €e R) and T =

= T(zy...,zm).Write T = T+ for the first special case and T = T_ for the

second special case. Put

h(z) =m min {log¥n, max {maxilzil, max |zi|q}} (z e ®Y,

n 2_ ¢

s={zer; Za,(z,-b,)" = and
i1

_ g+l -3 -1
‘tz =2 don c "h(z).

IA

We first show that 0 t <

- for z € S and large n. Note that

N

max.|z.| < max.lz_-—b.I-Fmax.b.
i'7i i'7i i i71
-1
< ag?{x a, (z, —b.)z}é + max, b,
ii i i7i
= a—%ci + max, b, .
0 i7i

Hence, if maxit& > aa%c%, then in view of ¢ = c0

t < 2q+1d n-%c_lm min{logq n, max {2 max, b,,2% max, b3}} < 4.
z 0 i ivi 2

1
Ec%, then for large n

Conversel if max, b, <
¥ r ihi )

qtly -} -1 q+2 41
tZ <2 don c m maxilzil <2 dom(aonc) < >

if maxiizil <1lor if g=1, and

—lmd n—& q-2 n < %

q+1 -& -1 2 q-2 q+3
<
tz <2 don c m maxizi log n< 2 ay 0

log

otherwise. Hence tz < %-. Let
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m
A+ = {y ER ; y= z—t(z—b),tz< t51,zes,maxi|yil < log n}

Suppose y € A+. Then

T+(y)

_1 q N m .
(1-t)> Ta.(z,-b.)+n 2a_ % minlmlogin, £ |z.-t(z,-b,)|}
iti i 0 4=1 i=t 1 i 7i

A

% min {m log:.l n,2j_1mmax. |z.lj +
j=1 1 1

2 1
(1-t)°c+n "’do

+237¢In max; |z, -b, |3}

A

(1-t)c + n_%d02qm min {logq n,max {maxi I zil ,maxi ‘zi|q}} +

_1 . .
+n%a_ % minim logd n,29tImmax, |z - b, |7}
0j=1 i i i

—1 ‘— —-1 1 - -—
c-tc+ —é—tzc +n 2@ m % min {log’ 2 n, (2aoic%)] 2}4aolc

0 3=2

I

3

- -
+2n dom(aoc) c

A

c,

where the last inequality holds for large n. Hence T+(y) Scif y e A+.
Next let

A ={yeRr"; y=z+t(z-b),t < t<°°,zes,maxi|yi| <log n}.

Suppose y € A_. Then by a similar argument, for large n,

T (y)

J

(1+t)2Xa_(z -b )2-n-‘}d % min {m log” n, I; |z +t(z. -b )|j}
i7i i 0. i=1'"1 i i

j=1

clic-ntan . j -} 3,3
c + 2tc 2tzc n domjglmln {1og n,(ZtaO c?y”}

v

> c
(to obtain the last inequality consider small and large values of t
seperately). Hence T_(y) > ¢ if y € A_ and if n is large enough. Put

D = {y € Rm: y = z+t(z—b),—tz <t < tz,z € S}.

The preceding arguments show that the symmetric difference of the sets
{z:7(z) < c} and {z: }Zai(zi—bi)2 < c} is contained in the strip D around

the surface S of an m-dimensional ellipsoid and possible in the distant set
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1
{z ;maxilzi[ > log n} which has probability o(n Z) . The width of the strip
is larger for points z of S far from the origin than for points close to
the origin. The probability of the event (zl,...,zm) € D is small precisely

because the strip is very narrow in the region of large density. Obviously

m 1
-z
'H1¢(yi)dy1...dym+0(n ).

m
2
|p(T < ¢) - P('}:1 a(z,-b) < ) sj.l.).J g

i=

For large n we have on D n {y ; max:,L |yi| < log n}

m m m .
i£1¢(yi) = i£1¢(zi+t(zi_bi)) = i£1¢(zi) (1+0(1)) (z € 8).

This follows from t2 2 (z, —b,)2 < tza_lc
i i z 0

Schwarz inequality, from |[tX zi(z-_‘L - bi) |

0(1) and, using the Cauchy-

-1 2,3 :
tz(a0 cZzi) = 0(1) since

N A

> zi < 2)ZYZi+2t2)I(zi—bi)2 < 2(m+1) log” n for large n.

Hence it suffices to prove that uniformly

T -3
(1v.4.3) j.].).j i21¢(zi)dy1...dym =0(n"?).

1
Substituting v, = (yi—bi)ai (i=1,...,m) the LHS of (IV.4.3) equals

om _1 m _%
(IV.4.4) I a.2 f[...[ T ¢(a%w, +b,)dv,...dv_,
j=1 1 p* =t ii i 1 m

where

o
]

*={verYv= (+t)w,-t St <t ,we s*}

0
1]

no2
{w « Rm; I w =c}
i=1 1

_ g+l —% -1 % . * _ -3 —%
tw 2 don ¢ "h (w) with h (w) = h(a1 w1+b1,...,am wm+bm).

Introduce polar coordinates r,el,...,em_l; let v, = rcos 91, v, =

= r sin 91 cos 62""’Vm-1 = r sin 91... sin Gm_z cos Gm_l,

v, = rsin 61 ... 8sin Gm_2 sin em—l' N

Write g(f) = (sin®,)® 2(sin6.)®3 ...sin® ., r, = (1-t )c? and
1 2 m-2 1 w

r, = (1 +tw)c%. Noting that w € s* only depends on 61,...,6 (and not

m-1
m m m .
on r) and that r2—r1 < (ZC%) tw (since 0 < tw < %'), (IV.4.4) equals

ki) m2T ¥

B - 2 m-1 -}
igl a; {)é g fflr g(b) igl (1>(ai W+ bj_)c:lrdem_l...de1
-1 "i _% ﬁm—lﬂ m2rm _%
(1v.4.5)  <y@ (Ta*)n %c {)...(j} (I) W (w)g(®) Mo (a ?w +b,)db ,...d0,

RS B BRI 1 2
Syoyl(Haiz)n 2.0 f
0

o—3

S
5 g(6) Mo(F(a,*w,+b . NAO _,...d0,
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-3 2

2q+1+md . The last inequality follows from max, |z 10 e ® z; <

where Y, =
< max, ‘z lqexp (—-g-max Z, ) < Yl' for all z € R". The J.ntegral in the RHS
of (IV.4.5) is certalnly bounded and hence (IV 4.3) is proved if c is

bounded. Suppose c > 1. Note that c--1 -2-m {(1 +c 1)m (1- _1 m} Put

- 1
Py = (1-c¢ 1)c2 and o, = (1+c )c7, then the RHS of (IV.4.5) is smaller

2
than
1 1T T 2T P, . _%
7Y0Y (Ta E)n 'Zj J I I r g(e) H¢(—2-(ai wi+ bi»drem—i"‘del
0 00 Py
AL e “830) ) S, -OJH o2ty Jay, .. .dy,
where

DO ={y e Rm; y = z+t(z—b),-—c_:l <£t=< c_l,z e s}

and where we have used the inequality (in the reverse order)
T y? =T(z, +t(z, -b, ) € 2522420 25 (2, -b,)% < 252> +2a.}, valid for
i i i i i i i i 0

y € D, . Since the last integral is bounded, (IV.4.3) is proved in this case

0
too.

For m = 1 (IV.4.3) is replaced by

5 By —t X < _ [P
<I>(zo+tzOc) €I>(z0 tzoc) +<I>(zoo+tZOoc) @(zoo tZOOC) = O(n ?)

1
by the mean value theorem, where z . = b1 + (c/al)%, Z = b1 - (c/al)2 and

0 00
¢ = (c/ao)i and where c is assumed bounded away from zero.

iii) Let c < Cye We first show that uniformly

_ P
(IV.4.6) P(Z ai(zi bi) < ¢c.) =0(n ?)

The noncentral chi-square density (at x) of (Z1 —b1)2+Z§ is given by

X
- - _ 1
(4m) ! [y %(x—y) %{1 + exp (—‘2b1y%)} exp {—%(y2 - b1)2 - %(x-y)}dy
0

- 1L X _ -

< (2m ' exp (—%X—Jz-bf+b1x7) [y %(x—y) J5<1y
0
= (&v)%cb(x%-bl).
Assuming b1 = maxibi, it follows that
2

P(Z a,(2,-Db,)" £ c,)

it i 0

2 -1

< P((z1 —bl) +22 < a0 co)
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A

Co/ao
gm0 i - b, )ax
0

A

(%ﬂ)%aaico Olzgzstld)(eaa%c% - b1) .
It is easily verified that the RHS is of order 0(n_%), proving (IV.4.6).
For m = 1 and c bounded away from zero this case does not occur.

Now suppose the lemma is proved for c¢ = c, (see i) and ii)). Then

0

<
for c c0

P(T < ¢) < P(T < cj) = P(Z ai(Zi—bi)z < cp) +0(n'5) = 0(n'5>.

Since also P(X ai(Zi--bi)2 <¢) = O(n—%), (IV.4.2) immediately follows.
This completes the proof of Lemma IV.4.1. 0

REMARK IV.4.1. There is nothing sacred about the integers n € N in (IV.4.2).

They can be replaced by any s, > 0 such that s, > ®© agas n > ®, O

COROLLARY 1V.4.2. Let U Uy be jointly Nk(O,Ik— ﬂ%ni') distributed with

free-
T € He' Replacing ZyseeenZy in Lemma IV.4.1 by Uyreeesl

K’ the lemma remains
valid in the sense that (1v.4.2) holds for k = 3 (and also for k = 2 if

c>y>0).

PROOF. By an orthogonal transformation similar to that in Section IV.2

k 2 k-1
I a(U,-b,) "~ X alz

2 2
j=1 1 i i j=1 4 i-Bi) +60

k k q . k k-1 .
P(lu =z = a luoli~z % a. |’z g, .2.|
i=1 1 1 i=1 j=0 1] 1 i=1 j=0 1] s=1 is s

where the ai are positive. and bounded away from zero, the 9 (and dij)

are bounded and ~ denotes "is distributed as". Since for 1 < j < g

k-1 s k-1 s s
g. 2z |7 <5 vz |3,
s=1 is's s=1 1is s
where the hii) are again bounded, the desired result follows from

Lemma IV.4.1. ]

LEMMA IV.4.3. Let a;r di (i=1,...,m) and c be real numbers, m = 1, and let

ag > 0and d) > 0 be fized. Then, uniformly for mainai| > ay |di| <a

and ¢ > 0,

0

m -3 2 m -3
Pl ¥ a.zZz,+n Y 4,2, <c)=Pl X a.,zZz. <c)+0(n 2.
i=1 11 i=1 i'i i=1 11
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The error bound is sharp; Remark IV.4.1 again applies.
PROOF. It is sufficient to prove that

-1 2 _%
+ 2 < = < .
(Iv.4.7) P(Z aiZ:_L n dOXZ:,L c) P(X aizi c) +0(n %)

Consider an orhtogonal transformation 7 = ¥Z where ¥ is an m xm orthonormal

matrix with first row Ha”_1 (a1 P ,am) . Then

- 2 - ~2
P(X a;Z; *n %doizi <g¢) = 1>(||a|[.7?1 tn %dOZZi <a).
By direct calculation, using Ha“ 2 ags uniformly
~ -1 -1
P(llahz1 tn2q % < o) = P(Ilalri1 <) +0(n 2),

Hence, by a convolution argument,

-1
P(lallZ, £n"2a ):?Z‘i <

- -1
o c) = p(llal[%’1 tn 5dox:1_1 <) +0(n 2),

where 'Zl and Xxi—l are independent. A conditioning argument immediately
shows that the RHS equals P(”a”ﬁ’1 < ¢) +0(n_%) and (IV.4.7) is proved.
That the error bound is sharp follows by direct calculation for

m = 1 and hence in general. [

LEMMA 1IV.4.4. Let £ (x;8) denote the density of the noncentral xi(é) dis-
tribution, m > 1. Then

- 1 1
me(m 2)/2exp{-—%(x2—62)2} for x >0, § >0
f (x;8) < cC x_% {-1( %—6%)2} for 0 < x < 46§
n(Xi8) < C x Zexp{-5(x or x
_1 _ 1
C ¥ 2(x/8) (m 1)/4exp{-%(x2-62)2} for 4m2 < 8§ <x

where the positive constants C, do not depend on x or §. Conversely,
_1 1 1
£ (x;6) > C &8 2 for |x2 - 82| <1, § > 4.
m m

PROOF. All statements are trivial for m = 1; so assume m > 2.

Let v = v(x,8) be a real-valued function satisfying 0 < v < %x, and let
-1 - - -
b= ("M 72 (@-1)/2)"'. Then
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X
£ xi8) = é £ 1 x-yi0) £, (yi6) dy
¥ 1 (m=3) /2 1 1
<b [y 2%y exp(-26 - =x + §
— m 0 2 2

1

1,3 53,2 3,3
j_bm exp{-i(x -82) “}H exp{-62 (x2- (x-V)

X 2
+/ y %(x-y)
X-v

L c2_s3)2 Lo/ det 1y
< b exp{-5(x2-82)"Hexp{-5(8/x)2v} J y ?(x-y)
m 2 2 0

v
+ (x-v) 2 [ z
0

< b expl-}(x2-6%) 2} expl-L (/%) 2v}
< b exp —i(x -82)"H exp _i( /x)4v} x

11
2,,2

Yy
)} 5y 2(x-y)
0

(m-3) /2

(m-3)/2e

(m-2) /2

) dy

X-V 1

(m-3)/2dy

11 2
exp{-82 (x2-y2) }dy]

(m—3)/2dy

1
xp{—%(&/x)zz} dz]

1 1
B(§, §(m-1))

;
1 1
11 (8/x)2v -sw
+ 235 B (xy) @1/ wm=31/2 20 4
0

The first inequality follows by taking v

from the first one if x < 4m ; otherwise take v(x,§

the last integral by 2(m—1)/2

by taking v(x,6)

)

0. The second inequality follows

2(m-1)log x (bound

F(%(m—l))). The third inequality is obtained
1
(m-1) (x/8)%1log x (bound the last integral as before).

1 1
To prove the reverse inequality, assume § > 4, let |x2-62| < 1 and

observe that

-3 -
lb Y2(x_y) (m 3)/2exp(_%

fm(x;d) z 2 m

O =X

X

11 _1
>5b exp{-%(xz—éz)z} x 27 (x-y)
x-1

NI =

2

=

1
} (8%+1)

|v
NI =

13k
bm exp{—i(x -82)

- - -1
(m-1) 1bm e 5/26 z O

|v
NI =

We are now prepared to prove our main theorem.

PROOF of Theorem IV.2.1.

i)

S -

(m-3) /2

1

111
exp{-62 (x2-y)} dy

2(m—1)-1

Let En denote the set {y eIRk; maxilyil < log n}. In view of (IV.4.1)

Pﬂ(Yn € En) = 1-o(n_%) uniformly for T € HE. By Corollary 17.2 in

Bhattacharya and Ranga Rao (1976)
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supy }Pﬂ(yn € BY-P(U ¢ B)| = O(n_%)

where the supremum is taken over all Borel measurable convex sets B < Rk
and where U = (Ul,...,Uk)' is distributed as in Corollary IV.4.2. The
error bound is uniform in T € HE. Consider CRn(X) as a function of Yn'
Zﬁiék)=aR&Yh). Since aﬁék) is a convex function of Yn on En, and En itself

is a convex set, it follows that

sup ]Pﬂ(?ﬁn()\) <c,Y eE) - P(RMU) < c,U ¢ En)l = O(n'i)

or
(IV.4.8) sup lpﬂ(c_Rn(A) <o) - pRMNU) < o = 0(n_%),

where the supremum is taken over T € HE and ¢ > 0.

Conditionally on Yn € En' the terms in the expansion (IV.2.2) beyond
the third power of Y., are uniformly bounded by e = d)‘n_1 log4 n, where d)\ is
a suitable positive constant. This remains true after replacing Yn by U.

By Corollary IV.4.2 (with q = 3)
'p(A)‘(U) + %—n—%(X—l) Zr%‘nfiu‘?’ tg <¢g) = P(AA(U) < ¢) +0(n_%) .
11 1 n

Combining this result with (IV.4.8), i) is established.

ii) By (Iv.2.3)
A}‘(U) = B)‘(U) + X (r).‘—f )U:.Z
i AT

- A=
where I - 1 and r,-r, = O(maxi|ﬂi-pi|) as maxi|ﬂi-pi[ ~+ 0. By

Corollary IV.4.2 (with g = 2)

P(AA(U) < c)

A
P(B"(U) < @) +0(maxilni—pi|).

The desired result now follows from part i). Note that this argument
remains valid if one takes EA = 1.

(iii) Let

N

~ 1 -
(1Iv.4.9) r, =[z wi(ri-l)z—{z ﬁi(ri—l)}2] 200021 (mip) 1 2.

Define EA by (IvV.2.4) with r replacing r. . Obviously

A A



94

A ~A A ~ 2
A" (U) = B (U) + Z(ri - rA)Ui'

~ AN
= - - = - . Similarly t
where r, 1+0(maxil7ri pi]) and r;-T, O(maxilni pil) Similarly to

(Iv.2.10) and (IV.2.11) §A(U) is distributed as

~ 2
a Xk-1

(Gnk) + (l_rl)ﬁnl'
By Corollary IV.4.2 (with q = 2)
P (AX(U) <g) = P(EA(U) <c) + Omax, |7,-p, |)
T itti Filte

Moreover, in the notation of Lemma IV.4.4,

P(r

(an) + (1—r}\)6n)\ < ¢)

~A 2
(Iv.4.10) P“(B (U) <c) A Xe-1

" o .
P(Xk-l(ank) < c+ (C_an)(l—rx)/rk)

2 ~ 1
Py (85)) < @) + (e=8 ) (-ryry ™ £, (848,)

where Sn =c + tn(c—GnA)(l—rA)/rk, 0 <t < 1. The first part of Lemma

n
IvV.4.4 implies

-2 13 s3 12y 3 43 1.3
C 0 Zexp(-5(02-62)") if |°n'5nxl < 562,.
f1 08 3) < L1,
_Liaz <2 :
C exp{ 4(6n an) } otherwise.
Since c¢ - an = (On—ﬁnx)(1+o(1)), it follows that

(c=8_ ), _, (8 38 ) = 0(1).

-1
Hence the last term in the RHS of (IV.4,10) is of order O(Snn 2) and the
desired result follows from part (i).

(iv) Define ;Xl as ;X in (IV.4.9) with Ik(n:p) replaced by Il(n:p) and

define g?(U) as EA(U) with © replaced by P Again

A AL”

Ay A Ao~ 2
A% = B{(U) + I(x] - ¥, U]



and

Bj(U) ~xyy X o 8) + (1-1y,)8 + 6, -8
. ~ A~ _
with r,, = 1+0(maxiiwi-pi|) and rj-r,, = O(maxilﬂi pil).
Proceeding as in (iii)

~ 2 ~
Pryy Xq (8p) *+ (8, + 6, = 8, <@

-1
= P(xi_l(dn) + an—én <c) + O(Snn

2).

By a local expansion

(Iv.4.11)

ank-d =

1 3,2 4
g(x—l)n z (wi—pi) /pi + O(n maxiiﬂi-pil ),
: . 3 2 -3
implying (Gnk-sn)/sn = 0(sn n

2). since by Lemma IV.4.4 fk_l(x;é) <cC s
(all x > 0), another application of the mean value theorem yields

p B <o) - pOC_,(6) <o) = 0(s2n7h).
m 1 k-1""n n
The desired result follows again from part (i).

To prove that the bound in (iv) is sharp, it suffices to show that
for given {sn}

2 P
Pxe_q(8) + 8 3-8 <8) - P(Xi_l(dn) <8§)>es n

NI=

for some € > 0 and appropriate ﬂl,...,ﬂk.

2 3 =3
such that both & /s_ and Idnk—snl/(sn n
cf.

First note that "1""'"
(IV.4.11). Since

k exist
) are bounded éway from 0 and <,

LR
- - 2_82 _
|6n (8 =8 )13-82 = 0(1)

2 -
as s
n

the second part of Lemma IV.4.4 and the mean value theorem imply the above
inequality.
(v) By (1v.2.3),

(Iv.2,5) and (IV.2.7)

Nl=
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(Iv.4.12) P(AA(U) <g) = P(L (U) + z ri < c)
k-1 N k-1 )
=P(2ZI 62w, Z, + 2nI"(mp) +I 0, 25 <c).
i=1 in in 1 i=1 in 1

The ein (i=1,...,k—1) are bounded away from O and «® and the first k-1

2
components of m = 'Q u (see subsection IV.2.1) satisfy maxi win >
€0 max, (r A/2 -r, A/2 2/k2 for some e, > 0. Hence, dividing both members in

1 1

the last event of (IV.4.12) by nZmax, Irx/z -r, “M2

|/|A|, Lemma 1IvV.4.3 implies
that the RHS of (IV.4.12) equals

k-1 \ 1 .
2 . 2 - -
P(2i§1 6% w, 2z, + 2nI"(m:p) < ¢) + O((m*max, |7 -p,[)7")

where the remainder term is 0(5;1). The desired result now follows from

part (i). That the bound is sharp is an easy exercise. O
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