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Preface

The text before you is an adaptation of my doctoral thesis Chabauty methods and cov-
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6, 1999 in Leiden. Subsequently, the thesis was awarded a prize of the Stieltjes Re-
search School. As a result, I was offered the opportunity to have the text published as
a CWI tract. I am very happy to get the chance to publish this work in its entirety. In
this way, it retains a coherence that is lost if a text is chopped up in articles. I hope
readers agree with me and will get as much joy out of reading as I got from writing it.

Also, publishing this work as a CWI-tract instead of as a thesis at the Universiteit
Leiden gives me a chance to thank people that helped me in writing it. First of all,
I would like to thank my advisors Rob Tijdeman and Frits Beukers for the guidance,
support and freedom they offered me during the four years I worked on this subject.
Their comments and suggestions helped me very much in my research and my writing.
Special thanks also goes to Ed Schaefer who visited Leiden during spring 1999. First
he accepted the function of referee and then exceeded his obligations and even took
on the first correction of some parts of the manuscript. His enthusiasm and criticism
added greatly to the joy of writing.

I would like to thank Don Zagier for introducing me to the subject of generalised
Fermat equations, Bjorn Poonen for introducing me to effective Chabauty methods,
Joe Wetherell for sharing covering techniques with me and Hendrik Lenstra for many
sharp questions about the manuscript that helped improve it. Furthermore, I am deeply
endebted to the KANT group in Berlin for the outstanding support they have given in
using their software. Finally, I would like to thank all people at the Mathematisch
Instituut in Leiden for creating a great working atmosphere and giving me four great
years.

Nils Bruin
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Chapter 1
The generalised Fermat
equation

1.1 Introduction

The roots of Diophantine geometry go back to at least the ancient Greeks. The
Pythagoreans already knew that in every right triangle, the lengths of the sides sat-
isfy a relation of the form x*> +y? = z2. They probably were not the first to be aware of
this relation, but we do know that they were aware of the fact that it is not automatic
(but true) that there are integral solutions to this equation, i.e. that not all right trian-
gles with two sides of integral length have an integral length for their third side, but
that there are some that do.

In Arithmetica, Diophantus formulated the related arithmetic question of writing
a square as the sum of two other squares. Pierre de Fermat came across this and
wondered if the 2 as exponent is essential to this equation, i.e. if x” +y" = 7" has
positive integer solutions for n > 2. The remark he scribbled in the margin of the book
vexed mathematicians for 350 years, but as we now know (see [Wil95]), this equation
admits no solutions.

Several generalisations spring to mind. One may wonder what integral solutions
to x| +- - - +xj, = 0 exist. This is not the direction we will pursue. When we talk about
the generalised Fermat equation we mean

Ax"+By' =C7

with ,5,t € Zy and A, B,C € Z, not all zero. Note that this equation is not homoge-
neous and thus, the argument that it suffices to look at gcd(x,y,z) = 1 to describe all
solutions is not valid. See [Boy88] and [Sch60] for a description of the solutions in
some cases.

If r,s,¢ are pairwise coprime, then the equation describes a rational curve in weight-
ed projective space. Thus, we can give a rational parametrisation of the solution-
s modulo weighted homegeneous equivalence. For instance, if we take U,V € Z
and W := U +V, then (UV*W3)> + (UV'W?)3 = (U'>V'°W?)2. For any solu-
tion x° + y3 = 72, we have that the solution resulting from U = O, V= y3, W=21s

1



2 Chapter 1. The generalised Fermat equation

weighted homogeneously equivalent (as described below) to (x,y,z). Therefore, the
given formula parametrises all solutions up to equivalence. We will restrict ourselves
to ged(x,y,z) = 1 (or, more generally, ged(x,y,z) composed of a given finite set of
primes), which is a much more interesting problem.

Note that the described equation is weighted homogeneous: If (x,y,z) is a so-
lution and d = lem(r,s,t), then (A%/"x,A9/5y,A4/'7) also satisfies the equation. We
call two such solutions weighted homogeneously equivalent. Let g = ged(r,s,t) and
write P(x,y,z) := (x/8 : y*/8 : 2/8) € P2(Q). It follows that two equivalent solutions
(x1,¥1,2;) and (x,,,,2,) have P(x;,y,,z;) = P(x,,,,2,). Conversely, if two solu-
tions (x;,y;,2;) and (x,,y,,2,) have P(x,,y,,2,) = P(x,,¥,,2,), then thereisa A € Q
such that

(xpy12y) = (8AY 7%y, 8,4%%y,,8,A%"2)),

where &, = 1 if r/g is odd and &, = +1 otherwise and 8y, 6, are defined analogous-
ly. As a consequence, P(x,y,z) does not necessarily distinguish between equivalence
classes that are related by trivial transformations such as x — —x, but is faithful oth-
erwise.

Let S be a finite set of primes. We call a solution S-primitive if gcd(x,y,z) contains
only primes from S. We call an equivalence class of solutions S-primitive if it contains
an S-primitive solution. If § = (/) then we call such a class simply primitive.

1.2 Classification
The structure of the solution sets depends mainly on the quantity
x=xrnst)=1/r+1/s+1/t.
First we look at what is known for )y > 1. In this case, we have
(rs,t) =(2,3,3),(2,3,4),(2,3,5),(2,2,t) (foranyt >2)

or permutations of these. This is what we call the spherical case. Beukers showed
that there exists a finite set of polynomial solutions such that the integral solutions can
be obtained by specialising:

1.2.1. Theorem (Beukers). Let A,B,C € Z,ABC # 0 and r,s,t € Z,, such that ¥ > 1.
Then the equation Ax" + By* = CZ' has either zero or infinitely many solutions x,y,z €
Z with gcd(x,y,z) = 1. Moreover, there is a finite set of triples X,Y,Z € Q[U,V| with
gcd(X,Y,Z) = 1 and AX" + BY® = CZ' such that for every primitive integral solution
(x,¥,2), there is a triple (X,Y,Z) and u,v € Q such that x = X(u,v), y = Y(u,v),
z2=2Z(u,v).

(See [Beu98].) Beukers’ proof is based on the fact that there are only finitely many
number fields of bounded degree and ramification. In principle, this is an effective
statement in the sense that this finite set of number fields can be enumerated. This



1.2. Classification 3

enumeration process is not very efficient, so practical limitations become inhibitive.
In Chapter 3 we will discuss some special cases where we can determine such a set of
polynomials in practice.

A pair u,v, as in the theorem, represents a point (u : v) € P1(Q). The theorem
basically says that there is a finite number of rational maps ¢ : P! — P2, defined over
Q such that the representatives (x'/2 : y*/2 : 7/2) of primitive classes of solutions in
the P are covered by the images of P! (Q) under the maps ¢. We say that the solutions
are parametrised by a finite set of P!’s.

If y =1 then (r,s,t) = (3,3,3),(4,4,2) or (2,3,6). This is the Euclidean case.
Here, solutions correspond to rational points on curves of genus 1. We find the curves
A(x/y)}+B=C(z/y)* A(x/y)*+B = C(z/y*)? and A(x/2>)? + B(y/7*)* = C respec-
tively. We see the same phenomenon. Primitive solution classes are parametrised by
the rational points on finitely many algebraic curves. In this case, the curves are of
genus 1 instead of genus 0. Depending on the curves, there will be zero, finitely many
or infinitely many solutions. However, since the rational points on curves of genus 1
have a very special structure (they form a finitely generated group, if there are any),
we still have a fairly satisfactory description of the primitive solutions in this case.

For x < 1, the hyperbolic case, there is also a finite set of parametrising curves,
but they are of genus > 1 and so, by Faltings’ theorem (Theorem 2.3.3), there is only
a finite number of primitive solutions:

1.2.2. Theorem (Darmon, Granville). Let A,B,C € Z, ABC # 0 and r,s,t € Z,,
such that x < 1. Then the equation Ax" + By* = CZ' has only finitely many solutions
x,y,2 € Z with ged(x,y,z) = 1.

(See [DGY5].) The proof is ineffective in two places. They use Riemann’s Existence
Theorem to obtain the parametrising curves and invoke Faltings’ theorem to get finite-
ness of the set of rational points. The main part of this book deals with making this
statement effective in a number of special cases.

The ABC-conjecture suggests an even stronger finiteness result.

1.2.3. Conjecture (ABC-Conjecture). For every € > O there are only finitely many
coprime positive integers a,b,c satisfying the relation a + b = ¢ such that

logc
log(product of prime divisors of abc)

>1+¢€.

The following argument comes from [Tij89]. Let r,s,¢ be positive integers. If
1/r+1/s+1/t < 1,then 1/r+1/s+ 1/t <41/42. If we apply the ABC-conjecture
with € < 1/41 to (a,b,c) = (Ax",By*,CZ') (possibly dividing out common factors to
a,b,c), then we get for each A,B,C € Z, that there are only finitely many pairwise
prime triples (x",y*,7") with ¥ < 1 such that Ax" + By* = C7'. Thus, finiteness should
still hold if we allow r,s,¢ to vary under the restriction that y < 1, but fixing A, B,C.

From here on, we restrict ourselves to A = B = C = 1. In all spherical cases, we
have infinitely many solutions and, apart from x> + y> = z°, we have an efficient way
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1"+2> =32 (r>6)

132473 = 2°
27417 =712
25472 = 3¢
3P 4114 = 1222

177 +762713 = 210639282

14143 +2213459% = 657
338 4+ 15490342 = 156133
438 4962223 = 300429072
92623 + 153122832 = 1137

Table 1.1: Positive and primitive solutions to x" +y* = z'; y < 1

of obtaining the parametrisations (see Chapter 3). In [Thi96], some bounds on the
number of needed parametrisations for x> +y> = 7> are derived which are better than
the bounds following from the proof of Theorem 1.2.1, but are not guaranteed to be
sharp. In the Euclidean cases, no nontrivial primitive solutions exist.

For the hyperbolic cases, we find that (x,y,z) = (1,0,1),(0,1,1) are not the only
positive primitive solutions, as can be seen in Table 1.1, copied from [Beu98]. One of
the striking facts is that this table does not contain any example for which r,s,t > 2.
This leads to the following bold conjecture.

1.2.4. Conjecture (Tijdeman, Zagier, Beal Prize Problem). Let x,y,z,1,s,t be positive
integers with r,s,t > 2. If X"+ y* = 7' then x,y,z have a factor in common.

This conjecture was also posed by a Dallas banker named Beal, who awarded a
prize for its proof or a counterexample (see [Mau97]).

1.3 Main results

Although the generalised Fermat equation (even with A = B = C = 1) seems well
beyond present techniques for solving, some of the special cases are solved. For the
remainder of this text, we put A = B=C = 1. As was pointed out in the previous
section, the spherical and Euclidean cases are fairly well understood. In this section,
we assume that y < 1.

The case r = s = ¢ is dealt with by Wiles. The equations x” +y" = 7> and x”" +
y" = z3 are proved not to have any nontrivial primitive solutions in [DM97] for r > 7
(assuming Shimura-Tanayama-Weil for the latter). There, they also deal with x" +
Yy =27, a special case of x” + 2%y? + zP investigated in [Rib97]. Poonen deals with
X +y =75, +y =7 and x" +y" = 27" for r < 7 in [P0o098].

According to the ABC-conjecture, the complete list in Table 1.1 should be finite.
In Chapter 4 we shall show that, for some exponent triples (7, s,?), the list is complete.
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1.3.1. Theorem. If x,y,z € 7Z satisfy x> + y* = +2° and gcd(x,y,z) = 1 then xyz = 0.

3

1.3.2. Theorem. The only integer, pairwise prime, solutions to x* +y® = 73 are

(x,3,2) € {(£1,0,1),(0,£1,1),(£1549034, +33,15613)}

1.3.3. Theorem. The only integer, pairwise prime, solutions to By} =2 are

(x,7,2) € {(£1,0,%1),(0,1,%1), (£1,2, +3), (£43,96222, £30042907)}.

1.3.4. Theorem. If x,y,z € Z satisfy x> + y* = 2> and gcd(x,y,z) = 1 then xyz = 0.

5

1.3.5. Theorem. The only integer, pairwise prime solutions to x*> —y* = 2> are

(x7y7z) € {(i]aov l)a(()::bla_l)a (i122,i1173)7(i77i3a_2)}

The main goal of this text is to prove these theorems theorems. Upon inspection
of Table 1.1, we see that the only r,s,# for which a nontrivial solution (other than
14 23 = 32) not dealt with in one of the theorems above exist, are 2,3,9 and 2,3,7.
While 2,3,9 seems vulnerable to an attack along the lines presented in this text, the
case 2,3,7 seems well out of reach. See [Beu98] for details of what can be done.






Chapter 2
Basic definitions

In this chapter we fix some notation and review some standard results. The reader may
prefer to skim through this chapter rather than read it thoroughly.

2.1 Number fields

Let K be a number field (i.e. a finite field extension of the field of rationals (). Then
we write O, or 0 if K is understood from the context, for the ring of integers of K
(i.e. the ring of elements that are a root of a monic polynomial over Z). Let p be a
prime ideal of &. Then we write v, : K* — Z for the normalised discrete valuation
related to it (i.e. v,(K*) = Z). Let Nﬁ/Z(p) := #(&[p) denote the norm of p over Z.

Then we define the normalised absolute value related to p by |x|, := N, /z (p)~"» @ for
x € K. The field X is a topological field with respect to the metric topology induced
by this absolute value and we write K,, for the metric completion of K. We extend |.|,
and v, to K. The completion of & is 0, := {x € K, : v,(x) > 0}. Itis a local ring
with maximal ideal p&), = {x € K}, : v, (x) > 1}. We choose a uniformiser u, € & at
p, i.e. an element such that (u,) &, = p&,. Dividing out by any power of p gives us a
notion of reduction. We have the following exact sequence.

0— p¢0, — O, 008 7 1p¢ — 0,

where we use that &, /p¢0,, is canonically isomorphic to &' /p¢. We induce this reduc-
tion map on polynomial rings &, [X;,...,X,] and free, finite &),-modules with basis
by reducing the coefficients individually. Note that &'/p is a finite field. We write
char(p) for the characteristic of this field, i.e. the rational prime that divides N, /Z(p).

Field embeddings ¢ : K — C give rise to Archimedean absolute values on K. If
6 (K) C R, wecall ¢ a real place of K. In this case we define |x|; = |o(x)|. Otherwise,
o is called a complex place and we write |x|s = |o(x)|?. These Archimedean places
are called primes at infinity.

Let Q C K C L be a tower of number fields. We say that a prime p of L lies above
a prime p of K (notation p | p) if the topology on K induced by |.|, is that of |.|,. Let
S be a finite set of primes of subfields of K, containing the (unique) infinite prime of

7



8 Chapter 2. Basic definitions

Q. We say a prime p of K lies outside S (ptS) if p does not lie above any prime in S.
We define the ring of S-integers

(Og)s=O0g={x€K:x€ O, forallp{S}.

Suppose we have a tuple (x,,...,x,) € K". We call such a tuple S-primitive if we have
that min(v, (x,),...,V,(xs)) =0 forevery ptS.
Following [Sil86, Chapter X], we adopt the notation

K(S,m):={x€K"/(K")": vy(x)modm = 0 for all p { S}.

We have that K (S, m) is finite. We write 6 € K(S,m) as a shorthand for a representative
8 € K* of an element of K(S,m). If the m-torsion part of the ideal class group is
a subgroup of the part generated by p | S, then K(S,m) = 65/(05)™ and then the
representatives can be chosen to be m-th power free S-units (as far as m-th power
freeness is defined for units). This is trivially the case if the class number (the order
of the class group) (K) of K is prime to m.

If K C L is a Galois extension (i.e. normal and separable), then we write Gal(L/K)
for the group of field automorphisms of L that are the identity on K. We write K for an
algebraic (separable) closure of K and Gal(K) := Gal(K/K) for the absolute Galois
group of K, i.e. the Galois group of the extension K C K.

2.2 Resultants

Let R be an integral domain and let F,G € R[X] be polynomials with deg(F) = n
and deg(G) = m. We write F(X) = f X"+ ---+ f, and G(X) = g, X" +--- + gm and

define
fo-- fn 00 ... 0
0 fh---fm0..0

res(F,G) :=det| 0 ... 0 f, f, ... fu
8 & --- & 0 ... 0

Q o 0 gy 8 - gm
nIm

Consequently, res(F, G) is a polynomial in the coefficients of F and G, and
res(F,G) modyp = res(F modp, Gmodp),

where the latter should be read as the resultant of a degree » and a degree m polyno-
mial, with leading coefficients that are possibly 0. Suppose that

F(X) = foﬁ(x —a), G(X) =g X -8
i =1
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over some extension of R. As shown in [Lan65, V,§10, Proposition 4], we have that
res(F,G) = fy'gg ITiz 721 (¢; — B;). Consequently, two polynomials over a domain
have a common root only if their resultant vanishes. This gives us the following lem-

ma, which is the central principle of all the results in this text.

2.2.1. Lemma. Let K be a number field, let F,G € O¢[X,Y] be non-constant homo-
geneous polynomials and coprime over K. Let m € Z_, and D € Oy. Suppose that
S is a set of primes such that res(F (X,1),G(X, 1)), res(F(1,Y),G(1,Y)), D € O5. If
X,%,2 € K with (x,y,z) S-primitive such that

F(x7y)G(x7y) =D7",

then there are z;,z, € K, with (z,,z,) S-primitive and §,,6, € K(S,m) with 6,6,/D €
(K*)™ such that

F(x,y) = 81Z1,
G(xay) = 6225"7

%% _ (_Z_)'”
D a 212y

Proof: Let p be a prime of K outside S. Note that since F and G have integral coeffi-
cients and D € &, we have that mv, (z) = v, (F (x,y)G(x,y) /D) > min(v, (x), v, (¥))-
Therefore (x,y) is S-primitive as well. So, xmodp # 0 or ymodp # 0. Assume the
latter. Since res(F (X,1),G(X,1)) € &, we have that F(X, 1) modp and G(X, 1) modp
have no common root. It follows that v, (F (x/y,1)) = 0 or v, (G(x/y,1)) = 0. By ho-
mogeneity, we have that v, (F(x,y)) = v, (F(x/y,1)) + deg(F) v, (y) = v, (F(x/y,1))
and the same for G. Since

mvy (2) = vy (DZ") = vy (F (x,7)G(x,)) = vy (F(x,3)) + v (G(x,7)),

we see that v, (F(x,y)), V,(G(x,y)) € mZ for all p{ S. The case xmodp # 0 follows
from symmetry. g

Furthermore, we define disc(F) = res(F,(d/dX)(F)). It is straightforward to
check that res(F, G) | disc(FG).

2.3 Algebraic curves

It is surprising to see how difficult it is to give a satisfactory elementary definition of
an algebraic curve over a number field. Intuitively, we mean dimension 1 subsets of a
vector space K" over a field K, described by polynomial equations. However, we do
want to be able to apply (non-linear) changes of coordinates and we want to look at
points at infinity as well. Furthermore, we often use reduction mod p. This would lead
us to consider schemes over the ring of integers. The language of schemes, although
appropriate, is considered to be difficult by many people and, in fact, once a model of
a curve is chosen, not really necessary for effective computations.
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In this section, we define the concept of a curve (over number fields, completions
of number fields, finite fields and over their algebraic closures) in terms of smooth pro-
jective models. The reduction map will only be dealt with in relation to a model of the
curve over the ring of integers of a number field or a completion of it at a prime. It is
in no way a complete treatment of the subject and we refer the reader to any basic text
on algebraic geometry for proofs and details. See for instance [Sil86, Chapter I,II] and
[Har77, Chapter IV], although Hartshorne only considers algebraically closed fields.
Our curves satisfy Hartshorne’s definition if considered over the algebraic closure of
their field of definition.

By an algebraic curve over a field K we mean a smooth projective, geometrically
irreducible variety of dimension 1. Such a curve admits a smooth projective model €
over K. This is given by an ideal /(¢") C K[X,),...,X,], generated by homogeneous
polynomials Fy,... ,F,. Let K be an algebraic closure of K. The K-rational points
form a non-empty set

E(K)={(xy:-..:xa) € P*(K) : F,(xg,-.. ,xa) =0fori=1,...,m}.

That the model represents a smooth variety of dimension 1, follows if %' (K) # @),
does not contain isolated points and for all (x, : ... : x,) € % (K) we have

oF,
tk (5)—(;()%,... ,x,,))‘ .:n— 1.
iJj

Geometrically irreducible means that %(K) is not the union of two strictly smaller
sets €, (K) and €,(K), given by polynomials over K. Let P = (x,: ... : x,) € ¢(K)
and let L be a subfield of K containing K. Suppose that x, # 0. We call P L-rational
if x, /Xy, ... ,Xa /Xy € L. We write K(P) for the smallest subfield L of K such that P is
L-rational. We write % (L) for the set of L-rational points of %

Note that Gal(L) acts on P*(L). If € is defined over L and P € ¥'(L), then a point
°P conjugate to P over L will also satisfy the polynomial equations that define ¥ .
Thus, Gal(L) acts on %’(L). We can characterise %’(L) as the Gal(L)-invariant points
cg(Z)Gal(L).

If K is a number field then we can choose F,... ,F, € 0[X,,... ,X,]. This gives
us a notion of reduction at a prime p of K for projective models

[(¥modp) = (Fymodp, ... ,F,modp) C (O/p)[X,, ..., Xu].

We say € has good reduction at p if ¥ modp is again a smooth projective model over
O/y.

Let @,...,¢m € K[X,,...,X,] be homogeneous polynomials of degree d > 0.
Then the (partially defined) map

o: PYK) = P™(K)
(g i eee i) = (@g(Xg---3%n) et @ul(Xgs- . 5 Xn))
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is called a representative of a rational map over K. If ¢’ is another representative that
agrees with @ where both are defined, then ¢’ is said to represent the same rational
map. We denote the represented map with ¢ as well. A rational map is defined where
one of its representatives is defined.

Let ¥ and Z be smooth projective models of curves over K. A non-constant
map @ : 2 — ¥ is called a cover over K if it is induced by rational maps over K
from the ambient projective space of 2 to that of . As it turns out, such cover-
s can always be extended to the whole of 2(K) and are surjective on ¢(K). Be-
ing defined by polynomials the map ¢ : 2(K) — € (K) has finite fibres. We put
deg(@) := max, ., #p~1({P}). If deg(@) = 1, then ¢ is invertible and ¢! is a-
gain a cover over K. In that case, ¥ and & are called birationally equivalent. A curve
over K can be defined as a birational equivalence class of smooth projective models
over K. We will often not distinguish between a curve and a representing model.

The set of degree 1 covers ¥ — % over K forms a group and is called the group
of automorphisms Autg (%) of " over K. We write Aut(%) := Aut(%’). Suppose
that ¢ : 9 — ¥ is a cover over K. We write Aut(Z/%) for the subgroup of auto-
morphisms T € 2 such that @ o T = ¢@. If #Aut(2/%€) = deg(p), then @ is called
a Galois cover and we write Gal(2/%) := Aut(2/%). As a shorthand, we some-
times write (Gal(2/%)\.) : 2 — Gal(2/%)\2 for ¢. Note that, although sup-
pressed in this notation, the choice of ¢ is important in this construction, especially if
Gal(2/%) ¢ Auty(2).

A curve 2 over K that is birational to ¥ over K by a cover y : 9 — € (but
not necessarily over K) is called a twist of €. Note that Gal(K) acts on Aut(%), in-
duced by the action on %’(K). We write Twist(¢’/K) for the set of twists of 4’ modulo
isomorphisms over K. In terms of group cohomology (see [Ser79, Chapter VII] for in-
stance), we have Aut (¢) = H°(Gal(K), Aut(%)). Elements of H!(Gal(K), Aut(%))
can be represented by maps & : Gal(K) — Aut(¥) satisfying the cocycle property
&(o,00,) =°(&(0,)) 0 &(0;). The following theorem links twists to 1-cocyles.

2.3.1. Theorem. Let € be a curve over a field K of characteristic 0. Then the map
Twist(¢'/K) — H'(Gal(K),Aut(%))
v = (o= oy
is a bijection.

(See [Sil86, Theorem X.2.2].)
Consider the affine part {X,, # 0} C P" with coordinate functions ¥; =X, /X,,,...,
Y, = X,/X,. A projective model % leads to an affine model given by

I%ﬁf = (F(LY 5 Y0)iny e

Smoothness implies that for any P, € %'(K) there is an affine model and a coordinate
function ¥; such that Z(P) := Y,(P) — Y,(F,) is a uniformiser at P,, i.e. all coordinate
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functions can be uniquely expressed as formal power series in Z such that P(Z) = (1 :
Y,(2):...:Yu(2)) € €(K(P)[Z]) with P(0) = F, and Y,(P(Z)) = Z+Y,(F).

Let ¢ : 2 — ¥ be a cover of curves over K, let P € 2(K), Z be a uniformiser of 2
atPandY,,...,Y, be coordinate functions of an affine part of & such that Y;(¢(P)) =
0. We can express the Y; uniquely as power series in Z. This gives us e € Z, such
that Y,(Z) = 0modZ¢ and Y,(Z) # OmodZ¢*!. We write ord,(Y;) := e. We define the
ramification index of ¢ at P as ep(¢) := min{ord,(Y; —Y,(P)),... ,ordp(¥, —Yu(P))}
and we call ¢ ramified at P if e,(¢) > 1. For fields of characteristic 0 we have that
>p co-1({0}) ep(@) = deg(@). Covers are ramified at only finitely many points.

We will not explicitly define the genus of a curve here. We will only need that
genus(%’) € Z., is a birational invariant and obeys the following lemma.

2.3.2. Theorem (Hurwitz). Let ¢ : 2 — € be a finite cover of smooth curves over a
field K of characteristic 0. Then

2(genus(2) — 1) = 2deg(p)(genus(%) — 1)+ D, (ep(p)—1).
PeZ(K)

(See [Sil86, Theorem I1.5.9] or [Har77, IV.2].)

We will often meet curves given as covers of the projective line. If such a cover
is Galois with cyclic Galois group, we say that the curve is a cyclic cover of the
projective line. We restrict ourselves to cyclic covers with an affine model Y = F(X)
where F is a square free polynomial. Such a model is smooth at all finite points. For
m =2, we have that with respect to U = 1/X and V = Y /X 9€(F)/2] ' we get the model
V2 = y2ldee(F)/21F(1/U). The points at infinity in the original model correspond to
points with U = 0 and this model is smooth there. If 2 | n+ 1, then there is only one
such point and we denote it with co. Otherwise, there are 2 of those points. We denote
these with «o™ and . Instead of working with a smooth model of cyclic covers, we
will work with this singular model and understand it to represent the smooth curve
corresponding to it.

A motivating fact for the work in this book is that for a curve % over a number
field K, the genus turns out to be crucial for the arithmetic properties of €.

2.3.3. Theorem (Faltings). Let € be a curve over a number field K with genus(%’) >
2. Then € (K) is finite.

(See [Fal83] and [Fal84] or [Bom90].)

2.4 Elliptic curves

An elliptic curve E over K is an algebraic curve & over K with genus(&) = 1, togeth-
er with a point O € &(K). The map & — Pic’(&) given by P — [P — O] induces an
abelian group structure on &, where O is the neutral element. This makes & a group
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variety, which we write additively (see [Sil86] for proofs and details). Such curves ad-
mit (in characteristic # 2,3) what we will call a projective twisted Weierstrass model
in P? with coordinates (X : Y : D)

E:y’D=X3+a,X’D+a,XD* +a,D?,

sending O to the point .o = (0 : 1: 0). This relates to the ordinary affine Weierstrass
model
U? = V3 +ya,V? + ya,V +vag

via (U,V) = (Y /(yD),X /(yD)). The group law is characterised by the rules that o is
neutral and that P, + P, 4+ P, = oo if and only if P,, P,, P; are collinear. We write E for
an elliptic curve (given by a Weierstrass model) and & for the corresponding genus 1
curve. Naturally, if we consider non-constant maps E; — E, between elliptic curves,
we should insist that the distinguished point of E; lands on the distinguished point on
E,. Covers between elliptic curves with this property are called isogenies. They are
automatically group homomorphisms.
We have the following theorem.

2.4.1. Theorem (Mordell-Weil theorem). Let E be an elliptic curve over a number
field K. Then the group E(K) is finitely generated. Thus there is an r € Z,, (the rank
of E(K)) and a finite subgroup E**(K) C E(K) such that E(K) = Z" x E®(K).

(See [Sil86, Theorem VIIL.6.7].)

Let E be a twisted Weierstrass model over a number field K with v,a,,a,,a, € €
(so it is actually a model over &). Let p be a prime of good reduction of E. Then E
is also a curve over K, and E(K,,) — (Emodp)(&/p) is a surjective group homomor-
phism. We define the kernel of reduction E(!) (K;) to be the kernel of this map.

0 — EV(K,) — E(K,) ™% (Emodp)(6/p) — 0.

We define the affine coordinates Z = X /Y, W = D/Y. The function Z is a uni-
formiser around e and we have the equation

W =2 +a,Z*W +a, ZW* +aW>.

Note that P € E (1)(Kp) implies Z(P) € p&,. Let E(€[y '][Z]) denote the collec-
tion of formal power series solutions to E, i.e. triples X,¥,D € €[y~!][Z] such that
YY*D = X3 + a,X*D + a,XD? + azD? as formal power series. We consider G(Z) €
E(O[y"][Z]) defined by Z(G(Z)) = Z and G(Z)mod (Z?) = (Z: 1 : 0)modZ>. We
expand the group law in a power series

F(Z,,2,) = Z(G(Z,)) + G(2,)) € Oy "12,,Z,].

As is described in [Sil86, Chapter IV], this leads to a formal group % in one variable
Z with coefficients in &[y~!]. The group E((K,) is isomorphic to Z (p&,) (good
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reduction implies ¥ € &,). By [Sil86, Proposition IV.5.5] we have a power series
Log;(Z) € K[Z] with Log 5 (Z) = Zmod (Z2) and if v, (char(p)) < char(p) — 1, then
by [Sil86, Theorem IV.6.4], Log ; : #(p&,) — p0, is a group isomorphism. This
induces a group isomorphism

Log, : EV(K,) = p&,,
with inverse Exp,,. Fuﬁhermore, since for z € p&), we have
Log 5 (z) modp* = zmodyp?,

it follows that if G, G, € E() (K,) then Z(G, + G,) modp* = Z(G,) + Z(G,) modp?.

Note that the concept of reduction is dependent on the chosen model E over &.
In that sense, the notation £ (1)(Kp) is misleading, since it suggests an object given
over K,. Writing 0 — E(1)(&,) — E(&,) would be even more misleading, since this
would suggest we are looking at p-integral points, which most people would interpret
as points with p-integral values for X /D and Y/D. As long as one remembers that
E (1)(Kp) is a set with a group structure which comes from a formal group % over &
and that the object is really dependent on the chosen model, misunderstandings are
unlikely to arise. As to whether the (!) should be a super- or a subscript, authors do
not agree. In this text a superscript is chosen since subscripts are used to distinguish
different curves. The parentheses are just ornaments to avoid confusion with an ex-
ponent. In some books, a © is used (see for instance [CF96]). This is not preferable,
since the index 0 is widely used to indicate the inverse image of the smooth part of
E modp (which is not the whole of E in the case of bad reduction).

The inclusion E (K) — E(K,) splits the study of E(K) in two subgroups of groups
of which we have a better understanding.

0 — E(K)ﬂE(l)(K,,) — E(K) —— E(K)modp ——— 0

1 1 1

mod p

0 —— EW(K,) —— E(K,) — (Emodp)(€/p) — 0
2.4.2. Theorem (Hasse). Let E be an elliptic curve over a finite field F. Then
|#F +1—#E(F)| < 2V#F.
(See [Sil86, Theorem V.1.1].)

We will use the following lemma to bound the size of the torsion subgroup of
elliptic curves.

2.4.3. Lemma. Let E be a Weierstrass model over a number field K with good reduc-
tion at p and suppose that v, (char(p)) < char(p) — 1. Then

E"(K) < (E(K)modp) C (Emodp)(€/p)
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as groups.

Proof: Since E(K) C E(K,) and E (1)(K,,) = p0,, and thus free of torsion, we have
that E(K,) — E(K,)/E (D(K,) does not kill any torsion. Then the induced map on
E(K) is injective on torsion too. O






Chapter 3
Some spherical cases

In this chapter, we discuss an efficient way of determining a set of parametrising
curves for some Fermat equations. The method utilises common factors in the ex-
ponents and yields a full parametrisation in all spherical cases except x> +y> = 2°.
These parametrisations were first calculated by Zagier and published (without proof)
in [Beu98].

The first section discusses the underlying principles that also apply to some non-
spherical cases. These were first sketched in [DG95]. The second section applies the

method to some spherical cases that are of interest to the rest of this text.

3.1 Parametrisation of F(x,y) = Dz™

In this section we show how Lemma 2.2.1 leads to an effective and practical way to
find the parametrising curves for the S-primitive solutions of a weighted homogeneous
equation of the form F (x,y) = Dz" (where F is a square free homogeneous polynomial
of degree n > 2) over a number field K. First we investigate the underlying geometry
of the parametrising curves.

Let K be a number field and let F(X,Y) € 6, [X,Y] and D € 6. Let S be a set of
primes such that disc(F(X,1)),disc(F(1,Y)),D € 5. The presence of D allows us
to assume that F is monic in X. Let L be a splitting field of F(X,1) over K. We have
0y,...,0, € Lsuch that F(X,Y) =[I'L;(X — o;Y). Note that o € Gal(L/K) acts as
a permutation on the ¢; and use this to fix Gal(L/K) < S,. We write o; = s
Suppose that x,y,z is an S-primitive solution in K. Lemma 2.2.1 gives that we have
Oy,..-,00 € L(S,m) with (8, ---8,)/D € (K*)™ and S-primitive (z,,... ,z,) € L" such
that

x—opy = 62
2= {30z

Since x,y € K, we can assume, without loss of generality, that °6; = 80(1‘) and %; =
2y foro € Gal(L/K). If F is irreducible over K then Gal(L/K) acts transitively on
the o;, so then §; determines all §;. See Lemma 3.1.2 for details.

17
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If we eliminate x and y from these equations, then we see that (z;,... ,z,) must be
a zero of the ideal

Iy = {(o— aj)(skzlrcn - 6Z") — (o, — o) (6,Z]" — 5jZ;'n)}i,j,k,l
87— 87" . .
such that its image under ¢ : (Z;,...,Z,) — %ET’ is K-rational (correspond-
_ 27 —8,Z]

ing to x/y), where the definition of ¢ is independent of the actual choice of 7, j because
of the relations generating /5. Also note that the zero-locus of /5 does not intersect
any Z; = Z; = 0, since the o, are distinct.

We claim that the model %5 described by 5 is a smooth projective model of a
curve over L in P"~1. For n = 2 we have nothing to prove, since 5= 0, so ‘55 =Pl
which is smooth. Otherwise, we have that, away from Z; = Z, =0,

d(zi) _ (04 — 0,)8; mZ7~"! d(zj> ,

Z_k (04 — o)) 8; mZy~1 —Z;

$0 Z;/Z, can be used as a uniformiser there.

Let { be a primitive m-th root of unity. The variety € has several automorphisms.
Consider 7, : P"~! s P"~! defined by Z; — {Z,. Note that 7, = (7, 0---07, ;)7L It
is straightforward to check that ¢ : € — P! is finite of degree m"~! and Galois with
Galois group (7;,...,T).

To conclude that € is actually geometrically irreducible, we consider the follow-
ing argument. Since % is smooth, it is a disjoint union of components. Each 7; has a
fixed point, so the component containing that point is mapped to itself by 7;. Since €
is a Galois cover of the (connected) projective line, we have that the abelian Galois
group (7,,...,T,) acts transitively on the set of components of %s- Consequently, the
7; act as the trivial permutation on the components, so there is only one.

We consider the following Galois-action on L[X,Z,,...,Z,). For ¢ € Gal(L/K),
we have the usual action of o on K. We put °X = X and °Z, = Z o (i) and extend by
linearity.

With this action, we have °/; =I5 and °¢ = ¢ for o € Gal(L/K), we see that both
are defined over K, so ¢ : ‘55 — P! is in fact a model of a cover over K. Furthermore,
%5 has good reduction at primes outside SU {p | m}.

We compute the genus of € using Theorem 2.3.2. Note that #p~! ({a}) = m"™!

ifag {ay,...,0n} and #9~'({0;}) = m"~2. As a consequence,

2, (ep(9) = 1) =nm"2(m~1).

Pet(K)
Since genus(P!) = 0 we get

genus(%y) = L+m" % (in(m—1)—m).
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Now suppose that x,y,z is an S-primitive K-rational solution to F(x,y) = Dz"
and that a = x/y (if y = 0, then q is the point > € P!(K)). Suppose P € ¢~ ({a}).
If 0 € Gal(K/K) then °@(P) = %a = a. Since %@ = ¢, it follows that there is a
T € Gal(%'/P!) such that °P = 75(P). Itis easy to check that &, : 6 — T, is a cocycle.
By Theorem 2.3.1 there is a curve Cp over K and a degree 1 cover y : % — €5 (not
necessarily over K) such that &, = (0 — “yy~1). Since

(= (P) = "y (1(P)) = "y~ Tyy ™ (P) =y} (P),

we see that y~!(P) € €p(K). Furthermore, since ¢ is 7-invariant, o y~! : €, — P!
is a cover over K and a € ¢ o y~1(6,(K)). We see that the 6, form a parametrising
set of curves for the S-primitive solutions. (Note that the €5 themselves are twists
of each other). To see that we only need a finite number of %, we need that %} has
again good reduction outside S and that the number of twists with this property is
finite. This follows from [Sil86, Lemma X.4.3]. Alternatively, finiteness follows from
Lemma 2.2.1 together with Lemma 3.1.2. Summarising:

3.1.1. Theorem. Let K, F(x,y) = D7 and S be as above. Then there is a finite number
of Galois-covers @p : €p — P! over K with Gal(%,/P') = (Z /mZ)"~\, where € is
of genus 1 +m"~2 (An(m— 1) — m) and has good reduction outside SU{m} such that

J0p(%p(K)) = {(x:y) : F(x,y) = Dz" with x,y,z € K and (x,y,z) S-primitive}.
bp )

The % are all birationally equivalent over K and the @p are ramified exactly above
the points (x : y) for which F(x,y) = 0.

While the model € is well suited to analyse the underlying geometry of the prob-
lem, it is not very useful for explicitly determining a set of curves. This is partly
because the model itself is a priori given over L and that we conclude that %y is de-
fined over K by Galois invariance. This means that even the question P € ¢5(K) is not
easily answered. Furthermore, while by the correspondence proved in Theorem 2.3.1,
determining the appropriate twists is effective, it is not a very practical procedure. We
can do better. ‘

First, note that if F = F| F, with F}, F, € 0[X,Y] then we can apply Lemma 2.2.1
to obtain a finite number of systems of equations over & of the form

Fl(xay) = Szrln
F,y(x,y) = D&™ 173

Therefore, it is enough to deal with the case that F is irreducible over K. Let & be a
rootof F(X,1) and let L = K(e). Then, applying Lemma 2.2.1 over L we see that for
an S-primitive solution x,y, z there exists a 6 € L(S,m) and a, ... ,a,_, € K such that

x—ay = 8(a,+ajo+---+a, ja"H)"

/N (®) L
L= 5 Nk (Zio aie).
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We have unique forms by, € K[X,), ... ,X,_,], homogeneous of degree m, such that

n—1
z b6,i(a07"' a4, )0 =0 (a0+a1a+---+an_1a"_l)m.
i=0

We conclude that (x : y) = (b; o(aq,---,a,_;) : =bg(ay,---,a,_,)) and that for i =

»“n—1

2,...,n—1,the b57i(a0, ...,a,_,) should vanish. This gives us
3.1.2. Lemma. Let K, F, D and S be as above. Suppose that F is irreducible over
K, that o is a root of F(X,1) and that L = K(o!). Suppose that x,y,z € K are §-
primitive and satisfy F(x,y) = DZ™. Then there are ay,... ,a, , € K and 6 € L(S,m)
with NL/K(3)/D € (K*)™ such that for the bs ; as defined above, we have

(x:y) = (bs,o(%w-' a,_q) ! _b5,1(a07"- 1ay_1))

bs (ag,---,a,_) =0 fori=2,...,n—1.

This shows that for irreducible F, models of the %P mentioned in Theorem 3.1.1
are given by ideals of the form

Ip= (g oK Xy )oee b (K Xy )

for appfopriate values of § € L(S,m) and that @, takes the form (b (X, .-, X,_;) :
—bs (Xp,---,X,_1)). These models have the advantage of being completely explicit,
over K, and efficiently computable.

3.2 Solutions

In this section we apply the ideas of the previous section to several spherical equations.
Note that, in each case, we are interested in primitive solutions x,y,z. Lemma 2.2.1
only tells us something about S-primitive solutions, where S contains some primes
related to the equation. The complete primitivity yields congruences on the parameters
s,t at the primes in S as well. In general, it is a rather laborious job to determine these.
We will only say something about s, at primes in S if we use this information later
on.

3.2.1. Lemma. Let x,y,z be coprime integers such that x* +y* = 7. Possibly by
interchanging x and y, we can assume that x is divisible by 2. Then there are coprime
integers s and t, not both odd, such that

x = 2st,
y = s2_t2’
+7 = 2412
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x = dst(s? — 362) (s* + 65212 + 8114) (3s* + 25212 + 3t%)
1y = (52 +362)(s* — 18522 +9t*)

7 = (s* — 2522 + 9t*) (s* + 30522 + 91%)
tx = (s*+126%) (s — 4085+ + 144+8)

y = 6st(s* —12t%)

7 = 58+ 168s** + 14478
+x = (3s* +4%)(9s® — 4085** + 1613)

y = 6st(3s* —4r*)

z = 9s% +168s%* + 1618
+x = (1/8)(s* +3t4)(s® — 102s** + 9¢8)

y = (3/2)st(s* —3t%)

z = (1/4)(s® +425%* +918)

Table 3.1: Parametrisations of x> 4+ y* = 73

Proof: This is a classical result. That x and y are not both odd can be seen mod 4. The
polynomials can be obtained by observing that y> = 72 — x?> = (z +x)(z — x). O

3.2.2. Lemma. Let x,y,z be coprime integers such that x*> +y* = 7. Then there are
coprime integers s,t such that

x = s(s* —3t2),
y = t(tz_?’sz)?
7= §*+12

Proof: This is a direct application of Lemma 3.1.2. Write i = /=1 and L = Q(i).
Note that S = {2,3} and L(S,3) = (1 +,3) and that none has a norm that is a third
power. That s and # must be integral and coprime, follows from the polynomials. O

To get a taste of the kind of arguments one meets when determining parametri-
sations in more complicated situations, we give the proof of the following lemma in
detail. In other situations, one proceeds in a similar fashion.

3.2.3. Lemma (Zagier). Let x,y,z be pairwise prime integers such that x> +y* = 2.

Then there are s,t € 7, (23} such that one of the relations in Table 3.1 holds.

Proof: From Lemma 3.2.2 it follows that there are s,t € Z such that y,s,t form a
primitive solution to #(t> — 3s%) = +y?. First note that the sign of the left hand side
can be controlled by the sign of ¢. It therefore suffices to look at #(t*> — 3s%) = y?.
By Lemma 2.2.1 we have & € {1,—1,3,—3} and y,,y, € Q such that r = §y? and
12— 352 = Sy%. Modulo 3,9 we see that only for 6 = 1,—3 we have solutions. We
treat these cases separately. First suppose § = 1. Then t2 — y% = 3s2. It follows that
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for some 6 € {£1,+2,£3,+6} (this need not be the § we have used before), we have
51,8, € Q such that

t

yi = 36(s1 +353)

Yo = %5 S%_3S%)
s = £0s,s,

It follows that & > 0 and, since 2 is inert in Q(y/—3), we have 2 | §. For § =2 we get
57+ 3s3 = y? and for § = 6 we get 353 + (3s,)? = y3. Therefore, by interchanging s,
and s, we see that these cases are equivalent in the sense that both belong to the same
parametric family. We restrict to § = 2.

Again, we conclude that there is a 6 € {+1,42,+3,+6} (not necessarily equal to
any of the §s we have used before) and u,v € Q such that

¥ = %5(u2+3v2)
sp = 56(u* —3v?)
s, = Ouv.

If we substitute these expressions back in the forms for s,¢ and remember that s,¢ are
coprime integers, we see that 2 | §. Furthermore, the sign of § only influences the
sign of y. We obtain forms for x,y,z that are equivalent to the first parametrisation in
Table 3.1 if we let u,v be rational multiples of the s, in the table.

This leaves the case

1= -3%
1?35 = —3y3
+y = 3y,¥,.

Then we have 6 € {#1,£2,+3,4+6} and 1,t, € Q such that

s = 18(7+382),
Vs %6(212 —3t22)a
t = =3y; =+3611,.

From the last equation, we conclude that thereis an € € {£1,+2,4+3,+6}and u,v € Q
such that

+1, = Seu?,

*t, = ev2.
It follows that r = +3e26%u?v? and s = %82(53144 +38v*). If s,¢ are to be coprime
integers, then 3t £,8. Upon inspection, one sees that the signs of € and & are only
going to affect the signs of x,y,z. Furthermore, § = 1,€ = 2 does not lead to any s,7
that are integral and primitive at 2. The case § = € = 2 leads (up to rational scaling)
to the second parametrisation in Table 3.1 and 6 =2, = 1 and 6 = € = 1 lead to the
third and fourth parametrisation respectively. This concludes the proof. O
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3.2.4. Lemma. Let x,y,7z € 7 be coprime integers satisfying x* +y* = z°. Then there
exist s,t € Z{z,s} with (s,t) mod p # (0,0) for any p 10 such that

x = t(t* — 10£%5% 4 5¢%)
y = s(s* — 10s%2 4+ 5¢%)
z =841

Proof: Let i* = —1. Then x*> +y*> = (x+iy)(x —iy). Since x and y are coprime, we
have (x+ iy,x — iy) | 2. Consequently, x + iy = 8 (s +it)>, where & is some fifth power
free 2-unit in Z[i] such that N(§) is a fifth power. Since there 2 = —i(1 + )2, it follows
that & is a unit. Since every unit in Z[] is a fifth power, we can assume that 6 = 1.
This is an application of Lemma 3.1.2 again. d

3.2.5. Lemma. Let x,y,z € 7 be coprime integers satisfying x*> —y> = z°. Then there
exist s,t € Ly, 5) with (s,t) # (0,0) mod p for any prime p t 10 such that

+x = %(s5+t5) +x = 5+ 8

y=3(—1) or{ y=s5-86
+z = st +z7 = 2st

Proof: By factorisation, it follows that there are s,t € Z (2.5} and a fifth power free

8 € Z such that, neglecting the sign of y, x+y = 85> and x —y = §*°. Since x and y are
coprime, we can take 8 | 2. Note that (J,s,7) — (—8,—s,t) corresponds to (x,y,z) —
(x,y,—2). So, if we neglect the sign of z, we can assume that J is positive. Taking
J = 1,2 gives the relations mentioned above. The map (s,t) — (—s,—t) induces
(x,9,2) = (—x,—y,2), so the mentioned relations also take into account the sign of y.
O

We do not use the following lemma in the rest of this text, but for completeness
we do include it here. Since the proof is along the same lines as the lemmas above,
we do not give it here.

3.2.6. Lemma (Zagier). Let x,y,z € 7 be coprime integers satisfying x> +y* = 72
Then there exist s,t € Z (2,3 With (s,t) # (0,0) mod p for any prime p {6 such that one

of the following holds:

xory = s* 46522 -3¢ xory = %(s4+6s2t2—3t4)
yorx = —s*+ 65212 +3t* yorx = gl(—s4+6szt2+3t4)
z = 6st(s* 43r%) 7= Zst(s4+3t4)

yorx = 4t(r3 —53)

xory = s(s3+83)
+z = 55 —205%3 — 8
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(s = 37%)(s* + 18125 +91%)
= — (2 +2t5+312)(s? — 2t5+31%)(s> + 615+ 312) (s> — 615+ 312)
= 4st(s* +31%)(35* — 21257 +31%) (s — 61257 +-811%)

Il

= 6st(s* +126%)
= (s*— 120252 —120%)(s* + 121257 — 1214)
= (s* —126%)(s® + 4081%5* +144/%)

6st(3s* +41%)

= (3s* +121%5% —4r*) (35 — 121257 — 4r*)
= (35" —41*)(95® +4081%s* +-161%)

= 58 +401%s% — 3215

= —81s(s> —161%)(s> +21%)

= (0 +3219)(s® - 176135% — 321°)

= %4651 —155*% +207°5> + 155%¢* + 30585 — 171°

= 2(s* —415® — 61257 + 4135 — 71*) (s* + 61%5% — 8135 — 31*)

= 3512 125! 46612510 + 44357 — 991458 — 7921557 + 9241656
—23761" s> 4 1485185* + 11881%5> — 204611052 + 15611 s — 397112

= 959 — 181s% +45¢%5* — 601353 + 15¢*s2 + 6155 — 519

= —2(3s5* — 6125 + 8135 —14)(35* — 1215 + 61252 — 435+ 31%)

= 2752 +32415'1 — 178212510 + 356413 5° — 32671*s® + 237617 57 — 277245 °
+396017s° —4059:85* +24201°s> — 72611057 + 15611 s — 29112

Table 3.2: Parametrisations of x* + y3 =7

3.2.7. Lemma (Zagier). Suppose x,y,z are coprime integers such that x* +y> = 72,
Then there are s,t € 7, (23} such that one of the relations in Table 3.2 holds.

(Completely analogous to Lemma 3.2.3 but, as can be seen from the table, a little more

work.)



Chapter 4
Some hyperbolic cases

In this chapter we determine all primitive solutions to the hyperbolic generalised Fer-
mat equations x> + y* = £z, x> +y% = 73 and x? + y* = 7°. First we solve some cases
that can be done using relatively elementary techniques. Then we develop some more
general techniques and apply them to the remaining equations.

4.1 The equations x2 + y4 = + 76

This section is part of [Bru97]. We solve the generalised Fermat equations with expo-
nents 2, 4 and 6. These form very good examples for the more general methods that
will be discussed in the next section because, as it turns out, the fundamental ideas can
be applied to elliptic curves over Q. These equations were already solved in [Tza81],
which appeared in Greek.

The strategy pursued is the following. First we observe that we have x> + (y?)
(£2z%)? and thus that y* and z? satisfy relations given by Lemma 3.2.2, or that x> +
(%)% = +(2%)?, so that y? and 7z satisfy relations given by Lemma 3.2.1. In each case
we obtain a finite number of Diophantine equations over Q in U,V, W of the form

2:

DV? =U°®+c,W® or DV? = (U + ¢, W?)(U* + c,UW? + ¢, W?).

In both cases, we have that (X,Y) = (U?/W?2,V /W?) gives an equation of the form
DY? = X3+ a,X? +a,X +a,. This equation describes an elliptic curve, the rational
points of which form an abelian group. If this group is finite, then there are only
finitely many candidates for values of (X,Y) and thus for (U : V : W).

For the second form, we can apply Lemma 2.2.1 to get a finite number of equations

U?+c,W?=D8VE, U*+c,UW?+c,W* = V7.

If, for some value of 8, one of these equations has no solutions over Qp, then we will
not get any solutions from that §. Otherwise, we can try to find a rational solution to
the second equation. By writing X = U/W,Y =V, /W? we get §Y? = X* + ¢, X + cs.
This describes a curve of genus 1 over Q. If we have a rational point on that curve,
we can use that point to make the curve into an elliptic curve. Again if the group
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of rational points on such a curve is finite, then only finitely many solutions to the
original equation come from that curve. We have to consider all relevant values of &,
however.

In both constructions we start out with a curve given by a polynomial equation of
the form % : D(V/W?3)? = F(U /W) of genus 2, the rational points of which give solu-
tions to the Diophantine equation under consideration. The first construction realises
a cover over Q from % to an elliptic curve E. Rational points of % necessarily map to
rational points on E. If E(Q) is finite, then simple enumeration gives us % (Q). The
second construction is a bit more subtle. The geometric interpretation is explained in
Section 5.2. This interpretation is not essential for applying the method.

4.1.1. Theorem. If x,y,z € 7 are coprime such that x> + y* = z%, then xyz = 0.

Proof: Suppose we have a primitive solution x,y,z. Then, by applying Lemma 3.2.2
to x> + (y*)? = (z%)3, we have coprime a,b € Z such that

x = b(3a® - b?) 4.1)
y2 e a(a2 — 3b2) 4.2)
2 = d®+ b 4.3)

Equation (4.3) implies that either a = s*> — 1?,b = 2st or a = 2st,b = s> —t>. We treat
each of the possibilities separately.

The case a = s* — t*,b = 2st: By substitution in Equation (4.2), we get
y? = (5% — %) (s* — 145> +14).

Note that ¢+ = 0 implies that » = 0 and thus x = 0. We can therefore safely put ¥ =
y/t3,X = 5% /2. Solutions with x # 0 correspond to affine rational points on the elliptic
curve

Y2 =(X-1)(X>-14X +1).

Using GP/Pari or Apecs, one can calculate the minimal model and the conductor of
this curve. From this, we see that it is isomorphic to 144A2 from Cremona’s tables
[Cre92]. These tables show that this curve has only one affine rational point, namely
(1,0). This corresponds to solutions with y = 0.

The case a = 2st,b = s* —t>: Puts—t = u,s+t = v. This givesa = (V> —u?) /2,b = uv.
Substitution in Equation (4.2) yields

8y? = (V¥ —u?)(v* — 147 +u®).

Note that u = 0 implies that » = 0 and thus x = 0. By putting ¥ = y/u?, X =1?/u?,
other solutions correspond to affine rational points on the elliptic curve

8Y2 = (X —1)(X*— 14X +1).
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This curve is isomorphic to 576A2 in [Cre92] and has only one affine rational point,
namely (1,0). This corresponds to solutions with y = 0. O

4.1.2. Theorem. If x,y,z € Z are coprime such that x> = 2% + y*, then xyz = 0.

Proof: Suppose we have a primitive solution x,y,z. Then Lemma 3.2.1 states that there
exist coprime s, of distinct parity such that V=2t =5 —ory’ =5 —12,7° =
2st. We treat these cases separately.

The case y* = 2st,z> = (s+1)(s—1t): Since gcd(y,x) = 1 and s+¢ and s — ¢ are both
odd, we have that s +¢ and s — ¢ are coprime. Therefore, there exist u,v € Z such that

w3 =s5—1,v3 =s+t. Rewriting y? in u,v gives

2y2 =5 —ub.
Note that u = 0 implies that s = ¢ and thus z = 0. Other solutions correspond to the
affine rational points on the elliptic curve curve 2Y? = X3 — 1, which is isomorphic to
576E1 and has just (1,0) as affine rational point.

The case y* = s* —t*,7> = 2st: Since y is odd, we have y?> = 1 mod4. Therefore, s is
odd. From 7> = 25t we then conclude that s = v, = 4. Rewriting y? in u, v gives

y2 =% —16u°.

Note that u = 0 implies ¢ = 0 and thus z = 0. Other solutions correspond to affine
rational points on the elliptic curve Y2 = X3 — 16, which is 432A1 in [Cre92]. The
curve has no affine rational points at all. O

4.1.3. Theorem. If x,y,z € Z are coprime such that x* + 78 = y*, then xyz = 0.

Proof: Suppose we have a primitive solution x,y,z. If z # 0 then y* — x> > 0. There-
fore, both y* —x > 0 and y* + x > 0. Since x and y are coprime, ged(y*> — x,y? +x) | 2.
Possibly after change of sign of x we have y?> —x = 2u®,y* + x =250 or y> —x =
uS,y? + x = v0. We treat these cases separately.

The case y* — x = 2u®,y? + x = 2°/°: Eliminating x gives
Y2 = ub +16/°.

Note that v = 0 implies that z = 0. Other solutions correspond to affine rational points
on the elliptic curve ¥? = X3 + 16, which is isomorphic to 27A3 and has only the two
affine rational points (0,4), (0, —4). The corresponding solutions have u = z = 0.

The case y* — x = u®,y* +x =1°: It follows that u and v are odd and coprime. E-
liminating x gives 2y* = u® +v%. Proceeding as before does not work, as the elliptic
curve 2Y? = X3 + 1 has infinitely many rational points. However, we remark that, by
Lemma2.2.1,

2y% = (u? + v (u* — ut? +v%)
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implies that
W+t =« y%,
ut —utv? +vt = By3,

where o8 = 2y3 and ., B consist only of factors 2 and 3. Positivity shows that o, 8 >
0 and modulo 3 we see that 3 { . Furthermore, the parity of u and v implies that

u? — u?v? +v* is odd. Therefore we have
v = Zy% 4.4
ut —ut? 40t = y% 4.5)

Solutions of (4.5) correspond to rational points on the genus 1 curve Y2 = X* - X2 +1,
which is birational to 27A1 which has 8 rational points. These are

{eot 007, (0,£1),(£1,£1)}

on our model. The points at infinity and (0,+1) correspond to solutions with v =0
and u = 0 respectively. Equation (4.4) has no solution for those points. Solutions
corresponding to (£1,=1) have u® = v°, which implies that x = 0. O

Proof of Theorem 1.3.1: Collect the results of Theorems 4.1.1,4.1.2 and 4.1.3.

4.2 Overview of general method

In Section 4.1 we saw that a number of Diophantine equations can be solved by relat-
ing the solutions of the equation to the rational points on some elliptic curves of rank
0. For the other equations we treat in this text, these techniques do not apply. Either
such elliptic curves do not exist or they are of positive rank.

In Sections 4.3 through 4.5 we develop the machinery to treat such more gen-
eral cases. In Section 4.3 we consider an elliptic curve E over a number field K
with a non-zero 2-torsion point defined over K. We describe a method of bounding
#E(K)/2E(K), which in turn gives a bound on the rank of E(K). This gives us the
tools to get enough information about the Mordell-Weil group of E over K in the cases
that we are interested in. At the end, we include a worked example to show how the
method works in practice.

For x> £ y* = 425, we could find elliptic curves over Q such that solutions to the
equation correspond to rational points on the curves. In the more general cases, we
find that solutions to the equation under consideration correspond to K-rational points
G of some elliptic cover ¢ : E — P! over a number field K such that ¢(G) € P1(Q). As
it turns out, in each case we can get ¢ to be of degree 2. In Section 4.4 we investigate
the structure of degree 2 elliptic covers of the projective line.

In Section 4.5 we put everything together to find a way of bounding @(E(K)) N
P!(Q). First we use Section 4.3 to get an adequate description of E(K). Then Sec-
tion 4.4 gives us the structure of ¢ : E — P!, An adaptation of Chabauty’s technique
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(see for instance [Fly97]) for bounding the number of rational points on a curve of
genus > 2 gives the required results. A necessary condition for the method to work is
that tk(E(K)) < [K : Q]. At the end we include a worked example to show how the
method works in practice.

4.3 Descent on elliptic curves using 2-isogeny

In Section 4.1 we saw that knowledge of the structure of the set of rational points
on an elliptic curve helps to solve some Diophantine equations. In the sequel, we
meet elliptic curves E over number fields K. We will need the group structure of
E(K). As was pointed out in Theorem 2.4.1, E(K) consists of a free part and a torsion
part. Lemma 2.4.3 helps to bound E"'(K). In this section, we discuss a method of
bounding #E(K) /2E(K) for curves of a certain type. This gives a (hopefully sharp)
bound on rk(E(K)). This section basically describes [Sil86, Theorem X.4.9]. At
some places, we use a somewhat different notation (for instance, we deal with twisted
Weierstrass forms) and we discuss some enhancements which might help carrying out
the procedure over number fields other than ().
Let K be a number field and consider an elliptic curve over K of the form

E:yr?=x34+AX%+BX.

Such a curve has a non-trivial 2-torsion point T = (0,0). Dividing out the subgroup
{0,T} gives an isogeny of degree 2 to

E':yr? =X® —2AX?+ (A’ - 4B)X
given by
v: E - E'

2 _v2
(X,Y) = (yhy, KB

Analogously, there is an isogeny
y': E - E
2 y(A2-4B—X?
(X,¥) = (rd, ")

We assume that ¥,A, B are in &Y. Let S be the set of primes dividing 27y (A2 — 4B)
together with the infinite primes. The models E and E' have (possibly) bad reduction
at the primes in S. Given some field L D K (for instance a completion of K), it is easy
to check that the map

wV) E(L)/y'(E'(L)) — L*/(L*)?

’ (y) o o (x#0,e)
(0,0) > B
oo — 1
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is an injective group homomorphism. We define ,ué“’) analogously. For L = K, it is
straightforward to check that I‘LI((W (E(K)) C K(S,2). Note that a class represented by
0 is in the image of ,ué"”) if and only if

Hy:V*=y8°U* +y8°AU* + 6B

has a point (u,v) € Hg(L). A corresponding point on E(L) is (y8u?,uv) for u # 0, .
Note that H; and Hy indeed contain points with u = e and u = 0, respectively.
For every prime p of K, we have the commutative diagram

u)
E(K)/y'(E'(K)) —— K(5,2)

|

E(K,)/ V' (E'(K;)) —— K;/(K;)?

Consequently, if Hy (K) is non-empty, then Hg(K),) is non-empty for all primes p of K.
The set of 6 for which Hy has points everywhere locally, is called the Selmer-group
of ',

- SW)E/K) = {5 €K(5,2) : & € ul) (E(K,)) forall p of ﬁK}.

This set contains the image of E(K)/y'(E’(K)) and we hope it is isomorphic to it.
Since Hg will certainly have points locally at primes not in S, we can calculate

S() by enumerating all & and see if H 5(Ky) is non-empty for all p | S (and for the
real places of K). This method generally works well, but especially when working over
a large degree extension of (Q, it is reassuring to have some certificate for the obtained
bound. We can do so by taking the intersections of the pullbacks of ,'LI((Z/)(E (Ky))

under K(S,2) = K, / (K, )% for p € S and p | oo, since, as it turns out, we can calculate
HE(K,) /v (E'(K,)HE'(K,) | w(E(K,))) beforehand.

Since the multiplication-by-2 on E factors as W’ o y, we have Diagram 4.1 with
exact rows and columns. For brevity, the designators (L) are left out. The diagram
holds for the L-valued points for any field L D K. We see that

#5025 (r) = TEL Wiﬁgﬁ(ﬁ) [VED) (4.6)

Note that y is of degree 2, so E[y](L) = {(0,0),0} regardless of L. Since E(K,,) is a
Lie-group of dimension 1 over K|, we have that, locally, the multiplication-by-2 map
multiplies the Haar-measure with |2|, and, consequently,

#E(Ky ) 2E(K,) = #E[2)(K,)/12],-
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0 0 0

l | |

0 —— ERJ/Ely] — E'ly/] — E'l¥]/y(E[2]) — 0

| l I

0 —— E/E[y] —— E' E'/y(E) — 0
PR |
0 ——— E/E[2] E E[2E —— 0

l | l

0 —— E/YE —— E/YE ——— 0

| |

0 0

Diagram 4.1: The 2-isogeny for elliptic curves

See [FPS97, page 451] for more information or [CF96, Chapter 7,85, §6] for a more
algebraic argument. These two formulas give the cardinalities of the images of “1(<W)
p

and ul(g"l). We get
p

#E'(Kp) [ W (E(Kp) HE(Kp) [ W' (E'(K)) = 4/121,-

With this, we can give a list of p-adic points on E (K, ) that generate E (K, ) / y'(E'(K,,))
provably. These determine a subspace of the [F,-vector space K(S,2) containing
ulg"’l)(E (K)/y'(E'(K))). The intersection of several such subspaces gives a (hope-
fully sharp) bound on #E(K)/y'(E(K)).

Combining (4.6) with the fact that if r is the rank of the free part of E(K), then

#E(K)/2E(K) = 2"#E[2)(K),
we get the (hopefully sharp) bound
2" < LusW)(E/K)#sW (B [K).
Now, if we have a subgroup (Gy,... ,G, ) C E(K) that maps onto
Y (E(K) v/ (E(K)))
and (G, ... ,G’,Z) C E'(K) has the same property, then

(G-, G,V (GY),--, W (G)) CE(K)
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is of odd index. To prove divisibility properties with respect to other primes, the
following lemma is useful. We remind the reader of the definition Z := X /Y in Sec-
tion 2.4.

4.3.1. Lemma. Let E be an elliptic curve over a number field L and let p € Z be
a prime > 2, unramified in O, |7, such that E has good reduction at p; | p and
#(Emodyp,)(O/p,) is prime to p fori=1,...,m. Let B,...,B, € E(L) with B; =
Omodp; such that (By,...,B;) in E(L) is of finite index divisible by p, then there
are n,... ,n, € Ly with (ny,...,n,) # (0,... ,0)modp such that n\Z(B,) +--- +
n,Z(B,) = 0modp? fori=1,... ,m.

Proof: The conditions in the lemma imply that there existsa G € E(L) and n, ... ,n, €
Z, not all divisible by p, such that n;B, +---+n,B, = pG. Leti € {1,... ,m}. Note
that pG € E(L)NE 1) (LPi)' Since the reduction group has order prime to p, we have
that G = Omodp,. By the good reduction properties, we have nlLogpi(Bl) +- 4
n,Logpi(B,) = pLog,, (G). The statement follows by observing that Z = Log,, modyp?
and that Z(EW (L, )) = Omodp;. O

As an example, we prove the following lemma (which is chosen such that we can
use the result later on in Section 4.6).

4.3.2. Lemma. Let o. = /3, K = Q(a) and
E:2Y?>=X3-20X.

Then E*"(K) = {e,G, :=(0,0)} and (G, := (2, — 1), G,) is a subgroup of E(K) of
odd index prime to 23. Let p,q | 23 such that amodp = 7 and aamodq = —7. Then
(G,,G,)modp spans E(K)modyp and the same for q.

Proof: First, we describe the arithmetic structure of K. We have that 65 = (—1,n =
2+a), 20 = p} and 36 = p3, where p, = (1+ )& and p, = 0. The ideal class
group of & is trivial. E has good reduction outside S = {2,3} and K(S,2) is repre-
sented by elements of (—1,1, 0,1+ o).

We start with bounding E*"(K). Let p, 5 be the prime above 13 with oomodp ; =9.
Counting shows that #(Emodyp ;)(&/p,5) = 10, that #(G,,G,) modp) = 12 and that
#((G,,G,)mod q) = 24. By Theorem 2.4.2 we have

#Emodp)(0/p) = #(Emodq)(L/q) = 24.

Applying Lemma 2.4.3 shows that #E5'(L) | 10,24. Since G, is 2-torsion point, we
have E'(K) as stated in the lemma.
We use a 2-isogeny descent to determine the rank. Note that the size of K(S,2)
gives an a priori bound rk(E) < 6, since the Selmer groups are subgroups of K(S,2).
Let E’ : 2Y? = X3 + 8aX be the 2-isogenous curve to E. We have G| = (2 +
2a,4+4a) € E'(K) and y'(G}) = G,. We start with L = K,, . Note that |2[, = 1/4,
so dimg, E(L)/y'(E'(L)) +dimg E'(L)/y(E(L)) = 4. Since K(S,2) — L* /(L*)? is
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injective, this already gives rk(E) < 2. Apart from G} and (0,0), we have a point
with X =2+ 4a in E'(L). Computation modulo a sufficiently high power of p, shows
that they are IF, -independent in E'(L)/y(E(L)). In E(L) we have G,, which spans a
1-dimensional space in E(L)/y'(E'(L)). This shows that we have generators of the
image of ué"’) and uISWI). Pulling back shows that ,ul(("’)(E’(K)) Cc Ba,ax—1,—a) C
K(S,2) and u{¥")(E(K)) C (—2a) C K(S,2).

We combine this information with information at L = K. Here we have that (0,0)
spans a 1-dimensional space in E(L)/y'(E'(L)) and E'(L) /w(E(L)) and by |2], =1,
it spans the whole space in both cases. Since & — 1 is a non-square unit in ﬁp3, we see
that o — 1 ¢ S¥)(E'/K). Consequently, rk(E(K)) < 2 and G,,G, span a subgroup of
odd index.

From Hasse, we know that 15 < # Emodp)(&/p),#(Emodq)(&/q) < 33. Con-
sequently, the subgroup generated by (G,,G,)modp has index < 2 in E(L)modp
and (G,,G,)modq index 1 in E(L)modgq. Since this index divides the odd number
[E(L) : (G,,G,)], it follows that it is 1 in both cases.

To see that (G,,G,) is of index prime to 23, we prove that (12G,) has the same
property. This follows from applying Lemma 4.3.1 using that Z(12G, ) = 23-21 modp
and Z(12G,) = 23-16modgq. O

4.4 Elliptic covers of degree 2

Let E be an elliptic curve over a number field L. In this section we determine what
degree 2 covers ¢ : E — P! look like. Suppose that E is a twisted Weierstrass model
over the ring of integers &, of a number field L.

E:yY*D=X’+a,X’D+a,XD*+aD?

Suppose that ¢ is a degree 2 cover E — P! over L. Then we can choose a model
(¢,(X,Y,D) : @,(X,Y,D)), with ¢,,9, € 6,[X,Y,D] homogeneous polynomials of
equal degree. By choosing affine coordinates on P!, we write ¢ = ¢,/®,. Since
deg(¢) = 2, there are at most two points G, G, € E(L) such that ¢(G,) = ¢(G,) =
0. These two points determine the intersection of ¢,(X,Y,D) = 0 with E in P%. If
G, = G,, then ¢,(X,Y,D) = 0 should be tangent to E in G,. Along the same lines,
there are two points G;,G, with ¢(G;) = ¢(G,) = . Up to scalar multiplication, ¢
is determined by the lines through G, and G, and through G, and G,. We can assume
¢y = cp X +cpY + 3D and @, = ¢ X + ¢Y +¢53D, with ¢;; € ;. Note that
¢,(X,Y,D) = 0 has 3 points of intersection with E and so has ¢,(X,Y,D) = 0. For ¢
to have degree 2, we must have that the unique point G, with ¢, (G,) = ¢,(G,) =0
lies on E. If we define

G(p,l = C1pCp3 — C13Cp

G(p,2 = €136y — 1163

G(p,3 =C11€2 — C1p6
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then we have G, = (G(p’1 Gy, G(p’3). The map 7 = 7, : E — E that interchanges the
elements of the fibres of ¢ is an involution, i.e. T € Aut(&) (where & is the algebraic
curve corresponding to E) and 7o 7 = id. From [Sil86, Corollary II1.10.2] we know
that Aut(E)[2] = {[1],[—1]} and from [Sil86, Example II1.4.7] that an automorphism
of E as a curve is the composition of an automorphism of E as an elliptic curve with a
translation. Translations over 2-torsion points are involutions, but they give unramified
covers (see Section 4.3). Thus, there is a G; € E(L) such that 7(G) = G; — G. Note
that G, = 7(G,) = G; — G,. Therefore G,, G, and —G; are collinear. Note however
that G, is collinear with G, and G, as well. It follows that G; = —G,, and thus that 7 is
defined over L. We will either assume that G; # G, or that G; = Gy = <. If G, = G,
then we can take G, = oo by choosing the distinguished point on the algebraic curve
corresponding to E.

We now derive some expressions that allow us to calculate p-adic approximations
to @. Let p be a prime of &,. We call p a good prime with respectto ¢ : E — P! if

e E has good reduction at p

e ¢, modp and ¢, modp have degree 1 and are linearly independent
e if G, # —Gy, then G, modp # —G,modp

e V,(char(p)) < char(p) — 1.

Suppose that p is such a prime. Then Exp, : pf, — E (1)(Lp) is a group isomor-
phism with the property that Z(Exp, (z)) = zmodp?. Let G € E(L,) with Gmodp #
G;modp. Then, by choosing coordinates on P! (i.e., by interchanging ¢, and ¢, if
necessary), we can assume that ¢(G) modp # . Then ¢(G +Exp,(z)) is a power se-
ries with coefficients in L and convergent on p&,, with values in &,. We derive some
approximations to these power series. Suppose that z € p&,. If G =« and G; # G,
then

G(p73 2
(P(Expp (Z)) = (P(°°) + —Ez—zmodp .
22

Put F'(x) = 3x? 4+ 2a,x + a,. If G = (x,y) and Gmodp # o, then
F'(x) (xGy3—Gy1) —219(¥Gy3— Gy »)
Y(ea1x+ Cppy + €p3)

Now suppose that G; = G, = . Then (X : Y : D) = (¢, X +¢3D) /(¢ X +¢,3D)
and 7 = [~1]. Consequently, ¢(Exp,(Z)) and ¢((x,0) + Exp,(Z)) will be power
series in Z2. Using higher order terms, we derive

zmodp?.

@((x,y) +Exp,(2)) = 9(x,y) +

c G(P2
o(Exp, (z)) = L+ —2222modp’,
i Gy Yoy

Fl(x)G(p,Z

2 3
- odp”.
}/(0213r+c23)2Z modp

¢((x,0) +Exp, () = ¢(x,0)
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4.5 Rationality restrictions on elliptic covers

Let Q C K C L be number fields and let ¢ : E — P! be an elliptic cover defined over L.
In this section we propose a method for determining the L-rational points G on E such
that ¢(G) is K-rational. Note that, although ¢ is just defined over L, the answer to this
question requires P! to be viewed as a curve over K and not over L. The method we
explain here might give a sharp bound on the number of such G if rk(E(L)) < [L: K].
In Proposition 4.5.3 as well as in Sections 4.6, 4.7 and 4.8, we will only deal with
cases where K = QQ.

By Theorem 2.4.1, E(L) is a finitely generated abelian group. Suppose that E(L) =
(Gy,---,Gr,G, 4, ,G,py), where (G, ... ,Gy) ~Z"and (G, ... ,G,,) is finite.

We choose a prime p of & such that all p | p of &, are unramified in &, /Oy,
v, (char(p)) < char(p) — 1, E has good reduction at p and ¢ modp : (Emodp) — P!
is again a cover.

Choose B,...,B, C E(L) such that

(B,,....B) =) (E“)(L,,)nE(L)) .

plp

Since E(L)/(By, ... ,By) is finite, we need only finitely many G, € E(L) to cover E(L)
with translates G, + (By, ..., B;).

We fix G, and try to determine how many points G of the form G = Gy+n B, +
.-+ +n,B, exist such that ¢(G) € P!(K). Note that ¢(G) is K-rational if and only if
1/9(G) is. If p,q | p such that ¢(G,;) modp = e and @(G,) modq # o, then there is
no G = Gy +n,B; +---n,B, with ¢(G) € P!(K), as this would imply ¢(G,) modp =
¢(G,) mod q. Therefore, by changing from ¢ to 1/¢ if necessary, which corresponds
to a K-rational coordinate transformation on P!, we can assume that ¢©(G,y) modp # oo
forany p | p. Since B,...,B, € EN(L,) forall p | p, we have

nB, +---+n,B, = Exp,(n,Log,(B,) +--- +n,Log,(B;)).
Consequently, we can write
9;;0(”1’--- ,ny) = @ (Gy+Exp, (3 nLog,(B,))) € L[ny,... ,n],

which is convergent for (n;,... ,n,) € (0,)" and has values in ,,. If o(G,+Xn,B;) €
PY(K), then, identifying P!(L) \ {c} with L, we have OpGO(nl,... hy) € Op C O,
If q | p as well then OpGO (ny,...,ny) = 9;30 (ny,...,n,;). These requirements can be
expressed in power series over K in the following way. Let I = [L, : K] and let
1La,...,a"! be an Op-basis of 0,. Then there are unique 9;’:? € Kpllny,...,n]
such that

Go — g% Go ... 4 of=19%
6, _Gp’0+a6p’1~|— +o ep,l—l'



36 Chapter 4. Some hyperbolic cases

The statement ¢(G,+ Y.n,B;) € P!(K) translates into 6 0 and 9:0 - 660 having a si-

multaneous zeroin (n,... ,n,) forallp,q| pandi > 1. Takmg all these condltlons to-
gether, this corresponds to some 8% € K, [n,, ... ,n,]&X=! vanishing in (n,,... ,n,).
If p splits completely (i.e. L, = K}, for all p | p) then it is particularly easy to express
this power series. Suppose that p,,...,p, | p. Then

Ggo(nl,... JAy) — OgO(nl,... )
OGO(nl,...,n,): :
9,,(,;,?(”17-“ ) — Ogo(nl,... )

It is often possible to give a bound on the number of zeros that such a power series
has if r < m. The following lemma is an example of the kind of arguments that might

apply.
4.5.1. Lemma. Let &), be a complete local ring with maximal ideal p and

f=U o dm) € (GIXy, . X",

convergent on 0. Write X = (X,,-.-,X;). If one of the following conditions holds,

o f(X, X,) = b+AXmodyp, where A is an m X r matrix over O, such that
A modp has rank r,
s £;(0,...,0) =0, aX ( .,0) =0 and f/(X,,...,X;) = X'"A;Xmodyp for all
J
i,J, where the A,,... Ay are symmetric r X r matrices such that the projective
variety in P! described by {X'(A;modp)X = 0},_ 1,...m has no points over
Oy/p,

then f has at most one zero in 0.

Proof: Let u be a uniformiser of &,,. Consider the first case. Note that g(X) =
fX)=b—-AX € (pO,[X,,... . X ])". If x € (6,)" and f(x) = O then we have that
Ax = —bmodp. By assumption, there is at most one such xmodp. It remains to
show that f cannot have two zeros reducing to the same vector mod p. Suppose that
there is an e > 1 and x,y € (&))", y # Omodp, such that f(x) = f(x +u°y) = 0.
Subtraction yields 0 = —u®Ay + g(x) — g(x+ u®y). By the assumption on the rank of
A and y # Omodp, it follows that —u°Ay # Omodp®*!, but since all coefficients of g
are divisible by p, we have that g(x) = g(x + u®y) modp¢™!. It follows that such y,e
cannot exist.

For the second case, suppose that there is ay € &y with ymodp # 0 andane > 0
such that f(u¢y) = 0. Then 0 = f;(y) = u**y’A,;ymodp?*!. It follows that y reduces
to a point on {X’(A;modp)X =0},_; . O

We apply these ideas to the case where deg(¢p) = 2. We adopt the notation from
Section 4.4 and we assume that the p | p are good with respect to ¢ : E — PL. If we
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stay away from G, modyp then the formulas given there lead to

G,3 &
0y = () + c;;, ZniZ(Bi) modyp?,
22 i=1

F'(x)(xGy3— Gy 1) —2¥y(yGy 53—
Yoy X+ egy +ey)?

G r
eéx,y) = o(x,y)+ (P’z) Z”iZ(Bi) modpz,
i=1

which enables us to compute 6 mod p? and 6*») mod p?. For the case Gp=Gr=o0
we have

1 G<P2 s 3
6y = L +-—"=% nn,Z(B,)Z(B;) mody’,
G Yo =1

F'(x)G r
659 = ¢(x,0) — e nn,Z(B,)Z(B;)modp®.
V(e +cp3)? i,jz:-‘l o

which enable us to compute 8> mod p> and 09 mod p? in these cases. Note that the
fact that ¢ is even in this case, guarantees that only monomials of even degree occur
in 6 and 69, Furthermore, since Vp(Z(B;)) > 1, we only need Z(B;)modp? to
compute any of these approximations. We summarise this information in '

Z(B,)/upmodyp, --- Z(B;)/upmodp,
Z(B)/up =
Z(B,)[upmodpy, -+ Z(By)/upmodpy

where u,, is some fixed uniformiser for p in K. (Since the p, are unramified over p, u,
is also a uniformiser for p; in L).

For simplicity, we assumed that we have generators of E(L). Note that E(!) (Ly)
is isomorphic to p&, and as such has an &),-module structure. In particular, it is
an Op-module. In fact, instead of generators of E(L), we only need E(L)modp
and a set {B,,...,B,} € E(L) that generates an &,-module in E (D(L,) containing
NED (Ly)NE(L)). This means that we only have to prove that

char(p) t ﬂ(E(l)(L,,)mE(L)):(Bl,...,B,) ,
plp

which is much easier to establish. For instance, this follows from Lemma 4.3.1 if
all L, = K, and Z(B)/upmodp has rank r. If E(L)modp = (G,,...,G,,,), then
representatives of E (L) modp are easily generated.

We assumed that we used the information at all primes of L above p. The argument
might already work if we just use the informationatp, ... ,pn | p with 72, [L, : K] >



38 Chapter 4. Some hyperbolic cases

r. Then, it is sufficient to take B,,... , B, to generate a subgroup of (L (E ) (Ly,)N
E(L)) of index prime to char(p). Thus, we can bound the number of G € E(L) with
K-rational image under ¢ in a p-adic neighbourhood by bounding the number of zeros
of 8%. This can be done using Lemma 4.5.1. We have the following.

4.5.2. Lemma. Let K,L,p,p,,... ,pm and ¢ : E — P! be defined as above. Let G €
E(L). |

e If0%modp # 0, then ¢(G) mod p is not hit by @(E(L)) NP (K).

e If o(G) € PY(L) and 0°/p satisfies the first condition in Lemma 4.5.1, then G
and 1,(G) are the only G' € E(L) such that ¢(G)modp = ¢(G')mod p and

¢(G') € P(K).

® IfG=Gy,=G;=(0:1:0) and 6%/ p? satisfies the second condition in Lem-
ma 4.5.1, then G is the only G' € E(L) such that ¢(G)modp = ¢(G')modp
and ¢(G') € PY(K)

As an example we prove the following proposition. The example is chosen such that
the result can be used later on.

4.5.3. Proposition. Let oo = /3 and let L = Q(t). Let E : 2Y? = X3 — 20X and let
@ : E — P! be the cover (X,Y) — X. Then ¢(E(L)) NP}(Q) = {=,0,2}.

Proof: We refer to Lemma 4.3.2 for notation. We have Emodp : Y2 = X3 +9X and
Emodq : Y2 = X3+ 14X. The following describes (G,,G,) modyp (clearly 6G, +
G,modp = o).

n | o 1 | 2 1 3 | 4 | 5
nG, | o ,2 (3,21) 62
nG, + G, |(0,0) 16 21 (3,2) 2,17)

We do the same for (G1 ,G,) modq (we see that 12G, mod q = o)

n 0| 1 | 2 | ] | + | 5 | 6
nG, (2,15) (8,17)
nG, +G,|(0 75) 2,2 108 19 20 200

Now, if ¢(G) = X(G) € P!(Q) then in particular, X (G) modp = X (G) modq. Since
G,,G, span E(L)modp and E(L)modgq, we can find k,,k, € Z and B € (E(L) N
EW(L ))ﬂE( (L q) such that G = k; G, +k,G, + B. A priori, we get X(G)mod23 €
{e°,0, 2 3,8}, since other values do not occur in both tables. Note that X(G) =
X (k,G, + k,G,)modp and X (G) = X (k,G, + k,G,)modq. For instance, if X(G) €
P!(Q) and X(G) = 8mod23, then at p it follows that k,G, +k,G, € {4G,,2G, +
G,} +(6G, + G,) and at q we get that k,G, + k,G, € {5G,7G,} + (12G,). These
contradict each other and we conclude that X(G) = 8mod23 does not happen. For
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% Y2 =—(X2+3)(X*-18X%+9)
%, : Y2 =(X2+3)(X*-18X% +9)
€, 1 Y2 =6X(X*-12)

%, : Y2 =6X(3X*-4)

@5 0 Y2 =6X(X*-3)

Table 4.2: Parametrising curves for x2 +y8 = 23

X(G) =3mod23 we proceed similarly. Note that for the remaining values, we have
X (o0) = oo, X(G;) =2 and X(G,) =0, so these values really do occur. It remains
to prove that for each of these values x, we have that if X(G) € P!(Q) and X(G) =
xmodp and X(G) = xmodg, then X(G) = x.

For that, we have to find a subgroup of (G,,G,) that generates a Z,;-submodule
containing (E(L)NE (1)(Lp)) NEW(L,). The cyclic group generated by B, = 12G,
is one. To check this we can calculate Z(B,) = (X/Y)(B,) mod p? and mod g
This gives 23 -21 and 23 - 16 respectively. These values can be obtained by comput-
ing Z(12G,) globally and then reducing using & = 306modp? and & = 223 modg?,
but it is much more efficient to only calculate an approximation of 12G,. Since
Z: E(l)(L,,)modp2 — p&/p? is a group homomorphism, we see that 12G, indeed
is not divisible by 23 in E m(Lp) (as was already pointed out in Lemma 4.3.2 by
the same argument). The same group homomorphism shows that Z(n,B,) modp? =
n,Z(B,) modp? for n, € Z,;, and the same for q. This information enables us to
compute 1/(6;°(n;)) = 1n?-232212modp? and 1/(65(ny)) = 1n%-23216modg>. If
¢(n,B;) € P}(Q), then these values should agree, so the equation 23% - 11n? mod23
should hold. This (truncated) power series satisfies the second criterion in Lem-
ma4.5.2,50 n; = 0 is the only solution. We proceed similarly for G, +n,B, and G, +
n,B,. Note that if ¢(G, +n,B,) € P!(Q), then the same holds for (p(—Gé —nyB,),
so we only have to look around one of G,,—G,. We find 6%2(n,) = 23?(3n}) mod 233
and 01 (n;) = 23(2n,) mod232. In all cases we can use Lemma 4.5.2 to obtain the
desired result. O

4.6 The equations x2 +y8 =73

This section provides an alternative proof to that in [Bru97]. Throughout this section,
we write o := /3 and B = /3. First we determine parametrising curves for the
primitive integral solutions to the equation.

4.6.1. Lemma. Let x,y,z be pairwise coprime integers such that x* +y® = 3. Then
there is a ¢, from Table 4.2, t € Q and P € €,(Q) suchthatY(P) =y/t3 fori=1,... ,4
and Y (P) = 2y/t3 fori=>5.
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Proof: First consider x> + (y*)* = z3. Then, by Lemma 3.2.3, we have s, € Z 23 and

a homogeneous degree 6 polynomial F € Q[S,T] such that y? = F(s,z). If # # 0, this

leads to (y/t3)? = F(s/t,1), i.e. a finite rational point on the curve Y> = F(X,1). If

t =0, then this leads to one of the infinite points on the curve. The curves in Table 4.2

are exactly those, except €, where the model has been made integral. O
The rational points on %, and ¥, are easily determined.

4.6.2. Proposition. ¢, (Q) = {eot 007 }.

Proof: The curve %, is a double cover of the elliptic curve Y2 = —(X +3)(X*— 18X +
9) by the map X ~ X2. The elliptic curve is of conductor 2304 and has rank 0, which
can be verified by performing a 2-isogeny descent as described in Section 4.3. The
only affine torsion-point is (—3,0), which lifts to (+1/—3,0) on €. O

4.6.3. Proposition. %,(Q) = {(0,0),}.

Proof: Unfortunately, by applying the map X — X? we get an elliptic curve of rank 1.
We observe that, because (X2 +3)(X* — 18X2 +9) has no rational roots and res(X> +
3,X* -~ 18X% +9) = 293% every rational solution must satisfy

uy? = x*+3 (C%))
uy? = x*—18x%+9 (4.8)

for one u € {£1,+2,43,+6}. Equation (4.7) shows that i > 0. A simple computer
search shows that there are no solutions to u¥7 = X* — 18X2Z? 4+ 9Z*mod 128 for
u=2,3,6 with (X,Z) € 22, (X,Z) # (0,0)mod2, which only leaves y = 1. For
W =1, (4.8) is isomorphic to 288D1, which is a curve with 4 rational points. For our
model, these are «o™ ™ (0,3), (0, —3). The affine points clearly do not satisfy (4.7).
O

Although the technique used in Proposition 4.6.3 in principle does apply to %5,
%, and G, in each case we come across a genus 1 curve with infinitely many rational
points. Therefore, we find other elliptic curves that describe %;(Q) in some way. The
following lemmas make this precise.

4.6.4. Lemma. For points P € €,(Q) there exists an elliptic cover ¢ : & — P! over a
number field L and a point Q € & (L) such that ¢(Q) = X (P). The curves &,,, from
Table 4.3 suffice.

Proof: Suppose we have (x,y) € %;(Q). Then we can write
6x = &,y
=20 = 52)%
y2 = 51}’%NQ(05)/Q(62)’%)

If y # 0,0, then we can take §, to be a square free {2,3}-unit in Q(ct) and 6, =
NQ(a)/Q(62)‘ The {2,3}-units are generated by —1,2+ a,1 — @, &, of norms 1,1,—2,
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J &; o(X,Y)| L
1 —3Y2:X4—12 X Q
2 2r2 =X (X2 2a) X |Qa)
3 3¥2= 3x4 X Q
4 ay?= 2aX X |Qa)
5 Y2:X4—3 X Q
6 —3y?2=Xx4-3 X Q
7|-(B*=B*-B+1)Y*=(X-B)(X*+p*)| X |QB)
a’-3=0;, B*-3=0
L |Z-basisof 0, |d1sc L/Z | % |reg oy |h
Qo) l,a -1, 2+a 13170
Q(B) l,ﬁ,ﬁz,ﬁ3 2833 l ~1 2+[32 1+B B3| 5.2459 ’

L | D | p Ideﬁning relation p| p |defining relation
Q)2 p, [py=(1+0a)0; 20 =p; Q(ﬁ) 2| py [p=(1+P)0; 20 =p3
3| p; |p3=0ad;30=p3 3| py [p3=BO:30 =1}

23 P23y ot—7mod;:-23,1 =0 13 P13 B—3modp13)1 =0
Py3|0+Tmodpy; ;=0 P13 I3~|—2modpl312 =0
1313’3 ﬁ+3modpl3’3 =0

Pi34|B—2modpy;, =0

Table 4.3: Elliptic covers related to 3,6y, 65 with their fields of definition

—3 respectively. Thus the possible values for 6, are 1,—2,—3,6. Note that for y, =

y / (8,y,) we have x* — 12 = §,y3. This equatlon only has solutions over Q, for 8, =
3. For 6, = —3 we have &,. For 8, = N(§,) = 1 we get a curve of rank 1. The

curve x> — 2a 62y2, with &, a square free unit, only has points locally at the prlme

above 2 for §, = 1. This corresponds to & by observing that 6x(x> — 2a) = (y,y,)%.

Solutions with y = 0 correspond with X =0 on &} andy =co withX =coon &,. O

4.6.5. Lemma. For points P € €,(Q) there exists an elliptic cover ¢ : & — P! overa
number field L and a point Q € &(L) such that ¢(Q) = X (P). The curves &5, from
Table 4.3 suffice.

Proof: Suppose (x,y) € 6,(Q). If y # 0,0, then we can write

2—ox? = 52y%
¥ = =81¥Ng (g0 (8:93)

with 6, a square-free {2,3}-unit in Q(a) and 6, = —N(5,). As we saw in Lem-
ma 4.6.4, this means that §, = —1,2,3,—6. We should have 3x* —4 = § N(y,)*.
This equation has no solutions over Q, for 4, = 2,—6. For 6, = 3, we get &;. For
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0, = —1, the corresponding curve over Q would have rank 1, so we examine this
case in more detail. We have that N(§,) = 1. Locally at the prime above 2, we
have that 2 — aX? = §,Y? only has points for §, = 2 + a. This leads to the equation
6X(2—aX?) = —(2+ a)Y?. This describes &, which is E, in Table 4.4 if considered
as an elliptic curve. a

4.6.6. Lemma. For points P € €5(Q) there exists an elliptic cover ¢ : & — P! over
a number field L and a point Q € & (L) such that ¢(Q) = X (P). The curves &, 6,6,
from Table 4.3 suffice. The curve &, is birational to the curve E, in Table 4.4 over L.

Proof: Suppose we have (x,y) € %5(Q). Then there are y; € Q and y, € Q) such
that
6x = 8,2
-0 = 52y§
¥ = 51NQ(0,)/@(52)’%))’%,

where 8, is a square free {2,3}-unit in () and &; = Ny, o(8,). Taking norms

(a/Q
gives x* —3 = 0, y% for y; = N(y,). We are thus led to consider the equation X4 —
3=§,Y?for §, = 1,-2,-3,6. For §, = 1,—3, we get & and & respectively. For
0, = 6 there are no solutions over Q,. We study the case §, = —2 in more detail. We
put L := Q(B). We have x> —a =N, /0(a) (x — B) for some appropriate embedding

Q(cx) = Q(B). Therefore, we can take y, € L and &; € L({2,3},2) with NL/Q(53) =
NQ(a)/Q(52) = —2and
¥ = =29iN, (8p%)-

We substitute 6x = —2y?3, which leads to y? + 38 = —§,(B%y,). A local argument
at the prime above 2 shows that, up to squares, &, = (2 + $2)(1 — ) must hold for
this equation to have solutions with y; € Q,. Now we use that (X* —3)/(X + ) =
(X — B)(X*+ B?) and we see that (x — ) (x> + B2) = (2+ B2)(1 — B)(1 + B?)y?2 for
some y5 € L. This leads to &;. The model E, only differs by a linear transformation.
O

In order to apply the method described in Section 4.5, we need some data on the
Mordell-Weil groups of the curves we have obtained.

4.6.7. Lemma. Let E, be the elliptic curve described in Table 4.4 and L = Q(ax). We
have E}" (L) = (G,). The group (G,,G,) is a subgroup of odd finite index in E,(L),
prime to 23. The group (G,,G,) modp,; ; spans E,(L)modp,; ;.

Proof: The proof follows the same lines as that of Lemma 4.3.2. The following data
give the necessary ingredients. Let p,, | 13 such that amodp,; =4 and E = E,.

#Emodp,;)(O/p,,) =10 G} =(6+60,24+16a); G, = y'(G})
HEmOdpy 1) (0 /P ,) = 24 E(Ly, [W(E(Ly,)) = (G,(10,2),(0,0)
#((Gy,G,) mOdp23,1) =6 E(Lpz/‘I/,(El(Lpz)) =(G;)

#((G,,G,) mOdp23,2) =24 E/(LpZ/W(E(LpZ)) =((0,0))
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j|G; p| M Z(B)/p
fin s (5] | ()
() (3

9 7

(—3-2B—2B%—3B°,2+ 58+ 387 +2B°) 2.0
7N (-3-3p-ip2-Lp3 -1-1p_1p2) |13|| 12 24 1l
44 4 2P 7472 3 0 0 7 7
(0,0) 17
E, : 2Y2=X3 20X ;o eXY) =X
E,: a¥?=X3-2aX ;o eX,Y) =

E, : —(B2+ﬁ)Y2:X3+2X2+2; ¢,(X,Y) = BX+B

Table 4.4: Curves E ; and data on Mordell-Weil group

(G,G)NEW(Ly,, )NEW(L,,, ) = (12G,). See Table 4.4 for values of Z. O

4.6.8. Lemma. Let E, be the elliptic curve described in Table 4.4 and L = Q). We
have EX*(L) = (G,). The group (G,,G,) is a subgroup of odd finite index in E,(L),
prime to 13. The group (G,,G,)modp,; ; spans E;(L)modp; ;.

Proof: Proof as that of Lemma 4.3.2. Let p,, | 11 such that omodp,; =4 and E = E;.

# Emodp,,)(O/p;,) =10
#((G,G,,Gs)modp,; ) = 16,12,12,12
) = (=2B—2B%,2+ 4B +2B%); G, = ¥/(G,)
E(LPZ/WI(EI(LM)) = (GI’G37(2+ﬁ+ﬁ21?)7(2+3ﬁ+3ﬁ2a?)>
E'(Ly, [W(E(Ly,)) = (Gb,(0,0))
E(R)/y'E'(R) = {0} (for both real primes)
E'(R)/wE(R) = {(0,0)) (for both real primes)
N1(G1, Gy, GYNEW(L, | ) = (2G, +12G,,24G,)

See Table 4.4 for values of Z. O
Now we can put the information together and determine the rational points on the
remaining curves.

4.6.9. Proposition. ¢;(Q) = {,(0,0)}.

Proof: Lemma 4.6.4 shows that we can obtain %3 (Q) if we determine which L-valued
points have rational image under ¢, : & — P! for i = 1,2. It is straightforward to show
that &) is birational to Y2 = X3 +27X. This is 288E1 in [Cre92] and has only 2 rational
points. On &}, these are (0,+6). Proposition 4.5.3 gives us that ¢,(E,(Q(a))) N
P(Q) = {0,%,2}. Together, this shows that Q € €,(Q) has X(Q) € {0,,2}. For
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il G |eG)|6%n,,...,n)
2| oo o (232(11n}) mod233
G, | 0 |(23%(3n?)mod23?
G, 2 |23(2n,) mod23?

4] - o [232(16n3) mod233
G, 0 [232(3n})mod233

Zn%—nln2
7| e | o |13%| n}+nn,+3n3 | mod13
—2n%+n1n2

5n; —3n,
13| 7n,—n, |mod13?

—n; +3n,

GI_GZ -

W=

Table 4.5: Fibres of rational points

X(Q) = 2 we get Q = (2,+4+/3), which are not rational points. This proves the
statement. a

4.6.10. Proposition. ¢,(Q) = {(0,0),c0}.

Proof: By Lemma 4.6.5, it suffices to analyse &; and E, as in the proof of Propo-
sition 4.6.9. The curve &} is birational to 288E1 in [Cre92] and has only 2 ratio-
nal points, being . These give X (cot) = co. Similar to Proposition 4.5.3, we
find ¢,(E,(L)) NP (Q) = {0,0}. See Table 4.5 for relevant data. It follows that
if Q € €,(Q), then we have X(Q) = 0,0, which gives the points stated in the propo-
sition. |

4.6.11. Proposition. €5(Q) = {(0,0),(—%,+%),c}.

Proof: The curve & is birational to Y2 = X3 + 12X, which is 576F2 in [Cre92] and
has only 2 rational points, which are e® on &5. The curve & is birational to Y =
X3 + 108X, which is 576G2 in [Cre92]. It also has only 2 rational points, being
(0,+1) on &. Similar to Proposition 4.5.3, we find ¢,(E,(L)) NP}(Q) = {0,—1}.
See Table 4.5 for relevant data. This shows that the list stated is complete. a

Proof of Theorem 1.3.2: This is really just a matter of combining Lemma 4.6.1 and
the Propositions 4.6.2 through 4.6.11. The points (—%,+%) € %,(Q) give rise to the
nontrivial solutions.

4.7 The equations x? + y3 =78

We can apply exactly the same methods as in the previous section to determine all
primitive solutions to x® +y* = z2. As it turns out, the computations are a lot more
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(Y2 =(X2-3)(X*+18X249)

(Y2 = —(X2-3)(X*+18X%2+9)

(Y2 =6X(X*+12)

1 Y2 =6X(3X* +4)

: Y2 =x%440x3-32

c¥2=—x%_40x3+32

D Y2=X016X5 - 15X +20X3 +15X% +30X - 17
cY2=—Xx%—6X5+15X4-20x3 —15X2 -30X +17
cY2=X%—6X5+45X%—180X3 +135X2 +162X — 405

D Y2=—X046X5—45X*+180X3 — 135X2 — 162X + 405

R R R R R,K KRR R

Table 4.6: Parametrising curves for x® +y3 = 22

involved in this case, though. We refer to Table 4.7 for algebraic number theoretic
data and notational conventions used throughout this section. We start by determining
a set of parametrising curves.

4.7.1. Lemma. Let x,y,z € 7 be a primitive solution to x® +y* = z2. Then there is a
€ = %, from Table 4.6 with P € €(Q) and t € Q such that x = t3Y (P).

Proof: Let x,y,z be such a solution. Then, by Lemma 3.2.7, we have some homoge-
neous F € Z[S,T] of degree 6 as in Table 3.2 and 5, € Q such that +x? = F(s,t) This
leads to a point P = (s/t,x/t>) on £Y? = F(X,1). These curves are given in Table 4.6.
Note that, for the curves € and €, we can control the sign of F(s,) with the sign
of . Therefore, we only need one of +¥? = F(X,1). The curves %, and %), have
undergone a small transformation to make F (X, 1) monic.

For most of these curves, arguments using elliptic curves over Q suffice. For %5,
%, and 6, we need Section 4.5. The following lemma establishes the elliptic covers
we need to consider. The models given in the lemma follow naturally from the models
of the %, whereas the models given in Table 4.9 are in twisted Weierstrass form and
therefore are more suitable for computational purposes.

4.7.2. Lemma. The Q-rational points on €s, €, and €, correspond to L-rational
points G on the genus 1 covers ¢ =X : &; — P with ¢(G) € P1(Q). The following
choices for é"] suffice. For &,,&;,8, we have L = Q(B),Q(),Q(c) respectively.

|4

5| &5 Y2 =X —2BX> + 67X +8X + 8B

€| & Y? = (X2 +[2,-2,-2,0,0,—4,0,0,2,2,0,0]X +[-1,0,0,0,0,2,0,0,0,0,0,0))-
(x?+12,0,0,-1,1,3,1,0,—2,0,—1,-3]X +[-1,0,4,3,5,-1,1,2,0,0,—1,—1])

By| &y : Y2 = (X2 +[-2,2,2,0,0,0,0,0,-2,-2,0,0]X +[3,0,0,0,0,6,0,0,0,0,0,0])-
(X% +[-2,-2,0,—1,—1,1,-3,-2,0,2,-3,1]X +[3,12,6,3,3,-9,9,0,0,0,-3,3])

These covers are birational to the ones given in Table 4.9 with given maps ¢.
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B2-2=0; a?+60a!'%+3908 +640° +150* — 602 —
|Z basis of &, |disc(6, /Z)| o} |reg(6}) | )
QB)| 1,B,8% —108 (-1,1-B) |1.3474| 1
Q@) | by,...,byy | —2%313 |(-=1,m,...,n4)| 321.19 | 1
T T -1
b, 1 10-10 —7 0 49 0 33 0 -1641 0
b, o 001 0 1 8 —28-38 66 —8 613 149
by o? 00-1-4 5 17 24 47 —270 —692 379 1290
b, ol 010 0 0 —27 0 9 0 455 0 —4742
bs ot 000 —1 8 1 —38 30 —88 —158 1496 —273
b | | o 00 0 0 —7 —8 33 38 64 88 —1226 —1496
b, | | af 000 3 0 -8 0 -55 0 446 0 —67
by o’ 000 —40 -2 0 150 0 —564 0 —2276
by o8 001 1 —1-16-30 41 158 310 273 —2449
bio o 00 1 —1—1 16 —30 —41 158 —310 273 2449
by, al0 000 1 0 -12 0 35 0 198 0 —1797
by all 000 -30 24 0 —21 0 —-62 0 3059
Elements of () are given with respect to the basis by, ... ,b,,.
n = [0,1,0000000000] n, =10,1,0,0,0,0,1,0,~1,0,0,0]
n, =10,0,1,0,1,0,0,0,0,0,—1,0] |, = [0,0,0,0,0,0,0,0,0,0,1,0]
ns:[0,—1,—1,0,0,0,0,1,1,0,1,—1] e =10,1,-1,0,0,0,1,-1,0,0,0,0]
L |p| p |defining relation IF,,-basis of 0/
QB)[2] p, [p,=BO;20=p;
3| p3 |p3=(1+B)0;30 =y}
5 Ps ) ﬁ+2modp511:0 1
Ps |B*—2B —1modps, =0 LB
Qa)|2] p, pz:[o,1,0,0,1,0,1,0,0,0,0,0]@’;2@:;;52
3| p;y |p3=11,0,1,0,0,0,0,0,0,0,—1,0]¢
43 |a; =11,0,0,0,0, 100,1,1,0 00; 30 =pSa3
31 P31 oc—5modp31,1 =0 1
P312 a—|—12modp31Y2=0 1
P313 Ot—lrSmod;J313 =0 1
P340 —12modp314_0 1
p315|0% =50+ 13modpy; 5 =0 1,b,

Table 4.7: Data regarding number fields

Proof: Let € : Y? = F(X) be a hyperelliptic model of the genus 2 curve we consider.
Let L be an extension of Q such that F = R- Q with R,Q € L[X]. If (x,y) € ¥ (Q),

then there

are 8,y,,y, € L such that R(x) = 8y and Q(x) = 8y3. Without loss of

generality, we can take § square-free S-unit, where S contains the places dividing



4.7. The equations x> + y* = 78 47

J|G;

51(=2,1)
((-4-2B—pB*)/6,(1+B%)/6)
(1,0)
(0,0)

7(([0,-1,6,—4,0,—1,-2,0,—4,0,—1,4],[8,-2,23,—-12,-2,0,—6,7,—18,0,—6, 14])
([-1,-1,0,0,0,1,-1,1,0,0,0,-1},[0,0,0,1,1,-1,1,0,0,0,—1, —1])
([1,0,0,-1,0,0,1,—-1,-1,1,0,-1},10,0,0,2,0,2,0,0,0,—4,0,—2])
([-11,-1,-7,-2,-3,-10,0,-1,5,3,3,2]/12,—-[4,-5,5,0,3,6,—10,4,-2,1,—5,1]/12)
(0,0

9/([1,-2,-4,-1,0,2,-1,1,1,1,2,-3]/3,[—4,-2,0,0,0,2,4,-2,—4,2,0,4] /3)
([-7,1,-12,2,-2,2,2,-5,2,2,5,-6]/3,(28,—6,16,36,—2,—6,2,26,30,— 12, —12,2]/3)
(-1,2,0,0,-1,-2,1,-1,-1,1,0,1],[0,—4,-2,—1,-5,1,-5,2,4,—-2,5,—1])
(,s,-3,-2,-1,-4,0,—-7,-3,7,-5,61/4,[5,2,-4,0,0,1,6,2,3,—-6,5,—5] /4])
(0,0)

Table 4.8: Mordell-Weil pseudo-generators

2disc(F). We then see for which of those & there exist x € Q such that §R(x) and
0Q(x) are squares simultaneously, everywhere locally. As it turns out, in all three
cases, this only happens for 6 = 1. Note that for %, and %, we can also find R and Q
over Q(B) but the resulting elliptic curves turn out to have rank 3, which means that
the described methods cannot be applied. Checking that the covers in Table 4.9 are
indeed birational to the ones mentioned in the lemma is tedious and straightforward.
O
We examine the Mordell-Weil groups of the curves in Table 4.9.

4.7.3. Lemma. Let Eg be the elliptic curve described in Table 4.9 and the let the
G; be as in Table 4.8. We have EX'(L) = (G;,G,). The group (G,,...,G,) is a
subgroup of odd finite index in E5(L) prime to 5. The group (Gy,...,G,) modps
spans Es(L)modyps , fork=1,2.

Proof: Proof as that of Lemma 4.3.2. Let E = E; and p,; | 11 such that § = 7modyp.

#(Emodp,,)(0/p;) = 12; #(G,,... ,G,) modps ;) = 8,16

5= (=2-2B,(4+2B+4B%)/3); G, = y'(G))
E(Lpz)/WI(El(Lpz)) =(G|,G;,Gy)
E(L,,)/y'(E'(Ly,)) = (G),(2+ B,7)) (latter does not lift to L(S,2))
(Gyyer o, GYNED(L, YNEW(L,, ) = (2G, +G,,4G,)

See Table 4.10 for values of Z. O

4.7.4. Lemma. Let E; be the elliptic curve described in Table 4.9 and the G; as in
Table 4.8. We have EX" (L) = (Gs). The group (G, ... ,Gs) is a subgroup of odd finite
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il E; | ¢

_6y2 — X3 _ B-68 B
5 6v2=x3-Xx (2 o -1
7([0,0,0,—1,—1,0,—1,0,0,0,1,0]Y% = X3 + 2X2 +2X c,
9/[0,0,0,1,1,—1,1,1,0,—1,1,—1]¥2 = X3 4+ 2X2 4+ 2X Cy

C— [4,—4,——4,—2,0,6,—2,8,4,—6,10,—8] —12 [2,1,2,5,2,—2,1,0,1,—-3,—1,—3]
7 [0,4,0,4,0,0,0,—4,4,0,0,4] 0 [4,—3,0,5,2,—8,—1,—4,3,5,—5,5]
o (10,2,6,0,-6,10,-10,6,-2,-10,2,2] —12 [0,7,2,1,-2,2,-3,2,1,~7,3,1]

97 [—4,0,0,0,—-4,0,0,0,0,—4,4,4] 0 [0,3,2,—1,0,2,—1,0,—1,—3,1,—1]
cpuXtepY+eps

X,Y)=
oY) X+l +cp3

Table 4.9: Weierstrass models of covers

index in E,(L) prime to 31. The group (G, ... ,Gs)modp;, ; spans E;(L)modp;,
fork=1,...,5.

Proof: Proof is as that of Lemma 4.3.2. Let E = E, and p,; | 43 such that o0 =
6modp,;.

#(Emodp,s)(6/p,3)) = 38

#((G,,...,Gs)modps, ;) = 32,32,32,32,1024
w=(,-1,-1,0,1,-2,0,1,1,1,-1,0],[0,-2,0,0,0,0,—4,0,0,2,-2,2])

G, =V¥'(Gy)

E(Lpz)/w’(E’(Lpz)) = <G15027G37G57([0707_7,_1a8a85_4a_275, 1’472]’?)7
(I1,1,-5,0,3,6,2,-5,5,3,-3,2],7), (— [7 ~2,4,-5,2,-2,-13,7,5,3,-2,5],9),
(11,12,4,3,-6,-6,9,-5,1,-7,6,5],7), ([3,-4,6,5,0,6,1,7,—7,—1,4,-5],),
(-15,8,—6,—5,-6,2,-15,7,5,1,—4, 3] )

E'(Ly,)/ W(E(Ly,)) = (G} (0,0),

([18,—58,—48,—14,20,—28, —86,—20,—56,56,—2,54],7),

(=78, ~74,—8, —54, 28, 8,90, 56, —28,48,6,26], 7))

E(Lq,)/¥'(E'(Lq,)) = (G,); E'(Lq,)/ W(E (L%»:wa)
E'(R)/y(E(R)) = <( 0)); (R)/ "(E'(R)) = {1} (for both real primes)
NLi(Gyy---,Gy) NED(L,, ) = (166G, +8G, + Gs,16G, +8G,,32G3, 16G,)

See Table 4.10 for values of Z. O

4.7.5. Lemma. Let Eg be the elliptic curve described in Table 4.9 and the G; as in
Table 4.8. We have ES" (L) = (Gs). The group (G,,... ,Gs) is a subgroup of odd finite
index in Eq(L) prime to 31. The group (Gy,... ,Gs)modp,, , spans Eq(L)modp,, ,
fork=1,....5.
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jilp M Z(B)/pmodp
s|'s 2001 4 4
0400 4 1+4B
600 8 1 23 21 1 19
12 30 28 21
0160 80
7131 21 11 4 20
0 03200
00 0 160 26 27 25 30
2300+7 114+« 22004+1 190+ 8
4 4 368 88 0 2 4 17 2
27 4 28 29
032320 16 0
9|31 12 23 26 0
0048 0 0 - s 7 3
00 0 2400

1la+13 21480 17423 190+ 25

For E; and E,, only Mi- (E(L) neW (Lp,,,)) is considered.

Table 4.10: kernels of reduction

Proof: Proof is as that of Lemma 4.3.2. Let E = E, and p,; | 43 such that o =
6modp ;.

#((Emodpy3)(0/py3)) = 50

#(Gy,...,Gs)modpy, ;) = 32,32,32,16,900
=([2,-2,0,0,0,2,-2,2,0,0,0,-2],[-2,0,—4,2,-4,0,—2,2,4, 4,4, -2])

G, =2G,+2G,— y'(G})

E(Lpz)/wl(El(L)‘Jz)) <G17Gz7G37GSa([ 676767 3 775, 6 4 4757 1] )7

(13,~1,5,0,—5,—4,-6,7,7,1,-3,-2],7),([1, - 1520 —6,4,16,7,—4,0,7,0],7),
(3,-7.6,-4,0,6,6,~7,~6.8,—1,4],2), ([1, 1,~2,6, —6,8, —6,~3,8,6,3, 4], ),
([=1,-13,4,6,0,—4, —6,3,6, —4,5,8],7))

E'(L ,,2)/1;/( (L 2))—< 4(0,0),

([50,46,—32,22,36,20, 110 —32,-60,—4,—-38,—-46],7),
([-114,-30,40,10,48,—-12,2,16,16,52,—6,—22],?)

E(LP3)/W (EI(L)J3)) <(1/[1’070’17070707070707050]7?»

E'(Ly, ) W(E(Ly,)) = (G)

E'(R)/y(E(R)) = ((0,0)); E(R)/y'(E'(R)) = {1} (for both real primes)
M=1(Gy,---,GYNEW(L, )= (4G, +4G,+ 368G, +88G,,

32G, + 320G, + 16G,,480G,,240G,)

See Table 4.10 for values of Z. O
4.7.6. Proposition. ¢, (Q) = {eoT 00" }.

Proof: The curve is a double cover of an elliptic curve by the map X — X2. The
elliptic curve Y2 = (X — 3)(X2 4 18X 4 9) is of rank 0 and has 2 rational points: o
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and (3,0). The first is covered by ™ and e~, which are indeed rational points of % .
The second is covered by (£+/3,0), which are quadratic conjugate points. O

4.7.7. Proposition. %,(Q) = .

Proof: The curve is a double cover of an elliptic curve by the map X +» 1/X2. The
elliptic curve Y2 = (3X — 1)(9X% + 18X + 1) is of rank 0 and has 2 rational points:
(1/3,0) and . Neither of these points lifts to rational points. O

4.7.8. Proposition. %;(Q) = {,(0,0)}.

Proof: We see that for solutions with X # 0,c0, we have X* + 12 = § Y? with § in
the set {£1,+2,+3,+6}. It is clear that § > 0 from real considerations and that 2{ &
from considerations locally at 2. Both X* + 12 = Yf‘ and X4 +12=3 le are genus 1
curves of rank 0 with only 2 rational points: the two branches at infinity and the two
points with X = 0 respectively. ]

4.7.9. Proposition. €, (Q) = {,(0,0)}.

Proof: We see that for solutions with X # 0,cc, we have 3X* +4 = § Y7 with & in the
set {£1,42,43,4+6}. It is clear that 8 > 0 from real considerations and that 2 { 8
from considerations locally at 2. Both 3X*+4 =3 le and 3X*+4 = le are genus 1
curves of rank 0 with only 2 rational points: the two branches at infinity and the two
points with X = 0 respectively. ]

4.7.10. Proposition. ¢5(Q) = {eo™,7,(1,3),(1,-3)}

Proof: Similar to Proposition 4.5.3, we find ¢5(E5(L)) NP'(Q) = {e,0,1}. By Lem-
ma 4.7.2 this bounds €5(Q). See Table 4.11 for relevant data. It is easy to check that

X = 0 does not lead to a rational point. O
4.7.11. Proposition. %, (Q) = @
Proof: It is easy to check that €,(Q;) = . O

4.7.12. Proposition. %, (Q) = {*, (1/2,+15/8)}.

Proof: Similar to Proposition 4.5.3, we find ¢,(E,(L)) NP}H(Q) = {e°, %} See Ta-
ble 4.11 for relevant data. By Lemma 4.7.2 this bounds &, (Q). O

4.7.13. Proposition. 3(Q) = )
Proof: It is easy to check that €3(Q,) = . O
4.7.14. Proposition. %,(Q) = {=*,(9/2,4+387/8}.

Proof: Similar to Proposition 4.5.3, we find @g(Eq(L)) NP!(Q) = {eo, %} See Ta-
ble 4.11 for relevant data. By Lemma 4.7.2 this bounds %, (Q). O

4.7.15. Proposition. ¢,,(Q) = @
Proof: It is easy to check that €,(Q;) = . O
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il G |¢(G) 6%(ny,... ,nr)
2n, +2n
oo oo ) 2
> 5<2n1+3n2) d5
_ 3n1+2n2 5
G3=Gy 0 5<4n1+4n2> d>
) 4n, +0n
1 5717772 ) mod5?
2 ( ny+n, )mo
130 0 24
4 4 421 Zl
7| oo o |31] 131923 24 2 | mod312
2016111 ||
30 15 18 28/ \™4
30 20 29 26
24 15 18 13 Zl
Gy | 3 (312118 1 18 ]| 2 |mod31?
27 26 4 3 3
6 02117) \'4
16 24 16 19\
2624 4 9 | [
9| o [31]29 4 28 26 n2 mod312
26 5 13 23 3
4 231115) \4
28 14 19 24
18 19 29 11 Zl
~Gy | 3 [31] 0 181925 ]| 2 | mod31?
1529 17 6 3
302824 9 ) \'4

Table 4.11: Fibres of rational points

Proof of Theorem 1.3.3 We now complete our proof by checking to which solutions
the rational points on %),...,%,, correspond. Since at least one of the forms for
x,y,z in Lemma 3.2.7, corresponding to %, ... , %, is divisible by s and ¢, points with
X = 0,00 correspond to solutions with xyz = 0. This only leaves (1,4+3) on €. The
corresponding solutions are (x,y,z) = (£3,23-3%.5,£33.11-23). Being a remarkable
relation in itself, it does not satisfy the condition that (x,y,z) = 1. Furthermore, it
cannot be transformed into such a solution using a weighted multiplication (x,y,z) —
(A3x,A%y,1127) either.

On %, the points e* correspond to (+1,2,43) and the points (1/2,£15/8) cor-
respond (after clearing denominators) to (+3-5,2-3%-29-37,433-99431). On %,,
T correspond to (+3,—2-3%,£33) and (9/2,4387/8) (after clearing denominators)
to (£43,2-3-7-29-79,£109-275623). We conclude that the list stated in the theorem
is complete. O
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4.8 The equations x2 + y* =7°

In this section we determine the primitive solutions to 2+ y4 =7 andx*— y4 =7. We
use the same methods as in the previous sections. Lemmas 3.2.4 and 3.2.5 show that
we have to determine {2,5}-primitive solutions to equations of the form y*> = F(s,t),
where F is a homogeneous form of degree 5. According to Theorem 3.1.1, solutions
to such equations are parametrised by the rational points on genus 5 curves. As it turns
out, these curves cover elliptic curves. See Section 5.2 for a systematic approach to
this. The next two lemmas determine these elliptic curves including the induced cover
of the projective line.

4.8.1. Lemma. The {2,5}-primitive solutions to y* = s(s* — 1052t + 5t*) have s/t =
@(P), where ¢ : &, — P is a double cover of genus 1 over a field L and P € &p(L).
It suffices to take &,,... ,&, as described in Table 4.12.

Proof: Let B* — 582+ 5 = 0. The field Q(B) is Galois and
X*—10X2+5X = (X +2B - B)(X —2B+B*)(X — 4B+ B°) (X +4B - B°).
Put o = 3% — 2. Using Lemma 3.1.2, it follows that with § = {2,5}, we have

s = N(8)a?
s—at = 8(ay+a,B+a,B*+ayB°)?

where & € L(S,2). It follows that (s/¢)* — 10(s/t)> +5 = N(8)(y/(a,t?))? as well.
As is easily checked, the curve X* — 10X2 45 = DY? has no Q-rational points for
D =2,10,-2,-5,—10. For D = 1,5, the curves are mentioned in the lemma. For
D = —1, however, we get an elliptic curve of rank 1, which is not usable if we want
a finite bound on the number of solutions. Therefore, we examine the case where
—N(9) is a square in more detail. As it turns out, all units in & have positive norm.
Generators of the prime ideal p, | 2, for instance 1+ 8 — 82, have norm —4. Since
560 = pt, we can take & to be 1+ 3 — B2 times a square-free unit. This gives 16
possibilities. For each 8, we write out the 5 equations for 5,7 with respect to the basis
1,...,B3 and we eliminate s, from them. This leaves us with 3 quadratic forms in
ay,--- ,a,. By homogeneity, if they have a common rational zero, then there also is a
solution (ay, .. ,a,) € Z°> with gcd(ay, .. . ,a,) = 1. Thus, there should exist a solution
(ag;---,a4) € Zf, with (ay,... ,a,) # (0,...,0)mod p for any prime p as well. See
Appendix A.2 for an algorithm to check for local solutions. If we test this for both
p=2and p =35, we see that only for § = 38>+ 682 —48 —9,-3B>+6B2+4B -9
do we have solutions locally. If we combine this with our original relations on s,#
and choose appropriate representatives of L(S,2), we get that for some y, € Q(f) and
x=s/t, we have

x(x* =102 +5)/(x+ B* — 4B) = 6 £ 2B (B> — 4)y?.
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J & 0,(X,Y)| L
1 Y2=X*-10X>+5 X Q
2 5Y2=x*-10X2+5 X Q
3|(8B —2B° —6)Y>=p3X> 1 (4> —5)X>+ (B> —4B)X 1| 1/X |Q(B)
4/(2B* -8B —6)Y°=pX> + (4> -5)X*+ (B> —4B)X 1| 1/X |Q(B)
5 SY2=x*+X3+X2+X+1 X Q
6| 2(0~ 82— 1)Y’=x*- X7+ 02x> - X + {4 X |0
7| 21§+ )2 =Xt - (X3 + X2 - X+ ¢* x Q@)
8 Y2=x*+a’X3 + 20X + 204X + 402 X Qo)
9| (o®+a?-1)12=X*+0o3X? +2aX? + 204X +40? X |Qa)
L | Z-basisof &, |disc(0, /Z)| oF [reg(07) |n(6),)
QB)| 1,8,8%8° 2000 (=1,n,,Mp,15) 1.8528 | 1
QY| 1,¢,¢%¢8 125 (¢,1-¢) 0.9624 | 1
Qo) |1,a,02,03, 0% 50000 |(—1,1—a,0*—o’+02—1)| 48349 | 1
BH-5B2+5=0|n, =2-p2
-0+ -C+1=0|m, =2+p-B°
o0°~2=0|n, = -3+38+p%-B°
L |p " defining relation L |p defining relation
Q(B) |41 ﬁ=3modpp’1 Q)| 2 20, =p,
B=18modp,, 5[50, =(1+¢+§*+ 8367 = pt
[3:23modpp,3 Q) |151 a=22modp,
B=38modp,, o=25modp,,
220, =(1+B —B* 0% =p} o=49modp, 5
5 5ﬁL:ﬁﬁSZp‘5‘ oc:90modpp’4
Q(¢) |31 C:lSmodpp’1 a=116modp , 5
{=23modp,, 2 20,=a0; =p;
{=27modp, ; 5 |50, =(a+1)67 =p3
C:29modpp’4
Table 4.12: Parametrising curves and their fields of definition
This leads to the remaining two curves. O

4.8.2. Lemma. The {2,5}-primitive solutions to 2y* = s° —t> have s/t = @(P), where
©:6p— P! is a double cover of genus 1 over a field L and P € Ep(L). It suffices to
take &, &, &, as in Table 4.12.
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Ej:yjYz = X3 _5x24+5%x

v = 8B-2B°-6
(68 —2B3)X +3B83 - 108

(P3(X7Y) =
Y% = 2(52~CC)2 ¢
X-=-20+(—-2
WO = X o
Y = —Z(Cz—CzC) ;
X—202+¢-2
A S
e X +20°Y
-’ X +20
BT = x5

% = od+o?-1
(X.¥) = 2(60* — 403 + 50 + 110 — 13)X + 12 — 10(30* — o + 4 — 6)
W = T e 1 207 1 20 1 2)X — 12Y — 5(30% — 300 + o2 — 4)

Table 4.13: Description of covers with respect to models E;

Proof: Let {* — §34+ (2~ ¢ +1=0. Then
X-1=X-D)X+)X - )X +)(x-h).
Put oo = — . It follows that

Cs—t = 2N(8)d]
s+t = 8(ay+a,§+a,8? +a03)?

where § € L(S,2). It follows that (s/t)*+ (/1) + (s/t)? + (s/t) + 1 = (y/a,t*)* /N(5)
as well. As is easily checked, the curve X* + X3 + X2 + X + 1 = DY? has Q-rational
points for D = 1,5 only. For D = 5, the curve is mentioned in the lemma. For D =1
we find a curve of positive rank, so we examine the case where N(6) is a square in
more detail. We can take § to be a multiplicative combination of {2,¢3 + ¢ —1,¢}.
Filtering at 2 and 5 gives that, without loss of generality, § = {3 —1,1— 3. It follows
that for some y, € Q({) and x = s/t, we have

(= 1)/ (x+{) =2N(8)/8y7.
This leads to the remaining two curves. O

4.8.3. Lemma. The {2,5}-primitive solutions to y* = s°> — 8t have s/t = @(P), where
@ : & — Pl is a double cover of genus 1 over a field L and P € &y(L). It suffices to
take &3, 6y as in Table 4.12.
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J|G; p M Z(B)/p
(10458 — 2% — B3,20+ 158 — 5% — 48%) 110 %
3| (B*,0) 41 0 5
(0,0) 0 18
(1-382+383,14+38 -282+¢3) 40 33
6 (1-1824+83,83) 31 8 16 12 29
(2-82+83,0) 00 12 15
(0,0) 00 0 17
2+¢-831-¢-¢6%) 80 21 8
; (=14382-3¢3,1-7¢ +8¢%—483) 31 48 2 2
(2-¢2+83,0) 00 0 15
(0,0) 00 22 27
51 —1
(1-20+40a3,3—2a% —203 +o%) 80 0 43 —1
8| (4,2) 151 | 0 20 146 —1
(0,0) 0 1 127 —1
92 —1
49 64
(1+o+a?—o3+a*1-5a+60% —403 +2a) 120 0 78 22
9| (3+50+4a®+203,9+ 130+ 702 + 503 +2a*) |151| | 120 720 | | [ 47 145
(0,0) 0 0 57 135
94 60

Table 4.14: Curves E y and data on the Mordell-Weil groups

Proof: Let o® —2 =0. Then
X3 —8=(X-o3)(X*+3X® +20X% + 20X +40?).
It follows that

s—odt = O(ay+a +a2a2 + a3a3 —1%14054)2

¥ = N(6)N(ay+ a0+ a2a2 + a3a3 + a4054)2
where § € L(S,2). From the second equation, it follows that & is of square norm. Since
2 and 5 completely ramify, this leaves § € {1, — 1,1+ a+a?,a* — o + o> — 1}.
Filtering at 2 only leaves 6 = 1,0* — &> + @ — 1. For x = s/t and some y, € Q(x)
we have

(¥ —8)/(x— o) = N(8)/8y7.

This leads to the curves in the lemma. O
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4.8.4. Lemma. The covers &,65,... ,6y in Table 4.12 are birational to the covers
E;:yY* = X3 —5X*+5X described in Table 4.13.

Proof: 1t is straightforward to check this. g
Having established elliptic covers that parametrise {2,5}-primitive solutions in
some way, we now determine their Mordell-Weil groups (up to finite index).

4.8.5. Lemma. Let E, be the elliptic curve described in Table 4.14 and L = Q(B). We
have EX"(L) = (G,,G;). The group (G,,G,,G5) is a subgroup of odd finite index in
E4(L), prime to 41. The group (G,,G,,G;) modp,, ; spans E;(L)modpy, ;.

Proof: The proof follows the same lines as that of Lemma 4.3.2. Let E = E;. The
following data give the necessary ingredients.

#((G,,G,,Gs) modp,, , = 44,44,20,20

Gy =(5-4B>0); G;=v'(Gy)

E(Lpz)/‘//l(E’(Lp?z)) =(G,G,,(2-B+B*+B7),
(—4+6B—6B%+6B%7),(6—2B+2B2%,7)

El(Lpz)/‘I’(E(Lpz)) (G)

E(Lps/\l/’(E'(Lp ) =(G,); E'(L, )/ w(E(L,,)) = ((2B* - 2B°,7))

ER)/y' (E'(R)) = {1} E’(]R)/y/(E( )) = ((—2sign(7),?)) (for all real primes)
?:1(<G1sz’G>mE( ( )):<110 >

See Table 4.14 for values of Z. O

4.8.6. Lemma. Let E be the elliptic curve described in Table 4.14 and L = Q({). We
have EQ'(L) = (G;,G,). The group (G,,...,G,) is a subgroup of odd finite index in
Eg(L), prime to 31. The group (G,,... ,G,) modp,, ; spans Eg(L)modps; ..

Proof: The proof follows the same lines as that of Lemma 4.3.2. Let E = E; and
p,; | 41 with § = 4mod41. The following data give the necessary ingredients.

#(Gy,...,Gy) modp31’i =32,32,32,32
#(Emodp,, ) (O /p,,) =44
Gy =(-3+4£%-48%0); G,=V'(G})
E(LPZ)/WI(EI( pz)) <GlaG27G3a(4_2C7?)7(4—2€2’?)>
E'(Ly,)/W(E(Ly,)) = (Gy)
(Lp /W(El(LpS)) (Gy)s E'(Ly ) /W(E(Ly)) = ((4 =128+ 128,7))
((Gl, GYNEM(L,, ) = (4G, +8G,,16G,)

See Table 4.14 for values of Z. O

4.8.7. Lemma. Let E, be the elliptic curve described in Table 4.14 and L = Q({). We
have EX"(L) = (G;,G,). The group (G,,...,G,) is a subgroup of odd finite index in
E,;(L), prime to 31. The group (G,,... ,G,) modpy, ; spans E;(L) modps; ..
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Proof: The proof follows the same lines as that of Lemma 4.3.2. Let E = E; and
9,4, | 41 with { =4mod41. The following data give the necessary ingredients.

#(Gy,...,G,)modpy, , = 32,32,32,32

#(Emodp,;)(0/py,) =44

Gy=(-3+4%-4£%,0); G,=vy'(G))

E(L,,)/¥'(E'(Ly,)) = (G},G,, G, (4+ 105 + 857+ 8(3,7), (-4 + 242+ 803,7))

E'(Ly,)/w(E(Ly,)) = (Gy)

E(Ly /W' (E'(Ly,)) = (Gy); E'(Ly) | W(E(Ly,)) = ((—4+128%— 1253,7))
L(Gy,...,Gy) ﬂE(l)(pr)) = (8G, +4G,,8G,)

See Table 4.14 for values of Z. O

4.8.8. Lemma. Let Eg be the elliptic curve described in Table 4.14 and L = Q(«).
We have EQ" (L) = (G,). The group (G,,G,,G5) is a subgroup of odd finite index in
Eg(L), prime to 151. We have (G,,G,,G;)modp s, ; = Eg(L)modps, ;.

Proof: The proof follows the same lines as that of Lemma 4.3.2. Let E = Eg and p, | 3
with & = 2modp,. The following data give the necessary ingredients.

#(G,,G,,G;) modp5, ; = 80,80,40,80,40
# Emodp,)(0/p;) =6

G, = (5,-20); G, = y'(G})
E(Ly,)/y'(E'(Ly,)) = (G,,Gs,

(444041207 +904,?), (4 + 8a% + 1803 + 12a*,7))
E'(L,,)/W(E(Ly,)) = (G),(3,7),(9+ 8% — 220> + 1204, 7))
E(Ly /W' (E'(Ly,)) = (Gy); E'(Ly,)/W(E(Ly,)) = (G))

N1 ((G,,G,,Gs) nE(U(L,,W)) = (80G,,20G, + G5)

See Table 4.14 for values of Z. O

4.8.9. Lemma. Let E, be the elliptic curve described in Table 4.14 and L = Q(o).
We have EY"(L) = (G5). The group (G,,G,,G5) is a subgroup of odd finite index in
Ey(L), prime to 151. We have (G,,G,,G;) modp, s, ; = Eq(L)modp s, .

Proof: The proof follows the same lines as that of Lemma 4.3.2. LetE = Eg and p, | 3
with & = 2modp;. The following data give the necessary ingredients.

#((G,,G,,G3)modp 5, ; = 144,72,80,40,80
#(Emodp;)(0/p;) =2

b= (1+8a—403,8a* — 80 —4a? —4a+20); G, = ¥'(G,) — G,
E(L,,)/V'(E'(Ly,)) = (G,,G3,(6 = 3a* +30*,7),(5+ 30+ 50 + 7o + 604, 7))
E'(L,,)/W(E(Ly,)) = (G),(0,0), (13 + 100+ 202 — o + 304, 7))
E(Ly, /W'(E'(Ly,)) = (G3); E'(Ly,)/ y(E(Ly,)) = ((0,0))
NL1((G;,G,,G) NEW(L, ) = (120G, + 120G,,720G,)

Pis1,i
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See Table 4.14 for values of Z. O
Having established knowledge of the appropriate Mordell-Weil groups, we can
proceed and apply the method described in Section 4.5.

4.8.10. Proposition. & (Q) = {eo™, 007 }.

Proof: Obviously, the points mentioned are rational. It is straightforward to show that
this curve is birational to the elliptic curve 400D1 in [Cre92]. This elliptic curve has
only 2 rational points, which shows that the list is complete. O

4.8.11. Proposition. &,(Q) = {(0,1),(0,-1)}.

Proof: Obviously, the points mentioned are rational. It is straightforward to show that
this curve is birational to the elliptic curve 400F1 in [Cre92]. This elliptic curve has
only 2 rational points, which shows that the list is complete. O

4.8.12. Proposition. The points P € &(Q(B)) with X (P) € P}(Q) have X(P) = 0.

Proof: Similar to Proposition 4.5.3. Note that ¢ : E; — Pland X : & — P! represent
the same cover. See Table 4.15 for relevant data. O

4.8.13. Proposition. The points P € &,(Q(B)) with X (P) € P}(Q) have X(P) = 0.

Proof: The map (X,Y, 8) — (—X,Y,—P) gives a map between the covers @, : &, — P!
and @, : &5 — PPL. This reduces the proposition to Proposition 4.8.12. O

4.8.14. Proposition. &5(Q) = {co™,00™ }.

Proof: Obviously, the points mentioned are rational. It is straightforward to show that
this curve is birational to the elliptic curve 200D1 in [Cre92]. This elliptic curve has
only 2 rational points, which shows that the list is complete. [J The next propositions
are completely analogous to Proposition 4.5.3. See Table 4.15 for relevant data.

4.8.15. Proposition. The points P € &,(Q({)) with X (P) € P1(Q) have X (P) = £1.

4.8.16. Proposition. The points P € &,(Q(¢)) with X(P) € P}(Q) have X(P) €
{1,1,3}.

4.8.17. Proposition. The points P € &(Q(c)) with X(P) € P(Q) have X(P) €
(20,0, -2},

4.8.18. Proposition. The points P € &,(Q(c)) with X (P) € P1(Q) have X (P) € {1}.

Proof of Theorem 1.3.4: Consider x> + y* = z°. Lemma 3.2.4 together with Lem-
ma 4.8.1 show that the curves &),...,8, from Table 4.12 parametrise the primitive
solutions and in what way the parameter values s/t can be recovered from the points
P € &(L) with ¢,(P) € P!(Q). Propositions 4.8.10 through 4.8.13 give those points.
We see all points must have s/t = 0,0, so we have that either s = 0 or t = 0 which
leadstoy =0orx=0.
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j G 9(G)|6%(ny,... ,ny)
23n?
3 ) ) 412< n% )mod413
36n%
n%+8n1n2+19n%
6 oo 1 312<27n§+17n1n§+28n§)mod313
Sn% +16nn, + 16n%

9n, +22n,
G,+G;+G,| —1 |31] 11n, +22n, | mod31?
29n,

10n1n2+n%
7 oo 1 [31%| 11n3+nny+23n} | mod313
213 +24n, ny + 24n}

26n, +22n,
31| 16n, +18n, | mod312

Sn, +14n,

W=

G, +G,+G,

7 ( 30n, + 5n,
G,—G,+G,| 3 |31 Tn,+10n, ) mod 312
12n; +29n,
TTn; +10n,
4n; +46n,
17n; +85n,
134n; + 14n,

103n; +139n,
2n; +35n,

1191, +90n,

1091, +13n,

78n; +29n,
91, +3n,
44n, +45n,
28n, +2n,

147n, +57n,
31n, +84n,
16n, +42n,
24n, +119n,

8 oo o [151 mod 1512

mod 1512

G, 0 |151

-2G, -2 (151 mod 1512

9 oo -1 |151 mod 1512

Table 4.15: Fibres of rational points

Proof of Theorem 1.3.5: Consider x*> — y* = 7°. Lemmas 3.2.5, 4.8.2 and 4.8.3 show
that &%,... ,&, determine all possible solutions. Propositions 4.8.14 through 4.8.18
give the possible candidates and the values of s/t belonging to them. The values
s/t =e0,1,—1 in Lemma 4.8.2 lead to solutions with z =0, y = 0 or x = 0. The values
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s/t=3,%lead tox=+122,y=+11,z=3.

The points on &(L) lead to s/t = 1,00, -2, corresponding to (x,y,z) = (0,+1,—1)
and (+£16,+4,0). While (—2,2(ot — a® — %)) is a genuine point on &(L), we have
that A(2+ o) is not a square in L for any A € Q. We therefore see that no rational s,
with s/t = —2 exist that satisfy Lemma 4.8.3. The point on &y(L) leads to (x,y,z) =
(£7,43,-2).



Chapter 5

Chabauty methods

In this chapter we place the constructions used in Sections 4.6, 4.7 and 4.8 in a wider,
geometric context. We use the notion of the Jacobian variety of a curve (see [Mil86b]
or [CF96] for a more explicit treatment of the genus 2 case). In fact, we only need that
it is an abelian variety (a complete, connected, non-singular variety with a geometric
group law, see [Mil86a]) of dimension equal to the genus of the curve and with the
same field of definition as the curve. If a curve has a point over its field of definition,
then the curve can be embedded (using the Abel-Jacobi map) in its Jacobian over the
field of definition.

5.1 General idea

Let % be an algebraic curve over a number field K with a K-rational point and let _#
denote its Jacobian Jac(%). Let p be a finite prime of &. In [Cha41], C. Chabauty
proved Theorem 2.3.3 for curves that have rk(Jac(%)(K)) < genus(%’). The proof is
based on the fact that the p-adic topological closure of a finitely generated subgroup
(# (K) in our case) of rank r in _# (K,) has dimension < r. We write _# (K) for
the topological closure of _# (K) in # (K,). If we consider ¢ (via the Abel-Jacobi
embedding) as a subvariety of _#, then we have ¢ (K) C ¢ (K,)N _#(K). Thus, if
k(_# (K)) < genus(%) then we see that €'(K) is contained in the intersection of a
p-adic subvariety of dimension 1 and one of codimension > 1. Since %' (K, ) generates
JZ (K,) as a group, it cannot be contained in a subgroup. Using vanishing properties
of differentials of the first kind, Chabauty proceeds to proving that %’(K,,) cannot have

an analytic component in _# (K). It follows that the intersection is a 0-dimensional p-
adic analytic subvariety of _# (K, ). Since _# (K,,) is compact, it follows that €’ (K, ) N
¥ (K) is finite and thus that % (K) is finite.

The result itself is superseded by the proof of Faltings, who proved finiteness inde-
pendent of rk(_# (K)). However, no effective proof is known for Theorem 2.3.3 while
intersections of p-adic varieties can be approximated effectively. This means that, if
we can effectively compute on _# (both as a group and as a p-adic variety), determine
the subgroup _# (K), find a point P € % (K) and have rk(_# (K)) < genus(%’), then

61
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we can carry out the procedure described by Chabauty explicitly. This gives both an
upper bound for #¢'(K) and p-adic approximations for all elements of %'(K).

Methods based on this idea are quite commonly referred to as effective Chabauty
methods. For curves of genus 1 this idea is trivial, since rk(_# (K)) < genus(%¥)
implies that _# (K) is finite itself. For genus 2, there are some examples where this
method has been successful. See for instance [Col85], [FPS97], [Fly97] and [Bru97].

If rk(_# (K)) is high, then a different method is needed. If we have a finite number
of covers 95 — € over K such that the images of Z5(K) cover ¢'(K), then we can
try to determine Z;(K) through the same process. In general, genus(Z;) > genus(¢’)
and rk(Jac(Z;)(K)) > tk(Jac(%')(K)). Therefore, it is possible Chabauty methods
are applicable to the Z;. This idea is worked out in [Wet97] for bi-elliptic curves of
genus 2 and applied to a curve of rank 2.

In the rest of this chapter, we show how the methods described in preceding chap-
ters can be interpreted in terms of these ideas.

5.2 Subcovers for F(x,y) = Dz>

Consider the situation of Section 3.1 with m = 2. In principle, Theorem 3.1.1 guaran-
tees that primitive solutions of the equation F(x,y) = Dz over a number field K are
parametrised by a finite number of curves %, over K. If the genus of those curves is
> 1, in which case deg(F) > 5, then it may be possible to determine €,(K) for each of
them using an effective Chabauty-method. Since the genus of %, may be quite high,
this would involve computations on high dimensional abelian varieties. We follow
another approach.

We use the notation of Section 3.1 and we will put n = 2 and we write ® : €, —
P! for the map previously denoted by @ o y~!. Recall that @ is Galois with Galois
group (7, ..., T,). Furthermore, note that H := (7, 07,,7,0 T3, Ts,... , Tp) is a normal
subgroup of Gal(€; /P') of index 2. Consequently, ® : €, — P! splits in 6, — &p 4
P!, induced by the map H\. : %5 — &5. Note that this ¢ is different from the one
in Section 3.1 and agrees with the maps ¢ in Sections 4.6 through 4.8. In general,
dividing out a variety by a finite group of automorphisms gives a variety again. See
[Sil86, Exercise 3.13] or [Mum70, §7]. This is quite a deep result. In this special case,
observe that H\. is induced by the map (Y] : ... : ¥,)) = (Y2Y, : Y2Y, : V| ,Y, : V),
which can be seen from the fact that it is invariant under H and induces a map of
degree 2"~ ! on %5 The curve & is the image of 5 under this map. That the image
gives a smooth model is not important for our purposes and is left to the reader.
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This construction is nicely summarised in the following commutative diagram.

@y v

HV %P \w“lHul\.
/1
G5 / &p
\ /
Pl

From degree and ramification behaviour, it follows that ¢ : &, — P! is a double cover,
which is ramified exactly above ¢;,... , ;. Therefore it is of genus 1 and has a model
of the form

Epiy¥? = (X —0y)(X — o) (X — ) (X — o) = R(X),

where ¢ = X. This model is not smooth at o. We denote the branches at infinity by
o™ and o~ classified by Y /X2. It does have good reduction at primes outside SU {2}
in the sense that the locally regular charts (X,Y) and (1/X,Y/X?) in reduction cover
the curve with locally regular charts again.

Let K(R) denote the field of definition of R(X). If ®(P) = X (n(P)) € P!(K), then
7Y (7(P))? € K(R), the field of definition of R. Therefore, it suffices to consider only
7 that are representatives of K(R)(S,2). Note that the choices of § are absorbed in .

Now P € %p(K) leads to a point G = n(P) € &,(K(R)) with ¢(G) = ®(P) €
P!(K). If &, has a K(R)-rational point, then we can make it into an elliptic curve.
This places us in the situation of Section 4.5.

Lemmas 4.8.1, 4.8.2 and 4.8.3 apply this procedure to some equations where
deg(F) = 5. In those cases, genus(%) = 5. For a more general treatment of curves of
genus 5 admitting maps to curves of genus 1, see [ACGHS85, exercise section VL.F].

5.3 Multiplication-by-two cover on genus 2

We can apply the construction from Section 5.2 directly to the equation F (X,Y) = DZ?
with deg(F) = 6. However, by writing F(X/Y,1) = D(Z/Y?)?, we see that solutions
are in fact parametrised by a single genus 2 curve, instead of several genus 17 curves.
This approach is taken in [Bru97]. Note that the curves 4, and % in Section 4.7 turn
out to have Jacobians of rank 2 over (Q, so a Chabauty-argument cannot be applied to
them directly.

In this section, we examine what the relation is between such a genus 2 curve ¥
and the genus 17 curves 2. It turns out that there is a beautiful geometric construction
forit. The curve 2 is a degree 16 unramified cover of €. In [Wet97] Wetherell already
constructed a degree 4 unramified cover of genus 2 curves that are a degree 2 cover
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of an elliptic curve over the field of definition. This construction is a generalisation of
that idea and applies to any hyperelliptic curve but is only described for genus 2.
Let K be a number field and let ¥ be a curve over K of genus 2, given by a model

C: Y =FX)=f(X—1))(X —1t,) - (X —t¢)

where F € 0[X] is a square-free polynomial of degree 5 or 6. If deg(F) = 5 then
we write ¢, = oo for one i. The map (X,Y) — (X, —Y) defines an involution on % and
is denoted by P — P. The fixed points of this involution are exactly the 7, = (t;,0).
If deg(F) = 5, then we have that one of the T, = co. Otherwise, ¢ has two points
corresponding to the singular point o of the model, denoted by " and «~~. These
can be distinguished by the value of ¥ /X3.

Let ¢ denote the Jacobian variety of ¥". We fix some notation for some mor-
phisms ¢ — _# as a variety. Since _# is an abelian variety, we have that Z acts on
/# by multiplication. We denote this with [n] : # — #. Any D, € _#(K) can be
identified with the translation D — D + D,.

We refer to [CF96] for an explanation of the arithmetic on _# . We just recall that

points of _# (K) can be represented by formal finite linear combinations ZPE s®" npP

with np € Z and 3,np = 0. We have that [—1](ZnpP) = Y.npP. We see that the points
T;; = [T; — T;] are 2-torsion points. One further relation is that 7}, + 73, + T5 = 0. As

a consequence Z[2](K) consists of 16 elements and the 15 non-zero elements give
involutions 7;; : ¢ — _# givenby D+ D+T;;.

Suppose We have Py € €' (K). Then we can embed % (K) in _# (K) using the Abel-
Jacobi map P — [P — Py]. The image of this map constitutes the curve %, p, C Z . Note
that the hyperelliptic involution on %”PO is induced by [B, — Py] o [—1].

Define QPO to be the inverse image of ‘KPO under the [2]-map. Thus, @PO is an

unramified degree 16 cover of a genus 2 curve which, by Theorem 2.3.2, is of genus
17. Note that Zp, (K) need not cover the whole of %p, (K), since fibres of rational

points might consist of conjugate points. However, 9},0 (K) certainly does cover F,.
For another point P, € €(K), we have that %Pl is isomorphic to Sf,,o over K by the
translation [Py — P,]. Similarly, .@PI is isomorphic to 9,,0 over K via the translation
over some point D such that 2D = [P, — P;]. Thus, we see that @Pl is a twist of ‘@Po’
classified by the class of [Py — P,] in #(K)/2_#(K). Since, by the Mordell-Weil
theorem, _# (K) is finitely generated, we only need a finite number of twists of 9,,0
to cover all rational points of %’ (K) (this is a special case of [Wet97, Theorem 2.3.3]).
Thus, the problem of determining the rational points of a genus 2 curve is transformed
to finding the rational points on several curves of genus 17. This would not be progress
if we did not have some additional structure.

The involution [#) — Py] o [—1] can be pulled back under [2] to 7 = [—1]+[T;— B,).
Note that @P comes equipped with a degree 32 cover of P!, namely X o[2]. This P!
corresponds to (_# 2], T, \QP By factoring out subgroups of involutions, we get
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intermediate covers. For instance, take HT56 = (T3, 113, T14> ‘L'T6>. It is straightforward
to check that 7;. is also in this group and that Ty ¢ Hy_. Put &, =&p 7 =Hy \%p .
It follows that 7 5 induces a non-trivial involution on é}o and that the quotientis (\)\%.
This gives a double cover ¢ : & — P!

s\ S

56

To determine the genus of (S"PO, we look at the ramification of this double cover. It
can only be ramified above the 7,’s. We have that ¢~ ({£,}) = HTse\(X o[2)7'({t}).
If 2D = [T, — P, then 7y, (D) = D+ Tig. So, fori=1,2,3,4 we see that Hy  works
transitively on the fibre. Therefore, ¢ is ramified above ¢,,...t,. By Theorem 2.3.2,
éapo is of genus'1.

Note that we can only guarantee that 6",,0 is defined over L = K(T) and that
n(@PO (K)) C £’PO(L). However, since ¢ comes from factoring X o [2], which is defined

over K, we know that such points map to K-rational points under ¢. Thus, we are
interested in determining the set P!(K) N (p(é’,,0 (L)). Taking X! of this set gives a

superset of CP0 (K)N [2](@,,0 (K)).
In order to make this procedure effective, we have to determine which twists of
&p we need. The ramification information of ¢ completely determines the geometry

of é”PO. A double cover of the projective line, ramified above t,,1,,15,, is of the form
&5 8Y] = Ry (X) = (X —1))(X — 1) (X — 1) (X —1,).

where 6 = 6P0 represents an element of L* /(L*)2, depending on P,. We can identify
X: 85— P! with ¢.
If we repeat this procedure with H’T56 = (T2, 13, T14> T, ), we get a double cover

of P! that is ramified above t5,tg- By Theorem 2.3.2, it is of genus 0 and has a model
of the form

95: : 6,Y22 = QTs(,(X) = fe(X _ts)(x_te)-

Again, X : 25 — P! is the double cover of P! induced by X o 2] on D,
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Note that F(X) = QT56 (X)RT56 (X), so for a point P € ¥ (K) covered by @PO (K) we
havea 6 = 5,,0 and a pair of points (X(P),Y;) € &5(L) and (X(P),Y,) € 24 (L) with
Y(P)? = 88'Y2Y}. 1t follows that if @PO(K ) is non-empty, then §' should represent
the same class as 8p, . So without loss of generality, we can put 8’ = 51,0 and we have
Y(P) = +8Y,Y,.

The point F, is certainly covered by _@PO (K). Therefore, 8,,0 should represent the
quadratic class of Ry (X(P,)). For X(Py) € {t,,...,t;}, we can determine 5,,0 by
noticing that 5P0 should also represent the quadratic class of QT56 (X(Py)). It follows
that 5,,0 will be a square locally at primes where disc(F') is a unit. Therefore 5”0 isa
representative of the finite set L(S,2), where S is the set of primes dividing disc(F).

Twists of & that have points that correspond to K-rational points of ¢’ are called
productive. To narrow down the number of é”s that might be productive, we can
proceed in the following manner. We let § run through a set of representatives of
L(S,2), choose a prime p of K together with a prime p | p of L and see whether
there exist X € K, such that RT56 (Xx), O X)eé- (L;)2 U {0}. If representatives of
F(K)/2_# (K) are available, then they can give information that helps to reduce the
number of candidates for & as well.

Now we are again in the situation where we have a finite number of degree 2
elliptic covers ¢ : E — P! over a number field L such that for any point P € € (K)
there is one such cover and a point G € E(L) such that ¢(G) = X(P). We are thus

led to determine the L-rational points of E with K-rational image under ¢. This is
discussed in Section 4.5.

5.4 Weil restriction

Inboth Sections 5.2 and 5.3 we get a cover @ : ¥ — P! over a number field K that splits

as € 5 & 5 P! over an extension L. In Section 4.5 we deal with the problem of de-
termining %' (K) in the following way. We observe that ®(¢'(K)) = ¢(&(L)) NP (K)
and we determine the latter. We refer to this method as a Chabauty-style argument. In
this section we briefly sketch why this is justified.

Let E be an elliptic curve over a number field L and let K be a subfield. We
need the Weil restriction of E from L to K. For affine objects, one obtains the Weil
restriction by writing out the equations and variables with respect to a K-basis of L.
See [BLR90, §7.6] for a proper definition. Let & denote the Weil-restriction of E
from L to K. Then, [BLR90, Proposition 7.6.5] assures that .2/ is a smooth complete
variety such that o/ (K) = E(L) as sets. The group law on E induces a group law on &/
(over K), which implies that <7 (K) = E(L) as groups. For & to be an abelian variety,
it should be geometrically connected. This follows from the fact that, as varieties over
L, o is covered by E X - -- XE. The latter is connected since it is connected over C.

The map 7 : € — E induces a map ¥ — & over K (also denoted by 7). This is the
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situation of a Chabauty argument. If p is a prime of &, and 7(%'(K),)) and the p-adic
closure of &/ (K) do not share a component of dimension 1, then 7(%(K,)) N </ (K)
is finite (because &7 (K),) is compact).

When constructing the power series 8 in Section 4.5, we do in fact write out
%5 &5 P! with respect to a K-basis of L locally. It is just convenient to do most
computations on E over L instead of on & over K, since with the current state of
computational machinery, simple geometry over a field with complicated arithmetic
is to be preferred over complicated geometry over a field with simple arithmetic.

That we work with ¢ : E — P! instead of 7t : € — E is just because deg(¢) = 2 and
we have a fairly complete description of such covers in Section 4.4. In other situations,
it may be preferable to work with 7 : € — E. In that case, one is interested in those G €
E(L) such that £~ ({G}) hits Z(K). One may proceed in the following way. Choose
a Py € ¥ (K}) and a local map z — P(z) that parametrises the p-adic neighbourhood of
P, (i.e. P(p0,) is the part of €' (K),) that reduces to Pymod p). Then (P(z)) — 7(P,) €
E(l)(Lp) forall p| p and z € pf,. Given that E(L) ﬂE(l)(Lp) = (By,...,B,) and
n(Py) € E(L), it follows that if w(P(z)) € E(L), then there are ny,... ,n, € Z such that
Log, (7(P(z)) — m(Fy)) —n,Log, (B,) —--- —n,Log, (B,) =0 forall p | p. The number
of such z,n,... ,n, can be bounded using the same techniques as in Lemma 4.5.2.






Appendix A

Algorithms

A.1 Computations in local fields

In this text, we frequently used that if a variety has a point over a number field K, then
it also has points over localisations K,,. Whether a variety has a point over a local field
is a question which is easier to answer. In this chapter we describe how. Note that if
p is an infinite prime, then K, = R or K, = C. Since C is algebraically closed, any
non-trivial variety will have points over C. For R, it is also quite easy to find points,
or show that there are none. We will not deal with these cases here, so we assume that
p | p for some prime p of Z.

Suppose that K = (o), where o is a zero of a given monic irreducible polynomial
F(X) € Z[X]. Let the prime p be given as an ideal of &. Note that for any x € K;,

we have x/ u;"’ ™) e 0, Therefore, we can approximate elements in K; by elements
%) €Zx (0, (00,))" =L x (O p°)"
such that x = uﬁimodp"“’. Representation of 0 is not very difficult either.
Since (€'/p¢)* is a finite abelian group, it is isomorphic to a product of cyclic
groups, of sizes m,, ... ,m,, say. The map
Ppe : (O)9°) L [mZ % -+ X L[ mL

is effectively computable. It is available as EltRayResidueRingRep in KASH (see
[DFK*97]) and as IdealLog in PARI-GP (see [BBB™]).
The map fi,. defined by taking every component of i, modulo ged(2,m;) clearly

has ((Oy )*)? as kernel. Let ¢ denote the number of m; that are divisible by 2. To
determine if x € K is a p-adic square, it is sufficient to test if v = v, (x) = Omod2 and
if fi Vo)1 (x) =0. Thus

P

K /(K3)? F, 0 ()"
X 4 <Vp (x) mod?2, I:lpvp(4)+1 (x/u;’p (x)))

is a group isomorphism. Note that if x € &, e > v, (4), then by Newton approxima-
tion, we have that x € (€)? if and only if xmodp® = y* modp® for some y € ;.

69



70 Appendix A. Algorithms

A.2 Proving local unsolvability

Letl = (F,,... ,Fn) C O[X,,...,X,] be a homogeneously generated ideal, let p be a
prime of & and let R be a set of representatives of &'/p in &. In this section we present
a little algorithm that tests if the variety determined by I has no points over K,,.

TESt(p71a (yOa s ,)’n),e>B):

1. f F(yy,...,yn) modp® # O forany i € {1,...,m} then return(zrue).

2. else if e > B then return(false).

3. else for all (x,...,x,) € Rx---xRdo

4. if Test(p,1,(yy +upxy,--- ,yn+Upxn),e +1,B) = false then return(false)
5. if done with for then return(zrue).

HasNoLocalPoint(p,, B):

1. forall (y,...,yn) € {1} xR x---xRU---U{(0,...,0,1)} do
2. if Test(p,1,(yy,--- ,¥n),1,B) = false then return(unknown)
3. if done with for then return(zrue)

If HasNoLocalPoint returns true for some value of B, then the variety described
by I does not have points over K,, since (&, ) = P"(K,). By Hensel’s lemma, there
is a value for B, effectively computable from /, such that, if unknown is returned for
that value, then in fact I does have a point over K,,. For hyperelliptic curves, we can
use this idea to make a more efficient algorithm. Let F € & [X] be a square free
polynomial (not necessarily monic). Consider the curve € : Y? = F(X). If deg(F)
is odd or F has a zero over K,,, then & certainly has a point over K,,, so we assume
this is not the case. Note that, if % has a K,,-valued point, then one of Y2 = F(X) and
y? = x9(F)F(1/X) has a solution with X € 0,. Therefore, it is enough to consider
only points with integral X.

HasLocalPointWithintX(p, F, x,, ¢):

V=V (F(xg)).

. if v< e and vmod2 # 0 then return(false)

. elseifv<eand ﬁpe_v(F(xo) /uy) # 0 then return( false)

2

3

4. else if e—v > v, (4) then return(x,)
5. else forall x, € R do
6
7
8

—

t := HasLocalPointWithIntX(p, F,x, + upx e + 1)
if £ # false then return(z)
. if done with for then return(false)

If HasLocalPointWithIntX(p,F (X),0,0) returns false, then € has no K, with
X € 0, otherwise it returns an x € & for which F (x) is a square in K,,. To search for
non-integral X it suffices to call HasLocalPointWithIntX(p, X9e() F(1/X),0,1).
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In line 3 we use that xmod p? determines the value of F(x) modp®. For specific F
we can do better. For instance, for descents as described in Section 4.3 we often need
to search for local points on Y2 = F(X) = f,X* + £,X* + f,. As is easily checked, for
Xg,X; € O, we have

Vp (F(xg) — F(xg +ugx;)) > e+min{v,(4f), v, (6f,) +e, v, (fy) + 3e,
Ve (2£3),Vp (f2) +e}

which is better if p | 2, especially if it is highly ramified.

Furthermore, in Section 5.2, we want to test if there are local solutions to Y2 =
F(X) with rational X. Let p be the prime of Z below p. Instead of taking R to be
representatives of &' /p, we take R to represent Z /p. In line 6, we can replace e + 1 by

e+ vp(p).

A.3 Sieving for rational points

In Section 4.3 we described how to bound the rank of an elliptic curve over a number
field, but we did not say how generators may be found. There is no efficient solution
for this and especially if we want generators of a curve over a number field of high
degree, then searching for points can be a difficult task. In this section we present an
algorithm which does not improve theoretically on brute force searching, but is very
efficient to implement.

Let K be a number field of degree n over Q and let b,,...,b, be a Z-basis of
O. Consider a hyperelliptic curve ¢ : Y2 = F(X), with F € 6[X]. We present an
algorithm that searches for rational points with integral X-coordinate. To search for
points with non-integral X with prescribed denominator, just rewrite the model of % .
We select N primes p,,...,py of &y above rational primes p,,...,py unequal to 2
such that &/p; = F,, . We use the property that if x,y € O such that y* = F(x), then
F(x)modp; is a square in ), .

Sieve(F,b,,... ,bu,p,,... ,py,B):

1. fori=1,...,Ndo
2. F;:=Fmodp; € Fp, [X]

3. forallxeF, do

4. if \/F.(x) € F,, then V;[x] = true else V|[x] = false

5. forj=1,...,ndob!) :=b;modp; €F,,

6. forall (c),...,cn) € {-B,...,B} x---x {-B,...,B} do

7. f:=true

8. fori=1,...,Ndo

9. if V; [23?:1 cjbﬁ.")} = false then f := false; goto 10
10.  if f = true then report(c,b, + -+ cnby)
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Note that, if N is large, i.e. N > (2B + 1), then it is likely that a reported x-
coordinate does indeed belong to a rational point, which may be checked by factoring
Y? — F(x) over Ox. It is clearly a good idea to first test at primes p, for which it is
unlikely that F(x) is a square. Thus, the p; should be ordered such that #{x € Fp,
Vi[x] = true} / p; increases with i. Furthermore, each time line 9 is executed, we need to
compute n multiplications and n— 1 additions in I, to determine the index in V;,.. This
can be quite expensive. Note that indices belongmg to consecutive vectors (¢;,... ,Cx)

have a difference of bg ) or bgll - 23b§ ). It is a great time saver to precompute these

differences for small i (i < C, say) and update 2?21 c jbﬁ.i) for every candidate. This will
cost (apart from a lookup of the appropriate increment) only one addition in F,, . This
cost will be made for every candidate though, regardless of whether the candidate was
already shown not to be the X of a rational point due to other primes. Heuristically, the
i-th prime will be used once every 2'~! candidates. The optimal value of C depends
on n and the relative cost of multiplication.

A.4 Electronic verification

Many of the proofs in Chapter 4 require computations that are extensive to represent
on paper. To facilitate the verification of those calculations (and to help people who
want to do this kind of calculations themselves), the author developed a computer
package that automates these computations to a considerable degree. The files are
packaged as “thesis.sh” and can be found in the preprint archive of the Mathematical
Institute of Leiden University as “W99-14.sh”, accompanying [Bru99]. Alternatively,
the reader can consult the home-page of the author (no permanent address can be
given) or contact the author directly.

The package is written for use with KASH 2.0, a freely available shell for the
KANT library (see [DFK197]). Any future user should make sure that KASH is
available to him or her. The package consists of the following files

index.txt a file describing the contents of the package

matalg.g linear algebra extension to the standard functions

array.g arbitrary dimensional arrays

domain.g functions facilitating writing generic code

latcale.g functions to work with sublattices of Z”

loccalc.g finite precision arithmetic in localisations of number fields

ellcalc.g basic arithmetic of elliptic curves over number fields as well as Chabauty
method as described in Section 4.5
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isogdesc.g 2-isogeny descent on elliptic curve over number field as described in Sec-
tion 4.3

eq283E2.g computations for 4.3.2 and 4.5.3

eq283E4.g computations for 4.6.7 and 4.6.10

eq283E7.g computations for 4.6.8 and 4.6.11

eq238ES.g computations for 4.7.3 and 4.7.10

eq238E7.g computations for 4.7.4 and 4.7.12

€q238E9.g computations for 4.7.5 and 4.7.14

eq245E3.g computations for 4.8.5 and 4.8.12

eq245E6.g computations for 4.8.6 and 4.8.15

eq245E7.g computations for 4.8.7 and 4.8.16

eq245E8.g computations for 4.8.8 and 4.8.17

eq245E9.g computations for 4.8.9 and 4.8.18

powseries.mpi Maple V script for computing the approximations given in Section 4.4

sieve.c C source of a program called from the Sieve implementation in loccalc.g.

The algorithms HasLocalPointWithintX (also with the modification for rational in-
teger X) and Sieve are implemented in loccalc.g. Therefore, the proofs of lemmas
like Lemma 4.6.4 can be checked quite easily using these routines. The proof of for
instance Lemma 4.8.4 is a straightforward exercise in algebra. A particularly conve-
nient description of the construction used for obtaining a Weierstrass model from a
quartic model can be found in [Cas91].
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