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EDITORIAL PREFACE vii

Editorial Preface

This CWI Tract contains the PhD dissertation of Dr. Jasper V. Stokman, as it has been
defended at the University of Amsterdam on June 11, 1998. The research of this thesis
has been performed within the framework of the Dutch Research School ‘Thomas Stieltjes
Institute for Mathematics’. The Stieltjes Institute has awarded Dr. Stokman’s thesis with
a prize, as being the best 1998 thesis written in this Research School. We congratulate Dr.
Stokman with this prize, and appreciate that we have obtained his permission to include
his thesis into the CWI Tract Series.

The editors of CWI Tracts
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Foreword

The intimate relation between representation theory and the theory of special func-
tions is a continuing source of new and beautiful results in both fields of mathematics.
An example of the interaction between representation theory and special functions is the
development of a general theory on hypergeometric functions associated with root sys-
tems by Heckman and -Opdam, which was motivated by their interpretation (for very
special parameter values) as zonal spherical functions on Riemannian symmetric spaces.
Another more recent example is the representation theoretic interpretation of Macdonald
polynomials associated with root systems. The Macdonald polynomials were related to
representation theory of affine Hecke algebras by Cherednik and to harmonic analysis on
certain quantizations of homogeneous spaces by Noumi and Sugitani. The last example is
an illustration of the remarkable fact that the “q” in g-special function theory is essentially
the same g as in quantum groups, if the “right” g-deformations are chosen.

One of the interesting new aspects of the harmonic analysis on quantized homoge-
neous spaces is the implicit role played by the Poisson structure on the underlying spaces.
The Poisson structure is built in the quantization, so inequivalent Poisson structures give
rise to different quantizations. Hence the harmonic analysis on quantizations of homo-
geneous spaces depends on the choice of Poisson structures on the underlying spaces. A
nice illustration of this phenomenon is the interpretation of several families of orthogonal
polynomials on different quantizations of the 2-sphere by Koornwinder, Mimachi, Noumi
and others.

Poisson structures also play an important role in the representation theory of the
quantized homogeneous spaces themselves. The origin of this observation lies in the or-
bit method of Kostant, Kirillov and Souriau in which irreducible unitary representations
of Lie groups are related to coadjoint orbits of the corresponding Lie algebras. Coadjoint
orbits are symplectic submanifolds for the Kostant-Kirillov Poisson bracket. The quan-
tum orbit method deals with the problem of relating representation theory of arbitrary
quantized Poisson algebras to the Poisson geometry of the underlying spaces. A beautiful
example of the quantum orbit method is Soibelman’s classification of the irreducible *-
representations of the quantized function algebras on compact simple Lie groups. Many
properties of the irreducible *-representations were shown to be closely related to geo-
metric properties of the underlying Poisson-Lie groups.

In the present CWI Tract the above mentioned ideas are developed further in several
different directions. It is entirely based on my dissertation which I have completed in
June, 1998 at the KdV institute for Mathematics, University of Amsterdam under the
supervision of Prof. Tom H. Koornwinder. The main text of my dissertation is reproduced
here without major changes; I have corrected some misprints, and updated the references.

Acknowledgments: 1 thank my former thesis-advisor Tom H. Koornwinder for his
advise and guidance during the four years that I have worked on my dissertation. I am
financially supported by a fellowship from the Royal Netherlands Academy of Arts and
Sciences (KNAW).



CHAPTER 1

General introduction

1.1. Introduction

The present Chapter contains a general introduction to the different topics of the
Tract. I aim to clarify some of the main ideas and techniques by considering certain
simplified examples in detail.

In Chapter 2 and 3 of the Tract certain families of multivariable orthogonal polyno-
mials are studied. A main tool in the analysis is the development of a residue calculus for
a specific multidimensional contour integral. In Section 1.2 we illustrate some of these
techniques for certain g-analogues of Euler’s beta integral.

The remaining chapters of the Tract rely on representation theoretic methods, which
are mostly of algebraic nature. In Chapter 5 and Chapter 6 intensive use is made of gener-
alizations of Pliicker coordinates. As an illustration, I give in Section 1.3 the construction
of Pliicker coordinates on complex Grassmannians. I only use here some well-known
notions from algebraic geometry and algebraic groups, which can for instance be found
in [112].

In Section 1.4 I give a detailed description of the contents of the Tract while refer-
ing to the simplified examples given in Section 1.2 and Section 1.3. The notations and
conventions which are used throughout the Tract, are listed in Section 1.5.

1.2. g-Analogues of Euler’s beta integral

A well-known identity in special function theory is Euler’s beta integral,

1
(1.2.1) /0 22(1 = 2)8dz = F(?(Z fr)g(f;r)l),

(Re(a), Re(f) > —1)
where I'(z) is the Gamma-function
T'(2) ::/ t*~le7tdt, (Re(z) >0).
0

In this section a discrete and a continuous g-deformation of (1.2.1) is considered, where
q is a fixed real number in the open interval (0,1). An identity (depending on g) is
called a g-deformation or a g-analogue of Euler’s beta integral when Euler’s beta integral
(1.2.1) can be recovered by taking the limit ¢ 1 1 in a suitable manner. The g-analogue
is called discrete (respectively continuous) if it is an evaluation of a possibly infinite sum
(respectively contour integral).
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The theory of g-special functions has its origin in the work of Euler, Gauss, Jacobi
and in particular Heine, who derived several fundamental properties of a g-analogue of
Gauss’s hypergeometric series. Nowadays g-deformations have been found for many
identities in classical special function theory. In particular, several g-analogues of Euler’s
beta integral (1.2.1) have been found. The discrete g-analogue of Euler’s beta integral
which are considered in this section can be most conveniently expressed in terms of Jack-

son’s g-integral,
d d c
[ t@dz= [ sz [ re

c
| 1@z = =03 Flered'
0 i=0 ,
which are considered here for functions f such that both sums are absolutely convergent.
Observe that the g-integral of a continuous function f over the interval [c, d] tends to the
usual Riemann integral of f over [c, d] when ¢ 1 1. The discrete g-beta integral is given
by

(1.2.2)

Y (9z49) T (a+1)T,(8+1)
1.2.3 2700 sag n= 1 g
(123 /0 (@ zq) . T T T,2+ath)
(o, B > —1), where (a; q),c (k € Z4 U {oo}) is the g-shifted factorial,
) k—1
(a;q), = H)(l —ag’), (a;9),, = lim (a;q),,

and I';(2) is the g-Gamma function

(49) o
(¢%59)
where Z is the set of positive integers. Observe that z € —Z should be excluded in
the definition of T'y(2) since (¢%; q)oo = 0 for z € —Z,. The discrete g-beta integral
(1.2.3) tends formally to Euler’s beta integral (1.2.1) in the limit ¢ 1 1 since the ¢-Gamma
function I'; (z) tends to the Gamma function I'(z) when ¢ 1 1, and

(1.2.4) Ty(z) :== Q- % =2¢-7,,

23
im M&_ = (1-2)".
qtl (qﬁ+l z; q)oo
A very general continuous g-analogue of the beta integral which depends, besides ¢, on
four additional parameters ¢ = (to, t1, t2, t3), is the Askey-Wilson integral [7]

1 (22,2_2;q)00 dZ
27 Jer (toz,toz“l,tlz,tlz—l,tzz,tgz—l,tgz,tgz"l;q)oo 2
_ 2(tot1tats; q)

~ (g,tot1, tota, tots, trta, tats, tats; q)

(1.2.5)
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where the parameters ¢; are generic complex with moduli < 1 and with T the unit circle in
the complex plane. Here the shorthand notation (ax, . .. ,ar;q), = (a1;9), - -- (ar; 9),
for products of g-shifted factorials is used. Although this is not clear at first sight, the beta
integral (1.2.1) is a limit case of the Askey-Wilson integral (1.2.5). This can be shown
by making the change of variables 7 = z + 2!, substituting t, = ¢®*2, t; = —¢°+2,
t, = q% and t3 = —q? and taking the limit ¢ 1 1 in (1.2.5). Then, we obtain

! o _ erppi D@+ DI(B+ 1)
/_1(1—95) (14 2)%de = 24901 2SS,

which is equivalent with (1.2.1) (cf. [30, Section 6.1]).

It turns out that the discrete g-beta integral (1.2.3) can be considered as a limit case
of the Askey-Wilson integral (1.2.5). This is illustrated here for special parameter values.
The ¢-beta integral (1.2.3) for @ = —1/2 and § = oo (i.e. ¢® = 0) is equivalent to the
summation formula

o k/2 1

(1.2.6) Y =

= (69),  (a%:9),

which is a special case of the g-binomial theorem

00 (a;q)kzk _ (az;q)oo ]
kz:% (¢:9), (za). (2] < 1).

The summation formula (1.2.6) can be derived from the Askey-Wilson integral (1.2.5) by
analytic continuation, residue computation, and a limit transition as follows. Specializing
the parameters by

-1 1 1
(tht17t2)t3) =(E 1(127_1,07—‘12)
in (1.2.5) and using that (2%;q) _ = (2,2, qiz,—q%z; q),,» we obtain

1 2

(1.2.7) — we(z;€)dz =
2mi Jer o(ee) (¢,—e7q%,—e7q,q%;q)

for e > ¢~ 2 with weight function w.(z; ) given by

i -1 i 1.
(2,472,271, q22715q)

z(e"1qz,e7 132715 )

we(z;€) =
o0

Now we(.;€) for generic e > 0 has two infinite sequences of simple poles, namely the
converging sequence of poles {s"lq%”} rez., respectively the diverging sequence of
poles {6q_%_k }kez... By analytic continuation, (1.2.7) is valid for arbitrary ¢ > 0 if the
integration contour T' is replaced by a rectifiable Jordan curve T for which the converging
sequence of poles is contained in its interior and the diverging sequence of poles is con-
tained in its exterior. Let wy(k;€) (k € Z ) be the residue of we(z;€) at z = e~ Lqz+F.
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By an easy computation, the residues w,(k; ) for generic € are computed explicitly as

(e72g;9), ) 1
(e'q%,e72g;9), ) (—e '3, —e71g59) (3:9) . (a7%;9),,

1

wq(k;€) = (

for k € Z . Observe that the residue of w.(z;¢€) at z = eq~ equals —wy(k; €). For
generic € > 0, the contour T, in fTs we(z; €)dz can now be pulled back to the unit circle
T while picking up residues. Then, it follows for generic € > 0 by Cauchy’s theorem that

1
371 oo we(z;€)dz+2 Z wq(k;e€)

(1.2.8) keZyie<q?
2

- 1 _ 1 °
(¢,—e1q2,—e71q,q2;q)

Observe that wq(k; ) and the right hand side of (1.2.8) have (—5‘1q%, —e7!¢;q)  asa
common factor in their denominators. Now multiply the left and right hand side of (1.2.8)
with this common factor and take the limit ¢ | 0. By Lebesgue’s dominated convergence
theorem, the continuous part in the left hand side of (1.2.8) disappears in this limit, while
the finite sum in the left hand side of (1.2.8) tends to the infinite sum

g2

2y 4
vz, (69, (69)

It follows that the remaining summation formula is equivalent to (1.2.6). This type of
computation can be done for general o, 3 > —1 (see [122] and Chapter 3), which then
shows that the discrete g-beta integral (1.2.3) is a limit case of the continuous g-beta
integral (1.2.5).

1.3. Pliicker coordinates on the Grassmann manifold

Let ! and n be non-zero positive integers such that [ < [n/2] and let ¥} ,, be the set
of | dimensional subspaces of V' := C". In the first part of this section we associate
to Y, ,, an algebra of functions, the so-called homogeneous coordinate ring of Y7 ,,. In
order to define the homogeneous coordinate ring of Y; ,,, we first need to give a different
description of Y7 ,.

The tensor algebra T'(V) of the vector space V is the linear space

T(V)=CoVoV®2eV®®g...

with multiplication defined by ¢.t' := t®¢t' (¢,¢' € T'(V)). The direct sum decomposition
T(V) = ®mez,V®™ is a grading with respect to this multiplication.

The exterior algebra A (V) of the vector space V is by definition the quotient of T'(V')
with the two-sided ideal J generated by v ® v (v € V). The product in A(V') is called
the wedge product, and is denoted by A.
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Let {v;}I., be the canonical basis of V' and let P,,, (n) be the collection of subsets of
{1,...,n} of cardinality m. The elements

vy = U5 ANvj, Ao A, EA(V)

with J = {j1 < ... < jm} € Pn(n)and 0 < m < n form a linear basis for A(V). Here
we have used the convention that vy := 1. The direct sum decomposition

A(V) =P A™(V),
m=0

with A™(V') the span of the basis elements vy (J € Py, (n)) is a grading of A(V') with
respect to the wedge product.

Let X := P(AY(V)) be the projective space associated with A'(V'), i.e. X is the col-
lection of one dimensional subspaces of A!(V'). The natural projection 7 : A/(V)\{0} —
X sends 0 # w € A'(V) to the one dimensional subspace [w] containing w. Now Y} ,,
can be embedded in X via the so-called Pliicker embedding. The Pliicker embedding is
defined by

Yin— X, W =span{wy,...,w}— [wi A... Awy).

It is easily seen that the Pliicker embedding is well-defined and injective.

It turns out that there is a nice description of the image of Y, under the Pliicker
embedding. To give this description of the image, we first need to introduce a group
action on the projective space X .

Let G := GL(n,C) be the group of n by n invertible matrices over C. It is well-
known that G has the structure of an irreducible affine variety, i.e. G is a connected linear
algebraic group. The group G acts on V by the usual matrix multiplication

(13.1) gvj =) &9, g€G,

where 5;'» is the coordinate function on G defined by £X(g) = gi; if g = (9i5)i,; € G-

The left G-action (1.3.1) on V extends to a G-action on A (V) as follows. The tensor
algebra T'(V') has a unique left G-module algebra structure such that its action on V'
coincides with the action (1.3.1). In particular, this means that g.(v ® w) = g.v ® g.w
forg € G and v,w € T (V). It follows that the two-sided ideal .7 is stable under the
G-action, i.e. g.J C J forall g € G. Consequently, the exterior algebra A(V') inherets
a G-module algebra structure from the G-action on the tensor algebra T'(V).

Explicitly, the action of G on the linear basis {v; | I € Pp(n)} of A™(V) is given
by

(13.2) gus= Y &g, JE Pn(n),
I€P,(n)

where ¢4 (g) is the determinant of the m by m submatrix of g obtained from g by deleting
all rows with row index I¢ := {1,... ,n} \ I and by deleting all columns with column
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index J¢. Formula (1.3.2) for the action on A™ (V') is a direct consequence of the well-
known expansion formula for determinants

(1.3.3) 55 — Z (-1 )l(a‘ g%r(l)glo’(?) flo(m),
0EG,

where I = {iy < ... <im},J = {j1 < ... < jm} € Pn(n), G, is the permutation

groupof {1,... ,m} and

o) =#{1<i<j<m|o(i) >0(j)}

is the so-called length function on &,,. In particular, it follows from (1.3.2) that the
graded pieces A™ (V') are invariant subspaces for the G-action. Observe that

(1.3.4) g.[w] :=[gw], (g€ GweA™(V)),
is a well-defined left G-action on X . Set

Z = Vn—itl,...,n} € AYV),
then it follows by elementary linear algebra that the G-orbit G.[z] := {g.[z]|g € G} C
X is exactly the image of Y} ,, under the Pliicker embedding. From now on, we identify
Y, with its image under the Pliicker embedding, i.e. we identify Y; ,, with the G-orbit
G.[z].
Observe that via the map G — G.[z], g — g.[z], the G-orbit Y} , = G.[z] can be
identified with the coset space G/G, := {gG, | g € G}, where

Gy :={g € G|glz] = [a]}

is the so-called isotropy subgroup of [z]. It is not difficult to verify that

(135) G.={9=1(gi)i,; €Glgiyj=0for1<i<n-—-1Il, n—-1+1<j<n}

In particular, the lower triangular matrices are contained in the isotropy subgroup G.
This fact implies that GG, is a so-called parabolic subgroup. A parabolic subgroup P of G
has the important property that the corresponding quotient G/ P is a projective G-variety,
i.e. the quotient G/ P can be realized as the zero set of a finite collection of homogeneous
polynomials. So Y;, = G.[z] becomes a (n — [)! dimensional irreducible projective

variety, the so-called (complex) projective Grassmann manifold.
The homogeneous coordinate ring A of ¥, , C P(AY(V')) is defined as

A= CA'(V))/3,

where C[A! (V)] is the coordinate ring of A/(V') and J is the ideal generated by the ho-
mogeneous polynomials f € C[A!(V)] which vanish on Y;,. Equivalently, A is the
coordinate ring of the affine cone Y%, := 771 (¥;n) U {0} C A/(V) over Yy ,,, where
7 : AY(V)\{0} — X is the natural projection. The algebra A can be realized as a subal-
gebra of the coordinate ring C[G] of G as follows. Consider the morphism ¢ : G — Y%,
defined by ¢(g) := g.z. The dual mapping ¢* is by definition the algebra homomorphism

¢":A—=CGl, ¢"(f):=fo¢
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The dual map ¢* is injective since #(G) = Y}, where ¢(G) is the closure of ¢(G) in
Y, Hence ¢* embeds A into the coordinate ring C[G] of G. We can give now an explicit
set of algebraic generators for the image of ¢* by computing the image under ¢* of the
coordinate functions on A'(V). We take here the coordinate functions n; € C[A! (V)]
(I € Py(n)) with respect to the linear basis {vr | I € P;(n)} of Al(V),i.e. nr : A(V) —
C is the linear mapping which maps the basis elements vy (J # I) to 0 and which maps
vy to 1. Then,

(" (n)(9) = ni(g-x) = tr(g), (I € R(n)),
where the t; (I € P;(n)) are the so-called Pliicker coordinates

(1.3.6) tr =€t ny (I € B(n)).

In other words, the algebra A may be identified with the subalgebra C[t; |I € P;(n)] of
C[G] generated by the Pliicker coordinates t; (I € P,(n)).

A set of homogeneous algebraic relations between the Pliicker coordinates ¢r are
called a set of defining relations if its pre-image under ¢* generates J as an ideal. We
describe here one well-known set of defining relations, namely the set of Pliicker relations.
To give these quadratic relations it is convenient to define for arbitrary i1, . . . ,%; between
1andn,

bin,yo it 1= Z (1D Er D&,
ceB;
Observe that t;, .. ; is anti-symmetric in the { indices ¢y, ... ,¢; and that its definition
coincides with the definition (1.3.6) of the Pliicker coordinate t(;, .. ;3 if 41 < ... <.
In particular, ¢;, ... ;, = 0 when two indices 4, i, (p # r) coincide. The Pliicker relations
are now given by the quadratic relations

I+1
(13.7) DD ki thidaedion =0

i=1
for subsets K = {k; < ... < ki41} € Pyi(n)and J = {j1 < ... < ji—1} € F_1(n),
where k means that the element k should be omitted. There is a rich combinatorial struc-
ture related to the defining relations of the Grassmann manifold, for which we refer to
Towber [128].

The so-called Levi subgroup L corresponding to the maximal parabolic subgroup G,

consists of the n by n invertible matrices of the form

(1.3.8) (’g g) , BeGL(n-1,0), CeGL(,0).
The algebra of right L-invariant polynomial functions on G,
(1.3.9) ClG/L] == {f € G]| f(gp) = f(9), Vg€ G,Vpe L},

turns out to be closely related to the homogeneous coordinate ring A of the projective
Grassmann manifold Y; ,,. Since the precise connection between A and C[G/L] in a
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more general setting plays a fundamental role in the last two chapters of the Tract, we
explain it here in more detail for the complex Grassmannian.

For the precise connection between A and C[G/L] we have to consider a specific
G-orbit within A (V') ® A!(V*), where V* is the dual module of V. First, we define the
dual module of V' and we give the dual construction of the Grassmannian manifold Y7 ,,
by replacing the role of the G-module V by its dual. Detailed discussions are omitted
here since the constructions and techniques are the same as before.

The G-action on the linear dual V* := {f : V — C | f linear } of V is given by

(9-f) W) :=Flg™ ), (feV" ,veV,g€q).

Let {v] }; be the dual basis with respect to {v; };. A linear basis of the mth graded part of
the exterior algebra A(V*) is given by the elements

* 0k * *
v =0, Av, AU A

i ?

where I = {i1 < ... < i} € Pp(n). Set
€(9) :=61(g™") (g€ Gand I, J € Py(n)),

=1 . . . .
then the £ ; occur as matrix coefficients of the induced G-action on A™(V'*),

gvi= Y i, (J € Puln).

IEP, (n)

Now consider the action of G on the projective space X * := ]P’(Am(V* )) and let Y/, be
the G-orbit of [z*] € X*, where

¥ = Ufn—l+1,...,n} € Al(V*).

Then Y}, is an irreducible projective variety of dimension /(n — ) with homogeneous
coordinate ring isomorphic to the subalgebra

A* :i=C[ty | I € P(n)],
where

. o
(1.3.10) 7 = &m-t41,..n}» (I € Ri(n))

are the dual Pliicker coordinates.

The map * : §; — Z;, % : det™ ! — det extends uniquely to a anti-linear involution *
of C[G], which maps A bijectively onto A*. In fact, x maps the Pliicker coordinate ¢ to
the dual Pliicker coordinate ¢7 for all I € P;(n). Hence the algebraic structure of A* is
determined by the algebraic structure of A.

A so-called real form U of G is associated with the involution * on C[G] by

U:={g€G|f(g) = f"(g) Vf € TG]}.

Here U is the group consisting of the n by n unitary matrices.
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Observe that the isotropy subgroup G := {g € G| g.[z*] = [z*]} of [z*] is given
by

Gy ={9=1(94)i;j €Glgiy =0forn—1+1<i<n, 1<j<n~-1},

which is a parabolic subgroup of G since it contains the subgroup of upper triangular
matrices. Observe furthermore that the Levi subgroup L is equal to the intersection G, N
G;.

Now we can relate the homogeneous coordinate rings A and A* with the subalgebra
C[G/L] (1.3.9) as follows. Consider the diagonal action of G on A'(V) ® A!(V*), which
is defined by g.(v ® w) := gv ® gw forg € G, v € AY (V) and w € A (V*). The
diagonal action descends to a well-defined action on P(A' (V) ® A'(V*)), cf. (1.3.4). Let
B be the homogeneous coordinate ring of the closure of the orbit G.[y], where y is given
by

(1.3.11) Y =Vttt m} @01,y € A(V) @ A(V).

The algebra B can be identified with the subalgebra of C[G] generated by the elements
trty (I,J € Pi(n)) via the dual ¢* of the morphism ¢ : g — g.y. On the other hand, L
stabilizes y, hence the image of ¢* is contained in C[G/ L]. It can be shown that C[G// L]
is in fact generated by the elements ¢;¢% (I, J € Pi(n)), i.e. any right L-invariant poly-
nomial function on G is a polynomial in the elements ¢;t% (I,J € F;(n)). This result
can be informally restated as follows: any right L-invariant polynomial function on G is a
sum of products of a holomorphic polynomial and an anti-holomorphic polynomial in the
Pliicker coordinates t; (I € F;(n)). From this viewpoint we have thus obtained a factor-
ization of the algebra C[G/ L] in terms of algebras of holomorphic and anti-holomorphic
polynomials.

1.4. Overview of the remaining chapters

1.4.1. Multivariable orthogonal polynomials. The study of orthogonal polynomi-
als related to multivariable beta type integrals started in the 1970’s with the work of James
and Constantine [45], Vretare [131], [132] and Koornwinder and Sprinkhuizen-Kuyper
[61], [62] [69], [113]. In the late 1980’s Heckman and Opdam [36], [37], [38] associated
to each irreducible root system certain multivariable analogues of the Jacobi polynomials.
Many important properties of the polynomials were derived, such as orthogonality rela-
tions, quadratic norm evaluations and the existence of a “large enough” system of differ-
ential equations for which the Jacobi polynomials are joint eigenfunctions; the so-called
hypergeometric differential equations.

Macdonald [82] introduced g-deformations of the Heckman-Opdam polynomials and
proved orthogonality relations with respect to multivariable continuous g-beta type inte-
grals. Cherednik’s affine Hecke-algebraic approach [12], [13], [14], [15] has led to a good
understanding of the basic properties of the Macdonald polynomials.

The Macdonald polynomials associated to the non-reduced root system BC of rank
1 form a two parameter subfamily of the four parameter family of Askey-Wilson polyno-
mials. The Askey-Wilson polynomials are the orthogonal polynomials with respect to the
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continuous g-beta integral (1.2.5). Koornwinder [65] extended the definition of the BC'
type Macdonald polynomials to a five parameter family of orthogonal polynomials, which
for rank 1 reduce to the full four parameter family of Askey-Wilson polynomials. Similar
results as mentioned above for the Heckman-Opdam polynomials and the Macdonald po-
lynomials have been proved for the Koornwinder polynomials by work of Koornwinder
[65], van Diejen [17], [18], Noumi [91], Macdonald [86] and Sahi [106].

The Askey-Wilson polynomials are on top of the so-called Askey tableau. The Askey
tableau is a hierarchy of families of basic hypergeometric orthogonal polynomials which
are joint eigenfunctions of a second order g-difference operator. Certain families can
be obtained from other families by limit transitions or specializations of the parameters,
which induces the hierarchy structure between the families in the Askey tableau. The
example treated in Section 1.2 is directly related to the hierarchy structure between the
Askey-Wilson polynomials and the orthogonal polynomials associated to the discrete g-
beta integral (1.2.3), which are called the little g-Jacobi polynomials. More explicitly,
in Section 1.2 it is mentioned that the discrete g-beta integral (1.2.3) is a limit case of
the Askey-Wilson integral (1.2.5). The corresponding limit on the level of orthogonal
polynomials gives the hierarchy structure between Askey-Wilson polynomials and the
little g-Jacobi polynomials.

In Chapter 2 and Chapter 3 multivariable analogues of three families of orthogonal
polynomials in the Askey tableau are introduced, namely the g-Racah polynomials and
the big and little g-Jacobi polynomials. It is also proved that limit transitions between
these three families and the Koornwinder polynomials exist, which can be seen as a mul-
tivariable generalization of the hierarchy structure in the Askey tableau. Furthermore, full
orthogonality of the polynomials is established with respect to multivariable g-beta type
integrals. Their quadratic norms are computed and it is shown that for each family there
is a second order g-difference operator which is diagonalized by the orthogonal polyno-
mials. The multivariable big and little g-Jacobi polynomials satisfy orthogonality rela-
tions with respect to multivariable discrete g-beta integrals which have been introduced
in 1980 by Askey [S], and have been studied intensively thereafter in several papers, e.g.
(51, [331, [54], [4], [29], [127].

An important tool for obtaining the above mentioned results on the multivariable As-
key tableau is the development of a residue calculus for Gustafson’s multidimensional
analogue of the continuous g-beta integral (1.2.5), which is presented in Chapter 2. Dis-
crete multivariable g-analogues of the beta integral can now be obtained from Gustafson’s
integral by suitable limit transitions. This was shown for a special one variable example
in Section 1.2. Several properties of the limit cases of the Koornwinder polynomials are
proved by taking the limits in the corresponding results for the Koornwinder polynomials.

The results of Chapter 2 and Chapter 3 have appeared in several papers. The multi-
variable big and little g-Jacobi polynomials were introduced and studied in [116]. Several
limit transitions between multivariable orthogonal polynomials were studied in an alge-
braic manner, cf. Section 3.6, in the joint paper [121] with Koornwinder. The multivari-
able g-Racah polynomials were introduced and studied in the joint paper [20] with van
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Diejen. In the papers [117], [118] the Koornwinder polynomials for special parameter
values are studied with respect to partially discrete orthogonality measures. The general
residue calculus for Koornwinder polynomials has appeared in [119]. In Chapter 2 and
Chapter 3 we have mainly followed the approach of [119]. Finally, the theory in Chap-
ter 2 and Chapter 3 in the one variable case has appeared in the joint paper [122] with
Koornwinder.

1.4.2. Multivariable orthogonal polynomials and quantum Grassmannians. In
the mid 1980’s Drinfeld [27] and Jimbo [47] quantized the universal enveloping algebra
U(g) of a simple Lie algebra g. They obtained the “standard” quantized universal en-
veloping algebra Uy, (g), which is a Hopf-algebra quantization of U(g) endowed with the
co-Poisson structure induced by the standard solution r of the modified classical Yang-
Baxter equation. The defining relations of U (g) are given by the so-called quantized
Serre relations. In particular, the definition of Uy (g) depends on a particular choice of a
Cartan subalgebra h C g and of a choice of simple roots A = {ay, ... ,a,} for the root
system associated with (g, b).

The Hopf-algebra dual C;, [G] of U (g) is a quantization of the function algebra of
regular functions on the connected, simply connected, simple Lie group G with Lie alge-
bra g. The associated Poisson-Lie group structure on G in the semi-classical limit is given
by the so-called Sklyanin-bracket on GG associated with r. This bracket is also known as
the Bruhat-Poisson bracket on G.

In Chapter 4,5 and 6 of the Tract an important object of study is a rational form
of Cy,[G], which is denoted here by C,[G]. Here ¢ is assumed to be specialized to a
value in the open interval (0, 1). For several simple Lie groups G, there is an explicit
realization of C, [G] in terms of generators and relations. For the purpose of this section,
we give here the construction of C,[G] for the reductive Lie group G = GL(n,C) in
terms of generators and relations. The quantized function algebra C, [SL(n,C)] is then
an Hopf subgroup of C, [GL(n, C)], which can formally be obtained from C, [G L(n, C)]
by setting the quantum determinant equal to 1. The algebra C,[GL(n, C)] is generated
by the elements ¢;; (1 < 4,7 < n)and detq_l, subject to the relations

thitk; = Qtrjtei,  tintie = qtjpta (2 < J),
tut; = thjta,  tijtw — tti; = (@ —q Dtate; (0 <k, j <),

and detq_1 is defined as the inverse of the quantum determinant

det, := Z (_Q)l(a)ta(l)lta(2)2 o to(yn-
0cEG,

Observe the striking similarity with the coordinate ring C[G] of G = GL(n,C) as con-
sidered in Section 1.3. In particular, it is immediate from the above description of C, [G]
that the coordinate ring C[G] is formally reobtained by taking the limit ¢ 1 1.

The function algebra C, [G/ L] of the regularly embedded quantum Grassmannian is
defined as the “standard” quantization of the algebra of functions C[G /L], where G =
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GL(n,C), L = GL(n — 1,C) x GL(l,C) and C[G/L] is the subalgebra of right L-
invariant functions in C[G], cf. (1.3.9). The quantized function algebra C,[G /L] can
be alternatively described as the subalgebra of right C,[L]-invariant elements in C, [G],
where C,[L] is the obvious quantum analogue of the subgroup L = GL(n —,C) x
GL(l,C), cf. (1.3.8). This quantization of the Grassmann manifold is called regularly
embedded because the quantum subgroup C, [ L] contains the quantized diagonal matrices.
This property turns out to have vast implications for the associated harmonic analysis.
For instance, it implies that the associated zonal spherical functions satisfy orthogonality
relations with respect to completely discrete orthogonality measures.

In Chapter 4 it is shown that the zonal spherical functions on the regularly embedded
quantum Grassmannian can in fact be identified with multivariable big and little g-Jacobi
polynomials. The strategy for obtaining this result is as follows. Noumi, Dijhuizen and
Sugitani [92] introduced a one parameter family of quantum complex Grassmannians and
they identified the associated zonal spherical functions with a subfamily of the Koorn-
winder polynomials. The regularly embedded quantum Grassmannian can be formally
reobtained from the one parameter family of quantum Grassmannians by sending the pa-
rameter to infinity. In Chapter 4 it is shown that such limits on the level of quantum
Grassmannians correspond on the level of zonal spherical functions with the limits from
Koornwinder polynomials to multivariable big and little g-Jacobi polynomials as studied
in Chapter 2. The results of Chapter 1 and Chapter 2 therefore play an essential role in
the study of the limit transitions on the one parameter family of quantum Grassmannians.

The rank 1 case of these results was obtained by Koornwinder [64], [66] for 2-spheres
and by Dijkhuizen and Noumi [24]. Chapter 4 is based on the joint paper [25] with
Dijkhuizen. The results in Section 4.5 and Section 4.6 have appeared before in the paper
[92] of Noumi, Dijkhuizen and Sugitani without proofs.

1.4.3. Quantum Pliicker coordinates and their generalizations. The concept of
Pliicker coordinates on Grassmannians can be generalized to arbitrary flag manifolds. The
general definition is based on the characterization of the Pliicker coordinates as matrix
coefficients of a finite dimensional (irreducible) representation, cf. (1.3.2), (1.3.6).

Flag manifolds are defined as the homogeneous spaces of the form G/ P, where G is
a connected, simply connected, simple Lie group and P is a parabolic subgroup of G. In
this section the parabolic subgroup P is assumed to be standard with respect to the fixed
Cartan subalgebra ) and with respect to the fixed simple roots A. The standard parabolic
subgroups are naturally parametrized by subsets of A.

On the other hand, irreducible finite dimensional representations of GG are parame-
trized by an integral cone ®,ecAZ 1w, the so-called integral cone of dominant integral
weights. The w, (o € A) are called the fundamental dominant weights and form a
type of dual basis with respect to the simple roots A. For a parabolic subgroup P of G
corresponding to a particular subset I C A, the (generalized) Pliicker coordinates can
be defined as certain matrix coefficients of the finite dimensional irreducible representa-
tions of G corresponding to the fundamental weights w, (« € I). Dual (generalized)
Pliicker coordinates are then defined as certain matrix coefficients of the corresponding
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dual representations. Quantum analogues of the generalized Pliicker coordinates and of
the generalized dual Pliicker coordinates can be defined in a similar manner by using the
finite dimensional corepresentation theory of C,[G].

If L is the Levi component of the parabolic subgroup P, then the “standard” quan-
tized function algebra C,[G /L] can be defined as the subalgebra of right C, [L]-invariant
elements of the quantized function algebra C, [G], where C,[L] is the quantum subgroup
associated with the Levi component L. Then, products of (generalized) quantum Pliicker
coordinates and dual (generalized) quantum Pliicker coordinates lie in the quantized func-
tion algebra C, [G//L]. From an informal point of view, this means that C, [G// L] contains
the quantized algebra of zero-weighted complex-valued polynomial functions on G/ L.

One of the questions which is addressed in Chapter 5 and Chapter 6 is the following:
Is C,[G/ L] generated as algebra by the products of the quantum Pliicker coordinates and
the dual quantum Pliicker coordinates? If the answer is affirmative, then the quantized
function algebra C, [G// L] is called factorizable. Affirmative answers to this factorization
problem is given for an interesting class of flag manifolds. In fact it turns out that the
answer is affirmative for all flag manifolds (unpublished result of the author).

In Chapter 5 the factorization problem is proved for the regularly embedded quan-
tum Grassmannian. Furthermore, the defining relations between the quantum Pliicker
coordinates and the dual quantum Pliicker coordinates are derived in case of the complex
Grassmannian. To arrive at this result, it is important to understand the algebraic structure
of the algebra A,, which is by definition the algebra generated by the quantum Pliicker
coordinates. The algebra A, is the quantized homogeneous coordinate ring of the Grass-
mann manifold Y; ,,, cf. Section 1.3. The algebraic structure of A, is well understood
due to the work of Taft and Towber [126] and of Noumi, Yamada and Mimachi [96].
In [126] it was shown that the defining relations of the quantum Pliicker coordinates are
given by Young symmetry relations, or equivalently by g-Garnir relations. Both of these
relations contain the quantum analogues of the Pliicker relations (1.3.7) as special cases.
The results of Chapter 5 are based on a handwritten manuscript of the author.

In Chapter 6 the factorization problem is considered for arbitrary flag manifolds.
The factorization is proved for an interesting class of flag manifolds, which contains in
particular the irreducible compact Hermitean symmetric spaces. This part is based on the
joint paper [123] with Dijkhuizen.

1.4.4. Quantum orbit method for flag manifolds. In Section 1.3 of this chapter an
involution on the coordinate ring C[G] of G = G L(n,C) was introduced. This involution
corresponds on the level of groups with choosing the n by n unitary matrices as real
form of G. The subalgebra C[G/L] (1.3.9) of right L = GL(n —1,C) x GL(I,C)
invariant polynomial functions on G = GL(n, C) is stable under this involution. In fact,
the involution maps the Pliicker coordinates to the dual Pliicker coordinates. There is
a natural anti-linear anti-involution  of the standard quantized function algebra C, [G]
which, in the semi-classical limit, reduces to choosing the n by n unitary matrices as real
form of G = GL(n,C). Again, C,[G/L] is *-stable and the anti-involution maps the
quantum Pliicker coordinates to the dual quantum Pliicker coordinates.
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For a given connected, simply connected, simple Lie group G with Lie algebra g and
Cartan subalgebra ) there is a standard way to construct a compact real form U of G using
a special root basis of g, cf. [40, Theorem 6.3]. The compact real form U has the property
that for any standard parabolic subgroup P, K = P N U is a compact real form of the
Levi component L of P. Furthermore, G/ P is isomorphic to U/ K as a real manifold.

There exists an anti-linear anti-involution * on the quantized function algebra C, [G]
which corresponds in the semi-classical limit to the above mentioned choice of compact
real form U. To emphasize that C, [G] is considered with this *-structure, it is customary
to write C, [U] instead of C,[G]. The subalgebra C,[G /L] with L the Levi component
of a standard parabolic subgroup P is stable under the *-involution. Furthermore, the
x-involution maps quantum Pliicker coordinates to dual quantum Pliicker coordinates. In
Chapter 6, the algebra C, [G/L] is considered with the above mentioned *-structure. To
emphasize the choice of *-structure, we write C, [U/K] (K := P N U) for the algebra
C,[G/ L] with this particular choice of x-structure.

In Chapter 6 the quantum orbit method is developed for flag manifolds U/K by re-
lating the irreducible *-representations of the x-algebra C,[U/K] to the geometry of the
underlying Poisson structure on U/K. Since C,[U/K] is a *-subalgebra of C, [U], the
Poisson structure of U/ K in the semi-classical limit is the induced Bruhat-Poisson struc-
ture of U, i.e. it is the unique Poisson structure on U/ K such that the natural projection
U — U/ K preserves the Poisson structures.

The Poisson geometry of U and U/ K with respect to the Bruhat-Poisson bracket was
studied by Soibelman [110], respectively Lu and Weinstein [80]. It was shown that the
symplectic foliation of U is a refinement of the Bruhat decomposition of U and that the
symplectic foliation of U/K coincides with the Schubert cell decomposition of U/K.
Every symplectic leaf of U is mapped surjectively onto a Schubert cell of U/ K under the
natural projection U — U/K.

The irreducible *-representations of the standard quantized function algebra of the
group of n by n unitary matrices were classified independently by Koelink [60] and
Soibelman [109]. In [110], Soibelman classified the irreducible x-representations of
C,[U] for an arbitrary compact simple Lie group U. Soibelman showed that the irre-
ducible *-representations of C, [U] are naturally parametrized by the symplectic leaves of
the Bruhat-Poisson structure on U.

The natural embedding C, [U/K] < C,[U] can be interpreted as the quantized dual
of the natural projection U — U/K. In Chapter 6 it is shown there is a close connec-
tion between the properties of the natural projection U — U/ K and the properties of its
quantized dual. For instance, it is shown that an irreducible *-representation 7 of C, [U]
remains irreducible as *-representation of C,[U/K] if and only if the symplectic leaf
corresponding to 7 is mapped isomorphically onto its image under the natural projection
U — U/K. Since for each Schubert cell Y of U/K there exist symplectic leaves of
U which are mapped isomorphically onto Y, we thus obtain in a natural way an irre-
ducible x-representation of C,[U/K] for every symplectic leaf Y of U/K. Irreducible
*-representations corresponding to different Schubert cells turn out to be inequivalent.
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A x-representation of a factorizable quantized function algebras C,[U/K] is com-
pletely determined by its action on the products of the quantum Pliicker coordinates and
the dual quantum Pliicker coordinates. This fact is used to give a complete classification
of the irreducible *-representations of a factorizable quantized function algebra C, [U/ K].
For factorizable quantized function algebras C, [U/K] it is shown that the irreducible *-
representations of C,[U/K] obtained by restriction of irreducible *-representations of
C, [U] exhaust the equivalence classes of irreducible x-representations, i.e. the equiva-
lence classes of irreducible #-representations are parametrized by the Schubert cells of
U/K. In particular, the complete classification of the irreducible x-representations is
obtained for the quantized function algebras of the irreducible compact Hermitean sym-
metric spaces.

These and other connections between the Poisson geometry of flag manifolds and
the irreducible *-representations of the quantized function algebras of flag manifolds are
explored in full detail in Chapter 6.

Chapter 6 is based on the joint paper [123] with Dijkhuizen.

1.5. Notations and conventions

The following notations and conventions are used throughout the Tract.

-N:={1,2,3,...}and Z, = {0,1,2,...}.

— Sums over empty index sets are equal to 0, products over empty index sets are
equal to 1.

— ¢ is a fixed real number in the open interval (0, 1), unless explicitly stated other-
wise.

- [k, :={k,k+1,...,1—1,1} for integers k, [ with k < I.

— An associative algebra is by definition an associative algebra with unit.

— The g-shifted factorial is defined by

(150 @0y = g, ()= [[ (1~ a),
' 4) o =0

provided that ag® ¢ {g *}rez,. Forb = k € Z., this reduces to (a;q), =
120 (1 — ag?), which is well defined for all @ € C. The notation

m

(ala ce 7a’m;Q)b = H (a'j;‘Z)b
=1
is used for products of g-shifted factorials.






CHAPTER 2

A residue calculus for Koornwinder polynomials

2.1. Introduction

Koornwinder [65] introduced a five parameter multivariable generalization of the four
parameter family of Askey-Wilson polynomials [7] and showed that the polynomials sa-
tisfy orthogonality relations with respect to the absolutely continuous measure of Gustaf-
son’s multidimensional Askey-Wilson integral [31]

// I (2203 0) o H D20, du

€ € .
Zm)"ZETn 1<k<{l< } (t21"34) o i1 L= O(t zistjz; ;q)oo %
@2.1.1) ewe1€{E1

:2nn!H ' (t,t2"—i—1t0t1t2t3;q)o‘o
i—1 (g, tn_H'l;q)oo H0§k<l§3 (t"_'tktl;(I)oo

where T is the n-torus in C* and |t;] < 1, ¢ € (0,1). This five parameter family
of multivariable orthogonal polynomials is nowadays known as the family of Koornwin-
der polynomials. Certain three parameter subfamilies of the Koornwinder polynomials
coincide with the families of BC type Macdonald polynomials, which were previously
introduced and studied by Macdonald [86]. Van Diejen [16] has shown that the Koorn-
winder polynomials contain all families of Macdonald polynomials associated with the
classical root systems as special cases or, in the case of root system A, as the highest
homogeneous part.

Several important properties of the Koornwinder polynomials were derived in the past
years. We mention here two properties which will play an important role in this chapter.
Koornwinder [65] introduced an explicit second order ¢-difference operator which simul-
taneously diagonalizes the Koornwinder polynomials. Van Diejen [17] evaluated the qua-
dratic norms for a four parameter family of the Koornwinder polynomials using so-called
Pieri formulas. By recent results of Sahi [106], van Diejen’s quadratic norm evaluations
are valid for the full five parameter family of Koornwinder polynomials, see also [120].

In [65], [17] the orthogonality relations and norm evaluations with respect to the mea-
sure associated with (2.1.1) were derived for parameters (¢, t) with |¢t;| < 1. In Section
2.3 we extend these results to the case that the four parameters ¢ are generically complex.
Intuitively, the results for ¢ generically complex follow from the results for |¢;| < 1 by an-
alytic continuation, after replacing the torus 7" in the orthogonality measure by a suitable
Cartesian product C™ of a Jordan curve C. Informally rephrased, the results in Section

17
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2.3 follow from a multidimensional analytic version of Cauchy’s Theorem for the mea-
sure associated with (2.1.1), analytic in the sense that no poles of the measure are picked
up. The technicalities are a little bit more involved and will be discussed in Section 2.3.

In Section 2.4 a multidimensional meromorphic version of Cauchy’s Theorem is de-
veloped for the measure associated with (2.1.1), so that certain poles of the measure can
be picked up by shifting the multidimensional contour. The completely discrete weights
which arise from this residue calculus contain a common factor which has a pole when the
parameters satisfy a type of truncation condition. By dividing out this common factor, the
partly continuous weights are zero for parameters satisfying the truncation condition, and
all that remains is a discrete, finite orthogonality measure. The Koornwinder polynomials
with parameters satisfying this truncation condition are multivariable analogues of the
well-known family of one variable g-Racah polynomials. These multivariable analogues
of the g-Racah polynomials are studied in Section 2.5.

In Section 2.6 orthogonality relations for the Koornwinder polynomials are derived
with respect to positive, partly discrete orthogonality measures. The results in Section 2.6
are important for the understanding of limit transitions from Koornwinder polynomials
to multivariable analogues of big and little g-Jacobi polynomials, which will be the main
subject of the next chapter.

This chapter is started with a short review on the theory of one variable Askey-Wilson
polynomials and one variable ¢g-Racah polynomials.

2.2. One variable Askey-Wilson and g-Racah polynomials
Following the notations in [30] we define the basic hypergeometric series ¢ by

ary-.. 5 Qpr | _ — (ala'~~aar§Q)m _1ym, () Is—r
(2.2.1) r¢s< bi,... b ’q’z) = Z b hddn (( 1)7q(> ) 2

m=0
A set of orthogonal polynomials is called of basic hypergeometric type if the orthogonal
polynomials can be expressed in terms of the basic hypergeometric series. Askey and
Wilson [7] introduced a very general family of basic hypergeometric orthogonal polyno-
mials depending on four parameters ¢t = (g, ¢1, t2,t3) which is nowadays known as the
family of Askey-Wilson polynomials. In terms of the basic hypergeometric series (2.2.1)
they are given by

222)

(tot1,tot2, tots; q g ", " lotytats, toz, toz !

Pn(Zat) = n n—l’ )n 4¢3 ’ 4,4
tg (t0t1t2t3q ;q)n tot1, tota, tols

for n € Z... Observe that P, (z) is a monic polynomial in z + z~! of degree n.

The orthogonality relations and norm evaluations for the monic Askey-Wilson poly-
nomials can be stated as follows.

THEOREM 2.2.1. ([7, Theorem 2.3]) Assume that pairwise products of to, t1, ts, t3
as a multiset (so both t3 and tot, are considered among the products) do not belong to
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the set {q™7} ez + Then the monic Askey-Wilson polynomials satisfy the orthogonality
relations

1 dz
’2% o (PmPn) (z,t)wc(z,t)? = 6m,n-N‘(n7t)

with weight function

(=% 27%0) o

223 we(z;t) ==
223) e(#i) (tox, tox =t tiz, trx ™, bom, tax ™1, b3, 132715 q)

o0
Here C is a positively oriented, continuous differentiable Jordan curve containing 0 and
the four sequences {t;q?}jcz, (i € [0,3]) and seperating them from {t; ¢~} ez, (i €
[0, 3]). The quadratic norms N (n) of the monic Askey-Wilson polynomials are explicitly
given by

2(¢*" Motrtats, ¢ otitats; q)
(qnt1, g otitats, ¢"toty, ¢ tota, ¢ ots, ¢ i ta, ¢ i ts, ¢ Eats; Q)oo .

N(n;t) =

The theorem implies in particular that the monic Askey-Wilson polynomials P, (z;t)
are symmetric with respect to permutations of the four variables ¢ (which cannot be imme-
diately read off from the explicit expressions (2.2.2)). For the proof of the orthogonality
relations and norm evaluations, Askey and Wilson [7] used the g-Pfaff-Saalschiitz sum
[7, (1.29)], [30, (I1.12), p. 237] and the explicit evaluation of the integral over the weight
function,

1 d 2(tot1tats;
2.2.4) —/ wc(z;t)—z - (totatats; q)
27 J e z (g, t0t17t0t2,t0t3,t1t2,t1t3,t2t3;q)m

(cf. [7, Theorem 2.1]). The integral (2.2.4) is a g-analogue of the classical beta integral
and its evaluation is proved in [7] by summing up four sequences of residues by a sum-
mation formula of a very-well poised g5 series [7, (2.2)], [30, (I1.20), p.238] and subse-
quently summing the four remaining terms with the help of an elliptic function identity.
More elementary proofs of (2.2.4) were obtained, for instance, in [103], [43] and [67].

A partly discrete orthogonality measure can be obtained by pulling C' over some of
the poles of w.. The poles of w, are simple for generic parameters ¢ and are given by the
eight sequences {ti¢’ }jecz, {t; "¢ 7 }jez, (i € [0,3]). We write

. . e(2;2
(2.2.5) wa(eq';e) = wa(eq';e; f,g,h) :=res,_.qi (w (zz ))

for the residues, where f, g, h are such that {e, f,g,h} = {to,t1,12,t3} (counted with
multiplicity). When w, has a simple pole in eq?, then

ezt i
(2.2.6) TeS,_o—14-: (w—(j—)) = —wa(eq';e; f, 9, h)
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by the invariance of w.(z) under the inversion z — z~!, and we have the explicit formula
(e7%4)
g.ef, f/e.eg,9/e,eh, hje;q)
(e efiegehia), (1-€*¢®) ( q '
(9,9¢/f,qe/9,qe/h;q), (1-—¢€?) (efgh>
(see [7, Theorem 2.4] or [30, (7.5.22)] to avoid a small misprint).

The monic g-Racah polynomials depend (apart from g¢) on three continuous parame-
ter and one discrete parameter N € N. They are the finite family

{Pn(tn39) In € [0, N]}

of Askey-Wilson polynomials for the special parameters ¢, := (to, t1, t2, ¢y q where
N e N. Since the parameters ¢ ,; do no longer satisfy the assumptions of Theorem 2.2.1,
it is convenient to think of the g-Racah polynomials as limit cases of the monic Askey-
Wilson polynomials where the limit is given by sending ¢3 to ¢ g,

The orthogonality relations and norm evaluations for the monic g-Racah polynomials
can be stated as follows.

wd(eqi; €; fvga h) = (
22.7)

—N)

THEOREM 2.2.2. ([6, Section 2]) Let N € N. For generic parameters to,t1,t2 we
have the orthogonality relations
N

D (P Po)(toq's tn) A" (tog s try) = O n NP (s L)
=0

form,n € {0,...,N}, with
(1 — t3¢%) (83, tot1, tota, tots; Q),-
(totatatsg=)" (1 — 13) (g ati “to, at5 o, at5 o3 0),
The quadratic norms of the monic q-Racah polynomials are explicitly given by
(¢, tot1, tota, tots, trta, tits, tats; q) . (t1/to, t2/to, t3/t0, totrtats; q)
(¢ Ytotitats; q), (totrtats;q),, (tita, tats, tots, tg %5q)
Askey and Wilson [6] obtained the orthogonality relations and norm evaluations for
the g-Racah polynomials from a summation formula for very well poised terminating ¢ @5

series [6, (2.3)], [30, (I.21), p.238] and the ¢-Pfaff-Saalschiitz sum [6, (2.5)], [30, (II.12),
p.237]. In particular, they obtained the summation formula

N ( 2 .
i qt07q/t1t27 q)
(2.2.8) S AR (togs ty) = N
P (fod's ) (ato/t1,qto/t23)

using a summation formula for very well poised terminating ¢¢5 series [6, (2.3)], [30,
(IL.21), p.238].

It turn out that the orthogonality relations and norm evaluations for the g-Racah poly-
nomials can be obtained by taking suitable limits in the orthogonality relations and norm

AR (tog'; 1) :=

NE(n;t) :=
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evaluations for the Askey-Wilson polynomials. The main trick here is to rescale a suit-
able partly discrete orthogonality measure for the Askey-Wilson polynomials such that
certain common poles of the discrete weights become zeros for the continuous part of
the orthogonality measure. These zeros cause the vanishing of the continuous part of the
orthogonality measure in the limit ¢ — ¢ (see [122] for the details). In Section 2.5 this
approach is used to generalize Theorem 2.2.2 to the multivariable setting.

2.3. Koornwinder polynomials for generic parameters values

In this section the multivariable analogue of Theorem 2.2.1 is given. We first need to
introduce some notations and conventions which will be used throughout this chapter. The
number n € N denotes the number of independent variables of the multivariable polyno-
mials under consideration. The n variables are denoted by z = (z1, ... , 2,). A function
h(z) for which a definition is given with respect to the n variables 2 = (21,... ,2n),
should be read with n = m if it follows from the context that z € C™. If h(z) appears in
formulas with z € C™ and m = 0, then h(z) should be read as 1.

Let & = &, be the group of permutations of the set [1,n] and W = & x {£1}"
the Weyl group of type BC,. W acts by permutations and inversions on the algebra
A := C[z,... ,2F1]. Denote A" for the subalgebra of WW-invariant functions in A.
A basis for AW is given by the monomials {m |\ € A}, where A := {\ € Z7 |\ >

...>Ap},and
’ my(z) = Z zH
HEWA

with z# = z{* ... zF~. The W-orbit of A € A C Z™ is with respect to the natural action
of WonZ".

Sett = (to, t1, t2, t3) for the four tuple of parameters tg, t1, t2, t3. We assume in this
section that ¢ € V, where V C C* is the following parameter domain.

DEFINITION 2.3.1. Let V be the set of parameters t € (C*)* for which
#{arg(t:),arg(t;")|i €[0,3]} =8
and for which totitats ¢ R>q. Here arg(u) € [0,27) is the argument of u € C* and
R21 = {’I" eER|r > 1}

The measures which will be considered in this chapter will have their support on
certain deformed n-tori C™ C C"*, where C' C C are the following type of deformations
of the unit circle T'.

DEFINITION 2.3.2. A continuous rectifiable Jordan curve C = ¢¢([0,1]) C C is
called a deformed circle if C has a parametrization ¢ of the form
(2.3.1) pc(z) = re(z)e®™™ (z € [0,1]), rc:[0,1] — (0,00)
and if C is invariant under inversion, ie. C™' := {z7'|2 € C} = C. Fort € V,

a deformed circle C' is called a t-contour if the four parameters tg,t1,to,t3 are in the
interior of C.
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For a deformed circle C' = ¢¢([0, 1]) the radial function r¢ satisfies r¢ (1 — z) =
(rc(x))~! since C = C~1. Since a deformed circle C is by definition a closed contour,
we furthermore have that 7¢(0) = r¢(1/2) = r¢ (1) = 1. Observe that the unit circle T’
is a deformed circle with 7 = 1. If ¢ € V and C is a t-contour, then the radial function
r¢ satisfies the extra conditions

ro(af) > [t i€[0,3],
where «; = «;(t) is defined by
t!
232) o = ) o g,
2m

In particular, the unit circle T" is a ¢-contour if |¢;| < 1 for all ¢ € [0,3]. Observe
furthermore that i # 0,1/2 and that o; = 1 — o for all i.
The convention will be used that a deformed circle C' is counterclockwise oriented
(i.e. has the orientation induced from the parametrization ¢) when we integrate over C'.
Lett € (0,1),¢ € V and let C be a deformed circle such that t;¢ ¢ C fori € [0, 3]
and j € Z . Let dv(z;t;t) be the measure on C" given by

(2.3.3) dv(z;t;t) == Azt t)%

for z € C'"™ with QZE = %zl—l .. dzﬁ and with weight function A(z;t;¢) given by

(2.34) Alzitit) = | []we(z50) | 6(251),
j=1

with w,(z;t) (2.2.3) the weight function for the continuous part of the orthogonality
measure of the Askey-Wilson polynomials, and d(z; t) given by

2.3.5) o(z;t) := H (zizj,zi_lzj,zizj_l,zi_lzj_l;q)T, t=4q".
1<i<j<n

The interaction factor §(z; t) is only present in the multivariable setting (i.e. whenn > 1).
In particular the measure is independent of the deformation parameter ¢ when n. = 1, and
coincides with the orthogonality measure of the Askey-Wilson polynomials as given in
Theorem 2.2.1.

The measure dv(.;¢;t) on C™ is well defined, since the poles of A(.;¢;¢) do not in-
tersect with the integration domain C™. Indeed, the poles of the weight function A(z; ¢; t)
lie on hyperplanes

(2.3.6) Zi =tmq’ or zi=t'q7?

with m € [0,3], j € Z4 and ¢ € [1,n] (the poles coming from w.(z;)) and on hypersur-
faces

(2.3.7) Zhat =t"lq
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withl1 <k #1<n,j € Zyand eg,&; € {—1,1} (the poles coming from 6(z;¢)). We
have z ¢ C™ for a pole z of the form (2.3.6) since C~! = C and t;¢’ ¢ C fori € [0, 3]
and j € Z . Similarly it follows from the definition of a deformed circle C' that z ¢ C™
for a pole z of the form (2.3.7).

In this section we will study the orthogonal polynomials related to the complex mea-
sure (C", dv(.;t; t)) where C' is an arbitrary t-contour. We first show that the measure
dv(.;t;t) is independent of the t-contour C' when integrating against WV -invariant Lau-
rent polynomials. In order to obtain this result, we consider specific subsets of (C*)" on
which the interaction factor §(.; t) is analytic.

Let C and € be deformed circles, with parametrization given by ¢ (z) = r¢(z)e?™™®
respectively ¢¢ (z) = re(z)e?™®. Let AT (C, €) be the open subset

(2.3.8) AT (C,e) ;== {z €[0,1]|rc(z) > re(z)} C (0,1).

Set

(2.3.9) Q(C,e) = Qt(C,e)uat(e,C)uc,

where Q1 (C, €) is given by

(2.3.10) atc,e):= | {y@e™|ro(z) > y() 2 re(z)}.
z€A+(C,E)

The following properties of Q(C, €) C C* follow easily from the definitions:
(i) Q(C,€) = (e, 0).
We will use, in view of (i), the notation Q = Q(C, €) when it is clear from the context
which pair of contours C, € is meant.
(i) Q1 = Q. ,
(iii) The contour C' can de deformed homotopically to € within (2.

We call Q C C* the domain associated with the pair (C, €). We write Oy, (Q™) for
the ring of W-invariant functions f which are analytic on 2". We have now the following
crucial lemma.

LEMMA 2.3.3. Lett € (0,1) and let C, € be deformed circles satisfying the condi-
tion t(rc(z)) < re(z) forallz € AY(C,€). Then §(.;t) € O (™).

PROOF. Let C, € be deformed circles such that t(r¢(z)) < re(z) forz € A1 (C, €).
Let z € (C*)" such that z*2;' = ¢t~'¢~7 for some j € Z, some k # [ and some
€k &1 € {£1}. Write By, := arg(z)/2m and §; := arg(z;)/2m. For the proof of the
lemma it suffices to show that either 2z & € or z; & €.

As an example, we check that either 2, & Q or z; ¢ Q when 8, € AT(C,€) and
212y =t~ 'q77 forsome j € Z . Then B = 1 — By and 3 € AT (¢, C), so in particular
re(Br) =rc(B) ™, re(Br) = re(B) . Suppose that z; € €, then

lzk] = t7 g7 |27 > g7t e (Br) > a7 re(B) > re(Br),

hence z;, & (2. All the other cases are checked similarly. a
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LEMMA 2.34. Lett € V,t € (0,1) and f € AV. Then

(2.3.11) / f(2)dv(z;t;t)

zeCn

is independent of the choice of t-contour C.

PROOF. With the shorthand notation N¢(C) for the integral (2.3.11), we have to
show that N (C) = Ny (&) for arbitrary pairs of ¢-contours (C, €).

Let £ be the collection of pairs of ¢-contours (C, €) for which A*(C, €) is a finite
disjoint union of open intervals and for which t(r¢(z)) < re(z) forallz € AT (C, €).
Fix a pair (C,€) € L and let  be the associated domain. Since the four parameters
to,t1,12,t3 are in the interior of C' and € we have w.(.;t) € O413(Q2), and by Lemma
2.3.3 we have 0(.;t) € Ow(2"). So Cauchy’s Theorem implies that N (C) = N¢(€).

Suppose now that (C, €) is an arbitrary pair of ¢-contours. Then there exists a fi-
nite sequence of ¢-contours Cp, Cy,... ,Cs such that Cy = €, C; = C and such that
(Ci, Ci_1) € Lforalli e [1, s]. It follows that Nf(C) = Nf(@) (|

Define for parameters ¢ € V and ¢ € (0, 1) a symmetric bilinear form (.,.), , on A" by

(2.3.12) (f.9), 2m //f 2)dv(z;t;t), f,ge AV

zeCn

where C is a t-contour. The bilinear form (2.3.12) is independent of the choice of -
contour C' by Lemma 2.3.4. An important tool for studying orthogonal polynomials with
respect to the bilinear form ( 5 ) ; ; 1s an explicit second order g-difference operator D =

D, ; which preserves the algebra A"V and which is symmetric with respect to (., ) ¢ The

second order g-difference operator D was introduced by Koornwinder [65]. It is ex—f)licitly
given by

(2.3.13) D =" (¢F ()T} ~1d) + ¢ (2)(T; — 1)) ,

where Tji is the g*'-shift in the jth coordinate,

(Tj:tf) (Z) = f(zh N ’Zj—laqilzj’zj-l'la .. azn)7

and the functions ¢j(z; t;t) and ¢; (2;;t) are given by

opgy e (L= tiz) p (L= tazy) (1t ')
¢j ( 3t t) = (1 — 232)(1 — qz]2) g (1 _ lej) (1 _ Zl_lzj) )
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where 27! := (z7'},...,z7"). The BC type dominance order on A is defined by
i i
(2.3.14) p<X & Y <Y N (ielln)
j=1 j=1
for A, pu € A.

REMARK 2.3.5. Choose for the root system R = RT U (—R*) of type BC,, the
positive roots Rt by
R* = {ei}izy U{ei £ € }1<icjcn U {26} iy,
with {e;}I_; the standard orthonormal basis for R", then A coincides with the set of
dominant weights, and A > p for A\, u € A iff A — p is a sum of positive roots.

Koornwinder proved the following triangularity property of D (see [65, Lemma 5.2]
and the remark after [121, Proposition 4.1]).

PROPOSITION 2.3.6. Let A\ € A. For arbitraryt € C* andt € C we have
(2.3.15) Dmx =Y Ex.my,
p<A
with Ey, = E ,(t;t) € C depending polynomially on the parameters t and t. The
leading term E (t;t) will be denoted by E(t;t) and is given by

n
(2.3.16) Ex(t;t) := ) (¢ Htotatatst™ I (g — 1) + 771 (g™ — 1)) .
Jj=1
In particular, D preserves the algebra A”Y. An other important property of D is the
symmetry of D with respect to the bilinear form (., .), i.e.

(2.3.17) (Detf.9),, = (£ Deeg),,, frgeAY

for parameters t € V and t € (0,1). Koornwinder [65, Lemma 5.3] proved (2.3.17)
for parameters ¢ with |¢;| < 1 (then the unit circle T' can be chosen as ¢-contour). By
Proposition 2.3.6, (2.3.17) follows for ¢ € V by analytic continuation.

Define now explicit expressions N (\; ¢; t) for A € A by

(2.3.18) Nt t) := 2"nINT (Nt N~ (N85 1)
where N7 () := N7 (); £; t) is given by
(2.3.19)

NTO) = l’n[ (@12 Doty tots; q)
o (@t itotatats, gttty gt ity Mt iots; q)

(N1 e2n iR toty oy, NN th I q)
H (q)\,-+/\k—1t2n—j—k+1t0tlt2t37 qAJ-—Ak th—i+1 : q)oo

k3

)

1<j<k<n
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and N~ () := N~ (\;¢;t) is given by

N=() f[ (¢ t>(=tgtytats; q)
= " (qA.--th—-i’ q)‘i tn-—itth, q,\i tn—itltB’ intn—itzts; q)oo
(q/\j+)\kt2n—j—kt0tlt2t3,q/\j—>\k+1tk—j; )Oo

1<j];£<n (qu+)\kt2n—j—k—1t0tlt2t3’ q)\j—)\k+1tk—j—1; q)

(2.3.20)

(o)

The following theorem extends the results of Koornwinder [65] (the orthogonality rela-
tions for the Koornwinder polynomials) and van Diejen in [17], Sahi [106] (the quadratic
norm evaluations for the Koornwinder polynomials) to parameters ¢ € V' (in [65], [17]
and [106] these results were obtained for a parameter domain such that |¢;| < 1 for all ).
See also [120].

THEOREM 2.3.7. For parameters (t,t) € V x (0,1) there exists a unique linear
basis {Px(.;t;t) }aen of AV such that

(2.3.21) PA(itit) =ma+ Y exult,thmu, cau(tt) €C
) p<A
(23.22) (PA(588), Pu(551),, =0 if p# A\

Furthermore, Py (.;t;t) is an eigenfunction of Dy ; with eigenvalue E(t;t) and we have
the explicit evaluation formula

(2.3.23) (Pr(s581), Pa(581), , = N(Nts5t)
for the quadratic norms of the polynomials P).

DEFINITION 2.3.8. The W-invariant Laurent polynomial P(.; t;t) is called the mo-
nic Koornwinder polynomial of degree \ € A.

We end this section with a sketch of the proof for Theorem 2.3.7 using the techniques
of Koornwinder [65] and van Diejen [17]. For more details, we refer the reader to these
two papers.

Fix arbitrary 0 # v € A. It is sufficient to prove the existence and uniqueness of a
set of W-invariant Laurent polynomials { Py(.;t;t) } a<, satisfying (2.3.21) and (2.3.22)
for A, 4 < v and to prove the remaining assertions of the theorem for the polynomials
{Pa(tt) bazo

We first define the polynomials { Py(.; t; t) } a<, for a dense parameter domain U, C
V x (0,1). The subset U, is by definition the set of parameters (¢,t) € V' x (0,1) such
that £, (t;t) # Ex(t;¢) forall \, u < v, A # p. Observe that U, C V x (0,1) is open
and dense since the eigenvalues { £ (¢; )} xca are mutually different as polynomials in
the parameters ¢, ¢.
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The polynomials P (.; ¢;t) € AV for (¢,t) € U, and X < v are defined by

Dtt"‘ 7t)
EAtt (L )

mx

(2.3.24) H

(cf. [82], [121]). It is an easy consequence of the triangularity of D (cf. Proposition 2.3.6)
and of the Cayley-Hamilton Theorem that Py (.; ;) (2.3.24) is the unique function of the
form (2.3.21) which is an eigenfunction of D, ; with eigenvalue E(¢;t). The polyno-
mials {P5(.;¢;t) }r<y (2.3.24) satisfy the orthogonality relations (2.3.22) for parameter
values (¢,t) € U, since D is symmetric with respect to (.,.) and E,,(¢t; t) # E (¢;t) for
By S

Next we establish the quadratic norm evaluations (2.3.23) for { P\ (.;t;t) } <, with
(t,t) € U,. In the special case A = 0, (2.3.23) reduces to

(1,1),, = N(0;;¢)

(2.3.25) (t, 2"~ otytats; q)

=2"n! :
H q tn— H—l )oo H0§j<k§3 (tn—ztjtk;q)oo

which was proved by Gustafson [31] for parameters ¢ € (0,1) and t € C* with |¢;| < 1
(since then the torus 7" can be chosen as t-contour). The second equality follows by a
straightforward computation (see also [83]). By analytic continuation, (2.3.25) is valid
for parameters ¢ € (0,1) andt € V.

For general A, van Diejen [17] proved explicit Pieri formulas for the renormalized
Koornwinder polynomials

n

(23.26)  pa(st;t) = (NG PA(s5t),  c(Att) = N+(/\) H tot" )

The renormalization constant c(\; ¢;t) is a rational expressmn in the parameters t,t. The
Pieri formulas give explicit expressions for the coefficients d )(u; t; t) in the expansions

2327)  Edmtopa(znst) = Y, dV(mtdpu(zitt), (€ [1n)
p<AH(1™)

where {E,.(z;t;t)}"_, are explicit algebraic generators of the algebra of W-invariant
Laurent polynomials A"V and where (1") := (1,...,1) € A is the nth fundamental
weight (see [17] for the explicit formulas, or [20, Appendix B] where the notations are
closer to the ones used in this Chapter).

In [17] the proof of the Pieri formulas was derived for a four parameter subfamily
[17]. It turns out that Cherednik’s affine Hecke-algebraic approach to the study of basic
hypergeometric orthogonal polynomials related to root systems (cf. [12], [13], [14]) can
in fact be worked out for the complete five parameter family of Koornwinder polynomials.
This was worked out in detail by Noumi [90], Sahi [106], see also [120]. The results of
Sahi [106] imply that van Diejen’s Pieri formulas are valid for the full five parameter
family of Koornwinder polynomials. In particular, (2.3.27) may be viewed as an identity
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in the algebra of W-invariant Laurent polynomials over the quotient field C(¢,t), where
t, t are considered as indeterminates.

The Pieri formulas and the orthogonality relations for the renormalized Koornwinder
polynomials with real parameters ¢; and |¢;| < 1 allowed van Diejen (cf. [17, Theorem 4])
to reduce the norm computation for arbitrary A to the case A = 0 € A. Gustafson’s evalu-
ation (2.3.25) then completes the evaluation for general A. By taking a dense subset of the
parameter domain U, if necessary, exactly the same reduction can be done for the norm
evaluations of the polynomials {py(.; ¢; t)} x<, for parameters (¢,¢) € U,. The extension
of Gustafson’s result (2.3.25) then completes the proof of (2.3.23) for {P(.;¢;t) }a<s
and (,t) € U,.

The polynomials {P(.;¢;t)}x<, with parameter values (¢,t) € U, are uniquely
characterized by (2.3.21) and (2.3.22) for A, 4 < v, since their quadratic norms (2.3.23)
are non-zero. Indeed, the functions

(2.3.28) (t,t) = NE(\t5t) 0 V x(0,1) = C

are well defined, continuous functions which do not have zeros on the domain V' x (0, 1).
This is immediately clear except for A'*+()\) with A € A and \,, = 0. But then the
expression for N’ (\) can be simplified, similarly as the simplification of the expression
for V'(0) in (2.3.25), from which it follows that N+ ()\; ¢; ¢) is a well defined, continuous
function of (¢,t) € V' x (0, 1) without zeros.

The proof of the theorem can now be finished by extending these results to parameter
values (¢,t) € V x (0,1) using a continuity argument, as follows. The Koornwinder
polynomial Py satisfies the following Gram-Schmidt formula,

(mx, Pu(5; t))”

3. P, =P, (z;t;
(2.3.29) (z;t;t) Nw,t) (235 t)

p<A

for (t,t) € U, and A < v. By induction, it follows from (2.3.29) that the coefficients
e Uy = Cin (2.3.21) uniquely extend to continuous functions ¢y , : V' x (0,1) — C
for all 4 < A < v. Hence existence and uniqueness of {Py(.;¢;t)} <, as well as the
other assertions follow now by continuity for all (¢,¢) € V' x (0, 1). This completes the
proof of the theorem.

REMARK 2.3.9. For n = 1 the polynomials {Py(z;%) | A € Z..} are independent of
t and are the monic Askey-Wilson polynomials (2.2.2) as defined in Section 2.2. Theorem
2.3.7 reduces to the orthogonality relation and quadratic norm evaluation stated in Theo-
rem 2.2.1. The renormalized Askey-Wilson polynomial py(z;t) (2.3.26) is then exactly
the 4¢3 part of (2.2.1).

REMARK 2.3.10. The renormalization constant c(; ;) (2.3.26) is easily seen to
be regular and non-zero at (t,t) € V x (0,1) for all A\ € A. Hence the renormalized
Koornwinder polynomials {p(2;¢; )} xea form an orthogonal basis of AYY with respect
to the bilinear form (., .) ;« for all parameter values (¢,¢) € V x (0, 1).
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REMARK 2.3.11. Several elementary properties of the Koornwinder polynomials can
be deduced using the fact that for generic parameters, Py(.;t;t) is the unique func-
tion of the form (2.3.21) which is an eigenfunction of D;; with eigenvalue E)(t;t).
For instance, it follows that the Koornwinder polynomial Py (.;¢;t) is symmetric in the
four parameters ¢, and that Py(z; —t;t) = (—1)MPy(—z;¢;t) where || == 31, A,
—Z = (—Zl, veay —Zn) and, 31m11arly, -t = (—-to, —t1, —t9, —t3).

2.4. Residue calculus for the orthogonality measure dv

In this section a residue calculus is developed for integrals of the form

1 1 dz n
Q41 G // FEv(2) = o // FRARZ, feow@

zeCn zeCn

when C™ is shifted to €", where Q@ C C* is the domain associated with the pair (C, €)
and (C, €) is a so-called (n, to)-residue pair, which is defined as follows.

DEFINITION 2.4.1. Let t = (to,t1,t2,t3) € V (V as given in Definition 2.3.1). A
pair of contours (C, €) is called a (n,to)-residue pair if C and € are deformed circles
satisfying the following three properties.

(i) The subset A*(C, €) (2.3.8) is an open interval for which of € AT (C,€) but o ¢
A*(C, Q) (1 =1,2,3);

(i) t;q" ¢ CUCforr € Zyandi € [0, 3];

(iii) totPq" ¢ Cforp € [-1,n — 1] andr € Z.

The poles which are picked up when deforming C™ to €™ in (2.4.1) for a (n, to)-
residue pair (C, €) will only depend on ¢, ¢ and to. We therefore fix in this section ¢ €
(0,1) and ty,t5,t3 € C* such that #{a;’“,a; i =1,2,3} =6 (ajt given by (2.3.2))
and simplify the notations by omitting the dependance on these parameters. For instance,
we will write w.(z; to) instead of w,(x;t), wq(z; o) instead of wq(x; to; 1, t2,t3), etc.

Observe that due to the symmetry of A(z;%;t) in the four parameters o, ¢, %> and
ts, all the results on the residue calculus for (n, tg)-residue pairs can be reformulated for
(m, t;)-residue pairs with ¢ € [0, 3] arbitrary by relabeling the parameters .

The measure which is obtained after deforming the contour C” in (2.4.1) to €™ for
a (n, to)-residue pair (C, €) is at first site rather complicated. We will therefore first give
the result for the special case t = ¢* (k € N), in which case the answer as well as the
proof is much simpler. The rather dramatic simplification of the proof is a consequence
of the fact that the interaction factor §(.; ¢*) is analytic on (C*)", which is certainly not
the case for general ¢. Despite this simplification, the answer has the same form as in the
general case. '

LEMMA 2.4.2. Lett € V, t = ¢* with k € N and let (C,€) be an (n, to)-residue
pair. Let M be the smallest positive integer such that |toqg™| < rc(ag) and let N be the
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largest positive integer such that |toq™ | > re(ag ). Then

g [ 10w =% s > /[ e

zeCn r=0 zi€{tod" }L s (Zr41y-.-12n)ECRTT
(2.4.2) =lheor
r n dz;
.5(2;qk)de(Zz‘;t0) H wc(zj)z—;
i=1 j=r+1

for f € AW,

PROOF. Write I,, (f) for the left hand side of (2.4.2) and I,, (f) for the right hand side
of (2.4.2). We prove I,,(f) = I,,(f) for f € AV by induction on the number of variables
n. The equality I; (f) = I, (f) for f € C[z+ 2] is well-known (see [7], or Section 2.2).
For n > 1, we obtain from Cauchy’s Theorem and the fact that 6(.; ¢*) € Ow ((C*)™),

(2.4.3)
L =5 [ weleha() 42 Y vt (f)
z1€C 21

97
m 21={t0(11},}\;M

for f € A, where f,(w) (x € C*) is the W-invariant Laurent polynomial in n — 1

variables w = (wy,... ,w,—1) given by

n—1

fz(w) :== f(z,w) H(a:wi,mwi_l,a:_lwi,x_lwi_l;q)k.

i=1

By the induction hypotheses we may replace I,,—1(fz) by I_1(f.) in (2.4.3). Then the
equality I,,(f) = I,(f) follows from the W-invariance of f and 6(.;¢"), and from the
formula

1 2r(n;1) 2r—1(n—1) B 21-(71)

r—1 r
2 = 0
2mi (2mi)n—1-r (2mi)n—r (2mi)n— (r € 10,n)),
where we use the convention that (T) =0ifr < 0andifr > m. 0

Since 8(z;¢*) = 01if z; = ¢'2; for some i # j and some [ € [0,k — 1] and using &-
symmetry properties of the weights in the right hand side of (2.4.2), it follows that the
discrete parts are actually supported on points of the form

(tog™ , totg?, ... ,tot"1g™)

with \; < X3 < ... < ), positive integers and ¢ = ¢*. This turn out to be also the case
for arbitrary ¢ € (0, 1), as will be shown in a moment. We first need to introduce some
notations. Set

(2.4.4) P(r):={A€Z} M <A <...< A}
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and set \o := 0 for arbitrary A € P(r). We write p; = p;(to;t) := tot*~! for i € Z and,
for A € P(r),

245 pg* = (pd™, p20’?, .., 0rg™) = (o™ b0t S tot" ).
Define D(r) = D(r; C, €; to) for r € [1,n] by
(2.4.6) D(r):={pg* | X € P(r) and rc(ag) > |pig™| > re(ag) (i €[L,7])}

Observe that for w € D(r) we have w; € int(§2) for all i, where int(2) is the interior of
Q. For pg* € D(r), we set

24.7) AD (pg*sto) = | ] wa(pia™;pia* ) | dalpa®)
j=1

where wy is given by (2.2.5), (2.2.7), and with interaction factor

| (o pd ™, o M)
11

(2.4.8) 64(pq*) := -
1<k<I<r (pkplqu—]‘}‘)\l’pkpl 1qu—1—/\l;q)Ak_/\kw1

(t=4q").

Observe that the weight function w.(z; p;g*i-1)/x has a simple pole at z = p;g* since
Aj—Aj—1 € Z4 andt € V; hence the factors wq (p;jg* ; pjg*i-*) in (2.4.7) are non-zero.
The discrete parts of the measure which will appear by deforming C™ to €™ in (2.4.1) will
involve the weights A(?). Observe furthermore that for » = 1 and pg* = toq* € D(1),
we have A (toq; to) = wqy(tog’; to). For pg* € D(r) and z € €7, set

dz
(2.4.9) dvr(pg*, 25 t0) = Ar(pg’, 23 to)

z

with weight function A, (pg?, z; to) given by

(2:4.10) Ar(pg*, z;to) := AW (pg*5t0) A(z;t0)3e (pg™; 2),
where A(z; 1) is the weight function (2.3.4) defined with respect to the variables z =
(21,--. ,2n_r) and where d.(pg*; z) is an interaction factor given by
Q411 Se(pg*;2) == [ (owa™ 2, 6™ 2" 0p e ™ 21,05 a2 5q)
1<k<r
1<i<n—r

with ¢ = ¢7. In particular, A, (pg*; to) = A (pg*;to) for pg* € D(n). The measure
dv,(pg*, z; to) is well defined on D(r) x €™~ since the denominator of A, (pg*, z; to)
is non-zero by properties (ii) and (iii) of the (n, to)-residue pair (C, €) (Definition 2.4.1).
We call dv, the rth measure associated with the (n, to)-residue pair (C, €).
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PROPOSITION 2.4.3. Let (C,€) be a (n,to)-residue pair and let Q = Q(C, €) be
the associated domain. Let dv, be the rth measure associated with (C, €), then

27rz /f v (2 27rz /f Jav(2)

zeCn zeegn
227 (n—r+1)
+z_: W‘L Z // fw, z)dvr(w, 2)
r=1 “’ED(T)zecn—r

for f € Ow(Q™), where (u) = [1i=, (u + i) is the shifted factorial.

REMARK 2.4.4. It is easy to show that Proposition 2.4.3 reduces to the statement in
Lemma 2.4.2 for t = ¢* (k € N) using the fact that §(z;¢*) = 0 if 2; = ¢'z; for some
i # jand some [ € [0,k — 1] and the fact that

(2.4.12)

wa(z;eiq') = (eiw, ez q) wa(w;e:), (¢ =eid ™, m € Zy).
In the next lemma the proof of Proposition 2.4.3 is given for (n,#o)-residue pairs
(C, ) such that the interaction factor (.; t) is analytic on (Q(C, €))".
LEMMA 2.4.5. Suppose that (C,€) is a (n, to)-residue pair such that
(2.4.13) tire(z)) < re(z), Vz € AT(C,¢€).
Then (2.4.12) is valid.

PROOF. Fix a (n,t)-residue pairs (C, €) satisfying (2.4.13). We will prove by in-
duction on/ € [0, n] that

f)AE ) = F@AGE0)
z 27m

z€Ctxegn—! zECn

; ; dz
27” Orn—1 Z // (toq", 2) A (tod", 2 t0) —
ZEG" 1

(24.14)

for f € Ow(Q™), where

(2.4.15) I={i€Zi|rc(ad) > |toq'] > re(ad)}-

Then (2.4.12) is the special case | = n in (2.4.14), since D(r) = () for r > 1 by (2.4.13).
Forl = 0, (2.4.14) is trivial. Let [ € [1,n]. Since §(.;t) € Ow (") by Lemma

2.3.3, we can shift C to € for the first variable z; in the left hand side of (2.4.14) and we

obtain by (2.2. 5) by the W-invariance of A( ) and by Cauchy’s Theorem

// foranS =g [ esewT

zEC’ en—l 2eCli-1xegn—I+1

=) DI | B R NI

i€l

(2.4.16)

ZeCl—l xeEn—1
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for f € Ow(Q™). Here we have used that the residue at z; = ¢ Ly~ (i € I) of the
function A(z1,2';t0)/21 is equal to —Aq(toq?, 2';to) in view of (2.2.6). The weight
function A (toq’, z; to) in (2.4.16) can be rewritten as

(2.4.17) Ai(tog’, zito) = h(tod’, 2; to) A(2; ttog")

with

. X n— - 1 _zz ,t_l z ’
(2.4.18) h(toqz, z; tO) = 'U)d(toq’; tO) H ( 0o 4 Zs q 'z, q)
s=1 (tozs, tozs ,q)z.

Formula (2.4.17) follows by interchanging the factor (to Zs, tozs_ L q) + 10 the denomina-
tor of the weight w, (zs; to) with the factor (ttog’zs, ttog*z;*; q) . in the denominator of

the interaction factor 6. (toq’; z) for s € [1,n —1]. We have A(; ttoq') € Ow(Q™1) for
i € I by (2.4.13) and Lemma 2.3.3. We claim that h(toq’, .;to) € Ow(Q"71) fori € 1.
Indeed, it is sufficient to check that the map

(t—lq—iw té—lq—iz—l; q)oo
(toz, tox 13 q) , (ttg ', ttg ' g~z q)
is analytic on €2 when ¢ € I. The zeros of the factor (to.’L’, tox~L; q) in the denominator
are compensated by zeros in the numerator. Next, we check that (tt‘lq‘zx q) is non-
zero forz € Qandi € I. Now (tty'q~*x;q) = 0iff z = t7'¢""™to for some
m € Z. In particular, we must have arg(z) = arg(to) = 2w . Since i € I, we have
form e Z,,

(2.4.19) T -

71 ol > tT e (ag g™ 2t re(ag) > rolag),

where the last inequality is obtained from the extra condition (2.4.13). Since z € ) with

arg(z) = 2mag implies that re (af ) < |z| < ro(ag), it follows that (tta YqTizq)  #

0forz € Qandi € I. Since Q7! = 2, we then also have (ttg'q 'z ™";q)_ # 0 for

x € Qand ¢ € I. Thus the map given by (2.4.19) is analytic on 2 if ¢ € I. In particular,
ftoq", ) A1 (tod’, 5 to) € OW(Q™71)

for ¢ € I, so we obtain by Cauchy’s Theorem and (2.4.16),

I O N e B N Ok

zGC’xC" -1 2€CH-1xegn—i+1

+ s E=Y [ #ted 2810, 5510

ze@" 1

(2.4.20)

for f € Ow(Q™). Then (2.4.14) follows by applying the induction hypotheses on the
integral over C'~1 x ¢"”~1+1 in (2.4.20). O

Lemma 2.4.5 can be used to prove Proposition 2.4.3 inductively. The following definition
will be used to formulate the induction hypotheses.
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DEFINITION 2.4.6. Let (C,€) be a (n, to)-residue pair and let AT (C, €) (2.3.8) be
the corresponding open interval. A sequence of closed contours (Cy, ... ,Cs) is called a
(n, to)-resolution for (C, €) if the contours Cy are deformed circles satisfying the follow-
ing four conditions (we write | for the (radial) functions r¢, in the parametrization ¢c,
ofCl):
() Co=CandC, =C;
(i) 7 (z) = re(z) =rc(z) forz ¢ AT(C,€) U AT(C,C) andl € 0, s];
(i) t(r1+1(z)) < r(z) < r131(z) forz € AT(C,€) andl € [0,s — 1];
(iv) totPq" ¢ Ciforpe [-1,n—1],r € Zandl € [1,s — 1].

We call s the length of the resolution.

Observe that there exists a (n, to)-resolution for every (n, to)-residue pair (C, €). If
(Co, ... ,Cs) is a (n, to)-resolution for a (n, to)-residue pair (C, €), then (C;,Cj—1) is a
(n, to)-residue pair satisfying the extra condition (2.4.13) used to prove Lemma 2.4.5 (I €
[1, s]). Proposition 2.4.3 can now be proved by induction on the length of the resolution.

PROOF OF PROPOSITION 2.4.3. Suppose that for all n € N and all t; € C* with
t = (to,t1,t2,t3) € V, Proposition 2.4.3 has been proved for (n, to)-residue pairs which
have a (n, to)-resolution of length < s — 1, where s > 2.

Fix arbitrary n € N and t; € C* such that t = (to,t1,t2,¢3) € V. The induction
step is clear for n = 1, so we may assume that n > 1. Let (C, €) be a (n, to)-residue
pair with a (n, tg)-resolution (Cy, ... ,C;) of length s. It suffices to prove (2.4.12) for
the (n, to)-residue pair (C, ). We write Q) and ;) for the domains associated with
the (n, to)-residue pairs (C;, C;—1) and (Cj, €) respectively (I € [1, s]). Note that ;) C
Q) C ... C Q) = N where () is the domain associated with the (n, o)-residue pair
(C,€). By (2.4.14) and (2.4.17), we have

e [ o e ] s

cn s—
2.421) =€ ZE(C 2 o
T / [ 5@sGuE
€l e, p)m-t

for f € Ow(Q™), where
(2.4.22) I :={i€ Zy|rs(af) > |toq’| > re—1(ad)}

and fi(2) = f(toq’, 2)h(toq’, z;to) with h given by (2.4.18). We will apply the in-
duction hypotheses on all the terms in the right hand side of (2.4.21). For the integral
over (Cs_l)" note that (Cop,... ,Cs—1) is a (n, ty)-resolution of length s — 1 for the
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(n, to)-residue pa1r s—1,&). Hence, by the induction hypotheses,
27rz)" / HZ)AG to 271'1 //f
Com1)™ gen
(2.423) ) ’

n27‘(n-—7'+1)r e
e Y [ teasesn?

r=1 w€D(r;Cs-1,E;t0)

forall f € Ow (™).

Now fix an i € I,. In the proof of Lemma 2.4.5 it was shown that h(tog’,.;to) €
Ow ((24))?=1). In fact it follows from the proof that h(tog’, .;t0) € Ow (2" 1). In
particular we have f; € Ow ((Q(s-1))""") for f € Oy (Q™). Observe furthermore that
(ttoq', t1,ta,t3) € V since arg(ttoq’) = arg(to), and that the sequence (Co, ... ,Cs—1)
isa (n — 1, ttoq")-resolution of length s — 1 for the (n — 1, ttoq*)-residue pair (Cs_1, €).
So the induction hypotheses can be applied to all the terms in the second line of (2.4.21),
and we obtain
.4. 24)

i\ dz _ 2n ‘ ' ; flf
(gm (9mi)n—1 / fi(2)A(z; ttog )? = @riyn / fi(z)A(z; ttog") ~

s 1)" 1 ze@n—l

2 (n -r+1), 3 // filw, 2)Ar_1(w, z; ttoqi)%

+ E P eErTo—
(2mi)n—r ,
r=2 weD(r—1;Cs_1,C;ttogq?) zegn—r

for f € Ow(Q™) and i € I,.
Substitution of (2.4.23) and (2.4.24) in the right hand side of (2.4.21) completes the
proof of (2.4.12), since

D(1;C,¢;to) = D(1;Cs_1,€;t0) U {toq' Yicr,

D(r;C,€;tg) = D(r; Cs—1,C;t9) U U {(toqi,w) |we D(r—1;Cs-1,C; ttoqi)}
i€l

zegn-—r

disjoint unions (r € [2,n]) and
fi(2)A(z; ttog") = f(tod’, 2) A1 (tod’, 2 to),
filw, 2)Ar_1(w, 23 ttoq") = f(toq",w, 2) Ap(toq’, w, z; to)
fori € I,,7 € [2,n] andw € D(r — 1;Cs_1, €; ttoq’). O

(2.4.25)

2.5. Multivariable g-Racah polynomials

In this section the Koornwinder polynomials are studied for parameter values (¢, ¢)
satisfying a particular truncation condition. By applying the residue calculus (cf. Section
2.4) to the results in Theorem 2.3.7 it will be shown that the Koornwinder polynomials
for these parameter values are orthogonal with respect to a finite, discrete measure and
the corresponding quadratic norms will be computed. The orthogonality relations which
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will be obtained reduce to the orthogonality relations of the g-Racah polynomials in the
one variable setting (n = 1) (cf. Theorem 2.2.2).
For A € P(r) set

T 2.
A (pgritit) =[] ALIEY = H Jp“

2.5.1) L\ (0359),, (@ Hotatotst2i=2 E )

H (qpkpl:tpkpl;q)kk_;’_)\l (qpk pl’tpk pi; q))\l—/\k
o aprn oo a) sy, (00005 oy s 0)

where p; := tot'~! and setforr € Z .,

Koty =T (Pi34) o
T (@pity, o pite, 07 M, pits, 07 E330)
2.5.2) I Giteneitetsa),

1<k<I<r
-H (pi % bty 2t2“"‘r;q)

(g, pit1, pi "t1, pite, p; ta, pits, pi s, th, 15 22725 q)
oo

where t = q". The discrete weights A(? (pg*;t;t) (2.4.7) can now be rewritten as fol-
lows.

PROPOSITION 2.5.1. For A € P(r) we have
AD(pg*;t;1) = Ko () A (pg; 151),
where p; = tot' L.
PROOF. We rewrite every factor (aqm; q) » In the explicit expression of the discrete

weight A(® (pg*;¢;t) in which m only depends on X as a quotient of infinite products
using (1.5.1). Then replace the factors of the form (cqm; q)oo by (c; q)oo(c; q)T_n1 if

m € Z., respectively by (c; q)oo(—c)"mq“(lgm) (g¢™';q) _,, if m € —N. For the case
m € —N, we used here the formula

(2.5.3) (¢ ta;q), = (—m)’q_(Z) (z7%4q),, (eN).
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Using this method we obtain for j € [1,7],

j=1 1

L (P @, pipy NN g)

(@:9)5, s, (tors30),,
(P39) 5,4, (ato ' ps39)
U (tpipgi ) 5,1, (9071 P330), ), o

=1 (Pipisa) sy, (@710 s a) 5

)w)

(2.5.4) = (—1)M=14U=DX A== () (Y

Using (2.5.4) and applying the same method to the explicit expression for the weight wq
(2.2.7) gives

j—1

1
wa(p;a™; pia™ ")
! ! H(ﬂmgq”“’pp i)

_ (p7%59) o
(q,Pjtl,ﬂj_ltlapjtzaP,-_ltmpjts,l?}lt?,; Q).
(a03;9), 3 (trpj;q)
'(P?HI)QA U 1150151752753 Ai H (ati'pisa )
I (tpipg30) 5, 4, (907 1 P330) s, Y
i (ipii )y, (@707 0434),

(2.5.5)

for j € [1,r]. Now again applying the above mentioned method, gives

j—1

1L (o psa™ ™, 07 05 a7 50),
256 = ~
i1 (o7 pisa)y,_», (@Pipis @) 5 1, Y

Pi " PisP; p 7q7— —- -
H(z I P Py ) (Pz’ 1pj;q)/\j_>\i(qt 1Piﬂj3‘1)>\i+,\j

=1

for j € [1,r], where t = ¢". Now the proposition follows by multiplying (2.5.5) and
(2.5.6) and taking the product over j € [1,r]. O

In the remainder of the section we fix a N € N. In the next theorem the orthogonality
relations for the Koornwinder polynomials are given when the parameters (t,t) satisfy
the truncation condition t"~tyt3 = ¢~V. The theorem will be formulated with the
parameters considered as indeterminates. Set F' := C(¢,t), F := C(to, t1,t2,t) and
ty = (to,t1,t2,t "5 g™ N). Let A respectively AXY be the algebra of W-invariant
Laurent polynomials over the field F' respectively F. Define the Koornwinder polynomial
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Py(;;t;t) € AW of degree A over the field F by

Dy — u(i, t)
2.5.7 stt) = | ] .
@37 & HEG) - By |

Observe that Py(.;ty;t) € AY is well defined since the eigenvalues { E(); ty;t)}aea
(2.3.16) are mutually different as elements in Cltg, ¢1,t2,t]. The Koornwinder polyno-
mial Py(.;t;t) € A" of degree \ as defined in Theorem 2.3.7 (cf. Definition 2.3.8) can
be reobtained from (2.5.7) by specializing the parameters (¢, t) to values in V' x (0, 1).

DEFINITION 2.5.2. {P(;;tn;t) reay C AY with Ay := {\ € A|\; < N} are
called the multivariable (BC type) q-Racah polynomials.

Let A € P(n), then the weight A7 (pg*;ty;t) € F is well defined (A" given by
(2.5.1)) and it is non-zero if and only if A\, < N due to the factor (pntg; q) ,. 1n the

numerator of A (pg*;t;t). So the bilinear form

258)  (f@eryt = Y. Flpa")g(pa*) A" (pg*;tnit), frg €AY
AEP(n)

takes its values in the field F. Let N9%(\; ¢; ) for A € A be given by

N\t t)

where A/(\) (2.3.18) is the expression for the quadratic norms of the Koornwinder poly-
nomial Py. Substitution of the explicit expressions for /'()) and K, in (2.5.9) yields that
NE(X\;ty;t) € Fand that N97(); ¢ ;) is non-zero if and only if A € An.

THEOREM 2.5.3. Let N € N. The g-Racah polynomials Py(.;tp;t) (A € An) are
orthogonal with respect to (., .)qR ¢, + and the quadratic norms are given by

(2.5.10) (P)\(~;§N;t)aP)\(-;tN§t)>qR,§N,t :NqR(/\;iN;t) (A€ An).

PROOF. Let V C (C*)* be the set of parameters ¢ € (C*)* for which tot, tats € C\
R. Note that there exists an open dense subset Iy C (0, 1) such that E (¢;t) # E,(¢;t)
forallt € V,¢t € Iy andall \, p € Ay with X # p.

Fix to,t1,t2 € C* such that #{arg(t;),arg(t; ') |i =0,1,2} =6 and t € IN Then
ity € V and there exists a sequence {t3,i}icz, C C* converging to ti- "ty 1q such
that t; := (to,t1,%2,%34) € V N V for all i (V given in Definition 2.3.1). By consid-
ering a subsequence if necessary, we may assume that there exist (n, ¢o)-residue pairs
(C;, €) where C; is a ¢;-contour and where € is a deformed circle such that the sequences
{t1¢,t2¢’,t3,i¢" }jez, are in the interior of € for all i and such that t"~'toq" is in the
exterior of €. Then it follows from Theorem 2.3.7, Proposition 2.4.3 and Proposition
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2.5.1 that
N t;t) A(z;t;5t) dz
Kn(t;1) P = e/c/ (PP Gt T Gy Kn(t;t) 2
(2.5.11)
i 2’"(n—r+1)r Ar(w, 255t) dz
+ Z (2mi)n=r Z / (P/\Pu)(‘*),zviia t)_———K ORE

=1 wED(r) e+

where 4y ,, is the Kronecker-delta and D(r) = D(r; C;, €; to;t) (2.4.6) (which is inde-
pendent of 7). By (2.4.10) and Proposition 2.5.1 we have
(2.5.12) Ap(w, z;t;;t) = K,(Li;t)AqR(w;gi;t)A( ;1 t)0c (w; 2).

After substitution of (2.5.12) in the right hand side of (2.5.11) for all r, it follows from the
bounded convergence Theorem that the limit i — oo may be pulled through the integrals
in the right hand side of (2.5.11). Only the completely discrete part survives the limit
1 — oo in the equality (2.5.11) since

Kltt)
B Kot )

by the factor (pntg; q)Oo in the denominator of K, (¢;t). The theorem follows now for
the specialized parameter values g, t1, t3, ¢ from the fact that

{pg* | X € P(n), \n <N} C D(n)

and the fact that A% (pg*;t5;t) = 0 for A € P(n) with A, > N. Itis now clear that the
theorem also holds over the field F. O

=0, 0<r<n

The constant term identity can be simplified as follows.

COROLLARY 2.5.4. For N € N we have the summation formula

n 4
(2.5.13) (L, Dorene = ][] ((qt%tzil ;:qtl 1{2115_:;(1)”
= (gtoty 't gtoty 't q)

PROOF. First note that by (2.3.25), (2.5.2) and (2.5.9) we have the explicit formula
totrtatst® = T gttt at? T by st T g)

(o 2t1H=2n ty boti=1 ty tati=1 totsti=1;q)

(2.5.14) NB(0;t;1) = H (
=1

Then (2.5.13) follows by substitution of {3 = ¢ 141-n4=N in (2.5.14) and by applying

formula (2.5.3) repeatedly (see also [18, Section 2.3]). O

The second order g-difference operator Dy ; (2.3.13) diagonalizes the g-Racah poly-
nomials {P(;Zy;t)}aeay- By Theorem 2.5.3 we conclude that Dy ; is symmetric
with respect to (., .)q R,ty,t- In [20] the symmetry of D,  ; was proved by direct calcu-
lations and the orthogonality relations for the multivariable g-Racah polynomials were
proved using the symmetry of Dy ;. Furthermore, in [20] the quadratic norms of the
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g-Racah polynomials were expressed in terms of the quadratic norm of the unit polyno-
mial by studying Pieri formulas for the g-Racah polynomials. The constant term identity
(2.5.13) was recently proved by van Diejen [18, Theorem 3] by truncating a multivariable
analogue of Roger’s g¢s-series [18, Theorem 2], which in turn is closely related to an
Aomoto-Ito type sum (cf. [4], [44]) for the non-reduced root system BC),. The proofs
of the summation formulas in [18] are based on a multiple 1 summation formula of
Gustafson.

In the one variable case it is known that the Askey-Wilson integral can be rewritten
as an infinite sum of residues for some parameter region by shifting the contour over
four infinite sequences of poles (see [7, Theorem 2.1]). More generally one can ask
the question whether a completely discrete orthogonality measure for the Koornwinder
polynomials can be obtained by pulling the ¢{-contours over certain infinite sequence of
poles in the orthogonality relations of the Koornwinder polynomials (Theorem 2.3.7).

Strong indications in that direction can be found in Gustafson’s paper [32] and the re-
cent paper of Tarasov and Varchenko [127] where contours in multidimensional integrals
are shifted over infinite sequences of poles in order to arrive at (purely discrete) multi-
dimensional Jackson integrals. Another strong indication is the fact that the Macdonald
polynomials are orthogonal with respect to Aomoto-Ito type (cf. [4], [44]) weight func-
tions (see Cherednik [15]). Since the B, C and D type Macdonald polynomials can be
obtained from the Koornwinder polynomials by suitable specialization of the parameters
we thus have orthogonality relations for these subfamilies of the Koornwinder polyno-
mials with respect to infinite discrete measures (and the corresponding discrete weights
are directly related to (2.5.1), see [18]).

We will not consider here the above mentioned questions. In the next chapter we
will look instead at the implications of the residue calculus for certain limit cases of the
Koornwinder polynomials (multivariable big and little g-Jacobi polynomials). In order
to study these limit cases we first need to consider the Koornwinder polynomials for yet
another parameter domain. This will be the subject of the next section.

2.6. Koornwinder polynomials with positive orthogonality measure

In this section the Koornwinder polynomials are considered for parameters ¢ in the
following parameter domain.

DEFINITION 2.6.1. Let Vi be the set of parameters t = (to, t1,to, t3) which satisfy
the following conditions:
(1) The parameters to,t1,ta,t3 are real, or if complex, then they appear in conjugate
pairs.
2) ity ¢ Rzl forallO < k<l <3.

Observe that parameters t € Vi satisfy the following properties:
A)t; e Rif || > 1;
(B) There are at most two parameters with modulus > 1. If there are two, then one is
positive and the other is negative.
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It will be shown that the multivariable Koornwinder polynomials are orthogonal with
respect to a positive, partly discrete orthogonality measure for ¢ € (0,1) and ¢t € Vg by
shifting the contour C” in the integral

2.6.1) (37;? / / Py(2)Pu(2)A(2)
zeCn
to the n-torus T'™ for a specific parameter domain Vy C V' (here C is a ¢-contour (Defini-
tion 2.3.2) and V is the parameter domain given in Definition 2.3.1). Then a partly discrete
orthogonality measure will be obtained which turns out to be well defined and positive for
parameter values ¢ € Vi . Orthogonality relations for parameter values ¢ € Vi with re-
spect to this positive, partly discrete orthogonality measure can then be derived by suitable
continuity arguments.
The parameter domain V; is defined as follows.

dz

z

DEFINITION 2.6.2. Let Vy be the set of parameterst € V for which
(i) at most two parameters have modulus > 1;
(i) tit'"q? ¢ T fori € 0,3, j € [-1,n — 1] andp € Z.

Fixt € (0,1),t € W and 0 <4 # j < 3 such that |tg| < 1for k # 4,j. Write
P = =1t respectively p) := tP~1t; for p € Z. Define for r € N a finite discrete
set D;(r) = D;(r;t;t) € CT by
(2.6.2) ‘ Di(r) == {pDg" | p € P(r), |pPg*| > 1}
and similarly for D;(r), where P(r) is given by (2.4.4) and

PVt = (pPg, ..., o)

for p € P(r). Observe that D;(r) = § if |¢t;] < 1. Furthermore, write F(r) =
F(r;t;t) C C for the disjoint union
(2.6.3) F(r):= |J Di() x Dj(m)  (r €[1,n)).

I+m=r
l,m€eZ

Here the convention is used that D;(I) x D;(m) = 0 ifl > 0 and D;(I) = Qorif m > 0
and D](m) = @, and that Dz(O) X D](m) = Dj(m), Dl(l) X D](O) = Dl(l) Let
w € F(r),z € T" " and set

(2.6.4) duf(w,z;i; t):= A,{((w,z;i; t)%z—

with weight function AX (w, z) forw = (9,¢) € D;(I) x Dj(m) given by

(2.6.5) AKW,¢ 2 t51) := AD@;8)AD (1) Az 1 1)5:(9; €, 2)80(C; 2)

where A(? is given by (2.4.7) and d. is given by (2.4.11). For the special case | = 0
respectively m = 0, (2.6.5) simplifies to

(2.6.6) AR (¢ zt51) = AD (G A2 5 8)6:(C 2) = A(C, 255)
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respectively
(2.6.7) AT (0,2 88) = AD(9;4:) A2 1 1)56 (95 2) = Ap (9, 23 83).

where A, is given by (2.4.10). The following lemma is an easy consequence of the residue
calculus developed in Section 2.4.

LEMMA 2.6.3. Lett € (0,1) and t € Vy. Let C be a t-contour and f € AYY. Then,

o [[1006) = o [[ 1102

(2 6 8) zeCn z€T™
e n 2"(n—r+1)r

+ Z (27”')n—7‘

r=1

> ] s,
wEF(r)ZETn_r

PROOF. If |t;| < 1 for all k£ then we only have the completely continuous measure
dv on T™ in the right hand side of (2.6.8) since F'(r) = . Since T is a ¢-contour in this
case, the lemma follows from Lemma 2.3.4.

Suppose that at most one parameter has modulus > 1. By the symmetry of dv(z; t; t)
in the four parameters ¢, we may assume that |ty| > 1. By Lemma 2.3.4, we may assume
that the ¢-contour C satisfies the additional conditions that A™ := {z € [0,1] |rc(z) >
1} is an open interval and that af € A% but o ¢ At fori = 1,2,3 (here r¢ is as in
Definition 2.3.2, and « is given by (2.3.2)). Then (C,T) is a (n, to)-residue pair since
t € Vp (Definition 2.6.2), and Do(1) = D(l;C,T;to) (2.4.6) since tg is in the interior of
C'. The lemma is then a direct consequence of Proposition 2.4.3 and (2.6.7).

Suppose now that two parameters have moduli > 1. Without loss of generality, we
may assume that |tg| > 1 and |¢;| > 1, and that the ¢-contour C' satisfies the additional
condition that

{z €[0,1]|rc(z) > 1} = Af U Af

disjoint union, with the A} open intervals such that o € A} and o ¢ Af forj # i
andi = 0,1. Let C' := ¢¢+ ([0, 1]) be the deformed circle with parametrization ¢¢- (z) =
rcr(z)e*™ given by

ro(z) ==ro(z) (z ¢ AT UAY), ro(z):=1 (z€ Af UAY),

where Ay := (1 — 3,1 — a) when AJ = (a,3). Then (C,C’) is a (n, to)-residue
pair, (C',T') is a (n, t;)-residue pair and Dy (1) = D(I;C,C";to) respectively D1 (m) =
D(m;C",T;t;) since to and ¢; are in the interior of C. Write Q' for the domain associated
with (C,T), then 6.(9;.) € Ow ((¥')"!) for ¥ € Dy (1), hence the lemma follows by
applying Proposition 2.4.3 first to the (n, t¢)-residue pair (C, C"), and then to the (n, ¢;)-
residue pair (C', T'). O
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For t = ¢* with k£ € N, formula (2.6.8) can be rewritten as

2m /f Jdv(z) = 27m” r Z Z

zeC™ b zief{eiq! }1 i
(2.6.9) i=1,..,r

n

dz;

// f( Z q de(zz;ez H wc(zj J
(2r41,--520)ET™™T j=r+l

for f € A", where the second sum is over e; € {t;|j € [0,3],|t;| > 1} and N, is

the largest positive integer such that |e;q™<i| > 1. Formula (2.6.9) can also be proved

directly by induction on n using similar arguments as in the proof of Lemma 2.4.2.
Define now bilinear forms (., .),;: on A" forr € [0,n],t € Vp and t € (0, 1) by

(k= [[ 110t

zeT™

frghi= 3 // F(w,2)9(w, )X @,2), 7€ [L,n]

WEF(T)ZeTn——r

(2.6.10)

for f,g € A" and set

_ “\2"(n—r+1
(2.6.11) (foee = ).

r=0

W(ﬂg%,g,t, fge A,
In the following lemma the symmetric bilinear form (., .); ; is considered for parameter
values (¢,t) € Vg x (0,1). -

LEMMA 2.6.4. Lett € (0,1) andt € Vk.
(i) The bilinear form (., .)y ; is well defined;
(ii) The weight function A(z;t;t) respectively AK (w, z; t;t) is positive for z € T™ re-
spectively (w,z) € F(r) x T " (r € [1,n)).

PROOF. The discrete weights wy (2.2.7) appearing as factors of the weight function
AK (w, 2) for r > 0 are well defined and strictly positive. Indeed if tt,t2t3 = 0, then the
factors (tiq/t;;q), t§ in the denominator of w, should be read as [T, (t; — tig"*').
The factor 6(z;t) = |04 (2;t)|? is also well defined and positive for z € T ".

Without loss of generality we may assume that |t5], |t3] < 1. Fix w = (¢,() € F(r)
with 9 € Do(l) and ¢ € Dy(m) (r = I + m). The factor 64(1) respectively 4(¢)
(2.4.8) appearing in the discrete weights A(? (9; t,) respectively A@ (¢;t,) whenl > 0
respectively m > 0 is well defined and strict positive. Indeed, if ¥ € Dy(l) and I > 0,
then |¢9| > 1, hence to € R. Then §4(¢9) > 0 follows easily from the definition of the set
Dy(l) (2.6.2).

It remains to show that h(z) := (J]}2," we(21;t))0c(9; ¢, 2)8c((; 2) is well defined
and positive for z € T™~". We check the case that both ¢q and ¢; have moduli > 1, and
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that ¢ is positive real and ¢; negative real (see property (B) for parameters ¢t € V). The
case that at most one parameter has modulus > 1 will then also be clear.

Rewrite the factor (2?,272;¢) _ appearing in the numerator of w,(; ) as
L—z7hq) (677,927 ¢%)
then it is sufficient to check that the factors of the form

(z,27%q) ,

(z%,27%q) = (¢, —z, 2~

ho(z) = ————=2—J] (¥ L0 e )

o) (tox,t0$_1§q)mlg( o O ),
(-2 -27%49), T 1 -1, 41,1

Pule) = (t1:17,t1$_1;Q)oo kl-_—:Il(Ckm’Ckm 1,<k no ;q)T

(I,m € [0,n — 1]) are well defined and positive for z € T (here t = ¢7). Indeed,
the remaining factors of w.(z;t) are easily seen to be well defined and positive since
|t2|, |ts| < 1 and t2, t5 are both real or are a conjugate pair, while the remaining factors

II @5¢59), Geltl,jell,m])
€i,65==%1

of 0.(¥%; ¢, z) are well defined and positive since tg is positive real and ¢, is negative real.
Now let A € P(l) such that ¥ = p(0¢* € Dy(1), then ho(z) = |hg (z)|? for z € T with
h$ given by

l
z;q -
) o0 k=
(z:9) II (9% '=;9),
(t19133;4) (tﬁk—lx;q))\k—)\k—l

where ¥¢ := t "1ty and \g := 0. It follows that hg (z) is well defined for z € T, since the
possible zero at z = 1 of the factor (tz?la:; q) o in the denominator can be compensated

by the zero at z = 1 of the factor (z;¢) __. Similarly, one deals with h, (). |

~

oo k=1

We write AIEV for the R-algebra of W-invariant Laurent polynomials in the variables
21,..., 2. The following corollary is a direct consequence of Lemma 2.6.4.

COROLLARY 2.6.5. Lett € Vi andt € (0,1). Then the restriction of the bilinear
form (., )¢ to A} x AY maps into R and is positive definite.

PROOF. The monomials my (A € A) are real-valued on F'(r) x T™~" since F'(r) C
R" by property (A) for parameters in Vg (Definition 2.6.1), so the assertion follows from
Lemma 2.6.4(ii). O

The following theorem defines the Koornwinder polynomials for parameters ¢ € Vi and
t € (0,1) as a special choice of orthogonal basis for A} with respect to the positive
definite bilinear form (., .); ; : AY x A — R.
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THEOREM 2.6.6. For parameters (t,t) € Vi x (0,1) there exists a unique basis
{Pa(:;t;t)}ren of AY such that

@ Pr(5t:t) = ma + 30, o exults t)my, some ey u(tit) € R

(@) (Pr(:56), Pu(5658))e = 0if p # A
Furthermore, Py(.;t;1) is an eigenfunction of Dy ; with eigenvalue E\(t;t) and we have
the explicit evaluation formula

(Pa(55:8), PAGi ) e = N(Nst5t), A€A
for the quadratic norms of the polynomials P.
PROOF. Fix t € (0,1) and t € Vi. Since (., .}y is positive definite on A}, there

exists for A € A a unique W-invariant Laurent polynomial Py (.;t;t) € AY satisfying
(i) and the conditions (Py(.;t;t),my) s = O for all 4 < . Furthermore,

(mx, Pu(585t))s.4
(Pu(t5t), Pu(5t5t)) et

The polynomials Px(z;¢;t) = ma(z) + 32, cau(t; t)myu(z) as defined in Theorem
2.3.7 also satisfy the formula (2.6.12) when t € Vj, in view of Lemma 2.6.3. Fix t €
Vi \ Vi, where V¢ is the set of parameters ¢t € Vg such that t; = ¢t~"™¢~* for some
i €1[0,3],m € [0,n—1]and s € Z. Let {t; }rez. be a sequence in V; converging to ¢.
Then, by the bounded convergence Theorem,

(2.6.13) (£, = (f, et Vg€ AV,

Indeed, by assuming t ¢ V-, we have F(r;7;t) = F(r;¢;t) for T in an open neighbour-
hood of ¢ (r € [1,n]), and no zeros in the denominator of the expression for AX (w, .; £; 1)
(w € F(r), r € [0,n — 1]) occur which need to be compensated by zeros in the numer-
ator (see the proof of Lemma 2.6.4). Hence the bounded convergence Theorem may be
applied at once.

By induction on A we then obtain from (2.6.12) and (2.6.13) that

(2.6.14) lim ey, (t;t) = eau(tst), p<A,
k—o0

(26.12)  Pi(z;t;t) =ma(2) = Y P.(z:t;t), X€EA.

n<A

lim
k—o0

where cy , are the expansion coefficients of Py with respect to the monomials m,, (1 €
A). By the residue calculus given in Lemma 2.6.3, Theorem 2.3.7 can be reformulated
with respect to the bilinear form (., .), ; for 7 € V4. The theorem follows then for t €
Vi \ Vi by taking limits in the reformulated results using Proposition 2.3.6 and (2.6.14).

To prove the theorem for ¢ € V-, we use again a continuity argument. We treat
here one typical example, the general case is derived similarly. Assume thatt € Vj with
to = t~™q* for some m € [0,n—1],s € Z and that t; # t~'q~* foralli € {1,2,3},
l €[0,n—1]and s' € Z.. Then there exists an € > 0 such that (79, t1,t2,t3) € Vk \ V¢
and F(r;7,t1,1t2,t3;t) = F(r;t;t) forallr € [1,n] and all 7o € Rso withtg — 70 < €.
We claim that

(2615) (fa g>T0,t1,t2,t3,t = <fa 9>g,t, Vfag € AW

lim
ToTto
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We use the bounded convergence Theorem. In Lemma 2.6.4 it was shown that zeros in
the denominator of the expression for the weight function A% (w, .; 7;¢) can occur when
w € F(r;r;t) and 7 € Vj, and that these zeros can be compensated by zeros in the
numerator. It follows from the specific form of these compensated zeros and from the fact
that the functions

(1£z) .
B (u,0) = | OFeny T u#l
1 ifu=1
are bounded on U x T where U C R is some open set containing 1, that the bounded
convergence Theorem may be applied in the limit (2.6.15). Now the theorem for the
specific parameter values ¢ follows by continuity arguments from (2.6.15). O

For parameters ¢ € Vi with |¢;| < 1 the orthogonality measure is completely continu-
ous (i.e. {.,.) = (,,.)o) and coincides with Koornwinder’s orthogonality measure [65].
In particular the orthogonality relations reduce to Koornwinder’s orthogonality relations
(see [65]) and the quadratic norm evaluations reduce to van Diejen’s quadratic norm eval-
uations (see [17]) for parameter values t € Vi with |¢;]| < 1.

Theorem 2.6.6 for n = 1 reduces to the orthogonality relations and norm evaluations
stated in [7, Theorem 2.5].

Fort = ¢* (k € N) the bilinear form (., Jt,qk (2.6.11) can be rewritten as

(fﬂ)—i i ,62 >

o cpyNes 0 G €T
€
(2.6.16) sederhisd
dz
f(2)g(2)d(z; ¢* de 2i;€;) I—‘Lwc 2j)—= z
j=r

for f,g € AY. This is the form of the partly discrete orthogonality measure for the
Koornwinder polynomials with discrete deformation parameter ¢ = ¢* which was studied
earlier in [117] and [118].



CHAPTER 3

Limit transitions for multivariable orthogonal
polynomials

3.1. Introduction

The one variable big and little g-Jacobi polynomials depend apart from g on (es-
sentially) three and two parameters, respectively. The associated orthogonality measures
are completely discrete and have infinitely many discrete mass points. The orthogona-
lity measures can be expressed most conveniently in terms of Jackson integrals. The one
variable big and little g-Jacobi polynomials are g-analogues of the classical Jacobi poly-
nomials in the sense that when ¢ tends to 1, the big and little g-Jacobi polynomials tend, up
to a possible translation and dilation of the variable, to the classical Jacobi polynomials.

The families of one variable big and little g-Jacobi polynomials are members of the
Askey tableau. The Askey tableau consists of families of (basic hypergeometric) ortho-
gonal polynomials which are joint eigenfunctions of a second order g-difference operator.
Some families can be obtained from others by limit transitions or by specializations of
parameters. This induces the hierarchy structure between the families. From this point
of view, the four parameter family of Askey-Wilson polynomials is on top of the hi-
erarchy and the families of big and little g-Jacobi polynomials are directly below the
Askey-Wilson polynomials. Suitable limit transitions are known from the Askey-Wilson
polynomials to the big and little g-Jacobi polynomials (cf. [66]).

In this chapter the limit transitions from Askey-Wilson polynomials to big and lit-
tle g-Jacobi polynomials are generalized to the multivariable setting. It is shown that in
these limits, the positive, partly continuous orthogonality measure for the Koornwinder
polynomials (cf. Section 2.6) tend to certain completely discrete measures. These dis-
crete measures can be expressed most conveniently in terms of multidimensional Jackson
integrals. They reduce to the orthogonality measures for the little and big g-Jacobi po-
lynomials in the one variable setting. These discrete measures are used to define a four
parameter family of multivariable big ¢g-Jacobi polynomials and a three parameter family
of multivariable little g-Jacobi polynomials. Orthogonality relations and quadratic norm
evaluations for the multivariable big and little g-Jacobi polynomials then follow by tak-
ing the limits in the orthogonality relations and the quadratic norm evaluations for the
Koornwinder polynomials (cf. previous chapter).

The constant term identities for the multivariable little and big ¢g-Jacobi polynomials
reduce to well-known g-analogues of the Selberg integral. The constant term identity

47
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for the multivariable little g-Jacobi polynomials (Corollary 3.3.6) is known as the Askey-
Habsieger-Kadell formula (see [5],[33],[54]) and was proved in full generality by Aomoto
[4]. The constant term identity for the multivariable big g-Jacobi polynomials with one
of the parameters discrete (Corollary 3.5.3) was conjectured by Askey [5] and proved by
Evans [29]. The constant term identity in the general form (Corollary 3.4.8) is equivalent
to Tarasov’s and Varchenko’s constant term identity [127, Theorem (E.10)].

In this chapter we develop also a more algebraic method for proving limit transitions
between families of multivariable orthogonal polynomials. The method is based on the
fact that the multivariable basic hypergeometric orthogonal polynomials under consider-
ation can be characterized for generic parameter values as a special type of eigenfunc-
tion for an explicitly known second order g-difference operator. The proof of the limit
transitions reduces then to the problem of computing limits of second order g-difference
operators and their eigenvalues. Usually this method is less computational and valid for
generic parameter values. The disadvantage of this method is that properties of the po-
lynomials, such as orthogonality relations and quadratic norm evaluations, can not be
rigorously transported to their limit cases. In this chapter we apply this algebraic method
to prove limit transitions from Koornwinder polynomials, multivariable big and little ¢-
Jacobi polynomials to generalized Jacobi polynomials.

This chapter is organized as follows. In Section 3.2 the one variable little and big
g-Jacobi polynomials are defined as limit cases of the Askey-Wilson polynomials and
their orthogonality relations and quadratic norm evaluations are recalled. In Section 3.3
respectively Section 3.4, the multivariable little respectively big g-Jacobi polynomials
are introduced and studied. The proof of the limit from the orthogonality measure of the
Koornwinder polynomials to the discrete orthogonality measures of the multivariable little
respectively big g-Jacobi polynomials is postponed to Section 3.7 respectively Section
3.8. In Section 3.5 the orthogonality measures of the multivariable big and little g-Jacobi
polynomials are considered when one parameter is discrete. Then it is shown that the
constant term identities for the multivariable big and little g-Jacobi polynomials reduce to
well-known identities which were already studied in the beginning of the 1980’s, cf. [5].
In Section 3.6 the algebraic approach for proving limit transitions is developed.

3.2. One variable big and little g-Jacobi polynomials

In this section the families of little and big g-Jacobi polynomials are introduced as
limit cases of the Askey-Wilson polynomials. For the notations on Askey-Wilson poly-
nomials, we refer the reader to Section 2.2.

The monic little g-Jacobi polynomials { P (.;a,b)}nez, can be considered as limit
cases of the monic Askey-Wilson polynomials by substituting

3.2.1) tr(e) == (e7'q?, —aq?,ebq?, —q*)
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for the four variables of the Askey-Wilson polynomials, rescaling of the z-variable, and
taking the limit € | 0,

(32.2) PL(za,b) :leiﬁ)l (eq“%) P, (s_lq%z;ﬁL(s))
. 1\ " 11

(3.2.3) zlelig(eq‘f) Pn(s‘ q§Z§tL,2(5)7tL,0(5)atL,B(f‘:)atL,l(E))

(absq) (q‘”, q"*'ab, gbz )

324 = n - i q,

324 (gb)"(¢™+ab; q)n3¢2 gb, 0 o1
(-1)"¢(%) (a; q) ", ¢"*lab

3.25 = n .

( ) (qn+10,b; q)n 2¢1 ( qa 45 q2>

(cf. [66, Proposition 6.3] and take into account that the Askey-Wilson polynomials used
in [66] are written as functions of (z + z7!)/2 and are normalized differently). In fact,
an easy calculation yields that the right hand side of (3.2.3) is equal to

(gb;4),, " (g7™, q"ab; q) "
m(_gq™H1p, —eq™ L ab;
(gb)"(g"+tabsq), = (g,9b39),, (~eq ! Dn-m
(3.2.6) o | | 1
‘qm H ((1 +€2b2q21+1) _ qH-lbgq—%hl (6—1(]52))
i=0

with by (z) := z + 271, 50 (3.2.4) follows from the observation that lim. o (ue; q) =1
and

(3.2.7) 1%1 uhi(u™t2) = 2.

A transformation formula for terminating 2 ¢; series [30, (IIL.7), p. 241] yields (3.2.5) and
shows that the little g-Jacobi polynomials are also defined for b = 0. The little g-Jacobi
polynomial P (z;a,b) is a monic polynomial of degree n in the variable z. So in the
limit (3.2.2) we go from a polynomial in z + z~! to a polynomial in z. This can be made
more transparent as follows. Expand P,, in powers of z + z 7%,

Pn(zat) = ch,r@)hr(z) (Cn,n = 1)
r=0

with k. (2) := (h1(2))" = (2 + 271)". Then (3.2.7) extends to the limit

(3.2.8) 11% uhe(ut2)=2"  (reN)

so by (3.2.6) and (3.2.8) we conclude that

n

PL(z;a,b) = Z c{;’r(a, b)z"

r=0
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with

(3.2.9) lim(eq~ )" enp(ty () = c& (a,b).

The monic big g-Jacobi polynomials {P2(.; a,b, ¢,d)}ncz, may be considered as limit
cases of the monic Askey-Wilson polynomials by substituting

(3.2.10) tp(e) == (e~ (qe/d)?, —e(qd/c)?,calqd/c)? , —eb(qc/d)?)

for the four variables of the Askey-Wilson polynomials, rescaling of the z-variable, and
taking the limit e | O:

P2(z;0,b,¢,d) :zleiig(dcd/q)%) w (e afed)E2itp(e) )
3211 =im (E(Cd/Q)%)nPn(E_I(Q/Cd)%Z;tB,Z(E)’tB,O(g)vtB,l(E)thB(E))

B (qa, —qad/c; Q)n é (q_", q"*lab, qzajc )
~ (q™*'ab;q) ,(ga/0) qa, —qadfc T
(cf. [66, Proposition 6.1]). Observe that P2 (z; a, b, ¢, d) is a monic polynomial of degree
n in the variable z.
Similarly as in the little g-Jacobi case, we have

PB(z;a,b,c,d) = ch,abcd

with
(3.2.12) (@b, ¢,d) = lim (e(ed/g) 5" e r(tp(e)).
€.
In the next theorem we give the orthogonality relations and norm evaluations for the mo-

nic little g-Jacobi polynomials with parameters (a, b) € Vi, where the parameter domain
V1, is defined as follows.

DEFINITION 3.2.1. Let Vi, be the set of parameters (a,b) for which a € (0,1/q)
andb € (—o0,1/q).

Recall the definition of the Jackson g-integral and the ¢-Gamma function, which were
introduced in Section 1.2.

THEOREM 3.2.2. ([1, Theorem 9]) Let (a,b) € Vi. Then

1
/ (PLPY) (2 0, bur, (23 0, b)dgz = S N (ns a0, B),
0

with
CE Lo

(3.2.13) vr(z;a,b) := (qbZ'q)
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The quadratic norms N'*(n) of the monic little g-Jacobi polynomials are explicitly given
by

N (na,b) = Lin+1)Tg(n+1+a)ly(n+1+p)i(n+1+a+0) gn+en

L,2n+14+a+B)T,2n+2+a+f) ’

where b = ¢P.

Observe that the weights vy, (z; a, b) are positive since (a, b) € V.. The little g-Jacobi
polynomials were first observed by Hahn [33]. A detailed discussion of the orthogonality
relations and norm evaluations was given by Andrews and Askey [1]. The orthogona-
lity relations and norm evaluations were derived from the g-binomial formula [1, (3.6)],
[30, (I1.3), p.236] and the g-Pfaff-Saalschiitz formula [1, (3.7)], [30, (I1.12), p.237]. The
evaluation of the g-Jackson integral over the weight function

Fq(ra'*‘l)rq(ﬁ‘i‘l) (azqa’b:qﬁ)
2+ a+0)
is a well-known g¢-analogue of the beta integral, and is equivalent with the g-binomial
formula [30, (I1.3), p.236] (see §1.2).

We end this section with the orthogonality relations and norm evaluations for the
monic big g-Jacobi polynomials with parameters (a, b, ¢, d) in the following parameter
domain.

1
(3.2.14) / vr(z;a,b)dgz =
0

DEFINITION 3.2.3. Let Vg be the set of parameters (a,b, c,d) for which c¢,d > 0
and a € (—c/dq,1/q), b€ (—d/cq,1/q) ora=cu, b= —duwithu € C\R

THEOREM 3.2.4. ([3, Section 3]) Let (a, b, c,d) € Vg. Then
(3.2.15) / (PBPEB)(2;a,b,¢,d)vp(z;a,b,¢,d)dyz = G nNE(n;a,b,¢,d),
—d
with
(¢z/c, —qz/d;q)
(qaz/c, —gbz/d; q)oo

The quadratic norms N'B(n) of the monic big q-Jacobi polynomials are explicitly given
by

(3.2.16) vgp(z;a,b,c,d) :=

Lyn+1)ly(n+14+a)Ty(n+1+B)i(n+1+a+03)
Fy@2n+1+a+By2n+2+a+ )

(ed)"+14C) (~c/d, ~d/c;q),,
(c+d)(—g™H1be/d, —q"ad/c;q)

where a = q® and b = ¢°.

NB(n;a,b,c,d) =

Observe that the weights vg(z;a,b, ¢,d) are positive since (a,b,c,d) € V. The
big g-Jacobi polynomials were first hinted at by Hahn [33]. A detailed discussion of
the orthogonality relations and norm evaluations was given by Andrews and Askey [3].
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The orthogonality relations and norm evaluations were derived using the g-Vandermonde
formula [3, (3.29)], [30, (I1.6), p.236] and the evaluation of the g-Jackson integral over
the weight function

(3.2.17)
c ' T4+ a)ly(1+8) (—c/d, —d/c; q)oocd
/_d vp(z;a,b,c,d)dgz = Ty@2+a+p) (—gbe/d,—qad/c; q)oo(c +d)

(¢, —d/c,—qc/d, ¢*ab;q)

=(1-g)c
( q) (qa'7 qb’ —qu/d, _qad/c; q)oo

where a = ¢, b = ¢°. The summation formula (3.2.17) is a g-analogue of the beta
integral which first appeared in [3, Theorem 1].

It turns out that the orthogonality relations and norm evaluations for the little and big
g-Jacobi polynomials can be obtained by taking the limit (3.2.2) respectively (3.2.11) in
the orthogonality relations for the Askey-Wilson polynomials. If one chooses the contin-
uous part of the orthogonality measure for the Askey-Wilson polynomials supported on
the circle T = {z € C||z| = 1} using Cauchy’s Theorem, one can show by Lebesgue’s
dominated convergence Theorem that the continuous part of the measure disappears in
the limit (3.2.2) respectively (3.2.11). See Section 1.2 for a simplified example of this
phenomenon. In case of the little g-Jacobi polynomials, the discrete part of the ortho-
gonality measure blows up to one infinite discrete serie of weights, since there is one
parameter in ¢; (¢) (3.2.1) which blows up to infinity in absolute value when € — 0. In
case of the big g-Jacobi polynomials, the discrete part of the orthogonality measure poly-
nomials blows up to two infinite discrete series of weights, since there are two parameters
in 5 (g) (3.2.10) which blows up to infinity in absolute value when € — 0. Making this
explicit, one obtains rigorous proofs of Theorem 3.2.2 and Theorem 3.2.4 as corollar-
ies of the orthogonality relations and norm evaluations of the Askey-Wilson polynomials
(see [122] for details). In Section 3.3 and Section 3.4 this approach is used to generalize
Theorem 3.2.2 and Theorem 3.2.4 to the multivariable setting.

3.3. Limit transitions to little g-Jacobi polynomials

In this section a multivariable analogue of the limit from Askey-Wilson polynomials
to little g-Jacobi polynomials (cf. (3.2.3)) is considered. We will show that in this limit,
the positive partly discrete orthogonality measure (Theorem 2.6.6) for the Koornwinder
polynomials tends to an infinite discrete measure. The rigorous proof of this fact will be
given in Section 3.7. This discrete measure is used to define the multivariable analogues
of the little g-Jacobi polynomials. Orthogonality relations and quadratic norm evaluations
for the multivariable little g-Jacobi polynomials are then derived by taking limits in the
corresponding results for the Koornwinder polynomials.

The orthogonality measure of the multivariable little g-Jacobi polynomials can be ex-
pressed most conveniently in terms of certain multidimensional Jackson integrals, which
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we will define now first. For a point £ € (C*)™, the Jackson integral of f over the set

(3.3.1) (&n = {¢" |v € P(n)}
where £¢” := (£14"*, ... ,&nq"") and P(n) is given by (2.4.4), is defined by

(33.2) / / F(2)dgz = "y &q”)HE ¢

(€)n vEP(n)

provided that the multisum is absolutely convergent. Note that for special points £ =
(&, &7, ... ,&y™™Y) € (C*)", the multisum (3.3.2) can be expressed as an iterated
Jackson integral (1.2.2) by

YZn—1
(3.3.3) //f )dgz —/ / / 2)dgzp ... dgz1.
21=0 J z0= 0 n=0

(€)n
Let AS be the R-algebra of G-invariant polynomials in the variables z1, . .. , 2,. An R-
basis for A is given by the set of monomials {175 }xca, Where ) (2) = Y opeer A

Define a symmetric bilinear form (., )‘”; on AS fort € (0,1) and (a,b) € Vi (cf.
Definition 3.2.1) by

(3.3.4) (f,9)L == //f(z)g(z)AL(z)dqz, f.g € AS
' (PL)n

where pr, ; := t*~1 and where the weight function AF(2) = AL(z;a,b;t) is given by

(33.5) Al(z):=q¢77 Y )t (e+1)(3 (H v (2 ) (a=q¢%t=q")

with vy, (3.2.13) the weight function for the one variable little g-Jacobi polynomials and
with interaction factor 0, (z; ¢) given by

(3.3.6)

0qa(z:) 1= H |2 = zjll2a*" " (gt 25/ 264) 5, 5 (t=q",7>0).
1<i<j<n

It can be shown that the weights A% (2) in the bilinear form (., .), are strict positive for
z € {pr)n and that (f, g) 1, written out as a multidimensional infinite sum, is absolutely
convergentforall f, g € AG. For a detailed proof of this fact, we refer the reader to [116,
Section 6].

DEFINITION 3.3.1. Let t € (0,1) and (a,b) € Vi. The multivariable litile q-
Jacobi polynomials {PL(.;a,b;t)}xea are by definition the unique symmetric polyno-
mials which satisfy
(@) P{ =1+ Y, o5 CX i for certain ¢l , = X (e, bit) € R
() (PL )L =0 forp < A
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In the following proposition the link is established between Koornwinder polyno-
mials with positive partly discrete orthogonality measure and the little g-Jacobi polyno-
mials. We use in the formulation of the proposition the notation |A| := Y_7_; A; for the
length of a partition A € A.

PROPOSITION 3.3.2. Lett € (0,1) and (a,b) € Vy. There exists a sequence of
positive real numbers {€}, } ez which converges to 0, such that

n

. -1, 4i— - i— — L\ [M+k]

537 kli)n;o (H(—equt’ !, —e;  qat! 1;11)00) (erg™?) (M, Mt (en)
3. =1

-2 e~
=2"nl(g;q) . "(1 — @) " (ma, M) T
Sforall \, i € A, where {.,.)¢ is given by (2.6.11) and t;, is given by (3.2.1).

The proof of the proposition will be given in Section 3.7. Observe that ¢; (¢) € Vi
for ¢ € Ry sufficiently small, so (., '>LL(E)¢ is well defined and positive definite for
€ € Ry sufficiently small by Lemma 2.6.4 and Corollary 2.6.5.

Proposition 3.3.2 will be used to prove that the multivariable little g-Jacobi polyno-
mials are limit cases of the Koornwinder polynomials and to establish orthogonality re-
lations and norm evaluations for the little g-Jacobi polynomials with respect to the scalar
product (.,.), on AS.

The following definition of limit transitions between G-invariant Laurent polyno-
mials will be used. Let f(.;u) (u € R*) and f be G-invariant Laurent polynomials in
n variables z1, . .. , z,, then we write lim, o f(.;u) = f if lim,—o f(2;u) = f(2) for
all z € (C*)™. Observe that the R-algebra of G-invariant Laurent polynomials has as
R-basis the set of monomials {1 (2)} \¢ 1. where A ;= {\ € Z"|\; > X2 > ... > A\, }
and m(2) := 3 cen 24 I f(5u) = Xyeaon(w)my (w € R )and f =3, 5 exma
satisfy the additional condition that {\ € A|cy(u) # 0} is contained in some finite u-
independent subset for |u| sufficiently small, then lim,,_,¢ f(.;u) = fifflim,_0cx(u) =
cy forall A € A. Crucial in the limit from Koornwinder polynomials to little g-Jacobi
polynomials is a limit from rescaled monomials m(z|u) to 7y (2z), where the rescaled
monomial my(z|u) for u € R* is the G-invariant Laurent polynomial given by

(3.3.8) my(zlu) = u"\lm)‘(u°lz), A EA,
where u=!z := (u™'z1,... ,u"'2,). In terms of the basis {"Mu} > we have
ma(zlu) = Y dau(u)mu(z), A€A
pEANWA

with dy ,, (u) homogeneous of degree |A| — |u| and dy x(u) = 1. Furthermore, |u| < |A]
if p € WX and |\| = || iff p € G\. Hence we obtain the limit transitions

3.3.9 ili)l}) my(z|u) = ma(z) (A€ A).
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This limit will play a fundamental role for the multivariable generalization of the limit
from Askey-Wilson polynomials to little g-Jacobi polynomials.

The quadratic norm of the little g-Jacobi polynomials can be expressed in terms of
functions V5 (A) = NV (A;a, b;¢) and N5 (A) = N (X; a, b; t) which are defined by

n

__HFq(/\i+1+(n—i)7+a+[3)Fq()\i+1+(n—i)7‘+a)
B T,2\ +14+2(n—i)T +a+F)

i=1

TN+ M+ 1+(@2n—j—k+Dr+a+p)
(3.3.10) 1<j];‘£<n< Lo+ X +1+@2n—j—k)T+a+p)
Fq(Aj—Ak+(k—j+1)T))
T =M+ k=i )
T B 14 (1= DTG0 + L (0= )7 + )
NN = Z];[l T, 2\ + 2+ 2(n — )7 +a+ )
(3.3.11) (F O +M+2+@n—j—k—Dr+a+p)
B 1<j<k<n FoAj+M+2+2n—j—k)7+a+p)

FgA\j =M +1+(k—j— 1)7'))
LeNj — A+ 14+ (k—j)7)

where a = qo‘,'b = ¢®,t = ¢" and where I';(2) is the g-Gamma function given by (1.2.4).

For \ € A, (a,b) € VL, and t € (0,1) define NL(\) = NE();a,b;t) by

(3.3.12) NEQ) 1= gZima Qtad2=dmd ArE ()N (N).

q
Observe that N'L()) is well defined and positive. We have now the following multivari-
able generalization of Theorem 3.2.2 and of the limit transition (3.2.3).

THEOREM 3.3.3. Let (a,b) € Vi, and t € (0, 1). There exists a sequence of positive
real numbers {ey, }kez + Which converges to 0, such that

(3.3.13) lim (q—%sk)w Py(qFer ity (k)i t) = PE(2;a,b5t)
e k 1 2L ) A y Wy Yy

for all X € A. Furthermore, the polynomials { PE}\ca are orthogonal with respect to
(., -y and the quadratic norms of the little q-Jacobi polynomials are given by

(3.3.14) (PE,PEYL, = NE(N), XeA.
PROOF. We write

(q )I lP)\ Z 7 E) t ZC)\,u q 26 |l‘l N(Z)’
n<A

L(2;a,b;t) Zc)\umu

n<A

(3.3.15)
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for the expansions of the Koornwinder polynomial and the multivariable little g-Jacobi
polynomial in terms of monomials. In particular, we have cy x(¢) = cf’ =1

Let < be a total order on A such that 4 < Mif u < A. Let {€x }rez ., be a sequence
in Ry converging to 0 such that (3.3.7) is satisfied for all A, u € A. We prove that

(3.3.16) Jim ey (o) =X, Vo<

and we prove full orthogonality for the subset {PL{“} u=x of multivariable little g-Jacobi
polynomials by induction on A € A along <. The limit (3.3.13) follows then from (3.3.9),
(3.3.15) and (3.3.16), and the quadratic norm evaluations (3.3.14) are then immediate
consequences of the quadratic norm evaluations of the Koornwinder polynomials (see
Theorem 2.6.6), Proposition 3.3.2, (3.3.16) and the observation that

n
: ol il 1 il —1/2 27| ) )
lim <l:[l( e lqt' ™!, —e " qat ,q)oo>(q 2NN (Xt (e);t)

= 2”n!(q; q) ;02“(1 —q)"NE(\ a,b;t).

So it remains to prove the induction step (the case A = 0 being trivial). For A # 0, note
that ¢; (¢) € Vi for e > 0 sufficiently small, hence by Theorem 2.6.6 we can write

OOl NETHOR) =(q—%a)'*‘m (= >
(3.3.17) WO CRD R ACTHOR)

rv<A
with

d)“,,(f;‘) =

(g 2e)M+"(m,y, P, (5Ep(E)i e, (o)
(a7 2e)2" (P, (521, (e);t), P (tL(€); t))e, (o).t

for € > 0 sufficiently small. By the induction hypotheses, we also have

(3.3.18) PE(z;a,b;) )= > dx, PF(za,b;t),
v<A
with
(7, PE(;a,b;8)) %0
(PE(;a,b;t), P <.;a,b;t>>L:’z

L _
dAy -

It follows that for u < A,
(3.3.19) oule) == D d(@enule), k,=- ) di,c
pr<A p<r<A

for e € Ry sufficiently small. Again by the induction hypotheses and by Proposition
3.3.2, we obtain

(3.3.20) Jim dy(ex) = d, Yv<A
—00 ’



3.3. LIMIT TRANSITIONS TO LITTLE ¢-JACOBI POLYNOMIALS 57

So the limits (3.3.16) follow from the induction hypotheses, (3.3.19) and (3.3.20). The
orthogonality relations for {P‘f'} u<x now follow by taking limits in the orthogonality
relations for the Koornwinder polynomials (see Theorem 2.6.6). This completes the proof
of the induction step. O
Write e,(2) = m(-)(2) and &.(z) = mr)(2) for the W-invariant and G-invariant
monomials corresponding to the fundamental weights (1") € A (r € [1,n]). The mo-
nomials {e,}"_; and {&,}"_, are algebraically independent generators of the algebras
AW and AS respectively. Let PE (A € A) be the unique polynomial in n variables
y = (y1,...,Yn) satisfying
P{(e(2),. - én(2)) = P (2).
Similarly, we set P, for the unique polynomial in the n variables y satisfying
Pa(er(2),... en(2)) = Pr(2).
The limit transition (3.3.13) can now be reformulated as follows.
COROLLARY 3.34. Let A € A, (a,b) € Vi, andt € (0,1), then

klirgo(sek)”'*'PA(sekyl,--- s (5e4)"yn3 b1 (ex);t) = P{ (v 0, b;t)
for certain sequence {Ek}kez+ in Ry converging to zero, where s, = qéa_l.
PROOF. The corollary follows from the proof of Theorem 3.3.3 since
(5) "en(se2) = én(2) + O(e)
forr € [1,n]. a
Let Dy, = Dy, 4, be the second order g-difference operator

n

(3.3.21) Dy =Y (65 ,() (T —1d) + ¢1 ;(2)(T; —1d))

i=1

where qbfj(z) = q’)fj(z; a, b; t) is given by

qzj p S 2 T 2§
(3.3.22) 1o Z
- (2) = (1- =) T A=
¢ ;(2) = ( Zj) II P

Then we have the following corollary of Theorem 3.3.3.

COROLLARY 3.3.5. Let (a,b) € Vi andt € (0,1). Then PE(.;a,b;t) is an eigen-
Sunction of Dy, 4 p + with eigenvalue
n
(3.3.23) EY (a,b5t) 1= (qabt>™ 71 (g% — 1) + /7 (7N — 1))
j=1



58 3. LIMIT TRANSITIONS FOR MULTIVARIABLE ORTHOGONAL POLYNOMIALS

forall A € A.
PROOEF. Follows from (3.3.13) by taking the limit ¥ — oo in the equations
- A FI
(3.3.24) ()M (D = Ex)Py) (gFer 25t (e)it) =0 (A€ A)
where D is given by (2.3.13) and E,, is given by (2.3.16). O

In [16] van Diejen introduced n commuting g-difference operators D; (i € [1,n]) with
D, = D which simultaneously diagonalize the Koornwinder polynomials. It is possible
to explicitly compute the limit (3.3.13) in the corresponding eigenvalue equations, as was
done for D; = D in Corollary 3.3.5. This yields n explicit, commuting g-difference
operators Dy 1 = Dy, Dy 9,...,Dr , which simultaneously diagonalize the little g-
Jacobi polynomials. The explicit formulas are omitted here, since we will not be needing
them in the remainder of the thesis.

The constant term identity for the little g-Jacobi polynomials can be rewritten as
follows.

COROLLARY 3.3.6. Fort € (0,1) and (a,b) € Vi, we have

a+1+ =Dl (B+1+ (G -1l (j7)
Lyla+B8+2+(n+j—2)1)[y(r) ’

(3.3.25) (1,1)% H

where a = ¢*,b=q¢® andt = ¢".

The constant term identity (3.3.25) has been studied extensively in the past 20 years.

It was conjectured by Askey [5] for t = ¢*, k € N and proved in this case indepen-

dently by Habsieger [33] and Kadell [54] (see Section 3.5 for more details). For arbitrary

€ (0,1) the first proof appeared in Aomoto’s paper [4] (see also [55] and [127] for
alternative proofs).

3.4. Limit transitions to big g-Jacobi polynomials

In this section a multivariable analogue of the limit transition from Askey-Wilson
polynomials to big g-Jacobi polynomials (cf. (3.2.11)) is considered. By repeating the
methods of the previous section, we derive orthogonality relations and quadratic norm
evaluations for multivariable analogues of the big g-Jacobi polynomials.

Before we define the orthogonality measure for the multivariable big g-Jacobi poly-
nomials we first need to introduce some more notations. Set

n
& mn = J©)s x n-j cC

§=0

where 7,£ € (C*)™ and (£), is defined by (3.3.1). Here we use the convention that
{On x (o = (€)n and (€)o X (M)n = (M)n. Letc = (co,- .. ,cn) € (C*)"H, then we
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define the c-weighted Jackson integral of f over the set (1, ), by

fz)dcz—n | D LEles flz,w)dgzdqw
] I/

(€mn 2€(&); wE(M)n—;
(341 e
=(1-gq Z > eifée” nq”)H&q’“ I (=1ma™),
7=0 peP(j) m=1
veP(n=j)

where the j = 0 respectively j = n term in (3.4.1) should be read as

n

“1reo [[ fwdw=-0" Y afta) [T (~1ma)

WE(N)n vEP(n) m=1
respectively

n/ F@)dgz= (11— > cnf(ée*) [ aa-

2€(E)n HREP(n) =1

Ifn = (m,m7,...,m()"" ") and § = (&,&17,...,67""), then the c-weighted
Jackson integral over (), £),, can be rewritten as an iterated Jackson integral by

Yz YZj—-1
f(z dcz— cj / / /
// Z ! z1=0 22—0 Zj =0

(&Mn
0 0
/ / / f(2)dgzn ... dgz1.
Zj+1=m Y Zj4+2=7'2541 Zn=7"2n -1

Define a symmetric bilinear form (.,.)%7 bed on AS fort € (0,1) and (a,b,c,d) € Vg
(cf. Definition 3.2.3) by

(3.42) e = [[ 1@e@AP @z fge g,
(pB,oB)n
with pp ; := ct'™!, op,; := —dt*~! and with weight function
(3.43) AB(z) = (H vB<zi>> 501(2),
i=1

where vp (3.2.16) is the weight function in the orthogonality measure for the one variable
big g-Jacobi polynomials and d45(2) = d45(2;¢t) is given by (3.3.6). The weight cp =
cg(c, d;t) is of the form cp ; := cpdp,;, with

(3.44) dpj:= [] @(—t""mFd/c)

1<k<m<n
k<j
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where U, (z) is defined by

_1 O(t=z)
4. = |2

(3.4.5) U, (z) := |z| Blqi—17)

with 6(z) the Jacobi theta function
(3.4.6) : 0(z) := (q,2,q77"; q)oo.
The constant cg is defined by
(q; q) :oq—ZTQ (g) d_z'r (g) e (;)
T, 0(——ic/d)
The positive constant cg is not essential for the definition of (.,.) 5. We have chosen to

take this constant within the definition of (.,.)p because it will simplify formulas and
notations later on. The Jacobi theta function satisfies the functional relation

(3.4.8) 0(¢*z) = (~z g Ba@), ke zZ,.

This implies that ¥, is a quasi constant, i.e. ¥;(gz) = ¥;(z). In particular, the weight
dgp (3.4.4) is independent of a, b and quasi constant in the parameters c, d.

The weight ¢ in the definition of (., .) 5 is needed in order to obtain good asymptotic
behaviour of the weights occuring in (.,.)5. To be more precise, let j € [1,n], A €
P(j —1), u € P(n —j) and set \®) := (\I) € P(j) forl > \j_1, respectively
u™ = (u,m) € P(n=j+1)form > pn_;. For j = 1respectively j = n, this should
beread as \(!) =1 € P(1), respectively (™ = m € P(1). Define

(3.4.7) cp =

2t 1) = (ppg™" ,08¢") € (pB); X (0B)n—j (1> Njo1),

_ (m)
27 (ms A\ p) = (ppq*,0B¢" ) € (pB)j—1 X (OB)n—j41 (M > pn_j),

then we have

(34.9)

lim 2t (5, 1) = (ppa*,0,08¢"), lim 2z~ (m; A, 1) = (ppq*,08¢*,0)
=00 m—»00

(with the obvious conventions when j = 1 respectively j = n). We have now good
asymptotic behaviour of the weights in the following sense.

LEMMA 3.4.1. Let (a,b,c,d) € Vg andt € (0,1). Then
(3.4.10) lim cp ;AB (2 (1A, 1) = lim cpj 1A (27 (m; )\, )
l—00 m—»00
forall A\ € P(j—1), u € P(n—j)and j € [1,n]. The conditions (3.4.10) for A €

P(j—1), p € P(n—j)andj € [1,n] characterize the weight cg uniquely up to a
multiplicative constant.

PROOF. Let A € P(j — 1) and u € P(n — j). By direct calculation we obtain
j-1 . 1 ,

Jim AP (27 (m; A, ) = 80 (ppa*, 08¢") [T (ct1¢*)™ 11 (at*=1g)™",

k=1

=1
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where ¢t = ¢” and d,; is the interaction factor (3.3.6) considered as function of n — 1
variables. Using the equality

(727 %59),

k(27-1) (,1—T—k
q ek
( (¢'-7z"Yq),

q T39)g,_y = (¢ 77 259),,,

for k € Z we furthermore have that
Jim AP (¥ (U5 ), ) =645 (pB*, 0B")

-1 -

JJ (et 1g™) H{ (dtF—1qm*) \Ilt(—tj_kq_”kc/d)}.

i=1 k=1

The lemma follows now from the formula

¢B,j-1 k
= W ( —ti=kc/d
Py H ¢( c/d)

since ¥, is a quasi-constant. O

Finally, it can be shown that the bilinear form (., .) g (3.4.2) on AR is well defined and
positive definite. Indeed, for parameters (a, b,c,d) € Vp and t € (0, 1) it can be shown
that the weights A®(z) in the bilinear form (.,.) g are strict positive for z € {pp,0B)x
and that (f, g) g, written out as a multidimensional infinite sum over (o, pB)x, is abso-
lutely convergent for all f,g € AF. We refer the reader to [116, Section 6] for a detailed
proof of this fact.

DEFINITION 3.4.2. Lett € (0,1) and (a,b,c,d) € Vp. The multivariable big q-
Jacobi polynomials { PE (.; a,b, c,d; t)}rea are by definition the unique symmetric poly-
nomials which satisfy
(@) P =1+, cX iy for certain constants c§ |, = ¢} ,(a,b,¢,d;t) € R;

() (PE,m,)p = 0for p < \

The following lemma shows that the multivariable big g-Jacobi polynomials depend
essentially only on a, b, ¢ and the ratio c¢/d.

LEMMA 3.4.3. Fort € (0,1) and (a,b,c,d) € Vp we have
3.4.11) d"MNPE(dz;a,b,c,d;t) = PE(2;a,b,¢/d,1;t), VA€ A.

PROOF. For f € AR set fu(2) := f(dz), where dz := (dz1,...,dz,). Then it
suffices to show that

(f’ )ade <fdagd)ab7d17 thqu]I%
But this is a direct consequence of the formulas

ay v
(3.4.12) / h(z)d,z = o / h(ox)d,z,
0 0
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n

ep(e,d;t) = a7 E)ep(c/d, 1;1)
and AB(dz;a,b,c,d;t) = d>"G)AB(2;a,b,¢/d, 1;t), where t = ¢ O
The following proposition is the analogue of Proposition 3.3.2 in case of the big g-Jacobi

polynomials.

PROPOSITION 3.44. Lett € (0,1) and (a,b,c,d) € Vp. There exists a sequence of
positive real numbers {€}, } ez which converges to 0, such that

i . - i— Ly A+
(3 4 13) kll)n;.lo <H(_6k 2qt‘ 1)‘1)00> (Ek(cd/q)2)l | |l"|(m/\,mﬂ>éa(€k)’t
o i=1

= 2"nl(q; q) ;2n(1 —q) (i, Thu)aéf’t’c’d
forall A\, € A, where (., .); + is given by (2.6.11) and t g is given by (3.2.10).

The proof will be given in Section 3.8. Note thatt () € Vi fore € Ry sufficiently
small, so (., ')I.B (e),¢ 18 well defined and positive definite for e € R sufficiently small
by Lemma 2.6.4 and Corollary 2.6.5.

The arguments of Section 3.3 can now be repeated to establish full orthogonality of
the big g-Jacobi polynomials with respect to (., .) g and to calculate their quadratic norms.
For A € A, (a,b,¢,d) € Vg and t € (0,1) let VB(X) = N'B(X;a,b,c,d;t) be given by

NEB(N) = (cd)Mg? E?=1()"'_1+2("_i)7)>"'./\/q+J()\; a,b; )N (X a,b; t)

34.14 n . . _
( ) . H(_q)\i-f—lbtn—zc/d, _q)\i—i—lat'n—zd/c; q)ool

i=1
where t = q” and NV, ;} respectively NV, 47 18 given by (3.3.10) respectively (3.3.11). Ob-

serve that N2 () is well defined and positive. We have now the following multivariable
analogue of Theorem 3.2.4 and of the limit transition (3.2.11).

THEOREM 34.5. Let t € (0,1) and (a,b,c,d) € Vp. There exists a sequence of
positive real numbers {ey,} ez, which converges to 0, such that

1 |A| 1
(3.4.15) klim (ek(cd/q)ﬁ) P,\((q/cd)56,;1z;13(5k); t) = PB(z;a,b,c,d;t)
—00

forall A € A. Furthermore, the polynomials {Pf }xea are orthogonal with respect to
(., .} B and the quadratic norms of the big q-Jacobi polynomials are given by

(3.4.16) (PE,PBYp = NB()), XeA.

PROOF. We have the limit

lim (ﬁ(—e‘thi_l; q)oo> ((cd/q)2e) N (N 25(e);1)

e—0 \ -
i=1

= 2"n!(g; q);?"(l —q) "NEB(Xa,b,¢,d;t).
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The proof is now analogous to the proof of Theorem 3.3.3. O

The quadratic norm evaluations of the big g-Jacobi polynomials for the special case a =
b=0,c=1andt = ¢* with k € N are recently proved by Baker and Forrester [8, Section
4.3] using Pieri formulas. In order to see that the quadratic norms of the big g-Jacobi
polynomials in this special case are in agreement with the quadratic norm evaluations
[8, (4.3)], one needs to use the evaluation formula for the Macdonald polynomials [85,
(6.11)] together with [55, Proposition 3.2].

Recall the monomials é,(z) = 1 (1-)(2) for r € [1,7n], which are algebraically

independent generators of A®. Let f’f (A € A) be the unique polynomial in the n
variables y = (y1, ... ,yn) satisfying

PP (81(2), ... ,n(2)) = P{(2).
The limit transition (3.4.15) can now be reformulated as follows (cf. Corollary 3.3.4).
COROLLARY 3.4.6. Let A € A, (a,b,c,d) € Vg andt € (0,1), then
kl-i—{go(sfk)_lxlp)\(sz?kyh R} (Sék)nyn;iB(Ek); t) = P/\B(y; a, ba &) d? > t)

. . . _ 1
for certain sequence {ey}rez, in Rso converging to zero, where s, == e (q/cd)z.

Let Dp = DB q,b,c,4,: be the second order g-difference operator

n

G417 D= (¢}, )T} —1d) + ¢5, ()T} —1d))

J=1

where 45:5’1-(2) = ¢§,j (z;a,b,c¢,d; t) is given by

t () = gt (g — S LAY g il
¥5.4(2) 1= 0" e qzj)(b+ qzj) s BT
(3.4.18) . p I
- =(1-= I1 ===
¢p.,(2) = (1 zj)(1+zj)g .

Then we have the following corollary of Theorem 3.3.3.

COROLLARY 3.4.7. Let (a,b,c,d) € Vg andt € (0,1). Then PE(.;;a,b,c,d;t) is
an eigenfunction of D 4 p.c,d4,t With eigenvalue Ef\J (a,b;t) (3.3.23) forall X € A.

PROOF. The proof is analogous to the proof of Corollary 3.3.5. O

It follows from Theorem 3.4.5 that Dp is symmetric with respect to (., .} . In [116] the
symmetry of D p was established by direct calculations in which the asymptotic behaviour
of the weight function A? (see Lemma 3.4.1) plays a crucial role. Similarly as in the
little g-Jacobi polynomial case (see after Corollory 3.3.5), limits can be taken of the n
commuting g-difference operators Dy := D, D>, ..., D, of van Diejen [16], yielding n
commuting g-difference operators Dg 1 = Dp,Dpp,... ,Dp  which simultaneously
diagonalize the big g-Jacobi polynomials. The explicit form of the ¢-difference operators
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Dpg,; and their eigenvalues can be computed directly (see Corollary 3.4.7 for the special
case Dp1 = Dp).

The constant term identity for the big g-Jacobi polynomials can be rewritten as fol-
lows.

COROLLARY 3.4.8. Lett € (0,1) and (a,b,c,d) € Vp. Then

abed _ 17 (Lala+1+ (G = DNTe(B+ 1+ (G — 7)Ty(j7)
(3.4.19) D5 _g ( Tjla+B+2+(n+j—2)1)Ty(7)

‘(_qa+l+(j—1)rd/c, _qﬁ+1+(j—1)rc/d; q);—ol)

where a = q®,b=q® andt = q".

The constant term identity (3.4.19) was conjectured by Askey [5] for t = ¢*, k €
N, and proved in this case by Evans [29]. See the next section for more details on the
special case t = ¢*, k € N. The evaluation (3.4.19) for general ¢ € (0, 1) is equivalent
to Tarasov’s and Varchenko’s summation formula [127, Theorem (E.10)]. The proof of
Tarasov and Varchenko is by computing residues for an A type generalization of Askey-
Roy’s g-beta integral.

3.5. The special case t = ¢* with k € N

In this section the results of the previous sections are considered for deformation
parameter ¢ = ¢* with k& € N. Many formulas simplify under this assumption because ¢
is “compatible” with the base ¢ when ¢t = ¢* with k& € N. For instance g-shifted factorials
(a; q) ,» Which for general k > 0 are given by quotients of infinite products, simplify to
a finite product when k& € N. In the remainder of this section we assume that £ € N is
fixed.

Recall that in the definition of the orthogonality measure for the big g-Jacobi poly-
nomials the so-called c-weighted Jackson integral is used, where the weight for the big
g-Jacobi polynomials is given by cg ; = cpdp,; (j € [0,n]) with dp ; given by (3.4.4)
and cp given by (3.4.7). For t = ¢* it is easily verified that dg ; = 1 for all j € [0,n].
For the weight cg we thus have cg ; = cg fort = ¢" independ of j, and cp can then be
rewritten as

. q(g)(g)_kz(g) (c + d)n &
3.5.1) cp = - (t =q").
(=d/c,—c/d; q)" (cd)™t ()

n
(o]

This follows by a straightforward calculation using the relation §(gz~") = 6(z), (3.4.8)
and

(35.2) Zn:(i —1)? = 2(7;) + (Z)

i=1
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Now set
0gs (2 4") == H (zi"‘zj)zizk—l(ql_kzj/zi;q)zk—l
1<i<j<n
3.5.3 N (%)
( ) =(_1)’°(2)q ()(3) H (zi — ¢'25)
i
1€[0,k—1]

and write AB(.; ¢*) respectively AL (;¢*) for the weight function (3.4.3) respectively
(3.3.5) with the interaction factor 8,7 (.; ¢*) (3.3.6) replaced by 6, (.; ¢*) (3.5.3).

LEMMA 3.5.1. Lett = ¢* (k € N) and fix (a,b) € Vy, respectively (a,b,c,d) € Vp.
Then

1 1 1
(3.54) (f,9) L, gx = %/ _0/ _0.../ . F(2)9(2) A% (2;¢)d, 2

respectively

659 Gase=5[ [ [ 0@

forall f,g € AS, where dez = dgzp ... dgzadg21.

PROOF. We give a proof for the big g-Jacobi orthogonality measure. Observe that
647(2;6") = 0if 2; = ¢!z for certain i # j and I € [0,k — 1] (and similarly for §,).
Furthermore, we have already seen that the weight cp ; is independent of j € [0,n], and
that it is equal to cp. It follows that c5' (£, g) .o+ for f,g € AR can be rewritten as

(3.5.6)

n C 21 Zj—1 0 0 0
Z/ / / / / / f(2)g(2)AB(2)d,z.
j:O 21:0 2220 Zj:O Zj+1:—d Zj42=Zj41 Zn=Z2Zn-—-1

For a mass point z = (z1,... ,2j,2j41,... ,2p) Occuring in the jth term of (3.5.6), it is
easily verified that

AB(ZﬂJk) = AB(Zl,--- 3 ZjyRBmy Bn—1y- -+ 7Zn—j+13qk)v

hence (3.5.6) can be rewritten as

n ¢ 21 zj—1 0 Zj41 Zn—1 < B
Z/ / / / / / F)9(2)AB()d, 7,
j=0721=0Jz2=0 2;=0 Jzjp1=—d Jzjpe=—d 2n=—d

which in turn is equal to

(3.5.7) / ;_d / ;d . / :__d F(2)9(2)AB(2)d,z.

Now AB(z; ¢") is symmetric and vanishes whenever z; = z; for some i # j, hence the
desired formula (3.5.5) follows by symmetrizing (3.5.7). O
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In (3.5.4) respectively (3.5.5) the weight function AL (z; ¢*) respectively AP (z; ¢*) may
be replaced by

n

) !
Al(zqt) = — " )q—2k2 —k(at1)( H ) [T #*(d*z/zi59),,

=1 1<i<j<n
where a = g%, respectively by
n
AB(,. kY ._ n! 2% ( 1=k /.
A (2;¢7) == m HUB(ZI) H 2 (q z]/Z'L:q)Qk‘
=1 1<i<j<n
This follows from the fact that AL (.; ¢*) and AB (.; ¢*) are symmetric functions satisfy-

ing

AL k n! AL k Zi "qkzj
A*(z; = ——A"(z; I I _ = d
(Z7q ) Fqk (n 1) (Z)q ) b

e 2 — 25
1<j ¢ J

N zZi — kZ'
AB(zq") = AP(zqM [ 22,

R (n+1)

and from the fact that

k
Zi —q°% |\ _
weS 1<J
(cf. [33] or [85, Chapter III, (1.4)]). The g-Selberg integral (3.3.25) for t = ¢* reduces
now to the following evaluation formula.
COROLLARY 3.5.2. Lett = q* with k € N and (a, b) € V. Then

1 k Z] qzl’ ad
qRl =
/zl—o / Z 2k H qbzb

n=0 1<1<]<n

gHe(3)+28°(5) H Pila+1+(G-DET,(B+1+ (j — DR,k + 1)
i Lgla+B+2+(n+j—-2)k)Ty(k+1)
where a = q%, b = ¢°.
PROOF. This follows from (3.3.25), (3.5.4) and the discussion preceding the corol-
lary since

n
(jk + )Ty (k)
k(n+1) = —i——————
15, Grre s 1

Similarly, the g-Selberg integral (3.4.19) for ¢ = ¢* can be simplified as follows.
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COROLLARY 3.5.3. Lett = ¢* with k € N and (a,b,c,d) € Vg. Then

n

2k gk Z] (921/c; —qz/d; q) d
z 2
/21 —d -/Z‘n—— H !

—d 1<Z<J<TL - (ICI,Z[/C _qbzl/d Q)

B ﬁ( Ja+1+ (G- (8+1+ (- Dk)Te(jk+1)
- Tila+pB+2+(n+j—2)k)e(k+1)

(—d/c,—c/d;q) _(cd)* +U—k
. (_qa+1+(j_1)kd/c, —q5+1+(j‘1)kc/d; q)oo(c + d)

=1

where a = ¢® and b = ¢°.

PROOF. The proof is similar to the proof of Corollary 3.5.2, using the explicit ex-
pression (3.5.1) for the constant cg when t = q*. |

Corollaries 3.5.2 and 3.5.3 were conjectured by Askey in [5]. A proof of Corollary 3.5.2
was given independently by Habsieger [33] and Kadell [54]. A proof of Corollary 3.5.3
was given by Evans in [29].

3.6. Limit transitions: an algebraic approach

In Section 3.3 and Section 3.4 limit transitions between the Koornwinder polynomials
and the big respectively little g-Jacobi polynomials were derived by proving the limits on
the level of the orthogonality measures (see Theorem 3.3.3, Proposition 3.3.2 respectively
Theorem 3.4.5, Proposition 3.4.4).

In this section a different, more algebraic method is discussed for deriving limit tran-
sitions between families of multivariable orthogonal polynomials. The method is based
on the fact that the multivariable orthogonal polynomials under consideration can be char-
acterized as special type of eigenfunctions for certain explicit second order g-difference
(respectively differential) operators. The limit transitions between the families can then be
proved by formally computing limits of the operators and their eigenvalues. In particular,
the explicit orthogonality relations are not needed for the proof of the limit transitions.

This method will be applied for computing the classical limit ¢ 1 1 of the big and
the little g-Jacobi polynomials. We give also a limit transition from Koornwinder polyno-
mials to generalized Jacobi polynomials which is different from the computation of the
classical limit of the Koornwinder polynomials. The method for computing limit transi-
tions between multivariable orthogonal polynomials as presented in this section can also
be applied to various other families of multivariable orthogonal polynomials. See for in-
stance [121], where the method is used to derive alternative proofs of the limit transitions
from Koornwinder polynomials to multivariable big and little g-Jacobi polynomials and
[19], where the method is used to derive limit transitions from Koornwinder polynomials
to multivariable Wilson, to multivariable continuous Hahn polynomials and to BC' type
Heckman-Opdam polynomials.
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We first recall the definitions of generalized Jacobi polynomials [132] and relate them
to the BC' type Heckman Opdam polynomials [36], [37], [38]. Let V; be set of parameters
(a, B) which satisfy a;, 3 > —1, and let 7 > 0. Define a positive definite bilinear form
(., )3’? on Af by

1
o0 tpir = / : / _@0)A (S fg€ AT

with Ay (z;a,8;7) = ([Tie (1 — 2:)P28) [V(2)[7 and V (2) := [];;(zi — ;) the
Vandermonde determinant.

DEFINITION 3.6.1. Let (o, 8) € Vj and T > 0. The generalized Jacobi polynomials
PAJ (;; @, B;7) (A € A) are by definition the unique S-invariant polynomials which satisfy
M) P{ =1y + X, cxpen 9 for some df |, = df ,(a, B;7) € R
@) (P (0, B;7), 1) g8, = 0 if < A

The one variable Jacobi polynomials { P (2; o, 3) } mez , are independent of 7 and
are explicitly given by

(36.1)  Pl(za,8) =

(—l)m(a+1)m 7 ( -m,m+a+p8+1 z)
(m+a+p+1) = a+1 ’

2 F) ( a;b ;z) - i %z%zn

n=0

with

Gauss’s hypergeometric series. Usually the Jacobi polynomials are written as functions
of 1 — 2z and normalized differently (cf. [28, Section 10.8]).

The generalized Jacobi polynomials are directly related to the Heckman-Opdam po-
lynomials of type BC' (cf. [36], [37], [38]) as follows. Using the notations introduced in
Remark 2.3.5, we set (., .) for the standard inner product on C", so (e;, ;) = d; ;. A mul-
tiplicity function £ is a function & : R — C such that k, = ky, foralla € R,w € W.
k = (ka)4cp is completely determined by ki := ke, , k2 := ke, e, and k3 := kae,, 5O
we will sometimes write k = (k1, k2, k3). Let Vo be the set of parameters (k1 ko, k3)
such that k; + k3 > —%—, ks > —% and ko > 0. Define a positive definite bilinear form

on AY = R[zE ... 2E1W for k € Vo by
o= / F(e)g(e®) MO (0; K)o,
61=0
with ¥ = (e¥1, ..., e¥=) and weight function
AHO(O;k) = H (eéi(o"e) - e”éi(o"g))ka
a€R

H sin®(;/2))" 3 (cos?(6;/2))*s H | sin®(6;/2) — sin® (0., /2)|?*>
j=1

I<m
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where c(k) = 47(k1t+2ks)+n(n—1)kz

DEFINITION 3.6.2. Let k = (k1,ko,k3) € Vygo. The BC type Heckman-Opdam
polynomials { PYO (z; k)} xea are by definition the unique W-invariant Laurent polyno-
mials which satisfy
W) PO =my+ 3, . pen A9my, for some dfIT € R
() (PEO (5 k), mpu), = 0if u < A

Observe that
~ -2 — (I i0 0
my (sin?(6/2)) = (—4)"""'ma(e”) + Z bx,umy ()
n<A
for certain constants by ,,, where sin”(8/2) := (sin?(#1/2), ... ,sin?(6,/2)). It follows

that the defining conditions for P (Definition 3.6.1) withw = ky + k3 — £, 8 = k3 —
and 7 = ko become the defining conditions for P{/° (k) (Definition 3.6.2) under the
change of variables z; := sin®(6;/2) (i = 1,...,n), up to the constant (—4)|>‘|. So the
relation between Heckman-Opdam polynomials of type BC' and the generalized Jacobi
polynomials is given by

. 1 1
(3.6.2) PO k) = ()M P{ (sin2(9/2);k1 +ky = 5, ks — 5,1@)
for A € A. Set 9; := 8%]_ and let D?Tﬂ be the second order partial differential operator
given by

n

Dyapri=_ ((z; —1)20] +(2+a+ Bz — (a+1))d;

(3.6.3) =
+27(2j = D)2V (2) 71 (V) (2)9;) -

PROPOSITION 3.6.3. ([132]) Fix A € A. For arbitrary a, 8,7 € C there exist con-
stants E{ u(@, B;7) € C (u < X) depending polynomially on o, 8 and T, such that

J
Djm)‘ = Z Ek,umﬂ'
p<A

The leading term Ei/\(a, B; ) will be denoted by Ey (a, 8; T) and is explicitly given by

n

(3.6.4) E{(a,8;7) = > _N(Aj+a+B+1+2(n—j)r).
j=1
PROOF. This can be proved by a straightforward calculation (compare with [132, p.
817)). O

Furthermore, D, g,- is symmetric with respect to (., .) j.,3,r for (o, ) € Vyand 7 > 0
(see [132, Theorem 4.3]). It follows from the definition of P/\J , Proposition 3.6.3 and the
symmetry of D ; that

(3.6.5) DjaprPy(50,8;7) = EY(a,B;7) P (0, 8;7)
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for all A € A when (o, 8) € V; and 7 > 0. Furthermore, the generalized Jacobi poly-
nomials {PAJ }rea are mutual orthogonal with respect to (., .} (see [36], [37] and [38],
where full orthogonality is established for Heckman-Opdam polynomials associated with
arbitrary root systems).

In Section 2.3 it was observed that the Koornwinder polynomials can be expressed
in terms of the second order g-difference operator Dy ; (2.3.13) and its eigenvalues by the
formula

Dy — E, (t t)
H

(3.6.6) Br(t5t) Ex(t;t) — B, (t; 1)

mx

for parameters ¢ and ¢ such that E,,(t;t) # E\(¢;¢) forall u < A (Ey given by (2.3.16)).
Formula (3.6.6) can be used to extend the definition of the Koornwinder polynomial of
degree )\ to arbitrary parameter values (t,t) € C° for which E,(¢;t) # E\(¢;t) for
1 < A. The Koornwinder polynomials P (.;¢;t) (A € A) for generic parameters (¢,t) €
C® then do no longer have interpretations as orthogonal polynomials, but they are still
characterized as the unique )V-invariant Laurent polynomials of the form Py(.;¢;t) =
my + Zu < Eu(t; t)my, which are eigenfunctions of Dy, with eigenvalues E (t;1)
(AeA).

Similarly, the multivariable big and little g-Jacobi polynomials as well as the gener-
alized Jacobi polynomials of degree A can be expressed as

Dx — EX

———~ | my, X =DB,Lresp.J
Eff—Eff

(3.6.7) P = H

n<A

provided that the eigenvalues satisfy Ef # B forall u < ), where Ef‘ = E)’:“ = EKJ
(3.3.23). Formula (3.6.7) for the generalized Jacobi polynomials follows from the trian-
gularity of D; (Proposition 3.6.3). Formula (3.6.7) for the little and big ¢g-Jacobi poly-
nomials follows from the fact that D, respectively D is triangular with respect to the
monomials {7 }rea and with respect to the dominance order <, with leading terms
given by the eigenvalues { Ef\‘]} AeA (this in turn follows from Corollary 3.3.5 and Corol-
lary 3.4.7). This triangularity property holds in fact for arbitrary complex parameters
a,b,c,d,t by analytic continuation. Formula (3.6.7) will be used as definition of the
polynomial P5* for all parameter values such that B # EX if u < A.

REMARK 3.6.4. The triangularity of Dp and Dy, can also be proved by direct com-
putations for arbitrary complex parameter values a, b, c,d and ¢ without using any in-
formation about their eigenfunctions (one only needs some elementary properties of the
Schur functions). For details, see [116, Proposition 4.2].

There is another way of looking at the above mentioned extended definitions of
multivariable polynomials. For instance, consider the Koornwinder polynomial Py, =
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my+ > u<x @x,ummy of degree A, then Proposition 2.3.6 and (3.6.6) imply that the coef-
ficients dy , = dj,,(¢,¢) depend rationally on the parameters (¢,t). The extended defini-
tion of the Koornwinder polynomials to generic parameter values (¢,t) € C° corresponds
with extending d ,, as rational function of (¢, ¢) for all p < .

Using the formulas (3.6.6) and (3.6.7), limit transitions between multivariable ortho-
gonal polynomials can now be proved by computing limits of the corresponding g-dif-
ference operators. We first give sufficient conditions on the parameter sets such that
the eigenvalues of the triangular operators are mutually different for compatible weights
(compatible with respect to the dominance order <). The first part of the proposition is a
slight extension of [16, Lemma 5.1].

PROPOSITION 3.6.5. Let A\, u € Awith u < A
() E.(t;t) < Ex(t;t) if totatats € [—q,1) and t € (0,1);
(i) B2’ (a,b;t) < EY (a,b5t) ifab € [—¢~,¢72) and t € (0,1);
(1iii) Eﬂ(a,ﬂ;’r) < E{(a, B;7) for (o, B) € Vy and 7 > 0.

For the proof of the proposition, we use the following fact.

LEMMA 3.6.6. Let 1, A € Awith u < \. Then we can walk from i to X while staying
within A by successively adding an element of the subset Rt := {e;}7_, U {e; — € }ic;
of the positive roots.

PROOF. Let p, A € A such that u < A. It suffices to prove that there exists an
o € Rt suchthat pp + o € Aand pu + o < \. Let
n—1
A—p= Z ci(e; —ejr1) + cpen
i=1
with ¢; € Z. be the decomposition of A — p with respect to the simple roots S =
{e; — ei+1}?='11 U {en}. So we have that A, — g, = ¢ — cg—1 fork = 2,... ,n and
A1 — p1 = ¢;. Furthermore we have
i
S N—pi)=c i€[Ln].
j=1
Let {cp,... ,cq-1} (p < ¢) be a string such that ¢; > 0 for j = p,... ,¢ — 1 and such
thatc, 1 =0(orp=1)andcy =0(org=n+1). Then pp—1 > Ap—1 > Ap > pyp (or
p=1land A\, > pp)and pg > Ay > Ag1 > pg1 (0rg =n+1,0rg =nand pg > Ay).
Soa=e,—e, € R* doesthejobforg<n+1l,anda=e, € R forg=n+1. O

PROOF OF PROPOSITION 3.6.5. The inequality (ii) follows immediately from (i).
For the pfoof of (i) and (iii) it suffices to check the inequalities for the special case that
A—p € RT in view of Lemma 3.6.6. The proof follows then by direct computation, using
the explicit expressions of the eigenvalues Fy (2.3.16) and E/{ (3.6.4). As an example,
we show that £, < Ey when A —p=¢; —e;and1 <4 < j <n. Then \; = p; + 1,
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Aj = pj — land A\ = py for k # i, j. It follows that the difference Ex(t;t) — E,(t;)
is equal to

(1—q)titg =t (1 —¢i~ighimritl) (14 totytatst2n—imiquitui=1)

Since i < j and p; > pj, we have E\(t;t) — E,(¢;t) > 0 forallt € (0,1) if tot1tatz >
—q. O

L=zt h).

Forv,6 € C, we write vz + 0 = (vz1 +9,... ,v2, + 0) and z

THEOREM 3.6.7. Let (o,3) € Vj, 7 > 0and X € A.
(i) Let c,d € C such thatc,d # 0, ¢ # d, d # 1. Then
(3.6.8)

i gt ¢#tld ¢ cdng [(1+E —clz+271)
lim Py ( z;¢, ——, ——,=;q¢" | = k[;°P, . .
a1 >\<z,c, c ¢ rat R A (1—-d)(1-c2/d) @ ;7

with k&® = (w)m.

c

(ii) Let ¢, d > 0, then
o pB(,. a B . g r\ _ (_1\1Al Apd ([EZ 2. 4.
(369) lql%lllp)\ (Zaq ,q ,C,d,q ) ( 1) (C+d) PA <c+d’a’ﬁ’7—> .
(iii) We have
(3.6.10) li?llP)\L (z;q“,qﬁ;qr) = P!(z;a,B;7).
q

These limit transitions should be interpreted as pointwise limits as described in Sec-
tion 3.3 (after Proposition 3.3.2). The multivariable polynomials involved in the three
limit transitions are well defined. Indeed, for the limits from big and little g-Jacobi
polynomials to generalized Jacobi polynomials, the corresponding parameters satisfy
(¢%,q%,¢c,d) € Vp (cf. Definition 3.2.3) respectively (¢®,¢°) € Vi, (cf. Definition
3.2.1). In fact, one has ¢®*# € [0,¢2) in both cases, so the multivariable big g-Jacobi
polynomials involved in the limit (3.6.9) are well defined for all ¢,d € C withc+d # 0
in view of Proposition 3.6.5(ii). So the conditions on ¢, d for the limit transition (3.6.9)
may be weakened to the condition ¢ + d # 0.

For the limit from Koornwinder polynomials to generalized Jacobi polynomials, the
product of the four parameters ¢ equals ¢*+#*2 € [0, 1), hence the Koornwinder polyno-
mials involved in the limit (3.6.8) are well defined by Proposition 3.6.5(i).

REMARK 3.6.8. In the one variable case (n = 1), the three limit transitions given in
Theorem 3.6.7 can easily be derived from the explicit expressions of the polynomials in
terms of (basic) hypergeometric series.

The limit transition (3.6.8) from Koornwinder polynomials to generalized Jacobi po-
lynomials is different from taking the classical limit of the Koornwinder polynomials.
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Indeed, the classical limit of the Koornwinder polynomials is given by

0+1/2 +1/2.
90 /, 91 /7qy)

linll Py(z;¢%,—q% ,q —q

3.6.11) ar
=PHO(z;90+ g6 — 91 — 91,9, 91 + 9})

(see, for instance, [19]), where we assume that g > 0 and go + g4, 91 + 97 > —1/2.

To illustrate the computations involved in proving Theorem 3.6.7, we will give a
detailed proof of the limit transition (3.6.9) from big ¢-J acobi polynomials to generalized
Jacobi polynomials. Under the change of variables z; = 3% (i € [1,n] and ¢ + d # 0),

the second order differential operator D‘}‘f becomes

n

(3.6.12) DgJag.c,dr = Z ((yJ - c)(yj + d)@f + Bj (y)8]>

Jj=1
where Bj is given by
Bj(y) :=27(y; — ) (y; + DV ()~ (8;V) (v)
+2+a+pB)y; +dla+1)—c(B+1).
Denote the right hand side of (3.6.9) by P27 (z) := PB/(z;a, B;¢,d; 7), s0

#7)

(3.6.13)

(3.6.14) . PBI(2) = (—1)M(c+ )M P! (c

for A € A.
LEMMA 3.6.9. For (a,) € V5, c+d # 0and T > 0 we have

Dgy — E’
BJ _ T
Py = H EJ _ EJ mx
<A A M
forall \ € A, where E{ (independent of c and d) is given by (3.6.4).
PROOF. For ¢y, cs € C we have
(3.6.15) maler + oy, ... ,01 + Caypn) = c2 m>\ )+ Z b,y (y
n<

for certain by, € C depending on ¢; and c,. Hence P27 (3.6.14) satisfies

BJ _ - BJ =~
(3.6.16) PP =iy + ) dy i

<

for certain d », € C. By (3.6.5) we have the elgenvalue equation
(3.6.17) Dp;PB’ = EJ/PB’

forall A\ € A. Hence Dpj is trlangular with respect to the monomials {11 } xca and the
dominance order <, with leading terms given by the eigenvalues {Ey }ca. The proof



74 3. LIMIT TRANSITIONS FOR MULTIVARIABLE ORTHOGONAL POLYNOMIALS

follows since the eigenvalues E{ are mutual different for compatible weights (Proposition
3.6.5(iii)). |

The proof of Theorem 3.6.7(ii) is now a direct consequence of the previous lemma, (3.6.7)
for X = B and the following lemma.

LEMMA 3.6.10. Let (o, 3) € Vj and T > 0. For ¢ + d # 0 we have

. (DB a a8 d rf) (Z)
3.6.18 lim 4 8 00
Go19 atl (1-¢9)?
The eigenvalues satisfy

= (DBragedrf)(z) VfeAS.

B (0 . T
(3.6.19) li ZX (0%, 8%, 30, 47)
g1l (1-9)?

PROOF. The limit (3.6.18) makes sense (in terms of the definition of limit transitions
as given in Section 3.3 after Proposition 3.3.2) since Dp (as well as D g y) preserves AS.
So it suffices to prove the limit transition (3.6.18) pointwise for generic z € C". We
therefore assume throughout the proof that z € (C*)™ and V' (2) # 0.

The second order g-difference operator D g (3.4.17) can then be rewritten as

= B} (a,B,c,d;7) VA€ A,

n

(3:620) (Dpf)(z) = (4T (D)) () + Bil2)(T7 (D £))(2))

i=1

with Dfl*“ the backward partial g-derivative in direction 4,

o - TEN@
P =" g
and A;(z) = Ai(z;a,b,c,d;t) respectively B;(z) = B;(z;a,b,c,d;t) given by
Ai(2) =¢ M (1 - q)*27 ¢ ;(2)
=(1—-q)*¢ > (gazi — ¢) (gbzi + d)t" 'V (2) " (T0,iV) (2),
Bi(2) =¢7'(1 - q)zi(¢5 ;(2) — 46} ;(2))
(I1-9

:Tt”_l ((zi + (d = ¢) — cdz; YV (2) " (Ty-1,:V) (2)

—(q®abz; + (gad — gbe) — cdz; )V (2)7H(T1,:iV ) (2))
where ¢1i3’ ; are given by (3.4.18) and with T}+:1 ; the multiplicative t*1_shift in the vari-
able z;. It is immediate that
Az g yel AT
(3.621) i Ai(z34%, 07,6, q7)
qtl (1—q)?
To evaluate the limit for B;, we consider for a complex variable 2 the map

¢ _ (flg72) — f(¢"2))
(Du,vf) (1’.) A (1 _ q)ﬂ? I

= (z; — ¢)(z; + d).

(u,v € R).
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Observe that DY, , maps polynomials to polynomials respectively Laurent polynomials to
Laurent polynomials, and that

(3.6.22) Eﬁl(DZ,vf) () =(u+ v)%(m) Vf e Clz,z7].

In particular,
. Ty iV =Ty V) (2)
lim :
at1 (1-1q)z
It follows now by a straightforward computation that
. Bi(z;qaaq67c7d;qr)
3.6.23 lim
( ) gt (I-9)?
where Bi is given by (3.6.13). The limit (3.6.18) follows now from (3.6.12), (3.6.20),
(3.6.21), (3.6.22) and (3.6.23) since Dg’l is the backward partial g-derivative in the vari-
able z. The limit (3.6.19) is checked by direct computation. It can also be proved without

computation using (3.6.18) and using the triangularity properties of Dp; (Lemma 3.6.9)
and of Dp. O

=27(8;V)(2).

= Bi(z)

The proof of the limit transition (3.6.8) from Koornwinder polynomials to general-

ized Jacobi polynomials is similar, but the computations are more involved due to the less
2 I

trivial change of variables z; = %i—ﬁ% (@ € [1,n]) which is needed. The only

essential difference in the proof is then the proper analogue of (3.6.15), which is given by

1+ —cly+yD) eyt
m*( A= -/d) )‘ (k5 mx<y>+§bx,ﬂmu<y>

for certain by , € C, where k&4 is defined in Theorem 3.6.7(i) (note that this formula
rewrites an G-invariant monomial as linear combination of WV-invariant monomials m,,
(u < ) with respect to the new variables ). The limit transition (3.6.10) from little
g-Jacobi polynomials to generalized Jacobi polynomials is proved similarly as the limit
transition (3.6.9), the computations being simpler since no change of variables is needed.
In fact, the analogue of Lemma 3.6.10 in the little g-Jacobi case is a special case of Lemma
3.6.10, since

(3.6.24) Dy bt =DBpai,0t

where Dy, is given by (3.3.21). In fact, (3.6.24) together with (3.6.7) for X = B, L
immediately implies the limit transition

(3.6.25) gﬁ)l P8(z;b,a,1,d;t) = PE(z;a,b;t)

for A € A, (a,b) € Vi, and t € (0,1) such that EZ” (a, b;t) # Ej(J(a, b;t) forall u < .
By a rather tricky combination of a rationality argument with respect to the parameter d
and a continuity argument in ¢, a proof of the limit transition (3.6.25) can be given for all
A € A and all parameter values (a,b) € Vi and ¢ € (0, 1) (cf. [121, Theorem 6.3]). In the
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proof of [121, Theorem 6.3] the orthogonality relations of the big g-Jacobi polynomials
is used in an essential way.

For a more detailed discussion of the limit transitions (3.6.8), (3.6.9) and (3.6.25) we
refer the reader to [121].

3.7. Limit of the orthogonality measure (little g-Jacobi case)

In this section a proof of Proposition 3.3.2 is given for parameters (a,b) € Vi, with
b# 0and a < ¢q—2. The condition b # 0 is not essential, we only make this as-
sumption because the formulas are more transparent when we may divide by b. For
b = 0 all formulas can be rewritten in an obvious way such that they are meaningful
and correct. The assumption a < q“% is less harmless. Under this assumption the
parameter ¢y, 1(¢) = —aq% (3.2.1) has modulus < 1 and hence does not contribute to
the discrete parts of the symmetric form (., ’)iL(E)»t (2.6.11) in the limit (3.3.7). When
a€ (q_%, g~'), then the set of mass points Dy (m; ¢, (); t) (2.6.2) in the discrete parts
of {.,.)t, (¢),¢ is €-independent since ¢, (¢) is e-independent. It can be shown that any
(partly discrete) contribution to the mass points of (., .) t, (¢),t With some of its coordinates
living in Dy (m; it (€);t) with m > 0, vanishes in the limit (3.3.7). In other words, we
may as well assume that there are no discrete contributions coming from the term ¢, 1 (¢),
which corresponds to the case a < q“%, For a detailed discussion with a > q_%, we
refer the reader to [119].

So under these assumptions, only t7, o(¢) = e~1q7 contributes to the discrete parts
of of the symmetric form (.,.); (c), in the limit (3.3.7). Set p, j() := tro(e)ti™1 =

e 1q2tI~1 for j € Z. Then F(r;t; (€); t) (2.6.3) for e > 0 sufficiently small is given by
F(r;tp(e);t) = Do(r;t,(e);t) € T
with the set Do (r; ¢, (¢); ) (2.6.2) for r > 0 given by

Do(r;t(e);t) ={pL(e)g” |v € Pr(r;e)},
Pr(r;e) :={v € P(r)| |prole)d”| > 1}.

Using the explicit definition of the symmetric form (., .) (2.6.11) as given in Section 2.6,
as well as the definition for m (z|u) (3.3.8), we can write

n
(H(_&_—lqti~1’ —e‘lqati“l; q)oo) (gq—1/2) |>\I+Iul<m/\7 mu)zL(e),t

i=1

3.7.1)

GT12 o (n—r+1

:—W—‘T)TZ // (mAm“)(”qu’aq_%zigq_%)wf(vyZ;E)dz_z

TV

zGTn—r

where the sum is over pairs (r,v) with r € [0,n] and v € P(r) (the sum over v €
P(r) should be ignored when 7 = 0) and with py, ; := t/~!. The renormalized weights
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WE (v, z;€) are defined by W (—; z;€) := A(z;t, (¢);t) forr = 0, and for r € [1,7],

WEW, z;¢) = (H(—e‘lqti_l,—e“lqati_l;q)oo> AKX (pr(e)g”, z;t(e);t)

i=1
if v € P (r; ) and zero otherwise. Split the renormalized weights in two parts,

(3.7.3) W,{'(I/, z;€) = A{ff(u; E)AﬁL(u,z;s)

T

where AfL and AL L are given by

A‘f,{“(u; €)= (H(—a_lqti‘l, —5_1qati_1;q)oo> A (pr(e)q”;tLo(e))

i=1
if v € Pr(r;€) and zero otherwise, respectively

n—r
AfFw, ze) = [ (—e g™ —e 7 qat™ Y g)

i=1

o0

A(z5t,(€); )0 (pL(€)q"; 2)

if v € Pr(r;e), z € T™ " and zero otherwise, where A is given by (2.3.4), A(%) is given
by (2.4.7) and ¢, is given by (2.4.11). We have used here the obvious convention that
AfL(=;e) =1and AL L (v, —;¢) = 1if v € Pp(r;e).

Lebesgue’s dominated convergence Theorem will now be used to pull a limit e, | 0
in the right hand side of (3.7.2) through the integration over z € T~ " and through the
infinite sum over v € P(r) for some sequence {¢ }rcz, in Rso converging to 0. For the
application of the Lebesgue’s dominated convergence Theorem we need certain estimates
for the functions AKE and AXL, which are given in the following lemma.

LEMMA 3.7.1. Keep the notations and conventions as above. In particular, let r €
[0,n]. Then there exists a sequence {cj }rez., in Rso converging to 0 such that
() ifr > 1, thenforallv € P(r),

.
. -2 v Vi
Jim AfEwier) = (¢:0) o A (pra”;0,658) [ pria”

i=1

and there exists a K € Rs.q independent of v € P(r) such that

.
(3.74) sup |AfF (vier)| < KA (prg”;0,b8) [ [ pr.ig”

kEZ 4 i=1

forallv € P(r).
(iii) If r < n, then limy 0o AXE(v,2;64) = 0forallz € T*", v € P(r) and

sup ]Agf(u,z;ek)l < 00.
(v,2,k)EP(r)XT"—"XZ4
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Before a proof of Lemma 3.7.1 is given, we show how Lemma 3.7.1 implies Propo-
sition 3.3.2. Since the infinite sum

(3.7.5) 1-g™LDTS = > Alpre’;a,bt) Hpqu
vEP(n)

is absolutely convergent (cf. [116, proof of Proposition 6.1]) and

sup [mx (pLg”,eq 2 zleq )| < oo (A € A),

V,E,2
where the supremum is taken over triples (v, e,z) with v € Pp(r;€), € € Ry and
z € T™7, it follows by Lebesgue’s dominated convergence Theorem, (3.3.9), (3.7.2),
(3.7.3) and Lemma 3.7.1 that

n
. 1 i _ - RNV
lim (H(_Equtl 1,—5k1qat’ 1;‘1)00) (€kq 2)l | Iul<mA7mu)2L(Ek)’t

k—o0 \ -
=1

27 n—r+1 1 dz
—Z 27rz n—r // hm m'\mﬂ)(qu yERG 221516(1 Z)Wf(’/az§€k)?

zeTn—"r

n
=2"n!(g;q) 7" Y (i) (pna”) A (pra”s a,b5t) T prig”
veEP(n) =1

— —2n, . - b
=2"n!l(1—q) " (g5q) (x, )75
for some sequence {e; }rez, in Rso converging to 0, where the sum in the second line

is over four tuples (r, ) with r € [0,n], and v € P(r). So for the proof of Proposition
3.3.2, it suffices to prove Lemma 3.7.1. We use the following elementary lemma.

LEMMA 3.7.2. For given g € Rs, set €, := €oq".
(@) Let c € C. Foreg € Rsg with |cleg & {q_l}lez+ there exist positive constants
K= > 0 which only depend on &y and |c|, such that K~ < |(cex;q) | < K for all
k € Z . Furthermore, limy,_, o, (cek; q)oo =1
(b) Let a,b € C*, and set

(E_laql_m;q)m
(E_l bql—m—l; q)m ’

Let gg € Rsq such that ey |b| € {¢"}rez.,. Then there exists a positive constant K > 0
which depends only on o, |a| and |b|, such that | f{; m}(ex; a,b)| < K|g'a/b|™ for all
k,l,m € Z. Furthermore, limy_, oo f1,my(€r;a,b) = (¢a/b)™.

(c) Let u;,v; € C* fori € [1,7], j € [1,s] and assume that v < s, or that r = s and
[ug ... up] < |v1...0p| Set

(3.7.6) fumy(g5a,0) :=

(l,m € Z+)

-1 —1, .
(3.7.7) g(e) = ((6 UL,...,E ur,q)oo

etuy, ... e s5q)
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Let g9 € R such that g5 |v;| & {¢‘'}icz for j € [1,s). Then there exists a positive
constant K > 0 which depends only on g, |u;| and |v;|, such that supcz , |9(ex)| < K.
Furthermore, limy_, o0 g(€r,) = 0.

PROOF. The proof of (a) is straightforward. For (b) and (c) use (2.5.3) to rewrite
fiimy as

m a‘le;q m
f{z,m}(E;a,b)=(qla/b) (2_1(1[5.3) )

and to rewrite g(ey) as

k -1 -1
uy...U — geéoUy ,...,QE0U, ", q
(3.7.8) g(ex) = (1___’“(_q(k+1)/260)s r> ( 1_1 11 )kg(Eo).
V1 ...V (q60v1 yo -+ 5 QEQUs ;Q)k

The limits for f{; ., and g given in (b) respectively (c) are now immediately clear. Fur-
thermore we have the estimate | f{; ) (ex; a,b)| < K|q¢'a/b|™ with

(~lal"e0;9) “leggi = 1)
T | B2 )
(161="€04*39) o0 sz, 1< -100qi <2}

where ko is the smallest positive integer such that |b|~leggfo < 1. The estimate for
|g(ek)| in (c) is easily derived from (3.7.8), the assumptions on r, s and on the parameters
u;,v;, and from estimates similar to the estimate for K in the proof of (b). O

We proceed with the proof of Lemma 3.7.1. Set &, := £oq" for given gy € Rsq.

PROOF OF LEMMA 3.7.1(i). By (2.4.7) we have
(379) AfE(vie) = 8alprLle)g”) };[1 {(-e7tqt'™", —e7qat"";q)
walpr,i(€)a”; pr,i(e)g” 1)}
with d4 given by (2.4.8) and wy given by (2.2.7). By (2.4.8) and (3.2.1), we have
(3.7.10) 0a(pr(e)q”) = F1(v)G1(v;e)

with

(t7igvimvisq)
F; = T
1(1/) H (ti—jqw_.1—l/j;q)

K

1<i<j<r Vi—Vi—1

N (e242-imigvi=vi=l;q)
Gi(v;e):= ] 2 2T ) ;

1<i<j<r Vi—Vi—1

(3.7.11)
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for v € P(r), where vp = 0 and ¢t = ¢”. By applying (2.5.3) to the g-shifted factorials in
the denominator of F and using the formula

(3.7.12) i(z -1)(r—1) = (;;),

i=1
we obtain
. T tj—l Vj+1; ]
Fu0) =00 (p10)77O) [[ 1o iDs patey
(3.7.13) i (@7 g)
H (_qu—l/i+1tj—i)Vi_”i—lq(ui';i—l)7
1<i<j<r

where d,7 (3.3.6) is the interaction factor for the weight function of the little g-Jacobi
polynomials. On the other hand, we have for ¢ € [1,7] by (2.2.7),

(3.7.14)
(—6f1qt’“1, —5_1qat1—13‘I)oowd(PL,z'(E)qw;PL,i(E)qVi'l) =1, ;(v)J1:(v;¢)

with

i )
(9, abt1q";9) (4:9),,_,,

(1=3)T—w; ($i—1 vi—1+1 vi_1—V;
a t q a,b
= vr(pr,iq”) ( ( )

Il,i(ll) =

q, ti_qui+1; q)oo (qa q)yi—l/i—l

(here vy, (3.2.13) is the one variable weight function of the little g-Jacobi polynomials)
and with J; ;(v; €) given by

(€2t2—2iq—2l/i_1—1; q)
0
(Sthl—iq—lli_l , _Etl—iq—w_l , _6at1—iq—w_1 ; q)oo
(6—2q1+2w—1t2i—2; q) i (_E——lti—lq; q),,i__l (_E—lati—lq; q)yi
(6—2b—1ti—-lqui_1+1, —6—1a—1ti_1q”i—1+1; q)
(1 _ 8—2ql+2m t2i—2)
: (1 _ E—2q1+2w—1t22’—2) )

Jri(vie) i=

Vi—Vi-1
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Thus by (3.7.9), (3.7.10), (3.7.13) and (3.7.14), we have AKZ(v;¢) = My (v) N (v;e)
fore € Ry and v € Pr(r;e) with

My(v) = Fi(v) [[ Li(v)
=1

T

(3.7.15) =AL (prq") (q; q) (;2rt(£) H(t—2(r—i)a-1)w (ti—lqyi_l—'_la,b) Vi1—vi
i=1
H (_qVJ'_Vi"‘ltj—i)”i_"i—lq("i";’i—l)’
1<i<j<r

(AL given by (3.3.5)) and with

Ny (v;e) == G1(v;¢) H Ji,i(v;e).

=1

Now replace the factor (—e~at*~1¢; q) ,, i J1i(v;€) by

(_5—1ati_1qw—1+1 ) q) Vi—Vi-1 (ﬂe_lati_lq; q)Vi—l

for i € [1,7], then N, (v;¢€) can explicitly be given by

(3.7.16) Ni(v;e) = N (v;e) N7 (v;e) N} (vse)
with
. r (62t2—2iq——2l/i_1—1;q)00

Ny (vie) ::H (e2btl—ig=vi-1, —etl=ig=vi-1 —eatl~ig=¥i-1;q)

(3.7.17) =1 ’ ’ 7o
H (62t2—1—Jq—V,-—uj—1;q)T
1<i<j<r

if v € Pp(r;€) and zero otherwise,

, r (E—-2q1+2vi_1t2i—2’_6—1ati—1q1+w_1;q)yi_yi_l

Ni(vie) := H (5-2b—1tz’—1q1+m_1 _5—1a—1tz’—1q1+w_1.q)
’ " vi—viog

(3.7.18) =1

(6—2q1+2w t?i—2; q)l
. (E_2q1+2u,¢_1t2i—2; q)l
if v € Py (r;€) and zero otherwise, and

[Tiey (—e 7t g, —eat"1q;q)
8—2ti+j~2q'/i—1+l/j+1; q)

Vi—1

(3.7.19) N} (v;e) =

H1§i<j§r( Vi—Vi—1

if v € Pr(r;€) and zero otherwise. For the factor N{ we have for generic g9 > 0,

(3.7.20) lem Nl(vier) =1 (v e P(r))
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by Lemma 3.7.2(a). Lemma 3.7.2(b) can be used to calculate the limit of the factor V. 12
We obtain for generic g9 > 0,

T
721 lim Ni(vier) = [[ (g2t a?p)" 7"
(3.721) Jim NP (v;ex) g(q ti~1a%b)
forall v € P(r). As an example, the limit of a factor of N? will be calculated explicitly
using Lemma 3.7.2(b). Consider the factor

ooy,

(E—2q1+Vi—l b—lti—l; (])

(3.7.22) N2 (v;e) =

Vi—Vi—1

of N2(v;¢) for some i € [1,r]. Then for generic £ > 0, it follows from Lemma 3.7.2(b)
that

lim N%(v;ex) = lim NP2 (v;e84.,)
k—o00 k—o00

= lim N (v;q" &)
(3.7.23) ko0

I B 14242 _—1p—1,4i—1
_klig;of{”i—-l,w—lli—-l}(52”1"—’/1’_”@'—1"'2]"60 t €0 b=t )

= (q”i—lt"“lb)”i_yi"l.
Similarly, the limits of the other factors of N can be computed, which yield (3.7.21).
Finally, we have for generic g9 > 0,

r

Jdim NP (viep) = (a0 gntt)™

(3.7.24) =1 o
H (_tz‘+j—2qu,~_1+uj+1)V«'—x—wq_("z_;z—l)
1<i<j<r
since
”,
(3.7.25) dvia= > (wi-wa) (veEPE).
i=1 1<i<j<r

We thus obtain for generic €9 > 0 by (3.7.16), (3.7.20), (3.7.21) and (3.7.24),

r
lim N; (1/; 515:) = H t(i_l)(ui+ui—1)qVi—lVi—Vi_1+2l/ia2V,'—1/,'_41 pri—vi-1
—00 -
(3.7.26) i=1
H (_ti+j_2qyi—l+uj+1)'/i—l“Vi q_(”i_;i—l)
1<i<j<r



3.7. LIMIT OF THE ORTHOGONALITY MEASURE (LITTLE ¢-JACOBI CASE) 83

for all v € P(r). By (3.7.15) and (3.7.26) we obtain for generic g > 0,
lim AKL(v;e) = My(v) lim Ny (v;ep)
k—o0 ’ k—o0
= (39) " A (prg”)t(2) g

= (60) . A (pra”) [] pr.ia”

=1

for all v € P(r), where AL is given by (3.3.5) and |v| := vy + -+ + v, forv € P(r).

To prove the estimate (3.7.4), we use the estimates of Lemma 3.7.2 (a) and (b) for
(factors of) N;. For Nll, we use Lemma 3.7.2(a) and the condition that Nl1 (v;e) = 0if
v & Pp(r;€) to prove that sup,, ;, | N{ (v;ex)| < oo for generic g9 > q2. Indeed, since
v € Pp(r;e) implies € < g2+, we have for gg > ¢,

(3.7.27) sup |N11(1/;5k)| = sup |NT (v;erg")| < o0
(v,k)EP(r)xZ 4 (v,k)EP(r)XZ 4

by (3.7.17) and Lemma 3.7.2(a).
For N?(v;€) we want to establish the estimate

(3.7.28) . sup |N1 (v;er) | <K H vie1424i-1 2|bl)m—u1 1
i=1

for generic g > q% with K? > 0 independent of v € P(r), in view of the limit (3.7.21).
This can be done with the help of Lemma 3.7.2(b). As an example, consider the factor
Nf’z(u; €) (3.7.22). In view of the limit (3.7.23), we want to prove the estimate

sup IN 2(ver)| < Kfﬂ(q"i“ti”llbl)"i_"i—l
kEZ 4

for generic g9 > q% with K i2 > 0 independent of v € P(r). This follows for generic
€0 > q7, using the fact that N}"*(v;¢) = 0if v ¢ Pp(r;€), by the estimates

sup [Ny?(v;e)| = sup |Ny2(v; ")

kEZ kEZ
2i—2 _—13—1,i—1
= sup |f{l/1 1,V —Vi— 1}(821’7-‘1’1—"1 1+2k750 tz »€p bt )I
kEZ 4
27 2 1 —14i—
Sksup |f{Vz 1,Vi—Vi— 1}(5’9780 e bt l)l
EZ

< KPP (gt o))

with K ;‘,2 independent of v by Lemma 3.7.2(b) (cf. (3.7.23)). In a similar manner, esti-
mates can be given for the other factors of NZ.
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For N3, we want to prove that

.
sup | N3 (v;er)| <K3 ]:[(at‘z(i_l)qw“ﬁl)w_1

kEZ 4 i—1

H (ti+j—2qw-1+uj+1)Ui—l—wq_("i_;‘i—l)
1<i<j<r

(3.7.29)

for generic e > 2 with K3 > 0 independent of v € P(r), in view of the limit (3.7.24).
This follows by straightforward estimates, using (2.5.3) and the fact that N3 (v;¢e) = 0 if
v ¢ Pp(r;e). Hence by (3.7.16), (3.7.27), (3.7.28) and (3.7.29) we have the estimate

r
sup |N1(l/; €k)| <K, H t(i—l)(lli—i-lli—l)qw-wi—Vi-1+21/i q2vi—vi-1 Ibi’/i_"i—l

kEZ N
(3730 "< =1
H (ti+j—2qui—1+uj+1)"i—l—Viq~( iTyis1)
1<i<j<r

for generic 9 > q%, with K; > 0 independent of v € P(r), so in particular,
T
sup [Af (view)| = ML ()] sup [Ni(view)] < KAH(prg”) 1 pr.ia*
€L+

kEZ 4 i=1

with K > 0 independent of v € P(r). This completes the proof of Lemma 3.7.1(0). O

PROOF OF LEMMA 3.7.1(ii). Using the explicit formulas for the weight function A
(2.3.4), (2.2.3), (2.3.5) and for . (2.4.11) as well as the definition of ¢; (¢) (3.2.1), we
can rewrite AXE (v, z; ) as

AR (v, z;6) = Ny (2)N3 (v, z;6) N3 (2;€) Ny (v, 25 €)

with

n—r 2-2,2-—2;
(3.7.31) N3 (2) = d(z;t) [ — T (_f — Ve T
w1 (ma2zi,—a227 —qraz, —qraz; 5q)
where ¢ is given by (2.3.5),
— -1 _yi1—i,, —iyig1—i 1.
(3.7.32) N22(l/ Z‘E) ::nl_[rl—[::l (€q 2 t! 'zj,€Q7 2 t 1zj 7q),. (t:qT)

I T _
=1 (ebqz zj,ebqz 25 q)
if v € Pr(r;€) and zero otherwise,

(3733) Ni(z;e):= ][]

i=1

i i 1 — -
(_5—1qtr+z——l’ _E—lqatr+z—1,€—lq22i’€ 1q2zi 1; q)oo

1.1 1L -1 __1.1 1 1. "1
(5 1g22;,e71q22; e 1q2 12,671 g2 17, ZQ)

o0
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and
elgh ity e g 2 ),
(3.7.34) N24(1/, z;€) 1= H ( it1—Vi

0<i<r—1
15j<n—r

(5—1q2+l/ztzz 6—1q2+1/ztz q)

Vig1—Vi

if v € Pr(r;¢) and zero otherwise, where v = 0. Note that N3 is bounded on T"~".
For N} it follows from Lemma 3.7.2 (a) that limy_,, N2 (v, z;e;) = 1 forallv € P(r),
z € T™ 7 and that

sup IN3 (v, z; €x)| < o0
(v,2,k)EP(r)XT™—"XZ4

for generic g9 > q%. By Lemma 3.7.2(c) and the fact that 0 < a < 1/q, we have for
generic g9 > 0 that limg_, o, N3(2;e;) = 0forall z € T"~" and

sup IN3(2;e1)| < oo.
(z,k)ET™ " XZ4

Finally, Lemma 3.7.2(b) can be used to prove that limy,_, o, N4 (v, z;¢x) = t2(»~"I¥l for
ally € P(r), z € T™"" and that

sup | N3 (v, z;€8)| < 00
(v,2,k)EP(r)XTPr—"XZ4

for generic ¢ > qZ. This completes the proof of Lemma 3.7.1(ii). O

3.8. Limit of the orthogonality measure (big g-Jacobi case)

In the next lemma a new expression is given for the weight cp which appears in the
definition of (., .) 5.

LEMMA 3.8.1. The weight cg € (C* )n—'—1 can be rewritten as

—titi—ne

/) H
cs.j =(0:4 ooHe t1 id/c)( c/d)H0 tl ic/d)
£ (=D +E+(59) - @)~ (77)
27 (i (@) =i g=27 ("3 ) ki=n

(3.8.1)

forj €10,n].

PROOF. Forj = 0, (3.8.1) follows from (3.4.7) since cp ; = cpdp,; withdp g = 1.
For j € [1,n], write ¢p_; for the right hand side of (3.8.1), then by the explicit expression
(3.4.4) for dp ; it remains to prove that

. n
~CB,j — H ‘I’t(—tn_m_j+1d/c)
CBj-1  Tin

for j € [1,n], with ¥, given by (3.4.5). This follows by a direct calculation. O
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The remainder of this section is devoted to a proof of Proposition 3.4.4.

Fix in this section (a,b,c,d) € Vg with a,b # 0. With slight modifications of the
formulas, the proof goes also through fora = 0 or b = 0.

For e € Ruo we write pp j(€) := tpo(e)ti! = (ge/d)2e~ 't/ and we write
opj(e) = tp1(e)ti™! = —(qd/c)ze~'ti"! for j € Z, where tg(e) is given by
(3.2.10). Then for € > 0 sufficiently small, we have

F(r;tp(e)it) = |J Dollitg(e);t) x Di(m;tg(e);t) C C
l+m=r

ImeZ 4

where F'(r) is given by (2.6.3) and

(382) Do(litp(e)it) = {pn(e)a” |v € P (o)),
PP (l;e) == {v € P(1) | lpBa(e)g” | > 1},

if I > 0, respectively

D (m;tp(e);t) = {on(e)g” |v € PY (mse)},

(3.8.3) 0
Py (m;e) := {v € P(m)||op,m(e)g™| > 1}

if m > 0. Write

(3.8.4)
n » i 1 A
(T1-ae50)..) (™ s o
i=1
' 1 1 dz
= X[ mm) oua one” @t/ eslcd /) Y WEn 1 250
r’l’m’V’VIzET"—"
where pp,; = ct'!, op,; = —dt'~! and my(z|u) is given by (3.3.8), and the sum is

over five tuples (r,I,m,v,v') with r € [0,n], ,m € Z4 withl +m = r, v € P(l),
V' € P(m), and with the renormalized weight Wf?m;r(u, V', z;€) given by

2”(n—r+1)rAKB

(385 WPV, ze) S e i E

(v, V') AXE (v, V', z;€)
when r = [ + m, with
AfEwV5e) = (H(—E‘th"_l;q)w> 3c(pB(e)d"; 08 (e)g”)

AW (pp(e)g”;tp,0(€) A (08()d” B (e))

(3.8.6)
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ifve PB (l e), V' € Pl(;)(m;e) and zero otherwise,

n—r
AXE (v, z5€) = —e g™ g
(3_87) 2,l,m g( )oo

Az tp(e); )0 (p5(€)a"32)8c (05 ()4 s 2)

ifv e Pg’)(l;a), Ve Pél)(m; ¢) and zero otherwise, with §. given by (2.4.11). The
obvious conventions are used when [ = 0, m = 0 or 7 = n (compare with the little
g-Jacobi case in Section 3.7). In particular, AXP _ (v,v/;e) = 1forv € P (1;¢),
Ve Pg)(n —l;e)and! € [0,n).

The following lemma will be used to pull a limit £, | O in the right hand side of
(3.8.4) through the integration over z € T™~" and through the infinite sums over v € P(l)
and v' € P(m) for some sequence {e }rez, in Rso convergingto 0.

LEMMA 3.8.2. Keep the notations and conventions as above. Let l,m € Z with
I +m € [0,n] and write r := | + m. Then there exists a sequence {€} }rez, in Rso
converging to 0 such that
(i) forallv € P(l), v' € P(m)
) l m
kll)m Al 1, m(VaV Ek) = (lI; Q)OOTCB,IAB(quV70'BqV )]:!PB,MV" ]]1 los,ilg"
1= Jj=
and there exists a K € Rsq independent of v € P(l) and v' € P(m) such that

l
sup ALK (v, v e)| < Kep AP (ppq” 080" ) [ ] pB.ia" H loB,4la"
€Z+ i=1 j=1
forallv € P(l) and all v' € P(m), where AB(2) = AB(z;a,b,c,d;t) is given by
(3.4.3).
@) if r < n, then limg_y o Ag{fm(y, V' zer) = 0 forallv € P(l), v/ € P(m),
z€T" " and
sup |A2lm(u V', zer)| < 00.
(k' ,2)EZ 4 X P(I)x P(m)xTn—"
The proof of Proposition 3.4.4 is now an easy consequence of Lemma 3.8.2 and Le-
besgue’s dominated convergence Theorem. Indeed, the infinite sum

(388) (1-q) = Y 5P (ppe”,0B0" Hszq HlUB,JIqJ

(A7)
is absolutely convergent (cf. [116, proof of Proposition 6.1]), where the sum is taken over
the three tuples (v, v',l) with v € P(l) and v’ € P(n — 1) and | € [0, n]. Furthermore,

sup |mx(pBa”, 084", (cd/q)?ez|(cd/q)%e)| < oo,

!
v ze
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where the supremum is taken over the four tuples (v, 1/, z,€) with v € Pl(go) (le),v' €

Pl(;)(m;s), z €T™ " (r =1+ m)ande > 0, hence it follows from Lebesgue’s domi-
nated convergence Theorem, (3.3.9), (3.8.4), (3.8.8) and Lemma 3.8.2 that

a2 <H(“522qti_1;0)oo> ((ed/)Fer) M ma, mu) ey (e

k—o0
i=1
onp! n , l n—l ,
= @)™ Yo > (i, AP)(pre” o8e”) [[ pad” [ los,ila"
=0 i=1 =1
11) 00 V/E%I(Dy(llll) 13 J

- “2n, - o \abed
=2"n!(1 - q) ”(q;q)oon(m)\,mu)%”tc ,

for some sequence {€j }rez, in Rso converging to 0. So for the proof of Proposition
3.4.4, it suffices to prove Lemma 3.8.2.

Proof of Lemma 3.8.2.

Using the explicit expressions for A9 (2.4.7), 6. (2.4.11) and ¢t g(€) (3.2.10), we can
write

(3.8.9) AKB (v, 15 €) := Up(v,V'; 1, m)Uq (g; v,V 1, m)U_(e; v, 0 1,m)

1,l,m

with Uy, Uy respectively U_ the factor of A{(,z,m consisting of products of g-shifted fac-
torials of the form (e; ), (¢%e;q), respectively (¢7%e;q), (s € Zy U {oo}). By a
straightforward computation, the factors Uy, Uy and U_ can be explicitly given by

Uo(v,v';1,m) :=4(v,l;a,b,c,d)¥o(v',m;b,a,d,c)
38.10) I (g vie/d, g d 5 q)
1<i<i
1<j<m
if (v,v') € Py(l;¢€) x Py(m;e), and zero otherwise, with ¢ = ¢™ and with
Uo(v,l;a.b,c,d) .= F1(v)
1
(¢, —t'=ig7vi-1d/c,ati=1gvi-r+1, —bti=lqvi-itic/d;q)
(ati~1q1/i_1+1, __bti—lql/i_l-’rlc/d; q)
1 (¢, —ti=1q-1+ic/d; q)

where vy = 0 and F; (v) is given by (3.7.11), and

(3.8.11)

Vi—Vi—1

(abti=tgqri-a+1)7m0m

- 1-

k2

Vi—Vi—1

U+(£; v, Vl;lam) ::lI,'i'(E; V:l;a7 b: ¢, d)‘IJ+(€, Vlam; ba a, d’ C)

(3.8.12) I (meremiigrirrg)

1<i<l
1<j<m
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if (v,v') € P]go)(l; €) X Pl(;,l)(m; ¢) and zero otherwise, with

l (52t2(1_i)q_2ui_1—1d/C; q)
Y, (e;v,0;a,b,c,d) := H (52at1_iq_"i"1d/6, _62bt1-—iq—uiof1 : q)
o0

(3.8.13) - i=1
H (€2t2—i—jq—w—uj—1d/c; q)T
1<i<j<l
and

U_(g;v,V';l,m) := ¥_(g;v,1;a,b,¢,d)¥_(g;0',m; b,a,d,c)

m (=2 gl4+j—1.
(3.8.14) ( € qt ,Q)oo a_ztzq_j_z vi+vi+1.
. " - q 7 7q
jl;Il (—e~2qti~1;q) AL ( )s
1< <m

if (v,v') € P,(BO)(I; g) X Pz(al) (m;€) and zero otherwise, with
! (62426 g2vi+1c/d; q)
. . . ’ 1
\P—(gy Valaayba C, d) -— IIl (E—ZtZ(i—l) 2l/i_1+lc/d. q)
l ( 2t2(z 1)q2u, 1+1c/d — th 1q1/1 l—l—l’q)yl“w_1

(3.8.15) H (e-2a-1ti-1gqri-1tic/d, —e—2b~1ti—1gvi-1+1; q)

=1
ITies (—e2qt" %),

: H1§i<j§l (E—2ti+j-2ql/i—l+1/j+lc/d; q) Vievi1 ’

Vi—Vi—1

For given gy € R*, we write 5, := £9g*. Then for generic 9 > 0 we have

(3.8.16) lim Uy (eg;v,v'51,m) =1
k—o0

for all (v,v') € P(l) x P(m) by Lemma 3.7.2(a). By (3.7.25), we have for generic
€0 >0
(3.8.17)
[Tiei (—e5 %0t 59),,
lim
k=00 H1<z<]<l(5k titi—2qvi- 1+l/]Hc/d q)
!

= H q(ui—zlﬂ)t(i—l)uiq H (_ti+j—2ql/i—1+"j+lc/d) Vi—l_yiq_(Ui—;i_l)

i=1 1<i<j<l

Vi—Vi—1
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for the factor of W_ in the third line of (3.8.15). The factor of U_ in the second line of
(3.8.14) can be rewritten as

ﬁ (-—8_ qtl+]—1;q)oo (—s_2ti+j_2q""+”;’+1'q)
, (—e~2qti—1;q) T
=t = 11<Sji<S1€%
(3.8.18) -
_ (_€_2qt2+] 1 q)l/,-f-l/
S5 (et %50) .

It follows then from (3.8.14), (3.8.15), (3.8.17), (3.8.18) and Lemma 3.7.2(b) that for
generic g9 > 0,

(38.19) lim U_(ex;v,v';1,m) = YL g o (y 1 g, b, e, d) 8P (W', m; b, a, d, c)
—00

with
I
¥ (v,l;a,b,¢,d) == H(ti_lq""‘”zab)”i_w_lq(UI_21+1)t(i_1)""—‘
(3.8.20) i=1
H (_ti+j—2q1’i—1+'/j+1c/d)yi_l_uiq_(ui_;i_l).
1<i<j<l

We will rewrite now Uy in the form

l

—ti=mc/d) O
r
Ggany  oibm= ) 1l t1 id/c)f(—tic/d) ]1;110 t1 ic/d)

Co(v,v';1,m)AB (ppq”, 084" ; a,b, ¢, d;t)

and we determine the factor Co (v, v'; 1, m) explicitly. Using (3.4.8) and using the formula
6(x) = 6(qz~!) for the Jacobi theta function 8(z) (3.4.6), ¥o(v,1;a,b,c,d) (3.8.11) can
be rewritten as

Wo(vl;a,b,c,d) = Fi(v)
R IlI vB(pB.ig”;a,b, ¢, d)(t e/d) -1 g3
i 0(=ttmid/e) (¢t q)  (a59), | (abtiTlgrimitl)ricvies

where vp (3.2.16) is the one variable weight function for the big ¢-Jacobi polynomials.
Since vp(—dz;a, b, ¢,d) = vp(dzx;b,a,d, c), we obtain from (3.8.22)

\PO(VI’m;baa’da C) = FI(VI)

(3.8.23) ﬁ vp(0B,;q";a,b,c,d)(tF1d/c) i1 q(uj‘r}ﬂ)
i 0(=t1=ic/d) (¢ 1) (g Dy, (abti—1g"i-1H1)¥ =¥
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The factor F; (v) (3.7.11) of ¥4(v,1; a, b, ¢, d) can be rewritten as

!
tz 1 1+l/,;q)

F(v) =631 (ppg")g ™" D)= “H N
(3.8.24)
H (_ql/j—l/i-i-lt]—z)Vz_Vt—lq(V’_;’ 1)
1<i<j<l

for v € P(l) where d4; is given by (3.3.6) and ¢ = ¢”. This follows from (3.7.13) since
607 (pg") = V76,5 (prg”) for v € P(l) (here pr, ; = t*~'). Similarly, we have for
the factor Fy(v') of ¥o(v',m;b,a,d,c),

, m (- 1q1+1/] q)
Fy(V) =6,5(0p¢” )g 2" (3)g-mim=Dr H Ty q)°° ¢ 2m=i)v;
(3.8.25) =t
H (__qu-;—l/;-i-ltj—-i)"z{_”;-lq(ui_;i—l),
1<i<j<m
since 5qJ(an”') = d™m=76 ;(prq” ) for v' € P(m).
Finally, we set for z = (z1,... ,2,) withr := [ + m,
'SfIJ(Z) = H |z; — Zj||2i|2T_1(qt_12j/zi;Q)QT_I,
1<i<l
+1<j<r

then the factor of Uy in the second line of (3.8.10) can be rewritten as

II (—t79q" e/d, —t~iq" " d/c;q),
1<i<l
(3.826) 'SI=™
f(—t=mc/d)

O(—tic/d)(cti—1q")*™"

= 8y (ppa", opq” )11 ""'H

for v € P(l) and v' € P(m), since we have fori € [1,1], j € [1,m] that
(3.8.27)
(—ti=9g"~¥ic/d, —t""iq"i " d/c;q)
 O(—tiTc/d)(~t1—i= Lgl+7) “idfe;q)
B(~ti=i*le/d)(~t/=+1¢" " d/c;q)

(1 + tj"iq";'_”id/c)t””“"al'

(formula (3.8.27) follows from a straightforward computation using (2.5.3), (3.4.8) and
6(z) = 6(qz~1)). Since

840 (pBa", 080" ) = 840 (pBq")04s(08a" )8 s (pBd” oBq"")
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forv € P(l) and v’ € P(m), we obtain from (3.4.3), (3.8.10), (3.8.22), (3.8.23), (3.8.24),
(3.8.25) and (3.8.26) that (3.8.21) holds with

Co(v, IJI; 1,m) :t—m|u|—llu'|c—2lmrq—2m(é)r2

(3.8.28) R A
.Co(v,l;a,b,¢,d)Co(v',m;b,a,d,c)
where
éo(l/, l; a, b,C, d) = q_2T2(:li) c_2(;)7-
l
' vier (V=1 _a(1-i)w; i—1 v _qH1\Vi-1—Vi
(3.8.29) .H(tl_lc/d) lq( 2 )t 2(1 )’(abt lq +1) 1
=1
H (_qw'-w+1tj—i)”i—1/i—1q(”i';’i—l)'
1<i<y<d

By Lemma 3.8.1 (with n in the right hand side of (3.8.1) equal to r = [ + m in this
situation), and by (3.8.9), (3.8.16), (3.8.19), (3.8.21) and (3.8.28) we have for generic
€o > 0 that

KB

lim AfS (v, V'ier) = Ug(v,v'51,m) lim U_(gg;v,v';1,m)
k—o0 ” k—o0

(3830) =(q, q) ;02TCB,[AB (quyy UB(]UI ) 0,, b’ C, d7 t)

‘ .E(v,l;a,b,c,d)E(V',m;b,a,d,c)
forv € P(l) and v' € P(m), with

1

(3.8.31) E(v,l;a,b,c,d) := q272(3)t(;)c2(é)T+lCA’0(u,l;a, b, e, d)¥>(v,l;a,b,c,d).
By (3.8.20) and (3.8.29), we obtain

!
E(v,l;a,b,¢,d) = &g = ] ppaa”, v e P().
i=1
In particular we have E(v',m;b,a,d,c) = H;nzl |ch,j|q";‘ for v/ € P(m), hence by
(3.8.30)
5 ! m
Jim AKP (v, ex) = (659) ) esaA (ppa”,08¢") [[ o510 [] los.sla"
i=1 j=1
forall v € P(l), v' € P(m). To complete the proof of Lemma 3.8.2(i), it suffices to
. 1 1
prove that for generic £o > max((gc/d)z, (¢d/c)?),

l m
sup |AKE . (v,v;e1)| < KepuAP(pBa”, 080" 50,0, ¢,d5t) [ [ pB.aa” [ los.ila"
€2+ i=1 i=1

forallv € P(l) and all v’ € P(m), with K > 0 independent of v and »'. This can be
proved by similar arguments as in the little g-Jacobi case (see proof of Lemma 3.7.1(i)).

In particular, the estimates for almost all factors of A{ff’m can be obtained from one of



3.8. LIMIT OF THE ORTHOGONALITY MEASURE (BIG ¢-JACOBI CASE) 93

the three estimates of Lemma 3.7.2. Only for the factor in the third line of the expression
of ¥_ (3.8.15) one needs a seperate argument to establish the desired estimate. We may

assume that this factor is zero unless v € Plgo) (l;e) and V' € P,(;) (m;e€). In view of the
limit (3.8.17), we would like to establish the estimate

[Tics (—ex%at59),
sup

—24i4§—2 vi+vi_1+1 .
(k€Z+|vePD (Liey) v PP (mier)} [Micicj<i(er 't gitvimitic/diq),

1
<K' H q("i'zl+1)t(i—1)vi—1 H (ti+j_2q"i—1+”j+lc/d) Vi_l_yiq—(Ui_;i—l)
i=1 1<i<j<!

with K’ > 0 independentof v € P(l) and v’ € P(m), and gy > max((gc/d)?, (qd/c)?)
generic. This can be done similarly as was done for the factor N3 (3.7.19) in the little
g-Jacobi case.

The proof of Lemma 3.8.2(ii) is similar to the proof of Lemma 3.7.1(iii). O






CHAPTER 4

Harmonic analysis on quantum Grassmannians

4.1. Introduction

In this chapter certain subfamilies of the Koornwinder polynomials and certain sub-
families of the multivariable big and little g-Jacobi polynomials are interpreted on quan-
tum analogues of the complex Grassmannian

U/K:=Un)/(Un-1)xU®W), (<In/2),

where U (n) is group of n by n unitary matrices.

The first connections between g-special functions and quantum groups were de-
scribed in the papers [129], [87], [63], in which the little g-Jacobi polynomials were
related to matrix coefficients of irreducible representations of the quantum analogue of
SU(2). In [101] Podles defined a one parameter family of quantum analogues of 2-
spheres. The related zonal spherical functions were identified with big g-Jacobi polyno-
mials by Noumi and Mimachi [93].

In [64] and [66], Koornwinder generalized these results for quantum 2-spheres by
replacing the notion of invariance under a quantum subgroup by the notion of invariance
under a twisted primitive element in the quantized universal enveloping algebra. The
problem that the quantized function algebra on U has less quantum subgroups then one
would expect from the classical setting is circumvented by this infinitesimal approach. In
particular, the infinitesimal approach allowed Koornwinder to identify a two parameter
family of Askey-Wilson polynomials as zonal spherical functions on the one-parameter
family of Podles spheres. The special cases of big and little g-Jacobi polynomials could
then be reobtained by sending one respectively two parameters to infinity. On the level
of the spherical functions, this corresponds with the limit transitions from Askey-Wilson
polynomials to big respectively little g-Jacobi polynomials as discussed in the previous
chapter.

Analogous statements are valid for the projective space, see Noumi, Yamada and
Mimachi [96] for the little g-Jacobi case, and Dijkhuizen and Noumi [24] for the general
case. In this chapter, the generalizations of these results to the higher rank cases of the
complex Grassmannian are considered.

Noumi [91] applied the infinitesimal method for the first time on higher rank sym-
metric spaces. The quantized symmetric spaces were now defined using invariance under
certain 2-sided coideals in the quantized universal enveloping algebra. So far, the method
has been succesfully applied for all compact symmetric spaces of classical type, e.g. [94],

95
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[95], [92], [124], [24]. In all cases, the zonal spherical functions can be identified with
Koornwinder polynomials or Macdonald polynomials.

Noumi, Dijkhuizen and Sugitani [92] introduced a one parameter family of quantum
analogues of the complex Grassmannian and they announced results on the correspon-
ding harmonic analysis. The spherical functions associated with this family of quantum
Grassmannians can be identified with a two parameter subfamily of the Koornwinder po-
lynomials. The quantum subgroup case, which is defined using invariance with respect to
the obvious quantum subgroup corresponding to K = U(n — 1) x U(l), can be formally
obtained from the one parameter family of quantum Grassmannians by sending the para-
meter to infinity. In this chapter it is shown that this type of limit transitions on quantum
Grassmannians is compatible with the limit transitions from Koornwinder polynomials
to multivariable big and little g-Jacobi polynomials, which were proved in the previous
chapter. In particular, the zonal spherical functions on the quantum complex Grassman-
nian for the quantum subgroup case can be identified with multivariable big and little
g-Jacobi polynomials. These results will follow from a careful study of the one parameter
family of quantum Grassmannians which was introduced in [92] by Noumi, Dijkhuizen
and Sugitani.

This chapter is organized as follows. In Section 4.2 the harmonic analysis on the clas-
sical complex Grassmannian is recalled. Section 4.3 contains preliminary results on the
quantum unitary group and the corresponding quantized universal enveloping algebra. In
Section 4.4 the spherical representations corresponding to the quantized complex Grass-
mannian (quantum subgroup case) are classified. In Section 4.5 and Section 4.6 we recall
the announced results of Noumi, Dijkhuizen and Sugitani [92] about the harmonic analy-
sis on a one parameter family of quantum Grassmannians, and we provide detailed proofs
for most of these results. Finally, in Section 4.7 the limit transitions from Koornwinder
polynomials to multivariable big and little g-Jacobi polynomials, cf. (3.3.13) respectively
(3.4.15), are linked to limits of the one parameter family of quantum Grassmannians.

4.2. The classical complex Grassmannian

Two general references for the contents of this section are Helgason [41], and Heck-
man and Schlichtkrull [39].

Throughout this paper,n > 2and 1 < < [%] are fixed integers. Let G := G L(n, C)
denote the general linear group with Lie algebra g = gl(n,C), and U := U(n) the
unitary group with Lie algebra u. Let ' C U denote the maximal torus consisting of
diagonal matrices in U. Write h C g for the corresponding Cartan subalgebra. Let e;;
(1 < 4,7 < n) denote the standard matrix units. The matrices h; := e; (1 < 7 < n)
form a basis of h. Write £; € h* (1 < ¢ < n) for the corresponding dual basis vectors
and define a non degenerate symmetric bilinear form on h* by (£;,£€;) = J; ;. The usual
positive system R™ in the root system R := R(g,h) consists of the vectors &; — &;
(1<i<j<n) Let P =P, := @, <, ZE; denote the rational character lattice of
G (equivalently, the lattice of analytically integral weights of U). Recall that the cone of
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dominant weights P™ = P.F is given by
42.1) Pro={Ou,... ) M) EP A > A > ... > Al

Denote by < the (partial) dominance ordering on P. One has 1 < X if and only if

J J n n
42.2) Smi<d A (1<i<n-1) and Y pm=> A
i=1 i=1 i=1 i=1
We write K := U(n—1)xU(l) and & := gl(n—1,C)@gl(l, C) for the corresponding
complexified Lie algebra €. K is regarded as a subgroup of U via the embedding

4.2.3) Um—1)xU(l) = Un), (A,B)— (g‘ g,) .

The pair (U, K) is symmetric. Indeed, the involutive Lie group automorphism 6 :
U — U, defined by 6(g) := JgJ with

(4.2.4) Ji= Y e— Y eww, (K:=n+1-k)

1<k<n—I 1<k<I

has fixed point group K. The differential of 6 at the unit element e € U, extended C-
linearly to a Lie-algebra involution g — g, will also be denoted by 6. The +1-eigenspace
of the involution §: g — g is exactly the Lie-subalgebra £. Write p for the —1-eigenspace
of 6, then we have the eigenspace decomposition g = & & p.

For certain purposes, it is more convenient to consider the involution 6': g — g
defined by 8'(X) := J' X J' with

(4.2.5) J/ = Z €kk — Z €kk! — Z €Lk

I<k<l’ 1<k<I 1<k<lI

Since J' is conjugate to J, the involution 8’ is conjugate to 6 by an inner automorphism
of g. Observe that both 6 and 8’ leave u C g invariant.

Let g = ¥ @ p’ be the eigenspace decomposition of §’ in +1 and —1 eigenspaces.
The intersection h N €' is spanned by the elements h; +hy (1 <4 <) and h; (I <i <1'),
whereas the intersection a := h N p’ is spanned by h; — hy (1 < 4 < [) and is maximal
abelian in p’. The positive system of R with respect to the lexicographic ordering of
br := Z?:l Rh; relative to the ordered basis b1 —hy:, ..., hy—hy, hi+hy, ... hit+hy,
his1, ..., hn_y coincides with RT.

Write €] for the restriction of £; to a (1 < ¢ < ). The root system R C h* is mapped
under the natural projection h* — a* onto the restricted root system X' = ¥'(g,a).
Choose the positive system in X’ with respect to the lexicographic ordering of ag :=
hrNa relative to the ordered basis hy —hy/, . .. , hj—hy of ar. This ordering is compatible
with the lexicographic ordering of hg introduced above in the sense that A € by, is positive
if its restriction to ag is strict positive. The positive root vectors in ¥’ are

gp (1<i<l), e+e; (1<i<j<l), 2 (1<i<l),
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the roots ¢} (1 < ¢ < 1) occurring only if n # 2I. ¥’ is isomorphic with BCj if n # 2l
and isomorphic with C; if n = 2[. The root multiplicities corresponding to the short,
medium, and long roots are

4.2.6) myp = 2(’fl - 21), mo =2 (l > 1), mg = 1.

For later purposes, it is convenient to rescale the root system X' by a factor 2. So we set
Y :=2¥' C a* g; := 2¢} (1 < i < 1). Then the corresponding weight lattice Ps; C a* is
the Z-spanof the €; (1 < ¢ < [), and the set P{ of dominant weights p1 = ), p;€; (taken
with respect to the lexicographic ordering on ag introduced above) is characterized by the
condition p9 > - - > gy > 0. The dominance ordering < on P is explicitly given by

J J
4.2.7) pE<AE Y <> N (1<),
i=1 =1

Let K’ C U denote the connected subgroup corresponding to £'. The symmetric
pairs (U, K') and (U, K') are Gelfand pairs, i.e. every finite dimensional irreducible re-
presentation of U has at most one K -fixed vector up to scalar multiples. According to
[41, Chapter V, Theorem 4.1], a highest weight A\ € Pt is K'-spherical, i.e. corresponds
to a representation with a non-zero K'-fixed vector, if and only if the restriction of A to
h N ¥ is zero and the restriction of A to a lies in P5. Hence we get the following result.

THEOREM 4.2.1. The set P;{' C P* of K-spherical dominant weights consists of
all dominant weights of the form

A= (Al,... ,)\l,O,... ,0,—/\1,... ,—-)\1).

Write A" := (A1,..., ;) for a dominant weight A € P;. The assignment A —
defines a bijection of P{ onto Py. Let w, € Py be the spherical weight for which
@ = (1"). Then P} = ®1<,<iZ+w,. We will call {w, }._; the fundamental dominant
spherical weights.

Let A denote the algebra of polynomial functions on U, A(T') the algebra of polyno-
mial functions on the maximal torus 7. A(T") may be naturally identified with the algebra
Clz*] = C[zf, ... , 2] in n variables z; (1 < i < n) in the following way. Observe
that T' ~ ihg/27iP using the exponential mapping, where P := @&, <j<nZh;. Then the
coordinate functions z; can be defined by z; := €%/, where for [X] € T with X € ihr a
representative of [X], e/ ([X]) := €% (X). More explicitly, z; is given by

zj : diag(e™ e ... i) s e (8), €[0,27))

where diag(aq, ... ,a,) is the diagonal matrix with ay, . .. , a, on the diagonal.

Let # C A denote the subalgebra of K’-biinvariant functions. One has the decom-
position
(4.2.8) H= P HO), HN)=HAWO),

AePF
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W(A) C A denoting the subspace spanned by the matrix coefficients of the irreducible
representation of highest weight \. Each of the subspaces H(A) (A € Pf(’) is one dimen-
sional, since (U, K') is a Gelfand pair. Any non-zero element p(\) of #(A) is called a
zonal spherical function.

Set

4.2.9) T, := exp(iar)/(exp(iog) N K') ~ iag/2miQY.,

with Qy, C ag the coroot lattice of ¥. More explicitly, the coroot lattice Qy, is the Z-span
of the elements % (h; — hy) (i € [1,1]), exp(iar) are the diagonal matrices

diag(e®, ... e 1,... 1,e7 . e7i1) (65 € [0,2m)),

and exp(iag) N K’ are the matrices in exp(zag) of order 2.

Write log : T; — iag for the multi-valued inverse of the exponential map exp :
iag — T;. Similarly as for A(T'), the algebra of polynomial functions on 7; may be
identified with the algebra C[z*!] of Laurent polynomials in the [ variables z; (1 < j <
1), where the identification is given by z;(t) := ec3(1°8(t)  In other words, the map z; is
given by

T i0 i0 —if —if 2i0;
x; - diag(e™,...e",1,...,1L,e”", ..., e7 ") e,

It follows that the algebra C[z*!] of polynomial functions on 7} can be naturally
embedded in the algebra C[2*!] of polynomial functions on the maximal torus 7' by the
assignment

— 5 1 =y ! =zt
(4210) T1 =212, , T2 = 222,_1, P zlzn+1—l‘

Let & := &, denote the permutation group on [ letters, W := W, = Z, x &, the Weyl
group of . The natural action of WV on ar descends to 7;. Hence W acts naturally on the
algebra C[z*1]. Write C[z*!]"V for the subalgebra of WW-invariant Laurent polynomials.
By Chevalley’s restriction theorem and the above metioned natural embedding of C[z*!]
into C[z*1], we have the following theorem.

THEOREM 4.2.2. Restriction to T induces an isomorphism of H onto the algebra
Clz*' "V of W-invariant Laurent polynomials in the variables ; (1 < i < ).

Recall from the previous chapter that the BC' type Heckman-Opdam polynomials
{PHO(; k)}sepg for k= (ki, ks, ks) € Vo form a linear basis of Clz*1]", and that
they are orthogonal with respect to the inner product

4.2.11) (P,Q)no = / P(t)Q(t)Ano (t; k)dt.

T,
Here dt denotes the normalized Haar measure on the torus 7; and ¢t — Ago(t; k) on T;
is defined by

(4.2.12) Ano(t;k) =[] (€%<a,log(t)) _e—%<a,mg(m)ka.
a€EX
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The multiplicity parameters k,, are by definition equal to k; (¢ = 1,2, 3), depending on
whether o € ¥ is a short, medium, or long root. If [ = 1 there is no dependence on k.

In the following theorem the zonal spherical functions on the symmetric space U/ K
are identified with BC' type Heckman-Opdam polynomials (cf. [39, p. 76]).

THEOREM 4.2.3. Under restriction to the maximal torus T, the zonal K'-spherical
function p(\) (A € Pyt) is mapped onto (a scalar multiple of) the Heckman-Opdam
hypergeometric polynomial Pg O(z; k) withk; = tm; (i = 1,2,3).

Of course, the zonal K -spherical functions can be described in the same way, since
the subgroups K and K' are conjugate.

As was shown in the previous chapter, the BC type Heckman-Opdam polynomials
and the generalized Jacobi polynomials { Py (.; a, B;7) | A € Py } are related via a simple
change of variables,

(4.2.13) PHO (4 k) = (—4) N PJ (2(z); k1 + ks — 1/2,k3 — 1/2,k2)

where z;(z) := —1(z; + x;l — 2). In particular, the zonal spherical functions in The-
orem 4.2.3 under this change of variables become generalized Jacobi polynomials with
parameter valuesao =n — 2l, =0and 7 = 1.

Being matrix coefficients of irreducible representations, the zonal spherical functions
are mutually orthogonal with respect to the L? inner product on A C L?(U, dg), where
dg is the normalized Haar measure on U (Schur orthogonality). The restriction of the
L? inner product to the algebra # of bi- K'-invariant matrix coefficients coincides under
the isomorphism of Theorem 4.2.2 with the inner product (., .)go on C[z]" up to a
non-zero positive constant. This non-zero positive constant can be explicitly determined
using the well-known evaluation of the Selberg integral (cf. [107], [84]).

4.3. Preliminaries on the quantum unitary group

Various aspects of the quantum unitary group have been studied in many different
papers. Our main references will be [96] and [91, Section 1], which are based on the
R-matrix approach described in [104].

The quantized coordinate ring A, (Mat(n, C)) of the space of n x n complex matrices
is defined as the algebra with generators ¢;; (1 < 4, j < n) and relations
thitk; = Qtrjtei,  tietjr = qtiptan (0 < ),
tatk; = tejtu,  tijte — trti; = (@ — g Dtate; (1 <k, j <l).

These equations can be written in more compact notation using the matrix
(4.3.2) R:= Z e ®ejj+(g—qt) Z eij ® ej

ij i>j

43.1)

where e;; (1 <4, < n) denote the standard matrix units. Let V' denote the vector space
C™ with canonical basis {v; }; and regard e;; as matrix units in End(V') with respect to
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the canonical basis {v;};. The relations (4.3.1) are then given by the matrix equation
(Re 1)T1Ty = ToT1 (R ® 1), where
T, := zeij ®idy ®@t;;, Tp:= Zidv ® ejj ® tij.
i, i,
We will use the shorthand notation RT17> = T>T) R for this matrix equation. Observe
furthermore that the matrix R is invertible, with inverse given by

R =3 ¢ %ei®ej;—(a—a ")) ey ®eji
ij i>j
and that R is a solution of the Quantum Yang-Baxter Equation
(4.3.3) Ri2R13R23 = RazRi3Ryo,
where R = R®idy, Rs3 = idy ® R and
Ry3 = ZT'Z' ®idy ®r;,

e
ifR=3,r®rj

A linear basis for A;(Mat(n,C)) (cf. [96, Theorem 1.4], see also [60]) is given by
the monomials
(4.3.4) A = H tfj’ — t‘ﬁl e t‘f,ll"t;fl ...t;"l%n,

(2,4)

where A = (a;;) runs through the set Mat(n, Z ) of n x n matrices with non-negative in-
teger coefficients. We call {t4 | A € Mat(n, Z )} the monomial basis of A,(Mat(n,C)).
A total order < on Mat(n;Z..) is defined by associating with A € Mat(n,Z.) the se-
quence

2
(4.3.5) (Zaij,au,--- ,Q1n, 21, - -+ ,Qnn) € LT T,
3,

and ordering these sequences lexicographically. Every 0 # ¢ € A,(Mat(n,C)) can be
written uniquely as

4.3.6) ¢ = c¢td(¢) + lower order terms w.r.t. <

with d(¢) € Mat(n,Z) and ¢, # 0. We call c4t¥?) the leading term of ¢, and d(¢) its
degree. One easily sees that

(43.7) d(¢y) = d(¢) +d(¥), 0# ¢,9 € Ay(Mat(n,C))

(cf. [96, Lemma 1.5]). In particular, there are no zero divisors in A,(Mat(n; C)).
The quantized coordinate ring A,(G) of the general linear group G = GL(n,C) is
defined by adjoining to A,(Mat(n,C)) the inverse detq_1 of the quantum determinant

detq := Z (—q)l(a)tla(l) “tnon) € Ag(Maty(n,C))
ceS,
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(I denoting the length function on &), which is central in A;(Mat(n, C)). The monomial
basis of A,(Mat(n,C)) can be naturally extended to a basis of A4(G), which we shall
also call the monomial basis of A4(G).

There is a unique Hopf algebra structure on A,(G) such that (¢;;) becomes a matrix
corepresentation, i.e.

Altis) =D tix ®tj, e(tiy) = 6ij.
k=1

The antipode S: A4(G) — A4(G) is given on the generators by
S(tij) = (—q)' 7€k det;*

with ¢ := [1,n] \ {i}, and with the quantum minor &} for subsets I = {i; < ... <
ir},J = {j1 <...<jr} C[1,n] defined by

Efl = Z (_Q)l(a)tiljau) o .tir‘ja(r)'

gEG,

It is easy to see that the £/, are all non-zero. 4,(G) becomes a Hopf x-algebra by requiring
(ti;) to be a unitary matrix corepresentation, i.e. tj; := S(t;;). We write 4,(U) =
Aq(U(n)) for A;(G) endowed with this *-operation. The mapping 7 := % o S is a conju-
gate linear involution on A4 (U) such that 7(¢;;) = t;;.

The quantized Borel subgroups 4,(B) of upper respectively lower triangular ma-
trices are defined as the Hopf quotients of A4(G) by the relations

tij =0 (i > j) respectively t;; =0 (i < j).

The corresponding projections will be denoted by 71 : A,(G) — A,(B¥). Observe that
the z; := w4 (ti;) (1 <4 < n)in Ay(B*) are invertible. Corresponding to the diagonal
subgroup T' C U(n) we have a natural surjective Hopf *-algebra morphism | of A,(U)

onto the Laurent polynomial algebra A(T) := C[zif', ... , 1]
Next, we briefly recall the global description of finite dimensional irreducible corep-
resentations of A,(U). For every A\ € P, 2* := 2" ...z} defines a linear character

(i.e. one dimensional corepresentation) of A,(B¥) and of A(T). Using these linear
characters it is straightforward to define (highest) weight vectors in left or right A,(U)-
comodules. We take highest weight vectors of right and left A,(U)-comodules with re-
spect to A4(B*) and A,(B™), respectively. For instance, a highest weight vector of
weight A € P* in aright A,(U)-comodule M is a non-zero vector v € M such that

(id®ms) 0 pur(v) =v® 2,

pv: M — M ® Ay (U) denoting the comodule mapping. Finite dimensional A,(U)-
comodules are then completely reducible and unitarizable (see, for instance, [96], [23]).
Recall that a right A,(U)-comodule M endowed with a positive definite inner product
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(taken to be conjugate linear in the second variable) is called unitary if

> (v, wapwiyve = @)l (v,w e M),
(v)(w)

where the symbolic notation ) v(1) ® v(2) := pam(v) is used. The irreducible finite
dimensional A,(U)-comodules are parametrized by dominant weights A € P as in the
classical case (cf. [96, Theorem 2.12]). The irreducible right A, (U')-comodule with high-
est weight A € P is denoted by Vr (). The vector space Vi, (A\) := Hom(Vg(A), C) has
a natural left A, (U)-comodule structure, which is also irreducible of highest weight \. If
no confusion is possible, we will write V' () for the left comodule V7, () respectively for
the right comodule Vg ().

REMARK 4.3.1. Let M be a finite dimensional right A,(U)-comodule with comod-
ule mapping R: M — M ® A,(U). Write M° for the vector space complex conjugate
toM,o: M ® A,(U) = Ay(U) ® M for the flip. Then the mapping

(4.3.8) R°: M° = A,(U)® M°, R°:=(t®id)oooR,

where 7 = %0 S, defines a left A,(U)-comodule structure on M °. In (4.3.8) R is consid-
ered as a conjugate linear map from M° to M ® A,(U) and 7 ® id as a conjugate linear
map from A,(U) @ M to A,(U) @ M°.

The assignment M — M° is a 1-1 correspondence between right and left A,(U)-
comodules preserving weights and highest weights. Hence M ° is isomorphic to the left
Ay(U)-comodule Hom(M, C). A right A,(U)-comodule intertwiner ¥ : M — N also
intertwines the left A, (U)-comodule structures of M° and N° (i.e. when ¥ is considered
as map from M° to N°).

Recall that the comultiplication A: A, (U) — A4(U) ® A4(U) defines a bicomodule
structure on A,4(U). Let W(X) C A,(U) (A € P*) denote the subspace spanned by
the matrix coefficients of either Vg(A) or V,(A). The irreducible decomposition of the
bicomodule A,(U) reads

(4.3.9) A4,0) = @ WK, W) =Vi()) & Va).
AePt

Let h be the normalized Haar functional on A, (U). It can be characterized as the unique
linear functional on A,(U) which is zero on W(A) for 0 # A € P* and which sends
1€ A4(U) to 1 € C. The subspaces W () are mutually orthogonal with respect to the
inner product (¢, 1) := h(1*¢).

We consider now in some more detail the vector corepresentation, its dual repre-
sentation, and their exterior powers. Recall the notation {v; }; for the canonical basis of
V = C". V becomes aright A,(U)-comodule (called vector corepresentation) with

(4.3.10) R: Vi VeAU), Ru):=)Y v®t; (1<j<n)
=1
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V is irreducible with highest weight £; and highest weight vector v;. Observe that the
vectors v; have weight £;. The corepresentation V' is unitary with respect to the inner
product (v;,v;) = d;;.

Let V* denote the linear dual of V' with dual basis (v}). V* becomes a right A,(U)-
comodule (the dual corepresentation) with

(4.3.11) R: HV*@A( Zv ®t; (1<j<n).

V'* is irreducible with highest weight —&,, and highest weight vector v};. Note that the
vectors v; have weight —¢&;. The corepresentation V'* is unitary with respect to the inner
product ( vi,v5) =g ~(20805,;, where p := Y p_,(n — k)é. This follows from the
well-known fact that S2(t;;) = ¢®/%i =)t (1 < 0,5 < n).

Let A, (V') respectively A,(V*) denote the associative algebra which is generated by

v1,..., Uy respectively vf, ... ,v; with relations

4.3.12) viAv; =0(1<i<n), vAv = —-q_lvj Av; (i< 7)
respectively

(4.3.13) vf Av; =0 (1<i<n), vjAv=—q"v] Avj (i <j).

Then A, (V') respectively A, (V*) inherits a natural right A, (U')-comodule structure from
V respectively V* by extending the comodule mapping R as a unital algebra homomor-
phism. A, (V) respectively A,(V*) has a natural grading such that the generators v;
respectively v; have degree 1:

=@PAv), AV =PAyv
r=0 r=0

Write vy := vy, A--- Awv;, andvf :=vf A---Avj if T = {iy <--- <} C[l,n]
Write |I| for the cardinality of I. Then the vy and v} (|I| = r) form a basis of A} (V') and
A7 (V™) respectively. One has the multiplicative property (I, J C [1,7])

vr ANvg =sq(I; J)vrug, Vi Ay i=sq(J; )iy
where

o ifINJ #0,
sq(L3J) == {(_q)z(w) ifInJ =40,

and I(I;J) := |{(4,5) € I x J|i > j}|. The comodules A7(V) and A} (V*) are irre-
ducible subcomodules of A,(V'), and the coactions satisfy

(4.3.14) R(vy)= Y vr®&s, Ry =Y vieE) (J]=r).

[T]=r | I|=r
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From this it follows immediately that

(4.3.15) AE) =Y el (1,10 =)
|K|=r
and hence
(4.3.16) S eSE =0 (11,17 =1).
|K|=r

The A,4(U)-comodule A} (V') respectively Ay (V*) has highest weight (17) := &1 +-- -+
€, respectively —€,_,41 — - -+ — €, with highest weight vector V1] = V1A AUy
respectively vf,, .., . = vy A--- Av;_,.,. The inner product on A7 (V') defined by

(vr,v5) = 01,5 is Ag(U)-invariant. On the space A} (V*) we have the invariant inner
product (v}, v}) = 51,Jq_<2"’51>, where &7 1=}, €.

The Laplace expansions for quantum minor determinants now easily follow from the
fact that A,(V) is an A,4(U)-comodule algebra (cf. [96, Proposition 1.1]). Fix I,J C
[1,n] such that |I| = |J| > 0. Fix two subsets J;, J» C J such that |J1| + |J2| = |J].
Then

(4.3.17) sq(Ji; Jo)€) = > sq(In; L)EN €,

I,I:C1;
[ 1]|=|J1], | 12]|=|J2|

(4.3.18) sq(Jl;J2)§{ = Z Sq(I1;Iz)£‘,]11§,J;.
I1,ICI;
[I1]|=]J1],| I2|=]J2|
It can now be shown that (cf. [96, (3.2)])

(4.3.19) =8 = S;(Jf )

Wﬁgi det;t (| =|J| =),
q I

where I¢:={1,... ,n} \ I.

For the following results on the quantized universal enveloping algebra associated
with gl(n, C) we refer the reader to Noumi’s paper [91, Section 1] and references therein.
LetUy(g) = Uy(gl(n, C)) denote the quantized universal enveloping algebra (cf. Drinfeld
[27], Jimbo [47]) associated with the Lie algebra g = gl(n,C). The algebra U,(g) is
generated by elements ¢" (h € P)and X f (1 <% < n — 1) subject to the relations

P =1, ¢¢" =gt

thi:i:q——h :qj:(h,ai)Xi:i:
- A
(4.3.20) [X;L,Xj ] :(si’j—q-:q——l
+\2 v -1 +tyvEyv: + +\2 __ . s
(XF)X5 =g+ ¢ )XFXXF+ X7(X7)" =0, (i—Jl=1)
+yv+ _ vyt .
XX =X7X]", (Ji =41 > 1),
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where a; := £;—£€;41 (i € [1,n—1]) are the simple roots for R = R(g, ). The following
formulas uniquely determine a Hopf--algebra structure on Uy (g):

AXN =Xol+g¢* X}, AX])=X ®¢ “+10 X,
A" =¢"®d",
@321 S(@")=q¢7" S(X[) = —¢" X, S(X7) = -X7q™,
e(¢") =1, e(Xj) =0,
(@) =" (X)) = ¢ "X g™, (X)) =qq X
More useful for the purposes of this chapter are the L-operators L;‘; €Uy(g) 1 <4,j<
n), which should be thought of as quantum analogues of the root vectors for (gl(n, C), b).

The L-operators are constructed as follows. Define elements E;; € Uy(g) (1 < i # j <

n) inductively by the formulas
43.22) Eiit1 =X;". Eu = EijEj; — qEj1Ejj,
. Eit1;=X;, Ey =EwEj; —q 'EjiEy;,

where 1 <4 < j < k < n. The L-operators ij are now defined by the formulas
Lt = qéi, Lj; = (q — q—l)qéiEji, Lj; =0,
Liy=q¢%, Li=~(a—¢ )Eyq ™, Li; =0

i ij

(4.3.23)

for1 <4 < j < n. The Li generate U,(g) and satisfy commutation relations which

. L :t
can be expressed by means of the matrix R (4.3.2). Indeed, set L* = Zi, j€ij ® L o

where e;; € End(V') is regarded as the matrix units with respect to the fixed chosen basis
{vi}jo, of V. Write R* := PRP, where P := 3, , e;;®ej; is the permutation operator.
Then we have the commutation relations

RTLILf = LFLfRT, RYLiL; = L;LTRT.

Furthermore, the action of the comultiplication, counit and *-structure on the L-operators
are given by

(4.3.24)
ALE) =N"LEeLE, eLf) =065 (L) =SLf) (1<ij<n).
k

The involution T = % o S: Uy(g) — U,(g) acts on the generators as
(4.3.25) (L) =L (1<i,j<n).

There is a natural Hopf *-algebra duality (-, -) between U,(g) and A,(U). Writing T' =
>_i; €ij ® tij, the Hopf-algebra duality (-, -) is determined by the formulas

(4.3.26) (L, To) = R, (L*,det,) = ¢*lidy.
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The relations satisfied by (., .) are explicitly given by
(XY, ¢) = (X @Y,A(9)), (1,¢) =¢(¢)
(X,09) = (A(X),0®@7), (X,1)=e(X),
@320 (S(X), 8) = (X, S(4)),
(X,¢%) = (r(X),4), (X",0) = (X,7(9)),

where X,Y € U,(g), ¢,9 € Ag(U) and where (X @ Y, ¢ ® ¥) := (X, $)(Y, ).

Write U, (b) for the subalgebra generated by the q" (h € P). Itis Laurent polynomial
in the elements ¢’ (1 < i < n), and may be considered as the (quantized) algebra of
functions on the Cartan subalgebra f). There is an induced Hopf %-algebra duality between
U, (h) and A(T') such that

(qh, z>‘) = q(h”\), = zl)‘1 z;)" (h,\ € P).

For a right A,(U)-comodule (R, M), the A,(U)-coaction R can be differentiated
using the Hopf-algebra pairing (., .). This then yields a left U, (g)-module structure on M
(cf. [96]). To be precise, the left U,(g)-action on M is defined by

(4.3.28) Xm =Y (X,m@)mq), (X €U/ g),me M),
(m)

where R(m) =: } ., mu) ® m@z) € M ® Ay(U) for m € M. For example, by
differentiating the vector corepresentation (4.3.10) we obtain the algebra homomorphism
pv : Uy(g) — End(V') which is uniquely determined by the formulas

(4.3.29) R* = Zez‘j ®pv(LE), (RH)™'= Zeij ® pv (S(L;)),

where R~ := R~'. By differentiation of right A,(U)-coactions, a 1-1 correspondence is
obtained between right A,(U)-comodule structures on a finite dimensional vector space
M and P-weighted left U,(g)-module structures on M. Recall that M is P-weighted
if it is spanned by vectors that transform under U, (h) according to ¢" - v = ¢{*Nv
(A € P). A highest weight vector v of highest weight A in a left U, (g)-module M is
then characterized by the conditions L;; - v = 0 (¢ > j) (or, equivalently, X ;v =0 for
i € [1,n — 1)) and ¢" - v = ¢{PNv. There is a similar relationship between left A,(U)-
comodules and right U, (g)-modules. For a right U,(g)-module M, a weight vector 0 #
v € M is a highest weight vector if v.L?} = 0 (¢ < j) (or, equivalently, v.X;” = 0 for
i€1,n—1).

REMARK 4.3.2. For a right A,(U)-comodule (R, M) and for an element m € M,
we write m® if we consider m as element in the left A,(U)-comodule (R°, M°) (cf.
Remark 4.3.1). Then, the differentiated right U,(g)-module structure on M° is related
to the differentiated left U,(g)-module structure on M by m°.X = (X*.m)°, where
m € M and X € Uy(g).
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The coalgebra structure of A,(U) induces in a natural way a A,(U)-bicomodule
structure on A, (U). By differentiating this A, (U)-bicomodule structure, A,(U) becomes
a U, (g)-bimodule with U, (g)-symmetry. The action of the L-operators is then given by

(4.3.30) LE Ty = ThRY, Ty-Li = R*D.

The irreducible decomposition of the U,(g)-bimodule A,(U) is given by (4.3.9). This
decomposition may also be characterized as the simultaneous eigenspace decomposition
of A4 (U) under the action of the center Z C U,(g).

It can be shown that the pairing (-, -) (4.3.27) is doubly non-degenerate. In particular,
A4(U) can be embedded as Hopf-*-algebra into the Hopf-*-algebra dual of U,(g). The
image under this embedding is the Hopf-subalgebra spanned by matrix elements of finite
dimensional P-weighted U, (g)-modules (cf. Chapter 5).

4.4. Spherical corepresentations

We call A,(K) = A;(U(n — 1)) ® Ay(U(l)) the quantized coordinate ring of the
subgroup K = U(n — ) x U(l) of U = U(n). Corresponding to the embedding (4.2.3)
there is an obvious surjective Hopf *-algebra morphism g : A,(U(n)) — A, (K). Write
A4(U/K) for the right A,(K)-fixed elements in A,(U), i.e.

@41 AU/K) = {¢ € 4,U)|([d® k) 0 A(g) = p® 1},

Observe that A,(U/K) is a left A,(U)-comodule *-subalgebra of A,(U). The algebra
A,(U/K) can be interpreted as the quantized algebra of functions on the complex Grass-
mannian U/ K.

For the study of A,(U/K) itis important to obtain explicit information about A, (K)-
spherical corepresentations of A, (U ), i.e. finite dimensional right A, (U )-comodules with
non-zero A, (K)-fixed vectors. Recall that a vector v in a right A, (U)-comodule M with
comodule mapping R: M — M ® A,(U) is Aq(K)-fixed if

(4.4.2) (id®mk) o R(v) =v® 1.

One defines A, (K)-fixed vectors in left A,(U)-comodules in a similar way. This section
is devoted to a proof of the following theorem on A, (K)-spherical representations.

THEOREM 4.4.1. Every finite dimensional irreducible corepresentation of A,(U)
has at most one Ay(K)-fixed vector (up to scalar multiples). The finite dimensional
corepresentations with non-zero A,(K)-fixed vectors are parametrized by the classical
sublattice PI‘(" of spherical dominant weights (cf. Section 4.2).

REMARK 4.4.2. Let M be a finite dimensional right A,(U)-comodule. It follows
from Remark 4.3.1 that a vector v € M is A4(K)-fixed if and only if v € M° is A, (K)-
fixed. Hence, any statement about A,(K)-fixed vectors in right A, (U')-comodules imme-
diately translates to a corresponding statement for left A,(U)-comodules and vice-versa.
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For the proof of Theorem 4.4.1 it suffices to show that the irreducible decomposition
of Vr(A) as aright A, (K )-comodule is the same as the decomposition of the irreducible
finite dimensional U (n)-highest weight representation of highest weight A, decomposed
as representation of the subgroup K. One way of establishing this result is by differen-
tiating the coaction of A,(U) on Vg () using the doubly non degenerate Hopf-algebra
pairing between A,(U) and U,(g). Then, the desired result follows from well-known
results on the representation theory of quantized universal enveloping algebras. This ap-
proach is quite general, and will be treated in more detail in Chapter 6.

In this section another proof of Theorem 4.4.1 is given which does not use the quan-
tized universal enveloping algebra. The strategy will be to relate the decomposition of the
restriction to A,4(K) of the right A,(U)-comodule Vg(\) (A € P*) to characters on the
maximal torus 7'. The following general result about corepresentation theory of semisim-
ple coalgebras is needed (a coalgebra is said to be semisimple if every finite dimensional
A-comodule is completely reducible).

PROPOSITION 4.4.3. Let A and B be semisimple coalgebras. Then every finite di-
mensional A ® B-comodule is completely reducible. Denote {V,, | a € A} and {Vj |8 €
B } for a complete set of mutually inequivalent, irreducible, finite dimensional right A
and B-comodules, respectively. Then

(4.4.3) | {(VaRVs|a€A,Be B}

is a complete set of mutually inequivalent, irreducible, finite dimensional right A ® B-
comodules. Here Vo, V3 = V,, ® Vs as a linear space and it has right comodule structure
given by R, ® R := 023 0 (Ry @ Rp), where 02 3 is the flip of the second and third
tensor component and where R, and Rp are the right comodule mapping of V,, and Vg,
respectively.

PROOF. It is known that V;, & V3 is an irreducible right A ® B-comodule for o €

fl, B € B (cf. [67]). The right A and B-comodule structure on the first and second tensor
component of V,, & V}3 can be recovered by the coactions

(4.4.4) R{ := (idy, ®idy, ®ids ® ep) o (Ra B Rp),
respectively
(4.4.5) Ry := (idy, ®idy, ® 4 ® idp) o (Ra K Rp)

where € 4 and ep are the counits of A and B, respectively. So if V,, X Vg is isomorphic
to Voo ® Vs as A ® B-comodules, then they are isomorphic as A and as B-comodules
(with coactions given by R$ respectively Rg ), which can only happen when a = o'
and 8 = §'. So (4.4.3) consists of mutually inequivalent, irreducible A ® B-comodules.
It remains to prove that an arbitrary finite dimensional right A ® B-comodule (R, V)
decomposes as a direct sum of irreducibles, each irreducible component being isomorphic
to Vo, ® V3 for some a € A, B e B.
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Let R4 and Rp be the associated right A and B-comodule structures on V' for the
finite dimension right A ® B-comodule (R, V):
Ry :=(dy ®idg®eg)oR, Rp:=(dy ®e4q®idg)oR.
Observe that
(4.4.6) (Ra®idp)oRp =R, (Rp®idg)oRy = (idy ®oa,p)oR,

where 04 : A® B -+ B ® A is the flip. When V is considered as corepresentation
space of B via the coaction R, we write V(B) for V. For 3 € B, let Homp (V3, V(B))
be the linear space of intertwiners between the B-comodules V3 and V (B):

Homp (V, VP®) := {¢ € Homc(V3, VP)) |Rp 0 ¢ = (¢ ® idp) o Ry}
Then, due to Schur’s lemma for corepresentations [67], we have a well defined C-linear
bijection
(4.4.7) di=Pds: P (HomB(V,g,V(B)) ® Vﬁ) SV,
BeB BeB
given component wise by dg(ds ® v) := ¢p(v) (v € V3, ¢pg € Homp(Vs, V(B))).
We give now a right A-comodule structure REA) on Hompg (V3, V() such that dg

intertwines of the corresponding right A ® B-comodule action on Hompg (V3, V(B)) RV
and the right A ® B-comodule action R on V. Since A is semisimple, this will complete
the proof of the proposition.

Let W(A) C A be the finite dimensional subspace of matrix elements of the right A-
comodule action R4 on V, and let {a; };cs be a linear basis for W (A). Fix an intertwiner
¢ € Homp(Vj,V(B)), then for every v € Vj there exist unique elements ¢;(v) € V
such that

Ra($(v) = ¥ 6:(0) ® as.

i€l
The maps ¢; : V3 — V (i € I) are linear, and it is easily checked that
¢ € Homp(V, VB))  (VieT)

using (4.4.6) and the definition of the ¢;. The map

RgA) : HomB(Vg, V(B)) — HomB(Vﬁa V(B)) ® A,
given by

R(ﬁA)(¢) = Z¢i ®ai, ¢ € Homp(Vs, VB,

iel

defines a right A-comodule structure on Homp (Vj, V(#)). Using (4.4.6) it follows that

dg is an intertwiner for the A ® B-comodule actions o 3 o (REA) ® Rg) and R, which
completes the proof of the proposition. O
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For A € P* with \,, > 0, define the Schur polynomial s,(z) € A(T) by

sa(2) = A(2) ™ D (-1 pme),
weS,

with A(2) := [],,;(2i — z;) the Vandermonde determinant. For arbitrary A € Pt with
An > —m (m € Z)define s)(z) := z‘(m")s,\+(mn)(z) € A(T). Then the sy (A €
PT) are well-defined and form a basis of the subalgebra A(T')®» of symmetric Laurent
polynomials. Recall that the character of a finite dimensional A,(U)-comodule M is
defined by xar := ), mii € Ag(U), where the m;; € Ay(U) are the matrix coefficients
of M with respect to a basis of M. The character x s is independent of the particular
choice of basis for M. As shown in [96, (3.22)], the character x» € A4(U) of the
irreducible comodule Vg () satisfies

(4.4.8) (@) = sa(z) (A€ PY),
as in the classical case (¢ = 1).

PROPOSITION 4.4.4. Let A € P*. The restriction of the Ay(U)-comodule Vg (X) to
A, (K) decomposes as

(4.4.9) | Va()) = @D (Va(p) R Va(v))®r,

v

the sum ranging over | € P:_l, v E Pl+. Here the c")’,, are the non-negative integers
characterized by

(4.4.10) Sx(21,.-- ,2n) = Z cﬁyvsu(zl, ooy Zn—)Su(Zn—it1y - -+ 5 2n)s
ITR%

the sum ranging over i € P:_ pVE Pl+.

PROOF. There exists a decomposition (4.4.9) for certain uniquely determined non-
negative integers cf;’,, by the previous proposition. It follows from (4.4.8) that the cf;’,,
satisfy (4.4.10), since xymn = XM ® xn € Ay(K) for a finite dimensional right
A,(U(n —1))-comodule M and a finite dimensional right A, (U ({))-comodule N. O

It follows from Proposition 4.4.4 that the abstract decomposition of an arbitrary finite
dimensional right A,(U)-comodule M into irreducible A, (K’)-comodules is the same as
in the classical (¢ = 1) case. Hence, Theorem 4.4.1 is now a consequence of Theorem
4.2.1.

REMARK 4.4.5. The proof of Theorem 4.4.1 can also be derived from Proposition
4.4.4 using the Littlewood-Richardson rule, which is a combinatorial rule for computing
the coefficients c), ,, in (4.4.10).
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4.5. A one parameter family of quantum Grassmannians

In this section a family of quantum Grassmannians is defined which depends on one
real parameter —oco < o < oo (cf. [92, Section 2]). The key ingredient in the definition
will be the n x n complex matrix J? defined by

@51 J7i= ) (- ew+ ek — Y, Cerw — Y, ¢ ew,
1<k<l I<k<l' 1<k<I 1<k<I

where k' := n —k+1(1 < k < n). Observe that lim,_,o, J7 = J°°, where J* is
defined by

n—l1

45.2) J® = e

k=1
The subspace € C U,(g) is by definition spanned by the coefficients of the matrix
(4.5.3) LTJ° — J°L™ € End(V) ® U,(g)-

It follows from (4.3.24) that £ is a two-sided coideal in U, (g), i.e. A(¢7) C U,(g) @€ +
¥ @ U,(g) and e(€7) = 0. This is in fact true when J€ is replaced by any n x n matrix J
in the definition of €. Moreover, since J7 is a symmetric matrix, it follows from (4.3.25)
that €7 is 7-invariant.

Define the subalgebra A,(¢7\U) C A,(U) as the subspace of all left £’ -invariant
elements in A4(U), i.e. all a € Ay(U) such that €7 - a = 0. As is well-known (cf.
for instance [22, Proposition 1.9]), the fact that €7 is a 7-invariant two-sided coideal im-
plies that A,(€7\U) is a x-subalgebra which is invariant under the right U, (g)-action on
Aq(U) (or, equivalently, the left coaction of A,(U) on itself). Important for the study of
A, (€7\U) is the fact that X = J is a solution of the reflection equation

(4.5.4) R12X1Ri3 Xa = XoR51 X1 Ros,

where Ry» := R, Ry := PRP(= R"), X; = X ® idy and X, := idy ® X. This fact
can be verified by direct computations.

REMARK 4.5.1. The algebra A,(¢7\U) can be considered as a quantized coordinate
ring on the complex Grassmannian U(n)/(U(n — 1) x U(l)) in the following way (see
[92] for more details). The quantum function space on the n x n-Hermitean matrices is
defined as the algebra generated by X = (z;;);; with relations given by the reflection
equation (4.5.4). It can be endowed with a *-structure and a left A,(U)-coaction (the
quantum analogue of the adjoint action). Since J is a solution of (4.5.4) it gives rise to
a (x-invariant) character of the quantum function algebra of Hermitean matrices. In other
words, J7 corresponds with a classical point in the quantum space of Hermitean matrices.
Then A,(¢7\U) may be considered as the quantized function algebra on the adjoint orbit
of the classical point corresponding to J¢ (see [92, Proposition 2.4]). Since J? has two
different eigenvalues 1 and —q?° with multiplicity n — [ and [ respectively, this quantum
adjoint orbit is associated with the complex Grassmannian U (n)/(U(n — 1) x U(1)).
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The quantized function algebra A,(U/K) (4.4.1) can formally be interpreted as the
algebra A, (¢°\U) with 0 — co. To make this a little bit more explicit, we write

11L+ 12L+ 13L+ llL— 0 0
L*=|( 0 2+ 3r+) L[~=|2L- 2L~ 0 |,
0 0 33L+ 31L— 32L— 33L—

where 1L+ is an | x I matrix, 2L+ an (n — 2[) x (n — 2l) matrix etc. Let D be the
[ x [ matrix with 1’s on the antidiagonal and 0’s everywhere else. The coefficients of the
g
matrix L*.J° — J? L™ coincide with the coefficients of the following six matrices up to a
sign:
(Z) q"(D-31L'—13L+~D)+(1—q2")(11L+—11L_)
(i) L*+¢°D-*L7,
(iii) **LT-¢"D+?'L~,
(4.5.5) (iv) 220t —22L~,
(7)) 11L+ _an _qch_33L—,
(U’L) 33L’+ 'an—an‘llL—.
Obviously, the coefficients of the following matrix are also contained in £7:
g

(4.5.6) C(vii) ¢“(D-BLT-3L7 D)+ (1-¢*)(PLT —-3L7).
For later use, observe that the following elements of the “Cartan subalgebra” U, (f) belong
to €7:
@457 Li-L;(U<i<l), Li-L;, 1<i<l), L;-L},(1<i<l).

It is clear from (4.5.5) and (4.5.6) that, in the limit ¢ — o0, the matrices in (i)—(vii)
tend either to zero or to the following matrices
(458) 11L+ _ llL_, 12L+, 21L_7 22L+ —22L—, 33L+ _33L—.

Again, the subspace £° C U,(g) spanned by the coefficients of the matrices in (4.5.8)
is a T-invariant two-sided coideal. Now, on the one hand, £°°-invariance in a left or right
U, (g)-module M is obviously the same as invariance with respect to the Hopf *-subalge-
bra

Uq(8) := Uy (gl(n — 1,C)) ® Uy (gl(l, C)) — Uy(gl(n, C)),
where invariance of v € M with respect to u € U,(g) should be interpreted as v - v =
e(u) - v (if M is a left Uy(g)-module). Using the Hopf-algebra duality between A, (V)
and U, (g) it can be easily shown that invariance of v € M with respect to U, (£) is the

same as invariance with respect to A,(K) (cf. [22, Proposition 1.12]). It follows that
A, (K)-invariance is equivalent to ¢>°-invariance, hence A, (¢°\U) = A,(U/K).

REMARK 4.5.2. It should be observed that the matrix J°° also satisfies the reflection
equation (4.5.4), but the subspace spanned by the coefficients of the matrix LTJ> —
J° L~ is strictly smaller than £*° and of little use for the purposes of this paper.
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The following lemma is now a direct consequence of the arguments given above.

LEMMA 4.5.3. Let M be a finite dimensional right A,(U)-comodule with linear ba-
sis {m;};. Consider M as left Uy(g)-module using the differentiated action (4.3.28).
Suppose that v, =Y, ci(0)m; (ci(0) € C) is a €7 -fixed vector for all ¢ € R and that
¢; = limy 00 ¢;(0) exists for all i. Then ., c;m; is a Aq(K)-fixed vector in M.

REMARK 4.5.4. In some suitable algebraic sense (cf. [11, Proposition 9.2.3]) the
algebra U, (g) “tends” to U (g) when ¢ tends to 1. The corresponding limits of the L-ope-
rators are given by

LE/(g—g7Y) = ke (S J), (¢ —a*)/la—q") > eq
(cf. [91, (1.10), (1.11)]). Hence, by (4.5.8) respectively (4.5.5), the subspace £ C U,(g)

(0 = oo respectively o = 0) tends to the Lie subalgebra ¢ = gl(n — [,C) @ gl({,C) C g
respectively & C g (cf. Section 4.2) in the limit ¢ — 1.

Reflection equations play an important role in the quantization of symmetric spaces
(cf. [91, Section 2], [94]). For the purposes of this chapter, the importance of this equation
lies in the following fact. Recall that a vector w in a left U,(g)-module M is called £-
fixed if €7 - w = 0 (a similar definition can be given for right U, (g)-modules).

PROPOSITION 4.5.5. ([95, Prop. 3.1], [92]) Let J be any n X n complex matrix.
Write €/ C U,(g) for the two-sided coideal spanned by the coefficients of L*J — JL~.
The element

w’ = ZJZ-]-U,-@U; EVRV”
i,J
in the left U, (g)-module V ® V* is a ¢’ -fixed vector if and only if J satisfies the reflection
equation (4.5.4).

PROOF. In the proof the same notational conventions as in [91, Proof of Proposition
2.3] will be used. Recall that the U, (g)-module structure on V* corresponding to the dual
A4(U)-comodule V* is given by

u-v*(v) =0 (S(u)-v) (ueUyg),v" €eV5,5veV).
Setv := (vy,...,v,), then it follows from (4.3.29) that
459) Lf-va=vs-Ri, Li-vi=v3 (Ry), L7 -vi=vs-(Rf)"=.
Here 2 denotes transposition with respect to the second tensor factor. An equation like
L{ -vy = vy Rf, should be interpreted as Lf;-vx = Y.L, (Rfy) 4w forall 1 < i, j,k <

n, where Rf, = 3, . | (R3)"¥ei; ® ey Using the identities (4.5.9) one computes in
shorthand notation,

LYJ-w’ = L - (vado ® (v*)8) 1 = (L - va)Jo ® LT (v) Ty
= VvaR{, JaRy J1 ® (v¥)s,
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since by (4.5.9) one has L} - (v*)4 = R, - (v*)%. On the other hand,
JL™ -w? = LT - (vaJo ® (v¥)}) = Jiva Ry o ® Ly - (V*)4
=va iR 2R3y ® (v7)3,
since by (4.5.9) one has L] - (v*), = Rj;(v*). It follows from the two preceding
computations that w? is ¢’-fixed if and only if R, Jo Ry, J1 = J1 Ry, Jo R¥;. Multiplying

this last equation from the left and from the right by the permutation operator P gives
(4.5.4), which proves the proposition. O

By Proposition 4.5.5 and the fact that the matrix J satisfies the reflection equation
(4.5.4), it follows that

(4.5.10) w =Y Jivi v €VRV”
ij

is a £7-fixed vector in the left U, (g)-module V' ® V*. Observe that lim, o w? = w,
with w the right A, (U/K)-fixed vector defined in

n n—lI
(4.5.11) w® =Y JFvi®vi =Y v ®0].
7 i=1

Since V@V* ~ V(w;) ®V(0) as left U, (g)-modules (where V (0) is the trivial module)
and since w’ has a non-zero weight component of weight w1, it follows that V' (co; ) has
a non-zero £7-fixed vector.

Next we construct a right £7-fixed vector in V° ® (V*)°. Observe that a vector
w = Zi,j jz‘j'l)i ®uv; EVe® (V*)° for a real matrix J= Zij jijeij is right £7-fixed
if and only if W is left S(£7)-fixed as element in V' ® V* by the 7-invariance of ¥ and
by Remark 4.3.2. Reasoning as in the proof of Proposition 4.5.5, it follows that w is left
S(&9)-fixed if .J is a solution of the linear equation

(4.5.12) J?(Ryy) Jo ((Ry)t) ™ = RM T (RB) ™7
where J? is given by (4.5.1). A solution J = J7 of (4.5.12) is given by
ja = Z (1 _ q2(n—2l)q2a)ekk+ Z ekk

1<k<I I<k<l'

g1 Z PE Dy — g7 Z PF Depy.
1<k<I 1<k<l

(4.5.13)

We write w” =}, ij v; ®v} for the corresponding right 7 -fixed vector in V° ® (V*)°.
Similarly as was shown for left £7-fixed vectors it follows that V' (zw;)° has a non-zero
right €7 -fixed vector. Observe that lim,_, o, W’ = w*, with w* the A, (K)-fixed vector
given by (4.5.11).

Recall from the previous section that V' (\) has at most one £*°-fixed vector up to
scalar multiples, and that V() has non-zero ¢*°-fixed vectors if and only if A € P‘,}|r
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(cf. Theorem 4.4.1). We have the following analogous statement for £7-fixed vectors
(—o0 < 0 < 00).

THEOREM 4.5.6. ([92, Theorem 2.6]) Let A € Pt and fix —o00 < 0 < oo. The
irreducible left U,y (g)-module V (X\) with highest weight X has at most one ¥’ -fixed vector
(up to scalar multiples). There exist non-zero € -vectors in V(\) if and only if A € P}' .
The same statement holds for right £° -fixed vectors in V (\)°.

In the remainder of this section a proof of Theorem 4.5.6 is given. Fix a parameter
—00 < 0 < oo. First of all, we have the following crucial lemma.

LEMMA 4.5.7. Let A\ € Pt and fix —c0 < o < oo. Then any non-zero €’ -fixed
vector in the left Uy (g)-module V () has a non-zero weight component of highest weight
A. The same statement holds for the right U,(g)-module V (X)°.

The proof of the lemma follows by analyzing the particular form of the two-sided
coideal £7. The details are omitted here, since the proof is analogous to the proof of [91,
Lemma 3.2] and [24, Proposition 3.2].

Since the linear subspace of V() (respectively V' (\)°) consisting of weight vectors
of weight X is one dimensional, it follows from Lemma 4.5.7 that every irreducible fi-
nite dimensional P-weighted U, (g)-module has at most one £’ -fixed vector up to scalar
multiples.

Set P = ®1<r<1Zw,, where w, are the fundamental spherical weights (cf. Section
4.2). Observe that the assignment A — A as defined in Section 4.2 extends to an order-
preserving bijection from Pk onto Px. For p € Ps, we write A, € P for the inverse of
1 under the bijection .

The following lemma is immediate from the fact that the Cartan type elements listed
in (4.5.7) belong to 7.

LEMMA 4.5.8. Let A € PI"{", —00 < 0 < 00 and assume thatv € V ()) is a non-zero
left €7 -fixed vector. Letv =), u<x Uu be the decomposition of v in weight vectors, where

vy, has weight . € P. Then v, = 0 unless i € Pg. The same statement is valid for the
right Ug(g)-module V (A)°.

It follows from Lemma 4.5.7 and Lemma 4.5.8 that if V' (\) (respectively V' (A)°) has
a non-zero £?-fixed vector, then A € Pj.

To finish the proof of Theorem 4.5.6 we have to show that all modules V' (\) and
V(A)° (A € P{) have non-zero £ -fixed vectors. The existence of non-trivial &7 -fixed
vectors in V (ww1) and in V' (w1)° is already proved. Explicit intertwining operators

T, (VRV)® 5 AL(V)®AL(VY), (1<r<I)

will be constructed to prove the existence of £ -fixed vectors in higher fundamental spher-
ical representations. The proof of Theorem 4.5.6 is then completed by computing so-
called principal term of ¥, ((w?)®"), with w” € V(w;) the € -fixed vector given by
(4.5.10).
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Before giving the construction of T,., we first introduce the notion of principal term
of avectorv € AJ(V) ® Ay (V™) (cf. [95], [124]). For the present setting it is convenient
to use a slightly modified definition of Noumi’s and Sugitani’s notion of principal term
(cf. [95], [124]). The definition is based on certain specific properties of the comodule
AL (V) ® AL (V*). The comodule A7 (V') ® A7 (V*) has a multiplicity free decomposition

(4.5.14) AL(V) ®AT V*) @V ws) (1<r<l)

as right A,(U)-comodules, where wq := 0 € P{. The decomposition (4.5.14) can be
proved by computing the restriction of the character of the module A} (V) ® A} (V™)
to the torus and using the classical Pieri formula for Schur functions [85, I, (5.17)]
(cf. Proposition 4.4.4). Due to the multiplicity free decomposition (4.5.14), the module
AL (V) ® Ay (V™) is extremely useful for the study of £-fixed vectors in V (w,.), as will
be shown in the remainder of this chapter as well as in the next chapter. It follows from
(4.5.14) that all the weights ¢ € P of the module A7 (V) ® A (V™) are < w,. with respect
to the dominance order. The vector vy ] ® vf;,_, 11 ) € Ag(V) @ Ag(V™) is the highest
weight vector of the unique copy of V (w,) within A7 (V) ® A7(V*). Suppose now that
U = ), <, Uu is the weight space decomposition of a vector v € Ay (V) ® Ag(V™),
where v, is the weight component of weight 1 € P. Then the principal term of v is
defined by

4515 Rli= 3 o,
vEW(1™)

(cf. [95], [124]), where W = W), acts on (1") € P} C Py = Z' by permutations
and inversions (cf. Section 4.2). Since {)\, |v € W(1")} lies in the &,-orbit of the
highest weight @, € Pt of V(w,), it follows that the principal term of a vector v €
AL (V) ® Ap(V*) lies in the unique copy of V(w,) within A7 (V) ® Aj(V*). If v is
a non-zero £?-fixed vector in A7 (V) ® Aj(V*) and if v — [v] has a non-zero weight
component of weight v, then, by Lemma 4.5.8, v € Pg and v € C(w,), where

(4.5.16) C(p) ={p € Ps|wpy <puVweW} (uePyd)

is the strict integral convex hull of Wy. In the next proposition the principal term of a
t7-fixed vector in Ap(V) ® Ay(V*) (respectively in A7 (V)° & A7(V*)°) is compared
with the elements u.., 4. (1 < r < [), which are defined by

4.5.17) Up 1= Z VU, Uy = Z ¢y @ vy
IC[1,ull \n] Ic[1,l)ull’ ,n)
|I|=r,INI"=0 [I|=r,INI'=0

where I' := {i' | i € I'}. The element u, lies in the unique copy of V (=) within A} (V)®
Afl(V*), whereas 4, lies in the unique copy of V' (w;)® within A} (V)° ® Aj(V*)°. Ob-
serve that by the explicit form of the £7-fixed vectors w’ respectively 7, we have

(4.5.18) W] = —¢°uwy, [@°] = _qcr—lq2(1—l),a1
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For the construction of the intertwiner \Tlr, consider now the linear bijection 8: V*®V —
V ® V* determined by

(4.5.19) B} ®@v;) = q % v + (7" — ¢)6i; Y _ vk ® ;.
k<j

Write V; :=V, V.* := V* (1 < ¢ < r). Define a linear bijection

U, MeV)e -V, V) >WVMe V)0 e---a V)
by
(4.5.20) U :=P1r0B2,r0 0 Pp_1,0:0p130 Paz 0 P2,

where (3;; acts by definition as the identity on all factors of the tensor product except for
V.* ® Vj, on which it is equal to 3. Write

pr,: V& — AL(V), pry: (V¥)®" AL (V)
for the canonical projections. We have now the following generalization of (4.5.18).
PROPOSITION 4.5.9. Let 1 < r < l. The operator
T,: (VR VH)E = ANV) @ Ap(V*)

defined by \ilr := (pr, ® pr}) o U, is a surjective intertwiner and

B (@) = el arlo)i= (27 ) (@5ed),

N o—1,2(1=-0)\"
(@) = o) el = (L0 @),

Before giving a proof of Proposition 4.5.9, we first show how it implies Theorem
4.5.6. Since €7 is a two-sided coideal and ¥, an intertwining operator, Proposition 4.5.9
shows that ¥, ((w?)®") is a non-zero €7 -fixed vector. Proposition 4.5.9 implies that the
leading term of ¥, ((w)®") is non-zero, hence it follows that V(w,) (1 < r < I)
has a non-zero £7-fixed vector. Since any A € P;g can be written as a positive integral
linear combination of the fundamental spherical weights {thgrgl, it follows by an easy
argument using tensor products and Lemma 4.5.7 that any A € PI'{F is actually spherical.
For right €7 -fixed vectors the same argument holds, since U, is also an intertwiner as map
from the module (V° @ (V*)°)®" to A7 (V)° ® Aj(V*)° (cf. Remark 4.3.1).

So it remains to prove Proposition 4.5.9. The proof of this proposition proceeds by
induction on r. The proof is broken up into a couple of lemmas.

LEMMA 4.5.10. For2 <r < n+ 1 the linear mapping

& . AT—1 * r— *
$: AV OV 5 VA (V)
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defined on the basis vectors vi ® v; (|[I| =7 —1,1<j <n) by

vj ® v} #i¢l
3.(v @) = sq(I\j;m , if j
®r(v7 @05) = g1o; @0} — (q~q_1)zi(1£~_'l”m®”(1\j>w fiel
SC]( \.77.7)

m<j
is an intertwining operator of right A,(U)-comodules.

PROOF. Let P: V ® V — V ® V denote the flip. Define a linear bijection y: V ®
V - V®V by~v := PR, with R as in (4.3.2). The action of «y on the basis vectors
v; ®v; (1 < 4,5 < n)is given by

(4.5.21) ¥(v; ® v;) = qéij’l}j Qv + (¢ — q”l)ﬁmvi ® vj

with 6; ; := 1if i < j and 6; ; := 0 otherwise. The fact that the commutation relations
between the ¢;; € A,(U) can be written as RT;T> = T>T1 R (cf. Section 4.3) implies
that -y is an intertwining operator. Since R is a solution of the Quantum Yang-Baxter
Equation, -y satisfies

4.5.22) Y1OY2071 = Y2971 072,

with v; € End(V ®3) acting as + on the ith and (i + 1)th tensor factors and as the identity
on the remaining factor. Note furthermore that the exterior algebra A, (V') is isomorphic
as right A,(U)-comodule algebra with T(V')/I, where T'(V) is the tensor algebra of
V and I C T(V) the two-sided ideal generated by ker(id —¢~1vy) C V®2 c T(V).
Consider now the intertwiner ['y: V®*-1) @V - V ® AFY(V)@2 <k <n+1)
defined by

Iy =(d®pri_;)ov10720 - -0yk_1.

Application of [35, Lemma 4.9 (1)] to the Yang-Baxter operator ¢~ '~ shows that there
exists a unique bijective intertwiner

T AFY (V)@ V - Ve AL(V)

such that Ty, = fk o (prj,_; ®id). By a straightforward computation one verifies that

~

Tk (vr ® v;) = ¢!l @ vy +

+ (=) (=a) ™ sq(13) 3 salis T\ i)os @ vinvag
i

forI C[1,n]with|I|=k—1and1<j<m.
Next, the linear mapping & : A% (V*) — A7¥(V) ® Cdet, ' (1 < k < n) defined
on the basis elements v} (|I| = k) by 6 (v]) = sq(I; I)vre ® detq_1 is a bijective
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intertwiner by (4.3.19). With the canonical identification V' ® (Cdet;1 ~ (Cdet;;1 QV
we have an intertwining operator @, : AT"HV*) @V = V @ A~ (V*) defined by
3, := ¢ 1 (id®6-Y) o (Tp_rpa ®id) o (6,_1 ®id).

Starting from the explicit expressions for fn_r+2 and 6,_1, a straightforward calculation
shows that ®.. acts on the basis vectors v; ® v; as required. O

COROLLARY 4.5.11. The linear mappings 8, ¥, and V., are right Aq(U)-comodule
homomorphisms.

PROOF. The assertion follows from the previous lemma since 3 = &, and since the
natural projections pr,. and pr}: intertwine the right A, (U)-comodule actions. |

LEMMA 4.5.12. Let 1 < r < l. The bijective intertwining operator
P, (V@ V)V -V -0V
defined by ®, := 313 0 fa30---0 fr_3 r_1 0 Br_1,, satisfies
(id®pri_,) o &, = &, o (pr}_, ®id).

PROOF. ForI = {i; < ... <i,} C[l,n],set?] := v} ®...®v;, ®v},. Itis clear
from the definitions that

(id®pry_,) o @, (07 ®v;) =v; Qv ifj ¢l
If j € I, then

(id@pry_;) 0 &.(07 ®vj) = ¢ vy ®@v] — (g —¢7") Z e(m, )vm ® V{1 jyums
m<j

where c(m, j) := (—q)H€Im<i<i} if m ¢ I, and ¢(m, j) := 0 otherwise. Using the
definition of the g-signum s, it follows that ¢(m, j) = sq(I\j;m) sq(I\j;7) "' if m < j,
which concludes the proof of the lemma. |

Observe that the multiplication maps
w: A(V) @A (V) = Ag(V), p": Ag(V*) @ Ag(V™) = Ag(V™)

are intertwiners of the A, (U)-coactions, since A,(V') and A,(V*) are A,(U)-comodule
algebras.

LEMMA 4.5.13. The intertwining operator

O, NI V) @ AT (V) @V @ V* — AL(V) @ AL (V)
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defined by ©, := (u® p*) o (idA;—1(V) ®®, ® idy-) satisfies

~ 1— q2'r

(07 (ur—1 @ w7)] = —¢° 1-¢2 Ur

~ oy B B 1-— q2r _
Br(irs © )] = a7~ 0 T

for2 <r <L

PROOF. Ifv is a vector of weight x in the domain of ©,, then o, (v) is again a weight
vector of weight u since O, intertwines the right A,(U)-coaction. Hence, for a fixed
I C [1,0)U[l",n] with INI" = @ and |I| = r—1, we have that [0, (v; ®v}, ®v,®v})] = 0
unless s,t ¢ I U I' and s # t. By the explicit formulas for the action of 3, (cf. Lemma
4.5.10), it follows that

[@r(ur—1 Rw)] = —¢° Zv; Avg @up Avgy = —q° ZCJ’UJ ® vy
Lk J

where the first sum is taken over pairs (I, k) with I C [1,/JU [l',n], k € [1,{JU[I',n],

Il =r—1,INI =0and k ¢ T U I, and the second sum is taken over subsets

J C [1,)U[l',n] with J N J" = @ and |J| = r. The corresponding constant c; is given

by

' 2 s 1 — g2
cr =3 salT \ ks k) sa(ks I\ K) = 3 (s \ i ))* = a2 = ==
keJ keJ 5=0 q
The proof for the leading term of @r(ﬁr—1 ® w7) is similar. O

Proposition 4.5.9 can now be proved by induction to r, using the previous lemma for the
induction step.

PROOF OF PROPOSITION 4.5.9. Define an intertwiner
0,: VD @ (V*)8r-D gV eV* - V& g (V)&
by
O, :=idyer-1) P, ®idy- .
It follows from Lemma 4.5.12 that
(4.5.23) (pr, ®pr¥) 0 O, = 0, 0 (pr,_, ®pr’_, ®idy ®idy-).
From the definitions of ¥,. and ®,. it follows that
U, = 0,0 (¥,_; ®id)
and hence by (4.5.23)
(4.5.24) ¥, =0,0(F,_; ®id).
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This allows us to prove the proposition by induction to 7. The proposition is trivial for
r = 1. Suppose that r > 2. By the induction hypotheses and Lemma 4.5.8 we have

(I\"r——l((wg)(gr_l) = cr—l(U)UT—l + Z LW

vec((1m=1)

where vy, is some weight vector of weight A, and C(u) is defined by (4.5.16). For
veC ((lr 1)) we have [0, (vy, ®w7 )] = 0, hence the induction step for the computation
[P, )] follows by combining Lemma 4.5.13 with (4.5.24). The leading term

of [ ((w*

(I\l (w%) )] can be computed in a similar way. (|
REMARK 4.5.14. It should be observed that the proof of Theorem 4.5.6 differs in

important details from the proof of Theorem 4.4.1. Observe for instance that Lemma

4.5.7 does not hold with £7-fixed replaced by £°°-fixed, since any £>°-fixed vector lies

automatically in the zero weight space of the module.

4.6. Zonal (o, 7)-spherical functions

In this section the £” -invariant (—oo < 7 < oo) functions are studied in the quantized
coordinate ring A, (87\U) (—00 < ¢ < 00). The results of this section were announced
in [92, Section 3]. The rank 1 case of these results were earlier derived by Koornwinder
[63] for n = 2 and for arbitrary projective space by Noumi and Dijkhuizen [24].

Let —0o < 0,7 < oo and denote 7{%" for the *-subalgebra of left €7 -invariant and
right £"-invariant functions in A,,(U). From Theorem 4.4.1, Theorem 4.5.6 and (4.3.9)
we obtain the decomposition

(4.6.1) HOT = P HOTN), HOT(N) =WA)NHOT,
AeP;

the subspaces H%" (A) (A € P;) being one dimensional. A non-zero element %7 (\) €
H?7(A) is called a zonal (o, 7)-spherical function. Since the decomposition (4.3.9) is
orthogonal with respect to the inner product {p, ) = h(1)*p), the zonal spherical func-
tions ™7 (A) (A € P}) are mutually orthogonal with respect to (., .).

Let M denote aright A,(U)-comodule with comodule mapping Ry, and an invariant
inner product (., .). With any two elements v,w € M we associate the matrix coefficient

(4.6.2) HM(v,w) = Z(’w(l),v)’UJ(Q) S Aq(U), RM(’UJ) =: Zw(l) ® w(g)
(w) (w)
The map 05, induces a linear map (denoted by the same symbol)
Orp: M° @M — Ay(U),

which is surjective onto the subspace spanned by the matrix coefficients of M. If no
confusion can arise we sometimes write § := 6);. The following lemma is a direct
consequence of these definitions (cf. [91, Lemma 4.8]).
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LEMMA 4.6.1. Let M be a unitary right Ay(U)-comodule. The map Opr: M° ®
M — A, (U) satisfies the following properties:

(i) Oar is a Ay(U)-bicomodule homomorphism, i.e.
(463) Aofy=0n®id)o(id®RyM), Aoly = (id®fy)o (R} ®id),
where R, is defined as in Remark 4.3.1.
(11) HM(’U,'LU) = T(oM(’LU,'U)) ('U,w € M)
(iii) If M is irreducible of highest weight X € P, then 0y : M° @ M — W () is an
isomorphism of A,(U)-bicomodules.

Lemma 4.6.1 can be used to construct zonal (o, 7)-spherical functions as follows. Let
ve(A) € V(A) respectively 4-(A) € V(X\)° be a non-zero €7 -fixed respectively £ -fixed
vector (A € Pg). Let (., .) be a unitary inner product on V (), and write 6 for the map
6 in Lemma 4.6.1 with respect to the unitary comodule (V' (A), (., .)). Then

(4.6.4) @77 (A) := 0 (0-(A),v5 (X)) € HTT(X)
is a zonal (o, 7)-spherical function by Lemma 4.6.1. This leads to the following lemma.

LEMMA 4.6.2. Let —co < 0,7 < coand A € P;I. The image of ™" (\) under the
restriction map |7: Ay(U) = A(T) is of the form

(4.6.5) TN = cxmu(@) + Y, e, ¢ €C

‘ veC(Ab)
with cxv # 0 and C(v) given by (4.5.16). Here the notation z” := x{'z3?...z;" for
v=(v,...,1) € Pg is used, where the x; (1 < i < l) are defined by (4.2.10).

PROOF. Since any A € PE can be written as a positive integral linear combination
of the fundamental spherical weights {w, }1<,<;, it follows by an easy argument using
tensor products, Lemma 4.5.7 and Lemma 4.5.8 that (4.6.5) for arbitrary A € PI;{F follows
from (4.6.5) for the fundamental spherical weights {cw, }._;.

So fix a fundamental weight w, (1 < r < ). Consider the unitary inner product

(4.6.6) (vr @V}, vk ®VI) = q_<2p’5J>61,K(51,L

on A} (V) ® Ay (V*) (cf. Section 4.3) and write 6 for the map (4.6.2) associated with the
module (A}(V) ® AZ(V*),(.,.)). By (4.5.14), the module V (z,) may be considered as
irreducible component of A7 (V') ® A7(V'*) with unitary structure given by the restriction
of (.,.) to V(w,). Then, by Proposition 4.5.9 and the fact that u, € A7 (V) ® A7 (V*)
(respectively i, € A7 (V)° ® A7 (V*)°) lies in the unique irreducible component V (z,.)
(respectively V (w,)°), the principal terms of the £”-fixed vector v, () and the " -fixed
vector U, (to,) are given by

4.6.7) o (wy)] = crtty,  [07(wr)] = &ty

for non-zero constants ¢, ¢, € C. Forv, € Ay(V) ® Aj(V*) of weight y and 9, €
AG(V)° ® AL (V*)° of weight v we have 6(7,, vu)|T = 0if u # v, and 6(0,, Uu)|T isa
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multiple of z# if u = v. Using furthermore Lemma 4.5.8 and using the fact that C[z*!]

is the subalgebra of A(T') spanned by the monomials z*(= x”h) (u € Pg), we obtain
from (4.6.7),

0T (N = 0( (wr),vg(wr))u,
9([vr (@), [”cr(wr)])|T+ Z dyx”

veC((17m))

B d(lr)m(lr)(m) + Z dyﬂl’
veC((1m))

with d(;-) = ¢,&, # 0, since (i, “r)|T = m(yr)(z). This completes the proof of (4.6.5)
for the fundamental spherical weights. O

Lemma 4.6.2 has the following important consequence.

COROLLARY 4.6.3. The restriction of the map p: Ay(U) — A(T) to H*" defines
an injection from H%" into Clz*!] for —co < 0,7 < oo. In particular, H" is a
commutative algebra for —oo < g, T < 0.

Recall from [104] and [92, Section 3] the Casimir operator

C:= Zq2<" VLES(L;;) € Uy(g)-

Since C is central, it acts on W ()) (A € P*) as a scalar x,(C), which is given by

n
\ = Zqz(AkJrn—k)_
k=1

Also, C' maps H?7 into itself. Therefore, if —oco < 0,7 < 00, the restricted Casimir
operator C': H”" — H?7 induces an operator

L:H""\p = H"" )7 C Clz*!),
which is called the radial part of C. Explicitly, L is the map which satisfies
L(ow) = (Co) g VOEH.

Crucial for the identification of the zonal (o, 7)-spherical functions is the realization of the
radial part L of the Casimir element C' as the restriction to H”"|r of an explicit second
order ¢>-difference operator on C[z*!]. Without proof we will state here the result (see
[92, Section 3]).

THEOREM 4.6.4. ([92]) Let —o0 < 0,7 < 00 and A € P;('. The operator L —
Xx(C)id coincides on H"|p C Clz*t!] with a constant multiple of Koornwinder’s sec-
ond order q?-difference operator D — E\; id in the variables x = (21, . .. ,x;) with base



4.7. LIMIT TRANSITIONS ON QUANTUM GRASSMANNIANS 125

q? and parameters (t,t) = (t7, q*), given by

o+71+1 tg’ﬂ' —

o,T __ —o—7+1
to =—q ) )

—q
tg’T — qa—r+1 tg,‘r — q—-a+-r+2(n—21)+1'

)

(4.6.8)

For a proof of the theorem for rank 1, see [24]. In [94] a proof can be found for the
special casen = 2l and o = 7 = 0.

Note thatt7 € Vi for —oo < 0,7 < oo (cf. Section 2.6) and that tg"" 7" t5" "t €
(0,1). In particular, the eigenvalues E; are mutually different for compatible weights
when —oo < 0,7 < 0o (see Proposition 3.6.5).

We write D, , for Koornwinder’s second order q>-difference operator in base ¢*
with parameters (t77, ¢?), and EDT (n € Py for the corresponding eigenvalues. We
furthermore write PJ°"(z) := P, (z;t""; q%) (u € Py for the corresponding monic
Koornwinder polynomials in base ¢>. By Theorem 4.6.4, w”’T(A)]T € Clz*'] is an
eigenfunction of D, , with eigenvalue EY;" for A € Pt. By [94, Lemma 6.2], any
eigenfunction ¢(z) € Clz*'] of D, with eigenvalue E7 (u € Py which is of the
particular form

d(z) = cymy(z) + Z cyx’

veC(u)

is a constant multiple of the Koornwinder polynomial P'"(z). Combined with Lemma
4.6.2, the following main result of the paper [92] is obtained.

THEOREM 4.6.5. ([92]) Let —00 < 0,7 < oo. The restriction p”7 (A\)r of the
zonal spherical function *7(\) € HT(X) (A € P{) is equal to the Koornwinder
polynomial P;,’T (), up to a non-zero scalar multiple. In particular, | defines an algebra
isomorphism from H%'™ onto Clz*! V.

REMARK 4.6.6. It should be observed here that the assumption —co < 0,7 < 00
in the preceding arguments is absolutely essential. In fact, the map |7: A,(U) — A(T)
factors through the projection mx : Aq(U) — A4(K). This implies that the image of
H°T under |7 is one dimensional as soon as either o or 7 is infinite.

4.7. Limit transitions on quantum Grassmannians

In this section the right €™ -invariant (—co < 7 < oo) functions in the quantized
coordinate ring A, (U/K) = A,(£°°\U) are studied. The harmonic analysis for ¢ = 0o
and/or 7 = oo will be derived as limit case of the harmonic analysis for —oco < 0,7 <
00, using explicit knowledge of the limit transitions from Koornwinder polynomials to
multivariable big and little g-Jacobi polynomials. The rank 1 case of these results were
earlier derived by Koornwinder [63] for 2-spheres and for arbitrary projective space by
Noumi and Dijkhuizen [24].

For the proper interpretation of the limit transitions of the zonal spherical functions, a
careful study is needed of the pre-images of the JV-invariant functions e, (z) := mys)(z)
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(1 < s < 1) under the isomorphism |7 : H*™ — C[z*!]". For —c0 < 0,7 < 00, write
e for the unique element in %" such that its restriction to the torus is equal to e, (z)
(1 < 7 < D). Itis convenient to put eg(z) := 1 and eJ’” := 1. The W-invariant
functions {e, }\._, are algebraically independent generators of C[z*']". In other words,
the assignment

(4.7.1) Plei(z),... ,e(z)) := P(z), P ez

defines an algebra isomorphism Clz*' "V — C[y], where y = (y1,..., ) are [ inde-
pendent variables. It follows now from Theorem 4.6.5 that the elements {eZ'"}._, are
algebraically independent generators of the algebra 7.

Using Theorem 4.6.5 it is now easy to derive an explicit form of the restriction
of the normalized Haar functional i to H°". Recall that the parameters t”” lies in
the parameter domain Vg for —co < o,7 < oo (see Definition 2.6.1 for the defini-
tion of Vi). Let (.,.);o.~ 42 be the non degenerate bilinear form for which the Koorn-
winder polynomials P'"(z) (1 € Py are mutually orthogonal (see Theorem 2.6.6).
Write (¢)o,r := (@, 1)4o.r 42 for the constant term of ¢ € Clz*]". Observe that
(1)5.r = N(0;¢°7;¢%) is known explicitly by Gustafson’s evaluation of the multidi-
mensional Askey-Wilson integral (cf. (2.1.1)). In particular, the constant term (1), . is
non-zero for all —oo < 0,7 < .

COROLLARY 4.7.1. Let —o0 < 0,7 < 00. The restricted Haar functional h :
H?T —.C is explicitly given by
N P)
h(P(e]",es™,...,e]")) = (Plo.r
( ( 1 2 l )) (1>07T
PROOF. The left and the right hand side are equal to zero for P = P77 with 0 #

p € Py, and equal to 1 for P = 1. The corollary follows now by linearity, since the
Koornwinder polynomials PJ"" (z) (1 € P5t) form a linear basis of Clz*!]". O

(P € Clz* ™).

Recall the intertwiner
T, (VR V)E - AN(V)® AL(V™)
defined in Proposition 4.5.9. Introduce left £ -fixed vectors wy € A (V) ® Af(V*) and
right €7 -fixed vectors W] € Ap(V)° ® A7 (V*)° by
w? =0, (w)®), @7 =T, ((@")®) 1<r<).

Here we have used the notation W™ := w (4.5.11) in case of 7 = oo, which is com-
patible with the definition of w” for —oco < 7 < 00 since lim,_,, W™ = w*. Consider
now the (o, 7)-spherical elements

(4.7.2) ©27 = 0], wy) € PH(w,) (1<r<I)
s=0

(cf. (4.5.14)), where 0 is the map (4.6.2) associated with the unitary module (A} (V) ®
AZ(V*),(.,.)) (see (4.6.6) for the definition of (., .)). It is convenient to put pg’" := 1. By
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Theorem 4.6.5 and (4.7.2), ¢°" | is a linear combination of the }V-invariant functions
es(z) € ClzH Y (0 < s < 7).

LEMMA 4.7.2. Let —00 < 0,7 < 00, 1 < r < . In the expansion
71 = a7(q°,q er + - + ag(q”, 4" )eo,

each coefficient a; is a polynomial in ¢° and q" which is the sum of monomials of partial
degree > i in each of the variables. Moreover, a’.(q°,q") = ¢, (0)é,(7) = ¢q""*"™ with
¢ # 0 independent of ¢° and q", where ¢, (o) and é.(7) are defined in Proposition 4.5.9.

PROOF. It is obvious from the definitions that the coefficients are polynomial in ¢
and ¢”. To prove the estimates on the partial degrees, we study the action of the inter-
twiner ¥, on the vectors (w?)®" and (W™ )®" in detail. We proceed in a number of steps.

D@letl <43 <---<ip<mandl < j <--- <3 < n be integers. We use
the shorthand notation § := (i1,... ,i,), j := (j1,-.. ,Jjr). Call a tensor ¢ in some tensor
product space made up of factors V or V* (the total number of factors V being equal to
the total number of factors V*) a basic tensor of type (i, j) if ¢ is the tensor product in any
given order of the vectors v;, , ... ,v;, and vj ;... ,v} . Let ng(i) denote the cardinality

of the set {p € [1,7] | i, = k}. For a basic tensor ¢ of type (i, j) define

n(t) ;=Y min(ng (i), nk(4))-
k=1

From an informal point of view, n(t) is the number of factors v; in ¢ that “cancel” against
a factor v}. Recall the intertwiner ¥,.: (V @V*)®" — VO g (V*)®T defined in (4.5.20).
Let ¢ be a basic tensor in (V ® V*)®". Since ¥, is the composition of the intertwiner
B (see (4.5.20)) it follows by inspection of (4.5.19) that ¥,.(¢) is a linear combination of
basic tensors ¢' in V& @ (V*)®" with n(t') = n(t).

(2) A basic tensor t € (V ® V*)®7 is called typical if it is a product of tensors in
VeV*oftype v;®@v; (1 <14 < n—1),v;@v}, vy ®v] (1 <14 < 1). We call atypical tensor
t € (V@ V*)®" k-typical if the number of factors of type v; ® v} (i € [1,I]U[l',n])is
equal to k. If ¢ is a k-typical tensor then ¥,.(t) is a linear combination of elements v; ®vy
where I, J C [1,n] are such that |I| = |J| = rand |I N J| > r — k. In fact, this follows
from (1) and the definition of \Tlr, since n(t) > r — k.

(3) It is an immediate consequence of the definition of the coactions on A7 (V') and
Ar(V*) and of (4.3.19) that

9(1)1 ® ’Uj,’UK ® U2)|T = q_(zp’gJ)él’K(SJ’ngl_gJ,

forI,J C [1,n] with [I| = |J| = .

(4) Let ¢ be a k-typical tensor and ' a m-typical tensor. Fix a weight u € W(1%) C
Ps, (i € [1,r]) and suppose that the coefficient of z*+ is non-zero in the expansion of
O(W, (), V(")) i With respect to the basis {z*}xep of A(T). Then, k > i and m > 1.
This is a straightforward consequence of (2) and (3).
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(5) There is a unique expansion (w?)®" = Y ;_, >, ¢ty Where t; runs over
all k-typical tensors in (V ® V*)®" and where the c;, # 0 are linear combinations
of monomials (¢°)! with ¢ > k. Similarly, there is a unique expansion (@")®" =
koo Zt; dy; t}, where ¢ runs over all k-typical tgnsors in (V ® V*)®" and where the
dy, # 0 are linear combinations of monomials (¢")* with ¢ > k. Hence,

T
I =D > a0 (t,), Ur(te))
k,m=0 tj ,t/m
with ¢ = ¢y, dy_ a linear combination of monomials (¢%)*(¢”)? with i > & and
j > m. Combined with (4) this yields the desired lower bounds on the partial degrees of
the monomials (¢°)?(¢”)? occurring in al (g%, ¢ ). The explicit expression for a’.(¢°, ¢")
follows immediately from Proposition 4.5.9. O

As a corollary we obtain the following crucial lemma.

LEMMA 4.7.3. Let —0o < 7 < oo. The limits

lim ¢"7e%", lim ¢*"e%° (1<7r <)
o —>00 T—00

exist in Ag(U). In other words, the coefficients of q"° e’ respectively q*"° e in the

expansion with respect to the monomial basis of Ay(U) tend to finite values in the limit
0 — 00,

PROOF. Fix1 < r <landlet —c0 < 0,7 < co. From Lemma 4.7.2 it is readily
deduced that

¢ e, = b(¢7,q")er i+ + 0507, a7 g s
with b7 (0 < ¢ < r) some polynomial in two variables and b]. a non-zero constant poly-

nomial (the important fact here is that b} is a polynomial and not a Laurent polynomial).
Hence

(4.7.3) el =q " (br(a%, a7 )T+ + b5(e7, a7 ey -
Since p;"" — 7" and 77 — ;"> when o — oo, the lemma follows. O
In view of Lemma 4.7.3 we may set for 1 <r </land —oo < 7 < o0,

@474) &7 = lim g T (—1)Ted T, 0 = lim q" D (—1)Ted0.

It is clear from the definitions that €2>7 € H*" (1 < r <[, —oo < 7 < 00). Observe
that the elements (—1)"eZ" are mapped onto e.(—z) € Clz**]"Y under the restriction
mapping 7. It will be shown later on that the limit transitions (4.7.4) on the level of
quantum Grassmannians turn out to be the proper analogue of the limit transitions

(4.7.5) lim u"e.(u™'y) = &.(y), (1<r<I)
u—0
@ = (y1,---, 1)), where &.(y) = Mm@~ (y) € Cly]® is the rth elementary symmetric

polynomial (1 < r < ). It was shown in the previous chapter that the limit transitions
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(4.7.5) play a crucial role for the limits from Koornwinder polynomials to multivariable
big and little g-Jacobi polynomials.

The elements €, (1 < r < [) are algebraically independent generators of the algebra
C[z]®. In other words, we have an algebra isomorphism C[z]® — C[y] which will be
denoted in the same way as the algebra isomorphism Cz*! "V — C[y] (4.7.1):

4.7.6) P(é1(z),...,&(x)) := P(z), (P €Cz]®).

THEOREM 4.7.4. Let —co < 7 < 00. The elements €7 (1 < r < ) mutually
commute and are algebraically independent generators of the algebra H°". Any zonal
(00, T)-spherical function > (X) € H°T(X) (X € Pg) is equal to a non-zero scalar
multiple of

pﬁ (éTO’T é;)o,r; 1, q2(n—2l)’ 1, q2T+2(n—2l). q2),

where Pf (.;a,b,c,d;t) is the multivariable big g-Jacobi polynomial in base q>.

PROOF. The elements €™ (1 < r < [) mutually commute for ¢ finite by Corollary
4.6.3. Combined with the definition of the elements €2°°7 (4.7.4), it follows that the €2°°7
(1 < r < 1) mutually commute. Hence the element Q(é7°",... ,&>") € H*>" fora
polynomial @ € C[y] is well defined.

For o finite and A € P, a zonal (o, 7)-spherical function %7 () € H%7()) is
given by
4.7.7) : (pa,r(/\) = (_qa'+7-—1)],\"IP/\tl (eg’T, . ,67’7-; ta’T; q2)

with P,(.;t;¢t) the Koornwinder polynomial in base g2 (cf. Theorem 4.6.5). Using the
elementary properties of the Koornwinder polynomials given in Remark 2.3.11, this zonal
(o, 7)-spherical function can be rewritten as

ZIAR]
97T = (s0) "V Py (se S, siFstp(e)s a),
where s, := q/e(cd)?, f€ := (—8¢)7 e, e := ¢~ (»=21) and
tp(e) = (7' (¢%¢c/d)*, ~e 7 (¢*d/0)*  calg’d/e)*, —eb(a’c/d)?),
with parameters a, b, ¢, d given by
4.7.8) a:=1,b:=g"" M ¢:=1, d:= g2,
Observe that s. = ¢'~7~7, hence by the definition (4.7.4) of £2>7, lim, o f& = 7
for all ». Combined with the limit transition from Koornwinder polynomials to mul-

tivariable big g-Jacobi polynomials (cf. Corollary 3.4.6), we have that 7 (\) :=
lim, 00 77 (A) exists as limit in A,(U), and that

4.7.9) e T(\) = PREDT, ... 80751, g2 1, 22D, g2)

with PP (; a,b, ¢, d;t) the big g-Jacobi polynomial in base ¢2. It is clear that p°"(}) €
H7(X), but it may be zero since the algebraic independence of the elements €27 (r €
[1,1]) is not yet established. To prove that ¢°>7 () is non-zero, we compute the quadratic
norm |7 (A)||? with respect to the inner product (¢,) := h(1)*$), where h is the
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normalized Haar functional. Since all highest weights A € P are self dual (ie. V/(}) is
isomorphic to its dual representation), and since the two-sided coideal £7 is T-invariant,
we have (p”7()))" = @77 (). Then it follows from the definition (4.7.7) of 7 (),
Corollary 4.7.1 and Theorem 2.6.6 that

o, _ o,T - hN()‘h;i (E);qz)
4.7.10) e WP = h((‘P (/\))2) =8¢ 2 N(O;L:(&);q2) )

where NV (u;t;t) fort € Vi and 0 < ¢ < 1 is the quadratic norm of the Koornwinder
polynomial P, (.;t;¢) in base g with respect to the corresponding inner product (., .)¢ ¢
(cf. Theorem 2.6.6). The limit ¢ | 0 (equivalently, o — o0) in (4.7.10) can now be
computed in the left hand side and in the right hand side (cf. the proof of Theorem 3.4.5).
It follows that

corr g2 = VPO L, @020, 1, g2r 220, g2)
lle>> " (NI = NB(0;1,q2(n=20) |1 g2r+2(n=20); g2)’

where B (i1;a,b, c, d; t) is the quadratic norm of the multivariable big g-Jacobi polyno-
mial Pf(.; a,b,c,d;t) in base ¢> (see Theorem 3.4.5). It follows in particular that the
quadratic norm ||°>7 (A)||? is non-zero, hence > 7 (\) # 0 for all A € P;:. Hence the
elements ©°7 (X\) € H°7 () are zonal (co, T)-spherical functions for all A € Pj.

It remains to prove that the €2°7 (1 < r < [) are algebraically independent. Consider
the finite dimensional subspaces

Hm= P  H(N, (meiy).

AEPFE A<M,

The dimension of the linear subspace #,, is equal to the number of positive integers
m = (my,...,my) € Z_fl with [m| := 3", m; < m, since w, < w; forall r € [0,1].
For such a sequence of positive integers m, set Qm(y) =y ...y, ". Since &7 €
DT _yH>® " (ws) and

HOT () HOT (W) S @ HOTW), (w4 € Pf)
VEP;:I/SM-{-/L'

we have Qpn(e777,...,8°7) € Hy, for all m with [m| < m. Hence the algebraic

independence of €27 (1 < r < [) will follow from the fact that Qm (€57, ... ,€>")
(|m| < m) span H,, forallm € Z,.

Observe that H,, is spanned by the zonal spherical functions 7 (A) (A < muwy).
Since PP (z) (u € P) is of the form i, () + e Pty Cv1ity () for certain con-
stants c,, it follows from the explicit expression (4.7.9) for ¢°°'7 (A) that each ¢ (A)

with A < mwj can be written as a linear combination of Q. (€577, ... ,&>"") (jm| < m).
Hence, the monomials @, (6777, ... , &) (jm| < m) span Hp,. O

THEOREM 4.7.5. The elements €2°°° (1 < r < ) mutually commute and are al-
gebraically independent generators of the algebra H°*°. Any zonal spherical function
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@ (X) (A € Py) is equal to a non-zero scalar multiple of
PL(E™™,..., &7, 1 ¢?)
where P~ (.;a,b;t) is the multivariable little q-Jacobi polynomial in base .

PROOF. By Theorem 4.6.5 and by symmetry properties of the Koornwinder po-
lynomials (cf. Remark 2.3.11), a zonal (o, o)-spherical function ¢77(A) € H%7 ()
e Pk*') is explicitly given by

_INE A
(pcr,a(/\) = (35) Ix lP,\h (ssffa s ’SleflE;EL(E);q2)’
where P,(.;t;t) is the Koornwinder polynomial in base ¢* and ¢ := ¢*7, s. = q/e,
fe = (—s.)""e2?, and t; (¢) := (¢~ 'q, —aq,ebq, —q) with a := ¢*"~2) and b := 1.
Using Corollary 3.3.4 together with the observation that lim, o fi = €2°°°°, the proof is
analogous to the proof of Theorem 4.7.4. |

REMARK 4.7.6. Using the limits €2>*° = lim,_,, €2>7 (1 < r < [), Theorem
4.7.5 can also be proved by sending 7 — oo in the results of Theorem 4.7.4. On the level
of multivariable orthogonal polynomials this limit corresponds with the limit from multi-
variable big g-Jacobi polynomials to multivariable little g-Jacobi polynomials (3.6.25).

REMARK 4.7.7. As a corollary of Theorem 4.7.4 and Theorem 4.7.5, the restricted
Haar functional h : H%" — C for ¢ = 00, —00 < T < oo respectively for o =
T = oo can be expressed in terms of the orthogonality measure of the multivariable
big respectively little g-Jacobi polynomials, similarly as was proved for the case —oo <
0,7 < oo in Corollary 4.7.1.

In the last two sections we have interpreted for —oco < 0,7 < 0o, 4 € Pl;{F the Koornwin-
der, the multivariable big and the multivariable little g-Jacobi polynomial

Pp(- : _qa+‘r+1’ _q-—a‘—T+1’ qa—r~|—1’ qﬂa+r+2(n~—2l)+1; qZ),
4.7.11) PB(;1,¢?(n20 1, P22 g2y
Py(q* ™, 15¢%)

in base ¢? as zonal spherical function on quantum analogues of the complex Grassman-
nian. For each of these polynomials, the limit ¢ T 1 can be computed using the limit
transitions (3.6.11), (3.6.9) respectively (3.6.10). The limits can be written in terms of the
generalized Jacobi polynomial P,'{ (-;n — 21,0;1) or, equivalently, in terms of the BC
type Heckman-Opdam polynomial P7C(.;n — 2I,1,1/2). This corresponds nicely with
the classical interpretation of the Heckman-Opdam polynomial Pf O(;n-21,1,1/2) as
zonal spherical function on the complex Grassmannian U/ K (see Section 4.2).






CHAPTER 5

Quantum Pliicker coordinates

5.1. Introduction

In this chapter the algebraic properties of the quantized algebra A,(U/K) of regular
functions on the complex Grassmannian

U/K=U(n)/(Un=1)xU@1) =SU0)/SUMn-1)xUW), (@<[n/2)

are studied in terms of quantum analogues of Pliicker coordinates. The Pliicker coordi-
nates on the complex Grassmannian U/ K were discussed in detail in Section 1.3. For the
generalization to the quantum setting it is convenient to consider the Pliicker coordinates
from a representation theoretic viewpoint as follows.

The Dynkin diagram of K is obtained from the Dynkin diagram U by deleting its
(n — I)th node. Consider the irreducible finite dimensional U-highest weight represen-
tation M := V((1"!)) corresponding to the fundamental weight (1"!) of the deleted
node and let v € M be a highest weight vector. Then K C U is the sub-group of U
which stabilizes the line © € P(M). This induces an embedding of the homogeneous
space U/ K into P(M), called the Pliicker embedding. Consider the linear dual M* as
functions on U by the embedding ¢ — ¢(.v) (¢ € M™*), and let {¢;}; be a basis of
M* consisting of weight vectors. Since the weight spaces are one dimensional, the ba-
sis elements are unique up to rescaling. Then, the elements ¢;(. v) are the holomorphic
Pliicker coordinates on U | K. The holomorphic Pliicker coordinates are sections of a par-
ticular line bundle over U/K. From a physical point of view, the holomorphic Pliicker
coordinates correspond to coherent states on the complex Grassmannian U/K (for the
terminology, see Perelomov [100]). The connection of this description of the holomor-
phic Pliicker coordinates with the description of Pliicker coordinates in Section 1.3 can
be made using the explicit realization of M as the (n — [)th graded piece of the exterior
algebra on C". The holomorphic Pliicker coordinates correspond then to the dual Pliicker
coordinates of Section 1.3.

This construction of holomorphic Pliicker coordinates can be immediately gener-
alized to the quantum setting (cf. [111], [52]). Indeed, consider the irreducible finite
dimensional U, (g)-representation M, := V((1*7!)) of highest weight (17~!), and let
v be a highest weight vector. Furthermore, let {¢;}; be a basis of weight vectors of the
linear dual M. Then, the elements ¢;(. v) are called the quantum holomorphic Pliicker
coordinates on U/K or, in the terminology of [52], quantum coherent states on U/K.
The quantum Pliicker coordinates ¢; (. v) lie in the linear dual of U, (g). Using the doubly

133
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non-degenerate Hopf-x-algebra pairing between U, (g) and A,(U), they may considered
as elements in A,(U). Products of the form ¢;(. v)(¢;(.v))* lie in A,(U/K). The el-
ements (¢;(.v))* will be called the quantum anti-holomorphic Pliicker coordinates on
U/K. The quantum holomorphic and anti-holomorphic Pliicker coordinates can be ex-
pressed in terms of quantum minors using the realization of M, as the (n — !)th graded
piece of the quantum analogue of the exterior algebra on C".

As was shown in the previous chapter, the modules W, := Aj(V) ® Aj(V*) (r €
[1,1]) play a crucial role in the analysis of 4,(U/K). In fact, the irreducible decomposi-
tion of W, is multiplicity free and the irreducible representations it contains are exactly
all copies of the fundamental spherical representations V (w,) (s € [0, ).

In Section 5.2 the copy of V(w,) within W,. will be realized as the kernel of an
explicitly defined surjective intertwiner {2, , : W, — W, _;. This intertwiner may be
considered as a g-analogue of the contraction map. The contraction map (2, , is a type of
lowering operator, in the sense that it “removes” the highest fundamental spherical part
of W,. R

In the previous chapter, a surjective intertwiner ¥, : W1®" — W, (cf. Proposition
4.5.9) was constructed. This map will be used in this chapter as a type of raising ope-
rator. Using the lowering and raising operator, it is shown in Section 5.3 that there are
21 sets of elements which each generate the algebra A,(U/K). More precisely, for each
fundamental spherical weight w, (r € [1,1]), two sets of generators exist which can be
realized as matrix elements of the module W,.. One set of generators corresponding to the
largest module W, is exactly the set consisting of products ¢; (. v)(¢;(.v))* of quantum
holomorphic and anti-holomorphic Pliicker coordinates on U/ K.

In Section 5.4 it is shown that the algebra generated by the quantum anti-holomorphic
Pliicker coordinates is exactly the subalgebra of A, (U (n—1))®A,(SU(l))-fixed elements
in A;(Mat(n,C)) and that the algebra generated by the quantum holomorphic and anti-
holomorphic Pliicker coordinates is exactly the subalgebra of A,(U(n—1))® A4(SU(1))-
fixed elements in A4 (U (n)).

The algebraic structure of the algebra generated by the quantum anti-holomorphic
Pliicker coordinates was clarified by Taft and Towber [126]. In Section 5.5, their results
are shortly reviewed. We replace certain arguments from [126] by representation theoretic
arguments from [96].

In Section 5.6 the algebra generated by the quantum holomorphic and anti-holomor-
phic Pliicker coordinates is studied in detail. A linear basis of the algebra in terms of
“straightened” monomials of quantum Pliicker coordinates is constructed, and defining
relations between the quantum holomorphic and anti-holomorphic Pliicker coordinates
are given. The algebra A,(U/K) can be extracted as the subalgebra of “zero-weighted”
elements, i.e. it is the subalgebra spanned by straightened monomials for which the num-
ber of occurrences of quantum holomorphic Pliicker coordinates is equal to the number
of occurrences of quantum anti-holomorphic Pliicker coordinates.

In Section 5.7, the subalgebra of bi-A, (K )-fixed elements is studied in terms of the
quantum Pliicker coordinates.
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5.2. The contraction map

In the following proposition the g-analogue of the contraction map is defined. Recall
the construction of the right A, (U)-comodules A7 (V') and A7(V*) in Section 4.3.

PROPOSITION 5.2.1. Fix 1 < r,s < n. The linear mapping
Qrs: AG(V) @ AZ(V™) = Az_l(V) ® A;_l(V*)
defined by

. Sq(i; J¢ .
e w03)i= Y BaH o wop (11=nlJ =)
ieIng "IV 0

is an intertwining operator of right Ay(U)-comodules.

PROOF. Denote R for the comodule mapping on Ay (V) ® Aj(V*) as well as for the
comodule mapping on A7 ~! (V) ® A$~!(V*). Then, on the one hand, we have

Sq(i; J
Rof,isu)= Y wovio ¥ Mk

|K|=r—1 ieIng sa(
|L|=s—1

and, on the other hand,

Sq(k; LK) weuk

(Qrs®1d)onz®vJ Z VK ® V] ® Z qKC\k %) I (fLUk)-
|K|=r—1 ke KeNLec
|L|=s—1

Hence it suffices to prove that for |K| =r — 1 and |L| = s — 1,

8q(4;J°) g _ Sq(k; LK) ko, LUk
(521) i;J q(Ic 2) 51\1(5‘]\1) - keI;ch S:(Kc\k, k) I (f U ) .

Formula (5.2.1) will be proved by applying twice the Laplace expansions for quantum
minors (see Section 4.3). First observe that the g-signum s, has the following elementary
properties:

Sq(li U I3 J) = sq(I1;J)sq(I2;J) f L NI, =0,
(5.2.2) sq(I; J1 U Jo) = sq(I; J1)sq(I; J2) if JinNJe =0,
sq(I; J) sq(J;I) = (=) ifInJ=0.
From (5.2.2) it follows that fori € INJ, |I| =7, |J| = s,
T = (0" sl ) (1)
andfork € K°NLS |K|=r—-1,|L|=s—-1,
o Sq(K; ) sq(L U ks LE\K)
sq(L; L€)

(5.2.3)

(5.2.4) sq(K\k; k)™ = (—q)
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Observe that (5.2.4) follows by taking [ := KUk, J := LUk andi := k in (5.2.3). Now
we compute,

Z Sqli; J° )51\1(&\1)

iEIﬂqu(I’ 7)
_ sq(J\i; J€ U 0) sq(i;JC)gK det;
a5 5all 1)1

ieInd
Sq(k; L\k) Sq(J\G; JEUI) g LN\k ; . —1
= —_ —— & tki | §5c " det
k; sq(L; L) igr;J 8q(1%1) " ! !

the first equality following by (4.3.19), the second by the Laplace expansion (4.3.17),

_.Sq(J; J€ . c -
= (g BT S sz (3 sl e )€ dety?
sq(L; L°) keLe i€Ing
by (5.2.3). Now, again by (4.3.17) it follows that 3", . sq(k; L\k)tg; €% F = 0 if
1 € J°. Hence, in the last line of the above computation, the sum may be taken overi € I

instead of over ¢ € I N J. Moreover, by the Laplace expansion (4.3.18) it follows that

D salI\G;D)ER ; thi =

{ GG R)ERYE if ke Ke,
i€l 0

ifk € K.

Hence,

Z SQ(Z )fl\z(fJ\z) =

ielnJ sq(1° 1)
= COTRETS S sk sl e A e
Now (5.2.1) follows by applying (4.3.19) and (5.2.4). O
Throughout this chapter, let W,. be the right A,(U)-comodule
(5.2.5) W, = Al(V)®AL(V*) (1<r<I).

By the previous proposition, we have an explicit intertwiner 2, , : W, — W,_; of right
A4(U)-comodules. Our next objective is to prove that (2,. ,. is surjective. To establish this
result, we study the action of 2, , on A,(K)-fixed vectors. In the next proposition an
explicit linear basis for the space of A, (K)-fixed vectors in W, is given.

PROPOSITION 5.2.2. Fix1 < r <. Write

W) = (1Ll ||| =r, [IN[Ln—l =i} (0<i<n),
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and define
(5.2.6) wi = > v @vj € W,

Iej(i)

Then the vectors wy @ (0 < i < 7) form a basis for the subspace of Ay(K)-fixed vectors
in W,.

PROOF. Itis obvious from the definition that the vectors wg) (0 <4 < r)are linearly
independent. Moreover, it follows from Theorem 4.4.1 and the decomposition (4.5.14)
that the subspace of A, (K )-fixed vectors has dimension +1. It therefore suffices to show

that the elements wﬁ) are A,(K)-fixed. Let I,J C [1,n] be such that |I| = |J| = .
Then

0 ifIe3®, 7eaP i+,
(5.2.7) () =<, I - (i) 7
Ep®&R i1, JeT”,

with, :=IN[l,n—1,L:={j—-n+1]|j€IN[n—1+1,n]}, and similarly for J.
By applying (4.3.14), (5.2.7), (4.3.19) and (4.3.16) it follows that

(derk) (R) = > okevie > mx(EE)")

K,Ledl!) rest?
= Z vg Ui ®1=wd @1,
Keald
which concludes the proof of the proposition. |

Observe that Qm(wﬁi)) is an A, (K)-fixed vector in W,_; by Proposition 5.2.1 and
Proposition 5. 2 2, hence it can be uniquely written as a linear combination of the basis
elements {wr 1}izo !, More precisely, we have the following lemma.

LEMMA 5.2.3. Fix1 < r <. Then, Q, (w (Z)) D= 4 d(l) 1 with

7‘

(o ifi =0,
Cg,l):{ lf

_ o(n—l—it1) .
(_Q)T_n(l g T2 ) fl1<i<r,

40 — (mgr @ o <i<r -1,
’ 0 ifi=r.

PROOF. Observe that

- Y Y etions ¥ X 56y,

sq (1€
1e3871 j<n—1 1€39) j>n—l al \] ]
i jelI
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where the first term should be omitted when 7 = 0, and the second term should be omitted
when i = r. Now

8q(1°\7;5) " 8a(; 1) = (=) ™" 5q (45 1°\4)?
forI C [1,n],|I| =7 — 1. Also, for I € Jff__ll) one has

—l—i i
Z sq(G; I°\j)? = nzlq% = M
q\J - - 1 2 )
J€[1,n—1] =0 1
i¢l
whereas for I € 3,(31 one has
I4i— i -
Y sl = 3 gt - LS
I’ - - 1 _ 2
j€ln—l+1,n] s=0 1
i¢l
This proves the assertion. O

COROLLARY 5.2.4. The intertwiner Q. : W, — Wi._1 is surjective. The kernel of
Q. is equal to the unique copy of V (w,.) within W,.

PROOF. It follows from Proposition 5.2.2 and Lemma 5.2.3 that the image of (2, ,
contains the subspace of A,(K)-fixed vectors in W,_;. Since ., is an intertwiner
(cf. Proposition 5.2.1), it follows from the irreducible decomposition of the comodules
Wy (4.5.14) and from the fact that each V (w,) has non-zero A,(K)-fixed vectors (cf.
Theorem 4.4.1) that (2, . is surjective. Again by (4.5.14) and Proposition 5.2.1, it follows
that the kernel of Q.. ,. is the unique copy of V (w,.) within W,. O

From Lemma 5.2.3 the following explicit expression for a non-zero A,(K)-fixed vector
in V(w,) C W, can be derived.

COROLLARY 5.2.5. Fix 1 < r < l. A non-zero A,(K)-fixed vector in V (w,) C
AL (V) @ Ay (V™) is given by
T (g2 g2)
4
v (@, q2)i
PROOF. The above vector is obviously non-zero, A, (K )-fixed and an easy computa-

tion using Lemma 5.2.3 shows that the vector lies in the kernel of (2, ,.. The result follows
now from Corollary 5.2.4. O

wl? € V(wy).

In the next proposition it is shown that the A, (K )-fixed vectors w'™ (1 <r < 1l)canbe
reconstructed from w§1) using the “raising operator” v, (cf. Proposition 4.5.9).

PROPOSITION 5.2.6. Let 1 < r < l. Then \’I;r((wgl))@”’) = d,wi"” with

—_)®)
( ‘1) (ngqz)r,

dp = —2 "~
(1-¢?)r
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where \’I)T is the intertwiner defined in Proposition 4.5.9.

PROOF. By induction to r, the case r = 1 being tr1v1a1 For the induction step, recall
the intertwiner ©, := (pr, _ 11 ®Pr7_ ) o (idyr-1 ®<I> ® idy+) defined in Lemma
4.5.13. Then the induction step will follow from the formula

N 1— q2r
(5.2.8) 6, owl) = (=) T v
for 2 < r <l (compare with the proof of Proposition 4.5.9). Now it follows easily from
Lemma4.5.10thatfor [I| =r—1,1<i<mn,

@T(w ®UI UV ®V]) =

( ) 'UIUz®U1Ul if ¢ ¢ 1,
sq(I\i;m) 2 N o
( ) ( )Z <—m‘)— Vium & Vum ifi e 1.
m<i
Hence
@r(w,ff__ll) ®w§1)) = (—q)’"‘1 z cyvy ® vy,
JC[1,n—1]
|J|=r

where

sa(J\(TU ) 1) \*
cy = 1—|—(q2—1) (-GL——_
Z; JEZ; sa(J\(EU 7))
Jj>1
A straightforward computation using (5.2.2) shows that

r—1 1_q
CJ:Zq2s= 1—Z

This proves the proposition. |

Observe that Proposition 5.2.6 can be used to prove that the “constant term” aj of 7" Ve
(cf. Lemma 4.7.2) is non-zero. In fact, af can be computed explicitly using Proposition

5.2.6.
5.3. Algebraic generators of A,(U/K)
Recall that the subspace of right A, (K)-invariant functions
A(U/K) :={p € A (U)|(ild®mk) 0 Alp) = p @1},

is a *-subalgebra and a left A,(U)-subcomodule of A, (U). The goal of this section is to
give several explicit sets of generators for A, (U/K).
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Define an inner product on W, by

(5.3.1) <’U] ® ’U;,’UK ® ’UZ) = (U],UK><03,U2) = (5]’K6J7Lq—<2p’§'l)

(cf. Section 4.3). Write 6, for the map of Lemma 4.6.1 associated with the unitary
comodule (¥, (., .)). Observe that

(5.3.2) 6:(vr @ 0,0k ®V}) = g~ PP (E]D)",
where I, .J, K, L are subsets of [1, n] of cardinality .

PROPOSITION 5.3.1. Fixr € [1,1]. The elements

W= Y g e A, e o)
1€3)

are highest weight vectors of highest weight w, with respect to the natural left A4(U)-
coaction on Ay(U). Furthermore, the d)ﬁi) (i € [0,7]) are right Ay(K)-invariant and
they differ only by a non-zero scalar multiple.

PROOF. Write u,. for the highest weight vector vy ,,] ®vf"n r1,1] of the unique copy
of V(w,) within W,.. The elements 1/;,(") : (ur,wr (¢ € [0,7]) are right A, (K)-
invariant and satisfy (r_ ® id) o A(q,/;r‘ ) =27 ® ?ﬁr by Lemma 4.6.1, Proposition
5.2.2 and Remark 4.3.1. We claim that the elements wr are all non-zero and that they
differ only by a non-zero scalar multiple. The proof of the proposition is then completed
by observing that ¢£i) is a non-zero multiple of &(f) for all i € [0, 7] (cf. (5.2.6), (5.3.2)).

For any ¢ € [0,r] let o) e V(w;) C W, denote a non-zero A,(K)-fixed vec-
tor. By Corollary 5.2.5 one has o = o At with )\ # 0 for all 4. Since

the inner product (-, -) on W, is invariant under the coaction of A,(U), the vectors e

(0 £ % < r) are mutually orthogonal. We may therefore assume that the vﬁi) have been
rescaled such that they form an orthonormal basis of the subspace of A,(K)-fixed vectors
in W,. Then w® = Z; (wﬁz),vfﬂj))vﬁj) with (w,(f),vﬁ )) = Z;ZO Aj (w,(~ , (J))

i Zlejg‘i) g~ per) £ O forall 0 < i < r. Now 1/)r’) = (wﬁi),vﬁr))ﬁr(ur,vﬁ )), since
the V(w;) (0 < j < r — 1) lie in the orthogonal complement of V' (w,) with respect
to the inner product (-,-) on W,.. In particular, the 1/;,@) (0 < i < r) differ only by a
scalar multiple. Moreover, 6’ (ur, {r )) # 0, since the restriction of 6, to V (w,) C W,

is injective. It follows that " # 0 foralli € [0,7]. O

By the Peter-Weyl decomposition (4.3.9) and Theorem 4.4.1, the left A, (U)-como-
dule A,(U/K ) has a multiplicity-free irreducible decomposition,
AUIK) = @ ViV, Vi(h):=WQ) N4, U/K),
XEPE

where V1, () is irreducible of highest weight \. Combined with Proposition 5.3.1 and the
fact that A,(U) has no zero divisors we obtain the following proposition.
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PROPOSITION 5.3.2. For pu € Pg a highest weight vector for the left 4,(U)-subco-
module Vi, (\,) C Ay(U/K) is given by

Yy =P -t € A, (U).
where Y, := w,(nr) A<r<Daq:=wmanda; == p; —piy, >0 <i <l -1
Using Proposition 5.3.2 it is now possible to give several sets of algebraic generators
of the subalgebra A,(U/K). Fix r € [1,]. For I..] C [1.n] such that |I| = |J| = r
there are uniquely determined elements L,i, € A, (U) such that
(533) Rw(")= Y woviez, Rw™) = Y oee)eag,
[|=|J|=r [=1J|=r
By (4.3.14), the matrix elements z,iJ are explicitly given by
(5.3.4) wiy= Y GRS m= ) kR
KC[1,n—-!] KC[n—1+1,n]

|K|=r |K|=r

If 25, is non-zero, then it is equal to §(v; ® v, w,(»r)) if ¢ = + respectively 8(v; ®
vy, wﬁo)) if ¢ = — up to a non-zero constant. This implies by Lemma 4.6.1 that the z7;
are right A, (K )-invariant.

Observe that the elements z5; forr = 1and I = {i}, J = {j} satisfy
(5.3.5) v =0 —af, (1<i,j<n)

by (4.3.16). The contraction map €2, . : W,, — W,._; and the intertwiner \TI, 2 (Wh)®r —
W, can now be used as lowering operator respectively raising operator to prove the fol-
lowing main result of this section.

THEOREM 5.3.3. Fixr € [1,l] and ¢ € {+,—}. Then, the elements z57; (|I| =
|J| = r) generate the subalgebra Ay(U/K).

PROOF. Forr € [1,l]and e € {+, -}, let BE C A,(U/K) be the unital subalgebra
generated by the z5; (|I| = |J| =7).

Fix r € [2,]]. By Lemma 5.2.3 we have Qr,r(wﬁo)) = dﬁo)wi(i)l with d'*) a non-zero
constant. Now let R o 2, . act on the vector w®, where R is the right A,(U)-coaction
on W,_1, and use that {2, . intertwines the A,(U)-coaction, then it follows that

Z Q. (vr @v)) @y, = dV Z VK @Vl @ Tk -
[H|=[J|=r |K|=|L|=r—1
Since vg @ vi (K| = |L| = r — 1) form a linear basis of W,._1, it follows that B,_; C
B;. Similarly, it follows from ;.. (w'") = ¢{”w{"}" with c{” a non-zero constant
(cf. Lemma 5.2.3) that B} | C B;*. Furthermore, by (5.3.5) we have B;” = B; . Hence
we have the following inclusions of subalgebras,

AU/K)D2 B, 2B ,2...2B; =Bf C...C B!, CB CA(U/K).
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So it remains to prove that B = A,(U/K). Since Bf is a left A,(U)-comodule sub-
algebra of A,(U/K), it suffices to prove that )"} € B for r € [1,1] (cf. Proposition

5.3.2). Now \") = xﬁ rlin—r+1,n)> SO bY the definition of Bf we have 1/)§1) € B;. For

r € [2,1] we have @T((wg) )®r) = drwy) for some non-zero constant d,- by Proposition
5.2.6. Let Ro W, acton (w(ll))@”’, where R is the right A, (U)-coaction on W, and use
that ¥, intertwines the A,(U)-coactions, then it follows that

1171

1y sin [ I=|J|=r

Jseessdn

Since the elements v; ® v’ (|I| = |J| = r) form a linear basis of W, it follows that
wﬁ” = m[t,r][n_r“,n] € Bi*. This concludes the proof of the theorem. O

5.4. Algebras generated by quantum Pliicker coordinates

To simplify the notations, we set
(5.4.1) tr =& i1 = 8a(IG D) (€ y) dety, (I C[1,n], |I] =1).

In the terminology of the introduction, the elements (f[llyn_ l])* (|I| = n — 1) are the
quantum anti-holomorphic Pliicker coordinates. Since det, lies in the center of A,4(U),
the study of the algebraic relations between quantum holomorphic and anti-holomorphic
quantum Pliicker coordinates is equivalent with the study of the algebraic relations be-
tween the elements ¢7,t% (|I| = |J| = [). This “ambiguity” is caused by the fact that we
work here with the reductive group U(n) instead of its semisimple part SU(n) (which,
in the quantum setting, amounts to dividing A,(U) out by the relation det; = 1). In the
reductive setting it turns out to be more convenient to work with the elements ¢; and 7,
and we will therefore reserve the names quantum anti-holomorphic respectively holomor-
phic Pliicker coordinates to the elements ¢; respectively ¢%. In terms of these quantum
analogues of the Pliicker coordinates, the algebraic generators z;; of A,(U/K) can be
rewritten as z;; = trt% for I,J C [1,n], |I| = |J| = I (cf. Theorem 5.3.3).

For the study of the algebraic properties of A,(U/K) it is convenient to study first
the algebra generated by the quantum anti-holomorphic Pliicker coordinates ¢; (|| = )
and the algebra generated by the Pliicker coordinates ¢, t% (|I| = |J| = ). In this section
these related algebras are characterized by certain invariance properties.

Let A,(SU(n)) be the algebra A,(U(n)) divided out by the two-sided ideal gen-
erated by det; — 1, and set 7 : A,(U(n)) — A4(SU(n)) for the natural projection.
There exists a unique Hopf-x-algebra structure on A, (SU (n)) such that 7 is an homomor-
phism of Hopf-x-algebras. Any right A,(U)-comodule (R, M) has a right A,(SU(n))-
comodule structure with comodule map given by (id ® 7) o R. If M is irreducible as
A4(U)-comodule, then it remains irreducible as A,(SU(n))-comodule. All irreducible



5.4. ALGEBRAS GENERATED BY QUANTUM PLUCKER COORDINATES 143

A4(SU(n))-comodules arise in this way. Furthermore, V() ~ V(X') as A4,(SU(n))-
comodule if and only if A — X’ € Z(1™). Set

(542)  Ko=U(m—1)x SU(), Ay(Ko) :=A,U(n—1)) ® A (SU(1))

and let 7% : A,(U(n)) — A,(Ko) be the surjective Hopf-*-algebra homomorphism
given by

(5.4.3) % = (ida, (W(n—1)) ® ) o 7K.
Then
(5.4.4) A(U/Ko) = {¢ € A,(U) | (ld@ ) 0 A(¢) = ¢ ® 1}

is a *-subalgebra and a left A, (U)-comodule *-subalgebra of A,(U).
THEOREM 5.4.1. The left A,(U)-comodule A,(U/Ky) has the multiplicity-free ir-

reducible decomposition

A,U/K)) = @ Vi), (A) = W(X) N Ag(U/Ko),

XEP,
where Vi, ()\) is irreducible of highest weight \. The set P}{*O of spherical weights are
explicitly given by P,’{FO = {Aus|p € P,s >~} where
Mus = (s 11,0, ,0,—8 — iy, ... — 8 — 1) € PF.

A highest weight vector of the left A,(U)-subcomodule Vi,(\,s) C Ay(U/Ky) is given
by

,(/) L wu(ll]) s l:f3§07

o % (( n—l—l—l,n])*) ifs>0

where 1), is defined in Proposition 5.3.2. Furthermore, Aq(U/K)) is generated as alge-
bra by the elements tr, t% (|I| = |J| =1).

A proof of Theorem 5.4.1 can be given by repeating the arguments which were
used in the previous sections and in Chapter 4 for proving the analogous results about
A4(U/K). The details are omitted here.

We identify the bialgebra A,(Mat(n,C)) with its image under the natural bialgebra
embedding A,(Mat(n, C)) < A4(U). Then
(54.5) A,Mat(n,C)/Ky) = {¢ € A,(Mat(n,C)) | (Id®@ %) o A(¢) = ¢ ® 1}
is a left A;(U)-comodule subalgebra of 4,(Mat(n, C)).

COROLLARY 5.4.2. (cf. [89, formula (17)])
The left Ay(U)-comodule Aj(Mat(n)/Ko) has the multiplicity-free irreducible decom-
position
(5.4.6) Ay(Mat(n,C)/Ko) = P Vi((s")),
SEZ 4
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where VL,((1%)) := W((s'))N A, (Mat(n,C)/Ky) is an irreducible left Ay(U)-comodule
of highest weight (s'). A highest weight vector of the left A,(U)-subcomodule V,((s')) is
(tr,)°. Furthermore, Ay(Mat(n,C)/Ky) is generated as unital algebra by the quantum
Pliicker coordinatest; (|I| =1).

PROOF. Recall that the irreducible decomposition of A,(Mat(n,C)) under its natu-
ral A,(U)-bicomodule structure is given by

4,Mat(n,0)) = @ WO

AEPT A, >0

(cf. [96]). The decomposition (5.4.6) and the statement about the highest weight vector
in V,((s')) are now direct consequences of Theorem 5.4.1. Let B be the unital subal-
gebra of A,(Mat(n,C)/Kj) generated by the ¢; (|I| = [). Since B contains the high-
est weight vectors (t[; ;)° and is stable under the left A,(U)-coaction, it follows that
B = A;(Mat(n,C)/K)). d

COROLLARY 5.4.3. There is a natural grading Aq(U/Ko) = ®mezAm, where
Am = {¢ € Ay(U/Ko)| (id® 1) 0 A() = ¢ ® (2n—141---20)™ }.
Furthermore,
| Am ={¢ € 4,(U) |(id@ 7K) 0 A(§) = ¢ ® (1 ® dety")}.
In particular, Ay(U/K) = Ap.

PROOF. By direct calculations it is verified that {; € A; and t; € A_; for all
subsets I, J C [1,n] of cardinality [. Since A,(U/Kjy) is generated as algebra by the
quantum Pliicker coordinates ¢, t% (|I| = |J| = I) (cf. Theorem 5.4.1), it follows that
A4(U/Ky) = ®mezAm. The remaining assertions are straightforward. O

By Theorem 5.3.3, Theorem 5.4.1, Corollary 5.4.2 and Corollary 5.4.3 we may regard
A,(Mat(n,C)/Ky) as the quantum algebra of anti-holomorphic polynomials on U/K
and A,(U/Kjy) as the quantum algebra of complex-valued polynomials on U/K. Then,
by Corollary 5.4.3, A;(U/K) corresponds to the quantum algebra of zero weighted com-
plex valued polynomials on U/ K.

The subalgebra A, (Mat(n, C)/ K ) has been studied extensively by Taft and Towber
[126]. In particular, in [126] an algebraic characterization is obtained for the subalge-
bra A,(Mat(n,C)/Ky) in terms of the quantum Pliicker coordinates ¢; (|I| = ), and
a linear basis is constructed in terms of straightened monomials in the ¢;’s. Some of
these results can be recovered from the explicit basis of the irreducible finite dimensional
A, (U)-comodules as given in [96]. Since these results will play an important role in the
remainder of this chapter, they will be treated in some detail in the next section, following
mainly the line of arguments from [96].
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5.5. Algebraic properties of anti-holomorphic Pliicker coordinates

In the following lemma we give explicit quadratic relations for the quantum Pliicker
coordinates ¢;.

LEMMA 5.5.1. Forry,ry € [O,Z], Ji,Jo, K C [l,n], |J1| =1-r |J2[ =1l-1ry
and |K| =1 + 19, set

Ry(ri,ra;J, Jos K) o= Y sq(J1; K\L) sq(K\L; L) sq(L; Jo)ts,0(\L) LU, -
LCK
|L|=r2
Then, Ry(r1,72;J1,J2; K) = 0ifri +r0 > 1+ 1.

PROOF. Follows easily from the generalized Pliicker relations given in [96, Proposi-
tion 1.2] and from the definition of the quantum Pliicker coordinates #;. O

Among the relations in Lemma 5.5.1, there are two types of quadratic relations which
play an important role for the algebraic structure of A,(Mat(n,C)/Ky), namely the so-
called g-Garnir relations and the Young symmetry relations. The g-Garnir relations are
by definition the quadratic relations

R,(I+1-r,r;J1,J0;K) =0,
(re[L,|h|l=r—1,|k=l-r|K|l=1+1)

and the Young symmetry relations are by definition the quadratic relations

(552) R,(,r;0,J0; K) =0, (rell,l],|]=0-r|K|=1+7T).

It turns out that the g-Garnir relations, as well as the Young symmetry relations, character-
ize the algebraic structure of A,(Mat(n,C)/Ko) completely. Before stating the precise
result, we need to introduce some more notations and terminology.

For A € P with A\, > 0, let SSTAB,,()\) be the semistandard tableaux of shape
A with coefficients in [1,n]. In other words, T € SSTAB,, () is a sequence of numbers
T;; € [1,n], where for fixed 1 < i < n, j runs through [1, \;], such that T;; < T;1; ; and
Tij < Tijy1 for all the relevant i and j. For T € SSTAB,, (), let TU) C [1,n] be the
set of numbers in the jth column of T'. Observe that the cardinality of 7'(%) is equal to the
number of boxes in the jth column of T'. For s € Z . and T' € SSTAB,,((s')), set

tr :=tpaytpe ... tpe) € Aq(Mat(n, (C)/KO)

The elements ¢t (T' € SSTAB,,((s!)), s € Z.,) are called the straightened monomials.
The subspace AfI(V) spanned by the vectors {vs},7,=; has a left A,(U)-comodule
structure given by the formula

(55.3) " Lw) =Y &ovy (I1=1).
|J|=t

With this left Ay (U)-comodule structure, AL (V') is irreducible of highest weight (1')
with highest weight vector v, ;; and lowest weight vector vj,_;;1,,]. The inner product

(5.5.1)
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defined by (vr,vs) = 91,5 for |I| = |J| = [ is left Aj(U)-invariant, where we use the
convention that a left A, (U)-comodule (L, M) with inner product (., .) is left invariant if

Z m(l)(n(l))*(m@),n(g)) = (m,n)l VYm,n € M
(m),(n)
(X (my M(1) ®Mya) := L(m)). Let T(AL(V)) := Dz, Ay(V)®° be the tensor algebra
of the comodule Afl (V). The tensor algebra T(Afl (V)) has a unique left A, (U)-comodule
algebra structure such that the coaction on the tensors of degree 1 ceincides with the coac-
tion (5.5.3) on AL (V). Write L for the corresponding comodule mapping on T(AL(V)).
The comodule map L preserves the natural grading of the tensor algebra, i.e. the sub-
spaces A’q(V)@’s are invariant subspaces. The linear map defined by

T, : T(AL(V)) — A,(Mat(n, Q) /Ky), W,(vr, ® v, ®...@vy,) = b1t ...t

for |I;| = [ is a surjective left A,(U)-comodule algebra homomorphism (the subindex a
of ¥, stands for anti-holomorphic). By Lemma 5.5.1, the elements

s

Ry(r1,re; 1, Jo; K) =
D" sq(Ji; K\L) sq(K\L; L) sq(L; J2)v,0(k\L) @ vLus € Ap(V)®2
LCK
|L|=72
forry,ry € [0,[], IJII =1l-r9, |J2| =1 —1ry and |K| =ri+rowithry +ro > 141
lie in the kernel of ¥,. The following theorem covers the essential results from [126]. A
proof of the theorem is sketched in which certain arguments from [126] are replaced by
representation theoretic arguments from [96].
THEOREM 5.5.2. Let s € 7.
(i) ¥, maps AL (V)®* surjectively onto Vi, ((1°)) := W((1%)) N Ag(Mat(n,C)/Ko).
(i) The set B, (s) := {tr | T € SSTAB,,((s'))} is a linear basis of VL((s')). The disjoint
union B, := Usez  Ba(s) is a linear basis of Aq(Mat(n,C)/Ky).
(iii) The kernel of U, is generated as two-sided ideal by the q-Garnir type elements

Ryl +1=rrd, JK) (r € [LI,|0] =7 = 1| =1 —r,|K| =r +1).
(iv) The kernel of U, is generated as two-sided ideal by the Young symmetry type elements
Ry(l,r;0, Jo; K)  (r € [L,1],| o] =1 —r,|K|=1+7).

PROOF. (i) Fix arbitrary subsets I; C [1, n] of cardinality / and set ti=tntr,...tr,.
We have to show that £ € W ((1%)).

The left A, (U)-invariant inner product (., .) on A} (V') induces in a natural way a left
Ay (U)-invariant inner product on Al (V')®#, which will also be denoted by (., .). Then

t= (L((U[n—~l+1,n])®s)7 v QUL ®...Q UIs)’
where we have used the notation

(Doai @i v) =3 aildiv), @i € 4y(U), 49 € A (V)®",
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Since (Vjp—i+1,n]) ¥ ¢ AL(V)®s is alowest weight vector of the unique copy of Vz((s'))
in A}, (V)®4, it follows from the unitarity of (.,.) that £ € W ((s')).

(ii) In [126] it is shown that an arbitrary product t=t 1,tr, ... tr, of Pliicker coordinates
can be rewritten as linear combination of straightened monomials t7 (T' € SSTAB,,((s)))
by repeated application of the ¢-Garnir relations (5.5.1) as straightening relations. To-
gether with (i) this implies that V7 ((1%)) is spanned by the set B,(s) of straightened
monomials. Since the dimension of V7, ((s')) is equal to the cardinality of SSTAB,,((s'))
(see [96)), (ii) follows.

(iii) In the proof of (ii), only the ¢-Garnir relations (5.5.1) are needed to rewrite an arbi-
trary product £ = tr, t1, ...ts, of Pliicker coordinates as linear combination of straight-
ened monomials t7 (T' € SSTAB,,((s'))). Since the straightened monomials form a basis
of A,(Mat(n,C)/Ky), (iii) follows.

(iv) In [126] it was stated that the Young symmetry relations are sufficient to straighten
any product of quantum Pliicker coordinates, but the proof given in [126] is not complete.
A complete proof of this fact can be given using [35, Lemma 6.15]. The details will be
omitted here. ]

REMARK 5.5.3. Theorem 5.5.2 implies in particular that the restriction of ¥, to
the A,(U)-invariant subspace Afl(V) yields a left A,(U)-comodule isomorphism from
AL (V) onto Span{t; }|;|=; which maps v; to t; forall I.

The tensor algebra T(Afl(V)) decomposes as a direct sum
(5.5.4) TAL(V) = P Ten,
S,tEZ 4
where T’ ; is the span of tensors ¥ := vy, ® vr, ® ... ® vy, for which the weight w(?d) :=
Z;:l Zielj i is equal to ¢. This defines a grading on T'(A!,(V)), namely
Ts,t ® Ts’,t’ - Ts+s’,t+t’ ) (Sa sla t; tl € Z+)

Observe that

Ry(ry,ra; 01, J2; K) € Tog

with ¢ the sum of the entries of J;, J> and K. Combined with Theorem 5.5.2 (iii), it
follows that Ker(¥,) is graded,

(5.5.5) Ker(¥,) = €P (Ker(¥,) NTy,).

S,tEZ 4
On the other hand, set

(5.5.6) Aq(s,t) := Span{tr | T € SSTAB,((s')),w(T) = t},
where w(T') := ), ; T ; is the weight of T, then we have the direct sum decomposition
(5.5.7) A,Mat(n,0)/Ko) = € Aa(s,t)

s,te€Z 4
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by Theorem 5.5.2. Observe that A, (s,t) C ¥,(Ts,) forall s,¢ € Z . Infact, by (5.5.5),
we have the following lemma.

LEMMA 5.5.4. For all s,t € Z,, we have A,(s,t) = $o(Ts+). In particular, the
direct sum decomposition (5.5.5) is a grading,

Aa(s,t).Aa(s',t') - Aa(S + Sl’t+ tl)7 (S,Sl,t,t' € Z+)

and for subsets I; C [L,n] with |I;| = land t = 37_, 3 ,c; 4, we have tr,tr, ... t1, €
Aq(s,t).

5.6. The algebraic structure of A,(U/Ky) and A,(U/K)

In this section the algebraic structure of the algebra A,(U/Ky) of complex-valued
polynomial functions on U/ K is characterized in terms of the Pliicker coordinates ¢, ¢7.

The algebraic structure of the subalgebra A7 (Mat(n)/Ko) of A,(U) generated by
the quantum holomorphic Pliicker coordinates ¢t} (|I| = [) follows directly from Theo-
rem 5.5.2. Indeed, applying the *-involution to Lemma 5.5.1, quadratic relations for the
Pliicker coordinates ¢} are obtained. In particular, “dual” q-Garnir relations and “dual”
Young symmetry relations for the t7 are obtained by applying the *-involution on the re-
lations (5.5.1) respectively (5.5.2). The map ¥, in Theorem 5.5.2 should be replaced by
the map

Uy, T(AL (V7)) = AL(Mat(n)/Ko), Un(v], ®...0@0},) =t} ...t}

for |I;| = I, which is a surjective left A,(U)-comodule algebra homomorphism if the
tensor algebra T'(AL(V*)) is given the left A,(U)-comodule algebra structure induced
from the left coaction

L) =Y (&) @5, (Il=1)

|J|=t

on AfI(V*) (here the subindex h of ¥}, stands for holomorphic). In particular, AfI(V*)
is isomorphic as left A;(U)-comodule to the linear span of the Pliicker coordinates ¢}
(lII| = 1) (with comodule action given by the restriction of the comultiplication A on
A,(U)). The kernel of ¥, is generated as two-sided ideal by the dual g-Garnir type or,
equivalently, by the dual Young symmetry type elements in Aé (V*)®2,

So the algebraic relations between the quantum holomorphic Pliicker coordinates and
the antiholomophic Pliicker coordinates have to be studied in order to clarify the algebraic
structure of A,(U/Kj). Set

(5.6.1) W= AL(V) @ AL(VY),

and consider W as left A,(U)-comodule. Let T (W) be the tensor algebra of W and ex-
tend the left A, (U')-comodule structure on W to a left A,(U)-comodule algebra structure
onT(W). The tensor algebras T'(A}(V')) and T (AL, (V*)) can be naturally embedded into
T (W) as left A;(U)-comodule subalgebras. They generate T'(W) as algebra.
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Let U : T(W) — Ay(U/K)y) be the surjective left A, (U)-comodule algebra homo-
morphism which coincides on T’ (Afl (V)) (respectively T'(AL(V*))) with ¥, (respectively
U1,). We look for elements in T'(W) <2 := @, ., W®* which generate Ker(¥) C T'(W)
as a two-sided ideal.

Let M and N be two finite dimensional left A,(U)-comodules and fix linear bases
{m;}; and {n;}; for M respectively N. Let t%,tf{t € Ay(U) be the matrix coef-
ficients of M respectively N. The matrix coefficients are uniquely determined by the
requirement that L(m;) = 3, t{‘]’f ® m; and L(ns) = Y, ¢t ® n,. Fix an inter-
twiner ® € Homy, (vy(M,N) and let ¢;s € C be the coefficients in the expansion
®(m;) = ), cisn,. Then the matrix coefficients satisfy the relations

dothei=> cith, Vit

7 s
in A, (U). Now recall from the proof of Theorem 5.5.2 that the ¢ (respectively the t;) can
be obtained as matrix coefficients of the irreducible left A, (U')-comodule Afl (V) (respec-
tively Af] (V*)). The trivial one dimensional corepresentation occurs with multiplicity one
in W; = AL(V) ® AL(V*) € W®? since AL(V*) is the dual representation of A} (V).
Explicitly, the representation space Uy ~ C of the trivial corepresentation is spanned by
the element

> (oI 19) vy @ 0}

)=t

This follows easily using the Laplace expansions for quantum minors, see (4.3.17) and
(4.3.19). So the non-zero intertwiner in Hom 4 () (C, AL, (V) ® AL (V'*)), which is unique
up to a non-zero constant, yields the commutation relation

(562) Z (Sq(I; IC))2tIt}< — q2l(n—l)
|I=l

in A, (U/Kj). Other commutation relations between the quantum holomorphic and anti-
holomorphic Pliicker coordinates arise from the fact that

(5.6.3) AV AL(V*) = AL(V*) @ AL(V)

as left A,(U)-comodules. The comodules are indeed isomorphic due to the quasi-trian-
gular structure of the universal enveloping algebra U, (g) (see [11] for more details). Here
an isomorphism (5.6.3) will be constructed using the intertwinery : V@V = VoV
(4.5.21) of left A,(U)-comodules. Essentially the same techniques as in the proof of
Lemma 4.5.10 can be used. The construction of the isomorphism is as follows. For
i € [1,n—1],lety; € Endy, (/) (V®™) be the bijective intertwiner which acts as -y on the
ith and (z 4+ 1)th component, and as the identity on the other components. Let s; € &,
be the simple transposition s; = (i,4 + 1). Fix 0 € &,, and let o = s;,8;, ...5; be a
reduced expression for o. Set

Y(o) ;=79 0%y 0... 07, € Enqu(U) (V®n).
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Now v; 0y; = yj oy if [i — j| > 1 and v satisfies the Yang-Baxter equation (4.5.22),
so (o) does not depend on the choice of reduced expression by Iwahori’s Theorem.
Consider the element x; € &,, defined by

. 1 2 oL l+1T I+ 2 L n
(5.6.4) Xt = (n_l+1 n—-I0l+2 ... n 1 2 TL—-1>.

The length of x; is equal to I(n — ), and
(5.6.5) Xt = (Sn—1Sn—i41---8n—1)--- (5283 ...8141)(s182...51)

is a reduced expression for ;. It is not difficult to prove, using [35, Lemma 4.9], that
there exists a unique bijective intertwiner

AL (V)@ APTHY) = AZTH(V) @ AL(V)
such that 4 o (pr; ® pr,,_;) = (pr,,_; ® pr;) o ¥(xz). An isomorphism (5.6.3) is now
obtained using the isomorphism
(5.6.6) AL(V*) = AP7HV) @ Cdet) !
as left A, (U)-comodules (cf. proof of Lemma 4.5.10). To formulate the corresponding
commutation relations of the matrix elements, set for subsets I, J, K, L C [1, n] of cardi-
nality [,
567 Cry = (=) (K K) sq(1 1) ((vs @ vie) vice @ v,
where (.,.) is the A, (U)-invariant inner product on A;’_I(V) ® AfI(V) defined by (vse ®
Vg, Vke @) = 05,k07,L.

LEMMA 5.6.1. The quantum holomorphic and anti-holomorphic Pliicker coordinates
satisfy the commutation relations

(5.6.8) itk = Y Crltt)
=]J|=t

for all subsets K, L C [1,n] of cardinality l.

PROOF. From the explicit expression of vy (4.5.21) and the explicit reduced expres-
sion (5.6.5) of x; it follows that

Y(Vn-141,n] @ V[1,n—1)) = V1,n-1] ® V[n—i+1,n]-
Applying the left A,(U)-comodule action and using that 4 is an intertwiner, one obtains
f%'cn_l]fin_lH'M = Z (Y(vg ®v1e), vKe @ VL) Bn_l+1’n]§££’n_l]
[I|=|J|=t

for |[K'| = |L| = I. The lemma follows now by applying the antipode .S on both sides of
this equation and using (4.3.19). a
For subsets I, J C [1,n] of equal cardinality, say I = {i; < i2 < ... < i,} and
J={h<jo<...<jg}twrte ] < Jifi; < jsforall s € [1,r]. The following
properties for the coefficients Cf’JL (5.6.7) can now be derived.
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LEMMA 5.6.2. The coefficients 13" (5.6.7) satisfy C1}" = CJX. Furthermore,
the coefficients C{f’JL are zero unless I < K and J < L. The diagonal coefficients are

explicitly given by C}f = ¢lInJ°l,

PROOF. The proof involves a straightforward induction argument using the explicit
construction of 7. . O

Observe that, by the results so far obtained, the following four type of elements lie in the
kernel of ¥:

Z sq(I\M; M) sq(M; J)vp\m ® vmud,

McCI:|M|=r
z sq(I\M; M) sq(M; J)vrros ® v\ ar
MCI:|M|=r
(5.6.9) KL
vl ® VK — Z Csrvs ®vr,
[S|=IT|=t
@b — Z sq(M; M€)2vp ® vl
|M]=t

wherer € [1,l]and I, J,K,L C [1,n] with |[I| =1+, |J| =1 —rand |K| = |L| = 1.

THEOREM 5.6.3. (i) For s,t € Z., let B(s,t) be the set of elements ts(tr)* for
which the pairs (S, T) satisfy S € SSTAB,,((s')), T € SSTAB,((t))) and S # [n -1+
1,n] or T® # [n — 1+ 1,n]. Then, B := Uy ez, B(s,t) is a disjoint union and B is a
linear basis of Ay(U/Kp).

(ii) The elements (5.6.9) generate Ker(0) as a two-sided ideal.

PROOF. (i) A,(U/K)) is spanned by the elements ts(t7)* with S € SSTAB,((s')),
T € SSTAB,((t)) and s,t € Z_, in view of Theorem 5.5.2 and Lemma 5.6.1. Fix now
arbitrary S € SSTAB,((s!)),T € SSTAB,((t")) with ) = T®) = [n — 1 + 1,n].
To show that B spans A,(U/Kj), it suffices to prove that ts(¢t7)* can be rewritten as
linear combination of elements in 5. This follows inductively from the fact that ¢ g(¢1)*
can be rewritten as a linear combination of elements ¢y (ty)* with U € SSTAB,,((u})),
V € SSTAB,,((v')) where u < s, v < t and w(U) < w(S), w(V) < w(T), which in
turn is a consequence of (5.6.2), Theorem 5.5.2 and Lemma 5.5.4.

The linear independence of the set B can be established by comparing the leading
terms of the elements in B (cf. Section 4.3). The technical details, which are similar to
the leading term type arguments in [96, Section 2.2], will be omitted here.

(ii) In the proof of (i) only the Young symmetry relations, dual Young symmetry relations,
(5.6.2) and (5.6.8) are used to prove that A,(U/K)) is spanned by 5. Since B is a basis
of A,(U/Ky), the desired result follows. O

COROLLARY 5.6.4. The elements Uscz,B(s, s) form a linear basis of A;(U/K).
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PROOF. The set of elements U; 1z ,:s—t=m[3(s,t) form a linear basis of A, (cf.
Corollary 5.4.3, Theorem 5.6.3). The corollary follows now from the fact that Ay =
A, (U/K) (cf. Corollary 5.4.3). O

For rank 1, the coefficients C{T’JL (5.6.7) can be computed explicitly, and we obtain the
following complete list of commutation relations between the quantum Pliicker coordi-
nates t;, and t}, (i, j € [1,7]) (cf. Theorem 5.6.3 (ii)),

tintjn = qtintin, t;nt;n = qt:nt;fn (i <3J),
ti;nt]'n = qtjnt;n (7’ # J)a

n
Zqz(i*l)tmtfn — qz(n—l)7
=1

thatin = tinth, + (L —*) Y @ F tyuts,.
k<i
For rank 1, Theorem 5.6.3 has been proved before, see for instance [130], [96].

5.7. Some remarks on the subalgebra of bi- A, (K )-fixed elements

The subalgebra of bi-A, (K )-fixed elements H > in A,(U) was studied in the pre-
vious chapter using suitable limit arguments. In particular, we have seen that 7 is
a commutative algebra generated by / algebraically independent elements and that the
zonal spherical functions are given in terms of multivariable little g-Jacobi polynomials
(cf. Theorem 4.7.5).

Forr € [1,1], let 8, be the map (4.6.2) associated with the unitary module (W, (., .)),
where (v; ® v}, vg ®V]) = 61,K61,Lq_<2”’51). Then, the elements

571 =0, wd) = Y @), iielor]
1e3l? yezld)

all lie in the subspace ®}_qH**(w,) C H*® (cf. Lemma 4.6.1). Recall that the
zonal spherical functions ¢°*(w,) € H*>*°(w,) corresponding to the fundamental
spherical weights w,. (r € [1,1]) can be realized as the matrix coefficients

87 (Voo (wr), Voo (1))
where v, (wy) is a non-zero A, (K)-fixed vector in the unique copy of V' (cw,) within W,..
By Corollary 5.2.5, the following explicit expressions for the zonal spherical functions
©°0(w,) € H®(w,) (r € [L,1]) are obtained in terms of the bi-A4(U/K)-fixed
elements U&7 (i, j € [0,7]).
LEMMA 5.7.1. Letr € [1,1]. Then
r (@D 2) (g2TD; g?)
, i )

Z (q2(l——n); q2) ) (q2(l—n) : q2) )

%,j=0 ? J

Luii e H (e

is a zonal spherical function.
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The bi-A,(K)-fixed elements 1/);’0 are explicitly given in terms of products of Pliicker
coordinates by

!
(5.7.2) 0= " ¢yt e PHO®(w,), (i €[0,1]).
1e3{® r=0

PROPOSITION 5.7.2. The elements \Ilf’o (¢ € [1,1]) are algebraically independent
generators of the algebra H>**>° of bi-A,(K)-fixed elements in A,(U).

PROOF. By Theorem 4.7.5 it suffices to prove that {®°}}_, U {1} is a linear basis
of the (I + 1)-dimensional subspace ®!_,H°*(z,.). This is an immediate consequence
of Corollary 5.6.4. O

REMARK 5.7.3. The algebraic independence of the elements \Il}"o (i € [1,1]) canaalso
be proved using the monomial basis of A,(U/K’) which was constructed in the previous
section (cf. Corollary 5.6.4). On the other hand, the fact that H°°"*° is a commutative
algebra seems to be difficult to prove directly. The indirect proof using limit arguments
involving the one-parameter family of quantum Grassmannians (cf. previous chapter)
seems to be the only proof known up to this moment.






CHAPTER 6

Quantized flag manifolds and irreducible
x-representations

6.1. Introduction

The irreducible x-representations of the “standard” quantization C, [U] of the algebra
of functions on a compact connected simple Lie group U were classified by Soibelman
[110]. He showed that a 1-1 correspondence between the equivalence classes of irre-
ducible *-representations of C,;[U] and the symplectic leaves of the underlying Poisson
bracket on U exists (cf. [109], [110]). This Poisson bracket is sometimes called Bruhat-
Poisson, because its symplectic foliation is a refinement of the Bruhat decomposition of
U (cf. Soibelman [109], [110]). The symplectic leaves are naturally parametrized by
W x T, where I' C U is a maximal torus and W is the analytic Weyl group associated
with (U, T).

The 1-1 correspondence between equivalence classes of irreducible #-representations
of C,[U] and symplectic leaves of U can be formally explained by the observation that
in the semi-classical limit the kernel of an irreducible *-representation should tend to a
maximal Poisson ideal. The quotient of the Poisson algebra of polynomial functions on
U by this ideal is isomorphic to the Poisson algebra of functions on the symplectic leaf.

The results referred to above raise the obvious question whether the irreducible *-
representations of quantized function algebras on U-homogeneous spaces can be clas-
sified and related to the symplectic foliation of the underlying Poisson bracket. This
question was already raised by Lu and Weinstein [80, Question 4.8], who studied certain
Poisson brackets on U-homogeneous spaces that arise as a quotient of the Bruhat-Poisson
bracketon U.

As far as I know, affirmative answers to the above mentioned question have been
given so far for only three types of U-homogeneous spaces, namely Podles’s family of
quantum 2-spheres [101], odd-dimensional complex quantum spheres SU (n+1)/SU (n)
(cf. Vaksman and Soibelman [130]), and Stiefel manifolds U (n)/U (n — [) (cf. Podkolzin
and Vainerman [102]). The relation between the irreducible *-representations of Podles
spheres and the symplectic foliation of certain covariant Poisson brackets on the 2-sphere
was observed by Lu and Weinstein [81].

In this chapter, the irreducible x-representations of a certain quantized *-algebra of
functions on a generalized flag manifold are studied. More specifically, let G denote the
complexification of U. The standard parabolic subgroups P C G and the Bruhat-Poisson
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bracket on G are defined with respect to a fixed choice of Cartan subalgebra and system
of positive roots. The generalized flag manifold U/ K (K := U N P) naturally becomes a
Poisson U-homogeneous space (cf. Lu and Weinstein [80]). The quotient Poisson bracket
on U/K is also called Bruhat-Poisson in [80]. The symplectic leaves of U/K coincide
with the Schubert cells of the flag manifold G/P ~ U/K.

It is straightforward to realize a quantum analogue C, [K] of the algebra of polyno-
mial functions on K as a quantum subgroup of C,[U]. The corresponding *-subalgebra
Cy[U/K] of C4[K]-invariant functions in C,[U] may be regarded as a quantization of
the Poisson algebra of functions on U/K endowed with the Bruhat-Poisson bracket. The
main result in this chapter is a classification of all the irreducible *-representations of
C,[U/K] for an important subclass of flag manifolds, which contains in particular the
irreducible compact Hermitian symmetric spaces. For this subclass it will be shown that
the equivalence classes of irreducible *-representations are parametrized by the Schubert
cells of U/ K. It should be emphasized that the flag manifold U/ K is regarded here as a
real manifold. This means that the algebra of functions on U/ K has a natural *-structure,
which survives quantization and allows us to study *-representations in a way analogous
to Soibelman’s approach [110].

For an arbitrary generalized flag manifold U/ K we describe in detail how irreducible
s-representations of C,[U] decompose under restriction to C,[U/K]. This decomposi-
tion corresponds precisely to the way symplectic leaves in U project to Schubert cells
in the flag manifold U/K. It leads immediately to a classification of the irreducible *-
representations of the C*-algebra C,(U/K), where Cy(U/K) is obtained by taking the
closure of C,[U/ K| with respect to the universal C*-norm on C,; [U]. The equivalence
classes of the irreducible *-representations of Cy(U/ K) are naturally parametrized by the
symplectic leaves of U/ K endowed with the Bruhat-Poisson bracket.

For the classification of the irreducible *-representations of the quantized function al-
gebra C, [U/ K] itself it is important to have some sort of Poincaré-Birkhoff-Witt (PBW)
factorization of C,[U/K], which in turn is closely related to the irreducible decompo-
sition of tensor products of certain finite dimensional irreducible U-modules. Such a
factorization is needed in order to develop some sort of highest weight representation
theory for C,[U/K]. In Soibelman’s paper [110], a crucial role is played by a similar
factorization of C, [U]. From Soibelman’s results a factorization of the algebra C,[U /T,
corresponding to P minimal parabolic in GG, can be derived.

In this chapter a PBW type factorization for a different subclass of flag manifolds
is derived using the so-called Parthasarathy-Ranga Rao-Varadarajan (PRV) conjecture.
This conjecture was formulated as a follow-up to certain results in the paper [99] and was
independently proved by Kumar [73] and Mathieu [88] (see also Littelmann [77]). The
subclass of flag manifolds U/ K considered here, can be characterized by the conditions
that (U, K) is a Gelfand pair and that the Dynkin diagram of the subgroup K can be
obtained from the Dynkin diagram of U by deleting one node (cf. Koornwinder [68]).
These two conditions are satisfied for the irreducible compact Hermitian symmetric pairs
(U,K).
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From an informal point of view, the PBW factorization in the above mentioned cases
states that the quantized function algebra C, [U/ K] coincides with the quantized algebra
of zero-weighted complex valued polynomials on U/ K. Equivalently, the PBW factor-
ization states that C,[U/K] is generated as algebra by the product of the generalized
quantum holomorphic Pliicker coordinates and the generalized anti-quantum holomor-
phic Pliicker coordinates (cf. Section 1.4). Recall that this result was already proved for
the complex Grassmannian in the previous chapter (cf. Theorem 5.3.3).

The quantized algebra of zero-weighted complex valued polynomials can be natu-
rally defined for arbitrary generalized flag manifold U/ K. It is always a *-subalgebra
of C,;[U/K] and invariant under the C, [U]-coaction. It will be called the factorized *-
algebra associated with U/ K. The factorized *-algebra is closely related to the quantized
algebra of holomorphic polynomials on generalized flag manifolds studied by Soibelman
[111], Lakshmibai and Reshetikhin [74], [75], and Jurco and Stovicek [52] (for the clas-
sical groups), as well as to the function spaces considered by Korogodsky [70].

In this chapter the irreducible *-representations of the factorized x-algebra associ-
ated with an arbitrary flag manifold U/ K are classified and it is shown that the equiva-
lence classes of irreducible x-representations are naturally parametrized by the symplectic
leaves of U/ K endowed with the Bruhat-Poisson bracket. In particular, a complete clas-
sification of the irreducible *-representations of C,[U/K] is obtained whenever a PBW
type factorization holds for C,[U/K], i.e. whenever C,[U/K] is equal to its factorized
x-algebra. By yet unpublished results of the author, it turns out that C, [U/K] equals
its factorized *-algebra for all flag manifolds U/K’; combined with the results of this
chapter, a complete classification of the irreducible *-representations of C, [U/ K] is thus
obtained.

The chapter is organized as follows. In Section 6.2 the results by Lu and Weinstein
[80] and Soibelman [110] concerning the Bruhat-Poisson bracket on U and the quotient
Poisson bracket on a flag manifold are reviewed. In Section 6.3 we recall some well-
known results on the “standard” quantization of the universal enveloping algebra of a
simple complex Lie algebra and on its finite dimensional representations. Furthermore,
the construction of the corresponding quantized function algebra C, [U] is recalled and
certain commutation relations between matrix coefficients of irreducible corepresenta-
tions of C,[U] are presented. They will play a crucial role in the classification of the
irreducible x-representations of the factorized x-algebra. In Section 6.4 the quantized
algebra C,[U/ K] of functions on a flag manifold U/K and its associated factorized -
subalgebra are defined. Furthermore it is shown that the factorized *-algebra is equal to
C,[U/K] for the subclass of flag manifolds referred to above. In Section 6.5 the restric-
tion of an arbitrary irreducible x-representation of C, [U] to C, [U/K] is studied. We use
here Soibelman’s explicit realization of the irreducible x-representations of C, [U] as ten-
sor products of irreducible x-representations of C, [SU(2)] (cf. [110], see also [60], [130]
for SU(n)). As a corollary, a complete classification of the irreducible *-representations
of the C*-algebra C, (U/K) is obtained.
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Section 6.6 is devoted to the classification of the irreducible *-representations of the
factorized x-algebra associated with an arbitrary flag manifold. The techniques used in
Section 6.6 are similar to those used by Soibelman [110] for the classification of the
irreducible *-representations of C,[U], and to those used by Joseph [49] to handle the
more general problem of determining the primitive ideals of C, [U].

6.2. Bruhat-Poisson brackets on flag manifolds

In this section results of Soibelman [110] and of Lu and Weinstein [80] about the
Bruhat-Poisson structure on generalized flag manifolds are reviewed. Detailed discus-
sions about the terminology related to the theory of Poisson-Lie groups are omitted. The
reader who is unfamiliar with the terminology is refered to [11] and [80].

Let g be a complex simple Lie algebra with a fixed Cartan subalgebrah C g. Let G
be the connected simply connected Lie group with Lie algebra g (regarded here as a real
analytic Lie group).

Let R C h* be the root system associated with (g, ) and write g, for the root space
associated with o € R. Let A = {ai,...,a,} be a basis of simple roots for R, and
let R (respectively R™) be the set of positive (respectively negative) roots relative to A.
We identify b with its dual by the Killing form . The non degenerate symmetric bilinear
form on h* induced by « is denoted by (-, ). Let W C GL(h*) be the Weyl group of the
root system R and write s; = s,, for the simple reflection associated with o; € A.

For a € R write dy := (a,a)/2. Let H, € h be the element associated with the
coroot @V := dj'a € h* under the identification h ~ h*. Choose nonzero X, € g,
(o € R) such that for all a, 3 € R we have [Xo, X_o] = Hy, k(Xo, X_o) = d3' and
[Xa, Xg] = ca,pXatp With cq 3 = —C_q,—p € R whenever a + 8 € R. Let ho be the
real form of ) defined as the real span of the H,,’s (o € R). Then

(6.2.1) wi= Y RXa—X a)® Y Ri(Xa +X_a)®ibo
a€Rt a€ERt

is a compact real form of g.

Set b := ho & ny withny := Zfe R+ 9a- Then, by the Iwasawa decomposition for
g, the triple (g, u,b) is a Manin triple with respect to the imaginary part of the Killing
form « (cf. [80, Section 4]). Hence u, b and g naturally become Lie bialgebras. The dual
Lie algebra u* is isomorphic to b, and g may be identified with the classical double of u.
The cocommutator § : g — g A g of the Lie bialgebra g is coboundary, i.e.,

§(X) = (adx ® 1 + 1 ®adx)r,

with the classical r-matrix r € g A g given by the following well-known skew solution of
the Modified Classical Yang-Baxter Equation,
(6.2.2) r=i Y do(X-a®Xo—Xa®X o) Eunm

aERt

The cocommutator on u coincides with the restriction of § to u.
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The corresponding Sklyanin bracket on the connected subgroup U C G with Lie
algebra u has

(6.2.3) Qy =12%r =11, (gel)

as its associated Poisson tensor. Here [, respectively r, denote infinitesimal left respec-
tively right translation. This particular Sklyanin bracket is often called Bruhat-Poisson,
since its symplectic foliation is closely related to the Bruhat decomposition of G, as will
be shown in a moment.

Let B be the connected subgroup of G with Lie algebra b, let 7' C U be the maximal
torus in U with Lie algebra ih, and set B, := T B. The analytic Weyl group Ny(T') /T,
where Ny (T') is the normalizer of T in U, is isomorphic to W. More explicitly, the
isomorphism sends the simple reflection s; to exp (3 (Xa; — X—a;))/T-. The double
B -cosets in G are parametrized by the elements of . Hence we have the Bruhat
decomposition

G= H B+’U}B+.
weW

By [133, Proposition 1.2.3.6] the Bruhat decomposition has the refinement

(6.2.4) G= [[ BmB.
mENU(T)

Form € Ny (T) we set ¥,,, := U N BmB. Then X, # () for all m € Ny(T), and we
have the disjoint union

(6.2.5) U= H Yo
(T)

meNy

Now recall that multiplication U x B — G is a global diffeomorphism by the Iwasawa
decomposition of G. So for any b € B and u € U there exists a unique u® € U such that
bu € u’B. As is easily verified, the map

(6.2.6) UxB—U, (ub)rut

is aright action of B on U, and the corresponding decomposition of U into B-orbits coin-
cides with the decomposition (6.2.5). On the other hand, if we regard B as the Poisson-Lie
group dual to U, the action (6.2.6) becomes the right dressing action of the dual group
on U (cf. [80, Theorem 3.14]). Since the orbits in U under the right dressing action
are exactly the symplectic leaves of the Poisson bracket on U (cf. [108, Theorem 13],
[80, Theorem 3.15]), it follows that (6.2.5) coincides with the decomposition of U into
symplectic leaves (cf. [110, Theorem 2.2]).

Next, we recall some results by Lu and Weinstein [80] concerning certain quotient
Poisson brackets on generalized flag manifolds. Let S C A be a set of simple roots, and
let Ps be the corresponding standard parabolic subgroup of G. The Lie algebra pg of Ps
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is given by
(6.2.7) ps:=b& P ga
a€l's
with I's := R U {a € R|a € span(S)}. Let [ be the Levi factor of pg,
(6.2.8) s:=h® P o
a€lsn(-Ts)

and set £ := ps Nu = [g Nu. Then &5 is a compact real form of [s. Set Kg :=
UNPs CU,then Kg C U is a Poisson-Lie subgroup of U with Lie algebra £g (cf. [80,
Theorem 4.7]). Hence there is a unique Poisson bracket on U/K s such that the natural
projection 7 : U — U/ K is a Poisson map. This bracket is also called Bruhat-Poisson.
It is covariant in the sense that the natural left action U x U/Ks — U/Kg is a Poisson
map.

Let Wg be the subgroup of W generated by the simple reflections in S, then we have
Pg = B, WgB, (cf. [133, Theorem 1.2.1.1]). It follows that the double cosets Bz Pg
(z € Q) are parametrized by the elements of W/Wgs. Hence we have the Schubert cell
decomposition of U/Kg ~ G/ Ps:

(6.2.9) UKs= ][] Xw Xw:=(UnBywPs)/Ks~Bw/Ps,
weEW/Ws

where W € W/Wg is the right Wg-coset in W which contains w.

Now, by [80, Proposition 4.5], the subgroup K is invariant under the action of
B, which implies that the B-action descends to U/Kg. The orbits in U/K s coincide
exactly with the Schubert cells. By [80, Theorem 4.6] the symplectic leaves of the Poisson
manifold U/ K g are exactly the orbits under the B-action. We conclude (cf. [80, Theorem
4.7]):

THEOREM 6.2.1. The Schubert cells of the flag manifold U] K g are the symplectic
leaves of U/ K s endowed with the Bruhat-Poisson bracket.

Consider now the set of minimal coset representatives
(6.2.10) W3 = {we W |l(wss) > l(w) Vo€ S}

WS is a complete set of coset representatives for /W, i.e. any element w € W can
be uniquely written as a product w = wyws with wy € WS, wy € Wg. The elements of
WS are minimal in the sense that

(6.2.11) l(wlwg) = l(wl) + l(’wz), ('11)1 € VVS,'UJQ S WS),

where [(w) := #(R*t NwR™) is the length function on W.
Observe that 7 maps the symplectic leaf ¥,,, C U onto the symplectic leaf X——— C

w(m)

U/Kgs, where w(m) := m/T € W. We write 7, : Sy — Xy for the surjec-
tive Poisson map obtained by restricting 7 to the symplectic leaf ¥,,. The minimality

condition (6.2.10) translates to the following property of the map 7, .
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PROPOSITION 6.2.2. Let m € Ny(T). Then mp, : Ly — X—— is a symplectic

w(m)

automorphism if and only if w(m) € WS,
PROOF. Forw € W set

Ny = @ o, Ny :=exp(ny).

a€ERTNwWR~

Observe that the complex dimension of IV, is equal to [ (w). Writepry : G ~UXxB — U
for the canonical projection. It is well-known that for m € Ny (T') and for w € WS with
representative m,, € Ny (T'), the maps

¢m : Nw(m) - Emy n— prU(nm):
Yw : Ny = Xz, n e w(pru(nmy))

are surjective diffeomorphisms (see for example [9, Proposition 1.1 and 5.1]). The map
1)y, 18 independent of the choice of representative m,, for w. It follows now from (6.2.11)
by a dimension count that 7, can only be a diffeomorphism if w(m) € WS. On the
other hand, if m € Ny (T') such that w(m) € W¥, then mp, = Yy (m) © ¢5,' and hence
T 1s a diffeomorphism. O

Soibelman [110] gave a description of the symplectic leaves ¥,, (m € Ny(T)) as a
product of two-dimensional leaves which turns out to have a nice generalization to the
quantized setting (cf. Section 6.5). For i € [1,7], let~y; : SU(2) < U be the embedding
corresponding to the ith node of the Dynkin diagram of U. After a possible renormaliza-
tion of the Bruhat-Poisson structure on SU(2), -y; becomes an embedding of Poisson-Lie
groups. Recall that the two-dimensional leaves of SU (2) are given by

5:={(% 2) e sue) wxp) —wg)} (e

where T C C is the unit circle in the complex plane. The restriction of the embedding ;
to S; C SU(2) is a symplectic automorphism from S; onto the symplectic leaf ¥,,,;, C U,
where m; = exp(%(Xa; — X-q,)). Recall that m; € Ny(T) is a representative of the
simple reflection s; € W.

Form € Ny(T) let w(m) = s;,8;, - -+ s;, be a reduced expression for w(m) :=
m/T € W, and let t,,, € T be the unique element such that m = m;, m;, - - - M; .
Note that ¢,,, depends on the choice of reduced expression for w(m). The map

(g1s--->90) = Yir (91)7i2(92) -+ vi, (9) Em

defines a symplectic automorphism from S 1Xl onto the symplectic leaf ¥,,, C U (cf. [110,
Section 2], [114]). Observe that the image of this map is independent of the choice of
reduced expression for w(m), although the map itself is not.

Combined with Proposition 6.2.2 we now obtain the following description of the
symplectic leaves of the generalized flag manifold U/ K s.



162 6. QUANTIZED FLAG MANIFOLDS AND IRREDUCIBLE %-REPRESENTATIONS

PROPOSITION 6.2.3. Let m € Ny(T) and set w := m/T € W. Let w, € W5,
w2 € Wg be such that w = wyws and choose reduced expressions wy = s;, -+~ s;, and
wa = 8i,,, * " 8. Then the map

(91,92,---,91) = Vi (91) 72 (92) - v () / K5

is a surjective Poisson map from S 1Xl onto the Schubert cell Xw. It factorizes through the
projection pr: S;' = S]P x Slx(l_p) — S)P. The quotient map from S|'¥ onto X is a
symplectic automorphism. In particular, we have

Xo = (Emil EMi2 .. 'Emi,,)/KS' O

See Lu [79] for more details in the case of the full flag manifold (Ks = 7).

6.3. Preliminaries on the quantized function algebra C, [U]

In this section some notations are introduced which are needed throughout the re-
mainder of this chapter. First, we recall the definition of the quantized universal en-
veloping algebra associated with the simple complex Lie algebra g. We use the notations
introduced in the previous section.

Setd; := d,,; and H; := H,, fori € [1,7]. Let A = (a;;) be the Cartan matrix, i.e.
aij = d; *(ai, ;). Note that H; € | is the unique element such that a;(H;) = a;; for
all j. The weight lattice is given by

(6.3.1) P={Nebh* | AH)=(\a)Y) e Vi}.

The fundamental weights w,, = w; (i € [1,7]) are characterized by w;(H;) = d;; for all
J. The set of dominant weights P, respectively regular dominant weights P, ; is equal
to K-span{wg }aca with K = Z respectively N.

The quantized universal enveloping algebra U,(g) associated with the simple Lie
algebra g is the unital associative algebra over C with generators K iil, XE G =[1,7)
and relations

K,K; = K;K;, KK '=K'K;=1
+ 7 — +aj(H;
Kf,,X] Ki 1 — ql [e7; )‘in

. g1
(6.3.2) XX - X7 X}t = 6,-ju_’T
q;i — 4q;
1=ai 1— aos
> (1) e =0 (40)
s=0 qi
where ¢; := ¢%,
¢“—q"
[alg .= ———— (a€N), [0],:=1,

q—q7!
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[a]q! == [a]qla — 1]q ... [1]4. and

A Hopf algebra structure on U, (g) is uniquely determined by the formulas

AXH) =X eol+Ko0XH, AX)=X; oK '+1eX],
AGKE) = K @ K2,

S(KEY) = KF', S(X;)=-K;['X}, S(X])=-X[K,
e(KEY) =1, e(XF)=o.

(6.3.3)

In fact, Uy (g) may be regarded as a quantization of the co-Poisson-Hopf algebra structure
(cf. [11, Ch. 6]) on U(g) induced by the Lie bialgebra (g, —id), ¢ being the cocommu-
tator of g associated with the r-matrix (6.2.2). U,(g) becomes a Hopf %-algebra with
x-structure on the generators given by

(6.3.4) (KEY = KF, (XN =¢'X7Ki, (X)) =aqK;'X}

(3 (3

In the classical limit ¢ — 1, the *-structure becomes an involutive, conjugate-linear
anti-automorphism of g with —1 eigenspace equal to the compact real form u defined
in(6.2.1).

Let U¥ = U,(ny) be the subalgebra of U,(g) generated by X;* (i = [1,7]) and
write U° := U,(h) for the commutative subalgebra generated by K iil (i =[1,7]). Let
Q (respectively Q™) be the integral (respectively positive integral) span of the positive
roots. We have the direct sum decomposition

Ut = P UL,

aeQt

where UL, := {¢ € U* | K;¢K; ' = ¢ $}. The Poincaré-Birkhoff-Witt Theorem
for U, (g) states that multiplication defines an isomorphism of vector spaces

U oU’@U"T = U,(g).

In particular, U, (g) is spanned by elements of the form b, K “a¢ where b, € U, ,a; €
UZ’ (m,¢ € Q+) and a € Q. Here we used the notation K® = K{“ Kk ifa =

Zi kiai.

For a left U,(g)-module V', we say that 0 # v € V has weight u € h* if K; - v =
q (Hi)y = q\#)y for all i. We write V. for the corresponding weight space. Recall that
a P-weighted finite dimensional irreducible representation of U,(g) is a highest weight
module V' = V() with highest weight A € P,. If vy € V() is a highest weight vector,
we have V(A) = fe o+ UZ4vx by the PBW Theorem, hence the set of weights P())
of V() is a subset of the weight lattice P satisfying u < A for all 4 € P()\). Here < is
the dominance orderon P (i.e. p < vifv —p e Qtandpu < vif u < vand u # v).
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We define irreducible finite dimensional P-weighted right U,(g)-modules with re-
spect to the opposite Borel subgroup. So the irreducible finite dimensional right U, (g)-
module V' (\) with highest weight A € P has the weight space decomposition V() =
Zfe@’r vAU;, where vy € V()) is the highest weight vector of V(). The weights of
the right U,(g)-module V() coincide with the weights of the left U, (g)-module V'())
and the dimensions of the corresponding weight spaces are the same.

The quantized algebra C, [G] of functions on the connected simply connected com-
plex Lie group G with Lie algebra g is the subspace in the linear dual U,(g)* spanned
by the matrix coefficients of the finite dimensional irreducible representations V' (X) (A €
P, ). The Hopf x-algebra structure on U,(g) induces a Hopf *-algebra structure on the
quantized function algebra C, [G] C U,(g)* by the formulas

(p9)(X) = (d @ P)A(X), 1(X)=¢e(X)
(6.3.5) AP(X ®Y) =¢(XY), e(¢)=a(1)

S(@)(X) = o(5(X)), (¢")(X) = o(S(X)*),
where ¢, 1) € Cy[G] C Uy(g)* and X,Y € Uy(g). The algebra C, [G] can be regarded as
a quantization of the Poisson algebra of polynomial functions on the algebraic Poisson-
Lie group GG, where the Poisson structure on G is given by the Sklyanin bracket associated
with the classical r-matrix —ir (cf. (6.2.2)). Since the *-structure (6.3.5) on C,[G] is
associated with the compact real form U of G in the classical limit, we will write C, U]

for C, [G] with this particular choice of *-structure. Note that C, [U] is a U, (g)-bimodule
with the left respectively right action given by

63.6) (X)) = gV X), ($X)(Y):= $(XY)

where ¢ € C,[U] and X,Y € U,(g). The finite dimensional irreducible U, (g)-module
V(A) of highest weight A € P, is unitarizable. Write (., .) for a unitary inner product on
V(A). Choose an orthonormal basis of V' (A) with respect to (., .),

(6.3.7) (v | p e P(N),i = [1,dim(V(\),)]},

consisting of weight vectors v,(f) € V(A),. The index ¢ will be omitted if dim(V (X),) =
1. Set
(6.3.8) Ch i (X) = (X 0l)), X € Uy(g),

IR

for p,v € P(A)and 1 < i < dim(V(\),), 1 < j < dim(V(A),). If dim(V(\),) =
1 respectively dim(V'(A),) = 1 then the dependence on ¢ respectively j in (6.3.8) is
omitted. It is sometimes also convenient to use the notation

Chu(X) = (Xa0,0), vwe VN, X € Uyg).

Note that when A runs through Py and p,i,v and j run through the above-mentioned
sets the matrix elements (6.3.8) form a linear basis of C,[G]. Furthermore, we have the
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formulas
A(C;\,i;u,j) = Z Cft\,i;a',s ® C?,s;l/,j’
(6.3.9) 0,8
E(C;)l,\,i;u,j) = 6H’”6i»j’ (C/i\,i;l/,j)* = S(Cli\,j;p,i)’

where sums for which the summation sets are not specified are taken over the “obvious”
choice of summation sets. Using the relations (6.3.9) and the Hopf algebra axiom for the
antipode .S we obtain

(6.3.10) D (C2 ) Co i = Ouije

7,8

The elements (C}, ;. ;)* are matrix coefficients of the dual representation V' (\)* =~

V(—00A) (here oy is the longest element in W). In fact, let 7 : U, (g) — End(V (X)) be
the representation of highest weight A, and let (-,-) be an inner product with respect to

which 7 is unitarizable. Fix an orthonormal basis of weight vectors {vff) }. Write 7* for
the dual representation, i.e. 7*(X)¢ = ¢ o (S(X)) for X € U,(g) and ¢ € V(X)*. For
u € V(A) setu* := (-,u) € V(A)*. Define an inner product on V (A\)* by

(u*,v*) == (W(K_z”)v,u), u,v € V(N),
wherep =1/2% g+ o € b*. Since 5% (u) = K2 uK?" foru € Uy(g) and (x0S)? =
Id on U, (g), it follows that 7* is unitarizable with respect to the inner product (-, -) on
V(A)* and that {QS(_Z)“ = q("*p)(v,(f))*} is an orthonormal basis of V' (A)* consisting of
weight vectors (here d)(_’L has weight —u). Defining the matrix coefficients C “ooX of

) — G,
(m*, V(A)*) with respect to the orthonormal basis {q&(_’L} we then have
(6.3.11) (Cpliwg)" =" PCTI5,
(cf. [110, Proposition 3.3]). A fundamental role in Soibelman’s theory of irreducible x-
representations of C, [U] is played by a Poincaré-Birkhoff-Witt (PBW) type factorization
of C;[U]. For X € Py, set

(6.3.12) By :=span{C}., |veEV(MN)}.
Note that B, is a right U, (g)-submodule of C, [U] isomorphic to V'()). Set
(6.3.13) At:= P B\, AT := P B

AEP; AEP; 4

The subalgebra and right U, (g)-module A is equal to the subalgebra of left U " -invariant
elements in C, [U] (cf. [49]). The existence of a PBW type factorization of C, [U] now
amounts to the following statement.

THEOREM 6.3.1. [110, Theorem 3.1] The multiplication mapm : (ATT)*®@ AT+ —
Cq U] is surjective.
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A detailed proof can be found in [49, Proposition 9.2.2]. The proof is based on
certain results concerning decompositions of tensor products of irreducible finite dimen-
sional Uy (g)-modules which can be traced back to Kostant in the classical case [71, The-
orem 5.1]. The close connection between Theorem 6.3.1 and the decomposition of tensor
products of irreducible U, (g)-modules becomes clear by observing that

(6.3.14) (B\)*B, ~V(\)* ® V()

as right U, (g)-modules.

Important for the study of *-representations of C,[U] is some detailed information
about the commutation relations between matrix elements in C,[U]. In view of Theorem
6.3.1, we are especially interested in commutation relations between the C' ;‘l 5 and C,,Ay JiA
respectively between the C ;‘z 5 and (C’,ﬁ\ jin)"> where A\, A € Py. To state these commu-
tation relations we need to introduce certain vector subspaces of C,[U]. Let \,A € Py
and u € P(X\), v € P(A), then we set

N(p, \;v,A) := span{C’{,\mC'A | (v,w) € sN},

WIVA

NOPP(u, X; v, A) := span{C2, C}, |(v,w) € sN}

SUA T V30N

(6.3.15)

where sN := sN(u, A; v, A) is the set of pairs (v, w) € V(A),y x V(A),, with ¢/ > p,
V' <vandy' +v' = p+ v. Furthermore, set

(6.3.16) O(, \; v, A) := span{(C},,,)*Ch.,., | (v, w) € 5O},
3. O°PP(u, \; v, A) = span{()';\m}A (Cii\;UA)* | (v, w) € 50}

where 5O := sO(u, A; v, A) is the set of pairs (v, w) € V(A), x V(A), with p' < p,
V' <vandp—p' =v—v'". If sN (respectively sO) is empty, then let N = N°PP = {0}
(respectively O = O°P? = {0}).

PROPOSITION 6.3.2. Let \,A € P andv € V(\),, w € V(A),.

(i) The matrix elements Cy\,,, and C%., satisfy the commutation relation

C)\ CA — q(X,A)—(u,V)CA C)\

V3V WIUA WIVA V3V

mod N (p, A;v, A).

Moreover, we have N = N°PP,

(ii) The matrix elements (C;)

vy )" and CA..  satisfy the commutation relation

WIVA

(Ciun) Cloy = a¥=ONCL, (CF,,)" mod O, X;v, ).

RN WiVA CHUDN

Moreover, we have O = O°PP,

Soibelman [110] derived commutation relations using the universal R-matrix whereas
Joseph [49, Section 9.1] used the Poincaré-Birkhoff-Witt Theorem for U, (g) and the left
respectively right action (6.3.6) of U,(g) on C,[U]. Although the commutation relations
formulated here are slightly sharper, the proof can be derived in a similar manner and will
therefore be omitted.
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COROLLARY 6.3.3. Let \,A € P, andv € V(A\),, w € V(A),. Then
(6.3.17) Cr,. CA = qw=OAMCA CA mod N(v, A;p, \).

ViUN T WUA WIUA T V30N

Note that Proposition 6.3.2(i) and Corollary 6.3.3 give two different ways to rewrite
C),.CA  aselements of the vector space

VU T W;UA
W := span{Ch,.,, Co, |V € V(N), w' € V(A)}.

We will need both “inequivalent” commutation relations (Proposition 6.3.2(i) and Corol-
lary 6.3.3) in later sections. It follows in particular that, when v’ € V(\) and w' € V(A)
run through a basis, the elements C{},,m N Cj‘,;v , are (in general) linearly dependent. This
also follows from the following two observations. On the one hand, W) o ~ V(A + A)
as right U, (g)-modules. On the other hand, V(A + A) occurs with multiplicity one in
V() ® V(A), whereas in general V (\) ® V' (A) has other irreducible components too.

By contrast, the commutation relation given in Proposition 6.3.2(ii) is unique in the
sense that, when v € V(X) and w € V(A) run through a basis, the C4., (C3., )" are
linearly independent (cf. (6.3.14)).

We end this section by recalling the special case g = s{(2, C). Set

(6.3.18) tin=Cgl.ms ti2: =05 _,
3. to1 = C_wfvl;wl, tog = C?éh;—wl-

Then it is well-known that the ¢;;’s generate the algebra C,[SU(2)]. The commutation
relations

tkitke = Qlratp1, tiktor = qtaxtiy (K =1,2),
(6.3.19) tiatar = tartia, tiites — teatyn = (¢ — ¢ V)tiater,
ti1tas — qliata; =1

characterize the algebra structure of C,[SU(2)] in terms of the generators ¢;;. The -
structure is uniquely determined by the formulas ¢]; = t22, t{o = —qt21.

6.4. Quantized function algebras on generalized flag manifolds

Let S be any subset of the simple roots A. Sometimes S will be identified with the
index set {i| ; € S}. Let ps C g be the corresponding standard parabolic subalgebra,
given explicitly by (6.2.7). Define the quantized universal enveloping algebra U, ([s)
associated with the Levi factor [g of pg as the subalgebra of U,(g) generated by K iﬂ
(i € [1,7]) and X (i € S). Observe that U, (Is) is a Hopf *-subalgebra of U, (g).

For later use in this section we briefly discuss the finite dimensional representation
theory of U, (Is). Recall that [ is a reductive Lie algebra with centre

(6.4.1) Z(ls) = ﬂ Ker(e;) C b.
€S
Moreover, we have direct sum decompositions
(6.4.2) h=Z(s)@bs, Is=2Z(s)@Ig,
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where hs = span{H,};cs and [2 is the semisimple part of [s. The semisimple part 1% is
explictly given by

(6.4.3) :=bs® P o

a€elsn(-T's)

Define the quantized universal enveloping algebra U, (I3) associated with the semisimple
part [ of [5 as the subalgebra of U, (g) generated by K 1 and X foralli € S. Observe
that U, (1%) is a Hopf *-subalgebra of U,(g).

PROPOSITION 6.4.1. Any finite dimensional U,(ls)-module V which is completely
reducible as Uy (h)-module, is completely reducible as Uy (1s)-module.

PROOF. Let V be a finite dimensional left U, (Is)-module which is completely re-
ducible as U, (h)-module. Then the linear subspace

Vti={veV|Xfv=0 VieS}

is U,(h)-stable and splits as a direct sum of weight spaces. Let {v; }; be a linear basis of
V+ consisting of weight vectors, and set V; := U, (1%)v;. Since U,(I%) is the quantized
universal enveloping algebra associated with a semisimple Lie algebra, it follows that
V = Y2V, is a decomposition of V' into irreducible U, (I%)-modules. On the other
hand, the V; are U, (I5)-stable since the vectors v; are weight vectors. Hence V' = Z? Vi
is a decomposition of V' into irreducible U, (Is)-modules. O

There are obvious notions of weight vectors and weights for U, (ls)-modules. With a
suitably extended interpretation of the notion of highest weight, the irreducible finite di-
mensional U, (Is)-modules may be characterized in terms of highest weights. We shall
only be interested in irreducible U, (Is)-modules with weights in the lattice P. For in-
stance, the restriction of an irreducible P-weighted U, (g)-module to U,(Is) decomposes
into such irreducible U, (Is)-modules.

Branching rules for the restriction of finite dimensional representations of Uy (g) to
U,(Is) are determined by the behaviour of the corresponding characters. Since the char-
acters for P-weighted irreducible finite dimensional representations of U, (g) and U, ([s)
are the same as for the corresponding representations of g and [s, we have the following
proposition.

PROPOSITION 6.4.2. Let A € P.. The multiplicity of any P-weighted irreducible
U,(Is)-module in the irreducible decomposition of the restriction of the Ugy(g)-module
V(X) to Uy(1s) is the same as in the classical case.

Next, we define the quantized algebra of functions on U/Kgs. Let t5: Uy(g)* —
Uq(Is)* be the dual of the Hopf *-embedding ¢s : U,(Is) — U,(g), and set

Cy[Ls] = 15(C[G]) = {¢pous|¢ € C[G]}-

The formulas (6.3.5) uniquely determine a Hopf x-algebra structure on C,[Lg], and
1% then becomes a Hopf *-algebra morphism. We write C, [Ks] for C,[Ls] with this
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particular choice of *-structure. Assume now that S # A. Define a x-subalgebra
G [U/Ks] C Cy[U] by

C[U/Ks] == {¢ € G [U]| (i[d® 15)A(p) = ¢ ® 1}
={pe QU] X.p=¢e(X)p, VX e€U(s)}

The algebra C,[U/ K] is a left C, [U]-subcomodule of C,[U]. We call it the quantized
algebra of functions on the generalized flag manifold U/Ks.

Similarly, the quantized function algebra C,[K 2] corresponding to the semisimple
part K of K5 can be defined as the image of the dual of the natural embedding U, (1%) —
U, (g). Its Hopf *-algebra structure is again given by the formulas (6.3.5). The subalgebra
C,[U/K2] then consists by definition of all right C, [K2]-invariant elements in C, [U].
Note that C,[U/KY] C C,[U] is a left U, (h)-submodule and that C, [U/K 5] coincides
with the subalgebra of U, (h)-invariant elements in C, [U/K2].

We now turn to PBW type factorizations of the algebra C,[U/Ks|. Let P(S),
P, (S), respectively P, (S) be the K-span{tw, }acs With K = Z, Z respectively N.
Set S¢ := A\ S. The quantized algebra A% of holomorphic polynomials on U/Ks is
defined by

(6.4.5) A¥t= @ BrcGUl,
AEP(S<)

where B) is given by (6.3.12) (cf. [74], [75], [111], [52] and [70]). Note that A’S“’l is a
right U, (g)-comodule subalgebra of C, [U], (6.4.5) being the (multiplicity free) decom-
position of A% into irreducible U,(g)-modules. A%°! is generated as algebra by the
elements C7: (1 € P(ws),i € [1,dim(V (ws),], s € S°), which are called the (gen-
eralized) quantum holomorphic Pliicker coordinates on U/Kg. The right U, (g)-module
algebra (AR!)* C C,[U] is called the quantized algebra of anti-holomorphic polyno-
mials on U/Kg. The elements (C:.  )* (u € P(ws),i € [1,dim(V(w;)ul],s € S€)
are called the (generalized) quantum anti-holomorphic Pliicker coordinates.

(6.4.4)

LEMMA 6.4.3. The linear subspace
Ag = m((A8)* ® A%) C G, (U],
where m is the multiplication map of C,[U), is a right U,(g)-submodule x-subalgebra of
G, [U].

PROOF. Proposition 6.3.2(ii) implies that A% is a subalgebra of C,[U]. The other
assertions are immediate. O

The subalgebra A% is generated as algebra by the quantum holomorphic and anti-holo-
morphic Pliicker coordinates on U/ K.

REMARK 6.4.4. In the classical setting (¢ = 1), the algebra Ag (#S¢ = 1) can be
interpreted as algebra of functions on the product of an affine spherical G-variety with its
dual. The G-module structure on A% is then related to the doubled G-action (see [97],
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[98] for the terminology). These (and related) G-varieties have been studied in several
papers, see for example [98], [97] and [78].

The algebra AS C C,[U] is stable under the left U,(h)-action, so we can speak of
U, (h)-weighted elements in A%. Let Ag be the left U, (h)-invariant elements of A. Then
Ag C C,[U] is aright U,(g)-module x-subalgebra of C, [U].

LEMMA 6.4.5. We have A% C C,[U/KY), so in particular As C C4[U/Kg)]. Fur-
thermore,

(6.4.6) As = span{(C}.,,)*Caps | X € Pr(5), v,w € V(N)}.

PROOF. Choose A € P, (S¢) andi € S. Then we have Xj'-v)\ = 0and K;-vy = vy.
It follows that Cvy C V() is a one dimensional Uy, (s[(2; C))-submodule, where we
consider the Uy, (s[(2; C)) action on V() via the embedding ¢; : Uy, (s1(2; C)) < U,(g).
It follows that X; - vy = 0. This readily implies that A2 C C,[U/KY]. The remaining
assertions are immediate. O

In view of Lemma 6.4.5, we may consider the subalgebra A% as the quantum analogue
of the algebra of complex-valued polynomial functions on the real manifold U/K % and
the algebra A as the quantum analogue of the algebra of zero-weighted complex-valued
polynomials functions on U/K?2. Note that Ag is generated as algebra by the products
Criw, (Cr)" (v € P(wy), i € [1,dim(V(w,),)], j € [1,dim(V (w;),)] and
s € 8°.

DEFINITION 6.4.6. As C C,[U/Kg5] is called the factorized *-subalgebra associ-
ated with U /K.

In view of Theorem 6.3.1, there is reason to expect that the factorized algebra Ag
is equal to C,[U/ K] for any generalized flag manifold U/K . We prove this fact (see
Theorem 6.4.10) for a certain subclass of generalized flag manifolds that we shall de-
fine and classify in the following proposition. For the proof in these cases we use the
so-called Parthasarathy-Ranga Rao-Varadarajan (PRV) conjecture, which was proved in-
dependently by Kumar [73] and Mathieu [88]. The PRV conjecture gives information
about which irreducible constituents occur in tensor products of irreducible finite dimen-
sional g-modules.

Recall the notations introduced in Section 6.2. The following proposition was ob-
served by Koornwinder [68].

PROPOSITION 6.4.7. ( [68]) Let U be a connected, simply connected compact Lie
group with Lie algebra u, and let p C g be a standard maximal parabolic subalgebra. Let
K C U be the connected subgroup with Lie algebra  := pNu. Then (U, K) is a Gelfand
pair if and only if one of the following three conditions are satisfied:

(i) (U, K) is an irreducible compact Hermitian symmetric pair;
() (U,K) ~ (SOl +1),U(l)), ((>2);
(i) (U, K) = (Sp(1), U(1) x Sp(l — 1)), (I >2).
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PROOF. For a list of the irreducible compact Hermitian symmetric pairs see [40, Ch.
X, Table V]. The proposition follows from this list and the classification of the compact
Gelfand pairs (U, K') with U simple (cf. [72, Tabelle 1]). O

Let (U, K) be a pair from the list (i)—(iii) in Proposition 6.4.7, and let (u, £) be the asso-
ciated pair of Lie algebras. Then £ = &g for some subset S C A with #5¢ = 1. We call
the simple root a € S°¢ the Gelfand node associated with (U, K).

A dominant weight A € P is called spherical if the the subspace of K -fixed vectors
in V()) is one dimensional. The corresponding representation V' () is then also called
spherical. We write Pf C Py for the subset of dominant spherical weights.

PROPOSITION 6.4.8. Let (U, K) be a pair from the list (i)—(iii) in Proposition 6.4.7,
and let o € A be the associated Gelfand node with corresponding fundamental weight
w := wq. Then we have a multiplicity free irreducible decomposition of Uy(g)-modules
of the form

!
V(@) ©V(w) =@ V()

=0

for certain | € N, where po := 0 € Py and {u;}._, is a subset of the dominant spher-
ical weights P_{_{ . Furthermore, every \ € Pf can be uniquely written as a 7. ,-linear
combination of the p;’s (i € [1,1]).

DEFINITION 6.4.9. The spherical weights p; (i € [1,1]) are called the fundamental
spherical weights associated with (U, K).

PROOF. It is well known that the trivial representation V' (0) occurs with multiplicity
one in the tensor product decomposition of V (w)* ® V (w). Furthermore, observe that

(6.4.7) V(w)* ® V(w) ~ (Bw) Be C Afaye C C[U/K]

as right U, (g)-modules. By Proposition 6.4.2 we have the multiplicity free decomposition
as right U,(g)-modules

(6.4.8) C /K]~ @ Vv,

AeP¥

from which it follows that the decomposition of V' (w)* ® V (w) is multiplicity free, and
that its irreducible constituents are all spherical.

Kramer [72, Tabelle 1] presented for each pair (U, K) from the list (i)—(iii) in Propo-
sition 6.4.7 a set of dominant spherical weights {1;}!_, satisfying the property that every
A € P¥ can be uniquely written as a Z ;-linear combination of the y;’s (i € [1,1]). The
;s are explicitly given as Z -linear combination of the fundamental dominant weights
w; (j € [1,r]). In case of the Hermitean symmetric spaces U/ K, there is an elegant pro-
cedure to recover the p;’s as linear combinations of the fundamental dominant weights
from the corresponding Satake diagrams [125].
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We show now that all spherical representations V' (u;) (i € [1,1]) are constituents of
V(w)* ® V(w) by using the PRV conjecture, which states the following. Let A\, u € Py
and w € W. Let [A + wy] be the unique element in P, which lies in the W-orbit of
A + wp. Then V([A + wy]) occurs with multiplicity at least one in V' (A) ® V (u). For
each pair (U, K) from the list (i)—(iii) of Proposition 6.4.7, it is now possible to find
explicit Weyl group elements w; € W such that

[w —wiw]| = w;, (E=1[1,1]).

Combined with the PRV conjecture and the fact that V (w)* ~ V(—o¢w), this implies
that V' (u;) is a consituent of V(w)* ® V(w) for all i € [1,1].

As an example, we follow the procedure for the compact Hermitian symmetric pair
(U,K) = (50(21),U(l)) (I > 2). We use the standard realization of the root system
R of type D, in the [-dimensional vector space V = Zi___l Re;, with basis given by
a; =€;—¢€;41 (1 =[1,1—1]) and oy = €;—1 + ;. The fundamental weights are given by

wi=¢e1+er+...+g, (I<l-=1),
wi—1 = (51 + €+ ... +€-1 —61)/2,
w;=(e1+e2+...+e-1+e)/2.

Setw = @y (i.e. S¢ = {a}). Let o; be the linear map defined by ¢; — —¢; (j = 4,i+1)
and €; — ¢; otherwise. Theno; € W (i = [1,1 — 1]). If | = 21’ + 1, then
W —0103...02;-1TW = W24, (Z: [l,ll—l]),

(6.4.9)

W — 0103 ...090 1W = W1 + @j.

If | = 21 then we have _

(6410) W — 0103 ...02;—1 W = W2, (Z= [1,ll—1]),

W — 0103 ...09) 10 = 2w0].
By comparison with [72, Tabelle 1] it follows from (6.4.9) (respectively (6.4.10)) that
all the fundamental spherical weights of the pair (U, K) = (SO(21),U(l)) have been
obtained. The other cases are checked in a similar manner.

To complete the proof, we have to show that the V' (i;) (¢ € [0,!]) are the only ir-
reducible constituents which can occur in the tensor product decomposition of V' (w)* ®
V(w). This is also proved case by case. The cases corresponding to the exceptional
groups can be directly verified using for instance the maple-package “qtensor” of Stem-
bridge [115]*. The special case (U, K) = (SU (p+l), S(U(p)xU(l))) of this proposition
was proven in the previous chapter, see (4.5.14). The remaining cases can be checked by
showing that for A € P \ {u;}\_,, we have A £ @w — 0y, which implies that V(})
cannot occur as constituent of V(w)* ® V(w). O

We are now in the position to prove the main result of this section.

Lhttp://www.math.lsa.umich.edu/~jrs/maple.html
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THEOREM 6.4.10. The factorized x-subalgebra As is equal to C4[U/ K] if
@) S =0, ie U/Ks=U/T is the full flag manifold;
(ii) #£5°¢ = 1 and the simple root o. € 5S¢ is a Gelfand node.

PROOF. To prove (i) we look at the simultaneous eigenspace decomposition of C, [U]
with respect to the left U, (h)-action on C, [U]. The simultaneous eigenspace correspon-
ding to the character € on U, (h) is exactly C, [U/T']. Using Soibelman’s factorization of
Cq4[U] (cf. Theorem 6.3.1) and Lemma 6.4.5, it is then easily checked that C,[U/T] =
Ayp. To prove (ii) we note that

l
@D V() = (Bx)"B C 4s
=0

as right U,(g)-modules by Proposition 6.4.8 and (6.4.7) (here we use the notations as
introduced in Proposition 6.4.8). Now C, [U] is an integral domain (cf. [49, Lemma 9.1.9
(1), hence vyv,, € Ag is a highest weight vector of highest weight A + pif vy, v, € As
are highest weight vectors of highest weight A respectively . It follows that

P V) = Ay

AePE¥

as right U, (g)-modules. Combining with (6.4.8), it follows that A;qyc = C[U/K{q}e]
as requisted. O

Observe that Theorem 6.4.10 for quantum Grassmannians was already proved in the
previous chapter. In fact, for quantum complex Grassmannians we have shown that
A% = C,[U/K?2] in Theorem 5.4.1, so in particular Ag = C,[U/Kg].

REMARK 6.4.11. By yet unpublished results of the author, it turns out that Ag equals
C,[U/ K] for any generalized flag manifold U/ K.

In the remainder of the chapter we study the irreducible x-representations of the *-
algebras Ag and C, [U/Ks]. In the next section the restriction of the irreducible *-repre-
sentations of C, [U] to the x-algebras Ag and C, [U/ K] is considered first.

6.5. Restriction of irreducible *-representations to C,[U/ K]

We first recall some results from Soibelman [110] concerning the irreducible *-re-
presentations of C, [U]. Let {e;}icz, be the standard orthonormal basis of l3(Z ). Write
B(l2(Z)) for the algebra of bounded linear operators on l5(Z ). Then the formulas
i+l

]

7Tq(t11)€j = (]. — q2j)€j_1, Fq(tlg)ej = —q
(6.5.1) . )

me(tar)e; = ¢’ej, my(taz)e; = /(1 — ?UFD)ejpq,
with 74 (¢11)eo = 0, uniquely determine an irreducible *-representation

7 1 C[SU(2)] = B(l2(Z.4)).
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Now the dual of the injective Hopf *-algebra morphism ¢; : Uy, (s{(2; C)) < U,(g) cor-
responding to the ith node of the Dynkin diagram (i € [1,]) is a surjective Hopf x-algebra
morphism ¢} : C,[U] — C,, [SU(2)]. In particular, we obtain irreducible *-representa-
tions 7; 1= 7y, © ¢F : Cy[U] = B(l2(Z4)).

On the other hand, there is a family of one dimensional *-representations 7; of C, [U]
parametrized by the maximal torus t € T ~ T" (T C C denoting the unit circle in
the complex plane). More explicitly, let v : Uy(h) — U,(g) be the natural Hopf -
algebra embedding, and set C, [T] := span{@, }.cp C U,(h)*, where ¢, (K°) := ¢
for ¢ € (. The formulas (6.3.5) define a Hopf x-algebra structure on C,;[T]. Then
th 2 CgU) = Cy[T), ¢5(¢) := ¢ o v is a surjective Hopf *-algebra morphism. Any
irreducible *-representation of C, [T'] is one dimensional and can be written as 7 (¢,,) :=
t* for a unique t € T ~ T7. Here t# := " ...t for p = ) ;_, m;w;. So we obtain
a one dimensional #-representation 7; := 73 o ¢}, of C,[U], which is given explicitly on

matrix elements C, ;.,, ; by the formula
(6.5.2) 7(Ch i) = Opwbi st

The following theorem completely describes the irreducible *-representations of C, [U].

THEOREM 6.5.1 (Soibelman [110]). Let 0 € W, and fix a reduced expression o =
84,84, * - 8i,. The x-representation
(6.5.3) Mo =Ty Q@ Wiy @+ @,
does not depend on the choice of reduced expression (up to equivalence). The set
{r, @m |t €T, 0 e W}
is a complete set of mutually inequivalent irreducible x-representations of C, [U].

Here tensor products of *-representations are defined in the usual way by means of
the coalgebra structure on C,[U]. The irreducible representation 7, with respect to the
unit element e € W is the one dimensional *-representation associated with the counit &
on C, [U]. In Soibelman’s terminology, the representations 7, ® 7¢ are said to be associ-
ated with the Schubert cell X, of U/T (cf. Section 6.2).

We also mention here an important property of the kernel of m,, which we will re-
peatedly need later on. Let U, (b ) be the subalgebra of U,(g) generated by the K ;*Ll and
the X;t (i € [1,7]). Forany A € P,, the -representation 7, satisfies

(6.5.4) To(Cpyy) =0 (v @ Ug(b1)ver), 7o (Cp ) #0
(cf. [110, Theorem 5.7]). Formula (6.5.4) combined with [9, Lemma 2.12] shows that the
classical limit of the kernel of 7, formally tends to the ideal of functions vanishing on
Xs.

Fix now a subset S C A. We freely use the notations introduced earlier in this
chapter. Our next goal is to describe how the *-representations 7, decompose under
restriction to the subalgebra C,[U/Ks]. Consider the selfadjoint operators

(655) La/\;/\ = WU((C;\)\;/\)*C;)\;)\)
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for A € Py(S¢). Leto = s;, ---s; be a reduced expression for o, and set 7, =
iy @iy @ -+ - ® 7y, . Then it follows from [110, Proof of Proposition 5.2] (see also [110,
Proof of Proposition 5.8]) that

(656)  mo(Coxn) = ey, (t2) M0 © g, (121) ) @ - @ g, (121) X1

where the scalar ¢ € T depends on the particular choices of bases for the irreducible
representations V' () (u € Py), and with

(6.5.7) Vi 1= 8 Sip_y t Sigya (@) (L<EST=1), wi=ay.

The proof of (6.5.6), which was given in [110] under the assumption that A € Py, isin
fact valid for all dominant weights A € P, . It follows from (6.5.1), (6.5.5) and (6.5.6)
that I5(Z)®"?) decomposes as an orthogonal direct sum of eigenspaces for Ly . x,

(6.5.8) (2)®) = @ H,(),
YEI(N)

where I(\) C (0, 1] denotes the set of eigenvalues of Ly, and H,(\) denotes the
eigenspace of L., corresponding to the eigenvalue v € I()) (we suppress the depen-
dance on ¢ if there is no confusion possible). Observe that 1 € I(A) and that L, is
injective.

Recall the definition of the set W5 of minimal coset representatives (cf. (6.2.10)).
An alternative characterization of W9 is given by

(6.5.9) WS ={oceW|o(RE)C R},

where R := R* Nspan{S} (cf. [9, Proposition 5.1 (iii)]). Using this alternative descrip-
tion of W we obtain the following properties of Ly, for A € Py (S°).

PROPOSITION 6.5.2. Suppose that a € WS and X € Py .(S¢). Then
(D) Loa;x is a compact operator;
(ii) The eigenspace H1(A\) of Ly, x corresponding to the eigenvalue 1 is spanned by the
vector e?l(g).

PROOF. Fixa A € Py, (5°,andleto = s;,s;, - - - 55, be a reduced expression of a
minimal coset representative o € W¥. It is well-known that

(6.5.10) R*no ™ (R7) = {m}iz1,

where the v are defined by (6.5.7). We have v, € RT \ R‘S" by (6.5.9). It follows
that (X,7,”) > 0 for all k, since A\ € P, (S¢). By (6.5.1) and (6.5.6) it follows that
Hy(\) = span{e¥ l(")} and that H, () is finite dimensional for all v € I(\). Since the

spectrum of L,y (which is equal to (A) U {0}) does not have a limit point except 0, we
conclude that L, ;) is a compact operator (cf. [105, Theorem 12.30]). O

We recall now the following well-known inequalities for weights of finite dimensional
irreducible representations of g (or, equivalently, U, (g)).
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PROPOSITION 6.5.3. Let A\ € Py and p,v € P(\). Then (A\,A\) > (u,v), and
equality holds if and only if y = v € WA

For a proof of the proposition, see for instance [53, Proposition 11.4]. The proof is
based on the following lemma, which we will also need later on. The lemma is a slightly
weaker version of [53, Lemma 11.2].

LEMMA 6.5.4. Let A € Py and u € P(\) \ {\}, and let m; € Z, (i € [1,7]) be
the expansion coefficients defined by X\ — . =y, m;c;. Then thereisan1l < i < r with
m; > 0and A\(H;) # 0.

We now have the following proposition, which can be regarded as a quantum ana-

logue of the “if”” part of Proposition 6.2.2.

PROPOSITION 6.5.5. Let o € WS. Then ©, restricts to an irreducible x-representa-

tion of the factorized x-algebra Ag. In particular, , restricts to an irreducible *-repre-
sentation of Cy[U/Ks].

PROOF. Let A € Py, (S¢) and o € WS, Suppose H C I5(Z)®"?) is a non-zero
closed subspace invariant under 7, 4,. Set y 1= “LM;MH“' Then v > 0 since Lg;z
is injective, and  is an eigenvalue of L, NH by Proposition 6.5.2(i). Let H, be the
corresponding eigenspace. We claim that
(6.5.11) To((Cpin) Coin)Hy =0, p# ol
Suppose for the moment that the claim is correct. Then (6.3.10) and (6.5.11) imply v = 1,
hence H, = span{e?l(”)} by Proposition 6.5.2(ii). So every non-zero closed invariant

. ! . . . .
subspace contains the vector e? () Since H' is also a closed invariant subspace, we

must have H+ = {0}, ie. H = I5(Z,)®(?). Remains therefore to prove the claim
(6.5.11). By (6.5.4) we have 7, (C) ;. ) = 0if p < oX. Hence

Lax;ﬂa((cﬁ‘,i;x)*cﬁ,i;x) = q(’\’)‘)_(”’a’\)%((C,Q\,i;AC?A;A)*CG\A;ACSJ;,\)

= qz()")‘)—Q(”’M)%((Cﬁ‘,i;,\)*(C';‘,\;A)*Ci\x;xcﬁ,i;,\)

= q2(>\’/\)_2(”’0>\)77a((Cﬁ\,i;,\)*cé\xu)”o((C;\A;A)*Cﬁ\,m),
where we used Proposition 6.3.2(i) in the second equality and Proposition 6.3.2(ii) in the
first and third equality. So (6.5.11) will then follow from
(6.5.12) To(Coxn)*Crrin ) Hy =0, p# oA,
in view of the injectivity of L,;x. Fix h € H, and p € P(\) with u # oA. By Lemma
6.4.5 we have (C;\)\;A)*CI’L\;Z.;A € As C C;[U/K3s], hence the vector
(6.5.13) h =7 ((Coxa) Coan )
lies in the invariant subspace H. Again using the commutation relations given in Propo-
sition 6.3.2 and Corollary 6.3.3, we see that h is an eigenvector of L, with eigenvalue
5= q2()""_1(~“)“>‘)’y. We have ¥ > v by Proposition 6.5.3. By the maximality of v, we
conclude that i = 0. This proves (6.5.12), hence also the claim (6.5.11). O
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DEFINITION 6.5.6. The irreducible *-representation m, (6 € W9) of C;[U/Kg] is
said to be associated with the Schubert cell X C U/Ksg.

The following proposition can be regarded as a quantum analogue of Proposition 6.2.3 as
well as of the “only if” part of Proposition 6.2.2.

PROPOSITION 6.5.7. Leto € W, and let 0 = uv be the unique decomposition of o
withu € WS andv € Ws. For my = Ty ® m, (cf. (6.2.11)) and t € T, we have

(7o ® 71)(a) = mu(a) ® id®"Y), a e C[U/Ks).

PROOF. Recall that the one dimensional *-representation 7; factorizes through 7. :
C,[U] = C,[T] and that ; factorizes through ¢} : C,[U] = C,, [SU(2)]. The maps ¢7-
and ¢} (i € S) factorize through (5 : C,[U] — C,[K5] since the ranges of v7 and ¢;
(¢ € S) lie in the Hopf-subalgebra U, (Is). Hence 7, ® 7z (v € W, t € T) factorizes
through (%, say 7, ® 7y = my ¢ o ¢§. Then we have fora € C;[U/ K],

(me ® 1)(a) = (my @ Ty @ 7¢) © Ala)
= (g ® Ty t) 0 (id ® 15)A(a)
= mu(@) @ (1) = mu(a) @ id®',

which completes the proof of the proposition. O

LEMMA 6.5.8. The x-representations {T, },cws, considered as -representations
of As respectively C;[U/ K|, are mutually inequivalent.

PROOF. Let 0,0’ € W with o # o' and A\ € P, (S°). Then o) # o', since
the isotropy subgroup {o € W |oA = A} is equal to Wg by Chevalley’s Lemma (cf.
[58, Proposition 2.72]). Without loss of generality we may assume that cA % o'A. Then
we have 7, ((C25 ,)*Cax.n) = 0 by (6.5.4). On the other hand, Ly is injective. It
follows that 7, % 7, as %-representations of Ag. O

Let now ||.||,, be the universal C*-norm on C, [U] (cf. [23, Section 4]), so

(65.14) lale = swp_(ro @)@, @€ Gyl

cEW,ET
Let C,(U) (respectively C,(U/Ks)) be the completion of the x-algebra C, [U] (respec-
tively of the %-algebra C, [U/K]) with respect to ||.||,,. All x-representations 7w, ® 7¢ of
C,[U] extend to x-representations of the C*-algebra C,(U) by continuity. The results of
this section can now be summarized as follows.

THEOREM 6.5.9. Let S C A. Then {7 },cws is a complete set of mutually in-
equivalent irreducible %-representations of Cq(U/K3s).

PROOF. This follows from the previous results, since every irreducible *-represen-
tation of C,(U/Ks) appears as an irreducible component of o|c, (k) for some irre-
ducible *-representation o of Cy(U) (cf. [26, Proposition 2.10.2]). O
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Theorem 6.5.9 does not imply that {7, },cws is a complete set of irreducible *-repre-
sentations of the x-algebra C, [U/K] itself. Indeed, it is not clear that any irreducible
x-representation of C,[U/K] can be continuously extended to a *-representation of
Cy(U/Kg). In the remainder of this chapter we will deal with the classification of the
irreducible *-representations of Ag. In particular, this will yield a complete classifica-
tion of the irreducible *-representations of C, [U/ K 5] for the generalized flag manifolds
U/ K for which the PBW factorization is valid (cf. Theorem 6.4.10 and Remark 6.4.11).

6.6. Irreducible x-representations of Ag

Let S C A be any subset. In this section it is shown that {7, } ,cws exhausts the set
of irreducible *-representations of Ag (up to equivalence). We fix therefore an arbitrary
irreducible x-representation 7 : As — B(H) and we will show that 7 ~ =, for a (unique)
o € W5, In order to associate the proper minimal coset representative o € W with 7,
we need to study the range 7(Ag) C B(H) of 7 in more detail. For A € P;(S°) and
p,v € P(X), let 7 (u; v), 7 (v) C B(H) be the linear subspaces

T (30) 1= {T((Cay ) Cobsan) [V € V(N w € VALY,
W) = {T((Chay) Cotiuy) [V € V), w € V(N

For A € P, (S°), set

(6.6.2) D)) := {v € P\ |7 (v) # {0}}

and let D,,(A) be the set of weights v € D()) such that v’ ¢ D(\) forall ' < v. By
(6.3.10), we have D()) # @, hence also D,, () # 0. We start with a lemma which is
useful for the computation of commutation relations in 7(Ag) C B(H).

LEMMA 6.6.1. Let \\A € P, (5°) andv € Dy,(\). Letv € V(A), v' € V(A)p
with v' < v and w,w' € V(A). Then the product of the four matrix elements (C;\, )*,

ViU
Ci‘,m, (C{},w L)% and C{l\,,m, taken in an arbitary order, is contained in Ker(T).

6.6.1)

PROOF. Since Ker(7) is a two-sided *-ideal in Ag, it follows from the definitions
that
(CA )* CA

WiVA

cX, )0, € Ker(r).

w';w\( LTHO2N v’ v
If the product of the four matrix coefficients is taken in a different order, then we can
rewrite it by Proposition 6.3.2 and by Corollary 6.3.3 as a linear combination of products
of matrix elements
(0111\;11,\ )*0111\’;11,\ (Ca/c\;vA )*C;\’;v,\

with ' € V(A),» and v < v/ < v. These are all contained in Ker(7), since v €
Din(A). O

LEMMA 6.6.2. Let A € P.(S¢) andv € Dy, (\). Then
@ ™ (v;v) # {0}

(ii) v = o\ for some 0 € W¥5.



6.6. IRREDUCIBLE *-REPRESENTATIONS OF Ag 179

PROOF. Let A € P (S¢) and v e D,,,(X). Fix weight vectors v € V(A),, w €
V(X), such that Ty, := 7((Cp,, )*Ch. UA) # 0. By Lemma 6.6.1, we compute
(Tv;w)*Tv;w = q(/—"y’/)_ ’ ( VU (05\1»\ w; 1))\) O’Ii\l ’U)\)

- T(C'I/J\’U)\( K vx)*)Tw;UIa

where Proposition 6.3.2(ii) is used in the first equality and Proposition 6.3.2(i) is used in
the second equality. On the other hand, (T, )* Ty # 0 since B(H) is a C*-algebra, so
it follows that T,,.,, # 0. In particular, 7 (v, v) # {0}. Formula (6.6.3) for v = w gives

0 # (Tww) Tww = T(Czi\; N (C)‘ V) Twyw = q(A’A)-(V’V)Tw;wTw;wa

w3V

(6.6.3)

where Proposition 6.3.2(ii) is used in the last equality. It follows that (A, \) = (v,v),
since T, is selfadjoint. By Proposition 6.5.3 we obtain v = o A for some o € w*e. O

For A € P (S¢) and v € D, (\), we set
(6.6.4) Ly = 1((C)*Cy)-

This definition makes sense since dim(V'(\),) = 1 by Lemma 6.6.2(ii). Furthermore,
L,., is a non-zero selfadjoint operator which commutes with the elements of 7(Ag) in
the following way.

LEMMA 6.6.3. Let \,A € P.(S¢) andv € D,,()). Forv € V(A),, w € V(A)w
we have

V )\T((C{)\UA) wy ‘UA) = q2(V’N’_ﬂ) (( vy 'UA) Ciﬁ ’UA)

PROOF. By Lemma 6.6.1 and the commutation relations in Section 6.3 we compute
Lyat((Ch,)"CB.,,) = gD~ 0ir((Ch,, O, )7 C L, O

V3UA WVA Vp ;UM Vp ;U ’I.U’UA)

= q2(A’A) 2 V“ T(( Vs ’UA) (C'l/)\,, 'U>\) Uy UAC{I\I vA)

— q("’N’H'()\’A) (v,p) T(( A vA) (C/\ ) CA C,\ )

ViU WiVA VU

= 2t =mr((C

v; v,\) w v A) 1Z29%)
where Proposition 6.3.2(ii) is used for the first and fourth equality, Proposition 6.3.2(i) is
used for the second equality, and Corollary 6.3.3 is used for the third equality. O

It follows from Lemma 6.6.3 that Ker(L,.») C H is a closed invariant subspace. By the
irreducibility of 7, we thus obtain the following corollary.

COROLLARY 6.6.4. Let A € P (S¢) andv € Dy, ()). Then L.y is injective.

The minimal coset representative o of Lemma 6.6.2(ii) is unique and independent of
A € P, (5°) in the following sense.

LEMMA 6.6.5. There exists a unique 0 € WS such that Dy, () = {o A} for all
A€ PL(S°).
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PROOF. Let A € P, (S¢) and v € D,,(A). Then there exists a unique 0 € W5
such that v = oA by Lemma 6.6.2(ii) and by Chevalley’s Lemma (cf. [58, Proposition
2.27]). Fix furthermore arbitrary A\ € P, (S¢) and v € D,,(\). Choose a o’ € W
such that v/ = ¢'\. By Lemma 6.6.1 and the commutation relations of Section 6.3, we
compute

LunLuiy = g8V~ 07((C) 5 ClA) " CoACD )
= PONTEN(C)0)" (O ChaCiia)
= ? N2, Ly,
where Proposition 6.3.2(ii) is used in the first and third equality and Proposition 6.3.2(i)
is used twice in the second equality. If we repeat the same computation, but now using
Corollary 6.3.3 twice in the second equality, then we obtain
LyaLyiy = @)V L0 Ly,
hence
(q2(A,,\)—2(u,u') _ q2(u,1/)—2(1\,/\))LVI;/\LV;A -0.
By Corollary 6.6.4 we have L,.xL,.x # 0, so we conclude that
(AN — (v, V) = (A, A—07a')) = 0.
Since A € Py (S°) and A € P, (S5°), it follows from Lemma 6.5.4 that A = 0= 10’),
ie. v/ = o A. Hence, D,,,(\) = {o A} forall A € P, (S°). O
In the remainder of this section we write o for the unique minimal coset representative

such that D, (A) = {oA} forall A € P, (S¢). We are going to prove that 7 ~ 7. First

we look for the analogue of the distinguished vector e? He) (cf. Proposition 6.5.2(ii)) in
the representation space H of .

The spectrum () of L, . is contained in [0, 00), since L, ., is a positive operator.
By considering the spectral decomposition of L, )., the following corollary of Lemma
6.6.3 and [60, Lemma 4.3] is obtained.

COROLLARY 6.6.6. Let A € P (S¢). Then I(\) C [0,00) is a countable set with
no limit points, except possibly 0.

The proof of Corollary 6.6.6 is similar to the proof of [110, Proposition 3.9] and of
[60, Proposition 4.2].
By Corollary 6.6.6 we have an orthogonal direct sum decomposition
(6.6.5) H= & HW
YEI(AN)NR >0
into eigenspaces of L, ;», where H () is the eigenspace of L, . corresponding to the
eigenvalue 7. Let y9(A\) > 0 be the largest eigenvalue of L, ;.

LEMMA 6.6.7. Let A € P, (5¢), v € V(A), w € V(A), and assume that v # o\
Then 7((C3y0,)* Caovoy ) (Hao () (V) = {0}.

WiV
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PROOF. Let A € P, (5¢),v € V(A), and w € V(A),. By Lemma 6.6.1 and the
commutation relations in Section 6.3, we compute

Loxat((Chi0,) Caniay) = T(C5 4 10, (Ciy O 102" Cliy)

WiV ViUN T VoAU WiV
= gV BN(E 1 (Chu) (Cli) Ci)
- A A
= q2(>\’)\) o) T((Ci\;v,\ )*Cg‘a,\;v,\ )T((C'Ua')\ A )*Cw;vx ),

where Proposition 6.3.2(i) is used in the second equality and Proposition 6.3.2(ii) is used
in the first and third equality. This computation, together with the injectivity of Lgy;»,
shows that it suffices to give a proof of the lemma for the special case that v = v;. So
we fix h € Hy () and w € V(X), with v € P(X) and v # oA. It follows from
Lemma 6.6.3 that i := 7((C2, | .,,)*C2.,, )h is an eigenvector of L,;» with eigenvalue
Fo(X) = 2% ()=X40(X). By Proposition 6.5.3 we have o(\) > 7o()), hence i = 0
by the maximality of the eigenvalue o (). O

COROLLARY 6.6.8. vo(A) = 1 forall A € Py (5°).
PROOF. Follows from (6.3.10) and Lemma 6.6.7. O

The linear subspace of C,[U] spanned by the matrix elements {C%,,.,}.cp, is a subal-
gebra of C, [U] with algebraic generators C'% (¢ € [1,r]). This follows from the fact

oW ;W5
that C%,.,CY,., = A, CHHY where the scalar A, , € T depends on the parti-

o(p+v)ptv?
cular choices of orthonormal bases for the finite dimensional irreducible representations

V(p) and V (v) (cf. [110, Proof of Proposition 3.12]). Then it follows from Proposition
6.3.2 and Lemma 6.6.1 that

(6.6.6) La(u—i-t/);u-}-u = Lo‘u;uLau;V
for all p,v € P;(S°¢), hence span{Lox}rep,(s<) is a commutative subalgebra of
B(H). Set
(6.6.7) Hy := [ Hi(wi),
i€se
then Hy C H;(\) forall A € Py (S€) by (6.6.6).
LEMMA 6.6.9. Hy = Hi(X) forall X € Py (S°). In particular, Hy # {0}.
PROOF. For pu € Py (S¢) we have ||L,,;,|| = 1. Moreover, forany h € H,
(6.6.8) heHi(p) & |Lowuhll = IAll-

This follows from the eigenspace decomposition (6.6.5) for L, and the fact that 1 is
the largest eigenvalue of L,,;,. Let A € P, (S°) and choose arbitrary ¢ € S°. Then
A = p + w; for certain u € P, (S¢). By (6.6.6), we obtain for h € H; (1)),

“h“ = ”LaA;Ah“ = ”Lau;udez';wz'h“
< Lowiswhll < IR,
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hence we have equality everywhere. By (6.6.8), it follows that h € H; (w;). Since i € S°¢
was arbitrary, we conclude that h € H;. O

LEMMA 6.6.10. Let A € Py (S¢). Forallv € V(\), with u # o)\ we have
7((C10,)Co i) (H1) C Hi.
PROOF. Let A € P (S°), A € Py(S°,andv € V(\), with u # o)X and i1 €
P()\). Then
669)  Loaat(Chey)"Clhyay) = A D r(C,) O Lain
by Lemma 6.6.3. By Lemma 6.5.4 we have (A, A — o~ *(x)) > 0. Hence,
T((Chi0y ) Co sion ) (H1) = T((C10, )" Co 10y N (Hi (A))

c P, ) =mW =4,
<1
which completes the proof of the lemma. O

COROLLARY 6.6.11. dim(H;) = 1.

PROOF. By Lemma 6.6.7 and Lemma 6.6.10 we obtain for any 0 # h € Hy,
7(As)h C span{h} ® Hi",

where the overbar means closure. Since 7 is irreducible, it follows that span{h} = H;.
O

Any vector h € H; with ||h]| = 1 can serve now as the analogue in the representation
space H of the distinguished vector e? 9) in the representation space of 7,. By compar-
ing the Gelfand-Naimark-Segal states of 7 and 7, taken with respect to the cyclic vector

h € Hy (J|h|| = 1) respectively e? %) we obtain the following lemma.

LEMMA 6.6.12. We have T ~ 7, as irreducible *-representations of As.

PROOF. Fix an h € H; with ||h|| = 1, and define the Gelfand-Naimark-Segal states
¢Ta¢ﬂ', : AS — (be

(6.6.10) ¢r(a) := (T(a)h, h), br, (a) — (7To (a)e?l(o), 6?1(0)),
Then we have for ¢ = ¢, (respectively ¢ = ¢ ),
(6611) ¢((C[)l\,i;/\)*cli\,j;/\) = 5}1,0)\51/,0',\

for A € P.(S°), p,v € P(A), i € [1,dim(V(X),)], and j € [1,dim(V(\),)]. Indeed,
(6.6.11) for ¢ = ¢, follows from Lemma 6.6.7 and Lemma 6.6.10. For ¢ = ¢, recall
that 7, is an irreducible -representation of Ag (Proposition 6.5.5). We have seen in the
previous section that Lyx;x = 76 ((Cy.x)*Cy.y) is injective for all A € Py (S€), hence
oA € D(A) (cf. (6.6.2)) for all A € P, (S¢). By (6.5.4), we actually have o\ € D,,,()\)
for all A € P.(S¢). Hence the labeling 0 € W of 7, coincides with its (unique)

minimal coset representative defined in Lemma 6.6.5. Furthermore, the one dimensional
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subspace H; for 7, is equal to span{e? l(”)} (cf. Proposition 6.5.2(ii), Lemma 6.6.11).
So (6.6.11) for ¢ = ¢, follows again from Lemma 6.6.7 and Lemma 6.6.10.

By linearity it follows from (6.6.11) that ¢, = ¢, hence 7 and 7, are unitarily
equivalent x-representations (cf. [26, Proposition 2.4.1]). O

The results of this section may be summarized as follows.

THEOREM 6.6.13. Forall S C A, {7, },cws is a complete set of mutually inequiv-
alent, irreducible x-representations of the factorized %-subalgebra As.

Combining Proposition 6.5.7, Theorem 6.4.10 and Theorem 6.6.13 we obtain the
following theorem.

THEOREM 6.6.14. {7, },cws is a complete set of mutually inequivalent, irreducible
s-representations of Cy [U/ K| in the the following cases:
@) S=0,ie U/Kg=U/T is the full flag manifold;
(ii) #S¢ = 1 and the simple root o € S€ is a Gelfand node.
For these cases the restriction to Cy[U/ K| of the universal C*-norm on C, [U] coincides
with the universal C*-norm on C,;[U/ Ks].

In fact, Theorem 6.6.14 is true for all generalized flag manifolds U/ K in view of
Remark 6.4.11.
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