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Chapter 1

Introduction

This book studies, from a mathematical point of view, a number of transformations
that map functions f € L?(IR), i.e., square integrable functions on IR, to functions
f € L?(IR?). In particular we study transformations that are related to the Fourier
transform in the following sense.

The Fourier transform maps a function f to a function f . For a function of time (a
signal), f represents the intensity of the fluctuations (frequencies) in the signal f.
Analysing a signal in this way is called spectral analysis. Besides the representation
in time f and the representation in frequency f, there exists transformations f — f
to represent a signal both in time and in frequency. Some of these transformations
are discussed extensively in this book, namely the windowed Fourier transform, the
Wigner distribution, the Rihaczek distribution, the fractional Fourier transform and the
wavelet transform. In this introduction we will briefly introduce these transformations.

This introduction also considers applications of the wavelet transform in the field of
signal and image processing. We show, that the wavelet transform can be a very useful

tool for denoising algorithms, data compression techniques, and numerical analysis.

Finally, this introductory chapter summarizes the contents of this book.

1.1 Time-Frequency Methods
In 1822 Fourier published his famous work Theorie analytique de la Chaleur, see [31]

for an English translation. In this work he stated that a periodic function f could be
expressed as the sum of trigonometric functions

f(x) = a0+ (ax cos(kwoz) + by sin(kwoz)) , (1.1)
k=1
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Figure 1.1: Approximation of a discontinuous function by a Fourier series

for some ag, ay,br, € IR. Here wy = 2n/T, with T the period of f. The series in
(1.1) is called the Fourier series of f. In the literature the Fourier series of f is mostly

given by
(1.2)

f(w) — Z Ckeikwow.

kez
Not only periodic functions can be expressed in terms of their Fourier series. Also

compactly supported functions can be written in this way. To do this, we extend such
a function f to a periodic function and compute its Fourier series. This Fourier series,

regarded on the support of f, is then said to be the Fourier series of f.

Fourier’s idea was that also a discontinuous function f could be expressed in this way,
namely as the sum of continuous function. Later, Dirichlet formulated necessary and

sufficient conditions such that (1.1) holds pointwise. In Figure 1.1, an example of a
discontinuous function and its Fourier series is depicted. As an example we have taken

Z -z, z€(0,2m),
0, z =0,

flz) =

and with f(z + 27) = f(z), for all z € IR. Its Fourier series is given by

fx)= Z sin(kz)/k.
k=1

We observe, that the coefficients a, in (1.1) all vanish in this example, since f is an
odd function. A good approximation of f is already established by a partial sum

N
Sy = Z sin(kz)/k,

k=1
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with N > 0 relatively small. In fact, Figure 1.1 shows f and its approximation by
means of the partial sum Sg.

Analysing signals by means of Fourier series, called spectral analysis, is nowadays
a standard technique to obtain additional information of a signal. However, in our
era, signals we want to analyse are often not continuous in time. These discrete-time
signals are mostly the result of a sampling procedure built into the measurement equip-
ment, that measures an incoming physical signal. To deal with these signals, we can
use the discrete Fourier transform (DFT) instead of the Fourier series. The DFT is
given by a discretisation (1.2). Particularly, if the signal has been measured during a
finite time interval, the number of samples of such a signal is finite and its DFT sim-
plifies to a polynomial on the unit circle.

In this particular case, the DFT can be computed in a fast way by means of the but-
terfly algorithm, see [19]. This algorithm arranges the Fourier coefficients in such a
way, that they can be computed recursively. The complexity of this algorithm is given
by O(N log N), with N the number of samples in the signal. Computing the DFT
in this manner is called the fast Fourier transform (FFT). The existence of such a fast
algorithm is an important reason why Fourier analysis has become a standard tool in
signal analysis.

For non-periodic functions the Fourier transform provides a tool for spectral analysis.
This transform is given by

1 —3x-
fr Eﬁ/f(x)e dz.

The Fourier transform f of f can be considered intially for functions that belong to
a class of rapidly decreasing functions, called the Schwartz class S(IR), see [89, 90].
Each function f € S(IR) can also be recovered from its Fourier transform f. This
means that the Fourier transform indeed offers an alternative way for representing a
function f € S(IR). The Fourier transform can be extended to functions in L!(IR),
i.e., absolutely integrable functions on IR, or functions in L2(IR). A unique recon-
struction of the original function in L!(IR) or L2(IR) from its Fourier transform is
also possible.

After taking the Fourier transform of f, the value f (wp) represents the complex-valued
amplitude by which a frequency wo appears in the signal f. However, we cannot read
off from f(wp) at which time intervals the frequency wq appears in f. So, f is not
localized both in time and in frequency.

For localizing a signal simultaneously in time and frequency we can use transforms
f+— f,with f € L?(IR) and f € L?(IR?), representing the signal both in time and
in frequency. However, although such a transform can improve localization compared
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to the Fourier transform, we are not able to localize time and frequency arbitrarily
well. The limitations on simultaneous time-frequency analysis are given by the time-
frequency equivalent of Heisenberg’s uncertainty relation

/ 2| f(2)? da / GPIF ) dw > [ F]13/4. (1.3)

R R

Equality in (1.3) is established for all canonical states and squeezed states. Originally
Heisenberg presented relation (1.3) in quantum mechanics as a relation between the
standard deviation of position and the standard deviation of momentum. In his famous
paper [34], Gabor translated this relation in terms of time-frequency analysis.

A natural starting point for an overview of time-frequency transformations is the win-
dowed Fourier transform (WFT). The idea of the WFT is to multiply a signal f by
a window function A and then to take the Fourier transform of the product function.
By translating such a well localized window h along the signal, the WFT is able to
analyse the frequency behavior of f during the time interval for which A is localized.
Translated into a representation formula the WFT reads

Filllew) = <= [ 1R =) dy. (1.4
R

Since Fp, f can assume complex values, mostly the spectrogram of a signal is used to
analyse the signal’s behavior in time and frequency. The spectrogram of f is given by

| Fnlf](2,w)]2.

It follows from (1.4), that h(x) should be more or less concentrated around z = 0.
Furthermore, the behavior of F4, f in both time and frequency is strongly influenced
by the window function h. This suggests that we have to deal with the problem of
finding a window function h, that is both well localized and for which F}, f is a good
reproduction of the time-frequency behavior of f.

Since no information of a signal f is thrown away by representing it by means of the
WFT, f can also be reconstructed from F;. We observe, that f(zo) contributes to
Fh(z,w), forall x € IR, for which

f(zo)h(zo — ) # 0.

Consequently, f is represented redundantly by F},, which means that no unique re-
construction formula exists to recover f from its WFT, like we have for the Fourier
transform.

A window function, that is optimal in the sense, that it gives the best localization of
the WFT in time and frequency will strongly depend on the signal f. In 1946, Gabor
suggested in his paper [34] to use a window function, that is optimal in the sense that



Time-Frequency Methods 5

40
1
30
0.8
0.6 20
o 04 3
5 3 10
£ 02 5
Qo 3
§ o § o
-0.2
-10
-0.4
-0.6 -20
-0.8
-30
-1
-40 - - .
0 1 2 3 4 5 0 1 2 3 4 5
a) time axis b) time axis
40 40
30 30
20 20
@ @ i i
2 o
] 10 0 10
(] (]
=] 3
g o g o ‘
-10 -10
-20 -20
-30 -30
-40 -40 -
0 1 2 3 4 5 0 1 2 3 4 5
c) time axis d) time axis

Figure 1.2: Time-frequency representations of a quadratic chirp: fig. a) the original
signal, fig. b, c, d) its time-frequency representation by means of the WFT, the Wigner
distribution and the Rihaczek distribution respectively.
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equality in the Heisenberg relation is established. Such a window function is given by
ho(@) = (ro?)~Hte /2",

where o > 0. The constant (762)~'/* is chosen such that ||h,||> = 1 for all ¢ > 0.
The WFT that corresponds to this choice for & is given by the Gabor transform

Golf)(@w) = (2m)~%/45™1/2 / Fly)e~ W’ /20% =iy gy, (1.5)
R

In Figure 1.2.b, the spectrogram of the function sin(7z?) is depicted. In this picture,
the dark grey values indicated high amplitudes of the spectrogram at that particular
time-frequency point. The function itself is depicted in Figure 1.2.a. For the spectro-
gram a Gaussian function is used. Obviously, the spectrogram provides information
about the signal’s behavior both in time and localization. However, energy is spread
instead of being perfectly localized.

Choosing an appropriate window is not the only difficulty we have to deal with, when
we use the WFT to analyse a signal. An other problem is to choose the ‘width’ of
the window, i.e., its support for compactly supported windows or the parameter o for
the Gaussian function h,. If the signal f contains a frequency component with in a
very small time interval, the chosen window width can be too large to detect the lo-
calization of such a component with high precision. On the other hand, if the window
‘width’ is chosen too small, the WFT will not detect very low frequency components

in f.

A time-frequency representation that only takes the behavior of the signal itself into
account is the Wigner distribution

WY[f(z,w) = % / flx+1t/2)f(x —t/2)e % dt. (1.6)
R

This representation was already introduced in 1932 by Wigner in his paper [104].
He presented this representation in the field of quantum mechanics. In 1948, Ville
introduced the representation in the fields of signal analysis in [99]. Therefore, this
representation is also known in the literature as the Wigner-Ville distribution. A com-
prehensive approach of the Wigner distribution as a tool for time-frequency analysis
is provided by a paper by Claasen and Mecklenbriuker [15].

We observe, that the Wigner distribution is in fact the Fourier transform of the auto-
correlation function Ry ;, given by

Rpo(t) = f(z+1/2) f(x - 1/2)/V2r.

This means that the Fourier transform is taken of the product of a signal with a trans-
lated version of itself. Consequently, the Wigner distribution is non-linear and it also
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represents a signal redundantly in time and frequency. Therefore, a signal can be re-
constructed from its Wigner distribution, but this cannot be done in a unique way.

The quadratic character of the Wigner distribution is a problem when analysing a sum
of signals. Then interference of the two signals appears in the time-frequency analysis.
As a result of this interference it can happen that WV[f](z,w) # 0, while f(z) = 0
for a fixed z € IR. This is the case if f(z) = 0 for z in a finite interval.

In Figure 1.2.c, the Wigner distribution of the function sin(7z?) is depicted. We ob-
serve, that this function behaves linearly in the Wigner plane. Since we only computed
the Wigner distribution for a finite part of the signal, the edges of this time interval
cause distortions, that are visualized between the two lines.

In [17], Leon Cohen presented a general class of time-frequency transformations. A
general formula for the transformations in his class is given by

fz,w) = 4% / Flu+1t/2) flu—t/2)p(v, t)e” @vHt=u) gy dt dy. (1.7)
™ A

Starting from this representation formula, all known time-frequency distributions can

be derived by choosing an appropriate kernel function ¢. In his paper, Cohen also

showed that properties of the time-frequency representations are reflected by rela-

tively simple constraints on the kernel function ¢.

Relation (1.7) turns into the Wigner distribution for ¢ = 1 and it turns into the spec-
trogram for

o(v,t) = /h(u +1/2) h(u — t/2)e” ™ du.
R
In both cases, Fourier integrals have to be computed for obtaining the Wigner distribu-
tion and the spectrogram from (1.7). A third time-frequency representation, that will
be used in the sequel of this book, is the Rihaczek distribution. This representation is
given by

RIf)(x,w) = f(z) f(w)e ™" /v/2r. (1.8)

It can be obtained from (1.7) by taking ¢(v,t) = e?*/2. For a comprehensive list of
time-frequency distributions and its corresponding kernel functions, we refer to [18].
In Figure 1.2.d, the Rihaczek distribution of the function sin(rz?) is depicted. We
observe, that for this particular signal the localization in the phase plane is poor.

A representation of a signal in a domain other than the time or frequency domain is
given by the fractional Fourier transform (FRFT). This transform is given by

p— Ca
fa[f](x)_ Wﬂ[f(u)

ei((u2+z2).(cota)/2—umcsca) du (19)
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for some parameter @ € IR and a constant C,. This transform was introduced by
Namias in 1980. He defined this transform as a fractional power of the Fourier trans-
form,

Fo = F©, (1.10)

where F denotes the Fourier transform. Namias derived formula (1.9) starting from
his definition (1.10) and using generating functions for Hermite functions, which are
eigenfunctions of the Fourier transform. In 1987 Kerr and McBride provided a rig-
orous mathematical framework for the fractional Fourier transform on L?(IR), see
[53, 61].

In 1992 the FRFT became interesting for signal analysis by a paper of Almeida [4].
He showed, that taking the Wigner distribution of F,, f corresponds to the Wigner dis-
tribution of the function f followed by a rotation over an angle « in the Wigner plane,
the time-frequency plane that corresponds to the Wigner distribution. In Figure 1.3,
this phenomenon is illustrated by taking the FRFT of the signal sin(7z?) for four dif-
ferent values of a and taking their Wigner distributions. We observe, that Figure 1.3.b,
¢, d are rotated versions of Figure 1.3.a.

The rotation property of the FRFT inspired mathematicians in the past to study also
other transformations in the Wigner plane, that correspond to linear operators on
L*(IR). Already before the introduction of the FRFT De Bruijn proposed in [9] a
class of operators that are related to linear operators in the Wigner plane. Also we
study this problem in this book.

The last representation of a signal, that is briefly discussed in this introduction, is the
wavelet transform. This transform was introduced in 1984 by Morlet and co-workers,
who wanted to analyse geophysical signals with some kind of an adaptive WFT. How-
ever, in mathematical circles this transform was not new. It was already know as
Caldéron’s reproducing formula [10].

The WFT analyses a signal by multiplying it with a sliding window function and then
by taking the Fourier transform of this product function. The wavelet transform makes
use of the same principle, however the Fourier transform is replaced by a dilation of
the window function in L?(IR). In this way the window function can be adapted in a
better way to the signal. This transform reads

Wy[f(a,b) = %/f(x)w (m — b) de, (1.11)
R

a

for some 1) € L?(IR) and a € IR* and b € IR. The window function ¢ is called a
wavelet if it satisfies the additional condition

P 2
O<C¢:27r/|—Q/3(ZL)|da<oo,

R+
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Figure 1.5: The continuous wavelet transform of sin(7z?).

for almost all w € IR. This condition guarantees the existence of a unique reconstruc-
tion formula.

To give an impression, what kind of functions are wavelets, four-well known wavelets
are depicted in Figure 1.4. The first wavelet we see (fig. a) is the Haar wavelet, which
is probably also the oldest known wavelet. In 1910 already Haar used this function for
constructing an orthonormal basis in L2(IR) by means of dilations and integer trans-
lations of a mother function. We shall recognize this idea later as the discrete wavelet
transform. The second wavelet, that is depicted (fig. b), is the Daubechies-4 wavelet.
Generally, the Daubechies- NV wavelet belongs to a class of wavelets that posses some
desirable properties for signal analysis. Also these properties are discussed when
we come to the discrete wavelet transform. The index number N denotes the order
of regularity of the particular wavelet. We observe, that the Haar wavelet is also a
Daubechies wavelet, namely the Daubechies-1 wavelet.

The wavelet in Figure 1.4.c is named after Meyer, who created this Meyer wavelet by
starting from some necessary condition on the Fourier transform of the wavelet, e.g.
compact support of the Fourier transform. The fourth wavelet (fig. d) is called the
Mexican hat, since it looks like a sombrero. In fact, the Mexican hat is the second
derivative of the Gaussian function, that is used for the Gabor transform. This wavelet
is often used for applying the CWT in physics. In choosing a wavelet for analysing
a signal, we are led by the shape of the signal and the aim of the analysis. Of course
we want the wavelet to match with the signal, that has to be analysed. However, if
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the aim of the analysis is to give a time-scale representation with only a few wavelet
coefficients Wy (a, b), then a compactly supported wavelet can be appropriate.

The wavelet transform analyses a signal in time and scaling behavior, since it is based
on a scaled window function, instead of a frequency representation of the product of
the signal and the window function. Therefore, we say that the wavelet transform is a
time-scale transformation.

As an example, we analysed the behavior of the quadratic chirp f(x) = sin(r2?) in
time and scale. For this we computed the wavelet transform of this function using the
Daubechies-4 wavelet. In Figure 1.5 we have depicted the scalogram |Wy[f](a, b)]
for the time period b € [0, 5] and the scales a € (0,128]. As in Figure 1.2, the dark
grey values indicated high amplitudes of |W,y,[f](a, b)| at that particular time-scale
point. By comparing the plots of the spectrogram and the Wigner distribution of this
function in Figure 1.2 and the scalogram in Figure 1.5 it is obvious, that scale and
frequency are reciprocal concepts.

Formula (1.11) is mostly called the continuous wavelet transform (CWT), since there
also exists a discrete version of this transform. This discrete wavelet transform (DWT)
can be obtained by computing the CWT on a lattice

{(2™,n2™) | n,m € Z}.

Then the DWT of a function f is given by

F= 3 > (£ mn)mn, (1.12)

m=—00 N=—00

with ¢, n(2) = ¥(2™z —n) and with (f, 4y, ) denoting the inner product in L?(IR)
of f and vy, ». The breakthrough of the (discrete) wavelet transformation was set by
two important contributions by Daubechies and Mallat.

In 1988 Daubechies introduced a method to construct wavelets ¢ that are compactly
supported and for which 9,y », m,n € Z form an orthonormal basis in L2(IR). Since
1 is compactly supported, also t,, ,, is compactly supported for all m,n € Z. Con-
sequently, a compactly supported function f can be written as a finite sum of mutually
orthonormal functions with compact support. As we shall see, this property is of great
importance if we want to represent a signal or an image by a few coefficients.

An other important contribution for the DWT was given by Mallat in 1989. In his pa-
per [60] he related the DWT to a concept called multiresolution analysis (MRA). This
MRA provides an algorithm of complexity O(NN), with N proportional to the number
of inner products (f, %, ») that are not zero. This algorithm, called the pyramid al-
gorithm, relates the inner products (f, 9y, ) for different values of m and n to each
other. In this way only a few inner products have to be computed explicitly. The other
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ones follow from the computed inner products by means of the algorithm. Computing
the DWT in this way is mostly referred to as the fast wavelet transform.

1.2 Applications of the Wavelet Transform

In the past decade the wavelet transform has become of great value not only for signal
and image analysis, but also for signal and image processing. Even outside these fields
the wavelet transform has shown to be a useful in mathematics, e.g. in the field of nu-
merical analysis. Here, we briefly discuss the advantages of using a wavelet transform
for these applications.

1.2.1 Denoising

The idea behind denoising signals using a wavelet transform is as follows. Given
a measured signal f, that consists of a signal g and some undesired noise signal h,
linearity of the wavelet transform yields

W’/J [-f](a'7 b) = Ww [g](a7 b) + Wu,[h](d, b)

Then, by choosing an appropriate orthogonal wavelet, we expect the wavelet coef-
ficients Wy [g](a, b) to be concentrated within a small set of time-scale points (a, b).
Since the energy of ¢ is then spread over a small set in the time-scale plane, the wavelet
coefficients will attain relatively large values at these points. The wavelet coefficients
of the noise, Wy[h](a, b), are expected to be spread out over the whole time-scale
plane, since in general we cannot indicate dominating frequencies in a noise signal
h. Consequently, the wavelet coefficients related to the noise signal h will attain rela-
tively small values at all points in the time-scale plane.

Following these considerations, a natural way to come to a wavelet based denoising
algorithm is given by thresholding the wavelet coefficients, i.e., [Wy[f](a, b)]| is set to
be zero, if Wy [f](a, b)| < M, with M the chosen threshold value. After this thresh-
olding procedure the inverse wavelet transform reconstructs the signal g.

The problem of this method is how to find an appropriate threshold value M. In a
series of papers Donoho and co-workers have dealt with this wavelet denoising method
if h is a white noise signal, see e.g. [24]. For white noise signals they derived an
expression for the threshold value M as a function of the standard deviation o of the
noise. In Chapter 7 we use the same technique for denoising seismic signals. For this
application the threshold value is determined by computing the wavelet coefficients of
noisy reference signal.
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1.2.2 Compression

Using the wavelet transform for analysing signals, we are able to represent fluctuations
in a signal with wavelet coefficients at a low scale. If a signal does not fluctuate during
a time interval, we can represent the signal on this time interval by a small number
coefficients at larger scales. Combining these observations yields that a signal can be
represented in a sparse way. This is done by throwing away the wavelet coefficients at
high scales if fluctuations in a signal can be observed in the corresponding time inter-
val. Furthermore, the wavelet coefficients at low scales can be put to zero, if the signal
only contains low frequencies in the corresponding time interval. This compression
procedure is mostly applied to the DWT. We observe, that this compression technique
is based on the adaptive character of the wavelet transform, that the WFT does not
posses.

For images the same procedure can be applied. The wavelet transform is then replaced
by a two-dimensional wavelet transform. For this transform the wavelet is replaced
by a wavelet ¢ € L?(IR?), the scaling parameter a is replaced by a matrix A € IR?*>
and the translation over b is changed into translation over a two-dimensional lattice.
Finally, fluctuations in a signal are translated into edges in an image.

Data compression is an important issue for multimedia applications, where one wants
to store a huge set of images in a database or wants to send images to a receiver by
the internet in a fast way. In the field of image compression, the JPEG standard does
not use the wavelet transform yet, however the new JPEG-2000 standard will be fitted
with a wavelet compression technique for data compression.

1.2.3 Wavelet-Galerkin methods

We consider a boundary value problem

(L)) = g(2), = € [z1,22],

with f(z1) = 0, f(z2) = 0, f € C*(IR), g € C(IR) and L a second order linear
differential operator with continuous coefficients. The differential equation can also
be given in a weak formulation, i.e.,

(LS, 0) = (9,9),

with f(z1) = f(z2) = 0, forall ¢ € C([zo,x1]), that satisfy ¢(zo) = 0, ¢p(z1) =0
and ¢’ piecewise continuous and bounded on [z, x1]. The space of such functions ¢
is denoted by V.

Galerkin’s method consists of approximating f and ¢ by functions in a finite dimen-
sional subspace V; of V, see e.g. [49]. By choosing a set of basis functions ¢y,
k=1,...,dim(Vy), the weak formulation can then be written as a linear system of
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equations
AL =,

with
A(l’]) = (qbi’ £¢])a b(’L) = (g7¢i)a ’L,] = ]-a .. 1dlm(VO)
Let fo denote the approximation of f in Vjp, then £ is related to fo by

dim(Vp) .

h= 3 &@)d
i=1

Now, assume that £ = —di;g, then
AliyJ) = (i, 65) = (81, 8))-

The wavelet-Galerkin method uses a wavelet bases for V4. If such a wavelet bases
is compactly supported, then the stiffness matrix A becomes a sparse matrix. We ob-
serve, that if ¢ is a wavelet, then ¢’ is also a wavelet. Mostly, semi-orthogonal wavelet
bases with compact support are used to create a sparse stiffness matrix. We observe,
that solving the linear system of equations can be established in a fast numerical way
if A is sparse. Another way of looking at the wavelet-Galerkin method is to consider
the wavelet approach as a pre-conditioning of the matrix A.

A comprehensive view of wavelet based methods in scientific computing is given by
a series of papers by Beylkin et al., see e.g. [8].

1.3 Some Main Results

The following chapters can be divided into three parts, with each part consisting of two
chapters. The first part consists of two chapters that introduce the Fourier transform,
the windowed Fourier transform, the Wigner distribution and the wavelet transform
in a rigorous mathematical way. Properties of these transformations and their mutual
relations are extensively discussed. Furthermore, we study the relation of the intro-
duced transformation to Lie groups. It is well known, that the wavelet transform is a
unitary representation of the linear affine group, see e.g. [55, 62], and that the intro-
duced time-frequency transformations are all related to a unitary representation of the
Heisenberg group, see e.g. [29].

In Chapters 4 and 5 we study two theoretical topics in the fields of the wavelet trans-
form and the Wigner distribution respectively. In relation to the discrete wavelet
transform we study the concept of an multiresolution analysis for arbitrary separable
Hilbert spaces. By doing this we obtain a functional analytical framework in which
the concept of an MRA can be studied. This framework relates the problem of finding
wavelet bases in L2(IR) to the problem of finding semi-orthogonal bases in I2(Z). By
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means of a discrete Fourier transform the latter problem is translated into the problem
of finding invertible matrix functions on the n-fold unit circle. This theoretical ap-
proach of the concept of an MRA is illustrated by the example of constructing a spline
wavelets, that generate a semi-orthogonal basis in L2(IR). This topic can be found in
Chapter 4 and is mainly based on

[76] P.J. Oonincx and S.J.L. Van Eijndhoven, “Frames, Riesz systems and MRA
in Hilbert spaces”, Indag. Math., 10 (3), 369-382, 1999.

Chapter 5 concerns affine transformations in the n-dimensional Wigner plane. This
topic was inspired by the study of the fractional Fourier transform. This transforma-
tion was recently introduced for analysing signals in the Wigner plane, since it acts
like a rotation in this plane. We show with relatively elementary results from Lie
group theory, that the fractional Fourier transform on L?(IR") can be embedded in a
group of unitary operators. Each element in this group corresponds to a symplectic
transformation in the Wigner plane. Moreover, linear transformations in the Wigner
plane that are related to unitary transformations on L?(IR™) can only be symplectic.

We show that the FRFT is a special element of this group, since it is the only trans-
formation that corresponds to an orthogonal symplectic transformation in the one-
dimensional case. For the multi-dimensional case we also present other transforma-
tions that correspond to orthogonal symplectic transformations. Finally, a represen-
tation formula is given for all unitary transformations that correspond to symplectic
transformations in the Wigner plane. This topic is mainly based on

[63] H.G. ter Morsche and P.J. Oonincx, “ On the integral representations for
metaplectic operators”, to appear.

The last two chapters of this tract deal with applications of the studied transforma-
tions. The first application deals with energy localization problems and is based on
a generalization of the FRFT. Two well-known problems are discussed rigorously,
namely maximalization of the energy of time-limited signal within a compact fre-
quency interval and maximalization of a signal’s energy within a disc in the Wigner
plane. Both problems are already extensively studied in the literature, see [57, 80, 92]
and [20, 28, 29, 46]. In this chapter, we give a rigorous proof of Slepian’s conjecture,
that shows how the eigenvalues of an energy localization operator behave asymptot-
ically. Furthermore, an alternative proof is given for showing that Hermite functions
are optimally localized on a disc in the Wigner plane. This proof is based on an argu-
ment, that uses the rotation property of the FRFT.

In the second part of Chapter 6 we show how the generalized FRFT can be used to
solve a class of localization problems in the phase plane, if the solution of one prob-
lem in such a class is known. This procedure is illustrated by using it for the classical
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localization problems, that we discussed in the first part of this chapter. These prob-
lems and their solutions can be found in Chapter 6. This chapter is mainly based on

[73] PJ. Oonincx, “On time-frequency analysis and time-limitedness”,
CWI-Report PNA-R9720, 1997.

[75] PJ. Oonincx and H.G. ter Morsche, “Integral representations for metaplectic
operators: energy localisation problems”,
Proc. SPIE Adv. Sig. Proc. Alg. X, San Diego, 2000.

Chapter 7 is devoted to an application of the discrete wavelet transform in the field
of seismology. Seismic data that are measured when an earthquake has taken place
consist of several waves. These waves travel at different velocities from the epicenter
of the earthquake towards the earth’s surface, where they are measured. Consequently,
they do not appear at the same time in a seismogram. Moreover, the several waves are
overlapping and are also embedded in different kinds of noise. By detecting the arrival
time of the so-called S-waves in a seismogram and relating this arrival time to the first
time sample that the earthquake was recognized, an estimate of the distance towards
the epicenter can be given. This is done by relating the difference in time between the
two measured time samples to the difference in velocity between the S-wave and the
P-wave, the first wave to arrive.

We developed an algorithm to detect automatically S-wave arrival times in seismo-
grams. This algorithm is based both on physical properties of the waves and on sepa-
ration of the waves by means of the discrete wavelet transform. Moreover, the DWT
is used to reduce the noise in the waves. By doing this, a better estimate of the S-wave
arrival time is established. This research has been done in strong collaboration with
the Royal Dutch Meteorological Institute (KNMI). At KNMI the algorithm has been
tested for a large set of seismic events. The results of this test are also included in
Chapter 7. The mathematical concept of the algorithm has been published in

[70] PJ. Oonincx, “A Wavelet Method for Detecting S-Waves in Seismic Data”,
Computational Geosciences, 3, 111-134,1999.
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Chapter 2

Time-Frequency Analysis

In this chapter we study the Fourier transform for functions in L' and L?. Using this
transform on a signal one obtains information about its frequency behaviour. To ob-
tain information about a signal’s behaviour in both time and frequency we consider
the windowed Fourier transform. This transform computes the Fourier transform of
a signal within a sliding window. The last transform we discuss in this chapter is the
Wigner distribution of a signal. This is a non-linear transform that also gives informa-
tion about a signal’s behaviour in both the time and frequency domain.

In the last section of this chapter we relate the discussed time-frequency represen-
tations to the Heisenberg group. Therefore an introduction in Lie group theory is
presented. The group theoretical approach will play an important role in Chapter 5.

The contents of this chapter are based on existing literature on Fourier transforms [11,
35, 94, 109], on time-frequency transforms [18, 44] and Lie group theory [98, 102].

2.1 The Fourier Transform

To obtain information on the frequency behaviour of a function we can consider its
Fourier transform. This transform computes the frequency spectrum of a given func-
tion. However, the Fourier transform neglects information about the function itself.
We discuss the Fourier transform first for functions in L! (/R) and next for functions
in L2(IR).
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2.1.1 The Fourier Transform on L'

In dealing with a function f € L!(IR™), one can consider the spectrum f of f given
by its Fourier transform

fw) = (2m)~"/? / f(z)e™ 1) dg, Q.1
Bn

with (-, -) the inner product in IR™.

In this section, we present some useful properties of the Fourier transform on L (IR),
which can all be generalized straightforwardly to properties for functions in L (IR™).
A fundamental property of Fourier transforms on L!(IR) is given by the Riemann-
Lebesgue theorem, see e.g. [11].

Theorem 2.1.1 (Riemann-Lebesgue) Let f € L'(IR) and f be its Fourier trans-
form. Then .
lf(@)] = 0 (lw] = o0).

Also the following fundamental result on f can be proved for f € L! (R).
Lemma 2.1.2 Let f € L'(IR), then f € C(IR) and ||f||oo < ||f]l1/V2T.
Proof

Let f € L'(IR). Then

|fwr) = flw2)]

Il

# /f(m)(e—iwlz _ e—iwgz) dx
R
o= [ 1@ = e

R
V2 1501 sin(or - woyel
R

Applying the dominated convergence theorem on the latter result yields

IN

[f(w1) = flwa2)] — 0 (w1 — wa),

which shows that f is continuous. Furthermore, we have
R 1 ) 1
w)|] < — :I:e_“‘””dx:—/ z)|dx = 2.
Fe)l < mﬂlm el do = —— [ 17@)lde = 171/V
R

Taking the supremum over w establishes the proof. O

Combining Theorem 2.1.1 and Lemma 2.1.2, we arrive at the following corollary.
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Corollary 2.1.3 Let f € L*(IR), then f € Co(IR), the supremum-normed Banach
space of all complex continuous functions on IR that vanish at infinity. Furthermore,

1 llso < W1/ V2.

A useful property of the Fourier transform is its action on the convolution product f * g
of two function f and g in L' (IR), given by

(f +9)(@) = / f(z — u)g(u) du. 2.2)
R

By Young’s inequality [109], we have || f * g||1 < ||f]l1 - |lgll:. Since f x g € L'(IR),
we can compute its Fourier transform

1 .
— flx—u)g(u) due " dz
1 ) )
= — flz —u)e @Y g(u)e ™" dy da

= #Zﬂm)e"i” dz /g(u)e_i“’“du

R

= V21 f(w) §(w), 2.3)

using Fubini’s theorem. We observe that the iterated integral in the second last line is
absolutely convergent, which justifies the change of integration.

(f *9) (W)

At the end of this subsection we study the inverse Fourier transform on L' (IR). For-
mally, an inverse Fourier transform exists and is given by

f(z) = —\/15_; / fw)e™ dw. (2.4)
IR

The following example shows that f is not necessarily in L (IR) if f € L'(IR).

Example 2.1.4 Let f € L'(IR) be given by

_ 2re™®, x>0,
f(”’)‘{ 0, z < 0.

Then its Fourier transform is given by

f@) = 0,

which is not in L* (IR). Note that f € Cy(IR), cf. Corollary 2.1.3.
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Following [11, 35], we present additional conditions on f and f, that are necessary
for a well-defined inversion formula.

Theorem 2.1.5 Let f € L' (IR) and f € L'(IR). Then

1 N .
= — w)er™ dw a.e. x € R.
f@) = o= [ i)
R
Moreover, the latter results holds for every x € IR if also f € C(IR).

2.1.2 The Fourier Transform on L2

For f € L?(IR) we want to define its Fourier transform also by (2.1). However, this
can only be done if f € L!(IR) N L?(IR), since the Fourier transform of f € L?(IR)
may not be defined everywhere. To come to a definition of the Fourier transform on
L?(IR) we will define the Fourier transform first on a dense subspace of both L' (IR)
and L?(IR) and then extend it uniquely to L?(IR).

A dense subspace of both L!(IR) and L?(IR) is given by the Schwartz class S(IR),
see [89, 90].

Definition 2.1.6 The Schwartz class S(IR™) is the space of rapidly decreasing C*-
functions on IR™, i.e., for each k,l € IN

sup lel---mg"égll--~6§‘:f(m)| < 00 Vies(mn)-
|a|<k,|8|<l,z€R"

It can be shown that the Fourier transform F, given by F[f] = f for f € S(IR),
is a bounded linear mapping on S(IR) as a subspace of L%(IR). Moreover, F is an
isometry on S(IR), with respect to the inner product in L?(IR), see [35, 94]. So, we
have Parseval’s formula

(f,9) = (Ff, Fg),
with (-, -)o the inner product in L2(IR).

Since S(IR) is dense in L?(IR), F can be uniquely extended to a Hilbert space isom-
etry of L?(IR), which yields the definition of the Fourier transform on L?(IR).

Definition 2.1.7 Let f € L2(IR). Then its Fourier transform f = F f is given by
. N
f[f](w) = llmN_>oo ﬁ I/v f(x)e_iww d.'L‘, (25)

where Li.m. stands for limit in L? mean.
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Remark, that this definition coincides with (2.1) if f € L'(IR) N L?(IR). Also we
observe that by this definition F f is a function, defined almost everywhere on IR

and belonging to L2(IR). Moreover, with this construction Parseval’s formula can be
extended to L2(IR)

/ f(@)9(@) da = / £()5@) do, 2.6)

forall f,g € L(IR). As aresult we also have Plancherel’s formula
[1t@P da = [ 17 do, @
R R

forall f € L?(IR). The two equal sides of (2.7) give the energy of f € L?(IR).

Property (2.3) on convolution products of functions in L! can also be proved for f €
L?(R) and g € L*(IR). Since ||f * gll2 < ||fll2 |lgll: by Young’s inequality we can
follow (2.3). This yields straightforwardly

(f * ) (W) = V21 f(w) §(w) a-e. Yser2(m) YoeL (m)-

A similar result on convolution products in the Fourier domain can be derived by
taking

g(z) = h(z)e™*
in (2.6), with h € L2(IR). This yields

VarFf - hl(e) = / F(@)h(z)e " d = / f(2)9(@) de
R R
- / F(@)5(@) dw
R
1 N
= — | f(w) h(a:)e_’(‘g_“’)zdx) dw
271'1{ /
- / F@)h(€ —w)dw = (F % h)(©). 2.8)
R

We summarize these results in the following lemma.

Lemma 2.1.8 Convolution products and the Fourier transform are related by
1 (f * =27 f(w ), for f € L'(IR) U L*(IR) and g € L'(IR),
2. \/ﬁ(f -9) (W) = (f * §)(w), for f,g € L*(IR).
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Since f € L?(IR) for f € IR, we can derive an inversion formula using the same
construction as for (2.5), i.e.,

N
f(#) = Lim.y_ oo % /V fw)e™ dw. (2.9)

A subspace of L?(IR), which is of special interest in signal analysis is LZomp(RR), i.¢.,
the space of all functions in L?(R) with compact support. Related to this space we
can define two types of signals.

Definition 2.1.9 A signal f € L2(IR) is called time-limited if f € Lgomp(lR).
Iffe Liomp(IR), then f is called band-limited.

Another special class of functions in L?(IR) is the class of functions of exponential
type.

Definition 2.1.10 A function f € L*(IR) is called of exponential type if it extends to
a holomorphic function on € and if there are two positive constants C and ) such that

If(2)| < ceim=l v, e @,

Functions of exponential type can be related to band-limited functions by means of
the following lemma.

Lemma 2.1.11 If f € L%(IR) is band-limited, then f is of exponential type.

Proof
Assume f(w) = 0 for |w| > 2, with Q > 0. Then

Q
1 £ iwe
f(z) = Egé flw)e™ dw,

initially defined for z € IR, remains well-defined for x € €, and yields a holomorphic
function f on €. Furthermore, we derive for all z € €

Q
1 ~ .
F@N = I [ few)e il
~0
1 e ' QIm z| e
< 75 [ Meiass mé |F(w)lde
< [ i /Q doo = 0 oum 4
> \/ﬂ / A ™ '
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Lemma 2.1.11 can be extended to the Paley-Wiener theorem, a well-known result in
Fourier theory; for a proof, see [108].

Theorem 2.1.12 (Paley-Wiener) If f € L%(IR) is holomorphic and of exponential
type, then f is band-limited. Conversely, if f is band-limited, then f is holomorphic
and of exponential type.

Since a holomorphic function f € L?(IR), vanishing at a certain interval, has to be
identically zero, the Paley-Wiener theorem immediately yields

Corollary 2.1.13 If f € L*(IR) is both time-limited and band-limited, then f = 0.

The previous corollary states that there does not exist a non-trivial band-limited sig-
nal f, whose energy is contained within a finite interval in the frequency domain, say
[—9,9]. In Section 6.1 we will deal with this phenomenon. There, we will consider
the problem of maximizing the energy of a band-limited signal within a finite interval
[—9, Q] in the frequency domain.

It is clear, that, when using the Fourier transform to analyse a signal, we hide all in-
formation of the signal’s behaviour in the time domain. In order to obtain information
about a signal simultaneously in the frequency domain and the time domain, we may
replace the Fourier transform by one of the integral transforms that we discuss in the
following sections.

2.2 The Windowed Fourier Transform

A strategy to obtain information about the frequency contents of a signal f € L?(IR)
locally in time is to first multiply f with a window function & € L?(IR) and then take
its Fourier transform, i.e.,

Falfl(a,w) = 7% / F@)h(y = 2)e v dy. 2.10)
R

This formula is called the windowed Fourier transform (WFT) or also sometimes in
literature [18] the short-time Fourier transform (STFT).

The multi-dimensional WFT is defined as a straightforward generalization of (2.10)
by

Falfl(e,w) = @)~/ / F@)h(y = e~ dy, @.11)
J

Properties and results that we derive in this section for the one-dimensional WFT can
all be generalized in a direct way for functions in L?(IR™).
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By introducing the shift operator 7, on L?(IR) by

To[f1(z) = f(z —b), (2.12)
for some b € IR and the frequency shift operator operator M., on L?(IR) by

M, [f](z) = €™ f () (2.13)
for some w € IR, we can write (2.10) also as

Fulfl(@,w) = (f, MuTeh)2. (2.14)

This notation immediately yields by Schwarz’s inequality

|Fa[f1(z,w)| < NI fll2 - 1hll2 Vower-
So Fnf € L®(IR?), for all f,h € L2(IR).

A desirable property of the WFT is its invariance under the action of a frequency
modulation M, and its invariance up to a phase factor under the action of a translation
Ty. Indeed, a straightforward calculation shows

FalTof](z,w) = e Fy[fl(z — b,w) and Fy[Muofl(z,w) = Fulf](z,w = wo).
We can also write (2.10) by means of a Fourier transform on L' (IR), namely

Tl fl(@,w) = Ff - Toh)(w), (2.15)
which can be rewritten as

Fulfl(z,w) = (FIf] * FITR) (w)/ V2, (2.16)

using Lemma 2.1.8. Using Lemma 2.1.2 on (2.15) immediately yields that F}, f is
continuous in w for fixed z € IR. Moreover, we have

|Fu[f)(@,w) = Fulfl(y, )| = |FIf - (Teh = TyR)](@)] < [1fll2l| Teh = Tyhll2/ V2,

using that the mapping = — Th is continuous for all A € L?(IR). This inequality
shows that F, f is also continuous in z for uniform w € JR. Combining this with the
fact that F}, f is continuous in w for fixed z € IR, we have F[f] € C(IR?) for all
f,h € R2

In the following example we consider a widely used window function h to compute
the WFT of a given function.

Example 2.2.1 We take for h the Gaussian function

ho(z) = (7mz)—1/46—av:2/2¢727
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Figure 2.1: A composition of two different oscillations with finite duration.

where 0 > 0. Note that ||hs||2 = 1 for all ¢ > 0. The corresponding WFT is given
by the Gabor transform [34]

Golf)(z,w) = (2m) /10 ~1/2 / Fy)em vl 2 emien dy, (2.17)
R

As an example we use the Gabor transform to obtain both time and frequency infor-
mation about the function

sin(2ra), @ € [1,2),
f(z) =4 sin(87z), = €[2,3), (2.18)
0, otherwise,

which is depicted in Figure 2.1.

For the parameter o three different valués have been taken, namely o2 =1 /8, o? =
1/32 and 02 = 1/200. Figure 2.2 shows the amplitude of |G, [f](z,w)| for these
three choices for 0. We see that in Figure 2.2.a the two frequency components of f
are clearly visible and well localized in time. Here maxima of |G, /2 V3| can be ob-

served around w = 27 for z € [1,2] and around w = £8x for z € [2, 3].

When decreasing the value of o to 1/ 4+4/2 only maxima are attained around w = 0
for z = 1.25 and z = 1.75, which is depicted in Figure 2.2.b. This means that only
information about the function’s behavior in time is visible during the interval [1, 2].
For z € [2, 3] the situation remains the same. This phenomenon is explained by the
fact that the ‘width’ of the Gaussian function becomes too small to recognize low fre-
quency behavior.

By decreasing the value of ¢ even more also higher frequency components are ne-
glected and only maximum amplitudes are measured by the Gabor transform. This
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situation is visualized in Figure 2.2.c where 0 = 1/ 104/2 has been chosen.

Parseval’s formula (2.6) and notation (2.15) are used to prove a counterpart of Parse-
val’s formula for the WFT.

Theorem 2.2.2 Let f,g € L?>(IR) and h € L?*(IR), with h # 0 on a set in IR with
positive measure. Then fh[ 1, Fnlg] € L?(IR?) and

]I[f(x)g(_x)d T /]-'h [f](z, ) Frlg] @) dw da. 2.19)

Proof
Using notation (2.15) in the right-hand side of (2.19) yields

MW/ﬂmeﬁmGEma

1 e —
B mgm/ FIf - Teh)(w) Flg - Toh)(w) dw dz.

Now, Parseval’s formula (2.6) gives

ﬁ / FIf - ToRl(@)Flg - Tohl(@) dw de
R2

L a() 2
= T / 1) 5 Ih(y — o) dy do

- ||hu2/f /'h ‘””'2‘””’”‘/f 9w dy

using Fubini’s theorem. Since f - § € L'(IR) the last iterated integral is absolutely
convergent, which justifies the change of integration. O

As a result we have Plancherel’s formula for the WFT

- 2
”[ @) ds = e ]R/ il w)? do de, .20

for f,h € L?(IR), with h # 0 on a set in IR with positive measure. This shows that
the operator F, : L?>(IR) — L?(IR?) is an isometry up to a constant ||h|5. The term
| Fnf](z,w)|? in (2.20) is usually called spectrogram [18]. Refering to (2.20), the
spectrogram is a measure for the energy density in the time-frequency plane. Note
that the spectrogram of a given function f € L?(IR) strongly depends on the window
function h € L*(IR).
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Figure 2.2: A contour plot of the amplitude of a Gabor transform with a) 02 = 1/8,
b)o? = 1/32and c) 0 = 1/200.
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From Parseval’s formula (2.19) we derive

[ 1)@ e
R

- ‘ a(z) we
= mﬁ/th[f](y,w)m/g(m)h(m—y)e dz dw dy

1 W
= /(mﬂé?h[f](y,w)h(m—y)e dey> g(z)dz, (2.21)

R

which yields the following formal inversion formula.

Theorem 2.2.3 Given f,h € L?(IR), with h # 0 on a set in IR with positive measure,

we have
1 .
_ _y)eive 2.22
1@ = i ]R/ Falf )y, 0)h(z — y)e* duw dy, (222)
weakly in L?(IR).

Relation (2.22) should be interpreted by means of (2.21). A stronger result holds if
additional conditions on f and h apply.

Theorem 2.2.4 Let f,h € L?>(IR), with h # 0 on a set in IR with positive measure.
Furthermore, let F[f - h] € L'(IR). Then

1 we
f(z) = mﬂ[ (’F Fulfl(y, w)h(z — y)e dw) dy. (2.23)

For each x© € IR, both the inner and the outer integral are absolutely convergent, but
possibly not the double integral.

Proof
Fix z € IR. Then from (2.15) we have

Fulfl(y,w) = FIf - Tyh](w).

Since f - h € L' (IR) and F[f - h] € L*(IR) yields F[f - T,h] € L*(IR), we can take
the inverse Fourier transform as given in Theorem 2.1.5. This gives us

f@h@—y) = \%2—77 / Fulf)y,0)e " duw.
R

Multiplying both sides of this equation by h(z — y) followed by integration over y
establishes the proof. O
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We observe that a sufficient condition on f and h such that (2.23) holds is given by
f,h € L*(IR). This follows from Lemma 2.1.8 and Young’s inequality.

We have shown that, for a given h € L2(IR), F; maps all f € L?(IR) to Frf €
L?(IR?). Moreover, we have proven that f can be recovered from F, f, if h # 0 on a
set with positive measure. However not every element in L?(IR?) is the image of an
f € L*(IR) by means of the WFT, since the range of F5,, Ran(F}) is only a subset of
L%(IR?), see [51]. To characterize Ran(F},) we derive from (2.14) and (2.19)

Falfll@w,w) = (f, MuTah)s
1
= “—hT%B/Z Fulf)(w,v) Fr My, Toh) (u, v) du dv

Il

/kh(z,w;u,v) Fr[f(u,v) dudv,
R2
with

kn(z,w3u,0) = Fa[MuTeh](u,0) = F(Tuh) - (Toh))(w — v)
- U) h’ ) ~Hw—n)y dy7

ﬁ%/h

the reproducing kernel. Note that by definition we have kp(z,w;-,-) € L*(IR?) for
all z,w € IR. From this derivation it follows that § € L?(IR?) should necessarily
satisfy

0(z,w) = /kh(x,w;u,v)ﬂ(u,v)dvdu, (2.24)
IR2

in order to be an element of Ran(F}). Note that (2.24) is well defined, since F, f is
continuous for all f,h € L?(IR).

We can also show that (2.24) is a sufficient condition on 6 to be in Ran(F}). This
is shown by constructing an f € L2(IR) such that Fj, f = 0, for some h € L*(IR)
and with 6 satisfying (2.24). Before constructing such a function f, we observe that
6 € L%(IR?). As aresult of Fubini’s theorem, we thus have 8(-,v) € L2(IR) for fixed
v € Rand 8(u,-) € L*(IR) for fixed u € R.

We take
\/_/ o(¢ h(€)e®Y d¢, weakly in L?(IR).

[ 105wy = [ b et deay,
IR?

R

This means that
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forall g € L*>(IR). Consequently, we have

/f o) dy

forall g € L?>(IR). To show that F}, f = 6, we derive for h € S(IR) and § € S(IR?)

< V2 |02 1]l llgll2,

/ kn(z,w;u,v)0(u,v) dudv

IR2

= = R/ 0fu,v) (,,[ g — o) =2 ) dy) i
= %/ (m/ G(u,v)eivy/ﬁ(g)ei(y—u)ﬁ d{dudv) me—iyw dy

= (m 0(u,v)e ety dudv) h(€)h(y — z)e™Ee™ dy d¢

= /0 (w, — Vh(y — z)eVe W dy d¢

We observe, that

|m/ kn(z,w;u,v)0(u,v) du dv

2

IN

161l 1k (2, w5 -, -)[l2

Il

18112 [|Fa Mo Tehll2 = 110112 12113

L!/B(w —y)h(w)h(y — z)e!™Ye ¥ dy dw

2 R2

and

< l1ell: [1All3-

We conclude, that the previous derivation also holds for § € L?(IR?) and h € L*(IR).
From (2.24) and the definition of f it follows directly, that

Fulfl(z,w) = 0(z,w).
We summarize the previous result in the following theorem.

Theorem 2.2.5 For h € L*(IR), the range of Fp, Ran(Fy,), is given by

Ran(Fp) = {6 € L2(IR?) | 6(z,w) = / o (2, 0 0, 0)8 (1, ) d ).

IR2
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From Plancherel’s formula (2.20) it follows that Ran(F}) is closed and that the trans-
form f + Fp, f/||h||2 is a Hilbert space isometry from L?(IR) onto Ran(F}) as given
in Theorem 2.2.5.

2.3 The Wigner Distribution

To obtain both time and frequency information of a signal f € L?(IR) we may also
use the Wigner distribution. This is a bilinear time-frequency representation given by

WVY[fl(z,w) = % / fx+1t/2)f(x —t/2)e v dt, (2.25)
R

forall f € L?(IR). In the sequel we will refer to the domain of the Wigner distribution
as the Wigner plane.

In the sequel we will also use the mixed Wigner distribution given by

WIS, gl(aw) = 5= [ Flo+ 425G = oD (2.26)
R

forall f,g € L2(IR). Obviously, this representation coincides with the Wigner distri-
bution if f = g.

The mixed Wigner distribution can also be written as a windowed Fourier transform.
We derive

WL gl(ww) = [ o+ 0o =D
R

e2izw .
= — /f(y)g(%—y)e‘m‘” dy,
R
2 ..
= \/;62”“”fg(_,)[f](2x,2w). .27
Particularly, we have
9 ..
WV[f](z,w) = \/;e"mff(_.)[f](u,m). (2.28)

The relation between the WFT and the Wigner distribution will be used to derive ele-
mentary properties of the Wigner distribution, that also hold for the WFT.

The multi-dimensional Wigner distribution is defined from a straightforward general-
ization of (2.25) by

WY[fl(z,w) = (27)™" / f@+t/2)f(x —t/2)e” i) gt (2.29)
Rn
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for all f € L2(IR™) and with (-,-) the inner product in JR™. As for the Fourier
transform and the WFT we only discuss properties of the Wigner distribution for
f € L2(IR). Generalizations of these results for functions in L%(IR™) can be made in
a rather direct way.

The Wigner distribution is, like the WFT, invariant under the action of both translation
Ty and frequency modulation M, . A straightforward calculation shows

WY[T fl(z,w) = WV[f](z — b,w) and WV[ M., fl(z,w) = WV[f](z,w — wo).

Furthermore, by a change of variables in (2.25) it follows immediately that the Wigner
distribution is real-valued, i.e., WV[f] = WV f], and that

WV[f](z,w) = WV[f]|(z, —w), (2.30)

for all f € L2(IR). In particular (2.30) yields WV([f](z,w) = WV|[f](z, —w) for all
real-valued f € L?(IR). Rewriting (2.25) enables us to derive more useful properties
of the Wigner distribution.

By defining h ., (t) = f(z +t/2)e” /2 /\/2x, for f € L*(IR), we can also write
(2.25) as

WY[f)(z,w) = /hw,w(t) hraw (—1) dt.
R

Now, Parseval’s formula (2.6) yields

I

WISz, w) / oo (6) e (—6) dO
R

I

% / Fw +0/2) Flw — 8/2)"" do, 231
R

for all f € L*(IR). Relation (2.31) shows that WV[f](-,w) is the Fourier trans-
form of a function in L'(IR). So, Lemma 2.1.2 can be applied. This yields that
WV[f](-,w) is bounded and continuous for fixed w € IR. In the same manner it
follows from (2.25) that WV[f](z, -) is bounded and continuous for fixed z € IR.
Continuity of the Wigner distribution in both variables follows immediately from
(2.28) and the fact that F[f] € C(IR?), for all f,h € L?(IR). Concluding, we
have WV[f] € L>(IR?) N C(IR?), for all f € L*(IR).

Also Relation (2.31) yields immediately
WV[}"f](m,w) = WV[f](—w, :L')a (232)
forall f € L?(IR).
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As we have seen in Example 2.2.1, the energy of a time-limited signal f is spread by
means of the WFT over a larger interval than supp( f), the support of f. An advantage
of the Wigner distribution is that this phenomenon does not appear for the Wigner
distribution. In fact, the following properties hold

f@)=0,z¢ [T, 5] = WV[f](z,w) =0, z ¢ [T}, Ts] (2.33)
fw) =0, wd [0, Q%] = WV[f](z,w) =0, wd[,0] (2.34)

for f € L?(IR) and Ty, T>,9Q4,Q2 € IR. Property (2.33) states that the energy of a
time-limited signal is not spread over a larger interval than its support. Furthermore,
(2.34) states that the energy of a band-limited signal is not spread over a larger inter-
val than the support of its Fourier transform. We observe, that the WFT does not have
these properties.

Properties (2.33) and (2.34) follow straightforwardly from (2.25) and (2.31). The
converse of (2.33) and (2.34) also holds for f € L'(IR) and f € L' (IR) respectively.
This is shown in the sequel of this section.

By rewriting the integrand in (2.31) we get

fw+6/2) fw—-06/2)

= %//f(u+t/2)f(u—t/2)e"i“9e“it“’dudt
R

R
— __l__ _ e—itw
- = Z MIf)(~6, et dt,

with

MI[f](6,t) = \/%7; / flu+1t/2) f(u—t/2)e™? du. (2.35)
R

The function M f] is called the characteristic function of the Wigner distribution, see

e.g. [18]. Note that M[f](—-,¢) is the Fourier transform of f(- + ¢/2) f(- —t/2),
which is in L' (IR) for all ¢t € IR. Using this characteristic function we obtain

WV[f(z,w) = (2m) 3/ M[£](6,t)e~ e~ df dt. (2.36)
/]

Introducing the function Ry, of f € L?(IR) by

Ryo(t) = f(z +1/2) Fz = 1/2)/V2r
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gives the last representation of the Wigner distribution which we discuss here. We
have

WV[fl(z,w) = FlRj ] (w)- (2.37)

In the following example we compute the Wigner distribution of two signals and of
their sum.

Example 2.3.1 We introduce the function

psin(2rz), z €[1,2),
fpq(x) =< gsin(87z), z € [2,3), (2.38)
0, otherwise.

Note that f; ; coincides with (2.18). Furthermore, f, 4 is the sum of two waves with
finite duration and different frequencies if p - ¢ # 0.

We compute the Wigner distribution for f; o, fo,1 and fi,;1. Contour plots of these
distributions are depicted in Figure 2.3.a, 2.3.b and 2.3.c respectively.

Since fp, 4 is time-limited for all p,q € IR, Relation (2.33) holds for all f, ;. This
is also clearly visible in the Figure 2.3. Besides, in Figure 2.3.a and 2.3.b maxima
of WV fp,4] appear around frequency w = 0 and extremal points of f, ;. Minima of
WV|fp,q] appear in these figures around w = 0 and extremal points of f, ,. Moreover,
at these points we have WV[f, ;] < 0. Also maxima of WV(f, ,] appear around the
characteristic frequencies of the two waves.

Comparing Figure 2.3.c with Figure 2.3.a and 2.3.b, it is clear that YWV is a non-linear
transformation. This non-linearity introduces cross-terms in the computation of the
Wigner distribution of a sum of functions. The cross-terms are clearly visible in the
time interval [1.5,2.5]. A more detailed discussion on these cross-terms and their ef-
fect on time-frequency analysis can be found in e.g. [18].

In Figure 2.4, WV[f1,1](z,0) is plotted as a function of z. As we observed before
local maxima and minima can be noticed for this frequency at the values for which
respectively f1,; and f] ; attain their extremal values. It is also visible that the minimal
values of WV([f1 1](x,0) are indeed negative.

The discussion of the Wigner distribution proceeds with a counterpart of Plancherel’s
formula. To deduce such a formula for the Wigner distribution we use relation (2.37).

Lemma 2.3.2 Let f € L2(IR). Then

2

[1s@Pds| =2x [ [ pwinew)f dods.

R R
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Figure 2.3: A contour plot of the amplitude of the Wigner distribution of the function
a) f1,0,b) fo,1 and¢) fi,1.
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Figure 2.4: The Wigner distribution WV f; 1] plotted for frequency w = 0.

Proof
We derive

2
(m |f(@)]* da

1

[1s@edu [15wP a
R R

- / / F@+ /2 £z — t/2)? dt de
R R

= //|f(x+t/2)f(3:——t/2)|2dtdm
R R

- zw//mf,w(t)ﬁdtdx.

R R
Applying Plancherel’s formula on the inner integral of the latter result yields

2
(m | (z)]? de = 27T//|f[Rf,w](w)|2dwdm
R R

= 27r//|WV[f](x,w)|2dwdx,

R R

which follows from (2.37).

O

Lemma 2.3.2 also follow from combining (2.20) and (2.28). We observe that this
lemma also yields WV[f] € L?(IR?) for all f € L?*(IR). A counterpart of Parse-
val’s formula also exists. This is given by Moyal’s formula, which is derived in the

following theorem.
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Theorem 2.3.3 (Moyal) Let f,g € L?(IR). Then

I(f, 9)? ZQTF//WV[f](m,w) WV[gl(z,w) dw dz.

R R

Proof
First we observe that WV([f](z,w) WV[g|(z,w) € L'(IR?). This is a result of
Schwarz’s inequality and Lemma 2.3.2

/ / WV, w) WVl w) dwdz < [IWVFl WVg]lla

I

17113 1gll3/2.

We derive as a corollary of Fubini’s theorem

/ WVf)(z,0) WWgl(w) do = / FIRy o)) FlRy 2] (@) dw
R

/Rf,w(t)Rg,z(t) dt
R

using Parseval’s formula. Integrating the latter result over z yields

27r//WV[f](m,w) WVgl(z,w) dw dz

R R

//f z+1t/2)g(x +t/2) f(z —t/2)g(x —t/2) dtdz

Il

- //f 9(u) F(©)g(0) dudv = |(f, 9)[.

O

A further desirable property of the Wigner distribution is given in the following theo-
rem.

Theorem 2.3.4 Let f € L*>(IR). Then

|f (2)?

Il

/ WV[fl(z,w) dw, if f € L'(R) (2.39)
R

|f(W)I?

/ WV[f|(z,w)dz, if f € L*(IR). (2.40)
R



40 Time-Frequency Analysis

Proof
We derive from (2.31)
[vineeas < o [ 17w +o/2l1i -/l
R R IR
1
= o [ [ dudo = 1521
R IR

Fix ¢ € IR. Then WV[f](z,:) € L'(IR) if f € L'(IR). Equivalently, FR; , €
LY(R) if f € L'(IR), cf. (2.37). Also Ry € C(IR), since f is continuous, which
follows from applying Theorem 2.1.2 on f. Finally, R .z € L' (IR) since f € L*(IR).
Now, we can apply Theorem 2.1.5, which yields

F@F =VErRs0) = [ FiRpol@)do = [ WIf)(o0)do
R R

This proves (2.39). Relation (2.40) is proved in the same way by replacing f by f. O

Relations (2.39) and (2.40) are called the time-frequency marginals, see also [18]. As
a corollary of Theorem 2.3.4 we have for f € L' (IR) N L*>(IR)

WV[f](z,w) =0, z & [T}, o], w € R = f(z) =0, = & [Ty, T}]
and for f € L' (IR) N L*(R)

WV[f](z,w) =0, w & [, D], 2 € R=> f(w) =0, w & [, D],
with Ty, Ty, 1,2, € IR.

A last result on the energy density of the Wigner distribution is obtained by integrating
(2.40) over w. This yields

1712 = / WV f](z,w) do do, (2.41)

for f € L'(IR) N L2(IR) or f € L'(IR) N L*(IR).

For a comprehensive list of other properties of the one-dimensional Wigner distribu-
tion we refer to [15, 44].

At the end of this discussion of the Wigner distribution, we consider its range. We have
already observed that the range of the Wigner distribution, Ran(WWV), is in L2 (IR?).
However, WV : L?(IR) — L*(IR?) is not surjective. So Ran(WV) # L?(IR?).



Lie Group Theory and the Heisenberg Group 41

Moreover, in [105] Wigner showed that a bilinear time-frequency distribution satisfy-
ing time-frequency marginals as in Theorem 2.3.4 cannot be non-negative everywhere
‘in the time-frequency plane. In [47], Janssen showed that for one class of signals and
one class of signals only, the Wigner distribution is positive, namely for

(a4 —aa?/2+4iba? /2+izwo
f@)=(2)" e
we obtain
WVIf|(, w) = Lemae*/2-(@ba—wo)?/a
m

with a,b,wy € R.

2.4 Lie Group Theory and the Heisenberg Group

In this section we will discuss the Heisenberg group and its relation to the multi-
dimensional WFT and mainly to the multi-dimensional Wigner distribution. In Chap-
ter 5 we will recall these properties to construct time-frequency operators using a
group theoretical approach.

We start with some standard definitions on Lie group theory, that can be found in e.g.
[98, 102].

Definition 2.4.1 A set G with both a topological and a group structure is called a
topological group if the mapping

(z,y) = zy™* (2.42)

is a continuous mapping from G x G onto G. A topological group G is called a Lie
group if there is a differentiable structure on G, compatible with its topology, such
that G converts into a C*-manifold and for which the mapping (2.42) is C*°.

Related to a Lie group G we can also look for a Lie subgroup G’ defined as a Lie
group that is a subgroup of the group G and a C'°°-submanifold of the C'*°-manifold
G. In the following example we shall consider a well-known Lie group and some of
its Lie subgroups.

Example 2.4.2 Consider the group GL(n) = {M € R"*"™ | det M # 0}. It can
be verified rather easily that GL(n) is a Lie group using the fact that the mapping
M +— det M is continuous. Some well-known Lie subgroups of G L(n) are given by

1. SL(n) = {M € GL(n) | det M = 1},
2. O(n) ={M € GL(n) | MTM =T},
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3. SO(n) = {M € O(n) | det M = 1}.

Another example of a well-known Lie group is the Heisenberg group, which is defined
as follows.

Definition 2.4.3 The 2n + 1-dimensional Heisenberg group H, is identified with
IR™ x IR™ x IR with the multiplication law

(p1,q1,t1) (P2, g2, t2) = (P1 + P2, 1 + @2, 81 + t2 + (@1, p2) — (P1,42))/2).

To relate a topological group to an operator on a separable Hilbert space, we use the
concept of topological group representations.

Definition 2.4.4 Let G be a topological group, H be a Hilbert space and B(H ) be the
space of all bounded operators on H. Then a representation of G in H is a mapping
u: G — B(H) for which

L p(@)p(y) = p(zy), forallz,y € G,
2. u(e) = Z, with e the identity of G and T the identity operator on H,

3. & — p(z)f is a continuous mapping from G to H, for all f € H.

Note, that Definition 2.4.4 yields that y is a group homomorphism, which is continu-
ous in the strong operator topology of B(H).

Topological group representations may satisfy several important properties. A first
desirable property of a representation is that it is unitary, i.e., u(z) € U(H), for all
x € G, where U(H) denotes the space of all unitary operators on H. Furthermore,
w is said to be irreducible if {0} and H are the only closed subspaces of H that
are invariant under the action of u(z), for all z € G. A last property concerns the
equivalence of two representations. A representation g is said to be equivalent with a
representation p : G — B(H) if there exists an operator ) € U(H), such that

p=Vuy. (2.43)

Note that a unitary representation y is a group homomorphism, which is continuous
in the strong operator topology of U (H). Also we observe, that for unitary represen-
tations it can be proved, see e.g. [54], that u is irreducible if and only if for p = g,
(2.43) only holds for V' = CZ, with |C| = 1.

An irreducible unitary representation of H,, in the space L(IR") is given by the
Schrodinger representation

w(p, g, 0)[f)(2) = PP HPD) f(g 4 g). (2.44)

In the sequel of this section the representation y will denote the Schrodinger represen-
tation.
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The WFT of a function f € L?(IR™) can be given in terms of this representation.
According to (2.11) we have

Falfl(m,w) = (2m) "2 D2 (f, p(w, —z,0)h)s, (2.45)
forall f,h € L?(IR™). The spectrogram | F[f](z,w)|? can be given by
|Falfl(z,w)|* = 2m)7"|(f, p(w, —2,t)h)2]* Viem. (2.46)

A relation between the Heisenberg group and the Wigner distribution can be derived
using the characteristic function M [f] for the multi-dimensional Wigner distribution.
We derive

M[fl(p,q) = (2m)~"/? / flu+q/2) flu— q/2)eP¥ du
BTL
= (2m) 2P0/ / Flu+ ) Fa)e® gy
Rn
= @2m) " (ulp,q,0)f, f). (2.47)
This yields
WV[fl(z,w) = (2r) "2FM[f])(z,w)
= (271-)_”‘7:[(“(3a0)f7 f)Q](x7w)7 (248)

with WYV the multi-dimensional Wigner distribution and F the 2n-dimensional Fourier
transform. By polarization, we get that (2.48) also holds for the mixed Wigner distri-
bution, i.e.,

WV[f, g](w, w) = (271-)-”-7:[(/1'(7 K O)fv 9)2](1‘7 w)‘ (249)
Since p is irreducible, we have for unitary operators V), as a corollary of (2.49),
WV[f]=WV[Vf] < V=CIZ, |[C|=1. (2.50)

We have seen that the Wigner distribution is related to the Schrédinger representation
by means of the characteristic function. Assume that there exists a unitary represen-
tation p of H,, in U(L?(IR™)), for which u = V*pV, for some V € U(L?(IR")).
Then

WYVil(z,w)

I

@m) 7" F(u( - 0)VE, V)2l (2, w)
@m) " FIV p(, - 00V, fal(z,w)

= (2m)7"F[(p(-, - 0)f, f)2)(z, w),
forall f € L2(IR™). This yields

WYV fl(z,w) = (2m) 72" / (p(p,q,0)f, f)2e” PP 0% dodv.  (251)
IR2n
We will return to these results in Chapter 5.
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Chapter 3

The Wavelet Transform

In this chapter we study a transform that analyses signals in time/space and scale, the
wavelet transform. In the first section we introduce the continuous wavelet transform
(CWT) on L2(IR™), particularly on L?(IR). Definitions and properties of this trans-
form are given. Furthermore, we discuss a group theoretical approach for the CWT.
In the second section we consider the discrete wavelet transform (DWT). After an in-
troduction by means of a sampled CWT, we consider its relation with the concepts of
Multiresolution Analysis (MRA) and filter bank theory. A fast algorithm to compute
the DWT and its use on discrete-time functions in /?(Z) are discussed.

This chapter is mainly based on existing literature on the Wavelet transform [23, 45,
51, 55, 59, 62] and its relation to filter banks by means of an MRA [16, 43, 60, 95].
Therefore, we will refer several times to the existing literature throughout this chapter.
However, we also add some new ideas.

3.1 The Continuous Wavelet Transform

The CWT of f € L2(IR) is a linear operator defined by

Wolflad) =z [ 1@ (252 as a1
R

for some 1) € L?(IR) and a € IR* and b € IR. By introducing the dilation operator
D, on L*(IR) by

Palflie) = =1 (7). 62)

for some a € IR we can write (3.1) also as

Wyl fl(a,b) = (f, TeDat)), (3.3)
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with 7Ty the shift operator as introduced in (2.12). Using this notation we prove that
Wy[f] is continuous on H for all f € L?(IR), with H = R* x IR.

Lemma 3.1.1 W,[f] is continuous on H forall f € L*(IR).

Proof

Using the notation ¢, , = TpDat, with ¢ € L*(IR), we prove this lemma in two
parts. First we give a proof for continuous functions 1) with compact support and next
for arbitrary ¢ € L?(IR). Assume 1) € Lgomp(ﬂ%), then ¢ is uniformly continuous.
So

Y = Yarprll = 0, (a,b) = (a',0").
Now, choose ¢ > 0 and take g € L?(IR) such that ||g — v|| < £/3, with ¢ continuous
and compactly supported. Then

19a.6 — gar prll2 = ”ga,b = Yap + VYap — Var b + Par b — gar b Il2
< Ngap — Yapllz + [Yap — Yarprll2 + |1gar o — Yar ]2
< 2(lg = ¥ll2 + 1¥ap — Yar ]2

To establish the proof, we take (a, b) — (a’, b') small such that ||1bg p — e b ||2 < €/3.
O

Furthermore, from (3.3) we obtain by Schwarz’s inequality

Wyl£1(a, 0)] < (I fll2 - [[#ll2 Veer+Voem

which yields Wy f € L*®(HH), for all f € L?(IR). Later on we shall show that under
certain conditions on ), Wy, : L?(IR) — L?(HH,a"*dbda) is an isometry up to a
constant that depends on ). Here L?(IH, a~2dbda) denotes the space of all Euclidean
square integrable functions on L?(IH ) with respect to the measure a~2dbda. Besides,
by Parseval’s theorem we can write (3.3) in terms of the Fourier transforms of f and

(2

Wyl[f](a,b) (Ff, FTsDath)

\/E/f(w)@(aw)eibw dw. (3.4)
R

A third way to write (3.1) is given by means of a convolution product. Take 9)(z) =
Y(—z), then

Wy [fl(a,b) = (f * Dath)(b). 3.5)

The CWT can be generalized into a transform on L?(IR™) by replacing the scalar a
by a non-singular matrix A € IR™*" and the scalar b by a vector b € IR", i.e.,

Wiyls](4,0) = A=T(z — b)) da.

1
T B/ s(2)0]
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Figure 3.1: Two admissible wavelets: a) the Haar wavelet, b) the Mexican hat.

In the literature mostly A = al is taken, see e.g. [23, 59]. For this choice, prop-
erties for the multi-dimensional CWT can be proved in a rather straightforward way
using properties of the one-dimensional CWT. Murenzi followed a different approach
in [66]. He introduced a multi-dimensional CWT based on a dilation operator that
involves a non-singular matrix A € IR™*", translations in JR™ and a rotation opera-
tor. Also properties of this CWT resemble the properties we will deduce for the one
dimensional CWT in the sequel of this chapter.

Definition 3.1.2 A function 1) € L?(IR) which satisfies the admissibility condition

7 2
0<Cy=2r / |i%‘ida < 0, 3.6)
R+

for almost all w € IR is called an (admissible) wavelet.

Note that all v € L2(IR) are admissible wavelets if 1) # 0, 1) differentiable in 0 and

1(0) = 0. Furthermore, the set of admissible wavelets is dense in L?(IR), which is
not very hard to prove, see e.g. [59].

We introduce two functions that satisfy the admissibility condition, namely the Haar
wavelet and the Mexican hat.
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Example 3.1.3 The Haar wavelet is defined by

1, z€]0,1/2),
1/1(93) = _17 TE [1/2,1)7 (37)
0, otherwise.

The Haar wavelet is depicted in Figure 3.1.a. Later we will see that the Haar wavelet is

admissible, since it is compactly supported and / ¥ (z) dz = 0. These two conditions
R

are sufficient to guarantee that ¢ is admissible. However, here we show that the Haar
wavelet is an admissible wavelet by computing

1/2 1 A ‘
A 1 iz / . 1 (1+e—1w_26—m}/2>
Nw) = —— e wdm_ ezxwdx — : ’
v 2 / Vor iw
0 1/2
and so
|1[)(aw)|2 B Il + e—iaw _ 26—mw/2|2 ~ Ie—iaw/2|2 ) |ei“‘“/4 _ e_i““’/4|4
a a adw? N PERE
_ sin® (aw/4)
= W

Integrating by parts yields

Nw/4

.4
Cp = I\Pm / smm3($) dr
—00
0
i Nw/4 Nw/a .
_ gy SO (z) I — / 2sin(2z) — sin(4x) da
N—o0 222 2=0 N —o00 z2
0
. _ . Nw/4
—  lim sin(4x) — 2sin(2z) +
N—o00 4x 2=0
Nw/4
lim / cos(2x) — cos(4x) da
N—o0 x
0
Nuw/4 Nw/2
2z) — 1 4z) —
—  lim / cos(2x) dr — / cos(4z) ldx
N—=o00 T T
0 0

= 1\}1—13100 Ci(Nw/4) — In(Nw/4) — Ci(Nw/2) + In(Nw/2) = In2,

where C'i denotes the cosine integral, see [96].
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Figure 3.2: The CWT using the Haar wavelet: a) a contour plot of Wy(f](a, b) with
1 the Haar wavelet, b) the original signal f.

We used the Haar wavelet to compute the CWT of the function f as given in (2.18). In
Figure 3.2.a the contour plot of this CWT is depicted. In this plot maxima of W, [f]
can be observed around scale a = 80 for b € [1,2] and around scale a = 20 for
b € [2,3]. This difference in scaling behaviour is due to the difference in frequency
at the corresponding intervals z € [1,2] and € [2, 3]. Note that the frequency of
f increases by a factor of 4 going from one interval to the other and that the scale
corresponds to reciprocal values in frequency. Finally, we observe that the energy is
also spread outside the interval b € [1, 3]. Moreover, energy is spread more widely for
increasing scales, which is due to the convolution product (3.5).

Example 3.1.4 The Mexican hat 1) is defined by
P(z) = — e " = (1—2?)e /2, (3.8)
The Mexican hat is depicted in Figure 3.1.b. Since F[f'](w) = iw f(w) and

2/ s 2
/ez/ze mwdw:ew/Z,
R
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amplitude f

(b) x-axis

Figure 3.3: The CWT using the Mexican hat: a) a contour plot of W[ f](a, b) with ¢
the Mexican hat, b) the original signal f.

- 1
we get (w) = \/?uﬂe_wzﬁ. So

™
. ) ]
C’w:27r/|—w—(a;)lda= /a3w4e_“2“ da=1/2/ye‘ydy=1/2.
Rt

R+ R+

Also with the Mexican hat we have computed the CWT of f, as defined in (2.18).
A contour plot of this CWT is shown in Figure 3.3.a. As in Figure 3.2.a maxima of
Wy [f] can be observed. However, here maxima are located around scale a = 20 for
b € [1,2] and around scale a = 5 for b € [2,3]. The difference in scaling behaviour
compared to the CWT using the Haar wavelet is due to a difference in frequency
behaviour of both wavelets. It can be seen in Figure 3.1 that frequencies of the Haar
wavelet that contain most energy are located around frequencies that are about 4 times
higher than the corresponding frequencies of the Mexican hat.

To understand the admissibility condition we give some necessary and sufficient con-
ditions on ¢ such that it is a wavelet. A necessary conditionon ¢ € L!(IR) N L?(IR)
such that it satisfies (3.6) can be derived by applying Lemma 2.1.2 on C),. Since
¢ € L'(IR) this theorem yields ¢ € C/(IR), particularly 1) is continuous in 0, which
yields with (3.6)

/w(m) dz = (0) = 0.
R
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A sufficient condition on 1) € L!(IR) N L?(IR) such that it is a wavelet is given by

/1/)(33) dr =0 and /|x|l|¢(m)|dm < 00, (3.9
R R

for > 1/2. A proof of this result can be found in e.g. [59]. From this sufficient con-
dition it follows immediately that a compactly supported 1) € L?(IR) is a wavelet if
and only if/w(z:) dz = 0, since / |z|' |3 ()| dz < oo, for I > 0 if 9 is compactly

R R
supported. For more sufficient conditions on 1) such that it satisfies the admissibility

condition the reader may consult [23, 45, 55].

The following theorem shows that for admissible 1, the operator Wy, : L*(IR) —
L?(H, a2dbda) is an isometry up to the constant,/Cy.

Theorem 3.1.5 Let f € L*>(IR) and let 1) € L*(IR) be an admissible wavelet. Then

[ 1#@P dz =16y [welsianP . (3.10)
IR H

Proof
From (3.5) we get

(W £1(a,b)* = |(f * Dath) (b) -

We integrate both the left-hand side and the right-hand side of this relation over IH
and apply Plancherel’s formula (2.7) on the right-hand side. Now, we arrive cf. [55]
at

JL DR 2ﬂ/|f ()P (aw) do 2

H
So
d .
[wilnabrasy = [iier /'“’“‘" o
H R
= Gy [ i) do = CylfIE,
R
using Fubini’s theorem and Plancherel’s formula. |

Relation (3.10) can be seen as Plancherel’s formula for the CWT. As a result of this
relation we get

f € L*(IR) = Wy f € L*(H,a dbda),
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for any 1 for which Cy, < oco. Moreover, by polarization, (3.10) yields immediately
Parseval’s formula for the CWT

[ t@ids = o [ ot owian a s, @3.11)
IR H

for f,g € L?(IR), if 1 is admissible. Formula (3.11) gives

[t ds

R

_}_/Ww [£](a,b) /1/%}@1/1 <x;b> dxdbz—g,

[ (3 o (252 2

for all g € L?(IR). This proves the following formal reconstruction theorem.

I

Theorem 3.1.6 Let f € L*(IR) and let 1) € L*(IR) be an admissible wavelet. Then

x—b da
—=. A2
>dba2ﬁ (3.12)

£@) =1/Cy [ Wels(a by (
H

Relation (3.12) holds weakly in L?(IR).

Relation (3.12) should be interpreted by means of the first identity derived above be-
fore Theorem 3.1.6. A stronger result holds for f € L'(JR)NL?(IR) and f € L' (IR).
With these assumptions on f it can be proved, see e.g. [55], that (3.12) holds point-
wise. Furthermore, under these assumptions, for each z € IR, both the inner integral
(over b) and the outer integral (over a) are necessarily absolutely convergent, while
the double integral in (3.12) is not necessarily absolutely convergent. Note that f(x)
is well-defined for all z € IR, since f is continuous due to Lemma 2.1.2.

We have shown that W,, maps all f € L?*(IR) into some Wy, f € L*(IH,a?dbda).
Moreover, we have shown that we can reconstruct f from Wy, f, if 9 is an admissible
wavelet. However the range of Wy, Ran(W,,) is only a subset of L?(IH,a~2dbda).
To characterize Ran(Wy,) for admissible wavelets ¢ we derive from (3.11) using Fu-
bini’s theorem

Wy [£1(a,b)
= (£, TsDa¥)

- gl s (2 T o e
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-Cj—ﬁﬂlﬂzww[f](u,v)w (””;”)w (””a"’) o

[ koo b Wil o %,
H

with ky (@, b; u, v) = (T, Dy, To Do)/ Cy the reproducing kernel. Remark, that

ky(a,b;u,v) = Wy [Ty Do) (u,v).

Therefore, ky, (a, b;u,v) € L?(IH,u™?dvdu), for all (a,b) € IH. A necessary condi-
tion on h € L2(IH,a~2dbda) such that it is in Ran()Vy) is given by

h(a,b) = /kw(a,b;u,v)h(u,v) dv % (3.13)
H

Note that h is continuous on JH by Lemma 3.1.1. Therefore (3.13) is well defined.

Moreover, it can be shown [51], that (3.13) is also a sufficient condition on A to be in
Ran(W,). Resuming,

Ran(Wy) = {h € L*(IH,a"*dbda) | h(a,b) = /k¢(a, b;u,v)h(u,v) dv %}.

H

Obviously, Ran(Wy) is closed due to Theorem 3.1.5. Combining this result with The-
orem 3.1.5 yields that the transform f — W, f/,/Cy is a Hilbert space isometry
from L?(IR) onto Ran(Wy) as given above.

We observe that the results on the reproducing kernel and the range of W,, as presented
here are similar to the results we presented in Section 2.2, where we considered the
WFT.

In Chapter 2 we have seen that the WFT and the Wigner distribution are related to
the Heisenberg group by means of the Schrodinger representation. Also the CWT
is related to a group, namely the Lie group G, which is identified with IH with the
multiplication law

(a1,b1) (a2,b2) = (aras,a1bs + b1). (3.14)

We observe that the affine-linear group G, s identified with JR? with multiplication law
(3.14) is isomorphic to Z5 x G. The left and right Haar measures (i, and i) of G
are Borel measures for which ur,(9F) = ur(E) and pg(Eg) = ur(E) forallg € G
and all Borel sets E C G. A straightforward calculation yields duz,(a, b) = a=2dbda
and dug(a,b) = a~dbda.
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We introduce a representation of G in U(L?(IR)) by
m(a,b) = TyDa, Y(ap)ea-

Obviously 7 is a group homomorphism. Furthermore, it is continuous in the strong
operator topology of U (L?(IR)) and 7(a, b) is unitary for all (a,b) € G. In this setting
a function h € L%(IR) is called an admissible vector if

(a,b) = (f,m(a,b)h)2 € L*(H,pr) Vier2(m)- (3.15)

Since (f, w(a, b)h) = Wi[f](a, b) Theorem 3.1.5 states that h is an admissible vector
if and only if C, < oo. We already observed that the set of admissible wavelets is
dense in L?(IR) and therefore the set of all h € L?(IR) that satisfy (3.15) is dense in
L?(IR) as well. The following theorem shows that 7 is irreducible.

Theorem 3.1.7 Let 7 be the unitary representation of G in U(L*(IR)) by
W(a,b) = TtDa, V(a,b)EG'
Then m is irreducible.

Proof
We assume 7 is reducible. Then there exists a closed linear subspace V C L%(IR),
with V # {0} and V # L?(IR), such that

7(a,b)V CV forall (a,b) € G.

Then there exists non-trivial vectors g € V and f € V* such that (f, 7(a,b)g)s = 0
forall (a,b) € G. Now

||f||gcg = (faﬂ'(aa b)g)2 =0,

yields f = 0 or g = 0, which is in contradiction with f # 0 and g # 0. m|

To conclude, the continuous wavelet transform with a wavelet ¢ is a unitary irre-
ducible representation of the Lie group G with admissible vector ). More detailed
studies on the wavelet transform and group theory can be found in [38, 39, 66].

3.2 The Discrete Wavelet Transform

In the previous section we considered the CWT. We showed that this integral trans-
form is able to analyse signals both in time/space and scale. Moreover, it turned out
that such signals can be recovered from their CWT. In this section we consider the
problem of calculating efficiently the wavelet transform of a function and reconstruct-
ing it efficiently from its transform.
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A first approach is to compute the wavelet transform only for a discrete subset L C IH,

e.g.

L = {(ag*,nboag") | n,m € Z},
for some ap > 1 and by > 0 and to replace the double integral in (3.12) by a double
sum over L. Using such an approach we have to show that the integral can indeed be
replaced by a double sum without loss of information. Furthermore, reconstruction of
a function f € L?(IR) by means of this double sum should depend continuously on f.

This kind of stability is guaranteed if the tuple (1, ao, bo) generates a wavelet frame,
ie.,

mellfl3< Y IWulfl(a,b)* < MpllfI3, Yrere(m (3.16)
(a,b)€L

for some constants m g, Mp > 0 called the frame bounds. We observe that if the
triple (1, ag, bp) generates a wavelet frame with mp = Mp = 1 and if ||¢)||2 = 1
then

{Tnboag Dayptp | n,m € Z} (3.17)

is an orthonormal basis in L?(IR) and conversely. In that case we can transform and
reconstruct any f € L%(IR) with respect to the lattice L using a transformation called
the discrete wavelet transform (DWT). This DWT provides an efficient algorithm, that
does not need to compute Wy [f](a, b) for all (a,b) € L by means of inner products.
In Section 3.2.2 we will discuss this algorithm, called the pyramid algorithm.

In [22] Daubechies has given necessary and sufficient conditions on (v, ag, bg) such
that (3.17) is a wavelet frame. We summarize some of these conditions in the follow-
ing theorem.

Theorem 3.2.1 Assume that

Less inf 3 |[¢(aw)]? >0,
lwl€[1,a0] mez

2.ess sup Y |Y(afw)]? < oo,
|w|€[1,a0] meZ

3. sup (1 +z2)M+9)/2p(z) < oo, for some § > 0 with
z€R

h(@)= sup Y [blagw)||d(af'w + ).

|w|€[1,a0] meZ

Then there exists an N > 0 such that
a. (1,ao,bo) generates a wavelet frame for1p € L*(IR), ag > 1and0 < by < N,

b. Ves0Tpoe[N,N+e] * (1, ag, bo) does not generate a wavelet frame.
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Moreover, if (¢, ag, by) generates a wavelet frame, then

mp < Mp. (3.18)

— 2bplnay —
Proof
Cf. [22]. ]

From (3.18) it follows immediately that 1) is an admissible wavelet if (¢, ag, bo) gen-
erates a wavelet frame or an orthonormal basis in L?>(IR). A more elegant and fast
way to come to a DWT by means of orthonormal wavelet bases in L2 (IR) is given by
the concept of a multiresolution analysis (MRA), which is considered in the sequel of
this section. In Chapter 4 we shall return to the notion of frames related to MRA.

3.2.1 Multiresolution Analysis in L2 (IR)

The concept of an MRA is due to Mallat [60] and Meyer [62] and was originally used
as a signal processing tool by means of perfect reconstruction filter banks [43, 95],
which is discussed in Section 3.2.2. We start with the definition of an MRA, following
[16, 23, 60].

Definition 3.2.2 An MRA in L?(IR) is an increasing sequence of closed subspaces
Vi, j € Z,in L*(RR),

---C%C%CVOClecV_z--~,

such that
1. U V; isdensein L*(IR),
JjEZ
2. N V;=A{0},
jez

3. feVi=D'feVi_, Viez
4. Aper2m) : {T"¢ | k € Z} is an orthonormal basis for Vi,
with D := Dy and T := T and ¢ real-valued.
For a more general concept of an MRA we can replace Condition 4 by
Jper2(m) : {T¥¢ | k € Z} is a Riesz basis for V.

Characterizations of a Riesz basis are given in [108]. Also the concept of an MRA for
L%(IR™) has been described in the literature thoroughly, see [23, 62]. In Chapter 4 we
consider this general concept of an MRA in a functional analytical setting. Here we
stick at Definition 3.2.2.
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By Definition 3.2.2 an orthonormal basis for V;, with j € Z fixed, is given by
{DiTk¢ | k € Z},

once such function ¢ has been found. Such ¢ is called scaling function. Since D is a
unitary operator on L2(IR) and V} is invariant under the action of 7, the collection

{(D7'T*¢ | k € Z}
is an orthonormal basis for V_;. As we also have ¢ € V_;, we get

$= pk)D' Tk, (3.19)

kez

for some real-valued p € 1?(Z). In Section 3.2.2 we also want p to generate a bounded
convolution operator on [2(Z). Therefore we require p € [*(Z). Relation (3.19) is
referred to as scale relation and p as scale sequence.

We consider again the inclusion V5 C V_;. Obviously we can define a subspace Wy
such that Wy ~ V_; /Vj. For a unique definition of Wy, we take Wo = V_1 N VOL.
Using the invariance of the subspaces V; under the action of the unitary operator D~}
we arrive in a natural way at the definition of the closed subspaces W; C L?(IR) by
putting W; = V;_; N VjL. Recursively repeating the orthonormal decomposition of
some V_;into V_ ;41 and W_ ;. yields

Veyg = Vogpu®Wo =V oy ®dW_ 0@ W_j41
—J+1

=Vie (P wy.
i=J

Taking J — oo and applying Conditions 1 and 2 from Definition 3.2.2 leads to

Pw; =L*(R).

JjEZ

Now assume that we can find a real-valued function ¢» € V_y, such that {T%¢ | k €
Z} is an orthonormal basis for Wy. Then {D/T*y | k € Z} is an orthonormal basis
for W;, j € Z. Since the subspaces W; are chosen to be mutually orthogonal, we
then have an orthonormal basis in L?(IR) given by {D?T*y | j,k € Z}. By (3.18)
the function %) is a wavelet and

(DT | k € Z}

is a wavelet basis for W}, for fixed j € Z. So, using these wavelet bases we are able
to decompose any f € L?(IR) into functions at several scales.
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Since the wavelet function ¢ should be in V_1, there exists also a scale relation for 1)

= qk)D ' T, (3.20)
kez

for some real-valued g € 1%(Z), the scaling sequence for 7. As in (3.19) we will also
require ¢ € [1(Z). By this relation, the problem of finding 1/ can be replaced by the
problem of finding ¢ if ¢, and therefore also p, is known. A well-known choice [23]
for g is given by

q(k) = (=1)*p(1 - k). (3.21)
Note that we have introduced the concept of an MRA for L?(IR) to constitute or-
thonormal wavelet bases in L2(IR) by means of dilations and translations. These
bases are equal to the wavelet frames (3.17) defined on the lattice

Ly ={(2",n2™)|m,n € Z} (3.22)

with frame bounds mp = Mp = 1 and ||¢)||2 = 1.

An MRA for L?(IR™) can be defined in a similar way, see e.g. [23, 62]. In Chapter 4
we also consider a framework of such an MRA as well as a setting for an MRA which
generates wavelet bases defined on other lattices than (3.22).

3.2.2 MRA and Filter Banks

An MRA can be related to filter banks by looking at a one-level decomposition and
reconstruction V;_; = V; @ W;. At the same time this relation yields a scheme to
calculate the wavelet transform of a function in L?(IR) and to reconstruct it from its
transform on L in a fast way. For this decomposition and reconstruction we introduce
the orthoprojectors P; and Q; on V; and W; respectively. By definition we have

Pj-1=P; + 9, (3.23)
forall j € Z. Note that Conditions 1 and 2 from Definition 3.2.2 yield
lim Pif=f, (3.24)
j—or—
and
lim P;f =0, (3.25)
j—oo

forall f € L?(IR).

The decomposition algorithm:

We assume P;_; f € V;_; is known for a certain j € Z. Consequently there exists a
sequence cj_; € [*(Z) such that

Pioif = cjmi(R)DIT THg.

keZ
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Moreover, the sequence c;j_ is given by ¢j_1(k) = (D'~1T*¢, f),. Following
decomposition (3.23) we have

Pioif =Y c;(k)DITEp+ Y dj(k)DI T e, (3.26)
kez kez
with the sequence d; given by

Q;f =Y di(k)D'THy.

keZ

Note that the sequences ¢; and d; can be calculated by c;(k) = (DIT*¢, f)» and
dj(k) = (DIT*k4, f)s respectively. However with the known sequence c¢;_; we can
also derive using (3.19) and (3.26)

Cj(k) = (Pj—lf, Dka¢)2 — Zp(n) (Pj~1f, Dj_1T2k+n¢)2

neZ
= > cima(m)p(n) (DI T, DIT THng),
mneZ
= Y i1k +n)p(n) = ((} 2)[ej-1 * ) (k), (3.27)
nez
with (¢;_1 #p)(k) = > _ ¢j_1(n — k)p(k), p(n) = p(—n) and with ( 2) the down-

keZ
sampling operator given by

(( 2)[u)) (k) = u(2k),
for all u € [?(Z). In the same manner we get
dj = (1 2)(¢j-1 % q). (3.28)

So c; and d; are obtained from c;_; by taking c;_; as input for the linear time-
invariant filters p and ¢ respectively. After this filtering operation the sequences are
downsampled by a factor 2. This can be visualized by means of an analysis part of a
two channel filter bank as depicted in Figure 3.4.

Recursively we get expressions for ¢j;,, and d;,, for n > 1, namely
civn = (1 2)Cp)"¢; and djn = ({ 2)C5((4 2)Cp)" 'y, (3:29)
where C,, denotes convolution with u € I*(Z), i.e.,
Culd(n) = Y u(n = k)e(k),
kezZ

for all ¢ € [?(Z). In terms of filter banks we can say that ¢;,, and d;, are obtained
by iterative use of the analysis part of two channel filter bank of Figure 3.4.
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Figure 3.4: A two channel filter bank related to the wavelet filters p and ¢

The reconstruction algorithm:

Once we have computed a decomposition of P;_; f into P; f and Q; f by means of
the coefficients c; and d;, we can also recover c¢;_; out of ¢; and d; in an efficient
way. In order to come to such a reconstruction formula we will represent P; f and
Q, f interms of D=1 T*¢, k € Z, the basis functions of V;_; . For this we introduce
for f € L?(IR) the [*>-sequences

an,m(k) = (Pnfy DmTk¢) and ﬂn,m(k) = (an7 DmTk¢) (3.30)
Since P; f € V;_1, we can write

ij = Z Oéj’j._l(k)'Dj_lTk(ﬁ.

keZ

An expression for aj j_ is found by taking the inner product with D?~17*¢ in both
the left-hand side and the right-hand side of this equation. This yields in combination
with (3.26) and (3.19)

g1 (k) = (Pif,DITTHG) = B e(m) (DIT"6, DI TH9),
= Y ¢(n)p(m) (Djielj'm“%, Di~1Tkg),
oz
= X;‘chm)p(k —2n) = (1 2)¢) *p)(k), (3.31)
with (1 2) the uPsamplinEg operator given by
2l = { O/ kedt =0

0, otherwise,
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for all u € [?(Z). We observe that (| 2)(1 2) = Z and ({ 2)* = (1 2). In the same
manner we have '
Qif = Bij-1 (kDI TH,
kezZ
with

Bjji-1 = ((12)d;) * q. (3.32)

So we derived the reconstruction formula

cj—1 = ajj-1+ Bjj-1 = ((12)c;) *p+ (1 2)d;) * q.

Hence, c;_; can be recovered from o ;1 and 3; ;1. Here a; ;1 and §; ;_; can
be seen as the output sequences of the linear time-invariant filters p and g respectively
with input sequences c; and d; upsampled by a factor 2. This can be visualized by
means of a synthesis part of a two channel filter bank as has been depicted also in
Figure 3.4.

Recursively we get expressions for a1, j and 845, ; for n > 1, namely

Qjtn,j = (Cp(T 2))ncj+n and Bjin,; = (CIJ(T 2))n_1cq(T z)dj+n- (3.33)

In terms of filter banks we can say that a; ,, ; and 8., ; are obtained by iterative use
of the synthesis part of two channel filter bank of Figure 3.4. This recursive approach
to obtain a4 ;j and B, ; is depicted in Figure 3.5 for n = 2.

The algorithm of decomposing and reconstructing functions by means of filter banks
related to an MRA is known as the pyramid algorithm.

3.2.3 Implementation of the DWT and its Use for [*(Z)

A problem that appears in decomposing a function f € L?(IR) at several scales by
means of the pyramid algorithm is that the coefficients c; should be known in order to
compute Pj., f, m € IN, in a fast way. Computing ¢; does not only slow down the
algorithm, it can also be impossible if only samples of f are given. The last problem
appears if f is given by discrete-time measurements.

An approximation of ¢; can be given by
cj(k) = f(2k).

Note that if only measurements of f are available, we can identify these measurements
with ¢; assuming that the samples are taken from some f € L?(IR) at sampling rate
27. The following theorem, which is a generalization of an exercise in [59], shows that
this is a good approximation, under certain conditions on f and the scaling function

¢.
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Figure 3.5: Decomposition and reconstruction by means of a filter bank at one resolu-

tion level

Theorem 3.2.3 Let f € L%(IR) be Holder continuous of order o € (0,1, i.e

If(m) - f(y)l S C- [1’. - yla, vz‘,yERJ

(3.34)

fora constant C > 0 and let s;(k) = f(27k) for some j € Z. Let the scaling function

@ be continuous in Z and let ¢ satisfy
d dz—k)=1ae z€R,
keZ
where the sum converges absolutely almost everywhere, and
> k% (k)] < co.
kez
Then . .
Ves03sezVi<a Vnez [Pilf1(2'n) — §;[f1(2'n)] <e,
with S; : L?(IR) — V; given by
Silfl) = sj(k)p(27 Iz — k).
kez
Proof

For all j € Z we can write

Pilf)(=) = S[fl@)] = |Pi[f](@) - f(z) = §;[f1(=z) + f(2)]

< [Pilfl) = f(@)] + IS;([f](2) = f(=)].

(3.35)

(3.36)
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From the Holder continuity of f and Jackson’s inequality, see e.g. [106], it follows
that

Pif = fllo < C sup ||f = Taflloo
0<|h|<27
< Co2% = 0 (j = —o0),

for some positive constants C and Cj. The proof is established by showing that

|S;1£1(27n) = f(27n)] = 0 (j = —o0).

We derive
IS;[f1(2n) = F(@n)| = | si(k)p(n — k) — s;(n)]

keZ

= | (si(k) - 5i(n))p(n — k)|
keZ

< D If(@n) = £ (n - k)| |6(k)|

keZ
< 022 [k|*lg(k)| = 0 (j = —o0).
keZ

O

In the previous theorem we used two conditions on ¢, which might seem strong and a
bit unfamiliar as well. However, Condition (3.36) is already satisfied if ¢ is compactly
supported, which is the case for the well-known Daubechies functions [23] and the
spline scaling functions, i.e., B-splines [12]. For ¢ continuous in Z, sufficient condi-
tions on ¢ such that Condition (3.35) is satisfied are given in the following lemma.

Lemma 3.2.4 Let ¢ € L'(IR) N L2(IR) such that {T*¢ | k € Z} is an orthonormal
set in L>(IR) and ¢(0) = 1/+/27. Then

qu(z—k):l ae. zé€lR,

keZ

where the sum converges absolutely almost everywhere.

Proof
Take g(w) = 3 |#(w+271)|2. Then g is 27-periodic and L' . Its Fourier coefficients
lez

are given by

27 o
cr = 1/\/% /g(w)e—iwk dw = 1/\/% Z/l(i;(w+27rl)|2e—iwk dw
0

lez

1/v2r / I$@)Pe* dw = 1/V2r (6, T~*6) = 1/v/2nb0.s.
R
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This yields g(w) = 1/v/2x for all w € IR, since @ is continuous In particular we
have g(0) = 1/+/27, which leads in combination with ¢(0) = 1/v/27 to ¢(2xl) = 0
for all [ € Z\{0}. Now, put h(z) = Z oz — k). S1nce ¢ € L'(R) thlS sum

converges absolutely. This means that h is Well defined. Furthermore, h is 1-periodic
and L. Its Fourier coefficients can be computed in the same manner as for g. We get
=+ 27r¢ (2ml) = d9,;. Writing down the Fourier series of h establishes the proof. O

The property of ¢ as considered in Lemma 3.2.4 is called the partition of the unity. If
¢ is also continuous in k € Z, then the preceding lemma gives sufficient conditions
on ¢ such that (3.35) holds. The conditions on ¢ such that this partition is guaranteed
are quite natural. In fact, Wojtaszczyk showed in [106] that every scaling function
¢ € L*(IR)N L?(IR) of an MRA as defined in Definition 3.2.2 satisfies the conditions
in Lemma 3.2.4. Moreover, also scaling functions ¢ for which {7%¢ | k € Z} is
a Riesz basis may satisfy Conditions (3.35) and (3.36). A classical example of such
scaling functions ¢ are the cardinal B-spline functions [12], which will be discussed
briefly in Section 4.5.

Starting with a discrete-time function, obtained from measurements, we would like to
get a decomposition at various discrete-time resolution levels instead of a DWT for
L?(IR). A natural way to obtain such a decomposition is to identify a given s € 12(Z)
with a sequence of coefficients c; for some j € Z. So, we construct a function in
L*(IR) with U; : I*(Z) — V; by

) =2" 1/22 k)¢(27 7z — k),
kez

for all z € IR. Note that P;U; = U; and s(k) = (U;s, DIT*¢).

A decomposition of s at level m, denoted by s(™) should satisfy
Ujs(m) = Qj+mu]'3.

)

Its approximation at level m, denoted by sf;;” should satisfy

L{Jsap Pj+muj‘8.

These relations hold if and only if s(™ = B, j, sf],'}) = Qjtm,; and ¢; = s, with
o and S as in (3.33). Combining this result with (3.29) we arrive at the definition of
the DWT for I2(Z).

Definition 3.2.5 Let p and q be the scale sequences as given in (3.19) and (3.20).
Furthermore, let G, = Cy,(1 2) for u € I*(Z). The I>-DWT of a sequence s € 1>(Z)
at scale m € IN is given by

st = Gm=1g, Gz (G)™ s, (3.37)
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Its approximation at scale m € IN is given by
st = G (Gy)™s. (3.38)

In the following lemma we come to some useful properties of the /2-DWT, which we
already met in the case of the DWT for L?(IR).

Lemma 3.2.6 For s € 12(Z), let 5™ and s\ denote the I>-DWT at level m and its
approximation at level m respectively form € IN. Then

2 (M)p2 <A (m) ]2
L lslly = llsa™ iz + 22 Is™™ I3, forall M € IN,
m=1
2. lim [|s™)]|, =0.
m—»00

Proof
First we observe that I{; is unitary for all j € Z, which yields

Isllz = tsli3 = 1Ptd;sll3
M
= (Pjem + D Qivm)Ussll3
m=1
M
= N1Pjraldsslls + D 1Qj+mlsll3
m=1
M M
= esSPN5 + D s ™5 = sGO15 + Y s 3.
m=1 m=1
Using (3.25) we get
s 15 = "™ 15 = 1Qs4mbysll

= ||Pjrm1ld;s|3 — |Pjrmldjs||3 = 0 (m — —o0),

with j € Z fixed. O
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Chapter 4

A Framework for
Multiresolution Analysis in
Hilbert Spaces

In Section 3.2 we already introduced the DWT for functions in L?(IR) by means of
a multiresolution analysis. In this chapter we consider a functional analytical setting
of an MRA for separable Hilbert spaces H. Using this framework necessary and suf-
ficient conditions on operators on H and functions in H are derived such that they
constitute wavelet bases in H.

Meyer already gave strong hints for a generalization of MRA in [62]. A more general
concept, like we present here, was also investigated by Goodman, Lee and Tang in
[36]. However they use a different approach to construct bases in H using MRA.

4.1 Frames and Riesz Systems

In the previous chapter we already mentioned the concept of frames and Riesz bases,
related to the DWT in L2(IR). Here we introduce these concept for arbitrary separable
Hilbert spaces H with inner product (-, -). Furthermore, we come to some results that
relate these concepts.

In the sequel we denote for a countable index set ID, the Hilbert space of all square
summable functions from ID into € by [?(ID) and its inner product by (-,-)p. The
standard orthonormal basis in {?(ID) is denoted by {e;};jem, so e;(i) = &;; for
i,j € ID. The expression [Z(ID) indicates the linear span of the set {e; | j € ID}.
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Definition 4.1.1 A collection Q = {v;| j € ID} in H is called a frame with frame
bounds mp and Mp, 0 < mp < Mp, if for all ¢ € H the sequence (z,v;)jep
belongs to 1(ID) and

mellzl® < Y (@) < Mp|lz|. “.1)
je€D

Note that the wavelet frame (1, ag, by) as introduced in Section 3.2 also satisfies this
condition. Obviously, condition (3.16) equals (4.1) by taking

D =7Z? and Vn,m = Tnboay Dag ¥,
for some wavelet ¢ € L?(IR).
For {v;| j € D} a frame in H, define Sp : H — 1*(ID) by

Srz = Z(az,vj)ej, VacH. 4.2)
j€D

According to Definition 4.1.1,
mpllzl* < [|Spal® < Mp|le|®. 4.3)

So S is a bounded linear operator from H into [2(ID), such that S;.SF has a bounded
inverse. The optimal constants m r and M are given by

mp = ||(S£Sr) 7| 7! and Mp = ||S5SFl.
The operator Sr is called the frame generator associated with the frame (2.

A straightforward computation shows that

S;’a = Z (a’ej)vj’ Vaelz(ﬂ))‘
jeD

Hence, the adjoint frame generator S} is given by
S}?ej = vj.

The following lemma presents some auxiliary results on bounded operators. Using
this lemma we are able to derive relations between the frame generator and its adjoint.

Lemma 4.1.2 Let A € B(H,, Hy), with B(H1, H2) the space of all bounded linear
operators from the Hilbert space H; to the Hilbert space Hs. Then, the following are
equivalent

(i) There exists an operator B € B(Hs, Hy) such that BA =T,

(ii) There exists an m > 0 such that || Az|| > m||z||, for all z € Hy,
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(iii) The null space Ker(A) = {0} and the range Ran(A) is closed,
(iv) There exists an operator C € B(Hy, Hy) such that A*C = T,
(v) The range Ran(A*) = H,.

Proof
Assume (i) holds. Then

llzll = [|1BAz|| < [|B]| || Az]]-

So, property (ii) holds for m = ||B||. If property (ii) holds, then Ker(.A) = {0}, since
|| Az|| = 0 implies ||z|| = 0 using property (i). For proving that Ran(.A) is closed, we
take a sequence (z,,)nev in Hy and a vector y € Ho, such that

Az, =y (n = 00).

Then 1
|k — x| < E]lAwk — Az,|| = 0 (n = ).

So, () nem is a Cauchy sequence. For its limit z € H; we have
Az = lim Az, =y,
n—00
which yields that Ran(.4) is closed.

Obviously, (i) and (iv) are equivalent. If (i) holds, then then also (iv) holds for C = B*
and conversely. Therefore, instead of proving property (iv), if property (iii) holds, we
prove property (i). To do this, we consider the mapping A; from H; into Ran(A),
given by A;z = Az, for all z € H,. Since Ran(A) is closed, we have that A,
is a continuous linear bijection from the Hilbert space H; onto the Hilbert space
Ran(A). By the inverse mapping theorem, .4; is invertible with bounded inverse
A7 : Ran(A) — H;. Now, define B by By = A7 'y, fory = y; + y2, with
y1 € Ran(A) and y, €€ Ran(A)*. Then B € B(H», Hy;) and BA = T.

Next, we assume that (iv) holds. Then
H; = Ran(A*C) C Ran(A") C Hj,

and therefore Ran(A*) = H;. The last thing we have to prove is that property (iv)
holds, given property (v). This is shown as follows. Take £ as A* restricted to
Ker(.A*)1. Then £ is a continuous linear bijection from the Hilbert space Ker(.A*)*
onto H;. As before, the inverse mapping theorem yields that £ has a bounded inverse
&7 from H; onto Ker(A*)1. By defining an operator C by Cz = £~ 'z, for all
z € Hy, property (iv) is established. m]
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It follows from the previous lemma, that S is an injective bounded linear opera-
tor from /2(ID) into H with range, Ran(Sr), closed in H. This is equivalent with
the fact that S;Sr is a boundedly invertible operator. Also Sg(SpSr)™! is the
right inverse of Sg with minimal norm, which can be shown as follows. Take P =
Sr(83Sr) ™S}, the orthoprojector from [?(ID) onto Ran(Sr). Let further A be a
right inverse of S}.. Then

1S (SESP) M| = IPSF(SESF)™HI = IPAI < [IA]l-
In addition to the frame elements v; we define ¢;, j € ID, in Ran(S};) by
¥ = (SpSF)'vj = (SpSr) 7 Sk
Then for all z € Ran(S},)
z = Sp(Sp(SpSp) T =Sk Y (Sk(SESE) 'z, €))e
jeD
= Y (%,(SpSk) 7 She;)Shey = Y (x,8))v;
jeD jeD
and

z = ((SpSp)7'Sp)Srz = (S5:SF) 'Sk > (Srx,€j)e;
Jj€D

= D (2, 856;)(SiSp) T She; = > (z,v;)0;.
JEDD JeD
Following these derivations and the equivalent properties as desribed in Lemma 4.1.2
we arrive at the following theorem.

Theorem 4.1.3 Let Q = {v; | j € ID} be a collection in H satisfying the rigt in-
equality in (4.1) and let Sg be defined by (4.2). Then Q is a frame if and only if the
adjoint of the frame generator S associated with () is surjective. If QY is a frame, the
collection {0; | j € ID}, defined by v; = (S3Sr) ™ *Shej, is also a frame, which we
call the frame dual to ).

We observe that since {#; | j € ID} is a frame, there exists also an associated frame
generator given by Sp(SySr)~!. Special cases of frames are exact frames and tight
frames, which are defined as follows.

Definition 4.1.4 An exact frame is a frame that is no longer a frame whenever any
one of its elements is removed. A tight frame is a frame for which the frame bounds
satisfy mp = MFp.

It can be shown in a rather straightforward way that if @ = {v; |j € DD} is a tight
frame for which mp = 1 and ||v;]| = 1 for all j € ID, then § is an orthonormal
system in H and conversely. A similar property also holds for Riesz systems, which
are defined as follows.
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Definition 4.1.5 The collection Q = {v;| j € ID} in H is called a Riesz system with
Riesz bounds 0 < mp < Mg, if

2 2 2
mellallp <1 (@, ¢;)vjl* < Mrllallp, Yaermp)- (4.4)
jeD
Obviously, a Riesz system with Riesz bounds mr = Mg = 1 is an orthonormal sys-
tem, which means that orthonormal systems constitute a special set of Riesz systems.

Also to a Riesz system we associate an operator in a similar way as we have done for
frames.

For {v;| j € ID} a Riesz system, define Sg)) : 12(ID) — H by
0 .
SEZ)O‘ = Z Oé(])’l)j, VQEIS(D)'
jED

Hence, S}(%O)ej = v;. The operator Sg)) extends to a bounded linear operator Sg from
I2(ID) into H, called the Riesz system!generator of 2. This Riesz generator satisfies

mglle|?® < ||Srall* < Mg||al/?. (4.5)

In the same manner as we concluded for the frame generator, we conclude that S;Sr
is a boundedly invertible operator on [?(ID). Moreover, the left inverse of Sg with
minimal norm is given by (SySgr) 'S}, This can be verified in the same manner as
for the right inverse of Sj.

Beside the Riesz system {v; | j € ID} we also define the elements 9;, j € ID, in
Ran(Sg) by 9; = Sr(S;Sr) 'e;. Hence, Sj,0; = e; and consequently
(05, vk) = (05, Srex) = (ej, €x) = djik-
Furthermore, for all z € Ran(Sg) and for a € [?(ID) with z = Sga, we have
r = Spa= SR(SESR)_l(SESR)a
= Sr(SpSr)'Spz =Sk Y (SkSr)™'Shz,€))e;
JjED
= Y («,Sr(SiSr)'e;)Sre; = Y (w,8;)v,
jeD jeD

and

v = Sr(SpSr)T'Spr =Sr(ShSr)TN Y (Shu.e))es

jeD
= Z(:L’,SRGJ')SR(S};SR)_IGJ‘ = Z(z,vj)ﬁj.
jeD je

These results are summarized in the following theorem.
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Theorem 4.1.6 Let Q@ = {v;| j € ID} be a collection in H. Then () is a Riesz
system if and only if there is a bounded linear injection Sg - 1>(ID) — H with closed
range such that Sge; = vj, j € ID. If so, the collection {¥; | j € ID}, defined by
0 = Sr(SySr) 'ej, is the Riesz system dual to Q.

Note that by definition a Riesz system is a linearly independent set. A special set of
Riesz systems are Riesz bases, which are defined as follows.

Definition 4.1.7 A Riesz system which is total is a Riesz basis.

Obviously, every Riesz system is a Riesz basis for the closure of its linear span. For a
Riesz basis, the corresponding Riesz generator Sg, is invertible. This yields immedi-
ately that the frame {v; | j € ID} is a Riesz basis if and only if S}, is invertible. It can
be proved, see [7], that the concepts of exact frame and of Riesz basis are equivalent.
So, an exact frame can also be seen as a frame for which S}, is invertible. Connections
between frames and Riesz systems are given in the following theorem, which results
from the previous considerations.

Theorem 4.1.8 Let Q = {v;|j € ID} be any collection in H, and define the operator
S :1?(ID) — H by Sej = vj, j € ID. Then

(i) Q is a frame if and only if SS* is a boundedly invertible operator on H,

(ii) §2 is a Riesz system if and only if S*S is a boundedly invertible operator on
I2(ID),

(iii) Q) is a Riesz basis if and only if S is a boundedly invertible operator on 1?(ID),
i.e., if both S§* and §*S are boundedly invertible operators.

The relations between frames and Riesz systems as considered in this theorem are also
depicted in Figure 4.1.

A characterization of Riesz systems which is used frequently in the sequel of this
chapter is given in terms of a Gram matrix. For Q = {v;| j € ID} in H, we define its
Gram matrix I'q by I'q (4, j) = (v;,vi)H, i,j € ID. Since I'q(3,j) = (SESre;, ei)
we conclude I'g is the matrix of S;Sg, yielding with (4.5) that Q2 is a Riesz system if
and only if

mpl <T'q < MRgl. (4.6)

4.2 Multiresolution Analysis in Hilbert Spaces

In Section 3.2.1 we introduced the concept of an MRA for L?(IR) following the ideas
of Mallat [60] and Meyer [62]. This definition can be extended in a canonical way
to an MRA for L2(IR"™), see e.g. [23, 62]. In this section we define an MRA for a
separable Hilbert space H using mutually dependent unitary operators on H.
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collection

SS* boundedly S*S boundedly

invertible invertible
frame Riesz system

. & boundedly

S* S boundedly invertible SS* boundedly
invertible invertible

Riesz basis /

Exact frame

Figure 4.1: Relations between frames and Riesz systems, with S the Riesz generator.

Definition 4.2.1 Let A be an (n x n) matrix with integer entries and eigenvalues
Ai, @ = 1,...,n, such that |\;| > 1. Furthermore, let H be a separable Hilbert
space, p € H andUy,Us 1, . .., Us n unitary operators on H, such thatUs 1, . .. ,Us p
mutually commute. Then [¢,Uy,Us 1, ... ,Us ) is an MRAin H if

(i) {Uko |k € Z™} is a Riesz system in H,
(ii) ¢ € clos span{lUhUs¢| k € Z™},
(iii) USUy = ULUS®, for all k € Z,

with
k _ 7k kn
Uy =Uy'y - Uy,

In the sequel ¢ is called the MRA generator.

To compare this definition with Definition 3.2.2 we construct a nested sequence of
closed subspaces for H by

V; = clos span {U; ' US ¢ | k € Z™}.
Then we have
Un(V}) = Vier, US(V;) = Vi, k€ Z", and V; C V.

Forn =1 A=2U; =D, Uy = Tand H = L?(IR), Definition 3.2.2 and
Definition 4.2.1 are nearly the same. However in Definition 3.2.2 an orthonormal basis
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for Vy was constructed, which is a special case of a Riesz basis, and in the definition
above we also did not introduce the conditions

clos U V;=H and |V, ={0}, .7
i€z i€z
which occur in Definition 3.2.2. Whether or not inserting these conditions will not
change any of the further derivations. Therefore these conditions have been omitted.

The concept of MRA in H is now used to construct Riesz systems in H of a special
kind. We start this construction by defining a unique countable collection of closed
subspaces W;, j € Z, like we have done as well in Section 3.2.1, namely by writing

W; =V,.inVih,
forall j € Z. Since U; and U, are unitary operators on H, we have
UW;) = (Vi NV =th (Vi) Ntk (V)
= U (Vi) N (U(V))E = Wiy,

and similarly Us (W) = W;,1 = 1,...,n. Obviously, since W; = Uy’ (Wy), each
Riesz basis (2 for W, yields the Riesz basis ¢,/ (Q) for W, j € Z, with the same
Riesz bounds.

Following the same orthogonal decomposition as in Section 3.2.1 and adding Condi-

tion 4.7 we arrive at -
H= P w;.

j=—o00
From this direct sum decomposition of H it follows immediately that |J 7 () is a
j€z
Riesz basis for H, if ) is a Riesz basis for .

Now the idea is to construct Riesz systems in W of the form {U5y | k € Z"}. Tt
will turn out that, for constructing a Riesz basis of this form in general more than one
element 1) will be needed. Our aim here is to prove existence of an N € IN and of a
collection

{t1,...,¥n-1} C W,

such that
(@ (,Us¢)=0,1=1,...,N—1,forallk € Z",ie., ¢y € V5,
() {Ukp|l=1,...,N —1, k € Z"} is a Riesz basis for W.
Since V_; = Vy ® W, Condition (b) can be also written as

®) {Usy|l=0,...,N—1, k € Z"} is a Riesz basis for V_;, with ¢ = ¢.
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Since Vo C V_1 and W C V_; and since {U1U5 ¢ | k € Z"} is a Riesz basis in V_,
we come to

¢ = Y pkthuke, 48)
kez™

heo= Y qkthife, 1=1,...,N -1, (4.9)
kezZ™

where p € [2(Z™), known, and the ¢; € [*>(Z"), to be determined, are the generating
sequences. For i = D~! and U> = T, these sequences are called scaling sequences
as we have seen already in Section 3.2.1. In the sequel the term scaling sequence will
only be used for cases in which 2/; = D~! has been chosen.

So the idea is to formulate constraints on the sequences g;, given the sequence p, such
that the Conditions (a) and (b’) are satisfied. Therefore we reformulate these condi-
tions in terms of the generating sequences.

Condition (a) can be put in a rather straightforward way in terms of the generating se-
quences by substituting (4.8) and (4.9) into this condition and using U5f; = ulu;*k.
We get

(1, Us §) = (9 * 1, R**p)zn,

with 74(k) = (¢,Use), k € Z", and R™ = R* ---R™» form € Z", a com-
position of bilateral shift operators on [%(Z"), each one acting along a standard basis
vector of Z™. So Condition (a) is equivalent with

(1 *qi, R*p)zn =0, Vieq,. .N-1} Viezn. (4.10)

In order to put Condition (b’) in terms of the generating sequences we present the
following lemma.

Lemma 4.2.2 Let [¢,Us,Us 1, . ..,Us ] be an MRA and let p be the generating se-
quence of ¢. Then

{(R*p| ke Z"}

is a Riesz system in 1>(Z™). Furthermore, let 1)y = ¢pand iy, 1 =1,...,N —1,bein
Wy with generating sequences q;. Then

Uk |1=0,...,N -1, ke Z"}
is a Riesz basis for V_, if and only if
{(R*q|1=0,....,N-1,k€Z"},

with qo = p, is a Riesz basis for I*(Z™).
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Proof
We introduce the boundedly invertible operator B : V_; — [(Z") by

Bf =« ifandonlyif f= Z a(k)UUS 6.
kez"

Since BUY = RA¥B, k € Z" and B¢ = p, applying the operator 3 on the Riesz
system {Us¢ | k € Z"} yields {R4*p | k € Z"}. This is also a Riesz system,
since B is a boundedly invertible operator. The second result follows immediately by
observing that

{R*q|1=0,...,N-1, ke Z"} = B{Usyy |1 =0,...,N -1, k€ Z"}).

a

From this lemma it follows that if we can construct sequences q; € [?(Z"), such that
o (14 % q, RA¥p)zn =0, Vieq,. .n-1} Viezn,
e {R*q|1=0,...,N — 1,k € Z"} is a Riesz basis for [*(Z"), with ¢y = p,

then elements ¢,/ = 1,..., N—1,in V_; can be constructed for which Conditions (a)
and (b) are satisfied. This naturally leads us to the next item.

4.3 Riesz Systems Generated by Unitary Operators

In Section 4.1 we already considered necessary and sufficient conditions on a set (2
such that it is a Riesz system. Now, we will deal with sets {2 of a special kind, namely
those sets that are generated by unitary operators acting on one or more elements in
H. This is done, since such Riesz systems occurred in Lemma 4.2.2.

First we consider the case of a Riesz system generated by several unitary operators
all acting on one element in H. So, our aim is to derive necessary and sufficient con-
ditions on the tuple [U/y,...,Un, $], such that {7¢ | j € Z"} is a Riesz system,
withU? = U - - - Ui~ . Besides, we compute its dual Riesz system. These derivations
follow Section 4.1 with ID = Z™ and with the Riesz generator S givenby Se; = U7 .

By Section 4.1, {U/¢ | j € Z"} is a Riesz system if and only if its Gram matrix T,
given by ‘ . o
L@,5) = U ,U'P) = (6, U™ 9) = T4(i — J),
satisfies (4.6). Observing that S*S with matrix I acts by convolution on [2(Z"),
S*Sa =714 *xa,

we arrive at the following theorem.
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Theorem 4.3.1 For commuting unitary operators Uy, . ..,U, on H and ¢ € H, the
collection {Ui¢p | j € Z™} is a Riesz system if and only if the sequence T, defined by

T¢(j) = (¢7uj¢)7 .7 € Zna
yields a boundedly invertible convolution operator on I*>(Z"), i.e., if and only if
0 < ess inf 74(z) < ess sup 7y(z) < oo, 4.11)
zeT™ zeT™
where T4 denotes the discrete Fourier transform of T,
fo(2) = Y ()27, 2 €TV,
jezr

with 20 = 2z{' -zl j € Z", and T" the n—fold product of the unit circle with
normalized Lebesgue measure |i.

Note that from this theorem it follows that for 74 € I'(Z") the collection
Q={Ue¢|jez"}
is a Riesz system if and only if 74 has no zeroes on T™.

By definition, the dual Riesz system is given by S(S*S)~!e;, where Se; = U’ ¢ and
§*Sa = 1y xa, forall a € [(Z). This yields immediately that the dual Riesz system
Q of Q) is of the form B N
QO={Uwe¢l|jez"}
with ¢ given by
b= 7(U'9,
jezr

where Ty * T4 = eo.

Next we replace the vector ¢ € H by a finite collection {¢;, ..., dn} and pose the
same problem, namely under which conditions

Oy ={U¢ |l=1,...,N, j€Z"}

is a Riesz system. For this we take as index set ID = {1,...,N} x Z". Further-
more, we define the unitary operator £y from [2(ID) into L2(T",¢™) = L2(T") ®
™ by (Ener;)(z) = zig, with {ey,...,en} the standard orthonormal basis in
CN. We see that Ey is a Riesz system if and only if the Gram matrix I' with en-
tries (U7 ¢y, U b ) (m. j),(k,i) Tepresents a bounded invertible operator on 1?(Z"). A
straightforward computation shows

(EnTem,;)(z) = 27T (2)em,
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where T'(z) € €V*V is defined a.e. by ([(2))km = 5. (ém,U’dy)27. Hence
jezr

the Gram matrix I represents a boundedly invertible operator on [ (D) if and only if

the matrix valued function I from T" into €'V %" satisfies

50 Voo mIy <T(2) < MIy ae. (4.12)

4.4 Riesz Bases in [*(Z")

In the previous section we derived necessary and sufficient conditions such that
Oy ={We¢ |l=1,...,N, j€Z"}

is a Riesz system. According to Lemma 4.2.2 such conditions can also be derived in
terms of the generating sequences. Therefore in this section we deal with the following
problem. Let the sequence -y yield a boundedly invertible convolution operator on
I(Z") and let By € [*(Z"). Find necessary and sufficient conditions on sequences
B, 1=1,...,N —1,in [>(Z"), and determine N such that

(i) (v* B, R*Bo)z =0, Vieq,...N—1} Vhezn,
(i) {RA*B|1=0,...,N — 1,k € Z"} is a Riesz basis for 1*(Z").

We reformulate this into terms of the Hilbert space L?(T").

Since we deal with a rather arbitrary matrix A € Z"*" we introduce the so-called
Smith normal form of a matrix with integer entries, which is given in the following
theorem. In [56] one can find a proof of this theorem for matrices over a ring of poly-
nomials in one variable. This result generalizes immediately to the case of matrices
over the ring of integers.

Theorem 4.4.1 (Smith normal form) Let A € Z"*". Then there are unimodular
matrices U,V € Z™*", i.e., det(U) = det(V) = 1, and a diagonal matrix D €
Z™*", such that

A=UDV. (4.13)
This factorization is not unique.

In the sequel we use the notation L = | det(D)]|.

It can be proved by some straightforward computations that the problem posed in the
beginning of this section is equivalent with the following one. Give necessary and
sufficient conditions on sequences 3;, | = 1,..., N — 1, in [?(Z"), and determine N
such that

(i) (v* B, RP*Bo)z =0, Yieq,...N—1} Viezn,
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(i) {RP¥B,|1=0,...,N —1,k € Z"} is a Riesz basis for [*(Z"),
with D € Z™*" a diagonal matrix involved in the Smith normal form of D.

Letnow d; = D(i,i),i = 1,...,n. Define wy, = ez”i/di, i=1,...,n,and K, the
n-fold segment of all z € T" such that

arg(z;) € [0,2n/d;), i =1,...,n.
We observe, that {2* | k € Z"} is an orthonormal basis for L?(T™) and
(VL 20 .. gkt | | e 77}
is an orthonormal basis for L?(K,,). So
(VL k4. phndne | i=1,... N, ke Z"}

is an orthonormal basis for L2(K,,C"), the Hilbert space consisting of all ¢'™¥-
valued Euclidean square integrable functions on K,. In dealing with the above stated
problem, we present some auxiliary results.

The proof of the following lemma is based on the fact, that the (n x n) Fourier matrix
F,, with entries

Fo(i,j) =1/vnw¥, i,j=0,...,n—1,
is unitary. Furthermore, we use the notation

ldi|-1  |dn|-1

P, (2) = Z Z g(wéizl,...,wiﬁzn)ﬁ(wéizl, ...,wi’;zn). (4.14)
j1=0 Jn=0

Lemma 4.4.2 Let g, h € I>(Z"). Then

()™ _ [ (9,RP*h)z»  ifm =Dk, ke Z",
E / P22 din(2) = { 0 ifm # Dk, k€ Z".
T’n
Proof
We consider the following computation
1L [ P, 422" dn(2)
T’n

ldi|=1  |dn|-1

= YL Y e 3wt [ R ()

J1=0 Jn=0 ™

[ §(2)h(2)z=™un(2) if m = Dk, k € Z",
Tn

0 if m # Dk, k € Z".
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The proof is completed by observing that the n-dimensional discrete Fourier trans-
form of R'h is given by 2! h. ]

From this lemma we deduce the following result.

Lemma 4.4.3 Let g,h € I>(Z"). Then forall k € Z"

/Pg,h(Z)Z{“dl < zpntndpn (2) = (9, RP*h)zn.

Ky
Proof
Obviously, P, i ()24 - 2k dn remains unchanged if z; is replaced by w} 2,
i1=1,...,n,form € Z" and so

/ Py @)™ -2 dpin(2) = / Py ()" -z dpn (2),
K, Km

n

with
K" = [miwg,, (M1 + Dwg,) X ... X [mpwq, , (Mg + Dwa, ).

Consequently the result follows from Lemma 4.4.2. O

By Lemma 4.4.3, Condition (i) can be written as

[ Pt et () =,
Ky
Since this relation must hold for every k € Z™ and since
{(VLzP* |k e Z™)
is an orthonormal basis for L?(K,), we get that
P, =0ae onK,l=1,..N-1 (4.15)
So, sequences [; that should satisfy Condition (i) are given in terms of their Fourier

transforms that satisfy (4.15). Note, that for finite sequences 3y and v Condition (4.15)
only deals with polynomial function on the n-dimensional unit sphere.

Condition (ii) can also be reformulated in terms of function on T", using (4.12).
Therefore we introduce

By = {RP*p/|1=0,...,N-1, ke Z"}.

Since B is generated by N vectors ; and the unitary operators R4, . . ., R, we may
use result (4.12). This yields that By is a Riesz system if and only if

mly < f(z) < MIyn ae. z€T",
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with

L(2km =Y (Bm R Br)znz™", kym =0,...,N — 1. (4.16)
leZ™

This result can also be put in terms of the Fourier transforms of ;. Therefore we
derive the relation

L(e",.. .20 )km = 1/L P 5 (2), k,m=0,...,N -1, (4.17)
using Lemma 4.4.3, and the fact that
(VL 214 .. phndn | | € 7Y
is an orthonormal basis for L?(K,).

Define Ty(2) = Ta(z1,...,2,) = f(zf‘ ,---,24n). Then we arrive at the following
theorem by combining (4.12) and (4.17).

Theorem 4.4.4 Let N € IN be fixed and {fo, . .., Bn—1} be a subset of I*(Z"). Let
further D be an (n x n) diagonal matrix with integer entries. Then the collection

By = {RP*B/|1=0,...,.N-1, ke Z"}

is a Riesz system if and only if the (N X N) matrix valued function z — fd(z),
z € K, with entries

La(2)km =1/L Py 5 (2), k,m=0,...,N -1,
admits real positive constants m and M, such that

mIy <T4(2) < MIy ae. z € K. (4.18)

So, Theorem 4.4.4 presents necessary and sufficient conditions on /3’0, e ,[3 N—1, SO
that By is a Riesz system. We proceed by searching for similar conditions on the
Fourier transforms of f3, ..., 3x_1, such that By is a Riesz basis for [(Z"). As
a starting point for deriving such conditions we present a corollary of the preceding
theorem.

Corollary 4.4.5 If By is a Riesz system, then N < L.

Proof
Define the (L x N) matrix valued function z — M(z), z € K,,, with entries
M(2)ry = LV23wi 7 Wy, w2, (4.19)
=0,...,N—-1,r =0,...,L — 1, where 7 is an arbitrary bijection from the

collection {0,1,...,L — 1} onto

{reZ"|0<r; <|di|-1,i=1,...,n}.



82 A Framework for Multiresolution Analysis in Hilbert Spaces

Since R R R
Ta(z) = M*(2)M(z), z € Ky,

fd is invertible a.e. if and only if M is injective a.e. If therefore T 4 satisfies (4.18),
i.e., I'4(2) is invertible for almost all z € K4, then N < L. m|

For deriving conditions on Bo, ... ,BN_l, such that By is a Riesz basis for 12(Z")
we consider the special case N = L and we assume that f‘d satisfies (4.18). Now the
proof of Corollary 4.4.5 yields that [y is invertible a.e. if and only if M, as introduced
in the above proof, is invertible a.e. So (4.18) is equivalent with M being invertible a.e.
on K. Furthermore, let G and M denote bounded linear operators on L*(K,; C' L)

corresponding to [y and M, respectively, i.e.,

(Gn)(2) = Ta(2)n(z) and (Mn)(2) = M(2)n(z) ae. z € Kn,  (420)
forall n € L?>(K,;C*Y). Then G = M*M and M~! = G~'M*. Thus M is a
boundedly invertible operator, since G is a boundedly invertible operator and

(M™1)(2) = M(2)'(2).

These considerations are used to give conditions on Bo, RN BN_I, such that By is a
Riesz basis for [%(Z").

Theorem 4.4.6 Let N € IN be fixed and D = diag(dy,...,d,) withd; € Z. Let
further {Bo, . .., Bn—1} be a subset of I>(Z"), such that the collection

By = {RP*p/|1=0,..., N-1, ke Z"}
is a Riesz system. Then this collection is a Riesz basis if and only if N = L.

Proof

Take N = L and let By, be a Riesz system in [2(Z"). Besides, let M be defined as in
(4.19) and let M be associated with M by (4.20). Then M (z) is invertible for almost
all z € K,, and M is invertible, since fd satisfies (4.18). Define &; , € L*(Kp; CL)
forl=0,...,L—1,and k € Z" by

él,k(z) = \/ZZDkEl, z € K,.

Furthermore, introduce Vp : I2(Z") — L2(K,; C*) by

RO, O
(Vph)(z) =
Ao EI e
where 7 is an arbitrary bijection from the set {0, 1, ..., L — 1} onto the collection

E={reZ"|0<r; <|d|-1,i=1,...,n}.
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With this definition

WoblEsory = [ IVORERdun)
K,

_ / P, (2)dun(2) = IIAllz,

Ky

forall h € [2(Z™), so that Vp, is an isometry. Define h; ;. € [*by

dik : -1 —ln
ile(z): \/zzll 1,..zgnkn 1f(wd1121,...,wd" Zn) € Ky,
’ 0 otherwise,

withl € E, k € Z". Then {h |l € E, k € Z"} is an orthonormal basis for
12(Z™). This yields Vphx),k = €1,k and so the operator Vp is unitary. Applying Vp
on RP* B, now yields

By (T O WO

d1 Zlyeeey Zn)

VD(RDkﬂl)(Z) — Z—Dk

A e L DN e T

= VL2 P*M(2)e; = M(2)é,_1(2) = (M&_1)(2),
foralll =0,...,L— 1. So RP*¥@; = (Vp)* Mé&| _y.

Since {&,x|1=0,...,L —1, k € Z"} is an orthonormal basis for L? (K p; CL) and
(Vp)* M is boundedly invertible, it follows that B}y is a Riesz basis for [?(Z").

For proving the converse, we assume By, to be a Riesz basis for [2(Z"). Then M has
to be invertible, since RP* 5, = Vi ME . It follows that the matrix valued function
M has to be invertible a.e. on K, and thus N = L. O

From the preceding theorem we conclude that for satisfying Condition (ii) we have to
search for sequences 1, . . ., 8| det A|—1- &iven fo, such that (4.18) holds.

Although we are not dealing with the concept of frames in [>(Z") in this section,
similar results can now be given in rather straightforward way such that
By = {RP*B|1=0,...,.N -1, ke Z"}
is a frame. We can write
RP*B = VEME, = Vi MUey

with 2/ : 12({0,...,N — 1} x Z") — L?*(K,;C") the unitary operator given by
Uerr = €1k So S = U M*Vp is the frame generator of By if By is a frame.
Now Theorem 4.1.8 immediately yields the following theorem.
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Theorem 4.4.7 Let N € IN be fixed and {Bo,...,B8n—-1} be a subset of I>(Z").
Then the collection

{RPB|1=0,....,N—1, ke Z"}

is a frame if and only if for the (L x L) matrix valued function z > ]T/[\(z)]T/[\*(z),
z € K, with M defined as in (4.19) there exists real positive constants my and M,
such that

mplp < M(2)M*(2) < Mgl ae. z € K. 4.21)

So, we presented necessary and sufficient conditions on Bo, . ,B N—1, S0 that By is
a frame in a similar way as in Theorem 4.4.4. Finally, we also present a corollary of
Theorem 4.4.7, analogous to Corollary 4.4.5.

Corollary 4.4.8 If By is a frame, then N > L.

4.5 MRA and Riesz Bases in Hilbert Spaces

In Section 4.2 we used the concept of MRA to construct Riesz bases of the form
Wby |1=1,...,N-1,j€Z keZ"}

for the separable Hilbert space H. We showed that the vectors ; were uniquely
determined by (4.9) and that their generating sequences ¢; had to be determined such
that

o (15 %@, R*qo)zn =0, Vieq,.. .N-1} Viezr,

o {RA%q |1=0,...,N — 1,k € Z"} is a Riesz basis for [>(Z"), with gy = p,
the generating sequence of the MRA generator ¢.

By takingy = 74 and 8 = ¢, [ = 0,...,N — 1, in (4.15), Theorem 4.4.4 and
Theorem 4.4.6, we arrive at the following theorem on the construction of Riesz bases
in Hilbert spaces using MRA.

Theorem 4.5.1 Given a sequence qo € 12(Z"). Then the following two problems are
equivalent.

Problem 1: Construct sequences q;, | = 1,...,|det A| — 1, in 1?(Z") such that
L1 (1 % qi, R*qo)zn = 0, Vieq1,... et A1} Vrezn,
1.2 {R*%q |1=1,...,|det A| — 1,k € Z"} is a Riesz basis for I>(Z™).

Problem 2: Construct G;, | = 1,...,|det A| — 1, in L?(T™), the n-dimensional dis-
crete Fourier transforms of q; € 12(Z™), such that
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2.1 P;,4,4,(2) =0 ae on Kyl =1,...,|det A| — 1, with P as given in
Definition (4.14).

2.2 The matrix-valued function z — M (2), z € K, with entries
(M(2))ry = | det A7 2q (T Wy, 0T ),
l,r=0,...,|det A| — 1, where 7 is an arbitrary enumeration from
{0,1,...,|det A] — 1}

onto
{meZ"|0<m; <|dj|-1,i=1,...,n}

and with d; = D(i,1) as in Theorem 4.4.1, is invertible for almost all z € K.,

Possible solutions to these problems are given in [37, 62] and [74].

To illustrate how to deal with Theorem 4.5.1 we consider an example of an MRA,
which we already mentioned in Section 3.2.1, namely an MRA for L?(IR) using Riesz
systems. It will turn out that in this example, Problem 2 is not hard to solve. Moreover,
for this example Conditions 2.1 and 2.2 will reduce to conditions, which are described
thoroughly in the literature [12, 23, 62].

Example 4.5.2 This example deals with an MRA for L?(IR) as introduced in Sec-
tion 3.2.1. However, here we take an MRA generator ¢ € L?(IR), such that

{T*¢ | k € Z}

is a Riesz system. So, according to Definition 4.2.1 we take H = L?(IR),U; = D and
Uz,1 = T. Obviously, Condition (iii) in Definition 4.2.1 holds for A = 2. As MRA
generator we take ¢ = ¢,y, the cardinal B-spline of order m > 1, which is defined by

_ ) X[o,1] m=1,
%_{m*%A,mzz (4.22)

In Figure 4.2, ¢4 and ¢4 have been depicted.

For cardinal B-splines we have the following properties
1. supp ¢ = [0,m],

2. Z ¢m(x - k) =1 Yeem,
keZ

3. pm(m/2 — ) = dpu(Mm/2 + ) Viem
4. {T"*¢n | k € Z} is a Riesz system,
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Figure 4.2: Two cardinal B-splines: a) order 2, b) order 4.

5. ¢m € clos span {DoT*dpm | k € Z} Yoen\(o}-

For a proof of these and other properties of cardinal B-splines we refer to [12, 88].

For solving Problem 2, i.e., to search for a sequence ¢; whose Fourier transform sat-
isfies Conditions 2.1 and 2.2, we have to determine p and 7.

By p,, we denote the generating sequence of ¢,,. To give an expression for p,,, we

derive

Pm

P1 % o1 = (Z p1(k)p7'k¢1> * (me—l(l)DTl¢m—l>

kez leZ

> pik)pm-1() (DT $1 * DTF 1)

klez

1/V2 Y p1(B)pm-1 VDT  ($1 % $m—1)

k,leZ

1/V2 > (p1 # Pm—1) () DT .

keZ

Recursively we get Py, (2) = 2'/2=™(p;(2))™. For ¢, we find in a straightforward

way

p(z) = (1+271/V2,
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which yields
m m
- _ ol/2— —1ym _ o1/2— —k
Pm(z) =271 4271 )" =2 mkg_o(k)z .

So, the generating sequence p,, of ¢y, is given by

_ 21/2"’”(73), k=0,...,m,
pm(k) = { 0, otherwise.

Using Property 3 of cardinal B-splines we derive
ron (k) = /¢m(w)¢m(w ke = /¢>m(x)¢>m(M tk—2)de
R R

= (¢ * )M+ k) = o (m + k).
Its Fourier transform is given by

m 1-m
fon(2)= S Gom(m+k)z k= =

k=—m

mE2m—l (2),

with Es,,,_1 the Euler-Frobenius polynomial of order 2m — 1, see [12]. We observe
that 7, (1) = 1, which follows from Property 2 of cardinal B-splines. Besides, as
a property of Euler-Frobenius polynomials we have Es,,,_1(2) # 0, z € T, for all
m € IN\{0}. These two considerations yield that 7, satisfies (4.11). So, indeed
{T* ¢ | k € Z} is a Riesz system for all m € IN\{0}.

According to Problem 2, we have to search for a g,, € 1>(Z), such that

b ’f¢m (z)‘jm(z)ﬁm(z) + 7A_¢m (_Z)‘jm(_z)ﬁm(—»%’) =0 ae z€ T,

e M) = P (2 ) ioinveriible for almost all 2 € T.
Pm(=2) Gm(—2)

It can be verified that the first condition holds for

Qm(z) = Z2k+172¢m (_Z)ﬁm(_z)’

k € Z. With this choice for ¢, we compute
|det(M(2))] = |Pm(2)dm(—2) = Pm(=2)dm(2)]

(Fom (2)Pm(2)* + T, (=2) [P (=2)[*)
Tom (Z)lﬁm(z)l2 + 7A'¢m(_z)|ﬁm(—2)|2 ae. z€T.

We already observed that

ess inf 74, (2) > m.,
zeT
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for a certain positive constant m . Furthermore, we derive

() + 1B(=2)F = D (1+ (=) )pm(k)pm(k — 1)z

k,l
= 2 me ) (R prm) ()2
_ 2R,
with T as in (4.16). So,
[P (2)|2 + [Pm(2)]> > mp ae. z€T,
for a certain positive constant m,,. Together these results yield
| det(M (z))| >memp > 0.

Concluding, ¢, and its corresponding wavelet function 1,,, can be obtained from the
coefficients of the polynomial

(=22)1—m

Im(7) = V2(2m — 1)!

(14 2)™ Eam—1(—2).



Chapter 5

The FRFT and Affine
Transformations in the Wigner
Plane

This chapter provides a classification of all unitary operators that act as affine transfor-
mations in the multi-dimensional Wigner plane. Moreover, a representation formula
is given that encloses all these operators.

The problem of finding these operators is inspired by studying the fractional Fourier
transform. This operator, which is introduced in the first section of this chapter, turns
out to be acting as a rotation in the Wigner plane. Using a group theoretical approach
we arrive at a classification of all linear transformations in the Wigner plane that cor-
respond to unitary operators. This classification is used to come to a representation
formula for the corresponding operators on L2(IR™). This is done in the second sec-
tion of this chapter.

5.1 The Fractional Fourier Transform

The fractional Fourier transform (FRFT) was introduced by Namias in [68] as a Fourier
transform of fractional order. This was done starting from fractional powers of the
eigenvalues of the Fourier transform and their corresponding eigenvalues. With this
formalism he derived in a heuristic manner an integral representation of this operator.
In [53, 61], McBride and Kerr provided a rigorous mathematical framework in which
the formal work of Namias could be situated. We discuss this mathematical frame-
work and Namias formal work in the first part of this section.
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Recently, the FRFT turned out to be an interesting transformation for time-frequency
signal processing and optical engineering. The growing interest for the FRFT is the
consequence of a series of papers that deal with the relation of the FRFT to time-
frequency representations of a signal, like the Wigner distribution, see e.g. [4, 67, 77,
78]. This relation is discussed in the second part of this section.

5.1.1 Definition and Properties
We start with the definition of the FRFT for functions in L?(IR).
Definition 5.1.1 Take f € L2(IR). Its fractional Fourier transform of order a €

(—m, m] is given by

Ca i ((u+2*)- a — ux csc
Flflle) =t [ Ot gy, sy
R

Varsina]
for0 < |a| <, with
C, = et (isgmna—a/2) (5.2)

Furthermore, for a = 0 and o = 7 the FRFT is defined by

Folfl(z) = f(z) and Fx[f)(2) = f(-x).
For a & (w, ] the FRFT is defined by periodicity Foion = Fa.
Particularly, we have from this definition

Frjp=F and Fprpp = F" Vpez,

with F the Fourier transform on L?(IR).

The factor C,, in (5.2) is chosen to guarantee that F, is continuous in « and that F,
is properly normalized. Indeed, it can be shown that

Fsf — Fafll2 =0, (5.3)

lim
B—a
forall f € L?(IR) and for this particular choice of C,,.

This result is obtained by combining two properties of the FRFT. The first property of
the FRFT is known as the index law, i.e.,

FaFpf = Farpl, (5.4)

forall @, € IR and f € L?(IR). A rigorous proof of this property for functions in
the Schwartz space S(IR) is given in [61]. Consequently, this result can be extended
to functions in L?(IR) since S(IR) is dense in L*(IR).
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The second property we need for proving the continuity of F, is the continuity of the
FRFT either in @ = 0 or « = 7. In [53], it is proven that

lim || Fof — fll2 =0, (5.5)
a—0

for all f € L?(IR). Result (5.3) can now be obtained in a straightforward way by
combining (5.4) and (5.5). We observe, that (5.3) also holds for other choices of Cy,
see e.g. [4].

Considering again (5.4) we have in particular
FoF-o=T and F_oFo=1.

It follows that the inverse of F, is given by F_,, for all « € IR.

For t € IR, we introduce the unitary operator C; on L?(IR) by

Clf)(x) = "2 f (). (5.6)

Obviously, C; multiplies a given function f € L?(IR) with a quadratic chirp, i.e.,
a Fourier mode with a quadratic argument. Using this chirp multiplication and the
dilation operator D as defined in (3.2), we can write F,, « € (—m,m)\{0}, also as

}-af = Ca Ceot aDsin a FCeot af- 6.7

The fact that all operators in the right-hand side of (5.7) are unitary operators on
L?(IR) and that |C,| = 1 yields that F, is a unitary operator on L?(IR), for all
a € IR. Note, that Fy and F, are also unitary, which follows immediately from
Definition 5.1.1. As a consequence we also have Parseval’s formula for the FRFT

/f dz—/f ]J)dr (5.8)

forall @« € IR and f,g € L?(IR). Furthermore, as a result we have Plancherel’s
formula for the FRFT

/ (@) de = / Falf)(@)[? de, (5.9)
IR IR

foralla € Rand f € L*(IR).

From the preceding derivations and the definition of Fy it follows that
Gfr:{]:a|OéER}

is a strongly continuous subgroup of unitary operators on L2(IR). A cyclic subgroup
of order 4 is given by the integer powers of the Fourier transform

{F"|n=0,1,2,3)}.
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Consequently, the discrete cyclic group with generating element F is embedded in the
continuous group G sr.

A further relation with the classical Fourier transform on L?(IR) can be observed by
considering the formal derivation of the FRFT by Namias in [68]. His starting point
was to consider the eigenvalues and eigenfunctions of the Fourier transform.

It is known, see e.g. [29], that the eigenfunctions of the Fourier transform are given
by the Hermite functions

hi(z) = (25k1/7) % e 2 Hy (), (5.10)
where Hj, are the Hermite polynomials given by
2 (d\*
Hi(z) = (-1)ke® <£> e . (5.11)

The Hermite functions form an orthonormal basis for L?(IR) and they satisfy
Fhi = e*™/2hy,.
The first idea for the construction of the FRFT was to define an operator F,,, satisfying
Fohi = e*®hy, (5.12)

for a € IR. For a = mn/2, withm € Z, we have F,,,,/» = F™. Particularly, if
m mod 4 = 0, then 7™ = Z. For a formal representation of F,, with 0 < a < 7/2,
we follow Namias in [68].

We write f € L>(IR) as f = Y. (f, hk)2hi. Consequently, we have
k=0

Mg

Falfl(x) (fs i )aFallu) () = Y _(f:hi)s € ()
k=0

0

f(u) (Ze“mhk ) x))

zka
flu (Z Hk<>-"2/2—“/2) du.
[ 10 (£ sz

The latter expression can be rewritten using Mehler’s formula, see [64],

Il
S— il

[o.¢]

S fﬂuu)ﬂk( z)

k=0

(5.13)

1 <2xuz—z2(m2 +u2)>
= —————exp 5 :
(1l — 22) 1-2
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We observe that the series converges in L? with respect to u, for all # and z, see [29].
Using Mehler’s formula in the previous result yields

Flflo) = e ¥

/f(u) exp (iQimu - i(ei“.+ e‘ia>(z2 + u2)/2) "
R

e’La —_ e—za

— ei7r/4——ia/2 (u) ei((u2+1:2)-(cota)/2 — UL CSC @) du.

V27 sin o A

For a rigorous framework in which this formal work of Namias can be studied we
refer to [53, 61].

5.1.2 The FRFT and the Wigner Plane

For time-frequency analysis it is interesting to consider the relation of the FRFT with
time-frequency operators like the Wigner distribution. Therefore, we compute the
Wigner distribution of the FRFT. This will give us insight in how the FRFT acts in
phase space.

For this computation we need the following lemma.

Lemma 5.1.2 Let T, and M,,, b,w € IR, denote the shift operator and frequency
modulation on L*(IR) as given in (2.12) and (2.13) respectively. Furthermore, let
Fa, & € IR, the fractional Fourier transform on L*(IR) as given in Definition 5.1.1.
Then

fa% = eibQ(sin 20)/4 M—bsina ncosa]:ou (514)
FaMy = e @204 M oo TosinaFa. (5.15)
Proof
For a = 0 both results are trivial, since J5 = Z. For a = w both results follow
directly from Definition 5.1.1. Furthermore, equation (5.15) follows from (5.14) by
observing that F M, = T, F, with F the Fourier transform. Indeed, if (5.14) holds,
this observation yields
FaMy
= FoF*'T.F = fa—rr/27;/-7:7r/2

.2 .
= W TN/ M in(a—n/2) To cos(a—n/2) Faen/2Fn )2

e—iwz(sin 2a) /4 M

w Ccos & %sina s

using the index law for the FRFT. Consequently, the proof is established by showing
that (5.14) holds for 0 < |a| < . We derive for f € L?(IR),b € IRand0 < |a| < 7

FaTo[f](2)
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ei ((u24+22)-(cot o) /2 — ux csc ) du

Ca
V2w |sinqf Zf(u b

A__ /f(u) ei((u2+z2+b2+2ub)~(cot a)/2 — (u+b)z csc a) du
Varlsinal J

CCY ei(bz-(cos a)/2—bz)(1—cos? a) csc o
V/2m | sing

/f(,u) ei((u2+(x—bcosa)2)(cota)/2—(u(w—bcosa))csca) du
R

X

_ ei(b2(sin 2a)/4—bz sin @) ].‘a[f](;p —bcos Ol)
eib2(Siﬂ 2a)/4 M—bsina rrbcosoz]:oz[f](w)'
O

Using this lemma, we can compute the action of the FRFT in phase space by means
of the Wigner distribution. For this we write

WY[f](z,w) = % / Flo+t/2)F(@ — t/2)e~ it dt
R

= %/f(t+x)f(x—t)e_2it“’dt
R

= M_uwTof, MuToFrf)/m.
Using Lemma 5.1.2 we compute
FoaMuTy
= T E M g0 Towsina Masina T cos aF o
= it et 20/ gimosin®a N cos o Tacos amwsinaFa-
Combining these two results yields
WY Fo fl(z,w)
= MouToFof, MuTaFrFaf)/m
(FeaM_oT-oFof, FoaMu T FrFof)|m

(M—z sin a—w cos a T—m cos a+w sin afa

Mzsin a+w cos o ‘Tzcos a—w sin Oéfﬂ'f)/ﬂ-
= WV[fl(zcosa —wsina,zsina + wcos ) (5.16)

= WV[fl(Ra(z,w)), (5.17)

where R, (z,w) represents the matrix vector product with matrix

R, = ( cosa —sina > (5.18)

sin « cos o
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We conclude from this derivation that the FRFT of order « acts like a rotation by «
in the Wigner plane. In particular, we have a rotation by 7 /2 in the Wigner plane for
Fr 2. We observe, that this result coincides with the action of the Fourier transform
in the Wigner plane as given in (2.32). '

The action of the FRFT in the Wigner plane leads us in a natural way to the question
which operators on L?(IR) act like a linear transformation in the Wigner plane. The
sequel of this chapter is devoted to this question. However, instead of operators on
L?(IR) we consider operators acting on L?(IR™). It will turn out that finding a so-
lution for the multi-dimensional problem does not follow straightforwardly from the
solution for the one-dimensional case.

Since we want to give an answer to our problem for operators on L?(IR™), we intro-
duce the fractional Fourier transform on L?(IR") by

Foryonan = Fay = Fags (5.19)
for a1,...,a, € IR. Computing the multi-dimensional Wigner distribution of this
FRFT yields

WVY[Fos....an 1@, w) = WY[fl(Rayq, 0 (T, w)), (5.20)
with

CoS a1 0 —sinag 0
. 0 CcoS 0 —sinay,

Roon = sin a; 0 cosm 0 (5:21)
0 sin ay, 0 cos ay,

This result follows in a straightforward way from (5.17).

5.2 Affine Transformations in the Wigner Plane

Inspired by the fractional Fourier transform and its action in the Wigner plane, we
search for linear operators )V on L?(IR™) such that there exist a matrix A € R>?*%"
and a vector b € IR*" for which

WYV f](e,w) = WV[)(A(z,w) +b), (5.22)

holds for all f € L2(IR"™). We observe, that De Bruijn already considered this prob-
lem in [9] using a new class of generalized functions. Here we will follow an ap-
proach based on group theory, see [86, 87, 100]. These results will be placed within
the concept of the FRFT in order to embed this transform in a larger class of unitary
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transformations. Also new results will be added.

We restrict ourselves to matrices A for which det A = +1. For these matrices we
have

/ / WV[f](A[z,w] + b) dwdz = / / WV[fl(z,w) dw dz.
R R" R"™ R"
We shall refer to such affine transformations in the Wigner plane as energy preserving

affine transformations. For these transformations the corresponding operators V on
L?(IR™) satisfy

VIV = / / WY@, w) d do

R™ R™

/ / WVL](A(z,w) + b) dw da

R™ R™

/ / WVIf](z,w) dwde = (f, f),

IR™ IR™

for f € L'(IR™) N L2(IR™) or f € L*(IR™) N L2(IR™) which follows from (2.41).
We observe that L' (IR") N L?(IR™) is a dense subspace of L?(IR"). Concluding,
an operator on L?(IR") that yields an energy preserving affine transformation in the
Wigner plane has to be an isometry on L2(IR™). On the other hand, Equation (5.22)
follows directly from applying (2.41) on both sides of the equation (Vf,Vf) = (f, f),
for f € L*(IR™) N L2(IR™) or f € L*(IR™) N L2(IR™).

Before dealing with a classification of all unitary operators that satisfy (5.22), we
present some well-known operators for which (5.22) holds.

Multiplication

We start our set of unitary operators on L?(JR™) with a trivial one, namely multipli-
cation by a constant C' with |C| = 1. Result (2.50) already showed that WV[f] =
WVICf], for all |C| = 1. Consequently, this multiplication operator satisfies (5.22)
with A = I, the (2n x 2n) identity matrix, and b = 0.

Complex conjugation

Besides linear operators there also exists a non-linear operator for which (5.22) holds,

namely the operator f — f. For the one-dimensional case we have already seen in
(2.30) that

WY[fl(z,w) = WV[f](z, ~w).
For f € L?(IR™) this result also holds. This follows from a straightforward general-
ization of (2.30). We conclude, that taking the complex conjugate also satisfies (5.22)
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with
I, O _
A—<0 _In) and b=0.

We observe that we have det A = (—1)" for the complex conjugation. Later in this
section it will turn out that a necessary condition on a linear operator V, such that
(5.22) holds, is given by det A = 1.

Space and frequency shift

For zg,wp € IR™ we introduce the shift operator and the frequency shift operator on
L*(IR™) by

Tuo[fl(2) = (2 — o) and My, [f](z) = "> f(z)

respectively, with f € L?(IR"™). Remark, that these operators coincide with the shift
and frequency shift operators (2.12) and (2.13) in the one-dimensional case.

We combine the introduced unitary operators 17, and M,,, into one unitary operator
on L2(IR™), given by

Nzo,wo) [F1(@) = Tog Moy [f)(z) = 0% f(z — 20). (5.23)
Computing the Wigner transform of this operator yields
WV[Mzo,wo)f](xaw) = WV[f](:L‘ — To,W — wO)v

which is a result we have seen before in discussing the one-dimensional Wigner distri-
bution. From this result we conclude, that (5.22) holds for /\/(EO,WO )» namely by taking
A= Iy, and b = —(z9, wo).

We observe that all possible translations b € IR™ in (5.22) can be obtained from Nj.
This means, that if we are looking for a unitary operator V on L?(IR™) such that (5.22)
holds, then we only have to find a linear operator Z/ on L?(IR") such that

WYIUf](z,w) = WV[f](A(z,w)), (5.24)
for all f € IR™. The operator V we are looking for is then given by V = ANU.
Therefore, we will restrict ourselves from now on to operators I/ that satisfy (5.24)
with det A = £1.

The Fourier transform
In Section 2.3 we already derived for the Fourier transform F on L?(IR)
WV[F fl(z,w) = WV[f](-w, z). (5.25)

For f € L%(IR™) and the n-dimensional Fourier transform JF this relation remains the
same, which follows straightforwardly from a generalization of Relation (2.31) for
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the multi-dimensional Wigner distribution. Consequently, the Fourier transform on
L?(IR"™) satisfies (5.24) with A = JI. Here J,, denotes the (2n x 2n) matrix given
by

0 I
I = ( B ) (5.26)

In the sequel of this section this matrix will play an important role in classifying all
unitary operators I/ that satisfy (5.24).

The dilation operator

For B € IR™*", with det B # 0, the dilation operator Dy on L?(IR") is defined by
1

/| det B|
Dg'[f)(z) = \/| det B|f(Bz).

We use the definition of the Wigner distribution to derive the action of Dp in the
Wigner plane. We compute

WV[Dg fl(z,w)

_ __1.__ -1 T+ T 1y — T ()ﬁv,‘,(ﬂw) -
- (27r)"|detB|R/nf(B (@ +7/2) (B (@ - r/2)e ") d

Dp[f](z) = f(B™ '), (5.27)

with inverse

= # / f(B_la: + 7/2)m6—i(T,BTw) ir
Bn

= WV[f|(B 'z, BTw). (5.28)

Concluding, also Dp corresponds to a linear transformation in the Wigner plane. For
Dp Relation (5.24) holds with

B! 0
A= ( 0 BT ) )
Multiplication with a chirp

The last example of a unitary operator that satisfies (5.24) is the operator that multi-
plies a function in L2 (IR™) with a quadratic chirp. This operator is given by

Cslfl(z) = 5502 f(z), (5.29)

with S € IR™*"™ symmetric. Remark, that we have seen this operator already for the
one-dimensional case in (5.6), which coincides with (5.29) for n = 1. Obviously its
inverse is given by

C5'[f)(w) = e =2 f(z).



Affine Transformations in the Wigner Plane 99

We use (2.51) to derive the action of Cg in the Wigner plane

WV[Csf1(z,w) = (2m) 2" / / (Canlp, 0,0)Cs) f, fae~ D=0 dp dg.

R"™ R"
In a direct way we get

(Csn(p, 4,0)Cs)[f1(=)
= US22)/26i(p2) pi(P0)/2i(S(240)2+0) /2 f (g 4 ¢)

= lPt502) it S(@0)/2 f (g 4 g)
= pu(p+Sa,q,0)[f](2),
which yields
WV[Cs fl(z,w)

= @m)n / / (1(p + S, 4, 0)f, Fae~PDe=10) dp dg
IR™ IR™

(2m) 72" / / (1(p, 4,01, f)oe™ DA dp g

R~ R"
= WV[fl(A(z,w)), (5.30)
I, O . . .
with A ={ ~ s 1./ Consequently, also Cg satisfies (5.24) with A as given be-
fore.

5.2.1 A Group Theoretical Approach

In the last example of the previous subsection we have already seen that the relation
between a unitary operator on L?(IR™) and its affine action in the Wigner plane can
be given by using (2.51). This relation can also be used to translate our problem in
terms of group theory. This can be done in the following way.

Given a unitary operator V on L?(IR"), we define a unitary representation p of the
Heisenberg group H,, by p(g9) = V*u(g)V, for all ¢ € H,, and u the Schrodinger
representation. Then by (2.51) we have for such p and V

WYY f(z,w)
(2m) 2" / / (V" 14D, 4, O0V) £, flae= P2 e=i002) dp dg.

IR™ R

= @n)n / / (00,0, 0)f, f)se—i®De=10) gy dg.

IR™ R™
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Consequently, if there exists a linear transformation A such that z(g,0) = p(ATg,0)
forall g = (p,q) € H), with

H1I1, = {g € B2n lvtER(g7t) € Hn}a
then

[Vf] z,w)

72 [ AT 00,0, £ae D) dpay

R™ R"
| det A[- WV[f](A(=,w)), (53D

using the notation A=7 = (A~1)T.

This derivation shows that the problem we are considering is equivalent to problem of
finding operators V € U(L?(IR™)) for which there exist matrices A € IR™*" such
that

V*u(g, t)V = u(A™Tg,1), (5.32)
forallg € H] andt € R.

Besides the Lie groups that have been discussed in Example 2.4.2 we will use another
Lie group for solving this problem, namely the symplectic group Sp(n). This group
is defined by

Sp(n) = {M € GL(2n) | J,MTJT = M~'}, (5.33)

with J,, as given in (5.26). Note that by definition M € Sp(n) and det M = +1
for any M € Sp(n). Moreover, it can be shown that Sp(n) is connected, see [29].
This yields that det M = 1 if M € Sp(n). Furthermore, we observe, that Sp(n) C
SL(2n),but Sp(1) = SL(2). It will turn out later in this section, that this property of
the symplectic group causes the fact that solutions for the multi-dimensional problem
do not follow straightforwardly from the solution for the one-dimensional case.

To solve our problem we start with the introduction of G, the subgroup of U (L?(IR"))
given by

G = {V € UL (B) |YyemnVeerTyemn - V(.0 = ulg',1)}.(5.34)

Obviously, G is a semi-group. Later we will show that every ¢ € G has an inverse
element in GG, which yields that G is a group. This group can be equipped with the
strong operator topology of U (L?(IR™)). Furthermore, it is clear from (2.44) that g’
in (5.34) is uniquely determined. So a mapping v(V) : IR®*™ — IR?" can be defined,
which depends on V € G. This v(V) is given by v(V)(p,q) = (p',¢'), with p,p', ¢
and ¢ as in (5.34). Also v(V) is a homomorphism for all V € G. This is shown in the
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following way.

For p1,p2,q1,¢2 € IR"™ we have

V*:u'(plaql’o) /‘L(ananO)V
= V'ulpr +p2,q1 + q2,(q1,p2)/2 — (p1,42)/2)V
= pV)(p1 +p2, @1 + @2), (Jn(p1,@1), (P2, 92))/2)-

On the other hand we also have

V*H(Pl,Q1>O) ,LL(pg,QQ,O)V
(V) (p1,q1),0) u(v(V)(p2, ¢2),0)
= V) (p1,q1) +v(V)(p2,q), (W1,22)/2 — (21,92)/2),

with (z1,y1) = v(V)(p1,q1) and (22,y2) = v(V)(p2, ¢2). Taking these results to-
gether yields

pv(V)(p1 +p2,q1 + @2), (Ju(p1, q1), (P2, 92))/2)
= pv(V)@,q) +vV)(P2,492), (Y1,22)/2 — (21,y2)/2). (5.35)

A necessary condition such that (5.35) holds for all p;,p2, g1 and g» is given by the
additivity of v(V) for all V € @. Linearity of (V) can also be proved if v is a
continuous mapping, which is the case, as we shall see. Consequently, v(V) : IR*" —
IR?™ is a homomorphism, that satisfies

Vup,q,t)V = p(v(V)(p,q),t)- (5.36)

Using this relation we can show, that v()) is also injective. To do this, we assume
v(V)g = 0, or equivalently u(g,t)V = u(0,t). Then

u(g,t) = Yu(0,6)V" = p(0,1),
which yields g = 0.
Furthermore, v satisfies
pw(CV)(p,0),t) = (CV)u(p,q,0)(CV) = u(v(V)(p,q),1)
and

prWiVe)(p,q),t) = Vo(Viu®,q,t)WV1)Ve = Vsu(v(V1)(p,q),t)Vs
p(r(V2)v(V1)(p,q), 1),

forall Vi, Vs € U(L?(IR™)) and |C| = 1. In the following lemma we deal with some
other properties of the mapping v.
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Lemma 5.2.1 Let G be the subgroup of U(L*(IR™)) as defined in (5.34) and let v
be the mapping as defined in (5.36). Then v is a continuous mapping from G into
Sp(n) in the subspace topology of G C U(L?*(IR")). The kernel of v is given by
Kerv ={CT||C|=1}.

Proof
Since p’ and ¢’ are uniquely determined in (5.34) it follows that v(}) is a non-singular
mapping on IR?", or equivalently v(V) € GL(2n) for all V € G. To show that
v(V) € Sp(n), we take T' = v(V) and py, p2, ¢1, 92 € IR™. Then by (5.35) we get for
a=1landf =1
wT(p1 +p2, @1 + @2), (Ju(p1,q1), (P2, 42))/2)
= uw(T(p1+p2,q1 + @), (Jn(z1,91), (22,92))/2)
= TP +p2, a1 + @), (TT T (1, 01), (p2,92))/2)-

This result must hold for all p;, p2,q1,q2 € IR™. This implies that 77 .J,TJ! = I,
which is equivalent with the condition in (5.33).

To compute the kernel of v we take V such that (V) = I. This yields VuV* = p.
Since p is irreducible, we get from this equation V = CI, with |C] = 1.

To complete this proof we show the continuity of the mapping. Let V;,V, € G and
W =V, — V;. Thenforall p,q € IR™

w((v(V2) = v(V1))(p, ), t)
= uv(V2)(p,q),0) p(v(V1)(=p, —q),0)
= Vou(p,q,0)(W + V1)V u(-p, —q,0)V1
= I-ViW+Viup,q,00WV5u(=p,—q,0)V1,

with t = —(v(V1)TJ,v(V2)(p, q), (p, q)). Consequently, for all € > 0 there exists an
0 > 0 such that

V2 =Wills <6 = [w((v(V2) = v(V1))(P,9),t) = 1(0,0,0)]l2 <&, Vpgemn-

It can be shown, see e.g. [100], that if we have ||u(p, ¢,t) — (0,0,0)|]2 — O then
also necessarily (p,q,t) — (0,0,0). Since the latter result must hold for all p,q €
R, we get ||[v(Vs) — v(V1)||l2 — 0. This condition is not only necessary to obtain
|(z,y,t) — 11(0,0,0)|]2 — 0. It is also sufficient, since

t = =) (V) (®,9), (p,9)) = —(Jn(p,9), (,9)) = 0,
ifv(Ve) —» v(Vy). O
For solving our original problem, namely to find unitary operators on L?(IR™) that

act like affine transformations in the Wigner plane, we combine (5.31), (5.32) and
Lemma 5.2.1. This results into the following theorem.
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Theorem 5.2.2 Let V be a unitary operator on L?(IR") and A a linear transforma-
tion on IR®™. Then

WYV f](z,w) = WV[f](A(z,w)). (5.37)
if and only if
(i) V € G, with G as defined in (5.34),
(ii) A € Sp(n),

(iti) A = v(V)~T, with v the continuous mapping from G into Sp(n) as defined in
(5.36).

Theorem 5.2.2 tells us under which conditions unitary operators on L?(IR™) act like
affine transformations in the Wigner plane, namely if they belong to G. However,
Theorem 5.2.2 does not tell us explicitly which unitary operators satisfy (5.37), e.g.
by means of a representation formula for such operators. In the following examples
we revisit three operators, that have been considered in the beginning of this section.
We show that these three operators are elements of G and we compute v(V). These
three operators will give us some insight in the type of operators, that G consists of. In
Section 5.3 we will present a representation formula that gives us an explicit formula
for all operators in G.

Example 5.2.3 The first unitary operator we consider is the Fourier transform on
L2(IR™). We derive

Fupa0PE) = [ fw+ el G 0nr0 g,
Bn

_ / Flw)eip)+@w)=0a)/2~a)+0) 4,
Hn

= eil(—aa)H(—ap)/241) / Flw)ei@+pe) gy
Rn

forall f € L?>(IR™). Consequently, F € G and

v(F)=JrL. (5.38)

According to Theorem 5.2.2 the symplectic transformation in the Wigner plane corre-
sponding to the Fourier transform is given by

A=v(F) T =unHT=Jr,

which corresponds with (5.25).
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Example 5.2.4 The second unitary operator we consider is the dilation operator Dpg
on L2(IR"), with B € IR"*™ and det B # 0. We derive

(Dpulp, 0, )Dp)[fl(x) = ePBDHPO/2 (54 Bl
_ ei(BTp,m)ei(t+(BTp,B_1q)/2)f($+B—1q)

= w(BTp, B 'q,1)[f](x).

this shows that also Dp € G for B € GL(n). Moreover, we have

T
¥(Dp) = ( B ) (5.39)

Now, Theorem 5.2.2 states that the action of the dilation operator in the Wigner plane

is given by
_ BT o \"_ (B! 0
A4 =4(Ds) TZ( 0 B‘l) :< 0o BT )
We observe that this result corresponds to the linear transformation that we derived in

(5.28).

Example 5.2.5 The last unitary operator we consider here is the operator Cs with
S € IR™ ™ symmetric, as defined in (5.29). We have already seen

(Csu(p,q,t)Cs)[fl(x) = plp+ Sq,q,t)[f](z),

for ¢t = 0. A straightforward computation shows that this result also holds for ¢ # 0.
This result yields that Cs € G for S € IR™*™ symmetric. Furthermore, we have

V(Cs) = ( ! i > (5.40)

Theorem 5.2.2 can also be applied to this operator. This yields

-T
_ r_ (I S _ I 0
A_V(CS) —(0 I) _(—S I>a
which is the same result we derived in (5.30).

We observe that the fractional Fourier transform on L?(IR™) is a combination of the
three unitary operators discussed in the previous examples. We have for 0 < |a;| < ,
1=1,...,n,

‘7:!11,~~~,04n = Ca1 te Ca,. CS(Q)DB(Q)]:CS(Q)’ (541)
with

S(a) = diag(cot ay,...,cota,) and B(a) = diag(sinay,...,sinay,).
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Starting from (5.41) a limit process determines the FRFT with a;; = 0 or ; = m, for
some , forsomei =1,..., N.

The following theorem classifies all possible elements of Sp(n). A proof of this result
can be found in [29, 100].

Theorem 5.2.6 (Bruhat Decomposition) Let G be the group as defined in (5.34) and
let v be the anti-homomorphism from G into Sp(n) as defined in (5.36). Then v is
surjective. Moreover, let J,,, v(Dp) and v(Cs) be the real valued (n x n) matrices as
given in (5.26), (5.39) and (5.40) and let

G, = {v(Cs)| S € R"", ST = S}

and
G2 = {v(Dp) | B € R™™", det B # 0},

then Sp(n) is generated by G; U Gy U {J,, }.

This result is a corollary of the generalized Bruhat decomposition with respect to a
suitable maximal parabolic subgroup [103].

The next corollary combines Theorem 5.2.2 and Theorem 5.2.6. It characterizes all
unitary operators on L?(JR"™) that correspond to linear transformations in the Wigner
plane.

Corollary 5.2.7 Let f,g € L>(IR"). Then
WV[gl(z,w) = WVIfI(T (z,w)),
for some T € Sp(n) if and only if
g=ClU---UNT,

with |C| = 1 and U; = Cs, U; = Dp orU; = F, with S € IR™™"™ symmetric and
B € IR™ ™ non-singular, fori = 1,...,N,and N € IN.

We omit the proof of this corollary since it follows immediately from Theorem 5.2.2
and Theorem 5.2.6 by observing that v(F)~T = v(F), v(Dp)~T = v(Dg-r) and
I/(Cs)_T = J,?V(Cs)Jn = I/(.7:C5.7:*).

The classification presented in Corollary 5.2.7 also holds for the mixed Wigner distri-
bution. For a unitary operator V on L?(IR™) that corresponds to a linear transforma-
tion A in the Wigner plane we also have

WYV, Vgl(z,w) = WVIf, gl(Az, w)), (542)
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with A € Sp(n). This relation holds by polarization, i.e.,

WYV F, Vg|(z,w)

WYV fl(z,w) + WY[Vgl(z,w) - WY(f + 9)](z,w)) /2
WV[fI(A(z,w)) + WV[g](A(z,w)) — WVIf + g](A(z,w))) /2
WV, gl(A(z, w)),

I

for real-valued f,g € L?(IR"). For complex-valued functions we have to deal with
the real and complex part separately.

In Section 5.3 this relation is used to come to a representation formula for the unitary
operators as discussed in Corollary 5.2.7.

5.2.2 The FRFT Generalized

As we have seen in (5.41) the fractional Fourier transform on L?(IR™) can be decom-
posed into four unitary operators, namely a chirp multiplication, the Fourier transform,
a dilation and again a chirp multiplication. Both the chirp multiplications and the di-

lation depend on a set of parameters o, . . . , ay,, that determine the FRFT. Therefore,
a natural generalization of the FRFT is given by
Jr.a = CCrDaFCr, (5.43)

for some |[C| = 1, T, A € IR™*™, both symmetric and with A non-singular. We ob-
serve, that A is not required to be symmetric in (5.27). Here we require the symmetry
of A to obtain a symmetrical representation formula for the generalized FRFT.

We observe, that (5.43) generalizes the multi-dimensional FRFT, which was intro-
duced in Section 5.1.2. Indeed, by taking

I' = diag(cot a1, ...,cot a,) and A = diag(sinay,...,sinay,) (5.44)

the generalized FRFT with the definition of the multi-dimensional FRFT.

As a consequence of Corollary 5.2.7, we have for all operators Fr a
WV[];F,Af](m1 w) = WV[f](A(.’E, w))>
for some A € Sp(n). Using (5.38), (5.39) and (5.40) we compute straightforwardly

AT —-A )

~TAT +A-! TA (5:45)

A=v(CrDaFCr) T = (
Taking I" and A as in (5.44) we arrive at the matrix A as given in (5.21).

A special property of the FRFT is that for its corresponding transformation in the
Wigner plane we have A € Sp(n) N SO(2n), the orthonormal symplectic group .
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One may ask whether the generalized FRFT is also related to an orthogonal transfor-
mation in the Wigner plane. The answer to this question is given in the following
lemma.

Lemma 5.2.8 Let Fr a be the generalized FRFT as defined in (5.43), for certain
symmetric real valued (n x n) matrices T and A. Then A as given by (5.45) is
orthogonal if and only if

(i) A7> -T? =1,

(ii) TA™Y is symmetric.

Proof
We compute

r, [ X Y

AT A= < Yy oz )
with

X = TAT -TAT?AT+A~2 - A™'TAT —TATA!,
Y = ATTA-TA% —TAI?A,
Z = A+AT?A.

For orthonormal A we should have X = Z = I and Y = 0. The condition Z = [
yields A= ZA~! = A~2, which equals (i). Obviously, Condition (i) is also sufficient
to guarantee Z = I. Substituting (i) into the matrix Y yields

V=0 TA'=A7'T < TA' = (A HT.

After substituting Condition (i) and (ii) in the matrix X we get X = I. So for the
equation X = I no further conditions are required. |

We observe that Conditions (i) and (ii) in Lemma 5.2.8 are equivalent with
AP+ A -T) =1

It follows from this relation, that we have n? /2 + n degrees of freedom for choos-
ing symmetric matrices I' and A, such that the matrix A corresponding to Fr A is
orthogonal. Therefore, for higher dimensional function spaces we may expect more
variety in the class of operators Fr A that yield orthogonal symplectic transforma-
tions in the Wigner plane. For the one-dimensional case the one-parameter family of
the FRFT turns out to be the only transformation up to a constant, that is in the class
of generalized FRFT and that acts like an orthogonal transform in the Wigner plane.

Lemma 5.2.9 Let Fr a be the unitary operator on L*(IR) as given in (5.43), with
A € R. Then A = v(Fr a)~7T is orthonormal if and only if Fr o = C Fa, for
some o € IR and C with |C| = 1.
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Proof
In the case that I" and A are scalars, the conditions in Lemma 5.2.8 reduce to

A2 =1+4T2%

This equation can be parameterized by taking I' = cot a and A = sin a, for some
o € IR. Substituting this parameterization into (5.43) leaves the FRFT F, up to a
constant of absolute value 1, which does not affect A. ]

As we expected from the considerations before Lemma 5.2.9, this lemma cannot be
extended in a canonical way to higher dimensions. This is shown by the following
example for n = 2. Moreover, by extending the example to higher dimensions in a
natural way it follows that the preceding lemma can only hold for 1 o € U(L?(IR)).

Example 5.2.10 We consider F1_a on L?(IR?), with

2

- r? cos? a+r? sina  (r; —ry) cosasina and
(r1 —rs) cosasina  r? sin® a + 3 cos® a

A= p? cos?a+ p}sinfa  (p — ps) cosasina -
“ \ (p1 — p2) cosasina  p? sin® a + p cos® ’

witha € Rand p? =1+ 17, i = 1,2. Then

2

A‘Q—Iﬂ:(p%‘rf 02)21’

0 ps =3
and
rA-! — ( ripl cos? a+r3p3 sin®a  (rip; — raps) cosasina )
(rip1 —r2p2) cosasina  r?p? sin® a + r3p? cos® a
= (ra—hr.

Consequently, the matrices I and A satisfy the conditions in Lemma 5.2.8. The or-
thogonal symplectic transformation in the Wigner plane, that corresponds to Fr a is
now given by A = U(a)” MU(a), with

-ri/m 0 =1/p 0

M= 0  -ra/pp O ~1/p>
1/p1 0 —r/;m 0

0 1/p2 0 —T2/p2

and
cosa sina cosa sina

—sina cosa —sina cosa
. ¢ .

cosa sina cosa sina

—sina cosa —sina cosa
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Resuming, we have extended the FRFT to a unitary transformation on L?(IR") given
by Fr.a, where I', A € IR™*", both symmetric and A non-singular. So the set of all
generalizations of the FRFT on L?(IR™) of this kind are given by the set

Vo = {Fr,a|T,A € R"™" symmetric, det A # 0}.

Furthermore, a subset of V,, is defined consisting of all Fr o € V), that act like or-
thogonal transformations in the Wigner plane. This subset is given by

Wy ={Fra €V,|A™? -T2 =1,TA = (T'A)T}.

For the FRFT we have F,, . o
case we have

€ W, C V,. Moreover, for the one-dimensional

n

Wy ={CFs|a€R,|C|l=1}

and
WoN\{ttFoy....on |1y yan € R, |u| =1} # 0,

forn > 2.

5.3 A Representation Formula

In this section we present a representation formula for all unitary operators V' on
L?(IR™) for which there exists a transformation A on IR>" such that
WYV S, Vgl(z,w) = WV, g](A(z, w)). (5.46)

We observe, that for the particular choice f = g, (5.46) coincides with (5.24). We
have already shown that (5.46) can only be realized for symplectic transformations A.
Therefore, we start with some properties of symplectic matrices.

Given a matrix A € Sp(n), then we can represent A by its 2 x 2 block decomposition

A A
A= . 5.47
( Ao Az ) 47
Since A is symplectic, it has to satisfy (5.33). This yields for the block decomposition
AL AT

A—l — ( 22 12 ) , 548

or equivalently
AL Ay - AT Ay = T, (5.49)
Al Ao = AJ A = 0, (5.50)
AL Ay — AT, Ay = 0. (5.51)

Using these relation we prove the following less known properties of symplectic ma-
trices.



110 The FRFT and Affine Transformations in the Wigner Plane

Lemma 5.3.1 Let A € Sp(n) be given by its 2 x 2 block decomposition (5.47). Then
the following relations hold

(i) (A3,)* (Ran(Af;)) = Ran(4;2),
(ii) dim Aso(Ker(A;2)) = dim Ker(4;2),
(lll) A22(Ker(A12)) = (Ran(Alg))l,

with Ker(B) and Ran(B) denoting respectively the null space and range of a linear
transformation B and with B (W) denoting the inverse image of a subspace W
under the linear transformation B.

Proof
Letv € (AL,) (Ran(A7,)). Then there exists an u € IR™ such that AL, v + AT, u =

0. Hence,
AT (v = AT, AL u ) _ AT u+ AT v
v AT, AL v 0 '

Since A is symplectic, we can apply (5.48). This yields

u) Az —An Afy v+ Afju
v )\ -4 An 0 ’
Consequently, v = —A;5 (AL, v + AT, u) € Ran(A4;3). On the other hand, if v €
Ran(A;2), then there exists a w € IR™ such that v = A5 w. Using (5.51) we derive
Agjz v = Ag; Apw= Ag; Aspw € Ran(Ag),

which proves Property (i).

In order to prove (ii), it is sufficient to show that, if Aso u = 0, for u € Ker(A;2), then
u = 0. Using (5.49), this follows from

UZIn’U,:A’ﬂ AQQU_A51A12U=O.

In [63] we have shown that, given a linear transformation B in IR™ and a linear sub-
space V in IR"™, we have

dim(BT (V1)) = dimV+ = BT (V%) = (B (V))*.
Now, replacing B by AL, and V by Ran (A7) yields
(A22(Ker(A12)))* = (A3,)* (Ran(Af,)) = Ran(4,,),
which proves Property (iii). a

For deriving a representation formula we also need the following result.
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Lemma 5.3.2 Let W be a subspace of IR™ and let B be a linear transformation on
IR™, such that dim(B(W)) = dim(W) = d. Then

/f(Bx)dm:qwl(B) /f(:c)dz, Vies(rr) (5.52)
W

with qw (B) the d-dimensional volume of the simplex generated by Bey,...,Bey,
with ey, . ..eq an orthonormal basis in W .

The proof of this lemma is omitted, since it is straightforward. We observe, that
gw (B) is positive. Furthermore, if W' is the null space and B is non-singular, then by
setting gy (B) = 1 the definition of ¢y (B) is extended in a consistent way.

The last lemma we need to derive our representation formula is as follows.

Lemma 5.3.3 Let f € S(IR™) and A € Sp(n) with block decomposition (5.47).
Furthermore, let dimRan(A15) = d > 0. Then,

(v, AT 27T nd
flu 2% dy dy = fw)dv. (5.53)
9Ker( A12) A22

Ker(a,,) B" Ran(A;2)

Proof
Since dim Agq(Ker(A;2)) = dim Ker(A13) = n—d, cf. Property (ii) of Lemma 5.3.1,
we may apply Lemma 5.3.2. This yields

(m/f Yel (A% gy | dy = (27)/2 / f(Agzv)dv =
KCI(A12

Ke['(Alg)

(27) "/2 A
—_— v) dv. (5.54
AKer(A:2) (A22) f( ) )
Azz(Ker(Ai2))

From Fourier theory we have as a result

(2m)~ 572 [ (o) do = (2m) =42 [ f0) do,
/ /

for all f € S(IR™) and linear subspaces W of IR". By taking W = A (Ker(A;2))
this result becomes

Fv) dv = (2m)n/2—d / F(v) dv.
Azz(Ker(Ai2)) Ags(Ker(Aq2))t
Since A2z (Ker(A2))* = Ran(A;5), we have, cf. Property (iii) of Lemma 5.3.1,
foyd =@yt [ fw)a

Azz(Ker(A12)) Ran(A;s)
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In combination with (5.54) the latter result establishes the proof. O

The starting point for the derivation of our representation formula is the characteris-
tic function of the Wigner distribution (2.35). For the n-dimensional mixed Wigner
distribution, we can also define a characteristic function by

MIf,916,0) = @) [ flut1/2) gla oD du,
i

or equivalently

M([f,g](8,t) = (2m)~"/? / flu+1t) g(u)e’ /20 gy, (5.55)
Rn

with f, g € L?>(IR™). By the inverse Fourier transform we have

f(2)gy) = (2m) ™" / M([f,g)(8,x — y)e™"*=+¥/2 g, (5.56)
R”

For the n-dimensional mixed Wigner distribution we have

WV[f](m,w)=(27r)‘3"/2//M[f](e,t)e"“”’w)e“"(t’“)dedt. (5.57)
IR™ IR™

Now, let V be a unitary operator satisfying (5.46). It follows from (5.57) together with
(5.46) that

M[Vf, Vgl = M[f,g]o (A™)T. (5.58)
Combining (5.58) with (5.48) and (5.56) we arrive at

V[f1(z) Vgl(y)
= (2m) / M{f, ) (AT (8,2 — y))e@+0)/2 dg
Rn

2m)™™" flu—A120/2+ Aj(x—y)/2) x
R/"R/"
glu+ A120/2 — A (z —y)/2) Ey(u,b,2,y) dudb,a.e..

for all f and g in L?(IR™), with
Eo(uaeaxay) = exp(i (ATZ 6 — A21(£B - y)?“’) —1 (971‘ + y)/2)

This last relation only holds formally for general f,g € L?(IR™), but it holds rigor-
ously for f,g € S(IR™). Therefore, we assume f, g € S(IR") from now on. After this
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derivation, we will show that the representation formula also hold for f € L?(IR™).

By taking v = u — Aj1(z + y)/2 in the previous result, we have
V[f1(=) Vigl(y) =
(271‘)-” / /f(v—A120/2+A11a:)g(v+A129/2+ Ally) X

R™ R
eXp(i E; (Ua 9a T, y)) dv de’

with El(vaeamay) = (A22 6— A21 (.’I? —y),v+ All (.’E+y)/2) - (07$+y)/2 USing
Relations (5.49) - (5.51), we can write F; as

Ei(v,0,z,y) = (A0 — Ay (z—y),v)+ (A120,421 (z+y))/2—
(Ag1z, A1 2)/2+ (A21y, A1 y)/2.
Hence, V[f](z) V|[g](y) can be rewritten as
VIfl(z) V]gl(y) = e~ H(An 2, A112)/2 i (A21 y,A11 y)/2 H[f, 9](z,y), (5.59)

with
HIf, 9)(z,y) =

(271_)—71 / / f(v — Aqs 9/2 + Anp Z‘) g(’U + Ao 0/2 + A y) X
R™ IR™
ei(Alz 6,A21 (av+y))/2 ei (A22 60— Aoy (:c—y),v) dU de

Our aim is now to write 7 in a possible degenerate form. If this is established, then
the representation formula for V f can be read off from this form. To come to such
a form we substitute in the latter expression § = 6; + 62, with §; € Ran(Af,) and
02 € Ker(A;2). This yields

Mg =eo™ [ [ [ o= a6z 405 %

Ran(AZ,) Ker(A:2) IR™

g(v+ A12601/2+ A1 y) X
ei (Azz 91—A21 (m—y),v) ei ((A12 01,A21 (z+y))/2+(A22 92,’(1)) dU d62 d01

We are now in the position to apply Lemma 5.3.3 with respect to the function

V> f(’U — Ais 91/2 + Ay .’IZ) g(v + Aqs 91/2 + Ay y) ei (Az2 01— Az (w—y),v)_

By applying this lemma, we arrive at
HIf,9)(z,y) =

QKer(Ayo) (A22) / / flv—A120:/2+ A x) x

Ran(AT,) Ran(A12)
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g(v+ A1261/2+ Apy) x
ei((A12 01,421 (2+y)) /24 (A22 61— A2 (—y)v)) 4, e,

with d =dim Ran(A;»). Since v € Ran(4;2), we may substitute v = A;» w with
w € Ran(A%L,), since A;, restricted to Ran(A7,) is a linear bijection onto Ran(4;5).
We obtain

Hf 9)(z,y) =
Ci / / f(Alzw—A1291/2+A11 $) X

Ran(AZ,) Ran(AT,)

g(Apw+ A1201/2+ Ay y) x
ei( (A1201,A21 (2+y))/2+(A22 01— A2 (z—y),A12 w)) dw db;,

with

s(A12)
Cy = . 5.60
4 \/(27f)d Ker(Ayz) (A22) ©-60)

Here s( A1) denotes the product of the nonzero singular values of A;5, or equivalently
$5(A12) = qran(az,) (A12)-

Our next step is to substitute t; = w — 6, /2 and ¢t = w+ 60 /2. Then, by using (5.49)
- (5.51) one has

(A1201, Ao (z +y))/2 + (A2 01 — Aoy (z —y), Apw) =
(A12 (2 — t1), A1 (z +y))/2 + (A22 (t2 — t1), Ar2 (t1 +£2))/2
(A21 (T —y), Ar2 (t1 +t2))/2 =
—(Agati, A12t1)/2 4 (Asate, A1ate)/2 —
(A12t1, Aor &) + (A1 y, A12 ).
With this result we can rewrite H[f, g](z,y) in the degenerate form
H(f, 9)(z,y) = C% Holf1(2) Holg)(v), (5.61)
with
Ho [f](:E) = / f(Ast+ A ) et (Azzt, A2 6)/24 (A2 6,421 2)) gy

Ran(A7,
Finally, combining (5.59) and (5.61) yields the degenerate form for V[f](z) V|[g](y)
VIf1(@) Vlgl(y) = C4 Holf1(z)Holg](y)- (5.62)

In a natural way this derivation results into the definition of an operator 4 that sat-
isfies (5.46). We will define this operator on L?(/R™) and show that it indeed corre-
sponds to the unitary operator we have been searching for.
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Definition 5.3.4 Let A € Sp(n) with block decomposition (5.47). Then the linear
operator F 4 on L?(IR") is defined as follows. If A1» # 0, then

Falfl(z) = Ca e~ (AT Az z,2)/2 o
/ F(Agt+ Apy o) et (A2 Az L,0/2-0 (AT A212) gy (5,63)
Ran(A7,)
forall f € L?>(IR™) and with C 4 as given in (5.60). Furthermore, if A12 = 0 then
Falfl(e) = vdet Ay e (A0 An =22 (4, ), (5.64)
forall f € L*>(IR™).
The main theorem of this section can be stated as follows.
Theorem 5.3.5 Let A € Sp(n) and F 4 be given as in Definition 5.3.4. Then
WYIFAS, Fagl(z,w) = WVI[f, g](A(z,w)),
forall f,g € L*(IR™).

Proof
If Aj52 # 0 then we conclude from (5.62) and the definition of 74 that a unitary

operator V, for which WV[V f, Vg](z,w) = WV|[f, g](A(z,w)) holds for all f,g €
S(IR™), must satisfy

VIf1(z) Vigl(y) = Falfl(z) Falgl(y) a.e.on R,

forall f,g € S(IR™). Hence, V defined on S(IR™) is equal to F4 up to a constant C,
with |C| = 1. Note, that C' may depend on A. Since S(IR") is dense in L*(IR"™), we
obtain

Vf=CFaf,
forall f € L2(IR™). The proof for the case A;» # 0 is completed by assuming, that
V satisfies (5.46).

If A;2 = 0, then (5.49) and (5.50) yield, that A;; is non-singular and that Aﬁ] =
AggT. Moreover, AUT As; is symmetric. Using these observations, we compute the
mixed Wigner distribution of 74 f and F g as follows.

WV[]:Afa&rAg](wi) = %l / f(A11 T+ A t/2) X
R'n.

g(All T — All t/2) G_i(A;I; Az 2,1) G_i(t’w) dt =

Cry" [ s+ 1/2) gl - 7D x
R’n

e~ i (AT} Az 2, AT O+ (AT tw)) gy
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Hence,
WVIFaf, Fagl(z,w) = WV[f, g](A11 , As1 = + Az w).

This establishes the proof for dim(Ran(A;3)) = 0. O

At the end of this section, we present two well-known examples of unitary operators,
that satisfy (5.46).

Example 5.3.6 We recall, that for a set of parameters ay,...,a, € (0,7) the n-
dimensional fractional Fourier transform is given by

Falfl(@) =

Caei (Bz,z)/2

i((Bu,u)/2—(Cz,u)) d 5.65)
u)e u, .
\/(27r)"|sina1-~-sinan|R/n fu) (

with matrices B = diag(cot a1, . ..,cot a,), C = diag(cscay, ..., csca,) and con-
stant Cy = Cy, -+ Cy, , Where Cy, is given by (5.2). The symplectic matrix, that
corresponds to this transform in the Wigner plane is given by the rotation matrix
Rq,,....a, as given in (5.21). We observe, that in this particular case A2 is non-
singular. This yields gger(a,,)(A22) = 1 and s(A;2) = det(A;2). Using these sim-
plifications and the substitution u = A2t + Aj;x, Formula (5.63) simplifies to

e—i(AL Az, x)/2

T (202 /] det Ar]

For A1, = Ajy = diag(cosa,...,cosay,) and A1, = diag(—sinay, ..., —sinay,),
the latter representation formula turns into the n-dimensional FRFT as given in (5.65).

Fa [f](a;') / f(u) e~ i((A2z AT u,u) /2~ (x, AT, w)) dus.
mn

Example 5.3.7 The second example is the unitary operator on L?(IR?), which corre-
sponds in the Wigner plane to the symplectic matrix

100 O
0 00 -1
A= 0 01 O
010 O

Remark, that all matrices in the block decomposition of A are singular.

It can be verified in a straightforward way, that gger(4,,)(A22) = 1 and 5(A4;2) = 1.
By substituting the block matrices of A into (5.63), the unitary operator, we are dealing
with, reads

Falfier) = = [ flon e e,
R

which is the one-dimensional Fourier-transform of f(zy,-). We observe, that this
operator can also be derived from (5.65) by taking a; — 0 and s — 7/2.
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We observe that in [29] and [33] also a representation formula is presented for unitary
operators that correspond to symplectic transformations in the Wigner plane. How-
ever, both references do not give a formula that can also handle symplectic transfor-
mations with a block decomposition, that consists of four singular block matrices,
which is the case in the second example.
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Chapter 6

Localization Problems in Phase
Space

A celebrated problem in signal processing is the problem of maximizing energy in
both time and frequency. This problem already has received much attention in the
literature, see e.g. [20, 28, 41, 58]. This chapter consists of two parts that are also
devoted to this problem.

In the first part we discuss two classical problems. The first problem concerns the
maximization of energy of time-limited signals within a frequency band, i.e. finite in-
terval in the Fourier domain. For this problem we revisit a series of papers by Slepian
and co-workers, [57, 80, 93]. The second problem concerns the maximization of en-
ergy within a disk in the Wigner plane, i.e. the phase space related to the Wigner
distribution. Although this problem is discussed in several papers [20, 28, 29, 46], we
also present alternative proofs and additional results in this section.

The second part of this chapter is devoted to the FRFT, which we generalized in the
previous chapter. Using this generalization we are able to relate several classes of en-
ergy maximization problems in phase space to the two classical problems as discussed
in the first part of this chapter. For this, we discuss the Weyl correspondence, see e.g.
[29, 107].

6.1 Slepian’s Energy Problem

The first problem to be considered in this part of the chapter is the concentration of
energy in a certain frequency band of a time-limited signal. So we consider for time
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limited signals f the ratio

T 1F @) dw
Ef(wo) = W (6.1)

with [—wp,wp] the frequency band we are looking at in this problem. Obviously,
E¢(wo) > 0, forall f € L2(IR). Moreover, Corollary 2.1.13 yields Ey(wp) < 1.

Since Ef(wp) < 1forall f € L?(IR), the problem arises of maximizing this energy
ratio over all f € L?([—xo, z0)), for some fixed zg > 0.

For solving this problem we introduce two operators. The first operator we discuss is
the integral operator B(wg) : L?(IR) — L?(IR). For wg > 0 fixed, this operator is

given by
Bl = /2 / Tatenle ~2) fuyau, (62)

forall f € L?(IR). We observe that

f—l[X[—uo,wo]](x) = \/gw

According to Lemma 2.1.8 the latter result yields
FB(wo)f = X[-wo,wo] * Ff a.e.on IR, (6.3)
Hence B(wy) is a Hermitian projection operator; in fact it is an orthogonal projection.

The second operator we introduce in relation to the energy localization problem is the
projection P (z¢) : L2(IR) — L?(IR). For xo > 0 fixed, this operator is defined by

,if |z| < 2o,
Pl ={ 5 LS 64)
By combining the introduced operators we arrive at
P(@0)B(w0)P (@0) )(z \[ / mlenle =) sy, (6.5)

forall |z| < zo and f € L?(IR). Since the integral kernel in (6.5) is in L?([—z0, z0)?),
we have that P (z)B(wo)P(zo) is a Hilbert-Schmidt operator. Hence, we see that
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P(z0)B(wo)P(z0) is a compact operator. Also P(zg)B(wo)P(xg) is a positive defi-

nite operator on L?([—=, zo]), which is shown as follows. Using (6.3) we derive
(P(z0)B(wo)P (o) f, f)2

B(wo)P(z0)f, P(x0)f)2

FB(wo)P(xo) f, FP(zo)f)2

X[-wowo] - F P (20)f, FP(x0)[)2

X[~wo,wo] * FP(z0)f, X[~wo,wo] * FP(zo0)f)2-

(
(
(
(
We assume

(P(x0)B(wo)P(w0)f, f)2 =0,

for some f € L%*(IR). Then FP(zo)[f](w) = 0, for almost all w € [—wp,wq].
However, FP(xo)f is holomorphic by Theorem 2.1.12. This yields in combination
with the latter result FP(zg) f = 0, or equivalently f(z) = 0 for almost all |z| < zo.
For f € L*([—=o, 7)) this yields

(P(x0)B(wo)P(z0)f, f)2=0 = f=0 ae.onkR.

Following Pollack and Slepian [80, 92], we consider possible solutions P(z¢) fmax»
with fmax € L*(IR), that maximize (6.1). Then
E,P(zf))fmux (WO) : (fp($0)fmaXafP($O)fmax)2
= (X[—wo,wo] - FP(x0) fmax, FP(20) fmax)2-

Equivalently, using Parseval’s theorem and (6.3),

ED(00) frmax (@0) * (P(20) fmax> P(%0) fmax)2 = (B(wo)P (20) fmax> P(20) fmax)2-
Since fmax is a stationary solution of this equation, it must satisfy

B(wO)P(mO)fmax = Ap(xo)fmax: (6.6)

a homogeneous Fredholm equation of the first kind.

We recall that P (o) B(wo)P(xo) is compact. Furthermore, it is a positive definite op-
erator on L2([—zq, To)). These considerations yield that solutions P(z) f for equa-
tion (6.6) only exist for a discrete set of real positive values of A, with the properties
that

1> >A > > ...

and limy_, o0 A = 0. In general, the eigenvalues of a compact Hermitian operator are
not necessarily distinct. However, for this particular Fredholm operator, Pollack and
Slepian have shown in [80], that its eigenvalues are distinct. Also Slepian showed, see
[92], that the kernel of the integral operator B(wp) commutes with the second order
differential operator

d d
D(l’owo) = E(l - 1’2)% - (.270&)0)2.’132. (67)
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Since both operators have the same spectrum, they must have the same eigenvectors.

Differential operator (6.7) is a well-known operator. It arises on separating the 3-
dimensional scalar wave equation in a prolate spheroidal coordinate system. Its real-
valued eigenfunctions g, ¥1, 92, . . . are known as prolate spheroidal wave functions
(PSWEF), see [27]. We observe, that the concentration of energy problem is solved by

P(x0)vo.

Some useful properties of the PSWF have been derived in the past. We present some of
them in the following lemma. For a proof of these properties we refer to [57, 80, 93].

Lemma 6.1.1 Let 1o, 11,0, . .. be the eigenfunctions of P(xo)B(wo)P(xo) and let
their corresponding eigenvalues be given by Ao, A1, A2, . ... Then

(i) Pr € L2([~wo,wo]) Viem,

(i) [ (@)dn (@) dz = \ebym,

—Zo

(ii)) [ r(@)on (@) do = Gy .
R

Other properties for the PSWF follow from this lemma, e.g. Theorem 2.1.12 and
(i) yield that vy, is holomorphic. However, this lemma does not provide us with an
explicit expression for v, and consequently for \;. More insight in the behaviour of
the eigenvalues A, is given by a conjecture of Slepian, which can be proven rigorously
by using the following classical result, that is due to Landau and Widom, see [58].

Lemma 6.1.2 Let H(zowo) : L?(IR) — L*(IR) be given by
H(zowo) = P(wowo)B(1)P(wowo)-

Furthermore, let N(H(zowp),p), 0 < p < 1, denote the number of eigenvalues of
H(zowo) which are greater than or equal to p. Then
_ 2mowo 1 1-p

N(H(zowo),p) = - +plog(

) log(zowo) + R(zowo), (6.8)

with R(z) of order o(log(z)) as 2 — oo. Using this result Slepian’s conjecture was
proven in a rigorous way.

Theorem 6.1.3 (Slepian’s conjecture) Let P(z0)B(wo)P(x0) be as defined in (6.5)
and let A\, k € IN, be its eigenvalues. Then for all 6, € (0,1) there exists an
M € IN such that

(i) A <€ fork > (1+ 6)22220 gnd xowy > M,

(ii) 1 = A <e,forl <k< (1—6)23”——%“—Qandx0wo > M.
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Moreover, foralle > 0 and 0 € IR, there exist § > 0 and M € IN such that

(iii) Mg — (L + e™) 7| < ¢, for |k — 2220 — %log(wowo)l < dlog(zowo) and
Towo > M.

Proof
We define ¢ (z) = ¥ (x/wo). Then, for |z| < zowy, we derive

(@) = \/7/ wo sin(z —uw0)¢k(uw0)du

115 — uwo
Towo

sin(z — v)

— d
J_/ ICED R
—ZTowo
or equivalently
H(zowo)dr = Mk Viemw\{o}-

Consequently, Lemma 6.1.2 can also be applied on the eigenvalues of the localization
operator P(zo)B(wo)P(zo)-

Let0 <e < 1land0 < 6 < 1. We take M > 0 such that

log (1%) logz _ mR(z)
2rx 2z
for x > M. Then

5> (6.9)

2 1-
N(H(zown)e) = 220 1 — dog(

)log(:cowo) + R(xowo)
< (1+496) ———merwo,

for zowp > M. Consequently, if & > (1 + 6)2—””70%1, then N (H(zowp),€) < k. This
result yields Ay, < €.

For proving Property (ii) we also take M > 0 such that (6.9) holds. Then

2Tow 1 1-—
N(H(wowo), 1 —€) = ==~ —log(

€
)log(.'L'()LU()) + R(ﬂi’owo)
2
> (1- 5)—9:39,

for zowo > M. Therefore,if 1 < k < (1 — 5)2—””0”&1, then N(H(zowo),1 —¢€) > k,
whichleadsto 1 — A\; < €.

Finally, let ¢ > 0 and 6 € IR. Furthermore, take 6 > 0 and M € IN such that

5<ilo l1+e+ee™ \  R(z)
w2 B\ 1T e _cem0 logz’
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for x > M. Then we have
N(H(.’I}Owo), (1 + 67‘-9)_1 + E) m

2x0wo 1 g 1l—e—cee
1 w0, - =
r 2 og(e 1+¢e+eem?

-7

) log(zowo) + R(zowo) =

2 0
£%0%% + = log(zowo) —

1 14 ¢+ ¢ce™

P log <m> lOg(.Z‘OLdo) -+ R(Z’O&Jo) <
2 [

a:_;)rw_o + - log(xzowp) — d log(zowo)

for xowy > M. Consequently, if

2.’1)0(4)0

0
k> + ; lOg(CEowo) - (SIOg(.’EooJo),

or equivalently, if

2 0
<£ZoWo + ; log(xowo) —k< (5log($ow0),

then A\ — (1 +e™)~! <e.

In the same way, we derive

N(H(zowo), (1 +e™) ™! —¢) =
2 0

0% 4 = log(zowo) +
1 1+e+ +ee™
;é‘l (m) log(a:owo) + R(wowo) >

2 0
2o | - log(zowo) + 6 log(zowo)

for zowg > M. Therefore, if

2.’1)0(4)0

0
k< + - log(zowo) + dlog(zowo),

or equivalently, if

_ 2:130w0 0

k - log(zowo) < dlog(zowo),

™

then Ay — (1 +€™)~! > —¢. Combining these two results establishes the proof of
Property (iii). O
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Figure 6.1: Eigenvalues corresponding to the PSWF for a) zowy = 25, b) 2wy = 50.

From this theorem it follows, that for large zowo approximately the first 2zowq /7
eigenvalues that correspond to the PSWF attain a value close to unity. For index num-
bers in a region around 2zowp /7 the eigenvalues plunge to zero and attain values close
to zero afterwards. The number of eigenvalues in the region where the eigenvalues de-
crease from close to one to close to zero is proportional to log zowy. Remark, that the
eigenvalues depend on the product xgwy.

In Figure 6.1 the eigenvalues of H(zowp) are depicted for a) zowg = 25 and b)
zowp = 50 respectively. We observe that in both figures the number of eigenval-
ues close to unity is given by 2zowq /7. For zowo = 25, approximately the first 16
eigenvalues are close to unity. For zowg = 50, this number is approximately 32. The
number of eigenvalues in the plunge region in Figure 6.1.b is approximately 1.25 times
the number of eigenvalues in this region in Figure 6.1.a. This corresponds with the
observation we have made after Theorem 6.1.3, namely that the multiplication factor
is approximately given by log 32/ log 16 = 5/4.

6.2 Energy Concentration on a Circle in the Wigner
Plane

The second problem to be considered is the concentration of energy in a circular region
in the Wigner plane. So we consider a region

Cr={(z,w) € R*|2” +w’ < R} (6.10)
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and search for functions f € L?(IR) for which

E(R) = [ WHfl@widsdo /11 6.11)
Cr

is maximized. An upperbound for E¢(R) follows from an upperbound for WV|f]
which can be derived from (5.15) in the following way

WVIfl(@,w)] = |M-oT-of, MuTFI/m < |If13/7.

This result yields
E;(R) < R

Of course a better and more natural upperbound for E¢(R) would be given by 1, i.e.,
if E¢(R) is the total amount of energy of f. A conjecture of Flandrin states that such
an upperbound indeed exists, not only for integrals over circular regions, but in gen-
eral for integrals over convex regions, see [28]. As far as we know, a proof of this
conjecture has not been given yet. For non-convex regions this conjecture does not
hold, which follows from various examples in [81].

We observe that from (2.41) it follows that
Ef(R) -1 (R — 00),

ifalso f € L'(IR) or f € L'(IR). Since the Wigner distribution can attain both posi-
tive and negative values, this result is not sufficient to prove Flandrin’s conjecture.

In order to solve this energy localization problem, we introduce the localization oper-
ator £(o) on L?(IR), associated with a bounded symbol on IR?, by

(L(0)f,g)s = / / o (,0) W[, gl (, w) d dov, 6.12)
R R

for all f,g € L?(IR) and with WV[f, g] the mixed Wigner distribution of f and g.
Then

Ef(R) = (L(o)f, 1)2/(f, )2

with 0 = x¢,. Furthermore, we observe that £(o) is a Weyl transform with symbol
o € L*(IR?), see [107].

It can be proved, see e.g. [107], that £(o) is compact for 0 € LP(IR?),1 < p <
2. Moreover, Flandrin showed in [28] that £(o) is self-adjoint for o real-valued.
This means that £(o) is a compact Hermitian operator on L?(IR) for real-valued
o € LP(IR?), 1 < p < 2. Consequently, the eigenvectors of £(o) can be chosen
to form an orthonormal basis for L?(IR), the set of real-valued eigenvalues is count-
able and the only possible accumulation point is O.
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These considerations yield that the function fiax, that maximizes E¢(R) is given by
the eigenvector ¢ of L(x ¢ ) corresponding to the largest eigenvalue Ag of L(xcy)-
Moreover, Ey, . (R) is given by Ao.

The eigenvectors of L(xcy) are given by the Hermite functions h, k¥ € IV, as in-
troduced in (5.10). This result was already given by Janssen in [46]. In the following
lemma we come to the same result using a proof based on a property of the fractional
Fourier transform.

Lemma 6.2.1 Let Cr = {(z,w) € R? | 2% + w? < R} and L(xc) as defined in
(6.12). Then the eigenvectors of L(xcy, ) are given by

{hi | k € IV}
with hy, the Hermite functions as defined in (5.10).

Proof
Since x ¢, is rotation invariant, we have for all a € [0, 27)

(L(xcr)Faf, Fag)2 = /WV[faf,fag](z,w)dxdw

Il

Cr
[ WUl Rate,) do d
Cr

/ WV, g)(,w) d dw = (L(xcp) 1, 9)s,
Cr

with R, the rotation matrix as given in (5.18). Consequently, we have for all @ €
[0, 27)
faﬁ(XCR) = E(ch)fa-

Let now ¢y, be an eigenvector of L(x ¢, ) and )y, its corresponding eigenvalue. Then
L(xcr)Fadr = Fal(xcr)br = MeFadr-

This shows, that if ¢, is an eigenvector of L(x ¢y, ), then also F, ¢y, is an eigenvector
of L(xcy) forall a € [0,27). Since L(xcy) is compact, the set of eigenvectors

{Fadr |a €0,2m)}

should be finite or countable. This can only be realized if ¢, is an eigenvector of F,
forall « € [0, 27), i.e., ¢y, is a Hermite function following (5.12). a

The eigenvalues \;, of £(x ¢y ) can be expressed in terms of Laguerre polynomials Ly,
given by

1, (d\*
Lk(.’E) = Eem <£> (e_m.'Ek) . (613)
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In the following lemma we present a recurrence relation involving Laguerre polyno-
mials that we shall use to compute the eigenvalues .

y
Lemma 6.2.2 Define I,,(y) = /e_z/an(m) dz. Then
0

Ing1(y) = —In(y) + 267V (Ln(y) — Lus1(y)) - (6.14)

Proof
First we observe that L}, (z) = L,, () + Ly (z), which follows from the recurrence
relations for Laguerre polynomials, and L,,(0) = 1, see e.g. [96]. Integration by parts
yields

y
I(y) = 2-2L,(y)e v? + 2/e_z/2L'n(a:) dz
0

y
2 — 2L, (y)e ¥/? + 21, (y) + 2/6_””/2L;z+1(x) dz.
0

y

We conclude 2/6“$/2L;+1(x) dz = —I,(y) + 2Ln(y)e_y/2 - 2.
0

Applying the same procedure on [,,; yields

Yy
Ln(y) = 2-2Lun(e ™ +2 [ L @) ds,
0
or equivalently
Yy
2 [ L@ de = L)+ 2Lan (e -2
0

Combining these two results completes the proof. O

Using this lemma we come to the following recurrence relation for the eigenvalues of
‘C(XCR )

Theorem 6.2.3 Let {\; | k € IN'} denote the set of eigenvalues of L(xcy,), with
Cr = {(z,w) € R? | 2*> + w*® < R},

with R > 0. Then
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e )\ = (1 - e‘RQ),
M1 =M — (—1)¥ e~ (Ly(2R?) — L1 (2R?)) , k € IN\{0}.

Proof
The Wigner distribution WV[h](z,w) can be expressed in terms of Laguerre poly-
nomials, see e.g. [107]. This relation with Laguerre polynomials is given by

WVhi)(z,w) = 2(=1)% (2m) 7! Ly (2 + w?)) e~
Using polar coordinates we get

A = (L(XCr)Pks )2
= /WV[hk](x,w)d:cdw

Consequently, we have
2R?
Ao = Io(2R?)/2 = 1/2 / e /2 dg = (1 - e—R’) .
0

Moreover, Lemma 6.2.2 yields

M1 = (1) L1 (2R?)/2
(—1)* I, (2R?) /2 + (—1)k+1e~ R (Lr(2R?) — Ly41(2R?))
= A — (=1)*e B (Ly(2R?) — L1 (2R%)) .

This gives the recurrence relation for the eigenvalues. a

In Figure 6.2 the first 30 eigenvalues as given in Theorem 6.2.3 are depicted for R =
/3. To emphasize the eigenvalue behavior a spline interpolation function is used
in this figure. As we have seen before for the eigenvalues Theorem 6.1.3, the first
eigenvalues are close to Ag. Later the values plunge down towards zero and remain
close to zero for larger index numbers. For the Wigner distribution, the eigenvalues
can be negative, which can be observed in Figure 6.2 as well. Moreover, starting from
a certain index number the eigenvalues alternate around zero.
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Figure 6.2: Eigenvalue behavior of the energy localization problem on a disk with
radius R = /3.

6.3 Localization Problems and the Generalized FRFT

In this section we return to the fractional Fourier transform as introduced in Sec-
tion 5.2.2. This generalized FRFT is used to solve two classes of energy localization
problems that are related to the two problems, which we discussed in the previous
sections. These two classes of localization problems are related to the discussed prob-
lems via the Weyl correspondence.

Although the problems we discuss concern signals in L?(IR) we consider first local-
ization problems for signals in L2(IR"). For this we generalize the Weyl correspon-
dence (6.12) to higher dimensions. Then a bounded symbol ¢ on IR?" is associated
with the localization operator £(o) on L?(IR™) by

(L(0)f,9)2 = / / o (2,w) WIS, gl(z,w) d dw, 6.15)

IR™ IR™

forall f,g € L?(IR™). Consequently, if ¢ = xq, with Q C IR*", then

(L(o)f, f)2 Z/WV[f](a:,w) dz dw
)

represents the energy of f in the Wigner plane within the region {2.
Using the generalized FRFT Fr A as introduced in (5.43) we compute
(Fral(@)Frafr9)2 = (L(O)FFaf, Fra9)

= [ [ olec) W o1 asl(o0) ded
R™ R™
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= [ [owomringu@e)dods

R™ R™

= //cr(A(x,w))WV[f,g](x,w)d:rdw
R™ R"

= (L(oa)f,9)2,

with 04(z,w) = o(A(z,w)) and A as given in (5.45). Now, let us assume that
{¢x | k € IN} is the set of eigenvectors of L£(c) and {\i | k € IN} the set of corre-
sponding eigenvectors. Then
L(o4)Fr Ak (Fr.aL(o)Ft A)Fr,adk
= Fr,aL(o)dr = AeFr,adk. (6.16)

Consequently, the eigenvectors and eigenvalues of L£(o 4) are given by

{Fradr |k € IN} and {\; |k € IN}

respectively. If £(o) is a compact operator, both the eigenvectors ¢y and Fr Aoy
form an orthonormal set in L?(IR").

6.3.1 The Rectangle/Parallelogram Case and the Rihaczek Distri-
bution

The first problem we consider is to maximize

(L(o)f, )2 /(f, f)2 6.17)
for f € L*(IR), with 0 = X[—g4,40] x [~wo w0

This problem may seem to be similar to Slepian’s energy problem in Section 6.1.
However, results presented for Slepian’s energy problem cannot be related to the prob-
lem of localizing the energy on a rectangle in the Wigner plane.

The two problems can only be related to each other if (6.17) is maximized over abso-
lutely integrable f € L2,,,,(IR), with supp(f) = [—zo,xo]. Using these constraints
(6.17) is equal to (6.1), which follows straightforwardly from Theorem 2.3.4. If we
do not require these constraints on the maximizing function f, we are only provided

with some asymptotical results on the eigenvalues of L£(o), see [41, 81].

A less trivial relation with Slepian’s energy problem is given for

g = X[—Ig,mo]x[—uo,wo] * @7 (618)
for some zo,wp € IR* and where ¢ is given by

—2izw

p(z,w) =e
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We observe that ||||oo < 1,and so o € L (IR?).

The following lemma shows that the localization operator £(o), with o as in (6.18),
can be rewritten as an energy density operator related to the Rihaczek distribution, see
[82].

Lemma 6.3.1 Let L(0) be the localization operator as defined in (6.15), with o the
symbol as given in (6.18). Then for all f, g € L*(IR)
(E@)f.9)2 = [ X-anolxt-wnan (@RI, 5](0,0) da dos
RQ
with R|[f, g] the mixed Rihaczek distribution given by
R[f, 9)(z,w) = f(z)g(w)e™™*/V2m. (6.19)

Proof
We observe that

(L(0)f,9)2 = (00 * 9, WV[f, g])2 = (00, * WVIf, g]),
With 00 = X[—z,z0] x[~wo,wo]+ L DS EXpression can be rewritten by
(i * WVIF, g]) (2, w)
= / o(p,q)f(x —p+t)g(x — p — t)e =D dtdpdq

272
R3
1 - .
— 3 [ #0205+ gl T oe I dudvdg
BS
1 —Zqz —iu(w—q) jivw
= 47r2 f(u)g (U)€ e du dv dq

= —/ ~ f(w — q)g(w) dg = 2i “rg(w) [ e f(g)e'” dg
R
= f(@)§(w)e™™*/Vm.
This yields (£(o) f, g)2 = \/L?_ﬂ [ [ oo(z,w) f(z)g(w)e™™* dz dw ]
R R

Using this lemma we prove the following theorem, that relates £(o), with o as in
(6.18), with the localization operator of Slepian’s energy problem.

Theorem 6.3.2 Let L(0) be the operator as in (6.15), with o the symbol as in (6.18).
Then
L(o)*L(o) = P(z0)B(wo)P(z0),

with B(wo) and P(xg) as defined in (6.2) and (6.4) respectively.
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Figure 6.3: Localisation on a rectangle/parallelogram: fig. a) o = 1 on [0, 1] x [0,1]
and fig. b, ¢, d) o4 with A = —1/T A = —2/T and A = —1/T"? respectively.

Proof
From the preceding lemma it follows immediately that

|

L(o)*[gl(x) = X(-z0,20)(@) - \/_% / §(w)e™® dw

= P(mo)B(wo)
Since both B(wy) is a projection operators, we have
L(0)*L(o) = P(z0)B(wo)P (o).

O

Remark, that although o € L*°(IR), L(o) is compact for o as in (6.18). This follows
from the fact that £(o)*L£(c) is compact. Furthermore, we observe that the result
of Theorem 6.3.2 was already given in [28]. However, our aim is not to investigate
existing time-frequency distributions, but to consider the generalized FRFT acting on
these distributions. In this context, we return to the first part of this section.

We have seen that the eigenvalues of £(o) and £(04) coincide. In a direct way, we
can also show that the eigenvalues of £(o)*L(c) and L(c4)*L(0c4) coincide. This
yields that the singular values of £(o) and L(0 4) are the same. These singular values

are given by
Sk = V Ak,
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where A, denote the eigenvalues of the operator P(xo)B(wo)P(xo). Since these Ay
satisfy Theorem 6.1.3, a similar result holds for the singular values. Moreover, the
asymptotical behavior of s;, and Ay, is similar.

The eigenvectors of £(o) do not follow from Theorem 6.3.2. The eigenvectors of
L(o)*L(o) are known, namely the prolate spheroidal wave functions ;. As before
we can also show that the eigenvectors of £(c4)*L(04) are then given by Fr At
They can be computed as the eigenvectors of the operator

Dl(xowg) = anD(.Iowo)ff:,A,
which is also a second order differential operator that commutes with £(o4)*L(c4).

In Figure 6.3.b,c and d the domain of o 4 is depicted instead of o, with the substitutions
A=-1/T,A = -2/Tand A = —1/I'? and with T = 3 in (5.45). We observe
that with these substitutions £(o 4) represents the energy of the Rihaczek distribution
within differently orientated parallelograms in phase space. The singular values of
L(04) for all A related to these parallelograms are the same and are given by /Ay,
with A as in Theorem 6.1.3.

6.3.2 The Circle/Ellipse Case

In Section 6.2 we already discussed the energy localization problem on a circle. More-
over, we studied the operator £(x ¢y, ), with Cg a circle in the Wigner plane concen-
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trated around the origin and with radius & > 0. It turned out that its eigenvectors
are given by the Hermite functions hy, defined by (5.11), and that the corresponding
eigenvalues are given by Theorem 6.2.3.

It follows from (6.16), that the eigenvectors of L(c 4), with A as given in (5.45), are
given by Fr ahg, kK € IN. The eigenvalues of £L(o4) are given by the recurrence
relation in Theorem 6.2.3.

In Figure 6.4.b,c and d the domain of o 4 is depicted with ¢ the characteristic func-
tion of Cg, with the substitutions A = —1/T', A = —2/T'and A = —1/I'? and
with I' = 3. With these substitutions £(o4) represents the energy in the Wigner
plane within differently orientated ellipses. The energy localization problem for each
of these ellipsoidal areas is now solved by the eigenvectors Fr ahy, using the corre-
sponding substitutions, and the eigenvalues A.
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Chapter 7

A Seismic Problem: Automatic
S-Phase Detection with the
DWT

In the last chapter of this book we consider a seismic problem, which has been dealt
with while the author was seconded to the seismic department of the Royal Dutch
Meteorological Institute (KNMI). For this problem an algorithm based on the DWT
has been derived. Implementation and test results of the algorithm are also included
in this chapter. These were established at KNMI by R. Sleeman and T. van Eck.

7.1 Introduction and Approach of the Seismic Problem

A seismic earthquake signal recorded by a seismic station (seismogram) is built up
by several different seismic waves (phases), which characterize the type of the sig-
nal. Amongst others, significant phases that appear in a seismogram are the P-phase
(primary phase) and the S-phase (secondary or shear phase), which we consider here.
The problem we are dealing with, is to detect automatically the S-phase and to deter-
mine its arrival time, once the P-phase arrival time is known with high accuracy as in
[3, 6, 91]. This arrival time is defined as the time sample in the seismogram at which
the P-phase appears for the first time. An accurate estimate of these arrival times is
important for determining the type and location of the seismic event.

The S-phase arrival time is determined in a three-component seismogram, represent-
ing motion on a ground detector in three mutually orthogonal directions, two in the
horizontal plane (x-y plane) and one vertical direction (z-axis). An example of a three-
component seismogram is depicted in Figure 7.1.
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Figure 7.1: A three-component seismogram, with P- and S-phase arrival times picked
by an analyst at ¢p = 1120 and i = 1275 respectively.

The detection of the S-phase arrival time is mostly based on some physical differ-
ences between the P-phase and the S-phase, as described thoroughly in [2, 13]. For
our problem the most obvious property is the difference in arrival times. The S-phase
is always delayed as compared to the P-phase arrival at the seismic station. A more
fundamental property is the fact that P-phases compress volumes and S-waves deform
volumes. Furthermore, the S particle motion, i.e. the direction of the S-phase when
it arrives at the earth’s surface, is contained in a plane perpendicular to the direction
of the P particle motion, called the S-plane. This property only holds if reflections
at the earth’s surface may be ignored or when the phases arrive in a direction almost
perpendicular to the earth’s surface. In our problem the latter assumption is justified.
The P-phase travels along the travel direction of the seismic event, unless the medium
is anisotropic. Finally, comparing the frequency spectra of both phases, the P-phase
appears at higher frequencies than the S-phase.

The automatic S-phase detection algorithm that we present in this chapter is a combi-
nation of traditional methods to detect S-phases as described before and the discrete
wavelet transform for [?(Z) as introduced in Section 3.2.3. The idea to analyse the
three components of a seismogram at several scales has been described already in the
literature, e.g. [5, 69]. However in these papers only the wavelet transform itself has
been used as a phase detector in seismograms, whereas in our method the wavelet
transform has been used in combination with traditional approaches, which are very
well known in seismology and have been discussed in the past in various papers, e.g.
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[13, 48, 85]. In Section 7.5 we compare results of this new algorithm with results
based on ideas of Cichowicz [13].

7.2 Seismic methods for S-Phase Picking

A common strategy to detect phase arrival times is to construct one or more so-called
characteristic functions. These are discrete-time functions, with some specific prop-
erties at the time sample, at which a phase appears in the seismogram. In this section
we discuss some of them for detecting S-phase arrival times.

7.2.1 Characteristic functions based on a cross-power matrix

We consider a (real valued) three-component seismic signal u € [?(Z, IR?). The time-
dependent IV -point cross-power matrix for such signal u is then defined as follows.

Definition 7.2.1 Let N € IN and u € I*>(Z,IR®). Then the N-point cross-power
matrix of w at i € Z is given by

<ui,uyp >; < u,Uz > < U, Uz >y
Myu(@) = <wug,ur > <ug,ug > <wug,uz >; |, 7.1
<ug,ur >; < us,uz >; < U3,U3 >

fori € Z, with
i+N—-1
< Up, Um >5= 1/N Z un(k) : Um(k)a
k=i

foralli € Z.

We observe that < -, - >; in this definition depends also on N. The window length V
itself is chosen depending on the (non)-stationary character of the signal u. Generally
we take N ~ 1/wg, with wg the dominating frequency of u. Furthermore, before
computing the cross-power matrix of a signal at a certain time sample, we first create
a signal u, with zero mean at each component. This is done by subtracting the means
of the components from the seismic signal. The reason for doing this is to neglect
possible offsets without seismic cause. These can be generated by the measurement
equipment.

Starting with My , (i) we can analyse the signal using the eigenvalues and eigenvec-
tors of My (7). We observe that My ,,(¢) can also be seen as the Gram matrix of the
set {X[i,i+ N—1)U1> X[i,i+ N—1)U2, X[i,i+ N—1)U3}, With x x the characteristic function
on Z of a discrete set X . So My ,,(7) is a positive semi-definite matrix. Therefore the
eigenvalues of M ,,(7) are real and positive,

A1(2) > A2(i) > As(i) >0,
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and the eigenvectors vy (i), v2 (i) and v3(7) can be chosen to form an orthonormal basis
in IR®. The following two characteristic functions are based on these eigenvalues and
eigenvectors. Hereby we assume My (i) # O, for any ¢ € Z, which is quite a
realistic assumption. We observe that My (i) = O is equivalent with ui(k) =
'U,g(k) :’U,3(k) =0, fork :i,...,i+N— 1.

Deflection angle:

Let v1 (i) denote the eigenvector of M (%) corresponding to A, (). This eigenvector
vy (¢) represents the direction of the particle motion at time ¢ with most seismic energy.
Let ip be the P-phase arrival time. Then v, (ip) is the direction of the P particle
motion. The deflection angle is defined by

|(v1(2), w1 (ip))| ) .

L2
(i) = 7 awccos (||v1<z')|| Tore)l

Note that £1 (ip) = 0. Furthermore, since the direction of the S-phase particle motion
vy (ig) is perpendicular to v; (ip), 1 attains its maximum 1 at the S-phase arrival time
is.

(7.2)

Degree of polarization:

Following [85], the degree of polarization is defined by

(i) = Q1) =22 + M (0) = (@) + Qa(6) = e())®
2(2) = 2+ (A1(2) + Xa(3) + A3(2))2

This characteristic function can be used both for detecting P-phase arrival times and
S-phase arrival times, since all types of seismic polarization, i.e. at all different phase
arrival times seismic energy is concentrated along one single direction. In practice
such an arrival yields A; () > A2(4), which means that we may expect maxima for
Ko atboth ¢p and i g, the S-phase arrival time.

(7.3)

Remark that x; and 3 depend on My ,, and so they depend on the window length
N. In Section 7.4.2 we will also discuss window lengths that depend on the frequency
behaviour of the signal u. Furthermore, we observe that for all characteristic functions
& introduced in this section we have

0< k(i) <1 Viez (7.4)
In the sequel we will use a combination of three characteristic functions k1, k2, k3
such that

3 3
I1 %2.() = max ] s2(n) <= i =is. (7.5)
nezZ

m=1 m=1
The square product of the characteristic functions will be used to emphasize the maxi-
mum values attained in each function at 75 and to reduce other (local) maxima, related
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to features in the signal other than the S-phase arrival. We have already met two candi-
dates to be used in this product of functions. In the following subsection we introduce
the third function that can be used in (7.5).

7.2.2 Rotation and the Energy Ratio

We transform the three-component seismic signal representing motion on a ground
detector into a three-component signal representing motion in the longitudinal direc-
tion and in two transversal directions. The longitudinal direction is the direction of the
P particle motion (v; (¢p)). The transversal directions are mutually orthogonal and are
chosen in the plane perpendicular to the longitudinal direction (span{vz(ip), vs(ip)}).
This transversal plane is also called the S-plane, since the direction of the S particle
motion is in the S-plane.

The seismic signal is transformed into the basis {v; (ip), v2(ip),vs(ip)} by

ur, (%) uy (1)
uQ(@) | =V(ir) | u2(i) |, (1.6)
ur(7) us ()
with
V(ip) = (iir) | vair) | vs(ir) )" (1.7)

The third characteristic function we use in (7.5) is the fraction of energy in the S-plane
to the total amount of energy in the signal, given by
i+N—1
)3 (ug(n)? + ur(n)?)
ra()) = Gy — ) (7.8)
(ur(n)? + ug(n)? + ur(n)?)

n=i

for some N € IN. This definition can also be rewritten as
i+N-—1 _
> (v(ip),u(n))?

Kk3(i) =1— ?jjf,_l , (7.9)

(u(n), u(n))

n=tg

which shows how k3 depends on i p. Note that we may expect a minimum k3 (ip) = 0
and a maximum x3(ig) = 1. Furthermore, k3 satisfies (7.4).

7.3 On the Use of Characteristic Functions

In this section we discuss the stability of the characteristic functions that we consid-
ered in the previous section. Also we discuss problems we have to deal with when
using the characteristic functions in practice.
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7.3.1 Error Analysis of the Characteristic Functions

We consider three kind of errors that can appear in the characteristic functions &.
Amongst others, an incorrect x can be the result of computational and truncation er-
rors in the matrices My ., measurement errors in the signal u, and the determination
of an incorrect P-phase arrival time i%>. We will show that x depends continuously on
the errors as described above.

First we consider stability with respect to computational and truncation errors in M 4,
and measurement errors in u. To prove the stability of the characteristic functions we
present some auxiliary results from linear algebra.

Theorem 7.3.1 Let M = A + A, with M, A and A (n x n) matrices with ||Al|2 <
1. Furthermore, let a1, - - -, a, be the eigenvalues of A and let uy, ..., u, be their
corresponding eigenvectors. Finally, we assume A\, # \j, k # j, with j fixed. Then
a first order approximation of the eigenvector v; is given by

A
v —u;+z—-————( STy, (7.10)
= (a; — ) (w, wy)
withwy, ..., w, the eigenvectors corresponding to the eigenvalues @, . . . , @, of A™.
Proof
Cft. [32]. m|

With this theorem we can prove the following corollary.

Corollary 7.3.2 Let H be a Hermitian (n X n) matrix, n > 1, with eigenvectors

U,y Un, |lugll =1, k =1,...,n. Furthermore, we assume A\, # \;, k # j, with
J fixed. Then the function g;, given by
9i(H) = u;

is continuous.

Proof
Let0 < ¢ < 1 andlet A be a (n x n) matrix, n > 1, with ||A|]2 < €-a/(n —1) with
a= I/?;én |aj — ag|. Here o, - - -, v, are the eigenvalues of H. Then by (7.10)
j
(Auj,ug (Auj,u
lge(H + &) = ge(BDll2 = HZ Chte) )y < 3 2120,
a; — Qg
k#j
< (n - l)llAllz/a <e.
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We follow the definitions of k; and k3 in (7.2) and (7.9) respectively. Now, Corol-
lary 7.3.2 immediately shows that errors in x; and k3 depend continuously on errors
in M (%) under the condition that A; (ip) > A2(ip). This condition will be satisfied
in practice, since A1 (z) > A2(4) for all phase arrival times .

From [32] we take the following result to prove the stability of x».

Theorem 7.3.3 Let M = A+ A, with M, A and A Hermitian (n X n) matrices. Let
further py > -+ > pp, 1 > -+ > ap and 61 > --- > O, be the eigenvalues of
M, A and A respectively. Then

ag +0n, < pup < ag + 1. (7.11)
Using this theorem we arrive at the following corollary.

Corollary 7.3.4 Let K, denote the set of all Hermitian (n x n) matrices and let the
mapping X : K, — IR™ be givenby A(H) = (A1,...,An), with Ay > --- > X, >0
the eigenvalues of H € K. Then X is continuous on K,

Proof

Lete > 0 and let A be a Hermitian (n X n) matrix, with eigenvalues §; > --- > 4y,
and such that |A||s < €. Furthermore, let ] > --- > )/, denote the eigenvalues of
H + A. Thenby (7.11)

Ak — Akl < max{|61],10n]} < [IA[l2 <&
Therefore || A(H + A) — A(H)||2 < e. |

Corollary 7.3.4 yields immediately

Corollary 7.3.5 Let f : IR™ — [0, 1] be continuous and let K, denote the set of all
Hermitian (n x n) matrices. Then k = f o X is continuous on K, with X as defined
in Corollary 7.3.4.

Since k9 can be written as in Corollary 7.3.5, also errors in k2 depend continuously
on errors in M .. Resuming, we have proved

Ves0Ts>0 (IMnu(i) = My ,(ill2 <6 = [ Ka(i) — 6,(0)| <&, (7.12)

for n = 1,2, any fixed i+ € Z and with k], the characteristic function associated
with the perturbated matrices M}, ,,. The only restriction we have to make is that
A1(ip) > A2(ip), which is always the case when the signal is polarized. We will now
show that matrices M, depend continuously on u in the following sense:

Lemma 7.3.6 Let u,w € [*>(Z,R®) and let My, and My, be the cross-power
matrices associated with u and w respectively. Then

Ves03550Viez @ U —wlloo < = |[|[MNw(3) — My w(3)]]2 <e. (7.13)
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Proof

Let v € I?(Z,IR®) be defined as y(n) = u(n) — w(n) and let A(i) € IR**3 be

defined by A(i) = My (i) — M, (3). With a straightforward calculation we get
Akt = | <ur,w > — < wp,wp > |

| <ug,w > — <ugp — Yo, — Y >

| <, >i + <ug, M >i — <YW >i

2N loo - llelloo + N3

So ||A(z)Hoo — 0if ||u — w|looc — 0. The proof is completed by the equivalence of
matrix norms. U

o

AN

Resuming, for all characteristic functions of Section 7.2 we proved stability with re-
spect to computational and truncation errors in My ,, and measurement errors in w.

The last kind of error in the characteristic functions we discuss here is the error due to
an incorrectly determined P-phase arrival time 7.

With a straightforward calculation we get My v, (i) = V My, (i)V7 for all (3 x
3) matrices V. For orthonormal matrices V' this relation yields o(Mpy vy (7)) =
0(Mn (%)), with 0(A) denoting the spectrum of an (n X n) matrix A. In particular
we have o (Mn,v(ip)u(%)) = 0(Mn,v(i,)u(?)) yielding that k5 is invariant under any
orthogonal transformation of «. So an incorrect P-phase arrival time i, will not affect
Ka.

The deflection angle «; is affected by an incorrect i p. An expression for the error in
k1 due to an incorrect ¢ p is given in the following lemma.

Lemma 7.3.7 Let u € I2(Z, IR®) and let R denote the shift on I*(Z, IR®) given by

(Ry) (k) = y(k - 1).

Furthermore, let My ,, be the cross-power matrix associated with u and assume
A1(ip) > A2(ip). Then

VesoTss0 @ Jlu—RPTPullo <8 = [Ik1 — Klllw <&, (7.14)
with k1 as given in (7.2) and with
k1 = 2arccos (|(v1(2), v1(ip))]) /7.

Proof
We define §(i) = |(v1 (i), v1(i'p))| — |(v1(3), v1 (ip))|. Assume |ju — R~ Pyl —
0, then Lemma 7.3.6 yields with w = Rir~tPy,

1MN,u(ip) = Mnu(ip)ll2 = 0.
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Now, by Corollary 7.3.2 and the assumption A; (ip) > A2(ip) we get
llv1(ip) — vi(ip)ll2 — 0.
This yields
6(i)

|(v1(2), v1 (#p))] — |(v1.(), v1(ip))

[v1(4),v1(ip) — v1(ip)| = O,

IN

forall i € Z. For |k; — k1| we derive an expression using a trigonometric formula.
| arccosa — arccosb| = |arccos (ab +v1—-a?y/1- b2) |
| arccos (a2 +ad+V1—-a2/1—(a + d)2) |

= |arccos (a2 +ad ++/(1 - a® — ad)? — d2) |

I

with d = b — a. After substituting a = |(v1(¢),v1(ip))|, b = |(v1(3),v1(¢’p))| and
d = (i) we obtain

|k1(2) — k1 (7)] = 2| arccos (x(z) + \/(1 —z(7))? — 6(1’)2) |/,

with z(3) = |(V (ip)v1(9))1]? + 8(3)|(V (ip)v1(3))1], for all i € Z. So we get

|k1(7) — k1 (5)] — 2| arccos (m(z) ++/(1- :c(z))2) |/m
= 2arccos(l)/m =0,
which completes the proof, since this result holds for all 7 € Z. o
We conclude from Lemma 7.3.7, that not only ¢, — ¢p has to be small in order to
get small errors in ky, but also A (ip) > A2(ip) and u has to be a signal of bounded

variation, i.e., u should satisfy the sufficient condition in (7.14). Note that only the
last condition holds automatically due to the constraints within the problem.

Finally we derive an expression for the error in k3 due to an incorrectly determined
P-phase arrival time.

Lemma 7.3.8 Let k3 be as defined in (7.8) with u},, ugy and wy substituted for uy,, uq
and ut respectively. Furthermore, we define v = vy (ip) — v1(i'p). Then

lI53 = K3lloo < llyvr(ip)” +o1(ip) 7" + 77" l2- (7.15)

Proof
Following (7.9) we write

i+N-1 i+N—1

ka(i) = Y (V(ip)"QV(ip)u,u)/ Y (u,u),

n=g n=t
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Figure 7.2: The characteristic function « for the seismic signal in Figure 7.1 (ip =
1120, is = 1275) for N = 15 (top) and N = 30 (bottom).

with Q the orthogonal projection onto span {e,, e5 }. Using this notation we derive in
a straight forward way

|ria (i) — k5 (i)

S (VR TQV (i) — V(i) TQV (ip)un), u(n)
= = i+N-—1
> (ulm), u(m) |

INA

IV(ip)TQV (ip) — V(ip)TQV (i)l
IV (ip)"PV (ip) = V(i) PV (i)l

llo1(ip)v1(ip)" = v1 (i) (i) T |2,

using P = Z — Q. Since this upper bound holds for any i € Z, we can take the
supremum of |k3(¢) — x5(¢)| over all ¢ € Z. The proof is completed by substituting
v1(ip) = v1(ip) — 7. O

We observe that the upper bound in (7.15) is sharp, so that (7.15) is a good estimation
for the error in the ratio of transversal to total energy, due to an incorrect P arrival time
determination.

7.3.2 Problems in Analysing Seismic Data

When analysing a three-component signal with k = k; - ks - k3 we have to deal with
several problems. First of all the window length N for the matrices M ,, and that
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in k3 has to be determined. Obviously N is related to the frequency spectrum of the
signal. By fixing N we do not take into account that a signal can consist of a broad
range of frequency contents. Moreover, the window lengths N that are not related to
the frequency contents of the signal will introduce undesired spikes in the graph of ,
which has been depicted in Figure 7.2. In this figure we see the seismic signal of Fig-
ure 7.1 (ip = 1120, ig = 1275) analysed by « using two different window lengths,
namely N = 15 and N = 30. Due to an incorrect window length we see in the upper
graph a lot of local maxima that are not related to any features of interest in the signal.

Another problem we have to deal with is the following. Ideally « should attain its
global maximum at 7s. Moreover, this maximal value should be close to 1. However
in practice a seismic signal does not only consist of a P-phase and an S-phase, but
also other waves, which we did not consider here, appear in the seismogram. Besides,
the signal is generally measured with both background noise and signal generated
noise. Due to these facts x will generally not reach a value close to 1 at s and
even the maximum of k at 75 can turn out to be a local maximum instead of a global
maximum. Therefore we take a threshold value that has to be attained by x at the
S-phase arrival time ig. In practice it turns out that choosing this threshold value is
very difficult. To illustrate this phenomenon we may have another look at Figure 7.2.
In both pictures we notice that the global maximum of « is much less than its ideal
value 1. Furthermore, we see that in the second picture x attains its global maximum
at ¢ = 1540 while s = 1290.

7.4 The Wavelet Method

The reliable method Cichowicz introduced in his paper [13] to determine S-phase ar-
rival times uses the product function « as given in (7.5) to determine ¢ as described in
Section 7.2. The problems he has to deal with in his paper are exactly the same prob-
lems as described in the previous section. To overcome these problems we introduce
an algorithm based on both Cichowicz’s traditional method and the discrete wavelet
transform for [2(Z).

7.4.1 Characteristic Functions and the DWT

The idea to detect S-phase arrival times using the DWT is as follows. By making a
decomposition of the three-component seismic signal u € 12(Z, IR?) into signals at
several scales, it can be possible to separate the S-phase from other phases, that appear
at other scales. This decomposition is made by taking the [>-DWT of each component
of u after rotating the signal into longitudinal and transverse directions, i.e.

( (m)

m) ( )111 (ip) + uQm)vz(iP) +uyp vs(ip).

wl™ = )"
We already know that the frequency spectrum of the P-phase appears at higher fre-
quencies than the S-phase. Therefore generally the S-phase will appear at higher
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Figure 7.3: A three-component seismogram of a local event containing micro seismic
noise.

scales than the P-phase. Our aim is now to find a set Jg, representing the collection
of scaling levels at which most of the S-phase appears. To make this choice more
explicit, we compute the energy in the I>-DWT of a segment u™ of u just after i p.
This will yield information about Js. The measured seismic signal can also consist
of background noise and micro seismic noise, which has been depicted in Figure 7.3.
Therefore we have to subtract the energy of the noise. This is done by using a wavelet
soft thresholding method similar to Donoho’s method [24].

For denoising we assume u = s + r (s : signal consisting of several phase, r : several
types of noise). By definition s(7) = 0, i < ip. We construct

ut(i) = w(ip+i),i=0,...,T -1,

w (i) = u@p-i—1),i=0,...,T—1,
with T" such that T'/ f, = 20, for the sampling frequency f;. Also we take u;f (i) = 0
andu, (i) =0for0 <iandi > T. Sou™ and u~ are two segments with a duration
of 20 seconds before and after the P-phase arrival time. Following [24], the wavelet
coefficients Gy (Gy)™u;, of u, can be used as soft thresholds for G (G )™ u}.

In this method we assume that the noise r is present both before and after 7 p. To make
this more explicit we define the soft threshold operator © on I%(Z) by

Oy[a](k) = sgn (a(k)) - max(0, |a(k)| — n), (7.16)

for all « € [?(Z) and some ) € IR*. Note that the wavelet filters p and ¢ have not
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been chosen yet. In Section 7.4.2 we will deal with the question of choosing appro-
priate wavelet filters.

We compute t(m) = [|Gx(G5)™ 'u;, ||oo for m € IV and use this as soft threshold
for G (G#)™'u;t. This yields the sequences

W™ = G,Gm ™ Oy Gy (G3)™ M, n=1,2,3, m€ IV,

representing the denoised segment u™ at scaling level m. Experiments showed that
with this denoising method the sequences w%m) can become free of micro seismic

noise.

After this denoising procedure we can estimate .Js by using the energy distribution of
w over all scales

3
E(m) =) lwi™|3. (7.17)
n=1

Remark that, cf. Lemma 3.2.6, E tends to zero once a certain scaling level has been
reached. So we can stop computing the 2-DWT for higher scales at such a scaling
level. In Figure 7.4 the relative energy distribution as a function of the scaling level
has been depicted for both a local event, i.e. an event for which the distance from the
source to the measurement equipment is less than 100 km, and a non-local event. In
this analysis the Daubechies-4 (Db4) wavelet filter and its corresponding scaling filter
have been used, see [23]. Our method also holds for wavelet filters that do not come
from orthonormal wavelets, which we showed rigorously in [72].

The estimation of Jg is based on the following physical properties of local and non-
local events. Experiments showed that for local events the S-phase arrival time can
be noticed within the time period of 20 seconds. For non-local events the difference
1g-1 p will be larger than 20 seconds in general, due to the fact that for these events the
traveling distance of the phases, i.e. the distance between the seismic station and the
source of the event, is much larger. Another difference between local and non-local
events is the frequency behaviour of the phases. Both the P-phase and the S-phase
for local events are high frequency signals compared to the P-phase and S-phase of
non-local events. Therefore most of the energy of w is found at low scaling levels
for local events and at higher scaling levels for non-local events. For local events ig
is contained in u™, however in general ig-ip > T for non-local events. So only the
P-phase can be found in 4™ for non-local events

To analyse the energy distribution we consider the scale M4, for which the maxi-
mum of E is attained. In case of a local event this maximum will be related to the
S-phase, which contains most of the energy in w. For non-local events m,,, is re-
lated to the P-phase. Let us now assume that we know that most of the energy of
local events can be found generally at the first m,,. scales. Then in general an event
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Figure 7.4: Energy distributions as functions of the scale for a) a local event, b) a
non-local event.

can be characterized as a local event if M., < ™y and as a non-local event if
Mumaz > Mioc. The parameter my, is determined experimentally and depends on the
wavelet filters. Experiments with the Daubechies-4 wavelets yielded m;,. = 4.

After looking at the energy distribution E of a seismic event we know with which type
of event we are dealing with. Once we have this knowledge, we take

+1} if Mpez <my
Jo = {mmamymmam P ! mazr > oc»y 718
s { {mmam + 1, Mmaz + 2}) if Mupaz > Mioc- ( )

The latter choice is justified by observing that the S-phase will appear at higher scales
than the P-phase. Experiments showed that these choices for Js only lead to scales
at which most of the S-phase appears for signals free of micro seismic noise. Micro
seismic noise that contains a substantial part of the total amount of the signal’s energy
may appear at other scales than the S-phase. This phenomenon has been depicted in
Figure 7.5.a. Here we see the relative energy distribution of the signal in Figure 7.3
during a 20 second period after :p. In Figure 7.5.b we see the relative energy dis-
tribution of the same signal during the same time period, but now using the wavelet
thresholding procedure. The effect of our wavelet thresholding procedure is obvious.

Once Js has been determined  can be applied to u(™ for m € Js and the S-phase
arrival time is then given by

I (™)) = max Il (s™))?(n) = i=is. (7.19)
meJs meEJs
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Figure 7.5: Energy distributions as functions of the scale for the local event in Fig-
ure 7.3 a) without wavelet denoising, b) with wavelet denoising.

In practice we have to work with a threshold value that has to be attained at i5. How-
ever by separating the S-phase from the P-phase it will be less difficult to find an
appropriate threshold value than in the situation we discussed in Subsection 7.3.2.

Another problem discussed in Subsection 7.3.2 is the window length N which was
not related to the frequency behaviour of v in Cichowicz’s method. Now that we
use a decomposition of u at several scales, we can use window lengths N (m), i.e. a
monotone ascending function of the scaling level m. So the characteristic function k
to analyse u(™) will use the window length N (m) in its definition. In this manner
the window length is adapted automatically to the frequency behaviour of the signal.
Amongst others, in the next subsection we will discuss the choice we made for N (m).

7.4.2 A Set-Up for the DWT Analysis

In the previous section we discussed our approach to analyse three-component seismic
data using characteristic functions and the DWT. Here we will present some choices
we made for the parameters in our algorithm after testing the method on seismic data.
Note that also other choices for the parameters can be made as long as they fit in the
mathematical framework of our algorithm.

Wavelet filters:

The first parameter we discuss is the wavelet function and the associated wavelet fil-
ters. Generally, in order to come to an appropriate choice for these filters we induce
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some constraints on the corresponding wavelet functions related to the physical prob-
lem. In our problem the most important constraint is that the wavelet function should
match with the seismic data, in such a way that the dilated and translated wavelets
generate a good approximation of the several phases at the particular scaling levels.
In experiments we minimized for a set of seismic data (also synthetic data) for which
is is known the error in the determined i g for a collection of candidate wavelet filters.
The experimental results led to the choice of the Daubechies-4 (D,) wavelet filters.

We observe that also other filters associated to wavelets within the Daubechies family
(e.g. Dg, Do) performed very well in this test. These wavelets are much smoother
than Dy, see [23], however in our problem smoothness of the wavelet does not play
an important role. The most important property of the chosen wavelet is its match-
ing property with the seismic signals, which are not smooth at all. Furthermore, the
wavelet filters of Dg and D»q contain respectively two and five times as many filter
coefficients as the D4 wavelet filters. Using more filter coefficients will increase the
computing time of our algorithm slightly.

Window length N (m):

In the previous section we already mentioned a way to adapt the window length NV
used in the characteristic functions. This adaptation can be related to the frequency
behaviour of the seismic signals. Obviously, to analyse u at several scales m € IV the
window length NV (m) has to be a monotone ascending function of the scaling level
m. In order to come to an appropriate function for N(m) one has to consider two
facts. The signal is scaled at each level by the factor 2. Furthermore, for low and high
scaling levels N (m) should not become too small or too big, since N (m) is used to
obtain information out of the signal in a certain neighbourhood. These considerations
led to the choice

N(m) = [30 - 2max(0,(m=4)/2)7 (7.20)
with [---] the entier function. So for the first four levels we take N = 30 (= 0.75
seconds at a 40 Hz sampling rate) and thereafter N is multiplied by powers of v/2.
Threshold value:

To declare an S-phase arrival time we can use (7.19). However, as we discussed
already in practice x will not attain its maximum value K.y at ig. Therefore we
replace Kmax by a threshold value 7 for which 0 < 1 < Kpax. Since Kymax Will vary
for a set of seismic data we also want to make 1 adaptive. This can be done by putting

7 = C* Kmax- (7.21)

Now the problem is left to choose c. Experiments with a substantial number of seismic
events showed that the algorithm performed most successfully for ¢ = 0.2.
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Figure 7.6: The characteristic function  for the seismic signal in Figure 7.1 (ip =
1120, ig = 1275) using Cichowicz’s method (top) and the DWT method (bottom).

7.5 Examples and Results

In this section we demonstrate our algorithm by means of two examples. To illustrate
the difference of our approach compared to Cichowicz’s approach, we have plotted
both the characteristic function in (7.5) and the characteristic function in (7.19) for
two events. For these examples we used the set-up as discussed in the previous sec-
tion.

After these two examples we present the results of a test done at KNMI. We used both
approaches on a set of 313 local events to come to some conclusions.

Example 7.5.1 For the local event in Figure 7.1, we computed the energy distribution
along scales (7.17) to obtain Jg = {2, 3}. For these scales we computed & using the
window length N = 30. Also k was computed without the wavelet method using the
window length N = 30. Both functions have been depicted in Figure 7.6.

Obviously, in our method we have more freedom to choose the threshold parameter
c than in Cichowicz’s method. Note, that for automatic phase detection we have to
choose a value for ¢ before analysing a seismic event.

For this particular event an analyst at KNMI determined manually ip = 1120 and
is = 1275. In our approach we get i = 1280 and for Cichowicz’s approach we have
is = 1295. Using a 40 Hz sampling rate these results differ 0.125 and 0.5 seconds
respectively. Both results are acceptable in an automatic procedure.
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Figure 7.7: A three-component seismogram of a teleseismic event, with P and S arrival
time picked by an analyst at ¢p = 1810 and 75 = 11900 respectively.

Finally, we observe that for this eventig—ip = 1275—1120 = 155 (= 3.875 seconds).
Soig —ip < 20 seconds which we assumed for local events.

Example 7.5.2 Also for the non-local event in Figure 7.7, we computed the energy
distribution along scales (7.17) to obtain Jg = {8,9}. We computed & using the win-
dow length N (8) and N(9) at scale j = 8 and j = 9 respectively. For this event &
was also computed without the wavelet method using the window lengths N = 60
and N = 120. All three functions have been depicted in Figure 7.8.

We see that in the upper picture the S-phase arrival will not be detected unless we put
0.96 < ¢ < 1, which is not a very realistic choice for this parameter. With a larger
window N = 120, the S-phase arrival can be detected if we take 0.55 < ¢ < 1, how-
ever in our approach we do not have to be that precise with choosing ¢, since for all
0.15 < ¢ < 1 the S-phase arrival will be detected. Obviously, also here we have more
freedom to choose the threshold parameter c than in Cichowicz’s method.

For this non-local event an analyst at KNMI determined manually ¢p = 1810 and
1s = 11900. We get i = 11960 in our wavelet approach and ig = 11990 in Ci-
chowicz’s approach. Since also this signal has been sampled at a 40 Hz sampling
rate, these results differ 1.5 and 2.25 seconds respectively. Also in this example our
approach improves the automatic pick as compared to the traditional approach.
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Figure 7.8: The characteristic function « for the seismic signal in Figure 7.7 (ip =
1810, i = 11900) using Cichowicz’s method for N = 60 (top) and N = 120
(middle) and the DWT method (bottom) respectively.

Finally we observe that for this eventig — ip = 11900 — 1810 = 10090 (= 252.25
seconds). So ig — ip > 20 seconds which we assumed for non-local events.

Results:

Our method has been implemented at the KNMI (Royal Dutch Meteorological Insti-
tute) and tested for set of 313 local events, using a set-up as described in Section 7.4.2.
For each event a manual P-phase arrival pick by an analyst has been used within the
algorithm. Furthermore, a manual S-phase arrival pick by an analyst has been used to
judge the result of the test.

Also the performance of Cichowicz’s method has been tested. For this test we did not
use the raw seismic data, but we pre-filtered the data with a 0.6 - 6 Hz Butterworth
bandpass filter, see e.g. [79]. The threshold parameter ¢ for this method has been
taken to be 0.6, which turned out to be the optimal value for c.

For each event we measured for both methods the difference in 7 determined auto-
matically by the two algorithms compared to the manual picked ig. The results of
this test have been depicted in Figure 7.9. In this figure the number of S-phase arrival
picks have been plotted versus the difference in time with respect to the manual picks.
This has been done for both Cichowicz’s method (light colored bars) and for our new
wavelet based method (dark colored bars). Except for the first and last, all bars rep-
resent a 0.5 second time interval. The first and the last bars represent the number of
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Figure 7.9: Test result for 313 local events (number of S-phase arrival picks within
time deviation intervals w.r.t. ip.)

picks that differ more than 5 seconds from the manual picked is. For both methods
these bars represent £20% of all tested events.
These differences are grouped into intervals of 0.5 seconds.

Table 7.1 shows the percentage of S-phase picks within an 0.5 and 1.5 second time dif-
ference from the manual picked i 5. We see that for a physically acceptable difference
of 1.5 seconds our new wavelet based method substantially improved Cichowicz’s
method (68.2 % versus 52.2 %).

Note, that we did not compare our method with other wavelet based methods like
[5]. The reason for not comparing our method with these other methods is that the
results established in these methods do not show substantial improvements of tradi-
tional methods in seismics. Moreover, the wavelet based methods that appear in the
literature have been tested for at most 23 events. Such test results can not be used to
draw serious conclusion.

With some technical adaptations the wavelet based S-phase picking algorithm is ex-
pected to become operational for picking S-phases automatically using only one seis-
mic station of KNMI. For this the algorithm will also be tested on a set of non-local
events.
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Method || Deviationig : [—0.5,0.5] | Deviationig : [—1.5,1.5]
BPF 38.3 % 522 %
DWT 46.6 % 68.2 %

Table 7.1: Number of determined S-phases (for 313 local events) for the traditional
method and the wavelet based method.
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