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Chapter 1

General introduction

This book is devoted to estimation problems in statistics. In particular
we study the asymptotic performance of certain estimators - defined as
minimizers of certain loss functions - under purely metric assumptions
on the parameter space. The nature of the statistical problem may be
nonparametric, i.e. the parameter space is allowed to be infinite dimen-
sional. In the statistical analysis an important role is played by the
metric structure of the parameter space as described by its metric en-
tropy numbers. These numbers occur in classical approximation theory
and modern probability theory. In the next chapter we give their formal
definition and present some examples.

By now it is a well-known phenomenon in mathematical statistics
that there exists a large class of estimators with good statistical prop-
erties for the unknown parameter of interest, provided it belongs to a
“nice” (pseudo) metric space. At this point, “nice” should be under-
stood in terms of small entropy numbers. We refer to the work of Le
Cam [25], [26], Ibragimov & Has’minskii [22] and Birgé [4]. On the other
hand it follows from the work of Birgé & Massart [5] and Van de Geer
[45] that estimators, which seem reasonable at first sight- such as maxi-
mum likelihood estimators -, can have suboptimal rates of convergence
or can even be inconsistent if the entropy numbers are too large.

Let us focus on the classical situation of estimating a finite dimen-
sional parameter. This will be the topic of Chapter 3. Let Xi, Xo,...
be a sequence of independent, identically distributed (i.i.d.) random
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variables with common probability measure P € P. From the first n
observations we construct the empirical measure P,. This measure
puts mass 1/n at each observation Xj;, i = 1,...,n. The signed measure
V/n(P, — P) will be denoted by E,. We wish to estimate the true value
6y of a parameter @ € © C IR¥; 6 is assumed to be an interior point of

© which uniquely minimizes the deterministic quantity

M©) = [ g(-0)dP, (L1

over all @ € ©, where P is the true underlying probability measure. The
M-estimator of 6y, which we denote by by, is implicitly defined as the

minimizer of
1 n
Ma(0) = [ 9,6 dPy = = 3 9(Xi,6), (12)
1=1

the empirical counterpart of M. The function g is sometimes called the

contrast function. In the classical situation P = {Py : § € O},
9(z,0) = —log fo(z), —o0 <z <00

where fy is the density of Py with respect to the Lebesgue measure, and
én is the maximum likelihood estimator. However, we also have models
in mind where 6 describes only some aspect of P rather than specifying
P completely. Under the assumption that there exists a linear expansion

of g(-,0) in a vicinity of 6y, i.e.
9(,0) = g(-,60) + (6 — 80)' A(:) + 16 — Oo|r(-, 0) (1.3)
such that
(i) [A%dP < oo

(ii) the empirical process {[r(-,8)dE, : 6 € ©} is stochastically

equicontinuous at 6y,

Pollard proved asymptotic normality of the M-estimator 6,,. The stochas-

tic equicontinuity assertion means that

[ 8 aBn — [ r(,00) B,

)
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for every sequence @, which converges to 6y in probability. Pollard
showed that this condition is implied by certain entropy conditions on
{r(:,0) : 6 € O} (cf. Pollard [35], p. 150, Lemma 15).

We obtain more general results if we allow the contrast function g
to depend on the unknown probability measure P. This more complex
case has been studied by for instance Stute [38]. He investigated the

related problem where 6 is now given as the (unique) root of

/ 9(0, F, z) dF (z) = 0, (1.4)

where F' is the distribution function associated with P. A natural esti-

mator for 6 is any 6, € © which approximately solves

within o(1/n). Here F, is the empirical distribution function.

The initial goal of the present author was to give a new and shorter
proof of the asymptotic normality of this estimator as considered by
Stute, by using more recent probabilistic results of the theory of empiri-
cal processes. Moreover, it turned out that the formulation of the prob-
lem can be generalized. In fact we consider a function y: © x P -+ R
with the property that (6, P) is minimal for § = 6 with P being
the true probability measure. We establish asymptotic normality of O,

which minimizes the empirical contrast

Y (0) = (0, Pn) (1.6)

over # € ©. We shall need a kind of stochastic differentiability of the
empirical process v/n(y(-, P) — (-, P;)) as the main condition for the
proof of this result. We shall proceed by arguing that this condition can

be checked by empirical process methods involving entropy assumptions.

In nonparametric statistical problems the “entropy approach” has
turned out to be quite fruitful. Especially nonparametric maximum like-
lihood estimation has received much attention during the last decade.
Again, let X;, Xy,... be i.i.d. random variables taking values in a mea-

surable space (X, A) with common probability measure P. The available
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_information we have of P is that it belongs to some family of probability
measures P on (&X,.A). In addition, suppose that every @ € P is dom-
inated by some o-finite measure . The induced densities are denoted
by

aQ
f(z) = au z).
It can be shown (cf. Van de Geer [42]) that the following relation holds
true

~

(o fy<2 [ /L -14eE, -P). (L.7)
fo>0 ¥ fo

Here

13 (f,9) = [ (112~ g/%)" dy

is the squared Hellinger distance between two densities, fo = dP/du
is the true density and fn is the nonparametric maximum likelihood

estimator which maximizes the likelihood

over f = dQ/du, Q € P. As a consequence of the strong law of large

numbers,

f ( i~1]al(Pn,—P)ﬂféo (1.8)
fo>0

fo
for any density f. If this convergence holds uniformly in f = dQ/dp, Q €

P, it is easily seen from (1.7) that the nonparametric maximum likeli-
hood estimator is Hellinger consistent, i.e H(f, fo) £, 0. Uniform
convergence of P, — P over classes of functions has been studied exten-
sively in the theory of empirical processes nowadays. As a result, we
can formulate Hellinger consistency in terms of metric conditions on the
class of densities. Second, we point out that the rate of convergence
follows from a more precise analysis involving the modulus of oscillation
of the empirical process ff0>o ([f/fo]l/2 - 1) d(P, — P).
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The last part of this study (Chapters 4, 5 and 6) is confined to a
related topic, viz. nonparametric regression estimation. In this case
we have n independent observations (X;,Y;), i = 1,...,n. The Y; are
related to the X; by a regression model

Y; = g(X;) + & (1.9)

The random variables ¢; are viewed as disturbances in the model (1.9)
and they are small in the sense that IEe; = 0 and IEe? < co. Knowledge
about the unknown regression function g is expressed by writing g € G,
where G is some known class of functions. For instance we might assume
that g is a linear, smooth or just a monotone function. At the moment
we do not dwell on the various possible choices for X;, ¢ = 1,...,n.
They may be random or deterministic.

We shall consider the nonparametric least squares estimator. This

estimator is defined implicitly as the minimizer of the sum of squares
n
> (Yi - g(X:))?
=1

and is denoted by §. The statistical behavior of this estimator has been
studied by Nemirovskii et al. (cf. [31], [32]). They restrict themselves
to the classical Sobolev spaces. Van de Geer (cf. [39],[40]), however,
considers spaces G which satisfy certain metric entropy conditions with-
out using any analytical properties. These spaces include the Sobolev
spaces as treated in [31],[32].

We shall follow Van de Geer’s approach in this study. Parallel to

inequality (1.7) we have in the regression setting

(3,0) <21 eila - 9)(X0), (1.10)

i=1

where

S|

da(f.9) = =D (f — 9)*(X)
i=1

is the squared L?(P,) distance between two functions f and g. For the

moment suppose X1, Xo, ... are i.i.d. with common probability measure
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P. Again by virtue of the strong law of large numbers,
/gd(Pn —P) %% (1.11)

for g € L'(P), and a uniform version of (1.11) would entail consistency
of the least squares estimator (in the Lo(P,) metric). Giné & Zinn (cf.
[14]) proved that the uniform strong law of large numbers

sup /gd(Pn -P)| 250 (1.12)
geg
is equivalent to the envelope condition
/sup lg| dP < oo (1.13)
geg

and a certain entropy condition on G. The envelope assumption (1.13)
is unfortunately rather restrictive. It even excludes the classical linear

model
Yi=a+BX;te;

with o, € R, [Eg; = 0, [Ee? < 0o. Van de Geer established L%*(P)
consistency without assuming this restrictive envelope condition on G.

To formulate her result, we need some more notation. Define for each
geg,

_ _ g
F=19= 5 gl

with ||g||3 = [ ¢?dP. Next, let C > 0 and
c iff>cC
(fle=4q -C iff<-C

f otherwise

Under an entropy assumption on the class of rescaled functions (f)c¢

and provided
lim sup/f21{|f] > C}dP =0, (1.14)
C—»w fe}'

the least squares estimator is L2(P) consistent.
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We shall establish a similar result but under a different set of condi-
tions. In particular, we do not need the uniform integrability assump-
tion. Second, we are interested in the necessity of our metric assump-

tions. In other words, how good is this metric approach in fact?

The organization of the third part of the book is as follows. In
Chapter 4 we consider consistency issues. More specifically, necessary
and sufficient entropy conditions will be derived for consistency of the
nonparametric least squares estimator.

Rates of convergence will be the topic in Chapter 5. We recall Van
de Geer’s result (cf. [41]) that more restrictive entropy conditions entail
rates of convergence, provided the errors fulfill an exponential moment
condition. We show that the rates of convergence are optimal for nor-
mally distributed disturbances ;. But situations where this restriction
on the errors fails, will be discussed as well.

Finally, we present some asymptotic distribution theory for the least
squares estimator in Chapter 6. In particular, we prove asymptotic
normality of the squared empirical L2(P,) norm of the least squares

estimator.

But first we set out with an overview of some results of the theory

of empirical processes, which will be needed in this work.
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Chapter 2

Empirical process theory

We introduce the entropy numbers and discuss their role in the theory of
empirical processes. The purpose of this chapter is to provide the reader
with mathematical tools, which will be frequently used in the remainder
of this work. We present some of the main results of the theory of
empirical processes as developed by Dudley, Vapnik & Cervonenkis, Giné
& Zinn, Pollard and others. For an overview of this area, we refer to
Van der Vaart & Wellner [49]. Another recent review with emphasis
on the statistical applications is the forthcoming monograph by Van de
Geer [46]. |

2.1 Covering numbers

Let (T,d) be a pseudo metric space. This means that d possesses the
properties of a distance except that it does not necessarily distinguish
between two different elements, so d(s,t) = 0 need not imply s = ¢. The
diameter of T is denoted by A = A(T), i.e.

A =sup{d(s,t):s,t €T},
possibly infinite. Let Ty be a subset of T'.

Definition 2.1 Let § > 0. A set Sy is called a d-covering net for Ty
if and only if for every element t € T, there ezists an element s € Sy
satisfying d(s,t) < 8. Equivalently, Ty C Uses,B(s,d) with B(s,d) =
{t e T:d(s,t) <6}

15



We say a pseudo metric space is totally bounded if there exists a finite
d-covering net for every § > 0. (Tp, d) is compact if and only if it is both
complete and totally bounded.

Definition 2.2 Let § > 0. Denote by N(d,d,Ty) the §-covering number
of Ty, defined as the smallest number of closed balls needed to cover Ty
or equivalently, the cardinality of the smallest §-covering net. The 6-
entropy number or metric entropy of Ty is defined by

H(éa d, TO) = log [N(‘s’ d, TO)] :

Clearly these numbers are decreasing in §. Metric entropy describes
an important geometric feature of Tp. It can be viewed as a measure of
how totally bounded (Tp,d) is. The smaller this number relative to its
diameter, the more “airy” the space. Another way to measure the size

or “thickness” of (Tp,d) is by means of its d-packing numbers.

Definition 2.3 Let § > 0. Denote by D(d,d,Ty) the d-packing num-
ber of Ty, defined as the largest number m for which there ezxist points
ty. .o tm € To with d(t;,t;) > & for i # j. The é-capacity number is
given by

C((S’ d, TO) = lOg [D(éa d, TO)] :

These two concepts are essentially the same in view of the following

relation between covering and packing numbers
N(4,d,Ty) < D(4,d,Tp) < N(g—,d,To) 0 >0, (2.1)

which has been proved by Kolmogorov & Tichomirov [23].

If there exists an ordering on T', a more refined way to describe the
metric geometry of (Tp,d) is by the so-called entropy with bracketing.
Define TP(8) as the smallest set for which each element ¢ € T, can
be sandwiched between two -separated elements of T (6), i.e. for each
t € Ty there exist tr, ty € T2 (6) withd(tr,ty) < dandt <t < ty. Let
Np(6,d,Tp) be the cardinality of T (); the logarithm of this number

16



is called the é-entropy with bracketing number. Generally this entropy

with bracketing number is larger than the ordinary metric entropy.

Let us end this section by presenting some examples of pseudo metric
spaces. It is often rather difficult to compute entropy numbers, but
for many interesting spaces good approximations of these numbers are

available.

Example 2.1 (Sobolev spaces) For every k = (k1,...,k,) € IN?, de-
fine the differential operator D* by
Dk _ ak1+...+kn .

dz .. oxk
Let F be the class of real valued, continuous functions on the the unit
cube S™ in IR™ possessing uniformly bounded partial derivatives of order

k < p, i.e. for some constant C; independent of f,

ax ax | DF < (.
R, max|DRf(z)] < G

Moreover the p-th order partial derivatives of each f satisfy a Lipschitz
condition of order a (0 < a < 1), i.e. there exists a Ca > 0 independent
of f such that

| Dk f(z) — D*£(y)| < Collz — yl|°

for all z,y € S™ and all ¥ € IN” with k; + ...+ k, = p. Under the
uniform metric p(f,9) = maxzegn |f(z) — g(z)|, it is known that (cf.
Kolmogorov & Tichomirov [23]) the entropy of this class is of the order

H(é,p, F) x(s—-n/q’ q=p+a.

We use the convention f =< g if there exist positive constants C; and
Cs such that C1|f| < |g| < Ca|f|. For dimension n = 1, we define the

smoothness of a function by

1
() = [ 119 (e)Pds.
One can show (cf. Birman & Solomjak [6] ) that

H (5,,;,{} 1 [0,1] = [=C,C] : Jp(f) < C}) = §-L/p,
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Example 2.2 Let f be a continuous function on [0, 1] and A(f,z,t) be

the second difference of f at z with increment ¢, i.e.
A(f,z,t) = f(z +2t) — 2f(z + t) + f(z).
Set

wf,8) =, max A0

For a strictly increasing function 1, we define the set Ay, of all continuous
functions f : [0,1] — R with maxg¢p,;) |f(z)| < K and w(f,d) < 4(4).
If log(1/4(8)) < 1/ and M(d) = 32, 9¥(27%6) < oo, then the order of
H(é,p,Ay) is at most 1/M ~1(8) under the uniform metric p. Moreover
if 4 is concave and strictly increasing, H(J, p, Ay) is of order at least
1/971(68). See Clements [7].

Example 2.3 (VC-classes) Let C be a collection of measurable sub-
sets of a measurable space (S,S). We say that C is a polynomial class
or VC-class (named after Vapnik-Cervonenkis) if there exists a discrimi-
nating polynomial p such that for every N € IN and every subset A C S
with cardinality N, there are at most p(/V) distinct subsets of the form
ANC with C € C. Thus C picks out only p(N) from the 2V possible
subsets.

A collection C shatters a finite set Cj if every subset of Cy takes the
form CoNC with C € C. If a collection C can not shatter every set of N
points, then it can be shown (see e.g. Pollard [35] ) that C is a VC-class
and the degree of the discriminating polynomial is less than N.

The most familiar example of a VC-class is the collection of quad-
rants (—oo,t], t € IR¥. The class of sets {g > 0} with g ranging over
a finite dimensional vector space is another example of a VC-class (cf.
Pollard [35]).

VC-classes have many known properties, for instance the classes
{Cc:C e}, {CiNCy: Cy € C1,Cq € Ca}, {h(C) : C € Cy} for any
VC-classes C1,C2 and any function h on S, still possess the VC-property.
As a consequence quite large classes can be built from elementary VC-

classes.

18



Let @ be a probability measure on the space (S,S) and let p,(Q)
be the L"(Q) pseudo norm on S. Then we have the following entropy
bound for any VC-class C, '

1 r(V-1)

NGa@O<K () (22)
where Ky is a constant only depending on V, the smallest integer for
which no set of V' points can be shattered by C (cf. Van der Vaart &
Wellner [49]). This means that the §-covering number of a VC-class has
a polynomial growth in 1/4.

The graph of a function f : S — IR is defined as the set
G(f) ={(z,t) | 0 <t < f(z) or f(z) <t <0}

We call a collection of functions F a VC-graph class if the graphs {G(f) :
f € F} form a VC-class in S xIR. The natural envelope F of F is defined
as the pointwise supremum of |f|, F(s) = supscx [f(s)]- If F € LT(Q),
then we find an upper bound for VC-graph classes, similar to (2.2); the
d-covering number grows polynomially in 1/4. See for instance Pollard
[35] or Van der Vaart & Wellner [49].

Another interesting result is that given the bound

1 |4
N @IFl2, (@, 7) <0 (5) s 0<d<1
the entropy of the sequentially closed convezr hull of F satisfies

0<do<1
6 ’<<’

where || F||2 denotes the L?(Q) pseudo norm of the envelope F of F.
As a consequence of this, by taking F = {Ijg4),t > 0}, we find for the

1\ 2V/(V+2)
H (81172, p2(Q), o (7)) < Ko ( ;)

class G of functions of bounded variation, which are uniformly bounded

by 1, the entropy bound
H(57 p2(Q)a g) = 0(6_1)’

for every probability measure Q; We refer to Birman & Solomjak [6],
Ball & Pajor [2] and Van de Geer [42].
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2.2 Gaussian processes

Gaussian processes form a fundamental part of probability theory. For
an arbitrary index set T', a random process Z = {Z; : t € T'} is called
Gaussian if each finite dimensional projection (Z;,, ..., Z;, ) is normally
distributed. We call {Z; : t € T'} centered if IEZ; = 0 for each t € T'.

The covariance structure
Y(s,t) =IEZ;Z,

completely specifies the distribution of a centered Gaussian process Z.
This makes the L? pseudo distance, defined by

1/2
dZ(svt) = (]E(Zs - Zt)z) / , $,teT

a natural metric on T'.

We put ||2(t)||r = supser |2(t)| for any family of numbers z(¢) in-
dexed by T. In many situations we are interested in the behavior of
sup; | Z;|. The entropy numbers N(d,dz,T) as a measure of the mas-
siveness of T, are quite useful for this purpose. However the quantity
IIZ ()|l need not be a random variable. We avoid these measurability
problems by assuming T is countable. The following result is known in

the literature as Sudakov’s minorization.

Theorem 2.1 Let {Z; : t € T} be a centered Gaussian process. Then

for some numerical constant C > 0, we have

An upper bound for IE||Z;||T is given next in the following theorem
of Dudley [9].

Theorem 2.2 Let Z = {Z; : t € T} be a centered Gaussian process.

Then for some numerical constant C > 0, we have

A
E|Z <0/ JH(6,dz,T) ds, 2.4
| Zellr < | (6,dz,T) (2.4)

where A = sup, ;e dz(s,t). Moreover Z has a version with almost all
sample paths Z; = Z(w,t) bounded and uniformly continuous on (T,dz),

provided the entropy integral on the right in (2.4) is finite.
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Proofs of Theorems 2.1 and 2.2 are given in e.g. Ledoux & Talagrand
[27]. Later on we shall see that (2.4) holds for more general processes

satisfying a certain Lipschitz condition.

2.3 Subgaussian processes

Let (T, d) be a pseudo metric space. A stochastic process Z = {Z; : t €
T} is called subgaussian if

P{|Z, — Z| > 5} < 2exp (—%zﬁ /d2(s,t)> (2.5)

holds true for all s,t € T and £ > 0. The constants 2 and 1/2 in
the definition are irrelevant; they may be replaced by different positive
constants. In many applications one is interested in local suprema of
random processes. Let top € T, § > 0 and T'(6) = {t € T | d(¢,%0) < 6}.
Under nice behavior of the entropy numbers of (T, d), the following the-
orem states that the tails of the probability distribution of the quantity
1Z¢ll7s) decrease exponentially fast. The proof is almost the same as
the proof of Theorem 3.3 in Van de Geer [41].

Theorem 2.3 Let Z = {Z(t) : t € T} be a subgaussian process with
continuous sample paths. Then for some numerical constant k > 0, we

have

P{I12() - Zto)llre) > a8} <201+ e exp (- 10%0?)  (26)

for

2 [ 1+e
zd > n/ \/ H(6w,d,T(6)) dw V 124/log p (2.7)
0

Proof. Set §y = 2758, T® = {t,} and let T*) be a minimal d;-covering
net for T'(4), £ = 1,2,.... By continuity of the sample paths, we may

write

2) - 2tt0) = Y- (26%) - 2(*)),

k=1
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. where t() € T®) with d(t,#*)) < 6 for each ¢t € T(J). Next, we define

1 (12~/_\/IW(_5— ‘/—) E=1,2,.

Mk = 5 mmax ) 'OkE

with E = 322, 27%Vk. For z > 122672, 6x/H (0%, d, T(9)), the

series ) p>; Mk < 1, which implies
P {|1Z(t) - Z(to)llz5) > 262} <

o0
<> P {12(t®) - 2(t*V)||re) > mews?}.
k=1
Observe what has happened: the supremum is now taken over only
at most N (b, d,T(8)) - N(0k_1,d,T(6)) < {N(0k,d,T(6))}? elements.

Hence

P {12(t) - Z(w)lr > a8} <
2

1
< . 2k, 2 52 2) <
< kEZIexp (ZH(Jk,d,T(é)) —182 oz | <
- 1 ok 2 2 2 2 -2
<2y —2 <2§: z’E~ k)
__2k=1exp( 36 0T ) exp( 365

where we used the subgaussian property of each single Zy, the definition
of 7 and the fact that d(t(k),t(k‘l)) < Ok + 0g—1 = 36 by the triangle
inequality. Using the crude bound E < 2, the property of the geometric

series

zd exp (_ (%5)2)
Z p( (% )k) 1-exp (- (8)°)
and the inequality
(1—exp(=2) " <147 &=z 2 log (1),

for all z > 0, > 0, we obtain (2.6). Using the monotonicity property

of the entropy numbers, we may replace the infinite series

Y i1 0k v/ H(0k,d, T(0)) by the corresponding integral (cf. Pollard [37],
p. 12). The proof is complete. O
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Remark 2.1 If the entropy integral [ \/H(zd, d, T(3)) dz makes sense,
then (T'(9), d) is totally bounded. Hence there exists a sequence of count-
able dense subsets converging. to T'(8). Because of the exponential de-
crease for the differences |Z(s) — Z(t)|, we can apply the Borel-Cantelli
lemma to show that {Z(¢) : t € T(§)} has uniformly continuous sample
paths with probability one.

Suppose the stochastic process Z fulfills a first order Lipschitz con-

dition
|Z(s) — Z(t)| < ad(s,t), s,t €T (a.s.) (2.8)

Then the chaining can be stopped after finitely many steps and hence
the entropy integral condition can be slightly weakened. Problems for
the entropy numbers H(d,d,T) typically arise in the neighborhood of
d=0.

Corollary 2.1 Let Z = {Z(t) : t € T} be a subgaussian process with
continuous sample paths and let (2.8) hold true for some a > 0. Then

for some numerical constants k1, k9,3 > 0, we h_ave
P {[1Z(t) - Z(to)Irs) > 20°} < 2(1 +€) exp(—mz?6?)  (2.9)

for

2 l1+e
zd > K)Q/ \ H(0w,d, T (6)) dw V k34/log ( ) (2.10)
zd/4a €

Proof. Define 6 = 27%§ as before and set
2

L=inf{k:6k§ ﬁ}
2a

Then by the triangle inequality we have with probability one

12(t) - Z(to)] < |Z2(®) - z(1)| + zLj |2:®) - Z(1¢-1)|
62 L .
5 T 'Z(t(k)) - Z(t(’“‘l))l .

k=1
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Consequently we have

P {|12(2) - 2(to)llr(s) > 26°} <

L 2
®)y _ 7(4k=D) @_}
glglp{"za ) — Z(t )”m) > M=

for all sequences 7y, satisfying }:é’:l Mk < 1. Define 7, as in the proof of
the previous theorem and proceed in the same way. The claim follows.
O

This result is included in Van de Geer [45] although no proof of the
corollary is provided. Because both results of this section will be of
importance in this book, e.g. to derive rates of convergence for the least
squares estimator in nonparametric regression, we have included their

full proofs.

2.4 Orlicz norms

Let Z = {Z(t) : t € T} be a random process indexed by some pseudo
metric space (T, d). We have already seen in Section 2.2 that for Gaus-
sian processes almost sure boundedness and continuity of the sample
paths Z(w,t) in (T,d) could be stated in terms of metric entropy con-
ditions. Also the interesting quantity IE sup;cr | Z(t)| can be estimated
using the metric entropy of (T,d). For the same reasons as in Section
2.2, we restrict our attention to countable T'. Here, we shall generalize
these results to stochastic processes satisfying a Lipschitz condition in

some Orlicz space. Let us therefore recall the definition of such spaces.

Definition 2.4 (Orlicz space) Let v be a convez, increasing function
on Rt with ¢(0) = 0 and lim;_,o ¥(z) = 00, a so-called Young func-
tion.
An Orlicz space Ly = Ly (2, A,IP) is the vector space of all random
variables X on the probability space (2, A,IP), for which
Ey (IX |

7) < o0, holds, for some c> 0.
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Remark 2.2 We mention some properties of these spaces.

e With respect to the norm
1X[ly = inf [c >0: Ey (‘X ') < 1] , (2.11)

Ly forms a Banach space.
e Since a Young function 9 is convex, we have as a result of Jensen’s

(220 2o ()

[

inequality

It is now not difficult to see that L, C LY.

e If we take ¢(z) = 2P, 1 < p < oo, the Orlicz space Ly, is just the
usual LP. If ¢(z) = exp(zP)—1, then a bound in the corresponding

Orlicz norm is stronger than in the LP-norm.

In the next theorem, we study random processes {Z(t) : t € T}
satisfying a Lipschitz condition in Ly, i.e. for some C' > 0

12(s) = Z(®)lly < Cd(s,1), (2.12)

where the norm is defined in (2.11). Obviously, for any sequence random
variables X1,...,X,,

max X; 1' < n'/? max || X; Ilp
1<ikn 1<i<n

holds and similarly we have a bound for general Orlicz norms. Under

some regularity on 1, i.e.

lilgjggtﬁ(w)w(y)/w(my) < oo, (2.13)

the following is true (cf. Van der Vaart & Wellner [49)):

S Ko™ () max 1l

1<i<n

where K is a constant depending only on 9. This and a chaining
argument are the main ingredients of the following theorem. In contrast
to Theorem 2.2, we estimate the L, norm of supc7 |Z(t)| rather than

its L! norm.
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Theorem 2.4 Let X = {X; : t € T} be a process with continuous
sample paths and increments controlled by (2.12). Let 1 fulfill condition
(2.13). Then for some constant C

A
sup|Xil| <Cy [ w64, T)ds, (2.14)
teT ¥ 0

where A is the diameter of the set T'.

Proof. See for instance Pollard [37], Ledoux & Talagrand [27], Van der
Vaart & Wellner [49]. O

With the aid of Theorem 2.4 and the basic Markov inequalities, it
is an easy matter to derive probability bounds for suprema of general
stochastic processes satisfying the Lipschitz condition (2.12) in the Orlicz

space Ly. For any random variable Z in L., we have

By(2|/C) _ 1
(/) = $(#1/C)

for C > ||Z||y, since % is increasing. In particular, if 1 is an exponential

P{|Z|> 2} < (2.15)

function, the tail of Z decreases exponentially fast. It can be shown,
essentially by an argument based on Fubini’s theorem, that the converse
of this is also valid.

Lemma 2.1 Let X be a random variable satisfying
IP(|X| > z) < Kexp(—CzP) Vz> 0

and some constants K,C >0 and p > 1. Then
1+ K\P
Xy < | —— .
1x1s < (75~)
Proof. See Van der Vaart & Wellner [49]. O

Gaussian as well as subgaussian random processes are included in

Theorem 2.4 as will be illustrated in the following examples.
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Example 2.4 (Gaussian processes) Let ¢(z) = exp(z?) — 1. Let
{X: : t €T} be a centered Gaussian process, parametrized by (T, d),

where
1/2
d(s,t) = dx(s,t) = (E|X, - X,2) .

Write for simplicity Z = X, — X;, 0> = 0%(Z). Then clearly Z is
N(0,0?) distributed. As

()01 = [ gl (4(3-20)
Cc

V& =257’

we have

8
s T Atllyp S A 5ax\S,1),
1 Xy < /3 dx(o,)

so that (2.12) is satisfied.

Example 2.5 (Subgaussian processes) Let X; be subgaussian ran-

dom variables, i.e.
1 2 2
P {|X, - Xi| > o} < 2exp (5@ /d (s,1) ).

Then (2.12) is again satisfied. To see this, apply Lemma 2.1 with the
constants C, K and p chosen as follows: 1/C = 2d(s,t), K =2, p=2.
It follows that

1Xs = Xelly < VBd(s,1).

2.5 Empirical processes

Let Xi,..., X, be independent, identically distributed random variables
defined on some probability space (2, A, IP) with values in (S, S, P). The
empirical measure P, is usually defined by

1 n
P,,:EE:J;Q, n e N,
=1
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where J, is the Dirac measure at point a. Let F be a collection of mea-
surable, real valued, P-integrable functions on (S,S). We are interested

in the empirical process

n

f = V(P —P)(f) = E - Epf(Xi), feF, n21

=1

We agree F will be permissible in the sense of Pollard [35] in order to

cope with measurability problems.

2.5.1 Maximal inequalities

We are often interested in the (local) behavior of the empirical process
{(P. — P)(f) : f € F}. For instance, in probability theory it is the
main ingredient of the proofs of uniform laws of large numbers and
functional central limit theorems. As a result, it plays an important
part in nonparametric statistics.

Let F, C F. We are interested in obtaining sharp bounds for

sup
fEFn

In general, the theory in Sections 2.2 - 2.4 can not be applied but similar

/fd (P, — P)‘ > a} (2.16)

results hold true under conditions on F,.

It has become a standard argument in the theory of empirical pro-
cesses to symmetrize the process P, — P, then to introduce additional
randomness and finally to study the new process conditionally on the
old randomness. First we present the Symmetrization lemma as given
in Pollard [35]. Slightly different versions can be found in e.g. Giné &
Zinn [15].

Lemma 2.2 (Symmetrization lemma) Let {Z(t) : t € T} and {Z(t) :
t € T} be independent stochastic processes sharing an indez set T. Sup-
pose there ezist constants 8 > 0 and o > 0 such that P{|Z(t)| < a} > B
for everyt € T. Then

IP{SI:p |Z(t)] > 6} < ﬁ“llP{51t1p|Z(t) —Z(t)| > e — a}.
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Proof. See Pollard [35]. O

Using this lemma we find, provided Var(f(X1)) < nd?/8 for all f €
Fn,

0
]P{ sup /fd(Pn —P)' > 5} < 419{ sup /fdp,‘j > —} (2.17)
fEFn fEFn 4
with
1 n
PT(Z = 7_," ; Ui(SXn (2.18)
where the signs o; are independent random variables with IP{o; = —1} =

IP{o; = 1} = 1/2 and are independently chosen of the observations
Xi,...,Xp. In e.g. Pollard [35] this has been worked out in full detail.
The sequence o; is called a Rademacher sequence. Note that condition-
ally on the stochastic vector (Xi,...,X,), the symmetrized empirical
process {v/nPY(f) : f € F,} is subgaussian with respect to the L?(P,)
pseudo norm by Hoeffding’s inequality:

Lemma 2.3 (Hoeffding’s inequality) Let Z; be independent random
variables with a; < Z; < b;. Then, for all X > 0,

]P{ ] > )\} < 2exp (-ZAQ/ZTL:(bi - ai)z) .
= =1

n
> (2~ EZ)
i=1
Proof. See Hoeffding [21]. O

Moreover /nP? has continuous sample paths in the L?(P,) pseudo

norm. This follows from the Cauchy-Schwarz inequality

| 1/2
< <ﬁz(f<xi)—g(xi>)2> L @)

i=1

[ -9dr

This has important consequences because it allows us to apply the theory
developed in Sections 2.3 and 2.4. We summarize these results in the

following lemmas.

Lemma 2.4 The symmetrized empirical process {\/nP2(f) : f € F}
with PO given by (2.18) is, conditionally on Xi,...,X,, subgaussian
with respect to the L?(P,) pseudo norm and almost all sample paths are

continuous.
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Proof. The subgaussian property is implied by Lemma 2.3 and the
continuity of the sample paths follows from (2.19). O

Lemma 2.5 Let F, C F and V;? = sup;cx, Var(f(X1)). Then, for all
8 > Vp2v/2/+/n, and for some constant C > 0, independent of n,

IP{sup /fd(Pn—P)' > 5 } <
feFa |
< 4]P{ sup / fapd|> ¢ } (2.20)
fEFn 4
2
<8Exexp|— Cné

[ /H (@, b, Fr) d]

where IEx is the expectation with respect to X = (X1,...,Xy), dp is the
L2(Pn) pseudo norm and A, is the diameter of F, with respect to d,.
In the special case where Fp, = {f € F | dn(f, fo) < 0} with fo € F,

we have for some numerical constants k1, ko, k3 > 0,

P { sup | [(f - fo) dv/mPl] > ovns? X} <
fE€EFn
< 2(1 + ¢€) exp(—k12°n6?) _ (2.21)

for

2
a:\/h_JZrzg/ ,/H(&t,dn,fn)dtvﬂs,/log(1+5).
z6/4v/6 €

Proof. Because V;2 < né?/8, we can apply Lemma 2.2. Consequently,

(2.17) is true. This implies the symmetrization step in (2.20). By
Lemma, 2.4, the conditions of Theorem 2.4 hold true for the index set F,,
pseudo metric d,, conditional empirical process [ f dy/nP?, and Young
function 9(z) = exp(z2)—1. Hence the conclusion of Theorem 2.4 holds.
Applying the Markov inequality (2.15), we obtain (2.20).

The second assertion (2.21) is a direct consequence of Corollary 2.1.

Another possible strategy to obtain upper bounds for (2.16) employs
Bernstein’s inequality and entropy with bracketing instead of Hoeffding’s
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inequality and random entropy. We refer to the work of Alexander [1],
Birgé & Massart [5], Van de Geer [44], Ossiander [33] for details.

2.5.2 Glivenko Cantelli classes

We call a class F C L!(P) a Glivenko-Cantelli class (or a P-Glivenko-
Cantelli class) if the empirical measure P, tends to the theoretical prob-
ability measure P with probability one, uniformly in F, i.e
1 n a.s
sup |~ (f(X;) — Epf(X;))| = 0. (2.22)
feF |5

Necessary for this convergence is the existence of an P-integrable enve-
lope F for F. Recall that the envelope is defined by

F(s) = sup |f(s)].
ferF

Theorem 2.5 Suppose supser [ |f|dP < 0o. Necessary and sufficient

conditions for F being a Glivenko-Cantelli class are

/FdP<oo and M Poforall>0,  (2.23)
where
1 n
dn,1(f,9) = = 3 1F(Xi) — 9(X)]
=1

is the L1 (P,) pseudo distance between two functions.

Proof. See Giné & Zinn [14]. O

2.5.3 Donsker classes

Assume F C L?(P) and supscz|f(s) — [ fdP| < oo for every s € S.
The empirical process E, = y/n(P, — P) is a mapping from Q into
€°°(F), the space of all bounded, real valued functions on F, equipped
with the supremum norm || - ||z. By definition, a P-Donsker class F
fulfills the Functional central limit theorem, i.e. there exists a centered

Gaussian process G such that
E*¢ (En) — E¢(G)
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for every bounded, continuous, real valued function ¢ on ¢°°(F). Here
IE* denotes the outer expectation. By the Finite dimensional central
limit theorem, the covariance matrix of the limiting Gaussian process
G = G(P) is given by

G(f)Clg) /fgdP /fdP /gdP f.g€F.

A P-Donsker class is characterized by an asymptotic equicontinuity con-

dition.

Theorem 2.6 Assume supscr [ |f|dP < oco. Then F is P-Donsker if
and only if (F,dy) is totally bounded and for each € > 0 there is some
n > 0 such that

Ekz

where Fpy = {f —g | f,9 € F, da(f,9) < n} is a class of differences, &;

is a Rademacher sequence, and dy the L?(P) pseudo distance, i.e.

da(f,g) = ( [G-g? dP) "

Proof. See Dudley [9], [10]. O

limsupIP { sup

n—00 fEF n

} <e, (2.24)

The fact that we assumed supsc [ |f|dP < oo allows us to take the
simpler L?(P) pseudo distance instead of the pseudo metric 7p(f,g) =
do(f—[ f dP, g— [ g dP). Using the techniques outlined in Section 2.5.1,
sufficient conditions can be formulated in terms of the random entropy
numbers in L?(P,). Usually an uniform entropy integral condition is

given to ensure the asymptotic tightness condition (2.24).
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Part 11

Finite dimensional
problems
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Chapter 3

Estimatihg a parameter in
Euclidean spaces

In this chapter we investigate the asymptotic behavior of the root of
a general parametric random equation and of the statistic defined by
minimization of a stochastic process. We shall mainly use techniques
inherited from the theory of empirical processes. Another important
tool will be the notion of Hadamard differentiability of functionals. We
apply our results to M- and R-estimation. Minimum distance estimators

will also be discussed.

3.1 Introduction

Let P be a collection probability measures defined on a measurable space
(S,S). We have independent, identically distributed (i.i.d.) observations
Xi1,...,Xy, with a common distribution P € P at our disposal. We are
interested, not so much in this entire unknown probability measure, but
only in the true value 6y of some finite dimensional parameter 6. It is
not necessary that P is completely specified by 8y. For instance, we have
in mind the case that 6 is a location parameter.

In this chapter we investigate the asymptotic behavior of estimators
6,, for 8y. Two closely related situations will be considered. In the first,
developed in the next section, one assumes that the parameter of interest

is implicitly given as the solution of some equation M (#) = 0. Obviously
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the function M will depend oh P and we emphasize this dependence by
writing M(6) = «(6; P). The empirical probability measure is defined
by P, = n7! Y%, 0x,. We obtain the empirical counterpart of M by
plugging in P, for P, ie. My(0) = v(6; P,). One then searches an
estimator 6, which solves the equation M, (#) = 0. In Section 3.3, 8 is
given as the value at which some function M reaches its minimum.
There is a considerable literature available for special cases, espe-

cially the case where M has the simple form

M(6) =1(6;P) = [ o(-,6)dP

(M-estimation). See for instance Heesterman & Gill [20] and Pollard [35].
More general situations, including L- and R-estimation and Cramer-
von Mises estimation, are treated - among others - in Fernholz [12] and
Stute [38]. Infinite dimensional parameter spaces in the context of M-
estimation are discussed in a recent paper of Van der Vaart [48)].

The aim of this chapter is to study the asymptotic behavior of the
statistical error én — 0p under simple conditions on M and M,. The
notion of stochastic equicontinuity will be appropriate in Section 3.2,
whereas stochastic differentiability will be the key in Section 3.3. Ex-
amples will be given to clarify how empirical process theory can be used

for checking these properties.

3.2 Estimation equations

Let X;,...,X, be an i.i.d. sequence with probability measure P € P
and let & = O(P) be a parameter taking values in © C IR¥. By 6,
we denote the true value of the parameter. We consider some function
v : ©® x P — IR¥ and abbreviate v(f; P) by M(f). We impose the

following conditions on M:

(A1) M(0) =0 if and only if 8 = 6;

(A2) Misa loca.l homeorphism at 6p;

(A3) M is differentiable at 6y with a non-singular derivative M’ at 6p.
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Let P, be the empirical probabiliﬁy measure based on Xi,..., X, and
v(8; P,) = M,(#). We consider sequences 6, for which

My (6,) = op(n”7), (3.1)
and assume

(A4) There actually exist solutions 6, such that (3.1) holds true.

We consider y/n(M, — M) as a random process in [*°(©), the space of
all real valued bounded functions on ©. This space is equipped with the
uniform metric || - ||. Before we give restrictions on v/n(M, — M), we

recall the concept of stochastic equicontinuity.

Definition 3.1 (stochastic equicontinuity) Let (T,d) be a pseudo-
metric space and let {Z,(t) : t € T} be a stochastic process, indezed by
T. A sequence {Z,} is called stochastically equicontinuous at ty € T,
iff Vn > 0 and Ve > 0 there exists a neighborhood V of ty for which

n— oo tev

lim sup IP {sup | Zn(t) — Zn(t0)| > n} <e.

Equivalently {Z,} is called stochastically equicontinuous at ty € T, if for
any Tp P, to, we have |Zp(7n) — Zn(to)| L.

We make the following assumptions on a,, = v/n(M,, — M):

(A5) |In~Y2ay|| — 0 in probability;

(A6) oy, is stochastically equicontinuous at 6;

(A7) an(6p) converges in distribution to some probability measure L =

L(00;P).

Theorem 3.1 Under the conditions Al,...,A7, we have
V(B — 60) 2> —(M'(8p)) 7! - L. (3.2)

37



1

Proof. We first prove consisfency of 6, for which M, (6,) = op(n~2).
Using the uniform convergence A5, we have
M(én) = Mn(én) — (Mp, — M)(én) = op(1). (3.3)

Since the function M is a local homeorphism at the solution 6y of M (0) =

0, we have
b, = M~ (M(6,)) 25 M~1(0) = 6,.

The remainder of the proof is due to Van der Vaart [48]. As a conse-

quence of A3, we have
M () = M'(80) (6. — 60) + 0p (|6 — 6o)])- (3.4)

Because a, is stochastically equicontinuous at 6p and én £, 0y, we
have ay(0,) = o (80) + 0p(1) = Op(1). This and (3.3) imply M(6,) =
Op(n~%) and therefore we derive 0 — 60| = Op(n~?). Hence we only
need to investigate /nM(6,,).

M(én) = _(Mn - M)(én) + Mn(én)
= —(My — M)(6n) + (Mn — M)(80) — (My, — M)(80) + Mn(6y)
= —(Mn— M)(60) + 0p(n~3),

where we used in the last step that o, is stochastically equicontinuous at
6o (condition A6.). Finally we use the weak convergence A7 to complete

our proof. O

Remark 3.1 In full generality it is difficult to make a statement about
the existence of a solution 6,, of the estimation equation M, (6) = 0. Let
Cy(©) be the space of all bounded, continuous functions on ©, equipped
with the uniform metric || - ||. In case both M and M, are in Cy(O),
there exists a solution 6, with probability tending to one by the following
reasoning. .

Let m : ® — IR* be continuous and inside the ball B(M,¢) for

some € > 0. Consider the mapping z — x — m o M ~!(z), which maps
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the Euclidean ball B(0,¢) continuously into itself. By Brouwer’s fixed
point theorem, there exists at least one z,, € B(0,¢) such that z,, =
T —mo M~Y(z,,). Since M, € Cy(©) and IP{||M,, — M|| > e} — 0 for
every € > 0,

IP{Mn(én) =O} — 1, as n — oo.

This argument can be found in Heesterman & Gill [20].

M is a local homeorphism at 6y if, by definition, M is continuous
on a small neighborhood of §; and has a continuous inverse on a small
neighborhood of M(6y) = 0 € IR*. A sufficient condition is that M is
continuous and one-to-one and the domain © is compact. Unfortunately
in many cases M, ¢ C(0O) and it is not so obvious that the parameter
space to be considered is a priori compact. Often, but not always, see

e.g. Example 3.1 and 3.2, this is implied by assumption AS5.

Remark 3.2 The proof of Theorem 3.1 is in the spirit of Stute [38],
although in that paper the more explicit integral type of estimation

equation is considered, viz.

7(6.F) = [ ¥(a,0,F) dF(@)

where F is the probability distribution function associated with P. Stute
assumes a smoothness property (Fréchet differentiability) of 1 in its
third variable F'. As we shall soon see, this kind of differentiability can
be replaced by the weaker form of Hadamard differentiability.

Remark 3.3 For a different approach to the asymptotic behavior of
6, — 6o, we refer to e.g Fernholz [12], Heesterman & Gill [20], Van der
Vaart & Wellner [49], who make use of the concept of Hadamard differ-
entiability.

Definition 3.2 (Hadamard differentiability) Let X and Y be normed,
linear

spaces. A function f : Xo C X — Y is called Hadamard differentiable at
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z € X, tangentially at H C X , iff there exists a linear, bounded function
fa: X =Y such that
f(x +tphy) —
tn
for all t, — 0 and all h, — h with h € H and = + t,h, € Xg for all n.

1@, g1y (3.5)

Define Z = Z(©,IR¥) c 1°°(0,IR*) as the space of all bounded
maps from © into IR¥ containing at least one zero. On this space we
consider the functional ¢ : £ — © which supplies a solution 8, = ¢(z)
to a given z € Z, i.e. z(¢(z)) = 0 for every z € Z. It can be shown
under Al, A2 and A3 that this functional ¢ is differentiable at M, in
the sense of Hadamard, tangentially to the subspace 2y consisting of all
functionals in Z which are continuous at 6y. The derivative is given by
dp(M) - h = —(M'(6))~* - h(6p). A proof can be found in Heesterman
& Gill [20]. Suppose oy, converges weakly in the sense of Hoffmann-
Jorgensen to L in [*°(©) and in addition assume that L has continuous
sample paths at 6y, then an application of the generalized delta method

for linear spaces yields the same conclusion as Theorem 3.1.

Remark 3.4 Often the limit L is a normal distribution. Let F be
a class of functions such that F C L?(P) for all P € P. On this
space F we define the variance pseudo norm (denoted by 7p) under
P € P. Let [°°(F) be the space of all bounded, real valued functions
on F (equipped with the sup-norm) and let UC(F, 7p) be the subspace
of all uniformly continuous (with respect to 7p), real valued functions
on F. Suppose now that y(0,-) : P —» IR is Hadamard differentiable at
P € P, tangentially to UC(F, 7p) and uniformly in 6. In particular we

have
(0, Pn) = (6, P) + dv(0, P) - (Pn — P) + Rn(6; P),
uniformly in 6, where
sup | Bn (6, P)| = o (n112)

and dv(0, P) is a-bounded linear operator on UC(F, 7p). In this situa-
tion, condition A5 is fulfilled if supycg |dv(0, P)(P, — P)| £ 0 and for
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assumption A6 we need stochastic equicontinuity of dvy(@, P)E, at 6p,
with E, = /n(P, — P). If F is P-Donsker, then E, converges weakly
to a P-Brownian bridge F in [*°(F) with IP{E € UC(F,7p)} = 1. Be-
cause dvy(fp, P) is a bounded linear operator on UC(F,7p), condition
AT holds true.

We shall illustrate the results obtained so far by checking A5 - A7

in the following examples.

Example 3.1 (M-estimation) Consider y(8,P) = [¢(0,-)dP. We
define g(-) = 9(0,-) and in particular we set go(-) = ¥(6o,-). Endow
the set G = {¢(6,-) : € ©} with the L?(P) pseudo metric. We give
sufficient entropy conditions on G which imply assumptions A5 - AT7.
Condition A5 is fulfilled if and only if G is a Glivenko-Cantelli class.
Next we check that v/n(M, — M) is stochastically equicontinuous at 6y,

which is assumption A6. For this matter, we define

G(6) ={g9—g0:llg — goll2 < 0}, Gu(8) = {9 —9g0: llg — golln,2 < 6},

where || - ||2 denotes the L2(P) pseudo metric and || - ||, 2 the L2(P,)
pseudo metric. Then after the usual symmetrization tricks, described in

Section 2.5.1, one gets

IP{ sup ‘/ng'n
9€G(d)

§4IP{ sup '/ngg
gegn(zd)

> 6} < (3.6)

> g} +P{G(0) Z Ga(20)},
where E, = \/n(P, — P), ES = \/nP?, and P is the signed empirical

measure as defined in Section 2.5.1. For some constant Cy > 0, we

obtain after an application of Lemma 2.5,
IP{ sup / ng2

O\ 2
< 2[Ex exp (- (6/% /046 \/Hz(w,Pn,gn(%))dw) ) ,
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where IEx denotes the expeétation with respect to (Xi,...,Xy,), and
Hj(9, Py, G) the d-entropy with respect to || - ||n,2 of the class G. If

1
5 /0 V/H2(433, P, G (26)) dz L0 for 6 40,

uniformly in n, the right-hand side in (3.7) tends to zero. Hence the
first term on the right in (3.6) can be made arbitrarily small.

Set H={f—g:f,9 € G}. We want the second term on the right in
(3.6) to be asymptotically negligible, i.e. IP {G(d) C G,(2d)} — 1. For
this purpose, it is sufficient to show that #?2 is a Glivenko-Cantelli class.

Assume G = supycg |g| is P-square integrable and note that
5 2
N1(6“2G“$I,,27 Pna ’Hz) < N2(6”G”‘n,2a P’na H) < (NQ(illG“n,% P’n.a G))

and ||Glln2 =3 ||Gll2 < oo. Hence H? is a Glivenko-Cantelli class if
Hy(6,P,,,G)/n £, 0 for all § > 0.
Condition A7 is a mere application of the classical central limit the-

orem.

Example 3.2 (R-estimation) Let © be a subset in IR and let D =
D[—00, 0] be the space all right continuous functions with left-hand
limits on IR. As usual, we equip IR with the Euclidean and D with the
uniform metric. Let Xq,...,X,, be ii.d. real valued random variables

with a continuous, strictly increasing distribution function F satisfying
F(z)=1-F(20p —z), z € R.

Define 4: © x Dy — IR by
J(G(w)+1—G(29——$)

7(6,6) = [

A 5 ) dG(z) (3.8)
where J : IR — IR is a strictly increasing, continuously differentiable
score function and the domain Dy C D is given by Dy = {G € D :
J1dG| < 3} . Note that the assumption of (6, F) = 0 entails that

fol J(z)dz = 0 (for example J(z) = 2z — 1). We have that M(0) =
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7(0, F) is a local homeorphism at 06. In different notation, the mapping
(3.8) becomes

10,8 = [ ([ 900)4Pw)) aP(),

where gg.(y) = (I(—oo,x](y) + I(Zﬂ—a:,oo)(y) )/2. Now, put G = {go,s :
0 € ©,z € R} and consider the class P as a subset of [*°(G). We
define the G-indexed empirical process as E, = /n(P, — P). Since G
is a Donsker class, we have E, converges weakly to a Gaussian process
E in I*°(G). We have M(0) = [J(f g4,.(y) dP(y)) dP and M,(0) =
J I 9, (y) dPn(y)) dP,. We show in Lemma 3.1 that the following

linear expansion holds
Ma(6) = M(0)+n 2dy(6;P) Bn+op(n™),  (3.9)
uniformly in 6 with

1
HOP) B = 5 [ Bago- J(Pas,)aP+ [ I(Pgs,) dE,
= Ln1(0) + Ln(0) (say).

This representation is according to Stute [38], p.229. Fernholz [12] treats
a slightly different functional for which she proves compact differentia-
bility at (6o, F).

We are now in a position to check assumptions A5 - A7 of Theorem
3.1.

Since E, = E in I*°(G), we have by the continuous mapping theo-
rem ||E,|l|g = || E||g as well and therefore we have by Slutsky’s lemma
that ||(P, — P)|lg £, 0. If the derivative J' is bounded, we obtain after
a dominated convergence argument that |n='/2L, |lo 0.

Consider the following transformation
ho(o) = I ([ 90(4)dPW)) = J(F@) +1- F20 - 2)/2)

and define H = {hy : 8 € ©}. Notice that hy is bounded and is an
element of Dy. In the literature (cf. Birman & Solomjak [6] and Example

2.3) the upper bound
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is available for the class of such functions. As a result of (3.10) and
the fact that H is uniformly bounded, # satisfies the Glivenko-Cantelli
property so |[n~Y/2Ly 5]l — 0, too. Hence |dy(8, P)(P, — P)| R}
uniformly in 0, i.e. condition A5 is fulfilled.

Let us check condition A6. See e.g. Stute [38], where a chaining
argument is used. However, the compactness assumption on © used in

that paper is unnecessary. One may prove this as follows. Observe that

17 (Pgs,.) — J(Pggo,-)ll2 = O(16 — bol),

provided F is differentiable. As a result, the map 6 — hg(z) is continu-
ous. By the entropy bound (3.10),

/0 1 \ Ha(46z, P, 1y (20)) dz = O (1/V5) .

Invoking Lemma 2.5, we can conclude that L,2(6) is stochastically
equicontinuous at 6.

Stochastic equicontinuity of Fy,(20 — z) = Enl(_oo26-7) and conti-
nuity of F' and J' guarantee that

Lo (60 2/ (Bnla 20—;0)]J’( (””)+1”2F(26‘””)) dF (z)

is stochastically equicontinuous as well. Assumption A6 now follows
from (3.9).

As E, converges weakly to a Gaussian process and dv(fy; P) is a
bounded, linear transformation, condition A7 follows immediately from
the classical CLT. Therefore

V(0 — 60) = —(1/M'(60))d¥(60, F)(En) + 0p(1)
has in the limit a normal distribution with zero mean.

We still have to prove (3.9).

Lemma 3.1 Let J : [—2,2] —» IR be an increasing map with a con-

tinuous, bounded derivative J'. Then 7 as given in (3.8) is Hadamard
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differentiable at F', uniformly in 6. -The derivative is given by

d5(6,F) - h = . (3.11)
1 , (F(z)+1—-F(20 —z)

5 /IR[h(:z:) — h(26 — z)]J ( 5 ) dF(z) +
+/IRJ (F(z) +1 —2F(20 - a:)) dh(z),

where the integral with respect to h is defined via integration by parts
if h is not of bounded variation. Recall that the domain was given by
Dy = {F € D : [ |dF| < 3} and the tangent space is {h € D : h is

uniformly continuous and bounded}.
Proof. Let h, M) h and t, — 0 as n — oco. Set
1
Yn(z,0) = 9 [(F +tnhs)(z) + 1 = (F +t,hy) (26 — 7)], and

z2(z,0) = = [F(z) +1— F(20 — z)].

N =

Since h, ~”-U-> h and t, — 0, we have y, — 2z, uniformly in both z and
0. We define F,, = F + t,h, and let us consider only perturbations
F, € Dy. In particular we have ||z|| < 1 and ||y,|| < 2. Check that

5(6,F + tniz:) -7(6,F) %/[hn — ha(20 — )]J' (2(-,0)) dF —

- / J (2(2,0)) dhn(z) = I +II,

where
J(Z(,o)) . hn — hn(20 - ) J'(Z(' 0)) dF:

- [ [Lant0) = :

1= / [ (yn(z,0)) — I (2(z, 0))] dhn(z).

Since J is continuously differentiable, we have
t -
J(yn(z,0)) = J(2(z,0)) + En(hn(m) — hn(20 — x))J'(yn(z,O)),

with g (z, 0) between y,(z,0) and z(z,0). Therefore ,(z,0) — 2(z,0),

uniformly in z and 8. Moreover J' is uniformly continuous and bounded
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on the compact interval [—2,2] so that J'(§(z,0)) — J'(2(z,0)) as
n — 00, uniformly in z and 6.

We have
1

Il = =
o= g

< 2 = BIN [ 14F|+ I 1Ga) = T @ - [ 1dF

— 0.

[ (@) = 1a(20 = 2)) - (7 Gn(s,6)) - I(e(z,0)) dF(a)

Next, we show that [II| — 0 as n — oco. We have

11 = | [ Ulon(2,0)) = T(e(a,6)] dha(a)
1

3 |/ 1hn(@) = Ba(26 = 2)] 7 (Gn(=,6)) d(Fr — F)(a)

After two applications of the triangle inequality, we see it is enough to

prove that
| [ (@) (2(2,6) d(Fa ~ F)| = 0.

Now, since h € D, there exists for any € > 0 a step function h with
a finite number of jumps (say L) and || — k|| < e. Also F € D, and we
approximate this function by a step function Fwith L' < oo jumps such
that |F — F|| < 8. We abbreviate [F(z) 4+ 1 — F(20 — )]/2 by #(z, ).
Notice that J' = J'(Z) is again a step function and for every 6 € ©, we
can use the same approximation function F. We have as a result of the
triangle inequality

| [ 1&)Te(,0)) (o ~ F)(z)| < (3.12)

—+

< | [1h(@) - b (2(2,6)) Py ~ F)(@)

+

+| [ @) (o(2,6)) = ' (3(2,6)] d(Fn ~ F)(z)

+ l / h(z)J'(3(z,0)) d(F, — F)(z)

Observe that

| H&)lI (x(2,6)) = (2L, )] (o ~ F)a)
< - 10'@) = @) - [ 1d(Fa ~ P)
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and
{ [ =R, 0)) (- F')‘ < Wh—H 1 [~ Pl

The last term on the right of (3.12) tends to zero by using arguments
similar to those used by Gill [13], p. 110,111, using partial integration

[5G 0yaEs — P < 2170 -1 - F +
HEw = B {171 - 22+ 1] - 22171}

It can be shown that the integral [ h(20 —z)J' (§n(z,0)) d(F, — F) tends
to zero as well for n — oo, by repeating the same arguments. This

completes our proof. O

3.3 Minimization problems

We assume that the functional (-, P) is now uniquely minimized by
some 6y, an interior point of our parameter space ©. As before, we
abbreviate (-, P) and «(-, P,) by M(-) and M,(-) respectively.

We impose the following conditions on M:
(Cl) 6y = arg mingco M (@) lies in the interior of ©);
(C2) M has a unique minimum at 6g;

(C3) M is twice differentiable at 8y with a non-singular second derivative
V at 90.

Whereas in Section 3.2 the key to the solution lay in the notion of
stochastic equicontinuity, we shall need stochastic differentiability here.

Definition 3.3 (stochastic differentiability) Let {Z,(t) : t € T}
be a stochastic process, indezed by T C IR*. A sequence Z, is called
stochastically differentiable at to € T with derivative W, iff Vn > 0 and
Ve > 0 there ezxists a neighborhood V of ty for which

>n}§e.

Zn(t) — Zn(to) — (t — t0)' Wh
|t — tol

limsup IP {sup

n—00 teVvV
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Equivalently, a sequence Zy 1is called stochastically differentiable with
derivative Wy, at to € T iff for any 1, £ to, we have | Z,(15) — Zn(to) —
(Ta — t0)' Wha| = 0p(|Ta —tol)

We impose the following conditions on the stochastic part:
(C4) My (0n) < infg My (8) + 0p(1/n);
(C5) ||M, — M|| — 0 in probability;

(C6) apn = /n(M, — M) is stochastically differentiable with derivative
Wn at 00, i.e.

an(e) = an(O()) -+ (9 — 00)’Wn + OP(|9 — 00|) near fg;
(CT) Wy 2> W = W(p; P).

Theorem 3.2 Under conditions C1,...,C7, we have /n(6, — 65) N
—-V_1W(90).

Proof. Consistency can be proved in the following way. Using the

minimization properties of fy and én, we have
Mn(6n) < Ma(80) + 0p(n™") == M(60) < M(Bn).  (3.13)

By condition C5, | My (6,) — M (6,,)] £, 0. Invoke (3.13) and conditions
C1 and C2 to see that 6, £, 6.

By the stochastic differentiability assumption C6, we have

(6, Pn) — (8, P) =n"1a,(6) (3.14)
n”%an(ﬂo) + n_%(O —00) W, + Op(n_%|0 — 6ol),

and from the deterministic differentiability C3 assumption we obtain
1
(8, P) = (6o, P) = 5(6 — 60)'V(6 — 6) + 0(|6 — 6ol*).  (3.15)
Consequently we have

1
Y6, P) — ¥(60, Pn) = n"2(8 — 6p) W, + 5(9 —60)'V (6 — o) +
+op(n~'20 — 6| + |0 — 6o?). (3.16)
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With a fairly straightforward generalization of the proof of Theorem
5 in Pollard [35], p. 141, the asymptotic distribution follows. For the
sake of completeness we provide the full proof. First we reparametrize
in such a way that 6y equals zero and V equals the identity matrix in the
new parametrization. Continue the proof by noting that C4 and (3.16)
imply

op(n™") > ¥(0a, Pn) — (0, Pn)
~ 1 A ~ n
= n3 W+ S10al” + 0p(n2100] + 16a7). (3.17)

The random vector W, is of order Op(1) since it converges weakly to
the random vector W. Conclude that 6,, = Op(n“%). We can therefore

write representation (3.16) as

o ~ 1 4
Y(On, Pn) —v(0, Py) = n"%%Wn + §|0n|2 +op(n~t) (3.18)

The same simplification holds true for any sequence in © with values of

order Op(n”%). In particular, by replacing 6, by —n~1/2W,, we find
_1 1 _ _
Y EWa, Pa) = 7(0, Pa) = g0 Wal +0p(n™),  (3.19)

since, with probability tending to one, —n"%Wn is a point of © as 6y
is an interior point. Subtracting (3.19) from (3.18) and using C4, we
obtain

~ 1 2 1
0n+n 2V[/n,| =0P(n ).

N =

As a direct consequence of this, we have n%én = —W, + op(1). Finally,

we transform back to the old parametrization and obtain

V(6 — 6p) ~VW, + op(1)

2, _yv-lw

The theorem is proved. O
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Remark 3.5 This theorem generalizes the result about M-estimation
obtained by Pollard (cf. [35]), where the function M (8) = [ g(6,-) dP.
Pollard assumes that g has the following expansion near 6

9(07 ) = 9(00, ) + (0 - OO)A() + Io - GOIR(07 )

Observe that stochastic differentiability of a;, is guaranteed under suit-
able entropy conditions on {R(#,-) : § € ©} which imply stochastic
equicontinuity of the process /n [ R(0,-) d(P, — P) at 6p. This is the

same requirement as in [35].

Let us finish with a corollary concerning asymptotic normality of
the normalized sequence /n(f, — 6p). We assume that the consistency
6r, £ 0y has already been established, so that we may drop the require-
ment M, 2> M in [°°(©). Apart from this, the following corollary is

an obvious consequence of (3.16).

Corollary 3.1 Let 6, be a random sequence in © converging in prob-
ability to 6y at which M(-) has its minimum. Suppose the following

conditions are satisfied.
e Gy is an interior point of ©;

 ¥(Bn, P,) < infgy(8, P,) + op(1/n);

v is Hadamard differentiable at P, in particular we have
Y(6, Pn) = 7(6, P) +n”2dy(6; P) - By + n” 7 Ru(6),

where R, (0) = op(1) for every 0 € ©;

dv(6; P) - E,, is stochastically differentiable at 6y;

R,(0) — Rn(60) = op(|0 — 6o|) near 6y;

(8, P) is twice differentiable at 8y with non-singular second deriva-
tive V.

Then the random sequence /n(fy, — 6) is asymptotically normal.
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In the remainder of this chapter, we present some examples to il-
lustrate the results. We shall mainly check the uniform convergence

condition C5 and the stochastic differentiability assumption C6.

Example 3.3 (minimum distance estimation) Let P = {Fp : 0 €
©} be a collection probability measures on the real line and let F =
{Fy : 6 € O} be the set of distribution functions associated with P. F,
is the empirical distribution function. Consider an estimator én, which
minimizes the Cramer-von Mises distance d(Fy, F; ) between F, and

F(;n, where
&(F,G) = /(F —G)2dF.

Notice that in d?(F,, Fj ) the integration is with respect to Fn and not
with respect to Fén’ which is perhaps more common. See the discussion
in Stute [38] and the references given in that paper for the advantage of
this method. We are interested in 6y, the minimizer of d?(F, Fy), and
assume that the true underlying F' belongs to F, i.e. F' = Fy,.

Set 7(0,G) = [(G — F3)? dG and define the “derivative” d¥(0, F) at
F in the direction F,, — F' by

d5(0, F)(F, — F) = 2/(F —Fy)-(F, — F)dF + /(F — Fy)2d(F, — F).
Notice that 5(6, F;,) can be written as
¥0,F,) = / (F, — Fy)? dF,

- /[(Fn ~ F) + (F — Fp) 2 d[F + (F, — F)]
= (0, F) +d¥(8, F)(Fu — F) + Ra(0),

where the remainder R,(0) is given by
Ra6) = [P~ F2 dF +2 [ (F = Fo)(Fa — F)d(Fa - F).

As in Example 3.2, we abbreviate the ordinary empirical process by
E, = \/n(F, — F). Since F is a.uniformly bounded Glivenko-Cantelli
class, ||d7(-, F)(F, — F)|| = 0 and ||Rn(-)|| > 0. Hence condition C5
holds true.
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Let us check the stochastic differentiability condition C6. For this
purpose, it will be convenient to assume that the distribution functions

Fy are uniformly differentiable,
|1F(-,0) — F(-,00) — (6 — 6) A(-)|| = o(|6 — bol), near 6o,

for some fixed function A € D[—o0,00]. Then it follows straightfor-
wardly that

d5(0, F) - By — d3(60, F) - B = —2(6 — 60) / AR, dF + 0p(10 — 6o)
and
IRa(0) = Ba(60)] = |21} [ (F(,0) = F(,00)) B d(Fo — )| =
—|-2n-%(6— 00)/AEn d(Fy — F)‘ +op(n~40 — 6o)
= op(n”|0 - 6ol).

Hence oy, (8) = /n[¥(0, Fr,)—4(0, F)] is stochastically differentiable with

derivative
W, =~2/A-EndF,

and V = 2 [ A2dF. Consequently, v/n(6, — 6p) is asymptotically nor-
mal.

Example 3.4 A more general and complicated case is obtained by in-
troducing a continuously differentiable weight function J. We now con-

sider
M(0) _ (8, F) = / J(F) - (F — Fy)?dF. (3.20)
Define
O F) - (Fa=F) = [(FaF)-J(F)F - Fp)?dF +
+2 / (Fn — F)- J(F)(F — F)dF +

- / J(F)(F — Fy)?d(F, - F). (3.21)
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The empirical function M, is given by
5(6,F,) = /J )(Fy — Fy)? dF,
= /J(Fn) ([F — Fy) + [Fp — F))?d(F + [F, — F))
- /J )(F — Fy) dF+2/J )(Fy — F)(F — Fy)dF
+/J ) (Fy — F)? an+/J (F)(F — Fy)2 d(Fy — F)
+2 / J(Fy)(Fa — F)(F — Fy) d(F, — F)
and the remainder Ry (6) by
[ ) = 3(F) = F(F)(Fa = )} (F = Fo)? dF +
2 /[J(Fn) — J(F)|(Fy — F)(F — Fy)dF + / J(Ey)(Fy — F)? dF, +
JUE) - HENF - B d(F. - F) +
2/J )(Fy — F)(F — Fy) d(Fy — F).

We shall briefly verify conditions C5 and C6. Since the class F? =
{F? . F € F} is a Glivenko-Cantelli class, and provided both J(F') and
J'(F) are P-integrable functions, we have d¥((6,F) - (F,, — F) L0
uniformly in 6. Also ||Ry|| £, 0, whence | M, — M| 0.1t F(-,6)
is uniformly differentiable as before, we easily obtain R,(0) — R,(6p) =
op(|@ — 6p|). Again under the assumption that Fy, = F, we find

Remark 3.6 (Non i.i.d. formulations) Theorems 3.1 and 3.2 can
easily be extended to non-i.i.d. situations. This is mainly due to the
fact that the uniform law of large numbers, stochastic equicontinuity
and - differentiability allow a more general formulation. See for instance
Pollard (37).
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As an example we discuss parametric, non-linear regression. Let z;
be elements in some space S and let ¢; be independent random variables
with zero means and finite variances 02,1 =1,...,n. Let G = {gg: § =
IR : 6 € ©} be a class of functions, indexed by ©, an open subset in IR*.
We observe Y; = gg,(z;) + €;, with 8y € ©. In addition, we assume that
the following local linear approximation at 8y exists,

98() = oo (") + (0 — 60)' A(-) + |8 — Bo|rg(-). (3.22)

The parameter 6y can be consistently estimated by the least squares

estimator 9n, which minimizes
1< o
Ma(6) = = 3 (¥; - go(ai))?.
i=1

Let d,, be the empirical L?(P,) pseudo metric on G, based on z1,.. ., Tn,
i.e.
2 1 & 2
dn(gv h) = n Z [g(zz) - h(zz)] .

i=1

We use the short-hand notation dy(6,0) = dn(ge,95)- Suppose there
exist ki, ko > 0 such that for every 6,0 €0,

k(6 — 6)* < d2(6,6) < ka(6 - 6)*.
The same condition is used in Wu [57]. It entails that (cf. (3.15) )
IE[M,(0) — My (60)] = d2(6,60) = O(6 — 60)°.
Let us verify condition C5.
(My, — IEM,)(0) = (3.23)

1 n 9 9 1 n
= n Z(Ei —o;) + 25 Z(gﬁo — 96)(;) - €.
=1 i=1

The first term on the right in (3.23) is asymptotically negligible under a
uniform moment condition on the sequence €;. The second term on the

right in (3.23) tends to zero, uniformly in 8, under the entropy condition
H(d,dn,Gn(p))/n —0 V6 >0Vp>0,
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with Gn(p) = {9 € G : dn(g,90) Srp}. This will be proved in the next
chapter, Corollary 4.3, under some additional assumptions on &;.

Condition C6 is verified if the stochastic process n~2 S eire(zi)
is stochastically equicontinuous at 6. Define R = {rg : 6 € O} and
R(p) = {rg € R : |0 — 6| < p} and suppose R is uniformly bounded.
Then we have by means of Theorem 2.4

Pl [ S mte)] 21 <
P {|0—S;101|)<5 _\/1‘77,2:;611“51' > Chro(zi)| > g} +
+IP {lﬂ—s-;loﬁ)d %ng{ml < Chrolzs)| > g} <
27 (e 2
%ﬁ} = I{rl;l * vz (" [qéfoz \/H2($Z, P, R(9)) dw} ) '

where ¢p = ¢p(R), c1 = ¢1(C) are some finite, positive constants. Pro-
vided g; are uniformly square integrable and under entropy conditions
on R(p), property C6 is fulfilled.

For Condition C7 we have to verify the Lindeberg condition for

n- 2 Z?:l EZA(:L‘l)
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Part 111

Regression analysis
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Chapter 4

Consistent:y

In the three remaining chapters we consider nonparametric regression.
Suppose we have n independent observations satisfying the regression

model
Yi=go(zi) +ei, (i=1,...,n) (4.1)
where the errors satisfy
Ee; =0, Be? =02, (i=1,...,n) (4.2)

the design A, = {z1,...,2,} is a subset of IR and the regression
function go : R¥ — IR is unknown and to be estimated from the data.

If the regression function is known up to a finite dimensional param-
eter, the method of least squares is usually employed to estimate this
unknown quantity. In a nonparametric setting of smooth functions, ker-
nel estimators are a popular choice for estimation of gy, owing to their
relatively easy implementation and minimax properties.

We express our a priori knowledge of the regression function by
9 €6, (4.3)

where G is a known class of functions.
The estimator of gy will be any random variable ¢ that minimizes

the sum of squares over G up to a constant 7, — 0, i.e.

n

1o 2 1 2
— Y; — g(z;))° < inf — i — i n- .
n;( ; — §(zi) _;relgnm (Y; — g(z:))* +n (4.4)
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With some abuse of terminolbgy, we call § a least squares estimator
(LSE). If 5, = o(1/n), we can ignore 7, without affecting our results.
Henceforth we assume that the infimum in (4.4) is attained and 7, =0
for all n.

It should be stressed that in cases where only little information about
go is available, in other words where G is too large, § may simply inter-
polate between the y;, and we obtain inconsistent estimators. In such
cases other estimation procedures should be considered. In the context
of least squares, one could think about sieved and penalized least squares
estimators.

Model (4.1) has been studied extensively. The least squares estima-
tor has also been investigated for particular choices of the design, i.i.d.
errors and Sobolev classes G (cf. Nemirovskii et al. [31] and [32]). Van
de Geer was the first to put the problem in a more general perspective by
imposing entropy conditions on the set G rather than requiring smooth-
ness properties. Here, we follow the same approach. To avoid making
assumptions concerning the design X, we shall consider metrics based
on the design and formulate asymptotic properties like consistency and
rates of convergence in these metrics.

At this point, let us introduce some notation used in the remainder

of the book. We define the empirical measure P, by
n

Z 61:,',

i=1

where J; is the Dirac measure at point z € IR¥. ILe. this measure puts

B, =

S|

mass 1/n at each element of X,,. The LP(P,) pseudo norm on R* is
denoted by || - ||n,p, thus

1£llnp = { (1 @)P dPu()? = (AT £ @)P) 61 <p < oo;

maxi<i<n | f(:)] if p = o0.

Let dnp(f,9) = ||f — gllnp be its induced LP(P,) pseudo metric, with
1 < p < oo for any function f and g. Of particular interest is the case
p = 2 as we shall formulate our results in their final form in the L?(P,)

metric. This metric has been chosen for mathematical convenience. For
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the sake of brevity, if not specified differently, || - ||» and dn(f,g) will
always denote the L2(P,) pseudo norm and distance respectively.

For any family of numbers 2(g) indexed by G, we put ||z(g9)|l¢ =
supyeg |2(g)|- The canonical envelope of G will be denoted by G, i.e.

G(z) = sup|g(z)|, = € R*.
g€eG

The 4-covering numbers in LP(P,) are denoted by Ny(4, P,,G) =
N(d,dnp,G) and the associated entropies are given by Hy(6, P,,G) =
log [Np(6, Pp,G)] for each § > 0.

In addition to deterministic design, we shall allow randomness in the
selection of the design points too (cf. Section 4.2 and Section 5.4). In this
case the observation points X; are assumed to be i.i.d. random variables
with common probability distribution P, all independent of the distur-
bances g;. Moreover, we shall require [ g2 dP < oo, i.e. go € L?(P).
Note that P, is now a random measure, to wit the empirical distribu-
tion, associated with the theoretical distribution P. The randomness of
P, has consequences for the covering numbers; they will be random as
well. The L?(P) pseudo norm and metric will be denoted by || - ||, and
dp(-,-) respectively. In order to avoid measurability problems - which
may arise for uncountable classes G - we make the blanket assumption
that G is permissible in the sense of Pollard [35].

The asymptotic behavior of the least squares estimator can be inves-
tigated using techniques which are described in Chapter 2. To see this,
note that

n

S (i3 <3 (% - o)’ = 3¢, (45)
i=1

i=1 i=1
or equivalently,
n

3" (3(e1) — go(ei))? < 23" e (5(a2) — go(a1)) (46)

i=1 i=1

under the assumption that the true regression function go does indeed

belong to the set G. From the last inequality, it is immediately clear
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that asymptotic behavior of the difference ||§ — gol|» is governed by the

empirical process

n

{n—1/2 > eilg—go)(zi): g € g} :
=1

The probabilistic results concerning empirical processes which are given

in Chapter 2, turn out to be very useful in the proofs.

In Chapters 4, 5 and 6 of this book, it is our aim to provide a system-
atic and unified study of the general regression problem (4.1) under the
constraint (4.3). In particular, we are interested in the connection be-
tween asymptotic properties of the least squares estimator and entropy
numbers (of subsets) of G.

The remainder of this chapter is concerned with consistency issues.
There is a considerable literature for cases where G is a subset of a
Sobolev space. Van de Geer (cf. [39]) introduced the concept of (ran-
dom) entropy numbers in L2(P,) in the regression model (4.1) and gave
sufficient conditions for establishing consistency. Our main concern will
be to investigate the necessity of these entropy conditions. It will turn
that in an appropriate setting, consistency is completely characterized
by local entropy numbers. This clearly demonstrates the crucial role of
entropy considerations in regression problems.

Most articles about least squares estimation discuss sufficient condi-
tions for consistency and only few authors have dealt with their necessity.
Wu (cf. [57]) considered the case of non-linear (parametric) regression,
where g(-) = g(f,-) is parametrized by § € ® C RM. There it is shown
that under the assumption of i.i.d. disturbances ¢; with an a.e. positive
and absolutely continuous density and with finite Fisher information,
the existence of a consistent estimator f(Y1,...,Y,) of 6 for all § € ©
implies that nd2(0,6) — oo as n — oo for all § # 6, where dy(6,0)
denotes the L2(P,) pseudo distance between g(-,6) and g(-,0). Under
assumptions on the model, this turns out to be a sufficient condition
too. .

Once consistency has been established, the next question is how fast

this convergence turns out to be, i.e. the rate of convergence will be
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examined. Under the hypothesis that the disturbances g; are almost
Gaussian, and the entropy numbers of G intersected with shrinking balls
in L?(P,) with common center gy and radius proportional to 6, — 0
behave like nd2, Van de Geer proved that the rate of convergence will
also be dyp, i.e. ||§ — golln = Op(dn). In many cases, this is the best rate
one can achieve.

In Chapter 5, we give a detailed account of the rates of convergence.
Upper and lower bounds will be derived and also the role of the error
distributions will be discussed. Related work has been done by Birgé &
Massart (cf. [5]) and Shen & Wong (cf. [55], [56]). The main difference
is that their approach is based on entropy with bracketing.

Finally some asymptotic distribution theory concerning the least

squares estimator § will be presented in chapter 6.

4.1 The envelope case

We start with introducing an i.i.d. regression model with stochastic
design.
Model 1.

Yi=g90(Xi)+oe; i=1,...,n). (4.7

X; are i.i.d. with probability distribution P on IR¥;

g; are i.i.d. with probability distribution K on IR and IEe; = 0
and Ee? = 1;

e X,...,X,, €1,...,&n are independent;

go€GC LQ(P).

Note that 02 > 0 is the variance of the error e = o - €.

Consistency is the weakest requirement for any reasonable estimator.
In the case of least squares estimation, a natural way to measure the
distance between the least squares estimator § and gg is by means of the

L?(P,) pseudo norm. We shall now define some concepts of consistency.
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Definition 4.1 (Consistency)

e A sequence of estimators {gn} of go is called L?(P,)-consistent if
llgn — golln,2 = 0 in probability;

o A sequence of estimators {gn} of go is called strongly L?(P,)-
consistent if

llgn — golln,2 = O almost surely.

L?(P)-consistency and strong L?(P)-consistency are defined in a similar
way.

For finite G, L%(P,)-consistency is easy to establish, and more gen-
erally we can show that if G is essentially not too large, § is a L%(P,)
consistent estimator of gg. In Theorem 4.1 we shall make precise what is
meant by “essentially not too large”. Notice that gy minimizes S(g) =
E{Y — g(X)}? and that § minimizes S,(g) = n~! Y1, {Y; — 9(Xy)}?,
the empirical counterpart of S(g). By the strong law of large numbers,
Sa(g) 2 S(g), for any fixed g € L?(P). If this convergence is uniform
in G then L?(P,)-consistency is not hard to prove. We state a set of

sufficient conditions which can be found in Van de Geer [39].

Proposition 4.1 Consider regression model 1. Suppose the following

conditions are satisfied:
/ G?dP < oo (envelope condition), (4.8)

where G = supycg |g| (pointwise) is the canonical envelope of class G,

and

1

ﬁHz(d’ P,,G) Ly 0forall§>0 (entropy condition). (4.9)

Then § is both strongly L?(P,) and strongly L?(P) consistent.

The link with the theory of empirical processes will have become
clear by now, since almost sure convergence of empirical processes uni-

formly over general classes G is one of the main topics in this field of
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probability theory. Indeed the entropy and envelope conditions (4.8)
and (4.9) ensure that G is a Glivenko-Cantelli class, i.e.

| 9. - p)

A natural question is whether the converse of Proposition 4.1 holds

}g =% 0. (4.10)

true. The answer is negative because parametric linear regression is a
counterexample: (4.8) is not satisfied, yet the least squares estimator is
consistent. Example 4.1 below shows that even if G € L?(P), condition

(4.9) is not necessary for consistency.

Example 4.1 Let ¢; be a Rademacher variable, i.e. IP{e; = —1} =
IP{e; = 1} = 1/2. Indeed this variable fulfills the required properties
[Ee; = 0 and IEe? = 1. Suppose go = 0 and that G = {I4 : A € B},
where B is the collection of all Borel sets. Then (4.8) is met with G = 1,
but (4.9) fails.

For o = 1 the consistency fails because straightforward computation

yields

n
d2(g,90) =n 'Y I{e; =1} 5 1/2.

i=1 .
Notice however that for 0 < o < 1/2, we have § = go, so § is cer-
tainly consistent. Hence condition (4.9) is sufficient but not necessary

for L%(P,) consistent least squares estimators.

We learn from Example 4.1 that there actually exist situations where
consistency holds true only for some special values of o. This phe-
nomenon is undesirable. If G € L?(P) and if we require consistency
for all o, necessary and sufficient entropy conditions can be established
relatively easily. However, as already pointed out by Van de Geer [39],

this envelope assumption is far too stringent in most cases.

Theorem 4.1 Consider regression model 1. Assume G € L*(P). The

following two statements are equivalent:

dn(§,90) =50 forall c € R (4.11)
n"LHy(6, P, G) -5 0 for all § > 0. (4.12)
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Before we prove this result, let us introduce some notation. Define

for all functions g € G,

Zsz (X5) — g0(X3)),
Ln(g;0) = 2cm 8 mn(g) — d2(g, 90)-

The least squares estimator § has the following property:

Ly(§;0) = sup Ly(g; 0) (4.13)
geg

because minimizing Sy, (g) is evidently the same as maximizing Ly(g; o)

over g € G.

Proof of Theorem 4.1. The implication (4.12) = (4.11) has been
proved in Van de Geer [39]. Therefore we only have to prove the necessity
part (4.11) = (4.12). We first show that

sup [n"2my,(g)] &3 0. (4.14)
g€g

We begin by noting that the joint distribution of {m,(g) : g € G,n € IN}

is independent of . Also, regardless of whether o is positive or negative,

sup (an‘l/an(g)) > on"Y?my,(go) = 0. (4.15)
g€eg

As d,(§,90) 25 0, the Cauchy-Schwarz inequality implies that

1/2
In"?mn()] < dn(d,90) ( ZE) 2% 0.
Hence, by the definition of the LSE we have

sup Ln(g; o) =3 0. (4.16)
geg

Clearly,

sup (20n71/?m,(g)) - sup d,(g, 90) < sup Ln(g;0) =5 0,
9€g g9€g 9€g
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and

4 n
Supd (9790 S HZ 22 4EG2(X1)
g€ i=1

Combining this with (4.15) we find that for every o € IR,

0 < sup (2an ) Z G*(X;) + supL (g;0) £5 4IEG%(X)),
9€g
and (4.14) follows, to wit H = {e(g — go0) | g € G} is a Glivenko-Cantelli

class. This collection has a square integrable envelope H = 2e|G.

Let @Q be the product measure P x K and let @, be the empirical
measure based on (Xj,¢;), © = 1,...,n. We shall show that # is a
Q@-Glivenko-Cantelli class implies that G is a P-Glivenko-Cantelli class.
Because IEe? = 1, there exists a number 0 < 7 < oo for which mp :=
P{le|] > n} > 0.

Define the measure P, as a discrete measure, which assigns mass 1/n
to X; if and only if |¢;| > n. The random variable N, = 3" ; I{|ei| > 1}

counts the values for which this holds true. Since
/ g2dP, <n7? / e2g* dQy,

it follows that n='Hy(8/n, Pn,G) £, 0 for all § > 0. Observe that P,
and (N, /n)Py, have the same conditional distribution, given €1,...&p.
Moreover, by the strong law of large numbers, we have N, /n =23 .
Consequently, n=*Hy(/n/Npd/n, Py, ,G) — 0 for all § > 0, and as a
result n~'Hy(4, Py, G) £, 0 for every 6 > 0 as well. This proves the

theorem. O

Remark 4.1 In case the ¢; form an orthogaussian sequence, the last
part of the proof of Theorem 4.1 can be simplified by means of The-
orem 2.1. Note that m;,(g) now is a centered Gaussian process. As a
consequence of Sudakov’s lower bound (Theorem 2.1), we have

12 ) Hz(é, Pn,_gl

Eztégﬁi;ez-(g(?() 90(X;)) > CsIE 7
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where the expectation on the right is taken with respect to P", the n-
fold product measure of P. Hence by Chebyshev’s inequality, we find
for any a > 0,6 > 0,

P {/Ha(5, Py 0) > avi} < (Cssa) ' Bsup L3 ero(x0) - 90(X).
i=1

Application of the Cauchy-Schwarz inequality yields

sup (1o Pmn(ale)" < supi (235 1 (£ 3 600
i=1 =1
= 4IEG2(X1) < 00.

By elementary arguments (see e.g. Billingsley [3], p.348), ||n~"/?m,(9)llg
is uniformly integrable. Hence the almost sure convergence (4.14) im-
plies convergence in mean of ||n~/2m,(g)|lg. The global entropy condi-

tion follows from Chebyshev’s inequality above.

Remark 4.2 Since G € L?(P), the entropy assumption (4.12) is equiv-
alent with Hi(4, P,,G) = op(n) for all § > 0 (cf. Theorem 2.5). As
a result, Theorem 4.1 can also be stated in terms of L!(P,) entropy

numbers.

Remark 4.3 Example 4.1 shows that it is essential to require the con-
sistency (4.11) for all o € R.

It should be noted that negative values for o are needed to conduct
the proof of Theorem 4.1. Alternatively, we could assume symmetric
errors g;, i.e. IP{e; € B} = IP{—¢; € B} for every Borel set B, and

consider only positive o.

It has become apparent that minimizing the sum of squares S,(-)
over a Glivenko-Cantelli class produces an L?(P,)-consistent estimator,
whereas essentially larger classes will give inconsistency. There is one
unpleasant detail: the assumption G € L2(P) is very restrictive. It
even rules out the familiar case of parametric linear regression. The
following lemma reveals, however, that at least every subclass of G with
a P-square integrable envelope should be a Glivenko-Cantelli class, as

is the case for linear regression.
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Lemma 4.1 Consider model 1. Sdppose dn(§,90) = 0 for all o € IR.
Then for every subclass G* C G with envelope G* € L?(P) and go € G*,

we have that G* is a Glivenko-Cantelli class.

Proof of Lemma 4.1. From the almost sure convergence (4.16), we

have

sup Ln(g) = 0

gegG*
since G* C G. Repeat the same arguments as in the proof of Theorem
4.1 with G and G replaced by G* and G* respectively. O

Remark 4.4 The uniform convergence || [ gd(P, — P)|lg = 0 is cer-
tainly not necessary for obtaining consistent least squares estimators.
We only mention that by a result due to Van de Geer the conditions
in Proposition 4.1 can be relaxed considerably. By introducing scaled
versions f = f(g) = g/(1 + ||gl|2) of g € G, it is possible to circumvent
the envelope restriction and strong L?(P) consistency is established. See
Van de Geer [39], Theorem 1.2, p.590.

4.2 Main result

We would like to extend Theorem 4.1 and Lemma 4.1 by dropping the
envelope assumption. Since the restriction that G is in L?(P) is a nec-
essary condition for characterizing the Glivenko-Cantelli property of a
class G, we lose a powerful tool when using the empirical process ap-
proach. Nevertheless, it appears that such conditions are indeed unnec-
essary technical restrictions, although the standard results of the theory
of empirical processes are no longer applicable. Moreover, the entropy
conditions can also be weakened.

In contrast with the previous section, we consider the case of fixed
design, in other words we assume that P, is a deterministic measure. We
emphasize this by using lower case characters zy,...,z, for the design.
The stochastic counterpart where X, Xo,... are i.i.d. follows directly

because no restrictions on the design are imposed apart from the entropy
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assumptions.
Model 2.

Y, =go(z;) +og (i=1,...,n). (4.17)
® I),I9,... i8S a sequence in RF:

e ¢; are i.i.d. with probability distribution K on IR, IEe; = 0 and
Ee? =1,

e go€G.

The first result of this section shows that under certain entropy con-
ditions consistency of the least squares estimator follows. Instead of

considering the entropy of the entire space G, the entropy of the subset

Gn(R) ={9 € G :dn(g9,90) < R}

is what really counts. This is a consequence of the fact that d,(g, go)
is almost surely bounded for all n sufficiently large. Indeed from the

minimizing property
Sn(§) < Sp(g) for all g € G,

we have in particular S,(§) < Sp(go) (cf. (4.5)). Rewriting this in-
equality gives d2(§,g0) < 2|lon~?m,(§)| (cf. (4.6)). Application of
the Cauchy-Schwarz inequality yields dy, (g, go0) < 2|o|y/n~! Y5, €2 =5
2|o|.

Theorem 4.2 Consider regression model 2. The entropy condition
n~YHy (8, Pn,Gn(R)) -0 VY6 >0,R>0 (4.18)
implies strong L%(P,)-consistency of the least squares estimator.

The necessity of (4.18) is captured in the following theorem. We
need an additional assumption on the distribution of the disturbances

€1y+-+9En.
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Theorem 4.3 Consider model 2. Assume that the error-distribution K

contains no atoms. If we have
dn(3,90) —+0 VYo € R, (4.19)

then the local entropy numbers fulfill (4.18).

Combination of Theorem 4.2 and Theorem 4.3 obviously yields

Corollary 4.1 Consider model 2. In addition, assume that the distri-

bution of €1 contains no atoms. The following statements are equivalent:
1. dn(§,90) =0 Vo € R;
2. dn(§,90) 30 Vo € R;
3. n~'H; (6, Py,Gn(R)) = 0 V6 >0,R > 0.

Proof. The implication (3) — (2) is given Theorem 4.2, (2) — (1) is
obvious and (1) — (3) follows from Theorem 4.3. O

The remainder of this section is devoted to the proofs of our results.
We set out with a probabilistic result, concernin’g' an exponential up-
per bound for the supremum of the empirical process my(g) over the
subspace G,(R), R > 0.

Lemma 4.2 (exponential bound for bounded random variables)
Let |e1| be almost surely bounded by C > 0. Then the local entropy
condition (4.18) implies

1 na?
P —1/2 <9 - 4.2

for n > no(C, R,a).

Proof. From Hoeflding’s inequality (Lemma 2.3), we have for each
g € L*(P,)

2
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Let {g;}}, be the minimal a/(2C)-covering net of G,(R) with respect
to the L!(P,)-distance, so M = N1 ((a/2C), Pa,Gn(R)) and for every
g € Gn(R) there exists a g* € {g;} such that (1/n) > 1, |g(zi) —g*(zi)| <
a/(2C). But then n‘%lmn(g) — mp(9*)] < (a/2) holds, since €; are
bounded by C. By virtue of the triangle inequality, we have

IP{ sup [n~2ma(g)] > }
gegn(R)

= suwp (1 Vmn(g) =1V 2ma(g") + 1 Amal?)] > o}
9€Gn(R)

-1/2 . a
SIP{@%M mn(gz)|>2}

a 1 na?
< 2exp (Hl(;é,ﬂz,gn(R)) - 5@)
1 na?
s Zexp (—zm)
for n > n(C,R,a). O

Proof of Theorem 4.2. We have to prove the consistency for all
o € R. Fix 0 € R. From the inequality L,(§;0) > Ln(go;o) and the
Cauchy-Schwarz inequality,

1/2
. _ R 13 .
d%(g,90) < 2|0 - [n"Y%my ()] < 2lo] - (7; Zﬁ) -~ dn(d, 90)- (4.22)
=1

-1 ;1,:1 612 a8 1 im-

This inequality and the almost sure convergence n
ply that dn(g,go0) < 4|o| almost surely for all sufficiently large n, and
that
d(3:90) < sup 2lo| - [n"’my(g)|-
9€Gn(4la|)
Hence it is enough to show that supycg, (g In~12my,(g)| =3 0 for all
R>0.

Truncation device.
The error terms €1,..., €&, are generally not bounded. Therefore we

need a truncation device in order to use Lemma 4.2. In general, let C
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be positive and define
(ei)c=&l{-C<e <C}-Egl{-C<eg<C} i=1,...,n(4.23)

Obviously IE(e1)¢ = 0, and IE(e;—(e1)¢)? can be made arbitrarily small
by taking C sufficiently large.

On the set B, = {n"1 7, (e; — (&:)¢)? < (a/2R)?} we have

Z(a (e5)c) (9(zi) — go(23))| <

N

gegn (R)

by the Cauchy-Schwarz inequality. Notice that by Kolmogorov’s strong

law of large numbers
1 & 2
n Z — (e)e)® 2B E (e1 — E(e1)c)’,

and for C sufficiently large, we have

2
E(e1 — (e1)0)? < % (%) .

Thus for fixed positive numbers a and R,
]P{hmsupB }=0.

Next, we derive after an application of the triangle inequality that

P {limsup sup ’n"lﬂmn(g)l > a} (4.24)
} n

. 1 &
<P {llm sup sup |- Y (&)c (g(z:) — go(zs))| >
n—00 gegn(R) |1

+IP{limsup Bg }.
n—00

N

As a result of the exponential bound (4.20),
n

ZIP{ sp |2 (e (g(e) - golai)
1 =1

>§ <
2 Q.

Application of the Borel-Cantelli lemma completes the proof. O
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Proof of Theorem 4.3. Fix R > 0. The Cauchy-Schwarz inequality
yields

' 1/2
1 n
|Ln(g;0)| < 2loldn(g, 90) - (; 253> +d2(g,90)-
i=1
Therefore, for all 0 € IR, we have supycg Ln(g;0) i 0, and since
Gn(R) C G also supycg, gy Ln(g; ) £, 0. Next, notice that

sup (20n_1/2mn(g)) —R?’< sup Ly(g;0) £50.
gegn(R) Qegn(R)

Hence for every o € IR,

0<2 ( sup an‘1/2mn(9)) < R? + Lo (§;0) 2 R
gEGn(R)

It follows that supg, g [n=12my,(g)| £ 0. By the Cauchy-Schwarz

inequality,
2 | 1/2 2
sup IE < sup In_l/zmn(g)[) <suplE (- zef) -R| =R2
n gegn(R) n n i=1 -

This implies that supyeg, (g [n~12my,(g)| is uniformly integrable, and
hence

IE sup |[n"2my(g)| = 0. (4.25)

gegn(R)

Symmetrization device.

Let e be independent copies of ¢; and let 7; be a Rademacher
sequence (cf. Section 2.5), independent of the sequences ¢; and &
(¢ = 1,...,n). Note that the probability distribution of the quantity
SUPgeg, () N Xiz1(ei — €F)(g(2i) — go(zi))| is the same as the one of
SUPgeg, () In" Xie1 Ti(ei —€)(9(2i) — go(z:))|- Hence by (4.25) and the
triangle inequality we obtain

1 n
IE sup |=> 7(ei—e;) (9(zi) — go(z:))| = 0, (4.26)
9€Gn(R) | T ;57
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and therefore, by Markov’s inequaiity,

IE ( sup
gegn(R)

Zs0. (4.27)

e,-—e}‘,lﬁz’ﬁn)

LS (e = ) (9(e0) - gola)

n =1

Let Q, be the empirical probability measure based on (z;,&; — €}),
i.e. it puts mass 1/n at each (z;,e; — €f). Set f(zi,ei —€f;9) =
(ei — €7) (9(z:) — go(z:)) with g € Gn(R), and Fn(R) = {f(-+9) 1 g €
Gn(R)}. By Corollary 4.14 in Ledoux & Talagrand [27], p.116, we find

that (4.27) implies n= ! Hy(8, Qn, Fn(R)) £, 0 for all § > 0.

Let G4 = {g1,...,9p} be a maximal set in G,(R) (a priori possibly
with infinite cardinality) such that the L!(P,)-distance between every

pair in G4 is larger than 26, i.e.
/lg —§|dP, > 28 for each g,§ € G*, g # 3. (4.28)

By the regularity condition on the error distribution, there exists an
n > 0 such that P{|e — ¢*| < n} < 6%2/(4R?). Then we have almost

surely, for large n
[1e=€litg - (@)l dn(a,e — &) 2

> P/|g~§ldPn—/I(g—é)(w)II{IE—E*I Sn}dQn(x,s—s*)] >
r Lo 1/2

> /Ig—éldPn—2R(;ZI{lsi~6?1Sn}) }2
A i=1

>0 |[lo-3ldP - 2Ry/2P{e o] <n}] 2
> 6.

Consequently, by the relation (2.1) between packing and covering num-
bers and the maximality property of packing numbers, we obtain almost

surely for n large

N1(26, Pn,Gn(R)) < D1(26, P, Gn(R)) = |G*] <
D1(775, Qnafn(R)) S N?(n5/2’ Qna]:n(R))

As a result, (4.18) holds true. This concludes the proof. O
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Remark 4.5 The technical condition on the error distribution K (it
should contain no atoms) can be replaced by assuming that ¢; is sym-
metric around 0 in combination with IP(e; = 0) = 0. This follows from
the proof of Theorem 4.3 by noting that in this case ¢; and 7¢; have
the same distribution, where 7 is an independent Rademacher variable.
As a result we can skip the symmetrization device and invoke the re-
sult of Ledoux & Talagrand directly. Moreover, it suffices to require the
consistency (4.19) only for o > 0 (cf. Remark 4.3).

It should be noted that Theorem 4.3 and Corollary 4.1 can be stated

in terms of L?(P,) entropy conditions as well. This observation parallels
Remark 4.2.

Corollary 4.2 The following statements are equivalent:

H; (4, P,,Gn(R)) = o(n) for all § >0,R > 0; (4.29)
Ho(8, Pa,Gn(R)) = 0(n) foralld >0,R>0.  (4.30)

Proof. The relation (4.30) = (4.29) follows from d,, 1(f, 9) < dn2(f,9)-

As a result of Theorem 4.2, the L' (P,) entropy condition (4.29) im-
plies the consistency (4.19) of the least squares estimator in the regres-
sion problem. In case the error distribution in our regression problem
is standard normal, we shall prove that the consistency (4.19) implies
(4.30). For K = N(0,1), my(-) is a centered Gaussian process. This
property makes it feasible to apply Sudakov’s lower bound (Theorem
2.1), yielding

IE sup myu(g) >C supé\/Hg (6, Pn, Gn(R)), (4.31)

9€Gn(R) §>0
for some numerical constant C' > 0. The local entropy condition (4.30)
in L?(P,) now follows from (4.25). Thus we have proved that in the
regression model with Gaussian errors, the entropy statements (4.29)
and (4.30) are the same. Since these statements do not depend on ¢;,

but solely on the metric structure of G, (R), the result follows. O
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4.3 Some extensions

We shall briefly discuss some possible extensions. First we note that
in applications of nonparametric regression, the parameter space often
depends on the number of observations n. Second, the design points may
form a triangular array z,i,...,Z,, rather than a sequence z,zs,...
. Extension of our results in these directions is straightforward, due to
the power of the methods borrowed from empirical process theory (cf.
Van de Geer [40] and Pollard [37]). We omit further details.

4.3.1 The heteroscedastic case

Consider model 2 (deterministic design) where the errors are indepen-
dent, but not necessarily identically distributed. In particular, we dis-
cuss the so-called heteroscedastic case.

Model 3.

Yi =go(zs) +oe; (i=1,...,n). (4.32)
e I,,Ts,...is a sequence in IR¥;

e ¢; are independent with probability distributions K; on IR; [Ee; =
0, Ee? =02, (i =1,...,n), and there exists m > 2 such that

supIE|g;|™ < o0 (4.33)
i>1

.goeg.

We wish to extend Corollary 4.1 to cover this model 3 also.
A closer look at the proof of Theorem 4.2 reveals that a crucial step

is the almost sure convergence

o 1&
Ch_r}r;o hrrlxis;p - ; (ei — (e))c)? =0 as., (4.34)

where (¢;)¢ is defined as in (4.23). This enables us to employ the trun-
cation device as Lemma 4.2 holds true for any sequence of random vari-

ables, provided they are independent and uniformly bounded.
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As far as the necessity of the entropy condition is concerned (cf. The-
orem 4.3), only formula (4.29) needs modification. To be more precise,

the averages
1 n
— I{le; — ¥ <
”;:1: {le — il <n}

need to be small for small 7 > 0 and for n sufficiently large. It is quite
obvious that we need a fraction of the observations €1, ..., &, larger than
n > 0 to obtain knowledge about [ |g(z)|dP,(z) from [ |g(z)e| dQn(z,€).

Corollary 4.3 Consider regression model 3. Suppose that the sequence

1 & .
In(n) = =3 P{les — 7| <} (4.35)
i=1
1s equicontinuous at 1 = 0. Then the following two statements are equiv-
alent
dn(d,90) =30 Vo € R; (4.36)
n~'Hy (6,P,,Gn(R)) -0 V6 >0,R>0. (4.37)

Proof. The proof will parallel that of the one given in full detail for the
i.i.d. situation. For this reason we concentrate on the differences.
Sufficiency part. We now have almost surely dy, (g, go) < 4|o| max;<n, |0
for n sufficiently large. Because the ¢; are uniformly square integrable
in view of (4.33), there exists C' > 0 such that
2

31;11)11*3(51‘ —(ei)e)? < % (;ﬁ) :
where (¢;)¢ is given by formula (4.23). From e.g. Petrov [34], we see
that (4.34) holds. Hence for the event B, = {n™! 3", (e; — (&:)¢)? <
(a/2R)?}, we have
IP{limsup,_,,, Bn} = 1, and the truncation device can be performed
successfully. Since Hoeffding’s inequality (4.21) holds true for indepen-
dent, not necessarily identically distributed random variables, the re-
mainder of the proof parallels the proof of Theorem 4.2.

Necessity part. The reasoning for model 2 remains valid, apart from the
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fact that H; (8, Qn, Fn(R)) = O(n)Afor all R > 0, > 0 yields the same
statement with Q,, and F, (R) replaced by P, and G,(R). But since we

have

1 & . 1 & ,
=Y Hlei—efl <n} = =Y P{lei —¢f| <n}| =0,
n 4 n 4
i=1 i=1
the result follows immediately from formula (4.29) and condition (4.35).
O

4.3.2 Sieves

We now focus our attention on “sieved” least squares estimation which
may be useful in situations where the class G is too large in the sense
that the entropy condition (4.18) is not met. Minimizing the sum of
squares

n

Sn(g) =n~' Y _(Yi — g(z:))?

i=1
over the entire class G may lead to an inconsistent estimate. This prob-
lem can be overcome by taking approximating spaces G(™ which do
satisfy the entropy condition (4.18). The least squares estimator ob-
tained by this procedure will be written as § to distinguish it from g.
Since go is not necessarily an element of G(™, we define g(()") as the
projection of gg on G™): the approximating error will be denoted by

an = |lgo — g(()")Hn. Observe that by the triangle inequality we have

19— golln > 1§ — 9(()n)|ln — ap. Due to the minimizing property of g, we

find that, for each n > 0,

P {|g - g§"ln >} <P { sup  Sl(gf") — Salg) > o}
9€6™) |lg—g§™ |ln>n
13 n 1
SIP{ sup - ei(g — g (z) > §(n2—ann)}-
9€6™ |lg—g{Mln>n ' i=1

It is now easily seen that consistency can be established under a slight
modification of the entropy condition (4.18), where we replace G by its

approximating class G provided the sequence a, converges to zero.
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Observe the trade-off between the approximation error and the size of
the class G™. For consistency issues, it is enough to assume that a, =
o(1). However, if one is interested in the rate of convergence, the matter
becomes more delicate. One can prove that if Ho(dn, Py, g,(,") (Ro,)) =<
nd2, the approximation error ay,, should be of order O(d,) if the desired
rate is ||g — golln = Op(dn). See Van de Geer [45] for details.

4.3.3 Uniform consistency

In this subsection we shall work within the regression framework with
deterministic design, but - in contrast with the preceding sections - we
employ a different notion of consistency. We shall state our results in
terms of the more restrictive uniform L?(P,) consistency. This is in the
spirit of related work of Birgé [4] and Ibragimov & Has’minskii [22]. Let

us formulate the definition of uniform consistency.

Definition 4.2 Let (©,d) be a pseudo-metric space. A sequence of es-
timators 0y, is called uniformly d-consistent if and only if for each € > 0
limsupsup Py {d(8,,0) > E} =0.
n—o0 fcO :
A sufficient entropy condition for uniform L?(P,) consistency of the

least squares estimator can be established relatively easily. For this
matter we define

Gn(g;R) ={h € G :dn(g,h) <R}, g€ G, R>0.

Theorem 4.4 Consider model 8 with o = 1. Uniform L%(P,) consis-
tency of the least squares estimator is implied by the uniform entropy

condition

sup H1(9, Pr,Gn(g; R)) = o(n), V6 >0, VR > 0. (4.38)
9€g
Proof. We follow the steps of the proofs of Theorem 4.2 and Corollary
4.3. First note that we still have d,(§,9) < 2(n 1 X%, s%)l/ ? where

the right-hand side is independent of g.
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Second, the maximal inequality (4.20) can easily be extended in the

uniform sense

. 2
31615 Py, {heg,tl(g;R) ln"l/zmn(h)l > a} < 2exp (*}I%)

by exploiting the uniformity property of the entropy condition (4.38).

Finally, we remark that the truncation device as used in the proof of
Theorem 4.2 can be implemented without change since it is solely based
on the sequence €1,...,&p.

With these modifications we can argue as in the proofs of Theorem
4.2 and Corollary 4.3. O

For some special regression models, the necessity of the entropy con-
dition (4.38) follows from Fano’s lemma (see e.g. Ibragimov & Has’minskii
[22], Birgé [4], Devroye [8]).

Lemma 4.3 (Fano’s Lemma) Let PV, ..., PUY) be J probability mea-
sures on a measurable space (X, A). Let X be a random variable with
probability measure P € {P(l),...,P(J)}. Then for any decision rule
Y X —{1,2,...,J} we have

- M, pu)
max P; {$(X) £i} > 1 - J2Y Y, K(PD, PY) + log2

1<i<J log(J — 1) , (4:39)

where K(P®, PU)) is the Kullback-Leibler information, defined by

K(PU), P(j)) _ { [log (dP(i>/dP<j)) dP® if p® < P,
+00 otherwise.

Consider model 2 with the €; normally A(0,1) distributed. Con-
sequently, the vector (Y1,...,Y,) is normally distributed. We denote
the probability measure of (Y,...,Y,) by P,, emphasizing the depen-
dence on the regression function g. In this case we can compute the
Kullback-Leibler number of Py and P}, explicitly. We find

K(Pyaph) =
n

[Tk=1 ¥ (yx — g9(zk)/0 1 (ye — gl(zx)
_/10 Hk 1(,0 yk_h( k) ICI:IIO_(P( o ) (ylv ,yn)
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- B )

= Z (9(z) — hlzx))? /(20%) = nd2 (g, h)/(26%),
k=1

where ¢ denotes the standard normal density.

For 6 > 0,R > 0, let 9(26)(g; R) = {g1,...,9m} be a set of points in
Gn(g; R) with dy(gs,9;) > 26, © # j, where m = Dy(26, P,,Gn(g; R)) is
the 26-packing number of G,(g; R) with respect to d,. Obviously,
supPg {llg — glln > 6} = sup sup Pp{l|lf = fln>8}  (440)
9€g 9€G fEGn(g;R)

> sup max Psi|lf— flln>6
9€G,m(g)>3 G (g;R) f{ " }

For any estimator f of the unknown function f we define

BV, ..., Ya) = {f*GG‘”)( GR) ifIf— [l <

arbitrary otherwise.

It now follows easily from (4.40) and Lemma 4.3 that
sup Py {[|g — glln > 6} > (4.41)
9€g
> sup max Ps{y(Y1,...,Ys) # f}
9€G.m(9)>3 10 (g;R)
nf 2n(R/o)? +log2
gegm(g)>3 log (D2(28, By, Gn(g; B)) — 1)

in 4n(R/o)? + 2log 2
9€G,m(g)>3 log (D2(26, Pr,Gn(g; R)))

The relation (2.1) between covering and packing numbers yields

. . 4n(R/o)? + 2log 2
Slellg’IPg{llg—glln>5}21— inf (&/o) g
g

>1—

>1-

. (4.42
9€6,m(9)>3 H3(26, Py, Gn(g; R)) (4.42)

These considerations yield the following result.

Theorem 4.5 Consider model 2. Let ; be N'(0,1) distributed. If for
every § > 0,

limsupsup Py {||g — g|l» >} =0 Vo >0, (4.43)
n—00 geg
then the uniform entropy condition (4.38) must be satisfied.
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Proof. If no g € G exists with m(g) > 3, then (4.38) is trivially satisfied
in view of (2.1). Otherwise, if the LSE is consistent in the strong sense
that the left-hand side of (4.42) tends to zero, the entropy numbers
should satisfy

limsup sup H5(26, P,,Gn(g; R))

<
n—00  geG,m(g)>3 ni?

4
- (4.44)

Since (4.43) holds for all ¢ > 0 and the left-hand side in (4.44) is inde-

pendent of o, the result follows. O
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Chapter 5

Rates of convergence

In the previous chapter we have dealt with consistency issues of the least
squares estimator in various regression models. The natural continuation
of our study is to investigate the rate of convergence of a consistent
least squares estimator. In other words, the purpose is to find metric
conditions on G which guarantee the existence of sequences n~!/2 <
6, — 0 such that

lim suplim supIP {d,(§, go) > Rén} = 0.

R—o0 N—00

This chapter will be entirely devoted to this question.

5.1 Upper bounds

In the parametric case, i.e. the case where G can be parametrized by
some subset © of the Euclidean space IR¥, the normalized sequence
V(6 — 6y) typically has a limiting Gaussian distribution, where §(-) =

~

g(0,-) and go(-) = g(6p,-). Thus the parametric least squares estimator

~1/2 under certain regularity condi-

converges with the optimal rate n
tions. It is well-known that if we try to estimate an infinite dimensional
parameter, the problem usually becomes harder and as a result the con-
vergence is in general slower; the rate is of order n™®, a@ < 1/2. In
the nonparametric regression context, for instance, the rate is of order
n~1/3, if the regressors are monotone functions bounded in supremum

norm by a constant. Another familiar example is the class of smooth
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functions where the rate depends on the number of derivatives. More
specifically, let G be defined as the set of all functions g : [0,1] — [0,1]
with J2(g) = [(g(™ (:1:) )2dz < J < oo, where g{™) denotes the m-th
derivative of g. The entropy for this class is considered in Birman &
Solomjak [6] and their result implies that the rate of convergence is of
order n~™/(2m+1) which is the case for kernel estimators as well.

Whereas the local entropy numbers Ho(d, Py, G, (R)) determine the
consistency of the least squares estimator, the speed of convergence fol-
lows from the behavior of the entropy integral

2
/ \/H2(€R54, Pa,Gn(R)) d, R >0
0

and n~1/2 < 6, — 0. As a rule of thumb, Hy(zR0,, Pn, Gn(R0y,)) = né?

implies ||§ — golln = Op(dn) (cf. Van de Geer [41]). It should be noted

that we restrict ourselves to subgaussian errors at this point. A rough

argument is as follows. From inequality (4.6), we see it is sufficient to
1/2 50

consider the behavior of n~ ~_1€i(g(zi)—go(z;)). If the disturbances

€; are subgaussian, it can be shown that the process
n
{n—1/2 > eilg —g0)(zi), g € G'n(Rén)}
i=1

is subgaussian with respect to the L?(P,) pseudo norm. This means
that the tails of

123" e4(g - g0) ()

i=1

Gn(Rbp)

decrease exponentially fast by virtue of Theorem 2.3.
First we restate a modification of Van de Geer’s result. We consider

a deterministic design and heteroscedastic errors.

Theorem 5.1 (Van de Geer [41]) Consider model 3 witho = 1. Sup-
pose the €; are uniformly subgaussian, i.e. there exists a constant A > 0
such that

sup IE exp ()\512) < 00. (5.1)
i>1
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Furthermore, assume that there ezist a sequence O, with n2<6,10

as n — oo, and an integer ng such that

/2 \/HZ(mR‘sn, P, Gn(Ron) ) dx
Rén/(85) Ry/nén

with s = sup;>q |oi|. Then we have

lim sup sup =0, (5.2)

R—o0 n>ng

g — golln = Op(dn).
In fact, for some constants k; > 0 (i = 1,2) not depending on n and R,
P {d,,(§,90) > Ré,} < k1 exp(—kaR?né?), (5.3)
forn>mng and R > Ry.
At this point, several remarks are in order.

Remark 5.1 First of all, note that the region of integration in (5.2) is
[R6,/(8s),2], rather than [0,2] as in Van de Geer [41]. In Van de Geer
[45], the integration is over the former interval, but no proof is given.
Although in many interesting cases, the integration may be extended to
[0, 2] without influencing the result, this observation is relevant as there
exist situations where the entropy integral diverges, due typically to the
behavior of the entropy numbers in the vicinity of z = 0 (see Birgé &
Massart [5], Van de Geer [45]).
Second, it follows from Birgé & Massart [5], Wong & Shen ([55], [56])

that (5.1) can be slightly relaxed by assuming

sup IEexp (Ae;|) < oo, (5.4)

i>1
at the price of stronger conditions on G, viz. local entropy with brack-
eting and uniform boundedness restrictions on G. However, it is clear
that (5.1) and (5.4) are too strong in many cases, in particular if G can
be approximated by finite dimensional sieves arbitrarily well. See Van
de Geer [45] for details. In this context, we note that virtually no mo-
ment assumptions are needed in least deviation regression (cf. Birgé &
Massart [5], Van de Geer [41]).
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Finally, we emphasize that the result (5.3) holds uniformly in go € G,
provided the entropy condition (5.2) is valid uniformly in go € G. Thus
(5.1) and

=0

/2 \/H2($R6naPnaGn(9;R5n))dm
Rén/(80) Ry/né,

lim sup sup sup
R—o00 n>ng geg

imply that
llmsupSUPIP {llg — glln = Rén} =0.

R,n—o00 geG -

Under normality assumptions on the errors, ¢; 2N (0,02?), and Fano’s
Lemma (see Section 4.3.3, Lemma 4.3) we get some insight in the neces-
sity of these entropy conditions. More specifically, for each R > L > 1,
we have
su]P > Lép} =su g — > Lop}t >
p {llg — glln > Lén} o Ig)fegn(g,Rdn) P;{llg— flln> n} >
252 -2 2
> sup 1 4nR*0;07° + 2log2
9€G,m(g)>3 Hy(2Ldy, Py, Gn(g; Réy))

5.1.1 Proof of Theorem 5.1

For reasons of completeness, we prove Theorem 5.1. Moreover, the struc-

ture of the proof resembles that of Theorems 5.2 and 5.4.

Proof of Theorem 5.1 Take 4, as defined in Theorem 5.1. From (4.6),
we have for every integer | > 1 that

PP {1lg — golln > 26} <

< P{sgpizek(gm) ~ ao()) ~ llg — gll? > 0},

k=1
where the supremum is taken over all functions in G with ||g — golln >

2!5,,, and hence

oo
P{Ilé—gollnzzlén} < ZIP{sumen g)>22a\f52}

g=l

ZP,, (5.5)

.
o~
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where the supremum is taken over all functions in G with 276, < ||g —
golln < 27%18,, and my(g) is defined in Section 4.1. From Propositions
5.1 and 5.2 below, it follows that for some p > 1,

)\2
P {|mn(f) —mn(g)| > A SZexp(———-«).
Hence my(-) is a subgaussian process with respect to d,,. Moreover, by

the Cauchy-Schwarz inequality, we have a.s.

) = el < VA =l (£3242)
i=1

We can now apply the maximal inequality stated in Corollary 2.1 on the
probabilities P;, which yields (5.3). O

Remark 5.2 The main ingredient of the proof of Theorem 5.1 is the
maximal inequality for the empirical process my(-) (Corollary 2.1). It
should be emphasized that the perhaps more common maximal inequal-
ity in Theorem 2.4 leads to slightly more stringent entropy conditions. In
fact, if we appeal to Theorem 2.4, the upper bound on the probabilities

P; becomes

2

26n/n
C J& \[Ha(22716,, P, G (2+161)) dix

2exp | —

To ensure that the series Z‘;’;l P; is still convergent, we need a slightly
stronger assumption on the local entropy numbers than in Theorem 5.1,

viz.

. J& /H3(@RBp, Pr, Gn(R6y)) dz
lim sup su < oo
R—)Oop nZTIL)o R \/ﬁén

for some a < 1.

Finally we show that under assumption (5.1) the empirical process
{mn(g) : g € G} is subgaussian with respect to the L?(P,) pseudo norm.

A similar result is given in Kuelbs [24] with a more complicated proof.

89



Proposition 5.1 Let X be a random variable with
EX =0 and Eexp(AX?) < A

for some constants A >0 and A > 1. Then

2A3?
A

Eexp(8X) < exp <

holds for every 3 > 0.

Proof. Since for all ¢t > 0, IP(|X| > t) < Aexp(—At?) holds, we have

for all integers m > 2,
oo 00
BIX[™ = [TPX > thde <A [T exp (-2
0 0
= ANTM/2T (% + 1) :

Note that I'?(2 + 1) < I'(m + 1) by Cauchy-Schwarz. The following

inequalities are now self-evident.

Bexp(BX) = 143 L gmExm<1+4 3 a-m2gni (2D
P B = m! - = '(m+1)

0o m+
DB

)

x> (B2 m 32 3 1
a2 (5) () ) o

Finally, invoke the inequality 1 + (1 4+ /z)(exp(z) — 1) < exp(2z) for
z > 0, to obtain the result. O

IN

Proposition 5.2 Let Xi,...,X,; be independent random variables with
EX; =0 and IEexp(,\Xf) <A i=1,...,n
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for some constants A > 0 and A > 1. Letay,...,an € R, and write

lall = {Sk, a2}:. Then
A2
> < —_ ]
—t}-Ze"p( 8A||an2>

n
P { Z az-X,-
i=1

Proof. Using the independence of the X; and the previous proposition,

one obtains ‘
n n AIHZ 9
Eexp | 8) a:X; | = [ Eexp (BaiX;) < exp ZT“a” :
i=1 i=1
Hence

jid {i a; X; > t} <exp (25&5—2—[[(1”2 - ﬂt) .

i=1

Choose B = At/4Al|a|?. O

5.2 Non subgaussian disturbances

The regression model with deterministic design and heteroscedastic er-
rors (model 3) will be considered. In Section 5.1, the restriction (5.1)
was imposed on the disturbances. We shall establish a trade-off between
the information of the errors, given in terms of the number of moments,
and the size of the class of regressors, given by local entropy conditions.

The subgaussian property of the process

{n_m En:si(g —go)(zi), g € gn(Rén)}

i=1

and therefore the exponential decrease of its tails in sup-norm, is no
longer guaranteed if the errors &; have only finite moments IE|e;|* for
k < m. Under more stringent entropy conditions than (5.2), we still
obtain a rate of convergence, but generally this rate is inferior to the
rate obtained under restriction (5.1).

Although the unconditional process my,(-) may fail to be subgaus-
sian, we can show that the symmetrized version is subgaussian condi-
tionally on €1,...,€,. This observation and a maximal inequality yield

the following result.
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Theorem 5.2 Consider model 3 with o = 1. Let m > 2 such that

- sup IE|g;|™ < 0. (5.6)
i>1
Suppose that there exist a sequence 6, with n12<6,10asn— o,
and an integer ng such that
~l/r\/H. P 3r)) d
lim sup sup T v Ha (zR0y, m?n(R n)) dT
R—oco n>ngJ0 \/H(Rén)H-z_’
for all 1 < p < m/2. Moreover, let the class G be uniformly bounded.
Then we have for all a > 0,

=0 (5.7)

lim sup lim sup IP {dn(g,go) > Ré,lfo‘} =0.

R—oc N0

Proof. Let d, be defined as in Theorem 5.2 and set v2 = maxi<i<n 0,-2.
For all g € G with dy,(g, go) > Ré,, R > 0, we have

m (g) v2 Un 2
Var( - )s : _<_( ) :
d2(g9,90)/) ~ d%(g9,90) — \Rd,

and hence by Chebyshev’s inequality, we have

v2 v2 1
< o < R <=
Pl > Vneh < G nig < R < 2

for zR > \/isupi21 0; > V2v,. Let & be independent copies of &; and
define

mn(g) = Zaz (zi) — go(zi)].-

After an application of Lemma 2.2, we find that

P { sup ' g)l n} < (5.8)

dn‘(g,go)ZRfin (g’ 90) =2

Smp{ wp  n(9) = n(@)] f}
dn(g,90) >R, 5(9,90)

Let 71,...,7, be a Rademacher sequence, independent of £1,...,¢&x,.
Observe that €; — €; is equal in distribution to 7;(g; — ;) by symmetry.
Therefore we may bound the probability in (5.8) further by

]P{ wp @] 1 ﬁ} 54]1){ wp M@ 1 f}

dn(9.90)> R 92(9, 90) dn(g.90)>Rn 95(9,90) — 8
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where m9 (g) is defined by

Z'rzez [9(zi) — go(z4)] -

Let @, be the discrete measure which puts mass 1/n at each pair (z;, ;)
and define h(z;,&;;9) = €ig(z;) with g € G, and Hyp(Ré,) = {h(-,+;9) :
g € Gn(R6,)}, R > 0. An application of Lemma 2.3 yields

P {|mn(f) —ma(9)l >z | €1,...,€a} <

nw2

S2exP<—2 " le(f(zi) — g(zz))]Z)

Hence, conditionally on the vector (e1,...,&,), the symmetrized process

{m2(g) : g € G} is subgaussian with respect to the L?(Q,) pseudo
norm. We can not apply the maximal inequality in Theorem 2.3 directly.

However, for positive constants C, ¢, and ¢, we can derive from its proof

€1, "76n} S

that, conditionally on €1, ...,&,,

IP{ sup  [mS(g)] > A(Ré)?

gegn(Rén)
< Cexp (——c)\2n(R6n)2) , (5.9)
for
An
Wi 28R [ (o, Qo Ha(REn) d,  (5.10)
0

where A, is the diameter of the set H,(Rdy).

Next, we replace the entropy of the set H,(Rd,) in (5.10) by an
entropy of G,(Ré,). We may assume without loss of generality that
Supycg ||9lloo < 1since G is uniformly bounded. Observe that by Hélder’s

/p 1 2 1-1/p
) : (ﬁ 2_95'“‘ (%‘))

1

1/p 1 1-1/p
f) -(HZgz(:ri)> (a.s.)

i=1

inequality for 1 < p < m/2
L i efg’(z;) <
n P 1 7 —_

=

IA
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N1
Put Sp(p) = (n“l oy IEE?”) /p, 1 < p < m/2. Thus we have almost
surely for all 1 < p < m/2 and large n,

Hy(8, Qn, Hn(R6,)) < Ha((6/250(p) 7T, Po, Gn(RE,))),  (5.11)

-1
i=1

p < m/2 under assumption (5.6). Combination of (5.7), (5.9), (5.10)
and (5.11) entails by the same arguments as in the proof of Theorem 5.1

since n [2P — IEe2P] converges almost surely to zero for all 1 <

the desired rate of convergence. O

Remark 5.3 Observe the interplay between moment requirements on
€; and entropy conditions on G. The more moments k = 2p we require
€; to possess, the higher the speed of convergence of the least squares
estimator. It is interesting to see that for k£ = oo, when every moment
of ¢; is finite and we are almost in the subgaussian case, the entropy
conditions (5.2) and (5.7) are almost the same. We illustrate this by

two examples.

Example 5.1 (monotone functions) Consider the class G of mono-
tone functions on the real line, uniformly bounded by some finite con-
stant. If we compute the entropy of this class with respect to the L%(P,)

pseudo norm, it turns out that
H2(57 Pn, g) = 1/6

In case the disturbances are subgaussian, it is well-known (see Van de

Geer [41]) that the rate of convergence is

g — golln = Op (n—1/3) .

This also follows from Theorem 5.1. However, if we only know that the

disturbances are i.i.d. with IE|e;|?” < oo, then Theorem 5.2 yields that

15— golln = Op (n~5+7) .

Indeed, we see that for p — oo, the rate behaves like n=1/3,
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Example 5.2 (smooth functions) Next, we consider classes of func-

tions G which satisfy the entropy bound
Hy(5, Py, G) < 67 %.

This assumption is fulfilled, for instance, by the class of all k-times

2
differentiable functions g : [0,1] — [0,1] with [ [g(k)(x)] dz bounded
above by a finite constant. By Theorem 5.2

k.
lg — golln = Op (n“m&—rp)

for i.i.d. errors satisfying IE|e1|?" < oo. If condition (5.1) is met, how-
ever, we find that the L?(P,) distance between § and go is of order
n~k/(k+1) " Note that n~*P/(2Pk+2k+p) converges to the optimal rate

n~k/(2%k+1) 55 p — 0.

5.3 Lower bounds

So far, we have not discussed lower bounds for the rates of convergence.
In this section we show that at least in some interesting situations, The-
orem 5.1 yields optimal rates.

For 0 < 6 < 2Ré,, g € G, we typically encounter the entropy behav-
ior

Hy(8, Pa,Gn(g; Ro,)) <07V, 0<V <2 (5.12)

Then the rule of thumb Hy(8,,, Pp,Gn(g; R6,)) =< né2 is solved by 4, =
n~ V. The following theorem states that this rate n” TV is the best
one can obtain. But first we have to make precise what is meant by an

optimal rate. Recall that an estimator § converges with rate ¢, if
lim suplimsupIP {||§ — go|l» > Lé,} = 0.
R—o0 n—00
We call such a rate optimal if
liminf P {||g — golln > andn} >0
for every sequence o, | 0 as n — oo.
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Theorem 5.3 Consider model 3 with o = 1. Suppose €; are Gaussian
N(0,02) random variables, where

info? >0 and supo? < oo,
i21 i>1

and assume (5.12) holds true. Then for all sequences an | 0,
.. ~ R
l%@)gf]P {dn(g,go) > apn 2+V } > 0. (5.13)

Proof. Let 4, = n~%v. The entropy bound (5.12) and the Gaussian
distribution of &; entail that Z,(Rd,) =5 0, with

Zn(R) = In"2mn(9)llg, (m)»

and since Z,(R) is uniformly integrable, we also have convergence in
mean. Let us now prove that IEZ,(Rd,) < R=" 82
Using Sudakov’s lower bound (Theorem 2.1), which is feasible by the

normality assumption on the errors, we find by (5.12),

IE sup myp(g) > Csupm\/Hz(z,Pn,gn(Rén))

> CRby\/Ha(Rbn, Po,Gn(R3n))
= C*R% Vné. (5.14)

By Dudley’s upper bound (Theorem 2.2)

_ [2R6n
IE sup mp(g) < 0/ \/Ha(w,Pn,gn(R5n))d$
gegn(Rdn) 0

IN

. 2
CRs, / \/Ha(@Rbs, Po, Gn(RS,)) da
0
= CR%"n#. (5.15)

It now follows from (5.14) and (5.15) that indeed IEZ, (R6,) < R*% 62.
Consequently, with probability tending to one, we find that

SUPgeg, (rén) Ln(9) = O(62) for r € (0,79) and some r9p > 0. On the

other hand we have, with probability tending to one, for each sequence

an | 0, that supgeg, (ans,) Ln(g) = 0(62). Since the LSE maximizes

Ly, it is clearly impossible that § lies within the ball G,(apd,) with

probability tending to one. O
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5.4 Stochastic design

In this section we shall consider the case of stochastic design. Let
Xi,...,X, be iid. random variables with common probability mea-
sure P on IR®. The results derived in the previous paragraph can easily
be restated for the stochastic case. Since the sequence Xi, Xg,... is no
longer deterministic, the entropies involved in Theorem 5.1 are stochas-
tic. For this matter, we define the random variables

W, — o V(@R P, G (BE,)) da

’ Vnén R

Recall that 6, | 0 and nd,zl > 1 as n — oo. If there exists a deterministic

,R>0,n=1,2,... (5.16)

sequence {ag}, ar | 0 as R — oo such that

oC
lim sup IP { U {Whn.r > aR}} =0, for some Ry > 0,

n—00 R=Ro
it follows from the proof of Theorem 5.1 that ||§ — golln = Op(dr).
Next, since we are dealing with random measures, one might ask
if the theoretical distances show similar behavior. To cope with this
question, we need an adequate link between these related distances. We

recall the following lemma which can be found in Pollard [35].

N

Lemma 5.1 Let F be a permissible class of functions with ([ f2dP)
0 and ||flloo <1 for each f in F. Then

<

P {sup ( / f2dPn> 7S 86} < 4IB[No(6, P, F) exp(—nd?) A 1]. (5.17)
F

Proof. See Pollard [35], p. 31. O

We shall use a slight modification of this lemma to get rid of the

mathematical expectation in (5.17). Define
G(R)={9€G:llg—gol2<R}, R=1,2,...

and

2 52
Anj = {Hz(jén,Pn,G(jan)) < Wl }

An =Nj>14n,. (5.18)
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Lemma 5.2 Suppose G is uniformly bounded by 1. Then we have for
6n > 0 with nd2 > 1 and 6, | 0 as n — oo, L > 1 and constants
c,C >0, —

1
/d dPn) 2 s o\ 4
P sup > 16 ) < Cexp|—cLnd;) + -IP{AS},

{ugn»wn (f g*dP ( )+ 3P
where A, is defined previously in (5.18).

Proof. Let P, be an independent copy of P,. Because we have

1 2 apt 2
2

4 4’

we can apply Lemma 2.2 with € = 14, @ = 2 and 8 = 3/4, whence

1

J g2dPn>2
P2 \Teap ) > = 5.19
{ngn»mn(f g*dP (5.19)

(/ggdPn>%— </g2dP,'1)% >14}.

A closer look at the proof of Lemma 5.1 revvealsl that, using the same

1
sup  ——————
3 {||g||z>L6n (f g2dP)z

notation as in Lemma 5.1 where || f|lco < 1 and ||f||2 < 4, the following

bound holds true with C,, = { Ha(é, 3P + Py}, ) < "},

(fan)’-(f s

2

< 3exp(—%). (5.20)

P {sup > 64, Cn}
feFr

Use that the independent measures P, and P,, have the same distribution

and invoke the relation
Hy(vV25, %(Pn + P), F) < Hy(6, Py, F) + Ha(6, PL, F).
If we peel the event {||g||2 > Lé,} into countably many small annuli
{(G—1)bn < liglla < b}, F=L+1,L+2,...
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and transform inequality (5.20) to the present setting with § = 276, we
see that (5.19) can be bounded further by

1
j'g2 dPn 2
P sup > 16 ) <
{ngn»m (f g*dP

gp{uguszgan (fg2aP)? (/¢ dP) (/s dP') >12’A"}+
+5 ]P{A } <
Z{ ()= ([ rom)| > o
+5 ]P{A } <

<4 Z exp(—2%71né2) + IP{A },
J=jo

whence the result follows. O

Now we are in a position to prove the following result.

Theorem 5.4 Consider model 1 with o fized. Suppose that the sequence
€1,€92,... 18 uniformly subgaussian, and that G is uniformly bounded by
B >0. Let 6, >0 withn™ /2 < §, | 0 as n = co. Finally, assume that

limsupIP{ fj {f02 \/H2($R6n,Pnag) dz > aR}} -0 (521)

for a deterministic sequence {ar}, ar | 0 as R — co. Then we have

19 = golln = Op(8n) as well as |§ — goll2 = Op(4n)-

Proof. We only prove the second result, because the rate for ||§g —
go|l follows fairly straightforward from Theorem 5.1 as explained in the
beginning of this section.
Without loss of generality we take the constants 0 =1 and B = 1.
Since Sy (go) — Sn(g) is maximized over the set G by the LSE g, we
have for L > Ry '

P {||§ — goll, > Lé,} < PV + PP
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with

PI(}) =1P { sup’

_ 1
 Jen72mat6) ~ 3o - olf] > 0
llg—gollz>Léx 2

and

PI(?) =P { sup

1
[a- g2 P - P2 - 5lg - 0ol 20
llg—goll2>Lén 2

By the peeling device as used in the proofs of Theorem 5.1 and Lemma

5.2, we can write

(1)
j

s

1l
-

PO <P {BS} +
J

with
1
fg2 dPn) 3
B, = sup <16;,
i {ngn»m (f g*dP
and
. _ 1
B = IP{ , sup  [2n72ma(g) — 5llg = gollz| > 0, Bn}
2316, <[lg—goll2 <27 én :
< IP{ sup 20~ ?mp (g)| > A Bn}
2116, <|lg—goll2 <2 6x 4

1 .
< ]P{ sup |2n"1/2mn(g)| > —(2’6n)2}.
llg—golln <24+34n 4

Arguing as in the proof of Theorem 5.1, we see that
w I
Z Pj(l) < 3dexp (—nlznéﬁ)
—

for some x > 0. An application of Lemma 5.2 implies that
limsup, ;_,oo IP{B;} = 0. Therefore it remains to prove an adequate
upper bound for the probabilities P£2).

Note first of all that, using ||g]locc < 1,

Var <f(g - 90)2 dP,

<4n7lg - goll3 %
I 9oz ) lo = goll
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Hence by Chebyshev’s inequality
J(g—90)*dP, _ 1 6—2L(, 52y—1 -1
PS> _-3<2 né <27,
{ lg—goll5 4 (30)
for all g € G satisfying ||g — go|l2 > Lé, and L = 4,5,... . By Lemma
2.2, it follows that

Pz(,z) < ZIP{ sup J(g = 90)° i n) > _}
llg—goll2>Ln llg — goll5 4
< 41p{ wp SO0 dPD L}
Bl lo-golle>Lén 19 —9oll3 T 16

where P is an independent copy of P, and P? is the symmetrized em-
pirical measure.

Using the peeling argument once more we obtain

. 2 0 1
PI(42) S 4IP{ sup M_n_ Z _~}
lg—goll>Lén 119 — goll3 16
ad J—15 \2
= 4211’{ sup /(g—go)2dP,2 > &) B,,}
j=l 27— 16p<||g—goll2<27 dn 16
+41P { BS}
< 4P {B;} + _
0o ] '
+4ZIP{ sup /(g —g0)®dP, > E(W*lan)?}
j=l llg—golln<2i+48,
< 4P {B;} +

[o's] 1 .
+4Z]P{ swp  [(g—a0)?apl> —(zf—lan)z},
j=l [[(g—g0)2|ln <27 +48p 16

where we used ||g]|co < 1 in the last inequality. Observe that
Hy (V126, Pa, {(9 — 90)?: 9 € G}) < Hp(6, P, G) for all 6> 0.

Conclude from Lemma 2.5 and the entropy condition (5.21) that also
Pg) —0forn — oo, L » 00. O

Remark 5.4 In Van de Geer [40] a special case of Theorem 5.4 is
treated. The main difference is that a different kind of entropy (en-
tropy with bracketing) is used to facilitate the change from the empirical
L%(P,) to the theoretical L?(P) distance.
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In Van de Geer [42] and Wegkamp [52] similar techniques to switch
between these related distances are used in the context of nonparametric

likelihood estimation.
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Chapter 6

Some asymptotic
distribution theory

The lack of a stochastic expansion for the nonparametric least squares
estimator, which is due to its implicit definition, makes it difficult to

obtain pointwise asymptotic results, such as the pointwise convergence
~ D
an (§(z) — go(z)) — N(0,1),

where ¢, are normalizing constants. .

Central limit theorems (CLT’s) for monotone regression functions are
well-known. See e.g. Leurgans [28], where it is shown that a suitably
normalized version of the least squares estimator converges in distribu-
tion to a normal law, pointwise. Groeneboom (cf. [16], [18]) proved
asymptotic normality of the Grenander estimator pointwise and in L',
which is related to our least squares estimating problems.

In this chapter we shall prove two different central limit theorems.
The first one concerns the asymptotic distribution of the squared L?(P,)

norm of the least squares estimator in regression model 3, i.e.
n
P {anz (§2(z,~) - gg(:cz)) < :v} — &(z), n — oo,
i=1

uniformly in z, with ®(z) the standard normal distribution function,
and oy, normalizing constants. We shall restrict attention to the classical

Sobolev spaces.
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In Section 6.2 we consider a partial linear model and prove asymp-
totic normality of the estimator of the parametric component. The
design variables X ="(Xz-(1),Xi(2)) are stochastic and take values in
[0,1] x [0,1]. The regression function evaluated at X; takes the form

a(X:) = 0x" + f(xP).

We impose smoothness conditions on the function f. In general, one
has to use a smoothness penalty on the sum of squares for consistent
least squares estimation. However, under additional restrictions on f,

this appears to be unnecessary.

6.1 A CLT for the empirical norm of the LSE

We focus again on the regression model with deterministic design and
heteroscedastic disturbances, which agrees with model 3 with ¢ = 1.

The aim is to prove that the distribution of
Vi [ (@) - @) dPa(a)

is Gaussian in the limit. We first present an informal discussion why
this may be true.
Recall that the process S,(g), g € G is given by

Z [Y; - ?, 9€G. (6.1)
If G is an open subset of some vector space B, then we must have
d. .
—Sn(g + th) =0 VheB.
dt t=0

Computing this Gateaux derivative at g in the direction h gives us

Sn(g + th) — Sa(9)

¥(g;h) = lim .
= lim -3 [2(% - glan)) hla) + th2(w:)

1=1

= 92 }:el (g0(xi) — g(zs)] h(zs)

,...
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for [ h?dP, < co. As a result, we obtain the following identity

—Zfz zi) =

.n

3 [9(zi) — go(a)] h(=). (6.2)

=1

il'—‘

If we choose the direction h = § + go, then we find

\/—Zsz §(zi) + go(zi)] = Z[ gO :II,)]

The left-hand side can be rewritten as

n
% 122:1 € [§(i) — go(z:)] + T ; eigo(z;) = Z1 + Zo.
If n7' Y, 02g2(xi) converges, then, as a consequence of the central
limit theorem, Zy is asymptotically Gaussian. We know under which
circumstances Z; £o. Namely, we have to show that ||§ —go|ln, = 0 in
probability, and that the process my(g) = n"2 ", €:(g(x;) — go(z:))
is stochastically equicontinuous at gg with respect to d,. The latter can
be derived by means of the maximal inequalities of Chapter 2.
Unfortunately, in regression problems, G is often not open and § may
lie on the boundary of G. It is reasonable to assume that gg is an interior

point. For convex G, one may hope that
(1-a)§ +ago+tg+go) €G (6.3)

for special small choices a and ¢t. In a different context of maximum
likelihood estimation, the same idea of taking a convex combination has
been applied successfully earlier by Van de Geer (cf. [43]). If (6.3) holds,

we can actually establish
IR 2 1 & - -1/2

=Y [§(@) — gblad)] = ~ 3 ei (@) + go(@) + op(n). (6.4)
i=1 i=1

We shall consider a special class for which this convexity argument holds

true. To be more specific, we take the following Sobolev space

G={9:00,1] > IR, [lgllec < C1, llgllrv < Co}, (6.5)
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where C; and C; are known positive constants and || - ||oo and || - ||7v are
the supremum and the total variation norm on G respectively. Recall

that the total variation norm is defined by

n
llgllTv = sup {Z lg(z;) — g(zi—1)| | To < 71 < ... < Zp, z; € [0, l]} .
i=1

Our assumption that gg is an interior point of G should be understood
in terms of the metrics involved, i.e. both ||go|l7v < C2 and ||go]lc < C1
hold true.

Theorem 6.1 Consider model 8 with o = 1. Assume that go is an

interior point of the class G as defined in (6.5), and
liminf ol >0,

and that the errors €1, €2, ... fulfill condition (5.1). Then we have

s i [8(2:) - g3 (22)] = N (0,1), (6.6)

i=1

with S2 = g2(z1)0? + ... + g3(zn)02

Remark 6.1 Theorem 6.1 is valid for many more classes than the one
considered. For instance, the result holds true for the Sobolev space

{9:0,09R, gl <01, [ ™) do<Cal.

We prove that (6.4) is satisfied and that the process my(-) is stochas-
tically equicontinuous at go with respect to d,,. The latter follows from
suitable entropy conditions. To show (6.4), we need entropy conditions
as well as technical conditions on G to ensure that (6.3) holds for a and

t small enough.

Other consequences of the identity (6.2) are obtained by choosing

different directions h. For instance, take h = 1 and suppose n™! 3% ; o2

converges. As a consequence of (6.2), we find

i — go(z;)] —D—>N(0,1),

Zz 1U?’ 1
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which is equivalent with

where é; = y; — §(z;) are the estimated residuals.

6.1.1 Proof of Theorem 6.1

We need two lemma’s.

Lemma 6.1 (rates of convergence) Under the conditions of Theo-

rem 6.1, we have
dn(g,90) = Op(n_l/s) and n_1/2mn(g) = Op(n_2/3).

Proof. Note that Hy(, P,,G) =< 1/6 (cf. Example 2.3). The first
assertion follows from Theorem 5.1. The second assertion follows from

the relation

P {n‘mmn(@) > Léﬁ} < P {gs(upg )n‘l/zmn(g) > L(Sr?z} +
n R n

+IP {||g — golln > Rén},
the first assertion and Theorem 2.3. O

Lemma 6.2 Under the conditions of Theorem 6.1, identity (6.4) is

true.

Proof. Consider for each element g € G the following convex combina-

tion
go=(1—a)g+ag, 0<a<l

For notational convenience, we write h(g) = g+ go and got = go +th(g)

with ¢ € R. Also, b = h(§), §a = (1 — @)§ + ago, and o s = Go + th.
Without loss of generality we assume that the constants C; and Co

appearing in the definition of the class G both equal one. Moreover, since

the function gy is an interior point of G, we assume ||go||cc < 1/2. Note
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that ||ga,tllc < 1 for @ = 4|t| sufficiently small. The same arguments
can be repeated with the sup-norm replaced by the total variation norm
to prove that ||ga,tllTv <lfora= 4|t| sufficiently small.

We have

Sn (ga t) — Sn(ga) = (6.7)
= z — go(x;)) — th(g 1'1) l Z — ga(zi))
i=1

— ol z ~ gale:)) h(g)(ai) + 2 zn:fﬂ(g )(a2).

3

Choose

F_ 2?:1 (y‘t ga(xz)) h((l,‘z)
=1 hz(xz)

Then (6.7) with ¢ and g replaced by #, and § reads

Sn(8a,i,) = Snl(da) = (6.8)

< Z(yz Ga(z:)) ilil?z) Zh2 z;)
( Z (1 —a)(go — 9)(=:)] h(wz)/ ZhQ-Tz

Since § minimizes Sy, (g), we have

Sn(ga,fn) - Sn(ga) > Sn(g) - Sn(ga) =
=200 3" (4i ~ §(i) )(@0(z0) — §(2)) o - 3 (golz:) — ()2
i*l =1

= 20 Y ciloo(es) — 3(0) + (20— )L Y- (g0(m:) ~ a(e) )7

'L—l i=1

Now Lemma, 6.1 implies further that
Sn(daz,) = Snlda) 2 —20m™’mu(g) + (2a — o?)d} (g, 90) =
= Op(ad?). (6.9)

Moreover, since

1 .-
” D R (zi) = - > (2g0(zi) + (§ — 90)(z:))* = 4llgol|Z + Op(62),
= i=1

108



1 & 2 & o R -
- > eih(z) = - > cigo(@i) + n”?my(g) = Op(n™'7?)
=1 i=1

by the central limit theorem and Lemma 6.1, and

%Z(QO(IIH) — §(z) Yh(z;) = Op(n~1/3)

=1

by the Cauchy-Schwarz inequality, we have &, = Op(n~1/3).
Set Gy, = 4|t,| = Op(n~'/3), then we find from (6.8) and (6.9)

n n 2
(,% > eih(zi) — (1 - em% > [ - gﬁ(xi)]) = Op(n™"). (6.10)

Because, as already noted n~! S, g;h(z;) = Op(n~1/2), we obtain
from (6.10) that also n~! ¥ ;[§%(x:) — g8(x:)] = Op(n~1/2). But then
= Op(n~2) and (6.10) becomes now

n n 2
(%Zaiﬁ(mi)—— 1— &) %Z[ go(z,)]> = op(n-Y). (6.11)
=1 i=1

The proof of the lemma is complete. O

Now, we can prove Theorem 6.1, since by Lemma 6.1 we have

"251 (G(zi) + go(z:)) = _251 (9(zi) — golz:) ) + = 25290 ;)

1_1 z 1

= - Zszgo z;) + Op(n _2/3)

1,_1

Invoke (6.4), proved in Lemma 6.2, and the CLT to conclude (6.6). O

6.2 Partial linear models

6.2.1 The model

We consider the following regression model
Y =g(X;)+e, (i=1,...,n),
where
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e the observation points X; are i.i.d. two dimensional random vari-
ables with mass concentrated on the unit square, ie. IP{X €
[0,1] x [0,1]} = 1. We write X = (X)), X)) and assume that

2
E (XM -EX® | x®))" >0 (6.12)

e the disturbances g; are i.i.d. centered random variables with

IEexp (Aef) < oo (6.13)

for some constant A > 0. Moreover we assume that X; and ¢; are

independent.
e the regression function g consists of a linear part and a smooth
part,
9(z1,22) = 01 + f(22), 21,22 €[0,1]. (6.14)
Here 8 € IR and f € F, with
F={f:101] 2R, [|flo<C, Ju(f) <C,
where
1
@) = [ 1™ (@) do.
0
In the sequel we write
G=1{g:[0,1] x[0,1] = R, g(z1,z2) =0z, + f(z2) |0 € R, feF}.

Throughout we assume that the unknown regression function g = gp is
an interior point of the parameter space G, in the sense that || follcc < C
and Jm(fo) <.

This model is also investigated in Mammen & Van de Geer [30].
In that paper the unknown regression function g is estimated by the

penalized least squares estimator, which means that
Sn(g) + M Jm(9)
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is minimized over all g € G where C' is unknown. However, if this
constant is known, one can take A, = 0; the minimization has just
become a least squares estimation problem and one does not have to cope
with the technicalities involved in the choice of the smoothing parameter
An. Note that the class G is small enough in the sense that it fulfills
the entropy conditions of Theorem 4.2. Consequently, the least squares

estimator §(z1,z2) = 01 + f(z2) is consistent.

Theorem 6.2 (consistency and rates) Consider the partial linear
model described above. We have ||§ — golln =3 0 and ||§ — golla —>
0. Also ||f — follz2 25 0 and |0 — 6] 25 0. In fact, ||§ — golln =
Op (n-m/Em+1)).

Proof. In order to apply Theorem 4.2, we have to compute the entropy
of the class G, (R). By a result of Kolmogorov & Tichomirov [23],

Hoo(8, Py, F) = O(87H™).

Since n~! Z?:l[Xi(l)]2 2% E[XM)? and ||f]le < C, there exists some
R' > 0, depending on R and C, such that |8] < R’ almost surely for n
large enough. Note that

Ho(8, P, Gu(R)) < Ha(5/2, Po, F) + Ha(8/2, Pa, {6XW, 16| < R'})

for every § > 0 and for large n. As a result we have Hy (9, Pn,Gn(R)) =
O(6~1/™). Theorem 4.2 asserts that [|§ — golln =3 0 and the rate
n~m/(@m+1) follows from Theorem 5.1. Because the entropy bounds
are valid with probability one, the fact that the design Xi,...,X, is
stochastic does not cause any problem. See the discussion in Section
5.4.

The L?(P)-convergence ||§ — golla == 0 follows from Theorem 3.1.2
in Van de Geer [40].

Note that g(X) can be decomposed into two orthogonal parts

g(X) = [£(X®) + 0 (XD | x@)] + [0 (xV -1 (xM | x@))].

Since || XV — IE (X(l) | X(Q)) ll2. > 0, we also have almost sure conver-
gence of the components |§ — 6p| 225 0 and ||f — foll2 3 0 separately.
0
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6.2.2 Asymptotic normality

Having obtained rates of.convergence, we proceed by showing asymptotic
normality of \/ﬁ(é — ). We shall employ the same arguments as in
the proof of Lemma 6.2 in Section 6.1. We exploit the fact that Sy(-)

is minimized at § and we consider a special direction h(X) = X(1) —
E (X(l) IX(2))-

Theorem 6.3 Consider the model described in Subsection 6.2.1. In

addition, assume Jp, (IE (X M x (2))) < oo. We have

A Y ie1 Eih(X;) -
0—00=W+0 p(n7172). (6.15)

Proof. First we prove

%i‘f"h( ;;i (9(X. X)) h(Xi) + op (n‘1/2). (6.16)
i=1

=1

Define g, as in the proof of Lemma 6.2, i.e.
=(l-a)g+ag (0<a<l)
and take got = go + th, with ¢ € IR, where the direction h is given by
rX)=x0 - (xD| x®).

Now it is crucial that g, € G for sufficiently small o and ¢. Since
go lies in the interior of G, we may assume that ||follcc < C/2 and
Jm(fo) < C'/2. Using the fact that Jp, (I (X® |X<2>)) < o and
IIE (X ORD, ¢ (2))‘ < 1 with probability one, we conclude that

Gat(X) + th(X) = [(1 = @)+t + o] XV +
+[(1 = ) f(XP) + afo(x®) -t (X |X(2))] cg

for 4|t| = amin [C, C',JIm (IE (X(l) | X(2))) ]
Next, notice that

- Zh2 ) == IRl 0<|Ihll3 <4
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by the strong law of large numbers. Choose &, = n~™/(m+1)  Since
1§ = golln = Op(3n) and [[ma(9)lg, (rs,) = Op (n1/262), it follows that

% > ei (§(X:) — g0(X3)) = Op (32) -
=1
Finally,
% - h(X:) (3(X3) - 9o(X3)) = Op (6n)

by the Cauchy-Schwarz inequality and

% gelh(Xz) =0p (n_1/2)

by the CLT. The same arguments leading to (6.4) in the proof of Lemma
6.2, may be used to prove (6.16).

Set I(X®;0;f) = 0EX® | X@) 1+ £(X?), and k(X;0;f) =
I(X®@)h(X). Note that

g (X<1>,X<2)) =0XW 4 F(XD) = 0h(X) + 1(XD;0; f).

We can express (6.16) by
1 & X 1N, g
- ; eh(X;) = (-6, Yo h(X) (6.17)

i (k(xi:6; f k(X360; fo)) + op (n7172).

=1

3|’-‘

+

We only have to prove that the second term on the right of (6.17) can
be neglected in our analysis to obtain (6.15).

To see this, note that IEk(X 0; f) = 0and ||k(; 0; f)—k(-; 00; fo)ll2 =2
0, since both |6 — 6] 23 0 and ||f — folla =% 0 by Theorem 6.2. The
entropy bound on smooth classes as used in the proof of Theorem 6.2
ensures that for all n > 0 there exists § > 0 such that

[ tk56:1) - (eo;fo>d(Pn—P)[>—j—ﬁ}Sn.

P { sup
[1ke(-:0;£)—k(-;60; fo)l|2<d
This completes the proof of Theorem 6.3. O
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