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Chapter 1

Introduction

This introduction consists of two parts. The first part is a historical introduc-
tion to the subject of the tract. The second part briefly describes the contents
of the chapters of this tract (more elaborate descriptions of the chapters can be
found in the introductions of the chapters). The aim of this tract is to study
the probabilistic and analytic aspects of the Umbral Calculus. Therefore, the
contents of this tract have little overlap with the existing books on Umbral
Calculus ([60, 161, 163, 134, 209, 202]), which mainly stress the combinatorial
and algebraic aspects of the Umbral Calculus. An interesting book with the
same emphasis as the present tract is [91].

I have tried to make this tract as self-contained as possible. I have added
Mathematical Reviews references to the items in bibliography at the end of
this tract.

Historical introduction

There are quite a number of well-known sequences of polynomials, e.g. those
attached to the names of Hermite, Legendre, Laguerre and many others. These
sequences can be described in several ways. E.g., they can be described by
generating functions, as solutions to differential equations, by orthogonality
relations or by recurrence relations. The subject of this tract is a class of
sequences of polynomials (g, )nen defined by the following functional equations

(@ +Y) = () () (n=0,1,...) (1.1)
k=0

A sequence of polynomials that satisfies (1.1) is called a sequence of polynomials
of convolution type. These sequences are closely related to the sequences of
polynomials of binomial type introduced by Rota (see [162] and [210]), i.e.
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sequences of polynomials (p,)nen satisfying

n(@+y) =) ( )pk(m)pn_k(y) (n=0,1,...) (1.2)

k=0

The sequence (z™),eN is of binomial type by the Binomial Theorem, which
explains the name binomial type. Obviously, (g,)nen is of convolution type if
and only if (n! ¢,)nen is of binomial type. Thus these two types are essentially
the same. I have chosen to work with sequences of polynomials of convolution
type instead of sequences of polynomials of binomial type because convolution
is a fundamental operation in analysis and probability theory. The binomial
convolution appearing in (1.2) has advantages when dealing with certain com-
binatorial problems (see [162]).

An extension of the class of sequences of polynomials of binomial/convolution
type is the class of Sheffer sequences (s, )nen, Whose convolution type version
is defined by

n
n(@+y) = sk() gnr(y (n=0,1,...) (1.3)
k=0

for some fixed sequence (gn)nen of convolution type. The class of Sheffer se-
quences includes (amongst others) the Hermite, Bernoulli and Laguerre poly-
nomials (more examples can be found in [29, 202, 235]).

The history of Sheffer sequences goes back to 1880 when Appell studied se-
quences (an)nen of polynomials satisfying Da,, = na,—1 (D is the differentia-
tion operator). Appell showed that these sequences satisfy

an(z+7y) = Z (Z) ar(z)y™F (n=0,1,...) (1.4)

k=0

These sequences are called Appell sequences nowadays (see [32, Chapter 6],
[72], [202, Chapter 4], [210, Section 13] or [215]). The Hermite polynomials
form an Appell sequence.

The next major step was taken by Sheffer, whose work on difference equations
led him in 1939 to generalize the Appell polynomials (see [217] or [72, p. 25]).
Sheffer called his generalization polynomial sets of type zero; they are the Shef-
fer sequences defined by (1.3). The same class of polynomials was introduced
in 1941 by Steffensen [227] (see also [220, 219, 227, 228, 229, 226]). There do
exist even more general classes of polynomials such as Brenke sequences. These
classes will not be considered in this tract; the interested reader is referred to
the papers [8, 7, 20, 28, 29, 33, 36, 39, 40, 44, 49, 56, 57, 107, 108, 121, 122, 176].
A very elegant theory of Sheffer sequences is due to Rota and co-authors (see
[162, 210]). These two papers are part of a series of papers on combinatorics,
namely: [208, 69, 162, 109, 9, 81, 80, 210, 82, 30]. The Rota theory uses
linear operators on the vector space of polynomials (cf. [209, Foreword]) and
is therefore of a purely algebraic nature. It also provides a rigorous foundation



for the Umbral Calculus (also called Blissard Calculus, see e.g. [23, 113, 185]).
The systematic nature of the Rota theory easily yields numerous identities
for special polynomials (see [202, Chapter 4] or [210]). The Rota theory of
operators rests on earlier work by Pincherle, Steffensen, Toscano and Curry
[70, 72, 180, 246]).

An extended and polished form of the Rota theory can be found in [202]. There
have been several attempts to generalize the Rota theory. In particular, Roman
has extended the Rota theory to include many sequences of polynomials that
are not Sheffer sequences, e.g. Jacobi polynomials (see [201]) or g-polynomials
(see [202, Section 6.4] or [203]). Roman remarks in [202, Section 6.1] that his
ideas go back to 1936 ([246]), but he forgets to mention the work of Viskov (see
[242]). Viskov has even an extension of the Rota theory including all sequences
of polynomials (see [243, 244], cf. [139, 138, 154]). Cholewinski has adapted the
Rota theory to Bessel functions (see [60]). Grabiner has extended the Roman
theory to classes of entire functions (see [111, 112]). An application of operator
calculus to hypergeometric functions can be found in [240].

For other generalizations of the Rota theory, see [13, 15, 16, 17, 18, 19, 34, 36,
37, 39, 40, 53, 54, 63, 51, 52, 103, 104, 119, 133, 136, 135, 149, 145, 147, 148,
146, 150, 158, 177, 178, 186, 197, 196, 204, 238, 239, 247, 248).

There is a wide range of applications of the Rota theory, e.g. statistics ([164,
168, 170]), combinatorics ([79, 114, 137, 162, 167, 169, 174, 173, 175, 189, 193,
194, 195, 198, 208, 223, 249, 250]), approximation theory ([123, 129, 241, 159,
219, 234]), recurrence relations ([41, 166, 165, 171, 206, 205]), physics ([25, 26,
89, 88, 91, 115, 116, 117, 252]), algebraic topology ([187, 188, 191, 190, 192])
and stochastic processes ([50, 222, 224]).

A survey of the Umbral Calculus with over 400 references can be obtained in
electronic form through the Electronic Journal of Combinatorics:

http://ejc.math.gatech.edu:8080/Journal /Surveys/index.html

Contents of this tract

Chapter 2 is an introduction to the Rota Umbral Calculus. It is shown that
if (gn)nen is a sequence of polynomials of convolution type, then g,(z) =
S oheo 9% ﬂk',: for some sequence (g,)nen With go = 0. This aspect is only
implicitly present in the work of Rota. However, it will be shown in Chapter 2
that the coeflicient sequence (g )nen is important for the theory of polynomials
of convolution type. The section on cross sequences and Steffensen sequences
brings together several results scattered in the literature.

Chapter 3 contains a miscellany of applications of the Umbral Calculus. Topics
covered include finite probability distributions, combinatorial identities, expo-
nential families, approximation operators, orthogonal polynomials, semigroups
of probability measures, and integral representations of shift-invariant opera-
tors. These sections are partly based on [75, 77].
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Chapter 4 starts with some general Banach algebra theory. This theory is used
to obtain a new, unified treatment of existence problems for logarithms. This
treatment is applied to polynomials of convolution type and yields analytic
results on the generating function of sequences of polynomials of convolution
type. Moreover, a two-sided analogue of polynomials of convolution type is
introduced and studied. This section extends the results of [73].

The first sections of Chapter 5 consider central limit theorems for the coefli-
cients of polynomials of convolution type as in [48, 55, 96, 97, 222, 224]. Results
by Stam ([222, 224] are extended to the case of non-negative coefficients. The
last section of Chapter 5 concerns an application of the theory of Chapter 4 to
the theory of infinitely divisible probability measures on N. It is shown that
the Banach algebra techniques used in the literature (in particular, those by
Chover, Ney and Wainger [61]) can be simplified considerably. Moreover, we
give a simple proof of a result by Embrechts and Hawkes [87] on subexponential
sequences.



Chapter 2

Umbral Calculus

This chapter is an introduction to Rota’s Umbral Calculus as presented in [210].
For reasons explained in the introduction, we use polynomials of convolution
type instead of binomial type.

Rota and his co-authors used operators together with formal power series in
their papers [162, 210]. Although a rigorous foundation of formal power series
exists (see e.g. [172]), we prefer to use operators only to develop the basic
theory (see Section 2.2). More important, however, is our emphasis in this
chapter on the coefficient sequence (Definition 2.1.11). The coefficient sequence
is only implicitly present in [210]. Another feature of our approach is the use
of elementary operator methods.

In Section 2.1 we study the system of convolution equations that defines the
polynomials of convolution type. Sections 2.2 and 2.3 are an introduction to
delta operators and polynomials of convolution type. The concept of polyno-
mials of convolution type is generalized to Sheffer polynomials in Section 2.4
and to cross and Steffensen sequences in Section 2.5. Examples are included
to illustrate the theory; systematic presentations of examples can be found in
[202, Chapter 4] and [235].

Contents of Chapter 2

2.1 A convolution equation.

2.2 Basic polynomials and delta operators.

2.3 Explicit formulas for polynomials of convolution type.
2.4 Sheffer sequences.

2.5 Cross sequences and Steffensen sequences.
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Notation and conventions

The degree of a polynomial, notation: degp, is defined as usual, however, the
degree of a nonzero constant is defined to be zero and the degree of the zero
polynomial is defined to be -1.

N is defined to be the set {0,1,2,...}.

The vector space of polynomials with coefficients in some fixed commutative
ring, is denoted by P. The commutative rings that we will use are the reals,
the integers and the complex numbers.

2.1 A convolution equation

In this section we study the following system of equations:

fn(w+y)=z fk(m)fn—k(y) (7120,1,...), (2'1)

k=0

where each f, (n € N) is defined on a semigroup S and takes values in a
commutative ring R. This general setting enables us to prove the necessary
results for all semigroups of interest to us (the reals, the positive reals, the
natural numbers, etc.) at the same time.

These equations come up at several places:

e transition probabilities of stochastic processes ([126]): let N(t);>0 be a
stationary stochastic process with independent increments. If f,(z) =
P(N(z) = n), then (2.1) follows by conditioning N(z + y) on N(z). For
further references, see [1, pp. 111-116] and [3, Chapter 12])

e semigroups of convolution operators on sequence spaces: let (T}):>¢ be
a semigroup of convolution operators on some Banach space X of one-
sided sequences. Then (Tix)n = Y p_ fk(t) Tn—i for some sequence of
functions (fn)nen and (2.1) follows from the semigroup property.

e combinatorics: let f,(z) denote the number of functions with some speci-
fied property (e.g., injectivity) from an n-element set to an z-element set.
Then (2.1) follows by partitioning an z + y-element set into two disjoint
sets (see [162]).

All bounded solutions for S = R = (0, co) have been determined in [126], where
(2.1) is related to transition probabilities of a stationary stochastic process with
independent increments. It turns out that the solutions are given by so-called
compound Poisson processes. A general study of the system of equations (2.1)
was undertaken by Aczél and collaborators (see e.g. [2], [3, Chapter 12],[4]).
We give a less general self-contained treatment which suffices for our purposes.
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Definition 2.1.1 A sequence (fr)nen of functions on a semigroup S and tak-
ing values in a commutative ring R is a sequence of functions of convolu-
tion type if (fn)nen satisfies (2.1) for alln € N and all x,y € S. If each f, is
a polynomial, then (f,)nen is a sequence of polynomials of convolution
type.

The interpretation of (2.1) in terms of transition probabilities of compound

k
Poisson processes suggests that f, must be of the form e=*? Y heo gk -

Before we continue to determine the general solution of (2.1), we define the
numbers g** and give some properties.

Definition 2.1.2 Let o = (an)nen and B = (Bn)nen be sequences in a com-
mutative ring R. The convolution o x (3 is the sequence defined by (o * 8), :=
ZZ:O o Bn—k-

Ifk €N, then o** is defined recursively as follows: a®* := (6o )nen (Son is the
Kronecker delta) and a*t1)* := of* « q.

For sake of brevity, we will write o** instead of (a**),,.

Remarks 2.1.3 Let o = (an)nen be a sequence in a commutative ring R.
a) If 300 ) apz™ is a formal power series, then af* is the coefficient of 2™ in

n
o pom 2")*. In other words,

kx __ . .
a,” = E [0 7NN 7

i1etig=n

b) It follows directly from Definition 2.1.2 that o'* = a and a®* = a * a.

c) Note that the convolution operation is commutative and associative. As-
sociativity implies o®* * a/* = oli+9)* for all i,j € N. In particular, taking
j =k — i, we obtain

o0
ok =3 akalt 0" (0<i<k). (2.2)
n=0
d) Let us prove the useful fact that a** is a polynomial in ag,...,a, for

all k > 1 and all n € N. We proceed by induction on k. The statement
holds for £k = 1. Suppose by induction that the statement is true at k. Then
a&kﬂ) Y= Y 0 Cm ak*  is a polynomial in ay, ... ,a,. This completes the
proof.

It follows that, if Bo,1,...,Bn is a finite sequence in R, then BE* is well-
defined for n < N and all £k € N.

e) Formula (2.1) is a system of convolution equations, because it says that
(fn(z 4+ y))nen is the convolution of the sequences (f,(z))nen and (fr(¥))nen-
If (an)nen and (b,)nen are sequences of functions of convolution type, then
(frn)nen, defined by fn.(z) = Z’,::O ap(z) by_k(z) for all z € S, is also a
sequence of functions of convolution type, since convolution is an associative
and commutative operation.
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Remark 2.1.4 If (a,)nen is a sequence of non-negative real numbers such
that 3> o o =1, then ak* has the following probabilistic interpretation. Let
X;, 1 = 1,2,... be independent identically distributed random variables on
some probability space (2,P,F) with P(X; = n) = a,, for s = 1,2,... and
n € N. Define Sy := X; + --- + X (k= 1,2,...). Using Remark 2.1.3a,
it is easy to see that P(Sy = n) = af*. Suppose oy = 0. It follows from
P(S, =k)=P(X; =,X2 =...= X}, =1) that of* = (a;1)*. If k > n, then
P(Sk =n) =0, since P(X; > 1) =1fori=1,2,.... Hence, o¥* =0ifk > n.

Formula (2.2) can be interpreted as conditioning on S;, i.e.

P(Sx=n) =Y P(Sk=nnSi=m) =Y P(S;=m)P(Ski=n—m).
n=0 n=0

The following lemma shows that the two properties mentioned in Remark 2.1.4
are also true under a more general condition.

Lemma 2.1.5 Let (an)nen be a sequence in a commutative ring such that
ag = 0. Then:
a) ok =0ifk>n (k,n €N).

n

b) o = (o)™ for alln € N,

n

c) ak* is a polynomial in a1,... ,an_1 for2<k<n (k,n €N).
Proof: a) We apply induction on k. The statement is true for k = 0. Suppose
by induction that the statement is true at k. Then of*  =0fork+1>n
and m > 1. Hence, alf T = Yo gamakt = agak* =0 since ag = 0.

b) We apply induction on n. The statement is true for n = 0, since ad* = 1
by definition. Suppose by induction that a* = (a;)". It follows from a) and
o =0 that ol = Y0 analt L, = agal* = (an)™H

c¢) We proceed by induction on k. The statement is true for k = 2, since a2* =
Z?:o Q; Qn—;. Suppose by induction that the statement is true at k. Then
Formula (2.2) yields ol = > s amak* . which equals an—:kl am ok
since ap = 0 and af* =0 for m > n —k by a). O

We are now ready to derive the general form of sequences of functions of con-
volution type (Definition 2.1).

Lemma 2.1.6 Let gg,91,...,9n be elements of a commutative ring R. Let
ho,h1,... ,hy be functions from a semigroup S to R such that for fized x,y €
S,

hn(z +y) =Y hi(@) bk (y)

k=0
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for allm = 0,1,... ,N. Define fn(z) := Y p_o 95* hi(z) (n = 0,1,... ,N).
Then

n

fale+y) =) fu(@) fai(®)

k=0
for all0<n < N.

Proof: This follows from direct substitution and the following form of (2.2):
> g g =gt
k=0

O

Lemma 2.1.7 Let (fn)nen be a sequence of functions of convolution type from
a semigroup S to a commutative ring R.

a) If fo =0, then f, =0 for alln € N.
b) If S = (0,00) and fo(z) = 0 for some z, then f, =0 for alln € N.

Proof: a) Follows directly by induction on n.

b) We apply induction on n. It follows immediately from fo(z+y) = fo(z) fo(y)
that fo(t) = Ofor allt > z and that fo(z/2) = 0. Iterating this argument yields
fo(t) =0 for all t > 0. Suppose by induction that we proved that f,, = 0 for
all m < n. Then fo(t) = fa(3t + 3t) = Yo fe(3t) fa—k(3t) = 0 for all
t>0. O

Theorem 2.1.8 Let S C C be a semigroup and let R be a subset of C that is
closed under addition and a group with respect to multiplication. Suppose A is
an algebra of functions S — R such that

o the only non-zero solutions in A to the equation f(x +y) = f(z) + f(y)
are f(z) = cx withc € R.

o the only non-zero solutions in A to the equation f(z+y) = f(z) f(y) are
f(z) = €% witha € R.

Then (fn)nen is a sequence of functions of convolution type in A if and only if
there ezist a € R and a sequence (gn)nen in R with go = 0, such that

n k

_ ax kv L

ful®) =€ " gk o
k=0

forallneNand allxz € S.

Proof: ‘<=’ This follows from Lemma 2.1.6 with h,(z) = z™/n!.
‘=’ If fo =0, then f, = 0 for all n € N by Lemma 2.1.7a and the theorem
holds with g, = 0 for all n € N. We therefore assume that fo # 0.
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Since fo(z +y) = fo(z) fo(y) for all z,y € S and fy € A, there exists a € R
such that fo(z) = €2%. Define (pn)nen by pn(z) := e % f,(z). Note that
(Pn)nen is a sequence of functions of convolution type in A too.

We now use induction on n in order to show that there exists a sequence (gn)nen
k

in R such that p,(z) = Y j_, g&* %; for all n € N. Note that convolutions of
finite sequences are well-defined by Remark 2.1.3d.

If n = 0, then py(z) =1 = gJ* %% for all z. Since p; € A and pi(z +y) =
po(z) p1(y) + p1(z) po(y) = p1(z) + p1(y), it follows that p;(z) = pi(1)z. So
pi(z) = g% 2 + gi* = = gyz, if g; is defined to be py(1).

Suppose that we have go,g1,... ,9n—1 (n > 1) in R such that go = 0 and
Pm(T) = 3o 95 ’Z—l,c for m < n. It follows from (2.1) that p, is a solution of
the following linear functional equation in p:

n—1

Pz +y) —p(@) —p(y) =D () Pn—i(¥)
k=1

for all z,y € S.

It follows from Lemma 2.1.6 that p, defined by p(z) := > p_, gk “;’c—l,c , is a
solution in A of this functional equation. Thus (p, —p)(z+y) = (prn—p)(z) +
(pn—p)(y) for all z,y € S. Hence, there exists ¢ € R such that (p, —p)(z) = cz
for all z € S. Set g, := ¢. Since g¥* (1 < k < n) can be expressed in terms of
91,92, --- »gn—1 by Remark 2.1.3d, we have p,(z) =Y p_, gk %’:— O
Theorem 2.1.9 The assumptions of Theorem 2.1.8 are satisfied in the follow-
ing cases:

o A = measurable functions, S = N,Z,R, (0,00) or C, and R = R, (0, 00)
or C

o A = locally bounded functions, S = N,Z,R,(0,00) or C, and R =
R, (0,00) or C

o A = polynomials, S = N,Z, R, (0,00) or C, and R = R,(0,00), or C.

Proof: It follows from [3, Remark below Theorem 4, p. 56], [3, Proposition 1,
p. 53 and remark below Theorem 4, p. 56] and [3, Proposition 1, p. 53 and
remark below Theorem 4,p. 56] that the assumptions of Theorem 2.1.8 are
satisfied in these cases.

Remarks 2.1.10 a) Note that the proof of Theorem 2.1.8 shows that Theo-
rem 2.1.8 also holds for finite sequences of functions of convolution type (cf.
Remark 2.1.3d ).

b) It follows from Theorem 2.1.8 that if (g,)nen is a sequence of polynomi-
als of convolution type, then g, = ¢/,(0). Thus (g,)nen determines (g, )nen-
Conversely, (gn)nen determines (¢n)nen by Lemma 2.1.6. Hence, there is a
one-to-one correspondence between sequences (gn)nen of polynomials of con-
volution type and sequences (gn)nen With go = 0.
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¢) It follows from Theorem 2.1.8 that the convolution property of coefficients
of polynomials of binomial type mentioned in [207, Proposition 4.3]) is nothing
else than formula (2.2) in disguise.

d) It is possible to give a purely algebraic proof of Theorem 2.1.8 in case
(fn)nen is a sequence of polynomials. The method of proof is similar to the
idea employed in the proof of Theorem 2.1.12c.

We now present some general properties of sequences of polynomials of convo-
lution type.

Definition 2.1.11 Let (gn)nen be a sequence of polynomials of convolution

type. The coefficient sequence of (¢, )nen is the sequence (gn)nen such that

k
Qn(-'l’) = :=o gfz* i';?F

The following theorem describes the interplay between a sequence of polyno-
mials of convolution type and its coefficient sequence. Other results have been
obtained by Niederhausen, see [164, 167].

Theorem 2.1.12 Let (g, )nen be a sequence of polynomials of convolution type
with coefficient sequence (gn)nen- Then:

a) degg, <n for alln € N.
b) degg, =n for all n € N if and only if g1 # 0.

c) if 1 =0, then degg, < [n/2] for all n € N. In this case, degg, = [n/2]
for all n € N if and only if go # 0 and g3 # 0.

d) the following formal generating function relation holds:
Z an(z)t" = ¥ g(t)’ (2.3)
n=0

where g(t) =Y > o gn t™.

e) g =1 and g,(0) =0 forn > 1.

Proof: a) This follows directly from Theorem 2.1.8.

b) This follows directly from Theorem 2.1.8 and Lemma 2.1.5b.

¢) We apply induction on n. It follows from Theorem 2.1.8 that the statement
is true for n =0 and n = 1.

Suppose by induction that degg, < [m/2] for all m < n (n > 2). If degg, >
[n/2], then gn(z) = EQIZO arz® (N > [n/2], any # 0). Moreover, (2.1) yields

N n
> ar(20) = al(20) = Y au(2)dn-k(2).

k=0 k=0
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Using the induction hypothesis and the 1nequahty [ ] + ["—;ﬁ] < [ ] (0 <
k < n), we see that the coefficient of zV on the left-hand side equals an2V
whereas the coefficient of IV on the right-hand side equals 2ay. This leads
to N = 1 since any # 0, which contradicts N > [n/2] > 1. We conclude that
deggn < [n/2]. This proves the first assertion.

For the second assertion, we note that the last line of Remark 2.1.3a easily yields
g%z = (g2)* and g&r .| = k(g2)*~" g3, since go = g1 = 0. Hence, deg gy, = [n/2]
for all n» € N if and only if g2 # 0 and g3 # 0.

d) Using Theorem 2.1.8 and Lemma 2.1.5a we have

oo

Sa@e =35 L - % (zgk* tn) 2ol
n=0 n=0 k=0 k=0 n=0

e) By definition, gJ* = 1. Thus Theorem 2.1.8 yields go = 1. It follows

from Lemma 2.1.5a that g% = 0 for n > 1. Hence, ¢,(0) = 0 for n > 1 by
Theorem 2.1.8. O

Remarks 2.1.13

a) Theorem 2.1.12¢ yields the following extension of Lemma 2.1.5a: if gy =
g1 =0, then gF* =0 for k > [n/2].

b) An example of a sequence of polynomials of convolution type with deg g, =
[n/2] is the sequence of polynomials defined by the generating function

i gn(z) 2" = ew(log(l +2)— 2:)

These polynomials appear in combinatorics (see [199, p. 73]). It follows from
Theorem 2.1.12c that degg, = [n/2] for all n € N.

c) It is possible to extend Theorem 2.1.12c to the case go = ... = g = 0. As
an illustration, let us consider the following example due to Daniel Loeb. Fix

k € N. Take gy = 6, for all n € N. Then gy (z) = 277 if k divides n, and 0
otherwise.

We conclude this section with an extension of a theorem due to Markowsky
(see [154, Theorem 4.4]).

Theorem 2.1.14 Let (an)nen be a sequence in a commutative ring R such
that ag = 1. Then for each sequence (Tn)nen tn R\ {0} there exists a unique
sequence of polynomials of convolution type (gn)nen such that g.(z,) = a, for
alln € N.

Proof: Uniqueness is clear, since ¢,(z,) = ay, determines the values of g, (k z,,)
for all k € N (use (2.1)). Existence can be shown inductively as follows. By
Theorem 2.1.8, it suffices to find a sequence (gp)nen in R with go = 0 such

that g,(z) =Y 1 9% l”k—’,c- for all n € N. Suppose gy has been found for each
k < n. By Lemma 2.1.5¢c, gF* is a polynomial in g;,... ,gn_1 for 2 < k < n.

This means that we can choose g, such that > ,_, gk* Zn = @,. This proves

existence. |
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2.2 Basic polynomials and delta operators

In this section we link polynomials of convolution type to a certain kind of linear
operators on polynomials, following and extending the exposition of the Umbral
Calculus in [162, 210]. Our emphasis on operator methods yields simpler proofs
than in [162] and [210]. The key theorems of this section are Theorems 2.2.15,
2.2.17 and 2.2.19 which describe the relation between delta operators and poly-
nomials of convolution type.

Most proofs are new or modifications of existing proofs.

Let (gn)nen be a sequence of polynomials of convolution type with degg, =n
for all n € N. Then (gn)nen is a basis for the vector space P of polynomials
with coefficients in some field K of characteristic zero. Hence there exists a
unique linear operator ) on P with Qq, = ¢,—1, n > 1 and Qgo = 0. The
Rota Umbral Calculus is based on this operator. It turns out that this operator
is shift-invariant (see Definition 2.2.2 and Theorem 2.2.19).

Definition 2.2.1 The shift-operator E® is defined by (E*p)(z) := p(z + a)
PeP).

Definition 2.2.2 An operator T on P is called shift-invariant iof E°T =
TE®* for all a.

Examples 2.2.3 Examples of shift-invariant operators include:
a) the identity operator I.
b) the differentiation operator D.
c) the operators E® of Definition 2.2.1.
d) the forward difference operator E' — I.
e) the backward difference operator I — E~1.
f) the Abel operators DE*.

g) the Laguerre operator L , defined by
Ie) == [ et
0

h) the Bernoulli operator J , defined by

x+1

(Tp)(z) = / p(t) dt

T

Remark 2.2.4 If S is an invertible shift-invariant operator on P , then its in-
verse S™! is also shift-invariant, since ST'E® = §"1F2§S~1 = §-1§E*S~! =
E*S~! for all a.
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Definition 2.2.5 A linear operator Q) on P is called a delta operator if Q)
s shift-invariant and Qz is a nonzero constant.

Examples 2.2.6 Examples of delta operators include b, d, e, f and g from
Examples 2.2.3, but not a, c and h.

It is a remarkable fact that every linear shift-invariant operator has a Taylor-
like expansion in terms of an arbitrary delta operator (see Theorem 2.2.22).
We start by proving this expansion theorem for the differentiation operator D,
because this yields simple proofs for properties of shift-invariant operators.

Theorem 2.2.7 ([210, Theorem 2]) Let D be the differentiation operator
and define g,(z) = 1"1;, for allm € N. Then T is a linear shift-invariant
operator on P if and only if

T = (Tq:)(0) D*.
k=0

Proof: ‘<=’ Note that the infinite sum is in fact a finite sum when applied to
a polynomial and thus is a well-defined operator on P. Shift-invariance of T'
follows from shift-invariance of D.

‘=’ Since (gn)nen is a basis for P, it suffices to verify the result for T'gq, for
all n € N. Using the Binomial Theorem, we obtain (T'q,)(a) = (E*T g,) (0) =
(TE*:)(0) = (Tiey n-t(@)Taw) (0) = (S5 (Tg4)(0)D*gs) (a) for all
n € N and all a.

Examples 2.2.8
a) Consider the shift-invariant operator E®. Theorem 2.2.7 yields

Hence, p(z + a) = (E*p)(z) = Y pop (DFp)(z) %’,i for all p € P, which is
Taylor’s Formula.
b) Consider the Laguerre operator of Example 2.2.3e. Since for k > 1 we have

L(Z—T) (0)=—/ch> e_t%dt = -1,

it follows that L = — Y  D¥F =D(D - I)™".
k=0
¢) Consider the Bernoulli operator of Example 2.2.3f. Since

z* Lotk 1
J(F) O=/ 5% Gror

. — DF
it follows that J= ; (k—+1—)_'
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We now derive some corollaries from Theorem 2.2.7. The first corollary is
an extension of [210, Propositions 1 and 2, p. 687]. Recall that the degree
of a nonzero constant is defined to be zero and that the degree of the zero
polynomial is defined to be -1.

Corollary 2.2.9 a) If T is a linear shift-invariant operator on P, then there
exists a non-negative integer n(T) such that degTp = max{—1,degp — n(T)}
for all p € P. The null space of T equals the set of polynomials with degree less
than n(T).

b) If Q is a delta operator, then deg Qp = max{—1,deg(p) — 1} and the null
space of QQ equals the set of constant polynomials.

Proof: a) By Theorem 2.2.7, we have T = Y o axD* for some sequence
(@n)nen- It follows from deg D*p = max{—1, deg(p) — k} that if we set n(T) :=
min{k € N : ap # 0}, then degTp = max{—1,deg(p) — n(T)} for all p € P.
Thus Tp = 0 if and only if degp < n(T).

b) By definition, ) = is a nonzero constant. Thus a) implies that degQp =
max{—1, deg(p) — 1} for all polynomials p € P. a

Remarks 2.2.10 a) The converse of Corollary 2.2.9a is not true. Fix m € N.
We construct a linear, non shift-invariant operator T' on P such that degT'p =
max{—1,deg(p) — m} for all p € P.

Define a linear operator T on P by Tz* := 0ifk < m, Tz™ = 1,Ta™+! = %w
and Tz*F = z¥=™ if k > m + 2. Clearly degTp = max{—1,deg(p) — m}

for all p € P. Then (TEY)z™ = T(z+ )™ = Spt! (M) Tk =
T(z™' 4+ (m+1)2™) = tz+m+1and (E'T)z™ = J(z+1). Thus
m = —%, which is impossible since m € N. We conclude that T is not shift-
invariant.

For more information on the structure of linear shift-invariant operators on P,
see Remark 2.2.22.

b) Erik Thomas has pointed out to me that Corollary 2.2.9 can be used to
find all translation-invariant linear subspaces of P. A linear subspace L of
P is translation-invariant if E*L C L for all a. Translation-invariant linear
subspaces are important in harmonic analysis.

The following result is somewhat stronger: if L is a linear subspace and E*L C
L for some b # 0, then L is either one of the trivial subspaces {0} or P , or there
exists n € N such that L = P,, where P, is the set of all polynomials with
degree not exceeding n. The proof runs as follows: let p € L be arbitrary and
let m be the degree of p. Consider the linear shift-invariant operator E® — I.
Since (E® — I)x = b # 0, it follows that E® — I is a delta operator. It follows
from Corollary 2.2.9b that deg ((Eb —I)k)p =m—kfor 0 <k <m. By
linearity, Pm C L. Suppose L # {0} and define n := sup{degp|p € L}. The
above argument yields that L = P, if n < co and that L =P if n = oco.
Conversely, P, is translation-invariant for each n € N.

Corollary 2.2.11 ([210, Corollary 1]) Let T be a linear shift-invariant op-
erator on P. Then the following are equivalent:
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a) T is invertible.
b) T1+#0.
¢) degp =degTp for all p € P.

Proof: ‘a = b’ The null space of an invertible linear operator consists of 0 only,
soT1#0.

‘D = ¢’ Since T'1 # 0, it follows from Corollary 2.2.9a that degp = deg T'p for
all p e P.

‘c = a’ It suffices to prove that T is injective and surjective. If p,q € P and
p # g, then T'(p — q) # 0 since deg(p — ¢) > 0. Moreover, degp = degTp
implies that (T'z™)nen is a basis for P. Hence, T is surjective. O

Corollary 2.2.12 ([210, Corollary 4]) Any two linear shift-invariant oper-
ators on P commute.

Proof: All linear shift-invariant operators can be represented as a formal power
series in the differentiation operator D by Theorem 2.2.7. Since the action
of these operators on a polynomial only involves finitely many terms of their
expansions, the result follows. |

The polynomials g,(z) = fnl, appeared in the proof of Theorem 2.2.7. These
polynomials have the properties go = 1, Dg,, = gn—1 and ¢,(0) = 0 for n > 0.
Moreover, they are of convolution type by the Binomial Formula. We will now
show that for every delta operator there exists a sequence of polynomials with
analogous properties (see Theorems 2.2.15, 2.2.17 and 2.2.19).

Definition 2.2.13 Let Q be a delta operator. A sequence (gn)nen of polyno-
mials is a basic sequence for Q if:

1. qO=1
2. qn(0)=04dfn>1
3. Qqn=qn-1ifn>1

Remarks 2.2.14 a) It follows from (1), (3) and Corollary 2.2.9b that deg g, =
n for all n € N.

b) Note that properties (1) and (2) of Definition 2.2.13 are satisfied by each
sequence (g, )nen of polynomials of convolution type by Theorem 2.1.12e.

¢) If (gn)nen is a sequence of polynomials of convolution type with degg; = 1
and T is a linear operator on P such that T'g, = g,—1for n > 1, then T is
shift-invariant since TEVgn = T (Sp_g dn t(y) Gk) = Spey dnk(¥) qho1 =
ZZ;(I) gn-1-r(y)gn = EYqn_1 = EYTgq,. Hence, by linearity, TEY = E¥T.

Theorem 2.2.15 ([210, Proposition 3]) There is a unique basic sequence
for every delta operator.
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Proof: Let @ be an arbitrary delta operator. It follows from Theorem 2.2.7
and Corollary 2.2.9b that there exists a sequence (@, )nen With a3 # 0 such
that @ = Y 7o, axD* . By Remark 2.2.14a, we must construct polynomials
gn of degree n. By (1) of Definition 2.2.13, go = 1. Suppose by induction
that ¢, = ZZ;& an_l,km’“ has been constructed. Since deggq, = n, ¢, must
be of the form Y ,_, ankz*. Because ¢,(0) = 0 by (3) of Definition 2.2.13,
@n,0 must be zero. Substitution of Q) = Ec,:’:l arD* into Q¢, = gn_1 and
comparing coeflicients yields the following system of equations:

An—-1,n—1 = OC1NApn
Un—ip—2 = ai(n—1)apn-1+a2n(n—1)a,,
n-1,1 = 01.20,2+02.2.30n3+  + an_1nlan,

Because a; # 0 this system of equations has a unique solution. This proves
uniqueness and existence. O

Explicit formulas for the calculation of basic sequences will be discussed in
Section 2.3.

Examples 2.2.16
a) The differentiation operator D has basic sequence (f;_')

neN’
b) The forward difference operator E' — I has basic sequence ((7)) on» Where
z\ _ z(z-1)...(z—n+1)
n) n!

are the lower factorials.

. -1 . +n—1
c)hThe backward difference operator I — E~* has basic sequence ((“c iy ))n N’
where

(a:+n—1) - :c(z+1)...$x+n——1)

are the upper factorials .
d) The Abel operator DE® has basic sequence (M) Vv the Abel
ne

n!
polynomials .

Theorem 2.2.17 ([210, Theorem 1]) The basic sequence of a delta operator
is a sequence of polynomials of convolution type.

Proof: Let @ be a delta operator with basic sequence (gn)nen - According to
Definition 2.1.1 we have to prove

n

(@ +y) =) a(z) gni(y) (2.4)

k=0
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for all n € N and all z,y (cf. Remark 2.1.10b). We proceed by induction on n.
The case n = 0 is trivial because gp = 1.

Suppose by induction that (2.4) has been proved for m < n. Fix y. It follows
from Definition 2.2.5 that QEYq, = EYQq, = EYq,—1. Hence,

Q| B~ 4ign-i(®) | = E'Gn1— ) ¢j-14n-3(y) =

=0 i=1

Eyqn—l - Z gk Qn—l-lc(y) =0.
k=0

Corollary 2.2.9b implies that E¥g, — Y p_, qk gn—k(y) is a constant. So gn(z +
y) = ¢+ qr(z) gn—k(y). Taking z = 0 yields ¢ = 0, since ¢,(0) = 1 for n > 1.
Because y was arbitrary, we obtain gn(z+y) = Y p_o @k (2) gn—r(y) for all z,y.
O

Remark 2.2.18 Theorem 2.2.17 shows that the polynomials appearing in Ex-
amples 2.2.16 are of convolution type. This yields the following formulas:

a)
(z+y)" = Zn: (Z) akynF

k=0

(the well-known Binomial Formula).

| -2 ()0

(this is the Vandermonde convolution formula, see e.g. [200, p. §8]).

c)
z+y+n-—1 _i z+n—1\/y+n—-k-1
n N k n—k
k=0
This formula is equivalent to the Vandermonde convolution formula, since
z+k—1 —z

(") = D)

d)

@4ty =nay =3 (1)a@ = k0 y(y - (0 - By
k=0

(this is the Abel generalization of the Binomial Formula, see e.g. [200,
p. 18)).
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The following theorem is a converse to Theorems 2.2.15 and 2.2.17.

Theorem 2.2.19 ({210, Theorem 1]) Let (gn)nen be a sequence of polyno-
mials of convolution type such that degqy = 1. Then there erists a unique delta
operator Q with basic sequence (gn)neN-

Proof: By Theorem 2.1.8, there exists a sequence (g, )nen such that g,(z) =
Yoo & ’2—’: for all n € N. Thus g; # 0, because degq; = 1 and ¢;(z) = g12.
By Theorem 2.1.12b, deg g, = n for all n € N. Therefore (g )nen is a basis for
P. Since (gn)nen is a basis for P, there exists a unique linear operator @) on
P such that Qgn = gn—1 (n > 1) and Qgo = 0. Since degq; = 1, it follows that
Qz is a nonzero constant. Shift-invariance of @ follows from Remark 2.2.14c.
O

Remarks 2.2.20 a) It is essential in Theorem 2.2.19b that deggq; = 1. If
degq; # 1, then ¢¢ = 0 by Theorem 2.1.8 and no delta operator @ with
Qq1 = qo can exist by Corollary 2.2.9b since gg = 1.

b) Let (gn)nen be a sequence of polynomials of convolution type. As remarked
in the beginning of this chapter, the Rota theory of polynomials of convolution
type depends on the delta operator () that maps ¢, to g,—1. Yang remarks
in [253] that the linear operator on P that maps g, to gn+1 (the so-called
Roman shift) is in some cases more useful than the delta operator. For more
information on the Roman shift, see [202, Section 3.6].

We conclude this section with the general Expansion Theorem (cf. Theo-
rem 2.2.7).

Theorem 2.2.21 (Polynomial Expansion Theorem) Let Q) be a delta op-
erator with basic sequence (qn)nen. Then

p=>_(Qn)(0) &

k=0

for allp e P.

Proof: Let p € P be arbitrary and let n be the degree of p. By Remark 2.2.14a,
there exist constants ci such that p = Y }_, ckge. It follows that Q"p =
Y ke Ck @r—r for 0 < 7 < n. Evaluating at zero yields ¢, = (Q"p)(0) since
g(0) = 0 for k > 1. Hence, p = Y _peo (QD)(0) gi. a

Theorem 2.2.22 (Operator Expansion Theorem, [210, Theorem 2])
Let T be a linear shift-invariant operator on P and let ) be a delta operator
with basic sequence (qn)nen- Let (gn)nen be the coefficient sequence of (gn)nen-
Then:

[o]

o) T=Y (Tq:)(0)Q*

k=0
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b) In particular, if (gn)nen is the coefficient sequence of (qn)nen , then D =
Yo 0 gnQ" and Q = Y00 G.D™ where Yo Gut™ is the composition
inverse of the formal power series Zfzo gnt™.

Proof: a) Let p € P be arbitrary with degree n. Applying Lemma 2.2.21
to E¥p, we obtain TEVp = 3., (Q*E¥P)(0)Tqr = 3k (Q“P)(¥) Tqs.
Hence, (Tp)(y) = (E*Tp)(0) = (TE'P)(0) = Y (Tar)(0) (Q*p) (v) =
> reo (Tgr)(0) (@*p) (y) for all y. This completes the proof, since p is ar-
bitrary.

b) It follows from g.(z) = Y o 9% fk—’: that (Dg,)(0) = g, for all n € N.
Thus a) yields D = 77 (Dgn)(0)Q™ = Y o> gnQ™. Since go = 0, the formal
power series o g, t" has a compositional inverse (see e.g. [172]).

Remarks 2.2.23 a) We implicitly used the Isomorphism Theorem 2.3.1 in the
proof of Theorem 2.2.22b.

b) Fix an arbitrary delta operator  with basic sequence (gn)nen. We know
from Remark 2.2.14a that (gn)nen is a basis for P. Let T be an arbitrary linear
shift-invariant operator on P. Consider the infinite matrix (a;;);,; with entries
aij, where T'q; = Y ;0. a;j ¢;. Theorem 2.2.22a yields

Tg; =Y (Tg)(0)Q"q; = Y _(Tgn)(0)gj—n = Y _(Tq;-i)(0)g;.
n=0 n=0 =0

Hence, a;; = (T'qj—:)(0). Thus a; ; = asyk,j+x for all k € N, i.e. T is a Toeplitz
operator on P.

c) There also exists Operator Expansion Theorems for more general operators
than shift-invariant operators. The coeflicients of these expansions are polyno-
mials in z rather than constants (see [76, 139]).

Examples 2.2.24 a) We want to expand the differentiation operator D in
powers of the forward difference operator E! — I. The basic sequence of E! — I

is ((2) nen 50

D= g (D(i)) (0) (E* — I)* = i %iuz1 — k.

k=0

This is a classical formula for numerical differentiation.
b) Consider the shift operator E®. Expanding E? in powers of E! — I yields

E° = f: (Z) (E' — I)*.

k=0

This is Newton’s forward difference interpolation formula.

We conclude this section with a few remarks on linear functionals. In [202, 207]
the Umbral Calculus is presented in terms of linear functionals instead of linear
operators as in this section. The following theorem describes the relationship
between linear functionals and operators on P.



2.3 Explicit formulas for polynomials of convolution type 27

Theorem 2.2.25 a) The map p — (Tp)(0) is a linear functional on P for
every linear operator T on P.

b) If A is a linear functional on P, then there exists a linear shift-invariant
operator Q on P such that Ap = (Qp)(0).

Proof: a) This follows directly from the linearity of T
b) Let @ be the shift-invariant operator defined by

Qp:= i A (%”;) D*.

k=0

An easy calculation shows that Az™ = (Qz"™)(0) for all » € N. Since the
powers z™ span P, this completes the proof. O

2.3 Explicit formulas for polynomials of convo-
lution type

In this section we derive some explicit formulas for polynomials of convolution
type and we discuss the problem of connection coefficients.

Whereas we avoided the use of formal power series in Section 2.2, we can
hardly do so in this section. The reason is that formal power series makes
computations considerably easier.

We start with showing that the ring of formal power series and the ring of
linear shift-invariant operators on P are isomorphic.

Theorem 2.3.1 (Isomorphism Theorem = [210, Theorem 3]) Let Q) be
any delta operator on P. The map Ag defined by

Ag (i ag tk) = i ak Qk
k=0 k=0

is an isomorphism between the ring of formal power series and the ring of linear
shift-invariant operators on P.

Proof: It is clear from Theorem 2.2.22a that Ag is linear and injective. It
follows from the Expansion Theorem 2.2.22a that Ag is surjective. Hence,
we only need to show that Ag(fg) = Ag(f)Ag(g) for all formal power series
fand g. Let f(t) = Y po, art® and g(t) = Y pep bk t* be arbitrary formal
power series. Let (gn)nen be the basic sequence of @ (Theorem 2.2.15). By
Remark 2.2.14, (¢n)nen is a basis for P, hence it suffices to prove Ag(fg) ¢, =
AQ(f)Aq(g)gn for all n € N. Since (ck Q%) ¢ = Y p_y Ck Gn—k, We have
AQ(£9) dn = ((a%6)%q) and Aq(f) Aq(g) gn = (¥ (b)), Where @ = (ap)nen,
b= (bn)nen and q = (gn)nen. Thus Ag(fg) gn = Ag(f) Ag(g) gn follows from
associativity of the convolution operation (Remark 2.1.3c). a
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The proof of the next corollary shows once more that Theorem 2.3.1 is useful
(cf. Remark 2.2.23a). Corollary 2.3.2 will be used in Section 3.3 for computing
moments of discrete distributions.

Corollary 2.3.2 Let Q be a delta operator with basic sequence (g, )nen and let
(gn)nen be the coefficient sequence of (gn)nen. Let g be the formal power series
defined by g(t) := > o o gnt™. Then > 1oy kqr(a) Q¥ = 2 E* ¢'(Q) Q.

Proof: Fix an arbitrary «. Using the formal generating function of Theo-
rem 2.1.12d we obtain Y o7 o kqr(a)t* =t L (302 gr(e)th) =t & e 9(t) =
aed(t) g'(t)t. Theorem 2.3.1 now yields

Y kau(@)@* =ac®9@) ¢(Q)Q = aE*¢'(Q)Q

k=0

(the last equality follows from Theorem 2.2.22b and Example 2.2.8a). O

We now present explicit formulas for basic sequences of delta operators. For-
mulas a) through d) of Theorem 2.3.6 were already known to Steffensen (see
[227, Sections 2 and 3]; see also [210, Theorem 4]).

Definition 2.3.3 If T is a linear operator on P, then its Pincherle derivative
T' is defined by T' := Tx — xT where the linear operator x is defined by
(xp)(z) := zp(x) for all x and all polynomials p € P.

The Pincherle derivative was introduced by Pincherle in [179, Section 56].

We now derive some elementary properties of the Pincherle derivative.
Lemma 2.3.4 o) IfT =372, axD* , then T' =332 kay D*L.

b) The Pincherle derivative of a linear shift-invariant operator on P is a
linear shift-invariant operator on P.

¢) The Pincherle derivative of a delta operator is an invertible shift-invariant
operator on P.

d) If T and S are linear shift-invariant operators on P , then (T S)' =
T"s+TS'.

Proof: a) Since x is a linear operator on P, it suffices to prove a) for the

polynomials Eni, We have

n n o n+1 e n
1 T T _ kT T _
T x-xD o=t ), e oy —a ) aeD' o =
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n+1 ntl—k n n+l1—k
T z
(m+1) 3 (m+1—k)! -2 (nt1-ka n+1-k)!
k=0 k=0
ntl g1k n )
Z kak k)' Z_:O(z+1)ai+1D )

Hence, T' = Y ;o (i + 1) aj41 D?, since x is a linear operator on P.

b) This follows directly from a) and Theorem 2.2.7.

c) By Theorem 2.2.7 and Corollary 2.2.9b we have Q = Y po, bx D* with
by # 0. We get from a) that Q' = > ;2 (i + 1) b1 D*. Hence, Q' is invertible
by Corollary 2.2.11.

d) This follows from (T'S) =T Sx—xTS= (T Sx-TxS)+(TxS-xTS) =
TS +T'S. a

Lemma 2.3.5 ([210, Proposition 4]) For every delta operator Q there ez-
ists a unique invertible shift-invariant operator U on P such thet Q = DU.

Proof: By Theorem 2.2.7 and Corollary 2.2.9b, we have Q = Y77, b D* with
b1 # 0. Define U by U := ZZ‘;O bry1 D | so Q = DU. The invertibility of U
follows from Corollary 2.2.11b, since b; # 0. Uniqueness of U follows from the
expansion of @ and U in powers of D. O

The operator U that appears in the statement of Theorem 2.3.6 is the operator
whose existence is assured by Lemma 2.3.5.

Theorem 2.3.6 Let Q be a delta operator with basic sequence (g, )nen and let
(gn)nen be the coefficient sequence of (gn)nen. Let U be the unique invertible
shift-invariant operator such that Q = DU. Then the following formulas hold
forn > 1:

a) nlg, = (Q'U™") (")

b) nlgn = (U™™")(z") = (U™) (")

¢) nlg, = (xU"")(z"")

d) ng, = ((Q")"") gn_1 (Rodrigues Formula)
e) ngn(z) =2 3i_o k gk k().

Proof: Since D' = I, we have Q'U™""1z" = (DU) U™ 1z" = (D'U +
DUNYUYHz" = (U+DUNYU™ Hz" = (U™ + DU'U ™ Vz" =
U—ngn + U’ U—n—l Dz® = U "g™ — (U—n)lmn-—l = U "gm — (U'—nX _
xU™™) g™ 1 = (xU ") z"! | so the right-hand sides of a), b) and c) are
identical. Since @ has a unique basic sequence by Theorem 2.2.15, it suffices to

n n

note that (gU‘" x"‘l) (0)=0and (QQ’ U_"‘l) I = (DUQ’U_n_l) o=

n! n!

(QU-™D) “;L—T =(Q'U™) (%n_:l—l)—, for n > 1. This proves a), b) and c).
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n—1

By Lemma 2.3.4c, Q' is invertible. Thus it follows from a) that 7—y =
((Q')_1 U") gn—1(z) for n > 2. By c),

n—1
(n—1)!

for n > 2. This proves d), since the case n = 1 follows from Lemma 2.3.4a and
Theorem 2.2.22b.

In order to prove e) we write n—q-’iéﬂ = ZZ;& ¢k qr(z). Using d) and Lemma
2.2.21 we obtain

- (Qk”%@) 0) = (@ (@) 4u-1)(0) = (@) ga-1-4)(0) =

ngn(z) = (xU™™) = (xU™Q)'U) gu-1(z) = (x(Q) ") gn-1(2)

(=8 (222 0) = 0 - B e

T

This completes the proof. O

Remark 2.3.7 It follows from the Rodrigues Formula that the Roman shift,
i.e. the linear operator that takes g, to g,4+1 can be explicitly expressed as
(n+1)z(Q")"! (cf. Remark 2.2.20b). The name Rodrigues Formula comes
from the theory of orthogonal polynomials (see e.g. [58, 186]). An example of
a classical Rodrigues Formula can be found in Example 2.3.8e.

Examples 2.3.8 We consider the delta operators of Examples 2.2.6 and use
Theorem 2.3.6 to calculate the corresponding basic sequences (cf. Examples
2.2.16).

a) Consider the differentiation operator D. It is clear that D' = I and that
U =1, since D = DI. Thus Theorem 2.3.6a yields g,(z) = Z;

b) Consider the forward difference operator E* —I. Then (El.— I)/ = (El)' =

!
(eD) (use Theorem 2.2.22a) = eD (use Lemma 2.3.4a) = E'. Thus Theo-

rem 2.3.6d yields gn(z) = £ E~! ¢,y (z). Since go = 1, induction on n yields
qn( )___ (z) = z(z—1).. (z n+1!
c) Consider the backwa.rd dlﬂ'erence operator I — E~! . In the same way as in
b) we now find that g,(z) = (**771) := ﬂm_H)_jgi_)
d) Consider the Abel operator DE® for some ﬁxed a. Obviously U = E¢,

l
U™ = E~" for all n € N. Thus Theorem 2.3.6c yields g,(z) = ML—.

n!

e) Consider the Laguerre operator L of Example 2.2.3g. We will show that
the basic sequence of the Laguerre operator is the sequence of Laguerre poly-

nomials le_l). We know from Example 2.2.8b that L = —3 77/ Dk =
D(D —-1)7!, hence U = (D — I)7! in this case. Thus Theorem 2.3.6¢c yields
an(z) = fl, (D - D"z =Y (=1)* (::i) ”Z—l,c Since eT D (e_xp) =

et (e‘—m p — e_‘z'p) = (D —I)(p), we may write

gn(z) = f—n-e zpn ( - :L'"_l)

n'
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)

which is the classical Rodrigues formula for the Laguerre polynomials Lgfl .
The formula Lgq, = g,—1 is the recurrence formula ¢}, = ¢,_; — gn—1, since
L=D(D-1I)"!. Since L' = —(D — I)~2, Theorem 2.3.6d yields ng,(z) =
~&(D = 1) gn_1(2).

We conclude this section with a discussion of umbral operators. Umbral oper-
ators play an important role in the connection-constant problem which will be
discussed below.

Umbral operators were introduced by Rota to give a rigorous foundation to the
so-called classical Umbral Calculus (also called Symbolic Calculus or Blissard
Calculus). For more information on umbral operators, see [210, pp. 705-706],
[102], [130], [202]. For more information on the classical Umbral Calculus we
refer to [23, 113].

Definition 2.3.9 An umbral operator T is a linear operator on P such that
there exist basic sequences (Tn)nen and (vn)nen with T'ry, = v, for alln € N.

It is important to have basic sequences in Definition 2.3.9, since this implies
deg r,, = deg v, = n for all n € N by Remark 2.2.14. Hence, both (7, )nen and
(vn)nen are bases for P.

Some important properties of umbral operators are listed in Theorem 2.3.11,
which is an extension of [210, Proposition 1]). The following theorem is impor-
tant for our proof of Theorem 2.3.11.

Theorem 2.3.10 Let Q be a delta operator with basic sequence (qn)nen and
let the sequence (pn)nen be given by p, = > 1y Ank qk- Then (Pn)nen is @
sequence of polynomials of convolution type if and only if there exists a sequence
(Yn)nen such that yvo = 0 and anr = v%* for all k and n. Moreover, v, =

(Qpn)(0).

Proof: ‘<’ This follows from Lemma 2.1.6.

¢ =’ We construct the sequence (v,)nen by induction. Set v = 0. It follows
from p; (0) = 0 and Theorem 2.1.12b that either p; = 0 or deg p; = deg ¢; = 1.
Hence, there is a unique v; such that py = 71 ¢1. Suppose by induction that
v, has been constructed for k < n such that p,, = vE* g for m < n. Since
v = 0, Lemma 2.1.5c yields that y** is a polynomial in 7,...,yn—1 for
2 < k < n. Thus we can choose 7, such that p,(1) = > p_, vE* qr(1). It
follows from Lemma 2.1.6 that p,(m) = Y 7_, 7%* qx(m) for all m € N. Thus
Pn =Y peo VE* gn, since p, and Y ,_, 7** g are polynomials.

The last statement follows from @ g, = gn—1 and g,(0) =0 for n > 1. O

In [103], Garsia and Joni study equivalence classes whose elements are se-
quences of polynomials (pn)nen of the form p, = > 7_, 7E* gn, where (gn)nen
is an arbitrary fixed sequence of polynomials. Representations of the form
Gn = Y peo VE* (””H,:_l) are used in Section 5.3 in the context of renewal the-
ory. This idea is due to Stam ([222]).
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The following theorem describes the basic properties of umbral operators. As
an introduction to parts d), e) and g), we let @ and P be delta operators with
basic sequence (¢n)neN, (Prn)nen respectively. Let T be the umbral operator
that maps 7, to ¢, for all n € N. This leads to the following commutative
diagram.

Q
dn — QGn-1

el
P
Pn — Pn-1

We immediately read off that P =T QT 1.

Theorem 2.3.11 Let T be an umbral operator. Then:
a) T is invertible.
b) T is shift-invariant if and only if T = 1.

¢) If (pn)nen is an arbitrary sequence of polynomials of convolution type,
then (T pn)nen is also of convolution type.

d) If (qn)nen is the basic sequence of the delta operator Q, then (T gn)nen
is the basic sequence of the delta operator T QT 1.

e) If Q is a delta operator with basic sequencé (gn)nen , then TQ"T™! =
P", where P is the delta operator of the basic sequence (T gn)nen-

f) The map S — T ST~ is an automorphism of the sequence of linear
shift-invariant operators on P.

g) The map Q — T QT™! is an automorphism of the sequence of delta
operators on P.

Proof: Let (7)nen and (vn)nen be basic sequences such that T'r,, = v,. Let
R and V be the delta operators of (7, )nen , (Un)neN respectively.

a) Since deg 7, = deg v, = n for all n € N, T is invertible by Corollary 2.2.11.
b) If T is shift-invariant, then Corollary 2.2.12 yields Rv, = RTr, =T Rr,, =
Trp_1 =v,—1 for n > 1. Hence, 7, = v, for all n € N, since both (r,)nen and
(vn)nen are basic sequences for R.

¢) By Theorem 2.3.10, there exists a sequence (Yn)nen such that v9 = 0 and
Pn = Dopeo YE* k. Thus Tp, = Y 7_; ¥** v, and Theorem 2.3.10 implies
that (T pn)nen is of convolution type.

d) We know from c) that (T gn)nen is of convolution type. Since ¢; = g; z, we
have deg(T'q1) = 1. Thus (T ¢n)nen is a basic sequence by Theorem 2.2.19b.
Because (T QT ) (Tq,) = Tqn-1 forn > 1, TQT™! is a linear shift-
invariant operator on P by Theorem 2.2.19a. Moreover, T Q@ T~! z is a nonzero
constant, since deg (T'q;) = 1. Hence, T QT ! is a delta operator.

e) This follows from d) and TQT ' =T Q" T™'.
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f) Let S be an arbitrary linear shift-invariant operator on P. By Theorem
2.2.22a, there exist constants a, such that S = Y >° ' a, D™. Then e) yields
TST-! = Z;’c;o an D™. Hence, TST™! is a linear shift-invariant operator
on P. Injectivity of S — T ST~ follows from a). We now want to prove
surjectivity. Let W be an arbitrary shift-invariant operator on P. Since T~ ! is
also an umbral operator, it follows that S := T~! W T is a linear shift-invariant
operator that satisfies T ST~ ! = W.

g) It follows from a) and d) that @ — T'Q T ™! is an injective homomorphism
of the sequence of delta operators in itself. Surjectivity follows as in the proof
of f). a

For a probabilistic interpretation of umbral operators we refer to Section 3.5.

Now that we know how to calculate basic sequences, we are ready to discuss
the problem of connection coefficients. The problem of connection coeflicients
consists of finding numbers a, j such that p, = > ;_y @n,k g Where (pn)nen
and (gn)nen are sequences of polynomials with deg p, = deg ¢, = n for all
n € N. Note that the connection coeflicients are the coefficients of the basis
change (pn)nen t0 (gn)nen (cf. [94]).

If (¢n)nen is a basic sequence and p is an arbitrary polynomial, then the con-
nection coefficients can be calculated with Lemma 2.2.21.

Example 2.3.12 Consider the polynomials (":) which are not of convolution
type (e.g, the convolution identity of Definition 2.1.1 is not satisfied for n = 2
and y = 1). Since

(w0t (7)) 0=3; ) ()

=0

Lemma 2.2.21 yields the following expansion in terms of the basic polynomials
(m) of Example 2.2.16b:

()5 |5 G ()] 6)

If both (pn)nen and (g, )nen are sequences of polynomials of convolution type,
then the Rota theory gives the following elegant answer (cf. [162, p. 202]).

Theorem 2.3.13 Let P and Q be delta operators with basic sequences (Pn)nen,
(gn)nen respectively. Let T' be the umbral operator defined by T g, := %7 for
all n € N. Then the constants an i, (k,n € N), defined by pp := Y _y On.k Gk,

are uniquely determined as follows. The polynomials 7, defined by m,(x) :=

> ko nk %, are the basic polynomials of the delta operator TPT~!. More-
over, if P=3 2 a;Q", then TPT ' =32, a; D"
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Proof: It follows from Theorem 2.3.11d that TP T~ is a delta operator with
basic sequence (T pp)nen. Since 1, = Tp, for all n € N, (7p)nen is the
basic sequence of T PT~!. For the last statement, note that TPT~! = D
by Theorem 2.3.11d, since T'¢q, = fl—f,‘ The last statement now follows from
Theorem 2.3.11e. ) O

A different description of the connection coefficients is given in Theorem 2.3.10.
Other descriptions of connection coeflicients can be found in [99].

Examples 2.3.14 a) We want to express the lower factorials in terms of upper
factorials of Example 2.2.16¢, i.e. we want to calculate coeflicients a,  such
that (Z) = 22‘:0 ank (*TF71). We apply Theorem 2.3.13 with P = E! — I,
Q = I — E7! (of course, we could also apply Lemma 2.2.21). Let T be the
umbral operator defined by T' (z+" 1) = fL—T,L for all n € N. Theorem 2.2.22a
yields P = Y22 (P (*T771)) (0)Q™ = Y22, Q" Hence, it follows from
Theorems 2.3.11d and 2.3.11e that ~ ,

TPT'=) (TQT™")*=) D"=D(-D)"
n=1 n=1

Thus the coefficients ay,, ; are the coefficients of the polynomials ¢, (—x), where
(gn)nen are the Laguerre polynomials of Example 2.3.8e.

Another relation between these polynomials is () = (—1)" ('“H;l""l).

b) We want to derive duplication formulas for the Laguerre polynomials g,
of Example 2.3.8¢. Fix a and define polynomials p, by p,(z) := g.(az) for
all z. Let W be the umbral operator defined by W z™ := a™z™. Note that
W g, = pr. It follows from Theorem 2.3.11d that (p,)ren is the basic sequence
of the delta operator P, defined by P :=WLW=!=a™'D (a™'D - I)bl.
Theorem 2.3.13 yields that the connection coefficients of (pp)nen and (gn)nen
are the coefficients of the basic sequence of the delta operator 7 P T, where

T is the umbral operator defined by Tq, := fTT for all n € N. By Theo-
rem 2.2.22a,
D=> (Dq(0 =Y (- L(L-D
k=0 k=1
since qn(x) = Y pq (—1)* (- }) %7 (see Example 2.3.8¢). Hence,

P=a'L(I-(1-aY)L)™

and the last statement of Theorem 2.3.13 yields

[e.e]
TPT ' =o' (1-a )" 'D"=D (al+(1—0a)D)".

n=1
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It follows from Theorem 2.3.6¢ that the basic sequence (75 )nen of T PT ™1 is
given by

n—1 n n—1
el + - 2 =2 Y (P)at-ar ot 2o

n — 1! n k n—1!
k=0
n k—1 n k
n k _ n—k T _ n—1 k _ n-km_
;(00‘(1 @) k—l!_§<k—l)a(l "

Putting everything together yields the following duplication formula for the
Laguerre polynomials of Example 2.3.8e:

2.4 Sheffer sequences

Most properties of a basic sequence (g,)nen essentially depend only on the
property Q ¢, = gn—1 (cf. Definition 2.2.13). Thus it seems plausible that the
theory of basic sequences can be extended under weaker conditions. This is
indeed the case, as the theory of Sheffer sequences shows (see [202, Chapter 2]
or [210, Section 5]). In this section we will slightly generalize the Rota notion
of Sheffer sequence.

Definition 2.4.1 Let Q) be a delta operator. A sequence of polynomials (s5)nen
is called a wide sense Sheffer sequence for Q if:

1. sg ts constant
2. Qsp=5p-1,n=1,2,....

If moreover sy # 0, then (sp)nen is called a strict sense Sheffer sequence
for Q.

The definition of Sheffer sequence in [210] is (apart from a factor n!) what we
have called strict sense Sheffer sequence.

Note that if (sn)nen is a Sheffer sequence in the strict sense then, by Corol-
lary 2.2.9b, deg s, = n for all n € N.

Theorem 2.4.2 Let Q) be a delta operator. A sequence (wp)neN, which is not
identically zero, is a wide sense Sheffer sequence for Q if and only if there exist
an N € N and a strict sense Sheffer sequence (s,)nen for @ such that w, =0
forn < N and w, = sp,—n forn > N.

Proof: ‘<=’ Clearly wy is constant and Q w, = w,_; for all n > 1.
‘=’ If wp is a nonzero constant, then there is nothing to prove. Assume that
wg = 0. Let N := min{n : w, # 0}. Then wy is a (nonzero) constant by
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Corollary 2.2.9b since Qwny = wy_1 = 0. Define (s,)nen by $p 1= WnynN.
Then (s, )nen is a strict sense Sheffer sequence for Q. O

Theorem 2.4.2 seems to indicate that the notion of wide sense Sheffer sequence
is not very useful. However, we will see nice applications of this notion in the
proofs of Corollary 2.4.10 and Theorem 3.3.2.

It follows from Theorems 2.2.19 and 2.4.2 that a sequence of polynomials can
be a Sheffer sequence of either type for at most one delta operator.

Examples 2.4.3 a) Strict sense Sheffer polynomials for the differentiation op-
erator D are called Appell polynomials. They were studied by Appell in [10].
Examples of Appell polynomials include the Hermite polynomials H,,, defined

by
E H,(z)z" =exp |zz — 3% )

n=0

and the Bernoulli polynomials B, defined by
z
Bn n _ T Z.
Z (z) = P

It follows directly from their generating functions or from Theorem 2.4.4d that
these polynomials are Appell polynomials, i.e. DH, = H,_; and DB, =
B,_; for n > 1. We will see at the end of this section that the Hermite
and Bernoulli polynomials belong to the class of Wick polynomials, which is a
subclass of the Appell polynomials.

b) The Laguerre polynomials of order « are strict sense Sheffer sequences for
the Laguerre operator of Example 2.2.3g. The Laguerre polynomials of Exam-
ple 2.3.8e are the Laguerre polynomials of order & = —1 (cf. [202, p. 108]).

Both types of Sheffer sequences satisfy a convolution-like equation (see Theo-
rem 2.4.4b below).

Theorem 2.4.4 Let Q be a delta operator with basic sequence (gn)nen. Then
the following are equivalent:

a) (wn)nen 18 a wide sense Sheffer sequence for Q.

n

b) wp(z +y) = 2 wg(2) gn—k(y) for alln € N and all z,y.
k=0

¢) wy = Z Wk (0) gn—i for alln € N.
k=0

n
d) there exists a sequence (an)nen such that w, = Z ag qn—r for alln € N.
T k=0
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Proof: a = b’ Fix an arbitrary z. Applying the Polynomial Expansion Theo-
rem 2.2.21 to E* w, we obtain

oo

E*w, = Z (Qz E® w, (0) q;: = Z Wp— l ‘In

=0
since deg w,, < n. Hence, it follows that

n

n(+y) = Z wn—i(2) Gi(y) = Y wi(e) gnk(y)

=0 k=0

for all z and y, since z is arbitrary.

‘b = ¢’ This follows by setting « = 0.

‘c = d’ Take aj, := w(0).

‘d<=a’ Note that wy is constant because wg = agqy = ag. If n > 1, then
an = Q (ZZ:O ar qn——k) = Zz;é Ok n—1—k = Wn—1. Hence, (wn)neN is a
wide sense Sheffer sequence for Q. O

Remarks 2.4.5 a) Theorem 2.4.4 also holds for strict sense Sheffer sequences
if we add the condition wg # 0 to b) and c) and if we add the condition ag # 0
to d).

b) If (¢n)nen is merely a sequence of polynomials of convolution type instead
of a basic sequence (cf. Remark 2.2.20a), then b), ¢) and d) of Theorem 2.4.4
are still equivalent and Corollary 2.4.6 below also holds.

Corollary 2.4.6 Let (w,)neN be a wide sense Sheffer sequence for the delta
operator Q with basic sequence (gn)nen- Let (gn)nen be the coefficient sequence
of (gn)nen. Then the following formal generating function identity holds:

oo oo
Z (z)t" = (Z wp(0 ) exp (m Z Jn t") .
n=0 n=0
Proof: This follows directly from Theorems 2.1.13d and 2.4.4c. (]

The following theorem describes the difference between wide sense and strict
sense Sheffer sequences (of a delta operator @ with basic sequence (gn)nen)
in terms of the linear operator A on P, defined by Ag, := s,. It follows
directly from Theorem 2.2.22a that A = Y 2, s£(0) @ (cf. the proof of [210,
Corollary 1]). We also give a description of strict sense Sheffer sequences in
terms of delta operators and functionals in the style of [202, 207]. We first need
a lemma.

Lemma 2.4.7 Let A be a linear functional such that A1 # 0 and let Q be a
delta operator on P. There exists a unique sequence of polynomials (pp)nen
with degp, = n for all n € N such that A Q" p, = 6,1 for all k,n € N, where
bnk denotes the Kronecker delta.
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Proof: Existence follows in the same way as in the proof of Theorem 2.2.15.
In order to prove uniqueness, consider another sequence (Pn)nen such that
AQ*p, = AQ*p, for all k,n € N. Suppose there is an n € N such that
Pn # Pn. Let £ be the degree of p, — pp. Then Q*(p, — Pn) is a non-zero
constant, which contradicts A Q* (p, — pn) = 0. O

Theorem 2.4.8 Let Q be a delta operator with basic sequence (qn)nen. Let
(sn)nen be a sequence of polynomials and define the linear operator A on P by
Agqp = s, for alln € N. Then:

a) (sn)neN is a wide sense Sheffer sequence for Q if and only if A is shift-
invariant.

b) ([210, Proposition 1]) (sp)nen is a strict sense Sheffer sequence for Q
if and only if A is shift-invariant and invertible.

¢) (8n)nen is a strict sense Sheffer sequence for Q if and only if there exists
a linear functional A on P such that A1 # 0 and A Q* s, = 8n1, for all
k,n € N, where 6, denotes the Kronecker delta.

d) If (8n)nen 18 a strict sense Sheffer sequence, then Ap = A~1p(0) for all
p € P, where A is as in a).

Proof: a) ‘=’ Since (gn)nen is of convolution type, we have for all y

AEY dn = A (Z qk(y) Qn—k> = Z Qk(y) Sp—k = EY s, = EY Aqn.
k=0 k=0

Hence, by linearity, A EY = EY A for all y.

‘<=’ Corollary 2.2.9a and sg = Agg = A1 together imply that s is constant.
Using Corollary 2.2.12 we see that Qs, = QAq, = AQqn = Agqn—1 = Sn—1
forn > 1.

b) ‘=’ Shift-invariance follows from a). By Corollary 2.2.9b, deg s, = n for all
n € N. Hence, A is invertible by Corollary 2.2.11.

‘=" We need only prove that so # 0 because of a). This follows from Corol-
lary 2.2.11 and sg = A qq, since A is invertible.

c) ‘=’ Define the linear functional A by A s, = 8p,. Because sy is a nonzero
constant, we have A1 # 0. Moreover, since shift-invariant operators com-
mute by Corollary 2.2.12, it follows that AQ*s, = AQ* Aq, = AAQ*q, =
60,n—k = Onk.

‘<’ Define the polynomials r,, by 7, := @ snt1 (n € N). Then AQ* (Q spy1) =
Ok+1,n+1 = Ok,n. By the uniqueness part of Lemma 2.4.7, we have Q sp41 = s,
for all n € N. Thus (sp)nen is a strict sense Sheffer sequence.

It follows from A Q¥ s, = Asp_ = 6nx with k& = 0 that A s, = &n. Since
A7t 5,(0) = gn(0) = 8¢, by Definition 2.2.13 and deg s, = n for all n € N, the
results follows. a
The operator A of the above theorem is called invertible operator.



2.4 Sheffer sequences 39

Corollary 2.4.9 Let (s,)nen be a strict sense Sheffer sequence for the delta
operator Q) with basic sequence (qn)nen and invertible operator A. Let (gn)nen
be the coefficient sequence of (gn)nen and let g be the formal power series defined
by g(t) := Y o o gnt™. Then the following formal generating function identity
holds:

oo

3 sale) " = f(g(t) * 90,

n=0

where A = f(D).

Proof: Define s(t) := Y o> sn(z)t™. It follows from Theorem 2.2.22a that
A = Y32, sk(0)QF. Hence, by the Isomorphism Theorem 2.3.1, we have
A = 5(Q). Since go = 0, the formal power series is invertible (w.r.t. to
composition, cf. [172]). Hence, there exists a formal power series f such that
s = fog. By Theorem 2.2.22b, we have A = f(g(Q)) = f(D). The result now
follows from Corollary 2.4.6. O

Corollary 2.4.10 Let Q be a delta operator with basic sequence (gn)nen-

a) The sequence (sp)nen defined by s,(z) :== (n+ 1) nt1(2) (x #0) and
z
sn(0) := (n + 1) (gn+1)'(0) is a strict sense Sheffer sequence.

b) The sequence (wp)nen defined by wy(z) :=n an() (z # 0) and w,(0) :=
' z
nq,(0), is a wide sense Sheffer sequence.

¢) The sequence (sp)nen defined by s, := (gn+1)' is a strict sense Sheffer
sequence.

d) The sequence (wp)nen defined by w,(z) = ql, is a wide sense Sheffer
sequence.

e) (Niederhausen) The sequence (s,)nen defined by

T—an—2>b

z—b an( =)

sn(z) :=
s a strict sense Sheffer sequence.

Proof: a) Recall that ¢,(0) = 0 for n > 1 by Theorem 2.1.12e). Then (s,)nen
is a strict sense Sheffer sequence by Theorem 2.4.8b, since s, = (Q')~! ¢, by
Theorem 2.3.6d.

b) This follows from a) and Theorem 2.4.2.

d) It follows from Theorem 2.4.8a that (wy, )nen is a wide sense Sheffer sequence.
¢) By Theorem 2.2.22b, Dgpyq1 = ZZ:& Gk Gn—k- Thus sg = g1 # 0 and
(sn)nen is a strict sense Sheffer sequence by Theorem 2.4.4 or Remark 2.4.5.
e) First note that (E~°¢,)nen is a strict sense Sheffer sequence by Theo-

rem 2.4.8b. By b) and Theorem 2.4.8a, (n%_gﬂ) \ is a wide sense Sheffer
ne
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sequence. Since linear combinations of wide sense Sheffer sequences are wide
sense Sheffer, the decomposition

r—an—2>b an

gn(z —b)

shows that (sp)nen is a wide sense Sheffer sequence. A closer look at the
decomposition reveals that degs, = m, thus (s,)nen is even a strict sense
Sheffer sequence. O

We now extend the Expansion Theorems 2.2.21 and 2.2.22 to strict sense Sheffer
sequences.

Theorem 2.4.11 Let (sn)nen be a strict sense Sheffer sequence with delta
operator Q) and let A be the linear operator on P defined by A g, := sn.

a) For all p € P, we have

p=_ (A7 Q*p)(0) sk.

k=0

b) If T is a linear shift-invariant operator, then

T = i (T's(0)) A~1 QF

k=0

Proof: a) Apply Theorem 2.2.21 to p= A (A‘1 p) and use shift-invariance.
b) Apply Theorem 2.2.22 to T = A~! (AT) and use shift-invariance. O

Theorem 2.4.8 enables us to generalize Theorem 2.3.10 to strict sense Sheffer

sequences. A generalization to wide sense Sheffer sequences is not possible (see
Remark 2.4.13).

Theorem 2.4.12 Let () be a delta operator with basic sequence (gn)nen. Let
(8n)nen be a strict sense Sheffer sequence for Q and let A be the linear operator
on P defined by A g, := s,,. The following are equivalent for a sequence (7, )nen
of polynomials:

a) (Tn)nen 15 a strict sense Sheffer sequence and there exists a basic sequence
(Pn)nen such that r, = Ap, for alln € N.

b) there exists a sequence (Yn)nen with yo = 0 and y1 # 0 such that rn =
Zzzo ’Yﬁ* sy for allm € N.

Proof: ‘a = b’ Since (pn)nen is a basic sequence, Theorem 2.3.10 yields the
existence of a sequence (Vn)nen With 9 = 0 such that p, = Y ;_, ¥R g for
all n € N. Since deg p; = 1 (Remark 2.2.14), we have y; # 0. Since A g, = s,
for all n € N, it follows that r,, = Ap, = Y ;_, 7** sk for all n € N.
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‘b = a’ Define polynomials p, (n € N) by p, := > 7_; 7** gx. Since 7o = 0
and 71 # 0, it follows from Theorem 2.3.10 and Theorem 2.2.19 that (pn)nen
is a basic sequence. Moreover, it is obvious that A p, = r, for all n € N since
A gpn = 8p. It follows from Theorem 2.4.8b that (r,)nen is a strict sense Sheffer
sequence. O

Remark 2.4.13 There exists no analogue of Theorem 2.4.12 for wide sense
Sheffer sequences (7, )nen. First of all, it is necessary that (s,)nen is a strict
sense Sheffer sequence: if (¢, )nen is not a basic sequence, then the operator A
need not exist (cf. Remark 2.1.13b). Suppose (s, )nen is a strict sense Sheffer
sequence and 7, = Zl':o vk s for all n € N. If 4y # 0, then (rp)nen is
a strict sense Sheffer sequence by Theorem 2.4.12. If 4; = 0, then the proof
of Theorem 2.1.12c¢ yields that degr, < [n/2] for all n € N. It follows from
Theorem 2.4.2 that (r,)nen cannot be a wide sense Sheffer sequence.

As a corollary to Theorem 2.4.12, we now derive a Rodrigues Formula for strict
sense Sheffer sequences (cf. Theorem 2.3.6d). This form of the Rodrigues
Formula is due to Avramjonok (see [13]).

Theorem 2.4.14 (Avramjonok) Let Q be a delta operator with basic se-
quence (qn)nen- Let (sp)nen be a strict sense Sheffer sequence for Q and let A
be the linear operator on P defined by Aq,, := s, for all n € N. Then we have

nsy(z) = (:1: @) '+t A A_l) Sn—1(z). (2.5)

Proof: By Theorem 2.3.6d, we have ngn(z) = z (Q') ™" gn_1(z) for all n >
1 and all z. Writing ¢« = A™' Agr (k = n — 1,n), we obtain ns,(z) =
Az (Q')' A ls,_i(z). By the definition of Pincherle derivative, we may
write Az = z A+ A'. Substituting this into the expression for n s,(z), we
obtain the result. O

We conclude this section with a probabilistic subclass of Appell polynomials.

Definition 2.4.15 Let X be a random variable with finite moments of all or-
ders. The Wick polynomial sequence associated to X is the unique sequence
(Pn)nen of polynomials satisfying:

1. Dpp =pn-1 forn >1
2. Epn(X) = 5()",
where D denotes the differentiation operator and 8y, the Kronecker delta.

Since A, defined by A(p) := E p(X) is a linear functional on P such that Al =1,
it follows from Lemma 2.4.7 with @ = D and Theorem 2.4.8 that (p,)nen is a
(well-defined) strict sense Sheffer sequence.

Wick polynomials occur in quantum mechanics and in probability theory. In
the latter case, they are used for noncentral limit theorems (see e.g. [12, 106]).
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Theorem 2.4.16 Let X be a random wvariable with distribution function F
such that its moment generating function ff; e?t dF(t) is analytic on some
disc in the complex plane. Then the Wick polynomials (pn)nen associated to
X possess the following generating function:

eZ.’E

et dF(t)

— 00

:L;)pn(X)Z” = /

Proof: let A be the linear operator on P defined by Azfacn := p, for all
n € N. First note that by Theorem 2.2.22a, we have A = 3 7o pr(0) Q*. and
By Theorems 2.2.7 and 2.4.10d, we have

~ ) B n . o " . ) " .
A lzg(A 1%)(0)0 =1§)A(;L—!—)D :gE(H)D.

The result now follows from Theorem 2.3.1 and Corollary 2.4.6, since un-

der the conditions of the theorem the moment generating function equals
Yo E(X™) & o

Examples 2.4.17 1. If X is distributed according to the standard normal
distribution, then its moment generating function equals e’ Thus the
Wick polynomials for the standard normal distribution are the Hermite
polynomials (cf. Example 2.4.3a).

2. If X is distributed according to the uniform distribution on [0, 1], then its
moment generating function equals (e* — 1) /z. Thus the Wick polyno-
mials for the uniform distribution on [0,1] are the Bernoulli polynomials
(cf. Example 2.4.3a).

The standard theory of Wick polynomials can be derived easily from the theory
of this section (cf [12, 106]).

We conclude this section by remarking that Al-Salam and Verma have gen-
eralized Sheffer sequences by considering sequences of polynomials satisfying
Qsn = sp—r (r €N) for a delta operator Q (see [7]).

2.5 Cross sequences and Steffensen sequences

In the previous section we extended the notion of basic sequence by relaxing one
of the defining properties. In this section we extend the notion of basic sequence
by adding an extra parameter. This extra parameter comes in naturally for
basic sequences connected to probability distributions. E.g., for the Poisson-
Charlier polynomials this extra parameter is the parameter of the underlying
Poisson distribution and for the Hermite polynomials it is the variance of the
underlying zero-mean normal distribution. This section unites and extends
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the results of [183], [202, Section 5.3], [210, Section 8] and [38]. New is the
introduction of semigroups of shift-invariant operators.

In this section we assume that the polynomials are defined on R and have
real coefficients. We also assume that each sequence of polynomials (p,)nen
satisfies deg p, = n. Unlike the previous section, there is no use in considering
weak and strong versions of cross or Steffensen sequences.

Definition 2.5.1 A sequence of polynomials (qL)‘]) N 1s said to be a cross
ne

sequence if
a) (qk\]) N s a sequence of polynomials for fized ).
ne

b)

Qe +y) =3 @) (v) (2.6)
k=0

for alln € N and all z,y, A\, p € R.

It is obvious that any sequence of polynomials with (formal) generating function
of the form

i QL)‘](J/') L e/\ h(t) A(t)e® g(t)
n=0

is a cross sequence. Also note that (qLA]) N is Sheffer for fixed A and that
ne

(qL)‘ ](a:)) N is a cross sequence in the variable A with parameter z.
ne

We now wish to give a characterization of cross sequences in terms of shift-
invariant operators. Since this involves (semi-)groups of shift-invariant opera-
tors, we digress a little bit by studying these semigroups.

Definition 2.5.2 A family (T})i>0 of linear shift-invariant operators on P is
a semigroup if Tsy =T Ty for all s,t > 0.

Theorem 2.5.3 If (T}):>o is a semigroup of linear shift-invariant operators
on P, then Ty is invertible for all t > 0 and hence, (T})1>0 can be extended to
a group (Ty)ier.

Proof: It follows from Corollary 2.2.9a that there exist non-negative integers
n(t) such that deg(T;p) = max{—1,deg(p) — n(t)} for all ¢t > 0 and all p € P.
The semigroup property implies that n(s + t) = n(t) + n(s) for all s,¢ > 0.
Hence, n(t) = 0 for all t > 0, since n(t) is integer-valued for all ¢ > 0. Thus T;
is invertible for all ¢ > 0 by Corollary 2.2.11. Define Ty := I and T} := (T_;) ™!
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for all t < 0. Then (T})ier is a group, since obviously T4y = T T3 for all
s,t € R O

We now expand the operators T} into powers of D as in Theorem 2.2.7 and
study the coefficients of these expansions.

Theorem 2.5.4 Let (T}):>0 be a semigroup of linear shift-invariant operators
on P and let the functions an(n € N) be defined by T, = Y o> an(t) D™ for all
t >0 and alln € N. Then:

a) the sequence (an)neN s @ sequence of functions of convolution type.

b) if (an)nen is a sequence of measurable functions, then there exists a linear
shift-invariant operator T on P such that Ty = €T for all t > 0 and
(T})t>0 can be extended to a group (Tt)icr.

Proof: a) This follows from

o0
Zan(s+t)D" =T =T, T, =
n=0

Z am(s)D™ Z ar(t) D" = Z Z ak(s) an—k(t) D™

r=0 n=0 k=0
for all s,t > 0.
b) By Theorem 2.1.8, the measurability of a, 1mphes that there exist an a € R

and a sequence of real numbers (g )nen such that an,(t) = e S heo 9k %

Define the linear shift-invariant operator T on P by T := al + > poy gk DF.
Then

P <ta1+tigﬂ)= (Zt a z) (i o Z m*Dr> _

r=0 k=0

(Z i gr™* tm r) _ eat i a,(t) D" =T,.

r=0 m=0

Moreover, we may extend (T})i>o to a group (T})iec by setting T; := et for
allt € C. .

The operator T of Theorem 2.5.4 is called infinitesimal generator of the
semigroup (T})s>0 in standard semigroup theory.

The following theorem describes when the functions a, of the above theorem
are measurable.

Theorem 2.5.5 Let (T})1>0 be a semigroup of linear shift-invariant operators
on P and let the functions an(n € N) be defined by Ty, = > an(t) D™ for all
t > 0 and all n € N. Then the following are equivalent:
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a) the functions a, are continuous.
b) the functions a, are measurable.

¢) limyg (I‘—tflp) (z) = Tp(z) for all p € P and all z € R, where T is the
infinitesimal generator of (T%)i>o0-

d) limyjo (Tip)(z) = p(z) for allp € P and all z € R.

Proof: ‘a = b’ This is trivial, since continuous functions are measurable.
‘b = ¢’ By Theorem 2.5.4, we have

. Tt—I T etT—I T 1 = n
bm = p(z) =lim — p(z) =lim < (tT)" p(z) = T p(=),

n=1
since there are only finitely many nonzero terms in the summation.
‘c = d’ This is trivial.
‘d = o’ Note that (T;z")(0) = Y p_, ax(t) (DF2)(0) = an(t) for all ¢ > 0
and all n € N. Hence, lim;|¢ an(t) exists for all n € N. Now Theorem 2.5.4a
and Remark 2.1.10g yield that a,, is continuous for all n € N. O

We now return to cross sequences. The following theorem characterizes cross
sequences as the orbit of a basic sequence under a group of shift-invariant
operators.

Theorem 2.5.6 ([210]) A sequence (qE‘]) N s a cross sequence if and only
ne
if there exists a delta operator Q) with basic sequence (gn)nen and a group of

shift-invariant operators (T)ier such that qL)‘ = T qn.

Proof: ‘=’ If (q,[f‘]) N is a cross sequence, then it follows from (2.6) and
ne

Theorem 2.2.19 that (q,[10 ]) N is of convolution type with delta operator @,

ne
say. Moreover, by setting 4 = 0 in (2.6) we see that for fixed A, (qk\]) . is
ne

a Sheffer sequence with delta operator () and invertible operator T, say. In
order to show that (T}):cr is a group of linear operators, it suffices to show that

Tr+pqn = T2 Ty gn. By Theorem 2.4.4 and Remark 2.4.5a, we have qL)‘](m) =

> o qL'\lk(O) gr(z). Since T g, = q,[{\], it follows from Theorem 2.2.22a that

Th=3 100 qL}‘](O) Q*. Now Ty gn = To T, gy, follows from (2.6) with z = 0.

‘<=’ First note that since T} is an invertible shift-invariant operator, (q,[{\]) N
: ne

is a strict sense Sheffer sequence for fixed A. Hence,
EY (@) = 3 4. (y) dn-i(@)-
k=0

Applying the shift-invariant operator T}, to both sides of the last equation, we

obtain that (qk\]) N is a cross sequence. O
ne
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Theorem 2.5.7 Let (qL)‘]) N be a cross sequence. Then each polynomial p
ne
can be expanded as

p=>_ (TaQ)(0) g} (2.7)

n=0

where Q and (qn)nen are as in Theorem 2.5.6.

Proof: This follows directly from Theorem 2.4.11, since (qL'\]) N is a Sheffer
ne

sequence for fixed A. O
Examples 2.5.8 Examples of cross séquences include:

a) (Hermite polynomials): Q = D, T) = e“%/\Dz (see [202, pp.87-97]
for more details). The more general cross sequence with T = e~ "
is studied in [183]. Their formulas follow directly from the results of
Section 2.4 and 2.5. E.g., the Rodrigues Formula for Sheffer sequences
(Theorem 2.4.14) yields

sn(z) = zsp_1(x)+mAD™? A D™ gn—1
T8p_1(x) +mAD™ s, 1(x)

Z S$n—1(z) + M A sp—m(z),

l

1

which is [183, Formula (5.2)].

b) (Bernoulli polynomials): Q =D, T\ = (eD - 1)/D)_)‘ = (D/(eD -
1)))‘ (see [202, pp. 93-100] for more details).

c) (Euler polynomials): Q = D, T, = ((eD + 1)/2)_’\ (see [202, pp.
101-106] for more details.

s . s . _ D _ = (eD — 1)
d) (Poisson-Charlier polynomials): Q = e& — 1, T\ = e .
This differs a factor A™ from the ordinary definition of Poisson-Charlier
polynomial (see [202, pp. 119-122] for more details).

e) (actuarial polynomials): Q =log(1— D), Ty = (1— D)’\ (see [202, pp.
123-125] for more details).

Definition 2.5.9 A sequence of polynomials (sg‘]) N 1s said to be a Stef-
ne

fensen sequence if

a) (S[Ti\])neN s a sequence of polynomials for fized A.
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b) there exists a basic sequence (qn)nen such that
sz +y) = Z (@) g™ (v) (2.8)

for alln € N and all z,y, A\, p € R.

Theorem 2.5.10 Let ( A ]) N be a sequence of polynomials for fired A. Then
ne

the following are equivalent:

a) (sg‘]) is a Steffensen sequence
neN .

b) there exists a cross sequence (qk\]) N and an invertible shift-invariant
ne
operator A such that s[)‘] = qk\] foralln eN
¢) there exists a group (T})iecr of linear shift-invariant operators and a Shef-
fer sequence (sp)nen such that sk\] =T, 8p.
Proof: ‘a = b’ Setting A = z = 0 in (2.8) we see that st = Yoo S ](0) qn_
Note that sgj] # 0, since (sﬁ”) N is Sheffer. Hence, s[”] = Aq,[z], where A is
ne

the invertible linear shift-invariant operator defined by A := "7~ SECO](O) Q*k.
‘b = ¢’ This follows directly from Theorem 2.5.6.
‘¢ = a’ By Theorem 2.5.6, we have

sz 4y) = BV AgR ¥ (2) = E¥ A <Z %, (ﬂlc qn k) Z qn k S[A]

This concludes the proof. O
Example 2.5.11 As an example of a Steffensen sequence we mention the La-

guerre polynomials @ = D/(D —I), A=1—- D, Ty = (I — D)* (see [202, pp.
108-113] for more details).

Theorem 2.5.12 Let (s[,f‘]) N be a Steffensen sequence. Then each polyno-
ne
mial p can be expanded as

i AT\ Q)( (2.9)

where @ and (qn)nen are as in Theorem 2.5.10.

Proof: This follows directly form Theorem 2.4.11, since (sg‘ ]) N is a Sheffer
ne

sequence for fixed A. O
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Theorem 2.5.13 ([38]) If (sk\]) \ is a Steffensen sequence and o, is @
ne

sequence of real numbers, then (s[rf"]) N 1s a Sheffer sequence if and only if
ne

there exists real numbers a and 3 such that o, = a + Bn.

Proof: By Theorem 2.5.10, there exists a Sheffer sequence (sp)nen for some

delta operator @ and a group of linear shift-invariant operators (T})icr such
that sk\] =T s,,. Hence, ngf"m"] = QTa+pn =TotpnsSn—1 =13 sLajlﬁ("—l)].

In other words, (s[,‘er'G "]) N is Sheffer for the delta operator T_g Q. For the
ne
converse, see [38]. a

Example 2.5.14 For the Laguerre polynomials (Lg{\ ]) . it is easy to com-
€

n

pute that LLZ _"](/\) is the n*"* Poisson-Charlier polynomial of Example 2.5.8d.



Chapter 3

Applications of the Umbral
Calculus

In this chapter we present a miscellany of new applications and new results
concerning Umbral Calculus and polynomials of convolution type.

In Section 3.1 all sequences of polynomials of convolution type are determined
such that g,(1) = ¢ for all n > 1. Section 3.2 shows how the theory of Chapter
2 yields identities with binomial coefficients. Moreover, a new proof of a result
by G. Labelle on polynomials of convolution type is given. In Section 3.3 prob-
ability distributions arising from polynomials of convolution type are studied.
The calculation of moments of these distributions (which is of importance for
approximation theory) will be calculated using the operator methods of Chap-
ter 2. A simplified proof of the classification of orthogonal Sheffer polynomials
is presented in Section 3.4. In Section 3.5 polynomials of convolution type
are related to semigroups of probability measures. It transpires that in this
context umbral composition can be interpreted as subordination. It is shown
in Section 3.6 that each shift-invariant operator can be written as an integral
operator. As a corollary, a characterization of Sheffer sequences due to Shef-
fer is obtained. This representation is shown to be connected with moment
problems. Finally, in Section 3.7 we study natural exponential families from
an umbral point of view. It is shown that the variance function of a natural
exponential family is intimately related to the delta operator of its associated
Sheffer sequence. In fact, we will see that the classification of natural exponen-
tial families with quadratic variance function coincides with the classification
of orthogonal Sheffer polynomials of Section 3.4. We will also see how natural
exponential families are related to exponential operators appearing in approx-
imation theory.

Contents of Chapter 3

3.1 Polynomials with ¢,(1) = ¢ for n > 1.
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3.2 Applications to combinatorial identities.

3.3 Discrete probability distributions.

3.4 Orthogonal Sheffer polynomials

3.5 Moment sequences

3.6 Shift-invariant operators and integral operators

3.7 Natural exponential families

3.1 Polynomials with ¢,(1) = ¢ for n > 1.

In this section we determine all sequences (gn)nen of polynomials of convo-
lution type such that g,(1) = c for n > 1. Recall from Theorem 2.1.14 that
polynomials of convolution type are determined by the numbers ¢,(1).

Theorem 3.1.1 If (gn)neN is a sequence of polynomials of convolution type
such that g,(1) = ¢ for n > 1, then

w@ =3 (§) -t (11

k=0

Proof: First note that there exists a unique sequence of polynomials of convo-
lution type such that g,(1) = ¢ for n > 1 by Theorem 2.1.14 with z,, = 1 for all
n € N. Both ((¥) (¢ - 1)")7”EN and ((mz"))neN are of convolution type (see Re-
mark 2.2.18), so their convolution is also of convolution type by Remark 2.1.3e.

Since Y po (c — 1)k (liﬁ;k) = ¢ for all n > 1, the theorem follows. O

Remarks 3.1.2 : a) Another way of proving Theorem 3.1.1 is to use gener-
ating functions:

[o o] oo 1
an(l)z"=1+cZz":1+ €z =1+ (c—1)2) .
n=0 n=0 1-2

1—=2

The theorem now follows by observing that

i(m-i—n—l) (c=1)"z" =14+ (c—1)2)"

n
n=0

S ()

b) It follows from a) that

j; o) = (D) gy

and
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cz
1+(c—-1)z
function and (n! g, )nen is a sequence of polynomials of binomial type with the
renewal property in the terminology of [224].

with f(z) = If 0 < ¢ < 1, then f is a probability generating

Examples 3.1.3 : a) If ¢ = 1, then ¢,(z) = (’H'Z‘l) (see Example 2.2.16c¢).
- —k
b) If ¢ = 2, then ¢,(z) = Z (w) (z tn ), the Mittag-Leffler polynomials
= k n—=k
(see [202, p. 75-76] note that the calculation on p. 76 contains an error).

3.2 Applications to combinatorial identities

In this section an identity for convolutions of sequences of numbers (in some
field of characteristic zero ) will be derived. Moreover, the theory of polyno-
mials of convolution type of Chapter 2 will be used to calculate convolutions
of such sequences. This will yield combinatorial identities.

Theorem 3.2.1 Let (Bp)nen be a sequence in some field of characteristic

zero. The r-fold convolution of the sequence (n+1 ﬁ(n+1 ) N 1s the sequence
ne

(nir $L"+T)*)neN. In particular, the following holds for 1 <i,j < mn:

n

LtJ  p(ntiti)x
n+i+jﬁ" Z

(m+i)* /B(n m+j)*
Lo mt m —-m + j

Proof: If By = 0, then 7* = 0 for all m > n by Lemma 2.1.5a. Therefore
we may suppose that By # 0. Consider the operator T := > o2 3. D" on P.
It follows from Corollary 2.2.11 that T is invertible. Define U := T~! and
consider the delta operator @ := DU with basic sequence (gn)nen. It follows
from Theorem 2.1.8 that gm(z) = > -, g% kl,c. Since U™™ = Y2, B DT,
Theorem 2.3.6¢c yields

z . am! z Ml ey @™l
@)= U T T m Zﬂﬁ D( —1)
rm— 1-r

Comparing coefficients of ¢, yields g":‘ =pgm*, for 1 <k <m. Setting k=7
and m = n + r yields the first statement.

The second statement follows from the first statement and Remark 2.1.14c. O

Using Lagrange inversion, Steutel derived a similar convolution identity and
some extensions (see [232]).
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Theorem 3.2.1 in itself yields interesting identities. However, more insight can
be obtained by relating Theorem 3.2.1 to a non-abelian group structure on the
set of sequences of polynomials of convolution type introduced by G. Labelle
(see [140, Proposition 1]). We first need a lemma. The proof of Lemma 2.2.2
was shown to the author by Piet Bruinsma.

Lemma 3.2.2 Let P be a polynomial in two variables with coefficients in some
field K of characteristic zero such that P(l,m) = 0 for all ,m € N. Then
P=0.

Proof: Denote the coefficients of P by a;;, i.e. P(z,y) = ZZ;’:O ai; Tyl
Consider the matrix P, defined by P(i,j) := a;j, acting on K"*!. For each
I,m €N, we have (1,1,...,I") P((1,m,... ,m™)*) = 0. It follows directly from

Vandermonde’s determinant that the vectors (1,1,...,I"), | = 1,...,n, are
a basis for K"*!. Hence, (1,m,...,m™) belongs to the kernel of P for each
m € N. Therefore P is the zero matrix and P = 0. a

The following theorem was proved for basic sequences in [210, Proposition 4].
An extension to sequences of polynomials of convolution type was given in [140,
Proposition 2]. We present here a new proof based on Theorem 3.2.1.

Theorem 3.2.3 If (gn)neN s a sequence of polynomials of convolution type,
then for all a both ( %= gn(z + na) nen and (zfm gn(—z — na))neN are se-

quences of polynomials of convolution type.

Proof: If a = 0, then there is nothing to prove. If gy = 0, then the result follows
from Lemma 2.1.7. Suppose g9 # 0 and a # 0. It follows from (2.1) that
(7n)nen, defined by r,(z) := gn(az) for all n € N, is a sequence of polynomials
of convolution type. It follows from Theorem 2.1.8 that p,(z) := . _T_ nrn(x-i—n)
is a polynomial in z for all n € N. Define 8, := r,(1) for all n € N. It follows
from (2.1) that B¥* = 7, (k) for all k,n € N. Fix an arbitrary n € N. Define the
polynomial P in two variables by P(z,y) := pn(z +y) — 2;120 P (@) Pn—j(y).
It follows from Theorem 3.2.1 that P(l,m) = O for all [, € N. By Lemma
3.2.2, P = 0. Since n was arbitrary, it follows that (p,)nen is a sequence of
polynomials of convolution type. By Remark 2.1.10b we have for all u, v:

u—+v
wtogndn@uty)tan) =

n

u v
kgo — 5 @e(au + ak) ———— gn_i(av + aln — k).

Multiplying the numerators and denominators of the above identity with a and
taking * = ua and y = va, we obtain for all z,y:

T+y

—_— —+ =
w+y+naqn($ y +an)
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kg e ( Fak) e gy Fa(n — ).

Thus, (?—T—EEE gn(z + na,)) N is a-sequence of polynomials of convolution type.
ne

For the second statement note that (un)nen, defined by u,(z) := gn(—z) for all
n € N, is a sequence of polynomials of convolution type by Theorem 2.1.8 and
Remark 2.1.10b. Applying the first statement to (uy,)nen instead of (¢n)nen
yields the second statement. O
Examples 3.2.4 a) If g,(z) = %, then 2% gn(z +na) =z (z + na)""1/nl,
the n* Abel polynomial.

If gn(z) = (%), then —Z— gn(x + na) is called the n'* Gould polynomial.

z+na

Remark 3.2.5 It is possible to derive Theorem 3.2.3 from [210, Proposition 4]
in case the coefficients are real or complex. This proof is due to Aart Stam
(private communication). Let (¢n)nen be a sequence of polynomials of convo-
lution type. If g; # 0, then deggq, = n for all n € N by Theorem 2.1.12a and
the result follows from Theorem 2.2.19 and [210, Proposition 4]. If g; = 0, then
we define a sequence of complex numbers (hp)nen by hn := g, if n # 1 and
hy :=¢e(e #0). Then (h,)nen is the coefficient sequence of a sequence (7, )nen
of polynomials of convolution type with degr, = n for all n € N. Letting ¢ go
to zero and applying Lemma 2.1.5¢, we obtain the desired result.

For examples of identities arising from Theorem 3.2.3, see Examples 3.2.7.

We now use Theorem 2.3.10 to calculate convolutions of scalar sequences.

Theorem 3.2.6 Let (B,)nen be a sequence in some field of characteristic zero
with By = 0 such that the following holds: there exists sequences of polynomials
of convolution type (pn)nen and (gn)nen such that B, = an1 for alln € N,
where the numbers a, i are defined by p, = ZZ=0 Gn,k qr. Then BE* = G,k
for all k,n € N.

Proof: This follows directly from Theorem 2.3.10. 0

Examples 3.2.7 a) Consider the basic sequence ((’:.))n eN of Example 2.2.16b.
By definition ([199, p. 33]), (%) = Yoy %s(n,k)%, where the numbers
s(n,k) are the Stirling numbers of the first kind. If g, := s(n,1)/n! =
(=1)"71/n, then g** = s(n,k) by Theorem 3.2.6. Thus Remark 2.1.3c yields

after some simplifications:

(f) sn, k) = Zn: (:1) s(m,i) s(n —m,k —1).

m=0

Similar identities can be obtained for the signless Stirling numbers of the first
kind and the Stirling numbers of the second kind.



54 Applications of the Umbral Calculus

Applying Theorem 3.2.3 we obtain the following identity for Gould polynomials
(see e.g., [210, Section 12]):

T+y z+y—an\)
rT+y—an n N

> 22 () s ()

A similar identity holds for the upper factorials of Example 2.2.16c.
The sequence of polynomials < z (m B an)) is the basic sequence of
neN

z—an \ n

the operator E*(E — I) (cf. [210, Section 12]). Since

e @-nr ((75") o= ("),

Lemma 2.2.21 yields

z"% _ (w—ak) (—an(n_—kk)> _ (w —nan>

The above identity can also be obtained by noting that ((z_‘"‘))n cn is a Sheffer

sequence for the delta operator E*(E — I) (Definition 2.4.1) and by applying
Theorem 2.4.4. For a generalization of this identity, see [210, p. 736].

b) Consider the basic sequence (%)n N Then Theorem 3.2.3 yields another
proof of the Abel generalization of the Binomial Formula (cf. Remark 2.2.18d).
c) Consider g(z) = 1 (1 -(1- 4z)%), the generating function of the Catalan

numbers C, = £ (2:__12) (n > 1). It is not easy to calculate convolutions of

the Catalan numbers directly. Consider the compositional inverse of g. This is
f(2) = z — 2%. Let Q be the delta operator D — D?. It follows from Theorem
2.2.22b that @ is the delta operator of the basic polynomials (g,)nen whose
coefficient sequence is the sequence of Catalan numbers. Theorem 2.3.6 yields

m() =21~ D)"“—%Z( ISR
k=

13 (n+k—1 1 nek N [(2n—i-—1

n 2:: ( k )(n—l—k)!z _; n—i )
Thus, Ck* = £ (Znn kk 1) for 1 < k < n (cf. the approach in [174]). Note that
the Catalan numbers are related to the Bessel polynomials introduced by Krall
and Frink (see [202, sect. 4.1.7, pp. 78-79]).
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3.3 Discrete probability distributions

In this section we study discrete probability distributions that arise from a
general construction with polynomials of convolution type. These distribu-
tions arise as conditional distributions and in approximation theory (references
are given below). We will show how to use Umbral Calculus for computing mo-
ments of these distributions. The approaches of [74] and [241] are presented.

Let (gk)ren be a sequence of polynomials of convolution type with real coeffi-
cients. Fix n, a, and g such that

1.n>1
2. Qn(a+ﬂ)5é0

3. (gx(a) gn—1(8))/(gn(a +B) 2 0
4. a#0
5. 8#0.
Denote by P2 the probability distribution on {0,1,...,n} with
pabipy = () dnr(B) 31
" {k} PRCEY) (3.1)

Examples 3.3.1 Examples of probability distributions of the form (3.1) in-
clude:

a) If gp(z) = Z—’: and o, 3 € N, then

e ) () (%)

Hence, P*# is the binomial distribution with parameters n and o/(a +

B)-
b) If g,(z) = (¥) and o, B € N, then

() (.2

(%)

n

PPk} =

Hence, if o, B are positive integers, then P%” is the hypergeometric dis-
tribution with parameters n, a, and 3.
c) If gu(z) = (”Jr"_l) and o, € N, then

n
(%) Y
(a+ﬁ+nj1)

n

Pk} =

Hence, PP is the Pélya-Eggenberger distribution (see [128, Chapter 9,
Section 4]).
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d) If go(z) = z(z —an)™ ! (a < 0) and o, B > 0, then P®P is the quasi-
binomial distribution (see [65]).

We now calculate the first moment of the distribution P*# defined above. By
definition, the first moment of P2 equals

0,8 gk () gn—1(B)
ka {k} = Zk By Py

Theorem 3.3.2 Let P** be the probability distribution defined in (3.1). Then
the first moment of P& equals na/(a + f3).

Proof: We give two proofs.

First proof: define the wide sense Sheffer sequence (wi)ren by wi(z) =
kz~! gr(z) (see Example 2.4.10a). Applying Theorem 2.4.4b to (wi)ken yields
Yo kot qe(@) gn_r(8) = (a + B) "' ngn(a + B). Hence, the first moment
equals na/(a+ B).

Second proof: define the linear operator T on P by Tqm := Y _peo k qr(Q) gm—+k
for all m € N. Then the first moment of P2 equals (T'qn)(8)/qn(c + B). It
follows from the Expansion theorem 2.2.22 that T = Y >°_ (T'gm)(0) Q™ =
S _oMgm(a) @™, which equals a E* ¢'(Q) @ by Corollary 2.3.2. We there-
fore have (T'qn)(8) = (¢ E* Y p_y k gk qn—k) (8). By Theorem 2.3.6e, the first
moment of P%# equals na/(a + B). O

Remark 3.3.3 The formula for the first moment of P2# is formula 17 of [140].
The proof in [140] uses formal generating functions. The proofs of Theorem
3.3.2 are therefore new proofs of this formula.

If Y ) gn 2™ has a positive radius of convergence, gn > 0 for all n € N and
both a and B are non-negative real numbers, then a probabilistic proof of
Theorem 3.3.2 is possible. Take § > 0 such that ) .o g, 6™ < co. Let X

and Y be independent random variables with P(X = k) = 6* qk(a)e—ag(e)
and P(Y = h) = 0" q4(B) eB9(9). 1t follows from Theorem 2.1.12d that
S P(X =k) =32, P(Y =k) = 1. Then

PX=K)PY =n-k) _ g(e)g. s(9)
PX+Y =n) glat )

Suppose a and (3 are rational. Then there exist r,s € N and M € R such
that & = /M and 8 = s/M. Define random variables X;(i = 1,...,r + s)
by P(X; = k) = 6% q,(1/M) e=90)/M The convolution property of the
polynomials g implies that X has the same distribution as X; + ... + X, and
that Y has the same distribution as X, y1+....4+Xr45. Since E(X;+...4+ X, 45 |
X+Y=n)=EX+Y |X+Y=n)=n,wehave E(X | X +Y =n) =
rn/(r+s) = an/(a+ B). The general case where a and 3 are real follows from
a continuity argument.
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A characterization of probability distributions of the type P(X = k| X +Y =
n) can be found in [110]. There are examples of polynomials of convolution
type such that gr(a) gn—&(8))/gn(a+ B8) = P(X = k| X +Y = n) yields
known distributions. For the Abel polynomials z (z — an)™!/n! see [65], for
the Gould polynomials from Example 3.2.4b) (cf. [210, Section 12]), see [125].
For applications of these probability distributions, we refer to [64, 66, 67].

We can now calculate the second moment of P®#. As is often the case with
discrete distributions, it is easier to calculate descending factorial moments than
moments (cf. [128, p. 19]). We use the idea of the second proof of Theorem
3.3.2.

Theorem 3.3.4 Let P> be the probability distribution defined in 3.1. Then
the second factorial moment of P* equals
a

gn(a+ B)

Proof: Define the linear operator V on P by V g, := Y, k(k—1) gx(c) gn—s
for all n € N. Then the second descending factorial moment of P*# equals
((Van)(B))/an(a + B). 1t follows from the Expansion Theorem 2.2.22 that

(B2@* {g"@+a(¢'@)"} 0.) B). (3.2)

V=> (Vg)0)Q" =) n(n—1)gn(a) Q™
n=0 n=0 .

The formal generating formula 2.1.12d yields
S nln - D gu(e) 2" = 22 17 () = 022609() [g(2) 4 a(g'(2))*}.
It follows from the Isomorphism Theorem 2.3.1 that
v=a@?e {4Q) +a(g (@)}

Since g(Q) = D by Theorem 2.2.22b, we have e@9(Q) = po by Example 2.2.8a.
Putting everything together yields the result. O

The following method of calculating moments is adapted from [241], where it
is used in the context of approximation operators (cf. [182]). These operators
are defined for continuous functions on [0, 1] by

T 2 ) nos(1 =) f(0/),
k=0

(Ln f)(z) = an

where (gn)nen is a sequence of polynomials of convolution type with g,(z) > 0
on [0,1]. For obvious reasons, it is important to calculate the action of these
operators for f(z) = ™ (m € N), which is nothing but computing the moments
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of the distribution defined by (3.1). More information on Umbral Calculus and
approximation theory can be found in Subsection 3.7.2.

The Manole approach in [241] rests on the following lemmas. Note that For-
mula (3.3) only holds for m < n (cf. [241]).

Lemma 3.3.5 ([241, Lemma 1]) Let Q be a delta operator with basic se-
quence (gn)nen. Then we have for all m < n:

(PQ™ =Y S(m,k) P*Q", (3:3)
k=0
where P = z(Q')™! and S(m,k) denotes the Stirling number of the second
kind.

Proof: It suffices to check that both sides of (3.3) agree when applied to g, for
allneN.

First note that by Theorem 2.3.6d, we have Pg, = (n + 1) gn41 for all n €
N. Hence, (PQ)™ ¢, = n™gq,. By definition, the connection constants for
expressing 2™ in terms of the lower factorials! (z), =z (z—1)...(z —k+1)
are the Stirling numbers of the second kind, ie. =™ = Y[, S(m, k) (z)x.
Since for k < m < n we have P* Q* ¢, = P* q,_x = (n)k qn, it follows that

(PQ)™gn =n"gn = (Z S(m. k) <w>k> gn =) S(m, k) P* Q*qn.

k=0 k=0
This concludes the proof, since n was arbitrary. O
Lemma 3.3.6 ([241, Lemma 2]) Let P> be the probability distribution de-
fined in 3.1. Then the (*" moments of P2 equals

4

> S(t,k) P* EP gu(a + B). (3.4)
k=0

_
gn(a + p)

Proof: Let T be the linear operator on P defined by T := z (Q")~! Q. It follows
from Theorem 2.3.6d (Rodrigues Formula) that T g, = n ¢,. Hence,

> K qr(@) gnr(B) = (T‘ > ank(B) qk> (a) = (T*E” gn) (o).

k=0 k=0
Now note that T'= P Q, where P := z (Q')~!. Substituting Formula (3.3) into
the last expression, we obtain the result. O

Formula (3.4) is too general to be used for direct computations. The following
theorem presents a simplification of the special m = 2 of Formula 3.4, which
is suitable for computations. Note that P is not shift-invariant and does not
commute with shift-invariant operators.

IThere is a disagreement in notation for the lower factorials between combinatorics and
special functions. We follow the convention of combinatorics.
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Theorem 3.3.7 (Manole ([241])) Let P> be the probability distribution
defined in 3.1. Then the second moment of P3P equals

o aB@) mmuslath)
a+ 8 QH(a+ﬁ) '

Proof: It follows from z? = z + z(z — 1) that the Stirling numbers of the
second kind satisfy $(2,0) = 0 and S(2,1) = S(2,2) = 1. In the rest of the
proof we will repeatedly use the Rodrigues Formula (Theorem 2.3.6d). Since
shift-invariant operators commute by Corollary 2.2.12, we may rewrite P E°
as ¢ B (Q")~! which yields

(3.5)

Z

PEP g, j(z)=(n—j+1) —;

Gn—j+1(z + B). (3.6)

Writing

mi 5 = 1- ;j“_—ﬂ, we obtain the following convenient version of (3.6):

PEP g, j(z)=(n—j+1)EP go_ji1(z) — BEP(Q) ! gnj(2)
(3.7)

Using first (3.7) and then (3.7), we find that

P?EP qn_s(z) = P((n—1)E’qn-1(z)~BE’ Q) gu-2(2))

x
= n(n—1) g ale+0) - 2B Q)" gna(e)
= n(n=1) 54+ 8) = 2B(Q) P gns(e + )
Substituting the above into (3.4), we obtain the desired result. O

Examples 3.3.8 We now compute the second (factorial) moments of the prob-
ability distributions discussed in Examples 3.3.1.

a) For the binomial distribution with parameters n and a/(a + 3), we have
qr(z) = 3’&, Q@ = D and g(z) = z. Thus Formula (3.2) yields that the second
descending factorial moment of P®# equals n(n — 1) (a/(a + 3)))2.

b) For the hypergeometric distribution with parameters n, o and 3, we have
gr(z) = (}), @ = E* — I and g(2) = log(1 + 2). It follows that ¢'(Q) =
(I+Q)~' = (BY) ™! = B~ and that ¢"(Q) = —(I+Q)~? = —(E")? = —E2,
Thus Formula (3.2) yields that the second descending factorial moment of P%#

equals
’ o (“:/’)_1 ((—E"“2 T aB?) QP (n)) (8) =
afe=1) (a:ﬂ>_l (a:fgz) =nl-1) (a+g)(?a_+1;— 1)

c) For the Pélya-Eggenberger distribution , we have qx(z) = (Z+Z—1), Q=1-
E~!and g(z) = —log(1—2). It follows that ¢'(Q) = (I-Q) ' = (E~))"! = E!
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and that ¢"(Q) = (I — Q)~2? = (E')~2? = E~2. Thus Formula (3.2) yields that
the second descending factorial moment of P3# equals

ala+1)

") T @ BT

d) For the quasi-binomial distribution we have qx(z) = z (z — ak)*~!/k! and
@ = D E*“. Since there does not exist a closed formula for g(z), we cannot use

Formula (3.2). By Lemma 2.3.4a, we have Q' = eaD (14aD)=E*(1+aD)
and thus

(@) a2 = (@) (n-1EL

4 (@=(n=1)a)*?

= (@) =2
n—2
c—aD —a) DI (x—(n—1)a)"?
jgo (=a)’ D (n—2)!
— a3 (ate— na))*
=0

Now Formula (3.5) yields that the second moment of P2 equals

o v af : . =2 (—a(z — na))

2 —n! —a)"2 Ao )
"ot p n'(a+ﬂ)(a+ﬁ~—na)"—1( @) ; il ’
The trivial relation E(X (X — 1)) = E(X?) — E(X), the above formula imme-
diately yields that the second factorial moment of P** equals

o ap o2 = (—a(z — na))
n(n_l)a+ﬁ_n!(a+,8)(a+ﬂ—na)"_1(_a) 2; —

3.4 Orthogonal Sheffer polynomials

In this section we show how to use the Umbral Calculus for finding all orthogo-
nal Sheffer polynomials®. By Favard’s Theorem (see e.g. [58, Theorem 4.4]), a
polynomial sequence (s, )nen is orthogonal if and only if it satisfies the following
three-term recurrence relation for n > 0:

Snt1(z) = (an T — by) sp(x) — cp sp—1(2), (3.8)

where s; = 0, s¢ is a non-zero constant, and ¢, a,, a,_1 > 0 for n > 1. We must
be careful with normalizations when dealing with Sheffer sequences, because if

2 All Sheffer polynomials are orthogonal in the sense that they are orthogonal with respect
to some functional (see [210, Section 9]).
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(Sn)nen is Sheffer, then (Ansn)n>0 need not be Sheffer. Hence, we must use
the non-monic form (3.8).

The following theorem shows the relation between the three-term recurrence re-
lation (3.8) and differential equations for the delta operator and shift-invariant
operator of a Sheffer sequence. These differential equations are to be under-
stood in the Pincherle sense (cf. Definition 2.3.3).

Theorem 3.4.1 Let (sn)nen be a Sheffer sequence with delta operator Q and
invertible operator A. If (sp)nen satisfies the three-term recurrence relation

(3.8), then
1 b b b
@ = cr(2-2)e+(2-2)¢ (39)
ao ap ao az a
A= B a0 (3.10)
ap ap

If conversely Q' = dy + daQ + d3Q? and A' = dyA + dsAQ, then (85)nen
satisfies the following three-term recurrence relation:

(d3 +ds) sn—1 + dasp + disn41
Snt1(z) = (anz — by) sp(x) — cp Sp—1(x)

Proof: We make extensive use of the Operator Expansion Theorem 2.4.11 and
of the fact that ¢,(0) = 0 for n > 1, where (g, )nen is the basic sequence of Q.
In particular,

[o o]
TI = Z [T,'Sk]mzo AQk
k=0
where T is the Pincherle derivative of the operator T'. Notice that

It will be convenient to adopt the convention that g = 0 and s = 0 for k£ < 0.
Assume that (s,)ren satisfies the three-term recurrence relation (3.8). We first
apply (3.11) to T = A', which yields

A = Z [Azsk],_o AQF
k=0

[A (sk41 + be st + chse—1) |,o AQ*

£
]
=)

I
NIE
g

(2k+1(0) + b g (0) + cx qx—1(0)) AQ*

I
NE
.

@ﬁ'
<

= 20 44%20.
0 ag

a
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We now apply (3.11) to T' = (AQ)'.

AQ +A'Q = (AQ)

= > [(4Q) skl,_o AQ*

k=0

= Z[Astkz 0 Q

[AQ(sk+1 + besk + Cksk—1) om0 AQ

I
M%n
g~

ko

"“II
S)

- A + Z - (q;c ) + brgr—1(0) + crgr—2(0)) AQ*

s
= ——A+—1AQ+ AQ2
ag

Now we eliminate A’ in the last equation by using the invertibility of A and
Formula (3.10):

AQ' + A'Q = a—A+b1AQ+ AQ?
0
AQ' = lA+(b—1—b—°) AQ+<b—2——) AQ?
ag ai ap as aq
1 by b by ¢
Q = _I+(_1__0)Q+(_2_<‘_1>Q2,
ag a ap az ai

Conversely, assume that Q' = d; + d2Q + d3Q? and A’ = dyA + ds AQ. We
apply the Polynomial Expansion Theorem 2.4.11a to zs,, which yields

TSy

n+1

Z [Akasn]z:O Sk

k=0

n+1

> [(AQ"Y sn],_o s

k=0

n+1

> {((AQ") +EAQ*'Q") 5n(0)} 5i
"

Z {A'sp—1(0) + AQ' 57— k41(0)} s
e

> {(dsA+d5AQ) sk (0)+

k=0
(d1 A+ d2AQ + d3AQ?) 5n—k+1(0)} sk
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n+1
= Z {d4 Qn—k(o) + d5 qn—k—1(0)+
k=0

d1 @n—k+1(0) + d2 ¢n—£(0) + d3 gn—r—1(0)} s
_ dy 5 d; dy ds
= wrteopit eyttt T ot

= (ds+ds)sn—1+d2sn + di5nt1

Since d; # 0, this means that (s,).cn satisfies a three-term recurrence relation
of the form (3.8). a

Solving the differential equations for ) and A, we find all orthogonal Sheffer
polynomials. Thus, we have a new proof of the Meixner classification of or-
thogonal Sheffer polynomials (see [157] for the original proof, cf. [5, 57, 100,
132, 141, 206, 202]). The advantage of our proof is that it is a constructive
proof based on first principles of the Umbral Calculus. A generalization of the
Meixner classification was obtained by Al-Salam in [6], where it is shown that
the Meixner result remains true even if we consider the more general class of
polynomials with generating function Q(=, t), where Q(z,t) is a polynomial
in  and a power series in t.

It is an open problem to determine which Sheffer sequences are orthogonal with
respect to a Borel measure in the complex plane, cf. [210, p. 751]. Two such
sequences are the polynomials ™ /n!, which are orthogonal with respect to arc
length on the unit circle, and the lower factorial polynomials (see [153] and
references therein). All Sheffer sequences orthogonal on the unit circle have
been classified by Kholodov (see [132]).

3.5 Moment systems

In the work of Feinsilver (e.g. [89, 90, 91]; see also [117]) sequences (pn)nen of
polynomials appear that satisfy

o0
palt) = [ 2" dut), (3.12)
where (p¢):>0 is a convolution semigroup of probability measures (usually in-
duced by a stochastic process with stationary independent increments). It
follows directly from the Binomial Formula that Formula (3.12) implies

n

pue+ 0 =Y () mlo)pasto) (3.13)

k=0

In this section we will study when a sequence (p,)nen satisfying (3.13) admits
a representation of the form (3.12). We will show that representations of the
form (3.12) are related to umbral operators (cf. Section 2.3) and to moment
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sequences of infinitely divisible probability measures. Moreover, the relation be-
tween umbral composition and subordination of probability measures is pointed
out. Representations of the form (3.12) by groups of complex Borel measures
or by convolution semigroups of probability measures with support in [0, 00)
are also studied. At the end of this section we present some explicit examples.

This section is based on [75].

Definition 3.5.1 Let (p:):>0 be a collection of complex Borel measures on the
real line.

If ps * py = poqy for all s,t > 0 (where * denotes convolution), then (j4)i>0 is
a said to be a convolution semigroup.

If % f(z) due(z) is a measurable function of t for each bounded continuous
function f on the real line, then (ut)i>0 is said to be weakly measurable.

If ffooo f(z) dus(z) converges to ffooo f(z) duo(z) for each continuous function
f on the real line with compact support and p(R) converges to po(R) ast goes
to zero, then (p:);>0 is said to be weakly continuous.

Lemma 3.5.2 Let pp and v be probability measures on the real line. If p*v
has finite moments of all orders, then both y and v have finite moments of all
orders.

Proof: The definition of Lebesgue integrals implies that p * v has finite abso-
lute moments of ‘all orders. Let r be a positive integer. By the definition of
convolution,

/Z 81" d(p % v)(2) :/:/_Z 2 + 31" due)duly) < oo.

Hence, [%_ |z +y|" du(z)) < 0o, p-a.e. in y. Since
lz|” < 27|z +y|" +27[y[",
it follows that
o0
/ |z|" du(z) < oo.
— 00
Likewise we see that v has a finite absolute moment of order r. O

The following theorem shows that convolution semigroups of measures generate
umbral operators (cf. Definition 2.3.9).

Theorem 3.5.3 Let (p1:)1>0 be a weakly measurable convolution semigroup of
complex Borel measures on the real line having finite moments of all orders and
let (pn)nen be a sequence of polynomials of convolution type. If pui(R) = 1 for
all nonnegative t, then (gn)nen is also a sequence of polynomials of convolution
type, where

w() = [ " pu(e) duu(a).

—00
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Proof: The sequence (gn)nen is well-defined since (p¢):>0 has finite moments
of all orders. We verify that (g, )nen is of convolution type:

(s +0) = [ 5al@) et = [ [ et 9) dune) duate) =

o0

/| 5 k(&) Pak(y) dit(®) i) = 3 au(5) dn_n(t):

® k=0 k=0

If po(0) = 0, then p, = 0 for all n and there is nothing to prove. If py(0) # 0,
then pg = 1 and we have go = 1 because p;(IR) = 1. Moreover, since (p:):>0 is
weakly measurable, the functions ¢, are Borel measurable. It now follows from
Theorem 2.1.8 that (g, )nen is a sequence of polynomials. [

Remark 3.5.4 The linear operator U, defined by Up(t) := ffooo p(z) dp(z),
is an umbral operator in the sense of Definition 2.3.9. We will see in Corol-
lary 3.5.11 which umbral operators can be represented in this way.

The following two theorems describe necessary and sufficient conditions for the
existence of convolution semigroups of probability measures.

Definition 3.5.5 A complez-valued function f on the real line is negative
definite if

n

n
ch = 0 implies Z cjékf(sj - Sk) <0

k=1 7,k=1
for all nonnegative sequences s1,...,s, and all complex sequences cy,...,cCq.
A real-valued C*-function f on (0,00) is said to be a Bernstein function if

f >0 and (—1)*D*f > 0 for all integers k > 1

Theorem 3.5.6 If a continuous real-valued function f on the real line is neg-
ative definite and satisfies f(0) = 0, then there exists a weakly continuous
semigroup (ps):>0 of probability measures on the real line such that for all real

Y
—tfy) = / e~ iTY gy, (2)

Proof: This follows from [24, Chapter 2, Theorem 8.3 and Corollary 8.6]. [.

The following theorem is the analogue of Theorem 3.5.6 for convolution semi-
groups of probability measures on [0, c0).

Theorem 3.5.7 If a real-valued function f on (0,00) is a Bernstein function
and satisfies f(0) = 0, then there exists a weakly continuous semigroup (pts)1>0
of probability measures on [0,00) such that for all positive y

et fy) = /Ooo e~ %Y dyy(z)
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Proof: See [24, Chapter 2, Theorem 9.18 and Remark 9.19]. O

We now investigate which sequences of polynomials of convolution type admit
a representation of the form (3.12), i.e. can be represented as moment systems
in the terminology of Feinsilver (see [89, 91, 117]). Our first theorem relates
negative definiteness of —g to representability as moment system.

Theorem 3.5.8 Let (g, )nen be a sequence of polynomials of convolution type
with coefficient sequence (gn)nen. Suppose that
[e o]
1. Z gnz" has a positive radius of convergence

n=0

2. the function z — —g(—iz) has a continuous, negative definite extension
to the real line.

Then there exists a weakly continuous convolution semigroup (js);>0 of proba-
bility measures on the real line such that for t > 0

w®) = [ Z o)

— 00

Proof: It follows from go = 0, condition 2) and Theorem 3.5.6 that there exists
a weakly continuous semigroup (p¢)¢>o of probability measures such that

/ e 1Y dpy(z) = ot 9(—iy)

for all real y. It follows from condition 1) that there exists 7 > 0 such that g is
analytic for |z| < 7. Thus by [151, Theorem 7.1.1]

/oo T dpy(z) = ot 9(2)

— 00

for |z| < r. Since g is analytic, it follows from [151, Corollary 1 to The-
orem 2.3.1] that each p; has finite moments of all orders. Moreover, [151,
Corollary 2 to Theorem 2.3.1]) yields

ot9(2) _ /oo e duy(z) = f: (/oo :,_1: dpt(z)) o

—oo n=0 ‘Y7

for |z| < 7. It now follows from Theorem 2.1.12d that q,(t) = / x_' dps(x).
oo P!
O

We will see in Theorem 4.4.10 that condition 1) is equivalent to: there exists
7 > 0 such that for all t > 0

oo
S lanl0lr” < .
n=0

Of course, there is a corresponding result for probability measures on [0, c0).
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Theorem 3.5.9 Let (gn)nen be a sequence of polynomials of convolution type
with coefficient sequence (gn)nen- Suppose that

o0

1. E gnz" has a positive radius of convergence

n=0

2. the function x — —g(—z) has an extension to a Bernstein function on
(0, 00).

Then there exists a weakly continuous convolution semigroup (yis)i>o0 of proba-
bility measures on [0, 00) such that fort > 0

zn

4a(t) = / T a)

n!

Proof: The proof is analogous to the proof of Theorem 3.5.8 (use Theorem 3.5.7
instead of Theorem 3.5.6). O

A sequence (g, )nen of polynomials of convolution type is determined by the
numbers g,(1) by Theorem 2.1.14. The following theorem gives a necessary
and sufficient condition on the numbers n!g,(1) for the representation of The-
orem 3.5.8 to hold.

Theorem 3.5.10 Let (gn)nen be a sequence of polynomials of convolution
type. There exists a weakly continuous convolution semigroup (pu:)1>0 of prob-
ability measures on the real line such that gn(t) = [ 2 dpy(z) for t > 0
if and only if (n!@n(1))nen is the moment sequence of an infinitely divisible
probability measure on the real line.

Proof: ”=" This follows from n!g,(1) = ffooo z™ dpi(z), since py is clearly
infinitely divisible.

?«” Let p be an infinitely divisible probability measure with moment sequence
(n!gn(1))nen. By [93, Chapter 9, Section 5, Theorem 2], there exists a weakly
continuous convolution semigroup of probability measures (u:)¢>0 on the real
line such that p; = p. It follows from Lemma 3.5.2 that each probability mea-
sure y; has finite moments of all orders. Thus Theorem 3.5.3 implies that the
sequence (hy)nen, defined by h,(t) = ffooo fL—T dus(z) is a sequence of polyno-
mials of convolution type. This sequence is determined by the numbers h,(1)
by Theorem 2.1.14. Hence, h,, = gy, for all n, since h,(1) = ¢n(1). O

As a corollary we now describe when an umbral operator (cf. Definition 2.3.9)
can be represented as an integral operator. This representation differs from
the integral operator representation for shift-invariant operators in Section 3.6,
since umbral operators are never shift-invariant (except for the identity opera-
tor) by Theorem 2.3.11b.
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Corollary 3.5.11 Let U be an umbral operator. Then there ezists a semigroup
(ut)t>0 of probability measures on the real line such that

(Up) (t) = / " p(a) dus(z)

— 00

if and only if (U z")(1)),en i85 the moment sequence of an infinitely divisible
probability measure.

Proof: Define ¢, = U%. Since U is an umbral operator, it follows that (g, )nen
is a sequence of polynomials of convolution type. The result now follows from
Theorem 3.5.10. ]

The following theorem relates umbral operators to subordination of convolu-
tion semigroups of probability measures. For another relation between umbral
operators and subordination, see [222].

Theorem 3.5.12 Let (pt)i>0 and (v;)i>0 be weakly measurable convolution
semigroups of probability measures and let (pn)nen and (qn)nEN be the associ-
ated sequences of polynomzals of convolution type, i.e. pn(t f_oo & dug(x)

and g, (t) = [7 % " dv,(z). Let U be the umbral operator that maps En—, to pn
and define polynomials ry, by r, = Uq,. Then

oo mn
rn(t) =/ — dpi(z)
" oo T 4
where (p;)1>0 is the convolution semigroup subordinated to (v;);>0 by means of
(#t)tzo .

Proof: This follows from
ma(t) = Ugn(t)
| tala) dinte)

/: /_ Z yn—T dvz(y) dus(z)

where / dpt(z) v, is the probability measure resulting from subordinating

to (v¢)¢>0 by means of (u¢)s>0 (cf. [24, Section 9.20]). O

The following theorem states when a sequence of polynomials of convolution
type is generated by a group of complex Borel measures on the real line.

Definition 3.5.13 A group (u1)icr of probability measures on the real line is
said to be strongly continuous if the operators f > f x ps form a strongly
continuous group on L'(—oco, 00).

A complex Borel measure p on the real line is said to be invertible , if there
exists a complex Borel measure v on the real line such that p v = 6y, where
bo 1s the point mass at 0.
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Theorem 3.5.14 Let (gn)nen be a sequence of polynomials of convolution
type. There exists a strongly continuous group of complex Borel measures
(t)ter such that

oo 13"

w(®)= [T duto)

—oo !
if and only if (n!gn(1))nen is the moment sequence of an invertible complex
Borel measure on the real line with total mass one.

Proof: ‘=’ This follows from n!¢,(1) = [ 2™ dp (z). Note that y; is invert-
ible, since (u¢)er is a group.

‘<’ Let p be an invertible complex Borel measure with moment sequence
(n!'gn(1))nen. It follows from [95] there exists a strongly continuous convo-
lution group of complex Borel measures (pu:):cr on the real line such that
1 = p and p(R) = 1. It follows from Theorem 3.5.3 that (hy)nen, defined
by hn(t) = ffooo %,1 dui(z), is a sequence of polynomials of convolution type.
This sequence is determined by the numbers h, (1) by Theorem 2.1.14. Hence,
hn = gy, for all n, since h,(1) = g,(1). O

We conclude this section with examples of sequences of polynomials of convo-
lution type that are moment systems.

Examples 3.5.15 Explicit examples of sequences of polynomials of convolu-
tion type that are moment systems include:

1. Take p; = 6;. Then

n

wt)= [ Tas) ="

o n!

oo k
_tt
2. Take py = Z et 7 6r (Poisson semigroup). Then
k=0 ’
% gn e Ly
q"(t):/ ) = D T k= k!
—oo k=0 k=0

The ratio test yields that this series converges absolutely for all real t.

The series
2.tk

ety Kl
k=0

is known as the Dobinski Formula for the exponential polynomials (see
[202, p. 66] and [152]).

1
3. Take duy(z) = 1(g,00)() —ITt_) z'7! ¢ dz (Gamma-semigroup) . Then

— 00
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1
V27t

Then ¢,(t) = 0 if n is odd and for n even we have

1 I ——y 7 /2
= il de = ——
anlt) = o= /_ T T T on2 (n)2)!

Note that the degree of g, is less than n.

2
4. Take du(z) = e /2t gy (Brownian semigroup).

3.6 Shift-invariant operators and integral oper-
ators.

Theorems 2.2.7, 2.2.22 and 2.4.11b show that shift-invariant operators can be
represented by power series. In this section we prove that each shift-invariant
operator can be represented as a random shift, i.e. as an integral operator. This
representation will be used to give a new proof of a characterization theorem
for Sheffer polynomials (due to Sheffer) which characterizes Sheffer sequences
as shifted moments of a complex Borel measure on the real line. This section

is based on [75].

The following lemma is essential.

Lemma 3.6.1 (Boas) For each sequence (an)nenN of complex numbers, there
exist infinitely many complex Borel measures p on the real line such that

p = / N y" du(y).

— 00

(P6lya) Among these measures are discrete measures and absolutely continu-
ous measures.

Proof: Boas and Pélya stated their results for real sequences (see [27] and
[181]). Our lemma follows immediately from their results by considering real
and imaginary parts. O

If 1 is a complex Borel measure on the real line having finite moments of all

orders, then
[o.o]

(Tp)(z) = / p(z + 1) du(y)

—o0
defines a linear shift-invariant operator on the space of polynomials. The con-
verse is also true as the following theorem shows (cf. [223, formula 13].

Theorem 3.6.2 If T is a linear shift-invariant operator, then there erists a
complex Borel measure p1 on the real line such that for all polynomials p

o)

(Tp)(z) = / Pz +9) du(y).

— 00
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Proof: By the Expansion Theorem 2.2.7, we have

T = go (T %i) (0)D*.

By Lemma 3. 6 1, there exists a complex Borel measure p on the real line such

that ( ) f_ y* du(y) . Define the linear shift-invariant operator V
by (Vp)(z f_ p(z + Y du(y) for all polynomials p. Then
zk 0 yk :L'k
(v5) o=/ Haw-(r%) e
It follows from the Expansion Theorem 2.2.7 that T = V. O

Note that if T' # 0 is a non-invertible shift-invariant operator, then there does
not exist a non-negative Borel measure such that (T'p)(z) = fix;o p(z+y) duly)
for all polynomials p. Indeed, this would imply T1 = 0, since T1 # 0 is
equivalent to invertibility. Hence, u(R) = 0. Since p # 0 it follows that p
cannot be a non-negative Borel measure.

Examples 3.6.3 We present some explicit examples of representations of lin-
ear shift-invariant operators. Let &y be the point mass at 0. Recall that the
measure p of Theorem 3.6.2 is not unique.

Linear shift-invariant operator | Measure p of Theorem 3.6.2
Identity operator bo
Laguerre operator bo—e b dt
Weierstrass operator A e_tz/ 2 4t
Ver

The Weierstrass operator is the invertible operator of the Hermite polynomials
(cf. Example 2.4.3a.

Remark 3.6.4 The proof of Theorem 3.6.2 show that the existence of abso-
lutely continuous measures for the identity operator, the differentiation op-
erator, and the shift operators E*, are equivalent to the following moment
problems:

[e.o] o0
1. identity operator: / du(y) =1, / y™ du(y) =0 for n > 0.

—o0 —o0

o0 o0

2. differentiation operator: / ydu(y) =1, / y™ du(y) =0 for n # 1.

— 00 — 00

(e}
3. shift-operator E: / y" du(y) =a™.

- 00
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As Erik Thomas showed to me (private communication), it is possible to solve
these moment problems explicitly using the theory of tempered distributions.

We now use Theorem 3.6.2 to prove a characterization theorem for Sheffer
polynomials due to Sheffer (see [218, Theorem 2]).

Theorem 3.6.5 (Sheffer) A sequence (sp)nen of polynomials is a strict sense
Sheffer sequence with basic sequence (qn)nen if and only if there exists a complex
Borel measure p on the real line such that p(R) # 0 and

sn(z) = /oo gn(z +y) du(y)

— 00

for all n € N.

Proof: ‘<’ The operator A, defined by (Ap)(z) = ffooo p(z + y)dp(y) is an
invertible linear shift-invariant operator on P. Clearly s, = Ag, and hence,
deg s, = n. Moreover, sg # 0 since go = 1 and u(R) # 0. Thus (sp)nen is a
strict sense Sheffer sequence by Theorem 2.4.8b.

‘=’ If (sn)nen is a strict sense Sheffer sequence, then the linear operator A,
defined by Agq,, = s,, is shift-invariant by Theorem 2.4.8b. Thus Theorem 3.6.2

o0

yields a complex Borel measure p such that (Ap)(z) = [~ p(z +y) du(y) for
all polynomials p. In particular, s,(z) = Agn(z) = ffooo gn(z + y) du(y) for
all n. Moreover, u(R) = s9(0) # 0. _ O

The formal moment generating function of the measure p in Theorem 3.6.5 is
equal to the formal power series ) ., 5,(0) " (see [218, Corollary on p. 742]).
The following integral representation for Hermite polynomials

L[ @4y 20
H,(z) = e Y /44
(@) Vor /_oo n! Y
is an illustration of Theorem 3.6.5.

We now show that linear functionals can be represented by integrals (cf. The-
orem 2.4.8).

Theorem 3.6.6 Let A be a linear functional on P. Then there exists a complez
Borel measure p on the real line such that

Ap= [ pla)duta)
for all polynomials p.
Proof: Define (a,)nen by A ”1”1—': := a,. Define the linear operator T" on P by

T := %> ,a,D". Since (T %"i)(g) = a, for all n € N, we conclude that
Ap = (Tp)(0) for all p € P. The theorem now follows from Theorem 3.6.2 O
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The above theorem can be used to prove another characterization theorem for
Sheffer polynomials. This theorem was proved by Thorne for Appell poly-
nomials (see [236]) and extended by Sheffer to Sheffer polynomials (see [218,
p. 744)).

Theorem 3.6.7 (Thorne-Sheffer) A sequence (sp)nen of polynomials such
that deg s, = n is a Sheffer sequence if and only if there exist a delta operator
Q and a complex Borel measure 1 on the real line such that u(R) # 0, u has
finite moments of all orders, and

o0
/ (Qk sn) (z)dp(z) = bkn
Proof: ‘=’ By Theorem 2.4.8c, there exist an invertible linear functional A
(i.e., Al # 0) and a delta operator @ such that AQ¥s, = &,,. By Theo-
rem 3.6.6, there exists a complex Borel measure p on the real line such that
Ap = [ p(y) dp(y). Hence,

/00 (Q*s,) (z) du(z) = bkn-

— 00

‘<’ This follows directly from Theorem 2.4.8c, since p — ffooo p(z) du(z) is an
invertible linear functional on P. O

3.7 Exponehtial families

Exponential families of probability measures play a traditional role in statistics
(dating back to the thirties) because of their nice estimation properties (see
e.g. [221]). However, recently exponential families appear as the cornerstone
of the important class of generalized linear models (see [78] for an excellent
introduction). In [160], Morris studied natural exponential families on the real
line. He showed that there are six classes of natural exponential families with
quadratic variance function (i.e. where the variance is a polynomial of degree
at most two). In this section we study natural exponential families in light of
expansions of their density function in terms of Sheffer polynomials. The delta
operator of the associated Sheffer sequence will be shown to relate directly to
the variance function of natural exponential family. Using slightly different ter-
minology, Feinsilver proved [89, Chapter 4] that a natural exponential family
has a quadratic variance function if and only if the corresponding Sheffer poly-
nomials are orthogonal. This result immediately follows from our approach to
natural exponential families (cf. Section 3.4). It is interesting to note that the
Morris classification was discovered a few years earlier in approximation theory
by May (see [156] and for generalizations [124]). We discuss the relation be-
tween exponential families and exponential approximation operators. We also
indicate how our approach differs from the approach in [124, 156].

This section is based on [77].
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3.7.1 Natural exponential families

We begin by recalling the definition of a natural exponential family. Our no-
tation closely follows [144].
Let v be a measure on the real line. We assume that v is not concentrated in

one point.
Let the Laplace transform of v be given by
L(§) = / 0 du(z). (3.14)

We define © to be the interior of the set {6 € R| L(f) < oo}. If © is non-empty,
then the natural exponential family generated by v is the set of probability
distributions of the form

Py(A) = /A %0 — k(9) dv(z), (3.15)

where k is the cumulant of v, i.e. k(6) := log L(6), and 8 € ©. We will see
later that different v may generate the same natural exponential family. Since
k(0) = log L(#), we have

ek (6) = /°° %0 dv(z). (3.16)
It follows by differentiating (3.16) with respect to 6 that
K'(6) = /00 z dPy(z). (3.17)
Differentiating (3.16) twice with respect to 6 and using (3.17), we obtain
K" (6) = / b (z — k'(6))? dPy(z). (3.18)

Let M, be the range of k', i.e. M, = k'(©). Since k is strictly convex on © by
the Holder inequality®, k' : © — M,, is a bijection. Its inverse will be denoted
by

Y: M, — 0.
This means that we may reparametrize the densities with respect to v in (3.15)
as

o(m,z) = 2¥(M) = k(i (m)) (3.19)

Using the reparametrization of (3.19), we now come to the following important
definition.

3If 0 < A’ < 1, then k(M + (1 — A)¢) = log (f_°°°o ewwe(l—A)&wdl,(m)) <

1-X

log (( = efz azu(ag))A ( [0 et du(m)) ) = Mk(0) + (1 — A)k(£). Note that the in-

equality is strict, since v is not concentrated in one point.
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Definition 3.7.1 Let {Py |6 € ©} be the natural exponential family generated
by a measure v. The function V, : M, — R defined by V,(m) = [ (z —
m)? p(m,z)dv(z) is called the variance function of {Py |0 € ©}.

A natural exponential family is uniquely determined by its variance function
together with the domain of the variance function ([160]). In the theory of
generalized linear models, the variance function is called the link function
([78]). The link function is essential for estimating purposes.

Before we continue, we give an example in order to illustrate the notions intro-
duced above.

Example (Poisson family) Consider a Poisson distribution with parameter
—0 gn ’ 6_0 or en 10g0
forn =0,1,2,.... Writing = ,
n! le clogt
n!
that {Py |6 € (0,00)} is a natural exponential family generated by the discrete
measure v{n} =1/n!,n =0,1,2,... where Py is Poisson(log#) distributed. An
easy calculation shows that k(8) = ee, 0 =R, ¥(m) = logm, M, = (0,00),
and V,(m) = m. We see that the standard change from 6 to the so-called
natural parameter log@ (cf. [78] is nothing but our reparametrization (3.19).
The following lemma is crucial to our approach.

0,i.e. Pr(k) = £

we see
n!

Lemma 3.7.2 If (Py | 6 € ©) is a natural exponential family, then there exist
a real number ¢t and a natural exponential family {Py|0 € O} generated by a
measure pu such that

1. Py(A) = Py(A+1t)

2 /m sdu(z) =0

—0Q

3.0c0
4. K'(0)=0
5. Vy(m) =V, (m +1).

Proof: First note that {Py |6 € O} is also generated by the measure o dv(z)
for any 6y € © and that the corresponding parameter set 2] equals ® — fy. In
particular, 0 € ©. Now define the measure y by du(z) = dv(z + K'(0)). Tt
follows from (3.17) that k'(0) = 0. Moreover, easy calculations shows that (1)
and (5) hold with ¢t = k'(0). O

Example (Poisson family continued) Let pu be the measure obtained by
shifting the generating measure v one unit (= k'(0)) to the left, i.e. p{n} =
1/(n+ 1), n = —1,0,1,2,.... An easy calculation yields that p is of mean
zero, ® = R, k'(9) = e — 1, M, = (-1,00), k'(0) = 0, and Vu(m) =m+ 1.
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Thus we may and will assume without loss of generality that (Py | § € ©)
satisfies the extra conditions of the above Lemma. By well-known properties of
Laplace transforms, k and v are analytic functions in a neighbourhood of zero.
Hence, we may expand (3.19) into a power series in m for m € M,. It follows
from (3.15) and (3.17) that k’(0) = 0. Moreover, since v is not concentrated in
one point, it follows from (3.18) that k£(0) # 0. Thus, ¥(0) = 0 and %'(0) # 0,
which implies that s, is a polynomial of degree exactly n. The associated
Sheffer polynomials of a natural exponential family are the polynomials
(8n)nen defined by

oo

p(m,2) =) sa(z)m™, (3.20)

n=0

where ¢ is defined by (3.19).

The following theorem relates the variance function of a natural exponential
family to the delta operator of its associated Sheffer sequence.

Theorem 3.7.3 Let {P; |8 € O} be a natural exponential family generated by
a measure v with associated Sheffer sequence (s, )nen (thus we assume without
loss of generality that the extra conditions of Lemma 3.7.2 hold). Let Q = q(D)
be the delta operator and A = f(D) be the invertible operator of (Sp)nen-
Then ¢'(D) = V,(¢(D)) and f'(D) = q(D) f(D). Moreover, f is the Laplace

transform of v.

Proof: It follows from equations (3.19) and (3.20) and Corollary 2.4.9 that
g(D) = ¢v~Y(D) = k'(D). Thus, by equation (3.18) and the definition of
variance function, we arrive at ¢'(D) = k"(D) = V,(k'(D)). For the second
statement, note that by Corollary 2.4.9 we have f(D) = k(D) Hence, f'(D) =

k'(D) k(D) = ¢(D) f(D). The last statement follows from k(6) = log L(6) and
Equation (3.14). O

We now are ready to prove the classification result mentioned in the introduc-
tion. The original proof is in [89]), another proof of this result can be found in
[143, Theorem 4.1]. The merit of our proof is that it explains why the result is
true.

Theorem 3.7.4 (Feinsilver) The variance function of a natural ezponential
family is quadratic if and only if the associated Sheffer polynomials are orthog-
onal.

Proof: Combine Theorems 3.7.3 and 3.4.1. O
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3.7.2 Natural exponential families and approximation
theory

In this subsection we show that exponential families appear in disguise in ap-
proximation theory*. An important consequence of this is that the results of
[156, 123, 124] are of importance for the statistics literature (in particular,
it turns out that many of the results in [160] were predated by the above-
mentioned papers). We will also see how our approach differs from the approach
in [123, 124, 156] (apart from different terminology).

We begin with recalling the basics of exponential-type approximation operators,
following the exposition in [156] (see also [123, 124]). We slightly change the
notation in order to be able to compare directly.

Let W(A, m,z) be the kernel of an exponential-type operator, i.e. W (A, m,z)
is a generalized function® such that

WA,m,z) > 0 (3.21)

/°° WA, m,z)de = 1 (3.22)
0 A

o WA, m,z) = om) WA, m,z)(z —m), (3.23)

where p is analytic and positive on an interval on the real line. The correspond-
ing positive approximation operator is defined by

(Sx F)(t / WAt z) f(z)dz (3.24)

It is shown in [124, Corollary 3.2] that any solution of the partial differential
equation (3.23) (together with the normalization condition (3.22)) is of the
form

WA, m,z) =ex )\/ d) C(\z). 3.25
vm) e (3 [ Z2bay) cve) (3.25)
The normalization condition (3.22) yields that exp ( f 9(m y/ p(y ) is the

Laplace transform of C(A, z), where g(m) = fcm 1/p(y) dy. In other words, for
fixed A, the W(A, m, z) form a natural exponential family generated by dv(z) =
C(A,z) (cf. formulas (3.15) and (3.19)) such that ¢(m) = [ A/p(y) dy.

40n April 29, 1992, Gérard Letac delivered a beautiful lecture on natural exponential
families at a one-day conference in Leuven, Belgium. This subsection arose out of remarks
made on that occasion by Mourad Ismail.

5In fact, one would like to say that W (A, m, z) is the density function of a random variable.
However, since we don’t want to exclude random variables with discrete parts, we have to
resort to generalized functions.
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Conversely, let {Py |8 € O} be the natural exponential family generated by
a measure v. Consider the reparametrization (3.19). Define the functions
W(A,m,z) by

WA, m,z) := ¥ (Am) —k($(Am)), (3.26)
Since ¥ = k™1, it follows that
P'(m) = 1/(k" ((m))

and
(k(yp(m))" = m/ (k" (1(m)).
Hence, the functions W (), m,z) defined by (3.26) satisfy

0 _ pY
am 1 hmeT) = )

. (z —m).
Note that k" (¢) is the variance function of {Py |6 € ©} by (3.19) (i.e. it is the

p appearing in (3.23)).

We have thus obtained a complete correspondence between kernels of exponen-
tial-type approximation operators and natural exponential families. Hence, we
have shown that the classification problems for exponential-type approximation
operators and natural exponential families are equivalent. However, we now
want to point some differences between the approach in [123, 124, 156] and
our approach. Cast in our terminology, Ismail and May expand the moment
generating function of v and invert Laplace transforms, while we expand the
densities with respect to v in (3.15) and solve differential equations. As a conse-
quence, the polynomial sequences that correspond to approximation operators
as in [123] differ from our polynomial sequences. Thus although the classifi-
cations yield the same probability distributions, they yield different associated
polynomial sequences.

3.7.3 Quadratic variance functions

In this section we use the results of the previous sections to present the clas-

sification for natural exponential families with quadratic variance function in
full detail.

Theorem 3.7.3 tells us that we must solve the differential equations (3.9) and
(3.10) in order to obtain all exponential families with quadratic variance func-
tion. Note that since @ = ¢(D) is a delta operator, we must have ¢(0) = 0 and
q'(0) # 0. Since A’ = AQ and A is invertible, it follows that log(4A~! A’) = Q.
Hence,

a(D) = exp (/ q¢(D)dD). (3.27)

Note that the integration constant must be equal to zero, since a(t) is the
Laplace transform of a mean zero distribution.

Under these conditions, we find the following natural exponential families:
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Normal distribution

If the variance function is constant, then Q' = a with a > 0. Hence, Q =

aD. Now (3.27) yields that A = e® D2/2. Thus, the corresponding natural
exponential family is generated by a normal distribution with mean zero and
variance a for a > 0. The associated Sheffer polynomials are the Hermite
polynomials of variance a ([202, p. 87 ff.]).

Poisson distribution

If the variance function is a polynomial of degree one, then Q' = a + Q.
AD _4 1
e v ! D
——— | and A = ex - —eﬁ —D)). Thus, the
5 b (ﬁ (ﬂ

corresponding family is the Poisson family. The associated Sheffer polynomials
are the Poisson-Charlier polynomials (see Section 2.5 or cite[p. 119 ff.JRom9).

Thus, @ = «

Gamma distribution

If the variance function is a polynomial of degree two with two identical roots,
then Q' = o (Q —B3)?%. Hence, Q = 3 BESYIET) and A = 8D (1+ aﬂD)l/a.

Thus, the corresponding natural exponential family is the gamma distribution
family. The associated Sheffer polynomials are the Laguerre polynomials of
variance a ({202, p. 108 ff.]).

Binomial distribution

If the variance function has two different positive roots, then the corresponding
natural exponential family is the binomial distribution family. The associated
Sheffer polynomials are the Krawtchouk polynomials ([202, p. 125-126)).

Negative binomial distribution

If the variance function has two different negative roots, then the corresponding
natural exponential family is the negative binomial distribution family. The
associated Sheffer polynomials are a subclass of the Meixner polynomials of the
first kind ([202, p. 125-126]).

Hyperbolic distribution

If the variance function has two complex conjugate roots, then the associated
Sheffer polynomials are a subclass of the Meixner polynomials of the second
kind ([202, p. 126]). The corresponding natural exponential family is generated
by the hyperbolic distribution (see [144]).
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Conclusion

A few final remarks on generalizations are in order. The approach of this
section is not restricted to natural exponential families with quadratic variance
function. For example, it could be used to obtain a classification of natural
exponential families with cubic variance function as in [144] (in [124] no attempt
is being made to obtain a complete classification). Letac and Mora state that it
seems hard to obtain classifications of natural exponential families with higher
order polynomial variance functions. In light of our approach, this is probably
related to the fact that the differential equations @' = V(Q) are hard (resp.
impossible) to solve explicitly when V is a polynomial of degree more than
three (resp. four).

A more interesting direction is to generalize our approach to natural exponential
families generated by multivariate distributions ([59, 129, 143, 14]).



Chapter 4

Banach algebras

Existence of logarithms of functions is needed in several parts of mathematics.
E.g., in the theory of entire functions of a complex variable one needs that if f
is a non-vanishing entire function, then there exists an entire function g such

that f(z) = e9 (2) for all 2 € C. In probability theory the following analogous
result is essential for the theory of infinitely divisible probability measures: if f
is a non-vanishing complex-valued continuous function on R, then there exists

a continuous function g such that f(z) = 9(®) for all z € R (see e.g. [62,
Chapter 7).

These results are well-known, but their proofs use ad-hoc methods. The
following theorem is not well-known and no elementary proof is known: if
f(z) = Y02 janz™ is such that ) > o |an| < oo and f(z) # 0 for |z] < 1,
then there exists a function g(z) = Y o, bnz™ such that ) > o |bs| < oo and

f(z)=¢€9 (2) for all |z] < 1. We will apply this theorem in Section 4.4, where
convergence problems concerning polynomials of convolution type will be stud-
ied. The theorem is also useful in prediction theory, see [21, Theorem 4.1] or
~ [237, Theorem 6].

In this chapter a unified approach is presented to these and related results.
The approach, which seems to be new, uses only elementary Banach algebra
techniques and is presented in Section 4.1. Sections 4.2 and 4.3 contain appli-
cations of the results of Section 4.1. E.g., the three results mentioned above are
Theorems 4.2.11, 4.2.7 and 4.2.2. We apply the results of Sections 4.2 and 4.3
to obtain new analytical results on polynomials of convolution type in Section
4.4 and central limit theorems in Chapter 5. The reader should consult [111] or
the survey [112] for other applications of Banach algebra theory to polynomials
of convolution type. Finally, in Section 4.5 a two-sided analogue of functions
of convolution type is introduced and studied.

This chapter is an extended version of [73].
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4.1 General Banach algebra techniques

The purpose of this section is to set up the Banach algebra machinery for the
approach mentioned in the introduction of this chapter. At the end of this
section, a new discussion of the Arens-Royden theorem can be found.

We begin with a review of the basics of Banach algebra theory. Chapter 18 of
[213] is recommended as a quick introduction to Banach algebra theory.

A Banach algebra B is a complex Banach space that also possesses a multi-
plication (it is important that B is a vector space over C , see [212, Remarks
10.4]). This multiplication must obey the distributive and associative law and
must satisfy the inequality ||zy|| < ||z|| ||y|| for all z,y € B. A Banach algebra
B such that zy = yz for all z,y € B is said to be commutative. An important
example of a commutative Banach algebra is the Banach algebra C(K) of con-
tinuous complex-valued functions on a compact Hausdorff space K; addition
and multiplication are defined pointwise. The norm of C(K) is the supremum
norm.

An element u € B is called unit element or identity of B if zu = vz = =
for all z € B and ||u|| = 1 (the last requirement can be weakened, see e.g.
[212, Theorem 10.2]). It follows from elementary algebra that at most one unit
element exists. If a Banach algebra has no unit element, then a unit element can
be adjoined (see [142] for a detailed account of the relations between a Banach
algebra without unit element and the Banach algebra obtained by adjoining a
unit element).

Let B be a Banach algebra with unit element u. An element z € B is invertible
if there exists a y € B such that zy = yz = u. The set of all invertible elements
of B will be denoted by inv B. We equip inv B with the norm topology inherited
from B. Equipped with this topology inv B is a topological group.
Continuous linear functionals are important in the theory of Banach spaces .
Their role is taken over by complex homomorphisms in the Banach algebra
case. A complex homomorphism of a Banach algebra is a not identically
zero continuous linear multiplicative map from the Banach algebra into C. The
set of complex homomorphisms of a Banach algebra B is called the maximal
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ideal space of B and will be denoted by M. The name maximal ideal space
is explained by the fact that there is a one-to-one correspondence between
maximal ideals of B and null spaces of complex homomorphisms of B (see [212,
Theorem 11.15]). If B is a commutative Banach algebra with unit element, then
M # 0 (see [142, Theorem 3.3.2]). We will consider elements of the maximal
ideal space as complex homomorphisms. We equip the maximal ideal space M
with the Gelfand topology, i.e. the topology of pointwise convergence. This
makes M into a compact Hausdorff space ([212, Theorem 11.9a]). Complex
homomorphisms are useful in deciding the invertibility of an element as can be
seen from Theorem 4.1.2.

The following theorem gives an explicit example of a maximal ideal space.

Theorem 4.1.1 Let K be a compact Hausdorff space. The complex homomor-
phisms of C(K) are the point evaluations on K. Moreover, the mazimal ideal
space of C(K) with its Gelfand topology is homeomorphic to K.

Proof: See [212, Example 11.13a] or [83, Proposition 2.3]. O

Theorem 4.1.2 Let B be a Banach algebra with unit element. Then x € inv B
if and only if A(z) #0 for all A€ M .

Proof: See [212, Theorem 11.5¢] or [213, Theorem 18.17c]. O

Let B be a Banach algebra with unit element u. Define expB to be the subset
of B consisting of those z € B such that z = €Y for some y € B. Here €Y is
defined by e¥ := Y >0 | % for all y € B, where €0 := u. It is easy to see that
this series converges in the norm topology for all y € B.

Remarks 4.1.3 Let B be a Banach algebra with unit element u.

a) It follows from e¥Ye™¥ = u for all y € B (see [35, Lemma 1.4.1]), that
exp B C inv B.

b) If z € B and ||z — u|| < 1, then & € exp B (see [35, Lemma 1.4.2]). In
particular, x € inv B.

c) It holds true that inv B is open in B (see [212, Theorem 10.12]).

d) The following inequality holds true for all z € B and all t € C:

toy 5= 22 one ok = e el
lle HZHZT“SZHW” =e
k=0 k=0

Let T be a topological space. A subset U of T is connected if U = O; U Oy
where O; and O; are disjoint open subsets of U, then O; = 0 or Oy = § (see
e.g. [84, Chapter 5|. A component of U is a connected subset of U which
is not contained in a larger connected subset of U. Note that components are
relatively closed ([84, Chapter 5, Theorem 3.2]), that components of open sets
in a locally connected space ([84, Chapter 5, Definition 4.1]) are open ([84,
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Chapter 5, Theorem 4.2]) and that continuous images of connected sets are
connected ([84, Chapter 5, Theorem 1.4]). Note that a union of non-disjoint
connected sets is again connected ([84, Chapter 5, Theorem 1.5]).

We saw above that if B is a Banach algebra with unit element, then inv B is
a topological group with the relative norm topology. Let G; be the component
of inv B that contains the unit element of B.

Theorem 4.1.4 Let B be a commutative Banach algebra with unit element u.
Then exp B = G1. In particular, exp B is closed in inv B.

Proof: An elementary proof of the first statement can be found in [35, Theo-
rem 1.4.3]. The second statement follows from the first statement, since com-
ponents are relatively closed. O

Theorem 4.1.4 is difficult to use, since there is no general way to calculate G;.
For the algebras that will be discussed in Section 4.2, this problem will be
solved by using the following theorem.

Definition 4.1.5 Let T be a topological space and a,b € T. A path from
a to b in T is a continuous function f : [0,1] — T such that f(0) = a and

F(1) =b.

Theorem 4.1.6 Let B be a commutative Banach algebra with unit element u.
Then x € exp B if and only if x € inv B and there is path f in inv B from au
to z for some o € C\ {0}.

Proof: ‘=>’ By definition there exists y € B such that z = e¥. Then F, defined
by F(t) := €'Y  is a path in inv B from u to e¥ = .

‘=" Let g be an arbitrary path in C\ {0} from 1 to « . Then h, defined
by h(t) := g(t)u, is a path in inv B from u to au. Therefore F, defined by
F(t) := h(2t) for 0 < t < 1 and F(t) := f(2t — 1) for £ <t < 1, is a path in
inv B from u to z. It follows from the continuity of F that F([0, 1]) is connected.
Hence F([0,1]) U G is connected, since u € F([0,1]) N G;. Because G is the
largest connected subset of inv B that contains u, we have F([0,1]) C G;. It
follows in particular that z = F(1) € G, hence z € exp B by Theorem 4.1.4.
O

Remarks 4.1.7 a) Theorem 4.1.6 implies that G, is a path-component of inv B
(see [84, Section 5.5]). This also follows from Theorem 4.1.4, since inv B is lo-
cally path-connected (because it is an open subset of a normed linear space)
and in a locally path-connected space components and path-components coin-
cide ([84, Chapter 5, Theorem 5.5]). Note that in general path-connectedness
is stronger than connectedness ([84, Chapter 5, Theorem 5.3]).

b) Theorems 4.1.4 and 4.1.6 are false when B is not commutative. E.g., let
B(H) denote the Banach algebra of all bounded linear operators on a Hilbert
space H. Then inv B(H) is connected ([212, Theorem 12.37]), but need not be
equal to exp B(H) ([212, Theorem 12.38]).
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The following theorem describes the form of the components of inv B. Recall
that zexp B := {zy : y € exp B}.

Theorem 4.1.8 Let B be a commutative Banach algebra with unit element .
Then the components of inv B are of the form zexp B with x € inv B.

Proof: Let C be a component of inv B. Take an arbitrary element z € C. The
continuous image z7!C of C is connected and contains u. Hence, z7'C C
exp B which implies that C C zexp B. In order to prove the other inclusion,
note that zexp B is a connected subset of inv B (since it is the continuous image
of a connected set by Theorem 4.1.4) that contains z. Hence, zexp B C C. O

In order to obtain further results on exp B and inv B, we need to discuss the
Gelfand transform. This is necessary in those cases where Theorem 4.1.6 does
not help us. The idea behind the Gelfand transform is to transfer problems in a
Banach algebra (e.g., the calculation of G;) to a canonically associated Banach
algebra of the form C(K), i.e. a Banach algebra of continuous functions. The
advantage of this procedure is that Banach algebras of continuous functions
are simpler to work with.

If z € B, then we define a continuous function Z on M (the maximal ideal
space of B by Z(A) := Az for all A € M. The function Z is called the Gelfand
transform of z. Note that the Gelfand topology is the weakest topology that
makes all functions Z continuous (see [142, Corollary 3.3.1]). The Gelfand
transform maps B onto a subalgebra B of C(M). The image of the algebra B
under the Gelfand transform, equipped with the supremum norm, need not be
a closed subalgebra of C(M).

When B = L(R), then the Gelfand transform is nothing but the Fourier
transform (see e.g. [213, Chapter 18]). However, this is not a typical example
for the sequel since L!(R) is a Banach algebra without unit.

The following two theorems show that the Gelfand transform is useful for our
purposes.

Theorem 4.1.9 Let B be a commutative Banach algebra with unit element
u and let x be an arbitrary element of B. Then z € inv B if and only if
z € inv C(M).

Proof: Note that M with its Gelfand topology is a compact Hausdorff space
([212, Theorem 11.9a]). It follows from Theorems 4.1.1 and 4.1.2 that 7 €
inv C(M) if and only if Z(A) # 0 for all A € M. By Theorem 4.1.2, z € inv B
if and only if A(z) # 0 for all A € M . The theorem now follows from the
definition of z. O

The usual proof of Theorem 4.1.9 (see e.g. [83, Proposition 2.34]) uses the
correspondence between maximal ideals and complex homomorphisms.

The following theorem is an analogue of Theorem 4.1.9 for exp B.
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Theorem 4.1.10 Let B be a commutative Banach algebra with unit element
u and let  be an arbitrary element of B. Then x € exp B if and only if
Z € exp C(M).

Proof: ‘=’ Let y € B be such that z = €Y. Since the Gelfand transform is

continuous, it follows that T = ey, Hence, T € exp C(M).
‘<’ See [101, Chapter 3, Corollary 6.2]. O

The proof of Theorem 4.1.10 in [101] uses holomorphic functions. Since the
statement of Theorem 4.1.10 is a topological statement (cf. Theorem 4.1.4), it
seems appropriate to prove Theorem 4.1.10 in a purely topological way. Un-
fortunately, I have not been able to find a topological proof of Theorem 4.1.10.

We are now able to say something more about the Gelfand transform. The
following corollary shows that the image of a Banach algebra under the Gelfand
transform is a special kind of subalgebra of C(M) (cf. [212, Theorem 10.18]).

Corollary 4.1.11 Let B be a commutative Banach algebra with unit element
uw. The Gelfand transform maps distinct components of inv B into distinct
components of inv C(M).

Proof: Let y,z € inv B arbitrary. Suppose that ¥ and Z are in the same com-
ponent of inv C(M). An application of Theorem 4.1.8 to the Banach algebra
C(M) yields that § € Zexp C(M), so (yz~1) =5 27! € exp C(M). It follows
from Theorem 4.1.10 that yz~! € exp B, so y € zexp B. Hence, y and z are in
the same component of inv B by Theorem 4.1.8. O

We conclude this section with a discussion of the Arens-Royden Theorem on
the structure of inv B/exp B. It follows directly from Theorem 4.1.8 that
there exists a one-to-one correspondence between inv B/exp B and the compo-
nents of inv B. The Arens-Royden Theorem says that the algebraic quotient
group inv B/exp B (with multiplication as binary operation) is isomorphic to
HY(M,Z), the first Cech cohomology group of M . Thus the Arens-Royden
Theorem expresses inv B/exp B in terms of the maximal ideal space M of B.
The original proofs of Arens and Royden can be found in [11] and [211]; another
(elegant) proof is in [101, Corollary 7.4, p. 91]. Following a suggestion of Dou-
glas (see [83, Chapter 2]) , we state the theorem in terms of w!(M), the first
cohomotopy group of M (definition below). It is proved in [120, Chapter 11,
Theorem 7.1] that 7!(M) and H1(M,Z) are isomorphic.

Definition 4.1.12 Let K be a topological space and let f,g: K — V C C be
continuous functions. A homotopy in V of f with g is a continuous function
H:[0,1] x K — V such that H(0,z) = f(z) and H(1,z) = g(z) for all z € K.
If moreover K is compact and Hausdorff, then the first cohomotopy group
71(K) is defined to be the group of homotopy equivalence classes of continuous
maps from K to {z : |z| = 1}. The group operation of ©'(K) is pointwise
maultiplication.
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We now prove the special case B = C(K) of the Arens-Royden Theorem. This
special case is due to Bruschlinsky and Eilenberg (see [43] and [85]). Our proof
is inspired by the proof of [83, Theorem 2.18].

Theorem 4.1.13 If K is a compact Hausdorff space, then inv C(K)/ezp C(K)
and 71 (K) are isomorphic groups.

Proof: We define a homomorphism H from inv C(K)/exp C(K) to n'(K) as
follows. Let [f] be an element of inv C(K)/exp C(K). Then H([f]) is defined
to be the homotopy equivalence class of f/|f| , where f is any representative
of [f]. Note that H is a well-defined homomorphism, since it follows from
Theorem 4.1.6 that the elements of inv C(K)/exp C(K) are homotopy equiv-
alence classes of continuous maps from K into C\ 0. Since it is obvious that
H is surjective, it only remains to prove that H is injective. Suppose that
H([f]) = H(lg])- Let f,g be representatives of [f], [g] respectively. Since f and
f/|f| are homotopic, it follows that f and g are homotopic. Hence, [f] = [g].
O

We conclude this section with a few words on the general case of the Arens-
Royden Theorem. In view of Theorem 4.1.13, it suffices to show that

inv B/exp B 2 inv C(M)/exp C(M),

where M is the maximal ideal space of B. It follows from Corollary 4.1.11 that
the canonical map induced by the Gelfand transform is an injective homomor-
phism from inv B/exp B into inv C(M)/exp C(M). The difficult point is to
prove surjectivity. For a proof of surjectivity using holomorphic calculus, see
[101, Chapter 3, Theorem 7.2].

For more information on cohomology and Banach algebras, we refer to the
survey articles by Johnson and Taylor in [251].

4.2 Algebras with contractible maximal ideal
space
In this section Theorem 4.1.6 will be applied to some explicit Banach algebras.

We thus obtain among other things a simple proof of a theorem due to Borsuk
(see Theorem 4.2.8).

Notation D:={z€C:|z|]<1};D:={z€C:|z| < 1}.

For later use we prove the following uniqueness lemma.

Lemma 4.2.1 a) Let K be a connected topological space. Suppose that g and
h are complez-valued continuous functions on K such that g(a) = h(a)

for some a € K and that e9(2) = h(2) for all z € K. Then g(z) = h(z)
for all z € K.
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b) Let B be a Banach algebra of absolutely summable sequences with com-
ponent-wise addition and convolution as multiplication. If x,y € B and
z = €Y, then y, is uniquely determined for n > 1 and yo is determined
by T = e¥0. In particular, if (qn)nen 1S @ sequence of polynomials of
convolution type with coefficient sequence (gn)nen and there exists h € B

with hg = 0 such that (g, (t0))nen = etoh, then h, = togn for all n € N.

Proof: a) It follows from e9(2) = () that g9(z) = h(z) + 2mik(z) with
k(z) € Z. Hence, k is a continuous integer-valued function on K with k(a) = 0.
Since the continuous image of K is connected, we must have k£ = 0.

b) Define 7o := 0 and <, := y, for n > 1. Then z = €¥ is equivalent to
zo = €¥0 and z,, = e¥0 3}, 1,%,— for n > 1. We will now show by induction
on n that y, is uniquely determined by xzg,...,z,. The case n = 1 is clear,
since ; = e¥04; = zoy; (note that zo # 0). Suppose by induction that
the statement is true at n. It follows from Lemma 2.1.5b and Lemma 2.1.5¢

that 'y,’ij_l is a polynomial in 7, ..., v, with coefficients not depending on
(Yn)nen for 2 < k < n + 1. Since v, = y, for n > 1, the induction hypothesis
implies that y,1 is uniquely determined by zg, ... ,Z,+1. Because (¢ )nen is a

sequence of polynomials of convolution type, we have g, (z) = ZZ=0 gk~ ”Z—l,c for

all n € N and g9 = 0 by Theorem 2.1.8. Since hg = 0 and (2, )nengto = etoh,
the argument used above yields h,, = tyg, for all n € N. ]

4.2.1 Algebras of summable sequences

Let (an)nen be a sequence of positive numbers satisfying ag = 1 and apym <
QO for all n,m € N. Let £;(a) be the Banach algebra of all complex se-
quences T = (Zn)nen such that ||z|1,q 1= Y ooy @n|Ta] < co. Addition in
¢;(a) is defined component-wise, multiplication is defined to be convolution.
The complex homomorphisms of £; (a) are of the form A (z) = Yo, n 2" with
|z| < eP, where p :=lim, 0 n™! logay, (see [105, Section 19, pp. 116-120]). If
p = —oo, then the only complex homomorphism of ¢;(a) is Ag(z) = xo.

The unit element of ¢; , is the sequence (1,0,0,...).

If ap, = 1 for all n € N, then ¢; () is the usual Banach algebra ¢; of absolutely
summable sequences.

Theorem 4.2.2 {z € {1(a) : Y o0 jzp2" # Ofor all |z| < eP} = inv £1(a) =
ezp {1(a).

Proof: The first equality follows from Theorem 4.1.2.

For the second equality we only need to prove inv ¢;(a) C exp £;(a) by Re-
mark 4.1.3a. Let z € inv ¢;(a) be arbitrary. Then Y o  z,2" # 0 for
all |z| < eP. Hence, in particular o # 0. Define f : [0,1] — ¢1(a) by
f(t) := (t"zpn)nen. It follows from dominated convergence that lim;—, || f(¢) —
f(s)ll1,a = 0. Hence, f is a path in inv ¢;(a) from z¢u to z. Theorem 4.1.6
now yields z € exp #1(a). O

For an extension of Theorem 4.2.2, see Theorem 4.3.9.
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4.2.2 Algebras of continuous functions

Let K be a compact Hausdorff space. Denote by C(K) the Banach algebra
of continuous functions on K with pointwise addition and multiplication (see
[212, Example 11.13a]). The norm on C(K) is the supremum norm, denoted by
|| #llco- The unit element of C(K) is the function that is identically one.

We will prove that if K is contractible to a point (see Definition 4.2.3 below),
then an analogue of Theorem 4.2.2 holds for C(K).

Definition 4.2.3 Let K be a topological space. A contraction of K to zy € K
is a continuous mapping H : [0,1] x K — K such that H(0,z) = 2z, and
H(1,2) = z for all z € K. If there ezists a contraction of K to some point of
K, then K is said to be contractible.

Examples 4.2.4 a) Any disc z € C: |z| < 7 is contractible: take H(t,z) = tz.
b) If a,b € R, then [a, b] is contractible: take H(t,z) = a+t(x —a).
c) The set C\ (—o0,0] is contractible: take H(t,7e*¥) := (tr + 1 — t)e'!¥.

Theorem 4.2.5 If K is a contractible compact Hausdorff space, then we have
inv C(K) = exp C(K). In particular, if K is a contractible compact subset
of C and f is a non-vanishing continuous function on K, then there exists a
continuous function g on K such that f(z) = e9(2) for all z € K. Moreover, g
is analytic in those points in which f is analytic. If f(a) = 1 for some point
a € K, then there is unique continuous function g on K such that f(z) = e9(2)
for all z € K and g(a) = 0.

Proof: It follows from Remark 4.1.3a that exp C(K) C inv C(K). Let f €
inv C(K) be arbitrary and let H be an arbitrary contraction of K to a € K, say.
By the uniform continuity of f and H, lim;—, ||f(H(t,.)) — fF(H(s,.))|lec = 0.
Hence F, defined by F(t) := f(H(t,.)), is a path in inv C(K) from f(a)u to f.
Now Theorem 4.1.6 yields f € exp C(K).

If f is analytic at zg, then for all 2 sufficiently close to zg, we have g(z) = { +

log {1 + %} , where log denotes the principal branch of the logarithm

and ¢ denotes some number such that ) = f(20). Thus g is analytic in zp.
The last statement follows directly from Lemma 4.2.1a. d

Remarks 4.2.6 a) Theorem 4.2.5 also holds if each component of K is compact
and contractible or if X is the union of an increasing sequence of compact
contractible Hausdorff spaces.

b) Theorem 4.2.5 also holds for compact subsets of C if contractibility of K
is weakened to connectedness of C \ IC ([45, Corollary 4.33]). I have not been
able to find a simple proof of this result with the methods of this chapter (cf.
Remark4.2.9).

The so-called topologist’s sine-curve (see e.g. [245, pp. 44-45]) is an example
of a compact connected subset of C with connected complement which is not
contractible (this example was shown to me by Jan van Mill). It follows from
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the Alexander Duality Theorem ([245, Chapter 11]) that if K is a compact
contractible subset of C , then both K and C\ K are connected.

¢) Jan van Mill also pointed out to me that if K is a compact connected subset
of C with connected complement, then it follows from [31, Theorem 7.6, p. 322],
that there exists a decreasing sequence (K, )nen of compact contractible subsets
of C such that £ = ﬂneN K. . Using this result, we can easily prove the
extension of Theorem 4.2.5 mentioned in b) as follows: let f be an arbitrary
non-vanishing continuous function on K. By the Tietze Extension Theorem
([213, Theorem 20.4]), f has a continuous extension F on C. Suppose there is
a sequence (2zp)nen such that z, € K, and F(z,) =0 for all n € N. Since each
Kn is compact, there exists a convergent subsequence (zp, )ren Whose limit zg
belongs to (,,cyKn = K. Hence, f(20) = F(z0) = limp_,00 F(2,) = 0, which
contradicts that f is non-vanishing. Thus we have shown that there exists an
N € N such that F(z) # 0 for all z € Ky. Now the result follows by applying
Theorem 4.2.5 to K and F.

d) The following example shows that contractibility of K is not a necessary
condition in Theorem 4.2.5. Let K be a finite set with at least two elements
and equip K with the discrete topology. Then K is a compact topological space,
which is not contractible. It is easy to see that inv C(K) = exp C(K).

The Banach algebra £, of bounded complex sequences is a more sophisticated
example. The norm on £, is the supremum norm. Addition and multiplica-
tion are defined pointwise. It follows from general properties of the Cech-Stone
compactification (see e.g. [101, Theorem 8.3, p. 17] or [142, p. 90]) that the
Banach algebras £, and C(AN), where SN denotes the Cech-Stone compactifi-
cation of N, are isomorphic. Note that BN is not contractible, since each n € N
is an isolated point of BN. We will now show that inv C(8N) = exp C(8N) by
showing that inv £o, = exp £s. It is clear that (z,)nen € inv £ if and only
if infren|zn| > 0. Let (zn)nen € inv £y be arbitrary. Choose y, € C such
that e¥» = z,, and Imy,, € [0,2pi] for all n € N. Then (Re yn)neN € £oo, since
0 < infpen|Zn| < sup,en |Zn] < 00. Thus (Yn)nen € Lo and (zn)nen € €xp loo.

The special case K = [a,b] (a,b € R) of Theorem 4.2.5 and the following
theorem are important in probability theory, see e.g. [62, Chapter 7].

Theorem 4.2.7 Let f be.a non-vanishing continuous function on R such that
f(0) = 1. Then there exists a unique continuous function g on R such that

f(z) = e9(z) for all z € R and g(0) = 0.

Proof: It follows from Theorem 4.2.5 and Example 4.2.4b that there exists for
each n € N a unique continuous function g, such that e9» = f on [—n,n]
and g,(0) = 0. By Lemma 4.2.1a, g, = g on [—n,n] if m > n. Hence, the
function g, defined by g(z) := gn(z) if |z| < n, is well-defined, continuous,

satisfies f(z) = e9() for all z € R, and g(0) = 0. Uniqueness follows from
Lemma 4.2.1a. O

If K is an arbitrary compact subset of C , then the following theorem due to
Borsuk (see e.g. [45, Theorem 4.24]) states which continuous functions on K
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have continuous logarithms. Our proof, which is new, follows from the simple
observation that if f,g € C(K) and there exists a homotopy in C\ 0 of f with
g, then there is a path in inv C(K) (with respect to the norm topology) from f
to g.

For the definition of homotopy appearing in the following theorem, see Defini-
tion 4.1.12.

Theorem 4.2.8 (Borsuk) Let K be a compact subset of C and let f : K —
C\ 0 be continuous. Then the following statements are equivalent:

1. there exists a homotopy in C\ 0 of f with a constant function.

2. there exists a continuous function g : KK — C such that f(z) = e9(2) for
all z € K.

3. f has an extension to a continuous function F : C — C\ 0.

Proof: We will prove 1 < 2 and 2 < 3.

‘1 = 2’ Let H be a homotopy of f in C\ 0 with a constant a. By the uniform
continuity of H on K, we have lim;_,; ||H(t,.) — H(s,.)|lco = 0. Hence, H is a
path in inv C(K) from f to au. Now 2) follows from Theorem 4.1.6.

‘2 = 1’ If g is any function as in 2), then H, defined by H(t,z) := ell— t)g(z),
is a homotopy in C\ 0 of f with the constant function 1.

‘2 = 3’ Let g be any function as in 2). By the Tietze Extension Theorem ([213,
Theorem 20.4]), g has a continuous extension G on C. Obviously, the function
eGisa non-vanishing continuous extension of f to C.

‘3 = 2’ Since K is compact, there exists 7 > 0 such that L C {z € C:|z| < r}.
By Example 4.2.4a and Theorem 4.2.5, there exists a continuous function g
such that F(z) = 9(2) for all l2] < 7. a

Remark 4.2.9 If K is a compact connected subset of C with connected com-
plement, then every non-vanishing continuous function on K satisfies 1) of
Theorem 4.2.8 (Robbert Fokkink pointed out to me that this is a special case
of the Alexander Duality Theorem ([245, Chapter 11]); there seems to be no
direct simple proof of this special case). Hence, every non-vanishing continuous
function on K has a continuous logarithm (cf. Remark 4.2.6b).

For topological proofs of the theorems on continuous functions in this section,
see [45, Chapter IV] (uses homotopy) or [98, Chapter 1] (uses covering spaces).

4.2.3 Algebras of holomorphic functions

Let A, (r > 0) be the Banach algebra of all continuous functions on {z € C:
|z| < r} that are holomorphic on z € C: |z| < 7. The norm is the supremum
norm. If r = 1, then we write A for A;. The algebra A is known as the disc
algebra.
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Theorem 4.2.10 If f € A, does not vanish on {z € C: |z| < r}, then there
is a g € A, such that f(z) = e9(2) for all |z| < 7.

Proof: We can use Theorem 4.2.5 or proceed as follows: the complex homo-
morphisms of A, are point evaluations on {z € C : |z| < r} ([213, proof of
Theorem 18.18]). Hence f € inv A, and F, defined by F(t)(z) := f(tz), is
a path in inv A, from f(0)u to f. We conclude from Theorem 4.1.6 that
f €exp A,. O

Using the same trick as in the proof of Theorem 4.2.7, we now extend Theo-
rem 4.2.10 to entire functions, i.e. functions holomorphic on C.

Theorem 4.2.11 Let f be a non-vanishing entire function such that f(0) = 1.

Then there exists a unique entire function g such that f(z) = e9(2) forallz € C
and g(0) = 0.

Proof: Applying Theorem 4.2.10 to the Banach algebras A, (n € N) and the
restrictions f, of f to z € C: |z|] < n, we obtain holomorphic functions g, on
2z € C:|z| <n such that g,(0) = 0 and eIn(2) = fa(2) for all |z| < n. It
follows from Lemma 4.2.1a that the function g, defined by g(z) := gn(z) for
|z] < n, is well-defined. Clearly g is entire, g(0) = 0, and f(z) = e9(2) for all
z € C. Uniqueness follows from Lemma 4.2.1a. - O

4.3 Algebras on the unit circle

In this section we will derive analogues of Theorem 4.2.5 for C(T), where T :=
{z € C : |z| = 1}, and the Wiener algebra. These results will be used to prove
Theorem 4.3.9, which is essential for Section 4.4.

Let us have a closer look at inv C(T) before stating and proving the correct
analogue of Theorem 4.2.5. Note that T is not contractible (see [42]) and that
Theorem 4.2.5 is not true for C =T . E.g, e € inv C(T), but et? ¢ exp C(T)
(see [42]).

Let f € inv C(T) be arbitrary. Then f can be identified with a non-vanishing
continuous function on [—m,7]. Hence, by Theorem 4.2.5 there exists a ¢ €
C([—m,]) such that

f(ew) =) forall 9 ¢ [—m, 7).

Moreover, if ¢1, @2 € C([—7,7]) both satisfy the above equation, then an ap-
plication of Lemma 4.2.1a to K = [-m, 7], a = —7, g(8) := p1(8) — p1(—7) +
po(—m) and h(8) := ¢2(0) yields @) (7) — 1 (—7) = p2(7) — p2(—7). Thus the
following notion is well-defined:
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Definition 4.3.1 Let f be a non-vanishing complex-valued continuous func-
tion on {z : |z| = R}. Then ind (f), the index of f, is defined to be
(2mi)~! o(7) — ¢p(—7) where ¢ is any continuous function on [, 7] satisfying
F(Ret?) = eP(0) for all 9 € [—m, 7).

Lemma 4.3.2 If f and g are non-vanishing complez-valued continuous func-
tions on {z : |z| = R}, then ind (f) € Z and ind (fg) = ind (f) + ind (g).

Proof: Let ¢ and 7 be such that f(Reie) = e#(9) and g(Rew) = ¢7(0) for all
6 € [—m, 7. Since P (=7) = p() , it follows that ¢(7) — p(—7) is a multiple
of 27i. Hence, ind f € Z.

The second statement follows from ind (fg) = (¢ + 7)(7) — (¢ + ¥)(—7)

(1) — p(—) + (7(r) — A(7)) = ind (f) + ind (g). 0

We can now state the analogues of Theorem 4.2.5 alluded to in the introduction
of this section.

Theorem 4.3.3 Let f € C(T) be arbitrary. Then the following are equivalent:
a) f € exp C(T).
b) f € inv C(T) and for all n € N there exists g € C(T) such that g" = f.
¢) f € inv C(T) and ind (f) = 0.

Proof: ‘a=b’ It follows from Remark 4.1.3a that f € inv C(T). If f = eh, then
g:= eh/n satisfies g" = f.

‘b=>c’ Suppose ind (f) # 0. Take n > |ind (f)| and let g be such that g" = f.
Since nind (g) = ind (¢™) = ind (f), it follows that ind (g) ¢ Z, which is
absurd. )

‘c=>a’ Let g be a continuous function such that f(ew) = ¢9(9) for all 6 €
[—m,7]. It follows from ind (f) = 0 that g(x) = g(—=). Hence G, defined by

G(eio) := g(8), belongs to C(T) and f = G O

It was mentioned in the introduction of this section that e®? & exp C(T). This
follows directly from Theorem 4.3.3, since ind (e’e) =1.

The following theorem describes the components of inv C(T):

Theorem 4.3.4 Define Cy, := {f € inv C(T)|ind (f) = k} for all k € Z. The
components of inv C(T) are precisely the sets Cy.

Proof: It is clear that the sets C} form a partition of inv C(T). Note that
exp C(T) is a component by Theorem 4.1.4 and that Cy = exp C(T) by The-
orem 4.3.3. Thus the theorem holds for £ = 0. Define for each k¥ € Z the
map Fi by (Fpf)(e) = etk f(eft). It follows from ind (¢'*¥) = & and
ind (fg) = ind (f) +ind (g) that Fi maps Cy onto Ci. Moreover, it is easy to
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see that F}, is an isometry. Hence, the sets C; are homeomorphic to Cy, and
we are done. |

Theorem 4.3.4 enables us to prove that 1 (T), the fundamental group of T,
is isomorphic to Z (a theorem appearing in every introductory textbook on
algebraic topology, see e.g. [155, Chapter 12, Section 5]). The fundamental
group of T consists of all homotopy equivalence classes of continuous maps f :
[0,1] — T such that f(0) = f(1) = 1. The group operation is defined as follows:
if [f] and [g] are homotopy equivalence classes of continuous maps with the
above mentioned properties, then [fog] is the map defined by (fog)(t) := f(2t)
for 0 <t < { and (fog)(t):=g(2t—1)for £ <t <1. This group operation
is well-defined, since it does not depend on the choice of the representatives f
and g of [f], [g] respectively (see e.g. [155, Chapter 5]). Define H : m(T) — Z
as follows. If [f] € m1(T) has representative f, define H([f]) := ind (¥'), where
F is defined by F(eze) := f(3 + 6/(2w)). This definition does not depend
on the choice of the representative f: if f and g are homotopic, then the
corresponding functions F' and G are also homotopic, hence have the same
index by Theorems 4.1.6 and 4.3.4. It follows from Lemma 4.3.2 that H is a
homomorphism and it follows from Theorems 4.1.6 and 4.3.4 that H is injective.
Hence, H is an isomorphism, since H is clearly surjective. We conclude that
the fundamental group of T is isomorphic to Z.

The Wiener algebra W consists of all continuous functions on T := {z €
C : |z| = 1} that can be expanded as absolutely convergent Fourier series (see
[212, Example 11.13b]).

Addition and multiplication are defined pointwise; the norm is defined by

30 o an )| = > o lan|. Note that the algebra ¢1(Z) of abso-
lutely summable two-sided sequences is isometric to W. The elements of W
are precisely the Gelfand transforms of elements of ¢;(Z).

The complex homomorphisms of W are of the form A (a) = Y o0 an2"
for some z € T (see e.g. [83, Theorem 2.57] or [142, Section 4.6]). Thus
Theorem 4.1.2 yields that the invertible elements of W are precisely those
elements of W that do not vanish on T (see e.g. [213, Lemma 11.6]). This is a
famous theorem due to Wiener; the Banach algebra proof indicated above (due
to Gelfand) was one the first successes of Banach algebra theory.

Since the canonical bijection z — A, is a continuous map from the compact set
T onto the compact Hausdorff set M(W) (in its Gelfand topology), it follows
that T and M(W) are homeomorphic (cf. [212, Section 3.8]). The analogue of
Theorem 4.2.5 for the Wiener algebra W can be found in [46]. We state this
result as Theorem 4.3.5 and remark that the proof in [46] uses a special case
of the deep Wiener-Lévy Theorem ({212, Theorem 10.27]).

Theorem 4.3.5 Let f € W be arbitrary. Then the following are equivalent:

a) f € exp W.
b) f € inv W and for all n € N there exists g € C(T) such that g" = f.
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c) f€invW and ind (f) = 0.

Proof: ‘a=b’ It follows from Remark4.1.3a that f € inv W. If f = eh, then
g:= eP/™ satisfies g"=f.

‘b=>c’ Suppose ind (f) # 0. Take n > |ind (f)| and let g be such that g" = f.
Since nind (g) = ind (¢") = ind (f) by Lemma 4.3.2, it follows that ind (g) ¢ Z,
which is absurd.

‘c=>a’ First note that f € inv C(T). By Theorem 4.3.3, there exists h € C(T)
such that f(z) = e"(2) for all z € T. Define H : M(W) — C by H(A,) =
h(z). Then H € C(M(W)), since M(W) and T are homeomorphic. Moreover,

~

FAL) = AL(F) = f(z) = M2) = H(2) = (eH) (A,) for all z € T. Thus
f € exp M(W) and Theorem 4.1.10 yields that f € exp W. O

Remark 4.3.6 The proof of c=>a of Theorem 4.3.5 implicitly contains the
trivial result that if X and Y are homeomorphic compact Hausdorff spaces,
then C(X) and C(Y') are isometric Banach spaces. The converse is also true
and known as the Banach-Stone Theorem (see e.g. [22; Theorem 3, p. 130]).

Theorem 4.3.7 Define Wy, := {f € inv W|ind (f) = k} for all k € Z. The
components of inv W are precisely the sets Cy.

Proof: The proof is identical to the proof of Theorem 4.3.3. O

We conclude this section with a result (Theorem 4.3.9) which will be essential
for one of the main theorems of this chapter (Theorem 4.4.1). Theorem 4.3.9
is an extension of Theorem 4.2.2.

Lemma 4.3.8 Let f,g € inv C(T) be such that |f(z) — g(2)| < |f(2)| for all
z € T. Then ind (f) = ind (g).

Proof: The assumptions imply that |1 — g(2)/f(2)| < 1 for all z € T. Hence,

|11 — g(2)/f(2)|| < 1 since T is compact. By Remark 4.1.3b, g/f € exp C(T)
and Theorem 4.3.3 yields ind (g/f) = 0. It follows from Lemma 4.3.2 that

ind (¢9) = ind (f) +ind (g/f) = ind (f). O
For notation of the following theorem, see Subsection 4.2.1.

Theorem 4.3.9 Let & € {1(c) be arbitrary. Define { : T — C by &(z) :=
> 0 Tn (2eP)" for all z € T. Then the following are equivalent:

a) £(z) #0 for all z € T and ind £ = 0.
b) z € inv £1(a).

c) z € exp l1(a).
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Proof: ‘a = b’ Define & (0 < r < 1) on D by &.(2) := £(rz). Since € is a
non-vanishing continuous function on T, there exists § > 0 such that § < |£(2)|
for all z € T. If r < 1 is close enough to 1, then |£(z) — &.(2)] < § < |€(2)] for
all z € T. By Lemma 4.3.8, ind (&) = ind (§) = 0 (restrict &, to T). Now the
Argument Principle ([45, Corollary 5.86, p. 179]) yields that Y>> z, 2™ # 0
for |z] < reP. Since r can be arbitrarily close to 1, Y o | x,2™ # 0 for |z| < eP.
Hence, z € inv ¢1(a) by Theorem 4.2.2.

‘b = ¢’ This follows from Theorem 4.2.2.

‘c = a’ Since z € exp {1(c), we have Y oo , 2™ # 0 for all |z| < eP. A similar
use of the Argument Principle as above yields that ind £ = 0. O

4.4 Applications to polynomials of convolution
type

In this section we will study the analytical behaviour of the following generating
function for polynomials of convolution type (Theorem 2.1.12d):

> ()" = t9), (4.1)
n=0

where g(z) denotes the formal power series > o o gk PR

In particular, we will study absolute convergence and radius of convergence of
the left-hand side of (4.1).

Notation If (g, )nen is a sequence of polynomials of convolution type, we will
write ¥(t, 2) := > oo, gn(t) 2™ whenever this series converges absolutely.
We write g for the coefficient sequence (gn )nen Of (gn)nen and q(t) for (¢n)nent.

For the notation in the following theorem we refer to Subsection 4.2.1.
Theorem 4.4.1 Let (g, )nen be a sequence of polynomials of convolution type
with coefficient sequence g = (gn)nen- Let (an)nen be a sequence of positive

numbers satisfying g = 1 and opim < ap oy, for all nym € N. Then the
following are equivalent:

a) ge Zl,a-

b) There exists M > 0 such that ||g(t)]l1,a < eltl M for allt € C.

c) limeyo ||q(t)]

d) lim sup, |, lla(®)ll1,a < 2.

1,0 = 1.

e) There are § > 0 and ty € (0,8) such that q(t) € {1, for all t € (0,6) and
P(to, z) £ 0 if || = eP.
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f) There is to € C\ {0} such that q(to) € f1,o and P(to,z) # O for all
|z] < eP.

g) There is tg € C\ {0} such that q(to) € ¢1,4 and q(—ty) € 41,4

Moreover, if one of these conditions holds, then (4.1) holds and both series in
(4.1) converge absolutely for all t € C and all |z| < eP.

Proof: ‘a = b’ We first show that (et g) = gn(t) for all n € N. Since the coor-
n
k _k
dinate functionals of ¢; , are continuous, we have (et 9 ) = (ZZ’;O t—f’,L) =
n n

Y kw0 (%;Lk) =Y reo gkx % =Y ro gk 2—’: = qn(t) for all n € N. Now b)
follows from Remark 4.1.3d.

‘b = ¢’ This follows from ¢p = 1 and o9 = 1.

‘c = d’ This is trivial.

‘d = €’ It follows that there exists o such that ||g(t)—ul|1,o < 1forallt € [0,%].
In particular, ¢(ty) € exp £1,, by Remark 4.1.3b. The statement now follows
from Theorem 4.2.2.

‘e = f’ Since (¢n)nen is a sequence of polynomials of convolution type, we
have Y(u +v,2) = P(u,2)P(v,2) if u,v,u+v € [0,8) and |z| = €. Hence,
P(t,z) # 0 for all t € (0,8) and all |z| = eP by [118, Theorem 4.17.1, p. 144].
Recall from Lemma 4.3.2 that the index of a non-vanishing continuous function
on T (Definition 4.3.1) is always an integer. If ind %(¢,.) # 0 for some ¢ € (0, §),
then ind ¥ (¢/n,.) € Z for n large enough by Lemma 4.3.2, which is impossible.
Hence Theorem 4.2.2 and Theorem 4.3.9 imply that for all ¢ € (0, 8), ¥(t,2) # 0
if |z| < €P.

‘f = ¢’ Since go(to) # 0, there exists a unique sequence (aj)ren such that
Y heo ak(to)an—k = &on for all n € N. By Theorem 4.2.2, (ax)ren € 41,0
Using the defining property of convolution type we see that ar = qi(—tg) for
all k € N. Hence, g(—to) € 41,4

‘g = a’ It follows from the defining property of polynomials of convolution type
that g(—to) = gq(to)™!. Hence, q(to) € inv(£1,,) and by Theorem 4.2.2, there
exists a sequence b = (bn)nen € {1, With by = 0 such that q(ty) = b Tt
follows from Lemma 4.2.1b that b,, = tg g, for all n € N, which implies g € £; 4.

The last statement follows from Theorem 2.1.8, since b) allows us to interchange
summations. O

Remarks 4.4.2 a) It follows from the proof of ‘a = b that M = ||g||1,a
suffices in b).

b) If f) or g) hold, then (4.1) implies that they hold for all t € C.

c) If g, = 0 for n even and g & ¢; o, then g(t) & ¢4, for any t # 0 since in this
case qn(_t) = (__1)n Qn(t)'

d) For an alternative proof of ‘e = f’ see Remark 4.5.4a.

e) We may weaken condition d) of Theorem 4.4.1 to d’: ‘there is ¢t € C \ {0}
such that ||g(¢)]|1,o < 2, since obviously ¢ = d’' = g.
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Corollary 4.4.3 Let (gn)nen be a sequence of polynomials of convolution type
with coefficient sequence (gn)nen. If there exists M, & > 0 such that |g,(¢t)| <
M for all t € (0,8), then Y oo gn 2™ converges absolutely for |z| < 1.

Proof: Fix an arbitrary r with 0 < r < 1. Define a;, := r™. Since lim;|g ¢n(t) =
0 for n > 1 by Theorem 2.1.12e, it follows from dominated convergence that
limy | ||g(t)]l1,o = 1. Thus Theorem 4.4.1 ¢ = a implies that ).~ gn 2" con-
verges absolutely for |z| < r. Since r was arbitrary, it follows that Y o ) gn 2"
converges absolutely for |z| < 1. O

The converse of Corollary 4.4.3 is not true. E.g., take g, = n for all n € N.
Then |g,(¢)] > g¢1]t| = n|t|. It is an open problem to find necessary and
sufficient conditions on (gn)nen that insure that )~ |gn(t)| < oo forallt € C
or for all ¢ € (0, 00). ‘

We now prove an analogue of Theorem 4.4.1 for strict sense Sheffer sequences
(see Section 2.4). We write s(t) for (8,(t))nen-

The following lemma is needed for the proof of Theorem 4.4.5.

Lemma 4.4.4 Let z(t) = (n(t))nen (¢t > 0) and z = (zp)nen be sequences in
U ,o. Iflimgpo ||lz(t)l1,a = llZll1,6 and limyjg 2,(t) = @, for alln €N, then
limyyo ||z(t) — z]l1,0 = 0.

Proof: Let € > 0 be arbitrary. Choose k € N such that ||[z|1,o — || P 2||1,« < €/5,
where Py, z := (29, Z1,... ,%k,0,0,...). Choose s > 0 such that ||z(t)|l1,c <
llzll1,a] + €/5 and || Py z(¢)||l1,6 > |Przlli,a—€/5for0<t<s If0<t<s,
then ||z —z()|l1,a = [|1Pex —z(t)ll1,0 + (I —P)z — 2(t)l1,a < €/5+((I-
P allie + I = P)z(t)llia < €5+ €/5+ [lz)lia — 1Pez()lia <
2¢/5 + ||l@|l1,0 + €/5 = ||Pr 21,0 + €/5 < e O

Theorem 4.4.5 Let (s,)nen be a strict sense Sheffer set for a delta operator Q
with basic set (qn)nen. Let g = (gn)nen be the coefficient sequence of (gn)nen-
Let (an)nen be a sequence of positive numbers satisfying ag = 1 and opym <
Qn p, for all n,m € N. Then the following are equivalent:

a) g € l1,q and s(0) € invly ,.

b) s(0) € invly,o and there exists M > 0 such that e tM s(O)l1,0 <
ls®lla < M )50)ll1,a fort > 0.

c¢) s(0) € invty o and limyg ||s(t)]1,e = |[S(0)]|1,a-
d) g € 1,0 and s(t) € invly o for somet € C\ {0}.

Moreover, if one of these conditions holds, then

i sn(t) 2" = et9(?) i 5n(0) 2"
n=0 n=0

for allt € C and all |z| < €P.
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Proof: We will use that by Theorem 2.4.4, s(t) = s(0) * ¢(t), where x denotes
convolution.
‘a = b’ It follows from Theorem 4.4.1 that ||g(t)||1,a < et M for all t > 0.

Hence, [|5(t)|l1,e < et M |s(0)|]1,a- For the other inequality, note that s(0)

s(0) * q(t) * g(—t) = s(t) x g(—t). Hence, for t > 0 we have ||s(0)|l1,a <
ls(®)lla lla(=)ll1,a < lIs(E)ll1,ae? M.

‘b = ¢ This is trivial.

‘¢ => d’ By Remark 4.1.3b, inv ¢; , is open. Since lim;g sp(t) = sn(0) for
all n € N, Lemma 4.4.4 yields lim;o ||s(t) — s(0)|1,« = 0. In particular,
s(to) € inv £ o for some to > 0. Moreover, g(tp) = s(to) * s(0)™! € inv £y 4.
Now Theorem 4.4.1 yields g € ¢; 4.

‘d = a’ It follows from Theorem 4.4.1 that g(—t) € inv £; o. Hence, s(0) €
inv £; 4, since s(0) = s(t) xq(—t).

The last statement follows from s(t) = s(0) * g(¢) (Theorem 2.4.4) and Theo-
rem 4.4.1). a

We now return to Theorem 4.4.1. We will try to obtain convergence results on
(4.1) with weaker conditions on (gn)nen-

The Banach algebra 7.4 consists of all one-sided sequences (an)nen of com-
plex numbers such that f(z) := Y o  ,a,2" is analytic on D and can be
extended to a continuous function on D. Addition is defined component-
wise, multiplication is defined to be convolution. The norm on 7 A is de-

fined by ||(an)nenllTa = supj <1 [2n=gan2z"|. Note that if (an)nen €
TA and f(z) := Y oo ,an 2™, then the Maximum Modulus Theorem yields
l(an)nenllza = supp <1 [f(2)] = supp,j<; [£(2)] = supj =1 |f(2)| (here we

denoted the extension of f to D also by f) .The space T A is isometric to the
disc algebra A studied in Subsection 4.2.3).

Theorem 4.4.6 Let (¢n)nen be a sequence of polynomials of convolution type
with coefficient sequence ¢ = (gn)nen. Then the following are equivalent:

a) g€ TA.

b) There aret € C\ {0} and § > 0 such that q(t) € T A and |¢(t, z)| > & for
all z€D.

¢) There exists t € C\ {0} such that q(t) € TA and q(—t) € T A.

If a), b) or c) holds, then :
d) q(t) € TA for allt € C and |9(t,z)| > 8(t) > 0 for all z € D.
e) (4.1) holds for all t € C and all z € D.

f) There exists M > 0 such ||lq(t)||lra < eltl M for allt e C.
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g) limggo |lg(t)l|74 = 1.

Proof ‘a = b Fix an arbitrary » with 0 < r < 1. Define o, (n € N) by
an := r™. Then Theorem 4.4.1 a = e together with the last statement of

Theorem 4.4.1 imply that ¥(¢t,2) = et9(?) for all t € C and all » with |z] < 7.

Since r was arbitrary, it follows that ¥(t,z) = et9(2) for all t € C and all
z € D. Hence, q(t) € TAfor all t € C since ¢! € T A. The second statement
of b) also follows from (¢, z) = et 9(2),

‘b = ¢ Since qo(t) # 0, there exists a unique sequence (ax)ren such that
>heo k(t)an—k = 6on for all n € N. It follows Theorem 4.2.10 that ¢(t) €
exp 7A. Hence, in particular ¢(t) € inv 7 A and (an)neny € 7.A. Using the
defining property of convolution type, we see that ay = qx(—t) for all k € N.
Hence, g(—-t) € TA.

‘c = a’ It follows from Theorem 4.2.10 that q(¢) € exp 7.A. Thus there exists
(bn)nen € TA with by = 0 such that ¥(t,z) = exp (Yo bnz") forall z € D.
It follows from Lemma 4.2.1b that b, = t g, for all n € N. Hence, g € T A.

Statements d) and e) follow from the proof of a = b. In order to prove f),
note that e) implies ||q(¢)||l74 < eltlllgllza Finally, liminf;o ||g(¢)|l74 >
liminfs o [9(t,0)] = go(t) = 1 and f) implies that limsup,;, [lg(t)l7a < 1.
Hence, lim¢jo ||g(t)||l74 = 1. O

Remark 4.4.7 Tt is an open problem whether property f) of Theorem 4.4.6
implies any of the properties a), b) or c).

The next theorem gives a sufficient condition for boundedness of the coefficient
sequence (gn)nen in terms of (gn)nen.

Theorem 4.4.8 Let (g, )nen be a sequence of polynomials of convolution type
with coefficient sequence (gn)nen. Iflimyo gn(t) = 0 uniformly inn =1,2,...
and lim, o q—"—t(—tz = gn uniformly inn = 1,2,..., then (gn)nen is a bounded
sequence.

Proof: Suppose (gn)nen is unbounded. Choose §, 0 < § < 1 such that |g,(t)| <

1 and %t—)—gn| < 1for 0 <t < é Choose N such that |gn| > 4/6.
1 1
Then lon(38) = |22 46| = Lolow+ (22 —gn)| > Lolonl -
%6 Ei".l(_éi) - gN| >2— %6 > 1%. This contradicts the choice of é. |
2

Note that the converse of Theorem 4.4.8 does not hold. E.g. take g, = 1 for
allm € N. Then g2* =n —1 and g,(t) > 5 (n — 1) 2.

We now study the relation between the radii of convergence of Y o g, (t) 2™
and Y 72, gk 2¥, where (gn)nen is the coefficient sequence of (gn)nen.
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o

Ry := radius of convergence of Z gr 2",
k=0
(oo}
pt = radius of convergence of Z gn(t) 2".
n=0
N = {z : |z| < pt and ¥(t,z) = 0}.

v, = inf{lz] : z€ M} N # 0,00 :=pr if Ny = 0.

We start our discussion with some examples.

Examples 4.4.9 a) q,(t) = %7,1 tpp =Rg=ocforallteC.
b) qn(t):(:l) tRyg=1,pp=ccforteN, pp=1fort¢N.
c) gn(t) = t(t —an)"1/n!: py =R, = (|ale)! (use Stirling’s Formula).

Note that py = 0o because ¢,(0) =0 for n > 1.

It follows from Theorem 4.4.1 a = b that R, < p; for all t € C. The examples
suggest that Ry, = p, for all except countably many ¢t. Theorem 4.4.1 g = a
shows that it is not possible that both p; > Ry and p_; > R,. The following
theorem shows that the zeros of the functions ¢(¢,.) determine R,. Moreover,
it enables us to prove the important property stated as Theorem 4.4.10e. This
property will play an important role in the rest of this section and in Section 4.5.

Theorem 4.4.10 Let (qn)nen be a sequence of polynomials of convolution
type. Then:

a) If Rg =0, then p, =0 for all t € C\ {0}.
b) If Ry = oo, then py = oo for all t € C.

c) If 0 <Ry < o0, then Ry = vy for allt € C\ {0}. In particular, v, = v,
for allt,s € C\ {0} and 9¥(t,z) # 0 for allt € C and all |2z| < R,.

d) There are at most countably many t € C such that p, > R,.
e) If |z| < p: for uncountably many t € C, then (t,z) # 0 for all t € C.

Proof: a) Suppose p; # 0 for some t # 0. Since ¥(¢,0) = 1 there is a §,
0 < é < py, such that |9(t, z)| > 0 for |z| < §. Now Theorem 4.4.1 f = a with
ap = 6™ implies that (gn)nen € ¢1(a), hence R, > 6 > 0.

b) This follows from Theorem 4.4.1 a = b.

c) Let t € C\ {0} be arbitrary. We first prove R, < 1. If |z| < Ry, then
(gn)nen € £1(a) with a, = |z|*. Tt follows from Theorem 4.4.1 that ¥ (¢, 2) =
et9(2) £ 0 for |z] < Ry. Hence, Ry < v4.

The reverse inequality Ry > 14 follows from Theorem 4.4.1 f = a.
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d) First recall that an analytic function can have at most finitely many zeros
on a compact set ([213, Corollary to Theorem 10.18, p. 226]). Suppose that
ps > R, for some s € C\{0}. We first prove that 9(s, .) has at least one zero on
|z] = Ry. If (s, z) # 0 for all |z] = R, then ¢(s, z) # 0 for all |z| < Ry +17 for
some 7 > 0 since p; > Ry. Thus vy > Ry, which is impossible by c. Therefore
we may write ¥(s,z) = f(2) H;?:l (1 —ajz)" with |1/aj| = Ry and 7; € N,
j=1,...,k. There exists § > 0 such that ¥(s,.) has finitely many zeros on
{z: Ry <|2| < Rg+6 < ps}. Hence f, is a non-vanishing analytic function on
|z] < Ry + 61 for some é; > 0. Since f,(0) = 1, Theorem 4.2.10 yields a unique
analytic function h such that A(0) = 0 and f,(z) = M(2) for |z] < Rg + 61.
Hence, ¥(s,z) = exp {h(z) + Zle rilog(l —a; z)} for |z| < R,, where log
denotes the principal branch of the logarithm on C\ (-0, 0]. By Lemma 4.2.1a
and Theorem 4.4.1, h(z) + 2?21 rjlog(l —a;jz) = sg(z) for |z] < Ry. It
follows that '

k
exp < t/sh(z) + t/s Z rj log (1 — o 2)

i=1

¥(t, 2)

k
exp (¢/sh(2)) [ (1=a;2)r;4/5
j=1

for all ¢ € C and all |z| < Ry. We conclude from the analyticity of h on
|z]| < R4 + 61, that p, > R, if and only if t/s € N.
e) It follows from d) that |z| < R, hence 9(t, z) # 0 by c). O

4.5 Two-sided sequences of functions of convo-
lution type

In this section we will study a two-sided analogue of sequences of polynomials
of convolution type.

Definition 4.5.1 Let (gn)nez be a two-sided sequence of Lebesgue measurable
functions on [0,00) such that not all functions q, are identically zero. Then
(gn)nez is said to be a two-sided sequence of convolution type if

oo

Z |gx (£) gn—ir(s)| < 0o for all 5,t >0

k=—o00

and
o0

gn(t +s) = Z qk(t) gn_r(s) for all s,t > 0.

k=—o00
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Notation We write ¢(t,z) := Y oo gn(t) 2™ whenever this series con-

verges absolutely. Note that ¢(t + s,2) = (i, 2) ¢(s, 2).

Contrary to the one-sided case, due to convergence problems there seems to
be no algebraic theory for two-sided sequences of convolution type. Therefore
our policy is to impose several analytical conditions on ¢(t,z) and study the
consequences. Note that (Jp)nez, where J,, is the Bessel function of the first
kind of index n, is an example of a two-sided sequence of convolution type (cf.
[184, Section 62, Theorem 39]).

For later use we state the following lemma.

Lemma 4.5.2 If (cn)nez s a two-sided sequence of complez numbers and

(cn R™)nez € £1(Z) for some R >0, then Y oo > 000 & c’“* R™ converges

absolutely for all t € C. In particular, Y 7o, % ckx

teC.

converges absolutely for all

Proof: This follows from

oo oo k oo

> 7;.0'2*3 i % > Ik R <
n=—o0 k=0 k=0 " n=—o0

> o { > |cn|R"} < oo.

k=0 n=—o0

O

We begin with demanding ©(t,.) to be an invertible element of the Wiener
algebra W, i.e. o(t,z) # 0 for all z € T (see Section 4.3).

Theorem 4.5.3 Let (gn)ncz be a two-sided sequence of convolution type. If
o(t,.) € inv W for all t > 0, then there exists an h € W such that p(t,z) =
et h(2) for all|z| = 1. In particular, there exists a two-sided sequence (zn)nen €
1(Z) such that gn(t) = 3320 hi 31,

Proof: Define p; by ¢1(t,0) := <p(t,ei9) (t > 0,6 € R). The measurability of
¢(.,z) and [118, Corollary to Theorem 4.17.3, p. 145] or [3, Theorem 4, p. 56]
yield the existence of complex numbers x(8) (0 € R) such that

p1(t,0)/¢1(t,0) = exp (tx(6)) (4.2)

We now show that ind ¢(¢,.) = 0 for all ¢ > 0. Recall from Lemma 4.3.2 that
the index of a non-vanishing continuous function on T is always an integer. If
ind ¢(to,.) # 0 for some ¢g > 0, then ind p(to/n,.) € Z for n large enough by
Lemma 4.3.2, which is impossible. It follows from Theorem 4.3.5 that there
exist functlons v(t,.) € W with 4(t,1) = 0 such that
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w1(t,9)/1(t,0) = exp (1(t,¢")). (43)
Define continuous functions ¥(¢,.) on R by 5(¢,0) := 'y(t,eie). We get from
(4.2) and (4.3):
(¢,6) = tx(6) + k(¢,0) 2mi (4.4)
with k(t,6) € Z. From (4.4) with t = 1 we get
7(¢,0) =t5(1,0) + k(t,0) — tk(1,6) 27 (4.5)

From (4.5), the continuity of (¢, .) and v(¢,0) = 0 we obtain k(¢t,0)—t k(1,0) =
0. Hence,

e1(t,6)/i1(2,0) = elEV(1,0), (4.6)
From (4.6) and the measurability of ¢;(¢,0):

v1(t,0) = exp {at +t7(1,0)}. (4.7)
Setting hg := a and letting h,, be the nth Fourier coefficient of ~(1,.), we arrive
at o(t, e = exp {tZ:f:_oo hn einQ} with >°° _  |hn| < 0. |

Remarks 4.5.4 a) Using Theorem 4.5.3 we can give an interesting proof of
Theorem 4.4.1 e = f: extend the sequences (gn)nent to elements of ¢1(Z)
by setting g,(t) = 0 for n < 0. By Theorem 4.5.3, there exists a sequence
(cn)nez € £1(Z) such that

) ) ) 0 o 4k
inf inf k
> we emp {1 35 el 37 0
n=—o00 n=-—oo n=-—o00 k=0

(Lemma 4.5.2 allows us to change the order of summation). Unicity of Fourier
coefficients yields:

sk

tk . =tk

Ecﬁ :Oforn<0;z Fcﬁ =gn(t) forn >0 (4.8)
k=0 k=0

Because (4.8) holds for all ¢ > 0, we must have ¢, = 0 for n < 0. Hence,

Yo odn(t) 2" =exp {tY oo cn 2"} #0forall |2| < 1.

b) It follows from ¢(t, e?) = exp {t o o b eine} that for all s >0

oo

lim D" ga(t) = ga(s)| = 0 (4.9)
n=-—o00
If we weaken the assumptions of Theorem 4.5.2 by allowing ¢(t,.) to vanish,

then (4.9) still holds for all s > 0 by [118, Theorem 9.3.1, p. 280].
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Notation If 0 < a < b < oo, then A(a,b) := {z € C: a < [|z| < b} and
A(a,b) :={z€ C:a <|z| <b}.

We denote the Banach algebra of all Laurent series that converge absolutely
on Z(a, b) by W, .— Addition and multiplication are the usual addition and
multiplication of series. The norm on W, is defined by || Y00z, 2" :=
max {320 |znla™ Yoo o |za| b7}

It is easy to see that W, is complete and that the polynomials in z and 1/z
are dense in W .

The unit element of Wy is the Laurent series with zp = 1 and z, = 0 for

n # 0.

Lemma 4.5.5 The complex homomorphisms of W, are point evaluations on

Ala,b).

Proof: Let A € M(W,;) be arbitrary. From ||A|| = 1 ([212, Proposition 10.6
and Theorem 10.7]) we infer for the polynomial z that |A(z)| < band |[A(1/z)] <
A 2= = |lz7Y| = a™!. Since 1/z is inverse to z, |A(z)| = 1/|A(1/2)] > a.
Thus A(z) = 2o for some 2z € A(a,b). Hence, if p is a polynomial in z and 1/z,
then A(p) = p(A(z)) = p(20). Since the polynomials in z and 1/z are dense in
Wb, we conclude that A(f) = f(zo) for every f € W, ;. O

Theorem 4.5.6 Let a,b € R (0 < a < b) and let (gn)nez be a two-sided
sequence of convolution type. If o(t,.) € inv Wb for all t > 0, then there
ezists a Laurent series Y oo gn 2™ € Wy such that

¢(t,2) = exp {t > gnZ“}

for all z € A(a,b). In particular, gn(t) = o, g&* t{;

Proof: Let r € [a,b] be arbitrary. Then (p(t,rew) # 0 for 6 € [—m,7]. By
Theorem 4.5.3 there exists (cn(7))nez € £1(Z) such that

o(t,re?) = exp {t Z cn(r)ei"(’} (4.10)

n=-—00

n

Define g,(r) := cp(r)r™™. Then (gn7")nez € £1(Z). We will now prove
that g,(r) does not depend on r. By Lemma 4.5.2, we may change the order
of summation in (4.10) which yields gn(t) = Y pep gn(r)** Z—k, Since r was
arbitrary and the right-hand side series defines a holomorphic function of ¢, we
conclude that g,(r) does not depend on r. Define g,, := gn(a). Hence g, has
the form indicated above. Moreover, (gn r"™)nez € £1(Z) for all r € [a,b] and
thus (4.10) yields ¢(t,z) =exp {t Yoo gn2"} for all z € A(a,b). O

We now set out to prove the analogue of Theorem 4.5.6 for the open annulus.
It turns out that two-sided sequences of convolution type possess a property
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that is analogous to the property for polynomials of convolution type as ex-
pressed in Theorem 4.4.10e. This property is stated in Theorem 4.5.8; the
above mentioned analogue of Theorem 4.5.6 is Theorem 4.5.9.

Lemma 4.5.7 Let (gn)ncz be an arbitrary double-sided sequence of complex
numbers such that Y .. __ gnz™ converges absolutely on the open annulus

k .
A(a,b). Define gn(t) := > pep gk tk—, for t € [0,00). Then (gn)nez s a
two-sided sequence of convolution type. If z € A(a,b), then Y o0 gn(t) 2"
converges absolutely and does not vanish.

Proof: It follows from Lemma 4.5.2 that ¢, (n € Z) is well-defined and that
S (t) 2™ converges absolutely on A(a,b). Hence,

n—-—oo Qn

o0 o0 o0 k
PR TOEEID ISP EE
n=-—00 n=—o0 k=0
Z{ Z gk z"} 71 = oXP {t Z gnz"};éO.
k=0 \n=-—o00 : n=—o0

Theorem 4.5.8 Let a,b € R (0 < a < b) and let (gn)necz be a two-sided
sequence of convolution type. If o(t,z) converges for all z € A(a,b) and all
t >0, then p(t,2z) #0 for allt > 0 and all z € A(a,b).

Proof: Suppose there are ty > 0 and zp € .A(a,b) such that o(tg,29) = 0.
It follows from [118, Theorem 4.17.1, p. 144], that ¢(t,2p) = O for all ¢t >
0. Choose ¢,d with a < ¢ < |z| < d < b such that ¢(ty,z) # 0 for all
t > 0 and all z € Ae,|z0]) U A(|20],d). This is possible since the functions
@(t,.) are analytic and not identically zero. Choose ¢1,ca,d; and dp with
c< e <eg < |zl and |z0] < di < dy < d. An application of Theorem 4.5.6
to the functions ¢, on A(cy,cz) yields a sequence (gn)nen of complex num-
bers such that gn(t) = Y 7o, g5 “t,;‘ An application of Theorem 4.5.6 to the
functions g, on A(d,dz) yields a sequence (hy)nen of complex numbers such
that g,(t) = Y poq hE* iki, Differentiating with respect to ¢t and substituting
t = 0, we obtain g, = h, for all n € Z. This implies that > - g, 2™ con-
verges for all z € A(cy,c2) | A(dy,dz), hence for all z € A(cy,ds). It follows
from Lemma 4.5.7 that ¢(to,2) # O for all z € A(cy,dz2), which contradicts
(P(t()’ ZO) =0. U

Theorem 4.5.9 Let a,b € R (0 < a < b) and let (gn)nez be a two-sided
sequence of convolution type. Suppose p(t,z) converges absolutely for all t > 0
and all z € A(a,b). Then there exists a Laurent series Y . gn 2" that
absolutely converges on A(a,b) and satisfies p(t,2) = exp {t > oo . gnz"}
for all t > 0 and for all z € A(a,b). In particular, ¢(t,z) does not vanish on

A(a,b) and gn(t) = 2, gh* &
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Proof: It follows from Theorem 4.5.8 that o(t,z) # 0 for all ¢ > 0 and all
z € A(a,b). Applying Theorem 4.5.6 to Wy1/n5—1/n for all n € N such that
a+1/n < b—1/n, we obtain Laurent series h, € Wyt1/np—1/n such that
p(t,z) = exp (thn(z)). Since exp (thn(z)) = exp (thm(z)) for all ¢ € [0, 00)
on a circular region, hp(z) = hn,(z) for all z in their common domain by
Lemma 4.2.1a. Hence, all the Laurent series h,, are identical. If we set g := hy,

then g converges absolutely on A(a,b) and ¢(t,2) = et 9(2) for all ¢ € C and
all z € A(a,b). O

We denote the Banach algebra of all Laurent series that are absolutely conver-
gent on A(a,b) and have a continuous extension to .A(a,b) by L, ;. Addition
and multiplication are defined pointwise. The norm is the supremum norm of
the function corresponding to the Laurent series. Since the limit of a uniformly
convergent sequence of continuous (holomorphic) functions is again continuous
(holomorphic), £, 3 is complete. The unit element of L, is the Laurent series
with g = 1 and z,, = 0 for n # 0.

Lemma 4.5.10 The complex homomorphisms of L, are point evaluations on

Ala,b).

Proof: It suffices to show that the polynomials in z and 1/z are dense in Lqp,
since we can then copy the proof of Lemma 4.5.5. If > °° an 2" € Lap,
then )" a, 2™ and Z;i_oo an 2" can be approximated uniformly on A(a, b)
by polynomials in z, polynomials in 1/z respectively. This shows that the
polynomials in z and 1/z are dense in Lg . O

n=—oo

Theorem 4.5.11 Let a,b € R (0 < a < b) and let (gn)nez be a two-sided
sequence of convolution type. If p(t,z) € inv Loy for all t > 0, then there

exists an h € L, such that ¢(t,z) = et h(2) for all t > 0 and all z € A(a,b).

In particular, g,(t) = }:Z’f__o gﬁ* t{,—

Proof: First note that Theorem 4.5.9 implies the existence of a Laurent series

h which absolutely converges on .A(a,b) and satisfies o(t,z) = et h(2) for all
z € A(a,b).

Choose c,d such that a < ¢ < d < b. Consider all 0 < A < 1 such that Ac > a.
Write pa(¢,2) := @(t,Az) for these A. It follows from Theorem 4.5.6 that
wa(1,.) € exp W, C exp Lcp. Since ¢(1,.) € inv L.y and limyy; @a(1,.) =
©(1,.)inL.p, the second statement of Theorem 4.1.4 implies that ¢(1,.) €
exp Lcp. In a similar way we see that ¢(1,.) € exp Lg4. It follows from
Lemma 4.2.1a that ¢(1,.) € exp Lq3, i.e. there exists an H € L, such that

o(l,2) = e(?) for z € A(a,b). It follows from Lemma 4.2.1a that H and h
differ by a constant. We conclude that h € L, .
For the last statement, see the end of the proof of Theorem 4.5.6. O
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Chapter 5

Central limit theorems and
infinite divisibility

In this chapter we study random variables Y,, (n € N) with probability gen-
erating function g,(Az)/g,()), where (gn)nen is a sequence of polynomials of
convolution type with coefficient sequence (gn)nen. For an interpretation of
the random variables Y, in terms of a compound Poisson process, see [222].
Canfield [47, 48] proved a central limit theorem for (Y,)nen in case g(z) :=
Y oo 09n 2™ belongs to a class of entire functions including polynomials (see
also [65, 216]). A central limit theorem for (¥,,)nen in case g has a dominant
logarithmic singularity on its circle of convergence can be found in [96, 97].
Stam [225] used renewal theory to obtain a central limit theorem. Moreover,
in [222] he obtained results on the asymptotic behaviour of g,(z)/gn(1). The
main purpose of this chapter is to extend the results of [224].

Applications of these central limit theorems to asymptotic enumeration can be
found in [47, 48, 96, 97, 214].

This chapter is organized as follows. Section 5.1 gives some auxiliary results
that will be needed for the proof of the central limit theorem in Section 5.4.
In Section 5.2 we determine the asymptotics of the polynomials ¢, when g
converges absolutely on its circle of convergence. In Section 5.3 we introduce
the renewal approach to central limit theorems of [224] and show that his
central limit theorem is a special case of the results of Section 5.4. Section 5.4
contains a central limit theorem for the case that g has a dominant logarithmic
singularity on its circle of convergence. Finally, Section 5.5 deals with infinitely
divisible probability measures on N. Using Sections 4.1 and 5.2, we give a new
proof for a result of Embrechts and Hawkes [87] on the asymptotic behaviour
of an infinitely divisible probability measure on N and its Lévy-measure.
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Contents of chapter 5

5.1 Preliminaries.

5.2 Asymptotics when g converges on its circle of convergence.
5.3 Renewal theory.

5.4 Logarithmic singularities.

5.5 Infinitely divisible measures on N.

5.1 Preliminaries

This section contains several results that will be used in the next sections. For
sake of brevity, we do not state these results in their most general form.

Lemma 5.1.1 a) Ifz > 1, then ((z+n_1

n ))TLGN 8 an 1ncreasing sequence.

b) If0<z <1, then ((””+"_1))neN is a decreasing sequence.

n

Proof: This follows from (**771)/(*t" ?) = 2tn=l =1 4 ==L, =

n—1 n

Lemma 5.1.2 If a, := (X logn)'/2, then for all \,z > 0 and all k € N:

22

NI

n—k n—k

: z/an . . \—!
lim e_anz()\e +n—k 1)_ (/\+n k 1> .

z/an -
For fized z > 0, e~ 9n% ("‘e / njk"_k_l) ()‘+7"L:,’:_1) s uniformly bounded for
alln,k € N with 0 < k <mn.

Proof: We first prove the assertion for ¥ = 0. Note that

e~ 0nZ <)\ez/an+n—1) (x\—}—n—l)_l _

n n

n—1
e"a'"zez/a" H (1+ )\-)i\-j (ez/a“—l)).

i=1
After taking logarithms it suffices to prove

n—1
. A z/an 1,
nlingo z/an—anz+;log(l+m(e —1) _53,

Expanding first the logarithms and then the exponential functions into Taylor
polynomials, we obtain

j‘; log (1 + /\—j‘r—J (ez/a" - 1))) -
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LY 2/a n 1 A 2 2/an, 2
52 ) ek ()

=0
with 0 < 0,; < A/\Tj (ez/a" - 1) for n — oo. The last term vanishes as
2
n — oo, because Y 2, (,\_j‘.j) converges and lim, . z/a, = 0. Now we

expand the first term as

n
A
PN

=0

(z/an + -;- (2/an)* +0 (azz))

Since jzzo /\—_);_J = a2 + 0(1), it follows that

n—

2 - - A 1
lin;o l(z/an'l‘% (z/an) +°(an2)) Z m] TanE= 522'

=0

This completes the proof for £ = 0. Because

Ae?/On 4 —k—1\ (A+n—k—1)"
( n—k ) ( n—k )
Abn—k (AT tn—(k-1)-1\ (A+n—(k=1)-1)"
ez/a"-i-n—k( n—(k—l) )( n__(k__l)_l ) ’
induction on k yields the first assertion.
For the second assertion note that e?/%n < ez/a"—k, e nZ < g7 n—kZ,
and that (z+"_1) < (”+"—1) for 0 < z < y. Hence, e~ n? (’\ez/a"+"_k‘1) <

n n n—k

Z[Qp—
e An—kZ ()\e / nn_k:-n_k_l). a

Lemma 5.1.3 For all A € C\{-1,-2,...}, we have lim, o (’\+Z‘1) nl= =
1
T(A)
_ T'(n+A)
A4n—1
= ———————— for all A —-1,-2,...}, th 1t
i NCESINEY orall A € C\ {—1,-2,...}, the resu
follows from [68, sect. 27]. O

Proof: Since (

Lemma 5.1.4 If A > 0 and (A — 1)a > —1, then

i (A+jj—)“ <Cmlt(1=Na

?
=0

where C' depends on A and a.
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Proof: Since A > 0 and (A — 1)a > —1, Lemma 5.1.3 yields > 7", (>‘+jj_)a =
1+ Y7, (7)) <1460 T, jAD H (A= 1)a > 0, then

1+C Z jODe <140y / tA—De gt < 0y M+,

=0 0

If -1<(A=1)a <0, then

m m—-+1
1+C Y j0 ) <1+0 / fO=De gy < 0y 1 +A-Da
1

=0

O

We conclude this section with a useful lemma on convergence of moment gen-
erating functions.

Lemma 5.1.5 Let a,b € R be arbitrary with a < b. If F,, (n € N) and F are
probability distribution functions on the real line such that

o] (o]

lim e*T dF,(x) = / T dF (z)

—o00 —o0

for all z € (a,b), then F,, converges weakly to F' .as n — oo.

Proof: If a < 0 < b, then the result for arbitrary distribution functions fol-
lows from the proof of {71, Theorem 3]. Suppose 0 is not an interior point of
(a,b). We will reduce this case to the case a < 0 < b. Choose an arbitrary
¢ € (a,b). Define measures dG, by dG,(z) := e$¥dF,(z) for all n € N
and define dG by dG(z) := €$% dF(z). Then limy_ o [, " dGn(z) =

limp—oo [0, v+ 8z dFa(z) = [7 v+ 8z dF(z) = [% €Y dG(z) for
allve (a—§,b—&). Since a — & <0 < b—¢, it follows that lim, . Gnp(z) =
G(z) for all continuity points z of G. Since €7 s continuous, it follows that
lim,, o F,(z) = F(z) for all continuity points z of F. Because F,, and F are
probability distribution functions, it follows that F,, converges weakly to F' as
n — 00. O

5.2 Asymptotics when g converges on its circle
of convergence

Let (gn)nen be a sequence of polynomials of convolution type with coeffi-
cient sequence (gn)nen. In this section we study the asymptotic behaviour
of gn(z)/qn(1) as n — oo in case Y~ | gn 2™ converges absolutely on its circle
of convergence. If g, > 0 for all n € N, then the polynomials g,, have non-

negative coefficients by Lemma 2.1.5, since g,(z) = 3 p_, g** ’,"c—’,c by Theorem
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2.1.8. Hence, g,(z)/gn(1) is the probability generating function of a discrete
random variable. Stam [222, Theorem 4] has shown that in this case the only
possible limit distribution without centering and scaling is a Poisson distribu-
tion shifted 1 to the right. We will extend this result to the case where the
numbers g, need not be non-negative. Of course, in this case gn(z)/gn(1) need
not be a probability generating function. The Banach algebra approach to
subexponential distributions of [61] will be used and extended.

We start with stating and extending the results from [61] needed for the sequel.
Recall that N = {0, 1, ...}.

Definition 5.2.1 Let (ptn)nen be a sequence of complexr numbers such that
1. limp oo p2*/pn = c exists and is finite
2. limpoo nt1/pn = 1/7 exists and is positive
3 pn>0forallneN

4o Yoo g™ < 0.

Define
UL = {(Wn)nen CC| lim v,/pn, exzists}

and
Up = {(Vn)nGN cC I nll»nolo Vh/ﬂ'n = O}

Condition 3) of definition 5.2.1 is missing in [61]. However, the proofs in [61] are
not valid unless condition 3) is added. It is not clear how to remove condition
3).

For more information on sequences satisfying the conditions of Definition 5.2.1,
see [86, sect. 2]. For example, it can be shown that ¢ =2 320 pu, 7" (see (86,
Theorem 2.8]).

Parts a,b and c of the following theorem are taken from [61]; parts d and e are
new.

Theorem 5.2.2 a) Uy, and Uy are Banach algebras when equipped with co-
ordinatewise addition, convolution as multiplication and norm |v|| =
M sup,en Vn/pn |, where M = up2 [p,. The sequence 1,0,0,... is the
unit element u of both Uy, and Uy.

b) If A is a complex homomorphism of Uy, then there exists A € {z € C :
|z] <7} such that A(v) =Y o0 v A™ for all v € Up.

¢) If A is a complez homomorphism of Uy, then there exists A € {z € C :
|z| <7} such that A(v) =3 >> cva A™ for allv € Uy,.

d) invUy = exp Up.
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e) inv Uy = exp Uy.

Proof: a) See [61, Lemma 1].

b) See [61, Lemma 2].

c) See [61, Lemma 3].

d) The inclusion exp Uy C inv Uy follows from Remark 4.1.3a. Let v € inv Uy
be arbitrary. Define F' : [0,1] — inv Uy by F(t) := (t" vn)nen. It follows from
b) and Theorem 4.1.2 that F(¢) € inv U for all t € [0,1]. We now show that F
is continuous. If s,t € [0, 1], then ||F(s)— F(t)|| = M sup,en |(s" —t") vn/pn].
Since lim, 00 Vn/pn = 0, it follows that lim, . ||F(s) — F(t)|| = 0. Hence,
v € exp Uy by Theorem 4.1.6 since vy # 0.

e) The inclusion exp U, C inv Uy, follows from Remark 4.1.3a. Let v € inv Uy,
be arbitrary. By c) and theorem 4.1.2, > >° (v, z™ # 0 for all |z| < r. In
particular, vy # 0. Thus, the Gelfand transform ¥ of v belongs to inv C(M).
Since M is homeomorphic to {z € C : |z| < r}, it follows from Theorem 4.2.5
that ¥ € exp C(M). By theorem 4.1.10, v € exp U, O

Remark 5.2.3 If v € inv Yy and lim,, o0 Vn/pn # 0, then F : [0,1] — inv Uy,
defined by F(t) := (t" vn)nen, is continuous for 0 < ¢t < 1 but discontinuous
at t = 1. Thus the method of proof for Theorem 5.2.2d does not work for
Theorem 5.2.2e.

The following theorem gives sufficient conditions for the convergence as n — oo
of gn(z)/qn(1). If the polynomials g, have non-negative coefficients, then
dn(z)/gn(1) is the probability generating function of a discrete random variable
Y,.. Convergence of g,(z)/gn(1) for all z € (0, 1] implies convergence in distri-
bution of the random variables Y,, by the continuity theorem for probability
generating functions (see [92, sect. X1.6]).

Theorem 5.2.4 was proved in [222] for ¢, with non-negative coefficients (cf.
Remark 5.2.5a).

Theorem 5.2.4 Let (q,)nen be a sequence of polynomials of convolution type
with coefficient sequence (gn)nen such that Ry, the radius of convergence of
> 0 9n 2", is finite and positive. If an o # 0 ezists such that:

1. gn(zo) > 0 for alln € N

2. lim gn(2z0)/qn(z0) ezists and is finite
n—oo

3. im gny1(z0)/qn(@0) = 1/R,

oo

4 gal@o)RE < 00

n=0

o0

5. Z gn(zo)z™ # 0 for |z] = Ry,

n=0
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then Z |gn| Ry < 00 and lim gn(z)/gn(1) = ze(z = 19(Ry) for all z € C.

n=0

Proof: By definition of convolution type, the sequence (¢n(2z¢))nen is the
twofold convolution of (gn(Zo))nen. Define p, = gn(zo). It follows from
Theorem 5.2.2 that Uy, and Uy are Banach algebras. It follows from Theorem
4.4.1 with a, = R} that Y >° ( pn 2™ # 0 for |2] < R,. Hence, (ftn)nen €
inv Uy, by Theorem 5.2.2c and (gn )nen € exp Uy, by Theorem 5.2.2e. It follows
from Lemma 4.2.1 and Theorem 4.4.1 that (gn)nen € Ur. Obviously, also
(2 gn)nen € Uy, for all z € C and therefore (gn(z))nen € Uy for all z € C.
Now [61, Lemma 5] implies that lim,_oo gn(k)/gn(1) = kek = 1)9(Ro) for all
k € N. Hence,

fim E/M) L ga(k/m) gu(1/m) _ k((k/m) - 1) g(Ry)
oo ga(l) | nooo gu(l/m)  ga(l)

for all k,m € N. By continuity, lim,—,c gn(z)/gn(1) = G 1) 9(Ry) for all
z > 0. Applying the theorem to (gn(az))nen for suitable a with |a| = 1, we

obtain lim, 0 gn(z)/gn(1) = zel® = 19(Ry) for all & e C. |

Remark 5.2.5 a) Let us compare Theorem 5.2.4 with [222, Theorem 4]. The
conditions in the Stam theorem are: g, > 0 for alln € N, g; # 0 (since (gn)nen
is a basic sequence; cf. Theorems 2.2.17 and 2.1.12b), Ry < 00, 307 0 gn Rp <
oo and the existence of a nonzero limit of g,(z)/gn(1) for 0 < z < 1. In
particular, these conditions imply 1), 2), 4) and 5) of Theorem 5.2.4 for 7o = ;.
It follows from [86, Theorem 2.8 and Lemma 2.10] that 3) is also satisfied for
To = % Hence, Theorem 5.2.4 is more general than the Stam theorem.

b) It is shown in [222, Theorem 3] that if g, > 0 for all n € N, then g(R,) = oo
implies liminfpen gn(2)/gn(1) = 0 for 0 < z < 1. Thus, g(R,) < oo is
necessary for the existence of a nonzero limit for g,(z)/gn(1). Since the proof
of Stam uses non-negativity in an essential way, it is not clear whether the
above also holds in the general case.

c) It is possible to avoid the continuity argument at the end of the proof of
Theorem 5.2.4 when g, > 0 for n > 1. In order to do so, first note that
lim, oo gn(z)/gn # 0 for all z # 0 (cf. the proof of Theorem 5.5.4). This
allows us to write limp, 00 gn(2)/¢n(1) = limp oo @n(z)/gr impoo gn/gn(1).
It follows from [86, Theorem 2.9iv] that g2* ~ 2g, (n — o0). Moreover,
limp o0 gn/gn+1 = Ry by [86, Theorem 2.8 and Lemma 2.10]. Now consider
the Banach algebra U with p, = gn. The theorem now follows from [61,
Formula (2)] with p(z) = €¥? (cf. [61, Remark 2]).

Example 5.2.6 We now apply Theorem 5.2.4 to the Abel polynomials z (x —
an)™ ! /n! with @ < 0. It follows from Remark 2.1.10c that g, = (—an)"~!/n!.
Thus

. gn ‘ |an|"—1 —1/n .
Ry = lim = lim | —— = (|ale)

n—o0 gniq n— oo n.
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and
o0

Z lgn| (lale)™™ < oo.

n=0

Moreover, a simple computation yields

lim gn(z)/qn(1) = ze~(@—1) a_l.

n— oo
Together with Theorem 5.2.4 this yields g(R,) = —a~!. Thus we obtain
n—1
o M _
2n=0 nlenr 1

5.3 Renewal theory

In the previous section we considered limit behaviour without centering or
scaling of random variables with probability generating function g,(z)/gn(1).

We used the representation g,(z) = Y p_, g&* %I,i and studied the behaviour
of >0 1 gnz". In [224] Stam introduced the idea to use the representation
an(x) = Sp_o fE*(*TF~1) (cf. Theorem 2.3.10 and Example 2.2.16c) for
studying limit behaviour with centering and scaling. The polynomials (z+;’"1)

have interesting properties. Firstly, (m+:—1) is the probability generating func-
tion of the number of cycles in a random permutation of {1,...,n} and satisfies
a central limit theorem (see [92, Chapter X.6b], [214, Chapter 5, Theorem 1.1]
or apply Lemmas 5.1.2 and 5.1.5). Secondly, the sequence ((z+:‘1))n€N is
the unique sequence of polynomials of convolution type with ¢,(1) = 1 for all
n € N (see Theorem 3.1.1). The purpose of Sections 5.3 and 5.4 is to extend

the results of [224] to the case where f, is not necessarily non-negative.

The following theorem shows the connection of the Stam approach with renewal
theory.

Theorem 5.3.1 Let (g, )nen be a sequence of polynomials of convolution type
with coefficient sequence (gn)nen and let (fn)nen be the unique sequence of
complex numbers such that gn(z) = S p_o f&* (*T57"). Let Ry, Ry be the

radius of convergence of f(z) = Y oo o fn2™, 9(z) = > oo o gn 2™ respectively.
Then:

a) qn(1) = Yoo Ia*

b) gn =Yy fu*

c) fo=0; fon=—qn(-1) forn>1

d) fa>0forallneN=g,>0forallneN

e) the following formal generating function identity holds:

S an@)z" = (1= f(2)"7
n=0
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f) Ry =min{|z| : |2| < Ry and f(z) =1}

9) Yomolfal RE < 00 and 3707 fn 2™ # 1 for all |2| < Ry if and only if
Ri =Ry and Y 77 o |gn Ry < co.

h) If there exists @ with |0] < Ry such that Y . [, 0" =1, then Ry < Ry
and Y 0" o |gn Ry = 00

) If3 0 ol fal R} <00, 30 g frn2™ # 1 for|z| <Ry and if 307 o fu 0" =
1 for some 6 with || = Ry, then Ry = Ry and Y 7 |ga| R} = o0.

Proof: Recall that ((m"';‘_l))n N 18 @ sequence of polynomials of convolution
type by Example 2.2.16c and Theorem 2.2.17. Thus existence and uniqueness
of (fn)nen follows from Theorem 2.3.10.

a) This follows from g, (z) = Y p_o f5* (*T571) with z = 1.

b) We have gn = (D 4a)(0) = Lo ££ D* ((**}7)) (0) = Zi_, 72"

¢) This follows from (kzz) =0 for k > 2(k € N) and (kzz) =—-1fork=1.

d) This follows directly from b).

e) This follows from Y00 o (177 2n = 3% (77) (=2)" = (1 — 2)~=.

f) First suppose Ry = 0. If R; > 0, then c) and Theorem 4.4.10 imply that
Rj; > 0. Hence, Ry = 0 implies Ry = 0. Now suppose Ry > 0. Note that
flz)=1- e=9(2) for |z| < min{Ry,R,). Hence, Ry < min{|z| : |z| < Ry
and f(z) = 1}. If f(z) # 1 for |z| < r < Ry, then by Theorem 4.2.10
there exists a unique analytic function G on |z| < 7 such that G(0) = 0 and
flz)=1- e~G(2). 1t follows from Lemma 4.2.1 with K = {zeC: |z <r}
and a = 0 that G = g. Thus, R, > r. Since r was arbitrary, if follows that
Rg > min{|z| : |2|] < Ry and f(z) =1}.

g) ‘=’ Part ) implies that Ry = R,. It follows from theorem 3.2.2 with
an = R} that (6on — fa)nen € exp £1(a). Since f = 1 — e~ 9, lemma 3.2.1
implies that (gn)nen € £1(a).

‘<’ This follows from f =1—e 9.

h) It follows from part f) that Ry < R, and that ) > f, 6™ = 1 for some
6 with |6] = R,. Suppose Y7 |gn| Ry < oco. Then lim, g ;<o f(2) =
1-e906) # 1, which contradicts f(0) = 1.

i) It follows from part f) that Ry = R,. Suppose )2 |gn| R} < o0o. Since

> o |fnl R} < 00, we have im, g |.j<g Y peg fn 0" =1— e—9(0) # 1, which
contradicts Y oo fn 0" = 1. O

Remark 5.3.2 a) The converse of Theorem 5.3.1d is not true: consider e.g.
gn(z) = ‘;—T Thus the set of sequences of polynomials of convolution type with
fn > 0 for all n € N is a proper subset of the set of sequences of polynomials
of convolution type with g, > 0 for all n € N. This corresponds to the fact
in probability theory that the class of compound geometric distributions is a
proper subclass of the class of compound Poisson distributions.
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b) From theorem 5.4.1 we see that if f, > 0 for all n € N, then (gn(1))nen is
an extended renewal sequence (see [Sta3, p. 185]).

c)If f >0foralln €N, then: ‘f(Rf) <1= Ry =Ry and g(R,) < 0’ ;
‘f(Rf)=1=>Ry =Ry and g(Ry) =00’ and ‘f(Rf) >1lor Ry =00 =R, <
Ry and g(Ry) = oo’(cf. Theorems 5.3.1g and 5.3.1h).

In [224] the usual renewal theory conditions are assumed. We now show that
these conditions on (f,)nen imply that > o ) gn 2™ has a dominant logarithmic
singularity on its circle of convergence. This explains why the centering and
scaling constants of the central limit theorem in [224] do not depend on (fr)nen
(cf. [224, p. 191, last paragraph]). An extension of the central limit theorem
in [224] will be given in Section 5.4.

Theorem 5.3.3 Let (qn)nen be a sequence of polynomials of convolution type
with coefficient sequence (gn)nen and let (fn)nen be the unique sequence of
complez numbers such that gn(z) = Y p_, fF* (”ﬂ:‘l). Let Ry, Ry be the
radius of convergence of Y v o fn 2™, D ueo gn 2™ Tespectively. Suppose that:

1. 0< Ry < 00 and lim;yr, Re g(r) =

2. Zn|qn DRy < o0

3. Z—nqn( 1)RY #0

Z 2" # 1 for|z| =1,z # 1.

Then there exists a sequence of polynomials (r,)nen of convolution type with
coefficient sequence (hp)nen such that

) Ryan(o) = 3 1e(a) (m e 1)

k=0

b) ZlT" ) < oo forallzeC

c) Z [hn| < 00
n=0
d) g(Rgz) = —Log(1 — z) + h(z) for |z| < 1.

[eS) -1 [e)
Moreover, lim g¢n(1) Ry = (Z —-n qn(—l)RZ) and Z lg9n Ry — n7l <

n=0 n=0
0.
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Proof: First note that 2) implies ) > |gn(—1)| R} < co. Hence,

an( DRy = 11m e—9(r) = ITI% «—Re g(r) _¢

n=0

Define the sequence (Bk)ren by B := Yiopy1 —¢i(—1) ’R,_f]. Thus By = 1 and
it follows from 2) that (Bx)ken € £1. We now show that > po o Bk z* #£ 0 for
|2] <1. If |2] <1 and z # 1, then

o] oo o0
S aF-Y # S g
k=0 k=0 i=k+1

[=S) ) i—1 ) i1

Y —a(-1)Ry Y F= Z —ai(-1) R, o1

i=1 k=0 i=1

— ;qz (2= 1) =1 (“; qi(—l)(Rgz)‘>,
since Y ;o) —¢i(—1)RY = 0 and go = 1. Thus 4) implies Y 22 Bk 2~ # 0 for

|zl =1, z # 1. Moreover since Y o0 qi(—1) (Ry 2)* = e=9(Rg2) for |z] <1,
we have Y reo Bk 2* # 0 for |z| < 1. Finally, we get from 3) that

' Z /Bk = Z Z _qz
k=0 k=0 i=k+1
oo i—1 oo ] oo
> =) —a(-DRyi= (1 > —au(-1)R; z) # 0.
i=1 k=0 i=1 =0
We conclude that > 72 B z% # 0 for |2| < 1. Since By = 1, it follows from
Theorem 4.2.2 with @, = 1 that there exists a sequence (yn)nen € £1 such
that 70 = 0 and Y oy Be2z¥ = exp (Z ooy ¥n2") for |2| < 1. Define h, by
hn := —7, for all n € N and write h(z) = ) oo hn 2™ Let (rp)nen be the
sequence of polynomials of convolution type with coefficient sequence (hy,)nen,
) =D po RE*E ” . It follows from Y po, Be2¥ = (1—2)7! e~ 9(Rg2)
that e9(Re?) = (1- ) 1 eM(2) | Since go = 0, we have g(Ry2z) = —log(1l —
z) + h(2) for |z| < 1. Hence, R} gn(x) = Y p_q k() (E+Z:Z"l). This proves
a) through d).
For the remaining statements, observe that R} gn(1) = Y ;_ r&(1). Since
Yoheo Br2F =220 —ai(—1) Ry i, it follows that

o] [’} -1
lim R ga(1) = 3 ri(1) =77 = (Z —nqn(—l)R;‘> :

k=0 n=0

ie. rn(z

Finally, it follows from g(R, z) = —log(1—2z)+h(z) for |z| < 1 and (hn)nen € &
that 3> [gn Ry —n7!| < oo. O
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Remark 5.3.4 a) If (fn)nen is a probability distribution and g.c.d {n > 1:
fn#0}=1,then Y o | fnz™ # lfor|z| =1, z # 1 (see [131, Theorem 3.6.1]).
Thus if ( f)nen is a probability distribution, then condition 4) of Theorem 5.3.3
is implied by aperiodicity of (fn)nen, since f, = —g,(—1) for n > 1 by Theorem
5.3.1c (cf. [224]).

b) The statement limy o0 ¢n(1) RE = (X —ngn(—1) RY) ! is an extension
of the Discrete Renewal Theorem (cf. [93, Chapter 11]).

We now apply the previous theorems to obtain a theorem similar to [224,
Theorem 4] (recall that f, = —g,(—1) for n > 1 by Theorem 5.3.1c).

Theorem 5.3.5 Let (gn)nen be a sequence of polynomials of convolution type
with coefficient sequence (gn)nen- Suppose that:

[e.e]
1. the power series g(z) = Z gn 2™ has a positive, finite radius of conver-
n=1

gence Ry and lim Re g(r) = 400
TRy

o0

2. ) nlga(-1)| R} < oo
n=0
3. —ngu(-1)Ry #0

0

3
1l

—gn(=1)2" #1 for |z] =1,z # 1.

M

n=0

Then lim, o gn(z)/gn(1) =0 for |z| < 1.

Proof: It follows from Theorem 5.3.3 that R} gn(z) = > p_, T&(x) (“’Z:,':_l)

with (7p(z))nen € inv £ for all z € C. If |z| < 1, then lim, o (“+Z_1) =0
by Lemma 5.1.3. It follows from dominated convergence that

. ~ z+n—k-1\
JLH;O;“(@( L )=

Moreover, lim, .. Ry qn(l) = 572 yrn(1) # 0 since (r,(1))nen € inv 4.

n=0

Hence, lim,— 00 gn(z)/gn(1) = 0 for |z| < 1. O

5.4 Logarithmic singularities

In this section we prove a central limit theorem for random variables Y,SA) with
probability generating function g,(Az)/gn()), where (gn)nen is a sequence of
polynomials of convolution type with coefficient sequence (g,)nen such that
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> o o 9n 2™ has a dominant logarithmic singularity on its circle of convergence.
We derive our central limit theorem from the asymptotic behaviour of ¢,,. Sim-
ilar results have been obtained by Flajolet and Soria (see [96, 97]). Contrary
to Flajolet and Soria, we do not use contour integration. Instead, our method
relies on simple estimates and a Banach algebra theorem from Chapter 4. Con-
sequently, our conditions on g are different (probably incomparable) from those
in [96, 97]. Note that the function R in [96, Definition on p. 169] should satisfy

R(z)=K+o ((log(l - z/p))_l) instead of R(z) = K + o(1) (see [97, p. 11)]).

We start with determining the asymptotic behaviour of g,(z)/qn(1). This
asymptotic behaviour will be used in Theorem 5.4.3 to obtain a central limit
theorem.

Theorem 5.4.1 Let (g, )nen be a sequence of polynomials of convolution type
with coefficient sequence (gn)nen. Suppose that the Ry, the radius of conver-
gence of g(z) = Y o0 1 gn 2™ is positive and finite. Define (hp)nen by hn =
Ry gn—n" and let (rn)nen be the sequence of polynomials of convolution type
with coefficient sequence (hy)nen-

a:

_ o]
ri(z) asn — oo
I‘(:c kz

for fized x > 1. If moreover ro(z) = O(n™!) as n — oo for a fized = with
z—1
0 <z <1, then Ry qu(z) ~ 1;(—:%) ;) ri(z) as n — oo.

If Y oo’ Ira(2)| < oo for allz > 0, then R} gn(x

Proof: The definition of h,, implies that R} gn(z) = Y_p_, 71 (2) (zny 1) for
alln €N

Lx>1

By Lemma 5.1.3, lim,_,o (E+Z:’,: 1) = 1/T(z) for fixed k with 0 < k <
(m+" k— 1) nl=% < (“’" l) =2 < C, by Lemmas 5.1.1a
and 5.1.3. Since > >, |1"n(:v)| < 00, dominated convergence yields Ry g, (z) ~

n®1T(z) Ype, Th(z) as n — oo.

n. Since z > 1,

II.0<z <1

We first evaluate lim, o n!™® E["/Q (**tr¥ Y. If k < [n/2], then n! =% <
217 (n — k)!=® and n'~® (“”Z_: ') is uniformly bounded by Lemma 5.1.3.

Hence, lim,_. ch":/g] ri(z)nt=2 ("’+Z:’Z—1) = Y roo me(z)/T(z) by domi-
nated convergence. We are done if we prove that

= —-k-1
lim n!'~® E ri(x) (z tn—k ) =0.
n— o0 n—k
k=[n/2]+1
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Fix an a with 1 < a < (1—z)~!. Applying Lemma 5.1.4 and Holder’s inequal-

ity, we obtain
z+n—k—-1

n

nl—z §

k=[n/2]+1
n 1-1/a [n/2] ' N 1/a
nl==® Z |7‘k($)|1+1/(°‘_1) Z (.7: +‘7. - 1) <
k=[n/2]+1 =0 J
1-1/a
ain' = Y @] fru(a)] /2= 41 <
k=[n/2]+1 .
n 1-1/a
1/a e
G (jmax In@P) | S @] ale <
k=[n/2]+1
n 1-1/a
Cs| > Ir(=)| = o(1)
k=[n/2]+1
as n — 00. O

If in Theorem 5.4.1, (7,)nen satisfies additional conditions as positivity or
monotonicity, then Theorem 5.4.1 can be obtained from Tauber theorems (cf.
[93, Chapter 8.5]).

The next theorem is a central limit theorem for a sequence of random variables
(Y,s’\))neN, where Y™ has probability generating function g,(Az)/gn(A). For
an interpretation of Yn()‘) in terms of a compound Poisson process, see [222].

For examples of combinatorial interpretations of Y,ﬁl), see Examples 5.4.5. We
first need a lemma.

Lemma 5.4.2 If (gn)neN @5 a sequence of polynomials of convolution type such
that Y o o lgn(z)| < oo for all x > 0, then limy_, |gn(t) — gn(s)| = O for all
s> 0.

Proof: Consider the separable Banach algebra ¢; with convolution as multipli-
cation. Define f : (0,00) — ¢; by f(t) := (gn(t))nen. Since the polynomials
g are of convolution type, we have f(u +v) = f(u) * f(v) for all u,v > 0. If
Y = (Yn)nen € (£1)* = Lo, then < ft),y >= 3" 1 gn(t) yn. Thus, f is weakly
measurable in ¢; according to [118, Definition 3.5.4] and strongly measurable
by [118, Corollary 2, p. 73]. The theorem now follows from [118, Theorem
9.3.1].

Theorem 5.4.3 Let (g,)nen be a sequence of polynomials of convolution type
with non-negative coefficients and with coefficient sequence (gn)nen. Define
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(hn)nen by by := Ry gn—n"" and let (1n)nen be the sequence of polynomials of
convolution type with coefficient sequence (hn)nen. Suppose that Ry, the radius
of convergence of g(z) = Y oo gn 2", is finite and positive and suppose that

Yo olrn(x)| < 0o for all z > 0. Let the random variable Y,SA) have probability
generating function ¢n(Az)/gn(A) for each n € N. Then the distribution of

(Y,EA)—/\ logn) (X logn)~1/2 converges to the standard normal law for all A > 1.
If0 < A <1 and ru(z) = O(n~!) uniformly in a real neighbourhood of A as

n — oo, then the distribution of (Y,g'\) — X logn) (A logn)~1/2 converges to the
standard normal law.

Proof: Write a, := (A logn)!/2. Because YTS'\) has probability generating
function gn(Az)/gn(A), (Yn()‘) — X logn) (A logn)~1/2 has moment generating

function gy, (/\ez/a") e %% /q,(A). By Lemma 5.1.5, it suffices to prove

limp—oo qn ()\ ez/a") e % /g, (\) = 6%22 for all z > 0.

Recall that in both cases (A > 1 and 0 < A < 1) we have

oo

lim n' R ga(A) =D re(})

n—00
k=0

by Theorem 5.4.1. Thus it suffices to prove

lim n'~A ’R;‘ Gn ()\ ez/a") e InZ = e3 2 _1 i ri(A).

n—o00

Since Ry gn(z) = Y pq Tk() (”+Z::_l), we may write

xm _ e Ad+n—k—1
nl Aqun (Aez/an)e anz _ 1 ,\Zrk()\ez/an)< :——k )tpnk(z),
k=0
where
_ )\ez/an+n—k—1 Adn—k—1\""!
. o= AnZ

o (2) 1= € ( n—k )< n—k ) :

ILA>1

We now write

nl=> T ez/a" Atn—k-1 nk(z) =17(n n),
> (3 ) (2T ekl = Tula) + T

n
where

Ti(n) :=n'=* En: {rk (/\ez/an) - Tk()\)} ()\ tn : ]’z - 1) onk(2)

n
k=0
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and

- Ad+n—k-1
To(n) := n'=* rr(A) nk(2).
2 kz_:_o k ( n—k )‘Pk

By Lemma 5.1.2, we have lim, o0 @nk(z) = e% " for fixed k with 0 <k<nm.

For A>1and0<k<n,n'"* <(n—k)'?, thus n!—* (A"'Z:,':_l) is uniformly

bounded in n and k with 0 < k£ < n by Lemma 5.1.3. Applying Lemma
5.1.2 and the dominated convergence theorem, we obtain lim, .. T2(n) =
es?’ ﬂl/\—) > oo Tk(X). Since ppi(z) is uniformly bounded by Lemma 5.1.2, we
have

lim [Ty(n)| <C lim i ‘rk (re#/an) - rk()\)' =0
k=0

by Theorem 5.4.2.

II.O< A <1

We first evaluate lim,_, o n!™* ch":/g} rE(A ez/a") (’\+::,’c°_1) onk(z). Ik <
[n/2], then n!=* <2172 (n—k)!=* thus n!—> ("""Z::"l) is uniformly bounded
by Lemma 5.1.3. By Lemma 5.1.2, @, (2) is uniformly bounded. Hence,

nlgr;o ["Z/E] {’rk()\ez/a") - ”‘k(/\)} n! A ()‘ +Z : I,: - 1) Pnk(2)

k=0

IN

[n/2] oa
li n) —r(A)| =
Jim l;) ’rk ()\e ) ri( )1 0

by Theorem 5.4.2 and

[n/2] oo
Ad+n—k—-1 1 1,2
: 1-A 2z
lim E rr(A)n ( k )(pnk(z)-g ri(A) o) e?

n— oo n
k=0 k=0

by dominated convergence. We are done if we prove that

lim i i . (/\ez/an) (,\+n—k—1)%k(z):

e k=[n/2]+1 n—k

Fix an a with 1 < @ < (1—)\)~!. Applying Lemma 5.1.4 and Holder’s inequal-
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ity, we obtain

n
wet Y

i (Ae?/on) (sz’;—l)’

k=[n/2]+1
n / 1+1/(a—1) 1=t/e [n/2] A +J 1 o 1/
nl=A i, (AeZ/On ( L ) <
k=[n2/2]+1 l ’ ( ) ) Jz:% J
n 1-1/a
c nl—}\ , )\ez/an 1+1/(a—1) E A—141/a <
o ) B
n 1-1/a
Co kgﬁﬂ] Tk (A ez/an) He ( Z 'Tk (/\ ez/a") ) ntle <
k=[n/2]+1
n 1-1/a
Cs ( Z |'I‘k (Aez/an) )
k=[n/2]+1
Using Theorem 5.4.2, we see that
lim Zn: "rk ()\ ez/a") <
C T e—[n/2)41 '
lim i }rk (/\ ez/a") - rk()\)’ + lim 2": |k (A)| = 0.
" h=[n/2)41 " h=[n/2)41
O

Remark 5.4.4 If in Theorem 5.4.1 or 5.4.3 we have (hy)nen € 41 and b, =
O(n™1), then r,(z) = O(n™!) uniformly in an interval around A (A > 0) as
n — oo as the following proof shows. Consider the algebra O of all sequences
a € {1 such that |a,| = O(n™!) with componentwise addition and convolution
as multiplication. Equipped with norm || a ||:=|| @ ||1 + u n|ax|, this algebra
becomes a Banach algebra. Hence, 7,(z) = O(n™!) for all z € C. We now
set out to prove the uniform O(n~!) property. Define (bp)nen by by := |hn]
and let (vp)nen be the unique sequence of polynomials of convolution type
with coefficient sequence (bp)nen. Hence, if g > A and 0 < z < u, then
ma(z) < vn(z) <wn(p) < Cll'n—l-

Examples 5.4.5 a) It follows from Remark 5.4.4 that the following sequences
of polynomials satisfy the conditions of Theorems 5.4.1 and 5.4.3 ((gn)nen is
the coefficient sequence of (gn)nen and g(2) = > oo gn 2™):

1. the derangement polynomials with g(z) = —log(1 — z) + z (this solves
the open problem of [47, p. 20]). These polynomials count the number
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of cycles in derangements, i.e. permutations without cycles of length
one. Thus P(Y,Sl) = k) is the probability that a random derangement of
{1,...,n} has k cycles.

2. the polynomials with g(z) = —log(1 —2z) + z + %z2. These polynomials
count the number of connected components in 2-regular graphs. Thus
P(Yﬂsl) = k) is the probability that a random 2-regular graph with n
points has k components (cf. [96, pp. 174-175]).

The other examples given in [96, pp. 173-175] also satisfy the conditions of
Theorems 5.4.1 and 5.4.3.

b) Consider the Mittag-Leffler polynomials of Example 3.1.3b with g(z) =
—log(l — z) + log(1 + z) (see also [202, p. 75]). Here P(Y,s%) = k) is the
probability that a random permutation of {1,...,n} without cycles of even
length has k cycles. Note that the polynomials of convolution type associated
to log(1 + z) are the polynomials (i) It follows from Raabe’s convergence
test that ) >° o |(Z)[ < oo for z > 0. In the terminology of Theorem 5.4.3,
the Mittag-Leffler polynomials are an example of a sequence of polynomials
such that Y o0 ) |rn(z)|] < oo for all z > 0 and Y oo |hn| = oo (cf. Remark
5.4.4). The uniform O(n~!) condition necessary for Theorem 5.4.3 follows from

n(i):w %ﬁjﬁ <zgfor0<z <1

w.n—1
c) Consider the polynomials g, with g(z) = z —log(1 — 2?). We will show that
the asymptotic behaviour of ¢, is different for even n and odd n. We have

n —z . $2n—2k
@2n(T) = Z ( k ) (-1) @n =2k

k=0
and
LI g2nt1-2k
n1(@) = N
Gon+1(x) §<k)( ) (2n + 1 — 2Kk)!
. e} m21., — %) n _
Since 37070 Gy = 1 (e®+e F)and Yoo, (;%E}l)—, =1(e®—e™ %), [86, Lemma

z—1 1

2.2.] and Lemma 5.1.3 yield ga,(z) ~ @ 2 (e + e %) and gony1(z) ~

%(em — e~ %). In spite of the different asymptotic behaviour, there exists a
central limit theorem (same proof as Theorem 5.3.2).

5.5 Infinitely divisible probability measures on

N

In this section we show that using the Banach algebra theory developed in
Chapter 4 and Section 5.2, it is possible to give a more transparent proof of
the main result of [87]. The proofs in [87] use Banach algebra results from [61].
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Definition 5.5.1 A probability generating function P is said to be infinitely
divisible if for all k > 1 there exists a probability generating function Py such
that P = (Py)*.

For more information on infinitely divisible probability measures, see [93, Chap-
ter 17] and [230, 233].

We now consider infinitely divisible probability measures on N. It follows from
the Lévy-Hinéin representation (see [93, Chapter 17, Section 2] or [151, Theo-
rem 5.5.1]; for a proof using Choquet theory see [127]) that if p is a probability
measure on N with infinitely divisible probability generating function, then
there exists a measure v on N (the Lévy-measure) such that

anznzexp {_’\+ZV’° zk} (5.1)
n=0 k=1

for all |z| <1, pp, := p{n}, vp := v{n} and X := Y20, v.

As an illustration of the Banach algebra theory of Chapter 4, we now prove the
Lévy-Hinéin theorem for infinitely divisible probability generating functions.
For a simple real analysis proof of this theorem, see [92, Section 12.2].

Lemma 5.5.2 Let P(z) = ) " pn 2" be an infinitely divisible probability gen-
erating function. Then Y o ppz™ # 0 for |z| < 1.

Proof: It follows from [151, th. 5.3.1] that Y o p, 2™ # 0 for |z| = 1. Since P
is infinitely divisible, Lemma 4.3.2 yields that ind P = 0. Hence, the Argument
Principle ([45, Corollary 5.86]) yields that Y oo pn 2™ # 0 for |z| < 1. O

For another proof of Lemma 5.5.2, combine [151, th. 5.3.1] and [151, th. 8.4.1]
(cf. [232, p. 5]).

Theorem 5.5.3 Let P(z) = Y7 (pn 2" be an infinitely divisible probability
generating function. Then there exists a sequence (Vp)nen tn R such that v, > 0
for allm > 1 and such that Y > vs, < 00 and P(z) = ezp {> oo o Vn 2"} for
o<1,

Proof: It follows from Lemma 5.5.2 that Y >0 p,z™ # 0 for all |z] < 1. It
follows from Theorem 4.2.2 with a;, = 1 that there exists a sequence (V5 )nen €
£y such that P(z) = exp {d ., vn2"}. We now set out to prove that v, > 0
for n > 1. Let (g, )nen be the sequence of polynomials of convolution type with
coefficient sequence (0,v1,vs,...). Thus, g,(1) = e Y0 p, for all n € N. Since
P is infinitely divisible, there exists for each integer k£ > 2 a sequence (a,)nen
of non-negative numbers such that ak* = p,. It easily follows by induction
on k that each (an)nen is unique except for ag. Thus infinite divisibility of
P implies that ¢,(1/k) > 0 for all k,n € N. Since (gn)nen is a sequence of
polynomials of convolution type, Theorem 2.1.8 or Remark 2.1.10f implies that
v, >0forallneN. O
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We now give a proof of the Embrechts-Hawkes result on tails of infinitely di-
visible probability measures on N.

Theorem 5.5.4 ([87, Theorem 1]) Let p be a probability measure on N with
infinitely divisible probability generating function and Lévy measure v. Define
o := —1 and ay = vi /X (k > 1), where X := Y 7| vip. Suppose that p; # 0
and ay, # 0 for n large enough. Then the following are equivalent:

(i) a2* ~2a, and any1 ~ a, (R — o0)
(“) p121,* ~ 2pn and Pn+1 ~ Dn (n - OO)
(15) pn ~ Aap and apt1 ~ a, (n — o0).

Proof: Note that by the Lévy-Hinéin representation (5.1) and the choice ap =
—A/A = -1, we have p = A% where P = (Pn)nen and @ = (an)nen-

‘(1) = (i)’ We use the Banach algebra Uy, of Definition 5.2.1 with u,, = py,.
First note that p, # 0 for all n € N by applying [231, Corollary on p. 813] or

by using Lemma 2.1.5b to show that for n > 1 we have e Prn = 2 peq ak* >
a* = (ag)" —e™ (p1)*/n! > 0.

It follows from Lemma 5.5.2 that Y > (p,z" # 0 for all |z] < 1. Thus
(Pn)nen € exp Up by Theorem 5.2.2e. Hence, (ap)nen € Ur. In particu-
lar, lim, 00 @n/pn = L exists. We now show that L # 0. If L = 0, then the

fact that Uy is a Banach algebra implies that lim, .o, af*/p, = 0forallk € N.

By continuity, lim,— o Prn/pn = 0 because A

conclude that L # 0. Thus,
Totl o g 2L fp Pl g Peooy

= p. Since this is absurd, we

lim
n—oo n—o0 Qi n—oo Py n—00 Qi
It remains to prove that a2* ~2a, (n — oo). This follows from [86, Theo-
rem 2.9iv].
‘(i) = (i1i)’ Using mathematical induction on k, it follows that af* ~ kay,
(n — o0) (see [61, Lemma 5]). It follows from [87, Lemma 2] or [86, The-
orem 2.9iii] that for each ¢ > 1 there exists a positive constant A such that
ak* < Ac*a, for all k,n € N. Thus we may apply the dominated convergence

theorem to p,/ay, = e~ A >y %Z: 3,‘;,1 (this equality follows from (5.1)). We
conclude that p, ~ Aa,, (n — o).
‘(#4i) = (i)’ Use the real analysis proof of [87, Theorem 1]. O

Remark 5.5.5 a) The proof of ‘(i) = (i)’ in [87] contains some misprints,
especially Formula (12).

b) For a version of Theorem 5.5.4 on |z| < r, see [87, Theorem 2].

c) The Banach algebra method works well for probability measures on N, since
the maximal ideal space of the Banach algebra involved has a simple structure
(see Theorem 5.2.2¢). It is possible to derive analogues of Theorem 5.5.4 for
probability measures on Z (cf. [61, pp. 267-268]).

The Banach algebra of all complex Borel measures on R is much more compli-
cated (see however [95]).



Bibliography

[1] J Aczél. Lectures on Functional Equations and Their Applications. Aca-
demic Press, New York, 1966.

[2] J. Aczél. Functions of binomial type mapping groupoids into rings. Math.
Z.,154:115-124, 1977. (MR 55#13115).

[3] J. Aczél and J. Dhombres. Functional Equations in Several Variables, vol-
ume 31 of Encyclopedia of mathematics and its applications. Cambridge
University Press, 1989.

[4] J. Aczél and G. Vranceanu. Equations fonctionelles liées aux groupes
linéaires commutatifs. Coll. Math., 26:371-383, 1972. (MR 49#11084).

[6] W. Al-Salam. Characterization theorems for orthogonal polynomials. In
P. Nevai, editor, Orthogonal polynomials: Theory and practice, pages 1-
24. Kluwer Academic Publishers, Dordrecht, Netherlands, 1990.

[6] W.A. Al-Salam. On a characterization of Meixner’s polynomials. Quart.
J. Math. Ozford, 17, 1966. (MR 32#7804).

[7] W.A. Al-Salam and A. Verma. Generalized Sheffer polynomials. Duke
Math. J., 37:361-365, 1970. (MR 41#7175).

[8] W.R. Allaway. Extensions of Sheffer polynomial sets. SIAM J. Math.
Anal., 10:38-48, 1979. (MR 80e:33008).

[9] G.E. Andrews. On the foundations of combinatorial theory V, Eu-
lerian differential operators.  Stud. App. Math., 50:345-375, 1971.
(MR 46+#8845).

[10] P. Appell. Sur une classe de polynémes. Ann. Sci. Ecole Norm. Sup, (2)
9:119-144, 1880.

[11] R. Arens. The group of invertible elements of a commutative Banach
algebra. Studia Math. (Seria specjalna), 1, 1963. (MR 2644198).

[12] F. Avram and M.S. Taqqu. Noncentral limit theorems and appell poly-
nomials. Ann. Probab., 15:767-775, 1987. (MR 88i:60058.



130 BIBLIOGRAPHY

[13] A.K. Avramjonok. The theory of operators (n-dimensional case) in com-
binatorial analysis (Russian). In Combinatorial analysis and asymptotic
analysis no. 2, pages 103-113. Krasnojarsk Gos. Univ., Krasnojarsk,
1977. (MR 80c:05017).

[14] S.K. Bar-Lev, D. Bshouty, P. Enis, G. Letac, I.-L. Lu, and D. Richards.
The diagonal multivariate natural exponential families and their classifi-
cation. J. Theoret. Probab., 7:883-929, 1994. (MR 96b:60030).

[15] M. Barnabei. Lagrange inversion in infinitely many variables. J. Math.
Anal. Appl., 108:198-210, 1985. (MR 86;:05023).

[16] M. Barnabei, A. Brini, and G. Nicoletti. Polynomial sequences of integral
type. J. Math. Anal. Appl., 78:598-617, 1980. (MR 82c:05016).

[17] M. Barnabei, A. Brini, and G. Nicoletti. Recursive matrices and umbral
calculus. J. Algebra, 75:546-573, 1982. (MR 84i:05020).

[18] M. Barnabei, A. Brini, and G. Nicoletti. A general umbral calculus in
infinitely many variables. Adv. Math., 50:49-93, 1983. (MR 85g:05025).

[19] M. Barnabei, A. Brini, and G. Nicoletti. A general umbral calculus. Adv.
Math., Suppl. Stud, 10:221-244, 1986. (Zbl. 612.05009).

[20] P.D. Barry and D.J. Hurley. Generating functions for relatives of
classical polynomials. Proc. Amer. Math. Soc., 103:839-846, 1988.
(MR 891:33025).

[21] G. Baxter. Polynomials defined by a difference system. J. Math. Anal.
Appl., 2:223-263, 1961. (MR 23#A3421).

[22] B. Beauzamy. Introduction to Banach Spaces and Their Geometry. North
Holland, 2nd. edition, 1985.

[23] E.T. Bell. The history of Blissard’s symbolic calculus, with a sketch of
the inventor’s life. Amer. Math. Monthly, 45:414-421, 1938. (Zbl. 19,
389).

[24] C. Berg and G. Forst. Potential Theory on Locally Compact Abelian
Groups. Springer, Berlin, 1975.

[25] L.C. Biedenharn, R.A. Gustafson, M.A. Lohe, J.D. Louck, and S.C.
Milne. Special functions and group theory in theoretical physics. In Spe-
cial functions: group theoretical aspects and applications, Math. Appl.,
pages 129-162. Reidel, Dordrecht, 1984. (MR 86h:22034).

[26] L.C. Biedenharn, R.A. Gustafson, and S.C. Milne. An umbral calculus for
polynomials characterizing U(n) tensor products. Adv. Math., 51:36-90,
1984. (MR 86m:05016).

[27] R.P. Boas. The Stieltjes moment problem for functions of bounded vari-
ation. Bull. Amer. Math. Soc., 45:399-404, 1939. (Zbl. 21, 307).



BIBLIOGRAPHY 131

[28] R.P. Boas and R.C. Buck. Polynomials defined by generating relations.
Amer. Math. Monthly, 63:626-632, 1956. (MR 18, 300).

[29] R.P. Boas and R.C. Buck. Polynomial expansions of analytic functions.
Springer, Berlin, second edition, 1964. (MR 294-218).

[30] F. Bonetti, G.-C. Rota, and D. Senato. On the foundation of combinato-
rial theory. X. A categorical setting for symmetric functions. Stud. Appl.
Math., 86:1-29, 1992. (MR 93h:05167).

[31] K. Borsuk. Theory of shape. PWN, Warsaw, 1975.

[32] N. Bourbaki. Eléments de mathématique. Fonctions d’une variable réelle.
Herman, Paris, 1976.

[33] W.C. Brenke. On generating functions of polynomial systems. Amer.
Math. Monthly, 52:297-301, 1945. (MR 7, 64).

[34] A. Brini. Higher dimensional recursive matrices and diagonal delta sets
of series. J. Comb. Th. Ser. A, 36:315-331, 1984. (MR 86d:05013).

[35] A. Browder. Function Algebras. Benjamin, New York, 1969.

[36] J.W. Brown. Generalized Appell connection sequences. II. J. Math. Anal.
Appl., 50:458-464, 1975. (MR 51#10721).

[37] J.W. Brown. On multivariable Sheffer sequences. J. Math. Anal. Appl.,
69:398-410, 1979. (MR 80j:05007).

[38] J.W. Brown. A property of Steffensen sequences. Glasnik Math. Ser. III,
24 (44)(1):31-34, 1989. (MR 91a:05009).

[39] J.W. Brown and J.L. Goldberg. A note on generalized Appell polynomi-
als. Amer. Math. Monthly, 75:169-170, 1968. (MR 374#1662).

[40] J.W. Brown and J.L. Goldberg. Generalized Appell connection sequences.
J. Math. Anal. Appl., 46:242-248,1974. (MR 4947489).

[41] J.W. Brown and S. Roman. Inverse relations for certain Sheffer sequences.
SIAM J. Math. Anal., 12:186-195, 1981. (MR 82b:33015).

[42] R.F. Brown. Elementary consequences of the noncontractibility of the
circle. Amer. Math. Monthly, 81:247-252, 1974. (MR 484:9629).

[43] N. Bruschlinsky. Stetige Abbildungen und Bettische Gruppen der Di-
mensionszahlen 1 und 3. Math. Ann., 103:525-537, 1934. (Zbl. 8, 373).

[44] V.M. Bukhshtaber and A.N. Kholodov. Boas-Buck structures on

sequences of polyomials. Funct. Anal. Appl., 23(4):266-276, 1990.
(MR 91d:26017).

[45] R.B. Burckel. An Introduction to Classical Complex Analysis, volume 1.
Academic Press, New York, 1979.



132 BIBLIOGRAPHY

[46] A. Calderén, F. Spitzer, and H. Widom. Inversion of Toeplitz matrices.
Hllinois J. Math., 3:490-498, 1959. (MR 22#12386).

[47] E.R. Canfield. Asymptotic normality in binomial type enumeration. PhD
thesis, University of California, San Diego, 1975.

[48] E.R. Canfield. Central and local limit theorems for the coefficients of
polynomials of binomial type. J. Comb. Th. Ser. A, 23:275-290, 1977.
(MR56+#8375).

[49] B.C. Carlson. Polynomials satisfying a binomial theorem. J. Math. Anal.
Appl., 32:543-558, 1970. (MR 42#6288).

[60] M. Cerasoli. Enumerazione binomiale e processi stocastici di Poisson
composti. Bollettino U.M.L., (5) 16-A:310-315, 1979. (MR 80k:05008).

[61] L. Cerlienco, G. Nicoletti, and F. Piras. Coalgebra and umbral calculus.
Rend. Sem. Mat. Fis. Milano, 54:79-100, 1984. (MR 88k:05019).

[52] L. Cerlienco, G. Nicoletti, and F. Piras. Polynomial sequences associated
with a class of incidence coalgebras. Ann. Discr. Math., 30:159-169, 1986.
(MR 88b:05018).

[63] L. Cerlienco and F. Piras. Coalgebraic aspects of the umbral calculus.
Rend. Sem. Mat. Brescia, 7:205-217,1984. (MR 86a:05010).

[64] L. Cerlienco and F. Piras. G-R-sequences and incidence coalgebras of
posets of full binomial type. J. Math. Anal. Appl., 115:46-56, 1986.
(MR 87k:05018).

[65] Ch. A. Charalambides and A. Kyriakoussis. An asymptotic formula for
the exponential polynomials and a central limit theorem for their coeffi-
cients. Discr. Math., 54:259-270, 1985. (MR 86f:05009).

[56] T.S. Chihara. Orthogonal polynomials with Brenke type generating func-
tions. Duke Math. J., 35:505-517, 1968. (MR 37#3072).

[57] T.S. Chihara. Orthogonality relations for a class of Brenke polynomials.
Duke Math. J., 38:599-603, 1971. (MR 43#6476).

[58] T.S. Chihara. An Introduction to Orthogonal Polynomials. Gordon and
Breach, 1978.

[59] Y. Chikuse. Multivariate Meixner classes of invariant distributions. Lin.
Alg. Appl., 82, 1986.

[60] F.M. Cholewinski. The Finite Calculus Associated with Bessel Func-
tions, volume 75 of Contemporary Mathematics. Amer. Math. Soc., 1988.
(MR 89m:05013).

[61] J. Chover, P. Ney, and S. Wainger. Functions of probability measures. J.
d’Anal. Math., 26:255-302, 1973. (MR 50#891).



BIBLIOGRAPHY 133

[62] K.L. Chung. A Course in Probability Theory. Academic Press, New York,
2nd edition, 1974.

[63] J. Cigler. Some remarks on Rota’s umbral calculus. Indag. Math., 40:27-
42, 1978. (MR 57#12939).

[64] P.C. Consul. A simple urn model dependent on predetermined strategy.
Sankhya, B36:391-399, 1974. (MR 54#3909).

[65] P.C. Consul. Some new characterizations of discrete Lagrangian distri-
butions. In G.P. Patil, S. Kotz, and J.K. Ord, editors, Statistical distri-
butions in scientific work, volume 3, pages 279-290. Reidel, 1975.

[66] P.C. Consul and S.P. Mittal. A new urn with predetermined strategy.
Biom. Z., 17:67-75, 1975. (MR 524:9438).

[67] P.C. Consul and S.P. Mittal. Some discrete multinomial probability
models with predetermined strategy. Biom. Z., 19:163-171, 1977. (MR
57410875).

[68] E.T. Copson. Asymptotic Expansions. Cambridge University Press, Cam-
bridge, 1965.

[69] H.H. Crapo and G.-C. Rota. On the foundations of combinatorial the-
ory II. Combinatorial geometries. Stud. Appl. Math., 49:109-133, 1970.
(MR 44#3882). -

[70] H.B. Curry. Abstract differential operators and interpolation formulas.
Portugal. Math., 10:135-162, 1951. (MR 13, 632).

[71] J.H. Curtiss. A note on the theory of moment generating functions. Ann.
Math. Stat., 13:430-433, 1942. (MR 4, 163).

[72] H.T. Davis. The theory of linear operators. Principia Press, Bloomington,
Indiana, 1936. (bibliography on Appell polynomials on p. 25 etc.).

[73] A. Di Bucchianico. Banach algebras, logarithms, and polynomials of con-
volution type. J. Math. Anal. Appl., 156:253-273,1991. (MR 92d:46123).

[74] A. Di Bucchianico. Polynomials of convolution type. PhD thesis, Univer-
sity of Groningen, The Netherlands, 1991.

[75] A. Di Bucchianico. Representations of Sheffer polynomials. Stud. Appl.
Math., 93:1-14, 1994.

[76] A. Di Bucchianico and D.E. Loeb. Operator expansion in the derivative
and multiplication by z. Integr. Transf. Spec. Fun., 4:49-68, 1996.

[77] A. Di Bucchianico and D.E. Loeb. Natural exponential families and
umbral calculus. In B. Sagan, editor, Rota Festschrift. Birkhiuser, 1997.
to appear.



134 BIBLIOGRAPHY

[78] A.J. Dobson. An introduction to generalized linear models. Chapman and
Hall, 1994.

[79] H.H. Domingues. Some applications of umbral algebra to combinatorics.
Rev. Mat. Estat., 3:39-44, 1985. (MR 89h#05010).

[80] P. Doubilet. On the foundations of combinatorial theory VII. Symmetric
functions through the theory of distribution and occupancy. Stud. Appl.
Math., 51(4):377-396, 1972. (MR 55#2589).

[81] P. Doubilet, G.-C. Rota, and R.P. Stanley. On the foundations of com-
binatorial theory VI. The idea of generating function. In 6th Berkeley
Symp. Math. Stat. Prob. vol. 2, pages 267-318, 1972. (MR 58#16376).

[82] P. Doubilet, G.-C. Rota, and J. Stein. On the foundations of combi-
natorial theory IX. On the algebra of subspaces. Stud. Appl. Math.,
53:185-216, 1974. (MR 58#16736).

[83] R.G. Douglas. Banach Algebra Techniques in Operator Theory. Academic
Press, New York, 1972.

[84] J. Dugundji. Topology. Allyn and Bacon, Boston, 1966.

[85] S. Eilenberg. Transformations continues en circonférence et la topologie
du plan. Fund. Math., 26:61-112, 1936. (Zbl. 13, 420).

[86] P. Embrechts. The asymptotic behaviour of power series with positive
coefficients. Academia Analecta ( = Med. Konink. Akad. Weten. Belgié),
45:41-61, 1983. (MR 85e:40001).

[87] P. Embrechts and J. Hawkes. A limit theorem for the tails of discrete
infinitely divisible laws with applications to fluctuation theory. J. Austral.
Math. Soc., 32:412-422, 1982. (MR 83m:60093).

[88] P. Feinsilver. Operator calculus. Pac. J. Math., 78:95-116, 1978.
(MR 80c:60093b).

[89] P. Feinsilver. Special functions, probability semigroups and Hamil-
tionian flows, volume 696 of Lect. Notes in Math. Springer, 1978.
(MR 80c:60093a).

[90] P. Feinsilver and R. Schott. Appell systems on Lie groups. J. Theoret.
Probab., 5:251-281, 1992. (MR 93i:60014).

[91] P. Feinsilver and R. Schott. Algebraic Structures and Operator Calculus.
Volume I: Representation Theory. Kluwer, 1993.

[92] W. Feller. An Introduction to Probability Theory and its Applications,
volume 1. Wiley, 3rd edition, 1968.

[93] W. Feller. An Introduction to Probability Theory and Its Applications,
volume 2. Wiley, 2nd. edition, 1971.



BIBLIOGRAPHY 135

[94] J.P. Fillmore and S.G. Williamson. A linear algebra setting for the Rota-
Mullin theory of polynomials of binomial type. Lin. and Multilin. Aly.,
1:67-80, 1973. (MR 47#9321b).

[95] M.J. Fisher. The embeddability of an invertible measure. Semigroup
Forum, 5:340-353, 1973. (MR 52#6321).

[96] P. Flajolet and M. Soria. Gaussian limiting distributions for the number
of components in combinatorial structures. J. Comb. Th. Ser. A, 53:165—
182, 1990. (MR 91c:05012).

[97] P. Flajolet and M. Soria. General combinatorial schemes: Gaussian limit-
ing distributions and exponential tails. Discr. Math., 114:159-180, 1993.
(MR 94€:05021).

[98] O. Forster. Lectures on Riemann Surfaces. Springer, Berlin, 1981.

[99] J.M. Freeman. New solutions to the Rota-Mullin problem of connection
constants. Congr. Numer., 21:301-305, 1978. (MR 80c:05019).

[100] J.M. Freeman. Orthogonality via transforms. Stud. Appl. Math., 77:119-
127, 1987. (MR 90g:42046).

[101] T. Gamelin. Uniform Algebras. Prentice Hall, Englewood Cliffs, N.J.,
1969. :

[102] A.M. Garsia and S. Joni. A new expression for umbral operators and
power series inversion. Proc. Amer. Math. Soc., 64:179-185, 1977.
(MR 56#2838).

[103] A.M. Garsia and S. Joni. Higher dimensional polynomials of binomial
type and formal power series inversion. Comm. Algebra, 6:1187-1211,
1978. (MR 58#10484).

[104] A.M. Garsia and S. Joni. Composition sequences. Comm. Alg., 8:1195-
1266, 1980. (MR 82e:05008).

[105] I.M. Gelfand, D. Raikov, and G.E. Shilov. Commautative Normed Rings.
Chelsea, New York, 1964.

[106] L. Giraitis and D. Surgailis. Multivariate Appell polynomials and the cen-
tral limit theorem. In Dependence in probability and statistics, volume 11
of Progress Prob. Stat., pages 21-71. Birkhauser, 1986. (MR 89c:60024).

[107] J.L. Goldberg. A note on polynomials generated by a(t) ¥[zh(t)]. Duke
Math. J., 32:643-651, 1965. (MR 32#2628).

[108] J.L. Goldberg. On the Sheffer A-type of polynomials generated by
a(t) ¥[zb(t)]. Proc. Amer. Math. Soc., 17:170-173,1966. (MR 32#£4297).



136 BIBLIOGRAPHY

[109] J. Goldman and G.-C. Rota. On the foundations of combinatorial theory
IV: Finite vector spaces and Eulerian generating functions. Stud. Appl.
Math., 49:239-258, 1970. (MR 45#6632).

[110] Z. Govindarajulu and R.T. Leslie. Elementary characterizations of dis-
crete distributions. In G.P. Patil, editor, Random counts in scientific
work, volume 1, pages 77-96. Pennsylvania State Univ. Press, 1970.

[111] S. Grabiner. Convergent expansions and bounded operators in the umbral
calculus. Adv. Math., 72:132-167, 1988. (MR 90c:05015).

[112] S. Grabiner. Using Banach algebras to do analysis with the umbral cal-
culus. In Conference on Automatic Continuity and Banach Algebras,
volume 21, pages 170-185. Proc. Centre Math. Anal. Austral. Nat. Univ,
1989. (MR 91;j:46097).

[113] A. Guinand. The umbral method: A survey of elementary mnemonic
and manipulative uses. Amer. Math. Monthly, 86:187-195, 1979.
(MR 80e:05001).

[114] H. Gzyl. Interpretacion combinatorica de polinomios de tipa binomial.
Acta Cient. Venezolana, 27:244-246,1976. (MR 554118).

[115] H. Gzyl. Canonical transformations, umbral calculus and orthogonal
theory. J. Math. Anal. Appl., 111:547-558, 1985. (MR 87¢:05019).

[116] H. Gzyl. Umbral calculus via integral transforms. J. Math. Anal. Appl.,
129:315-325, 1988. (MR 89a:05022).

[117] H. Gzyl. Hamilton Flows and Evolution Semigroups, volume 239 of Re-
search Notes in Mathematics. Pitman, 1990.

[118] E. Hille and R.S. Phillips. Functional Analysis and Semi-groups. Num-
ber 31 in American Mathematical Society Collected Publications. Amer-
ican Mathematical Society, 1957.

[119] J. Hofbauer. Beitrdge zu Rota’s Theorie der Folgen von Binomialtyp.
Sitzungber. Abt. I Osterr. Akad. Wiss. Math. Naturw. Kl, 187:437-489,
1978. (MR 82j:05013).

[120] S.-T. Hu. Homotopy Theory. Academic Press, New York, 1959.

[121] W.N. Huff. The type of the polynomials generated by f(zt)p(t). Duke
Math. J., 14:1091-1104, 1947. (MR 9, 282).

[122] W.N. Huff and E.D. Rainville. On the Sheffer A-type of polynomials gen-
erated by ¢(t) f(zt). Proc. Amer. Math. Soc., 3:296-299, 1952. (MR 13,
841).

[123] M.E.H. Ismail. Polynomials of binomial type and approximation theory.
J. Approxz. Th., 23:177-186, 1978. (MR 81a:41033).



BIBLIOGRAPHY 137

[124] M.E.H. Ismail and C.P. May. On a family of approximation operators.
J. Math. Anal. Appl., 63:446-462, 1978. (MR 80a:41017).

[125] K.G. Janardan. Characterizations of certain discrete distributions. In
G.P. Patil, S. Kotz, and J.K. Ord, editors, Statistical Distributions in
Scientific Work, volume 3, pages 359-364. Reidel, Dordrecht, 1975.

[126] L. Jdnossy, A. Rényi, and J. Aczél. On composed Poisson distributions
I. Acta Math., 1(2-4):210-224, 1950. (MR 13, 363).

[127] S. Johansen. An application of extreme point methods to the repre-
sentation of infinitely divisible distributions. Z. Warsch. verw. Geb.,
5:304-316, 1966. (MR 354#3613).

[128] N.L. Johnson and S. Kotz. Discrete Distributions. Houghton Mifflin
Company, Boston, 1969.

[129] S.A. Joni. Multivariate exponential operators. Stud. Appl. Math., 62:175—
182, 1980. (MR 81c¢:41050).

[130] S.A. Joni. Umbralized umbral operators. Eur. J. Comb., 2:41-53, 1981.
(MR 82€:05015).

[131] T. Kawata. Fourier Analysis in Probability Theory. Academic Press, New
York, 1972.

[132] A.N. Kholodov. The umbral calculus and orthogonal polynomials. Acta
Appl. Math., 19:1-54, 1990. (MR 92b:33022).

[133] A.N. Kholodov. The umbral calculus on logarithmic algebras. Acta Appl.
Math., 19:55-76, 1990. (MR 91k:05014).

[134] L.M. Koganov. Pseudogenerable two-index sequences (Russian). Nedra,
Moscow, 1989.

[135] T. Kreid. Combinatorial operators. Comment. Math. Prace Math.,
29:243-249, 1990. (MR 92d:05014).

[136] T. Kreid. Combinatorial sequences of polynomials. Comment. Math.
Prace Math., 29:233-242, 1990. (MR 92h:05012).

[137] G. Kreweras. The number of more or less ‘regular’ permutations. Fi-
bonacci Quart., 18:226-229, 1980. (MR 82¢:05011).

[138] S.G. Kurbanov. Some integral representations for the exponentials of
divided difference operators. Voprosy Vychisl. Prikl. Mat. (Tashkent),
80(139):105-111, 1986. (MR&89h:39006).

[139] S.G. Kurbanov and V.M. Maksimov. Mutual expansions of differential
operators and divided difference operators. Dokl. Akad. Nauk UzSSR,
4:8-9, 1986. (MR 87k:05021).



138 BIBLIOGRAPHY

[140] G. Labelle. Sur l'inversion et l'itération continue des séries formelles.
Eur. J. Comb., 1:113-138, 1980. (MR 82a:05003).

[141] H.O. Lancaster. Joint probability distributions in the Meixner classes. J.
Roy. Stat. Soc. B, 37:434-443, 1975. (MR 52#15770).

[142] R. Larsen. Banach Algebras. Marcel Dekker, New York, 1973.

[143] G. Letac. Le probleme de la classification des familles exponentielles
naturelles de R? ayant une fonction variance quadratique. In H. Heyer,
editor, Probability measures on groups IX, volume 1379 of Lect. Notes in
Math., pages 192-216. Springer, Berlin, 1989. (MR 92a:60041).

[144] G. Letac and M. Mora. Natural real exponential families with cubic
variance functions. Ann. Stat., 18:1-37, 1990. (MR 91b:62032).

[145] D.E. Loeb. The iterated logarithmic algebra. PhD thesis, MIT, 1989.

[146] D.E. Loeb. Sequences of symmetric functions of binomial type. Stud.
Appl. Math., 83:1-30, 1990. (MR 92e:05012).

[147] D.E. Loeb. The iterated logarithmic algebra. Adv. Math., 86:155-234,
1991. (MR 92g:05022).

1148] D.E. Loeb. The iterated logarithmic algebra II: Sheffer sequences. J.
Math. Anal. Appl., 156:172-183, 1991. MR 92d:05013.

[149] D.E. Loeb. Series with general exponents. J. Math. Anal. Appl., 156:184~
208, 1991. (MR 92e:05126).

[150] D.E. Loeb and G.-C. Rota. Formal power series of logarithmic type. Adv.
Math., 75:1-118, 1988. (MR 90f:05014).

[151] E. Lukacs. Characteristic Functions. Griffin, London, 2nd. edition, 1970.

[152] A. Lupag. Dobinski-type formula for binomial polynomials. Studia Univ.
Babes-Bolyai Math., 33(2):40-44, 1988. (MR 90i:05009).

[153] C. Markett, M. Rosenblum, and J. Rovnyak. A Plancherel theory for
Newton spaces. Integr. Eq. Oper. Th., 9:831-862, 1986. (MR 89a:33008).

[154] G. Markowsky. Differential operators and the theory of binomial enu-
meration. J. Math. Anal. Appl., 63:145-155, 1978. (MR 58#21666).

[155] W.S. Massey. Algebraic Topology, an Introduction. Harcourt, Brace &
World, New York, 1967.

[156] C.P. May. Saturation and inverse theorems for combinations of a class
of exponential-type operators. Can. J. Math., 28:1224-1250, 1976.
(MR 55+#8640).



BIBLIOGRAPHY 139

[157] J. Meixner. Orthogonale Polynomsysteme mit einer besonderen Gestalt
der erzeugenden Funktion ,(German) orthogonal polynomial systems
with a a generating function of a special form. J. London Math. Soc.,
9:6-13, 1934. (Zbl. 7, 307).

[158] P. Michor. Contributions to finite operator calculus in several variables.
J. Combin. Inform. System Sci., 4:39-65, 1979. (MR 81b:05013).

[159] G. Moldovan. Algebraic properties of a class of positive convolution oper-
ators. Studia Univ. Babes-Bolyai Math., 26:9-14, 1981. (MR 83i:41029).

[160] C.N. Morris. Natural exponential families with quadratic variance func-
tions. Ann. Stat., 10:65-80, 1982. (MR 83a:62037).

[161] R.A. Morris, editor. Umbral calculus and Hopf algebras, volume 6 of
Contemporary Mathematics. Amer. Math. Soc., 1982. (MR 83a:05001).

[162] R. Mullin and G.-C. Rota. On the foundations of combinatorial theory
III. Theory of binomial enumeration. In Harris, editor, Graph theory and
its applications, pages 167-213. Academic Press, 1970. (MR 43#65).

[163] W. Nichols and M.E. Sweedler. Hopf algebras and combinatorics. In Um-
bral calculus and Hopf algebras, volume 6 of Contemporary Mathematics,
pages 49-84. Amer. Math. Soc., Providence, 1982. (MR 83g:16019).

[164] H. Niederhausen. Methoden zur Berechnung exakter Verteilungen vom
Kolmogorov-Smirnov Typ. Technical Report 99, Technical Univ. Graz,
Austria, 1978.

[165] H. Niederhausen. Linear recurrences under side conditions. Fur. J. Com-
bin., 1:353-368, 1980. (MR 83c:05009).

[166] H. Niederhausen. Sheffer polynomials and linear recurrences. Congr.
Num., 29:689-698, 1980. (MR 82m:05012).

[167] H. Niederhausen. Sheffer polynomials in path enumeration. Congr. Num.,
26:281-294, 1980. (MR 82d:05015).

[168] H. Niederhausen. Sheffer polynomials for computing exact Kolmogorov-
Smirnov and Rényi type distributions. Ann. Statist., 9:923-944, 1981.
(MR 84b:62067).

[169] H. Niederhausen. How many paths cross at least [ given lattice points.
Congr. Num., 36:161-173, 1982. (MR 85b:05014).

[170] H. Niederhausen. Sheffer polynomials for computing Takécs’s goodness-
of-fit distributions. Ann. Statist., 11:600-606, 1983. (MR 84h:62077).

[171] H. Niederhausen. A formula for explicit solutions of certain linear
recursions on polynomial sequences. Congr. Num., 49:87-98, 1985.
(MR 87j:11018).



140 BIBLIOGRAPHY

[172] I Niven. Formal power series. Amer. Math. Monthly, 76:871-889, 1969.
(MR 40#5606).

[173] G Olive. Some functions that count. Austral. Math. Soc. Gaz., 10(1):2-
13, 1983. (MR 85£:05004).

[174] G. Olive. Catalan numbers revisited. J. Math. Anal. Appl., 111:201-235,
1985. (MR 87e:05011).

[175] G. Olive. The ballot problem revisited. Stud. Appl. Math., 78:21-30,
1988. (MR 90£:05014).

[176] F.J. Palas. The polynomials generated by f(t) exp[p(z)u(t)]. PhD thesis,
Oklahoma University, 1955.

[177] C. Parrish. Multivariate umbral calculus. PhD thesis, University of Cali-
fornia at San Diego, La Jolla, 1974.

[178] C. Parrish. Multivariate umbral calculus. J. Linear and Multilinear
Algebra, 6:93-109, 1978. (MR 58#£10487).

[179] S. Pincherle. Mémoire sur le calcul fonctionnel distributif. Math. Ann.,
49:325-382, 1897.

[180] S. Pincherle and U. Amaldi. Le operazioni distributive e le loro appli-
caziont all’gnalisi. N. Zanichelli, Bologna, 1901.

[181] G. Pélya. Sur l'indétermination d’un probléme voisin du probléme des
moments. C.R. Acad. Sci. Paris, 207:708-711, 1938. (Zbl. 20, 42).

[182] T. Popoviciu. Remarques sur les polynomes binomiaux. Bul. Soc. Sti.
Clug, 6:146-148, 1931. Zbl. 2, 398.

[183] T.R. Prabhakar, M. Chopra, and S. Gupta. An Appell cross-sequence
suggested by Hermite polynomials. Indian J. Pure Appl. Math., 9:194—
199, 1978. (MR 574#16746).

[184] E. Rainville. Special Functions. Chelsea, New York, 1960.

[185] E.D. Rainville. Some symbolic relations among classical polynomials.
Amer. Math. Monthly, 53:299-305, 1946. (MR 7, 440).

[186] R. Rasala. The Rodrigues formula and polynomial differential operators.
J. Math. Anal. Appl., 84:443-482,1981. (MR 83g:33009).

[187] N. Ray. Extensions of umbral calculus, penumbral coalgebras and gener-
alized Bernoulli numbers. Adv. Math., 61:49-100, 1986. (MR 88b:05019).

[188] N. Ray. Symbolic calculus: a 19th century approach to MU and BP.
In Homotopy theory (Durham 1985), volume 117 of London Math. Soc.
Lect. Notes Series, pages 195-238. Cambridge University Press, 1987.
(MR 89k:55007).



BIBLIOGRAPHY 141

[189] N. Ray. Umbral calculus, binomial enumeration and chromatic polyno-
mials. Trans. Amer. Math. Soc., 309:191-213, 1988. (MR 89k:05014).

[190] N. Ray. Loops on the 3-sphere and umbral calculus, volume 96 of Cont.
Math., pages 297-302. Amer.Math. Soc., 1989. (MR 90i:55006).

[191] N. Ray. Stirling and Bernoulli numbers for complex oriented homology
theory, volume 1370 of Lect. Notes in Math., pages 362-373. Springer,
Berlin, 1989. (MR 901£:55010).

[192] N. Ray. Tutte algebras of graphs and formal group theory. Proc. London
Math. Soc., 65:23-45, 1992. (MR 93f:05042).

[193] N.Ray and C. Wright. Colourings and partition types: a generalised chro-
matic polynomial. Ars Combin., 25 B:277-286, 1988. (MR 89e:05092).

[194] M. Razpet. An application of the umbral calculus. J. Math. Anal. Appl.,
149:1-16, 1990. (MR 91i:05018).

[195] M. Razpet. A new class of polynomials with applications. J. Math. Anal.
Appl., 150:85-99, 1990. (MR 91i:05020).

[196] D.L. Reiner. Multivariate sequences of binomial type. Stud. Appl. Math.,
57 (2):119-133, 1977. (MR 58#21668).

[197] D.L. Reiner. Sequences of polynomials of fractional binomial type. Lin.
Multilin. Alg., 5:175-179, 1977. (MR 56411809).

[198] D.L. Reiner. The combinatorics of polynomial sequences. Stud. Appl.
Math., 58:95-117, 1978. (MR 58%:260).

[199] J. Riordan. An Introduction to Combinatorial Analysis. Wiley, New
York, 1958.

[200] J. Riordan. Combinatorial Identities. Wiley, New York, 1968.

[201] S.M. Roman. The theory of umbral calculus I. J. Math. Anal. Appl.,
87:58-115, 1982. (MR 84¢:05008a).

[202] S.M. Roman. The Umbral Calculus. Academic Press, 1984. (MR
87¢:05015 = Zbl. 536.33001).

[203] S.M. Roman. More on the umbral calculus, with emphasis on the
g-umbral calculus. J. Math. Anal. Appl., 107:222-254, 1985. (MR
86h:05024).

[204] S.M. Roman. The harmonic logarithms and the binomial formula. J.
Combin. Theory, 63:143-163, 1993. (MR 94i:05007).

[205] S.M. Roman, P.N. De Land, R.C. Shiflett, and H.S. Schultz. Inverse
relations and the umbral calculus. J. Comb. Inf. Syst. Sci., 8:185-198,
1983. (MR 86h:05023).



142 BIBLIOGRAPHY

[206] S.M. Roman, P.N. De Land, R.C. Shiflett, and H.S. Schultz. The umbral
calculus and the solution to certain recurrence relations. J. Comb. Inf.
Syst. Sci., 8:235-240, 1983. (MR 87b:05026).

[207] S.M. Roman and G.-C. Rota. The umbral calculus. Adv. Math., 27:95~
188, 1978. (MR 58#5256).

[208] G.-C. Rota. The number of partitions of a set. Amer. Math. Monthly,
71:498-504, 1964. (MR 284-5009).

[209] G.-C. Rota. Finite operator calculus. Academic Press, New York, 1975.
(MR 53#7796).

[210] G.-C. Rota, D. Kahaner, and A. Odlyzko. On the foundations of com-
binatorial theory VII. Finite operator calculus. J. Math. Anal. Appl.,
42:684-760, 1973. (MR 49410556).

[211] H. Royden. Function algebras. Bull. Amer. Math. Soc, 69:281-298, 1963.
(MR 26, 6817).

[212] W. Rudin. Functional Analysis. McGraw-Hill, 1973.
[213] W. Rudin. Real and Complez Analysis. McGraw Hill, 2nd. edition, 1974.

[214] V.N. Sackov. Probabilistic Methods in Combinatorial Analysis (in Rus-
sian,). Nauka, Moscow, 1978. MR 80g:05002.

[215] C. Scaravelli. Su i polinomi di Appell. Riv. Mat. Univ. Parma, 6 (2):103—
116, 1965. (MR 364440).

[216] E. Schmutz. Asymptotic expansions of the coefficients of eF(*). Bull.
London Math. Soc., 21:482-486, 1989. (MR 90j:41060).

[217] .M. Sheffer. A simplified solution of the equation Ay(z) = f(z). Bull.
Amer. Math. Soc., 43:283-287, 1937. (Zbl. 16, 307).

[218] I.M. Sheffer. Note on Appell polynomials. Bull. Amer. Math. Soc.,
51:739-744, 1945. (MR 7, 64).

[219] E.S.W. Shiu. Proofs of central-difference interpolation formulas. J. Ap-
proz. Theory, 35:177-180, 1982. (MR 84i:41004).

[220] E.S.W. Shiu. Steffensen’s poweroids. Scand. Actuar. J., 2:123-128, 1982.
(MR 83m:62167).

[221] S.D. Silvey. Statistical inference, volume 7 of Monographs on Statistics
and Applied Probability. Chapman and Hall, 1991.

[222] A J. Stam. Polynomials of binomial type and renewal sequences. Stud.
Appl. Math., 77:183-193, 1987. (MR 90m:60097).

[223] A J. Stam. Two identities in the theory of polynomials of binomial type.
J. Math. Anal. Appl., 122:439-443, 1987. (MR 88b:05015).



BIBLIOGRAPHY 143

[224] A J Stam. Polynomials of binomial type and compound Poisson pro-
cesses. J. Math. Anal. Appl., 130:493-508, 1988. (MR 89d:60134).

[225] A J. Stam. Lagrange’s theorem, polynomials of convolution type
and probability distributions. Technical Report W-9011, University of
Groningen, September 1990.

[226] J. F. Steffensen. On a special type of polynomials. Mat. Tidsskr. B.,
pages 6-9, 1950. (MR 12, 409).

[227] J.F Steffensen. The poweroid, an extension of the mathematical notion
of power. Acta Math., 73:333-366, 1941. (MR 3, 326).

[228] J.F. Steffensen. On a class of polynomials. Mat. Tidsskr. B, 1945:10-14,
1945. (MR 7, 157).

[229] J.F. Steffensen. On the polynomials RL’\](:E), N,[,)‘](:v) and M,E’\](a:). Acta
Math., 78:201-314, 1946. (MR 8, 155).

[230] F.W. Steutel. Preservation of Infinite Divisibility under Mizing, and
Related Topics, volume 33 of Math. Centre Tracts. Mathematical Centre,
Amsterdam, 1970.

[231] F.W. Steutel. On the zeros of infinitely divisible densities. Ann. Math.
Stat., 42:812-815, 1971. (Zbl. 218.60026).

[232] F.W. Steutel. A Lagrange type identity related to random walk theory.
Technical report, Technical University Twente, 1972.

[233] F.W. Steutel. Some recent results in infinite divisibility. Stoch. Proc.
Appl., 1:125-143, 1973. (MR 51#9152).

[234] E.G. Tashes. Application of the Liouville-Steklov method to orthogo-
nal Appell polynomials in two variables. In Application of functional

analysis in approzimation theory, pages 76-82. Gos. univ. Kalinin, 1988.
(MR 90b:33026).

[235] J.L. Teugels. Bivariate sequences. Bull. Soc. Math. Belg. Sér. B, 42:1-30,
1990. (MR 91h:05017).

[236] C.J. Thorne. A property of Appell sets. Amer. Math. Monthly, 52:191—
193, 1945. (MR 6, 217).

[237] F. Topsge. Banach algebra methods in prediction theory. Manuscripta
Math., 23:19-55, 1977. (MR 57410800).

[238] K. Ueno. Umbral calculus and special functions. Adv Math., 67:174-229,
1988. (MR 88m:05012).

[239] K. Ueno. General power umbral calculus in several variables. J. Pure
Appl. Algebra, 59:299-308, 1989. (MR 90m:05014).



144 BIBLIOGRAPH

[240] K. Ueno. Hypergeometric series formulas through operator calculus.
Funkcialaj Fkvaciog, 33:493-518, 1990. (MR 92b:33004).

[241] Univ. ”Babes-Bolyai”. C. Manole, Approzimation operators of binomial
type, number 9 in Seminar on Numerical and Statistical Calculus, Cluj-
Napoca, 1987, pages 93-98. (MR 89c:00027).

[242] O.V. Viskov. Operator characterization of generalized Appell polynomi-
als. Sov. Math. Dokl., 16:1521-1524, 1975. (MR 52414416).

[243] O.V. Viskov. On bases in the space of polynomials. Sov. Math. Dokl.,
19:250-253, 1978. (MR 58#10854).

[244] O.V. Viskov. On a class of linear operators. In V.S. Vladimirov, edi-
tor, Generalized functions and their applications in mathematical physics,
Moscow, pages 110-120, 1980. (Zbl. 518.34025).

[245] C.T.C. Wall. A Geometric Introduction to Topology. Addison Wesley,
Reading, Massachusetts, 1972.

[246] M. Ward. A calculus of sequences. Amer. J. Math., 58:255-266, 1936.
(Zbl. 14, 56).

[247] T. Watanabe. On a dual relation for addition formulas of additive groups:
I. Nagoya Math. J., 94:171-191, 1984. (MR 86{:05020).

[248] T. Watanabe. On a dual relation for additioﬁ formulas of additive groups:
II. Nagoya Math. J., 97:95-135, 1985. (MR 86i:05023).

[249] T. Watanabe. On a generalization of polynomials in the ballot problem.
J. Statist. Planning & Inference, 14:143-152, 1986. (MR 87j:05024).

[250] T. Watanabe. On a determinant sequence in the lattice path counting.
J. Math. Anal. Appl., 123:401-414, 1987. (MR 88g:05015).

[251] J.H. Williamson, editor. Algebras in Analysis. Academic Press, New
York, 1975.

[252] B.G Wilson and F.J. Rogers. Umbral calculus and the theory of multi-
species nonideal gases. Phys. A, 139:359-386, 1986. (MR 88d:82024).

[253] K.W. Yang. Integration in the umbral calculus. J. Math. Anal. Appl.,
74:200-211, 1980. (MR 82i:05008).



Index

A, 91
A(a,b), 105
A(a,b), 105
Abel
operator, 19, 23, 30
polynomials, 23, 53, 57, 115
actuarial polynomials, 46
algebra
Banach, 82
Wiener, 94
algebraic topology, 9
analysis
harmonic, 21
Appell polynomials, 36
approximation
operator, 57
theory, 9, 77
A, 91
Arens-Royden Theorem, 87
Argument Principle, 96, 127

backward difference operator, 19, 23,
30
Banach algebra, 82
Banach-Stone Theorem, 95
basic sequence, 22
Bernoulli
operator, 19, 20
polynomials, 36, 42, 46
Bernstein function, 65
Bessel
function of the first kind, 103
polynomials, 54
binomial
distribution, 55, 59, 79
formula, 24
Abel generalization, 24, 54

type, 7
Blissard Calculus, 9, 31
Borel measure
invertible, 68
Brownian semigroup, 70

C(K), 89
Calculus
Blissard, 31
Symbolic, 31
Umbral, 19
Catalan numbers, 54
coefficient
connection, 33
sequence, 17
combinatorics, 9
complex homomorphism, 82
component, 83, 84
compound
geometric distribution, 117
Poisson distribution, 117
conditioning, 14
connected topological space, 83
connection coefficients, 33
contractible, 89
contraction, 89
convolution
of sequences, 13
operator, 12
semigroup, 64
weakly continuous, 64
weakly measurable, 64
type
function, 13
two-sided sequence, 102
cross sequence, 43
cumulant, 74



146 INDEX
D, 87 for Sheffer polynomials, 41
D, 87 Taylor, 20
degree Vandermonde, 24

of polynomial, 12
delta operator, 20
derangement polynomials, 125
disc algebra, 91
Discrete Renewal Theorem, 120
distribution
binomial, 55, 59, 79
compound geometric, 117
compound Poisson, 117
gamma, 79
hyperbolic, 79
hypergeometric, 55, 59
negative binomial, 79
normal, 42, 79
Poisson, 75
Pélya-Eggenberger, 55, 59
quasi-binomial, 56, 60
uniform, 42
Dobinski Formula, 69
duplication formula, 34

E* 19
Euler polynomials, 46
Expansion Theorem
Operator, 25, 40
Polynomial, 25, 40
exp B, 83
exponential
family
natural, 74
polynomials, 69

p, 103
factorial
lower, 23
upper, 23, 51, 54
Favard’s Theorem, 60
Formula
Binomial, 24
Dobinski, 69
duplication, 34
Newton Interpolation, 26
Rodrigues, 29

forward difference operator, 19, 23,

30
function
Bernstein, 65
Bessel, 103
convolution type, 13
moment generating, 42
negative definite, 65
functional
on P, 26

gla 84
gamma distribution, 79
Gamma-semigroup, 69
Gelfand

topology, 83, 85

transform, 85
generator

infinitesimal, 44
Gould polynomials, 53, 54, 57
group

first Cech cohomology group, 86

first cohomotopy, 86
strongly continuous, 68

harmonic analysis, 21

Hermite polynomials, 36, 42, 46, 79

homomorphism

complex, 82
homotopy, 86
hyperbolic distribution, 79

hypergeometric distribution, 55, 59

identity, 82
ind, 93
index, 93
infinite divisibility, 68, 81
infinitesimal generator, 44
inv B, 82
invertible
Borel measure, 68
operator, 38
Isomorphism Theorem, 27



INDEX

147

Krawtchouk polynomials, 79

L(a,b), 107
t1(a), 88
Lagrange inversion, 51
Laguerre
operator, 19, 20, 30, 71
polynomials, 30, 36, 47
Lévy-measure, 127
link function, 75
lower factorial, 23

M, 83
maximal ideal space, 83
Maximum Modulus Theorem, 99
measure
invertible Borel, 68
Lévy, 127
Mittag-Lefller polynomials, 51, 126
moment
generating function, 42
system, 66

natural exponential family, 74

associated Sheffer polynomials,
76

negative binomial distribution, 79

negative definite function, 65

Newton Interpolation Formula, 26

normal distribution, 42, 79

N, 101

v, 101

operator
Abel, 19, 23, 30
approximation, 57
backward difference, 19, 23, 30
Bernoulli, 19, 20
delta, 20
forward difference, 19, 23, 30
invertible, 38
Laguerre, 19, 20, 30, 71
shift, 19
shift-invariant, 19
Toeplitz, 26
umbral, 31, 64, 68
Weierstrass, 71

Operator Expansion Theorem, 25, 40
orthogonal Sheffer sequence, 60

P, 12
path, 84
Pincherle derivative, 28, 61
Poisson
distribution, 75, 117
process, 12, 13
semigroup, 69
Poisson-Charlier polynomials, 46, 79
Pélya-Eggenberger distribution, 55,
59
Polynomial Expansion Theorem, 25,
40
polynomials
Abel, 23, 53, 57, 115
actuarial, 46
Appell, 36
Bernoulli, 36, 42, 46
Bessel, 54
binomial type, 7
convolution type, 13
generating function, 17
cross, 43
degree, 12
derangement, 125
Euler, 46
exponential, 69
Gould, 53, 54, 57
Hermite, 36, 42, 46, 79
Krawtchouk, 79
Laguerre, 30, 36, 47
Mittag-Leffler, 51, 126
Poisson-Charlier, 46, 79
set of type zero, 8
Sheffer, 35
Wick, 41
¥, 96

quantum mechanics, 41
quasi-binomial distribution, 56, 60

renewal

theory, 116

renewal property, 51
Ry, 101



148

INDEX

Rodrigues Formula, 29

for Sheffer polynomials, 41
Roman shift, 25, 30
pt, 101

semigroup
Brownian, 70
Gamma, 69
of operators, 43
Poisson, 69
sequence
basic, 22
coefficient, 17
cross, 43
Sheffer, 35
Steffensen, 46
Sheffer
polynomials, 35
sequence, 35
orthogonal, 60
strict sense, 35
wide sense, 35
shift operator, 19
shift-invariant operator, 19
statistics, 9
Steffensen sequence, 46
Stirling numbers
first kind, 53
second kind, 53, 58
signless, 53
strongly continuous group, 68
subordination, 68
subspace
translation-invariant, 21
Symbolic Calculus, 31

7,92

TA, 99

Taylor’s Formula, 20

Theorem
Arens-Royden, 87
Banach-Stone, 95
Borsuk, 91
Discrete Renewal, 120
Favard, 60
Isomorphism, 27

Maximum Modulus, 99

noncentral limit, 41

Operator Expansion, 25, 40

Polynomial Expansion, 25, 40
three-term recurrence relation, 60
Toeplitz operator, 26

topology
algebraic, 9
Gelfand, 85

transition probability, 12
translation-invariant subspace, 21

u, 82
Uy, 113
Ur, 113
umbral
calculus, 9, 19
electronic survey, 9
operator, 31, 64, 68
uniform distribution, 42
unit element, 82
upper factorial, 23, 51, 54

Vandermonde Formula, 24

W, 94

W(a,b), 105
Weierstrass operator, 71
Wick polynomials, 41
Wiener algebra, 94



CWI TRACTS

1 D.H.J. Epema. Surfaces with canonical hyperplane
sections. 1984.

2 J.J. Dijkstra. Fake topological Hilbert spaces and
characterizations of dimension in terms of negligi-
bility. 1984.

3 AJ. van der Schaft. System theoretic descriptions
of physical systems. 1984.

4 J. Koene. Minimal cost flow in processing networks,
a primal approach. 1984.

5 B. Hoogenboom. Intertwining functions on com-
pact Lie groups. 1984.

6 A.P.W. Bohm. Dataflow computation. 1984.

7 A. Blokhuis. Few-distance sets. 1984.

8 M.H. van Hoorn. Algorithms and approximations
for queueing systems. 1984.

9 C.P.J. Koymans. Models of the lambda calculus.
1984.

10 C.G. van der Laan, N.M. Temme. Calculation of
special functions: the gamma function, the expo-
nential integrals and error-like functions. 1984.

11 N.M. van Dijk. Controlled Markov processes; time-
discretization. 1984.

12 W.H. Hundsdorfer. The numerical solution of non-
linear stiff initial value problems: an analysis of one
step methods. 1985.

13 D. Grune. On the design of ALEPH. 1985.

14 J.G.F. Thiemann. Analytic spaces and dynamic pro-
gramming: a measure theoretic approach. 1985.

15 F.J. van der Linden. Euclidean rings with two infi-
nite primes. 1985.

16 R.J.P. Groothuizen. Mixed elliptic-hyperbolic par-
tial differential operators: a case-study in Fourier
integral operators. 1985.

17 H.M.M. ten Eikelder. Syi
and Hamiltonian systems. 1985.

18 A.D.M. Kester. Some large deviation results in
statistics. 1985.

19 T.M.V. Janssen. Foundations and applications of
Montague grammar, part 1: Philosophy, frame-
work, computer science. 1986.

20 B.F. Schriever. Order dependence. 1986.

21 D.P. van der Vecht. Inequalities for stopped Brow-
nian motion. 1986.

22 J.CS.P. van der Woude.
1986.

23 A.F. Monna. Methods, concepts and ideas in math-
ematics: aspects of an evolution. 1986.

24 J.C.M. Baeten. Filters and ultrafilters over defin-
able subsets of admissible ordinals. 1986.

25 AW.J. Kolen. Tree network and planar rectilinear
location theory. 1986.

26 A.H. Veen. The misconstrued semicolon: Recon-
ciling imperative languages and dataflow machines.
1986.

27 A.JM. van Engel Homog zero-
dimensional absolute Borel sets. 1986.

28 T.M.V. Janssen. Foundations and applications of
Montague grammar, part 2: Applications to natu-
ral language. 1986.

29 H.L. Trentelman. Almost invariant subspaces and
high gain feedback. 1986.

30 A.G. de Kok. Production-inventory control models:
approximations and algorithms. 1987.

ies for d_, ical

Topological dynamix.

31 E.E.M. van Berkum. Optimal paired comparison
designs for factorial experiments. 1987.

32 J.H.J. Einmahl. Multivariate empirical processes.
1987.

33 0.J. Vrieze. Stochastic games with finite state and
action spaces. 1987.

34 PH M. Kersten. Infinitesimal symmetries: a com-
putational approach. 1987.

35 M.L. Eaton. Lectures on topics in probability in-
equalities. 1987.

36 AH.P. van der Burgh, R.M.M. Mattheij {eds.).
Proceedings of the first international conference
on industrial and applied mathematics (ICIAM 87).
1987.

37 L. Stougie. Design and analvsis of algorithms for
stochastic integer programming. 1987.

38 J.B.G. Frenk. On Banach algebras, renewal mea-
sures and regenerative processes. 1987.

39 H.J.M. Peters, O.J. Vrieze (eds.). Surveys in game
theory and related topics. 1987.

40 J.L. Geluk, L. de Haan. Regular variation, exten-
sions and Tauberian theorems. 1987.

41 Sape J. Mullender (ed.). The Amoeba distributed
operating system: Selected papers 1984-1987.
1987.

42 P.R.J. Asveld, A. Nijholt (eds.). Essays on con-
cepts, formalisms, and tools. 1987.

43 H.L. Bodlaender. Distributed computing: structure
and complexity. 1987.

44 AW. van der Vaart. Statistical estimation in large
parameter spaces. 1988.

45 S.A. van de Geer. Regression analysis and empirical
processes. 1988.

46 S.P. Spekreijse. Multigrid solution of the steady
Euler equations. 1988.

47 J.B. Dijkstra. Analysis of means in some non-
standard situations. 1988.

46 F.C. Drost. Asymptotics for generalized chi-square
goodness-of-fit tests. 1988.

49 F.W. Wubs. Numerical solution of the shallow-
water equations. 1988.

50 F. de Kerf. Asymptotic analysis of a class of per-
turbed Korteweg-de Vries initial value problems.
1988.

51 P.J.M. van Laarhoven. Theoretical and computa-
tional aspects of simulated annealing. 1988.

52 P.M. van Loon. Continuous decoupling transforma-
tions for linear boundary value problems. 1988.

53 K.C.P. Machielsen. Numerical solution of optimal
controi probiems with state constraints by sequen-
tial quadratic programming in function space. 1988.

54 L.C.R.J. Willenborg. Computational aspects of sur-
vey data processing. 1988.

55 G.J. van der Steen. A program generator for recog-
nition, parsing and transduction with syntactic pat-
terns. 1988.

56 J.C. Ebergen. Translating programs into delay-
insensitive circuits. 1989.

57 S.M. Verduyn Lunel. Exponential type calculus for
linear delay equations. 1989.

58 M.C.M. de Gunst. A random model for plant cell
population growth. 1989.

59 D. van Dulst. Characterizations of Banach spaces
not containing 1*. 1989.

60 H.E. de Swart. Vacillation and predictability prop-
erties of low-order atmospheric spectral models.
1989.



61 P. de Jong. Central limit theorems for generalized
multilinear. forms. 1989.

62 V.J. de Jong. A specification system for statistical
software. 1989.

63 B. Hanzon. Identifiability, recursive identification
and spaces of linear dynamical systems, part |. 1989.

64 B. Hanzon. [dentifiability, recursive identification
and spaces of linear dynamical systems, part Il.
1989.

65 B.M.M. de Weger.
equations. 1989.
66 A. Jung. Cartesian closed categories of domains.

1989.

67 J.W. Polderman. Adaptive control & identification:
Conflict or conflux?. 1989.

68 H.J. Woerdeman. Matrix and operator extensions.
1989.

69 B.G. Hansen. Monotonicity properties of infinitely
divisible distributions. 1989.

70 JK. Lenstra, H.C. Tijms, A. Volgenant (eds.).
Twenty-five years of operations research in the
Netherlands: Papers dedicated to Gijs de Leve.
1990.

71 P.J.C. Spreij. Counting process systems. Identifi-

cation and stochastic realization. 1990.

J.F. Kaashoek. Modeling one dimensional pattern

formation by anti-diffusion. 1990.

73. AM.H. Gerards. Graphs and polyhedra.
spaces and cutting planes. 1990.

74 B. Koren. Multigrid and defect correction for the
steady Navier-Stokes equations.  Application to
aerodynamics. 1991.

75 M.W.P. Savelsbergh.
1992.

76 O.E. Flippo. Stability, duality and decomposition in
general mathematical programming. 1991.

77 A.J. van Es. Aspects of nonparametric density es-
timation. 1991.

78 G.A.P. Kindervater. Exercises in parallel combina-
torial computing. 1992.

79 J.J. Lodder. Towards a symmetrical theory of gen-
eralized functions. 1991.

80 S.A. Smulders. Control of freeway traffic flow.
1996.

81 P.H.M. America, J.J.M.M. Rutten. A parallel
object-oriented language: design and semantic
foundations. 1992.

82 F. Thuijsman. Optimality and equilibria in stochas-
tic games. 1992.

83 R.J. Kooman. Convergence properties of recurrence
sequences. 1992.

84 AM. Cohen (ed.). Computational aspects of Lie
group representations and related topics. Proceed-
ings of the 1990 Computational Algebra Seminar at
CWI, Amsterdam. 1991.

85 V. de Valk. One-dependent processes. 1994.

86 J.A. Baars, J.A.M. de Groot. On topological and
linear equivalence of certain function spaces. 1992.

87 A.F. Monna. The way of mathematics and mathe-
maticians. 1992.

88 E.D. de Goede. Numerical methods for the three-
dimensional shallow water equations. 1993.

89 M. Zwaan. Moment problems in Hilbert space with
applications to magnetic resonance imaging. 1993.

90 C. Vuik. The solution of a one-dimensional Stefan
problem. 1993.

91 E.R. Verheul. Multimedians in metric and normed
spaces. 1993.

92 J.L.M. Maubach. Iterative methods for non-linear
partial differential equations. 1994.

Algorithms for diophantine

7

N

Binary

Computer aided routing.

93 AW. Ambergen. Statistical uncertainties in poste-
rior probabilities. 1993.

94 P.A. Zegeling. Moving-grid methods for time-
dependent partial differential equations. 1993.

95 M.J.C. van Pul. Statistical analysis of software re-
liability models. 1993.

96 J.K. Scholma. A Lie algebraic study of some inte-
grable systems associated with root systems. 1993.

97 J.L. van den Berg. Sojourn times in feedback and
processor sharing queues. 1993.

98 A.J. Koning. Stochastic integrals and goodness-of-
fit tests. 1993.

99 B.P. Sommeijer. Parallelism in the numerical inte-
gration of initial value problems. 1993.

100 J. Molenaar. Multigrid methods for semiconductor
device simulation. 1993.

101 H.J.C. Huijberts. Dynamic feedback in nonlinear
synthesis problems. 1994.

102 J.A.M. van der Weide. Stochastic processes and
point processes of excursions. 1994.

103 P.W. Hemker, P. Wesseling (eds.). Contributions
to multigrid. 1994.

104 1.J.B.F. Adan. A compensation approach for queue-
ing problems. 1994.

105 O.J. Boxma, G.M. Koole (eds.). Performance eval-
uation of parallel and distributed systems - solution
methods. Part 1. 1994.

106 O.J. Boxma, G.M. Koole (eds.). Performance eval-
uation of parallel and distributed systems - solution
methods. Part 2. 1994. '

107 R.A. Trompert. Local uniform grid refinement for
time-dependent partial differential equations. 1995.

108 M.N.M. van Lieshout. Stochastic geometry models
in image analysis and spatial statistics. 1995.

109 R.J. van Glabbeek. Comparative concurrency se-
mantics and refinement of actions. 1996.

110 W. Vervaat, H. Holwerda (ed.). Probability and
lattices. 1997.

111 |. Helsloot. Covariant formal group theory and some
applications. 1995.

112 R.N. Bol. Loop checking in logic programming.
1995.

113 G.J.M. Koole. Stochastic scheduling and dynamic
programming. 1995.

114 M.J. van der Laan. Efficient and inefficient estima-
tion in semiparametric models. 1995.

115 S.C. Borst. Polling models. 1996.

116 G.D. Otten. Statistical test limits in quality control.
1996.

117 K.G. Langendoen. Graph reduction on shared-
memory multiprocessors. 1996.

118 W.C.A. Maas. Nonlinear Hoo control: the singular
case. 1996.

119 A. Di Bucchianico. Probabilistic and analytical as-
pects of the umbral calculus. 1997.

120 M. van Loon. Numerical methods in smog predic-
tion. 1997.

121 B.J. Wijers. Nonparametric estimation for a win-
dowed line-segment process. 1997.

122 W.K. Klein Haneveld, O.J. Vrieze, L.C.M. Kallen-
berg (editors). Ten years LNMB - Ph.D. research
and graduate courses of the Dutch Network of Op-
erations Research. 1997.

123 R.W. van den Hofstad. One-dimensional random
polymers. 1998.

124 W.J.H. Stortelder. Parameter estimation in nonlin-
ear dynamical systems. 1998.

125 M.H. Wegkamp. Entropy methods in statistical es-
timation. 1998.



MATHEMATICAL CENTRE TRACTS
1 T. van der Walt. Fixed and almost fixed points. 1963.
2 A.R. Bloemena. Sampling from a graph. 1964.

3 G. de Leve. Generalized Markovian decision processes,
part I: model and method. 1964.

4 G. de Leve. Generalized Markovian decision processes,
part 11 probabilistic background. 1964.

5 G. de Leve, H.C. Tii'ms. P.J. Weeda. Generalized Markovian
decision processes, applications. 1970.

6 M.A. Maurice. Compact ordered spaces. 1964.
7 W.R. van Zwet. Convex transformations of random variables.
1964.

8 J.A. Zonneveld. Automatic numerical integration. 1964.
9 P.C. Baayen. Universal morphisms. 1964.

10 E.M. de Jager. Applications of distributions in
Physics. 1964.

11 A.B. Paalman-de Miranda. Topological semigroups. 1964.
12 J.LA.Th.M. van Berckel, H. Brandt Corstius, R.J. Mokken,
A. van Wijngaarden. Formal properties of newspaper Dutch.
1965.

b it

13 H.A. Lauwerier. Asymptotic expansions. 1966, out of print:
replaced by MCT 54.

14 H.A. Lauwerier. Calculus of variations in mathematical
Pphysics. 1966.

15 R. Doornbos. Slippage tests. 1966.
16 J.W. de Bakker. Formal definition of programmin;
;9617 ges with an application to the definition of ALGOL 60.

17 R.P. van de Riet. Formula manipulation in ALGOL 60,
part 1. 1968.

18 R.P. van de Riet. Formula manipulation in ALGOL 60,
part 2. 1968.

19 J. van der Slot. Some properties related to compactness.
1968.

20 P.J. van der Houwen. Finite difference methods for solving
partial differential equations. 1968.

21 E. Wattel. The compactness operator in set theory and
topology. 1968.

22 T.J. Dekker. ALGOL 60 procedures in numerical algebra,
part 1. 1968.

23 T.J. Dekker, W. Hoffmann. ALGOL 60 procedures in
numerical algebra, part 2. 1968.

24 J.W. de Bakker. Recursive procedures. 1971.

25 E.R. Paérl. Ret{;resematiam‘ of the Lorentz group and projec-
tive geometry. 1969.

26 European Meeting 1968. Selected statistical papers, part I.
1968.

27 European Meeting 1968. Sel d [ papers, part 11.
1968. P papers: p

28 J. Oosterhoff. Combination of ided statistical tests.
1969.

29 J. Verhoefl. Error detecting decimal codes. 1969.
30 H. Brandt Corstius. Exercises in computational linguistics.
1970.

31 W. Molenaar. Approximations to the Poisson, binomial and
hypergeometric distribution functions. 1970.

32 L. de Haan. On regular variation and its application to the
weak convergence of sample extremes. 1970.

33 F.W. Steutel. Preservations of infinite divisibility under mix-
ing and related topics. 1970.

34 1. Juhasz, A. Verbeek, N.S. Kroonenberg. Cardinal func-
tions in topology. 1971.

35 M.H. van Emden. An analysis of complexity. 1971.

36 J. Grasman. On the birth of boundary layers. 1971.

37 J.W. de Bakker, G.A. Blaauw, A.J.W. Duijvestijn, EW.
Dijkstra, P.J. van der Houwen, G.A.M. Kamsteeg-Kemper,
F.EJ. Kruseman Aretz, W.L. van der Poel, J.P. Schaap-
Kruseman, M.V. Wilkes, G. Zoutendijk. MC-25 Informatica
Symposium. 1971.

38 W.A. Verloren van Themaat. Automatic analysis of Dutch
compound words. 1972.

39 H. Bavinck. Jacobi series and approximation. 1972.

40 H.C. Tijms. Analysis of (s,S) inventory models. 1972.

41 A. Verbeek. Superextensions of topological spaces. 1972.
42 W. Vervaat. Success epochs in Bernoulli trials (with applica-
tions in number theory). 1972.

43 F.H. Ruymgaart. Asymptotic theory of rank tests for
independence. 1973.

44 H. Bart. Meromorphic operator valued functions. 1973.

45 A.A. Balk M transfor and limit laws.

1973.

46 R.P. van de Riet. ABC ALGOL, a portable language for
Sformula manipulation systems, part 1: the language. 1973.

47 R.P. van de Riet. ABC ALGOL, a portable language for
formula manipulation systems, part 2: the compiler. 1973.

48 F.E.J. Kruseman Aretz, P.JW. ten Hafen, H.L.
Oudshoorn. An ALGOL 60 compiler in ALGOL 60, text of the
MC-compiler for the EL-X8. 1973.

49 H. Kok. Connected orderable spaces. 1974.

50 A. van Wijngaarden, B.J. Mailloux, J.E.L. Peck, C.H.A.
Koster, M. Sinizoff, C.H. Lindsey, L.G.L.T. Meertens, R.G.
Fisker (eds.). Revised report on the algorithmic language
ALGOL 68. 1976.

51 A. Hordijk. Dynamic programming and Markov potential
theory. 1974 .

52 P.C. Baayen (ed.). Topological structures. 1974.

53 M.J. Faber. Metrizability in generalized ordered spaces.
1974.

54 H.A. Lauwerier. Asymptotic analysis, part 1. 1974.

55 M. Hall, Jr., J.H. van Lint (eds.). Combinatorics, part 1:
theory of designs, finite geometry and coding theory. 1974.

56 M. Hall, Jr., J.H. van Lint (eds.). Combinatorics, part 2:
graph theo?', _/oundatiom, partitions and combinatorial
geometry. 1974.

57 M. Hall, Jr., J.H. van Lint (eds.). Combinatorics, part 3:
combinatorial group theory. 1974.

58 W. Albers. Asy ic ex
cept in statistics. 1975.

59 J.L. Mijnheer. Sample path properties of stable processes.
1975.

60 F. Gobel. Queueing models involving buffers. 1975.

63 J.W. de Bakker (ed.). Foundations of computer science.
1975.

P and the deficiency con-

64 W.J. de Schipper. Symmetric closed categories. 1975.

65 J. de Vries. Tgpa/ogical transformation groups, 1: a categor-
ical approach. 1975.

66 H.G.J. Pijls. Logically convex algebras in spectral theory
and eigenfunction expansions. 1976.

68 P.P.N. de Groen. Singularly perturbed differential operators
of second order. 1976.

69 J.K. Lenstra. Sequencing by enumerative methods. 1977.
70 W.P. de Roever, Jr. Recursive program schemes: semantics
and proof theory. 1976.

71 J.A.E.E. van Nunen. Contracting Markov decision
processes. 1976.

72 J.K.M. Jansen. Simple periodic and non-periodic Lamé
functions and their applications in the theory of conical
waveguides. 1977.

73 D.M.R. Leivant. Absoluteness of intuitionistic logic. 1979.
74 H.J.J. te Riele. A theoretical and computational study of
generalized aliquot sequences. 1976.

75 A.E. Brouwer. Treelike spaces and related connected topo-
logical spaces. 1977.

76 M. Rem. Associons and the closure statements. 1976.

77 W.C.M. Kallenberg. Asymftotic z‘zlptimality of likelihood
ratio tests in exponential families. 1978.

78 E. de Jonge, A.C.M. van Rooij. Introduction to Riesz
spaces. 1977.

79 M.C.A. van Zuijlen. Empirical distributions and rank
statistics. 1977.

80 P.W. Hemker. 4 numerical study of stiff two-point boundary
problems. 1977.

81 K.R. Apt, J.W. de Bakker (eds.). Foundations of computer
science I1, part 1. 1976.

82 K.R. Apt, J.W. de Bakker (eds.). Foundations of computer
science 11, part 2. 1976.

83 L.S. van Benthem Jutting. Checking Landau’s
“Grundlagen” in the AUTOMATH system. 1979.

84 H.L.L. Busard. The translation of the elements of Euclid
from the Arabic into Latin by Hermann of Carinthia (?), books
vii-xii. 1977.

85 J. van Mill. Supercompactness and Wallmann spaces. 1977.
86 S.G. van der Meulen, M. Veldhorst. Torrix 1, a program-
ming system for operations on vectors and matrices over arbi-
trary fields and Lf variable size. 1978.

88 A. Schrijver. Matroids and linking systems. 1977.

89 J.W. de Roever. Complex Fourier transformation and ana-
Iytic functionals with unbounded carriers. 1978.

90 L.P.J. Groenewegen. Characterization of optimal strategies
in dynamic games. 1981.



91 J.M. Geysel. Transcendence in fields of positive characteris-

tic. 1979.

92 P.J. Weeda. Finite generalized Markov programming. 1979.

93 H.C. Tijms, J. Wessels (eds.). Markov decision theory.

1977.

94 A. Bijlsma. Simul, approximations in transcendental

number theory. 1978.

95 K.M. van Hee. Bayesian control of Markov chains. 1978.

96 P.M.B. Vitanyi. Lindenmayer systems: structure,

languages, and growth functions. 1980.

97 A. Federgruen. Markovian control problems; functional

equations and algorithms. 1984,

98 R. Geel. Singular perturbations of hyperbolic type. 1978.

99 J.K. Lenstra, A.H.G. Rinnooy Kan, P. van Emde Boas

(eds.). Interfaces between computer science and operations

research. 1978.

100 P.C. Baayen, D. van Dulst, J. Oosterhoff (eds.). Proceed-

ings bicentennial congress of the Wiskundig Genootschap, part

1.71979.

101 P.C. Baayen, D. van Dulst, J. Oosterhoff (eds.). Proceed-

ings bicentennial congress of the Wiskundig Genootschap, part
. 1979.

102 D. van Dulst. Reflexive and superreflexive Banach spaces.
1978.

103 K. van Harn. Classl{ymg finitely divisible distrib
by functional equations. 1978

104 J.M. van Wouwe. GO-spaces and generalizations of metri-
zability. 1979.

133 C.A.J. Klaassen. Statistical performance of location esti-
mators. 1981.

134 J.C. van Vliet, H. Wupper (eds.). Proceedings interna-
tional conference on ALGOL 68. 1981.

135 J.A.G. Groenendijk, T.M.V. Janssen, M.J.B. Stokhof
(eds.). Formal methods in the study of language, part 1. 1981.
136 J.A.G. Groenendijk, T.M.V. Janssen, M.J.B. Stokhof
(eds.). Formal methods in the study of language, part 11. 1981.
137 J. Telgen. Redundancy and linear programs. 1981.

138 H.A. Lauwerier. Math ical models of epidemics. 1981.
139 J. van der Wal. Stochastic dynamic programming, succes-
sive approximations and nearly optimal strategies for Markov
decision processes and Markov games. 1981.

140 J.H. van Geldrop. A mathematical theory of pure
exchange economies without the no-critical-point hypothesis.
1981.

141 G.E. Welters. Abel-Jacobi isogenies for certain types of
Fano threefolds. 1981.

142 H.R. Bennett, D.J. Lutzer (eds.). Topology and order
structures, part 1. 1981.

143 J.M. Schumacher. Dynamic feedback in finite- and
infinite-dimensional linear systems. 198

144 P. Eijgenraam. The solution of initial value problems using
interval arithmetic; formulation and analysis of an algorithm.
1981.

145 A.J. Brentjes. Multi-dimensional continued fraction algo-
rithms. 1981.

146 C V M. van der Mee. Semlgroup and factorization

105 R. Helmers. Edgeworth exp
of order statistics. 1982.

106 A. Schrijver (ed.). Packing and covering in combinatorics.
1979.

for linear combi

107 C. den Heijer. The numerlcal solution of nonlinear opera-
tor eq by i 1979.
108 J.W. de Bakker, J. van Leeuwen (eds.). Foundations of
computer science 111, part 1. 1979.
109 J.W. de Bakker, J. van Leeuwen (eds.). Foundations of
computer science 111, part 2. 1979.
110 J.C. van Vliet. ALGOL 68 transput, part I: historical

of the imp

review and di; model. 1979.

111 J.C. van Vliet. ALGOL 68 transput, part 11: an implemen-
tation model. 1979.

112 H.C.P. Berbee. Random walks with stationary increments
and renewai theory. 1979.

113 T.A.B. Snijders. Asymptotic optimality theory for testing
problems with re:mcrea):l[ternanves 1979. £

114 AJ.E.M. Janssen. Application of the Wigner distribution to
harmonic analysis of generalized stochastic processes. 1979.

115 P.C. Baayen, J. van Mill (eds.). Topological structures 11,
part 1. 1979.

116 P.C. Baayen, J. van Mill (eds.). Topological structures I1,
part 2. 1979.

117 P.J.M. Kallenberg. Branching processes with continuous
state space. 1979.

118 P. Groeneboom. Large deviations and asymptotic
efficiencies. 1980.

119 F.J. Peters. Sparse matrices and substructures, with a novel
implementation of finite element algorithms. 1980.

120 W.P.M. de Ruyter. On the asymptotic analysis of large-
scale ocean circulation. 1980.

121 W.H. Haemers. Eigenvalue techniques in design and graph
theory. 1980.

122 J.C.P. Bus. Numerical solution of systems of nonlinear
equations. 1980.

123 1. Yuhasz. Cardinal functions in topology - ten years later.
1980.

124 R.D. Gill. Censoring and stochastic integrals. 1980.

125 R. Eising. 2-D systems, an algebraic approach. 1980.

126 G. van der Hoek. Reduction methods in nonlinear pro-
gramming. 1980.

127 J.W. Klop. Combinatory reduction systems. 1980.

128 A.J.J. Talman. Variable dimension fixed point algorithms
and triangulations. 1980.

129 G. van der Laan. Simplicial fixed point algorithms. 1980.
130 P.J.W. ten Hagen, T. Hagen, P. Klint, H. Noot, H.J.

Sint, A.H. Veen. ILP: intermediate language for pictures.
1980.

131 RJ.R. Back. Correctness preserving program refinements:
proof theory and applications. 1980.

132 H.M. Mulder. The interval function of a graph. 1980.

in transport theory. 1

147 H.H. Tigelaar. Idenuﬁcanon and informative sample size.
1982.
148 L.C.M. Kallenberg. Linear programming and finite Mar-
kovian control problems. 1983.
149 C.B. Huijsmans, M.A. Kaashoek, W.A.J. Luxemburg,
W.K. Vietsch (eds.). From A to Z, é)roceedmgs of a sympo-
sium in honour of A.C. Zaanen. 198
150 M. Veldhorst. An analysis of sparse matrix storage
schemes. 1982.
151 RJ.M.M. Does. Higher order asymptotics for simple linear
rank statistics. 1982.
152 G.F. van der Hoeven. Projections of lawless sequencies.
1982.
153 J.P.C. Blanc. Afphmuon of the theory I/ boundary value
problems in the analysis of a queueing model with paired ser-
vices. 1982.
154 H.W. Lenstra, Jr., R. Tijdeman (eds.). Computational
methods in number theory, part 1. 1982.
155 H.W. Lenstra, Jr., R. Tijd (eds.). Comp ional
methods in number Iheo:y, part 1. 1982.
156 P.M.G. Apers. Query processing and data allocation in
distributed database systems. 1983.
157 H.A.W.M. Kneppers. The covariant classification of two-

| smooth ive h/arma groups over an alge-
braically closed field of positive characteristic. 1983.
158 J.W. de Bakker, J. van Leeuwen (eds.). Foundations of
computer science 1V, distributed systems, part 1. 1983.
159 J.W. de Bakker, J. van Leeuwen (eds.). Foundations of
computer science 1V, distributed systems, part 2. 1983.
160 A. Rezus. Abstract AUTOMATH. 1983.
161 G.F. Helminck. Eisenstein series on the metaplectic group,
an algebraic approach. 1983.
162 J.J. Dik. Tests for preference. 1983.
163 H. Schippers. Multiple grid methods for equations of the
second kind with applications in fluid mechanics. 1983.
164 F.A. van der Duyn Schouten. Markov decision processes
with continuous time parameter. 1983.
165 P.C.T. van der Hoeven. On point processes. 1983.
166 H.B.M. Jonkers. Abstraction, specification and implemen-
tation techniques, with an application to garbage collection.
1983.

gative matrices in d)

167 W.H.M. Zijm. N
ming. 1983.

168 J.H. Evertse. Upper bounds for the numbers of solutions of
diophantine equations. 1983.

169 H.R. Bennett, D.J. Lutzer (eds.). Topology and order
structures, part 2. 1983.

ic program-



