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Introduction.

Before giving an overview of this tract, we will start with a general discussion
about statistics. An experimenter is usually interested to understand a certain
observable variable, which we call X. If he is in the circumstance that he is
able to find deterministic factors, controlled and measured without error, which
completely determine X, then he has total control over the variable X. In this
case he does not have to be interested in statistics.

Fortunately, life is not that perfect. Usually there will be an essential part
of X which is not understood. A natural approach is now to consider X as a
random variable with a probability distribution which is a member of a certain
set in which the knowledge about X is incorporated. Such a set of probability
distributions is called a model. The experimenter generates now n independent
and identically distributed random variables X;, ¢ = 1,...,n, all having the
same distribution as X, say P, by n times repeating the experiment under
identical circumstances. He is now concerned with estimating the distribution
P of X, or a function of P, using the observations X;, and knowing that P
is an element of the model. The elements which he wants to estimate, P or
functionals of P, are called parameters and an estimator of such a parameter
is just a function of the observations X;, i =1,...,n.

In order to illustrate the usefulness of considering a variable of interest as a
random variable with a probability distribution which lies in a certain model,
we give the following example (which is well known from text books):

Example 0.1 (The quiz-master problem). I am the quiz-master. There
are three doors and I know that behind one of the doors there is placed a car.
If you guess the right door, then you get the car. You choose one of the three
doors. To keep the game exciting I open one of the remaining two doors, of
course one with no car behind it. After having opened such an empty door I
give you another opportunity to choose a door. Do you change your mind and
choose the other closed door or do you stick to your first decision?

For convenience, assume that your first choice was the first door and that I
opened the second door. The fact that I opened the second door tells you that
the car is behind the first or third door. However, it tells you more. Assume
that the car is behind the first door, then I could also have opened the third
door. On the other hand if the car is behind the third door I had only one
choice, namely I had to open the second door. Therefore, in order to make
what you observed, namely that I opened the second door, most likely you
should change your mind and choose the third door.

1



2 Introduction

Another explanation of why you should change your mind is the following.
If we play this experiment 1000 times and you always stick to your first decision,
then you expect to win 1/3 of the 1000 cars. But if you would have changed
your mind each of these thousand times, then you would expect to win the
remaining 2/3 of 1000 cars.

Consider now the case where we have 100 doors and I open 98 doors and
then ask you if you want to change your mind. Changing your mind this last
time would give you the car with probability 99/100.

In this example we are interested in estimating the parameter 8y, which is the
number of the door with the car behind it. Then 6o € {1,2,3}. Assume you
chose door 1. Consider the number of the door opened by the quiz-master as
a random variable X. If we assume that the quiz-master does not open the
door with the car and the door which has been chosen by you and that he
has no other preferences for opening a door, then the distribution P of X is
completely determined by 8 as follows:

for all 6 we have Pp(X =1) =0, and

if 6 = 1, then Pp(X = 2) = Po(X =3) =1/2,
if0 =2, then Po(X =2)=0, Py(X =3) =1,
if0 =3, then Py(X =2)=1, P(X =3)=0.

Assume that the quiz-master opens the second door; in other words we observe
X = 2. An intuitively appealing estimator, a function of the observation
X =z, 6(z) of 6y based on the observation £ = 2 is obtained by maximizing
Py(X = 2) over 8 € {1,2,3}; in other words make the observation X = 2 as
likely as possible. 6(z) is called the mazimum likelihood estimator of 6o and
for £ = 2 it is given by 6(2) = 3, which agrees with the heuristically derived
optimal decision in the example. Notice that §(2) = 3 would be a MLE for
any distribution Pj; so the third door would be the right choice even if the
quiz-master would have a preference for one of the two empty doors.

The model in this example was given by {Py : § € {1,2,3}}. Models for
which the distribution is determined up to a finite dimensional vector are called
parametric models. In this example, the model contains only three elements,
but is still very realistic; any reasonable quiz-master will open doors which he is
allowed to open with equal probability and will not spoil the game by opening
a door with the car behind it. Another nice feature of this three element model
is that one observation of X malkes one element of the model already essentially
more likely than the others. This is a consequence of the fact that the model
contains only a few elements. In general we have that the larger the model
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is, the more observations one needs in order to do some essential statistical
inference about the probability measure of the data.

Heuristically, the reader is hopefully convinced that the maximum likeli-
hood estimator in this example is the only correct estimator to use. Formally,
this requires a notion of efficiency of estimators. Firstly, one needs a criterium
to judge the performance of an estimator. For example, as criterium one might
take the supremum over all possible distributions of the data of the expectation
(under such a distribution) of the squared difference between the estimator and
the parameter. Now one establishes a lower bound on the performance w.r.t.
this criterium and one calls an estimator efficient if it attains this bound. The
lower bound is only interesting if it is achievable, i.e. if it is the greatest lower
bound. For establishing the lower bound for a certain criterium one can decide
to restrict oneself to a class of estimators with certain properties. For example,
one can restrict oneself to the class of unbiased estimators and as criterium take
the variance of the estimator. Then the variance of such an unbiased estimator
is always larger than or equal to the well known Cramér-Rao bound. A nice
feature of the Cramér-Rao bound is that the bound can be derived for each
number of observations. However, most estimators are not unbiased; unbiased
(for each possible P) estimators often do not even exist. So far there has not
been developed a general finite sample efficiency theory for a more interesting
class of estimators than just the class of unbiased estimators. Instead one re-
stricts oneself to “asymptotically (number of observations converges to infinity)
unbiased” estimators which are known to converge at /n-ratein distribution
and then establishes the Cramér-Rao bound for the variance of the limit dis-
tribution. An estimator is now called asymptotically efficient if it attains the
Cramér-Rao bound in the limit.

In parametric models an asymptotic efficiency theory based on this Cramér-
Rao lower bound has been developed. This efficiency theory has been gener-
alized to all models, not only parametric models. For parametric models it
has been shown that under some natural assumptions this Cramér-Rao bound
is attained by mazimum likelihood estimators or modifications thereof. For
a literature overview and description of a general efficiency theory we refer
to Bickel, Klaassen, Ritov and Wellner (1993). The for us relevant theory is
summarized in chapter 1.

In many experiments one observes random variables X which are hardly
understood. For example, one might be interested in the life-time X of a
patient with a completely new and thereby unknown disease. In this case
the experimenter does not want to make any essential assumptions on the



4 Introduction

distribution P of X, because each assumption would be a guess. In this case
the model would consist of all probability distributions or a set which lies dense
in this set, where dense is in the sense that the models cannot be statistically
distinguished. We call such a model a nonparametric model. Suppose that the
experimenter observes n identically and independent lifetimes X3,...,X, of
such patients. A natural estimator of P is now the empirical distribution

P,(X € B) = the fraction of X; which fall in B.

If we subtract from P,(B) its expectation P(B), then we have an average
of n ii.d. random variables Ig(X;) — P(B) with mean zero, where Ip(-) is
the indicator of the set B. The central limit theorem tells us that such an
average multiplied with v/n converges in distribution to the normal distribution
with mean zero and variance equal to the variance of Ip(X). The empirical
distribution is for this nonparametric model also an efficient estimator of P
with respect to a generalized Cramér-Rao lower bound.

A great deal of literature is concerned with the so called uniform central
limit theorem, where uniform is concerned with uniform in a collection of sets
B and, more generally, uniform in any class of i.i.d. random variables, instead
of only indicators Ig(X;). In this theory one considers P, as a random element
of a space of real valued functions.

This so called empirical process theory solves the problem of proving ef-
ficiency of estimators of parameters in nonparametric models to satisfaction,
using the fact that nice parameters are smooth functionals of P and thereby
inherit all properties of the empirical distribution. For an overview of the em-
pirical process literature we refer to Wellner (1992). The for us relevant theory
will be summarized in chapter 1.

It is not surprising that there is a large remaining area between parametric
models and nonparametric models. We call each model which belongs to nei-
ther of them a semiparametric model. There exists an abundance of interesting
and natural applications which are described by semiparametric models. Con-
sider for example the following problem. One observes a random variable X
and one knows that X is a known function of a random variable Y which has
a completely unknown distribution. Here the distribution of X has a special
structure induced by the known function. Therefore the model corresponding
with X will often be essentially smaller than the nonparametric model con-
sisting of all probability measures. Consequently, one should not be satisfied
anymore with the empirical distribution P, as an estimator of the distribution
of X. P, might even not be a member of the model, which already explains
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that one can do better.

An important class of models which can be described in this way are the
missing data models. Here one is interested in a certain random variable X
with unknown distribution, but because of a certain irrelevant (random) factor
one is only able to observe that X falls in a certain region; so each observation
tells you something about the value of X but it does not have to determine
X completely. In this case the observation can often be described as a known
many to one mapping on X and the irrelevant factor.

Overview.

We close this section with a short overview of this tract. In the next chapter
we will give an introduction to existing relevant theory which forms a basis for
this tract: weak convergence theory, empirical process theory, efficiency theory
ans some multivariate techniques. The rest of the tract consists of two parts:
chapter 2, 3, 4 and 5 form the first part and chapter 6, 7 the second part.

The first part covers general efficiency theory for maximum likelihood esti-
mators (MLE) and applies this theory to a general class of missing data models
and two interesting applications. In chapter 2 we present a method for proving
efficiency of MLE. The method is applicable to all models. In this theory a lot
of significance occurs if the model is convez, which means that if one moves
along a straight line from one element to another element of the model, then
one does not leave the model. Using this convexity we establish a useful iden-
tity for MLE which in a straightforward manner provides us with consistency,
efficiency and validity of the bootstrap under minimal conditions. The theorem
can be trivially extended to all kinds of modifications of MLE.

Many semiparametric models are convex. In chapter 3 we apply this ef-
ficiency theory for convex models to MLE in a general class of missing data
models and illustrate it with several examples. Moreover, in chapter 4 and 5
we successfully apply this theory to the bivariate censoring and line segment
model, which are models where the standard approaches based on the self-
consistency equation require too strong conditions. For the bivariate censoring
model we propose and prove efficiency of a MLE which is based on a slight
reduction of the data.

For reading chapter 2 one only needs to read the empirical process theory
section and efficiency theory section of chapter 1. The general structure of the
efficiency proofs in chapter 3, 4 and 5 are applications of the main theorems
presented in chapter 2, but except for this the three chapters are self-contained
and can be read independently of each other.
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In the second part of the tract we study the construction of interesting
inefficient estimators in the bivariate censoring model and analyze them by
considering the estimators as functionals of the empirical distribution and es-
tablishing the required differentiability of these functionals. These estimators
are especially interesting because they are easy to compute, have a good prac-
tical performance, and are very robust to changes of the distribution where we
sample from so that the bootstrap works well. In chapter 6 we use the gen-
erally applicable functional delta-method in order to give full analyses of three
explicit estimators. This chapter is joint work with Richard Gill and Jon Well-
ner. In chapter 7 an ad hoc modification of a MLE (a so called M-estimator)
for the bivariate censoring model, using density estimators, is analyzed by ap-
plying the implicit function theorem and a refinement of the usual functional
delta-method as used in chapter 6.

For chapter 6 and 7 one only needs to read the functional delta-method
section of chapter 1 and chapter 6 and 7 can be read independently.

We refer to our notation indez at the end of this book. We have grouped the
notation, which is all introduced in the next chapter, in the following categories:
general, weak convergence theory, empirical process theory, efficiency theory.



Chapter 1

Basic Theory

1.1 Weak convergence in non-separable metric
spaces.

In our applications we will consider estimators as random elements of a Ba-
nach space of functions. Suppose that (D,|| - ||) is such a Banach space,
(Xn,An, Pa)a>o is a sequence of probability spaces, and

Xp: Ap — D, for n = 0,1,2,... are arbitrary maps.

We endow D with the Borel sigma-algebra; the smallest o-field containing the
open sets and which makes each continuous real valued function measurable.

For many interesting applications it is natural to consider X, as an element
of a non-separable space. In this case the Borel-sigma algebra is often very large
and therefore X, will usually not be measurable. On the other hand, for all
known applications the limit random variable X, lies in a separable (sub)space
and thereby will be measurable w.r.t. the Borel sigma-algebra, except for some
pathological cases.

Because we are only concerned with the asymptotic behavior of X,, only
“asymptotic measurability” should be relevant. Indeed there exists a powerful
weak convergence theory for non-separable spaces without giving up the Borel
sigma-algebra, but giving up that X, induces a distribution on the Borel-sigma
algebra. In the definition of weak convergence as used in Pollard (1984), which
also generalizes the traditional definition of Billingsley (1968), D is endowed
with that (often closed-ball) sigma-algebra which makes X, measurable and
thereby makes probabilities for X, of events in this sigma-algebra well de-
fined. In the modern theory with the Borel sigma-algebra expectations and

7



8 Basic Theory

probabilities for X, are replaced by outer ezpectations and outer probabilities.
This weak convergence theory is due to Hoffmann-Jgrgensen (1984) and Dud-
ley (1985) following an evolution from Dudley (1966) and Wichura (1968) and
is presented in full details in van der Vaart and Wellner (1995).

Let (£, A4, P) be a probability space and f : 2 — IR is an arbitrary function.
If f is measurable we define Pf = [ fdP. An outer ezpectation is defined as
follows:

P*f =inf{Ph = /th : f < h and h is measurable}.

Similarly, we define outer probability:
P*(A)=inf{P(B): BD A, B € A}. (1.1)

It can be verified that P*f = Pf* and P*(A) = P(A*) for a certain measurable
f* and measurable set A*. In other words, the infimum in the definition of outer
expectation and outer probability is attained.

Let Cy(D) be the collection of bounded, continuous functions h from D to
R.

Definition 1.1 We say that X,, converges weakly to a Borel measurable ran-
dom element Xg in (D, || -||), and write X,._—IZ>X0, if for every h € Cy(D),

Ph(Xa) — Poh(Xo) = / h(Xo)(z)dPo(z), asn — oo.

As can be straightforwardly verified a heuristically appealing equivalent char-
acterization of weak convergence is given by:

lim P*(X, € A) = P(X, € A)
n—00

for every Borel set A with P(X, € 8A4) = 0. We say that X is tight if for each
€ > 0 there exists a compact set K so that P(Xo € K) > 1—ce.
As usual define

L*(P)={f:(Q,A,P) > R: f measurable and /fzdP < oo},

which is endowed with the Hilbert space inner-product norm ||f||, =

V£, f)p =4/ [ f3dP. Let F C L?(P). Estimators can often be considered as
a random element of (i.e. this is our space D)

def

I(F)={H: F->R:||H|| = ?:g | H(f) |< o0} (1.2)
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for some class F C LZ(P). Let X, : (Xn,An) — £2°(F) for a certain class of
functions F C L?(P). Given X : (X, A) — £*(F) we consider the following
semi-metric on F

pxr(fi) = [(X(H) - X(@)*aP. (1.3

Xy is called asymptotically uniformly px,p-equicontinuous in probability if for
every €, > 0, there exists a § > 0 such that

lim sup P* ( sup | Xa(f) — Xa(9) |> e) <. (1.4)
n—00 px,p(f,9)<é
A Borel measurable map X in I°°(F) is called Gaussian if each of its finite di-
mensional marginals (X(f1),..., X (fx)) has a multivariate normal distribution
on Euclidean space.

By using a similar proof as the proof of the Ascoli-Arzéla theorem, which
gives conditions under which a pointwise convergent sequence converges also
uniformly, the following important theorem can be proved:

Theorem 1.1 A sequence X, converges weakly in £*°(F), F C L*(P), to a
tight Gaussian process X if and only if

o the finite dimensional marginals of X,, converge weakly to the correspond-
ing marginals of X; and

o X, is asymptotically px, p-equicontinuous in probability.

If X,.=D>X , then one might hope that the weak convergence of ‘smooth’
functionals of X,, is preserved, in order not have to verify the weak conver-
gence for each special application. The following theorem tells us that weak
convergence is preserved under continuous mappings, where the mappings are
allowed to depend on n.

Theorem 1.2 (Extended continuous mapping theorem). Let (D, d) and (E,e)
be metric spaces. Let D, C D and g, : D, — E satisfy: if x, — = with
zn € Dy for every n and x € Do, then gn(zn) — g(z), where Dy C D and
g : Do — E. Suppose that X € Dy and g(X) are Borel measurable and
separable.

Then Xn=25X, X, € Dy, implies that gn(Xn)=2>g(X).

When applying this theorem it is effective to choose D,, as small as possible by
putting all known properties of X, in D,. Then for showing g,.(X,.)=D:>g(X )
we only have to verify the convergence g,(zn) — g(z) for sequences z, € D,,.
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1.2 Empirical processes.

Let Xi,...,X, be a sample of i.i.d. random elements in a measurable space
(X, .A) each with law P and let P, be the empirical measure which puts mass
1/n on each X;, ¢ = 1,...,n. For a collection F of measurable functions
f : X = R consider the map from F to IR given by

fo Puf = /fdP,..

We will consider P, = (Ppf : f € F) as a random element of £*°(F). The
normalized version of this map is the F-indexed empirical process given by

f = Gaf = VA(Pa = P)f = = 3 (108) = P1).

For a given function of f one has the law of large numbers and the central limit
theorem

P.f 3 Pf GnfZN (0, P(f — Pf)?), (1.5)

provided Pf exists and Pf? < oo, respectively.

Empirical process theory is concerned with making these statements uni-
form in f varying over a class F. For a nice literature overview we refer to
Wellner (1992) and for a self-contained presentation we refer to van der Vaart
and Wellner (1995).

The uniform version of the law of large numbers becomes

|Pa = Pl 25 0.
With a.s.* we mean that the convergence is outer almost surely; there exists a
measurable set with P-measure zero so that the convergence holds outside this
set. A class for which this is true is called a P-Glivenko Cantelli class.

For the uniform version of the central limit theorem it is assumed that
F C L?(P) and

sup | f(z) — Pf |< oo, for every z.
feF

Under this condition the empirical process (G, f : f € F) can be viewed as an
element of £°°(F). Consequently, it makes sense to investigate conditions under
which

Gn=2G in £=(F),



Empirical Processes 11

where the limit G is a tight Borel measurable element in [°°(F). Then we
say that the uniform central limit theorem holds at P. Classes F for which
the uniform central limit theorem at P holds are called P-Donsker classes.
Because F C L%(P) the multivariate central limit theorem characterizes the
finite dimensional distributions of G uniquely:

(Gafiy-- s Gafi) 25N (0,5),

where the k X k matrix ¥ has (i, j)-th element P(f; — Pf;)(fi — Pf;). A

tight Borel measurable random element is completely determined by its finite

dimensional distributions. Consequently, if the weak convergence holds, then

G = Gp is completely determined. Gp is called the P-Brownian Bridge.
Notice that pg,p(f,g) as defined in (1.3) equals

pp(f,9) = /((f —g) — P(f —g))*dP.

If F is a P-Donsker class, then by theorem 1.1 we know that G, is asymptoti-
cally pp-equicontinuous: for é, | 0

IGallz,. = sup | Ga(h) |50, (1.6)
h€Fs,
where
f'.s-E{f—g:_f,gEf,pp(f,g)<5}- (17)

Notice that we suppressed the dependence on P in the notation F;. In fact
theorem 1.1 and the multivariate C.L.T. tells us that condition (1.6) is sufficient
for F C L%*(P) to be a P-Donsker class.

Weak convergence can be metrized with a metric d so that weak convergence
of Gp,p = 4/n(Pn— P) in £*°(F) to the Brownian Bridge Gp is equivalent with
d(Gn,p,Gp) — 0. We call F Donsker uniformly in P € M for a certain
collection of probability measures M if this convergence is uniform in P € M.

It is not surprising that if F is uniform Donsker in P € M, then we have
pp-equicontinuity uniformly in P € M: for é, | 0

P,
sup ||Gn,plls, 0. (1.8)
PeM "

One might hope that an empirical process indexed by a uniform (in M) Donsker
class F based on sampling from a sequence P(®) € M which “converges” to P
converges weakly to Gp. This statement can be made precise as follows.

For each n let Xp1,..., Xnn be i.i.d. with probability measure P(®) and let
P, be the corresponding empirical measure. Define

Gp p = V(P — PM).
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Theorem 1.3 (Sampling from approximating measures). Assume that F is
Donsker uniformly in {P(™)}. Moreover, suppose that pp() converges umi-
formly to pp in the sense that

sup |pp (f,9) — pp(f,9)| =0 (1.9)
f.geF

and that the marginals of G, p(») converge in distribution to the marginals of
Gp, the P-Brownian Bridge.
Then G, pm=2>Gp.

For establishing the convergence of the marginals the following lemma is useful.
The lemma is proved in Bickel and Freedman (1981) and uses the Mallows-
metric (Mallows, 1972).

Lemma 1.1 Suppose P™)(f — P(") )2 — P(f — Pf)? and f(X("))éf(X)’
X ~ p™) X ~ P.
Then G, pe f=2Gpf.

Let F =sup;e | f | be the so called envelope of . For the case that P(™) ig
just the empirical measure P, based on an i.i.d. sample X;,..., X, of P, we
have the following theorem due to Giné and Zinn (1990):

Theorem 1.4 (Empirical Bootstrap). Gn,p":q?GP given almost all sequences
X1, Xa,... if and only if F is Donsker and PF? < oo.

1.2.1 Uniform Donsker classes and some basic multivari-
ate techniques.

In this tract we will consider several multivariate models in the sense that the
i.i.d. observations are multivariate vectors and therefore we will be concerned
with estimation of a multivariate distribution function. For these applications
we need that the following classes are uniform Donsker.

Example 1.1 (Indicators). For a,b € IR? we use the partial ordering; a <
b (a1 <bi)A(az < bz) and e < b & (a1 < b1) A(az < by). We denote the
indicator of the rectangle (a,b] = {c: a < ¢ < b} C R? with I(a,p}, which is a
function from R? — IR. Define

F={Iay : a,b € R? a < b}.

This is a Donsker class uniform in all probability measures on IR?. The same
holds for [a,b), (a,b), [a,b] and for the general IR* case. The class of real
valued functions on IR with variation smaller than M < oo is a generalized
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convex hull of indicators and therefore it is also uniformly Donsker (see van der
Vaart and Wellner, 1995).

Example 1.2 (Uniformly bounded uniform sectional variation). Let
[0,7] C IR? be a fixed rectangle. Let f : [0,7] — IR be a real valued bivariate
function on [0, 7]. The generalized difference of f over (a,b] is defined as

f(a,b] = f(b1,b2) — f(a1,b2) — f(b1,a2) + f(a1,az).

The variation norm of f, which will be denoted with ||f||,, is defined as the
supremum over all lattice (rectangular) partitions of [0, 7] of the sum of the
absolute values of the generalized differences of f over the elements of the
partition; let {4;;} be a collection of disjoint rectangles forming a lattice-
partition of [0, 7], then

Iflly = S PMFCTOIE (1.10)

6 i,
If ||f]l, < oo, then we say that f is of bounded variation. We will say that

f:[0,7] = R is of bounded uniform sectional variation if

115 = s (1flos 11l s0p o = £yl suplu = £ o)l ) 112
is finite. Define the bivariate cadlag function space D0, 7] as in Neuhaus (1971):

Definition 1.2 D[C, 7], [0, 7] C IR%, is the vector space of bivariate functions
f:[0,7] = R for which (with f(s+,t) we mean lim,_ |, ,.>s f(5,1))

f(s,t) = f(s+,14) = f(s+,1) = f(s,14),
and for which f(s—,t+), f(s—,t—) and f(s+,t—) ezist.
The k-variate case is a trivial generalization of this definition (Neuhaus, 1971).
Define now for any 0 < M < oo:

Fu ={f € Do, 7]: |Iflly < M}.

Fu is a Donsker class uniform in all probability measures on [0, 7].

We prove this by applying the continuous mapping theorem 1.2. Let P be a
probability measure on [0, 7] and let P, be the empirical distribution. Then, by
example 1.1, Gy (:) = v/n(Pn — P)(0,-] € (D[0, 7], || ||, )s the empirical process
indexed by rectangles (0,-], converges weakly to the P-Brownian bridge G(-).
Define

@: (D[0, 7] ]| lloo) = 1°(FM) : G (f"/fdG)’
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where [ fdG is defined by integration by parts if G is not of bounded varia-
tion (as shown below). For proving that Fjs is P-Donsker we need to show
that @(Gn)éQ(G) as elements in [°°(Fps). For this purpose we apply the
continuous mapping theorem to ®. We already have the weak convergence of
G, € D[0, 7] to G. It remains to prove the required continuity of @:

sup | [ fd(Gn —G)|—0 (1.12)
F€FMm :

for all sequences G, with ||Ga||, < oo and which converge in supnorm to
G. This is proved by applying integration by parts as we will show now.
Hildebrandt (1963, p. 108) provides us with:

Lemma 1.2 Let f : [0,7] C R? — R be cadlag and of bounded variation, then
f(0,z] = (f1 — £2)(0, =],

where f1, f2 generate positive finite measures on the Borel sigma-algebra on
[0, 7].

Now, Fubini’s theorem provides us with the following integration by parts for-
mula for 2 bivariate cadlag functions which are of bounded variation (and
thereby by lemma 1.2 generate signed measures):

Lemma 1.3 (Integration by parts). Let f,g € D[0, 1] and ||f||; < oo, ||g]|, <
0o.

Jo Jo F(u,v)g(du,dv) = [; [5 9 ([(v,5) x (v,1)]) £(du, dv)
+ fy 9 ([u, 8] x (0,4]) £(du,0) + [ g ((0, 5] x [v,1]) £(0, dv)
+ £(0,0)9 ((0, 5] x (0,]).

Proof. We refer to (Gill, 1992) for the general R¥ case. It works as follows.
Substitute

'y V) = d ”d ! d ,’ ) ! )
f(u,v) /(o,u]x(o,v] f(du',dv") +/(0,u] f(du 0)+/(0,v] F£(0,dv") + £(0,0)

and apply Fubini’s theorem. O

Notice that with these formulas we can also define these integrals for g of
unbounded variation and that if F is zero at the bottom edges of [0, 7], then
only the first term on the right hand-side is non-zero. With this integration by
parts formula we can bound [ fdg by 16||g||,||f|ls- So we have the following
lemma:
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Lemma 1.4 Let f and g be two bivariate cadlag functions ans suppose that
Iflls < co. Then

/ fdg < 16]|£1121glloc-
[01"]

Now, (1.12) follows from lemma 1.4 by setting ¢ = Gn — G, which proves
that Far is a P-Donsker class. The uniform Donsker class property is proved
similarly. '

The following lemma. is useful:

Lemma 1.5 Let f : R? = R. If||f||} < co and f > 6 >0, then ||1/f|[; < oo.

The proof requires some combinatorial arguments following directly from the
definition (1.10) of || - ||, (it is sketched for general k in Gill, 1993).

With the straightforward extensions of the definitions of || f||; and of D0, 7],
it is proved in the same way that the k-variate analogue of Fy is also uniformly
Donsker (see Gill, 1992). We enforced the functions in Fjs to be cadlag in
order to guarantee that integrals w.r.t. f € Fps are well defined; according to
Hildebrandt (1963) this is not necessary if the integrand satisfies some weak
continuity conditions.

Finally, we state the following lemma.

Lemma 1.6 (Teleséoping). Leta;, i=1,...,k, b;, t =1,...,k be real num-
bers.

k k k j-1 k
Hai~Hbi=ZHa,~(aj—b,-) H b;.

i=1 i=1 j=1li=1 i=j+1

It can be easily verified (compare with the product rule for differentiating a
product of functions) and it holds also for matrices (see Gill and Johansen,
1990). It is a very useful lemma for proving that differences of two products
converge to zero and that is what we often have to do in differentiability proofs.

1.3 The functional delta-method.

Let P, be the empirical measure based on an i.i.d. sample from P. Suppose
that F is a P-Donsker class. Then we know that G, p = v/n(P, —P)—_I-)->G p as
random elements of £>°(F). Suppose that we are interested in estimating ®(P)
for a certain functional ®. In large semiparametric and nonparametric models a
natural and good estimator of ®(P) might be ®(P,), assuming it is well defined.
A question which naturally arises is if 1/n(®(P,)—®(P)) also converges weakly,
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just as Gyn,p. The following theorem, the so called functional delta-method,
which answers this question (by setting Z, = Ga,p, Z = Gp, Fn = P, and
F = P) is an immediate consequence of the extended continuous mapping
theorem 1.2 by applying it to gn(Zn) = v/n (®(F + (1/v/n)Z,) — ®(F)):

Theorem 1.5 (Functional delta-method). Let & : Dy C (D, ||-||) — (&,]l*ll,),
where (D, ||-]|) and (E,||-||,) are normed vector spaces. Endow D and E with
the Borel sigma-algebra.

Suppose that Dy, Do, Dy C D are so that F,, F € Dg; Z = o/n(F,— F) €
D, ; Z € Dy, Do separable and

1. 2,257 in (D, - ||), where Z is Borel measurable.

2. & satisfies the following differentiability property: if hy = /n(Gn—G) —
h, Gn,G € Dy, with hy € D, and h € Do, then

VA (8(G+ (1/VA)h)) - B(G)) — dB(G)(h) — 0 (1.13)

for a certain continuous linear mapping d®(G) : Do C (D, ||-||) — (E, ||
Il1)-

Then
VA (8(Fa) — B(F)) Zoda(F)(2) in (B, ||- |l)-

The delta-method formulated in this way, by using that the differentiability
only has to be verified for sequences h, € D,, is essentially more convenient
than the usual formulation in terms of Hadamard-differentiability tangentially
to a subspace: see Gill, 1989, Reeds, 1976, van der Vaart and Wellner (1995)
and Wellner (1993). We will sometimes refer to the differentiability property
1.13 as compact differentiability, meaning (1.13) for an appropriate choice of
D,,. For a discussion about the utility of the functional delta-method for an-
alyzing estimators and also for obtaining its asymptotic variance we refer to
chapter 6.

Let’s proceed with our example. Assume that P satisfies the differentiability
property (1.13). Then application of theorem 1.5 provides us with:

V7 (3(Pa) — &(P)) Z5d3(P)(Gp).

The limit random variable d®(P)(Gp) is often unknown because we do not
know P. In order to estimate the distribution of \/n(®(P,) — ®(P)) we can
use the bootstrap; let P(*) be an estimator of P and suppose that by using
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(e.g.) theorems 1.3 or (if P(") = P,) theorem 1.4 we establish G, p(n) =
Jn (13,, - P(")) = Nle p for almost all sequences X3, Xs,..., then we estimate
the distribution of v/n(®(P,) — ®(P)) with the distribution of \/n(®(P") —
&(P™)), given P("),

The following theorem tells us that if we are able to verify (1.13) uni-
formly in P(™), then the bootstrap works asymptotically for almost all se-
quences X, X2,.... Again, the theorem is an immediate consequence of the
extended continuous mapping theorem.

Theorem 1.6 Let ® : Dy C (D,||-|) = (E,||-|l,), where (D,]|-||) and (E,]||-
ll;) are normed vector spaces. Endow D and E with the Borel sigma-algebra.
Suppose Dy, Do, Dy C D are so that f,,,F,,,F € Dy; Zn,F, = \/ﬁ(ﬁn —-F,) €
D, ; Z € Dy, Dy separable, and

1. Zn,F,.——12>Z in (D, || - ||) for outer almost surely all sequences F,, Z is
Borel measurable.

2. ® satisfies the following differentiability property: if h, = \/ﬁ(@" -
Ga) — h, Gn,Gn € Dy, with hy € D, and h € Dy, then

Vi (8(Ga + (1/v/n)ha)) — #(Gn)) — d2(G)(h) — 0 (1.14)

for a certain continuous linear mapping d®(G) : Do C (D, ||-||) — (E,]|-
ll,)-

Then for outer almost surely all sequences F,, we have:

Vi (8(Fa) = &(Fa)) Zod&(F)(2) in (B, - II).

1.4 Efficiency theory.

Let M be a model, a set of probability measures, on (X, B). For two measures

F and G on B we write F < G if F is absolute continuous with respect to G.
Let

M(p)={PeM:P <y} (1.15)

For each P € M(u) we denote its density dP/du with p and the collection of
all these densities p corresponding with M(u) will be denoted with P(u).

Let 9 : M — © C D be a parameter and B be a collection of real val-
ued linear mappings b : D — IR. Given an i.i.d. sample X;,..., X, from an
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unknown P € M it is required to estimate the parameter § = J(P), which is
done by an estimator 6, = 6,(X1, X2,...,Xy). Here b8, : (¥",B") - Risa
measurable map for all b € B.

We define L3(P) as all elements f € L?(P) with [ fdP = 0.

Definition 1.3 A map € — p, from [0,1] C IR to P(u) i3 called a differentiable
(one- dimensional) submodel of P(u) through p if there exist g € L3(P) with

/ (%(‘/p_‘— VP) - %9\/1—’)2 du — 0 fore | 0. (1.16)

Notice that if the integrand in (1.16) would converge pointwise to zero, then

o) = Zloa(pa)|
Therefore g can be considered as a L?(u) version of the score function of the
one dimensional submodel p.. Submodels P. C M with densities pe C P(u)
for certain measure p which satisfy (1.16) are called Hellinger differentiable.
In the rest of this tract, if we write p,y € P(u) or Py € M(u) we mean
a one dimensional differentiable submodel of densities (w.r.t. ) or measures,
respectively, with score g as defined in definition 1.3.

The variance of unbiased (over P 4) estimators of b9(Pe4) at € = 0 is
bounded from below by the well known Cramér-Rao lower bound, which is
given by

1 ( %bﬁ(Pﬁg)'c:O

2
bt T ) , as shown below, (1.17)

n

Let S(P) be class of differentiable submodels. The variance of unbiased (over
whole M) estimators of bJ(P) is bounded from below by the supremum over
S(P) of (1.17), assuming that this supremum exists, which leads to the so
called generalized Cramér-Rao lower bound. Since the Cramér-Rao lower bound
(1.17) does only depend through P4 on the score g the supremum is in fact
a supremum over the collection of scores corresponding with S(P). In the
following definition of this collection of scores, note the difference between

S(P) and S(P).

Definition 1.4 A cone S(P) in LI(P) is called a tangent cone at P € M of
S(P) if for all g € S(P) there ezists a differentiable one dimensional submodel
P,y € S(P) C M through P € M with score g.
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Recall that a cone C in a vector space over the reals is a subset which is closed
under multiplication by nonnegative scalars: if ¢ € C, then ag € C for all
a>0.

As we will see below, the supremum over S(P) in the generalized Cramér-

Rao lower bound can be replaced by a supremum over the so called tangent
space T'(P):

Definition 1.5 For a tangent cone S(P) C L3(P) we define the tangent space
T(P) C L(P) as the closure of the linear extension of S(P) within L(P).

The following differentiability property of b9 guarantees the existence of the
supremum over S(P) of (1.17) and that the supremum over T(P) is taken.

Definition 1.6 A parameter bd : M — R is called pathwise differentiable at
P € M relative to S(P), if there ezists a linear mapping 9 : T(P) — (D, || -|)
30 that bJ : T(P) — R is continuous and linear and

%(w(a,g) — b3(P)) — bi(g) — 0 for all g € S(P).
By the Riesz representation theorem there ezists a I(P,b9) € T(P) so that

bi(g) = / (P, 69)(2)g()dP(z). (1.18)

We have that the Cramér-Rao lower bound (1.17) equals 1/n (bé(g)/”g”P)z.
Consequently, by (1.18) and the Cauchy-Schwarz inequality, this is maximized
over T(P) by g = T(P, b9) and therefore P4, g = I~(P, bd), can be consid-
ered as the so called hardest one dimensional submodel for estimating bJ(P)
(if I(P,b9) ¢ S(P), then we might still think of it as an approximate sub-
model). Therefore I(P,b) is sometimes called the efficient score. The variance
of I} (P, bY) is the generalized Cramér-Rao lower bound for unbiased estimators,
as can be proved as follows (for the technical details see van der Vaart, 1988):

Generalized Cramér-Rao lower bound. For a random variable, say Y,
we denote its expectation with E(Y') and it variance with Var(Y): we often
use an index which describes the distribution of Y. To begin with, let b8,
be an estimator of b based on one observation X ~ P and suppose that
Ep(b81(X)) = b8 for all P € M. Definition 1.6 tells us that we have bd(g) =
{9, T (P, b9))p. By the definition of pathwise differentiability and the fact that
bI(Pe,g) = Ep, ,(b6:(X)) we also have:

bi(g) = lim 1/e / b6 (z)d(Pe,y — P)(z)
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= lim1/e / b81(2) (pe,g(x) — p(2)) p(dz)

= lim1/e / b61(z) (W) dP(z). (1.19)

By using (1.16) we have (pe,g(z)—p(z))/ep(x) ~ g(z), where the approximation
can be made rigorous. Using this approximation tells us that (1.19) converges
to Ep(b01(X)g(X)). Our calculations do not depend on g € S(P) and by
linearity and continuity of 9(g) and ¢ — Ep(b81(X)g(X)) we have the identity
for all g € T(P). In other words, for all g € T(P) we have:

(9, (P, b9))p = Ep (b61(X)g(X)) -
By the Cauchy-Schwarz inequality we have that
(Ep(b6:(X)g(X)))? < Var (b6 (X)) Var(g(X)) -

This tells us that

T 2
Var(bgl(X)) > (g’ I(Ps bﬂ))P .
(g s g )P
This holds for all ¢ € T(P) and therefore in particular for g = I(P,bY).
This provides us with the Cramér-Rao lower bound:

Varp (b6:(X)) > Varp (T(P,b9)(X)) -

Suppose now that we have n i.i.d. observations X; ~ P and let b, (X1,...,X,)
be an unbiased estimator of bf for all P € M. Then the same calculations show
that:

Varp (80n (X1, - -, Xn)) > Varp (I(i’ b”)(X)) .

The variance of I(P, b9) is also the optimal asymptotic variance of v/n (6, —
9(P)) for so called regular estimators.

Definition 1.7 Let b8, be an estimator of b6 = bI(P) for which
Lp (v/n (86 — bI(P))) — Ly.

b6, is a S(P)-regular estimator of b6 if for all g € S(P) there exists a P4 €
S(P) so that for en = 1/+4/n

Lp,, , (Vn (b0, — bI(P., ,))) — Ls.
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Notice that the smaller we choose S(P) the larger the class of regular esti-
mators (relative to S(P)) and the easier it is to verify pathwise differentiability.
On the other hand the lower bound o2(I(P,bd)), where o2 denotes variance,
represents a supremum over all Cramér-Rao lower bounds for the one dimen-
sional submodels p., and therefore this lower bound can only be attained if
S(P) is large enough. Therefore, in order to have ezistence of efficient estima-
tors one has to choose a rich enough class S(P) of one dimensional submodels

p €,g°
Most interesting estimators are asymptotically linear:

Definition 1.8 An estimator 6, of 6 = J(P) is called || - ||5-asymptotically
linear with influence curve I(P,b9) € L(P), b € B, if

V(b6 — b8) = /n(Py — P)I(P,b9) + Rn s,

where

def
IRallp = sup | Bnp |=op(1)
beB

and the empirical process [ I(P,b9)d+/n(P, — P) indezed by {I(P,b9) : b € B}
converges weakly.

Theorem 2.12 in van der Vaart (1988) tells us that for any regular estimator
b6, the limiting distribution Ly has a variance which is larger than o2(I(P, b9))
and that equality holds if and only if b4, is asymptotically linear with influence
curve equal to I (P,b09). One may call this result an asymptotic Cramér-Rao
bound. The result also explains the following name:

Definition 1.9 I (P,b9) € T(P) is called the efficient influence curve w.r.t.
S(P) for estimating b§(P) in M.

The convolution theorem tells us that if S(P) is convex, then the limiting dis-
tribution Ly of a regular estimator b6, equals the sum of N(0,o%(I(P,b9)))
and another independent random variable. Moreover, under some extra regu-
larity assumptions the variance of I (P, bY) is also a lower bound for minimax
estimators (for both statements see e.g. van der Vaart, 1988). This justifies the
following definition of efficiency of 6,,:

Definition 1.10 Let 6,6, € D and B be a collection of real valued linear
functions on D. Assume that 6, is || - ||g-asymptotically linear with efficient
influence curve I| (P,b9), b € B.

Then we say that 6, is || - || g-efficient.
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The functional delta-method theorem 1.5 shows that weak convergence is
preserved under differentiability as stated in (1.13). The following theorem
tells us that efficiency is also preserved under this kind of differentiability (van
der Vaart, 1991):

Theorem 1.7 Let B and By be a collection of real valued linear functions on
vector spaces D and E, respectively, so that (D,|| - ||g) and (E,||-||p,) are
normed vector spaces. Let @ : Dy C (D, || -||g) — (E, |- ||,) be a functional,
where both spaces are endowed with the the Borel sigma-algebra.

Suppose that 6, € Dy is an || - || g-efficient estimator of 6 € Dy, and the
differentiability condition (1.18) of theorem 1.5 holds for ®(6,).

Then ®(6y,) is a || - || , -efficient estimator of ®(6).
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Chapter 2

Efficiency Theory for the
(NP)MLE and an Identity
for Linear Parameters in
Convex Models

2.1 Introduction.

To begin with we give the general set up of the problem we will investigate. We
refer to the efficiency section 1.4 for some notation and definitions. Let M be
a set of probability measures P on a measurable space (£2,.4). Let ¥ : M — D,
where D is a vector space, be a D-valued parameter. Let B be a collection of
real valued linear mappings b: D — RR.

Given an i.i.d. sample X3,...,X, from an unknown P € M we want to
give a || - || g-efficiency theory of maximum likelihood estimators of § = J(P)
and modifications thereof.

M is not necessarily dominated by one fixed measure p. Therefore it does
not always make sense to define a maximum likelihood estimator as the maxi-
mizer over all P € M of the likelihood [];_,(dP/du)(X;) for a fixed measure
4. A natural generalization of this last definition to general M, due to Kiefer
and Wolfowitz (1956), is now given by: IP, € M is an MLE of P if and only if
for each measure P; € M we have with y = P; + IP,,:

dIP dP,
lo ") dP, > /1 (——1) dP,. 2.1
/ g( du = J 8\ dn (2:1)

In other words, IP, is the winner in each pairwise comparison. 8, = J(IP,) is

25
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called a mazimum likelihood estimator (MLE) of 6.
If it exists, then for any measure p, with P,, < p, we have:

d
= . 2.2
P, = arg Perilz(a(ﬁ,,) / log ( du") dP, (2.2)

The log likelihood cares only about the values p(X;) = (dP/dua)(Xi), i =
1,2,...,n. Therefore even in semiparametric models it is often possible to
identify IP, with a vector, where its dimension grows with n, and define it as a
maximum over a compact euclidean set, which makes existence of MLE much
easier to prove.

IP,, is often not explicitly known as a function of Xj,..., Xy, but once a
dominating measure of IP,, given the data, is explicitly known, then it is defined
by (2.2) which can usually be computed with certain algorithms. Finding an
MLE involves essentially two steps. Firstly, one determines, given the data,
explicitly a dominating measure pu, (if IP, is discrete, then it suffices to find its
support) and then one maximizes the log likelihood over all possible densities
in the model w.r.t. this known pu,.

One can also decide not to worry about finding an explicitly, given the data,
known dominating measure p, of IP,, but choose y, ourselves. p, is usually
chosen so that M(u,) grows with n and more and more closely approximates all
of M(P). In our applications we will do this. Then we can define a so called
“sieved”-mazimum likelthood estimator as a maximizer of the log likelihood
over M(u,), abusing the traditional definition of sieve-MLE. Also in this case
we can define this MLE as in (2.2) for some measure p,,.

In this chapter we present a theory for proving efficiency of a MLE 6,,.
Our applications in the next chapter are described by semiparametric models
for which MLE are usually called “nonparametric maximum likelihood estima-
tors” (NPMLE). Therefore we will often denote 6, with NPMLE, though the
efficiency theory is also applicable to parametric models.

The organization of this chapter is as follows. Firstly, in the next section
we show that a maximum likelihood estimator often solves an efficient score
equation. In section 3 we derive natural conditions for efficiency of an NPMLE
and show how they trivially generalize to bootstrapped NPMLE and NPMLE
based on a transformation, depending on n, of the original data (in the latter
case everything, also the model, changes with n). (The latter kind of NPMLE
will be analyzed in chapter 4.) Surprisingly enough we get one of the main
conditions for free if the model is convez and the parameter ¥ : M — D linear.
This follows from an identity. In section 4 we prove this identity and explain
the gain from this identity for proving efficiency of NPMLE. In section 5 we
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apply this identity to convex models which are linear in the parameter, study
the required invertibility of the information operator and illustrate the use of
the identity in a well known (non trivial) example. In section 6 we formulate
the efficiency theorem for the NPMLE in convex models and in section 6.1 we
extend this theorem to one-step estimators. Section 6.1 is not important for
following the subsequent chapters.

2.2 Efficient score équation for NPMLE.

Assume that an MLE IP,, as in (2.2) exists.

Let S(IP,) be a class of one dimensional differentiable submodels of M
through IP, (see definition 1.3). Let S(IP,) C LZ(IP,) be the tangent cone
corresponding to this class of submodels (see definition 1.4). Recall that a
score gn € S(IP,) of a IP, ¢ 4, does by definition depend on IP,,. Let T(IP,,) be
the tangent space at IP,, (see definition 1.5).

Suppose that bd is pathwise differentiable relative to S(IP,) at IP, with
efficient influence curve I(IP,,b9,) € T(IP,) (see definition 1.6). IP,, maximizes
in particular the log likelihood of each one dimensional submodel IP, ¢ 4., gn €
S(IP4), which is dominated by a certain v,. Consequently, if IP, lies in the
interior of each one dimensional submodel of S(IPy, ), then the following equation
to hold (let v, be a dominating measure of Py ¢ g, ):

_d dP,...,.
0=2 / log (——d——-—(z)) dPa(z)

Vn

(2.3)

e=0
Suppose that g, is also pointwise defined instead of only in L?(IP,,) sense. Then
by exchanging differentiation and integration (2.3) translates into

0= / gn(2)dPa (). (2.4)

This holds for all g, € S(IP,) and by linearity of g — [gdP, also for
Lin(S(IP,)), its linear extension. Consequently, if I(IP,,b9) € Lin(S(IP,)),
then we have:

0 = PuT(Pn, b0) = / F(IPn, b9)(2)dPa(2), (2.5)

which we will call the efficient score equation or MLE-equation.
If I(IP,, b9) € T(IP,)\S(IP,), then it might still be possible to prove (2.5)
by a continuity argument. For our theory we only need that

Pol(PPa, b9) = op (%) . (2.6)
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There exist examples with I(IP,,b9) € T(IP,)\S(IP,) where (2.5) does not

hold, while (2.6) is true (see Groeneboom and Wellner, 1992, interval censoring

case I, p. 115: if we replace in the efficient score identity g, by g, then we obtain

(2.5) and they show that the difference of the two score identities is op(1/4/n)).
Since T(P) C L3(P) we always have the equations

PI(P,b9) = 0 and P, I(IP,,bY9) = 0. (2.7)

2.3 Efficiency theorem for NPMLE.

On is || - || g-efficient (see definition 1.10) if and only if
b0, — b0 = / I(P,b9)d(Pn — P) + Rn 3, (2.8)

where ||Rn||5 = op(1/4/n) and {I(P,b9) : b € B} is P-Donsker. Notice that
IRallg = op(1/+/n) can be replaced by ||Rnllp = op(||fn — 6]|5); then (2.8)
implies
16 — 6ll 5 = Op(1/v/n) + op ([l — 6ll5),
which implies in its turn trivially that ||6, — 6||g = Op(1/+4/n).
Assuming (2.6) this tells us that (2.8) holds if (and only if)

sup
beB

b0 — b6 + ]f(mn, b9)dP — / (7, b9) - F(n, b9)) d(Pn - P)

(2.9)

is op(||0n — 6||5). Assume that there exists a P-Donsker class F so that
I(P,b9) — I(IPa,b9) € F for all b € B with probability tending to 1. By
the pp-uniform continuity of the sample paths of the empirical process indexed
by F (see (1.6)) it follows that if

sup pp (f (P, b9), I (Pn, bﬂ)) — 0 in probability,
beB

then supycp If (f(P, b9) — I(IP,,, bﬂ)) d(Pn — P)I = op(1/+/n). Therefore,
once we have this it suffices for proving (2.8) to prove that the sum of the
other terms appearing on the left-hand side of (2.9) is op(||n — 6||g). This
proves the following theorem:

Theorem 2.1 Let X ~ P € M for a model M and let X,,...,X, be n i.i.d.
copies of X. Let § = 9(P) € D, D a vector space, and B be a certain collection
of real valued linear mappings on D. Suppose that for each P € M, b9, b € B,
ﬁs pathwise differentiable at P relative to S(P) with efficient influence function
I(P,b9).
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Let 8, = 9(IP,,), IP, € M be an estimator of 6 which satisfies the following

conditions:
1
= op _\/—_T; .
Differentiability condition.

sup [b9(P) — b9(PPy) — / I(P,,b9)d(P — P,)
beB

Efficient Score Equation.

sup / I(P,,b9)dP,
beB

= op(||6a—6]| 5)-(2.10)

Empirical process condition.

sup / (T(P,b9) - T, b9)) d(Pa — P)| = 0p(1//7).

Sufficient conditions for the empirical process condition are:

P-Donsker class condition. There exists a P-Donsker class F so that
f(P, b9) — f(]P,,, b9) € F for allb € B with probability tending to 1.

pp-consistency.
sup pp (I(P, b9), I(P,, bt?)) — 0 in probability.
beB

Then 6, is a || - || g-asymptotically efficient estimator of 6.

It is clear that I(P,bd) has to be defined in a stronger sense than as an element
of L3(P). For example, for verifying the Donsker class condition for a univariate
class of functions one might want to bound the variation of I(P,bd), which
requires that I| (P, b9)(z) is pointwise well defined for all . This can often be
straightforwardly accomplished, as we will see in the next chapters.

If B = {b} for a single b, then this theorem provides us with efficiency of
the real valued parameter bJ(P) € IR. By verifying the conditions uniformly
over a larger collection B one obtains ||-||g-efficiency. It might be clear that for
verifying the pp-consistency condition [|- || g-consistency of 9(IP,) will typically
be required.

At first sight it is not clear that [ I(IP,,, b9)d(P—1P,) should be the Gateaux
derivative of 9 in the direction P — IP,, at IP,,; in other words it is not trivial
to see that the differentiability condition (2.10) is indeed a differentiability
condition. Let v be a dominating measure of IP,, and suppose that P < IP,,.
Then we can rewrite the differentiability condition (2.10) as:

sup [bI(P) — bO(P,) — / TP, 002 L2, | = op (60~ Ol5),
beB n

where the densities are w.r.t. v. [ I (PP, b9)(pn — p)/pndlP, is the pathwise
derivative of ¥ at IP,, evaluated at score g = (pn — p)/pn, where g corresponds
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with the score of the line P+ (1 —¢€)IP, from P to IP,. Therefore the condition
is strongly related to “uniform” (in B) pathwise differentiability of ¥ at a
moving sequence IP,. In this argument the condition P <« IP, is only due
to the fact that in the definition of pathwise differentiability we linearize in
scores g = lime_,o(pe,g — p)/(€p) of the one dimensional submodels, but this
condition would not be necessary if we use a differentiability definition, where
we linearize in lim._,o(pe — p)/e. So there is no reason to expect that this
condition is essential and examples (see next sections) show that it is indeed
not. We discuss this disadvantage of the definition of pathwise differentiability
in the next section.

In this tract we are especially concerned with estimation of linear parameters
in conver models. In this case the differentiability condition can be verified to
hold with remainder zero, following from the pathwise differentiability of 9
with remainder zero, and thereby (2.10) reduces to an identity (there is no
op(||6n — b6|| g)-term in the differentiability condition). This identity provides
us under the P-Donsker class condition and efficient score equation with root-n-
consistency of J(IP, ) which can in its turn be used to prove the pp-consistency
condition. We will work this out in detail in the next section.

Extension to NPMLE based on resampled data or reduced data.
Firstly, we discuss the two applications to which we want to extend theorem
2.1 and then we will show that both can be straightforwardly captured by
one extension of theorem 2.1. The extension can also be used to investigate
uniformity in P and regularity.

The first application is the semiparametric bootstrap. Let X; ~ P, i =
1,...,n, be n i.i.d. random variables. Suppose that 9(IP,) is a || - || g-efficient
estimator of 9(P). Let P(®) € M be an estimator of P and let X} ~ P(™),
i=1,...,n, be n ii.d. random variables. For asymptotic validity of the semi-
parametric bootstrap we want to show that the limiting distribution of the
normalized NPMLE /n(9(IP},) — 9(P(")), where IP} is a NPMLE based on
the resampled data X}, equals the limiting distribution of \/n(J(IP,) — I(P)),
which is given by the optimal Gaussian process indexed by the efficient influ-
ence functions {I(P,b9): b € B}.

In view of an important application (the second application to which we
want to extend theorem 2.1) in chapter 4 we do not want to force P(®) to
be a member of M. In this application we have X; ~ P and X} = ¢,(X;) ~
P() = Pg=1 where ¢, (X;) is a slight transformation (reduction) of the original
data X;. By using the reduced data X} we arranged to work in an easier model
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My, ={P¢; 1. P € M} for which all conditions of theorem 2.1 can be verified
uniformly in P(®), The parameter of interest is given by 9, : M1, — D which
is so that ¥,(P™) = J(P); so we are still estimating the same § = J(P).
If ¢, converges to the identity one hopes that asymptotic efficiency is still
attained. Here we are concerned with the question if the NPMLE based on
this transformed (reduced data) is asymptotically efficient; in other words we
want that \/n(9,(IP},) — 9a(P™)) converges to the optimal Gaussian process.

The last problem is captured by the following set up, which also coveres the
resampled data by setting M, = M, ¥, =9, S,(P) = S(P) and fn(Pl, bd,) =
I(Py, b9):

Let P(") € M, be an approximation of P and M, be a sequence of models.
Let X; ~ P, X} ~ P(™), i=1,...,n, be two collections of n i.i.d. random vari-
ables. Suppose that by, : M, — D is pathwise differentiable at each P; € M,
relative to a tangent cone S, (P;) with efficient influence function I~,.(P1, bdy,).
By verifying the conditions of theorem 2.1 uniformly in P(") (so for the suffi-
cient conditions for the empirical process condition this means that we need to
verify a uniform {P(™}-Donsker class condition and a uniform in P(*) pp)-
consistency condition), then we have that v/n (b9, (IP}) — b9, (P™)) equals
(here Py is the empirical distribution of X7})

[E(P®,b,)a05(P ~ P®) 4 R, (2.11)

where supyep | Rap |= 0p(n)(1). To see this recall that the uniform Donsker
condition provides us with asymptotic pp()-equicontinuity uniformly in {P(™)}
(see (1.8)). The proof of (2.11) is then a copy of the proof of theorem 2.1 applied
to the model M,,.

For proving asymptotic efficiency it remains to prove the following condi-
tion:

Approximation condition.

The empirical process ( J L(P™, b9, )d/n(Py; — P(™),b € B) converges
weakly under P(®) to (the optimal Gaussian process) a mean zero Gaussian
process X with covariance structure:

E(b1XobaXo) = E (I(P,b:10)(X)(P,5:0)(X)) ,

i.e. the same limit process as when P(®) = P. This can be proved by applying
theorem 1.3. Theorem 2.1 can also be straightforwardly extended to the non-
parametric bootstrap. We show how this works in the bootstrap section 6 of
chapter 4.
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2.4 An Identity for linear parameters in con-
vex models.

Let M be a convex set of probability measures. Notice that this also implies
that M(u) and P(u) are convex.

For each P, € M(P) the line eP; + (1 — €)P, € € [0,1], is a submodel of
M through P. Let g be a dominating measure of P. Then the corresponding
straight line ep; + (1 — €)p of densities with respect to 4 can be written as:
p1—p

.
Consequently, its score is given by (p1 — p)/p. If g has finite supnorm, then

Pe,g = (1+€9)p, g=

De,g is clearly Hellinger differentiable; it satisfies the differentiability property
(1.16). Therefore for efficiency calculations a natural class of one dimensional
submodels through P is given by

S(P) = {ePl +(1—€)P, e€[0,1]: P, € M(P), ||%1;;‘||°° < oo}. (2.12)

In terms of densities this class (2.12) is given by:

P1—p

{peyg =(1+eg)p:llg= |oo < 00, P1 € M(P)} C Lg(P).

The corresponding tangent cone S(P) and tangent space T(P) are defined
as in definitions 1.4 and 1.5.

Definition 2.1 A parameter 9 : M — © C D is linear if 9 is well defined on
Lin(M) and 9 : Lin(M) — D i3 a linear mapping.

Theorem 2.2 (Identity for linear parameters in convex models). Suppose that
M is convexr and ¥ : M — D is linear. Suppose P, P, € M and that bV is
pathwise differentiable at Py € M relative to S(Py) with efficient influence
curve I(Py, b9).

Assume that either there exists a sequence P € M(Pyp,) with dP/dPy,, €
L%(Pym) 80 that for m — oo

/ F(Pim, b9)dP — / Py, b9)dP.
b9(Pim) — bI(PL) (2.13)

or there ezists a sequence P € M(Py) with dP,/dP, € L*(P;) so that for
m — oo

/ I(Py,b9)dP,, — / I(Py,b0)dP.
b(Pn) — bI(P) (2.14)
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Then

bI(P) — bI(Py) = / H(Py,b9)d(P - P1) = / (P, b9)dP. (2.15)

Notice that for P; = IP,, the NPMLE, (2.15) implies the differentiability con-
dition of theorem 2.1. The proof of theorem 2.2 (below) shows that it is easy to
show the identity (2.15) for P, P; € M with P < P;. Once we have established
this the identity conditions (2.13) (we mean both convergence statements) and
(2.14) are just continuous extension conditions which trivially extend the iden-
tity to many more P, P;. Notice that the sequences P,, and Pj,, are allowed
to depend on b and that the identity conditions are not requiring more than
convergence of two real numbers and hence they are very weak conditions. A
natural candidate for Py, is (1 — €, )P1 + € P for a sequence €, — 0.
Proof of theorem 2.2. Suppose that we can prove the identity (2.15) for
any P’ and P! with P’ € P] and dP'/dP] € L?(P]). Then the identity
(2.15) holds in particular for P, Py, with dP/dPi,m € L*(Pim) and Pn, P,
with dPy,/dP; € L?(Py). If now the convergence for m — oo holds as stated
in (2.13) and (2.14), then it follows that the identity holds also for P and P;.
Therefore, it suffices to prove the identity (2.15) for any P and P; with P <« P;
and dP/dP, € L*(P,):

Let p be a dominating measure of P; and denote the densities of P and
P; with respect to u by p and p;, respectively. Define pe g = (1 + €g)p; for
g = (p — p1)/p1, which corresponds with the straight line eP + (1 — €)P1. pe,g
is a differentiable submodel through P; with score g € S(P;) and it is linear in
g. By linearity of ¥ we have:

1l

.:. (b9(Pe,g) — bI(Py)) %bv (e(P — Pr))

bI(P) — bI(Py). (2.16)

We also have that the left hand side is linear in g. By the pathwise differen-
tiability of 9 at P; relative to S(P;) and the linearity in g of the left hand
side, the left hand side equals the pathwise derivative in the direction g, which
is given by [ I (Py1,b9)gdP;. Combining this with (2.16) and recalling that
g9 = (p— p1)/p1 gives us:

bI(P) — bI(Py) = / TPy, b0)2 ; PLip = / I(Py,b9)dP.0
1
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2.4.1 Discussion about the (ir)relevance of the identity
conditions.

In semiparametric models the NPMLE IP,, does often not dominate the un-
derlying P. If P &« IP,,, then the direct proof of theorem 2.2 of the identity
does not work because the line eP + (1 — €)IP,, does not even have a score (it
is not Hellinger differentiable) and therefore cannot be linearized in a score;
so it does also not make sense to talk about pathwise differentiability along
this line. The approach followed by this theorem is to prove the identity for
Hellinger differentiable lines and approximate the non-differentiable lines by
Hellinger differentiable lines in order to obtain also a prove of the identity for
non-differentiable lines.

In order to carry out a direct proof we should have a notion of differen-
tiability which also applies to lines from P to IP,, i.e. which also applies to
non-Hellinger-differentiable submodels. In example 2.2 in the next section we
show that if we give up linearizing in (p—p1)/p1 as in the proof of the theorem,
i.e. we give up using the definition of pathwise differentiability, but instead only
concentrate on linearizing in p—p; (densities w.r.t. e.g. 4 = P+ Py), then there
is a direct proof, still using Hilbertspace structures, of an identity of similar
nature. The use of this approach is not yet clear for us, but it established a
kind of differentiability of 9 along a line from any P; to P and it can be eas-
ily generalized. We did not use this approach for our applications in the next
chapters, because here the identity conditions (2.14) could be straightforwardly
proved. But this alternative approach of proving a similar identity clarifies the
irrelevance of the condition P <« P; and hence that with a different set up one
should be able to formulate a similar theorem, without requiring the identity
conditions, but requiring a different kind of differentiability.

In the following example the identity can be explicitly written down and it
also shows how weak the identity conditions are.

Example 2.1 (Nonparametric Model). Let Xj,...,X, be n ii.d. copies
of X ~ P, where P is a completely unknown distribution. We want to estimate
by(P) = P(B) for a measurable set B. Let IP, be the NPMLE. In this non-
parametric model we have I(IP,,, B)(X) = I(X € B) — IP,,(B). Therefore the
efficient score equation for IP,, tells us that IP,, equals the empirical distribution
P,. The identity of theorem 2.2 is trivially true:

(P, — P)(B) = —PI(IP,, B).

The condition (2.14) for P; = IP,, is satisfied if there exists a P™ with P™ < P,
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so that P™(B) — P.(B), which holds of course trivially. The latter condition
provides us by application of theorem 2.2 with an indirect proof of the identity.

In spite of the fact that the identity conditions (2.13) and (2.14) are very weak,
implicitness of the efficient influence curve makes them not always easy to
verify. In our applications in chapter 3,4 and 5 we verify the identity condition
by proving the following much too strong condition, but which is still rather
straightforwardly verifiable; there exists a sequence Pj,, with dP/dP;,, finite,
b9(Pim) — bI(P1), ||Pim — P1||p — 0 (or we take another L? norm) and (using
this) show that

/ |T(P1,,., b9) — (P, w)l dP — 0.

From now on if we write condition (2.14) we mean just one of the two conditions
(2.13) and (2.14).

2.4.2 The gain from the identity.

Let P, € M be a NPMLE of P € M and suppose that (2.14) with P, = IP,
and P holds. Then (2.15) applied to P; = IP,, provides us with:

bO(Pn) — bI(P) = — / I(IP,, b9)dP, (2.17)

which is the differentiability condition of theorem 2.1, but with remainder zero.
Combining this equation with the efficient score equation (2.5)

P,I(P,,b9) =0,

provides us with
BI(P,) — bO(P) = / (P, b9)d(Pn — P). (2.18)

This is a very powerful identity because the right-hand side can be considered
as an empirical process indexed by b (IPn, b9). Therefore if the Donker class
condition of theorem 2.1 holds, then it provides us already with root-n con-
sistency of bJ(IP,,). Now, the pp-consistency condition remains to be verified,
where we can use this consistency result. In other words, the convexity of
the model and linearity of the parameter often gives us the differentiability
condition of theorem 2.1 and consistency for free and we can concentrate our
attention on the Donsker class condition.

In our examples we apply theorem 2.2 to models of a special type, discussed
in the next section.
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2.5 Application of the identity to convex mod-
els which are linear in the parameter.

Consider a model M = {P, : 6 € ©}, where © C D is a convex set and 6 — Py
is linear. Then M is convex. For clarity and because it holds for all our
applications we will assume that © is a convex set of probability measures on
a certain fixed measurable space (in our case © is a convex set of distribution
functions of probability measures on IR¥ ), but this is not essential.

Consider a parameter 9(Py) = ¥(6), where ¥ is linear (see definition 2.1).
Define J(Py) = ¥(6) for all § € Lin(0), which we can do because ¥ is linear
on Lin(®©). Then

d(aPo, + BPs) = U(Pasi+se)

= T(aby + B0)

= a¥(6,)+ 5¥(6)

= 0“9(P91) + :319(P9),
where we used linearity of § — Py, extended definition of ¥, linearity of ¥ and
the definition of ¥, respectively. This proves that ¥ is linear. Therefore if we
can establish pathwise differentiability of ¥, then application of theorem 2.2
provides us with the identity (2.23) below.

Let 6.4 be aline from 6; to 8, §; < @ with score ¢ = (d; - de)/de €
L3(6). By linearity of § — P, this line implies a submodel Py, , with score
(dPs, — dPy)/dPy € LE(Ps), assuming that dPy, /d Py exists and that it square
integrable. (dPy, — dPs)/d Py is linear in the underlying score g:

dpP
dPy, —dPy _ " [ed6 _
a5 =—3p = Ao(g). (2.19)

Define now S(6) as all lines 6,y = €6, +(1—¢)8 for which (dPy, —dPs)/dPs €
L%(Ps). In all our applications S(8) is just the same set of lines as defined in
(2.12), but now in the space O instead of in M. Let S(§) C LZ() be the
corresponding tangent cone and T(d) C L3(6) be the tangent space.

Now, Ag : S(8) — S(Ps) C L(Py), where S(Ps) is the tangent cone corre-
sponding with Py, , g € S(f). Suppose that Ag can be continuously extended
to T(f) C L3(f). Then the so called score operator Ag can be defined as a
linear Hilbertspace operator:

Ag : T(8) C L2(8) — LE(Py). (2.20)
Now, the tangent space T'(Fy) is given by
T(Py) = Ag(T(6)) C LE(Ps).
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We will now give conditions for pathwise differentiability of ¥ relative to S(Py).

Suppose that b¥ is pathwise differentiable at 8 relative to S(6) with efficient
influence function k(6,b¥). Then we have with the line 6 4 = €6; + (1 —€)f €
&(8) with score g = (d6; — d6)/do:

Il

2 (49(Po,,) ~BI(P) = (b0(6e) ~ BEE)

- / %(6, b%)gdb. (2.21)

This is a linear mapping in g. For pathwise differentiability of J(Py) relative
to S(Pg) we need to rewrite this as a continuous linear mapping in the scores
Ag(g) of Pghg.

For this purpose let A] : L2(Ps) — T(6) be the adjoint of Ag: for all
g € T(6) and v € L(Py) we have

(Ao(g)’ v)Ps = (ga A;r ('U))G- (222)
We have the following important result:

Lemma 2.1 Assume that b¥ is pathwise differentiable at  relative to S(6).
by is pathwise differentiable at Py relative to S(Py) if and only if K(6,b¥) lies
in the range of Ay : L3(Ps) — T(6).

This lemma is due to van der Vaart (1991). The proof is straightforward:
Suppose that we have pathwise differentiability with efficient influence function
I(Ps,b%). Then by (2.21) and the definition of pathwise differentiability we
have for all g € 5(6):

/ %(9, b¥)gd6 = / T(Ps, b%) A9 (g)dPs.

Using the definition of adjoint we see that
/ (47 (F(Po, b)) - & (s, b\If)) gd6 = 0 for all g € T(6),

which proves one direction of the lemma.

For the other direction, we have to express (2.21) as a linear mapping in
Ao(g) € S(Pp). Suppose that there exists a | € Li(Ps) so that 4] (I) =
K(8,b%). Then by definition of the adjoint

/ %(8, b0)gdf = / 140(g)dPs,

which, by the Cauchy-Schwarz inequality, is a continuous linear operator on
S(P). This proves the pathwise differentiability with efficient influence function
I(Py,b9) = II(I | T(Ps) (I denotes L%-projection) and hence the following
theorem:
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Theorem 2.3 (Identity in convex linear models). Consider a model M =
{Py : 8 € O}, where © C D is a conver set of probability measures on a
measurable space and § — Py is linear. Let 9(Py) = ¥(0), where ¥ is linear.

If

e b¥ is pathwise differentiable at 6, relative to S(61) with efficient influence
function ¥(61,b¥).

o There ezists an | € L(Py) so that Aj (1) = K(61,b%),

then b9(Ps,) is pathwise differentiable with efficient influence function
I(Py,,b%) = TI(I | T(Ps)) and for all Py and Py, which satisfy (2.14) we
have the identity:

BU(9) — bU(6;) = / T(Py,, b0)d(Py — Py, ) = / (P, b0)dP).  (2.23)

A simple corollary of lemma 2.1, which provides us with a formula for I (Po, b¥),
is given by the following corollary (here I; (f) is just any element g for which

To(9) = f):

Corollary 2.1 If (6, b¥) lies in the range of the so called information op-
erator Iy = A] Ag : T(8) — T(8), then 9(Py) is pathwise differentiable at Py
relative to S(Py) with efficient influence function

I(Py,bT) = AgI; (R(6, b)) (2.24)

2.5.1 Invertibility of the information operator.

If the information operator is invertible and onto we can apply corollary 2.1
and theorem 2.3. Therefore the following invertibility lemma is useful:

Lemma 2.2 Let Iy = A] Ag : T(6) C (L(6),]-]l,) — T(6) be the information
operator as defined above. Assume that for all h € T(8) with ||h||, > 0 we have
[46(R)|lp, > 0. Then Iy is 1-1.

Assume that there exists a 6 > 0 so that for all h € T(0) C H(#) we have
IHAllsheta = 1146 (R)lIp, = 6l|R|lg for some 1 > & > 0. Then Iy is onto and has
bounded inverse with operator norm smaller than or equal to 1/62. Its inverse
18 given by:

oo

=Y (I-1I).

=0

Moreover, the range of (Ag(T'(0)) is closed and therefore equals T'(Py).
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Proof. Let ||h]|, = 1, then we have by the Cauchy-Schwarz inequality:

145 Ao (R)llg 145 Ao (R)lglIR]l
(Ag Ao(h), h)o

<A9(h)’ Ao(h))Po .

v

If || Ao (R)|| p, > 0 for all ||R]|, = 1, then Ij is 1-1 and hence invertible. We have
that Ip = I — (I — Ip). If ||A¢(h)||p, > 6, then we have that ||To(R)||, > &°.
Because I — Iy is self-adjoint its norm is given by:

sup (h, (I — Ip)(h))e-
lIall,=1

Because (h, Io(h)) = (Ag(h), Ag(h)) > 62 it follows that this norm is smaller
than 1 — 2. Consequently, the inverse of Iy is given by the Neumann series of
I — Iy which converges for all A € T(f). This proves that Is is onto and has
bounded inverse with operator norm bounded by 1/62. The final statement is
also straightforward to check by using Cauchy sequences and the completeness
of a Hilbert space.O

By using this lemma it is often easy to find natural conditions for (bounded)
invertibility of the information operator Iy : (T'(8),]| - |lo) — (T(8),]| - |lg)- In
particular this is true for missing data models as the next example and the
models we cover in chapter 3, 4 and 5.

2.5.2 Example.

We already gave a trivial example of the completely nonparametric model where
the efficient influence function is known and thereby the identity (2.18) for the
NPMLE could also be explicitly verified. A non-trivial (well known) example,
where this identity had not yet been discovered and can be explicitly written
down, is the following. Here we will also show efficiency of the Kaplan-Meier
estimator using identity (2.18) and we will give a method of proving a kind of
differentiability of a parameter along any line, instead of only along lines with
a score.

Example 2.2 (Univariate Censoring Model). Let Xi,...,X, be n i.id.
copies of a real valued X with distribution function F', where F is completely
unknown. Let Cj,...,C, be ni.i.d. copies of a real valued C with distribution
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function G, where G is completely unknown. X and C are independent. We
observe

Y; = (Z,-,D,') = @(X,', C,') = (X,' A C,',I(X,' < C,)) ~ Prg.

We are interested in estimating the survival function 9(Pr,g) = S(t) = 1-F(t).
If G was known, then the model corresponding with Y would be a convex model
which is linear in the parameter F. Therefore under the conditions of theorem
2.3 identity (2.23) holds for the efficient influence function for the model where
G is known. However, in this model it can be shown (as done in chapter 4 for the
bivariate censoring model) that the efficient influence function for estimating
F(t) in the model where G is unknown equals the efficient influence function for
estimating F(t) in the model where G is known. This follows straightforwardly
from the fact that the conditional density of X given what we observe about C
(so C = z for the censored (D = 0) observations and C' > z for the uncensored
(D = 1) observations) equals the unconditional density of X. So the identity
for G is known equals the identity for the model where G is unknown (i.e.
the univariate censoring model). The identity conditions of theorem 2.3 can
be verified by writing down the score operator, information operator, applying
lemma 2.2, and using formula (2.24) for the efficient influence function, as we
will do in chapter 3,4 and 5, which would give a proof of the identity without
explicitly knowing the efficient influence function.
Below, we will explicitly verify it: Define

Na(t) = %ir(z.-gt,p,-zn
Y@ = %iI(Z,-Zt)

A?)

/t dF(s)
o 1=-F(s—)

It is well known that the NPMLE of S(t) is given by the Kaplan-Meier estimator
Sa(t) = T((o, t](l —dN,/Y,), where ]((0, p is a product integral and stands for a
limit of approximating finite products over partitions of (0,t] as the partitions
become finer.

This estimator has been extensively analyzed. For an overview of work
done in this field we refer to Andersen, Borgan, Gill and Keiding (1993). Let
H=1-G,N=Ep,(Ny)and Y = Ep.(Y,). It is well known (e.g. Wellner,
1982, Gill, 1993) that if H(¢) > 0, then the efficient influence function for



Identity for Convex Linear Models 41

estimating S(¢) is given by:

I(S,1)(z,d) = —-S(t) /0 I(z € dv, dS:(vl))H —( vfs > v)dA(v)

This formula equals AFIEI(I(t_w) — S(t)), where AF is the score operator and

Ir the information operator (see corollary 2.1 and Wellner, 1982). Conse-
quently, the efficient score-equation for the NPMLE S, is given by:

Y AN, (v) = YodAn(v)
Sn(v)H(v-)

By using that S,(t) = ]'((0 t](l — dN,/Y,), it follows that dA, = dN,/Y,

~

and consequently P,I(S,,t) = 0. This verifies the efficient score-equation. It
remains to verify the identity (2.23), i.e. Sp(t) — S(t) = —PpI(Sh,t), which is
here given by:

PoI(Sn,t) = Sa(t)
0

() = S(2) = Sa(?) /0 dNé:g; (‘fj‘i's("). (2.25)

We know that dN = YdA,Y = S_H_. So dN —YdA, = S_H_(dA — dA;),
where H_ cancels with the denominator. Therefore (2.25) is equivalent to:

| sy - 23

Sa(t) - S(t)

f 7((1 — dA()) (An — A) (dv) | (1 = dAn(o)),
0 @) )

where we used that S,(t)/Sa(v) = T((” i (1= dN,/Y,). This is the well known
Duhamel equation for the univariate product integral (Gill and Johansen, 1990).
This proves the identity for the NPMLE in the univariate censoring model:

Sn(t) — S(t) = (Pa — Pp)I(Sn,1). (2.26)

Because we have already verified the identity we might as well finish the effi-
ciency proof by verifying the P-Donsker class and p-consistency conditions of
theorem 2.1.

Notice that I (Sn,t)(z,d) is a sum of two monotone functions and both
parts are bounded by ¢/H(t) for a constant c. The class of bounded monotone
functions is a uniform-Donsker class (see example 1.1). Application of this to
the right-hand side of (2.26) provides us with the following whole line result:

sup H(t)|Sa(t) — S(t)| = Op(1/v/n).

te[0,00]
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Fix 7 so that H(r) > 0. It follows trivially that sup,ep,q] 17(Snst,) —
I(S,t,-)llp, — O in probability. Application of theorem 2.1 provides us now
with supremum norm efficiency of S, on [0, 7]. Gill (1993) is able to obtain a
few refined results for the Kaplan-Meier estimator by using identity (2.26).
Alternative method of proving a similar identity as (2.23). We end
this example with an alternative method for proving an identity without using
the explicit form of the efficient influence function and without any need to
verify the identity condition (214) Let Fye = €F + (1 — €)F} be a line from F
to Fy. This line is dominated by u = F + F1. Let f, fi be the densities of F, F}
w.r.t. u. We characterize Fy by the direction (an equivalent of the score)

L1
h= 11_1::(1) ;—(Flf —F)=fi— f €L},

assuming that [(fi — f)?dy < co. Let pu3 = (p x G)®~! be the measure
induced by g x G on the sample space. Then dui(z,1) = H(z)du(z) and
dpi(z,0) = p(z,00)dG(z). Pr,,, is dominated by p; and we denote its line of
densities with pp,, ,. Fie,n induces a direction for Pp,, , which we denote with

.Bpl (h)

1
Br, (h) = lim ~(pr,., = PF) = pr, — PF € L3(11)-

Consider Br, : L3(p) — L2(p1) as an operator (an equivalent of the score
operator). This operator is given by:

By (0)(s,d) = HOMAIA = 1) +0(2) [ h@du(a)I(d = 0).

Let By : L3(pu1) — LE(u) be the adjoint of Br,. Then we can define an
equivalent of the information operator by

Jr, = Bf, Br, : Li(n) — Li(w).

Lemma 2.2 tells us that Jp, is onto and invertible if || Br, (h)]|,, > é||All, for
certain § > 0. We have by only integrating over the complete observations and
assuming that H > § > 0 (this can be arranged by artificially censoring all
observations at 7, where H(7) > 0, which does not influence the Kaplan-Meier
estimator at t < 7):

\%

[@aman > [ @) BEue)
63/Izz(z)dl.z(z).

v
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This proves that Jr, has bounded inverse and is onto. Let ¢(t) = ft°° dp and
K¢(+) = I(t,00)(-) — (t) € L3(1). Now, we are ready to prove “the identity”:

FO-RO = [Tum@(f - A)@)du(s)
= (6, (f = f1))u

(T T5A w0, (F = Fbs

(BrT5M (w0, Bru(f = f)w

= (BrJg!(Kt), PF = PR )i

/ B, Jp, (ke)d(PF — P,).

2.6 Efficiency theorem for NPMLE of linear
parameters in convex models.

In the subsection “The gain from the identity” we proved that combining the-
orem 2.1 and theorem 2.2 provides us with a general efficiency result for the
NPMLE of linear parameters in convex models. We summarize it here:

Theorem 2.4 (Efficiency theorem for NPMLE of linear parameters in convex
models). Let X ~.P € M for a convez model M and let X1,...,X, be
n i.i.d. copies of X. Let 8 = J(P) € D be a linear parameter and B be a
certain collection of real valued linear mappings on D. Suppose that for each
P € M, bV, b € B, is pathwise differentiable at P relative to S(P) with efficient
influence function I(P,bV).

Let 6, = 9(IP,), IP, € M, be an estimator of 6 = I(P) for which (2.14)
holds with P and Py = IP,, and for which the following conditions hold:

Efficient Score Equation.

sup / I(P,,b9)dP,

beB

= op(1/v/n).

P-Donsker class condition. There ezists a P-Donsker class F so that
I(P,b9) — I(IP,, b0) € F for all b € B with probability tending to 1.

Then ||6n — 6||g = Op(1/+/7).

pp-consistency condition.
sup pp (I(P, b9), I(IP,, bﬂ)) — 0 in probability.
beB

Then 6, 1is a || - || g-asymptotically efficient estimator of 6.



44 Efficiency Theory for NPMLE

2.6.1 One step-estimators.
Theorem 2.4 can immediately be extended to one-step estimators.

Corollary 2.2 (Efficiency of one-step estimators of linear parameters in con-
vex models). Let X ~ P € M for a convez model M and let X;,...,X, be
n i.i.d. copies of X. Let § = J(P) € D be a linear parameter and B be a
certain collection of real valued linear mappings on D. Suppose that for each
P e M, bd, b € B, is pathwise differentiable at P relative to S(P) with efficient
influence function I (P, b0).

Let 8, = 0(?,.), P, € M, be any estimator of § = I(P) for which the
condition (2.14), the P-Donsker condition and the pp-consistency of theorem
2.4 hold.

Then

0L =6, + / I(P,,b9)dP,
is an || - || g-asymptotically efficient estimator of 6.

By application of the identity (2.18) we also obtain an efficiency result for the
one-step estimator with sample splitting as will be defined below. Let ny+no =
n, where n; — co if n — o0, i = 1,2, and split the sample in X3,...,X,, and
Xni+1y+++yXn. Define PV = 1/nY 0t 6x, and P,gf) =1/n) 1, 410x,; the
empirical distributions of the first and second sample.

Let 6, = ﬂ(ﬁ,&?) be an estimator of § based on P,s?, t = 1,2. Suppose that

P satisfies condition (2.14). Then the identity holds for 6,,, i = 1,2:

b6,, — bO = — / I(P$), b9)dP. (2.27)
The one-step estimator with sample splitting is defined as follows:

boP = % (b0, + b6n,) + % (POTED, b9) + POTED,b9)).  (2:26)
By (2.27) we have the following identity for b5P:

bOSP — b = -21- ((PD — PYT(BD, b9) + (PY) — PYTED, b))

The crucial difference between this identity and the identity for the one step
estimator lies in the fact that here the right-hand side consists (conditionally)
of sums of i.i.d. variables and thereby weak convergence is obtained under
essentially weaker conditions. In order to show this we will consider

Va = (P{Y — P)I(BD), bv). (2.29)
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Conditioned on Xy, 41,...,Xs this is a sum of i.i.d. mean zero random vari-
ables. In the following arguments all statements are conditioned on this sample,
or equivalently on P,SZ).

By lemma 1.1 it suffices for weak convergence of V; to have that
Var(I(B{D, b9)) — Var(T(P,b9)) and (P2, b9)(Y)=>1(P,b9)(Y), Y ~ P.
In other words, if these two conditions hold almost surely for all sequences P,.z ,
then (2.29) converges in distribution to a normal distribution V' = N (0, 1(6,b)).
By definition of weak convergence this tells us that for all bounded and contin-
uous functions h : R — IR we have that E(h(V,) | P,Sz)) — E(h(V)) a.s. For
such a h we have that E(h(V,,) | P,Ez)) < ||hllo < o0. Therefore the dominated
convergence theorem provides us with E(E(h(V,,) | P,Sf))) — E(h(V)) which
proves the unconditional weak convergence of V, to N(0, I (8,b)). This proves
the following corollary for the one-step estimator with sample splitting:

Corollary 2.3 (Efficiency of one-step estimator with sample splitting). Let
X ~ P € M for a convex model M and let Xy,...,X, be n i.i.d. copies of
X. Let 0 = 9(P) € D be a linear parameter and let b be a real valued linear
mapping on D. Suppose that for each P € M bV i3 pathwise differentiable at
P relative to S(P) with efficient influence function I (P, bY).

Let 6,; = 19(1312';)), 13,(.',) € M, be an estimator of 8 based on P,(.';.), i=1,2.
Suppose that 13,(.',) satisfies condition (2.14), Va1(f (ﬁ,(.';),bﬂ)) — Va'r(f (P, b9))
and f(ﬁg?,bﬂ)(Y):D?f(P, b9)(Y), Y ~ P, for almost all sequences 13,2';), i=
1,2.

Then bGP is an asymptotically efficient estimator of b6.

This theorem provides us with minimal conditions for constructing efficient
estimators of linear parameters in convex models; it tells us that if we can esti-
mate the efficient influence function consistently, then there exists an efficient
estimator.

2.7 Bibliographic remarks.

Klaassen (1987) considers the problem of finding necessary and sufficient con-
ditions for constructing efficient one-step estimators, using sample splitting, in
models Py g4, 6 € IR? and g € G, where G is a class of functions. One of his
crucial conditions is essentially the same as our differentiability condition in
theorem 2.1. Our corollary 2.3 has the same nature as his result, except that
we restricted ourselves to convex models and did not prove that the conditions
are also necessary.
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Greenwood and Wefelmeier (1991) consider NPMLE as a solution of the
efficient score equation and also have as main condition the differentiability
condition of theorem 2.1. They are concerned with efficiency of solutions of the
efficient score equation in nonparametric filtered models and they point out the
power of their approach for proving efficiency of the NPMLE. They formulate
a similar efficiency theorem as theorem 2.1, but assume root-n-consistency and
do not make the connection with empirical process theory. The discovery of
the identity for convex models (theorem 2.2) by linking the differentiability
condition to pathwise differentiability along lines is not found in the preced-
ing literature. Linking to pathwise differentiability seems also to be the right
approach for verifying the differentiability condition for non-convex models.

Gill and van der Vaart (1993) and van der Vaart (1992b), following the ap-
proach of Gill (1989), follow a different approach and concentrate on explaining
efficiency of the NPMLE in semiparametric models. They base their analysis of
NPMLE on a set of score equations, but where the directions do not depend on
the NPMLE itself and thereby do not allow the efficient score equations which
we use. As shown by Greenwood and Wefelmeier (1991) several models can be
constructed where such a characterization of the NPMLE does not exist. The
approach has the disadvantage that it does not separate conditions for point-
wise efficiency from conditions for supremum norm efficiency. They have to use
implicit function theorem requirements like invertibility of the derivative and
smoothness of the generalized score equation as a whole. These assumptions
are in many interesting applications not satisfied (for example, the bivariate
censoring model and the line-segment model of chapter 4 and 5). Gill and van
der Vaart (1993) assume that the NPMLE converges weakly as a process to
a Gaussian process and then show under sharp regularity conditions, which
are unfortunately hard to verify, that the covariance structure of this Gaussian
process must be the optimal one. Van der Vaart (1992b) bases his analysis on a
general theorem for proving weak convergence of M-estimators, assuming con-
sistency and strong smoothness assumptions on the set of score equations. This
approach does not exploit the specific structure of the efficient score equation
and hence does not give optimal results for the NPMLE.

In the case that the model is convex and the parameter linear, then theorem
2.4 provides us even with consistency. In the general case (theorem 2.1) the
differentiability condition can often be verified by just assuming consistency.

With Greenwood and Wefelmeier’s, Klaassen’s and our approach the con-
ditions for efficiency depend on the efficiency result: the smaller B the more
easily the conditions can be verified. For example, very weak conditions suf-
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fice for obtaining pointwise efficiency of the one step estimator with sample
splitting.
The main results of this chapter can also be found in van der Laan (1993a).






Chapter 3

Efficiency of the
sieved-NPMLE for a Class
of Missing Data Models

with Applications.

3.1 Introduction.

Assume one is concerned with nonparametric estimation of a distribution func-
tion F based on i.i.d. observations X; ~ F, ¢ = 1,...,n. However, there is
another random variable C' which causes that one only observes a many to one
mapping Y = &(X,C) of these X;’s and thereby one gets only partial infor-
mation about X; in the sense that one knows that X; lies in a certain region.
Such models are called (nonparametric) missing data models or incomplete
data models. We will restrict our attention to models where X is completely
observed with positive probability.

Several of such nonparametric missing data models are covered in the liter-
ature. Well known examples are: univariate censoring model (see 2.2), double
censoring model (see Chang and Yang, 1987, Chang, 1990, Gu and Zhang,
1993), multivariate censoring model (see chapter 4 and its bibliography), the
class of Ibragimov-Has’minskii (IH) models (see Ibragimov and Has’minskii,
1983, Bickel and Ritov, 1992, van der Vaart, 1992a), in particular the Vardi-
Zhang model (Vardi and Zhang, 1992).

In order to have identifiability of F' one assumes that the conditional dis-
tribution G(: | z) of C, given X = z, is known or that it implies a coarsening

49
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at random on X (Heitjan and Rubins, 1991, Jacobsen, Keiding, 1994, Gill,
van der Laan, Robins, 1995). One says that X is coarsened at random if the
observation Y does not carry more information on X than that X lies in the
with Y associated region (this region is called the coarsening); i.e. the observed
information on C is noninformative about the location of X in the associated
region. A useful heuristic way to think about CAR is that C should only de-
pend on X through Y (i.e. what we observe). In Gill, van der Laan, Robins
(1995) a general definition of CAR is given and it is shown that in nonparamet-
ric missing data models G satisfies CAR if G(- | z) is dominated by a po(- | z)
which is CAR itself and for which the density of G(- | ) w.r.t. po(: | z) is only
a function of (¢, ®(c,z)). Since one can always represent ¥ = ®(C, X) with
C =Y and ®(C,X) = C, CAR holds if (in fact, and only if) the same density
statement holds for the conditional distribution of Y, given X = z. Moreover
it is shown that if this is the only assumption on G, then the model for Y is
nonparametric.

An important consequence of coarsening at random (and the only relevant
consequence for us) is that the density of the distribution of ¥ w.r.t. any

by @ induced measure factorizes in a F-part and a G-part: For all F with
dF(z)G(dc | z) < p we have

pr,c(y) = pr(¥)pa(y), (3.1)

where pr g is the density of Y w.r.t. pu®~1, pr does not depend on G and pg
does not depend on F. Under CAR this factorization holds for all measures
p. The factorization of the likelihood implies that a NPMLE of F is computed
by maximizing the F-part of the likelihood and hence does not depend on
the knowledge on G. It also implies that the generalized Cramér-Rao lower
bound for estimation of functionals of F' is independent of the knowledge on
G. Hence CAR-missing data models are from an analytical point of view not
really different from then missing data models for which we assume that G is
known. In this paper we are concerned with the behavior of the NPMLE in
CAR-missing data models and in missing data models with G known.

In a model where one only assumes CAR (as we will do in our general
class of missing data models) the model is completely nonparametric which
implies that all asymptotically linear estimators are asymptotically equivalent
and efficient; in other words, one needs to use the NPMLE-principle to come up
with sensible estimators. Hence ad hoc estimators can only be constructed by
assuming stronger assumptions on G than just CAR, for example, by assuming
independence between X and C. Therefore an NPMLE is less sensitive to
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dependent censoring than ad hoc estimators which is an essential advantage of
a NPMLE relative to an ad hoc estimator; in the bivariate censoring model as
covered in chapter 4, 6, 7 and 8 many ad hoc estimators have been proposed
which are all inconsistent if one allows for dependent censoring, but CAR.

An NPMLE solves each score equation corresponding with a one-
dimensional submodel through the NPMLE itself. Gill (1989) shows that for
missing data models a natural set of score equations for the NPMLE corre-
sponds with the well known self-consistency equation (Efron, 1967). A so-
lution of the self-consistency equation can .be found with the EM-algorithm
(Dempster, Laird and Rubin, 1977, Turnbull, 1976) which does in fact nothing
else than iterating the self-consistency equation. In section 4 we show that
any solution of the self-consistency equation which is equivalent (= absolutely
continuous w.r.t. each other) with an MLE is an MLE; so if we iterate the self-
consistency equation with an estimator with a certain support, then iterating
the self-consistency equation provides us with the MLE F,, which maximizes
the likelihood over all F' with the same support. So in order to compute an
MLE one will first need to agree on its support. The support points should
include at least one point in each associated region of the X;’s. A natural set
of support points are the observed X; and a point in each region associated
with a censored X; which does not contain uncensored X;. The corresponding
MLE will be refered to as Sieved-NPMLE.

Because the EM-algorithm is easy to understand it teaches us a lot about
MLE‘s. By studying the EM-algorithm we learn that there is one crucial con-
dition which makes the EM-algorithm work in the sense that the NPMLE will
be asymptotically efficient: With probability tending to 1 each region for X;
implied by the incomplete observations contains several (in the limit even in-
finitely many) completely observed X;. This condition can be used as a rule
of thumb for deciding if the NPMLE in a semiparametric CAR-missing data
model, allowing complete observations, will be asymptotically efficient or not.

In the chapter 4 we cover the bivariate right-censoring model which has as-
sociated regions which are half-lines in the plane which causes the inconsistency
of the NPMLE. We show how to slightly reduce the data so that the NPMLE
based on the reduced data is efficient; the method is generally applicable to
any missing data model where the associated regions do not have full dimen-
sion. This example also functionates as a motivation for this chapter, i.e. for
making rigorous that once one has regions of full dimension, then the NPMLE
is efficient.

In section 2 we define the general class of models satisfying the conditions
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that X is observed with positive probability and that each region contains with
positive probability several observed X;. By enforcing the two conditions to
hold in the more stringent sense that the words positive and several in the
two conditions are replaced by larger than § > 0 and a fraction, we can carry
through an efficiency proof for the general class of models without getting into
a very refined, technical and specific analysis. We show that the assumption
that X is observed with positive probability implies that each one dimensional
submodel has information bounded away from zero.

The total number of completely observed X; and the number of completely
observed X in an incomplete region should be considered as measures of sta-
bility of the estimators (this appears also from simulation results in chapter
8). We show in the applications that the conditions can often be arranged by
reducing the data to a compact subset of the whole support of the data. This
makes the NPMLE more stable at cost of a small loss of information; it is es-
sentially comparable with a truncated mean. This appears to be a right thing
to do in practice, most of the times, since otherwise the NPMLE is less reliable
for finite samples because of its large sensitivity to outliers. The assumption
that given X = z it is observed with probability larger than § > 0 forces one
already to reduce data to a compact support. Therefore, the additional as-
sumption that each region has Fp-probability larger than 6 > 0 is normally
not an extra assumption so that it is not worthwhile to weaken that assump-
tion while not weakening the other. In some applications these more stringent
conditions cannot be artificially arranged. Hence in this chapter we will for-
mulate two sets of assumptions which guarantee efficiency of the NPMLE, one
based on the stringent conditions and one set based on weak conditions, but
less worked out. In this way our set of assumptions provide a framework for
verifying efficiency of NPMLE in any missing data model.

In section 3 we prove existence and uniqueness of a “sieved”-NPMLE, dis-
cuss the EM-algorithm and prove identifiability of the self-consistency equation.
These missing data models are essentially (or one is allowed to work as if the
censoring distribution is known or it is known) convezr and linear in the pa-
rameter F'. As shown in the preceding chapter this leads to a useful identity
for the NPMLE; efficiency can be proved by applying theorem 2.3 and veri-
fying the boldfaced conditions of theorem 2.4. The general efficiency proof is
given in section 4. In order to make the proof work we need invertibility of
the so called information operator, a Donsker class condition and continuity
condition for the efficient influence curve. The invertibility of the information
operator is established in section 4.1. In the remaining subsections of section
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4 the Donsker class and continuity condition for the efficient influence function
are covered. Section 5 contains the final theorems. Our efficiency result is
successfully applied to the mentioned examples.

3.2 A class of missing data models.

Firstly, we will describe the class of missing data models which we want to
analyze and we introduce the necessary notation. Let X and C be two vector
spaces (in our applications we have X = C = R¥). (X,C) is a X x C-valued
random element of a probability space (X x C, B, Px,c), endowed with sigma-
algebra B and with distribution Py ¢ of (X, C) is determined as follows: X ~
Fy, where Fy is completely unknown, C | X = z has distribution Q(- | X = z)
with density g(c | ) w.r.t. a fixed py (same for each X = ). So C ~ Q where
Q@ has density with respect to ps given by:

g(c) = /q(c | 2)dFo(z).

(Xi,Ci), i = 1,...,n, are n 1.i.d. copies of (X,C). We are interested in esti-
mating the distribution Fp. For this purpose we try to observe (X;, C;), but
we can only get partial information about (X;, C;) in the sense that we observe
Y; = ®(X;,C;),i=1,...,n, where ® is a known many to one mapping from
X x C to a certain vector space Y. It is assumed that ¢ is known or that @
satisfies CAR:

g(c | ) = h(c, ®(c, z)) for some function h. (3.2)

In the CAR-models the likelihood factorizes in a part which only depends on Fy
and a part which only depends on ¢, so that one can compute the NPMLE of
Fy by just maximizing the first part. Moreover, for the purpose of information
calculations one can also do as if q is known.

We endow Y with the image o-algebra A = &(B) and the image probability
measure Px c®~! will be denoted with Pg,. Then for any A € A we have

Pr(4) Y P(Y € 4)= P ((X,C) € 8 1(4)) = Pxc(371(4)). (3.3)

We assume that A is a normed vector space. Let Bx be a sigma-algebra on
X, B¢ be asigma algebra on C and suppose that B is the product sigma-algebra
of Bx and B¢. For obtaining efficiency of the NPMLE of Fy we need some
assumptions on ®, Fy and Q. These assumptions are displayed and numbered
in the sequel.



54 Efficient NPMLE in Missing Data Models

If we define for a region B € B

B, {¢:(z,c) € B} € B¢
B, = {z:(z,¢)€ B} € By,

assuming that these sections are elements of B¢ and Bx (which is well known
for the Borel product sigma-algebra in the Euclidean case), then for any set
B € B we have Px ¢(B) = P((X,C) € B) = fBl Q(Bg | ©)dFo(z). Let p1 be
a dominating measure of Fy and denote its density with fo. Then (X, C) has
density g(c | ) fo(z) w.r.t. p1x pa. Moreover, we have that Pr, < (p1Xp2)®~!
and we denote the corresponding density with pg, or po.

Let’s write down the model M of probability measures on (Y, .A) as de-
scribed above. Let F be the nonparametric model consisting of all probability
measures on (X, Bx). Then

M ={Pp:F € F}, where Pp is defined as in (3.3).

The parameter F' which we want to estimate is now formally defined by 9 :
M — D, where 9(Pr) = F and D is any vector space which contains the
measures F. For example, for D we can take the space of all signed measures.
If X = IR¥, then we will identify F with its distribution function so that the
space of multivariate cadlag functions space is a natural candidate for D.

Each observation ¥; tells us that (X;,C;) € B(Y;) = @~ 1({Yi}). In order
to define the notion of a complete observation we define for a set B € B:

B; = {z:(z,c) € B for some ¢} € Bx
B; = {c:(z,c) € B for some z} € B¢,

assuming (which holds for the Euclidean case) that the projections By, B, are
elements of Bx, B¢, respectively.

Then B(y): = ® '({y})1 = {z : &(z,c) = y for some ¢ € C} which is
the projection of the region ®~!({y}) on the X-space; in other words the
observation Y tells us that X € B(Y);. Similarly we have B(y); = {c :
®(z,c) = y for some z € X'}. Decompose Y Nsupp(Po) = A1 U Az, where

Ar={y€d: B(y) = By)1 X B(y)2, B(n) = {=}}

and Aj is the complement of A; within Y Nsupp(Pp). Notice that ¥; € A; tells
us that B(Y;); = {X;}. Therefore an observation Y; is called complete (for X)
ifY; € A;.
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For each z € supp(Fy) we denote with y(z) the collection of y € A; with
B(y)1 = z. For all our applications we have that y(z) consists of one point.
For convenience, in the sequel we will assume this, but it is not relevant for the
results.

We will now state the two main assumptions on Fy, @ and ®. The first
crucial assumption we make is that, given X = =z, the probability that this
X = z will be completely observed (i.e. Y € A4;) is larger than § > 0. (In the
sequel we will use the symbol § > 0 as a symbol for some small number larger
than zero. So the same &’s are used for different numbers.) Formally, this is
written down as follows:

Assumption 1
PYeA: | X=2)=Q(B(Y(z))2|z) >8>0, for all z € supp(Fo).

Notice that assumption 1 requires completely observed X; on the whole support
of Fy. We will refer to assumption 1* as the weakened version of this assumption
obtained by setting § = 0.

The next assumption involves an assumption related to the density of the
distribution of X given Y, Y € A,, w.r.t. F, assuming that this density exists.
The following guarantees the existence of such a density and can also be shown
to be necessary: Suppose that the conditional distribution of ¥ on A given
X, ie. Q(®(z,+)"! | 'z), has a density q1(y | ) w.r.t. a fixed measure p3 (this
does not hold on A4, but we only need this assumption on A3). Then the joint
distribution of X,Y, Y € Aj, is q1(y | «)F(dz)us(dy). However, assuming
Fo(B(Y)1) > 0 we have

a1y | ©)F(dz)ps(dy) = /

B(y)1

01(y | =) F(dz)
o, 0 | 2)F(dz)’

where fB(y)l q1(y | z)F(dz)pa(dy) is the marginal distribution of ¥ on A,.
Consequently, the conditional distribution of X given Y, Y € A,, is given by
q1(y | ©)F(dz)/ fB(y)1 q1(y | ©)F(dz) which proves that the distribution of X
given Y has a density proportional to ¢1(y | ) w.r.t. F. We can decompose
01(y | ) = a(y)qi(y | ), where a(y) is the factor in ¢;(y | ) which does not
depend on z. Then

a(y|2)F(z) _  ai(y]z)F(dz)
fB(y); a(y| "B)F(dw) fB(y)1 ‘I’l(y ' z)F(dw)
We denote pr(y) = fB(y)l qi(y | £)F(dz), which is the normalizing constant

for the distribution of X given Y = y. If Q satisfies CAR, then ¢;1(y | =) is only
a function of y and hence then we have pir(y) = F(B(y)1).

q1(y | ) F(dz)us(dy) T
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Assumption 2 Suppose that the conditional distribution of ¥ on A, given
X =z, ie Q(®(z,-)"! | z), has a density ¢1(y | ) w.r.t. a fixed measure 3.
Moreover, assume that

Po(y) > 6 > 0 and P(X € B(y)1) = Fo(B(y)1) > 6 > 0 for all y € 4,.

and {Ipy), : Y € Az} is a Fp-Glivenko-Cantelli class. If Q satisfies CAR,
then po(y) = Fo(B(y)1)-

We will refer to assumption 2* as the same assumption, but with § replaced by
0. The Glivenko-Cantelli assumption tells us that

n
1= 210X € BY)) = Ro(BIY))llye s — 0 2.
i=1
Because Fo(B(Y')1) > 0 this implies that all the incomplete regions B(y); will
contain (for n large enough) a fraction of the underlying X; and by assumption
1 each underlying X; has probability larger than 0 to be completely observed. It
is now straightforward to verify that this implies that with probability tending
to 1 each B(Y;); will contain completely observed X; and the minimal number
of completely observed X; in B(Yj)1, Y; € A, converges to infinity.

We conclude that for n large enough assumption 1* and 2* provide us with
probability tending to 1 with the following picture of the data: a fraction
of the X; will be completely observed and if X; is not completely observed,
then X; € B(Y;)1, where B(Y;); is a region which contains many completely
observed Xj;.

3.2.1 Verification of assumptions 1 and 2 for the exam-
ples.

Example 3.1 (Univariate censoring).

Model. We have n i.i.d. copies X; € R0 of X ~ Fg, where Fp is completely
unknown. We have n i.i.d. copies C; € IR»¢ of C ~ Gy, where Gy is completely
unknown. X and C are independent. Denote the survival functions of Fyy and
Go with Sg and Ho, respectively. Let Fo < p1, Go < p2 with densities fo, go,
respectively. We observe:

Y. = (Z.',D,') = Q(X,‘,C,') = (min(X.-,C;),I(X,- < C‘)) ,i1=1,...,n.

We are interested in estimating So. If Y = (z,1) € A; (uncensored), then
B(z,1) = {2} x (2,00). If Y = (z,0) € A; (censored), then B(z,0) = (z,00) x
{z}. We have po(z,d) = fo(z)Ho(2)I(d = 1) + So(2)go(2)I(d = 0), where po is
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the density induced by Fo x Go with respect to (u1 x u2)®~1. The sample space
isY =Ryox{0,1}. Y = A;UA;,, where A; = Ryox {1} and A; = R>0 x {0}.
Assumption 1. P(Y € A; | X = z) = Ho(z). So assumption 1 requires that
Ho(z) > 6> 0 Fp ae.

Assumption 2. We have dPg,((2,0) | z) = I(z > z)dGo(2). So ¢;((2,0) |
z) = dPy((2,0) | 2)/dGo(z) = I(x > z) and therefore py(z,0) = So(z). So
assumption 2 requires that So(z) > 6§ > 0 Po(-,0) a.e., or in other words
So(z) > 0 for all possible censored z.

How to arrange assumption 1 and 2? Fix 7 < oo so that So(7) > é > 0
and Ho(r) > 6§ > 0. Make each observation z > 7 uncensored at 7. This
does not influence the NPMLE on [0, 7); by the EM-algorithm (as explained in
the next section) we know that all uncensored and right-censored observations
after 7 put only mass on (7, 00). Then these truncated observations are coming
from F¢ which equals F on [0, 7), but which has an atom at 7 so that F$(r) =
1. Now, Sp(z) > 6 for all censored (z,0) and Ho(7) > & > 0 and thereby
assumption 1 and 2 are satisfied.

Example 3.2 (Double censoring).

Model. We have n i.i.d. copies X; of X ~ Fx, Fx unknown. We have
n ii.d. copies of (Z;,Yy;) of (Z,Y1) ~ Gzy, unknown, except that P(¥Y; >
Z)=1. Let Y; ~ Fy, and Z ~ Fz. X and (Z,Y;) are independent. Let
W = min(max(Z,X),Y1)and D=1fW=X,D=2if W=Y,and D=3
if W = Z. We observe:

Y = (W, D) = &(X, Z,Y;) = (min (max(Z, X), Y1), D).

So if Z < X < Yj, then X is completely observed and if X > Y3, then X is
right censored at Y7 and if X < Z, then X is left censored at Z. We have
A; = {(w,1) : w > 0}, 42 = {(w,2),(w,3) : w > 0} and the sample space is
given by Y = A; U 4;. The underlying probability space corresponding with
(X,(2,Y1)) is RY, endowed with the Borel sigma algebra. We are interested
in estimating FXT

We have
B(w,1) = {w} x[0,w) x (w,00)
B(w,2) = (w,00) X [0,w) x {w}
B(w,3) = [0,w)x {w} x (w,00).

p(w,2) = Sx (w) fy, (w) and p(w, 3) = Fx (w) fz(w).
Assumption 1. P(Y € 4; | X =z) = Gz,v,([0,z) x (z,00)) > 6 > 0.
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Assumption 2. dPg,((w,2) | 2) = I(w < 2)Go([0,w] x {w}) = I(w <
z)Fz[0, w]ldFy(w). So dPg,((w,2) | z)/dFy(w) = I(w < z)Fz(0,w). So
G((w,2) | ) = I(w < 2) and p(w,2) = Sx(w). dPe,((w,3) | o) =
I(w > z)Go({w} x [w,00)) = I(w > z)Fy([w, 00))dFz(w). So dPg,((w,3) |
z)/dFz(w) = I(w > z)Fy([w, 00)) and hence ¢j((w,3) | ) = I(w > z). Con-
sequently, we have p'(w,2) = Sx(w) and p'(w,3) = Fx(w). Assumption 2
requires Fx(z) > § > 0 for all observed z and Sx(y1) > é > 0 for all observed
Y1.
How to “arrange”? Fix a 7 < co. Assume Fz(7) =1 and Sy, (7) > 0. This
means that after 7 we only have uncensored (d = 1) and right-censored (d = 2)
observations. Then as in the univariate censoring model we can make all ob-
servations after 7 uncensored and by the same reason this does not influence
the NPMLE on [0, 7). Then these truncated observations are coming from F§
which equals Fx on [0, 7), but which has an atom at 7 so that F§(r) = 1.
Now, we assume that there exists a é; so that Fz[0,8;] = Fz({0}) > 0, i.e.
it has an atom at 0 and no mass immediately after this atom. To summarize:
by assuming that Fz(r) = 1 and Sy,(7) > 0 we could arrange by artificial
censoring that:
(i): Fx(r—) <1, Fx(r) =1
And we have also to make the following assumption:
(if): Fz[0,8,] = Fz({0}) > 0 and Fx(é1) > 0 for certain é; > 0.
Under these assumptions (which are the same as the assumptions as used in
Chang-Yang (1990) for proving asymptotic normality), assumption 1 and 2 can
be proved as follows.

Gzyv: (Z €[0,w), Y1 € (w,00)) 2 Gzy, (Z = {0}, Y1 > Z) = Fz({0}) > 6

by assumption (ii). This proves assumption 1. Furthermore, P((0,6;],3) = 0
(i.e. there are no observed z € (0,6;)) and therefore for Fx(z) > § > 0 we
need Fx(6,) > 0 and that holds by assumption (ii). We have P([r,00),2) =0
by assumption (i) (i.e. there are no observed y; € (7,00)) and therefore for
Sx(y1) > & > 0 it suffices to have Sx(7—) > 0 and that holds by assumption
(i). This proves assumption 2. The conditions (i) and (ii) are not very easy
to arrange. Gu and Zhang (1993) succeeded, by a specific analysis, to weaken
these conditions. Of course, our assumptions 1* and 2* are easily satisfied.

Example 3.3 (Ibragimov-Has’minskii (IH) Model).

Model. Xji,...,X, are i.i.d. copies of a X-valued random variable X which
is distributed according to an unknown distribution Fy. Cj...,C, are i.i.d.
copies of C of a C-valued random variable with conditional distribution of C
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given X = z given by a known kernel Q(-, z) which has a density g¢(- | z) w.r.t.
p2. Let A be a third variable independent of X and C so that A € {0,1} and
P(A =1) = X € (0,1]. We observe the following many to one mapping of
(X,C,A)e X x Cx {0,1}:

Y = (Z,A) = &(X,C,A) = (AX + (1 — A)C, A).
A1 ={(z,1):z€ X} and A, = {(2,0): 2 € C}. B(Y) C X x C and

B(z,1) = {z}xCx {1}
B(z,0) = X x {z} x {0}.

Assumption 1. P(Y € A; | X = z) = A > 0. So assumption 1 is satisfied.
Assumption 2. dPg(z,0 | z) = (1 — A)g(z | z)dp2(z) and hence dPg(z,0 |
z)/duz(z) = (1 — A)g(z | ). So assumption 2 requires that pj(z,0) = [q(z |
z)dFo(z) > 6 > 0 for Py(+,0) almost each z. By artificially censoring the Cj it
will often not be hard to arrange this assumption.

For example, let’s consider the Vardi and Zhang (1992) special ITH model:

g(c|2) = 1I(c < z) and z and c are real valued. Then assumption 2 requires
pp(c,0) = [ ﬂ‘gﬂ > & > 0 for almost each observed c.
How to arrange in the Vardi-Zhang model? Let 7 be so that Fo(r) < 1.
By artificially censoring the observed C; at T we obtain the following model:
if z < 7, then ¢ ~ Fo and C | z is uniform [0,2] and if z > 7, then C | z
has density 1/z on [0, 7] and it puts mass 1 — 7/z at 7. Then it is clear that
assumption 2 holds. It is also satisfied if F has compact support on [0, 7] and
an atom at 7.

3.3 Existence of sieved-NPMLE and EM-
equations.

We avoid the search for a dominating measure of the NPMLE (as defined in
Kiefer and Wolfowitz, 1956) by analyzing the so called sieved-NPMLE of Fy
which is purely discrete and only puts mass on the completely observed X; in
each region B(Yj); and if B(Y;); does not contain completely observed X;,
then it puts mass on one point in B(Y;);, chosen by us.

Let P, be the empirical distribution function of the data Y;,...,Y,. Let
{Z1,...,Zm(n)} be the set consisting of completely observed X; and the chosen
points in the regions B(Y;): which contain no completely observed X;. Let p,
be the counting measure on {z1,...,Zm(s)} and define F(u,) as the set of all
distributions F' with F < p,,.
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Now, we define the sieved-NPMLE by:

.= argpér]l__a(x’}fn)/log(pp)dPn. (3.4)

Sometimes F, coincides with a NPMLE, and is certainly as natural because
F,, eventually puts all its mass on the uncensored observations (what it should
do, see discussion of EM-algorithm, below). In this section we prove existence
and uniqueness of the sieved-NPMLE under the weak assumption 1* and 2*.
Here there is no need for the stronger assumptions since the statements are
statements for fixed n.

3.3.1 Existence and uniqueness of sieved-NPMLE.

Denote F(pun) by Fp and let Py, be the class of densities pp, F € Fp, w.r.t.
(#n x u2)<I"'1. For each F € F, we denote f = dF/du,. Notice that each
region B(Y;); contains one or more elements of {x1,...,Zm(n)}. We will show
that F, exists and is unique.

Consider the set F,(61) = {F € Fn : F{Xi} > 61,1 = 1,...,m}. Notice
that F,(61) is isomorphic with a compact conver subset in R™. Firstly, we
show that pr € P, is uniformly bounded away from zero on this set. By
assumption 1¥ we have that if Y; € 4; and F € F,(61), then pp(Y;) > 66;. If
Y; € A,, then

m

pr(¥) 2 61 Y I(z; € BIQUB(), | 27) (35)

j=1
which is larger than 61 max,;ep(y;), @(Bz,;(Y:) | ;) > 6261, for certain 65 > 0.
Consequently, min; pp(Y;) is uniformly in F € F,(61) bounded away from zero.
Therefore F — [log(pr)dP, is a continuous function on F,(61) for each
61 > 0. Moreover, Fy(61) is compact. Consequently the MLE, say Fy,(61),
over F,(6;) exists. Now, we want to show that there exists a § > 0 so that
F,(8) lies in the interior of F,(6). Assume that there does not exist such a
6 > 0. That means that limsjo minje{s,...m} Fa(6)(Xi) = 0 and consequently
J log(pF, (s))dPn — —oo for § — 0, which contradicts that [log(pr,(s,))dPn >
J log(pF, (6,))dPa for 61 < 63. This proves that F, exists, namely it equals the
interior maximum F,(6) for § small enough. (The EM-equations below tell us

that § < 1/n suffices.)
We will now show uniqueness of F,,. If F1({X;}) # Fa({X;}) for one of the
completely observed Xj;, then by assumption 1 pp, # pr, w.r.t. the counting
measure on the complete observations Yj, ..., Y. This follows from pg, (¥;) —
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pr,(Y3) = (fi—f2)(Xi)Q(B(Y:)2 | Xi),i = 1,...,m, and that by assumption 1*
Q(B(Y;)2 | Xi) > 0. Suppose now that Fy({z:}) # Fa({x:}) for a point z; in an
empty region B(Yj)1. Then Fi(B(Y;)1) = Fi({=:}) # Fo({2i}) = Fa(B(¥;)1)
and therefore it follows that pr, (¥;) # pr,(Y;) (see (3.5)). This shows that if
Fy # Fy w.r.t. uy, then Pp, # Pr, w.r.t. P,.

By linearity of FF — pp and the strict concavity of “log” this implies strict
concavity of the log likelihood F — [log(pr)dPn on F(pin). Now, the unique-
ness follows from the fact that a strictly concave function on a ¢onvex set has
a unique maximum.

3.3.2 EM-equations for the sieved-NPMLE.

Suppose that assumptions 1* and 2* hold. Let S(F,) be the class of lines
eFy +(1—¢€)F,, Fy € F, through F, with score h = d(Fy— F,,)/dF, € L}(F»).
By convexity of F,, we have that these lines are submodels of F,. Let S(F,)
be the corresponding tangent cone (=collection of scores) and notice that it
includes all h € L3(F,) with finite supremum norm. Then it is trivial to verify
that the tangent space T(F,) (= closure of linear extension of S(F,) C L3(F,))
equals LZ(F,). The lines F, . € S(F,) with score h generate one-dimensional
submodels P, . , through Pp, with score Ap, (k) € L(Pr, ), where A, is the
so called score operator.
The score operator is given by:

Afp, : LY(Fy) — L3(Pr,) : Ar,(R)(Y) = Er,(R(X) | V).

This is a result which holds for any missing data model (see van der Vaart,
1988, Gill, 1989, Bickel et al., 1993, section 6.6).

F, maximizes the log likelihood over F,. By differentiating the log likeli-
hood along P, ,, we obtain:

Ep,(AF, (k) = 0 for all h € S(F,) with ||h|,, < co. (3.6)

In particular, this holds for h = Ig — F;,(E) for a collection of sets E € £ C Bx.
Let € be so that each F € F, is uniquely determined by F(E), E € £. Then
this equation reduces to the well known self-consistency equation:

Fu(E) = / Pr,(X € E|Y)dPy(Y) for all E € £ (3.7)
or equivalently, with f,, = dF,/du,,

Fa(X:) = /Ppn(X =X; |Y)dP,(Y) forall X;, i=1,...,m.
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By copying the proof of theorem 3.1 below one shows that equation (4.6) has
a unique solution in the class {F : F = p,}, where F = p, means that the
two measures are equivalent. A solution of (4.6) is computed with the EM-
algorithm. Dempster et al. (1977) and Turnbull (1976) (see also Meilijson,
1989)) show that the strictly concave likelihood [ log(prx)dP, (in F) increases
at each step and converges to its unique maximum at F,.

The EM-algorithm does the following. Start with a F) = pn. Now, for
k=0,1,...and i = 1,...,m we can compute

LX) = /pfk (X = X: | Y)dPa(Y) = %il’ﬂ: (X = X:|Y;).3.8Y
j=1

This means that each observation Y; has mass 1/n which it redistributes over
B(Y;)1 as follows: a point X; € B(Y;)1 gets mass 1/n x Py (X = X; | Yj).
This step is natural because our ultimate goal should be to give the X; mass
1/n, but because of the random censoring we only know that X; € B(Yj)y;
so we redistribute the 1/n over B(Y;); according to a good estimate of the
conditional density over B(Y;)1, namely Py (X = - | Yj).

Define P,(A) = P(X € A, Y € A1) = P(B(Y); € A,Y € A;), which is the
distribution of the completely observed X;. Let P.o(4) = 1/nY . (I(X; €
A,Y; € A;) be the empirical distribution of P.. The completely observed X;
get the full mass 1/n from Y; and therefore fF¥(X;) > #{j : X; = Xi}/n,
i = 1,...,m. This tells us that for each A € Bx we have F,(A) > Pcn(A).
If assumption 1* holds, then this implies that limsup F,(4) > §Fy(A) for all
A € Byx.

We summarize the obtained results in the following lemma (notation: P, f =
inf fdP,):

Lemma 3.1 Let assumptions 1* and 2* hold. With probability tending to 1
we have that each B(Y;)1 contains completely observed X;.

1. The sieved-NPMLE F, € F(pn) over F(un) ezists and is unique.

2. For each set A we have F,(A) > P.,(A) and if assumption 1 holds, then
limsup F,,(4) > 6Fo(4).

3. The score operator at Pr i3 given by:
Ap : L3(F) — Li(Pr) : h— Ep(h(T) | V).
F, solves

P, (AF,(h — Fa(h)) =0 for all h € L*(F,) with ||h||, < co. (3.9)



Existence EM-Equations 63

4. F, is found by iterating the EM-algorithm above from some FO = p,. Fy
is the unique solution of (3.9) in {F € Fpn : F = pn}.

Heuristics of assumption 1 and 2. We end this subsection with the heuristic
explanation of why F, will have a good performance under assumptions 1 and
2. By lemma 3.1 the sieved-NPMLE exists and is unique. Our assumptions
1* and 2* will take care that with probability tending to 1 each of the B(Y;)1
corresponding with Y; € A, will contain one or more completely observed X;,
i=1,...,m. Then F, puts only mass on the completely observed X;.

The EM-algorithm starts with an initial estimator F? which puts mass
only on each of the completely observed X;. Each completely observed X; gets
mass 1/n from itself and 1/nPpx(X = X; | ¥;) from all other observations
Y;. Because there is only mass on complete observations, it follows that the
estimate Ppx(- | ¥j) is determined by mass given to the completely observed
X; € B(Yj)1 and hence can only improve if B(Y;); contains completely ob-
served X;. Therefore these incomplete Y; can only redistribute consistently if
B(Y;)1 contain enough completely observed X;, and this is exactly guaranteed
by assumption 1 and 2 with probability tending to 1.

3.3.3 Identifiability of the self-consistency equation.

The following theorem is useful for proving consistency of solutions of the self-
consistency equation (see e.g. Gu and Zhang, 1993, identifiability of the self-
consistency equation is a crucial ingredient of any consistency proof based on
the self-consistency equations). Moreover, it tells us in what sense the self-
consistency equation determines the NPMLE. Let Fy be the set of all distri-
butions on X which are equivalent with Fy and for which ||dFy/dF||,, < co.
Denote the densities dF'/du; by f.

Theorem 3.1 Suppose that F' € Fo, F # Fy, implies pr # pr, Pr, a.e. (e.g.
assumption 1 holds). For F € Fo we denote

fi—f
f

So(F)E{h——— 1F1€.7‘-0}.
Then
Pr, (Ap(h)) =0,Vh € So(F), FeFo = F = Fp.

In other words: the self-consistency equation in P, has a unique solution in
Fo, namely Fy.
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Proof. Assume F # Fo, F = F, ||dFo/dF||,, < M and Ux(F, Pr,) =
Pr,(Ap(h)) = 0 for all h € So(F). We want to get a contradiction (then we
have to conclude that F = Fy). Set h = (fo — f)/f and notice that h € So(F')
and ||h]|,, < oo. Define for this h a function &, : I C IR — IR on a closed
interval I around zero given by:

q’h(e) = /10g(pFe,h)dPF0’

where F¢ p is a line through F with score h; in terms of densities it is given by
fen = (1 +€h)f. Un(F, Pr,) = 0 tells us that £®(e) |c=o= 0. However, by
linearity of f — p; and the strict concavity of the “log” (and our identifiability
assumption) we have:

Bp(e) = / 1og (P(1+<(fo-1)/1)1) 4Po

/103 ((1 = €)py + €ps,) dPo

> (1-9) [log(pr)dPo+¢ [Tog(m)ar,
= (1= 92u(0) +¢ [ log(p)dPy
and hence
(- 0(0) > < [rogtp)aro— [logry)ar)

> €6,
where by the Jensen inequality § > 0, using that p; # po Pp a.e. So
1
-E (<I>h(e) - q)h(O)) > 6> 0,

which contradicts that £ & (e) |e=o= 0. O
The crucial ingredients in this proof were the convexity of F, the linearity
of F — Pr and the identifiability of F' from Pr as stated in the theorem.

3.4 Efficiency of the sieved-NPMLE.

For each F € F define S(F) as all lines ¢Fy + (1 —€)F, Fy € F, F1 < F, with
scores h = d(Fy — F)/dF € L}(F). Let S(F) be the tangent cone of S(F) and
recall that the tangent space T'(F) of S(F) equals L3(F).
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Lemma 3.2 The score operator at F is given by:
Ap : L*(F) — L*(Pr) : Ap(h)(Y) = Ep(h(X) | Y).
The adjoint of Ar i3 given by:
T. 72 2 4T _
AF : L (PF) — L (F) : AF('U)(X) = EF('U(Y) | X)
The information operator is defined by:
Ip = ALAp : L*(F) = L*(F) : Ir(h)(X) = Er (Er(h(X) | Y) | X).

Proof. For the derivation of the score operator see Gill (1989), Bickel et al.
(1993). We have:

Er (Er (R(X) | Y)v(Y))

Er (Er ((X)v(Y) |Y))

Er (R(X)v(Y))

Er (Er (R(X)v(Y) | X))

Er (h(X)EF (v(Y) | X))
= (hEr(v()|X))p.

(Ar(h), v)pp

So AL(v) = Er(v(Y)| X). O
If inf“hlh:l ”Ip(h)”F = 0, then inf”h” =1(Ap(h),AF(h))pF = 0 and hence
there exist one dimensional submodels Pr, , with arbitrarily low information.
In this case it might be hard or impossible to estimate F' as a whole at root-n
rate. So the following lemma indicates the strength of assumption 1.

Lemma 3.3 If assumption 1 holds (with § > 0), then Ir : L*(F) — L*(F) is
onto and has a bounded inverse. Moreover, the bound does not depend on F':

_ 1
ME B)llp < SlIkllp-
If assumption 1* holds, then Ir is 1-1, but not necessarily onto.

Proof. By lemma 3.3, for the onto and bounded invertibility of Ir it suffices
to show that |[4p(h)|[p, > V5||h||p. By only integrating over the complete
observations, application of the substitution rule [ A(T~(z))dF(T~!)(X) =
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fT—l(B) h(y)dF (y) in the third line below, using that y — B(y); is 1-1 from A,
to Supp(Fo), and assumption 1 at the fourth line provides us with

l4r(®IE, > A(BEDI( € A3,
= /A R2(B(y)1)dPr(y)

/A R(B(v)1)Q (B(v)2 | B(y)1) dF(B(y)1)
= / 1(2)Q (B(y(2))2 | =) dF (=)
Supp(F)

5 / h2(2)dF (z)
= &||r|%.0

v

Let S(Pr) be the tangent cone at Pp corresponding with the submodels Pg, ,,
h € S(F); in other words S(Pr) equals the range of S(F') under Ap. Appli-
cation of corrolary 2.1 to the parameter J9(Pr) = F provides us now with the
following result.

Lemma 3.4 Let assumption 1 hold. For each E € Bx we define bp : D —
R by bpF = F(E). For each bgp we have that bpd : M — IR i3 pathwise
differentiable at Pr relative to S(Pr) with efficient influence function given by:

I(F,E) = ApIz! (Ig — F(E)) € L3(Pr). (3.10)
In other words,
2659(Pr, ,) — bed(Pr) = (T(F, B), Ar(W)ps (3.11)

If only assumption 1* holds and Ig — F(FE) lies in the range of Ir, then the
same statements hold.

For proving efficiency we apply theorem 2.4.
The model M is convex and F — Pr is linear. Theorem 2.3 says now that
we have the following identity;

Fy(E) - Fo(E) = — / (R, B)dPg,

for all Fy with Fo < Fy and dFo/dFy € L}(Fy). We want to apply this identity
to Fy = F,. Usually F, does not dominate F so that this identity cannot
be directly applied. However, notice that the identity holds in particular for
Fy = Fa(a) = (1—a)F,+aF for any « € (0,1]. Hence if I(F,(c), E) converges
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to I(Fy, E) in L}(Pr) for @ — 0, then the identity also holds for F,. Since
Fp(«) converges to F, w.r.t. each norm this is a weak continuity condition
in F on the efficient influence function, which in particular follows from our

verification of a stronger pp,-consistency property below.
If I(F,,E) is a score of P,

n,e,h

for a certain one dimensional line F, ¢p
through F;, with score h with finite supremum norm, then by lemma 3.1 we
have the so called efficient score equation:

P, I(F,,E)=0.

By (3.10), for this it suffices to show that I;:(I £) has finite supremum norm
on X, which is proved by lemma 3.5 in the next subsection.

Then combining the last two identities provides us with the identity: for
each F € By

(Fn — Fo)(E) = / I(F,, E)d(P, — Pr,).

Let B = {bg : E € £}. Suppose now that with probability tending to 1
I (Fn, E) lies in a P-Donsker class for all E € £, This P-Donsker class condition
will be studied in section 5.2 and sufficient conditions are given. This provides
us with ||F, — Fo|l = Op(1/+4/n). The pp,-consistency condition requires to
verify: if

sup ||f(F,., E) — I(Fo, E)”Ppo — 0 in probability,
Eeg&

then supgeg(Pn — Po)(I(Fa, E) — I(Fo, E)) = op(1/+/n). The latter provides
us with supnorm-efficiency of Fj,.

In the next subsections we prove, or rather give verifiable conditions for,
the Po-Donsker condition, the supremum norm invertibility of the information
operator and the pp,-consistency condition. The conditions will be verified
for the examples. Finally, we summarize our conclusions in the final efficiency
theorems in section 5.

3.4.1 Supremum norm invertibility of the information op-
erator.

We will now write down the score operator. Recall that by assumption 2 the
distribution of X given Y = y, y € Aj, has a density ¢i(y | )/pFr(y) w.r.t. F
which only lives on B(y1). So we have:

Ap(h)(Y) = Erp(h(X)|Y)I(Y € A1)+ Er(h(X) |Y)I(Y € Az)
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Ja), ME)a1(y | 2)F(dz)

= MBI € A1)+ on(¥)

I(Y € A).

Notice that E (h(B(Y)1)Ia,(Y)|X ==z) Q (B(y(z))2 | #) h(x) and
by assumption 2* E(V(Y)I4,(Y)|X =2) = [, V(y)dPe(y | =) =
/ Aa V(y)q1(y | z)dus(y). So the information operator is given by:

I (4)(2) = QB | h(a) + [ LLMUIIEE 0 | 2y

Consider the equation Ig(h)(z) = f(z) for some pointwise well defined f with
finite supremum norm. Define

vi(e) = Q(B(y(2): | ) (3.12)

and notice that assumption 1* tells us that vi(z) > 0 for F-all z. Then the
equation Ir(h)(z) = f(z) is equivalent with the following equation:

{f(a:) _ [ Jrwaly | vF(du)

Az Pp(y)

For the moment denote the right-hand side by Cp(h, f)(z): i.e. we consider
the equation h(x) = Cr(h, f)(z). If we assume that f lies in the range of I
(so in particular if assumption 1* holds), then we know by lemma 3.3 that
there exists a h’ € L?(F), which is unique in L%(F), with ||[Ir(k') — f||p = O:
ie. |[|B' — Cr(M, fllr = 0. Notice that if ||h — g||p = 0, then for each x
Cr(h — g, f)(z) = 0. So even if k' is only uniquely determined in L?(F), then
Cr(l, f)(z) is uniquely determined for each z. Now, we can define h(z) =
Cr(H, f)(z). Then ||h—1'||p = ||Cr(F', f)— k|| = 0. So in this way we have
found a solution h of (3.13) which holds for each z instead of only in L%(F)
sense.

1
v1(z)

h(z) = dPq(y | :c)} . (3.13)

By assumption 2 we have that p= > § > 0. So if supycy, |[u — ¢1(y |
u)||p < oo, then it follows trivially (as shown below) by the Cauchy-Schwarz
inequality that ||h||,, < oco. Moreover, Ir(h) = 0 implies ||h||r = 0 and that
implies (see (3.13)) that A = 0 in supnorm. So we have now shown that Ir
is 1-1 and onto in supnorm sense. From now on, if we talk about I;l( f), we
mean this pointwise well defined solution.

Let (B(K),|| - ||,) be the Banach space of functions on K, where K is the
support of F, with finite supremum norm || - ||,. We have shown:

Lemma 3.5 Let assumption 1 and 2 hold and suppose that supyc,, |lu —
a1y | w)||p < 00. Then Ir : (B(K),|| - |loo) = (B(K),|| - llo) %8 I-1 and onto.
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For the Donsker class condition we have to consider the solution A% of
Ip, (k%) = Ig for E € £. We will show that ||h%||, < M||IE||,, for some
M < oco. So we want a uniform (in n) bound on the norm of the mapping I;nl

llo

w.r.t. the supremum norm.

For this purpose we consider Ir, (h,) = f. The approach to be followed is
to bound the right-hand side of (3.13) with F = F, in the supremum norm of
f and ||h"|| , where we can use that the latter is uniformly bounded by the
L?(F,) norm of f, by lemma 3.3.

Firstly, we need to bound pf, away from zero. The following assumption
will take care of this.

Assumption 3 Let P.(B) = P(X € B,Y € A;) be the distribution of the
completely observed X; and P,. be the empirical distribution function of P,.
Assume that

sup
YyEA2

/ 91 (y | 2)d(Pnc — Pe)(z)| — 0 in probability.

This is equivalent to saying that {x — ¢j(y | z) : y € A2} is a P.-Glivenko-
Cantelli class.

Lemma 3.6 If assumptions 1,2 and 3 hold, then uniformly iny € Az pf,_(y) >
61 > 0 for some 61 > 0 with probability tending to 1.

Proof. We have by lemma 3.1

P (4) = / d(y | 2)dFa(z) > / ¢(y | 2)dPac(z).

Assumption 3 tells us that this converges uniformly in y € Ay to [qi(y |
z)dPc(z) in probability. We have by assumption 1: dP.(z) = F(dz)P(Y €
Ay | X = z) > §F(dz). By assumption 2 we have: [¢|(y | z2)dF(z) = pp(y) >
6§>0.0

By lemma 3.6 we have that the denominators pf, in (3.13) are uniformly
bounded away from zero for n large enough.

Furthermore, we want to bound | [ h"(u)¢j(Y | u)Fnu(du) | by M||R"||5
for an M < oo which is independently of Y € A, and n.

By the Cauchy-Schwarz inequality, a sufficient condition for this is given
by:

Assumption 4
[ I [0l dPo(¥ [2) < M < co.
YeA,
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Then by bounding 1/v; and the denominator by 1/6 we have:

W(2) = Ca(h, £)(2) < 35 (Iflloo + 113", 1)

By lemma 3.3 (the uniform in n bounded invertibility of Ir, w.r.t. L?(F,)) we
have

||h"||Fn < Ml“f“p,, < MHfHoo for some M < oco.

Consequently, we have ||h"||o, = |15} ()lleo < M||f]|o for some M < co. This
proves the following lemma.

Lemma 3.7 If assumptions 1, 2, 8 and 4 hold, then I, : (B(K),|| - |l
(B(K),|| + lloo) is onto and has bounded inverse. Moreover we have that
II5 (Rl < MR, for certain M < oo which does not depend on F, and
h.

) —

3.4.2 Weak assumption approach.

In the case that assumption 1 and 2 needs to be weakened one can follow the
same approach without using that v; and pr are bounded away from zero.
Realize that our only goal is to prove that ||h"||,, < M for some M < oo
independent of n, with probability tending to 1. One can replace assumption
4 by the following weak version of it:

Assumption 4*: Assume that f*(z) = f(z)/vi1(z) has finite supnorm over
the support of F. Assume that HI;:( O, < M with probability tending to
1, where M < oo does not depend on n. Finally, assume

1 / VI 45y | )?dFa(w)
v1(2) Ja, pF, (v)
with probability tending to 1.

dPo(y | z) < M < oo,

The first two assumptions provide us by Cauchy-Schwarz, as above, with the
following bound

M [ ] 4] wdF. ()
v1(2) Ja, pr.(¥)
The third assumption just says that this is bounded uniformly in n with
probability tending to 1. One can use that dFp(z) > dPnc(z) (and hence

pr,(y) > [di(y | 2)dPnc(z)) and apply refined empirical process results in a
specific analysis.

1™ oo < 11" lloo +

dPq(y | 2)-
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3.4.3 The P-Donsker class condition.

Lemma 3.7 tells us that for each £ € £ h = I;:(IE) exists pointwise,
SUPg , ||hE]lee < 00 and solves

hg(z) = Ca(hE, IE)(), (3.14)

where
Cnl, I2)(#) = v (Iﬂw) - [ an(p)warw) X = ).

Here dP(y | ) can be replaced by q1(y | )dus(y). Define

Fin= {5 (10~ [ Ar@@ar 1 x = )) Ml <1 B},

Now, it follows that for proving the Pp-Donsker-class condition it suffices to
have:

Assumption 5 Assume that there exists a Po-Donsker class F C L?(Pp) so
that

AF,(F1n)) C F with probability tending to 1.

Lemma 3.8 If assumption 1-5 or assumption 1%2%34%5 hold, then
{f(F,,, E): E € £} C F with probability tending to 1.

As mentioned in the general efficiency proof (begin of section 5) the assumptions
of lemma 3.8 provide us also with ||F, — Fo|| = Op(1/4/n). For efficiency it
remains to verify the pp,-consistency condition.

Firstly, we work out assumption 5 for the general practical relevant case
that ¥ = R*.

Conditions for assumption 5 in the case of multivariate observations.
Let X = IR¥ for certain k € IN and let £ = {(0,¢]: t € supp(Fo)}. We refer to
the following results stated in chapter 1. A real valued function on [0, 7] C R
is called to be of bounded uniform sectional variation if the variations of all
sections (s — f(s,t) is a section of the bivariate function f, etc.) and of the
function itself is uniformly (in all sections) bounded. The corresponding norm
is denoted with ||+ ||;. In chapter 1 we proved that the class of functions with
uniform sectional variation smaller than M < oo is a Donsker class. We also
stated that if f > & > 0, then |[1/f]|; < M]||f||; for some M < co which does
not depend on f (Gill, 1993). We will now give properties of ® guaranteeing
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that Al = I;"l (I(0,y7) is of bounded uniform sectional variation uniformly in n
and thereby for any reasonable score operator the efficient influence function
I(Fyn,t) = Ap, (A7) will lie in a fixed Donsker class.

The next conditions will be denoted with 5.1, 5.2 and 5.3, where 5 stands
for assumption 5. Recall from assumption 2 that for y € A2 we defined ¢1(y |
z) =dP(- | X = z)/dps.

Condition 5.1 Assume

/A 2 = 01y | 2)|[dus(y) < oo.

2

Condition 5.2
o1l < oo

Let f: R¥ — IR be any function with ||f||% < co. Condition 5.2 tells us that
||f/v1]]; < oo. Using this, the uniform bound on Ap, (k") and condition 5.1
it follows that ||Ca(h™, f)()|ls < M]||f||;, uniformly in n. Consequently, (3.14)
and ||I(o,q|ly = 2* tells us that ||A}||; < M, as required.

Define (B(K),||-||;) as the Banach space of functions on K, the support of
Fy, which are of bounded uniform sectional variation endowed with the uniform
sectional variation norm. We showed that:

Lemma 3.9 Consider the case where X = R*. If assumptions 1-4, 5.1 and
5.2 hold, then Ip : (B(K),|| - |loo) = (B(K), || - llo) and Ip : (B(K),| - |}) —
(B(K),||-|I+) are onto and have a bounded inverse with an operator norm which
is bounded uniformly in F € F.

Finally, assume that:
Condition 5.3 Let G1(M) = {f : ||f||} < M}. Assume that there exists a
Po-Donsker class G C L?(Pp) and M < oo such that

Ar,(G1(M))) C G with probability tending to 1.

Because G1(M) is a Donsker class, condition 5.3. is a rather weak assump-
tion, which will hold in most practical examples. We can now state the following
lemma:

Lemma 3.10 Consider the case where X = R¥. If assumptions 1-4, 5.1, 5.2
and 5.8 hold, then there exists a Py Donsker class G C Lz(Po) so that

I(Fa,t) € G with probability tending to 1.

In other words, then assumption 5 holds.
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The weak assumption approach. Instead of assuming condition 5.1,5.2,
we can just assume ng llz = q1(y | z)/v1(z)||;dus(y) < oo, which does not
necessarily require that vy(z) > 6 > 0.

3.4.4 Verification of assumptions 3, 4, 5.1, 5.2 and 5.3 for
the examples.

Example 3.4 (Univariate Censoring).

Assumption 3 and 4. By the independence of X and C we had ¢}((2,0) |
z) = dPy((2,0) | £)/dGo = I(z > z) and hence assumption 3 and 4 are trivially
satisfied.

Condition 5.1. We have that ¢1((z,0) | z) = ¢1((2,0) | z) and clearly z —
I(z > z) is of bounded variation uniformly in z. This proves 5.1.

Condition 5.2. v1(z) = H(z). So 5.2 holds.

Condition 5.3.

7% hdF

z

Ar(h)(2,6) = 6h(2) + (1 —§) 5G)

By lemma 3.6 we know that S,(z) > 65(z) > é; > 0 with probability tend-
ing to 1 and therefore the denominator is uniformly bounded away from zero
with probability tending to 1. Because the variation norm of a distribution
function, as Sy, is bounded, it follows that the variation of Ap, (k)(z,0) and
Ar, (I(0,t])(z,1) are uniformly (in n and t) bounded with probability tending
to 1. This proves 5.3.

Example 3.5 (Double Censoring.)

Assumption 3 and 4. Similar as for univariate censoring.

Condition 5.1. Recall ¢1(w,2) | 2) = (dPg,((w,2) | =)/dFy(w) =
I{w < 2)Fz(0,w) and ¢:1((w,3) | 2) = dPg,((w,3) | z)/dFz(w) = I(w >
z)Fy([w, 00)) and consequently 5.1 holds.

Condition 5.2. v;(z) = F; 4([0, 2] x [z, 00]). So condition 5.2 holds.
Condition 5.3.

[ hdFx
Fa(w)

Iy hdFx

Ap(h)(w,d) = h(w)I(d = 1) + I(d = 2) o

+1 (d = 3)
The same proof as for the univariate censoring model holds.

Example 3.6 (IH-Models, Vardi-Zhang.)
For a general kernel ¢(- | -) the best thing to require is that assumption 3, 4
and 5 have to hold. We will work out what this means for the Vardi-Zhang
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model.
Assumption 3. For this we need that

7 BRI o

T

sup
we(0,7]

We know that the convergence holds for each w € (0,7]. Recall now that a
sequence of distribution functions which converges pointwise to a continuous
limit is uniformly convergent. Therefore it suffices to show that

/oow)_(_m_)_mas

By the Glivenko-Cantelli theorem this holds if P.(1/z) < co.
Assumption 4. Assumption 4 requires that f(; dF,(z)/z? < M with prob-
ability tending to 1. Assume F,({X;}) < MP,.({X;}) for X; € [0,6;] for
certain §; > 0 with probability tending to 1 (this is easy to verify by using
the EM-steps, because X; € [0, 61] gets mass 1/n from itself and mass O(1/n?)
from other observations; we will not get into the details here). Then it suffices
to show that
T

/0 —Pi'li%—l—ul < M, with probability tending to 1.
Again, by the Glivenko-Cantelli theorem it suffices now to assume P(1/w?) <
00.
Assumption 5. Recall that dPg(z,0 | z)/dp2(z) = (1 — A)q(z | z) and hence
Condition 5.1 requires that

iz = a6z D) dia(e) < .

Consider the Vardi-Zhang kernel: z — I(z < z)/z. Because of the singularity
at zero 5.1 does not hold in this case. Therefore, we will verify assumption 5
directly. Then it follows that it suffices to show that the following statement
holds with probability tending to 1:

J9(w)a(c | w)dFu(u)
Ja(e| w)dFy(u)

is of bounded variation uniformly in ||g||,, < 1. Substitute the Vardi-Zhang
kernel. Then we have

/ ffwggjl .

g(c| z)de
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Define fo(c) = ([° g(u)dFn(u)/v) / (J;° dFa(u)/u). Then we have to consider

c

the derivative of fin(z) = L [ fu(c)dc. We have
fa@) =7 [ (@& = 1al0) g

However,

L A@-f@, _ L[ [FedRm)/
:t:/o z de = “L'/o z d

< ol 5 [t

Therefore, it suffices to show that 1/z f dF,(u)/u is bounded with probability
tending to 1. Now, 1/z [ dFn(u)/u < [5 dFa(u)/u®. As already shown above
this is bounded with probability tending to 1 if P.(1/z?) < oo.

In the cases where we have to deal with singularities, as in the Vardi-Zhang
model, one should verify assumption 5 directly, instead of verifying the sufficient
conditions 5.1, 5.2, 5.3.

3.4.5 The P-consistency condition.

We will formulate this condition as an assumption, because it is something
which can be straightforwardly verified for any application.

Assumption 6 Suppose that
sup ||I(Fn, E) — I(F, E)|| p, — 0 in probability,
Ee€

where we can use that ||F,, — F||; — 0 in probability.

Denote hpg = I;nl (Ig) and kg = Iz (IE), as defined in the invertibility section
3.5.2. We have

Ar 5! (Ie) - AFIz'(IE) = (Ar, — AR)Iz'(Ig) + Ar 15 (IF, — IF)I ' (IE)
= (Apn — AF)(hE) + AF,.IE:(IF,. — IF)(hE).(3.15)

For assumption 6 we need to show that the Pp-norm of these terms converges
to zero in probability, uniformly in F € £. Recall the score operator Ap and
that the denominator p’Fn is uniformly bounded away from zero by lemma 3.6.
By telescoping the first term, it is written as a sum of two differences. The first
difference is given by:

2
IA:(Y) z)d’ r _ z
/ (———p%(y) [, @Y |2 = P )) aPe(Y)  (3.10)
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and the second difference is similar and shown to converge to zero in the same
way. Standard techniques, like the Cauchy-Schwarz inequality, dominated con-
vergence theorem, integration by parts and invertibility of the information op-
erator w.r.t. supremum norm and L? norm (lemma 3.9) lead under mild condi-
tions to a straightforward proof of the convergence of (3.16) to zero. Also the
other terms are dealt in this way.

Consider the case where X = R¥ and £ = {(0,t] : ¢t € [0,7]}. For proving
assumption 6 we need to prove convergence of terms

J htqid(Fn — F), which can be bounded by integration by parts (lemma
1.3) by C||Fn — F||||hedi|l;- By lemma 3.9 we know that h; is of bounded
uniform sectional variation. Consequently, the following condition is sufficient,
but certainly not necessary, for proving assumption 6.
Condition 6.1. There exists an M < oo so that for Pr almost each Y € A,
we have that ||z — ¢{(Y | 2)||; < M < co.

We can state this as a lemma:

Lemma 3.11 For the case that X = R* we have that under assumptions 1-4,
5.1, 5.2, 5.3 and assumption 6.1 the following holds:

sup ||T(Fn;t) — I~(F0,t)||PF — 0 a.s.

tefo,r] °
Because in the univariate censoring model and double censoring model ¢} are
indicators, condition 6.1 holds trivially in these models. Condition 6.1 is in
general not true for the Vardi-Zhang kernel. However, a direct proof of as-
sumption 6 following the general proof above works as follows: Consider the
term (3.16). It is given by:

/ (/c“’ ht—ixld(Fn - Fo)(z)) 2q(c)dc. (3.17)

We want to show that this term converges to zero uniformly in . By lemma
3.9 we know that h;(x) is of bounded variation and bounded in supremum
norm uniformly in ¢. Therefore by integration by parts we can bound f{(c) —
fte) = [7 MEA(F, — Fo)(2) by ||Fa - Follo,
the variation of h; and 1/z on (¢,7). This converges to zero for each ¢ >
0, uniformly in ¢. For application of the dominated convergence theorem it
remains to verify that ff + f* is bounded by a constant, uniformly in ¢. h,
is bounded uniformly in ¢ and we already showed in the preceding example
that f0°° dF,(z)/z < M with probability tending to 1, using the assumption

times a constant which involves
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that Pc(1/z) < oco. This proves the convergence of (3.17). The other terms
appearing in the general proof are dealt similarly.

3.4.6 Identity condition.

Let Fp(a) = (1 — a)F, + oF. Rewrite AFn(a)I;:(a)(IE) as in (3.15). Since
Fo.(a) — F, = o(F, — F) it is now trivially verified that both terms converge
to zero if @ — 0, assuming assumption 1* and 2*. For example, term (3.16)
above equals o times a term which is bounded (here n is just fixed, so we do
not need terms to be bounded away from zero uniformly in n).

3.5 Final theorems and results for the exam-
ples.

We proved the following theorem:

Theorem 3.2 Let £ be any collection of sets for which assumptions 1-6 or
1*2% 8 4% 5,6 hold. Then F, is asymptotically supremum norm (over &) effi-
cient.

Now, we formulate the less general theorem for the case that X' = ]R{;_0 and
& ={[0,t]:t € K C supp(Fo)}.

Theorem 3.3 Under assumptions 1-4, 5.1, 5.2, 5.8, 6.1 we have: F, 1is
asymptotically supremum norm efficient.

We already verified the assumptions for our examples. Application of these
theorems provides us under the stated assumptions with efficiency of the sieved-
NPMLE for the univariate censoring, double censoring, and the IH-models.
We will summarize these results below. The results are not new, but they
are obtained by straightforward verification of the conditions of the general
theorem 3.2 and 3.3 which can be applied to any CAR-missing data model or
a missing data model with G known.

Result 3.1 (Univariate Censoring).
Let [0,7] C R>o be an interval such that Ho(r) > 0 and So(7) > 0. Then F,
is supremum norm asymptotically efficient on [0, 7].

Result 3.2 (Double Censoring).

Let [0,7) C IR>0 be an interval such that Fz(r) = 1, Sy,(r) > 0. Furthermore,
assume that there exists a 6 > 0 so that Fz(6) = Fz({0}) > 0 and Fx(6,) > 0.
Then F, is supremum norm asymptotically efficient on [0, 7].



78 Efficient NPMLE in Missing Data Models

Result 3.3 (Vardi-Zhang model). Let [0,7] C Ryo be an interval such that
[z %(ﬂ > § > 0. Moreover assume that [ 1/z%dFo(z) < oo. By artificially
censoring the observed C; at 7 we have a model: if ¢ < 7, then ¢ ~ Fy and
C | z is uniform [0, z] and if z > 7, then C | = has a density 1/z s [0, 7] and it
puts mass 1 — (7/z) at 7. Now, F, is supremum norm asymptotically efficient
on [0,7].

In the general class of IH-models the assumptions 1-7 give clear conditions on
the kernel ¢(- | -), which can be easily analyzed for each kernel. We could also
state a result involving sufficient conditions on the kernel, but verification of
assumption 1-7, just as we did for the Vardi-Zhang model, provides us with
the sharpest results.



Chapter 4

Efficient Estimation in the
Bivariate Censoring Model

and Repairing NPMLE.

4.1 Introduction.

In this chapter we are concerned with estimation of the bivariate survival func-
tion of two dependent survival times. For example, one might be interested
in estimation of the bivariate survival function of twins with a certain disease.
Suppose that for each twin one observes two calendar times (Uy, U;) at which
the disease started for twinl and twin2 and that one keeps track of the bivariate
survival time (T}, T>) of the twin measured from (U;, Us) till a given calendar
point tg. At to one wants to use the available data to estimate the bivari-
ate survival function of (T}, T%). In this setting, T} will be potentially (i.e. if
T, > C)) right randomly censored at the observed censoring time Cy =t —Uj
and similarly T, will be potentially right randomly censored at the observed
censoring time Cy = tg — Us.

In this chapter we propose an estimator for the bivariate survival function
of T = (T1,T2) based on bivariate right randomly censored data, assuming
that the censoring times C = (Cy, C3) are always observed, as in the example
above, or assuming that the censoring times are discrete. We prove asymptotic
efficiency of this estimator. In the case that the censoring times are not ob-
served for the failures and the censoring times are not discrete, then we propose
a simulation of the unobserved censoring variables and conjecture (no proof,
but heuristic argument) that our estimator based on these simulated censoring

79
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variables will also be asymptotically efficient.

We found it useful not to use a special notation for vectors in R?; if we
do not mean a vector this will be clear from the context. So if we write T we
usually mean T = (T}, T3) € R%, and if we write <, >, <, > then this should
hold componentwise: for examI;Ie ifz,yeR? then z < y & z; < y1, 22 < Ya.
We will write T}, ¢ = 1,...,n, as notation for n i.i.d. bivariate survival times
with the same distribution as T, while we write T} and T3 for the components
of T.

Bivariate right randomly censored data can be modelled as follows: T is
a positive bivariate lifetime vector with bivariate distribution Fp and survival
function Sp; Fo(t) = Pr(T < t) and Sp(t) = Pr(T > t). Let C be a positive
bivariate censoring vector with bivariate distribution Gg and survivor function
Ho; Go(t) = Pr(C < t) and Ho(t) = Pr(C > t). Assume that T and C are
independent; (T, C) € IR* has distribution Fyx Go. Let (T}, C;), i = 1,...,n be
n independent copies of (T, C). We observe the following many to one mapping
P of (T,, C,'):

Y; = ®(T;,C) = (Ti AC;, I(T; < Cy)) = (Ti, Di),

with components given by:

Ti; = min{Tj, Cyj}, Dyj = I(Ty; < Cij), j = 1,2.
In other words, the minimum and indicator are taken componentwise, so that
T; € [0,00)? and D; € {0,1}? are bivariate vectors. The observations ¥; are
elements of [0, 00)*x{0,1}2 and ¥; ~ Pk, ¢, = (FoxGo)®~1. We are concerned
with estimation of Sg.

Each observation Y; tells us that (T},Ci) € B(Y;) = &~ '(¥;) ¢ R? x
R?, where B(Y;) = B(Y;); x B(Y;); for the projections B(Y;); C R? and
B(Y;); C R? of B(Y) on the T and C space, respectively. The kind of region
B(Y;); for T; (point, vertical half-line, horizontal half-line, quadrant) generates
a classification of the observations Y¥; = (f1~",, D;) in 4 groups:

Uncensored. If D; = (1,1), then the observation ¥; is called uncensored, and
it tells us that T; € B(Y;): = {i} SoT; =1T;.

Singly censored. If D; = (0,1) or D; = (1,0), then the observation Y; is called
singly censored. If D; = (0,1), then it tells us that 7; € B(Y;)1 =
{(Ti1,00) x {Tiz}} (horizontal half-line), and if D; = (1,0) that T; €
B(Y:)1 = {{Ti1} x (Ti2,00)} (vertical half-line).
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Doubly censored. If D; = (0,0), then the observation Y; is called doubly cen-
sored, and it tells us that T; € B(Y;); = {(Ti1,00) x (Tiz,00)} (upper
quadrant).

The uncensored observations are the complete observations and the singly-
censored and doubly censored are incomplete observations. An NPMLE solves
the self-consistency equation (Efron, 1967, Gill, 1989) and a solution of the
self-consistency can be found with the EM-algorithm (Dempster, Laird and
Rubin, 1977, Turnbull, 1976), which does in fact nothing else than iterating
the self-consistency equation. In the EM-algorithm each observation Y; gets
mass 1/n which it need to redistribute over B(Y;); in a self-consistent way.
The incomplete observations Y; need to get information from the observed T;
about how to redistribute their mass 1/n over B(Y;)1, and for this purpose
they need complete observations in B(Y;);; the EM-algorithm listens only to
the observations with a region B(Y;); which has an intersection with B(Y;);.
It is only possible to have uncensored observations in B(Y;); if Fo (B(Y;)1) >
0, which is typically not true for the singly-censored observations; if Fgy is
continuous, then the probability that T falls on a line is zero. Indeed it is well
known that the NPMLE for continuous data is not consistent (Tsai, Leurgans
and Crowley, 1986).

Many proposals for estimation of the bivariate survival function in the pres-
ence of bivariate censored data have been made. Because the usual NPML and
self-consistency principle do not lead to a consistent estimator for continu-
ous data, most proposals are explicit estimators based on representations of
the bivariate survival function in terms of distribution functions of the data:
among them Tsai, Leurgans and Crowley (1986), Dabrowska (1988, 1989),
Burke (1988), the so called Volterra estimator of P.J. Bickel (see Dabrowska,
1988), Prentice and Cai (1992a, 1992b).

Prentice and Cai (1992a) proposed a nice estimator which is closely related
to Dabrowska’s estimator except that this one also uses the Volterra struc-
ture of Bickel’s suggestion. Dabrowska’s multivariate product-limit estimator,
based on a very clever representation of a multivariate survival function in
terms of its conditional multivariate hazard measure, and the Prentice-Cai es-
timator have a better practical performance in comparison w.r.t. the Volterra,
pathwise estimator and the estimator proposed in Tsai, Leurgans and Crowley
(1986) (see Bakker, 1990, Prentice and Cai, 1992b, Pruitt, 1992, and chapter
8 of van der Laan, 1993d). It is expected that Dabrowska’s and Prentice-Cai’s
estimators are certainly better than the other proposed explicit estimators.
Besides, these two estimators are smooth functionals of the empirical distri-
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butions of the data so that such results as consistency, asymptotic normality,
correctness of the bootstrap, consistent estimation of the variance of the influ-
ence curve, LIL, all hold by application of the functional delta method: see Gill
(1992) and Gill, van der Laan and Wellner (1993) and van der Laan (1990).
In Gill, van der Laan and Wellner (1993), here chapter 6, Dabrowska’s results
about her estimator are reproved and new ones are added by application of the
functional delta method and similar results are proved for the Prentice-Cai es-
timator. Moreover, it is proved that the Dabrowska and Prentice-Cai estimator
are efficient in the case that T3, T3, C;, Cs are all independent.

All the estimators proposed above are ad hoc estimators which are not
asymptotically efficient (except at some special points (F, G)). This is also re-
flected by the fact that most of these estimators put a non negligible proportion
of negative mass to points in the plane (Pruitt, 1991a, Bakker, 1990).

Pruitt (1991b) proposed an interesting implicitly defined estimator which is
the solution of an ad hoc modification of the self-consistency equation. Pruitt
points out why the original self-consistency equation has a wide class of so-
lutions and his estimator tackles this non-uniqueness problem in a very di-
rect way by estimating conditional densities over the half-lines implied by the
singly-censored observations. Uniform consistency, \/n-weak convergence, and
the bootstrap for his normalized estimator is proved in chapter 7 under some
smoothness assumptions which are due to the fact that his estimator uses ker-
nel density estimators. However this estimator is not asymptotically efficient
(except at some special points) and its practical performance is (somewhat
surprisingly) worse, except at the tail where one hardly finds uncensored ob-
servations, (as shown in chapter 8 of van der Laan (1993d)) than Dabrowska’s
and Prentice and Cai’s estimators. In the case that the sampling distribution
is smooth, Pruitt’s estimator appeared (as expected) to improve by using large
bandwidths.

As noticed by Pruitt (1991) the inconsistency of the NPMLE is due to the
fact that the singly-censored observations imply half-lines for T' which do not
contain any uncensored observations. Based on this understanding we propose
in section 2 to (slightly) interval censor the singly censored observations in the
sense that we replace the uncensored component (say) T1; of the singly censored
observations by the observation that T3; lies in a small predetermined interval
around T3;. These intervals are determined by a grid partition 7 with a width
h = h,. Now, for these interval censored singly censored observations ¥;* the
regions B(Y;"); are strips which contain with positive probability uncensored

observations
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The interval censoring of the singly censored observations causes one prob-
lem. The joint likelihood for F and G does not factorize anymore in a F-term
and G-term, which is due to the fact that the region for (T, C) implied by
the interval censored singly censored observations is not rectangular anymore.
This tells us that for computing the NPMLE of F we also need to estimate
G by maximizing over G. Because of similar reasons as for the NPMLE of
F the NPMLE of G will only be good if we do a symmetric reduction (lines
should be strips for C as well as for T). In other words, an extra reduction
of the data will be necessary. Because the involvement of G in computing the
NPMLE F} certainly complicates the analysis and it makes the estimator more
computer intensive we decided to choose a reduction of the data which recovers
the orthogonality (i.e. factorization of the likelihood), while at the same time,
as will appear, not losing asymptotic efficiency. The further reduction is based
on the insight that if Gg is purely discrete on 7*, then p}o,co(-,d) factorizes,
as shown in section 2. Hence if the actual G is discrete, then by choosing mp,
(which can be done with probability tending to 1 if the number of observa-
tions converges to infinity) so that censoring variables lie on the grid =* we
still have factorization of the likelihood. If the actual G is not discrete, but
we observe Ci,...,Cp, then we can discretize (to the left) these C;’s to C}* on
T, 2) replace the original Y;’s by ®(T;, C!), and 3) replace the singly-censored
observations of ®(T;, C!) by interval singly-censored observations ¥;*. In this
way, we constructed new observations Y;* for which the density factorizes in a
F and G part.

This further reduction leads also to a good practical estimator as appears
in the simulations in chapter 8 of van der Laan (1993d); its performance for a
small value of h is better than Dabrowska‘s, Prentice and Cai‘s and Pruitt’s es-
timator, except at the tail, and under complete independence of Ty, T3, C1, Co.
We show that if h, — 0 at a rate slower than n~=1/18 then the estimator is
asymptotically efficient and if h is fixed, then one still has an asymptotically
normal estimator with an asymptotic variance arbitrarily close (small h) to the
asymptotic optimal variance. Our derived lower bound is purely of theoreti-
cal value since it shows the existence of rates h = h, for which the estimator
is efficient, but quicker rates will also provide efficient estimators. Obtaining
theoretical insight about the precise rate at which h, should converge to zero
if n — oo is very hard and not very useful because constants are not avail-
able. Simulations show that if n = 200, and the range of the observations is
transformed back to [0, 1] x [0, 1], then choosing the width of the strips equal

to h = 0.02 gives a very good estimator; so a few observations in each strip
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is already effective. The estimator gets essentially worse if we increase h inde-
pendent of the smoothness of (F, G). This bandwidth-behavior is explained as
follows. A large h means a large reduction of the data and hence an increase
in asymptotic variance. On the other hand, we needed a h > 0 so that the
EM-algorithm is able to use the uncensored observations in the strips around
the singly-censored half-lines for obtaining a redistribution of mass 1/n over
the half-lines. However, our primary interest is not the distribution over the
half-line, but the survival function itself (which integrates over the distribu-
tions over the half-lines), which explains that a smaller bandwidth than the
one advised by density estimation literature will suffice. In practice, a sensible
method for programming a sensible grid 7* would be to set the width for the
horizontal axis equal to a fixed proportion of the cross-validated bandwidth A}
using the observed Tj;’s and similarly compute the vertical width.

If we do not observe Cj, then we can draw a C} from a conditional dis-
tribution of C, given C € B(Y;);, and consider these simulated C! as the
observed C;’s above. For example, if we observe that Cy; € (T1;,00) we set
C1; = Tii + U;, where U; is a realization from a known distribution on (0, 7].
Then Y/ = &(T;, C}) = Y;, but we now observe C;. C}, i = 1,...,n, are still
ii.d, but C] depends on T; only through Y;. However, if the density of C, given
T =t, depends only on T through Y = ®(C, T'), then the censoring mechanism
satisfies coarsened at random (see Heitjan, Rubin, 1991) which implies that the
density of Y still factorizes, where the F' part of the density of Y’ is still the
same as the F part of the density of Y, i.e. where C and T are independent.
Consequently, we have that the efficient influence function for estimating F
based on Y; equals the efficient influence function for estimating F' based on

1
Y;. Hence, if we construct an estimator of F' based on (Cj,Y;) which is effi-
cient, then it is also efficient for the original data ¥;. In other words, without
any loss we arranged that we have available a set of observed C!’s. However,
because of the dependence between C’ and T the likelihood does not factorize
anymore for the data ®(T, C}) based on the discretized C} so that our pro-
posed estimator is not a NPMLE for the interval censored ®(T, C}) and hence
has a bias. On the other hand, we let h converge to zero when the numbers of
observations converge to infinity so that this bias converges to zero. Therefore,
we conjecture (no proof) that our estimator based on these simulated C’ is
asymptotically efficient if h = h, converges to zero at an appropriate rate (not
too slow and not too quick). In the sequel it will be assumed that the C;’s are

observed or that Gy is discrete.

We will call the MLE based on a reduction, or call it a slight transformation,
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of the data a “Sequence of Reductions”-MLE and will abbreviate it with SOR-
MLE. It is a general way to repair the real NPMLE in problems where the
real NPMLE does not work. If one understands why the usual NPMLE does
not work, then one can hope to find a natural choice for the transformation
of the data. Moreover, if we do not lose the identifiability, we have for a fized
transformation consistency, asymptotic normality and efficiency of the NPMLE
among estimators based on the transformed data; while we obtain efficiency
by letting amount of reduction of the data converge to zero slowly enough if n
converges to infinity.

In the next section we will define, in detail, the SOR-MLE for the bivariate
censoring model. In section 3 we will give an outline of the efficiency proof,
which is based on an identity for the SOR-MLE which holds in general for
convex models which are linear in the parameter (van der Laan, 1993a). This
identity lies a direct link between efficiency of the SOR-MLE and properties of
the efficient influence function corresponding with the data Y3. In section 4 we
prove the ingredients of this general proof. The crucial lemmas of this section
are proved in section 6. We summarize the results in section 5.

4.2 SOR-MLE for the bivariate censoring
model.

Our original data is given by:
(Ti, D;) = ®(T},Ci) ~ Progo(+y), i=1,...,n.

Let Py1(:) = Ppy,6o(T < -, D = (1,1)) be the subdistribution of the (doubly)
uncensored observations and similarly let Pp;, Pjo and Ppo be the subdistri-
butions corresponding with D = (0,1), D = (1,0) and D = (0, 0), respectively.
Then

Ppo,co(~, D= d) = P“(-)I(d = (1, 1)) + Pol()I(d e (0, 1))
+P10()I(d = (la 0)) + POO()I(d = (Oa 0))a (4'1)

Let fo = dFy/dy for some finite measure p which dominates
Fo. Similarly, let Go <« v with density go. So(z1,-) gener-
ates a measure on IRyo. This measure is absolutely continuous w.r.t.
p((z1,00),+); the marginal of the measure p restricted to (z1,00) X
R>o. Now, we define Spp(z1,22) = —So(z1,dz2)/u((z1,00),dzs) as
the Radon-Nykodim derivative and similarly we define Spi(z1,22) =
—So(dz1, z9)/pu(dzy, (z2,00)), Hoi(z1,z2) = —Ho(dz1,z2)/v(dz1, (22,00))
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and Hoy(z1,22) = —Ho(z1,dz2)/v((21,00),dz2). Then the density pr,, g, of
Pr,,g, w.r.t. (1 x v)®~ ! is given by

PFo,Go(2,d) = fo(z)Ho(z)I(d = (1,1)) + So1(z)Hoz(z)I(d = (1,0))
+So2(z)Ho1(z)I(d = (0, 1)) + So(z)go(z)I(d = (0,0))
pu(e)I(d = (1,1)) + pro(z)I(d = (1,0))
po1(2)I(d = (0,1)) + poo(z)I(d = (0,0))

> ps(z)I(d = 8). (4.2)

6e{1,0}°

il

Suppose that we observe C; and (f,-,Di), it = 1,...,n. We will transform
(fl~",~, D;) and base our NPMLE on the transformed data. The transformation
depends on a grid. For this purpose let 7" = (ug,v;)" be a nested grid in
h = h, of [0,7] which depends on a scalar h = h, in the following way:
€hp < Uy —ur < Mhy, where € and M are independent of n, k, and similarly
for vj41—v;. With nested we mean that the grid points of 7, are a subset of the

grid-points of m, (we use this in order to make martingale arguments work

for conditional ex;ectations, given increasing sigma-fields) In other words, the
grid must have a width between €h,, and Mh,. This tells us that the grid 7" has
(in order of magnitude) 1/h2 points (uk,v;). Let Rkq = (ug, up41] X (vi, vi41])-

Move each C; to the left lower corner (ug,v) of the rectangle Ry ; of 7t
which contains C;. Denote these discretized C; with C*. Then C! ~ Gj, where

h

G}, is the step function with jumps on 7" corresponding with Go:

P(C":(uk,v,)):/ dGo(c).

Ry

Consider now the n i.i.d. observations
Yl(Tl’ Czh) = q)(Tiv Czh) ~ PFo,Gh‘

Notice that we are able to observe these Y,-(T;,Cih) because for this we only
need to know Y;(T;, C;). If h = h,, converges to zero, then one the distribution
of ®(T,C") converges to the distribution of &(T,C).

For convenience we will denote ®(T},C}) with ¥; = (fﬁ,Di), again, and
still use the notation p11, P10, po1 and poo, suppressing the dependence on h,
but we have to realize that all censored fl~’1,~ equal u; for soIErle k and fzi equal
v for some . Now, we can define the reduced data (T}, D;) which we will use

for our estimator:

Y = (T, D)) = @"(T;, CF) = 1" (T3, Dy)) = 1d*(8(T3, C1Y),
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where Id" is a many to one mapping on the data (f’,, D;) which is defined as
follows.

1d*(T, D) = (T, D) if D = (1,1)

1d"(T, D) ((u T3), D) for u; s.t. T1 (uiy uig1], if D = (1,0)

Id"(T D) = ((T1,v;), D) for v; s.t. T € (vj,v;41]), if D = (0,1)

1d"(T, D) = (T, D) if D = (0,0).

Il

Notice that Id® equals the identity for the uncensored and doubly censored ob-
servations and it groups all singly-censored observations (11, Cy, I(T1 < C1) =
1,I(T; < C3) = 0) with T1 € (ug, ug4+1] to one observation and similarly withe
the singly-censored observations with D = (0,1). We used the notation Id" (Id
from Identity) because for A — 0 (in other words, if the partition gets finer)
this transformation converges to the identity mapping. We will still call the
Y* with D = (1,0) and D = (0,1) singly censored observations, in spite of
the fact that they are really censored singly censored observations. Y are
i.i.d. observations with a distribution which is indexed by the (same as for Y;)
parameters Fg and Gy.
To be more precise, we have

Yh ~ PI"-I‘OyGh (" ‘)’
where
P g (e, D=d) = Pu(-)I(d=(1,1))+ Pg(-)I(d = (0,1))
+P{o(-)I(d = (1,0)) + Poo(-)I(d = (0,0)), (4.3)

where the density p}, of Pf 5 w.r.t. (u x va)®;', vy being the counting

measure on 7y, is given by:

iy ye) = fo(yr, v2)Hu(y1, v2)
poo(vk,vi) = So(vk,v)gn(vk, w),
and
Phi(vk,m) = / Po1(Vk, y2)pu((vk, 00), dy2)
(vi,v141]

/( | So2(vk, y2)Ho1(vk, vi) u((vk, 00), dy2)
V1,Vi41
= Fo((vk, 00), (v1, vig1]) Ho1(vk, v1).

Similarly, pi‘o(uk,yg) = So1((vk, vk41], v1)Hoz(vk,v1). Notice that pl(-,d), d #
(1,1), is discrete on m,. The independence between Cj and T and the fact
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that Cj is discrete on 7 implied that the density p'}o(-,d) also factorized for
d=(1,0) and d = (0,1).

Let P} be the empirical distribution function based on n i.i.d. Y;*(T;, C}) ~
P;“O,Gh, which is the distribution of the data corresponding with T ~ Fy,
C ~ G, where Gy is discrete on the grid #”*, and the singly censored ob-
servations are interval censored by Id" (i.e. halflines are grouped to strips).
Let {1,...,Zm(n)} consist of the uncensored T; and one point of each B(Y;)1
which does not contain uncensored T;. Let p, be the counting measure on
{z1,.. .,xm(n)}. Now, we let F(u,) be the set of all distributions which are
absolutely continuous w.r.t. p,.

We define our SOR-MLE F! of F which we will analyze;

h h h
Fy =arg max log(pF,, )Py, (4.4)
where the maximum can be determined without knowing Gj by maximizing
the term which only depends on F. We define S* as the survival function

corresponding with F!.

4.2.1 Existence and uniqueness of the SOR-MLE and
EM-equations.

In lemma 3.1 for a general class of missing data models it is proved that the
MLE over all F with support {z1,...,Zm(n)} exists and is unique, if the fol-
lowing two assumptions hold: Ho > 6§ > 0 Fy a.e. and Fo(B(Y;*);) > 0 for
all censored Y* (D = (1,0), D = (0,1), D = (0,0)). This holds if all data
lives on a rectangle [0, 7] C R, where 7 is such that Ho(7) > 0, So(7—) > 0,
Fo(r) =1, Fo(T1 € [ui, uit1), T2 > 72) > 0 and Fo(Ty > 71, T2 € [v5,vj41]) > 0
for all grid points (u;,v;). By making all observations T, € [0, 7]¢ uncensored
at the projection point on the edge of [0, 7] we obtain truncated observations
with distribution P}}or,ch, where FJ equals Fy on [0, 7), but puts all (= 1) its
mass on [0, 7]. This means that our efficiency result proves efficiency for data
reduced to [0, 7]. For obtaining full efficiency we can let 7 = 7, converge slowly
enough to infinity for n — oo. In our analysis this will mean an extra singular-
ity of magnitude 1/H () and therefore our analysis can be straightforwardly
extended to this case.

Let ¢ € L?*(F!) have finite supnorm. We will use the notation F(g) =
J 9dF. We have that dF} = (1+€(g — FF(g))dF}, e € (=6,6), 6§ > 0 small
enough, is a one-dimensional submodel through the MLE dF! and hence by
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definition of F?

€ / log(pfs g, )dPa

is maximized at € = 0. Consequently, the derivative of this real valued function
on (—4,8) at € = 0 equals zero so that exchanging integration and differentiation

provides us with:
Py(Ak, (9 — Fr(9)) = 0 for all g € L*(F}) with |lg||,, < oo, (4.5)
where the so called score operator A% for a distribution function F is given by:
Al I(F) » I(Phg,) 10 = Br(o(T) | Y7).

The form of the score operator follows from the general fact that the score op-
erator in missing data models equals the conditional expectation operator (see
Gill, 1989, Bickel, Ritov, Klaassen, Wellner, (1993), section 6.6). In particular,
by setting g(T') = I(0,(T') in (4.5) one obtains the well known self-consistency
equation (Efron, 1967):

1 n
F)t)= =) Pp(T<t|Y})), teo,], (4.6)
i=1

where Pp(T < t | Y*) = Pp(T <t | T € B(Y"),), where B(Y"); is a
point, horizontal strip, vertical strip, or an upper quadrant, where the strips
and quadrants start at the grid points. The SOR-MLE F! is computed by
iterating this equation with an initial estimator of F' which puts mass on each
point of the support of F. The self-consistency equation tells us that F* puts
at least mass 1/n on each uncensored observation, which provides us with the
following useful bound: for each set A:

F(4) > Pjy(4). (4.7)

4.3 Outline of the efficiency proof.

Firstly, we define the models corresponding with the data Y* and Y. Let F be
the set of all bivariate distributions on [0, 00) and F} be the set of all possible

h

bivariate distributions G, which live on 7*. Then the model corresponding

with Y (see (4.3)) is given by
My ={Ppg, : F € F,Gy € Fn}

and the model corresponding with Y (see (4.1)) by
M= {Pp¢c:F,Ge F}.
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Let D[0, 7] be the space of bivariate cadlag functions on [0, 7] as defined in

Neuhaus (1971). We are interested in estimating the parameter
Jp : My, — D[0, 7] : 19h(P}lv,Gh) =S.

Similarly, we define
Y: M — D[0,7]: I(Prg)=S.

To begin with we will prove pathwise differentiability of these parameters (see
e.g. BKRW, 1993, chapter 3, van der Vaart, 1988).

Let S(F) the class of lines €F} + (1 — €)F, F; € F, with score h = d(F; —
F)/dF € Li(F), through F. By convexity of F this is a class of submodels.
Let S(F) C L3(F) be the corresponding tangent cone (i.e. set of scores). It is
easily verified that the tangent space T'(F') (the closure of the linear extension of
S(F)) equals L3(F). Each submodel of S(F) with score g will be denoted with
F,,4. The score of the one dimensional submodels P?:,,,G;. C My, g € S(F),
is given by A% (g) where A% is called the score operator:

Al IX(F) — L*(PRg,) : Ap(9)(Y") = Ep(9(T) | Y™),

which is a well known result which holds in general for missing data models
(van der Vaart, 1988, Gill, 1989, BKRW, 1993, section 6.6). The score operator
AF for the one dimensional submodels Pr, . ¢ C M, g € S(F), is given by:

Ap : L*(F) — L*(Pr,c) : Ar(g)(Y) = Ep(g(T) | Y).

Let Gh,e,g, C My be a line through Gj with score g;. Because of factor-
ization of p’},ch(y) and pr,G(y) the scores BX(g1) of P?'th.e,gl and the scores
Bg(g;) of PF,G.,,, are orthogonal to the range of Ap and A’Fﬁ, respectively.

Lemma 3.2 says that the adjoint of Ap is given by

Af i L*(Pr,g) — L*(F) : AF(v)(T) = Er,6(o(Y) | T)
and similarly that the adjoint of A% is given by:
ART : LX(PE gn) = L*(F) : AR (v)(T) = Epgn(v(Y™) | T).

Hence the corresponding information operator I% = ALT AR . L2(F) — L*(F)
is defined by:

It (9)(X) = Erg, (Erc,(9(X) | Y*) | X) .

If H> 6 > 0, then it is trivially verified that ||Ar(h)|[p, > Vé||h||p- Now,
application of lemma 3.2 tells us that this implies that I% : L?(F) — L%(F)
has a bounded inverse, uniformly in F € F. And the same result holds for
Ip : L*(F) — L?*(F). This proves:
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Lemma 4.1 Let Irg = AL Ap : L*(F) — L?%(F) be the information operator
for M. We have: If H > 6 > 0 F-a.e., for certain é6 > 0 then Ir,g has bounded
imverse IEIG with norm smaller than 1/6 and is onto. The same holds for the
information operator I?‘,G,. : L*(F) — L*(F) for My with inverse Ih—,;‘,Gh’
where the bound is uniform in h.

Let b, : D[0, 7] :— IR be defined by b, F = F(t). Define k; = I(1,00) — S(t). For
each one dimensional submodel Pg‘:_g,Gh,c,g,’ we have

(btﬂh(Pp(Q,Gh'g'gl)—btﬂh(PﬁGh)) - /( 9dF .
t,00

= (It,00) = S(t), 9)F

I‘Cg, )

Fly, F(“t) 9)F

FIh F("W) AF(Q))P"

P In p(ke), Ap(g )+BG(91)>P;'.)G",
where we used the orthogonality of the scores at the last step. The same holds
for ¥ and Pp without h. This proves by definition (see e.g. BKRW, 1993)

that for each t € [0, 7], ;9 is pathwise differentiable at P?‘,G,. for each one
Ghoeg, b PII:“,G,. with efficient influence function

(
= (I

(4

(AR

dimensional submodel Pp,

(suppressing the G in the notation) given by:

PR 1)() = AT (R)() (4.8)
And similarly for ¥ at Pr ¢ with

I(F,t)(-) = APIF" (k0)("). (4.9)

Notice that these are the same efficient influence curves as we would have found
in the models where G = G would have been known. In the sequel G¢ does
not vary and therefore we can skip the G in the notation; P} = P?',G,. and
Pr = Prg,, Ir = Irg etc.

Our goal is to prove efficiency of S* as an estimator of J(Pg,) = So. It
should be remarked that for fixed h application of theorem 3.3 provides us
under the assumptions as stated in section 2.1, by simple verification, with
efficiency of S*, among estimators based on the data Y, i = 1,...,n, as an
estimator of 19h(P1';"0) = Sp. However, we want more than efficiency for a fixed
reduction. For this purpose we will follow the same analysis as followed for
the general class of missing data models, except that we look carefully what
happens if h, — 0 when the number of observation converges to infinity.
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It works as follows: The model M}, is conver and the F — P}'. is linear.
Theorem 2.2 says now that we have the following identity; for each ¢t € [0, 7]
we have

S1(t) = So(t) = —/P'(sl,t)dpgo,

for all Fi with Fo < Fy and dFy/dF; € L§(F)). So in particular this identity
holds for

SMa) = aSo + (1 — a)St, a €(0,1],
which provides us with the identity:
SH(a)(t) — So(t) = ——/ﬂ(Sg(a),t)dP}"O, a €(0,1]. (4.10)

Notice now that S* (o) — S = a(S? — Sp). If @ — 0 the left-hand side of (4.10)
converges to S"(t)—So(t) and it has been verified for the general class of missing
data models that the right-hand side converges to — ffh(S::,t)dP}"O; in fact
in our proof we show that [(I"(Sh,t) — I"(So,t))?dPp — 0 which basically
proves this much weaker result (notice that S*(«) converges to S* w.r.t. each
norm). It follows that we have the following identity:

S™(t) — So(t) = —/f”(S,’,‘,t)dP};O. (4.11)
It.remains to verify:

Efficient score equation. For all ¢t € [0, 7]
/fh(F,',‘,t)dP,f =0.

The score equations (4.5) tell us that it suffices to prove that I;',:I(I(,,oo)) has
finite supnorm. This is proved by lemma 4.12 in section 6 of this chapter.

The efficient score equation and the identity (4.11) provide us with the
crucial identity

Skt = Solt) = [ P'(FR (P2 — PR, (4.12)

Empirical process condition. Now, we will show for an appropriate rate
h, — 0 that

sup
telo,r]

=opp (1/v/n).

/ (P(Fk 1)~ (o)) (P — PR
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This condition requires a lot of hard work (done in section 4 and 7). The reason
for this is that we are not able to prove that I (Fo,t) has any nice properties,
except that it exists as an element in L3(Pf,), due to the very complicated
form of the information operator Ir,. Therefore I"(F},t) cannot be shown
to be an element of a fixed Donsker-class when h, — 0. In other words the
P-Donsker class and pp-consistency condition as used in the proof for the
general class of missing data models in chapter 3 do not help us here. More
sophisticated conditions are needed. The technique will be to determine how
quickly I*(F*,t) looses its Donsker class properties for h, — 0 and then to use
(4.12) in order to obtain a rate for ||S? — S||,, so that terms can be shown to
converge to zero if h, — 0 slowly enough.

The empirical process condition provides us with (see e.g. Pollard, 1990)

k) = Salt) = [ T (Fo,)(PY = PR) + opy, (1/A),
where the remainder holds uniformly in ¢.

Approximation condition. Finally, we need to show

/ " (Fo,t)dv/n(P — PR )N (0,02(f(F0,t))) :

Notice that the left-hand side is a sum of i.i.d. random variables given by:
1/y/n Y0 Xk (t) where XP(t) = I"(Fo,t)(Y}*). By Bickel and Freedman
(1981) we have that if for h = h, — 0 X,-"(t):D>X,-(t) and Var(X}(t)) —
Var(X;(t)), then this sum converges weakly to a normal distribution with mean
zero and variance equal to Var(X;(t)). These two conditions are proved by
lemma 4.8.

We also show the approximation condition for the case that we consider the
left and right-hand side as a random element of a L2-space of functions in ¢,

which provides us with pointwise and L2?-efficiency.

4.4 Proof of efficiency of SOR-MLE.

Recall the assumptions made in section 2.1: in particular Fo(7) = 1 and hence
PP (-,d) lives on [0,7]. In all statements the width (of grid) h converges to
zero for n — oo; the problem is to find a lower bound for the rate at which A
should converge to zero.
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4.4.1 Uniform consistency of F" for h, — 0.

The starting point of the analysis is (4.12). The indicators are a uniform
Donsker class. This tells us that sup, ||[P} — P£ ||, = Op(1/y/n).

A real valued function on [0, 7] C IR? is called to be of bounded uniform
sectional variation if the variations of all sections (s — f(s,t) is a section of
the bivariate function f) and of the function itself is uniformly (in all sections)
bounded. The corresponding norm is denoted with ||-||5. Recall from chapter 1
that the class of functions with uniform sectional variation smaller than M < oo
is a uniform Donsker class and that if f > é > 0, then ||1/f]|} < M||f||; fo»
some M < oo which does not depend on f (Gill, 1993). We have:

Lemma 4.2 (Uniform sectional variation of efficient influence curve). Let
E}1(1,0) = (ug, uk41] X [v1,00) be the the vertical strips of = and E} (0,1)
be the horizontal strips. Suppose that the grid ©" is so that FO(E,’:,';) > 6hy for
certain 6 > 0. Let r1(hy) = 1/h3/2.
For all d € {0,1}? we have that for some M < oo I"(F!,t)(-,d) € D[0, ]

and

SFp] ||P‘(F,’,‘,t)(,d)”: < Mry(h) with probability tending to 1.

tefo,r

Proof. See section 6.

Consider an integral [ FidH; where F; € D[0, 7] and H; € D[0, 7] are bivariate
real valued cadlag functions which are of bounded uniform sectional variation.
By integration by parts lemma 1.3 we can bound it by C||Hi||.||F1l|;- Be-
cause I' "(F! t)(-,d) generates a signed measure we can apply this to (4.12)
with F} = fh(F,i‘,t)(-,d) and H; = (Ph - P};‘-o)(-,d) and apply lemma 4.2 to
Fy. This proves the following lemma:

Lemma 4.3 (Uniform consistency). Under the assumption of lemma 4.2 we
have:

e ()0 )

So if h — 0 slower than n~1/3, then F! is uniformly consistent (also for h is

fixed).

4.4.2 Empirical process condition.

Define Z! = \/n(Ph — P} ) and fh, = I"(Fh,t) — I*(Fo,t). We will show that
ff,’:,dZ,’f converges to zero uniformly in ¢ with probability tending to 1. By
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using that ||[F* — Fo|l, = Op (r1(hn)/y/n) (lemma 4.3) we are able to show
that:

Lemma 4.4 (Supnorm convergence of efficient influence curve). Under the
assumption of lemma 4.2 we have for all d € {1,0}2, with ro(h,) = 1/h3:

172+ Do = Op (ri(hn)ra(hn)/v/7) = Op (1//nh3) .

Proof. See appendix. :

Analysis of the uncensored term. Let’s first analyze [ f2,I(d = (1,1))dZ%.
Recall that Z2I(d = (1,1)) = Z,I(d = (1,1)) = v/n(P}y; — P11), where p1; =
foHy. We will assume that Fy = F(f + F§, where F§ is absolute continuous
w.r.t. the Lebesque measure with continuous density which is bounded away
from zero and Fg is purely discrete with finite support. Then we can decompose
Py = P + Pf,, where p¢, = f§Hy, is purely discrete on the finite number of
support points of F§ and Pf; is absolutely continuous w.r.t. Lebesque measure
with density bounded away from zero.

For P} we have a corresponding decomposition Py = P2 + PJ¢, where
Prd only counts the number of observations coming from P§,. Firstly consider
the integral w.r.t. v/n(PP¢ — P{). Let p%, be the density of Pf; w.r.t. the
counting measure, say i, which lives on the support of Pf,. We have that
J | pi = p?; | dux = Op(1/4/n). Therefore, with Z,q = /n(P} — P{,) we
have

[ ahaa@ =00z = VA [ s = 00008 - )i
VAl = (D)o [ 103 =) [ din

JAO» (\/’71“773> Or (—;—5)

1
v/ nh)
where the bound does not depend on ¢. Consequently, if nh9 — oo, then
S fad(d = (1,1))dZna = op(1).

Consider now [ f2,I(d = (1,1))dZ¢, where ZSI(d = 1,1) = /(P — Pfy).
For convenience, we denote Z¢ with Z,, again. We construct a lattice-grid
7% = (t;,t;), with maximal mesh a, < hy, on [0, 7] = [0, 7] x [0, 2], which
we force to be so that 7*» C 7%~. Now

[0,7] = | 4ij(an), where 4; j(an) = ((ti tiga] X (tj,t541]) N [0,7]
i,J

IN
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and the union is over all partition elements 4; j(an), ¢ = 1,...,n1(an), j =
1,...,n2(an). The number of partition elements will be denoted by n(a,) and
it is clear that n(a,) = O(1/aZ). Now, we define an approximation of Z, as
follows:

Zpm(t) = Za(ti,ty) if t € Aij(an).

So Zg~ is constant on each A; j(a,) with value Z,(t;,t;).
By using integration by parts it is clear that we have for d = (1,1) (the
integral is over y € [0, 7], fixed d):

/ £y, d)dZa (3, d) / (s d)d(Zn — Z27) (5, d)

4 / £ (v d)dZ8n (y, d)

< CfR DIGINZa = Z3)( Dlloo
Hifne (s Dl 1257 (5 DI
< Op (r1(ha)) 1(Zn = Z5")(5 d)lloo

+0p (20220 700

In order to show that [ f* (y,d)dZ,(y,d) = op(1) for a rate h, — 0, it suffices
to show that there exists a rate a, for which the last two terms converge to
zero in probability.

For convenience we will neglect the d in our notation. Define:

W/}’,'j(a,,) = sup | Zn(s) = Zn(t) |,
‘)teAi,j(an)

and
Wh(an) = n;l?x W,-",j (an).

In other words, Wy(ay,) is a modulus of continuity of a bivariate empirical
process. Firstly, we will bound the two terms in W"(a,,).
We have ||Z3» — Z,||,, < max; j W;(a,). Therefore

P(|Zz" = Zallo > €) < P((Wa(an) > €). (4.13)

Furthermore we have

* C
1Zz~1I7 < Zvvi?j(an) < ’CL_QWn(an)' (4.14)
"j n
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Analysis of the modulus of continuity. For a rectangle R we define
Zn(R) as the measure of R assigned by the bivariate signed measure Z,. De-
fine Wy r(an) = supgig|<a, | Za(R) |- Einmahl’s (1987) inequality 6.4, for
Wa,r(an) holds for an empirical process from a sample of a continuous density
which is bounded away from zero and infinity on [0, 7] and is given by:

—c1A? A

C1 \I’(

an Vna,
where ¥(z) > 1/(1+ 1/3z). Notice that Wy(a,) is a bound on the measure
assigned by Z, to strips instead of rectangles. However, the strips are a union

P (Wy,r(an) > A) < ;C— exp ( )) for any A > 0, (4.15)

of at most c/a, rectangles A; j(an) and on each rectangle A;;j(an) of these
strips p§, is bounded away from zero and infinity and is continuous (here we
use the nesting of 7%= in 7%») and hence for the modulus of continuity on the
sets A; j(an) the discontinuities on 7, play no role. Consequently, (4.15) can
be applied to each rectangle A; j(an) in the strips. So the bound (4.15) implies
the following bound for W, (a,):

P(Wa(an) >A) < —P(Wa,r(an) > )

n

c —c1A? A
— exp ( a ¥(
a

Z an vnay

where ¥(z) > 1/(1+1/3z) and where the C is now different from the preceding
one.

<

)) for any A > 0,

By using this inequality with A = a2~ it is trivial to see that if na,, — co

at an arbitrarily small polynominal rate (n¢), then for each € > 0 there exists
a sequence 6, — 0 and an € > 0 so that

W, C :
P ( gg‘i’l) > 6,,) < —exp (—Cl/af,) . (4.16)
an’ an
So Wy (an)/a%®~¢ converges to zero in probability exponentially fast.
Assume na, — oo at a polynomial rate. Applying (4.16) to (4.13) provides
us with:

”Z:" - Zn” C !
P (-——C-EWQ >e) < a—zexp (—Cl/a;) = o(1).

n

So || 28~ — Z,||, = op (a%57¢). This proves that r1(hn)||(Za — Z3*)(-,d)||, =
op (rl(hn)aﬁ's") for any € > 0.
Furthermore, applying (4.16) to (4.14) provides us with:

1Z21I; = 0 (1/a2) op (a3°7) = 0p (a7 *-5+9) .
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Consequently, this tells us that for each € > 0 we have: If na, — oo (at least
at a polynomial rate), then

[ 720:1,08200) = 01 (1)o7 + op (%—)) L (1)

For the first term it suffices that a, converges quicker to zero than h2. Substi-

tuting this in the second term tells us that we it suffices to let h, converge to
zero slower than n~1/18, This proves the following lemma:

Lemma 4.5 Suppose that Fo = F§ + F§, where F§ is absolutely continuous
w.r.t. Lebesque measure with continuous density which is bounded away from
zero on [0, 7] and F¢ is purely discrete with finite support on [0, 7).

If h,, converges to zero slower than n~'/18 then [ fh,I(D = (1,1))dZ} =
op(1).
Analysis of the censored terms. We will now analyze the terms [ frI(D #
(1,1))dZk. Recall that PEI(D # (1,1)) is purely discrete on the grid wh,
which contains O(1/h2) points. Let pf, and p be the densities of P, and P}
w.r.t. vp, respectively. So pgb"(v,-, vj) = (v, v5,0,0) is the fraction of doubly
censored observations which falls on (v;, v;) and similarly for D = (1,0) and
D = (0,1). It is clear that for fixed h, we have ||pk — p} ||, = Op(1/V/n).
In the following result for h, — 0 we do not make any assumptions. Under
weak assumptions the rate would be O,(1/ v/h2n), but this improvement is not
interesting because of the slow rate in lemma 4.5.

Lemma 4.6 We have that
1
h h —
”Po? "pOIHL,(u,.) =0p <m> ’

and we have the same rate result for ph% and ph?.

Proof. We give the proof for the first term, the others are dealt with similarly.
Because we are just dealing with a multinomial distribution on the grid 7" we
have that E(paf(uk, v)) = ph,(uk, ) and Var(pgf(ux,w)) = 2ph (uk, v)(1 —
phi(uk,v)). 7" has O(h2) grid points (ur,v;) by definition of 7*. Now, we

have
Bkt - b u) || = SE (1 (k= o) (s o) |
ki kI
1
S 3 \/rbaCue, w)(1 ey )
k,l
< L1,

Vn h?
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Again, we will neglect the d in our notation, but the reader should re-
member that we only integrate over the singly censored and doubly censored

observations. Now, we have:
[ thazt = Vi [ sk - ph)am
VI frdllool1Ph = Pl on)

1 1
nOp | —— | Op | —
o (=) or (m)

1

_ o (_ﬁ:)

This proves the following lemma:

IN

Lemma 4.7 If h, converges to zero slower than n~Y'3, then [ f8I(D =
d)dZ! = op(1) for d € {(1,0),(0,1),(0,0)}.

Lemma 4.5 and lemma 4.7 prove the empirical process condition for a rate of
h, slower than n~1/18, Recall that all the derived lower bounds are derived
without any knowledge about I (Fo,t), except that it has a finite variance, and
therefore they only have a theoretical value.

4.4.3 Approximation condition.

Pointwise convergence.

Let t € [0, 7] be fixed. Define V}*(t) = ffh(Fo,t)(y)dZ,':(y). V() is a sum of
i.i.d. mean zero random variables given by: 1/y/n Y 7 X! (t) where X} (t) =
I"(Fo,t)(Y}"). By Bickel and Freedman (1981) we have that if for h = h, — 0
Xh (t):—IZ>X,~(t) and Var(X!(¢)) — Var(X;(t)), then this sum converges weakly
to a normal distribution with mean zero and variance equal to Var(Xj(t)). We
will prove these two conditions:

Lemma 4.8 Define the following real valued random wvariables X"(t) =
I'(Fo,t)(Y?), Y* ~ Ph and X(t) = I(Fo,t)(Y), Y ~ Pr,. We have for
each t € [0, 7] that for h, — 0

E((X"(t) - X(t))*) = 0
and

E(X" (t) X" (s)) = B(X(t)X(s)) uniformly in s,t € [0, 7).
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Proof. See section 6. Lemma 4.8 has the following corollary

Corollary 4.1 The empirical process [ I*»(Fo,t)(y)dZ!» (y) converges in dis-
tribution to a normal distribution with mean zero and variance equal to

Va’l‘p,_.0 (IO(Fo, t))

Hilbert space convergence.

For showing that V;* converges weakly as a process in (D[0, 7], ]| - ||,) We need
to show at least that {I(Fo,t):t € [0,7]} is a Pr,-Donsker class. We have not
been able to do this. Therefore we concentrate on proving weak convergence
as a process in a Hilbert space. We use the following result which can be found
in Parthasarathy (1967, p. 153).

Lemma 4.9 Let Z,,Zo be random processes in a Hilbert space M endowed
with the Borel sigma algebra B. Let ey, €3,... be an orthonormal basis of H. If
(e, Zn)—_2>(ej, Zg) for all j and limy_, o sup, E(E;‘;N+1<ej, Z.)?) =0, then
Z,=2 2, in M.

Let V,(t) = 1/4/nd [, Xi(t). Firstly, we will prove the first condition of
lemma 4.9 with Z, = V;* and Z, = V;, the optimal Gaussian process. We have

(eijJl) = (ej’vr{l = Va) + (&, Va).

Firstly, we will show that (e;, V? — V;) = op(1). The fact that V;* and V,
are sums of i.i.d. random variables X,-h and X;, respectively, and the Cauchy-
Schwarz inequality tell us:

Var ({e;, Vi = V4)) Var ((ej, X* - X))
E ((ej, X" - X)?)

(ej, ;) B(X" — X, X* - X).

IN IA

Assume now that % = L?()) for a certain finite measure A. By lemma 4.8 we
have Var(X"»(t)) converges to Var(X(t)) and E((X"~(t) — X(t))?) — 0, both
uniformly in ¢. Therefore,

BOX - X, X - X) < sup | B((X* - X)) [aAe) o,
s€[0,7]

which proves the convergence of (e;, vk~ Vi) to zero in probability. Further-
more, we have

1 n
)= 2 [eito)xi90ax6),
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which is just a sum of i.i.d. mean zero random variables. By the CLT, for

showing that this converges in distribution to (ej, Vo) it suffices to have that

Var([ e;(s)Xi(s)dA(s)) < oo. This follows immediately from the fact that

|E(X?(s))||,, < co. This proves the weak convergence of (ej, V;*) to (e, Vo).
We will now verify the tightness condition. We have:

E( 3 <ei,V,f'>2> = D E(enVd))

i=N+1 i=N+1

- i E( / / e.-(s)e,-(t)v,,"(s)V,{'(t)dA(s)d,\(t))

i=N+1

= S €;ls)e; i S h S
= 3 [ [t (Vo) e

i=N+1

= Y [ [ al@u V) + o) dxsare)

i=N+1

oo [o.¢]
= o1) ( Z ((eis 1))2) + Z (ei, Vo)?.
i=N+1 i=N+1
At the first, second, third equality we used Fubini’s theorem, then we use the
uniform convergence of E(V*(s)V;h(t)) to E(Vo(s)Vo(t)), by lemma 4.8, and
finally we again appfy Fubini’s theorem but now in the reversed order. The
last bound does not depend on n anymore. Because ||V0||2 = Z?_f_l(%,e;)z
and similarly for the function 1 it follows that if we take the limit for N — oo,
then both (tail) series converge to zero.
Application of lemma 4.9 provides us now with:

Lemma 4.10 Suppose the same assumption as in lemma 4.8. If X i3 a finite
measure and h, — 0, then Vﬂ"":D>V0 as random elements in L%()).

4.5 Results.

We will summarize the necessary notation for the theorem. Recall the reduced
iid. data Y* ~ P} ., obtained by generating n iid. C; ~ Gj and the
w*-interval-censoring of the singly censored observations. We defined E,’:y,(l, 0)
and E',':,,(O, 1) as the vertical and horizontal strips of 7" starting at (ug,v). We
defined Z! = \/n(P} — P} ;,) as the empirical process corresponding with
the reduced data, f"(Fo,t) as the efficient influence function for estimating

Fy(t) using the reduced data and I(Fo,t) as the efficient influence function for
estimating Fo(t) using the original data.
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We have proved all ingredients of the general efficiency proof of section 3
in section 4. Recalling lemma 4.3 (uniform consistency) and that for fixed A
we have efficiency (among all estimators based on the reduced data) under the
assumptions as stated in subsection 2.1 provides us with the following theorem:

Theorem 4.1 Let [0,7] C R>o be a rectangle so that H(t) > 0, So(7—) > 0,
Fo(1) = 1 (data reduced to [0,7]).

Fixed grid efficiency. Suppose that we do not change the grid =* for n — oo
and that for each grid point (uk,v;) Fo (E,’C‘,,(l, 0)) > 0 and Fo (E,’:‘,,(O, 1)) > 02

Then S* is a supnorm-efficient estimator of So for the data Y}, i =
1,2,...,n:

Va(EE — Fo)(©) = [ P(Foy)az} + RA(0),

where ||RE||. = op(1) and ffh(Fo,t)dZ,’: converges weakly in
(D[0, 7], B,]|| - ||oo) to a Gaussian process Ny with mean zero finite dimensional

distributions and covariance structure given by:

E(Na(s)Na (1) = Epy (I*(Fo, 5)* (Fo, 1)).

Uniform consistency. Suppose that the grid 7" is such that Fy (E,’:";(l, 0)) >

b6h, and Fy (E,':,'; (0, 1)) > 6hy, for some § > 0.
Then for any rate h, — 0

153" = Solloy = Op (1/V/nE3) .

Efficiency. Suppose Fo = F¢ + F§, where F§ is purely discrete with finite sup-
port and F§ is absolutely continuous w.r.t. Lebesque measure with continuous
density uniformly bounded away from zero on [0, 7].

We have that for h, — 0

Epp (P‘(Fo, s)(Y’*)ﬂ(Fo,t)(yh)) — Epy, (f(FO, s)(Y)f(Fo,t)(Y))

uniformly in s,t € [0, 7].
If ha converges to zero, but slower than n='/8, then we have that ||RE|| =
op(1) and for each t € [0,7] VI (t) = ffh (Fo,t)dZ! converges in distribution

to the normal distribution No(t) with mean zero and variance:
Var(No(t)) = Var (f(po,t)) .

Moreover, for any finite measure A V! converges weakly as a process in L%())
to Np.
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This implies that F*»(t) is an efficient estimator of Fo(t), pointwise and as

an element in L2(})).

We see that if nh3 — oo, then F*» converges uniformly to Fy. Therefore, we
think that n=1/3 can also be used as a lower bound for asymptotic efficiency,
though we did not prove this.

4.6 The bootstrap.

*

By using the identity (4.12), verification of the bootstrap is immediate. We
follow the line of the generalized version of theorem 2.4.

Semiparametric bootstrap. Let F, and G, be estimators of Fy and Gy,
respectively. Draw a sample of n i.i.d. observations ¥;* ~ Pp’: g Let Ph* be
the empirical distribution of ¥;*, i = 1,...,n. Let F** be the SOR-NPMLE as

defined in (4.4) based on this bootstrap sample. We still have the identity:

VR(ER — FMY() = / P (FP, )d/R(PE" = Phy).

Let h be fixed. Assume that ||F;, — Fo||,, — 0 a.s. and ||Gn — Go||, — 0 a.s.
Then it is easily verified by applying theorem 1.3 that the bootstrap works
for the empirical distribution P*; \/n(P}* — Pf’l,,:)éZh for n — oo, where
Zy is the limit distribution of /n(P? — P!). By lemma 4.2 we know that
II(F*,t)|IX < M < oo with probability tending to 1. Integration by parts
tells us now that |F** — F}!||_ = Op(1/y/n). This implies as in the proof
of lemma 4.4 that |[I*(Ft* ) — I"(Fh t)||, — 0. The class of functions of
bounded uniform sectional variation form a uniform Donsker class (example
1.2). Therefore by the uniform continuity of the sample paths of the empirical
process indexed by the functions of bounded uniform sectional variation (see
(1.8)), we have now

VR(ER = F})(t) = Va(P* - Phy) (T*(Fh,8)) + BE (1),

where ||[RE*|| . = op(1). v/n(Pk* - P}‘.}‘,)(fh(F,’:,t)) is a sum of i.i.d. mean zero
random variables. Therefore, for convergence to the optimal normal distribu-
tion it suffices (lemma 1.1) again to show that these random variables converge
in distribution to I" &F0,t)(Y), Y ~ P and that their variance converges to the
variance of fh(Fo, t)(Y), Y ~ PL. For this we just copy the proof of lemma 4.8.
Because the class of functions of bounded variation form a uniform Donsker
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class the process /n(Ph* — P}'.,,)(f h(Fh,t)) is also tight and thereby it con-
verges weakly to the Gaussian In)rocess N}, given in our theorem. This proves
the semiparametric bootstrap for fixed grid =".

Assume now that h, — 0. Then we know that N},n=D->N0 by application
of lemma 4.8. This tells us that if h, — 0 slowly enough, then

Vn(Fy" — F)(t) = No(t) + Ry (1),

where R!(t) converges to zero in probability.

In order to obtain a lower bound for the rate at which h, should con-
verge to zero we need to copy our general proof. For this it was substantial
that Fo = Foq + Fo., where Fy. has a continuous density which is uniformly
bounded away from zero on [0,7]. Therefore we also need to assume that
F, = Fyc + Fnq4, where Fy;. has a continuous density which is uniformly (also
in n) bounded away from zero on [0, 7] and F,q4 is purely discrete on a finite
support which does not depend on n. Then F;,, and G, suffice all assumptions
(uniformly in n) which we needed for the general proof and hence it is easy to

copy the general proof for ¥, — F and G, — G.

Nonparametric bootstrap. Let h, be fixed. Assume now that we sam-
ple from P! and that F} is the SOR-NPMLE of the original sample. The
identity tells us again:

VR(FR = FR)(t) = Va(Pr — Ph)(I*(FR*,1)) (4.18)
= Va(Pk - PR (FM,1)
+V/n(Py — Pl ) (I (Fi*, 1))
= Va(Pl - PRI (FM,1)
+/n(Ph = Ply) (TH(FR 1) - P (FR, 1)) -

Firstly, we use the identity (4.18) to obtain consistency of F®". The first
term after the last equality is dealt in exactly the same way as the term
Vn(PM — Ph, )(I*(F,t)) which we had to cover in the semiparametric boot-
strap analysis'f By theorem 1.4 the bootstrap works for \/n(P}* — P}), so we
do not need assumptions for this. Consider now the second term for which we
need to show that it converges to zero in probability. We have

V(P! = Ply) = \/R(PY — PY) = v/a(Ply — PY).

The integral w.r.t. the first term is a standard empirical process and hence
convergence can be shown by the Donsker class condition (lemma 4.2) and the
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p-consistency condition (lemma 4.4). For integral w.r.t. the second term we
assume that /n(F! — Fy) and /n(G! — G}) converge weakly as elements of
(D[0,7],B,]| - ||oo)- Then the second term can been shown to converge weakly
by considering P}‘.,G as a functional in (F, G) and applying the functional delta
method theorem. Then it is easy to show by using integration by parts and
|T* (Fhe,t) — INh(F,{',t)Hoo — 0 (lemma 4.4) that the second term converges to
zero in probability. This proves that the nonparametric bootstrap works for
h, fixed.

Our general proof for determining a lower bound for the rate at which h,
should converge to 0 cannot be copied because P} is purely discrete. However,
just as with the semiparametric bootstrap we still have that the nonparametric
bootstrap works for h, — 0 slowly enough.

4.7 Technical lemmas.

In formulas the score operator A}O evaluated at observation Y* = (7~‘, D)* is
given by (recall that T for D # (1, 1) lives on the grid 7*):

% (9)(T, D)* = g(T)I(D = (1,1))

Fo(dsl,dSZ)
+ . , I(D = (1,0
LMWJ;M““”HWMAH¢Mw»( (1,0)

Fo(dsl, ng)
s g I(D = (0,1)
ooy ononss T ) Folfar, 00), (or, viga])

Fo(ds1,ds?) B
* /(Uk,OO)‘/(vl,OO) 9(81 ’ 82) Fo([uk, oo), (UI, 00)) I(D - (0’ 0))

Recall that (ug,v;) is a function of T and therefore it is natural to consider v

as a function in TZ: v (Tz) =y if fz € (v, vi+1] and similarly for ug. In this

way all four terms can be considered as functions on [0, 7], where the last three

are stepfunctions on 7",

In formulas I} is given by:

I, 6, (9)(T) = g(T)Hu(T)

" Fo(ds1,dsz)
/ </(uk,uk+1]~/(v,,oo) 81’ 2) FO((uk, Uk+1], [vl, 00)) Gh((uk, 00), {UI})
Fo(dsy,ds2)
+/; ('/(‘uk’oo)'/(‘vhvli-l] g(SI’SZ)FO([uk’OO)y (UI, vl+1]) Gh({Uk}, (’U],OO))
Fo(dsy,ds2)
’ /(O'T] (/("k,w)/(vu.oo) o(e1, sz)Fo([Uk, oo), (vr, oo)) Gr({we}, {wi})-
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We will write down the singly censored term (2nd above) of I, g, : L?(Fo) —
L2(F0):

" : Fo1(T1,ds2)
/ ([vg.w)h(T"”)m) Ho(Ti, o)

4.7.1 Proof of lemma 4.2.

Lemma 4.11 Let E,’:,,(I,O) = (uk,uk+1] X [vi,00) be the the vertical strips
of ™ and E,’:,,(O,l) be the horizontal strips. Suppose that Ho(T) > 0 and
Fo(E::,’;) > 6h,, for certain § > 0. ‘

Then there exists an € > 0 so that for any sequence h, which converges to
zero slower than 1/y/n we have

n,}i'ln F,’:"(E,':,';(l, 0)) > €hy, with probability tending to 1.

Similarly, for E;7(0,1).

Proof. We use the notation E,’:J for both strips. Firstly, by the EM-equations
(see (4.7)) we have

Fr{l(Ell:,z) > Plnl(EI’cl,l), (4.19)

where P} is the empirical distribution of the uncensored observations of Y;* ~
P: . . We have
0,Gnr”’

Piy(Epy) 2 Ho(T)Fo(ERy) > 81hy for some &; > 0. (4.20)

Furthermore, {I Er h € (0,1), k, 1}, the collection of indicators of E,':', over all

(uk,v) € 7 and for all h € (0,1], is a uniform Donsker class. Consequently,
we have for any € > 0 and rate r(n) slower than /n that

p (sup I (Pll—Pll) (Ekl) l> ( )) (4'21)
Assume that there exists an € < §; so that
n—oo

lim sup P (nlgm Pry( ,’:,';) < eh,.) > § > 0 for some é > 0. (4.22)

We will prove that this leads to a contradiction if h, converges to zero slower
than 1/+/n. The contradiction proves that for each € < §; and h, slower than

vn

n—00

lim P (mmPu( ,':’;) > ehn> =1
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which combined with (4.19) proves the lemma. So it remains to prove the
contradiction. We have by (4.20) and (4.22), respectively,

lim sup P (sup |(P{‘1 — Py1) (Egn)| > 61hn — eh,,) > P (nkﬁlnpﬁ(E,’;;,) < eh,,)

n—00 k,

> 6>0.

However, we also have (4.21). These two contradict if h, converges to zero
slower than 1/y/n. O

For obtaining a bound for the uniform sectional variation norm of the ef-
ficient influence function consider the equation: I(g)(z) = f(z) for certain
f € L*(F). We can write I%(g) = Hxg + K%(g), where K}(g) is the sum
of the three terms corresponding with the censored observations. Then this
equation is equivalent with the following equation:

o(2) = 75 (1)~ KE)@)}. (4.23)

For the moment denote the right-hand side with C}“(g, f)(z): i.e. we consider
the equation g(z) = Ck(g, f)(z).

We know by lemma 4.1 that for each f there exists a g’ € L?(F), which is
unique in L2(F), with ||[I}(¢') — fllp = 0: i.e. |lg — Ch(¢, f)||p = 0. Notice
that if ||g1 — || = 0, then for each z Cl(g1 — g, f)(z) = 0. So even if ¢’ is
only uniquely determined in L%(F), then Ck(g’, f)(z) is uniquely determined
for each z. Now, we can define g(z) = CL(¢’, f)(z). Then |lg — ¢'|lF =
[IC(g', f) —g'||p = 0. So in this way we have found a solution g of (4.23) which
holds for each z instead of only in L%(F') sense.

To summarize, we have g, = I,;}'(f) is given by gn(z) = CL(g}, f)(z),
where gj, = I +(f) in L*(F) sense. Moreover, by the bounded invertibility of
I w.r.t. the L?(F)-norm we have that ||g}||r < C||f|lz, where C < 1/6 does
not depend on the width .

Assume that ||f]|; < 1. Now, we can conclude that ||gx||., < M||KE(gn)]|o
and ||gn||; < M||K2(gn)||5, for certain M < oo.

Therefore it remains to bound the supnorm and uniform sectional variation
norm of K2(g) and find out how this bound depends on the width h,. It
suffices to do this for one of the singly censored terms of K% (gn). We take the
D = (1,0) term which is given by:

_ " F(dsy,dss)
W(T) - /O ([uk,uk+1]/(vt,w) gh(SI, 32) F((uk’ Uk+1], [vl, 00))) Gh(u,ﬂ {vl}).

For convenience, we will often denote Ej ;(1,0) by E .
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Supnorm. Recall that [|f|]|,, < 1. By the Cauchy-Schwarz inequality and
llgnllp < C||fl| we have:

Uk41 [e ) F(ds) _ s s F(dS)
/“ / B e ) = [ 0O gy

< ——llonl
> h
VEE)

c
< VF(Er)

By lemma 4.11 we can assume that F*»(Ey ;) > eh, for certain € > 0. This
proves, by replacing F (above) by F!:

Lemma 4.12 There erists a C < co so that:

c
sup |1, pn (F)ll o < N/ with probability tending to 1.
lrllo=r " "

Uniform sectional variation norm over [0,7]. Notice that W is purely
discrete with jumps at the grid points (ug, v;). Therefore the uniform sectional
variation norm of W equals the sum of the absolute values of all jumps. We
have

_ s F(dsl,d32) u v
W(TI’ {vl}),— /(uk,uk+1]~/(‘v,,oo) gh( b SZ) F(('Uk, Uk-{"l], ['UI, 00))Gh( " { I})

So

F(dsl, d82)

AW(Uk,vl) = AHh(uk, v;) gh(sl, 32) F(Ek I)

Ex .
— 81,8 F ds 3 dS
JE. gh(F(E:z))z( o) (F(Ex41,3) — F(Ex,1)) Ha(uk, {v})

(fEk+l . gh(sl, Sz)F(dsl, dSz) - fEk . gh(sl, Sz)F(dSI,dS2))
+ ) )
F(E,)

Now, doing nothing more sophisticated than (we use lemma 4.12, at the first

H;,(uk, {v;}).

inequaltiy, and lemma 4.11 at the second)

fEH gndF
F(Ey,;)

we obtain the following bound:

< |lgnllee £ M/\/hn and F(Ex;) > €hn (4.24)

IAW(Uk,UI)I < IAHh(Uk,T)I)I

M
Vhn
C

+W (F,?(Ek,l) + F,’:(Ek+1,l)) IHh(Uk, Avl)l .
n
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Consequently, we have for the variation of W with F' replaced by Fh:

Z [AW (ug,w)| < \/— Z |AHR(ug, v1)| + =75 h3/2 ZFh(Ek 1) | Hn (uk, Avr)|

k,

P C _ (.t

S Ut R32 T \R32)’
where the bounds hold with probability tending to 1. So we proved the follow-
ing:
Lemma 4.13 There ezists a C < oo so that

o
sup || Fh NIy < W with probability tending to 1. (4.25)
l71lo=1

Let g = Ih_ P (f). The uniform sectional variation of the uncensored term of
Apn(g) is bounded by a constant times the uniform sectional variation of g
and the uniform sectional variation of the censored terms can be bounded as
above using (4.24) by C/ h3/%. Therefore the uniform sectional variation of
the efficient influence curve is also bounded by the rate given in (4.25). This
completes the proof of lemma 4.2 (the cadlag property follows also trivially).

4.7.2 Proof of lemma 4.4.
We will suppress the d in our notation. We have:
[l £elloo I (2, 8) = T (Fo,)lloe
| (Sn = So)(t) | +l|AnT; 5 (ke) — ATy o(ke)lloo
We know that [|F# — Foll,, = Op (1/(y/nh3)). The rate will be determined

by the second term. Let g¢, = h, o(kt). We rewrite the second term as a sum

IN

of two differences:
AT () — ASL (ki) = (Ah — ADyg(ke) + ART L (In — I9) T g (%e)
= (Ah - A8)(g5) + AnTi s (In — I5)(95:)(4.26)
Firstly, we will consider the first term. It suffices to do the analysis for one
of the singly censored terms; we consider the d = (1,0) term. We have by
telescoping:

Jony 96:4F8  [gr) 96:4Fo

(A% — A)(g6.) (ur, w1, d) FI(Exp)  Fo(Ewi)

fE(k,l) g(')‘,d(F,’: - FO) + (Fr,: - FO)(Ek,I) fE(k,z) QgtdFr’:
Fo(Ex,) F(Exu)Fo(Era) '
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At the first term, we can apply integration by parts. So the first term is
bounded by:

” n 0”00 FO(Ek I)'

By lemma 4.13 we have ||g||; = O(1//h3) and we have Fo(Ex;) > 6h.
Therefore the first term is bounded by

(i) () ) - ()

The second term is bounded by:

6
nhS

1 1
C||Fr - F0||°o||93z||oom =0p ( ) .

This proves that

nh8

n

(A2 — AB) (gl = Op (——L) .

Consider now the second term of (4.26). Because AJ does only depend on
G, we have for the term (I* — I%)(gd,):

(In = I8)(98:) = A5T (A} — AB)(950)-

Because ART is just a conditional expectation we have that ||ALT(g)]|, <
llgllo- Therefore, we also have that ||(I* — I#)(g§,)ll., = O(1/4/nh8). Now,

we apply lemma 4.12 which tells us that ||Ih',71‘(g)n(>o < 1/4/hnl|9l|o- This tells
us that

_ 1
AR Ti h (I = I3) (98l = O (—9> -
nh

n

This completes the proof of lemma 4.4.

4.7.3 Proof of lemma 4.8.
Lemma 4.8 will be proved as a corollary of the next lemma.

Lemma 4.14 Let C C L%(F,) be any compact set in L*(Fy). Then we have:

sup [[(Ig — Lo)(9)ll 5, — O, (4.27)
gec
and

stelgE (Ab(g) - Ao(g))2 — 0 for h=hp, — 0.
g
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Proof. By the compactness of C and the continuity of I? : L%(Fo) — L?(Fop)
the supremum in (4.27) is attained by some go € C. Let gx be a sequence so
that ||lgr — gol|, — 0 and [|gk||,, < oo for k = 1,2,.... We have:

(I3 ~ To)(90)l, < II(Z5 —To)(g0 = g&)llp, + (25 = To)(g)ll -

I(I¢ — To)(90 — gx)llp, < 2ll90 — k||, Which converges to zero for k — oo.
Therefore it suffices now to show that H(I(’,ln - Io)(gk)||Fo — 0 for each fixed k.
Now, we have:

(I3 — To)(gx) = AGT (A§ — A0)(gk) + (A5 — Ag )(Ao(ge))- ‘

The difference in the first term are comparable because all can be considered
as functions of (C,T) and thereby are defined on the same probability space.
Firstly, we will consider the second term. It suffices to deal with one of the
singly censored terms. Let d = (1,0) and fr = Ao(gx)I(D = d). We have:

T2
(A48T = Ag)(fi)(T1, T) = ; f&(T1,v)(Gr — Go)((T1, 00), dv).

Let T = (T1,T3) be fixed and let T, be a point where Ho(Th,ATz) =
0. By definition of weak convergence of Hj(Ti,dv) to Ho(Ti,dv) we have
now that if v — fix(T1,v) is bounded and continuous Ho(T1,-) a.e., then
(ART — AD)f(Ty,T2) — 0 for this T. The boundedness follows from:
Ifklloo < ll9k|le < 00. We have that v — fi(T1,v) is given by:

L7 gr (T, v2) For(Ty, dvs)
Fo1(Th, (v, 00))

This function is continuous at v if v — Fo1(T1,v) is continuous at v. Conse-
quently, we need that Fo; (71, dv) puts no mass at a point where Ho(T}, dv) puts
mass. By our convention that if T = C, then the observation is uncensored,
this is satisfied. This proves the pointwise convergence of f = (A48T — AJ)(Fx)
to zero F-a.e. We need to show that [ f2dFy — 0. However, we also have
1 flle < 2||9k]|o, and therefore the dominated convergence theorem provides
us with [ f2dFo — 0.

Let’s now consider the first term AJT (A% — Ao)(gx). Because A} is a con-
ditional expectation its second moment is bounded by the second moment of
(A% — Ao)(gx). Therefore it suffices to show that Ex,c ((Ah — Ao)(gx))?) — 0
for h — 0, where we consider A} and Ag as functions in (T, C) via Y* and Y,
respectively.

Recall how we constructed the data (T, D)*: 1) we have a nested sequence
of partitions 7* and we observed i.i.d. Cy,...,Cn ~ G, 2) Now, we discretize
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C; such that Cih ~ Gp where G, lives on 7*. This provides us with data
(’1~", D), ~ Pr,,G,- 3) Finally we discretized (f, D), in order to obtain Y =
(f‘, D)* ~ P}, , . Denote the sigma-field generated by Y* with A*. Because
7" is nested and the sigma field generated by 7" converges to the Borel sigma-
field on [0, 7] we have that A" T A® for h — 0, where A is the sigma field
generated by Y = (T, D)), Y ~ Pp,,q,-

Consequently My, = Ex c(gx(T) | AP") is a martingale in n and it is
well known that if sup, E(M?) < oo, then E((My — Mp)?) — 0. We have
supy, E(E(gx(T) | AM)?) < |lgkll, < oo and consequently we have ||(Af —
A0)(98)lF,x g, — 0- This also proves the second statement in lemma 4.14. O

Corollary 4.2 We make the same assumptions as in lemma 4.14. For each
set C C L*(Fo) which is compact w.r.t. || - ||p, we have for h — 0:

sup [|(I5 " = I 0) (@)l g, — 0. (4.28)
gec
This implies

sup_|(48155(0), 4B 3(01)) py ~ (AT ), 4oT5 91) e,
9,91

— 0.

Moreover, we have

2
sup F (457;5(0) - 4oI5(9)) 0.
gec ’

Proof. We have:

o — 15 )(9)

Iio (blg ' — I3 15") (9)

= ~Iio(Is — )5 (9)-
Firstly, notice that by the bounded L2-invertibility of Iy (lemma 4.1) I;*(C) is
compact in L?(Fy). Now, by the preceding lemma we have that sup,¢ ¢ ||(I§ —

I)Ig ' (9)llp, — 0. Finally, we know by lemma 4.1 that sup, ||I,:(1)||F0 < oo.
This proves the first statement. For the second statement notice that:

(ABTA@) BT e = (Irb(e)au)m
(II:,(I)(g) - Il:)_l(g)’gl)Fu + (I(;-l(g), gl)Fo-

The first term converges to zero by the Cauchy-Schwarz inequality and (4.28).
The second term equals (oI5 (¢), AoI5 ' (91)) P, -
It remains to prove the last statement. By the compactness of C' and

continuity of AgIy ' and ASI,: o it suffices to show the statement for a fixed
g € L}(Fo). We have

ASL 3 (9) — Aoly M (g) = (Af — Ao)Ig (9) + AT s — I )(9)-
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The first term converges to zero by the second statement of lemma 4.14.
For the second term we have:

1450 = 16 (@)l < Nl(Zio =I5 (@)l g, — 0 by (4.28).0

Notice that C = {I(0,t]: t € [0, 7]} C L?(F) is a compact set. Application
of the corollary to this set C provides us with lemma 4.8.






Chapter 5

Efficiency of the NPMLE -

in the Line-Segment
Problem.

5.1 Introduction to the line-segment process
problem.

The spatial line-segment process problem, observing line-segments in a two
dimensional window, was introduced by Laslett (1982). Laslett derives the
log likelihood for this spatial problem and shows how a version of the EM-
algorithm can be used to find the NPMLE, but the behavior of the NPMLE
has not been studied. Wijers (1991) considers the one-dimensional line-segment
problem, so now we observe line-segments on the real line through an interval,
and shows how it can be formulated as a nonparametric missing data model and
thereby that the NPMLE can be characterized by the self-consistency equation
as introduced by Efron (1967) (see Gill, 1989). By using an elegant technique
based on the log likelihood he proves uniform consistency of the NPMLE. In this
chapter we prove efficiency (and bootstrap results also follow easily from the
analysis) of a “sieved”-NPMLE for the one-dimensional line-segment problem,
where sieved means that we maximize the loglikelihood over all distributions
which put mass on the uncensored observations.

In Gill, van der Laan, Wijers (1995) a self-contained overview of Laslett
(1982), Wijers (1991) and this chapter is given and it is made clear how and how
far the analysis followed in this chapter can be generalized to the spatial line-
segment problem. In the spatial line-segment problem there is an additional

115
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unknown parameter, namely the distribution of the orientation of the line-
segments. For a known orientation distribution and convex window the results
for the NPMLE can be proved as essentially carried out in Wijers (1994) (he
did it for a circular window). Suggestions for solving the unknown orientation
distribution case are given using an extended identity as proved in van der
Laan (1994). Also the NPMLE for non-convex windows is a completely open
problem. A version of Gill, van der Laan, Wijers (1995) is also found in Gill
(1993).

The one-dimensional line-segment problem has the following statistical mo-
tivation. Suppose one is interested in the time a specific patient spends in the
hospital. For this purpose one observes incoming and outgoing patients over a
period [0, 7] of time-length 7. The variable of interest is the time X between
the arrival time and the departure time of the patient. One can identify with
each patient a line-segment with length X and start-point T, where T is the
arrival time of the patient. If the arrival time is smaller than 0, then the line-
segment is left-censored and if the departure time is larger than 7, then the
line-segment is right-censored. Hence one will observe four kind of observa-
tions on the line-segment: singly left-censored, singly right-censored, doubly
censored and uncensored. The goal is to estimate the distribution of the lenght
X of the line-segments from these observations. The one-dimensional line-
segment problem has also several economic applications. For example, if one is
interested in estimation of the disgtribution of the time of unemployment and
one has only information available over a period [0, 7], then the same model
applies.

One clear feature of this model is that X is censored. In particular, if follows
that one is not able to estimate the distribution (of length) after 7. Another less
obvious feature of this problem is that long line-segments are more likely to be
observed (i.e. to hit the window [0, 7]) than short line-segments and therefore
the observed line-segments cannot be considered as an i.i.d. sample from the
random process which generates the line-segments. So there is a so called length
bias problem; the empirical distribution function of all complete lengths of all
(partially) observed line-segments does not converge to the distribution of the
length of the line-segments.

We will assume that the starting points, say T', of the line-segments fol-
low a homogeneous Poisson point process on IR with rate A. Furthermore,
assume that the length X > 0 corresponding with the line-segment starting
at T is independent of the Poisson process and has the common distribution
F. Preferably, one would like to have an estimator available which does not
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utilize knowledge on the starting point distribution. In other words, just as in
the univariate right-censoring model and many other missing data models, one
prefers to model the distribution of (T, X) such that the likelihood of the data
factorizes in a part which only depends on F and a part which only depends
on the distribution of T so that knowledge on the distribution of T is irrelevant
for computation of the NPMLE and for the information bound. This can only
be achieved in missing data models where the observation Y is equivalent with
observing that X € D;(Y) and T € D,(Y) for some regions D;(Y) and D,(Y).
However, in the line-segment model the censoring by the interval [0, 7] causes
a dependence between T' and X regionwise, just as it does for mixture models
where one observes a convolution of two variables.

In our last section we discuss how our results can be extended to the case
where T follows an inhomogeneous poisson process with a known or estimated
rate A(t).

It can now be shown (Karlin, 1981, Stoyan, 1987) that (T, X) follows a
Poisson point process on IR x IR»¢ with intensity measure

AdtdF(z).

Let B be the set of all (X,T) for which the corresponding line-segment hits
[0, 7]. If p is the mean of F, then fB dF(z)dt equals T + p, as can be trivially
verified.

A well known fact about Poisson processes tells us that if we condition on
the number of (X, T) € B, then these (X,T) € B can be represented as i.i.d.
observations from a distribution given, for A C B, by:

A[ dF(z)dt [, dF(z)dt

XD e =37 TFoya ~ r+n

However, the latter we can rewrite as:

[LdF@)dt _ [ (r42)dF(z) dt
T+ Ja T+p T4+

where (7+2)dF (z)/(7+p) corresponds with a probability distribution because
it integrates to 1 and dt/(7 + z) is the density of the uniform distribution over
(—z, 7). Consequently, we can represent the distribution of the observed line-
segments as follows: the lengths X of the line-segments which hit [0, 7] (so
which are at least partially observed) have distribution V' with

dV(z) = (r + 2)dF(z)/(7 + p), (5.1)
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and the starting point T, given X = z, is uniformly distributed over (—z, 7).
This does not describe, yet, the distribution of the data because many of these
(X,T) are censored.

V is called the length biased version of F' because it takes into account
that long line-segments are more likely to hit the window [0, 7] than the short
line-segments.

Heuristically one expects to be able to estimate V on [0, 7) by using the
uncensored and singly censored line-segments. Because of the y in the relation
(5.1) an estimator of V on [0, 7) does not uniquely determine an estimator o'f
the parameter of interest F' on [0, 7). However, we also observe the fraction of
doubly censored observations. Let

r—T

hVEP(T<0,X+T2-r)=/ dv(z))

[r,00) Ttz

be the probability that the line-segment will be doubly censored. If it is not
confusing, then we will skip the V in the notation hy. As shown in Wijers
(1991) and easy to verify we have the following relation:

2r/(t+p)=1-hy +/0 )(T—:L')/(T+:c)dV(m). (5.2)
T

This tells us that estimators of V on [0,7) and h (for h the NPMLE is sim-

ply the fraction of doubly censored line-segments) determine estimators of the

parameter of interest F' on [0, 7) and its mean p.

Moreover, Wijers (1991) shows that this relation between F,u and V,h is
1-1 and onto: let V' and F be distributions on [0, o), we have that each V" on
[0,7) and h determine uniquely a F on [0,7) and its mean u < oo and each
F on [0,7) and its mean p < co determine uniquely a V on [0,7) and its h.
Hence the collection of possible V‘s on [0, 7) as defined by (5.1) obtained by
varying F nonparametrically (i.e. over all distributions) consists of all possible
subdistributions on [0, 7). So instead of parametrizing the length biased distri-
bution V' as dV(z) = (7 + z)dF(z)/(r + 1), F completely unknown with finite
mean p, we can replace this model by all distributions V' and concentrate on
estimating V on [0, 7) and h € [0, 1]. This leads to the following formal model
of the line-segment problem due to Wijers (1991):

Formal description of line-segment model. We can model the line-
segment problem as follows: Xi,...,X, are n i.i.d. real valued random vari-
ables with distribution function Vg, which is completely unknown. Ty,...,T,
are n i.i.d. real valued random variables, and given X; they are uniformly
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distributed over (—X;, 7). We are concerned with estimation of (Vp, ho), us-
ing observations Y; = ®(X;,T;), where ®(X;,T;) is a many to one mapping of
these random variables (X;,T;). In order to describe this mapping ® we need
to define the following sets which form a partition of the probability space for
(X,T) (here we follow the notation of Wijers, 1991):

A = {(X,T): T<0,0<X+T<r7}

A = {(X,T): T<0, r<X+T}

A3 = {(X,T): 0<T<7, 71<X+T}

A = {(X,T): 0<T<r, 0<X+T<r) :

T is the starting point of the line-segment and X + T is the right end point
of the line-segment. Consequently if T > 0 and X +T < 7 (i.e. (X,T) € Ay),
then the line segment is completely observed. f T < 0 and 0 < X +T < 7
then it is left censored, but not right censored (4;);if T < 0and X +T > T,
then it is doubly censored (A42); if 0 < T'< 7 and X + T > 7, then it is right
censored, but not left censored (A43).

Let Y = (X,D) = &(X,C) € (0,7] x {0, 1a, 1,2} be the many to one
mapping & from (X, C) to (0, 7] x {0, 1a, 1b,2} described as follows:

(T+X,1a) if (X,T) € 4

_(&Dp)={ M2 i (X,T) € 42
Y=(X,D)= (r — T, 1b) ifEX,TgGAa
(X,0) if (X,T) € Ay

(The definition of D here is temporary and will be modified in a moment.)
Observing Y means now that we know if the line-segment is left, right, doubly
or uncensored (D tells us this) and we observe a number X € (0, 7], the length
of the intersection of the line-segment with the window, of which we know how
it depends on X and T. We observe Y; = ()?,-,D,-), i=1,2,...,n. Thisis a
missing data model: each observation Y; tells us that (X;,T;) has fallen in the
region $~1(Y;). These regions are given by:

{(X,T): X=X,0<T<7-X} ifD=0

&%, p)={ {(XT): X+T=X, T<0} if D = 1a
’ {(X,T):T:T—X,XZX} if D=1b
A if D=2

Notice that hg = Py, (Y € A;) and therefore a trivial and in fact the only
sensible estimate of hg is the fraction of doubly censored line segments, which
is also the NPMLE as we will see in the sequel.
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Grouping together the singly censored observations. D = 0 corresponds
with the uncensored observed line-segments in (0, 7); D = la, 15 with the singly
left-censored and singly right-censored observed line-segments; D = 2 with the
doubly (at left and right) censored observed line-segments. As expected, the
distribution of (X , 1a) equals the distribution of ()? , 1b). Therefore, it makes
sense to group together these two kinds of observations to one kind of observa-
tion. D = 0 for uncensored (as above), D = 1 for singly censored (D = 1a, 1
above) and D = 2 for doubly censored (as above). The distribution of (X,1)
equals now two times the distribution of the preceding (5(' , 1a), or preceding
()? , 10). Denote the probability distribution of the data with:

on(y,d) = PVO(X <y, D= d)i de {07 1}

and hg = Py,(D = 2). In formulas we have:

~ T—F .
Py, (dz,0) = s Ed%(:c) (5.3)
~ dVo(z) ,.
Py, (dz,1) = 2 ] 5.4
W@y = 2 [ e (549)
= 2go(3)dF (5.5)

ho = Py, (D=2).

In order to determine the exact integration area one should realize that for
computing probabilities for censored line-segments one should also integrate
over the edges; a line-segment which ends exactly at 7 is observed as right-
censored at 7. The density (w.r.t. the Lebesgue measure) go will appear in our
analysis in denominators and therefore plays a crucial role. Define Vo(t) =
1 — Vo(t—). The distribution of the data is uniquely determined by V; on [0, T)
and hg. This follows from the following identity

VO(T) = 2790(7) + ho, (5.6)

which is found by a simple rewriting of ho + Py, ([0, 7), 0) + Py, ([0, 7),1) = 1.
Therefore we can parametrize the distribution of the data as Py, s,, where V
is restricted to [0, 7), Py, n,(D = 2) = ho and Py, 4,(y,d) = Py,(y,d), d # 2,
as defined by (5.3) and (5.4). Moreover, (5.6) tells us also that if Vio(7) is fixed,
then hg can still have any value between 0 and Vo(r), which means that V as
subdistribution on (0, 7] and hy can vary quite freely in the parametrization
PV,]..
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Let’s now formally write down the model. Let F, be the collection of all
subdistributions on [0, 7) C R>o. Then the model is given by:

M= {Pv,h :Ve f,.,h € [01-‘7(7-)]} :

We only have uncensored (D = 0) observations X; = X; on (0, 7). There-
fore, there is only hope to estimate Vg well on [0, 7) (of course, the model only
allows V, which give probability zero to line-segments with length 0). It can
be easily shown by applying theorem 3.1 of van der Vaart (1991) that the pa-
rameter Y(Py,n) = V(7—) is not pathwise differentiable and thereby that there
exist no regular estimators of Vo(7—) (see Gill, 1993a,b) and it does not help
to assume that Vp is continuous at 7. It follows from (5.4) that estimating g(7)
and hence estimating V(7—) is equivalent with estimating the density of the
singly-censored line-segments at 7. This explains why g(7) and V(7—) are not
estimable at root-n rate.

In order to suppress the influence of the irregularity of Vo(7—) we consider
estimation of the following parameter:

©)
ﬂ(PVo,h) = (WO, ho) = <-/(; (T - z)dVO(a’)a hO) € D[Ov T] X [01 1],

where D[0, 7] is defined as the space of cadlag (right-continuous with left-hand
limits) on [0, 7]. Because Py,(t,0) = f(o,t] H2dVo(z) (the distribution of the
uncensored observations) there exists a regular estimator of Wy, namely fot (r+
z)dPy(z,0), where P,(-,0) is the empirical subdistribution of the uncensored
(D = 0) observations.

This parameter is also exactly the parameter we need for estimating Fp on
[0,7 — €] for all € > 0 and po. This is seen as follows: We will prove that
the NPMLE (W,, h,) is an efficient estimator of (Wp, ho) € D[0,7] x IR. In
order to show that the corresponding p, and F, on [0, 7 — €] are efficient for all
€ > 0, it suffices to show that (i, F') can be written as a compactly differentiable
functional of (V, k) (van der Vaart, 1991). Because of the relation dVo(z) =
(7 + z)dFo(z)/(7 + p) it suffices to show that u is a compactly differentiable
functional of (W, h). We have the relation Py,(A3 U A4) = Py,(A; U A4) =
7/(7 + p). The latter tells us that 27/(7 + p) = 1 — ho + Py,(A4). However,
Py, (A4) = _['(O,r)(r—:c)/(r—i-:c)dvo(:c) = f(o,r) dWoy(z)/(r+z). It follows that u
is a compactly differentiable functional of (Wy, ho) € D[0, 7] x R and therefore
efficiency of (Wh, h,) provides us with efficiency of p, and F, on [0, 7 — €] for
all e > 0.
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The problem of establishing weak convergence at root-n rate in this model
has appeared to be difficult and seems not possible by just using the self-
consistency equations. However, the identity approach as followed in the pre-
ceding chapters , followed here is successful. Let’s first try to understand why
this estimation problem is rather difficult. In chapter 3 we studied a general
class of nonparametric missing data models and explained that there are essen-
tially 2 crucial assumptions, 1 and 2, under which the NPMLE will be efficient.
The second assumption says that the censored regions for X implied by an ob-
servation Y should have positive probability w.r.t. V'; this is clearly satisfied.
Assumption 1 required that P(Y € A4 | X = z) > é > 0, which says that';,
given X = z, the probability that the line-segment (X, T') will be uncensored is
larger than 6 > 0 Vj a.e. Assumption 1 guarantees that the information oper-
ator has a bounded L?-inverse (e.g. see van der Laan, 1993b). For X > 7 this
probability is zero. This means that the information operator is not invertible
and therefore we firstly need to recover the essential part of the information
operator for estimation on [0,7). Indeed, as will appear, this is one impor-
tant ingredient of the analysis. So let’s now verify assumption 1 for z € [0, 7).
P(Y € Ay | X = z) equals (7 — z)/(7 + ) and therefore converges to zero
for £ — 7. Heuristically this means that there will be hardly any uncensored
observations close to 7 and therefore it is very hard to estimate V5 close to 7.
But if, for example, Vo(7 — €, 7] = 0 for certain € > 0, then assumption 1 is sat-
isfied. However, because 7 certainly does not represent the tail of V5 this is an
unacceptable assumption, and the assumption can also not be easily arranged
by artificial censoring as in the examples in chapter 3. Consequently, in the
analysis we will have to deal with an inverse of an information operator with
singularity 1/(7—z). By exploiting a well understood Volterra structure which
appears in the information operator we are able to show that this singularity is
not disturbing for any parameter which does not use the value V() and hence
in particular for W on [0, ].

Our results are based on the assumption that g,(7) is consistent. It ap-
peared that there was a mistake in the proof of this result in Wijers (1991) so
that this result has not been established; the consistency on [0, 7—¢€) of V,, still
holds. However, Wijers (1993) proposed a slight modification of the data by
censoring the line-segments by [0, 7 —epsilon] for some € > 0 in such a way that
gn(7—e€) is consistent and hence that our result applies to the sieved-NPMLE of
this transformed data. We decided not to change all our results to this setting,
but discuss the transformation in section 6.

We will now give an overview of this chapter. In the next section we define
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the “sieved”-NPMLE as the maximizer of the log likelihood over the class of
discrete distributions which put only mass on the observed line segments and
we discuss existence, uniqueness and the EM-algorithm for computation of the
estimator in practice. In section 3 we formulate the efficiency theorem and
give the general efficiency proof and we specify the three ingredients identity
condition, Donsker class condition and the p-consistency condition which need
to be proved in the subsequent sections. We also discuss the bootstrap and
estimation of the limit distribution for construction of confidence intervals,
where it is shown in subsection 4.3 that the latter can be carried out very
quickly. In section 4 we prove the Donsker class condition by proving that the
so called efficient influence function is of bounded variation uniformly in V' and
t. The proof consists of two parts. Firstly, we have to split the inversion of
the information operator for functions on [0, 7) and for a remaining non-unique
easy part. Secondly, we prove that the first part (the hardest) can be nicely
inverted w.r.t. the supnorm and variation norm. In section 5 we prove the
p-consistency condition and identity condition.

5.2 Existence and uniqueness of the sieved-
NPMLE, EM-equations.

Let P, be the empirical distribution of ¥;, ¢ = 1,...,n and let m = m(n) be
the number of uncensored line-segments X; (i.e. D; = 0). Denote the counting
measure on these X; with pm. Let Fr(pm) be those F € F, with F < .
For a V € F;(um) and h we define pyi(y,d), d # 2, as the density of Py,
w.r.t. (tm x dt)®~1, where dt stands for the Lebesgue measure. Define

B ={(V,h):V € Fr(um),h € [0,V(1)]}.
Now, we define a sieved-NPMLE as follows
(Va, hya) = argmaxpg /log(pv,h)dP,..

By substitution of (5.3) and (5.4) it follows that the empirical loglikelihood is
given by:

;l;i (I (D = 0): :r ; VX)) +I(Di = 1)2y(J?e)> +hP,(D = 2),(5.7)

where g(z) = g(7) + f; dV(u)/T + u and g(7) can be expressed in V,h by
(5.6). Assuming go(7) > 0 Wijers (1991) shows existence and uniqueness of
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the NPMLE (V,,, h,). His proof is also applicable to this sieved-NPMLE. We
will now derive the score-equations and in particular the EM-equations. Recall
that V, € Fr(um) is a subdistribution on [0, 7). Consider the class of lines
eVi + (1 — €)V, through V, € Fr(um) with scores g in L3(V,) with finite
supnorm; so for all the lines V;. 4 we have that Vne,y(r) =V (7). Therefore

h can still vary freely. Furthermore, consider the following one dimensional
submodel through h, with score (I(D = 2) — hy,):

hne = (1+€(I(D = 2) — hn)) hn € [0, Va(7)).
Differentiating of [ log(pv,,h,.)dPn W.r.t. € provides us with:
hn = Po(D = 2), the fraction of doubly censored observations.

Differentiating of [log(pv.,. ,h,)dPn provides us with the familiar score op-
erator (see Gill, 1989, Bickel et al., 1993, section 6.6) Ay, (g) : L3(Va) —
L%(Py, p,) for missing data models:

Evona(9(X) | Y) = 0 for [|g]|o, < o0 (5.8)

For a score g(x) = I(o,(z) — Va(t), t € [0,7), this equation reduces to the
self-consistency equation (Gill, 1989) as written out below. Finally, we have
the relation (5.6) for determining g, (7).

Computation of sieved-NPMLE. Let v, = dV,/du, be the point masses
of V, on the observed X; and let Pho(z) = 1/n Z?ﬂ I(]?.- < z,D; = 0),
Pu(z) = 1/nY 0, I(X; < z,D; = 1) be the empirical distributions of the
uncensored and singly-censored line-segments. We conclude that we have the
following set of EM-equations:

n
1
va(zi) = =Py (X =z; | Yj)
="

i ?_ID':l’)‘E.<'_
= Ppo({z:}) + va(zi) (1 ;J—l (Dj i< i)
T+ x \n f;; 1/(7 + u)dVa(u) + ga(7)
ha = Pu(D = 2), the fraction of doubly censored
Va(r) = 27ga(r) + ha-

The solution of the equations can be found with the EM-algorithm (Dempster
et al., 1977, Turnbull, 1978, Meilijson, 1989): initiate the right-hand side of the
first equation with v3 and g3(r), this provides us with a v}, now obtain a g} (r)
using the third equation, and repeat these steps till convergence is established.
For a much faster algorithm to solve these equations see Gill (1993a,b).
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In practice, one might find that V,, becomes quite noissy close to 7, remem-
ber that V(7—) is not root-n estimable, which will certainly also be reflected in
the constructed confidence bands for which methods will be given. Therefore,
interpolation of V,, on [0, 7 — €) to V,(7) is a sensible method for obtaining a
more reliable estimate close to 7.

Remark: Parametric model. Suppose now that one wants to assume a
parametric model Fy for F. One obtains the parametric likelihood by replac-
ing dV(u) = 7 + u/7 + pdFe(z) in the nonparametric likelihood (5.7) and in
particular in the expression of g(z) = [° 1/7 + zdV(z) and in the expression
of h. Then the likelihood depends only on 8. One can now compute the k score
equations corresponding with differentiation of the loglikelihood with respect
to the k coordinates of . This provides us with a k-equations with k unknowns
which can be solved with Newton-Raphson or other numerical procedures. In
this case it is not necessary to split up the distribution of the data in h and V
though it seems natural to set h equal to hy, = P,(D = 2) and maximize over
Ve restricted to [0, 7].

5.3 Efficiency result and outline of proof.

From now on V; will denote the underlying distribution on IR and we will
parametrize the distribution of the data with Py,, Vo € F again, instead of
Py, by, Vo € Fr. Define S(Vp) as the class of all lines €V + (1 — €)Vp through
Vo, V < Vo, which are submodels by convexity of F, with score g € L3(Vp).
Let S(Vo) C L%(Vo) be the corresponding tangent cone (=set of corresponding
scores) and T'(Vp) be the tangent space (=closure of linear extension of S(Vp)).
It is easy to see that T(Vp) = L3(Vo). As discussed in the preceding section
each one dimensional submodel Py, , . has a score given by Ay, (g), where Ay,
is the so called score operator:

Avy : L§(Vo) = L3(Pv,) : Av,(9)(Y) = Ev,(9(X) | ).

The Cramér-Rao lower bound for estimation of ¥(¢) € IR for some ¥ at e =0
along the one-dimensional model Py, , , equals:

(4/de®(e) leso)®

v @I (59)

Let

AV, : L(Pv,) = Li(Vo) : Ay (n)(X) = Ev,(n(X, D)|X)
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be the adjoint of Ay,. Now, the information operator is defined by:
Iv, = AV, Av, : L§(Vo) — L3 (Vo).

Let’s first prove efficiency of h, = P,(D = 2) as an estimator of hg =
Py,(D = 2). We have that hy —ho =1/n Y ;_;(I(D; = 2)—ho). Consequently
hn is asymptotically linear with influence curve equal to I(D = 2) — hg. How-
ever, I(D = 2) — hg is a score of a one-dimensional submodel (as defined in the
preceding section) and hence it must be the efficient influence curve (see Bickel
et al., 1993).

Define

L4

ke(z) = Io,q(z) (7 — ),

and notice that
« Wocy(®) = Walt) = [ 9(@)mu(@)d¥a(a) = By, (4(X)m(X)).  (5.10)

For any V € F and t € (0,7] we prove that if g(7) > 0, then there exists a
h: € D[0, c0) with finite supnorm which solves Iy (h;) = k; (see lemma 5.2 in
the next section). For convenience we will denote any such h, with I, (k).
This shows that ¥1(Py)(t) = W(t) is pathwise differentiable along each path
Py, ., g € S(V), with efficient influence function given by:

I(W,8)(X, D) = AvI; (ke — W(t)) (X, D) = Ay (h)(X, D)=W (t).(5.11)

Let G = {I(Wo,t) : t € [0, 7]}.
Notice that M is convez and that V — Py is linear. Theorem 2.2 says now
that

Wl(t) —_ Wo(t) = /f(Wl,t)dPVO fort € [0, T]. (512)

for all V; with ¥ < V4 and dVp/dV; € Li(V1). In particular, it holds for
Vi = Va(a) = aV + (1 — a)V,. By letting o — 0 we prove (see lemma 5.6)
that this identity also holds at V; equal to the NPMLE V,,. So we have:

Wa(t) — Wo(t) = —/‘IV(W,,,t)clPV0 for t € [0, 7]. (5.13)

Because hy,; has a finite supnorm it is a score in S(V;,) of a one dimensional
line through V, and thereby (5.8) provides us with the efficient score equation:

Ep, (I(W,,t)(Y)) = 0 for all ¢ € [0, 7].
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Combining the last two identities provides us with the crucial identity:
Wa(t) — Wo(t) = / T(Wa, t)d(Py — Py, for t € [0,7]- (5.14)

Suppose now that (the Po-Donsker class condition) I (Wh,t) lies with proba-
bility tending to 1 in a Py-Donsker class G. We prove this for G equal to the
functions of variation less than or equal to M < oo for some (sufficiently large)
M < oo (corollary 5.1 in the next section) using that g.(r) > § > 0 with
probability tending to 1. Wijers (1991) showed consistency of g,(7) under the
assumption that g(7) > 0, which proves the Donsker class condition. So we
have now by the definition of Donsker class:

1
Sup | (Wa — Wo)(z) |=Op (ﬁ) :
This implies that for each € > 0, supjo ,_¢ | (Va —Vo)(2) |— 0, and in particular
Va(z) — V(z) for all z € [0, 7), in probability. Suppose that V; is continuous
on [T — €1, 7] for some €; > 0. The consistency of g,(7) implies by (5.6)
consistency of V(7). If a sequence of monotone functions converges pointwise
to a continuous function, then it converges uniformly. Applying this result to
Vp on [T — €, 7] provides us with uniform consistency of V, on [0, 7].

The pp,-consistency condition is proved by lemma, 5.5, using the consistency
of gn(7). This completes the supnorm-efficiency proof for W,,.

This proves the following theorem, under the assumption that g, (7) is con-
sistent (see section 6).

Theorem 5.1 h, is an efficient estimator of ho. Assume go(7) > 0. Then

sup | (Wn — Wo)(z) |= Op(1/v/n).
z€[0,7)

If Vo is continuous on [t — €, 7] for an € > 0, then V, is uniformly consistent
on [0, 7] and W, is a supnorm-asymptotically efficient estimator of Wy:

VA(Walt) = Wa(t)) = [ T(Wo,)d (VA(Ba = Pry)) + Rus

where P(||Ra ||, > €) — 0 for all e > 0 and Zn(-) = /n(Pa — Py, )(I(Wo,"))
converges weakly in (D[0, 7], B,|| - ||,) to @ (pointwise) mean zero measurable
Gaussian process Z with covariance structure given by:

E(2(5)2(t)) = Eo (T(W, $)NI(Wo,1)(Y)) -
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If go(r) = 0, i.e. Vo(7) = 1, then one can just shrink down the window [0, 7]
to [0, 7] where 7’ is chosen so that a fraction of the singly censored or uncen-
sored observations become doubly censored. Then the theorem tells us that
the NPMLE based on these reduced observations is efficient for these reduced
observations and one can obtain efficiency by letting this fraction converge to
zero slowly enough for n — oo.

5.3.1 Construction of confidence intervals.

We will discuss two methods for construction of a pointwise confidence interval
for W(t) and estimation of the variance of the estimator W;(t). The first
method is the nonparametric bootstrap. This means that we estimate the
distribution of Wy, (t) by computing a large number of estimators W, (t)# based
on samples Yl#, ..., Y# drawn from the empirical distribution function P,. The
asymptotic validity of the nonparametric bootstrap is proved straightforwardly
by using identity (5.14)

WE(t) — Wa(t) = (P¥ — Py, n, ) (I(WE 1)),

and repeating our efficiency proof, in exactly the same way (see section 4.6).
Hereby we use that all our results (lemmas) are established uniformly in V.
Similarly, asymptotic validity of the semiparametric bootstrap holds. In this
case we would resample from Py, 3, where V,, h, is the sieved-NPMLE.

In the second method we estimate the limiting distribution of W, (t) by
estimation of the variance of I(W, £)(Y). We can estimate I(W,t) = Ay I (k:),
which depends on (V, h), by substitution of (Va, hy), which provides us with
an estimate f,,(W', t). Now, we can estimate the variance with:

%ifn(w, t)(Yi)2. (5.15)

i=1

The computation of I,(W,t)(Y;) involves inverting the information operator.
However, as we will see this comes down to inverting a Volterra integral operator
which is an infinite dimensional equivalent of a lower-triangular matrix and as
shown in subsection 4.3 inversion at a discrete V;, with k support points is
inverting a lower-triangular k by k matrix.

The remaining program is as follows: In section 4 we will prove the (hardest)
Py-Donsker class condition and thereby in the course of establishing this that
hy,: is bounded in supnorm. In section 5 the pp consistency and identity
conditions will be verified.
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5.4 Donsker class condition, uniform bound on
the variation of the efficient influence func-
tion.

In the sequel integrals f; , from zero to any point z, are integrals over [0, z)
and integrals f;, from y to any z, are integrals over [y, z). The score operator
Ay, is given by:

fz r+a: (z)
fzoo r+:cdv( )

P%%M)
[ 2LdV(z)

T T+

Ev(h(X)| X =%, D=d)) = h(@)Id=0)+ Id=1)

I(d = 2).

The adjoint AJ, : L3(Py) — LE(V) of Ay is given by:
Ay (n)(z)

E(n(X,D)|X = z)

T—2 2 TAT
= = T zn(:l:, 0OI(z<T7)+ 7'+—:c/0 n(z,1)dz

+:' ; :n(r, 2)I(z > 7).

Consequently, the mforrnatlon operator Iy = A} Ay : L}(V) — L%(V) is given
by:

TAT f°° r+u dV(u)

Iy(h)(z) = :;:h(w)f(r <+ P Ldv(u) g
r+u
z— Tfoo S“ Tr!:!u! V(u)
HTf%Mmmyy 10

Consider the equation (in h;)

Iv (he)(z) = Ke(z) = L(o,5(2)(T — ),

which should be considered as solving for the hardest submodel in F for esti-
mating W(t) using data from Py. Notice that h; depends on V. Instead of
hiv,, htv we use the notation hyn, he, respectively. In the next subsection we
will show that this hardest underlying score hy — W (t) = I, (k;) — W(t) exists
and that it is given by a Neumann series.

By analyzing this Neumann series we will show that h,; = I;"(;cm) is
of uniformly (in V; and t) bounded variation and thereby, using (5.11), that
f(Wn, t)I(D = d) is of bounded variation for d = 0, 1, 2 uniformly in n.
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5.4.1 Solving for the hardest submodel.

We split the inversion Iy (h¢)(x) = (7 — z)I(o,() in two parts, namely we
consider this equation for £ > 7 and for z < 7.

Inversion for @ > 7. For z > 7 we have x;(z) = (T — £)I(0,;j(z) = 0. Recall
the definition g(y) = f°° 1/(7 + u)dV(u). We define also:

foo (u— r!h!u!dv(u)

— T+u
OO = TEmaw
For ¢ > 7 h; (see (5. 16)) is determined by the equation: .
[ Ky
/ ’+" d + (z = 7)C(R)(r) = 0. (5.17)

Consequently, we have that h; solves:

Ty RV
/0 Ay = 0 (5.18)
C(h)(r) = O. (5.19)

Inversion for « € [0, 7) using (5.18). We use that h; solves (5.18). For
z < 7 the third term in Iy (h:)(z) equals zero. Consequently, for z < 7 we
have (at the second equality we use (5.18) and at the third equality we split
up the integration area [y, 00) = [y, 7) U [, 00)):

00 hi(u
Iv(h = h d
V) = ToohG)+ g [,
Y (2) / foo hTt-%ldV(“)
BT o
_ ) — 2 / Iy V)
T r4az ! T+z 9(y) v
2 Tl he(u)
-—— [ —=d dV 5.20
T+w/x g(y)yx/r rru?’ ) (520
Now, we will use (5.18) in order to express [ %(_%ldV(u) in an integral which

only uses the values h;(z), ¢ € [0, 7]. By using Fubini at the second equality
below, we have:

" /o g(y)/ Tiuiv(du)dy
LU ) avia
/o’ (/Ou g(ly)d ) hz(u)V( )+/ g(y) / ith(ru)V(d )
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and consequently

T u 1 hi(u
/ "m0 gy = - 15 (Js sloyy) %52 (au)
- Io sty
Substitute this in (5.20) and we multiply both sides with (7+z)/(7—z). Before

we write down the obtained expression we make some definitions. Define the
operator B : (D[0,7],]| - [lo) = (D[0, 7], ]| - lo) bY

(5.21)

I h(w) gy
B(h)(z) = / Y r;'(‘ ) dy for z € [0,7) and B(h)(7) =0. <

Notice that limzy, B(h)(z) = 0 = B(h)(r) and therefore this operator indeed
maps cadlag functions on [0, 7] to cadlag functions on [0, 7]. Moreover, define:

— 2 fz 9(3/)
s(e) = T_xfo mdy
as(h)(r) = /0 ' ( /0 ‘ ﬁdy) T"E:‘LV(d ).

Substituting (5.21) into (5.20) and multiplying both sides of Iy (h:) = ¢ with
(7 + 2)/(r — z) tells us that h; solves the following equation for z € [0, 7):

(I = B)(he)(2) = —arg(2)aa(he)(7) + Lo,(2) - (T + 2) (5.22)

and for > 7 h; has to satisfy (5.18) and (5.19).

B is a Volterra operator. Notice that (by using Fubini):

s = [ (5 [ ) T

T

= - Ky(z, u)h(u)dVi(u),
where
Ky(z,u) = T?—:c/:,g( )dy, u € (z,7]
dVi(u) = p—y udV(u)

If g(7) > 0, then

2
sup Kg(z,u) < — < 0.
zel0,r)ue(zr] g(7)
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By the Volterra structure of B (Kantorovich and Akilov, 1982, Gill and Jo-
hansen, 1990, see also Gill, van der Laan, Wellner, 1993), we have:

k
1Bl < 5 (55%1(0071) Tl

Therefore for any h € D[0, 7] we have

> 2
1S B*(W)l.e < exp (vl[o,r)_;](,—)) Ihlle-

k=0
This proves the following lemma:

Lemma 5.1 Assume that g(7) > 0. We have the following results:

1. I - B : (D[0,7],|| * lloo) = (P[0, 7], ]| lloc) has a bounded inverse given
by Yo B* ().

2. If h >0, then B(h) > 0, and consequently B¥(h) >0,k =1,2,....
3. For any h € D[0, 7]

2
g(7)

Notice that a;4 € D[0,7]. Now, we can apply the Neumann series (i.e. the
inverse of I — B) to the left and right-hand side of (5.22). This provides us
with the following equation for h, € D[0, 7]:

k
184 Wl < 5 (55%1(071) Il

he = 3B (Toa()(r +)) = ealh)(r) 3 B* (o)
k=0 k=0

of e — aa(h) (D)o (5.23)

[=N

It remains to find az(h¢)(7). @2 is a linear mapping in h and therefore it makes
sense to apply a3 to the left and right-hand side of (5.23). This provides us
with:

aa(he)(1) = 2(f1e)(7) — a2(he)(T)e2(f2)(7).

By lemma 5.1 ajy > 0 implies that f; = Y po, B¥(a1g) > 0. Consequently
az(f2)(7) > 0 and therefore

_aa(fu)(r)
as(he)(r) = 1_+25XEYT)

= «3¢.
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This proves that h; is uniquely determined on [0,7). So h;(z) is uniquely
determined on [0,7) and for £ > 7 it only has to satisfy (5.18) and (5.19)
(several solutions are possible). From now on hy € D[0,7] (from which its
restriction to [0, 7) is the solution we were looking for) will be this unique part
which lives on [0, 7] and h] will be that part on [, 00) for which h; + h{ solves
(5.18) and (5.19). By substituting this h; in (5.18) we find that h](z), z > 7
has to satisfy

M D)
oo T d
/ B gy ) < o R = Ol V).
4 0 9(¥)

T+ u
Moreover it has to satisfy C(h;)(7) = 0. This proves the following lemma.

Lemma 5.2 Assume g(7) > 0. Define (they are all well defined)

3" B* (Io,(-)(r +-)) € D[o, 7]

fie =
k=0

f2 = sz(alg)eD[O,T]
k=0

= _«a(fu)(1)
= Traf)(n) ©

We have: Iy (hs)(z) = ke(z) for all z € [0,00] if and only if he(z) = fu(x) —
as fa(z) for x € [0,7) and if h] = hy(x)I(z > 7) satisfies
® hi(u)

A2V = C(h, V) A C(])(r) = 0. (5.24)

Moreover, |||, < C/g() for a C < co which does not depend on V and
t.

The last statement is a trivial consequence of lemma 5.1. If one wants to have
the solution of Iy (h) = k for a general k, then one replaces in this lemma
I(0,5(z) by x(z)(7+z)/(T — z), where it is required that k(z)(7+z)/(T—z) €
D[0, 7]. Lemma 5.2 tells us that Iy (h) = & is solved by h(z) = hi(z)Ijo,r)(z)+
hf (%)Ir,c0). Consequently, we have I(W,t) = Ay (h:) + Av(h]). In the next
section we will show the Donsker class condition for Ay (h;). Before we do this
we will show that the Donsker class condition certainly holds for Ay (h]) and
that in fact the L2-consistency and Donsker class analysis of Ay (h;) provides
us certainly with these results for Ay (h7).



134 Efficient NPMLE in the Line-Segment Model

5.4.2 The information after 7.

Recall the score operator Ay. We have that Ay (h{)I(D = 2) = C(h{)(7) and
consequently this equals zero because h] satisfies (5.24). Ay (h])(Z,0) = h] (%)
and because Py (-,0) puts only mass on [0, 7) this equals 0 Py a.e. Finally, we
have by using that h](z) = 0 for £ < 7 and by (5.24) that:

E v

Av(h{)(@,1) = L—f(%—)——
f:o -h;‘é:—ldV(u) -
9(2)
C(he, V)
9(z) -
Let || - ||, denote the variation norm. Notice that g is a monotone function.
Therefore for showing that ||y, (h7,)I(D = 1)||, < M for certain M < oo it
suffices to have that g,(7) > 6§ > 0 for certain § > 0 and that ||hn:||,, < M for
certain M; < oo. By the last statement of lemma 5.2 the latter follows from
gn(7) > & > 0 for some § > 0. Using that g,(7) is consistent, this follows from
g(7) > 0. This proves the P-Donsker class condition for Ay, (h]).
Because convergence of C(hny, V) to C(he, V) follows from convergence of
Va to V on [0, 7] and hy: to b, it is now also clear that the proved convergence of
h! in the P-consistency-analysis in section 6 provides us also with the required
convergence for h7, and hence for the P-consistency condition for Ay, (h7,).

5.4.3 Estimation of the efficient influence curve in prac-
tice.

In this section we explain how Ay, (hpe + h7,) is computed, as needed for
computation of the estimated variance (5.15). Firstly, as shown above we have
that Ay, (h};) = I(D = 1)C(hnt, V)/gn(T). Hence once we have a quick way
of computing hy; from V,,, g,(7) we are done. Lemma 5.2 tells us that this is
established once we can quickly invert (I — By, )(h!)(z) = f(z) for some given
function f(z). The lemma suggest to invert this equation by applying the
Neumann series of By, to f, which is indeed a quick method since k iterations
is already enough to have reduced the error to the order 1/k!. However, here
we show what inversion of the Volterra operator I — B really stands for in
the case that V;, is discrete. Suppose V, puts mass on k points zj,...,zz,
namely the uncensored X;. Then the only values of h® which count are h} (zi),
t=1,...,k. Hence we can represent h} as Bnt € R, Similarly, the relevant
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values for the kernel K, are Ky (zi,z;), ¢ = 1,...,k, j =1,...,k, and also
By, (h)(z) only jumps at z1,...,zx. Consequently, we can represent By, as a
matrix operator (Bf}) : R* — R¥, where

B:'j =0if ¢ > j and B;; = K, (zi, zj)va(z;) if j > 1.

This is due to the fact that the Volterra integral at £ = z; only integrates (sums)
over the values hf(z;) with j > i. So inverting (I — By, )(h%)(z:) = f(z:),
i=1,...,k, comes now down to solving (6;; — B}‘j)(ﬁm) = f, where 6ij = {if
i = j and zero elsewhere. So §;; — B[} is an upper triangular matrix so that ha:
is found by first obtaining A (zx) from the last equation, then obtain hl (zx—-1)
from the k — 1‘th equation using hf (zx) and go on like this till you arrive at
the first equation. In this way we find in k simple steps ﬁ"t. This shows that
inverting the information operator at a discrete Vj, is not computer intensive
at all and can be easily implemented. This provides us with a quick way of
estimating the limit variance of \/n(W,(t) — W(t)) and hence for constructing
pointwise confidence intervals.

5.4.4 Bounded variation of the hardest underlying scores.

In this section we will show that sup,¢(o ;1 [[h¢]|, = O(1) and
lim sup, _, o sup,e[o,,.]' [|lhen]l, = O(1) a.s. Lemma 5.2 tells us that hin = fien +
a3infan. We have that as;m < azn(fitn) < ||fin]|o@20(1). By lemma 5.1
we have that || fin|l, < exp (2Va[0,7]/gn(7)) 7. Therefore for showing that
a3m < M < oo for some M < oo for n large enough we need that g,(7) > 6 > 0
(some 6 > 0) for n large enough, which follows from consistency of g,(7) to
g(7) > 0. This shows that limsup,_, ., a3, is bounded a.s.

Now, lemma 5.2 tells us that for showing limsup, _, ., sup; ||h]|, = O(1)

a.s. it suffices to show that (a.s.) for some M < co

(o]
lim suszup IBE (Io,g( )T+ )], £ M<oo (5.25)
n—oo T t
limsupZ”B,’: (1g)lly, £ M <oo. (5.26)
n—0oo k=0

We will prove (5.26) (the hardest of the two). For proving (5.25) one just
substitutes I(o,(-)/(7 + -) for ayy,.
Consider the first term a3y, of (5.26). Define

1 T 1
h,.E————/ — dy,
! T—mzyn(y)y
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and notice that aig;, = cahin, where ¢ = 2/ [7(1/(ga(¥))dy

29,(0)/7 and therefore limsup, .o ¢a < 0. Now 3 oo ||BE(aig)ll,

cn Yopeo |BE(h1n)]l,- So it suffices to study the series Y oy ||BE (R1n)ll,-
We have

<
<

1 1 1 /" 1 dy
T—zgn(z) (r—2)?J; gna(2)
Using this it follows that

%hln(x) = (7:1-76—)2 /x " (5"—1@ - ﬁ) dy (5.27)

> 0,

by the fact that g, is monotone. Consequently, hy, is monotone increasing and
larger than or equal to zero and therefore ||h1al|, = ||Pin]lse < '9716'7’ which is
uniformly bounded by the preceding argument. This proves:

Lemma 5.3 We have that ||h1all, = ||Pinlle < 1/gn(7). If g(1) > 0, then
gn(T) > 6 > 0 for certain § > 0 with probability tending to 1.

Consider now the term m(-) = B¥+1(hy,)(-). Define for a function f

T Rk u
(e = [ 22 8ay, ),

We have: .
v - 4(-2 Sl
= oy | By )
= oo (B2 - 20 .

Consider a point z where this derivative is larger than or equal to zero. By
lemma (5.1) [laf ()|l < %]]f]]oo and if f > 0, then af(f) is decreasing,
where C, is bounded by 1/(7¢,(7)). Therefore, if z < y, then af(h1n)(y) >
ak (h1n)(z). Hence we have:

0 < 1 /r (aﬁ(hln)(y) (h1n)(x))

- (r—a2)? gn(y) gn(z)
1 1

< ("1")(””)< ) (gnw)‘gn(x))"“’
(hln)(l') hln(Z') by (5 27)

C,’:
< Hhmll hl,.(m) (5.28)

IA
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We can write m = mj +mgy where m; is increasing and m; is decreasing. (5.28)
and lemma 5.3 show that

k
2
[|mal|, < Ilhlnll |R1nlle = '!'Ilhlnlloo-

vV — k'
k
We also know by lemma 5.1 that ||m||, < %“hln”m. This tells us that
lImall, < 2lmalle < 2(lImlle + lImallo)

N , Gk
2 (Llbsallc + Sl ) -

IA

Consequently,
Ck
limll, < llmall, +||mzllv_2 IIhmlI ﬁllhlnll <5'—”h1ﬂ“oo’

assuming that ||hia||,, > 1, if not the bound is even better. This proves that

0o )
S IBE (g )ll, < en D 1IBE(h1a)ll,
k=0

k=0
< 50,.||h1,,|[§°exp(C,,)
< n=2/m(@)
- ga(7)

where we used lemma 5.3 and C, < 1/(7gn(7)) at the last inequality. This
proves (5.26). This provides us with the following result.

Lemma 5.4 If g(7) > 0, then

lim supsup ||h¢n||, < M a.s. and sup ||h¢||, < M for certain M < oo.
n—o00 t t

5.4.5 Donsker class condition.

Recall T(W,,t)(-) = Av, (hta + hI,)(-) — Wa(t). Lemma 5.4 tells us that hq, is
of bounded variation uniformly in V;, and t. We also have that Ay I(D = d):
(Do, 7], 1| - 1ly) — (D[0, 7], ]| |l,) is a bounded linear mapping for d € {0, 1,2}.
This follows from the fact that Ay, I(D = d) maps monotone functions to
monotone functions, which is in fact a quite general fact which holds in missing
data models. Recalling the subsection about Ay, (h],), it follows that this
provides us with the following corollary of lemma 5.4:

Corollary 5.1 (Uniform bound on variation of efficient influence curve). If
g(1) > 0, then

lim supsup ||T(W,,$)I(D = d)||, < M a.s.
n—+00 t
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and
sup [IT(W, HI(D = d)l|, < M
t
ford =0,1,2 and some M < co.

This proves the Po-Donsker class condition.

5.5 Consistency condition for the efficient in-
fluence function. ‘

As shown in the general proof, for verifying this condition we can use that
SUPzefo,r] | (Va — Vo)(z) |— 0 and gn(7) — g(7), both in probability.

By lemma 5.2 the hardest score is given by I ;nl(rc"t - Wa(t) =
52 0 BY, (fat) + b — Wa(t), where fui(-) = Jo()(r+ ) — aanasg, (). The
efficient influence function at V,, is given by Ay, (I ;nl (knt —Wh(t))). By lemma
5.2 and the subsection 5.4.2 it follows that the convergence of Ay, (h7,) follows
easily from the convergence of Ay, (hn:) shown below.

Denote J, = I — By, and J;! = Y72 B, . Because Wy(t) — W(t) we
only have to consider:

Av, I (fat) — AvITHf) = (Av, — AV)T TN (fo) + Av, Ty H(fae — o)
+Ay, I N (T — DI fr)- (5.29)
We have to prove that the L?(Py)-norm of these terms converge to zero uni-

formly in ¢ € [0, 7] in probability. Firstly, we will study the third term. f,:— f;
involves the difference

a1, (z) — azg(z) = cri - L ( 1 1 ) dy. (5.30)

gn(v)  9()

We have
o) = [ V) +o(r)

Consequently, the uniform consistency of V, on [0, 7] and the consistency of
gn(7) provides us with uniform consistency of g,(-) on [0,7]. The fact that
gn(7) > & > 0 with probability tending to 1 tells us now that the integrand
converges uniformly to zero in probability. This proves the convergence of
(5.30) to zero in probability. By using the same arguments as we do below for
the first and second term we can show that o3, — a3 —p 0. This proves that
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| fat = ftlloo —p 0. By lemma 5.1 J;1 is a bounded (uniformly in n) operator
on (D[0,7],]| - ||oo)- This proves the convergence to zero of the third term.

Let’s now consider the first term of (5.29). Define h; = J~1(f;). Recall the
score operator Ay, where we only have to consider the first two terms because
h lives on [0, 7). By telescoping, the first term of (Ay, — Ay )(h) can be written
as a sum of two similar terms and one is given by:

T BE)(V, — V)(de)
gn(y) .
Applying integration by parts gives:
T
5 (- [ -MeaTE - -vers). ey
Using g, > 6§ > 0 with probability tending to 1, we can bound this by the
supnorm of V;; — V and the variation norm of h;. Lemma 5.4 tells us that h;

is of bounded variation uniformly in ¢. This proves the uniform convergence of
the first term.

Let’s now consider the second term of (5.29). In (Jp, —J)(ht) = (Bn —B)(h:)
we have to deal with the following kind of terms:

1 T T
/z /y he(w)d(Va — V)(u)dy. (5.32)

T—T

We can bound, by integration by parts, fyr hi(u)d(Va — V)(u) by the supnorm
of V,, — V and the variation norm of h;, where the latter is bounded uniformly
in t. This proves the uniform convergence of (J, — J)(h;) and the boundedness

of the operator J~! finishes the proof of the convergence of the second term of
(5.29). This proves:

Lemma 5.5 (p-consistency condition). If V;, is uniformly consistent for V on
[0, 7] and gn(T) is consistent for g(r) > 0, then
sup ||I(Wy,t) — I(W, t)l|lp, — 0 in probability.

te[o,r]

5.5.1 The identity condition

For « € [0, 1] we define the line V,(a) = oV + (1 — @)V, of distributions. Then
V < Va(a). This shows that the identity (5.12) holds for Py, (a),g,(a(r):

Wa(@)(t) = W(t) = —Pypl(Wa(a), ). (5.33)
We have V,, (a)—V5 = a(V,—V). Hence for « — 0 V,,(a) converges uniformly to
Va on [0, 7] and the corresponding gn(a)(7) converges to g, (7). Hence if o — 0,
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then the left-hand side of (5.33) converges to Wy (t) — W(t). Since V(a) =V,
converges to zero uniformly on [0, 7], by imitating the steps in the proof for
the p-consistency condition (using the bounded invertibility of I — By w.r.t.
the variation and supnorm, uniformly in V) it follows that I(Wy(e),t)(-,d)
converges uniformly to I (Wha,t)(+,d), which shown that in particular

Pypl(Wa(a),t) — Py pI(Wy,t).
This proves that we have the wished identity:

Wa(t) — W(t) = — Py pI(Wa,t). (5.34)
This proves the lemma as needed in the general proof in section 3.
Lemma 5.6 Let V(o) = aV + (1 — a)V,,. Then for d € {0,1,2}

1 Wa (@), (-, d) = (W, ), ), — 0. (5.35)

This completes the proof of all conditions we needed in the proof of theorem
5.1: the uniform bound on the variation of I(W,,t), the efficient score-equation,
the identity for the Sieved-NPMLE and the pp-consistency of I| (Wa, t).

5.6 Discussion.

Our results used that g,(7), or equivalently V,(7—), is consistent, which has
not been proved. The reason why the original proof of Wijers (1991) broke
down at 7 was the fact that one could not establish g,(7) > é > 0 for some
6 > 0; a condition we also needed in our analysis. Wijers (1993, page 136)
proposed a slight extra censoring of the data to [0, 7 — €] which guarantees that
gn(T—¢€) > 8 > 0. Hence our results apply to the Sieved-NPMLE based on the
slightly transformed data; W, is an almost efficient estimator on [0, 7 —epsilon]
for every € > 0.
For T; < 0 we observe pairs (Z;, D;)
1 T+ X;<1—¢€

Z,-:min(T.'+X.',7'—6), D;:{ O T 4X:>7—e¢
1] 1]

and for the T; € (0, 7) we observe
Z; = min(X;, 7 —Tj, 7 —¢€), D; =

T.+X;>1, T; >¢

0 T+ X;<7m X;<r1—¢€
1
3 Xi>1—¢, T; <€

D; = 0 corresponds with an uncensored line-segment on [0,7 — €], D; = 1
corresponds with a singly-left or right-censored line-segment on [0, T — €], but
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right-censored so that it would also have been right-censored when using the
window [0,7], D; = 2 corresponds with a doubly censored line-segment on
[0,7 — €] and D; = 3 corresponds with a singly-right censored line-segment on
[0, 7 — €], but which would have uncensored on [0, 7]. Define ke = h+ [ g(r —
z)dz. Now, the distributions of the data are:

T—u
P(50) = Joreo(e) i tav(u)
P(dz,1) = Ijo,r-¢)(2)g(2)dz

P(D=2) = h
P(D=3) = eg(r—e).
The equivalent of the relation (5.6) is
V(r—€) = (21— €)g(r — €) + he. (5.36)

This shows that the distribution of the data is indexed by V on [0,7 — €)
and h.. The EM-equations are the same: just replace h by he and (5.6) by
(5.6). For this case it can be shown (see Wijers, 1993, page 139) that V;, the
sieved-NPMLE for this transformed data, is uniformly consistent on [0, 7 — ¢)
and hence g, (7 — €) is consistent so that our analysis can be imitated for this
case. The reason that his proof now works is that P,(D = 3) is uniformly (in
n) bounded away from zero which by the loglikelihood principle enforces the
NPMLE Py, ,(D = 3) of P(D = 3) = €g(7 — €) to be uniformly bounded
away from zero and hence that g,(7 — €) = Py, »,(D = 3)/e is bounded way
from zero. In order to obtain a fully efficient estimator W5 of W one should let
€, — 0 slowly enough when the number of observations converge to infinity. A
practical suggestion is given in Wijers (1993).

5.6.1 Inhomogeneous Poisson Process.

Suppose that the starting points T' of the line-segments follow a inhogeneous
Poisson process with intensity measure A(t)dt. By going through the same
steps as in beginning of section 1 we show that after having conditioned on the

observed line-segments each line-segment corresponds with an i.i.d. observation
(X ) T;):

X ~dV(z) = %QdF(:c),
where

S@)= [ A¢t)dt and § = / ” /_ M)dtdF (z),

-
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and T, given X = z € [0, 7), have conditional distribution

A(t)dt

S(x)

This means that in the distribution of the data we replace the uniform on
(—z,7) by dA(t | ) and similarly one rewrites the EM-equations in this way.
We can estimate A(t) on [0, 7). Hence by assuming a certain parametric shape
this can provide us with an estimate of A(t) on (—7,tau) which is all we need.
In this way our estimation method is easily generalized to the case where A(t)
is not constant, but is replaced by an estimate. Also our efficiency results did
not rely on the fact that T | X = z was uniform, but go through for any other
known distribution.

dAt | X =2) = I(_x,r)(t)



Part II
Inefficient Estimation in
Semiparametric Models
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Chapter 6

Inefficient Estimators of
the Bivariate Survival
Function in the Bivariate
Censoring Model

6.1 Three approaches to estimation.

In this section we will describe three representations of the bivariate survival
function, as maps from the distribution function of the data, on which three
estimators can be based. The estimators are obtained by substituting the
empirical distribution of the data into the representation.

Our aim is to prove that these estimators are uniformly consistent and that
the estimators converge weakly as random elements in the bivariate cadlag
function space D[0, 7] endowed with the supremum norm at root-n rate to a
Gaussian process. Moreover, we also want to show that the bootstrap can be
used to estimate the variance of these estimators and we obtain some local
efficiency results for these estimators.

The weak convergence and bootstrap results can be proved by applying the
functional delta-method (see theorem 1.6). This means that we have to verify
the required differentiability of the representation and the weak convergence of
the empirical process which we plug into the representation. We are able to ver-
ify these conditions under essentially no conditions on the model. For a formal
statement of our results see our final theorem in section 5. We also succeeded
in proving that the Dabrowska and Prentice-Cai estimator are efficient under
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independence. Practical simulations show that the asymptotic distribution is
closely approached for surprisingly small samples (Bakker, 1990, Prentice and
Cai, 1992a and chapter 8 van der Laan, 1993d).

The organization of the chapter is as follows. In section 2 we will give the
basic techniques as lemmas for obtaining the required differentiability result
for the representations and illustrate how these lemmas lead to the required
convergence of the hardest terms which appear in our differentiability proofs.
In section 3 we will prove the differentiability results by applying these lemmas.
In section 4 we will see how each representation leads to an estimator by just
substituting the empirical distribution of the data. In section 5 we verify the
weak convergence of these empirical processes which provide us, by application
of the functional delta method, with results which are summarized in our final
theorem. Finally, in section 6 we prove that for the bivariate censoring model
the Dabrowska and Prentice-Cai estimator are efficient under independence.
For the sake of completeness we describe the bivariate censoring model once
more:

Model. Bivariate random censoring.

Suppose that (Ti1,T%21),.-.y(Tin,T2n) are independent and identically dis-
tributed copies of T' = (T1,T;) which has distribution function F on R2, =
[0, 00)?, that (C11,C21),---,(Cin,Can) are independent and identica.lly_dis-
tributed with distribution function G on RZ2, independent of all of the
(T1, T3)’s, and that we observe n i.i.d. copies -

(ﬁi, Ty, Dy, D2i) = (Thi A Chiy Tzi A Coi, I(Thi < Chi), I(Ti < Cyi)).

Problem: Use the observed data to estimate F.

We assumed that we have observations in IR . The estimators we propose
are invariant under monotone transformations. Therefore our results can be
generalized to data on IR?.

The analyzed estimators have natural generalizations to the k-variate case,
and the k-variate analysis can be done by simply using k-variate analogues of
the ingredients we use in the analysis for the case k = 2; for some of these, see
Gill (1992). (He shows that no further ingredients are needed for general k.)

We refer to the bibliography on the bivariate random censoring model at
the end of chapter 4. In chapter 4 we proposed a modified maximum likelihood
estimator, a SOR-MLE, which depends on a grid-width h, (n is the number of
observations), which is proved to be efficient for h, — 0 slowly enough. The
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choice of the grid-width in practice is as with density estimation a problem.
Moreover, we needed an additional smoothness assumption on F' (though a
rather weak one). This estimator had to be computed with the EM-algorithm,
which is quite computer intensive. We also saw that the efficient influence
function is implicitly defined. Only in the special case of independence will we
(see section 6 of this chapter) succeed in obtaining an explicit expression for
the information bound.

These difficulties in constructing efficient estimators; that they only seem to
work under additional regularity assumptions and/or reduction of the data; and
that they are computer intensive; are a motivation for considering inefficient
estimators.

In this chapter we focus on three inefficient estimators, but estimators (ex-
cept the Volterra estimator) which have been shown to have good practical
performance. We included the Volterra representation because it is included in
the Prentice-Cai representation, and the analysis of the Dabrowska and Volterra
estimator gives the analysis of the Prentice-Cai estimator for free. The esti-
mators are explicit and easy (quickly) to compute. The estimators are very
smooth functions of the observations and therefore they are very robust: i.e.
insensitive to small changes of the underlying distributions. Moreover, the only
condition we need for obtaining consistency, weak convergence and bootstrap
results on [0, 7] is that there is mass on [r,00) in F and G. Also the last two
properties are certainly not shared with efficient estimators: in chapter 4 we
needed beyond the grid-reduction of the singly censored observations to reduce
the data to [0, 7] before we were able to prove these results.

Our approach to estimation of F' in these three models is as follows: we find
representations of F' as maps ® from the distribution of the data, which can be
estimated from the observed data, to F. The three particular representations
which we study here are given by:

A. Dabrowska’s (1988) representation.
B. The Volterra equation.

C. Prentice and Cai (1992a) representation.

We give a new proof of the Prentice and Cai (1992a) representation.
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Notation and Definition of [0,7]. If we write <, >, <, > then this should
hold componentwise for both components: so if z € R? then z < y & z; <
1,22 < yo. We often will not use a special notation for the bivariate time-
vector; if we do not mean a vector this will be made clear. If F(t) = P(X <t)is
a distribution function we will denote its survival function with S(t) = P(X >
t). All functions we encounter are defined on a rectangle [0,7] C IR%,, where
T can be chosen arbitrarily large except that S(r—) > 0 and H (‘r—_) > 0is

required. Finally, we define for a bivariate function f : R? — R ||f]l, =
SUP,efo,r) | £(2) |-

A. Dabrowska’s Representation. The representation, the estimator and
L-measure were all introduced by Dabrowska (1988), but in a rather different
way than we do here; we take the representation in terms of product-integrals
as done in Gill, 1990 (see also Andersen, Borgan, Gill, Keiding, 1993). We
define the following three hazard measures with their heuristic interpretation:

Aro(du,v—) = P(Th €[u,utdu)|(Th, T) 2 (u,v)),

Am(u—,dv) = P(Tz € [’U, v+ dv) | (Tl,Tz) > (u, 'U)) ,
Aq1(du, dv) P(Ty €[u,u+du), Ty €[v,v+dv) | Ty > u, T2 >v).

I

Formally, we introduce a vector hazard function A : [0, 7] C ]R;_o — ]R;o as
follows: A(t) = (A1o(t), Aox(t), A1(t)), t € RS, where

Aolt) = /{W —’S—,Z;_l_-,—t—;)—F(du,tz) (6.1)
Au() = /Mmp(du,dv).

One of the main advantages of model building in terms of hazards is that
they are undisturbed by censoring and therefore we can get natural estimates
of the integrated hazards by replacing them by their natural empirical coun-
terparts (see section 4).

For a bivariate distribution M (i.e. measure) 7((0’ t](l +dM) is the bivariate
product integral over the rectangle [0, ¢] (see Gill, Johansen, 1990, or our section
3.2). It is just like the univariate product integral defined as the limit of
finite products over finite rectangular partitions of [0,¢]. Now, the following
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representation can be proved:

5(t)

I

(1 — Ayo(du, 0)) 7‘61 — Ag1(0,dv)) ].[(‘1 — L(du, dv)6.2)
[0,¢1] [0,t2] [0,2]
= TI1(A10(+0),A01(0,-),T2(L)),

L is defined by

L(t) = (6.3)

/ Alo(du, v—)Am(u—, d’l)) - Au(du, d'l))
0, (1 — A1o(An, v=)) (1 — Ao1(u—, Av))
= T'3(A10,A01,A11),

and T'; represents the bivariate product-integral mapping. With Ajo(Au, v—) =
Aio(u, v—) — A1o(u—, v—) we denote the jump of s — Ajo(s, v—) at u. Assume
that for each v (u — F(u,v)) < p1 and for each u (v — F(u,v)) < pg for
certain (signed) measures p1 and pg;. We define

/F(du, v)G(u, dv)E/;l—F(u, v);—GCu., v)dp1 (u)dp2(v), (6.4)

M1 H2
where the Radon-Nykodim derivatives are taken in u for fixed v and in v
for fixed u, respectively. These assumptions are easily verified for the hazard
measures by choosing p; = S and pg = S;, the marginals of S. We will see
in section 4 that the empirical counterpart A, of A is obtained by replacing
in the representation of xS by an empirical survival function. Therefore, the
assumptions are verified in exactly the same way by choosing p; and po the
marginals of this empirical survival function. We will do this in the proof of
the final theorem in section 5.
Note that by (6.2) and (6.3) this gives a map I such that

S T(A) = Ty (A10(+0), Aoy (0, ), T2(L))
Ty (A1o(:,0), Aos(0, ), TaT(X)) - (6.5)

This representation can quite easily be heuristically verified, basically using the

same idea as with the one-dimensional Kaplan-Meier product-integral.

In section 4 we will give natural empirical estimators of A which generalize
the famous Nelson-Aalen estimator from the one dimensional case.

If we denote the estimate of A with An, then the estimate of S based on
Dabrowska’s representation is simply

Sn = T(&,).

This estimator was studied by Dabrowska (1988, 1989). Gill (1990) gener-
alized the representation to dimension ¥ > 2 and analyzed the estimator by
applying the functional delta-method.
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B. The Volterra equation. This equation is derived by extending the fol-
lowing argument for k = 1: let

A(?) E/ ialF fort >0
[0,] S-

be the cumulative hazard function corresponding to F'. Then

F (t) = / S_dA
[0,]

and consequently

Sit)=1- / S_dA.
[0,

For a given function A, this is a homogeneous Volterra equation for S, where the
solution is given by the Peano series (a special Neumann series) Y i, A*(1),
where A(S) = f[o,.] S_dA. In this case, k¥ = 1, this is solved explicitly by the
product-integral of A:

S5(t) = 7[{1 — dA(s)).
[0,¢]
For theory about the univariate product-integral and in particular the equiva-
lence between the univariate Peano series and the univariate product-integral
we refer to Gill and Johansen (1990).
For k = 2 the argument generalizes as follows. For F on [0, 00)%, we define

as above
An(t) = f L 4F, where S(z) = P(X > 2).
[0, S-
This implies that
F(t) = / S_dAss. (6.6)
[0,]

It remains only to relate F' to S and the marginal distributions: let F; and F;
denote the marginal distributions of F. Then since

Fl(tl) + Fz(tg) — F(t) + S(‘t) =1,
(6.6) yields

S(t) = 1- F]_(tl) - Fz(tz) + / S__dA.ll

U(t) +/ S_dAq;, (6.7)
[0,¢]
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where ¥(t) = 1 — Fy(t1) — F3(t2) involves only the marginal distributions Fy
and F,. Regarded as an equation for S given fixed functions ¥ and A, (6.7)
is an inhomogeneous Volterra equation with a unique solution &;(¥, A1) (Gill
and Johansen (1990), Kantorovich and Akilov (1982), page 396). This can be
seen as follows. Represent the equation as (I — A5)(S) = ¥ where A5(S)(t) =
f[O,t] S_dA. It is easy to check that this structure takes care that

|| Al
k@, < 1A
where one has to notice that by definition of 7 the supremum norm (over [0, 7])

[|Al]5 is bounded.
Consequently, 2:‘;0 A’f\ is a bounded operator:

00
1> ARBls < 11kl exp(llAll)-
k=0
This proves that S is given by the Neumann series of Ax,,:
oo
S=) A%, (9). (6.8)
k=0
Because Aj,, depends only on A;; and

o(t)

1- ].((1 — Aqo(ds1,0)) — 7((1 — A10(0, dsz))
(0,t4] (0,t3]
®2 (A10(-0), A0x(0,-))

(6.8) defines a map
S =®(A) = &;(¥,A11) = & (®2 (A10(-,0), Ao1(0,)), A1s)- (6.9)

It is not clear from (6.8) that F' depends continuously on A;;, but we will prove
in section 3, as in Gill and Johansen (1990), that the bivariate Peano series,
and thereby also ®,, satisfies the characterization of weak continuous compact
differentiability at (¥, A) as stated in theorem 1.6.

Finally, it should be noticed that because of the exponential convergence
of the terms A% to zero, (6.8) provides us also with an exponentially fast
algorithm for finding a solution of the Volterra equation for known (¥, Ay;).
Finally, the Volterra estimator of S is given by:

Sp = ®(A,).
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C. Prentice and Cai’s representation. We give a new proof of the
Prentice-Cai representation (see also Prentice and Cai, 1992a). For still an-
other proof, see Wellner (1993). For this we need the following differentiability
rulesfor U:R—->Rand V:IR - R:

dUV) = U_dV +dUV
1 dU
d(ff) T UU

If we apply these one dimensional rules to the sections u — F(u,v) and
v — F(u,v) of a bivariate function F, then we denote these with d; and
ds, respectively. We apply these two one dimensional rules to each of the two
variables of R = S§/S; 5> in turn in order to express dR = d12R = di(d2(R)) as
follows:

dR = R_dL for certain measure L.

Define the familiar univariate hazards A;(dsi) = Ajo(dsy,0), Ax(dsy) =
A01(0,ds;). The reader can easily verify the following formulas (when ap-
plying the product rule to S/S; we give the left continuous version to S in-
stead of one of the S;, i = 1,2, and we denote F(_1)(s1,52) = F(s1—,52),
F_g)(s1,82) = F(s1,52—)):

dR =d;2R
_ d13S  d352dsS(—y) _ d151d2S(—1) . d151d2525-
T 815, 5385_51 5151-5; 5151-528;5_
-R 51_52_ d125 _ d252 d]_S(_z) _ d151 sz(_]_) + d]_S]_ d252
T 85,8, S_ Sy S_ S S_ 51— S3_

=R (An(ds) - Az(dSz)Alo(dsl, 62—) bt Al(dsl)Am(sl—-, d82) + A]_(dS1)A2(d82))
B (1 - A]_(Asl))(l - Az(ASz))

=R_dL.

At the third equality notice that 1/(1—A1(As1))(1—A2(Asz)) = 51-52-/5152.
Integrating the left and right-hand side over the rectangle (0, ¢] provides us with:

R(t)=1+ /( o R(s—)L(ds). (6.10)

Here one has to notice that R(¢1,0) = R(0,t3) = 1 for all ¢. This is a homoge-
neous Volterra equation with a unique solution given by the Peano series of L
which we will write out below.
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By definition of R and the well known product integral representation of
the univariate S;, i = 1,2, this provides us with the following representation
for the bivariate survival function:

Sit) = 7((1 — Aso(du, 0)) ]-((1 — Ao1(0, dv)) R(?)
[0,t1] [0,t2]
= 91 (A]_o, AOI, R) y (6.11)

where R is the unique solution of (6.10), just the Neumann series } 7= Al‘f(l)
as given in (6.8), given by the Peano series:

00 n
1+ / / L(du’
"z=:1 0<ul<u<...<unr<t H ( )

i=1

R

0,(I).

Define
ﬂ(s) = (1 - A10(A31, 0)) (1 - Ao;_(O, ASz)) .

Above, we derived the following representation of I in terms of the hazards A

~ 1
Lit) = /; 0l W {A11(ds) — A1o(ds1, s2—)A01(0, ds3)

—Ai0(ds1, 0)Ao1(s1—, ds3) + A1o(ds1, 0)A01(0, dsz)}
= 93 (X) .
Note that this gives a map
s = ol)=6; (Aw, Aoy, ez(Z))

= 01 (A10, Aor, 0,05 (£)) . (6.12)
Again, the estimate of S based on the Prentice-Cai representation is simply
Sp = G(Kﬂ)

Prentice and Cai (1992a) motivated this representation through a connec-
tion between L and the covariance of univariate counting process martingales.
Moreover, they proved almost sure consistency of the resulting estimator via
continuity of ©.

Remark. Firstly, the Volterra estimator is based on the idea to express dS in
S_dA for a certain measure A which makes S a solution of an inhomogeneous
Volterra equation, while in Prentice-Cai’s representation we do the same with
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d(5/S1S2) which leads in this case to a homogeneous Volterra equation. The
Volterra estimator uses an estimate of only one bivariate hazard A;;, while the
Dabrowska and the Prentice-Cai representations involve other functions L and
L which describe the covariance structure. Furthermore, notice the similarity
in the structure of L and E; this will save work in the differentiability proofs.

The functional delta-method. Our approach to studying the estimators,
which we will denote by S, SP,SPC will be to study the maps ®, I and ©
which define them (analytically). In sections 2 and 3 we show that these sat-
isfy weak continuous Hadamard differentiability with respect to the supremum
norm-metric for the sequences which can occur in practice. In section 4 we
represent X as differentiable maps from the distribution function of the data
to K, which, by the chain-rule gives us differentiable mappings ® o K, ToA
and © o A. Application of the functional delta-method theorem 1.6 to these
representations in the distribution of the data provides us with consistency,
weak convergence, and asymptotic validity of the bootstrap for SY,SP, SPC.
These results are summarized in theorem 5.1.

This approach provides us with optimal results for the estimators in the
sense that we essentially do not need any conditions. The only improvements
can be made by extending these results to the whole plane and by investigating
the rate at which the normalized estimators converge to its linearization in
terms of the empirical processes we plug in.

Also, the analysis has been separated into a purely analytical part (dif-
ferentiability of ®) and a purely probabilistic part (weak convergence of
Zn = +/n(P, — P)), where the latter is well known in our case. After es-
tablishing these purely analytical properties of components of ® one may also
conclude similar results for different sampling methods or models (e.g. models
1-3 in Gill, van der Laan and Wellner, 1993) without repeating the analysis.
The supremum norm might be considered as a quite naive choice in order to
get an optimal weak convergence result, but the supremum norm is easy to use,
to interpret, and has an easy generalization to higher dimensions.

After establishing the differentiability of the functionals which appear in
the representation I' and & we will get the differentiability of the Prentice-
Cai representation for free: by the chain-rule a differentiability result for a
functional can be used for establishing differentiability for any composition of
several mappings involving this functional. Because of this property, other
proposed explicit estimators can immediately be put into our framework.
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6.2 Lemmas.

In this section we give lemmas containing the basic analytic techniques for
establishing the required differentiability property. Moreover, we will give two
illustrations which show how these techniques can be used for this purpose.
Definitions and Notation. All functions we encounter are considered as
elements of the space of bivariate cadlag functions on [0, 7] which is denoted by
D[0, 7], endowed with the supremum norm (see definition 1.2). If F,, converges
in supremum norm to F, then we will denote this with F, — F (no other
types of convergence are needed here). Furthermore, we refer to some basic
facts mentioned in section 2.3: If a cadlag function is of bounded variation,
then it generates a signed measure and we refer to the telescoping lemma 1.6.
If for F we write F(du,v), F(u,dv), F(du,dv), we mean the one dimensional
measures generated by the sections u +— F(u,v),v — F(u,v) and the two
dimensional measure generated by (u,v) — F(u,v), respectively, and it will
be automatically assumed that these sections and the function itself are of
bounded variation.

In our applications we want to be able to define integrals [ FdH and
J F(du,v)H(u,dv), when H is of unbounded variation and F is of bounded
uniform sectional variation. This can be done by applying integration by parts
so that H appears as function. We want to have an integration by parts for-
mula which takes account of mass given to the edge of the rectangle [0, 7]. The
following does this (here f; = Jio,)» the first formulas is the same as in lemma

(1.3)):
Lemma 6.1 (Integration by Parts).
/0 /{; F(u, v)H(du,dv) = /0 /0 H ([(u, s) x (v,t)]) F(du,dv)
+ Jo H ([u, 5] x (0,4]) F(du, 0)+ f, H ((0, ] x [v,]) F (0, dv)

+ F(0,0)H ((0, 5] x (0,1]).

[ [ rewomean= [ [ 2 drana+ [ 2006w,

Notice that with these formulas we can also define these integrals for H of
unbounded variation. We can bound both integrals by 16||H||||F|[;- Notice
that if F' is zero at the bottom edges of [0, 7], then only the first term on the
right hand-sides is non-zero.
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Proof. We refer to (Gill, 1990) for the general R¥ case. It works as follows.
For the first integral, substitute

F(u,v) = / F(du', dv') + / F(du',0) + / F(0,dv/) + F(0,0)
(0,u]x(0,7] (0,u] (0,0]
and for the second integral substitute

F(du,v) = / F(du,dv') + F(du,0)

0,v]

and apply Fubini’s theorem. O

Assume that Fy, F; are of bounded variation and that F;(sq1,sz) or
F;(s1—, s2) or Fi(s1,s3—) or Fi(si—,s2—) is cadlag, i = 1,2. Then F; and
F, generate signed measures and we have

| / Fi(u)Fy(u)dH (v) = / Fi(u)d ( /0 ’ Fg(v)dH(v)) . (6.13)

So by twice applying lemma
6.1 to [ Fi(u)F2(u)dH (u) = [ Fi(u)d (f; Fz2(v)dH(v)) we can do integration
by parts so that H appears as function and Fj, F> as measures.

The following lemma is trivially checked, but useful.

Lemma 6.2 (d—A interchange). We have:
/ / F(As, At)G(ds, dt) = / / F(ds, dt)G(As, At)
/ / F(ds, t)G(As, dt) / / F(As, t)G(ds, dt).

Recall the denominator in the mappings L and L which appear in T and O,
which are of the form 1/{(1—a)(1—b)}, where a, b are are only nice functions in
one coordinate, and therefore certainly do not generate a measure. Therefore
it is not clear how we can integrate w.r.t. this denominator. The following
lemma will take care of this problem.

Lemma 6.3 (Denominator splitting). Let ay,as be real numbers.
Then the following holds:
1 _ 1 + a
Q-a))(l—a3) 1-—a; (1—a1)(1—az)

or
1 ay as a a3
=1+ + + .
(1 - (11)(1 - 012) 1- a 1- as (1 - al)(l - az)
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In general, we have:

13

-—1— = d_. aia; Hl’:l Qi
Y e D D v D s Ern RARRS | AN =)

§,0hi#]
This follows from the identity 1/(1 — ;) =1+ a;/(1 — a;).

Now, we are able to define the following terms with integration by parts as
follows:

Corollary 6.1 Define B(u,v) = (1 — A1o(Au,v))(1 — Aos(u, Av)). We have:

H(d: A(u,dv) __ A(u,dv
S HER Y = [ [ B (du, v) gl

H(Au,0)A10(du, v)A(u,d
S

U ,av A ’d
[ Bldme) = [ [ (du, do) + [ H(du, Ao) 25 00)

H(Au,Av)A10(du, v u, dv Ajo(du,v
4 et bl D) o 11 1 (au, dn) 2000

H plays the role of a function of unbounded variation (Brownian bridge) and
A, Ao, Aoy are cadlag functions of bounded uniform sectional variation. Notice
that all terms on the right-hand side of the equalities where H appears as
measure are of the form [ FdH where F generates a finite measure. Therefore,
for all these terms we can apply the integration by parts formulas of lemma 6.1
in order to make H appear as function.

Again, this corollary is simple to prove by applying denominator splitting
and d-A-interchange. In the differentiability proof of the L-mapping we have
to be able to bound the terms above in the supremum norm of H. It is now
clear that this can be done with the integration by parts formulas. We will see
that this is the whole story of the differentiability proofs: we use denominator-
splitting and d-A-interchange in order to produce an integral [ FdH, where
F generates a measure and is of bounded uniform sectional variation. Then
we apply integration by parts in order to bound these terms in the supremum
norm of H and the uniform sectional variation of F'.

We did not deal, yet, with an integral of the form [HdF,, ||Fall, — 0,
[|H||, = oo, which we want to show to converge to zero. Since H is not of
finite variation one cannot do integration by parts in order to bound this in
the supremum norm of F,,. The next ingredient takes care of this, the so called
Helly-Bray lemma:
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Lemma 6.4 (Helly-Bray lemma). If H € (D[0,7),||-||,,) i8 of unbounded
variation, then we can approzimate H with a sequence H,, where ||Hp|; <
M(m) < oo and ||H — Hp||,, — 0. This gives us the following bound:

II/HGU’IL,o S|H = Hulloo [|FI[; + 16| Fllo M ().

For H,, one can (e.g.) take the step function equal to H on a grid 7™. We
did the substitution H = (H — Hy,) + Hp,, integration by parts and bounding
terms like [ FdH,, by ||F||.,||Hm]|;- The bound in lemma 6.4 is useful because
it proves that integrals of the form [ HdF, converge to zero when ||Fy||,, — 0,
even if ||H||, = oo, provided that ||Fy|[; < oo (just let m — oo slowly enough).

Illustration 1. We will illustrate how these lemmas easily provide us with
compact differentiability (see theorem 1.5) of & : (F,G) — [ FdG at a point
(F,G) with F and G cadlag functions of bounded uniform sectional variation
for sequences Fy, Gy of uniformly (in n) bounded uniform sectional variation:
if Yy =/n(Fn—F)—>Y, Z, = /n(Gn — G) — Z, then

\/H((P(Fny Gn) - @(F’ G)) - d@(F, G)(Y’ Z) —0

for a certain continuous linear mapping d®(F,G) : (D[0, 7])> — IR. We have
by telescoping:

V7 (8(Fa, Ga) — 8(F, G)) = / YadG + / FadZ.

So if we subtract from this its supposed limit d®(F, G)(Y, Z) = [ YdG+ [ FdZ,
then we obtain by telescoping:

/ (Yo - Y)dG + / (Fo — F)dZ + / Fod(Z, - Z),

where the last two integrals are defined by integration by parts (lemma 6.1).
The first integral can immediately be bounded by ||Y, — Y| ||G||, — 0. The
second integral converges to zero by the Helly-Bray lemma 6.4. For the third
integral we can do integration by parts with respect to F,, and thereby bound
this term by ¢||Zn — Z|| || Fxl]; — 0.

INlustration 2. We will give an illustration of how these lemmas are used to
prove convergence to zero of quite complicated terms which we will encounter
in our analysis of Dabrowska’s estimator. Consider the term

/ ﬂn(:" v) ﬂ(ul, v)

H(du, dv), (6.14)
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where H is of unbounded variation. 8, (u, v) (8(u, v)) is the denominator of L as
defined above corresponding to (ATy, AJ;) ((A10, Ao1)) and (AT, AJ,;) converges
in supremum norm to (Ao, Ag1). We will show that this term converges to zero
if Ay, Ao1, ATy AG; have the following four properties :

1) > 6 > 0 on [0, 7] for certain § > 0.

2) There exists a sequence of uniformly in n finite (signed) measures po, so
that A%y(u,dv) < p2q(dv) for all u. Similarly for Ajg, Ao, Af;-

3) There exists a sequence of uniformly in n finite (signed) measures p1, so
that A%y(du,v) < p2n(du) for all v. Similarly for Ajq, Aoz, Ad;.

4) [[AZo(du, 0)/1a(dw)llp, < M and [|AZo(u, dv)/pu2a(d0)ll,, < M for certain
M < oo (uniform boundedness of the Radon-Nykodym derivatives). Similarly
for Am, A01, A31-

In our applications the assumptions 2—4 are easily verified by a simple choice
of p1n, K1, H2a, 12 and by choice of [0, 7] assumption 1 will hold trivially. This
will be done in the proof of the final theorem in section 5.

The term (6.14) involves all the above mentioned techniques. Apply the
denominator splitting lemma to rewrite 1/8,(u,v) — 1/8(u, v). This gives

1 1

Ay ) sl

10\8 %, 10\ AU, v
- (1 — A%(Au,v) 1—As0(Au, v)) + (1 — Agy(u,Av) 11— Api(u, Av))
+ (A'fo(AU, v)Ag (v, Av)  Aso(Au, v)Aoi(u, AU)) .

ﬂn(uy ’U) ,B(u7 ’l))

Then the integral (6.14) is the sum of three integrals which we will denote with
A, B and C respectively. The first term A is given by:

AT(Au, v) _ Aro(Au, v) w. do
/ (1 d X?O(Au, ’U) 1-— Alo(A'U,, ’U)) H(d ! d )

_ Afo(Au,v) Aro(Au, v)
= / (1 —11(;'1‘0(Au, v) ~ 1— Aro(Au, v)) (H — Hm)(du, dv)

Afo(Au,v) Airo(Au,v)
+/ (1 T AT(Au,0) 1= Aro(Aw,v) ) Em(dudv)
_ Afo(du, v) Aqo(du, v)

B / (1 — A%(Au,v)  1— Ajo(Au, v)) (H — Hm)(Au, dv)

Ao(Au,v) Aro(Au,v)
+_/(1— To(Au,v) 1 — Ajo(Au,v) Hun(du, dv).

Ady(u, Av) Ao1(u, Av)

We did the substitution H = H — Hy,, + H,, (Helly-Bray) and applied d-A-
interchange. Consider the first term, say Al.
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A1l. Here, we can apply the second integration by parts formula of lemma 6.1.
Then one of the terms is given by:

! by v)ATo(Au,dv
/(E - Hm) (Au’ [”a 7—2]) (1 _ A'l‘O(A’U,, ’U))2 AIO(du’ )AIO(A ’d )

4
5V — Honll, [ | Afo(ds0)A%o(Au, do) |

- (inf(u,u)e[o,r] [ 1-— A'l'o(Au, 'U) |)
< Gl ~ Hallo, [ 1 Afo(du,o)ATo(Auy ) |

where we used assumption 3, > 6 > 0 on [0, 7] for certain § > 0 in the last
line, which follows from assumption 1 and the uniform convergence of 3, to 5.
The other terms which one gets after applying integration by parts are dealt
in the same way. By assumption 2-4 we have:

/ A’llo(du7 v) A?O(“’ d”)
p1n(du)  pza(dv)
M?||p1allylp2ally < M,

|10 (du)p2a(dv)|

/ | A7o(du, v)ATo(Au, dv) |

IA

for some M’ < oo. So if A}, satisfies assumptions 14, then C||H — Hp||, [ |
Ato(du, v)ATo(Au,dv) |— 0 for m — co. The other terms are dealt similarly
using the assumptions 1-4 for Ajp and Af,.
A2. The second term can be bounded by the supremum norm of
Afo(An,v)/(1 — ATo(Au, v)) — Aro(An,v)/(1 — Aro(Au, v)) (which converges
to zero) times the variation norm of Hyy,.

So if we let m = m(n) — oo slowly enough for n — oo, then both terms A1
and A2 converge to zero.

The second term B is dealt similarly. Now, we will deal with the third term
C. Firstly, by telescoping we can rewrite:

Afo(Au, v)AG,(u, Av)  Aro(Au, v)Aoi(u, Av)
Ba(u,v) B(u, v)
1

= (e~ ) Mol Mr(s, 89

ﬂn(l, )(A'I‘O(Au, v) — A1o(Au, v)) Ao1(u, Av)

ﬁ( u, v )Am(A“,”) (A91(u, Av) — Agy(u, Av)).

We have to integrate these terms with respect to H. We set H = (H — Hpn) +
Hy, (here an application of the Helly-Bray-lemma starts). By using the d-A-
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interchange trick we can transform all three terms with H — H,, into integrals
where H — H,, appears as a function: e.g.

1
/(H — Hp)(du,dv) ———— (ATo(Au, v) — A1o(An, v)) Ao (u, Av)
Bn(u,v)
1
= /(H — Hp)(Au, Av)——— (ATp(du, v) — A1o(du, v)) Ao1(u, dv).
Bn(u, v)
So if assumption 1-4 holds, then as we did above we can bound this term by

CllH — HunllooM? (tsall lisall, + sl ll2ll,) < MNE = Hl

Similarly, we have this bound for the other terms with H — H,,. The three
terms with H,, we can directly bound by ||(1/8a(u,v) — 1/8(u,v))|| ., M(m)
s I(AZo(Au, 0) — Aso(At, 0))lloo M(m), [I(A%y (u, Av) — Aos(u, Av))]|oo M (m),
where M (m) stands for a constant times the variation norm of H,,. So we can
conclude that we have the following bound:

Afo(Au, v)AZ (u, Av)  Ajo(Au, v)Aer(u, Av)
”/H(dua dv) ( 10 ﬂn(“, ‘U) - ﬂ(u, ,0) ) ”oo

< cl|B — Honlloy + eaM(m),

where €, converges to zero. Let now m — oo slowly enough to obtain that the
left-hand side bound converges to zero. This proves the convergence of (6.14).

In general all terms we will encounter in the differentiability proofs are dealt
in the following way:

Telescoping. Step 1. Firstly, we do telescoping in order to rewrite a difference
of two products as a sum of single differences: [ An B, — [AB = [(An—
A)B + [ An(Bn — B). Consider one term (e.g.) [(An — A)B. Here,
we know that A4, — A, but A, can appear as a measure in one or two
coordinates: [(A4n, — A)(du,dv)B(u,v) or [(4, — A)(du,v)B(u,dv) or
the easiest case [(A4n — A4)(u,v)B(du,dv).

Goal. Step 2. We want to bound the term [(A, —A)B, where we usually have
that A, — A appears as a measure, in the supremum norm of 4, — A
which is known to converge to zero. Therefore if A,, — A does not appear
as a function, then our goal is to get this term in a form so that we can
apply integration by parts with respect to B.

Denominator-splitting, d—A-interchange. Step 3.
Case 0 If A, — A appears as function we can immediately bound [ (A, —
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A)dB by the supnorm of 4, — A.

Case 1 If B is of bounded uniform sectional variation or is it a product of
such functions (of bounded uniform sectional variation but some left and
some right continuous) we can bound the term in the supremum norm of
A, — A by applying the integration by parts formula of lemma 6.1.
Case 2 If B is of unbounded variation, we substitute B = (B— By, )+ Bm,
and we now want to bound the term with B — By, in the supremum norm
of B — By, and the term with By, in the uniform sectional variation norm
of By, (Helly-Bray lemma 6.4). We go back to step 3.

Case 3 If B involves the denominator 3 we firstly apply the denominator
trick lemma 6.3 and d — A-interchange lemma 6.2 as in corollary 6.1 in
order to rewrite the term to a term of Case 0 or 1.

6.3 Differentiability
of the Dabrowska, Volterra, and Prentice
and Cai representations of F.

In this section our goal is to establish weak continuous Hadamard differentia-
bility (see theorem 1.6) of the Volterra, Dabrowska, and Prentice-Cai represen-
tations of F', thereby paving the way for validity of the bootstrap in each case.
Notation and assumptions on sequences. For any symbol which occurs
as argument of the analyzed mapping, say A, A, and A¥ are sequences which
both converge in supremum norm to A and moreover it will be automatically
assumed that they are of bounded uniform sectional variation uniformly in
n. The latter can be done by choosing D, in theorem 1.6 appropriately and
because these properties hold for the estimators we plug in.

A, plays the role of the estimator of A using the original data and A¥ plays
the role of the same estimator, but using a bootstrap sample of the original
data.

6.3.1 The Volterra Representation.

We give the proof of the Volterra representation before the proof of the bivari-
ate product integral (as part of the Dabrowska representation), because the
proof is easier to generalize from the univariate case and for the Dabrowska
representation we will be able to refer to the main lines of the differentiability
proof given here.



Differentiability of the Representations 163

Consider the inhomogeneous Volterra equation
5(t) = ¥(t) + / S(s=)dA11(s)- (6.15)
[0,]

We consider this equation as an implicit equation for S for given functions ¥
and A;;. For any measure « on R? set:

Pato=1+3 [ adul) o). (619
n=1v%

<ul<..<un<t

Po = P(;; ) is the Peano series corresponding to o. The following proposi-
tions will be proved below in a separate subsection. The proofs are similar to
the proofs given in Gill and Johansen (1990) as they already remarked on page
1531. The inhomogeneous Volterra equation has a unique solution in terms of

P('; Au):

Proposition 6.1 If S satisfies (6.15), then

S(t) = ¥(t) + /0 <tlI'(s—)P (5, 8]; Avy) dAsa(s)-

<s
Repeated substitution of the Volterra equation into itself and interchange of the
order of integration make the claim intuitively clear. Here are two propositions
giving useful properties of the Peano series P.

Proposition 6.2 (Kolmogorov equations). The Peano series P = P, defined
by (6.16) satisfies

,Pa(S,t] = 1+ Pa(s,u)a(du)

s<u<t

1+ / » P . (u, t]e(du).

Proposition 6.3 (Duhamel equation). If  and B are two measures on IR?
with corresponding Peano series Py and Pg, then

Pots,t] - Pals,f] = ) Po(s, )P, (8- a)(dw).  (6.17)
s<u<
With the Duhamel equation one can show the following differentiability result
for the Peano series. For all propositions and theorems recall our assumptions
on the sequences A,.
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Proposition 6.4 (weak continuous compact differentiability of P, in supre-
mum norm). Assume

ha = Vr(a¥ — ay) — h in D[0, 7).

Then, with P¥ = P(:;a), Pn = P(:; )

vn (Pf - 'P,.) P in Do, 7), (6.18)
where P is given by

Phis,1] = / P (s, 0)P (u, f1dh(u). (6.19)

<u<t

If h i3 of unbounded variation this is defined by (repeated) integration by parts
(see lemma 6.13).

Consistency. In general, notice that this differentiability result for a map-
ping A certainly implies continuity of A; if F,, — F then A(F,) — A(F).
Therefore our differentiability results will also provide us with almost sure uni-
form consistency of our estimators.

Now, we have the tools to prove the weak continuous compact differentia-
bility property of the Volterra representation ®;(%¥,A1).

Theorem 6.1 (weak continuous compact differentiability of ®;). Suppose that

t,}(¥¥ - ¥,) — ain D[0,7]
t-}(AT¥ —A) — B in Do, 7],

Then
t;1 (0(#, ATF) - O(¥n, AT,)) — dO(E, A1)(e, B) in D0, 7], (6.20)

where dO(¥,A11)(-,-) 18 a continuous lLnear functional defined on
(D[O,T],“-||°°)2.

Proof of theorem 6.1. For convenience denote Aj; with A.

Pl = P(st:a8)
Pl = P (s tha),
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and write S¥ = ®,(U# A¥), S, = ®2(¥y,As) and S = &5(¥, A). By equation
(6.15)

stO =)+ [_ 926 P, 00nt0) (6.21)
and
Sa() = Ta(t) + / . ¥ (5=) P a (s, 1dAn(s) (6.22)
so that subtraction yields (by telescoping)
1 (SEO - Salt) = £ (TE(E) - Tal)
+ [ et - 2P i)

+ / R (Pf - 7’“) (s, 8JdA¥

+ [ 6P e’ (aaf - dan) ()
s<t
= I, +1I;, +1II, 4+ IV,.

I, — I by hypothesis. Our goal is to show that II,,III,,IV, converge to
their supposed limits II,III,IV. Firstly, one should notice that the supposed
limits are well defined: for example IV= [ _, ¥(s—)P(s,t]dg(s) is defined by
repeated integration by parts (lemma 6.13). Here we need that s — P(s,1]
is of bounded uniform sectional variation, which follows from the bounded
uniform sectional variation of A¥# as shown in the proof of proposition 6.4. By
telescoping we have:

M-I = /’ (et —a) (s-)P(s,8)dA(s)
+ /.q af(s-) (Pf - ’P) (s,4}dA(s)
+ / ; o(s-) P (s, (A% — A)(s).
* /.;,(“f — ) (s-)Px (s, d(AF - A)(s).

Because A is of bounded variation the first two terms can directly be bounded
by a constant times the supremum norm of (a¥ — a) and ('Pf - P)(s, 1,
respectively. (o — ) converges to zero by hypothesis and ('Pf —P)(s,1] con-
verges to zero by proposition 6.4. Similarly, using that A,, A¥ are of bounded
variation uniformly in n, we prove that the fourth term converges to zero by
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bounding it in the supremum norm of (a¥ — «). For the third term we write
'Pf =P+ ('P:&t — P) and for the non-trivial term with P we apply the Helly-
Bray lemma 6.4 with H(s) = a(s)P(s,t] and F(s) = A¥ — A, because « is of
unbounded variation.

The convergence of III,, IV, to their supposed limits is proved, similarly:
only integration by parts and Helly-Bray are needed. This completes the proof.
(]

Proofs of propositions.

Proof of proposition 6.2 (Kolmogorov equations). For convenience, we de-
fine the region which appears in each term of the Peano series: By, (s,t] =
{(u,...,u") € R?*:s < ul <...< u" <t}. Now,

Pa(s, u) =1+ Z/B a(dul)- - - a(du®), (6.23)

a(s,u)

SO

-/:(:;St Pa(s, u)a(du)

Il

/a<u5t la(du) + nz=:1 /;?n“(a,t] a(du') - - - a(du™)a(du)

Z/Bn(”t]a(du ) a(du™)

n=1

= Pas,q-1.

The backward equation is similarly proved. O

Proof of proposition 6.3 (Duhamel equation). Consider the following m+n-
fold integral:

/ a(du')- - - a(du™)B(du™ 1) - - - B(du™"). (6.24)
Bmn(s,t]

By splitting the integration on ™ we can write this as:

[t {/Bm-l(”um)a(dul)...a(du"‘—l)} {/B,.(um,t] B(du™t1) .. 'ﬁ(dum+")}a(dum).

m+1

Similarly, splitting the integration on v™*!, we can also write it as:

/ { / a(dul)---a(dum)} { / B(du™*?).. -,B(du’"‘"")} B(du™*1).
s B (s,umtl) B, (um+1,t]
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Since these two integrals are equal to each other for all m and n, we can sum
up the resulting identity on m and n to obtain

Pa(s, u) {Pp (u,t] — 1} a(du):/s {Pa(s, u) — 1} P,B(ua t]8(du)

(6.25)

s<u<t <u<t

Combining (6.25) with the Kolmogorov equations yields the Duhamel equation.
O .

Proof of proposition 6.4 (weak continuous compact differentiability of Pg).
By the Duhamel equation we have:

# #
t (’P,. - P,.) (s,4] = / Poey P waantw).  (6.26)
s<u<t
The difference with its supposed limit is given by (telescoping)

2 (Po=P) (0P (asthd@) + J; P, ) (P = P) twsthana)
+ycugs PaloryPh (u, (0 - h)(w).

Firstly, notice that all three terms are defined by repeated integration by parts
(corollary 6.13), which can be done because s — Pp(s,?] (and P¥ P) are of
bounded uniform sectional variation uniformly in n (see below). The first and
second term converge to zero by the Helly-Bray lemma 6.4 and the third term
can be bounded by the supremum norm of h# — h by applying integration by
parts (lemma 6.1). In all three bounds the uniform sectional variation norm of
P.,P¥ P considered as functions s — P, (s,t] appear which are uniformly
bounded. This is seen as follows. From the definition (6.16) of the Peano
series it follows directly that ||Pq4||,, < exp(|la||,,) (see (6.8). Then by the
Kolmogorov equation we have:

IPally < 1P allsolalls < explialles)liell-
So if ||a||; < M, then ||Pq4||; is bounded. This proves the bounded uniform sec-
tional variation property of Py, P¥, P, by assumption on an. This completes
the proof. O
6.3.2 The Dabrowska representation.

The covariance-mapping.

We will state the differentiability result for the by far most complicated map-
ping L in the Dabrowska representation.
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Proposition 6.5 Denote A= (A10, Ao1, A11). Let '3 = I'sy — I'sg, where

> Azo(du, v—)Ao1 (u—, dv) o Aq1(du, dv)
Fsl(A)—/[t] 0%) and raz(A)_/[o,t] )

Assume that (A}, AL ¥)|l, < M < oo and

1. 3>6 >0 on [0, r] fo'r certain 6 > 0.

2. There exists a sequence of uniformly in n finite (signed) measures pan 3o
that A%(u,dv) < pga(dv) for all u. Similarly for Aio, Ao¥, Aoty Ay, A .
3. There ezists a sequence of uniformly in n finite (signed) measures p1, so
that A%(du,v) < pga(du) for all v. Similarly for Ay, ATo¥, Ao, Ay, AR ¥ .
4. ||ATo(du, v)/p1n(du)||,, < M and ||ATo(u, dv)/pzn(dv)|| < M for certain
M < oo (uniform boundedness of the Radon-Nykodym derivatives). Similarly

for Aro, Ao¥, Aoty A%y, AL #

If R = \/n(A# — K,) — Fk, then we have:

Vr(D(A¥) — T(&,)) — dT(R)(R¥) — 0, (6.27)
for a certain continuous linear map dL'(A) : (D[0,7],||-]l.)2 —
(D[o, 71, |l - ”oo) .

Proof. We will give the proof of ordinary compact differentiability, i.e. we
replace A, by A and A¥ by A, in (6.27). The reader can easily verify that the
proof goes through when we do not do this. We have by telescoping:

V1 (T31(Agy, ATp) — T31(Ao1, Aro))
e [ B ) (A, v-)A (u=, dv) — Asold, v)Aon (u—, dv)
~ 1 (5= o)) sad v Do)
— Ba)(%, v)A10(du, v—)Ao1 (u—, dv
+‘/ﬁ-// ﬂn(u, ”)ﬁ(uw ’D)
:// h3o(du, v—)Ao1(u—, dv) + b3, (u—, dv)AT(du, v—)
ﬂn(uy ”)

+ /' / fﬂ ﬂn (1, v)A1o(du, v—)Ao1 (u—, dv).

It is easy to check that \/r'i(ﬂ — Bn)/(BnB) — H(u,v) for a fixed function
H(hjo, ho1) linear in (hqo, ho1) which we will not write down. So the last term
convergesin || - ||, to [ [ H(hio, ho1)(, v)A10(du, v—)Ag1 (u—, dv). Notice that
the supposed limit d@(&) is a continuous linear map because all terms can be

defined by integration by parts with lemma 6.1. We only consider the second
integral. The first is dealt similarly. The difference between the second integral
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and its supposed limit can by telescoping be rewritten as the following sum of
terms:

(hsl - hoﬂ(u—,dv)A’fo(du,v—) (A’fo - Alo)(du,v—)h(n(u—,dv)
I Bu ) +J Bt )

+[/ (Bl;- - %) (v, v) + ho1(u—, dv)Aso(du, v—).

Term i. Use corollary 6.1 with H = h{; — ko1, A = Ay, B = P
Then apply integration by parts (the second part of lemma 6.1) and bound
this term by the supremum norm of hJ, — hio times integrals like [ |
1/8(A1o(du, v—)Ao1(u—,dv)) |. For the rest we refer to the techniques in
illustration 2 where we show, by using the assumptions 14, that this variation
is bounded.
Term ii. Substitute hoy = (hor — hg}) + h§}. Now bound the term with
(hor — k@) in the supremum norm of (ho; — h{}) times a constant, and bound
the term with h{j in the supremum norm of ATy — Ajo times the uniform sec-
tional variation of g}, both in exactly the same way as we did in term i. Now,
let m — oo slowly enough (Helly-Bray lemma, 6.4).
Term iii. Similar to our illustration II with h(du,dv) replaced by
hm(’ll—, dv)Am(du, ’l)—).

The proof for I'3; is similar, but easier.0

Bivariate product-integral.

The essential ingredient for establishing differentiability results for the product-
integral is the Duhamel equation. For the univariate product integral theory we
refer to Gill and Johansen (1990). They also sketch how the proofs can be gen-
eralized to the multivariate product-integral. Here, we will present and prove
the bivariate analogues of the Kolmogorov equations and Duhamal equation
and finally state the differentiability result for the bivariate product-integral.
For any signed measure L on IR? set

_')-E(s, t],L)= ].(;1 + L(du,dv)), (6.28)

(st]
where the bivariate product-integral T[L(s, t] = H((s, t,L) = ].((‘, t](l +
L(du,dv)) is defined as the limit of finite products of [Ti;_,(1 +
L((4i-1,v;-1), (ui, v;)])) over partition-elements J; ; = ((vi-1,vj-1), (ti, v;)]
with max; ;{| (%i—1,vj—1) — (ui, v;) |} converging to zero. The ordering (speci-
fying in what way we multiply over the elements of the partition) of this product
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is not relevant by the commutativity of multiplication in IR, but for our proofs
we choose the video ordering (left under to right under then to left under one
strip higher etc.). The proof that this product-integral is uniquely defined (that
each sequence of partitions of rectangles with mesh converging to zero has the
same limit) is exactly the same as the proof for the univariate product-integral
as given in Gill and Johansen (1990), page 1515 (see Gill, 1993a).

Remark. In one dimension the product integral equals the Peano-series. In
two dimensions the same properties (Kolmogorov equations, Duhamel equa-
tion) for both can be proved. By using the total ordering in IR? we can obtain
all one dimensional results and we can go back and forth from total ordering
to partial ordering.

Property 6.1 T[(o 4 (1 + L(du,dv)) < exp(||L||,) So if L is of bounded varia-

tion, then t — H((O,t], L) is bounded in supremum norm.

This follows immediately from 1+ | L(J; ;) |< exp(| L(J;,;) |). We will see that
we can easily get generalizations of the Kolmogorov and Duhamel equation of
the univariate case by replacing univariate intervals by rectangles with respect
to the total (video) ordering. That is indeed what we will do. Then we will show
that we can rewrite the obtained results in terms of rectangles with respect to
the usual pa.rtial'ordering.

Lemma 6.5 Write (0,t] = {z € R?: 0 < z < t} for an interval with respect
to the partial ordering on IR?. Denote ]]0,t]] for an interval with respect to the
total (video) ordering on R?: (z,y) €]]0,t]] © 0 < y <tz ory = t2,z < 1.
Then

(0,¢] N ]]0, s]]
(0,2] N ]]s, oo]]

((O’tl] X (Oa 52)) U ((01 81] X {52})
((s1,t1] x {52}) U ((0, 1] x (s2,12]) .

The lemma says that we can describe these intersections as the union of one two
dimensional rectangle and a one-dimensional line segment, both with respect
to the partial ordering. The proof is trivial.

For the next proposition and lemma it should be remarked that the Kol-
mogorov and Duhamel equations are certainly not true if the rectangles w.r.t.
the total ordering are replaced by a partial ordering; by the total ordering,
if we walk in video ordering from left under to right above the region grows
monotonically to the total rectangle and that makes the identities essentially
the same as the univariate identities.
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Proposition 6.6 (Kolmogorov equations). Denote (0,t] for an interval with
respect to the partial ordering on R’ and denote ]]0,t]] for an interval with
respect to the total ordering on IR?. The bivariate product-integral j[ = ](L

satisfies:
JL-(s,t] = 1+/(‘,tlz-[(‘(s,t]n]]s,u[[)L(du)

= 1+ /(] IE(s,t]ﬂ]]u,t[[)L(du)-

Proof. We prove the first equality. Consider a finite partition my, of (s,?]
of rectangles with diameter smaller than h,. Replace the product-integrals
by a finite product in video ordering over this partition. Then the integral
is an integral of a simple function with respect to the measure L. Because
of the identity [Ti=,(1 + i) = 1+ /2, H;;ll(l + @j)a; it follows that the
equality holds for this finite partition. By the convergence of this product to
the product integral for h,, — 0 (see definition of product integral) the left-
hand side m"(s, t] and the integrand on the right-hand side mﬂ ((sy t]N])s, u[[)
converge to T(L (s,t] and ]'(L ((s,t]N]]s, u[[), respectively. The dominated con-
vergence theorem tells us that the right hand side converges for this sequence
of partitions to 1 + f("t] T, (s, 81NNs, w][) L(du). D

Corollary 6.2 If L is of bounded variation, then t — ]'(L (0,%] is of bounded
variation. Similarly, for bounded uniform sectional variation.

Proof. This follows straightforwardly from property 6.1 and the Kolmogorov
equations. For the precise argument see the proof of proposition 6.4 O

Lemma 6.6 (Duhamel equation with total ordering). We have:

Too.a-Tloa- S Tlcoarmo.sip ata o) J{0 sl
a B " B

Proof. The proof is the same as the proof for the Kolmogorov equations
except that we now have to use the telescoping-identity [];_, ai — [Ti=, b =
Y [Tz ai(ei — b)) [Thaiyy b O

Now, with lemmas 6.5 and 6.6 we are able to write down a Duhamel equation
which involves product-integrals over rectangles or lines with lower and upper
corner chosen out of the corners of (s, t]. We can simplify this to only product-
integrals over rectangles and lines with lower corner at (0,0) as follows.
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Lemma 6.7

Tl = (mo,ﬂ T, s]) / (7((0, _— (tl,szn) |

which is the generalized ratio of the product-integral over a rectangle with
lower corner at (0,0) and upper corner at one of the four corners of (s,t].

Proof. The proof follows straightforwardly from the multiplicativity of the
product-integral. O

Proposition 6.7 (Duhamel equation). Define

V(s,t) = [, (0,ta] x (0,52)) T, ((0, 1] x {s2})
x Tl ((s1,t2] x {s2}) T ((0,1] x (s2, 2a])

where ][p ((s1,t1] % {s2}) and :T[ﬁ ((0,21] x (s2,t2]) can be written as a gener-
alized ratio of product-integrals over rectangles with lower corners at (0,0) and
upper corners with coordinates taken from s and t (see lemma 6.7). Then

7{0, - J-Eo f= /( LT O} (6.29)
o 8 )

All these product-integrals are of bounded (uniformly in ¢) variation in s by
application of the property 6.1. So by our repeated integration by parts formula
(6.13) we can do integration by parts so that o — 3 appears as a function and
thereby bound it in the supremum norm of @ — 8 and the uniform sectional
variation norm of V.

Proof. (Duhamel equation). Firstly, apply lemma6.6. Then by lemma 6.5 and
the multiplicativity of 7[0 we can write the product-integrals as a product over
product-integrals over rectangles and hyperplanes with respect to the partial
ordering. Finally apply lemma 6.7. O

Theorem 6.2 (Weak continuous compact differentiability of the bivariate
product integral). The bivariate product-integral T[ : (D[, 7 llos) —
(D[01 T]v ” . “oo):

L ]-[El — L(du, dv))
[0,2]

satisfies differentiability property (6.27) for sequences ||La||; < C, ||IL¥||; < C
converging to a signed measure L.
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It is already known that it holds for the univariate product-integral (Gill and
Johansen, 1990).

Proof. For this we refer to the differentiability proof of the bivariate Peano
series in the preceding section: the same ingredients (Kolmogorov equations,
Duhamel, repeated integration by parts) have to be used in the same way.O

6.3.3 The Prentice-Cai representation.

Recall the Prentice-Cai representation
S(t) = 0, (AIO(‘, 0),A01(0, -), R)

= 6 (AIO(" 0), A01(0, ), 92(L))

= 1 (Ao(0), Aox(0, ), ©3(Os(E))

= O(K)’
where ©; is a product of two univariate product integrals w.r.t. Ajo(-,0) and
A01(0, -), respectively, times R; ©; = @, is the Volterra representation; O3 is
the L mapping which has the same structure (slightly easier) as the I's = L
mapping of Dabrowska’s representation. So the weak continuous differentiabil-
ity has been proved for ©, in Gill and Johansen (1990), for ©; in theorem 6.1,

for ©3 by copying the proof of proposition 6.5. The chain rule provides us now
with the weak continuous differentiability of ©.

6.3.4 Differentiability theorem for the three representa-
tions.

Theorem 6.3 All three representations are defined in section 1. Let T' be the
Dabrowskae representation and X the vector of hazard measures corresponding
with S as defined in section 1: S = T(A).

Dabrowska representation.

Assumptions. Assume that ||A%||, < M < oo, ||AF,|l, < M < oo and

1. S(r)>0.

2. There ezists a sequence of uniformly in n finite (signed) measures pa, so
that A%o(u,dv) < pon(dv) for all u. Similarly for Ajo, A%¥, Aoy, AD,, AD*.
3. There ezists a sequence of uniformly in n finite (signed) measures py, so
that ATy(du, v) < pan(du) for all v. Similarly for Ao, A'l'o#, Ao1, AR, AD ¥,
4. ||ATo(du, v)/tn(au)llee < M and |[ATy(, dv)/pon(dv)||, < M for some
M < oo (uniform boundedness of the Radon-Nykodym derivatives). Similarly
for A1, ATo¥, Aoy, AR, AD,#.
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I 23* = /a(&F - K,) — Zg, then
V(D(8¥) - T(Aa)) - dD(A)(23#) — 0,

for a continuous linear map dT'(A) : (D[0, 7], || - ||.)% — (D0, 7], || - |loo)-
Prentice-Cai representation. The same statement holds for the Prentice-
Cai representation S = G(K)

Volterra representation. The same differentiability result holds for S =
&(K) with the assumptions 2,3 and § replaced by: ||(A, AB)||, < M < oo and
ll(A%*, A5 #)Il, < M < 0.

Proof. This differentiability property has been proved for the univariate prod-
uct integral in Gill and Johansen (1990) (so this gives it for I';, ©, ®3), for
the bivariate product integral in theorem 6.2 (so this gives it for I';), for the
bivariate Volterra representation (bivariate Peano series) in theorem 6.1 (so
this gives it for ©3, ®,), for the L mapping in proposition 6.5 (here we need
the denominator assumptions) (so this gives it for I'z, ©3), where one has to
notice that assumption 1 tells us that 8 > 0 (denominator in L and L). Now,
the theorem follows from the chain rule. O

6.4 The estimators.

Let ®,T' and © denote the Volterra, Dabrowska and Prentice-Cai representa-
tion, respectively, which were defined and studied in sections 2 and 3. Now, we
will construct the estimators which are based on these representations. From
now everything indexed by n is random.

Estimators for the hazards. First define the following subdistributions of
the data corresponding with the four kinds of censoring which can occur.

Pjt)=P ('j;l <t1,Ty<ty,Dy=i,Dy = j) for i,j € {0,1}, teR3,
and

P(t)=P (ﬁ <t < tz) =Y P
i,j
Then, on [0, 7] with -ﬁ(r—) =SH(r-) >0,

_ H(s-) 5 — 1 s
An) = /[O,t]‘_—_S(s-)H(s_)dF( )= /[O’t]—————ﬁ(s_)dPu() (6.30)

Apo(t) = /[OM] = (U_I,It(sgz;)_, tz)F(du,tg) (6.31)




Asymptototic Properties 175

1
=—(P; Pyo)(du,t
./[o,t,] P(u—,tg)( 11+ Pro)(du, t3)

_ H(t1,v-)
) = [ s

1
=( P, P, t ,d .
/[o,:,] P(tl,v_)( 11 + Po1)(t1,dv)

If we define P = (P10, Po1, Poo, P11), then A= K(ﬁ) Let

F(ty, dv) (6.32)

Il

RN =~ . .
Prij = = ZI(T”‘ < t1, Tox < t2, Dig = i, Dgx = j)
n k=1
be the empirical distribution of P;; for 4,5 € {0,1} and 13,. =
(Pfos Py Poo, Ply). We estimate X with the Nelson-Aalen estimator
K, = A(B,) for t € W = {t: P(¢) > 0}.

In other words A, is given by the formulas above with P;; replaced by Pj.

The Dabrowska estimator. Recall the representation S = I‘(K) We have
S2(t) = D(Ka)(2) for t € W, (6.33)

which equals the product Sy, S2, 7((1 - L(K,.)) where S1,, S, are the uni-
variate Kaplan-Meier estimators of the marginals Sy, S2, respectively.

The Volterra estimator. Recall the representation S = ®(A). We have
SY = @(K,.) for t € W}, where @2(&,.) =1— Fip — Fan. (6.34)
The Prentice-Cai estimator. Recall the representation S = ©(4). So
SPC = @(A,) for t € W, (6.35)

which is equal to the product Flan,,Oz(Og(j(;)).

6.5 Asymptotic properties of the estimators.

‘We will use the results of section 3 to establish a functional central limit theorem
for the estimators defined in section 4. As outlined in section 1, we do this
by applying the functional delta-method theorem 1.6 to the representations
®o K, ,[o A and © o A as functionals in P. Since weak continuous Hadamard
differentiability of ®, I' and © has been established in section 3, by the chain
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rule, the remaining differentiability result for the delta-method which we need
to verify is the weak continuous Hadamard differentiability for P — A(P). The
weak convergence hypothesis of the delta-method requires that the bootstrap
works for the empirical process B,. I-’.,, is the usual empirical process indexed by
the indicators Ijp ;) and therefore its bootstrap result is well known; let ﬁf be
the bootstrapped empirical process obtained by resampling from the empirical
1-5,,, then Z, = \/5(1—5,. - 1-5)=D:>Z , where Z is a Gaussian process with the same
covariance structure as the left-hand side, and Z# = /n(BP# — ﬁn):D>Z given
P,.

The following lemma provides us easily with the weak continuous differen-
tiability of the representation A.

Lemma 6.8 The functional

AwmmH/mmqg

satisfies the differentiability property (6.27) at any point (F,G) where F and
G are of bounded uniform sectional variation for sequences (F,G,), (F¥,G¥)
of bounded uniform sectional variation uniformly in n.

The proof is a copy of illustration I and this mapping is also contained in the
mapping L and L: the integration by parts lemma 6.1 and the Helly-Bray
lemma 6.4 are the only ingredients we need.

Recall the representation A:itisa composition of Y — 1/Y and A. So the
weak continuous differentiability of A follows directly by the weak continuous
differentiability of ¥ — 1/Y at a Y > é§ > 0 on [0, 7] for some § > 0 and
application of lemma 6.8 and the chain rule, using the fact that, by lemma
1.5, the uniform sectional variation of 1/Y is bounded by the uniform sectional
variation norm of Y. Here SH plays the role of Y. So we need that S(7)H(7) >
0.

6.5.1 Final results.

Theorem 6.4 (Functional central limit theorems for the estimators S2,SPC
and SY). Suppose that

S(r)H(r) > 0.

Recall the definitions of Z € D[0, 7]* and the representations P K(ﬁ) g
T(A), A — &(A), A — O(K) as given in section 1. We denote the derivatives
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with dT', d® and dO.
The Dabrowska estimator.

SP 5 q.s.
and
V(P - $)= (dr(&) 0 dX(F)) (2) in (D[0, 71, B, | - )

for a continuous linear map dI‘(K) o dK(F) . (D[g’,-]’||,“°°)4 R
(D[0, 7], ]| - llo)- Moreover,

VA(SEP — SP)=5dT(R)(Z) a.s. in (D[0, 7, || - luo)-

So this estimator is consistent, its normalized version converges weakly to a
Gaussian process and the bootstrap is asymptotically valid.

The Prentice-Cai estimator. The same statement holds for SEC with T'
replaced by © everywhere.

The Volterra estimator. The same statement holds for S} with T replaced
by ® everywhere.

Proof. We have to verify the conditions of the functional delta-method theo-
rem 1.6 and apply it to T’ oK, ©0A and oA all three considered as functionals
in P. The weak convergence of /n(P# — P,) (a.s.) and of /n(P, — P) has
already been established above. Because we already verified the differentia-
bility condition for A it remains (by the chain-rule) to verify the conditions
of theorem 6.3. Assumption 1 in theorem 6.3 is S(7) > 0. For the other as-
sumptions it suffices to show that K, A, and K# satisfy the assumptions 24
stated in theorem 6.3 (the bounded Radon-Nykodym derivatives assumptions).
Here, one has to notice that assumption 2—4 for A}, A'f# are stronger than the
requirement of theorem 6.3 that these functions are of bounded variation uni-
formly in n.
Verification of assumptions 2—4 of theorem 6.3. We will prove these
conditions for A1o(t) = — [ S(du,t3)/S(u—,13). It will be clear that the proof
for Ag; and A;; is similar. We have
_ S(du, t3) < 1
S(u—,t2) — S(7)
Therefore we have Ajo(du,v) < S(du,0) and Ajo(du,v)/S(du,0) < 1/5(7)
(i.e. Radon-Nykodym derivative is bounded). Furthermore we have:

Alo(du, ’0) = S(du, 0).

wdo) = — [ Ssdv) S(ds9) o
Aaot ) = /(] 5(—,v) +/(o,u] S(omyr o)
< ﬁsm,dvnﬁsm,d@.
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Therefore we also have Ajo(du,v) < S(0,dv) and Ajo(u,dv)/S(du,0) <
1/5(r) + 1/S(r)?. This proves conditions 2-4 for Ajp by setting p; = S;
and gy = S; (the marginals of S). The formulas (6.30) tell us that ATy(t) =
— [ P!(du,t3)/Pa(u—,t;) for P, = P} + P} and P, = i ?::j, where the
latter converges a.s. to SH > é > 0. So by copying the proof of assumptions
24, above, we obtain bounds 1/P,(7) and 1/P,(7)+1/Ps(7)? for the Radon-
Nykodym derivatives. By the almost sure convergence of P,,, these bounds are
bounded uniformly in n. Similarly, for A7 (t). Therefore the same proof works
for all hazard measures. This completes the verification of the assumption 2—4.

We can now apply theorem 6.3 and thereby we can apply the functional
delta-method theorem 1.6. This proves the weak convergence and bootstrap
results of the theorem.

The consistency follows from the continuity of the representations T’ oK, Oo
K, ®oA in P and the almost sure consistency of ﬁ,. to P in supremum norm
(Glivenko-Cantelli). O

So far we did not write down the influence curves (derivatives) dT'(A) o
dK(P)(Z), d0(V)odA(P)(Z) and d®(A) o dA(P)(Z) of the estimators because
these formulas are large and not necessary for this work. The variance of these
influences curves equal the variance of the limiting distributions of the estima-
tors. Therefore, the influence curves become useful if one wants to estimate the
variance of the limiting distribution or in any other efficiency analysis. Below
we will write down the proof of efficiency of the Dabrowska and Prentice-Cai
estimator in case of independence, and thereby also give an illustration of how
an influence curve can be fairly easily obtained.

6.6 Influence curves.

If an estimator is a compactly differentiable function of the empirical distri-
bution of an i.i.d. sample X3,..., X, ~ P, then it is asymptotically linear by
application of the functional delta-method theorem 1.5; one can write

0, =0+ -71; .Z:;I(P, 0)(X;) +op(n~%),
where I(P, ©)(X;), called the influence curve at the point Xj;, is the derivative
of the function in question applied to the centred empirical process, at sample
size 1, based on the single observation X;. This follows from linearity of the
derivative and the fact that an empirical distribution function is a sample aver-
age. One has Eo(I(P,0)(X;)) = 0, while Var(I(P, ©)(X;)) is the asymptotic
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variance of 1/n(©, — ©). It is not surprising that the influence curve plays an
important role in efficiency and robustness studies.

We discuss here computation of the influence curves of our three estimators
SP(t), SY(t), SFC(t), for given ¢, as function of a bivariate censored obser-
vation (Tl,f’g, Dy, D;). The form of the influence curve also depends on the
point at which we make the calculations, i.e. on the assumed ‘true’ values of
F and G.

In principle, using the chain rule, one can write down formulas by applying
the derivative of each composing mapping in turn. The resulting formulas are
very large and not very illuminating. The procedure can be speeded up by
noting the following algorithm for computing the derivative of our mappings,
applied to any function: consider integrals and product-integrals as ordinary
sums and products, consider differentials dF,dh etc. as ordinary variables
indexed by (e.g.) ¢; apply the usual rules of algebra, and then convert back
to a proper mathematical expression by replacing sums and products involving
differentials by the ‘obvious’ integrals or product integrals. This also applies
to the Peano series since it is an infinite sum of multiple integrals.

The above statement is trivially true if the distributions involved are dis-
crete. By approximating the continuous distributions by discrete distributions
and using that the algorithm is correct for discrete distributions, the result
for continuous distributions follows straightforwardly from appropriate conti-
nuity of the compact derivative in the sense that I(P,, ©,)(X) — I(P, ©)(X),
O, = O(P,), for sequences P, — P. So the idea which makes this algorithm
work is that by appropriate continuity of the derivative one can determine the
derivative at a general point from the derivative at a discrete approximation
and the derivative at a discrete approximation is obtained by applying the usual
rules of algebra (i.e. the algorithm is then trivially correct). This is proved for
the Dabrowska representation in van der Laan (1990).

We will compute the influence curve by direct formal algebraic manipulation
of the representations of the estimators. We will use the chain rule in the
sense that we will decompose the calculation in two steps: from the empirical
distributions to the empirical hazards, and from the empirical hazards to the
survival functions.

Also we will only compute the influence curve at a special point: namely
F is continuous, F = F1F;, and G = G1G2. We call this ‘complete indepen-
dence’ (of all survival and all censoring variables), and continuity of survival.
The simplification caused by independence of the survival variables is obvious.
Continuity of survival means that all unpleasant terms like 1/(1 — AA), both
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arising as derivatives and as part of the representations themselves (the 8 func-
tion in the Dabrowska and Prentice-Cai representations) disappear completely.
That the terms arising from the derivatives of 3 disappear, is a more subtle
point (this is shown by using the d — A-interchange lemma and that by con-
tinuity the underlying hazards have no jumps), but fortunately true. Finally,
independence of censoring makes the probabilistic structure of the influence
curves easier still and also allows optimality calculations (computation of the
efficient influence curve) to be done explicitly.

The finding will be: at complete independence the Dabrowska and the
Prentice-Cai estimators are efficient. We prove this ‘at continuity’ and con-
jecture it is also true without this restriction. The Volterra estimator is not
efficient at this point. We will not write down the influence curve of Volterra’s
estimator, but refer to Gill, van der Laan and Wellner (1993). The result
means that the Dabrowska and Prentice-Cai are very similar under complete
independence and close to efficient under weak dependence, while the Volterra
estimator is much inferior. This finding has been supported by extensive sim-
ulations (Bakker, 1990, Prentice-Cai, 1992a, Pruitt, 1992, and chapter 8).

6.6.1 Computation of the influence curves.

We do not go through the computation in detail but just make the remark that
each step is made rigorous by application of our differentiability results for all
mappings which occur. Since we are going to suppress 11, T, etc. a different
notation is more convenient. We replace n by ~and use 1, 2 to indicate functions
only depending on the first or second variable. In particular we use:

A, Ay, Ay, A-1|2 and A—2|1
instead of
A11(+ )y Aro(+50), Ao1(0,+), Aro(:,-) and Ags(:,-).

The influence curves for K, A, etc. are very simple and are given by:

di-dr ~ M
y
dA; —dA; =~ fi;gﬁizlorz

- dMy;
dA;j; —dAy; w~ y"’ i,j=12o0r21
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Here for one bivariate censored observation (ﬁ,fz, D, Dy),
M(s,t) = I (ﬁ <sTy<t,Di=1,Dy = 1)
] t - -
—/ / I (T1 >u,Tp > v) A(du, dv)
o Jo
~ s ~
Ml(s) =TI (T1 S S, D1 = 1) —-/ I (T1 Z u.) Al(du)
()}
~ t ~
My(t) = I (T2 <t,D; = 1) —/ I (T2 > v) Az (dv)
()}

M1|2(S, t) =TI (Tl S S, Tz Z t, Dl = 1) —-/ I (ffl Z u, T2 Z t) A.1|2(d8, t)
0

ys,t) = P(Ti2sTh>1)
vn(s) = P(Ty>s).

Using 7[(1 +dL) for the product integral of L and Pjo (L) for the Peano series
P([0,#] : L) of L, we note that

dL —dL

:TEHdL) ].El+dL) ~ ].Elwf,)/m
Proa@) - Prog@) =~ / P ro(L)(E = L)(ds)P (s 1(L)-(6.36)

The two representations for Dabrowska and Prentice-Cai are:

dA — dAyj2dAg),
(1-dAy) :}-((1 — dA;) 7(: 1+
[0,t4] [0,t2] [0,¢] (1 AA1|2)(1 AA'ZI]_)

dA — dAyj2dAg — dAg dAy + dAdA,
P[O,txl(Al)P[O,tzl(A2)P[O,t] (// (Il —AA)(1 E AAz) ) :

This gives us then, by inspection (just notice that the denominator of L
and L do not contribute to the influence curve by the d — A interchange lemma
and noting that f(As) = 0if f is continuous) the following influence curve for
Dabrowska

_dM; _ rdM; EM—dM,|3dA3), —dM31dA, |5
S{ f ¥ Y2 +ff( y

and for Prentice-Cai we have

s{ oMy _ / dMZ} + 515, { / Plo@)@ - D)ds)P, t](L)}

21
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where

+13—{di2 + ig—jszl.

Next, simplification arises on assuining independence in F and G. Then A3 =
A1, A= A1A.2, Yy =yy2, P(L) =1 (L = 0) and L = 0.

S{—/ dM; _ / dM, // (dM—dM1|2dA2 — dedAl)}
) Y1y2

and notice that by cancellation of terms PC simplifies to exactly the same
influence curve as Dabrowska’s! Now, let dN;, dN, Y3, Y3 be defined by dM =
dN —YdA, dMy)3 = dN Y2 — Y1Y2dA; etc. Then we obtain for Dabrowska and
Prentice-Cai

S{ /‘dM1 _/ dM, // (lesz —YledAldAg)
ny2

// ( dN1Y2dA2 + Y1Y2dA1dAy — dN2YdA, + Y1Y2dA1dA2)}
Y1y2

=s{-JSe- [ SR

We will now show that this is also the optimal influence curve.

6.6.2 Optimal influence curve under complete indepen-
dence.

Denote the bivariate censored data withY: soY = (Tl, f‘g, D, D3). The score
operator for S is given by:

Ap : L*(F) — L*(Pr,g) : Ar(R)(Y') = Ep(h(T1,T2) | Y).
The information operator AL Ar : L?(F) — L*(F) is given by
ApAp(R)(T1, To) = Eppo(Er(M(T1, T2) | Y) | (T, T2))-

Define k; = Iit,00) — S(t) € L*(F). Then the efficient influence curve for
estimating S(t) is given by (see corollary 2.1):

I(F,t) = Ap(ARAr) (k) € L*(Prg).

Assume now complete independence. Let t = (t1,%2), k¢, = I(thoo) S1(t1),
Kt = I(t,,00)— S2(t2). Define hy (univariate function in Ty) by Ap Ar(h1) = ke,
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and hy (univariate function in T3) by AL Ap(h2) = ki, Then by complete
independence (notice that Aj.Ar(hihs) = AL Ar(h1)ALAFp(h2)) we have
AL Ap (hihg + h1Sa(t) + haS1(t)) = ARAp(hi)ALArp(hs) + S2(t)AFAr(hi)
+51(t)ApAr (ha)
= Kt Kt, + Sg(t)ﬂtl + Sl(t)lct2

= K.
So under complete independence we have:
I(F,t) = Ap(hihs + k1 Sa(t) + h2S1 (1))

Again, by complete independence we have Ar(hih2) = Ar,(h1)AF,(h2) where
Ap,(h1) = E(hy(Th) | (T3, D1)) and A, (hs) = E(ha(T3) | (T, D2))- Ar, (h1)
is the efficient influence curve for estimating Si(t¢1) for the univariate censor-
ing model where we only observe (7}, D;) and we have a same statement for
Ar,(hs). So Ap,(hi), i = 1,2, equals the influence curve of the Kaplan-Meier
estimator for estimating F; which is given by: IC;(t;) = —Si(t:) [ dM;/yi,
i = 1,2. So under complete independence we have

I(F,t) = ICi(t1)IC;(ts) + IC1(t1)Sa(ts) + ICs(¢2)S1(t1) (6.37)

- o4t [ s

and this is exactly the influence curve of the Dabrowska and Prentice-Cai es-

timator under complete independence. This proves that the Dabrowska and
Prentice-Cai estimator are efficient under complete independence. Finally no-
tice that (6.37) provides us with a nice and simple formula for the variance of
the efficient influence curve:

Var(ICy(t1))Var (ICs(t2)) + S2(t1)Var(ICs(ts)) + S2(t2)Var(ICy (t1)).

For example, in the case that Ty,T%,Cj,Cs are all four independent and
uniform(0, 1), the reader can easily verify that this variance equals:

i T+ @ -t + (1 —13)% = 3(1 —t1)*(1 — £2)?). .(6.38)

Computer simulations for the Prentice-Cai and Dabrowska estimator show that
this limiting variance is already closely approximated for n = 100 (see Bakker,
1990, Prentice and Cai, 1992a,1992b and chapter 8 of van der Laan, 1993).






Chapter 7

Modified EM-Estimator of
the Bivariate Survival
Function

7.1 Introduction.

In chapter 4 we proposed a SOR-MLE based on a modification of the data
and explained why a solution of the self-consistency equation, computed by
the EM- equations (iterating the self-consistency equation), will not be consis-
tent for continuous data; the singly censored observations are not told how to
redistribute their mass 1/n over their associated lines.

Pruitt (1991b) proposed an interesting estimator which is a solution of
a modification of the self-consistency equation. Pruitt modifies the self-
consistency equation by replacing the singly censored terms by ad hoc estimates
(which are fixed in the subsequent EM-iterations) and thereby the singly cen-
sored observations are now told how to redistribute their mass. So it is not an
NPMLE, and not efficient, but it shares several of the appealing properties of
a self-consistent estimator and hence (see theorem 3.1) of a NPMLE.

Each observation in the bivariate censoring model (doubly, singly censored
and uncensored) tells us that the survival time has fallen in a certain region:
points for uncensored, lines for singly censored and quadrants for doubly cen-
sored. Iterating Pruitt’s modified self-consistency equation tells us now that his
estimator works as follows: each observation gets mass 1/n which it has to redis-
tribute over its associated region for the survival time. By using kernel density
estimators the singly censored observation are told how to redistribute their

185
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mass 1/n over their associated lines. The uncensored observations give mass
1/n to the observed survival time. By solving the modified EM-equations the
mass 1/n of the doubly censored observations is redistributed self-consistently
over their associated quadrants: i.e. a point ¢ in the quadrant gets mass 1/n
times the conditional density under the estimator, given the survival time lies
in the quadrant. Consequently, the estimator is a distribution function and the
mass 1/n corresponding with each observation is redistributed over the region
where it belongs in a self-consistent (for the uncensored and doubly censored)
or consistent way by listening to the other observations. The singly censored
redistribution is estimated with product limit estimators of univariate kernel
density estimators. Pruitt (1991b) makes his estimator intuitively clear and
proves its self-consistency properties. Uniform consistency, asymptotic nor-
mality and asymptotic validity of the bootstrap has not yet been proved, and
is done in this chapter (based on van der Laan, 1991).

We consider a slightly different version of his estimator: we use edge cor-
rected bivariate kernel density estimators while he smoothes in one direction.

There are several motivations for being interested in Pruitt’s estimator.
Simulations (Pruitt, 1991b, and chapter 8 van der Laan, 1993d) show that his
estimator is competitive with Dabrowska’s and Prentice and Cai’s estimators,
while his estimator does not put negative mass on points (which is not true
for Dabrowska’s and Prentice and Cai’s estimators). His idea of telling the
singly censored observations how to redistribute its mass invites for less ad hoc
estimators by not using kernel density estimators, but using the SOR-MLE in
order to obtain an estimate of the conditional density over the lines (see van
der Laan, 1993f, for practical results with these estimators).

Pruitt’s estimator uses kernel density estimators and therefore also depends
on a bandwidth, but simulations show that his estimator is less sensitive to
the choice of the bandwidth than the SOR-MLE of chapter 4 to the choice
of the grid-width. This is intuitively clear because the bandwidth of Pruitt’s
estimator influences only the redistribution of mass 1/n over lines, while a
change of the grid-width in the SOR-MLE changes all interactions between the
regions generated by the observations and hence the estimator might change at
all its support points. Pruitt’s estimator is also less computer-intensive than
the SOR-MLE.

In the special submodel of the bivariate censoring model where one of the
two survival times is always uncensored and the other is randomly censored,
Pruitt’s estimator is explicitly known and it is a NPMLE which by our results
converges at root-n rate. Gill and van der Vaart (1993) have a general theory
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which shows efficiency of NPMLE which are known to be root-n consistent. Un-
fortunately, their theory requires one cumbersome regularity condition which
is expected to hold but which is hardly verifiable. All other conditions hold
trivially. This submodel has an important application in regression analysis.
Ritov (1992) proposes an efficient estimator for this submodel. For this sub-
model Pruitt’s estimator is similar to Ritov’s estimator. By explicitly writing
out the influence curve of Pruitt’s estimator one should be able to check that
its asymptotic distribution is indeed the optimal one as given in Ritov (1992),
but this goes beyond the scope of this chapter.

Finally, we have some remarks on points of technique: we use some novel
methods which may well be useful in other analyses of M-estimators and analy-
ses which involve density estimators. Pruitt’s estimator is analyzed by applying
the implicit function theorem. The implicit function theorem requires invert-
ibility of a derivative of the modified self-consistency equation solved by Pruitt’s
estimator and a strong differentiability condition. We apply a general trick in
order to get an equation with the required smoothness, see section 3. The in-
vertibility proof (section 4) is highly non-trivial and might give techniques for
proving invertibility of quite complicated operators of the form I — A where 4
has a norm larger than 1: so where it is certainly non-trivial that the Neumann
series Y .o, A*(h) converges. We also formulate a functional delta-method for
functionals like [ ¢(f,)du, where f, is a density estimator of fo.

In this chapter we will prove (beyond existence of Pruitt’s estimator S)
strong uniform consistency of S, and weak convergence of the normalized dif-
ference \/n(S, — S). The main work consists of proving weak convergence of
the singly-censored terms in Pruitt’s modified self-consistency equation (7.4),
below, which involve density estimators, and proving the necessary conditions
for the implicit function theorem for Banach spaces (Hildebrandt and Graves,
1927, Flett, 1980), to take care of the implicit character of equation (7.4) (its
fourth term).

The organisation of this chapter is as follows. In section 2 we define the
estimator and the modified self-consistency equation which is solved by it. We
also define that part of the equation which is explicitly known and denote it
by ¥,. In section 3 we state the consistency and weak convergence theorem
and give the outline of the proof which is based on the implicit function the-
orem and the functional delta-method. The ingredients we need to verify will
be formulated (like weak convergence and consistency of the explicit term ¥,
and invertibility of the derivative of the modified self-consistency equation). In
section 4 we prove the first two ingredients; in particular the required invert-
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ibility of the derivative of the modified self-consistency-equation. It remains to
cover the analysis of ¥,. This requires a functional delta-method for density
estimators as proved in section 5. In section 6 this functional delta-method is
applied in the analysis of ¥,,. The probabilistic conditions of this delta-method
are covered in generality in section 6.1 and 6.2 and the result is summarized in
lemma 7.4. In section 6.3 we make clear how to apply this delta method to our
specific term and in section 6.4 the differentiability condition is proved, which
completes the proof of all four ingredients.

7.2 A Modified EM-estimator (Pruitt).

For the description of the bivariate censoring model and notation we refer to
chapter 4 and 6. In our analysis we need the following assumptions on Fp and
Go:

Assumptions.

1. We restrict functions to a rectangle [0,7] C [0,00)%, 7 = (71, 72), where
7 is chosen so that Go(7—) = 61 < 1, Go(7) = 1 and Gy has an atom at 7:
Go({vhHh=dé6>0.

2. We assume that Go has a density go w.r.t. the Lebesque measure on [0, )
and that Fp has a density fo w.r.t. the Lebesque measure on [0,7 + €] for
certain € > 0. Furthermore we assume that fo, go € C3[0, 7]

3. Moreover, we assume that for some € = (€1,€3) fo is strictly positive on

[0, 7+ €\[0, 7].

Assumption 1 can be accomplished by censoring observations which do not
fall in the rectangle [0, 7] at the edge of the rectangle. In real life this means a
small loss of information, but a gain in stability of the estimator.

Let P, be the empirical distribution function of ¥;, i = 1,...,n. The EM-
algorithm finds a solution of the self-consistency equation:

Sa(t) = / Ps, (T > t | y)dPa(y). (7.1)

We refer to chapter 3 for a discussion on the EM-algorithm and its heuris-
tics. The integral w.r.t. P, in equation (7.1) can be written as a sum of four
integrals, namely w.r.t. the empirical distribution P}y of the uncensored ob-
servations, two with respect to the empirical distributions Py, and Pg; of the
singly censored observations and one with respect to the empirical distribu-
tion Pg, of the doubly censored observations. Pruitt’s estimator is the solution
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of the equation obtained by replacing in (7.1) the integrands Ps, (T >t | y)
in the two singly censored terms, which involve the unknown S,, by explicit
estimators.

Let’s write down the modified self-consistency equation which is solved
by Sp (Pruitt’s estimator). The two conditional densities over the lines cor-
responding with the singly censored observations which appear in the self-
consistency equation are given by:

Wir(th, ¥, 92) = Pr(Ti>t | Th >y, Te = y2) (7.2)
War,(t2,y1,92) = Pr(Ta > t2 | T2 > y3, Th = y1)-

Pruitt estimates them with two weighted product limit estimators WI,WZ,
respectively. We will define these product limit estimators in section 6 (see

(7.17)).
We have the equation S(t) = [ Ps(T > t | y)dPr,c(y). In formulas, using

at the second equality that G has support on [0, 7], it is given by:

1 T2
St) = / dPu(y1,y2)
ty

t2

T pT2
+ / Wir(t1, y1, ¥2)dPor(y1, y2)
/0 ta

T2
+ / Wir(t2, Y1, y2)dPro(y1, y2)
6 Jo

™ [T 5(t Vi, ta Vi)
+ / / dP,
o Jo S(y1,¥2) bo(u1, v2)

TSt Vot V)
= (¢ +/ / dP, 7.3
® o Jo S(y1,v2) oo(y1, ¥2), (7.3)

where S(t1 V y1,t2VY2)/S(y1,¥2) = P(Th > t1,To > t2 | Ty > y1, T2 > y2) and

¥(t) = Pu(t) + /0 i /, Wa(ts, y)dPor(y) + /t /0 " Walts, »)dProly)-

If we replace Pr,g by P,, then we obtain the self-consistency equation. S,
(Pruitt’s estimator) solves

Sa(t) = 1Zz(tz" > t, DI-D2-1)+// Wi (t1, y)dP5i(v)

i=1

+ [ [ W arn + [ 7 25 arg )
we+ [ o argy ). (7.4)
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The only difference with the self-consistency equation is that in the self-
consistency equation we have Wip , War , self-consistent redistribution of
mass 1/n, instead of /W'l, Wz, redistribution of the mass 1/n according to a
predetermined estimate. ¥, represents the empirical counterpart of ¥.

7.3 Outline of proof of consistency and weak
convergence.

We will prove the following theorem.

Theorem 7.1 Assume that the underlying densities f,g satisfy assumptions
1, 2 and 3 made in the introduction. Assume that for ’Wl,ffg we use ker-
nel density estimators with a kernel K satisfying the assumptions as stated in
lemma 7.4 and bandwidth h, = n=1/7.

Then ||(Sn — S)||loo — 0 in supnorm a.s. and /n(S, — S) converges weakly
in (D[, 71, B, || [l)-

Outline of Proof. Equation (7.3) is given by:

S(t) = ¥(t) + /0 " /0 ” sg(\;)y) dPoo(y)- (7.5)

If we consider Pyp as fixed (known), then S can be considered as a solution of
K(S,¥) =0, where

K(S, 0)(t) = ¥(t) — S(t) + /0 h /0 " i(;(‘;—)y)dpoo(y). (7.6)

Pruitt’s estimator Sy, is a solution of (7.4) which is the same equation but where
Py1, Po1, Pro, Poo are replaced by their empirical distributions and the singly
censored conditional probabilities W; and W, are replaced by the weighted
product limit estimators Wl and Wz, respectively, defined by equation (7.17)
in section 6. In formulas we have:
" 5. (tVy)
Sa(t) = qrt+// 2 I gpr(y
o) = w72 g
I S (tVy)
= Wp(t +/ / = dPoo(y
n(®) o Jo Sn(y) @)

where
Tr(t) = ¥a(t) + /On/(;rz _s_f%_)y_)d(P&) — Poo)(y)-

Consequently, S, is an implicit solution of K(S,,¥}) = 0.
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We will apply the implicit function theorem for Banach spaces (Hildebrandt
and Graves, 1927, Flett, 1980, p. 205) to

K = (D([0,7]), Il - lloo)* = (D([0, 7] [| - 1) = (S, %) — K (S, ®).
It says:
Theorem 7.2 (Implicit function theorem). Assume

1. K i3 a continuously Fréchet differentiable functional from an open subset
W of (D(0, 71} | ll)? o (D([0, 71}, | - Il), with (S, %) € W. Conti-
nuity of the dertvative i3 defined as continuity with respect to the operator
norm: If ||z, —z||,, — O, then SUP| 1| |dK (zn)(h) — dK (z)(h)||,, —

0. =

=1|

2. The partial derivative dy K (S, ¥) : (D([0, 7]), || - lloo) — (P[0, 7])s || * |l oo)
is invertible, and its inverse is continuous (i.e. it is an isomorphism).

Then there are open neighborhoods Uy of ¥ and Vg of S in (D([0,7]),] - |loo)
such that for each ¥' € Uy, there is a unique S’ € Vy such that K(S',¥') = 0.
Moreover, if we define © by S' = O(¥’), then for U and V small enough, O(:)
8 a continuously Fréchet differentiable mapping from U into V. Rs derivative
i3 given by l

dO(¥) = — (d1 K(0(¥), ¥)) " 0 dy K(O(¥), ¥).

Because of the simple structure of K (Pyo is fixed), continuous Fréchet differ-
entiability of K is easy to verify, provided that S > € > 0 as is guaranteed by
our assumptions. '

All the work has to be done in the verification of 2. The partial derivative
d1 K (S, ¥) of K with respect to S is given by: —(I — A4) : (D([0, 7]), || -
(D((0, 7], |l * llo)» Where

R A e

lloo) —

5%(y)
In the next section it will be proved that I — A is invertible and that its
inverse Y oo , A™ is a continuous operator (see theorem 7.3). In this proof it is

important to notice that the integrand (h(t V y)S(y) — h(y)S(t Vv))/S%(y) is
zero at point 7. Therefore we only have to integrate over B = [0, 7]\{r}, and
by assumption 1 we have that

L= 6@ -6 =1-s<1,
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which we will need in the invertibility proof.

Consequently, we can apply the implicit function theorem. The implicit
function theorem tells us that there exists a solution S close to S where
S;, = O(¥}). In section 5 we will prove that ¥, is uniformly consistent and
that /n(¥, — ¥) converges weakly as elements of (D[0, 7], B, || - ||,,)- This
does not immediately imply the same results for ¥} because it involves S,.
However, the following argument proves it.

The modified self-consistency equation (7.4) tells us that S, (t) > Py;(t). By
assumption 2 and 3 on f, g we have that Py, is uniformly bounded away from
zero on [0, 7] and we know by Glivenko-Cantelli that ?';1 — P1;. Consequently
Sn(t) > 6 > 0 with probability tending to 1. Moreover, Sy is monotone (S, only
assigns positive mass) and y — S, (tVy)/Sn(y) is bounded by 1 and, by lemma
1.5, is of uniformly (in n and t) bounded uniform sectional variation . Now, by
using integration by parts we can bound [ [7? Sn(tVy)/Sn (v)d(Poo — Pg)(v)
by a bounded constant (involving the latter variation) times the supremum
norm of Pyo — Pf,, and consequently it follows that this term converges uni-
formly to zero with probability one, independently of the asymptotic behaviour
of S,. Therefore, if ¥, converges uniformly with probability one to ¥ then ¥
converges uniformly with probability one to ¥, independently of the asymptotic
behaviour of S,,. -

Consequently the consistency of ¥,, provides us with consistency of ¥} and
therefore the continuous mapping theorem 1.2 provides us with uniform con-
sistency of S, = ©(¥},) (O is Fréchet differentiable). Moreover, the continuous
mapping theorem provides us also straightforwardly with the following: if S, is
uniformly consistent and /n( ¥, — ¥) converges weakly to a Gaussian process,
then /n(¥} — ¥) converges weakly to a Gaussian process, but another process.
Now, the functional delta method theorem 1.5 applied to ©(¥},) provides us
with the weak convergence of /n(S, — S) to a Gaussian process, namely a
linear transformation of the limiting distribution of /n(¥} — ¥).

The implicit function theorem tells us that there exists a solution S}, close
to S where S}, = ©(¥},) and the result derived above holds for this S),. Because
K(S,¥}) = 0 might have several solutions, the S, which we compute with the
EM-algorithm is not necessarily the S; = ©(¥},) given by the implicit function
theorem. However, if we prove that each survival function S, which solves
K(Sn,¥}) = 0is consistent, then for n large enough we have S, = ©(¥}). We
will prove this in the next section (lemma 7.1).

We conclude that in the next sections the following four things have to be
proved:
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e I — A is invertible, and has a continuous inverse (theorem 7.3).

e Each survival function S, which solves K(S,, ¥%) = 0 is consistent
(lemma 7.1).

o ||¥, — ¥||,, converges with probability 1 to zero (section 6).

e /n(¥, — ¥) converges weakly as elements of (D[0, 7], B, || - ||, ), jointly
with the empirical process \/n(P, — Pr,g). This is also proved in section
6 by application of the results of section 5.

Notice that ¥, involves density estimators so that the second and third point
do not follow from empirical process theory and are certainly not trivial. In
order to carry through the analysis we need conditions on the kernel and the
bandwidth (see theorem 7.1).

Bootstrap. We can explicitly write down the linearization of \/n(¥} — ¥)
in terms of Gaussian processes. Denote this derivative with d¥(Z) where Z is
a Gaussian process. Then we have that 1/n(S, — S)=2> .2 A{(d¥(Z)). It
is clear that this is a quite complicated expression which cannot be explicitly
written down, just as the efficient influence curve for the bivariate censoring
model. Therefore the most one can do is to approach the covariance structure
of the limit distribution of S,, numerically (for certain known F' and G). We
can also use a semiparametric bootstrap (sampling from a smoothed Pr, g, )
in order to estimate the variance of S, (see van der Laan, 1991).

7.4 Invertibility of the derivative of the modi-
fied self-consistency equation.

Recall B = [0, 7]\{r}, and define the operator: I — A : (Do, 71, || * lleo) —
(P[0, 7, 1| lloo) by

(1- (o = ey - [ (WS pyy),

As shown in the general proof, in order to apply the implicit function theorem

to the equation K (S, ¥) we need to prove that the linear operator (I — A) is
an isomorphism.
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Theorem 7.3 The linear operator I — A : (D[0, 7], || - ||oo) — (P[0, 7], || |l o)
as defined above is an isomorphism (i.e. a linear invertible mapping with con-
tinuous inverse). Its inverse is given by:

I-4)71'= iA".
n=0

Proof. Define
.L (%5@) dPoo(y)

As(h)
g = [(HO2Y) dpu)
A(h) = A]_(h) - Az(h)
One should notice that if for an h € D([0, 7]) the series T'(h) = Y ., A"(h)
converges, then (I — A) (X ory A") (k) = (Xaro A™) (I — A)(R) = h. Assume

that for k > 0: ||T'(h)||,, < M||h||,,- Then the same inequality holds for » < 0.

Consider now a general h € D([0, 7]) with h = hI(h > 0)+hI(h < 0) = hy+ho,
hy, hy € D([0, 7]). Then

IT(P)lloe < IIT(R1)lloo + IIT(R2)lloo < M([|P1llee + lIR2ll) < 2M |||,
So, then T is a well defined bounded linear operator, which proves the theorem.
So it remains to prove that if k > 0, then ||T'(h)||,, < M||h||o-

Here follows the proof of this. Let h > 0 be fixed. For a constant ¢ we have
that A;(c) = éc, where § = f§ 1/SdPyo. Using this tells us that:

A(h) = Ax(h) — A2(h) = A1 (h — ||hlloo) — (A2(R) — 8|Alle) - (7.7)
One should not;i'ce that (use § > 0) 6 = f§ 1/SdPy = ng(Cl € dy,Cy €
dy;) = P(C € B). By assumption 1 G has an atom in the point {r}. Therefore
we have § < 1.

We have for each h € D([0, 7]): ||Ai(R)||, < 6||hllo, % = 1,2. Ifin the sequel
we say that f is non-increasing, then we mean: if t > s, so t; > s1, 13 > sg,
then f(t) < f(s). We have that A;(h) — 6||h||,, < 0 and because S is non-
increasing A;(h)— é||h||,, is non-increasing (recall k > 0). With the use of this
fact we can prove the following property for h > 0:

1147 (A2(h) = 8l[Alloo) lloo < 8™**1Al]oo - (7.8)
Proof of Property (7.8). Assume that h € D([0, 7]) is non-decreasing and
h > 0 (we will denote this with h> 0 1). Then it is easy to see that A(h) is
also non-decreasing: if ¢t > s, then A(h)(t) — A(h)(s) equals

/ (h(t v y) — h(s Vy)) S(y) + h(y) (S(s Vy) — S(t V y))

S*(y)

dPoo(y).



Invertibility 195

Because h(tVy)—h(sVy) > 0and S(sVy)—S(tVy) > 0 this term is equal or
larger than zero. Now, rewrite the numerator of the integrand of A as follows:

h(t Vv y)S(y) — h(y)S(t Vy) = (h(t Vy) — h(y)) S(y) + h(y) (S(y) — StV y)).

So we have A(h) > 0. This shows that: if >0 f, then A(h) > 0 . We
also have that if h > 0, then ||A(h)||,, < 6||k||,,- Therefore, if h> 0 1, then
||A"(A)||o < 6"||P||oo- This provides us also with the following result:

it h< 0 1, then [|4° ()], < &1 (79)
Now, by applying (7.9) to Az(h) — é||h||,, < 0| we have:
147 (A2(R) = 6][Rllo0) lloo < 8”11 (A2(R) = 8llhllos) oo < 8" {[llso,(7-10)

which proves (7.8).
Notice also that A; (h —||||,) < 0. Now, we are ready to prove with
induction that the following statement P(n) is true for all n € IN:

P(n), n€N: If h >0, then ||A"(h)||, < né"||h|,.

P(1) is trivially true. Assume P(n) is true. We will prove P(n + 1).

IN -

[Z (O] 14" A1 (|[Plloe = 2 lloo + 14" (A2(R) = 6]|Allo0) lloo
( by (7.7) and the triangle inequality, respectively.)
n8"|| A1 ([|hlleo = b) lloo +6™**{[2]ls

( by P(n) and (7.8), respectively).

n8™ H[Rllo + 6" IRl = (n +1)6™+||Al|o,.

IA

IA

So with induction we proved: if A > 0, then ||A™(h)||,, < né"||h||,. Conse-
quently, if 2 > 0, then

IT(A)lloo < D 114" (B)lloo < I[Alloo Y 78" = Ilhllm——_é——z'-
n=0 n=0 (1 6)

This completes the proof of theorem 7.3. O
We will now prove consistency for each survival function S, which solves
K(Sn, ;) =0. We have

Salt) = ¥+ | %%;j—)dPoo(y)
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and

So(t \"4 y)
So(y)

Subtracting these two equations provides us with:

(Sn—So)(t) = (¥ -Fo)(t)+ / (Sa — So) (tV )d;’og(;ﬂ

_ / (Sa — So) (y )55 (g;’ 3(’!)/) dPoo(y). (7.11)

Denote

/ (Sa — So)(t V )d?’f(’)’)

=[50~ S0z g Pt

A1(Sa — So)(t) — A3"(Sn — So)(2),

As, (Sn — So)(t)

1

where A; is the same as defined in the proof of theorem 3.3 and Af * is slighly
different from the operator A;. Now, (7.11) reduces to:

(I — As,)(Sn — So) = (¥, — ¥o).

Therefore for consistency of S, it suffices to prove that Y ;> A% is a bounded
linear operator (uniformly in n). However, because Af" has all the properties
which we needed from A; (as the reader can verify for himself) we can do
exactly the same proof as the proof of theorem 3.3 and we also get the same
bound §/(1 — 6)? of the norm of (I — Ag,)~!. The only condition we need is
that S, > € > 0 on [0, 7] which holds for n large enough (because S, > F28
and P}; — P11 > 6 > 0, by assumption 1). This proves that ||Sp — So||,, —
a.s.

In the same way it is proved that K (S, ¥}) = 0 has a unique solution among
the survival functions S > 0 on [0,7]. This provides us with the following
lemma:

Lemma 7.1 Recall the assumptions on the model. Each survival function S,
which solves K(Sy,¥}) = 0 is strongly uniformly consistent and if S, > 0 on
[0, 7], then S, is also the unique survival function solution of K(S,¥}) =0 in
the class of survival functions S with S > 0 on [0, 7].
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7.5 Functional delta-method for functionals of
density estimators.

Consider the problem of estimation of a functional &(F) = TI(f) €
(D[0,7),]| - |loo)s Where f = dF/dp : R® — R is the density of a d-
variate distribution F w.r.t. to the Lebesque measure u, using i.i.d. ob-
servations Xi,...,Xn, Xi ~ F. We can estimate I'(f) with I'(f,) where
fa(2) = (nh?)"1 Y7, K ((z — X;)/h) is the usual d-variate kernel density es-
timator (Silverman, 1986) with a bandwidth A = h(n) — 0. In this section we
show how we can use theorem 1.5 in order to obtain a functional delta method
theorem for the analysis of functionals of density estimators.

Lemma 7.2 Assume that:
1. ||fa — fQJloo —0 a.s.
2. Define Fy(z) = f: fo(z)dz and let Fy, be the empirical distribution function
of Xi, i = 1,...,n. Denote the limiting distribution of \/n(F, — F) with Z
(i.e. the F-Brownian bridge), where Z is a Borel measurable Gaussian process
concentrated on a separable subset Dy of (D[0,7],B, || ||, ). Assume that Z, =
Vi(Fa — F)=5Z in (D[0,7], B,| - |loo)-
3. limsup, [|fa|l; < M < 00 a.s.

Assume now that ® satisfies the following purely analytical property: For
each sequence Z, = \/n(Fn — F) — Z in supnorm for Z € Do, ||fa — fllo, — 0
and ||falls = O(1), we have:

Vn(®(F,) — ®(F)) — d&(F)(Z) — 0

in supnorm for a continuous linear mapping d®(F) : (D[0,7],||-|l,) —
(D10, 7], {1 - llo )-
Then
Vi (8(F.) — 8(F)) Zd8(F)(2) in (D[0, 7], B, || - lloo)- (7.12)

The proof of this lemma is nothing else than an application of theorem
1.5 applied to @ : (D[0,7],|||lo) — (P[0,7],]|- |loo) With a good choice
for D, so that we only have to verify the differentiability property for se-
quences F, for which f, — f and ||fa]|} < M < oo. Fimstly, no-
tice that ||fu — f|ll, — O a.e. is equivalent with: for each ¢ > 0
P (imy o0 SUp, s v || fn — fllo, > €) = 0. By Fatou’s lemma this implies that
for all € > 0 limy_.oo P (sup,s n ||fa — flloo > €) = 0. This implies that there
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exist sequences €, — 0, 6, — 0 and N(6,) € IN so that

P ( sup ||fn — fllo < 6,.) >1—6,. (7.13)
n>N(6,)

Now, we will define the D,, in theorem 1.5. Let F be the set of all distribution
functions F; : IR® — IR which are absolute continuous w.r.t. the Lebesque
measure. Define now

Dy ={Vn(FL—F): L€ F, |Ifi = fllo < €m Ilfally < M}

and
7t = Z,1(Z, € D),

where we mean with I (Z,, € D,) that if Zn ¢ D,, then I(Z,. € D,) = 0.
Consequently Z* € D,. By limsup, ||fa|> = O(1) and (7.13) we have that
for each € > 0, there exists a N(e) so that Z, € D, for all n > N(e) with
probability 1 — e. Therefore, 5,.;2:'2 implies Z,‘;_—11>Z . Now, apply theorem
1.5 to @(f,:‘), where F* = F + 1/+/nZ?*. This provides us with:

v (8(Fy) - o(F)) Z>da(F)(2).

Because Z;; = Z, with probability tending to 1 we have that
Iva (8(F) - 3(F)) - va (8(Fa) = 3(F)) [l = 0p(1).

The required weak convergence follows now from the general fact that
Xa=2X, Y, = op(1) = Zn = Xp + Y22 X,

which completes the proof of the lemma.

The lemma can be immediately generalized to all kinds of properties of the
sequences F,, which we plug in, as long as these properties hold with probability
tending to 1. The lemma will be applied in the analysis of v/n(¥, — ¥) in the
next section. Here, the probabilistic conditions of the lemma will be analyzed
in generality.

7.6 Weak convergence of the explicit part.

We will apply the refined functional delta-method lemma 7.2 in the analysis of
Vn(¥, — ¥). We will see in the next subsection that f W1dPp; has a repre-
sentation in terms of two distribution functions Fy and Fy of the data, and of
course a symmetric version of this statement holds for [ WydPyg (say Fj, FY,).
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So we can represent ¥ in terms of distribution functions of the data for which
we have a joint weak convergence result for its empirical counterpart, namely
P = (Fy, Fy, F}, Fy,, P11, Poy, Pio, Poo). In order to get ¥, one replaces these
distributions by their empirical versions: so ¥ = ¥(P) and ¥, = ¥(P,) where
we know that /n(P, — P)=D>Z for a certain Gaussian process Z. The refined
delta method lemma 7.2 states now that in order to prove weak convergence of
vn(¥, — ¥) it is enough to show. that this representation satisfies the charac-
terization of compact differentiability for all sequences Z, = /n(Pn—P) € Dy,
where D,, is chosen so that the empirical process Z, € D, with probability
tending to 1.
Define the following normalized estimators:

Uni(t) Vn(Pgy — Po1)(t)
Ugi(t) Vn(Ply — Py)(t)
o) = (P — Po)(?)

Then we can rewrite /n(¥, — ¥) in terms of these normalized empirical dif-
ferences:

V(¥ — ¥)(f) = Uy (t)
+/0 | t,z Wi (t1, y1, 42)dUG (v) + Vo /0 /t 2 (Wl - WI) (t1, 41, 32)4Pon (v)

T1 T2 T1 T2,
+ / A Wa(t2, y2, 11)dUg(yv) + vn / / (Wz - Wz) (t2, y2, y1)dP1o(y)
ty 1)

tlfl T2 oy T1 T2 o
[ (F-m) eomwamg @+ [ (7= W) o, 1)d050).
2 1
We will now verify the purely analytical characterization of compact differen-
tiability. Assume that v/n(P, — P) converges in supremum norm to Z. In order
to prove the characterization of compact differentiability we need to prove that
the first, second, third, fourth and fifth term converge in supremum norm, and
that the last terms converge to zero in supremum norm. The third term will
be analyzed in the next subsection. In that analysis one has to keep continu-
ally in mind that if we consider weak convergence of the normalized empirical
processes which occur in this term that these should be taken jointly with the
other normalized empirical processes! (we will not remind the reader again of
this fact). The fifth term is of exactly the same structure. The first term is
trivial. For the convergence of the second and fourth term we apply integration

by parts lemma 6.1 so that the integrals become integrals with respect to Wy
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and W, and that Uj, and Uy, appear as functions. This can be done because
W, and W; are of bounded uniform sectional variation uniformly in ¢ € [0, 7],
by assumption 2 about f,g and S(7) > 0. This proves the convergence of the
second and fourth integral. In the next section we will see that Wl, Wz are
continuous functionals of strongly uniformly consistent estimators. This gives
that Wl — W; and Wz — W, converge uniformly to zero almost everywhere.
Furthermore, we will show that Wl and W, are of bounded uniform sectional
variation uniformly in n. Therefore the last two terms are of the form:

Lemma 7.3 (Helly-Bray). Let fa,Zn,Z € (D[0,7],|||l) Assume
fallo = 0, I£ally < M < 00, [|Zn = Zl|o, — 0. Then [ fodZs — 0.

Proof. These terms are shown to converge to zero as follows. f fndZ, =
J fad(Zn — Z) + [ fadZ. Apply integration by part to the first term so that
we can bound it by C||Z, — Z||_||fa|l,. For the second term we apply the
Helly-Bray lemma 6.4. O

This proves the convergence to zero of the last two terms. Now, we have ver-
ified the required differentiability of ¥(P) at P. Application of the functional
delta method provides us now with weak convergence of /n(¥, — ¥).

Similarly, but easier, it is shown that the strong uniform consistency of
W1, W, and P}y, P, P} provides us with the strong uniform consistency of
T,,.

It remains to analyze the third term. We will do this by application of
the functional delta-method for functionals of density estimators as stated in
lemma 7.2 in the preceding section. For this we need uniformly consistent
density estimators on [0, 7] which are of bounded uniform sectional variation
and the integrated density estimator should be asymptotically equivalent with
the empirical distribution function. These will be constructed in the next two
subsections. The uniform consistency on [0, 7] requires an edge-correction at
the edge of [0, 7]. We will study this in the next subsection.

7.6.1 Uniformly consistent edge-corrected bivariate den-
sity estimators.

If we have a density which is uniformly continuous on IR?, then necessary and
sufficient conditions for strong uniform consistency of the kernel density esti-
mator f, with kernel K and bandwidth h, are: h, — 0, (nh2)/logn — oo
as n — oo, K measurable w.r.t. Lebesque measure, [ | K(t) | dt < oo,
J K(t)dt = 1 (see Bertrand-Retali, 1974, 1978). We will also assume that
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K has compact support within [—1, 1]2. Schuster (1985) shows how to get uni-
formly consistent estimators of univariate densities with support [, d], by using
symmetrization techniques which brings one back to the problem of estimating
a uniformly continuous density on IR. In van der Laan (1991) this method is
generalized to the two dimensional case. Here we only discuss a method in-
troduced by Richard Gill. From now on we will work with a symmetric kernel
which satisfies the conditions mentioned above.

Gill’s method. This method requires that f also puts mass outside the
rectangle [0, 7]. Let f, be the kernel density estimator with bandwidth k. Let
k= (h,h). Now, define the edge corrected kernel density estimator f; as
follows: f} equals f, on [fi, T— l-{], and fr(z) gets the value of f,(z’), where
2’ is the closest point to z on the edge of [ﬁ, T— ﬁ] We will prove that f is
uniformly consistent.

We have:

sup | fa(z)—f(z)I< sup | fa(z)—f(z) |+ sup | fu(2')— f(2) ],
z€[0,7] z€[h,r—Hh) zelh,r—Rle

where the complement is taken within [0, 7]. Consider the first term. f, uses
here only data on [0, 7]. Therefore, if there is mass outside [0, 7], then the data
is indistinguishable from a uniformly continuous density which equals f on
[0, 7], but nicely bends down to zero outside [0, 7]. Now, by Bertrand-Retali’s
result f, is uniformly consistent on [E, T— f-;], which proves that the first term
converges to zero.

For the second term we have:

| fa(2') = f(z) | < | fu() - f(&) | + | f(&') - f(=) |.

So the supremum over [k, T — ﬁ]c of the first term converges to zero by the
uniform consistency of f, on [I-;, T— l-i]c and the supremum of the second term
converges to zero by the uniform continuity of f.

7.6.2 Bivariate kernel density estimators: simultaneous
uniform consistency, consistency of derivative and
asymptotic normality of the integrated kernel den-
sity estimator.

Let X;, ¢ = 1,...,n be n ii.d. copies of a bivariate random variable X =
(X1,X32) ~ f, where f is a bivariate continuous density on [0, 7] w.r.t. the
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Lebesque measure. Let

1 ¢ ) — X1 22— Xoi

be the bivariate kernel density estimator with kernel K.

We will now find conditions on f, K and h which provides us with a kernel
density estimator which is uniformly consistent, which is of bounded uniform
sectional variation uniformlyin n and for which the integrated density estimator
is asymptotically equivalent with the empirical distribution. We know already
the conditions for uniform consistency (see above): for the bandwidth we need
(nh?)/log(n) — oco. We will find the conditions for each of the two remaining
properties and then combine them in a lemma.

Pointwise consistency of derivative of density. Assume that K has com-
pact support and that K!(z) = (d?/dz1dz2)K (21, z2) is continuous on [0, 7).
Firstly, we will find conditions which guarantee that limsup||fa|ls = Op(1).
By the triangle inequality we have

| 44 (e)~ FoN(2) | < | fM (@)~ BfY(@) | + | Bfy (@) - 14 (2) |(7.14)

where
d? 1 < 1 — X1 x3 — Xoi
1,1 — — = 1,1 1 13 2 2i
fa (21, 22) = o fa(1,22) = nh4§K ( h ' h )
Firstly, we will study the second term. We have that
1 T —X,' g — X.'
E (fpl(z1,z3)) = FE(KI’I( L 5 r 2 - 2))

1 x -—-y xr ._y

= = / Kb (_1_T_1_ __2__}7_2) F s, v2)dundys
1

= ﬁ/Kl’l(ZhZ?)f (21 — hz1,22 — hzz) dz1dz,.

We will say that f € C¥[0, 7] if f has k derivatives in both coordinates and f**
is continuous. If f € C¥[0, 7], then we have the following Taylor expansion:

hz )i (h i
2020tk

Assume that K1'! satisfies the following orthogonality conditions.

/Kl’l(zl,h)z{zgdzldzz =0,i>0,j>0,1<i+j<k. (7.15)
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Then we have

1
Efy'(z,22) = fU'(en,22)+o0 (ﬁhk/ | K (21, 22) | dzldz?)
= fl’l(l‘l, 172) + O(hk_z), (7'16)

using that [ | K11(z1,23) | dzidze < oo because K € C[0,7]. Soif f €
C?[0, 7], then | EftY (21, z2) — f11(z1, 22) |= o(1), uniformly in z € [0, 7].

Let’s now consider the first term of (7.14). The variance of fi''(z1,29) is
given by

1 11 (21— X 23— Xoi
nhsv‘“‘(K ( R R ))

where the variance of the K1'! term is bounded from above by

2
E (K1’1 (1'1 _}zXII , o _hle)) — O(hz).

Here we use that we only have to integrate over a square with width h. So we
conclude that if f € C2[0, 7], then

sup Var (| 11'(2) = (@) ) = 0 (5 +o(0)

z€[0,7]

This tells us that if we choose h so that h,n'/® — oo, then f11(z) — f'}(z)ass.
for all z. Moreover, by the triangle inequality, E ([ | f4! — EfY! | (z)dz) — 0
and (7.16) it follows also that

1imsup/ | fil(z) | dz =/ | fA1(2) | dz < o0 a.s.
n— 00

By doing similar calculation for the sections this provides us with:
limsup||fa||3 < oco.

Weak convergence of the integrated kernel density estimator. Let
F, be the empirical distribution function and ky(z) = 1/h2K(z). Then

T
Fa(z) = / fa(y)dy = Fy * kn(z), the convolution of F, and ky.
0
Now,

VA(Fa—F) = /n(Fa xkn— Fxkp)+ Vn(F ko — F).

The first term is an empirical process indexed by smoothed indicators which
clearly form a Donsker class and therefore empirical process theory provides us
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immediately with weak convergence of the first term. The second term is the
bias of which we have to take care. We have ([ K(z)dz = 1)

(Fxky — F)(z) = /F(x—y)h—lzK (%) dy — F(z)

= /(F(ml — hzy, 22 — hzy) — F(z)) K(21, 22)dz1d2;.
Assume F € C¥[0, 7] and that K satisfies (7.15). Then we have that
(F % kn — F)(z) = o(h*).

In other words we have to choose k so that y/no(h¥) — 0. However, for the
bounded variation condition we needed that h, converges to zero slower than
n~1/6. So we need that F € C*[0,7] and hence that f € C3[0, 7]. This proves
the following lemma:

Lemma 7.4 Let X; be n i.i.d. copies of a bivariate X ~ f, where f € C3[0,7].
Let f, be a bivariate kernel density estimator with kernel K and bandwidth
hy, as defined above and let F,, = f: fa(y)dy be the integrated kernel density
estimator.

Assume that K € C[0, 7], K satisfies the orthogonality conditions (7.15)
for k=4 and [ K(t)dt = 1.

e If h, — 0, nh2/log(n) — oo, then f, is uniformly consistent.

o If han'/® — oo, then fll(z) — fY(z) a.s. for all = € [0,7] and
limsup, _, o ||falls < M < 0 a.s.

o If \/no(ht) — 0, then the integrated density estimator is asymptotically
equivalent with the empirical distribution function.

Consequently, if hy = n~Y7, then ||fa — f|lo, — 0 -3, limsup, ||falls = O(1)
a.s. and \/n(F, — F)=D>Z where Z 1is the F-Brownian bridge.

If we choose a K of the form K(z1,2;) = g(21)g(22) for a certain differen-
tiable ¢ : IR — IR, then it is trivial to construct a kernel which satisfies the
orthogonality conditions (7.15) for k = 4.

Remark. In our application we have that f, is an edge-corrected kernel den-
sity estimator. In the preceding section we already showed that under the
same assumptions as with the uncorrected kernel density estimator it will be
uniformly consistent on [0, 7]. It is straightforward to verify that we can also
apply the lemma to the edge corrected f,, we will not go into these technical
details.
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7.6.3 Application of the functional delta-method for den-
sity estimators.

Here, we will prove weak convergence of

N for’ t? (Wl - Wl) (1, Y1, ¥2)dPo1(y1, y2) as random elements of the cadlag
function space D([0, 7]) endowed with the supremum norm and the Borel sigma-
algebra, by application of the delta-method lemma 7.2. Let K be a kernel
satisfying the properties as mentioned in Lemma 7.4. We will now define Wh.
Firstly, we define

Fn(tits) = P(Ty<t,,Tp <t3,Dy=1,D;=1)
Fy(tl,tz) = P(T1 >t1,{f2 < t2,D2 = 1).

So F is the subdistribution of the doubly uncensored observations and Fy is
the subdistribution of the in the second coordinate uncensored observations.
Moreover, we define their derivatives w.r.t. the second coordinate.

d

N(.’/l,yz) = d—yZFN(yl,yz)
d

Y(yi,92) = '@Fy(yl,yz)-

These are densities which appear in W;. We will estimate them with kernel
density estimators. In fact, we will use edge corrected kernel density estimators
Ny, Y, which converges uniformly on the rectangle [0, 7]. This means that we
make the usual kernel density estimator constant at distance h from the edge
of [0, 7], as discussed in section 6.1. In order not to complicate the notation
we will suppress this fact in the notation. We denote these density estimators
with N, and Y,:

L | > U—T i —f;
Na(y3) = /0 n_mZK( = L - z ) I(Di =1, Dj3 = 1)du
i=1
Tl u—ﬁ' yz—fz‘
Yn(yl yZ) = f —_— K( d : I(D,'g = l)du.
' 21 nh2 ; h ’ h

We define S(- | y3) as the survival function of T} given Tp = y,. Therefore S(- |
y2) has the well known product limit representation in terms of its conditional
hazard f; ' N(du, y2)/Y (u—, y2) (Gill and Johansen, 1990):

Snly) = P(Mi>y|Tr=1y)
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T[(l_ P(T1€du|T2=y2))
P(Ty2ul|Tz =y)

(Oyyl]

_ ﬂ(l_m,_wz)_

Y(u—
(O] (u=r32)

Of course, a natural estimator of S is obtained by replacing N,Y by Ny, Y;:

— Nﬂ(dua y2)
Sﬂ(y1|y2)= ” 11— ———).
@il ( Yo (u—, y2))

We can now define /W?lz

St Vyly)
S(y1 | y2)

Sn(t1Vy | y2)
Sa(v1 | y2)

Because we are also concerned with the probabilistic behaviour of the inte-

grated density estimators, which play the role of F, in lemma 7.2, we also need

notation for them.

Wit n,y2) =

W, (t1, v1,92)

(7.17)

fYn(tlatZ)'

ta
/ Yn (tl ' Y2 )dy2
0

FNn(t11t2) = Nn(tl, yZ)dyZ-
0

So these are smoothed empirical distribution functions Fyy,, Fy, of Fy and
Fy, respectively. Now, we define the following mappings:

&, : D([0,7])’ — D([0,7]):

(Fn, Fr) + /Oyl ];Tf((c:‘uyiz)) =
®,:D([0,7]) — D([0,7]):

A - /0 / ]I(l—A(dulyz))de(yl,y»

A(yr | y2)

[y1,t1vy1]

= / Wi(t1, y1, y2)dPor(y1, ¥2)-
o Jig

Define An(y1 | ¥2) = J§* No(du,y2)/Ya(u—, y2). Finally, we can define the &
to which we apply the refined functional delta method lemma 7.2.

& =®;08, : D([0,7])> — D([0, 7). (7.18)
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We want to prove weak convergence of

Vvn (‘I’(f'Nm Fyy) — ®(Fy, Fy)) (t1,t2)
which equals
T T2,
\/H/ / (W1 - Wl) (t1, y1, ¥2)dPor(y1, y2)-
0 t2
We apply lemma 7.2 with (F, is the empirical df. of F):

F = (Fn,Fy)

F, = (FNmFYn)
fn = (F‘NnafYn)
A - AT Rm A
n = dur nlY1, Y2 ,dyl nlY1, Y2

-
|

d d
(@:N(yn Y2), @Iy(yl’ y2)) :

According to lemma 7.2 we can separate the analysis in a purely probabilistic
part and a purely analytical part. For the probabilistic conditions we just have
to apply lemma 7.4 with the f, f,, F, F, above. This provides us with the
following proposition:

Proposition 7.1 Assume f,g € C3[0,7], K € C![0, 7], K satisfies the orthog-
onality conditions (7.15) for k = 4 and [ K(t)dt = 1. Moreover assume that
hy = n~Y7. Then

1. ma(y1,y2) = (d/dy1Na(y1, ¥2),d/dy1Ya(v1,y2)) i3 a uniformly consistent
estimator of m = (d/dy\N(y1,y2),d/dy1Y (y1, ¥2))-

2. mbl(z) - m(z) a.s. for all z € [0, 7] and limsup,_, ., ||ma]|s = O(1) a.s.
3. ﬁn() = fo(-) mq(z)dz i3 asymptotically equivalent with the empirical distri-
bution My = (FNn, Fyn) of M = (Fy, Fy).

Notice that if f,g € C3[0, 7], then m € C3[0,7]. Moreover notice that m, is
the kernel density estimator of m. Therefore, this proposition is an immediate
corollary of lemma 7.4.

7.6.4 Analytical part of the analysis.

We will now prove the differentiability property for ® as stated in lemma 7.2.
We can consider sequences Ny,Y, with: N, — N, ¥, — Y, ||N,|; = 0(1),
IYalls = O(1), H} = /n(Fg —Fy) — Hy, HY = /n(F — Fy) — Hy, where
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Fy(y1,y2) = f: Y (y1, v)dv and similarly for Fy, f; and fl’\', Firstly, we will
consider the difference Wy, — Wj.

Recall the definition of A(du | y2) = N(du,y2)/Y (u—, y2) and its empirical
version Aq(du | y2) = Nu(du,y2)/Ya(u—,y2). We can consider S(- | y2) also
as a measure: S((a,b] | y2) = P(Ty € (a,b] | T = y2). Recalling its product
integral representation w.r.t. A it follows that:

(1 - A(du | 32))
(a,b]

S ((a,3] | 2)

I

Sn ((a,8] | y2) (1= An(du|y2)).

(a,8]
Now, we have that

(Win — W1)(t1,91,%2) = 7( (1= An(du | y2)) — ]-( (1 — As(du | y2))
[y1,t1vy] [y1,t2Vy1]
Sa [y, ta V] | y2) = S [y, ta V] | y2)-

Il

Duhamel’s equation for the product integral (see Gill and Johansen, 1990,
equation 42) tells us that:

(Sa — S) (furs 1 V v | 32) = / M (A = 8) (du | 42)Sn (s ) | 18) S (w2 V 3a] | 2) -

Y1

So we need to
study the difference (An — A)(du | y2) = (@1(Nn,Ya) — @1(N,Y)) (du, y2).
We have that

(A" - A)(du | y2) = D(}'l‘(dua y2) + R?(duv y2)7

where
n — (Nn— N)(du,y2) , N(du,y;) (Y —Ya) (u,32)
Do} (du,y;) = Y (u, y2) Y2(u,y;) 2
- u -Y,) (u, o (du, —Y) (u,
By = S Y o) , Nalin )= Ta) (1)

This is trivially verified.
Furthermore, we have by using the multiplicativity of the product integral
that

Sn([yr, ) [y2) S(wtavnl l2) = (S = S) ([y,u) | 92)S ((w,t1 V3] | 32)
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+5([y1,u) | 92)S (v, 1V 11] | 92)
= Wl(th Y1, y2) + Rg(u’tla Y1, y2)7

where

R3(u,t1,91,%2) = (Sn — 5) ([y1,u) | y2)S((u,t1 V 41] | y2)-

So we have that (Wi, — W1)(t1, 31, y2) equals

t1vVy
/ (DQ’I' (du’ y2) + R’]?(du’ y2)) (Wl(tl’ Y1, y2) + Rg(ua t1, 41, yz)) .
N

This provides us with:

\/E(Q(Nm Yn) - Q(N’ Y)) (t)
ﬁ/o A (Win — W1)(t1, Y1, ¥2)dPo1(y1, y2)

t1 pr2 ply
\/ﬁ/ / D@'; (du, yz)Wl(tl, Y1, yz)de(yl, yz) + Rem. (7.19)
0 ta k2%

The expression (7.19) consists of four terms of which three involve R} or R
or both. These three terms form the remainder and are shown to converge to
zero (below). Firstly, we will be concerned with the main term which is linear
in Ny —NandY,-Y.

Because N, Y, N,,,Y,, W; are of bounded uniform sectional variation, inte-
grals with respect to N,Y, N,,Y,, W, are well defined. The terms are of the
form f (Na — N)Gdz for a function G which involves ¥, N in numerator and
Y in denominator. By using integration by parts they become of the form
J (i’;\} — Fn)dG (and similar one dimensional integrals over sections). Because
N,Y are of bounded uniform sectional variation and Y is uniformly bounded
away from zero by assumption 3 (that f, g are strictly positive on [0, 7+€]\[0, 7],
see introduction) this G is of bounded uniform sectional variation (lemma 1.5).
Therefore, we can linearize the expression above in Hy, HY.

After having linearized in Hy, Hy and using that Hy and Hp; converge
in supremum norm to Hy, Hy, it is trivial to see that this term converges in
supremum norm to an expression linear in Hy and Hy: just bound terms of
the form [(HY — Hy)dG < ||HY — Hn||,||G|l; and use that we know that
||Hy — HN||o, converges to zero and that G is of bounded uniform sectional
variation because N and Y are. This expression is written down in van der
Laan (1991) and we will denote it with d®(N,Y)(Hn, Hy).



210 Modified EM-Estimator

Remainder. Because N,, N,Y,,Y are of uniformly bounded uniform sec-
tional variation and Y;, is uniformly bounded away from zero (because Y is
uniformly bounded away from zero and ¥;, — Y) y — R} (u, t1,y) is of bounded
uniform sectional variation uniformly in n and (u,t). The product integral is a
continuous functional in (N, Y’) with respect to the supremum norm (see Gill
and Johansen 1990). Therefore R} converges uniformly to zero. Here we use
for the first time that N, — N —0and Y, — Y — 0.

All three terms are in fact dealt with in the same way. These terms have
the following structure:

\/5/01—1 /trz ! (Ya —Y)2 (8, y2)ma(s, y1, y2)dsdy1dy,
= \/ﬁ/(;n y ! (F§ = Fy)(s,") (Ya = Y) (5, )ma(s, y1, ")) ((t2, 72])dsdys
_ﬁL71L 1‘/;1'2 (F}f" - FY) (s, yZ) ((Yn - Y) (S, -)mn (s’ Y1, .)) (dy2)d5dy1

— 0 w.r.t. the supnorm.

Here m, involves N, N,Y,Y,, which are of uniformly bounded uniform sec-
tional variation. The convergence to zero in supnorm of the first term is triv-
ial. The second integral is of the structure [ Z,dF,, where ||Z, — Z||,, — 0
(for [IB} — Hyll, — 0) and [IFall} = OQ1) (for [[(¥a, ma)ll; = O(1))
and ||F, — Fl|l,, — 0 (for ||Ya — Y||,, — 0). Therefore convergence to
zero follows from the Helly-Bray lemma 7.3 with Z, = /n(F§ — Fy) and
Fa() = (Yo — Y)(5, Jma(s, 11, ).

Consider the term /n [ D®}(N, — N,Y, — Y)R3dPy;. Just as above we
linearize this in Hy and Hy. Then we obtain a term of the form f ZndF, where
1Z0 = Zll, — 0 (for |HF, — Hnlloy — 0), IFall} = O(1) (for [[BZ][; = O(1))
and ||F, — F||,, — 0 (for ||R} — R3||,, — 0). The Helly-Bray lemma 7.3 tells
us now that this term converges to zero.

Consider now the term /n [ RfW1dPy;. Again, by doing integration by
parts we can linearize in Hy (or Hy) and these will be integrated with respect
to a measure which involves d(Y, —Y) (or d(N, — N)). Therefore this term
is again of the form [ Z,dF, where ||Z, — Z||,, — 0 (for ||HY — Hn||x —
0), IIFulll = O(1) (for |(Na, Yo, N, V) = O(1) and ||F — Fll,, — 0 (for
[|(Nn,Ya) — (N,Y)||, — 0). The Helly-Bray lemma 7.3 tells us now that this
term converges to zero.

The term /n [ R} R3d Py is proved to converge to zero in the same way as
v/n [ RtW1dPy;. This completes the differentiability proof.
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We conclude that once we have arranged that we only have to verify the differ-
entiability property in lemma 7.2 for sequences with a consistent density which
is of uniformly (in n) bounded uniform sectional variation, then integration by
parts and the Helly-Bray technique are the only ingredients one needs in order
to prove that the remainder converges in supremum norm to zero. We have
proved the analytical condition of lemma 7.2. Application of lemma 7.2 pro-
vides us now with weak convergence of \/n [(Wi, — W1)dPo; to the Gaussian
process d®(N,Y)(Hn, Hy).

This completes the proof of all four ingredients as stated in section 3 and
hence the proof of theorem 7.1.
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Notation

F & G: F is absolutely continuous w.r.t. G, page 17.

F=G: FLKGand GKF.

supp(F'): the support of F.

Lp: the law under P, page 20

EX: the expectation of the random variable X, page 19

Var(X): the variance of the random variable X, page 19

f(a,d]: generalized difference of f : R’ — R over the rectangle (a,b] C RY,
page 13

||]l,: variation norm, page 13

|- ]I5: uniform sectional variation norm, page 13

D[0, 7]: space of multivariate cadlag functions, page 13

(B(K), || * llo): space of uniformly bounded functions on K, page 68
Notation for weak convergence theory.

Pf = [ fdP, page 8

P*: outer probability, page 8

P*f: outer expectation, page 8

Cy(D): the class of bounded real valued continuous functions on D, page 8
Xn =D>X0: weak convergence, page 8

Notation for empirical process theory.

P,: the empirical distribution, page 4

F: a class of measurable real valued functions, page 8

[|*]|£: supnorm over F, page 8

[®°(F): the space of uniformly bounded real valued functions on ¥, page 8
p2: variance metric on F, page 9

Gy f: normalized empirical process, page 10

Gp: P-Brownian-bridge, page 11

Fs={f—9:f,9 € F,0(f,9) < 6}, page 11

Notation for efficiency theory.

M: collection of all possible probability measures of a random variable X (i.e.
model), page 17

M(p): measures in M which are dominated by y, page 17

P(p): collection of densities w.r.t. p corresponding with M(u), page 17
(D, || - |]): normed vector space, page 18

9: M — 0O C(D,||-||): D-valued parameter, page 18

b:(D,||-|]) = R: a real valued linear mapping on D, page 18

B: a collection of b: (D, || -||) — IR, page 18
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0,: estimator of 6, page 18

(LZ(P),|| - |lp): Hilbertspace of square integrable functions with mean zero,
page 8

Peg, (Pe,g): one dimensional differentiable submodel of measures (densities
w.r.t. a certain fixed measure) with score g, page 18

S(P): class of one dimensional submodels, for all our applications it is the class
of lines as defined in (2.12), page 18

S(P): tangent cone, page 18

T(P): tangent space, page 19

b : T(P) — IR: pathwise derivative of b at P relative to S(P), page 19

b{ (P, b0): efficient influence function for estimating bJd(P), page 19

I(P, bY): influence curve for estimating bJ(P), page 21

lfllg = supsep- | bf |, page 21

Ag : T(8) — Li(Ps): score operator at Py, page 36

AJ : LY(Ps) — T(8): adjoint of Ay, page 36

Iy = A] Ag : T() — T(8): information operator at Py, page 38

I, : the generalized inverse of Iy.
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