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Preface

This tract consists of six papers, which are listed here with their original
preprint data. The first, fourth and fifth paper have been revised. The third
paper is followed by a supplement of comments and corrections.

1. W. VERVAAT (1988): Random upper semicontinuous functions and ex-
tremal processes. Report MS-R8801, CWI, Amsterdam.

2. T. NORBERG (1990): On the convergence of probability measures on con-
tinuous posets. Report 1990-08, Dept Math., Chalmers U. of Technology,
Goteborg.

3. G. GERRITSE (1985): Lattice-valued semicontinuous functions. Report
8532, Dept Math., Cath. U., Nijmegen.

4. W. VERVAAT (1988): Spaces with vaguely upper semicontinuous inter-
section. Report 88-30, Dept Math. and Inf., Delft U. of Technology,
Delft.

5. T. NORBERG & W. VERVAAT (1989): Capacities on non-Hausdorff spaces.
Report 1989-11, Dept Math., Chalmers U. of Technology, G6teborg.

6. H. HOLWERDA (1993): A note on Fell- and epicompactness. Report 9323,
Dept Math., Cath. U., Nijmegen.

These papers were written in two streams of research. The first sprang from
the need for a general qualitative theory of extremal processes in the 1980
research that finally resulted in the paper O’Brien, Torfs & Vervaat (1990). For
extremal processes, since long a topic of active research, an abstract definition
surprisingly did not exist. The first paper in this tract provides one, and its
formalism has been adopted in the field soon after its prepublication in 1988.

The second stream started with work of Norberg on random capacities in
the spirit of the theory of random measures as developed by his thesis advisor
Olav Kallenberg (Norberg (1986)). The fifth paper in this tract generalizes the
topic to non-Hausdorff spaces, a generality demanded by developments in the
first stream.

An extremal process now is regarded as a random variable with values in
a topological space of sup measures, or equivalently, of upper semicontinuous
functions. They are topological lattices, an area of active research since the
70s. In fact, if the time domain is locally compact (but not necessarily Haus-
dorff), they are a major example of continuous lattices (cf. Gierz et al. (1980)).
This connection is already present in the first and third paper in a fresh and
rudimentary form, but more prominently and digested in the second, fifth and
sixth. For a uniform theory with many isomorphisms it is essential to regard
the Hausdorff property as incidental and to consider unprohibitedly To spaces.



The editor discovered this in the first paper, and the resulting attitude perme-
ates all other papers in this tract, in particular the fifth and sixth. The second
paper extends the values of random variables to the more general continuous
partially ordered sets, the third paper the values of semicontinuous functions
to lattices. The fourth paper explores the separation condition (satisfied by all
Hausdorff spaces) that renders the intersection of closed sets upper semicon-
tinuous, and consequently also the infimum of upper semicontinuous functions.
The sixth paper places the compactness of the spaces of closed sets and semi-
continuous functions in the context of the best related results for continuous
lattices.

Capacities appear at the end of the first paper and dominate the fifth. There
are two reasons for this. On the one hand, capacities can be regarded as
upper semicontinuous functions on the space of open sets provided with a non-
Hausdorff topology. That is how they appear in the first paper, and are studied
again in part of the fifth. On the other hand, the space of capacities contains
all kinds of interesting subspaces, as the measures, the upper semicontinuous
functions and the closed sets (cf. Vervaat (1988)).

In hindsight, capacities turn out to be the most natural framework for the
spaces considered in this tract. The research in this spirit is more recent, and
the most important initiatives can be found in O’Brien & Vervaat (1991, 1993).
A new aspect in the latter papers is that capacities just seem to be made for
topologizing the theory of large deviations.

The editor wishes to thank all who have contributed to the production of
this tract, the other authors for their contributions, Henk Holwerda and Bart
Gerritse (different from the author of the third paper) for their many remarks
and corrections, and the editorial and technical staff of CWI for the physical
production.

Villeurbanne, November 1993, WIM VERVAAT
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PoOSTSCRIPT

Wim Vervaat died suddenly on January 31, 1994. At the time of his death
he had almost finished the work for the present tract. Only in the first and
lengthy paper by his hand a considerable number of editorial corrections still
had to be carried out.

In the meantime some of the preprints referred to in this tract appeared in final
form. Here are the updated references:

Preface, [5]: G.L. O’BRIEN & W. VERVAAT (1995): Compactness in
the theory of large deviations. Stoch. Processes and their
Applications 57 1-10.

First paper, [35]: H. HOLWERDA & W. VERVAAT (1996): Lattice of ca-
pacities, and related topologies. Statistica Neerlandica 50
306-324.

The latter is part of a special issue of Statistica Neerlandica in memory of Wim
Vervaat, which also contains a complete list of his publications.

Nijmegen, February 1997, HENK HOLWERDA






Random Upper Semicontinuous Functions and Extremal
Processes!

Wim Vervaat?

All functions take their values in the extended real line. Spaces of upper semicon-
tinuous (usc) functions on a topological space E are considered and topologized
in different ways. Convergence in distribution of random usc functions is char-
acterized for one topology, the sup vague topology. In a canonical way, usc
functions correspond to sup measures, union-sup homomorphisms on the open
sets of E. Random sup measures are interpreted as extremal processes. By
identifying closed subsets of E with their indicator functions we make them a
subspace of the usc functions. Consequently, the basics of random closed sets
are part of the theory. A function on E is usc iff its hypograph is closed in the
product space of domain and range, which establishes another relation between
the usc functions on E and the closed subsets of a space, this time different
from E. The natural bijections between all these spaces or subsets of them turn
out to be lattice isomorphisms, and homeomorphisms if the spaces are provided
with the sup vague topology. All spaces are sup vaguely Hausdorff if E is locally
quasicompact, but E need not be Hausdorff itself. In fact, it is better to allow E
being non-Hausdorff for a smooth theory. At the end of the paper, the developed
theory is applied to capacities as a common framework for vague convergence of
Radon measures and sup vague convergence of usc functions.

Keywords & Phrases: upper semicontinuous functions, sup measures, spaces of
closed sets, hypographs, sup vague topology, sup narrow topology, hypo topology,
locally quasicompact spaces, extremal processes, random upper semicontinous
functions, random closed sets, convergence in distribution, vague convergence of
capacities, Radon measures as capacities.

Mathematics Classification:

Primary: 54B20, 54D45, 60B05, 60B10.
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2 Wim Vervaat

0. INTRODUCTION

The original reason for the research leading to the present paper was the neces-
sity of formalizing the notion ‘extremal process’ in probability theory. What
came out of it turned out to be a common framework for random closed sets,
parts of optimization theory, theory of hyperspaces in set topology, and ex-
tremal processes as intended. Substantial parts of this paper could be classified
as set topology, and to a lesser extent as lattice theory, rather than probability
theory.

Extremal processes have come up in the probabilistic literature in the fol-
lowing way. Let (£x)%2_., be a sequence of real-valued random variables (for
instance independent and identically distributed, but nothing is actually as-
sumed). Set for subsets A of R

Mn(A) = ( V Xk — bn)/an,
k:k/neA

where a, > 0 and b, are ‘normalizing constants’. In the older probabilistic
literature extremal processes were limits in distribution of M,([0,t]) as n — oo,
regarded as random functions of ¢ (see for instance LAMPERTI (1964), DWASS
(1964), REsNICK & RUBINOWITCH (1973)). In the more recent literature
the idea gradually broke through that M,, should be regarded as a random set
function, for instance on the intervals (PICKANDS (1971), MoORI & OODAIRA
(1976), Mori1 (1977), REsSNICK (1986, 1987)). However, the full consequence
of this idea has not been drawn by these authors, because the special cases
considered by them allow a nice and concise description as functionals of point
processes in the plane, which aspect attracted the focus of their attention. The
point process approach turns out to be too narrow in the study of stationary
self-similar extremal processes by O’BRIEN, TORFS & VERVAAT (1990), which
forced these authors to define extremal processes as random set functions with
certain properties. For a related approach, see NORBERG (1987).

It is most convenient to regard an extremal process M as a random R-
valued function (R := [—00,0]) on the open sets in R such that M has with
probability 1 (wp 1) the following property:

M(|JGj) =\ M@Gj) (01)
jed jeJ

for each collection (G;);jes of open sets in R. More formally, let E be a topo-

logical space, G = G(E) the collection of its open sets, and let m be a I-valued

1 The first version of this paper was completed June 1982, while the author was visiting
the School of Operations Research and Industrial Engineering and the Center for Applied
Mathematics at Cornell University, supported by a NATO Science Fellowship from the
Netherlands Organization for the Advancement of Pure Research (zwo) and a Fulbright-
Hays travel grant. The second version was written in 1987 at the Centre for Mathematics
and Computer Science at Amsterdam, whose hospitality and support are gratefully ac-
knowledged. It is the version referred to in the literature up to now (1993). In the present
and final version errors have been corrected and references updated. However, the author
did not aim at a complete face-lift to the present state of knowledge.

2 Wim Vervaat died early 1994. His last work address was Université Claude Bermard Lyon
1. This part of CWI Tract 110 was finalized by Henk Holwerda.
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function on G. Here I is a fixed compact subinterval of R, I = R in the previous
application, but I = [0, 1] for convenience in most of the present paper. Let us
call m a sup measure if

m({J &) = \/ m(@G;)
jeJ jeJ

for each collection (G;)jes in G. Then an extremal process is just a random
sup measure. In order to give this definition sense, it is necessary to make SM,
the collection of all sup measures, a measurable space. For the notion of con-
vergence in distribution of extremal processes, SM must be made a topological
space, preferably with the measurable structure derived from the topological.
It is exactly this what the present paper is about.

The following duality, established in Sections 1 and 2, plays a key role in
the theory. If m is a function on G(E), then its sup derivative is the function
dVm on E defined by

d¥m(t) := inf{m(G) : G € G,t € G}.

If f is a function on E, then its sup integral i¥f = fV is the function on G
defined by

@)=\ ft) for Geg.

teG

It turns out that sup measures correspond one-to-one to upper semicontinuous
(usc) functions on E by d¥ and 1V. Let US = US(E) be the collection of all usc
functions on E (here and in the sequel all functions are assumed to be I-valued
unless stated otherwise). We now can topologize SM by topologizing US or
vice versa. It turns out that for E locally compact with countable base SM
becomes compact (Section 4) and metric (Section 5) with the following notion
of sup vague convergence (Section 3):

limsup m,,(K) < m(K) for K € K,
my, = min SM iff (0.2)
liminf m,(G) > m(G) for G € G,

where K = K(F) is the collection of compact sets in E. In fact, the right hand
side need be required only for subcollections like bases (Section 5).

If E is locally compact with countable base, then the Borel field of SM is the
smallest that makes the evaluations m — m(A) measurable for all A € G or all
A € K (Section 11), and extremal processes (= SM-valued random variables)
M, converge in distribution to M iff all finite-dimensional distributions of
the values of M,, at the compact balls in E converge to those of M, where
the balls B in E must be restricted to those with P[M(B) = M(intB)] = 1
(Section 12). The finite-dimensional distributions of the values of the extremal
processes on G can be characterized by requiring (0.1) to hold wp1 separately for
each countable collection (G;) in G (Section 13). In Section 14 measurability
and semicontinuity of the actions of taking suprema and infima in SM are
investigated.
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Before discussing the connections with the literature, we first indicate some
relations with spaces of closed sets. Let F(E) be the collection of all closed
sets in E, and let 14 for A C E be the indicator function of A: 14(¢) := 1 if
te A,0if t € E\A. Then F — 1r maps F one-to-one into US(E). So we can
identify (random) closed sets in E with (random) {0, 1}-valued usc functions
or (random) {0,1}-valued sup measures. Moreover, F(E) is topologized by
the relative topology of the sup vague topology on US(E) in its image under
F + 1p. We call this the sup vague topology on F(E). On the other hand, a
function on E is usc iff its hypograph

hypo f := {(t,z) € Ex (0,1] : = < f(t)}

is closed in E x (0,1]. So ‘hypo’ maps US(E) one-to-one into F(E x (0, 1]).
Consequently, any topology on F(E x (0, 1]) determines a relative topology on
US(E), and it turns out (Section 7) that the sup vague topology on F(Ex (0, 1])
generates the sup vague topology on US(E) (for this reason often called the
hypo topology). So it is a matter of taste on which space one wants to define the
sup vague topology first. The present paper starts with US (or rather SM),
in contrast with most of the literature. The reason is the duality between SAM
and US, which seems to have been unnoticed so far, but plays a crucial role
here.

Actually, the map ‘hypo’ has even much nicer properties, which become
visible only if one is willing to consider non-Hausdorff spaces. Let (0, 1]1 denote
the space (0,1] provided with the upper topology, whose nontrivial open sets
are (z,1] for 0 < z < 1. Then ‘hypo’ turns out to be an order preserving
bijection between US(E) and F(E x (0, 1]1) (Section 1), and a homeomorphism
between the spaces provided with the sup vauge topology (Section 7). So if
E* = E x (0,1]1, then US(E) and F(E*) are homeomorphic, whereas in the
previous paragraph, with E* = E x (0,1], US(E) is only homeomorphic to a
subspace of F(E*).

This observation compels us to considering non-Hausdorff spaces E from the
beginning. It turns out that US(F) and F(F) are sup vaguely quasicompact
(gcompact) whatever is E (Section 4). Here quasicompactness refers to the
finite open subcover property, without Hausdorffness. It turns out that US(E)
and F(FE) are in addition Hausdorff (hence compact) in case E is locally gcom-
pact but not necessarily Hausdorff (Section 4). In non-Hausdorff spaces things
are not as one is used to (qcompact sets need not be closed, an intersection of
two gcompact sets need not be qcompact, lattice-isomorphic topologies need
not come from homeomorphic spaces, etc.), and this environment is explored
in Sections 8 and 9.

There are related developments in many fields of mathematics. Here we
indicate them only globally. More detailed comments are made at the end
of each section. Furthermore, we do not discuss the special case that E is
compact and metric, in which case F(F) is equal to the space K(F) of compact
sets, metrized by the Hausdorff distance. This is a classical topic in topology.
Random closed sets (= F(F)-valued random variables) are the subject of a
monograph by MATHERON (1975), which was developed further by SALINETTI
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& WETS (1981, 1986) and NORBERG (1984, 1986), with random usc functions
appearing in the 1986 papers. Usc functions appear as images with grey levels
in SERRA (1982), who attributes this idea to MATHERON in the early 1970s
(personal communication).

Random closed sets appear in the equivalent shape of ‘measurable closed
multifunction’ in the optimization literature (ROCKAFELLAR (1976), CAs-
TAING & VALADIER (1977), KLEIN & THOMPSON (1984)). Similarly, random
lower semicontinuous functions can be identified with ‘normal integrands’ in
the optimization literature (ROCKAFELLAR (1976)). The two viewpoints were
conciliated by SALINETTI & WETS (1981, 1986). A whole system of conver-
gence notions (‘T- and G-limits’) was developed for variational analysis by DE
GI0RGI & FRANZONI (1975), DE GIORGI (1977, 1979) and BuTTAZZO (1977).
The sup vague convergence notions in US(E) and F(E) are particular cases of
this. Applications in mathematical economics can be found in DEBREU (1966,
1974) and HILDENBRAND (1974).

The following topological literature is relevant for (E) and US(E). A con-
vergence concept corresponding to the sup vague topology in F(E) for locally
compact E was studied by CHOQUET (1948) and KURATOWSKI (1966), and
actually has its traces in the beginning of this century. The topology itself was
studied first by FELL (1962), and later on by DIXMIER (1968) and MATHERON
(1975). Spaces of usc functions were already considered by Mosco (1969) and
BuTTAZZO (1977).

Spaces of subsets of a given topological space (‘hyperspaces’) are a topic of
study in set topology. Classical references are MICHAEL (1951) and the more
recent monograph by NADLER (1978). However, our sup vague topology does
not occur at all in these references. For a possible reason, see our discussion in
4.6. In contrast to this, the recent monograph by KLEIN & THOMPSON (1984)
also treats the sup vague topology, motivated by applications in economics and
optimization.

The spaces US(E) and F(F) (with reverse order) play a central role as
examples of continuous lattices in GIERZ ET AL. (1980). Actually, a whole
chapter in this monograph is devoted to a general and abstract theory of spaces
of lower semicontinuous functions, which appear there in the shape of ‘Scott
continuous functions’. See also MISLOVE (1982) for a fast introduction. Only
in the last decade locally qcompact spaces (not necessarily Hausdorff) have
been studied, exclusively in the context of lattice theory. See GIERZ ET AL.
(1980) and HOFMANN & MISLOVE (1981).

Sup measures are a special case of semilattice homomorphisms in GIERZ
ET AL. (1980) and of semigroup-valued measures in SION (1973). The terms
‘sup derivative’, ‘sup integral’ and ‘sup vague topology’ remind us that we
are dealing here with the ‘minimax analogue’ of calculus and analysis of Radon
measures, in the sense of CUNINGHAME- GREEN (1979), who developed a matrix
calculus and spectral theory with addition + replaced by V and multiplication
replaced by +.

There are two topics in the paper that have not been mentioned yet. Ini-
tially, mainly in Sections 3 and 4, a whole class of topologies on SM and US
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are introduced, by replacing K in (0.2) by some general class of sets B, and the
resulting topologies are called the sup B topologies. The major reason is that
in this way we obtain results as well for the sup F or ‘sup narrow’ topology,
which is favorite in classical set topology.

Another development is that sup vague convergence of sup measures and
vague convergence of (additive) Radon measures can be put into one common
framework of vague convergence of capacities, monotone set functions on the
gcompact sets with certain semicontinuity properties. Sections 15 and 16 com-
plement the pioneering paper by NORBERG (1986).

The author has tried to make this paper self-contained, which entails that
part of the results is not new. There are several reasons for this. The results
elsewhere are often formulated in the context of other fields of mathematics,
and therefore not easily understandable for probabilists. And even where the
formulations in the literature are more familiar, the approach in the present
paper is rather different. For instance, the basics of random closed sets appear
as side results of a more general theory of random usc functions, so that this
paper can serve as an alternative to the introduction in MATHERON’s (1975)
monograph. Furthermore, the generality of non-Hausdorff spaces permeates
the paper from the beginning.

There is more in probability theory than extremal processes that can benefit
from a self-contained and direct introduction to random usc functions. Point-
wise ordered pairs of lsc and usc functions (—f,g € US, f < g) form a space
which is a compactification of the function space C(E). By considering this
compactification or related ones the proof of Donsker’s theorem can be inter-
preted in a new way (cf. VERVAAT (1981), LENSTRA (1985) and SALINETTI
& WETS (1986)). Furthermore, the most natural context for processes of ran-
dom closed sets is a generalization of extremal processes, whose values are no
longer in R, but in a lattice L, for instance L = F(E') for some other space
E'. Lattice-valued usc functions are investigated in GERRITSE (1985), BEER
(1987) and HOLWERDA (1993a), and the corresponding probability theory is
being developed by NORBERG. Part of the basic theory has already been dealt
with by GIERZ ET AL. (1980).

The prerequisites for the present paper are the measure theoretical foun-
dations of probability theory, convergence in distribution in Polish spaces and
basics of set topology.

0.1.. Notations and Conventions
All_functions are [-valued, unless stated otherwise; I is a compact subinterval
of R := [—00, 0], for convenience I = [0,1] in the present paper, but I = R is
more appropriate for applications.

E is a topological space. No separation axioms are assumed in general.
In many places all or part of the regularity conditions show up: E is locally
quasicompact with countable base. In particular these are assumed in the prob-
abilistic sections 11, 12 and 13. A subset K of E is quasicompact (gcompact) if
each open cover contains a finite subcover; if K is in addition Hausdorff, then
K is compact. For A C E its saturation satA is the intersection of all open sets
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containing A; if A = satA, then A is saturated.

g := {open sets};

F = {closed sets};

K := {qcompact sets};

Q := {saturated qcompact sets};

Go := Dbase of open sets;

Ko := base-like collection of gcompact sets;
US := {upper semicontinuous functions on E};
SM := { sup measures on G} (cf. §2);

When E varies and the dependence on E becomes relevant, we write G(E),
US(E), etc. In this paper, F is always a closed set, G an open set, K a
gcompact set, () a saturated qcompact set. In proofs these qualities are not
always mentioned. Let A C E. Then:

14 is the indicator function of A:

14(t):=1fort € A,0for t € E\A4;

closA is the closure of A;

intA is the interior of A;

sat A is the saturation of A as defined above (cf. also 1.7);

sqc A is the smallest qcompact set containing A if it exists (§8);

A¢ := E\A is the complement of A.

Moreover,
hypo f is the hypograph of f (§1);
dVm is the sup derivative of m (§2);
iV f = fV is the sup integral of f (§2).

Convergence in distribution of random variables is denoted by — 4, equality in
distribution by =4.
Isc = lower semicontinuous;

usc = upper semicontinuous;
v = random variable;

wpl = with probability one;
gcompact = quasicompact.

0.2.. Contents
0. Introduction 2

1. Upper semicontinuous functions 8
2.  Sup measures 11
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3. The sup topologies 13
4. General properties of the sup topologies 17
5. Thinning the convergence criteria to bases 20
6. Examples and further properties 23
7. Hypo topologies 24
8. Non-Hausdorff locally qcompact spaces 27
9. More about non-Hausdorff spaces 30
10. Other criteria for convergence 33
11. Measurability, random variables and extremal processes 35
12. Convergence in distribution 37
13. The existence theorem for extremal processes 40
14. Semicontinuity of the lattice operations 42
15. Capacities 46
16. Sup and Radon measures as special capacities 50
Acknowledgements 53
References 54

1. UPPER SEMICONTINUOUS FUNCTIONS

In the present section we collect some results about real-valued upper semicon-
tinuous functions, many of them well-known. All functions are defined on a
topological space F, without any separation axiom assumed, and take their val-
ues in some compact interval I in the extended real line. In many probabilistic
applications I = [0, oo] or I = [—00, o0]. For convenience we fix I = [0,1] in the
present paper. We write I’ := I\infI, so I' = (0, 1]. For functions f : E =1
we define the hypograph of f by

hypof :={(t,z) e ExI':z < f(t)}.

By [—o00,00] we denote the set [—o0,00] provided with the lower topology,
whose nontrivial open sets are [—00, z) for z € (—00,00]. A subset A provided
with the relative lower topology is denoted A}. Similar conventions apply to the
upper topology on [—00, 00]: [—00, 00]1 has nontrivial open sets (z, 00]. Observe
that a nonempty subset of A] is quasicompact (qcompact) iff it contains its
supremum. Quasicompactness refers to the finite open subcover property. A
compact set is both quasicompact and Hausdorff.

1.1. DEFINITION. Let E be a topological space. A function f : E — 1 is upper
semicontinuous (usc) att € E if

f= N V fw.

open GOt ueG

A function f : E - 1 is usc if it isusc at allt € E. A function f : E - 1 is
lower semicontinuous (Isc) if 1 — f is usc.

1.2. THEOREM. The following are equivalent:

(i) fis usc;
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(ii) hypof is closed in E x I';

(iii) f:E — I is continuous, i.e., f< [0,z) is open for all x € I'.

1.3. COROLLARIES. The first two corollaries are based on independent ob-
servations about functions with closed hypographs that will play a role in the
proof of the theorem.

(a) Let A C E. Then 14 has a closed hypograph iff A is closed. (From (ii).
Observe that clos hypo 14 = hypo l¢iosa.) Similarly, 14 Vylg with £ > y has
a closed hypograph iff A is closed.

(b) If (f;)jes is a collection of functions with closed hypographs then A;.; f;
has a closed hypograph. If, moreover, J is finite, then \/ jed f; has a closed
hypograph. (From (ii). Observe that hypo A = () hypo, hypo \/ = | hypo,
the latter only for finite collections.)

(c) If f is usc and E is qcompact, then f has a maximum. (From (iii). Observe
that f(F) in I is gcompact.)

Before proving Theorem 1.2, it is useful to make the following observation. Set

fe=(\ f@)EVipe

u€G
for open G C E, and
=\ fe.
G

Then Definition 1.1 tells us that f is usc iff f = f*.
1.4. LEMMA. clos hypo f = hypo f*.

PrOOF. Obviously f < f*, so hypo f C hypo f*. Furthermore, hypo f* is
closed by the observations in Corollaries 1.3(a,b). So it is sufficient to prove
hypo f* C closhypof. To this end, consider (¢,z) ¢ closhypof. Then there is
an open G 3t and a real y < z such that G x (y, 1] does not intersect hypo f.
Hence f(u) <y <z foru € G, so f*(t) <y <z, ie, (t,z) € hypo f*. ]

PrOOF OF THEOREM 1.2.

(i) = (iii). Ift € f<[0,z), then Ay engar Vuea f(W) = f(t) <=,50 Ve f(u)
< z for some open G > t. Sot € G C f< [0,z), which proves f< [0,z) to be
open.

(iii) = (ii). We have in general:

f=N\GleVijegy). (L.1)
zell’
From (iii) and the independent hypo observations in Corollaries 1.3(a,b) we see
that hypo f is closed.
(ii) = (i). By Lemma 1.4 we have f = f* if hypo f is closed. O

Let US = US(E) be the set of all I-valued usc functions on E. We want to
characterize US as a whole. First a notation. By F = F(E) we denote the
family of closed sets in F.



10 Wim Vervaat

1.5. THEOREM. (a) US is the smallest class of I-valued functions on E that

contains zlp for x € I', F € F and is closed for arbitrary infima and finite

suprema.

(b) US is the smallest class of I-valued functions on E that contains
zlpVylgforz,yel,x >y, F € F,

and is closed for arbitrary infima.

PROOF. (b) Follows from (1.1), Theorem 1.2 and Corollaries 1.3(a,b).
(a) Follows from (b) and Corollary 1.3(b).

The space US(FE) is a complete lattice (all subsets have infima and suprema)
with the infimum being pointwise infimum and the supremum of (f;); being
(V; f;)*. The space F(E) is a complete lattice with the infimum being inter-
section and the supremum being closure of the union.

1.6. THEOREM. The map hypo is a lattice isomorphism from US(E) onto
F(E x I').

PROOF. The family of closed sets in E x I'? is the smallest class that contains
F x (0,z] =hypozlp forz € I', F € F(E)

and is closed for arbitrary intersections and finite unions. Apply Theorem
1.5(a). O

From Theorem 1.6 we learn that US(F) can be examined by considering F(E*)
for E* = ExI't. However, E* is not Hausdorff. This motivates us to maintain a
generality beyond Hausdorflness in the present paper. In non-Hausdorff spaces
the following notion will be useful.

1.7. DEFINITION. The saturation of a set A C E is the set
satA := ﬂ G.
openGDA
If A =satA, then A is said to be saturated.

All sets in F are saturated iff F is T (cf. §3), in particular if E is Hausdorff.
Note that u € sat{t} =: satt iff ¢t € clos{u} =: closu. More generally, we
have closu[\satA # 0 iff closun A # 0. Applying this for A = |J; 4; we find
satJ; A; = |J;satA;. The intersection of saturated sets is saturated, as in
general sat(); A; C [, satA; C sat[); satA;.

1.8. THEOREM. If f is usc and A C E, then \/,c 4 f(t) = Vygsara f(t)-

PROOF. As satA = |J,¢ 4 satt, it is sufficient to prove the theorem for A = {a}.
Since G 3 a implies G D sata for open G, we have

f@< \ fo< AV o= fo. o

tesata G3ateG



Random usc functions and extremal processes 11

1.9. EXAMPLE. E = R|. Then satt = (—oo0, t] for t € E. The space US(E) con-
sists of all nondecreasing right-continuous I-valued functions on R, and can be
identified with the class of all probability distribution functions on the extended
real line [—o00, 00].

1.10. LITERATURE. Most results are classical knowledge in a perhaps less clas-
sical presentation. For a lattice-theoretical approach to lower semicontinuous
functions, see Chapter II of GIERZ & AL. (1980). The three characterizations
of upper semicontinuity in Theorem 1.2 need no longer be equivalent in case
the totally ordered range I is replaced by a more general lattice or partially
ordered space. See PENOT & THERA (1982), GERRITSE (1985), BEER (1987)
and HOLWERDA (1993a).

2. SuP MEASURES

In the present section we introduce the sup measures, which henceforth will be
close companions of usc functions. By G = G(E) we denote the class of open
sets in a topological space E.

2.1. DEFINITION. (a) The sup derivative of a function m : G — 1 is the
function d¥m : E — 1 defined by

d'm(t) := )\ m(G) forteE. (21)
Gat
(b) The sup integral of a function f : E — 1 is the function f¥ : G — I
defined by

G =\ ft) forGeg,
teG

where \/ § := 0. Occasionally we will write iV f instead of fV.

2.2. LEMMA. Let m and f be as in Definition 2.1. Then
(@) dVm is usc,
(b) m >1Vd¥m,
(c) f<dViVf.
ProoOF. (a) Note that
d'm= / (mG)1EV 1p\g),
Geg
so dVm is usc by Corollaries 1.3(a,b).

(b,c) Obvious. m)

2.3. REMARK. Note that Definition 1.1 can be rephrased as: f is usc iff
f=dYiVf =: f*. In Lemma 1.4 we recognize f* as the smallest usc function
larger than f, the function with clos hypo f as hypograph.
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2.4. DEFINITION. A function m : G — I is called a sup measure if m(§) =0
and for all collections (G;)jes of open sets

m({J G5) =\ m(Gy). (2:2)
j€eJ jed

Obviously, all sup integrals are sup measures, but different f in Definition

2.1(b) may generate the same sup measure. Example: E = R, 1Y, = 1(\@ =1lon

G\{0}. The following theorem shows that all sup measures are sup integrals of
usc functions, and that the correspondence is one-to-one, so that 7V applied to
usc functions and dV to sup measures are inverses of each other.

2.5. THEOREM. Let m and f be as in Definition 2.1.

(a) m is a sup measure iff m =iVd"m.

(b) If m is a sup measure, then f = d¥m is the largest f and only usc f with
fV=m.

(c) If m is a sup measure, then \/, 4, d'm(t) = Ag5 4 m(G) for all nonempty
sets AC E.

(d) dV : SM — US is a bijection, and its inverse is i".

PROOF. (a) The ‘if’ part is trivial, the ‘only if” part a special case of (c) for
open A.

(b) Follows from (a), Lemma 2.2(a,c) and Remark 2.3.

(c) Forallt € A wehaved'm(t) < Ag54m(G),850 Vg dVm(t) < Agoam(G).
To prove the reverse inequality, fix £ > \/,c 4, d"m(t). For each t € A there
is an open Gy 3 t such that m(Gy) < =z, so m(U,c4G¢) < =, implying

Ng>4am(G) < =
(d) Follows from (a). |

Let m be an increasing I-valued function on G and let Gy be a base of G. Obvi-
ously, d¥m does not change if we restrict G to Go in (2.1). Furthermore, if m
is a sup measure (hence increasing), then its values on G are determined by its
values on Gp and (2.2). The following theorem characterizes which functions
on Gy can be extended to sup measures on G.

2.6. THEOREM. (Extension Theorem). Let Gy be a base of G. If m is an
I-valued function on Gy such that m(@) = 0 and (2.2) holds whenever G; € Gy
for j € J and U;c; Gj € Go, then m can be extended to a unique sup measure
on G by (2.2).

PROOF. By rephrasing Definition 2.1(a) and the proofs of Lemma 2.2(a) and
Theorem 2.5(a) with Gg instead of G, we obtain that dVm (in its new definition)
is usc, and that m = VdVm on Gy. Hence the unique extension of m to G is
iVd'm. o
If the topology G of E has a countable base, then (2.2) is equivalent to its
restriction to countable J, whether or not restricted further to Go. In particular
this is the case if E = R and Gy is the collection of open intervals in R.
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2.7. EXAMPLE. Let E = R} as in Example 1.9. Then the sup measures
m can be identified via m(—o0,-) with the nondecreasing left-continuous I-
valued functions on R, and dVm turns out to be the right-continuous version
of m(—o0,-).

2.8. LITERATURE. SHILKRET (1970) investigated sup measures with emphasis
on analogues of integration theorems in measure theory. This research was
continued in the wider context of capacities by NORBERG (1986). Sup measures
are a special case of semigroup-valued measures as studied by S1oN (1973). Sup
measures are semilattice homomorphisms between (G, U) and (I, V), which are
studied in categorical generality by GIERZ & AL. (1980). With some effort
the duality between sup measures and usc functions can be related to a Galois
connection (cf. GIERZ & AL. (1980, §0.3), the dual of m being = — intf* [0, z]
with f = dVm). Lemma 2.2(a) and part of Theorem 2.5 have been proved
previously by BuTTAzZO (1977, Lemmas (1.5) and (1.6)) and GRAF (1980,
Proposition 6.1). The terminology ‘sup measure’, ‘sup derivative’, ‘sup integral’
indicates that we are dealing here with ‘minimax’ analogues of measure theory
and calculus, in the sense of CUNINGHAME-GREENE (1979) (replace + by V).
Theorem 2.5(a) can be seen as the analogue of the Fundamental Theorem of
integral calculus, which identifies the indefinite integral as an antiderivative.

3. THE Sup TOPOLOGIES
In the present section we introduce a class of topologies on SM = SM(FE), the
lattice of sup measures on G(E). By Theorem 2.5 we may identify SM with
US via the bijections
dV
SM(E) — US(E),

Z-V

so all topologies on SM carry over to US by declaring dV and ¥ homeomor-
phisms. The map ‘ind’: F 3 F — 1 injects F into US, and each topology on
U S induces in this way a relative topology on F.

Recall that the sup measures as defined in Section 2 have the open sets G
as their domain. However, by Theorem 2.5(c) there is a canonical extension to
all subsets A of E by

m(A) = \/ d'm(t) = /\ m(G). (31)
teA GDA

The right-hand side depends only on A via sat A, so
m(A) = m(sat A) for AC E, (32)

which result is equivalent to Theorem 1.8 by Theorem 2.5. Two classes of
subsets of E will determine the topology on SM, the open sets G and another
class B, the bounding class of the topology. For a bounding class we require only
that it contains () (this condition does not matter here, but will be convenient
later on when we consider F(F)). Examples of bounding classes are:
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B = {0},

B = J = J(F) := {finite subsets of E},

B = K = K(E) := {qcompact subsets of E},

B = F = F(E) := {closed subsets of E} as defined before,
B = G = G(E),

B = F4 := {d-bounded closed subsets of E},

where d is a metric that metrizes the topology of E.

3.1. DEFINITION. The sup topology on SM(E) with bounding class B,
or the sup B topology on SM (E), is the smallest topology that makes the
evaluations

m — m(A) wuscforA € B, lscforA € gG. (3.3)

3.2. REMARKS. (a) The sets

{m € SM : m(B) < z}, {m € SM : m(G) > z} for

(3.4)
BeB,GegG,zel
form a subbase of the sup B topology in SM.
(b) A net (m,,) converges sup B to m in SM iff
limsup, m,(B) < m(B) for B € B, (3.5)

liminf,ma(G) > m(G) for G€G.

For additive Radon measures and B = K (3.5) is known to characterize vague
convergence. Similarly, (3.5) with B = F characterizes weak (or narrow) con-
vergence for additive bounded measures, in particular probability measures.
Therefore we call sup K convergence also sup vague convergence, and sup F
convergence also sup weak (or sup narrow) convergence.
(¢) If my, & m in the sup {@} topology, then also m,, — m' for each m’' < m.
So the sup B topology is not Hausdorff for B = {#}. This may happen also for
other B.
(d) The sup G topology on SM is relative to the product topology on I9.
(e) The sup B topology on SM does not change if

(el) B is enlarged to be closed for finite unions,

(e2) B is replaced by B := {satB : B € B}.
For (el), note that

lim sup,, m»(B1 U B2) = lim sup,,(mn(B1) V mn(Bz2))
< lim sup,, my(B1) V lim sup,, mp(Bs2) < m(B1) V m(B;) = m(B; U Bs)

if m, — m and B, By € B; (e2) follows from (3.2).

3.3. DEFINITION. The sup B topology on US(E) is the topology that makes
the bijection d between SM(E) and US(E) a homeomorphism. The sup B
topology on F(E) is the topology that makes the injection ‘ind’ from F(E) into
US(E) a homeomorphism.
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3.4. PROPERTIES. (a) The sup B topology on US(E) is the smallest that
makes the sup evaluations

f fY(A) usc for A€ B,lscfor A€, (3.6)
S0 fo v f in US(E) iff

limsup,, fY(B) < fVY(B) for B € B,
liminf, fY(G) > fY(G) for G € G.

(b) The sets
{FeF:FnB=@p}forBeB, {FEF:FNG#W0}forGeG (3.8)

form a subbase for the sup B topology on F(E). Note that F itself belongs to
it, because @ € B. A net (F,) converges sup B to F' in F(FE) iff the following
implications hold:

FNB=0 = FE,NB={ for all sufficiently large n (B € B),
FNG#0 = F,NG#0 for all sufficiently large n (G € G).

In set topology one usually preferred to consider F(E) with the sup F topology.
In probability and optimization one considered F(FE), and more recently also
US(FE), with the sup K topology, for locally compact E. When it comes to
probability in the present paper, we will restrict ourselves to the sup K topology
on US(E) for locally qcompact E (not necessarily Hausdorff).

The properties of the sup B topologies depend strongly on the separation
axioms assumed for the topology G on E and the interaction between G and
the bounding class B. Here we list the separation axioms and interaction
hypotheses that occur in this paper.

3.7)

(3.9)

3.5. SEPARATION AXIOMS FOR G. The space E (or rather its topology G) is

(a) To if for each {t,u} C E there is a G € G such that #(G N {t,u}) =1,

(b) Ti if for each {t,u} C E there are G1,G2 € G such that G1 N {t,u} =
{t}’G2 n {t’ u} = {u}:

(¢) Te (Hausdorff) if G1 and G2 in (b) can be chosen disjoint,

(d) T3 if for eacht € E and F € F with t ¢ F there are disjoint G1,G2 € G
such thatt € G1,F C Gs.

3.6. LocAL AxiOMS FOR B. The space E (or rather its topology G) is

(a) locally B if for each t € E and each open G S t there is a B € B such that
teintBC BCG,

(b) internally B for each t € E there is a B € B such that t € intB,

(c) fragmentally B if for each t € E and each open G > t there is a B € B

such thatt € B C G.
Synonyms for locally, internally and fragmentally K are locally, internally and

fragmentally qcompact (compact if E is T3).
3.7. PROPERTIES. (a) If E is locally B, then FE is internally B and fragmentally
B

(b) the space E is locally B iff B contains a neighborhood base at ¢ for each
t € E iff for each open G there is a collection {B;};es C B such that
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G=|JintB; = | B;.
jed jeJ

(c) the space E is internally B iff E = |Jg¢pg. int B, in particular if E € B.
(d) If E is Ty, then E is locally compact iff F is internally compact. A similar
equivalence does not hold for local gcompactness in absence of 7. In particular,
a qcompact F is internally qcompact by (c), but need not be locally qcompact.
For an example of the latter, consider the one-point qcompactification E’ of
a Hausdorff space FE, obtained by adding one point co to E and making the
complements in E' of compact sets in E to be its open neighborhoods. Then
E' is qcompact, and E’ is locally qcompact iff E' is Hausdorff iff E is locally
compact.
(e) The space F is locally G and internally F. The space E is locally F iff E
is T3.
(f) ¥ J C B, then FE is is fragmentally B; 7 C K;J C F iff Eis T3.
(&) FCKif EeK. If Eis T», then K C F.

3.8. EXAMPLE. Let E = R] as in Examples 1.9 and 2.7. Then

G={0,R,(—o0,t) : t € R},
F={0,R,[t,0) : t € R},
K={0,ACR:supA € A},
T3t = {p R},

K52t = {0, (—o0,t] : t € R}.

The space R} is Ty, but not 731,7%, T3 (= locally F) or fragmentally F. It is
locally qcompact with countable base {@,(—oc0,t) : t € Q}. The spaces US
and SM have been described in Examples 1.9 and 2.7. Recall that US can be
identified with the probability distribution functions on [—o0, 00].
The following characterizes f, — f sup B in US for different B:
(@) B={0}: f(t—) <liminf, f,(t—) for t € R,
(b) B=For {§,R}: (a) and lim sup,, fn(co—) < f(o0-),
(c) B=G:lim, fo(t—) = f(t—) for t e R,
d B=KorJ:

f(t—) <liminf, f,(t—) <limsup, fa(t) < f(t) fort € R

& lim, f,(t) = f(t) for all t where f(t—) = f(¢).
So US is not sup B Hausdorff for B = {#} or F. It is Hausdorff, even compact
for B = K or G, and metrizable for B = K by a Lévy-type distance) but not for
B =G. So US(R]) is sup vaguely compact and metrizable, even though R| is
not Hausdorfl. In the next sections we will identify the relevant properties of
R| as local qcompactness with countable base.

3.9. LITERATURE. Sup B topologies for various B were considered by ARENS
& DucGunDpiI (1951), PoppE (1965, 1966) and MROWKA (1970). The sup
F or sup narrow topology in F has been a major topic in set topology (e.g.
MICHAEL (1951) and NADLER (1978)). More common names are ‘Vietoris’
or ‘finite’ topology. A convergence concept in F that is topologized by the sup
K or sup vague topology in case F is locally gcompact is known since long, in
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fact as a combination of notions of upper and lower limits in F (cf. CHOQUET
(1948), MROWKA (1958), KURATOWSKI (1966, §29), BERGE (1963, §1.9)
and FLACHSMEYER (1964)). The first discussion about the sup vague topology
in F as a topology is given by FELL (1962), followed by DIxMIER (1968), and
MATHERON (1975) for F locally compact with countable base. Both the sup
narrow and sup vague topologies are treated by KLEIN & THOMPSON (1984).
Local axioms as in 3.6 were considered by CEDER (1961).

If E is metric and metrized by d, then K is metrized by the Hausdorff metric

p(K1, Ks) := v d(t, K2) v v d(t, K1)
teKy teEK2

(establishing distance co between §) and nonempty sets). If E is compact, then
F and K coincide, and the sup vague and sup narrow topologies are the same
and generated by the Hausdorff distance. The space K with the Hausdorff
distance is classical and will not be discussed here.

The sup vague or ‘hypo’ (cf. Section 7) topology on US has been considered
by several authors. Some of them start with the convergence concept: f, = f
in US iff for each t € E we have lim sup,, f,(t,) < f(t) for all sequences (t,) — t
in E, and lim, f,(t,) = f(t) for some sequence (t,) — t in E (E locally
compact with countable base). This is the case with DE GIORGI & FRANZONI
(1975), BuTtTAazZZO (1977), who in fact study a more general collection of
upper and lower limits in topology (‘T'- and G-limits’), which is also considered
by DE GIORGI (1977, 1979). Other authors start with the embedding ‘hypo’:
US(E) — F(E x1'), like Mosco (1969) for convex functions, BEER (1982) for
compact F and SALINETTI & WETS (1986). Characterizations (3.6) and (3.7)
of the sup vague topology in U S also occur in SALINETTI & WETS (1986) and
NORBERG (1986). Only NORBERG (1986) and the present paper take it as
starting point.

The sup vague topologies in US and F are a special case of the Lawson
topology in continuous lattices (with reverse order) in case F is locally gcom-
pact, cf. Th.I1.4.7 and Ch.III of GIERZ ET AL. (1980).

4. GENERAL PROPERTIES OF THE SUP TOPOLOGIES

We assume SM(E), US(F) and F(F) provided with a sup B topology for
some bounding class B. Note that F is a subspace of US after identification
with its image under ‘ind’. We start with examining this subspace.

4.1. THEOREM. The range ind(F) is sup B closed in US iff E is locally B.

PROOF. Let E be locally B. If f € US\indF, then f(t) € (0,1) for some
t € E. Select G such that t € G and fY(G) < 1. Then select B € B with
t € intB C B C G. The basic open set

{g€eUS:4"(B) <1, g¥(intB) > 0}

contains f, but does not intersect ind¥. This proves that US\indF is open.
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Conversely, assume that US\indF is open. By Remark 3.2.(e) we may also
assume that B is closed for finite unions and consists of saturated sets. Consider

1
f = '2'1Gﬂclost Vlge.

Then f € US. We investigate when generic basic open sets
U={geUS:g"(B;) <zifor1<i<m, g¥(Gj) >y; forl1<j<n}

contain f and do not interesect indF. For the latter, the actual values of z;
and y; do not matter and may be replaced by extreme values. So we need to
consider only

U={geUS: g"(B)<1, ¢'(Gj)>0for1<j<n}

We have U NindF = § iff G; C B for some j, say j = k (if existing, consider
Luclost; With t; € G;\B for j = 1,2...,n, and note that clost; N B = 0 iff
t; ¢ B because B is saturated). We have f € U iff B C G and

G; N (G° Uclost) # @ for all j. Considering j = k we find Gy C B C G and
GrNclost #0,s0t € Gy C B C G. We have proved that F is locally B. O

4.2. THEOREM. The following are equivalent:

(i) SM and US are qcompact;

(ii) F is gcompact;

(i) BcCK.

4.3. THEOREM. (a) SM, US and F are Tp.

(b) If E is fragmentally B, then SM, US and F are T;.
(c) If E is locally B, then SM, US and F are T>.

(d) If F is Ts, then E is internally B.

4.4. CorOLLARIES. (a) The spaces SM, US and F are sup vaguely (= sup K)
qgcompact for general E, and moreover compact if E is locally qcompact. If £
is Ty and SM, US or F is sup vaguely compact, then E is internally compact,
so locally compact by Property 3.7(d). So if E is T5, then each of SM, US and
F is compact iff F is locally compact.

(b) The spaces SM, US and F are sup weakly (= sup F) qcompact iff E is
qcompact, and sup weakly compact if E is qcompact and T3 (= locally F).

PROOF OF THEOREM 4.2. By (3.4) each closed set in US is an intersection of
finite unions of

{f:f¥B) >z}, {f: fY(G)<Ly}for BEB,GeG, z,ycl.

By Alexander’s subbase theorem (KELLEY (1955, p.139)) US is qcompact iff
for each instance of

N{F: £YBi) >z} n ({F: £Y(Gy) < s} =
P i€t (4.1)

nFl,in ﬂ Fj=0

iel J€J
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the same holds true with I and J replaced by finite subsets. Set

9:= \@WilE)V1gg;)
jeJ
Then g is usc by Corollaries 1.3(a,b), and ;s F2,; = {f : f < g}. Further-
more, if f1, fo € US, fi < fo and [;¢; F1,i contains fi, then also f2. So (4.1)
holds iff

g"(B;) < z; for some i € I. (4.2)

(iii) = (i). Assume B C K. Assume further that FE = U]e 7 Gj (this is no
restriction: if necessary, add a j with G; = E and y; = 1 in (4.1)). Suppose
that (4.1) holds and fix an ¢ that rea.llzes (4.2). Let J; C J be the collection of
j such that B;NG; # @ and y; < z;. Then B; C ;¢ , Gj. As B; is qcompact,
we have B; C Uge Ty G, for some finite Jy C J;. Defining g4 by reducing J to
Jy in the definition of g we find

93 B) <\ 94G) <V <=,
JEJ4 JE€EJ 4

so (4.1) already holds with {3} instead of I and J4 instead of J. We have
proved that US is qcompact.

(i) = (iii). Conversely, if US is qcompact, consider (4.1) with only one i, B; =
BeB, z; :=1,y; :=0for j € J. (4.1) is equivalent to (4.2), thus to

Bc |G (4.3)
i€
Reduction to finite J, being possible as US is gqcompact, is equivalent to the
same reduction in (4.3). Hence B is qcompact, which proves B C K.
(iii) & (ii). Repeat the proof of (iii) < (i) with ind(F) instead of US, {0, 1}
valued f,z;:=1, y; :==0.

PROOF OF THEOREM 4.3 (a,b,c). It is sufficient to prove the statements for U S,
as SM is homeomorphic and F is a subspace. So suppose g,h € US and g # h.
Then g(t) # h(t) for some t € E, say g(t) < h(t). Let g(t) < = < h(t). Then
9¥(G) < z for some open G 3 t, so the basic open set {f € US : fY(G) > =}
contains h, but not g. This proves US to be Tp.

If moreover, FE is fragmentally B, then we can find B with t € B C G, and
the basic open set {f € US : fV(B) < z} contains g, but not h. This proves
US to Tl.

Finally, if F is locally B, then select B € B with t € intB C B C G.
Then {f € US : fV(B) < z} and {f € US : fV(intB) > z} are disjoint
neighborhoods of g and h, which proves US to be T5. O

Before proving Theorem 4.3(d), we examine first the basic open sets in F,
intersections of finitely many sets in the subbase (3.8). If B is closed for finite
unions, then they have the form:
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{FeF: FNB=0, FNGj#0forj=1,2,...,n} (44)

withn € Ng,B € Band G; € G for j = 1,2,...,n. In particular, we must
know when a set as in (4.4) is not empty.

4.5. LEMMA. The set in (4.4) is empty iff G; C satB for some j.

PROOF. The set in (4.4) is empty iff for each open H D B(H := E\F), there
is a Gj with H D G;. The latter holds if G; C satB for some j. If, on the
other hand, G; C satB for no j, then there is for each j an open H; D B such
that H; 7 G;. Consequently, H := (\;_, H; D B and H D G} for no j. ]

PrOOF OF THEOREM 4.3(d). It is no restriction to assume B closed for finite
unions. For if C is the collection of finite unions in B, then C%?* is the collection
of finite unions in B%, and if E is internally C%**, then F is also internally
B%2t, So let B be closed for finite unions and let F be T5. Fix t € E. Then 0
and clost have disjoint neighborhoods in F. By (4.4) their form is

U (FeF:FnB, = 0},
1% {(FEF:FNBy= 0,FNG;#0forj=12,...,n}
with ¢t € Gj for j = 1,2,...,n (note that GjNclost # @ iff t € G;). By Lemma

4.5 we have UNV = @ iff G; C sat(B; U By) for some j. So there is a j with
t € G;j C sat(B; U By), which proves E to be internally B2t a

4.6. LITERATURE. Special cases of Theorem 4.1 occur in KLEIN & THOMPSON
(1984). The sup narrow topology in F is more ‘hereditary’ in its properties
(cf. Property 4.4(b)). This could explain why this topology received almost
exclusive attention from set topologists. The fact that F is sup vaguely qcom-
pact has been proved by many authors, e.g. CHOQUET (1948), FELL (1962),
KLEIN & THOMPSON (1984), and MATHERON (1975) for E locally compact
with countable base. Sup vague qcompactness of U S has been proved by BuT-
TAZZ0 (1977) for E being locally qcompact with countable base and SALINETTI
& WETs (1981) for E = R?. It also follows from Th.I1.4.7 and Th.II1.1.10 of
GIERZ ET AL. (1980). The last part of Corollary 4.4(a) has been proved also
by DIXMIER (1968) and GIERZ ET AL. (1980). The latter reference contains
also an extension of the equivalence to non-Hausdorff spaces: If F is sober (cf.
Section 9), then US and F are sup vaguely Hausdorff iff E is locally qcom-
pact. For a new and very simple proof that US is sup vaguely compact, see
HOLWERDA (1993b).

5. THINNING THE CONVERGENCE CRITERIA TO BASES
The object of the present section is to thin out characterization (3.3) of the sup

B topology on SM (and thus also on US and F) to equivalent characterizations
with B and G replaced by subclasses By and Gp. The G part is easy.
5.1. LEMMA. Let Gy be a base of G. If the evaluation

SM>m~m(G) el
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is Isc for G € Gy, then also for G € G.

PROOF. If G € G, then G = |J,¢; G; for some collection {G;}jes C Go, s0
m = m(G) =V jc; m(Gj) is Isc as supremum of Isc functions. ]

The B part is more demanding, and will in fact be handled only in case B = K.

5.2. LEMMA. Let E be locally K¢ with Ko C K. If
SM>m—m(K) el
s usc for K € Kq, then also for K € K.

PROOF. We may and will assume Ky to be closed for finite unions (cf. Remark
3.2(el)). We will show that

mE)= A m@)for K€K, (5.1)
QEKe:QDK

from which it follows that m — m(K) is usc as infimum of usc functions.
Trivially we have < instead of = in (5.1). To prove the reverse inequality, let
m(K) < z. We will show that m(Q) < z for some Q € Ky with @ O K. We
have K C G := (dVm)*[0, z), which is open by Lemma 2.2 and Theorem 1.2.
By Property 3.7(b) we have G = ;¢ intK; = ;¢ ; K; for some collection
{K;}jes C Ko. As K € K and K C G, there is a finite subset Jy of J such
that

Kc |JintK;c |J K;=2QCG.
Jje€Ju Jj€J#

Now @ € Ko,Q D K and m(Q) < m(G) < z. O

5.3. THEOREM. If Gy is a base of G,Ko C K and E is locally Ko, then the sup
vague (= sup K) topology on SM is the smallest that makes the evaluations

m +— m(A)usc for A € Ko, Isc for A € Go.

PROOF. Combine Lemmas 5.1 and 5.2. O

5.4. LEMMA. If Gy is a countable base of G and E is locally K, then E is locally
Ko for some countable Ky C K.

Proor. For all G1,G2 € Gy such that there is at least one K € K with
G, CintK C K C Go, select one K(G1,G2) € K. Set Ko := {K(G1,G2)}. O

5.5. THEOREM. If E is locally qcompact, then SM, US or F are sup vaguely
metrizable iff E has a countable base.

5.6. REMARK. If E is locally gcompact, then SM,US and F are sup vaguely
compact by Corollary 4.4(a), so metrizable iff they have a countable base.
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PrOOF OF THEOREM 5.5. By Remark 5.6 we must show that SM,US or
F has a countable base iff £ has one. If E has a countable base Gy, then
E is locally Ky for some countable Ko C K by Lemma 5.4, and a countable
subbase of the sup vague topology on SM is given by the subbase in (3.4) with
B € Kog,G € Gy and z € INQ. So SM has a countable base, as does US and
its subspace F.

If F has a countable base U/ of the sup vague topolgy, then it has also a
countable base V consisting of finite intersections of subbase sets as in (3.8)
(select one such set between each pair of U; C U, in U). Let 7 be the coarser
topology in F with subbase consisting of § and {F € F : FNG # 0} for
G € G. Then each {F € F : FNG # 0} is union of elements of V, but
does not have any {F € F : FN K = (} as subset, since it does not contain
pe{FeF:FnNK =0} SoW consisting of all elements of V that are finite
intersections of sets {F € F : FN G # (0} is a countable base for 7. Let c be
the map

E>twclost e F.

Then c¢(t) = c(u) iff no open set in E separates ¢t and u. Identifying such points
we make E a T space, and ¢ an injection. Furthermore, ¢ is bicontinuous if F
is provided with the topology :

{teE:c(t)NG#0}=G

for G € G. So E is a subspace of (F,7) after identification via c. As (F,7) has
a countable base, FE does. O

‘We now investigate how we can select the subclasses K of K as in Theorem 5.3
or Lemma 5.4 under more specific assumptions. Note that satK is qcompact
if K is.

5.7. EXAMPLE. If F is locally compact (thus Hausdorff), then with a base G
we can choose Ky := {closG : G € Gy} N K.

5.8. EXAMPLE. If FE is locally compact with countable base, then E is metriz-
able, say by d. Set for t € E and r € (0, 00):

B(t,r) := {ue€eE:dtu)<r},
B(t,r+) := {u€E:d(t,u) <r}.

Let D be a countable dense subset of E. Then a countable base Gy and a
countable Ky C K such that F is locally Ky are given by

Go :={B(t,r):teD,re€Qn(0,00), B(t,r+) € K},
Ko :={B(t,r+):te D, re€Qn(0,00), B(t,r+) € K}.

Note that for fixed ¢t we have B(t,7+) compact for all sufficiently small r (not
for all r: consider E = (0,1) with the usual metric and topology). One can
metrize the same topology in such a way that all B(¢,7+) are compact (cf.
VAUGHAN (1937)). Our present choice of Ko with Gy does not follow the recipe

(5.2)

(5.3)
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of Example 5.7, as closB(t,r) = B(t,r+) need not hold in general (consider
r =1 in a discrete E with d(t,u) = 1 for t # u).

5.9. LITERATURE. The combination of Theorem 5.3 with Example 5.8 for
E = R? has been proved by SALINETTI & WETS (1981). For a completely
different approach (cf. lines following Example 10.2), see NORBERG (1984,
1986). The ‘if’ part of Theorem 5.5 has been proved by DIXMIER (1968) and
MATHERON (1975).

6. EXAMPLES AND FURTHER PROPERTIES

The following examples exhibit some properties of the sup K and F topologies
in US(R).

6.1. EXAMPLES. E=Rn =1,2,..., f, €e US(R).

(@) fn == 1{n}. Then f, = OR sup K, but (f,) does not converge sup F.

(b) fa(t) = 3+1-(~1)" cosnt. Then f, — 1 sup K and F, whereas (fn(t))
does not converge in I for any ¢.

(¢) fn = 1{1/n}. Then f, — 140} sup K and F, whereas f, — O pointwise.
(d) fa = l{1/n) for even n,1(;_;/p} for odd n. Then (f,) does not converge
sup K of F, whereas f, — OR pointwise.

(€) fn = 1(—c0,1/n] + 1[2/n,00)- Then fn — 1 sup K, sup F and pointwise.

We now show that in many instances monotone nets in SM and US converge.

6.2. THEOREM. (@) If (my) is an increasing net in SM and m(G) := \/,, mn(G)
for G € G, thenm € SM and m,, = m sup B for any bounding class B.

(6) If (fn) is a decreasing net in US with pointwise infimum f, then f €
US, fn — f sup K and fY(K) - fY(K) for K € K.

ProOF. (a) Obviously, SM is closed for arbitrary suprema by (2.2), and
liminf, m,(G) = lim, m,(G) = m(G) for G € G. Furthermore, m,(B) <
m(B), so lim sup,, m,(B) < m(B) for B € B.

(b) US is closed for arbitrary infima (Corollary 1.3(b)), so f € US. Let K € K.
Since fY(K) is nonincreasing in n and fY(K) > fV(K), we have lim,, fY(K) >
fY(K). I lim, fY(K) > z > fY(K) for some £ € I, then the nonempty
qcompact sets K N f[z,1] would decrease to the empty set K N f* [z, 1],
which is impossible. So fY(K) — fV(K). Trivially, lim, fY(G) > fV(G) for
G€g, as f/(G) > fY(G), so fa = f sup K. m

6.3. COROLLARY. If K,,lK in KN F and m € SM, then m(K,){m(K).

PrOOF. Apply Theorem 6.2(b) to f, := 1k, dYm with K; instead of the K in
Theorem 6.2(b). O

Even for nonmonotone nets the convergence fY(K) — fY(K) in Theorem
6.2(b) is interesting.
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6.4. THEOREM. Let f,, f € US. Then the following statements are equivalent.
(1) fn — f sup K and pointwise;
(i) fY(K) = fY(K) for K € K.

PROOF. (i) = (ii). Let K € K. By 3.7 and Corollary 1.3(c) we have for some
tk € K:

lim sup,, fy (K) < fY(K) = f(tk) = lim, fo(tx) < liminf, f(K) .
(ii) = (i). Choosing K = {t} we obtain pointwise convergence. For G € G
we have
liminf, fy(G) =liminf, V,cg fa(t) > V, g liminf, fu(t)
= VteG lim, fa(t) = VteG ) = fY(G).

Together with the hypothesis this implies f, — f sup K by (3.7). O

6.5.° REMARK. One can prove that f, — f sup K and pointwise iff f, —
f locally uniformly in the semimetric d(z,y) := (z — y)* on I1, ie. iff
d(f(t), fo(t)) — 0 uniformly on qcompact sets in E. See Section 8 for the
definition of ‘semimetric’.

6.6. LITERATURE. The results in Remark 6.5 and related relative compactness
criteria have been obtained by SALINETTI & WETS (1979). DOLECKI ET AL.
(1983) and BEER (1982).

7. Hypo TOPOLOGIES
Here is a diagram of one-to-one maps that we have found in Sections 1, 2 and 3.
Horizontal arrows denote surjections, vertical arrows injections; SM = SM(E)
is the lattice of sup measures on G(E), US = US(FE) the lattice of usc functions
on E, ‘ind’ the indicator map F(E) 3 F + 1 and ‘id’ is the identity map.
All maps are in fact lattice isomorphisms, since they are order preserving.

dV

SM(E) Z."v_ US(E) :% F(E xI'D)
tind Jid
F(E) F(E xT')

In Sections 3 and 4 we considered topologies on the different spaces in relation
with the maps d¥,3" and ‘ind’. In the present section we will concentrate on
relations with the maps ‘hypo’ and ‘id’.

Set E* := E x I't. Each class B* of subsets of E* determines a sup B*
topology on F(E*), by Definitions 3.1 and 3.3. We carry this over to a topology
on US(E) by ‘hypo’.

7.1. DEFINITION. The hypo B* topology is the topology on US(E) that makes
US(E) homeomorphic to F(E x 1't) with the sup B* topology via hypo.

Set K*(E) := K(E*). Then the sup vague topology on F(E*) is the sup K*
topology (cf. Remark 3.2(b)). Let us call the hypo K* topology on US(E) the
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hypo vague topology. The following is a very convenient property that justifies
our preference for vague topologies. Note that there is no condition at all on
the underlying topological space E.

7.2. THEOREM. The sup vague and hypo vague topolgies on US(E) coincide.

PrOOF. Recall that all elements of F(E*) have the form hypof for some
f € US(E), by Theorem 1.6. For G € G(E),z € [0,1) and f : E — I we have

fY(G) >z & hypo f N (G x (z,1]) # 0. (7.1a)
For K € K(E),z € (0,1} and f € US(E) we have by Corollary 1.3(a)
fY(K) <z e hypo fN(K x [z,1]) = 0. (7.1b)

The f € US(FE) satisfying the left-hand sides of (7.1) form a subbase of the
sup vague topology on US(F). Note that G x (z,1] € G* := G(E*) and that
K x [z,1] € K* (cf. lines preceding Definition 1.1 with At instead of Al).
Consequently, the sets hypo f € F(E*) satisfying the right-hand sides of (7.1)
are open as subbase sets of the sup vague topology on F(E*). We have shown
that hypo™ is continuous.

The remainder of this proof serves to show that also ‘hypo’ is continuous.
So we must show that

{f € US(E) : hypof N G* # B} for G* € G* (7.2a)
and
{f € US(E) : hypof N K* = 0} for K* € K* (7.2b)

are open subsets of US(F). By Lemma 5.1 applied to F(E*) as subspace of
US(E*) ~ SM(E*) we need to show (7.2a) to be open only for G* varying
through a base Gg§ of G*. Such a base are the open rectangles G x (z,1] as in
(7.1a), and (7.1a) gives us what we need.
We now consider (7.2b). Let m; : (t,z) — t be the projection in E* onto
the first component. Set for n =1,2,...
gn
K= (m(K*n(E x (0,k27"))) x [(k — 1)27,1]).
k=1
Then K}, D K*, so hypo fNK* = @ if hypo fNK; = 0 for some n. Conversely, if
hypo fNK}, = @ for all n, then there are t, € 71 K* and (t,, z,) € K* such that
ZTn — f(tp) < 27" Since m; K* and K* are qcompact, we arrive after passing
to subsequences at the situation t, — to in m K* and (t,,zn) = (to,Zo) in
K*. The latter convergence implies z,, — zp in I'f, i.e., liminf z,, > z¢ in 1"
Since f is usc, it follows that

f(to) 2 limsup f(ta) > limsup(zn —27") > 0,
while (o, 29) € K*. So hypo f N K* # ). We have proved
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{f €eUS(E):hypofNnK* =0} = U2, {f € US(E) : hypo f N K}, = 0}

= U2, Ui {f €US(E) : f¥(m(K* N (E x (0,k27"])) < (k — 1)27"}.

The right-hand side is a union of open sets, since fV is applied to qcompact
sets. For the last observation, note that a continuous function m; is applied
to a qcompact set, an intersection of the qcompact set K* with the closed set
E x (0,k27"] in E*. O

We now consider the last (vertical) arrow ‘id’ in the diagram at the beginning
of this section. From the next theorem it follows that it is a homeomorphism
if the spaces on its both sides are provided with the sup vague topology.

7.3. THEOREM. (a) F(E x I't) with the sup vague topology is a subspace of
F(E x I') with the sup vague topology.
(b) If E is locally gcompact, then this subspace is closed.

Before proving the theorem we introduce some convenient notation and a
lemma. For z € T, set tz := [z,1]. For C C I, set 1C := |J o tz. For
ACExUT, set t4 := U(m)eA{t} x 1. Note that 14 C satd in E x I}, so
that for F* € F(E x I't) we have

FFNnA=0 & FFNtA=0 & F*NnsatA=10 (7.3)

(cf. lines following Definition 1.7). In general, saturations of gcompact sets are
qcompact. Consequently, 1K* € K(E x I'M) if K* € K(E x I'?), but we can
say more.

7.4. LEMMA. If K* € K(E x I'), then tK* € K(E x I).

ProoOF. Let H be the base of G(E x I') consisting of rectangles H = G x I
with G € G(E) and I an open interval in I'. Then tH = G x 11 € G(E x I'1).
Suppose 1K* C U;c s H; with H; € H. Then also tK* C |J;c; TH;. Since
tK* € K(E x1'1), there is a finite Jx C J such that 1K* C UjeJ#THj. Let m;
and 7 be the projections on the first and second component of E xI’, and define
{H starting from lz := (0,z] for ¢ € I'. Then mtK* = m K* € K(E), and
moTK* has the form [z, 1], so belongs to K(I'). Consequently, m+K* x motK*
belongs to K(E x I') and so does

(mtK* x mtK*)\ | J {H; =1K*\ | H;.

Jj€In JjE€Jg

Consequently, a finite subcollection of (H;);es covers the right-hand side, so a
finite subcollection covers tK™. |

PrOOF OF THEOREM 7.3. (a) First of all, the topology of E x 't is coarser
than that of E x I', so F(E x I't) C F(E x I'). The subbase open sets of
F(E x1't) are {F*: F*NG* # 0} and {F* : F*NK* = §} for G* € G(E xI'7)
and K* € K(E x I'1). Recalling that G(E x I't) C G(E x I') we identify
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{F* : F*NG* # 0} as the trace in (F x I't) of a subbase open subset of
F(E x 1'). By (7.3) we have

(F*:F*nK* =0} = {F*: F*n1K" = 0},

and by Lemma, 7.4 we can identify the right hand side as the trace in F(E xI'1)
of a subbase open subset of F(E x I'). We have proved (a).

(b) For general E, F(E x I't) is sup vaguley qcompact by Corollary 4.4(a). If
E is locally qcompact, then so is E x I', so F(E x I') is Hausdorff by Theorem
4.3(b). In this case the qcompact subset F(E x I'?) is closed. O

7.5. LITERATURE. BUTTAZZO (1977, Prop. (1.12)) proved that US(E) is sup
vaguely homeomorphic to a subset of 7(E x I'). Theorem 7.2 is a consequence
of a general representation theorem in GIERZ ET AL. (1980) that identifies
certain continuous lattices as F(E*) with E* the set of primes of the lattice in
question. For more and very general results on closed epigraphs, see HOLWERDA
(1993).

8. NON-HAUSDORFF LOCALLY QCOMPACT SPACES

The next two sections can be skipped by readers who are not interested in
non-Hausdorff spaces. In the present section all material is concentrated that
may be relevant for readers who want to restrict their considerations of non-
Hausdorflness to E x 1t with E Hausdorff.

Let us consider the diagram at the beginning of Section 7. From the the-
orems in Sections 4 and 7 we know that things are particularly nice if F is
locally gcompact, but not necessarily Hausdorff, and all spaces are endowed
with the sup vague topology. Then all spaces are compact, and all arrows are
homeomorphisms (into when vertical). If, in addition, E is Hausdorff, or more
specially, metric, then Examples 5.7 and 5.8 indicate convenient choices of sub-
collections Ky of K for defining smaller subbases of the sup vague topologies
on the spaces SM(FE),US(E) and F(E) (cf. Theorem 5.3).

In this section we explore what remains of this when E is not Hausdorff.
This is useful, because we want to be able to consider also E* := E x I't, which
is not Hausdorff, but is locally qcompact if E is. The following examples are
instructive.

8.1. ExAMPLE. Let E = R| as in Example 1.9. Nonempty A C R| are
qcompact iff sup A € A. Thus K, := (—00,0) U {n} is qcompact for n = 1,2,
but K; N Ky = (—00,0) is not. We see that (R]) is not closed for finite
intersections. Let G' be open and nontrivial, so G = (—o0, ) for some z € R.
Then G is relatively qcompact, i.e., contained in some qcompact set. There
is even a smallest saturated qcompact set ) containing G, viz. @ = (—o0,z].
We cannot obtain @ by taking closures as in Example 5.7, since closG = R. In
fact, the only closed qcompact set is §.

8.2. EXAMPLE. Let E = Q with the relative lower topology from R}. Again,
nonempty A C QI are qcompact iff supA € A. The generic open set is
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(—00,2) NQ with £ € R. Now G := (—oo,m) N Q is relatively qcompact since
G C (—00,q]NQ for ¢ > m,q € Q. However, there is no smallest gcompact set
containing G.

The first step to overcome these problems is considering saturated qcompact sets
rather than qcompact sets. We write @ = Q(FE) for the collection of saturated
qcompact sets, with generic element (). It is immediate that satK € Q iff
Kek.

We have

O(R}) ={0,(~o0,z] : z € R} and Q(Q}) = {0, (—00,g]NQ: g € Q}.

Note that in both cases @ is closed for finite intersections, but that only Q(R])
is closed for arbitrary intersections. There are E for which Q(F) is not even
closed for finite intersections (cf. Example 9.7(b)).

These observations lead us to the following regularity condition that we will
impose on E.

8.3. DEFINITION. A topological space is a Qs space if the collection Q of its
saturated gcompact sets is closed for arbitrary intersections.

Hausdorff spaces are Qs, and so are Rl and I't, but Q| is not. If A C E is
relatively gcompact and F is @4, then the intersection of all saturated qcompact
sets containing A is the smallest such set. We will denote it by sqcA, the
saturated gcompactification of A. For Hausdorff £ we have sqcA = closA for
relatively compact subsets A. For non-Hausdorff spaces which are Qs, ‘sqc’
takes over the role of ‘clos’. We now can generalize Example 5.7 to

8.4. ExAMPLE. If F is locally qcompact and Qs, then with a base Gy we can
choose

Ko := {sqcG : G € Gy, G relatively qcompact }
in Theorem 5.3.

It would be nice to generalize Example 5.8 as well to non-Hausdorff spaces. The
only way to do this is by generalizing the notion of ‘metric’, since all metric
spaces are Hausdorff. Here are some partial results.

8.5. DEFINITION. A semimetric on E is a map d: E X E — [0,00) such that
d(t,t) =0 for t € E and satisfying the triangle inequality

d(t,v) < d(t,u) + d(u,v) fort,u,v € E.

Note that we do not require d(t,u) = d(u,t). We define the balls B(t,r)
and B(t,r+) for semimetrics as in (5.2). As for metrics, one proves that the
balls B(t,r) form a base of a topology, by definition the topology generated
or semimetrized by d. For example, R| (Example 8.1) is semimetrized by
d(t,u) := (u — t)*, and more generally, (R})" by d(t,u) := Vi, (ux —tx)*.
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In general we have for semimetric £
(a) satt = {u € E : d(t,u) =0},
(b) closu = {t € E : d(t,u) = 0},
(c) the net (t,)n converges to t in E iff d(t,t,) — 0.
Note that (a) and (b) express the more general equivalence u € satt &
t € closu.

8.6. THEOREM. If E has a countable base, then E is semimetrizable.

PrROOF. Let G1,Gs,... be a base for E. Define for t,u € E

o0
d(t,u) == Z lg,(t)1gs (u)27™.
n=1
One easily checks that d is a semimetric. We now show that d generates the
same topology as G1,Ga,.... If t € Gy, then {s:d(t,s) < 27"} C Gp, s0 Gp
is d-open. On the other hand, with N such that ) 27" < € we find

te [ Gn C {u:d(t,u) <e€}. O
n<N:teG,

Recall that the balls B(t,7+) are defined as in (5.2) for semimetrics d. In
general, the balls B(t,7+) need not be closed. If F is locally compact (thus
also Hausdorff) and is metrized by d, then for fixed ¢ the (then closed) balls
B(t,r+) are compact for all small r (cf. Example 5.7). If E is locally qcompact
and semimetrized by d, then the balls B(t,r+) are saturated (as intersection
of the open sets B(t, s) for s > r), but not necessarily qcompact, even for small
r. However, in the Q; space R| of Example 8.1 all balls B(t,r+) = (—o0,t+7]
are qcompact.

8.7. DEFINITION. If E is semimetrized by d, then d is said to be @ compatible,
and E is said to be semimetrized @ compatibly by d if for each t € E we have
B(t,r+) € Q for all small r.

8.8. COROLLARY. If E is locally gcompact and @ compatibly semimetrized
by d, then Ky as in (5.3) can be substituted in Theorem 5.3.

8.9. EXAMPLES. (a) All metrics on locally compact spaces are Q compatible.
(b) The semimetric d(t,u) = (u —t)* on R} is Q compatible.

(c) The semimetric d(t,u) = (u —t)* on Q| is not Q compatible: B(0,7+) =
(—o0,m) N Q is not qcompact. However, there is another semimetric d' that
generates the same topology and is Q compatible: d'(t,u) := @((u—t)*), where
©(0) := 0,¢(t) := 27" for t € [2~(*+1) 2-7) n € Z.

We do not know whether all semimetrizable locally gcompact spaces can be
semimetrized Q@ compatibly. It is even hard to verify if specific spaces are Q
compatibly semimetrizable, as for instance (([—o0,0)U[1,00))!)2. However, in
many specific cases it is easy to find @ compatible semimetrics, and the number
of such cases is extended by
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8.10. LEMMA. If E() and E® are locally gcompact and Q compatibly semime-
trizable, then so is E := EV) x E®),

ProoF. First of all, F is locally Ko with Ky the gcompact rectangles, so F is
locally qcompact. If E(™ is Q compatibly semimetrized by the semimetric d(*)
for n = 1,2, then FE is by the semimetric d(¢,u) := Vi=1 d) () (), a

8.11. COROLLARY. If E is locally qcompact and @ compatibly semimetrizable,
then so are E x I't and E x I'. In particular, the conclusion holds true if F is
locally compact and metrizable.

8.12. LITERATURE. The same notion of ‘semimetric’ occurs in NACHBIN
(1965).

9. MORE ABOUT NON-HAUSDORFF SPACES

First we make a fundamental observation about the spaces in the diagram of
lattice isomorphisms in the beginning of Section 7. If we are given a toplogical
space (E,G), then US(E) depends only on this space via G. More specifically,
if (E1,G1) and (Es,,G2) are two topological spaces such that G; and G, are
lattice isomorphic, then US(E;) and US(E,) are lattice isomorphic. This is
obvious in the diagram on the left side since SM(E) is a space of functions on
G, and on the right side since F(E x I't) depends on (E,G) only via G. If,
moreover, the bounding class B in the sup B topology on US(FE) depends on
(E,G) only via G (which is the case for B = F but not for B = K) then US(F)
as a topological space depends on (E,G) only via G.

This makes it useful to study which topological spaces E have lattice iso-
morphic topologies G. First we must get rid of a trivial complication. If two
points in E are not separated by any open set, then we can identify them with-
out affecting the lattice of open sets. By identifying all nonseparated points we
make E a Ty space. Therefore we will often assume that E is Ty.

We now start with an example. As in Example 8.2, let Q| be the rationals
provided with the lower topology, the relative topology from R|. Then its
nontrivial open sets are given by (—oco,z) N Q for z € R. We see that the
topology of @ is lattice isomorphic to that of R]. Intuitively we may feel
that R as a total space fits better in the topology than Q. We now provide
theoretical support for this feeling. At this point it is more convenient to regard
a topology determined by the closed sets F rather than the open sets G.

9.1. DEFINITION. A set F € F is called prime if F # 0 and F = Fy, UF, with
B, F, € F implies F = Fy or F.

9.2. REMARK. From the definition it follows that closA (A C E) is prime
iff A#0and ANG, # 0 for open G, (n = 1,2) implies AN G, NGy # 0.
In particular singleton closures are prime. Moreover, in a Hausdorff space a
prime closed set cannot contain two points, so the prime closed sets are just
the singletons. The characterization in the first clause of this remark remains
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valid with G; and G2 coming from a base Gy of G.

9.3. EXAMPLE. In @) the prime closed sets Q and [z, 00) N Q with 2 € R\Q
are no singleton closures. In R| the total set R is prime closed and no singleton
closure.

The observations in the example suggest us what to do. If F is a prime closed
set that is not a singleton closure, then add a new point = to E that by definition
is contained in each open set that intersects F', to obtain F' = closz. Formally
one performs this by making a new topological space whose points are the
primes in F(FE). See Section 1 of HOFMANN & MISLOVE (1981), from which
we borrow the following definition and result.

9.4. DEFINITION. A topological space E is sober if it is Ty and each prime
closed set in E is a singleton closure.

9.5. THEOREM. For each space E there is a sober space sobE, unique up to
homeomorphism, such that G(sobE) is lattice isomorphic to G(E).

9.6. EXAMPLE. sob@Q =~ sobR| ~ [—o0,00){.

We call sobE the sobrification of E. The term is not very suggestive, as sobE
is a kind of completion of E. It is the largest Ty space with topology lattice
isomorphic to G(E). We make a T space E a topological subspace of sobE by
identifying points whose closure complements are mapped on each other by the
lattice isomorphism between the topologies. We already noticed that US(E)
and US(sobE) are lattice isomorphic, and homeomorphic with the sup weak
topologies but not necessarily with the sup vague topologies.

It is hard to find examples of the latter, but HOFMANN & LAWSON (1978,
§7) exhibit one in which every qcompact set in E has empty interior, whereas
sobF is locally qcompact. Consequently, US(sobE) is sup vaguely Hausdorff
by Theorem 4.3(c), whereas US(E) is not, by Theorem 4.3(d).

In Examples 8.1 and 8.2 we observed that in general K is not closed for
intersections, but that Q := {satK : K € K} is closed for intersections in some
of the cases where K fails to be so. We called E a Qs space if Q is closed for
arbitrary intersections, and found that R} is Q5. The following list of examples
is instructive.

9.7. EXAMPLES. (a) E is countable, the open sets are empty or cofinite. Then
E is T} but not T3, and not sober as the total set E is prime closed. All subsets
are qcompact and saturated, so F is locally @ and Q5. The sobrification of E
is obtained by adding a point co to each nonempty open set.

(b) E = NU{001, 002} with as open sets all subsets of N and all cofinite subsets
of E that intersect {co;,002}. Then F is T1 (so all subsets are saturated) but
not T5; E is sober; A C E is qcompact iff A is finite or A intersects {o01,002}. E
is locally Q, but Q is not closed for finite intersections: consider @, := NU{oo,}
for n = 1,2. However, Q is closed for intersections of decreasing nets in Q.
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(c) E is Hausdorff, but not necessarily locally compact. Then E is sober and

Q5.

From HOFMANN & MISLOVE (1981) and GIERZ & AL. (1980) we quote the
following definition and results.

In a sober space, Q is closed for intersections of decreasing nets in @ (HOF-
MANN & MISLOVE (1981, Prop. 2.19)). Consequently, a sober space is Qs
iff Q is closed for finite intersections. A space E is called supersober if the set
of limit points of each ultrafilter on E is either empty or a singleton closure.
A T space which is not T3, is not supersober. If E is supersober, then E is
sober and Qs (GIERZ & AL. (1980, VII-1.11), NORBERG & VERVAAT (1989,
Prop. 1.3)). If E is sober, @5 and locally @, then E is supersober (HOFMANN
& MIisSLOVE (1981, Th.4.8)).

We will not prove or use these results here, but rather content ourselves
with obtaining directly a collection of weaker results which serves our needs.

9.8. LEMMA. Let E be locally Ko with Ko C K and such that Ky is closed for
finite intersections.
(@) If (ta)a is a convergent net in E and Limt,, its set of limits, then Limt, is

prime closed.
(b) If in addition E is sober, then E is Q5.

PROOF. (a) In general, the set Limt, is closed. Let G1,G2 be two open
sets intersecting Limt,. We must prove that G; N G2 N Limt, # @. Select
U, € Gy N Limt, and K,, € Ky such that u, € intK,, C K, C G, forn=1,2.
Since u,, = lim t,,, we have that ¢, € intK,, C K, for all sufficiently large «, so
ta € K; N K, for all sufficiently large a. Since K; N K, is qcompact, there is a
u € K N Ky with u =limt,. So u € K; N Ky N Limt, C G; NGy N Limt,.

(b) Let Q; € Q for j € J and set Q := ();c;Q;. Then Q is saturated as
intersection of saturated sets. It remains to show that @ is qcompact. Let (¢5)
be a net in Q. Then (t,) is a net in Q; (for some fixed j) and Q; is qcompact,
so there is a convergent subnet with at least one of its limits in ;. Think
(ta) replaced by this convergent subnet. By (a) and the sobriety of E there is
a u € F such that Limt, = closu. For all j we have that ¢, is a convergent
net in the gcompact set @;, so Q; Nclosu # 0. As Q; is saturated, it follows
that u € Q; for all 4, so u € Q. We have proved that @ N Limt, # 0, so Q is
qcompact. (]

We now turn to product spaces.

9.9. LEMMA. Let E := ED) x E® with the product topology. Then the prime
closes sets in E are the rectangles with prime closed sides in EV and E® .

PROOF. Let 7™ for n = 1,2 be the projection in E on the nth component E(™).
The key observations are that for open G(!) in E(!) and closed F in E we have

CONTF£0e GV XxENNF£0, (9.1)



Random usc functions and extremal processes 33

and that the open sets for testing primality of F' as in Remark 9.2 may be the
open rectangles

GY x G® = (GY x E@)n(EW x g?). (92)

Considering (9.1) for two open sets G(!) we see that clost' F' (and similarly clos
72 F) is prime, if F is prime. If F(®) is prime closed in E®™ for n = 1,2, then
FO) x F® is in E, which one verifies by intersecting F) x F?) with open
rectangles as in (9.2).

It remains to prove that F = closw! F xclosn®F =: F(1) x F) for each prime
closed in F in E. So suppose there is a t € (F(!) x F@)\F. As F is closed,
there is an open rectangle G(!) x G() containing ¢ but not intersecting F', which
contradicts the primality of F and FN(GM) x E®) £ 0, FN(EW x G®) # 0
(note that 7't € G and 7't € F) = closw! F, so G NwlF # (). m]

9.10. THEOREM. Let E = E() x E®?) with the product topology.

(@) If E® and E® are locally qcompact, then so is E.

(b) If EO and E® are sober, then so is E.

(c) If EO and E® are sober, locally gcompact and Qs, then so is E.

PROOF. (a) E is locally Ko with Ko the gcompact rectangles.
(b) Follows from Lemma 9.9 and clos(t,u) = (clost) x (closu).
(c) Let Ko be the qcompact rectangles in E. Then F is locally Ko and Ky is
closed for finite (even arbitrary) intersections because E(!) and E®) are Q;.
By (b), E is sober. So FE satisfies all assumptions of Lemma 9.8(b), which
proves E to be Q5. O

9.11. COROLLARY. If E is sober, locally qcompact and Q5, then so are E x I't
and E x I'. '

9.12. LITERATURE. Most results of this section can be found in HOFMANN &
MisLOVE (1981) and GIERZ ET AL. (1980).

10. OTHER CRITERIA FOR CONVERGENCE

Let E be locally gqcompact and Q compatibly semimetrized by d, which is in
particular the case if F is locally compact and metrized by d. Let the balls
B(t,r) and B(t,r+) be defined by (5.2). If f, = f sup K in US, then

fY(B(t,r)) <liminf, fY(B(t,r))

< limsup,, fY(B(t,r+)) < fY(B(t,r+)) (10)

for all t € E and r > 0 such that B(t,r+) is qcompact (which is the case for
all sufficiently small r, depending on t). If

Y (B(t,r) = fY(B(t,r+)) (102)
for some ¢t and r, then

1Y(B(t,7)) =lim £ (B(t,7)). (103)
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As the function 7 — fV(B(t,r)) is monotone, we have (10.2) for fixed ¢ violated
for at most countably many r. Consequently, if

Gr = {B(t,r): f'(B(tr) = f'(B(t,r+)), B(t,r+) € K},
Ky = {B(t,r+): fY(B(t,1)) = fY(B(t,r+)), B(t,r+) € K},

then Gy is a base of G and FE is locally Ky. So (10.1) restricted to balls in
Gy or K¢ (which is (10.3) with the same restriction) implies f, — fsup K by
Theorem 5.3. We conclude:

(10.4)

10.1. THEOREM. We have f, — f sup vaguely in US iff fY(B) — fY(B) for
all B € Gy or all B € Ky defined in (10.4).

10.2. EXAMPLE. E = R.f,, — f sup vaguely in US(R) iff lim,, fY(B) = fV(B)
for all open bounded intervals B such that fV(B) = fV(closB).

A unifying approach to some of the preceding results is based on semiseparating
classes as considered by NORBERG (1984, 1986). First, let E be locally compact
(thus Hausdorff) with countable base. A class A of subsets of E is called
separating if for all open G and compact K with G D K thereis an 4 € A
such that G D A D K. A class A is semiseparating if the class of finite unions
of elements in A is separating. Examples of semiseparating classes are A = Gy
and A = Ky. NORBERG (1986) related sup vague convergence of sup measures
to the limiting behavior of their values on semiseparating classes. We refer to
his work for the results, and confine ourselves to indicating some connections
and a possible generalization to non-Hausdorff E.
A sup measure is inner continuous on G in the sense that

m(Gp)tm(G) if G,1G, G,,G€G
(cf. (2.2)). An inner continuous set function m : G — 1 is a sup measure iff
m(G1 U Gg) = m(Gl) A% 'In(Gg) for G1,G2 € G.

A sup measure is outer continuous on KXN.F, i.e., Corollary 6.3 holds true. This
suffices for the case of Hausdorff E considered by NORBERG.

Generalization to the non-Hausdorff case is possible for locally qcompact
sober E. In this case it is necessary to consider only semiseparating classes
of saturated sets that separate open and saturated qcompact sets. The role
of compact closure of relatively compact sets is taken over by the sqc opera-
tion in Example 8.4. The following lemma shows that sup measures are outer
continuous on the saturated qcompact sets Q.

10.3. LEMMA. If E is locelly qcompact and sober, m is a sup measure and
(@Qn)n is a decreasing net in Q with intersection @, then m(Qy,)dm(Q).

PROOF. Obviously, lim, m(Qy,) > m(Q). By Theorem 2.5 and Corollary 1.3(c)
there is a t, € @, such that d¥m(t,) = m(Q,). Since the Q,,’s are qcompact,
there is a convergent subnet (¢,’). By Lemma 9.8(a) the set of its limits is
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prime closed, so has the form closu for a u € E, as F is sober. Since the @,’s
are saturated and @, Nclosu # @, we have u € @, for all n, so u € Q. As
u = lim,, t,/, we have

m(Q) > d'Vm(u) = Ags,m(G) > limsup,, d¥m(tn)
> limsup,; m(Qy) = lim, m(Q,).

This combined with the first observation proves the lemma. O

NORBERG (1984, 1986) assumed the sets in the semiseparating classes to be
Borel measurable, which becomes necessary in the context of SM- or U S-valued
random variables.

10.4. LITERATURE. Theorem 10.1 has been proved also by SALINETTI &
WETSs (1981, 1986) and NORBERG (1986).

11. MEASURABILITY, RANDOM VARIABLES AND EXTREMAL PROCESSES
Let in general Bor E denote the Borel field of a topological space E, the o-field
generated by G(E). We begin with investigating Bor SM and Bor F, where
throughout this section SM and F are endowed with the sup vague topology.
In general it is hard to characterize Bor SM further, but if SM has a countable
base, then Bor SM is already generated by its subbase (3.4), as now each open
set in SM is countable union of finite intersections of subbase elements. Now
Bor SM can be characterized succinctly.

11.1. THEOREM. If G(E) has a countable base, Gy is a base of G and E is
locally Ko with Ko C K, then Bor SM is the smallest o-field that makes the
evaluations m — m(A) measurable for all A € Gy or all A € Ky.

PrROOF. SM has a countable base by Theorem 5.5 and Remark 5.6. In the
proofs of Lemmas 5.1 and 5.2 all J can be taken or made countable, which
shows measurability of A — m(A) for A € Gy (or Kp) to be equivalent to that
for A € G (or K). Measurability for all A € G or K implies measurability for
all A € GUK by (3.1) with G,lA € K and Property 3.7(b) with J made
countable.

11.2. DEFINITION. An extremal process is an SM-valued random variable
(rv). A random usc function is a US-valued rv. A random closed set is
an F-valued rv.

11.3. COROLLARY. In the situation of Theorem 11.1 an extremal process is
a mapping M from some probability space into SM such that M(A) is an
I-valued rv for each A € Gy or each A € K.

11.4. REMARK. Let A be the smallest o-field in SM that makes all evaluations
m — m({t}) = dVm(t) measurable. Then A C Bor SM, but A is in general
strictly smaller than Bor SM. To see this, set E := [0, 1] and let the rv £ have
a uniform distribution in E. Set M; := 0, M, := 1{¢3. Then M; and M, are
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extremal processes with different distributions on Bor SM : M;(E) = 0 wpl,
M,(E) = 1 wpl, but equal distributions on A: M;({t}) = M2({t}) = 0 wpl
for each t € E.

11.5. THEOREM. Let E, Gy and Ky be as in Theorem 11.1 with, moreover,
Go and Ky closed for finite intersections, and let M be an extremal process.
Then the probability distribution of M is determined by the finite-dimensional
distributions of (M(G))geg, or (M(K))kek,-

PROOF. The family of sets (),;c;{m : m(G;) < z;} for finite subcollections
(Gj)jes of Gy generates Bor SM by Theorem 11.1, and is closed for finite
intersections. Apply Theorem 10.3 of BILLINGSLEY (1979). The proof for Ko
is similar. i

11.6. REMARK. If M is an extremal process, then d¥M is a random usc
function. If X is a random usc function, then XV is an extremal process.

Let M be an extremal process. So far we have seen that M(A) is a rv in
Ifor A € GUK. Although M(A) need not be a rv for all A C E, even
not for all A € Bor F in case the o-field in the underlying probability space
does not contain all IP nullsets, we can extend G U K a bit further. Obviously,
M(Up2, An) = Voo M(AR) is a rv if each M(A,) is. So M(A) is a rv for
each A € (GUK)?, the family of countable unions of elements of GUK. If E
is locally qcompact with countable base, then G C K7, so (GUK)? = K7. We
have found

11.7. THEOREM. If E is locally gcompact with countable base and M is an
extremal process on E, then M(A) is a mv for each A € K° (the o-gcompact
sets), in particular for open A.

11.8. REMARK. By (3.2) we have M(A) = M(satA) wpl for all A € K°
simultaneously. So we do not lose anything by restricting X7 to the saturated
sets in K. As [sat = sat[) (cf. §1), we have {4 € K7 : A = satA} = Q7,
the class of countable unions of saturated qcompact sets. In the next section
it will be convenient to restrict Q7 a bit further to

D:={Ae€ Q% :ACQ for some Q € Q}. (11.1)

We call D the natural domain of extremal processes.

We now turn to random closed sets (cf. Definition 11.2). They can be regarded
as {0, 1}-valued extremal processes or {0, 1}-valued random usc functions. The
previous theorems specialize to the following result.

11.9. THEOREM. Let G have a countable base, Gy be a base of G and E be
locally Ko with Ko C K. Then the following holds.

(a) Bor F is the smallest o-field that contains {F € F : FN A # 0} for all
A€ Gy orall A€ K.

(b) A random closed set is a mapping X from some probability space into F
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such that [X N A # 0] is an event for all A€ Gy or all A € Ko.

(c) If in addition Gy (or Ko) is closed for finite unions, then the probability
distribution of a random closed set X is determined by T(A) :=P[X N A # 0]
for A€ Gy (or Ko); T is called the distribution function of X.

(d) If X is a random closed set, then [X N A # 0] is an event for each A € K°.

PROOF. (a,b,d) Straightforward from Theorem 11.1 and Corollary 11.3.
(c) In the first instance, Theorem 11.5 translates into the distribution of X
being determined by the finite-dimensional distributions of

(Iixnazo) aeg, OF (Uxnaz0) sexc, » (112)

where Gy and Ky need not yet be closed for finite unions. In general, the finite-
dimensional distributions of a collection of {0, 1}-valued rv’s (¢;)jes determine
and are determined by PP[e; = 0 for ¢ € I] for all finite I C J. So

PIXNA=0]=1-PXNA#0

with A varying through the finite unions in Gy (or Kp) determines the finite-
dimensional distributions of (11.2). The relevant direction of determination
can be read from

Ple; =0fori € K, ¢ =1fori€ L\K]

= Y (-)*NOPle; =0 fori €[]
I:KCICL

for finite K, L with K C L C J. a

11.10. REMARK. It is possible to characterize those T : K — [0,1] such
that T is the distribution function of a random closed set X. See MATHERON
(1975, §2.2), SALINETTI & WETs (1986) and Ross (1986) for Hausdorff E,
and REVUZ (1955) and HONEYCUT (1971) for more general E.

11.11. LITERATURE. Random closed sets (= F(FE)-valued rv’s) are the subject
of the monograph by MATHERON (1975). They appear in the shape of ‘mea-
surable closed multifunctions’ in the optimization literature (ROCKAFELLAR
(1976), CASTAING & VALADIER (1977)). SALINETTI & WETS (1981) concil-
iate the two points of view. Random lower semicontinuous functions appear in
the shape of ‘normal integrands’ in the optimization literature (ROCKAFELLAR
(1976)). SALINETTI & WETS (1986) conciliate the two points of view. See
also NORBERG (1984) for random closed sets and NORBERG (1986) for random
usc functions.

12. CONVERGENCE IN DISTRIBUTION

As in the previous section, E is locally gcompact with countable base, and
SM and F are provided with the sup vague topology. By Corollary 4.4(a) and
Theorem 5.5, SM and F are metrizable and compact. So the general theory
about convergence in distribution as treated in BILLINGSLEY (1968) applies
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immediately to extremal processes and random closed sets, with the pleasant
circumstance that the collection of all probability distributions on BorSM or
BorF is narrowly (=weakly) compact, so we need not worry about tightness
conditions. Since the distribution of an extremal process M is determined by
that of (M (G))geg, with Gy a base of G, we may expect that convergence in
distribution of M,, to M in SM is determined by something like convergence
in distribution of (M,(G))geg, to (M(G))geg, in 19°. We are going to make
this precise.

As in the classical theory of convergence in distribution, we must be care-
ful with sets at which the limit M is discontinuous with positive probability.
Recall the definition of the natural domain D of extremal processes in (11.1),
the defintion of Q)5 in Definition 8.3 and the definition of sqc after Definition
8.3, that each Hausdorff space E is Qs and that in Hausdorfl spaces the sqc
operation is the same as taking closure for relatively compact sets.

12.1. DEFINITION. Let E be locally gcompact and Qs with countable base.

(a) Let M be an extremal process on E. A set A € D is called a continuity
set of M if M(intA) = M(sqcA) wpl. The family of all continuity sets of M
is denoted by C(M).

(b) A class A C Q7 is probability determining if the distributions of ez-
tremal processes M are determined by the finite-dimensional distributions of
(M(A)) sea-

(c) A class A C Q7 is convergence determining if for each two extremal
processes My and M, the class ANC(M;) NC(Ms) is probability determining.

For the next theorem, recall Definition 8.7 of @ compatible semimetric and
note that all metrizable locally compact (Hausdorff) E are @ compatibly
semimetrized by their metrics.

12.2. THEOREM. Let E be Q compatibly semimetrized by semimetric d and
have a countable base. Let D be a dense subset of E. Then the classes of balls

Go = {B(t7):teD,r>0, B(t,r+) €k},
Ko = {B(t,r+):teD,r>0, B(t,r+) € K}
both are convergence determining.

PRrROOF. Since Gy is a base of G and F is locally Ky (cf. Example 5.8 and
Corollary 8.8), Go and Ky are probability determining by Theorem 11.5. It
is obvious that Gy and Ko keep these properties if r is allowed to vary only
through a dense subset of (0,00) for each t € D. So we are done if we prove
that B(t,r), B(t,r+) € C(M) for all but countably many r € (0, co), where M
is an extremal process.

Let t € D. Then r — M(B(t,r)) is a nondecreasing left-continuous func-
tion, whereas M (B(t,r+)) = lim,, M(B(t,s)) (wpl). In this situation we
have M(B(t,r)) = M(B(t,r+)) wpl iff M(B(t,s)) -4 M(B(t,r)) in I as slr.
So it is sufficient to show that the map r — law M(B(t,r)) has only count-



Random usc functions and extremal processes 39

ably many discontinuities. The countable collection of bounded continuous
nondecreasing functions

®:={0V(az+b)Al: a,b€Q a>0}
determines convergence in distribution in I:
X, —=4¢ X in Liff Bp(X,,) = Ep(X) for p € ®.

Furthermore, r — Ep(M (B(t,r))) is nondecreasing for ¢ € @,

ast — ¢ (M(B(t,1))) is nondecreasing wpl. So there are only countably many
r at which 7 — Ep(M(B(t,r))) is discontinuous for at least one ¢ € ®. Only at
these points r — law M (B(t,r)) can be discontinuous, so only at these points
we may have M (B(t,r)) # M(B(t,r+)) with positive probability. |

The next theorem clarifies the term ‘continuity set’ in Definition 12.1(a). Note
that we can also speak about continuity sets of deterministic sup measures
m, as they can be regarded as degenerate extremal processes. Consequently,
C(m) = {A € D : m(intA) = m(sqcA)}.

12.3. THEOREM. Let E be locally qcompact and Qs with countable base.

(@) If mo € SM and A € C(myg), then the map SM > m — m(A) € I is
continuous at my.

(b) Let A be a convergence determining class and My, M be extremal processes.
Then M, —-q M in SM iff

(Mn(A)) accorry —a (M(A)) acc(ary in TEPD (12.1)

(i.e., the finite-dimensional distributions of the left-hand side converge to those
of the right-hand side).

PROOF. (a) Suppose m, — mp in SM. Note that A C sqcA € @ C K. By
(3.5) we have

mo(A) = mo(int4) < liminfm,(intA) < liminf m,(A)
< limsupm,(A) < lim supmp(sqcA) < mo(sqcA) = mo(A).

(b) f M, -4 Mo in SM and A;,A,,...,A; € C(Mo) then SM 5> m —
(m(A;))k_, € I¥ is wpl continuous at My, so (Mp(A;:))E, =4 (Mo(4:))5 , in
I* by the Continuous Mapping Theorem (BILLINGSLEY (1968), §5). Conversely,
if (12.1) holds, then each My to which some subsequence of (M,,) converges
in distribution must have the same finite-dimensional distributions as M for
Ae ANC(M)NC(My), so Mg =4 M. Since SM is compact, (M) is relatlvely
compact for convergence in distribution, so M,, -4 M in SM.

12.4. REMARK. One can prove that A € C(my) is also necessary for continuity
of m — m(A) at mp in case A € D, intsqcintA = int A and sqcintsqc A =
sqc A.

Identifying random closed sets X with the associated {0, 1}-valued extremal
processes M := 1} we can translate Definition 12.1(a) into the following.
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12.5. DEFINITION. Let X be a random closed set in E with distribution func-
tion T :=P[X N- # 0] considered on GUK. Then A € D is called a continuity
set of X if T(intA) = T'(sqcA), and C(X) is the class of all such A.

12.6. THEOREM. Let E be locally qcompact and Qs with countable base, and
let A be a convergence determining class which is closed for finite unions. Let
Xn,X be random closed sets in E with distribution functions Tp,,T. Then
Xn =4 X in F iff T,(A) — T(A) for all A € ANC(X).

PROOF. Similar to the proof of Theorem 12.3(b). Use Theorem 11.9(c) for the
uniqueness of limit points of convergent subsequences and note that C(X) is
closed for finite unions. For the latter, note that sqc(4 U B) = sqcA U sqcB
and int(A U B) D intA U intB, so (sqc(4A U B))\int(A U B) C ((sqcA)\ intA) U
((sqcB)\intB).

12.7. APPLICATIONS. (a) If M,, M are extremal processes on an interval
E C R, then M, =>4 M iff

(M (Jz)),__l —>q (M(J; )) ~_, in I*

for each finite sequence (J;)%_; of open intervals which are relatively compact
in E and such that M(J;) = M(closJ;) wpl fori=1,2,...,k.

(b) If X,,,X are random closed sets in R? with distribution functions Ty, T,
then X, —4 X iff T,(4) — T(A) for all finite unions A of blocks in R? such
that T'(intA) = T'(closA).

12.8. LITERATURE. Convergence in distribution for random closed sets is
studied by SALINETTI & WETS (1981) for E = R? and by NORBERG (1984).
Convergence in distribution for random usc functions is studied by SALINETTI
& WETS (1986) for E = R¢ and NORBERG (1986). For convergence in proba-
bility, see SALINETTI, VERVAAT & WETs (1986). Convergence of probability
measures on semi-lattices is studied by NORBERG (1989).

13. THE EXISTENCE THEOREM FOR EXTREMAL PROCESSES

As in the previous sections we assume that F is locally gcompact with countable
base. We need the following lemma, which will be proved in Section 14 (cf.
Remark 14.15(a)).

13.1 LEMMA. Let J be countable. Then the mapping US’ > (fi)jes —
/\jeJ fi € US is measurable, so jes Xj is a US-valued rv if all X; are.

Let M be an extremal process and Gy a base of G. By Theorem 11.5 the
probability distribution of M is determined by the distribution of the I%-
valued rv (M (G))geg,- However, if we do not assume an extremal process to
be given, but start only with an I9-valued rv (N(G))geg,, then it need not
be true that there is an extremal process M such that M(G) = N(G) wpl1 for
each G € Gy (separately). Obviously, a necessary condition for the existence of
such an M is
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[ee) o0
N(JGy) =\ N@G;) wpl (13.1)
=1 =1
for each separate sequence (G;)2; in Go with U;_’;l G; € Go. The next theorem
tells us that this condition is also sufficient.

13.2. THEOREM. (Existence Theorem for extremal processes). Let E be locally
gecompact and Qs with countable base, and let Gy be a base of G that does not
contain . Let (N(Q))geg, be an 19-valued rv such that (13.1) holds wp1 for
each separate sequence (G;)72, in Go with \J;2, G; € Go. Then there is an
extremal process M such that M(G) = N(G) wpl for each G € Gy separately.

13.3. REMARKS. Note that in the theorem the exceptional event of probability
0 that (13.1) does not hold may depend on the sequence (G;)2,;. The stronger
condition that (13.1) holds for all sequences (G;)2; simultaneously reduces
Theorem 13.2 to a trivial consequence of the Extension Theorem 2.6. If Gy is
countable, then it follows that M = N wpl on Gy, so N is wpl the restriction
of the extremal process M (again by Theorem 2.6.). If Gy is uncountable (for
instance if Gy = G), this need not be true, as shows the following example.

13.4. EXAMPLE. E = R, G, = {open intervals}, £ is a rv with a uniform
distribution in (0,1), N(G) := 1j¢eaq) for G € Go, where 0G is the boundary of
G. Then N is wpl not the restriction to Go of an extremal process, but M =0
makes the theorem work.

13.5. REMARK. The complication in Example 13.4 is avoided by assuming N
to be monotone on Gy. Then the conclusion of Theorem 13.2 can be strength-
ened to M(G) = N(G) wpl for all G € Gy simultaneously.

PrOOF OF THEOREM 13.2. Let G; C Gg be a countable base of G consisting
of relatively qcompact sets, and let
X:= \ (N1 V1g:). (13.2)
Geg
Then X is a US-valued rv by Lemma 13.1, s0 M := XV is an extremal process.
It is obvious that
M(G) < N(G)wpl for all G € G;. (13.3)

Let (G¢)32; be an enumeration of G; and set

n
Xn:= [\ (N(Gi)lg, V L)
k=1

We are going to prove
N(Gg) < XX(G,;) for n > k. (13.4)

Let A, be the collection of atoms of the field generated by G1,Gs,...,G,.
Then X, is constant at each D € A,, with value /\an’G]_DD N(Gj). Hence
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XYGr= '\ N\ N@Gj) for k< n. (135)
DeAn,DCGy j<n,G;DD

If (13.4) would not hold for some fixed n > k, then for each atom D C Gy as
in (13.5) there is a Gj(p) with j(D) < n and Gjpy D D such that N(Gp)) <
N(G}). Hence

N@Gr)> \/ N@Gip) =N( | Gjw)) wpl,
DCG, DCGy
contradicting (13.1), since Upg, Gj(p) O G- This proves (13.4). As XX
pointwise, we have by (13.3), (13.4) and Theorems 6.2(b) and 6.4

N(Gy) = Jim XY (Gy) < Jim_ X,/ (sqcGx) = M (sqcGh).
Combining this result with (13.3) we find
M(G) < N(G) < M(sqcG) wpl for all G € G;. (136)

Now take Gy € Go. Then there is a (countable) subcollection G of G; such
that Go = Ugeg, G = Ugeg, 5acG- By (13.1) and (13.6) we have wpl

MGo)= \/ M(@) < \/ N(G)=N(Go)< \/ M(sacG) = M(Go),
GegGa G€EGa GEGa

so M(Gy) = N(Go) wpl for each separate Go € Gp. o

13.6 LITERATURE. For existence theorems for random closed sets based on
their probability distribution functions, see REVUZ (1955), MATHERON (1975),
BERG ET AL. (1984, Th.4.6.18), SALINETTI & WETS (1986) and NORBERG
(1989). Where in NORBERG (1984, 1987) theorems are claimed to generalize
Theorem 13.2, it is ignored that ‘wpl’ in Theorem 13.2 refers to each separate
sequence (G;). The exceptional null event may vary with it. For existence
theorems for probability measures on semi-lattices, see NORBERG (1990).

14. SEMICONTINUITY OF THE LATTICE OPERATIONS
In the present section we first return to the generality of a topological space
E without further assumptions, and the sup B topologies on SM, US and F.
The spaces SM, US and F are lattices with as partial orders the pointwise
order of functions on G for SM, the pointwise order of functions on E for US,
and set inclusion for F. The lattices SM and US are isomorphic via d¥ and
iV, and F — 1p maps F isomorphically onto a sublattice of US, in which A
and V give the same result as in US.

We first investigate when the above partial orders are closed. Recall that a
partial order < on a topological space T is closed if

graph < = {(z,y) € T? : 2 <y}

is closed in T, or equivalently, if for all limits = and y of convergent nets ()
and (yo) in T with z, < y, for all o we have z < y. Note that the order in
the subspace F is closed if the order in US is.
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14.1 THEOREM. (a) If E is locally B, then the orders in SM, US and F are
sup B closed.
(b) If the order in F is sup B closed, then E is internally B.

14.2 CoroLLARY. If E is Hausdorff, then the orders in SM, US and F are
sup K closed iff F is locally compact (cf. Property 3.7(d)).

PROOF OF THEOREM 14.1. (a) We give the proof for US. Let (h, g) be outside
the graph of <, so g(t) < h(t) for some ¢t € E. The construction in the proof
of Theorem 4.3(c) gives the sides of an open rectangle around (h, g) that does
not intersect graph <.

(b) It follows by Proposition 1.2 of NACHBIN (1965) that F is Hausdorff. Apply
Theorem 4.3(d).

We now turn to the lattice operations. We write \/* and A5 for the lattice
operations in SM, and VUS and /\US for the lattice operations in US. Note
that VS M is the same as taking pointwise suprema of functions on G, but that
AM is more complicated:

Mmy =ivVdY \;my =iV N\, d¥m;. (14.1)

PROOF. The first identity follows from Lemma 2.2(b) and Theorem 2.5(a).
The second identity with < instead follows from the monotonicity of dV and
V implying subsequently

A;m; < my,
dv \;m; < dVmy,
av \;mj < \;dVmy,
vVdY \jmy < iV A dVm.
On the other hand we have my = iVdYmy > iV /\ dVm; with a sup measure
on the right-hand side, so
/\fM m; > 4Y \;dVm;. ]

Analogously, /\US is the same as taking pointwise infima of functions on E,
but now \/Y% is more complicated:

P f=dvivV, = dv ViV (14.2)

Consequently, we prefer considering \/ in SM and A in SM (often without
writing the upper indices).

We now want to investigate the topological properties of the lattice opera-
tions. The following concepts will be useful.

14.3. DEFINITION. (a) (cf. (3.3)). The upper topology on SM is the topology
with subbase consisting of {m : m(G) > z} for G € G and z € [0,1). The B
lower topology on SM is the topology with subbase consisting of
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{m : m(B) < z} for B € B and z € (0,1].

The lower and upper topologies are defined on US and F by declaring dV and
ind’ homeomorphisms (so have for subbases the corresponding halves of (3.7)
and (3.8)). We write SM*, USt and F?1 for the spaces with the upper topolo-
gies, and SM] or SM g, etc. for the spaces with the B lower topologies.

(b) Let T be a topological space. A mapping ¢ : T — SM, US or F is called
lower semicontinuous (lsc) if ¢ : T — SM?1, US?t or F?1 is continuous,
and ¢ is called B upper semicontinuous (usc) if p: T — SMlgz,USlg or
Flp is continuous. If T has the form T = (SM1)?,(UST)’ or (F1)’ with the
product topology, then Isc functions on T are called lower continuous. If T
has the form T = (SMlg)’, (USlg)’ or (Flg)’ with the product topology,
then usc functions on T are called B upper continuous.

14.4. COROLLARY. In the situation

SH T4 SM, US or F,
o1 is Isc (Busc) if 9 is continuous and ¢ is lsc (Busc), and @ o1 is lower (B
upper) continuous for appropriate S and T if both 1 and ¢ are.

14.5. REMARK. If F is locally qcompact with countable base, then lsc and B
usc functions are Borel measurable, by Theorem 11.1.

14.6. THEOREM. Let J be an arbitrary index set. Then

SM7 3 (mj)jes v~ \[ mj € SM (14.3)

jeJ
is lower continuous, and B upper continuous (so B continuous) if J is finite.
14.7. COROLLARY. The mapping F” 3 (Fj)jes +* clos Ujes Fj € F is lower
continuous, and B upper continuous (so B continuous) if J is finite.
PROOF OF THEOREM 14.6. (a) Lower continuity follows from
{(m;) : V;m;(G) > 2} = Up{(my) : mk(G) > =z} € G((SMH)Y).

It remains to prove that the mapping is B usc in case J is finite. If so, then
VI.JS corresponds to taking pointwise suprem of usc functions, and by Theorem
2.5(c) we have for B € B

VM mi(B) = Viep [V, d'ms] () = V; Vies 4m;(t) = V;my(B).
Consequently,
{(m;) : V7" my(B) < &} = N {(m;) : mk(B) < z} € G((SMp)’). O

14.8. REMARK. If J is infinite, then the mapping (14.3) need not be continu-
ous. We exhibit this in F rather than SM. Let E be a separable metric space
without isolated points, (¢;)72; a dense sequence in E, B = K and Fj, := 0
for j < n,{t;} for j > n. Then we have F;, — 0 =: F; as n — 00, so that
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oo
clos U Fjn =clos{tn,tnt1,...} = E,
J=1

whereas Uj2, Fj = 0.

We now are going to study the semicontinuity of A. We will restrict our
attention to B = K, or equivalently, B = Q. The following assumption will be
crucial. Note that it is equivalent to its restriction from K to Q.

14.9. AsSUMPTION. For K € K and G1,G2 € G such that K C G UG, there
are K1, Ky € K such that K; C G1,K2 C G2 and K C K; U K.

14.10. LEMMA. Sufficient conditions for Assumption 14.9 to hold are that E
is locally qcompact or that E is Hausdorff. Assumption 14.9 does not hold if E
is the one-point qcompactification of a space which is not locally gcompact.

PROOF. See VERVAAT (1988a). m|
14.11. THEOREM. Let J be an arbitrary index set. Then
F'3 (Fjesr (FeF (14.4)
jedJ

is K upper continuous iff Assumption 14.9 holds. The mapping is not K con-
tinuous, even if J is finite.

PRrROOF. First an example showing that (14.4) is not K continuous if #J = 2.
Let E := R, Fyp := {£1/n} for n = 1,2,.... Then Fj, — {0} =: F} for
j=+,—, whereas Fy,NF_, =0, FL N F_ = {0}.

Necessity and sufficiency of Assumption 14.9 for the case #J = 2 has been
proved in VERVAAT (1988a). This implies already necessity of Assumption 14.9
for all larger J (take F; = E for all j but two). Sufficiency for finite J follows
by induction. For infinite J, note that for qcompact K

{(Fjes : KNV Fi=0t= |J {(Fjes:Kn [ F;=0}
Jj€J finiteJ 4 CJ JjEJx

The set on the right-hand side is open because of our previous result for finite
J. m|
14.12. THEOREM. Let J be an arbitrary index set. Then

US’ 3 (fi)jes = \ f; €US (14.5)

jeJ

is K upper continuous if Assumption 14.9 holds. The mapping is not K con-

tinuous, even if J is finite.

ProOF. By Theorem 7.2 the spaces US(E) and F(E x I'?) are sup K home-
omorphic. So Theorem 14.12 follows from Theorem 14.11 if we show that
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Assumption 14.9 also holds for E* := E x I't. To this end, suppose that
Fn,Fyn € F(E*) and K* € K(E*) and that F}FyK* = . Adopt the
notations after Theorem 7.3. Then Fy N Fy NtK* = § by (7.3), and also
1K* € K(E*). Because F;* and Fy are hypographs, we have i (Fi N tK*) N
m(Fy N1tK*) = 0. Now m(1K*) is qcompact since 7 is continuous, and
m (Fyy N1K™) is closed in m;(1K*) for n = 1,2, since m; is a closed mapping
when restricted to the qcompact domain ;1 K* X moTK*. By Assumption 14.9
holding for FE we can find K; and K, € K(F) such that

K1 ﬂﬂl(F{ﬂTK*) = Kgﬂm(FfﬁTK*) = w

and mtK* C K; U K3. Then with K := K, X mTK* we have K N FJ =
K;NFf =0 and K* C K{ UKj. O

14.13. REMARKS. (a) If J is countable, then BorSMY is the J-fold product
o-field of BorSM. So if (Mj)jes is a countable collection of extremal pro-
cesses, then ;. ; M; and /\fg Mj are extremal processes. Considering the
sup derivatives of M; we obtain Lemma 13.1.

(b) If J is uncountable, then BorSM" is strictly larger than the J-fold prod-
uct o-field of BorSM (cf. NELSON (1959), Theorem 2.1 and Corollary 2.1), so
V; M; and /\fM M; need no longer be extremal processes if all M; are. How-
ever, for each system of extremal processes there is a ‘version’ (i.e., another
system of extremal processes with the same joint distributions for each finite
subsystem of extremal processes) which is BorSMY measurable. Its distribu-
tion over BorSM? is unique if we require in addition that it is regular. All this
is an immediate application of Theorem 1.1 of NELSON (1959).

14.14. LITERATURE. For special cases of Theorems 14.6 and 14.11, see BERGE
(1963), KUuRATOWSKI (1968, §43) and MATHERON (1975). Assumption 14.9,
Lemma 14.10 and Theorem 14.11 is the central topic of VERVAAT (1988a).
Condition 14.9 already occurs in WILKER (1970).

15. CAPACITIES
15.1. DEFINITION. A precapacity is o function ¢ : K(E) — [0,00] =: J such
that c(0) = 0 and c is increasing: c(K1) < ¢(K3) if K; C K.

Examples of precapacities are obtained by restricting countably additive mea-
sures u on BorE to K(E). In this case we have ¢(K; U K2) = c(K1) + ¢(K2)
for disjoint K, Ky € K(E), or more generally,

(K1 UKs) +c(K1NKs) = c(K;)+ c(K2) in case also
(151)
KiNnKy e ’C(E)

Other examples of precapacities are the canonical extensions of sup measures
m on G(E) restricted to K(E) : ¢(K) := Agox m(G) (cf. Theorem 2.5(c)). In
this case we have

(K1 U K») = ¢(K1) V e(K3). (152)
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Equivalently, if f € US(FE), then ¢(K) := fV(K) defines a precapacity with
the same properties. Finally, if F € F(FE), then the same procedure for f = 1p
gives a {0, 1}-valued precapacity c satisfying (15.2).

Precapacities can be extended to all subsets of E by

c(A) == \/ c(K) for ACE. (15.3)
KCA
In particular the extension to G(F) is important.
15.2. DEFINITION. A precapacity is upper semicontinuous (usc), if
oK)= )\ c(G) for K € K(E). (15.4)
GDK

Obviously, ¢(K) = c(satK) for usc precapacities, so we can restrict their domain
to the saturated qcompact sets Q(F). However, we now must require c¢(K) =
c(satK) for K € K before applying (15.3). We then have c¢(A) = c(satA) for
ACE.

15.3. DEFINITION. A capacity is an usc precapacity with domain restricted

to Q(E).

In the literature one sees often the following ‘upper continuity’ condition, which
reads in a generalization to the non-Hausdorff case:

c(Qn)dc(N @x) for all decreasing nets (@) in Q(E)
with Qn € Q(E).

15.4. THEOREM. (a) If E is sober, then capacities c satisfy (15.5).
(b) If a precapacity c satisfies (15.5) and E is sober and locally gcompact (in
particular if E is locally compact), then (15.4) holds, so c is a capacity.

(15.5)

ProOOF. (a) If Q,1Q := [ Qn in Q, then ¢(Q) < lim ¢(Q,) since @ C @, for
all n. Conversely, if G D @ and @Q,lQ, then @, C G for large n in case F is
sober (HOFMANN & MISLOVE (1981)). Hence lim ¢(Q5) < ¢(Q).

(b) Let @ € Q. By applying Property 3.7(b) we find for each instance of @ C G
a Q' € Q(E) such that @ C intQ' C @' C G. We have Q = [5G because
Q is saturated. Selecting with each such G a @' as above and applying (15.5)
to the net of finite intersections of such Q' we find ¢(Q) > Ag5gc(G). The
reverse inequality is obvious. 0O

15.5. EXAMPLES. (a) Let E = NU {oco} be the Appert-Varadarajan space,
i.e., all sets {n} C N are open and a subset G C E containing oo is open
iff limn~'#(G N {1,...,n}) = 1. Then E is Hausdorff and K consists of its
finite subsets. If ¢ = #, then c is the extension of a finite precapacity on K
to all subsets of E. Obviously, c satisfies (15.5). However, c is not usc since
¢(G) = oo for all G containing co.

(b) Here is an example of a precapacity ¢ with different limits lim ¢(K,,) for
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different decreasing sequences (K,) with the same intersection. Let E :=
{(0,0)} U (0,1]? with the trace topology and trace distance d from R%. Set
V :={0} xR and o := (0,0). Then

__d(V,K) +d(o,K)
c(K):= AV.K)
defines a capacity on E\{o}. Let ¢’ be the precapacity on F defined by ¢/(K) :=

c(K\{o}). If (K,) is a decreasing sequence of line segments starting at o, then
lim ¢(K,,) depends on the slope of these segments.

for K € K(E\{o})

For the moment, we return to precapacities. For sufficiently nice F, for in-
stance metric, consider precapacities ¢ which are restrictions to X(E) of Radon
measures x4 on BorE (i.e., u is finite on K(E) and p(A) = Vg4 u(K) for
A € BorE). The well-known vague topology on spaces of Radon measures
(cf. BERG ET AL. (1984, §2.4)) suggests us the vague topology on spaces of
precapacities, with subbase

{c:¢(G) >z}, {c:e(K)<z}for GeEG,K € K and z € ]. (15.6)

Note that the trace topology on the space of the ¢ arising from sup measures, usc
functions or closed sets coincides with what we called the sup vague topologies
on SM, US and F. Similarly, the case of bounded measures p on Bor E
suggests us to extend the notion of narrow (= weak) topology to spaces of
precapacities, with subbase

{c:¢(G) >z}, {c:c(F)<z}for GEG,F € F and z €. (15.7)

Again, the trace topology on the precapacities coming from SM, US or F
corresponds to the sup narrow topology. We will study these topologies, in
the case of the vague topology including the relations with spaces of Radon
measures and spaces of sup measures. The latter aspect for the narrow topology
is more complicated, and will be dealt with in another paper.

In the previous sections we have assumed that sup measures and usc func-
tions have their values in I = [0, 1]. By obvious transformations we may replace
I by any compact interval in [—o0, o0], in particular by J = [0, oc], the range of
capacities. In the present section we will think I replaced by J.

We now take the following point of view. We consider Q(F) as space on
its own, with as points the saturated qcompact subsets @ of E, and want to
regard (15.6) and (15.7) as special cases of sup topologies on US(Q(E)). In
particular, this implies that we provide Q(F) with a (non-Hausdorff) topology
G< with base G£ consisting of

Q(G) ={Q € Q(F) : Q C G} for G € G(E). (15.8)
Then a precapacity ¢ determines a sup measure ¢V on G< by
cV(G9) = V ¢(Q) for G2 € G<.
QeGR

For G2 € G this specializes to
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¢’ (Q(®)) = ¢(G) as defined in (15.3).

Our new upper semicontinuity assumption about c is that ¢ € US(Q(FE)), so
¢ = dViVc, which may be written as (cf. proof of Theorem 2.6)

(@) =Ageege.gesq cV(G9) = /\Gcegél’zggaQ cV(G9)
= /\GGG(E):GDQ cV(Q(G))
= Nceg(B)6o0 (@),
which is (15.4). Consequently,

15.6. THEOREM. A precapacity c is a capacity, i.e., (15.4) holds, iff ¢ €
US(Q(E)) and c(0) =0.

We write CAP = CAP(E) for the family of all capacities on E (or rather
Q(E)). Recall that CAP(E) = {c € US(Q(E)): c(@) = 0} =: USo(Q(E)),
where Q(E) is provided with the topology with base G consisting of the sets
in (15.8). Let B be a class of subsets of E. Then

B2 :={Q(B): B € B}

is a class of subsets of Q(F). In view of (15.6) and (15.7) we define the B
topology on CAP as topology with subbase

{c:e(G)>z}, {c:e(B)y<z}forGeG, BeEBandz € J.

Since ¢(B) = c(satB) = ¢V(Q(B)), we see by Lemma 5.1 that the B topology
on CAP(E) is the same as the sup B< topology on USy(Q(E)).

15.7. THEOREM. If E is locally B and B is closed for finite unions, then Q(FE)
is locally B, and CAP is B2 Hausdorff.

PROOF. The generic element of the base G is in (15.8). Let Qo € Q(G), so
Qo C G. For each t € Qo, select a B(t) € B such that t € intB(¢t) C B(t) C G.
Then Qo C Ucq, intB(t). Select a finite subset Q4 of Qo such that Qo C
UtEQ# intB(t), and set B := UtEQ# B(t). Then B € B and Qp CintB C B C
G. So

Qo € Q(intB) C Q(B) C Q(G),

where Q(intB) € G& and Q(B) € B2. So Q(E) is locally BL. Then US(Q(E))
and also USo(Q(E)) is sup B Hausdorff by Theorem 4.3(c), so CAP is B
HausdorfE. O

15.8. CoOROLLARY. If E is locally closed (= T3, cf. Property 3.7(e)), then
C AP is narrowly Hausdorff.

15.9. THEOREM. (a) The space CAP is vaguely gcompact.
(b) If E is locally qcompact, then CAP is vaguely compact.
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PROOF. (a) Follows from Corollary 4.4(a), provided that Q< C K(Q(E)) (cf.
Theorem 4.2.(iii)). To prove the latter, let @ € Q(F) and consider Q(Q) ==
{HeQ:HCQ} Let 9(Q) c U, 2Ga). Then Q € Q(Q) c U, 2(Ga), so
Q € 9(G,) for some a =: 8. Then Q C G, so Q(Q) C Q(Gp).

(b) Combine (a) and Theorem 15.7 for B = Q. o

15.10. LITERATURE. The present section complements and generalizes aspects
of NORBERG (1986). For similar results on narrow convergence of capacities,
see SALINETTI & WETS (1987) and VERVAAT (1988). DAL MAsO (1980) has
a similar approach to capacities based on topologies in spaces of increasing
functions (DAL MAsO (1979)). The topics of the present section have been
developed further by NORBERG & VERVAAT (1989) and HOLWERDA & VER-
VAAT (1993). For simpler and direct proofs of the vague qcompactness of CAP,
see HOLWERDA & VERVAAT (1993).

16. SurP AND RADON MEASURES AS SPECIAL CAPACITIES

In the beginning of the previous section we observed that restrictions of sup
and Radon measures to K are precapacities with specific behavior for unions
in K (cf. 15.2) and (15.1)). In the present section we are going to characterize
the spaces of these restrictions as subspaces of the (pre)capacities. The presen-
tation is self-contained for sup measures. The corresponding results for Radon
measures demand much more theory and are quoted from the literature.

We start with some generalities about precapacities.

16.1. LEMMA. If ¢ is a precapacity and (G) is an increasing net in G with
union G :=J,, G, then ¢(Gn)1tc(G).

PROOF. If z < ¢(G) = V g ¢(K), then thereis a K C G such that z < c(K).
Since K is qcompact, there is an n such that K C Gy, so z < ¢(G,). Hence
z < lim ¢(Gy), which proves ¢(G) < lim ¢(Gp). The reverse inequality is trivial.
O

16.2. COROLLARY. Let ¢ be a precapacity.
(a) If

¢(G1 UGs) = ¢(G1) V ¢(G2) for G1,G: € G, (161)
then c(U; G;) = V, ¢(G;) for arbitrary collections in G (apply the lemma to
the net of finite unions).
(b) If ¢(G1 U G2) = ¢(G1) + ¢(G?2) for disjoint G1,G> in G, then (U, G;) =
>_; ¢(Gj) for arbitrary collections of disjoint sets in G (idem).
16.3. LEMMA. If Assumption 14.9 holds and

C(K1 U Kz) = C(Kl) \Y C(K2) for K1,K; € K, (162)

then (16.1) holds.

PRrROOF. If z < ¢(G; U G3), then there is a qcompact K C G; U G5 such that
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z < z(K). By Assumption 14.9 there are K; C G; and Ks C G2 such that
K C K; UK,. Hence

z < ¢(K) < (K3 UKy) =c(K1)Ve(Ks) <c(Gr)Ve(Ga).

We have proved ¢(G1 U G2) < ¢(G1) V ¢(G2). The reverse inequality is trivial.
O

16.4. THEOREM. If Assumption 14.9 holds, then a capacity c is the restriction
to K of the extension of a sup measure on G iff (16.2) holds.

ProOF. By Lemma 16.3 and Corollary 16.2(a) we see that c is a sup mea-
sure on G. Upper semicontinuity of ¢ guarantees that c(K) = Ag- g ¢(G), in
accordance with Theorem 2.5(c). m|

16.5. COROLLARY. If Assumption 14.9 holds, then there is for each capacity
c satisfying (16.2) a unique f € US such that ¢(K) = fY(K) for K € Q.

We now turn to Radon measures and henceforth assume that E is Hausdorff.
There are two different definitions of Radon measures in the literature. Follow-
ing BERG ET AL. (1984) we say that a countably additive measure u on Bor E
is Radon if p is finite on K and p(A) = Vg 4 u(K) for A € BorE. Most other
authors, starting with BOURBAKI (1965), require in addition that u is locally
finite: for each t € E there is an open G 3 t such that u(G) < co. It is not
hard to see that a Radon measure is locally finite iff its restriction to X is usc
as a precapacity, so is a capacity.

Here is a list of plausible characterizations of finite additivity of precapaci-
ties on K. Each line is implied by the next.

(K1 U Ky) = c(K1) +c(Ks) if KiNKy =0 ; (16.3a)
(K1 U Ky) < ¢(K1) + c(K2) & (16.3a) ; (16.3b)
(K1 U K3) + c(K1 N (K2) = (K1) + (Ka); (16.3¢)
(K1) = c(Ki\K) + c(K>) if K1 D Ko. (16.3d)

16.6. THEOREM. A precapacity c is the restriction of a Radon measure to K
iff ¢ is finite-valued on K and (16.3d) holds.

PROOF. BERG ET AL. (1984, Th.2.1.4). O

16.7. THEOREM. A capacity c is the restriction of a (necessarily locally finite)
Radon measure to K iff c is finite-valued on K and (16.8b) holds.

PROOF. BOURBAKI (1965, Th.IX.3.1 + Remark 1). o

16.8. EXAMPLE Let E = R and let ¢([a,b]) := =% — 1 for compact inter-
vals [a,b]. Extend c to finite disjoint unions of such intervals by (16.3a), and
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subsequently to all of K by (15.5). Then c is a capacity by Theorem 15.4(b).
Furthermore, c satisfies (16.3a), but is not the restriction of a Radon measure,
since it does not satisfy (16.3b).

16.9. LITERATURE. For related problems in partially ordered sets, see NOR-
BERG (1989). For related problems in non-Hausdorff spaces, see NORBERG &
VERVAAT (1989).
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On the Convergence of Probability Measures on
Continuous Posets

Tommy Norberg

ABSTRACT. We study convergence in distribution of random variab-
les in a countably based continuous poset L. The convergence is with
respect to the Lawson topology on L. The main result is the following:

Let &, 51,52,... be random variables in L. Then ¢ n converges in
distribution to ¢ if, and only if,

limsup Pn{z,; < € } < Pn{z; < £}
for finite collections {z;} C L, and :

liminfnP{ﬁn € nz.Fz-} >P{¢e niFi}
for finite collections {Fi} of Scott open filters on L.

We also derive some new existence results for probability measures
on L. A lattice theoretical notion of tightness is introduced and related to
the classical notion of tightness for random elements in a topological space.

Our results apply to random elements and various kinds of random
sets in locally compact second countable sober spaces. They furthermore
apply to semicontinuous processes and, more generally, random capacities
on such a topological space.

Research supported by the Swedish Natural Science Research Council and by AFOSR grant #F49620 85
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1. Introduction

Let L be a countably based continuous partially ordered set (poset for short). In a
previous paper (Norberg (1989)), we have discussed the existence of random variables in L.
Now our aim is to study their convergence in distribution, which by definition is equivalent
to weak convergence of the induced probability measures.

On L there is a canonical topology, called the Lawson topology, which is completely
regular, second countable and Hausdorff, hence Polish (i.e., admits a complete separable
metric). The convergence in distribution is relative to this well behaved topology.

An L-valued mapping ¢, defined on some probability space, is a random variable in
L if all events of the form {z < ¢} are measurable. It is not hard to see that this is equiva-
lent to require the event {¢ € F} measurable for F € .# — the collection of (Scott) open
filters on L.

Let 5,51,52,... be random variables in L. Our main result (Theorem 5.3) states that
¢, converges in distribution to ¢, which we denote by £ n —d & if and only if
(1.1) limsupnPnz-Zl{zis §n} < Pni;nl{zz's &,m=12,.., e Byy € L,

(1.2) liminf, P{¢, en,T F} > P{¢en F}, m=12,., F,..F € <.
Let L be Veclosed, i.e., closed for finite suprema. Then

2z yszeNy< 2
and condition (1.1) simplifies to
(1.3) limsup P{z< €} <P{z< €}, z€ L.
By definition every continuous poset is closed for directed suprema. Thus, if A C L is non-
empty, then the supremum of A, denoted VA, exists. Hence if A C L has a lower bound,
then A has a greatest lower bound, denoted AA. It follows that . is closed for finite inter-
section (N¢-closed), and condition (1.2) reduces to
(1.4) liminf P{¢, € F} 2 P{{ € F}, Fe 2.
Thus the characterization of convergence in distribution is particularly simple if L is V¢
closed. |

The line (-w,»] is a simple example of such an L. Another simple example is the
non-negative reals [0,0) with the reversed order. These two examples are also A¢-closed. The

union {1}x(0,1] U (0,1]x{1} in its coordinatewise order is an example of a continuous poset
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which is V¢- but not A¢-closed.

Other well-known (and important) examples of continuous posets are the collections
of closed subsets of a locally compact second countable Hausdorff space and, more general-
ly, all extended real-valued upper semicontinuous functions on such a space (cf. Gerritse
(1985) and Vervaat (1988)). Also many of the collections of capacities discussed in Norberg
(1986) and Norberg & Vervaat (1989) are continuous posets.

The reader who wants more examples of continuous posets is also referred to Law-
son (1979), Gierz, Hofmann, Keimel, Mislove & Scott (1980) and Hofmann & Mislove
(1981). These references contain all the general information on continuous posets that we
need in this paper.

There is a well known simple characterization of convergence in distribution of real-
valued random variables in terms of weak convergence of the associated distribution func-
tions. A similar result can be proved if L is assumed both V¢ and As-closed.

So assume this. Clearly any mapping of the form P{- < ¢} is continuous from below
in the sense that P{:cn < ¢} | P{z< ¢} as 2, 1 2. There is no analogous notion of continuity
from above, since L need not be closed for countable decreasing infima. It can, however, be
shown that the set of all z € L, for which there is some F € ¢ satisfying

{6 FyC{z< €}, P{Ee F}) = P{z< §)
is dense in L. We could refer to such an z as a continuity point of P{- < ¢}, and we will see
below that ¢ n —d & if and only if
(1.5) 1imnP{z5 §n} =P{z< ¢}
. for continuity points (Proposition 5.6).

By Zorn's lemma, any continuous poset has a maximal point, though there need of
course not be a unique one. But if there is, then this point is the largest member of L and
may in some cases act as the point of infinity (consider, e.g., the case (—w,o] mentioned
above). Assume now that L indeed has a largest member (a top), which we regard as the
point of infinity and denote by .

A random variable ¢ in L may be called tight if £ # v with probability one. It is easy
to see that ¢ is tight in this sense if, and only if, for each ¢ > 0 there is some F € .Z with

P{¢ € F} < e. Similarly, a sequence §,,€q;--- or collection (¢ n) of random variables in L
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may be called tight, if for each ¢ > 0 we have
sup, P{¢, € F} < e

for some F € .¢. Some simple argumentation will show us that (¢ n) is tight if, and only if,
sup, P{z< ¢ } <e

for all ¢ > 0 and some z < v (Proposition 5.8).

Let £;,£,,... be a sequence of tight random variables in L, which converges in distri-
bution to some random variable ¢. If (¢ n) is tight, so is £ by (1.2). The converse follows by
(1.1) (Proposition 5.9). ,

As remarked above our results apply to the collection of closed subsets of any locally
compact second countable Hausdorff space. This is true also if we replace the Hausdorff
separation assumption by the weaker condition that the space is sober. So, let S be such a
space and let F denote its collection of closed subsets. Furthermore write ¥ for its collec-
tion of open sets and 4 for its collection of compact saturated sets. We will remind the
reader of some basic topological notions soon. Let us only note at this point that a subset of
a topological space is saturated if it coincides with the intersection of its open neigborhoods
and that all subsets of a Hausdorff space are saturated.

A mapping ¢ from some probability space into F is called a random closed set in S,
if {¢ N G # 0} is a measurable event for all G € ¥. (Cf. Matheron (1975), who treats the
Hausdorff case.) Clearly this holds if and only if {¢ C F} is measurable whenever F € &.
Next note that & is a continuous poset relative to the exclusion order J. Thus a random
closed set in S is nothing but a random variable in &. Moreover, the Lawson topology on
& coincides with Fell's (1962) "hit or miss" topology.

Let ¢,0;,0,,... be random closed sets in S. Clearly (1.3) is equivalent to
(1.6) liminfnP{zpn NG#0}2P{pnG#0},Ge g,
and it follows directly from a result of Hofmann & Mislove (1981) that (1.4) holds if and
only if
(1.7) limsupnP{wnn Q#0} <P{ynQ+0}, Qe 2.

Thus, (1.6) and (1.7) together are necessary and sufficient for Y, —d @
A class ¢ of subsets of S is said to be separating if, whenever Q C G, where Q € 2

and G € %, we have Q C A C G for some A € .£. Below it will be seen that Yp—d ¥ if and
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only if

(1.8) limnP{¢n NA+0}=P{pnA#0}

for all sets A in some separating class of Borel sets in S (Proposition 6.1). This result was
proved for the Hausdorff case in Norberg (1984).

The largest member of & with respect to the exclusion order is the empty set 0. So
¢ is tight if and only if ¢ is non-empty with probability one. The result of Hofmann &
Mislove (1981), which we just referred to, tells us that this holds if, and only if, for every ¢
> 0 we have
(1.9) PlonQ#0} 21—
for some Q€ 2.

The topological space S can be endowed with a finer topology, which is completely
regular, second countable and Hausdorff, in particular Polish. It is called the patch topolo-
gy and may be characterized by the fact that s, — sin Sif and only if {5} — {s} in &
with respect to Fell's topology (Proposition 6.2). It is easy to write down a characterization
of convergence in distribution (with respect to the Polish patch topology) of random ele-
ments 51,52,... to . The following is obtained: fn —iq € if and only if
(1.10) liminf P{{, € G}2P{{eG},Ge g,

(1.11) limsup,,P{¢,, € Q} < P{¢ € Q}, Qe 2
(Theorem 6.3). If S is Hausdorff, then 4 C & and (1.11) follows from (1.10). In this case
the patch topology coincides with the original topology and nothing new is obtained.

Call a collection (¢ n) of random elements in S tight if whenever ¢ > 0 there is a
compact saturated @ C S with

infnP{fn EQ21—e
A random element is tight if the corresponding singleton is. We must be a little careful
when discussing tightness in the continuous poset L because we have several notions of it.
We refer to the classical notion defined in this paragraph as topological tightness. The topo-
logy underlying it is always the Scott topology.

Let (& n) be a family of random variables in L. Below we will see that (¢ n) is topolo-
gically tight if and only if € > 0 implies the existence of finitely many TyseeesTpy, € L satisfy-

ing
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infnPUiZI{zi <Eh21-e
We may of course take m = 1 here if L is Ar-closed. The reader might want to compare this
with our previously introduced lattice theoretical notion of tightness.

Let ¢ be a random element in S and write ¢ = {¢}  for its singleton closure. Not
surprisingley ¢ is tight if and only if  is so in the lattice theoretical sense. The latter is
obviously always true. Hence any random element in Sis tight.

Assume the collection 2 of compact saturated sets in S to be N¢-closed. Then the set

{{s}_: s€ S} u {0}
is compact with respect to Fell's topology (Proposition 6.5). This fact allows the following
conclusion for a collection (¢ n) of random elements in $: Every subsequence of (¢ n) has a
further subsequence which is convergent in distribution if and only if (¢ n) is tight (Theo-
rem 6.7).

Note that the tightness is relative to the original topology, while the convergence in
distribution is with respect to the Polish patch topology. So this result is not an extension
of Prohorov's theorem (see, e.g., Billingsley (1968), p. 37) to a class of non-Hausdorff
spaces. Instead it is an improvement of it when applied to a Polish space which arises as
the patch space of a locally compact sober space (see Lawson (1989)). The advantage of our
result over Prohorov's is that the collection 2 of sets which are compact and saturated
with respect to the original topology on S generally is, in a distinctive way, smaller than
the collection J#% of subsets of S, which are compact with respect to the Polish patch
topology.

We continue with a description of the contents of the various sections of this paper.
In Section 2 we give the basic preliminaries on continuous posets and topology. The real
development of our results begins in Section 3 when we introduce a convenient o-field on L
and discuss measurability.

Section 4 begins with a discusion of uniqueness of probability measures on L. For
the reader's convenience we include here three existence theorems for random variables and
one for random open filters in L. The latter are by definition random elements in .#, which
is continuous under inclusion C. These four theorems have various assumptions on L and

are proved in Norberg (1989). We conclude Section 4 by proving two new theorems. The
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first gives existence criteria for random variables in L, under assumptions on the latter that
are not studied earlier, while the second discusses the existence of random open filters on L.

Section 5 contains the main result of this paper (i.e., Theorem 5.3), which gives
necessary and sufficient conditions for convergence in distribution of random elements in L.
The proof goes as follows: First we conclude by the Lawson duality (cf. Lawson (1979) or
Hofmann & Mislove (1981)) that there is an equivalent theorem giving necessary and suffi-
cient conditions for convergence in distribution of random open filters on L (Theorem 5.4). -
We then prove that any random open filter on L also is a random Scott open set in L. The
latter are by definition random variables taking their values in Scott(L) — the collection of
Scott open sets in L — which is continuous under inclusion. Next, we prove that a sequence
of (random) open filters converge in .Z, if and only if it converge in Scott(L). The final
argument uses a characterization of convergence in distribution for random Scott open sets,
which is proved earlier in Section 5.

After proving our main result we briefly discuss simple necessary and sufficient
conditions for convergence in distribution, assuming L both V¢ and Asclosed. We then
discuss tightness in the lattice theoretical sense. Finally in Section 5, we study convergence
in distribution of rowwise infima A j §nj’ where the En j's form a null array. It turns out
that any limiting random variable must be infinitely divisible with respect to A.

In Section 6 we discuss convergence in distribution of random elements in locally
compact sober spaces. As already remarked, the convergence is relative to the Polish patch
topology. The important results of this section are Theorem 6.2, which characterizis con-
vergence in distribution and Theorem 6.7, which is our improvement of Prohorov's theo-

rem.
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2. Continuous posets and locally compact sober spaces

In this section we introduce some of the notation and terminology needed in this
paper. Let L be a poset. For z € L, we write ]7z={y€ L:z< y} and |z = {y€ L: y < z}.
Say that a non-empty set A C L is directed (filtered) if given z,y€ A, Tznfyn A#0 (lzn
lyn A#0). A non-empty set A C L is a filterif it is filtered and upper in the sense that Tz
C A whenever z € A.

Assume L up-complete in the sense that every directed subset D has a supremum VD
in L. Let z,y € L. Then z is said to be way below y and we write z  y, if for every directed
set D C L with y < VD we have z < zfor some 2z € D.

Assume further that for each z € L, z = V{y € L: y € g} and this set is directed.
Then L is called continuous. A set UC L is Scott open if (i) Uis an upper set and (i) D n
U # 0 whenever D C L is directed with vD € U. The collection of Scott open sets in L is a
topology which we call the Scoit topology and denote by Scott(L). Its subcollection of open
filters is denoted .# or OFilt(L). Note that . is an open base for Scott(L). Another open
base for Scott(L) is formed by the sets {y € L: < y}, = € L. Both ¢ and Scott(L) are con-
tinuous posets relative to the inclusion order C.

The coarsest topology on L that contains Scott(L) (or ) and all sets of the form
L\1z, where z € L, is called the Lawson topology. This topology is completely regular, se-
cond countable and Hausdorff, hence Polish.

The above definitions and results can be found, e.g., in the papers Lawson (1979)
and Hofmann & Mislove (1981) or the monograph Gierz, Hofmann, Keimel, Lawson, Mis-
love & Scott (1980).

Lawson (1979) shows that the mapping

t— I ={Fe L zeF}
is an order-isomorphism between L and OFilt(.). This is the object level of what is nowa-
days called the Lawson duality, and .7 is often called the (Lawson) dual of L.

Say that a set Q C L is separating, if for each z,y € L with z € g, there exists some z
€ @ with z < z< y. This notion is very similar to the notion of a basis employed for continu-
ous lattices in Gierz et al. (1980). Do not confuse it with our notion of a separating class of

sets mentioned in the introduction. Norberg (1989) proves that the following four assertions
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are equivalent: (i) Scott(L) is second countable, (i) L contains a countable separating
subset, (4ii) & contains a countable separating subset and (iv) Scott(.¢) is second count-
able. Moreover, a continuous topology has a countable separating subset if and only if it is
second countable. Lawson (1988) calls L countably based, if L contains a countable separat-
ing subset. ,

Let S be a topological space. Call a closed set F C S irreducible if, whenever F C F1 u
F2 for any closed sets Fl,F2 CS, then FC F1 or FC F2. Every singleton closure is irredu-
cible and S is called sober if every non-empty irreducible closed set is the singleton closure
of a unique s € S. Hausdorff spaces are sober, but the converse is not true. Recall from the
introduction that a set A C S is saturated if it equals its saturation satA = n{G: A C G and
G C S is open}. Clearly a set K C S is compact if and only if its saturation is. We call S
locally compact if whenever s € G C S, where G is open, we have s € K° C K C G for a com-
pact set K C S. Note that we may take K saturated here.

The Scott topology on a continuous poset is sober and locally compact (Lawson
(1979)). It is quite obvious that the topology % of any locally compact sober space S is
continuous. Hofmann & Lawson (1978) shows the converse, i.e., a sober space is locally
compact if its topology is continuous. Hofmann & Mislove (1981) shows that the collection
2 of compact saturated subsets of S is anti-order isomorphic to OFilt(§%). This fact is very
important in random set theory.

We end this section by proving two lemmata, which will be needed below. The first
is included at this point mainly for pedagogical reasons. Its proof is given in detail. The
standard facts used are simple and can be found, e.g., in Lawson (1979)). The second lem-

ma is an important part in the proof of Theorem 5.3. It has some independent value.

LEMMA 2.1. Let L be a countably based continuous poset. Let Q C L be Scott compact

saturated. Then there are some T, € L, wheren=12,...and1 < i< kn < w, such that
Qc [U,'sz'] 1Q

as n - o.

ProoF. Note that if F € ., then ({z,) 1 F for some z. Ty € Fwith z ;< z,. To
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see this, recall that .7 is continuous relative to C and that .# contains a countable separat-
ing subset . Then

F=Vv{Ge & G F}
(= U{G € &: G« F}). By the interpolation property (Lawson (1979), Proposition 1.6), if G
€ F, then G Hand H< F for some He .Z Choose D € @ such that G C DC H. Clearly D
€ F. We conclude

F=U{Ge 9: G F}.
The set on the right is countable and directed. To see the latter, use the fact that the set
{G € &: G « F} is directed and repeat the argument already given. Thus there are
FI’F2"" € . such that Fn € F and Fn 1 F. Use the interpolation property to conclude

that we may take F, < F, here. (Up to now we have not used the fact that & is a col-

n+l
lection of filters.) By Lawson (1979), Proposition 3.3, if F,«F, , then F, C1z CF

+1° n+1’
By construction, it is clear that (Tzn) T F. Note that 1z, C F, 41 € Tz, e By Lawson
(1979), Proposition 2.2, Tpyy € Ty Our claim in the first sentence of the proof is thereby
proved.

By Hofmann & Mislove (1981), Theorem 2.16,

{U € Scott(L): @C U} € OFilt(Scott(L))
(i.e., is an open filter on Scott(L)). Recall that Scott(L) is continuous and, being second
countable, contains a countable separating subset. By the already proved result,
| (1U) 1 {Ue Soott(L): Q U},

for some Uy, U,,... € Scott(L) with QC U, and Un_*_1 € U, It is easy to see that U, l Q.

We next prove that if U< V, where U,V € Scott(L), then UC U iZITzi C Vfor some
TysererByy € L. From this fact, the lemma clearly follows. To see it, note first that U C
Uilei C V for some Fl""’Fm € 2, since £ contains a countable base for Scott(L). By
the interpolation property, we may assume here that U < UiZlFi‘ For 1 < ¢ < m, choose
F;j,Fp,. € ¥ such that F; ¢ F;and F; T F; Then UC U F, for some sufficiently
large n.

By Lawson (1979), Proposition 3.3, we may choose )Ty € L such that Fz'n c Tzi
C Fz.. Hence

Uyl 5 C V. a
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LEMMA 2.2. Let L be as in the above lemma. Then the Lawson topology on £ =

OFilt(L) is the trace of the Lawson topology on the larger Scott(L).

Proor. The Lawson topology on ¢ is generated by the sets
F,={Fe L zcF}= {Ue€ Scott(L): 1zC U} n &,
where z € L, and the sets
A\1H={Fe £ H{ F} = {Ue Scott(L): H¢ U} n <,
where H € .Z. Here
{U € Scott(L): Tz C U} € OFilt(Scott(L))
since Tz is Scott compact saturated. So this set is open with respect to the Lawson topology
on Scott(L). Clearly so is also
{Ue Scott(L): H¢ U} = Scott(L)\TH,

since H € ¢ C Scott(L). Hence the Lawson topology on .¢ is included in the trace of the
Lawson topology on Scott(L).

To see the converse, first conclude by Hofmann & Mislove (1981), Theorem 2.16,
that if % € OFilt(Scott(L)), then

% = {Ue Scott(L): QC U}
for some Scott compact saturated @ C L. Thus the Lawson topology on Scott(L) is the
coarsest topology containing all sets of the form
{Ue€ Scott(L): QC U},
for @ C L Scott compact saturated, and all sets of the form
{Ue Scott(L): V¢ U},

where V € Scott(L).

Now, if V € Scott(L), then V = U, F, for some FI’F2"" € &, since . contains a
countable base for Scott(L). Hence

{U€ Scott(L): V¢ U} = U, {Ue Scott(L): F, ¢ U}

Next, if @ C U € Scott(L), where @ is Scott compact saturated, then @ C Uilll”i C U for
some z,,...,%,, € L (cf. the proof of Lemma 2.1). The set Uilezi i8 Scott compact saturat-
ed. Moreover, U{_fszi C U if, and only if, Ty see Ty € U. Thus the Lawson topology on

Scott(L) is generated by all sets in the two families
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{{Ue Scott(L): F{ U}: Fe .z],
[{Ue Scott(L): z€ U}: € L].
Hence the relativization of the Lawson topology on Scott(L) to £ is included in the Law-

son topology. o



On the Convergence of Probability Measures on Continuous Posets 69

3. Measurability

For the remaining part of this paper L is a countably based continuous poset. Its
Scott topology, which is second countable, is denoted by Scott(L) and £ denotes its collec-
tion of open filters. We let D and & be countable separating subsets of L and .¢, resp.
Write I (or £(L)) for the o-field on L generated by the sets 1z, z € L.

Our first result gives several equivalent conditions for measurability. It says in par-

ticular that ¥ is generated by .# and also by the larger Scott(L).

PROPOSITION 3.1. Let (R, R) be ¢ measurable space and consider a mapping £ from Q

into L. Then the following five conditions are equivalent:

(i) £ is measurable w.r.t. & and I,
(ii) {z< ¢} e R e,

(iii) {z€ €} e R, z€ L,

(iv) {EecFle & Fe &,

v) {¢€ U} € &, Ue Scott(L).
They imply

(vi) {¢<z}e R ze L.

Proor. Since X by definition is generated by all sets of the form {z, (i) and (ii) are
equivalent. If F € ¢, then obviously F=U o FTz. Moreover, if z€ F € &, then Tz C Ty for
some y € Fn D. Thus F= U, o pi# Hence (ii) implies (iv). We have already remarked
that £ is an open base for Scott(L). Since the latter is second countable, (iv) implies (v),
which in turn trivially implies (iii). It is an easy exercise to show that z = ny(zTy =
n ® z{z € L: y € z}, and that the latter intersection can be thinned to a countable one, i.e.,
we may restrict y to D. So (iii) implies (ii).

Condition (vi) follows from (v), since |z is Scott closed for all z € L. o

We have not been able to prove that condition (vi) of Proposition 3.1 implies that ¢
is measurable. It is true in many particular cases. We believe, however, that it is not a

general fact.
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4. Probability distributions
Let (Q, R, P) be a probability space. Then £:Q — L is called a random variable in
L if ¢ is measurable w.r.t. & and I (cf. Proposition 3.1). In this case, the two mappings z

— P{z< ¢} and F — P{¢ € F} defined on L and ., resp., have important interrelations.

ProPoSITION 4.1. Let ¢ be a random variable in L. Then
(a) P{z< ¢} = Ay(zP{y <& = Ay(zP{y( £} =N 4PlEEF} zE L
() PEEF} =V PlE€ G =V Pls< 8} =V pPlrc ), Fe

ProoF. Let F € £. Then, since - is continuous and contains a countable separating
subset &, F = UG(FG’ where G € . It i3 easy to extract Gl,G2,... € 9 such that Gn T
F. Next argue as in the proofs of Lemma 2.1 and Proposition 3.1 to conclude that there are
2,89+ € F satisfying z,  , <z, and both (T:cn) T Fand {y€ L: 7, < y} T F. This shows

(b) — (a) follows similarly. ]

The distribution of a random variable £ in L is by definition the induced probability
measure P{"l on X. Equality in distribution is denoted =4. Thus, for random variables &,7
in L, £ =q 7if, and only if, P€ 1 = Py " on E. Here, and in similar instances, the random
variables need not be defined on the same probability space although we, for convenience,

denote by P all underlying probability measures.

THEOREM 4.2. Let &,n be random variables in L. Then the following statement is equi-

valent to £ =4 7:
() P{¢ € U} = P{ne U}, Ue Scott(L).

Moreover, if L is Vi~ or Ag-closed, then also the following three statements are equivalent to ¢

=d
(if) P{z¢ &} =P{z¢n}, z€ L,
(iif) P{z< €} =Pl{z<n}, ze L,

(iv) P{ée F} =P{ne F}, Fe £.
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Proor. The first assertion of the theorem is obvious. Clearly ¢ =4 7 implies (ii),
which, by Proposition 4.1, in turn implies both (iii) and (iv). This proposition also shows
that (iii) and (iv) are equivalent. If L is A¢closed, then ¥ U {0} is N¢closed and € =4 7
follows by a standard monotone class argument from (iv). If L is Vi-closed, then ¢ =4 7

follows in a similar way from (iii). ‘ o

A part of the above theorem can be found in Norberg (1989), from which we now
fetch three existence theorems for random variables in L. Let A:L — R, and let n = 1,2,...
and 5Ty eees Ty € L. If L is vsclosed, we recursively define
An(z;zl,...,zn) = An__l(z;zl,...,zn_ ) —An_l(szn;zl,...,zn_l),
where
A (z;z1) = A(z) — A(avzy).

The first existence theorem pressumes that L is both V¢- and As-closed, i.e., a lattice.

THEOREM 4.3 (Norberg (1989)). Assume L both V¢- and A¢-closed and let A:L — R +
Then there is a random variable £ in L satisfying
P{z< ¢} =A(2), z€ L,

if, and only if, the following three conditions hold true:

(i) _ An(z;zl,...,zn) >0,
(ii) A(z,) | A(z) as 2,13
(iit) sup, 7A(z) = 1.

Before proceeding, let us look at the case when L only is Ve-closed and A:L — [0,1]
is a function satisfying conditions (i) and (ii) of Theorem 4.3. It seems natural to add a
bottom to L, i.e., form L* = L U {1}, where . is an artificial point satisfying + < z for all =
€ L*. Tt is trivial that L* is a countably based continuous poset, which is both V¢- and A¢-
closed. It is also trivial that the mapping A:L* — R 4 given by letting Mz)=A(z)ifze L
and = 1 if z = 4, satisfies conditions (ii) and (iii) of Theorem 4.3.

Now note that

An(z;zl,...,z") = An__l(z;zl,...,zn_l)
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if T, =4 and that this iterated difference does not depend on the order in which we
enumerate z, ,...,%,. Thus we only need to check whether
(4.1) f\n(;;zl,...,zn) 20
for )y, € LI (4.1) holds, we may conclude by Theorem 4.3 that there is a probability
measure ) on L* satisfying
(12 = A(2), ze L.
Write A for the restriction of A to L. Clearly A(]z) = A(z) for z € L. Moreover, (4.1) is of
course necessary for the existence of \.
Is A a probability measure? In order to answer this question, we note that
MUZ T5) = AUL 12) = 1- & (153,03,
if Ty yeensy € L. Hence ) is indeed a probability measure if
(4.2) infA L% enTy) = 0,
where the infimum is taken over n = 1,2,... and Ty peeesTy, € L.
Conversely, if A is a probability measure on L, then X is topologically tight by the
discusion in the introduction and
sup/\(Ungzi) =1,
i.e., (4.2), follows by Proposition 6.4 below (please forgive us for relying on an unproven
result). Thus (4.2) is a necessary and sufficient condition for A(L) = 1.
It is quite natural to refer to any function satisfying condition (i) of Theorem 4.3 as
a completely monotone function. This is the case also with functions satisfying condition (i)
in Theorems 4.4, 4.6 and 4.7 below. Functions satisfying
A(z,) — A(z) as g1z
may be called inner continuvous.
Whenever ¢ is a real-valued function defined on an Asclosed poset M and y € M, we
write A y° for the mapping on M given by
A,d2) = ) = (2Ay).
Note that if L is Vs-closed, then the collection {{z: z € L} is N¢closed and, writing A(z) =
d12),
Al(z:'ﬂl) = ATyc(T-"")-

The next existence theorem pressumes that L is A¢-closed and has a top. Then ¢ is
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Ngclosed and contains L.

THEOREM 4.4 (Norberg (1989)). Suppose L is As-closed and has a top, and let 9: & —
R + Then there is a random variable £ in L satisfying
P{ée F} =9(F), Fe £,
if, and only if, the following three conditions hold true:

i Ag ..A ,
(i) F, FnQ(F) 20
(i) §F,)T@(F)asF, TF,
(iif) ¥L)=1.

THEOREM 4.5 (Norberg (1989)). A increasing function p on Scott(L) estends to a

unique probability measure on (L, I) if, and only if, the following three conditions hold true:

@) MUY V) + (U0 V) = p(0) + V),
(ii) MUY Tl as U, 1T,
(iii) u(®) =0, u(L) =1.

Functions satisfying (i) in Theorem 4.5 above are sometimes called modular. We
have already remarked that the Scott topology is a locally compact, second countable and
sober topology on L (cf. Lawson (1979)). Norberg (1989) shows that Theorem 4.5 above
applies to all such topological spaces, provided that Scott(L) and I are replaced by the
collections of open and Borel sets, resp.

The Lawson duality is of particular interest in the setting of Theorem 4.4, because if
L is A¢-closed and has a top, so is the case for its dual .# and conversely. It yields the fol-
lowing existence theorem for random variables in ¢, which quite naturally are called

random open filters on L.

THEOREM 4.6 (Norberg (1989)). Suppose L is Ar-closed and has a top denoted by . Let
M:L—R + Then there is a random open filter ¢ on L satisfying
P{ze ¢} = M(3), z€ L,
if, and only if, the following three conditions hold true:
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(i) A, AL M(2)20,
1 n

(ii) Mz) 1 Mz)asz, T3,

(iif) M(r) = 1.

To this line of existence theorems we now add two new. The first considers the case
when L only is assumed to be A¢closed, thus is a slight generalization of Theorem 4.4. Note
that & = £ U {0} is Ngclosed and that L € .Z.

THEOREM 4.7. Assume L Ag-closed and let ¥: - — R 4+ Then there is a random vari-
able £ in L satisfying
' P{{€ F} =¥(F), Fe £,
if, and only if, the following three conditions hold true:

(i) Ap-Ap HP)20,
n

(i) YF) 1¥(F as Fy 1 F,

(iii) ¥(0)=0,%IL)=1.

Proor. Note first that £ is a continuous poset with a second countable Scott topo-
logy, the latter because F U {0} is a separating subset of . By Theorem 4.6, there is a
random open filter y in £ satisfying

P{Fep} =¥(F), Fe £.

Let & be an open filter in .Zo. Ifd e & then F = <, 80 assume 0 ¢ & Then &

must be an open filter in .. By the Lawson duality, & = %for some z € L. Thus
OFilt(%,) = OFilt(.#) U {£}.
Now note that
Plo= 4} =P(0c g} =¥(0)=0.
Hence ¢ € OFilt( %) a.s. Then ¢ = 3’5 a.s. for some random variable £ in L satisfying
P{¢ée F} = P{Fe g} =¥(F), Fe £. o

REMARK 4.8. In the setting of Theorem 4.7 one in practise starts with a mapping ¥:.¢

—R 4 extends it to £ by putting ¥(0) = 0 and then checks whether the three conditions
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of the theorem are at hand.

We have already remarked that .# is Ng-closed, if L is Ve-closed. Assume this and let
L* = LU {1} as in the discusion following Theorem 4.3. Assume further that the mapping

N:L* —R . satisfies

4.3) A, A, N@) 20,
1 n

(4.4) Nz,) 1 Mz) as z, 1 ,

(4.5) N1) =0, N1) =1,

where T denotes the top of L, which exists by assumption. Then there is a random open
filter ¢ in L satisfying
P{z€e ¢} = Mz), z€ L.
We leave the proof of this fact to the reader. Cf. Theorem 4.6. It is clear that conditions
(4.3)-(4.5) also are necessary for the existence of ¢.
The next result should be compared with Theorem 4.5.

THEOREM 4.9. Let A:Scott(L) — R . be increasing. Then there is a random open filier
@ on L satisfying
P{w C U} = A(U), U € Scott(L)
if, and only if, the following three conditions hold true:

@) MUU V) + AU V) = MND) + A(V),
() MU, L) s U, L U=(0,0,)°
(iif) A9) =0, A(L)=1.

Proor. Write CoScott(.¢) for the collection of Scott closed subsets of .#. For U €
Scott(L), put
A(U)={Fe &£ FC U}
It is not hard to see that /£ takes values in CoScott(.¢) and that
AU L U) =u L AU, Uy,..., U, € Scott(L),
/{(AaUa) =n,4(U,), {U,} € Scott(L).
(Note that AU, = (n,U,)°.) Moreover,
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U= UZ£(U), Ue Scott(L),
since . is a base for Scott(L). Cf. Lawson (1979), which furthermore shows that if & €
CoScott(.2), then F = A£(U) for a unique U € Scott(L). Thus, £ is an order-isomorphism
between Scott(L) and CoScott(.?).

For % € Scott(.¢), put

W) = 1- N4 (\ ).
Then p maps Scott(.#) into [0,1]. Moreover, p(9) = 1 — A(Ly = 0 and u(£) = 1 — A() =
1. Next, let %,,%, € Scott(.¥). If % C %, then L\%y ¢ £\%,, which implies
£ 1(1\?12) C A 1(.!\‘2(1) and p(%;) < p(%,) follows. So p is increasing. To see that u is
modular, let U; = £1(£\%,), i=1,2. Then

AU, U U,) = £A(U)) + £(Uy) = L\(% 0 %)

Hence
U U Uy = £ (2\(%, 0 %,).
Similarly,
1
Uy N Uy= £ L\(%, U %)).
Hence

B2, U %) + p(% N %) =1-NU U T,) +1-XU;n0,)
=2- ’\(Ul) - ’\(Uz) = ﬂ(ul) + l‘(%g)-
Finally, let %, U, %,y,... € Scott(.Z) satisfy %nT %. Then .Z\?tnl &\ %, which implies
= 41 1 =
U,= i A\) | £ (A=
Hence A(U,) | A(V) and u(%,,) 1 u(%) follows.
By Theorem 4.5, p extends to a probability measure on .£. Let ¢ be a random open
filter on L with distribution . If U € Scott(L), then
P{pC U} =P{pe £(U)} = u(4(D))
= 1- W A\ A(W) = XA (A0) = ND).
The necessity, which easily follows from the fact that
{ve £(U)} = {pC U}, Ue Scott(L),
and the properties of /4, is left to the reader. o
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5. Weak convergence results

In this section we shall discuss the convergence in distribution of random variables
in L w.r.t. its Lawson topology. Recall from Section 2 that the Lawson topology is the coar-
sest topology that contains .# and all sets of the form L\{z, where z € L. If L is Aqclosed,
then the mapping (z,y) — zAy from LxL into L is (Lawson) continuous. By Proposition
3.1, ¥ is the Borel o-field on L.

Recall that —q denotes convergence in distribution, i.e., for random variables
§,€1,€g- In L, £ —a Eif PE ;1 converges weakly to P¢ ~1 The latter holds by definition
if Eg(¢ n)] — E[g(€)] whenever g:L — R is continuous and bounded (cf. Billingsley (1968)).

By the Portmanteu Theorem of Billingsley (1968) (or Ash (1972), Theorem 4.5.1),
the following two conditions are implied by ¢ n &

(5.1) limsup Pn.7 {z,< £} <PN{z;< €}, m=1.2,..., 3,,....8,, € L;
(5.2) liminf P{¢, € U} 2 P{¢ € U}, U e Scott(L).

m

We begin with a preliminary result in which L is Vsclosed and has a bottom, i.e., is
a complete lattice. This case is particularly simple, since the Lawson topology is compact
(cf. Gierz et al. (1980)). Soon we will see that the following characterization of convergence

in distribution is valid also if L only is assumed to be V¢-closed. See Remark 5.5 below.

PROPOSITION 5.1. Suppose L is Vi-closed and has a bottom. Let 5,51,52,... be random
variables in L. Then ¢ n ¢ if, and only if, the following two conditions hold true:
(i) limsup P{z< € } S<P{z< €}, z€ L,
(ii) liminfnP{En EF}>P{feF}, Fe <.
Moreover, condition (ii) is a consequence of

(i) liminf P{z< £} > P{z< €}, z€ L.

Proor. The necessity is already proved. We first show the last assertion of the theo-
rem. Fix F € £ and let ¢ > 0. By part (b) of Proposition 4.1,
P{¢e F} <P{z¢ ¢} + ¢
for some z € L. Now (ii) follows by a routine estimation.

Next assume (i) and (ii). By the compactness of the Lawson topology, (¢ n) contains
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a convergent subsequence. Thus we may select ¢ n ,€ ... and a random variable 7 in L
1

"9
such that §n —g 7. Suppose 2 € F € . Choose y € L and G € ¢ such that 7€ GC {yC
k
F. By (5.1) and (5.2),
P{z<n} <P{ne G} ¢ liminka{gnke G}

< limsup P{¢, € Ty} <P{{€ Ty} <P{¢€ F}
and
P{z< £} < P{{ € G} < liminf P{{, € G}
< limsuka{ﬁ,,ke Ty} <P{ne Ty} <P{ne F}.
By Proposition 4.1,
P{z< ¢} =P{z<n}, ze L.
Thus n =q ¢ by Theorem 4.2, and we may conclude by Billihgsley (1968), Theorem 2.3,

that {n —iq €. o

The Scott topology on L is a countably based continuous poset, satisfying the hypo-
theses of the foregoing result. Random variables in Scott(L) are quite naturally called ren-

dom Scott open sets.

THEOREM 5.2. Let 7,7 PV be random Scott open sets in L. Then Tp—d 7 if, and
only if, the following two conditions hold true:
(i) limsup Pn.™ {F;C7,} < P07 {F,C 9}, m=12,.., Fi,.F € 2,
(ii) liminfnPnigl{zi € 'yn} > Pni;"’l{zz- eq}l,m=12,.., Tysee Ty € L.

ProoF. Assume (i) and (ii). Let U € Scott(L). Then U = U,F; for some F,F,,... €
#Z. By (i), for each fixed m,
limsup P{UC 7,} < limsupnP{Uif__r_'lFig Tl = limsupnPniZI{Fi €7t
<P {F,c 7} =P F,C 1} L P{UC 1}
This shows condition (i) of Proposition 5.1.
Next, let & be an open filter on Scott(L). By Theorem 2.16 of Hofmann & Mislove

(1981),
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F = {Ue Scott(L): QC U}

for some Scott compact saturated @ C L. By Lemma 2.1, there are T, € L, where n =

c [Uisz'] lQ
By (ii), for every fixed m,
liminf, P{y, € F} = liminf P{QC 7o} 2 liminf P{U1z . C 7.}
= liminf Pn{z .€7,}2 Pz e v} =PIz .C1} TP{QC 1} =P{ye 5}
This shows condition (ii) of Proposition 5.1 and T —d 7 follows.

1,2,...and 1< i< k" < , such that

To see the necessity, it is enough to note that
{U € Scott(L): u; sz U}
is an open filter on Scott(L), since U -__1T1:- is Scott compact saturated, and that
{U € Scott(L): 1__1F1 c v}
is closed, since £ C Scott(L). o

Here are our main convergence theorems for distributions of random variables in L

and its Lawson dual .Z. The first result replaces the preliminary Proposition 5.1.

THEOREM 5.3. Let ,¢;,§,,.. be random variables in L. Then §, —q § if, and only if,

the following two conditions hold true:

(i) limsupnPnizl{x. <€} < P02 {z,< €}, m=12,., 2Ty € Ly
(i) liminf P{¢_ € n 1F 2P{ge “1—1 F}, m=12,.., F,..,F €%
Moreover, condition (ii) holds if

(iii) liminf, P07 {2, < £,} > P00 {2, € €}, m=12,..., 7y,...,3,, € L.

THEOREM 5.4. Let ¢, P be random open filters in L, i.e., random variables in
<. Then Pp—d @ if, and only if, the following two conditions hold true:
. . m m =
(i) hmsup"Pnizl{Fig <pn} < Pnz’:l{Fig v}, m=12,..., Fi,...,F €,
” - m m
(ii) hrmnfnPni=1{ziE <pn} > Pni=1{zi€ ¢}, m=12,..., ey € L.
Moreover, condition (ii) holds if

.. m m =
(iii) hmmfnPni=1{Fi( o2 Pni:l{Fi( ¢}, m=12,..., F

1,...,Fm€ <.
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PRrOOF OF THEOREMS 5.3 AND 5.4. Due to the Lawson duality, the two theorems are
equivalent. To see this, recall from Section 2 that OFilt(.¢) = {F; z € L} and note that
{ve T} ={zey},
for z € L and random open filters ¢ in L. Thus we only need to prove one of the theorems.
The proof of the fact that (i) and (ii) together is a necessary and sufficient condition
for convergence is very easy in the setting of Theorem 5.4, since ©01,Pg)- also are ran-
dom variables in Scott(L) and ¢, —d ¢ in Zif, and only if, 9, —d ¢ in Scott(L) (cf.
Lemma 2.2).
In the proof of the implication from (iii) to (ii) we work in the setting of Theorem
5.3. Fix Fl""’Fm € Z. For 1 < i < m, choose i /T € L such that
{veliz <y} 1 F;
(cf. the proof of Proposition 4.1). Then, for each fixed m,
liminf, P{¢, €N, F}} > liminf Pn." {2, < ¢}
>PnD {z, <€} 1P{¢en T F}.

Thus (ii) is a consequence of (iii). o

REMARK 5.5. If L is Vi-closed, then the two equivalences
TS ysrea Wy,
€2 Y2 NVyKz
hold for z,y,2 € L, and, moreover, .# is Nr-closed. Thus, in this case the conditions of Theo-
rem 5.3 reduce to the corresponding conditions of Proposition 5.1.
If L only is Agclosed, then .# U {0} is N¢-closed. In this case statement (ii) of Theo-

rem 5.3 reduces to statement (ii) of Proposition 5.1.

There is always a need for simple necessary and sufficient conditions for conver-

gence. We confine ourselves to the simple case when L is both V¢- and As-closed.

PROPOSITION 5.6. Assume L both V¢- and As-closed and let €,¢ 1,5 PR be random var-
ables in L. Then, if én —iq &, there are separating sets A C L and 6 C 2, such that A is V¢

closed and
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(i lim,P{z ¢ &,} = P(z< &), 7€ 4,
while /€ is Ng-closed and

(i) lim P{¢ € F} =P{{€ F}, Fe 4.

Moreover, ¢ n ¢ if there are separating sets AC L and 6 C &, such that
(iiia) limsup, P{z < €, } <P{z< &}, z€ 4,

(iiib) liminfnP{fn EF}>P{€cF}, Fe 4,

orifthere is a separating A C L such that

(iv) lim P{z< €} =P{z< ¢}, z€ 4,
or if there is a separating 6 C £ such that

v) hmnP{ﬁne F} =P{¢€F},Fe 6.

Our proof of the necessity of (i) and (ii) requires the following lemma, which tells us
that the collection of all pairs (z,F) € Lx., satisfying F C 1z and P{¢ € 12\F} = 0, is
sufficiently rich for our purposes.

LeEMMA 5.7. Let € be a random variable in L. Then, whenever z€ F € £, we have z €
HC 1y C F for some pair (y,H) € Lx £ with
P{y< ¢} =P{{e H}.

PRoOF. Let 2(1) = z and choose #(0) € F such that £(0) € z(1). Then choose recursiv-
ely k27" for n = 1,2,... and k = 1,2,...,2"—1, such that (k27 ") ¢« o(R™™) if " <
2™ For 0 < ¢t < 1, put

y,=V{a(R"): R < 1),
It is easily seen that

Y= Vot

Hence the mapping

t—P{y, <€, 0<t<1,
is decreasing and left continuous. Let ¢ be a point of continuity. Then, by monotone conver-
gence, writing y = y,and H=U, sTys’

P{y< ¢} =P{{e H}.
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Clearly He £ andze HC TyC F. ]

PRrOOF OF PROPOSITION 5.6. Suppose £n —q €and let z,y€ L, < y. Then y€ FC Iz
for some F € .. By Lemma 5.7, there is a pair (z,H) € Lx.# with ye HC 12C Fand P{¢ €
12\H} = 0. By Theorem 5.3, .

P{z< £, —Pla ).
Thus the set A of all z € L for which the above convergence holds is separating.

Similarly the reader may prove that the set .¢ of all F € . satisfying

P{¢, € F} — P{¢e F)

is separating, too. Now suppose F,H € 4. Then FNH € %. To see that FNH € .4, note
first that

liminf, P{¢, € FUH} > P{¢{ € FUH},
since F UH € Scott(L), and then that

limsup, P{¢, € FNH} = P{¢ € F} + P{¢ € H} - liminf, P{¢, € F UH}

< P{{ € FnH} < liminf, P{¢,, € FnH}.
The proof of the fact that A is a Vi-closed is similar.

This shows the necessity of (i) and (ii). To see that (iii) is a sufficient condition for

§n —q &, choose for z € L some )8y, € A such that 7,4z and z, 1 2. Then

limsup, P{z < £} <limsup P{z, <& }<P{z <& | P{z<é}
Thus condition (i) of Theorem 5.3 follows from (iiia). Analogously the reader easily shows
that (iiib) implies condition (ii) of Theorem 5.3. So (iii) is sufficient for ¢ a6

To see that (iv) implies §, —aq ¢, let first F € #. Choose %, € A such that (sz) 1
F. Now condition (ii) of Theorem 5.3 follows from

liminf P{¢ € F} 2 liminfnP{fn €z} =P{¢e Tz} T P{£ € F}.
Similarly the reader may show condition (i) of Theorem 5.3 and ¢ p —d & follows. The

remaining part of the proof is similar and, therefore, left to the reader. o

Assume, for now, that L has a top, which we denote by r. In some applications it is
important to be able to determine whether the limit of a sequence of distributions of

random variables in L charges T or not.
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Recall from the introduction that we call a collection (£,) of random variables in L
tight, if for all ¢ > 0 there is some F € .£ with
(5.3) sup, P{¢, € F} < e
A random variable £ in L is of course tight if the collection (¢) is. There are F,F,,...e ¥
satisfying F, | {r}. So ¢ is tight if, and only if, £ # T a.s.

PRrOPOSITION 5.8. Let L have a top T and consider a collection (& n) of random vari-
ables in L. Then (¢ n) is tight if, and only if, for every € > 0 there is some z€ L, z& 7, such
that

sup, P{z< € } < e

Proor. The equivalence follows from the facts that every F € ¢ contains some z ¢

T, and that if < v, then some F € ¢ satisfies F C {z. o

PROPOSITION 5.9. Let L have a top T and consider a sequence 61,52,... of tight random
variables in L. Let € be a random variable in L and assume £ n M €. Then, if the sequence

(§n) i3 tight, so is £ and vice versa.

ProoF. As remarked in the introduction, the direct assertion follows at once from
Theorem 5.3. So assume £ tight. Fix ¢ > 0. Choose €L g<T, such that P{:r:0 <él<e
By Theorem 5.3, P{a:0 < ¢ n} < e for all n > m, say. Next, choose z; € L, 7; <o, such that
P{zi < {i} < efor1< i< m Let z« v satisfy zz.s z for all i. Then, clearly,

supnP{:vs {n} <e o

For the remaining part of this section, we assume L both V¢- and As-closed. Then L

has a top, which we still denote by t. Consider a triangular array (¢ ., n€N, 1 < j< o) of

nj

random variables in L. We assume the ¢ nj 's independent for each fixed n and that
lim"suij{Enjﬁ F}=0

for F € %, in which case we say that they form a null-array. Note that this holds if, and

only if,
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limninfj P{z< 6"].} =1
for z € L with z < +. This is easy to see.
We are concerned with the possible convergence in distribution of the rowwise infi-

ma A; €, of a null-array (€, ).

THEOREM 5.10. Assume L both V¢~ and Ag-closed. Let ¢ be a random variable and let

(¢ nj) be & null-array of random variables in L. Then A j ¢n j —d ¢ if, and only if,

(ia) liminanj P{z< gnj}c > —logP{z< ¢}, z€ L,

(ib) ‘ limsuanj P{Enj;é F} < -logP{¢€ F}, Fe 2.

Moreover, if A y 13 nj &, then there are separating subsets A C L and £ C <, such that
(iia) limnEj P{z< gnj}c = —logP{z< ¢}, z€ A,

(iib) limnEjP{ﬁnjﬁ F} = -logP{¢€ F}, Fe 4.

Here A may be chosen Vi-closed and 6 N¢-closed.

Conversely, A ;j £, j & if there are separating sets A C L and 6 C & such that

(iiia) limjnanj P{z< fnj}c > —logP{z< ¢}, z€ A,
(iiib) limsup, % P(¢, ;¢ F} < -logP{¢ € F), Fe 4,
orif

(iv) 5, PE < €, e — —logP(z < &)

holds for all z in some separating subset of L, or if

) 5, P{€,;# F} — —logP{¢ € F}

holds for all F in some separating subset of Z.

Proor. Write £, =A j gnj' We only prove that ¢ a € if, and only if, both (ia)
and (ib) hold. The remaining part of the proof is very similar to the proof of Proposition
5.6.

First note that trivial manipulations, using the well-known inequality

a < —log(1-a),
show us that condition (i) of Theorem 5.3 follows by (ia) and that (ib) follows by condition
(ii) of Theorem 5.3.

Suppose condition (i) of Theorem 5.3. Fix z € L and let 7, € & Let € > 0 be given
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and pick § > 0 such that
—log(l—a) < (1+€)a
whenever 0 < @ < 4. Note that z,, & Hence
suij{zms gnj} <6
for sufficiently large n. We may now conclude that
—logP{z,, < £} ¢ (1+e)linﬁnanjP{rmg fnj}c < (1+e)liminanjP{z < Enj}c’
and (ja) follows by letting ¢ | 0 and then 7 1 z. _
Finally assume (ib). Fix F € . Let ¢ > 0 be given and pick § > 0 as in the above
paragraph. Then
suij{fnjﬁ F}<§
for n 2 m, say. Hence
limsup, —logP{¢, € F} = limsup, ¥ ’ —logP{¢,, i€ F}
< limsupn)]j(1+c)P{§nj¢ F} < —(1+¢)logP{¢ € F},

from which condition (ii) of Theorem 5.3 trivially follows. o

A random variable £ in L is called infinitely divisible if, for n = 1,2,..., we have £ =4

A j 3 nj for some independent and identically distributed random variables ¢ in L.

nl""’Enn

If ¢ is infinitely divisible, then, by Norberg (1989), £ < m a.s., where
m=V{ze L: P{z < €} > 0}.
Thus we may assume that ¢ nj < ma.s. Let Fe #. A simple argument shows that
lim P{¢, ¢ F} =0

if, and only if, P{¢ € F} > 0, which clearly is equivalent to m € F. We conclude that the

13 nj 's form a null-array if m = 7, or if we regard them as random variables in M = |[m.
Next, let (En ]) be a null-array of random variables in L and assume that A j £, j

€. Our aim is to show that £ must be infinitely divisible. The following characterization of

the infinitely divisible distributions is sufficient for our needs.

THEOREM 5.11 (Norberg (1989)). Assume L both Vs~ and As-closed, and let € be a ran-
dom variable in L. Define

S ={Fe 24P <},
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where
!€(F') = -logP{¢€ F}, Fe £.
Then & is infinitely divisible if, and only if, .5!5 is Ng-closed and
AFI...AFnif(F) <0,n=1.2,.., F’Fl""’Fn € .Z§

We prove tha,t .S!E is Ng-closed. The proof of the second condition of Theorem 5.11 is similar
but more cumbersumb. Let F,H € 7. We know from Theorem 5.10 that
¥, (F) =5 P68 F} — ¥(F)
if Fe 6, where .6 C . is separating and Neclosed. If F,H € .4, we now get
!§(Fnﬂ) = lim ¥ (FnH) <lim, [¥ (F) + ¥ (H)] = !r{(F) + !g(H).
In the general case, choose Fn’Hn € €, such that F, T F and HnT H. Then
ig(F NH) = limntg(anHn) < limn['f(Fn) + ’g(Hn)] = if(F) + iE(H).
It follows that ¥ E(F NH) < o, if ¥ 6(F) <wand ¥ 5(H) < w,ie., .5!5 is Ne-closed as claimed.
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6. Random elements in locally compact sober spaces

In this section S is a locally compact, second countable and sober topological space.
Write &, ¢ and £ for the collections of closed, open and compact saturated sets in S.

Moreover write o/ for the Borel-o-field on S, i.e., & = o(%). Note that if Q € 2,
then @ = nnGn for some GI'GZ"” € ¢, and, if G€ g, then G = UnQn for some QI’QZ’”'
€2.Thus & = 0(2) = a(2 U §).

Note that ¥ is continuous and, for GI,G2 €% G1 € G2 if, and only if, G1 cQc G2
for some Q € 4. Cf. Hofmann & Mislove (1981). The mapping which identifies an open set
with its complement is of course an anti-order-isomorphism between ¥ and &. Thus  is
continuous relative to the ezclusion order J. Hofmann & Mislove (1981) also shows that
(6.1) OFilt(g) = {{G € 9:QC G): Qe z}.

Thus also 4 is continuous relative to the exclusion order 2. It follows by (6.1) and the
Lawson duality that

(6.2) OFilt(2) = {{Qe 2:QCG):Ge y}.

The Scott topologies on &,% and 2 are second countable, since ¥ is so.

The reader easily writes down characterization theorems for distributions of random
variables in &, % and £, i.e., random closed, open and compact saturated sets in S (for the
closed sets, see (1.6)—(1.7)). Let us instead note that some simple manipulation show that
the Lawson topology on & is generated by the two families

{Fe5:FnG#0):Gegl,
(Fe 3:FnQ=10}): Qe z}.
Thus it coincides with Fell's (1962) topology.

Recall from the introduction that a class £ of subsets of S is called separating, if

whenever Q C G, where Q€ £ and G€ ¥, we have QC AC G for some 4 € .¢.

ProposITION 6.1. Let 0,0, be random closed sets in S. Then Pp—d ¥ if, and
only if;
(6.3) P{yn A#0} =lim P{p nA#0}

for A in some separating class of subsets of S.
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PRrOOF. Suppose P @ Whenever Q C G, where Q€ £ and G € ¥, there are Q1
€ 2 and G, € ¥ satisfying QC G; € @ € G and P{gn G # 0} = P{gn Q # #}. This
follows by Lemma 5.7. Clearly

Ple,n G ¢ 0} — P{gn G, #0}.
Thus the class of sets satisfying (6.3) is separating.

Conversely, assume that (6.3) holds for all A € ., where ¢ is separating. We
prove (1.6) and leave (1.7) to the reader. If G € ¥, choose ApAy... € £ such that A T
G. Then

P{pn G#0} =lim P{pn A #0}
= limmlimnP{gon n Am #0} < liminfnP{cpn n G ¢ 0}. o

A similar result may of course be proved for random compact saturated sets. This i3
left to the reader. We only note that a subcollection .4 C 2 is separationg as a subset of 2
if, and only if, it is so as a class of sets in S.

A sequence §,,,... of random closed (resp. compact saturated) sets in S is tight if,
and only if, for all ¢ > 0, we have

inf P{6, N Q#0} 21—
for some compact and saturated @ C S (resp.
sup,P{¢, CG} <e

for some open G C S). To see this, use (6.1) (resp. (6.2)). For the closed sets, cf. (1.9).

An S-valued mapping on some probability space (2, R, P) is called a random ele-
ment in Sif it is measurable w.r.t. £ and &

The patch topology on S is by definition the coarsest topology containing ¥ and all
S\@, with Q € 4. It is completely regular, second countable and Hausdorff (Hofmann &
Mislove (1981), Corollary 4.6), in particular Polish. Clearly o/ is the Borel-o-field w.r.t.
the patch topology. As an example of this construction we mention that the Lawson topolo-
gy on L is the patch of the Scott topology.

We shall write down a simple convergence theorem for distributions of random vari-
ables in S. The convergence will be with respect to the patch topology. A part of the fol-

lowing proposition is needed.
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PROPOSITION 6.2. For 5,851,589+ € S, the following three statements are equivalent:

(i) 8, SW.LL. the patch topology;
(ii) sat{s,} — sat{s} in 2 w.r.t. the Lawson topology;
(iii) {sn}— — {8} in & w.r.t. Fell's topology.

ProoOF. Let A C S be saturated and fix s € S. Then
seAesat{s}CA= {s} nA0.
The proof is easy, thus omitted. In order to complete the proof, just note that the sets in ¥

and £ are saturated. o

We next characterize convergence in distribution w.r.t. the patch topology of
random variables in S. Denote by GSC + the class of non-negative functions g on S satisfy-
ing {g> 7} € g for all z> 0, and by QSC + those non-negative functions ¢ on S that satisfy
{g21} e 2 forz>0.

THEOREM 6.3. Let £,&,,E,... be random variables in S. Then the following two
1752

conditions are equivalent to §, —q §:

(ia) limsup, P{¢, € Q} <P{{e Q}, Qe 2,
(ib) liminf P{{ € G} 2P{{€ G}, Ge g;
(ia) limsup, E{a(€,)] < Elg(€)], € QSC,,
(iib) liminf E{g(€ )] 2 E{(€)], g € GSC,.

Proor. It should be clear from what has been said before the theorem that £ ¢
if, and only if, the two parts of (i) hold true. Next note that 1 g € GSC + if G € g, while
1 Q € QSC + if @ € 2. Thus (ii) implies (i). To see the implication from ¢ n —d & to (i),
note first that the functions of GSC 4 are lower semicontinuous, while those of QSC 4 are
upper semicontinuous w.r.t. the patch topology. This is trivial. Slightly less trivial is the
fact that each ¢ € QSC__is bounded. For {g2n} | {g=w} =0, 50 {¢g> n} =0 for some n.
Now refer, e.g., to Ash (1972), Theorem 4.5.1. o
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By definition, a collection (¢ n) of random variables in S is tight if, for all € > 0, we
have
(6.4) inf P{¢, € Q} 21—
for some Q € 2. Let us see what this means for a collection of random variables in a con-

tinuous poset.

ProposiTION 6.4. Let (§,) be a collection of random variables in L. Then (€,) is (to-
pologically) tight if, and only if, for every € > 0, there are some Ty yeensTpy, € L sUCh that

inf, PUT {5;< €} 21—

Proor. By Lemma 2.1, if @ C L is Scott compact saturated, then @ C Uz-_’_fszi for
some z,,...,%, € L. This shows the only if part. To see the if part, just note that UingZz' is

Scott compact saturated. o

Clearly (6.4) is equivalent to
. inf P{{¢,} NQ#0}21—¢
(cf. the proof of Proposition 6.2). So (¢ n) is tight if, and only if, ({£ n}_) is 8o in the lattice

theoretical sense. This is the idea behind what follows.

PROPOSITION 6.5. Assume 2 Ng-closed. Let ,,5,,... € S and assume that {sn}— — Fe

& w.r.t. Fell’s topology. Then either F=0 or F = {s}” for some s€ S.

REMARK 6.6. The result says that the set
5= {{s}'; se s} U {m}
is closed and therefore compact w.r.t. Fell's topology. So this is a kind of a compactifica-

tion of S.

Proor oF PropOSITION 6.5. We prove that F is irreducibel, because the result then
follows by sobriety. Suppose F C H, U H,, where H,C S is closed. Choose Hz‘m € F and
Q,-m € 2 such that H; ¢ S\Qim C Himl H, Fix m. Then F ¢ 5’\le U S\Q2m. Hence
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Fan an2m = { and, since Ql an2m € 2, s, £ Ql an2m for sufficiently large n. For
such n, 8, € H1 mY H2 mw Hence S, isin Hl m °F H2m infinitely often. In the former case, F
c H1 m while F C H2m in the latter. Hence, F C H1 =N mHI m OF FcC H2 = an2m’ show-

ing our claim that F is irreducibel. o

Here is finally our variant of Prohorov's theorem (cf. Billingsley (1968)). Note that
the convergence in distribution is with respect to the patch topology, while the tightness is

relative to the (coarser) original topology.

THEOREM 6.7. Assume 2 N¢-closed. Let (En) be a sequence of random variables in S.
Then every subsequence of (§n) has a further subsequence which converges in distribution to

some random variable £, if, and only if, (¢ ) 15 tight.

ProoF. Suppose (£,) is tight. Then so is ({£,}") in the lattice theoretical sense. By

compactness, every subsequence of ({fn}_) has a further subsequence ({énk}_), which

eonverges in distribution to some random closed set 7 in S. By tightness, 7 # 9 a.s., so by
Proposition 6.5, 7 is a singleton closure a.e. Thus there is a random element £ in S satisfy-

ing n = {¢} . By Proposition 6.2, Enk —q €.

Suppose, conversely, that (5") is not tight. Then so is the case for ({¢ n}_)’ too.
Thus there must be a subsequence ({¢ nk}'), which converges in distribution to some non-
tight random closed set n. Then P{n = @} > 0. This clearly rules out the possibility

that (¢ "k) or some subsequence thereof converges in distribution. o
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0. Introduction

The concept of upper semi-continuous (usc) functions from a topological space E to
R or R := [~x,o] is classical. Recently, interest has grown in the case where a more
general space L replaces the range R or R, with the complication that previously
equivalent characterizations of upper semi-continuity split into different concepts.

Several results in this direction were obtained by Michel [1973], Penot & Théra
[1979,1982] and Beer [1984]). Penot & Théra require L to be a preordered topological
space, and in all their definitions the topology of L (besides that of E) plays a role.
Their main motivation is application to optimization, with L a linear preordered
topological space.

In the present paper it is assumed that L is a complete lattice, and one more
definition of upper semi-continuity is given, suggested by Vervaat [1982,1985], for which
no topology of L is needed. However, we are interested in the relation between the
definitions of Michel, Penot & Théra and Vervaat, and here the topology of L comes
in. As is to be expected, several conditions in the interplay between topology and lattice
structure of L play a role in the results. This is what Sections 1-4 (and the Appendix)
deal with.

In Section 5, the main aim of the present paper is presented: breaking the ground
for a future analysis of random lattice-valued usc functions and lattice-valued extremal
processes in the sense of Vervaat [1982] (cf. also Norberg [1985]). Here it will turn out
why Vervaat’s definition of semicontinuity is the most useful for us.

As a preparation for this future analysis, we study the following important
example:

L = US(E,R),

the space of usc functions from a topological space E to R (so in fact we study usc
functions which take usc functions as their values!). A study of the structure of this
space shows that it is a so-called continuous lattice. To continuous lattices a whole
monograph, Gierz et al. [1980], is devoted. Several results on continuous lattices from
the present paper can be found there as well. Nevertheless, we have tried to make this
paper self-contained, because it is directed to researchers in probability (random closed

sets, extremal processes) and optimization theory, for whom it is hard to find their way
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in the book, as we know by experience.
After a short introduction on continuous lattices, we prove that all forementioned
notions of upper semicontinuity coincide if L is a continuous lattice (Section 6).

In Sections 7-10, we specialize to
L =HE x Ly,

the space of all closed subsets of E X L,, where L, is another continuous lattice
(Section 8), and to

L = US(E,Ly)

(Section 10), which brings us back to our starting point. Sections 7 and 9 do the
preparing work.

The topology that we find on these spaces, starting from the lattice viewpoint, turns
out to coincide with the sup vague topology as introduced by Fell ([1962]; see Section 7
for more references), under the assumption that E is locally quasicompact. In view of

the future applications, we do not assume that E is Hausdorff.

List of notations

N {1,2,...}

N, {0,1,2,...}

ﬁ [—m'm]

AC complement of A
int A interior of A

clos A closure of A

P(E) {A:A c E)
HE) {A: A c E, A closed}
S(E) {(A: A < E, A open)

X4 the function: ¢t — ; ::- :z: (xeL,A c E)
0 lattice bottom

1 lattice top

Ix {yeL: ysx}

tx {yeL: y=x)}

1A UxeA lx

95
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T4 Urea tx

x>y x=y and x#y
x<y x<y and x#y
x|ly x£y and x £y

x>>y if B < L is filtered (see below) and inf B <y,

then there is a zeB with z=<x

Ux {yeL: x>y}
Nx {yeL: y>x}
YA {yeL: x>>y for some xeA}
E?t the space E with the topology

generated by the open sets (| x)°
EVY 1 the space E with the topology
generated by the open sets (| x)° and Ux
f(4) {f(1): teA)}
f'(4)  sup f(A)
AA inf A
Va sup A

Some definitions

quasicompact finite open subcover property
compact quasicompact + Hausdorff
BcLisfitered Bn lxn ly+#Qforallx,y e B

1. Three types of semicontinuity

Let E be a topological space and L a complete lattice, provided with a topology.
Nothing is required in advance about the relation between lattice structure and
topology. We will formulate three notions of upper semicontinuity for functions
f: E = L, which all agree in the classical case L=1I, I some closed interval in R. The
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first (and our main) one was suggested by Vervaat [1982].

Definition 1.1. A function f: E — L is said to be lattice upper semicontinuous (lat usc) at

teE, if f(t) = A {f¥(G): G open,1eG} =: f*(1).

Note that f<f" in general. As usual, f is said to be lat usc (on E) if it is at every

teE. We can characterize this global semicontinuity using the notation

v(G) if1eG
a.n fG(‘):=[{( ) ;f:ZG

for every open G < E, where 1 is the top element of L (recall that L is complete).
Obviously, f is lat usc iff f = AgfC =: f".

The second definition is due to Penot & Théra [1979,1982], and involves a
topological structure on L. Unfortunately, their research concentrates on lower rather

than upper semicontinuity, so their results can be cited only after reversing the order.

Definition 1.2. A function f: E — L is said to be topologically upper icontii (top
usc) at teE, if for every neighbourhood U of f(t) there exists an open neighbourhood G
of t such that f(G) = | U.

if U is open for all open Uc L, and t is the topology on L, then
t4: = { | U: U open} defines a topology on L, the "decreasing topology generated by

t". In that case f: E— L is top usc iff f: E — (L,ty) is continuous. This was
observed by Penot & Théra {1982] and worked out by Beer [1984]; see the latter for

more details.

For our last definition of upper semicontinuity, originally from Michel {1973], we
need the notion of hypograph.

Definition 1.3A. Set L':= L\{0}. The hypograph of a function f: E — L is the set
hypo f:= {(t,x)e E x L': x<f(1)}.
The appearance of L’ in this definition (in which it differs from Michel’s) may be

surprising, but its convenience will become clear later on. As a first hint, note that the
bottom O of LE: = {f: E — L} has the bottom & of P(E x L') as its hypograph.

97
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Definition 1.3B. A function f: E — L is said to be hypo-closed if hypo f is closed in
E x L', where L' is provided with the restriction topology of L.

To lay the connection with Penot & Théra’s work, note that their hypograph is
closed as subset of E x L iff ours is as subset of EXL', provided that {0} is closed in
L.

Finally, we denote by US,, US, and HC the spaces of all lat usc, top usc and hypo-

closed functions, respectively.

2. Lattice properties of the function spaces

First we study closedness for taking arbitrary (pointwise) infima.
Theorem 2.1. US; and HC are closed for arbitrary infima.

Proof. Consider {f;: iel} for some index set I, and set f:= A;e;fi.

(i) Suppose {f;: iel} < US), and let teE. For each i, f;(t) = f;/(t) = f"(t). Taking the
infimum over all i gives f(1) = f"(1).

(ii) Notice that hypo f = (), hypo f;.

For US,, a condition is needed, even for finite infima. Corollary 1.9 of Penot &
Théra [1982] can be sharpened slightly.

Lemma 2.2, If A: LXL — L is top usc, then US, is closed for finite infima.

Proof. Let fy,f,€ US, f:= finfs teE, U a neighbourhood of f(r). Choose
neighbourhoods U; of f;(t) such that x;ax;, € | U for all x,eUy, x,eU, There are
open neighbourhoods Gy, G, of t such that f;(G;) = | U; for i=1,2. Let G:= G,NG,.
Then f(G) = | U.
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The infinite case is a sharpening, in both conditions, of Corollary 1.13 in Penot &
Théra [1982]. Recall that a set B c L is filtered if every pair of elements of B has a

common lower bound in B.

Theorem 2.3. if A: LXL — L is top usc and
(2.1) inf B € clos B for each nonempty filtered B c L,

then US, is closed for arbitrary infima.

Proof. Let {f;:iel}) c US,, f:= Aies fi- Let teE, and U be a neighbourhood of f(r).
Set fy:= Aies fi for every finite J<I and B:= (f,(t): J<I finite}. Then B is a filtered
set in L and inf B = f(t), so f(t) e clos B. It follows that there is a finite J < I such
that f,(t) € U. As f; € US, (by Lemma 2.2), we can find an open neighbourhood G of
¢ such that f;(G) = lU. So f(G)c | U.

In taking suprema, we must be more careful. About infinite suprema, nothing can
be expected, as shows the classical case L =R. But even finite suprema need not inherit

semicontinuity from their superands. The following example is instructive.

Example 2.4. Let E = {0} U (%: neN}, with the restriction topology of R, and let

L < R? be the set L:= {(0,0),(1,0),(1,1)} U {(%,l): neN}, with the restriction
topology of R? and componentwise ordering. Define f,g: E — L by f(0) = (0,0),
f(-:-) = (%,1) for all n,g(t)=(1,0) for all teE. Then (f v g)(0) = (1,0),
(f v g)t) =(1,1) if t>0. Now f and g belong to US; and HC, but f v g belongs to

neither of these. Unfortunately, f ¢US,, so the example says nothing about this class.
s]

We will restrict our attention now to US, and US,, as for HC no nice results seem
to exist. For US,, Penot & Théra [1982, Corollary 1.9] give a result, which we again
sharpen slightly.

Theorem 2.5. If | U is open for all open U and if the mapping (x,y) ~— x vy is top usc
at every point of {(x ,x): xeL}, then US, is closed for finite suprema.
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Proof. Let fy,f, € US, and f:= fyvf, LetteE and U c L be a neighbourhood of
f(t). As f(t) = f(t) v f(t), we can find open neighbourhoods V, and V, of f(r) such
that xvy € LU for all xeV,yeV, Set Up:=V,nV, Now |U, is an open
neighbourhood of f(¢t), hence also of f;(t) (i=1,2). So we can find open
neighbourhoods G; of t such that f;(G;) = | U,. Set G:= GNG,. For seG, we have
fi(8).fas) € LUy, 50 f(s) = fi(s) v fa(s) e LU.

Replacing the conditions of Theorem 2.5 by one sufficient condition we find:

Corollary 2.6. If the mapping (x,y)~>xvy is top usc at every point of
{(x,y) € L X L:x<y}, then US, is closed for finite suprema.

In order to deal with US;, we adopt Definition 0.4.1 from Gierz et al. [1980].

Definition 2.7. A lattice L is called join-continuous if for every xeL and every filtered set
B c L the following holds:

X Vv (/\yeB y) = Ayeﬂ(x vy).

Theorem 2.8. If L is join-continuous, then US, is closed for finite suprema.

Proof. Let fy,f,eUS;, f:= fyvf,, and teE. Observe that {f;Y(G): G open, teG} is a
filtered set in L. The following is straightforward (with G, G,, G, varying through the
open neighbourhoods of t):

F@®) = £1(t) v faAt) = (A6, /1 (G1) v (N6, S? (GD)) =

= Ne((Ac ST (G)) v £7(GD) = Aa:N\6, ([ (G)) v f7(G))) =

= A6.\6 fV(GiNGy) = Acf(G).
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.

3. Comparison of the function spaces for two-valued functions

Throughout this section, we will consider functions f: E — L which take at most
two different values. For a function space S as defined in Section 1, we set »§ for the
subspace of those one-or-two-valued functions. Our final result will be:
2HC < US) < 2US;, where in general no inclusion can be reversed. Conditions under
which they can will also be given.

To begin with, note that all one-valued (=constant) functions belong to these
classes.

As US, is our main class of interest, we first characterize the (nontrivial) elements
of ,US;.

Lemma 3.1. Let f: E — L be two-valued:
Bl) f=x4vVvy,. (x#y,AA +Q).
Then f €,US; iff one of the following three conditions holds: (i) x>y and A is closed; (ii)

x<y and A is open; (iii) x|y and A is clopen.

Proof. A quick argument shows that the theorem can be restated in the following way:
(a) if x#y, then: A is open iff f is lat usc at each point of A;

(b) if x££y, then: A is closed iff f is lat usc at each point of A€.

We only prove (a). So let x#y. Then A is open <=> every teA has an open
neighbourhood G ¢ A <> every teA has an open neighbourhood G with
fY(G) = x <=> for every teA, f (t)<x <= f is lat usc at every point of A.

An easy consequence of this theorem is the following.
Corollary 3.2. Let f be two-valued. Then f e US, iff f<(1 x) is closed for each xeL.
For ;HC and ,US, we cannot give such explicit characterizations as for ,US,; in
Lemma 3.1, so we concentrate on comparing both of them with ,US;. We first compare

2US: and 2HC.

Lemma 3.3. ,HC < ,US,.
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Proof. Let x#0. Observe that
(3.2) hypo f n (E x {x}) = f7(1x) x {x}.

If hypo f is closed in E x L', then both sides of (3.2) are closed in E X {x}, so
f=(1x)is closed in E. Apply Corollary 3.2.

Example 3.4. ,US; ¢ ;HC. Let L have the trivial topology {J.L} and consist of at
least three points: 0,x,1. Then the function xg belongs to ;US; but not to ,HC.

For a condition under which ,US; « ;HC, we need the following definition.

Definition 3.5. L has closed lower (upper) point shadows if | x (1 x) is closed for every
xeL.

Remark. Penot & Théra [1982] call the order on L semi-closed if L has closed lower
and upper point shadows. From Nachbin [1965, Prop. 1.2] we quote: if the order on L
is closed (i.e., its graph is closed in L?), then L has closed lower and upper point
shadows. However, the order being closed forces L to be Hausdorff (cf. Nachbin),
which is too strong for our purposes.

Lemma 3.6. If L has closed lower point shadows, then JUS, < ;HC.

Proof. Note that L' =L\{0} has the restriction topology of L, so ({x)’ := ({ x)\{0} is
closed in L’ iff | x isin L. Write f as in (3.1), and observe that

(33 hypo f = (A x (1x)") U (A° x (1y)).

We consider the three cases in Lemma 3.1. (i) Suppose x>y and A closed. Then
hypo f = (A x (1x)") U (E x (ly)'), which is closed in EXL’. (ii) The case x<y
and A open is similar. (iii) The case x||ly and A clopen follows immediately from (3.3)
as it stands.
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Having finished comparing ,US; with ;HC, we now turn to >US,.
Lemma 3.7. ZUS, c 2US,.

Proof. Let f be as in (3.1), let teA (say) and U be a neighbourhood of f(1)=x. We
must find an open neighbourhood G of ¢ such that f(G) c | U. If A is open, take
G=A. If A is not open, then by Lemma 3.1 x>y, so any G will do.

Example 3.8. ,US, ¢/ ,US;. Let L {1 denote the complete lattice L, provided with the
upper topology .i.e., the nonempty closed subbase sets are |x (so it is the coarsest
topology with closed lower point shadows). As all nonempty open sets in L 1 are
increasing, their lower shadows coincide with L, so every f: E — L is top usc. But the
definition of US; is topology-free for L, so there are many non-lat usc functions, for

example f=1, for every nonclosed A c E.

Lemma 3.9. If L has closed upper point shadows, then ,US, = ,US,.

Proof. Let f be as in (3.1). In view of Lemma 3.1, it suffices to prove: (a) if x#y, then
A is open; (b) if x#£y, then A is closed. We only show (a). So let teA. Then f(t)=x.
As 1y is closed and x¢1y, there is a neighbourhood U of x with U n 1y = @.
Choose an open neighbourhood G of ¢ such that f(G)c |U. As yélU,
f(G) = {x},s0G = A.

We collect our results:
Theorem 3.10. (i) ,HC < ,US,; < ,US,.

(ii) If L has closed lower point shadows, then ;HC = ,US,.
(iii) If L has closed upper point shadows, then ,US; = ,US,.
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4. Comparison of the full function spaces

In this section we study relations between the function spaces US;, US, and HC. In
general, these spaces are different, and, in contrast to the two-valued case, no general
inclusions hold. Examples of functions belonging to exactly one or two of these spaces
are given in the Appendix. Here we give conditions on L under which some inclusions
hold. First we handle the relations between US, and US,.

Theorem 4.1. Suppose
(4.1) inf B € clos B for each nonempty filtered B < L.

Then US, < US,.
Proof. Let teE,f lat usc at . Let U be a neighbourhood of f(r). Define
B:= {fY(G): G open, teG}. As B is filtered and inf B = f(t), it follows that

f(t) € clos B. Thus UNB # O, so there exists an open neighbourhood G of t such that
fY(G) € U. Hence f(G) c | U.

Theorem 4.2. Suppose
(4.2) x =inf {sup U: U open, xeU} for all xeL.

Then US, < US,.

Proof. Let teE, f top usc at 1. For every neighbourhood U of f(r) there is an open
neighbourhood G of t such that f(G)< U, whence f°(t)<fY(G) <
sup L U = sup U. So f'(t) < inf {sup U: U open, f(r)eU)} = f(¢).

Remark. Another way of stating (4.2) is: the identity mapping : L — L is lat ﬁsc.

Next we turn to the relations between US, and HC, which were found by Penot &
Théra [1982, Prop. 1.3].

Proposition 4.3. (a) If the order of L is closed, then US, c HC.
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(b) Let {0} be closed in L. If (| U)" is quasicompact for every nonempty open U < L,
then HC < US,.

We had to add the condition on {0} because of the slight difference between our
definitions and those of Michel and Penot & Théra (cf. Section 1). In (a), we do not
need to add this condition, as it is guaranteed by the closed order of L. implying
Hausdorffness (cf. Section 3).

What remains are the relations between US; and HC. For HC < US), it seems that
no essentially shorter way can be found than tying Theorem 4.2 and Proposition 4.3(b)
together. The converse however is handled in a rather different way, using the results of

the previous section on two-valued functions. The crucial step is the following:

Lemma 4.4. US; is the smallest function space which both contains ,US, and is closed for

arbitrary infima.

Proof. Let X be the smallest function space as indicated. By Theorem 2.1, £ < US;. It
remains to prove that US; c . So let feUS,. For every open G in E, define f€ as in
(1.1). Note that every f€ belongs to X: if fY(G) =1, then fC is constant, and if
f¥(G) <1, then f€ € ,US; by Lemma 3.1. As f is lat usc, f = Ag f©. So feZ.

Combining Theorem 2.1, Lemma 3.6 and Lemma 4.4, we find:

Theorem 4.5. If L has closed lower point shadows, then US; ¢ HC.

5. Sup measures

The present section on supremum measures (sup measures) gives a motivation for
our definition of upper semicontinuity, as the concept of lattice upper semicontinuity fits
in a natural way in the theory of sup measures, introduced by Vervaat [1982]. On the
other hand, this sectipn explains our interest in continuous lattices, as this concept helps
us to generalize Vervaat's results. Continuous lattices will be the main topic of the
remaining sections.
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Let E be a topological space, again, and § the collection of its open sets. Vervaat
introduced the concept of R-valued sup measures m: § — R. We generalize some of his
results to L-valued sup measures m: § — L, where L is a complete lattice (without a

topology). In the beginning, this causes only few changes.

Definition 5.1. (a) For every function f: E — L, its sup integral f¥: G — L is defined
by

fY(G) :=sup {f(1): teG}.
(b) For every function m: § — L, its sup derivative d"m: E — L is defined by

dvm(t) := inf {m(G): teG).

In the following lemma the only nontrivial part is (c), which, however, follows
immediately from (a) and (b).

Lemma 5.2. (a) Foreverym:§— L, m = (dVm)".
(b) Forevery f: E— L, f <dVfv.
(c) For every m: § — L, d"m is lat usc.

(d) For every f: E — L, d"f" is the smallest lat usc majorant of f.
The way to generalize sup measures is self-evident.

Definition 5.3. A function m: § — L is called a sup measure if
m(U ;esGi) = Ve m(G))
for every collection {G;: jeJ} = G.

Of course, every sup integral fV is a sup measure. In Vervaat [1982] it is proved
that for L=R every sup measure can be written as a sup integral, by showing the
following: m: § — Risa sup measure iff m = (d¥m)". Trying to generalize this result,
we encounter the first problem. The relevant inequality in Theorem 2.5 of Vervaat
[1982] is proved by showing that all strict majorants of one side majorize the other side,
so the other side is majorized by the infimum of all strict majorants of the first side as
L=R. So what we need for our general complete lattice L is some strict inequality
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relation with the property that every lattice element equals the infimum of all its strict
majorants.
Studying in detail the concrete inequality that is to be proved, tells us that we need

the following.

Definition 5.4. In a complete lattice L, x is said to be way above y, in symbols x>>y, if

for each filtered set B with inf B <y, there is a z €B such that z<x. We write

Ux:= {yeL: x>>y}, ftx:= {yeL: y>x}.

Caution. The definition of "way above” is strongly asymmetric. In general, the
corresponding "way below” relation y << x, based on directed sets (i.e., the reverse
order analogue of filtered sets) D with sup D = x need not coincide with the above

relation!

These concepts, and much of the further terminology in this section, are borrowed
from Gierz et al. [1980], who, however, develop their theory concentrating on the way
below relation, which is the wrong choice for our purposes. For that reason, we will
sometimes quote explicitly some of their results in our setting. Whenever we want to
discriminate between the two, we insert the affix "lower” to the notions in the context of
Gierz et al., and "upper” in ours.

We already discussed the need of the following.

Definition 5.5. A complete lattice L is called (upper) continuous if x = inf f¥x for all
xeL.

Usually, in whatever context, the word “continuity” is defined in terms of a
topology. Notice that the notion of lattice continuity, however, does not involve a
topology on the lattice. For the choice of this terminology, see Scott [1972].

Finally, we can give the analogue of Vervaat’s Theorem 2.5 [1982].

Theorem 5.6. Let L be a continuous lattice and m: g— L.

(2) If m is a sup measure, then \/,c, d"m(t) = Ng. acg m(G) forall A c E.
(b) m is a sup measure iff m = (dvm)".

Proof.  (a) Obviously V,es d¥m(t) < Ag.acc m(G). We will prove:
M Viea d'm(t) c 1 Ag: acc m(G), which gives the converse inequality by lattice
continuity. So let x >> \/,, d¥m(t), and set B, := {m(G): teG, G open} for every
teA. Then B, is a filtered set and x > d"m(t) = inf B,, so there is an open
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neighbourhood G, of t with m(G,)<x. Set Ggp:= |J,e4 Gii then A c G, and
m(Go) = Viea m(G)) < x. Sox = Ag. acc m(G).
(b) The "if" part is trivial, the "only if” part is a special case of (a) for open A.

Corollary 5.7. Let L be a continuous lattice and let m: G — L be a sup measure und
Li={ftE—>L:f"=m}.

{(a)d"m € I;

(b)dvm = sup X;

(c) if feZ is lat usc, then f = d"m.

Proof. (a) follows from Theorem 5.6, (b) from Lemma 5.2(b), while (c) is
straightforward.

6. Continuous lattices and the Lawson topology

In Section 5 we introduced the notions of way above relation and continuous
lattice. Here we give some elementary properties. Most of them can be found in dual
form in Gierz et al. [1980].

The first proposition deals with the way above relation, and L is not assumed to be

a continuous lattice. Its proof follows immediately from the definitions.

Proposition 6.1. For all x,y .z ,weL we have:

(a) If x>>y, then x=y;

GYIfw=x>y =2z, thenw>z,

(c) If x>z and y>>z, then x Ay >> z;

(d) x = inf fx iff x £y implies the existence of a z>>x with z#y.

The following lemma shows that in a continuous lattice the way above relation

satisfies some interpolation property.

Lemma 6.2. Let L be a continuous lattice. If x>>z , then there is a y with x >>y >> Z.
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Proof. Let B:= {uel:u>>y>>z for some yelL}. We must show that xeB. By
Proposition 6.1(b.c), B is an increasing filtered set. Of course, z:=inf B = z. Now
wippose = €z, Applying Proposition 6.1(d) twice, we find a y>>z with y#z" and a
>y with u ;éz'. Thus ueB,sou = inf B = 2", a contradiction. So z =z.

It follows that x >> inf B, and as B is filtered, there is a weB such that x=w. So

ve 1B =B

Corollary 6.3. Let L be a continuous lattice. If x>>y, then for every filtered set B < L

with inf B <y, there is a zeB with x>>2.

Proof. By Lemma 6.2, there is a welL such that x >> w >>y. From w>>y follows

the existence of a zeB with z<w, so x>>z.

The goal of this section is to study the results of the preceding sections on US;. US,
and HC. Most of these require a topology on L, except one, which is the topic of the

next theorem.
Theorem 6.4. If L is a continuous lattice, then US, is closed for finite suprema.

Proof. By Theorem 2.8, it suffices to show that lattice continuity implies lattice join-

continuity. So let xeL, B c L a filtered set; we must show
(6.1) x vinfB zinf {xvy:yeB}) =:w

(note that the reverse inequality is trivial).

Suppose (6.1) does not hold. By Proposition 6.1(d), there is a z >> x v inf B with
zfw. As infB<x v inf B, there is a yeB with y<z. So z=xvy=w, a
contradiction. Thus (6.1) is proved.

The time has come to provide our continuous lattice with a topology. It is the
upper version of what Gierz et al. [1980] call the Lawson topology.

Definition 6.5. Let L be a continuous lattice. The (upper) Lawson topology is defined by

its subbase elements yx and (| x)°, for all xeL. Notation for this topological space:
Lyt.
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To get an idea, note that RU 1 is R with the usual topology, as both
(4 x) = (x.,=] and Yx = [—=.x) are open, the latter by Theorem 6.6. For general L,
a generic base element is given by Ux n N (Ix), for some

neNg, x,x;,X,,.... X, €L (note that Y1 = L).

Theorem 6.6. If L is a continuous lattice, then L} 1 has closed order. In particular, it

is a Hausdorff space and has closed point shadows.

Proof. That closed order implies the last two statements, was observed in previous
sections, so only the closed order remains to be proved. Let I''= {(x,y): x<y} be the
graph of the order and let (x,y) ¢ T, so y#£x. By Proposition 6.1(d), there is a z>>y
with z2&x. Now (| 2)° X Uz is a neighbourhood of (x,y), disjoint from I'.

The structure of L} 1 has one more nice feature:
Theorem 6.7. If L is a continuous lattice, then L 1 is a compact space.

Proof. We use Alexander’s lemma: it suffices to select a finite subcover from each open
subbase cover of L. (i) Let (}y)° U |, ¥x; = L for some index set / (at most one
(1) suffices, as J; (1y;)° = (1 Ajy))). AsyeL andy ¢(ly)°, there is an iel
such that ye{x;, so |y  Ux;, hence {{x;,(1y)°) is a finite subcover of L. (ii) The
cases, where the cover consists of only one type of subbase elements, are trivial.

- f"\_‘

We continue our research on the classes US;, US, and HC.
Theorem 6.8. Let L be a continuous lattice with the Lawson topology. Then US, = US,.

Proof. A direct proof is not difficult and uses Proposition 6.1(d) and Lemma 6.2. But
the results of Section 4 allow a shorter proof.

(a) For US; = US,, we use Theorem 4.1, checking (4.1). So let B < L be filtered,
x:=inf B and let U be a neighbourhood of x. We may assume that
U=Yy n iz (Ly) for some neNy, y,yy,....ys€L. As y>>x, Corollary 6.3 gives
a zeB with y>>2. From z=x and x£y,, we see that z£y, for every k. So z € BnU.
(b) For US, < US,, we use Theorem 4.2, checking (4.2):
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inf {sup U: U open, xeU} < inf {sup Yz: z2>>x} <inf {z: z>>x} = inf ffx = x
(the reverse inequality holds trivially).

The following lemma, needed to prove the last result of this section, goes back to

the remark following Definition 1.2.

Lemma 6.9. In a continuous lattice with the Lawson topology, | U is open for every

open U.

Proof. We may assume that U is an open base set, i.e., U = Yx n N ;’=| (lx,)‘ for
some neNg, x x;,....x,€L. Let ze | U, so there is a ueU with z<u. As x>>u, there is

ay with x >y >> u (Lemma 6.2). Note that yeU,soz € Yy = | U.

Theorem 6.10. Let L be a continuous lattice with the Lawson topology. Then
US, = HC.

Proof. We check the conditions in Proposition 4.3.

(a) Already done in Theorem 6.6.

(b) First note that {0} is closed in L. Now let U = L be open. By Theorem 6.7 and
Lemma 6.9, (|l U)" is a closed subset of a quasicompact space, hence itself

quasicompact.

7. The lattice of closed subsets of a topological space

Let D be a locally quasicompact space, i.e., each point in D has a neighbourhood
base of quasicompact sets. In absence of Hausdorffness, it is not sufficient that each
point has some quasicompact neighbourhood. Even a quasicompact space need not be
locally quasicompact.

In this section L = H D) is the (complete) lattice of closed subsets of D. The order
in HD) is set inclusion, the infimum corresponds with the intersection, whereas the

supremum corresponds with the closure of the union.
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One can prove that (D) is a continuous lattice iff it is lattice isomorphic to F(D')
for some locally quasicompact topological space D' (cf. Gierz et al. [1980], Hofmann &
Mislove [1981]). It is not necessary that D itself is locally quasicompact, although
examples are hard to find. Hofmann & Lawson [1978, p. 304] construct one by the

axiom of choice.

In Gierz et al. [1980] the lattice L = G(D) of open subsets of D is studied. Of
course, properties of F(D) are dual to those of G(D). Nevertheless it is instructive to
give some proofs, in order to get used to the specific meaning of the strict inequality
relation >> in this type of lattice.

The first lemma is the dual of I11.1.13 in Gierz et al. [1980].

Lemma 7.1. Let D be a locally quasicompact space. For F,,F, € (D), we have F\>>F,
iff there is a quasicompact K < D such that F « K c F,.

Proof. For the "if’ part, let 3 be a filtered subset of HD) and Bg:= (., B
=inf B c F,. Then K c F§ ¢ Bf = |J g4 B, an open cover of K, so there is a
finite By = B such that K c gen, B = ([ Be, B)*- As B is filtered, there is a
BieB with By ©¢ [} ges, B = K < F,, which proves that F\>>F,.

The "only if" part uses the local quasicompactness of D. Suppose F\>>F,. As F§ is
open, there is for every teF5 a quasicompact K, with ¢t € int K, c K, = F§. Now
F§$ = Uters int K;, 50 Fy= [}, (int K,)° is the infimum of the filtered set
{Niea (int K;): A < F5 finite}). As F,>>F,, there is a finitt A < F§ such that

(Urea Nt K)) = N,eq (int K,)° < Fy. It follows that K:= {J,, K, satisfies
Fz c K c F].

The following, important, result is an easy consequence now.
Theorem 7.2. If D is locally quasicompact, then D) is a continuous lattice.
Proof. Let F € (D) and set Fy:=inf N\F = (He AD):FcHandFcK‘cH
for some quasicompact K}. Of course, F c F). For Fy c F, let teF°. As D is locally

quasicompact, there is a quasicompact K such that f eint K « K c F°. Set
H:= (int K)°, then F ¢ K ¢ H and t¢H, so t¢F,.
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We are going to topologize ;7(D) by means of the Lawson topology. The resulting

topology turns out to be well-known.

Theorem 7.3. If D is locally quasicompact, then the Lawson topology on (D) coincides

with the so-called sup vague topology, generated by the open subbase sets
(7.1) {F € HD): FnG # &}, for G open
and

(7.2) (F € #(D): FnK = @}, for K quasicompact.

Proof. As the Lawson topology on (D) is generated by its subbase elements (| F)"
and Y F for all FeF(D), it suffices to show:
(a) the sets (| F)° generate the same topology as the sets (7.1);
(b) the sets {J F generate the same topology as the sets (7.2).
(a) For Fy € D), ({ Fo)* = {F: F ¢ | Fo) = {F: F ¢ Fy} = {F: F n F§ # Q).
(b) Let Fy € ;A(D). Then

VYFy = {F: F)>>F)} = {F: F c K c F, for some quasicompact K }

={F: FnK =, FyuK = D for some quasicompact K}

= Uxk: ruk=p {F: FNK = @}, which is open in the topology generated by the sets
in (7.2).
Conversely, we will prove that {F: FNK = @} = Jr. pax-g UF. For the c part (the
other part is obvious), let FynK = . As F§ is open and K < F§j, we can find for
every teK a quasicompact K, with ¢ € int K, c K, « F§. Now K is quasicompact and
K c ,ex intK,, so there is a finite Koc K with K c |J,ex, int K,: Set
Ky:= Urek, Ki and F:= (|J ek, int K,)°, then F € #D), FNK =, F* <« K\, K, is
quasicompact and K| c F§, so Fy « K{ < F, which proves that F>>F,, so Fy € {F.

The sup vague topology on closed sets was studied first by Fell [1962]. For
Hausdorff D, many authors worked on it, as Matheron [1975], Salinetti & Wets [1985+]
and Norberg [1985]. For non-Hausdorff D see the revision of Vervaat [1982]. Note that
for compact metric D, the sup vague topology coincides with the well-known Hausdorff
topology.
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8. A topology on US;

Let E be a locally quasicompact space and L a complete lattice. In this section we
want to topologize the space US) of all lat usc functions f: E — L. To this end, we use
the mapping hypo (Definition 1.3A), which assigns to every feUS; a subset of
E x L' (L":= L\{0}).

If L=R, hypo is a lattice isomorphism between US; and a subspace of P(E X R"),
by which we mean: a bijection which takes arbitrary infima and finite suprema into
arbitrary intersections and finite unions, respectively. A particularly nice feature of this
isomorphism is that its image hypo(US;) is closed under arbitrary intersections and finite
unions, so it defines a cotopology, i.e., the closed sets of a topology. It turns out that
we can identify hypo(US;) with HE X R'1), where 1 denotes the upper topology as
defined in Example 3.8. Thus one can topologize US; with the induced sup vague
(Lawson) topology on HE X R’ 1), introduced in Section 7. More about this can be
found in Vervaat [1982].

Our goal is to generalize the above for arbitrary, complete lattices L. If L is not
totally ordered, problems arise: in general, hypo f U hypo g is a larger set than
hypo (f vg). For example, if L=R?, f=(0,1)g, g=(1,0)¢, then fvg = (1,1)g, so
hypo (fvg) = E x |'(1,1), (where, for a moment, | ’'x denotes | x n L'), whereas
hypo f Uhypog = E x []'(0,1) U | '(1,0)}, which is not the hypograph of any
function, as | '(0,1) U | '(1,0) can not be written as | 'x for any x e R2

This example suggests us to restrict the space F(E X L' 1) together with its
topology to the subspace %, of those F € FH(E x L' ) which satisfy

8.1) for all e E there exists a yeL such that {xeL’: (t,x) € F} = |'y.
Note that in (8.1), y is an element of L, rather than L', for we want &J to be a member
of Fy.

It is easily verified that & is closed for arbitrary infima, from which it follows that

Fo is a complete lattice (see, for example, 0.2.2 in Gierz et al. [1980]). However, the

Fo—supremum of two elements F,,F, of F, is no longer the union of both sets, but
rather:

hypo [(hypo* Fy) v (hypo™ F))].

Summarizing:
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Theorem 8.1. The mapping hypo: US; — 7, defines a lattice isomorphism, i.e., it is a

bijection preserving infima and suprema.

As the isomorphism hypo carries over the lattice structure to US;. the question
arises whether US; is a continuous lattice. To answer this question, we must know
something about the way above relation in US;. Here we only derive what is directly
needed; at the end of this section, a complete description of the way above relation is

given.

As infima in the sublattice % coincide with infima in the mother lattice
F=JE X L' 1), we see that the way above relation in , is the restriction of the way
above relation in .7; in other words, for F,G € Jy: F>>G in 7 iff F>>G in J. In the
sequel, we work in US, rather than in /%), because this gives more insight in US;, which
is after all the space we are studying. The first lemma is the reverse order analogue of

11.4.20(ii) in Gierz et al. [1980], though in a quite different language.
Lemma 8.2, Ler E be locally quasicompact and L a continuous lattice. Then for every
fEUSI.
f =inf {ain x v Vo ky: €L, K c E is quasicompact and a >> fY(K)).
Proof. Let ‘8 be the collection on the right hand side. Of course, inf B = f. For the

converse, let re E. We must show that (inf B)(r) < f(¢). Since L is a continuous lattice,

it suffices to show that
(8.2) for all x >> f(t) there exists a b e3 such that b(t)<x.

So let x >> f(t). As feUS,, there is an open neighbourhood G of ¢ with x >> f¥(G)
(Corollary 6.3). As E is locally quasicompact, there is a quasicompact set K = G with
teint K. Set b:= xink V Lo g

The following lemma states that the collection 8 in the proof of Lemma 8.2 is
actually part of /) f:

Lemma 8.3. Let E be locally quasicompact and L a continuous lattice. If acL K < E is
quasicompact and a >> fV(K), then aip x v Yo xy > f.
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Proof. Let 8 c US, be a filtered set with inf 8 < f. We must find a beB with
b S aj g v Y ky- Let teK. Note that (inf 8)(1) < f(r) < f¥(K), {b(1): beB} is
filtered, and a >> fY(K), so we find by Corollary 6.3 a b,€3 such that a >> b,(1). As
b, € US;, there is an open neighbourhood G, of ¢ such that b,Y(G,) <a. Now
K < U,ex G, so there is a finite subset J of K such that K < {J,.; G;. As B is
filtered, there is a be® with b < A\, b,. This b satisfies the requirements, since
bY(int K) < b¥(K) < Ve b¥(G,)) < a.

Combining the two preceding lemmas, we conclude:

Theorem 8.4. If E is locally quasicompact and L is a continuous lattice, then US, is a

continuous lattice.

Next, we want to provide US; with the sup vague (Lawson) topology, by translating
the corresponding topology on 7, As we have seen, the way ahove relation >> on F is
just the restriction of >> to F Of course, the same holds for the < relation. As the
Lawson ({ 1 )—topology is defined in terms of these two relations, we immediately
conclude: the Lawson topology on J, is the restriction of the Lawson topology to F. So

we see, by Theorems 6.6 and 6.7:

Theorem 8.5. If E is locally quasicompact and L is a continuous lattice, then US|} 1 is
a compact Hausdorff space, which can, via F,, be considered as a closed subspace of

FEXL'1T).
Corollary 8.6. 7, is closed in F.

As promised earlier, we finally completely characterize the way above relation in
us,.

Proposition 8.7. Let E be locally quasicompact and L be a continuous lattice. Then for
f.8g € US;,g>>f if and only if there exist neN, a,,....a,eL and quasicompact sets
Ky.....Ky in E such that a; >> fY(K;) for all i and g = \; (a;,,, v Line K;y0)-

Proof. The "if’ part: by Lemma 8.3, Gy, ¥V Yimky >> f for every i, so by

Proposition 6.1(c), g = A; (ai,,, V Ygm xy) > f.
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For the "only if" part, let g>>f. We want to use Lemma 8.2, but the collection 8 on its
right hand side need not be filtered. Therefore we study the collection 8, of all infima
of finitely many elements of @. Of course, @, is filtered, and. by Lemma 8.2,

inf By < inf B = f, so there is a b eB, with b=<<g, which is exactly what we need.

Corollary 8.8. Let E be locally quasicompact, L be a continuous lattice and geUS,.
Then \Jg is nonempty iff g satisfies the following two conditions:
(i) inf g(E) > 0;

(it) {t: g(t)#1} is contained in the interior of a quasicompact set.

Proof. Note that {g # @ iff g >> 0,. For the "only if" part, suppose g >> 0c. By
Proposition 8.7 there are ay,..., a,eL, all >>0, and quasicompact sets K,,...,K, in E
such that g = A, (a;,, x, V Lot k,y)- Now inf g(E) = Ai a; >> 0 by Proposition 6.1(c),
and {r: g(1)#1) c |, int K; c int |, K;.

For the "if" part, let inf g(E) >> 0 and {r: g(1)#1)} c int K for some quasicompact K.
Then g = (inf (E))ini k V (jny k)~ 50 §>>0 by Lemma 8.3.

9. Quasicompact subsets of L' 1

In Section 8 we have topologized US, via the sup vague topology on HE x L' 1).
In Section 7 we have found a subbase for the sup vague topology on HD)
(Theorem 7.3). The goal of Section 10 is, by putting D:= E X L’ 1, to translate the
subbase elements in terms of US;. For translating (7.2), we need a characterization of

quasicompactness in L' 1. That is what this section deals with.

Theorem 9.1. If A <« L't is nonempty, then A is quasicompact iff inf B € 1 A for
each filtered B c 1 A.

Proof. By Alerander’s lemma, A is quasicompact iff each subbase cover {( | x;): iel}
of A contains a finite subcover. Note that all subbase elements are increasing sets. As
AcUiff 1A c U for increasing U and arbitrary A, we may assume that A is
increasing.
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For the "if" part, take a cover as above and set B:= {/\;¢; X;: J = I finite}. B is
filtered, and A c J;, (1x)° = (| inf B)". So B ¢ 1 A4, i.e., there is a finite J</
with Ajes x; ¢ A. As A is increasing, we see that A n (| Aiey x;) = &, hence
A c (I N ) = Uies (1 %), 50 A is quasicompact.

For the "only if” part, suppose that A is quasicompact, B < A is filtered and inf B ¢ A.
Then, since A is increasing, A = (| inf B)* = |J,.5 (1 x)°, an open cover of A, so
there is a finite By B such that A © yes, (1 x)° = (| inf Bo)*. But as B is

filtered, B contains a b < inf By, so b¢ A, a contradiction.

It turns out to be very hard to give a more specific characterization of
quasicompactness in L' 1. However, if L is a continuous lattice, there is an important

subclass of quasicompact sets:

Proposition 9.2. If L is a continuous lattice, then all sets of the type (\x)° (xel') are

quasicompact in L' 1, and so are their intersections.

Proof. Of course, 1 ({x)° = (Yx)". Let B = (Ux) be filtered and set y:= inf B. If
y ¢ (Ux)¢, then x>>y, so by Corollary 6.3 there is a zeB such that x>>z. So
B J (Ux)°, a contradiction. Hence y e({x)°, and Theorem 9.1 applies. For the second
statement, notice that it follows easily from Theorem 9.1 that the intersection of

arbitrarily many increasing quasicompact sets is quasicompact.

From this proposition it will be an easy consequence (Corollary 9.5) that L' 1 is a
locally quasicompact space if L is a continuous lattice. However, we present this result
in a somewhat more general context, as this will be useful in Section 10. The following

definition is taken from the forthcoming revision of Vervaat [1982].

Definition 9.3. Let D be a topological space and 8 = (D). D is called locally B if for
every teD and open neighbourhood G of t there is a BeB such that
teint Bc BcG.

The same definition turns up already in a paper by Ceder [1961], who calls B a
"quasibase” for the topology on D if D is locally 3. We prefer Vervaat’s terminology,
in view of our applications (cf. Corollary 9.5).
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Lemma 9.4. If L is a continuous lattice, then L' 1 is locally { -, (Uxi):

neN, x,,....x,eL'}.

Proof. Let yeL' and yeU, U open. We may assume that U is a base set. i.e..
U= nnmn (lz). For every i, z;#y, so by Proposition 6.1(d) there are x;>>z; with
xi#y. Set K:= N2, (Ux). As (Ux;) = (Uz) for each i, it follows that K < U.
Finally, since ]/, ({x;)° is an open subset of K, we conclude that y € /2, (1 x)°

c int K.

Notice that we reobtain the definition of local quasicompactness by taking in
Definition 9.3 for & the collection of all quasicompact subsets of L' 1, or even a
collection of some quasicompact subsets. This leads to the announced result:

Corollary 9.5. If L is a continuous lattice, then L' 1 is locally quasicompact.

Proof. Combine Proposition 9.2 and Lemma 9.4.

10. Back to the topology on US,

The first lemma in this section is an easy consequence of Definition 9.3.
Lemma 10.1. Let D,,D, be topological spaces which are locally $,,8,, respectively.
Then Dy X D, is locally B, x 8,(:= {B, X By: B\eB,, B,eB,}, provided with the

product topology).

Corollary 10.2. If E is locally quasicompact and L is a continuous lattice, then EXL' 1
is locally quasicompacit.

Proof. Combine Corollary 9.5 and Lemma 10.1.
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So, as a first step to realize the final goal sketched in the introduction of the
preceding section, we apply Theorem 7.3: the sup vague topology on HE X L' 1) is
generated by the open subbase sets

(10.1) {(FcEXxL't:FnG #J) forallopenG <« E X L'}
and
(10.2) (Fc E xL'1:FnK = @) for all quasicompact K « E X L' 1.

We want to thin out this untractable subbase by selecting sufficient subclasses of
open sets and quasicompact sets in E X L' 1. Much of the following was done in
Vervaat [1982]. However, his results are in terms of sup measures, and only deal with
L=R, which was sometimes essentially made use of. We generalize his results and

translate them into terms of closed sets. Here is the result:

Theorem 10.3. If E is a locally quasicompact space and L is a continuous lattice, then

the sup vague topology on (E x L' 1) is generated by the open subbase sets

(103) {(FcExL'1: Fn (G % ({X))# D), where G runs through a base of
open sets in E and X < L' is finite,

and

(104) (FeExL'?t: Fn(Kx((UX))=@Q}, where K runs through the
quasicompact subsets of E and X < L' is finite.

Proof. (i) Starting with the open sets, we see that we can thin out (10.1) to open base
sets GcExL'?t, since {F:F 0 (g G)#D}= Ui {F: F0G; # B}. This
results in (10.3).

(i1) In order to derive (10.4), we set B:= Xz X A, where Xg denotes the class of all
quasicompact subsets of E, and d is the collection defined in Lemma 9.4. Furthermore
we set Bi= {U#=1 Bx: neN, B,,...,B,eB)}. It suffices to thin out (10.2) to B,, since
{F:Fn Yy Bk =3} = N {F: FnB, = J}. To this end, it suffices to prove that

(10.5) {F: FNK =@} = J peny kes {F: FNB = @)

for every quasicompact K in E x L' 1.

The only nontrivial inclusion in (10.5) is the < part. Therefore, fix an F with

FnK =@, ie., K c F'. By Lemmas 9.4 and 10.1, E x L’ { is locally 8, so for every

teK there is a B,e3 such that ¢t € int B, ¢ B, ¢ F°. Now K is quasicompact, so from

the open cover {int B,: teK} we can select a finite subcover {int B,: teJ} of K, for
. some finite J = K. Set B:= |J,,; B,. Then Be®B;, K ¢ B and FnB = J, which
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proves (10.5).

Finally, we translate to US;:

Theorem 10.4. If E is a locally quasicompact space and L is a continuous lattice, then

the sup vague topology on US, is generated by the open subbase sets

{f: f(G) ¢ 1 X}

and
{f: f(K) = UX},

where G runs through a base of open sets in E, K runs through the quasicompact subsets
of E and X < L' is finite.

Proof. Apply the isomorphism hypo to Theorem 10.3. The only nontrivial observation
is that both (| X)° and (Y X)° are increasing sets.

11. Appendix

In this appendix we give examples of functions belonging to exactly one or two of

the three function spaces studied in Section 4.

Example 1 US; \ (US, U HC):

E = (0,1), usual topology;

L = {0} v (1,2], lower topology (i.e., the reverse order analogue of the upper
topology, cf. Example 3.8);

f(©0) =0, f(r) = 1+t if ¢>0.

Example 2 US, \ (US; U HC):
see Example 3.8.
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Example 3 HC \ (US, U US)):
E = (0,1), usual topology;

L = {(x,1-x) € R: xe(0,1)};
f@) =1-¢

Example 4 (US, U US,)\ HC:
see Example 3.4.

Example 5§ (US; U HC)\ US,:
E =R, usual topology;

L=R, discrete topology;

f = identity mapping.

Example 6 (US, U HC)\ US;:

E =R, usual topology;

L = LS(R, [~1,0]) (lower semicontinuous functions from R to [-1,0]), with the
topology induced by the sup vague topology on US via the identification
L = -US(R,[0,1]);

f(t) = -1y
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Appendix: notes and complements

A GENERAL

Many results can be found also in Gierz et al. (1980), as the following list shows.
Mislove (1982) is recommended for a first introduction to continuous lattices.

The present paper Gierz et al. (1980)

Theorem 6.6 p- 155 above Definition 111.2.10

Theorem 6.7 Theorem 111.1.9 (more generally for complete lattices)
Lemma 6.9 Proposition 111.2.1(a)

Lemma 7.1 dual of 1.1.4 (cf. Exercise 111.1.13)

Theorem 7.2 dual of Example 1.1.7

Theorem 7.3 Exercice 111.1.13

For a further study on versions of semicontinuity, see

o H. HOLWERDA (1993): Variations on lower semicontinuity. In: H. Hol-
werda: Topology and Order. Ph.D. Thesis, Cath. Univ. Nijmegen.

B CORRECTIONS

In the proof of Theorem 6.7 it is not true that “one ({y)¢ suffices”. See Theorem
111.1.9 in Gierz et al. (1980).

It is easier and more natural to replace (7.2) by its (equivalent) restriction
to saturated qcompact sets, and to restrict attention to such sets throughout
Section 9.

It is harmful and not necessary to replace L by L' := L\{0} in Section 9.
Proposition 9.2 is false for L' but correct for L.

Example 3 in Section 11 is false and must be replaced by the following, due to
Henk Holwerda.

E=10,1];

L = ([0,1] x {0}) U ({0, 1} x {1}) with the induced topology and order of [0, 1]?;
£(0) =(0,1), £(t) = (¢,0) if t #0.

C TYPOS AND MINOR CORRECTIONS

List of notations: L) = fY(A)

Some definitions: B # ¢ must be required in addition
line above Lemma 7.1: m.1.13—- 114

Section 8, 3rd paragraph, line 2: larger — smaller

Lemma 8.3: local qcompactness is not needed

Reference [6]: 1979 — 1981
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Spaces with Vaguely upper Semicontinuous Intersection?

Wim Vervaat?

Spaces are not assumed to be Hausdorff. The intersection operation in the
hyperspace of closed sets is shown to be upper semicontinuous with respect
to the vague topology iff covers of saturated quasicompact (qcompact) sets
by open sets can be imitated by a similar cover by smaller saturated qcompact
sets. A sufficient condition for this is that each saturated qcompact set is
part of some locally gqcompact set. Results are demonstrated on the example
of one-point qcompactifications of spaces whose qcompact sets are closed.

0. Introduction

Let E be a topological space, not necessarily Hausdorff. Quasicompactness
(qcompactness) refers to the finite-open-subcover property; the combination
‘gcompact’ and ‘Hausdorff’ is referred to as ‘compact’. Let F, G and K denote
the families of closed, open and qcompact sets in E. Capitals F', G and K with
or without index denote generic elements of 7, G and K. The vague or Fell
topology (Fell (1962), Matheron (1975), Norberg (1986), Vervaat (1988)) in F
is generated by the subbase consisting of

{FeF:FK = ¢} for K € K, (1a)
{F € F: FG # ¢} for G €G. (1b)

It is well-known that F with the vague topology is qcompact, and is Hausdorff
iff E is locally qcompact in case E is Hausdorff (Vervaat (1988)), or more
generally, in case FE is sober, i.e., Ty and not a proper subspace of a larger Ty
space E; with topology lattice-isomorphic to that of E (Gierz et al. (1980),
Hofmann & Mislove (1981)). One easily checks that the union

}-Xfa(Fl,Fg)HFlu.FzE]:

1Revision of Report 88-30 of the Faculty of technical Mathematics and Informatics, Delft
University of Technology, whose hospitality is gratefully acknowledged.

2Wim Vervaat died early 1994. His last work address was Université Claude Bernard
Lyon 1.
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is vaguely continuous (Vervaat (1988)). In contrast to this the intersection
foS(Fl,Fz)l—)FlnF2€]: (2)

is almost never continuous, but in many instances it turns out to be vaguely
upper semicontinuous (usc), by which we mean that the mapping is continuous
when F on the range side is provided with the upper vague topology, with
subbase consisting only of the sets in (1a). In this note we will investigate
when the intersection is vaguely usc.

1. Saturéted sets

For A C E we write sat A := [\{G: G D A}. We call sat A the saturation of
A, and say that A is saturated if A = sat A. Note that E is T} iff all singletons
are closed iff all subsets of E are saturated. One easily verifies that

tesatA iff clos{t}NsatA # ¢,
so that FA # ¢ iff FNsat A # ¢ in case F' is closed. Consequently,
{FeF:FK =¢}={F € F: FnsatK = ¢}.

We therefore may thin out the subbase of the (upper) vague topology in F
by restricting K in (1a) to Q, the family of saturated qcompact subsets of E.
Generic elements of @ are denoted by @, with or without index.

2. Qcompact imitations of open covers

In this section we show that the intersection is vaguely usc iff each cover of a
@ € Q by two open sets can be imitated by a smaller cover by two saturated
gcompact sets (cf. also Vervaat (1988)).

Theorem 1. The intersection is vaguely usc iff for each instance of Q C G1UG>
there are Q1,Q2 € Q such that Q; C G1, Q2 C G2 and Q C Q1 U Q5.

Proof. The intersection is vaguely usc iff for each Q € Q
U:={(F,FR)eF: LRQ = ¢}

is open in 2. Openness of U is equivalent to the existence for each (Fyo, Fzo) €
U of @1, Q2 such that

F10Q1 = FQ2 = ¢, (a)
FiQ1=FQ2=¢ implies FFQ = ¢. (b)

Because @ is saturated, implication (b) holds iff @ C @1 U Q2 (to see this,
consider F; Uclos {z} and F; U clos {z} for z € Q\(Q1 U @2)). Consequently,
openness of U is equivalent to the condition in the theorem holding with G; =
Flco, G, = FZCO [m}
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Remarks. (a) Vague upper semicontinuity of the intersection was defined as
continuity of the mapping in (2) with F on the range side provided with the
upper vague topology. From the proof of Theorem 1 it is obvious that it does
not make difference whether the spaces F on the domain side are provided with
the vague topology or only with the upper vague topology.

(b) The Lawson and Scott topologies with reversed order of Gierz et al. (1980)
coincide with the vague and upper vague topologies in case E is locally gcom-
pact, and are finer in general (cf. proof of Theorem 7.3 in Gerritse (1985)).
For locally gcompact E, upper semicontinuity of the intersection follows from
Corollary 11.4.13 in Gierz et al. (1980).

(c) The condition in Theorem 1 plays a prominent role in Norberg & Vervaat
(1989), which triggered the research leading to the present paper. It is also a
central condition (Condition (D)) in Wilker (1970). That’s why this condition
is referred to as ‘Wilker’ in recent work (>1993) of Holwerda and Vervaat.

3. Sufficient conditions

Recall that E is locally qcompact if the topology has a base of gcompact sets,
or equivalently, if for each instance of ¢ € G there are G; € G and Q; € Q
such that t € G; C Q1 C G. It is well-known that for Hausdorff E this is
equivalent to each point of F having a qcompact neighborhood, but not so for
non-Hausdorff E. In particular a qcompact E need not be locally qcompact.

Here is a sufficient condition for vaguely upper semicontinuous intersection.
It can be regarded as local qcompactness around each qcompact set.

Theorem 2. If for each Q € Q there is an A D @ such that A is locally
qcompact in the relative topology, then the equivalent statements in Theorem 1
hold.

Proof. We prove the second statement in Theorem 1. So let @ C G1;UG». First
suppose that F is locally qcompact, so we may choose A = E. Select for each
t€QaQ(t) € Qsuchthatt € int Q(t) and Q(t) C Gy if t € Gy and Q(t) C G
if t € G2. Then there is a finite J C @ such that already @ C ,¢;int Q(2).
Now set @1 := U, sg, @(t) and Q2 := U, s, @(t)- Then Q1 C G1, Q2 C G
and Q C Q1 U Q..

Next suppose that A O @ is locally qcompact. The previous result applies
to @ C G1AU G2 A considered in A with the relative topology, to obtain @
and Qs such that Q; C G1 4, Q2 C G2 A and Q C QU Q-. (m]

Remark. The condition in Theorem 2 holds with maximal A: A = E in case
E is locally gcompact. If Q is closed for finite intersections, then the condition
in Theorem 2 holds iff it holds with minimal A: A = @, i.e., each Q € Q is
locally gqcompact in the relative topology. The latter holds for instance if F is
Hausdorff or if all gcompact sets are finite. In either case E need not be locally
gcompact.

Under additional assumptions the condition in Theorem 2 is also necessary.



130 Wim Vervaat

Theorem 3. Let E be such that K C F (so FE is Ty and Q@ = K). Then the
equivalent conditions of Theorem 1 hold iff each K € K is locally qcompact in
the relative topology.

Proof. The ‘if’ part follows from Theorem 2. For the ‘only if’ part, let t € GK.
We have K C G U {t}°, with {t}° open because E is T;. By Theorem 1 there
are K1, K such that K; C G, K, C {t}° and K C K; U K,. Then we have
t € K2°K C K1 K C GK, with K,»° open because K C F. u]

4. Application to one-point gqcompactifications

Let E be a space such that X C F (which is the case if F is Hausdorff).
Let E' := E U {oo} its one-point gcompactification with open sets G' = G
or K°¢U {oo} (subsets and families of subsets of E' will be marked by primes
throughout). Also in this generality E' is qcompact and T3, and FE is a subspace
of E'.

In this section we want to investigate which E' have vaguely usc intersection.
The notions of k-extension and k-space (Kelley (1975) and Brown (1968)) will
be useful here. Let E be a space such that K is closed for arbitrary intersections
(which is the case if K C F). Call A C E k-closed if AK € K for all K € K, let
Fi be the family of k-closed sets, and let Gy, be the family of their complements,
the k-open sets. If £ C F, then Gx D G, and Gi is a topology in E, which
is called the k-ezxtension of G (Kelley (1975), Problem 6.K). It is the finest
topology in E with the same qcompact sets as G. If G, = G, then F is called a
k-space. This is the case if £ C F and FE is first countable or locally gcompact
(Kelley (1975), Theorem 7.17, stated for Hausdorff E, but the proof applies
verbatim in the present generality).

Lemma. Let E be such that K C F and let E' be its one-point qcompacti-
fication. Then K' is gcompact in E' iff it is qcompact in E or has the form
K' =AU {co} with A € F.

Proof. Since E is a subspace of E’, subsets of E are qcompact in E' iff they
are in F.

It remains to consider K’ = AU {o0}. If AU {00} € K', then we have
F'N (AU {o0}) € K' for each F' € F', in particular for F' = K € K. Hence
AK € K', so AK € K for K € K. It follows that A € Fy.

Conversely, let A € Fi, and suppose that (A U {oo}) N, F; = ¢, with
Fj € F'. Then at least one F}, Fy say, avoids oo, so belongs to K. Hence
AFj € K and

(AU{oo}) N[ F} = AR ((Fj\{o0}) = 6,
i i

where F;\{oo} € F. Consequently, AFy has empty intersection with the inter-
section of finitely many F}. This proves AU {oo} € K'. o
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Corollary. In the situation of the lemma we have 7' C X', and F' =K' if E
is a k-space.

Theorem 4. Let E be a k-space such that K C F, and let E' be its one-point
qcompactification. Then E' satisfies the equivalent conditions of Theorem 1 iff
E is locally qcompact.

Remark. For F such that K C F (not necessarily a k-space) we have that E' is
locally gcompact iff E is locally gcompact, and in this case both F and E’ sat-
isfy the equivalent conditions of Theorem 1, by Theorem 2 and the subsequent
remark.

Proof of Theorem 4. In view of the remark, it remains to prove the ‘only if’
part. Now K' = F' by the lemma and its corollary, so each K' € K' is locally
qgcompact by Theorem 3. In particular, E' is. o

5. Extensions of the results

5.1. Let J be an index set and consider the intersection

.7‘-" ) (Fj)jej > n E, e F.
jeJ

In this paper we have characterized those E for which the intersection is vaguely
upper semicontinuous in case #J = 2. By iteration we see that this implies
vaguely usc intersection for all finite J, and then for arbitrary J (cf. Vervaat
(1988, §14)).

5.2. It is immediate that the condition in Theorem 1 is equivalent to the
analogous statement with covers by arbitrarily many open sets rather than
two.

5.3. For functions f: E — [0, 1], define the hypograph, hypo f, by
hypo f := {(t,z) € E x (0,1]: 0 < z < f(¢)}.

Let US(E) denote the space of usc functions E — [0,1]. Let (0,1]t1 denote
the interval (0, 1] provided with the upper topology, whose nontrivial open sets
are (z,1]. The sup vague topology in US(E) can be defined by declaring the
bijection
hypo: US(E) = F(E x (0,1]1)

a homeomorphism (Vervaat (1988)). Now the results of the previous sections
translate into a characterization of A (pointwise infimum) in US(E) being sup
vaguely usc, with the conditions on E now to be applied to E x (0,1]1-
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Capacities on non-Hausdorff spaces!

Tommy Norberg?
Wim Vervaat®

Abstract

Capacities of various types and Radon measures are generalized to a non-
Hausdorff setting. This involves changes in the definitions (having no effect
inside the Hausdorff context) and selection of new topological regularity
conditions. Attention is paid to classical topics theory, and also to topologies
on spaces on capacities.

AMS 1980 subject classifications: Primary 06B35, 28A12, 28A33; sec-
ondary 28A05, 28C15, 54D10, 54D45. N

Key words and phrases: Capacity, Radon measure, spaces of semicontinuous
functions, topological spaces of capacities, continuous lattice, Scott topol-
ogy, Lawson topology, logically quasicompact space, vague topology, sat-
urated quasicompact sets, upper semicontinuous intersection, sober space,
supersober space.

0. INTRODUCTION

Let E be a topological space. If E is Hausdorff, then the answers to the
following are known. Let capacities be increasing outer continuous functions
¢ on the compact subsets of E such that ¢(f) = 0. When is ¢ the restriction
of a Radon measure? When can ¢ be extended to a Choquet capacity? It is
the first object of this paper to answer the same questions for broad classes of
non-Hausdorff spaces (Sections 3 and 4).

After this, the (initial) domain of the capacities (the compacts in case F is
Hausdorff) is topologized in such a way that capacities can be interpreted as
semicontinuous functions on this domain (Section 5). Consequently, conditions
are known under which the capacities form a continuous lattice in the sense
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of GIERZ et al. (1980), but a surprising (and unusual) additional result is that
they are also a continuous lattice with the order reversed (Section 6).

The non-Hausdorff setting requires its own regularity conditions, which are
presented in Section 1. Capacities are introduced in Section 2. Compact Haus-
dorff topologies on the set of all capacities are defined in various ways in Sec-
tion 7. Under mild conditions all turn out to be the same.

Non-Hausdorff spaces are the natural setting for spaces of closed sets and
upper semicontinuous functions (cf. VERVAAT (1988a)). That was our major
reason for writing this article. Moreover, we speculate that a theory of con-
tinuous characters of topological semigroups can be developed by allowing the
topology to be non-Hausdorfl. Such a theory could not be developed so far, in
sharp contrast with the situation for topological groups.

We conclude this introduction with some general remarks on the notations: R
denotes the real line and Ry is its non-negative part. We write Ry for [0, oc].
The natural numbers are denoted N and Q is the rationals. Let A C E, where E
is a topological space. We then write A~ for its closure and A° for its interior.

1. REGULARITY CONDITIONS FOR NON-HAUSDORFF SPACES

Let E be a topological space. We write G and F for the collections of open and
closed sets in E. Nonscript capitals G and F, with or without index, always
denote open and closed subsets of E. We assume E to be Ty, i.e., for each
pair of distinct points s,t € E, there is an open set containing only one of
them. Equivalently, {s}~ = {t}~ implies s = ¢. If, more specifically, there are
open sets containing s but not ¢ and ¢ but not s, then E is called T;. This is
equivalent to {s}~ = {s} for all s € E.

For A C E we define the saturation of A,sat(A), by

sat(4) = [ G-

G2A
If A =sat(A), then A is called Saturated. Clearly,
sat(A)NF =0 & ANF=10

It is a simple exercise to show that s € sat(A) iff {s}~ N A # 0. It follows that
E is T, iff all subsets of E are saturated.

In what follows it is helpful to keep the following examples in mind. Let R}
denote the reals with the lower topology, whose nontrivial open sets are the
intervals (—oo,z) for z € R. Let Q| denote the rationals with the relative
topology of R}. Observe that G(R|) and G(Q}) are isomorphic as lattices in an
obvious way. So non-Hausdorff spaces with the same (i.e., lattice isomorphic)
topology need not be homeomorphic. Intuitively we feel that R} is a more
complete Ty space than Q| with the same topology. The following definitions
and properties settle this.
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A nonempty F' C E is said to be irreducible if for each instance of FF C F1 N F;
we have F C F; or F C F,. Obviously each singleton closure is irreducible.
If, conversely, all irreducible closed sets are singleton closures, then E is called
sober.

THEOREM 1.1 ( HOFMAN & MISLOVE (1981)). For each To space E there
is a sober Tp space sob(E), unique up to homeomorphism, in which E can be
embedded as a subspace. The space sob(E) is the largest To space with the same
topology as E.

We call sob(E) the sobrification of E. Obviously Q| is not sober, since the
irreducible closed set [z, 00) N Q is no singleton closure for z € R\Q. Even R|
is not sober, because R itself is irreducible and not a singleton closure. In fact,
both sob(Q}) and sob(R}) are homeomorphic to [—oo, 00)].

Hausdorff spaces are sober, and there are nonsober T; spaces (cf. GIERZ et
al. (1980, page 79)).

We now consider quasicompact (qcompact) subsets of E, where quasicompact-
ness is defined by the finite-open-subcover property, without resort to any
further separation property, i.e., @ C E is qcompact iff every open cover of @
has a finite subcover. The combination qcompactness and Hausdorff is referred
to as compact.

In both @} and R}, a nonempty subset is qcompact iff it contains its supre-
mum. From this it follows that the intersection of two qcompact sets need not
be qcompact: Take @Q; = (—o0,n] and Q3 = (—00,4] N Q. Then both @; and
Q2 are qcompact subsets of R}, but @1 N Q2 = (—oo, 7] N Q is not.

Things become better if we restrict our attention to the collection Q of
saturated qcompact sets in E. Nonscript capitals @}, with or without index,
always denote elements of Q. Note that both Q(QJ) and Q(R]) are closed for
finite intersections, and Q(R}) even for arbitrary nonempty intersections.

If E is Hausdorfl, then Q coincides with the collection K of compact subsets
of E.

We say that E is Qs if Q is closed for arbitrary nonempty intersections.

Henceforth we will consider mainly sober spaces, because of Theorem 1.2 below.
A collection (Aq)aq of sets is said to be a decreasing net if for each pair a;, a;
there is an a3 such that Ay, C Ay, N Ag,-

THEOREM 1.2 (HOFMANN & MISLOVE (1981)). Let E be sober and take a
decreasing net (Qq)q of sets in Q. Then the following holds:

(a‘) naQ& e Qv
(b) If Ny Qa C G, then Q, C G for some a

From (a) it follows that a sober E is Qs iff Q is closed for finite intersections.
If E is not sober, (b) may fail. Consider R},Q, = (—00,0] for a € R,G = 0,
and recall that sob(R}) = [—o00, 00)J.
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We say that E is locally qcompact if E has a base of qcompact sets, i.e., if
s € G implies the existence of Q C E such that s € Q° C @ C G. For the
case that E is Hausdorff it is known that E is locally compact iff each s € E
has a compact neighborhood, in particular if E is compact. The analogue for
non-Hausdorff E is false. In particular the usual one-point gcompactification
of a Hausdorff E is not Hausdorff and not locally qcompact if E is not locally
compact.

We say that E is WILKER or has upper semicontinuous (usc) intersection if for
each instance of Q C G; U G there are Q_;, Q> such that @1 C G1,Q2 C G2
and Q C Q1 UQ_2 (cf. WILKER (1970)). The latter property turns out to be
equivalent to the mapping

(Fl,Fz) — F1 N EFy

from F x F to F being usc when F is provided with Fell’s topology (cf. FELL
(1962)), or the sup vague topology (cf. VERVAAT (1988b)), which explains our
name of it.

Recall that E is Ty. In the remainder of the paper one or more of the following
four hypotheses will be assumed:

E is sober,

E is Qs,

E is locally qcompact,
E has usc intersection.

Here is a little more background for these regularity assumptions.

A space is called supersober if the set limit points of each ultrafilter is either
empty or a singleton closure (HOFMAN & MISLOVE (1980, Def. 1.2)). A Ty
space which is not Hausdorff is not supersober. If E is supersober, then E
is sober (GIERZ et al. (1980, VII-1.11)) and Qs (see Proposition 1.3 below).
If E is sober, @; and locally qcompact, then E is supersober (HOFMANN &
MISLOVE (1980, Th. 4.8)).

Sufficient conditions for the usc intersection property have been obtained in
VERVAAT (1988b). Here are three: E is Hausdorff, E is locally qcompact, or
each @ C E is locally qcompact in the relative topology of E.

For completeness we enclose there following result, whose proof we could not
find in the literature.

PROPOSITION 1.3 (VAN Rooli (1984)). If E is supersober, then E is Q5.

PROOF. Let (Qq)a be a collection in Q. We must prove that R =, Qq € Q.
As R is saturated, it suffices to prove that R is gqcompact. To this end, let (Fj3)s
be a collection of closed sets such that R has nonempty intersections with all
finite subcollections. We must show that RN (N Fp) # 0. Extend (RN Fj3)s
to an ultrafilter X' in E and set Y = [y, X . Note that Y C (3 Fp. We
will show that RNY # 0.
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As Q. 2 R, Q. intersects every member of X. As Q,, is compact, Q,NY # 0.
In particular, Y # 0, so Y = {z}~ for some z, since E is supersober. We have
QaN{z}~ #0,s0 z € sat(Qq) = Qu- It follows that z € R, so RNY # 0. O

2. CAPACITIES ON Q

An increasing mapping ¢ : @ — Ry is said to be outer (or right) continuous if
¢(Q) < = € R, implies the existence of a G D @ such that ¢(Q;) < £ whenever
@1 C G. If addition ¢(@) = 0, then c is called a capacity, or longer, a capacity
on Q.

Capacities on Q extend to the powerset of E in two steps:

¢(K) :=c(satK) forK € K (2.1a)
c(A) = sup ¢(K). (2.1b)
KCA

As a consequence the outer continuity extends from Q to K, and c(satA) = c(A)
for A C E. The extension to G is of particular importance. It is inner (or left)
continuous in the following sense: Whenever ¢(G) > z, there is a @ C G such
that ¢(G1) > z for all G; D Q. The following is an obvious consequence of
outer continuity.

PROPOSITION 2.1. Let ¢ be a capacity on Q. Then
o(Q) = jnf c(G).

The above notion of capacities coincides with VERVAAT’s (1988a). Two other
notions occur in the present paper, Choquet capacities (defined on the powerset
of E) in Section 4, and capacities on G in Section 5.

In the literature one often sees the following ‘upper continuity’ condition for
capacities on Q, which reads in a generalization to sober E:

inf ¢(Qa) = ¢([") Qa) (22)

for all decreasing nets (Q4)a) in Q (recall that Q is closed for intersections of
decreasing nets if E is sober, cf. Theorem 1.2). Functions satisfying (2.2) are
said to preserve filtered intersections (in Q).

PROPOSITION 2.2. Let E be sober and let ¢ : Q — R,. be increasing. Then
the following holds:

(a) If c is outer continuous, then c preserves filtered intersections.
(b) Let E be locally gcompact. If c preserves filtered intersections, then c¢
s outer continuous.

PRrOOF. Part (a) is a simple consequence of Proposition 2.1 and Theorem 1.2,
while part (b) follows from the fact that for each @ C E there is a decreasing
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net (Qq)o With intersection (), Qo = Q and Q C Qg, for all . For details, we
refer to VERVAAT (1988a), Theorem 15.4. O

Without local qcompactness, (b) need not be true. It fails for ¢ = # (cardi-
nality) in case @ happens to consist of all finite subsets of E and all nonempty
open sets are infinite. On the other hand, if E is locally qcompact, sober
and second countable, then ¢ preserves filtered intersections if ¢(Q) | ¢(Q)
whenever @, | Q. Here are some additional properties that capacities will be
assumed to possess in the next sections.

Let £ be a lattice of subsets of E (i.e. closed for finite intersections and
unions). A mapping c: £ — R, is called modular if

C(Al U Az) + C(Al NAy, = C(Al) + C(A2)
for A;,As € L. It is called submodular (or strong subadditive) if the equality
sign above is replaced by < and supermodular if it is replaced by >.

If E is Qs, then Q is a lattice. The following is a simple exercise.

PROPOSITION 2.1. If E is Qs and c is a supermodular capacity, then its ex-
tension to the powerset of E is supermodular too.

Submodularity does not extend so easily. The best results are obtained in the
context of capacitability in Section 4, but the following more modest results
will be used in Section 3, which we wish to keep independent of Section 4.

Our first result is Lemma 9.9 of CHOQUET (1969) in a larger generality.
Choquet’s proof uses normality. It is easier to resort to the usc intersection
property instead, as do DELLACHERIE & MEYER (1978) in their proof of Cho-
quet’s lemma.

PROPOSITION 2.4. Let E be a Qs space with usc intersection, and let ¢ be a
submodular capacity on Q. Then its extension to G is submodular.

PROOF. Argue as in the last paragraph of DELLACHERIE & MEYER’S (1978)
proof of their Theorem II1.42, but replace K by Q. a

PROPOSITION 2.5. Let E be Q5 with usc intersection, and let ¢ be a modular
capacity on Q. Write
H={ACE:c(4)= Jnf, (@)},
Hy={A€H:c(A) < o0}
Then

C(Al U Az) -+ C(A1 n Az) = C(Al) + C(Az) (23)
for Ay, A2 € H and Hy is a lattice, so c is modular on H;.

PROOF. By Proposition 2.4, we know that ¢ is submodular on G. This implies
that ¢ is submodular on #, and (2.3) follows by Proposition 2.3.
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It remains to prove that H; is a lattice. Fix A;,As € Hy, let € > 0 and
choose G; DO A_; such that ¢(G;) < c(4;) +¢, for i = 1,2. Then

C(A_l U Az) + C(Al n A2) + 2¢ = C(A]) + C(Az) + 2¢
> ¢(G1) + ¢(G2) = ¢(G1 U G3) + ¢(G1 NGy).

Hence

0< C(G1 U Gz) - C(A1 U A2) + C(G1 n Gz) —c)A1 N A2) < 2e.

So
0<c¢(G1UG-2) —c(A1 U A2) < 2¢
and
0 <e(G1NG=3) — (A1 N Ap) < 2,
showing that A; U A2, 41 N Az € Hy. O

3. RADON MEASURES

In the present section we want to characterize those capacities which are re-
strictions to @ of Radon measures on the Borel-o-field B of E. However, we
must adapt the definition of Borel-o-field and Radon measure to the larger
generality of non-Hausdorff spaces.

We define the Borel-o-field B as the o-field generated by G and Q. If Q C F
(in particular if E is Hausdorff) or G is second countable, then B is already
generated by G alone, and we return to the usual definition of Borel-o-field.
Note that unsaturated qcompact sets need not be Borel measurable (consider
R| in Section 1).

Let ¢ consist of the finite unions of sets of the form Q\G. Note that ¢ consists
of qcompact sets, not necessarily saturated. We say that a countably additive
measure p on (E, B) is a Radon measure if p is finite-valued on Q and c-inner
regular, i.e.,

#(B) = sup{u(C) : B2 C € ¢} (3-1)

for B € B.
If F is T3, then all sets are saturated and ¢ = Q. In this case our notion of
Radon measure coincides with more classical versions as in BERG et al. (1984).

The following is known for locally compact Hausdorff E (cf. BOURBAKI (1965),
Theorem 3.1 and Remark 1). See also the discussion on p. 62-63 of BERG et
al. (1984).

THEOREM 3.1. Let E be Hausdorff and locally compact. A capacity c is the
restriction of a unique Radon measure to Q iff c is finite-valued on Q,

c(@1UQ2) < c(Q1) + ¢(Q2) (3.2a)
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for all Q_1,Q2 D E, and, in addition,
c(@1UQ2) = c(Q1) +¢(Q2) ' (3.2b)
fQ1NQ2=0.

If ¢ extends to a Radon measure on B and Q is a lattice, then ¢ is modular on

Q:
c(Q1UQ2) +c(Q1 NQ2) = c(Q1) +c(Q2) (3.3)

for Q1,Q2 C E. On the other hand, (3.3) implies (3.2) , so Theorem 3.1 also
holds true with (3.2) replaced by (3.3).

We cannot expect that Theorem 3.1 holds as it stands for non-Hausdorff E
because of the following example: If G is nonempty open subset of R, |, then
G = [0, z) for some z, 0 < z < co. Hence every nonempty saturated subset of
R, | contains the point 0, and we see that if both @1, Q2 C R, | are nonempty,
then @1 N Q3 # 0. Thus, for Ry | condition (3.2b) does not tell us anything
about c¢. Neither does (3.3), but for (R J)? (3.3) becomes a restrictive and
meaningful hypothesis.

We will generalize Theorem 3.1 with (3.3) instead of (3.2) to sober Qs spaces
with usc intersection ([0, 00){ is such space). Our proof is based on the following
two general results.

PROPOSITION 3.2. Let L be a lattice of subsets of E containing 0. Letc: L —
Ry be increasing and modular with ¢(@) = 0. Then c extends to a unique finitely
additive finite measure p on the ring R generated by L.

PRrOOF. There is a unique real-valued additive set function x on R that extends
c. This follows by a result of SMILEY (1944) and and PETTIS (1951) (see also
KisyNsk1 (1968), LIPECKI (1971) and TopsgE (1978, Corollary to Lemma
8.1)). The ring R consists of all finite disjoint unions of sets of the form L\L',
and

W(I\L') = (L) —c(LNL') >0,
since c is increasing. Hence p is nonnegative. 0O

We say that a class ¢ of subsets of F is compact if C, € cfor n = 1,2,... and
N, Cr =0 imply N, C, = 0 for some m € N.

ProrosITION 3.3 NEVEU (1965), Proposition I-6-2 and Exercise I-6-1). Let A
be a field of subsets of E and p: A — R, a finitely additive finite measure. If
¢ C A is a compact class and p is c-inner regular, then u is countably additive
on A and can be extended to a unique c-inner regular measure on the o-field
generated by A.



Capacities on non-Hausdorff spaces 141

We now apply these results to our case interest. It is convenient to fix a modular
finite-valued capacity ¢ on Q. We write

G ={G€G:c(G) < ).

By Proposition 2.1 there is foreach @ C Ea G € Gy withG D @, so UGEQ, G=
E.

LEMMA 3.4. If E is sober and Qgs, then the collection ¢, of all sets of the form
Q\G is a compact class, as well as ¢ consisting of all finite unions from c,.

Proor. Suppose (),,(@n\Gr) = 0. Then (N, Q» C U, Gn. Now (), Qn € Q
because E is Qs, so there is an m € N such that ,, Q. C U,-; Gn. By
sobriety of E there is an I € N such that \,_, @, € U™, G (cf. Theorem
1.2 (b)), 50 (ny(Qn\Gy) = 0 if k > max(l, m).

This proves that ¢, is a compact class. Now ¢, is closed for arbitrary inter-
sections, because Q is so. By Lemma I-6-1 of Neveu (1965) or Theorem IIL.4
of DELLACHERIE & MEYER (1978), then also ¢ is a compact class. O

Let £ be the lattice generated by QUG and write R for the ring generated by
L. Note that ¢, CR : Q\G = Q\(GNG1) for Q C Gy € G¢. So ¢ C R as well.

LEMMA 3.5. Let E be Qs with usc intersection. There is a unique finitely
additive finite measure p on R, such that p = c on L.

Proor. By Propositions 2.5 and 2.1, ¢ is modular on £ C Hy. The lemma
follows by Proposition 3.2. m]

In general we do not have ¢ = u on R (consider R} in Section 1). The next
result explores to what extent ¢ = p can hold for Radon measures p.

PROPOSITION 3.6. Let i be a Radon measure on (E,B). if p = c on Q, then
w(B) = ¢(B) for all saturated B € B.

PROOF. Note first that ¢ is Q-inner regular, while p is c-inner regular. Since
Q Cc, we have ¢ < u on B.

Now let B € B be saturated, and take £ < u(B). Then z < p(C) for some
C € ¢, C C B. Since C is qcompact, so is sat(C), i.e., sat(C) € Q. We also
have sat(C) C sat(B) = B, so

z < p(C) < p(sat(C)) = c(sat(C)) < c(sat(B)) = ¢(B).
Thus p(B) < ¢(B) and equality follows. O
Here is the main result of this section.

THEOREM 3.7. Let E be sober and Qs with usc intersection, and let c be a
finite-valued modular capacity on Q. Then there exists a unique Radon measure
1 on B such that p = c on Q (and hence on all saturated Borel sets).
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PROOF. In the first instance we restrict our attention to the case c(E) < oo.
Then Gy = G and E € R, so R is the field generated by QUG. By Lemma 3.5,
¢ in £ extends to a unique finitely additive measure 2 on R. By Theorem 3.3
and Lemma 3.4 it only remains to check that p is c-inner regular. Because R
consists of finite unions of sets L1\ Ly with L;, Ly € L, it is sufficient to check
that p is ¢o-inner regular (¢, as in Lemma 3.4) on the latter sets:

#(L1\L2) = sup{u(Q\G) : Q\G C L1\L2}. (34)

We may assume Ly C L;. The inequality > in (3.4) is obvious, but < needs a
proof.

Let € > 0. Note that L; € H; (cf. Propositions 2.5 and 2.1). Hence we
may select @ C L; such that ¢(Q) > ¢(L1) — €, and G D L such that ¢(G) <
¢(L3) + €. Then Q\G C L; and

HR\G) = ¢(Q) —c(@NG) 2 ¢(Q) — ¢(G)
> C(G1 N Sl) - C(G2 NS;) —2= [I,(Ll\Lz) — 2e.

This proves (3.4) and completes the proof of the theorem in case ¢(E) < oo.

We now drop this assumption. The conclusion of the theorem holds for each
G € Gy, considered as space on its own, and the resulting ug on the Borel sets
of G for G € G; are consistent in the sense that ug,ng, = mpG2 on the Borel
sets of G; N G2. We now define y on B by

u(B) = sup pe(G N B) (3.5)
GegGy

for B € B. Then p = pg on the Borel sets of G if G € G;. It is routine to show
that p is countably additive, hence a measure on (E, B).

We now prove that p is c-inner regular. It suffices to prove that u(B) <
supccp #(C). If z < p(B), then there is a G € G5 such that z < p(BNQG),
so there is a C € ¢, C C BN G such that z < u(C), which proves the desired
inequality.

As a Radon measure, u is determined by its values on ¢, whence by the pg
for G € Gf. So p is unique. m|

Note that outside the context of Radon measures, ¢ need not be unique (cf.
SCHWARTZ (1973), pp. 44-45).

Recently NORBERG (1989) has shown that if ¢ : G — R, is increasing, finite
and modular on

{G € G:G C Q for some Q}

and such that ¢(@) = 0, then c extends to a unique measure on the o-field gen-
erated by G, provided that FE is locally gcompact, sober and second countable,
and that c is inner continuous. So our Theorem 3.7 both complements and
extends Norberg’s result.
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4. CHOQUET CAPACITIES AND CAPACITABILITY
In this section E is assumed sober and Q5. By a Chogquet capacity we mean an
extended real-valued mapping e, defined at all subsets of E, such that

(?) e(A) <e(B)for ACBCE,
(i7) e(An) te(A) for A, A1,A_,,... C E with A, 1 A,

(iii) C(Qn) d G(Q) as Qn | Q.
A set A C FE is called capacitable if

e(A) = sup e(Q).
QCA

Choquet’s theorem on capacitability says that every Q-analytic subset of E is
capacitable (cf. DELLACHERIE & MEYER (1978), Theorem III.28 and Definition
II1.7). There it is also shown that the collection a(Q) of all Q-analytic sets is
closed for countable unions and intersections, contains @ (Theorem IIL.8), that
E € a(Q) iff E is a countable union of sets in Q (the remark after Definition
I11.7), and that a(Q) contains the o-field o(Q) generated by Q iff all sets of
the form E\Q are Q-analytic (Theorem III.12).

Let e : G — R, be increasing and submodular. assume that e(G,) 1 e(G)
whenever G, 1 G. For A C E, we define

e*(4) =G1r21i;16 (G).

Then e* satisfies conditions (i) and (ii) above (cf. DELLACHERIE & MEYER
(1978, Theorem I1.32)). Consequently, e* is a Choquet capacity iff (iii) holds,
ie., e*(Qn) | e*(Q) whenever @, | Q. Inner continuity of e is a sufficient
condition for this, as shows the following proposition.

PROPOSITION 4.1. Let E be a sober Qs space, and let e : G — Ry be in-
creasing, submodular and inner continuous. Then e* is a submodular Choquet
capacity.

PRrROOF. DELLACHERIE & MEYER (1978) prove this result for Hausdorff E.
Their proof applies with obvious changes. ]

Also the next result is known in the Hausdorff case (cf. DELLACHERIE &
MEYER (1978), Theorem II1.42). It is a corollary to Proposition 4.1.

THEOREM 4.2. Let E be a sober Qs space with usc intersection, and let c be a
submodular capacity on Q. For AC E, let

5(4) = jnf, o(C).

Then ¢ is a submodular Choquet capacity relative to Q. Hence c(A) = &(A) for
all Q-analytic sets A C E. If ¢ is modular on Q, then so is é on a(Q).
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PRroOOF. Every assertion except the last follows as in DELLACHERIE & MEYER
(1978). If c is modular on Q, then, by Proposition 2.3, its extension (2.1) is
supermodular on the powerset of E, in particular on a(Q), where it coincides
with the submodular function é. m|

We now apply Theorem 4.2 to random set theory. Let £ be a random closed
set in E (which of course is assumed to be sober and Qs with usc intersection).
By this we mean that £ is an F-valued function on some probability space
(Q, A, P) such that

{EnQ#0}e A
Let

T(Q) =P{{nQ #0}.

It is not hard to see that T is a submodular capacity, and that its extension
to G is

T(G) =P{&ENG #0}.
Let B € a(Q). By Theprem 4.2,
s Q)= g,ngT(G)-

It follows that the event {¢ N B # 0} belongs to the completion of A w.r.t. P,
as can be seen by arguments on page 30 of MATHERON (1975).

An analogous result holds for the random usc functions discussed by VER-
VAAT (1988a). NORBERG (1986) treats the case when E is locally compact,
second countable and Hausdorff.

5. SEMICONTINUITY
Clearly the collection

{{QeQ:QCG}:Geg}

is closed for finite intersections, so it may serve as a vase for a topology on Q.
Note that all sets I/ in this base are decreasing in the sense that

QIQQEU=>Q1EU.

Consequently, all open subset of Q are decreasing as well.

A mapping ¢ : @ — R, is usc with respect to the topology just introduced
if the set {Q € Q : ¢(Q) < z} is open for all z € Ry. In particular, these sets
are decreasing, so any usc ¢ must be increasing. The remaining part of the
next result is easy.

PROPOSITION 5.1 (VERVAAT (1988a), Theorem 15.6). Letc: Q — R,. Then
¢ is usc iff ¢ is outer continuous (and hence increasing). In particular, when
¢(@) = 0, c is usc iff c is a capacity.
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Here it is appropriate to recall Proposition 2.2, which gives

COROLLARY 5.2. Let E be sober and fix c : Q — Ry. If c is usc, then c is
increasing and preserves filtered intersections. The converse holds true is E is
locally gcompact.

So far, capacities (not Choquet capacities) have been defined in the first in-
stance on Q, with extensions afterwards to all subsets of E, in particular to G:

¢(G) = sup c(Q).
QcG

Hence forth we call such ¢ capacities on Q, and the induced functions on G
their extensions to G.

We now will introduce a topology on G and define capacities on G to be lsc
functions ¢ on G mapping @ on 0. These capacities turn out to be increasing,
so they can be extended to all subsets of E, in particular to Q:

Q) = C;rglfQ c(G).
We call the induced function on Q the extension of ¢ to Q.

Directed sets in G play a central role in the definitions. A directed set in G is a
parametrized collection (G;); C G, such that for each 1,7, there is an i3 with
G;, UGi, C Gi;. In other words, a directed set is nothing but an increasing
net.

Here is the topology on G. It is called the Scott topology (cf. ScoTT (1972),
GIERZ et al. (1980) and HOFMANN & MISLOVE (1980)). A subclass i C G
belongs to this topology (or is Scott open) iff U is increasing:

Gi2GeU= G €U,

and directed sets in G cannot penetrate I only by their union:

(G;); directed, UG,- € U = G; € U for some 1.

)

A function c: G — R, is said to preserve directed unions if
e(()G:) = supc(G)
i 1

for all directed sets (G;);- One can characterize the Scott topology as the
coarsest for which all such ¢ are continuous.

A mapping ¢ : G — Ry is Isc iff the sets {G € G : ¢(G) > z} are Scott open
for £ € Ry. In particular these sets are increasing, so such a c is increasing.
An increasing ¢ : G — Ry preserves directed unions iff ¢(); G;) > z with
(Gi); directed implies ¢(G;) > z for some i. It is clear that this holds iff c is
Isc. Hence
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PROPOSITION 5.3. Let ¢ : G — Ry. Then c is Isc iff ¢ preserves directed
UNIoONS.

Recall that ¢ : G — R, is a capacity on G iff c is Isc and ¢(@) = 0. here is the
connection with capacities on Q.

THEOREM 5.4. The following four propositions are true:

al If c : @ — R, is increasing and c(§) = 0, then it extension to G is a
capacity on G.

a2 The extension of the latter capacity on G to Q equals c in case c was already
a capacity on Q.

bl Ifc: G — R, is increasing and c(B) = 0, then its extension to Q is a
capacity on Q

b2 The extension of the latter capacity on Q to G equals c in case ¢ was already
a capacity on G and E is locally gcompact.

PRrROOF.

al We only need to show that the extension of ¢ to G preserves directed unions.
If (Gi); is directed in G and G = [, Gi, then ¢(G) > sup; c(G;) because c is
increasing. For each Q C G we have Q C G; for some %, so ¢(Q) < sup; ¢(G;).
Hence ¢(G) < sup; ¢(G;).

a2 This is Proposition 2.1 once again.

bl We only need to show that if ¢(Q) < z, then supgcq ¢(Q) < z for some
G D Q. But this is obvious from the definition of ¢(Q).

b2 Let ¢ be a capacity on G and write d for its extension to Q. Let fur-
ther e be the extension of d to G. We shall prove that c =e. Fix G C E. If
Q C G, then d(Q) < ¢(G). Hence

e(G) = sup d(Q) < ¢(G).
Qca

Now let £ < ¢(G). Whenever s € G, there is by local qcompactness a Q C G
with s € Q°. Thus we may choose an increasing net (Q,)q such that Q, C G
for all o and |J, Q% = G. But the £ < ¢(Q2) for some a. If Q, C G',
then ¢(Q2) < ¢(G'). Hence ¢(Q2) < d(Qa). But d(Q.) < e(G), so we have
z < e(G), showing that ¢(G) < e(G). Hence ¢(G) = e(G). m]

In particular this result tells us that we do not need discriminate between
capacities on @ and G in case F is locally qcompact.

The condition of local gqcompactness cannot be omitted in b2 of the theorem,
as shows the following example. Let E be the reals with the right half-open
topology (Ex. 51 in STEEN & SEEBACH (1978)), having as base all intervals
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[a,b) for a < b. Then E is Hausdorff, so Q(E) = K(E), and all compact sets
are countable. Moreover, the Borel-o-field of E coincides with the classical
Borel-o-field of R. Let ¢ be Lebesgue measure. We must show that c is Isc,
i.e., that ¢(|J; Gi) = sup; ¢(G;) for all directed families (G;); of open sets. For
classical open sets this follows by Theorem 2.1.5(i) in Berg et al. (1984). The
result then extends to open sets in the new setting by arguments as in point
7 of Ex. 51 in STEEN & SEEBACH (1978). So c is a capacity on G. Since
all compact sets are countable, we have d = 0 on K and e = 0 on G in the
terminology of the proof of Theorem 5.4.b2.

We have discussed functions ¢ : G — R, that preserve directed unions. A
stronger condition is that ¢ preserves all unions. Such ¢'s are called sup mea-
sures in VERVAAT (1988a). There it is shown that each sup measure is of the
form

¢(G) = sup g(s),
s€G

where g is usc with range R, , and given by
9(s) = inf 9(G)

for s€ E.
If ¢ is a capacity on G, i.e., already known to preserve directed unions, then
¢ preserves all unions iff

c(G1NGs) = ¢(G1) V ¢(G2).

6. CONTINUOUS LATTICES OF CAPACITIES AND RELATED TOPOLOGIES

In the previous section we equipped Q with the topology generated by all sets
of the form {Q : @ C G}, and saw that an R, -valued function on Q is a
capacity iff it is usc and maps @ to 0.

Now we take E locally qcompact sober. Then @ is locally gcompact, too. In
fact Q is a continuous semi-lattice under reverse inclusion and its topology is
the Scott topology (cf. HOFMANN & MISLOVE (1980) and GIERZ et al. (1980)
Theorem 8.4 of GERRITSE (1985) or Theorem II.2.8 of GIERZ et al. (1980)
now tell us that the collection of all usc functions from Q to R, is an upper
continuous lattice, i.e., a continuous lattice under the reverse pointwise order.
By Theorem 1.2.7.(ii) in GIERZ et al. (1980) the sublattice of all capacities on
@ is continuous as well.

In Section 5 we equipped also G with its Scott topology. It is well known
that G is locally qcompact in this topology if G is a continuous lattice, which
is the case iff sob(E) is locally qcompact. A dual form of Gerritse’s Theorem
8.4 now tells us that the collection of all Isc functions from G into R, in this
case is a continuous lattice under the pointwise ordering. It is obvious that its
sublattice of capacities is continuous too.

So, for E locally gcompact and sober, the collection of all capacities on E is a
continuous lattice under both the pointwise and the reverse pointwise ordering.
(Recall that we may identify capacities on Q and capacities on § in this case.)
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Next we discuss various ways of defining a compact Hausdorff topology on sets
of capacities.

Every continuous lattice can be endowed with a canonical compact Haus-
dorff topology which is called the Lawson topology (cf. GIERZ et al. (1980)
or HOFMANN & MISLOVE (1980)). This is the coarsest topology containing
the Scott topology and the complements of all Scott qcompact saturated sets.
Moreover, a result of LAWSON (1973) shows that this is the only possible com-
pact Hausdorff topology on a continuous lattice in case lattice operations are
continuous.

Write Cg and Cg for the collections of capacities on G and Q, resp. We just
saw that Cg is a continuous lattice if G is continuous or, equivalently, sob(E) is
locally qcompact, and that Cg is a continuous lattice under the reverse order
(or upper continuous) if E is locally gqcompact and sober. In the latter case we
need not distinguish between capacities on G and Q and we will write C for
either of Cg and Cyg.

Now the Lawson topology on C can be introduced in two different ways de-
pending on whether we regard C as a continuous lattice in the natural pointwise
ordering or its reverse. Note however that both methods must yield the same
topology.

Let us turn to more explicit characterizations. The members of C are pre-
cisely the usc functions on Q into Ry that map @ on 0. VERVAAT (1988a)
introduces a topology for usc functions which he calls the sup vague topology,
and shows it to be gcompact, and moreover Hausdorff if @ is locally qcompact,
the case we are considering. Consequently, C is compact in the relative sup
vague topology, which then must coincide with the Lawson topology.

By analogy with measure theory in locally compact spaces VERVAAT (1988a)
introduces a topology on C, which may be called the vague, since it is generated
by all sets of the form {c : ¢(Q) < z} and {c : ¢(G) > z} for Q,G and
z € R;. Note that a sequence (c,) converges in this topology (or “vaguely”)
iff lim sup,, ¢, (Q) < ¢(Q) and limsup,, ¢,(G) > ¢(G). VERVAAT (1988a) shows
that the vague topology on C coincides with the sup vague in the previous
paragraph, so in the end with the Lawson topology.

NORBERG (1986) introduces the vague topology for capacities in case E is
locally compact and proves that it is compact Hausdorff. His proof applies here
too, provided the class K of compact sets in E is replaced by its counterpart
Q in the non-Hausdorff setting.
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A note on Fell- and Epicompactness!

Henk Holwerda
Lankfort 39-35, 6538 JV Nijmegen, The Netherlands.

The present note contains a lattice-theoretic proof of two well-known com-
pactness results, for the Fell topology on the hyperspace of closed subsets
of, and the epitopology on the space of all extended-real-valued lower semi-
continuous maps on a given topological space.

1 INTRODUCTION

Let X be an arbitrary topological space and F(X) its hyperspace of all closed
subsets, endowed with the Fell topology (Fell (1962)) with subbasic open sets
{F e F(X): FNK = ¢} for K C X compact and {F € F(X): FNG # ¢}
for G C X open. It has been proved by many authors that F(X) is Fell
compact (but not necessarily Hausdorff), whatever is the underlying space
X (see besides Fell (1962), e.g., Flachsmeyer (1964) and the monographs by
Matheron (1975) and Attouch (1984)). The last author also proves compactness
of the closely related space LSC(X) of all lower semicontinuous (Isc) maps from
X to R := [—00, 0], equipped with the so-called epitopology. This epitopology
arises naturally as the relative Fell topology from (X xR) if Isc functions on X
are identified with their closed epigraphs in X x R. Compactness of LSC(X) can
thus be proved via closedness in F(X x R), which holds for locally compact (but
not necessarily Hausdorff) X (cf. Attouch (1984) for Hausdorff X and Vervaat
(1988) for the general case). A more direct approach to the epitopology occurs
in the latter paper Vervaat (1988), who calls it the inf vague topology and
characterizes it by having subbasic open sets {f € LSC(X) : inf f(K) > c}
and {f € LSC(X) : inf f(G) < ¢} for K C X compact and G C X open,
respectively, and ¢ € R (here inf A denotes the infimum of A for A C R).
This characterization gives rise to an alternative, direct compactness proof for
LSC(X), without any restriction on the underlying space X (Vervaat (1988);
cf. also the non-standard proof in Norberg (1990)).

The aim of the present note is to provide a lattice-theoretic interpretation
of both the Flachsmeyer-Matheron-Attouch proof of Fell compactness of F(X)
and Vervaat’s proof of epicompactness of LSC(X). Obviously, both F(X) and

1This paper was part of the author’s Ph.D. thesis, written unde supervision of Wim
Vervaat. Support was provided by the Dutch foundation for mathematics SMC with financial
aid from the Netherlands Organization for Scientific Research NWO (project 611-303-015).
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LSC(X) carry a natural partial order, the (reverse) inclusion and pointwise
order, respectively. By exhibiting their role in the cited proofs we show that
these proofs in fact correspond to special instances of a well-known compactness
result in lattice theory. For the special case of a locally compact underlying
space X, the connection with lattice theory was made already by Gierz et
al. (1980) (see Exc. I11.1.13 and Thm. I1.4.7; cf. also Gerritse (1985), Thms. 8.4
and 10.4).

2 PRELIMINARIES ON COMPLETE LATTICES

We briefly review the relevant lattice-theoretic notions here. For more infor-
mation we refer to the monograph Gierz et al. (1980) on so-called continuous
lattices, from which most of these notions are taken.

Let L be a complete lattice, i.e., L is a set equipped with a partial order
< such that every subset A of L has an infimum inf A and (hence also) a
supremum sup A. In particular, L has a bottom 0 and a top 1, which also
appear as sup and inf, respectively, of the empty set ¢.

Forz€L and ACL wewritefz:={y€ L:z<y}andfA:={yeL:z <
y for some z € A}, and we say that A is increasing if A = 1A, the sets |z and
JA, and the notion of a decreasing set are defined dually.

Finally, a subset D C L is called directed (filtered) if every finite subset of D
has an upper (lower, respectively) bound in D. In particular, this must hold
for ¢ C D, so D cannot be empty.

We come to the Lawson topology on L, which typically stems from the theory
of continuous lattices. It has subbasic open sets of two types, increasing and
decreasing respectively. The open sets of the first type are those increasing
subsets U of L for which

sup D € U implies DNU # ¢ for all directed sets D C L.

The second class of subbasic open sets is {(1z)¢: € L}. The Lawson topology
A(L) on L is the topology generated by these two types of sets.

Here is the fundamental compactness result that we are going to use. It has
a completely elementary proof, based on Alexander’s subbase lemma.

THEOREM (Gierz et al. (1980), Thm. IT1.1.9). Each complete lattice is compact
in its Lawson topology.

For the rest we note that the subbasic Lawson open sets of the first type
themselves also constitute a topology on L, the so-called Scott topology o(L).
On the other hand, the topology generated by the sets (1z)¢ for z € L is called
the lower topology and denoted by w(L). For convenience we also introduce
the dual Scott topology (L) defined with the help of infima of filtered sets, the
upper topology v(L) generated by the sets ({z)¢ for z € L, and their common

refinement X(L), the dual Lawson topology. Of course, L is also X-compact.

3. F(X) AND LSC(X) AS COMPLETE LATTICES
Let X be an arbitrary topological space, and consider F(X) and LSC(X).
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Obviously, F(X) is a complete lattice with respect to the inclusion order (i.e.,
F, < F, iff F} C F3), in which the infimum operation means ‘intersection’, and
the supremum ‘closure of the union’. Likewise, LSC(X) with the pointwise
order (i.e., fi < f2 iff fi(z) < fo(z) for all z € X) is a complete lattice in
which suprema can be taken pointwise; the infimum of a subfamily of LSC(X)
is the largest lsc function smaller than or equal to its pointwise infimum. It
remains to point out the relation between the topology and the lattice structure
of F(X) and LSC(X), respectively. Here are the results.

PROPOSITION 1. The Fell topology on F(X) is coarser than the dual Lawson
topology.

COROLLARY. F(X) is Fell compact.

PROOF OF PROPOSITION 1. Let L denote F(X) with the inclusion order.
First, let K C X be compact and U := {F € F(X): FN K = ¢}. We show
that U € o(L). It is clear that U is decreasing. So let D C L be filtered and
suppose inf D € U, i.e., (Npep F) N K = ¢. By compactness of K we have
(N, F;)NK = ¢ for ann € N and certain Fy,...,F, € D. Since D is filtered,
there is an Fy € D such that Fy C F; for i = 1,...,n. Apparently, FoNK = ¢,
ie., Fo eU,so DNU # ¢.

On the other hand, for open G C X we have H := G° € L and {F € F(X):
FNG+#¢}={FeF(X):F¢gH} = ({H) € v(L). O

Using Vervaat’s characterization of the epitopology we can give a completely
similar proof for the case of LSC(X).

PROPOSITION 2. The epitopology on LSC(X) is coarser than the Lawson
topology.

COROLLARY. LSC(X) is epicompact.

PROOF OF PROPOSITION 2. Let L now be LSC(X) with the pointwise order.
Firstly, let K C X be compact, ¢ € R and U := {f € LSC(X): inf f(K) > c}.
We prove U € o(L). Clearly, U is increasing. Now, let D C L be directed and
suppose g := supD € U. Then for x € K we have g(x) = supscp f(z) > c,
so there exists an f, € D with f;(z) > c¢. Since f; is Isc, z has an open
neighbourhood G, such that f,(G;) C (¢, 0]. Compactness of K then implies
the existence of a finite number of points z1,...,z, such that K C J_; Ga,.
As D is directed, there is an fo € D such that fo > f;, for i = 1,...,n.
It follows that fo(K) C (c,00], hence also inf fo(K) > c, since fo as an lsc
function attains its minimum on the compact set K. We conclude that fo € U,
soDNU # ¢.

Secondly, let G C X be open, c € R and V := {f € LSC(X): inf f(G) < c}.
Now define h: X — R by

_Je ifzxedq,
h@”“{-w ifz¢G.
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As G is open, h is lsc, i.e., h € L. Now V = {f € LSC(X) : f(z) <
c for some z € G} = {f € LSC(X): f(z) < h(z) for some z € X} = (Th) €
w(L). o

On closer inspection the compactness proofs for F(X) in Flachsmeyer (1964),
Matheron (1975) and Attouch (1984) and that for LSC(X) in Vervaat (1988)
turn out to reflect the structure of the lattice-theoretic proof of Gierz et al.
(1980), Thm. II1.1.9 (cited above). Quite different, however, is the original
proof of Fell (1962) for F(X), in terms of universal nets.

Following Vervaat (1988) we could also have proved the results for F(X) and
LSC(X) at once by identifying F(X) with the space of all lower(!) semicontin-
uous {0,1}-valued maps (via the characteristic functions of the complements
of closed sets) and replacing the range R in LSC(X) by an arbitrary compact
subset of R (or, even more generally, another continuous lattice, as in Gierz et
al. (1980) and Gerritse (1985)).

If the underlying space X is locally compact (in the strong sense of Fell
(1962) in case X fails to be Hausdorff), then the Fell and the epitopology
on F(X) (LSC(X), respectively) are even known to coincide with the (dual)
Lawson topology (cf. the references at the end of the introduction). Moreover,
F(X) and LSC(X) are (reverse-order) continuous lattices in this case and the
respective topologies are all Hausdorff.
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