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Preface

Since 1985, numerous authors have worked on the solution of nonlinear decoupling problems
via dynamic state feedback. It is the purpose of this monograph to give an overview of the
state of the art. Furthermore the results are applied to Hamiltonian control systems.

This monograph grew out of a research project performed at the Department of Applied
Mathematics of the University of Twente. I gratefully acknowledge the support during
this project of the two founding members of the Dutch Nonlinear Systems Group, Arjan
van der Schaft and Henk Nijmeijer, who introduced me in the field of nonlinear control
theory and who were always willing to lend me an ear. Furthermore, I thank Leo van der
Wegen for many helpful discussions and for his contribution to the solution of the problems
treated in part of Chapter 3 and in Chapter 4.

Eindhoven, December 1993,

Henri Huijberts.
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Chapter 1

Introduction

?In SCIENCE -in fact, in most things- it is usually best to
begin at the beginning. In some things, of course, it’s better
to begin at the other end. For instance, if you wanted to
paint a dog green, it might be best to begin with the tail, as
it doesn’t bite at that end.”

Lewis Carroll, Sylvie and Bruno concluded.

The purpose of this monograph is to explain the role that is played by dynamic (and
static) state feedback in the solution of synthesis problems for nonlinear control systems.
In particular we pay attention to the disturbance decoupling problem, the model matching
problem and the input-output decoupling problem.

In Section 1.1 a general introduction to some of the technical terms mentioned above is
given. A basic tool that is used in this monograph, is differential geometry. In Section 1.2
we give an overview of concepts from differential geometry that are used in this monograph.
In Section 1.3 a survey of the rest of the monograph is given. Here we pay special attention
to the new contributions of this monograph.

1.1 General introduction

Nonlinear control system

A control system ¥ is a part of the "real world” that is influenced by its environment
via so called inputs and on its turn influences its environment via so called outputs. The
inputs are divided in two groups. First, we have the inputs that we can control as we wish.
These inputs are called controls and are denoted by u. Second, we have the inputs that we
cannot control as we wish. These inputs are called the disturbances and are denoted by gq.
Also the outputs are divided in two groups. First, we have the outputs in whose behavior
we are specifically interested. These outputs are called the outputs-to-be-controlled and are
denoted by y. Second, we have the measurements that we can perform on the system. These
outputs are denoted by 7. Pictorally, this is given by Figure 1.1. In this monograph we are
especially interested in nonlinear control systems (or briefly: nonlinear systems). These
are control systems for which the interdependence of ¢, u,y, 7 is described by equations of
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4 Chapter 1. Introduction

Figure 1.1: Control system

the form

m T
1 = fi(zy,--,2a) + _Zlgn(ivl, c, T Uy + apil(ml,"'yzn)Qi
= =

a.7n = fn(zlv"'vxn)'}';gin(zla”"zn)ui“';p{n(xly"',zn)qi
N = h](zlv"'vzn) (1‘1)

Y = hp(21,000,20)

m = kl(zh"',-’b‘n)

Ns = k,(I], e ,.’l:,,,)

where fl' (l = 17"'3”)1 9i; (l =1,---,myj = 17""71)» Pij (Z =1, = 17"""')1 h;
(t=1,---,p) and k; (i =1,---,3) belong to some function class and z; (i = 1,---,n), y;
(=1,--+,m) are time-dependent functions. The variables z,,-- -, z, are called the state
variables of the system and #; denotes the time-derivative of z;, i.e., &; = (d/dt)z;. The
system is initialized by choosing z;(0) = z;0 ( = 1,--,n). Defining

I Uy Q1 Y1 Uit
T = : y U= : y 4= : y Y= : s = )
Ty Uy, qr Yp Ns
fi(z) hi(x) ki(z)
f(.’t) = P h(l‘) = ) k(:t) = )
fa() hy(z) ks ()
gu(z) - gm(z) pu(z) -+ pn(z)
9(z) = : : , p(z) = : : ,

Gn(@) - Gma(z) Pin(@) -+ Pral2)
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q ——— Y
v —— z
n Q 7 n
Figure 1.2: Feedback control system

we write (1.1) in the compact form

¢ = f(z)+g(z)u+p(z)q

y = hiz) (1.2)

n = k(z)

Static and dynamic state feedback

Consider a nonlinear control system of the form (1.2). In control theory, one is interested
in the question how the controls u of the system should be chosen to assure that the
outputs-to-be-controlled y meet some prespecified requirements. To make this more clear,
we consider the example of a rigid robot arm. Typically, for such a system the controls are
the torques that can be applied at the joints. If the aim is to let the endpoint of the robot
arm follow a certain prespecified path, we take as outputs-to-be-controlled the (Cartesian)
coordinates of the endpoint. With these sets of controls and outputs-to-be-controlled the
behavior of the robot arm can be described via equations of the form (1.2) (see e.g. [5]).
The question then is how to choose the controls in order that the endpoint follows the
prespecified path, and remains close to it if disturbances are present.

In the control problems that we will encounter in this monograph, the solution to the
problem comes down to changing the structure of the system (that is, the form of the
equations (1.2)) by an appropriate choice of the controls u. Very often (and this monograph
will be no exception) this is done via feedback. To make the idea of feedback clear, consider
Figure 1.2. We see that the measurements 7 are fed back to @), and, based on the value of
7, @ "decides” by some kind of rule what the control u for the system ¥ should be. The
signal v in Figure 1.2 indicates a set of new controls that can be used to achieve further
control objectives.

Above, we have been a bit vague about the form of (). We will be more specific now. We
will especially be interested in two types of feedback for a system (1.2). First, we assume
throughout that the whole state vector of the system can be measured, i.e., in (1.2) we
have s = n and m;y = x1,--+,9, = z,. Therefore, in what follows we do not explicitly
mention the measurements 7 any more and the outputs-to-be-controlled y will be simply
referred to as the outputs y.

A static state feedback is a feedback of the form
u=az)+ Bx) (1.3)
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on(z) Pu(z) -+ Pim(z) v

a(z) = : , Blz)= : : , v=1
am(x) ﬂml(w) c ﬂmm(-’l’) Um
with v denoting the new controls to the system. The adjective ”static” indicates the fact
that the feedback (1.3) decides what the value of u at a time-instance t should be only on
the basis of what the value of z and v at that specific time-instance is. In this sense (1.3)
could also be called a memoryless feedback. If we also incorporate some kind of memory
in the feedback, we arrive at what is called a dynamic state feedback. This is a feedback of
the form

2 = afz,z)+ Bz, z)v
{ u = y(z,z)+8(z,z)v (14)
where
z a(z, 2) Pu(z,2) -+ Pim(z,2)
z=| i |, ele,2)= : » Blz,z) = : :
2y a,,(:z:,z) ﬂul(zaz) ﬂum(z’ Z)
m(z, z) bu(z,z) -+ bim(z,2)
7("’:’2): ) ‘S(z’z)'——
' Tm(z,2) bmi(z,2) -+ bmm(z,2)

Here a part of z;,-- -, 2, can be interpreted as the memory of the feedback.

Disturbance decoupling problem

A problem occurs when there are disturbances g entering the system that influence the
outputs y. In this case the behavior of the outputs is unknown, since (by definition)
the behavior of the disturbances is unknown. To tackle this problem, a first step in the
controller design is to change the structure of the system (that is, the form of the equations
(1.2)) via a static state feedback (1.3) or a dynamic state feedback (1.4) in such a way that
the disturbances no longer influence the outputs.

The disturbance decoupling problem is thus defined as follows: given a system of the form
(1.2), find (if possible) a static state feedback (1.3) or a dynamic state feedback (1.4) such
that for the resulting system (1.2,1.3) (or (1.2,1.4)) the disturbances ¢ no longer influence
the outputs y.

Input-output decoupling problem

Consider a system (1.2), for which the number of controls equals the number of outputs
(i.e.,in (1.2) we have p = m). Moreover, assume that there are no disturbances entering the
system, i.e., in (1.2) we have r = 0. The input-output decoupling problem for this system is
defined as: find (if possible) a static state feedback (1.2) or a dynamic state feedback (1.4)
for (1.2) such that for the resulting system (1.2,1.3) (or (1.2,1.4)), with controls vy, - -, vy
and outputs y1,- -+, Ym, the control v; (1 = 1,---,m) does influence the output y;, but does
not influence the other outputs y1,- -+, ¥i—1,Yit1,* " * » Ym-
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Having designed a static (or dynamic) state feedack that solves the input-output decoupling
problem, the control of the outputs of the system is greatly facilitated. Namely, if we want
a certain output to behave in a certain way, it suffices to manipulate the control v;, whilst
we do not have to worry that any changes in the control v; have a negative influence on
the behavior of the other outputs y1,- -+, ¥i—1,Yit+1,° "+ Ym.

Model matching problem-

The input-output behavior of a system of the form (1.2) without disturbances (i.e., r = 0)
is the set of all possible input-output trajectories (u(t),y(¢)) that the system can produce.
Now consider a system of the form (1.2), that we will call the plant P. It may be that
the input-output behavior of P has some undesirable properties and that we would like
to achieve some other (nicer) structure, say the input-output behavior of some fictitious
system of the form (1.2), that we call the model M. The question if this is possible and, if
the answer is positive, how this could be achieved is known as the model matching problem.
It will become clear that the model matching is related to the disturbance decoupling
problem.

1.2 Overview of differential geometry

In this section an overview is given of concepts from differential geometry that are used
in this monograph. Standard references on differential geometry are [1],[2],[8],[16],[42],[92]
(see also [61],[81]). An easily accessible account on differential geometry is [18]. Some
concepts in this overview are taken from [61],(81],[42], [92].

Consider the space RN with Euclidean norm || - || defined by ||z|| = (=N, z?). A subset
U C RV is called an open subset of RN if for every € U there exists an € > 0 such
that {z € RN | ||z — || < ¢} C U. For z € IRV, an open subset U C IR containing
z is called a neighborhood of z. Let U be a (not necessarily open) subset of RN. A
subset U C U is called a relatively open subset (or briefly: open subset, when no confusion
arises) of U if there exists an open subset U of RN such that U N U = . Note that
a relatively open subset need not be an open subset of IRY. For example, take N = 2,
U={zeR|2,=0},U={z€R*|-1<a <1l,z; =0}. For Z € U, a relatively
open subset U of U containing Z is called a neighborhood of 7 in U.

Let U,V be subsets of RN and consider a mapping ® : U — V. ® is called continuous
if the inverse image of every open subset of V is an open subset of U. If U is open, ® is
called smooth if it has continuous partial derivatives of all orders. If U is not open, ® is
called smooth if for every z € U there exists a neighborhood U of Z in IR and a smooth
mapping ¥ : U — V such that ¥ equals ® on U N U. The set of smooth real-valued
functions on U is denoted by C*(U). ® is called a diffeomorphism if ®~! : V — U exists
and both ® and ®~! are smooth.

A subset M C IRV is called a manifold of dimension n if there exist an index set I,
relatively open subsets U; (i € I) of M, open subsets V; (i € I) of R® and diffeomorphisms
¢i : Uy = V; (i € I), such that Uic; U; = M, and, whenever U; N U; # 0 (i,5 € I), the
mapping ¢j; : ¢:(U; NU;) — ¢;(U; NU;) defined by ¢;:(y) = ¢;0¢7(v) is a diffeomorphism.
For every i € I, the pair (U, ¢;) is called a local coordinate chart on M, and the collection
A = {(U;,¢:) | 1 € I} is called an atlas on M. A subset N of M is called a submanifold of
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M if N itself is a manifold.

For z € IR", the tangent space T.IR" at z is the set of tangent vectors to IR" at = (and
so, T,IR" is a copy of IR*). The natural basis of T,JR" is denoted by {8—‘;|,,---, 53—:[,}.
Consider a manifold M of dimension n and let m € M. Let (U, ¢) be a local coordinate
chart around m. For 7 € Ty(m)IR", define ¢*(m)r := a‘;:(qﬁ(m))r. The tangent space
TwM of M at m is deﬁned as

T M = span r{4"(m) 5 |¢<m>|k—1 n} (15)

The elements of T;, M are called tangent vectors at m. Since ¢ is a diffeomorphism, the
mapping ¢*(m) : Tgm)IR* — T M is a linear isomorphism. Hence the vectors %Ln::
¢*(m)ai$k|¢(m) (k=1,---,n) form a basis of T, M. The set TM = {(m,7) | m € M,7 €
T.M} is called the tangent bundle of M.

Remark 1.2.1 It can be shown that the above definition of T;,M coincides with the
intuitive notion of a tangent space to a surface in IR¥. Moreover, it can be shown that the
definition of T,, M is independent of the local coordinate chart around m that is chosen

(see e.g. [42]). =

A vector field on M is a mapping 7 that assigns to each m € M a tangent vector 7(m) €
T.M. 7 is called a smooth vector field if for each m € M there exists a local coordinate
chart (U, ¢) around m and functions 71, -+, 7, € C®(U) such that for all n € U we have
T(m) =YL, T;(ﬁz)a%il,ﬁ. The set of smooth vector fields on M is denoted by V(M).

For k = 1,---,n, let r; denote the natural coordinate functions on R",i.e.,ri{a1,---,a,) =
ag. The functions z; = r;0 ¢ (i = 1,---,n) are called local coordinate functions and the
values z1(m),---,za(m) of a point m € U are called the local coordinates of m. Let
F: M — IR be a map. Then F yields a function F: ¢(U) - R defined as ' = F o ¢71,
that is, for m € U: F(m) = F(z1(m),---,2,(m)). The function F is called the loca.l
representative of F.. It is customary to use the same letter ”F”” for F' defined on M and
for I, its expression in local coordinates. Hence instead of F'(z;(m), - -,z.(m)) we write
F(zy(m),:--,z,(m)). Furthermore, usually we delete the dependence on m, and write
F(zy,:+,z,), where (zy,- -, ,) are the local coordinates of some (unspecified) point m €
U. Consider a smooth vector field 7 on M, on U given by 7(m) = ¥, T;(m)g%hn. The
expression of 7 in local coordinates is denoted by 7(z1,--+,z.) = T, 7i(z1, - ,mn)g%h
or, briefly, 7(z) = TL, T;(z)gi—‘_ |cs where 7;(z1,--,z,) is the expression of 7; in local
coordinates. A vector field 7 € V(M) given in local coordinates, is often identified with
the n-dimensional column vector col(ri(z), - -, Tn(z)).

A smooth curve o on M is a smooth mapping o : (a,b) — M, where (a,b) is an open
interval of IR. For t € (a, ), let (U, ¢) be a local coordinate chart around o(t) € M. Define
6(t) € T,y M by the conventional limit (in local coordinates)

a(t) = hm

o(t+ h}: —o(t) (1.6)
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o is called an integral curve of a given vector field f on M if ¢(t) = f(o(t)) for all t € (a, b).
In local coordinates z,- -, z, this just means that o(t) = (01(t),-+,0n(t)) is a solution
of the set of differential equations

o1(t) = filou(t), -, on(t))
: (t € (a,b) (L)

a',.(t) fn(al(t),'_")an(t))

where f is identified with the column vector col(fi,---, fa). So, to a vector field f given
in local coordinates we associate in a one-to-one way the set of differential equations

:i:l(t) = fl(zlv"'vzﬂ)
f (1.8)
$n(t) = fn(mla"'vmﬂ)

also abbreviated as ¢ = f(z).

For any two o,7 € V(M), in local coordinates given by o(z) = col(oy(z),-:-,0on(z)),
7(z) = col(m1(z), - -, Ta(x)) the Lie bracket [0, 7] is defined by (in local coordinates):
loks a7 do do
6;11. vee %}; o 3?% cen BE,]: m
orl= | s s : s Pl =

or, o . do,  do ) 1.9
;R ool A Iz Fon ) N (1.9)

or do
3;‘0' - %T
If o,7 € V(M), then also [0,7] € V(M). V(M) endowed with the Lie bracket [,-] has a

special algebraic structure:

Definition 1.2.2 Lie algebra
A pair (V, [, ]) is called a Lie-algebra (over IR) if V is a vector space over IR with a product
[,-] : V x V = V that has the following properties for all v,w,z € V:

[a1v + asw, z] = a4[v, 2] + az[w, 2] Vai,a2 € R (bilinearity over IR) (1.10)
[v,w] = —[w,v] (skew — symmetry) (1.11)
[v, [w, 2]] + [z, [v, w]] + [w, [2,v]] = 0 (Jacob: — identity) (1.12)

L |

It can be shown that (V(M), [-,-]) (with [-, -] the Lie bracket defined in (1.9)) is a Lie-algebra
(over IR).

The cotangent space T,,M of M at m is defined as the dual space of T, M, i.e., the
space of linear mappings w : T, M — IR. The elements of Tx M are called cotangent
vectors at m. If w € T, M, then the value of w at 7 € T,, M is denoted by <w,7> (or
w(7)). Let 71, -+, 7, be a basis for T,, M. Then the unique basis wy, - - - ,w, of Tjx M which
satisfies <w;, 7;>= 6;j, is called the dual basis of T, M with respect to 71, --,7,. Given a
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coordinate chart (U, ¢) around m, the dual basis with respect to 8%1""’ ceey a%,,lm is denoted
by dd1|m,- -+ ;dpn|m- The set T*M = {(m,w) | m € M,w € T M} is called the cotangent
bundle of M. A covector field (or one-form) w on M is a mapping that to each m € M
assigns a cotangent vector w(m) € T M. w is a smooth covector field if for each m € M
there exists a local coordinate chart (U, ¢) around m and functions wy, -+ ,w, € C*(UV)
such that for all m € U we have w(h) = 3% wi(M)dd;|=. The set of smooth covector fields
on M is denoted by V*(M). Let w € V*(M). The expression of w in local coordinates is
denoted by w(z) = Y%, wi(x)dz;|;, where w;(z) is the expression of w; in local coordinates.
A covector field w € V*(M) given in local coordinates, is often identified with the n-
dimensional row-vector (wi(z) --- wg(z)). For 7 € V(M), w € V*(M), the smooth
function <w,7>: M — IR is defined by <w, 7> (m) =<w(m),7(m)>. Note that in local
coordinates <w, 7> is just the product of the row vector w and the column vector 7. With
every F € C~(M) we can associate a covector field dF by defining (in local coordinates)
dF(z) = 1, &£ (z)dzi,.

i=1 _3-;.'

Definition 1.2.3 Lie derivative
Let 7 € V(M). Then the following Lie-derivatives may be associated to 7 (the definitions
are given in local coordinates):

(1) L :C®(M)— C=(M):
L.F = i%n (VF € C(M)) (1.13)

(it) L, : V(M) - V(M):
L,o=][r,0] (Vo€ V(M)) (1.14)

(ite) L, : V*(M) — V*(M):

ol o Or .
Lyw= (79—:;-7) +w—(,-); (Vw € V*(M)) (1.15)
where ”T” denotes the transpose. -
The three types of Lie derivatives are related by the Leibniz formula:
L; <w,0>=< Lw,0 >+ <w,L,0> (Vo,7€V(M),weV*(M)) (1.16)

A distribution A on M is a mapping that assigns to each m € M a linear subspace of T,, M.
A is called a smooth distribution if for each m € M there exist a neighborhood U C M of
m and a set of smooth vector fields 7;, ¢ € I, with I some (possibly infinite) index set, such
that A(m) = span g{7i(m) | i € I} for every m € U. In the sequel distribution will always
mean smooth distribution. If {7; | 7 € I} is a set of smooth vector fields on M, then their
span, denoted by span {7; | ¢ € I} is the distribution defined by

span {r; |1 € I} : m — span g{ni(m) |t € I} (m € M) (1.17)
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The sum and intersection of two distributions A; and A, are defined as:
Ay + Ay :m — Ay(m) + Az(m) (m e M) (1.18)
Ay N Ayim— Ay(m) N Ay(m) (m € M) (1.19)

Note that the sum of two smooth distributions is a smooth distribution again, but that the
intersection need not be smooth. A vector field 7 on M is said to belong to a distribution
A, denoted by T € A, if for every m € M we have 7(m) € A(m). A distribution A, is said
to be contained in a distribution A,, denoted by A; C A,, if every vector field belonging
to A; also belongs to A,. The dimension of a distribution A at m € M is the dimension of
the linear subspace A(m). A distribution is called constant dimensional if the dimension of
A(m) does not depend on the point m € M. If A is a distribution of constant dimension,
say k, then for every m € M there exist a neighborhood U C M of /m and vector fields
T1,-++,Tk € V(M) such that for every m € U: A(m) = span p{ni(m),---,w%(m)}. A
distribution A is called involutive if [o,7] € A whenever 0,7 € A. If A is not involutive,
there always exists a smallest involutive distribution containing A. This distribution is
called the involutive closure of A and is denoted by A.

A submanifold N of M is an integral manifold of a distribution A on M if T,,N = A(m)
for every m € N. A k-dimensional distribution A on M is integrable if around any m € M
there exists a coordinate chart (U, ¢) such that

d d
A(m) = s?an{afﬁlm,--',afﬂlm} (1.20)

A as in (1.20) is called a flat distribution in the local coordinates ¢. Note that the integral
curve of a vector field f # 0 we encountered before is an integral manifold of the one-
dimensional distribution span {f}.

Theorem 1.2.4 Frobenius theorem (local version)
A constant dimensional distribution A is integrable if and only if it is involutive. =

The Frobenius theorem states that for a constant dimensional distribution A involutivity
is equivalent to the existence, for every m € M, of a coordinate chart (U, ) around m,
with ¢(m) = 0, ¢(U) = (—¢,€) X --- X (—¢,€) (€ > 0), such that for every ary1,--,an,
smaller in absolute value than ¢, the submanifold

{ﬁl ev | ¢k+1(ﬁl) =ak+l3"'a¢n(m) =an} (121)
is an integral manifold of A. Moreover every integral manifold is locally of this form.
There also exists a global version of the Frobenius theorem. For details, we refer to [92].

A codistribution (! on M is a mapping that assigns to each m € M a linear subspace of
TrxM. Q is called smooth if for each € M there exist a neighborhood U C M of m and
a set of smooth covector fields w;, 7 € I, with I some (possibly infinite) index set, such
that Q(m) = span p{wi(m) | ¢ € I} for every m € U. If A is a distribution on M, then its
annihilator, denoted by ann A, is the codistribution defined by

ann A(m) = span p{w(m) | w is a covector field s.t. <w,7 >=0,Vre A} (1.22)
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If Q is a codistribution on M, then its kernel, denoted by Ker (2, is the distribution defined
by

Ker Q(m) = span g{7(m) | 7 is a vector field s.t. <w,7 >=0,Vw € Q} (1.23)

In general the annihilator and kernel need not be smooth. However, if A and Q) are
smooth and constant dimensional, then so are ann A and Ker {2, while Kerann A = A,
ann Ker Q = ). (see e.g [81]).

Remark 1.2.5 In the sequel we use the following shorthand notation

(i) ¥ F,---,F, € C*(M), the codistribution span {dFy,-:-,dF,} will be denoted by
span {dF'}, while Ker dF denotes Kerspan {dFy,---,dF,}.

(i1) If A is a distribution and 7 a vector field on M, then [, A] denotes the distribution
span {[r,0] | ¢ € A}.

(iii) 532—‘ denotes %lx and dz; denotes dz;,. -

1.3 Organization of the monograph
The monograph is organized as follows.

Chapter 2 The theory on the linear and nonlinear disturbance decoupling problem via
(regular) static state feedback (DDP) is recapitulated, based on [110] for the linear case and
[61],[81] for the nonlinear case. The solution in the linear case is obtained by introducing the
concept of a (controlled) invariant subspace. In the nonlinear case, the solution is obtained
by introducing the concept of a locally (controlled) invariant distribution, a nonlinear
generalization of a (controlled) invariant subspace. The solutions in the linear and nonlinear
case show clear analogies. However, there are also some differences, which are indicated at
the end of the chapter.

Chapter 3 We first repeat the theory on the strong input-output decoupling problem via
regular static feedback (SIODP), following [81],[61]. For systems for which the SIODP is
solvable, a local normal form is obtained. This new result was derived by Huijberts and
Van der Schaft in [59] (see also [69)]).

For the treatment of the strong input-output decoupling problem via regular dynamic
state feedback (SDIODP) an algebraic theory for nonlinear control systems is reviewed.
The presentation closely follows [30] (see also [35],[36]). A convenient way of performing the
necessary calculations in this algebraic theory is provided by Singh’s algorithm ([90]). The
version of Singh’s algorithm presented here is from [30]. Based on the algebraic theory a
definition of a regular dynamic state feedback is given ([72],[30]). Singh’s algorithm applied
to a nonlinear control system provides a special sort of regular dynamic state feedback,
that will be called a Singh compensator. The definition of a Singh compensator can be
found in a series of papers by Huijberts, Nijmeijer and Van der Wegen [51],[52],[53],[54]
(see also [91]). In general, there exists more than one Singh compensator for a nonlinear
control system. It is shown that every Singh compensator has the same dimension. This
result is from [54]. Moreover, it is shown that a nonlinear control system equipped with
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one specific Singh compensator is state space equivalent to the same system equipped with
another Singh compensator. This result is new. A first step in proving this result was
taken in [107].

A solution of the SDIODP is given, using the algebraic theory introduced before. This
solution can be found in [30],[61],[71],[78],[81]. It is shown that the SDIODP is solvable if
and only if it is solvable via a Singh compensator. Moreover, it is shown that a Singh com-
pensator is a regular dynamic state feedback of minimal dimension solving the SDIODP.
This means that the dimension of every regular dynamic state feedback that solves the
SDIODP is greater than or equal to the dimension of a Singh compensator. This last
result is new and is taken from a paper by Huijberts, Nijmeijer and Van der Wegen [54].

Chapter 4 The new problem of disturbance decoupling via regular dynamic state feed-
back (DDDP) is formulated and solved. It turns out that the problem is solvable if and
only if it is solvable via a Singh compensator. Geometric conditions for solvability that
are reminiscent of the conditions for solvability of the DDP (see Chapter 2) are also given.
Moreover, algebraic conditions for solvability in terms of the algebraic structure at infinity
([71]) are given. Analogously to the DDDP, the disturbance decoupling problem via regu-
lar dynamic state feedback and disturbance measurements (DDDPdm) is formulated and
solved, and moreover geometric and algebraic conditions for solvability of the DDDPdm
are given. This chapter is based on a series of papers by Huijberts, Nijmeijer and Van der
Wegen [51],[52],[53].

Chapter 5 In Chapter 2 the notion of a (controlled) invariant subspace for a linear system
was generalized to nonlinear systems via the notion of a locally (controlled) invariant
distribution. In this chapter another generalization, that of a locally (controlled) invariant
submanifold, is introduced. This leads to the introduction of the clamped dynamics and
the clamped dynamics algorithm for a nonlinear control system. These notions were first
identified, in the single-input single-output case, in [11],[67]. For the multi-input multi-
output case they were further elaborated in [12],[64],[101],[104]. A new result is given that
establishes a connection between the clamped dynamics of a nonlinear control system and
the clamped dynamics of this system together with a dynamic state feedback. This result
was first derived by Huijberts in [50]. Also a result from [102], that gives a connection
between the clamped dynamics algorithm and Singh’s algorithm, is stated.

Chapter 6 The disturbance decoupling problem via nonregular dynamic state feedback
(nDDDP) and the disturbance decoupling problem via nonregular dynamic state feedback
and disturbance measurements (RDDDPdm) are formulated. For both problems an algo-
rithm for solving the problems is given. These algorithms are based on Singh’s algorithm
and the clamped dynamics algorithm from Chapters 3 and 5, respectively. The results in
the chapter are taken from a paper by Huijberts [50].

Chapter 7 The nonlinear model matching problem (MMP) is formulated. Sufficient con-
ditions for solvability of the MMP from [31],[73] are given. It is shown that the solvability
of the MMP is equivalent to the solvability of an associated disturbance decoupling via
nonregular dynamic state feedback and disturbance measurements. This result can be
found in a paper by Huijberts [50] (see also [31]) and forms a nonlinear generalization of
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results obtained in [76],[33] in the linear case. Based on the theory developed in Chapter
6 and this result necessary and sufficient conditions for solvability of the MMP are given.

Another new set of necessary and sufficient conditions for the solution of the MMP is given
in case the SIODP is solvable for the model. It is also shown that under generic conditions
on the plant the MMP is solvable around equilibrium points for the plant and the model
if and only if it is solvable for the linearizations of the plant and the model around these
equilibrium points. As an important intermediate step, it is shown that, under generic
conditions, the SDIODP is solvable for a system around an equilibrium point if and only if
the SDIODP is solvable for the linearization of this system around the equilibrium point.
These results are from a paper by Huijberts and Nijmeijer [55]. The theory is illustrated
via two examples from a paper by Huijberts [48].

Chapter 8 A special class of nonlinear control systems, the Hamiltonian control systems, is
introduced. The concept of a Hamiltonian control system was introduced in [9] and further
elaborated in e.g. [98]. The exposition closely follows Chapter 12 of [81]. The structure
of Hamiltonian systems for which the SIODP is solvable is investigated. It is shown that
the clamped dynamics of a Hamiltonian system for which the SIODP is solvable constitute
a Hamiltonian system without inputs. This result is taken from [100],[103] (see also [81])
and is based on Dirac’s theory of constrained Hamiltonian systems [32]. The result is
used to give conditions for the solvability of the SIODP with stability for Hamiltonian
systems. These conditions are taken from a paper by Huijberts and Van der Schaft [59)].
Also the question to what extent a strongly input-output decoupled Hamiltonian still has
a Hamiltonian structure is investigated. Up till now a complete answer to this question
is not known, but in some particular cases the solution is obtained. Based on this a
conjecture is stated. The conjecture and the treatment of the special cases are based on
unpublished joint work by Huijberts and Van der Schaft. If the conjecture holds true,
it may provide important structural information in the solution of synthesis problems for
Hamiltonian control systems. This is illustrated via the model matching problem with
prescribed tracking error for Hamiltonian control systems. This illustration is taken from
a paper by Huijberts [47].



Chapter 2

Controlled invariance and
disturbance decoupling via static
state feedback

In this chapter we treat the disturbance decoupling problem via (regular) static state
feedback for linear and nonlinear systems. Instrumental in the solution of the problem in
the linear as well as in the nonlinear case is an appropriate notion of (controlled) invariance.
This notion is introduced. In Section 2.1 we first treat the linear case, while in Section
2.2 the nonlinear case is discussed. Moreover in this section we discuss the analogies and
differences between the solutions in the linear and nonlinear case.

For linear systems the notion of controlled invariance and its use in the solution of the
disturbance decoupling problem dates back to the end of the sixties, see [6],[111]. A
detailed account of the use of controlled invariance in linear synthesis problems is given
in [110]. When no specific references are given, the results in Section 2.1 can be found in
[110] (and the references therein). The nonlinear generalization of the notion of controlled
invariance together with its applicability in various nonlinear synthesis problems (amongst
which the disturbance decoupling problem) has been initiated in the beginning of the
eighties in [45],[63]. When no specific references are given, the results in Section 2.2 can
be found in [61],[81] and the references therein.

2.1 The linear case

Consider a linear time-invariant system of the form

z Az + Bu + Eq
{y - Cz (2.1)

with states ¢ € IR", controls u € IR™, disturbances ¢ € IR", outputsy € IRP and A, B,C,E
matrices of appropriate dimensions with constant coefficients.

For a given initial condition z(0) = zo € IR™, given control functions @(t) (¢ > 0) and given
disturbance functions g(t) (¢ > 0) the outputs y(t, zo, @, q) of (2.1) at time ¢ > 0 are given
by the well known variation of constants formula

t i
y(t, 20,@,§) = Cettzo + / CeAt=7)Ba(r)dr + / CeAt=D Eg(r)dr (2.2)
] 0

15
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Remark 2.1.1 (i) Throughout we assume that the controls u(-) belong to the class of
piecewise continuous functions and that the disturbances g(-) belong to a sufficiently
large class of functions (for example £} ) such that the expression (2.2) is well-
defined.

(i1) By the time-invariance of the system (2.1), we may take, without loss of generality,
the initial time equal to zero. -

In the disturbance decoupling problem via static state feedback for the system (2.1) we look
for a static state feedback

u=Fz+Gv (2.3)

where F,G are matrices of appropriate dimensions with constant coefficients and v € IR™
denotes the new controls to the system, such that after application of this feedback the
outputs are independent of the disturbances, i.e., the last term in (2.2) vanishes for A
replaced by A + BF. We give a formal definition:

Definition 2.1.2 Disturbance decoupling problem via static state feedback
(DDP)

Given a system (2.1), under what conditions does there exist a static state feedback (2.3)
such that for the system (2.1,2.3) the outputs are independent of the disturbances? =

To arrive at necessary and sufficient conditions for the solvability of the DDP we define
the notion of a (controlled) invariant subspace for (2.1).

Definition 2.1.3 (Controlled) invariant subspace

(i) A subspace V C IR" is said to be an invariant subspace for (2.1) if
Ay CVy (2.4)

(ii) A subspace V C IR" is said to be a controlled invariant subspace for (2.1) if there
exists a linear map F': IR® — IR™ such that

(A+BF)V CV (2.5)
| ]

Condition (2.5) can be verified by checking the solvability of a linear matrix equation.
The following lemma gives an equivalent but easier verifiable characterization of controlled
invariance.

Lemma 2.1.4 A subspace V C IR" is a controlled invariant subspace for (2.1) if and only
if

AV CV+ImB (2.6)
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Given a controlled invariant subspace V, the set of friends of V, denoted by F(V), consists
of all linear maps F' : IR* — IR™ satisfying (2.5). A map F' € F(V) is said to render V
invariant for (2.1).

Let a subspace K C IR™ be given and let I(A, B;K) denote the set of controlled invariant
subspaces contained in K. Suppose V1, V; € I(A, B;K) and define V; +V; := {v = v1+ 1, |
v1 € V1,v2 € V,}. Then, using (2.6), it can easily be checked that also V1+V; € I(4, B;K).
Furthermore, the subspace {0} is trivially contained in X and satisfies (2.6). This implies
in particular that I(A, B;K) contains a unique maximal element V*(A, B;K), meaning
that V*(A, B;K) € I(A, B;K) and for any V € I(A, B;K): ¥V C V*(A, B;K). V*(A, B;K)
can be constructed by means of the algorithm given below. In the algorithm we employ
the following notation. Given a subspace ¥ C IR", we define V* := {z € R" | zTv =
0,Vv € V}.

Algorithm 2.1.5 Controlled invariant subspace algorithm
Consider the system (2.1) and let a subspace K C IR" be given. Define the subspaces W*
(k=0,1,2,---) according to

we = Kt

» @2.7)
Wetl = We L ATW* N ImB*Y); ¢ =0,1,2, -

Theorem 2.1.6 Consider Algorithm 2.1.5. The subspaces W* (u = 0,1,2,---) satisfy
Wt 5 WE and for some k* < dim(K):

Wk' — Wk‘+l — ...
and
V*(A, B;K) = (WF)*
| |
Now let us return to the DDP. Of crucial importance in the solution of this problem is the

controlled invariant subspace V*(A, B; Ker C'). When no confusion arises, we denote this
subspace by V* in the sequel. The solution of the DDP is given by the following theorem.

Theorem 2.1.7 The DDP is solvable for (2.1) if and only if
ImE CV* (2.8)

where V* = V*(A, B;KerC), the mazimal controlled invariant subspace for (2.1) that is
contained in KerC. Moreover, any static state feedback (2.3) with F € F(V*) and an

arbitrary G solves the DDP for (2.1). -
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Remark 2.1.8 (i) Note that the choice of G is free in (2.3). One will often choose G to
be an invertible matrix, reflecting the fact that after we have solved the DDP we still
have m independent controls. Note that we can find F' in (2.3) by solving a linear
matrix equation.

(it) One might wonder if by allowing for a more general type of feedback, e.g. a dynamic
state feedback of the form

{:

with z € IR” for some v and v € IR™ denoting the new controls, we can render
the outputs independent of the disturbances under less restrictive conditions than
(2.8). The answer to this question is negative. In fact one can easily show that the
disturbance decoupling problem is solvable via a feedback (2.3) if and only if it is
solvable via a feedback (2.9) (cf. [7]). For nonlinear systems a similar result does not
hold any more, as we will see in the following section. -

Kz+ Lz + Mv
Rz+ Sz +Tv

(2.9)

A problem closely related to the DDP is the disturbance decoupling problem via static
state feedback and disturbance measurements (DDPdm). In this problem we assume that
we can measure the disturbances entering the system. We use this extra information by
adding a feedthrough term to the feedback (2.3), i.e., we allow for a control of the form

u=Fz+Gv+ Hq (2.10)

This leads to the following definition:

Definition 2.1.9 Disturbance decoupling problem via static state feedback and
disturbance measurements (DDPdm)

Given a system (2.1), does there ezist a static state feedback with disturbance feedthrough
(2.10) such that for the system (2.1,2.10) the outputs are independent of the disturbances?

|
Analogously to the proof of Theorem 2.1.7 we can prove:
Theorem 2.1.10 The DDPdm is solvable for (2.1) if and only if
ImECV*'+ImB (2.11)

where V* = V*(A, B;Ker C), the mazimal controlled invariant subspace for (2.1) that is
contained in Ker C. Moreover, any static static state feedback with disturbance feedthrough
(2.10), with F € F(V*), H satisfying Im(E + BH) C V* and an arbitrary G solves the

DDPdm for (2.1). -
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2.2 The nonlinear case

Consider an analytic nonlinear time-invariant system of the form

{ ¢ = f(e)+g(z)u+p(z)g
y

h(z) (2.12)
where z = (2, --,2,)7 are local coordinates for the state space manifold M, u € R™, ¢ €
R,y € R, g(z) = (91(2) - gm()), p(x) = (pr(2) - - - Pr(2)), h(2) = col(ha(z), - - -, hy(2)),
f191," " y9m,P1, "+, Dr are analytic vector fields on M and hy, - - -, h, are analytic functions
on M. Throughout we assume that the controls u(-) belong to the class of piecewise con-
tinuous functions and the disturbances ¢(-) belong to a sufficiently large class of functions
such that the local solution of the state equation of (2.12) is well-defined. Define the
distributions G := span{g1,-- -, gm}, P :=span{p,---,pr}.

In the disturbance decoupling problem via regular static state feedback for the system (2.12)
we look for a regular static state feedback of the form:

u = a(z) + B(z)v (2.13)

where @ : M — IR™ and 8: M — IR™*™ are analytic mappings with 8(z) regular (i.e.,
| B(z) |# 0) for all z € M and where v € IR™ denotes the new controls, such that for the
system (2.12,2.13) the outputs are independent of the disturbances. This means that for
any initial state zg, any control (t) (¢ > 0) and any pair of disturbances §(t),g(t) (t > 0)
the outputs of (2.12,2.13) satisfy y(t,zo,%,q1) = y(t, o, ¥, G2) (¢ > 0). Formally, this gives
the following definition.

Definition 2.2.1 Disturbance decoupling problem via regular static state feed-
back (DDP)

(i) Given a system (2.12), under what conditions does there exist a regular static state
feedback (2.13) such that for the system (2.12,2.13) the outputs are independent of
the disturbances?

(it) We say that the DDP is locally solvable if for every point o € M there exist a
neighborhood U C M of z¢ and an analytic regular static state feedback (2.13)
defined on U, such that for the system (2.12,2.13) defined on U the outputs are

independent of the disturbances. B

In this section we give, under some regularity assumptions, a local solution of the DDP.
Instrumental in this solution is the notion of a (controlled) invariant distribution.

Definition 2.2.2 Invariant and (locally) controlled invariant distribution

(t) An analytic distribution A on M is said to be invariant for (2.12) if

[f,AlcA

(2.14)
[gj7A] CA (.7 = 17"'7m)
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(i) An analytic distribution A on M is said to be controlled invariant for (2.12) if there
exists an analytic regular static state feedback (2.13) such that A is invariant for the
feedback modified system (2.12,2.13), i.e.,

[f +ga,AlC A

m (2.15)
(5 085,81 CA (=1, m)

(iii)) An analytic distribution A on M is said to be locally controlled invariant for (2.12)
if for each £ € M there exist a neighborhood U € M of z and a regular static state
feedback (2.13) defined on U such that (2.15) is satisfied on U. -

Given a locally controlled invariant distribution A, the set of friends of A, denoted by
F(A), consists of all pairs (a, 3) satisfying (2.15). A pair (a, 8) € F(A) is said to render
A invariant for (2.12).

The following lemma gives another very useful characterization of (locally) controlled in-
variance of involutive distributions:

Lemma 2.2.3 Consider the analytic nonlinear system (2.12) and assume that the distri-
bution G has constant dimension. Let A be an analytic distribution of constant dimension
and assume that A N G has constant dimension. Then the distribution A is controlled
invariant only if

[f,A] ¢ A+¢
(2.16)
[gij] Cc A+¢ (j=13"'3m)

If moreover A is involutive, (2.16) is also a sufficient condition for locally controlled in-
variance. -

Remark 2.2.4 (i) Notice that a locally controlled invariant distribution is in general
not controlled invariant. The point is that the locally defined feedbacks of Definition
2.2.2.(i1i) need not patch together into a globally defined analytic feedback which
renders the distribution invariant (see [21]).

(it) Given an involutive locally controlled invariant distribution A, a pair (a, 8) € F(A)
can be found by solving a set of partial differential equations. This can be seen as
follows. By the Frobenius theorem we may assume without loss of generality that
locally A = span {a%l, . -,a;:r}. By (2.15), @ has to satisfy

a 0 a .
[f+9075;i]€SPan{a—xl,”',$} (i=1,---,7) (2.17)

(2.17) is equivalent to the following set of partial differential equations for a

afk - 391:3 aas _ _ s
E+§(%aa+gks%)—o (k=r+1,---,nji=1,---,r7) (2.18)

Analogously we can derive partial differential equations for . -
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We can check that if a distribution A satisfies (2.16), then also its involutive closure A
satisfies (2.16). Let A; and A, be analytic distributions in Kerdh satisfying (2.16). Then
it is easily seen that also the analytic distribution A; + A, satisfies (2.16). Because the
zero-distribution is trivially contained in Kerdh and satisfies (2.16) we have as a result:

Proposition 2.2.5 There erists a unique involutive distribution in Ker dh that satisfies
(2.16) and that contains all distributions in Ker dh satisfying (2.16). This distribution is
denoted by A*(f,g;Kerdh) or, when no confusion arises, by A*. -

Under some regularity assumptions there exists an algorithm to calculate A*. For this,
consider the following algorithm.

Algorithm 2.2.6 Define the codistributions P* (¢ =0,1,2,---) by

P° = span{dhy,---,dh,}

(2.19)
putl

Il

P+ Ly (P*NannG)+ 5. Lo, (P*NannG) p=0,1,2,---
. i=1

Then we have the following result:

Theorem 2.2.7 If the codistributions ann G, P* and P* Nann G have constant dimension
on M, then for some k* < dim(Kerdh):

P = pF L (2.20)
and

A* = Ker P** (2.21)

]

In the solution of the DDP that will be presented shortly, we have to calculate A* and a pair
(e, B) € F(A*). If we want to find (e, B) € F(A*) using (2.15), a set of partial differential
equations has to be solved, as was shown in Remark 2.2.4.(77). This may become quite
tedious. However, we show that it is not necessary to solve a set of partial differential
equations. In fact, an effective way of determining the codistributions P* (x =0,1,2,--)
locally around a point zo € M is given, provided the regularity assumptions of Theorem
2.2.7 are satisfied. At the same time a pair (o, §) € F(A*) is obtained.

Algorithm 2.2.8 ([65]) Krener’s algorithm

Consider the analytic nonlinear system (2.12). Let zo € M be given. Assume that the
regularity assumptions of Theorem 2.2.7 are satisfied around zo. Furthermore, assume that
the disturbances ¢ = 0.
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Step 0

Suppose that the dimension of P® = span {dhy,---,dh,} equals py around zo. Then after
a possible permutation of the outputs we may define ¢o(z) := col(h1(z), -, hp(z)) such
that P = span {d¢o} around z,.

Step k+1

Assume that in steps 0,--- ;k the functions ¢o(z), -, ¢x(z) have been defined such that
P* = span {d¢:}. Then calculate

by = a¢k

Since P¥Nann G has constant dimension around zo, the matrix By41(z) has constant rank,
say Tk4i, around zo. After a possible permutation of the entries of ¢, we may assume that
the first rx1 rows of B4y are linearly independent around zo. Accordingly, write (2.22)

‘?’k = Ak+1($) + Bk+1(:c)u
( ‘;Sk ) ( Akﬂ(-’”) + Bk+1($)u ) (2.23)

where Bk+1 has full row rank ry4; around z,. Let Bk J(1(:):) be a right inverse of BH.](I)
Furthcrmore, let Biy1(z) be an (m,m — rgy;)-matrix of full column rank satisfying
Biy1(2)Brya () = 0 (ie., the columns of Biyy(z) span Ker Bryy(z)). Define

k() = —Bk+1(1')Ak+1($) (2.24)
Besa(z) = ( By(z) Bin(z)) (2.25)

Then obviously Bk41(z) is regular for all z around zo. Setting u = agt1(z) + Brsa(z)v we
find from (2.23):

35 (@) + 9(z)u] =: Apya(2) + Bra(z)u (2.22)

?k — N R 0 3 i
( ‘;k ) ( Ag41(2) — Bra(2) B (2) A (2) )+

o Iy, 0y _. 2.26
(Bk+1( )Bk+1(z) 0) o ( )

( (@) ) * ( ) 0 )

Note that, since each row of Bi,4(z) is linearly dependent on the rows of By (z), or41()
and 7441 (z) are independent of the choice of By, 1(2) (and Biya(z)). Now it can be proved
that

P! = gpan {ddx,doks1,dTe41} (2.27)

Since by assumption P¥*! has fixed dimension, say pi41, around o, we can find a (px41 —
px)-vector of functions @x41(z), consisting of suitably chosen entries of o441 and 7441, such
that around zo

P**' = span {d¢y, dprs1} (2.28)
Finally, define ¢41(z) := (¢} (2) ¢f41(2))"- B
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This algorithm terminates after a finite number, say k*, of steps. It can be shown that &~
is the same as the k* defined in Theorem 2.2.7. Moreover, it can be shown that locally
(ks Bie) € F(A™).

Now we return to the DDP. We first formulate a result that states under which conditions
the disturbances do not influence the outputs for a system (2.12).

Proposition 2.2.9 (i) Consider the analytic nonlinear system (2.12). The disturbances
q do not influence the outputs y if and only if there ezists a distribution A C Kerdh
on M that is invariant for (2.12) and satisfies

PCA (2.29)

(it) The above condition is on its turn equivalent to the condition that for all k > 0 and
any choice of vector fields X,--+, Xy in the set {f,g1,--+,9m} we have

L,Lx, -+ Lx,h(z) =0 forall z (2.30)

Using Proposition 2.2.9, we can prove the following result.

Theorem 2.2.10 Consider the analytic nonlinear system (2.12). Assume that the distri-
butions A*,A* NG and G are constant dimensional. Then the DDP is locally solvable if
and only if

PcCAr (2.31)
Moreover, if the DDP is locally solvable then any (o, 8) € F(A*) solves the DDP for (2.12).

Remark 2.2.11 Note that if the regularity conditions of Theorem 2.2.7 are satisfied, the
distributions G,A* and A* N G have constant dimension on M. B

We have now established necessary and sufficient conditions for local solvability of the DDP
under some extra regularity assumptions. If we want to solve the DDP for a given system
(2.12) satisfying these assumptions we proceed by calculating A* using Algorithm 2.2.8
and then checking if (2.31) holds. If (2.31) indeed holds, a regular static state feedback
that locally solves the DDP for (2.12) is produced by Algorithm 2.2.8. The algorithm also
gives intermediate checks concerning the solvability of the DDP. Namely, from Algorithm
2.2.6 it is clear that P® C P! C --- C P*¥" and thus KerP? D KerP! D --- D A*. Hence at
every step of the algorithm we may check if

P C KerP* (2.32)

If (2.32) does not hold for some k, then clearly the DDP is not solvable and we may stop
the algorithm.
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As in the linear case we can also define the disturbance decoupling problem via regular
static state feedback and disturbance measurements (DDPdm). Again we assume that we
can measure the disturbances entering the system. We use this extra information in our
feedback, i.e. we allow for a feedback of the form

u = a(z) + B(e)v +(z)q (2.33)

wherea: M - R™, f: M — R™™, v : M — IR™" are analytic mappings with (z)
regular for all £ € M and where v € IR™ denotes the new controls. This leads to the
following definition:

Definition 2.2.12 Disturbance decoupling problem via regular static state feed-
back and disturbance measurements (DDPdm)

(1) Given an analytic nonlinear system (2.12), under what conditions does there exist a
regular static state feedback with disturbance feedthrough (2.33) such that for the
system (2.12,2.33) the outputs are independent of the disturbances?

(i) We say that the DDP is locally solvable if for every point o € M there exist a
neighborhood U C M of zp and a regular static state feedback with disturbance
feedthrough (2.33) defined on U, such that for the system (2.12,2.33) defined on U
the outputs aré independent of the disturbances. =

Analogously to Theorem 2.2.10 we have:

Theorem 2.2.13 Consider the analytic nonlinear system (2.12). Assume that the distri-
butions A*,A*NG and G are constant dimensional. Then the DDPdm is locally solvable if
and only if

PCA +G (2.34)

The local solutions of the nonlinear DDP and DDPdm that we have established show clear
analogies with the solution of the linear DDP and DDPdm we have found in Section 2.1.
Indeed, A* for a linear system is just V*, while the equations (2.16),(2.31),(2.34) form the
nonlinear counterparts of equations (2.5),(2.8),(2.11) respectively. However, there are also
some differences between the solutions in the linear and the nonlinear case. We mention
three important ones.

(1) In the nonlinear case we have only established a local solution under some regularity
assumptions (see e.g. Theorem 2.2.10 and Theorem 2.2.13), whereas in the linear case
the solution holds globally and we do not have to impose any regularity assumptions.

(ii) In the solution of the linear DDP we do not have to impose any constraint on the
matrix G in (2.3), whereas in the nonlinear case we require its nonlinear counterpart,
B(z) in (2.13), to be regular. This regularity is essential in the "only if* part of
the proof of Lemma 2.2.3. The following simple example illustrates that by allowing
nonregular static state feedback we may be able to render the outputs independent
of the disturbances, while this is not possible via a regular static state feedback.
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Example 2.2.14 ([50]) Consider the nonlinear system

Ii?l = Tu

T, = z3+¢q

I3 = Tiu (2.35)
Y1 = &1

Y2 = T3

on the manifold M = {z € IR® | z; > 0,2, > 0}. A simple calculation shows that
for this system A* = {0}, hence the DDP is not solvable for (2.35). However, we
can render the outputs independent of the disturbances by applying the nonregular
static state feedback u = 0.

Note that although we gain something by allowing nonregular static state feedback,
also something is lost. For the system (2.35) it is clear that after we have rendered
the outputs independent of the disturbance via the feedback u = 0, we have no
possibility to control the system any more.

(i) In the linear case the disturbance decoupling problem is solvable via dynamic state
feedback if and only if it is solvable via static state feedback (see Remark 2.1.8). This
equivalence does not hold any more in the nonlinear case, as is shown in the following
example.

Example 2.2.15 ([51]) Consider the nonlinear system

Ty = Ty Y=o

Ty = s Y2 = T3

T3 = T2+ T4+ Tauy (2.36)
Ty = Uy

Ty = T1u1+4q

on the manifold M = {z € R® | z2 > 0,74 > 0}. One straightforwardly shows that
for this system A* = {0}, hence the DDP is not solvable for (2.36). However, if we
apply the dynamic state feedback

z = m
U = z (2.37)
Uz = v

where vy, v, denote the new controls, we find for (2.36,2.37) that the maximal locally
controlled invariant distribution contained in Ker dh is given by

. i) 0 0 0
Ae = span {51—5,112(1 + Z)a_:tg + (Zz - 2:1,'4)-6?4 - Z(l + 2)5;} (238)
Since P = span {a—%}, we see that P C A and hence the DDP is locally solvable
for (2.36,2.37). This means that we can render the outputs independent of the
disturbances by applying a well chosen dynamic state feedback to (2.36). -
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This difference leads to the formulation of the disturbance decoupling problem via
regular or nonregular dynamic state feedback (DDDP or nDDDP) that wil be studied
in Chapters 4 and 6 respectively.



Chapter 3

Strong input-output decoupling for
nonlinear systems

In this chapter we consider analytic nonlinear systems of the form

i = f(o)+g(o)
3.1
PR @1
where £ = (z1,---,2,)7 € IR™ are local coordinates for the state space manifold M,
u € Rm, y € Rp, g(m) = (gl(x)"'gm(z))’ h({L‘) = COI(hl(m)"' '?hp(m))y fvgly" *ygm are
analytic vector fields on M, and hy,- - -, h, are analytic functions on M.

Besides disturbance decoupling, another typical design problem for nonlinear (and linear)
systems is the problem of achieving input-output decoupling. Roughly speaking, the input-
output decoupling problem may be defined as follows. Given a square (i.e., p = m) system
(3.1), find (if possible) a feedback law for (3.1) such that each of the outputs is controlled
by one and only one of the newly defined controls.

In this chapter we treat a strong version of the input-output decoupling problem. In
Section 3.1 we first discuss the case of regular static state feedback. In Section 3.2 the
case of regular dynamic state feedback is discussed. Here a solution is obtained via the so
called Singh’s algorithm.

3.1 Strong input-output decoupling via regular static
state feedback

In subsection 3.1.1 we formulate and solve the strong input-output decoupling problem
via regular static feedback (SIODP). In subsection 3.1.2 we derive a local normal form for
strongly input-output decouplable systems.

3.1.1 Solution of the SIODP

When no specific references are given, the results in this subsection can be found in [81],[61].

Consider a square analytic nonlinear system of the form (3.1), that is, p = m. Before
giving the definition of the (strong) input-output decoupling problem for such a system,
we first define what we mean by a (strongly) input-output decoupled system.

27
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Definition 3.1.1 Input-output decoupled system
The square nonlinear system (3.1) is said to be input-output decoupled if, after a possible
permutation of the controls, the following properties hold

(i) For each i € {1,---,m} the output y; is not affected by the controls uj (j # 1).

(i) The output y; is affected by the control u; (i =1,---,m). -
Using Proposition 2.2.9.(ii) we can prove the following results.
Proposition 3.1.2 Consider the square nonlinear system (3.1). Then requirement (i) of

Definition 38.1.1 holds only if fori,j € {1,---,m},j #1
ng['X1 "'kah,'(.'t) =0 sz 0, Xl""axk S {f’glv'”’gm}’ TE M (32)

Next requirement (%) of Definition 3.1.1 is discussed. We derive sufficient conditions under
which the requirement is satisfied. This leads to the definition of a strongly input-output
decoupled nonlinear system.

Assume that (3.2) holds. For each i € {1,---,m}, define the nonnegative integer 7; as the
smallest integer such that

Lo Lhhi(z)=0 VzeMk=0,---,7—2
_ (3.3)
Lo L7 hi(z) #0 for some z € M
Define the open subset My of M by
Mo={z € M| Ls,L7 "hi(z) #0,i € {1,---,m}} (3.4)
Then the time-derivatives of y; (i = 1,- -+, m) satisfy
w = Lhhiz) k=0, 7 -1
- (3.5)
u™ = Lfhi(a)+ Lol (@)
Hence if all 7; (i = 1,---,m) are finite and M, coincides with M, we see from (3.5) that

the controls u; affect the outputs y; for all ¢ € M. Together with the fact that (3.2) holds,
this implies that the system (3.1) is input-output decoupled. This leads to the following
definition:

Definition 3.1.3 Strongly input-output decoupled system

The square nonlinear system (3.1) is said to be strongly input-output decoupled if (3.2)
holds and if there exist finite nonnegative integers as defined in (3.3) such that the subset
M, as defined by (3.4) coincides with M. -

Motivated by Definition 3.1.3 we define:
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Definition 3.1.4 Strong input-output decoupling problem via regular static state
feedback (SIODP)

(i) Given a square nonlinear system (3.1), under what conditions does there exist a
regular static static state feedback

u = o(z) + B(z)v (3.6)

such that the compensated system (3.1,3.6) with controls v € IR™ is strongly input-
output decoupled?

(it) Given the square nonlinear system (3.1) and a point zo € M, we say that the SIODP
is locally solvable around z, if there exist a neighborhood U C M of = and a regular
static state feedback (3.6) defined on U such that the compensated system (3.1,3.6)
defined on U is strongly input-output decoupled. -

To arrive at necessary and sufficient conditions for (local) solvability of the SIODP we

define for each : € {1,---,m} the nonnegative integer r; as the smallest integer such that
( LoLhhi(z) -+ Ly Lihi(z) ) =0 Vee M k=0, ,r—2
8.7
! ( Lo, LF 7 hi(z) -+ LonL}  hilz) ) #0 for somez € M
We call rq,- -, ry, the relative degrees of the nonlinear system (3.1). If all relative degrees
are finite we define the (m, m)-matrix A(z) with entries
a;i(z) = ngﬁ}‘_lh.'(m) =1,---,m;j=1,---,m) (3.8)

The matrix A(z) is called the decoupling matriz of (3.1) for reasons that will become clear
in the following theorem.

Theorem 3.1.5 Consider the square nonlinear system (3.1).

(i) The SIODP is solvable for (8.1) if and only if all relative degrees are finite and

rank A(z)=m forallz e M (3.9)
Moreover, a regular static state feedback (3.6) solving the SIODP for (3.1) is given
by

a(z) = —AYz)b(z)
(3.10)
B(z) = A\(z)

where b(z) = col(L} ha(z), -+, LT hm(z)).

(1t) Given a point o € M, the SIOD? is locally solvable around zo if and only if all
relative degrees are finite and

rank A(zg) = m (3.11)

Moreover, a regular static state feedback that locally solves the SIODP for (8.1) is
given by (3.10) defined on a properly chosen neighborhood U C M of zo. -
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Remark 3.1.6 The results in Theorem 3.1.5 form a nonlinear generalization of the results
in [34]. -

To explain the difference between an input-output decoupled system and a strongly input-
output decoupled system, consider the following example from [81]:

Example 3.1.7 Consider the system

3

.’i’] = T
i = u (3.12)
y = &

For this system we find the relative degree r = 2 and the decoupling matrix A(z) = ( 322 )
Hence by Theorem 3.1.5 this system is not (globally) strongly input-output decoupled,
whereas it is (locally) strongly input-output decoupled around any zo € {z € R? | z, # 0}.
Furthermore,

y@ = 6u® + 12z5uu + 322i (3.13)

Hence the output is influenced by the control u for every x € IR?. This implies that the
system is globally input-output decoupled. -

The difference between the two notions appears because the controls affect the outputs
via all repeated Lie-derivatives of the form £, Lx, - -- Lx, hi(z) (3,5 = 1,--+-,m;k € IN),
where X1,-+-, X € {f,91,"**,gm}, Whereas in the case of strong input-output decoupling
we only consider repeated Lie-derivatives of the form L',yjﬁ’}h,-(m) (i,7=1,---,m;k € IN).
The reason for studying the strong input-output decoupling problem rather than the input-
output decoupling problem is that we can obtain a simple analytic test for solvability of
the SIODP. To obtain necessary and sufficient conditions under which a system can be
rendered input-output decoupled via regular static state feedback, we need to take recourse
to geometric methods, as introduced in Chapter 2. For this, we refer to [81],[61].

3.1.2 A local normal form for strongly input-output decou-
plable systems

Theorem 3.1.5 gives a complete (local) solution of the SIODP. We now investigate the
structure of the system (3.1) after we have (locally) solved the SIODP via a regular static
state feedback (3.10). We restrict ourselves to the case that we can solve the SIODP
globally. In case of local solvability around a point zo € M all results are the same when
restricted to a properly chosen neighborhood U C M of zo. When no specific references
are made, the results in this subsection can be found in [59] (see also [69]).

Lemma 3.1.8 Consider the square nonlinear system (3.1). If all relative degrees are finite
and (3.9) holds, the row vectors {dCkhi(z) | i = 1,---,m;k = 0,---,r; — 1} are linearly
independent for each z € M.
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Proof See [61],[81]. -
Assume that the SIODP is solvable for (3.1). Define

Gilz) ==L hi(z) (i=1,---,m;j=1,-,r) (3.14)
and let & := col(&i, -+, &), € := (€7 -+ ¢X)T. Then the result of Lemma 3.1.8 implies
that we can find an additional vector of functions &n41(z) = col(émt11(2), -+, Emtra(T)),

that is analytic in z and where d = n — YL, my, such that {{&; |1 <@ < m,1 <
J < ril{€mrj | 1 < 7 < d}} forms a new set of local coordinates for M. Denote
&(z) := (¢7 €h41)7 (2).

Let us see what form the system (3.1,3.10) takes in these new coordinates. Obviously,

Li=&in (I=1,---,myyj=1,---,ri—1) (3.15)

Furthermore, by the definition of the relative degrees and the decoupling matrix we have
fori=1,.--,m:

Eire = L7 hi(2) + Au(z)u = v; (3.16)

where A;.(z) denotes the i-th row of A(z). Hence in the new coordinates the system
(3.1,3.10) takes the form"

&
bnir = F(&,€ms1) + G(E Empa )V (3.17)

A&+ B, (i=1,---,m)

I

Y = 6{1 (1= 17"'7m)
where f(é‘» £m+1) = Lf€m+1°¢—l(£a £m+l)a 57({, €m+1) = ([’91 £m+1 e Lymfm-!-l)O@_l (6’ §m+l)

and (A;, B;) are in Brunovsky canonical form.

Thus in the new coordinates the system (3.1,3.10) consists of m independent linear subsys-
tems and a nonlinear subsystem whose dynamics are driven by the dynamics of the linear
subsystems. Using the following lemma, we can give an interpretation of the coordinates
&m+1 of the nonlinear subsystem.

Lemma 3.1.9 Consider the square nonlinear system (3.1). If all relative degrees are finite
and (3.9) holds, we have

m ri—1 m T B
A* = [ KerdCkh; = ) () Kerdéx (3.18)
i=1 k=0 i=1 k=1
Proof See [61],[81]. -

The result of Lemma 3.1.9 implies that we can choose £,,4; in such a way that in the new
local coordinates we have A* = span {0/0¢m+1}. An easy calculation shows that A* is
invariant for the dynamics (3.17). Hence the static state feedback (3.10) that solves the
SIODP for (3.1) at the same time renders A* invariant. This implies that for a system
(2.12) for which the SIODP (with ¢ = 0) and the DDP are solvable, we can simultaneously
solve the SIODP and the DDP via the regular static state feedback (3.10).
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As we can see from (3.17), the dynamics of the nonlinear subsystem do not affect the
outputs. It is natural to question whether we can choose {41 in such a way that these
dynamics are not directly influenced by the controls, i.e., g;(1, -~ éms1) = 0 for j =
1,---,m. Because 8(z) is assumed to be regular, this is the case if and only if ém41 can be
chosen in such a way that in the original system (before feedback) the dynamics of &m4a
are not influenced by the old controls, i.e.,

Lgbmsrr =0 forall je{1,---,m},ke{l,---,d} (3.19)
or, equivalently, {415 € ann G for all k € {1,---,d}. Define the codistribution F by:
F:=span {dC5h; |1<i<m,0<k<r—1} (3.20)

Since &,41 has to be such that (£;,- -, &n41) form a local coordinate system, the following
conditions on {,,4+1 have to be satisfied:

sk ¢ F (k€ {1,--,d)) (3:21)
dim span {d{m+11,"*+,dmi1a} = d (3.22)

We first prove a technical lemma.

Lemma 3.1.10 Consider the square nonlinear system (8.1). If all relative degrees are
finite and if (8.9) holds, then

a,nnGﬂF:span{d[,’}h,-|1$i$m,0$k$r,~—-2}

Proof From the fact that Egjﬁ’}h,- 01 <j<m0<k<r—2), it follows that
span {dCkh; | 1 < i < m,0 <k <r—2} CannGNF. Assume that there exist
functions a(z),--,0m(z) that are not all equal to zero, such that T, odC}'h; €
ann G. This implies that for all j = 1,--.,m we have Y12, a,-[,gjﬁ}"'l h; = 0, which means
that rankA(z) < m for all £ € M, which gives a contradiction. -

IN I

Now we reach the final result.

Theorem 3.1.11 Consider the square nonlinear system (8.1). Assume that all its relative
degrees are finite and that (8.9) holds. Then there are analytic functions €nt11,- -+ Emsrd
M — R, withd =n — Y, r;, that satisfy (3.19,3.21,3.22) if and only if G is involutive.

Proof (necessity) Assume that {mi11, -+, Emyra satisfying (3.19,3.21,3.22) exist. Consider
H := spa.n{{d,C’;h,- |1<:<m,0<k<r—2},démirn, -, démi1a}. From (3.19) and
Lemma 3.1.9 it follows that H C ann§G. Moreover, from Lemma 3.1.9 and (3.21,3.22) it
follows that dimH = Y2, (ri— 1) +d=Y2(ri—1)+n—- Y%, ri =n—m = dim ann G.
Hence H = ann§G. So ann@ is spanned by exact one forms and this implies that G is
involutive.

(sufficiency) Involutivity of G implies that there are functions z,---,2p—m such that
ann G = span {dz1, - ,dzp—m}. By Lemma’s 3.1.8 and 3.1.10 we can take (2441, " -, Zn-m )=
(Lkhi |1 <1 <m,0 < k< r;—2). Then the functions zy,-- -, 24 satisfy (3.19,3.21,3.22).
Hence, taking 41k = 2z (kK = 1,-- -, d), we establish our claim. -

We see that if G is involutive, then the system (3.1,3.10) has the structure shown in Figure
3.1 in local coordinates &;,- - -, €nq1 as before.
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Figure 3.1: Local normal form for strongly input-output decouplable system
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3.2 Strong input-output decoupling via regular dy-
namic state feedback

In Section 3.1 we have seen that a nonlinear system (3.1) can be strongly input-output
decoupled via regular static state feedback if and only if it has finite relative degrees and its
decoupling matrix has full rank for all z € M. Also we have seen that if rank A(zo) < m
for some o € M, we may still be able to solve the SIODP locally around points z for
which rank A(z) = m. Another situation arises when rank A(z) < m for all £ € M. The
following example illustrates this situation.

Example 3.2.1 Consider the following nonlinear system on IR®:

.’i] = e’”’ul Nh=o

Ty = Ts Y2 = T3

T3 = To+ €%y (3.23)
T4 = up

.’i5 = e”ul

For this system r; = r, = 1 and
ez 0
Ale) = ( JERS ) (3.24)

Hence rank A(z) = 1 < 2 = m for all z € IR® and so the SIODP cannot be solved. Consider
the dynamic state feedback

z = U
U = e? - (3.25)
u; =

where iy, 1, denote the new controls. The relative degrees r$,r§ of (3.23,3.25) are r§ =
r¢ = 2 and the decoupling matrix A%(z, z) of (3.23,3.25) is given by

e(#2+2) 0
A¥(z,2) = ( ants)  gaits) (3.26)
Hence rank A%(z,2) = 2 = m for all (z,z) € IR® x IR, which implies that we can solve the
SIODP for (3.23,3.25). So although we cannot achieve strong input-output decoupling for
(3.23) via static state feedback, we can achieve it via a well chosen dynamic state feedback.

The above example motivates the formulation of the strong input-output decoupling prob-
lem via regular dynamic state feedback (SDIODP). We study this problem in this section.

Before being able to formulate the SDIODP we of course have to define what we mean by a
regular dynamic state feedback. One way of formulating this definition is via an algebraic
theory for nonlinear control systems. A convenient way of performing the necessary calcu-
lations required in this algebraic theory is offered by Singh’s algorithm. We introduce these
tools in Subsection 3.2.1. The exposition is based on [30] (see also [35],(36]). In Subsection
3.2.2 we define what we mean by a regular dynamic state feedback, using the tools intro-
duced in Subsection 3.2.1. Singh’s algorithm applied to a nonlinear control system (3.1)
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provides us with a special sort of regular dynamic state feedback, which we call a Singh
compensator. This compensator is also introduced in Subsection 3.2.2. In Subsection 3.2.3
we formulate and solve the SDIODP which was studied in e.g. [89],[91],[24],[71],[78],[30].
It will turn out that we can (locally) solve the SDIODP if and only if we can (locally) solve
it via a Singh compensator. We also show that a Singh compensator is in fact a regular
dynamic state feedback of minimal order solving the SDIODP. This means that the dimen-
sion of the state space of any regular dynamic state feedback that solves the SDIODP is
greater than or equal to the dimension of the state space of a Singh compensator.

3.2.1 Algebraic tools

We first introduce an algebraic theory for nonlinear control systems. The material in this
subsection is taken from [30].

Consider a (not necessarily square) analytic nonlinear system (3.1). Recall that a mero-
morphic function 7 is a function of the form n = 7 /6, where 7 and 6 are analytic functions.
Assume that the control functions u(t) are n times continuously differentiable. Then define
ul® = u(t), ul+) ;= (d/dt) u)(t). View z,u,---,ul"1) as variables and let K denote the
field consisting of the set of rational functions of (u,---,u(*1)) with coefficients that are
meromorphic in z. Recall that given such a field, say in variables v = (v1,---,v;), we
define 3/3v; acting on a meromorphic function n(v) = n(v)/6(v), where =(-) and 6(-) are
analytic, by the usual quotient rule of calculus,

0 (2t} M) ) 00) -
o, \ 0(v) )™ 02(v) )
Then the differential of 7 is defined by
0
) =Y o)y, (3.28)
=1 a”“
Returning to the system (3.1), we define in a natural way
i = §(z,u) = G2[f(z) + g(a)u]
y*t) =yt )(g gy ooy () (3.29)

ay® k1 gy ®
—gz—[f(a:) + g(z)u] + .'§) ByuTju +
Note that g, - --,y(™ so defined have components in the field K.

Let € denote the vector space (over K) spanned by {dz,du,--,du(""1}. We introduce
the chain of subspaces & C --- C &, of € by

& := span c{dz,dy, - --,dy™} (3.30)

Note that in (3.30) the span is taken with respect to the field K and not with respect to
the real numbers. Note also that we abuse notation slightly, because & := span {dr, dy},
which is easily seen to be equal to span {dz}, since the outputs y only depend on z.
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Definition 3.2.2 Rank of a nonlinear system
Consider the nonlinear system (3.1). Then the number

p*i=dimg &, —dimg £,y (3.31)

is called the rank of (3.1). -

It can be checked that p* < min(m,p). The system (3.1) is said to be of full rank if
p* = min(m, p).

A convenient way for performing the necessary calculations required in the algebraic theory
is provided by Singh’s algorithm. Singh’s algorithm was introduced in [91] for calculation
of the left inverse of a nonlinear system. It is a generalization of the algorithm from [44],
which was only applicable under some restrictive assumptions. The version of Singh’s
algorithm presented is from [30].

Algorithm 3.2.3 Singh’s algorithm
Consider the analytic nonlinear control system (3.1).

Step 1
Calculate

. Oh

y = 5, (@) +g(z)u] =: ai(z) + ba(2)u (3.32)
and define

p1 = 81 := rank by (z) (3.33)

where the rank is taken over the field of meromorphic functions of . Permute, if necessary,
the components of the output so that the first p; rows of by(z) are linearly independent.
Decompose y according to

y= ( Ui ) (3.34)

%

where g, consists of the first p; rows of . Since the last rows of b, (z) are linearly dependent
on the first p, rows, we can write

ai(z) + i)l (z)u

=
I

. (3.35)
Y = i’l(zygx)

where the last equation is affine in g,. Finally, set By(z) := by(z).
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Step k+1
Suppose that in Steps 1 through £, 3.71, BN yk s Uk () have been defined so that

i = az)+b(c)u

g = ae, I 11<i<k-1,i<j <k
(3.36)
o, (§P | 1<i<k—1,i<j<k—1})u

ﬁ'(ck) _ A(k)(z {y1)|1<z<kz<]<k})

and so that they are rational functions of § "(’) with coefficients in the field of meromorphic
functions of z. Suppose also that the ma.tnx By :=[b7,- -, bT]7 has full rank equal to py,
where the rank is taken with respect to the field of rational functions of {7 | 1 < i <
k—1,i < j < k — 1} with coefficients in the field of meromorphic functions of z. Then
calculate

) g
y’(ck+1) :(ck)[f(‘”) +9(2)u] + ZZ ayta) ,(’“) (3.37)
i=1 j=i

and write it as

I = (e, JP |1<i<ki<j<k+1})
. (3.38)
Hbepa (2, {5 1< i S ki <j < kYu

Define B4y := [BY, b%,1)7, and pii1 := rank By, where the rank is taken with respect

to the field of rational functions of {7 ) |1<i<k—-1,i <5 <k} with coefficients in

the field of meromorphic functions of z. Permute, if necessary, the components of y(k“)

so that the first pxyy rows of By, are linearly independent. Decompose y,(‘ 1) as

goy

+1

gt = (3.39)
o (k+1)
Yk1

where ;17,(,'331) consists of the first si41 := (pr+1 — px) rows. Since the last rows of Biyy are

linearly dependent on the first pgy; rows, we can write

4y = @i(z) + by(a)u

GO = (e, P |1<i<ki<j<k+1})

(3.40)
b (e, {59 11 < i < ki < < kY u

i = e 1<k Li<iSk+1))

where once again everything is rational in 79, Finally, set By := [BT, b7 )T -
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We now have the following result (cf. [30]).

Theorem 3.2.4 Consider the nonlinear system (3.1) and apply Singh’s algorithm to it.
Then for each1 <k <n

(i) {dz, {di? |1 <i< ki <j<k}} is a basis for &.
(u) dimx£k=n+p1+..v.+pk -

Corollary 3.2.5 Consider the nonlinear system (3.1) and apply Singh’s algorithm to it.
Then p* = pn. -

The rank of a nonlinear system can be given the following interpretation.

Proposition 3.2.6 Consider the nonlinear system (3.1). Then the outputs of (3.1) satisfy
(p—p*) independent differential equations. More specifically, it is possible to find an integer
N € {1,---,n} and a (p — p*)-vector of functions ¢(gn,-- -, “,({"-‘),{gff’ |1<i<n,i<
j < N}) such that

9 = Bl 35 |12 < mi <G S NY) (3.41)
Proof See Lemma 1 of [71] and Lemma 2.8 of [30]. -

Remark 3.2.7 The above proposition gives an analytic version of a result by Fliess ([35])
which holds in the differential algebraic setting. -

3.2.2 Regular dynamic state feedback and Singh compensator

When no specific references are given, the results in this subsection can be found in a series
of papers [51],[52],[53],[54]-

Using the theory developed in Subsection 3.2.1, we are able to define what we mean by a

regular dynamic state feedback.

Definition 3.2.8 Rank of dynamic state feedback
Consider the nonlinear system (3.1), together with a dynamic state feedback

{:

with z € IR¥, v € IR™ denoting the new controls and a, 3, v, 6 analytic functions of = and
z. Then the rank of (3.42) is defined as the rank of the system

{ i = f(@)+g(u

a(z,z) + B(z, z)v (3.43)
with controls v and outputs u. : -

ao(z,2) + B(z, z)v

¥(z,2) + 8(z, 2)v (3.42)

¥(z,2) + 6(z, z)v
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Definition 3.2.9 Regular dynamic state feedback
A dynamic state feedback (3.42) is said to be regular if it has full rank, i.e., the system
(3.43) with controls v and outputs u has rank equal to m. "

Remark 3.2.10 The above definition of regular dynamic state feedback can be found in
[72},[30]. ]

To motivate Definition 3.2.9, we show that a regular dynamic state feedback has two
essential properties that also a regular static state feedback has. These properties could
be called an input reproducibility property and a rank preserving property.

We start with the input reproducibility property. Input reproducibility for nonlinear sys-
tems is usually called left-invertibility in the literature. Roughly speaking, the problem of
left-invertibility is stated as follows. Given a nonlinear system (3.1) and an initial state
Zo can we, based on the knowledge of z, and the outputs y(t) = y(t,zo,u) on a (small)
time-interval [0,T) (T > 0) reproduce the input u(t) on this interval? For an overview of
the theory of left- (and right-) invertibility of nonlinear systems we refer to [84],[82].

Consider the nonlinear system (3.43) where the feedback is a regular static state feedback,
that is, we have u = a(z)+ B(z)v where B(z) is regular for all £ € M. Consider the system

€ = £(6) +9(e)u
{w ) — of8)) (3.44)

Then it is easily verified that if we take £(0) = z(0), we have that w(t) = v(t) (t > 0). Hence
for the case of regular static state feedback the system (3.43) is left-invertible. The same

result holds for regular dynamic state feedback, as follows from the following proposition
(see e.g. [84],[82]).

Proposition 3.2.11 Consider a square analytic nonlinear system (3.1). Then the system
has full rank if and only if there ezists an analytic subset L C M x R™ satisfyingint L = @,
such that for every (zo,u(0),---,u®1(0)) & L there exists an open set U C M x R™
and an analytic system of the form

é = a(f’y’ tU ’y(n))
w = b(fv Yy 73/("))
with £ € IR*, and a point & € IR* with the property that w(t) = u(t) (t € [0,T),T > 0) if
we set £(0) = &o. -

(3.45)

Remark 3.2.12 A system (3.45) that reproduces the inputs of a system (3.1) is called a
left-inverse of (3.1). This left-inverse can be obtained via Singh’s algorithm (cf. [64]). g

As for the rank preserving property, it is easily checked that the system (3.1,3.44) has the
same rank as the system (3.1) (cf. [30]). A regular dynamic state feedback also has this
property, as follows from the following proposition from [30].
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Proposition 3.2.13 Consider a nonlinear system (3.1) and a regular dynamic state feed-
back (8.42). Then the composed system (3.1,3.42) has the same rank as the nonlinear
system (3.1). -

Note that in general the converse of Proposition 3.2.13 does not hold. A simple counter
example is provided by a system of rank zero. For such a system any dynamic state
feedback (regular or not) will result in a composed system of rank zero.

Singh’s algorithm applied to a (not necessarily square) nonlinear system (3.1) provides us
with a special sort of regular dynamic state feedback, that we call a Singh compensator.
For this we have to associate a notion of regularity with Singh’s algorithm in the following
way.

Definition 3.2.14 (Strongly) regular point
Consider the nonlinear system (3.1) and let a point zo € M be given.

(i) We call zo a regular point for (3.1) if for an appropriate application of Singh’s al-
gorithm to (3.1) there exists a point (73’ | 1 <i < n—1,i < j < n—1) such
that

rankrBi(zo, {§Q |1 <i<k-1,i<j<k—1})=pp (k=1,---,n) (3.46)

(ii) We call zo a strongly regular point for (3.1) if for each application of Singh’s algorithm
to (3.1) there exists a point (37,-(5) |1 <i<n-1,i <j<n—1)such that (3.46)
holds.

The Singh compensator is obtained as follows (see also [91]). Consider the nonlinear system
(3.1) and let zo € M be a strongly regular point for (3.1). Apply Singh’s algorithm to
(3.1). This yields at the n-th step:

Yo = Au(a, i@ |1<i<n—1i<j<n})+
Ba(z, {#¥ |1<i<n-1,i<j<n-1}u (3.47)

g = g P |1<i<n,i<j<n})

where ¥, = (57 --- §¢9")T and
a1(z)
s ~(2)

- . ax(z,y
An(z, (§9 |1<i<n—1,i<j<n}) = Ao 90 017)

an(z, {57 1< i<n—1,i<j<n})

Moreover we know that there exist a neighborhood U C M of zo, a point (gg) [1<:i<
n—1,7 < j < n) and a neighborhood ), of this point such that B, has full row rank p*
on U x ). After a possible permutation of the controls we may assume that the matrix
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B, consisting of the first p* columns of B, is invertible on this neighborhood. Let B.,
be such that B, = (Bn; Bag) on this neighborhood and define u! = col(uy,: -+, up),
u? = col(ups41,°**,um). Then on U x Y, (3.47) yields in particular:

ul = BV — Au] — B3} Buau? (3.48)

Fori=1,---,p* let v; be the lowest time-derivative and §; be the highest time-derivative
of y; appearing in (3.48). Then we can rewrite (3.48) as

W= (g, (¥ |1<i<pm<i<E-1))
$ D1<i<p,n<i<bi—1}y®
+i=2:1¢2i($’{yi I STLSPL,S) 00— })yi (349)

+5 e ) 1< < gt <G < 6= 1)
i=p
for certain vectors of functions ¢;, ¢ (1 = 1,---,m).

Let z; (¢ =1,---,p*) be a vector of dimension §; — 74; and consider the system:

% Aizi+ Bwi (i=1,---,p%)

e
I

! ¢1(1‘,21,"',ch)+ £:1¢2i($721""72p')vi (3.50)

u; = v i=p*+1,---,m)

where (A;, B;) (i = 1,---,p*) are in Brunovsky canonical form. Then (3.50) is called a
Singh compensator for (3.1) around zo.

Remark 3.2.15 Note that the Singh compensator (3.50) in general will be a meromorphic
ffedback on an open subset UxZ C M x IR°. However, we can always find a neighborhood
U C U of 7o and a subset Z C Z such that (3.50) defined on U x Z is analytic. -

Proposition 3.2.16 Consider a nonlinear system (8.1) and let zo be a strongly regular
point for (3.1). Then any Singh compensator for (3.1) around z¢ is a regular dynamic
state feedback for (3.1).

Proof See Appendix A. -

Let a strongly regular point zo € M for (3.1) be given. Then it is obvious that every
different application of Singh’s algorithm to (3.1) yields a different Singh compensator
around zo. The question arises if there exists a connection between these different Singh
compensators. This is indeed the case. First we show that any Singh compensator has the
same (intrinsically defined) dimension.

Assume that Singh’s algorithm is applied to (3.1) in one specific way. Denote the dimension
of the Singh compensator for (3.1) around zo obtained in this way by 0. Then obviously
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o=y (68— 7). Next note that 4; is the smallest £ € IN for which y; is an entry of .
Inspection of Singh’s algorithm gives that the set {y; | 7; = k} has s elements. Therefore,

14 n
2%= ksk (3.51)
k=1

=1

Given the fact that s; = p; and sx = px — pr—1 (K = 2,---,n), 81, -+, 8, are defined
intrinsically (i.e. independent of Singh’s algorithm, see Theorem 3.2.4). Hence from (3.51)
it follows that Zf;l 7: is independent of the specific way we apply Singh’s algorithm. Next
we show that the é; (¢ = 1,---,p*) are also intrinsically defined. For this we need the
following definition:

Definition 3.2.17 ([19]) Essential vector
Let V be a given vector space over a field F. Let A = {);,---, ).} be a family of vectors
in V. Then ); is called an essential vector of A if

Aoy, 04,04, 0 € F /\£=Zaj/\j (3.52)
J#i
| ]

Remark 3.2.18 The above definition means that an essential vector of A is linearly in-
dependent of all other vectors of A. This implies that every subset of A that forms a basis
of span {)A1,--, A} necessarily contains the essential vectors of A. -

Using simple arguments from linear algebra we can prove (see also [112]):

Lemma 3.2.19 Let V be a given vector space over a field F. Let A = {\,---,\,} be a
family of vectors in V. Let s := dim span {\1,:--,A,} and assume that {A\;,---,\,} is a
set of linearly independent vectors. Then \; (1 =1,---,3s) is an essential vector of A if and
onlyifforallj=s+1,---,r

s
AJ‘ = Zajk/\k = aji = 0
k=1

Definition 3.2.20 ([39]) Essential orders of a nonlinear system

The essential order ¢; of the output y; of (3.1) is defined as the smallest k € {1,---,n} for
which dy,(k) is an essential vector of £, (provided such a k exists). If for an output y; such
a k does not exist, we set ¢; = +oo. =

Remark 3.2.21 For a definition of essential orders for a linear system and their use in
the linear input-output decoupling problem, see [17],[23]. -
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Lemma 3.2.22 Consider the nonlinear system (3.1) and apply Singh’s algorithm to it.
Recall that §; is the highest time-derivative of y; appearing in (8.48). Then fori=1,---,p*:
§; = min(n, €;).

Proof Assume that ¢; < +00. By definition of the essential orders and Theorem 3.2.4
we have that dy,(k) is not an essential vector of & for k = 1,---,¢; — 1. This implies by
Lemma 3.2.19 that (857"/8y{“™")) # 0 and hence & > €. Moreover, by the definition
of the essential orders and Theorem 3.2.4 we have that dy,(“) is an essential vector of & for
k =€,---,n. Again by Lemma 3.2.19 this implies that (63},(:‘)/6,1/5')) =0for k=¢, - ,n
and r = ¢;,---,n. This means that §; < ¢;. Hence §; = ¢;. Now assume that ¢ = +o0.
Then by Lemma 3.2.19 we have that (ay,ﬁk)/ay§*)) # 0 for k = 1,---,n. Hence §; = n.

Combining both results we find that §; = min(n, ¢;), which establishes our claim. -

Remark 3.2.23 Note that for determining the essential orders we do not have to use
Definition 3.2.20. In fact, by the result of Lemma 3.2.22 we can again rely on Singh’s
algorithm. =

We have now proved:

Proposition 3.2.24 Consider the nonlinear system (3.1) and let o be a strongly regular
point for (3.1). Then every Singh compensator for (3.1) around z¢ has dimension

o= :‘: € — zn: ks (3.53)

i=1 k=1
B

The following proposition gives another connection between different Singh compensators
(see also [107]).

Proposition 3.2.25 Consider a nonlinear system (8.1). Let zo € M be a strongly regular
point for (8.1). Consider a Singh compensator (3.50) around zo defined on U x £ C
M x IR, where U is a neighborhood of xo. Moreover, let

zZi = Azi+Bw; (i=1,--,p")

]
Il

1 $l(xa217”'12p')+ __216525(3",21)""517‘)5" (354)

4 = @ (i=p*+1,---,m)

be another Singh compensator around zo defined on U x Z C M x Z, and assume that in the
construction of (3.54) the same permutation of controls is employed as in the construction
of (8.50). Then there exist open subsets V C Z and V C Z and a diffeomorphism ¥ :
U xV — U x V that transforms the system (3.1,8.50) defined on U x V into the system
(3.1,8.54) defined on U x V.

Proof See Appendix B.
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3.2.3 Solution of the SDIODP

In this subsection a local solution of the SDIODP is given, and we show that a Singh
compensator is a regular dynamic state feedback of minimal order that solves the SDIODP.
We first formulate the SDIODP.

Definition 3.2.26 Strong input-output decoupling problem via regular dynamic
state feedback (SDIODP)

(i) Given a square nonlinear system (3.1), under what conditions does there exist an an-
alytic regular dynamic state feedback (3.42) for (3.1) such that the system (3.1,3.42)
is strongly input-output decoupled?

(it) Given a point zo € M, we say that the SDIODP is locally solvable around z, if there
exist a neighborhood U C M of z¢ and an analytic regular dynamic state feedback
(3.42) around z, for (3.1) such that the system (3.1,3.42) defined on U x Z is strongly
input-output decoupled. -

Remark 3.2.27 Part (i) of Definition 3.2.26 implies that for any initial condition
(2(0),2(0)) € M x IR® the system (3.1,3.42) is strongly input-output decoupled. Part
(%) of Definition 3.2.26 implies that for any initial condition (z(0),2(0)) € U x Z the
system (3.1,3.42) restricted to U x Z is strongly input-output decoupled. -

Theorem 3.2.28 Consider a square nonlinear system (3.1). Let zo be a strongly regular
point for (8.1). Then the following statements hold.

(i) The SDIODP is locally solvable around zq if and only if p* = m.

(it) If p* = m, the SDIODP can be solved for (3.1) around zo via a Singh compensator
around z.

(iii) Moreover, if p* = m, any Singh compensator around z¢ is a regular dynamic state

feedback of minimal order solving the SDIODP for (8.1) around zo.

Proof
(i) See [30],[24],[71],[78)].

(i) (See also [91].) Assume that p* = m. Then we know from Proposition 3.2.16 that any
Singh compensator around =z, is a regular dynamic state feedback for (3.1) around
zo. Apply a Singh compensator (3.50) around z to (3.1). By construction of the
Singh compensator there exist a neighborhood U C M of zo and an open subset
Z C IR’ (with o as defined in (3.53)) such that the outputs of (3.1,3.50) defined on
U x Z satisfy

y,(") = functionof zand z (k=0,---,y,—1)

y,(k) Zik (k =Yiy 6 — 1) (3.55)

y.(ci) = v
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Hence the system (3.1,3.50) defined on U x Z is strongly input-output decoupled.

For the proof of Theorem 3.2.28. (1) (which is taken from [54]) we need some technical
lemmas. Before stating these lemmas, we introduce some notation. Consider a (square)
nonlinear system (3.1) together with a dynamic state feedback (3.42). For (3.1,3.42), let
K¢ denote the field consisting of the set of rational functions of (v,---,v(™**~1) with
coefficients that are meromorphic in z and 2. Let £ := spanx.{dz,dz,dy,---,dy(®}
(k=1,---,n+v —1). Furthermore, denote the relative degrees of (3.1,3.42) by r§,---,r¢,

and its essential orders by €, -, €g,.

Lemma 3.2.29 Consider a square nonlinear system (3.1) of full rank. Then
(i) €,ri < +oc0 (1=1,---,m)
(ii) € 27‘,‘ (2 = 1,-~-,m)

(iii) & = r; for all i € {1,---,m} if and only if the SIODP is locally solvable around a
point zg € M.

Proof See [39]. -

Lemma 3.2.30 If for (3.1) dyfk) is not an essential vector of £,, then for (3.1,3.42) dy,(k)
is not an essential vector of ES. Hence € > ¢; (1 =1,---,m). -

Proof See Lemma 2 of [39). -

Proposition 3.2.31 Consider the square nonlinear system (3.1). Let zo be a strongly
regular point for (8.1) and consider a regular dynamic state feedback (3.42) of dimension
v that solves the SDIODP around zo. Then v > o.

Proof Let o € M be a strongly regular point for (3.1) and consider a regular dynamic
state feedback (3.42) that solves the SDIODP around zo. Then by Lemma 3.2.29 and
Lemma 3.2.30 we have that € = 7§ > ¢ ( =1,---,m). By Lemma 3.1.8 this implies that
the differentials dy,w(z, z)(i=1,---,m;j=0,---,rf — 1) are linearly independent (over
Ke, the subfield of K¢ consisting of the meromorphic functions of z and z). By Theorem
3.2.4 and the proof of Proposition 3.2.24 we can find a reordering of the outputs of (3.1)
and integers 71, - - -, ¥m satisfying Y72, vi = 37, €; — o, such that for (3.1) the differentials
{d:c,{dy,(j) |1 <7< m,y <j <€ —1}} are linearly independent over K. Assume that
for (3.1,3.42) these differentials are not linearly independent over K¢. This implies that we
can find r € {1,---,m}, s € IN and a function ¢,,(x,{u$j) |i#7r0<j<s}{uld|0<
j < s—1}) such that for (3.1,3.42)

ul = gy, {u? | i #£7,0<j <5} {u |0<j<s—1)) (3.56)



46 Chapter 3. Strong input-output decoupling

By the proof of Lemma 3.3 in [30] this means that for all k > s there exists a function
¢,k(z,{u,(’) |i#70<j<k},{ut]0<j<s—1}) such that

u® = gz, {ul | i # 7,0 <G <k} {u? [0<j <5 1)) (3.57)

This implies that if we apply Singh’s algorithm to (3.43) we find that p,, < m. Hence by
Definition 3.2.8 and Corollary 3.2.5, (3.42) is not a regular dynamic state feedback, which
gives a contradiction. Hence for (3.1,3.42) the differentials {dz, {dy,(j) |1<i<my <
j < €& — 1}} are linearly independent over K¢. In particular this implies that

() m
k-e( o ) =3 (& — ) = 3.58
rente z 1<i<m, i <5<ei~-1 Z(f 7) 7 ( )

=1
Obviously,
()]
rankg. ( ay{ ) <d 3.59
K z 1<i<m 7 <j5<ei—1 me ( )
and hence v > o, which establishes our claim. -

Theorem 3.2.28.(141) is now an immediate consequence of Proposition 3.2.31.

We conclude this section with an illustrative example

Example 3.2.32 Consider the following system on IR%:

Ty = Tau =1

&2 = s Y2 = T3

Ii)3 = I3+ T4uy (3.60)
Ty = up

Ty = Ty

Apply the first step of Singh’s algorithm to this system. This yields:

1 = Tauy
Y2 = T2+ T4uy (3.61)

Hence p; = 1 and we can either choose §; = y;,J1 = y2 or we can choose §; = ys, 1 = ¥1.
We first choose §; = y1,§1 = y2. Then

X 3 2 T4

1= 0:(2,5,) = 22 + ;—:yl (3.62)
Proceeding with-the second step of Singh’s algorithm we find

~(2) — _'U_z_ L T4 -, ﬂ _(2)

hn zs + 2 L3 o2 Y1+ 2 hn (3.63)

Hence p; = 2 and we can take §, = y,. Note that j, does not appear. This implies that at
the last step of Singh’s algorithm applied in this way we obtain

Y1 = Ty

. oz (3.64)
@5 + i1 = g3t + g

b2
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Hence v1 = 1,61 = & = 2,72 = 62 = e2 = 2. From (3.64) we see that all points zo € {z €
IR® | 2, # 0} are regular points for (3.60). Moreover, from (3.64) we obtain the Singh
compensator

z = m
z
w = £ (3.65)
— T4Ts  ToTs T4 z2
U2 = T, z z U1t F v

We now choose §; = y2,91 = y1. Then

9 = §1(2.5) = —2(d — 22) (3.66)
Proceeding with the second step of Singh’s algorithm we find

i = (55 ) Gr - o)+ 260 - 2) (3.67)

We can now take §; = y;. At the last step of Singh’s algorithm applied in this way we
obtain

Y2 = T2+ 24y
i 25 zyu . o (3.68)
o= ( Ty~ gl ) (92 — z2) + F2(i2 — 25)

Hence 11 = 6 = 61 = 2,72 = 1,6, = e = 2. From (3.68) we see that also all points
zo € {z € IR® | z4 # 0} are regular points for (3.60). Moreover, from (3.64) and (3.68) we
see that all points zo € {z € IR® | z; # 0,74 # 0} are strongly regular points for (3.60).
(3.68) yields the Singh compensator

Z = 0
_ Z—x
= Ty (3.69)
_ _T4Ts _ T4Ts Ty 7
Uz = Ty, —Z T2 222(.'62 - 5) U ((L‘g - 5) vz

The diffeomorphism ¥ that transforms the system (3.60,3.65) into the system (3.60,3.69)
is given by

(2,5) = W(a, 2) = (a, 23 (3.70)

T2






Chapter 4

Disturbance decoupling via regular
dynamic state feedback

In this chapter we consider a nonlinear analytic system ¥ of the form

> T = f(:t)+g(:t)u+p(:c)q 4.1
{ y = hia) (1)
where z = (:cl,---,m,.)T € IR™ are local coordinates for the state space manifold M,

u€ R", g€ R,y e R, g(z) = (61(2) - gm(2)), p(z) = (p1(2)---p:(2)), h(z) =
col(hi(z),- -+, hp(z)), f, 91, gm,P1, - -, Pr are analytic vector fields on M and hy,---, hy
are analytic functions on M. The system ¥ with ¢ = 0 is denoted by ¥o. Recall that the
distributions G and P are defined by G := span {g1,-,gm} and P :=span {p1,---,pr}.

We have seen in Chapter 2 that if the DDP(dm) is not solvable for ¥, we may still be
able to render the outputs independent of the disturbances by allowing dynamic state
feedback. This gives rise to the formulation of the disturbance decoupling problem via reg-
ular dynamic state feedback (DDDP) and the disturbance decoupling problem via regular
dynamic state feedback and disturbance measurements (DDDPdm).

In this chapter we formulate and solve the DDDP(dm). Instrumental in the solution of
the DDDP is the Singh compensator that was introduced in Chapter 3. For the solution
of the DDDPdm we need to modify the Singh compensator, yielding what we call a Singh
compensator with disturbance feedthrough. We also translate the conditions obtained for
the solvability of the DDDP(dm) into intrinsic algebraic and geometric conditions.

The results in this chapter can be found in a series of papers [51],[52],[53]. Another approach
to the DDDP can be found in [83].

We first formulate the DDDP and the DDDPdm. We restrict ourselves to a local formu-
lation and solution of these problems.

Definition 4.0.1 Disturbance decoupling problem via regular dynamic state
feedback (DDDP)

Consider a nonlinear system ¥ and let a point zo € M be given. The DDDP is said to be
locally solvable around o if there exist a regular analytic dynamic state feedback for £
around g of the form (3.42), denoted as R, such that the outputs of the composite system
¥ o R restricted to U x Z are independent of the disturbances. -
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Definition 4.0.2 Disturbance decoupling problem via regular dynamic state
feedback and disturbance measurements (DDDPdm)

Consider a nonlinear system ¥ and let a point zo € M be given. The DDDPdm is said to
be locally solvable around z if there exists a dynamic state feedback for ¥ of the form

2 = ofz,q,2)+ B(x,q,2)v
? { u v(z,q,2) + 8(z,q,2)v (4.2)

with 2 € IRY, such that for all ¢ € IR™ (4.2) is a regular analytic dynamic state feedback
for ¥ around z¢, and the outputs of the composite system ¥ o Q restricted to U x Z are
independent of the disturbances. -

Remark 4.0.3 Note that if we require the dynamic state feedbacks R and Q to be static
state feedback compensators (i.e. v = 0), we obtain the DDP and DDPdm that were
studied in Chapter 2. =

Instrumental in the solution of the DDDP is the Singh compensator (3.50) that was in-
troduced in Chapter 3. As the Singh compensator around a strongly regular point was
introduced in Chapter 3 for systems without disturbances, we first have to define what is
meant by a (strongly) regular point and a Singh compensator for X.

Definition 4.0.4 Let a point o € M be given. We call z¢ a (strongly) regular point for
¥ if zo is a (strongly) regular point for o in the sense of Definition 3.2.14. -

Definition 4.0.5 Consider the analytic nonlinear system ¥. Let zo be a strongly reg-
ular point for ¥. Then any Singh compensator for ¥ around z, is also called a Singh
compensator for ¥ around z,. -

We now give a solution of the DDDP. In the statement of the solution we employ the
following notation. If we apply Singh’s algorithm to g, the g},(,k) (k=0,---,n;90 := y) can
be viewed as functions on M, := M x IR"™. By the same token, Ker dg),(‘k) (k=0,---,n)
defines a distribution on M,. Define the distributions G.,P. on M, by G. := G x {0},P. :=
P x {0}.

Theorem 4.0.6 Consider the nonlinear system L. Assume that zq is a strongly regular
point for ¥.

(i) The DDDP is locally solvable around zo if and only if it is solvable via a Singh
compensator for ¥ around zo.

(it) This condition is equivalent to the condition that for each application of Singh’s al-
gorithm to Lo we have for k=0,---,n —1:

P. C Kerdj" (4.3)
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Proof (sufficiency) Consider X and let z¢ be a strongly regular point for £. Assume that for
each application of Singh’s algorithm to X, (4.13) holds for k = 0,---,n—1. Apply Singh’s
algorithm to Xy, yielding a reordering §i, - - - , §n, Un of the outputs. Note that without loss
of generality we may assume that §; = (§{+],---,ﬁf,g5)T for k=0,---,n—1. We now
show that for ¥ we have that for k=0, ---,n—1

g = (e, (5P |1 <i<ki<j<k+1)4+

bega(z, §P |1 <i<ki<j<k}u
(4.4)

g = apa(e, (P |1 <i< ki< <k+1})+
a2, {59 |1 < < kyi <G < kYu

i.e., the result of Singh’s algorithm applied to X, where ¢ is considered to be a parameter,
is the same as the result of Singh’s algorithm applied to Ey. For ¥ we have

i = I[f(z) + gla)u + pla)g) = () + Bi(a)u + &(2)q
(4.5)

i = JB[1@) + g(e)u+ pla)] = dr(e) + bi(c)u + &(a)g
Since (4.3) holds for k = 0, we have that & = 0, é; = 0. Hence (4.4) holds for k = 0.

Applying the above arguments repeatedly, we establish that (4.4) holds for k =0,---,n—1.
Hence by (4.4) and Proposition 3.2.6 we have that

Vo = Aue,{#?1<i<n-1i<j<n))

+B,(z, {79 |1<i<n-1,i<j<n—-1}u (4.6)
9 = B(n, B AE) 1S i< ni < <n))

This implies that if we apply the Singh compensator to ¥, the outputs of the resulting
system satisfy

Y : .
G = 0 (1<Ki<pr0<i<8-1)

wu (1<i<p) (4.7)

Qg*q— =0 (pr+1<i<m,j>0)
Hence the Singh compensator locally solves the DDDP for ¥ around zo.

(necessity) Assume that the DDDP is locally solvable around z, via a regular dynamic
state feedback R of the form (3.42). Apply Singh’s algorithm to X, yielding a reordering
J1,"** yYn, Un of the outputs. Assume that (4.3) does not hold for all £ = 0,---,n — 1.
Let the integer 7 be defined by 7 := min{k € {0,---,n — 1} | P. ¢ Kerdj®}. By the
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sufficiency-part of this proof we then know that (4.4) holds for k£ =0,---,7 — 1. Hence we
have for ¥ o R:

G = G P | 1<i<ni<i<r+1)+
bra(z, {77 | 1 <6 < 1i <5 < TH(A(E, 2) + 8, 2)0)+

En(e, {FP11<i<ni<j<T)g
(4.8)
) = (@ P 1 1<i<ni<i<r+1D+

brga(z, (§ 11 < i < 7yi < < TH((e, 2) + 8(z, 2)0)+

Gl {§P |1<i<ri<ji<T)g

where (&7, &7,,)T # 0. Denote (&%, &,,)T =: C(x, {7911 <i<ri<j<r)}). Then

T

the fact that R solves the DDDP for ¥ implies that R must be such that C(z, {3'},0 ) |1<i<
7,4 < j < 7}) = 0 along all trajectories of £ o R. Hence we can find r € {1,---,m},s>0

and a function ¢,,(z, {ugj) |i#7r0<j<s},{ul)|0<j<s—1})such that for To R
we have

) = oo, {u |i#1,0<5 < s} (w05 S5 —1)) (49)
By the proof of Lemma 3.3 in [30] this means that for all k > s there exist functions
bok(z, {u? | i #1r,0<j <k}, {ut)|0<j<s—1}) such that

u = gr(k)(e, {ul |i £ 0 <G < k) {uf [0S <5 - 1)) (4.10)
which contradicts the fact that R is a regular dynamic state feedback. Hence (4.3) holds
forallk=0,---,n—1. -

In a similar way we can obtain conditions for solvability of the DDDPdm. The role that
is played by the Singh compensator in the solution of the DDDP is taken by the Singh
compensator with disturbance feedthrough in the solution of the DDDPdm. Given a Singh
compensator (3.50) for ¥ around a strongly regular point zo, we obtain a Singh compensator
with disturbance feedthrough for ¥ around zo by extending (3.50) in the following way.

Note that (in the notation of Chapter 3) ¥, = Y,(z, {y,(j) [1<i<p v <j<&—-1}).
Define in the notation of Chapter 3

g o 11<i < ph 3 <G < 6= 1)) =
Bz, (g |1<i<pn << 6 - 1)) (4.11)
oo, (4 |1 <i < g, <5 < 6~ 1)ple)
and consider the following extension of (3.50)

z; = Az + Bv; (i=1,---,p*)

ul ¢1($1219"'1zp')+ Xl¢2i($,21"',zp~)v.'+¢3(1‘,2l,"',2p-)¢1 (412)
i=

Ui Vi (i=p*+l»"'7m)
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Then (4.12) is called a Singh compensator with disturbance feedthrough for ¥ around zo. It
can be shown that, like a Singh compensator (3.50), a Singh compensator with disturbance
feedthrough (4.12) constitutes a regular dynamic state feedback for ¥ around x, for every
q € IR". Without proof we state:

Theorem 4.0.7 Consider a nonlinear system ¥ and let zo € M be a strongly regular point
for L. Then

(t) The DDDPdm is locally solvable around zo if and only if it is solvable via a Singh
compensator with disturbance feedthrough for ¥ around z,.

(it) The above condition is equivalent to the condition that for each application of Singh’s
algorithm to o we have for k=0,---,n —1:

P. C Kerdj™ + G, (4.13)

The conditions in Theorems 4.0.6 and 4.0.7 can be given the following geometric interpre-
tation (cf. [51]).

Proposition 4.0.8 Consider a nonlinear system ¥ and let o € M be a strongly regular
point for L. Let R be a Singh compensator for ¥ around zo. Denote the mazimal locally
controlled invariant distribution contained in Kerdh for £oo R by A%. Then

¥ 6i—1 n—1
Ar = (N N Kerdy®)n (A N Kerdy®) =
=1 k=0 i=p*+1 k=0
(4.14)

L] '.__1 n—
(F] ”’ﬂ Kerdy,(k)) N Kerdz N ( ﬁ ﬂl Kerdy‘(k))
i=1 k=0 i=p*+1 k=0

Proof The first equality follows by applying Krener’s algorithm to £y o R and invoking

Proposition 3.2.6. Moreover, by the construction of the Singh compensator we have that
y,("‘J'J_I) =z;(i=1,---,p*7=1,---,8 — ). This yields the second equality. -

Using Theorem 2.2.10 we immediately obtain:
Proposition 4.0.9 Consider a nonlinear system ¥ and let o € M be a strongly regular

point for ¥ around xo. Let QQ be a Singh compensator for ¥ around zo and let A} be as
defined in Proposition 4.0.8. Then the DDDP is locally solvable around zo if and only if

P. C A (4.15)
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Obviously, A? depends on how we apply Singh’s algorithm to Xo, so A} is by no means
uniquely defined. However, the solvability of the DDDP does not depend on the way Singh’s
algorithm is performed (cf. Theorem 4.0.6). Hence for any distribution A of the form
(4.14) generated by applying Singh’s algorithm to £y we have P. C A. Consequently, the
distribution P, is always contained in A%. By construction we have that A7 C TM x {0} C
TM x TIR’ (with abuse of notation). However, the vector fields that span A} may very
well depend on z. Since the vector fields py,- - -,p, only depend on z, they are contained
in the (not necessarily locally controlled invariant) maximal dlstnbutxon A: c A that
contains the vector fields in A} that only depend on z. The distribution A? can be found
via the following algorithm from [96].

Algorithm 4.0.10

Step O
Define
Ao := A2

€

Step k
Define

) a
Ay := {1 € Agoa | [75-] € Apa +span {5-})

Lemma 4.0.11 Assume that the distributions Ay obtained in Algorithm 4.0.10 have con-
stant dimension. Then for all k, Ay D Ak_1 and there is a k* such that Ay = A for all
k> k*.

Proof See [96] -

Assume that Algorithm 4.10 converges to Ag.. Then the first n components of any vector
field in Ag. do not depend on z (cf. [96]). Moreover, we have that Ag. C A? and hence
the last o components of any vector field in A+ equal zero. So the vector fields in Ag. do
not depend on z at all. By construction, Aj. is the largest distribution in A} having this
property. Hence Ay = A}

Lemma 4.0.12 A? is uniquely defined, i.e., it is independent of the way we apply Singh’s
algorithm to .

Proof Assume that we have applied Singh’s algorithm in two different ways, yielding A,
and Aj,. Moreover, assume that by applying Algorithm 4.0.10 to these two distributions
we obtain the distributions A2, and AZ,, where A% # AZ,. This implies that there are
disturbance vector fields for which the DDDP is solvable by applying Singh’s algorithm in
one way, but not solvable by applying Singh’s algorithm in the other way. This contradicts
Theorem 4.5. Hence A?, equals AZ,. s



Chapter 4. Disturbance decoupling via regular dynamic feedback 55

Let A*be defined as the projection of A* on TM. Then A* is a well-defined distribution on
M (cf. [96]). From the considerations above we immediately have the following theorem:

Theorem 4.0.13 Consider the nonlinear system ¥ and let zo € M be a strongly regular
point for . Assume that the distributions Ay obtained in Algorithm 4.0.10 have constant
dimension. Then the DDDP is locally solvable around z¢ if and only if

PcCA* (4.16)

For the DDDPdm the reasoning is slightly different, although it follows the same lines.
Here, Algorithm 4.0.10 is applied starting from the distribution Ag = Al; =: A% + G,
resulting in the distribution A:c := Aj+. Analogously to Lemma 4.0.12 it is then possible
to prove:

Lemma 4.0.14 A:g obtained in the way described above is uniquely defined, i.e., it is
independent of the way we apply Singh’s algorithm to Lo. -

Let [&3 be defined as the projection of the distribution A:g on TM.

Theorem 4.0.15 Consider the nonlinear system ¥ and let zo be a strongly regular point
for X. Assume that the distributions Ay obtained in Algorithm 4.0.10, with Ay = A%g,
have constant dimension. Then the DDDPdm is locally solvable around zo if and only if

Pc Ay (4.17)

The conditions for solvability of the DDDP and the DDDPdm in Theorems 4.0.6,4.0.7
respectively, can also be translated into intrinsic (algebraic) conditions in the following
way. Let ¥, denote the system obtained from X by considering the disturbances ¢ as an
extra set of controls. For ¥, denote por = dim&; — dim&—y (k = 1,---,n). Similarly,
define pgi (k=1,---,n) for Z,.

Theorem 4.0.16 Consider the nonlinear system ¥ and let z9 € M be a strongly regular
point for X. Then the DDDPdm is locally solvable around zo if and only if fork =1,---,n

Pok = Pqk (4.18)

Proof Apply Singh’s algorithm to o, yielding a reordering i, - - -, #in, §n of the outputs.
Then for ¥, we obtain

G = @(2) +bi(z)u+ &(2)g
(4.19)

A

g = ai(e)+ bi()u+ é(z)g
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where @,,by,41,b; are the same as in Singh’s algorithm applied to £, and &(z) =
(041/0z)p(z), é1(x) = (0§1/0z)p(z). It can be shown that the fact that (4.13) holds for
k = 0 is equivalent to the existence of a o1(z) such that b,(z)oy(z) = & (z),bi(z)or(z) =
¢é1(z). Hence the fact that (4.13) holds for £ = 0 is equivalent to

51 &; .b'1 510'1 i)l
= A = - 3 = a = 4.20
pq1 = rank ( b 4 ) ta.nk( b, bioy ) rank( B, ) po1 (4.20)
Let bf(z) be a right inverse of b;(z) and take u = b} (z)(, — @1(z) — &(z)g) in (4.19).
Then (4.19) yields in particular

gy = da(z) + bi(2)b (2)(§) — @a(z) — ba(2)on(2)g) + bu(z)on(z)g =
(4.21)

i(2) + bi(2)b} (2) (3 — @ (<))

Hence for %, 3:71 is given by the same expression as for £o. Applying the above arguments
repeatedly, we can show that (4.13) holds for k = 0,---,n — 1 if and only if pox = pqi for
k=1,---,n, which establishes our claim. =

Remark 4.0.17 In the terminology of [71], Theorem 4.0.16 states that the DDDPdm is
locally solvable if and only if £y and £, have the same algebraic structure at infinity. g

In order to obtain intrinsic conditions for the solvability of the DDDP, we follow an idea
from [108]. Define an auxiliary system X, by

{ & f(z) + g(z)w + p(z)g
Y. { W
y

N (4.22)
h(z)

where w € IR™, and v € IR™ denotes the controls of ¥,. Let X,o denote the system obtained

from ¥, by setting ¢ = 0 and let X,, denote the system X, where the disturbances ¢ are

considered to be an extra set of controls. Similarly to pok, pgk for I, define py, pg; for .

i

Theorem 4.0.18 Consider the nonlinear system X. Let zo be a strongly regular point for
Y. Then the DDDP is locally solvable around zo if and only if for k=0,---,n —1

Pok = Pgk (4.23)

Proof (necessity) Assume that the DDDP is locally solvable around zo via a regular
dynamic state feedback

z = ofz,z) + P(z,2)i
R { u = 7(z,2)+8(z,2)i (4.24)
Consider the following dynamic state feedback for X,:
2 = afz,z1) + B(z,21) 2
Bzt (4.25)
v = o(z,w,21,22,q)
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with

o(z,w,21,22,) = [JLz, 21) + P2, 2) ][ (2) + 9(e)w + pla)gl+

+[g%(m,z1) + 33—2‘5;(@ 21)z)[a(z, z1) + B(z, 21)22] + 6(z, z1)d
and 4 denoting the new controls. Then we find:
w= / vdt = y(z,21) + 6(x, 21) 22

and thus R, locally solves the DDDPdm for ¥,, since R solves the DDDP for ¥. Further-
more we have as an (almost) immediate consequence of the fact that R is regular, that R,
is also regular. So the DDDPdm is locally solvable for ¥, and hence by Theorem 4.0.16:
(4.23) holds for k =1,---,n.

(sufficiency) Assume that (4.23) holds for k = 1,-- -, n, i.e., the DDDPdm is locally solvable
for I,, say via a regular dynamic state feedback

S]
Il

z = a(xyW,Z,q)+ﬂ(m,w,z,q)ﬁ
9 { ¥(z, w,z,q) + 6(z,w, z,q)D (4.26)

with ¥ denoting the new controls. Then it is obvious that the dynamic state feedback

s = (z,21,22,9) + 8(z, 21, 22, 9)P
Q 2‘2 = a(.’z, 21,22, q) +.B($a 21, 22, q)ﬁ (4'27)
u = 2z

locally solves the DDDPdm for £. Apply Singh’s algorithm to ¥, yielding a reordering
Y1,y Un, Jn of the outputs. Employ the notation of the proof of Theorem 4.0.6. Then for
¥ we have in particular:

%1 ay(z) + bi(z)u + & (z)g

Il

_ ) (4.28)
91 = ai(z) + bi(z)u + é(z)g

Since @ locally solves the DDDPdm for X, the g-dependence in (4.22) must have vanished
if we put u in (4.22) equal to the output of Q. This implies that actually ¢ = 0,¢; = 0,
since the output of () does not depend on g. It can be checked that this implies that (4.3)
holds for k¥ = 0. Applying the above arguments repeatedly, we can show that (4.3) holds
for k=0,---,n — 1. By Theorem 4.0.6 this implies that the DDDP is solvable around z,.

Remark 4.0.19 Theorem 4.0.6 provides a complete solution of the DDDP, together with
a regular dynamic state feedback that (locally) solves the problem. However, the Singh
compensator is certainly not a regular dynamic state feedback of minimal dimension that
solves the problem. This is illustrated by the following linear system:

3.21 = U Nh=o

Ty = Tz+u Y=o

K 4.29
I3 = T4+ U ( )
:iJ4 = q
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It is easily seen that this system has full rank (equal to 2) and that a Singh compensator
is given by

z = m
U = =z (430)
Uy = —T4— V1102

By Theorem 4.0.6 the Singh compensator (4.30) solves the DDDP for (4.29). However, as
was already mentioned in Remark 2.1.8.(77), for a linear system the DDDP is solvable if
and only if the DDP is (cf. [7]). Indeed, it can be checked that the regular static state
feedback

Uy
U2

(%1
—T4+ V2

(4.31)

solves the DDP for (4.29). The non-minimality of the Singh compensator (with respect to
solving the DDDP) occurs since it produces a compensated system for which the rank of
the decoupling matrix equals the rank of the original system, while this property does not
have to hold for a regular feedback that renders outputs independent of the disturbances
(the decoupling matrix of (4.29,4.31) has rank one, while the system (4.29) has rank 2).

As we have seen in Example 2.2.14, for nonlinear systems solvability of the DDDP does not
necessarily imply that the DDP is solvable. Also, the example in this remark shows that
if the DDP (and so also the DDDP) is solvable, the procedure described in this chapter
only leads us to the conclusion that the DDDP is solvable and not to any conclusion about
the solvability of the DDP. Therefore, the question arises if one can decide from a solution
of the DDDP if possibly also the DDP is solvable, without having to invoke the theory
presented in Chapter 2. If the answer to this question is positive, a second question is if a
regular static state feedback solving the DDP can be derived from a Singh compensator.
The answers to these questions are not available at the moment and the questions remain a
topic for future research. It seems that a clue to the answer can be obtained by a thorough
comparison of Krener’s algorithm and Singh’s algorithm. =

We conclude this section with two examples.

Example 4.0.20 Consider the system (3.60) from Example 3.2.32. The maximal locally
controlled invariant distribution contained in Kerdh for (3.60,3.65), denoted by A%, is
given by

. 0 2 o 9
Ael = span {Zgzamz - (372 - 142)6—:“, 6_15} (4.32)
and we find
A% = span {i} 4.33
1 = SP 33:5 ( . )

For (3.60,3.69) the maximal locally controlled invariant distribution contained in Kerdh,
to be denoted by A},, is given by

0 o 0
A:2 = span {.'132*— + 1?4(2 - 2:[2)6_1‘4’ 6_3:5}

- (4.34)
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and we find

. 9
Aj = span {—5;;} (4.35)

Now consider the system ¥ defined by

T = Tou Bn=a

T2 = s Y2 =713

."33 = T + TaUq (4.36)

Ii).; = U2

i5 = U1+ q

Note that the system (3.60) is the same as £o. Then by (4.35) and Theorem 4.0.13 the

DDDP is locally solvable for ¥ around all points zo € {z € IR® | z2 # 0, x4 # 0}. -

Example 4.0.21 Consider the voltage frequency controlled induction motor described in
[26]. As state variables we take the projections of the stator current and flux vectors on a
reference frame (a, B) which is fixed to the stator windings, and the angular position of the
voltage input vector. As inputs we take the amplitude of the voltage input vector and the
voltage supply frequency. The parameters R, and R, are the stator and rotor resistances,
L, and L, are the stator and rotor self-inductances and M is the mutual inductance. The
speed w can be considered as a slowly varying parameter, owing to the large separation of
time scales between the mechanical and the electromagnetic dynamics. In the sequel w is
assumed to be constant.

We define z = (21, +,24) and = = (Z,x5) and we assume that a one-dimensional distur-
bance ¢ influences the dynamics through the disturbance vector field p(z) = (z3 z4 0 0 0)7.
Then the state equations are written as

5o ( fz)i ) + ( gl(oa:s) (1) ) ( :; ) +p(z)q (4.37)

where
w Ccos T
@+~ f G oL
sinz
w —(a+p8) —¥ L
A= (t8) =51, JLH’ ales)=| 7% (4.38)
—aolL, 0 0 0 COS Ts
0 —aolL, 0 0 sinzs

2
anda:;%’;,ﬂ:bﬁt, a=1—-sztlr.

Suitable outputs for the system are defined in terms of the stator flux ®, and the torque
T... Hence, the following nonlinear output functions are used

hi(z) = 82 = 242l

(4.39)
ho(z) = T = zox3— 1124
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Applying Krener’s algorithm, using REDUCE, we find that A* = {0}. Hence neither the
DDPdm nor the DDP is solvable for (4.37,4.39). However, by applying Singh’s algorithm
to (4.37,4.39) we find that we can solve the DDDPdm by applying the following Singh
compensator with disturbance feedthrough:

z

= v

u = ¢i(z,2) (4.40)

Uz = ¢2($,2, qvvhvz)
where

2a0L,(z123 + T224) + 2
) = T 4.

$1(@,2) 2(z3 cos x5 + T4sinz5) (4.41)

and where ¢(z, z, q,v1,v;) can be calculated from
— 1 _ 04 oy
$a2(z, 2,9, v1,v2) = Yo T %y oy T [v2 -ai—ﬁg,yz v
(Lrsd19.L5Y2 + Loy Y2Lg 4619161 + $1L 54610 Lg1Y2) — (4.42)

9(LoLyya + Lg,y2Lp1 + $:1L,L4,2)]



Chapter 5

Controlled invariant submanifolds
and clamped dynamics

In Chapter 2 we have seen that the notion of a (controlled) invariant subspace for a
linear system can be conveniently generalized to nonlinear systems by introducing the
notion of a (controlled) invariant distribution, at least for applications like the disturbance
decoupling problem via regular feedback. In this chapter we present another generalization,
namely that of a (controlled) invariant submanifold. The generalization of the maximal
controlled invariant subspace contained in Ker C leads to the introduction of the clamped
dynamics of a nonlinear system. This notion was first identified, in the single-input single-
output case, in [11],[67]. For the multi-input multi-output case it was further elaborated
in [12],[64],[101],[104].

Consider a linear system of the form

z Az + Bu
(= o

with ¢ € R*, v € IR™, y € IR? and A, B,C matrices of appropriate dimensions with
constant coefficients. Consider a subspace V C IR". First set u = 0 and assume that
AY CV (i.e., Vis an invariant subspace for (5.1), cf. Chapter 2). It is readily checked that
this requirement is equivalent to the requirement that the solutions of = Az, z(0) € V,
remain in V for all ¢ > 0. Similarly, the requirement that AY C V +ImB (i.e.,, Vis a
controlled invariant subspace for (5.1), cf. Chapter 2) is equivalent to the existence of a
feedback u = Fz for (5.1) such that the solutions of # = (A + BF)z, z(0) € V, remain in
Y forallt > 0.

Now consider a nonlinear system of the form

¢ = f(z)+g(z)u
5.2

{ y = h(z) 52
where = (z1,-++,2z,)7 € IR" are local coordinates for the state space manifold M,

u € R™, y € R?, g(z) = (g1(2) - - - gm(2)), h(z) = col(hi(z),- -, hp(T)), fr 91, -, 9m are
analytic vector fields on M and hy,---,h, are analytic functions on M. Recall that the
distribution G is defined by G := span {1, ,gm }

The above interpretation of (controlled) invariance for the linear system (5.1) leads to the
notion of a (controlled) invariant submanifold for the nonlinear system (5.2).

61
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Definition 5.0.1 (Controlled) invariant submanifold
Consider a nonlinear system (5.2) and let N be a submanifold of M.

(i) N is called invariant for (5.2) if
f(z) €eT,N forallze N (5.3)

(i) N is called (locally) controlled invariant for (5.2) if there exists (locally on N) a strict
static state feedback u = a(z), ¢ € N, such that

f(z)+9(z)a(z) € T,N forallze N (5.4)

i.e. N is invariant for # = f(z) + g(z)a(z). -

Remark 5.0.2 (5.3) immediately implies that the solutions of z = f(z), (0) € N, remain
in N for t € [0,T), with T > 0 small enough. =

We obtain the following generalization of Lemma 2.1.4 (see also Lemma 2.2.3).

Lemma 5.0.3 Consider the nonlinear system (5.2) and a submanifold N C M. Assume
that dim(T; N + G(z)) is constant on N. Then N is locally controlled invariant for (5.2)
if and only if

f(z) € TN +G(z) forallz e N (5.5)

We proceed by giving a generalization of V*, the maximal controlled invariant subspace
contained in Ker C for (5.1).

Definition 5.0.4 Output-nulling submanifold
A submanifold N C M is called output-nulling if N C h~(0), i.e. if the output value
corresponding to states in N is zero. -

Algorithm 5.0.5 Clamped dynamics algorithm
Consider the system (5.2) and suppose h(z¢) = 0. Let U C M be a neighborhood of z,.

Step 0
Define No = h7'(0)NU.
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Step k

Assume that Nj_; is a submanifold through zo. Then define

Ny = {z € Ny | f(2) € ToNi—1 + G(2)}

Proposition 5.0.6 Consider a nonlinear system (5.2) and let zo € M be such that
h(zo) = 0. Assume that Algorithm 5.0.5 can be applied successfully to (5.2), i.e., we
can find a neighborhood U C M of zo such that at every step Ni, k > 0, is a submanifold
through zo. Then

(i) NoDNy D+ DNy DN D -+
(ii) There exists a k* < n such that Nio = Npeyy = - -

Furthermore, if we let N* denote the mazimal connected component of Ny« containing o,
we have

(iii) N* satisfies (5.5).

(iv) For any output-nulling submanifold N satisfying (5.5) there exists some neighborhood
U of zo such that NNU C N*.

Proof See e.g. [61],[81]. -

The result of Proposition 5.0.6 implies that N* is the mazimal output-nulling submanifold
through zo with respect to property (5.5). If moreover dim(T,N* + G(z)) is constant for
every ¢ € N* then it immediately follows from Lemma 5.0.3 that N* is the mazimal locally
controlled invariant output-nulling submanifold around z.

Under some extra regularity assumptions we can give a more constructive version of the
clamped dynamics algorithm. The version presented here is a modified version of the
algorithm from [104] and is very much related to Krener’s algorithm.

Algorithm 5.0.7 Clamped dynamics algorithm
Consider the system (5.2). Let o € M be such that h(zo) = 0 and assume that k has
constant rank py in a neighborhood of z4 in A~1(0).

Step 0

Locally around z, the set Ny := A~1(0) is an (n — po)-dimensional manifold through z,.
Permute the entries of h such that the first po entries are independent on Ny and denote
¢o = COl(h], ety hpo)) q’o = ¢o.
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Step 1
Calculate
do = %[f(z) + g9(z)u] =: di(z) + e1(z)u (5-6)

Assume that e;(z) has constant rank r; on a neighborhood of zo in Np. After a possible
permutation of the entries of ¢ we may assume that the first r; rows of e, are linearly
independent on this neighborhood. Accordingly, write (5.6) as

bo \ _ ( h(2)+&(2)u
( o ) - ( di(z) + éi(z)u ) (5.7)

where &(z) has full row rank r;. Let éf(z) be a right inverse of & () and set
u = —&f(z)d(z) (5.8)

Then (5.7) and (5.8) yield

( zz ) - ( dy(z) - él(:)ét(m)il(z) ) = ( q_Sl((]:c) ) (5.9)

Note that, since each row of é(z) is linearly dependent on the rows of & (z), ¢:1(z) is inde-
pendent of the choice of &} (z). Assume that ¢;(zo) has constant rank s; on a neighborhood
of zo in No. Then locally around zo, N; := {z € No | &1(:::) = 0} is an (n — p;)-dimensional
submanifold through zo, with p; := po + s;. Permute the entries of ¢; such that the first
s, entries are independent on Ny, and denote ¢; := col(dr1,+, P1sy )y ®1 := (43, 97)7.

Finally, set E(z) := & (z), Di(z) = dy(z), ®o := do.

Step k

Suppose that at step 0,1,---,k — 1 we have defined ¢o, - - -, x-1, ¢ := (¢%,---,61)T and
o, -+, Pr—y such that Ny := {z | ®»(z) =0} (£ =0,---,k — 1) is a submanifold through
o and

&’k_g = Dk_l(:c) + Ek..l(z)u (5.10)
where E;,_l(:v) has full row rank r¢_; on a neighborhood of z¢ in Njy_;. Calculate

by = a(g';_l [f(z) + g(z)u] =: di(z) + ex(z)u (5.11)

and set Ej := (ET_, eJ)T. Assume that Ej has constant rank r on a neighborhood of zo
in Ni_;. After a possible permutation of the entries of ¢;_; we may assume that the first
r, rows of Ej are linearly independent on this neighborhood. This also implies that the
first 7, — rx_1 rows of ex(z) are linearly independent on this neighborhood. Accordingly,
write (5.11) as

bt | _ [ dl(@) + (e
( - ) ( di(z) + éx(z)u ) (5.12)
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where &(z) has full row rank ry —re_;. Letting ®x_; := (87_,,¢7_)T, Di := (DL, dI)7,
Ey := (EL_, &f)T, we can rewrite (5.10),(5.12) as

D, Dk(x) + Ek(:t)u

' (5.13)
Sy = du(@) + éx(a)u

where Ek(:zi) has full row rank ¢ on a neighborhood of zo in Nx_;. Let Ef(z) be right
inverse of Fi(x) and set

u = —E}(z)Di(z) (5.14)
Then (5.13) and (5.14) yield

b, =0
(5.15)

beor = du(2) — &u(@) B}t () Di(z) =: $a(2)

Note that, since each row of éx(z) is linearly dependent on the rows of Ex(z), fx(z) is
independent of the choice of Ejf (z). Assume that ¢x(zo) = 0 and that ¢x(z) has constant
rank s; on a neighborhood of z¢ in Nx_;. Then locally around zo, Ny := {z € Ni_1 |
éi(z) = 0} is an (n — py)-dimensional submanifold through zo, with pr := pr-1 + sk.
Permute the entries of ¢y such that the first s; entries are independent on Ni, and denote
B = C01(¢k1’ ) ¢k-'k)7 & = (Q{—h ¢{)T‘ L]

Remark 5.0.8 Note that Algorithm 5.0.7 is close to Krener’s algorithm 2.2.8. The main
difference is that in Algorithm 5.0.7 we do not have to compute the matrices Si(z), nor
7k(z). Moreover, the constant rank assumptions in Algorithm 5.0.7 need only be made on
neighborhoods of z¢ contained in the submanifolds N. .

Definition 5.0.9 Regular point

We call o € M a regular point for Algorithm 5.0.7 if this algorithm can be applied suc-
cessfully to (5.2), i.e., at every step of the algorithm both constant rank assumptions are
satisfied and q_Sk(:co) =0 for all k. -

Suppose that zg is a regular point for Algorithm 5.0.7. Then it is straightforward to show
that the submanifolds Nj as produced by Algorithm 5.0.7 locally equal the intrinsically de-
fined submanifolds Ny of Algorithm 5.0.5. Hence, the Ny of Algorithm 5.0.7 do not depend
on the particular choice of the right inverse of Ej, nor on the selection of the independent
entries of ¢r. Moreover, since the Ej have constant rank around zo, dim(T.Ni + G(z))
is constant on a neighborhood of zo in Ni (k > 0). This implies by Lemma 5.0.3 that
N* = Nj. as produced by Algorithm 5.0.7 is the maximal locally controlled invariant
output-nulling submanifold around z,.

N* is called the clamped dynamics manifold of (5.2) around zo. The feedbacks u = a*(z),
z € N*, which render N* invariant, are given by the solutions of

Dk‘ (1‘) + Ekn (x)a*(z) =0 (516)
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Figure 5.1: Constrained two-link robot arm

Denote /. := m — ri-. Let E"*.gm) be a right inverse of Ej.(z) and define &(z) :=
—E{.(2) Dy (). Furthermore, let B(z) be an (m, 7)-matrix of full column rank satisfying
Ei+(z)B(z) = 0. Then the full solution set of (5.16) is given as

o*(z) = a(z) + B(z)v (5.17)

where v = col(vy,- - +,v) € IR™ can be chosen arbitrarily. Alternatively, we can interpret
v as new controls and (5.17) as a nonregular static state feedback applied to (5.2). The
system (5.2,5.17) restricted to N* is then called the clamped dynamics of (5.2), i.e., all
motions of (5.2) compatible with the constraints h(z) = 0.

We illustrate the theory developed so far with an example.

Example 5.0.10 Consider a frictionless, rigid two-link robot arm with control torques u,
and u, applied at the joints. For simplicity we assume that both links have unit length
and unit mass, where the mass is concentrated at the end of each link.

The dynamics of this manipulator are described by (see e.g. [40])

af? 6 0
}ii(.)=( , )+( )u (5.18)
9 —M~Y(0)C(8,6) — M~(8)k(9) M-1(6)
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where 8 = col(6y,6,), u = col(uy,us) and

3 4+ 2cosb; 1+ cosf,
M(6)

1 + cosb, 1

. —é2(2é1 + ég)sin02
c9,6) = :

0? sin02

—2gsinf; — gsin(6; + 03)
k() =
—gsin(6, + 6;)
g = constant of gravity

The matrix M(0) is called the inertia matriz of the robot arm. The term C(6, 0) represents
the centripetal and Coriolis forces, while the term k(0) represents the gravitational forces.
Assume that we want to control the robot arm in such a way that the endpoint remains
on a circle with radius R, 1 < R < 2, and with center at the base of the robot arm. The
distance of the endpoint to the base of the robot arm is equal to /2 + 2cosf;. Hence if we
define the output of (5.18) as

y = 2 + 2cosf; — R? (5.19)

the possible movements along a circle with radius R are given by the clamped dynamics
of (5.18,5.19). Applying Algorithm 5.0.7 to (5.18,5.19) yields

R? -2

N* = {(6,6) | cost, = 5 L0, =0} (5.20)
and (on N*)
—44-2—12‘(/;35:2? 62 — 4—;—2”‘/(';_}_12;:3 _'ZQ)R cosf; — gsinb;+
(5.21)
. 2 .
T i(0,0) - Elryes(6,6) = 0
Hence
U ) _ a§(9,0:) —
u )\ a3(0,0) )
(5.22)

0 1
( 2R0'f« /T — R? — W/A-RA(R*+2R) W?cosgl — R —AR-4) g g ) + ( R? ) v

4(R2+41) 4(R2+1) 2(R?41)

Note that on N* the quantities #; and 6, are constant. Hence we can take 6; and 6, as
coordinates for the clamped dynamics. The clamped dynamics then are given by

d 0, [ 0
a1l = _ s + ) v (5.23)
0, HSR— “;’;l)cosOl + g—%m—il%sinﬂl oo
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Having designed a control (5.22) such that the endpoint of the robot arm remains on a
circle with radius R, one might question if the motion of the endpoint along the circle
can be controlled. The answer to this question is positive. Assume that a reference
trajectory 61,(t) (t > 0) is given. Then it is easy to check that by choosing 6,(0) = 6,,(0),
61(0) = 6,,(0) and

o(t) = (R? + 1)f1,(2) — %’-{- T Ficosty, (1) — S(B* + 2sindy (1) (5.24)
in (5.23), we have 6,(t) = 0,,(t) for t > 0. -

We conclude this chapter with two propositions that will prove their usefulness in the
following chapter. The first result, that is taken from [50], gives a connection between the
clamped dynamics manifold af a system (5.2) and the clamped dynamics manifold of a
system (5.2) with a dynamic state feedback (3.42).

Proposition 5.0.11 Consider a nonlinear system (5.2) and let o be a regular point for
Algorithm 5.0.7 applied to (5.2). Let the clamped dynamics manifold N* of (5.2) around zq
be given by N* = {z | ®.(z) = 0}. Furthermore, consider a dynamic state feedback (3.42)
for (5.2) and let (zo, z0) be a regular point for Algorithm 5.0.7 applied to (5.2,3.42). Then
there ezists a vector of functions ¥(z,z) such that M*, the clamped dynamics manifold of
(5.2,2.42) around (zo, 20), is given by M* = {(z,2) | ®s+(z) = 0, ¥(z,2) = 0}.

Proof See Appendix C. -

The following result was first derived in [102] (see also [81]). It gives a connection between
Singh’s algorithm and Algorithm 5.0.7. For this, consider the following augmented system
obtained from (5.2):

i = f(z)+ g
Wio = wi
(¢=1,---,p) (5.25)
Win-1 = U;
g = hi(z)—wo  (i=1---,p)
with controls (uy,: -+, Um,v1,- -+, v,) and outputs (§1," - -, Fp)-

Let a point zo € M be given. Assume that there exists a w° := (w; | 1 <1< p,0<j <
n — 1) such that (zo,w®) is a regular point for Algorithm 5.0.7 applied to (5.25). Then
obviously we have that w% = h(zo) (i = 1,---,m). Applying the first step of Algorithm
5.0.7 to (5.25), we find

do = di(z,w) + e1(z)u = ay(z) — wuy + by (z)u (5.26)

where ay, b; are obtained by applying the first step of Singh’s algorithm to (5.2). Since
(w0, w®) is a regular point for Algorithm 5.0.7 applied to (5.25), the matrix b;(z) has
constant rank r; on a neighborhood of zo. After a possible permutation of the entries of
¢o we may assume that the first r; rows of b;(z) are independent on this neighborhood.
Accordingly, write (5.26) as

b _ [ @le)— ik + h(e)u
( o ) ( ay(z) — Yy + by(z)u ) (5.27)
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where by(z) has full row rank r;. Let b} () be a right inverse of b,(z) and set
u = =5} (z)(@(e) - o) (5-28)
Then (5.27) and (5.28) yield

(%)=(%M—ﬁrﬁw%ummy@m):(&aw) (5.29)

Note that by its structure, #1(x, w) has full rank s; = p — ;. Hence we have ¢;(z,w) =
é1(z,w). Furthermore, if we compare (5.29) with the final result of the first step of Singh’s
algorithm applied to (5.2), we find that

$1(z,w) = §1(2, §1) Iy, =01, —ha (5.30)
Hence at the second step of Algorithm 5.0.7 applied to (5.25) we have
¢1 = dg(.’t,‘w) + 62(1:’ w)u = ag(z, "Dilv U~J12) - 12)12 + b2($a ﬁ):l)u (531)

where a,, b; are obtained by applying the second step of Singh’s algorithm to (5.2). If we
proceed by applying the above arguments repeatedly, we obtain the following result.

Proposition 5.0.12 Consider the nonlinear system (5.2) and the augmented systeni (5.25)
obtained from (5.2). Let a point o € M be given. Then there exists the following connec-
tion between Singh’s algorithm applied to (5.2) and Algorithm 5.0.7 applied to (5.25).

(i) There exists a w® = (wl; | 1 < i < p,0 < j < n—1) such that (zo,u°) is a regular
point for Algorithm 5.0.7 applied to (5.25) if and only if zo is a regular point for
Singh’s algorithm applied to (5.2).

(ii) If there exists a w® such that (zo,w°) is a regular point for Algorithm 5.0.7 applied
to (5.25), thenr; = p; — pi_1 (i =1,---,n), with po := 0 and py,-- -, p, as defined in
Singh’s algorithm.

(tii) Assume that Algorithm 5.0.7 is applied to (5.25) around a regular point (xo,w").
Then there is an application of Singh’s algorithm to (5.2) such that the result of this
application of Singh’s algorithm to (5.2) can be obtained from the result of Algorithm
5.0.7 applied to (5.25). Conversely, assume that o € M is a regular point for Singh’s
algorithm applied to (5.2). Then there is an application of Algorithm 5.0.7 to (5.25)
around a regular point (zo,w®) such that the result of this application of Algorithm
5.0.7 to (5.25) can be obtained from the result of Singh’s algorithm applied to (5.2).
More specifically, assume that Algorithm 5.0.7 applied to (5.25) around a regular
point (zo,w°) yields fork=1,--- n:

St = di(z, {1 1< i< k—10<j <k}l
(5.32)

ter(z, {0l |1<i<k-1,i<j<k—1})u
where (W}, - - - , Wiy, Who) 15 a reordering of the components of wao, (WL;,- -+ , WPy, WY
is a corresponding reordering of the components of w.; and Wrg! = (wk, - -+, W, 7).

Furthermore, assume that Singh’s algorithm applied to (5.2) yields for k=1,---,n

i® = ae GV 11<i<k-1,i<) <kD+
4 (5.33)
bz, {70 |1<i<k-1,i<j<k—1}u
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where §x := (§k41, "y Jn,Un). Then the following connection between di, e, ak, by
exists:

ar(z, {79 |1<i<k-1,i<j<k}) =

di(z, {§¥ |1<i<k—1,i<j<k},0)

. : (5.34)
b(z, {79 |1<i<k-1,i<j<k-1}) =
ez, (7 |1<i<k-1,i<j<k-1))
di(z, {0} | 1<i<k—1,i<j<k}pdigh) =
ap(z, {@i; |1 <1< k—1,6 < j < k}) — @bt
(5.35)

ex(z, {0 |1<i<k—1,i<j<k-1})=

bz, (@ | 1<i<k—1i<j<k-1})



Chapter 6

Disturbance decoupling via
nonregular dynamic state feedback

”Only the poet or the saint can water an asphalt pavement in
the confident anticipation that lilies will reward his labor.”

W. Somerset Maugham, The moon and sixpence.

In this ckapter we consider a nonlinear analytic system ¥ of the form
f(z) + g(z)u + p(z)q 6.1)

z
> { y = h(z)
where ¢ = (z1,-+-,2,)7 € IR" are local coordinates for the state space manifold M,
u€ R", q € R,y € I, g(z) = (91(2) - gm(2)), p(z) = (p1(2)--p:(2)), h(z) =
col(hy(z), -+, hp(2)), f1 915+ 1 9m,s P1,- - -, Pr are analytic vector fields on M and hy,---, b,
are analytic functions on M. The system ¥ with ¢ = 0 is denoted by X,. Recall that the
distributions G and P are defined by G := span {g1," -, 9m} and P :=span {p1,---,p,}.

We have seen in Example 2.2.14 that if the DDP(dm) is not solvable for ¥, we may still
be able to render the outputs independent of the disturbances by allowing nonregular
(dynamic or static) state feedback. This gives rise to the formulation of the disturbance
decoupling problem via nonregular dynamic state feedback (nDDDP) and the disturbance
decoupling problem via nonregular dynamic state feedback and disturbance measurements
(nDDDPdm). In Section 6.1 we formulate both problems and we discuss the ideas behind
the algorithm that is presented in Section 6.2 to solve the nDDDP(dm).

When no specific references are given, the results in this chapter may be found in [50].

6.1 Formulation of the problem and ideas behind the
algorithm

We first formulate the nDDDP and the nDDDPdm. As for the DDDP and the DDDPdm
in Chapter 4, we restrict ourselves to a local formulation and solution of both problems.

Definition 6.1.1 Disturbance decoupling problem via nonregular dynamic state
feedback (nDDDP)

71
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Consider the system ¥ and let a point o € M be given. Then the nDDDP is said to be
solvable around z if there exist a dynamic state feedback R of the form

z
r{:

with z € IRV, v € IR™ denoting the new controls and «, 8,7, é analytic functions of z and
z, a neighborhood U C M of o, an open subset Z C IR” and a map F : U — Z with
the property that for all Z € U the outputs of ¥ o R restricted U x Z and initialized at
(z, F(z)) are independent of q. -

O‘(T" z) + ﬁ(.’L‘, 2)’0
¥(z,2) + 8(z, z)v (6.2)

Definition 6.1.2 Disturbance decoupling problem via nonregular dynamic state
feedback and disturbance measurements (nDDDPdm)

Consider the system ¥ and let a point 29 € M be given. Then the nDDDPdm is said to be
solvable around z, if there exist a dynamic state feedback with disturbance feedthrough @

of the form
z a(zaq’z)+ﬂ($7qaz)v )
¢ { u ¥(z,q,2) + 8(z,q,2z)v (6.3)

with z € IR¥, v € IR™ denoting the new controls and «, 3,7, é analytic functions of z,q
and z, a neighborhood U C M of z¢, an open subset Z C IR¥ and amap F : U — Z with
the property that for all Z € U the outputs of X o ) restricted to U x Z and initialized at
(%, F(%)) are independent of g. -

In Section 6.2 we give an algorithm to solve the nDDDP(dm). To get a better insight
in how the algorithm works, we first discuss the ideas behind the algorithm. Consider
a system ¥ with disturbances, of the form (6.1), and assume that we wish to solve the
nDDDP around a strongly regular point z, € M.

We start by applying Singh’s algorithm to ¥o. Recall that the distribution P, on M, :=
M x IR™ is defined by P, := P, x {0} (see Chapter 4). If for ¥k = 0,---,n — 1 we have
that P, C Ker dﬁ,(,k), we know by Theorem 4.0.6 that we can solve the DDDP for ¥ around
xo and hence the nDDDP is solvable for ¥ around z,.

Assume that for some k € {0,1,---,n — 1} we have that P, ¢ Kerdj{") and let 7, :=
min{k € IN | P. ¢ Ker d;t},(f)}. Then for &

1:’-(r?+1) = "a‘l‘[f(l') + g(z)u + p(z)q] + i TEI ——TLT ~(J+1)

1=13=1

a'r|+l(z’ {gl(J) | 1 S i S 1 + 1,1 S] S Tl})+ (6.4)

bripa (2, (3P |1 < i < myi < j < m})ust
DYz, {9 |1<i<m,i<j<n))q

where D! # 0. Hence there is at least one entry of §,, that is affected by g. Moreover,
using arguments from Section 3.1, it can be shown that this g-dependence is structural.
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This means that at points (z,{§\) |1 <i < m,i <j < n}) where D(z, {7 |1 <i <
71,1 < j <711}) #0, §r, is affected by g. Hence, in order to render the outputs independent
of the disturbances, we have to assure that D' (z(t), {7(t) | 1 <i<m,i<j<m})=0
for all t > 0. Therefore we proceed by starting again with applying Singh’s algorithm to
%o under the constraint that D! is zero for all ¢ > 0. Note that what is proposed here is in
fact a combination of applying Singh’s algorithm (with respect to the outputs y = h(z)) to
Yo and applying the clamped dynamics algorithm (with respect to the extra "output” D').
Using Proposition 5.0.12, this combination can be incorporated in one algorithm. Namely,
let D! be a vector of functions consisting of the non-zero entries of D! and consider the
following augmented system obtained from X:

& = f(z)+g(z)u+p(z)q

Wijp = W2

2% iy = wi (6.5)

<
Il

h(z) — wwo
2
( DYz, {ii; | 1<i<m,i<j<m}) )

where ¥, = n + 1 and w. = col(wig,* -, Wy). Denote w? := (w;; | 1 < i < p,0 <
j S vy —1). Asfor I, let £2) denote the system obtained from £2 by setting ¢ = 0.
Then from Proposition 5.0.12 it is clear that the combination of Singh’s algorithm and
the clamped dynamics algorithm described before, is equivalent to applying the clamped
dynamics algorithm to X2,, where w;; takes the role of yf’ ). While applying the clamped
dynamics algorithm, we again have to check at every step if a structural dependence of
the outputs of ¥ on the disturbances appears. For this, denote the submanifold obtained
at the k-th step of applying the clamped dynamics algorithm to X2, by NZ and the vector
of functions obtained at the k-th step of the clamped dynamics algorithm applied to £2,

by #%(z,w?). Then it can be shown that a structural ¢g-dependence does not appear if and
only if for all k € {0,---,v, — 1} and all (z,w?) € N}

Pe(z) C Tzu2yNi (6.6)

If'(6.6) indeed holds, we can solve the nDDDP via a dynamic state feedback that is derived
in the following section. If (6.6) does not hold, we define 7; := min{k € IN | I(z,w?) €
N} such that P.(z) ¢ T(zu2)NZ} and D?*(z,w?) := (0¢% /0z)p(z). D? characterizes the
structural dependence of the outputs of £2 on the disturbances. We then proceed by
defining a new augmented system in the same way as described above, and applying the
clamped dynamics algorithm to this system. If at a certain step o* we have that for all
k € IN and for all (z,w"’) € N{": P.(z) C T(z’wc‘)N;:‘, we can construct a dynamic state
feedback for ¥ that locally solves the nDDDP around zo. The construction of this dynamic
state feedback is given in the following section.

While going through the procedure described above, two intermediate checks should be
applied. First, it may occur at a certain step that the submanifold on which the constraints
are satisfied, is empty. In this case the nDDDP is not solvable and we can stop the
procedure. Second, assume that at a certain step the set of constraint functions is given
by ¥(z,w’). Then to guarantee solvability of the nDDDP around z,, necessarily there
must be a neighborhood U C M of zo such that for every Z € U there is a w° satisfying
U(z,w’) = 0. If this is not the case, the nDDDP is not locally solvable and we can stop
the procedure.
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If we want to solve the nDDDPdm instead of the nDDDP, the procedure described above
follows the same lines, with a few minor differences that are clarified in the following
section.

6.2 Solution of the problem
Based on the considerations in Section 6.1, we formulate the following algorithm for solving

the nDDDP.

Algorithm 6.2.1 Solving the nDDDP
Consider the system ¥ and let a point o € M be given.

Step 0

Define the augmented system X! obtained from ¥ by

& = f(&)+9g(z)u+p(e)g
Wijp = Wi
o : (i=1,---,p) (6.7)
Wiy, -1 = U
y' = h(z)—ww
where v; = n and w.o := col(wio,* - -, Wy). Denote w! := (w;; |1 <i<p,0<j <y —1).

Step o+1

Let v1,+++,¥, and Xl,---,57 be defined. Let X3, denote the system obtained from X
by setting ¢ = 0. Assume that there is a point @’ such that (zo,w@") is a regular point
for Algorithm 5.0.7 applied to X3. Apply Algorithm 5.0.7 to 2. Employ the notation of
Algorithm 5.0.7 with a superscript 0. Let 7, be the smallest integer satisfying

Wep(a) 20 (6:9)

and define D’(x,w”) := (047, /0x)p(x). If it turns out that 7, > v,, set 7, := v,.
Define the subset p(NZ) C M by
p(N7):={ze M|’ : (z,v°) € NZ} (6.9)
Distinguish the following cases (which should be checked sequentially).
1. NZ = 0. In this case we stop.

2. There is no neighborhood U C M of zo such that p(NZ) N U = U. In this case we
stop.

3. 7, = v,. In this case we stop, defining N* := N7 .
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4. If none of the cases 1,2,3 hold, define

a o
D (z,u°) = %’;-vp(z) (6.10)
and Vo471 = Vs + 7,. Let D7 be the vector of functions consisting of the non-zero

entries of D°. Then define the system

& = f(z)+g(z)u+p(z)g
Wi = wi
. (Z = 1’ ° ,P)

S i1 = W (6.11)

o7,

ya'+1 —

i)a

and denote w'*! 1= (w;; |1 <i<p,0<j < Vo —1). &

We associate the following notion of regularity with Algorithm 6.2.1.

Definition 6.2.2 Consider a nonlinear system ¥ and let a point xo € M be given. We
call zo a regular point for Algorithm 6.2.1 if the algorithm can be applied successfully to ©
around xo, i.c., at each step o of the algorithm there is a W° such that (zo,w’) is a regular
point for Algorithm 5.0.7 applied to X7,. -

It can be shown that if o is a regular point for Algorithm 6.2.1 applied to X, the algorithm
applied to ¥ around zq terminates in a finite number of steps. The following theorem gives
a solution of the nDDDP:

Theorem 6.2.3 Consider a nonlinear system ¥ and let zo € M be a regular point for Al-
gorithm 6.2.1 applied to . Then the nDDDP is solvable around X if and only if Algorithm
6.2.1 applied to ¥ terminates because of case 3.

In the proof of Theorem 6.2.3 we need the following lemma:

Lemma 6.2.4 Consider a nonlinear system ¥ and let zo0 € M be a regular point for
Algorithm 6.2.1 applied to ©. Define the system X! by

¢ = f(z)+g(z)u+p(z)g
wip = wi
b : (i=1,---,p) (6.12)
u')ill‘,o—l = v
y' = h(z) —weo
where (u,v1, -+ ,Vp) are the controls and y' the outputs. For o = 2,---,0*, let the systems

£2 be defined as ! with y replaced by y° = (921" D°")T. As before, let £3, denote the

To—1
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system obtained from £I by setting ¢ = 0. Denote w := (w;; | 1 <i < p,0 < j < vpe —1).
Consider a nonregular dynamic state feedback R for ¥ of the form

z = az,z)
R { MY S (6.13)
with z € IR*. Denote the clamped dynamics manifold of £, by N° and that of £3, by M°.
Denote the distribution spanned by the disturbance vector fields of X5 by P.. Assume that
R solves the nDDDP for £. Then

M =...=M" (6.14)
and

V (z,w,2) € M': Pe(z) C TizpuyM* (6.15)

Proof By the structure of £! it is clear that R also solves the nDDDP for £!. By
Theorem 2.1.10 this means that P. C A%, where A is the maximal locally controlled
invariant distribution contained in Kerdy for £ o R. It is straightforwardly checked that
Ar = N7 Ker dy™™, where y'* denotes the k-th time-derivative of y!. Furthermore,
we can check that M! = {(z,w,2) | y'"(z,w,2) = 0,0 < k < v,» —1}. Hence M" is an
integral submanifold of AZ. This establishes (6.15). Next note that the systems £J only
differ from the systems X7 in that the number of w;;’s is larger. Hence on N° we have that
®. (z,w) = 0. By Proposition 5.0.11 this implies that we can find a vector of functions
¥!(z,w,z) such that M! can alternatively be written as M* = {(z,w,z2) | ®} (z,w) =
0,%'(z,w,z) = 0}. By definition of 7, we have that (9@}, /0z)p(x) # 0. Hence, since
(6.15) holds, we must also have that D(z,w) = 0 on M!. Together with the fact that
®! (z,w) = 0 on M" this implies that M? = M!. Using the above arguments and an
induction argument, we establish (6.14). @

Proof of Theorem 6.2.3

(sufficiency) Assume that Algorithm 6.2.1 applied to ¥ terminates because of case 3. Then
obviously N* is a locally controlled invariant output-nulling submanifold for £2; and all
vector fields in P, are tangent to N*. Let £} be defined as in Lemma 6.2.4. Then N* is
also a locally controlled invariant output-nulling submanifold for £,. Since the algorithm
does not terminate because of case 2, there exists a neighborhood U C M of g such that
p(N*)NU = U. This means that there exists a mapping F : U — IRP”* such that for
all £ € U we have that (z, F(z)) € N*. Recall from Lemma 6.2.4 that w is defined as

w:=(w; |1<i<p,0<j < vpe—1). Let : = o*(z,w) be a control that renders

N* invariant for £};. Consider the system £, with : = o*(z,w), restricted to N*.

By the above we have for this system that P, C (%, ' Ker dh¥)(z, w), where h(*) denotes
the k-th time-derivative of h, and hence the disturbances do not influence y = h(z) for X2

with ( : ) = o*(z,w). Let z; (: = 1,-- -, p) be a vector of dimension v,. and consider the

dynamic state feedback

. { (:é;) = Az+by (i=1,---,p) 616
YY) = a(s,2) :
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with (A, ) in Brunovsky canonical form, initialized at z(0) = F(z(0)) for (0) € U. Then
from the above considerations it follows that R solves the nDDDP around z,. .

(necessity) Assume that the nDDDP is locally solvable around o via a dynamic state
feedback of the form (6.13). We first show that Algorithm 6.2.1 applied to £ cannot
terminate because of case 1. For ¢ = 1,---,0%, let £J be defined as in Lemma 6.2.4.
Furthermore, let M? denote the clamped dynamics manifold of £,0 R (00 = 1,---,0").
Recall that the clamped dynamics manifold of £2,0 R (¢ = 1,---,0") is denoted by M°

and that by Lemma 6.2.4 and the structure of ! we have that M'=... = M =
{(z,w,2) | ®(z,z) —w = 0} for some vector of functions ®(z,z). Noting that L7 only
differs from X7 in that for X7 the number of w;;’s is greater, we see that for o =1,---,0"

there exist vectors of functions ®°(z, z) such that M° = {(z,w’,z2) | ®°(z,z) — w’ = 0}.
For o = 1,---,0" consider the sets M? := {(z,w’) | 3z such that (z,w’,2) € M°}. By
the form of M° we see that M # (). By Proposition 5.0.11 we know that o7 (z,w°) =0
on M° and hence any (z,w”) € M° necessarily satisfies ®?_(z,w”) = 0. This implies that
M’ C {(z,w°) | ® (z,w’) = 0} = N. Since M? # 0, this means that also N7, # 0
(0 =1,---,0") and hence the algorithm does not terminate because of case 1.

Next, assume that the algorithm terminates because of case 2. This means that there is no
neighborhood U C M of zo such that p(NZ,) N U = U. Hence for any neighborhood Uc
M of zo there is an Z € U such that @Z:_(:Z', w”") # 0 for allw’". Since by Proposition 5.0.11
any (z,w”",z) € M°" has to satisfy ®7°,(z,w’") = 0, this implies that (Z,w"",2) € M
for all (w’",z). However, this contradicts the fact that there exists a vector of functions
®°"(z, z) such that M*" = {(z,w"",z) | ® (z,2) —w’" = 0}. Hence the algorithm cannot
terminate because of case 2.

By the above we conclude that if the nDDDP is locally solvable for ¥ around o, Algorithm
6.2.1 applied to ¥ can only terminate because of case 3. -

We proceed by giving a solution of the nDDDPdm. For this, consider the following algo-
rithm:

Algorithm 6.2.5 Solving the nDDDPdm
Consider the system ¥ and let a point zo € M be given.

Step O

Define the augmented system L. obtained from ¥ by

& = f(z)+g(z)u+p(z)g
Wi = wi
= : (i=1,,p) (6.17)
Wiy,—1 = U;

y! = h(z)—w.o

where v; = n and w.o := col(wig, - * -, Wyo). Denote w' 1= (w;; |1 <1< p,0<j <y —1).

Step o+1

Let v1,-++,v, and X1 --- X7 be defined. Let L7, denote the system obtained from ¢
by setting ¢ = 0. Assume that there is a point @ such that (zo,@?) is a regular point
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for Algorithm 5.0.7 applied to £7. Apply Algorithm 5.0.7 to £J. Employ the notation of
Algorithm 5.0.7 with a superscript o. Let 7, be the smallest integer satisfying

(-4

(rf g —r7) = rank( %g(w) ) < rank ( Qg%g(m) %.x‘t'zp(m) ) (6.18)
If it turns out that 7, > v,, set 7, 1= v,.
Define the subset p(NZ ) C M by
P(NZ) = {z € M| 3w (z,07) € N2} (6.19)
Distinguish the following cases (which should be checked sequentially).
1. NZ = 0. In this case we stop.

2. There is no neighborhood U C M of zo such that p(NZ) N U = U. In this case we
stop.

3. 7, = v,. In this case we stop, defining N* := N7 .

4. If none of the cases 1,2,3 holds, define

. ’ a¢¢
Frlawe) = p(a)
(6.20)
. d¢?
frlaw) = Fapa)
Let éZ:H (z,w”) be a right inverse of &7_,,(z,w"). Then define
D (z,uw%) := f"(z, w’) — & 4 (z, w”)éi:_ﬂ(:c, w")f(z, w’) (6.21)

and Vy41 = ¥y + 7,. Let D’ be the vector of functions consisting of the non-zero
entries of D?. Then define the system

¢ = f(z)+g(z)u+ p(z)q
Wio = Wi
(l = 17 te 7p) '

SoH i1 = (6.22)

o7

ya+1 —

Da

and denote w*! := (w;; |1 <i < p,0<j < vpyr —1). -

The following notion of regularity is associated with Algorithm 6.2.5.

Definition 6.2.6 Consider a nonlinear system ¥ and let a point o € M be given. We
call z¢ a regular point for Algorithm 6.2.5 if at each step o of the algorithm there is a w°
such that (zo,w’) is a regular point for Algorithm 5.0.7 applied to £3,. -
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Without a proof we state:

Theorem 6.2.7 Consider the nonlinear system ¥ and let o € M be a regular point for
Algorithm 6.2.5 applied to ©. Then the nDDDPdm is locally solvable around x¢ if and only
if Algorithm 6.2.5 applied to ¥ terminates because of case 3. -

Remark 6.2.8 As stated before, the proof of Theorem 6.2.7 essentially follows the same
lines as the proof of Theorem 6.2.3. The main difference is the construction of the dynamic
state feedback solving the nDDDPdm. In this case the construction proceeds as follows
(compare with (6.16) and the construction of the Singh compensator with disturbance
feedthrough in Chapter 4). Assume that Algorithm 6.2.5 applied to £ terminates because
of case 3. Then there exist a neighborhood U C M of zo and a mapping F : U — IRP***

such that for all Z € U we have that (z, F(Z)) € N*. Let ( : ) = a*(z,w) be a control
law that renders N* invariant for ;. Furthermore, define
o*—1

F7(2,0) := —==p(a) (6.23)

Recall that (locally) EZ:.(:c,w) := (002°7! /0z)g(z) has full row rank. Let (locally)

To®*—1

E‘T’: (z,w) be a right inverse of E;'.:_(a:,w) and define

e(z,w) = —E‘,’:(x,w)F”‘(z,w) (6.24)
Let z; (¢ = 1,--+,p) be a vector of dimension v,. and consider the nonregular dynamic
state feedback -

%
Q u
v
with (A, b) in Brunovsky canonical form, initialized at z(0) = F(z(0)) for any z(0) € U.
Then @ solves the nDDDPdm around z,.

Az; + bu; (i=1,"',p)

(6.25)

a*(z,2) + €(z, 2)g

The form of Algorithms 6.2.1 and 6.2.5 and the construction of the nonregular dynamic
state feedback solving the nDDDP and the nDDDPdm have been chosen as presented
here to make the algorithms and the proof of Theorem 6.2.3 as transparent as possible.
However, the bookkeeping while applying the algorithms may become quite troublesome.
Moreover, the dynamic state feedbacks that are proposed in the proof of Theorem 6.2.3 and
in Remark 6.2.8 for solving the nDDDP, nDDDPdm respectively, may have unnecessarily
high dimension and it is not guaranteed that they have maximal achievable rank. Further
research is required on the problem of obtaining dynamic state feedbacks of lower dimension
and maximal achievable rank that solve the nDDDP(dm). For (relatively) simple examples
the problems mentioned above can be circumvented to a great extent by using ad hoc
arguments in the vein of the algorithm. This will be illustrated by the following example.
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Example 6.2.9 Consider the system

Ty = Touy + T4 Y1 =2

Ty = z3+gq Y2 = T3

T3 = T1u + T4 Y3 = Ts

T4 = s Ya = T7

G5 = motup (6.26)
Te = Tgus

Ty = Zg+ To+ TeTo + TeUz

Tg = us

g = 0

T = ¢

for which we want to solve the nDDDP around points in the set {z € R' | z; # 0,7, #
0,z # 0,23 # 0}. We first restrict our attention to y; and y,. Then:

o= Dmt T uy = 51;(3}1 — Z4)
i = s+ ze= T —z) + o4 (6.27)

j2 = B(h—z4)- ﬂz_:{l-_ﬂ(g‘ = 24) + 53 (5 — 25) + 2
2

Hence ij; depends on q. This means that we should guarantee that

02 Ty, .

_a; = _m—g(yl - 1;4) =0 (628)
Since we are working around points for which z; # 0,z, # 0, this implies that

1 .

—(1—z)=u =0 (6.29)

T2

Having chosen u; = 0, it follows from the structure of the system that y; and y; can be
made independent of the disturbance if and only if y3 and y4 can be made independent of
the disturbance. Restricting our attention to y3 and y4, we find

Ys = To+ur=> Uy =Y3— Tg

Ys = T+ To+ TeTo+ TeUz = Tg+ To + TeYs (6.30)

Y4 = us+ Tio+ TsYaus + Tefs => us = '1+—1%‘,E(f/’4 — T19 — Te¥3)

Hence the nDDDP is solved via the nonregular dynamic state feedback

z = m
U = 0
Uy = z—7xTg (6.31)
Uz = Tf'{-la:s_z(vz — Z10 — l‘svl)

The rank of the dynamic state feedback (6.31) equals two. This is the maximal achiev-
able rank since it is necessary that u; = 0. Note that the outputs can also be rendered
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independent of the disturbance via the following nonregular static state feedback of rank
one:

u = 0
U = g (632)
uz3 = —Zp+v






Chapter 7

The nonlinear model matching
problem

The model matching problem is a synthesis problem that has received much attention over
the last two decades (see [74],[75],[76],[33],(66],[49] for the linear case and [60],[31],[27],[28],
[10],[47],[48],[50],[55],[73] for the nonlinear case). Roughly, the model matching problem
may be stated as follows: given a (linear or nonlinear) system, called the plant P, and
another (linear or nonlinear) system, called the model M, under what conditions is it
possible to construct a dynamic static state feedback @ for P such that the input-output
behavior of the compensated system P o Q) is the same as the input-output behavior of M?

For linear systems the model matching problem was first solved in [74], via Silverman’s
structure algorithm ([88]). A solution in geometric terms was obtained in [75]. In [76],[33]
it was shown that the solvability of the linear model matching problem is equivalent to the
solvability of an associated disturbance decoupling problem with disturbance measureme-
ments. ’

In Subsection 7.1.1 we first formulate the model matching problem and we give the suf-
ficient conditions for solvability of the problem that were obtained in [31],[73]. Also for
nonlinear systems it can be shown that the solvability of the model matching problem is
equivalent to the solvability of an associated disturbance decoupling problem with distur-
bance measurements. More specifically, the solvability of the nonlinear model matching
problem is equivalent to the solvability of an associated nDDDPdm ([50],(31]). In Sub-
section 7.1.2 this equivalence is proved. Based on this equivalence, we also give necessary
and sufficient conditions for solvability of the nonlinear model matching problem in this
subsection.

Another set of necessary and sufficient conditions for local solvability of the nonlinear
model matching problem was obtained in [55], under the conditions that both the plant
and the model are square systems and the decoupling matrix of the model has full rank. In
[55] a connection was made between the solvability of the model matching problem for the
nonlinear plant and model and the solvability of the linear model matching problem for
the linearizations of the plant and the model around an equilibrium point. This approach
to the solution of the nonlinear model matching problem is treated in Section 7.2, together
with some examples, that were taken from [31},(27],[55],[48].

83
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7.1 Model matching and nonregular dynamic distur-
bance decoupling

7.1.1 Formulation of the problem and sufficient conditions for
solvability

Consider a nonlinear analytic system, called the plant P, described by equations of the
form

& = f(z)+g(z)u
P { v = o) (7.1)

with £ = (z1,--+,2,)7 € IR™ local coordinates for the state space manifold X, u € R™
denoting the controls, y € IR? denoting the outputs, g(z) = (gi1(z)- - gm(z)), h(z) =
col(hy(z),- - -, hp(2)), f, 91, -, gm analytic vector fields on &, and hy,- - -, h, analytic func-
tions on X.

Moreover, consider another nonlinear analytic system, called the model M, described by
equations of the form

&
with & = (Z1,+++,%x)7 € IR™ local coordinates for the state space manifold X, u€e€ R
denoting the controls, § € IR? denoting the outputs, §(z) = (§1(Z) - ga(2)), h(Z) =
col(hi(Z), -+, hyp(Z)), f, 91"+, m analytic vector fields on X, and hy, -+, h;, analytic func-
tions on X. Moreover, assume that m < m. Note that M has the same number of outputs

as P.

8-
|

f(@) +§(z)u
He) . (7.2)

L]
|

For linear systems, the input-output behavior may be described via the transfer matrix of
the system. The model matching problem then comes down to finding a dynamic state
feedback @ for P, such that the transfer matrices of P o @ and M coincide. For nonlinear
systems, the input-output behavior may be described in terms of Volterra series expansions,
that is, the output y(¢) = col(y1(t),- - -, yp(t)) of a nonlinear system of the form (7.1) has
a Volterra series expansion of the form (cf. [61],[81])

m i
y(t) = wo(t,zo0) + ,_Zlofwi(t, 1, To)ui(T1 )d +
(7.3)
m tm
= 1{Ofw,‘l,'z(t,Tl,‘Tg,l‘o)u,‘l(Tl)u,'Q(Tz)dTlde + .-
11,i2=
where z¢ € & is the initial state at time ¢t = 0. The function wj,..;;(¢, 71, -, T, Zo) is called

the (j1,--+,Ji)-th Volterra kernel of i-th order for (7.1). The nonlinear model matching
problem then comes down to finding (if possible) a dynamic state feedback @ for P such
that all Volterra kernels of i-th order (i > 1) of Po @ and M coincide. We make this more
explicit below.

Let @j,..;;(¢, 71, -+, T, &o) denote the (ji,---,Ji)-th Volterra kernel of the model M and

similarly w$, ;. (¢, 71, "+, T, (%0, 20)) the (j1," -, ji)-th Volterra kernel of the compensated
plant P o Q. Since w;,..; depends on the initial state Zop of M and w§,; on the initial

state (o, z0) of P o @}, when imposing the coincidence between these kernels one must
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specify how Z¢ and (z, o) are to be chosen. Depending on this choice, one may formulate
different matching problems. The most common definition of the nonlinear model matching
problem, which is taken from [31], is given below.

Definition 7.1.1 Nonlinear model matching problem (MMP)

Given a plant P of the form (7.1), a model M of the form (7.2) and a point (z¢, Zo) € X XX,
the MMP is said to be locally solvable around (zo, Zo) if there exist neighborhoods U C X
of zo and U C X of Zo, an integer v, an open subset Z C IR”, a dynamic state feedback @

of the form
z a(z, z) + B(z, 2)v
Q u ¥(z,2) + 6(z, 2)v

with z € IRV, v € IR™ denoting the new controls, and «, 3,7, § analytic functions defined
on U x Z,and amap F: U x U — Z with the property that

(7.4)

i

w;r".’i.‘(t’ Tiy "y Tiy (II), F(.’L‘, i))) = "Djl"‘j-‘(tw Ty "5 Tiy ‘i) (75)

fora.lliZl,fora,lllSj,-<mandfora,ll(:c,fi)€U><U. B

Remark 7.1.2 Note that after we have solved the MMP for (M, P), it will in general not
be the case that the output trajectories of P o ) and M are the same. This is due to the
fact that we only require the i-th order Volterra kernels (¢ > 1) of PoQ and M to coincide.
If we also require the 0-th order Volterra kernels to coincide, we do have that the output
trajectories of P o @ and M are the same. This problem is known as the strong model
matching problem and was studied in e.g. [27],[28] (see also [47]). -

Define an extended system E associated with M and P:

fE(zE)+gE($E)uE +pE(zE)qE
= k()

with 2% = (27 zT)7, controls u® € IR™, disturbances ¢° € IR™, outputs y= € IR and
E(,E\ _ .t(z) gy _ [ 9(2)
e =(453). =%

P = (50 ) 16 = b - h@

(7.6)

&
——
< 8

[ ]

Il

We have the following sufficient conditions for solvability of the nonlinear MMP.

Proposition 7.1.3 ([31]) Consider a nonlinear plant P and a nonlinar model M. Let
zo € X, T € X be given. For the estended system E, let GF := span {gF,---,gE}
and P* := span {pf,---,pE}. Let AF" denote the mazimal locally controlled invariant
distribution contained in Ker dh* for E. Assume that locally around (zo,Zo), AF", A% NGE
and G* have constant dimension. Then the MMP is locally solvable around (zo, Zo) if

PEC AP 4GP (7.7)
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Proposition 7.1.4 ([73]) Consider a nonlinear plant P and a nonlinear model M. Let
zo € X, To € X be given. Assume that (xo,Z¢) is a strongly regular point for the extended
system E. Then the MMP is locally solvable around (zo,Zo) if fork=1,---,n+n

POk = Pgsk (7.8)

Remark 7.1.5 Comparing the results of Propositions 7.1.3 and 7.1.4 with the results of
Theorems 2.2.13 and 4.0.16 respectively, the idea arises that the solvability of the MMP
is connected with the solvability of a disturbance decoupling problem with disturbance
measurements. In the following subsection it is shown that this is indeed the case (see also
Remark 7.1.11). -

The following examples show that conditions (7.7) and (7.8) are not necessary conditions
for solvability of the MMP.

Example 7.1.6 ([31],[27]) Consider the following nonlinear plant P:

Ty = T3 Y1 =T2— 3
Tz = T4t up Y2 =Ty
Tz = up+ Uz (7.9)
.’i‘4 = U2
Let the linear model M be given by
Ho= 3 =k
T = U Y2 = T3 (7.10)
I3 = I4 )
Ty = i
Consider the following dynamic state feedback @ for P:
z = - 22 - =1 (%1 + V2
(zz3+2)  (z3+2) (z3+2)
W = z (7.11)
Uy = — 2 +—E o 4 1 V2
(za+2z) " (z3+2) (z3+ 2)
Then it can be checked that for P o Q) we have
ih = n
i = v (7.12)

So Po@ and M have the same input-output behavior and hence the MMP is solvable. For
the extended system E we find

Pe = span{zZ, 52}

GE = span{zgaz—]+a%;,6—%+ag—a+ag—4} (7.13)
. 0 .9 8 .9 9,9

AT = spand{g + 55y Bay t Oy Bes T 05
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and hence (7.7) does not hold, i.e., (7.7) is not a necessary condition for solvability of the
MMP. ]

Example 7.1.7 ([50]) Consider the nonlinear plant P:

Ty = I3+ Toup =1
.’ifg = u Y2 = 22 (714)
T3 = Uy Y3 = T3

Let the model M be given by

-’?‘1 = I =1
T2 = Zatty  B=1I (7.15)
T3 = Uz Yz = T4
Ty = —I4
Consider the following dynamic state feedback @ for P:
z = (]
U = z2+4+v; (7.16)
Uy = 0 ‘

Then it is easily seen that @ solves the MMP for (M, P). For the extended system E we
find

P = 2 PfEl = 2
(7.17)

P = 2 Pe, = 3
Hence (7.8) is not a necessary condition for solvability of the MMP. B

7.1.2 Necessary and sufficient conditions for solvability of the
nonlinear model matching problem

The following theorem states that the solvability of the nonlinear model matching prob-
lem is equivalent to the solvability of an associated disturbance decoupling problem with
disturbance measurements.

Theorem 7.1.8 Consider a nonlinear plant P and a nonlinear model M. Let zo € X,
To € X be given. Then the MMP is locally solvable around (zq,Zo) if and only if the
nDDDPdm for E is locally solvable around (zo,Zo).

Proof Note that we can alternatively define the MMP as follows: the nonlinear MMP is
said to be locally solvable around (zo,Zo) if there exist neighborhoods U C X of z¢ and
U C X of o, a dynamic state feedback Q of the form (7.4) for Pand amap F: UxU — Z
such that, when we put v = @ in (7.4), we have that

y(z, F(z,2),t) — 4(z,1) (7.18)

is independent of @ for all (z,%) € U x U. This immediately gives the necessity-part of the
proof. For the sufficiency, note that a dynamic state feedback @F solving the nDDDPdm
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for E around (zg,Zo) also almost immmediately provides us a dynamic state feedback @
that solves the MMP around (z¢,Zo). The only problem that arises is the fact that Q*
depends on the state variables Z of M. This problem is circumvented by adding a copy of
M to Q. More specifically, assume that the nDDDPdm for E is locally solvable around
(0, Zo) via a dynamic state feedback

QE{uf;

with z € IR, initialized at # = F?(%®) for any 2 € U® C X x X, where U® is a
neighborhood of (zg,Zo). Then consider the following dynamic state feedback @ for P:

(2%, 2) + ax(2®, 2)¢"
(2% 2) + 72(2”, 2)g" (7.19)

(1]

f(w) + g(w)o (7.20)

z = CZl(z7wvz)+a2("taw7z)v
Q =
= m(z,w,2)+ r(z,w,2)v

initialized at (2,%) = (F¥(%,%),2) for any (#,%) € U®. Then with the above alternative
definition of the MMP it is easily seen that @ locally solves the MMP around (zo,%0). g

Remark 7.1.9 Theorem 7.1.8 is taken from [50]. The sufficiency-part of the result can
also be found in [31]. -

Combining the results of Theorem 7.1.8 and Chapter 6, we obtain the following necessary
and sufficient condition for the solvability of the MMP (cf. [50]).

Theorem 7.1.10 Consider a nonlinear plant P and a nonlinear model M. Let zo € X,
Zo € X be given. Assume that (zo,%o) is a reqular point for Algorithm 6.2.5 applied to E.
Then the MMP is locally solvable around (z¢,3o) if and only if Algorithm 6.2.5 applied to
E terminates because of case 3. -

Remark 7.1.11 From the result of Theorem 7.1.8 and the theory developed in Chapters
2 and 4 it immediately becomes clear why the conditions of Propositions 7.1.3 and 7.1.4
are sufficient conditions for the solvability of the MMP. Namely, Proposition 7.1.3 states
that the DDPdm is solvable for E (compare with Theorem 2.2.13) and Proposition 7.1.4
states that the DDDPdm is solvable for E (compare with Theorem 4.0.16). In fact, the
result of Proposition 7.1.3 was obtained in [31] by associating the MMP for (M, P) with a
(regular) DDPdm for E. Note however that the result of Proposition 7.1.4 in [73] was not
obtained by associating the MMP with a disturbance decoupling problem with disturbance
measurements and that it was obtained independently of [51],[52]. -

7.2 Nonlinear model matching and linearization

In this section we consider a square plant P of the form (7.1) and a square model M of the
form (7.2). We first derive necessary and sufficient conditions for solvability of the MMP
around a point (zg,Zo) € X x X under the condition that the decoupling matrix A(z) of
M has full rank for z = Zo. Although this last assumption is certainly restrictive, it can
be argued that in practical circumstances it is often desirable.
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Next we investigate the connection between the solvability of the MMP for (M, P) around
an equilibrium point (zo,Zo) and the solvability of the associated linear MMP for the
linearizations LP,LM of P and M around z, and Z, respectively, under the condition
that the decoupling matrix A(Z) of M has full rank for £ = Z,. It is shown that under
generic conditions -a mathematical phrasing of almost always- the nonlinear MMP is solv-
able around an equilibrium point (zo, Zo), if and only if the corresponding linear MMP is
solvable for (LM, LP). In our opinion this has important practical implications, in that in
engineering practice one often studies a specific control problem by addressing the problem
on the linearization around a given working point. The result that is given here may be
viewed as an a posteriori justification of this methodology. In this way the result fits in the
philosophy developed in [40], where the relation between the SIODP for a nonlinear system
and its linearization around a working point is investigated (see also [85],[106],(56],[57],[58],
where similar relations for several synthesis problems were obtained). When no specific
references are given, the results in this section can be found in [55].

Consider a square nonlinear plant P of the form (7.1) and a square nonlinear model M of
the form (7.2). Let rq,-- -, 7y be the relative degrees of P and let €;,- - -, €, be its essential
orders. Let 7y,-- -, be the relative degrees of M. Furthermore, given a dynamic state
feedback @ of the form (7.4) for P, the relative degrees of P o Q) are denoted by r§,---,r¢

m*

In what follows, we need the following results:

Lemma 7.2.1 Consider a square nonlinear plant and a square nonlinear model M. Let
zg € X,To € X be given. Assume that the MMP is locally solvable around (zo,Zo) via a
dynamic state feedback Q). Then

(i) rE=7 (t=1,---,m)

(ii) If moreover the decoupling matriz A(Z) of M has full rank for z = Zo, there ezists a
2o € IR¥ such that the decoupling matriz A*(x,z) of P o Q has full rank for (z,z) =
(.’Eo, Zo).

Proof Let P o @ be given by

{ f(@) +§(&)v

h(2) = h(z)
where £ € X x IR’. The fact that @ locally solves the MMP around (zo,Zo), implies
that it locally solves the nDDDPdm for E around (zo,Zo) when we take v = ¢* (see
Theorem 7.1.8). By Proposition 2.2.9 and the structure of P o @ this implies that there
exist neighborhoods U C X and U C X of o, %o respectively, and an open subset Z C IR”
so that for any Z. € U there is an #, € U x Z such that for any ¢® and any k € IN:
,Cgﬁ’;jz(:i) = Eglf’}fz(a':) along the trajectories of Eo() starting at (Z., Z.), that are contained
in U x U x 2. This implies in particular that r{ = 7; (i = 1,---,m) and that there is a
29 € Z for which A®(zo, 20) has full rank. Hence we have established (i) and (ii).

(1.21)

< 8

Lemma 7.2.2 Consider a square plant P and a square model M. Let x5 € X and To € X
be given. Then, if the decoupling matriz A(z) of P has full rank for x = z, the MMP is
locally solvable around (zo,Zo) if and only if r; <7 (i=1,---,m).
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Proof See [31],[47]. ]

Lemma’s 7.2.1 and 7.2.2 lead to:

Proposition 7.2.8 Consider a square nonlinear plant P and a square nonlinear model
M. Let o € X and To € X be given. Assume that the decoupling matriz A(z) of M has
full rank for T = o. Then the MMP is locally solvable around (zo,Zo) if and only if there
is a dynamic state feedback Q that locally solves the SDIODP around zo, with the property
that r¢ <7 (1=1,---,m).

Proof (sufficiency) Assume that there is a dynamic state feedback @ with the above
properties. Then by Lemma 7.2.2 the MMP is solvable for (M, P o Q) and hence the MMP
is also solvable for (M, P).

(necessity) Follows immediately from Lemma 7.2.1. B

Proposition 7.2.4 Consider a square nonlinear plant P and a square nonlinear model
M. Let zg € X, To € X be given. Assume that the decoupling matriz A(Z) of M has full
rank for T = Zo. Then the MMP is locally solvable around (zo,Zo) if and only if ¢ < 7;
(z=1,---,m). .

Proof By Proposition 7.11 the solvability of the MMP is equivalent to the existence of
a dynamic state feedback @) that solves the SDIODP for P around zg, with the property
that rf < 7; (i = 1,---,m). By the construction of the Singh compensator in Subsection
3.2.2 and Theorem 3.2.28 we know that there is a dynamic state feedback @ that solves
the SDIODP for P with the property that ¢; = r§{ ({ = 1,---,m). Moreover we know
by Lemma 3.2.29 that any dynamic state feedback @ solving the SDIODP for P has the
property that r§f > ¢; (¢ =1,---,m). These facts establish our claim. B

Using Proposition 7.2.4, a connection will be made between the solvability of the MMP
for nonlinear M and P and the solvability of the MMP for their linearizations around an
equilibrium point.

Let 2o € X,@0 € X be equilibrium points for P and M respectively, i.e., f(zo) = 0
and f(Zo) = 0. Assume (without loss of generality) that h(zg) = h(zo) = 0. Then the
linearizations LP and LM of P and M around zo and Z, are given by

LP { :ﬁ - Zﬁi+ Gu (7.22)

M { :;j = ?:l + G (7.23)
where

F=(g£)(1’0)7 G=g(¢°)7 H=(%)(zo)

F=(9 ) @), G=g@), A=(% )@
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Remark 7.2.5 Strictly speaking, the equilibria of a nonlinear system (7.1) are all (o, uo)
satisfying f(zo)+ g(zo)uo = 0, whereas above we restrict ourselves to equilibria of the form
(20,0), i.e., we let ug = 0. If we do not restrict ourselves to the case that uo = 0, the
set of equilibrium points obviously gets larger. Note however that an equilibrium of the
form (zq,uo) where up # 0 can be transformed into an equilibrium of the form (zo,0) by
applying a preliminary control u = ug + v, where v € IR™ denotes the new controls. -

In the sequel the following assumption is made (compare with Definition 3.2.14):

Assumption 7.2.6 For every application of Singh’s algorithm to P we have for k =
1, cee,m

rank Bi(2o,0,---,0) = pi (7.24)

Remark 7.2.7 If we compare Assumption 7.2.6 with Definition 3.2.14, we see that the
assumption implies that zg is a strongly regular point for P, with {37,%) [1<i<n-1,i<
j<n—1}=(0,-,0). .

A strongly regular equilibrium point z¢ € X that satisfies Assumption 7.2.6 has the folow-
ing property:

Lemma 7.2.8 Consider a square nonlinear plant P of full rank. Let zo be a strongly
regular equilibrium point satisfying Assumption 7.2.6. Let Q be a Singh compensator for
P around zo. Then (z,2z) = (z0,0) is an equilibrium point for P o Q.

Proof By the form (3.50) of @ we see that an equilibrium point (z, z) of PoQ has to satisfy

z = 0. Applying Singh’s algorithm to P in the way that leads to the Singh compensator
Q yields

a1 k=1k-1 ga(k=1)

Yk Yk ~(j+1)
oz f(:t) + g JZ=; Bﬂ,fj) Yi (725)

ar(z, (I | 1<i<k-1,i<j<k})=

Since f(xo) =0, (7.25) yieldsfor k= 1,---,n:
&k(zmoa T 70) =0 . (726)
By (3.48) we have that for P o Q:

u(m’zl’... ,zm,vl,...,vm) =
] ) (7.27)
Brzl(x’ 21,000, z"‘)[z*l - An(l‘, 2150y 2m,y V1,00 ,’Um)]
Then (7.26) and (7.27) imply that for P o Q
f(zo) + g(xo, 01 Tt O)U(.’Do, 07 B} 0) =0 (7.28)

Hence (z, z) = (0,0) is an equilibrium point for P o Q. -
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Lemma 7.2.9 Consider a square nonlinear plant P. Let o € X be a strongly regular
equilibrium point for P that satisfies Assumption 7.2.6. Consider the linearization of P
around zo, to be denoted by LP. Then:

(i) The rank of P is equal to the rank of LP.

(i1) Denote the essential orders of LP by ¢! (i=1,---,m). Then ¢ =€ (1 =1,---,m).

Proof (i) Recall that for k=1,---,n
8’= = span,c{d:c, dy7 Tty dy(k)} (729)

For k= 1,---,n, introduce the matrices (cf. [77]):

% o 0 - 0
8@ 9@

Ji(z,u, -+, u D) = (7.30)

B 9B ay® ay®
Ju 0t 9@ T gD

Then from Theorem 3.2.4 it follows that the rank p* of P is given by (see [30])
p* = rankgJ, — rankgJ,—4 (7.31)

Since zo is a strongly regular point that satisfies Assumption 7.2.6, it follows from (B.18)
that

p* = rankgJn (20,0, -,0) — rankgJy_1(z0,0,--,0) (7.32)

Analogously to (7.30), define matrices Jf (k = 1,---,n) for the linearized plant LP. It is
easily checked that

HG 0 0 -~ 0
HFG HG 0 -~ 0

Jf= : : : (7.33)
HF1G HFE2G ... ... HG

We show that Ji(zo,0,---,0) = Jf (k=1,---,n), ie,

Fy®)
m(mo,O,---,O) =HF¥*1'G (k=1,--,n;=0,---,k—1) (7.34)

First it is shown that for k =1,2,---

Ay®
Jz

(20,0,---,0) = HF* (7.35)
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For k =1 we have

i (24,0, -,0) = & (ZL[f(z) + 9(2))) an0) =
% @o)fL(zo) = HF

Hence (7.35) holds for k = 1. Assume that (7.35) holds for k =1,---,£ — 1. Then
oy
e (20,0,-+,0) =
) (¢e-1) =2 9 (e-1) . -
a%(_uaz_[ f(z) + g(z)u] + rgo_%y_m_u( ) 0 00m0) = (7.37)

(¢-1)

Q’%——(zo, ,0)%(%) = HF*'F = HF*

Hence (7.35) holds for k£ = 1,2,---. Next we show that for k=1,---,n

y®
Ju

For k =1 we have:

g%(l'o,of' ,0 Hy[f (zoo 0) =

Sz('xo)gm) = HG

Hence (7.38) holds for £ = 1. Assume that (7.38) holds for £ = 0,---,€ — 1. Then, using
(7.35), we have:

03) (¢-1) =2 5, (£-1)
B (20,0,-++,0) = Z(P=(£(@) + g(@)ul + T Borrur D) g0,.0) =

(7.36)

——(20,0,---,0) = HF*'G (7.38)

(7.39)

(7.40)
9y (&) )
(20,0, +,0)g(z0) = HF*"'G
Let k € {1,2,---,n}, £ € {1,---,k —1}. Then:
(k)
g%(ﬁ(zovoa""o) =
-—(27(—‘1[3—[f + g(z)u] + E —L(-)—u('“’ 20,0,-0) = (7.41)

k—£)

(k-1) (
%%(r_ﬁ(a:o,o,.‘.’O) == Qlau—(z()’o’“"o) = HF+t-1G

(7.40) and (7.41) establish that (7.35) holds for k =1,2,---,n,£=0,---,k — 1 and hence

for k=1,---,n we have:
Ji(20,0,--+,0) = Jf (7.42)
Then from (7.32) and (7.42) it follows that the rank of P is equal to the rank of LP.
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(it) Recall that for 1 = 1,---,m the essential order ¢; is defined as the smallest k € IN for
which dy,(k) is an essential vector of &,. It is readily shown that we can equivalently define
€; as the smallest k£ € IV for which the row vector

oy oy )
( A R (7.43)

is an essential vector of thefamily of row vectors constituted by the row vectors of J,,. For
i=1,---,m, the essential order ¢! of LP is then defined as the smallest k € IN for which
the row vector

( HiF*'G - HG 0 - 0) (7.44)

is an essential vector of the family of row vectors constituted by the row vectors of J.
(N.B.: This is exactly the definition of the essential orders for a linear system that was
given in [17].) Since (7.42) holds, the row vector (7.43) is an essential vector of the family
of vectors constituted by the row vectors of J, if and only if the row vector (7.44) is an
essential vector of the family of vectors constituted by the row vectors of J:. Hence ¢; = €f

(i:'l""am)' ]

As an immediate consequence of Lemma 7.2.9 we have:

Corollary 7.2.10 Consider a square nonlinear plant P. Let zo € X be a strongly regular
equilibrium point satisfying Assumption 7.2.6 for P. Denote the linearization of P around
zo by LP. Then the SDIODP is solvable for P around zo if and only if it is solvable for
LP. -

Remark 7.2.11 The result of Corollary 7.2.10 can be found in [55]. (see also [56]). It
generalizes a result of [40], where a similar result was obtained for the SIODP. -

We now come to the statement of our main result.

Theorem 7.2.12 Consider a square nonlinear plant P and a square nonlinear model M.
Let o € X,%o € X be equilibrium points for P and M respectively. Assume that ¢ is a
strongly regular equilibrium point for P satisfying Assumption 7.2.6. Furthermore, assume
that the decoupling matriz A(Z) of M has full rank for & = To. Denote the linearizations
of P and M around xo and To by LP,LM respectively. Then the MMP is locally solvable
around (o, o) if and only if the MMP is solvable for (LM, LP).

Proof By Proposition 7.2.4, solvability of the MMP for (M, P) around (zo, Zo) is equivalent
to g < 7 (i = 1,---,m). By Lemma’s 7.2.9 and 3.2.29, this is equivalent to ¢ < ¢
(¢ = 1,---,m). By Lemma 7.2.2.(7) this is equivalent to the solvability of the MMP for
(LM, LP). -
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Example 7.2.13 Consider the plant and model that were introduced in Example 7.1.6.
The set of equilibrium points of the form (zo,0) satisfying h(zo) = 0 is given by Ep =
{(z0,0) | 10 = T40 = 0,z90 = z30}. Applying Singh’s algorithm to P yields

h o= T4—w
:l]g = T3u; = 11,‘3(.714 _ yl) (745)
g2 = (z3+za—gr)us + (24— 1) — z3iia

Hence the set of strongly regular equilibrium points satisfying Assumption 7.2.6 and
h(zo) = 0 is given by £p = {(20,0) € €p | z30 # 0}. The linearization of P around
an (z0,0) € Ep is given by

0 _ 0 _ b ¢

Ty = T3y Y1 =3 — I3

L 0 _ b

Ty, = Tyt up Y2=o, (7.46)
= utup

(ii = Uz

Denoting by e; (i = 1,---,8) the i-th basis vector of the standard basis of IR®, we find for
the extended system E associated with LP and LM (= M):

ImB® = span{zsoe1 + €3,€3 + €3 + €4}
ImE® = span {es,é€s} (7.47)
VE = span{e; + e7,€2 + €5, €3 — €5, €4 + €6, €4 + T30€s}

Then it can be checked that for E we have Im E* C V*" + Im B® and hence the DDPdm
is solvable for E. From the theory on the linear MMP (cf. [75]) it then follows that the
MMP is solvable for (LM, LP). Hence by Theorem 7.2.12 the MMP for (M, P) is locally
solvable around any (zo, Zo) € Ep x IR,

A dynamic state feedback solving the MMP for (M, P) is obtained as follows. Let zo € ép.
From (7.45) we obtain the following Singh compensator around z, for P:

z = mM1
T (7.48)
= _(za—2) z 1
Uz = _a:3-?-x4—z+a:3+.7§54—-zvl+a:3+z4—zv2
Applying (7.48) to P around z, we find:
hh = u
- 4
Y2 = V2 (7.49)

Hence (7.48) locally solves the MMP for (M, P) around any (zo,%o) € &p x IRY. Note
that the dynamic state feedback (7.48) is different from the one given in Example 7.1.6.
However, applying the (local) state space diffeomorphism ¥(z,2) = (z,z4 — z) to Po Q,
we obtain the dynamic state feedback given in Example 7.1.6. &

Theorem 7.2.12 holds provided that Assumption 7.2.6 is satisfied. We now show that this
assumption is generically satisfied. Before doing this, we first indicate what is meant by a
generic property. Here we follow [95].
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An analytic nonlinear control system of the form (7.1) can alternatively be interpreted as
an analytic mapping ® : X — R""™t? where ® = (f7 g --- g% hy--- h,)T. Denote the
set of all analytic mappings from X to R™*"™*? by X, .,. Then X,n, can be endowed
with a topology, e.g. the C*-Whitney topology. A property = of the elements of X, is
then said to be a generic property if the set of elements of Xy, satisfying 7 forms an open
and dense subset of X, (wWith respect to the Whitney-topology).

Now consider Assumption 7.2.6 in more detail. As was already mentioned in Remark 7.2.7,
Assumption 7.2.6 implies that zo is a strongly regular point for P, with {§$ |1 < i <
n—1,1<j<n-1} =(0,---,0) in (3.46). By Theorem 3.2.28 and Proposition 7.2.3
a necessary condition for solvability of the MMP for P and M around (zo,Zo) is already

that for k = 1,---,n and for some {37,(3) [1<i<n-1,i<j<n-1}
rank By (2o, {7 |1 <i<n-1,i<j<n—1})=p (7.50)

So the crucial part of the assumption is that we can take {g]l%) |1<i<n-1,1<;<
n—1} =(0,---,0). By analyticity of the data this crucial part is satisfied for an open and
dense subset (in the induced C*°-Whitney topology) of the set of systems in X,mp that
have z¢ as a strongly regular equilibrium point. Hence Assumption 7.2.6 is generically
satisfied.

As remarked before, Theorem 7.2.12 forms an a posteriori justification of a methodology
from engineering practice, where often a nonlinear synthesis problem is tackled by lin-
earizing the system around a specific working point and then solving the problem for the
linearization. Of course it still remains questionable if the control that was designed to
solve the synthesis problem for the linearization of the system also is a good approxima-
tion for a control that solves synthesis problem for the original nonlinear system. In the
following two examples from [48] this question is investigated for the nonlinear MMP.

Example 7.2.14 In this example we take as the plant P the robot arm that was described
in Example 5.0.10. The relative degrees of P are r; = r, = 2. Moreover, it can be checked
that the decoupling matrix of P is M(6), which is an invertible matrix for all §. Then by
Lemma 7.2.2 the MMP is solvable for any model M with relative degrees 7,7, > 2. In
particular we can take M to be a linear system with transfer matrix

1

_ (s +3)? 0
G(s) = X (7.51)
(s +3)?

It follows immediately that the model has relative degrees 7, = 7, = 2 and that its
decoupling matrix has full rank. Consider the equilibrium point (8, 8) = (0,0) for P. Since
M () is invertible for all 8, this equilibrium point satisfies Assumption 7.2.6. A static state
feedback that solves the MMP for (LM, LP) (note: LM = M) is given by

u=F(§)+Gv (7.52)

where

-15 -30 42 -12 5 2
F‘(—s -12 21 —6)’ G“(2 1>
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Figure 7.1: Double pendulum with control (7.52) and @; =1
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Figure 7.2: Double pendulum with control (7.52) and @, =1

Figures 7.1 and 7.2 give the results of simulations of P with the control (7.52), where we
have set v = @ (recall: @ is the control of M). In Figure 7.1 a step @; = 1 is applied,
while in Figure 7.2 a step @; = 1 is applied. These steps are applied during the whole
time-interval. The figures give the errors €;(t) = y;(¢) — 7:(¢) (¢ = 1,2).

In the first case the system converges to a steady state situation with steady state errors
e; = —32-107%, e; = —258 - 1076. The steady state error e; is 0.02% of the steady state
value of ;. In the second case the system converges to a steady state situation with steady
state errors e; = 0.1290, e; = 0.0067. The steady state error e, is 6.1% of the steady state
value of y,. Hence in the first case the linear control (7.52) behaves reasonably well, while
in the second case the results are less satisfying.

The fact that we end up with a steady state error suggests that the behavior of the system
can be improved by extending the control (7.52) with a copy of the model and then applying
an extra Pl-action. Figure 7.3 shows that this indeed works. Here we have again applied
a step #i; = 1, while to u; in (7.52) we have added a term —12.8¢;(t) — 10 f; e;(7)dr and
to uy in (7.52) a term —10 f; e;(7)d7 is added. We now end up with a steady state error
e1 = 0.0014 (1% of the steady state error in Figure 7.2) and e, = 242 - 1075 (0.22% of the
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Figure 7.3: Double pendulum with control (7.52), PI-action and @, = 1

steady state value of 2).

Further simulations (of which no figures are included) show that the stability of the closed
loop system is maintained for step controls up to (@,%2) = (8,0), (@1,d2) = (0,3),
(@1, 82) = (2,2). In the first two cases (i.e., if we set one of the controls equal to zero) the
maximum errors and steady state errors are proportional to the magnitude of the control.

Example 7.2.15 In this example the plant P is a two link robot arm moving in a vertical
plane, as was described in e.g. [25]. The first link is actuated through a direct drive motor.
The rotation of the first link with respect to a line perpendicular to the base is indicated by
¢1- The second joint shows a significant elasticity. This elasticity is modelled by associating
two variables to the second joint: g,, the position of the second actuator with respect to
the first link and g3, the position of the second link with respect to the first link. The
motor (gz) is then coupled to the joint (g3) by means of a transmission with transmission
ratio NT > 1 and a torsional spring with spring constant K (see Figure 7.4).

In this example the links are of unit length, the motor inertia equals 0.001 and we assume
the masses to be equal to one and to be concentrated at the joints (the motors) and at the
tip (a load). Furthermore, we set K = 1000, NT = 100 and the constant of gravity g = 10
(note that we disregard the dimensions of the constants). The Euler-Lagrange equations
for this system are:

M(q)§+ N(q,q) = us (7.53)
where ¢ = col(q1, ¢2,¢3), ug = col(uy,uz,0) and

3.002 + 2cosgs 0.001 1+ cosgs
M(q) = 0.001 0.001 0

14 cosqs 0 1
—(2414s + ¢2) sin g3 + 20sin ¢; + 10sin(g: + g3)

N(g,§) = ~ (e~ W)

g¥sings + K(gs — ﬁ) + 10sin(q; + ¢3)
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actuator

Figure 7.4: Definition of variables and parameters for elastic joint

As outputs for P we take y; = ¢1, y2 = ¢3. The relative degrees of P are ry = r; = 2
and the essential orders are €; = ¢; = 4. We consider the equilibrium point (g, ¢) = (0,0).
Then it can be checked that this equilibrium point satisfies Asssumption 7.2.6 (see [25] for
details).

The model M will be a linear system with transfer matrix

L 0
G(s) = (s+3) (7.54)
0 1
(s+3)*

It follows immediately that M has relative degrees 7y = 72 = 4 and that its decoupling
matrix has full rank. A dynamic state feedback that solves the MMP for (LM, LP) is
given by:

;= Kz+L(g)+Nv

() = n(3)ss

where z = col(2y, z;) and

0 1
K‘(—54 —12)

(7.55)

0 00
L= ( 81 ~108 0 o)
v (s )
po 90278 2095 —21065641 —0.0096 —0.012 12012 0.2 0
09T 0% 1065641 00006 0012 12013 —03 0
o (00002 0.0001
0.0002 00001
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Figure 7.5: Robot arm with control (7.55) and #; =1

Figures 7.5 and 7.6 give the results of simulations of P with the dynamic state feedback
(7.55) (where we have set v = @). In Figure 7.5 a step @; = 1 is applied, while in Figure
7.6 a step 4, = 1 is applied. The steps are applied during the whole time-interval. The
figures give the errors €;(t) = yi(t) — 7:(t) (1 = 1,2).

In the first case the system converges to a steady state situation with steady state errors
e1 =2-107%, e; = 35-107%. The steady state error e; is 0.02% of the steady state value of
1. In the second case we end up with fluctuations around e; = —2-107%, e; = —102-107¢.
The value e; = —102 - 107 is 0.82% of the steady state value of #s.

Further simulations show that the stability of the closed loop is maintained for step controls
up to (’l_ll,ﬁg) = (12,0), (121,62) = (0,9), (ﬁl,ﬁQ) = (5, 5)
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Figure 7.6: Robot arm with control (7.55) and @, = 1






Chapter 8

Structure of strongly input-output
decouplable Hamiltonian control
systems

A special class of nonlinear control systems is given by the Hamiltonian control systems.
Roughly speaking, these are nonlinear control systems for which the dynamics can be
described via the Hamiltonian equations of motion. The concept of a Hamiltonian control
system was introduced in [9] and further elaborated in e.g. [98].

In Subsection 8.1.1 we motivate the definition of a Hamiltonian control system via the
Euler-Lagrangian and Hamiltonian equations of motion. In Subsection 8.1.2 a coordinate-
free definiton of a Hamiltonian control system is given. In Section 8.2 we investigate
the structure of strongly input-output decouplable Hamiltonian systems and these results
are applied to the strong input-output decoupling problem with stability for Hamiltonian
systems and to the model matching problem for Hamiltonian systems.

8.1 Definition of a Hamiltonian control system

In this section we closely follow Chapter 12 of [81] (see also [98],[20],[105]). An extensive
geometrical treatment of Hamiltonian systems can be found in [1],[4].

8.1.1 Motivation of the definition

Consider a mechanical system with n degrees of freedom, locally represented by n gener-
alized configuration coordinates ¢ = (q1,---,¢s). Assume that the system is conservative,
that is, there are no dissipative forces present in the system. Let T'(q, §) denote the kinetic
energy function of the system, and let V(q) denote its potential energy function. Assume
that the first m (m < n) configuration coordinates can be controlled via control variables
(generalized forces) u; (i = 1,---,m). Define the Lagrangian function L(q, q) of the system
by

L(g,9) :=T(g,9) — V(9) (8.1)

Then the equations of motion of the system are given by the well-known Euler-Lagrange
equations:

d (9L oL [wi (i=1,---,m)
E(E{;)‘a—q,.“{o i=m+1,-,n (8.2)

103
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(8.2) is called a Lagrangian control system. Note that (8.2) does not constitute a system in
state space form. However, for most mechanical systems the kinetic energy is of the form

. .
T(g,4) = 54" M(g)d (8.3)
where M(q) is a positive definite matrix for all g. Let C(q, ¢) be an n-vector with entries
2, Omy,, 1 & Om
) ’- — 13 . .s__ TS ‘rla -=1’.‘.’ 8.4
cig,9) k?ﬂ ag, (Dikds = 3 Z;l 9 (Vs (i n) (84)

where m;; denotes the (7, j)-th entry of M, and let

ko) = G
(8.5)
In
B = (On—-m,m)

Then (8.2) specializes to
M(q)§ + C(q,4) + k(q) = Bu (8.6)

and we obtain the 2n-dimensional state space system

d 9 q 0
% = + u (8.7
q ~M~(q)C(g,9) — M~ (q)k(q) B

We now pass on to the Hamiltonian formulation. For the Lagrangian control system (8.2),
assume that for all (¢, ¢)

2
det ( Ay £0 (8.8)

)15i,j5n

Define the generalized momenta
oL
i =22(g,4) (=1, :
p 6%(4 q) (z n) (8.9)

Since (8.8) holds, we have that locally (p1,- -, pn) is a set of independent functions. Define
the Hamiltonian function H(q,p) as the Legendre transform of L(q,§) with respect to ¢,
i.e.,

Hig,p) = s — Lard) (8.10)

where ¢ satisfies (8.9). Then the Euler-Lagrange equations of motion (8.2) transform into
the Hamiltonian equations of motion

0H

G = '35((1,1’) (i=1,---,n)
= B ot -
OH
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We call (8.11) a Hamiltonian control system. A main advantage of (8.11) in comparison
with (8.2) is that (8.11) immediately constitutes a control system in state space form, with
state space variables (g, p). Moreover, if the kinetic energy function T'(q, ¢) is of the form
(8.3), the Hamiltonian function H(q,p) equals the total (internal) energy of the system.
Namely, in this case (8.9) specializes to

p=M(q)q (8.12)
and hence in the new coordinates (g, p) the kinetic energy is given by
1 _
T(g,p) = 50" M (g)p (8.13)

Then (8.10),(8.12),(8.13) yield

H(q,p) = ié:l pidi — L(g,§) =
PTM(q)p— (3p" M (q)p - V(9)) = (8.14)

PTM 7 g)p + V(g)
which establishes our claim.
(8.11) is not the most general form of Hamiltonian control systems we wish to study. In

fact, what we want to study is a class of systems that is invariant w.r.t. a certain class of
state space transformations. More specifically, consider a system of the form

. m  9C;
¢ = %g(q,p)—glua'-a;f(q,p)
(i=1,---,n) (8.15)
. m 9C;
b = —%{{;(q,p)+1§lura§f(q,p)

Note that (8.11) is of the form (8.15) (with C;(q,p) = ¢; for j = 1,---,m). For any two
functions F'(q,p), G(q,p), define

X, 0F0G OF0G

he) ,-Z;(ap; dq;  9g; 617.-) (8.16)
and consider state space transformations (Q(q,p),P(q,p)) = (Qi(q,p), - +,Qn(q,P),
Pi(q,p),", Pa(q,p)) that satisfy {Qi, Q;i} = {PI"PJ'} =0, {P, QJ} =6 (1,7 =1,-+-,n).
Such state space transformations are called canonical transformations. It can be shown
that the system (8.15), after we have applied a canonical transformation is again of the
form (8.15) (with possibly different H(Q, P),C1(Q, P),--,Cn(Q, P)). Now if we equip a
system of the form (8.15) with the natural outputs:

Yi = Cj(q,P) (.7 =1,-- 'am) (817)

we obtain a square input-output system. Any system of the form (8.15,8.17) is called an
affine Hamiltonian input-output system (or briefly Hamiltonian system).

There are some good reasons to choose the outputs as in (8.17). We mention two of them
(also see the discussion in [98],[20],[81]). First of all, with this choice of outputs we obtain
from (8.15) the energy balance:

J=1
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Hence in the case (8.11), where y; = g¢;, H equals the instantaneous external work per-
formed on the system. Second, with this choice of outputs the external *forces” uy,: -+, um
influence the system via the external channels corresponding to the outputs C,: -, Cpm,
which are the ”displacements” caused by these excitations along the same line of action. If
we interpret the outputs as measurements performed on the system, the last point implies
that we are dealing with a mechanical system with collocated actuators and sensors.

8.1.2 Coordinate-free definition of a Hamiltonian system

Definition 8.1.1 Poisson structure, Poisson bracket, Poisson manifold

Let M be a manifold and let C*°(M) be the set of smooth real-valued functions on M. A
Poisson structure on M is a bilinear map from C*(M) x C*°(M) into C*°(M), called the
Poisson bracket and denoted as

(F,G) — {F,G} F,Ge C>®M) (8.19)
which satisfies the following properties for any F, G, H € C*®(M)

{F,G} = —{G,F} (skew — symmetry) (8.20)

{F,{G,H}}+ {G,{H,F}}+ {H,{F,G}} =0 (Jacobi — identity) (8.21)

{F,GH} = {F,G}H + G{F,H} (Leibniz rule) (8.22)
M together with a Poisson structure is called a Poisson manifold. -

Lemma 8.1.2 Let M be a Poisson manifold with local coordinates z,,- -, z,.

(i) There ezist locally smooth functions w;j(z) (1 < i < r,1 < j < r) such that the
Poisson bracket is locally given as

. OF | 0G
{F,G}(z) = 3;1 w"'(z)a_x;(z)a_xj(’”) (8.23)
(ii) The functions wi;(z) in (i) are determined by

wij(z) = {zi,z;}(z) 1<i<r1<j<r) (8.24)

and satisfy

wij(z) = —wji(z) (1<i<rl1<j<r) (8.25)
r ‘Bw,-k ~(91!)1;_,‘ Owj.- _ -
z=21(w£] Oz, * Y oz, e Oz )=0 (sijksr) (8.26)

Proof See e.g. [81].
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Remark 8.1.3 (8.25) reflects the skew-symmetry of the Poisson-bracket, while (8.26) re-
flects the fact that the Poisson-bracket satisfies the Jacobi-identity. -

From Lemma 8.1.2 we conclude that locally any Poisson bracket is determined by a skew-
symmetric (r,r)-matrix W(z) of which the entries w;;(z) (1 < ¢,5 < r) satisfy (8.26).
The matrix W(z) is called the structure matriz of the Poisson structure. The rank of the
Poisson bracket in every z € M is defined as the rank of W(z). Since W(z) is skew-
symmetric, necessarily its rank is even. A Poisson bracket is said to be non-degenerate if
rankW (z) = dim M for every ¢ € M. In particular for a non-degenerate Poisson bracket
we have for any z € M

rankW(z) = dim M = 2n for some n (8.27)

Example 8.1.4 Let M = IR?™ with coordinates (z1, -+, %21) =: (q1,"**+qn,P1,"** »Pn)-
Define the Poisson bracket of two functions F(q,p),G(q, p) as
. JF0G OF0G
=== YT 8.28
{F,G}(¢,p) ;(api 9~ 9g0p) 0P (828)

It is easily checked that for this Poisson bracket we have {¢;,q;} = {pi,p;} = 0 and
{pi, ¢;} = &ij, Hence the structure matrix of this bracket is given by

W(z) = ( 1(: -01") (8.29)

and we conclude that the bracket is a non-degenerate Poisson-bracket. The bracket (8.28)

is called the standard Poisson bracket on IR?". =

The following theorem states that locally every non-degenerate Poisson bracket is as the
standard Poisson bracket defined by (8.29) (cf. [1],[4]).

Theorem 8.1.5 (Darbouz) Let M be a 2n-dimensional manifold with non-degenerate
Poisson-bracket {-,-}. Then locally around any zo € M we can find coordinates (q,p) =

(1, * »qn> P1,° -, Pn), called canonical coordinates, such that
. dF 0G OF 0G
F = —_—— .
{F,G}(4,p) g__;(ap,- 9~ g op) 0P (8.30)

Consider a Poisson manifold M. For a given F' € C*°(M) and arbitrary = € M, define the
mapping Xr(z) : C*(M) - R as
Xr(z)G := {F,G}(z) (8.31)

By the fact that the Poisson bracket satisfies the Jacobi-identity and the Leibniz rule, it
follows that Xp(z) € T M for any x € M. Hence for any F' € C*°(M) we obtain a smooth
vector field XF on M satisfying

Xp(G) = {F,G} for any G € C°(M) (8.32)

Xr is called the Hamiltonian vector field corresponding to the Hamiltonian function F and
the Poisson bracket {-,-} on M. We have the following connection between the Lie bracket
of two Hamiltonian vector fields and the Poisson bracket of their Hamiltonians:
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Lemma 8.1.6 For any F,G € C*(M) we have

(Xr, X6] = X(rey (8.33)

Proof See e.g. [81]. =

With any non-degenerate -Poisson structure, we can associate another, dual, geometric
object. Namely, let {-,-} be the non-degenerate Poisson bracket on M, locally given by
the skew-symmetric structure matrix W(z). Define the bilinear map

wg  TeMxT,M — R (8.34)
by setting
wz(XF(z), Xo(z)) = {F,G}(x) (8.35)

By linearity and the fact that we can choose 2n functions Fi,:--,
F, such that XFp,,---, XF,, are independent, (8.35) completely defines w, as a bilinear
map (8.34). By (8.23), we have in local coordinates

{F,G}(z) = dF ()W (z)(dG(z))T (8.36)
where

dF=-(g{—; %) (8.37)
Moreover, by (8.34) the Hamiltonian vector field X is represented in local coordinates by

Xp(z) = (dF - W(z))T (8.38)
Hence

{F,G}(z) = (Xp(2))"W(c)W (2)W~7(2)Xo(z) =

(8.39)
(Xp(2))"WT(2)Xo(z)
Then it follows that w, has the matrix representation
[wo] = W T(z) = - W(2) (8.40)

In canonical coordinates ¢ = (¢,p), w, equals the constant matrix W(z) in (8.29). By
letting = vary we obtain a so-called differential two-form w, which is called a symplectic
form on M. Furthermore, note that by (8.35) and {F,G} = —{G,F} = —Xg(F) =
—dF(Xg), the Hamiltonian vector field X corresponding to the Hamiltonian H is uniquely
determined by the relation

wy(Xu(z),Z) = —dH(z)(Z) for any Z € T,M,z € M (8.41)
The manifold M endowed with the symplectic form w is called a symplectic manifold.

We are now able to give a coordinate free definition of a Hamiltonian control system (8.15).
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Definition 8.1.7 Hamiltonian system
Let M be a manifold with non-degenerate Poisson bracket. Let H,Cy,---,Cnm € C®(M).
Then

= Xp(z)— Y Xc,(z)u;
= (8.42)

¥yi = C_,(.’l‘) (.7 = 17"'vm)
is called an affine Hamiltonian input-output system, or briefly, Hamiltonian system. -

By (8.32) and Theorem 8.1.5 we have in local canonical coordinates z = (g, p):
. 90F 8 OF 0
Xr=) (75— (8.43)
F 2( ap.' Bq.- aq; ap;)

Hence we immediately obtain:

Corollary 8.1.8 Consider a Hamiltonian system (8.42) on M. Then around any zo € M
there ezist canonical coordinates (g1, -+ ,qn,P1," " ,Pn) for M such that (8.42) takes the
form (8.15). -

Remark 8.1.9 If the Poisson bracket in Definition 8.1.7 is degenerate, the system (8.42)
is called a Poisson system (see [86]). -

A special class of Hamiltonian systems that is of special interest for applications, are the
simple Hamiltonian systems. Roughly, these are Hamiltonian systems with a Hamiltonian
function (internal energy) H of the form (8.14) and with observation functions Cy,-:+,Cn
that only depend on the configuration coordinates q. We give a formal definition of this
class of Hamiltonian systems, following [98] (see [1] for the definition of a simple Hamilto-
nian system without controls). For this we need the following. Let @ be an n-dimensional
manifold, denoting the configuration space, and let T*Q be its cotangent bundle, denoting
the phase space or state space. On T*Q there is a naturally defined Poisson bracket, which
is defined in local coordinates as follows. Let g0 € @ and let ¢ = (q1,--+,¢s) be local
coordinates for ) around go. Then there exist natural coordinates (g1, *,qn,P1,**,Pn)
for T*Q (cf. Section 1.2). Now, let F,G € C*°(T*Q). Then their Poisson bracket is defined
as

" OF G OF oG
{F,G}(q,p) = ;(a—ma—% - aqia—pi)(q,p) (8.44)

It can be shown (cf. [81]) that this Poisson bracket is well-defined, i.e., it does not depend
on the particular choice of natural coordinates for 7*@. In particular we see that natural
coordinates for T*@Q) are canonical coordinates for the Poisson bracket (8.44) on T*Q.
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Definition 8.1.10 Simple Hamiltonian system
A simple Hamiltonian system on T*Q) is a Hamiltonian system (8.42) where H,C},-++,Cm
are of the form (in natural coordinates (g, p) for T*Q)

1
H(g,p) = 59" G(a)p+ V(q) (8.45)
with G(q) a positive definite (n, n)-matrix for every ¢, and
Ci(g,p) =Ci(g) (1 =1,---,m) (8.46)

The expression 2pTG(q)p is called the kinetic energy and V(q) the potential energy.
P 2 [ ]

8.2 Structural properties of strongly input-output
decouplable Hamiltonian systems

8.2.1 Clamped dynamics of strongly input-output decouplable

Hamiltonian systems

When no specific references are given, the results in this subsection can be found in (81].

Consider a 2n-dimensional manifold M with a non-degenerate Poisson bracket {-,-}. Let
an analytic Hamiltonian system on M be given by

¢ = Xu(z)— ¥ Xo,(2)u;
= (8.47)

Ci(z) G=1,---,m)

where z = (21, -, Z2,)T € IR?™ are local coordinates for M and H,C},---,C, are analytic
functions on M. Assume that the SIODP is solvable for (8.47), i.e., the relative degrees
1, +,Tm of (8.47) are finite and the decoupling matrix A(z) of (8.47) has full rank m for
all z € M (cf. Theorem 3.1.5). For any F, G € C*°(M) we define inductively:

Y;

ad}G = G
(8.48)
adhkG = {F,ad%'G} (k=1,2,---)
By (8.32) we have that for any k¥ =0,1,---
‘CfYHC.' = adl,‘,C,' (8.49)
and
Lxo, L, Ci = {Cj,adyCi} (8.50)
Hence the relative degree r; (i = 1,---,m) of (8.47) is defined as the smallest integer such
that (see also (3.68)):
( {Claa‘d?-lci} Tt {Cm,adZCi} ) (.’II) =0 (Vx € ka = 03' T 2)
(8.51)

( {C1,adi7'Ci} -+ {Cm,adli™Ci} ) (z) #0 (for some z € M)
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and the decoupling matrix A(z) has the entries
a;j(z) = —{C;,ad}y ™' Ci}(2) = {ad} " C:, Cj} (2) (8.52)

(8.51) and (8.52) imply that for the computation of ry,- -, 7, and A(z) we do not have to
go through the equations of motion (8.47); the knowledge of H,Cy,- -, Cy, suffices.

For the system (8.47) we make the following assumption:

Assumption 8.2.1 The distribution G := span {X¢,,- -+, X¢,. } is involutive. -

Remark 8.2.2 If all relative degrees of (8.47) are greater than one, Assumption 8.2.1 is
automatically satisfied. Namely, in this case we have for all 7,5 = 1,---,m: {C;,C;} =0
and hence by Lemma 8.1.6: [X¢,, X¢,] = X{c;c;; = 0. -

Analogously to (3.14), define £;;(z) := ad};'Ci(z) (i = 1,--+,m;j = 1,---,r;). Since As-
sumption 8.2.1 is satisfied and the SIODP is solvable for the system, we can find an addi-
tional set of functions #1(z),- - -, Z4(z) (d = 2n—F 7, ;) that satisfy Lxo,&i= {Cj,z:} =0
such that {{&; |1 < ¢ < m,1 < j < n}, &1, +,34} forms a new set of local coordi-
nates for M (cf. Theorem 3.1.11). Define & := col(;; | 1 < j < r) (¢ = 1,---,m),
E:= (] - 8T, 3 := col(Zy,- -+, %q) and ®(z) := (¢7(z) 27(z))T. For a function F in
the coordinates .z, we denote for convenience:

F(£,z)=Fo®7'(¢ ) (8.53)
Then in the new coordinates (£, Z) the system (8.47) has the form (compare with (3.17)):
b = &
) : (i=1,---,m)
éir.‘Tl = fi'r,'
& = adfCi(€,2) + Au(é, 2)u (8.54)
z = {H,.’i‘,’}(f,.’f) (z= 1,--~,d)
vi = &n UG=1---,m)

We investigate the structure of the clamped dynamics of (8.54). Since the decoupling
matrix of (8.54) has full rank for all (&, --,&m,Z), it is easily seen that the following
result holds (see e.g. [81],[61]).

Proposition 8.2.3 The clamped dynamics manifold N* of (8.54) is given by

N*={(€17"'7€m"i)|£1=07"'1§m=0} (855)
Moreover, the clamped dynamics of (8.54) is given by
z = {H,%}(0,z) (i=1,---,d) (8.56)
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The clamped dynamics manifold N* of (8.54) and the clamped dynamics (8.56) have a
special structure. To describe this structure, we need the following definition.

Definition 8.2.4 Symplectic submanifold

Consider a manifold M with symplectic form w. Let N be a submanifold of M. Restrict
the bilinear map w, : T,M x T:M — IR, € M, to a bilinear map &, : TN x T N - IR,
z €N, i.e.,

@:(X,Y) :=ws(X,Y) (X,Y € T.N, z € N) (8.57)

Then N is called a symplectic submanifold of M if @, is a non-degenerate bilinear map
for every z € N, i.e., if the rank of a matrix representation of @, equals dim N for every
z € N. =

Remark 8.2.5 Note that in particular a symplectic submanifold is even-dimensional. g

Proposition 8.2.6 Consider a manifold M with symplectic form w. Let a submanifold N
of M be given by

N ={z|¢i(z) = - = ¢i(z) = 0}
for functions ¢;,---,¢r. Then N is a symplectic submanifold of M if and only if for any
i€ {1,---,k} there exists a j € {1,---,k} such that {¢;, $;} # 0.

Proof See e.g. [22]. -

We now prove that N* is a symplectic submanifold of M. For this, we need the following
lemma.

Lemma 8.2.7 For all k,¢ € IN we have

¢
{ad};Cj,ad};Ci} = 3 ( f ) (=1)*adf"{C:,adff" C;} (8.58)
r=0
Proof By induction, using the Jacobi-identity. -

From Lemma 8.2.7 we obtain in particular:

Corollary 8.2.8 Foralli,j=1,---,m and for all £=0,---,r; — 1 we have

{ad}i 7 7'C;,ad4 C) = (-1)Cad T C) (8.59)
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Proof Follows immediately from (8.58) and the definition of the relative degrees. -

Since the decoupling matrix A(z) of (8.47) has full rank for all z € M, we have that for any
j € {1,---,m} there exists an : € {1,---,m} such that {C,-,ad;}_lcj} # 0. By Corollary
8.2.8 this implies that for any function ad%C; (j = 1,---,m;k =0,---,r; — 1) there exist
i€ {1,---,m}, L€ {0,---,r; — 1} such that {ad};C;,ad%C;} # 0. Hence by (8.55) and
Proposition 8.2.6 N* is a symplectic submanifold of M.

We now show that the clamped dynamics (8.56) of (8.54) is in fact a Hamiltonian system
on N*. For this, we define a Poisson bracket {-,-}n+ on N* in the following way. Let
s:= Y™, r; and denote the functions Ci(z),---,ad} 'Ci(z) (s = 1,---,m) as ¥;(z) (j =
1,---,8). Form the (s,s) skew-symmetric matrix D(z) with entries

d,'_,‘(.’t) = {¢n¢a}(1) (Z,] =1,-- ,S) (860)

It can be shown that D(z) is an invertible matrix for all z € M (cf. [81]). Let the entries
of D~'(z) be denoted by d'(z). For any F,G € C®(N*), define

{F,G}n+(e) = {F,G}(z) - Z {F, i} (z)d?(z){;,G}(z) (z € N*) (8.61)

1,5=1

where the right-hand side of (8.61) is computed for any smooth extensions of F' and G to
a neighborhood of z in M. Then we have the following result.

Proposition 8.2.9 Let w denote the symplectic form on M associated with the Poisson
bracket {-,-}. Let & denote the restriction of w to N* (see (8.57)). For any F € C*(N*),
define the vector field Xp on N* by setting (see (8.41))

@z(XF,Z) = —dF(z)(Z) for any Z € T,N*,z € N* (8.62)
Then:

(i) {-,-}n+ is a non-degenerate Poisson bracket on N*, called the Dirac bracket, and for
any F € C*®(N*) the vector field Xr is the Hamiltonian vector field on N* with
respect to F' and the Poisson bracket {-,-}n», i.e., for any G € C®(N*)

Xr(G) = {F,G}n- (= o(XF, Xg)) (8.63)
(ii) Define the (s,d)-matriz U(z) with entries
wij(z) = {4, z;}(z) (G=1,---,855=1,---,d) (8.64)
and the (d,d)-matriz S(z) with entries
sij(z) = {5,5}(z) (i=1,---,d;j=1,---,d) (8.65)
Then the structure matriz W(z) of {-,-}n~ is given by

W(z) = S(z) + UT(z)D™*(z)U(z) (8.66)
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Proof See [81]. -

Now let us return to the clamped dynamics (8.56) of (8.54) evolving on the symplec-
tic submanifold N*. We first introduce some notation. Recall that &; := adyf'C; (i =
L-e,myj=1,--- ,ri)a &= COl(ﬁilv T v&r.’) (z =1, 7m) and { = (f{ e ££)T Further-
more, recall that Z,,---,%4 (d = 2n — 372, ;) are chosen in such a way that (¢, ) forms
a local coordinate system for M and {¢;1,Z;} =0(:=1,---,d;j = 1,---,m). Denote

oF = (£ - fE - £ - HE)

(8.67)
0:F

(6F aF)

0z, = 0z4

Then, given another function G € C*°(M), in the new coordinates (¢, ) we have

{F,G}(f,i‘)=
D(¢,3) U(63) \ [ (3G(&3)T (8.68)
(eF(63) 8:F(&,3))
—UT(£,3) S(6:3) ) \ (8:G(¢,3)T

Furthermore, denote

{F,e} = ({Feu) - {F&)} - {F&m} - {Fma})
: (8.69)
{F7E} = ({Fvil} {Fai'd})
Then from (8.68) it follows that
{F,€}(6,3) = OF(£,3)D(E,) — 8:F(¢,2)UT(¢,2)
(8.70)

{F,2}(6,2) = O F(&)U(¢,7) + 0:F(¢,2)S(¢, %)
Finally, for a function F' € C*°(M), let F denote its restriction to N*, i.e., F(z) = F(0, z).

From (8.56) and (5.17) it follows that the (unique) control u = o*(¢,Z) that renders N*
as an invariant submanifold is given by

a*(§,7) = —A7N(¢, 7)b(¢, 7) (8.71)

where

b6, = (adjCi - adipCn ) (6,2) =
. (8.72)
({H7§171} {H’gmrm}) (év‘i)

Define the function H?(¢, z) by

H(¢,7) = H(E,7) - 3 ] (6,2)éa (8.73)
=1
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Since ¢; =0 on N* (i = 1,---,m) we have on N*:

{H,€)(0,2) - £ a1(0,2) {6, £)(0,2) =

(8.74)
{H - ‘E:] a:éihﬁ}(oa i) = {Haa f}(()’ j)

Hence on N* we have

0= &7 = {H,6)(0,2) - 3. 0:(0,8){61,£}(0,) = {H*,£}(0,) (8.75)

i=1

By (8.70) this implies that

9 H*(0,%)D(0,%) — 0:H*(0,z)U”(0,2) = 0 (8.76)
and hence

e H*(0,%) = 8:H*(0,%)UT(0,2)D*(0, z) (8.77)

Now note that Z is constructed in such a way that {{1,%;} =00 =1,---,m;j =1,---,d).
Hence on N* we have

(H,3}(0,5) = {H — }'__"ja:g.-l,i}(o,i) = {H*,7)(0,7) (8.78)

Then by (8.56),(8.70),(8.77) the clamped dynamics of (8.54) are given by
= (H,2)(0,2) = {H%,2)(0,5) =

8 H*(0,2)V(0,2) + 9:H*(0,2)5(0,z) =
(8.79)
8:H*(0,7)(5(0,%) + VT(0,z)D-1(0,z)V(0,%) =

8 H*(3)W(0,7) = 8 H(z)W(0, %) = {H,z}n+(0, %)

This means that we have established:

Theorem 8.2.10 Consider the Hamiltonian system (8.47) on M. Assume that dim(N*) >
0 and that rank A(z) = m for all x € M. Then the clamped dynamics (8.56) is the Hamil-
tonian vector field on N* with respect to the Dirac bracket (8.61) and Hamiltonian H, i.e.,
the clamped dynamics are given as

z = ({H,z}n5+)7(0,2) (8.80)
where H(z) = H(0,%). -

Remark 8.2.11 The result of Theorem 8.2.10 can be found in [100],[103], where it was
proved in a slightly different way. The Dirac bracket was introduced in [32] for the study of
constrained Hamiltonian systems. See [70] for contributions on the control of constrained
Hamiltonian systems. -
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8.2.2 Strong input-output decoupling with stability for Hamil-
tonian systems

When no specific references are given, the results in this subsection can be found in [59]

In this subsection we apply the result of Theorem 8.2.10 to the strong input-output decou-
pling problem with stability for the Hamiltonian system (8.47). We first give a definition
of the problem. For this, we need the following definitions (cf. [43]):

Definition 8.2.12 Locally stable equilibrium point, locally asymptotically stable
equilibrium point

Consider
= f(z) (8.81)
where z = (21, --,2,)T € IR are local coordinates for a manifold M and f is an analytic

vector field on M. Let o € M be an equilibrium point of (8.81), i.e., f(zo) =0. Then

(i) o is said to be locally stable if for any neighborhood U C M of zo there exists a
neighborhood U C M of z¢ such that for any £ € U, the solution of (8.81) with
z(0) = Z remains in U for all £ > 0.

(it) zo is said to be locally asymptotically stable if g is locally stable and there exists
a neighborhood Up C M of z such that for any Z € Uy the solution of (8.81) with
z(0) = Z converges to zg as t — oo.

Consider the Hamiltonian system (8.47). Let zo € M be an equilibrium point of (8.47),
i.e., Xg(zo) = 0. Then we say that the SDIODP with (asymptotic) stability for (8.47) is
locally solvable around o, if we can find a regular static state feedback

u = a(z) + B(z)v (8.82)

with a(zo) = 0 for (8.47) such that (8.47,8.82) is strongly input-output decoupled around
zo and o is a locally (asymptotically) stable equilibrium point for (8.47,8.82). Note that
the requirement a(zo) = 0 guarantees that z¢ is an equilibrium point for (8.47,8.82).

Assume that all relative degrees of (8.47) are finite and that its decoupling matrix A(z)
has full rank for £ = zo. Furthermore, assume that Assumption 8.2.1 is satisfied for
(8.47). Then locally around zg, (8.47) takes the form (8.54). Consider the following class
of feedbacks for (8.54) (denoted by L):

w= A6 ) (1(E) - b(E,) + AT (E, 2 (8.83)

with b(¢, Z) as defined in (8.72) and y(£) an m-vector of functions with entries

%(€) = i’m&j (i=1,---,m) (8.84)
j=1
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Then (8.54,8.83) has the form
¥ éi = A+ Biv; (i=1,---,m)

£: 8 = ({H,3)7(3) (8.85)

yi = &n G=1--,m)

where

0 1 o 0 0

0 0 1 0 0

A| = ’ Bt = S

: 1 0

Yaa Yz v ot ing 1
Obviously, (8.85) constitutes a strongly input-output decoupled system. Moreover, by a
proper choice of the constants v;; (¢ = 1,---,m;j = 1,---,r;) the linear subsystems ¥;
(: = 1,---,m) can be made asymptotically stable. Denote the class of feedbacks from L

that render the linear subsystems ¥; asymptotically stable by L,. Then we see that if we
apply a feedback from the class L, to (8.54) and if N* = {0}, we arrive at an asymptotically
stable system (8.85) (where the nonlinear subsystem ¥ is not present). The question arises
under which conditions a feedback from the class L, locally stabilizes the total system
(8.85) if N* # {0}. For this we consider the clamped dynamics (8.80) of (8.54). Assume
that £ = 0 is an equilibrium point of (8.80) or, equivalently, (¢,Z) = (0,0) is an equilibrium
point of (8.85).

Proposition 8.2.13 Consider the system (8.85). Then

(1) The equilibrium point (£,Z) = (0,0) cannot be a locally asymptotically stable equilib-
rium point of (8.85).

(ii) The equilibrium point (€,z) = (0,0) is a locally stable equilibrium point of (8.85) if
and only if T = 0 is a locally stable equilibrium point of (8.80). -

Remark 8.2.14 It should be noted that Proposition 8.2.13 still holds if we choose a
decoupling feedback (8.83) where ;(£) is a function of {; that is not of the form (8.84). g

In the proof of Proposition 8.2.13 we use the following result from centre manifold theory
(see [15]).

Proposition 8.2.15 Consider the system

Az + f(z,2)
Bz + g(a, )

where © € IR™, z € IR® and A and B are constant matrices such that A has all its
eigenvalues in the open left half plane and B has all its eigenvalues on the imaginary azis.
The functions f and g are C* with £(0,0) =0, g(0,0) =0, Df(0,0) = 0 and Dg(0,0) = 0
(here Df is the Jacobian matriz of f). Then

(8.86)

z
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(1) The equation Az + f(z,z) =0 has a solution
z=h(2), |z|<é (8.87)

where h is C* and § > 0. Moreover, the manifold {(z,z) | z = h(z)}, called a centre
manifold, is an invariant manifold for the system (8.86) (see Definition 5.0.1). A
solution (z(t),z(t)) (t > 0) of (8.86) starting at a point (xo,20) = (h(20),20) on the
centre manifold is given by (z(t), 2(t)) = (h(n(1)),n(t)), where (t) is a solution of
the differential equation

i = By + g(k(n),n) (8.88)
with initial condition 1(0) = zo.

(ti) Assume that the equilibrium point of (8.88) is locally stable, locally asymptotically
stable, unstable respectively. Then the equilibrium point of (8.86) is locally stable,
locally asymptotically stable, unstable respectively.

Remaik 8.2.16 The use of centre manifold theory in nonlinear control theory was intro-
duced in [3] (see also [68]). -

Proof of Proposition 8.2.13.

(i) The dynamics (8.80) are governed by a Hamiltonian vector field (cf. Theorem 8.2.10)
and hence, by Liouville’s theorem (cf. [4],[1]), £ = 0 can only be a locally stable
equilibrium point of (8.80) and not a locally asymptotically stable one. Hence (¢,z) =
(0,0) is not a locally asymptotically stable equilibrium point of (8.85).

(1t) (mecessity) By the proof of (i) we see that (£,z) = (0,0) can at most be a locally
stable equilibrium point of (8.85) and that a necessary condition for stability is that
Z = 0 is a stable equilibrium point for (8.80).

(sufficiency) Assume that £ = 0 is a stable equilibrium point of (8.80). Set v =0 in
(8.85). Then, taking Taylor series of (8.85) around (¢,z) = (0,0), we obtain a system
of the form

§ = A
o= KitL+g(6d) (889)

where the matrix A has all its eigenvalues in the open left half plane, ¢(0,0) = 0,
Dg¢(0,0) =0, and

K = 8s({H,z})7(0,0) = 3:({H, 7}x-)T(0,0)
(8.90)
L = 6€({H’i})T(070)

Since T = 0 is a locally stable equilibrium point of (8.80), the matrix K has all its
eigenvalues in the closed left half plane. Moreover, K is the state matrice of a linear
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Hamiltonian system and therefore it has an eigenvalue X if and only if it also has
an eigenvalue —\ (cf. [1]). Hence K has all its eigenvalues on the imaginary axis.
Therefore, the matrices A and K have distinct eigenvalues. Hence there exists a
matrix P such that PA— KP = —L (cf. [38]). Defining & = P¢ + Z, we obtain from
(8.89):

£ = A
P o= Ki+i(,3) (851)

where §(¢,%) = g(€,% — P£). Then (8.91) is of the same form as (8.86). Obviously,
in this case the centre manifold is given by £ = 0 and in the coordinates (¢, %) the
flow on the centre manifold is governed by

i=z={H,z})7(0,%) (8.92)

Since by assumption = 0 is a locally stable equilibrium point of (8.92), we have by
Proposition 8.2.15 that (£,%) = (0,0) is a locally stable equilibrium point of (8.91).
By the definition of & this immediately implies that (¢, %) = (0,0) is a locally stable
equilibrium point of (8.85), which establishes our claim. -

Using Proposition 8.2.13 we can give the following sufficient condition for local stability of
(8.85):

Proposition 8.2.17 Consider the system (8.85). Recall that the function H is defined by
H(z) = H(0,%). Then (§,%) = (0,0) is a locally stable (not locally asymptotically stable)
equilibrium point of (8.85) if H has an isolated local minimum at T = 0.

Proof By (8.80) we have on N*:
H =003 =0, H(z)WT(0,2)(0:H(z))T =0 (8.93)

where the last equality follows from the skew-symmetry of W(¢,z). Hence, if H has an
isolated local minimum at Z = 0, then H is a Lyapunov function, which implies that
Z = 0 is a locally stable equilibrium point of (8.80) (cf. [43]). Then, by Proposition 8.2.13,

(&, %) = (0,0) is a locally stable equilibrium point of (8.85). -

For the stability of a Hamiltonian system it is not necessary that its Hamiltonian function
has an isolated local minimum at the stable equilibrium point, as follows from the following
example from [1].

Example 8.2.18 Consider two harmonic oscillators, of which one is running backwards
in time. The dynamics of this system are described by the following equations on IR*:

G = gﬁ(q,p)
(i=1,2) (8.94)
pi = —%%(q,p)
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where H(q,p) = 3(q} + p?) — 3(¢% + p3). (8.94) constitutes a linear Hamiltonian system
with state matrix

0 01 0
0 00 -1

A= 100 0 (8.95)
0 10 0

It is easily checked that A has eigenvalues —i,i, where the algebraic as well as the geometric
multiplicity of both eigenvalues equals two. Hence (cf. [43]) (¢,p) = (0,0) is a stable
equilibrium point of (8.94). However, (¢,p) = (0,0) is a saddle point of H. -

By Example 8.2.18 we see that the converse of Proposition 8.2.17 is not true in general.
However, for simple Hamiltonian systems (see Definition 8.1.10) we can make a statement
about the converse of Proposition 8.2.17. First consider a simple Hamiltonian systems
without controls. Then we have the following result.

Proposition 8.2.19 Consider a Hamiltonian function H belonging to a simple Hamilto-
nian system without controls. Assume that the origin is an equilibrium point of & = Xpg(z),
i.e. Xg(0) = 0. For a given kinetic energy function, consider the subset of C*°(Q) consist-
ing of all potential energy functions V(q) for which the origin is a locally stable equilibrium
point of & = Xg(z). Then for all V(q) in an open and dense subset of this set (endowed
with the C*-Whitney topology, cf. [1]), H has an isolated local minimum at the origin.

Proof Let H = 1p"G(q)p + V(q), where G(q) is positive definite for all q. Define the
matrices P and R by

P = G(0)

(8.96)
;%
R = $5(0,0)

The linearization of & = Xg(z) (z = (¢7,p")T) around (¢, p) = (0,0) is given by

(§§)=(_°R ﬁ)(f,ﬁ) (8.97)

Let the eigenvalues of P be given by p',---,p" and those of R by r1,---,7". Then it can
be checked that the characteristic polynomial p(A) of the state matrix in (8.97) is given
by p(A) = [T,(A% + p'r'). the fact that (¢,p) = (0,0) is a stable equilibrium point of
# = Xp(z) implies that the state matrix in (8.97) cannot have eigenvalues in the open
right half plane (cf. [43]). Hence we have p'r' > 0 (i = 1,---,n). By the fact that P
is positive definite, this implies that 7* > 0 (: = 1,---,n). Now the set of V € C*(Q)
satisfying v > 0 (i = 1,--+,n) forms an open and dense subset of the set of V € C®(Q)
with the property that r; > 0 ( = 1,---,n). Moreover, for all V € C*(Q) with the
property that r* > 0 (i = 1,--+,n) we have that the matrix

2
273(0,0) - ( g g ) (8.98)

is positive definite, which means that (¢, p) = (0,0) is an isolated local minimum for H. g
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Now consider a simple Hamiltonian system (8.47) on T*@ and assume that its decoupling
matrix A(z) has full rank for all z € T*Q. By (8.23) and (8.52) we can write

dC, 0 —I, dadj ™10y
A=-— : ( ) : (8.99)
dCy, I, 0 dadyp~'Cy,
and hence the fact that A(z) has full rank for all z € M implies that the codistribution
span {dC},---,dCy,} has constant dimension m. This means that we can find natural
coordinates (g,p) for T*Q such that Ci(q) = ¢; (¢ = 1,---,m), cf. [1]. It can be checked

that for 7,5 =1,---,m

{¢i,adnai} = gii(q9) (8.100)

where g;;(g) denotes the (i, j)-th entry of the matrix G(q). Since G(q) is positive definite
for all ¢ € @, we have that g;;(¢g) > 0 for all ¢ € @ (¢ = 1,---,m). Hence all relative
degrees of (8.47) equal two and we have £ = (q1,"**,qm,q1, - ,Gm). Since for all ¢ =
1,---,m and all j = m + 1,---,n we have {¢;,¢;} = {¢,p;} = 0, we can take Z =
(gm+1, "y Gns Pm41,°* * s Pn). Denote § = (g1, ,qm), B = (P1,"**+Pm)s = (gm+1,"* "+ n),
P = (Pm+1,° -+, Pn). Partition the matrix G(q) according to

_ [ Gu(g) Grlq)
G(q)—(Gf{‘2(q) Gn(q)) (8.101)

where G11(q) is an (m,m)-matrix and Gp(q) is an (n — m,n — m)-matrix. In the new
coordinates (¢, Z) we obtain

1 N R .
H(¢,8) = 5§ G1(8,)d + 37" Ga(d Db+ V (6, ) (8.102)
where G1(4,9) = Gii(¢:4) and G(8,9) = Gna(d,0) ~ GF(3,9)Gr (9)Gn(4,9). Tt is a

standard result from linear algebra (cf. [38]) that G,(§, §) is positive definite for all (g, §).
For (8.47) we obtain (cf. [81]):

_ 0 -Gulg)
p0n= (G Fiar ) (8.103)

where F' is the (m,m)-matrix with (¢, j)-th entry

> Ogjk 0gix
ii(q,p) = it — git—— 8.104
fii(g,p) k;(yz 90~ " Dar )(9)px (8.104)
Moreover, U(q,p) (see Proposition 8.2.9) has the form
0m,2(n—m)
Ulg,p)=| _ (8.105)
U(g,p)
Then it follows that
U"(g,p)D™*(¢,p)U(q,p) = 0 (8.106)

and hence the structure matrix W(q, p) of {-,-}n+ is given by (see Proposition 8.2.9)

W(q,p) = S(¢,p) = ( IO _18"" ) (8.107)

n—-m
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From (8.102) we obtain

_ 1

H(z) = H(0,7) = 55" G5(0,9)p + V(0,9) (8.108)
Hence by Theorem 8.22 the clamped dynamics of the simple Hamiltonian system (8.47)

are given by

i=%Yanp
] (8.109)

and we see that (8.109) constitutes a simple Hamiltonian system (without controls).

We have now obtained the following converse of Proposition 8.2.17:

Proposition 8.2.20 Consider a simple Hamiltonian system (8.47). Assume that the
SIODP is solvable for (8.47). Let H be defined as the restriction of the Hamiltonian
H to N* and assume that T = 0 is an equilibrium point for the clamped dynamics (8.109).
Then H has an isolated local minimum at the origin for all V(q) in an open and dense
subset of the set of functions in C*(Q) for which there exists a decoupling feedback from
the class L, that locally stabilizes (¢,%) = (0,0). -

Combining the results of Propositions 8.2.13,8.2.17 and 8.2.20 we have:

Theorem 8.2.21 Consider the Hamiltonian system (8.47). Assume that the SIODP is
solvable for (8.47) and that the system satisfies Assumption 8.2.1. Assume that T =0 is
an equilibrium point for the clamped dynamics (8.56). Then:

(i) Application of a decoupling feedback from the class Ly cannot result in a locally asymp-
totically stable equilibrium point (£,z) = (0,0).

(1t) Any decoupling feedback from the class L, renders (§,%) = (0,0) a locally stable
equilibrium point if and only if T = 0 is a locally stable equilibrium point for the
clamped dynamics (8.56).

(iii) If H has an isolated local minimum for z = 0, then Z = 0 is a locally stable equilibrium
point for (8.56).

(iv) If, moreover, (8.47) is a simple Hamiltonian system, Then H has an isolated local
minimum at the origin for all V(q) in an open and dense subset of the set of functions
in C°(Q) for which there ezists a decoupling feedback from the class L, that locally

stabilizes (¢€,z) = (0,0). -

Remark 8.2.22 Theorem 8.2.21 can be easily extended to the following generalized ver-
sion of system equations (8.47). Assume that the control vector fields in (8.47) are not
necessarily given by Xc;, but instead take the more general form

Xpjo(€rmCm) (1 =1,7+,m) (8.110)
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where the mapping P = (P;,---,Py) : R™ — IR™ is assumed to be a diffeomorphism.
(For example, this may happen in the case of robot manipulators. Generally, the input
torques correspond to the joint coordinates, but the outputs may be given in task space
coordinates. In the case of an equal number of controls and outputs the joint cordinates
are usually related to the task coordinates by a transformation which is invertible except
for some singular points.) Then the relative degrees r; (i = 1,---,m) are the same as if
the control vector fields would equal X¢; (j = 1,---,m). Moreover, the decoupling matrix
in this generalized case is given as

{C1,adp™'Cy} -+ {Cm,adi™'Ci} %}yjll %I’;?
- : : : : (8.111)
adip~'Cn} -+ {Cm,ady 'Cn oP, ... 0P
{Cr,ad}p ™" Cin} { H } 3!7'-; -3!7:1
and hence, since P is a diffeomorphism, the decoupling matix has full rank if and only
if the decoupling matrix for the system with control vector fields X¢; has full rank. A
decoupling feedback from the class L brings the system into the same form (8.54), and so
Theorem 8.2.21 also applies to this more general case. -

We conclude this subsection with an example from robotics.

Example 8.2.23 Consider a robot arm, consisting of two unit masses attached to massless
links of length one, where the first link is flexible. To model this flexibility we divide the
first link in two auxiliary links, one of length € (0 < € < 1) and the other of length 1 — ¢,
connected by a torsional spring with spring constant k (see Figure 8.1). We apply a torque
u; on the auxiliary link, hence in the Hamiltonian formulation the first control vector field
will be Xp,, where Dy(q) = ¢1. On the second link we apply a torque u,. Because of the
flexibility of the first link, we assume that the motor exerting this torque is situated in the
base of the robot arm and that the torque is transfered by means of a chain belt. Since
this introduces reaction forces (see [5]), in the Hamiltonian formulation the second control
vector field will be Xp,, where D2(q) = q1 + ¢s. To guarantee positive definiteness of the
kinetic energy matrix we introduce an auxiliary mass § (< 1) located at the joint between
the first and second auxiliary link.

We are now interested in the stability properties of the equilibrium point (g1,¢2,¢3) =

%,0,0) after we have applied a decoupling feedback from the class L,. This means that
we are interested in the outputs Ci(q) = @1 — §, C2(g) = g3 rather than D, and D,.
However, there exists a diffeomorphism P : IR? — IR? such that P(Cy,C;) = (D4, D;).
Hence, by Remark 8.2.22, the relative degrees and the clas L, will be the same with both
choices of outputs. Calculation yields

N*= {(q,P) I Q= ‘72r’¢I3=0,

(8.112)
_((3—2e!ccosgz+1) __2—¢ }
Pr=\ 2 "6e+5 P2oP3 = 57 G 52
and
H(Qz:l’z) =
, (8.113)

1 2 _ kq
5@ T 6e s o)P2 H 29+ (3 - 2)gcos g+ 5
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Figure 8.1: Robot arm with flexible link

where we have put § = 0. Hence the clamped dynamics of the system are given by

G2 = gﬁ(‘h,m)

_ (8.114)
pr = ’-'3%(42,1’2)
It is obvious that (g2, p2) = (0,0) is an equilibrium point of (8.114). In this point we have:
2H k—(3-2¢)g 0
———(0,0) = (8.115)
9(q2,p2) 0 1
2¢> +6e+ 5

Hence H has an isolated local minimum at (qs,p;) = (0,0) if & > (3 — 2¢)g, i.e., if the
flexibility is not too big. Thus (g2, p2) = (0,0) is a stable equilibrium point of the dynamics
(8.114). Furthermore, it is easy to check that (g2,p2) = (0,0) is an unstable equilibrium
point of (8.114) if k < (3 — 2¢)g. Further, it may be shown that if k£ = (3 — 2¢)g, (g2,p2) =
(0,0) is still a stable equilibrium point of (8.114). Summarizing, (¢1,4¢2,¢3) = (3,0,0) can
be made a stable equilibrium point by application of a decoupling feedback from the class
L, if and only if k£ > (3 — 2¢)g. -

8.2.3 Structure of strongly input-output decoupled Hamilto-
nian systems

When no specific references are made, the results in this subsection are based on unpub-
lished joint work with A.J. van der Schaft.

In Subsection 8.2.1 we have seen that the clamped dynamics (8.56) of a strongly input-
output decouplable Hamiltonian system (8.47) is again a Hamiltonian system (without
controls) with respect to the Dirac bracket {-,-}n+ on N*. In general there will not exist
a decoupling feedback for (8.47) such that the resulting (strongly input-output decoupled)
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system is again a Hamiltonian system. In fact, the class of Hamiltonian systems satisfying
this requirement is quite restrictive. For example, it was shown in [80] (see also [79]) that
a necessary condition for the existence of a decoupling feedback for a Hamiltonian system
that preserves the Hamiltonian structure, is that its decoupling matrix is a diagonal matrix.
In [93] it was shown that if we choose a decoupling feedback from the class L with v;; = 0
(t=1,--+,m;5=0,---,r; — 1) (i.e., the matrices (A;, B;) ( =1, --,m) are in Brunovsky
canonical form), the linear subsystems ¥; (¢ = 1,---,m) in (8.85) are Hamiltonian with
respect to some symplectic form {-,-};, provided that r; is even.

In this subsection we consider the nonlinear subsystem
£: z=({H2)(?2) . (8.116)

in (8.85). The vector field ({H,z})7(¢,Z) is considered as a vector field on IR?, where
d=2n — Y1, r;, depending on the variable Z and parametrized by {. Therefore, denote

fe(2) == ({H,2})7 (£, %) (8.117)

For two smooth functions Fy, G, of the variable Z that are parametrized by £ we define the
parametrized Poisson bracket {-, -}, by:

{Fe,Ge}e(@) = 0:Fe(2)(S(&,2) + UT(§,2)D7 (£, 2)U (€, 7))(3:Ge(2))" =

B (8.118)
0:Fe(2)W (€, 7)(0:Ge(2))"
It follows as in Proposition 8.2.9 that this is indeed a Poisson bracket for every £.
We ask ourselves the question if, for every ¢ € IR®, (recall that s = i~ ;) the dynamics

(8.116), parametrized by ¢, is Hamiltonian with respect to {-,-}¢, i.e., if there exists a
function H¢(Z), parametrized by ¢, such that for every £ € IR® we have

fe(2) = ({He, 2)e(2))" (8.119)

This is motivated by the discussion in Subsection 8.2.1 since for £ = 0 the Poisson bracket
(8.117) is just the Dirac bracket on N*.

A positive answer to this question may give important structural information in the solution
of several synthesis problems for Hamiltonian systems. In the next subsection this is
illustrated for the model matching problem with prescribed tracking error for Hamiltonian
systems. Also it is to be expected that for the solution of the nonlinear regulator problem
(see e.g. [37],[14],[46]) for Hamiltonian systems this result will be of help.

Unfortunately, up till now the result in its full generality has neither been proved, nor a
counter example has been found. Therefore, instead of giving a proof or a counter example,
we formulate a conjecture and treat some special cases on which the conjecture is based.

Conjecture 8.2.24 There ezists a function H(Z), such that for every ¢ € IR® (8.119) is

satisfied. -

We first consider the special cases of a single-input single-output Hamiltonian system with
relative degree r = 2 and relative degree r = 4. Note that by Corollary 8.2.8 the relative
degree of a single-input single-output Hamiltonian system is necessarily even. Hence the
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cases 7 = 1, r = 3 do not occur. In the exposition we use the following result from [13],
which generalizes Theorem 3.1.11.

Theorem 8.2.25 Consider the analytic single-input single-output system

g = f(z)+g(z)u
8.120
{ v = hz) (8:120)
where £ = (zq,-++,%,)T € IR are local coordinates for the state space manifold M, u €

R and y € R. Let v denote the relative degree of (8.120). Let zo € M be such that
LoL h(zo) # 0. Denote & = Ejf"lh (j = L,---,7). Define inductively: adjg = g,
a,d’}g = [f,ad’f"lg] (k = 1,2,---). Let k € {0,1,---,r — 1}. Then locally around zq
there exist functions z1,- -+, 2n—r : M — IR such that (&1, ,&r, 21, , 2n—r) forms a local
coordinate system for M around zo and

Ead.'!gzj(z)=0 1<j<n—-r0<i<r—k) (8.121)
if and only if the distribution

Ty = span {g,adsg,---, ad}"‘g} (8.122)
has constant dimension r — k + 1 and is involutive, in a neighborhood of z¢. -

Using Theorem 8.2.25 we obtain:

Corollary 8.2.26 Let M be an even-dimensional manifold with non-degenerate Poisson
bracket {-,-}. Consider an analytic Hamiltonian control system on M of the form

{ & Xn(z) — Xc(z)u
y

C(z)
where £ = (z1,-+,T2.)7 are local coordinates for M, u € IR and y € IR. Let r denote
the relative degree of (8.123). Let zo € M be such that {C,ad};'C}(zo) # 0. Denote
& :=adjy'C (j = 1,--+,7). Recall that  is even, and define £ := (r/2). Then locally
around o there exist functions Z1,- -+, Ton—r : M — IR such that (&1,---,&,Z1,"+ , Fon—r)
is a local coordinate system for M around zo and

(8.123)

{&,8:1=0 (G=1,---,4i=1,---,2n—r) (8.124)
Proof By Lemma 8.2.7 and the definition of the relative degree we have that for all
Li=1, 8

{adi7C,adi;'C} =0 (8.125)
Hence by a similar argument as was used in Remark 8.2.2 we have that the distribution

I', = span {XCv""Xadﬁ;‘c} (8.126)

is involutive. The result now follows immediately from Theorem 8.2.25. -



8.2.3. Strongly input-output decoupled Hamiltonian systems 127

SISO-system, relative degree r=2

Consider a SISO Hamiltonian system (8.123) with relative degree r = 2. Define £;,¢; as
in Corollary 8.2.26. For convenience, assume that M has dimension four. The arguments
that follow can be extended to higher dimensional systems. By Corollary 8.2.26 we can
find functions Z;,Z, such that (&;,¢2,%1,%2) forms a local coordinate system for M and
{&,%1} = {&1,Z2} = 0. As in Proposition 8.2.9, form the matrices

pea= ({Gf] {88 en=( G, ©)es

- (63 3 enm (& e
sen= (G BaJea- (2, ¥)e
Then
W(¢,7) = S(¢,2) + UT(¢,2)D7 (¢, 8)U (¢, 7) = S(¢, %) (8.128)

In particular, (8.128) implies that S(¢, Z) is invertible. Using similar arguments as are used
in the proof of Theorem 8.1.5 (see [1]), it can be shown that we can choose Z;, Z; in such
a way that {Z,,Z2} = —1, i.e.,
wed=sea=(] 3 (5.129)
From the Jacobi-identity (8.21) we obtain:
0= {&,{& 21}} + {21, {&, &3} + {&, {31, 6)) =

{&,un} + {Z1,d12} + 0= %%“llz - 6d2 Ug1 — %%‘f = (8.130)
%%13 = %lg“ldn - %%‘;zuzl
0= {&,{&22}} + {22, {6, &3} + {2, {72, &a}} =

{€,u} + {Z2,d12} + 0 =

Ouz2g,, — Gy, + Gz (8.131)
Yo~ Gumi, 1 Y,
0= {&, {21, 22}} + {22, {&2, T1}} + {21, {Z2, &2} )} =
0+ {Z2,un} — {Z1,us} =
(8.132)

du du Ou Ou
- 2‘1122+—a—2‘1$1 + uzl+—5-22§:2 =
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Furthermore, we have

OH 0H 1

bL=4L={Hu}= —a—&dn = %%, = —E;ﬁz (8.133)
Using (8.133) we obtain:
VRN G + G
fe(z) = ( ) (&)= (¢ z) =
{H,2:) 9l — E
(8.134)
—%ﬂ‘fz + ga—%
(¢7)

—%szz _ 3lf

12 0%y

We are now interested in the question if there exists a function H¢(Z), parametrized by ¢,
such that for all ¢ € IR%:

0
A

fe(@) = ({He, 3}e)"(2) = | ® (8.135)
0H,
~ T
A necessary and sufficient condition for existence of an He(z) satisfying (8.135) is (cf. [87])
e | 9fer _
55t oe =0 (8.136)
We now show that (8.136) indeed holds. By (8.134) we have
0fa | Ofea u u OH
ot = e+ G+ e - =
(8.137)

ug 0d 1 Ou Ugp 0d
b2 52 + 207 "y O5s T b Oz,
Substituting (8.130),(8.131),(8.132) in (8.137) yields
i) i}
_6{7611+_5£§_ &(— 12(6u ug 2-—azuuzl +§%‘:(—‘ u2 d12+%%1;2u22)+
s G B =

12

)

(8.138)

So (8.136) holds and hence Conjecture 8.2.24 is true in the case of a single-input single-
output system with relative degree r = 2.

SISO-system, relative degree r=4

Consider a SISO Hamiltonian system (8.123) with relative degree r = 4. Define &;,&2,&3, &4
as in Corollary 8.2.26. For convenience, assume that M has dimension six. By Corollary
8.2.26 we can find functions Z,,Z, such that (£,Z) forms a local coordinate system for
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M and {&,%:1} = {&,%2} = {&2,71} = {&,%2} = 0. By Lemma 8.2.7 we have that

{&2,&} = —{&,&4}- As in Proposition 8.2.9, form the matrices

0 0 0 du

_ . 0 0 —d14 d24 _
D(E,z) : 0 dis 0 day (& z)

—dyy —dyy —diyy O

0 0

UEa) = | o o, €2
Uq1 Ug2

sea) = (0, )€

(8.139)

Then we have again W (¢, %) = S(¢, %) and hence we can again choose Z;, 7, in such a way

that

From the Jacobi-identity we obtain the following equalities:

Oy _ 0y, O
9z, & T

Odyy _ _0diy . Ous
9%, 9 ' 0k

0da4 0da4 0da4 Ouqz Ougz
d14 - d

d14

dl4

Z7ea _ T it 4+ —=2 Z 42
EERREY TR T TR o¢,

0da4 O0dy4 0d34 Ouygy Oug

%, = —6—63"31 - 6—64-1“1 - 6_636114 + a—&dz«;
Dusy + Oug: = %Um - %Zusl

0z, 017, 03 0&3

% + % = %Usz + %un - %uiﬂ - Qlﬁu“
0z, 0z, 09 04 03 04
Odyy  Odyy

B, &

Ouqy _ Ous,

B s

Ousy _ Ouzp

0 &

Furthermore, we have

. oOH H
&L=Lt={H&t}= _6_&‘114 = (69—64 = —31—462

(8.140)

(8.141)

(8.142)

(8.143)

(8.144)

(8.145)

(8.146)

(8.147)

(8.148)

(8.149)

(8.150)
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. H d
fo= by = {H 6} = gf g—&d24=>g—g_ 2“52+15

Using (8.150),(8.151) we obtain:

d d
ES BT
fe(2) = ¢,7)=-& (&,z)+
{H,z,} liazdzng_undu
14
63 (6’5‘)'{‘ (675)—

u _0H
14 0z,

—fzfgl(f) + faf?(i) + f?(i)

Analogously to the case that r = 2, we have to check if

afel Ofex -0
3.1:1 3 Ty
Obviously, this is the case if for : = 1,2, 3:
ofh e _
63:1 3_2

We see that (8.154) holds for i = 3. For i = 2 we have:

a" ~2

fa4, 0 d -
T2t o 1(5131 + 55, () =
3 o) 1 ad adygy _
2 +-a%322)—d14 31‘53—,,13+u32‘5—5:1:)—

(8.151)

(8.152)

(8.153)

(8.154)

(8.155)

where the last equality follows by substituting (8.141),(8.142),(8.145). For i = 1 we have:

uz1dos + ugd 0 (u3pdas + Ugodiay _
(—3“—“32—““-”14 )+372‘('}L2137_“_MM )=

(3‘%;(“314124 + uqrdis) + ag—(uazdu + ugadig))—

S

oy oft
T T 0a =

8

[N

S S
S -
58

(%%13(11311124 + ugdis) + %§u(u32d24 + uy2d14))

2

Using (8.141),(8.142) we obtain:

%%f(ualdz«a + uqndyy) + %%121(“32‘124 + uszdiy) =

(8.156)

(8.157)

%g‘(“ndn + u42d14)d14 - %%3(“314124 + U41d14 diq — %%u U31Uq2 — Uszuu)
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Furthermore, using equations (8.141),- - -,(8.149) and exercising some patience, we obtain:

32——1(1!311124 + ugdig) + ag—z(uszdu + ugodyy) =
(8.158)
2%?3“(”321124 + ugodis) — 2%%2(1131%4 + ugdig) — 2%%:(1!311142 — U3lgy)

From (8.156),(8.157),(8.158) we conclude that (8.154) holds for 7 = 1. Hence Conjecture
8.2.24 is true in the case of a single-input single-output system with relative degree r = 4.

In the two cases considered so far, we have established that a function H¢(z) satisfying
(8.119) exists, without actually constructing He. In the following case, that of a multi-input
multi-output simple Hamiltonian system, we will give He(Z) explicitly.

Simple Hamiltonian system
Consider a simple Hamiltonian system (8.123) with the Hamiltonian function

H(g,p) = %pTG(q)p +V(q) (8.159)

where G(q) is positive definite for all g. As we have seen in Subsection 8.2.2, we can take

£ = (q,é) and = (q,p), where § = (q1,"**,qm)s § = (gm+1,"**1qn)s P = (Pm+1," ", Pn)-
Partition G(g) as in (8.101). Then

= Gup+ Gup = p =Gy (§ — Gup) (8.160)
Then in the new coordinates (£,Z) we have

§= G564+ (Gn — G,G1}' Gr2)p (8.161)
andforc=m+1,---,n

= —(L7 aG 0G5, 1510Gn; , OV _
pi= — (G G+ 5 G+ b e+ G =

~(3(§" - )R I G - Gup) + (T - CRIGH Bip

gi
%ﬁT%%?ﬁ + %}1_/.') = (8.162)

. -1 .
%(qj ~ PGB (G~ Gup) - ({ - "GRG Oy

BG 5— i\ %
qi EE

Consider the function

(= 2T e lyn =\ % _ o N Y U
H(z) = -4§ GR} (4, Dd + 57 (Gn(d,9) - G(d,9)Gi(§,9)Gra(d,9)5+

(8.163)
TG4 96T (6, D)d + V(§,9)
Then we have
OH;
a— - G1T2G11 q + (G22 - G12G11 G12) (8.164)
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and fort=m+1,---,n:

-1,

%%% —%éTQ%f.LH%ﬁTQ%Zﬁ—
-T(%%?G;;Glz e —3~1LG12 + GHGH O+
7 (O5hci + 65,280 )+ Y
—rz(qTaG +I7TG{2-51‘LG12P p GTQg‘u“ —5ng;1€£Glzﬁ)— (8.165)
LG 05+ T  iiap 4 gm0y 4 OV
5 - TSR - Gup) + (T - P OR)IOR Opr

170Gy, OV

P gg P+ g
From: (8.161),(8.162),(8.164) and (8.165) we conclude that H; satisfies (8.119) and hence
Conjecture 8.2.24 holds true in this case.

We have now shown Conjecture 8.2.24 to be true in three special cases. It seems that for
SISO Hamiltonian systems the approach taken here can be generalized to the cases that
the relative degree is r = 2k (k = 3,4,---). For MIMO Hamiltonian systems one should
be more careful, as will be made clear below.

In all three cases that were considered, a basic step in the exposition is that Z can be
chosen in such a way that {{;,Z} = 0 for at least half of the £&’s. This fact enables us
to establish that S(¢,Z) = W(, %) and to choose Z in such a way that (8.132) holds. A
basic requirement here is of course that the relative degree r is even. For MIMO strongly
input-output decouplable Hamiltonian systems the relative degrees need not be even, as
follows from the following example:

Example 8.2.27 Consider the following Hamiltonian system on IR%:

§ = —u
y’l’ — ;“ (8.166)
y2 = p

For this system we have the relative degrees r; = r, = 1 and the decoupling matrix

0=(17)

Hence the system is strongly input-output decouplable and both relative degrees are odd.
L]
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We next show that a strongly input-output decouplable Hamiltonian system always has
an even number of odd relative degrees. For this, we need the following lemma:

Lemma 8.2.28 Consider a Hamiltonian system (8.51). Let ry,- -, denote the relative
degrees of (8.51). Then:

(i) {Cj,ady™'Ci} = (=1)"{Ci,ad}i ™ Cs}
(i) If {C;,ad};"C;} £ 0, thenr; <.

Proof (i) follows immediately from Lemma 8.2.7 and (i) follows immediately from (7). g

Proposition 8.2.29 Consider a strongly input-output decouplable Hamiltonian system
(8.51). Assume that its outputs are arranged in such a way that ry < .-+ < rp. De-
fine integers ky,---,kn, w1, -+, wn in the following way: k1 < --- < kn are the values
taken by the relative degrees, and w; (¢ = 1,---, N) is the number of relative degrees taking
value k;. Then: w; is even if k; is odd (1 =1,---,N).

Proof By Lemma 8.2.28 it follows that the decoupling matrix A(z) of (8.51) has the
following form:

e A(z) has N diagonal blocks D;(z), where D;(z) is a (w;, w;)-matrix.
o The elements of A(z) above the diagonal blocks equal zero.
e The elements of A(z) below the diagonal blocks may be non-zero.

Hence, since A(z) has full rank, each of the diagonal blocks D;(z) (i = 1,---, N) must have
full rank. Assume that k; is odd. Then, by Lemma 8.2.28.(7), D;(z) is skew-symmetric.
Hence D;(z) is a skew-symmetric matrix of full rank. This implies that D;(z) is even-
dimensional (cf. [1]). Hence w; is even. -

Remark 8.2.30 (i) If the Hamiltonian system (8.51) is not strongly input-output de-
couplable, Proposition 8.2.29 does not need to hold. A counter example is pro-
vided by a Hamiltonian system on T*IR? (with standard Poisson bracket), with
H(q,p) = p2q1 + p} exp(q1 + ¢2), C1(q,p) = a1, Ca(q,p) = @a-

(#1) Proposition 8.2.29 is taken from [47]. Together with the remark above, it answers a

question posed by Grizzle and Nijmeijer ([41]). -

We will now derive an extension of Corollary 8.2.26 to multi-input multi-output Hamilto-
nian systems for which all relative degrees are even. For this, we need some concepts from
the theory of function groups, taken from [97],[109].

Definition 8.2.31 Function space, function group
Consider an even-dimensional manifold M with non-degenerate Poisson bracket {-,-}. A
collection F of smooth functions from M to IR is called a function space, if
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(1) F is a linear subspace (over IR) of C*°(M).
(i) If Fy,---,Fs € F and G : IR* — IR is a smooth function, then G(Fy,---,F,) € F.
Furthermore, we call F a function group if also

(iii) F is closed under Poisson bracket, i.e., if Fy, F> € F, then {F}, F}} € F. -

Note that by (i) a non-empty function space always contains IR, the constant functions
on M. Given some functions Fy,---, Fy on M we denote by span {Fy,- -, Fi} the smallest
function space containing these functions. The sum F! 4+ F?2 of two function spaces is the
smallest function space containing F! as well as F2. Furthermore we define

Ft={GeC®M)|{G,F}=0,VF € F} (8.167)

Using the Jacobi-identity, it can be shown that F* is a function group, called the polar
group.

Lemma 8.2.32 Let F be a function group. Define the codistribution dF on M by dF(z) =
{dF(z) | F € F} (z € M) and similarly define the codistribution d(F N F1). Assume
that dimdF = k and dimd(F N FL) = r. Then locally there ezist canonical coordinates
(q17 BREL LYY 2 Tl 7pﬂ) f01‘ M such that

'7: = span {‘h" IEY' /25 L AR V2¥ /XS PR 7p8+r} (8.168)
with 20 +r = k.

Proof See [109].

Corollary 8.2.33 Consider a function group F = span {Fy,-- -, F;}, where Fy,---, Fi are
independent functions. Assume that diimd(F N F*1) is constant. Then locally there exist
2n — k independent functions Gu,- -+, Gon—i such that F* = span {Gy,--+,Gan-t}.

Proof By Lemma 8.2.32 we may assume without loss of generality that F = span {¢:,"- -, q¢,
D1y Dt Pe+1,* * » Petr }, where 20 + r = k. Obviously the 2n — k functions pey1,- -, pn,
Qe4r415°** »qn Span F, which establishes our claim. -

Proposition 8.2.34 Let M be an even-dimensional manifold with non-degenerate Poisson
bracket {-,-}. Consider an analytic Hamiltonian system (8.47) on M. Let zo € M be such
that the decoupling matriz A(z) of (8.47) has full rank for ¢ = zo. Assume that the
relative degrees Ty, -+, T of (8.47) are even and define ¢; := (r;/2) (i = 1,---,m). Denote
& = a.dg_l)C.- (i=1,---,myj=1,---,r;) and let d = 2n — 7, r;. Then there ezist
functions Ty,---,Tq: M — IR such that ((&;; |1 <i<m,1<j<r),Zy, - ,%q4) is a local
coordinate system for M around zo and

{&;7c} =0 (i=1,---,m;5=1,--- Lisk=1,---,d) (8.169)
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Proof Define the function spaces F = span {{;; | 1 <1 <m,1 <j <r}, C =span{{; |
1<i<ml < j<{}. By Lemma 8.2.7 and the definition of the relative degrees
it follows that {£;,éks} =0 (5,k = 1,---,m;5 = 1,--+,4i;s = 1,---,4) and for all §;
(t=1,---,m;j = 1,---,4) there exist k € {1,---,m}, s € {€x + 1,---,r%} such that
{&ij,&s} # 0. Hence C is a function group satisfying C C C* and

ctnF=c¢C (8.170)

Since the functions &;; (i =1,---,m;j =1,---,¢;) are independent around z, (cf. Lemma
3.1.8), by Corollary 8.2.33 there exist smooth functions Z;,---,Z4 : M — IR such that
(around z):

Ct =span{{&; |1 <i<m,1<j<4},3, ,%a} (8.171)

Obviously, the functions Z,- -, Z4 satisfy (8.169) and they are independent of &; (i =
1,---,m;j = 1,---,¢). Assume that the functions Z,---,%q4,&; (i = 1,---,m;j = & +
1,---,r;) are not independent. This implies that there exists a k € {1,---,d} and locally a
function ¢({Z; | 1 # k},{&; |1 <i<m, b +1,---,r;}) satisfying (0¢/0E;,) # 0 for some
je{l,---,m},s€ {;+1,---,r;} and

T =¢({Zi |1 £k} {&; |1 <i<m i +1<5 <)) (8.172)

Then for : = 1,---,m we have

0= {Z,én} = Jél 36%{51',&1} + ?::1 j=§:+1 3%%.{53;«5;1} =
o (8.173)

Since A(z) has full rank around zo, this implies that (9¢/d¢:y) = 0 (¢ = 1,---,m).
Repeating this argument, we find that (9¢/0¢;;) =0 (i =1,---,m;j = £;+1,---,r;), which
contradicts the form of ¢. Hence the functions ((é; |1 <: < m,1 <j <), %, - -,%q)

form a local coordinate system around zo and Z,- - -, Z4 satisfy (8.169), which establishes
our claim. -

:Z::l 6"‘ {Esr,q Eﬂ'l} = A,‘,

With the coordinates ((&;; | 1 < i <m,1 <j <)%, --,%4) as in Proposition 8.2.34,
the matrices D,U in Proposition 8.2.9 have the form (with £ = Y7, £,):

D7) = ( b ) (&%)
(8.174)
ves) = (%) e
Hence we find again:
W(,) = S(6,2) + UT(6, )D€, )V (€, 3) = S(6,2) (8175)

and we can again choose Zj,- - -,Z4 in such a way that

S(¢,2) = ( ,:’/2 —f)“”) (8.176)
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This gives good reason to believe that with the approach taken for the case of single-input
single-output systems one may also be able to establish that Conjecture 8.2.24 holds for
multi-input multi-output Hamiltonian systems for which all relative degrees are even.

If some of the relative degrees are odd, however, it may not be possible to choose Z in such
a way that {{;;,Z} = 0 for at least half of the ¢;’s. A consequence of this is that in this
case we do not have that UT(¢,2)D~1(€,2)U(¢,z) = 0 and hence W(£,7) # S(£,z). The

treatment of this case remains a topic for future research.

8.2.4 Model matching with prescribed tracking error for Hamil-
tonian systems

Consider a manifold X’ with non-degenerate Poisson bracket {-,-}p. Let P be a Hamilto-
nian system on X of the form

& = Xp(z)- é X, (z)u;

P (8.177)

yi = Ci(z) (j=1,---,m)

where & = (zi,- -+, %2,)7 are local coordinates for X and H,Cj,---,C,, are analytic func-
tions on X. Assume that the distribution span {X¢,,- -+, Xc,.} is involutive and that the
relative degrees rq, - - -, 7y, of P are finite. Furthermore, assume that the decoupling matrix

A(z) of P has full rank for all z € X.

Let X be a manifold with non-degenerate Poisson bracket {-,-}a. Let M be a Hamiltonian
system on X of the form

z

= Xp(a) - £ Xo, @)
M = (8.178)
gy = C’J(i) (-7 = 1""7m)
where 7 = (Z1,---, Egﬁ)T are local coordinates for X and H,C}, - - -, C,, are analytic func-
tions on X. Denote the relative degrees of M by 7y, -, 7.

Let Zo € X be given. Since A(z) has full rank for all z € X, it follows from Lemma 7.2.2
that for every zo € X the MMP is locally solvable for P and M around (zo, Zo) if and only
ifr; <7 (i=1,---,m). Consider a dynamic state feedback @ of the form (7.4) that solves
the MMP for (M, P) around (zg,Zo). As was already noted in Remark 7.1.2, in general it
will not be the case that, if we set v = @ in (7.4), the output trajectories of P o @ and M
are the same. This is due to the fact that to achieve this, the Volterra kernels of all orders
of Po @ and M have to coincide, while in the formulation of the model matching problem
it is only required that all i-th order Volterra kernels for ¢ > 1 coincide. If we want all
input-output trajectories of P o @ and M to be the same the problem under consideration
is known as the strong model matching problem (see [27],[28]). If strong model matching is
not possible, one may be interested in constructing a feedback @ for the plant that solves
the MMP for (M, P), with the property that the absolute value of the difference between
the outputs of P o Q and M decays exponentially. This problem is known as the model
matching problem with prescribed tracking error (see [10]). In the special case considered
in this subsection, we construct a dynamic state feedback @ for P that has the following
properties:
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(i) For every Zo € X there exists an zo € X’ and a z € IR” (the state space of Q) such
that for every u(t) (¢t > 0):

y(t, zo, 20,8) = §(t,Zo,u) (Vt>0) (8.179)

where y(t, 2o, 20, @) is the output of P o Q with control @, initialized at (z(0), 2(0)) =
(20, 20) and §(t, Zo, ) is the output of M with control #, initialized at Z(0) = Zo.

(i) For every zo € X and every Z, € X there exists a zo € IR¥ and 0,7 > 0 such that
for every u(t) (t > 0):

lly(t, zo, 20, &) — H(t, To, @)||lm < T~ (Vt > 0) (8.180)

where || - ||m denotes the Euclidean norm on IR™.

Property (i) means that the strong model matching problem is solvable for (M, P) at
(z0,Zo). Property (ii) means that the model matching problem with prescribed tracking
error is solvable for (M, P). The results on the model matching problem with prescribed
tracking error presented in this subsection are taken from [47]. They are a generalization
to multi-input multi-output systems of the results from [10] for single-input single-output
systems.

As in (7.6), form the extended system E associated with M and P:

:i" = Xpy(z)-— f:lch(:c)u,-
=

10
I

Xp(2) - 3 Xe,(2)af (8.181)

The dynamics of E evolve on the manifold ¥ = X x X. A non-degenerate Poisson bracket
{:, '}z on X® is defined by

n 9FE9G* 3 QF® 0G*
E YE — _ - L — (7. 7
{F%,6%; _i,JZ‘—;l Oz; Oz; {m”m]}P_*-i;::l 0z; 0%; @ 2dm (8.182)

for every FZ,G® € C®(X®). Defining z° = (z7,z7)7, H®(2®) = H(z) + H(Z), (8.181)
can be written as

i = Xps— 3 XE (2" — 3 XE (a%)qf
=1 7

E (8.183)

¥y = Ci(x)-Ci(@) (G=1,-,m)

where Xgg, X&, ,--- ,Xgm,Xgl, -+, XE are the Hamiltonian vector fields corresponding
to the Hamiltonian functions H?,C},:+,Cn,Cy, -+, Cn and the Poisson bracket {-,-}¢
on X, Note that (8.183) does not constitute a Hamiltonian control system, since the
Hamiltonian functions corresponding to the input vector fields are not the same as the
output functions.
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As before, define ¢;; = ad};lC,- (:=1,---,m;j = 1,---,r;), where "adg” is with re-
spect to the Poisson bracket {-,-}p on X. Let d = 2n — Y7, r; and construct functions
m(z),- -+, na(z) such that ((&; |1 <4< m,1 <j <ry),m,---,74) forms a local coordi-
nate system for X and {C;,n;}p =0 (i =1,---,d;5 =1,---,m). Let (;j := &; — d},_lC_'.-
(t=1,---,m;j=1,---,m;), where "adz” is with respect to the Poisson bracket {-, -}, and
denote Cl' = COI(Cily Ty Cir.’)’ C = (CIT e C:)Tv n= COl(nla T nd) Then ObViOUSIy (C’ n, 3—))
forms a new local coordinate system for X®. Denote ¥(z,z) = (¢(¥(z, z),97(z, z),z7)7.
Given a function FZ € C°(X®) in the coordinates (z, ), its expression in the new coordi-
nates ((,9,%), F¥o¥~Y((,n,%), is denoted by FZ((,n,Z). Let B(Z) be the (m, m)-matrix
with entries i),’j(i‘) = {ad;—}‘lc_’;, C'J}M(:E) (3,7 =1,---,m).

Assume that the MMP is solvable for M and P around (zq, Zo), i.e., r; <7 (1 =1,---,m).
Then in the new coordinates F has the form:

(= Co
) : (i=1,---,m)
Cir.‘—l = Cir.'
C.'i""i = ad;}C,'(C, 7, i) + Av’*(C: 7, a":)u—
ad}Ci(z) — Bi(7)q” (8.184)
7.];' = {H777i}P(Cv77ai) (i‘—‘l,---,d)
B o= Xp(e) - 3 Xe,(2)gf
v o= G (=1, m)

Let d(¢,n,%) = col(adjCh, - --,adi Crm)(¢, 1, &), €(Z) = col(ad}Cy,- - -,ad}r Cr)(Z) and
let y(¢) be an m-vector with entries v;(¢) = 5L, 7i;(ij. Define

u=A"Y(n,2)(v(¢) — d(¢,n,2) + e(Z) + B(Z)q") (8.185)
Then (8.184,8.185) becomes:
(= Co
) : (t=1,---,m)
Cs'r.'—l = Cir.‘
Cire = FiriCini + -+ + 7028

(8.186)
{Hani}f’((’n'/i) (2=1’7d)

-
Il

B o= Xp(2) - 5 Xo,(2)gf

yf = (n (3=1,---,m)

Hence the feedback (8.185) solves the nDDDPdm for E. It is clear that if we choose
Gi(0)=0(=1,---,m;j = 1,---,r;), then y&(¢) = 0 (V¢ > 0). By the definition of
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the (i, G; =0 (i = 1,---,m,j = 1,--+,r;) is equivalent to &j(x) = ad';—;lc_'.-(:i') (=
1,--+,m;j = 1,---,r;). Since the functions §;(z) are independent (cf. Lemma 3.1.8),
we have that for every To € X there exists an zo € X such that &;(xo) = adyy 10.-(5:0)
(i=1,---,m;j=1,---,r;). The outputs of (8.186) satisfy
(rj) (rj=1) .
vi =y ety (G=10,m) (8.187)
This means that for every initial condition ({o, 70, Zo) for (8.186) there exist o,7 > 0 and
v (i=1,---,m;j=1,.--,r;) such that

"yE(taCm No, iO)Hm < 1€ (Vt > 0) (8188)

By the proof of Theorem 7.1.8 and the above considerations, it follows that the dynamic
state feedback @ defined by

z Xn(z) - ;Xc,(z)vj
Q = (8.189)
AT (¢, 2)(V(C) = d(C,m, 2) + e(2) + B(2)v)
with z(0) = Zo solves the MMP around every (zo,Zo) € X x :\? . Moreover, Q satisfies
property (i) whenever (zo,Zo) are such that &;(zo) = adjy'Ci(Zo) (i = 1,-+,m;j =

1,---,7;) and @ satisfies property (i), with an appropriate choice of 7;; (i =1,:++,m;j =
1,--+,m).

u

We proceed by investigating the structure of the limiting behavior (the behavior as t — 00)
of the system P o Q. Note that the dynamics of @) are an exact copy of the dynamics of
M (i.e., the same dynamics and the same initialization of the dynamics). Moreover, u in
(8.189) is constructed in such a way that C,-(k)(a:) = C’,-(k)(z) (i=1,---,m;k=0,1,---) as
t — oo (where C',-(k), C_',-(k) denote the k-th time-derivative of C;,C; respectively). Therefore,
investigation of the structure of the limiting behavior of Po@ is equivalent to investigation
of the clamped dynamics of E. From (8.186) we see that the clamped dynamics manifold
N; of E is given by

Ny = {(z,%2) € X" | Gj(2,2)=0,1<i<m,1<j<n} =

' (8.190)
{(z,2) € XF | &;(2) = ad’H-—IC_’;(:E),l <i<m,1<j<nr}
and the clamped dynamics of E are given by
7 = {H,n:}p(0,n,2) (i=1,---,d)
. m (8.191)
T = Xg(z)- Ex Xe,(2)gf

Hence the clamped dynamics of E consist of the dynamics of M and a nonlinear system
whose dynamics are driven by the dynamics of M. We consider these dynamics in more
detail. Recall that we have defined ¥(z,z) = ((7(z,%),77(z),z)T. Define also ®(z) =
(€%(z),n7(z))T and 7(z) = col(ad;'Ci(z) | 1 < i < m,1 < j < ;). Note that {(z,%) =
&(z) — w(z). Hence we have:

(0,79, %) = ( q’_l(’;(i)’") ) (8.192)
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Therefore,
i = {H,n}} 0 &~ (x(2),n) (8.193)

Let s =37, r.-‘and interpret the vector field governing the dynamics (8.193) as a vector
field parametrized by the parameter v € IR?, i.e., define the parametrized vector field f(n)
by

fr(n) = {H,n}p o ®*(m, ) (8.194)

Now if Conjecture 8.2.24 is true, then for every 7 € IR® there exists a function H,(n) and
a non-degenerate Poisson bracket {-,-}, such that

fx(n) = {Hx,}7 (1) (8.195)

and hence for every © € IR® we have that f. is a Hamiltonian vector field.

This has the following consequence. It is desirable that the closed loop system P o @ has
some internal stability properties. In particular, we would like the system to be bounded
input-bounded state stable (BIBS-stable). Roughly, this means that whenever a bounded
control is applied to the system, the state variables of the system will also remain bounded.
As was already indicated in [10], for BIBS-stability of the closed loop system we must have
that in the dynamics (8.193) 7(t) is bounded (¢ > 0) when n(Z(t)) (¢ > 0) is bounded.
If for every # € IR° the parametrized vector field f, is a Hamiltonian vector field, the
stability analysis of the dynamics (8.193) becomes quite delicate. The reason for this is
that, by Liouville’s theorem (cf. [1]), a Hamiltonian vector field cannot have exponentially
equilibrium points (see also the proof of Proposition 8.2.13). This causes the appearance of
so called peaking phenomena, which make the stability analysis very difficult and delicate
(see e.g. [13] and [94]). Further research on this topic is required.
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Conclusions

In linear systems theory, the geometric approach has proved to be a powerful tool for solving
synthesis problems. Motivated by this success, various authors have tried to generalize
the concepts form the linear geometric theory to the nonlinear context using differential
geometric tools. To a great extent, these attempts have been very successful. An example
of this is provided by the nonlinear disturbance decoupling problem via regular static state
feedback. This problem was reviewed in Chapter 2. Another example is the nonlinear
input-output decoupling problem that was recapitulated in Chapter 3.

The problems that one encounters in generalizing concepts from the linear geometric theory
to the nonlinear context are (at least) threefold:

(i) Most of the generalizations of solutions to synthesis problems from the linear to the
nonlinear context only hold if certain regularity assumptions are satisfied. Moreover,
most of these generalizations are only local solutions, whereas in the linear case the
solutions hold globally.

(1t) Many of the concepts from the linear geometric theory do not give rise to a single
nonlinear generalization. For instance, the concept of a controlled invariant subspace
admits at least two nonlinear generalizations: it can be generalized to a controlled
invariant distribution as well as to a controlled invariant submanifold. Another ex-
ample of this phenomenon is provided by the notion of zero-dynamics (or clamped
dynamics) (see [64], where three different nonlinear generalizations of the notion of
zero-dynamics for linear systems are given). It strongly depends on the application
one has in mind what generalization is most suitable.

(#ii) It is no longer possible to make use of ideas from the linear geometric theory when
typically nonlinear phenomena start to play a role. For instance, for linear systems
the solvability conditions for the distrurbance decoupling problem via regular static
state feedback (DDP), regular dynamic state feedback (DDDP) and nonregular dy-
namic state feedback (nDDDP) respectively, are all the same. For nonlinear systems
this no longer holds true, as was shown in Examples 2.2.14 and 2.2.15.

The fact that this last problem arises calls for the development of a new (typically nonlin-
ear) theory. In this monograph such a theory was developed for the disturbance decoupling
problem via dynamic state feedback and the model matching problem. Moreover, new re-
sults on the strong input-output decouplng problem via regular static and dynamic state
feedback were obtained.

141
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A local solution of the disturbance decoupling problem via regular dynamic state feedback
has been provided. The solution is based on an algebraic theory for nonlinear control
systems that was developed in [35],[30],[36]. A central role in the solution of the DDDP
is played by Singh’s algorithm and a special regular dynamic state feedback derived from
this algorithm, the Singh compensator. Some special properties of this Singh compensator
have also been established.

The disturbance decoupling problem via nonregular dynamic state feedback has been lo-
cally solved by combining the algebraic theory mentioned above with the theory of con-
trolled invariant submanifolds that was developed in [11],[67],[12],[64],[101],[104].

Another nonlinear synthesis problem for which a local solution has been given, is the
nonlinear model matching problem (MMP). This solution has been obtained by showing
that the solvability of the MMP is equivalent to the solvability of an associated disturbance
decoupling problem via nonregular dynamic state feedback and disturbance measurements.
For a square nonlinear plant and a square nonlinear model that is strongly input-output
decouplable via regular static state feedback it has moreover been shown that, under generic
assumptions, the MMP is solvable around an equilibrium point if and only if it is solvable
for the linearizations of plant and model around this equilibrium point.

The theory on the input-output decoupling problem and the model matching problem
has been applied to a special class of nonlinear control systems, the Hamiltonian systems.
This class of control systems is of particular interest for applications. The problem of
achieving strong input-output decoupling with stability for Hamiltonian systems has been
investigated. Moreover a conjecture on the (Hamiltonian) structure of strongly input-
output decouplable Hamiltonian systems has been formulated and proved to be true in
some specific cases. If the conjecture holds true, it may provide important structural
information in the solution of synthesis problems for Hamiltonian systems. This has been
illustrated via the model matching problem with prescribed tracking error for Hamiltonian
systems.

This monograph leaves open several interesting questions for further research. Some of
them are listed below.

(i) A problem that still remains to be solved is the disturbance decoupling problem via
nonregular static state feedback.

(ii) Can the results on the DDP and the DDDP with stability that were obtained in [107]
be extended to the nDDP and the nDDDP with stability?

(iii) For the DDDP intrinsic (i.e., algorithm-independent) algebraic and geometric con-
ditions for the solvability have been given, while the solution for the nDDDP has
been given via an algorithm. Can we also come up with intrinsic conditions for the
solvability of the nDDDP?

(iv) Is it possible to decide about the solvability of the DDP or the nDDP on the basis
of the solvability of the DDDP, nDDDP respectively?

(v) What can be said about the internal stability of the compensated plant after we have
solved the nonlinear MMP? Up till now this problem has only been addressed in [10]
in case the plant is a SISO-system and in [47] in case the plant is strongly input-
output decouplable via static state feedback. The problem consists in the fact that
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one may very well have to introduce unstable unobservable modes in the closed loop,
even if one starts from an internally stable plant and an internally stable model.
To solve this problem, further investigation of the structure of a model matching
configuration is needed, especially concerning the "fixed” and "free” modes of such
a configuration. For linear systems this investigation has already been performed in
[75]. For nonlinear systems the problem is undoubtedly much more difficult to solve.
So far, only results about fixed modes in the solution of the input-output decoupling
problem have been obtained in [62]. It is not clear if a similar analysis is applicable
for the nonlinear MMP.

(vi) In Section 7.2 a result has been obtained that connects the solvability of the model
matching problem around an equilibrium point with the solvability of this problem for
the linearizations of plant and model around this equilibrium point. It is still an open
question if a (linear) dynamic state feedback that solves the MMP for linearizations
of plant and model is a good approximate solution of the MMP for the original
(nonlinear) plant and model. Of course one should specify here what is meant by
”good”. It seems reasonable to call a dynamic state feedback that solves the MMP
for the linearized plant and model ”"good” if it is a first order approximation of a
dynamic state feedback that solves the MMP for the original (nonlinear) plant and
model.

(vii) In Subsection 8.2.2 a result has been obtained on the problem of strong input-output
decoupling with stability via regular static state feedback for Hamiltonian systems.
One important conclusion is that with a static state feedback from the class L, one
can at most achieve stability (and not asymptotic stabiity) if N* # {0}, where N* is
the maximal locally controlled invariant output-nulling submanifold for the system
under consideration. However, it is easy to come up with examples where strong
input-output decoupling with asymptotic stability can be achieved if N* # {0}.
Obviously, in this case the feedback that does the job will be outside the class L,. It
is still an open question under what conditions the strong input-output decoupling
problem with asymptotic stability for Hamiltonian systems is solvable.

(vii) Hamiltonian systems are conservative systems, that is, systems which preserve en-
ergy. From a practical point of view it can be argued that in this sense Hamiltonian
system are an idealization, since in practical circumstances there will always be some
friction present in the system. It would be interesting to know if for a Hamiltonian
control system to which some friction is added one can achieve strong input-output
decoupling with asymptotic stability if a feedback from the class L, is applied.

(viii) Can Conjecture 8.2.24, which concerns the Hamiltonian structure of strongly input-
output decouplable Hamiltonian systems, be proved in its full generality? If not, can
a counter example be found?

(iz) In general a feedback that solves a synthesis problem for a Hamiltonian system will
not preserve the Hamiltonian structure of the system. It would be interesting to
know when it does preserve the Hamiltonian structure. Till now, in the nonlinear
context only results are known for the strong input-output decoupling problem via
regular static state feedback (see [80]). A problem that one encounters in answering
this question, is that a feedback that preserves the Hamiltonian structure should
necessarily be an output feedback (see e.g. [98]). A theory on output feedback for
nonlinear control systems is at the moment hardly available.
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Finally it should be noted that in this monograph the attention was restricted to analytic
nonlinear control systems. The theory that was developed can be extended to smooth
nonlinear control systems. However, in extending the theory to smooth nonlinear control
systems, one should be very careful with the notions of regularity one employs.
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Appendix A

Proof of Proposition 3.2.16

Proposition 3.2.16 Consider a nonlinear system (3.1) and let zo be a strongly regular
point for (8.1). Then any Singh compensator for (3.1) around z¢ is a regular dynamic
state feedback for (3.1).

Proof The proof exploits Proposition 3.2.11, i.e., we show that for the system (3.1,3.50)
with controls v and outputs u we can reconstruct v given the knowledge of u. Obvi-
ously, by the structure of the Singh compensator (3.50), we can immediately reconstruct
Upe41,°**,Um given the knowledge of uyeqq,: -, um. Note that An,B, in (3.47) have the
following structure:

An(z, (TP |1<i<n-1,i<j<n}) =

, a(z)
aa(z, {3 | 1 <i < 1,y < j < min(2,6)})

(e, (¥ |1 <i < ppoy, s < j < min(n, 6)})

(A1)

Ba(z (3 |1<i<n-1,i<j<n)) =

. ) bi()
bo(e, {37 |1 <4 < p1, 7% < j < min(1,6 — 1)})

ba(2, {3 |1 <i < poy, i < j < min(n — 1,6 — 1)})

where b (k =1, +++,n) has full row rank px — px_1 (putting po := 0). Let dkj, bj denote
the j-th row of @,b; respectively. By construction of the Singh compensator we have in
particular for r = 1,---, py:

zn = ai(z)+ i),,(a:)u if 6, >1

N (A.2)
v, = a1r(z)+ by (z)u 6 =1
Taking successive time-derivatives of the first equation in (A.2) we obtain
2rs = ¢sr(z1 Uy oy u(a—?)) + '(,b,r(I, Uy 7u(’—2))u(’_1) (S = 21 B 6r - 1)
(A.3)

vy = ¢6r7'(m! Uy ooy u(6r_2)) + w&.—f(zﬁ Uy -y u(Jr_2))u'(6r_l)
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Hence, given u we can reconstruct vy,---,v,. Let 2 := {2;; | 1 < ipy,1 < j < & —1}.
Then by construction of the Singh compensator (3.50) we have for r = p; + 1,- -+, pa:

Zy1 = &2T_pl($,22, {v; | 1<:< Pl}) + i)z,—_m (.’22,22)'(1 if 6, > 2
) (A4)
v = &2r—p1(x) 221 {vi ‘ 1 S 1 S pl}) + b27‘—p1 (:E, 22)“ if 61‘ =2

Taking successive time-derivatives of the first equation in (A.4) and substituting (A.2),(A.3),
we see that given u we can reconstruct v, 41, --,9,,. Applying the above arguments re-
peatedly, we can prove that given u we can reconstruct vy, - - -, v, which establishes our

claim. -
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Proof of Proposition 3.2.25

Proposition 3.2.25 Consider a nonlinear system (8.1). Let zo € M be a strongly regular
point for (8.1). Consider a Singh compensator (3.50) around zo defined on U x 2 C
M x IR°, where U is a neighborhood of xo. Moreover, let

Zi = AZ+Bw (i=1,--,p")

ﬁl = ¢1(.’E,21,"',2p')+;$2i($,§1,"',2,,*)’l—); (Bl)
U = (i=p*+1,~-,m)

be another Singh compensator around z, defined on U x Z C M x Z, and assume that in the
construction of (B.1) the same permutation of controls is employed as in the construction
of (3.50). Then there exist open subsets V C Z and V C Z and a diffeomorphism ¥ :
U xV — U x V that transforms the system (3.1,3.50) defined on U x V into the system
(3.1,B.1) defined on U x V.

Proof Let zo € M be a strongly regular point for (3.1). Apply Singh’s algorithm, leading
to the Singh compensator (3.50). This yields a reordering §1, -, §n, §in of the outputs of
(3.1) such that for k=1,---,n

i = a(e, (5P |1 <i<k-1,i <) <kD+
| (B.2)
bz, (5P 11 <i<k-1,i<j<k—1}u

where by has full row rank over K. Apply Singh’s algorithm in another way, yielding the

Singh compensator (B.1). This yields a reordering #,- - -, s, ¥, of the outputs of (3.1)
such that for k=1,---,n

3 = e, 57 11<i<k-1,i<j <KD+
. (B.3)
B(e, {77 |1 <i<k—1,i<j <k —1}u
where by, has full row rank over K.

Consider (B.2) for k = 1 and define ¢y1(z,u) := () + by(z)u. Taking time-derivatives
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givesfor £=2,--- ,n:

ﬂgl) = let(ft, u, -, ult D) =

%ﬁ—‘l{f () + g(z)u] + ‘gj %{fﬁ-u"*” o
Note that we have for £ =1,--,n:
bz, uy -, u) = @Yz, u, - - -, ulD) 4 By (z)uléY (B.5)
Consider now (B.2) for k¥ = 2 and define
bz, u, 1) = az(z, du(z, w), bra(z, u, 1)) + ba(z, $ra(z, u))u (B.6)

Taking time-derivatives of (B.6), we obtain analogously to (B.4) the functions
Sae(z,uy- -+, ulD) (£=3,---,n). Note that for £ =2,---,n we have:

‘321(1‘7 Uy u(‘-l)) =
4‘;,2((1:1 Uy=oey u(l~3)1 q‘;ll(mv ’U.), T $ll(x7 Uy ooy u(lhl)))'*' (B'7)

ba(, dua(z, u))ultD

Repeating this procedure yields functions gre(z,u, -, uéD) (1 < k < n,k < € < n) of
the form

(zkl(xaua""u(l—l)) =
‘;;:l(x’ua"'1u(l_k-1)7{$ij($7ua' "7“0_1) | 1<i<k- 17i SJ < [})"' (BS)

Zk(z, {&;j(x,u,---,u(j’])) [1<i<k—1,i<j<k—1}ul®
Let 7 = Y% ,(n + 1 — i)p; and define the mapping & : M x R™ — M x IR" by

T

N -

¢kl(m, Uy oy u( 1)) >(15k$"v‘5157‘)

Consider a point (o, jo) := (2o, {#) |1 <i <n,i <j <n}) € M x IR" that satisfies
rank g By (zo,50) = px (k=1,---,n) (B.10)

&(z,u, -, uV) = ( (B.9)

We show that there exists an (o, uo, - - - ,uf,"'l)) € M x IR™, denoted by &~ (o, o), such
that

&’(301"407' ot au(()n-l)) = ( ;2 ) (B'll)

Define for £ =1,---,n:

By(z, {7 |1<i<n—-£i<j<n—1£})=
bi(z) (B.12)

burce(z, {§P |1 <i<n—6i<j<n—1})
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By (B.10) we have that (ug,--- ,ul"™) has to satisfy

7%
g
e
¢~>’u(zo, Ugy -+, u(()l_z)) (B.13)
‘;5,21+1 (.’Io, Ugy "+ ul()l_2)7 33103 ] gﬁ)‘*‘l)) +

Bi1—t(@oyuo, - ud D@ 1< i<n—£,i<j<n})
Byzo, {#@ |1 <i<n—0i<j<n—uf™

for£ =1,---,n. Note that by (B.10) the matrices By(zo, {g,fg" |[1<i<n—{i<j<n-{})
have full row rank over R (£ = 1,---,n). This means that from (B.13) (uo,---,uf,"—l))
can be solved in the following way. First consider (B.13) for £ = 1. Then the first term on
the right hand side of (B.13) does not depend on (u, - - ‘,ut(,"_l)). Since B} (o, {g}{," |1<
t <n—1,i <j <n—1}) has full row rank, we can solve uo from (B.13) for £ = 1. Next
consider (B.13) for £ = 2. The first term on the right hand side of (B.13) now does depend
on up, but not on (o, - -,u®). Since By(zo, {7 |1 <i<n—2,i <j<n—2}) has
full row rank, up can be solved form (B.13) for £ = 2, by first substituting the value of ug
that was found from (B.13) for £ = 1. Repeating this procedure, we solve (uo, - - ,u((,""l))

from (B.13). Note however, that in general (uo,- - -, u((,""l)) satisfying (B.13) is not uniquely
determined by (B.13).

If we consider the application of Singh’s algorithm leading to (B.3), we can analogously
define a mapping ® : M x R"™ — M x R".

Define the subsets (Mo x Jb), (Mo x o) of M x IR™ by
(Mo x Yo) = {(20,50) € M x IR" | rankrBy(zo,§o) = pr, k = 1,---,n}
- B (B.14)
(MO X yo) = {(Io,go) EMXx IR ] ra.nkRBk(l‘o,go) = Pk,k =1,--- ’n}

Obviously, (zo,%0) € (Mo x 5)0) for some §o € IR" if and only if z¢ is a regular point for
Singh’s algorithm. This justifies the definition of

(Mo x Yo)or. = {(z0,30) € (Mo x J) | zo is strongly regular}

_ ) (B.15)
(Mo X Yo)sr. = {(z0,90) € (Mo x o) | zo is strongly regular}
Consider the subsets ', N' C M x IR™™ defined by
.A7 = 6_1((M0 X yo)s.r.)
(B.16)

N = &7((Mo x Yo)sr.)
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Introduce the notation

Ex(@o, uo, -+, uf ™) = span r{dz, dj(xo), -, dy®(z0, w0, -, uf ")} (BAT)
For (zo, uo, - - ("—1)) € N it straightforwardly follows from (B.2) (see the proof of The-
orem 2.3 in [30]) that
. (n-1) k s = =
dimpg E(zo,uo,- -+, Uy ')= n+ Y rankpB;o ®(zo,uo," -, )=
=1
(B.18)
k _ .
n+ Y rankgBy o ®(zo, ug, - -, ué"_l))
=1
Hence we have for k =1,---,n:
rank g By o &)(xo, Ug, -+, u((,"_l)) = rankp By, 0 ®(zo, uo, - ug"l)) (B.19)

This implies that (zo, uo, - - ,u("_l)) € N and so N C N. Similarly, it can be shown that
N C N and hence we have established that &' = A.

For convenience, denote N = N = N. Let d = nm — Y i, pi and define S = (Mo x
5’0)5.;. x R, § = (M, x yo),,, x IR®. Permute the entries of u in such a way that for
k=1,---,n the matrix Bkl consisting of the first p; columns of Bk is invertible for every
(2o, yo) € (MoxYo)sr.. Note that by (B. 19) this implies that for k = 1,- - -, n also the matrix
By, consisting of the first px columns of By is invertible for every (a:o,yo) € (M x Yo)sur.-
Fork=0,---,n—1, let u( ) consist of the first Pk+1 entries of u(k) and uoz) of the remaining
m — pr41 entries of uy ) Define the mappings . : N = §, 8. : N — S by

&)(1‘01 Ugy -, ug_l))

> n— Uo2
q)e(an Ug, * 7“(() 1)) = .

uly™

(B.20)
B(go, o, ug V)

- n— Uo2
@c(mo,ug,'--,ug l)) = .

ufy ™V

Let (zo,uo,---,ul"™") € N. By analyticity of the data, S and § are open and dense
subsets of M x IR” x IR°. Th1s implies that there exist neighborhoods U,0 C M x
R x Rd of (x07507u02a . ’u(()2 ) = ¢ (zoau(h 7u(()n— )) and (l'o,yo,uoz, : )u02 )) =
i) e(Z0, o, * + +, Ug _1)) respectively, such that U C S, U C 8. 1t is readily checked that
&, and ®, are one-to-one and onto and that ®, and &, are meromorphlc functions.
This 1mphes that there exist neighboihoods Uy C N of (o, ug,- - ), Uo c U of
(2o, Go, Yoz, - - -y uby ) and Ty C U of (2o, fo, uea, - -+, uls ") such tha.t <I> : Up — Uy, ®. :
Uy — Uy are dlffeomorphlsms Define the dlﬂeomorphlsm ®:0, - Uybyd=9,0 @:1.

By the construction of @ respectively ® (see the proof of Proposition 3.2.24) there exist
F1s Vot V15 s Yory 61, -+, 6+ such that (after a possible permutation of the entries of
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&, respectively):

T
@(mo, Uoy us)n—l)) = g: (%o, uo,* -+ u(()n—l))
r
(B.21)
T
5(:50, Uo,***, u(()"_l)) = ;: (zo, uo," -+, u(‘)n—l))
Yr

where

iy = @GP 11<ipHm<i<E-1)
B o= G 1<i<pu<i<a-1)
g = @ 1<i<p)

g = M 11<i<pr)

g = @GP 11<i<p86+1<j<n)

g = (‘y§j)|15i5p*,6;+15j5n)

Note that by Lemma 3.2.22 and Proposition 3.2.24 we have dim §,, = dim§, = 0. Denote
ugZ = ('Ll.oz,"-,’ug;-'l). the sets (xvg‘rag&gnu&)? (xvy'vag&yr’“g?) form a set of local
coordinates for M x IR™ x IR, connected by the diffeomorphism ®. Note that the entries
of (§s,§-) and (¥s,y,) are the same. Moreover, note that the rows of djjs and djj, are

essential in &,. By Theorem 3.2.4 and Lemma 3.2.19 this means that
span x{dy,} C span x{dz,dj,} (B.22)
These facts imply that ® has the form

z
T (I)“r("f1 )

(2, G, s, Gry Uga) = ¥s (B.23)

’

Upg

Consider the mapping ¥ : M x IR° — M X IR° defined by
z

U(z,,) = . B.24
0= 5.05)) (B.24)

Since @ is a local diffeomorphism, it follows that there is a neighborhood U C M of z and
open subsets V,V C IR’ such that ¥ : U x V — U x V is a diffeomorphism.

Obviously,
‘i"v = A‘P.y(z’ i) + BI‘;& (B.25)
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with A = block diag(A;,-- -, A,), B = block diag(By, -, B,),and Ay, -+, A,+,B1,-++, Bpe
as defined in (B.1). For (z,u,- - ,u("‘li) € M x R"™, define m,(z,u,---,u® 1) = u. Com-
paring (3.48) and the construction of ®;, &, it follows that

ul L. s .

( u? ) (.’L‘,y,” ys,’uoz) = Wu@el(x) Yvy Ys, yr,ugz) (B'26)
al - 1/ - = = _J
a2 (1:1 Yvs y61u02) =m,®; (z, Yy Ys, yrvu02) (B'27)

From the definition of ® we then have

al o = o
( 1_[2 (13, Yy y51u02) = Wuq)e ! o (D(l', Yy Ys,s yr,ub,2) =

(B.28)

s L. . u! R
Wuq’el(z,ymyévyr,ublz) = ( u? ) (z, §r> Ts» o2)

(B.25) and (B.28) establish that ¥ transforms the system (3.1,3.50) defined on U x V into
the system (3.1,B.1) on U x V. -
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Proof of Proposition 5.0.11

Proposition 5.0.11 Consider a nonlinear system (5.2) and let zo be a regular point for
Algorithm 5.0.7 applied to (5.2). Let the clamped dynamics manifold N* of (5.2) around o
be given by N* = {z | ®(z) = 0}. Furthermore, consider a dynamic state feedback (3.42)
for (5.2) and let (o, 20) be a regular point for Algorithm 5.0.7 applied to (5.2,3.42). Then
there ezists a vector of functions ¥(z, z) such that M*, the clamped dynamics manifold of
(5.2,3.42) around (zo, 20), is given by M* = {(z,z) | ®s-(z) = 0, ¥(z, z) = 0}.

Proof Denote the submanifolds obtained while applying the clamped dynamics algorithm
to (5.2) and (5.2,3.42) by N (= {z | ®x(z) = 0}), Mi respectively. We will prove
by induction that we can find vectors of functions Wj(z,z) such that My = {(z,z2) |

€k(z,2) = 0}, with & (z,2) = < ‘I;I:'(‘gl) ) Obviously, we have No = {z | ®o(z) = 0},

M, = {(z,2) | éo(z,2) = 0}, with ®o(z) = &o(z,2) = h(z). Hence our claim holds for
k = 0. Now apply the first step of the clamped dynamics algorithm to (5.2), yielding
matrices A,(z), Bi(z), a vector of functions ®(z) and N, = {z | ®1(z) = 0}. Applying
the first step of the clamped dynamics algorithm to (5.2,3.42) yields:

bole,2) = B0(2)[f(2) + 9(2)(1(z,2) + 8(c, =)o) =

Ai(z) + Bi(z)y(z, 2) + Bi(z)8(z, z)v

(C.1)

Since (zo, 20) is a regular point for the clamped dynamics algorithm applied to (5.2,3.42),
By (z)é(z,2) has full rank 7 in a neighborhood of (zo,z0) in My. It is clear that 7 <
T = ra.nkB,(:r:) Moreover the rows of B,(z)8(z, z) are linearly dependent on the rows of
By (z)é(z, 2), since the rows of B,(z) are linearly dependent on the rows of Bj(z). Thus
we can permute the entries of {o(z,2) in such a way that the first 7, rows of By(z)é(z,2)
are linearly independent and the last (po — 1) entries of &o(z, z) consist of @o(z), i.e. we
can write (C.1) as

00z, 2) An(2) + Ba(2)y(z,2) | [ Bn(a)é(z,2)
0o(z:2) | = | An(a)+ Ba(e)r(a,2) | +| Bn(@)i(z,2) |v (c2)
dolz,2) Ai(@) + By(a)y(a, 2) By(2)6(z,2)

where (67,6%)T

a neighborhood of (zo,20) in Mp. Observe that (

consists of the entries of ¢o and B, (z)6(z, ) has full row rank #; in
o1(z)
o1(z)

has full row rank r; in a

[sviyev
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neighborhood of (2, 20) in Mo. Thus, we can rewrite qlgo(z, z) in (C.2) as

. 7 + pJ 1
bntar2) = )+ ) (520 )1 22 ) - (429 (©3)
s+ .
where ( g:: ) isa right.inverse of ( g‘: )

Let (B,1(x)8(z, z))* be a right inverse of B, (z)6(z, z). Let v = —(B,1(2)8(z, 2))* A ().
Then we find from (C.2):

( 5282 ) - ( An(z) - Bal(x)(Bfl(x)s(x,z))+/i,1(x) ) = ( a,(g,z) ) (C4)

Then M, is given as M; = z) | ®o(z) =0, éo(z,z) =0,5:(z,z) = 0}. Since Go(z,z) =

(2,
> +
0 on M; and (obviously) ( g:g; ) ( 3:2:3 ) = B (z)A(z), we find from (C.3) that
on M,

bo(2,2) = An(z) — Bu(2) B} (2) As(2) = u(2) (C.5)

Thus, M; = {(z,2) | ®o(z) = 0, d1(2) = 0,51(z,2) = 0}. Assume that (¢7(z),57 (z,z))7
has constant rank $; in a neighborhood of (2o, 20) in M;. Obviously, §; > s;. Since é1(z)
has constant rank s; in a neighborhood of (o, 20) in M, we can permute the entries of ¢;(z)
and 1(z, z) such that (¢11(x)," -, 10, (2),511(x, 2), - -, 815,-0, (%, 2)) are independent on
M,. Define @1(:1:) = (@g(z)’ ¢11($)7 T 7¢131(m))T’ \Ill(:t, z) = (&11(33,2'), Ty 01— (x’ z))T
Then we find M; = {(z,2) | ®1(z) = 0, ¥41(z, z) = 0}. Hence our claim also holds for k¥ = 1.
Using similar arguments as above, we can prove that our claim holds for k = 0,---, k*,

which completes the proof. -
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