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Preface 

Since 1985, numerous authors have worked on the solution of nonlinear decoupling problems 
via dynamic state feedback. It is the purpose of this monograph to give an overview of the 
state of the art. Furthermore the results are applied to Hamiltonian control systems. 

This monograph grew out of a research project performed at the Department of Applied 
Mathematics of the University of Twente. I gratefully acknowledge the support during 
this project of the two founding members of the Dutch Nonlinear Systems Group, Arjan 
van der Schaft and Henk Nijmeijer, who introduced me in the field of nonlinear control 
theory and who were always willing to lend me an ear. Furthermore, I thank Leo van der 
Wegen for many helpful discussions and for his contribution to the solution of the problems 
treated in part of Chapter 3 and in Chapter 4. 

Eindhoven, December 1993, 

Henri Huijberts. 
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Chapter 1 

Introduction 

"In SCIENCE -in fact, in most things- it is usually best to 
begin at the beginning. In some things, of course, it's better 
to begin at the other end. For instance, if you wanted to 
paint a dog green, it might be best to begin with the tail, as 
it doesn't bite at that end. " 

Lewis Carroll, Sylvie and Bruno concluded. 

The purpose of this monograph is to explain the role that is played by dynamic ( and 
static) state feedback in the solution of synthesis problems for nonlinear control systems. 
In particular we pay attention to the disturbance decoupling problem, the model matching 
problem and the input-output decoupling problem. 

In Section 1.1 a general introduction to some of the technical terms mentioned above is 
given. A basic tool that is used in this monograph, is differential geometry. In Section 1.2 
we give an overview of concepts from differential geometry that are used in this monograph. 
In Section 1.3 a survey of the rest of the monograph is given. Here we pay special attention 
to the new contributions of this monograph. 

1.1 General introduction 

Nonlinear control system 
A control system E is a part of the "real world" that is influenced by its environment 
via so called inputs and on its turn influences its environment via so called outputs. The 
inputs are divided in two groups. First, we have the inputs that we can control as we wish. 
These inputs are called controls and are denoted by u. Second, we have the inputs that we 
cannot control as we wish. These inputs are called the disturbances and are denoted by q. 
Also the outputs are divided in two groups. First, we have the outputs in whose behavior 
we are specifically interested. These outputs are called the outputs-to-be-controlled and are 
denoted by y. Second, we have the measurements that we can perform on the system. These 
outputs are denoted by 1/· Pictorally, this is given by Figure 1.1. In this monograph we are 
especially interested in nonlinear control systems (or briefly: nonlinear systems). These 
are control systems for which the interdependence of q, u, y, 1/ is described by equations of 
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4 Chapter 1. Introduction 

Figure 1.1: Control system 

the form 

:i:1 f1(x1,• .. ,xn)+ I: g;1(x1,·",Xn)u;+ f,p;1(x1,·",xn)q; 
i=l i==l 

'f/8 = k,(xi, ·", Xn) 

where f; ( i = 1, · · ·, n ), g;; ( i = 1, · · ·, m; j = 1, · · · , n ), Pii ( i = 1, · · · , r; j = 1, · · · , n ), h; 
(i = 1,···,p) and k; (i = 1,··•,s) belong to some function class and x; (i = l,···,n), u; 

( i = l, • · · , m) are time-dependent functions. The variables x1 , • • • , Xn are called the state 
variables of the system and :i:; denotes the time-derivative of x;, i.e., :i:; = (d/dt)x;. The 
system is initialized by choosing x;(O) = x;0 (i = 1, · · •, n). Defining 

( 
f1(x) ) ( h1(x) ) ( k1(x) ) 

f(x)= : , h(x)= : , k(x)= : , 
fn(x) hp(x) k,(x) 

( 
911 ~x) · · · 

g(x) = : 
91n(x) 

9mi_(x) ) ( Pn_(x) · · · Pri~x) ) 
: ' p(x) = : : ' 

9mn(x) P1n(x) Prn(x) 



1.1. General introduction 

q 
V ~ - Q 

T/ u 

Figure 1.2: Feedback control system 

we write (1.1) in the compact form 

J(x) + g(x)u + p(x)q 
h(x) 
k(x) 

Static and dynamic state feedback 

5 

y 

T/ 

(1.2) 

Consider a nonlinear control system of the form (1.2). In control theory, one is interested 
in the question how the controls u of the system should be chosen to assure that the 
outputs-to-be-controlled y meet some prespecified requirements. To make this more clear, 
we consider the example of a rigid robot arm. Typically, for such a system the controls are 
the torques that can be applied at the joints. If the aim is to let the endpoint of the robot 
arm follow a certain prespecified path, we take as outputs-to-be-controlled the (Cartesian) 
coordinates of the endpoint. With these sets of controls and outputs-to-be-controlled the 
behavior of the robot arm can be described via equations of the form (1.2) (see e.g. [5]). 
The question then is how to choose the controls in order that the endpoint follows the 
prespecified pa.th, and remains close to it if disturbances are present. 

In the control problems that we will encounter in this monograph, the solution to the 
problem comes down to changing the structure of the system (that is, the form of the 
equations (1.2)) by an appropriate choice of the controls u. Very often ( and this monograph 
will be no exception) this is done via feedback. To make the idea of feedback clear, consider 
Figure 1.2. We see that the measurements T/ are fed back to Q, and, based on the value of 
T/, Q "decides" by some kind of rule what the control u for the system~ should be. The 
signal v in Figure 1.2 indicates a set of new controls that can be used to achieve further 
control objectives. 

Above, we have been a bit vague about the form of Q. We will be more specific now. We 
will especially be interested in two types of feedback for a system (1.2). First, we assume 
throughout that the whole state vector of the system can be measured, i.e., in (1.2) we 
have s = n and T/t = x1, · · ·, T/n = Xn- Therefore, in what follows we do not explicitly 
mention the measurements T/ any more and the outputs-to-be-controlled y will be simply 
referred to as the outputs y. 

A static state feedback is a feedback of the form 

u = a(x) + ,B(:r)v (1.3) 
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where 

with v denoting the new controls to the system. The adjective "static" indicates the fact 
that the feedback (1.3) decides what the value of u at a time-instance t should be only on 
the basis of what the value of x and v at that specific time-instance is. In this sense (1.3) 
could also be called a memoryless feedback. If we also incorporate some kind of memory 
in the feedback, we arrive at what is called a dynamic state feedback. This is a feedback of 
the form 

where 

a(x,z) + f3(x,z)v 
1 (x, z) + 8(x, z)v 

Here a part of z1 , • • • , z,, can be interpreted as the memory of the feedback. 

Disturbance decoupling problem 

(1.4) 

A problem occurs when there are disturbances q entering the system that influence the 
outputs y. In this case the behavior of the outputs is unknown, since (by definition) 
the behavior of the disturbances is unknown. To tackle this problem, a first step in the 
controller design is to change the structure of the system (that is, the form of the equations 
(1.2)) via a static state feedback (1.3) or a dynamic state feedback (1.4) in such a way that 
the disturbances no longer influence the outputs. 

The disturbance decoupling problem is thus defined as follows: given a system of the form 
(1.2), find (if possible) a static state feedback (1.3) or a dynamic state feedback (1.4) such 
that for the resulting system (1.2,1.3) (or (1.2,1.4)) the disturbances q no longer influence 
the outputs y. 

Input-output decoupling problem 
Consider a system (1.2), for which the number of controls equals the number of outputs 
(i.e., in (1.2) we have p = m ). Moreover, assume that there are no disturbances entering the 
system, i.e., in (1.2) we haver= 0. The input-output decoupling problem for this system is 
defined as: find (if possible) a static state feedback (1.2) or a dynamic state feedback (1.4) 
for (1.2) such that for the resulting system (1.2,1.3) (or (1.2,1.4)), with controls v1 , • • •, Vm 

and outputs y1 , • • ·, Ym, the control v; (i = 1, · · ·, m) does influence the output Yi, but does 
not influence the other outputs Yi,···, Yi-1, Yi+l, · · ·, Ym· 
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Having designed a static ( or dynamic) state feedack that solves the input-output decoupling 
problem, the control of the outputs of the system is greatly facilitated. Namely, if we want 
a certain output to behave in a certain way, it suffices to manipulate the control v;, whilst 
we do not have to worry that any changes in the control v; have a negative influence on 
the behavior of the other outputs YI,· · · , Yi-I, Yi+I, · · · , Ym • 

Model matching problem· 
The input-output behavior of a system of the form (1.2) without disturbances (i.e., r = 0) 
is the set of all possible input-output trajectories (u(t),y(t)) that the system can produce. 
Now consider a system of the form (1.2), that we will call the plant P. It may be that 
the input-output behavior of P has some undesirable properties and that we would like 
to achieve some other (nicer) structure, say the input-output behavior of some fictitious 
system of the form (1.2), that we call the model M. The question if this is possible and, if 
the answer is positive, how this could be achieved is known as the model matching problem. 
It will become clear that the model matching is related to the disturbance decoupling 
problem. 

1.2 Overview of differential geometry 

In this section an overview is given of concepts from differential geometry that are used 
in this monograph. Standard references on differential geometry are [1],[2],[8],(16],[42],(92] 
(see also (61 ],[81]). An easily accessible account on differential geometry is (18]. Some 
concepts in this overview are taken from [61],[81],[42], [92]. 

Consider the space JR_N with Euclidean norm II · II defined by llxll = (I:~I xn½. A subset 
U C JRN is called an open subset of JR_N if for every x E U there exists an t > 0 such 
that {x E JR_N I llx - xii < t} C U. For x E JR,N, an open subset U C JR_N containing 
x is called a neighborhood of x. Let U be a (not necessarily open) subset of JR_N_ A 
subset [JC U is called a relatively open subset (or briefly: open subset, when no confusion 
arises) of U if there exists an open subset [r of JRN such that [r n U = U. Note that 
a relatively open subset need not be an open subset of JR_N. For example, take N = 2, 
U = {x E IR,2 I X2 = 0}, [J = {x E JR2 I -1 < xI < 1,x2 = 0}. For x EU, a relatively 
open subset [J of U containing x is called a neighborhood of x in U. 

Let U, V be subsets of JR_N and consider a mapping <l> : U -+ V. <l> is called continuous 
if the inverse image of every open subset of V is an open subset of U. If U is open, <l> is 
called smooth if it has continuous partial derivatives of all orders. If U is not open, <l> is 
called smooth if for every x E U there exists a neighborhood [J of x in JR_N and a smooth 
mapping \JI : [J -+ V such that \JI equals <l> on U n U. The set of smooth real-valued 
functions on U is denoted by C00 (U). <l> is called a diffeomorphism if 4>-I : V -+ U exists 
and both <l> and 4>-I are smooth. 

A subset M C JR_N is called a man if old of dimension n if there exist an index set J, 
relatively open subsets U; (i E J) of M, open subsets V; (i E I) of JR_n and diffeomorphisms 
¢,; : U; -+ V; (i E /), such that Uiei U; = M, and, whenever U; n Uj =J. 0 (i,j E I), the 
mapping <pj;: ¢,;(U; n Uj)-+ </,j(U; n Uj) defined by </,j;(y) = </,jo¢,-;1(y) is a diffeomorphism. 
For every i E J, the pair (U;, </J;) is called a local coordinate chart on M, and the collection 
A= { (U;, </J;) J i E J} is called an atlas on M. A subset N of M is called a submanifold of 



8 Chapter 1. Introduction 

M if N itself is a manifold. 

For x E JR:', the tangent space TxIR:' at x is the set of tangent vectors to JR:' at x ( and 
so, TxIR:' is a copy of JR,n). The natural basis of TxlR,n is denoted by {~lx,···,~lx}-

ux1 uXn 

Consider a manifold M of dimension n and let m E M. Let (U, </J) be a local coordinate 
££:.. chart around m. For r E T,t,(m)JR,n, define </J*(m)r .- &x (</J(m))r. The tangent space 

TmM of Mat mis defined as 

(1.5) 

The elements of TmM are called tangent vectors at m. Since <P is a diffeomorphism, the 
mapping </J*(m) : T,t,(m)IR:' -+ TmM is a linear isomorphism. Hence the vectors e!, Im:= 

</J*(m) 8!,l<1>(m) (k = 1,--·,n) form a basis ofTmM. The set TM= {(m,r) Im E M,r E 
TxM} is called the tangent bundle of M. 

Remark 1.2.1 It can be shown that the above definition of TmM coincides with the 
intuitive notion of a tangent space to a surface in JR,N. Moreover, it can be shown that the 
definition of TmM is independent of the local coordinate chart around m that is chosen 
(see e.g. [42]). ■ 

A vector field on M is a mapping r that assigns to each m E M a tangent vector r( m) E 
TmM. r is called a smooth vector field if for each m E M there exists a local coordinate 
chart (U, </J) around m and functions r1 , • • •, Tn E C00(U) such that for all m E U we have 
r(m) = Li=l r;(m) 8!,lm- The set of smooth vector fields on Mis denoted by V(M). 

Fork = 1, · · ·, n, let rk denote the natural coordinate functions on JR:', i.e., rk(a1, ···,an) = 
ak- The functions x; = r; o </J (i = 1, • • •, n) are called local coordinate functions and the 
values x1(m), -- ·, Xn(m) of a point m E U are called the local coordinates of m. Let 
F: M-+ JR, be a map. Then F yields a function F: </J(U) -+ JR defined as F = F o <jJ-1, 
that is, for m E U: F(m) = F(x1(m), · · ·, Xn(m)). The function F is called the local 
representative of F. It is customary to use the same letter" F" for F defined on M and 
for F, its expression in local coordinates. Hence instead of F(x1(m), · • • ,xn(m)) we write 
F(x1(m), • • •, xn(m)). Furthermore, usually we delete the dependence on m, and write 
F(x1, · · ·, xn), where (x 1, • • ·, xn) are the local coordinates of some (unspecified) point m E 
U. Consider a smooth vector field r on M, on U given by r(m) = Li=I r;(m) 8!,lm- The 

expression of r in local coordinates is denoted by r(x1, · · ·, xn) = Li=I r;(x1, · · ·, xn) e!, Ix 
or, briefly, r(x) = I:;'.,,,1 r;(x) 8!, Ix, where r;(x1,--•,xn) is the expression of T; in local 
coordinates. A vector field r E V(M) given in local coordinates, is often identified with 
the n-dimensional column vector col( r1 ( x), · · · , r n ( x)). 

A smooth curve a on M is a smooth mapping a : ( a, b) -+ M, where ( a, b) is an open 
interval of JR,. Fort E (a, b), let (U, </J) be a local coordinate chart around a(t) EM. Define 
u(t) E Tu(t)M by the conventional limit (in local coordinates) 

. ( ) 1. a( t + h) - a( t) 
a t = 1m h h-o 

(1.6) 



1.2. Overview of differential geometry 9 

u is called an integral curve of a given vector field f on M if &(t) = f(u(t)) for all t E (a, b). 
In local coordinates x1, · · · ,xn this just means that u(t) = (u1 (t), · · · ,un(t)) is a solution 
of the set of differential equations 

(1. 7) 

where f is identified with the column vector col(fi, · · ·, fn). So, to a vector field f given 
in local coordinates we associate in a one-to-one way the set of differential equations 

{ 
~1(t) 7 f1(x1,· ·· ,xn) 

Xn(t) = fn(Xi, · · ·, Xn) 

also abbreviated as :i: = f(x). 

(1.8) 

For any two u,T E V(M), in local coordinates given by u(x) = col(u1(x),··•,un(x)), 
T(x) = col( T1(x), · · ·, Tn(x )) the Lie bracket [u, Tj is defined by (in local coordinates): 

(1.9) 

OT (T OUT ax -ax 
If u, T E V(M), then also [u, T] E V(M). V(M) endowed with the Lie bracket [·, •] has a 
special algebraic structure: 

Definition 1.2.2 Lie algebra 
A pair (V, [·,·])is called a Lie-algebra (over JR) if Vis a vector space over JR with a product 
[ ·, ·] : V x V - V that has the following properties for all v, w, z E V: 

[v,w] = -[w,v] (skew -symmetry) 

[v, [w, z]] + [z, [v, w]] + [w, [z, v]] = 0 (Jacobi - identity) 

(1.10) 

(1.ll) 

(1.12) 

1111 

It can be shown that (V(M), [·,•])(with[·, •] the Lie bracket defined in (1.9)) is a Lie-algebra 
(over JR). 

The cotangent space T:;.M of M at m is defined as the dual space of TmM, i.e., the 
space of linear mappings w : TmM - JR. The elements of T:;.M are called cotangent 
vectors at m. If w E T:;.M, then the value of w at TE TmM is denoted by <w,T> (or 
w(T)). Let T1, · · ·, Tn be a basis for TmM. Then the unique basis w1, · · · ,wn of T;,.M which 
satisfies <w;, Tj>= O;j, is called the dual basis of T:;.M with respect to T1, • · •, Tn, Given a 
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coordinate chart ( U, ¢,) around m, the dual basis with respect to a!, Im, · · · , at Im is denoted 
by d¢,1lm, · · · ,d¢,nlm- The set T•M = {(m,w) Im E M,w E T,;.M} is called the cotangent 
bundle of M. A covector field (or one-form) w on M is a mapping that to each m E M 
assigns a cotangent vector w(m) E T,;.M. w is a smooth covector field if for each m E M 
there exists a local coordinate chart ( U, ¢,) around m and functions wi, • • · , Wn E C00 ( U) 
such that for all m E U we havew(m) = I:~1 w;(m)d¢,;lm• The set of smooth covector fields 
on Mis denoted by V*(M). Let w E V*(M). The expression of w in local coordinates is 
denoted by w( x) = Li=l w;(x )dx;lx, where w;( x) is the expression of w; in local coordinates. 
A covector field w E v•(M) given in local coordinates, is often identified with the n­

dimensional row-vector (w1(x) · · · wn(x)). For r E V(M), w E v•(M), the smooth 
function <w,r>: M -4 JR is defined by <w,r> (m) =<w(m),r(m)>. Note that in local 
coordinates <w, r> is just the product of the row vector w and the column vector r. With 
every FE C 00 (M) we can associate a covector field dF by defining (in local coordinates) 
dF( x) = Li=l :: ( X )dx;lx• 

Definition 1.2.3 Lie derivative 
Let r E V(M). Then the following Lie-derivatives may be associated to r (the definitions 
are given in local coordinates): 

(1.13) 

{ii} Cr : V(M) -4 V(M): 

(1.14) 

{iii} Cr : V*(M) -4 V*(M): 

(1.15) 

where "T" denotes the transpose. • 
The three types of Lie derivatives are related by the Leibniz formula: 

(1.16) 

A distribution~ on Mis a mapping that assigns to each m EM a linear subspace of TmM. 
~ is called a smooth distribution if for each m E M there exist a neighborhood U C M of 
m and a set of smooth vector fields r;, i E J, with I some (possibly infinite) index set, such 
that ~(m) = span R{r;(m) Ii E J} for every m EU. In the sequel distribution will always 
mean smooth distribution. If { r; I i E J} is a set of smooth vector fields on M, then their 
span, denoted by span { r; I i E J} is the distribution defined by 

span {r; Ii EI}: m -4 spanll{r;(m) Ii E J} (m EM) (1.17) 
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The sum and intersection of two distributions ~ 1 and ~ 2 are defined as: 

~1 + ~2: m-+ ~1(m) + ~2(m) (m EM) 

~1 n ~2: m-+ ~1(m) n ~2(m) (m EM) 

11 

(1.18) 

(1.19) 

Note that the sum of two smooth distributions is a smooth distribution again, but that the 
intersection need not be smooth. A vector field r on M is said to belong to a distribution 
~, denoted by r E ~, if for every m EM we have r(m) E ~(m). A distribution ~ 1 is said 
to be contained in a distribution ~ 2, denoted by ~ 1 C ~ 2, if every vector field belonging 
to ~ 1 also belongs to ~ 2. The dimension of a distribution ~ at m E M is the dimension of 
the linear subspace ~( m ). A distribution is called constant dimensional if the dimension of 
~(m) does not depend on the point m EM. If~ is a distribution of constant dimension, 
say k, then for every m E M there exist a neighborhood U C M of m and vector fields 
r1 ,···,Tk E V(M) such that for every m EU: ~(m) = spanR{r1(m),···,Tk(m)}. A 
distribution ~ is called involutive if [u, r] E ~ whenever u, r E ~- If~ is not involutive, 
there always exists a smallest involutive distribution containing ~- This distribution is 
called the involutive closure of ~ and is denoted by t.. 

A submanifold N of M is an integral manifold of a distribution ~ on M if TmN = ~(m) 
for every m E N. A k-dimensional distribution~ on Mis integrable if around any m EM 
there exists a coordinate chart (U, </J) such that 

(1.20) 

~ as in (1.20) is called a flat distribution in the local coordinates <p. Note that the integral 
curve of a vector field f -/= 0 we encountered before is an integral manifold of the one­
dimensional distribution span {J}. 

Theorem 1.2.4 Frobenius theorem {local version) 
A constant dimensional distribution ~ is integrable if and only if it is involutive. Ill 

The Frobenius theorem states that for a constant dimensional distribution ~ involutivity 
is equivalent to the existence, for every m E M, of a coordinate chart (U, </J) around m, 
with </J(m) = 0, </J(U) = (-E,E) X ··· X (-E,E) (E > 0), such that for every ak+1,···,an, 
smaller in absolute value than E, the submanifold 

(1.21) 

is an integral manifold of ~- Moreover every integral manifold is locally of this form. 

There also exists a global version of the Frobenius theorem. For details, we refer to [92]. 

A codistribution n on M is a mapping that assigns to each m E M a linear subspace of 
T;,.M. n is called smooth if for each m E M there exist a neighborhood UC M of m and 
a set of smooth covector fields w;, i E J, with J some (possibly infinite) index set, such 
that !1(m) = spanR{w;(m) Ii E J} for every m EU. If~ is a distribution on M, then its 
annihilator, denoted by ann ~, is the codistribution defined by 

ann ~(m) = span R{w(m) I w is a covector field s.t. < w, r >= 0, Vr E ~} (1.22) 
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If n is a codistribution on M, then its kernel, denoted by Kern, is the distribution defined 
by 

KerS"l(m) = spann{T(m) IT is a vector field s.t. < w,T >= 0,Vw En} (1.23) 

In general the annihilator and kernel need not be smooth. However, if ~ and n are 
smooth and constant dimensional, then so are ann ~ and Kern, while Ker ann ~ = ~. 
annKern = n. (see e.g [81]). 

Remark 1.2.5 In the sequel we use the following shorthand notation 

{i) If Fi,•••, Fp E C00 (M), the codistribution span { dF1 , • • ·, dFp} will be denoted by 
span { dF}, while Ker dF denotes Ker span { dFi, · · · , dFp}. 

{ii) If~ is a distribution and Ta vector field on M, then [T, ~) denotes the distribution 
span{[T,cr) I er E ~}. 

{iii) a!, denotes a!, I,. and dx; denotes dx;I,.. • 
1.3 Organization of the monograph 

The monograph is organized as follows. 

Chapter 2 The theory on the linear and nonlinear disturbance decoupling problem via 
(regular) static state feedback (DDP) is recapitulated, based on [110) for the linear case and 
[61],[81] for the nonlinear case. The solution in the linear case is obtained by introducing the 
concept of a ( controlled) invariant subspace. In the nonlinear case, the solution is obtained 
by introducing the concept of a locally ( controlled) invariant distribution, a nonlinear 
generalization of a ( controlled) invariant subspace. The solutions in the linear and nonlinear 
case show clear analogies. However, there are also some differences, which are indicated at 
the end of the chapter. 

Chapter 3 We first repeat the theory on the strong input-output decoupling problem via 
regular static feedback (SIODP), following [81],[61). For systems for which the SIODP is 
solvable, a local normal form is obtained. This new result was derived by Huijberts and 
Van der Schaft in [59] (see also [69]). 

For the treatment of the strong input-output decoupling problem via regular dynamic 
state feedback (SDIODP) an algebraic theory for nonlinear control systems is reviewed. 
The presentation closely follows [30] (see also [35),[361). A convenient way of performing the 
necessary calculations in this algebraic theory is provided by Singh's algorithm ([901). The 
version of Singh's algorithm presented here is from [30). Based on the algebraic theory a 
definition of a regular dynamic state feedback is given ([72),[30]). Singh's algorithm applied 
to a nonlinear control system provides a special sort of regular dynamic state feedback, 
that will be called a Singh compensator. The definition of a Singh compensator can be 
found in a series of papers by Huijberts, Nijmeijer and Van der Wegen [51),[52],[53],[54) 
(see also [91]). In general, there exists more than one Singh compensator for a nonlinear 
control system. It is shown that every Singh compensator has the same dimension. This 
result is from [54). Moreover, it is shown that a nonlinear control system equipped with 
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one specific Singh compensator is state space equivalent to the same system equipped with 
another Singh compensator. This result is new. A first step in proving this result was 
taken in [107]. 

A solution of the SDIODP is given, using the algebraic theory introduced before. This 
solution can be found in [30],[61],[71],[78],[81]. It is shown that the SDIODP is solvable if 
and only if it is solvable via a Singh compensator. Moreover, it is shown that a Singh com­
pensator is a regular dynamic state feedback of minimal dimension solving the SDIODP. 
This means that the dimension of every regular dynamic state feedback that solves the 
SDIODP is greater than or equal to the dimension of a Singh compensator. This last 
result is new and is taken from a paper by Huijberts, Nijmeijer and Van der Wegen [54]. 

Chapter 4 The new problem of disturbance decoupling via regular dynamic state feed­
back (DDDP) is formulated and solved. It turns out that the problem is solvable if and 
only if it is solvable via a Singh compensator. Geometric conditions for solvability that 
are reminiscent of the conditions for solvability of the DDP (see Chapter 2) are also given. 
Moreover, algebraic conditions for solvability in terms of the algebraic structure at infinity 
([71]) are given. Analogously to the DDDP, the disturbance decoupling problem via regu­
lar dynamic state feedback and disturbance measurements (DDDPdm) is formulated and 
solved, and moreover geometric and algebraic conditions for solvability of the DDDPdm 
are given. This chapter is based on a series of papers by Huijberts, Nijmeijer and Van der 
Wegen [51],[52],[53]. 

Chapter 5 In Chapter 2 the notion of a ( controlled) invariant subspace for a linear system 
was generalized to nonlinear systems via the notion of a locally (controlled) invariant 
distribution. In this chapter another generalization, that of a locally (controlled) invariant 
submanifold, is introduced. This leads to the introduction of the clamped dynamics and 
the clamped dynamics algorithm for a nonlinear control system. These notions were first 
identified, in the single-input single-output case, in [11],[67]. For the multi-input multi­
output case they were further elaborated in [12],[64],[101],[104]. A new result is given that 
establishes a connection between the clamped dynamics of a nonlinear control system and 
the clamped dynamics of this system together with a dynamic state feedback. This result 
was first derived by Huijberts in [50]. Also a result from [102], that gives a connection 
between the clamped dynamics algorithm and Singh's algorithm, is stated. 

Chapter 6 The disturbance decoupling problem via nonregular dynamic state feedback 
(nDDDP) and the disturbance decoupling problem via nonregular dynamic state feedback 
and disturbance measurements (nDDDPdm) are formulated. For both problems an algo­
rithm for solving the problems is given. These algorithms are based on Singh's algorithm 
and the clamped dynamics algorithm from Chapters 3 and 5, respectively. The results in 
the chapter are taken from a paper by Huijberts [50]. 

Chapter 7 The nonlinear model matching problem (MMP) is formulated. Sufficient con­
ditions for solvability of the MMP from [31],[73] are given. It is shown that the solvability 
of the MMP is equivalent to the solvability of an associated disturbance decoupling via 
nonregular dynamic state feedback and disturbance measurements. This result can be 
found in a paper by Huijberts [50] (see also [31]) and forms a nonlinear generalization of 
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results obtained in [76],[33] in the linear case. Based on the theory developed in Chapter 
6 and this result necessary and sufficient conditions for solvability of the MMP are given. 

Another new set of necessary and sufficient conditions for the solution of the MMP is given 
in case the SIODP is solvable for the model. It is also shown that under generic conditions 
on the plant the MMP is solvable around equilibrium points for the plant and the model 
if and only if it is solvable for the linearizations of the plant and the model around these 
equilibrium points. As an important intermediate step, it is shown that, under generic 
conditions, the SDIODP is solvable for a system around an equilibrium point if and only if 
the SDIODP is solvable for the linearization of this system around the equilibrium point. 
These results are from a paper by Huijberts and Nijmeijer [55]. The theory is illustrated 
via two examples from a paper by Huijberts [48]. 

Chapter 8 A special class of nonlinear control systems, the Hamiltonian control systems, is 
introduced. The concept of a Hamiltonian control system was introduced in [9] and further 
elaborated in e.g. [98]. The exposition closely follows Chapter 12 of [81]. The structure 
of Hamiltonian systems for which the SIODP is solvable is investigated. It is shown that 
the clamped dynamics of a Hamiltonian system for which the SIODP is solvable constitute 
a Hamiltonian system without inputs. This result is taken from [100],[103] (see also [81]) 
and is based on Dirac's theory of constrained Hamiltonian systems [32]. The result is 
used t.o give conditions for the solvability of the SIODP with stability for Hamiltonian 
systems. These conditions are taken from a paper by Huijberts and Van der Schaft [59]. 
Also the question to what extent a strongly input-output decoupled Hamiltonian still has 
a Hamiltonian structure is investigated. Up till now a complete answer to this question 
is not known, but in some particular cases the solution is obtained. Based on this a 
conjecture is stated. The conjecture and the treatment of the special cases are based on 
unpublished joint work by Huijberts and Van der Schaft. If the conjecture holds true, 
it may provide important structural information in the solution of synthesis problems for 
Hamiltonian control systems. This is illustrated via the model matching problem with 
prescribed tracking error for Hamiltonian control systems. This illustration is taken from 
a paper by Huijberts [47]. 



Chapter 2 

Controlled invariance and 
disturbance decoupling via static 
state feedback 

In this chapter we treat the disturbance decoupling problem via (regular) static state 
feedback for linear and nonlinear systems. Instrumental in the solution of the problem in 
the linear as well as in the. nonlinear case is an appropriate notion of (controlled) invariance. 
This notion is introduced. In Section 2.1 we first treat the linear case, while in Section 
2.2 the nonlinear case is discussed. Moreover in this section we discuss the analogies and 
differences between the solutions in the linear and nonlinear case. 

For linear syst~ms the notion of controlled invariance and its use in the solution of the 
disturbance decoupling problem dates back to the end of the sixties, see (6],(111]. A 
detailed account of the use of controlled invariance in linear synthesis problems is given 
in (110]. When no specific references are given, the results in Section 2.1 can be found in 
(110] (and the references therein). The nonlinear generalization of the notion of controlled 
invariance together with its applicability in various nonlinear synthesis problems ( amongst 
which the disturbance decoupling problem) has been initiated in the beginning of the 
eighties in (45],(63]. When no specific references are given, the results in Section 2.2 can 
be found in (61],[81] and the references therein. 

2.1 The linear case 

Consider a linear time-invariant system of the form 

{ x = Ax + Bu + Eq 
y = Cx 

(2.1) 

with states x E /Rn, controls u E /Rm, disturbances q E /Rr, outputs y E ]RP and A, B, C, E 
matrices of appropriate dimensions with constant coefficients. 

For a given initial condition x(0) = x0 E /Rn, given control functions u(t) (t 2 0) and given 
disturbance functions ij(t) (t 2 0) the outputs y(t,x0 ,u,ij) of (2.1) at time t 2 0 are given 
by the well known variation of constants formula 

t t 

y(t,xo,u,ij) = CeA1Xo + J CeA(t-T)Bu(r)dr + J CeA(t-r)Eij(r)dr (2.2) 
0 0 

15 
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Remark 2.1.1 (i} Throughout we assume that the controls u(•) belong to the class of 
piecewise continuous functions and that the disturbances q( ·) belong to a sufficiently 
large class of functions (for example £f0 c) such that the expression (2.2) is well­
defined. 

{ii} By the time-invariance of the system (2.1), we may take, without loss of generality, 
the initial time equal to zero. ■ 

In the disturbance decoupling problem via static state feedback for the system (2.1) we look 
for a static state feedback 

u = Fx+Gv (2.3) 

where F, G are matrices of appropriate dimensions with constant coefficients and v E JR"' 
denotes the new controls to the system, such that after application of this feedback the 
outputs are independent of the disturbances, i.e., the last term in (2.2) vanishes for A 
replaced by A+ BF. We give a formal definition: 

Definition 2.1.2 Disturbance decoupling problem via static state feedback 
(DDP) 
Given a system (2.1), under what conditions does there exist a static state feedback (2.3) 
such that for the system (2.1,2.3) the outputs are independent of the disturbances? ■ 

To arrive at necessary and sufficient conditions for the solvability of the DDP we define 
the notion of a (controlled) invariant subspace for (2.1). 

Definition 2.1.3 {Controlled) invariant subspace 

{i} A subspace V C /Rn is said to be an invariant subspace for (2.1) if 

AVcV (2.4) 

{ii} A subspace V C F is said to be a controlled invariant subspace for (2.1) if there 
exists a linear map F : F ---> JR"' such that 

(A+BF)V CV (2.5) 

■ 

Condition (2.5) can be verified by checking the solvability of a linear matrix equation. 
The following lemma gives an equivalent but easier verifiable characterization of controlled 
invariance. 

Lemma 2.1.4 A subspace V C F is a controlled invariant subspace for {2.1} if and only 
if 

AV c V+ImB (2.6) 

■ 
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Given a controlled invariant subspace V, the set of friends of V, denoted by :F(V), consists 
of all linear maps F : JR!' - IR!" satisfying (2.5). A map F E :F(V) is said to render V 
invariant for {2.1). 

Let a subspace KC ]Rn be given and let J(A, B; K) denote the set of controlled invariant 
subspaces contained in K. Suppose V1 , V2 E J(A, B; K) and define V1 + V2 := { v = vi+ v2 I 
v1 E V1, v2 E V2}. Then, using (2.6), it can easily be checked that also V1 + V2 E l(A, B; K). 
Furthermore, the subspace {0} is trivially contained in K and satisfies (2.6). This implies 
in particular that l(A, B; K) contains a unique maximal element V*(A, B; K), meaning 
that V*(A, B; K) E J(A, B; K) and for any V E J(A, B; K): V c V*(A, B; K). V*(A, B; K) 
can be constructed by means of the algorithm given below. In the algorithm we employ 
the following notation. Given a subspace V C !Rn, we define VJ. := { z E JR!' I zT v = 
0,Vv EV}. 

Algorithm 2.1.5 Controlled invariant subspace algorithm 
Consider the system (2.1) and let a subspace KC !Rn be given. Define the subspaces W" 
(µ = 0, 1, 2, · · ·) according to 

wo = K,J. 

Theorem 2.1.6 Consider Algorithm 2.1.5. The subspaces W" (µ 
W"+l :J W" and for some k* ~ dim(K): 

wk'= wk'+l = ... 

and 

(2.7) 

II 

0, 1, 2, · · ·) satisfy 

II 

Now let us return to the DDP. Of crucial importance in the solution of this problem is the 
controlled invariant subspace V*(A, B; Ker C). When no confusion arises, we denote this 
subspace by V* in the sequel. The solution of the DDP is given by the following theorem. 

Theorem 2.1.7 The DDP is solvable for {2.1} if and only if 

Im£ CV* (2.8) 

where V* = V*(A, B; Ker C), the maximal controlled invariant subspace for (2.1} that is 
contained in KerC. Moreover, any static state feedback (2.3} with F E :F(V*) and an 
arbitrary G solves the DDP for {2.1}. 11 
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Remark 2.1.8 (i} Note that the choice of G is free in (2.3). One will often choose G to 
be an invertible matrix, reflecting the fact that after we have solved the DDP we still 
have m independent controls. Note that we can find F in (2.3) by solving a linear 
matrix equation. 

(ii} One might wonder if by allowing for a more general type of feedback, e.g. a dynamic 
state feedback of the form 

Kz+Lx+Mv 
Rz + Sx+Tv 

(2.9) 

with z E JRv for some II and v E JRm denoting the new controls, we can render 
the outputs independent of the disturbances under less restrictive conditions than 
(2.8). The answer to this question is negative. In fact one can easily show that the 
disturbance decoupling problem is solvable via a feedback (2.3) if and only if it is 
solvable via a feedback (2.9) (cf. [7]). For nonlinear systems a similar result does not 
hold any more, as we will see in the following section. ■ 

A problem closely related to the DDP is the disturbance decoupling problem via static 
state feedback and disturbance measurements (DDPdm). In this problem we assume that 
we can measure the disturbances entering the system. We use this extra information by 
adding a feedthrough term to the feedback (2.3), i.e., we allow for a control of the form 

u = Fx+Gv+Hq (2.10) 

This leads to the following definition: 

Definition 2.1.9 Disturbance decoupling problem via static state feedback and 
disturbance measurements (DDPdm) 
Given a system (2.1}, does there exist a static state feedback with disturbance feedthrough 
(2.10} such that for the system (2.1,2.10} the outputs are independent of the disturbances? 

Analogously to the proof of Theorem 2.1.7 we can prove: 

Theorem 2.1.10 The DDPdm is solvable for (2.1} if and only if 

lmE C V*+lmB 

■ 

(2.11) 

where V* = V*(A, B; Ker C), the maximal controlled invariant subspace for (2.1} that is 
contained in Ker C. Moreover, any static static state feedback with disturbance feedthrough 
(2.10}, with F E F(V*), H satisfying lm(E + BH) C V* and an arbitrary G solves the 
DDPdmfor (2.1). ■ 
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2.2 The nonlinear case 

Consider an analytic nonlinear time-invariant system of the form 

{ x = f(x) + g(x)u + p(x)q 
y = h(x) 

19 

(2.12) 

where x = (xi,•••, xnf are local coordinates for the state space manifold M, u E 1R"', q E 
F, y E R", g(x) = (g1(x) · · · 9m(x)), p(x) = (p1(x) · · · Pr(x )), h(x) = col(h1 (x), · · ·, hp(x)), 
f,g1, · · · ,9m,P1, ···,Pr are analytic vector fields on Mand h1, ···,hp are analytic functions 
on M. Throughout we assume that the controls u(•) belong to the class of piecewise con­
tinuous functions and the disturbances q( •) belong to a sufficiently large class of functions 
such that the local solution of the state equation of (2.12) is well-defined. Define the 
distributions g := span{g1, · · · ,9m}, 'P := span{PI, ···,Pr}. 

In the disturbance decoupling problem via regular static state feedback for the system (2.12) 
we look for a regular static state feedback of the form: 

u = a(x) + ,B(x)v (2.13) 

where a : M---. 1R"' and ,8: M---. IR"'xm are analytic mappings with ,B(x) regular (i.e., 
I ,B(x) I# 0) for all x EM and where v E lR"' denotes the new controls, such that for the 
system (2.12,2.13) the outputs are independent of the disturbances. This means that for 
any initial state x0 , any control v(t) (t :2: 0) and any pair of disturbances ib(t),q2(t) (t :2: 0) 
the outputs of (2.12,2.13) satisfy y(t,x0 ,v,qi) = y(t,x0 ,v,q2 ) (t :2: 0). Formally, this gives 
the following definition. 

Definition 2.2.1 Disturbance decoupling problem via regular static state feed­
back (DDP) 

(i) Given a system (2.12), under what conditions does there exist a regular static state 
feedback (2.13) such that for the system (2.12,2.13) the outputs are independent of 
the disturbances? 

(ii) We say that the DDP is locally solvable if for every point x0 E M there exist a 
neighborhood U C M of x0 and an analytic regular static state feedback (2.13) 
defined on U, such that for the system (2.12,2.13) defined on U the outputs are 
independent of the disturbances. ■ 

In this section we give, under some regularity assumptions, a local solution of the DDP. 
Instrumental in this solution is the notion of a (controlled) invariant distribution. 

Definition 2.2.2 Invariant and (locally) controlled invariant distribution 

(i) An analytic distribution ~ on M is said to be invariant for (2.12) if 

If,~] C ~ 

[9;,~]c~ (j=l,···,m) 
(2.14) 



20 Chapter 2. Controlled invariance and disturbance decoupling 

(ii) An analytic distribution 6 on M is said to be controlled invariant for (2.12) if there 
exists an analytic regular static state feedback (2.13) such that 6 is invariant for the 
feedback modified system (2.12,2.13), i.e., 

[f +ga,6] C 6 

[I: g;,B;i,6] C 6 (j = 1,· ·· ,m) 
i=l 

(2.15) 

(iii) An analytic distribution 6 on M is said to be locally controlled invariant for (2.12) 
if for each x E M there exist a neighborhood U E M of x and a regular static state 
feedback (2.13} defined on U such that (2.15) is satisfied on U. ■ 

Given a locally controlled invariant distribution 6, the set of friends of 6, denoted by 
.r(6), consists of all pairs (a,,B) satisfying (2.15). A pair (a,,B) E .r(6) is said to render 
6 invariant for {2.12}. 

The following lemma gives another very useful characterization of (locally) controlled in­
variance of involutive distributions: 

Lemma 2.2.3 Consider the analytic nonlinear system (2.12) and assume that the distri­
bution g has constant dimension. Let 6 be an analytic distribution of constant dimension 
and assume that 6 n g has constant dimension. Then the distribution 6 is controlled 
invariant only if 

(2.16) 
[gi,6] C 6+9 (j=l,···,m) 

If moreover 6 is involutive, (2.16) is also a sufficient condition for locally controlled in-
variance. • 
Remark 2.2.4 {i) Notice that a locally controlled invariant distribution is in general 

not controlled invariant. The point is that the locally defined feedbacks of Definition 
2.2.2. (iii) need not patch together into a globally defined analytic feedback which 
renders the distribution invariant (see [21]). 

{ii) Given an involutive locally controlled invariant distribution 6, a pair (a,,B) E .r(6) 
can be found by solving a set of partial differential equations. This can be seen as 
follows. By the Frobenius theorem we may assume without loss of generality that 
locally 6 = span {-88 , • • •, -88 }. By (2.15), a has to satisfy 

X1 Xr 

(2.17) 

(2.17) is equivalent to the following set of partial differential equations for a 

{}fk ~({)gk, {)a,) ( . ) -8 + L.., -8 a,+ gk,-8 = 0 k = r +I,···, n; i = 1, · • •, r 
Xi s=1 Xi Xi 

(2.18) 

Ana.logously we can derive partial differential equations for ,B. • 
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We can check that if a distribution ~ satisfies (2.16), then also its involutive closure l 
satisfies (2.16). Let ~ 1 and ~ 2 be analytic distributions in Ker dh satisfying (2.16). Then 
it is easily seen that also the analytic distribution ~ 1 + ~2 satisfies (2.16). Because the 
zero-distribution is trivially contained in Ker dh and satisfies (2.16) we have as a result: 

Proposition 2.2.5 There exists a unique involutive distribution in Ker dh that satisfies 
(2.16} and that contains all distributions in Kerdh satisfying (2.16}. This distribution is 
denoted by ~ *(!, g; Ker dh) or, when no confusion arises, by ~ *. ■ 

Under some regularity assumptions there exists an algorithm to calculate~•. For this, 
consider the following algorithm. 

Algorithm 2.2.6 Define the codistributions pµ (µ = 0, 1, 2, · · ·) by 

po= span{dh1,···,dhp} 

Then we have the following result: 

(2.19) 

■ 

Theorem 2.2. 7 If the codistributions ann Q, pµ and pµ n ann Q have constant dimension 
on M, then for some k* '.S dim(Kerdh): 

(2.20) 

and 

~•=Ker pk' (2.21) 

■ 

In the solution of the DDP that will be presented shortly, we have to calculate~• and a pair 
( a, /3) E .r(~ *). If we want to find ( a, /3) E .r(~ *) using (2.15), a set of partial differential 
equations has to be solved, as was shown in Remark 2.2.4. (ii}. This may become quite 
tedious. However, we show that it is not necessary to solve a set of partial differential 
equations. In fact, an effective way of determining the codistributions pµ (µ = 0, 1, 2, · • •) 
locally around a point x0 E M is given, provided the regularity assumptions of Theorem 
2.2. 7 are satisfied. At the same time a pair ( a, /3) E .r( ~ *) is obtained. 

Algorithm 2.2.8 ([65]) Krener's algorithm 
Consider the analytic nonlinear system (2.12). Let x 0 E M be given. Assume that the 
regularity assumptions of Theorem 2.2. 7 are satisfied around x 0 • Furthermore, assume that 
the disturbances q = 0. 
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Step O 

Suppose that the dimension of P0 = span { dh1, • • • , dhp} equals Po around x0 • Then after 
a possible permutation of the outputs we may define </J0(x) := col(h1 (x), · · ·, h"°(x )) such 
that P0 = span {d</J0 } around xo. 

Step k+l 

Assume that in steps 0, · • •, k the functions </J0 (x ), · · ·, 'Pk(x) have been defined such that 
pk= span {d</Jk}. Then calculate 

. O<pk 
'Pk= a;(x)[J(x) + g(x)u] =: Ak+1(x) + Bk+1(x)u (2.22) 

Since pknannQ has constant dimension around x0 , the matrix Bk+1(x) has constant rank, 
say rk+i, around x0 • After a possible permutation of the entries of 'Pk we may assume that 
the first rk+l rows of Bk+l are linearly independent around x0 • Accordingly, write (2.22) 
as: 

( ~k) = ( 1k+i(x) + f!k+1(x)u) 
Jk Ak+1(x) + Bk+l(x)u 

(2.23) 

where fh+ 1 has full row rank rk+1 around x0 • Let iJt+l(x) be a right inverse of Bk+i(x). 
Furthermore, let Eh+i ( x) be an ( m, m - rk+i)-matrix of full column rank satisfying 
Bk+1(x)Bk+1(x) = 0 (i.e., the columns of Bk+i(x) span Ker Bk+i(x)). Define 

- + -ak+i(x) = -Bk+1(x)Ak+1(x) (2.24) 

.8k+1(x) = ( iJt+l(x) Bk+1(x)) (2.25) 

Then obviously .8k+i(x) is regular for all x around x0 • Setting u = ak+i(x) + .8k+i(x)v we 
find from (2.23): 

( i:) = ( Ak+i(x)- fh+1(~)Bt+1(x)Jh+1(x) ) + 

(2.26) 

( Uk+~(x) ) + ( T:;:(~) ~ ) V 

Note that, since each row of Bk+1(x) is linearly dependent on the rows of Bk+1(x), Uk+i(x) 
and Tk+i (x) are independent of the choice of iJt+l (x) (and Bk+I (x )). Now it can be proved 
that 

(2.27) 

Since by assumption pk+l has fixed dimension, say Pk+l, around x0 , we can find a (Pk+i -
Pk)-vector of functions ~k+i(x), consisting of suitably chosen entries of Uk+t and Tk+t, such 
that around xo 

pk+t = span{d</Jk,d~k+i} (2.28) 

Finally, define 'Pk+l(x) := (</JI(x) ~f+1(xW. • 
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This algorithm terminates after a finite number, say k•, of steps. It can be shown that k• 
is the same as the k• defined in Theorem 2.2.7. Moreover, it can be shown that locally 
(o:1c•,/J1c•) E .r(A*). 

Now we return to the DDP. We first formulate a result that states under which conditions 
the disturbances do not influence the outputs for a system (2.12). 

Proposition 2.2.9 (i) Consider the analytic nonlinear system (2.12). The disturbances 
q do not influence the outputs y if and only if there exists a distribution A C Ker dh 
on M that is invariant for (2.12} and satisfies 

'PCA (2.29) 

(ii) The above condition is on its turn equivalent to the condition that for all k 2::: 0 and 
any choice of vector fields X 1,···,X1c in the set {f,g1,··· ,gm} we have 

(2.30) 

■ 

Using Proposition 2.2.9, we can prove the following result. 

Theorem 2.2.10 Consider the analytic nonlinear system (2.12}. Assume that the distri­
butions A• ,A* n g and g are constant dimensional. Then the DDP is locally solvable if 
and only if 

'Pc A* (2.31) 

Moreover, if the DDP is locally solvable then any (o:, P) E .r(A*) solves the DDP for (2.12). 

■ 

Remark 2.2.11 Note that if the regularity conditions of Theorem 2.2.7 are satisfied, the 
distributions (/,A• and A* n g have constant dimension on M. ■ 

We have now established necessary and sufficient conditions for local solvability of the DDP 
under some extra regularity assumptions. If we want to solve the DDP for a given system 
(2.12) satisfying these assumptions we proceed by calculating A* using Algorithm 2.2.8 
and then checking if (2.31) holds. If (2.31) indeed holds, a regular static state feedback 
that locally solves the DDP for (2.12) is produced by Algorithm 2.2.8. The algorithm also 
gives intermediate checks concerning the solvability of the DDP. Namely, from Algorithm 
2.2.6 it is clear that Po C P1 C • • • C pk• and thus KerP0 ::> KerP1 ::> • • • ::> A*. Hence at 
every step of the algorithm we may check if 

'PC KerP1c (2.32) 

If (2.32) does not hold for some k, then clearly the DDP is not solvable and we may stop 
the algorithm. 
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As in the linear case we can also define the disturbance decoupling problem via regular 
static state feedback and disturbance measurements (DDPdm). Again we assume that we 
can measure the disturbances entering the system. We use this extra information in our 
feedback, i.e. we allow for a feedback of the form 

u = o:(x) + (3(x)v + 1 (x)q (2.33) 

where o:: M-+ JR:", (3: M-+ IR:"xm, 1 : M-+ mmxr are analytic mappings with (3(x) 
regular for all x E M and where v E /Rm denotes the new controls. This leads to the 
following definition: 

Definition 2.2.12 Disturbance decoupling problem via regular static state feed­
back and disturbance measurements (DDPdm) 

{i} Given an analytic nonlinear system (2.12), under what conditions does there exist a 
regular static state feedback with disturbance feedthrough (2.33) such that for the 
system (2.12,2.33) the outputs are independent of the disturbances? 

{ii} We say that the DDP is locally solvable if for every point x0 E M there exist a 
neighborhood U C M of x0 and a regular static state feedback with disturbance 
feedthrough (2.33) defined on U, such that for the system (2.12,2.33) defined on U 
the outputs are independent of the disturbances. ■ 

Analogously to Theorem 2.2.10 we have: 

Theorem 2.2.13 Consider the analytic nonlinear system {2.12}. Assume that the distri­
butions ~ • ,~ • n Q and Q are constant dimensional. Then the DDPdm is locally solvable if 
and only if 

(2.34) 

■ 

The local solutions of the nonlinear DDP and DDPdm that we have established show clear 
analogies with the solution of the linear DDP and DDPdm we have found in Section 2.1. 
Indeed, ~•fora linear system is just V*, while the equations (2.16),(2.31),(2.34) form the 
nonlinear counterparts of equations (2.5),(2.8),(2.11) respectively. However, there are also 
some differences between the solutions in the linear and the nonlinear case. We mention 
three important ones. 

{i) In the nonlinear case we have only established a local solution under some regularity 
assumptions (see e.g. Theorem 2.2.10 and Theorem 2.2.13), whereas in the linear case 
the solution holds globally and we do not have to impose any regularity assumptions. 

{ii} In the solution of the linear DDP we do not have to impose any constraint on the 
matrix Gin (2.3), whereas in the nonlinear case we require its nonlinear counterpart, 
(3(x) in (2.13), to be regular. This regularity is essential in the "only if" part of 
the proof of Lemma 2.2.3. The following simple example illustrates that by allowing 
nonregular static state feedback we may be able to render the outputs independent 
of the disturbances, while this is not possible via a regular static state feedback. 
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Example 2.2.14 ([50]) Consider the nonlinear system 

±1 X2U 

±2 = X3 + q 
x3 = X1U (2.35) 

YI X1 

Y2 = X3 

on the manifold M = {x E JR-3 \ x1 > O,x2 > 0}. A simple calculation shows that 
for this system f:!..• = {0}, hence the DDP is not solvable for (2.35). However, we 
can render the outputs independent of the disturbances by applying the nonregular 
static state feedback u = 0. 

Ill 

Note that although we gain something by allowing nonregular static state feedback, 
also something is lost. For the system (2.35) it is clear that after we have rendered 
the outputs independent of the disturbance via the feedback u = 0, we have no 
possibility to control the system any more. 

{iii) In the linear case the disturbance decoupling problem is solvable via dynamic state 
feedback if and only if it is solvable via static state feedback (see Remark 2.1.8). This 
equivalence does not hold any more in the nonlinear case, as is shown in the following 
example. 

Example 2.2.15 ([51]) Consider the nonlinear system 

±1 X2U1 YI= X1 

±2 = X5 Y2 = X3 

x3 = X2 + X4 + X4U1 (2.36) 
x4 U2 

±s = X1U1 + q 

on the manifold M = { x E JR5 \ x 2 > 0, x 4 > 0}. One straightforwardly shows that 
for this system!:!..* = {0}, hence the DDP is not solvable for (2.36). However, if we 
apply the dynamic state feedback 

i = V1 

U1 z (2.37) 
U2 = V2 

where v1 , v2 denote the new controls, we find for (2.36,2.37) that the maximal locally 
controlled invariant distribution contained in Ker dh is given by 

(2.38) 

Since P = span { 0: 5 }, we see that P C !:!.; and hence the DD P is locally solvable 
for (2.36,2.37). This means that we can render the outputs independent of the 
disturbances by applying a well chosen dynamic state feedback to (2.36). 111 
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This difference leads to the formulation of the disturbance decoupling problem via 
regular or nonregular dynamic state feedback (DDDP or nDDDP) that wil be studied 
in Chapters 4 and 6 respectively. 



Chapter 3 

Strong input-output decoupling for 
nonlinear systems 

In this chapter we consider analytic nonlinear systems of the form 

{ x = f(x) + g(x)u 
y = h(x) 

(3.1) 

where x = (xi,•·•, Xn)T E JR:' are local coordinates for the state space manifold M, 
u E IR:", y E JR'P, g(x) = (gi(x) .. · gm(x)), h(x) = col(h1(x), .. · ,hp(x)), f,91, .. · ,9m are 
analytic vector fields on M, and h1, •••,hp are analytic functions on M. 

Besides disturbance decoupling, another typical design problem for nonlinear ( and linear) 
systems is the problem of achieving input-output decoupling. Roughly speaking, the input­
output decoupling problem may be defined as follows. Given a square (i.e., p = m) system 
(3.1), find (if possible) a feedback law for (3.1) such that each of the outputs is controlled 
by one and only one of the newly defined controls. 

In this chapter we treat a strong version of the input-output decoupling problem. In 
Section 3.1 we first discuss the case of regular static state feedback. In Section 3.2 the 
case of regular dynamic state feedback is discussed. Here a solution is obtained via the so 
called Singh's algorithm. 

3.1 Strong input-output decoupling via regular static 
state feedback 

In subsection 3.1.1 we formulate and solve the strong input-output decoupling problem 
via regular static feedback (SIODP). In subsection 3.1.2 we derive a local normal form for 
strongly input-output decouplable systems. 

3.1.1 Solution of the SIODP 

When no specific references are given, the results in this subsection can be found in [81],[61]. 

Consider a square analytic nonlinear system of the form (3.1), that is, p = m. Before 
giving the definition of the (strong) input-output decoupling problem for such a system, 
we first define what we mean by a (strongly) input-output decoupled system. 

27 



28 Chapter 3. Strong input-output decoupling 

Definition 3.1.1 Input-output decoupled system 
The square nonlinear system {3.1} is said to be input-output decoupled if, after a possible 
permutation of the controls, the following properties hold 

{i} For each i E { 1, · .. , m} the output y; is not affected by the controls Uj (j f; i). 

{ii} The output Yi is affected by the control u; (i = 1, · · ·, m). 
■ 

Using Proposition 2.2.9. (ii} we can prove the following results. 

Proposition 3.1.2 Consider the square nonlinear system (3.1}. Then requirement {i} of 
Definition 3.1.1 holds only if for i, j E { 1, .. · , m} ,j # i 

£ 9,Cx, .. ·Cx.hi(x)=O 'v'k~O, X1, .. ·,XkE{f,g1, .. ·,gm}, xEM (3.2) 

■ 

Next requirement {ii) of Definition 3.1.1 is discussed. We derive sufficient conditions under 
which the requirement is satisfied. This leads to the definition of a strongly input-output 
decoupled nonlinear system. 

Assume that (3.2) holds. For each i E {1, • · •, m }, define the nonnegative integer fi as the 
smallest integer such that 

'v'x E M, k = 0, · · ·, f; - 2 

for some x EM 

Define the open subset Mo of M by 

Mo= {x EM j Cg;c?-1h;(x) # O,i E {1,--· ,m}} 

Then the time-derivatives of Yi (i = 1, • • •, m) satisfy 

yjkl = Cjh;(x) k = 0, .. ·, f; - 1 

Y.!r;) r ( ) - 1 ( C/h; X + Cg;C'r h; x)u; 

(3.3) 

(3.4) 

(3.5) 

Hence if all f; (i = 1, • .. , m) are finite and M0 coincides with M, we see from (3.5) that 
the controls u; affect the outputs y; for all x E M. Together with the fact that (3.2) holds, 
this implies that the system (3.1) is input-output decoupled. This leads to the following 
definition: 

Definition 3.1.3 Strongly input-output decoupled system 
The square nonlinear system (3.1) is said to be strongly input-output decoupled if (3.2) 
holds and if there exist finite nonnegative integers as defined in (3.3) such that the subset 
Mo as defined by (3.4) coincides with M. ■ 

Motivated by Definition 3.1.3 we define: 
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Definition 3.1.4 Strong input-output decoupling problem via regular static state 
feedback (SIODP) 

(i) Given a square nonlinear system (3.1), under what conditions does there exist a 
regular static static state feedback 

u = a(x) + ,B(x)v (3.6) 

such that the compensated system (3.1,3.6) with controls v E JR!" is strongly input­
output decoupled? 

(ii) Given the square nonlinear system (3.1) and a point x 0 EM, we say that the SIODP 
is locally solvable around x0 if there exist a neighborhood U C M of x0 and a regular 
static state feedback (3.6) defined on U such that the compensated system (3.1,3.6) 
defined on U is strongly input-output decoupled. ■ 

To arrive at necessary and sufficient conditions for (local) solvability of the SIODP we 
define for each i E {l, · · ·, m} the nonnegative integer r; as the smallest integer such that 

{ ( £.£'.."'i') ... £,.£}•:::: ) -0 

, ( .C9,.C1 h;(x) • • • £9=.Cf h;(x) ) f- 0 

Vx E M, k = 0, · · ·, ri - 2 
(3.7) 

for some x EM 

We call r1, •··,rm the relative degrees of the nonlinear system (3.1 ). If all relative degrees 
are finite we define the ( m, m )-matrix A( x) with entries 

(3.8) 

The matrix A( x) is called the decoupling matrix of (3.1) for reasons that will become clear 
in the following theorem. 

Theorem 3.1.5 Consider the square nonlinear system (3.1). 

(i) The SIODP is solvable for (3.1) if and only if all relative degrees are finite and 

rankA(x) = m for all x EM (3.9) 

Moreover, a regular static state feedback (3.6) solving the SIODP for (3.1) is given 
by 

a(x) -A-1(x)b(x) 
(3.10) 

,B(x) = A-1(x) 

where b(x) = col(£'.?h1(x),···,Cj=hm(x)). 

(ii) Given a point x0 E M, the SIOD,-:> is locally solvable around x0 if and only if all 
relative degrees are finite and 

rankA(x0 ) = m (3.11) 

Moreover, a regular static state feedback that locally solves the SIODP for (3.1) is 
given by (3.10) defined on a properly chosen neighborhood UC M of x 0 • ■ 
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Remark 3.1.6 The results in Theorem 3.1.5 form a nonlinear generalization of the results 
in [34]. ■ 

To explain the difference between an input-output decoupled system and a strongly input­
output decoupled system, consider the following example from [81]: 

Example 3.1.7 Consider the system 

±1 = x3 2 
±2 u (3.12) 
y = X1 

For this system we find the relative degree r = 2 and the decoupling matrix A( x) = ( 3x~ ) . 
Hence by Theorem 3.1.5 this system is not (globally) strongly input-output decoupled, 
whereas it is (locally) strongly input-output decoupled around any Xo E {x E JR.2 I x2-/- 0}. 
Furthermore, 

(3.13) 

Hence the output is influenced by the control u for every x E JR,2. This implies that the 
system is globally input-output decoupled. ■ 

The difference between the two notions appears because the controls affect the outputs 
via all repeated Lie-derivatives of the form £ 9, £ x, · · · £ x • h; ( x) ( i, j = 1, · · · , m; k E JN), 
where X1 , • • • ,Xk E {J,gi, • • • ,9m}, whereas in the case of strong input-output decoupling 
we only consider repeated Lie-derivatives of the form £ 9,Cjh;(x) (i,j = 1, • • •, m; k E JN). 
The reason for studying the strong input-output decoupling problem rather than the input­
output decoupling problem is that we can obtain a simple analytic test for solvability of 
the SIODP. To obtain necessary and sufficient conditions under which a system can be 
rendered input-output decoupled via regular static state feedback, we need to take recourse 
to geometric methods, as introduced in Chapter 2. For this, we refer to [81],[61]. 

3.1.2 A local normal form for strongly input-output decou-
plable systems 

Theorem 3.1.5 gives a complete (local) solution of the SIODP. We now investigate the 
structure of the system (3.1) after we have (locally) solved the SIODP via a regular static 
state feedback (3.10). We restrict ourselves to the case that we can solve the SIODP 
globally. In case of local solvability around a point x0 E M all results are the same when 
restricted to a properly chosen neighborhood U C M of x 0 • When no specific references 
are made, the results in this subsection can be found in [59] (see also [69]). 

Lemma 3.1.8 Consider the square nonlinear system (3.1). If all relative degrees are finite 
and (3.9} holds, the row vectors { d£jh;(x) I i = 1, .. ·, m; k = 0, · · ·, r; - 1} are linearly 
independent for each x E M. 
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Proof See (61],[81]. 

Assume that the SIODP is solvable for (3.1). Define 

fo(x):=.Ct1h;(x) (i=l,···,m;j=l,···,r;) 

31 

■ 

(3.14) 

and let e; := col(fo, · · · ,eir;), e := (ef · · · e;;)T. Then the result of Lemma 3.1.8 implies 
that we can find an additional vector of functions em+l (x) = co1(em+11(x ), · · ·, em+l d(x)), 
that is analytic in x and where d = n - I:~1 r;, such that { {fo I 1 ~ i ~ m, 1 ~ 
j ~ r;}, {em+Ij I 1 ~ j ~ d}} forms a new set of local coordinates for M. Denote 
4>(x) := (er e;;+lf(x). 

Let us see what form the system (3.1,3.10) takes in these new coordinates. Obviously, 

eij = fo+1 (i = 1,··· ,m;j = 1,- .. ,r; -1) (3.15) 

Furthermore, by the definition of the relative degrees and the decoupling matrix we have 
for i = 1, • · ·, m: 

(3.16) 

where A;.(x) denotes the i-th row of A(x). Hence in the new coordinates the system 
(3.1,3.10) takes the form 

e; = A;e;+B;v; (i= 1,···,m) 

(3.17) 

Yi fo (i=l,···,m) 

where f(e, em+l) = .C1em+1 o4>-1(e, em+l ), g(e, em+I) = (.Cu, em+l '· · .L'.umem+1)04>-1 (e, em+t) 
and (A;, B;) are in Brunovsky canonical form. 

Thus in the new coordinates the system (3.1,3.10) consists of m independent linear subsys­
tems and a nonlinear subsystem whose dynamics are driven by the dynamics of the linear 
subsystems. Using the following lemma, we can give an interpretation of the coordinates 
em+i of the nonlinear subsystem. 

Lemma 3.1. 9 Consider the square nonlinear system (3.1). If all relative degrees are finite 
and (3.9} holds, we have 

m r1-l m ri 

~• = n n Kerd.C}h; = n n Kerde;k (3.18) 
i=l k=O i=l k=l 

Proof See [61],[81]. 
■ 

The result of Lemma 3.1.9 implies that we can choose em+i in such a way that in the new 
local coordinates we have~- = span {a/oem+d- An easy calculation shows that il* is 
invariant for the dynamics (3.17). Hence the static state feedback (3.10) that solves the 
SIODP for (3.1) at the same time renders ~• invariant. This implies that for a system 
(2.12) for which the SIODP (with q = 0) and the DDP are solvable, we can simultaneously 
solve the SIODP and the DDP via the regular static state feedback (3.10). 
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As we can see from (3.17), the dynamics of the nonlinear subsystem do not affect the 
outputs. It is natural to question whether we can choose {m+i in such a way that these 
dynamics are not directly influenced by the controls, i.e., g;({1,···,{m+1) = 0 for j = 
1, • • • , m. Because ,8( x) is assumed to be regular, this is the case if and only if {m+i can be 
chosen in such a way that in the original system (before feedback) the dynamics of {m+i 
are not influenced by the old controls, i.e., 

.C9;{m+i,. = 0 for all j E {l, · · ·, m }, k E {l, · · ·, d} (3.19) 

or, equivalently, {m+u E annQ for all k E {l, · · · ,d}. Define the codistribution F by: 

F := span {d.C,h; 11 $ i $ m,O $ k $ r; -1} (3.20) 

Since {m+I has to be such that ( {i, • • • , {m+I) form a local coordinate system, the following 
conditions on {m+I have to be satisfied: 

d{m+u¢F (kE{l,···,d}) 

dim span { ~m+11, · · ·, d{m+I d} = d 

We first prove a technical lemma. 

(3.21) 

(3.22) 

Lemma 3.1.10 Consider the square nonlinear system {3.1). If all relative degrees are 
finite and if {3.9) holds, then 

annQ n F = span {d.C,h; 11 $ i $ m,O $ k $ r; - 2} 

Proof Froin the fact that .C,;.C,h; = 0 (1 $ j $ m, 0 $ k $ r; - 2), it follows that 
span{d.C,h; I 1 $ i $ m,O $ k $ r; - 2} C annQ n F. Assume that there exist 
functions a 1(x),··•,am(x) that are not all equal to zero, such that "f:.'/'==1 a;d.C'j•-1h; E 
ann Q. This implies that for all j = 1, · · ·, m we have E~1 a;.C,;.C'j'-1 h; = 0, which means 
that rankA(x) < m for all x EM, which gives a contradiction. ■ 

Now we reach the final result. 

Theorem 3.1.11 Consider the square nonlinear system (3.1). Assume that all its relative 
degrees are finite and that (3.9) holds. Then there are analytic functions em+ll, · · · ,em+Id: 
M-+ JR, with d = n - E~1 r;, that satisfy (3.19,3.21,3.22) if and only if Q is involutive. 

Proof {necessity) Assume that em+ll, · · · ,em+Id satisfying (3.19,3.21,3.22) exist. Consider 
H := span{{d.C,h; 11 $ i $ m,O $ k $ r; -2},~m+n,···,~m+Id}- From (3.19) and 
Lemma 3.1.9 it follows that H C ann Q. Moreover, from Lemma 3.1.9 and (3.21,3.22) it 
follows that dimH = E~1(r; -1) + d = E~1(r; -1) + n - E~1 r; = n -m = dim annQ. 
Hence H = ann Q. So ann Q is spanned by exact one forms and this implies that g is 
involutive. 
(sufficiency) Involutivity of g implies that there are functions zi, • • • , Zn-m such that 
annQ = span {dz1, • • •, dzn-m}- By Lemma's3.1.8 and 3.1.10 we can take (z,1+1, • • • ,Zn-m)= 

(.C,h; I 1 $ i $ m, 0 $ k $ r; - 2). Then the functions zi, · · ·, Zd satisfy (3.19,3.21,3.22). 
Hence, taking em+u, = zi. (k = 1, ·-· ·, d), we establish our claim. ■ 

We see that if g is involutive, then the system (3.1,3.10) has the structure shown in Figure 
3.1 in local coordinates {1' ... 'em+l as before. 
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YI 

Ym 

Figure 3.1: Local normal form for strongly input-output decouplable system 
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3.2 Strong input-output decoupling via regular dy­
namic state feedback 

In Section 3.1 we have seen that a nonlinear system (3.1) can be strongly input-output 
decoupled via regular static state feedback if and only if it has finite relative degrees and its 
decoupling matrix has full rank for all x E M. Also we have seen that if rank A(xo) < m 
for some x0 E M, we may still be able to solve the SIODP locally around points x for 
which rankA(x) = m. Another situation arises when rankA(x) < m for all x EM. The 
following example illustrates this situation. 

Example 3.2.1 Consider the following nonlinear system on llt5: 

:i:1 = ex2u1 Yt = X1 
:i:2 = X5 Y2 = X3 
:i:3 X2 + ex•u1 (3.23) 
x4 U2 

:i:s ex'u1 

For this system r1 = r2 = 1 and 

(3.24) 

Hence rank A( x) = 1 < 2 = m for all x E JR5 and so the SIODP cannot be solved. Consider 
the dynamic state feedback 

(3.25) 

where ii1,ii2 denote the new controls. The relative degrees r!,r; of (3.23,3.25) are r; = 
r; = 2 and the decoupling matrix A'(x, z) of (3.23,3.25) is given by 

(3.26) 

Hence rankA'(x,z) = 2 = m for all (x,z) E JR5 x JR, which implies that we can solve the 
SIODP for (3.23,3.25). So although we cannot achieve strong input-output decoupling for 
(3.23) via static state feedback, we can achieve it via a well chosen dynamic state feedback . 

• 
The above example motivates the formulation of the strong input-output decoupling prob­
lem via regular dynamic state feedback (SDIODP). We study this problem in this section. 

Before being able to formulate the SDIODP we of course have to define what we mean by a 
regular dynamic state feedback. One way of formulating this definition is via an algebraic 
theory for nonlinear control systems. A convenient way of performing the necessary calcu­
lations required in this algebraic theory is offered by Singh's algorithm. We introduce these 
tools in Subsection 3.2.1. The exposition is based on [30] (see also [35],[36]). In Subsection 
3.2.2 we define what we mean by a regular dynamic state feedback, using the tools intro­
duced in Subsection 3.2.1. Singh's algorithm applied to a nonlinear control system (3.1) 
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provides us with a special sort of regular dynamic state feedback, which we call a Singh 
compensator. This compensator is also introduced in Subsection 3.2.2. In Subsection 3.2.3 
we formulate and solve the SDIODP which was studied in e.g. [89),[91],[24],[71],[78],[30]. 
It will turn out that we can (locally) solve the SDIODP if and only if we can (locally) solve 
it via a Singh compensator. We also show that a Singh compensator is in fact a regular 
dynamic state feedback of minimal order solving the SDIODP. This means that the dimen­
sion of the state space of any regular dynamic state feedback that solves the SDIODP is 
greater than or equal to the dimension of the state space of a Singh compensator. 

3.2.1 Algebraic tools 

We first introduce an algebraic theory for nonlinear control systems. The material in this 
subsection is taken from [30]. 

Consider a (not necessarily square) analytic nonlinear system (3.1). Recall that a mero­
morphic function T/ is a function of the form T/ = 7r /0, where 7r and Oare analytic functions. 
Assume that the control functions u(t) are n times continuously differentiable. Then define 
u<0) := u(t), u(i+l) := (d/dt) u(il(t). View x, u, • • •, u<n-t) as variables and let K, denote the 
field consisting of the set of rational functions of (u, • • •, u<n-1)) with coefficients that are 
meromorphic in x. Recall that given such a field, say in variables v = (vi,•••, v;), we 
define o/ov; acting on a meromorphic function ri(v) = 7r(v)/0(v), where 7r(·) and O(·) are 
analytic, by the usual quotient rule of calculus, 

_!__ ( 7rt? ) := O(v)£;7r(v) - 7r(11)£;8(11) 
011; o 11 02(11) 

Then the differential of TJ is defined by 

Returning to the system (3.1), we define in a natural way 

iJ = iJ(x,u) = ~[f(x) + g(x)u] 

= f)~(k) [f(x) + g(x)u] + ktl f)y~k~ u(i+l) 
i=O OU' 

Note that y, · · ·, y(n) so defined have components in the field K,. 

(3.27) 

(3.28) 

(3.29) 

Let & denote the vector space (over K,) spanned by {dx,du, .. ·,du(n-l)}. We introduce 
the chain of subspaces Eo C • • • C En of [ by 

(3.30) 

Note that in (3.30) the span is taken with respect to the field K, and not with respect to 
the real numbers. Note also that we abuse notation slightly, because Eo := span { dx, dy}, 
which is easily seen to be equal to span { dx}, since the outputs y only depend on x. 
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Definition 3.2.2 Rank of a nonlinear system 
Consider the nonlinear system (3.1). Then the number 

is called the rank of (3.1 ). 

(3.31) 

■ 

It can be checked that p• :=:; min(m,p). The system (3.1) is said to be of full rank if 
p* = min(m,p). 

A convenient way for performing the necessary calculations required in the algebraic theory 
is provided by Singh's algorithm. Singh's algorithm was introduced in (91] for calculation 
of the left inverse of a nonlinear system. It is a generalization of the algorithm from (44], 
which was only applicable under some restrictive assumptions. The version of Singh's 
algorithm presented is from (30]. 

Algorithm 3.2.3 Singh's algorithm 
Consider the analytic nonlinear control system (3.1). 

Step 1 

Calculate 

ii= :~(f(x) + g(x)u] =: a1(x) + b1(x)u 

and define 

(3.32) 

(3.33) 

where the rank is taken over the field of meromorphic functions of x. Permute, if necessary, 
the components of the output so that the first p1 rows of b1 ( x) are linearly independent. 
Decompose y according to 

(3.34) 

where y1 consists of the first p1 rows of ii. Since the last rows of b1 ( x) are linearly dependent 
on the first p1 rows, we can write 

(3.35) 

where the last equation is affine in y1 . Finally, set .B1(x) := b1(x). 



3.2.1. Algebraic tools 

Step k+l 

Suppose that in Steps 1 through k, y1 , • • ·, Ykk), Ykk) have been defined so that 

-(k) 
Yk = ak(x, {gJil 11 $ i $ k - 1, i $ j $ k}) 

+bk(x, {gjil 11 $ i $ k-1,i $ j $ k- l})u 

,(k) - ,(k)(x {-!i) 11 < i < k i < · < k}) Yk - Yk , Y, - - , - J -
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(3.36) 

and so that they are rational functions of yfil with coefficients in the field of meromorphic 
functions of x. Suppose also that the matrix Eh:= [bf,···, bIJT has full rank equal to Pk, 
where the rank is taken with respect to the field of rational functions of {gjil I 1 $ i $ 
k - 1, i $ j $ k - 1} with coefficients in the field of meromorphic functions of x. Then 
calculate 

(3.37) 

and write it as 

(3.38) 

Define Bk+t := [Bl, bI+iJT, and Pk+t := rank Bk+l where the rank is taken with respect 
to the field of rational functions of {gjil I 1 $ i $ k - 1, i $ j $ k} with coefficients in 
the field of meromorphic functions of x. Permute, if necessary, the components of Ykk+l) 

so that the first Pk+1 rows of Bk+1 are linearly independent. Decompose Ykk+l) as 

(3.39) 

where vt~1l consists of the first Sk+1 := (Pk+1 - Pk) rows. Since the last rows of Bk+1 are 
linearly dependent on the first Pk+l rows, we can write 

(3.40) 

,(k+1) •(k+l)(x {-!il 11 < i < k + 1 i < · < k + 1}) Yk+l = Yk+1 ' Y, - - ' - J -

where once again everything is rational in gfil. Finally, set Bk+1 := [Bl, ;;r+lJT. 1111 
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We now have the following result ( cf. (30]). 

Theorem 3.2.4 Consider the nonlinear system (3.1) and apply Singh 's algorithm to it. 
Then for each 1 $ k $ n 

(i) {dx, {dyjil 11 $ i $ k,i $ j $ k}} is a basis for Ek. 

{ii) dim.a;: Ek = n + Pt + · · · + Pk II 

Corollary 3.2.5 Consider the nonlinear system {3.1} and apply Singh's algorithm to it. 
Then p* = Pn• 1111 

The rank of a nonlinear system can be given the following interpretation. 

Proposition 3.2.6 Consider the nonlinear system (3.1}. Then the outputs of (3.1} satisfy 
(p- p*) independent differential equations. More specifically, it is possible to find an integer 

N E {1, · · ·, n} and a (p - p*)-vector of functions </J(Yn, · · ·, yf-1>, {yjil I 1 $ i $ n, i $ 
j $ N}) such that 

-(N) = ,1.( • . . . •(N-t) {-(i) 11 < i < n i < . < N}) Yn 'I' Yn, , Yn ' Y, - - ' - J - (3.41) 

Proof See Lemma 1 of [71] and Lemma 2.8 of (30]. II 

Remark 3.2. 7 The above proposition gives an analytic version of a result by Fliess ((35]) 
which holds in the differential algebraic setting. 11 

3.2.2 Regular dynamic state feedback and Singh compensator 

When no specific references are given, the results in this subsection can be found in a series 
of papers [51],(52],[53],[54]. 

Using the theory developed in Subsection 3.2.1, we are able to define what we mean by a 
regular dynamic state feedback. 

Definition 3.2.8 Rank of dynamic state feedback 
Consider the nonlinear system (3.1), together with a dynamic state feedback 

{ i = a(x,z)+,B(x,z)v 
u = ,(x,z)+o(x,z)v 

(3.42) 

with z E IRv, v E JR:" denoting the new controls and a, ,8, 1 , 6 analytic functions of x and 
z. Then the rank of (3.42) is defined as the rank of the system 

{ 
x = f(x) + g(x)u 
i = a(x,z) + ,B(x,z)v 
u = ,(x,z)+o(x,z)v 

with controls v and outputs u. 

(3.43) 

II 
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Definition 3.2.9 Regular dynamic state feedback 
A dynamic state feedback (3.42) is said to be regular if it has full rank, i.e., the system 
(3.43) with controls v and outputs u has rank equal to m. ■ 

Remark 3.2.10 The above definition of regular dynamic state feedback can be found in 

~~.~~- . 
To motivate Definition 3.2.9, we show that a regular dynamic state feedback has two 
essential properties that also a regular static state feedback has. These properties could 
be called an input reproducibility property and a rank preserving property. 

We start with the input reproducibility property. Input reproducibility for nonlinear sys­
tems is usually called left-invertibility in the literature. Roughly speaking, the problem of 
left-invertibility is stated as follows. Given a nonlinear system (3.1) and an initial state 
x0 can we, based on the knowledge of x0 and the outputs y(t) = y(t,x0 ,u) on a (small) 
time-interval [0,T) (T > 0) reproduce the input u(t) on this interval? For an overview of 
the theory of left- (and right-) invertibility of nonlinear systems we refer to [84],[82]. 

Consider the nonlinear system (3.43) where the feedback is a regular static state feedback, 
that is, we have u = a(x)+,B(x)v where ,B(x) is regular for all x EM. Consider the system 

(3.44) 

Then it is easily verified thatifwetakee(o) = x(0), we have that w(t) = v(t) (t;?: 0). Hence 
for the case of regular static state feedback the system (3.43) is left-invertible. The same 
result holds for regular dynamic state feedback, as follows from the following proposition 
(see e.g. [84],[82]). 

Proposition 3.2.11 Consider a square analytic nonlinear system (3.1). Then the system 
has full rank if and only if there exists an analytic subset L C M x Kr"" satisfying int L = 0, 
such that for every (x0 , u(0), · · ·, u!n-ll(0)) (/. L there exists an open set U C M x Kr"" 
and an analytic system of the form 

f = a(e,y, .. ,,y(n)) 
w = b(e, Y, ... 'y!"l) 

(3.45) 

withe E /R", and a point eo E /R" with the property that w(t) = u(t) (t E [0, T), T > 0) if 
we set {(0) = {o, ■ 

Remark 3.2.12 A system (3.45) that reproduces the inputs of a system (3.1) is called a 
left-inverse of (3.1). This left-inverse can be obtained via Singh's algorithm (cf. [64]). ■ 

As for the rank preserving property, it is easily checked that the system (3.1,3.44) has the 
same rank as the system (3.1) (cf. [30]). A regular dynamic state feedback also has this 
property, as follows from the following proposition from [30]. 
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Proposition 3.2.13 Consider a nonlinear system (3.1} and a regular dynamic state feed­
back {3.42}. Then the composed system (3.1,3.,42} has the same rank as the nonlinear 
system {3.1}. ■ 

Note that in general the converse of Proposition 3.2.13 does not hold. A simple counter 
example is provided by a system of rank zero. For such a system any dynamic state 
feedback (regular or not) will result in a composed system of rank zero. 

Singh's algorithm applied to a (not necessarily square) nonlinear system (3.1) provides us 
with a special sort of regular dynamic state feedback, that we call a Singh compensator. 
For this we have to associate a notion of regularity with Singh's algorithm in the following 
way. 

Definition 3.2.14 (Strongly) regular point 
Consider the nonlinear system (3.1) and let a point x0 E M be given. 

{i} We call x0 a regular point for (3.1) if for an appropriate application of Singh's al­
gorithm to (3.1) there exists a point w}t' j 1 :S:: i S n - l,i S j S n - l) such 
that 

{ii} We call xo a strongly regular point for (3.1) if for each application of Singh's algorithm 
to (3.1) there exists a point WM' j 1 Si :S:: n - l,i :S:: j Sn - l) such that (3.46) 
holds. 

■ 

The Singh compensator is obtained as follows (see also [91]). Consider the nonlinear system 
(3.1) and let Xo E M be a strongly regular point for (3.1). Apply Singh's algorithm to 
(3.1). This yields at then-th step: 

}'n = An(x,{y[iljl:S::i:S::n-1,iSj:S::n})+ 

Yin) = Yinl(x,{y?) j 1 Si S n,i S j Sn}) 

where Yn = (yf · · · yin-l)Tf and 

(3.4 7) 

Moreover we know that there exist a neighborhood U C M of x0 , a point (y}tl j 1 :S:: i :S:: 
n - l, i S j S n) and a neighborhood Yo of this point such that Bn has full row rank p• 
on U x Yo- After a possible permutation of the controls we may assume that the matrix 
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Ent consisting of the first p* columns of En is invertible on this neighborhood. Let En2 
be such that En = ( Ent En2) on this neighborhood and define u 1 = col( Ut, · · • , Up•), 
u2 = col( Up•+t, • • • , um)- Then on U x Yo (3.4 7) yields in particular: 

(3.48) 

For i = 1, • • • , p*, let 'Yi be the lowest time-derivative and [ji be the highest time-derivative 
of Yi appearing in (3.48). Then we can rewrite (3.48) as 

u1 = </>1 ( x, {y[il 11 ::; i ::; p*, 'Yi ::; j ::; li; - 1}) 

for certain vectors of functions ¢,1 , </>2i (i = 1, · · ·, m). 

Let Zi (i = 1, • • •, p*) be a vector of dimension lii - 'Yi and consider the system: 

j ii= A;z;+B;v; (i=l,···,p*) 

u1 = </>1(x, z1, · • ·, Zp•) + iE <P2i(x, z1, · · ·, Zp• )v; 

Ui = Vi ( i = p* + 1, .. • , m) 

{3.49) 

(3.50) 

where (A;,B;) (i = l,· .. ,p*) are in Brunovsky canonical form. Then (3.50) is called a 
Singh compensator for (3.1) around x0 • 

Remark 3.2.15 Note that the Singh compensator (3.50) in general will be a meromorphic 
feedback on an open subset U x Z C M x JR:'. However, we can always find a neighborhood 
ff C U of x0 and a subset Z C Z such that (3.50) defined on ff x Z is analytic. ■ 

Proposition 3.2.16 Consider a nonlinear system (3.1} and let x0 be a strongly regular 
point for (3.1}. Then any Singh compensator for (3.1} around x0 is a regular dynamic 
state feedback for (3.1}. 

Proof See Appendix A. • 
Let a strongly regular point x0 E M for (3.1) be given. Then it is obvious that every 
different application of Singh's algorithm to {3.1) yields a different Singh compensator 
around x0 • The question arises if there exists a connection between these different Singh 
compensators. This is indeed the case. First we show that any Singh compensator has the 
same (intrinsically defined) dimension. 

Assume that Singh's algorithm is applied to (3.1) in one specific way. Denote the dimension 
of the Singh compensator for (3.1) around x0 obtained in this way by u. Then obviously 
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u = Ef:t(6; - -y;). Next note that -y; is the smallest k E JN for which Yi is an entry of f)k. 
Inspection of Singh's algorithm gives that the set {Yi I 'Yi = k} has Sk elements. Therefore, 

p• n 

L'Yi = Z:ksk (3.51) 
i=t k=t 

Given the fact that St = Pt and Sk = Pk - Pk-t (k = 2, · · ·, n), St,···, Sn are defined 
intrinsically (i.e. independent of Singh's algorithm, see Theorem 3.2.4). Hence from (3.51) 
it follows that Ef:t 'Yi is independent of the specific way we apply Singh's algorithm. Next 
we show that the 6i (i = 1, · · ·, p*) are also intrinsically defined. For this we need the 
following definition: 

Definition 3.2.17 ([19]) Essential vector 
Let V be a given vector space over a field :F. Let A = {At, • • • , Ar} be a family of vectors 
in V. Then Ai is called an essential vector of A if 

,clot,••·, Oi-t, O;+t, ···,Or E :f": Ai= L OjAj 
#i 

(3.52) 

■ 

Remark 3.2.18 The above definition means that an essential vector of A is linearly in­
dependent of all other vectors of A. This implies that every subset of A that forms a basis 
of span Pt,···, Ar} necessarily contains the essential vectors of A. ■ 

Using simple arguments from linear algebra we can prove (see also [112]): 

Lemma 3.2.19 Let V be a given vector space over a field :F. Let A = Pt,•••, Ar} be a 
family of vectors in V. Let s := dim span {At, · · · , Ar} and assume that {At, • • • , A,} is a 
set of linearly independent vectors. Then Ai ( i = 1, · · · , s) is an essential vector of A if and 
only if for all j = s + 1, · · · , r 

• 
Aj = L OjkAk * Oji = 0 

k=t 

• 

Definition 3.2.20 ([39]) Essential orders of a nonlinear system 
The essential order fi of the output Yi of (3.1) is defined as the smallest k E { 1, • • • , n} for 
which dy?> is an essential vector of Cn (provided such a k exists). If for an output Yi such 
a k does not exist, we set fi = +oo. ■ 

Remark 3.2.21 For a definition of essential orders for a linear system and their use in 
the linear input-output decoupling problem, see [17],[23]. ■ 
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Lemma 3.2.22 Consider the nonlinear system {3.1} and apply Singh 's algorithm to it. 
Recall that 6; is the highest time-derivative of y; appearing in (3.,18}. Then for i = 1, · · ·, p*: 
6; = min(n, E;). 

Proof Assume that E; < +oo. By definition of the essential orders and Theorem 3.2.4 
we have that dyjlc) is not an essential vector of &,. for k = 1, • • •, E; - 1. This implies by 
Lemma 3.2.19 that (oy!;.:_11> /lJyj•;-l)) =/; 0 and hence 6; ~ E;. Moreover, by the definition 
of the essential orders and Theorem 3.2.4 we have that dy}•;) is an essential vector of &1, for 
k = E;, • • ·, n. Again by Lemma 3.2.19 this implies that (oyi,.> /oy!'>) = 0 fork= E;, • • ·, n 
and r = E;, • • •, n. This means that 6; $ E;. Hence 6, = E;. Now assume that E; = +oo. 
Then by Lemma 3.2.19 we have that (oyt> /oy},.>) =/; 0 for k = 1, .. •, n. Hence 6; = n. 
Combining both results we find that 6, = min(n, E;), which establishes our claim. ■ 

Remark 3.2.23 Note that for determining the essential orders we do not have to use 
Definition 3.2.20. In fact, by the result of Lemma 3.2.22 we can again rely on Singh's 
algorithm. ■ 

We have now proved: 

Proposition 3.2.24 Consider the nonlinear system (3.1} and let x0 be a strongly regular 
point for (3.1). Then every Singh compensator for (3.1) around x0 has dimension 

p• n 

<T = I:>, - :E ks,. (3.53) 
i=l k=l 

• 
The following proposition gives another connection between different Singh compensators 
(see also [107]). 

Proposition 3.2.25 Consider a nonlinear system (3.1). Let x 0 EM be a strongly regular 
point for {3.1). Consider a Singh compensator {3.50} around x0 defined on U x Z C 
M x R', where U is a neighbor~ood of x0 • Moreover, let 

I:: : 
ii; = ii; 

A;z, + B;ii; (i = 1, · · · ,p*) 

(3.54) 

(i=p*+l,•··,m) 

be another Singh compensator around x0 defined on U x Z C M x Z, and assume that in the 
construction of (3.5,I} the same permutation of controls is employed as in the construction 
of (3.50). Then there exist open subsets V c Z and V c Z and a diffeomorphism '1.i : 
U x V-+ U x V that transforms the system (3.1,3.50} defined on U x V into the system 
(3.1,3.5,I} defined on U x V. 

Proof See Appendix B. 
■ 
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3.2.3 Solution of the SDIODP 

In this subsection a local solution of the SDIODP is given, and we show that a Singh 
compensator is a regular dynamic state feedback of minimal order that solves the SDIODP. 
We first formulate the SDIODP. 

Definition 3.2.26 Strong input-output decoupling problem via regular dynamic 
state feedback (SDIODP) 

(i} Given a square nonlinear system (3.1), under what conditions does there exist an an­
alytic regular dynamic state feedback (3.42) for (3.1) such that the system (3.1,3.42) 
is strongly input-output decoupled? 

(ii} Given a point Xo E M, we say that the SDIODP is locally solvable around Xo if there 
exist a neighborhood U C M of x0 and an analytic regular dynamic state feedback 
(3.42) around x 0 for (3.1) such that the system (3.1,3.42) defined on U x Z is strongly 
input-output decoupled. ■ 

Remark 3.2.27 Part (i) of Definition 3.2.26 implies that for any initial condition 
(x(0), z(0)) E M x JR" the system (3.1,3.42) is strongly input-output decoupled. Part 
(ii} oi Definition 3.2.26 implies that for any initial condition ( x(0), z(0)) E U x Z the 
system (3.1,3.42) restricted to U x Z is strongly input-output decoupled. ■ 

Theorem 3.2.28 Consider a square nonlinear system (3.1). Let x0 be a strongly regular 
point for (3.1). Then the following statements hold. 

(i} The SDIODP is locally solvable around x0 if and only if p* = m. 

(ii} If p* = m, the SDIODP can be solved for (3.1} around x 0 via a Singh compensator 
around Xo. 

(iii} Moreover, if p* = m, any Singh compensator around Xo is a regular dynamic state 
feedback of minimal order solving the SDIODP for (3.1} around x0 • 

Proof 

(i) See (30],(24],[71],(78]. 

(ii} (See also (91].) Assume that p* = m. Then we know from Proposition 3.2.16 that any 
Singh compensator around x0 is a regular dynamic state feedback for (3.1) around 
Xo, Apply a Singh compensator (3.50) around x 0 to (3.1). By construction of the 
Singh compensator there exist a neighborhood U C M of x0 and an open subset 
Z CIR:' (with u as defined in (3.53)) such that the outputs of (3.1,3.50) defined on 
U x Z satisfy 

{k) 
Y; = function of x and z ( k = 0, .. ·, 1; - 1) 

(k) 
Y; = Zjk (k=,;, .. ·,t;-1) (3.55) 

y}•·> = V; 
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Hence the system (3.1,3.50) defined on U x Z is strongly input-output decoupled . 

• 
For the proof of Theorem 3.2.28.(iii) (which is taken from [54]) we need some technical 
lemmas. Before stating these lemmas, we introduce some notation. Consider a (square) 
nonlinear system (3.1) together with a dynamic state feedback (3.42). For (3.1,3.42), let 
K,• denote the field consisting of the set of rational functions of ( v, • • •, v<n+v-1>) with 
coefficients that are meromorphic in x and z. Let£[ := span,i:;e{dx,dz,dy,•··,dy<k)} 
( k = 1, • • •, n + v - 1 ). Furthermore, denote the relative degrees of (3.1,3.42) by r~, · · ·, r:,_ 
and its essential orders by l~, • · • , l~. 

Lemma 3.2.29 Consider a square nonlinear system (3.1} of full rank. Then 

(i} t;,r;<+oo (i=l,···,m) 

(ii}t;2:r; (i=l,- .. ,m) 

(iii) €; = r; for all i E {1, · • ·, m} if and only if the SIODP is locally solvable around a 
point xo EM. 

Proof See [39]. • 
Lemma 3.2.30 If for (3.1) dy?> is not an essential vector of fn, then for (3.1,3 . ..{.2} dy?> 
is not an essential vector of£~. Hence cf 2: c; (i = 1, • • ·, m ). ■ 

Proof See Lemma 2 of [39]. • 
Proposition 3.2.31 Consider the square nonlinear system (3.1}. Let x0 be a strongly 
regular point for (3.1) and consider a regular dynamic state feedback (3 . ..{.2} of dimension 
v that solves the SDIODP around x0 • Then v 2: (J. 

Proof Let xo E M be a strongly regular point for (3.1) and consider a regular dynamic 
state feedback (3.42) that solves the SDIODP around x0 • Then by Lemma 3.2.29 and 
Lemma 3.2.30 we have that €f = rf 2: c; (i = 1, • • •, m). By Lemma 3.1.8 this implies that 
the differentials dy!il ( x, z) ( i = 1, · · · , m; j = 0, • • • , rf - 1) are linearly independent ( over 
K!, the subfield of K,• consisting of the meromorphic functions of x and z). By Theorem 
3.2.4 and the proof of Proposition 3.2.24 we can find a reordering of the outputs of (3.1) 
and integers 11, · .. , ,m satisfying I:;':,1 'Yi = I:;':,1 €; - (J, such that for (3.1) the differentials 
{dx, {dy?> I 1 Si S m, 1; ::5 j S c; - 1}} are linearly independent over K,. Assume that 
for (3.1,3.42) these differentials are not linearly independent over K!. This implies that we 
can find r E {1, .. ·,m}, s E IN and a.function </>,.(x,{u)il Ii -/=-r,0 S j S s},{u!i) IO S 
j S s -1}) such that for (3.1,3.42) 

(3.56) 
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By the proof of Lemma 3.3 in [30] this means that for all k ~ s there exists a function 
'Pri.:(x, {u!j) Ii# r,0 $ j $ k}, {utj) IO$ j $ s -1}) such that 

(3.57) 

This implies that if we apply Singh's algorithm to (3.43) we find that Pn+,, < m. Hence by 
Definition 3.2.8 and Corollary 3.2.5, (3.42) is not a regular dynamic state feedback, which 
gives a contradiction. Hence for (3.1,3.42) the differentials {dx,{dy!;) 11 $ i $ m,-y; $ 
j $ f; - 1}} are linearly independent over K,•. In particular this implies that 

Obviously, 

k ( ~~ (il ) < d" ran it• v · _ 1mz 
z t:Si:Sm,-,;:Si:S•;-1 

and hence v ~ u, which establishes our claim. 

Theorem 3.2.28. {iii} is now an immediate consequence of Proposition 3.2.31. 

We conclude this section with an illustrative example 

Example 3.2.32 Consider the following system on JR.5: 

x1 = X2U1 Yt = X1 

x2 = X5 Y2 = X3 

x3 = X2 + X4ll1 

x4 = U2 

:is = Xt!.11 

Apply the first step of Singh's algorithm to this system. This yields: 

1/1 = X2Ut 

Y2 = X2 + X4!.11 

(3.58) 

(3.59) 

■ 

(3.60) 

(3.61) 

Hence Pt= 1 and we can either choose Yt = Yt,'!/t = Y2 or we can choose ii1 = Y2,'!/t = Yt• 

We first choose ii1 = Yt ,'!It = y2• Then 

(3.62) 

Proceeding with·the second step of Singh's algorithm we find 

,(2) + U2 ~ X4X5 ~ + X4 -(2) 
Y1 = X5 -yl - -2-Y1 -yl 

X2 X2 X2 
(3.63) 

Hence P2 = 2 and we can take ii2 = Y2• Note that '!/2 does not appear. This implies that at 
the last step of Singh's algorithm applied in this way we obtain 

(3.64) 
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Hence 11 = 1,61 = ft = 2,12 = 62 = f2 = 2. From (3.64) we see that all points x0 E {x E 
JR5 I x2 ::j:. 0} are regular points for (3.60). Moreover, from (3.64) we obtain the Singh 
compensator 

Ut = z X2 

U2 = X4X5 - X2X5 - ~v + .:f.av X2 z z 1 z 2 

We now choose i}1 = Y2, f;1 = y1 • Then 

Proceeding with the second step of Singh's algorithm we find 

•(2) _ ( ~ _ ~ ) (:. ) + X2(N(2) ) Yt - X4 ~ Yt - X2 - Yt - X5 
◄ X4 

(3.65) 

(3.66) 

(3.67) 

We can now take fj2 = y1 • At the last step of Singh's algorithm applied in this way we 
obtain 

ii1 = ( ~ - x;y2 ) (1i2 - x2) + ~(ii2 - xs) 
(3.68) 

Hence 11 = 61 = ft = 2,12 = l,62 = f2 = 2. From (3.68) we see that also all points 
x0 E {x E JR5 I x 4 ::j:. 0} are regular points for (3.60). Moreover, from (3.64) and (3.68) we 
see that all points x0 E { x E JR5 I x2 ::j:. 0, x4 ::j:. 0} are strongly regular points for (3.60). 
(3.68) yields the Singh compensator 

(3.69) 

2 
X4X5 X4X5 + X4 X4 

(x2 - z) - X2 x2(x2 - z)v1 - (x2 - z)v2 

The diffeomorphism \If that transforms the system (3.60,3.65) into the system (3.60,3.69) 
is given by 

(3.70) 





Chapter 4 

Disturbance decoupling via regular 
dynamic state feedback 

In this chapter we consider a nonlinear analytic system I: of the form 

I: { x = f(x) + g(x)u + p(x)q 
y = h(x) 

(4.1) 

where x = (x1, .. •, xnf E /Rn are local coordinates for the state space manifold M, 
u E IR:", q E JR', y E JRP, g(x) = (g1(x) .. · 9m(x)), p(x) = (p1(x) .. · p,(x)), h(x) = 
col(h1(x), · · ·, hv(x)), f, 91, · · ·, 9m,P1, ···,Pr are analytic vector fields on Mand hi,···, hv 
are analytic functions on M. The system I: with q = 0 is denoted by I:0 • Recall that the 
distributions g and Pare defined by Q := span {91, ···,gm} and P := span {P1, ···,Pr}. 

We have seen in Chapter 2 that if the DDP(dm) is not solvable for E, we may still be 
able to render the outputs independent of the disturbances by allowing dynamic state 
feedback. This gives rise to the formulation of the disturbance decoupling problem via reg­
ular dynamic state feedback (DDDP) and the disturbance decoupling problem via regular 
dynamic state feedback and disturbance measurements (DDDPdm). 

In this chapter we formulate and solve the DDDP(dm). Instrumental in the solution of 
the DDDP is the Singh compensator that was introduced in Chapter 3. For the solution 
of the DDDPdm we need to modify the Singh compensator, yielding what we call a Singh 
compensator with disturbance feedthrough. We also translate the conditions obtained for 
the solvability of the DDDP(dm) into intrinsic algebraic and geometric conditions. 

The results in this chapter can be found in a series of papers [51],[52],[53]. Another approach 
to the DDDP can be found in (83]. 

We first formulate the DDDP and the DDDPdm. We restrict ourselves to a local formu­
lation and solution of these problems. 

Definition 4.0.1 Disturbance decoupling problem via regular dynamic state 
feedback (DDDP) 
Consider a nonlinear system E and let a point x 0 E M be given. The DDDP is said to be 
locally solvable around x0 if there exist a regular analytic dynamic state feedback for E 
around xo of the form (3.42), denoted as R, such that the outputs of the composite system 
E o R restricted to U x Z are independent of the disturbances. 111 

49 
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Definition 4.0.~ Disturbance decoupling problem via regular dynamic state 
feedback and disturbance measurements (DDDPdm) 
Consider a nonlinear system E and let a point x0 E M be given. The DDDPdm is said to 
be locally solvable around x0 if there exists a dynamic state feedback for E of the form 

Q { i = a(x,q,z) + (J(x,q,z)v 
u = 1(x,q,z)+i5(x,q,z)v 

(4.2) 

with z E JR", such that for all q E JR' ( 4.2) is a regular analytic dynamic state feedback 
for E around x0 , and the outputs of the composite system E o Q restricted to U x Z are 
independent of the disturbances. ■ 

Remark 4.0.3 Note that if we require the dynamic state feedbacks R and Q to be static 
state feedback compensators (i.e. v = 0), we obtain the DDP and DDPdm that were 
studied in Chapter 2. ■ 

Instrumental in the solution of the DDDP is the Singh compensator (3.50) that was in­
troduced in Chapter 3. As the Singh compensator around a strongly regular point was 
introduced in Chapter 3 for systems without disturbances, we first have to define what is 
meant by a (strongly) regular point and a Singh compensator for E. 

Definition 4.0.4 Let a point x0 E M be given. We call x 0 a (strongly) regular point for 
E if x0 is a (strongly) regular point for E0 in the sense of Definition 3.2.14. ■ 

Definition 4.0.5 Consider the analytic nonlinear system E. Let x0 be a strongly reg­
ular point for E. Then any Singh compensator for E0 around x0 is also called a Singh 
compensator for E around x0 • ■ 

We now give a solution of the DDDP. In the statement of the solution we employ the 
following notation. If we apply Singh's algorithm to Eo, the Ykk) ( k = 0, · · ·, n; y0 := y) can 
be viewed as functions on M, := M x mnm. By the same token, Ker dy?> ( k = 0, • • •, n) 
defines a distribution on M,. Define the distributions (}.,P, on M, by(}, := g x {0},Pe := 
p X {O}. 

Theorem 4.0.6 Consider the nonlinear system E. Assume that x0 is a strongly regular 
point for E. 

(i} The DDDP is locally solvable around x 0 if and only if it is solvable via a Singh 
compensator for E around x0 • 

(ii} This condition is equivalent to the condition that for each application of Singh 's al­
gorithm to Eo we have for k = 0, • • • , n - I: 

(4.3) 
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Proof (sufficiency) Consider E and let x0 be a strongly regular point for E. Assume that for 
each application of Singh's algorithm to E0 (4.13) holds fork= 0, • • •, n- 1. Apply Singh's 
algorithm to Eo, yielding a reordering fit,···, fin, Yn of the outputs. Note that without loss 
of generality we may assume that Yk = (iif+i, .. · , ii!, U!f for k = 0, .. · , n - 1. We now 
show that for E we have that for k = 0, • • • , n - 1 

fii~"ii) = ak+t(x, {yJi> 11 $ i $ k,i $ j $ k + 1})+ 

bk+i(x,{yjil I 1 $ i $ k,i $ j $ k})u 

= ak+t(x,{yjil 11 $ i $ k,i $j $ k+ l})+ 

bk+i(x, {ii!;) I 1 $ i $ k,i $ j $ k})u 

(4.4) 

i.e., the result of Singh's algorithm applied to E, where q is considered to be a parameter, 
is the same as the result of Singh's algorithm applied to E0 • For Ewe have 

iii = !J/;[J(x) + g(x)u + p(x)q] =: iii(x) + bi(x)u + i:i(x)q 

Yi = !J/;[J(x) + g(x)u + p(x)q] =: ai(x) + bi(x)u + ci(x)q 

(4.5) 

Since (4.3) holds for k = 0, we have that ci = 0, ci = 0. Hence (4.4) holds for k = 0. 
Applying the above arguments repeatedly, we establish that ( 4.4) holds for k = 0, • • • , n-1. 
Hence by (4.4) and Proposition 3.2.6 we have that 

+Bn(x,{yjil 11 $ i $ n-1,i $ j $ n-l})u (4.6) 

This implies that if we apply the Singh compensator to E, the outputs of the resulting 
system satisfy 

yj6;) = V; (1 $ i $ p*) 

a~qi;i = 0 (p* + 1 $ i $ m,j ~ 0) 

Hence the Singh compensator locally solves the DDDP for E around x0 • 

(4.7) 

(necessity) Assume that the DDDP is locally solvable around x0 via a regular dynamic 
state feedback R of the form (3.42). Apply Singh's algorithm to E0 , yielding a reordering 
iii,···, fin, Yn of the outputs. Assume that ( 4.3) does not hold for all k = 0, • • •, n - 1. 
Let the integer T be defined by r := min{ k E { 0, .. · , n - 1} I 'P, ¢. Ker dgi'"l}. By the 
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sufficiency-part of this proof we then know that ( 4.4) holds for k = 0, · · · , T - I. Hence we 
have for E o R: 

y~~il) = a .. +t(x, {y!j) I 1 $ i $ T, i $ j $ T + l})+ 

b .. +i(x, {yF> I I $ i $ r, i $ j $ T} )(;(x, z) + «5(x, z)v)+ 

(4.8) 

c.,.+i(x, {Y!;) I I $ i $ T, i $ j $ r} )q 

where (c;+i c;+if-;/:. 0. Denote (c;+1 c;+1f =: C(x, {yj;) I I $ i $ r, i $ j $ T} ). Then 
the fact that R solves the DDDP for E implies that R must be such that C(x, {yj;) I I $ i $ 
T, i $ j $ T}) = 0 along all trajectories of E o R. Hence we can find r E {l, · · ·, m },s ~ 0 
and a function cp,.(x, {ul;) Ii =f. r,O $ j $ s}, {ut;) IO$ j $ s -1}) such that for E o R 
we have 

(4.9) 

By the proof of Lemma 3.3 in [30] this means that for all k ~ s there exist functions 
<Prk(x, {ulj) I i =f. r, 0 $ j $ k }, { uti) I O $ j $ s - l}) such that 

(4.10) 

which contradicts the fact that R is a regular dynamic state feedback. Hence ( 4.3) holds 
for all k = 0, • • • , n - I. ■ 

In a similar way we can obtain conditions for solvability of the DDDPdm. The role that 
is played by the Singh compensator in the solution of the DDDP is taken by the Singh 
compensator with disturbance feedthrough in the solution of the DDDPdm. Given a Singh 
compensator (3.50) for E around a strongly regular point x0, we obtain a Singh compensator 
with disturbance feedthrough for E around x0 by extending (3.50) in the following way. 
Note that (in the notation of Chapter 3) Yn = Yn(x, {y!il I I $ i $ p*,;; $ j $ «5; -1}). 
Define in the notation of Chapter 3 

4>a(x,{yji> I I$ i $ p*,;; $ j $ «5; -1}) := 

9/:(x, {y!;) I I$ i $ p*,;; $ j $ «5; - l})p(x) 

and consider the following extension of (3.50) 

= A;z;+B;v; (i=l,···,p*) 

m 
4>1(x, z1, · · ·, Zp•) + ~ ef>2;(x, z1 · · ·, Zp• )v; + 4>a(x, z1, · · ·, Zp• )q 

i=l 

V; ( i = p* + 1, · · · , m) 

(4.11) 

(4.12) 
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Then (4.12) is called a Singh compensator with disturbance feedthrough for :E around xo, It 
can be shown that, like a Singh compensator (3.50), a Singh compensator with disturbance 
feedthrough ( 4.12) constitutes a regular dynamic state feedback for :E around xo for every 
q E JR'. Without proof we state: 

Theorem 4.0. 7 Consider a nonlinear system :E and let x0 E M be a strongly regular point 
for :E. Then 

(i} The DDDPdm is locally solvable around x0 if and only if it is solvable via a Singh 
compensator with disturbance feedthrough for :E around x0 • 

(ii} The above condition is equivalent to the condition that for each application of Singh 's 
algorithm to x0 we have for k = 0, · · · , n - l: 

(4.13) 

1111 

The conditions in Theorems 4.0.6 and 4.0.7 can be given the following geometric interpre­
tation (cf. (51]). 

Proposition 4.0.8 Consider a nonlinear system :E and let x0 E M be a strongly regular 
point for :E. Let R be a Singh compensator for :E around x0 • Denote the maximal locally 
controlled invariant distribution contained in Ker dh for :E0 o R by ~:. Then 

(4.14) 

Proof The first equality follows by applying Krener's algorithm to :E0 o R and invoking 
Proposition 3.2.6. Moreover, by the construction of the Singh compensator we have that 
yfv,+i-t) = Zij ( i = 1, .. · , p*; j = 1, .. · , 8; - 1;). This yields the second equality. 1111 

Using Theorem 2.2.10 we immediately obtain: 

Proposition 4.0.9 Consider a nonlinear system :E and let x0 E M be a strongly regular 
point for :E around Xo. Let Q be a Singh compensator for :E around Xo and let ~: be as 
defined in Proposition ,I. 0.8. Then the DDDP is locally solvable around Xo if and only if 

( 4.15) 

1111 
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Obviously, A; depends on how we apply Singh's algorithm to :E0 , so A: is by no means 
uniquely defined. However, the solvability of the DDDP does not depend on the way Singh 's 
algorithm is performed (cf. Theorem 4.0.6). Hence for any distribution A of the form 
(4.14) generated by applying Singh's algorithm to :E0 we have 'Pe CA. Consequently, the 
distribution P. is always contained in A;. By construction we have that A; C TM x { 0} C 
TM x T JR" (with abuse of notation). However, the vector fields that span A; may very 
well depend on z. Since the vector fields p1 , ·••,Pr only depend on x, they are contained 
in the (not necessarily locally controlled invariant) maximal distribution b.; C A; that 
contains the vector fields in A; that only depend on x. The distribution b.; can be found 
via the following algorithm from [96]. 

Algorithm 4.0.10 

Step 0 

Define 

Step k 

Define 
{} {} 

Ak := {r E Ak-1 I [r, a) E Ak-1 + span {{Jz}} 

1111 

Lemma 4.0.11 Assume that the distributions Ak obtained in Algorithm 4.0.10 have con­
stant dimension. Then for all k, Ak :) Ak-l and there is a k* such that Ak = Ak• for all 
k ~ k*. 

Proof See [96) 1111 

Assume that Algorithm 4.10 converges to Ak•• Then the first n components of any vector 
field in Ak• do not depend on z (cf. [96]). Moreover, we have that Ak• C A; and hence 
the last u components of any vector field in Ak• equal zero. So the vector fields in Ak• do 
not depend on z at all. By construction, Ak• is the largest distribution in A; having this 
property. Hence Ak• = &:. 

Lemma 4.0.12 b.; is uniquely defined, i.e., it is independent of the way we apply Singh's 
algorithm to :Eo. 

Proof Assume that we have applied Singh's algorithm in two different ways, yielding A;1 

and A;2 • Moreover, assume that by applying Algorithm 4.0.10 to these two distributions 
we obtain the distributions b.;1 and b.;2 , where b.;1 -/- b.;2 • This implies that there are 
disturbance vector fields for which the DDDP is solvable by applying Singh's algorithm in 
one way, but not solvable by applying Singh's algorithm in the other way. This contradicts 
Theorem 4.5. Hence b.;1 equals b.;2 • 1111 
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Let A *be defined as the projection of A; on TM. Then A• is a well-defined distribution on 
M (cf. [96]). From the considerations above we immediately have the following theorem: 

Theorem 4.0.13 Consider the nonlinear system E and let x0 E M be a strongly regular 
point for E. Assume that the distributions !).k obtained in Algorithm 4,0.10 have constant 
dimension. Then the DDDP is locally solvable around x0 if and only if 

(4.16) 

• 
For the DDDPdm the reasoning is slightly different, although it follows the same lines. 
Here, Algorithm 4.0.10 is applied starting from the distribution /:).0 = !).:a =: /:).: + g., 
resulting in the distribution A:a := !).k,. Analogously to Lemma 4.0.12 it is then possible 
to prove: 

Lemma 4.0.14 A:a obtained in the way described above is uniquely defined, i.e., it is 
independent of the way we apply Singh 's algorithm to E0 • ■ 

Let b.g be defined as the projection of the distribution A:a on TM. 

Theorem 4.0;15 Consider the nonlinear system E and let x0 be a strongly regular point 
for E. Assume that the distributions !).k obtained in Algorithm 4,0.10, with Ao = A:a, 
have constant dimension. Then the DDDPdm is locally solvable around x0 if and only if 

(4.17) 

• 
The conditions for solvability of the DDDP and the DDDPdm in Theorems 4.0.6,4.0.7 
respectively, can also be translated into intrinsic (algebraic) conditions in the following 
way. Let Eq denote the system obtained from E by considering the disturbances q as an 
extra set of controls. For Eo, denote Pok= dim£k - dim£k-l (k = l,···,n). Similarly, 
define pqk ( k = 1, · · · , n) for Eq, 

Theorem 4.0.16 Consider the nonlinear system E and let x0 E M be a strongly regular 
point for E. Then the DDDPdm is locally solvable around x0 if and only if fork = 1, • • •, n 

Pok= pqk (4.18) 

Proof Apply Singh's algorithm to Eo, yielding a reordering fh, ··•,fin, fin of the outputs. 
Then for Eq we obtain 

ii1 = ii1(x)+b1(x)u+c1(x)q 
(4.19) 
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where iii, bi, izt ,b1 are the same as in Singh 's algorithm applied to Eo and c1 ( x) = 
({Yy1/ox)p(x), 1\(x) = (oyiJox)p(x). It can be shown that the fact that (4.13) holds for 
k = 0 is equivalent to the existence of a u1(x) such that b1(x)u1(x) = c1(x),b1(x)u1(x) = 
c\(x). Hence the fact that (4.13) holds fork= 0 is equivalent to 

( 4.20) 

Let bt(x) be a right inverse of b1(x) and take u = bt(x)(y1 - ii1(x) - c1(x)q) in (4.19). 
Then (4.19) yields in particular 

y1 = 111(x) + b1(x)bt(x)(y1 -ii1(x) - b1(x)u1(x)q) + b1(x)u1(x)q = 
(4.21) 

Hence for Eq, ~1 is given by the same expression as for E0 • Applying the above arguments 
repeatedly, we can show that (4.13) holds for k = 0, · · ·, n - I if and only if Pok = pqk for 
k = 1, • • • , n, which establishes our claim. ■ 

Remark 4.0.17 In the terminology of [71], Theorem 4.0.16 states that the DDDPdm is 
locally solvable if and only if E0 and Eq have the same algebraic structure at infinity. ■ 

In order to obtain intrinsic conditions for the solvability of the DDDP, we follow an idea 
from [108]. Define an auxiliary system Ea by 

{ 
~ = f(x)+g(x)w+p(x)q 

Ea W = V 

y = h(x) 
(4.22) 

where w E JR:", and v E JR:" denotes the controls of Ea. Let Eao denote the system obtained 
from Ea by setting q = 0 and let Eaq denote the system Ea where the disturbances q are 
considered to be an extra set of controls. Similarly to Pok, Pqk for E, define Pok, P:k for Ea, 

Theorem 4.0.18 Consider the nonlinear system E. Let x0 be a strongly regular point for 
E. Then the DDDP is locally solvable around x0 if and only if for k = 0, • • · , n - 1 

( 4.23) 

Proof {necessity) Assume that the DDDP is locally solvable around x0 via a regular 
dynamic state feedback 

R { i = a(x,z)+,B(x,z)u 
u = 1(x,z)+8(x,z)u 

Consider the following dynamic state feedback for Ea: 

( 4.24) 

(4.25) 
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with 

u(x, w, Zi, z2, q) = [~(x, z1) + t(x, z1)z2][f(x) + g(x)w + p(x)q]+ 

+[h(x, zi) + -ffe-(x, z1)z2][a(x, zi) + /3(x, z1)z2] + o(x, zi)u 
8z1 UZJ 

and u denoting the new controls. Then we find: 

w= j vdt=7(x,z1)+8(x,z1)z2 

and thus Ra locally solves the DDDPdm for Ea, since R solves the DDDP for E. Further­
more we have as an (almost) immediate consequence of the fact that R is regular, that Ra 
is also regular. So the DDDPdm is locally solvable for Ea and hence by Theorem 4.0.16: 
( 4.23) holds for k = 1, · · ·, n. 
(sufficiency) Assume that ( 4.23) holds fork = 1, • • • , n, i.e., the DDDPdm is locally solvable 
for Ea, say via a regular dynamic state feedback 

Q { z = a(x, w, z, q) + /3(x, w, z, q)~ 
a V = 7(x,w,z,q)+o(x,w,z,q)v 

(4.26) 

with v denoting the new controls. Then it is obvious that the dynamic state feedback 

{ 
z1 = 7(x,z1,z2,q)+o(x,z1,z2,q)v 

Q z2 = a(x,z1,z2,q)+/3(x,z1,z2,q)v 
u· = Zt 

(4.27) 

locally solves the DDDPdm for E. Apply Singh's algorithm to E0 , yielding a reordering 
ih, · · ·, Yn, '!In of the outputs. Employ the notation of the proof of Theorem 4.0.6. Then for 
E we have in particular: 

ii1 ii1(x)+b1(x)u+i\(x)q 

y1 = a1(x)+b1(x)u+c1(x)q 
( 4.28) 

Since Q locally solves the DDDPdm for E, the q-dependence in ( 4.22) must have vanished 
if we put u in (4.22) equal to the output of Q. This implies that actually c1 = O,c1 = 0, 
since the output of Q does not depend on q. It can be checked that this implies that (4.3) 
holds for k = 0. Applying the above arguments repeatedly, we can show that (4.3) holds 
for k = 0, • · ·, n - 1. By Theorem 4.0.6 this implies that the DDDP is solvable around x0 • 

1111 

Remark 4.0.19 Theorem 4.0.6 provides a complete solution of the DDDP, together with 
a regular dynamic state feedback that (locally) solves the problem. However, the Singh 
compensator is certainly not a regular dynamic state feedback of minimal dimension that 
solves the problem. This is illustrated by the following linear system: 

±1 Ut Yt = X1 

±2 X3 + Ut Y2 = X2 ( 4.29) 
x3 X4 + U2 

x4 = q 
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It is easily seen that this system has full rank (equal to 2) and that a Singh compensator 
.is given by 

Z V1 

U1 = Z (4.30) 
U2 -X4 - V1 + V2 

By Theorem 4.0.6 the Singh compensator (4.30) solves the DDDP for (4.29). However, as 
was already mentioned in Remark 2.1.8. {ii}, for a linear system the DDDP is solvable if 
and only if the DDP is ( cf. [7]). Indeed, it can be checked that the regular static state 
feedback 

(4.31) 

solves the DDP for (4.29). The non-minimality of the Singh compensator (with respect to 
solving the DDDP) occurs since it produces a compensated system for which the rank of 
the decoupling matrix equals the rank of the original system, while this property does not 
have to hold for a regular feedback that renders outputs independent of the disturbances 
(the decoupling matrix of (4.29,4.31) has rank one, while the system (4.29) has rank 2). 

As we have seen in Example 2.2.14, for nonlinear systems solvability of the DDDP does not 
necessarily imply that the DDP is solvable. Also, the example in this remark shows that 
if the DDP ( and so also the DDDP) is solvable, the procedure described in this chapter 
only leads us to the conclusion that the DDDP is solvable and not to any conclusion about 
the solvability of the DDP. Therefore, the question arises if one can decide from a solution 
of the DDDP if possibly also the DDP is solvable, without having to invoke the theory 
presented in Chapter 2. If the answer to this question is positive, a second question is if a 
regular static state feedback solving the DDP can be derived from a Singh compensator. 
The answers to these questions are not available at the moment and the questions remain a 
topic for future research. It seems that a clue to the answer can be obtained by a thorough 
comparison of Krener's algorithm and Singh's algorithm. ■ 

We conclude this section with two examples. 

Example 4.0.20 Consider the system (3.60) from Example 3.2.32. The maximal locally 
controlled invariant distribution contained in Ker dh for (3.60,3.65), denoted by ~:1 , is 
given by 

( 4.32) 

and we find 

( 4.33) 

For (3.60,3.69) the maximal locally controlled invariant distribution contained in Kerdh, 
to be denoted by ~:2 , is given by 

~=2 = span {x2a8 + x4(z - 2x2)a8 'aa } 
X2 X4 X5 

(4.34) 
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and we find 

- a 
A; = span { ~} 

uX5 

Now consider the system E defined by 

±1 = X2U1 Yt = X1 

±2 = X5 Y2 = X3 

xa = X2 + X4U1 

x4 = '1.12 

±s = X1U1 + q 

59 

(4.35) 

(4.36) 

Note that the system (3.60) is the same as E0 • Then by (4.35) and Theorem 4.0.13 the 
DDDP is locally solvable for E around all points x0 E {x E Hl.5 I x2 "# O,x4 "# O}. ■ 

Example 4.0.21 Consider the voltage frequency controlled induction motor described in 
[26]. As state variables we take the projections of the stator current and flux vectors on a 
reference frame ( o:, /3) which is fixed to the stator windings, and the angular position of the 
voltage input vector. As inputs we take the amplitude of the voltage input vector and the 
voltage supply frequency. The parameters R. and R,. are the stator and rotor resistances, 
L. and L, are the stator and rotor self-inductances and M is the mutual inductance. The 
speed w can be considered as a slowly varying parameter, owing to the large separation of 
time scales between the mechanical and the electromagnetic dynamics. In the sequel w is 
assumed to be ·constant. 

We define x = (x1 , • • •, x4 ) and x = (x, x5 ) and we assume that a one-dimensional distur­
bance q influences the dynamics through the disturbance vector field p(x) = (x3 x4 0 0 Of. 
Then the state equations are written as 

x = ( ~x) + ( 91~s) ~ ) ( :: ) + p(x)q (4.37) 

where 

-(a+ /3) f w cosls -w ur. • 

-(a+ /3) w f sinls w -ur. A= 91(xs) = • (4.38) 

-auL. 0 0 0 COSX5 

0 -auL. 0 0 sinx5 

and o: = ¼., /3 = ¼., M2 
(T = 1- r.r.· 

(T • (T r • r 

Suitable outputs for the system are defined in terms of the stator flux ~. and the torque 
Tm. Hence, the following nonlinear output functions are used 

h1 ( x) = ~! = x~ + x~ 
(4.39) 
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Applying Krener's algorithm, using REDUCE, we find that ~• = {O}. Hence neither the 
DDPdm nor the DDP is solvable for (4.37,4.39). However, by applying Singh's algorithm 
to (4.37,4.39) we find that we can solve the DDDPdm by applying the following Singh 
compensator with disturbance feedthrough: 

Z Vt 

u1 </>1(x,z) (4.40) 
u2 = </>2(x, z, q, vi, v2) 

where 

"' ( ) _ 2o:u L,(x1X3 + x2x4) + z 
'1'1 x,z -

2(X3COSX5 + X4sinxs) 
(4.41) 

and where </>2(x, z, q, v1, v2) can be calculated from 

</>2(x,z,q,v1,v2)=c C +1<,bc C [v2- 04>1.co,Y2·V1-
9> JY2 1 02 o,Y2 OZ 

( 4.42) 



Chapter 5 

Controlled invariant submanifolds 
and clamped dynamics 

In Chapter 2 we have seen that the notion of a ( controlled) invariant subspace for a 
linear system can be conveniently generalized to nonlinear systems by introducing the 
notion of a ( controlled) invariant distribution, at least for applications like the disturbance 
decoupling problem via regular feedback. In this chapter we present another generalization, 
namely that of a ( controlled) invariant submanifold. The generalization of the maximal 
controlled invariant subspace contained in Ker C leads to the introduction of the clamped 
dynamics of a nonlinear system. This notion was first identified, in the single-input single­
output case, in [11),[67]. For the multi-input multi-output case it was further elaborated 
in [12],[64],[101],[104). 

Consider a linear system of the form 

{ 
::i; = Ax+Bu 
y = Cx 

(5.1) 

with x E JR:', u E JR:", y E JRl' and A, B, C matrices of appropriate dimensions with 
constant coefficients. Consider a subspace V C ]Rn. First set u = 0 and assume that 
AV CV (i.e., Vis an invariant subspace for (5.1), cf. Chapter 2). It is readily checked that 
this requirement is equivalent to the requirement that the solutions of ::i; = Ax, x(O) E V, 
remain in V for all t 2: 0. Similarly, the requirement that AV C V + Im B (i.e., V is a 
controlled invariant subspace for (5.1), cf. Chapter 2) is equivalent to the existence of a 
feedback u = Fx for (5.1) such that the solutions of ::i; = (A+ BF)x, x(O) E V, remain in 
V for all t 2: 0. 

Now consider a nonlinear system of the form 

{ 
::i; = /(x) + g(x)u 
y = h(x) 

(5.2) 

where x = (x1, · · ·, xnf E ]Rn are local coordinates for the state space manifold M, 
u E JR:", y E JRI', g(x) = (g1(x) · · · gm(x)), h(x) = col(h1(x), · · ·, hp(x)), f,91, · · · ,9m are 
analytic vector fields on M and h1 , •••,hp are analytic functions on M. Recall that the 
distribution Q is defined by Q := span {91, · · · , 9m}. 

The above interpretation of (controlled) invariance for the linear system ( 5.1) leads to the 
notion of a ( controlled) invariant submanifold for the nonlinear system (5.2). 
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Definition 5.0.1 (Controlled) invariant submanifold 
Consider a nonlinear system (5.2) and let N be a submanifold of M. 

{i} N is called invariant for (5.2) if 

f(x) E TxN for all x EN (5.3) 

{ii} N is called (locally) controlled invariant for ( 5.2) if there exists (locally on N) a strict 
static state feedback u = a(x), x EN, such that 

f(x) + g(x)a(x) E TxN for all x EN (5.4) 

i.e. N is invariant for :i; = f(x) + g(x)a(x). 
■ 

Remark 5.0.2 (5.3) immediately implies that the solutions of :i; = f(x), x(O) EN, remain 
in N fort E [O, T), with T > 0 small enough. ■ 

We obtain the following generalization of Lemma 2.1.4 (see also Lemma 2.2.3). 

Lemma 5.0.3 Consider the nonlinear system {5.2} and a submanifold NC M. Assume 
that dim(TxN + 9(x)) is constant on N. Then N is locally controlled invariant for (5.2} 
if and only if · 

f(x) E TxN + 9(x) for all x EN (5.5) 

■ 

We proceed by giving a generalization of V*, the maximal controlled invariant subspace 
contained in Ker C for (5.1 ). 

Definition 5.0.4 Output-nulling submanifold 
A submanifold N C M is called output-nulling if N C h-1(0), i.e. if the output value 
corresponding to states in N is zero. ■ 

Algorithm 5.0.5 Clamped dynamics algorithm 
Consider the system (5.2) and suppose h(x0 ) = 0. Let UC M be a neighborhood of x0 • 

Step 0 

Define N0 = h-1 (0) n U. 
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Step k 

Assume that Nk-l is a submanifold through x0 • Then define 

II 

Proposition 5.0.6 Consider a nonlinear system {5.2} and let x0 E M be such that 
h(x0 ) = 0. Assume that Algorithm 5.0.5 can be applied successfully to {5.2), i.e., we 
can find a neighborhood UC M of x0 such that at every step Nk, k?: 0, is a submanifold 
through x0 • Then 

{ii) There exists a k* ::; n such that Nk• = Nk•+i = · · · 

Furthermore, if we let N* denote the maximal connected component of Nk• containing Xo, 

we have 

{iii} N* satisfies {5.5). 

(iv) For any output-nulling submanifold N satisfying {5.5} there exists some neighborhood 
[J of x0 such that N n O C N*. 

Proof See e.g. [61),[81]. 1111 

The result of Proposition 5.0.6 implies that N* is the maximal output-nulling submanifold 
through x0 with respect to property (5.5). If moreover dim(T.,N* + Q(x)) is constant for 
every x E N* then it immediately follows from Lemma 5.0.3 that N* is the maximal locally 
controlled invariant output-nulling submanifold around x0 • 

Under some extra regularity assumptions we can give a more constructive version of the 
clamped dynamics algorithm. The version presented here is a modified version of the 
algorithm from [104] and is very much related to Krener's algorithm. 

Algorithm 5.0. 7 Clamped dynamics algorithm 
Consider the system (5.2). Let Xo E M be such that h(x0 ) = 0 and assume that h has 
constant rank Po in a neighborhood of x0 in h-1(0). 

Step 0 

Locally around xo the set No := h-1 (0) is an (n - p0 )-dimensional manifold through x0• 

Permute the entries of h such that the first Po entries are independent on N0 and denote 
</>o := col( h1, · · ·, hp0 ), <l>o = <Po-
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Step 1 

Calculate 

(5.6) 

Assume that e1 ( x) has constant rank r 1 on a neighborhood of x0 in N0 • After a possible 
permutation of the entries of rp0 we may assume that the first r1 rows of e1 are linearly 
independent on this neighborhood. Accordingly, write (5.6) as 

where e1 ( x) has full row rank r 1 . Let et ( x) be a right inverse of e1 ( x) and set 

u = -et(x)d1(x) 

Then (5.7) and (5.8) yield 

(5.7) 

(5.8) 

(5.9) 

Note that, since each row of e1(x) is linearly dependent on the rows of e1(x), ~1(x) is inde­
pendent of the choice of et (x ). Assume that ~1 (x0 ) has constant rank s1 on a neighborhood 
of xo in No. Then locally around xo, N1 := {x E No I ~1 (x) = O} is an (n-p1)-dimensional 
submanifold through xo, with Pt :=Po+ s1 • Permute the entries of ~1 such that the first 
s1 entries are independent on Ni, and denote r/>1 := col( ~11, · · ·,~ts,), 4>1 := ( rp'{;, rpff. 
Finally, set E1(x) := e1(x), D1(x) = d1(x), ~o := Jo. 

Step k 

Suppose that at step 0, 1, · · · , k - 1 we have defined rp0 , • • • , 'Pk-I, 4> t := ( rp'{;, · · • , rpff and 
4'0 , • • ·, 4'k-2 such that Nt := {x I 4>t(x) = O} (£ = 0, · · ·, k - 1) is a submanifold through 
xo and 

(5.10) 

where Ek-1(x) has full row rank Tk-I on a neighborhood of xo in Nk-2· Calculate 

(5.11) 

and set Ek:= (.E[_1 eff. Assume that Ek has constant rank rk on a neighborhood of x0 

in Nk-t• After a possible permutation of the entries of 'Pk-I we may assume that the first 
rk rows of Ek are linearly independent on this neighborhood. This also implies that the 
first rk - rk-l rows of ek(x) are linearly independent on this neighborhood. Accordingly, 
write (5.11) as 

(5.12) 
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where ek(x) has full row rank rk-rk-1· Letting <i>k-1 := (<i>L2 , ef>L1f, Dk:= (DL1 Jff, 
Ek := (Ef-1 eif, we can rewrite (5.10),(5.12) as 

<i>k-1 fh(x) + Ek(x)u 
(5.13) 

efJk-1 = dk(x) + ek(x)u 

where Ek(x) has full row rank rk on a neighborhood of x0 in Nk-l· Let Et(x) be right 
inverse of Ek(x) and set 

u = -Et(x)Dk(x) 

Then (5.13) and (5.14) yield 

4>k-1 = 0 

¢k-l = dk(x) - ek(x)Et(x)Dk(x) =: ¢>k(x) 

(5.14) 

(5.15) 

Note that, since each row of ek(x) is linearly dependent on the rows of Ek(x), ¢>k(x) is 
independent of the choice of Et(x). Assume that ¢k(x0 ) = 0 and that ef>k(x) has constant 
rank sk on a neighborhood of x0 in Nk-l· Then locally around xo, Nk := {x E Nk-1 I 
ef>k(x) = 0} is an (n - Pk)-dimensional submanifold through x0 , with Pk := Pk-1 + Bk. 

Permute the entries of ef>k such that the first sk entries are independent on Nk, and denote 
<Pk:= col(ef>kl,···,ef>k,.), q>k := (q>L,¢If. ■ 

Remark 5.0.8 Note that Algorithm 5.0.7 is close to Krener's algorithm 2.2.8. The main 
difference is that in Algorithm 5.0.7 we do not have to compute the matrices (:h(x), nor 
rk(x). Moreover, the constant rank assumptions in Algorithm 5.0.7 need only be made on 
neighborhoods of x0 contained in the submanifolds Nk. ■ 

Definition 5.0.9 Regular point 
We call x0 E M a regular point for Algorithm 5.0. 7 if this algorithm can be applied suc­
cessfully to (5.2}, i.e., at every step of the algorithm both constant rank assumptions are 
satisfied and ef>k(xo) = 0 for all k. ■ 

Suppose that x0 is a regular point for Algorithm 5.0. 7. Then it is straightforward to show 
that the submanifolds Nk as produced by Algorithm 5.0.7 locally equal the intrinsically de­
fined submanifolds Nk of Algorithm 5.0.5. Hence, the Nk of Algorithm 5.0.7 do not depend 
on the particular choice of the right inverse of Ek, nor on the selection of the independent 
entries of ef>k- Moreover, since the Ek have constant rank around x0 , dim(TxNk + g(x)) 
is constant on a neighborhood of x0 in Nk (k ~ 0). This implies by Lemma 5.0.3 that 
N* = Nk• as produced by Algorithm 5.0. 7 is the maximal locally controlled invariant 
output-nulling submanifold around x0 • 

N* is called the clamped dynamics manifold of (5.2) around x0 • The feedbacks u = a*(x ), 
x E N*, which render N* invariant, are given by the solutions of 

(5.16) 
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Figure 5.1: Constrained two-link robot arm 

Denote m := m - r1c•- Let E't-(x) be a right inverse of E1c•(x) and define a(x) := 
-Et.( x )D1c• ( x ). Furthermore, let iJ( x) be an ( m, m )-matrix of full column rank satisfying 
E1c•(x)iJ(x) = 0. Then the full solution set of (5.16) is given as 

a*(x) = a(x) + iJ(x)v (5.17) 

where v = col(v1, • • •, vm) ER" can be chosen arbitrarily. Alternatively, we can interpret 
v as new controls and (5.17) as a nonregular static state feedback applied to (5.2). The 
system (5.2,5.17) restricted to N* is then called the clamped dynamics of (5.2), i.e., all 
motions of (5.2) compatible with the constraints h(x) = 0. · 

We illustrate the theory developed so far with an example. 

Example 5.0.10 Consider a frictionless, rigid two-link robot arm with control torques u1 

and u2 applied at the joints. For simplicity we assume that both links have unit length 
and unit mass, where the mass is concentrated at the end of each link. 

The dynamics of this manipulator are described by (see e.g. (40)) 

(5.18) 
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g = constant of gravity 

The matrix M ( 8) is called the inertia matrix of the robot arm. The term C ( 8, 8) represents 
the centripetal and Coriolis forces, while the term k( 8) represents the gravitational forces. 
Assume that we want to control the robot arm in such a way that the endpoint remains 
on a circle with radius R, 1 < R < 2, and with center at the base of the robot arm. The 
distance of the endpoint to the base of the robot arm is equal to J2 + 2cos82 • Hence if we 
define the output of (5.18) as 

y=2+2cos82 -R2 (5.19) 

the possible movements along a circle with radius R are given by the clamped dynamics 
of (5.18,5.19). Applying Algorithm 5.0.7 to (5.18,5.19) yields 

· R2 -2 · 
N* = {(8,8) I cos82 = - 2-,82 = O} (5.20) 

and (on N*) 

2-..14-W(R"+R) 0•2 g-../4-W(R"+2R) 8 • 8 
(h'-4RL4J 1 - (h'-4RL4J cos 1 - gsm 1+ 

(5.21) 

Hence 

(5.22) 

Note that on N* the quantities 82 and 82 are constant. Hence we can take 81 and 81 as 
coordinates for the clamped dynamics. The clamped dynamics then are given by 

:, ( :: ) ~ ( •~+ff'°":: li:;~:J&ne, ) + ( w:., ) ' 
(5.23) 
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Having designed a control (5.22) such that the endpoint of the robot arm remains on a 
circle with radius R, one might question if the motion of the endpoint along the circle 
can be controlled. The answer to this question is positive. Assume that a reference 
trajectory 81r(t) (t 2:: 0) is given. Then it is easy to check that by choosing 81(0) = 81r(0), 
81(0) = 81.(0) and 

2 • gR ,.--.:;,; g 
v(t) = (R + l)81r(t) - 2 v4 - R 2cos81r(t) - 2(R2 + 2)sin81r(t) (5.24) 

in (5.23), we have 81(t) = 81.(t) for t 2:'. 0. 
■ 

We conclude this chapter with two propositions that will prove their usefulness in the 
following chapter. The first result, that is taken from (50], gives a connection between the 
clamped dynamics manifold af a system (5.2) and the clamped dynamics manifold of a 
system (5.2) with a dynamic state feedback (3.42). 

Proposition 5.0.11 Consider a nonlinear system (5.2} and let x0 be a regular point for 
Algorithm 5.0. 7 applied to (5.2). Let the clamped dynamics manifold N* of (5.2) around x0 

be given by N* = {x J 4.>,.(x) = O}. Furthermore, consider a dynamic state feedback (9.,12) 
for (5.2} and let (xo, zo) be a regular point for Algorithm 5.0. 7 applied to (5.2,9.,12}. Then 
there exists a vector of functions lll(x, z) such that M*, the clamped dynamics manifold of 
{5.2,9.,12} around (xo,zo), is given by M* = {(x,z) 14>,.(x) = 0, lll(x,z) = 0}. 

Proof See Appendix C. 
■ 

The following result was first derived in [102] (see also [81]). It gives a connection between 
Singh's algorithm and Algorithm 5.0.7. For this, consider the following augmented system 
obtained from (5.2): 

:i = f(x) + g(x)u 
w;o = W,1 

(i=l,···,p) (5.25) 
w,n-1 = V; 

iii = h,(x)- w;o (i=l,···,p) 

with controls (u1,· · · ,um,v1,·· • ,vp) and outputs (iii,··· ,ii"). 

Let a point xo E M be given. Assume that there exists a w0 := ( w?; I 1 :5 i :5 p, 0 :5 j :5 
n - 1) such that (x0 ,w0 ) is a regular point for Algorithm 5.0.7 applied to (5.25). Then 
obviously we have that w~0 = h(x0 ) (i = 1, · · ·, m). Applying the first step of Algorithm 
5.0.7 to (5.25), we find 

(5.26) 

where a1, bi are obtained by applying the first step of Singh's algorithm to (5.2). Since 
(xo,w0 ) is a regular point for Algorithm 5.0.7 applied to (5.25), the matrix bi(x) has 
constant rank r1 on a neighborhood of x0 • After a possible permutation of the entries of 
</>owe may assume that the first r1 rows of b1(x) are independent on this neighborhood. 
Accordingly, write (5.26) as 

( J0 ) ( a1(x)- w!1 + bi(x)u) (5.27) 
~0 = a1(x)- w!1 + b1(x)u 
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where b1(x) has full row rank r 1 . Let bt(x) be a right inverse of b1(x) and set 

u = -bt(x)(a1(x) - w!1) (5.28) 

Then (5.27) and (5.28) yield 

( i: ) = ( a1(x)- w!1 - b1(x~bt(x)(a1(x) - w!1) ) =: ( ~1(~, w) ) 
(5.29) 

Note that by its structure, ~1 ( x, w) has full rank s1 = p - r1. Hence we have </>1 ( x, w) = 
~ 1 (x, w). Furthermore, if we compare (5.29) with the final result of the first step of Singh's 
algorithm applied to (5.2), we find that 

</>1(x,w) = Y1(X,Y1) I., -w' -w!1 
•1- •1 

(5.30) 

Hence at the second step of Algorithm 5.0.7 applied to (5.25) we have 

Ji= d2(x,w) + e2(x,w)u = a2(x,w!1,w!2) - w!2 + b2(x,w!1)u (5.31) 

where a 2 , b2 are obtained by applying the second step of Singh's algorithm to (5.2). If we 
proceed by applying the above arguments repeatedly, we obtain the following result. 

Proposition 5.0.12 Consider the nonlinear system {5.2) and the augmented system (5.25) 
obtained from {5.2). Let a point Xo EM be given. Then there exists the following connec­
tion between Singh 's algorithm applied to {5.2) and Algorithm 5.0. 7 applied to (5.25). 

{i) There exists a w0 = ( w?; I 1 S i S p, 0 S j S n - 1) such that (x0 , w0 ) is a regular 
point for Algorithm 5.0. 7 applied to (5.25) if and only if x0 is a regular point for 
Singh 's algorithm applied to (5.2). 

{ii) If there exists a w0 such that (x0 , w0 ) is a regular point for Algorithm 5.0. 7 applied 
to (5.25), then r, = Pi - Pi-1 (i = 1, · · ·, n ), with Po := 0 and P1, · · ·, Pn as defined in 
Singh 's algorithm. 

(iii) Assume that Algorithm 5.0. 7 is applied to {5.25) around a regular point (x0 , w0 ). 

Then there is an application of Singh 's algorithm to {5.2) such that the result of this 
application of Singh 's algorithm to (5.2) can be obtained from the result of Algorithm 
5.0. 7 applied to {5.25). Conversely, assume that x0 E Mis a regular point for Singh 's 
algorithm applied to {5.2}. Then there is an application of Algorithm 5.0. 7 to (5.25) 
around a regular point (x0 , w0 ) such that the result of this application of Algorithm 
5.0. 7 to {5.25) can be obtained from the result of Singh 's algorithm applied to {5.2). 
More specifically, assume that Algorithm 5.0. 7 applied to {5.25) around a regular 
point ( x0 , w0) yields for k = 1, • • • , n: 

~k-1 = dk(x, {w!; 11 sis k-1,i s j s k},w!;;1) 
(5.32) 

where ( w!0 , • • ·, w:0 , w:0 ) is a reordering of the components of w.0 , ( w!;, · · ·, w:;, w:;) 
is a corresponding reordering of the components of w.; and w!;;1 = ( w:k, · · · , w:k, w:k). 
Furthermore, assume that Singh 's algorithm applied to {5.2) yields fork = 1, • • •, n 

iik~1 = ak(x,{it>11sisk-l,isjsk})+ 
(5.33) 
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where '!/k := Uik+1, ···,fin, Yn)- Then the following connection between dk, ek, ak, bk 
exists: 

ak(x,{fi!il 11 $ i $ k-1,i $j $ k}) = 

dk(x, {ii!i) 11 $ i $ k - 1, i $ j $ k }, 0) 

bk( x, {yjil 11 $ i $ k - 1, i $ j $ k - 1}) = 

ek(x,{yjill1$i$k-1,i$j$k-1}) 

dk(x,{w!j 11 $ i $ k-1,i $j $ k},w:;1 ) = 

ak(x, { w~; 11 $ i $ k - 1, i $ j $ k}) - w!;1 

(5.34) 

(5.35) 

■ 



Chapter 6 

Disturbance decoupling via 
nonregular dynamic state feedback 

"Only the poet or the saint can water an asphalt pavement in 
the confident anticipation that lilies will reward his labor." 

W. Somerset Maugham, The moon and sixpence. 

In this chapter we consider a nonlinear analytic system E of the form 

E { x = f(x) + g(x)u + p(x)q 
y "". h(x) 

(6.1) 

where x = ( x1, • • • , xnf E JR!' are local coordinates for the state space manifold M, 
u E JR:", q E F, y E JRP, g(x) = (g1(x)···gm(x)), p(x) = (Pi(X)···pr(x)), h(x) = 
col(h1(x), · · ·, h,,(x)), f,91, · · · ,9m,Pl, ···,Pr are analytic vector fields on Mand hi,···, h,, 
are analytic functions on M. The system E with q = 0 is denoted by E0 • Recall that the 
distributions g and 'P are defined by g := span {g1, · · · , 9m} and 'P := span {p1, · · · , Pr}. 

We have seen in Example 2.2.14 that if the DDP(dm) is not solvable for E, we may still 
be able to render the outputs independent of the disturbances by allowing nonregular 
(dynamic or static) state feedback. This gives rise to the formulation of the disturbance 
decoupling problem via nonregular dynamic state feedback (nDDDP) and the disturbance 
decoupling problem via nonregular dynamic state feedback and disturbance measurements 
(nDDDPdm). In Section 6.1 we formulate both problems and we discuss the ideas behind 
the algorithm that is presented in Section 6.2 to solve the nDDDP(dm). 

When no specific references are given, the results in this chapter may be found in (50]. 

6.1 Formulation of the problem and ideas behind the 
algorithm 

We first formulate the nDDDP and the nDDDPdm. As for the DDDP and the DDDPdm 
in Chapter 4, we restrict ourselves to a local formulation and solution of both problems. 

Definition 6.1.1 Disturbance decoupling problem via nonregular dynamic state 
feedback (nDDDP) 

71 



72 Chapter 6. Disturbance decoupling via nonregular dynamic feedback 

Consider the system E and let a point x 0 E M be given. Then the nDDDP is said to be 
solvable around x0 if there exist a dynamic state feedback R of the form 

R{z = a(x,z)+.B(x,z)v 
u = 1 (x,z)+8(x,z)v 

(6.2) 

with z E IRv, v E JR!" denoting the new controls and a, ,8, 1 , 8 analytic functions of x and 
z, a neighborhood UC M of x0 , an open subset Z C mv and a map F : U-+ Z with 
the property that for all x E U the outputs of E o R restricted U x Z and initialized at 
(x,F(x)) are independent of q. ■ 

Definition 6.1.2 Disturbance decoupling problem via nonregular dynamic state 
feedback and disturbance measurements (nDDDPdm) 
Consider the system E and let a point x0 EM be given. Then the nDDDPdm is said to be 
solvable around x0 if there exist a dynamic state feedback with disturbance feedthrough Q 
of the form 

Q { z = a(x,q,z)+,B(x,q,z)v 
u = 1(x,q,z)+8(x,q,z)v 

(6.3) 

with z E IRv, v E JR!" denoting the new controls and a,,8, 1 ,8 analytic functions of x,q 
and z, a neighborhood U C M of x0 , an open subset Z C mv and a map F : U -+ Z with 
the property that for all x E U the outputs of E o Q restricted to U x Z and initialized at 
(x,F(x)) axe independent of q. ■ 

In Section 6.2 we give an algorithm to solve the nDDDP(dm). To get a better insight 
in how the algorithm works, we first discuss the ideas behind the algorithm. Consider 
a system E with disturbances, of the form (6.1), and assume that we wish to solve the 
nDDDP around a strongly regular point x 0 EM. 

We start by applying Singh's algorithm to E0 • Recall that the distribution 'P, on M, := 
M x m:-m is defined by 'P. := 'P. x {0} (see Chapter 4). If for k = 0, • • •, n - 1 we have 
that 'P. C Kerdyt>, we know by Theorem 4.0.6 that we can solve the DDDP for E around 
Xo and hence the nDDDP is solvable for E around x 0. 

Assume that for some k E {0, 1, • • •, n - 1} we have that 'P. (j. Ker dykk) and let r1 .­

min{k E IN IP. (j. Kerdykkl}. Then for E 

/)y(r,) r, r, /)y(ri) (. l) 

Di;,+i> = ylf(x) + g(x)u + p(x)q] + i~j~i ailil iJr == 

(6.4) 

where D1 =./= 0. Hence there is at least one entry of Yr, that is affected by q. Moreover, 
using arguments from Section 3.1, it can be shown that this q-dependence is structural. 
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This means that at points ( x, {!J!i) I 1 '.S i S r1 , i S j '.S rt}) where D1 ( x, {!J!i> I 1 '.S i '.S 
r 1 , i '.S j S r1 }) ,f- 0, iiT, is affected by q. Hence, in order to render the outputs independent 
of the disturbances, we have to assure that D1 (x(t), {!J!il(t) 11 S i '.S Ti, i S j S rt}) = 0 
for all t ~ 0. Therefore we proceed by starting again with applying Singh's algorithm to 
E0 under the constraint that D1 is zero for all t ~ 0. Note that what is proposed here is in 
fact a combination of applying Singh's algorithm (with respect to the outputs y = h(x)) to 
E0 and applying the clamped dynamics algorithm (with respect to the extra "output" D1 ). 

Using Proposition 5.0.12, this combination can be incorporated in one algorithm. Namely, 
let fy be a vector of functions consisting of the non-zero entries of D1 and consider the 
following augmented system obtained from E: 

± = J(x) + g(x)u + p(x)q 
tb;o Wi2 

E2 
(i=l,···,p) 

a 'Wiv,-1 = V; (6.5) 

( h(x)- w., ) 
y2 

.D1 ( x, { W;j I 1 '.S i S T1, i S j S rt}) 

where v2 = n + r1 and w.o = col(w10 , .. •,wv0 ). Denote w2 := (w;; J l Si S p,O '.S 
j '.S v2 - 1). As for E, let E;0 denote the system obtained from E; by setting q = 0. 
Then from Proposition 5.0.12 it is clear that the combination of Singh's algorithm and 
the clamped dynamics algorithm described before, is equivalent to applying the clamped 
dynamics algorithm to E!o, where W;j takes the role of y!1>. While applying the clamped 
dynamics algorithm, we again have to check at every step if a structural dependence of 
the outputs of E on the disturbances appears. For this, denote the submanifold obtained 
at the k-th step of applying the clamped dynamics algorithm to E;0 by Nf and the vector 
of functions obtained at the k-th step of the clamped dynamics algorithm applied to E;0 

by <f>Hx, w2). Then it can be shown that a structural q-dependence does not appear if and 
only if for all k E {0, · · ·, v2 - 1} and all (x, w2) E Nf 

(6.6) 

If(6.6) indeed holds, we can solve the nDDDP via a dynamic state feedback that is derived 
in the following section. If (6.6) does not hold, we define r2 := min{k E IN I 3(x,w2) E 
Nf such that P.(x) (/. T(x,w•)Nfl and D2(x,w2) := (a<f>;2 /ax)p(x). D2 characterizes the 
structural dependence of the outputs of E; on the disturbances. We then proceed by 
defining a new augmented system in the same way as described above, and applying the 
clamped dynamics algorithm to this system. If at a certain step a-• we have that for all 
k E IN and for all (x,w.-') EN'{: P.(x) C T(x,wa')N'{, we can construct a dynamic state 
feedback for E that locally solves the nDDDP around x0 • The construction of this dynamic 
state feedback is given in the following section. 

While going through the procedure described above, two intermediate checks should be 
applied. First, it may occur at a certain step that the submanifold on which the constraints 
are satisfied, is empty. In this case the nDDDP is not solvable and we can stop the 
procedure. Second, assume that at a certain step the set of constraint functions is given 
by \Il(x, wu). Then to guarantee solvability of the nDDDP around x0 , necessarily there 
must be a neighborhood U C M of x0 such that for every i E U there is a wu satisfying 
\Il(i, wu) = 0. If this is not the case, the nDDDP is not locally solvable and we can stop 
the procedure. 
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H we want to solve the nDDDPdm instead of the nDDDP, the procedure described above 
follows the same lines, with a few minor differences that are clarified in the following 
section. 

6.2 Solution of the problem 

Based on the considerations in Section 6.1, we formulate the following algorithm for solving 
the nDDDP. 

Algorithm 6.2.1 Solving the nDDDP 
Consider the system E and let a point Xo E M be given. 

Step 0 

Define the augmented system E! obtained from E by 

J(x) + g(x)u + p(x)q 

(i = 1, · · · ,p) (6.7) 
V; 

h(x) - w.o 

where 111 = n and w.o := col( w10, • • ·, wp0). Denote w1 := ( w;; 11 $ i $ p, 0 $ j $ 111 - 1 ). 

Step o+l 

Let 111, • • •, 11" and E!, • • •, E: be defined. Let 1::0 denote the system obtained from E: 
by setting q = 0. Assume that there is a point w" such that (x0 , w") is a regular point 
for Algorithm 5.0.7 applied to E:. Apply Algorithm 5.0.7 to :i:::. Employ the notation of 
Algorithm 5.0.7 with a superscript u. Let T" be the smallest integer satisfying 

and define D"(x,w") := (8</>~,,/ox)p(x). If it turns out that T., 2:: 11.,, set T., := 11,,. 

Define the subset p(N:J CM by 

p(N;,,) := {x EM I 3w": (x,w") E N;J 

Distinguish the following cases (which should be checked sequentially). 

1. N;,, = 0. In this case we stop. 

(6.8) 

(6.9) 

2. There is no neighborhood [JC M of x0 such that p(N;J n [J = 0. In this case we 
stop. 

3. T., = 11". In this case we stop, defining N* := N;,,. 
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4. If none of the cases 1,2,3 hold, define 

(6.10) 

and 11"+1 := 11,, + T". Let D" be the vector of functions consisting of the non-zero 
entries of D". Then define the system 

x = f(x) + g(x)u + p(x)q 
w;o = Wit 

E"+t a t.i,ivo-+1-l = 
(i = 1,··· ,p) 

V; (6.11) 

y"+I = (:) 
and denote w"+I := (w;; 11 $ i $ p, 0 $ j $ 11,,+1 -1). ■ 

We associate the following notion of regularity with Algorithm 6.2.1. 

Definition 6.2.2 Consider a nonlinear system E and let a point x0 E M be given. We 
call x0 a regular point for Algorithm 6.2.1 if the algorithm can be applied successfully to E 
around x0 , i.e., «t each step u of the algorithm there is aw" such that (xo, w") is a regular 
point for Algorithm 5.0. 7 applied to r::0 • ■ 

It can be shown that if x0 is a regular point for Algorithm 6.2.1 applied to E, the algorithm 
applied to E around x0 terminates in a finite number of steps. The following theorem gives 
a solution of the nDDDP: 

Theorem 6.2.3 Consider a nonlinear system E and let x0 E M be a regular point for Al­
gorithm 6.2.1 applied to E. Then the nDDDP is solvable around E if and only if Algorithm 
6.2.1 applied to E terminates because of case 3. 

In the proof of Theorem 6.2.3 we need the following lemma: 

Lemma 6.2.4 Consider a nonlinear system E and let x0 E M be a regular point for 
Algorithm 6.2.1 applied to E. Define the system f:! by 

f(x) + g(x)u + p(x)q 

(i = 1,···,p) (6.12) 

V; 

h(x) - w.o 

where ( u, v1, • • • , Vp) are the controls and y1 the outputs. For u = 2, • • • , u*, let the systems 
t: be defined as f:! with y1 replaced by y" = ( <P~;!,T D"T )7. As before, let t:0 denote the 
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system obtained from f:: by setting q = 0. Denote w := (w;j 11 Si S p,0 S j S v,,, -1). 
Consider a non regular dynamic state feedback R for :E of the form 

R { i = a:(x,z) (6.13) 
u = 1 (x,z) 

with z E JR". Denote the clamped dynamics manifold of f::0 by fr and that of f::0 by M". 
Denote the distribution spanned by the disturbance vector fields oft: by Pe. Assume that 
R solves the nDDDP for :E. Then 

(6.14) 

and 

V (x,w,z) E M1 : Pe(x) C T(x,w,z)M1 (6.15) 

Proof By the structure of f:! it is clear that R also solves the nDDDP for f:!. By 
Theorem 2.1.10 this means that Pe C t..;, where t..; is the maximal locally controlled 
invariant distribution contained in Ker dy 1 for f:! o R. It is straightforwardly checked that 
t..; = n~~1- 1 Ker dy1<•>, where y1<•> denotes the k-th time-derivative of y1 . Furthermore, 

- <•> -we can check that M 1 = {(x,w,z) I y1 (x,w,z) = 0,0 S k S v,,, -1}. Hence M 1 is an 
integral submanifold of t..;. This establishes (6.15). Next note that the systems f:: only 
differ from the systems 1:: in that the number of w;/s is larger. Hence on N" we have that 
<I>~, ( x, w) = 0. By Proposition 5.0.11 this implies that we ~an find a vector of functions 
\Jl1 (x,w,z) such that M 1 can alternatively be written as M 1 = {(x,w,z) I <I>;,(x,w) = 
0,\Jl1(x,w,z) = 0}. By definition of T1 we have that (o<I>;)ax)p(x) .,_ 0. Hence, since 
(6.15) holds, we must also have that .D1 (x,w) = 0 on M1 . Together with the fact that 
<I>;, (x, w) = 0 on M1 this implies that M2 = M1 • Using the above arguments and an 
induction argument, we establish (6.14). ■ 

Proof of Theorem 6.2.3 
(sufficiency) Assume that Algorithm 6.2.1 applied to :E terminates because of case 3. Then 
obviously N• is a locally controlled invariant output-nulling submanifold for :E:~ and all 
vector fields in Pe are tangent to N*. Let f:! be defined as in Lemma 6.2.4. Then N• is 
also a locally controlled invariant output-nulling submanifold for f:!0 • Since the algorithm 
does not terminate because of case 2, there exists a neighborhood U C M of x0 such that 
p(N*) n U = U. This means that there exists a mapping F : U -+ IRJ'"a" such that for 
all x E U we have that (x, F(x)) E N*. Recall from Lemma 6.2.4 that w is defined as 

w := (wij 11 Si S p,0 S j S v,,. -1). Let (:) = a:*(x,w) be a control that renders 

N* invariant for f:!0 • Consider the system f:!0 with (:) = a:*(x,w), restricted to N*. 

By the above we have for this system that Pe C n~~0- 1 Kerdh<kl(x, w), where h(k) denotes 
the k-th time-derivative of h, and hence the disturbances do not influence y = h(x) for f:~ 
with ( : ) = a:*(x, w). Let z; (i = 1, • • • ,p) be a vector of dimension v,,, and consider the 

dynamic state feedback 

Az; + bv; ( i = 1, • · · , p) 

a:*(x,z) 
(6.16) 
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with (A,b) in Brunovsky canonical form, initialized at z(0) = F(x(0)) for x(0) EU. Then 
from the above considerations it follows that R solves the nDDDP around xo. 

(necessity) Assume that the nDDDP is locally solvable around xo via a dynamic state 
feedback of the form (6.13). We first show that Algorithm 6.2.1 applied to E cannot 
terminate because of case 1. For 17 = 1, • • •, 17*, let t: be defined as in Lemma 6.2.4. 
Furthermore, let Mu denote the clamped dynamics manifold of E:0 o R (17 = 1, · · ·, 17*). 

Recall that the clamped dynamics manifold of t:0 o R ( 17 = 1, · · · , 17*) is denoted by jju 
and that by Lemma 6.2.4 and the structure of f:! we have that M 1 = · · · = fju" = 
{(x,w,z) I c)(x,z) - w = 0} for some vector of functions c)(x,z). Noting that E~ only 
differs from t: in that for t: the number of w;/s is greater, we see that for 17 = 1, · · · , 17* 

there exist vectors of functions <I>u(x, z) such that Mu = {(x, w", z) I <I>u(x, z) - wu = 0}. 
For 17 = 1,···,17• consider the sets Mu:= {(x,wu) I :lz such that (x,wu,z) E Mu}. By 
the form of Mu we see that Mu =/ 0. By Proposition 5.0.11 we know that <I>~Jx, wu) = 0 
on Mu and hence any (x, wu) E Mu necessarily satisfies <I>~,,.(x, wu) = 0. This implies that 
Mu C {(x, wu) I <I>~Jx, w") = 0} = N';,,.. Since Mu =/ 0, this means that also N';,,. =/ 0 
(17 = 1, • • •, 17*) and hence the algorithm does not terminate because of case 1. 

Next, assume that the algorithm terminates because of case 2. This means that there is no 
neighborhood U C M of x0 such that p(N';',) n U = U. Hence for any neighborhood [J C 

M of x0 there is an x E [J such that <I>~".(x, :'.vu')=/ 0 for all wu'. Since by Proposition 5.0.11 
any (x,w"',z) E Mu' has to satisfy 41~:.(x,wu') = 0, this implies that (x,wu',z) (/ Mu' 
for all (wu', z). However, this contradicts the fact that there exists a vector of functions 
<I>u' (x, z) such .that Mu' = {(x, w"', z) I <I>u' (x, z)- w"' = 0}. Hence the algorithm cannot 
terminate because of case 2. 

By the above we conclude that if the nDDDP is locally solvable for E around x0 , Algorithm 
6.2.1 applied to E can only terminate because of case 3. 111 

We proceed by giving a solution of the nDDDPdm. For this, consider the following algo­
rithm: 

Algorithm 6.2.5 Solving the nDDDPdm 
Consider the system E and let a point x0 E M be given. 

Step 0 

Define the augmented system E! obtained from E by 

f(x) + g(x)u + p(x)q 
Wj1 

(i=l,···,p) (6.17) 

h(x) - w.o 

where v1 = n and w,o := col( w10, · · ·, wp0). Denote w1 := ( W;j J 1 :=; i :=; p, 0 :=; j :=; v1 - 1 ). 

Step 17+1 

Let V1, ···,Vu and E!, · · ·, E: be defined. Let E:0 denote the system obtained from E: 
by setting q = 0. Assume that there is a point wu such that ( x0 , wu) is a regular point 
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for Algorithm 5.0.7 applied to E:. Apply Algorithm 5.0.7 to E:. Employ the notation of 
Algorithm 5.0. 7 with a superscript u. Let Tu be the smallest integer satisfying 

(6.18) 

If it turns out that Tu ~ Vu, set Tu := Vu, 

Define the subset p(N:J CM by 

p(N;J := {x EM I 3w": (x,w") E N;J (6.19) 

Distinguish the following cases (which should be checked sequentially). 

1. N:a = 0. In this case we stop. 

2. There is no neighborhood [! C M of x0 such that p(N:J n [! = U. In this case we 

stop. 

3. Tu = Vu, In this case we stop, defining N* := N:a. 

4. If none of the cases 1,2,3 holds, define 

]"(x, w") aJ" .- ---;#P(x) 
(6.20) 

f"(x, w") aJ" .- ---;#P(x) 

Let e~:+I (x, w") be a right inverse of e~a+I (x, w"). Then define 

(6.21) 

and Vu+J := v" + Tu. Let D" be the vector of functions consisting of the non-zero 
entries of D". Then define the system 

:i; = f(x) + g(x)u + p(x)q 
w;o = Wil 

E"+l 
(i=l,···,p) 

a Wivo:+1-1 = V; (6.22) 

y"+l = (:) 
and denote w"+1 := (w;j 11 $ i $ p,0 $ j $ Vu+1 -1). 

■ 

The following notion of regularity is associated with Algorithm 6.2.5. 

Definition 6.2.6 Consider a nonlinear system E and let a point x0 E M be given. We 
call xo a regular point for Algorithm 6.2.5 if at each step u of the algorithm there is a w" 
such that (xo, w") is a regular point for Algorithm 5.0. 7 applied to E:0 • ■ 
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Without a proof we state: 

Theorem 6.2. 7 Consider the nonlinear system E and let x 0 E M be a regular point for 
Algorithm 6.2.5 applied to E. Then the nDDDPdm is locally solvable around Xo if and only 
if Algorithm 6.2.5 applied to E terminates because of case 3. 111 

Remark 6.2.8 As stated before, the proof of Theorem 6.2. 7 essentially follows the same 
lines as the proof of Theorem 6.2.3. The main difference is the construction of the dynamic 
state feedback solving the nDDDPdm. In this case the construction proceeds as follows 
(compare with (6.16) and the construction of the Singh compensator with disturbance 
feedthrough in Chapter 4). Assume that Algorithm 6.2.5 applied to E terminates because 
of case 3. Then there exist a neighborhood U C M of xo and a mapping F : U -+ /RP""' 

such that for all x EU we have that (x,F(x)) EN*. Let (:) = a*(x,w) be a control 

law that renders N* invariant for E!0 • Furthermore, define 

- • 8<P~':1 
F" (x,w) := ~p(x) 

8x 
(6.23) 

Recall that (locally) E{.(x,w) := (8<P~::_1,/8x)g(x) has full row rank. Let (locally) 

i{,+ (x, w) be a right inverse of i{,(x, w) and define 

(6.24) 

Let z; (i = 1, • • • ,p) be a vector of dimension v,,, and consider the nonregular dynamic 
state feedback · 

= Az; + bv; ( i = 1, · · · , p) 

a*(x, z) + t(x, z)q 
(6.25) 

with (A, b) in Brunovsky canonical form, initialized at z(O) = F(x(O)) for any x(O) E U. 
Then Q solves the nDDDPdm around xo. 111 

The form of Algorithms 6.2.1 and 6.2.5 and the construction of the nonregular dynamic 
state feedback solving the nDDDP and the nDDDPdm have been chosen as presented 
here to make the algorithms and the proof of Theorem 6.2.3 as transparent as possible. 
However, the bookkeeping while applying the algorithms may become quite troublesome. 
Moreover, the dynamic state feedbacks that are proposed in the proof of Theorem 6.2.3 and 
in Remark 6.2.8 for solving the nDDDP, nDDDPdm respectively, may have unnecessarily 
high dimension and it is not guaranteed that they have maximal achievable rank. Further 
research is required on the problem of obtaining dynamic state feedbacks of lower dimension 
and maximal achievable rank that solve the nDDDP( dm). For (relatively) simple examples 
the problems mentioned above can be circumvented to a great extent by using ad hoc 
arguments in the vein of the algorithm. This will be illustrated by the following example. 
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Example 6.2.9 Consider the system 

x1 = X2U1 + X4 Y1 = X1 

x2 = x3+q Y2 = X3 

x3 X1U1 + X4 Y3 = X5 

x4 = X5 Y4 = X7 

xs = X9 +u2 (6.26) 
xs = XgU3 

x1 = Xs + X9 + XsX9 + XsU2 
xs = U3 

x9 = X10 

x10 = q 

for which we want to solve the nDDDP around points in the set { x E JR10 I x1 -1- 0, x2 -1-
0, x6 -1- 0, x8 -1- 0}. We first restrict our attention to y1 and Y2- Then: 

Yt = X2U1 + X4 =} U1 = 12 ('!11 - X4) 

(6.27) 

Hence ih depends on q. This means that we should guarantee that 

8ih . X1 • - = --(y1 - X4) = 0 
8q x~ 

(6.28) 

Since we are working around points for which x 1 -1- 0, x2 -1- 0, this implies that 

(6.29) 

Having chosen u1 = 0, it follows from the structure of the system that y1 and y2 can be 
made independent of the disturbance if and only if y3 and y4 can be made independent of 
the disturbance. Restricting our attention to y3 and y4 , we find 

Y4 = U3 + X10 + xs'fl3u3 + xsih =} u3 = 1 + ~ 8y3 (y4 - X10 - x5y3) 

Hence the nDDDP is solved via the nonregular dynamic state feedback 

i = Vt 

Ut 0 
U2 = Z- X9 

U3 1 + 1x 8z(v2 - X10 - X5V1) 

(6.30) 

(6.31) 

The rank of the dynamic state feedback (6.31) equals two. This is the maximal achiev­
able rank since it is necessary that u1 = 0. Note that the outputs can also be rendered 
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independent of the disturbance via the following nonregular static state feedback of rank 
one: 

U1 = Q 

U2 = X9 

U3 = -X10 + V 

(6.32) 

■ 





Chapter 7 

The nonlinear model matching 
problem 

The model matching problem is a synthesis problem that has received much attention over 
the last two decades (see [74],[75],[76],[33],[66],[49] for the linear case and [60],[31],[27],{28], 
[10],[47],[48],[50],[55],[73] for the nonlinear case). Roughly, the model matching problem 
may be stated as follows: given a (linear or nonlinear) system, called the plant P, and 
another (iinear or nonlinear) system, called the model M, under what conditions is it 
possible to construct a dynamic static state feedback Q for P such that the input-output 
behavior of the compensated system Po Q is the same as the input-output behavior of M? 

For linear systems the model matching problem was first solved in [74], via Silverman's 
structure algorithm ([88]). A solution in geometric terms was obtained in [75]. In [76],[33] 
it was shown that the solvability of the linear model matching problem is equivalent to the 
solvability of an associated disturbance decoupling problem with disturbance measureme­
ments. 

In Subsection 7.1.1 we first formulate the model matching problem and we give the suf­
ficient conditions for solvability of the problem that were obtained in [31],[73]. Also for 
nonlinear systems it can be shown that the solvability of the model matching problem is 
equivalent to the solvability of an associated disturbance decoupling problem with distur­
bance measurements. More specifically, the solvability of the nonlinear model matching 
problem is equivalent to the solvability of an associated nDDDPdm ([50],[31]). In Sub­
section 7.1.2 this equivalence is proved. Based on this equivalence, we also give necessary 
and sufficient conditions for solvability of the nonlinear model matching problem in this 
subsection. 

Another set of necessary and sufficient conditions for local solvability of the nonlinear 
model matching problem was obtained in [55], under the conditions that both the plant 
and the model are square systems and the decoupling matrix of the model has full rank. In 
[55] a connection was made between the solvability of the model matching problem for the 
nonlinear plant and model and the solvability of the linear model matching problem for 
the linearizations of the plant and the model around an equilibrium point. This approach 
to the solution of the nonlinear model matching problem is treated in Section 7.2, together 
with some examples, that were taken from [31],[27],[55],[48]. 

83 



84 Chapter 7. The nonlinear model matching problem 

7 ~1 Model matching and nonregular dynamic distur­
bance decoupling 

7.1.1 Formulation of the problem and sufficient conditions for 
solvability 

Consider a nonlinear analytic system, called the plant P, described by equations of the 
form 

p { :i; = J(x)+g(x)u 
y = h(x) 

(7.1) 

with x = (x1, • • •, xnf E JR:' local coordinates for the state space manifold X, u E JR!" 
denoting the controls, y E JR!' denoting the outputs, g( x) = (91 ( x) · · · 9m ( x)), h( x) = 
col(h1(x), • • •, hp(x)), f,g1 , • • •, 9m analytic vector fields on X, and h1, ···,hp analytic func­
tions on X. 

Moreover, consider another nonlinear analytic system, called the model M, described by 
equations of the form 

M { ¼ = f (x) + g(x)ii 
y = h(x) 

(7.2) 

with x = (x1, • · •, x;;f E JR!' local coordinates for the state space manifold X, ii E IR"' 
denoting the controls, y E /R,P denoting the outputs, g(x) = (g1(x) · · · g..,_(x)), h(x) = 
col(h.1(x), ·. · ·, h.p(x)), f,gi, · · · ,9m analytic vector fields on X, and h.1, ···,hp analytic func­
tions on X. Moreover, assume that m ~ m. Note that M has the same number of outputs 
as P. 

For linear systems, the input-output behavior may be described via the transfer matrix of 
the system. The model matching problem then comes down to finding a dynamic state 
feedback Q for P, such that the transfer matrices of P o Q and M coincide. For nonlinear 
systems, the input-output behavior may be described in terms of Volterra series expansions, 
that is, the output y(t) = col(y1(t), · · ·, yp(t)) of a nonlinear system of the form (7.1) has 
a Volterra series expansion of the form (cf. [61],[81]) 

m f Tt 

I: ff w;1; 2 (t,T1,T2,xo)u;1 (ri)u;2 (T2)dT1dT2 + ··· 
i1,i2=l O O 

(7.3) 

where Xo E X is the initial state at time t = 0. The function wi, ···i, ( t, T1, · · · , T;, xo) is called 
the (j1, • • • ,j;)-th Volterra kernel of i-th order for (7.1). The nonlinear model matching 
problem then comes down to finding (if possible) a dynamic state feedback Q for P such 
that all Volterra kernels of i-th order ( i :2'.: 1) of Po Q and M coincide. We make this more 
explicit below. 

Let wi, ... j,(t, Ti,•••, T;, x0 ) denote the (j1, • · • ,j;)-th Volterra kernel of the model M and 
similarly wi,···i,(t, Ti,•••, T;, (x0 , z0)) the (j1, • • • ,j;)-th Volterra kernel of the compensated 
plant Po Q. Since Wi,···i, depends on the initial state x0 of M and wJ,--·i, on the initial 
state (x0 , z0 ) of Po Q, when imposing the coincidence between these kernels one must 
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specify how XQ and (xQ, ZQ) are to be chosen. Depending on this choice, one may formulate 
different matching problems. The most common definition of the nonlinear model matching 
problem, which is taken from [31], is given below. 

Definition 7.1.1 Nonlinear model matching problem (MMP) 
Given a plant P of the form (7.1), a model M of the form (7.2) and a point (xQ, ii:Q) EX xX, 
the MMP is said to be locally solvable around (xQ, ii:0 ) if there exist neighborhoods UC X 
of x0 and[! C X of x0 , an integer v, an open subset Z C JRv, a dynamic state feedback Q 
of the form 

Q { z = a(x,z) + j3(x,z)v (7.4) 
u = --y(x,z)+o(x,z)v 

with z E JRv, v E JR"' denoting the new controls, and a, j3, --y, o analytic functions defined 
on U x Z, and a map F: U x [!-> Z with the property that 

(7.5) 

for all i ~ 1, for all 1 :S ji :Sm and for all (x,x) EU x U. Ill 

Remark 7.1.2 Note that after we have solved the MMP for (M, P), it will in general not 
be the case that the output trajectories of P o Q and M are the same. This is due to the 
fact that we only require the i-th order Volterra kernels ( i ~ 1) of Po Q and M to coincide. 
If we also require the 0-th order Volterra kernels to coincide, we do have that the output 
trajectories of· P o Q and M are the same. This problem is known as the strong model 
matching problem and was studied in e.g. [27],[28] (see also [47]). 111 

Define an extended system E associated with M and P: 

E { ;j;E = JE(xE) + gE(xE)uE + pE(xE)qE 
YE = hE(xE) (7.6) 

with xE = (xT xTf' controls uE E mm' disturbances qE E mm' outputs yE E /RJ' and 

r(xE) = ( f ~;~ ) , gE(xE) = ( g~) ) 

pE(xE) = ( gtx)), P(xE) = h(x)- h(x) 

We have the following sufficient conditions for solvability of the nonlinear MMP. 

Proposition 7.1.3 ({31}} Consider a nonlinear plant P and a nonlinar model M. Let 
Xo E X, x0 E X be given. For the extended system E, let QE := span {gf, • • • ,g!;} 
and PE := span {pf, · · · , p!;.}. Let ~ E* denote the maximal locally controlled invariant 
distribution contained in KerdP for E. Assume that locally around (x0 , x0 ), ~E•, ~E' n QE 
and QE have constant dimension. Then the MMP is locally solvable around (x0, ii:0) if 

(7.7) 
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Proposition 7 .1.4 ({73}) Consider a nonlinear plant P and a nonlinear model M. Let 
Xo E X, i 0 E X be given. Assume that ( x0 , x0 ) is a strongly regular point for the extended 
system E. Then the MMP is locally solvable around ( x0 , x0 ) if for k = 1, · · · , n + n 

(7.8) 

1111 

Remark 7.1.5 Comparing the results of Propositions 7.1.3 and 7.1.4 with the results of 
Theorems 2.2.13 and 4.0.16 respectively, the idea arises that the solvability of the MMP 
is connected with the solvability of a disturbance decoupling problem with disturbance 
measurements. In the following subsection it is shown that this is indeed the case (see also 
Remark 7.1.11). 1111 

The following examples show that conditions (7. 7) and (7.8) are not necessary conditions 
for solvability of the MMP. 

Example 7.1.6 ((31],(27]) Consider the following nonlinear plant P: 

x1 X3U1 Y1 = X2 - X3 

x2 X4 + U2 Y2 = X1 

x3 UJ + U2 

x4 = U2 

Let the linear model M be given by 

i1 i2 th = i1 

i2 u1 th = i3 

i3 X4 

X4 u2 

Consider the following dynamic state feedback Q for P: 

z = z2 Z V + 1 V 
-(x3+z)-(x3+z) 1 (x3+z) 2 

Then it can be checked that for P o Q we have 

YI = VJ 

Y2 = V2 

(7.9) 

(7.10) 

(7.11) 

(7.12) 

So Po Q and M have the same input-output behavior and hence the MMP is solvable. For 
the extended system E we find 

PE = span { 4-, 4-} 
UX2 UX4 

span {x a + a a + a + a } 
3 OX] ax;' ax; ax; ~ (7.13) 
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and hence (7.7) does not hold, i.e., (7.7) is not a necessary condition for solvability of the 
MMP. 

Example 7.1.7 ([50]) Consider the nonlinear plant P: 

±1 X2 + X2U2 Yi= X1 

±2 = U1 Y2 = X2 

x3 = U2 Y3 = X3 

Let the model M be given by 

x1 = x2 

x2 = X3 + ii1 

X3 = ii2 

x4 = -x4 

fh = x1 

fh = x2 

ih = x4 

Consider the following dynamic state feedback Q for P: 

Z = V2 

U1 = Z + V1 

U2 = Q 

• 

(7.14) 

(7.15) 

(7.16) 

Then it is easily seen that Q solves the MMP for (M, P). For the extended system E we 
find 

(7.17) 
2 3 

Hence (7.8) is not a necessary condition for solvability of the MMP. • 
7.1.2 Necessary and sufficient conditions for solvability of the 

nonlinear model matching problem 

The following theorem states that the solvability of the nonlinear model matching prob­
lem is equivalent to the solvability of an associated disturbance decoupling problem with 
disturbance measurements. 

Theorem 7 .1.8 Consider a nonlinear plant P and a nonlinear model M. Let x0 E X, 
xo E X be given. Then the MMP is locally solvable around ( xo, x0 ) if and only if the 
nDDDPdm for E is locally solvable around (x0 , x0 ). 

Proof Note that we can alternatively define the MMP as follows: the nonlinear MMP is 
said to be locally solvable around ( x0 , x0 ) if there exist neighborhoods U C X of x0 and 
[J C X of x0 , a dynamic state feedback Q of the form (7.4) for Panda map F : U x [J -+ Z 
such that, when we put v = u in (7.4), we have that 

y(x, F(x, x), t) - iJ(x, t) (7.18) 

is independent of ii for all (x, x) EU x 0. This immediately gives the necessity-part of the 
proof. For the sufficiency, note that a dynamic state feedback QE solving the nDDDPdm 
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for E around (x0 , x0 ) also almost immmediately provides us a dynamic state feedback Q 
that solves the MMP around ( x0, x0). The only problem that arises is the fact that QE 
depends on the state variables x of M. This problem is circumvented by adding a copy of 
M to QE. More specifically, assume that the nDDDPdm for E is locally solvable around 
(x0 , x0 ) via a dynamic state feedback 

Q E { i a1(xE,z)+a2(xE,z)qE 
uE = ,1(xE,z)+,2(xE,z)qE 

(7.19) 

with z E JRv, initialized at z = FE(xE) for any 5;E E UE C X x X, where UE is a 
neighborhood of ( x 0 , x0 ). Then consider the following dynamic state feedback Q for P: 

{ 
i = ~1(x,w,z)+a2(x,w,z)v 

Q w = J(w) + g(w)v 
u = 11 (x,w,z)+,2(x,w,z)v 

(7.20) 

initialized at (z,w) = (FE(x,x),x) for any (x,x) E UE. Then with the above alternative 
definition of the MMP it is easily seen that Q locally solves the MMP around (x0 , x0 ). ■ 

Remark 7.1.9 Theorem 7.1.8 is taken from [50]. The sufficiency-part of the result can 
also be found in [31]. ■ 

Combining the results of Theorem 7.1.8 and Chapter 6, we obtain the following necessary 
and sufficient condition for the solvability of the MMP ( cf. [50]). 

Theorem 7.1.10 Consider a nonlinear plant P and a nonlinear model M. Let x0 EX, 
x0 EX be given. Assume that (x0 , x0 ) is a regular point for Algorithm 6.2.5 applied to E. 
Then the MMP is locally solvable around (x0 , x0 ) if and only if Algorithm 6.2.5 applied to 
E terminates because of case 3. ■ 

Remark 7.1.11 From the result of Theorem 7.1.8 and the theory developed in Chapters 
2 and 4 it immediately becomes clear why the conditions of Propositions 7.1.3 and 7.1.4 
are sufficient conditions for the solvability of the MMP. Namely, Proposition 7.1.3 states 
that the DDPdm is solvable for E (compare with Theorem 2.2.13) and Proposition 7.1.4 
states that the DDDPdm is solvable for E (compare with Theorem 4.0.16). In fact, the 
result of Proposition 7.1.3 was obtained in [31] by associating the MMP for (M, P) with a 
(regular) DDPdm for E. Note however that the result of Proposition 7.1.4 in [73] was not 
obtained by associating the MMP with a disturbance decoupling problem with disturbance 
measurements and that it was obtained independently of [51],[52]. ■ 

7.2 Nonlinear model matching and linearization 

In this section we consider a square plant P of the form (7.1) and a square model M of the 
form (7.2). We first derive necessary and sufficient conditions for solvability of the MMP 
around a point (x0 ,x0 ) EX x X under the condition that the decoupling matrix A(x) of 
M has full rank for x = Xo. Although this last assumption is certainly restrictive, it can 
be argued that in practical circumstances it is often desirable. 
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Next we investigate the connection between the solvability of the MMP for (M, P) around 
an equilibrium point (x0 , x0 ) and the solvability of the associated linear MMP for the 
linearizations LP, LM of P and M around x0 and x0 respectively, under the condition 
that the decoupling matrix .A(x) of M has full rank for x = x0 • It is shown that under 
generic conditions -a mathematical phrasing of almost always- the nonlinear MMP is solv­
able around an equilibrium point ( x 0 , x0 ), if and only if the corresponding linear MMP is 
solvable for (LM, LP). In our opinion this has important practical implications, in that in 
engineering practice one often studies a specific control problem by addressing the problem 
on the linearization around a given working point. The result that is given here may be 
viewed as an a posteriori justification of this methodology. In this way the result fits in the 
philosophy developed in [40], where the relation between the SIODP for a nonlinear system 
and its linearization around a working point is investigated (see also [85],[106],[56],[57],[58], 
where similar relations for several synthesis problems were obtained). When no specific 
references are given, the results in this section can be found in [55]. 

Consider a square nonlinear plant P of the form (7.1) and a square nonlinear model M of 
the form (7.2). Let r1, ···,rm be the relative degrees of P and let f 1 , · · ·, fm be its essential 
orders. Let f1, · · · , f m be the relative degrees of M. Furthermore, given a dynamic state 
feedback Q of the form (7.4) for P, the relative degrees of Po Qare denoted by r~, • • •, r~. 

In what follows, we need the following results: 

Lemma 7.2.1 Consider a square nonlinear plant and a square nonlinear model M. Let 
x0 E X ,x0 E X be given. Assume that the MMP is locally solvable around (x0 , x0 ) via a 
dynamic state feedback Q. Then 

{i) rf =f; (i = 1,···,m) 

{ii} If moreover the decoupling matrix .A(x) of M has full rank for x = x0 , there exists a 
z0 E /R" such that the decoupling matrix A•(x, z) of Po Q has full rank for (x, z) = 
(xo, zo). 

Proof Let Po Q be given by 

{ i = f(x) + g(x)v 
y = h(x) = h(x) 

(7.21) 

where x E X x IR". The fact that Q locally solves the MMP around (x0 , x0 ), implies 
that it locally solves the nDDDPdm for E around (x 0 , x0 ) when we take v = qE (see 
Theorem 7.1.8). By Proposition 2.2.9 and the structure of Po Q this implies that there 
exist neighborhoods U C X and [J C X of x0 , x0 respectively, and an open subset Z C JR" 
so that for any x. E O there is an x. E U x Z such that for any qE and any k E IN: 
.C9.C}h(x) = .C9.C}h(x) along the trajectories of EoQ starting at (x., x.), that are contained 

in U x [J x Z. This implies in particular that rf = f; ( i = 1, • • • , m) and that there is a 
z0 E Z for which N(x0 , z0 ) has full rank. Hence we have established (i) and (ii). 

• 
Lemma 7.2.2 Consider a square plant P and a square model M. Let x0 EX and x0 EX 
be given. Then, if the decoupling matrix A( x) of P has full rank for x = x0 , the MMP is 
locally solvable around ( x0 , x0 ) if and only if r; :=; f; ( i = 1, · · · , m). 
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Proof See [31],[47]. ■ 

Lemma's 7.2.1 and 7.2.2 lead to: 

Proposition 7.2.3 Consider a square nonlinear plant P and a square nonlinear model 
M. Let x 0 EX and x0 EX be given. Assume that the decoupling matrix A(x) of M has 
full rank for x = x0 • Then the MMP is locally solvable around (xo, io) if and only if there 
is a dynamic state feedback Q that locally solves the SDIODP around xo, with the property 
that rf $ f; (i = 1, · · · ,m). 

Proof (sufficiency) Assume that there is a dynamic state feedback Q with the above 
properties. Then by Lemma 7.2.2 the MMP is solvable for (M, Po Q) and hence the MMP 
is also solvable for (M, P). 
(necessity) Follows immediately from Lemma 7.2.1. ■ 

Proposition 7.2.4 Consider a square nonlinear plant P and a square nonlinear model 
M. Let x0 E X, x0 E X be given. Assume that the decoupling matrix A(x) of M has full 
rank for x = io, Then the MMP is locally solvable around (xo, io) if and only if f.; $ f; 

(i=l, .. ·,m). 

Proof By Proposition 7.11 the solvability of the MMP is equivalent to the existence of 
a dynamic state feedback Q that solves the SDIODP for P around xo, with the property 
that rf $ f; (i = 1, · · ·, m). By the construction of the Singh compensator in Subsection 
3.2.2 and Theorem 3.2.28 we know that there is a dynamic state feedback Q that solves 
the SDIODP for P with the property that f.; = rf (i = 1, .. •, m). Moreover we know 
by Lemma 3.2.29 that any dynamic state feedback Q solving the SDIODP for P has the 
property that rf ~ f.; (i = 1, • • •, m). These facts establish our claim. ■ 

Using Proposition 7.2.4, a connection will be made between the solvability of the MMP 
for nonlinear M and P and the solvability of the MMP for their linearizations around an 
equilibrium point. 

Let x0 E X,x0 E X be equilibrium points for P and M respectively, i.e., f(x0 ) = 0 
and J(xo) = 0. Assume (without loss of generality) that h(x0 ) = h(x0 ) = 0. Then the 
linearizations LP and LM of P and M around x 0 and x0 are given by 

{ i:l = Fxt + Gu 
LP l Ht y = X 

(7.22) 

(7.23) 

where 

F = ( M ) (xo), G = g(xo), H = ( ~ ) (x0 ) 

F = ( U ) (xo), G = g(xo), H = ( j ) (xo) 
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Remark 7.2.5 Strictly speaking, the equilibria of a nonlinear system (7.1) are all (xo, uo) 
satisfying f (x0 ) + g( x0 )u0 = 0, whereas above we restrict ourselves to equilibria of the form 
( x0 , 0), i.e., we let u0 = 0. If we do not restrict ourselves to the case that uo = 0, the 
set of equilibrium points obviously gets larger. Note however that an equilibrium of the 
form (x0 , u0 ) where u0 =f. 0 can be transformed into an equilibrium of the form (xo, 0) by 
applying a preliminary control u = u0 + v, where v E JR:" denotes the new controls. 1111 

In the sequel the following assumption is made ( compare with Definition 3.2.14): 

Assumption 7.2.6 For every application of Singh's algorithm to P we have for k = 
1,· · • ,n: 

(7.24) 

1111 

Remark 7.2.7 If we compare Assumption 7.2.6 with Definition 3.2.14, we see that the 
assumption implies that x0 is a strongly regular point for P, with {:vM> I 1 :=; i :=; n - 1, i :=; 
j ::; n - 1} = (0, · · · , 0). 111 

A strongly regular equilibrium point x0 E X that satisfies Assumption 7.2.6 has the folow­
ing property: 

Lemma 7.2.8 Consider a square nonlinear plant P of full rank. Let x0 be a strongly 
regular equilibrium point satisfying Assumption 7.2.6. Let Q be a Singh compensator for 
P around xo. Then ( x, z) = ( x0 , 0) is an equilibrium point for P o Q. 

Proof By the form (3.50) of Q we see that an equilibrium point (x, z) of PoQ has to satisfy 
z = 0. Applying Singh's algorithm to Pin the way that leads to the Singh compensator 
Q yields 

a·(k-1) k-1 k-1 a•(k-1) 
iik(x, {y[il 11 ::; i ::; k - 1, i ::; j ::; k}) = + f(x) +LL Y:(i) y[i+i) (7.25) 

X i=l j=i 8y; 

Since f(x0) = 0, (7.25) yields for k = 1, • • •, n: 

iik(xo,0,···,0) = 0 

By (3.48) we have that for Po Q: 

Then (7.26) and (7.27) imply that for Po Q 

f(xo) +g(xo,0,···,0)u(xo,0,···,0) = 0 

Hence (x,z) = (x0 ,0) is an equilibrium point for Po Q. 

(7.26) 

(7.27) 

(7.28) 

Ill 
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Lemma 7.2.9 Consider a square nonlinear plant P. Let x0 E X be a strongly regular 
equilibrium point for P that satisfies Assumption 7.2.6. Consider the linearization of P 
around x0 , to be denoted by LP. Then: 

(i} The rank of P is equal to the rank of LP. 

(ii} Denote the essential orders of LP by ff (i = 1, · · ·, m). Then f; = ff (i = 1, · · ·, m). 

Proof (i} Recall that fork= 1, • • •, n 

ek = span d dx, dy, ... , dy{k)} 

For k = 1, • • • , n, introduce the matrices ( cf. [77]): 

~ 0 0 0 

08~) 08~) 0 0 
Jk(x, u, · ·;, u<k-t)) = 

08~k) 08~k) out; ... ~ OU OU 

Then from Theorem 3.2.4 it follows that the rank p* of Pis given by (see [30]) 

p* = rank.i.::Jn - rank,;:Jn-1 

(7.29) 

(7.30) 

(7.31) 

Since x0 is a strongly regular point that satisfies Assumption 7.2.6, it follows from (B.18) 
that 

(7.32) 

Analogously to (7.30), define matrices J£ (k = 1, • • •, n) for the linearized plant LP. It is 
easily checked that 

[ HG 
0 0 

HFG HG 0 

Jf = 

HF~-1G HFk-2G JJ 
We show that Jk(x0 , 0, • • •, 0) = J£ (k = 1, • • •, n), i.e., 

oy(k) 
ou(t) (xo, 0, · · ·, 0) = H pk-t-iG (k = 1, · • •, n; f = 0, • • •, k - 1) 

First it is shown that for k = 1, 2, · · · 

oy(k) k 
-(xo O · · • 0) = HF ox , ' ' 

(7.33) 

(7.34) 

(7.35) 
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For k = 1 we have 

a· a a 
~(xo,0,···,0) = ax($[f(x)+g(x)u])(xo,O,··,O) = 

~(xo)M(xo) = HF 

Hence (7.35) holds for k = 1.. Assume that (7.35) holds for k = 1, · · ·, £ - 1. Then 

ay<t> 
x (xo,0,···,0) = 

ay~l-l) af k-1 k (xo,0,···,0)ax(xo)=HF F=HF 

Hence (7.35) holds fork= 1, 2, • • •. Next we show that for k = 1, · · ·, n: 

ay(k) k 
--(xo O · · · 0) =HF-le 
au ' ' ' 

For k = 1 we have: 

a· a a 
~(xo,0, · · · ,0) = ou(~[f(x) + g(x)u])(xo,D,···,D) = 

~(xo)g(xo) = HG 
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(7.36) 

(7.37) 

(7.38) 

(7.39) 

Hence (7.38) holds for k = 1. Assume that (7.38) holds for k = 0, · · ·, £ - 1. Then, using 
(7.35), we have: 

ay<t) a ay~l-1) l-2 ay<t-;) ( ) 
u (xo,0,···,0)=ou( X [f(x)+g(x)u]+r~O au<r u'+l)(xo,D,··,D)= 

(7.40) 
ayx-1) x (xo,0,···,0)g(xo)=HF1- 1G 

Let k E { 1, 2, · · · , n }, £ E { 1, · · · , k - 1}. Then: 

avt; au 1 (xo,0, · · · ,0) = 

a a (k-1) k-2 a (k-1) < 
au(lj(~[f(x) + g(x)u] + r~O ~U r+l))(xo,D,···,D) = (7.41) 

ayt-1; ayx-l) aut-1 (xo,0,···,0)=···= U (xo,0,···,0)=HFk-l-lG 

(7.40) and (7.41) establish that (7.35) holds fork= 1, 2, • • •, n, R = 0, • • •, k -1 and hence 
for k = 1, • • • , n we have: 

(7.42) 

Then from (7.32) and (7.42) it follows that the rank of P is equal to the rank of LP. 
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{ii) Recall that for i = 1, · · •, m the essential order f; is defined as the smallest k E IN for 
which dyjk) is an essential vector of £n. It is readily shown that we can equivalently define 
f; as the smallest k E IN for which the row vector 

( a (k) a (k) ) 
~ . . . aufi-1i o . . . o (7.43) 

is an essential vector of the family of row vectors constituted by the row vectors of Jn. For 
i = 1, • • •, m, the essential order ff of LP is then defined as the smallest k E IN for which 
the row vector 

(7.44) 

is an essential vector of the family of row vectors constituted by the row vectors of J!. 
(N.B.: This is exactly the definition of the essential orders for a linear system that was 
given in [17].) Since (7.42) holds, the row vector (7.43) is an essential vector of the family 
of vectors constituted by the row vectors of Jn if and only if the row vector (7.44) is an 
essential vector of the family of vectors constituted by the row vectors of J!. Hence f; = ff 
(i=l,···,m). ■ 

As an immediate consequence of Lemma 7.2.9 we have: 

Corollary 7.2.10 Consider a square nonlinear plant P. Let x0 EX be a strongly regular 
equilibrium point satisfying Assumption 7.2.6 for P. Denote the linearization of P around 
Xo by LP. Then the SDIODP is solvable for P around x 0 if and only if it is solvable for 
LP. 

■ 

Remark 7.2.11 The result of Corollary 7.2.10 can be found in [55]. (see also [56]). It 
generalizes a result of [40], where a similar result was obtained for the SIODP. ■ 

We now come to the statement of our main result. 

Theorem 7.2.12 Consider a square nonlinear plant Panda square nonlinear model M. 
Let Xo E X ,xo E X be equilibrium points for P and M respectively. Assume that x0 is a 
strongly regular equilibrium point for P satisfying Assumption 7.2.6. Furthermore, assume 
that the decoupling matrix A(x) of M has full rank for x = x0 • Denote the linearizations 
of P and M around Xo and Xo by LP,LM respectively. Then the MMP is locally solvable 
around (xo, fo) if and only if the MMP is solvable for (LM, LP). 

Proof By Proposition 7.2.4, solvability of the MMP for (M, P) around ( x0 , x0 ) is equivalent 
to t; $ f; (i = 1, · · ·, m). By Lemma's 7.2.9 and 3.2.29, this is equivalent to ff :S rf 
(i = 1, · · · ,m). By Lemma 7.2.2.{i) this is equivalent to the solvability of the MMP for 
(LM,LP). ■ 
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Example 7.2.13 Consider the plant and model that were introduced in Example 7.1.6. 
The set of equilibrium points of the form (x0 ,0) satisfying h(x0) = 0 is given by &p = 
{(xo,O) I X10 = X40 = O,x20 = X30}. Applying Singh's algorithm to P yields 

YI = X4 -U1 
ih = X3U1 = X3(X4 - iii) (7.45) 
ii2 = (xa + X4 - il1)u2 + (x4 - i/1)2 - xaii1 

Hence the set of strongly regular equilibrium points satisfying Assumption 7.2.6 and 
h(x0) = 0 is given by Cp = {(x0, 0) E &p I x30 ::/:- O}. The linearization of P around 
an (x0,0) E Cp is given by 

·t X1 = X30U1 yf=x~-x~ 
·t = x: +u2 y~ = xf X2 (7.46) ·t = Ut +u2 X3 
·t X4 = U2 

Denoting bye; (i = 1, • • • ,8) the i-th basis vector of the standard basis of JR!J, we find for 
the extended system E associated with LP and LM ( = M): 

Im BE = span { X30e1 + e3, e2 + e3 + e4} 

Im EE = span { e6, es} (7.47) 

Then it can be checked that for Ewe have lmEE C VE'+ Im BE and hence the DDPdm 
is solvable for E. From the theory on the linear MMP (cf. (75]) it then follows that the 
MMP is solvable for (LM, LP). Hence by Theorem 7.2.12 the MMP for (M, P) is locally 
solvable around any (x0 ,fo) E Cp x IR4. 

A dynamic state feedback solving the MMP for (M, P) is obtained as follows. Let x0 E Cp. 
From (7.45) we obtain the following Singh compensator around x0 for P: 

(7.48) 

(x4 - z)2 xa 1 
U2 = - X3 + X4 - Z + X3 + X4 - Z Vt + X3 + X4 - Z V2 

Applying (7.48) to P around x0 we find: 

(7.49) 

Hence (7.48) locally solves the MMP for (M,P) around any (x0 ,x0 ) E Cp x JR4. Note 
that the dynamic state feedback (7.48) is different from the one given in Example 7.1.6. 
However, applying the (local) state space diffeomorphism \Jl(x, z) = (x, x4 - z) to Po Q, 
we obtain the dynamic state feedback given in Example 7.1.6. ■ 

Theorem 7.2.12 holds provided that Assumption 7.2.6 is satisfied. We now show that this 
assumption is generically satisfied. Before doing this, we first indicate what is meant by a 
generic property. Here we follow (95]. 
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An analytic nonlinear control system of the form (7.1) can alternatively be interpreted as 
an analytic mapping ii> : X -+ JRn+nm+p, where ii> = (JT g[ · · · g'[;, h1 · · · hpf. Denote the 
set of all analytic mappings from X to mn+nm+p by Xnmp• Then Xnmp can be endowed 
with a topology, e.g. the C00-Whitney topology. A property 1r of the elements of Xnmp is 
then said to be a generic property if the set of elements of Xnmp satisfying 1r forms an open 
and dense subset of Xnmp (with respect to the Whitney-topology). 

Now consider Assumption 7.2.6 in more detail. As was already mentioned in Remark 7.2.7, 
Assumption 7.2.6 implies that x 0 is a strongly regular point for P, with {yM> 11 $ i $ 
n - 1, i $ j $ n - 1} = (0, • • •, 0) in (3.46). By Theorem 3.2.28 and Proposition 7.2.3 
a necessary condition for solvability of the MMP for P and M around (xo, xo) is already 
that for k = 1, • · •, n and for some {yMl 11 $ i $ n - 1, i $ j $ n - 1 }: 

rank.Bk(xo,Hi~l 11 $ i $ n -1,i $ j $ n -1}) = Pk (7.50) 

So the crucial part of the assumption is that we can take {yMl I 1 $ i $ n - 1, i $ j $ 
n - 1} = (0, • • • , 0). By analyticity of the data this crucial part is satisfied for an open and 
dense subset (in the induced C00-Whitney topology) of the set of systems in Xnmp that 
have x0 as a strongly regular equilibrium point. Hence Assumption 7.2.6 is generically 
satisfied. 

As remarked before, Theorem 7.2.12 forms an a posteriori justification of a methodology 
from engineering practice, where often a nonlinear synthesis problem is tackled by lin­
earizing the system around a specific working point and then solving the problem for the 
linearization. Of course it still remains questionable if the control that was designed to 
solve the synthesis problem for the linearization of the system also is a good approxima­
tion for a control that solves synthesis problem for the original nonlinear system. In the 
following two examples from [48] this question is investigated for the nonlinear MMP. 

Example 7.2.14 In this example we take as the plant P the robot arm that was described 
in Example 5.0.10. The relative degrees of Pare r1 = r 2 = 2. Moreover, it can be checked 
that the decoupling matrix of Pis M(8), which is an invertible matrix for all 8. Then by 
Lemma 7.2.2 the MMP is solvable for any model M with relative degrees i\,f2 ~ 2. In 
particular we can take M to be a linear system with transfer matrix 

(7.51) 

It follows immediately that the model has relative degrees f 1 = f2 = 2 and that its 
decoupling matrix has full rank. Consider the equilibrium point (8, 0) = (0, 0) for P. Since 
M( 8) is invertible for all 8, this equilibrium point satisfies Assumption 7.2.6. A static state 
feedback that solves the MMP for (LM, LP) (note: LM = M) is given by 

u = F ( : ) + Gv (7.52) 

where 

F = ( -=_185 
-30 42 
-12 21 

-12) G = ( 5 2 ) 
-6 ' 2 1 
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e1,e2 

(x10-5 rad.) l 

-3000 10 
-> time (sec.) 

Figure 7.1: Double pendulum with control (7.52) and iii = 1 

0. 2 ,--,--,--,--,--,--,--,--,--.-, 

-0.1 O 

-> time (sec.) 

Figure 7.2: Double pendulum with control (7.52) and u2 = 1 

Figures 7.1 and 7.2 give the results of simulations of P with the control (7.52), where we 
have set v = u (recall: u is the control of M). In Figure 7.1 a step u1 = 1 is applied, 
while in Figure 7.2 a step u2 = 1 is applied. These steps are applied during the whole 
time-interval. The figures give the errors e;(t) = y;(t) - i};(t) (i = 1, 2). 

In the first case the system converges to a steady state situation with steady state errors 
e1 = -32 • 10-6 , e2 = -258 • 10-6 • The steady state error e1 is 0.02% of the steady state 
value of y1• In the second case the system converges to a steady state situation with steady 
state errors e1 = 0.1290, e2 = 0.0067. The steady state error e2 is 6.1 % of the steady state 
value of y2 • Hence in the first case the linear control (7.52) behaves reasonably well, while 
in the second case the results are less satisfying. 

The fact that we end up with a steady state error suggests that the behavior of the system 
can be improved by extending the control (7 .52) with a copy of the model and then applying 
an extra PI-action. Figure 7.3 shows that this indeed works. Here we have again applied 
a step u2 = 1, while to u 1 in (7 .52) we have added a term -12.8e1 ( t) - 10 J~ e1 ( r )dr and 
to u2 in (7.52) a term -10f~e2(r)dr is added. We now end up with a steady state error 
e1 = 0.0014 (1 % of the steady state error in Figure 7.2) and e2 = 242 · 10-5 (0.22% of the 
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-0.1 0 20 
--+ time (sec.) 

Figure 7.3: Double pendulum with control (7.52), PI-action and fi2 = 1 

steady state value of ih). 

Further simulations (of which no figures are included) show that the stability of the closed 
loop system is maintained for step controls up to (u1,u2 ) = (8,0), (u1,u2) = (0,3), 
(u1, u2) = (2, 2). In the first two cases (i.e., if we set one of the controls equal to zero) the 
maximum errors and steady state errors are proportional to the magnitude of the control. 

Example 7.2.15 In this example the plant Pis a two link robot arm moving in a vertical 
plane, as was described in e.g. (25]. The first link is actuated through a direct drive motor. 
The rotation of the first link with respect to a line perpendicular to the base is indicated by 
q1. The second joint shows a significant elasticity. This elasticity is modelled by associating 
two variables to the second joint: q2, the position of the second actuator with respect to 
the first link and q3, the position of the second link with respect to the first link. The 
motor (q2) is then coupled to the joint (q3 ) by means of a transmission with transmission 
ratio NT> 1 and a torsional spring with spring constant K (see Figure 7.4). 

In this example the links are of unit length, the motor inertia equals 0.001 and we assume 
the masses to be equal to one and to be concentrated at the joints (the motors) and at the 
tip (a load). Furthermore, we set K = 1000, NT= 100 and the constant of gravity g = 10 
(note that we disregard the dimensions of the constants). The Euler-Lagrange equations 
for this system are: 

M(q)q + N(q,q) = UE (7.53) 

where q = col(q1,q2,q3), uE = col(u1,u2,0) and 

( 
3.002 + 2 cos q3 0.001 1 + cos q3 ) 

M(q) = 0.001 0.001 0 
l+cosq3 0 1 

[

-(2q1q3 + qn sin q3 + 20 sin q1 + 10 sin(q1 + q3) l 
N(q,q) = --/,r(q3 - N7') 

qf sin q3 + K(q3 - -J/r) + 10 sin(q1 + q3) 
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Figure 7.4: Definition of variables and parameters for elastic joint 

As outputs for P we take y1 = qi, Y2 = q3. The relative degrees of P are r1 = r2 = 2 
and the essential orders are f 1 = f 2 = 4. We consider the equilibrium point ( q, q) = (0, 0). 
Then it can be checked that this equilibrium point satisfies Asssumption 7.2.6 (see [25) for 
details). 

The model M will be a linear system with transfer matrix 

G(s) = ( (s ~ 3)4 ~ ) 
O (s+3)4 

(7.54) 

It follows immediately that M has relative degrees r1 = r2 = 4 and that its decoupling 
matrix has full rank. A dynamic state feedback that solves the MMP for (LM, LP) is 
given by: 

where z = col(z1,z2 ) and 

K-( 0 1) - -54 -12 

R = ( 9.0278 
-0.9722 

20.956 -2106.5641 -0.0096 -0.012 1.2012 -0.2 
1.056 -106.5641 -0.0096 -0.012 1.2012 -0.2 

S _ ( 0.0002 0.0001 ) 
- 0.0002 0.0001 

(7.55) 



100 Chapter 7. The nonlinear model matching problem 

40 

e1,e2 
(xl0-6 rad.) j 

-10 0 15 
-> time (sec.) 

Figure 7.5: Robot arm with control (7.55) and ii1 = 1 

Figures 7.5 and 7.6 give the results of simulations of P with the dynamic state feedback 
(7.55) (where we have set v = ii). In Figure 7.5 a step ii1 = 1 is applied, while in Figure 
7.6 a step ii2 = 1 is applied. The steps are applied during the whole time-interval. The 
figures give the errors ei(t) = y;(t)- tJ;(t) (i = 1,2). 

In the first case the system converges to a steady state situation with steady state errors 
er = 2 • 10-6 , e2 = 35 • 10-6 • The steady state error er is 0.02% of the steady state value of 
th- In the second case we end up with fluctuations around e1 = -2 · 10-6 , e2 = -102 · 10-6 • 

The value e2 = -102 · 10-6 is 0.82% of the steady state value of ih-

Further simulations show that the stability of the closed loop is maintained for step controls 
up to (iii, ii2) = (12, 0), ( iii, ii2) = (0, 9), ( iir, ii2) = (5, 5). 
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10 

e1,e2 
(xl0-6 rad.) i 

..... time (sec.) 

Figure 7.6: Robot arm with control (7.55) and ii2 = 1 

■ 





Chapter 8 

Structure of strongly input-output 
decouplable Hamiltonian control 
systems 

A special class of nonlinear control systems is given by the Hamiltonian control systems. 
Roughly speaking, these are nonlinear control systems for which the dynamics can be 
described via the Hamiltonian equations of motion. The concept of a Hamiltonian control 
system was introduced in (9] and further elaborated in e.g. (98]. 

In Subsection 8.1.1 we motivate the definition of a Hamiltonian control system via the 
Euler-Lagrangian and Hamiltonian equations of motion. In Subsection 8.1.2 a coordinate­
free definiton of a Hamiltonian control system is given. In Section 8.2 we investigate 
the structure of strongly input-output decouplable Hamiltonian systems and these results 
are applied to the strong input-output decoupling problem with stability for Hamiltonian 
systems and to the model matching problem for Hamiltonian systems. 

8.1 Definition of a Hamiltonian control system 

In this section we closely follow Chapter 12 of [81] (see also [98],[20],[1051). An extensive 
geometrical treatment of Hamiltonian systems can be found in [1],[4]. 

8.1.1 Motivation of the definition 

Consider a mechanical system with n degrees of freedom, locally represented by n gener­
alized configuration coordinates q = ( q1 , • • • , qn). Assume that the system is conservative, 
that is, there are no dissipative forces present in the system. Let T(q, q) denote the kinetic 
energy function of the system, and let V(q) denote its potential energy function. Assume 
that the first m ( m ::; n) configuration coordinates can be controlled via control variables 
(generalized forces) u, ( i = 1, · .. , m ). Define the Lagrangian function L(q, q) of the system 
by 

L(q,q) := T(q,q) - V(q) (8.1) 

Then the equations of motion of the system are given by the well-known Euler-Lagrange 
equations: 

d(aL) 8L {Ui (i=l, .. ·,m) 
dt % - 8q; = 0 i = m + 1, .. · , n 

(8.2) 

103 
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(8.2) is called a Lagrangian control system. Note that (8.2) does not constitute a system in 
state space form. However, for most mechanical systems the kinetic energy is of the form 

(8.3) 

where M(q) is a positive definite matrix for all q. Let C(q,q) be an n-vector with entries 

(8.4) 

where m;i denotes the (i,j)-th entry of M, and let 

k(q) = ~(q) 

(8.5) 

Then (8.2) specializes to 

M(q)ij + C(q,q) + k(q) = Bu (8.6) 

and we obtain the 2n-dimensional state space system 

(8.7) 

We now pass on to the Hamiltonian formulation. For the Lagrangian control system (8.2), 
assume that for all ( q, q) 

det ( 8~;1qi ) 1$i,i$n # 0 (8.8) 

Define the generalized momenta 

p;=~~(q,q) (i=l,···,n) 
uq; 

(8.9) 

Since (8.8) holds, we have that locally (p1 , • · •, Pn) is a set of independent functions. Define 
the Hamiltonian function H(q,p) as the Legendre transform of L(q,q) with respect to q, 
i.e., 

n 

H(q,p) = '2:p;q; - L(q,q) (8.10) 
i=l 

where q satisfies (8.9). Then the Euler-Lagrange equations of motion (8.2) transform into 
the Hamiltonian equations of motion 

q; = f/:(q,p) (i=l,···,n) 

Pi -q//;(q,p) + U; (i=l,···,m) (8.11) 

Pi -q//;(q,p) (i=m+l,···,n) 
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We call (8.11) a Hamiltonian control system. A main advantage of (8.11) in comparison 
with (8.2) is that (8.11) immediately constitutes a control system in state space form, with 
state space variables (q, p). Moreover, if the kinetic energy function T(q, q) is of the form 
(8.3), the Hamiltonian function H(q,p) equals the total (internal) energy of the system. 
Namely, in this case (8.9) specializes to 

P = M(q)q 

and hence i,n the new coordinates (q,p) the kinetic energy is given by 

1 -T(q,p) = 2PT M l(q)p 

Then (8.10),(8.12),(8.13) yield 

H(q,p)= t,p;q;-L(q,q)= 
i=l 

PT M-l(q)p- (½PT M-l(q)p- V(q)) = 

½PT M-l(q)p + V(q) 

which establishes our claim. 

(8.12) 

(8.13) 

(8.14) 

(8.11) is not the most general form of Hamiltonian control systems we wish to study. In 
fact, what we want to study is a class of systems that is invariant w.r.t. a certain class of 
state space transformations. More specifically, consider a system of the form 

</i = oH m oC· 
op;(q,p)- ld:1 Uj7Jj{(q,p) 

(i=l,· .. ,n) (8.15) 
. oH m oC· 
p; = -Gq;(q,p) + j'fi Uj7frt(q,p) 

Note that (8.11) is of the form (8.15) (with Ci(q,p) = qi for j = 1,· .. ,m). For any two 
functions F(q,p),G(q,p), define 

{F,G} = t,(oFoG _ oFoG) (8.16) 
i=l Op; Oq; Oq; Op; 

and consider state space transformations (Q(q,p),P(q,p)) = (Q 1(q,p), • • • ,Q,.(q,p), 
Pi(q,p), .. ·, P,.(q,p)) that satisfy {Q;, Qi} = {P;, Pi} = 0, {P;, Qj} = 8;i (i,j = 1, .. ·, n). 
Such state space transformations are called canonical transformations. It can be shown 
that the system (8.15), after we have applied a canonical transformation is again of the 
form (8.15) (with possibly different H(Q, P), C1(Q, P), · · ·, Cm(Q, P)). Now if we equip a 
system of the form (8.15) with the natural outputs: 

Yi=Ci(q,p) (j=l, .. ·,m) (8.17) 

we obtain a square input-output system. Any system of the form (8.15,8.17) is called an 
affine Hamiltonian input-output system (or briefly Hamiltonian system). 

There are some good reasons to choose the outputs as in (8.17). We mention two of them 
(also see the discussion in (98],[20],[81]). First of all, with this choice of outputs we obtain 
from (8.15) the energy balance: 

m 

iI = LUfYi (8.18) 
j=l 
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Hence in the case (8.11), where Yi = qi, iI equals the instantaneous external work per­
formed on the system. Second, with this choice of outputs the external "forces" u1, · · · , Um 

influence the system via the external channels corresponding to the outputs C1, ···,Cm, 
which are the "displacements" caused by these excitations along the same line of action. If 
we interpret the outputs as measurements performed on the system, the last point implies 
that we are dealing with a mechanical system with collocated actuators and sensors. 

8.1.2 Coordinate-free definition of a Hamiltonian system 

Definition 8.1.1 Poisson structure, Poisson bracket, Poisson manifold 
Let M be a manifold and let C00 (M) be the set of smooth real-valued functions on M. A 
Poisson structure on Mis a bilinear map from C00 (M) x C00 (M) into C00 (M), called the 
Poisson bracket and denoted as 

(F,G) 1-+ {F,G} F,G E C00 (M) 

which satisfies the following properties for any F, G, HE C00 (M) 

{F,G} = -{G,F} (skew - symmetry) 

{F, {G, H}} + {G, {H, F}} + {H, {F, G}} = 0 (Jacobi - identity) 

{F, GH} = {F, G}H + G{F, H} (Leibniz rule) 

M together with a Poisson structure is called a Poisson manifold. 

Lemma 8.1.2 Let M be a Poisson man if old with local coordinates x 1 , • • • , x,. 

(8.19) 

(8.20) 

(8.21) 

(8.22) 

• 

(i) There exist locally smooth functions Wij ( x) ( 1 :S i :S r, 1 :S j :S r) such that the 
Poisson bracket is locally given as 

(8.23) 

(ii) The functions Wij( x) in (i) are determined by 

(8.24) 

and satisfy 

(8.25) 

(8.26) 

Proof See e.g. [81]. 
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Remark 8.1.3 (8.25) reflects the skew-symmetry of the Poisson-bracket, while (8.26) re­
flects the fact that the Poisson-bracket satisfies the Jacobi-identity. ■ 

From Lemma 8.1.2 we conclude that locally any Poisson bracket is determined by a skew­
symmetric (r,r)-matrix W(x) of which the entries w;;(x) (1 $ i,j $ r) satisfy (8.26). 
The matrix W(x) is called the structure matrix of the Poisson structure. The rank of the 
Poisson bracket in every x E M is defined as the rank of W(x). Since W(x) is skew­
symmetric, necessarily its rank is even. A Poisson bracket is said to be non-degenerate if 
rankW(x) = dimM for every x E M. In particular for a non-degenerate Poisson bracket 
we have for any x E M 

rankW(x) = dimM = 2n for some n (8.27) 

Example 8.1.4 Let M = /R2" with coordinates (x1, · · ·, X2n) =: (q1, · · ·, q,.,J11, · · • ,p,.). 
Define the Poisson bracket of two functions F(q,p),G(q,p) as 

" {)F 8G {)F 8G 
{F,G}(q,p) = ~(8p;8q; - 8q,8p;)(q,p) (8.28) 

It is easily checked that for this Poisson bracket we have { q;, q;} = {p;, p;} = 0 and 
{p;,q;} = 6;;, Hence the structure matrix of this bracket is given by 

W(x) = ( J,. -:,. ) (8.29) 

and we conclude that the bracket is a non-degenerate Poisson-bracket. The bracket (8.28) 
is called the sta~dard Poisson bracket on /R2". 

■ 

The following theorem states that locally every non-degenerate Poisson bracket is as the 
standard Poisson bracket defined by (8.29) (cf. [1],[4]). 

Theorem 8.1.5 (Darboux) Let M be a 2n-dimensional manifold with non-degenemte 
Poisson-bmcket {·, ·}. Then locally around any x0 E M we can find coordinates (q,p) = 
(qi,···, q,., PI,··· ,p,.), called canonical coordinates, such that 

" 8F8G 8F8G 
{F,G}(q,p) = 1)-8 -8 - -8 -8 )(q,p) 

i=l Pi q; q; Pi 
(8.30) 

■ 

Consider a Poisson manifold M. For a given FE C00 (M) and arbitrary x EM, define the 
mapping XF(x): C00(M)-+ JR as 

XF(x)G := {F,G}(x) (8.31) 

By the fact that the Poisson bracket satisfies the Jacobi-identity and the Leibniz rule, it 
follows that XF(x) E T:rM for any x EM. Hence for any FE C00(M) we obtain a smooth 
vector field XF on M satisfying 

XF(G) = {F,G} for any GE C00(M) (8.32) 

XF is called the Hamiltonian vector field corresponding to the Hamiltonian function F and 
the Poisson bracket { ·, ·} on M. We have the following connection between the Lie bracket 
of two Hamiltonian vector fields and the Poisson bracket of their Hamiltonians: 
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Lemma 8.1.6 For any F,G E C00(M) we have 

(8.33) 

Proof See e.g. [81]. ■ 

With any non-degenerate Poisson structure, we can associate another, dual, geometric 
object. Namely, let{·,·} be the non-degenerate Poisson bracket on M, locally given by 
the skew-symmetric structure matrix W ( x). Define the bilinear map 

(8.34) 

by setting 

(8.35) 

By linearity and the fact that we can choose 2n functions F1, · · · , 
F2n such that XF,, · · ·, XF2n are independent, (8.35) completely defines Wx as a bilinear 
map (8.34). By (8.23), we have in local coordinates 

{F,G}(x) = dF(x)W(x)(dG(x)l (8.36) 

where 

dF = ( Mi .. . j~n ) {8.37) 

Moreover, by (8.34) the Hamiltonian vector field XF is represented in local coordinates by 

XF(x) = (dF · W(x)l 

Hence 

{F,G}(x) = (XF(x)jTW- 1(x)W(x)w-r(x)Xa(x) = 

(XF(x ww-T(x )Xa(x) 

Then it follows that Wx has the matrix representation 

(8.38) 

(8.39) 

In canonical coordinates x = (q,p), Wx equals the constant matrix W(x) in (8.29). By 
letting x vary we obtain a so-called differential two-form w, which is called a symplectic 
form on M. Furthermore, note that by (8.35) and {F, G} = -{G, F} = -Xa(F) = 
-dF(Xa), the Hamiltonian vector field XH corresponding to the Hamiltonian His uniquely 
determined by the relation 

wx(XH(x),Z) = -dH(x)(Z) for any Z E TxM,x EM (8.41) 

The manifold M endowed with the symplectic form w is called a symplectic manifold. 

We are now able to give a coordinate free definition of a Hamiltonian control system (8.15). 
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Definition 8.1. 7 Hamiltonian system 
Let M be a manifold with non-degenerate Poisson bracket. Let H, Ci,···, Cm E C00 (M). 
Then 

~ ~~ { 
x = XH(x) - E Xc,(x)ui 

Yi= C;(x) (j=l,···,m) 

is called an affine Hamiltonian input-output system, or briefly, Hamiltonian system. ■ 

By (8.32) and Theorem 8.1.5 we have in local canonical coordinates x = (q,p): 

n oF o oF o 
Xp = l)-- - --) 

i=l op; oq; oq; op; 
(8.43) 

Hence we immediately obtain: 

Corollary 8.1.8 Consider a Hamiltonian system (8.42) on M. Then around any xo EM 
there exist canonical coordinates ( q1, · · · , qn, Pt,· · · , Pn) for M such that (8.42) takes the 
form (8.15). ■ 

Remark 8.1.9 If the Poisson bracket in Definition 8.1. 7 is degenerate, the system (8.42) 
is called a Poisson system (see [86]). ■ 

A special class of Hamiltonian systems that is of special interest for applications, are the 
simple Hamiltonian systems. Roughly, these are Hamiltonian systems with a Hamiltonian 
function (internal energy) Hof the form (8.14) and with observation functions C1, •••,Cm 
that only depend on the configuration coordinates q. We give a formal definition of this 
class of Hamiltonian systems, following [98] (see [1] for the definition of a simple Hamilto­
nian system without controls). For this we need the following. Let Q be an n-dimensional 
manifold, denoting the configuration space, and let T*Q be its cotangent bundle, denoting 
the phase space or state space. On T*Q there is a naturally defined Poisson bracket, which 
is defined in local coordinates as follows. Let q0 E Q and let q = ( q1 , · · · , qn) be local 
coordinates for Q around qo. Then there exist natural coordinates (q1,···,qn,P1,·--,pn) 
for T*Q (cf. Section 1.2). Now, let F,G E C00 (T*Q). Then their Poisson bracket is defined 
as 

n oFoG oFoG 
{F,G}(q,p) = t?op;oq; - oq;op;)(q,p) (8.44) 

It can be shown ( cf. [81]) that this Poisson bracket is well-defined, i.e., it does not depend 
on the particular choice of natural coordinates for T*Q. In particular we see that natural 
coordinates for T*Q are canonical coordinates for the Poisson bracket (8.44) on T*Q. 
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Definition 8.1.10 Simple Hamiltonian system 
A simple Hamiltonian system on T*Q is a Hamiltonian system (8.42) where H, C1, ···,Cm 
are of the form (in natural coordinates (q,p) for T*Q) 

1 
H(q,p) = 2pTG(q)p+ V(q) 

with G(q) a positive definite (n,n)-matrix for every q, and 

C;(q,p) = C;(q) (j = 1, · · ·, m) 

(8.45) 

(8.46) 

The expression ½PTG(q)p is called the kinetic energy and V(q) the potential energy. ■ 

8.2 Structural properties of strongly input-output 
decouplable Hamiltonian systems 

8.2.1 Clamped dynamics of strongly input-output decouplable 
Hamiltonian systems 

When no specific references are given, the results in this subsection can be found in (81). 

Consider a 2n-dimensional manifold M with a non-degenerate Poisson bracket { ·, • }. Let 
an analytic Hamiltonian system on M be given by 

{ 

m 
x - XH(x) - E Xe (x)u; 

- j:1 J 

Y; = C;(x) (j=l,···,m) 

(8.47) 

where x = (x1, · · ·, X2nf E JR2n are local coordinates for Mand H, C1, ···,Cm are analytic 
functions on M. Assume that the SIODP is solvable for (8.47), i.e., the relative degrees 
r1, ···,rm of (8.47) are finite and the decoupling matrix A(x) of (8.47) has full rank m for 
all x EM (cf. Theorem 3.1.5). For any F,G E C00 (M) we define inductively: 

ad}G .- G 

ad}G .- {F,ad}-1G} (k=l,2,···) 

By (8.32) we have that for any k = 0, 1, • • • 

.ctHC; = adtC; 

and 

(8.49) 

(8.50) 

Hence the relative degree r; (i = 1, • · •, m) of (8.47) is defined as the smallest integer such 
that (see also (3.68)): 

{ 
( {C1,adtC;} ··· {Cm,adtC;} )(x)=O (\fxeM,k=0,···,r;-2) 

(8.51) 
( {C1,ad,r1c;} ... {Cm,adJi-1C;} ) (x) # 0 (for some XE M) 
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and the decoupling matrix A(x) has the entries 

a;;(x) = -{C;,ad1f 1C;}(x) = {ad1f 1C;,C;}(x) (8.52) 

(8.51) and (8.52) imply that for the computation of r1 , ···,rm and A(x) we do not have to 
go through the equations of motion (8.4 7); the knowledge of H, C1, · · · , Cm suffices. 

For the system (8.47) we make the following assumption: 

Assumption 8.2.1 The distribution g := span {Xe"··· ,Xe'"} is involutive. ■ 

Remark 8.2.2 If all relative degrees of (8.47) are greater than one, Assumption 8.2.1 is 
automatically satisfied. Namely, in this case we have for all i,j = 1, · · ·, m: {C;, C;} = 0 
and hence by Lemma8.1.6: [Xc;,Xc,] = X{c;,c,} = 0. ■ 

Analogously to (3.14), define fo(x) := ad:}i1C;(x) (i = 1, · · ·, m;j = 1, · · ·, r;). Since As­
sumption 8.2.1 is satisfied and the SIODP is solvable for the system, we can find an addi­
tional set of functions x1(x), · · · ,xd(x) (d = 2n-I:~1 r;) that satisfy Cxc,Xi = {C;,x;} = 0 
such that {{fo J 1 $ i $ m,1 $ j $ r;},x1,··•,xd} forms a new set of local coordi­
nates for M (cf. Theorem 3.1.11). Define e; := col(e;; I 1 $ j $ r;) (i = 1, · · ·, m), 
e := (ef · · · e~f, x := col(x1, · · ·, xd) and 4>(x) := (e(x) xT(x)f. For a function Fin 
the coordinates .x, we denote for convenience: 

(8.53) 

Then in the new coordinates (e,x) the system (8.47) has the form (compare with (3.17)): 

tit = fo 
(i=l,···,m) 

{;r,-1 = eir; 

er; = ad,}C;(e, x) + A;.(e, x)u (8.54) 

x; = {H,x;}(e,x) (i=l,••·,d) 

Y; = fo (j=l,···,m) 

We investigate the structure of the clamped dynamics of (8.54). Since the decoupling 
matrix of (8.54) has full rank for all (6, · · · ,em,x), it is easily seen that the following 
result holds (see e.g. [81],[61]). 

Proposition 8.2.3 The clamped dynamics manifold N* of {8.54) is given by 

Moreover, the clamped dynamics of (8.54} is given by 

f;={H,x;}(O,x) (i=l,·•·,d) 

(8.55) 

(8.56) 
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The clamped dynamics manifold N* of (8.54) and the clamped dynamics (8.56) have a 
special structure. To describe this structure, we need the following definition. 

Definition 8.2.4 Symplectic submanifold 
Consider a manifold M with symplectic form w. Let N be a submanifold of M. Restrict 
the bilinear map Wx: TxM X TxM-> JR,, x EM, to a bilinear map Wx: TxN X TxN-> IR, 
x EN, i.e., 

Wx(X, Y) := Wx(X, Y) (X, y E TxN, X E N) (8.57) 

Then N is called a symplectic submanifold of M if Wx is a non-degenerate bilinear map 
for every x E N, i.e., if the rank of a matrix representation of Wx equals dim N for every 
XE N. 

■ 

Remark 8.2.5 Note that in particular a symplectic submanifold is even-dimensional. ■ 

Proposition 8.2.6 Consider a manifold M with symplectic form w. Let a submanifold N 
of M be given by 

for functions 'Pt,···, 'Pk- Then N is a symplectic submanifold of M if and only if for any 
i E {l,··•,k} there exists aj E {1,···,k} such that {'Pi,'Pj} =f. 0. 

Proof See e.g. [22]. 
■ 

We now prove that N* is a symplectic submanifold of M. For this, we need the following 
lemma. 

Lemma 8.2. 7 For all k, f. E IN we have 

Proof By induction, using the Jacobi-identity. 

From Lemma 8.2. 7 we obtain in particular: 

Corollary 8.2.8 For all i,j =I,••·, m and for all f. = 0, · · ·, rj - 1 we have 

(8.58) 

■ 

(8.59) 
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Proof Follows immediately from (8.58) and the definition of the relative degrees. ■ 

Since the decoupling matrix A(x) of (8.47) has full rank for all x E M, we have that for any 
j E {l, • · ·, m} there exists an i E {l, • • •, m} such that { C;, ad~-1 Cj} -:/= 0. By Corollary 
8.2.8 this implies that for any function adtCi (j = 1, • · · , m; k = 0, · · · , ri - I) there exist 
i E {1, · · ·, m }, £ E {0, · · ·, r; - 1} such that { adjJ,C;, adtCi} -:/= 0. Hence by (8.55) and 
Proposition 8.2.6 N* is a symplectic submanifold of M. 

We now show that the clamped dynamics (8.56) of (8.54) is in fact a Hamiltonian system 
on N*. For this, we define a Poisson bracket { •, •} N• on N* in the following way. Let 
s := I:~1 r, and denote the functions C;(x), · · ·, adA-1C,(x) (i = 1, · · ·, m) as 1Pi(x) (j = 
1, • · •, s ). Form the (s, s) skew-symmetric matrix D(x) with entries 

(8.60) 

It can be shown that D(x) is an invertible matrix for all x EM (cf. [81]). Let the entries 
of n-1 (x) be denoted by <Jii(x). For any F, GE C 00 (N*), define 

• 
{F,G}N•(x) = {F,G}(x)- L {F,1/;i}(x)Jii(x){'lj;j,G}(x) (x EN*) (8.61) 

i,j=l 

where the right-hand side of (8.61) is computed for any smooth extensions of F and G to 
a neighborhood of x in M. Then we have the following result. 

Proposition 8.2.9 Let w denote the symplectic form on M associated with the Poisson 
bracket { ·, · }. Let w denote the restriction of w to N* {see {8.57)). For any FE C 00 (N*), 
define the vector field Xp on N* by setting (see (8.41}} 

w.,(XF,Z) = -dF(x)(Z) for any Z E T.,N*,x EN* 

Then: 

(8.62) 

{i} { ·, ·} N• is a non-degenerate Poisson bracket on N*, called the Dirac bracket, and for 
any F E C00 (N*) the vector field Xp is the Hamiltonian vector field on N• with 
respect to F and the Poisson bracket {·,-}N•, i.e., for any GE C00 (N*) 

(ii} Define the ( s, d)-matrix U ( x) with entries 

Uij ( x) = {1/J,, xi}( x) ( i = 1, · · · , s; j = 1, · · · , d) 

and the (d,d)-matrix S(x) with entries 

s;i(x) = { x,, xi }(x) ( i = 1, • • •, d; j = 1, • • •, d) 

Then the structure matrix W(x) of { ·, •} N• is given by 

(8.63) 

(8.64) 

(8.65) 

(8.66) 
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Proof See [81]. 
■ 

Now let us return to the clamped dynamics (8.56) of (8.54) evolving on the symplec­
tic submanifold N*. We first introduce some notation. Recall that fo := ad1i1C; (i = 

1, · · ·, m; j = 1, · · ·, r;), l; = col(fo, · · ·, l;,.) ( i = 1, · · ·, m) and l = (ff · · · l:!:f. Further­
more, recall that x1 , · · · , xd ( d = 2n - I:;:1 r;) are chosen in such a way that ( e, x) forms 
a local coordinate system for M and {ljt, xi} = 0 (i = 1, • · ·, d;j = 1, • · •, m). Denote 

= ( N-uc;n 

( oF 
oxi 

g_ ... g_ ... ~) 
uc;.1r1 UC,.m1 VC,.mrm 

oF) 
ax:i 

Then, given another function G E C00 ( M), in the new coordinates ( l, x) we have 

{F, G}(l, x) = 

Furthermore, denote 

{F,e} ( {F,fo} 

{F, x} = ( {F, x1} 

Then from (8.68) it follows that 

{F,O(l,x) 

{F,6,,} · · · {F,lmi} · · · {F,lmrm} ) 

{F,xd}) 

(8.67) 

(8.68) 

(8.69) 

(8.70) 

Finally, for a function FE C00(M), let F denote its restriction to N*, i.e., F(x) = F(O, x). 

From (8.56) and (5.17) it follows that the (unique) control u = a*(l,x) that renders N* 
as an invariant submanifold is given by 

(8. 71) 

where 

(8. 72) 

Define the function Ha(l, x) by 

m 

W(l,x) = H(l,x)- I::07(e,x)fo (8. 73) 
i=l 
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Since fo = 0 on N* (i = 1,· ·· ,m) we have on N*: 

m 
{H,e}(0,x)- E ai(0,x){fo,e}(0,x) = 

i=l 

Hence on N* we have 
m 

0 =er= {H,e}(0,x)- L:0i(0,x){fo,e}(0,x) = {H",e}(0,x) 
i=l 

By (8.70) this implies that 

8eH"(0, x)D(0, x) - OxH"(0, x)UT (0, x) = 0 

and hence 
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(8.74) 

(8.75) 

(8.76) 

(8.77) 

Now note that xis constructed in such a way that {fo,x;} = 0 (i = 1, · · ·, m;j = 1, · · · ,d). 
Hence on N* we have 

m 

{H,x}(0,x) = {H - :Eaifo,x}(0,x) = {H",x}(0,x) 
i=l 

Then by (8.56),(8.70),(8.77) the clamped dynamics of (8.54) are given by 

!iT = {H,x}(0,x) = {H",x}(0,x) = 

8eH"(0, x)V(0, x) + oxH"(0, x)S(0, x) = 

8%H"(0,x)(S(0,x) + VT(0,x)D- 1(0,x)V(0,x) = 

oxH"(x)W'(0, x) = oxH(x)W'(0, x) = {.H, x}N•(0, x) 

This means that we have established: 

(8.78) 

(8.79) 

Theorem 8.2.10 Consider the Hamiltonian system (8.,f7} on M. Assume that dim(N*) > 
0 and that rankA(x) = m for all x EM. Then the clamped dynamics (8.56} is the Hamil­
tonian vector field on N* with respect to the Dirac bracket (8.61} and Hamiltonian H, i.e., 
the clamped dynamics are given as 

!i = ({H,x}N•f(0,x) 

where H(x) = H(0,x). 

(8.80) 

• 

Remark 8.2.11 The result of Theorem 8.2.10 can be found in [100],[103], where it was 
proved in a slightly different way. The Dirac bracket was introduced in [32] for the study of 
constrained Hamiltonian systems. See [70] for contributions on the control of constrained 
Hamiltonian systems. ■ 
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8.2.2 Strong input-output decoupling with stability for Hamil-
tonian systems 

When no specific references are given, the results in this subsection can be found in [59] 

In this subsection we apply the result of Theorem 8.2.10 to the strong input-output decou­
pling problem with stability for the Hamiltonian system (8.47). We first give a definition 
of the problem. For this, we need the following definitions ( cf. [43]): 

Definition 8.2.12 Locally stable equilibrium point, locally asymptotically stable 
equilibrium point 
Consider 

x = f(x) (8.81) 

where x = ( X1, · • • , xn)T E JR" are local coordinates for a manifold M and f is an analytic 
vector field on M. Let Xo EM be an equilibrium point of (8.81), i.e., f(xo) = 0. Then 

(i) x0 is said to be locally stable if for any neighborhood U C M of x0 there exists a 
neighborhood [J C M of x0 such that for any x E U, the solution of (8.81) with 
x(0) = x remains in U for all t 2 0. 

(ii) Xo is said to be locally asymptotically stable if Xo is locally stable and there exists 
a neighborhood U0 C M of x0 such that for any x E U0 the solution of (8.81) with 
x(0) = x converges to Xo as t -----> oo. 

• 
Consider the Hamiltonian system (8.47). Let x0 E M be an equilibrium point of (8.47), 
i.e., Xy(x0 ) = 0. Then we say that the SDIODP with (asymptotic) stability for (8.47) is 
locally solvable around x0 , if we can find a regular static state feedback 

u = a(x) + f3(x)v (8.82) 

with a(xo) = 0 for (8.47) such that (8.47,8.82) is strongly input-output decoupled around 
x0 and x0 is a locally (asymptotically) stable equilibrium point for (8.47,8.82). Note that 
the requirement a(xo) = 0 guarantees that x0 is an equilibrium point for (8.47,8.82). 

Assume that all relative degrees of (8.47) are finite and that its decoupling matrix A(x) 
has full rank for x = x0 • Furthermore, assume that Assumption 8.2.1 is satisfied for 
(8.47). Then locally around x0 , (8.47) takes the form (8.54). Consider the following class 
of feedbacks for (8.54) (denoted by L): 

(8.83) 

with b(e, x) as defined in (8. 72) and ,(e) an m-vector of functions with entries 

r; 

,;(O=L,iifo (i=l,···,m) (8.84) 
i=l 
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Then (8.54,8.83) has the form 

(i=l,···,m) 

f:: X = ({H,x}l(e,x) (8.85) 

(j=l,···,m) 

where 

1 0 
0 1 

1i2 • . • . .. 

Obviously, (8.85) constitutes a strongly input-output decoupled system. Moreover, by a 
proper choice of the constants 1;; ( i = 1, • • · , m; j = 1, · • • , r;) the linear subsystems ~i 

( i = 1, • • • , m) can be made asymptotically stable. Denote the class of feedbacks from L 
that render the linear subsystems ~; asymptotically stable by L,. Then we see that if we 

apply a feedback from the class L, to (8.54) and if N* = {0}, we arrive at an asymptotically 
stable system (8.85) (where the nonlinear subsystem f: is not present). The question arises 
under which conditions a feedback from the class L, locally stabilizes the total system 
(8.85) if N* =f. {0}. For this we consider the clamped dynamics (8.80) of (8.54). Assume 
that x = 0 is an equilibrium point of (8.80) or, equivalently, (e, x) = (0, 0) is an equilibrium 
point of (8.85). 

Proposition 8.2.13 Consider the system (8.85}. Then 

(i) The equilibrium point (e, x) = (0, 0) cannot be a locally asymptotically stable equilib­
rium point of (8.85). 

(ii) The equilibrium point (e, x) = (0, 0) is a locally stable equilibrium point of (8.85} if 
and only if x = 0 is a locally stable equilibrium point of {8.80). ■ 

Remark 8.2.14 It should be noted that Proposition 8.2.13 still holds if we choose a 
decoupling feedback (8.83) where ,;(e) is a function of e; that is not of the form (8.84). ■ 

In the proof of Proposition 8.2.13 we use the following result from centre manifold theory 
(see (15]). 

Proposition 8.2.15 Consider the system 

x = Ax+ f(x,z) 
z = Bz+g(x,z) 

(8.86) 

where x E JR:", z E ]Rn and A and B are constant matrices such that A has all its 
eigenvalues in the open left half plane and B has all its eigenvalues on the imaginary axis. 
The functions f and g are C2 with f(O, 0) = 0, g(O, 0) = 0, D f (0, 0) = 0 and Dg(O, 0) = 0 
(here D f is the Jacobian matrix off). Then 
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{i} The equation Ax+ f(x, z) = 0 has a solution 

x=h(z), lxl<8 (8.87) 

where h is C 2 and 8 > 0. Moreover, the manifold { ( x, z) I x = h( z)}, called a centre 
manifold, is an invariant manifold for the system (8.86} (see Definition 5.0.1}. A 
solution (x(t),z(t)) (t ~ 0) of (8.86) starting at a point (xo,zo) = (h(zo),zo) on the 
centre manifold is given by (x(t), z(t)) = (h(17(t)), 17(t)), where 17(t) is a solution of 
the differential equation 

(8.88) 

with initial condition 17(0) = zo. 

(ii} Assume that the equilibrium point of {8.88} is locally stable, locally asymptotically 
stable, unstable respectively. Then the equilibrium point of (8.86} is locally stable, 
locally asymptotically stable, unstable respectively. 

• 

Rema,k 8.2'.16 The use of centre manifold theory in nonlinear control theory was intro­
duced in [3] (see also [68]). ■ 

Proof of Proposition 8.2.13. 

{i) The dynamics (8.80) are governed by a Hamiltonian vector field ( cf. Theorem 8.2.10) 
and hence, by Liouville's theorem ( cf. [4],[1]), x = 0 can only be a locally stable 
equilibrium point of (8.80) and not a locally asymptotically stable one. Hence (e, x) = 
(0, 0) is not a locally asymptotically stable equilibrium point of (8.85). 

{ii} {necessity) By the proof of {i} we see that (e, x) = (0, 0) can at most be a locally 
stable equilibrium point of (8.85) and that a necessary condition for stability is that 
x = 0 is a stable equilibrium point for (8.80). 

{sufficiency) Assume that x = 0 is a stable equilibrium point of (8.80). Set v = 0 in 
(8.85). Then, taking Taylor series of (8.85) around (e, x) = (0, 0), we obtain a system 
of the form 

Ae 
I<x +Le+ g(e, x) 

(8.89) 

where the matrix A has all its eigenvalues in the open left half plane, g(0, 0) = 0, 
Dg(0, 0) = 0, and 

I< o,;;({H,x}l(0,0) = Bx({H,x}N•l(o,o) 
(8.90) 

Since x = 0 is a locally stable equilibrium point of (8.80), the matrix I< has all its 
eigenvalues in the closed left half plane. Moreover, I< is the state matrice of a linear 
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Hamiltonian system and therefore it has an eigenvalue A if and only if it also has 
an eigenvalue -A (cf. (1)). Hence K has all its eigenvalues on the imaginary axis. 
Therefore, the matrices A and K have distinct eigenvalues. Hence there exists a 
matrix P such that PA-KP= -L (cf. (38)). Defining x = P{ + x, we obtain from 
(8.89): 

~ = A{ 
x = Kx + g({,x) 

(8.91) 

where g({,x) = g({,x - P{). Then (8.91) is of the same form as (8.86). Obviously, 
in this case the centre manifold is given by { = 0 and in the coordinates ({,x) the 
flow on the centre manifold is governed by 

i = ¼ = ({H,x}f(0,x) (8.92) 

Since by assumption x = 0 is a locally stable equilibrium point of (8.92), we have by 
Proposition 8.2.15 that ({,x) = (0,0) is a locally stable equilibrium point of (8.91). 
By the definition of x this immediately implies that ({, x) = (0, 0) is a locally stable 
equilibrium point of (8.85), which establishes our claim. ■ 

Using Proposition 8.2.13 we can give the following sufficient condition for local stability of 
(8.85): 

Proposition 8.2.17 Consider the system (8.85). Recall that the function fl is defined by 
fl(x) = H(0, x). Then ({, x) = (0, 0) is a locally stable (not locally asymptotically stable) 
equilibrium point of (8.85} if fl has an isolated local minimum at x = 0. 

Proof By (8.80) we have on N*: 

H = a!ifl · ¼ = Ozfl(x)WT(0,x)(ozfl(xW = 0 (8.93) 

where the last equality follows from the skew-symmetry of W({, x). Hence, if fl has an 
isolated local minimum at x = 0, then fl is a Lyapunov function, which implies that 
x = 0 is a locally stable equilibrium point of (8.80) (cf. (43)). Then, by Proposition 8.2.13, 
({, x) = (0, 0) is a locally stable equilibrium point of (8.85). ■ 

For the stability of a Hamiltonian system it is not necessary that its Hamiltonian function 
has an isolated local minimum at the stable equilibrium point, as follows from the following 
example from [1]. 

Example 8.2.18 Consider two harmonic oscillators, of which one is running backwards 
in time. The dynamics of this system are described by the following equations on lR:4: 

q; = ~(q,p) 

(i = 1, 2) (8.94) 
fJ; = -f/:(q,p) 
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where H(q,p) = ½M + PD - ½(q~ + pn. (8.94) constitutes a linear Hamiltonian system 
with state matrix 

( 
0 0 1 0 ) 

A= 0 0 0 -1 
-1 0 0 0 
0 1 0 0 

(8.95) 

It is easily checked that A has eigenvalues -i,i, where the algebraic as well as the geometric 
multiplicity of both eigenvalues equals two. Hence (cf. [43)) (q,p) = (0,0) is a stable 
equilibrium point of (8.94). However, (q,p) = (0, 0) is a saddle point of H. ■ 

By Example 8.2.18 we see that the converse of Proposition 8.2.17 is not true in general. 
However, for simple Hamiltonian systems (see Definition 8.1.10) we can make a statement 
about the converse of Proposition 8.2.17. First consider a simple Hamiltonian systems 
without controls. Then we have the following result. 

Proposition 8.2.19 Consider a Hamiltonian function H belonging to a simple Hamilto­
nian system without controls. Assume that the origin is an equilibrium point of x = XH(x), 
i.e. XH(0) = 0. For a given kinetic energy function, consider the subset of C00 ( Q) consist­
ing af all potential energy functions V(q) for which the origin is a locally stable equilibrium 
point of x = XH(x). Then for all V(q) in an open and dense subset of this set {endowed 
with the C00 -Whitney topology, cf. {1]), H has an isolated local minimum at the origin. 

Proof Let H = ½PTG(q)p + V(q), where G(q) is positive definite for all q. Define the 
matrices P and R by 

P = G(0) 

a2v R = oq2 (0,0) 
(8.96) 

The linearization of x = XH(x) (x = (qT,pTf) around (q,p) = (0,0) is given by 

(8.97) 

Let the eigenvalues of P be given by p1 , • • • , pn and those of R by r 1 , • • • , rn. Then it can 
be checked that the characteristic polynomial p(>.) of the state matrix in (8.97) is given 
by p(>.) = TI:'=1 (>.2 + piri). the fact that (q,p) = (0,0) is a stable equilibrium point of 
x = XH(x) implies that the state matrix in (8.97) cannot have eigenvalues in the open 
right half plane (cf. [43)). Hence we have piri 2: 0 (i = 1, • • •, n). By the fact that P 
is positive definite, this implies that ri 2: 0 (i = 1, • • •, n). Now the set of V E C00(Q) 
satisfying ri > 0 (i = 1, • • •, n) forms an open and dense subset of the set of VE C00(Q) 
with the property that r; 2: 0 (i = 1, • • •, n). Moreover, for all V E C 00 (Q) with the 
property that ri > 0 ( i = 1, • • • , n) we have that the matrix 

(8.98) 

is positive definite, which means that (q,p) = (0,0) is an isolated local minimum for H. ■ 
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Now consider a simple Hamiltonian system (8.47) on T*Q and assume that its decoupling 
matrix A(x) has full rank for all x E T*Q. By (8.23) and (8.52) we can write 

A= -( d~1 
) ( O -In ) ( dad';}:-

1
C1 ) ( 8.99) 

dCm In 0 dad11-1 Cm 

and hence the fact that A(x) has full rank for all x E M implies that the codistribution 
span { dC1 , • • •, dCm} has constant dimension m. This means that we can find natural 
coordinates (q,p) for T*Q such that C;(q) = q; (i = 1, • • •, m), cf. [l]. It can be checked 
that for i, j = 1, • • • , m 

(8.100) 

where 9ii(q) denotes the (i,j)-th entry of the matrix G(q). Since G(q) is positive definite 
for all q E Q, we have that g;;(q) > 0 for all q E Q (i = 1, · · ·, m). Hence all relative 
degrees of (8.47) equal two and we have e = (q1,···,qm,41,···,qm)- Since for all i = 
l,···,m and all j = m + l,•··,n we have {q;,qj} = {q;,pj} = 0, we can take x = 
(qm+l, · · ·, qn,Pm+l, · · · ,Pn)- Denote ij =(qi,···, qm), P =(Pt,··· ,Pm), ij = (qm+t, · · ·, qn), 
p = (Pm+t, · · · ,Pn)- Partition the matrix G(q) according to 

(8.101) 

where G11 (q) is an (m,m)-matrix and G22 (q) is an (n - m,n - m)-matrix. In the new 
coordinates (e, x) we obtain 

(8.102) 

where G1(ij,q) = G1l(ii,q) and G2(ij,q) = G22(ij,q) - G[2(ij,q)G1}(q)G12(ij,q). It is a 
standard result from linear algebra ( cf. [38]) that G2 ( ij, q) is positive definite for all ( ij, q). 
For (8.47) we obtain (cf. [81]): 

( ) ( 0 -Gn(q)) 
D q,p = Gu(q) F(q,p) (8.103) 

where F is the ( m, m )-matrix with ( i, j)-th entry 

n 8g·k 8g·k 
f;j{q,p) = L (9it_J - 9it-' )(q)pk 

k,i=l 8qt 8qt 
(8.104) 

Moreover, U(q,p) (see Proposition 8.2.9) has the form 

( 
Om,2(n-m) ) 

U(q,p) = 
U(q,p) 

(8.105) 

Then it follows that 

(8.106) 

and hence the structure matrix W(q, p) of { ·, ·} N• is given by (see Proposition 8.2.9) 

(8.107) 
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From (8.102) we obtain 

ff(x) = H(0, x) = ~PT G2(0, q)p + V(0, q) (8.108) 

Hence by Theorem 8.22 the clamped dynamics of the simple Hamiltonian system (8.47) 
are given by 

q = aff (- -) wq,p 
(8.109) 

p = aff (- -) -w q,p 

and we see that (8.109) constitutes a simple Hamiltonian system (without controls). 

We have now obtained the following converse of Proposition 8.2.17: 

Proposition 8.2.20 Consider a simple Hamiltonian system (8.47). Assume that the 
SIODP is solvable for (8.47}. Let ff be defined as the restriction of the Hamiltonian 
H to N* and assume that x = 0 is an equilibrium point for the clamped dynamics {8.109}. 
Then ff has an isolated local minimum at the origin for all V(q) in an open and dense 
subset of the set of functions in C00 ( Q) for which there exists a decoupling feedback from 
the class L, that locally stabilizes (e, x) = (0, 0). 1111 

Combining the results of Propositions 8.2.13,8.2.17 and 8.2.20 we have: 

Theorem 8.2.21 Consider the Hamiltonian system {8.47). Assume that the SIODP is 
solvable for (8.47} and that the system satisfies Assumption 8.2.1. Assume that x = 0 is 
an equilibrium point for the clamped dynamics (8.56}. Then: 

{i} Application of a decoupling feedback from the class L, cannot result in a locally asymp­
totically stable equilibrium point (e, x) = (0, 0). 

{ii} Any decoupling feedback from the class L, renders (e,x) = (0,0) a locally stable 
equilibrium point if and only if x = 0 is a locally stable eqttilibrium point for the 
clamped dynamics {8.56). 

{iii} If ff has an isolated local minimum for x = 0, then x = 0 is a locally stable equilibrium 
point for (8.56}. 

{iv} If, moreover, {8.47) is a simple Hamiltonian system, Then ff has an isolated local 
minimum at the origin for all V( q) in an open and dense subset of the set of functions 
in C00 ( Q) for which there exists a decoupling feedback from the class L, that locally 
stabilizes (e, x) = (0, 0). 1111 

Remark 8.2.22 Theorem 8.2.21 can be easily extended to the following generalized ver­
sion of system equations (8.47). Assume that the control vector fields in (8.47) are not 
necessarily given by Xe,, but instead take the more general form 

(8.110) 
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where the mapping P = (Pi,···, Pm) : /Rm -> /Rm is assumed to be a diffeomorphism. 
(For example, this may happen in the case of robot manipulators. Generally, the input 
torques correspond to the joint coordinates, but the outputs may be given in task space 
coordinates. In the case of an equal number of controls and outputs the joint cordinates 
are usually related to the task coordinates by a transformation which is invertible except 
for some singular points.) Then the relative degrees r; (i = l,···,m) are the same as if 
the control vector fields would equal Xe, (j = 1, • • •, m). Moreover, the decoupling matrix 
in this generalized case is given as 

( 
{C1,adr1cd 

- {C1,ad~-1Cm} 
(8.111) 

and hence, since P is a diffeomorphism, the decoupling matix has full rank if and only 
if the decoupling matrix for the system with control vector fields Xe, has full rank. A 
decoupling feedback from the class L brings the system into the same form (8.54), and so 
Theorem 8.2.21 also applies to this more general case. ■ 

We conclude this subsection with an example from robotics. 

Example 8.2.23 Consider a robot arm, consisting of two unit masses attached to massless 
links of length one, where the first link is flexible. To model this flexibility we divide the 
first link in two. auxiliary links, one of length f ( 0 < f < 1) and the other of length 1 - t, 

connected by a torsional spring with spring constant k ( see Figure 8.1). We apply a torque 
u1 on the auxiliary link, hence in the Hamiltonian formulation the first control vector field 
will be Xv., where Di(q) = qi. On the second link we apply a torque u2 • Because of the 
flexibility of the first link, we assume that the motor exerting this torque is situated in the 
base of the robot arm and that the torque is transfered by means of a chain belt. Since 
this introduces reaction forces (see [5]), in the Hamiltonian formulation the second control 
vector field will be Xv,, where D2 ( q) = qi + q3 • To guarantee positive definiteness of the 
kinetic energy matrix we introduce an auxiliary mass 6 ( ~ 1) located at the joint between 
the first and second auxiliary link. 

We are now interested in the stability properties of the equilibrium point ( q1 , q2 , q3) = 
({,0,0) after we have applied a decoupling feedback from the class L,. This means that 
we are interested in the outputs Ci ( q) = qi - {, C2( q) = q3 rather than Di and D2• 

However, there exists a diffeomorphism P : /R2 -> JR,2 such that P(Ci,C2 ) = (Di,D2 ). 

Hence, by Remark 8.2.22, the relative degrees and the clas L, will be the same with both 
choices of outputs. Calculation yields 

N· = {(q,p) I qi= 2,q3 = 0, 

(8.112) 

and 

(8.113) 
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Figure 8.1: Robot arm with flexible link 

where we have put 8 = 0. Hence the clamped dynamics of the system are given by 

<h U;(%P2) 
(8.114) 

i>2 = -~(q2,P2) 

It is obvious that (q2,p2 ) = (0, 0) is an equilibrium point of (8.114). In this point we have: 

(8.115) 

Hence fI has an isolated local minimum at (q2,p2) = (0,0) if k > (3 - 2t)g, i.e., if the 
flexibility is not too big. Thus ( q2, P2) = (0, 0) is a stable equilibrium point of the dynamics 
(8.114). Furthermore, it is easy to check that (q2 ,p2 ) = (0,0) is an unstable equilibrium 
point of (8.114) if k < (3- 2t)g. Further, it may be shown that if k = (3- 2t)g, (q2 ,P2) = 
(0,0) is still a stable equilibrium point of (8.114). Summarizing, (qi,q2,q3) = (t,0,0) can 
be made a stable equilibrium point by application of a decoupling feedback from the class 
L, if and only if k::,: (3 - 2t)g. ■ 

8.2.3 Structure of strongly input-output decoupled Hamilto-
nian systems 

When no specific references are made, the results in this subsection are based on unpub­
lished joint work with A.J. van der Schaft. 

In Subsection 8.2.1 we have seen that the clamped dynamics (8.56) of a strongly input­
output decouplable Hamiltonian system (8.47) is again a Hamiltonian system (without 
controls) with respect to the Dirac bracket {·,-}N• on N*. In general there will not exist 
a decoupling feedback for (8.47) such that the resulting (strongly input-output decoupled) 
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system is again a Hamiltonian system. In fact, the class of Hamiltonian systems satisfying 
this requirement is quite restrictive. For example, it was shown in [80] (see also [79]) that 
a necessary condition for the existence of a decoupling feedback for a Hamiltonian system 
that preserves the Hamiltonian structure, is that its decoupling matrix is a diagonal matrix. 
In [93] it was shown that if we choose a decoupling feedback from the class L with 'Yii = 0 
(i = 1, • • •, m; j = 0, • • •, r; - 1) (i.e., the matrices (A;, B;) ( i = 1, · · ·, m) are in Brunovsky 
canonical form), the linear subsystems ~; (i = 1, • • •, m) in (8.85) are Hamiltonian with 
respect to some symplectic form { •, • };, provided that r; is even. 

In this subsection we consider the nonlinear subsystem 

(8.116) 

in (8.85). The vector field ( {H, x} f (e, x) is considered as a vector field on JRd, where 
d = 2n - Li=i r;, depending on the variable x and parametrized bye. Therefore, denote 

fe(x) := ({H,x}f(e,x) (8.117) 

For two smooth functions Fe, Ge of the variable x that are parametrized by e we define the 
parametrized Poisson bracket { ·, • le by: 

{Fe,Geh(x) := axFe(x)(S(e,x) + urce,x)D-1 (e,x)U(e,x))(8xGe(xW = 
(8.118) 

It follows as in Proposition 8.2.9 that this is indeed a Poisson bracket for every f 

We ask ourselves the question if, for every e E JR•, (recall that s = Li=i r;) the dynamics 
(8.116), parametrized by e, is Hamiltonian with respect to { ·, • h, i.e., if there exists a 
function He(x), parametrized by e, such that for every e E JR• we have 

fe(x) = ({fle,x}e(xW (8.119) 

This is motivated by the discussion in Subsection 8.2.1 since fore = 0 the Poisson bracket 
(8.117) is just the Dirac bracket on N*. 

A positive answer to this question may give important structural information in the solution 
of several synthesis problems for Hamiltonian systems. In the next subsection this is 
illustrated for the model matching problem with prescribed tracking error for Hamiltonian 
systems. Also it is to be expected that for the solution of the nonlinear regulator problem 
(see e.g. [37],(14],[46]) for Hamiltonian systems this result will be of help. 

Unfortunately, up till now the result in its full generality has neither been proved, nor a 
counter example has been found. Therefore, instead of giving a proof or a counter example, 
we formulate a conjecture and treat some special cases on which the conjecture is based. 

Conjecture 8.2.24 There exists a function He(x), such that for every e E JR• {8.119} is 
satisfied. ■ 

We first consider the special cases of a single-input single-output Hamiltonian system with 
relative degree r = 2 and relative degree r = 4. Note that by Corollary 8.2.8 the relative 
degree of a single-input single-output Hamiltonian system is necessarily even. Hence the 
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cases r = l, r = 3 do not occur. In the exposition we use the following result from [13], 
which generalizes Theorem 3.1.11. 

Theorem 8.2.25 Consider the analytic single-input single-output system 

{ x = f(x) + g(x)u 
y = h(x) 

(8.120) 

where x = (x1 , • • •, xn)T E JRn are local coordinates for the state space manifold M, u E 
JR and y E JR. Let r denote the relative degree of (8.120). Let x0 E M be such that 
C9£7/1 h(x0 ) f= 0. Denote ei = C}-1 h (j = l,···,r). Define inductively: ad~g = g, 

adJg = [f,adJ-1g] (k = 1,2,···). Let k E {0,1,···,r -1}. Then locally around Xo 

there exist functions Zt, · · • , Zn-r : Af -+ JR such that ( 6, · · · , e., z1, · · · , Zn-r) forms a local 
coordinate system for M around x0 and 

C00; 9zj(x)=0 (1'5,j'5,n-r,0'5,i'5,r-k) 

if and only if the distribution 

rk = span {g, ad 19, ... 'ad1-k9} 

has constant dimension r - k + l and is involutive, in a neighborhood of x0 • 

Using Theorem 8.2.25 we obtain: 

(8.121) 

(8.122) 

1111 

Corollary 8.2.26 Let M be an even-dimensional manifold with non-degenerate Poisson 
bracket { ·, •}. Consider an analytic Hamiltonian control system on M of the form 

{ x = Xy(x) - Xc(x)u 
y = C(x) 

(8.123) 

where x = ( X1, · · · , X2n f are local coordinates for M, u E JR and y E JR. Let r denote 
the relative degree of (8.123}. Let x0 E M be such that { C, ad8 1 C}( x0 ) f= 0. Denote 
ei := ad},1C (j = 1, · · ·, r). Recall that r is even, and define e := (r/2). Then locally 
around Xo there exist functions X1, · · · , X2n-r : Af -+ JR such that ( e1, · · · , e., X1, · · · , X2n-r) 
is a local coordinate system for M around x0 and 

{ej,x;}=0 (j=l,---,f;i=l,·--,2n-r) (8.124) 

Proof By Lemma 8.2. 7 and the definition of the relative degree we have that for all 
i,j=l,··•,f: 

(8.125) 

Hence by a similar argument as was used in Remark 8.2.2 we have that the distribution 

ft= span {Xe,··· ,Xad~-,c} (8.126) 

is involutive. The result now follows immediately from Theorem 8.2.25. 
11111 
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SISO-system, relative degree r=2 
Consider a SISO Hamiltonian system (8.123) with relative degree r = 2. Define e1,6 as 
in Corollary 8.2.26. For convenience, assume that M has dimension four. The arguments 
that follow can be extended to higher dimensional systems. By Corollary 8.2.26 we can 
find functions x1, x2 such that ( 6, 6, x1, x2) forms a local coordinate system for M and 
{6,xt} = {e1,x2} = 0. As in Proposition 8.2.9, form the matrices 

(8.127) 

Then 

(8.128) 

In particular, (8.128) implies that S(e, x) is invertible. Using similar arguments as are used 
in the proof of Theorem 8.1.5 (see [l]), it can be shown that we can choose x1,x2 in such 
a way that {x1,x2 } = -1, i.e., 

- ( 0 -1 ) W(e,x) = S(e,x) = 1 0 

From the Jacobi-identity (8.21) we obtain: 

0 = {e1,{6,xt}} + {x1,{e1,6}} + {e2,{x1,et}} = 

!Mn= ~d ~ Ox2 0~2 12 - 0~2 U21 

~1;2d12 - ~1~2u22 + i~12 =* 

id\2 = - ~122d12 + ~t2u22 

o = {6, {x1, x2}} + {x2, {6, xi}}+ {x1, {x2, 6}} = 

(8.129) 

(8.130) 

(8.131) 

(8.132) 
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Furthermore, we have 

· [)H 8H l 
e2 = e1 = {H,ei} = - 86 d12 => ae2 = - d12 6 (8.133) 

Using (8.133) we obtain: 

(8.134) 

We are now interested in the question if there exists a function fle(x), parametrized bye, 
such that for all e E JR2 : 

(~) fe(x) = ({fle,xhl(x) = x: (x) 
8He 

-ax1 

(8.135) 

A necessary and sufficient condition for existence of an fle(x) satisfying (8.135) is (cf. [871) 

8fe1 + 8fe2 = 0 
8x1 8x2 

(8.136) 

We now show that (8.136) indeed holds. By (8.134) we have 

(8.137) 

Substituting (8.130),(8.131),(8.132) in (8.137) yields 

if{ + ifp = 6(-+-(t!21 U22 - te22U21) + ~d (- ~e22d12 + ~112u22)+ 
1 X2 a12 2 2 12 2 2 

(8.138) 

So (8.136) holds and hence Conjecture 8.2.24 is true in the case of a single-input single­
output system with relative degree r = 2. 

S1S0-system, relative degree r=4 
Consider a SISO Hamiltonian system (8.123) with relative degree r = 4. Define ei, 6, 6, e4 

as in Corollary 8.2.26. For convenience, assume that M has dimension six. By Corollary 
8.2.26 we can find functions x2 ,x2 such that (e,x) forms a local coordinate system for 
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Mand {6,xi} = {6,x2 } = {6,xi} = {6,x2 } = 0. By Lemma 8.2.7 we have that 
{6,6} = -{6,e4}. As in Proposition 8.2.9, form the matrices 

D(e,x) 

(8.139) 

s(e, x) := ( 0 8012 ) (e, x) 
-S12 

Then we have again W(e, x) = S(e, x) and hence we can again choose x1, x2 in such a way 
that 

From the Jacobi-identity we obtain the following equalities: 

od14 _ od14 ou32 d 
ax1 - aes U32 - ae3 14 

od14 _ od14 ou31 d 
ax2 - - aes U31 + aes 14 

od24 _ od24 od24 ou42 d ou42 d 
ax1 - aes U32 + ae4 U42 + aes 14 - ae4 24 

od24 od24 od24 ou41 d ou41 d -- = ---U31 - --U41- -- 14 +-- 24 ax2 aes ae4 aes ae4 
OU31 OU32 OU31 OU32 

ax1 + ax2 = aes u32 - aes u31 

OU41 OU42 OU41 OU41 OU42 OU42 

ax1 + ax1 = aes U32 + ae4 U42 - aes U31 - ae4 U41 

Furthermore, we have 

(8.140) 

(8.141) 

(8.142) 

(8.143) 

(8.144) 

(8.145) 

(8.146) 

(8.147) 

(8.148) 

(8.149) 

(8.150) 
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(8.151) 

Using (8.150),(8.151) we obtain: 

( 
~) ( fJH ) d14 a'x; 

6 u (e,x)+ _o!f (tx)=: 

~ OX} 

(8.152) 

Analogously to the case that r = 2, we have to check if 

(8.153) 

Obviously, this is the case if for i = 1, 2, 3: 

(8.154) 

We see that (8.154) holds for i = 3. For i = 2 we have: 

(8.155) 

where the last equality follows by substituting (8.141),(8.142),(8.145). For i = 1 we have: 

~fl + 8j_l2 = a ( uai d24 + u41 d14) + a ( ua2d24 + u42d14) _ 
I X2 OX} dL ax; d?4 -

(8.156) 

Using (8.141),(S.142) we obtain: 

~d14 (u31d24 + U41d14) + ~dJ 4 (u32d24 + U42d14) = 
I X2 

(8.157) 

~61 ( U32d24 + U42d14)d14 - ~62 ( U31d24 + U41d14)d14 - ~1~4 ( U31U42 - U32U41) 
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Furthermore, using equations (8.141),· • •,(8.149) and exercising some patience, we obtain: 

4-(u31d24 + U41d14) + 4-(u32d24 + u42d14) = 
UXt UX2 

2~:1 ( U32d24 + U42d14) - 28ae;2 ( U31d24 + U41d14) - 2~~34 ( U31U42 - U32U41) 

(8.158) 

From (8.156),(8.157),(8.158) we conclude that (8.154) holds for i = 1. Hence Conjecture 
8.2.24 is true in the case of a single-input single-output system with relative degree r = 4. 

In the two cases considered so far, we have established that a function fle(x) satisfying 
(8.119) exists, without actually constructing He. In the following case, that of a multi-input 
multi-output simple Hamiltonian system, we will give fle(x) explicitly. 

Simple Hamiltonian system 
Consider a simple Hamiltonian system (8.123) with the Hamiltonian function 

1 
H(q,p) = 2pTG(q)p+ V(q) (8.159) 

where G(q) is positive definite for all q. As we have seen in Subsection 8.2.2, we can take 
e = (q,q) and x = (q,p), where q = (qi,···,qm), q = (qm+1,···,qn), p = (Pm+i,···,pn)­
Partition G(q) as in (8.101). Then 

ii= G11p + G12P ⇒ p = C-;}(q- G12P) 

Then in the new coordinates (e,x) we have 

q = Gf2Gi"fii + (G22 - Gf2Gi/G12)p 

and for i = m + 1, • • •, n 

1(~T -Trfl')ag;l(~ a-) (~ -TaT)a-18fj12-2 q - P u12 q; q - 12P - q - P 12 11 q; p-

1 -T Bff 22 - av 
2P q; p-oq; 

Consider the function 

fle(x) = -½l G'il(q, q)q + ½PT(G22(q, q) - G[2(q, q)Gi}(q, q)Gn(ij, q))p+ 

pTGf2Ui,q)G"i/(q,q)q + V(q,q) 

Then we have 

afle aT a-1 ~ + (G aT a-1a )-op = 12 11 q 22 - 12 11 12 P 

(8.160) 

(8.161) 

(8.162) 

(8.163) 

(8.164) 
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and for i = m + 1, • • •, n: 

~= 
oq; 

l-T(a;f2G-1G + GT ag-1"l G + GT G-1aff12)-+ 2P q; 11 12 12 q; 12 12 11 q; P 

-T(aff2G-1 + er. ag1l )~+av= 
p q; 11 12 q; q % 

_ 1 ( :.7' ag1i1 ~ + -TGT Cfjl G -_ -TGT ag1l ~ _ :.T ag1l G -)- (8.165) 2 q q; q P 12 q; 12P P 12 q; q q q; 12P 

-Tar G-1aff12-+ :.7' G_1aff2-+ 1-Taff22-+ av_ P 12 11 q; P q 11 q; P 2P q; P . 7:fii: -

1 ( ~T -T rfl') ag1i1 ( ~ G -) + ( :.7' -TGT )G-1 aff 12 -+ -2 q - p LTi2 q; q - 12P q - p 12 11 q; p 

1P7raff22P- + av 
2 q; % 

From (8.161),(8.162),(8.164) and (8.165) we conclude that He satisfies (8.119) and hence 
Conjecture 8.2.24 holds true in this case. 

We have now shown Conjecture 8.2.24 to be true in three special cases. It seems that for 
SISO Hamiltonian systems the approach taken here can be generalized to the cases that 
the relative degree is r = 2k ( k = 3, 4, • • • ). For MIMO Hamiltonian systems one should 
be more careful, as will be made clear below. 

In all three cases that were considered, a basic step in the exposition is that x can be 
chosen in such a way that {{;,x} = 0 for at least half of the {;'s. This fact enables us 
to establish that S({,x) = W({,x) and to choose x in such a way that (8.132) holds. A 
basic requirement here is of course that the relative degree r is even. For MIMO strongly 
input-output decouplable Hamiltonian systems the relative degrees need not be even, as 
follows from the following example: 

Example 8.2.27 Consider the following Hamiltonian system on JR.2: 

q = -U2 
p = U1 

(8.166) 
Y1 = q 

Y2 = p 

For this system we have the relative degrees r1 = r 2 = 1 and the decoupling matrix 

( 0 -1) A(x) = 1 0 

Hence the system is strongly input-output decouplable and both relative degrees are odd. 

■ 
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We next show that a strongly input-output decouplable Hamiltonian system always has 
an even number of odd relative degrees. For this, we need the following lemma: 

Lemma 8.2.28 Consider a Hamiltonian system {8.51). Let r1, ···,rm denote the relative 
degrees of {8.51). Then: 

{i) {Cj,adJ}-1C;} = (-l)"{C;,ad¼-1CJ 

{ii) If {Ci,adJ}-1C;} ;/. 0, then ri ~ r;. 

Proof {i) follows immediately from Lemma 8.2.7 and {ii) follows immediately from {i). ■ 

Proposition 8.2.29 Consider a strongly input-output decouplable Hamiltonian system 
{8.51). Assume that its outputs are arranged in such a way that r1 ~ · · · ~ rm. De­
fine integers k1, · · ·, kN, w1, · · ·, WN in the following way: k1 < · · · < kN are the values 
taken by the relative degrees, and w; (i = 1, · · ·, N) is the number of relative degrees taking 
value k;. Then: w; is even if k; is odd (i = 1, · • •, N). 

Proof By Lemma 8.2.28 it follows that the decoupling matrix A(x) of (8.51) has the 
following form: 

• A(x) has N diagonal blocks D;(x), where D;(x) is a (w;,w;)-matrix. 

• The elements of A(x) above the diagonal blocks equal zero. 

• The elements of A( x) below the diagonal blocks may be non-zero. 

Hence, since A( x) has full rank, each of the diagonal blocks D; ( x) ( i = 1, • • • , N) must have 
full rank. Assume that k; is odd. Then, by Lemma 8.2.28.(i), D;(x) is skew-symmetric. 
Hence D;(x) is a skew-symmetric matrix of full rank. This implies that D;(x) is even­
dimensional ( cf. [1 ]). Hence w; is even. ■ 

Remark 8.2.30 {i) If the Hamiltonian system (8.51) is not strongly input-output de­
couplable, Proposition 8.2.29 does not need to hold. A counter example is pro­
vided by a Hamiltonian system on T* JR,2 ( with standard Poisson bracket), with 
H(q, p) = p2q1 + p~ exp(q1 + q2), Ci(q, p) = qi, C2(q, p) = q2. 

{ii) Proposition 8.2.29 is taken from [47]. Together with the remark above, it answers a 
question posed by Grizzle and Nijmeijer ([41]). ■ 

We will now derive an extension of Corollary 8.2.26 to multi-input multi-output Hamilto­
nian systems for which all relative degrees are even. For this, we need some concepts from 
the theory of function groups, taken from (97),(109]. 

Definition 8.2.31 Function space, function group 
Consider an even-dimensional manifold M with non-degenerate Poisson bracket { ·, · }. A 
collection F of smooth functions from M to JR is called a function space, if 
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{i) :Fis a linear subspace (over JR) of C00 (M). 

(ii) If Fi,•••, F. E :F and G: JR•-+ JR is a smooth function, then G(F1, · · ·, F.) E :F. 

Furthermore, we call :F a function group if also 

{iii) :Fis closed under Poisson bracket, i.e., if Fi, F2 E :F, then {F1, F2} E :F. ■ 

Note that by {ii) a non-empty function space always contains JR, the constant functions 
on M. Given some functions F1, • • • , Fk on M we denote by span { F1, · · · , Fk} the smallest 
function space containing these functions. The sum :F1 + :F2 of two function spaces is the 
smallest function space containing :F1 as well as :F2. Furthermore we define 

:F.1 ={GE C00 (M) I {G,F} = 0, VF E :F} (8.167) 

Using the Jacobi-identity, it can be shown that :Fl. is a function group, called the polar 
group. 

Lemma 8.2.32 Let:F be a function group. Define the codistribution d:F on M byd:F(x) = 
{ dF( x) I F E :F} ( x E M) and similarly define the codistribution d( :F n :F .l.). Assume 
that dimd:F = k and dimd(:F n :F.J.) = r. Then locally there exist canonical coordinates 
(q1, .. · ,qn,Pt, · .. ,Pn) for M such that 

(8.168) 

with 2l + r = k. 

Proof See (109]. 
■ 

Corollary 8.2.33 Consider a function group :F = span {F1, • • •, Fk}, where Fi,· .. , F1c are 
independent functions. Assume that dim d( :F n :F .l.) is constant. Then locally there exist 
2n - k independent functions G1, · · · , G2n-k such that :F .l. = span { G1, · · · , G2n-k}. 

Proof By Lemma 8.2.32 we may assume without loss of generality that :F = span { q1, • • • , qt, 
Pt,··· ,Pt,Pt+t, · · · ,Pt+r }, where 2l + r = k. Obviously the 2n - k functions Pt+t, · · · ,Pn, 
qt+,+1, · · ·, qn span :Fl., which establishes our claim. ■ 

Proposition 8.2.34 Let M be an even-dimensional manifold with non-degenerate Poisson 
bracket { ·, ·}. Consider an analytic Hamiltonian system (8.,17) on M. Let x0 E M be such 
that the decoupling matrix A(x) of {8.47) has full rank for x = x0 • Assume that the 
relative degrees r1, ···,rm of (8.,17) are even and define P.; := (r;/2) (i = 1, • • •, m). Denote 

{ij = ad¼-1>c; (i = 1,--·,m;j = 1,---,r;) and let d = 2n-I:;~1r;. Then there exist 
functions X1, · .. , Xd: M-+ JR such that ((fo 11 Si Sm, 1 S j Sr;), i1, .. ·, xd) is a local 
coordinate system for M around x0 and 

{fo,xk} = 0 (i = 1,--·,m;j = 1,--•,P.;;k = 1,--·,d) (8.169) 
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Proof Define the function spaces :F = span {fo 11 S i S m, 1 S j S r;}, C = span {fo I 
1 S i S m, 1 S j S £;}. By Lemma 8.2.7 and the definition of the relative degrees 
it follows that {fo, (k,} = 0 (i, k = 1, · • ·, m;j = 1, · · ·, £;; s = 1, · · · ,fk) and for all fo 
(i = l,···,m;j = l,···,£;) there exist k E {l,···,m}, s E {fk + l,···,rk} such that 
{fo, (k,} =f- 0. Hence C is a function group satisfying C C C.L and 

c.L n :F = c (8.170) 

Since the functions fo ( i = 1, · · · , m; j = 1, • • • , £;) are independent around x0 ( cf. Lemma 
3.1.8), by Corollary 8.2.33 there exist smooth functions xi,•··, xd : M -+ JR such that 
(around xo): 

(8.171) 

Obviously, the functions x1 , • · ·, xd satisfy (8.169) and they are independent of fo (i = 
1, · · •, m;j = 1, · • •, £;). Assume that the functions x1, · · ·, xd, fo (i = 1, · · ·, m; j = f; + 
1, · · ·, r;) are not independent. This implies that there exists a k E {1, • • •, d} and locally a 
function cf>( {x; I i =f- k }, {fo 11 S i S m, £;+ 1, · · •, r;}) satisfying (8cf>/8(j,) =f- 0 for some 
j E { 1, · · · , m}, s E { £ i + 1, · · · , r i} and 

(8.172) 

Then for i = 1, · • · ,m we have 

(8.173) 

Since A(x) has full rank around x0 , this implies that (fJc/>/8(;,.) = 0 (i = l,···,m). 
Repeating this argument, we find that (8c/>/8fo) = 0 (i = 1, • • •, m;j = £;+1, • • •, r;), which 
contradicts the form of cf>. Hence the functions ( ( fo I 1 S i S m, 1 S j S r; ), x1 , · · · , xd) 
form a local coordinate system around x0 and x1 , • • •, Xd satisfy (8.169), which establishes 
our claim. ■ 

With the coordinates ((fo 11 S i S m, 1 S j S r;), x1 , • • •, xd) as in Proposition 8.2.34, 
the matrices D, U in Proposition 8.2.9 have the form (with£= L;::,1 £;): 

D((, x) = ( _o~i ~: ) ((, x) 

u(e, x) = ( 00 ) (e, x) 

(8.174) 

Hence we find again: 

(8.175) 

and we can again choose x1 , • • • , Xd in such a way that 

(8.176) 
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This gives good reason to believe that with the approach taken for the case of single-input 
single-output systems one may also be able to establish that Conjecture 8.2.24 holds for 
multi-input multi-output Hamiltonian systems for which all relative degrees are even. 

If some of the relative degrees are odd, however, it may not be possible to choose x in such 
a way that { e;;, x} = 0 for at least half of the fo 's. A consequence of this is that in this 
case we do not have that UT(e,x)D-1(e,x)U(e,x) = 0 and hence W(e,x) -::j, S(e,x). The 
treatment of this case remains a topic for future research. 

8.2.4 Model matching with prescribed tracking error for Hamil­
tonian systems 

Consider a manifold X with non-degenerate Poisson bracket { •, •} p. Let P be a Hamilto­
nian system on X of the form 

{ 

m 
:i: = XH(x) - E Xc,(x)u; 

p Y; = C;(x) (/:
1

1,--·,m) 

(8.177) 

where x = (x1 , • • ·, x 2nf are local coordinates for X and H, Ci,···, Cm are analytic func­
tions on X. Assume that the distribution span {Xe,,···, Xcm} is involutive and that the 
relative degrees r1 , • • • , rm of P are finite. Furthermore, assume that the decoupling matrix 
A(x) of P has full rank for all x EX. 

Let X be a manifold with non-degenerate Poisson bracket { •, •} M. Let M be a Hamiltonian 
system on X of the form 

M { x = 

ii; = 

Xn(x) - f Xe (x)u; 
i=l ' (8.178) 

C';(x) (j = 1,··•,m) 

where x = (x1, · · ·, X2;;)T are local coordinates for X and ff, C'1 , ·••,Cm are analytic func­
tions on X. Denote the relative degrees of M by f 1 , • • •, fm, 

Let Xo EX be given. Since A(x) has full rank for all x EX, it follows from Lemma 7.2.2 
that for every xo EX the MMP is locally solvable for P and M around (x0 , x0 ) if and only 
if r; $ f; (i = 1, · · ·, m). Consider a dynamic state feedback Q of the form (7.4) that solves 
the MMP for (M,P) around (xo,x0 ). As was already noted in Remark 7.1.2, in general it 
will not be the case that, if we set v = u in (7.4), the output trajectories of Po Q and M 
are the same. This is due to the fact that to achieve this, the Volterra kernels of all orders 
of Po Q and M have to coincide, while in the formulation of the model matching problem 
it is only required that all i-th order Volterra kernels for i ~ 1 coincide. If we want all 
input-output trajectories of Po Q and M to be the same the problem under consideration 
is known as the strong model matching problem (see [27],[28]). If strong model matching is 
not possible, one may be interested in constructing a feedback Q for the plant that solves 
the MMP for (M, P), with the property that the absolute value of the difference between 
the outputs of P o Q and M decays exponentially. This problem is known as the model 
matching problem with prescribed tracking error (see [10]). In the special case considered 
in this subsection, we construct a dynamic state feedback Q for P that has the following 
properties: 
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{i} For every x0 E X there exists an x0 E X and a z0 E IRv (the state space of Q) such 
that for every fi(t) (t ~ 0): 

y(t, Xo, Zo, fi) = y(t, Xo, fi) (Vt~ 0) (8.179) 

where y(t, x0 , z0 , fi) is the output of Po Q with control fi, initialized at (x(0), z(0)) = 
(x0 , z0 ) and y(t, x0 , u) is the output of M with control fi, initialized at x(0) = xo. 

(ii) For every x0 E X and every x0 E X there exists a z0 E IRv and u, T > 0 such that 
for every fi(t) (t ~ 0): 

!ly(t, xo, zo, fi) - y(t, Xo, u)llm < re-"1 (Vt~ 0) (8.180) 

where II · llm denotes the Euclidean norm on ]Rm. 

Property {i} means that the strong model matching problem is solvable for (M, P) at 
( x0 , x0 ). Property {ii} means that the model matching problem with prescribed tracking 
error is solvable for (M, P). The results on the model matching problem with prescribed 
tracking error presented in this subsection are taken from [47]. They are a generalization 
to multi-input multi-output systems of the results from [10] for single-input single-output 
systems. 

As in (7.6), form the extended system E associated with Mand P: 

E x Xn(x) - f Xe (x)qf 
i=l 1 

(8.181) 

yf = C;(x)-Cj(x) (j=l,···,m) 

The dynamics of E evolve on the manifold XE = X x X. A non-degenerate Poisson bracket 
{ ·, · h on XE is defined by 

(8.182) 

for every FE,GE E C00 (XE). Defining xE = (xT,xT?, HE(xE) = H(x) + H(x), (8.181) 
can be written as 

(8.183) 

where XfIE, xg,' ... 'xgm' Xe,' ... ' X!:m are the Hamiltonian vector fields corresponding 
to the Hamiltonian functions HE, C1 , ···,Cm, C1, ···,Cm and the Poisson bracket { ·, • h 
on XE. Note that (8.183) does not constitute a Hamiltonian control system, since the 
Hamiltonian functions corresponding to the input vector fields are not the same as the 
output functions. 
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As before, define fo = ad}j"1C; (i = 1, · · ·, m;j = 1, · · ·, r;), where "adH" is with re­
spect to the Poisson bracket { ·, •} p on X. Let d = 2n - I;l'!,1 r; and construct functions 
111(x),···,77d(x) such that ((fo I 1 $ i $ m,1 $ j $ r;),771,···,77d) forms a local coordi­
nate system for X and {C;, 77;}p = 0 (i = 1, · · · ,d;j = 1, · · ·, m). Let (;; := fo - ad}i"1C; 
(i = 1, · · ·, m;j = 1, · · ·, r;), where "adn" is with respect to the Poisson bracket{·,• }M, and 
denote(;= col((;1, · · ·, (;,.), ( = (([ · · · (:!;f, 77 = col(771, · · ·, '7d). Then obviously((, '1, x) 
forms a new local coordinate system for XE. Denote '11(x,x) = (e(x,x),,,T(x,x),xTf. 
Given a function FEE C00 (XE) in the coordinates (x, x), its expression in the new coordi­
nates ((,'1,x), FE o w-1((,'1,x), is denoted by FE((,11,x). Let B(x) be the (m,m)-matrix 
with entries b;;(x) = {ada-1C;, C;}M(x) (i,j = 1, · · ·, m). 

Assume that the MMP is solvable for Mand P around (xo, x0 ), i.e., r; $ f; (i = 1, • • •, m). 
Then in the new coordinates E has the form: 

(;1 = (i2 

(i=l,···,m) 

(;,; = adJ}C;((,77,x) + A;.((,77,x)u-

adfi.C;(x) - B;.(x)qE (8.184) 

q; = {H,17;}p((,77,x) (i=l,···,d) 

x = Xn(x) - f Xo (x)qf 
j=l , 

(j=l,···,m) 

Let d((,'1,x) = col(ad,}Ci,··•,ad,;Cm)((,17,x), e(x) = col(adfiG'i,···,ada"G'm)(x) and 
let 7(() be an m-vector with entries 7;(() = r;;:,,1 ,'ij(;;. Define 

u = A-1((,17,x)(7(()- d((,11,x) + e(x) + B(x)qE) 

Then (8.184,8.185) becomes: 

(;1 = (;2 

(ir;-1 = 
(i=l,···,m) 

(iri 

Cir, = ,'ir; (ir; + • • . + ,'il (;1 

q; = {H, 77;}p((, 77, x) (i=l,···,d) 

m 
x = Xn(x) - J;1 Xo,(x)qf 

(j=l,···,m) 

(8.185) 

(8.186) 

Hence the feedback (8.185) solves the nDDDPdm for E. It is clear that if we choose 
(;;(O) = 0 (i = 1,···,m;j = 1,···,r;), then yE(t) = 0 (\:/t ~ 0). By the definition of 
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the (;;, (;; = 0 (i = 1, .. ·, m,j = 1, .. ·, r;) is equivalent to e;;(x) = ad}i1G';(x) (i = 
1, ... , m;j = 1, .. ·, r;). Since the functions e;;(x) are independent (cf. Lemma 3.1.8), 
we have that for every Xo E X there exists an Xo E X such that e;;(xo) = adt1C;(xo) 
(i = 1, •, •, m;j = 1, • • •, r;). The outputs of (8.186) satisfy 

,;!.•;) E(r;-1) E ( , ) 
Y; = "'/;r,Y; + · · · + "'/;1Y; J = 1, · · ·, m (8.187) 

This means that for every initial condition ((o,7/o,zo) for (8.186) there exist u,r > 0 and 
"'f;; (i = 1,· .. ,m;j = 1, .. · ,r;) such that 

(8.188) 

By the proof of Theorem 7.1.8 and the above considerations, it follows that the dynamic 
state feedback Q defined by 

{ 

m 
z - Xn(z) - E Xo.(z)v; 

Q u : A-'((, q, :~;1((; -d((, ,, ,) + ,(,) + B(, )•) 
(8.189) 

with z(0) = x0 solves the MMP around every (x0 ,x0 ) E X x X. Moreover, Q satisfies 
property {i) whenever (x0 ,x0 ) are such that fo(xo) = adt1C;(zo) (i = 1, .. •,m;j = 
1, .. •, r;) and Q satisfies property {ii), with an appropriate choice of "'f;; (i = 1, .. ·, m;j = 
1, · · ·, r;). 

We proceed by .investigating the structure of the limiting behavior ( the behavior as t -+ oo) 
of the system Po Q. Note that the dynamics of Q are an exact copy of the dynamics of 
M (i.e., the same dynamics and the same initialization of the dynamics). Moreover, u in 
(8.189) is constructed in such a way that cjk>(x) = cjk>(z) (i = 1, .. ·, m; k = 0, 1, .. ·) as 
t-+ 00 (where cfk), cfk) denote the k-th time-derivative of C;,C; respectively). Therefore, 
investigation of the structure of the limiting behavior of Po Q is equivalent to investigation 
of the clamped dynamics of E. From (8.186) we see that the clamped dynamics manifold 
N; of E is given by 

N; = {(x, x) E X 8 I (;;(x, z) = 0, 1 $ i $ m, 1 $ j $ r;} = 

{(x,x) E X 8 I fo(x) = ad}i1G';(x), 1 $ i $ m, 1 $ j $ r;} 
(8.190) 

and the clamped dynamics of E are given by 

{ 
~; = .{H,71;}p(0,71,x) (i=l, .. ·,d) 

¼ = Xn(x) - f Xe (x)qf 
j=l , 

(8.191) 

Hence the clamped dynamics of E consist of the dynamics of M and a nonlinear system 
whose dynamics are driven by the dynamics of M. We consider these dynamics in more 
detail. Recall that we have defined W(x,x) = ((T(x,x),71T(x),xf. Define also l)(x) = 
(e(x),,?(x)f and 1r(x) = col(ad~i1C;(x) 11 $ i $ m, 1 $ j $ r;). Note that ((x,x) = 
e(x) - 1r(x). Hence we have: 

ip-l(0,77,x) = ( 1)-l(,rt),7/)) (8.192) 
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Therefore, 

(8.193) 

Let s = I;:::,1 r; and interpret the vector field governing the dynamics (8.193) as a vector 
field parametrized by the parameter 1r E IRS, i.e., define the parametrized vector field f,.,(1/) 
by 

(8.194) 

Now if Conjecture 8.2.24 is true, then for every 1r E JR,8 there exists a function fI,.,(11) and 
a non-degenerate Poisson bracket { ·, ·}" such that 

(8.195) 

and hence for every 1r E JR• we have that f" is a Hamiltonian vector field. 

This has the following consequence. It is desirable that the closed loop system P o Q has 
some internal stability properties. In particular, we would like the system to be bounded 
input-bounded state stable (BIBS-stable). Roughly, this means that whenever a bounded 
control is applied to the system, the state variables of the system will also remain bounded. 
As was already indicated in [10], for BIBS-stability of the closed loop system we must have 
that in the dynamics (8.193) 11(t) is bounded (t 2: 0) when 1r(x(t)) (t 2: 0) is bounded. 
If for every 1r E JR• the parametrized vector field f" is a Hamiltonian vector field, the 
stability analysis of the dynamics (8.193) becomes quite delicate. The reason for this is 
that, by Liouville's theorem (cf. [l]), a Hamiltonian vector field cannot have exponentially 
equilibrium points (see also the proof of Proposition 8.2.13). This causes the appearance of 
so called peaking phenomena, which make the stability analysis very difficult and delicate 
(see e.g. [13] and [94]). Further research on this topic is required. 
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Conclusions 

In linear systems theory, the geometric approach has proved to be a powerful tool for solving 
synthesis problems. Motivated by this success, various authors have tried to generalize 
the concepts form the linear geometric theory to the nonlinear context using differential 
geometric tools. To a great extent, these attempts have been very successful. An example 
of this is provided by the nonlinear disturbance decoupling problem via regular static state 
feedback. This problem was reviewed in Chapter 2. Another example is the nonlinear 
input-output decoupling problem that was recapitulated in Chapter 3. 

The problems that one encounters in generalizing concepts from the linear geometric theory 
to the nonlinear context are ( at least) threefold: 

{i) Most of the generalizations of solutions to synthesis problems from the linear to the 
nonlinear context only hold if certain regularity assumptions are satisfied. Moreover, 
most of these generalizations are only local solutions, whereas in the linear case the 
solutions hold globally. 

{ii) Many of the concepts from the linear geometric theory do not give rise to a single 
nonlinear generalization. For instance, the concept of a controlled invariant subspace 
admits at least two nonlinear generalizations: it can be generalized to a controlled 
invariant distribution as well as to a controlled invariant submanifold. Another ex­
ample of this phenomenon is provided by the notion of zero-dynamics ( or clamped 
dynamics) (see [64], where three different nonlinear generalizations of the notion of 
zero-dynamics for linear systems are given). It strongly depends on the application 
one has in mind what generalization is most suitable. 

{iii) It is no longer possible to make use of ideas from the linear geometric theory when 
typically nonlinear phenomena start to play a role. For instance, for linear systems 
the solvability conditions for the distrurbance decoupling problem via regular static 
state feedback (DDP), regular dynamic state feedback (DDDP) and nonregular dy­
namic state feedback (nDDDP) respectively, are all the same. For nonlinear systems 
this no longer holds true, as was shown in Examples 2.2.14 and 2.2.15. 

The fact that this last problem arises calls for the development of a new ( typically nonlin­
ear) theory. In this monograph such a theory was developed for the disturbance decoupling 
problem via dynamic state feedback and the model matching problem. Moreover, new re­
sults on the strong input-output decouplng problem via regular static and dynamic state 
feedback were obtained. 

141 
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A local solution of the disturbance decoupling problem via regular dynamic state feedback 
has been provided. The solution is based on an algebraic theory for nonlinear control 
systems that was developed in [35],[30],[36]. A central role in the solution of the DDDP 
is played by Singh's algorithm and a special regular dynamic state feedback derived from 
this algorithm, the Singh compensator. Some special properties of this Singh compensator 
have also been established. 

The disturbance decoupling problem via nonregular dynamic state feedback has been lo­
cally solved by combining the algebraic theory mentioned above with the theory of con­
trolled invariant submanifolds that was developed in [11],[67],[12],[64],[101],[104]. 

Another nonlinear synthesis problem for which a local solution has been given, is the 
nonlinear model matching problem (MMP). This solution has been obtained by showing 
that the solvability of the MMP is equivalent to the solvability of an associated disturbance 
decoupling problem via nonregular dynamic state feedback and disturbance measurements. 
For a square nonlinear plant and a square nonlinear model that is strongly input-output 
decouplable via regular static state feedback it has moreover been shown that, under generic 
assumptions, the MMP is solvable around an equilibrium point if and only if it is solvable 
for the linearizations of plant and model around this equilibrium point. 

The theory on the input-output decoupling problem and the model matching problem 
has been applied to a special class of nonlinear control systems, the Hamiltonian systems. 
This class of control systems is of particular interest for applications. The problem of 
achieving strong input-output decoupling with stability for Hamiltonian systems has been 
investigated. Moreover a conjecture on the (Hamiltonian) structure of strongly input­
output decouplable Hamiltonian systems has been formulated and proved to be true in 
some specific cases. If the conjecture holds true, it may provide important structural 
information in the solution of synthesis problems for Hamiltonian systems. This has been 
illustrated via the model matching problem with prescribed tracking error for Hamiltonian 
systems. 

This monograph leaves open several interesting questions for further research. Some of 
them are listed below. 

(i) A problem that still remains to be solved is the disturbance decoupling problem via 
nonregular static state feedback. 

(ii) Can the results on the DDP and the DDDP with stability that were obtained in [107] 
be extended to the nDDP and the nDDDP with stability? 

(iii) For the DDDP intrinsic (i.e., algorithm-independent) algebraic and geometric con­
ditions for the solvability have been given, while the solution for the nDDDP has 
been given via an algorithm. Can we also come up with intrinsic conditions for the 
solvability of the nDDDP? 

(iv) Is it possible to decide about the solvability of the DDP or the nDDP on the basis 
of the solvability of the DDDP, nDDDP respectively? 

(v) What can be said about the internal stability of the compensated plant after we have 
solved the nonlinear MMP? Up till now this problem has only been addressed in [10] 
in case the plant is a SISO-system and in [47] in case the plant is strongly input­
output decouplable via static state feedback. The problem consists in the fact that 
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one may very well have to introduce unstable unobservable modes in the closed loop, 
even if one starts from an internally stable plant and an internally stable model. 
To solve this problem, further investigation of the structure of a model matching 
configuration is needed, especially concerning the "fixed" and "free" modes of such 
a configuration. For linear systems this investigation has already been performed in 
[75]. For nonlinear systems the problem is undoubtedly much more difficult to solve. 
So far, only results about fixed modes in the solution of the input-output decoupling 
problem have been obtained in [62]. It is not clear if a similar analysis is applicable 
for the nonlinear MMP. 

(vi) In Section 7.2 a result has been obtained that connects the solvability of the model 
matching problem around an equilibrium point with the solvability of this problem for 
the linearizations of plant and model around this equilibrium point. It is still an open 
question if a (linear) dynamic state feedback that solves the MMP for linearizations 
of plant and model is a good approximate solution of the MMP for the original 
(nonlinear) plant and model. Of course one should specify here what is meant by 
"good". It seems reasonable to call a dynamic state feedback that solves the MMP 
for the linearized plant and model "good" if it is a first order approximation of a 
dynamic state feedback that solves the MMP for the original (nonlinear) plant and 
model. 

(vii} In Subsection 8.2.2 a result has been obtained on the problem of strong input-output 
decoupling with stability via regular static state feedback for Hamiltonian systems. 
One important conclusion is that with a static state feedback from the class L. one 
can at most achieve stability (and not asymptotic stabiity) if N*-/= {O}, where N• is 
the maximal locally controlled invariant output-nulling submanifold for the system 
under consideration. However, it is easy to come up with examples where strong 
input-output decoupling with asymptotic stability can be achieved if N* -/= {O}. 
Obviously, in this case the feedback that does the job will be outside the class L,. It 
is still an open question under what conditions the strong input-output decoupling 
problem with asymptotic stability for Hamiltonian systems is solvable. 

(vii} Hamiltonian systems are conservative systems, that is, systems which preserve en­
ergy. From a practical point of view it can be argued that in this sense Hamiltonian 
system are an idealization, since in practical circumstances there will always be some 
friction present in the system. It would be interesting to know if for a Hamiltonian 
control system to which some friction is added one can achieve strong input-output 
decoupling with asymptotic stability if a feedback from the class L. is applied. 

(viii} Can Conjecture 8.2.24, which concerns the Hamiltonian structure of strongly input­
output decouplable Hamiltonian systems, be proved in its full generality? If not, can 
a counter example be found? 

(ix} In general a feedback that solves a synthesis problem for a Hamiltonian system will 
not preserve the Hamiltonian structure of the system. It would be interesting to 
know when it does preserve the Hamiltonian structure. Till now, in the nonlinear 
context only results are known for the strong input-output decoupling problem via 
regular static state feedback (see [80]). A problem that one encounters in answering 
this question, is that a feedback that preserves the Hamiltonian structure should 
necessarily be an output feedback (see e.g. [98]). A theory on output feedback for 
nonlinear control systems is at the moment hardly available. 
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Finally it should be noted that in this monograph the attention was restricted to analytic 
nonlinear control systems. The theory that was developed can be extended to smooth 
nonlinear control systems. However, in extending the theory to smooth nonlinear control 
systems, one should be very careful with the notions of regularity one employs. 
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Appendix A 

Proof of Proposition 3.2.16 

Proposition 3.2.16 Consider a nonlinear system (3.1) and let x0 be a strongly regular 
point for (3.1). Then any Singh compensator for (3.1) around x0 is a regular dynamic 
state feedback for {3.1). 

Proof The proof exploits Proposition 3.2.11, i.e., we show that for the system (3.1,3.50} 
with controls v and outputs u we can reconstruct v given the knowledge of u. Obvi­
ously, by the structure of the Singh compensator (3.50}, we can immediately reconstruct 
Vp•+i, · · ·, Vm given the knowledge of Up•+I, ··•,Um. Note that An,Bn in (3.47} have the 
following structure: 

.1"tn(x, {y!i) I 1 Si Sn -1,i S j Sn})= 

( 

ll1 ( X) ) 
a2( x, {y!j) 11 5 i 5 P1, 'Yi 5 j 5 min(2, D;)}) 

iin(x, {y!il 11 Si S Pn~i, 'Yi S j S min(n, 8;)}) 

( 
b2(x,{yfi>11sis}

1
~~~j5min(l,8,-l)})) 

bn(x,{yfil 11 Si S Pn-1,'Y, S j S min(n - l,8i -1)}) 

where bk ( k = l, · · · , n} has full row rank Pk - Pk-l (putting p0 := 0). Let akj, bkj denote 
the j-th row of ak,bk respectively. By construction of the Singh compensator we have in 
particular for r = 1, · · · , P1: 

Zr1 ll1r(x) + b1,(x}u if Dr> 1 
(A.2} 

Vr = <L1r(x)+b1r(x)u if8,=1 

Taking successive time-derivatives of the first equation in (A.2) we obtain 

z,. </1,r(x, u, · · ·, u<•-2l) + 1Psr(x, u, · · ·, u<•- 2l)u<•-l) (s = 2, ···,Dr - 1) 
(A.3) 
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Hence, given u we can reconstruct v1 , · · · , Vp1 • Let z2 := { Zij I 1 ::; ip1 , 1 ::; j ::; 8; - l}. 
Then by construction of the Singh compensator (3.50) we have for r = p1 + 1, · • • ,p2 : 

z,1 a2,-p1 (x,z2,{v; 11::; i::; pi})+ b2,-p1 (x,z2)u if 8, > 2 
(A.4) 

Taking successive time-derivatives of the first equation in (A.4) and substituting ( A.2),(A.3), 
we see that given u we can reconstruct vµ,+i,··•,vµ 2 , Applying the above arguments re­
peatedly, we can prove that given u we can reconstruct v1 , • • ·, Vm, which establishes our 
claim. 

■ 



Appendix B 

Proof of Proposition 3.2.25 

Proposition 3.2.25 Consider a nonlinear system {3.1). Let x0 EM be a strongly regular 
point for (3.1). Consider a Singh compensator {3.50) around x0 defined on U x Z C 
M X JR:', where U is a neighborhood of Xo. Moreover, let 

! z· - A;z; + B;v; (i = 1, · · ·, p*) 

u:: ¢1(x,z1,···,zp•)+f:¢2;(x,z1,··•,zp•)v; 
i=l 

u; = v; ( i = p* + 1, • • • , m) 

(B.1) 

be another Singh compensator around x0 defined on U x Z C M x Z, and assume that in the 
construction of (B.1) the same permutation of controls is employed as in the construction 
of (3.50). Then there exist open subsets V C Z and V C Z and a diffeomorphism \JI : 
U x V -+ U x V that transforms the system (3.1,3.50) defined on U x V into the system 
(3.1,B.l) defined on U x V. 

Proof Let x 0 EM be a strongly regular point for (3.1). Apply Singh's algorithm, leading 
to the Singh compensator (3.50). This yields a reordering YI,···, Yn, Yn of the outputs of 
(3.1) such that for k = 1, • • •, n 

'iilk) = iik(x,{yji>11sisk-l,i::'.jsk})+ 

bk(x, {'fi!il I 1 Si S k - 1, i -5: j -5: k - 1} )u 
(B.2) 

where bk has full row rank over K,. Apply Singh's algorithm in another way, yielding the 
Singh compensator (B.l). This yields a reordering fh,···,yn,Yn of the outputs of (3.1) 
such that for k = 1, • • • , n 

yr>= iik(x,{y!j)Jlsisk-1,i-S,jsk})+ 

bk(x, {g!il I 1 Si S k - 1, i -5: j -5: k -1} )u 

where bk has full row rank over K. 

(B.3) 

Consider (B.2) fork= 1 and define J11 (x,u) := ii1(x) + b1(x)u. Taking time-derivatives 
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gives for £ = 2, • · · , n: 

1l) = ¢u(x, u, ... 'u<t-1)) = 

0¢1l-1 [f(x) + g(x)u] + lf! 0¢u-1 u(r+l) 
--rJx"" r=O OU(r) 

(B.4) 

Note that we have for£= 1, · · •, n: 

¢u(x,u, · • •,u<t-t)) = ¢~t(x,u, • • • ,u<t-2)) + b1(x)u(l-t) (B.5) 

Consider now (B.2) for k = 2 and define 

¢22(x, u, u) = ii2(x, ¢n(x, u), ¢12(x, u, u)) + b2(x, ¢n(x, u))u (B.6) 

Taking time-derivatives of (B.6), we obtain analogously to (B.4) the functions 
¢u(x, u, • • •, u<1- 1>) (£ = 3, • • •, n). Note that for£= 2, · · •, n we have: 

¢u(x, u, ... 'u<t-1)) = 

(B.7) 

b2(x, ¢n(x, u))u(l-t) 

Repeating this procedure yields functions ¢kt(x, u, • · ·, u<t-1)) (1 S: k S: n, k S: f S: n) of 
the form 

¢kt(x, u, · · ·, u<t-1)) = 

¢~ix, u, • • •, u<t-k-t), { ¢;j(x, u, · · ·, uU-t) 11 S: i S: k - 1, i S j S £} )+ (B.8) 

bk(x, {¢;j{x,u, · · · ,u<H)) I 1 S: i S: k -1,i S: j S: k - I})u<t-k) 

Let r = Li=l ( n + 1 - i)p; and define the mapping <i> : M x IRnm --+ M x JR' by 

<i>(x, u, ... 'u<n-1)) = ( - X (l-1) ) 
<Pkt(x, u, ... , U ) (1$k$n,l$j$n) 

(B.9) 

Consider a point ( xo, Yo) := ( xo, {yM> 11 S: i S: n, i S: j S: n}) E M x IRr that satisfies 

(B.10) 

We show that there exists an ( x 0 , u0 , · · • , u~n-l)) E M X IRnm, denoted by <i>-1 ( x0 , y0 ), such 
that 

-( (n-1)) ( Xo) 4i xo, uo, ... 'uo = Yo (B.11) 

Define for£= 1, • • •, n: 

il;(x, {Y!j) I 1 Si Sn - f, i S j Sn - f}) = 

(B.12) 
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By (B.10) we have that ( uo, · · ·, u&n-l)) has to satisfy 

Y~1 

-(n) 
Yn+l-iO 

;,., ( (i-2)) 
'I'll xo, uo, · · · , u0 

J.1 ( (i-2) ~ -(i+l)) 
'l-'2t+1 xo, uo, · · ·, uo , Y10, · · ·, Y10 

J., ( (i-2) {-(j) 11 < . " . < . < } ) '1-'n+l-in Xo, uo, . .. 'Uo ' Y;o - i :s n - '-, i - J - n 

B'(x {y~!i) I 1 < i < n - £ i < 1· < n - R})u(i-l) i o, ,o - - , - - 0 
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(B.13) 

+ 

for£= 1, • • •, n. Note that by (B.10) the matrices Bt(x0 , {yic{l 11 :Si :S n-f, i :S j :S n-f}) 
have full row rank over JR (f = 1,···,n). This means that from (B.13) (uo,··•,u&n-l)) 
can be solved in the following way. First consider (B.13) fore= 1. Then the first term on 
the right hand side of (B.13) does not depend on ( uo, · · ·, u&n-l)). Since B~ (xo, {yfc{) I 1 :S 
i :Sn -1,i :S j :Sn -1}) has full row rank, we can solve u0 from (B.13) for f = 1. Next 
consider (B.13) fore= 2. The first term on the right hand side of (B.13) now does depend 
on u0 , but not on (uo,···,u(n-l)). Since iJ;(x0 ,{yfc{> 11 :Si :S n-2,i :S j :S n-2}) has 
full row rank, u0 can be solved form (B.13) for e = 2, by first substituting the value of uo 
that was found from (B.13) fore= 1. Repeating this procedure, we solve (u0 , • • ·, u~n-l)) 
from (B.13). Note however, that in general ( u0 , • • •, u&n-l)) satisfying (B.13) is not uniquely 
determined by (B.13). 

If we consider the application of Singh's algorithm leading to (B.3), we can analogously 
define a mapping ~ : M X mnm - M X JR.7 • 

Define the subsets (Mo x Yo), (Mo x Yo) of M x JR.7 by 

(Mox Yo) 

(Mox Yo) { (xo, Yo) E M x JR.7 I rankn.Bk(xo, Yo) = Pk, k = 1, · · ·, n} 
(B.14) 

Obviously, (x0 ,y0 ) E (Mox .Yo) for some y0 E JR.7 if and only if x0 is a regular point for 
Singh's algorithm. This justifies the definition of 

(Mo X .Yo)s.r. 

(Mo X .Yo)s.r. 

{ (xo, Yo) E (Mo x .Yo) I xo is strongly regular} 

{(xo,Yo) E (Mox Yo) I xo is strongly regular} 

Consider the subsets .fl,J;f CM x JR.nm defined by 

fl <i>-1((Mo X Yo)s.r.) 

N ~-1((Mo X .Yo)s.r.) 

(B.15) 

(B.16) 
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Introduce the notation 

(B.17) 

For (x0 , u0 , • • •, u~n-l)) E .Nit straightforwardly follows from (B.2) (see the proof of The­
orem 2.3 in [30]) that 

Hence we have for k = 1, • • ·, n: 

k - - (n 1) 
n + I: rankRBt o <l>(xo, uo, · · ·, u0 - ) 

l=l 

(B.18) 

(B.19) 

This implies that (x0 , u0 , • • ·, u~n-l)) E .N and so.NC N. Similarly, it can be shown that 
N C N and hence we have established that .N = N. 

For convenience, denote)\( = N = JI. Let d = nm - I:i=l Pi and define S = (Mo x 
Yo )s.r. x JR.d, S = ( Mo x Yo )s.r. x JR.d. Permute the entries of u in such a way that for 
k = 1, • • •, n the matrix fh1 consisting of the first Pk columns of Bk is invertible for every 
(x0 , y0 ) E (Mo x.Yo)s.r.• Note that by (B.19) this implies that fork = 1, · · ·, n also the matrix 
fh1 consisting of the first Pk columns of Bk is invertible for every (xo,Yo) E (M x Yo) •. r.• 
Fork = 0, • • •, n-1, let u~~) consist of the first Pk+l entries of ut> and u~~) of the remaining 
m - Pk+l entries of u~k)_ Define the mappings <I>.:)\(--+ S, ~.: )\(--+ S by 

)r.. ( (n-1)) 
"J."e Xo, Uo, · · ·, Uo 

,i. ( (n-1)) 
'1.'e Xo, Uo, · · ·, Uo 

(

- ( 1) ) <I>(xo, uo, · · ·, uo- ) 
Uo2 

(n-1) 
Uo2 

( 

,i.( (n-1)) ) .., xo, uo, ... 'Uo 
Uo2 

(n-1) 
U02 

(B.20) 

Let (x0 , u0 , • • •, u~n-l)) E N. By analyticity of the data, S and S are open and dense 
subsets of M x JR; x JR.d. This implies that there exist neighborhoods [J, (! C M x 
JR: x JR.d of (xo, Yo, Uo2, · · ·, u~~-l)) = <I>.(xo, uo, · · ·, u~n-l)) and (xo, Yo, uo2, · · ·, u~~-l)) = 
i.(xo, uo, · · ·, u~n-l)) respectively, such that U C S, [! C S. It is readily checked that 
<I>. and i. are one-to-one and onto and that <I>. and i. are meromorphic functions. 
This implies that there exist neighb01hoods U0 C )\( of (xo, uo, · · ·, u~n-l)), Uo C U of 
(xo, Yo, uo2, · · ·, u~;-1>) and Uo C [! of (xo, Yo, Uo2, · · ·, u~;-1>) such that <I>. : Uo--+ Uo, i. : 
U0 --+ U0 are diffeomorphisms. Define the diffeomorphism <I>: U0 --+ U0 by <I>= i. o 4>;1 . 

By the construction of 4> respectively i (see the proof of Proposition 3.2.24) there exist 
-''b, · · · , 7P', 'Y1 , • · • , 'Yp•, t51, · · · , hp• such that ( after a possible permutation of the entries of 



Appendix B. Proof of Proposition 3.2.25 

i, ~ respectively): 

where 

= ( i ) ( (n-1)) :: xo, uo, · · · , u0 

y., = (yJ;> 11 $. ip* /y; $. j :5 o; - 1) 

y., = (yJ;J 11 $. i $. p*,"f; :5 j $. o; -1) 

Y6 = (yJ6•> 11 $. i $. p*) 

Y6 = (yJ6') 11 $. i $. p*) 

Yr = (yJ;) 11 $. i $. p*,o;+ 1 $. j :5 n) 

Yr = (yJ;) 11 $. i $. p*' o;+ 1 $. j $. n) 
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(B.21) 

Note that by Lemma 3.2.22 and Proposition 3.2.24 we have dimy., = dimy., = u. Denote 
J ( (n-l) th t ( - - - J ) ( - - - J ) r t r 1 cal u02 = u02,···,u02 . e se s x,y.,,y6,Yr,u02 , x,y-,,y6,Yr,u02 1orm a se 01 o 

coordinates for M x JR' x R', connected by the diffeomorphism IP. Note that the entries 
of (Y6,Yr) and (Y6,Yr) are the same. Moreover, note that the rows of dy6 and dyr are 
essential in Cn. By Theorem 3.2.4 and Lemma 3.2.19 this means that 

span .c{ dy.,} C span .c{ dx, dy.,} 

These facts imply that IP has the form 

Consider the mapping \Jf : M x R' --+ M x R' defined by 

\Jf(x,y.,) = ( IP.,(:,y.,)) 

(B.22) 

(B.23) 

(B.24) 

Since IP is a local diffeomorphism, it follows that there is a neighborhood UC M of x0 and 
open subsets V, V C R' such that \Jf : U x V --+ U x V is a diffeomorphism. 

Obviously, 

(B.25) 
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with A= blockdiag(A1 , · · - ,Aµ•), B = blockdiag(B1 , - - · ,Bp•), and A1 , • • ·, Ap•,B1,· · · ,Bp• 
as defined in (B.l). For (x, u, · · ·, u(n-l)) E M X JR.nm, define 7r u(x, u, · · ·, u(n-ll) = u. Com­
paring (3.48) and the construction of ~;1 , <1>;1 , it follows that 

(B.26) 

(B.27) 

From the definition of <I> we then have 

( ~:) (x,iJ-r,1/6,Uo2) = 7ru<l>;1 o <I>(x,iJ-r,ils,iJr,ut2) = 
(B.28) 

(B.25) and (B.28) establish that IV transforms the system (3.1,3.50) defined on U x V into 
the system (3.1,B.l) on U x V. ■ 



Appendix C 

Proof of Proposition 5.0.11 

Proposition 5.0.11 Consider a nonlinear system (5.2) and let x0 be a regular point for 
Algorithm 5.0. 7 applied to (5.2). Let the clamped dynamics manifold N* of {5.2} around x0 

be given by N* = {x J il>k•(x) = 0}. Furthermore, consider a dynamic state feedback (3.,12} 
for (5.2} and let (x0 , z0 ) be a regular point for Algorithm 5.0. 7 applied to {5.2,3.,12}. Then 
there exists a vector of functions IJl(x, z) such that M*, the clamped dynamics manifold of 
(5.2,3.,12} around (xo, zo), is given by M* = {(x, z) J <I>k•(x) = 0, IJl(x, z) = 0}. 

Proof Denote the submanifolds obtained while applying the clamped dynamics algorithm 
to (5.2) and (5.2,3.42) by Nk (= {x J <I>k(x) = O}), Mk respectively. We will prove 
by induction that we can find vectors of functions Wk(x,z) such that Mk = {(x,z) J 

ek(x,z) = 0}, with ek(x,z) = ( IJI~(~~!) )- Obviously, we have No= {x I <I>o(x) = 0}, 

Mo= {(x,z) J eo(x,z) = O}, with <1>0(x) = eo(x,z) = h(x). Hence our claim holds for 
k = 0. Now apply the first step of the clamped dynamics algorithm to (5.2), yielding 
matrices A1(x), B1(x), a vector of functions <1> 1(x) and N1 = {x J <1> 1 (x) = 0}. Applying 
the first step of the clamped dynamics algorithm to (5.2,3.42) yields: 

[o(x,z) = .W(x)[f(x)+g(x)(,(x,z)+8(x,z)v]= 

A1(x) + B1(x),(x, z) + B1(x)8(x, z)v 

(C.l) 

Since (x0 , z0 ) is a regular point for the clamped dynamics algorithm applied to (5.2,3.42), 
B1(x)8(x,z) has full rank i\ in a neighborhood of (x0 ,z0 ) in M0 • It is clear that i'1 :5 
r 1 = rankB1 (x). Moreover the rows of B1(x)8(x, z) are linearly dependent on the rows of 
B1(x)8(x,z), since the rows of B1(x) are linearly dependent on the rows of B1(x). Thus 
we can permute the entries of fo(x,z) in such a way that the first i'1 rows of B1(x)8(x,z) 
are linearly independent and the last (po - r1 ) entries of fo(x,z) consist of J0 (x), i.e. we 
can write (C.l) as 

(C.2) 

where (o-J',&-J')T consists of the entries of ¢0 and Bu1(x)8(x,z) has full row rank i'1 in 

a neighborhood of ( x0 , z0 ) in M0 • Observe that ( !:: i: ~ ) has full row rank r1 in a 
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neighborhood of (x0 , z0 ) in Mo. Thus, we can rewrite J0 (x, z) in (C.2) as 

Bui . • • B<Tl ( - )+ ( - ) where Bui 1s a nght mverse of B"i . 

Let (Bu1(x)b(x,z))+ be a right inverse of B"1(x)b(x,z). Let v = -(Bu1(x)b(x,z))+ 1L1(x). 
Then we find from (C.2): 

Then M1 is given as M1 = {(x,z) I 'Po(x) = o,J0 (x,z) = 0,u1(x,z) = 0}. Since 5-o(x,z) = 

0 on M1 and (obviously) ( t:~:~ ) + ( 1::~:~ ) = Bt(x)A1(x), we find from (C.3) that 

on M1 

~0(x, z) = A1(x) - B1(x)Bt(x)A1(x) = J1(x) (C.5) 

Thus, M1 = {(x,z) I 'Po(~)= 0,¢1(x) = 0,u1(x,z) = 0}. Assume that (¢f(x),uf(x,z)f 
has constant rank 81 in a neighborhood of (x0 ,z0 ) in M1. Obviously, 81 > s1. Since ¢1(x) 
has constant rank s1 in a neighborhood of ( x0 , z0 ) in M1, we can permute the entries of ef>1 ( x) 
and u1(x, z) such that ( ¢11 (x ), • · ·, ¢1,, (x ), un(x, z), · · ·, u1, 1 _,1 (x, z)) are independent on 
M1. Define IP1 (x) = (1Pij(x), ¢n(x), · · ·, ¢1s, (x)f, lll1(x, z) = (un(x, z), · · ·, ir1s,-a, (x, z)f. 
Then we find M1 = {(x, z) I cI11(x) = 0, \Jl1(x, z) = O}. Hence our claim also holds fork= 1. 
Using similar arguments as above, we can prove that our claim holds for k = 0, • • • , k*, 
which completes the proof. ■ 
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