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CHAPTER 1
INTRODUCTION

"But", I said, "Euler showed that hexagons alone
cannot enclose a volume". To which the innominate
biologist retorted, "That proves the superiority of

God over mathematics"....

D'Arcy Thompson as quoted by W. McCulloch in:
Mysterium Inequitatis of Sinful Man Aspiring to the

Place of God.

There have been many attempts to describe the process of biological
development by mathematical models. Here we shall deal only with aspects of
the mathematical models of development first advocated by LINDENMAYER
[1968a,b]. These models are called L systems, after their originator. An
L system is a string rewriting system, where each letter of a string sym-
bolizes the presence in that position of a cell of a certain type or state,
and the whole string symbolizes a filament of cells. Time is assumed to be
discrete, and, in between two consecutive moments of time, say between t
and t+1, each letter of a string is rewritten as a string which may be
empty. This rewriting may depend on the m left and n right neighbors of
the letter concerned. The resultant string at time t+1 consists of the con-
catenation of the strings resulting from the rewriting of the individual
letters. By repeating this process, we obtain a sequence of strings sym-
bolizing the developmental history of the modeled filamentous organism.
Various embellishments, with or without biological interpretation, of this
basic model can be contrived, as we shall see in the sequel.

The subject has caused much recent activity from the side of mathe-
maticians and formal language theorists (see the bibliography), but has
not yet been applied substantially by workers in the field of developmental
biology.'The fact that formal machinery developed in theoretical computer
science, or in mathematics in general for that matter, is not applied to

any great extent is, though regrettable, not unusual. For the case under



consideration, the mathematical questions considered in the formal study

of L systems often have no interest, or even interpretation, for the practic-
ing biologist. A fundamental difficulty might be that the basic assump-
tions of the model do not allow adequate modeling of certain biological
phenomena at all. This might be remedied by adding features or changes

ad hoc, a procedure which has been followed in nearly all existing L

system models for concrete biological phenomena. As a conseguence, the
sophisticated mathematical theory, which has been erected on the firm funda-
ments of the basic model, then comes apart and does not hold for the featured
model. However, the descriptive convenience of L systems has already been
used in several biological modeling efforts.

The most successful seems that by H. LUCK [19757, H. LUCK and J. LUCK
[4976], and J. LOCK [1977], who have used PDOL systems to describe the devel-~
opment of (filamentous) blue-green algae. Their model enables them to deter-
mine key parameters of algae from observations at only one or two stages of
development, whereas the direct experimental method requires the rather
lengthy and laborous tracing of individual cell histories. The model, which
makes extensive use of the theory of DOL growth functions {see Ch. 4), and

locally catenative systems ({see Section 3.1.2.2), seems to be the first

example of an operational technique based on L systems. Moreover, its theo-
retical potential has not yet been exhausted, and the organisms studied con-
form relatively well to the basic assumptions of L systems. A substantial
number of descriptive models using L systems has been investigated by means
of the powerful simulation program CELIA designed by BAKER and HERMAN [1970]
(see also HERMAN and LIU [1973]). CELIA has proved to be a practical simu-~
lation tool, as is borne out by various studies: BAKER and HERMAN [1972a,b]
on heterocyst formation in blue~green algae; FRIJTERS and LINDENMAYER [1974,
19761 and FRIJTERS [1976] on inflorescences of ASTER; STAFLEU [1973] on the

branching pattern of barley root; HERMAN, LIU, ROWLAND and WALKER [19747 on

patterns on shells of molluscs (see also HERMAN and ROZENBERG 1975, Chs. 16,

187} ; VEEN and LINDENMAYER [ 19737 and HELLENDOORN and LINDENMAYER [1974] on
phyllotaxis; HERMAN and SCHIFF [1975] on regeneration of HYDRA; and HOGEWEG

and HESPER [1974] and HOGEWEG [1976] on biological pattern analysis.
As a model for bioclogy, L systems have very appealing features, which
obviously have their counterparts in reality. It has been claimed, however,

that, e.g., the influences of concentrations of chemicals or enzymes can be



modeled by increasing the number of states (of the basic unit), and decreas-
ing the length of the time step (of the basic transition). This may be right
in principle, but obscures what is going on. We need, e.g., 100010 states to
account for the influences of 10 different substances with concentrations
graded 1-1000. Such things are easy to describe as difference equations in

a simulation program like CELIA, but the theoretical model can be manipu-
lated, and yields significant results, only if the (relatively small) number
of cell types with stereotype behavior (corresponding more or less to the
basic genetical differentiation) is treated apart from influences of sub-
stances like chemicals or enzymes which act like, e.g., synchronous inhibitors.
For instance, if the cells of an organism are essentially interactionless,
but we model the influences of extracellular agents like enzymes by making
the model a very complicated context sensitive one, we violate the principles
on which the organism operates, and lose adequacy of the model and a host of
mathematical results which are applicable. For a more extensive discussion

along these lines see Chapter 5.

As will be readily noticed, the approach taken to model development is
to discretize space and time. This is natural in the context of biological
development: we discretize space in discrete cells and time in discrete
time observations. The discreteness of time is usually justified by three
reasons. Pragmatically: the mathematics of the subject becomes more acces-
sible; empirically: in practice we can only make discrete time observations;
and because we assume a finite set of states for each cell. The justification
for assuming a finite set of states for each cell is that there are usually
threshold values for parameters that determine the behavior of a cell. Thus,
with respect to each of these parameters it suffices to specify two condi-
tions of a cell: "below threshold" and "above threshold”, although the para-
meters themselves may have i‘nfinitely many values. Even where such a simple minded
scheme is insufficient, it is argued, it usually is possible to approximate
the infinite set of values by a sufficiently large finite set of values,
without any serious detriment to the accuracy of the developmental model.
Although seemingly plausible, it will be clear that this reduction of con-
tinuous parameters to a finite state set will lead to serious problems in
many cases, like the ones related to the modeling of the influences of
chemicai concentrations sketched dbove. Notice also, that the models we treat
here apply only to organisms which consist of autonomous segments or compart-—

ments (living cells are naturally such compartments). By “autonomy" is meant



primarily independence in the hereditary sense, in the sense that cells are
known to carry their own genetic instructions and pass them on to their
daughters, but also metabolic and functional independence. The existence
of compartments enables us to describe such organisms as arravs of automata,
from which the formalism of L systems is easily derivable. But a consequence
of this requirement is that these models cannot be directly apnlied to sub-
cellular growth processes.

Another restriction of the models lies in their one-dimensional nature.
This implies that at the present time they are only applicable to filament-
ous organisms. Furthermore, the models are based on the assumption that the
relative position of cells (or compartments) cannot change during growth,
and neither can the neighborhoods of the daughter cells be different from
those of the mother cells. These assumptions are in agreement with develop-
ment in plants but not necessarily with that in animals, where cells may

slide past each other in the course of growth.

From the mathematical viewpoint L systems are more appealing than the
usual sequential rewriting systems such as formal grammars of the Chomsky
type. In the context free case the rewriting rule is a homomorphism or a
finite substitution; in the context sensitive case it is a generalized
sequential machine mapping. This makes the problems we usually consider in
formal language theory more amenable to ordinary mathematical treatment,
since the action is not localized but global over the entire string. As a
result, new structures have been developed and new problems have arisen,
of which the analysis enriches formal language theory, in particular AFL
theory (see, e.g., SALOMAA [1974], van LEEUWEN [19741). Research in new
machine models (van LEEUWEN [1974], ENGELFRIET, SCHMIDT and van LEEUWEN
[1980]) and complexity theory (JONES and SKYUM [1976; 1977a,b,c,d; 19791, van
LEEUWEN [1975a,b,c; 1976], and SUDBOROUGH [19771), have benefitted from
L system theory and vice versa. Although formerly the study of L systems
has been almost exclusively biologically motivated, the underlying structure
is recognized today in a growing variety of problems in computer science,
ranging from pure formal language theory to more applied subjects, while

at the same time the analysis has led to interesting mathematical problems.

The organization of this monograph is as follows. In Chapter 2 we give
some formal definitions and preliminaries. Section 2.1 reviews some pertin-

ent concepts of formal language theory in the range of HOPCROFT and ULLMAN



[1969], mainly in order to review some concepts and to standardize notation.
Section 2.2 supplies basic definitions of L system theory. Chapter 3 treats
L systems, -sequences and -languages. Starting in Section 3.1 with a struc-
tural treatment of deterministic context free L systems (DOL systems) we
study, for instance, how restrictions on the rewriting rules affect the
associated sequences and languages (local versus global characteristics).
We subsequently treat the connection between DOL sequences and locally
catenative sequences, i.e., sequences in which a string is obtained from
earlier strings in the sequence by a fibonacci-~like formula. In Section 3.2
and 3.3 we obtain a rather complete picture of the power of the various
types of context sensitive L systems using nonterminals, homomorphic mappings
etc., and we mold the (in)famous LBA problem from automata theory in the
form of determining whether or not a trade-off is possible between context
and tables of rewriting rules in L systems. Section 3.4 is concerned with
stable string languages of L systems, i.e., languages consisting of those
strings produced by a given system which are invariant under the rewriting
rules. In section 3.5 we study aspects of certain variations of L systems
with relation to problems of regeneration. In particular a form of the
French Flag problem (see e.g. WOLPERT [1968]) is treated. Chapter 4 is con-
cerned with growth functions of L systems. The growth function of a (deter-
ministic) L system relates the length of the i~th derived word in the se-
quence with i. It is for this subject in L system theory that the most ex~
tensive claims for biological relevance have been made. This is not surpris-
ing, since a large part of the literature on developmental biology is con-
cerned with the changes in size and weight of a developing organism as a
function of the elapsed time. We treat a part of the analytic theory of DOL
growth functions in Section 4.1; relations between restrictions on the re-
writing rules and the overall form of the derived growth function for the
DOL case, in Section 4.2; and the theory of context sensitive growth func-
tions in Section 4.3. In Chapter 5 we discuss the adequacy of the theory of
Chapter 4 to model biological phenomena, and, as a result, modify some basic
assumptions to obtain a more realistic model. It then appears that, without
undue difficulties, we are able to derive the sigmoidal growth curves, oc-
curring regularly in developmental biology studies, which could not be ob-
tained with the theory of Chapter. 4.

Chapters 3 and 4 are more or less independent, and contain the necessary
definitions in so far as they are not supplied in Chapter 2. Chapter 5 pre-

supposes Chapter 4. Section 3.1.2.1 ties in with Section 4.2. Chapter 6 con-



sists of an epilogue,in which we evaluate the work presented in this mono-
graph. We chose to do so in an epilogue,rather than in the introduction, be-
cause in that way some familiarity with the subject could be assumed and we
were not hampered by the need to explain too many concepts or by the need

to mince words. The reader who wants to have a more or less informal pre-
view and assessment of the research covered by the coming chapters can

proceed there first.

This work wants to present a unified treatment of research, done by
its author, most of which has been published previocusly in reports, jour-
nals and conference proceedings. Where it was necessary to my purpose I have
drawn from the work of other investigators. A bibliographical comment ac-
companies each chapter, disclosing its sources. Whereas it has not been my
contention to give a complete account of the mathematical theory of L sys-
tems, part of the field seems reasonably covered. The treatment of the sub-
ject is self-contained and, hopefully, easy to follow, but it is obvious
that a rudimentary knowledge of formal language theory is more or less re-
quired from the reader. For instance, a glancing acquaintance with HOPCROFT
and ULLMAN [1969], or SALOMAA [1973al, will be helpful. Thus, Section 2.1 on
formal grammars is intended as a review of some elementary concepts, and to
ensure uniform notation, but not as a substitute for the required background.
Some results and topics presented are, for a variety of reasons, more inter-
esting than others. The two main themes are language classification (Ch. 3)
and growth functions (Ch. 4 and 5). The technigques used are mainly combina-
torial.

It should be noted here, before starting with the meat of the work,
that the discussion about the usefulness or relevance of L system theory
for practising biologists, or biology in general, tends to invoke heated
debates. A protagonist is LINDENMAYER [1975], and some careful criticism is
contained in DOUCET [1975, 1976]. We will touch on the subject somewhat in
Chapter 5. It ought to be stressed that the fact, that only more superficial
aspects of an extensive mathematical theory have been applied directly (as
is the case with L system theory), is not an exception, but that rather the
converse is true. Theoretical computer science itself is usually applicable
only in a superficial way, like when computer languages are designed which

have context free (or anyway easily parsable) grammars, but the extensive



mathematical theory which has been erected is not used widely even where

it is superior, operative and applicable. DEMILLO, LIPTON and PERLIS [1977]
discuss this phenomenon as related to theoretical investigations concerning
the proving of correctness of programs. Large areas in the analysis-~of-al-
gorithms theory suffer the same lack of being applicable or used in practice.
Such pessimistic considerations, however, do not influence the essential
mathematical beauty of the results, or insights gained in the nature of ma-
thematical structures, nor do they preclude later, possibly quite unrelated,

applications of the developed theories.






CHAPTER 2.

DEFINITIONS AND PRELIMINARIES

We shortly review the more needed formal language theoretical machin-
ery and the most generally used concepts of L system theory. For formal
language theory and automata theory we use notation and terminology from
HOPCROFT and ULLMAN [1969],and for L system theory we sometimes depart
slightly from the (nonuniform) notation in the literature, so as to obtain

some uniformity in our treatment.
2.1. FORMAL GRAMMARS

Formal grammars originate from CHOMSKY [19561], who introduced them for
largely linguistical reasons. In essence,a formal grammar is a string re-
writing system which transforms strings into strings. The purpose is to de-
fine in a finite way (by means of the grammar) an infinite number of strings
(the language), such that the particular definition of each string (the deri-
vation) yields some structural information about it. For proofs of lemmas
and theorems in this section the reader should consult textbooks like
HOPCROFT and ULLMAN [1969].

We generally denote, with or without indices, symbols (equivalently,
letters) by a,b,c,...; strings (or words) of letters by u,v,w,x,y,z Or
0,BsYr...,; sets of letters (alphabets) by A,B,U,V,W; sets of strings (lan-
guages) by L,X,Y,%; numbers by i,j,k,£,m,n,p,q,r,s,t. We will not always
strictly adhere to these conventions, but then the context will allay
confusion. The set of natural numbers {0,1,2,...} is denoted by IN; the
set of reals by IR; and the set of positive reals by Bﬂs If X is a set then
# X denotes the cardinality of X; if x is a string then £g(x) or [x| de-
notes tbe length (number of occurrences of letters) of x.

The set of all strings over sﬁme finite alphabet of letters W is de-
noted by W*, e.g., W* = {\,a,b,aa,ab,ba,bb,aaa,...} for w = {a,b}, where X

denotes the empty string (the string consisting of no letters at all).
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W* is usually called the free monoid finitely generated by W. If X

and Y are sets then

X UY = {x[x € X or x € Y},
XnY = {x|x € X and x € Y},

X ~Y = {xfx € X and x £ Y},

Xy = {wlw = xy for some x € X and y € Y}
i {3} ifi =0
x ={,
xxi=lie i > o,
* (=] i
x =0, %,
+ o i
x* o= G, %,

and ¢ denotes the empty set. The class of regular sets over an alphabet W

is formed as follows:

(i) @ and the singleton sets of elements in W are regular sets.

(ii) If R1 and R2 are regular sets then*so are R1 U R2 and R1R2°
(iii) If R is a regular set then so is R .

(iv) Only sets formed by application of (i) -~ (iii) are regular sets.

DEFINITION 2.1. A generative or formal grammar is an ordered quadruple

G = <VN,VT,S,P> where VN

S € VN’ and P is a finite set of ordered pairs (a,B) such that B is a word

and VT are finite nonempty alphabets, VN nVT ={,

over the alphabet V = VN UVT

one letter of VN" The elements of VN are called nonterminals and those of

and o is a word over V containing at least

VT terminals; S is called the start symbol. Elements (o,B8) of P are called

rewriting rules or productions and are written a ~ B.

P induces a relation "=" on V* as follows. v' is directly produced
from v: v = v' if there are Yl,yz,u,B € V* gsuch that v'! = y18y2, v o=
ylayz, and o+B ¢ P. The transitive reflixive clisure of :;is = and the
transitive irreflexive closure of = is =, If v = v’ or v = v’ we say v

(n)

produces or derives v°. If vd$v1=ﬁ,.=mn, we write v = v', and say

v0 produces vn in n steps. The language produced by G is defined by
* *
L@ = {v eV, [s5>v}

A family of languages is a nonempty set of languages closed under isomor-—
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phism (with respect to the operation of concatenation in this case), i.e.,

renaming of letters.

THEOREM 2.2. The family of languages {L |L = L(G) for some generative gram-

mar G} equals the class of recursively enumerable languages.

According to Church's thesis, the class of recursively enumerable lan-
guages is the largest class of sets obtainable by effective means. By suc-
cessive restrictions on the form of the production rules, we obtain success-
ively restricted classes of grammars.

DEFINITION 2.3. A grammar G = <VN,VT,S,P> is of type i if P satisfies the
restrictions of case (i) given below.
(0) No restrictions.

*
(1) Each production in P is of the form a1Xa > o, va,, o,,0. €V , X € VN

2
and v is a nonempty word over V} with the pos;ibie eice;tion of the
production S + A whose occurrence in P implies, however, that S does not
occur on the righthand side of any other production in P.
(2) Each production in P is of the form X - B where X € VN and B € V*.
(3) Each production in P is of the form X - Yo or X - a where

*
X, Y € V daeV_ .
¢ n 2 T

We call the grammars of types 0,1,2, and 3,recursively enumerable,
context sensitive, context free and regular, respectively. We denote the

corresponding families of languages by RE, CS, CF and REG,
THEOREM 2.4. REG equals the family of regular sets.

THEOREM 2.5. REG < CF © CS < RE where "c" denotes strict inclusion.

This nesting of language families constitutes the so-called Chomsky
hierarchy. We call languages in the difference X-Y¥, Y and X in sequence

as in Theorem 2.5, strictly X where Y is understood.

EXAMPLE 2.6.

f . .
LO = {a (n)fn > 0} € RE~-CS, [if f: W - N enumerates some nonrecursive,

but recursively enumerable, set.]

L, = {a""c"|n = 1} € cs -cCF.
L, = {a"®"[n = 1} € cF -REG.
L. = {a"|n 2 1} € REG.
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L4 . {anIn is a prime number} e CS ~CF, to give a feeling for the power of

context sensitivity as opposed to context freeness.

It was shown above how the four main language families of the Chomsky
hierarchy are derived by classes of generating devices, viz., by suitable
restrictions on the form of the production rules in grammars. They can also
be characterized by accepting devices, i.e., classes of machines which ac-
cept exactly the languages generated by a class of grammars. We say that L
is the language accepted by a machine M when M can enter an accepting con-
figuration after reading a word v iff v ¢ L. So RE languages are accepted by
Turing machines, CS languages are accepted by Linear Bounded Automata, CF
languages are accepted by Pushdown Automata and REG languages are accepted
by Finite Automata. When, where and if, necessary we shall introduce these

devices.
2.2. LINDENMAYER SYSTEMS

As we have seen in the previous section, a generative grammar is a
sequential rewriting system, i.e., in each production step only part of the
string is rewritten. L systems are rewriting systems in which we rewrite all
letters in a string simultaneously in each production step. Moreover, there

are no terminal symbols in the sense of formal grammars as defined above.

EXAMPLE 2.7. The production rule a =+ aa yields, if we start with the string
a, the string sequence a,aa,a4,a8,a16,.._ and the produced language is
{an]n = 2i, i € IN}. This system is context free (each letter is rewritten
independent of the context in which it occurs) and deterministic (letters
can be rewritten in but one way). In a context sensitive L system the
letters in a string are rewritten, by the production rules, according to the
context in which they occur. In an (m,n) L system this context consists of
the m left- and n right letters of the letter to be rewritten, and we re-
write letters according to the production rules which are applicable to the

letter with its m letter left- and n letter right context in the string be-

fore the rewriting. Formally,

DEFINITION 2.8. An (m,n) L system is a triple G = <W,P,w> where W is a fin-
+ o s .
ite nonempty alphabet, w ¢ W is the initial string,and
n

m i %
Pe (U W xwx U W) xWwW
=0 i=0
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is a finite set of production rules. We write an element of P also as

i n i *
W, aeW, ve U W and a e W

m
(u,a,v) > o where u € .U
i= i=0

0

We derive strings by the system as follows. - induces a relation = on

*
W defined by

A,8,_ c..d, = 0 0_...0 al,a .,ak € W and

2"
X
al,az,...,ak € W,

if
-> P
(@) m@iome1m  2i-1730 3 11%5407 34, T Y €
for all i, 1 £ i £ k, where we take aj = X whenever j < 1 or j > k. If
* . (<)
v, =v, BV, =>v£ for some VgrVyre--iVp € W we write vy = v and say

. . * + s
VO derives or produces VK in £ steps. As usual,= and = are the transitive

reflexive closure and the transitive irreflexive closure of =, respectively.

(I.e., 3= clj (=l>) and;-*ﬁ OG (=l>).)
i=0 i=1

A sequence produced by G is a sequence v PV sV where v, =v,
i i

0 t'TT +1

for all i 20. In case G is deterministic the produced sequence is unique

relative to VO, andif, moreover,vo

the string sequence S(G) associated with G. The language produced by G is:

=w then the produced sequence is called

L(G) = {v e W*lw ; v},

i)

v 4 X
We subscript the relations =, =, =, =, (g with the appropriate identi-
fiers when neccessary. Similar to the generative grammars in the previous

section we obtain classes of L systems by imposing restrictions on the form

of the production rules.

DEFINITION 2.9. Let G = <W,P,w> be an (m,n) L system.

(i) Without any restriction G is called context sensitive,or interacting,
and the corresponding I. systems are called IL systems. With fixed m
and n we <all the corresponding class the class of (m,n)L systems.

(ii) If (u,a,v) - o € P implies that u,v = X then G is context free,or
interactionless, and the corresponding systems are called 0L systems.
For ease of notation we write rules in P as a > a.

(iii) If for each (u,a,v) > a € P either always v = X or always u = A then
G is left- or right context sensitive, and the corresponding

systems are called ILL— or IRL systems. For ease of notation we
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write rules in P as (u,a) > o or (a,v) - o, respectively.

(iv) If (u,a,v)>aeP and (u,a,v) >ao' e P imply that a=o' then G is called
deterministic, and we indicate this property by prefixing a "D" in the
denotation of the class of systems. We also denote the set of pro-
duction rules P by a function §, and write §(u,a,v) = a for (u,a,v) o
€ P. We extend § to W* by defining §(v) =v' if v=v', v,v' ¢ w*. 6i is
defined as the i-fold composition of §: GO (v)=v and gt (v) =6 (<Si_1 (viy,iz L

(v) If (u,a,v) >0 eP implies a# A the system is nonerasing or propagating
and we denote this property by prefixing a “"P" in the denotation of

the class.

Hence we have, e.g., PDIL systems, DOL systems, D(m,n)L systems, DILL

systems etc. The following notation is standard throughout the literature:

(0,0)L, systems = OL systems,
(1,0)L systems or (0,1)L systems = 1L systems,

(1,1)L systems = 2L systems.

The notion of L systems has been extended to the important table L

systems.

DEFINITION 2.,10. A table L system with q tables, or TqL system, is a triple
G = <W,P,w> where P = {P1,P2,~..,Pq}, W and w are as before, and Pi’

1 £1 <qg, is as P in Def. 2.8. Therefore, a table (m,n)L system is a tri-
ple G = <W,P,w> with P = {Pl,Pz,.
Gi = <W,Pi,w>is an (m,n)L system.

..,Pq} such that for each i, 1 < i < g,

Strings are derived in a table L system G = <W,P,w> as follows.

alaz...ak g aiaz...ak, al,az,.,.,ak € W and

Uy rOyyeen 0y € W,

if there is a table Pi in the set of tables P such that

apdge--ay éj 1% =%

* +

g and é-are the usual closures of g. The language generated by G is defined
N .

by LG) = {v |w 2 v}, ete. G is a XYT_ZL system if, for P = {Pl,Pz,...,Pq}

each Gi' 1 <£1<q, is an XYZL system. E.g., PDT21L systems, TOL systems etc.
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(No subscript on T means that g 2 1, no Tq at all means that g = 1. E.g.,
PDTlOL systems are PDOL systems.) The family of languages generated by
XYTqZL systems is denoted as XYTqZL.

DEFINITION 2.11. A semi XYTqZL system (oxr XYTqZL scheme) is a XYTqZL

system without the initial string.

We can squeeze languages out of L systems in various ways. One way is
(as above) to consider all strings generated from the initial string: the
pure L language of the system. By dividing the alphabet into a set of ter-
minals and a set of nonterminals,we can consider the language consisting
of all strings over the terminals occurring in the pure L language. Such
a language is called an extension language, since the terminal-nonterminal
mechanism extends the generating power of a class of L systems. Another
device is to take a homomorphism*) pf a pure L language or extension lan-
guage. A third method we shall meet is to consider the stable string lan-
guage of an L system. It is the set of all strings, occurring in the pure
L language, which are invariant under the rewriting rules. Accepting devices
for families of L languages, similar to machine type characterizations of
families of languages produced by classes of generative grammars like in
Section 2.1, are not treated in this work. They have, however, been studied

in van LEEUWEN [1974], ROZENBERG [1974] and savIiTch [1975]7.
2.3. BIBLIOGRAPHICAL COMMENTS
Generative grammars were introduced by CHOMSKY [1956]. The concepts

and results in Section 2.1 are treated in any textbook on the subject, like

HOPCROFT and ULLMAN [1969] or SALOMAA [1973al. Lindenmayer systems were

*)By homomorphisms we shall mean monoid homomorphisms which are mappings be-
tween monoids in which the operation is concatenation. More precisely, the
free monoid S finitely generated by a finite alphabet W is W*, i.e., if

%X,y € S then so does xy. The operation of concatenation is associative;
(xy)z = x(yz) and the identity element of S is the empty word A, the word
with no letters. If W* and V* are two monoids and h: w* > V* is a homomor-
phism then h(X) = A, h(xy) = h(x)h(y) for all x,y € W, We extend the con-
cept of homomorphisms to sets by defining h(L) = {h(w)|we L} for each

*
subset L ¢ W .
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proposed by LINDENMAYER [1968a,b] and a first formal language type of treat-
ment was given by HERMAN [1969] and van DALEN [1971]. Table L systems were
introduced by ROZENBERG [1973a] and the concept of stable string languages
of L systems is due to WALKER [1974a,b]. Extension languages of L systems
were first introduced by van LEEUWEN (unpublished) who, with an alternative
interpretation of the concept, called them restriction languages. A text-
book covering most of the research (done in collaboration with its authors)
in L system theory up to 1972 -~ 1973 is HERMAN and ROZENBERG [1975]. Collec-
tions of research papers and tutorials presented at L system conferences
are contained in the PROCEEDINGS of an Open House in Unusual Automata
Theory [1972], the PROCEEDINGS of the IEEE Conference on Biologically
Motivated Automata Theory [1974], ROZENBERG and SATLOMAA [ 197471 and
LINDENMAYER and ROZENBERG [1976]. The latest exposition of the mathematical
theory of L systems, covering recent research and containing an up-to-date

bibliography, is ROZENBERG and SALOMAA [1980]



CHAPTER 3

L SYSTEMS, SEQUENCES, AND LANGUAGES

According to the definitions in Section 2.2, L systems are but a type
of string rewriting systems. In the theory developed on the basis of string
rewriting systems, such as formal grammars for generating languages, the

following problems are usually studied:

Classification. What are the inclusion relations between the new classes

of languages and the various known ones (e.g. those in the Chomsky hier-

archy)?

— (Closure properties. Is the class closed under union, intersection, con-
catenation, homomorphisms of various types, and other operations?

~ Decision problems. Is it decidable whether a given word is generated by
a given grammar (i.e., the membership problem.)? Is it decidable whether
the languages generated by two grammars are equal? And so on.

~ Characterization. Given a class of grammars, are there properties by

which a language can be identified as (not) belonging to the correspond-

ing class of languages?

In this chapter we investigate some of these formal language oriented
aspects of L systems, but we will also encounter concepts which do not occur
in conventional formal language theory. In Section 3.1,we look at structural
aspects of deterministic context free L systems (DOL's). More in particular,
we will study the relation between local properties (e.g., the form of the
production rules) and global properties (e.g.,of the produced sequences and
languages). In Sections 3.2 and 3.3,we obtain a rather complete picture of
the generating power (language generating capacity) of various subclasses
of context sensitive L systems with and without tables. Section 3.4 is con-
cerned with the set of those strings produced by an L system which are in-
variant under the rewriting rules, i.e., the strings which are necessarily

rewritten as themselves. A variation on the basic model, the context
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variable L system, is the subhject of Section 3.5. There we shall look at
some simple regenerating structures and solve a form of the French Flag

problem.
3.1. DOL SYSTEMS

About the simplest type of L system you can meet is the DOL system.
Its rewriting mechanism is a homomorphism on a finitely generated free mon-
oid. For that very reason, its mathematical theory is quite extensive and
leads to interesting mathematical byways (see also Section 4.1). Fermally
then, a DOL system G = <W,§,w> consists of a finite nonempty alphabet W,
a total mapping &§: W +~W* and an initial string w € w*. We denote both §
and its extension to a homomorphism on w* by §. Clearly, S(G) = w,d8(w),

i-1

dz(w),... and L(G) iEO {éi(w)}, where 60(w) = w and Si(w) = §(§ (w))

]

for i 2 1.

EXAMPLE 3.1. Let G = <{a,b},{8(a)=b,8(b)=abl},a>. Then S$(G) = a,b,ab,bab,
abbab,...,and in general 5i(a) = éi_z(a)éi_l(a), i = 2. Thus, S(G) is
the Fibonacci string sequence of XNUTH [1969a, Exercise 1.2.8-361, and
Kg(éi(a)) is the i-th fibonacci number.

EXAMPLE 3.2. Let G = <{a},{8(a)=aal},a>. Then L(G) = {a2n ln > 0}.

The most intriguing question, asked about L systems, used to be: is it
decidable whether L(G) = L(G') for given DOL systems G, G'. This ﬁatter was
settled affirmatively by éULIK and FRIS [1977a,b]. A seemingly related ques-
tion, about whether it is decidable that a given DOL system has the locally
catenative property (a generalization of the property we met in the DOL
system of Example 3.1), is still open. In Section 3.1.2 we shall consider

it in more detail.
3.1.1. DOL LANGUAGES

In the first part of this section we establish, by a simple combina-
torial argument, necessary and sufficient conditions (with respect to the
production rules) undexr which the language,generated by a deterministic con-
text free Lindenmayer system,is finite. These conditions yield sharp bounds
on the size of such a language, which depends on the size of the alphabet

and the interrelations of the production rules. Furthermore, a feasible
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decision procedure for the membership question is provided, and we solve
the problems of what is the minimum sized alphabet over which there is a
deterministic context free Lindenmayer language of size n and, conversely,
what is the maximum sized finite deterministic context free Lindenmayer
language over an alphabet of m letters. The solutions to these last two pro-
blems provide us with some number theoretic functions, interesting in their
own right, which form the object of study in the second part of this sec-
tion. We derive several properties, interrelations,and asymptotic approxi-
mations to these functions.

We classify the letters in W with respect to the homomorphism § as

follows.

DEFINITION 3.3. A letter a € W is mortal (a € M) if Gl(a) = A for some i;
i * *
vital (a € V) if a ¢ M; recursive (a € R) if 6 (a) ¢ W {alw for some i > O;
i * *
monorecursive (ae¢ MR) if 61(a) € M {alM for some i > 0; expanding (a ¢ E)
i * * * ) ) *
if 6 (a) € w {alw {a}lWw for some i; accessible from a string v e W (a ¢
i * *
U(v)) if 8" (v) e W {a}W for some i > 0. We subscript to identify the DOL

system concerned when necessary.

The global properties of (sequences of) strings produced by a DOL syst-
em, such as the "patterns" (characteristic substrings) occurring, are essen-
tially due to the recursive letters and the derivational relations between
them. For instance, a language like {aznb2nc3r1 ln > 0} can only be produced

by the DOL system.
2 2 3
G = <{a,b,c},{8(a)=a",8(b)=b",8(c)=c” },abc>

From the produced patterns it can readily be deduced, that the system
has to contain 3 expanding recursive letters with no derivational relations
between each other at all. We shall see in the sequel (Section 3.1.2) that
types of growth functions, the locally catenative property, regularity, and
context freeness, depend to a very large extent on the recursive letters
and the accessibility between them: properties of recursive letters govern
the relation between local properties of DOL systems and global properties
of the derived string sequences.

We define an equivalence relation ~ on R by a ~ b if a ¢ U(b) and
b € U(a). Hence ~ induces a partition of R in equivalence classes [a] =

{b ¢ R|b~ al} and
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r/~ = {[alla € R}
LEMMA 3.4, There is an algorithm to determine Uf(a) for all a € W.

PROOF. Define for each a € W a sequence of nested sets as follows.

U (a) = [b[8(a) € W ib}w'}

U, . (a) = U, (a) u {b|s(c) ¢ W (bl and ¢ ¢ U_(a)].
i+l i i

By observing that

(i) U.(a) U, .{(a) €W for all i = 1, and
i i+1

(ii) if Uk+1(a) = U (a) for some k then U . (a) = Uk(a) for all § 2 0

k k+j

we obtain: there is a k £ #W such that Uk(a) = U(a). 0
EXAMPLE 3.5. Let S = <{a,b,c,d}, {8§(a) = cd, &§(b) = azbc, §(c) = c,
§(d) = A}> be a semi DOL.

U, (a) = {c,a} u,(a) = U, (a) U(a) = {c,d}

u, (o) = {a,b,c} u, () =W U(b) = W

Ul(C) = {c} U2(c) = Ul(c) Ule) = {c}

U (@) = ¢ U@ = ¢

COROLLARY 3.6. We can determine M, V, R, MR and E as follows.
(i) R={a e wWlae Ulal.

(ii) V = {a e wju(a) n R # @}

(1ii) M = W ~V.

(iv) MR = {a ¢ R|Vb € U(a) [6() ¢ MRM" u M T}

(v) E={acgRTecu@ [¢b) cwlawlalwl}

Hence all of these sets can be obtained in O(#W) steps. (Corollary

3.6(v) will be justified by Lemma 4.20).

LEMMA 3.7, Let G = <W,S8,w> be a DOL system. If there is an i and a b ¢ R-MR

such that b occurs in 8" (w) then L(G) is infinite.

PROOF. If b € R-MR then there is a j < #R and a ¢ € V such that Gj(b) =

J - . =
vlbv2cv3 or 6§ (b) = vlcvzbv3. Hence, if ng(v) denotes the number of occur
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rences of vital letters in a word v, we have

(1) zgvtai”‘j (W) = Egv(cs“j ®) > n,

and L(G) is infinite. ]

LEMMA 3.8. Let G = <W,8,w> be a DOL system. If i > #(V-R) and b € V-R

such that b occurs in él(a) for some a ¢ W then there is a j < i and

a ¢ € R-MR such that c occurs in dj(a).

PROOF. There is a sequence of letters a_,a ,...,ai such that a. = a, a. = b,

01 0 i

and aj+1 occurs in d(aj) for 0 £ j < i. If b € V-R then aj e V for

0 £ 3 < i. Since there are at least #(V-R) +1 aj's there is one which is

recursive and therefore there is a j1 < i such that aj1 € R, It is easy to

see that for a recursive letter d always holds that 8t(d) contains a recur-

sive letter for each t. Therefore, él_Jl(aj ) = vldv2bv3 or Sl_Jl(ajl) =
1 )

vleZdVB' where d € R and b € V~-R. Hence aj1 € R-MR. By taking c equal to

aj the lemma is proved. 0
1

*
LEMMA 3.9. Let G = <W,d,w> be a DOL system. If Gt(w) € (MUMR) for t =
#(V=-R) then L(G) is finite.

PROOF'. Suppose

(2) 6#(VUR)(W) = v, a,v.a

1%172%2 VY ne1’

*
where al,a2,...,an € MR and vl,vz,...,vn+1 e M . Now it is easy to see that
R i k 1< < P
for each a; € MR there is a 5 ( ki #MR) and a sequence a;qra; 0 'aiki
1 =a,, = <5, <. < i
such that aiO alki a, s aij1 #aijz for O 3 <32 ki' and ai 41 € MR is the

only vital letter in §(a,.), 0 <j<k,. I.e., {a,_[O <j <k,}=[a,]. Also,
ij i ij i i

(3) G#M(b) = A for all b € M.

Hence, for all ai € MR and all t,t' 2 #M holds

t t! —
(4a) §(a,) = 8§ (a,) for £ = t' mod k.,
: i i i

t t'
(4b) §(a,) # v, (a.)v for £ # t*' mod k., for all v,,v. € W*.
i 1 i i 1772

2
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By (2), (3) and (4) we have that for all t 2 #(W-R) holds:

(5) §7(w) = a,, o .. L,

where o =6]i(a,), j. £ t mod k, and #M < j, < #M+k,., 1 £ i < n. By (2),
135 i i i i i
(4) and (5):
t t?
(6a) S (w) # 8§ (w) for all t,t' such that
#(W-R) < t < t* < #(W-R) +
l.c.m. (kl,kz,...,kn);
t t?
(6b) § (w) = & (w) for all t,t' such that t,t' > #(W-R) and
= A
t £ t' mod (L.c.m (kl,kz,...,kn)).
Therefore,
(7) l.c.m. (kl,kz,...,kn) < #L(G) £ l.c.m. (kl'kZ' k) + #(W-R).

We are now ready to state the main theorem of this section.

THEOREM 3.10. Let G = <W,8,w> be a DOL system. L(G) is finite iff 6T (w) «
*

(M UMR) for t = #(V-R).

PROOF. "If", By Lemma 3.9.

"Only if".

Case 1. 6“(w) € W (R-MR)W . By Lemma 3.7 L(G) is infinite.

Case 2. 6t(w) € W*(V—R)w* for t = #(V-R). By Lemma 3.8 there is a t' < t
such that Gt'(w) € W*(R—MR)W*, and therefore case 1 holds and L(G)
is infinite.

Hence, if 8§ (w) € W (V=MR)W for t=#(V-R) then L(G) is infinite, i.e., if

L(G) is finite then 8 (w) € (MUMR)" for t = #(V-R). [J

From the previous lemmas and the theorem we can derive some interesting

corollaries.

COROLLARY 3.11. L(G) is finite iff 6§ (w) € (MUMR)" for all t > #(V-R).
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COROLLARY 3.12. A DOL language is finite iff all recursive letters which
are accessible from the initial string (i.e., which occur in words in the

language) are monorecursive.

COROLLARY 3.13. There is an algorithm to determine whether the language
generated by a DOL system is finite or not. (Hint: determine M,V,R and MR

and apply Theorem 3.10 or Corollary 3.12).

Next we consider the membership problem: given a DOL system G = <W,§,w>
*
and a word v € W , decide whether or not v is in L(G). (Equivalently, is

there an i such that Gl(w) = v). Now assume that L{(G) is finite and

6#(V-R)(w) = v,a,v.a v av
1717272 " "'n"n n+l’
*
where al,az,...,an € MR and vlfVZ""'vn+1 € M . Assume further that v =
9.
@,. G_. ...0 ., where o,. = & *(a,) for some j, such that #M < j, < #M+k,,
13, 23, nj_ i i i i i

: i S L Lo
<i <n. i T < R

1 <i<n. By (4b) ¢ (ai) #vdé (ai)v2 for all Jiedy such that #M ]i <jl <

,v. eW’, 1<i<n. Furthermore, if [al #[b7 for some a,b €MR

'1 2 1}
then 6t(a) #Gt (b) for all t,t', since Gt(a) EM*[a]M*, 6t (b) EM*[bTM* and

#M+ki and all v
[al n[b]l =@. Therefore, the parse of v (if it exists) is unique,and can be
executed easily from left to right given Gt(ai) for all t and i, #M <t <
#M+ki, 1 <1 <n. Since by (4a) dt(ai) =6t'(ai) for all t,t' =#M such that

t =t' mod ki,the problem can now be restated as follows: is there a positive
integer u such that u E(ji—#M) mod ki' 1 <i <£n. The solution is well known,
and is given by the Chinese remainder theorem [see e.g. KNUTH 1969b,

256]:

LEMMA 3.14. Let kl’kz""'kn’be positive integers and let tl’t2""'tn'be
any integers. There is exactly one integer u which satisfies the conditions

0 <uc<l.com. (k, ,k ...k ) and u = t, mdk, (1 £41i < n)
1 n i i

2"
iff

t. = t, mod (g.c.d. (k,,k.)) (1 £4i <3 <n).
i J i3

There is no integer u = ti mod ki, (1 <i<n), if not ti = tj mod (g.c.d.

(kg kD), (1Si<3<n).

# (W-R) +u

Therefore, if u exists then v = § (w) and v # St(w) for all

t 2 #(W-R) otherwise. If a parse of v as mentioned is not possible then by
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(5) v # Gt(w) for all t 2 #(W-R). Hence we have

THEOREM 3.15. There is an algorithm which solves the membership problem for

DOL languages.

PROOF. The proof consists of giving an outline of the algorithm. Let G =

<W,S,w> be the DOL system concerned and let v be the target word.

ALGORITHM 3.16.

(i) Determine whether or not L(G) is finite, using Corollary 3.13. If L(G)
is infinite then generate successively w,6(w),62(w)... and compare each
Gi(w) with v. If Gi(w) # v for all i < t. and Gto(w) contains more

0

occurrences of vital letters than does v then v ¢ L(G). By (1) t0 <

#V(Egv(v) —ng(w)+1).

,6#(W-R)(w) and com-

(ii) L(G) is finite. Generate successively w,8(w),...
pare each such di(w) with v. If the matching is not found then
try to parse v as discussed above. Is the parse successful then apply
the Chinese remainder theorem. Depending on whether or not an integer
u, as stated in that theorem, exists v does or does not belong to L(G).

If the parse is not successful then v ¢ L(G). 0

We can speed up stage (i) of the algorithm somewhat as follows. Let h
be a homomorphism which erases all mortal letters and leaves the vital let-
ters unchanged. Let L(G) be infinite. If v = di(w) then h(v) = h(di(w)) and
v # Gj(w) for all j # i. Hence it suffices to ascertain whether h(v) € L(G'),
where G' = <V,8',h(w)> and §'(a) = h(S8(a)) for all a € V. If h(v) ¢ L(G"),
i.e.,hv)= S'i(h(w)) for some i then v € L(G) iff v = di(w), We can deter-—

mine i by solving fG,(i) = Lg(h(v)) where £ is the growth function (see

G'

Ch. 4) of G'. Since G' is propagating, £ is monotone increasing and con-

Gl
stant for at most ¥V consecutive integer argument values. Hence by
binary search we can find a solution i for the above equation in about

log i trials. Let imin be the least integer solution of fG,(i) = Lg(h(v))

and i the largest, i - i . < #v. It suffices to generate
max max min

d#M+j(6'(imin_#M)(h(w)))

for j =0,1,...,1i _-i ., and to compare these words with v to check whether
max min |
(pin=#M

v € L(G). To generate §° )(h(w)) we can generate 6'(a),6'2(a),

4 n
St (a),...,d'2 (a); for all a € V and n < logz(imin~#M),and SO compose
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-
6'(lmln #M) in the obvious fashion.

The decision procedure for the membership problem for DOL languages we
gave above runs in time polynomial in the length of the candidate word v
(as is easily verified), and is unusual under mathematical decision proce-
dures of this sort in that it is feasible, i.e., gives answer to reasonable
questions within a reasonable time, as testified by an ALGOL 60 implementa-
tion, VITANYT [1972b]. Of course, if L(G) is finite, we could also test for
membership by generating the whole of L(G) in stage (ii) of the algorithm.
But, as will appear from the next corollary and the asymptotic approxima-
tions in Section 3.1.1.2, even for a modest alphabet of, say, a hundred
letters, this may turn out to be quite unfeasible.

Clearly, the given algorithm works for EDOL systems as well. (An EXL-
system G is an XL system together with a terminal alphabet VT' and the lang-
uage produced is E(G,VT) = L(G) n VT*)' Although we will not treat the com-
putational complexity of problems connected with L systems in this work, we
make a few remarks on the topic which bear on the above algorithm. The gen-
eral membership problem for some XL system G and a word v is: "given G and
v, decide whether G derives v and express the time/space used by the (Tur-
ing machine implementation of the) decision algorithm as a function of n,
the number of symbols in the description of G and v". It follows from the
above, that the general membership for EPDOL systems and the infiniteness
of DOL systems can be decided deterministically in polynomial time. The
algorithm, however, does not yield polynomial time for nonpropagating sys-—
tems, since they involve directly simulating G's derivation for #\Nﬁgv(v) -
ng(w) + 1) steps. This derivation can produce intermediate strings, whose
length is exponential in W, if G has many mortal letters in W.

This causes the algorithm to consume exponential time (exponential in
the length n of the string representing the problem statement) when the
size of W is of order n. JONES and SKYUM [1976, 1977a,c] modified the above
algorithm to the general membership problem for EDOL systems, involving a
more efficient way to simulate short derivations and the construction of an
auxiliary propagating system, to show that also the general membership for
EDOL systems can be decided deterministically in polynomial time. Further
results on computational complexity issues related to problems about L
systems can be found in the above references, or the references on the sub-

ject in the Introduction.

Our next corollary defines some number theoretic functions.
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COROLLARY 3.17.
(i) Let P: IN > IN be defined as follows. P(m) is the greatest natural num-

ber n which is the least common multiple of k6 ,k ,..,,kq, for all poss=—

ible partitions of m into q = 1,2,...,m positivezintegral summands ,
plus the number of summands equal to 1.By (7) P(m) is the maximum car-
dinality of a finite DOL language over an ;lphabet of m letters.
(ii) Let S: IN -» IN be defined as follows. S(n) is the least natural
number m such that there exists a partition of m into positive integral
cerkg) #{i[ki=1} = n.

summands kl'k yee-skK , g €<m, and l.c.m. (kl,k

2 q 27"
By (7) S(n) is the minimum cardinality of an alphabet over which there

is a DOL language of cardinality n.

The following Sections 3.1.1.1 - 3.1.1.2 will be concerned with the
investigation of the number theoretic functions S, P and some variants. Thus
we derive lower bounds on the size of the alphabet as a function S of the
size of a finite DOL language over such an alphabet, and upper bounds on the

size of a finite DOL language as a function P of the size of the alphabet.
3.1.1.1. FUNCTIONS WHICH RELATE SIZE OF LANGUAGE WITH SIZE OF ALPHABET.

The number theoretic functions S and P of Corollary 3.17 have a much
broader setting than just their connection with DOL systems. Imagine a pro-
cess which starts by counting up to some number d and then initializes some
number q of periodic counters. Then S(n) and P(m) have a natural interpreta-
tion as the smallest number of states needed to generate a prescribed num-
ber n of distinguishable configurations, and the largest number of distin-
guishable configurationswhich can be generated by using a prescribed number
m of different states, respectively. (We assume that all counters used are
identical finite state machines.) If we have the additional restriction
d = 0 then we ask in effect for the maximum order of a permutation of the
m-th degree. (The order of a permutation of the m-th degree is the exponent
of the smallest power of a permutation on m elements which is equal to the
identity permutation). Already LANDAU [1903] investigated the maximum order
f(m) of a permutation of a given degree m. I.e. f: IN > IN where f(m) is

defined as the maximum of the least common multiple of k ...,kq for all

1Ik2l
possible partitions of m into g = 1,2,...,m positive integral summands. We
shall return to this connection with Landau's work in Section 3.1.1.2.

According to Corollary 3.17,
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g9
(8} S(n) = mln{.z ki + dll.c.m. (kl’kz""'kq) +d = n},
i=1
q
(9) P(n) = max{l.c.m. (k,,k.,...,k ) +d| ] k., +d=n}.
1772 q ) i
i=1
For small values of n we find: 3
n 1 2 3 4 5 6 7 8 9 10 11 12 13 14

S(n) 1 2 3 4 5 5 6 7 8 7 8 7 8 9
P(n) 1 2 3 4 6 7 12 15 20 30 31 60 61 84

For instance,

i

S(14) 247 = 443+2 = 9 since 14 = 2*7 = 4%3 + 2.

i

P(14) 2%2%3%7 = 4*3%7.= 84 since 14 = 242+3+7 = 4+3+7.

Hence, the corresponding representations of S{(n) and P(n) in k,6,k ,...,kq,d

1772

are not unique. Clearly, in (8) and (9) the k ,E ..,E& for which the

2"
extrema are reached for a given n will be relatively prime. Suppose we can

factorize a Ei' 1 <1< a, into two relatively prime factors Eil and Ejzz

ki = kit Ry 2 b Ky > L
Then
k - k k = k * k - k k = k - k - — >
ki (kil+k12) kil ki2 (kil+k12) (ki1 1)(ki2 1) 1 =2 0.
Therefore, it suffices to look for El’EQ""'Ea which are powers of distinct
primes.
Hence we replace (8) and (9) by
(10) S(n) = min{Zpa + d Iﬂpa + d = n},
(11) P(n) = max{Hpa + d pra + d = n},

where p‘denotes some prime. To obtain a canonical representation for S(n)
and P(n) we take the representation with the smallest d for which the ex-

trema are reached. By the unique factorization property of the natural
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numbers this representation will be unique. Additionally we define

v

i

(12) s'(n) = min{)p” + a | mp" + @ > n},

i

7N

max{np” + a |Jp* + d < n}.

.

(13) P (n)

(Then S'(n) is the number of letters in the smallest alphabet over which
there is a finite DOL language of at least cardinality n,and P'(n) is the
cardinality of the largest finite DOL language over an alphabet of at most

n letters.) It is convenient to introduce also
o
(14) s(n,d) = )p* +d such that Mp" = n-d,

since by the unique factorization property s(n,d) is found immediately; and

we see that
(15) S(n) = min{s(n,d) IO <d<n}.

The first 2000 values of S(n) were determined by computer, and showed a quite
erratic behavior. E.g. S(1971) = 61, $(1972) = 50, S(1973) = 51 and S(2000) =
39. (@STERBY [1973] contains a detailed computer analysis of S(n) for 1 <

n < 5.1011. Furthermore, S'(n) and P(n) are computed for a large number

of values. He considers e.g. the question in how many different ways S(n)

can be obtained from n.)

Now let us take a closer look at the general behavior and interrela-
tions of our functions, It is at once apparent that, since P(n+l) = P(n)+1
for all n, P is strictly increasing and therefore P' = P, S(n+l) < S(n)+1
and S(8) = S(10) = 7 while S(9) = 8. Therefore, S is not monotonic. By its
definition S' is monotonic increasing and S'(n) < S(n) for all n. A crude

approximation gives us (for n > 1):

(16a) P(n) < n";
(16b) sm 5™ 5,
(16¢) st @,

From (16b) and (16c¢) it follows that S(n) > ® and S*(n) - © for n = «, In
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Section 3.1.1.2 we shall derive asymptotic approximations for P, S' and inf

S. It will appear that these functions are intimately related to the distribu-
tion of the prime numbers. We use the notation f(x) ~g(x) for f(x) is asymp-
totic to g({x), i.e. %&g f(x)/g(x) =1. It is well known, that the number of
primes T(x) not exceeding x is asymptotic to x/log x: m(x) ~x/log x. Further-
more, the i-th prime Ps is asymptotic to i log 1: =1} ~i logi. It then fol-

lows from (16a) that elog P(n)s en logn

]
Since S"(n)s (n) 2 n, similarly log n £ S'(n) log S'(n). By noting that

and therefore log P(n) £ n logn’“pn.

x/log % is asymptotic to the functional inverse of x log x, see e.g. HARDY

and WRIGHT [1945, 9-10], we have that S'(n) = g(n) for some function g(n) ~
__logn
log logn

Since P is strictly increasing and P(6) = 7, P(7) = 12: P: IN - IN is

~ m(log n). Therefore, S(n) = g(n) also.

an injection but no surjection; since S(n+l) < S(n)+1 and S'(n+l) < S'(n)+1
for all n, S(n) = © and S'(n) = ® for n » ©, S(5) = S'(5) = S(6) = S'"(6) = 5:
S,8': N » IN are surjections but no injections. From the definitions we
would expect S and S' to be some kind of an inverse of P. Since P gives the
maximum size finite language over an alphabet of n letters, and since P is
strictly increasing, an alphabet of size n is the minimum size alphabet over

which there is a finite language of (at least) size P(n). Therefore, we obtain

S(P(n)) = 8*(P(n)) = n for all n € W . Hence the restrictions of ‘S and
' to A = {P(i) | i 2 0} are the inverse of P:
(17) s, =g, =pt

/A /A :

From the definitions we also see that, between two consecutive values of P,
S* is constant (S' is monotonic, S'(P(n)) = n for all n, S'(P(n)+1) = n+l

for all n) and therefore:
-1 -1
(18) S*(m) = P " (n) for all m, P(P "(n)~1) <m £ n,

where n € A. Since S'(n) £ S(n) for all n we have therefore by (17)

(19) S(n) = S'(n)

i
o
B
o
=
2
2
2
v

Pwi(n),

for all n ¢ A and all m > P(P L (n)=1).
Therefore, S' is a stepfunction where every step of 1 takes place at

a value of P. Furthermore, S' is the greatest monotonic increasing function
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which is a lower bound on S.

In looking at the function S and trying to distinguish its features, we
readily notice that if n is a prime or the power of a prime then S(n) =
S(n-1)+1. The way S is defined, however, does not give us a better method
to find the value of S for a certain argument than trial and error. The
following theorem is one of the main results of this section and provides

an inductive definition of S.

THEOREM 3.18.

0,1,2,3,4,5.

it

n for n
S(n) ={

min{s (n-1)+1, s(n,0)} for n > 5.

PROOF. By induction on n. The theorem holds for n = 0,1,2,3,4,5. Suppose

the theorem is true for all n < m. $ince
S(m+1) = min{s(m+1,d) [0 < d < m+1},
and
s(m'+1,d%) = s(m’,d"~1)+1,
for all m* and all d° such that 0 < d' < m'+1, we have

S (m+1) min{S(m)+1, s(m+1,0)}. 0

il

The following corollary to Theorem 3.18 is also stated by @STERBY
[1973, 1976] and gives a definition which bounds the amount of computing we

have to perform to obtain S(n). By Theorem 3.18 we have for all n

S(n) = min{s(n,0), sn-1,0)+1,...,s(1,0)+n~1, n}.

Since for all k such that n 2 k > S(n) holds S(n) < s{(n-k,0)+k, we

have:

COROLLARY 3.19.

S{n) = min{s(n,0), s(n-1,0)+1,...,s(n-S(n),0)+S(n)}.



31

Hence we only have to compute s(n,d), i.e. the sum of the highest pow-

is

, where ko

ers of primes in the factorization of n-d, for d = O,l,...,kO
the minimum of the previously computed values of s(n,d) +d.

The analogue of Theorem 3.18 for P is:

jn i for n = 0,1,2,3,4
P(n) =
1max{P(n—1)+1,max {m|s(m,0) =n}} for n > 4.

This does not help us very much, essentially because although the
factorization of a natural number is unique, its partition is not. If we
could assume the following conjecture by LANDAU [1903], viz.

P(iz1 pi) = igl pi for all k, then,since P is strictly increasing,we can
slightly limit the number of m's which have to be investigated. However, it

was noted by @STERBY [1976] that Landau's conjecture is false, since

P(100) = 16.9.5.7.11.13.17.19 + 3
232792563

223092870
2.3.5.7.11.13.17.19.23

\%

it

where 2 +3+5+7+11 +13+17+19+23 = 100.
3.1.1.2. ASYMPTOTIC APPROXIMATIONS OF S AND P

We now investigate the asymptotic behavior of our functions. LANDAU

[1903] proves that for f(n) = max{Hpa IZpu < n}
(20) log f£(n) ~ ¥/n logn.
THEOREM 3. 20.

log P(n) ~ /E‘ﬂ;;ﬁ“,

PROOF. By (20) log f(n) ~ ¥n logn, i.e.,

lim log fln) _ 1.
n@® ¥n log n
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Also,

lim log(f(n)+n) _ 1+ 1im log(l+n/f(n})) .

n+e  /n logn n+e  /n logn
Since by (11) and the definition of f£(n) we have:

f(n) £ P(n) < £(n)+n, i.e., log f(n) £ log P(n) < log (f(n)+n),
and we proved above that

log £(n) ~ log (£(n)+n) ~ vn logn,
we have

log P(n) ~ vn logn. |

COROLLARY 3,.21. log P(n) ~ Vpn where P is the n-th prime.
THEOREM 3.22.

2
St (n) ~ Aeg o

2
log log n

PROOF. If log y = ¥x logx, then 1092 y = x logx and

log 1092 y = logx + log logx ~ logx.

Since
2 2
X = i%g—;% we have x ~ ——i9g-%—- .
g log log vy

By this argument and since log P(m) ~ vm logm it follows:

log2 P (m)
log log2 P (m)

or
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2
log n.

P ) ~ for n € {P(i) |i > 0}.

2
log log n

Denote log2 n/log log2n by h(n). By (18) S*(n) ~ h(n) for n in the range of
P. This cannot tell us anything about the sup S'(n), since the restriction

of S' to speeial values of n do not need to yield a lower—- or an upper bound.
According to (18), however, we have for all pairs of consecutive values of

P, say n

170¢

S'(nl) < S'(m) < S'(n2) = S'(nl) +1, n, <m=<mn_.

Since h is strictly increasing,

lim S8'(m)/h(m) = lim S'(m)/h(nz)
meo meo

v

lim (S'(nz) —1)/h(n2)

m-co

it

lim (S°' (n2)/h(n2) wl/h(nz))

n2‘>°°
= 1~ lim 1/h(n2) = 1.
n,—>o

2
Analogous we prove that lim S'(m)/h{(m) < 1, and therefore S'(m) ~ h(m) for

all m ¢ IN, N
COROLLARY 3,23,

Sf(n) ~ vr(log2 n).

The greatest monotonic increasing function which is a lower bound on

S is S$'(n) ~ h(n). Therefore

COROLLARY 3.24.

lo 2 n
inf S(n) ~ —-*gw~§—~ .
log log™ n

Because of Theorem 3.18 inf S(n) ~ inf s(n,0) and we have:

COROLLARY 3.25. The greatest monotonic increasing function which is a lower

bound on the sum of the greatest powers of primes in the factorization of
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n, I.e. s(n,0), is asymptotic to h(n). Hence:

lo 2
inf s(n,0) ~ —=2 1

log log2 n

As is to be expected, this lower bound is reached for the special sequence

of values n = H% p,, k € IN.
i=1 i

LEMMA 3.26.

p., ~ v
2
1 log log n

2
Z log n
i=
where n = .ﬁ p. and k € IN.
i=1 i

PROOF. The number of factors in a factorization of a natural number n is
k

denoted by w(n). According to HARDY and WRIGHT [1945], for n=1I_4 py’

log n
(5] ~ iR
(n) log log n
k w(n), . . . . .
Therefore, ¥, ~ I i log i. Bounding this discrete summation on both

i=1 Pi 7 %=t
sides by an integral we obtain:

w(n) w(n) w(n)+1
f ilogi di £ ) ilogi < f i logi di,
1 i=1 2
s w(n) r
1152 10g 520 o } ilogi < —|i’ logi- 12 et
2] : 1 i=1 2| J2
w(n)
Lom?tog om-d +1y < T i1ogis
2 2’72 .
i=1
1 2 1
< 5%(w(n)+1) (log ((n)+1) —EJ ~ 4 log 2 + 2).

Hence,if n-»« through this particular series of values we have that
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i >R
o
14

%(m(n)z log ©(n) ~w(n)2/2)

2

%~m(n)2 log w(n)

N logz(n)(log log n -log log log n)

2(log log n)2

log2 n _ 1og2 n 0

2 log log n h

log log2 n

A numerical verification shows:

u

(243+5) / (Log® (2%3%5) /1og log> (2%3%5)) 0.47

(2+3+...+17)/(log2(2*3*...*17)/1og loq2(2*3*...*17)) ® 0.58
2 ) 2 ~
(2+3+...+97) / (Log“ (2%3%...%97) /log log™ (2%3%...%¥97)) = 0.75

(2+3+...+173)/(log2(2*3*...*173)/log 1092(2*3*...*173))3 0.79.

Summarizing the results of this section we have:

log P(n) ~ v¥n logn ~ /P

2
2
$'(n) ~ inf S(n) ~ inf s(n,0) ~ —2L B~ r(10g” n);
log log™ n
and, furthermore,
.2
lo
s(n,0) ~ ___g_____%___ .
log log n
k
for n»e through the particular series of values n = igl pi.

3.1.1.3. CLASSIFICATION AND CLOSURE PROPERTIES

As is readily proved, there are regular, strictly context free (CF-REG),
and strictly context sensitive (CS-CF) languages which are DOL languages,
and there are such languages which are not DOL languages. This fact shows
that the DOL languages are incomparable with REG and CF. They are, however,
included in CS.

With regard to closure under several operations, it can be shown that
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the DOL languages are not closed under intersection, union, complement, con-
catenation, homomorphisms, nonerasing homomorphisms, intersection with regu-
lar sets, inverse homomorphisms, etc. In short, they are not closed under

any of the usual AFL operations and have therefore been called anti-AFLs,
cf. SALOMAA [1973a]. The other families of pure L languages share this char-
acteristic with the DOL languages. This resistance against closure opera-
tions is by and large a consequence of the lack of a terminal-nonterminal
mechanism, although in the case of DOL or PDIL systems the addition of this
mechanism does not improve the closure properties. Further details are found
in, e.g., HERMAN and ROZENBERG [1975] and SALOMAA [1973a]. See also Section
3.2.

3.1.2. STRUCTURE OF DOL SYSTEMS WITH APPLICATIONS TO GROWIH FUNCTIONS,

LOCAL CATENATIVENESS, AND CHARACTERIZATIONS.

Although objections may be raised against the adequacy of L systems
to model phenomena occurring in actual biological development, and against
the usefulness of sophisticated mathematical theorems in developmental bio-
logy (see the introductory chapter), it seems nevertheless that development-
al biologists might find conceptual help from the more superficial asvects
of the theoretical framework embodied by Lindenmayer's model. Some of the
mathematical theorems might be useful to confirm or refute biological hy-
potheses -~ but only after careful scruteny as to whether the assumptions
under which the theorems hold are reflected entirely by the biological real-
ity in the case under consideration.

As a reference frame to think about cell~lineage, cell-differentiation,
cell-potential and the like, the associated digraphs introduced in this
section may be of value to developmental biologists. In this respect also
theorems about growth functions, locally catenative systems etc. may prove
worthwhile. With this idea in mind, we digress in Section 3.1.2.4 from
mathematics into possible biological interpretations of the material cover-—
ed in this section.

In the following we will construct four digraphs associated with a
(semi) DOL system, which form a representation of the structure of deriva-
tions between letters in the system in increasing levels of abstraction.
These are the associated digraph, the condensed associated digraph, the
recursive structure,and the unlabeled recursive structure, respectively.

We investigate the relations between types of growth functions (cf. also



37

Ch. 4) and types of recursive structures. We will derive necessary condi-
tions on the recursive structure of a DOL system,in order that it can have

¥n logn
el worst-case lower bound on

the locally catenative property, and an e
the minimal depth of a locally catenative formula for a locally catenative
DOL system with an n letter alphabet. It is shown that the sequence and
language equivalence problems for locally catenative DOL systems are decid-
able. Furthermore, it is shown that deciding whether a DOL system has the
locally catenative property is equivalent to deciding whether the monoid
generated by the language of a DOL system is finitely generated. At the end
of this section we apply associated digraphs to some results by SALOMAA
[1975b], which vields necessary (and sometimes sufficient) conditions on the
recursive structure of a DOL system for the produced languages to be regu-
lar or context free. For graph-theoretical concepts see HARARY [1971].
Anticipating Chapter 4 on growth functions, we introduce part of the
material here. Let G = <W,§,w> be a‘DOL system. The growth function of G
is the function f.: IN + I defined by fG(t) = ﬂg(ét(w)). As we will see

in Chapter 4,fG is a generalized exponential polynomial

fG(t) =

it 1R

t
LoPy(B)ey
=1
where the ci's are distinct (and possibly complex) constants, the pi's are
polynomials in t (with possibly complex coefficients) such that Zi_

Py +1) < #W.

1 (degree

A DOL system G = <W,8,w> has the locally catenative property, cf.
ROZENBERG and LINDENMAYER [1973], if there exist fixed positive integers
no,ll,lz,.,.,lk such that

l’l"il

8% w) = o™ () s™ 2 (e L 6™k

for all n 2 ny. ng is called the cut and maX{il’iZ""'ik} the depth of

the locally catenative formula (no,il,iz,..b,i]),
i
We now construct four digraphs from a semi DOL system S = <W,8>, which
form in increasing levels of abstraction a representation of the derivation-—

al relations between letters.

I. The associated digraph of S (AD(S)), called the dependence graph in
ROZENBERG and LINDENMAYER [19737, is the labeled digraph AD(S) = (W,A)

where W is the set of points and A the set of directed arcs defined by
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*
A = {(a,b) |5(a) = vlbv2, a,b e w, Vv, € Wl

Note that we identify points with their labels,since for all digraphs
we discuss there is a one-to-one correspondence between the set of points
and the set of labels. We admit digraphs with loops, i.e., a point can be
connected to itself by an arc.

A digraph is strong if every two points are mutually reachable, i.e.,
if p,q are two points of the digraph then there is a sequence of arcs (pl,
p2), (p2,p3),...,(pn_1,pn) such that p, =P and p, = d. (We consider the
graph on a single point without arcs to be a strong digraph.) A strong

component of a digraph is a maximal strong subgraph. Let D, ,D ,...,Dn be

1772

strong components of a digraph D. The condensation D* of D has the strong
components of D as its points, with an arc from Di to Dj (i#3) whenever
there is at least one arc in D from a point in Di toa point in Dj' If fol-
lows from the maximality of the strong components that the condensation of

a digraph has no cycles.

II) The condensed associated digraph of S (CAD(S)) is the condensation of
AD(S). A point in CAD(S) is labeled by the set of letters labeling the

points of the corresponding strong component in AD(S).

III) The recursive structure of S (RS(S)) is obtained from CAD(S) by delet-
ing all points labeled by {a}l where a is not a recursive letter. Two points
p,q in RS(S) are connected by an arc (p,qg) if there is a sequence of arcs
(p1,p2),(pz,pa),...,(pn_l,pn) in CAD(S) such that P, =P, P =4q and p, €
{{a} |a ¢ R} for all i, 1 < i < n.

IV) The unlabeled recursive structure of S (URS(S)) is obtained from RS (S)

by removing the labels.

Let S = <{a,b,c,d,e},{8(a) =abe,S(b) =ac,8(c) =de,S(d) =de,S(e) =A}>.

AD(S) : CAD(S) : RS(S): URS(S) :
- {alb}- 1 {a,b} H
/g)a
b‘é”///;;:ig'e {c}r
g\mW/z

SO | |

{ale e $i{e} . {a}




39

We now tie in the digraph approach with the preceding classification
of letters. It is easy to see that RS(S) = (P3,A3) is the labeled acyclic
digraph such that P_ = R/~ and A, & R/~ x R/~ is as defined in (iii). Simi~-

larly, each subset 2f W-R 1abeliig a point in CAD(S) is a singleton sub-
set of W~R,and conversely. A letter a € W labeling a point in AD(S) with
no outgoing arcs is an element of M, etc.

For each unlabeled acyclic digraph D we can find a semi DOL system S
such that URS(S) = D ("~" means "is isomorphic with"). Hence the set of all
homomorphisms &: W* > W*, where W is a finite nonempty subset of some infin-
ite alphabet I, can be divided into disjoint classes of homomorphisms having
isomorphic unlabeled recursive structures. It is natural to define for a
given homomorphism its URS(S) as its complexity (structural complexity
not to be confused with computational complexity). We define a
partial ordering on the disjoint complexity classes thus constructed as a
partial ordering according to graph\inclusion. It is of interest to see how
many different URS's are possible for an alphabet of n letters. If H(n)
is the number of unlabeled acyclic digraphs on n points then this is giv-
en by F(n) = Z?zo H(n). ROBINSON [1970] gives a method to compute H(n) for
all n; in particular this yields: F(0) = 1, F(1) = 2, F(2) = 4, F(3) = 10,
F(4) = 41, F(5) = 343 and F(6) = 6327. The partial ordering < induced by
"being a subgraph of" on the set of unlabeled acyclic digraphs (on i points,
0 £ 1 £ n) has a 0 element: the empty graph, and a 1 element: the complete
unlabeled acyclic digraph (on n points), i.e., the unlabeled acyclic digraph
with the maximal number of arcs (%ﬂ(n—l)) which is unique up to isomorphism.
In a similar way we can define complexity classes of (semi) DOL systems and
a partial ordering between them with respect to the levels of abstraction
I-IIT.

A DOL system G = <W,S,w> is reduced if all letters of W occur in L(G),
or equivalently, if the axiom w contains letters from each point which is
a maximal element (point without incoming arcs) of CAD(<W,8>). Considerable
attention has been given to the problem which properties are possible for
DOL systems with different initial strings but the same underlying semi
DOL system S = <W,8>. This problem can often be reduced to looking at sub-
graphs of CAD(S); with as maximal elements points labeled by the sets of
letters in the chosen initial string.

We have seen that the set of all (semi) DOL systems is partitioned in
disjoint classes having isomorphic characteristic digraphs. We would like

to know whether this is also the case for the corresponding classes of
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languages. However, there are DOL systems Gl’ G, such that L(Gl) = L(G2)

2
while URS(Gl) pd URS(G2) as is shown by the examples

Gy

G,

<{a,b,c},{8(a) =a,8(b) =ba,d(c) = ac},bac>, URS(Gl) = .\4.\/‘

il

<{a,b,c},{6(a) =a,d8(b) =b,8(c) =a2c},bac>, URS(Gz) —*«1:, .

Yet it is to be expected that DOL systems with different associated
digraphs often generate different languages. For instance, the previously
mentioned language {aznbznc3n n =z 0} can only be produced by a DOL system
having a totally disconnected URS on three points. For the class of DOL
languages, such that each language in the class can be produced by exactly

one DOL system, obviously the URS complexity classes are disjoint.

3.1.2.1. GROWTH FUNCTIONS

First we will consider how the CAD(S) and RS(S) of a semi DOL S can
look with respect to the distribution of different types of letters over the
labels in the digraphs. Let S = <W,8> be a semi DOL system. A letter a € W
is of growth type 3 (exponential) if EEE'EQ(Gt(a))/xt > 0 for some x > 1;*)
of growth type 2 (polynomial) if thergégxist polynomials p,q such that
p(t) < Kg(ét(a)) < g(t) for all t; of growth type 1 (limited) if there is a
constant ¢ such that 1 < Kg(ét(a)) < ¢ for all t; of growth type 0 (terminat-
ing) if Kg(dt(a)) = 0 for all t = # W. Similarly we classify DOL systems
G = <W,d,w> where we substitute w for a in the definition. (Note that
Eg(ét(alaz,..an)) = Eg(ét(al))+...+£g(6t(an)))k A complete investigation into
growth types of letters, DOL systems and semi DOL systems will be given in
Chapter 4. We define GT (i) = {ala € W and a is of a growth type i},
i=0,1,2,3. Recall that a point p is reachable from a point g in a digraph

D if there is a sequence (pl,p2),(PZIP3)...(p ) of arcs in D such that

n-1'Pn
q = p1 and p = Pn'

We can distinguish two distinect regions in CAD(S): an exponential region
and a polynomial region (and of course a region consisting of points labeled
by mortal letters). Clearly no point in the exponential region (labeled by

subsets of GT(3)) is reachable from a point in the polynomial region (labeled

*)Sincé under the morphism § only mortal letters can derive A and do so

within #M steps, we have for each letter a that for some constant x > 1

holds: Tim (Lg(st(a))/x%) > 0 iff Lim (Lg(s%(a))/xD) > 0.
o0 oo
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by subsets of GT(2) u GT(1)). Both regions have minimal elements. For the

exponential region this is the set:

M. = {[al € R/~ l[a] is the label of a minimal exponential

element},

and it appears that

Mo € {lal € R/~ |[al € E}, the proof of which we leave to the
reader (hint: similar to the proof

of Theorem 4.22) .
For the polynomial region:
M, = {la]l € R/~ |[a] € MR}, which is proved by Theorem 4.22.

For RS(S) the same holds except that only labels in R/~ occur. Letters
which are vital but not recursive and which label points in CAD(S) serxve
as transitionak stages in the genealogical development of a cell from one
recursive state to another, a development which is irreversible and corres-—
ponds to further differentiation. Cells which are in a state b € [al have
the potential to produce cells in states U(a) and there is always a cell
in their offspring which has the same potential. Take as an example the

CAD(S) we met previously.

Here ¢ is a transitionary state in the offspring of a cell in state
a or b, with the corresponding potential, specializing or differentiating
to a cell in state d with lower potential.

The following pictures hold, where a solid arrow implies that for each
point in the upper set there is at least one point in the lower set which
is reachable from it; a rectangle means that distinct points in there can-
not be reached from each other. Points in lower sets may always be reach-

able from points in upper sets.
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{a} ¢ (V-R) n GT(3)
orxr
1[a] € R/~ - ME and [a] € GT(3).

{a} ¢ (V-R) n GT(2)

x X or
% fal € R/~ ~ M, and [al ¢ GT(2).
x My x
X
M x

CAD(S)
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- [al € R/~ ~ ME and [a] ¢ GT(3)

[al € R/~ - MP and [a] ¢ GT(2)

RS (S)

The structure of the CAD and the RS are justified more or less as
follows. To obtain an insight in the properties of a DOL system we often
have to take the number of occurrences of each letter in the values of §
into account. We can do so by weighting the arcs in the associated digraphs
or, alternatively, using multi digraphs. That is, digraphs with more than
one arc between two vertices. In the latter case, we define the associ-
ated multi digraph (AMD) by drawing i arcs from vertex a to vertex b if
§(a) contains i occurrences of the letter b. Often it is more rewarding
to consider the AMD of a semi DOL éystem than the AD. The recursive
letters, or rather the equivalence classes of R induced by ~, correspond

to the (nontrivial) strong componrents of the associated multi digraph. It
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is easy to see that for polyncmially growing recursive letters a {a € R n
(GT(1) U GT(2))), the strong component in the AMD associated with [a] is a

simple cycle (a cycle without multiple arcs):

N

or k=21,

For exponentially growing recursive letters a (a € R n GI'(3)) the
strong component in the AMD associated with {al] can be any strongmulti digraph
(with multi loops). All such exponentially growing letters are expanding
(eE) except those which occur in a strong component which is a simple cycle.
We can now see how the AMD (or AD with some additional information) ties
inwith the properties of the letters. If a letter (¢R) is exponential but not
expanding, its associated strong component is a simple cycle, but from this
strong component we can always reach another strong component which is not
a simple cycle and which therefore is associated with an expanding letter.
Hence ME ¢ E/~. If from a given strong component which is a simple cycle
we cannot reach a strong component which is not, then the letters of the
simple cycle induce polynomial or limited growth. Strong components which
are simple cycles and from which we cannot reach nontrivial strong compon-
ents induce limited growth (and they only). Hence MP = MR/~,

As we will prove in Chapter 4 all letters belong to GT(0), GT(1), GT(2)
or GT(3). When we talk about a digraph associated with a DOL system G we
shall assume that G is reduced and we restrict the homomorphism involved
accordingly and write CAD(G), RS(G), etc.

The following observations are readily deduced from the previous
exposition.

- Since according to Corollary 3.12 L(G) is finite iff MR= R,and clearly
points in MR/~ cannot be reachable from each other,we have: L(G) is fin-~
ite iff RS(G) is totally disconnected and U R/~ = MR (i.e., if RS(G)
consists of the bottom rectangle only).

- If RS(G) is nonempty, totally disconnected and U R/~ # MR then L(G) is

infinite and fG is exponential (i.e., if RS(G) contains at least the
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upper rectangle and at most both rectangles without reachability among them.

EHRENFEUCHT and ROZENBERG [1974c] define the rank of a DOL system G =
<W,S8,w> as follows. (N.B. Not all DOL svstems have a rank).

(i) If ﬂg(dt(a)) < ¢ for some constant c and all t then pG(a) = 1.

(ii) Let w0 = W and 60 = §. For j = 1, 6j denotes the restriction of § to
Wj =W-{a IOG(a) < j}. I.e., all rules with an argument in W —Wj are
deleted and in the values of the remaining rules letters in W —Wj are
replaced by A . For j =2 1 if Eg(&?(a)) < Cj for some constant cj and
all t then pG(a) = j+1.

DG(a) is called the rank of a letter a in <W,8>. If each letter a ¢ W
has a rank then Ghas a rank. The rank of G is the largest one of the ranks of
all letters accessible from the initial string or, equivalently, of all let-
ters in the initial string. According to EHRENFEUCHT and ROZENBERG [1974c]
G is a DOL system with rank iff theve are polynomials p,q of degree (rank

(G)=1) such that p(t) < fG(t) < g(t) for all t.

THEOREM 3.27. The rank of G is equal to the length of the longest path in
RS(G) or, equivalently, fG is bounded above and below by polynomials of

degree one less than the length of the longest path in RS(G) iff E = .

PROOF. "=", If fG is bounded by a polynomial then E =@ since an expanding
letter would induce exponential growth.

"e=", Suppose E = f. Then there are also no other letters inducing ex-~
ponential growth, since they would derive a letter in E. Hence we have a
CAD where every point is labeled by either an equivalence class [a] or a
singleton set {a}, and since there are no exponential letters (inducing ex-
ponential growth) each letter of an equivalence class [a] is rewritten as
a string containing one letter from [a] and with the remaining letters cho-
sen from the sets labeling the descendants of the point in the CAD labeled
by [al]. Hence we can estimate the order of growth in G from its CAD as fol-
lows. The bottom elements of the CAD are sets {a} ¢ M or [a] € MR. If a € M
then fa is vanishing and fa(t) e ©(0). (®(g(n)) denotes the set of all f(n)

such that there exist positive constants c,c' and n. with cg(n) £ f(n) <

0

c'g(n) for all n 2 n_ . £(n) € B8(g(n)): £(n) is of order of magnitude of

g(n)). If a € MR theg fa is limiteq and fa(t) € ®(1). Assume that all grow-
th functions associated with descendants of {a} or [al in the CAD are not
faster than polynomial, where {a} or [a] labels a nonbottom element. We
have two possibilities:

(i} a € V-~ R. Then
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Jal

[b,] [bp] {c,} {cq}

is the subgraph in the CAD consisting of {a} plus its direct descendants
(corresponding to 6(a) = dld2"'dﬂ with £ < max{£g(8(a)) |a e W}). Since
fa(t) € @(fb(t)) for a and b in the same equivalence class and since
fa(t) € @(fa(t—i)), 1 < i £ #W, for DOL growth functions (which follows,
e.g., from the difference equation representation of DOL growth functions
in Section 4.1) we have

P

q
F () e®( ) f£_(t) + J§ £ (&)
a . N . C
i=1 i i=

Hence fa(t) is of the same order of magnitude as the fastest increasing

function among the f, s and the £, s.
i i

(ii) a € R~MR. Then

(b, ] [b ] {c } {c}
p 9

is the subgraph in the CAD consisting of [a] plus its direct descendants.
It is easy to see that i§1 [bi] u {ci [1 < i £ g} equals the set of letters
not in [a] which occur in some 8(c), ¢ € [al. From the fact that the ele-
ments of [al] form a simple cycle in the AD of length, say k, | < k < #W,
and the mentioned properties of ® for DOL growth functions it therefore

follows. that:
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Lt/k] P q
£ () e®( [ (] £ (ki) + [ £ (kxi))
. . C.
1=0 j=1 3 j=1 3
P q
:@(t(_z £, (0) ) £, (€0
=1 73 =1 73

and therefore £ (t) e ®(t*xf (t)) where f is the fastest increasing
a max max
among the fy, s and f. s.
i i
From (i) and (ii) we can conclude that, if E = @, the growth of a let-

ter a is of the order of a polynomial of degree one less than the maximal
number of equivalence classes of recursive letters we can encounter in a
path from a point {a} or [al in the CAD to a bottom point. From this the

theorem clearly follows. 0
3.1.2.2. THE LOCALLY CATENATIVE PROQPERTY

We now turn our attention to locally catenative DOL systems producing
infinite languages (finite DOL systems are trivially locally catenative),

i.e., k > 1 in the locally catenative formula.

THEOREM 3.28. If a DOL system G = <W,d,w> is locally catenative then RS(G)
is a directed labeled rooted tree with branches of at most length 1 such
that [c] = E labels the root and the elements of R/~ ~ {[cl} label the
leaves, U(R/~ - {[c]}) = MR.

PROOF. If G = <W,§,w> is locally catenative then there are fixed integers

no,il,iz,...,ik such thét no--ij > #v for 1 £ j £ k and
n-i n-i n-i
1 2
e =5 tons Fan..s K
for all n = nge Therefore, L(G) ¢ {Gl(w) [i < no}* and if Gt(w) = vlaVva3’

a ~ b and v, € (w~[al)* then
(1) Ly(vy) <2 max{Lg (8 (w)) |1 < ngt-
As;ume that a,b € R and a ¢ U(b). Since G is reduced at least one let-

n
ter from both [al and [b] occurs in & O(w). By the locally catenative pro-

perty there must be an i such that
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st w) e wlalw' Tblw' Talw®.

Then for all t holds: 6i+t(w) = vlcvzdv3 for some c,d ¢ [a], v, € (W~~[a])+
and Kg(vZ) > ﬂg(&t(e)) for some e € [b]. By (1) it follows that [b] ¢ MR.
Since for all [al,[b] ¢ R/~, [a]l # [b], either a ¢ U(b) or b ¢ U(a) we have:
either all [b] ¢ R/~ are contained in MR and L(G) is finite or there is
exactly one [c] € R/~ which is not contained in MR. Since the assumption
that there exists a [b] # [c¢] such that b ¢ U{(c) leads to the contradiction

that [c¢] ¢ (R-MR) n MR we have that
(2) b e Ulc) for all b € R - [c] = MR.

If [c] ¢ MR then L(G) is infinite by Theorem 3.10; and under the
assumption that G is locally catenativeg k > 1 in the locally catenative
formula. Then, as we easily see, fG is exponential and by Theorem 3.27

E # §. Hence [c] = E and by (2) the theorem follows. ]

Note that Theorem 3.28 gives a necessary but not sufficient condition

for a DOL system to possess the locally catenative property. For instance
G = <{a,b},{6(a) = b,8(b) = ab},ba>
with
S(G} = ba,abb,babab,abbabbab,...
is easily proven not to‘be locally catenative but
G = <{a,b},{8(a) = b,8(b) = ab},a>
with
S(G) = a,b,ab,...

is locally catenative.

LEMMA 3.29. G = <W,8,w> is a DOL system such that there exist integers

n n, i n.~1i n.= i
ngelyeiyse.. i, for which § Otw) = 60 1w)s 0 2¢)...6 0 Ky iff G is
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locally catenative with formula (no,i s 1

17720

PROOF. By induction on n, n 2 n_, in & (w). O

0’
Obviously, any locally catenative DOL sequence can be characterized

by infinitely many locally catenative formulas. From the above lemma we see
that we can assign a unigue locally catenative formula to such a sequence.
E.g. given a locally catenative DOL sequence, assign to it the first formula
in the lexicographical ordering of the set of formulas satisfying the se-
quence. We call this locally catenative formula the canonical locally catena-
tive formula of the DOL system. The following two decision problems suggest

\

themselves immediately.

(i) Decide whether or not a given DOL system is locally catenative.
(ii) Decide whether two locally catenative DOL systems produce the same
sequences (languages), i.e., given two locally catenative DOL systems

G, G' decide whether or not S(G) = S(G*) (L(G) = L(G')).

In view of the preceding remark on locally catenative formulas the
second question is settled easily. In fact, much more easily than the

v . ;
method of CULIK and FRIS [1977a,b] for DOL systems in general.

THEOREM 3.30. The sequence (language) equivalence is decidable for locally

catenative DOL systems.

PROOF'. Let Gi =<W,6i,w>, i = 1,2, be two locally catenative DOL systems.

S(Gl) = S(Gz) iff both G

formula, say (no'il’iZ"'

[1974] a decision procedure for the sequence equivalence can be extended

1’ G2 have the same canonical locally catenative

.,ik), and 6i(w) = Sz(w) for all i < ng- By NIELSEN

to a decision procedure for the language equivalence. 0

To decide whether a DOL system is locally catenative is much more
difficult and still open at the time of writingj; but we shall prove some
results which may be helpful in this direction.

Define the functions c,d: IN - IN as follows:

c(n) = sup{nO IG is a loc. cat. DOL system with an n letter alphabet

and ng = inf{m [m is the cut of a loc. cat. formula for G}};

d(n) = supf{d IG is a loc. cat. DOL system with an n letter alphabet

and d = inf{m [m is the depth of a loc. cat. formula for G}}.
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To decide whether or not a given DOL system is locally catenative it
suffices to exhibit a computable total function k: N - W such that
k(n) =2 c(n) for all n. We shall prove that if such a k exists then log k(n)
is asymptotically greater or equal to /H_ISS—R. For technical reasons
k, ¢ and d are taken to assume the value » if they are undefined in some
argument. Clearly, k(n) 2 c(n) = d(n) for all n. First we prove a stronger

result.

THEOREM 3.31.

lim inf 229.4@) 5

n-o vn log n

PROOF. Let G1 = <w1,61,w > be a DOL system with #W1 =n -1 and L(Gl) is fin-

1

ite. We construct a DOL system G2 = <W2,62,w2> where W2 = W1 u {a}, a ¢ Wl,
62 = 61 u {Gz(a) = awla}, w, = aw, .

CLAIM. For all i > 0, 6(w.) = 6= (w )6 2w .. .60w rast (w.)

— 202 2 2° 2 2077722 217"

PROOF OF CLAIM. By induction on i.

0
i o= 1. S = = R
i 1 2(aw1) awlaéz(wl) 62(w2)a62(w1)
i > 1. Suppose the claim is true for all j < i.

i+

1 - i - i-1 i-2 0 i
52 (awl) = 62(52(aw1)) = 62(62 (w2)§2 (w2)...62(w2)a62(w1))
~ i-1 1 i+l
= 52(W2)62 (w2)...52(w2)aw1a62 (Wi)
i i-1 0 i+1
=8 (w,)¢§ (w.).. 62(w2)a62 (Wl)’

which proves the claim. End of proof of Claim.

Since L(Gi) is finite there are smallest integers tO,u e N such that

t t!
(3) Gl(wl) = 61 (wl) for t,tt 2 to and t = t' mod u,
(4) §Sw,) # 6% W) £ £ <t a4 e ct
. Loy A or 0 an 2t or
for t, bt = tO and t Z t' mod u.

i.e., #L(Gl) = tO + u.
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G, 1is locally catenative since for all t = t

2 0
t+u . ttu-1 t+u-2 0 t+u
62 (w2) = 62 (w2)<52 (wz)...62(w2)a62 (wl) (by the claim)
t+u-1 t+u-2 t t-1 0 t
= 52 (w2)62 (w2)...62(w2)62 (w2L..62(w2)a62(w1)
(by (3))
t+u-1 t4+u-2 t t
= 62 (w2)62 (wz)...éz(wz)ﬁz(w2) (by the claim).
Since for each i holds 6;(w2) = ...adz(wl) we see from the locally
catenative formula above and from (4) that if (nO’il’iZ""’ik) is a local-

ly catenative formula for G2 then ik 2 u and

(5) depth (loc. cat, formula for G,) = u.

2

In Section 3.1.1 the maximum cardinality of a finite DOL language over
n letters was studied. Let u(n) be the maximum period of a finite DOL lang-

uage over n letters, i.e.,

u(n) = supfu IG = <W,8,w> with #W = n is a DOL system generat-

ing a finite language with u defined by (3) and (4)}.

Then, according to Section 3.1.1,

11 2!~ 21---
n in g € n positive integral summands}

u(n) = sup{l.c.m. (k, ,k ..,kq) lkl,k ,kq is a partition of

and

im log u(n) -

o vn log n

Hence also

log u(n-1) -
¥n log n

1'

and by (5) d(n) 2 u(n-1) for all n. Therefore,

lim inf 229 d(n)

im : > 1. |
n Vn log n
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COROLLARY 3.32.

log k(n) > 1lim inf 229.4@) 5 4
00

lim inf >
im

nee vn log n n vn log n n vn log n

where we can substitute /5; for vn logn in the formulas by the well-known

asymptotic approximation of the n-th prime number P -

Recently, LINNA [1977] showed that it is decidable whether a DOL
string sequence has the prefix property, that is, whether there are integers

n-no

n d and a word v such that Gn(w) = 6n_d(w)6

o’ (v) for all n =2 no. Al-

though clearly a step forward, this result does not appear to generalize

to the general problem of deciding whether a DOL system has the locally

catenative property. EHRENFEUCHT and ROZENBERG [1978] have shown that if

we choose a depth d then we can degide whether a given DOL system is locally

catenative with a formula of depth at most d. This result does not seem

to generalize either. Some other partial results appear in RUOHONEN [1978].
Finally, we provide an equivalent form of the locally catenative pro-

perty, which links this property of the derived dequence with a property of

the derived language.

THEOREM 3.33. Let G be a DOL system. The following two statements are equi-
valent:
(i) G is Iocally catenative

*
(ii) The monoid L(G) 1is finitely generated.

PROOF,
(i) » (ii). Let G = <W,6,w> be a locally catenative DOL system with formula

. . i s * *
(Ngriyeiyseneriy). Then L(G) € 187 (w) |i < n,}" € L@ and

* i * -
therefore L(G) = {& (w) |1 < no} .
*
(ii) - (1). Suppose L(G)* = {Vl'VZ""'Vﬂ} c W*. Without loss of generality

we can assume that wv, v oo v,
2 F Iy Y

1 < i < £, Hence v, € L(G) for all i, 1 < i < £, and there is a

Y oE 11 i
""'vﬂ or all 1,

j, i <3 £ £, such that v, = 6t(w) for some t and for no j°*,
1 <3 <4, v,, = Gtkw) with t' > t. Hence there exist jl’j2""
- jk such that 5t+1(w) = Vj1Vj2.,.Vj and therefore there
are il’iZ'""'ik such that 6t+1(w) = 6t$1_i1(w)6t+1_12(w)...

. 88FIK () where §EFI-ih(y) = vy for all h, 1 <h < k. By
h

Lemma 3.29 G is locally catenative. 0
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3.1.2.3. REGULARITY AND CONTEXT FREENESS

In SALOMAA [1975b] it is proven that the regularity and context free-
ness of DOL languages are decidable. Roughly, this is achieved as follows.
Given a DOL system G, with at most a linear growth function, we can cons-

1,G2,...,Gk such that L(G) =
1) UL(G2) U... UL(Gk)) where h is a nonerasing homomorphism. Gl’GZ""'

Gk satisfy restrictions like: there are no mortal letters in Gi and every

truct (a decomposition of G in) DOL systems G

h(L(G

letter from the alphabet of Gi occurs in each word in L(Gi)' Salomaa then
gives a definition of the degree of a DOL system G satisfying said restric-

tions and proves:

LEMMA 3.34. (SALOMAA). If G has degree < 1 then L(G) is regular. If G is

of degree > 4 then L(G) is non-context free. If G is of degree 2, L(G) is
context free and possibly regular. If G is of degree 3 or 4, L(G) is non-
regular (but possibly context free). It is decidable which of the alterna-

tives hold in the last two sentences.

Since a DOL system can only generate a context free language if its
associated growth function is bounded by a linear polynomial we have the
following. If L(G) is context free then RS(G) contains paths of at most
length 1 and E = (. We can improve on Salomaa's results by showing that
under a slightly modified definition of degree, decomposition of G is not
necessary.

For the vital letters of a DOL system G = <W,§,w> we define the degree

as follows. (N.B. Not all vital lettexs have a degree).

it
it

g; 0= {a ldegree(a) = 0},

if U(a) n (R-MR) = [a] and Gi(a) = v,av,

for some i £ #W and ViV, € 0 uM OO u M)*,

degree (a) =0 if U(a) n (R-MR)

degree (a)

degree (a) = 1 if U(a) n (R-MR) = [a] and Gl(a) = v,av, or
v,av, for some i < #W and vy o€ (0 v M)*O(O u M)*,
*
v2 €M .

The degree of G is found by adding the degrees of all vital letters
W-R
#1 )(w) where each letter is counted as many times as it occurs. Note

that fG is linear iff all letters occurring in 6#(qu)(w) have a degree or

in &

are mortal.



54

THEOREM 3.35. Under the given definition of the degree of a DOL system,

Lemma 3.34 holds for arbitrary DOL systems.

INDICATION OF PROOF. The degree of a letter is invariant if we substitute

§ by ﬁk in the definitions, i.e., under decomposition. Furthermore, the
degree of a letter is invariant under restriction of § to the vital letters,
or equivalently, if G has degree i then the PDOL G', constructed such that
there is a nonerasing homomorphism h such that hS(G') = S(G), has degree

i. Therefore each Gi' 1 €£i <k, in the above decomposition of G in Gl'GZ""

---s G, has the degree of G. O

Since each letter in [a] ¢ R/~ must have the same degree in G (if fG
is bounded by a linear polynomial) we say degree [a] = degree (a). If de-
gree [a] = 1,2 then [a] ¢ R - (MR UE) and [b] < [al = b ¢ MR. (N.B. [b] <
[a] if b € U(a) and a ¢ U(b).) By now we have obtained some good criteria

to prove that a language does not belong to a given language family:

COROLLARY 3.36.
- L(G) is finite iff )  degree [a] = 0.

[aJer/~
- If L(G) is regular then Z degree [al < 2.
[aJer/~
~ If L(G) is context-free then Z degree [al] < 4.

Laler/~
- If L(G) is infinite and locally catenative then E = [b] for some letter

b and Z degree [al = 0.
[aler/~ ~{[bl}

3.1.2.4. BIOLOGICAL INTERPRETATION

In biology we encounter the phenomenon of cell differentiation as op-
posed to cell potential. In higher species cells become so specialized
(highly differentiated) that they lose their ability to produce cells of
other types (low potential). In the embryonic stage, and to a large extent
in the vegetative kingdom this seems not to be the case (low differentia-
tion and high potential). The associated digraphs, as in I-1V, form in
increasing levels of abstraction a formal representation of cell lineage
and cell differentiation of an organism modeled by a DOL system. In I the
AD depicts the cell lineage. The CAD in II shows us the stages of cell

differentiation where the labels consisting of sets of recursive letters
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correspond to, as it were, meta-stable stages of cell differentiation, i.e.,
the descendancy of such a cell always contains a cell with the same cell
potential as the original one, and each cell type of a meta-stable stage

of differentiation occurs in the descendancy of each other cell type of this
stage. The points labeled by singleton sets of vital nonrecursive letters
correspond to transitory stages of cells between one meta-stable stage of
cell differentiation and a next one. The RS shows us the lineage between
the meta-stable stages which is of prime importance and the URS the same

structure without labels.

EXAMPLES.

(i) If the CAD consists of the graph on one point the modeled organism is
total regenerative: each cell type has the possibility of deriving
any other cell type.

(ii) If the CAD consists of a directed tree we observe a type of cell dif-
ferentiation similar to that in higher organisms. Cells in the leaves
of the tree are completely specialized and have no regenerative capa-
city to produce cells of other types in their progeny, as opposed to
the cells at the root which can produce all other cell types.

(iii) To be able to reproduce from a single cell, the CAD of the associated
DOL system must be such, that every two points of the CAD have a com-
mon ancestral point while the unigue maximal element is labeled by an
equivalence class of recursive letterxs. The rules must be such that
at any time the description of the organism (i.e., the produced string)
contains a cell in the maximal point of the CAD. Living plants and
animals always seemto contain some cells which are capableof division, and
through that to give rise tocells fromwhich anew similar organism can be

derived.
To intexpret some of the results in this Section 3.1.2:

If an organism grows under optimal conditions (and if it can be ade-
quately modeled by a DOL system) then it exhibits linear growth iff it has
exactly two meta-stable levels of cell differentiation. More generally, if it
exhibits polynomial growth of degree n it has exactly n + 1 meta-stable
levels of cell differentiation (by this we mean that if we trace the cell
lineageAfrom a least differentiated cell to a most differentiated cell
there is at least one cell lineage such that we meet n + 1 different meta-
stable stages of differentiation).

If an organism has the locally catenative property, i.e., if at time
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t the organism is composed from the previous stages in its developmental
history, as in ROZENBERG and LINDENMAYER [19737, it contains at most two
meta-stable levels of differentiation and it can be grown from cells occur-
ring in a single uppermost meta-stable stage of differentiation. The RS is
a tree of at most two levels, with a meta-stable stage of cell differentia-
tion at the top from which all other completely differentiated cell types
are derived without intermediate meta-stable stages of differentiation. An-
other result shows that if a relatively simple organism, i.e. one having
not many different cell types, is locally catenative we might have to wait

a very long time to see that it is such.

In general we can think of the URS, or the genealogical relations be-
tween meta-stable stages of cell differentiation, as a measure of the com-

plexity of the organism, see e.g. Corollary 3.36.

3.2. DETERMINISTIC CONTEXT SENSITIVE LINDENMAYER SYSTEMS WITHOUT TABLES.

From the point of view of developmental biology, the language consisting
of the set of all strings generated by the system is of primary interest.
Such an L language is taken to correspond to the set of all developmental
stages which might be attained by the organism during its development.
Homomorphic mappings of these sets (especially those in which a letter is
mapped to a letter) are of considerable importance also, c¢f. NIELSEN,
ROZENBERG, SALOMAA and SKYUM [1974a,b].

More formal language oriented investigators, however, divide the set
of letters used by an L system into a set of terminals and a set of non-
terminals. The language obtained from the L system by using this mechanism
consists of all strings over the terminals in the pure L language (the set
of all strings generated by the system). Such languages are called exten-
sions of L languages. Families of extensions of L languages usually have
nicer mathematical properties, such as closure under certain operations.
One of the facts which has made the use of nonterminals interesting
within the theory of developmental languages is that it was established in
EHRENFEUCHT and ROZENBERG [1974a,b] that for basic families of OL systems
the use of nonterminals and the use of letter-to-letter homomorphisms are
equivalent as far as the generating capacity is concerned. Thus, the trade-
off between the two language~defining mechanisms (i.e., nonterminals versus

homomorphisms) has become a very interesting and well-motivated problem for
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L systems. Continuing this train of thought, trade-offs between combinations
of one~ or two-sided context, restrictions where no letter is rewritten as
the empty word, and the use of nonterminals and various kinds of homomor-
phisms become of interest. The present section is concerned with this topic
especially with respect to language classification, but we restrict our
attention to the deterministic L systems.

These systems are particularly relevant in the biological setting, as
would also appear to be indicated by the fact that most attempts to provide
L systems for modeling the development of actual biological organisms use
deterministic systems. Furthermore, it can be noted that the study of the
change in pattern, size and weight of a growing organism as a function of
time constitutes a considerable portion of the literature on development
biology. Usually, genetically identical specimens of a specific organism
are investigated in a controlled environment and their changes with respect
to time are described. The scientific presupposition is that identical
genetical material and identical environment will result in an identical
developmental history, i.e., that the experiment is repeatable. This
assumes a deterministic (causal) underlying structure, and makes a good

case for the biological importance of the study of deterministic systems.

This section can be divided in three parts. In 3.2.1 we relate
L systems to Turing machines as in van DALEN [1971] or HERMAN [1969].
3.2.2 and 3.2.3 are concerned with (the classification of) pure determinis-~
tic L languages, i.e., the languages consisting of all strings generated
by the systems. In 3.2.4 and 3.2.5 we deal with extensions of deterministic
L languages, i.e., languages consisting of all the strings over some
terminal alphabet which.are generated by the system.

In 3.2.2 we are interested in Lindermayer languages which are not
recursive and we'develop a simulation technique which will prove to be

useful in the sequel. In 3.2.3 families of deterministic L languages

are compared with the Chomsky hierarchy. Families of extensions of deter-
ministic L languages are classified in the Chomsky hierarchy in 3.2.4, and
in 3.2.5 we consider extensions and homomorphic closures of families of
languages generated by deterministic L systems with the propagating property.
As is well known, such a restric@ion (on erasing) usually limits the gener-
ating power of a rewriting system drastically. To give some examplesof typi-

cal results which we shall encounter: in 3.2.4 it is shown that the amount
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of context needed for rewriting makes no difference for families of exten-
sions; the only differences lie in no context, one-sided context and two-
sided context. The family of extensions of D2L languages equals the family
of recursively enumerable languages, as does the closure under letter-to-
letter homomorphisms of the family of extensions of DIL languages. On the
other hand, the family of extensions of DIL languages does not even contain
all regular languages. In 3.2.5 it appears that the family of extensions

of PD2L languages is equal to the family of languages accepted by determin-
istic linear bounded automata (to be defined in that section). The closure
under nonerasing homomorphisms of the family of extensions of PDIL languages
is strictly included in the family of extensions of PD2L languages. Indeed,
2,...,an}* - {1},

n 2 2. (Contrast this with the result for the nonpropagating case in 3.2.4.)

this closure does not even contain languages like {ai,a

On the other hand, the closure of tbe family of PD11 languages under homo-
morphisms which map a letter either to itself or to the empty word is again
equal to the family of recursively enumerable languages. At the end of Sec~
tion 3.2.4 we consider the question whether all finite languages are generat-
ed by a givenclass of L systems. As iseasy toprove, for each class of D(m,n)
L systems there are finite languages which cannot be generated, but all
finite languages are obtainable as a letter—to-letter homomorphism of the
PDOL languages. With regard to the extension operation the situation is not
so clear: each finite language can be obtained as an extension of a PD2L
language but with one-sided or no context it will appear in Theorem 3.54
that the class of finite languages is not contained in EDOL or EPDIL, but
is contained in EDIL. In Section 3.2.6 we combine the results in Section
3.2 to obtain a coherent picture of the power of parallel rewriting with
respect to the set of the various additional operations or mechanisms.

The strict inclusion results obtained follow from necessary properties
of the language families concerned rather than by an exhaustive analysis
of a particular example. By stating the results in their strongest form,
we obtain a systematic classification of the effect of the mechanisms
discussed on the generating power of deterministic L systems using context.
For a treatment of the effect of nonterminals, homomorphisms and letter-
to-letter homomorphisms in different variations of context free L systems

the reader is referred to NIELSEN, ROZENBERG, SALOMAA and SKYUM [1974a,b].
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3.2.1. LINDENMAYER SYSTEMS AND TURING MACHINES

For our purposes, a Turing machine is an abstract device consisting of
a finite control attached to a read-write head scanning a both ways infinite
(or infinitely expandable) tape which is divided into sgquares. Each square
can contain one out of a fixed finite nonempty set of symbols S. There is one

distinguished symbol called the blank symbol b.

FINITE
CONTROL

1 51| %1 [Si41 n

TURING MACHINE

Apart from the squares which contain the input at time zero, all
squares not yet scanned by the read-write head are assumed to contain the
symbol b. The finite control can be in any one of a finite nonempty set
of states Y. According to the state g of the finite control and the
symbol s in the tape square onder scan of the read-write head, the machine
replaces s by a symbol s', moves the head one square left, right or not at
all and enters a state gq'. Hence, the action of the machine is completely
determined by a, possibly partial, function from § x ¥ into S x {left,right,
no move} x ¥ which can be described as a finite set of quintuples.

The machine halts when it enters a halting state q € F where F ¢ ¥ is the
set of halting states. Starting in a distinguished start state qo with the
head scanning the leftmost nonblank symbol, a Turing machine computes a
(possibly partial) function from the input (i.e., the nonblank tape contents
at time 0) to the output (i.e., the nonblank tape contents at the time the
machine halts). Every (partial) recursive function can be computed in this
way by a Turing machine. An instantaneous description (ID) is a snapshot

of the machine configuration at a particular instant of time; it consists
of the state of the finite controi, the tape contents and the position of
the read-write head on the tape. An ID is often denoted as s.s Si—lqsi

1590

Si+1'“'sn where Sy is the leftmost nonblank symbol .or its blank left
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neighbor on the tape and 5h is the rightmost nonblank symbol, or its blank
right neighbor, while the finite control in state g is scanning the tape-
square containing s, under the head. The Turing machine as we have
described it is deterministic since the transition function (set of quin-
tuples) uniquely determines the ID at time t +1 from the ID at time t. A
nondeterministic Turing machine is defined analogously but with the feature
that the partial function from S x ¥ into S x {left,right,no move} x ¥ is
replaced by a relation between the two sets concerned, i.e., there can be
a "choice" of a next move from among a finite set of alternatives. A more
extensive treatment of Turing machines, variants thereof, terminolegy and
results can be found in MINSKY [1967] or in HOPCROFT and ULILMAN [1969].
The device was originally introduced by TURING [19361].

Here we need the following. A language L is said to be accepted by a
Turing machine T if for all words in L as input T halts in an accepting
state qg € F £ VY, where F is a fixed set of accepting states. (If T is
of the nondeterministic variety we only require that there is a sequence of
moves for each input word taken from L which drives T into an accepting
state). I.e. for an input consisting of a word not in I the Turing machine
either halts in a nonaccepting state or does not halt at all (under all
possible choice sequences in the case of the nondeterministic variety). A
language is recursively enumerable if it is accepted by a deterministic
(equivalently, nondeterministic) Turing machine. A language is recursive
if it is accepted by a deterministic Turing machine and its complement is
accepted by a deterministic Turing machine also. In the sequel of Section
3.2 we consider only deterministic Turing machines.

It was shown by van DALEN [1971] that for a suitable standard defini-
tion of Turing machines (e.g. the guintuple version above), for every Turing
machine with symbol set S and state set ¥ we can effectively construct a
D2L system G = <W,8,w>, with W = ¥ uS, which simulates it in real=time,
viz., the t-th instantaneous description of T is equal to St(w). If we do
away with the excess blank symbols at both ends of the Turing machine tape
by letting the letters corresponding to such blank symbols derive the empty
word A in the L system simulation of T, then the following statement clear-
ly holds. Let G = <W,§,w> be a D2L system, let $ and Y be disjoint subsets
of W and let h be a homomorphism from S*WS* into S* defined by h(g) = X for
all g € ¥ and h(a) = a for all a € S. The set of languages of the form
h(L(G) n S*WS*) is the family of recursively enumerable languages. Since

the family of recursive languages is closed under intersection with a
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regular set and k-limited erasing*), and since there exist recursively enu-
merable languages that are not recursive, there exist D2L languages which
are not recursive (S*WS* is regular and h is 1-limited on S*WS*). That all L
languages are recursively enumerable follows by the usual Turing machine

simulation argument.
3.2.2. NONRECURSIVE L LANGUAGES

At the end of the last section we indicated the usual proof that there
are nonrecursive D2L languages. By an application of a result due to RABIN
and WANG [1963] we can be somewhat more specific and at the same time develop
a simulation technique which will be of use in the sequel. Let the word at
any moment t in the history of a Turing machine be the string consisting of
the contents of the minimum block on the tape at £ that includes all the

marked squares and the sqguare scanned at theinitial moment (the origin).

THEOREM 3.37. (RABIN.and WANG). For any fixed (finite) word at the initial
moment we can find a Turing machine T such that the set of words P in its

subsequent history is not recursive.

THEOREM 3.38. Let GT be a D2L which stepwise simulates (in the sense ex-
plained in Section 3.2.1) a Turing machine T satisfying the statement of

Theorem 3.37. Then L(GT) is nonrecursive.

PROOF. Let h be a homomorphism on L(GT) defined by h(a) = a and hiq) = A
for all a € S and all g € ¥, where S and ¥ are the symbol set and the state
* *
set of T, respectively. Since L(GT) ¢S VY¥S , h is 1-limited on L(G ).
T

h(L(GT))= P and since P is nonrecursive L(GT) is nonrecursive. 0

*)

A family of languages is said to be closed under k~Iimited erasing if,
for any language L of the class and any homomorphism h with the property
that h never maps more than k consecutive symbols of any sentence x in L
to A, h(L) is in the class. We shall also be concerned with nonerasing
homomorphisms, i.e. homomorphisms which map no letter to the empty word

A; letter-to-letter homomorphisms (also called codings), i.e. homomorphisms
which map letters to letters; and homomorphisms which map a letter either
to itseif or to the empty word A (these homomorphisms are a subclass of
the weak codings where a letter is mapped either to a letter or to A) . For further
details concerning homomorphisms and other operations on languages and closure

under these operations see HOPCROFT and ULLMAN [ 19697 or SALOMAA [1973a].
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+*
We use GT to construct a nonrecursive D(0,1)L language.

LEMMA 3.39. Let G = <W,8,w> be any D2L. There is an algorithm which, given

G, produces a D(0,1)L G' = <W',8',w'> such that for all t, § 2wy = #8t(w)
and
2+, oy
§ (w') = ¢(a1,a2)(a2,a3)...(ak,A)
if 8t = ajay..-ay ., where ¢ and ¢' are letters not in W.
PROOF. Construct G' = <W',8',w'> as follows.

We=wu Wx (Wul{Aab)) u {£,£},

k)
where ¢ and ¢' are letters not in W.

wt o= gw,
§*(X,a,c) = (a,c),
6'(>\I¢IC‘) = ¢'l’

SH(A,d',0) = €&,

§*(x,(a,b), (b,c)) = 8(a,b,c),
S (A, ¢", (a,c)) = ¢6(Ah,a,c),

S (X, (a,A),A) = X,

for all a,b € W and all ¢ ¢ W u {A}. (The arguments for which &6° is not de-
fined will not occur in our operation of G'.)

For all words v = a1a2...ak € W* we have

*3

Similarly to the case of DOL systems, where we extended the mapping

* * *
§: W W to a homomorphism 6: W - W we will extend the mapping

§: iQO Wi X W ox 'QO R W* to a mapping §: w* +'w* for D(m,n)L systems as
follows. E(V) = i' iff v = v' and Si(v) = v' 1ff v (é) v'. When no confusion
can result we identify & and § and denote both mappings by 6. If we want to
set off the difference between § and 3, as is the case in,e.g., the proof

of Lemma 3.39 we use the notations & and G.

sk
) Clearly one marker ¢ suffices for the present purpose of constructing

a nonrecursive DIL language. However, the present form of the Lemma can be

used advantageously later on.
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it

)eoola, sA))

= 2
- L}
k> 1: 6 (éalaz...a ) 3 X

6'(¢'(a1,a2)(a2,a

¢6(A,a1,a2)6(a1,a2,a3)...6(ak_1,ak,A)

I

¢6(a1a2...ak);

k= 1: 8-2(¢a1) = 3" (" (a,,0) = g8 (h,a,0) = £3(a));
1 1
k= 0: 5'2(4) = 81 (£') =& = £5(0).

Therefore, for all t, g'zt(¢w) = ¢§t(w) and

~ 2t+1
8 (fw) = ¢ (al,az)(az,a3)...(ak,k)

if

...t _
§ (w) = aja,...a.. O

From Lemma 3.39 we see that if L € D2L then there is an L' ¢ D(0,1)L
(respectively L" e D(1,0)L) such that {w | ¢w € L'} = L (respectively
{w l wé e L"} = L).

The following two corollaries illustrate some more relations between

DIL and D2L languages.

COROLLARY 3.49, Let G = <W,8,w> be a D2L. There is an algorithm which, giv-
en G, produces a D(0,1)L G' (respectively a D(1,0)L G") and a letter~to-
letter homomorphism h such that h(L(G')) = {#}L(G) (respectively h(L(G")) =
L(G) {¢1.

(Hint: Let h be a letter-to-letter homomorphism defined by h(a) = a
for all a ¢ W U {¢}, h(£') = ¢, and h((a,b)) = a for all (a,b) € W x
(wu {ah.)

COROLLARY 3.41. Let G = <W,S8,w> be any D2L. There is an algoritm which,
given G, produces a D(0,1)L G' (respectively D(1,0)L G") and a homomorphism

h, which maps a letter either to itself or to A, such that

h(L(G) n {£}W) = h(L(G") n W {g) = L@).
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(Hint: h is defined by h(a) = a for all a € W and h(¢) = A. h is
* *
1-limited on {#}W and W {#£}.)

THEOREM 3.42. We can construct DILs whose languages are not recursive.

PROOF. Let qT = <WT,6T,WT> be a D2L as in Theorem 3.38. By Corollary 3.41
*
we can construct a D(0,1)L G' such that h (L(G") n {¢}WT) = L(GT). Since
* %
{¢}WT is regular, h is a l-limited homomorphism on {¢}WT, and L(GT) is not

recursive, it follows that L(G') is not recursive. O
3.2.3. DETERMINISTIC L LANGUAGES AND THE CHOMSKY HIERARCHY

From the work of van DALEN [1971], ROZENBERG [1972a,b] and ROZENBERG
and LEE [1975] on nondeterministic L systems we can readily deduce several
facts about the place of the deterministic languages in the Chomsky hier-
archy: e.g. the PDIL languages are strictly included in the context sensi-
tive languages, the DIL languages are strictly included in the recursively
enumerable languages. By the use of direct arguments concerxrning the deter-
ministic nature of the systems under consideration we shall refine these
results implicit in the above references and fix the place of the D{m,n)L-
and PD{m,n}L languages completely with respect to the four classes of the

Chomsky hierarchy.

LEMMA 3.43. There are regular languages over a one letter alphabet which

are not DIL languages.

*
PROOF. L = {aaal} {a,aal}l is such a language. To prove this we make use of

the following:

CLAIM. If G = <W,$,w> is a unary D(m,n)L (i.e. #W = 1) which generates an
infinite language then there exist nonnegative integers tO, p and x such

that for all t = tO the following equation holds:
(1) Lg (85 ) = pLg(BE(w)) ~m -n) + x.

PROOF OF CLAIM. Let &§(a ,a,a’) = a* and let

m-1 ; ‘ n-1 i
x = ) Lg(8a,a,aM) + J Lg(8(a",a,a)).
i=0 i=0
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If L(G) is infinite then there exists a to such that

_to
Lg(8 “(w)) = 2(m+n) + x + 1.

Case 1. p = 0. £g(8%(w)) < vy for all t > O where y = max{ﬂg(g(ak))| k €m+n},

contrary to the assumption.

Case 2. p > 0. Clearly (1) holds. End of proof of Claim. By observing that
L o= {al { i ¥ 0 mod 3} we see that for every positive integer k such that

k £ 0 mod 3 holds that akul,ak+1,ak+2

€ L and RS ¢ L. Hence, if L(G) = L
it follows that p = 1 in (1). But then the lengths of the subsequent words
in L(G), ordered by increasing length, differ by a constant amount X -m -n

and hence L(G) # L. 0

THEOREM 3.44. The inclusion relations between the various classes of deter-
ministic L languages and the main language classes of the Chomsky hierarchy

are as follows.

(i)

cs PD(m,n) L ] s DOL,
CF m,n, 20, CF
REG REG
(id)
RE D(m.g)lL
Ccs min’>
A
CF m+n”> y;
oy
REG %57
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(iii) For all m,n =2 0, PD(m,n)L < D(m,n)L; PDIL < DIL.

PROOF. (i) and (ii). Let G,,G, and G_, be PDOL systems defined by

172 3
G, = <{a},{8(a) =a},a>,
G, = <{a,b,c},{8(a) =a, 8§(b) =b, §(c) =acb},c>,
G, = <{a},{8(a) =aal,a>.

(€8]

1
REG; it is well known that L(G2) e CF- REG; and L(G3) € CS by the workspace

L(G,) = {a}, LG, = {a"cb” |n 2 0} and L(G,) = a2 |n = 0}. L(G,) «

theorem or the usual linear bounded automaton argument and L(G3) ¢ CF by the
uvwxy-lemma. (The workspace theorem, SALOMAA [1973], is a variant of the linear
bounded automaton lemma which tells us that the family of languages accept-
ed by linear bounded automata is equal to CS. For a definition of linear
bounded automata see e.g. Section 3.2.5. For a more extensive discussion
or for the uvwxy-lemma see e.g. HOPCROFT and ULLMAN [1969] or SALOMAA [1973
al). This proves that all families of L languages considered have nonempty
intersections with REG, CF - REG and CS —CF. By Theorem 3.42 there are DIL
languages which are not recursive and therefore not context sensitive. Hence
there are DIL languages in RE —~CS.

The language L from Lemma 3.43 belongs to REG but not to DIL.
L U L(G,) € CF -REG and it is easy to show that L u L(G2) ¢ DIL. L' =
{a2(2n) [n > 0} does not belong to DIL because of equation (1) but L' belongs
to CS because of the workspace theorem and L' ¢ CF because of the uvwxy
lemma. Each nonrecursive but recursively enumerable language A & {1}* be-
longs to RE -CS but not to DIL in view of equation (1). (Note: languages
satisfying equation (1) are recursive.) Hence there are languages in REG,
CF - REG, CS ~CF and RE -CS which are not in DIL.
(iii) PD(m,n)L ¢ D(m,n)L holds by definition. Assume that m+n > 0. By
Theorem 3.42 there are nonrecursive D(m,n)L languages, hence belonging to
RE -CS, but all PD(m,n)L languages are in CS. It is easy to give nontrivial
examples of DOL languages which are not PDOL languages, thereby covering
the case m = n = 0. Hence the above inclusion is strict. Similarly we can

prove PDIL < DIL. 0

From equation (1) it follows immediately that D(m,n)L ¢ D(m’',n')L for
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m<m' and n = n‘,orm=m' and n < nf,or m < m' and n < n'. In particular,
DOL < DIL < D2L. Analogously this holds with the propagating restriction add-
ed. For a further discussion of the inclusion relations between families of
L languages using different amount of context, see ROZENBERG [1972a,b] and
ROZENBERG and LEE [1975].

3.2.4. EXTENSIONS AND HOMOMORPHIC IMAGES OF DETERMINISTIC L LANGUAGES

The favorite device in formal language theory for extracting languages
from rewriting systems is the use of terminals, i.e., by selecting from
the set of produced words all those words which are over the terminal alpha-
bet. (This device allows us, as it were, to get rid of the intermediate
work necessary to generate the desired word over the terminals by the re-
writing system, so that these intermediate strings do not show up in the
related language.) This operation ié called intersection with a terminal
alphabet; it usually contributes considerably to the generating power of a
system and is therefore called an extension. For instance, in a pure L lang-
uage, if we order the words in the language according to their lengths, there
is always a constant ¢ such that the length of thei + l-th word is less than
or equal to ¢ times the length of the i~-th word. This is due to the fact
that all words used to derive the i + 1-th word belong to the language. For
extensions of L languages this property does not hold. The extension (lang-
uage) produced by an XL system G = <W,P,w> with respect to a terminal alpha-
bet VT is defined as E(G,VT) = L(G) n V;. We also call the quadruple G' =
<W,P,w,VT> an EXL system. Considering nondeterministic L systems, van DALEN
[1971] proved that E1L = RE and EP2L = CS. Furthermore, we can easily’ show
(hy the workspace theorem) that EOL ¢ CS. For deterministic L systems it
follows that EDIL ¢ ED2L ¢ RE; EPDIL ¢ EPD2L & CS (and in general by the
workspace theorem that EPDIL ¢ CS) and EDOL < CS. It follows immediately

from the definitions that XL ¢ EXL for all classes of XL systems.
THEOREM 3.45. ED2L = RE.

PROOF. Let A be a recursively enumerable language over some alphabet VT

which is enumerated by a 1: ! recursive function f: IN ==% A; n is recover—

-1
ed from f(n) by £ ~. That every infinite recursively enumerable language can
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be enumerated by a one-one recursive function follows from ROGERS [1967,
Exercise 5.2]; for finite languages clearly an appropriate version of our
proof suffices. Let T be a Turing machine with symbol set S =V, U {a,b}
where a,b ¢ VT and b is the blank symbol. At time t = 0, T is presented

with a finitely inscribed tape of which the origin contains a. We assume
that the tape is halfway infinite, i.e., the reading head of T never scans

a square left of the origin. This is no restriction on the power of a Turing
machine as is well known. T starts with erasing the finitely many marks

on its tape except the symbol a at the origin, returns to the origin, writes
the representation of 0 on the tape and calculates the value of £(0). Sub-
sequently, T erases everything else except the representation of £(0), re-
trieves the representation of 0 from £f(0) by f_l, adds one to this repre-
sentation and computes f(1), and so on. In particular we can do this in such
a way that the specific symbol a is‘used only to mark the origin and is
erased only to indicate £(0),f(1),...; it is printed again before we calcu-
late £(n +1) from f£(n). If P is the set of all words in the history of T

*
then P n {b}VT = {b}A. Let GT = <W GT,WT> be a D2L which simulates T in

Ny
the sense of Section 3.2.1. Since E uses a halfway infinite tape the strings
of GT always have a letter a at the left end except when f(n) has been com-
puted for some n in which case the string has a letter qin (indicating the
state of the simulated Turing machine) at the left end. That is, for each

n e n&theretis a t € INand a state qin € ¥ (where Y is the state set of T)
such that 6Tn(wT) = qinaf(n). We can construct T with two distinguished
states g', g" in Y such that (eliminating some superfluous intermediate
steps of T in the simulating GT) for all n:

tn+1 t +2
8 (w)=q'fm, 87 (w) =ag"f(n).
T T T T
and g', g" never occur in 6%(w ) for t +2 < t < t , n € IN.Now we modify

T n n+1
GT to G = <WT,6,wT> where § is defined by: if GT(A,q,a) = q' then §(\,g,a) =
X, §(A,c,d) = ag"c for all letters c ¢ VT and d € v, U {1}, and §(+) =

t o1

GT(a) for all other arguments. It is easily seen that & © (wT) = f(n) for
11 t = ot g
all n and § (w§) GT(WT) € WT‘{‘WT for all t such that t # tn + 1, ne EN.
Hence L(G) n VT = A, (To capture the case where X € A we could define §()\) =
aq".) 0

THEOREM 3.46., The closure of ED(0,1)L (or ED(1,0)L) under letter-to-letter

homomorphisms is equal to RE.



69

PROOF. We prove the theorem for D(0,1)Ls. The case for D(1,0)Ls is complete-
ly analogous. Let G = <W,§,w> be a D2L constructed as in Theorem 3.45. Let
G' = <W',8",w'> be a D(0,1)L defined as follows {the construction in Lemma
3,39 does not suffice):

w'=Wu (Wx (Wu{o,1,A1)) v {#},
where 0, 1, ¢ are letters not in W,

w' = (b,,1)(b,,0)...(b ,0) if w=D>b,Db by,
1 2 n n

§*(A,a,b)

L]

(b,0),

§t (Aléla) = (ali) ¥

S (A g, 0)

i

S (A,a,A) = 8* (A, (a,X),A) = A,

8¢ (>\1 (aIO) ¥ (blo)) = (a,b) 12

§ (X, (a,1),(b,0)) = #(a,b),
§* (A, (a,0),A) = (a,)\),
8¢ (A, (a,1),A) = #(a,\),

8¢ (AI (arb) ? (b,C)) = G(a,b,c) v
§ (A, #,(a,c)) = £8(A,a,c),

for all a,b € W and all ¢ € W U {A}. (The arguments for which §' is not de-

fined shall not occur in our operation of G°'.) Assume that A ¢ L(G).

We see that for all t holds that h(§* 3t(w')) = 8%(w) where h is a
letter~to-letter homomorphism from (W X{l,O})* onto W' defined by h((a,0)) =
h{(a,1)) = a for all a € W. Since by the synchronicity of the productions
Gt(w“) € {¢lw'* for all £ ¥ 0 mod 3 we have h{L{G') n (WX{O,l})*) = L{G)
and therefore h(L(G') n (VT x{0,1})*) = L(G) n V;. (To capture the case
where A € L(G} we could define 8! ()\) = ¢5(A), and the proof proceeds ana-
logously.) 0
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THEOREM 3.47. If L € ED2L or, equivalently, L € RE then {#}L ¢ ED(0,1)L
(similarly L{#} € ED(1,0)L) where ¢ is a letter not occurring in a word of

L.
PROOF. The theorem follows immediately from Lemma 3.39. N

We shall now prove some properties of DOL and DIL languages which give
us criteria to show that certain languages cannot be DOL or DIL languages

or their intersections with a terminal alphabet.

We call a language permutation free if no word in the language is a
permutation of any other word in the language.
LEMMA 3.48. Let G = <W,8,w> be a DOL. If L(G) is infinite then L(G) is
permutation free.
PROOF. Suppose L(G) is infinite, v,y' € L{(G), v # v', and v' is a permuta-
tion of v. Let 6k(v) = v' for some k > 0. Since v' is a permutation of v we
have for each n > 0O: Gnk(v) is a permutation of v. There are only a finite
number of words in W* which are a permutation of v and therefore there exist
n2 > n, > 0 such that 6n1k(v) = ank(v). But v = Gto(w) for some t0 and
therefore 6t0+n1k(w) = 5t0+n2k(w)and L(G) is finite: contradicting the

assumption. ]

The converse of the lemma holds in the following sense. Let G = <W,S,
w> be a DOL. L(G) is infinite iff for no integers i and j, i # j, holds that

él(w) is a permutation of Sj(w). (We consider A to be a permutation of X.)

COROLLARY 3.49. Let G = <W,§,w> be a DOL and VT a subset of W. If E(G,VT)
is infinite then E(G,VT) is permutation free, i.e., all infinite languages

in EDOL are permutation free.

We call a word v' a prefix (postfix) of a word v if v = viz (v = zv')
for some word z. We call v' a proper prefix (proper postfix) of a word v if

v' is a prefix (postfix) of v and v' # v.

LEMMA 3.50. Let G = <W,§,w> be a D(1,0)L (D(0,1)L).

(i) L(G) is finite iff 8t(w) = 8§t (w) for some t, t' such that t # t°*.

(ii) Let L(G) be infinite. If v,v' € L{(G) and v’ is a proper prefix (proper
postfix) of v then, with finitely many exceptions, for each word u in
L(G) there is a word u' in L(G) such that u' is a proper prefix (post=

fix) of u.
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PROOF.
(i) Obvious by the deterministic property of G.
(ii) We prove (ii} only for D(1,0)Ls and prefixes. The proof is completely

analogous for D(0,1)Ls and postfixes.

Case 1. Gt(w) = yv*' and Gk(v') =v = yv'z for some t 2 0 and some k > 0. For

ik . .
each j 2 0 there is a z' ¢ W* such that Stﬂk ](w) = 6j(v) = Sj(v'z) =

sdviyzr = 6t+j(w)z', and by (i), z' # A and hence z # A.

Case 2. St(w) =v = v'z and 6k(v'z) = v' for some t 2 0 and some k > 0.
ék(v'z) = dk(v')z' = v' for some z' € w* and by (i), z' # A. Therefore,
Kg(ék(v')) < £g(v'). By iterating this argument Lg(v') +1 times we obtain
either Eg(&k(zg(v')+l)(v')) < Lg(v') -~ £g(v') which is impossible or
akﬂg(v')(v,) - 5k(ﬂg(v')+1)

dicting the assumption. 0

(v'). In the latter case L(G) is finite; contra-

If we allow 8(X) # A then Lemma 3.50 (ii) holds under the additional
restriction: not both A € L{G) and 6(A) # A.

COROLLARY 3.51. Let G = <W,8,w> be a D(1,0)L (D(0,1)L) such that E(G,VT) is
infinite for some VT (and not both A € L(G) and S§(A) # \). If v,v’ EE(G,VT)
such that v' is aproper prefix of v(v' is a proper postfix of v) then, with
finitely many exceptions, for each word u in E(G,VT) there is a word u' in

*
E(G,VT) such that u = u*z (u=2zu') for some z € VTVT

Clearly, Lemma 3.50 and Corollary 3.51 hold for D(m,0)Ls with respect

to prefixes and for D(0,m)Ls with respect to postfixes, m = 0.

THEOREM 3.52.

(i) The intersections of EPDIL with REG, CF -~REG and CS ~CF are nonempty.
There are languages in REG, CF - REG and CS - CF which are not in
EPDIL. EPDIL « CS.

(ii) The intersections of EDIL with REG, CF —REG, CS -~CF and RE ~CS are
nonempty. There are languages in REG, CF - REG, CS -CF and RE -CS
which are not in EDIL. EDIL < RE,

(iii) The intersections of EDOL with REG, CF -REG and CS -CF are nonempty.
There are languages in REG, CF ~REG and CS ~CF which are not in EDOL.
EDOL < CS,
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PROOF. Since DXL ¢ EDXL, the first sentence in each statement (i) - (iii) is
correct by Theorem 3.44. Let L1 = {a,aa} u {b}c}*{b}, L2 = {a,aal U {anbcnf
n = 0}, L3 = {a,aa} U ped" |n > 0} and L, = {a,aa} u {a}a{al} where

A c {1}* is the recursively enumerable but nonrecursive language of Theorem

3.44., By Corollary 3.51 L L2, L, and L4 do not belong to EDIL. But L1 € REG;

’
L2 € CF - REG and L3 € CS ECF as ii well known; L4 € RE ~CS. This proves the
second sentence in each of the statements of (i) - (iii). The inclusion in
the last sentence in the statements of (i) and (iii) follows by the usual
workspace theorem and strict inclusion by the foregoing. The inclusion
in the last sentence of the statement of (ii) is true by the usual Turing
machine simulation argument and strict inclusion follows by the foregoing.
a
Note that the existence of languages in REG, CF - REG and CS ~ CF which
are not in EDOL could also have been proven using Corollary 3.49,
With respect to families of exkensions of L languages differences

can only lie in no context, one-~sided context and two-sided context, but

not in the amount of context,. as is shown by the next theorem.

THEOREM 3.53,

(i) ED2L = EDIL

(ii) EPD2L = EPDIL

(iii) EDIL = igﬂq (ED(i,0)L u ED(0,1)L)

(iv) EPDIL = U (EPD{(i,0)L U EPD(0,i)L)
i€IN

PROOF. We give the outline of a simulation technique to prove (i). (ii) -
(iv) are completely analogous. ((i) also follows from Theorem 3.45 but the

present proof is direct).

Let G = <W,8,w> be a D(m,n)L, m,n > 0, and let r be the greater one

of m and n. We construct a D2L G' = <W',8',w'> as follows:

m-1 n-1
W' =Wu ( U W xwx U Wl> and w' = w.
i=0 i=0
The production rules §' are defined in such a way that, for each pro-
duction of G, Gf executes r productions. The first r —1 of these r produc—
tions serve to gather the necessary context for each letter in the string
and the r-th production produces the string produced by G.

=, 0,...0 , then (for k 2 m,n):

E.g., if 6(a1a2...ak) 1% X!
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X - ,r=1
§'7(a,a,...a) =8 ((a,a)(a,a,,a.) ... (a s, A))
= 6% 2((h,a,,a.a,) (a,,a,,a.a )... (a2 )
R R UL EA Tk LV Rty i L W R
= 6'((A,a1,a2a3...an)(al,az,a3a4...an+1) ...
“ Oy 1% -1 M)
= 00,0
Therefore, G'tr(w') = Gt(w) for all t, and G't(w') ¢ w* for all t 20
mod r., Hence, for each subset VT of W, L{G') n V; = L{(G) n V;. 0

Since the extensions of the deterministic L languages using one-sided
or no context do not contain all regular languages, Theorem 3.52, it is a
logical next step to see whether they do contain all finite languages. The
next theorem tells us that one-sided context without erasing cannot give us
all finite languages but one-sided context with erasing can. Let FIN denote
the family of finite languages, where we shall make no distinction between
the A-free and non A~free finite languages since this would create trivial
inclusion results from the sheer impossibility for propagating L systems to

generate A in their languages.

THEOREM 3.54.

(i) FIN ¢ EDOL
(ii) FIN ¢ EPDIL
(iii) FIN < EDIL

PROOF'.

(1) Assume that {a,aal = L(G) n {a}* for a DOL system G = <W,8,w>. Since
§ is a homomorphism,di(ak) = (Gi(a))k. Therefore, di(aa) = Gi(a)ﬁi(a) # a
for all i and S(G) = w,...,a,...,aa,... . Hence there is an i such that
Gi(a) = aa., But then GZi(a) = gaaa also occurs in S(G) and consequently in
L(G) n {a}": contradiction.

(ii) Assume that {a,aa,bbb} = L(G) n {a,b}* for a PDIL system G = <W,§,w>.
Since G is propagating S(G) = w,,L.,a,...,aa,..¢,bbb,.., . Let G be left
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context sensitive. (The case that G is right context sensitive is identical
since {a,aa,bbb} is invariant under reversal.) Let j be the smallest integer
such that dj(aa) = bbb. Since 6j(aa) = Gj(a)v for some Vv € W* we have Gj(a) =
b,bb or bbb. Since a occurs in S(G), the case that 5j(a) = b or bb implies
that b or bb occur in S(G) and hence in L(G) n {a,b}*: contradiction. The
case that Sj(a) = bbb implies that Gj(a) = 6j(aa) = bbb which is impossible
since G is propagating.

(iii) Since EDIL = ED(m,0)L for all m ¢ IN, m > 0, by Theorem 3.53, it suf-
fices to show that each finite languace L belongs to ED(m,0)L for some

m e IN. Let L be a finite language and choose m = max{fg(v)}. Order the
words in L - {1} according to prefix inclusion as gg%lows. For u,v € L we
have u < v if v = uu' for some u' ¢ WT* where WT is the alphabet of L. Con=-
struct a finite labeled directed forest F reflecting the ordered set (L,<)
by defining F = <P,E> where each noqe pv of P corresponds to an element v

of L and (pu,pv) is an arc in L if u < v and there is no z in L such that

u < z < v. We now label a node pV by v if pv is a root of F (equivalently,
there is no word z in L -{A} such that z < v); and by u' if P, is a direct

ancestor of pv and v = uu‘.

EXAMPLE .
F o= ] Y U3
Upy ' Uy U3g U3,y U3g
U312
U3qg
2
Y21
L - =
O = fupyup,uguuyouguy o ugug, 050 uguguu

UgUy Uy qeUgUg Uy}
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Extend F to the forest F' of uniform branching degree d which is equal
to the largest branching degree in F or to the number of roots in F if that
is greater. The new nodes are labeled with new letters which constitute the
alphabet W _. All branches in F' are equal in length to the longest branch

N
in F. Let £ be the number of nodes in such a branch.

EXAMPLE CONTINUED. E.g., the subtree attached to root u, in F is extended

1
in F' to
u
.
g A
Y11 Y12 13
\ / L
Z A
Biar Pirg B Y1 Pra Pio3 Argr Pz P

We now define a D(m,0)L system G = <wT UWN,G,w> which generates all

words which can be formed by concatenating from left to right the labels
occurring in a path in F' starting from a root. Call the set of such words

L*. Subscript the labels v of the forest F' as above, that is, Vi112 i
[

at level r has descendants . at level r+1, 1 £ r < £ and

lliztﬂﬂirir+1

il,iz,...,ir+1 € {1,2,...,d}. Corresponding to each label v there

i1ig... iy

is a word z, | = in L', 1 £ r £ £. Choose the

. v, Vv, . v, . s
o %112"'11 ll 1112.,: 1112...lr
initial string W=z, 17 that is, the word in L' corresponding to the left-
X . .
most leaf of F'. For convenience sake we define for a word z in L' the func~
o . *
tions tail and head. tail(z) = a and head(z) = z' for z = z‘a, z' € (wN UWT)

é € .
and a WN UWT

(1) 'Suppose A € L. ¢ is defined inductively as follows.
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r=1. &thead(z,),tail(z,)) :=
i i
(= =z, .)

Vit i+l
else A fi

ifi<d then

r=2. 5(head(zi1i2),tail(zilj_2))

if_il < d then vi1+1 i2
else if»lz <d then v,V igHl
else v
— 1
£
£i
r>2. G(head(ziliz___ir),tail(ziliz_._ir)) o=

if S(head(zj,j,...i ) tail(Zigi,. .1, )
}

e {v
Vigdoe . dp-1iy
else ((S(heaci(z_,-Lli2°“ir”1

SEE LIRS PO RS F PRI P b F L R P |
then

), tail( )) =

Ziqig...iypng

v
31';45 )
r—-2 X
if i< d then v v .
== Ty 11,1 11,1 i,+1
r-1 x r-1 x
1
s T

(ii) Suppose A ¢ L. Only the cases for r = 1,2,3 are different.

r=1, 8(head(z,) ,tail(z,)):=
e i i

if i <d then v, else v, fi

— ——— il e T =
r=2. G(head(ziliz),tail(zili2))

if_ll < d then vi1+1 i2

else iﬁ_lz < d then vy i+ else A



r o=

3.

§ (head(z

igigig
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) ,tail(Zi1i2i3)) o=

)

then v,

}i [ (head(ziliz

else (8(head(zj ;,),taillz;, i,))

i i <
if iy <d

else v11

=4

) taill(zg

then v

= Y3132
:)\)

1iz

11 V11 igHt

3pdois

§(») = A for arguments not defined above. Since each letter in astring

z € L' has the entire string of letters left of itself as its context, G

starting with string w generates all words in L' in some order ending with

A iff A € L. Hence L(G)
follows from the definition of L' that L(G) n WT* =

= L' if A ¢ L and L(G) = L'

L.

u {A} if A € L. It then

EXAMPLE CONTINUED AGAIN. For the given example G is defined as follows

(assuming A € L). G = <W,5,w> with w = u

Y11

Alll’ and § is defined by the

following list (where we assume that the rightmost letter of the argument

is rewritten and the remainder of the argument is left context).

d(ul)
G(uz)
6(u3)

i
> o
w N

luyuyyByyy)

SlupPyPogy)

§(ugug ug, )
A PAPIE
§(uyhyohyny)

5(u3u32A321)

§(ujh 3 q)

§(uyB,3Bs3q)

§(uzuzsBssy)

Slugugg) = Ay

Sluyhyy) = Uy

Slugugy) = uuy,

§(uguy)) = Ay

Sluyhy)) = g

Slugugy) = uphy g

Suayg) = Ay

Suyhyg) = vy

6(u3u33) = uy
Ba1s Sluguy200) = By SlugugyAygg)
Y311 §ughyiPgn) = Uy TR TEY
Y121 S(ugugyuygy) = By §lugug Aq,q)
Bao1 Sluguyphiny) = 2yo) A PLIPEL
B3n1 §(uhyoBagg) = By §(uh) Rs05)
A3t Slugug Bhang) = Aqp §(uguy,Rsn3)
By31 Suhy 4B 50) = Ajgy §(uBy By 53)
Byap §(uph)3Ry30) = Byqp §(uh)3Rygg) =
UpgPriy  O(uglgghyzy) = uy By S(ugugsang)

213
313
123
223
323
133
233
333

R - R

=

oy
[



78

*
Writing out S(G) reveals that L(G) n WT = L where WT is W-W

N and WN is the

alphabet of capitals.

UitBig z//93“33A333

Rttt AT agugy

Ual31U3qg
AT U0y

UsPaofang

Uzlgohang

s

A ugBigBgy

Usl3iU399

R PLEPY

UyBooBonn

=

u.u

oA

A u

327322
1A13A132_
523232
I(//“.?},33 332 (N.B. the words in L are enclosed

A u,u, A in boxes.)
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3.2.5. EXTENSIONS AND HOMOMORPHIC IMAGES OF PROPAGATING
DETERMINISTIC L LANGUAGES.

In this section we study EPD2L and EPDIL and their closures under sev-
eral types of homomorphisms. It is shown that the closure of EPDIL under
nonerasing homomorphisms is strictly included in EPD2L. The proof exploits
an interesting property of deterministic L systems with one-sided context.
In contrast to this, it will appear that already the simplest type of eras-
ing homomorphism which maps a letter either to itself or to A lifts PDIL

to the recursively enumerable languages.

First we define the concept of a linear bounded automaton. A linear
bounded automaton (LBA) M is a Turing machine with, say, symbol set S,
state set ¥ and start state qo e ¥, such that M accepts a word v over a sub-
set VT of S using at most c £g(v) tapesquares during its computation, where
c is a fixed constant for M. It is well known that the family of languages
accepted by linear bounded automata is equal to CS (see, e.g., HOPCROFT and
ULLMAN [1969] or saLoMpA [1973al). A deterministic LBA or DLBA is an LBA
such that each instantaneous description has exactly one or no successor. We
shall show that EPD2L equals the family of languages accepted by DLBAs, that
is, the deterministic context sensitive languages denoted by DLBA. Thus the
question of whether or not the inclusion of EPD2L in EP2L is strict is
shown to be equivalent to the classic problem (see HOPCROFT and ULLMAN
[1969] or saLoMaa [1973al) in formal language theory of whether or not the
inclusion of DLBA in CS is strict. (Recall that van DALEN [1971] showed that
EP2L = CS.)

Investigating the role of one-sided and two-sided context for EPDIL
systems we note immediately that EPDIL < EPD2L since it is easy to construct
a PD2L G such that L(C) = {a,aa} u {b}c} {b} which is not in EPDIL
by Corollary 3.51. (We can also use Theorem 3.54(ii) to prove this fact.
Surely, {a,aa,bbb} is an EPD2L language!) Later it will be shown that al~
ready the simplest type of erasing homomorphism, which maps a letter to
itself of to A, extends PDIL to RE. However, as we shall see, not even the

most powerful nonerasing homomorphisms can extend EPDIL to EPD2L = DLBA <(CS.
THEOREM 3.55. EPD2L = DLBA

PROOF. We give an outline since the details would be tedious. Let G = <W,§,

w>,# W> 1, be a PD2L and VT a subset of W. Construct a deterministic linear
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bounded automaton M as follows. M uses an amount of tape equal to 4% (length
of input + 1), divided in 4 sections I, II, III, IV of equal length. The in-
put word v is written in I; section II contains the initial string w, section
III is blank and section IV contains the representation of 0 in the #W-ary
number system. M compares Gi(w) with v (12 0) and accepts v if Sl(w) = V.
Otherwise, scuttling back and forth between sections IT and III, M produces
61+1(w) from éi(w) such that 6i+1(w) is written on III if Si(w) is written
on 1II and vice versa. (If Kg(6i+1(w)) 2 Lg(v) + 1 then M rejects v.) Subse-
quently, M increments the number written on IV by 1. If IV contains a num-

£ + i
W g(v) 1-—1 then M rejects v. Otherwise, M compares 61+1(w)

Wﬂg(v)+1 we

ber equal to #
with v, and so on. Since v € L(G) iff v = 6i(w) for some i < #
see that L(M) = L(G), where L(M) is the language accepted by M. Now con-
struct M' from M where M' is exactly like M except that M' first ascertains
that v € V; and rejects v if v ¢ V;: Then L(M*) = L(G) n V;_
Let M be a nonlooping DLBA, which accepts L(M) over S, using no more
than cn tapesquares for an input word of length n. Now construct a DLBA Mf
such that M' generates all words VO’vl"°‘ over S in lexicographical order
and accepts or rejects them by simulating M. In particular we can do it such
that M', started in state qé on a word Vi i 2 0, written from left to right
from the origin with the remaining (c—l)ﬂg(vi) tapesquares containing blank

symbols, computes the next word vy written from left to right from the

+1
origin with the remaining tapesquares containing blank symbols. Subsequently,

M' proceeds to the origin, enters the start state g of M and simulates M.

After rejection of acceptance M' erases everything but vy from the tape

+1
and starts in qé at the origin, i.e. scanning the leftmost letter of Vgt
and so on.

Let V be the set of symbols of M', b the blank symbol, and ¥ the state

set of M'. Construct a PD2L G = <W,§,w> as follows:

w=vu v x (Yu{ah x {0,1,2,...,c}H),

W o= (a,b,b,h..,b,qo,l),

*
where a is the first word of SS in the lexicographical order. G simulates

M*' as follows: if St(w) = a ,

213y 3

aa,...a e (O x A (0D (W x¥x{1,2,..,ch (vC x 1} x{0h ™,
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then the j~th element of Ei' 1 <3 <cand ! £ i £ n, corresponds with the
(i+ {3~ 1)n)~th tapesquare of M', the (c+ 1}-th element of =9 indicates the
present state of M' if one of the tapesquares coded in a; is under scan (and
is A otherwise) and the (c+ 2)-th element tells which tapesquare (and is O
otherwise). In particular we can construct G such that if M' enters an
accepting state the accepted word vi over S is "read out"” from right to left,

and subsequently is restored (from left to right) to the form
(al,b,b,...,b,qé,l)(az,b,b,...,b,A,O)...(an,b,b,,..,b,A,O)

for vi = a. .a

K
...a . Hence L(G) n 8 = L(M). 0
12 n .

We now proceed to show that the closure of EPDIL under nonerasing homo-

morphisms does not contain REG.

LEMMA 3.56. Let G = <W,8,w> be a PD(1,0)L such that L(G) is infinite. Let
. . £ .
r = #W. For each t = r there is a prefix v of § (w) Lg(v) = Llogy((r-1)t+r)]J,

Lg(v) t+nk

and a constant k, 0 < k £ r , such that v is a prefix of § (w) for

all n. For PD(0,1)Ls this holds with respect to postfixes.

PROOF. Denote the i-~thletter of a string Gj(w), i,j, € IN, by aij' Since
L(G) is infinite, the slowest rate of growth G can achieve is by generating

all words over W in lexicographical order, i.e. @g(ét(w)) ZLlogr((r—l)t+r)J-
i-1 p

% .

£=1 "

Since there are only r different letters in W, there are natural numbers

Therefore, aij is indeed a letter in W for all j such that j =

; i < r : =
3y and kl' jl,kl < r and k1 >0, such that alj1
PD(1,0)L, alj1+nk

aq . Since G is a
1J1+k1

A = aljl for all n. Therefore, a letter in the second posi-
tion has alil as its left neighbor at all times j1+-nk1, n ¢ W. There is

surely a letter in the second position for all times t > r. Therefore,

there are positive natural numbers j2 and k2, j2 > r, k2 < r2 and j2 + k? <
P 2
+ ? h j = j_+ . J =3 2 v
r r such that 3y i nlkl i, +k2 iy +n2k1 for some n,.n, € N and
a?jz = a2j2+k9- By iteration of this argument, for each s = 1,2,... there
are positive Eatural numbers j and k , j 2 Z?:l rl, k = r® and j +k <
s i s <] s i=1 s s s
P ¥, such that
i=1
a a c..a@ . = a a -
19 725 5 |+ j -+nl j !
j1 j2 bjs ]]s nks st n(s Sjs+nks

for all n. Since G is a PD(1,0)L,
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815 +t%29 +t7 " %5+t~ F1§ +tenk 2§ +t+nk sy +tenk
S S S S S s S s S

for all t and n. Therefore, for all s and all t such that

there is a prefix v of dt(w),ﬂg(v) 2 Llog ((x=1)t+r) ] = s, and a positive

t+nkS

constant kS < r® such that v is a prefix of § (w) for all n. Hence the

lemma. 0

Contrasting Lemma 3.50 and Lemma 3.56 gives a nice insight into the in-
fluence of the propagation restriction with respect to the necessary be-
havior of the pre~ and postfixes of the sequences of words generated by

DIL systems.

THEOREM 3.57. Let V be any alphabet containing at least two letters. No
*
language containing VV belongs to the closure of EPDIL under nonerasing

homomorphism.

{(anbn)f(n)ln 21}

* *
of V . Suppose that L &€ h(L(G)(WVT) for some PD(1,0)L G = <W,§,w>, an alpha~

it

PROOF. Assume that {a,b} ¢ V, and consider the subset L

* *
bet VT and a nonerasing homomorphism h from VT into V . Define tn by

¢ =min{i ¢ N |67 €V, ana n(st ) = @BHIML

As is easily seen, Kg(ét(w)) < mtﬂg(w), where m is the maximum length of a

t
value of §. Therefore, 2n f (n) < m "Lg(w)c where ¢ = max{Lg(h(a)}|a ¢ VT}n

So, € > logm(f(n)(2n/(£g(w)c))) > logpf(n) for all n 2 n, for some fixed
natural number n.. For each n = n th(w) has a prefix vy such that

rn+9) o’

for £(n) > m!
Lg(v_) 2 llog_(t_(x=1)+xr)] > n, r = #w,
n r n

and v occurs infinitely often with a constant period kn by Lemma 3.56.
t *
Since for each n,prefix v, of § M(w) is mapped under h to anbz, z ¢ {a,b},

vrl cannot be a prefix of th%w) for n # n' and n,n' 2 nO. We now derive a

contradiction by showing that then kn = kn for all n = ny- Since G is
0
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propagating and the prefix vh (n 2 no) occurs with a constant period kn

J *
there is a jn such that § rl(vno) = vnz for some z € W . But then

e
tn +pkn jn

g © O ) =6y z) =8 )z'=vzz;}

*
for all p and some z,zp,zé € W . IT.e. from time tno + jn the prefix vn
occurs with period kno and kn = kno (or kn divides knO) for all n = no

Hence

v
5
[
IA
e

f(n) |n

¥ (h(L(G) n v:;) n { @™
and
* %*
W ¢ h(L(6) nv).

* * *
(Since VW = (VV )R, i.e. the language consisting of all words from VV

reversed, the proof above holds also for PD(0,1)Ls.) 0

From the above proof we see that any language which contains a lang-

uage like {(anbn)f(n)ln

> 1} cannot be the image under nonerasing homomor-
phism of a language in EPDIL. Hence also e.g. ({a}+{b}+)+. The idea behind
the proof is roughly the following. If a language L contains a large enough
subset L' such that each pair of words in L', say u and v, are distinguish-
able by their respective prefixes (postfixes) u' and v' for which hold that
Lg(u*) = 0(log logu) and Lg(v') = 0(log log (v)) then L cannot be in the
closure under nonerasing homomorphisms of EPD(1,0)L and EPD(0,1)L, respec-
tively. For example, (b1 {at b}t contains {bn(an)f(n)bn[n > 0} for each
f: IN > IN and is therefore not contained %n a nonerasing homomorphic image
of a language in EPDIL.

Denote the closures of a language family X under nonerasing homomor-
phisms by hA~free X and the closure of X under letter-to-letter homomor-
phisms by h(;l.x' Gathering the results up to now about EPDIL and EPD2L

we have:

THEOREM 3.58.

i EPDIL h EPDIL € h
(1) “ £:£ A-free

(ii) For each x € {A'hl;ﬂ'hknfree} the language family xEPDIL has non-

EPDIL < EPD2L = DLBA.

empty intersections with REG, CF -REG, CS -CF; there are languages in
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REG, CF -REG and CS -CF which are not in XEPDIL; hknfree EPDIL < DLBA.
PROOF'.
(i) Let
= = A
G <{a1,az,a3,b,c},{6(k,a1,k) a2a3,6(k,a2 )

= 8(a,,a,,A) = 86(A,b,)) = Db,8(b,b,A) = §(c,b,A) = cb,

§(b,c,A) = S(c,c,\) = c},a1>
be a PD(1,0)L. Let h be a letter-to-letter homomorphism defined by h(ai) =3
*
for i = 1,2,3, and h{(b) = b,h(c) = c.h(L(G)) = {a,aa} v {b}{c} {b} and by
Corollary 3.51 h(L(G)) ¢ EPDIL. Therefore, EPDIL < hK'Z,EPDlL“ hf.K'EPDlL <

e finition. . =1 DLEA;
hkwfree EPDIL by definition. It is easy to show that DLBA )\ —free
together with Theorem 3.55 this gives EPD2L = hk—free EPD2L = DLBA. Since
EPDIL ¢ EPD2L we have h EPD1L ¢ EPD2L., CF < DLBA (see Exercise 8.3

A-free
in HOPCROFT and ULLMAN [1969] for CF ¢ DLBA and {a'b'c” |n 2 1} ¢ DLBA -CF)

+
and therefore {a,b}+ € EPD2L and by Theorem 3.57 we have that {a,b} ¢

EP . P .
hk~free DIL. Hence h)\__free EPDIL < EPD2L
(ii) Since PDIL ¢ xEPDIL, the first sentence follows from Theorem 3.44.
The second sentence follows by taking languages from REG, CF -REG and CS -~
Cr, forming their union with {a,b}+, where a,b are new letters, and apply~

ing Theorem 3.57. The last sentence follows from (i). [

We have seen that the generating power of deterministic propagating
L systems with one-sided context, together with the nonterminal mechan-
isms and nonerasing homomorphisms stays within the range of DLBA languages
and does not encompass the regular languages. We conclude this subsection
by proving that the closure of the family of PDIL languages under homomor-
phisms that map a letter either to itself or to the empty string equals the
family of recursively enumerable languages.

The proof method was suggested by a proof of EHRENFEUCHT and ROZENBERG
[1974b] for the equality of RE and the closure of D2L under weak codings.
(A weak coding is a homomorphism that maps a letter either to a letter or
to the empty string.) The weak coding allows us to get rid of the intermed-
iate work done by the L system in computing the subsequent words of the

desired r.e. language L. The difficulty lies in the fact that we have to
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"read out” the complete word in L from a word over an alphabet disjoint
from the alphabet of L in one production step, since otherwise also subwords
of the desired words appear under the homomorphism. The solution makes essen-
tial use of the parallelism in L systems by a firing sqguad synchronization.
The Firing Squad Synchronization problem, see e.g. MINSKY [1967], can be
stated as follows. Suppose we want to synchronize an arbitrarily long

finite chain of interacting identical finite state automata. All automata
are initially in the same state m and stay in that state if both neighbors
are in state m. The automata at the ends of the chain are allowed to be
different since they sense that they lack one neighbor. Synchronization is
to be achieved such that all automata enter the firing state £ at the same
time and no automaton in the chain was in state f before that time. In the
terminology of L systems, a firing squad is a PD2L system F = <WF,6F,mk>
such that SF(m,m,m) = SF(m,m,A) = m. F satisfies the following requirement:
there is a function t: IN = IN such that for each k € IN it holds that for

all i, 1 £ i < t(k),

§t(k)

k ke
F )

_ i k * *
(m ) = f and GF(m ) # WF{f}wF .
BALZER [1967] proved that there is such an F with #WF = 8 and t(k) =

2k - 2. After these preliminaries we state the theorem.

THEOREM_;LEE, The closure of PDIL under homomorphisms, which map a letter

either to itself or to A, is equal to RE.

PROOF'. Since by now these kinds of proofs are familiar we give only an out-
line. Let A be an infinite recursively enumerable language enumerated by a
1:1 recursive function f: IN lii A; n is recovered from f(n) by fml. (The
case where A is finite follows by a similar method.) Let T be a Turing

machine which starts with the representation of 0 on its tape, say a,a,...

1
H.,ano, computes £(0), replaces everything except £(0) on its tape by the
blank symbol b and returns to the leftmost symbol of £(0). Subsequently T
retrieves 0 from £(0) by ful, increments O with 1, and computes £(1), and

so on. In particular we can do this in such a way that after the computa-
tion of £(n) the instantaneous description of T is bzq"f(n)br for some £,

r € IN and a distinguished state g' of T. The next instantaneous description
of T is bzq"f(n)br for another diétinguished state q" of T. Scanning the
leftmost symbol of f£(n), T starts retrieving n from f(n) by fﬁl in state g".
We simulate T by a PD2L G = <W,8,w>; hence the blank symbols will not
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disappear. G is defined as follows:
W= (Y xS usS) x wF u s,

where Y is the state set of T, S is the symbol set of T and b is the blank
symbol, and WF is the alphabet of the firing squad F.

“o'm)'

w o= (qo,al,m)(az,m)...(a
where qo is the start state of T, a1a2...ano is the representation of 0 and
m is the initial state of the firing squad F. G simulates T until the
situation

to 2 v
§ “(w) = b (qf,c,,m)(c, ,m)...(c, mb
1 2! 20

occurs where clcz...cZO is £(0). Subsequently, the substring between the

b's executes a firing squad and, when the squad fires, maps itself to £(0).
I.e.

t +20 -2

s 0 0w

] r
b" (g ,cl,f)(c2,f)...(czo,f)b B

t0+2£0~1

S () = ble.c ...c, b¥ = plE(0)bT.
172 ZO

§ is constructed such that a letter ¢ € S ~{b} is rewritten as (c,m), except
when it has b or A as left neighbor in which case it is rewritten as

(@",c,m). Therefore,

t0+220

8 (w) = bz(q",c m)(cz,m)...(cz ,m)b¥

v 0
and G continues simulating T, retrieves 0, adds 1 and computes the repre-
sentation of f(1), and so on. Hence h(L(G)) = A where h is a homomorphism
defined by h(a) = a if a € S ~{b} and h(a) = A otherwise.

We now simulate G by a PDIL G' = <W*',d",w'> which is defined exactly
as the D(0,1)L in Lemma 3.39 except that 6'(X,(a,\),A) = b for all a ¢ W.
Then h'(L(G'})) = A where h'® is a homomorphism defined by h'(a) = a if
a € S~1{b} and h'(a) = A othefwise. 0
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The final result in this section tells us that any class of determin-
istic context sensitive L systems, except the nonerasing one-sided context
types, is capable of generating a large subclass of the DLBA languages
if we use a nonerasing homomorphic mapping as additional mechanism. Let the
exponential DLBA languages (DLBAeXp) be the subclass of DLBA languages for
which the following property holds: for each infinite L ¢ DLBAeXp there is
a constant ¢ such that for each word v ¢ L there is a word v' € L such that
Lgiv) < Lgiv'} < clg(v). Furthermife, FIN DLBAexp' It is easy to see that
CF © DLBAexp © DLBA. Let PDL L = Ui=O PD(1,0)L.

THEOREM 3.60.

i = = PD
(i) DLEAeXp hﬂ:ﬂ PD2L h)—free IL
ii DLBA c h DIL
(1) exp L:l
s P B
(iii) hA«free DILL < DL Aexp
PROOF .
(i) The proof is similar to that of Theorem 3.55, where we proved that

EPD2L = DLBA, but with the additional use of a firing squad synchronization

to read out complete words in one production step as in the proof of Theorem
3.59. Let L=={w1,w2,.
are ordered according to increasing lengths and lexicographically within

..,W.,...} be a DLBA language of which the words
i exp

a block of the same length. Let G= <W,d,w > be a PD2L system. Suppose we

have generated, starting from w,, the word w, = aa a . For the subse-

1 172°"""n

quent computation up to wi we use strings of length n, always taking care

+
that each letter in positioi j in such a string is marked with the letter
aj. Like in the proof of Theorem 3.55 we generate all possible candidate
strings of length <c* Zg(wi) and check for inclusion in L by simulating a
DLBA M for which L(M) = L. Since c¢ is a fixed constant for L and all said
candidate strings are of length Sc*.@g(wi) they can be coded in a word of
Zg(wi). The computing activities involved are completely analogous to those
in the proof of Theorem 3.55 and therefore they can be performed on a string
of length ﬂg(wi). After having found the candidate word Woqe which is the
next word in the ordered set L, we compute the substring the jth letter of
the string of length Kg(wi) must derive (to derive wi+1) for each letter of
the string. Subsequently we simulate a firing squad which then, in one pro-

duction, generates from the string of length Zg(wi) the new word w, The

i+l”
letter~to~letter homomorphism h is defined such that it maps each letter

marked with a letter "a" from the alphabet of L to "a". Since we have marked
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- all letters in position j of the intermediate strings in the computation

of Wit from W, with the j-th letter aj of w;, 1 =3 <mn, all these strings
derive wi under h. If L happened to be finite, the L system goes into a
loop after checking all possible word candidates of length <c=* Kg(wz) where
wZ is the last word of the ordered set L. Hence L = h(L(G)) and therefore
DLBAexp [~ hZJZ.PDZL' From Theorem 3.55 we have that all PD2L languages are
DLBA languages, and since hﬂ:[ DLBA = DLBA it follows that hﬂ:ﬂ PD2L £ DLBA.
Since an L system can increase the length of a string by at most a constant

multiple in one production it follows that h PD2L ¢ DLBAexp' Together

£:0

with the previous inclusion this proves that hZ 2

DLBAexp is clearly invariant under nonerasing homomorphisms it follows that

PD2L = DLBA . Since
exp

also h PD2L =DLBA . Similarly it follows that h PDIL = DLBA .

A-free ex A-free exp
(ii) Using the method of Lemma 3.39 to simulate a D2L system by a DIL sys-
tem it is easy to show that we can simulate a PD2L system G by a DIL system
G*' such that h(L(G')) = L(G) for a letter-to-letter homomorphism h. (Hint;
since no letter is rewritten as A by G we can code the end marker in the
last letter of a string in G'.) Hence PD2L ¢< hﬂ-ﬂ DIL and therefore

PD2L ¢ DIL. Strict inclusion follows since hﬂ'ﬂ PD2L < DLBA but

h h
£:2 L:2
DIL contains nonrecursive languages according to Theorem 3.42. Hence, since
h PD2L = DLBA according to (i) we have that DLBA c h DIL.

L£:L exp exp L£:L

(iii) Follows from (i) and the observation that hk-free PDIIL does not con-
tain REG (Theorem 3.57). ]

REMARK. Similar to the above we can prove that all nonerasing homomorphisms
of families of pure L languages are contained in REexp' where REexp is the

recursively enumerable languages analog of DLBAexp. I.e.,

REexp =FIN U {L € RE|3c ¢ W,¥ ¢ L,Iv' e L [Lg(v) < Lg(v') <
< clg(v)J}.
RE is the somewhat strange class of recursively enumerable languages,

exp
of which the consecutive words in the language, ordered by length, differ

in length at most a multiple of that length. Note that this class contains

indeed strictly recursively enumerable languages.
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3.2.6. COMBINING THE RESULTS OF SECTION 3.2.

We combine and correlate our results on the generating power of
various types of deterministic context sensitive L systems, with and
without additional mechanisms, in Table 3.1. Horizontally we list the type
of L system, that is, the combinations between one- and two-sided context
and erasing or nonerasing production rules. Vertically we list the addi-
tional mechanisms: none (pure), letter-to-letter homomorphism <hg:z)' non-

erasing homomorphism (h ), letter-~to-itself~or-~letter-to~A homomor-

A~free
phism (hw), extension (E) and the combinations of the above homomorphisms

and extension: hﬂ-ﬂE’ h E and hwE. In the box corresponding to the

A
XL systems and the additigizi mechanism x we classify the generative power
by listing above the dotted line the smallest family Ys which contains the
language family xXL and listing below the dotted line the largest family
YK which is contained in xXL. We chéose these least upper bounds Ys and
greatest lower bounds YZ from the better understood and neatly nested
families of the Chomsky hierarchy: RE, DLBA, DLBAeXP, CF, REG, FIN, @ which
strictly include each other in this order. (Yg = @ means that not even FIN
is included in xXL.) If there are families Z = DLBA, DLBAexp' CF, REG, FIN
in between Yk and Ys then this means that xXL is incomparable with Z, i.e.,
xXL has a nonempty intersection with Z but neither contains the other.
(Clearly, xXL contains also languages from the differences between two con-
secutive language families of the listed hierarchy in between YS and Yﬂ')
Table 3.1 gives us a good overview of the generating power of con-—
text sensitive parallel réwriting (in the L system sense), in terms of
the better understood generating power of sequential rewriting (in the
Chomsky~-type grammar sense). It also tells us how powerful intersection
with a terminal alphabet, various types of homomorphisms, Or combinations of
these are with respect to one- or two-sided context and erasing or noneras—
ing production rules for deterministic L systems. Most noticeable is the
extreme power of erasing homomorphisms (hw) which gives us RE in all cases
and the extreme resistance of PDIL against all other operations. The ten-
dency for all families is that, the more powerful the additional operations
are, the better the resultant family nests in the Chomsky hierarchy.
Extension is more powerful for two-sided context than nonerasing homomor-—
phism, but nonerasing homorphism is more powerful than extension for one-
sided context. Extension together with nonerasing homorphism makes everything

a neat Chomsky family but for PDIL.
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PDI1L DIL PD2L D2L
DLBAex RE DLBA RE

(i) pure - - = L CXP_ |- - - - -
g /) ) @
DLBAexp RE DLBAeXp RE

(ii) h/@!/@ “““““““““““““““““““
FIN DLBA DLBA DLBA

exp ex exp
DLBA RE DLBA RE

(iii) h - ~ R A CXP_ 1 L - L.

A-free
FIN DLBA DLBA DLBA
ex ex X

RE RE RE RE

(iv) hw ————————————————— R
RE RE RE RE
DLBA RE DLBA RE

(v) E R T D
[0} FIN DLBA RE
DLBA RE DLBA RE

(vi) | h E b o= e e = I e e
YA a FIN RE DLBA RE
DLBA RE DLBA RE

i 4 h U OO U e

(vii) A-free

FIN RE DLBA RE
RE RE RE RE

(viii) R i T R S
RE RE RE RE

Table 3.1. Comparing L language families with families from the Chomsky
hierarchy.

We discuss how the table is derived row by row.

(i) The upper bounds on the language families follow from Theorem 3.44
(where we can replace CS by DLBAexp in view of Theocrem 3.55 and Theorem
3.60). The lower bounds follow from the fact that not even D2L systems

can generate all finite languages as their pure languages. For instance,

if we choose a finite language over a singleton alphabet we have to use a
D2L system with a singleton alphabet and hence all letters in a string are
rewritten the same but for the two end letters. Therefore, e.g., {a4,a5,a7}

cannot be a D2L language. Analdgously we prove the same thing for pure

D(m,n)L languages for given m,n > 0, but clearly FIN ¢ DIL in general. Sim-
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ilarly, FIN < PDIL but FIN ¢ PDILL, PDIRL (by Theorem 3.53 (iv) and Theorem
3.54(ii)). None of these pure L language families contains REG by Lemma
3.43.
(ii) The upper bounds follow from (i) since the language families serv-
ing as a least upper bound are invariant under hﬂ;ﬂ' The lower bounds are
demonstrated as follows. FIN < hﬂ:KPDlL' since for each finite (A~free) lang-
uage L we can choose an arbitrary large alphabet W and generate words (which
are mapped to the words in L by a letter-to~letter homomorphism) in increas-
ing length even by a PDOL system. Hence we have FIN hﬂ;[ PDOL from which
FIN <« hﬂ:ﬁ PDIL follows. Furthermore, FIN is the greatest lower bound for
hﬂiﬂ PDIL since REG ¢ hﬂ:[ PDIL by Theorem 3.57.

The remaining lower bounds follow from the fact that DLBAexp < hﬁ;ﬁ DIL,
hﬂ:ﬂ PD2L, hﬂ:ﬂ D2L by Theorem 3.60, and by the word length argument.*

(iii) Is proved similar to (ii).

(iv) Follows from Theorem 3.59 which states that hW PDIL = RE.

(v) The upper bounds for EDIL and EPDIL follow from Theorem 3.52(i),(ii)
by replacing CS by DLBA for the EPDIL case, since EPD2L = DLBA by Theorem
3.55, which also gives the upper bound for EPDIL. ED2L = RE by Theorem
3.45. It remains to settle the greatest lower bound for EDIL and EPDIL. Now
FIN < EDIL by Theorem 3.54(iii) and REG ¢ EDIL by Theorem 3.52(ii). FIN ¢
EPDIL by Theorem 3.54(ii).

(vi) The upper bounds follow from those in (v) by noting that the lang-

uage families concerned are invariant under h and hence also the lower

£ L0

bounds for EPD2L and ED2L are the same as in (v). The lower bounds for

hﬂ'ﬂ EPDIL and hﬂfﬂ EDIL are derived as follows. FIN ¢ EPDIL follows

)

from (ii) since there it was shown that FIN ¢ h PDIL. REG ¢ hﬂ'ﬂ EPDIL

follows from Theorem 3.57. Hence FIN is the greatest lower bound on
hﬂ'ﬂ EPDIL. The greatest lower bound RE for hﬁ-ﬁ EDIL follows from Theorem

3.46 where it was proven that EDIL = RE.

peg

(vii) Similar to (vi).

(viii) Follows from (iv).

In row (i) =~ (iii) the least upper bounds RE can be replaced by REexp'

*
) The word length argument uses the fact that in a deterministic L system

G for the consecutive words wi,wi in the generated wordsequence S(G) =

+1

= W ,wl,.,a,w., ros... always must hold that {g(wi+1) < c @g(wi) for some

0 iMi41
constant ¢ depending only on G.
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In Figure 3.1, we summarize the inclusion relations between the most
important L language families, their extensions and homomorphic closures,
and the languages in the Chomsky hierarchy as treated in Section 3.2.Connec-
tion by a solid arrow means that the upper language family strictly in-
cludes the lower one; connection by a dotted arrow means that the upper
language family contains the lower one and it is not known yet whether the
inclusion is strict; if two language families are not connected at all this
means that their intersection is nonempty but neither contains the other:

they are incomparable.

RE = ED2L

I = h, , EDIL

= h PDIL
w

l

CS = EP2L

EPIL

h)\wfree

DIL

\
=
P

=

DLBA = EPD2L

\

= EPDIL
hx—free

~-""1h EPD1L
- A-free

22 DLBA =
EPDIL ‘(////// exp
: h PD2L =
4@'

4
-7 PDIL
S hA—free PDIL h)\—free

h PDIL l

PDIL
CF

Figure 3.1. Classification of families of deterministic context sensitive

L languages, extensions and their homomorphic closures.
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In the diagram of Figure 3.1 and in Table 3.1 we have mainly consid-
ered language families obtained from (propagating or nonpropagating) D(m,n)L
systems with m + n = 1 or m = n = 1. The reason is that with regard to
extensions the amount of context does not matter: the only differences
lie in no context, one-sided context or two-sided context, as was shown in
Theorem 3.53. The same holds for the closure of pure L language families

under homomorphic mappings like hK»ﬂ’ h or hw:

A-free

h[:ﬂ D2L = hZ:Z DIL

h PD2L = h PDIL

22 £:L

o

hﬁ:ﬁ DIL = U (hﬂzﬁ D(,0)L uh

Yo (0,1)L)

2 ®
etc., as is easily proved similar to Theorem 3.53. Hence the only thing

not covered by Figure 3.1 is the hierarchy of pure deterministic context
sensitive L language families according to amount of context and propagating
restriction in between DIL and PD1L. This hierarchy was treated by
ROZENBERG [1972a,b] and ROZENBERG and LEE [1975] for the nondeterministic
case but holds analogously also for the deterministic case. It ties in
with Figure 3.1 in the obvious way. With respect to the language families
of the Chomsky hierarchy, we have seen in the discussion of Table 3.1 row

(1) that FIN < PDIL < DIL but that FIN ¢ PDI L,PDIRL. The question of

L
whether or not FIN < DILL,DIRL is still open. The inclusion relations de-
picted in Figure 3.1 follow largely by the results in Table 3.1, by the var-
ious inclusions by definition, or by other results in Section 3.2. We leave

the verification as exercises for the reader but for a few cases.

(i) EDIL is incomparable with h, , EPDIL and hA free EPDIL.
N : -
Let L = {a,a u ib bl. L EP
{a,aa}l v {bHcl} {p} €hy p EPDIL ¢ h, _  EPDIL by the
proof of Theorem 3.58(i), and L ¢ EDIL by the proof of Theorem 3.52. There-
fore

(a) h EPDIL, h

EPD1 .
) L ¢ EDIL

A-free

Since EDIL contains languages in RE ~CS by Theorem 3.52(ii) and b EPDIL &

EPDIL < CS5 by Theorem 3.58(i) we have:

L:2
hA—free

b EDIL h EPDIL,h EP .
(b) £ L:0 A-free piL
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Furthermore, by definition PDIL ¢ EDIL, h EPDIL, h

Iy Afroe EPD1L which to-

gether with (a) and (b) proves (i).
(ii) DIL incomparable with hZ:K EPDIL and hk—free EPDIL is proven as (i),

(iii) EDIL incomparable with hﬂ-ﬁ PDIL and hA—free PDIL is proven as (i)

by noting that L € h£-£ PbiL.

. . . p P . i1
(iv) DIL incomparable with hﬂ:ﬂ DIL and hk—free DI1L is proven as (iii)

3.3. CONTEXT SENSITIVE TABLE LINDENMAYER SYSTEMS AND A TRADE-OFF
EQUIVALENT TO THE LBA PROBLEM

While in the previous Section 3.2 we were almost exclusively concerned
with languages derived from deterministic L systems, we will now consider
nondeterministic and table Lindenmayer languages as defined in Section 2.2.
Table Lindenmayer systems were introduced by ROZENBERG [1973a] and consist
of L systems, with several sets (tables) of rewriting rules, where at each
moment all letters in a string are rewritten simultaneously according to
the production rules chosen from a single table. Whereas in the sequential
rewriting of generative grammars this would not constitute any difference,
the parallel nature of L systems makes that the use of tables can result in
an increase of generating power. The use of tables can be viewed to corres-
pond with the impact of external conditions on the developmental growth of
an organism, e.g., with changes of light and dark or temperature, each en-
vironmental condition corresponding with the use of a particular set of pro-
duction rules. (See also Chapter 5.) Context free table L systems have been
studied extensively, see, e.g., HERMAN and ROZENBERG [1975]. It has been

shown that, for instance,
CF < EOL < ETOL < INDEX < DLBA

where INDEX stands for the family of indexed context free languages. Fur—
thermore, ETOL has strong closure properties: it is a full AFL, SALOMAA
[1974], and is one of the smaller language families for which it is known
that the membership question is NP-complete, van LEEUWEN [1975c].

I.e«, the question of whether a word belongs to a language L(G) for

some ETOL system G can be solved by a nondeterministic Turing machine in
polynomial time, and each problem solvable by a nondeterministic Turing

machine in polynomial time is deterministic polynomial time reducible to
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the membership problem for ETOL languages. Further time and storage com-
plexity results for context free (table) L languages can be found in the
references concerning complexity theory cited in the Introduction.

In this section we will treat all families of languages generated by
context senrsitive L systems with tables using nonterminals together with
restrictions like: A-freeness of production rules, determinism of
production rules, number of tables, one~ or two-sided context, and closure
of these families under various types of homomorphisms. Because of the
great generating power of already deterministic context sensitive L systems
using the terminal-nonterminal mechanism, the partial ordering according
to set inclusion of the language families considered basically collapses
to the recursively enumerable languages, context sensitive languages
and deterministic context sensitive (DLBA) languages. Hence the classifica-
tion yields an interesting equivalent to the classic LBA problem (is the
family of DLBA languages equal to the family of context sensitive lang-
uages?) in terms of L systems. In Section 3.2 it was proven that the
familie of DLBA languages coincides with the family of languages generated
by A-free deterministic context sensitive L systems (with one table)
using nonterminals., Van DALEN [1971] showed that the family of context
sensitive languages equals the family of languages generated by A-free
context sensitive L systems (with one table) using nonterminals. Hence the
LBA problem can be stated in terms of determinism versus nondeterminism in
I systems. By arguments similar to those used in Theorem 3.55, woop [1976]
proved that the family of. languages generated by A-free deterministic con-
text sensitive L systems with two tables using nonterminals is equal to
the family of context sensitive languages. Here the LBA problem was stated
in the form of whether or not two tables can be reduced to one in the case
under consideration. We will demonstrate that the family of context sensi-
tive languages equals the family of languages generated by A-free determin-
istic left context-sensitive L systems with two tables using nonterminals,
thereby molding the LBA problem in the form of whether or not a trade-off
is possible between one-sided context with two tables and two-sided context
with one table for A-free deterministic L systems using nonterminals. From
the results it will appear that any further restriction on one of the two
participants in the trade-off reduces the generating power to below the
DLBA languages. If we relax the restriction of A-freeness we obtain in both
cases the recursively enumerable languages: then the trade-off is possible.

We should stress that, although it seems that the trade-off corresponding
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to the LBA problem is between twe deterministic rewriting systems, non-
determinism creeps in whenever we use more than one table for L systems,
since the choice of the next table to be used in a derivation step is
nondeterministic. For a survey of the LBA problem and its reduction to

other problems see HARTMANIS and HUNT [1974].

THEOREM 3.61. The families of languages generated by the various subclasses
of ETIL systems and their closures under several types of homomorphisms are
classified by the diagram of Figure 3.2. Solid arrows imply proper set in-
clusion of the lower family in the upper one. Broken arrows imply Iinclusion
where strictness is not known. If two of the displayed families are not
connected by (a sequence of) arrows this means that these families are in-
comparable, i.e., their intersection contains nontrivial languages and

neither family contains the other. X = Y mod A means L € X iff L-{A} ¢ V.

Note that all families of context sensitive table L languages obtained
with the use of nonterminals are classified by the diagram, since the
results are stated in their strongest form and cannot be improved (except
for the broken arrow which corresponds to the LBA problem). But for EPDIL
and EDIL, all families are closed under nonerasing homomorphisms.

The proof of the theorem proceeds througha number of lemmas, but firstwe
introduce a concept needed in the proof of Lemma 3.63. To express restric-
tions on the choice of tables to be used in a derivation we need the notion

of a control word. Let G = <W,{P1,P ""’Pq}'W> be a table L system. A con-

9
*
trol word u for a derivation in G is an element of {1,2,...,q} , and

u
v o= vF
G
Vv e W, u=1i1i....i with i_,i i e {1,2 }, means that
7 ' 1727k 17 2r~’-lk Ledypoaos iy
= e—, —y - il
v =Yy G, vy G, Yoc e Yk TV
1 2 T3 Tk
*
For some Vl'vz"""vkwl in W and G; = <W,Pi ,w>, 1 £ 3 <k

j j



RE = EDT21L =

| ED2L = h, , EDIL =

Ak,/ﬂ/’/’/’,,,//f—”’”’//” EIL = h_ PDIL
w

EDI1L

DLBA = EPD2L =

EPDIL
A//”’///’////’ hAmfree D

] EPDIL
hkwfree D

EPDIL

ETOL = ET,0L =

EPTZOL mod A

EDTOL =

EPDTOL mod A

FIN

Figure 3.2. Classification of families of context sensitive table L

extension languages and their homomorphic closures.
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LEMMA 3.62. EDT21L = RE.

PROOF. By Figure 3.1 hﬂ-ﬂ EDIL = RE. Let G = <W,P,w,VT> be an EDIL system
—_ :

and h: V_ - V a letter-to-letter homomorphism. Assume without loss of gen-
erality that WnV = . Construct the EDT, 1L system G' = <W',{P1,P2},W,V> as

2
follows (G and G' are left context sensitive).

W' = WUV U{F} with F ¢ Wuv;

P, =Pu {(x,a) > F [ (x,a) ¢ Wu {A}) xu}
p, = {(x,a) > h(a) | (x,a) € (Vy u (A1) xv )
v {(x,a) > F | (x,a) ¢ (v, u {A}) xv_J.
The reader can verify easily that E(G') = h(E(G)). B

From Lemma 3.62 and Figure 3.1 it follows that RE = ED2L = EDT21L =
hl:l EDIL = hw PDIL. EIL = RE follows from Lemma 3.62 by constructing an
E1L system from the EDT21L system by lumping the two tables together to one
table and preventing the simultaneous use in a given string of production
rules from both tables by having the letter in the resultant string which
senses that its left neighbor resulted from an application of a production
rule from the other table derive the F symbol. In van DALEN [1971] it is
proved that EP2L = CS. By the workspace theorem, SALOMAA [1973a], or
by the usual LBA simulatién argument, it follows that EPTIL = CS. CS is
closed under hxnfree' WOOD [1976] proved that EPDT22L = CS. We now come to
the main result of this section.

LEMMA 3.63. EPDT21L = CS.

PROOF. Context sensitive grammars (with production rules of the form BA - BA,
AB + AR, A >~ a or B > B where A and B are nonterminals, a is a terminal and
B is a nonempty string over the terminals and the nonterminals) suffice to

generate all context sensitive languages.
CLAIM. EPIL = CS.

Proof of Claim. Since EP2L = CS we only have to prove CS ¢ EPIL.

Let G = <VN,VT,S,P> be a CS grammar with nonterminals VN, terminals VT'



starting symbol S € V_, and production

N

+
BA - BA, A > a with A,B ¢ VN, o,B eV

N
set of grammars of this form generates

Construct an EP(1,0)L system G' =

W'o=

N .
vyuid|ae vl v {a

99

rules P of the form A - «, AB - AR,
and a € VT, It is well known that the
all context sensitive languages.

<w',P3w',VT> as follows:

| A e v}

v [ aevdua® | aB ey vy ),

with all constituent alphabets disjoint. w' =

P' is defined by

(1) (x,n) ~

¥
L -

X

(2) (a,B)

¥
w™

(3) (3,B) ~ B,B

172 """ Tn-1"n

(4) (x,85) ~ B

%) > ¢
(x,A¢) >

(6)

(7)

(x,a) > a

(8) (x,y) » F

+ +
(always A,B,C ¢ VN' B ¢ VN, a € VN 1] VT

A v
for all € N

B B if BC - B,B

for all x ¢ W u {)},

S and the set of productions

and all

e ' u Db - {8 | c/B e vygls

if AB » AB ¢ P;

.oe BC e P & A € V_;
1°2 n RS\

B,C € VN;

for all B,C € VN;
ifFA>0eP &xeWu {\};

if a e V_, &

T
xe @ u - (8° | B,cev)

for all cases not covered by (1)-(7);

and a € VT).
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(1)

(ii)

*
s E v and v ¢ V;. Assume that the derivation is
S = v_ = = B .. = < i<
0 & v1 2 v2 2 g Vi v, then each step vi g vi+1, ¢} i ks

is simulated by G' as follows.

Case 1. The used production of G is A - o. If we superscript the yield

relation with the used production in G' then v, g v,

141 is simulated by

(1) ,‘L " (6) ¥ LA -
viG=3vAv C?‘vav-vi+1

. = F L 1 b H l|.
for vy 2 v, equals v'A vV gV o v

i+l
Case 2. The used production of G is AB + AR, and v, 3 Vi equals
v'AB v" g v'AB v". Then:
(1) * (2)
= L] " = i 1 i LU
v, =viav' = v'AB V" 5 v ARV Vel
Case 3. The used production in G was AB - 0B, o = AlAzbaaAn, and
¥ 1 H " .
v g vi+1 equals v' AB v g v’ aB v". Then:
(1) e (3) B
= i " =X 1 1] H "
Vi v AB v & v! AB v 5‘1 A A1A2""An-—1 An B v
(4)&(5) _,
= AA ... BvY = N
GV BBy By BV S Vi

N.B. We assume that all symbols in v',v" in the above G' transitions
were rewritten according to (7) for terminal symbols and (1) for non-

terminal symbols.

* * * *
By cases 1-3 we have that if S g-v € VT then Séﬁ v € VT and therefore

L(G) ¢ E(G").

S(§;v and v ¢ V;. We showed in (i) that G' generated all terminal words
that G did. Now we have ta assure ourselves that there are no parasitic
derivations, i.e., that G' does not generate terminal words which G
does not. So assume, by way of contradiction, Sé%*v and S‘§>v for some
v € V;. Since S(g;v € V;,at no step of the derivation a production
(%,y) >~ 2z, X,y € W -W, was used since otherwise z would contain an F
which never disappears. Hence, each symbol occurring in a step of the
derivation and belonging to W'-W had a left and right neighbor be-

longing to W u {A}. This means, that viewed locally in the string,
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the rewriting by G' has to follow that by G with respect to the re-

written symbol in its context. Therefore, if S = vO G='»~, v 59, 5—; vk= v

then for each derivation step viéﬁ Vi+1’ 0 £ 1 < k, there are
*
uil' Ui 4 eees uiﬂ € (VN U VT) such that either £ = 1 or
ui1 2 uiz 2. g uiﬂ where uil and u; ~are equal to vy and Vet with

all superscripts and arrows removed from the nonterminals, respectively.

Hence S % v and E(G') < L(G).
By (i) and (ii) L(G) = E(G). End of proof of claim.

Above we noted that EPTIL < CS and by the claim it therefore suffices
to prove EPIL ¢ EPDT21L to prove the lemma. Let G = <W,P,w,VT> be an EPIL
system with W = {al,az,...an} and P defined by

(A.aj) + o .(ai,aj) > oa,

030 i30
EY
T %051 %191
’*ao. O,
ing g i3 g
for 1 £1i, j < n.
Construct an EPDT21L system G' = <W',{P1,P2},W,VT> defined by:

u ﬁA X WU ﬁh x %) x {0,1,...,k} u{r}

=1

W' =W UW, X W, x
3 " W u (WA

where k = max{nij |6 <is<nand 0<3 <n); X, = XU {2} and X ={a |a ¢ x}
for X € {w’wk'ﬁ'ﬁk’ﬁ'ﬁk}; F is a new letter.
P (vrla; ,a; ) > (a; ,a; )
1 2 1 2
(v.(a, ,a, ,i)) > (3, ,a, ,i)
R D)
(v, (3, ,a, ,i)) » (3, ,a, ,i)
R R
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For all y €

(.p.) > F 1

P.: (a, ,a,
i i

2 1

(>\,(ai
1
((5i ,a

1

(%, (a,
1

(v: (a,

1

(v, (a,
1

(z, (a,
1
for all aj,
X € WA X W
y € Wk X W
(vpo) = F i
Suppose
a, a, .o
R
Then
a a, .
R

under the control word
jq+1
u=2 271
Hence

E(G) ¢ E(G'

1]
wt u {A}, a, W, ai7

i

f (.,.) is not in the above list.
) > (ai =5 )
2 1 2

i )) > (Ei ,a. ,0)
2 1 2

2 )
A, 1)) > a, g
2 Tty
e W a. €W,

iprfizriiy
u @Axﬁuﬁxxﬁ)x {0,1,...,k},

x {0,1,...,k}u{r}, z ¢ ;A

f (.,.) is not in the above list.

a. =G:’ CLO_ . ai i . PR O«i i 5
*n 39 Aty n-1"n3
a ;’;’ a QL
T S
i, 60 053 4410, th-1"n?
3 et 1
11 292+ 4 11 290t g5,

).

1

i such that O

2

€ W and i such that 0 <i <k.

+1)))
i

xvjiX{O,l,...,k}u{K}.
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Now suppose that v %, z and v,z € W* and no intermediate word in the
derivation belongs to W*. According to the productions the last table ap-
plied must have been P2 and the word v' it was applied to belongs to
(WA X W ox {0,1,2,...,k})* since otherwise F would occur in z. But the only
way to derive such a v' by application of tables P, and P, under the given

1 2
assumptions yields a v' such that if v° %, z then v = z as careful scrutiny

G
of the production rules shows. In fact,if u = u'2 then under the assump-
tions

w e 2 1tetanhHtewm-l

+
2l n T,
Hence E(G') ¢ E(G), which, together with the previous inclusion, shows that

E(G') = E(G). 0

The inclusion relations between RE, CS, DLBA, CF, REG, FIN, EDIL,
EPDIL and hkwfree EPDIL were stated already in Figure 3.1. The connected
parts of the diagram of Figure 3.2 from ETOL downwards follows from various
combinations of Lemma 3.2 and Theorem 6.4 -6.7 of NIELSEN, ROZENBERG,
SALOMAA and SKYUM [1974a] and EHRENFEUCHT, ROZENBERG and SKYUM [ 1976]. ETOL
has deterministic tape complexity ((n) and therefore ETOL < DLBA; since
moreover ETOL is a full AFL and DLBA is not it follows that the inclusion

is strict, van LEEUWEN [1976]. The only thing remaining to be shown is:

LEMMA 3.64. X and Y are incomparable for all X and Y such that X € {EDIL,

EPDIL, h EPDIL} and Y ¢ {ETOL, EDTOL}.

A~free

PROOF. REG ¢ X by Figure 3.1, but, according to the established part of the
diagram of Figure 3.2, REG ¢ Y. By definition EPDOL < XnY (EPDOL is not dis-
played in Figure 3.2). Since the homomorphic closure of X is equal to RE

(by the fact that hw PD1L = RE) and the homomorphic closure of Y is con-
tained in ETOL (by definition and the fact that ETOL is a full AFL) there

are languages in X which are not in Y. Hence X and Y have a nonempty inter-—

section and neither contains the other. 0
3.4. STABLE STRING LANGUAGES OF 1. SYSTEMS

The languages produced by L systems consist of all strings derivable

from the initial string and thus correspond to the set of all morphological
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stages the organism may attain in its development. HERMAN and WALKER [1975,
197671, however, consider the language consisting of all strings produced by
the L system which are necescarily rewritten as themselves. Such a lang-
uage is taken to correspond to the set of adult stages an organism might
reach.

As we saw before, the usual way in formal language theory for obtain-
ing languages from rewriting systems (be they sequential, e.g., grammars,
or parallel like L systems) is by intersection with a terminal alphabet.
That is, by selecting from all strings that are produced those over a ter-
minal alphabet. The method proposed by Herman and Walker, viz. the stable
string operation, consists of selecting from all strings produced by the
rewriting systeﬁ those strings that are invariant under the rewriting rules.
A language obtained in this manner is called the stable string language of
the system (or, with biological connotations, the adult language). We shall
investigate in this section the relation between the above two approaches
for the various families of L systems. In HERMAN and WALKER [1975] it is
proved that the generating power of context free L systems with respect to
the stable stringoperation is equal to the generating power of context free
grammars with respect to intersection with a terminal alphabet (i.e., the
context free languages). This rather unexpected result links the study of
stable string languages of L systems with the main body of formal language
theory. Since the context free languages are strictly contained in the set
of languages obtained from context free L systems by intersection with a
terminal alphabet, see e.g. HERMAN and ROZENBERG [1975], the stable string
operation yvields strictly less than the operation of intersection with a
terminal alphabet in this case. However, we shall prove that the set of
stable string languages of a class of context sensitive L systems gener-
ally coincides with the set of languages obtained from this class by inter-
section with a terminal alphabet. Moreover, analogous results hold for
classes of L systems using more than one set of production rules, i.e., the
table L systems, both context free and context sensitive. By making use of
the previous results concerning extensions of I languages in Sections 3.2
and 3.3 we are able to derive many results concerning stable string lang-
uages of L systems, some of which were also established in WALKER [1974a,b,
c] by different methods.

The stable string languageofan L system G = <W,P,w> is defined by

* - .
AG) = {vewWw |velL(G and v= z implies z = v}.
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The family of stable string languages of XL systems is denoted by AXL,
We immediately note the following. A(G) ¢ L(G); although A(G) may be empty

this is not the case for L(G); if G is deterministic (having only one table)

then #A(G) is either 0 or 1.

EXAMPLE. Let G be the OL system <{a,b},{a +a, a-=+aa, a-+b, b-+b},a>. Then
+
L(G) = {a,b} and a(c) = {(b}".

In this section the lemmas are the main results. They serve as technical
tools to derive theorems and corollaries concerning the inclusion relations

between the families of languages above.

3.4.1. STABLE STRING LANGUAGES OF L SYSTEMS WITHOUT TABLES

LEMMA 3.65. Let G = <W,P,w> be any type of (m,n)L system such that m+n > 0
and let VT be a subset of W. We can effectively derive from G and VT an
(m,n)L system G' = <W',P',w'> of the same type as G (but for determinism
and the cardinality of the alphabet), a subset Vé of W' and an isomorphism

* * *
h from VT onto V% such that h(L(G) n VT ) = A(GY).
PROOF, We prove the lemma in three stages:

(i) L(G" * oL@ n v
i (G") n VT = L{G) n oo

i

ii)  L(G = h(n(e .
(ii (G") n VT (L(G*) n VT),

*
(1ii) L(G") n V% = A(G").
Consider the L system G' = <W',P',w'> which is constructed as follows.

W' =W U v% v {F,s}

where W, v% and {F,s} are disjoint, #Vé = #VT and h is an isomorphism from

*
VT onto V%*; w' = s and the set of production rules P' is defined by
(1) (A vs, A) »+w
*
(2) -+ h(w) if w e VT'
(3) (vi,a,vz) > 0 if (Vl’aTVZ) + o € P,
(4) > h(a) if (Vl'a'vz) + o € P and a € V;,
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Wt
(5) > FF for all v,av, ¢ VT .
+
¥
(6) > a for all viav, € (A
(1) Since P ¢ P' and P' —~ P does not prodﬁce words over VT (except pos-

sibly w) we have that

L(G') n V. = L(G) n V.,
T T

-, * * ]

(i1) Suppose s = z = v and v € VT. By (2) and (4) we then have also

*
s = z = h(v). Therefore,

¥ * L L I*
h(L(G') n VT) < L(G") n vT .

Suppose s ; z = v and v € V%f.
Case 1, z = s. Then 2z %'h_l(v) = w by (2) and (1).
Case 2. z # s and z # v. By (4) and (3) z = hnl(v).
gg§§M§, z # s and z = v. By (6) and (5) we can reduce this to cases 1 and 2.
Since cases 1 -3 exhaust all possibilities of producing words over

*
V! we have
T

LG nve
e

n

h(L(G") n V)
h ( n -

and therefore

G* o h(L(Gr *)
L( )an = h(L( )an.

*
(iii) Let v € V% and v = z. The only rules which can have been applied to

v are those of (6) and therefore z = v and
*
L(G") n vy < a(Gh).

Suppose v = v and v ¢ V%*. By (5) then also v = v,

*
words vl,vp in W' and therefore v £ A(G'). Hence

FFV2 for some

*
A(G') € L(G") n vy,
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which together with the previous inclusion shows that

i

L(G') n v, 0

A(G") o

LEMMA 3.66. Let G = <W,P,w> be a (deterministic) P(m,n)L system. Given G,
we can effectively produce a (deterministic) P(m,n)L system G' = <W',P',w'>,

* %
a subset VT of W' and an isomorphism h from VT onto W such that
*
h(L(G') n VT) = A(G).

PROOF. Construct G' = <W',P',w'> as follows: W' = Wx{0,1}; and the init-

ial stri fo= P e = P -
tial string w (a1 O)(az,O) . (ak,O)*for w ala2 a Let g be a letter
to-~letter homomorphism from W' onto W defined by g((a,i)) = a for i €{0,1};

and define P', for i = 0,1, by:

() (Vi.(a,i),vz) **(al,O)(a2,O)...(a ,0) if

(g(vl),a,g(v2)) -> alaz...az e P and

there is a rule (g(vl),a,g(v2)) > o
in P such that a # a.

(2) + (a,l) otherwise.

* *
Let VT = {(a,l) Ia € W} and define h: VT +~ W by h((a,1)) = a.

*
Suppose v € A(G); i.e., if w g v E z then z = v. Since G is propagat—

ing every letter in v must necessarily produce itself and for v = a1a2..h

.,.az we therefore have

* . .
w2, (al,ll)(a2,12)...(a£,1£) it (al,l)(az,l)...(az,l).

*
where ij e {0,1}, 1 £ 3 < £. Since (al,l)(a Yoe..(a,,1) € VT we have that

2'1

A(G) € h(L(G") n V).

* * *
Suppose v € VT and w' (=;=; z (?, v. Then also w 2 g(z) :—5 g(v) and because

of (2) g(z) = g(v) and g(z) % x for some x # g(v). Therefore,
G
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h(L(G') n v;) c A(G)

and the lemma follows. 0

THEOREM 3,67.

(i) ILet m,n be nonnegative integers such that m+n > 0 and let X be any pro-
perty of L systems which is preserved under the construction in the proof
of Lemma 3.65 (e.g. the propagating property). Then EX(m,n)L < AX(m,n)L.

(ii) Let m,n be nonnegative integers and let X be any property of L systems
which is preserved under the construction in the proof of Lemma 3.66 (e.g.,
determinism, lengths of the right hand sides of the production rules). Then

AXP(m,n)L < EXP(m,n)L.

PROOE .
(i) Let G be an X(m,n)L system and let VT be a subset of the alphabet of
G. By Lemma 3.65 there is an algorithm which, given G and VT' produces an

*
X(m,n)L system G' such that A(G') is isomorphic with L(G) n VT' Since fami-
lies of languages are invariant under isomorphism (i) holds.

(ii) Follows similarly to (i) from Lemma 3.66. 0
COROLLARY 3.68. AP(m,n)L = EP(m,n)L for m+n > 0.

Since EIL = RE by the diagram of Figure 3.2 it follows from Theorem
3.67(i) that:

COROLLARY 3,69, AlL = ElL. = RE = AIL = EIL.
It similarly follows that:
COROLLARY 3.70. APIL = EPIL = CS = EPIL = APIL.

We might observe that if G is deterministic then A(G) consists of
either one word or the empty set., It follows from the argument we will use
in Chapter 4 to show the undecidability of whether or not the length of
strings in PDIL systems grows unboundedly that the following holds:

THEOREM 3.71. The emptiness problems for the stable string languages of

PDIL systems is undecidable.
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Although it is obviously not the case that APDIL = EPDIL we obtain in

a similar way the additional result:
THEOREM 3.72. The emptiness of EPDIL languages is undecidable.

For stable string languages of DOL systems, however, the emptiness
problem is solvable. In Section 3.1.1 it was proven that for a DOL system

G = <W,P,w> it is decidable whether or not L(G) is finite and that if L(G)
V#W log #W

is finite then #L(G) X e . Therefore we can determine whether

A(G) # @ by, e.g., checking whether w = e

some i £ #L(G) if L(G) is finite. In fact, according to the theory develop~-

= w, = w, for
i i

ed in Section 3.1.1, i £ #W suffices.

3.4.2. STABLE STRING LANGUAGES OF TABLE L SYSTEMS.

Let G = <W,P,w> be a table L system. Similar to before we define the

stable string language of G as

A(G) = {v e L(G) |v =z implies z = v}.

The constructions in Lemmas 3.65 and 3.66 show immediately that the
analog of Theorem 3.67 holds for table L systems in general and for table
L systems using k tables (TkL systems) in particular. Hence we have the

following additional corollaries from Theorem 3.67.

COROLLARY 3.73. APTk(m,n)L = EPTk(m,n)L for all nonnegative integers m,n,k

such that mtn > 0 and k > 0.
Since EPTIL = CS, we have
EQEPLLARY 3.74. APTllL = APIL = CS = APTIL.
It follows from Theorem 3.67(ii) also that:

COROLLARY 3.75.

(1) APTkOL = EPTkOL for all k > O.

(idi) APDTk(m,n)L = EPDTk(m,n)L for all k> 0 and m,n = 0.

and more in particular from Theorem 3.67(i) that:
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COROLLARY 3.76. ATllL = AlL = RE = ATIL.

LEMMA 3.77. Let G = <W,P,w> be a TOL system. There is an algorithm which,
given G, produces a TOL system G' = <W',P',w'> and a subset VT of W' such

that L(G') n v; = A(G).

PROOF. It is easy to see that, for P = {P{,P,,..., P} and G; = <W,P;,w>,
1<i<k,
k *
A@G) = N {vew |v &>z implies z = v}l n L(G).
i=1 i
From HERMAN and WALKER [1975, Lemma 3] it follows that there exists
an algorithm which, given <W,Pi>, i=1,2,...,k, produces a finite set of

* * *
strings Wi ¢ £ such that Wi ={vew Iv z implies z = v}. Therefore,

=
A(G) = iﬁl wz n L(G). From HERMAN and ROZECI;\ELBERG [1975, Theorem 9.3(iv)] it
follows that there exists an algorithm which, given a TOL system G and a
regular expression R produces a TOL‘system G' = <w',P',w'> and a subset VT
of W' such that L(G') n V* = L(G) n L(R), where L(R) is the language denoted

T
by R. |

Hence we can construct a language over terminals from a stable string

language. The converse problem is solved by:

LEMMA 3.78. Let G = <W,P,w> be any type of TOL system, e.g., propagating,
deterministic or both such that #P > 1. There is an algorithm which, given
G and a subset VT of W, produces a TOL system G' = <W®,Pt',w'> of the same

type with #P' = #P such that

i L(G) n V* = L(G") n V*
(1) T T
: %
(ii) A(G') = L(G') n V.
PROOF. Let G = <W,P,w> where P = {P1'P2"*"Pk}’ Construct G' = <W',P', w'>

as follows.,

W=V, W x{1,2,...,k} x {0,1}) v {F,s},

where F,s ¢ W.The initial string w' = s. P' = {Pi.Pé,--.lpﬁ} with Pi, 1=

i £ k, defined by



(1) s - (al,l,l)(a2,1,1)...(an,1,1) if w = aa,...a .

(2) (a,3,0) =~ (al,i,l)(a2,i,1)...(an,i,1) for all §e¢{1,2,...,k}
and a +-a1a2...an € Pi.

(3) (a,i,1) » (a,1,0) for all a € W.

(4) (a,j,1) » a for all a € VT and all § #1i.

(5) (a,j,1) -~ FF for all a €W~VT and all j #4i.

(6) F - FF

(7) a > a for all a € VT.

(i) Recall the notion of a control word from the previous Section 3.3 for
: u . . . . .
the notation v 2 v', that is, v derives v' by the successive application

of tables Pil,P ’Pin from the table L system G = <W,P,w> if u =

i2""“

i, i ...1 .

Titoeety ) .
Now suppose w g v and v € VT' Then there are words ) W, V{,V)seeas

ig i i3

= i * < . s o i J
vy ‘v in W” and tables Pll’Plg’*"’PLh in P such that Vo 2V, 2V, 2.
lh X
P g Vh' Let vi = ailai2'"'aini for i = 0,1,...,h. Then
é ( 1,1)( 1,1) (a 1,1)
5 & a01r I 3-02; ? oo onol v
$ (a 1,0) (a 1,0) (a 1,0)
G* o1’ Q2" T Ono' !
1
5? (all'll'l)(a12’11'1)"“”(a1n1’11’1)
1'.1
& (alllll'o)(a12’ll'o)"'(a1n1'll'0)
ih
& (ahl,lh,l)(ahz,lh,l)...(ahnh,lh,l)
i g = £ each j # i
& dhlahz"'ahnh = v for each j h*

%
Hence v ¢ L(G') n VT and therefore
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* * *
Now suppose that s 2, v with v € VT. Since s ¢ VT we have, for w =

a1a2...an, that

s E' (al,l,l)(a2,1,l)...(an,1,1) >z =V

with the first production using a rule of type (1). If z € V; then the only
applicable productions are of type (7) and therefore v = z. Assume there-
fore, without loss of generality, that there occurs no word over Vi but v
in the above derivation. Scrutiny of the production rules shows that only
rules of type (1) ~ (4) have been used in the above derivation: a rule of
type (1) as the first one and a rule of type (4) as the last one. All

other rules used must be of type (2) and (3). Therefore the above deriva-

tion has to look as follows.

i
s é' (a01,1,1)(a02,1,1). .(aono,l,l)
L oa . ,1,00(a.,1,00...¢ 1,0
& (agqr s agyrls aOnO, ,0)
=i-"1 ( i, 1)( TS D i,1)
G fBpqrtqet Bypetg et R8y ) vty
iy
2, (all’ll’O)(a12'11’0)"'(a1n1’11'0)
i
g, (a"hl'lh"l)(ahZ'lh'l)"'(ahnh'lh'l)
Zh+l N . L4
G hlah2°“ahnh ’ h+l 7 Th’

But then also

i i, i
- = e P a R =V,
v a01a02"'a0n0 g *11%127 %, g ¢ %nin2 ahnh

*
i.e., w E v and therefore

* *
' \Y
L(G') n VT c L(G) n T

which together with the previous inclusion gives us that
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L(G') n v; = L(G) n V_.

*
T’ %
Since rules of type (7) are the only ones applicable on v ¢ VT we have v €

*
(ii) Suppose s g' v and v € V
A(G') and therefore

L(G') nV_ < A(G").

*
p S
* *
Suppose s g, v and v ¢ VT. By the inherent synchronism of the produc—
tion rules in P' we have, for v # A, that
* * *x
v e {s}u (v, v Flhy - V) U (WX {1,2,...,k} x {0}

U oW x {1,2,...,k} x {1h*.

It is easily seen that for each of the possibilities v ¢ A(G*) and

therefore
A(G') ¢ L(G') n V
Hence

A(G")

i

«
L(GY) n Vi 0

THEOREM 3.79. Let G be an XTkOL system, X € {A,P,PD} and k > 1. There exist
algorithms which, given G and a subset VT of the alphabet of G, produce

XTkOL systems G', G" and a subset V% of the alphabet of G' such that

s - 3 l*
(1) A@G) = L(G") n V.,
*
(ii) A(G") = L(G) nV
T
PROOF .

(i) The construction in Lemma 3.66 leaves the propagating and deterministic
properties intact and goes through analogously for TOL systems without chang-
ing the number of tables (cf. Corollary 3.75(i) and (ii)). This proves (i)

for X = P or PD. The case of X = A, i.e., G is a TkOL system is covered
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by Lemma 3.77 and adds one table. Since from HERMAN and ROZENBERG [1975]

it follows that there is an algorithm which, given a Tk

OL system G' and a subset

OL system G'" and a

subset V%' of the alphabet of G', produces a T2
* +*

V% of the alphabet of G' such that L(G') n V% = L(G'"™) n V;‘ , this proves

(i) .

(ii) Follows by Lemma 3.78. 0

COROLLARY 3.80.

(1) ATkOL = ETkOL, k> 1;

(ii) APTkOL = EPTkOL, k > 1;

(iii) APDT, OL = EPDT, OL, k > 1.

Since the construction in the proof of Lemma 3.78 also leaves deter-

minism intact for the nonpropagating case we have that
COROLLARY 3.81. EDTkOL c ADTkOL for k > 1.

We now need the following results from HERMAN and ROZENBERG [1975,
Chs. 7-10] to complete the picture.

LEMMA 3.82.

(i) EOL = EPOL mod A;
(ii) ETZOL = ETOL;

(iii) EPT 0L = EPTOL;

(iv) ETOL = EPTOL mod );
(v) CF ¢ EQOL ¢ ETOL ¢ CS.

And from HERMAN and WALKER [1975],

LEMMA 3.83, AOL = ATIOL = CF = APOL mod .

THEOREM 3.84. The inclusion relations between the various families of
stable string languages are as in Figure 3.3. The arrows between the boxes

have the usual interpretation as strict inclusions.

PROOF. By the results of Sections 3.4.1 and 3.4.2 together with the fact
that CF < CS < RE, cf. Section 2.1. 0



RE = AlL =
E1L = ATIL

CS = APIL = EPIL
= EPTIL = APTIL

4

ETOL = ET,0L

ATZOL = ATOL =

]

EPTOL mod A =

EPT20L =

APTZOL = APTOL

i

ET10L = EOL = EPOL mod A

APTIOL mod A = APOL

Figure 3.3. Classification of stable string language families of non-

deterministic L systems with and without tables.
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Hence we see that whenever the L systems have some context sensitivity,
by having the rewriting of a letter depend on a neighboring letter or by
being able to choose production rules by the judicious use of tables, the
devices of obtaining languages from the systems by considering only the
stable strings or the strings over a terminal alphabet are in general
exactly as powerful. This equality in power of the two operations for ob-
taining languages from L systems breaks down only at the bottom of the
scale where there is no context sensitivity whatsoever as in the case of
OL systems. There it appears that the use of nonterminals is strictly
stronger than the use of stable strings. Naturally, the above is not com-
pletely true for deterministic L systems (with or without tables) where it
is clear that e.g. the stable string languages of untabled deterministic
L systems can never consist of more than one word while the extensions can.

We will look at the deterministic case in more detail below.

3.4.3. STABLE STRING LANGUAGES OF DETERMINISTIC TABLE L SYSTEMS

The concept of languages produced by deterministic (or monogenic) re-
writing systems is altogether foreign to the usual generative grammar ap-
proach since there these languages would either be empty or contain but one
element. The same holds for stable string languages of the deterministic
L systems with one table. However, stable string languages of deterministic
L systems using more than one table, or deterministic L languages and their
intersections with a terminal alphabet, are proper (i.e., are not made up
of singleton sets) language families. We shall now assess the implications
of our previous results for the stable string languages of deterministic

L systems using more than one table.
(1) APDTkOL = EPDTkOL for k > 1 by Corollary 3.80(iii).
(2) EDTkOL c ADTkOL for k > 1 by Corollary 3.81.

Since the proof technique of Lemma 3.78 works also in the case of

deterministic context sensitive table L systems, we have that

(3) EDTk(m,n)L c ADTk(m,n)L for k > 1

(4) EPDTk(m,n)L [ APDTk(m,n)L for k > 1.



(4) together with Corollary 3.75(ii) gives us

COROLLARY 3.85, APDTk(m,n)L = EPDTk(m,n)L for k > 1.

Together with the results of the previous Sections 3.2 and 3.3 we can
now collapse substantial parts of the hierarchies of stable string lang-
uages of deterministic table L systems according to the amount of context
and/ or number of tables. Let SING denote the family of languages con-
sisting of singleton languages and g. (We do not make a difference between

SING and SING-{A}.)

THEOREM 3.86. The inclusion relations between the various language families

concerned are given in the diagram of Figure 3.4.

RE = ADT21L =
ATIL

EDIL
Cs = APDT21L =
APTIL

2
DIL
;

SING = ADIL =
ADIL = APDIL

Figure 3.4. Classification of stable string languages of deterministic

context sensitive table L systems.



PROOF,
RE = ADT 1L = ATIL: By (3) above EDT21L [= ADT21L and, since EDT21L = RE by
Theorem 3.61, we have that RE = ADT, 1L = ATIL. (Every class of languages

2
effectively obtainable which includes RE equals RE,)

Cs = APDT21L = APTIL: By Theorem 3.61 we have that CS = EPDTzlL and, by

Corollary 3.85, EPDT21L = APDT21L. Hence CS = APDTzlL. CS = APTIL by Theo-
rem 3.84.

DIL ¢ EDIL ¢ RE: By Figure 3.1. The remainder of the theorem is trivial. [J

In HERMAN and ROZENBERG [1975] it is shown that two tables suffice to
generate all ETOL languages: ETOL = ET2OL = EPTOL mod A and EPTOL = EPTZOL.
This method of clocking the use of more tables with one table and fixing
derived strings with the other table works also for the deterministic
variants. Hence EDTOL = EDT,OL and EPDTOL = EPDT.OL.

2 2
Therefore, it follows from (1) that-

(5) APDTZDL = EPDT2OL = EPDTOL = APDTOL;

From (2), EDTOL = EPDTOL mod A (Hint: similarly to the proof of ETOL =
EPTOL mod )\) and because LANGE [1980] proves ADTOL ¢ EDTOL we have that:

(6) EDTOL = EDT2OL = ADT20L = ADTOL = APDTOL mod A.

The family EDTOL resulting from (5) and (6) ties in with Figure 3.4.
according to Figure 3.2.
Finally we would like to point out that much more is proven than claim-~

ed by means of corollaries etc. in this Section 3.4. The lemmas and theo-
rems hold for any family of L systems which is preserved under the con-
structions. If e.g. in Lemma 3,78 we change the production F - FF to F - F'
and F' -+ F then the growth ranges stay identical. I.e.,

{iewW |i=4~Lg(v) and v € L(G) n V;} =

={ie N |1i=4Lg(v) and v ¢ A(G")}

Also in Lemma 3,66:
{ieW |[i=4Lg(v) and v € B(G)} =

= {ie W |i=4Lg(v) and v € L(G') n V;}.
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3.4.4. RELEVANCE TO THEORETICAL BIOLOGY AND FORMAL LANGUAGE THEORY

The problem of equilibrium oriented behavior in biological morphogenis
has attracted considerable attention. For instance, TURING [1952] has ana-
lyzed the way in which patterns may form in a ring of cells which is ini-
tially in chemical equilibrium but is displaced from it by a small amount.
WADDINGTON [1957] has given a model, called the epigenetic landscape, for
the way in which development is influenced both by the genetic material and
by external disturbances. These investigations have been concerned with
continuous space~time, except in the case of Turing, who has considered
discrete space. As is well-known the discretization of space and time can
vield considerable advantages, i.e., problems become amenable to solution
which could not be tackled before.

Stable string languages of Lin@enmayer systems may be a fruitful ap-
proach in the context of equilibrium oriented behavior in biological morpho-
genesis, although obviously some grave simplifications take place. We would
like to think of Turing's approach as the most detailed and Waddington's
epigenetic landscape as a more general concept. In this scheme we would
tentatively place the present approach, viz. by discretization of space-
time, at an intermediate level. It appeared above that, by allowing dif-
ferent kinds of rules for cellular behavior, we obtain different classes
of stable multicellular patterns. From the formal language point of view,
the generating power of the stable string operation was investigated with
respect to Lindenmayer systems, and it was shown to be equal to the generat-
ing power of the operatioh of intersection with a terminal alphabet except
in the case of context free L systems and deterministic L systems (with
one table). Furthermore, the results show that several of the language fami-
lies of the Chomsky hierarchy can be characterized by classes of highly
parallel rewriting systems together with a universal operation for obtain-
ing languages. Thus we have given a characterization for these language
families which i1s structurally completely different from that by generative

grammars.
3.5. CONTEXT VARIABLE L SYSTEMS AND SOME SIMPLE REGENERATING STRUCTURES

This section does not treat a well-entrenched part of L theory; its

aim is to present some tentative ideas, illuminated by examples and rash
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interpretations, rather than to exhibit a piece of mathematical theory.

As we have seen in the Introduction (Chapter 1), the models treated
in this monograph are based on the assumption that the relative position
of cells (or compartments) cannot change during growth, and neither can
the neighborhoods of daughter cells be different from those of the mother
cells. Here we explore some aspects of context variable L systems, where
a letter in a string is rewritten according to a selection of letters from
that string. An interpretation of this variant can be that the string re-
presents an enumeration of the cells making up the bulky organism, and a
selection of letters from the string, determining the way a letter is going
to be rewritten, represents the influence of a cell's neighbors in the bulky
organism on its behavior. We might go about this as follows. Given the or-
ganism at time t, enumerate all cells in it to a linear string and attach
to each cell in the string the place numbers of the cells which are going
to influence the rewriting of this barticular cell. These "influential"
cells could be e.g. those in the physical neighborhood of the cell concerned
in the bulky organism at time t. Subsequently, we rewrite the string, each
cell in the context of the cells (scattered throughout the string) which
influence it as indicated by its attached place numbers. The resultant string
at time t+! represents an enumeration of the bulky organism at time t+1. If
we can also attach the place numbers in the string, of the neighboring cells
of each cell in the bulky organism at time t+1, to each cell in the string
at time t+1 during the rewriting, we might be able to model the physical
constraints on growth in bulky organisms such as cells sliding past each
other, cells being of different sizes and forms and pushing against
each other in the course of growth, etc. This attaching of neighborhood
places to cells resulting from rewriting can be done by giving superscripts
to the letters in the right hand sides of production rules. For an attempt
towards a general framework in this direction see VITANYI [1971]. The con-
text variable L systems we present in this section form a modest approach
towards the goal sketched above. These systems will appear to be especially
suited to model regeneration and other properties of fully grown organisms;
the accompanying languages we shall call context variable languages.

The main feature that distinguishes context variable L systems from the
ordinary ones is that in a context variable L system the relative position
of the context of a letter may vary in time and place. This feature makes

the concept difficult to handle, but we shall give some simple examples be-
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low. In these examples the systems seem to strive at attaining a certain fully
grown size and structure which, however, is not terminal in the usual sense.
Cells, i.e., letters, are changing state, dividing and dying all the time.
When we chop off a piece we observe a certain regenerative behavior. (Note
that this phenomenon of dynamically stable strings is similar to the stable
strings encountered in the previous section).

A context variable L system or CV L system is a triple G = <W,§,w>
such that W is a finite nonempty albhébét of letters; the transition func-
tion § maps elements of W* X W to strings consisting of letters in W, each

letter superscripted with an element T e =¥ (®m is the set of integers

{0,#1,+2,...1H). T.e.,

T T T
6(a1a2'°°an«1’an) = b1 b2 b.,bm R
with
T, = PL P.reeaP. v P. € 7
J j1j2 in jh

for 1 £ J<mand 0 £ h < nj; the initial string w is a string over W with

each letter superscripted with a string over Z, i.e.,

with the T 's as above.
’ Ty, Ty T,
TThe superscript T¥.Z pjlpj2'"‘pjn selects in a string b1 b2 ...bjj...
.”bnn the context h(bjj) according to which the letter bj is going to be

rewritten:

T,
R, ) =b., b ..b. .
J 3 pjl J pj2 J pjn.
J
If j+p,, < 1 or >n we substitute the empty word A for b, in h(b,). The
Ji P54 J
CV L system G generates words as follows.

T, T T
Let x = a11a22..,ann be a string. Then x generates vy directly, written

as x =y if



122

x = T T "n
a1 a2 ...an ’
Yy = dldz...an ?

. S(a, a, - ,a.)
+ + +
j 304y 30, j pjnj j

with

. PR O = T.,.
P31°52 pjnj 3

*
=» denotes the reflexive and transitive closure of =; and x (ﬁ) y de-

notes a chain of length k:

(k)

If x 3 y we say X derives y and if x = y, we say x derives y in k
steps. A string x = aflagz,.,azn is called a description, and an element of
% is called a cell. Let G be as above. The CV L language produced by G is
the set L(G) < W' defined by

L(G) = {a,a a |w=a
1 n

gt

For ease of notation we write a ...anb + vy for §(a

t .an,b) =y,

1397+
-1 +1 -1 _+1 =1 +1 -1 +1
EXAMPLE. G = <{a},{a>a "a , aa—>\A},a>. Then a = a la »>a a a a =
-1 +1 -1 +1
a’'a a a = ... .
We notice that when the description has reached a certain fully grown
size it does not change any more although the individual letters certain-
ly are not terminal or static, i.e. letters are dividing and dying all the
time but the structure, complete with context relations, stays unaltered.

The language generated by this example is

L(G) = {a,aa,aaaal.



~k +k
Let G(k) = <{a},{a~ra "a

123

,aa >A},a>. The language produced by G(k)

will be called La(k). Then La(l) = {a,aa,aaaa}, In a similar way we obtain

% (2)
L%(3)
1% (4)
L%(s5)
1% (6)
etc.

L% (0)
L2 (-1)
1 (-2)

L (=3)

etc.

f

i

fi

i

{a,aa,aaaa}

{a,aa,aaaa,aaaaaaaal

L2 (3)

{a" |n = 1,2,4,8,12}

L2 (5)

{\,a,aal

{A,a,aal

= {a,aa,aaaal

The general form of such an La(k) language is described by:

LEMMA 3.87. Let G(k) and La(k) be as above.

(i) k >0 and k is even:

2 (k)

t

k > 0 and k is odd: LE(k) = L°(k+1).

(1i) k < -1: 1.2(k)

= 13 (-k-1)

(i1i) L¥(0) = {A,a,aa}; L¥(~1) = {A,a,aal.

(&) _-

+ o o . . .
PROOF. By 6 (a) we mean a,a_...a if a = a,a_...a .
— 172 n 2 n

(1) k > 0.

(a) t = logk. Then [6"(a)] = 2
for which production rule aa - A is applicable.

divide and ]6t+1(a)l =

(b) logzk <

Lk

dZi and

t

qpteni+l

(i >0),

172

t

2t+1'

< log2(k) + 1. Let St(a) =a.a. ...a .

172
such that 2i +k 5 2

< k and there are

2k
{a? [t e w and 0 < t < log, (k) + 1} v {a""}.

no cells in Gt(a)

Hence all cells

For all cells

, production rule
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aa > A will be applied. Let j = max (i); then there are 2j
t 2i+k<2t
cells in § (a) such that aa -+ A will be the applied production
rule. For k is even: 2j +k = 2t or 2t ~2j = k. 23 cells disappear
t+1

and k cells divide in the next production, so I (a) | = 2k. For

k is odd 2j +k = 2t -1 or 2t ~-29 =k +1. 2j cells disappear and
t+1

k +1 cells divide in the next production, so |8 (a) ] = 2k +2.

(c) £ > logz(k) + 1. The last production gave us ldt(a)l = 2k (k even),
so half of the cells divide and the other half disappears in the
next production: 16t+1(a)1 = 2k. For k is odd we get 16t+1(a)I =
2k +2.

(ii) Similar to (i).
(iii) Follows from the productions. 0

It follows from the above that

U %) = [a4n In > 0} v {a,aal.
keZz

The CV L systems we have been considering all start from a single cell,
and, according to the predetermined genetical instructions (i.e., ¢ and the
specification of k) they grow at an exponential rate until the fully grown
size is reached but for one production step. Next the CV L system grows on
the remainder and stays at the same size and structure, although in each
production step individual cells disappear and divide. Note that there is
a limited interaction all the time between the cells to achieve this goal.

We can investigate regenerative processes in these systems, by remov-
ing part of the (fully grown or growing) description. The missing part then
is regrown again. When we divide a description into several parts, all of
these will eventually reach a fully grown stage. This is reminiscent of the
remarkable regenerative properties of flatworms. The discussed CV L systems
are very simple, i.e., there is no differentiation of cells. It would be
interesting to investigate similar regenerative processes in more complex
CV L systems with, e.g., more cellular states. By noting that a CV L system,
or indeed a D2L system, can simulate a Turing machine we can simulate total-
ly regenerative structures. That is, a structure which, when we chop off
any piece of it, regrows the missing piece. Here, however, we would have
to increase the number of states rather drastically. We may qualify quest-

ions about regeneration by distinguishing between several types of regenera-
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tion: (i) Starting with one cell in a special state, i.e. reproduction.

(ii) Starting from arbitrary parts of a fully grown description. (iii)
starting from arbitrary parts of a description at some stage of the growth
process. (iv) Starting from selected parts removed from the fully grown des-—
cription, etc. Note that above there is a difference between cases where we
remove an end part of a fully grown description, and cases where we remove

a middle part. We illustrate this with the following example (k = 2): The
fully grown description is: a_2a+2a_2a+2. Regeneration with the left-end
+2a-2a+2 - a—2a+2a~2a+2

(skin) cell removed: a . The two cells right have

divided, while the new leftmost cell has disappeared in the production. Re-
generation with the third (middle) cell removed: a"2a+2a+2 = a“2a+2a_2a+2
-2 +2 -2 +2 =2 +2 - . .
a a =®%a a a a . All three cells divide in the first production. In
the second production only the two outermost cells divide and the others
disappear: the fully grown size is reached.

We observe that the removal of different parts of the fully grown des-

cription may yield different courses for the regenerative process.
3.5.1. THE EXTENDED FRENCH FLAG PROBLEM

Usually the French Flag problem is stated as follows. Suppose we have

a string of cells all of which are in an identical state but because of

some disturbance produce the pattern of a French Flag, i.e. one third red,

one third white and one third blue. Moreover, when we cut off any piece of
it which is large enough it produces this pattern again. The above is sup-
posed to be a meaningful statement of problems of biological regeneration

(e.g. HERMAN [1972]). However, as we have stated before, what seems more

meaningful is the design of structures which, starting from a single cell,

attain a certain fully grown stage, no cell staying static, and furthermore,
when we chop off a piece of this structure, regrow the missing piece until
the fully grown stage has been reached again. When we discuss the French

Flag in this context, we want the following:

(i) One cell divides and gives rise to a fully grown French Flag of a cer-
tain size which retains the same pattern and structure while indivi-
dual cells are disappearing all the time.

(ii) When we chop off a piece of a fully grown French Flag it regrows the
missing piece.

We will present a CV L system which does (i) and (ii). Since the sys-

tem has to reach a certain fully grown size, clearly the production rules



126

depend on this size. When we want a different fully grown size we will have
to find a new set of productions.

Furthermore, in the discussed system the a's serve as some kind of "head"
of the structure, i.e., the front part always regenerates a new end part

but an end part does not always regenerate a new front part. When part of
the head is contained in it, however, it does. The biological interpreta-
tion of this phenomenon is so obvious (lizards!) that this type of partial
regeneration need not be justified further. We may point out that higher
organisms, which are more differentiated, mostly lose regenerative properties
to a certain extent which seems to be the price to be paid for a more com-
plex structure. We exhibit an example of a context variable Lindenmayer sys-
tem with maximal a two neighbor context, which, starting from a single cell,

attains the following fully grown description, viz. the French Flag

e @ ® @ ® ° 3 ] ® @ ® 4
aaaabbbbcccc.

When this French Flag is cut, the left part always regenerates completely;
the right part mostly not, depending on where the cut was placed. We will
call awa'a.a’ the head, b«b“beba the trunk and c@cacece the tail of the

French Flag.

W = {a,b,c}. The transition function is specified by the following rules

(we only write those we need and leave the others open):

. a—1+1b—1+i aab - g H1 m1H
b - b—1+1C+1—1 bbe - b—1+1bm1+1
o - c+1-«1C+1-—1 aba - a~1+1a_2+2
aa » A bob + b~ 1F1,722
bb =+ A cbc - c+1_1c+1_1
ce - c+1-—1C+1-1 bac 9-b+2+1bm1+1
ab - a+2+1a—~1+1 cch - C+1~1C+1—1
be b+2+1b—1+1 bab > X

ba - 23__1+1c+1_1 bcec » A
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+1-1 +1-1
c c

cb > cbb ~ A
~-1+1 ~242

aaa + a a cba - A

bbb + b1 Tipm2+2 ach -+ A

cce > A

Starting from initial string a we obtain the following production:

(1) a =~a_1+1b‘1+1 =ra+2+1a‘1+1b_1+1c+1w1

=141 -2+2 ~1+1 —1+11+2+1 =1+1 +1-1 +1-1
1 1 2 2 1 - -
=141 -2+2 ~1+1 ~1+1 ~1+1‘—2+21 1+l]—1+1 +1-1 +1-1 +1-1 +1-1
w14+l =242 ~1+1 =141 =141 =242 —~1+1 —14+1 4+1=1 +1~1 +1- +1-
- 1 -1 } 141, =242 ~1+1 ~1+1 +1-1 +1-1 +1-1 +1-1

= idem.

We call this fully grown description FF, and observe that FF is the desired
French Flag; it stays at this structure although the individual cells are
dividing and dying off continuously. Note that the head grows fastest and
is completed first. Next we investigate the regenerative properties. There
are eleven places at which FF can be cut. When we look at the left part re-
sulting from such a cut we see: (N.B. We will sometimes omit superscripts

; - - -242 «1+1 -~ ~14+1
when no confusion can result, e.g. a4b 1+1 for a I+1a 2+Za 1Ha 1+1b ! .

)

~1+1 ~1+1, ~1+1 *
a = a b

(2.1) = FF by (1)

(2.2) a—1+1an2+2 - a—1+1b~1+1 X FF by (1)

(2.3) a~1+1a—2+2a—1+1 - aw1+1b—1+1 ;}FF by (1)

(2.4) a«1+1a~2+2a~1+1a‘1+1 - a—1+1a—2+2 Q-FF by (2.2)

(2.5) a4b~1+1 - a4b~1+lc+1--1 - a4b+2+1b—1+1c+1—1c+1~1 - FF
(2.6) B L S )

(2.7) QdpT it T2 IR a.4bw1+1c+1~1 L FF by (2.5)
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— - —_ - - o *
a4b 1+1b 2+2b 1+1b 1+1 - a4b 1+1b 2+2

(2.8) 5 FF by (2.6)
.9) R N IS C S T R

-1 +1-1
(2.10) R = FF

4 +1-1 +1-1 +1-1
(2.11) afpic il

= FF.
Hence all left parts regenerate completely. The reader may verify that the
fully grown descriptions reached by the right parts are according to (3.1)-

(3.11) (when the cuts are placed as in (2.1)-(2.11)).

(3.1) a™b¢c’ = FF
(3.2) a2b4c4 = a2b4c4
(3.3) a bl & pr
(3.4) b4c4 = b4c4
(3.5) b3c4 = b4c4
(3.6) p2c? w plct
(3.7) b c4 3 b4c4
(3.8) et
(3.9) c3 = c4
(3.10) c2 =5 c4
(3.11) c 54,

We may also cut a piece out of the middle of FF. It may be verified that

(4.1) Every part of FF containing cells of the head regenerates completely

~-1+1 -1+
to FF except parts of the form a ! la ln

-1+l 141
a a = )\

~-1+1 -1 * 2
a a +1n = a b4c4 for n # A.

(ii)
(4.2) Every part of FF containing cells of the trunk but no head cells

4
grows to a fully grown description b c4 except parts of the form
=141 ~1+41
b b n
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b—1+1b—1+1

(1) = A

p T £ 02 for o4

(ii)
. . . 4
(4.3) Every part of FF consisting of tail cells grows to a full tail c ,

i.e. a fully grown description.

Of course, the CV L systems as defined do not have a greater generat-
ing power than do ordinary L systems, since it is easy to define for each
CV L system an equivalent ordinary L system. They do, however, have a struc-
tural simplicity which exhibits the phenomenon to be modeled more transpar—
ently. Also, the general idea presented in the beginning of this section
permits more powerful devices as in VITANYI [1971]. A further development
of the theory of CV L systems can be found in RUOHONEN [1974] where also

the connection with ordinary L system theory is investigated.

3.6. BIBLIOGRAPHICAL COMMENTS

Section 3.1.1 is based on VITANYI [1972b, 1974a] and Section 3.1.2 on
VITANYI [1976b]. Section 3.2 is based on VITANYI [1976a] and contains new
material, e.g., all results connected with FIN and DLBAexp. The proof of
Theorem 3.54(iii) is based on an idea of P.G. DOUCET. Section 3.3 follows
VITANYI [1977al. (For a classification of families of pure context sensitive
L languages with respect to each other see ROZENBERG [1972a,b] and ROZENBERG
and LEE [1975]. For a similar classification of the table variants see LEE
and ROZENBERG [1974]. Facts about context free table L systems can be found
in HERMAN and ROZENBERG [1975], and about context free L systems in HERMAN
and ROZENBERG [1975], ROZENBERG and DOUCET [1971], and NIELSEN, ROZENBERG,
SALOMAA and SKYUM [1974a,b].) The material presented in Section 3.4 stems
from VITANYI and WALKER [1978]. Purther information about stable string
languages of L systems can be found in WALKER [1974a,b,c; 1975] and HERMAN
and WALKER [1975, 1976]. Section 3.5 is based on an idea in VITANYI [1971]
and follows VITANYI [1972al]. CV L systems were further investigated by
RUOHONEN [1974] and regeneration in symmetric DIL systems in RUOHONEN
[1976]. Throughout Chapter 3 we have drawn somewhat on general knowledge
e.g., in the range of HERMAN and ROZENBERG [1975]. In particular in
Sections 3.2.1-3.2.2 we used a simulation technique originating from

van DALEN [19717.






CHAPTER 4.

GROWTH FUNCTIONS

The study of the changes in size and weight of a growing organism as
a function of elapsed time constitutes a considerable part of the litera-
ture on developmental biology. Usually, genetically identical specimens of
a specific organism are investigated in controlled environments and their
changes in size and weight in time are described. The scientific presup-
position is that identical genetic material and identical environments will
result in identical growth rates, i.e., that the experiment is repeatable.
This assumes a deterministic (i.e. causal) underlying structure and makes
a good case for the biological relevance of the study of growth functions
of deterministic L systems, where we assume that the production rules re-
flect the simultaneous influence of the inherited genetic factors and a
specific environment on the developmental behavior of cells. Thus, when
an organism is growing under optimal conditions it may be assumed that its
growth rate, and that of its parts, is governed by internal inherited fac-
tors. One of the easiest things to observe about a filamentous organism is
the number of cells it has. Suppose, having observed the development of a
particular organism, we generalize our observations by giving a function £
such that f(t) is the number of cells in the organism after t steps. The
problem then arises to produce a developmental system whose growth function
is £,

One of the restrictions on the models we consider lies in their onew
dimensional nature. This implies, as noted before, that at the present time
they are only applicable to filamentous organisms or to one~dimensional as-
pects of the growth of bulky organisms (such as length measurements). Multi-
dimensional models similar to L systems have recently been introduced by
various workers (e.g. graph L systems), their growth functions have been
investigated e.g. by CULIK [19757] and were found to be simple extensions of
the one~dimensional case. Thus the restriction to one-dimensional growth

descriptions can be viewed as a temporary and not very essential one.
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One of the problems we shall consider in detail below is the following.
Clearly, any growth function which can be achieved by a DOL system can also
be achieved by a DIL system, simply by giving production rules for the DIL
system which for all practical purposes ignore the state of the neighbor.
The question arises whether the converse is also true. It will appear that
it is not: if a DOL system keeps growing at all it must be growing "fast"
as opposed to systems with interactions which are capable of "slow" but
nevertheless unbounded growth. Thus, interactions between cells provides
organisms with the capability of controlling the rate of their growth in an
orderly manner. When this interaction breaks down, tumors containing cells
which do not interact with their neighbors may begin to grow at an exponen-
tial rate. For this reason, some early workers in the field of growth func-

tions referred to such exponential growth as "malignant™.

DEFINITION 4.1. Let G = <W,d,w> be a DIL system. Then the function fG from
the nonnegative integers into the nonnegative integers defined by fC(t) =

t
Eg(ﬁ (w)) for all t, is said to be the growth function of G.

EXAMPLE 4.2. Let G = <{a,b},{8(a) = b,8(b) = ab},a> be a DOL system. Then,

fG(O) = fG(l) =1,

and for all t such that t = O,

fG(t +2) = fgft +1) + fG(t).

Thus, fG(t) is the t-th element of the well-known Fibonacci sequence 1,1,2,
3,5,8,13,21,... .
EXAMPLE 4.3. Let G = <{a,b,c},{8(a) = abc2,6(b) = bcz,ﬁ(c) = c},a> be a DOL

system. Then,

fG(O) = fg(a) = 1,

fG(l) = Zg(abcz) = 4,

m
<
i

4
Zg(abczbc.) = 9,

Kg(abczbc4bc6) = 16.

H
w
il
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In fact for all t > O,
fG(t) = fG(t -1) + 2t + 1.

By induction it follows that fG(t) = (t +1)2.

In investigating growth functions, one of the first questions we ask
is what rates of growth are possible. That the rate of growth of a DxL sys-—
tem is at most exponential follows from the next lemma which is immediate
from the definitions. (In the sequel of this chapter we will mean by a DxL

system a DOL-, DI1L- or D2L system).

LEMMA 4.4. For a DxL system G = <W,8,w>, x € {0,1,2}, we have that fG(t) <
ﬂg(w)mt, where m is the maximal length of a value § may have. (I.e., m =

max{£g(a)| o is in the range of the set of production rules 6}.)

The problems which have been investigated with respect to growth func—
tions fall roughly into the following six catagories.

(1) Analysis problems. Given a DxL system, describe its growth function
in some fixed predetermined formalism.

(ii) Synthesis problems. Given a function f in some fixed predetermined
formalism and an x € {0,1,2}, find a DxL system whose growth function
is f. Related to this is the problem: which functions can be growth
functions of DxL systems?

(iii) Growth equivalence problems. Given two DxL systems, decide whether
or not they have the same growth function.

(iv) Classification problems. Given a DxL system decide what is its growth
type. (E.g., is there a polynomial or even a constant which bounds
its growth function. Growth types will be rigorously defined in Defin-
ition 4.13.)

(v) Structural problems. What properties of production rules induce what
types of growth?

(vi) Hierarchy problems. Is the set of growth functions of DxL systems a
proper subset of the set of growth functions of D(x +1)L systems,

x ¢ {0,1}, and similar problems.

In the first five cases we Qould like to solve our problems effective-

ly. That is, we would like to be able to write computer programs
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(algorithms) which, in the case of the analysis problem, say, provide us
with an explicit description of the growth function whenever they are given

the description of a DxL system.
4.1. DOL GROWTH FUNCTIONS: ANALYTICAL APPROACH

I: Analysis. For DOL growth functions we can derive a closed form solution
for fG as follows. (PAZ and SALOMAA [19731, SALOMAA [1973b].)
* -

Associate with each element v of W its Parikh vector v, i.e., the row

1772

1 £ <n, for W= {al,az,...,an}. The growth matrix MG of G = <W,8,w> is

the nxn matrix of which the j-th row consists of G(aj). It is easy to see

vector (i, ,i.,...,1 ) where ij denotes the number of occurrences of aj in v,

that 8t (w) = w Mé and that
P o
(1) fG(t) = W MG n

where n = (1,1,.,.,1)T: the n-~dimensicnal column-vector with all entries
equal 1. (T denotes transposition). Now fG(t) is the number of cells con-
stituting the organism at time t. If we want fG(t) to denote the length/
weight of the organism at time t, and if different cell types have diffexr-
ent lengths/weights, we only have to choose n in IRz (where Iﬁ: denotes
the n dimensional real space coordinates), such that the j-th element of n
is the length/weight of a cell aj.

According to the Cayley-Hamilton theorem, MG must satisfy its own
characteristic equation p(x) = det(MG -Ix) = 0, where I is the nxn identity
matrix. Hence p(MG) = 0, where 0 stands for the nxn matrix with all of its

. C . . T
entries 0. Then for each t 2 n, after multiplication of p(MG) with MG n’
left multiplication with w and right multiplication with n, the following

homogenous linear difference equation with constant coefficients holds:
3 = -1 E >
(2) £, (1) ) b, £ (t~1i), t 2 n,
n

iéo 0
It is well known that such difference equations have solutions of the form

such that p(x) = bixn-l==0, b =1, is the characteristic equation of MGk

appearing as the closed form solution for DOL growth functions in the fol-

lowing:

THEOREM 4.5. Let G = <W,8,w> be a DOL system. Then
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t

i t 2 #W =n,

r
(3) £,(8) = .Z p, (the
i=1

where the ci's are the r distinct roots of the characteristic equation of
MG, and pi(t) is a polynomial in t of degree ! less than the multiplicity
of the root Ci' 1 £ i £ r. The constant coefficients in the terms of the
polynomials pl(t),pz(t),...,pr(t) are determined from fG(s),fG(s+l),...,
fG(n—l) where s is the multiplicity of the zero root in p(x) = 0, the char-
acteristic equation of MG. (Remember that fG(t) = ﬂg(Gt(w)) gives us the

initial values of fG.)

EXAMPLE 4.6. Take the DOL system of Example 4.2. Then

det(MG-—Ix) = X =~ x-l,
Hence the roots are: Xl 5 %(l;tVS) and
1

£.(t) = a1(<1+/5)/2>t + a2(<1u/5)/2>t.

Since fG(O) = 1 and fG(l) = 1 we have:

1475 (14/5\"  1-/5 (1_/5\t

O =S5m ) " ws U

EXAMPLE 4.7. Let G = <{a,b,c},{8(a) = az,é(b) = asb,é(c) = bBC},ambncp> be

a DOL system, The characteristic equation x3 ~—4x2 +5x =2 = 0 of the growth

matrix
/2 0 0\
M, =15 1 0
G \O 3 1
has roots xl = x2 = 1 and xy = 2. (Note that MG is independent of the ini-

tial string.) Since the initial string has n occurrences of a, m occurren-

ces of b and p occurrences of ¢, we obtain as the growth function of G:

. t
fG(t) =a, + a2t + a32 .
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where
fG(O) =a; ta;=m+n+p,
fG(l) = a, + a, + 2a3 = 2m + 6n + 4p,
fG(Z) =a; + 2a2 + 4a3 = 4m + 16n + 22p.
Consequently,

fG(t) = (m +5n +15p)2t - 12pt - 4n - l4p.

This shows immediately, that G has an exponentially increasing growth func-

tion for all initial strings unequal to A.

An alternative approach for solving the analysis problem, which is also
of use for the growth equivalence problem and the synthesis problem, is an

application of the theory of generating functions.

DEFINITION 4.8. With any function f from the nonnegative integers into the
nonnegative integers we associate its generating function F(x) which is de-
©
. R . t
fined to be the formal infinite power series Zt'O f(t)x . We also say that

F(x) generates f.

The reason for such a definition is that very often the function F(x)
can be represented in a simple way. For example, if f(t) = 2t then F(x) =
1/(1 =2x) = 1 +2x% +4x2 +8x3 +... .

The following lemmas are well known and easily proven mathematical
facts; (p(x)/gq(x) denotes the quotient, p(x)g(x) the product of the poly-

nomials p and q).

LEMMA 4.9.
(i) If p(x) and q(x) are two polynomials with integer coefficients such
that q(0) = 1, then p(x)/q(x) uniquely determines an infinite power

series with integer coefficients, i.e. p(x)/g(x) = L f(t)xt, where

=0
f(t) is an integer for all t. Thus p(x)/q(x) generates the function
f. Furthermore, given p(x) and gq(x), £(t) is effectively computable
for every nonnegative integer t.

(i1) Let p(x), g(x), p'(x) and q'(x) be polynomials with integer



137

coefficients such that q(0) = q'(0) = 1, and let £ and f' be functions
generated by p(x)/q(x) and p'(x)/q'(x), respectively. Then £(t) =f'(t)
for all t if and only if p(x)q'(x) = p'(x)gq(x), for all x. Thus it is
effectively decidable whether or not p(x)/q(x) and p'(x)/q'(x) gener-

ate the same function.

LEMMA 4.10. Let n be any integer and let A be an n*n matrix whose entries
are polynomials in x with integer coefficients. Let gq(x) = det(A). If there
exists a value of x such that g{x) # 0, then A is invertible, i.e. there
exists an nxn matrix A‘1 such that AA_l = A—iA = I, where 1 denotes the
nxn identity matrix. Furthermore, given A, A—1 can be effectively obtained,
and each entry of Anl will be of the form pi,j(x)/q(x), where pi,j(X) is a

polynomial with integer coefficients.
These lemmas lead us to the following theorem.

THEOREM 4,11, There is an algorithm which, for any DOL system G, effective-
1y computes two polynomials p(x) and g(x) with integer coefficients where

q(0) = 1, such that p(x)/q(x) generates the growth function fG of G.

PROOF. Let G be the given DOL system and let W, MG and n be as usual.
Suppose the alphabet of G contains n elements. Let MGX be the nxn matrix
obtained by multiplying each entry of MG by the wvariable x. Let I denote
the nxn identity matrix. Then I mMGx is an nxXn matrix whose entries are
polynomials with integer coefficients. Let g(x) = det(I —MGX). Since g(0) =
1 we see that I -MGX is ap invertible matrix. According to Lemma 4.10 we
can effectively produce an nxn matrix (I 4MGX)—1 whose entries are all of
the form pi'j(x)/q(x), where pi'j(x) and g(x) are polynomials with integer
coefficients. Clearly, Q(I-—MGX)_ln is of the form p(x)/q(x) where p(x)
is a polynomial with integer coefficients and can be effectively computed.
All we need to complete the proof of the theorem is to show that p(x)/g(x)
generates the growth function fG of G.

For 1 £ i <n, 1 <3j<n, let fi,j be the iunction generated by
Pi,j(X)/q(X)’ i.e. pi’j(x)/q(x) = Z:=O fi,j(t)x . (That such an fi,j exists
and is unique follows from Lemma 4.9 (i).) For t 2 0, let Ft be the nxn

matrix whose typical entry is fi j(t). Then we have that
¢
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G
= (I - M%) ( Vor x5
£=0
=7 rxh - 7 (MGtht+1)
t=0 =0
=7 ®xH -7 (MCthlxt).
t=0 t=1

Identifying coefficients of powers of x we get that FO =

From this it follows that, for t = O, F_t = M

I, and, for t =2 1,

t

Foo= F . Hence
M t G

t G t-1"

- -1
p(x)/q(x) = w(l - MGx) n

IS t
= @( Z th n
t=0
- T o tt
= w( Z MGx )n
t=0
= Z (&Mgn)x
t=0

t

il

I e 0x"
£=0

Thus, p(x)/g(x) is the generating function of fG. (]

This theorem can certainly be considered as a solution to the analysis
problem for DOL systems, since given a DOL system the algorithm provides
us with a description of its growth function in the form of a rational gen-
erating function.

2

I3

EXAMPLE 4.12. Consider the DOL system G = <{a,b,c},8,a>, where §(a) = abc
§(b) = bcz, §{c) = c.
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Using Cramer's rule we see that

/1 -¥ -2X
det\l 1-x ~2x/
1 0 1-x

a (1 - MGx)_in

/1wx -X  =2X
det\ 0 1-x —2x1
0 0 1ex’

= x| = 1 + 4x + 9x2 + 16x3 F oo w

(1—x)3

II: Growth classification.

DEFINITION 4.13. The growth of a DxL system G is called:

(i) Exponential or type 3 if there exists a real number x > 1 such that
IIEtﬁm fG(t)/xt > 0.

(ii) Subexponential or type 2% if the growth is not exponential and there
does not exist a polynomial p such that fG(t) < p(t) for all t.

(iii) Polynomial or type 2 if fG is unbounded (i.e., limtam fG(t) > ¢ for
all constants c¢) and there exist polynomials p, g such that p(t) <€
fG(t) < g(t) for all t. (By Theorem 3.27 we can take p and g of the
same degree) .

(iv) Subpolynomial or type 1% if fG is unbounded and for each unbounded
polynomial p holds that Iiﬁtﬁm fG(t)/P(t) = 0,

(v) Limited or type 1 if there exists an integer m such that 0 < fG(t) <
m for all t.

(vi) Terminating or type 0 if there exists an integer to such that fG(t)=
0 for all t =z tO"
As we remarked before, we can allow any valuation of n in Ii? Then

the growth function fG is a total mapping from the nonnegative integers in

the nonnegative reals defined by fG(t) = w Mén, t 20, Yhere w and MG are
as before. The matrix valued analytic mapping (I-—xMG) can be represent-

ed by the power series.

-1 % et
(T -mx) " = Z

with a positive radius of convergence. By Cramer's rule there are polynom-
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o

ials p(x) and g(x) such that for the generating function F(x) = ZO fG(t)x
t=

holds that

F(x) = Z fG(t)xt = Z W Mé nxt
t=0 t=0
- -1
=w(I - Mx) n=px)/qx)
where p(x), gq(x) are in least terms and gq(0) = 1. Similarly, the analytic

expression in Theorem 4.5 goes through.

From the expressions in Theorems 4.5 and 4.11 it appears as if the
growth function of a DOL system can only be of types 3, 2, 1 or 0. Since
according to Lemma 4.4 a DxL system has as fastest growth the growth type
3 and, moreover, the growth types in Definition 4.13 form a continuous

spectrum, we only have to prove
THEOREM 4.14. There are no DOL growth functions of type 1% or type 2%.

We prove Theorem 4.14 in the next Section 4.2 by combinatorial argu-
ments.

It is apparent from Theorem 4.5 that the sizes of the characteristic
values of MG determine the growth type of G and, similarly, from Theorem
4.11 that the distribution of the poles of the generating function deter-
mines the growth type. Actually, of course, the characteristic values of
MG and the roots of the denominator polynomial of the generating function
are related as follows. Let the characteristic polynomial of MG be p(x) =
det(MG - Ix) and let the denominator polynomial of the generating function

F(x) be g(x) = det(I - MGx). Then

It

p(x) det(MG - Ix)

~xn det(I - M l)
G %

n 1
-X q(;&

Hence the roots of the characteristic polynomial of MC and the poles

&)

of the generating function F are inversely related. The following theorem

of POLLUL and SCHUTT [1975] makes this explicit.
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THEOREM 4.15, Let fG be the growth function of a DOL system G, p(x) and
g(x) be polynomials in least terms and q(0) = 1 such that p(x)/q(x) =
B, £,(t)x", then:
) fG is of type 0 iff q(x) is a constant.
(ii) fG is of type 1 or 2 iff g(x) has a root and all roots of g(x) have
absolute value z1.

(iii) fG is of type 3 iff there is a root of q(x) of absolute value <I.
n
This holds for any valuation of N € IR+.

PROOF. By the Cauchy-~Hadamard formula, it holds for the radius R of conver-

@ t
gence of the series tEO fG(t)x that:

im § ! def 1 def
1/R = lim /fG(t) (o === o, === () .

)

th
.
o
®

Hh

Since p(x) and g(x) are in least terms we have

min{ |x| [q(x) = 0} if g(x) has a root

L 1f g(x) = constant

Therefore the theorem is equivalent to
(") type 0 iff R = w

(ii*) type 1 or 2 iff 1 € R < o
(iii') type 3 iff R < 1.

Clearly, fG is terminating (type 0) iff p(x)/q(x) is a polynomial,
i.e., R = o, If fG is limited (type 1) or polynomial (type 2) then there

are m,tO e IN such that fG(t) < tm for t = to and therefore

A

1/R = 1im %G(t) < Tim ™
o0 o0

it
-
N

If fG is exponential (type 3) then for some x > 1
/R = Tim £ (t) = lim V" = x > 1. 0
00 o0

Similar considerations connected with arbitrary choices of initial

strings can be found in POLLUL and SCHUTT [1975].
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The growth type of a semi DOL system, i.e., what growth types occur
if the initial string varies over all possible choices, will be studied in

Section 4.2.

IIT. Synthesis. Here the problem concerns:

(i) Characterizing which functions can be DOL (PDOL) growth functions.
(ii) Given such a function, realize a DOL (PDOL) system of which it is the

growth function.

Below we shall sketch briefly how this problem has been solved.

It was already shown by SZILARD [1971] that any positive, nondecreas-
ing ultimately polynomial function is the growth function of a PDOL system.
The proof of this fact provided an algorithm which for any such function
produces the required PDOL system. The method uses many results in the na-
ture of polynomial functions. On the way to proving the main theorem Szilard
shows, for example, that if the genérating functions F(x) and F'(x) gener-
ate growth functions of DOL systems, then so do F(x) + Fi(x), 1 + xF(x) and
F(x)/(1-x). His proofs were effective: given the DOL systems whose growth
functions are generated by F(x) and F'(x), it was shown how one can obtain
F(x) + F'(x), 1 + xF(x) and F(x)/(l-x). Thus, if we know how to obtain DOL
systems whose growth functions are generated by basic generating functions,
results such as this provide us with the ability to construct DOL systems
whose growth functions are generated by more and more complicated generat-
ing functions put together from the basic ones by the operations described
above.

SOITTOLA [1976] gave a complete characterization and solved the DOL
synthesis problem as follows. A sequence (rn) is called Z-rational (IN-
rational) if it can be given a representation r, = PMnQ where P is a row
vector, M a square matrix, QO is a column vector and all the entries of P,

M and Q are integers (respectively, natural numbers with zero included) .
Hence we see that the sequence (fG(t)), where % is a DOL growth function,
is WN-rational. For the DOL synthesis problem one has to decide for a given
Z-rational sequence whether or not it is a DOL sequence, and in the affirma-
tive case to construct a corresponding DOL system. By giving necessary and
sufficient conditions for Z-rational sequences to be IN-rational, DOL- or
PDOL sequences the DOL synthesis problem was solved; in fact we are able to
find a DOL system with minimal  alphabet whose growth sequence coincides

with a given DOL sequence.
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Hence, let the Z -rational sequence (rn) be given in matrix represent-
ation or by a generating function. Then the algorithm to decide whether or
not (rn) is a DOL or PDOL growth sequence works as follows. By results of
BERSTEL and MIGNOTTE [1975] and BERSTEL [1971], concerning conditions about
poles of generating functions of Z -rational sequences characterizing the
IN -rational sequences, we can decide whether (rn) is IN-rational. Having
decided that (rn) is IN~rational and nonterminating, we decide whether (rn)
is a DOL sequence primarily by again examining the poles of certain gener-
ating functions related with (rn). Once we have decided whether a given Z -
rational sequence is a DOL sequence we can construct a DOL system with a

minimal alphabet realizing it, by Soittola's method. Hence we have:
THEOREM 4,16, (SOITTOLA). The DOL synthesis problem is solvable.

Using similar methods Soittolg was able to prove that if fGl(t) and
sz(t) are DOL growth functions, sz(t) # 0 for all t, and f(t) =
fGl(t)/fG2(t) is integer valued then f(t) is a DOL growth function. The
following interesting characterization of PDOL growth sequences was also

given:

THEOREM 4.17. (SOITTOLA). An integer sequence (rn) is a PDOL growth se-

quence iff r > 0 and (sn) = (xr —rn) is IN~rational.

0 n+1

The formal power series methods, hinted at above, have been applied to
many questions concerning Z ~rational, I -rational, DOL growth sequences
and variations thereof, cf. SALOMAA [1976a,b] and SALOMAA and SOITTOLA
[1978]. By an appeal to the unsolvability of Hilbert's tenth problem sever—
al questions concerning DOL growth functions were shown to be undecidable
too. These subjects are vigorously studied by Finnish mathematicians
(Karkumaki, Ruohonen, Salomaa and Soittola) and French mathematicians

(Berstel, Mignotte) but fall outside the scope of the present monograph.

IV. Growth equivalence. It is a consequence of Theorem 4.11 that the growth
equivalence problem for DOL systems is solvable.

/.
G, we can decide whether or not

THEOREM 4.18. Given two DOL systems Gl' 5
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PROOF. Let pi(x)/qi(x) be the generating function of fGi’ i = 1,2. Then

fg, = fg, 1ff p; (K)q,(x) = p,(x)q (x). ]

V. Classification. This is in general more easily done by structural (com-

binatorial) means, as in Section 4.2, than by analytic means.

VI. Hierarchy. Clearly, the class of PDOL growth functions is strictly con-
tained in the class of DOL growth functions. In Section 4.3 it will appear,
e.g., that the DOL growth functions are a proper subset of the DIL growth

functions.
4.2. DOL GROWTH FUNCTIONS: COMBINATORIAL APPROACH

In this section we will also assume familiarity with Sections 3.1.1 and
3,1.2. We are interested here in what combinatorial (structural) properties
of the homomorphism of a (semi) DOL system cause differences in the overall
growth of a DOL string sequence.

As we have seen in Section 3.1.2 it is easy to determine the condensed
digraph CAD(S) of a semi DOL system S = <W,8> from which various conclusions
concerning the growth behavior of individual letters in S can be drawn. Ob-
viously, the growth function of a DOL system G = <W,S8,w> equals the sum of

the growth functions of Gi = <W,6,ai> for w = a,a and 1 € i £ n. That
n

1 2...an

fG(t) = iél fGi(t). Furthermore, fG is of type 0 iff all letters in w

are mortal; fG is of type 1 1ff the only recursive letters accessible from

is,

W are monorecursive. Since'fG is of type O Liff di(w) = A for some i; and

fG is of type 1 iffréi(w) # A for all i and dt(w) = Gt'(w) for some t # t°
the above follows from the definitions and Corollary 3.12. It was observed
in Theorem 4.14 without proof that there are no DOL systems with growth of
type 1% or 2%. We will now give a proof of that statement by combinatorial

means.

PROOF OF THEOREM 4.14.

By the above remarks, if fG is not of type 0 or 1 there are recursive
letters accessible from the initial string which are not monorecursive. Let

a € W be such a lettex. Then there is a p > 0 such that 6p(a) = v av, and

; 1.2
Vv, contains at least one vital letter. Hence Skp(a) = (k_l)p(vl) $ (k—2)p(vl) .
“.6p(v1)v1av26p(v2)q..ﬁ(khl)p(vz) and £g(6"P (a)) -Lg(v,av,) > k for all k.
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Therefore, if % w) = W, aw, then fG(u +kp) 2 1 +k and hence fC(t) >
L(t-u)/pl) for t > u 2 0 and p > 0. That is, fG is of type 2, 2% or 3. Hence
the only thing left to prove is that there do not exist DOL systems of grow-

th type 2%.

LEMMA 4.19. (SALOMAA [1973b]). G = <W,$,w> is a DOL system with exponential

growth iff G contains an expanding letter

PROOF. Suppose G contains an expanding letter. Then du(w) = w, aw, and

L (t-u)/pl’

6p(a) = w_,aw, aw_ for some u and p. Hence fG(t) = 2 for all t > u:

3 4 5
fG is of growth type 3.

Suppose G contains no expanding letter (E =). Then, according to Theorem

3.27 fG is bounded above by a polynomial, and hence fG is not of type 3 or 2%. 0

Theorem 4.14 follows from the abservation that all DOL growth which is
faster than type 1 is of type 2, 2% or 3 and the observation in the proof
of Lemma 4.19 that all DOL growth which is slower than type 3 is of type 2,
1%, 1 or 0. END OF PROOF OF THEOREM 4.14.

We will now show what types of letters are responsible for the differ-—

ent growth types, and how to determine them.

LEMMA 4.20. Let S = <W,8> be a semi DOL system and a € W. a € B iff Gl(a) =

* * )
w [alw Ea]Wﬂ for some i. (Where [a] = {b !b'Va} as in Section 3.1.1.)

PROOF. "only if". Since there is a j1 such that Sjl(a) € W*{a}W*[a]W* U
W*[a]W*{a}W* there is also a j2 such that 6j2(a) contains 3 occurrences of
letters from [a]. By the same argument there is a j3 such that 6j3(a) con=-
tains (at least) k +1 occurrences of letters from [al] for k = #[a] and
hence two occurrences of the same letter b ¢ [a]. Then there also exists a
j, such that 6j4(a) ¢ w{alw {alw" since each occurrence of b will derive
an occurrence of a in a certain number of productions. The "if'" part is

trivial. 0

By the above lemma we have an easy algorithm to determine for a letter
a ¢ W whether or not a ¢ E.
(i) Determine R/~ (E.g. with help of Lemma 3.4.)
(ii) Replace in the production rules all b ¢ [al] by A
(1ii) If there is a production rule ¢ = v left with £g(v) > 2 then

[al ¢ E and [al ¢ B otherwise.
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The other types of letters R, M, V, MR are easily determined according
to Corollary 3.6. To determine in general what type of growth a letter a eW

induces under a homomorphism § we proceed as follows.

(a) Determine M, R and MR.
def def

(b) RM == R-MR and RME == {a |a ¢ RM&U(a) n E = §}.

From the foregoing it should be clear that a € W is of growth type 3
iff U(a) n E # @; of growth type 2 iff U(a) n E =@ and U(a) n RM # {J; of
growth type 1 iff U(a) n (EURME) = ¢ and U(a) n MR # #; of growth type O
iff a € M or, equivalently, if U(a) n R = (J. We see that the growth type
of a letter depends on the accessible recursive letters. The growth type
of a DOL system is equal to the highest growth type among the letters con-
stituting its initial string. When we look at what types of growth are pos-—
sible for strings over W under a homomorphism § we ask in effect for the
growth type of a semi DOL system. The growth type of a semi DOL system S =
<W,d8> then is X3XoX1Xg where X; = i if G = <W,8,a> is of growth type i for

some a € W and X, = A otherwise.

Examples of semi DOL growth types.

type 321 s, = <{a,b,c},{a -~ a2b, b =+ bec, ¢ =+ cl>

type 31 s, = <{a,bl},{a ~ a2b, b+ b}>
type 3 S3 = <{a,b},{a + b, b + ab}>
type 21 S, = <{a,b},{a » ab, b > b}>
type 1 Sg = <{a,b},{a » b, b > bl>
type O S = <{a},{a ~ r}>»

We form the types 3210, 310, 30, 210 and 10 by adding d and 4 -+ A to

the alphabets and production rules of S, -~S_, respectively. The other pos-

sible combinations, i.e., 320, 32, 20 aéd 25will be excluded below.

Since we saw that the growth type of a letter depends on the kinds of
accessible recursive letters as indicated above, we have that a semi DOL S
is of growth type x3(E)X2(RME)x1(MR)xO(M) where xi(°) =i if » # @ and y ()=

A otherwise. Hence:
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THEOREM 4.21. There is an algorithm to determine the growth type of a given
semi DOL system, DOL system or letter under a homomorphism (based on

structural properties alone).

To see that growth types 320, 32, 20 and 2 are impossible for semi DOL

systems we prove:

THEQOREM 4,22. If G = <W,8,a> and a € RME then there is a letter a' ¢ U(a)

which is monorecursive.

PROOF. Suppose a € RME and there is no a' € U(a) n MR. There is a j1 < #R
and a b € V such that Gjl(a) =y av2 bv3 (or vy bv2 av3). Since every
vital letter produces a recursive letter within #(V ~R) steps there is a
j2 < #V, a letter ¢ € R and a letter d € [a] such that 6j2(a) contains ¢
and d. Because of the assumption c,d € RME. By iteration of the argument

k#V k Lt/#v ]

we have that £g(é (a)) 2 2 for all k. But then fG(t) > 2 which

contradicts a € RME, J

COROLLARY 4,23, If RME # (f then MR # (¢ and hence there do not exist semi
DOL systems of growth types 320, 32, 20 and 2.

A conceptually simple characterization of the necessary and sufficient
conditions that determine the growth type of a letter can be obtained by
depicting necessary and sufficient subtrees of the production trees (simi-
lar to the production trees of context free grammars) of letters of class-

es B, RME, MR and M.

ae€ E: leading ae€ RME: leading l a € MR: leading ae M: lead-
to exponential| to polynomial to limited ing to ter-~

growth. growth. growth. minal growth.
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Solid, broken and dotted lines represent chains of descendants bi of a
such that bi e [al, bi e v-[la]l & U(bi) neE-=4g, bi € M, respectively. From
this characterization it is easy to derive expressions for the slowest

growth possible in each of the discussed growth types.

Let G, = <w,8,,a>, 1 =0,1,2,3 with W = {al,az,...,an} and a = a,.
6, = {ai >a Ly |1 <4i<n}u {an > alal} vields fg,(t) =2Lt/nj;
8, = {ai *ay |1 <4 <n-1} v {an_l +aa, a an}
yields fg,(t) = L1 +t/(n-1) |5
§, = f{a, »a, |1 <i<n}u la ~a} yields fg (t) = 1;

§ ={a, » A |1 <4i<n} yields £65(0) = 1 and fg (t) =0

for ali t > 0;

which are, respectively, the slowest possible growths of types 3, 2, 1 and
0.

Returning to the associated digraphs of Section 3.1.2 we notice that
if we have determined RS(<W,d>) we can see what the growth type of the semi
DOL system is; and for each letter which grows polynomially the degree of
polynomial growth can be determined according to Theorem 3.27 and the dis-

cussion preceding it.
4.3. GROWTH FUNCTIONS OF CONTEXT SENSITIVE L SYSTEMS

In the previous Sections 4.1 and 4.2 we have studied growth functions of
DOL systems, and almost all questions posed have been solved affirmatively
by algebraic or analytic means (Section 4.1) and some by combinatorial means
(Section 4.2). Here we study the growth of strings in deterministic context
sensitive L systems. By quite elementary techniques, viz. reduction to the
halting problem, we show that it is recursively unsolvable to determine the
growth type of a DIL system, or even of a PDIL system. (I.e., the growth
type is undecidable in these cases). Furthermore, growth equivalence is un-
decidable for these systems and as a byproduct it is shown that the lang-
uage equivalence for PDIL languages is undecidable and that a problem pro-

posed by Varshavsky has a negative solution. Apart from these undecidability
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results, we derive bounds on the fastest and slowest growth in such systems;
a method is given for obtaining growth functions of systems with smaller
context from systems with a larger context; it is shown that all bounded
growth functions of context sensitive L systems are within the realm of con-
text free growth functions whereas for each type of unbounded context sen-
sitive growth functions there are growth functions which are not; similarly,
all growth functions of context sensitive L systems using a one letter alph-
abet are growth functions of context free L systems whereas this is not the
case for growth functions of the simplest context sensitive L systems using
a two letter alphabet; we give an application of the firing squad synchroni-
zation problem to growth functions etc. The section is divided in two parts.
In Sections 4.3.1 ~-4.3.3 we develop outlines for a theory of context sensi-
tive growth functions and give some theorems and illuminating examples. In
Section 4.3.4 we prove the undecidability of several problems in the area.
We start by giving an example of a semi PDIL system where growth type
2 occurs without being accompanied by growth type 1, which is impossible

for DOL systems by Corollary 4.23.

EXAMPLE 4.24. Let s = <{a},{6(X,a,n) = az, §(A,a,a) = a}> be a semi PD(0,1)L

system. It is easily verified that for every initial string ak, k >0, S
yields the growth function f(t) = k+t. (In each time step the letter on the
right end of the string generates aa while the remaining letters generate
a.) Therefore, even for PDIL systems using a one letter alphabet, growth
type 2 can occur without growth type 1 and all combinations of growth types

0, 1, 2 and 3 are possible for semi PDIL systems.

In the previous section we have seen that the growth types 3, 2, 1, 0
exhaust all possibilities in the DOL case. However, as will appear in the
sequel, this is not the case for DIL systems. There are also subexponential
(type 2%) and subpolynomial (type 1%) DIL growth functions. Again, for DOL sys-
tems, the following problems have been solved effectively: (i) Analysis
problem; (ii) Synthesis problem; (iii) Growth eqguivalence problem; (iv)
Classification problem and (v) Structural problems. In Section 4.3.4 we
show that for already PDILs the problems (i) - (v) are recursively unsolv-

able.
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4.3.1. BOUNDS ON UNBOUNDED GROWTH

Since it is difficult to derive explicit formulas for growth functions
of the more involved examples of DIL systems, and according to Section 4.3.4
impossible in general, we avail ourselves of the following notational de-

vices.

- Lf(t) ! is the lower entier of £(t), i.e. for each t, Lf(t)! is the
largest integer not greater than f(t).

- f(t) ~ g(t): f£(t) is asymptotic to g(t), i.e. limt+m £{t)/g(t) = 1.

- £(£) =) g(t): £(t) slides onto g(t) (terminology provided by G.
Rozenberg) if for each maximum argument interval [t',t"] where
g(t) has a constant value holds that there is a t'™, t¥ < t' < t",
such that for all t, t' < t < t", holds f(t) = g(t).

As in the DOL case, for each DIL system G = <W,§,w> holds that £ _(t) <

G

*
2)) ]vi,v2 € W and a € W}. Hence the

fastest growth is exponential, and furthermore for each DIL system there

Kg(w).mt where m = max{ﬂg(é(vl,a,v

is a DOL system which grows faster. We shall now investigate what is the
slowest unbounded growth which can occur. Remember that a function f is

unbounded if for each nO there is a tO such that f£(t) > nO for t > to.

THEOREM 4.25.
(i) For any PDIL system G = <W,8,w> such that fG is unbounded holds:

lim fG(t)/log t =1, where ¥ = #W 2 1.
o0 *
(ii) For any DIL system G = <W,8,w> such that fG is unbounded holds:

t

t
lim ) £.(t)/ ] llog ((xr-1)i+r)] = 1, where r = #W > 1.
. G , r
oo i=0 i=0

PROOF'.

(1) Order all strings in ww* according to increasing length. The number

of strings of length less than k is given by t = Z?;i ri, r = #W. Hence
%ijf and therefore k = logri(r~1)t+r). If we define f(t) as the
length of the t-th string in WW then, clearly, f(t) = Llogr((r~1)t+x)J

and limt_wo f(t)/logrt = 1. The most any PDIL system with an unbounded

*
growth function can do is to generate all strings of WW in order of

increasing length and without repetitions. Therefore lim fG(t)/logrtZ 1.
oo
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(ii) The most any DIL system with an unbounded growth function can do is to
*
generate all strings of WW in some order and without repetitions.

Therefore, lim ZF £ (t)/ZF_ £(i) = 1. 1
tow 1=0 "G i=0

In the sequel of this section we shall show that the bounds of Theorem

4.25 are optimal.

EXAMPLE 4.26. Let G, = <W,8,w> be a PD(0, 1)L system such that W = {0,1,2,...
ceesr=l,4,8t (x > 1); §(X,¢,1) = ¢ for 0 < i < r~1, §(X,¢,s) = £0, §(A,1,
A) = §(A,i,s8) = i+1 for 0 < i < r-1, 8§(A,s,A) = 1, 8(X,s,0) = 6(A,s,1) =0,

S(A,r=1,A) = §(A,r~1,8) = s, 8(A,i,3) =1 for O € i, § € r~1; w = ¢£0.

The starting sequence is: #£0,41,...,¢r-1,¢s,401,...,¢0r-1,£0s,¢11,...,

gr-l...r=1,¢r-1...v~1s,fr-1...r-1sl,...,¢s00...,£0000...,...
koox k=1"x k=27 x

Observe that G counts all strings over an alphabet of r letters. When
an increment of the length k is due on the left side it needs k extra

steps. Purthermore, there is an additional letter ¢ on the left. Therefore,

fG](t) = Llogr((rwl)t+r - Llogr<(r~1)t/r+l)J)J + 1

=2>Llogr((r—1)t+r)J + 1.
Hence fGl(t) ~ logrt. Therefore, with a PDIL system using r+2 letters we
can reach the slowest unbounded growth possible for a PDIL system using x

letters.

Some variations of Example 4,26 are the following:

but with §(A,¢,s) =

pomeltubwssitin i 1
#1. Then, essentially, G? counts on a number base r and
fG{(t):Z, 0<t<rx
2
sz(t) = Llogr(t—l.logr /)] + 2
v@Llogr t] + 2, t 2,

EXAMPLE 4.28. Let G, = <{0,1,2,...,x~1} x {O,¢,s},53,(0,¢)> be such that

the action is as in Gl but with i and s coded in the appropriate letters.

Then,



fG3(t) = Llogr((rul)t+r - Llogr((r-l)t/r+l)J)J

=y Llogr((r—l)t+r)J

EXAMPLE 4,29, Let G4 be as G? with the modifications of G.,. Then

fG4(t) = 1, 0t <zx

it

fG (t)

, Llogr(twl.logr t/r]) ] + 1

W»Llogr ]+ 1,

o
v
a1

Examples 4.26 -4.29 all corroborate the fact that for any PDIL system
with an unbounded growth function there is a PDIL system with an unbounded
growth function which grows slower, although not slower than logarithmic.
That Theorem 4.25 (ii) cannot be imbroved upon follows from the following

lemma, (see Section 3.2.1).

LEMMA 4.,30. For a suitable standard formulation of Turing machines, e.g.
the quintuple version, holds that for any deterministic Turing machine T
with symbol set S and state set | we can effectively construct a D2L sys-
tem G_. = <W5,65,w > which simulates it in real time. I.e. the t~th instant-

5 5

.. . t . . .
aneous description of T is equal to 65(w5). There is a required G5 with

w5 = S Uy and a required propagating GS with W5 =P u (8 xP).

Since T can expand its tape with at most one tape square per move we
have that fg (t+1) < £ (t) +1, and £ (t) = 0(t).

As we have seen before,a Turing machine can compute every recursively
enumerable set A = {lf(t)|f(t) is a 1:1 total recursive function}. We can do
this in such a way that for each t, when £(t) has been computed, the Turing
machine erases everything else on its tape. Subsequently, it recovers t
from £(t) by fnl, adds 1 and computes f£(t+1). In particular, the simulating
D2L system G5 can, instead of replacing all symbols except the representa-
tion of f£(t) by blank symbols, replace all the superfluous blank letters
by the empty word A. Suppose that A is nonrecursive, Then, clearly, it is
not the case that for each n, we can find a ty such that fGS(t) > n. forall

0

t > to, although such a t_. exists for each n Hence Theorem 4.25 (ii) is

0 0"
optimal for D2L systems, and as will appear from the next lemma also for

DIL systems.



153

LEMMA 4.31.

(i) Let G = <W,8,w> be any D2L system. We can effectively find a DIL sys-
tem G' = <W',8',w'> with ¢ € W' - W such that for all t holds:
%%y = g6 ).

(ii) Let G = <W,8,w> be any PD2L system. We can effectively find a PDIL sys-
tem G" = <W",8",w"> with ¢,$ € W' -~ W such that for all t holds:
672wy = g5t st

PROOF'.
(i) Cf. Lemma 3.39.
(ii) Let G = <W,8,w> be any PD2L system. Define a PDIL system G" = <W",d",w">

as follows:

W'=wuWx Wu{rl)) v {£,%}, &, ¢ w; w" = du;

§"(h,a,c) = (a,c), ’ §" (A, (a,b),(b,c)) = 8(a,b,c),

8" (X,a,$) = (a,\), ™A, ¢, (a,c)) = £6(X,a,c),

" (X, $,%) = %, §" (A, (a, X)), A) =8" (X, (a,\),$) =§,
8" (A, ¢,d) = ¢, S"(A,8,0) = §,

for all a,b € W, all ¢ ¢ Wu{A} and all d ¢ Wu{A,$}. Analogous with
the above we prove that if 6t(w) # X for all t then 6“2t(w“) =

t t
¢S (w)$ . 0

(i) If f(t) is a D2L growth function then g(t) = f£(Lt/2]) +1 is a DIL

growth function.

it

(ii) If £(t) is a PD2L growth function then g(t) £(lt/2]) +1t/2) +1 is
a PDIL growth function.

(iii) If £(t) is a PD2L growth function then g(t) = f(Lt/2]) is a DIL grow-
th function.

(iv) If f(t) is a PD2L growth function then g(t) = £(Lt/2]) +[t/2} is a

PDIL growth function.

PROOF. (i) and (ii) follow from Lemma 4.31 and its proof. (iii) and (iv)
follow from Lemma 4.31 and its proof by the observation that we can encode
the left end marker ¢ in the leftmost letter of a string and keep it there

in the propagating case. 0
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Note that by Lemma 4.31 the transition in Theorem 4.32 is effective,
i.e. given a D2L system G, of which f is the growth function, we can con-—

struct a required DIL system G' such that fG' = g.
4.3.2. SYNTHESIS OF CONTEXT SENSITIVE GROWTH FUNCTIONS

In the last section we saw that if f(t) is the growth function of a
D2L system G then g(t) = £(Lt/2]) +1 is the growth function of a DIL sys-
tem G' and there is a uniform method to construct G' given G. In this sense
we shall treat some methods for cobtaining growth functions. We consider
operations under which families of growth functions are closed. An import-
ant tool here is the solution of the Firing Squad Synchronization problem,
cf. Section 3.2.5. Recall that for L systems it is the following. Let S =
<WS,SS> be a semi PD2L system such that Kg(és(a,b,c)) = 1 for all b € W

S

5 such that 6S(m,m,k) =

6S(m,m,m) = m. The problem is to design an S satisfying the restrictions

k
(n)(mn) = fn, f e WS' for all natural numbers n and a

and all a,c € WS u{r}, and there is a letter m in W

above such that ¢
minimal function k of n, while Gt(mn) € (Ws--{f})n for all £, 0 £ t < k(n).
2n-2.

i

BALZER [1967] proved that there is a minimal solution with k(n)
In the PD2L case we can achieve a solution in e.g. k{(n) = n-1 by dropping
the restriction 6S(m,m,X) = m and having both letters m on the ends of an
initial string act like "soldiers receiving the firing command from a gen-

eral” in the firing squad terminology. Assume that S = <W_,6_> is such a

s’ S
semi PD2L system simulating a firing squad with k(n) = n-1. Let G = <W,§,
w> be any (P)D2L system. We define the (P)D2L system G' = <W',§',w'> as
follows:
L X ; fo= = &
W W WS’ w (al,m)(az,m)...(ak,m) for w aj8,e . -q,
§* ((a,a*), (b,b*),(c,c’)) = (b,b") for Gs(a‘,b',c‘) =pb"

and a'bict' # fff,

(bl,m)(b ,m)... (b _,m) for §(a,b,c) =
2 h b,b b.
§* ((a,f),(b,£),(c,£)) = 1 172°°""h’

A for é(a,b,c) = X

*
We easily see that if §(v) = v' for v,v' € W then
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Lg(v) =
§* ((al,m)(az,m).a.(ak,m)) = (bl,m)(bz,m)...(bz,m)
where v = a_ a a, and v' = b.b b ; and 6'£g(V)((a m) (a,,m)...(a ,m)) =
1 2--. k 1 2w--£1 1, 21 e k'
A for v' = A. Therefore we have:

LEMMA 4.33. Let G be any (P)D2L system. We can effectively find a (P)D2L
system G' such that

fG(O) for all t such that 0 £ t < fG(O),

(1) oo (t) = { T4

T
£ (1+1) for all t such that Z £ (1) st < 5 £ (i),
¢ i=o © i=0 ©

Since we can simulate an arbitrary (but fixed) number of r firing
squads in sequence plus a number j of production steps of G' for each pro-
duction step of G, we can effectively find a (P)D2L system G' for each

(P)D2L system G such that:

fG(O) for all t such that 0 £ &t < ¢ fG(O) + 3
fG'(t) - T
£, (t+1) for all t such that r ] f£.(i) + (t+1)jst<
i=0
T+1
r ) £ (1) +(T+2)5.
. G
i=0

Let us call the operation to obtain a growth function fG' from fG as de-
fined in (1) FSS. Then fG' = FSS(fG).
A cascade of r firing squads working inside each other, such that one

production step of a (P)D2L system G is simulated if the outermost squad

fires, gives us a (P)D2L system G' such that fG‘ = FSSr(fG), i.e.
fG(O) for all t such that 0 < t < fG(O)r,

(2) £, (8) = . _ i}
£ (t+l) for all t such that ) £ (i) st< ) £ (1)F.
G i=0 © =0 ©

EXAMPLE 4.34. Suppose that fG is exponential, say fG(t) = 2t. Then FSS(f ) =
1

£ where £(t) = 27 gor 1T_ 2t < v < xlfl ot gy = 2™ ana
logot B
£(t) = 2L ©92 J, i.e., £(t) € ©(t), and we can obtain analogous results for

Hence £(2°

arbitrary exponential functions.*)(footnote following page).
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EXAMPLE 4.35. Suppose that fG is polynomial, e.q. fC(t) = p(t) where p(t)
oot ) .

is a polynomial of degree r. Then FSS(fC) = f wheyre f(zizO p{i)) = plt+l).

Since ZF 0 p(i) = g(t) where g(t) is a polynomial of degree r+l we have

i= .
r/r+1 v/r+3

£(t) € Ot ). By (2) we see that FSSJ(fg) = f where £(t) ¢ @(t ).

Hence we have:

THEOREM 4.36. For each rational number r, 0 < r £ 1, we can effectively
find a PD2L system G such that fG(t) e @),

PROOF. Since r = xr'/r", such that r", r' are natural numbers and r" 2 r',

and according to SZILARD [1971] we can, for every monotonic ultimately

polynomial function g, find a PDOL system G' such that f(ﬁ = g: by Example
4.35 we can find a PD2L system G such that fp(t) ¢ Gert/rty ]

o f g " . S+l
EXAMPLE 4.37. Let fG(t) = Llog2 t|..Then ﬁbb(ic) = f, where £((t-1)2 +4) =

t+l, i.e. f(t) € ®(log t).

Hence we see that the relative slowing down gets less when the growth
function is slower. By Theorem 4,32 everything we have obtained for D2L
systems holds for DIL systems if we substitute Lt/2) for t in the expres-—
sion for the growth function and add 1. However, even for DIL systems we
can achieve a greater slowing down. Let G be some D2L system. We can con-
struct a DIL system G which simulates G such that for each production
step of G, G' does the following.

(a) G' counts all strings of length fG(t) over an r letter alphabet by the
method of Example 4.26. When an increase of length is due on e.g. the
left side,

(b} G' initializes a firing squad, making use of the simulation technigue
of Lemma 4,31. When the firing squad fires, G° simulates one produc-—
tion step of G and subsequently starts again at (a).

Hence, if h{t) = fG(t) < g{t) for a DZL system G and monotonic increasing

functions h and g then we can effectively find a DIL system G' such that

t  h(i) L o _ N o
fG'(Zi=O r ) < g(t+l). For instance, if fG(t) = t then tG,(t} < logr t,
t > 1.

Recall that f ¢ ©(g) asserts that § iz of the same order of magnitude
as g, i.e. clg(t) < f(t) < czg(t) for all t and some positive constants <,

C2c’



We can combine processes like the above to obtain stranger and stran-
ger, slower and slower growth functions. Similar to the above application
of the Firing Squad Synchronizatior problem we could apply the solution
to the French Flag problem (see e.g. HERMAN and LIU [19737).

The next theorem tells us under what operations the family of growth
funcfions is closed. In particular, the subfamilies of (P)D2L, (P)DIL and

(P)DOL growth functions are closed under (i) - (iii).

THEOREM 4.38. Growth functions of DIL systems are closed under (i) addition,
(ii) multiplication with a natural number r > 0, (iii) integer division of
the argument by a natural number r > 0, (iv) FSS. Growth function are not

closed under (v) subtraction, (vi) diwvision, (vii) composition.

PROOF .
i L G, = <W,,8, ,w. > = <W_, ~wo DIL i is~
(i) et 1 1 61 W, and G2 ‘W2 62,w2> be two systems with dis
joint alphabets. Define G3 = <W1 UW2,§3,W1W2>. Then it is easy to
construct 63, given 51 and 62, such that fG3 = fG1 + fGZ'

(ii) Follows from (i).

(iii) Let G1 = <W1,61,w1> be a DIL system. Define G

fG2 (t)

5 = <W2,52,w2> such that

fGl(Lt/rJ). This is easily achieved by introducing a cycle

of length r for each direct production of Gi'
(iv) By Lemma 4.33.
(v)=(vi) Trivial.

t
(vii) 2t is a growth function while 2(2 ) is not. [

We conclude this section with some conjectures. The evidence in favor
of in particular Conjecture 1 is overwhelming, but we have not been able

to derive a formal proof.

Conjecture 1. Growth functions are not closed under multiplication. (E.g.
2t+L1092 t]

can hardly be a growth function.)

Conjecture 2. Unbounded growth functions are (up to asymptotic approximation)
t .

closed under function inverse. (E.g. if f£(t) = r is a growth function for a

constant r then g(t) ~ f_l(t) = logr t is a growth function too.)

Conjecture 3. There are no PDIL growth functions f(t) € @(tr) where r is
not a natural number. (It is hard to see how a string can determine its own

length in the PDIL case.)
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4.3.3. THE HIERARCHY

The first PDIL growth function of growth type 1% was Gabor's Sloth in
HERMAN and ROZENBERG [1975, p.338]. The examples in Sections 4.3.1 and
4.3.2 provide us with an ample supply of this growth type. A more difficult
problem is to construct a DIL system of growth type 2%. The first (and pre-
sumably up till now only) DIL system of this growth type is the PD2L sys-
tem of KARHUMAKI [1974a,b] with a growth function £ such that 2‘/t < f(t) <
(Z/B)VE. We give a brief outline how this PD2L system works.

At certain intervals in the string sequence the string has the form
(gak)mg. Thus consider the word gakg. The letter g is called a node. These
nodes always send messengers b and b to the right and left, respectively.
At the same time g changes to an inactive form 5 (which does not send any
messengers). While moving on, messengers b and b duplicate every letter.
When b and b meet, they create a new node which is in inactive form. Fur-
thermore, b and b disappear and new messengers f£ and f are born. They tra-
vel to the right and left, respectively. At the beginning, g sends to the
right and left also another messenger. These messengers travel at half the
speed of the other messengers. When such a messenger and £ meet, this slow
messenger changes to the messenger f£. Now we have three messengers travel-
ling on. Moreover, these are synchronized in the sense that they reach each
an inactive node simultaneously. When this happens, they disappear and
transform the nodes to the active form g. During this process we increase
the number of a's between letters g by one. So the word gakg has changed

+
to the form gak+1gak 1g

, i.e., it has essentially duplicated. Note that

the time in which the string duplicates its length increases linearly. This
process yields the above growth function of type 2%. With regards to grow-
th type 1% the reader might have noticed that we have realized PDIL growth
functions which grow logarithmically or as a fractional power, KARHUMAKI
[1974a] showed how to realize PDIL growth functions asymptotically equal

to the function (logp t)r, for natural numbers p and r, which lie between

logarithmic functions and fractional powers. From the above examples (and

Theorems 4.32, 4.38) it follows:

THEOREM 4.39. There are PDIL growth functions of types 1%, 2, 2%, 3 which

are not DOL growth functions.

Hence the family of (P)DOL growth functions is properly contained in
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in the family of (P)DIL growth functions. However, if we restrict ocurselves
to the class of bounded growth functions the situation is different.

THEOREM 4.40. Let G be any DIL system such that fG is of (i) growth type 0O,

or, (ii) growth type 1. Then we can construct a DOL system G°' such that

£ = Eg
PROOCF'.
(i) Let fG(t) > 0 for all t < tO for some tO and fG(t) = (0 otherwise. Then
fG' = fG where G' = <W',8°,w'> is a DOL system constructed as follows:
fG(O)—l
W' o= {ao,al,...,at bl w' o= aob :
0
fG(i+1)—1
' = = . P
§ (ai) ai+1b for all i, 0 € i < ty
8 P i P
§* (b) § (at ) A

(1i) If fG is of growth type 1 for some DIL system G then fG is ultimately

periodic, i.e. fG(t) (t-p) for all t > t _+p for some t

= f
G 0 0
construction of the appropriate DOL system G' is similar to the con-

and p. The

struction in (i). 0

COROLLARY 4.41. The family of bounded (P)DIL growth functions coincides

with the family of bounded (P)DOL growth functions.

THEOREM 4,42, Let G = <W,8,w> be a unary (i.e. #W = 1) DIL system. Then

there is a DOL system G' such that fG' = fG.

PROOF. Suppose fG is bounded. By Theorem 4.40 the theorem holds. Suppose

fG is unbounded, and let G be a D(m,n)L system. Furthermore, let p =
Lg(8(a",a,aM)), x = z’;‘:é Lg(s(at,a,a™) + z’j‘;é £g(8(a",a,a7)). Since £, is
unbounded there is a tO such that fG(tO) 2 2(m+n) +x +1, For all t = tO the

following equation holds:
(3) fG(t+1) = p(fG(t) ~m-=-n) + X.

Case 1. p = 0. Then fG(t) < (m#n)y where y = max{ﬂg(é(vl,a,vz)) IVJ'V? W),

Therefore fG is bounded: contradiction.
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Case 2. p = 1. Then x -m-n > 0 since fG is bounded otherwise. It is easy

to construct a DOL system G' such that fG' = fG in this case.
Case 3. p > 1. Construct a DOL system G" = <W",8",w"> as follows:
W = {a_,a,,a.,a.}; {8"(a.) = A, §"(a,) = a.a,a p-2
0rT1rT2" T3 0 ! 1 07173 7
" - x+p-1 - . Py,
§"(a,) = aja, » 8"(ay) = a, IE
- aa )m+n fG(tO)—2(m+n)—1
WEE t8p%) %y

It is easy to prove by induction on t that f_,(t) = fG(t+tO) for all t. By

Gll
using Theorem 4.40 we construct a DOL system G' = <W',8',w'> such that
t
W' cwW, 8" ¢cé', § O(w) = w" and £, () = £.(t) for 0 < t < t . Then
foo = T O

It may be worthwhile to note that the solution to the difference equa-

tion (3) is given by:

fG(to) + (x-m-n)(t —tO) for p = 1,

t-t
t-t 1- 0
P OfG(tO) + (x -p(m+n)) E:%— for p > 1,

for all t > to.
Therefore, the growth function of a unary DIL system is either linear

or purely exponential, which by Theorem 4.5 gives us:

COROLLARY 4.43. The family of growth functions of unary DIL systems 1s pro-

perly contained in the family of growth functions of DOL systems.

THEOREM 4.44. There is a binary PDIL system G = <W,8,w>, (i.e. #W = 2),
with a one letter initial string such that there is no DOL system G' such

that fGl = fG’

PROOF., Let G = <W,d,w> be a PD(1,0)L system where

W= {a,b}; w a; {6(x,a,r) =Db, 6(A,b,A) = aa, S§(a,a,r) = a

I

§(b,a,A) b, 8§(b,b,A\) =b, §(a,b,A) = aal.
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The initial sequence of produced strings is:
3 2, 4 3, 5
a, b, aa, ba, aab, baaa, aabaa, ba ba, a ba b, ba ba ,

7 4 8
azba4ba4, ba3ba5ba3, a2ba4ba6ba2, baEbaSba ba, azba ba6ba b,

baBbaSba7ba9,... .

Every second time step one b is introduced on the left and starts
moving along the string to the right. Every time step b moves one place
to the right and leaves a string a2 on the place it formerly occupied. When
a letter b reaches the right end of the string it disappears in the next
step leaving aa. Therefore, on the one hand, every second production step
there enters a length increasing element in the string; on the other hand,
with exponentially increasing time intervals one of these elements dis-
appears. The strings where a b has just disappeared in the above sequence

are:
65(a) = baaa, 69(a) = ba3ba5, 615(a) = ba3ba5ba7ba9.

Now introduce the notational convenience H?
* i2i =17 5 22436
function from IN into W . E.g. if v(i) = a’b"" then Hi—l v(i) = ab"a’b ab .

v(i) where v(i) is a

2% i+1
CLAIM. St(X)(a) = iil ba2l where t(x) = 2X+l + 2x + 3.
Proof of claim. By induction on x.
x = 0, Gs(a) = ba3.

% > 0. Suppose the claim is true for all x < n. Then

t(n) 2N i 2,241
8 (a) = 1 ba = ...ba""’ .
i=1
This last occurrence of b will just have disappeared at time t' = t(n) +

2.2% + 2 = t(n+l). The distance with the preceding occurrence of b was

2.2n»1 and therefore

n n n n+1
(4) Gt(n+1)(a) - .,.ba2'2 -1+ 2(2.27+2) ~2(2+1) - ...ba2'2 +1’

At time t(n) the total number of occurrences of b in the string was 2n;

at time t(n+1) this is 2% +2% +1 -1 = 2" 4na
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(5) st (a) = padp... .

. o N R i, t2
Since it is easy to see that for all tz0 holds: if § "(a) = vlba ba bv2
for some v,, v2 then 12 = i1 +2, it follows from (4) and (5) that
Gt(n+1)(a) = Hii;l ba21+1, which proves the claim. End of proof of claim.

Hence,
2" X, X
fG(t(X)) = Z 2(i+1) = 27(27 +3) = 1/4(t(x) = 2% - 3) {(t(x)~2x+3)
i=1
2 2
= 1/4 t(x)” -x t(x) +x -9/4.
Since t(x) = 2x+1 +2x +3 we have x = Llog2 t(x)/2] and therefore:
2 2
(6) fG(t(x))sw 1/4 £(x)" - Llog2 t(x)/2 1t (x) + Llog2 t(x)/217 -9/4.

From (6) and the general formula for a DOL growth function in Theorem 4.5
it follows that fG cannot be a DOL growth function since

2
fG(t) - 1/4 t° ~ t log t. 0
That context dependent L systems using a two letter alphabet cannot
yield all DOL growth functions is ascertained by the counterexample £(0) =
F(1) = £(2) = 1 and £(t) = t for t > 2, which is surely a (P)DOL growth

function.

COROLLARY 4.45. The family of binary (P)D1L growth functions has a non-
empty Intersection with the family of (P)DOL growth functions and neither

contains the other.

An open problem in this area is: does the family of (P)DIL growth
functions coincide with the family of (P)D2L growth functions. A proof
of €onjecture 3 would show that the family of PDIL growth functions is pro-
perly contained in the family of PD2L growth functions. Using a similar

technigue as in Lemma 4.31 we can, however, say the following.

THEOREM 4.46.

(1) If £(t) is a PD2L growth.function then £(t) is a D(2,0)L growth func-

tion.
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(ii) If f£(t) is a D2L growth function then f(t) +1 is a D(2,0)L growth

function.

PROOF'.
(i) Let G = <W,8,w> be a PD2L system. Define a D(2,0)L system G' = <W',6§"',

w'> as follcws.

W' = WUuWx{¢} where ¢ ¢ W; w' = a, a

§* (ab,c,A) = &(a,b,c), S {(X,c,A) = A,

§* (ab, (¢, ¢),\) = 8(a,b,c)a,a ,..am_l(am,é)

172
if §(b,c,A) = aja,...ay,
SV (A, (¢, 8),A) = alaz...am_l(am,¢)
if §(A,c,A) = a1a2. -a

for all b,c € W and all a € Wu {A}. Then é't(w') = b1b2"'bm—1(bm'¢)
Lt B ..

if §7(w) = b1b2.h.bm, and therefore tG' = [G.

(ii) Let G = <W,8,w> be a D2L system. Define a D(2,0)L system G' = <W',d8',

w'> as follows.

W' = W u {¢} where ¢ ¢ W; w' = wé;

§*(ab,c,A) = 8(a,b,c), §"(A,c,A) = A,

i

§'(ab,#,A) = S(a,b,A)é¢, ST (A, ¢,R) = &,

t

for all b,c ¢ W and all a € Wu{\}. Then ﬁ't(w') = & (w)¢ and there-

fore £, (t) = £ (t) +1. 0

ROZENBERG [ 1972a] proved that a D(m,n)L system can be simulated in real
time by a D(k,£) system if k +£ = m +n and k,£,m,n > 0. Therefore, by using

the same trick as above we have the following:

(i) If f(t) is a PP(m,n)L growth function then f£(t) is a D(k,£) growth

function where k +4£ = m +n.
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(ii) If £ is a D(m,n)L growth function then f(t) +1 is a D(k,L) growth
function where k +£ = m +n.

In particular, (i) and (ii) hold for k = m+n and £ = 0 and conversely.
4.3.4. DECISION PROBLEMS

According to Sections 4.1, and 4.2 and the beginning of Section 4.3 {and the
references contained therein) the analysis, synthesis, growth equivalence,
classification and structural problems all have affirmative solutions for
context free growth, i.e., there is an algorithm which gives the required
answer or decides the issue for these cases. Here it is shown that for DIL
systems, these problems all have a negative solution, essentially because
already PDIL systems can simulate any effective process. (Note that by
Theorems 4.40 and 4.42 the above problems have a positive solution if we
restrict ourselves to unary DIL systems or DIL systems with a bounded grow-
th function). Furthermore, it will appear that similar questions concern-
ing growth ranges of DIL systems have similar answers.

First we need the notion of a Tag system. A Tag system is a 4 tuple
T = <W,0,w,B> where W is a finite nonempty alphabet, § is a total mapping
from W into W*, w € WW* is the initial string, and B is a positive integer
called the deletion number. The operation of a Tag system is inductively
defined as follows: the initial string w is generated by T in O steps. If
w, = a,a,...a_ is the t-th string generated by T then w

t %1% % e+l Fpr1pe2 e
...and(al) is the (t+1)-th string generated by T. Cf. MINSKY [1967].

LEMMA 4.8. (COCKE-MINSKY). It is undecidable for an arbitrary Tag system T
with B = 2 and a given positive integer k whether T derives a string of
length less than or equal to k. In particular it is undecidable whether

T derives the empty word.

We shall now show that if it is decidable whether or not an arbitrary
PDIL system has a growth function of growth type 1 then it is decidable
whether or not an arbitrary Tag system with deletion number 2 derives the
empty word A. Therefore, by Lemma 4.48 it is undecidable whether a PDIL
system has a growth function of type 1.

Let T = <WT,6T,W ,2> be any Tag system with deletion number 2. Define
a PD(1,0)L system G = <W,d,w> as follows:
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== ¢ b3
W= WU WU WX WU {#,%1,

where

[, % - [
wyo=d{g lacwl, wonw, =g andés ¢ w un;

it

§(X,a,A) = &(%,a,1) §($,(a,b),A) = a,

S{X,a,1) = 8($,a,2) = S(X,$,h) = 8($,$,0) = §($,¢£,0)
= §(A, 4,0 = 3§,
§(a,b,A) = d(a, (b,c),A) = d(a,(b,c),)) = b,
G(alﬁl}\) = ¢I
(S(Elcr)\) = 6 ((a,b),c,A) = (c,b),
S(b,#, ) = 8((a,b),&,A) = 5T(b)¢,
for all a,b,c € WT and all a,b e Wé,
A sample derivation is:
T G
8185%3%% 212,343,357
a3a4a56T(§1) gla2a3a4a5¢
aSGT(al)éT(a3), etc. $(a2,a1)a3a4a5¢

$32(a3,a1)a4a5¢
$$a3(a4,al)a5¢
)&

#9332, (a503,

$$$(a4,a3)a56T(a1)¢

$$5a,(a.,a,)6,(a,)¢, etc.

5793 °p
In the simulating PDIL system G signals depart from the left, with
distances of one letter in between, and travel to the right at an equal
speed of one letter per time step. Therefore, the signals cannot clutter
up. It is clear that if the Tag system T derives the empty word, then there
k+1

is a time tO such that 6t0(w) = $k¢ and Gt(w) = $ for some k and for
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all t > to. Conversely, the onli way for G to be of growth type 1 is to
generate a string of the form $ ¢. (If the string always contains letters
other than $ and ¢# then at each second production step there appears a new
occurrence of $ and the string grows indefinitely long.) Therefore, T de-
rives the empty word iff G is of growth type 1. Since it is undecidable
whether or not an arbitrary Tag system with deletion nember 2 derives the

empty word it is undecidable whether or not a PDIL is of growth type 1.

THEOREM 4.49.

(i) It is undecidable whether or not an arbitrary PDIL system is of grow-
th type i, i e {1,1%,2,2%,3}.

(ii) It is undecidable whether or not an arbitrary DIL system is of grow-
th type i, i ¢ {0,1,1%,2,2%,3}.

(1ii) It is undecidable whether an arbitrary PDIL system has an unbounded

growth function.

PROCF. (i). Let G, = <W1,61,w > be a PD(1,0)L. system simulating a Tag sys-—

1 1

tem T as discussed above. Let G2 = <w2,62,w2> be a PD(1,0)L system of grow-
th type i, i € {1,1%,2,2%,3} such that Wy NW, = @#. Define Gy = <W3,63,w3>
as follows:

Wy =W, U {$}; Wy = Wi

65 =6, 0 {63($,$,A) = 6,08, = $}

u {8,(5,a,0) = 8,(00,a,) [aew,}.
C = . = )
learly, fG3 fG2 Now construct a PD(1,0)L system G4 <W4,64,w4>

as follows:

54 = 53 U (51 ~{51($,¢,X) = $hH u {54($,¢,%) = w3}_
. . . to k to
If there is a time t . such that 61 (wl) = $ ¢ for some k then 64 (w4) =
k t+tn+1 k
J 0 = i =
$7¢ and 6, (w,) =§ 63(w3) for all t, i.e., fg,(t+t +1) = fo (t) +k.
If there is no such time tO then fG4(t) = fGl(t) for all t. In this latter

case it is easy to see that fGl(t) e O(t), that is, G, is of growth type 2.

4
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By the previous discussion it is undecidable whether such a time tO exists
and therefore whether fg, is of growth type 2 or i, i € {1,1%,2%,3}.
(ii). Follows by a similar argument if we talk about D(1,0)L systems in-
stead of PD(1,0)L systems. (Hint: change everywhere 6. (A,$,A) = $ into
§.(2,$,0) = A and let i range over {1,1%,2,2%,3}. Then the analogon of G4
here is of growth type 0 or i, i € {1,1%,2,2%,3} depending on whether or
not time tO as described above exists.)

(iii) Follows from (i). 0

In the DOL case we have seen that we can effectively express the grow-
th function by a difference equation, as a generalized exponential poly-
nomial or by a generating function. These expressions of the growth func-
tion have in common that we can, e.g., ascertain the speed of growth from
them, check equality etc. Although for deterministic context sensitive L
systems the system itself is already a formalism for expressing the growth
function, it follows from the above that we can not derive a useful expres-
sion for a DIL growth function in general; useful in the sense that it can
help us decide properties like in the DOL case, such as an analytic expres-
sion. Hence we cannot hope to express DIL growth functions by analytic or

other "useful" (as an expression in recursive function theory) means and we have:

COROLLAR!_4.SO. There is no algorithm which, for an arbitrary PDIL system
G, gives an explicit expression for fG in analytic form, by a generating

function {or in any other form which is useful).

The undecidability of whether a (P)DIL system is of a certain growth
type holds (because of the proof method) also for further refinements in
the growth type classification. We could have proved Theorem 4.49 by sim-
ulating Turing machines by PDIL systems (cf. Lemmas 4.30 and 4.31) and
thereby reduce everything to the printing problem for Turing machines
which is known to be undecidable too, MINSKY [1967]. This, however, would
have caused some difficulties with the slow growth types.

Theorem 4.49 has some interesting corollaries. Recall that two DIL
systems GI’ G2 are said to be language equivalent if L(Gl) = L(Gz). Now
it is known that the language equivalence problem for e.g. OL systems is
undecidable (cf. HERMAN and ROZENBERG [1975]) but that the language equiva-
lence problem for DOL systems is decidable, CULIK and FRIS [1977a,bl. By
the special tractable nature of PDIL systems it might well be that the

language equivalence problem is decidable in this case. However, in the
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proof of Theorem 4.49 (i) it is clearly undecidable whether L(G,) = L(G, ).

Therefore we have:

COROLLARY 4.51. The language equivalence problem for PDIL systems is un-
decidable. (according to Theorem 4.53 this is the case even when we already
know that both PDIL systems concerned are of the same growth type i,

ie {2,2%,3}.)

In the PROCEEDINGS of an Open House on Unusual Automata Theory [1972,
p. 201 V.I. Varshavsky proposed the following problem: "Consider the class
of D2L grammars producing strings which stabilize at a certain length. Make
some reasonable assumptions about the maximal production length (e.g. 2)
and axiom length (e.g. 1) and find the maximal stable string length as a
function of the number of letters in the alphabet." The restrictions as
stated in the above problem are no restrictions on the generating power of
any usual subfamily of DIL systems\since it is clear that by enlarging the

alphabet we can simulate any DIL system G, by a DIL system G_ where G

1 2 2

takes kl production steps to generate the axiom of G1 and takes a constant

number k, of productions steps of G, to simulate one production step of G

i.e. 5§1+k2t

2 17

(w,) = 6§(w1) for all t. (This is similar to deriving e.g. the

2
Chomsky Normal Form for context free grammars.) Suppose we restrict our-
selves to the family of PDIL systems and there is a function as proposed
by Varshavsky where, moreover, this function is computable. Then it would
also be decidable whether or not a PDIL system G simulating a Tag system
T ever generates a string of the form $k¢ for some k: contradicting Lemma

4.48. Therefore, we have

COROLLARY 4.52. Let Vi by the family of PDIL systems G = <W,S,w> such that
#W =i, w € W, £g(8(a,b,\)) < 2 for all b € W and a ¢ Wu{X}, and

+
Eg(éto tw)) = ﬂg(dto(w)) for some t,

v € L(G) and G € Ui}' There is no computable function f such that v(i) <

and all t. Let v(i) = max{Lg(v) |

£(i) for all i, i.e. v increases faster then any computable function and

hence Varshavsky's problem has a negative solution.

THEOREM 4.53.

(i) It is undecidable whether or not two PDIL systems are growth equiva-
lent even 1f we have the -advance information that they are of the
same growth type i, i € {2,2%,3}.

(ii) It is undecidable whether or not two DIL systems are growth
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equivalent even if we have the advance information that they are of
the same growth type i, i € {1%,2,2%,3}.
(iii) The growth equivalence of two DIL systems is decidable if we have

the advance information that they both have bounded growth functions.

PROOF. Take an arbitrary Tag system T and simulate it with a PDIL system
G, as in the proof of Theorem 4.49.
(i) Now construct two variants of G,, called G, and G3, which act like

1 2
G, until $# occuxrs in a string; then G. and G, start different grow-

1 2 3
ths albeit of the same growth type i, i € {2,2%,3}. Now let f be
another growth function of type i. Since PDIL growth functions are
closed under addition (Theorem 4.38) both g = fG? +f and h = fG3 + f

are PDIL growth functions of type i, say of G4 and G If $¢ never

5
occurs in a string then fG4 = fGS = fG1 +f and fGl(t) € B(t). If $¢
occurs in a string then fG4 f fGS, Since it is undecidable whether
$¢ occurs in a string it is undecidable whether or not fg, = fg.,

4 5
where it is known that both fG4 and fGS are of growth type i, i €
{2,2%,3}.

(ii) Similar to (i). Since we talk here about DIL systems we can slow the
growth function fGl down to fGi where fGi < logr t, > 1, (cf. dis~-

cussion after Example 4.37).

(iii) Trivial. 0

Note that the theorem above leaves open the decidability of the ques-
tion of two PDIL systems being growth equivalent if we are inforxmed in ad-
vance that they are both of growth type 1%. This is because in our simula-
tion method of Tag systems all simulating PDIL systems are either of growth
type 1 or growth type 2.

THEOREM 4.54. It is undecidable whether two PD2L systems are growth equiva-
lent even if we are informed in advance that they are both of growth type
1.

PROOF. Take a PD2L system G, simulating a Tag system T. Construct a PD2L

1
system G2 which simulates G1 such that fGZ(t) < .logr fGl(t) (cf. discus~
sion after Example 4.37). Since fGi(t) e B(t) ox fGl(t) < m for some con~
stant m, sz is of growth type 1% or 1. Then use the method of proof of

Theorem 4,53 (i). {J
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Theorems 4.49, 4.53 and 4.54 have analogues for the growth ranges of
DIL systems. The growth range of a DIL system G is defined by R(G) =
{Lg(v) |v € L(G)}. Although the results on growth ranges are not corollar-
ies of Theorem 4.49, 4.53 and 4.54 they follow by the same proof method.

i

Two DIL gystems G, and G,

5 are said to be growth range equivalent iff R(G,)

1 1

R(G2)‘

THEOREM 4.55. The growth range equivalence is undecidable for two PDIL sys-
tems G1 and G2 even if we have advance information that they both are of
growth type i, i ¢ {2,2%,3}.

PROOF. The proof of Theorem 4.53 (i) will do since we can choose fGl and
sz such that they are strictly increasing at different rates iff a sub-

string $¢ occurs. 0

Under appropriate interpretation we can prove the undecidability of
growth range type classification etc. analogous to Theorems 4.49, 4.53 and
4.54. Note, however, that the growth range type can be different from the

- 2Llog2 t]

growth function type of a DIL system. E.g. fc(t) is of growth

i
type 1 whereas R(G) = {2 Ii > 0} and therefore is exponential.
4,4, BIBLIOGRAPHICAL COMMENTS

The first paper in the field of growth functions of L systems was by
SZILARD [1971] who treated the analysis and synthesis problem for DOL sys=—
tems with the generating function approach. In PAZ and SALOMAA [1973]
growth functions of DOL systems are investigated from the point of view
of integral sequential word functions and algorithms are obtained for the
solution of the analysis, synthesis and growth equivalence problems. The
difference equation method appears in DOUCET [1973], PAZ and SALOMAA [1973]
and SALOMAA [1973b]. Section 4.1 is based on these papers. Section 4.2 is
based on VITANYI [1973] and VITANYI [1976b]; and Section 4.3 on VITANYI
L1974b]. The first example of a DIL system with subpolynomial growth is
due to G.T. Herman ("Gabor's Sloth") as is the idea of simulating Tag
systems with DIL systems (cf. HERMAN [1969]). An example of a D2L system
with subexponential growth was first given by KARHUMAKI F1974a,b]. An
overview paper of some of the material contained in this chapter is HERMAN

and VITANYI [1976]. The study of growth functions and related topics is now
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yielding new motivation for the study of formal power series. See e.g.

SALOMAA [1976a,b] or SALOMAA and SOITTOLA [1978].






CHAPTER 5

PHYSICAL TIME GROWTH FUNCTIONS ASSOCIATED
WITH LINDENMAYER SYSTEMS OPERATING
IN PHYSIOLOGICAL TIME

'Physiological time varies - Iin rate does it? and if so in
what sense? - from one organism to another, and from one

stage to another in the development of a single one.’

in P.B. MEDAWAR [1945].

The closed form solution of DOL growth functions we saw in the pre-
vious chapter, a combination of polynomial and exponential terms, cannot
account for the empirically derived sigmoidal growth curves we encounter

in developmental biology such as the logistic growth function A/ (1 +Be“kt)

or the monomolecular growth function A(l-«Be_kt), to mention a few well-
known ones, see MEDAWAR [1945]. Apart from this, there are also troubles
with reconciling the theoretical framework,and its mathematical conse-
quences, of the L system model with experimental results obtained by biolo-
gists. If we drop the assumption that changes (= rewriting of strings) in
the system occur at unit time intervals, we can describe in the model phe~
nomena like progressive dissipation of growth energy, biological rhythms,
changes in enviromental conditions which influence the growth rate etc.
Thus we derive a hybrid model by assuming discrete cells and inétantaneous
cell division but continuous time. The number of past rewritings then
corresponds to physioclogical time and the total time consumed to physical
time. It is shown how, e.g., exponential growth in physiological time may
lead to a logistic growth curve in physical time and, similarly, linear
growth in physiological time to monomolecular growth in physical time.
Some extensions of the model are discussed and an interpretation in terms
of table Lindemmayer systems with a computable control word is given. The
strength of the results seems to lie in the fact that the new model relates
stereotype elemental (cellular) behavid?t to empirically observed overall
growth curves.

If we want to obtain sigmoidal growth curves with the original L sys-—

tems then not even the introduction of cell interaction does help us out.
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In the first place we get quite unlikely flows of messages through the
organism (see e.g. HERMAN and ROZENBERG [1975]) which are more suitable to
electronic computers, and in fact give the organism universal computing
power. In the second place, we are still not able to obtain growth which,
always increasing the size of the organism, tends towards stability in the
limit. The slowest increasing growth we can obtain by allowing cell inter-
action is logarithmic and thus cannot account for the asymptotic behavior
of sigmoidal growth functions like the logistic and monomolecular ones.
Thirdly, context sensitive L systems are highly vulnerable to disturbances: -
a small disturbance usually causes a completely different behavior, con-
trary to biological organisms which are robust enough not to be swayed from
their chosen path by minor disturbances.

Apart from this it can be argued that, for instance, purely exponen-
tial growth as in the theory of L systems, does not reflect biological
reality: in a short time the organism would fill the universe! However,
it has been shown that under continuous culture conditions bacteria and
monocellular algae can easily be kept under exponential growth as can
filamentous algae, LﬂCK [private communication]. Of course, if the culture
medium remains unaltered in time, as is eventually the case, there will be
a sigmoidal growth curve. Growth curves of higher plants show mostly this
form. Sometimes, there is also a very long, nearly linear, median phase.
Lianes grow that way. In any case, that real growth normally stops some-
how is not necessarily related to food constraints but can also be the
results of higher hierarchical processes such as flowering. Actually in
the last decades serious. experimental workers seem only to consider the
first so-called exponential phase.

Growth functions as occurring in developmental biology have a purely
empirical origin. The size of an organism is plotted graphically against
its age. The resulting curve is expressed, as accurately as need be, by
means of an algebraic equation. No biological significance is attributed
to the exact form this equation takes. The growth function's chief function
is to facilitate the analysis of the curve of growth (MEDAWAR [1945]).

In this paper we attempt to clarify what in our view are some of the
shortcomings of the otherwise quite appealing model of Lindenmayer and
how we propose to remedy them. As examples we show how to derive the
logistic and monomolecular growth curves.

In biclogy, as opposed to the usual automata theoretical approaches,

we meet the problem of environment. In an organism each cell has an
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environment (apart from the adjacent cells) which is going to influence
its behavior, c.q. division rate. In algae this is the surrounding water
from which it draws its food. In larger plants the environment consists

of the outside world, and inside the organism,e.g., the vessels which trans-—
port nutricients. Furthermore, growth inhibitors, temperature and, for all
we know, the phases of the moon will influence the growth rate of the or-
ganism. Of course, every one of these exogenous influences may cause
changes in endogenous parameters. Apart from this, e.g. the following

empirical generalizations are mentioned by MEDAWAR [ 1945].

(1) Size is a monotonic increasing function of age.
(ii) Usually, what results from growth is itself capable of growing.
(iii) Under the actual conditions of development living tissue progres—

sively loses power to reproduce itself at the rate it was formed.

In automata theory we are dealing with abstractions which are not
subject to physical constraints, and identical cells do identical things
at all times. In actual organisms, differences in environment in space and
time are going to create differences in cell behavior such as division
rates etc. So even if we assume that a cell is essentially an autonomous
unit, changes and divisions do not occur at unit time intervals, but div-
ision times are governed by environmental parameters, like concentration
and accessibility of nutricients, growth inhibitors, enzymes, temperature,
light. It will come as no surprise that this is corroborated by experi-
mental evidence.

The biologist observes very little real differences in cell types/
states (e.g., cells with distinct stereotype behavior). ERIKSON [private
communication], in his experiments with growth in corn cobs, distinguishes
essentially between cells in the core and those in the surrounding tissue
only, and insists that all cells in one of these areas behave more or less
alike. The LUCKS [private communication], experimenting on algae, distin-
guish between four cell types (according to ancestry). Under changing en-
viromental conditions they observe changes in size and division times only.

To account for differences in cell behavior induced by time or extra-
cellular agents, the automata theorist is inclined to postulate a very
large number of cell states. In doing so, he makes no distinction between
the autonomous properties of cells, and changes in division times due to
extracellular agents. We can overcome this difficulty by assuming but a

few different cell types and taking intervals between changes in the model
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as a variable quantity. We shall call the elapsed time physical or real
time and the number of times the model has undergone changes physiological
time. This is in agreement with biological terminology. To quote MEDAWAR
[1945] again:

..."Growth is more rapid earlier in life than later, and if the time
intervals are equal in length - are days for example -~ the approximation
will correspondingly be less efficient at the beginning than at the end.
The length of the chosen interval should evidently bear some relation to
the work done by the organism in its life span; to the organism's "physi-
ological age” in fact... (Physiological time is biology's claim to be con-
sidered at least as obscure to the lay mind as theoretical physics. The
organism it is argued, dispenses a Time of its own making by a just mea-
sure of the work done...)"

We want to show that the underlying model of L systems, even without
cellular interactions, gains in adéquacy and explaining power if we treat
the time intervals between changes of cell states and divisions as a func-
tion of elapsed time, environmental parameters, and possibly the number
of previous changes. Hence we consider L systems operating in physiologi-
cal time and their associated physical or real time growth functions.
Later on we solve some examples yielding well known growth curves. In the
last section we formulate some extensions of the model on which the auto-
mata theorist might want to try his bag of tricks, and show some relations
with so~called table L systems.

To be more precise about the ideas we have in mind, recall the theory
of DOL growth functions as explained in Section 4.1. Imagine that the
clock, which governs the discrete time rewriting of the string of cells
does not tick at unit time intervalg, but rather at variable time intervals
corresponding with the relative slowing down or speeding up of the growth
of the organism, under the influence of changes in the environmental and
internal parameters, and maybe related to the number of previous rewrit-
ings. Each such variable length time interval then corresponds to the time
elapsed between two consecutive rewritings of the string. That is, the
time interval between the occurrences of the 1-th and 1 +1-th elements of
S(G) is given by T1+1 - Tl where T1+1 is the time elapsed up to the occur-—
rence of the 1+ 1-th element of S(G) and T1 is the time elapsed up to the
occurrence of the 1-th element of S(G). To‘be able to use analytical meth-
ods we give the relaticn between 1 and T by a continuous function t:

IR+ %>IRF (where ﬂa. denotes as usual the positive real numbers) such that
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t(1) = T for all 1 ¢ IN, By its genesis t is strictly increasing on IN
and we consider only such functions t as are strictly increasingon IR, too.
The function t can be interpreted as mapping the physiological time 1 to
the physical or real time T Then the size (c.q. weight or number of
cells) of the modeled organism at real time t(1) is given by LG(t(l)) =
fG(I). (If complex constants enter in fG this can have as its effect that
values of LG are complex for 1 € IRF~ IN. We circumvent this difficulty
by either taking LG(t(I)) equal to the absolute value of fG(l) in such
cases or by only ascribing a physical interpretation to LG and fG for

1 € IN.) Since t: IR+ g B{P is strictly increasing, there does also exist
the inverse mapping t"1 = i: ﬂgk *'IR+ defined by i(t) = 1 if t(1) = 1.
Then Li(t)] gives the number of rewritings, starting from the initial
string at time zero, which have occured up to time T as a function of

the real time T elapsed. It seems reasonable to assume that the time delay
between two consecutive stages (rewritings) of an organism is related to,
e.g., the concentration of nutricients it has access to and the waste
products and growth inhibitors it secretes. Such concentrations will be
related to the organism's size and history in that .environment. So the

fundamental relation is
(1 = i
) LG(’L‘) fG(l(‘C))

where 1i: D{F~+IR+ is the physiological time as a function of the real time.
Similarly, t: Bg_ - H{+ is the real time as a function of the physiologi~-
cal time. The function i is found by describing (if advantageous by differ-
ential equations) the relations between t(1i), LG(T), the influences of the
environmental parameters which are not influenced by the organism such as
temperature, day and night cycles, and the influences of the environmental
parameters which are influenced by the organism such as food concentration.
To take a simple example where we do not ascribe a physical meaning to

' and t{1)hv= 12, Then i(t) = V1 and LG(T) =

t(1). Suppose that fG(l) = 2
2 T, a real time growth function of the so~called subexponential growth
type. One assumption we have made is that the relative changes of time
intervals in between the rewriting of a letter does not depend on the let-
ter itself or its position in the string. The theory could be extended to
take care of this too, c¢f. Section 5.2.

Below we will show by some examples that we can derive well-known

biological growth functions by the above method. The problem of
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constructing real time growth functions for an organism modeled in physio-
logical time by a DOL system consists in finding a plausible set of physi-
cal constraints (for instance, a set of differential equations), solving
i(1), and solving LG(T) from fG(i(T))' In the sequel of this chapter we de-
note, for the sake of convenience, the values t of the function i(rt) and the
function itself both by i1 and, similarly, T and t both by t. Which one is
meant, the function or its value, will be clear from the context. So we

dt (i) di (t) at(v) _ 1 /di(T)

i~ Y/ Ta for g at

will write

5.1. SIGMOIDAL GROWIH FUNCTIONS OF LINDENMAYER SYSTEMS
OPERATING IN PHYSIOLOGICAL TIME.

In this section we investigate some examples of growth behavior we
are liable to meet according to the ideas developed above. We shall be
concerned with algae-like organisms‘which (I) reside in a closed environ-
ment containing an initial amount of food stuff, (II) are subject to a per-
iodic speeding up and slowing down of division rates (i.e., some sort of

biological rhythm), and (III), (I} and (II) together.

(I). ORGANISMS IN A CLOSED ENVIRONMENT CONTAINING AN INITIAL
AMOUNT OF NUTRICIENTS.

Suppose we have (fig. 5.1) a (filamentous) organism residing in a
trough filled with water from which it draws its food. We shall assume
that (i) the organism uses no food to maintain itself but only to grow;
(ii) it excretes no waste products etc. which inhibit its growth; (iii)
at all times the concentration of food throughout the trough is uniform;
(iv) no parameters influence the growth except the concentration of food.

Let a(t) be the concentration of nutricients at time t. Assume that
for a(t) = a, the environment is optimal and the organism grows according
to a DOL system, i.e., physiological time and real time are the same.
After some time, say tO time units, the food level has gone down to aO and
the growth rate starts slowing down. Since the surface of the filamentous
organism is proportional to its length (or the number of cells it is made
up of), i.e., the value of LG, we choose our differential equations as

follows. For t < tO we have:
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Figure 5.1.
da(t) _ .
(2) Era clfG(t)a(t),

where <y is the nutricient absorption constant pro unit of organism. This

yields
-5 ey fo(x)ax

(3) a(t) = a(0)e .
and substituting a(tO) = ao yields tO. From tO onwards the division times
of cells grow larger because there is a food shortage and for t = tO we
have

da(t) _ .
(4) Eraat clLG(t)a(t),

dt(i) _
(5) Er gla(t)),
(6) LG(t) = fG(l(t))'

for some function g yet to be chosen. Since t is the inverse function of

i (5) leads to

di(t)
at

it

(7) 1/gla(t)).

Considering everything in phase-space, (4), (6) and (7) give
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da .
(8) Friaie clfG(l)ag(a),

and hence (with some abuse of notation)

a(i) i
1 . .
;ETET da = - C1 J fG(l)dl.

a=a0 l=to

(9)

At this point we might wonder whether it is necessary to give a(t) a
strong and explicit interpretation as food concentration. The fact that
real growth normally stops somehow is not necessarily connected with ex-
haustive constraints but can also be the result of higher integrated pro-
cesses such as flowering. See LUCK [1966] for a discussion about largely
independent levels of organization in a plant's hierarchical make up.
Therefore, perhaps, it would be better to give a(t) a more mathematical
purpose than a too restricted biological significance. For instance, inte-

gration constants may always enter into a(t).

EXAMPLE 5.1.: the logistic growth curve.
Assume that fG(i) = 2" and g(a) = c2/a. t < tO. According to (3):
~f80 c12tdt
a(0)e

o
i

which yields

log /1 +£E—g-ln éigl)
0 2\ <, a,

o+
It

Substituting fG and g in (9) yields, for t =z t

OI
t
1 ) B 1 i 0
e (a(i) ao) = CC TR (27 -2 7).
. . di .
Substitute a(i) = c2 I and we have to solve i in
. a o] . t
(10) a_ 9 _1 .09,

via separation of i and t,
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1 ,
(11) ~ di = at,
i
. L A+B2 -
1—t0 t—-tO
with
a lr12+c<:2tO
0 172
A= c, ln2
2
and
-C
1
B =
n2 '

which yields, after substitution of y = 2

at.
%

v t
1
(12) J XTQEETQ dy - J. A(A+By)ln 2 dy =
yz2t0 y_gtO t=
Solving i in (12) we obtain
. . tOeA(t—tO)ln 2
(13) i - - i
i(t) ins In e with G -
a+B2?
Substituting i(t) in £ (i) = 2%
L)
LG(t) = 2 ]
o B/B
~ 1-1/BG
a. ln 2
0 + 0
_ €1%
. a. ln 2 t
a, In 2 o - + 0 Oc ) (e=t )
1+ - e c 1 0
t 2
c,c. 2 0
172
X

which is of the form TR
14+Ye

: the logistic or autocatalytic curve.

181



182

For t = t_ we obtain: L _(t.) = 2to =1 +é§—2~ln (a(O))
0 G 0 c \ a
1 (O
& a ln 2
For t - ® we obtain: L _ max = 2 0 +
G c,c
172
a. ln2
a2 (a(O)\ L0 ,
1 » 80 “1%

This yields the growth curve depicted in Figure 5.2 in which for t =t

LG(t) = fl(t) = 2t and for t = tO: LG(t) = f2(t) = the above logistic
growth function. The only parameters involved are cl, c2, a(0) and aO.

o ]
L max o= e o = .—'“';::,“::;:;:::—r““
£, (t)
Loty o !
£, (t) ;

]

!

tO t

Figure 5.2.

EXAMPLE 5,2: the monomolecular growth curve. Assume that fG(i)=:i+1 and

gla) = c?/a. Then, according to (3) we can solve to from

t
-, 9 ¢ (t+1)dt

ao = a(0)e °
which yields tO == + /1 + é%vln 3—é—q-)--and since aa(o)~is greater than 1 for
tO > 0, clearly, ! 0 0
£, = -1+ /14 2 1,20
€1 o

and
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=

+
O'N

o)

-

o |
5

LG(tO) = fG(tO) 3

v
+

From (9) we see that, for t

c,C

. 172 2 . 2
Ml)—ao« 5 (&O+1) - (1+1)7)
c,c
172 2 . 2
=3 (LG(tO) - (1+1)7) .
Substituting a(i) = ¢ gi~wc—z et
ng 2a "© 9
a c c
di 0, "1 2 1o, 2
e 2+ 5 (t0+1) 5 (i+1)
and
i t
f di - J ae
2 A=-B(i+1) L
1~t0 L—to
with
a c
A = —9-+ —i-(to +1)2
<, 2
c
1
B==
which yields
VA/B+(t_+1) .
¢ = to o1 1n 0 . 1 1n VA/B+ (i+1)
2VAB B/B- (£ +1) 2V/AB A/B-(i+1)
Setting
! VA/B+(tO+1)
tO - In to Z,
2Y/AB A/B—(to+1)
! to Y and vA/B to X we obtain, after some computation,
2YAB

. . _ o
LG(t) = fG(l(t)) = i(t) +1 = X(l - Ny
1+e e

183
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and

/éao 2
L max = lim LG(t) =X = + LG(tO) .

G oo €1

The growth curve looks like Figure 5.3:

o 1
LGmax e
£, (1)
Lo(ty)  prmmmmmmmmme—s .
)
t
£.(t) |
1 )
i
1
i
e
to t
Figure 5,3.
t < to: LG(t) = fl(t) = t+1: linear,

il

> . - ‘Z/Y. t/Y ~1
t =t LG(t) = f2(t) e ) )

0 X(1 ~-2(1 +e

’

e+z/Ye—t/Y)_

t >> to: LG(t) =~ X(1 -2 : the monomolecular growth curve;

where

- 1+/1 + 2 1n =40

o+
I

0 c1 aO
() = /1 + 2 1n a;O) ,
€1 0
2a N /éa - '
LGmax = / cO + LG(tO)2= cO + 2 in _a_(_Q_)_+ 1.
€1%2 1% < o)

Hence we see that between the two extremes of unbounded DOL growth,
viz. exponential and linear, the chosen set of differential equations,
which depict the depletion of food, always yields a sigmoidal growth curve.
Therefore, all unbounded DOL growth functions yield a sigmoidal growth

curve under these conditions (and g(a) = 1/a).
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(II). ORGANISMS WITH A PERIODICAL CHANGE OF DIVISION RATE.

In biclogy we meet a phenomenon called biological rhythms. Examples
are circadian rhythms, florescence etc. Such phenomena might be connected
with the hierarchical organization of multicellular organisms, changes from
daylight to night etc. According to the observations of the LﬁCKS [private
communication] the algae they observe show the following growth behavior.
Under optimal conditions the algae behave in essence like a rather simple
DOL systen, LUCK [1975], where each transition takes place after a unit

time interval of 48 hours.

However, each fifth time interval the organism alternatingly skips
the required transition or executes two consecutive transitions in one time
interval. Thus, after each period of ten time intervals the organism reach-
es the stage we would expect from the DOL model, but in between it periodi-
cally speeds up and slows down its growth rate. According to the discus-

sion in the beginning of the chapter this means that
LG(t) = fG(l(t))
where 1(t) is the function inverse of

{i for 0 £ 1 mod 10 < 5

(i) =
i+l for 5 £ i mod 10 £ 9.
Therefore,
ft for 0 £ £ mod 10 < 5
i(e) = 1
t-1 for 5 £ t mod 10 £ 9.
Suppose fG(i) = 2]‘/5 then LG(t) = Zl(t)/s and the growth curve is as de-

picted in Figure 5.4.

Le(8) T

o e

Fig. 5.4.
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(III). COMBINATION OF (I) AND (II).

A combination of (I) and (II), i.e., an organism residing in a closed
environment and showing periodic speed ups and slowing downs of growth
rate, yields
Lo(t) = £,(1GE"(8))),
where i is a function as found in (I) and i' a function as found in (II).
The resulting growth curve looks like Figure 5.5, where we assume that

the periodicity is independent of the organism's interaction with the

environment.

L () T

Figure 5.5.

5.2, SOME POSSIBLE EXTENSIONS AND AN INTERPRETATION IN TERMS OF
TABLE L SYSTEMS.

The assumption that the relation between physiological time and real
time is the same for all cell types in the organism can be relaxed, and
we obtain in general that a is rewritten as f(t,a) € {a,8(a)}, a € W and

t € IN. Then the growth matrix at time t is

MG(t) = ‘with W = {al,az,.w.,an},
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where ETET;;T will be ;; or 57317 depending on t. (In our previous ap-
proach this would mean that MG(t) is either the unit matrix I or MG de~
pending on t.) The above is useful to express different division times
of different cell types without having to introduce different cell states
to account for distinct delays in division rates. We could even go fur-
ther, and use the DTOL model. Recall that a DTOL system (deterministic

context free table L system) is a triple G = <W,{61,6 ,.,a,dk},w> such

2

that for all i, 1 £ i £ k, Gi = <w,6i,w> is a DOL system. Recall from Sec-
¥

tion 3.3 that a control word u is an element of {1,2,...,k} . & word v is

said to derive a word v' in G under the control word u = iliz.h.iz if

o6, 8, (V).

vt o= 61 di i, i
£ L~ 271

Now we define, for A = {MG(t) lt € IN} (A is finite) a DTOL system

G = <W,{61,6 ,»nﬂyak},w>

2
wherxe k is the number of elements in A and each table 61 corresponds to
the distinct element of A for which it is the associated set of rewrit-

ing rules, i.e., A = {Mcl’MGZ""'MGk}' where

6i(a1)

Si(a2)

for all i, 1 £ i S k. Now a computable function h: W - {1,2,...,k} is de-
fined which has as its argument the real time t and which is composed from

functions which compute from the relevant parameters which table Gh(t) is

applicable at time t. Then the word seguence

Sh(G) = w, (w),.

6h(1)(w). 6h(2)6h(1) ,,,5h(t)dh(t_l)m

.,,Sh(l)(w),,..
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gives us the required developmental history of the modeled organism and the
lengths of the successive elements of Sh(G) give us the associated real

time growth fupction.

2 , i 2
EXAMPLE. Suppose we have G = <{a},{6(a) = a"},a> and £(i) = 2t e e = 1%,

then LG(t) = 2 t. The present approach would model the organism as follows.
2
G' = <{a},{51(a) = a,dz(a) =a },a>
Hence MG1 = (1), MG2 = (2) and

{2 if t is a square

1 if t is not a square

which yields LG(t) = 2LV%J.

We might note here that the approach taken previously in this chapter
always leads to DTOL systems with two tables: if the physiological L sys-
tem was G = <W,8,w> then the associated DTOL system will be G' = <W,{61,62},
w> where 61 is the identity function and 62 = §. The associated function h
satisfies

2 if t = t(i) for some i € IN
v - {

1 if £ # t(i) for all i € IN.

As a further extension of the ideas presented here we could, e.g., make the
choice of the table, for rewriting a letter at time t, dependent on the geo-
metric position in the string of that occurrence of the letter. For in-
stance, the tip of a root grows while the basal part does not. In this case,
as in this section in general, not only the derived string sequence could
be different from that of the underlying DOL system, but also the set of
derived strings could differ from that of the underlying DOL system which

does not happen with the approach in Section 5.1.
5.3. FINAL REMARKS

Although this chapter is concerned with L systems, i.e., models for

filamentous organisms such as algae, the method used above should be
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applicable to 3-dimensional growth as well. First find a, preferably

context free, model of how the organism grows in physiological time (the
essential cell ancestry and division pattern) and then try to find the func-
tional relation between physiological time and real time. The advantages of
such a procedure are that we have both one (qualitative) fundamental phys-
iological time model and that the transition from one type of growth to
another, e.g. from exponential to logistic, does not require changing the
model but is a consequence of the functional relation between physiological
and real time which gaverns the quantitative aspects of the matter.

Among experimentalists it is considered that the over-all approxima-~
tions like exponential, logistic etc. growth curves have nothing to do with
elemental (cellular) behavior. Furthermore, usually only the initial expon-
ential stage is studied; the latter stages of growth are more or less neg-
lected. We have tried to establish a relation between elemental behavior
and the over-all growth curve and we have introduced as a most significant
state of a growing organism, or of the history of a growing organism, the
stage at which the growth ceases to be exponential and becomes sigmoidal:
time to.

The ideas presented should not only be of interest for people work-—
ing with algae but also for every experimentalist who tries to fit theo-

retical growth functions to observed data.
5.4. BIBLIOGRAPHICAL COMMENTS

Chapter 5 is based on VITANYI [1977b]. Interesting discussions with
P.G. DOUCET, R.O. ERICKSON, J. GRASMAN, H.B. LUCK, J. LUCK, W.J. SAVITCH
and A.R. SMITH III concerning the subject matter of this chapter were
helpful.






CHAPTER 6

EPILOGUE: EVALUATION OF RESULTS

In this final chapter we evaluate the work presented in this monograph.
It does not lead up to one or a few main results but rather, as a textbook,
it covers part of an entire field. Some results or topics are, for various
reasons, more interesting than others. The two main themes are language
classification (Ch. 3) and growth functions (Chs: 4 and 5). The technigues
used are mainly combinatorial. ’

To the author Chapter 5 seems an interesting one, in particular seen
from the viewpoint of applications, for which purpose L systems were orig-
inally introduced. It is shown there that, for very good reasons, the as-
sumption of a unit time interval for transitions ought to be replaced by
variable lengths time intervals related to physical constraints. The re-
sulting model, with differential equations modeling these physical con-
straints, leads us to sigmoidal growth curves hitherto unattainable with-
in the theory of growth functions of L systems. It also leads to a clear
connection between elemental (cellular) behavior and the overall curve of
growth, and a theoretical interpretation about the transition from exponen-
tial to sigmoidal growth not reguiring any change of model at the transi-
tion point. Theoretical exploration of the ideas presented in Chapter 5
and, hopefully, applications of the ideas in empirical investigations could
prove to be most rewarding.

The treatment in Sections 3.2 and 3.3 of the generating power of con-
text sensitive parallel rewriting with and without the use of various addi-
tions such as nonterminals, several types of homomorphic closures of the
derived languages, and combinations of these generating power enhancing de—
vices, fills a previously existing gap in L theory. Whereas the context free
case was thoroughly studied, the context sensitive case was largely left
open. In Section 3.2 the most important results are summarized in Table 3.1,
where for the four main types of deterministic context sensitive L systems

{PDiL, DI1L, PD2L and D2L) the effect of the additional features on the
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language generating power 1is shown. The various (32) families of XYZ L
languages are provided with a least upper bound and a greatest lower bound
(both with respect to set inclusion) of language families from the Chomsky
hierarchy. We compared the power of XYZ L systems with these language fami-
lies, since they are well understood and mathematically natural because of
their closure under many operations. It appears that the pure L language
families we consider are rather unevenly spread out through the Chomsky
hierarchy, in the sense that none of them contains all finite languages but
with erasing production rules they contain non-context sensitive and with-
out erasing production rules still non-context free languages. In the lat-
ter case all languages produced are in DLBAexp because we cannot have more
than a constant multiplicative factor length difference between two con-
secutive words in the string sequence. For the same reason we can replace
RE as a l.u.b. on pure L language families, and their nonerasing homomor-
phic closures, by REexp which is the subclass of the recursively enumerable

languages defined by

REeXp = FIN U {L ¢ RE|3c € IN, Vv ¢ L,3v' € L

[Lg(v) < Lg(v') < chg(v)1}.

REexp is the pecular class of recursively enumerable languages, of

which the words in a language ordered by length differ in length at most a
constant multiple. (Note that this class contains indeed strictly recursive-
ly enumerable languages.) It is easy to see that in Table 3.1 we can re-
place RE by REexp everywhere in rows (i) - (iii) but nowhere else. As a con-
sequence of Theorem 3.59 the addition of but the simplest form of erasing
homomorphism gives all types of context sensitive L systems the full power
to generate all r.e. languages. Notice that this is a specific property

of the parallel rewriting feature which enables the system to simulate a
firing squad; for the set of sentential forms of a sequential rewriting
(Chomsky type) grammar the erasing homomorphism would not be as powerful.

In general we see that by adding more context and/or more additional fea-
tures, like the use of nonterminals or closure under homomorphisms, the fam-
ilies of DIL languages induced by the various classes of L systems contract,
as it were, more and more to a neat Chomsky type language family; where some
types of context are aided more by some types of additional features than
others. One-sided context, especially in combination with A~free production

rules, is more resistant to the beneficial effects of additional features
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than the others. This is due to prefix properties accompanying one-sided
context, of which Theorem 3.57 gives the most beautiful example. Particu-
larly nice is also the role played by the family of finite languages of
which (the proof of) Theorem 3.54 illustrates how surprisingly difficult
it can be to generate them even by gquite powerful means. (The difficulty
lies of course again with the problem of recurring prefixes.) Another inter—
esting point is that if we can generate all regular sets with the means we
consider here, we can also generate all DLBAeXD languages. It appears that,
for parallel rewriting plus the additional devices considered, FIN and REG
play the part of turning points: by adding more we sometimes hesitatantly
pass FIN, but when we pass REG we immediately jump to DLBAexp or higher in
generating power. That extensions of PD2L languages are exactly the DLBA
languages is the subject of Theorem 3.55 which, together with an older
result of van Dalen that EP2L equals CS, yields an analogue of the classic
LBA problem in L theory.

Section 3.3 considers the same questions as Section 3.2 but now for
the general case of (nondeterministic) L systems with or without tables.
Here the results are summarized in Figure 3.2. Most important in this sec~
tion is Lemma 3.63 which, together with the earlier Theorem 3.55, yields
a pleasant restatement of the LBA problem as a trade-off in L parlance.
Whereas in the classic statement of the problem we have to prove that non—
determinism does or does not give additional power over determinism for
LBAs, here we have to prove something different: a sharp trade-~off between
two-sided context with one set of production rules and one-sided context
with two sets of production rules is or is not possible for EPDTIL systems.
Hence it is a real quid pro quo which was not the case in the oxiginal
statement of the LBA prcoblem. Nice as it is, unfortunately the result does
not seem to bring the solution for the LBA problem any closer.

In Section 3.4 we investigate what were originally called adult
languages. For this somewhat scabrous name we have substituted the less
biologically motivated, but more descriptive, name of stable string lang-
uvages. In this section we prove that by combinations of four fundamental
lemmas most of the extant results, and quite a few new ones, concerning
the subject can be derived. It appears that the stable string device is ex-
actly as powerful a language squeezing mechanism as the use of nonterminals,
exceptwﬁencontextsensitivityis.absentinanyform,eventhemildoneofthe

use of tables. In that case the stable string device is strictly less powerful
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than the use of nonterminals, and we generate exactly the context free lang-
uages. Note that the stable string feature is only relevant to the type of
parallel rewriting we consider; it would do nothing for sequential rewrit-—
ing.

In Section 3.1 we present structural (combinatorial) investigations
of DOL systems. quite a few properties of the derived sequences and lang-
uages are understood by themethods used (recursive letters, associated di-
graphs etc.). One of the nice results here is the one that relates the max-
imal cardinality of a finite DOL language over an n letter alphabet with the
maximal order of a pemmutation of the n-th degree (Theorem 3.10 and Corol-
lary 3.17), which in turn leads us into the realm of analytic number theory
in Section 3.1.1.1. There two new, more or less natural, number theoretic
functions are introduced which are related to, but behave sometimes quite
different from, the one mentioned above. The brute force computer aided in-
vestigations of these functions by 0. @sterby led, amongst other things, to
a counter example to an implied conjecture of E. Landau to the effect that
the largest number we can obtain by taking the least common multiple of a
partition of the sum of the first k primes in positive integral summands
is the product of the first k primes. With regard to L system theory it
is shown that a DOL system with an n letter alphabet can generate a fin-
ite language of cardinality about e n logn. Furthermore, the results of
Section 3.1.1 lead us to the interesting fact that, if a DOL system generates
a finite language, we can both ascertain this fact and solve the membership
problem, by solely examining the first n productions of each letter in
the alphabet (of cardinality n). The result rests on an application of the
Chinese remainder theorem and led N. Jones and S. Skyum to quite interest-
ing results concerning the complexity of recognizing deterministic context
free (tabled extension) L languages. See Theorem 3.15, the lemmas leading
up to it and the discussion afterwards.

One problem in L theory, which has been open for quite some time, i%
to give a method for deciding whether the string sequence generated by an
arbitrary DOL system is locally catenative, that is, whether there is an
integer nO such that from the no—th string onwards each string in the se-
quence consists of the concatenation of a fixed combination of strings
which occur earlier in the sequence. The problem has been called I. problem
#2, L problem #1 being the DOL .equivalence problem which recently has been

solved by K. Culik and I. Fris. Using the methods developed earlier in
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Section 3.1 we study aspects of L problem #2 in Section 3.1.2.2. First we
derive a necessary (but not sufficient) condition on the recursive struc-
ture of a DOL system for it to be locally catenative. Second, we show

that if a DOL system is locally catenative then n

may be very large: about
eVn log n

for a DOL system using n letters. From 2he necessary cendition
above it appears namely, that there is an intrinsic connection between
locally catenative DOL systems and DOL systems generating a finite language:
locally catenative DOL systems are, as it were, sxponentially growing ver-
sions of DOL systems generating finite languages. From this it follows that
we might have to look very far in the string sequence before the locally
catenative property appears. Thirdly it is proven that the string sequence
of a DOL system is locally catenative iff the monoid generated by the lang-
uage produced by the system is ;finitely generated. Thus we relate a proper-
ty of the derived string sequence with a property of the derived language.
Theorems 3.28, 3.31 and 3.33 are thé interesting ones here.

0Of interest is also Section 3.5; not because of the results obtained,
but because of the ideas hinted at to generalize L systems so as to obtain
a model in which we may cope with the physical constraints relevant to the
growth of bulky organisms. The ideas of Section 3.5 are presented at great-

er lengths in VITANYI [1971].

The second half (Chs. 4 and 5) of this monograph deals with the sub-
ject of L growth functions; a subiect which is regarded, among I people,
as being abundantly biologically motivated. We have already expounded on
our vested interest in Chapter 5. In Chapter 4 we explain first, in Sec~
tion 4.1, the fundamentals of the analytical theory of DOL growth functions.
Section 4.2, which ties in with Section 3.1.2.1, treats the structural (or
more combinatorial) approach to DOL growth functions. It is shown here
how to classify DOL growth on the basis of structural properties alone,
which is computationally more easy (but less accurate) than the analyti-
¢al methods of Section 4.1. Theorem 4.21 tells us how to do this on the
basis of the structural characterization of types of DOL growth, and
Theorem 3.27 tells us how to determine the degree of polynomial
growth in this way. Important in Section 4.2 is the structural proof of
Thecrem 4.14 to the effect that there exists no DOL growth functions of
the subpolynomial (type 1%) and the subexponential (type 2%) variety. Al-
though strongly suggested by the analytical expression for a DOL growth
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function, to the author's knowledge this is the easiest (even first?) proof
for this fact.

In Section 4.3 appears about all what is known about context sensi-
tive L growth. It is shown that virtually all questions are undecidable
in this realm which, surprisingly enough considering the proof of this fact,
was an open problem for some time: the decidability status of the equiva-
lence problem for context sensitive L growth was stated as an open problem
in at least one textbook and a research paper. An important problem in this
area, which is still open, consists of whether DIL growth is properly includ-
ed in D2L growth and, similarly, whether PDIL growth is properly included
in PD2L growth. Theorem 4.32 tells us that in both cases the classes are
approximately equal, but the precise problem remains unsolved. Several
examples solving once open problems are given or described. In Section
4.3.2 we show how to synthesize some context sensitive growth functions by,
e.g., using a firing squad synchroﬁization. It appears in Theorem 4. 36
that for each rational number r we can find a context sensitive L system
with growth of order of magnitude t¥. We then show in Section 4.3.3 sev-
eral results about the hierarchy induced in growth functions by the amount
of context in the system and, e.g., the number of letters used. The most
interesting one says that context sensitive growth over a one letter alph-
abet is in the realm of context free growth (Theorem 4.42), but context
sensitive growth over two letters gets outside of that realm (Theorem 4.44).
Yet the latter does not contain all context free growth. A general matter
which appears from Chapter 4 is, that, although we can realize much more
growth functions with context sensitive L systems than with context free
L systems (especially of the unbounded subpolynomial type), we are still
not able to obtain sigmoidal growth (Theorem 4.25). To obtain sigmoidal
growth we require a (justifiable) change of model as described in Chapter 5
where we obtain this type of, biologically important, growth even for the

context free model.

Future research and open problems. As said before, work in L systems
ought to provide techniques which are of use to the practicing biologist.
As such, work in the area disclosed by Chapter 5 (or even the topics touch-
ed on in Section 3.5) seems most important. On the more theoretical side, L
problem #2 of deciding whether a DOL system has the locally catenative pro-
perty is a venerable old problem, and its solution would shed light on more

generally interesting properties of (monoid) morphisms.
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Interesting within L system theory is whether D2L growth properly includes
DIL growth, and the corresponding problem for the A-free case. (Alsc e.g.
the problem of whether PD2L growth is strictly included in DIL growth). A
further investigation in structural properties of DOL systems, e.g., how
degree of exponential growth is related to structural properties of the
homomorphisms, as for instance appearing in the associated digraphs of Sec~-
tion 3.1.2, is also needed. Sections 3.2~ 3.4 seem pretty much complete
short of solving the LBA problem. A further list of (at the time) open
problems in L theory appears in LINDENMAYER and ROZENBERG [1976]. (Recall
that CULIK and FRIS [1977a,b] have already solved L problem #1.)
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MCT 9 P.C. BAAYEN, Universal morphisms, 1964. ISBN 90 6196 009 6.

MCT 10 E.M. DE JAGER, Applications of distributions imn mathematical physics,
1964. ISBN 90 6196 010 X.

MCT 11 A.B. PAALMAN-DE MIRANDA, Topological semigroups, 1964. ISBN 90 6196
011 8.

MCT 12 J.A.TH.M. VAN BERCKEL, H. BRANDT CORSTIUS, R.J. MOKKEN & A. VAN
WIINGAARDEN, Formal properties of newspaper Dutch, 1965.
ISBN 90 6196 013 4.

MCT 13 H.A. LAUWERIER, Asymptotic expansions, 1966, out of print; replaced
by MCT 54 and 67.

MCT 14 H.A. LAUWERIER, Calculus of variations in mathematical physics, 1966.
ISBN 90 6196 020 7.

MCT 15 R. DOORNBOS, Slippage tests, 1966. ISBN 90 6196 021 5.

MCT 16 J.W. DE BARKER, Formal definition of programming languages with an
application to the definition of ALGOL 60, 1967. ISBN 90 6196
022 3.

MCT 17 R.P. VAN DE RIET, Formula manipulation in ALGOL 60, part 1, 1968.
ISBN 90 6196 025 8.

MCT 18 R.P. VAN DE RIET, Formula manipulation in ALGOL 60, part 2, 1968.
ISBN 90 6196 038 X.

MCT 19 J. VAN DER SLOT, Some properties related to compactness, 1968.
ISBN 90 6196 026 6.

MCT 20 P.J. VAN DER HOUWEN, Finite difference methods for solving partial
differential equations, 1968. ISBN 90 6196 027 4.
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E. WATTEL, The compactness operator in set theory and topology,
1968. ISBN 90 6196 028 2.

T.J. DEKKER, ALGOL 60 procedures in numerical algebra, part 1, 1968.
ISBN 90 6196 029 0.

T.J. DEKKER & W. HOFFMANN, ALGOL 60 procedures in numerical algebra,
part 2, 1968. ISBN 90 6196 030 4.

J.W. DE BAKKER, Recursive procedures, 1971. ISBN 90 6196 060 6.
E.R. PAERL, Representations of the Lorentz group and projective
geometry, 1969. ISBN 90 6196 039 8.

EUROPEAN MEETING 1968, Selected statistical papers, part I, 1968.
ISBN 90 6196 031 2.

EUROPEAN MEETING 1968, Selected statistical papers, part II, 1969.
ISBN 90 6196 040 1.

J. COSTERHOFF, Combination of one-sided statistical tests, 1969.
ISBN 90 6196 041 X.

J. VERHOEFF, Error detecting decimal codes, 1969. ISBN 90 6196 042 8.

H. BRANDT CORSTIUS, Excercises in computational linguistics, 1970.
ISBN 90 6196 052 5.

W. MOLENAAR, Approximations to the Potsson, binomial and hypergeo—
metric distribution functions, 1970. ISBN 90 6196 053 3.

L. DE HAAN, On regular variation and its application to the weak
convergence of sample extremes, 1970. ISBN 90 6196 054 1.

F.W. STEUTEL, Preservation of infinite divisibility under mixing
and related topics, 1970. ISBN 90 6196 061 4.

I. JUHASZ, A. VERBEEK & N.S. KROONENBERG, Cardinal functions in
topology, 1971. ISBN 90 6196 062 2.

M.H. VAN EMDEN, 4n analysis of complexity, 1971. ISBN 90 6196 063 0.
J. GRASMAN, On the birth of boundary layers, 1971. ISBN 90 6196 064 9.

J.W. DE BAKKER, G.A. BLAAUW, A.J.W. DUIJVESTIJN, E.W. DIJKSTRA,
P.J. VAN DER HOUWEN, G.A.M. KAMSTEEG-KEMPER, F.E.J. KRUSEMAN
ARETZ, W.L. VAN DER POEL, J.P. SCHAAP-KRUSEMAN, M.V. WILKES &
G. ZOUTENDIJK, MC~25 Informatica Symposium, 1971.

ISBN 90 6196 065 7.

W.A. VERLOREN VAN THEMAAT, Automatic analysis of Dutch compound words,
1971. ISBN 20 6196 073 8.

H. BAVINCK, Jacobi series and approximation, 1972. ISBN 90 6196 074 6.
H.C. TigMs, Analysis of (s,S) inventory models, 1972. ISBN 90 6196 075 4.

A. VERBEEK, Superextenstons of topological spaces, 1972. ISBN 90
6196 076 2.

W. VERVAAT, Success epochs in Bernoulli trials (with applications in
number theory), 1972. ISBN 90 6196 077 O.

F.H. RUYMGAART, Asymptotic theory of rank teste for independence,
1973, ISBN 90 6196 081 9.

H. BART, Meromorphic operator valued functions, 1973. ISBN 906196 082 7.



MCT

MCT

MCT

MCT

MCT
MCT

MCT

MCT
MCT

MCT

MCT

MCT

MCT

MCT

MCT
MCT

MCT

MCT

MCT

MCT

45

46

47

48

49
50

51

52
53

54

55

56

57

58

59

60
61

62

63

64

65

66

A.A. BALKEMA, Monotone transformations and limit laws, 1973.
ISBN 90 6196 083 5.

R.P. VAN DE RIET, ABC ALGOL, A portable language for formula manipu-—
lation systems, part 1: The language, 1973. ISBN 90 6196 084 3.

R.P. VAN DE RIET, ABC ALGOL, A portable language for formula manipu—
lation systems, part 2: The compiler, 1973. ISBN 90 6196 085 I.

F.E.J. KRUSEMAN ARETZ, P.J.W. TEN HAGEN & H.L. OUDSHOORN, An ALGOL
60 compiler in ALGOL 60, Text of the MC-compiler for the
EL-X8, 1973. ISBN 90 6196 086 X.

H. KOK, Comnected orderable spaces, 1974. ISBN 90 6196 088 6.

A, VAN WIJNGAARDEN, B.J. MarirLoux, J.E.L. PECcK, C.H.A. KOSTER,
M. SINTZOFF, C.H. LINDSEY, L.G.L.T. MEERTENS & R.G. FISKER

(Eds) ,. Revised report on the algovithmic language ALGOL 68,
1976. ISBN 90 6196 089 4.

A. HORDIJK, Dynamic programming and Markov potential theory, 1974.
ISBN 90 6196 095 9.

P.C. BRAYEN (ed.), Topologtical structures, 1974. ISBN 90 6196 096 7.

M.J. FABER, Metrizability in generalized ordered spaces, 1974.

ISBN 90 6196 097 5.
H.A. LAUWERIER, Asymptotic analysis, part 1, 1974. ISBN 90 6196 098 3.

M. HALL JR. & J.H. VAN LINT (Eds), Combinatorics, part 1: Theory
of designs, finite geometry and coding theory, 1974.
ISBN 90 6196 099 1.

M. HALL JR. & J.H. VAN LINT (Eds), Combinatorics, part 2: graph
theory , foundations, partitions and combinatorial geometry,
1974. ISBN 90 6196 100 9. )

M. HaLL JR. & J.H. VAN LINT (Eds), Combinatorics, part 3: Combina-
torial group theory, 1974. ISBN 90 6196 101 7.

W. BALBERS, Asymptotic expansions and the deficiency concept in sta-
tisties, 1975. ISBN 90 6196 102 5.

J.L. MIONHEER, Sample path properties of stable processes, 1975.
ISBN 90 6196 107 6.

F. GOBEL, Queueing models involving buffers, 1975. ISBN 90 6196 108 4.

P. vaN EMDE BOAS, Abstract resource-bound classes, part 1.
ISBN 90 6196 109 2.

P. vaN EMDE BOAS, Abstract resource-bound classes, part 2.
ISBN 90 6196 110 6.

J.W. DE BAKKER (ed.), Foundations of computer science, 1975.
ISBN 90 6196 111 4.

W.J. DE SCHIPPER, Symmetric closed categories, 1975. ISBN 90 6196
112 2. -

J. DE VRIES, Topological transformation groups 1 A categorical ap-
proach, 1975. ISBN 90 6196 113 0.

H.G.J. P1JLS, Locally convex algebras in spectral theory and eigen-
funetion expansions, 1976. ISBN 90 6196 114 9.
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H.A. LAUWERIER, Asymptotic analysis, part 2.
ISBN 90 6196 119 X.

P.P.N. DE GROEN, Singularly perturbed differential operators of
second order, 1976. ISBN 90 6196 120 3.

J.K. LENSTRA, Sequencing by enumerative methods, 1977.
ISBN 90 6196 125 4.

W.P. DE ROEVER JR., Recursive program schemes: semantics and proof
theory, 1976. ISBN 90 6196 127 O.

J.A.E.E. VAN NUNEN, Contracting Markov decision processes, 1976.
ISBN 90 6196 129 7.

J.K.M. JANSEN, Simple periodic and nomperiodic Lamé functions and
their applications in the theory of conical waveguides,1977.
ISBN 90 6196 130 0.

D.M.R. LEIVANT, Absoluteness of intuitionistic logic, 1979,
ISBN 90 6196 122 x.

H.J.J. TE RIELE, A theoretical and computational study of general-
ized aliquot sequences, 1976. ISBN 90 6196 131 9.

A.E. BROUWER, Treelike spaces and related comnected topological
spaces, 1977. ISBN 90 6196 132 7.

M. REM, Assoctons and the closure statement, 1976. ISBN 90 6196 135 1.

W.C.M. KALLENBERG, Asymptotic optimality of likelihood ratio tests in
exponential families, 1977 1ISBN 90 6196 134 3,

E. DE JONGE, A.C.M. VAN ROOLJ, Introduction to Riesz spaces, 1977.
ISBN 90 6196 133 5.

M.C.A. VAN ZUIJLEN, Empirical distributions and rankstatistics, 1977.
ISBN 90 6196 145 9.

P.W. HEMKER, 4 numerical study of stiff two-point boundary problems,
1977. ISBN 90 6196 146 7.

K.R. APT & J.W. DE BAKKER (Eds), Foundations of computer science II,
part 1, 1976. ISBN 90 6196 140 8.

K.R. APT & J.W. DE BAKKER (Eds), Foundations of computer sctence II,
part 2, 1976. ISBN 90 6196 141 6.

L.S. VAN BENTEM JUTTING, Checking Landau's "Grundlagen" in the
AUTOMATH system, 1979 1ISBN 90 6196 147 5.

H.L.L. BUSARD, The translation of the elements of Euclid from the
Arabic into Latin by Hermann of Carinthia (?) books vii-xii, 1977,
ISBN 90 6196 148 3.

J. VAN MILL, Supercompactness and Wallman spaces, 1977.
ISBN 90 6196 151 3.

S.G. VAN DER MEULEN & M, VELDHORST, Torriz I, 1978.
ISBN 90 6196 152 1.

S,G. VAN DER MEULEN & M. VELDHORST, Torrix II,
ISBN 90 6196 153 x.

A. SCHRIJVER, Matroids and linking systems, 1977.
ISBN 90 6196 154 8.
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J.W. DE ROEVER, Complex Fourier transformation and analytic
funetionals with unbounded carriers, 1978.
ISBN 90 6196 155 6.

L.P.J. GROENEWEGEN, Characterization of optimal strategies in dy-
namic games, . ISBN 90 6196 156 4.

J.M. GEYSEL, Transcendence in fields of positive characteristic,
1979. ISBN 90 6196 157 2.

P.J. WEEDA, Finite generalized Markov programming,1979,
ISBN 90 6196 158 0.

H.C. TIJMS (ed.) & J. WESSELS (ed.), Markov decision theory, 1977.
ISBN 90 6196 160 2.

A. BIJLSMA, Simultaneous approximations in transcendental number
theory, 1978 . ISBN 90 6196 162 9.

K.M. VAN HEE, Bayesian control of Markov chains, 1978 .
ISBN 90 6196 163 7.

P.M.B. VITANYI, Lindenmayer systems: structure, languages, and

growth functions, . ISBN 90 6196 164 5.
A. FEDERGRUEN, Markovian control problems; functional equations
and algorithms, . ISBN 90 6196 165 3.

R. GEEL, Singular perturbations of hyperbolic type, 1978,
ISBN 90 6196 166 1

J.K. LENSTRA, A.H.G. RINNOOY KAN & P. VAN EMDE Boas, Interfaces
between computer science and operations research, 1978,
ISBN 90 6196 170 X.

P.C. BAAYEN, D, VAN DULST & J. OQOSTERHOFF (Eds), Proceedings bicenten—
ntal congress of the Wiskundig Gewnootschap, part 1,1979,
ISBN 90 6196 168 8.

P.C. BAAYEN, D. VAN DULST & J. OOSTERHOFF (Eds), Proceedings bicenten—
ntal congress of the Wiskundig Genootschap, part 2,1979.
ISBN 90 9196 169 6.

D. vaN DULST, Reflexive and superreflexive Banach spaces, 1978.
ISBN 90 6196 171 8.

K. VAN HARN, Classifying infinitely divisible distributions by
functional equations,1978 . ISBN 90 6196 172 6.

J.M. VAN WOUWE, Go-~spaces and generalizations of metrizability,1979.
ISBN 90 6196 173 4.

R. HELMERS, Edgeworth expansions for linear combinations of order
statisties, . ISBN 90 6196 174 2.

A. SCHRIJVER (EQ.), Packing and covering in combinatories, 1979.
ISBN 90 6196 180 7.

C. DEN HEIJER, The numerical solution of nonlinear operator
equations by imbedding methods, 1979. ISBN 90 6196 175 0.

J.W. DE BAKKER & J. VAN LEEUWEN (Eds), Foundations of computer
setence IIT, part 1, 1979. ISBN 90 6196 176 9.
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J.W. DE BAKKER & J. VAN LEEUWEN (Eds), Foundations of computer
scrence IIT, part 2, 1979. ISBN 90 6196 177 7.

J.C. VAN VLIET, ALGOL 68 tramsput, part 1: Fistorical Review and
Discussion of the Implementation Model, 1979. ISBN 90 6196 178 5.

J.C. VAN VLIET, ALGOL 68 transput, part IL: An implementation model,
1979. ISBN 90 6196 179 3.

H.C.P. BERBEE, Random walks with stationary increments and Renewal
theory, 1979. ISBN 90 6196 182 3.

T.A.B. SNIJDERS, Asymptotic optimality theory for testing problems
with restricted alternatives, 1979, ISBN 90 6196 183 1.

A.J.E.M. JANSSEN, Application of the Wigner distribution to harmonic
analysis of generalized stochastic processes, 1979.
ISBN 90 6196 184 x.

P.C. BAAYEN & J. VAN MILL (Eds), Topological Structures II, part 1,
1979. ISBN 90 6196 185 5.

P.C. BAAYEN & J. VAN MILL (Eds), Topological Structures II, part 2,
1979. ISBN 90 6196 186 6.

P.J.M. KALLENBERG, Branching processes with continuous state space,
1979. ISBN 90 6196 188 2.

P. GROENEBOOM, Large deviations and Asymptotic efficiencies, 1980.
ISBN 90 6196 190 4.

F. PETERS, Sparse matrices and substructures, 1980. ISBN 90 6196
192 0.

W.P.M. DE RUYTER, On the Asymptotic Analysis of Large Scale Ocean
Cireulation, 1980. ISBN 90 6196 192 9.

W.H. HAEMERS, Eigenvalue techniques in design and graph theory,
1980. ISBN 90 6196 194 7.

J.C.P. Bus, Numerical solution of systems of nonlinear equations,
1980. ISBN 90 6196 195 5.

I. YUHASZ, Cardinal functions intopology — ten years later, 1980.
ISBN 90 6196 196 3.

R.D. GILL, Cemnsoring and Stochastic Integrals, 1980. ISBN 90 6196
197 1.

R. EISING, 2-D Systems, an algebaric approach, 1980. ISBEN 90 6196
198 X.

G. VAN DER HOEK, Reduction methods in nonlinear programming, 1980 .
ISBN 90 6196 199 8.
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