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SUMMARY

In this monograph ¢ denotes an algebraically closed field, complete
with respect to its non-archimedean valuation and containing the field
Ea(x) of rational functions in one variable over a finite field Eé. We
study the transcendence over Fq(x) of elements of ¢.

In the first part of this monograph we develop the analytic tools (a.o.
a maximum-modules theorem and a product formula for entire functions), which

we need in the transcendence theory in the second part.
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GENERAL INTRODUCTION AND SUMMARY

In the theory of transcendental numbers one starts with a field K
with a subfield k and one studies properties of those elements of K which
are transcendental over k. In complex transcendental number theory, the
most common case, one takes for K the field € of complex numbers and for
the subfield k its prime field, i.e. the field Q of rational numbers. Of
the various properties enjoyed by € we emphasize the following two:

(i) the valuation of C is archimedean,

(ii) the characteristic of € is zero.

In p-adic transcendental number theory the situation has changed with
respect to property (i): here one takes for K an algebraically closed,
with respect to its valuation complete field ¢P, which is an extension of
the field Qp of p-adic numbers. For k one takes again the prime field Q.

In this monograph we move a step further from the classical case; not
only will our field K be provided with a non-archimedean valuation, but
moreover, its characteristic will be positive.

Now new difficulties arise, which did not occur in the change from
the complex to the p-adic case. We will jllustrate this by an example.

One of the most famous theorems of classical transcendental number
theory is the theorem of Gelfond and Schneider, which says that if o and B
B

are non-zero algebraic numbers, a # 1, B not rational, then o~ is trans-

cendental. This is in fact a theorem on the exponential function and its

B

inverse, the logarithm, for o 1is defined as exp(B log o). If one sets

out to prove this theorem in the p-adic case the definition of aB presents no
difficulties. The exponential functionis again defined by the power series
Z:=O g:, the only difference being that in the p-adic case this series is
not co;vergent for all z. But in our case of positive characteristic this
definition loses its meaning and it is not at all clear what we must

B

regard as the equivalent of a'.



In this thesis k will be the field Fq(x) of rational functions in one
variable over a finite field nil and K will be an algebraically closed,
complete extension of k, called ¢. L. Carlitz indicated in 1935 a function
Y, which might be regarded as the equivalent of the exponential function
and L.I. Wade proved in 1941 the Gelfond-Schneider theorem for this func-

tion,

In chapter I we start with the construction of ¢ and a study of the
Carlitz-y-function, which we introduce in a way different from Carlitz',
Further we define the operators Ak for linear functions and we introduce
the class of functions Jn, which may be regarded as analogues of Bessel
functions. The main section, section 5, of the first chapter is devoted
to analysis on ¢. Mainly we follow thé work of U. Glntzer (1966), the con-
cept of hooking-radius is fundamental in the study of the occurrence and
location of zeros. The Maximum MOdulus Theorem and the Product Formula for
Entire Functions are both needed for the Siegel-Schneider method in chapter
Iv.

Chapter II gives a survey of known results on transcendence in ¢.

In chapter III we introduce the concept of transcendence measure in ¢
and we give an analogue of P.L. Cijsouw's result on series for which a
certain gap-condition is fulfilled. Moreover, with the same method, we
generalize a result of S.M. Spencer (1952).

' In chapter IV we define the class of Eo-functions and we prove that
if o,B € &, o # 0 and B ¢ IFq(X) and if fl’fz""’fn are Eo-functions such
that Akfv’ k € N, 1 €£v £ n are polynomials in fi'f2""’fn satisfying
certain conditions, then at least one of the 2n+1 elements
B,fl(d),fz(a),.-.,fn(a),fi(aB),fz(uB),..;,fn(aB) is transcendental over
nga(x). This - theorem contains, among others, the Wade analogue of the

Gelfond-Schneider theorem.



0. NOTATIONS AND PRELIMINARIES
In this thesis we adopt the following notations:

/) The empty set.

A\B - The set of elements whicﬁ are contained in the set A but
not in the set B.

f: A+ B A function f which adjoins to every element of the set A

an element of the set B; A is called the domain of f.

£f|v The restriction of f to a subset V of the domain of f.

gof . The composition of the functions f: A - B and g: B > C.

N The set of natural numbers.

- N u {o0}.

ZZ The ring of rational integers.

Q The field of rational numbers.

R The field of real numbers.

C ' The field of complex numbers.

Fq The finite field 6f q elements, where q = pn for a certain
ne N and a prime p € N.

K* The multiplicative group formed by the non-zero elements

of the field K.
R[tl’tZ""’tn] The ring of polynomials in the n variables tl;tz,...;tn

over a commutative ring R with identity.

K(t) The field of rational functions in t with coefficients in
a field K.

g . The end of a proof.

As usual an empty sum has to be taken equal to zero and an empty

product equal to one.

For convenience of the reader we formulate some standard notions and

theorems, used throughout this thesis.

0.1. DEFINITION. Let R be arcommutative ring with identity and let
P,Q0 € R[t]. . Then P is called a divisor of Q, notation PlQ, if there exists
an R € R[t] such that Q = PR

P is called irreducible if P is not a unit and has no divisors in

RCt] other than units and associates of P.
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P is called monic if the leading coefficient of P is the identity of
R.
P is called primitive if its coefficients have no common divisor in

R (other than units).

0.2. DEFINITION. Let K1 and K2 be fields with a common subfield k. A mono-

morphism o K1 > K2 for which

og{a) = a, a € k

is called a k-monomorphism.

0.3. THEOREM. Let R be a commutative ring with identity. Every symmetric
polynomial P from R[tl’tz""’tn] of degree m can be written uniquely in

the form

with

Al + 2%2 LA nAn <m,

where o, ,0

1 2""'0n are the elementary symmetric functions of tl't2""'tn'

PROOF. See e.g. VAN DER WAERDEN (1960), §29. [

0.4. COROLLARY. Let R be a commutative ring with identity. Let
P e R[tl,tz,...,tn] be a symmetric polynomial. Let 31,82,...,Bn be the

zeros of a monic polynomial from R[t]. Then
P(BIIBZI---,Bn) € R.

0.5. THEOREM. Let R be a commutative ring with identity. If the polynomial
P from theorem 0.3 is homogeneous of degree k in eacht, 6, 1 < i < n, then,
i
in the notation of theorem 0.3, we have
+ +eeot < .
Al AZ An k

PROOF. See O. PERRON, Satz 69. [
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0.6. COROLLARY. Let R be a commutative ring with identity, let Q € R[t] be
of dégree N > 1 and let 81,62,...,BN denote the zeros of Q. Put

N
Q(t) =a T (t—Bi). AeR
i=1
and
2N-2 2
D :=A n (Bi-ﬁ.) .
1<i<j<N J
Then D € R.
PROOF. T, (8—8)2‘ hon tri 1 ial i
“ Micicien iy is a omogeneéus symmetric polynomial in
81,82,...,BN of total degree N(N-1) and of degree 2(N-1) in Bi, 1 < i<N.

If 01,02,...,0 denote the elementary symmetric functions of 81,82,...,BN,

N .
then it follows from the theorems 0.3 and 0.5 that

A A
2 1 N
m (B,-B.) =) cC G, ...0
1<i<j<N i"j Al...AN 1 N
with C e Rand A\, + A_ +...+ A < 2(N-1). Since A0, ¢ R it follows
)‘1“‘)‘N 1 2 N i

that D ¢ R. 0O

For an introduction to finite fields we refer to I.T. ADAMSON (1964),

Ch.IV. We shall frequently use the following

0.7. PROPERTY. For every finite field Fq one has

(0.7.1) M (o) =t o 4,
. *
ceF
q
(0.7.2) cq'= c, Cc € Fq.

Finally we shall recall some notions and properties in algebraic ex-

tensions of a field.

0.8. DEFINITION. Let k,K be fields with k < K. Then o € K is called alge-
braic over k if there exists a non-trivial polynomial P e k[t] such that
P(a) = 0.

If a € K is not algebraic over k, then o is called transcendental

over k.



0.9. THEOREM. Let k,K be fields, k € K and let o € K be algebraic over k.
Then there is one and (apart from an arbitrary unit factor) only one irre-
ducible polynomial P € k[t] such that P(a) = 0. There is exactly one such

polynomial which is monic.
PROOF. See O. ZARISKI and P. SAMUEL (1958), Ch.II §2, Cor.th.1. [

0.10. DEFINITION. Let k,K be fields, k ¢ K, and let a € K be algebraic over
k. Then the degree of an irreducible polynomial P ¢ k[t] for which P(a) = O

is called the degree of o (with respect to k).
0.11. DEFINITION. Let k be a field. Let P ¢ k[t] be given by

P(t) =ati+a tl4..+at+a, a,ck.
n n-1 1 0 i

The derivative P' of P is defined by

' .= n-1 _ n-2
P'(t) : nant + (n l)an_1 t +...+ al,

where

0.12. DEFINITION. Let k,K be fields, k € K and let a € K be algebraic over
k of degree n. The unique, monic, irreducible polynomial P ¢ k[t] of degree
n for which P(a) = 0 is called the minimal polynomial of o over k.

An irreducible polynomial P € k[t] is called separable if P' # 0. An
arbitrary polynomial P € k[t] is called separable if all its irreducible
factors are séparable.

The element o € K is called separable algebraic over k if the minimal
polynomial of a over k is separable.

The field K is called a (separable) algebraic extension of k if every

element of K is (separable) algebraic over k.

0.13. THEOREM. Let k be a field of characteristic p # 0. An irreducible

polynomial P € k[t] is not separable if and only if it has the form

P(t) = a, + altp +at?® . np

eeot t
2 an

n>=>1, ai € k, ao #0,

a # 0.



PROOF. See I.T. ADAMSON (1964), Ch.I, th.5.3 or O. ZARISKI and
P. SAMUEL (1958), Ch.II §5. [

0.14. COROLLARY. Let k,K be fields of characteristic p # 0, k < K. If

e
o € K is algebraic over k, then there exists an e € lé) such that oP is
separable algebraic over k. Moreover, for every n € IN with n > e the

element aPn is separable algebraic over k.






CHAPTER 1

INTRODUCTION

1. THE FIELD ¢

Let Fq be the finite field of g elements where q is a positive power
of the prime number p. We denote the ring of polynomials with coefficients
in ]E‘q by ]E'q [X] and its quotient field by IE‘q (X) .

For all non-zero elements of Fq[X] we define the (logarithmic) non-

archimedean valuation dg by

dg E := degree of E;
furthermore we put

dg 0 := = o,

Hence for all non-zero elements E € ]il[x] the valuation is a non-negative
integer.

For the elements of Fq(X) we define the valuation as follows: if
E # 0 and F #'O are two elements of Fq[x], then

dg(g) :=dg E - dg F.

_E_E' (E\ _ ao(E")
Clearly, if FoFT ! then dg\F) = dg(F.}-

1.1. THEOREM. The valuation dg of Fq (X) determines a Hausdorff topology
on Fq(X) and for each o € Fq(X) a fundamental system of neighbourhoods

of o is given by

{U(a,n) | n=1,2,...},
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where

Ulam) = {8 € F_ (0 | dg(a-B) < - n}.

PROOF. See E. WEISS (1963), prop. 1-1-2 or E. ARTIN (1967), Ch. I th.4. [J

1.2. DEFINITION. A sequence {ak}:_1

convergent (in Fq(x)) if an element a € Fq(x) exists such that the follow-

of elements of Fq(X) is said to be

ing condition is satisfied: for all n ¢ N there is a k. € N such that for

0
k > kO

: dg(a—ak) < - n.

The sequence {ak}§=1 is called a Cauchy-sequence if it satisfies the
following condition: given any n € IN, a k0 € IN exists such that for each
k>k0,£>k0

dg(ak—az) < - n.

1.3. THEOREM. Let K be a valued field. Then a unique valued field L exists
such that

(i) K is a subfield of L,
(ii) the valuation on L restricted to K coincides with the valuation on K,
(iii) every Cauchy-sequence in L is convergent,

(iv) K is dense in L.
PROOF. See E. WEISS (1963), th. 1-7-1 or E. ARTIN (1967), Ch. I §6. [

The valued field L is called the completion of the valued field K. A
valued fiel@ is called complete if it coincides with its completion, i.e.
when every Cauchy-sequence in it is convergent.

The completion of the field Fq(x) with its valuation dg will in the
sequel be denoted by F, the valuation on F will also be denoted by dg. Note
that {dg a I o efFl =2Z u {-=}.

The next step is that we go over to the algebraic closure @ of F. (For
a definition of algebraic closure, see B.L. VAN DER WAERDEN (1960), §62.)
To define a yaluation on 2, which coincides with dg on F we first consider

finite extensions of F.

Let E be a finite extension of a field K of degree [E:K] = n.
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We shall define the norm of an.element of E with respect to K and we shall
mention some properties which we shall need in the future. For a detailed exposi-
tion we refer to the book of O. ZARISKI & P. SAMUEL, Ch. II §10.

Let wl,m2,...,wn be a basis for E over K, then for every o ¢ E and

i e {1,2,...,n} there exist aij € K such that

The n X n-matrix (aij)i 3 will be denoted by (a) and the n X n-unit-matrix
’

by (e). The so-called field polynomial of a
det(t(e)-(a))

is a monic polynomial of degree n in t which does not depend on the choice

of the basis. It has the form

where bi e XK, i =0,1,...,n-1 and

b. = (-1)" det(a).

0
We define the norm NE+K () of o € E with respect to K by
N, (@) 3= det(a) = (-1)“b0.
Hence NE+K () is an element of K. Furthermore we have
n
NE_)_K (b) =b, b € K,
Nox (aB) = Nox (ot).NE_*K (B) a,B € E.

Finally, if L is a finite extension of E, then

N (B) =N (N__(8), BecL.
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1.4. THEOREM. Let K be a field complete with respect to a (logarithmic)
non-archimedean valuation dg and let E be a finite extension of K. Then
there exists a unique extension of the valuation dg on K to E, which will

be denoted by dgE. For all a € E we have

dg (N, (a))
dgE(a) = Bk

[E:x]

The field E is complete with respect to this valuation dgE.
PROOF. See E. WEISS (1966), th.2-2-10 or E. ARTIN (1967), Ch. I, th.7. O

In view of theorem 1.4 we define de: 9+ R u {-=} by
de(a) := dgF(a)(a),

where dgF(a) is the unique valuation of the finite extension F(a) of F,

which extends dg. Then de‘is a valuation of Q.

1.5. PROPERTIES OF Q. With Fq, the field 9 has characteristic p. (Recall

that q is a power of p.) Hence
n n n 0
(1.5.1) (u+v)p =P 4 LS ’ ne N ; u,ve Q.
The valuation dgQ is non-archimedean. Therefore we have for all u,v € §
(1.5.2) dgﬂ(uv) = de(u) + de(v)
and
(1.5.3) de(u+v) < max (dgg(u),dgﬂ(v)).
If dg,(u) * de(V), we even have

de(u+v) = max (dgg(u),de(V))-



The following example shows that the valued field Q with de as its

valuation is not complete. Define the sequence {an}:_o by

n Y \Y]
) x4 +1/q”
v=0

o =
n

Since @ is algebraically closed, o € 2. We have

—an) = —qn+1 + ——L—-, n e DP .

de(un n+1

+1

Hence by (1.5.3) {an}:=0 is a Cauchy sequence in Q. Suppose that the se-

quence is-convergent. Call its limit o. Then according to corollary 0.14,
there exists an e € IN, such that aqe is separable algebraic over F.

It follows from the theorem of KRASNER (see e.g. E. ARTIN (1967),
Ch. II th.8) that for n chosen sufficiently large

e e
Fa?) < F(a: )

and therefore

e e

e
P N
n n

e e
Hence o¥ - ag is algebraic over F of degree U e sayr and

n-—-e
wola .

1.5

e e
From the definition of dgs2 we see that un de(otq —ag ) equals the valuation

of an element of F and hence

e e
qa-_ 4d
un dgg(ot an ) € Z .

On the other hand we have

€ g +1+ 1
dgg(aq —ag ) = -t 4 —
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n-e

1-e un, which contfadicts un q .

+
Thus qn

Our final step is that we form the completion ¢ of Q@ with respect to

dg (See theorem 1.3.) That this is the last step in the process of form-

o
ing algebraic closures and completions follows from

1.6. THEOREM. ® is algebraically closed.
PROOF. See E. ARTIN (1967), Ch. II, th.12. [

1.7. RECAPITULATION. Starting with Fq we have obtained a field ¢ with a

(logarithmic) non~archimedean valuation dg, i.e.
(1.7.1) dg(uv) = dg u + dgv, u,v € ¢,
(1.7.2) dg(u+v)< max (dg u,dg v), u,v € 9,
and if dg u # dg v, then
dg(u+v) = max (dg u,dg v).
From (1.7.2) it follows that
(1.7.3) {aga | o € 8} = @ U {-=}.
The field @ is algebraically closed and complete with respect to the valua-
tion dg. It contains the field Fq (X) and the valuation dg on ¢ restricted

to Ia{(x) coincides with the valuation dg on ]ﬁq(x). Furthermore & has

characteristic p; hence

n n n 0
(1.7.4) (wv)? = + P, ne N, uveod.

In view of the completeness of & and the fact that the valuation dg is non-
archimedean, a series Z:=1 an, a € ® is convergent if and only if
llmném dg o, = -,

In this thesis the role played by the field ¢ can be compared with
that of € in the classical case; ]Fq [x] and ]Fq (X) take the part of Z and

Q respectjively.



1.8. THEOREM. The field ¢ is not locally compact.

PROOF. Suppose ¢ is locally compact. Then it follows from a theorem which
can be found e.g. in N. BOURBAKI (1964), Chap. VI §5 no. 1, prop. 2, that

the valuation of & is discrete. But this contradicts (1.7.3). 0

2. THE FUNCTIONS |, AND

2.1. DEFINITION. We define the elements Fk'Lk (k € né)) of I%I[X] as fol-

lows
k-1 k 3
F o= 1 % x%), k=1,2,... ;
k .
j=0
FO =1,
k J
L = T =3 -x), k=1,2,... ;
j=1
LO = 1.

2.2. REMARK. For k 2 1 we have the relations

k
— 3 _yyw@
(a) Fk = (X X)Fk—l'
qk
(b) Lk = (X —X)Lk_l.

Furthermore, we note that for k = 0

k
dg Fk = kq ,

L s
dg L. 1 (g -1).

In the following we shall see that Fk can be compared with k! in the clas-

sical case.
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2.3. DEFINITION. For k € Dp.the polynomial wk € Fq[x][t] is defined by

wk(t) = T (t-E) .
Ee:qu [x]

dgE<k

Moreover, we put
w_l(t) = 1.

N.B. y,(t) = t.

The polynomials wk were introduced by L. CARLITZ (1935). In the fol-

lowing we shall mention some of his results,which we shall need in this thesis,

2.4. THEOREM. (Carlitz) The polynomial wk, k e INO has the following re-

presentation

k . F k-1
k J
(2.4.1) v (6) = Y o(-1)? ——t .
4=0 13, |
j k3
Furthermore, the function wk has the properties:

(2.4.2) wk(t+u) wk(t) + wk(u), t,u € 9,

(2.4.3) wk(ct) cwk(t), c € Fq' t e @,

" ) d
(2.4.4) Y (xt) - xy (0) = T 0pl w0, teo,

(2.4.5) ¥ (x5 = F,.

PROOF. For k = 0 the theorem is trivial.
Suppose the formulae are correct for k = 0,1,...,k. From the definition of

v

K+l we get

(t) = 10 (t-E) =

K+l dgE<k+1

( mn (t—E)) M, M (t-cx“-E)
dgE<k ce]l?'(:I dgE<k

K
wK(t) n * wK(t—cX ).
cqu

From (2.4.2), (2.4.3) and (2.4.5) for k = k we have
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K .
wK(t-cX ) = wK(t) - cFK.

Since
q-1
n " (t-c) = t 1,
ceFF
q

we have

b =y e 3w - FThy -

K+1 K K K

q _ a-1
wK(t) FK tbK(t).

Now using (2.4.1) for k = k and remark 2.2a,b, we obtain formula (2.4.1) for
k = k + 1 by a straightforward computation. Using (1.7.4) and (0.7.2), the
formulae (2.4.2) and (2.4.3) for k = k+ 1 follow immediately from (2.4.1).

It only remains to pro&e (2.4.4) and (2.4.5) for k = k¥ + 1. Using
remark 2.2(a), it follows from (2.4.1) for k = ¢ + 1 that

K 4 FK+1 qK+1—j qK+1—j
‘I)K_{_I(Xt) - X¢K+1(t) = z (-1) —qm— (X -X)t
j=0 L7 .
K+1-3
K+1
K . xd —X)Fc: K+1-3
= Z (_1)J K+1=3 tq
j= LT Ipd
: k=
Kk+1
=t vk,
Substituting t = XK in this formula gives
i1 qK+1 _ q|<+1 q
¢K+1(X ) = (X —X)wK(X ) = (X —X)FK = FK+1. a

2.5. THEOREM. For A € Fq[X] and k € NO we have

¢k(A)

Fi

e F_[x].
q

PROOF. If

m m-1 .
= +...+ = e
A amX + am—lx alx + ao, ai eZFq, i 0,1, ,m,
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we have from formulae (2.4.2) and (2.4.3)

m .
1
Y, (B) = .Z a; ¥, (X))
i=0

Hence it is sufficient to prove that

i
by (X7 . 0
(2.5.1) — e F_[x], i,k e N .
P q

First we remark that for i sZNO
i
box)
(2.5.2) ~——— =X € ]Fq[X].

o

Furthermore we have by the definition of wk
(2.5.3) q;k(xl) =0, keWN;i=0,1,...,k-1.

. 0
Hence (2.5.1) is satisfied for k eZNO, i=0,1,...,k-1andie W, k =0.
Suppose we have proved (2.5.1) for k € l@o and i = 0,1,...,v-1. From
relation (2.4.4) and remark 2.2a we have for k € IN
v v-1 v-1
UG SO N ¢ A B MIPLC M I
(2.5.4) =X + ( > .

Fy Py Fr-1

Now (2.5.1) for k ¢ IN, i = v follows from (2.5.4) by the induction hypo-
thesis. |

2.6. REMARK. It is easily verified that for A e Fq[x], dg A 2 k we have

wk(A)

k
dg F = (dgA-k)q .
K .

2

2.7. REMARK. The polynomial FE bears some resemblance to the polynomial

(i) = z(z—1)f.é?—k+1) in the real case; apart from theorem 2.5 we mention
relation (2.5.4) and the relation
m m
wk(x ) ¢k(X ) )
F = = M ——.

kv (6 dgE<k x*E
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2.8. DEFINITION. The Carlitz-y-function y: ® - ® is defined by

(Note that in view of dg Fj = jqj, the sequence converges for every
t e 9.)

Let u € ® be a solution of the equation
2.8.1) ¥t oxT_x,
This number u will be fixed in the sequel.
For c € Ey we have cq_1 = 1, hence cu is also a solution of the equa-

tion above. Since (2.8.1) has exactly g-1 solutions, the complete set

*
solutions of (2.8.1) is given by {cu I c e Fq]u Furthermore

=9

dg cu =dg u = 1 -
qk
u .
.9. . —_— in ®.
2.9. LEMMA. The sequence { T, }ksl$) is convergent in

PROOF. From the definition of u and remark 2.2 it follows that

k+1 k
uq _ uq - u? ((Xq—x)q _ 1)
k1 Dk D\ xaktly
k
- _ uq ( Xq -X )
Lk Xqk+1 X
and that
k
u? 9
(2.9.1) dg ?;:'— 1

k+3j k k+v+1 qk+\)

qd q q
dg(u — - %r—) < max ddg u - ﬁ‘ ) =
Lk+j k 0<v<j k+v+1 k+v

So the sequence is a Cauchy-sequence. Since & is complete, it is conver-

4 _ K
a1 q (q-1).

gent. [
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2.10. DEFINITION. The element & € & is defined by
k

q

(2.10.1) £ := lim uT— )
k> Tk

Note that it follows from (2.9.1) that dg & = E%T .

2.11. THEOREM. The function y has the following properties:

(a) for every t,v € &
Ylt+v) = P(t) + P(v),
(b) for every t € &, c ¢ IA

P(ct)

cy(t),

(c) for every t € &

pxt) = xpt) - (e,

(d) for every t € & k
q -1

=9 (t)
Lin (-1 wdp T E
koo k

]

Y(EL)

PROOF. The properties (a) and (b) follow immediately from the definition of
V.

(c) From definition 2.8 and remark 2.2a we have

J i 3
® e d ® N c-
xpe) -y = § (I Xy It X0
j=0 J j=1 J
j 3
@ FAL® Qe |
=xt+ J -0 EE - yixe.

F
j=1 j

(d) Let t € ¢, t fixed. From the definitions 2.8 and 2.10 and property

2.11a it follows that for every N € IN there exists a k., ¢ N, k_ = kO(N,tL

0 0

such that
k
o2
(2.11.1) dg(w(tE)—w(t —_— )) < - N, k > k..
Lk 0

We write



k
ud ‘
lb(t —Lk——> = Sl(t) + Sz(t),
where
.. k+j
ko 3 3.4
s, () = (Fl) I
j=0 3 LEJ
and . . k+3
(_1)3 qJ w2
S,(t) = | = -
j=k+1 73 LE

From (2.8.1) it follows that

j+k
qJ

u = u(Xq—X) a-!

Therefore by (2.4.1) we get

k
g-t b, (£) k

(2.11.2) s (t)-(-1)%uxx) T1 wa .,
1 F . F, kJj
k j= J
where 4k k
a -1 g-t
3y 9t x%x) ! .
ak. = 3 - 3 ’ j=0,1,...,k.
J 1.9 19
k k-3
Note that X0 = 0. For j 2 1 we have from remark 2.2
. X,
T kv 3
e 3 xT
oLk' =g U7 t- k+v+1 5 )T -
J LEJ_ v=0 x4 -x97
=]

Hence for j =1,2,...,k we have from remark 2.2

5+ .
a-1 g kil L
dg akj < q_1.q o1 (g 1) + g (1-q).

Therefore

IN

k j 3
(2.11.3) dg(X ) RV akj>

From (2.11.2) and (2.11.3) we

q[dgt]+2 + qk(l—q) .

conclude that for k large enough

max (qj(dgt+ —%I-— 3) + qk(l—q)>
0<j<k 4

1.13
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k
kK . gTi% Yy (B
(2.11.4) dg(si(t)-(—l) u(x%-x) ¢ -—¥r——) < - N.

k
From remark 2.2 we get for k > [dgt] + 2
3j ., k
dg S,(t) < max q° (dgt-j+q dgu—dng)
2 .
j=k+1

= max g (dgt-j+ —3p) = @t (agt-k+ —%To.
j2k+1 ! q

Hence for k large enough
(2.11.5) dg s,(t) < - N.
Now it follows from (2.11.1), (2.11.4) and (2.11.5) that for k large enough

g1

==y (1)

dg('b(t«i)—(—l)ku(xq—x) a-! —]—‘F—> <-N. O
k

2.12. THEOREM. The set of zeros of y is given by
{EE | E € Fq[X]}.

PROOF. From property 2.11d and definition 2.3 it follows that Y (EE) = 0
for all E ¢ IF‘q [x].

Now let a be a zero of y, o ¥ 0. Let k1 € ]vo be such that

k, < dg ot} < k,+1 ifdg el >0,

k, =0 if dg af ~ < O.

It follows from definition 2.3 that for k > k

-1 -1 .
dg 'bk(OtE ) = X dg(ag "-E) + Z dg (et -E)

(2.12.1) dgli:<k1 . klsdgE<k

k -1
=c+ (k-1)g - 27+ ) dg(ag T -E),
e dgE=k,
where
ky

c := {dg(aﬁ_l) - kyq + E%T} q .
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Let N € IN. According to property 2.11d and the assumption that o is a zero

of Y there exists a ko e N, k0 = kO(N)' such that

tb (ag”
dg(U(X )q_1 ——F—-)<—N, k > k..
k

Hence for k > ko

(2.12.2) dg wk(ag'l) < (k-1)g" - qﬂ_T - N

The relations (2.11.1) and (2.11.2) give

) dg(aE 1 -E) < - ¢ - N.
dgE=k1
Hence
-1 .
I  dg(ag T -E) = - =,
dgE=k1

Thus there is an E € ]Fq [X] such that ag—l =E. [

2.13. THEOREM. The function Y has the following property: for every

Me F_[X]
q
dgM w (M)
(2.13.1)  p(Mt) = f -1 —1———-¢q (t).
j=0 F5
PROOF. For M = 1 the relation is trivial. Suppose (2.13.1) is correct for
M= l,x,...,X 1. Then from property 2.11c and the induction hypothesis we
get
. m-1 . q m—1 .
m-1 L PL(x ) j m v (X ) 3
px™) =x J (-1)7 AT - ] -1y371 3= 1q T ()
J j=1 FJ 1
_ m b X Hy 3
= x. " Ly(e) + ) (-1)3(x 1 = )wq (t) +
3=1 j
m-1
P (X ) m
- 0% AT (o).
m

Hence by (2.5.4) and (2.5.3) we have



m.  .m -om j Y. (X)) qj
YXE) = XP(E) + ) (-1) —L——F Ve o(t),

j=1 J
which gives, with (2.5.2),
n m ; XM 3
v = ) -0 —T ().
j=0 j

In view of (2.4.2), (2.4.3) and theorem 2.11a,b formula (2.13.1) follows
now for arbitrary M e Iﬁ;[X]. ]

2.14. THEOREM. The function y defines a bijection from
v={ted|dgt < agT}

onto itself.
2.15. DEFINITION. The function A: V > V is defined as the inverse of wIV.

2.16. THEOREM. For t € V we have

]
ll
L,

0 73

A(t) =

Il =~ 8

J

Proof of the theorems 2.14 and 2.16

(1) Let t € V. From the definition of § it follows that

dg P(t) < max qk(dgt—k) < max qk(—%T-~ k) = —%T ’
‘ k20 k20 9 g

which means Y(t) € V.

(ii) Suppose tl,t € V and w(tl) = w(tz). Then in view of theorem 2.12

2
there exists an E ¢ ]iq[x] such that

+t, € V we have

By the assumption t 2

1
- g
dg(ty=t,) < Zf -

On the other hand



dg(t,~t)) =dg E +dg £ = dg E + .,

Therefore E = 0 and t, = t

1 2

(iii) Finally we have to prove that for every o € V there exists a B ¢ V

such that Y (B) = o.

Let o € V. Since ¥(0) = 0 we may suppose that o * 0. Consider the

series

n
® 9

I .
n=0 Ln

g-1

. Hence { is injective on V.

Since o € ‘V\{0} there exists an € ¢ R, € > 0 such that

=-9 _
dg o -1 €.

Now
L
od qn+1 n n_, q n
Wt me g e

This shows that the general term goes to zero, hence the series is conver-

gent. Let B be its sum. Clearly,

B € V. We shall prove that Y (B)

Define
n qk
= LI
B, = ZOL .
Remark that
_ -9 _ n+1
dg (B Bn) T eq
and that
P(B) = w(Bn) + w(B—Bn), ne IN.
Furthermore
n qk n = J qk+j
v(B) = ¥ q,(ﬁL_):z ) (-Fl) o =
k=0 k k=0 j=0 j LE
) © min(n,v) (-I)V_k aq“ .
v=0 k=0 p_paVk

v-k"k

O.
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Hence by theorem 2.4 it follows that

n ENEY év
V(B = I 04— + vy,
v=0 v
where
o n v-k v
(-1)
Yn = Z z q\,_k aq .
v=n+1 k=0 Fv—kLk

Since wv(l) =0 for v 2 1, we have
V() =at oy, n=1,2,...
and therefore
Y(B) -~ a = ¢(B-Bn) + Yn! n=1,2,... .

Now we estimate dg vy_:

v v-k v-k k—l
dg v_. £ max [ max (q dgo-(v-k)q -q .q.g———)]

n o en+ilosksn qa-1
v, v-n n—1
= max [q (—%l— - ) -q (\)-—n+q.i_—1—>]
vzn+1 a !
- n+1 q
= €q + 1

Hence for all n ¢ IN we have

dg(Y(B)-a) < max(dg¢(B—Bn),dgyn) < a%r _ eqn+1'

which means

]
1
8

dg (Y (B)-a)

i.e. Y(B) =a. O

REMARK. The function A was already introduced by L. CARLITZ (1935).
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2.17. THEOREM. The function w:.é -+ & is surjective.

PROOF. Let v € &. If dg v < E%T it follows from theorem 2.14 that v is in

the range of . The proof proceeds by induction on dg v.

Let ve® dgv 2 EST and let m ¢ IN be defined by

1 e
—_—<
m + 1= dg v <m + =1 -

Suppose for all t € & with dg t < m + E%T there exists a t* e ¢ such

that

) = t.

Since ¢ is algebraically closed, § contains every solution of the equation

in t
(2.17.1)  xt - t1 = v,
For a solution t of (2.17.1) we have
dg t <dgv - 1.
Therefore
dg t <m + L
. qg-1

*
and according to the induction hypothesis there exists a t € ¢ with
*
Y(t') = t. Put

then according to theorem 2.11c
* * * *
v = pxe™) = xpe) -3 =xe -tI=v. 0O
REMARK. It follows from work of D.R. HAYES (1974) and H.W. LENSTRA Jr.

(private communication) that the Carlitz-y-function can be compared with

the exponential function in the classical case.
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3. LINEAR FUNCTIONS AND THE A-OPERATOR

3.1. DEFINITION. Let V ¢ & be such tAhat
t,ve Va2t +vev

and
t e V,c € Fq = ct € V.

A function f: V -+ & is called linear on V if

(3.1.1) f(t+v) = £(t) + £(v), t,veVv
and

(3.1.2) f(ct) = cf(t), t e V,c e I&.

EXAMPLES. It follows from the theorems 2.4, 2.11 and 2.16 that the functions
Y and wk are linear on ¢ and that the function A is linear on

= -
V—{te@]dgt<q_1}.

3.2. THEOREM. Let {an}:=0 be a sequence of elements of &. Put

dg a
. n
R := - lim sup .
n-o n
Then the series z:=0 an " converges for all t € ® with dg t < R and di-

verges for all t € & with dg t > R.

PROOF. Assume R € R.
(i) Let t € ® be such that dg t < R. Choose p € IR such that

-R < p < ~-dg t.

There exists an n0 € IN such that for n > ng

dg a,

n

< p.

Hence for n > n0



1.21
dg(antn) = dg a { n dg t < n(p+dgt).

Since from the choice of p we know that p + dg t < 0, we may conclude

that

lim dg(a_t") = - .
n>e n
© n
This suffices to prove that zn—O an t  converges.
(ii) Let t € ® be such that dg t > R and let p ¢ R be such that

- dg t < p € - R. Then there exists an increasing sequence {nk}:_1 such that

dg any

Py

and hence

n
dg(a_ t k) > n (p+dgt) > O.
n k
k
© n
This means that z a_t diverges.
n=0 n

The cases R = + » are left to the reader. 0

3.3. REMARKS.

. © n . .
a) A series of the form E a t, an € & is called a power series and R

n=0 n
its radius of convergence.
b) Since ¢ is a complete metric space, the notions of limit, continuity, dif-
ferentiability and derivative of a function are defined in the obvious

way. See J. DIEUDONNE (1969), 3.11; 3.13; 8.1.

00
c) If the function f: U + & (Uc®) has a power series expansion Xn—O a t?
with radius of convergence R > - «, then this expansion is unique.
0
3.4. THEOREM. Let the function £ be defined by the power series En—O a tn,

an € ® with radius of convergence R. Then f is differentiable on

{teo| dgt <R} and

£'(t) = Z nant ’

n n-1

00
where na  := z, a . The power series zn-l na t has radius of

i=1
convergence 2 R.
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PROOF. The proof is left to the reader. [

3.5. THEOREM. Let £ be defined by £(t) := | _ a t', a e @ with radius of

convergence R > - o, If f is linear on {t € ¢ I dg t < R}, then

£(t)

1
~1

o

”.Q

PROOF. Denote V = {t ¢ & | dg t < R}. From relation (3.1.2) it follows that

a. = 0. Using relation (3.1.1) we conclude from the definition of differen-

0

tiability that f'(t) = a, on V. Therefore it follows from theorem 3.4 and

remark 3.3c that

nan =0, n=2,3,... .

Hence

o
£(t) =a,t+ ) a, tP,
So we have proved the relation

(-]
(3.5.1) f(t) =at+at’+...+a & + J a P, kem
1 P PK-1 j=

for K = 1.

Suppose (3.5.1) is correct for k = 1,2,...,k. Define

-k
v = {t e V| p dgt <R}
and
Ll 0
.= J
gk(t) : 'z a. kt ' t e Vk'
j=1 Jp
Let tl't2 € Vk and let v, resp. v, be solutions of
pk
£ -t =0, t -t,=0
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respectively. Then
dg(v,+v,) < p—kmax(dgt dgt,) < R
1 72 1’ 2

and using (3.1.1) we find

o k k - )
J
gk(t1+t2) = Z ajpk(vf +v§ ) = 'Zl ajpk(v1+v

.k
y 3P

2

j=1 ]

k-1
- - P_...- P
f(v1+v2) al(v1+v2) a (v1+v2) ce.moay 1(V1+V2)

f(v1)+f(v2)—a1v1—a2v2 —— .. a.pk_1 1 —apk_1 5.

gk(tl) + gk(tz).

Therefore gi(t) = a , on V . On the other hand it follows from theorem 3.4

k k
that P
(=] .1
gl(t) = § 3a 270,
k . .k
j=1 Jp
hence
a , =0, p43.
jp
Thus
o pk o jpk+1
f(t) = alt + apt +...+ a kt + ‘Z a. k+1t .
P j=1 Jjp

So we have showed by induction that

© k
(3.5.1)  £t) = | a .
k=0 P
If g = p we have proved our theorem.

From relations (3.1.2) and (3.5.1) we conclude that

k_q 0
(3.5.2) a c(cf T'-1) =0, keN ,ceF .
p* q

Recall that q = pn(n € N). Hence for k ¢ N there are £ ¢ ]NO , m e IN
such that

k = £n + m, 1

IA
B
IA
s
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Using relations (0.7.1) and (0.7.2), relation (3.5.2) gives

m_y kg
a.c N " (c-d) = a c(cp -1) = a kc(cp -1) =0,
p deTF Pk p
p
ke N, ceF
q

Therefore

I
o
~
m
g

(3.5.3) either ¢ € F or a
p" p

If 1 <m < n, then F \F %+ @. Hence we conclude from (3.5.2) and (3.5.3)

that a , = 0 unless p® is a power of gq. 0
b

3.6. DEFINITION. Let V(r) c & denote the set {t | dg t < r} and let
f: V(r) > &. Then we define the functions Anf: v(x-n) - %, n=0,1,2,... by

Aof := f,

Alf(t) := Af(t) := f(Xt) - Xf(t),

.= - x4
A_E(E) = A £(XE) - XT A £(E).

For n = 0,1,2,... the operators An are defined above by their action on
functions f: V(r) > &.
Note that A(Af) need not be equal to Azf, etc.

3.7. THEOREM. When f£ is linear on V(r), so is Anf on V(r-n), n ¢ IN.
PROOF. Trivial. [

3.8. THEOREM. The following relations hold:

P S oy
(3.8.1) A X8 Xt L -0,4,...kiheDn’,
n F Fqn
k k-n
< "
X"t 0
An 5 =0, n>%k; he N,

n
(3.8.2) A () = ™% v), n=0,1,2,...



and
qn
b(E) . (6)
(3.8.3) A kF =(];“ \, ., n=0,1,...,k,
k k-n ~
¥ (t)
A ﬁ, =0, n > k
n

PROOF. The proof proceeds by induction on n and uses relation 2.2a, theorem

2.11c and relation (2.4.4) respectively. O

Note: The relations (3.8.2) and (3.8.3) were already given by
L. CARLITZ (1935) in §5 and §3 respectively.

3.9. LEMMA. Let g € ®[t] be a linear polynomial of degree qn. Then for every

t,v € & we have

(3.9.1) g(tv) =

n wj(v),

F

Ajg(t).
j=0 J

PROOF. (See also L. CARLITZ (1935), th.3.1).
For n = 0 the assertion is evident.
Suppose (3.9.1) has been proved for n = 0,1,...,N-1. We shall prove

it for n = N. By linearity, g(t) is necessarily of the form

Cll
k F,

N
g(t) = z a

From definition 3.6 and relation (3.8.1) we obtain

k
N tq
(3.9.2) Ag(t) = ) a —, j=0,1,...,N.
J k=3 k -qi
k-3

Hence from the induction hypothesis we have for t,v e &

N N N
N-1 ¢j(V) | 2 2
g(tv) = (A.g(t)—aN .\ + ay
j=0 F, J Fa7/ F
J N-Jj N
N Y, (V) Nd N ()
. - \V
B AP Cu QUL
j= F. \E §= q
j=0 3 N j=0 FjFN-j

It remains to prove that



N
o2 N Y. (v)
(3.9.3) IT—=7 J—J ., veo.
F j= q .
N j=0 FjFN—j

Since the polynomial wj € Fq[x][v] is linear on & of degree qJ for
N
j=20,1,...,N, we can put v /FN in the form
N L (v)
lIJJ

= Z b,
N =0 I Ty

N
v
F
From theorem 3.8 we obtain for i = 0,1,...,N

N i
q N Y. . (V)\q
' y_\- 2=t
(3.9.4) Ai(F )- .X' bj( o ) .
N Jj=i J-1i

On the other hand

a q
(3.9.5) A‘("—) =Z— .,  i=0,1,...N
l‘FN F4
N-i

Since wk(l) =0 for k > 0 and wo(l) = 1, the relations (3.9.4) and (3.9.5)
for v = 1 imply

1

b, = — , i=20,1,...,N.
i gdl
N-i
Hence (3.9.3) is proved and the induction step is completed. ]

3.10. THEOREM. (Expansion Formula). Let f: & - ® be a linear function de-

fined by a power series with radius of convergence R:

o n
£t) = ¥ atd, a co.
n n
n=0
Let M eZFq[X] with dg M = m. Then for every t € ® with dg t + m < R we

have
L (
wJ
F.
J

M)

ALf(t).
. 3 (t)

(3.10.1)  £(Mt) = }
3=0

PROOF. Consider for n > m the linear polynomials

k

v q
£(8) = § ath .

k=0
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For t € ® with dg t < R we have
£(t) = 1lim £_(t).
e O
For t ¢ & with dg t + m < R we have
Ajf(t) = lim Ajfn(t), j=1,2,...,m.
n->o
Now using lemma 3.9 with g = fn and v = M, we get
¢k(M) m wk(M)

m
f(ut) = lim £ (Mt) = lim ] AE () = ]
o o k=0 k n k=0 "k

Akfgt). 0

3.11. COROLLARY (= theorem 2.13). Let M ¢ Fql}{]with dg M = m. Then for
all t e ¢

m b M)k
vore) = § -nF E—yT ),
k=0 k

PROOF. Since { is an entire linear function (3.10.1) is valid for all t e 0.

Now the expression for y(Mt) follows by using theorem 3.8 in (3.10.1). [

3.12. LEMMA. Let f: & ~ & be an entire, linear function. Then for every

ke N

k
.12, Aff® = aeen+ o @ gend
PROOF. For k = 1 we have

Ae%e) = £2xt) - x£3(e) = (£(xt) - xeeNT + &xTxAw),

which proves (3.12.1) for k = 1.
Now suppose that (3.12.1) has been proved for k = 1,...,k-1. Then we
have

k-1
q - q R { q
AKf (t) AK—lf (xt) X AK—lf (t)

k-1
a fxeNT+ x¥ @ egxenT +
k-1 L Kk=2

qK—l q qK—l q
- x5 {A L EENT+ XT -X) (A _LE(£)7) =



k-1 K
| q, 9 q
(A _£xe) - X% A £} + X7 (A _ £(£))

qK~1 . qK—2 q qK-l q
+ X -x{A _fxY) -xT A f(6)}T-X (8 _4£(E)

K
q q q
(A £(£))7 + (X7 =x) (8 __ £(£))7. [

4. THE FUNCTIONS Jn

In 1960 L. CARLITZ introduced a class of functions which have formal

resemblance with classical cylinder functions.

4.1. DEFINITION. For n € Ié) the function Jn: ® » ¢ is defined by

(4.1.1) 3 (t) := Y o(-1) -—.
n+ka
For n € N we define the function J_n: ® > ¢ by
k
® q
(4.1.2)  J_ (t) := kZO (-1) -
k" n+k
-n

REMARK. Fg+k is uniquely determined.

If we put F:n =0, n e N, then for all n € Z the function Jn can be

defined by formula (4.1.1).

4.2. THEOREM [ L. CARLITZ (1960), formulae (5.3), (5.9), (5.13) and (5.14)].
Let n € Z . The function Jn as defined above is an entire, linear function,

which has the properties:

n

(1) to_ ¥ = 0o ),

k
(ii) B =33 1), k=12,

n
(iii) 30 - g @ + 31w =o,
(iv) I (x%t) - (an+X)J (Xt) + Kd (t) = - 3%(¢).

n n n n

PROOF. The formulae can be computed directly from the definition of Jn, using

(1.7.4) and (3.8.1). 0
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4.3. REMARK. From the definition of A, we see that (iv) can also be written

2
as

n

s _ qa _4a q -
(iva) A2Jn(t) (X X )AJn(t) + Jn(t) 0.
4.4. THEOREM. For all n € ]NO, k € N we have

A Jn(t) = Pk(Jn(t).AJn(t)),

k
, , , , [k/2]
where Pk is a linear polynomial in ]%l[X][tl,tzj of total degree q .
+k-
The valuation of the coefficients of Pk is less than qn k 1.

PROOF. For k = 1 the theorem is obvious. For k = 2 the assertion follows
immediately from remark 4.3.
Now suppose that the assertion has been proved for k = 1,2,...,k-1;k23.

Then it follows from theorem 4.2(ii) and (iii) that

AJg (t) = e (t) = (32 (t))qK—l
K n n-xK n-K
= {(an_K+1—X)J () - a (t)}qK_1
n-k+1 n-k+2
= (an—qu_l)JqK—1 t) - (JqK—2 N4
n-k+1 n-k+2
= (an—xqpl)A J(t) - (A T (enT
k-1"n k-2"n -

Hence by the induction hypothesis for k = k - 1, k = 2 we have

n k-1
q

(4.4.1) A J (t) -X
K n

1
)

_pd
VP (I (0),AT (£)) - P, (3 (t),AT (t))

and therefore

AKJn(t) PK(Jn(t),AJn(t))-

It follows from (4.4.1) and the induction hypothesis that the degree of 11"<
[k/2]

is equal to gq and that the valuation of the coefficients of PK is at

+ic—
most qn « 1. 0
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The rest of this section will not be used in the following chapters.
The function Jn is a solution of the equation

2 n n+1
£x°t) - xT 4 exe) + xT T e = - 21,

with n € Z . We are interested in all solutions of this equation which are

of the form

o v
£(t) = § at!, nez,a €9, a
= Y v

-h # 0.
It turns out that for n € Z there is essentially only one such solution
of the equation; see L. CARLITZ (1960). However, the equation above can
be slightly generalized. Recall that q is a power of p, say pm and that
the field ¢ has characteristic p. Hence for those r € Q@ such that rm € Z,

r
the element X3 € ¢ is uniquely defined.

4.6. DEFINITION. Let q = pm. Let r € Qbesuch thatrme Z. For r > - 1 we
define the element F_ ¢ Fq[x] by

mr mj
m & -x* ) ifr>o,
jezz
0<j<r
F_:=4
r
1 if -1 <r <0,
N
For r < - 1 we put
mr m3j
L= Mmoo ).
r jeZ
r<j<0

4.7. REMARK. For r € nf) definition 4.6 equals definition 2.1 of this

-1
thesis; furthermore Fr =0 for - r ¢ N. For q,r as in definition 4.6 we
have

pmr m
4.7.)  F, = ¥ -0F_.

4.8. DEFINITION. Let g = pm. Let ¥ € Q be such that rm ¢ Z . We define the
function Jr : & > 0 by
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qr

k=0 Frafx

(The series is convergent for all t e 9.)

4.9. THEOREM. The function Jr from definition 4.8 has the properties:
qr a
(i) Jr+1(t) - (X —X)Jr(t) + Jr—l(t) = 0,

2 r i1
(ii) J (x°t) - T +x0 xt) + x2 T () = - d%).
r r r r

PROOF. Analogous to the proof of theorem 4.2. [J
5. ANALYSIS ON &

5.1. DEFINITION. Let R € R U {+»} and U = {t € ® | dg t < R}. A function

f: U > ¢ is called analytic on U if there exists a power series 2:_0 aitl,

ai € ® with radius of convergence > R such that

[+
£0) = § ath, teu.
i=0

If R =+ o then f is called an entire function.

5.2. REMARK. Let £ be analytic on U = {t € ® | dg t < R}. Suppose that the
power series z:=0 aiti, which represents f on U, has radius of convergence
R. Then f has no analytic continuation outside U in the classical sense,
see J. DE GROOT (1942), L.I. WADE (1946). Recently PH. ROBBA (1973) and
J. TATE (1971) have given different methods for analytic continuation of
functions over a complete non-archimedean valued field. For an exposé in

the p-adic case we refer to the book of Y. AMICE (1975).

In the following chapters we shall need some results from the theory
of functions f: & > &. Since there are fundamental differences between ¢
and € (9 has characteristic p, the valuation of ¢ is non-archimedean, ¢ is
not locally compact), we may also expect great differences between this
theory and the classical theory of complex functions of one variable. Sur-
prisingly some fundamental classical theorems have analogues in the theory
of functions based on ¢. So we have e.g. a maximum modulus theorem and a
product formula for entire functions. (See theorem 5.16 and corollary 5.24

‘ respectively.)
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We shall give complete proofs of the theorems needed later on. For a
more general treatment we refer to the works of U. GUNTZER (1966),
M. LAZARD (1962) and A.F. MONNA (1970). The first results in non-archime-
dean analysis are contained in the thesis of W. SCHOBE (1930). For a dis-
cussion of SCHNIRELMAN's proof of the maximum-modulus principle we refer
to his own work (1938) or to W.W. ADAMS (1966, appendix), who gives an ex-

position for the p-adic case.

5.3. DEFINITION. Let &[[t]] be the set of formal power series with coeffi-
cients in ®. For each r ¢ R the subset Pr of ®[[t]] is defined as follows.
Let £ e o[[t]], £(t)

o i
Y. . a.t’. Then f ¢ P_ if and only if
i=0 i r

*)

- o,

(5.3.1) lim (dg a,+ir)
i +

For such r we put
M (f) := max (dga,+ir).
o i20 .
Further we define

M_(£)
"f"r = q , f e Pr'

5.4. LEMMA. Pr is a ®-Banach space with norm "-"r.

PROOF. Clearly, Pr is a vector space over ¢ and
le+gll <N £ll gl .
fgr fr+ glr

Finally, let (£} £.(8) = Zm a ti be a Cauch in P_. Then
ok k'k=1" "k i=0 uchy sequence -

ki
the proof of the completeness can be given by standard arguments in the fol-

lowing steps:

(i) for each i, lim ak. =: a, exists in ¢,
ko 1 1
© .
(ii) £, defined by £(t) := ) aitl belongs to P,
i=0

(iii) 1lim £
k>

L = £in the norm topology of Pr. 0

. o i
*) This implies that for every t € & with dg t = r the series zi=0 ait

converges.
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5.5. REMARK. From the proof of lemma 5.4 we see that {fk}:=1'

fk(t) = z:=0 akitl is a convergent sequence in Pr ifmand only if for every
t € & with dg t £ r the sequence of elements {fk(t)}k=1 is convergent in 0.

5.6. REMARK. When f € Pr, then the radius of convergence R of f is not
smaller than r.

When f € Pr' then f e Pp for all p < r and for all p < r we have

sup dg f(t) < M (f).
dgt=p e

If there is only one i € nP such that
(5.6.1) dg ai + ip = Mp(f),
then we even have for all t € & with dg t = p
(5.6.2) dg f(t) = Mp(f).

Those p < r for which there exists more than oﬁe ie ]MO such that (5.6.1)
is valid, will play a special role in the theory, since they are connected

with the occurence and the location of the zeros of f.

5.7. DEFINITION. Let r ¢ R, £ ¢ P, £(t) = Z:___h aitl, a, # 0. If for
pe R, p £r, there exist i,j 2 h, i # j, such that

dgra, + ip = dg aj + jp = Mp(f),

then p is called a hooking-radius of f.

8 i
5.8. LEMMA. Let r ¢ R, £ ¢ P, £(t) = Zi=h a,t’, a # 0. The number of

hooking-radii of £ in (-w,r] is finite.

PROOF. Because of (5.3.1) there exists an no such that

(5.8.1) i> ng = dg a; + ir < dg ay + hr.

Hence for all i >An0 and p £ r

28 + i + < .
(5.8.2) dg ai ip < dg ah hp Mp(f)
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Since for i # j, h < 1i,j

< n. there is at most one p

0

< r with

dg a; + ip = dg a. + jp, the number.of hooking-radii of f in (-»,r] is at

most

no-h+1
2 .

5.9. REMARK. In 5.11 we shall introduce a kind of Newton polygon to describe

the behaviour of Mp(f). The hooking-radii will be the angular points of this

polygon. Note that because of (5.8.1) the indices i > n

arguments on Mp(f).

5.10. DEFINITION. Let r ¢ R, f € Pr' f(t) =

R1,R

21---i

(=~,r] in increasing order. Define

5.11.

(i)

(ii) I1f {Rl,Rz,...,Rz} = g:

(iii)

i, = max {i | ag a; +

izh

THEOREM. In the notation of

0

max {i | dg a, +ip
izh

If {Rl,Rz, - 'RK} #

max {i | dg a; + ip
izh

and

min {i | dg a; + ip
izh

i < i, <...< i,
1 2

£
Mp( )}

Mp(f)}

Mp(f)]’

iR = MRk(f)},

0

can be neglected in

o i
t .
zi=h ai ray # 0. Let

RK be the (possibly empty) sequence of hooking-radii of f in

k=1,2,...,L.

definition 5.10 we have

ixh

]
A

o’
ik'

iﬂ'

ik'

iﬂ,

- o < p <R

min {i | dg a; + ip

17

R <p <%ﬁ1,k=L2“.”24,

o
(a3

IA

©

IA
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PROOF. Let 1 <k < £ and h € i < ik. Since

dg ai + iRk < dg aik + ikRk,

one has for p € (Rk,r]

(5.11.1) dg ai + ip < dg ai + i

<M (f).
k p

x? =

In particular, by Ry < Rk+1 < r and for k = 0 trivially,

(5.11.2) " min {i | dg a; + iR 4 =M (£)Y = i, k =0,1,2,...,8-1.

i>h Rer1 k )

It follows, by the definitions 5.7 and 5.10, that ik+1> H{for k=0,1,...,8-1.
This proves (i).

By means of continuity arguments it is easily seen that assertion (ii)
and the assertions of (iii) for - = < p < R

and - ©» < p £ R, respectively

1 1

are obvious.

Now we consider the case that there are one or more hooking-radii. Let
nO > h be such that (5.8.1) is valid. From the maximality in the definition
of ik we see that

(5.11.3) dg a; + ikp > ‘max (dgai+ip) r P =R, k=1,2,..,4.
k i <i<n
k 0

Let 1 < k £ £ and suppose that the inequality in (5.11.3) holds for all

p € (Rk,r]. Then it follows from (5.8.2) that

dg aik + ikp > dg ai + ip, i> ik’ Rk <p<r.

On the other hand (5.11.1) tells us that

s ) . < . .
dg aik + 1kp > dg ai + ip, h <ic< lk' Rk <p<r.

Hence (Rk,r] does not contain a hooking-radius of £, i.e. k = £ and iﬂ is

the unique i for which

dg a; + ip = Mp(f), RE <p<r.
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We see that for 1 < k < £-1 the inequality of (5.11.3) does not hold for
all p € (Rk,r], i.e. there exists a' p € (Rk,r] such that

.11, + i < ip).
(5.11.4) dg ai 1kp max (dgai+1p)

i <i<
k lk isn,
Since both sides of this inequality are continuous functions of p, the
smallest number p for which (5.11.4) is valid is a point where the equality

holds. Since
dg a; +1ip < Mp(f)

for h, £ i < i, by (5.11.1) and for i > n, by (5.8.2), this point must be

k 0
the smallest hooking-radius of f in (Rk,r], i.e. Rk+1' Moreover we have

min {i | dg a, + i =M (£)} =i, k=1,...,2-1.
i>h 7 e R+t k

Furthermore we conclude that for k = 1,...,£-1 and R <p <R,

i .
dg aik 1kp > im3§<n (dgai+1pL
k770
Since dg a, + ip < Mp(f) for h £ i < ik by (5.11.1) and for i > ng by

(5.8.2), ik is the unique i such that
dg a; + ip = Mp(f), R <p <R v 1 <k < 2-1.

This completes the proof. [

The following figure illustrates the curve for Mp(f), p < r. Here

h=0,4£=2, R,< r, i,

"hooking-radius".

=1, i, = 3. This figure also explains the term

2



Mp(f)

[ —

>p

5.12. COROLLARY. In the notation of definition 5.10 we have

dg aj -dg aj

(5.12.1) R _= min k-1 ' k
i>i k-1
k-1
PROOF. From theorem 5.11 we have
min {i | dg a, + iR_=M_ (£)} = i
i>h 1" Ry
Hence
_ S (i1
dg ai dg ai 2 (i 1k—1)Rk’
k-1
from which we obtain
dg aik 1—dg a;
————————————————————— > 1
(5.12.2) i'ik_1 > Rk’ i> ik—l'

Moreover it follows from theorem 5.11 that

(5.12.3) dg aik + ikRk = M_ (f)

R

dg ai

k-1

=1,2,...,2.

w1t k= 12,08

i R k=1,2,...,4

1.37
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Now formula (5.12.1) follows from (5.12.2) and (5.12.3). ]

The concept of hooking-radius élready appeared in SchObes work (1930),
but he introduced it by formula (5.12.1) with infimum instead of minimum and

then the results of lemma 5.8 and theorem 5.11 are derived.

oo i
5.13. DEFINITION. Let r ¢ R, £ ¢ P, £(t) = ], at’, a #0.

For p < r we define
(5.13.1) d(f,p) := max {i| dg ai-+ip =M (f)} - min {i |dg ai-+ip =M (f)}.
i>h P i>h P

5.14. COROLLARY. In the notation of the definitions 5.10 and 5.13 we have

0 ifp#Rk, k=1,2,...,4
a(f,p) =
1,2,...,4.

H
1
"
-
H
H
kel
I
~
=
]

PROOF. Obvious from theorem 5.11. ]

5.15. REMARK. Let r ¢ R, f € Pr' If f has no hooking-radii in (-«,r],
then for all t € & with dg t = p < r we have

dg f(t) = Mp(f)-

IA

If R, < R, <...< RK r are the hooking-radii of f in (-»,r], then for

1 2
t € ® with dg t = p £ r we have

(5.15.1) dg f(t) Mp(f), p# Rl,R2,...,R£

and

(5.15.2) dg f£(t) < Mp(f), p = R1,R2,...,R£.

But we can prove more.

)

*
5.16. THEOREM. (Maximum Modulus Principle). Let r ¢ @ ’, f € Pr' Then

* .
*) In view of (1.7.3) (dgt ¢ @ for t € & ) we restrict r to Q.



sup dg f(t) = sﬁp dg f£(t) = Mr(f).
dgt<r dgt=r

For the proof of theorem 5.16 we need two lemmas. Note that if r is
not a hooking-radius of £, then theorem 5.16 is an immediate consequence of

remark 5.15 and theorem 5.11. (Mp(f) is a monotonic function of p on (=-»,r],)

5.17. LEMMA. Let r ¢ Q and f ¢ Pr. Then
sup dg £(t) = sup dg £(t) =M (f).
dgt<r dgt<r

PROOF. According to lemma 5.8 f has at most a finite number of hooking-radii
in (-«,r]. Hence there is a p < r such that f has no hooking-radii in [p,r).
Since {dg t l t € o} = @ we can choose an infinite sequence of points

tv e &, v e N, such that

<dg t < ...

p <dg t 2

1

and

(5.17.1) lim dg tv =r.
Vo

If we denote pv := dg tv' V € IN, then from remark 5.15 we have
dg £(t ) = Mpv(f).

From (5.17.1) and the continuity of Mp(f) as a function of p we conclude that

lim dg f(tv) = 1lim Mp (f) = Mr(f).

Vo Vo A%

Hence

(5.17.2) sup dg £(t) 2 Mrkf).
dgt<r

on the other hand we have from remark 5.15

(5.17.3) sup dg f£(t) < Mr(f)'
dgt<r

Now the lemma follows from (5.17.2) and (5.17.3). 0
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5.18. LEMMA. Let r ¢ R, f ¢ Pr. Then for every t. € ® with dg t, < r the

0 o]

function g, defined by
g(t) = f(t+t0), te d dg t < r

is also an element of Pr'

PROOF. Denote f£(t) = Z:=O aitl and define a sequence of polynomials {gv}:=1

in Pr by
M i
gv(t) 1= .z ai(t+to) .
i=0

For all t € ® with dg t < r and 4 < v we have

dg(gv(t)—gu(t)) S.ufizv {dg a; + i dg(t+t0)}

IA

max (dgai+ir)
p<isv

and therefore
sup dg(g (t)-g (t)) < max (dga +ir).
dgts<r s u<isv
Hence, in view of lemma 5.17, we have
Mr(gv—g) < max (dgai+1r).
p<isv

Since f ¢ Pr,this means that {gv}:=1 is a Cauchy sequence in Pr with the
norm topology from lemma 5.4 and hence a convergent sequence with limit,

say g. In view of remark 5.5 we have for every t € ® with dg t < r

. — i -
g(t) = lim g (t) = '2 a (t+t )" = £(t+t). D
V-0 i=0

Proof of theorem 5.16. Let t € ¢, dg t

0 = r. According to lemma 5.18 the

0
function g, defined by

&
(5.16.1) g(t) = f(t+t0), ted, dgt<r,

belongs to Pr' Hence
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(5.16.2) sup dg g(t) < éup dg £(t) £ sup dg f(t).
dgt<r dgt=r dgt<r
On the other hand it follows from lemma 5.17 and (5.16.1) that
(5.16.3) sup dg g(t) = sup dg g(t) = sup dg £(t) = Mr(f).
dgt<r dgts<r dgts<r

Now the theorem follows from (5.16.2) and (5.16.3). ]

5.19. LEMMA. Let g ¢ ®[t] be given by

n
g(t) := aO + alt +...+ ant , a0 # 0, a, # 0, n > 0.

Let R1 < R2 <...< R£ be the hooking~radii of g in (-«,»). Then g has d(g,Rk)

zeros B € ® with dg B = Rk' 1 <k £ £, multiple zeros counted according to

their multiplicity. There are no other zeros of g, i.e.

i
d(g,R ) = n.
k=1 Rk

PROOF. Since ¢ is algebraically closed, g has exactly n zeros in ¢. Denote
them by 81,62,...,Bn.
In view of dg g(Bi) = -», it follows from remark 5.15 that

dg Bi € {Rl,R Re}, i=1,2,...,n.

2,...,

Hence, if uj € ]NO denotes the number of zeros B with dg B = Rj'
j=1,2,...,4, then

+ +... = n.
ul Uz + Uz . n

From
n
g(t) = a, 'n (t-8;)
i=1
we infer that
n
(5.19.1) dg g(t) =dg a_+ ) dg(t-B,).
n i=1 1

Now take a number k from the set {1,2,...,[}. Let t € & be such that



1.42

R < dg t < R .1 if k # £ and R < dg t if k = £. Then it follows from
(5.19.1) that :

L
= +... .
dg g(t) =dg a_ + (utu,+...+n )dg t + jZk+1 HyR;

Now dg g(t) = Mp(g) where p = dg t. (See (5.15.1).) Hence for k = 1,2,...,£
and p € @ such that R <p <R, ifk # £ and R <p if k = £, we have
I

(5.19.2) M (g) =dg a_ + (u,+u,+...+u )p + u.R,.

o] n 1 72 k jok+1 33

Taking p +»Rk + 0, it follows from (5.19.2) and the continuity of Mp,
that
¥4

= <k <
MRk(g) dg a + (u1+u2+...+uk)Rk + jzk+1 ujRj, 1 <k < 4.

From this it follows by subtraction that for 1 <k < £

(g) - M_ (g)
"Rty R,

By theorem 5.11

(5.19.3)

(u1+u2+---+uk)(Rk+1—Rk).

M (g) - M_ (g) =dga, +1i - (dga, +i,R ) =i ( -R )
Rr1 R E S W1 i * k Frr1 R
and so, in view of R~ R # 0, we have
(5.19.4) lk = u1 + u2 Fo.ot uk, 1 <k < 2.
For k = £ we have from (5.19.2) and theorem 5.11
dg ai[ + 1£p = dg an + (u1+u2+...+u£)p, p > RZ'
Hence

(5.19.5) iﬂ = u1 + uz +.o..t uz.

The lemma now follows immediately from (5.19.4), (5.19.5) and corollary
5.14.. 0O
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. » i
5.20 THEOREM. Let r ¢ R, £ ¢ P, £(t) = ], a,t’, a # 0. Then f has a
zero B, Be &, B # 0 withdg B =p < r if and only if p is a hooking-radius
of f.

PROOF. Suppose that p is not a hooking-radius of f. Then it follows from
(5.15.1) that dg f(t) = Mp(f) # - o for t € &, dg t = p. Hence t cannot be
a zero of f.

Suppose now that Rk is a hooking-radius of £ in (-«,r]. Let {nv}:=1 be
the increasing sequence of natural numbers such that

. n, >n_, where n._ is defined by (5.8.1),

1 0 0
an #0, v=1,2,...,

\) 0
a, =0 fork > ng, k ¢ {nv}v=1,

; s I i . ;
i.e. the a ~are the non-zero coefficients in Ei— a,t with index greater

h
v
than no. For v € N we define
n
Voo
(5.20.1) P (t) := .2 at.
i=h

In view of n1 > no, it follows from the definition 5.7 of the hooking-radii

that Pv and f have the same set of hooking-radii Rl,R2,...,3e in (~e,r].

Also the numbers i k=1,2,...,£ coincide for Pv and f. We obtain from

kl
lemma 5.19 and corollary 5.14 that Pv has just

d=d =d@E,R) =dlfR) =1 -1 ,
(v) (v) . ,
zeros 61 ,82 ,...,B;v) 1n»¢ with dg B;V) = Rk, j=1,2,...,d4 and just
ik_1 zeros B in & with dg B < Rk' (io:=h.)
From
d )
Pv(t) =a, m (t-B. ") m (t-B)



1.44

it follows that

ad .

dg an
v

dg Pv(t) .
j=1

for every t € ¢ with dg t = Rk' From theorem 5.11,
(5.19.4) or (5.19.5) we infer that

dga, -dga = dg B.
x v P (B)=0
dgB>R
Hence we have
< ™)
(5.20.2) dg P_(t) = ) dg(t-B, ') + c ,
: v . J k
j=1
where Cp is an abbreviation for dg ai

k
dent of wv.

Now we construct inductively a sequence {B }:_1

(1 (1’

We choose B, arbitrarily from the set {8

! 2) (2) .

B, from the set {8

min dg(B?z)—

dg(B,-8,) R 3

By) -

In general, when 81,82,...,6 are determined, we

v=-1

(v) (V) (v
B, € {Bl By reeaiBy } such that
(5.20.3) dg(B -8 _) = min ag(e!”-8 _), v
vovT 1<3<d 3V
Clearly
Pv(sv) =0, v=1,2,...,
dg B, =Ry, v=1,2,....

From (5.20.3) we derive that

ag(B -8 ) < — % ag8M-g )
EALTRL N R dk =1 g 3j v-1

and then from (5.20.2) with t = B

v-1

(v) :
+ ) dg(t-B;") + 4, 4R+

+ lk—l Rk; note that c

’B AL
2). . 1 2
1 rByreeiBy } in such a way that

dg 8
P, (8)=0

ng>Rk

(5.19.3) and from

te d,dg t = Rk'

1S indepen-

in the following way.

'Bél)}. Then we take

take

2,3,...
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dg(8 -8, _,) ag e (8 )

1 1
< = - =—c,.
& 3
The polynomials Pv were constructed in such a way that

n
= v = .
P(t) =P (B)+a t , v=23,...;

hence

Pv(sv—l) = Pv—l(Bv-l n_ v-1 T % Pu-t

So we come to the conclusion that

1 1
dg(B -8B, _4) < 5;-(dganv+ank) - a Cx

and since

lim dg an + ank = -»,
Vo v

because Rk < r, we see that {Bv}:=1 is a Cauchy-sequence.
Define
B := lim Bv.
V>0
Clearly dg B = Rk. Finally
dg £(B) = lim ag £(B ) = lim ag(P () + | a8} = - =,
Vo Voo i>nv

£(8) = 0. 0

5.21. COROLLARY (SCHOBE). An entire function f: ® - & which has no zeros

in ® is a non-zero constant.

PROOF. Since f has no zeros in & we have

f(t) = .z ait , a, # 0.
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From theorem 5.20 we see that f has no hooking-radii in (-«,®). Hence by

theorem 5.11(ii) we have

dgai+ip<Mp(f)=dga0, ie N, pe R.
This can only hold for all p ¢ R if

dgai="°°, iGJN‘,

which means that £(t) = ao.‘ ]

© i .
5.22. LEMMA. Let r ¢ R, £ ¢ P, £(t) = zi=h at’, a #0. Let B #0 bea

zero of £ with dg B = p < r. Then there exists a g € Pr such that

£(t) = (t-B)g(t)
and

d(f,p) = d(g,p) + 1.

PROOF. Since f ¢ Pr' dg B < r and B # 0, we can define

1 i
(5.22.1) b, := — Y a.B, i 2 h.
3j BJ+1 i3 i

Next we show that if we put

(5.22.2) gl(t) := E b.t],

then g € Pr' Indeed, for j = h, h+l,... we have from (5.22.1)
(5.22.3) dg bj + jp < ?i? (dgai+ip) -p.

Hence, as p £ r,

dg b, + jr < max (dgai+ir) -r
J i>5



and since

lim (dg a,+ir) = ==,
oo +

we conclude that g € Pr' From (5.22.1), (5.22.2) and f(B) = 0O we see that

@« . ® .
§ bttt oY gt
j=h j=h I

g(t) (£-B)

oo J h
b, ,-gb,)t? - gb t" = .
jzh+1 (b, _;-8by) Bot’ = £(t)

This proves the first assertion of the lemma.

By the Maximum Modulus Principle, theorem 5.16, we have

M (£f) = sup (dg g(t)+dg(t-B8)),
dgt=p

from which it follows immediately that
M (f) =M + p.
p( ) p(g) P
On the other hand we derive from (5.22.3) that
M <M (f) - p.
p(g) p( ) ]

Hence

(5.22.4) Mp(g) Mp(f) - P

From theorem 5.20 we observe that p = dg B is a hooking-radius of £,

say Rk' From theorem 5.11 we observe that

(5.22.5) max {i | dg a, + iR_=M_ ()} = i
i>h . Re k
and
(5.22.6) min {i | dg a, + iR =M (D)} =1 )

i>h i Rk k-1

Hence from (5.22.1) and (5.22.5) we obtain

%)
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(5.22.7)  dg by + 3R = dg( ¥ aiel> - R < MRk(f) - R, jzi

i>j

and

(5.22.8) dg bik_1 * (L -DR =M (£) - R .

x

Since f(B) = 0 we can rewrite (5.22.1) as

. |
j j+1
J BJ

I a8 3=n,
i<j

from which it follows, using (5.22.6), that

(5.22.9)  dg by + JR_< M () - R, jo<i

x

and

(5.22.10) dgb, + i, R =M (£) - R_.

k-1 R

From (5.22.7),...,(5.22.10) and corollary 5.14 we obtain

d(gle) = d(fle) ~-1. l:ll

5.23. THEOREM (SCHOBE). Let r ¢ R, £ ¢ P, £(t) = Z°i°=h aiti, a, # 0. For

p < r let d(f,p) be defined by (5.13.1). If R1 < R2 <...< RK are the hook-

ing-radii of £ in (-»,r], then f has a zero of order h in 0 and d(f,Rk)

zeros B with dg B = Rk’ k=1,2,...,4, with multiple zeros counted according
*

to their multiplicity ). These are the only zeros of £ in {t ¢ & | dgt< r}.

PROOF. In view of theorem 5.20 we only have to prove that f has d(f,Rk)

zeros in {t € & | dg t = Rk}, k=1,2,...,£. From theorem 5.20 we observe

that f has at least one zero B with dg B = Rk’ 1 £k £ £. According to lemma
. _ i

5.22 there is a g € Pr' g(t) = 2i=h bit , such that

£(t) = (t-B)g(t)

and

*)

In view of the previous lemma it is obvious what must be understood
by the order of a zero.
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d(g,R) = d(f,Rk) - 1.

If d(g,Rk)= 0, then it follows from (5.13.1) that there is only one i > h
such that

dgbi+iRk=M (g9).

"

Thus Rk is not a hooking-radius of g and therefore g has no zeros in
{t |agt-= Rk}. Hence in this case f has d(f,Rk) = 1 zero in
{teo|dgt= R}

In cése d(g,Rk) > 0 it follows from (5.13.1) that Rk is a hooking-
radius of g. Then we apply the argument above with g instead of f. Now it

is obvious how we proceed and that the process stops after d(f,Rk) steps. [

5.24. COROLLARY (Product Formula for Entire Functions). Let f: & - & be an

entire function, f(t) = Z:;h aitl, ay # 0. Let R denote the set of hooking-
radii of £ in (-»,»). (R can be empty, finite or infinite,) For R ¢ R, let
BR,I'BR,Z""'BR,d(f,R) denote the zeros of £ with valuation R. Then for

all t € ® we have

d(f,R)
(5.24.1)  £(t) = ahth nonm (1- t ).
ReR i=1 R,1i

PROOF . If £ has no zeros, the theorem is a special case, with h = 0, of
corollary 5.21. If f has a finite number of zeros, the theorem follows
easily from lemma 5.22 and corollary 5.21.

Now we suppose that f has an infinite number of hooking-radii in
(-o,®) . Let {Rk}:=1 be the increasing sequence of hooking-radii of f£. Ac-
cording to theorem 5.23 and lemma 5.22 we can define a sequence of entire

functions 9, by

n d(£,R)
nop ok (1—

g (t).
k=1 i=1 ) n

BRk,i ;

Clearly gn has no zeros in (-w,Rn] and we can write

(5.24.2) f(t) = aht

(5.24.3) g (t) =1+ ) b .t b ;e 0.
i=1

From theorem 5.20 we conclude that 9, has no hooking-radii in (—m,Rn] and

therefore, by theorem 5.11,
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i i>1.
(5.24.4) dg bni + :LRn < 0, i
Now let r €¢ R be arbitrary but fixed. From (5.24.3) we get

M (g _-1) = max (dgb__+ir) < max (dgb_.+iR ) + max i(r-R ).
ron i>1 nt i1 nt izt n
since {R ]oo 1 is an infinite, increasing sequence we infer from (5.24.4)
n° n=

that
lim Mr(gn-l) = - o,
n-oo

o
i.e. the sequence {gn}n_ in Pr is convergent to the identity function

1
1 e Pr. Hence (5.24.1) is valid for t € ® with dg t < r. But since r was

chosen arbitrarily we have proved (5.24.1) for all t ¢ . [

The following corollary is almost equivalent to theorem 2.12, but its
proof is different.

5.25. COROLLARY. The function {, given by

o . tqj
ve) = ) (-D? =, tes
. F,
j=0 3
. k k-1 , 1
has a zero of order 1 in 0 and @ - g zeros B € ¢ with dg B = k + E:T '
k € N. Moreover, if a € ¢ is any zero of {y with dg a = E%Ty then
ey =t W (1- E%) .
EeF _[x]
q
E#0

PROOF. From corollary 5.12 and definition 5.10 we have

10 =1;
] —dgF0+dgFj _ 1
R1 = min ~——§—————— =1+ E:T H
3>0 g -1
i, = max {qJ | -ag F, + qj. <_-mM W} =q;
1 . j q-1 R1
3>0

d(‘erl) =q - 1,
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and inductively for k > 1

. —dng__1+dgFj 1
Rk = min 3 k-1 =k + E:T ;
j=2k qa -q
. j j 1 k
i, = max {q:l ] - dg F. + qJ(k+ —:TQ =M_ (P} =q;
ik J E Ry
k k-1

d(wle) =q9 -q .

According to theorem 5.23 {y has exactly qk - qk_1 zeros B with

dg B =k + , ke IN.

1
g-1
Let o be a zero of Yy, then it follows from theorem 2.11a,b,c that
lb(E&) =0 for all E € JFq [x].

Now let o # O be a zero of ¥ such that dg a is minimal, i.e. dg a==a:T.
Since the number of polynomigls in I&[X] of degree less than k equals qk,
we conclude that the set of zeros of y is exactly {Ea I E eZFq[X]}. The

last assertion now follows from (5.24.1). [J

5.26. COROLLARY. The functions Jn(ne]No), defined in (4.1.1) by

. qn+k
Jn(t) = kzo (--1)k ;;L—;:7;
ntk k
have a zero of order qn in t = 0 and have qk - qk—1 different zeros B with

dg B=n + 2k + E%Ty each of order qn (k € ).

PROOF. From corollary 5.12 and definition 5.10 we have

i=q%
o~ d7
g q
_ A9(F Fp ) +Ag(F L Fy) 2

R1 = min T — =n + 2 +.7:r;

k>0 9 -9 4
. [ n+k qn. 29 \ n+k
i, = Eig q | - dg_Fn+ka -+ n+ =1 = MRl(Jn)

- max {qn+k | qn+k<_2k+ jﬁl) =M (J )} - qn+1
k>0 q- R, ''n

and inductively
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5
Rk n+2k+qu;

i = n+k
k-2 -

]

Now it follows from theorem 5.23 that Jn has a zero of order qn in t =0

+ +k-
and that Jn has qn ko qn k-1 zeros B with

dg B =n + 2k + E%T , k e IN.
Besides, it follows that Jn has no other =zeros.
From theorem 4.2(i) we see that every zero of Jn is a zero of J—n’
moreover that every zero of Jn has multiplicity at least qn.
Let B be a zero of Jn with dg.f =n+ 2 + E%Tu Then it follows from
the linearity of Jn that cB, c ¢ ]Fq is also a zero of Jn and dg(cB) = dg B.

Hence Jn has at least g-1 different zeros B with dg B =n + 2 + 2 and

n n+1 n qa-1
multiplicity =2 q . Since d(Jn'Rl) =q - g , we conclude that Jn has exact-
ly g-1 different zeros B with dg B = n + 2 + &%Tq each of multiplicity qn.

Suppose we have proved that Jn has exactly g - g different zeros
B withdg B =n + 2k + E%Ty each of multiplicity qn, k=1,2,...,k. Then
the number of different zeros B with dg B < n + 2k + E%T equals qK. Let B*
be a zero of Jn with dg B* =n + 2(k+1) + E%Tu Then for every zero B with

*
dg B < dg B it follows, from the linearity of Jn, that cB* + B(CEF;) is
a zero of Jn and dg(cB*+B) = dg B*. Hence Jn has at least (q—l)qK different

zeros B with dg B = n + 2(k+1) + —2—7 each of multiplicity = qn. Since

q-1
+ +
d(Jn,R n+x+1 n k+1

K+1) =q -q “,we conclude that I has exactly g - qK dif-

ferent zeros B with dg B = n + 2(k+1) + E%Ty each of multiplicity qn. 0

FINAL REMARK. The supremum in the Maximum Modulus Principle (theorem 5.16)
is actually attained and is therefore a maximum. To prove this we may sup-
pose that r = 0 and that

i

t .
. a;t’, a, # 0

£(t) =

Il 018

1

Let n_ denote the smallest natural number such that dg a, <dga,, i>n

0
(see 5.8.1). If we define

0 0



then

Mo(g) = Mo(f).

Now we define inductively the following sequence of elements of ¢: t

for i = 1,2,...,n0 the element ti is a solution of the equation

q

tt -t + t, = 0.
i-

1

(This is possible since ¢ is algebraically closed.) Then

dg ti =0, 0

IA
i
IA
=]

and
dg(ti—tj) =0, i#3,0<4i,j<n

The system of equations

ng .

i
Z a.t, = g(t.), j=0,1,...,n
i=o J 0
in ao,al,...,ano is solvable and

dg a, < max dg g(tj), i=20,1,...,n

OSan0 0

So according to theorem 5.16

0
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Mo(g) = max dg a, £ max dg g(tj) < sup dg g(t) = Mo(g).

OSiSnO 0<j<n dgt=0

0
*
Hence there exists a t ¢ ¢ with dg t* = 0 such that

dg g(t*) My (9) .

Since

dg(g(t™ + 7§ ait*i) = dg g(t")

i>n
0

dg £(t™)

and since Mo(f) = Mo(g), we have proved our assertion.






CHAPTER II

TRANSCENDENCE IN ¢

In the first section of this chapter we shall mention some properties
of elements of ¢ which are algebraic over Fq (X). In the second section we
shall give a survey of known results on transcendence in the field ©. For

instance, we mention analogues of the following three classical theorems:

(i) the theorem of Liouville on the approximation of algebraic numbers
by rational numbers (M. MAHLER, 1949),

(ii) the theorem on transcendence of the values of the exponential func-
tion in non-zero algebraic points (L.I. WADE, 1941),

(iii) the Gelfond-Schneider theorem (L.I. WADE, 1946).
6. PRELIMINARIES

In this section k is always a subfield of &.

6.1. DEFINITION. An element E ¢ Fq[x] is called a monic element of Fq[x]
if E is a monic polynomial over Fq.

The elements Al'AZ""'An € ]Fq [X] are called relatively prime if they
do not have a common divisor in F [X] other than units.
Notation: (Al'A2""’An) = 1.

The least common multiple of the n elements B

(1Byre--/B € ]Fq [xI\{o}
is an element B ¢ Fq[X] for which
. B .
(i) — ¢ F [x]1, i=1,2,...,n,
Bi q

(ii) dg B is minimal,
(iii) B is monic.
It follows that B is uniquely determined.

Let o € ® be algebraic over Fq (X) of degree n. From theorem 0.9 it

is obvious that there exists a unique, irreducible polynomial Q € Fq[X][t]
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of degree n with the properties:

(1) Q(a) =0,
(ii) Q is a primitive polynomial over IEIEX],

(iii) the leading coefficient of Q is monic.

6.2. DEFINITION. Let o € ® be algebraic over Eﬁ:(X) of degree n. The unique,
irreducible, primitive polynomial Q € Ea:[xj[t] of degree n with monic lead-
ing coefficient for which Q(a) = 0 is called the minimal polynomial of o
over Fq[X].

The element a is called integral algebraic over Fq(x) or an algebraic
integer of ¢ if the minimal polynomial of o over ]aI[X] has leading C?effi—
cient 1.

N.B. In the following chapters by "minimal polynomial of a" we shall always

mean the minimal polynomial of a over E}I[X].

6.3. DEFINITION. Let o € ® be algebraic. Every E € ]Fq [xI\{0}, for which

Eo is an algebraic integer, is called a denominator of a.

6.4. LEMMA. (WADE 1941). Let P ¢ Fq(x)[t] be a polynomial of degree n 2= 1
(in t). Then there exists a linear polynomial Q € IE‘q [x1[t] of degree q®(in t)
such that P divides Q.

PROOF. By the Euclidean algorithm we have

i  n-1 (1)
6.4.1)  t¥ = ] ol +r 0PV, i=0,1,....m,
j=o0 7
with Ri € Fq(x)[t], b;l) € Fq(x). Note that if m e NO is defined by
q" < n-1 < g™, then R, = 0 and

b(%)

=1, i=20,1,...,m.
qi

Furthermore Ri has degree ql -n, i=mtl,...,n.
- n-1 . . . .
If we eliminate 1,t,...,t succesively in the right hand side of

(6.4.1), we obtain

n
bt +b,ty+. . .+btd =RE)P(L),
0 1 n

where bi € Fq (X) and R € Fq(x)[t]. From the elimination process it fol-

lows that not all the bi can be zero. Let
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v := max {i | bi # 0}
1<i<n

and let C € ]E‘q [xI\{0} be such that Coyr---:Ch € IE‘q [X]. The polynomial Q,
defined by

n-v n-=v
o(t) := (Cbo)q td

-V n

n
+.o..+ (cb\))q td ’

satisfies the conditions of the lemma. [J

6.5. LEMMA. Let o € O be separable algebraic over k ¢ & and let P € k[t]

be its minimal polynomial. Then the zeros of P are all different.
PROOF. See O. ZARISKI and P. SAMUEL (1958), Ch.II,§5 def.3, cor.2. [

6.6. DEFINITION. Let a € ® be algebraic over k c ¢&. The different zeros of

the minimal polynomial of o are called the conjugated elements of o over k.

6.7. THEOREM. Let OyrlpreeesO € ® be separable algebraic over k < ®. Then

k(al,az,...,am) is a separable algebraic extension of k.

PROOF. See O. ZARISKI and P. SAMUEL (1958) Ch.II th.10 or I. ADAMSON,
th.13.7. 0O

6.8. THEOREM. Let o € ® be separable algebraic over k ¢ & of degree n and
let al = a,uz,...,an be the conjugated elements of o over k. Then there
exist exactly n distinct monomorphisms oi: k(o)== &, i = 1,...,n under

which k is invariant. These k-monomorphisms can be given by
= i =1 R
o, (@) =a., i 12, M

PROOF. See O. ZARISKI and P. SAMUEL (1958), Ch.II, th.16 or I. ADAMSON,
th.15.4. 0O

6.9. LEMMA. Let a € ® be algebraic over k ¢ & of degree n. For B € k(a)
let P ¢ k[t] denote the monic, irreducible polynomial with P(B) = 0, given
by

m-1

m
= +
P(t) := t b 1 t +.o..t blt + bo.



Then

_ n, n/m
N}{(@)_,k (B) = (1) bO .

PROOF. See O. ZARISKI and P. SAMUEL, Ch.II,§10 or P. RIBENBOIM, partII, 5A. []

6.10. LEMMA. Let o € & be separable algebraic over k ¢ & of degree n and

let 0410 0210, be the n k-monomorphisms k(a) <> &. Then for every B e k(a):

(B) =
3

I 3B

Nk(a)—>k . oj(B).

PROOF. See O. ZARISKI and P. SAMUEL, Ch.II,§10 or P. RIBENBOIM, part II, 5A.[

6.11. REMARK. Let K be a finite, separable algebraic extension of ]Fq (X) .
Then there exists a 6 € K such that K = ]F‘q (X) (8) (see O. ZARISKI and
P. SAMUEL Ch.II,th.19.) It Vfollows from lemma 6.9 that for all B € K

NK—>]E‘q x) € Fq x).

Moreover, if B is an algebraic integer of K, then

N e F_[x].
q

K>F  (X)
a
Hence, if B # 0 is an algebraic integer of K, then

0

dg (N (B)) e N~ .

K—*IE‘q (X)
In 1946 L.I. WADE proved an analogon of the classical Gelfond-Schneider
theorem. The proof of Wade's theorem starts with the construction of an
auxiliary function. This leads to the problem of solving a system of r ho-
mogeneous, linear equations in s variables (r<s) with coefficients in-'a
given separable algebraic extension of the groundfield ]Fq (X). In the clas-
sical case we know, by Siegel's lemma (see e.g. Th. SCHNEIDER (1957),
HILFSSATZ 31), that there is a solution with absolute value not too large.

In the following we shall give a proof of an analogue of Siegel's lemma.

6.12. LEMMA. Let m,n ¢ N with m < n. The system of m homogeneous, linear

equations in the n unknowns Xi' i=1,2,...,n,



n

(6.12.1) _Z AL X =0, k=1,2,...m,
i=1

where A, € ]Fq [X] and

max dg . < a (a20) ,
1<i<n Akl
1<k<m

has a non-trivial solution Cl,C ,...,Cn with

2

c, e F_[x1, i=1,...,n,
1 q
such that
am
<—_’_-
dg ci ~ n-m

PROOF. Define vy € E}1[X][t1""’tnj by
n
Yy (Eprenert ) o= .Z Ayt k=1,2,...m
i=1
For Xi € Fq[X], i=1,2,...,n, we have
(6.12.2) Yk = yk(Xl,...,Xn) € Ik{[X], k=1,2,...,m.

Let £ € N be arbitrary. The "cube" {(§,,...,E ) | £E. € &, dg £, < £}
fn 1 n i i n
contains g lattice points (xl,...,xn). (The notion of lattice point in ¢
means an n-tuple (xl,...,xn) of elements Xi eZFq[X], i=1,...,n.) For

these lattice points (Xl,...,Xn) we have

(6.12.3) dg ¥, < max dg A

X C+L2<a+ £, k=1,2,...,m.
1<i<n

ki

Hence every lattice point {(Xl""’xn) | ag X, <&, i =1,...,n} corre-
+
sponds, via (6.12.2), with one of the q(a fm lattice points of the cube
{(nll"'lnm) | n; € o, dg n, <at+ 2}.
Now let £ be the smallest number such that the number of lattice
points {(Yl""'ym) | ag Y, <a+ £} is less than the number of lattice
points {(xl,...,xn) | ag X, < L};

n-m

L = [am + 1} .
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Then according to the Box Principle of Dirichlet there are at least two

different lattice points (C;I),...,Cél)) and (Ciz),...,céz)) which cor-
respond with the same lattice point (Yl""’Ym)' Hence (Ci""'cn) with

Ci = Cil) - Ciz), i=1,2,...,n, is a solution of (6.12.1) and

(1) ), _ [am
dg Ci < max(dg Ci ,dg Ci ) < Ln—m + 1] .

Since Ci € Fq[X], we conclude
dgc, s =2, i=1,2,...n [

6.13. LEMMA. Let K be a finite, separable algebraic extension of degree h
of Fq (X) . Then there exists a basis 61,82,...,Bh of algebraic integers of

K such that every algebraic integer § € K can be written uniquely as

h .
£= ) A B, A eTF_ [x]
o 101 i q
PROOF. See for instance O. ZARISKI and P. SAMUEL (1958), Ch.v,§4,
Cor. 2. [

6.14. DEFINITION. Let a € ¢ be algebraic over Fq (X) of degree n and let

0, = 0,0,s...,0_ € ® be the roots of the minimal polynomial of a. Then we
1 2 n

define

d*(u) := max (dga ,dgaz,...,dgan;O).

1
REMARK. Let K be a finite, separable algebraic extension of Fq(X) of de-

gree h and let o, ,0 ,...,oh denote the distinctZFq(X)—monomorphisms K< 0¢.

1772
If P ¢ Ikl[X][t] is the minimal polynomial of B € K, then

P(o.(B)) =o0.(P(B)) =0
J J

and

h

m (t-o.(B))

j=1 J

is a polynomial with coefficients in Fq (X) . Hence the set of zeros of P

equals the set {01(6),02(6),...,0n(6)}. Therefore in this case we have



a"(8) = max{dg o, (8),dg 0,(8),...,dg o (8);0}.
6.15. LEMMA. If o and B are algebraic over Fq (X), then
(6.15.1)  d*(a+B) < max(d*(a),d”(8))
and
(6.15.2) a*(aB) < d"(a) + d" ().

PROOF. Let o, = a,az,...,an and 81 = 8,82,...,Bm denote the zeros of phe

1
minimal polynomials of o and B, respectively. Then the coefficients of

m (t-ai—B.)
i=1,...,n J
j=1,...,m
are elements of Fq (X). The minimal polynomial of o + B is a divisor of
this polynomial. Hence the zeros of this minimal polynomial belong to the

set {ai+8j ] i=1,...,n; j =1,...,m}. Therefore

d*(a+8) < max(dg(a,+B8.);0) < max(max(dgo, ,dgB.);0)
i3 P i, o

max (d* (a) ,a* (8)) .

I

Relation (6.15.2) is proved analogously by considering the polynomial

m (t—aiB.). a
i=1,...,n J
j=1,...,m

6.16. LEMMA. (WADE 1946) Let K be a finite, separable algebraic extension
of degree h of ]il(x). Let r,s ¢ IN, r < s. Then the system of r homogeneous,
linear equations in the s unknowns

(6.16.1) k=1,2,...,r,

I o~
Q
w
[N
Lol
]
o

i=1

where the o are algebraic integers in K and
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[V
i

max d (a '
1<i<s
1<k<r

l/\ I/\

has a non-trivial solution (El,Ez,...,Es) in algebraic integers Ei of K

with

* cs+ar .
el (Ei) < ez ! i=1,2,...,s.

Here c denotes a positive constant which depends only on the field K.

PROOF . Let B ,S ,...,B be a basis of algebraic integers of K as mentioned
in lemma 6. 13 Slnce a B yk=1,..r; i=1,...,8; j=1,...,h are al-

gebraic integers of K, we can write

(6.16.2) Q.

PV‘
M

Akl]v v

with Akijv € E;I[X]. Now consider the rh homogeneous, linear equations in

the sh unknowns Xij' 1 <i<s;1<3j<h

S
(6.16.3) ) Z
i=1 j=1

Akle Xij =0, k=1,...,r; v=1,...,h.
Since rh < sh and Akijv € I}{[X],we can now apply lemma 6.12. To this end
we need an upper bound for dg Akijv'

Let o reeea0p denote the h distinct Fq(x)—monomorphisms K= ®; then

1
for 1 <k <r, 1<ic<s,1<3j<hwe have

|

o, (0 ;85 = v£1 Bigy OBy W= Loh
Since {81,...,Bh} is a basis, we have
det(cu(Bv))u,v # 0.

Hence we can express Akijv as a linear combination of the elements

cl(akiﬁj),...,oh(akiﬂj) with coefficients which only depend on the field K.

Therefore

49 A4y G * max  dg o (a,,B.)
k,i,j,u

< c, + max d (a ) =c

+ a,
2 k,i

2
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where c,rc, are positive conétants depending only on K.
According to lemma 6.12 the system (6.16.3) has a non-trivial solution

in polynomials Cij EZFq[X], i=1,...,8; j =1,...,h such that

(cz+a)rh

(6.16.4) dg Cij < =

Now we define

h
(6.16.5) &, := yoc.. B.. i=1,...,s.

Then the Ei are algebraic integers of K, not all zero, and from (6.16.5)

and (6.16.2) we have

s h s E
Y o E. =) ) A .. C..B.
i1 ki °i v=1 i=1 j=1 kijv "ij v
. s h o _ A _
But since zi=1 2j=1 Akijv Cij =0, k=1,...,r; v = 1,...,h,
the s-tuple (gl,...,gs) is a non-trivial solution of (6.16.1). Furthermore
it follows from (6.16.5) and (6.16.4) that
* * (atc))r ar+cs
< . —_— ==
da (Ei) max (dg Cij+d (Bj)) < v ey < T

i,3

where the positive constant c depends only on K. [
7. SUMMARY OF KNOWN RESULTS ON TRANSCENDENCE IN ¢

As already mentioned in chapter I, the functions y,A: & - & and the
quantity & € ¢ were introduced by L. CARLITZ in 1935. In 1941 L.I. WADE
proved the transcendence over Fq (X) of Y(o) for every non-zero algebraic
element o € ®. From Y () = 0 it follows that & is transcendental over Fq(x)
and since A: {t € ¢ |dg t < E%T} + & is defined as the inverse of | we al-

so immediately see that A(o) is transcendental over Fq (X) for every non-

zero algebraic o € ¢ with dg o < E%T'
In the same article Wade remarked that he was not able to prove the

transcendence of

qJ

o .
z c. T c. e F , i=1,2,...,

o
o)

w
.
Q
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where an infinite number of cj is non-zero and where a is an arbitrary al-
gebraic element of &. However, the transcendence in a special case, namely
for a e:Fq[X]\{O}, follows from the following theorem which Wade proved

in the same article.

7.1. THEOREM. (WADE (1941). Let the sequence {Bk}:=0 satisfy the conditions:
(i) Bké Fq[X],k=0,1,2,...,

(ii) infinitely many of the B, are non-zero,

k
(iii) there exist a k0 e N and a sequence {ck}:_k of real numbers with
, 0
llmk»m e = such that
k-1 k-1
< - -
(7.1.1) dg Bk < k(g-1)q c 4 k > ko.
Then
7 ok
k=0 "k

is transcendental over EQ(X)'

All proofs in Wade's article follow the same line. To illustrate this

method we shall prove theorem 7.1.

B
Proof of theorem 7.1. Suppose y = Z:—O Fk-is algebraic over Fq(x) of de-
Tk

gree n. According to lemma 6.4, Yy is a zero of a linear polynomial f of

degree qn:
n ;|
ge) == ) A, tY, A e® [x], 3j=4&,...,n; 8, +#0;
jog 3 3 q £
l.e. J
n ® BE ® Dy
(7.1.2) 0= ] A | —==] =,
3= I k=0 ng i=f “i
where
qj
min(n,i) A,B; .F,
D, := z 2 :-J i
i . j :
j=£ F- .
i-3

From remark 2.2(a) we see that D, € Eé[x].

For m 2 £ a "multiplier” M e IE{[X] will be defined in such a way
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that

=
o~
"l]l’_‘.U

L "i

can be split up into two parts

m MmDi
I := '2 F
i=f i
and
s MmD1
Q := F [
i=m+1 i
such that

(i) I e Fq [x1,
(ii) every sum of Q has valuation less than zero if m is chosen large

enough.

In our case, (7.1.2), Fm will do as such a multiplier. Using (7.1.2) we

have
(7.1.3) I+ Q=0.

From I € Fq[X] we have either dg I 2 0 or I = 0. But from (7.1.1) we
can deduce that dg Q < 0 and in view of (7.1.3) we conclude that I = 0. It
now remains to prove that for m chosen sufficiently large this leads to a

contradiction. We have

m Fm
z F_,_Di=0' mZmO-l.
i=f i
This yields
Fm m-1 Fm_1
= > -
D+ '2 F Di 0, m = m, 1
m-1 i=£ “i
and hence Dm =0, m2 mo. Recalling the definition of Dm we have
3
n Bg_.
(7.1.4) I a, —2=0, mzm.
j=¢ I p2)
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We proceed by induction. From remark 2.2a it follows that

q£+1
n qj Frng-£-1
A, B ., —— € F_[x].
j=e+1 I o™ pal__ 4
m -J
0
Hence by (7.1.4)
£+1
L Fho-£-1

q
A, B e F_[x].
£ mo-ﬂ F;z q
mO—Z

Suppose that

qK+1 - gy k+L+1
. iyl mo-£-1
(7.1.5) a, a-1 g4 =0 e F_[x], «=0,1,...k-1.
4 mo+e-L L q
0 F
m +k-£
0
Then it follows from (7.1.4) with m = m0 + k that
K+l qﬂ
g‘iﬁ‘_ Bugtk—L kLt
A ! ‘——'—-‘Fq +
2 _ mo—ﬂ—l
m_+k-£
0 2
v_l k—\)+1_1 Bq v
min (k,n-£) 4 T —1/ 4 ) m0+k—l—v k—v+£+1\q
+ a, a,T a, 9 — F +
L+v L 4 m-€-1 )
v=1 F 0
m0+k—£-v
k+1_1 Fqk+1’,+1
n-£ g_q——_l_ -1 q£+v mo—ﬂ—l
+ A a B ——— =0,
vemin (k ,n-) +1 2+v L m0+k £-v FqIi+\)
m0+k—2—v

which, by the induction hypothesis, yields (7.1.5) with k = k. Since

{Bk}:=1 contains infinitely many non-zero elements, we have infinitely often

qk+1_1 2 nb+k
4 - - >
1 dg AZ + q dg Bm0+k—£ (k+1)q >0,

which for large k contradicts (7.1.1). [J

1 o Tao1
;EE:;-= k=1 —7;—-does

not follow from theorem 7.1, but using its special character and chosing the

The transcendence of the special element Z;~1

right multiplier, Wade proved its transcendence in theorem 4.1 of his ar-
ticle from 1941. By the same method he proved in 1943/44 the following

three transcendence results for certain elements of ¢.



7.2. THEOREM. For n ¢ N the element

is transcendental over JFq (X).
PROOF. See WADE (1943), §4. [

7.3. THEOREM. Let G ¢ ]E‘q[X], dg G>0and ne N, n > 1. Then

©

1

k=0 Gnk

is algebraic over Eé(x)if n = ps, s € IN and transcendental otherwise.

PROOF. See WADE (1944), th.1. [J

7.4. THEOREM. Let G ¢ JFq[x], dg G>0and n ¢ N, n > 1. Then

g

1

k=0 ck"

is transcendental over Fq (X).
PROOF. See WADE (1944), th.2. [

The theorems 7.1 and 7.3 were generalized by S.M. SPENCER jr, (1952).
His proofs are based on the principle sketched in the proof of theorem 7.1.
Spencer's generalisation of th.7.1 consists of replacing the sequence
(o] Lee]
{Fk}k=0 by a sequence {Gk}k=0 of elements of Iﬂz[x] which éatlsfy the fol-
lowing two conditions:

G
(1) Ls R [x1, k20,
Gy q
dg G
(ii) lim = o,
k
k> g

See SPENCER (1952), theorem 4.

The generalisation of theorem 7.3 reads:

7.5. THEOREM. Let the sequence {Gk}:=0 satisfy the two conditions:
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(i) Gk € ]Fq [x1, k=20
and for some k., dg G > 0,
0 ko
G,
(ii) LS e F_[x], k 2 0.
Gk q

zet {e }. N i SFi
ek k=0" e € satisfy

k
(iii) ek | ek+1, k =20,
e
(iv) s N
e
k
eo 1
Then z —— is transcendental over F_ (X).
k=0 c&k q

k
PROOF. See SPENCER (1952), th.7. Compare the case Gk = G and ek = nk with

theorem 7.3. [J

Furthermore we mention that in the same paper by Spencer the follow-

ing result is proved.

7.6. THEOREM. Let the entire function f: & -~ & be given by
= X
£(t) ) byt b eF_ (X

and bn # 0 for infinitely many n. Let Gn denote a denominator for
bo'bl""’bn of smallest valuation. Let a € ®\{0} be algebraic and dg a < O.
If there exist an increasing segquence nl,n2,... of natural numbers

and an increasing sequence k ’k2"" of positive real numbers with

1

limi_”o ki = o, such that

(1)dg by < -k, dg G_, i=1,2,...; v 20,
(7.6.1) .

[(ji) y b, o’ # 0, i=1,2,...,
v=%j4

then f£(a) is transcendental over ]ﬁq(x).
PROOF. See S.M. SPENCER (1952), th.l or section 9 of this thesis. In

Spencer's article the theorem is proved only in the case that f is defined

on F, but the proof also works in case f is defined for all t ¢ ¢. [
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N.B. Spencer does not mention the condition dg a < 0 but it is not

clear how his proof works without it.

In 1946 L.I. WADE proved an analogue of the Gelfond-Schneider theorem
using the Siegel-Schreider method. We shall formulate this theorem and
give a sketch of the proof. In 1971 and 1973 the same method was used to
obtain transcendence results for a wider class of functions. See
J.M. GEIJSEL (1971,1973) or chapter IV.

7.7. THEOREM. (WADE 1946) Let o,B ¢ ®. If o # 0, dg o < q% and B ¢ ]Fq (x),
then at least one of the three quantities «,B,y(BA(a)) is transcendental

over F_ (X).
q

PROOF. Suppose 0,8 and {(BA(a)) are algebraic over Fq (X). For some
e € ]NO the elements uqe,qu,wqe(BA(a)) generate a separable algebraic ex-

- e e e
Let T € Fq [X] be such that rad ,FBq and qu (BA(a)) are algebraic

tension K of Fq(X).
integers of K.

The proof, that the assumption on o,B8 and Y (BA(a)) leads to a con-
tradiction, consists of three steps.
Step I: construction of an auxiliary function L with many prescribed zeros.
Step II: proof with the aid of the Maximum Modulus Theorem that L has in-
finitely many distinct zeros of a certain type.

Step III: Application of the Product Formula for Entire Functions from

which the desired contradiction follows.

I. The natural numbers k, £ with £ > 3k will be chosen later. Set
m :=k + £ - 1. Define the entire function L: & -~ & by
2 2
q 2—1 q k-1 jqe i e
L(t) := x99 v a@e),
j=0  i=0 J
where the algebraic integers Xij of K will be determined in such a way
that L(A+BB) = 0 for all A,B € I}{[X] with dg A < m,dg B < m. The con-
dition
2L, 2k+m
a +q =
T L(A+8B) = O, dg A, dg B <m

+
on L implies a system of at most q2m linear equations in the q2(k £)

variables Xij with integral algebraic coefficients (apply th.2.11(a),
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th.2.13 and th.2.5). Using that

Y (A)
dga-1
dg i. = (dg A—u)qu <gq 9
u
(see remark 2.6) we find that the valuation of these coefficients and al-
so of their conjugates is less than q2£+e(m+c1), where the rational con-

stant oy > 0 does not depend on k and £. According to lemma 6.16 we can

determine the Xij in such a way that not all of them are zero and that

28+e
(7.7.1) | dg xij < (m+c2)q ,

where c, > 0 is independent of k and £.

From now on we suppose that the Xij are fixed accordingly.

II. For 4 2 m we define

B(u) := {A + BB ! A,B € Fq[X]; A and B not both zero;

dg A < u, dg B < u}.

Let B := U:=m B(u). The second step now consists of proving by induc-
tion that L vanishes on B. We have constructed L such that L(t) = 0

for t € B(m). So it is sufficient to prove that
(t € B(u) = L(t) =0) = (t e B(u+l) = L(t) = 0).

Since B ¢ Fq (X), all the A + BB are different. Hence the number of ele-
ments of B(u) is qzu—l.
Let to E*B(u+1)\B(u). If £ is chosen large enough, then

< u + d (B) < 2u. By assumption

dg to
-1
L(t) m (t-a)
aeB(u)

is an. entire function. Hence we can apply the Maximum Modulus Principle

(th.5.16) and obtain

dg L(to) ) dg(to—a) < max dg L(t) - 2u(q2u-1)-
aeB(u) dgt=2u
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From the definitions of L and y and inequality (7.7.1) it follows that

+ 2k+e+
Lre +c.q k+e 2u,

(7.7.2) max dg L(t) < (2u+m+c2)q2 3

dgt=2u
where cy > 0 is independent of k and £. Now put

n:=u-%k+1,

then n = £ and

2n+e 2k-e-2 1 4k * 2k
< -
dg L(to) <q {u(3-q + 2n+e) + c2-+c3q +d (B)gq }.
q
From the choice of tO and the definitions of L and I' it follows that
2n . 2k+u
rd e L(ty)

is an algebraic integer of K. Therefore its norm is an element of Fq[X]
with

2n . 2k+u
q +q 2n+e _ 2k-e-2 4k
(7.7.3) dg N p (X)(r L(ty)) < hq {u(4-q )+ c,q },
q
where c, > 0 and h := [K: I}I(X)]' Now first choose k such that
4—q2k_e_2 < 0. Then take £ so large that

(1) d*(B) < £ (this was required in the calculation above),
(ii) £ > 3k (as was assumed throughout the proof),
cis 2k-e-2 2k-e-2 2k-e-2 4k
(1i1) u(4-g"" ) < m-g" ) = k-1 (4-q" ) < - e .
III. Now k and £ are fixed. According to the Product Formula for Entire
Functions, corollary 5.24, we have

e =yt o oa-H @ (1- 5,

aeB(u) a beR*\B(u) b
where p € DJO, Y e @,y # 0, R* = R\{0} and R denotes the set of zeros
of L. Comparing the maximal value on {t | dg t = 2p} and the value in

t = 0 of the last product, the Maximum Modulus Principle yields

(7.7.4) max dg Tl (1- kt—)) > 0.
dgt=2u beR " \B(u)
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Further we write

m (a-t)
mooa-H -aBw
a mn a
aeB(u) aeB ()

Then it follows from (7.7.4) that

2
(7.7.5) max dg L(t) = dg vy + 2up + 2u(q2u—1)—(u+d*(8))(q u-1).
dgt=2u

For u large enough (7.7.2) and (7.7.5) are contradictory. ]

In 1949 K. MAHLER proved an analogue of the well-known theorem of
Liouville on the approximation of algebraic numbers by rational numbers
for certain function fields. His proof also works for our field &. There-

fore we have, in our notation,

7.8. THEOREM. (MAHLER) If o € ¢ is algebraic over Fq(x) of degree n 2= 2,
then there exists a ¢ € R such that for all pairs P,Q equ[X] with Q # 0

we have
P
dg(ot-—g) 2 c - n dg Q.

PROOF. See MAHLER (1949), th.1l. g

In case the characteristic of the function field is 0, Mahler's theorem
does not give the best possible result [see B.P. GILL (1930)]. Mahler gave
an example from which it follows that in case the ground field has charac-

teristic p, theorem 7.8 is sharpest.

7.9. THEOREM. Let o € & be the element

i

i=0 xp*

Q
i
| ~>1 8

then o is algebraic over Fq (X) of degree p 2 2 and there exist an infinite
sequence .of relatively prime polynomials Am,Bm eIFq[X] with B # 0 such

that

dg (a- Bm) = - p dg Bm'
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where lim dg B_. = =,
m>o m

PROOF. See MAHLER (1949), th.2. Note that o is a root of the equation

P 1_
t t+X—O.D

7.10. REMARK. In the same paper Mahler raised the question whether the re-
sult of theorem 7.8 still gives the best possible result for elements a of

the form

(7.10.1) o= ) a, X', meZ,a c¢F_,
. i i q
i=-m

which are algebraic over Fq (X) of degree at least 2 and at most p-1.-

Recently L.E. BAUM and M.M. SWEET (1976) proved the following state-
ment:

"There exists a unique element a of the form (7.10.1) with g = 2 that
satisfies the irreducible equation

n
2
e ext+1=0, n=x1.
For this o there exists an infinite sequence Am, Bm € E}I[X] such that
(Am,Bm) =1, Bm # 0, lim dg Bm = « and such that
Am n
e - "
dg (o B) 1 (27+1)dg B "
m

This contradicts an earlier assertion of J.V. ARMITAGE (1968) to the
effect that a Thue-Siegel-Roth theorem should hold for algebraic elements
in ¢ which are not contained in a cyclic extension of Fq(x) of degree pn

(nelN). Armitage's assertion was earlier showed to be false by

~ C.F. 0SGOOD (1975) .

Theorem 7.8 enables us to construct a new type of transcendental ele-
ments of ¢; this will be done in Chapter III.

Finally we mention that P. BUNDSCHUH in 1974 gave an analogue of
Mahler's classification of transcendental numbers in S-, T- and U-numbers
and that he introduces a notion of transcendence measure in ¢. (See

Séminaire Delange-Pisot-Poitou 1974/75, §3.)






CHAPTER III

ON THE TRANSCENDENCE OF CERTAIN POWER
SERIES OF ALGEBRAIC ELEMENTS OF ¢

8. LIOUVILLE NUMBERS

As already mentioned in chapter II, section 7, Mahler's analogon of the
theorem of Liouville (see th.7.8) enables one to construct transcendental

elements of &.

8.1. DEFINITION. An element n € & is called a Liouville number if for every
m e INO there exist elements A ,B ¢ ¥ _ [X], with (A ,B) =1, d B >0

m’ m q m’ m m
and Am/Bm # n such that

A
m
(8.1.1) dg (n - E;) < - mdg Bm'

8.2. THEOREM. Every Liouville number n ¢ & is transcendental over Fq(x).

PROOF. Suppose n is algebraic over E& (X) of degree n. If n = 1, then there
exist A, B € JFq [x] with (A,B) = 1 such that n = %. For all C,D € ]Fq [x]
g—# %'and dg D > dg B we have

C
(8.2.1) dg (n - 5> 2 -dg D ~dg B 2 - 2dg D.
For m > 2 the relations (8.1.1) and (8.2.1) are contradictory.

Now suppose n 2 2. According to theorem 7.8 there exists a ¢ € R such

that for all pairs P,Q ¢ ]ﬁq[x] with Q # 0

dg (n - g) >c-ndgQ>-mdgQ

for m sufficiently large. This contradicts (8.1.1). [
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8.3. EXAMPLES. (i) Let a € @ be defined by

© c.
0L=z_'jl|l
j=1 x°°

where c:.l € ]Fq , cj # 0 for infinitely many j. For m € IN we define

u:= max {j | c, # 0},
1<j<m
, U,
L N
j=1 x7°
and
u!
B := X" .
m

= = !
Then A , B € ]Fq [x1, (Am,Bm) 1, dg B =ul> 0 and
dg/a— -——Am \ < - (m+l)! < - (m+l)dg B
\ Bm / - m’

Hence o is a Liouville number.

(ii) Let a € ® be defined by

Q

W
I 138
a

j=0 " 4J

where cj € ]F‘q B cj # 0 for infinitely many j. For m € INO we define

u o= max {j | ¢, # 0},

0<j<m J

u c,
AL = F y F—L
q" j=0 q3
and

B :=F
m q-

Mo
Then A, B e F_[x], (A ,B) =1, 45 B = a"+q¥ > 0 and

A m+1

m \ m+l g
dgi o—- — < - ° < - dg B .
g( B } a q mdg B

B8
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Hence o is a Liouville numbef.
9. TRANSCENDENTAL VALUES OF GAP-SERIES

In 1972 P.L. Cijsouw proved that if a certain gap-condition for a power
series S with algebraic coefficients is fulfilled, then S assumes tran-
scendental values for non-zero algebraic arguments. For details and a proof
we refer to CIJSOUW (1972), th.1.11 or CIJSOUW & TIJDEMAN (1973). In this

section we shall give an analogue of Cijsouw's theorem for the field 9.
9.1. DEFINITION. Let P ¢ ®[t] be given by

n n-1
P(t) := ant + an—lt +...+ alt + ao.

Then the height of the polynomial P, notation H(P), is defined as the

maximum of the valuations of the coefficients of P, i.e.

If o € & is algebraic over ]ﬁq(x), then the height of o, notation h(a),

is defined as the height of the minimal polynomial of o over E}I[X]'

In the next two lemmas we shall give a lower and an upper bound for

h(a) in terms of suitable characteristics of a.

9.2. LEMMA. Let a € ® be algebraic over Fq (X), then
(9.2.1) dg a < h(a).

PROOF. Since h(a) 2 0, we restrict ourselves to the case dg o 2 0. Let

P e Fq[x][t], given by

n n-1
P(t) :=At +A ,t 4.+ At+A,

be the minimal polynomial of a. Then
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Hence, using dg a = 0, we obtain

ndgo<ndga+dg A < max (idgo+dga,)
n . i
0<i<n-1

IA

(n~1)dg o + h(a),

from which the inequality (9.2.1) follows. [

9.3. LEMMA. Let a be algebraic over Fq (X) of degree n and let M be a de-

nominator for o. Then

h(a) < n(dg M + d* (a)).

PROOF. Let Q € EEI[X][t] be the minimal polynomial for o, given by

n n-1
Q(t) :=Agt  + A ¢t +o..t At + AL
Let a1 = a,az,...,an be the conjugates of o, then
n
Q(t) = An 'ﬂ (t-a;).
i=1

Now Aj/An, j =0,1,...,n-1 are the elementary symmetric polynomials in

ul,az,...,an, disregarding the sign. Hence

A,
(9.3.1)  dg Kl-s max dg(a; o, ...a; ) €0 a*(a), 3 =0,1,...,n-1.
n  1<i <n ) j
1<vsn-j

Since Ma is an algebraic integer, there exists a polynomial

P e Fq[X][t], given by

_ n n-1
P(t) := (Mt) + Bn—i(Mt) +...+ Bl(Mt) + BO,

for which P(a) = 0. Since Q is the minimal polynomial of a, P must be a

multiple'(inin[X][t]) of Q and therefore

ca =u"
n

for some C € Fq[X], C # 0. Hence
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(9.3.2) dg An < dg An + dg C = n dg M.

Now the lemma follows from (9.3.1) and (9.3.2). 0

9.4. LEMMA. Let P ,P, ein[X][t] be polynomials of degree N ,N, in t and

height Hl'H respectively. If there exists an element w € ® such that

2
(9.4.1) max (ngl(w),ngz(w)) < - (N1H2+N2H1),

then P, and P, have a common zero.

1 2
PROOF. Let
Nl N1—1
Pl(t) 1= AN1t + ANl_lt +o..t Alt + AO, AN1 # 0,
Ny Ny-1 40
1= : +...+ B,t + B B
P2(t) : BN;c + BN2_1t 1t o N2

AN1 A1 AO 0 0
0 A, A
AN1 1 0 . N, rows
. 2
0
(9.4.2) R = 0 N 0 ANl e A1 AO .
B B B B 0 0
N2 1 0 ¢
0 BN2 Bl BO )
: N, rows
. 1
0
0 . 0 BN2 . B1 BO

Then it is well-known, see e.g. VAN DER WAERDEN §30, that det R = 0 if and
only if P1 and P2 have a common zero. The coefficients of P1 and P2 are
elements of Fq[x] and hence det R ¢ Fq[x], i.e. det R = 0 or dg(detR) = 0.
So if we show that the condition (9.4.1) implies dg(detR) < 0, the lemma

will be proved.
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th N +N2—i
First suppose dg w < 0. Multiply thei column of R by w and
add the result to the last column, i = 1,2,...,N1+N2—1. Then divide the
the result by
Pl(w) if dg Pl(m) > dg Pz(w):
P(w) :=
Pz(w) if dg Pl(m) < dg P2(m).

So we obtain
(9.4.3) R = P(w)R',

where R' is a matrix that is obtained from R by replacing the last column
by a new one in which all elements have valuation at most zero. Every term
in the expansion of det R' is the product of one element of ¢ with valua-
tion at most zero, at most N

2
most N, elements from the set {BO'BI""'BNz}' Hence from (9.4.3) and

elements from the set {A_,A reee By } and at
01 1

1
(9.4.1) we obtain

<
dg(det R) < dg P(w) + N1H2 + N2H1 < 0.
This proves the lemma in case dg w < O.

Now suppose dg w > 0. Define the polynomials P; by

N _
P;f(t) =t P, (¢ L, j=1,2.

* *

< < i
Then P1 and P2 are of degree M1 < Nl’ M2 < N2 and height Hl' H

ly. Since dg w > 0, we have

5 respective-

. * -1

dg P.(w = dg P.(w) - N, dg w < dg P.

g J( ) g J() 5 d9 g j(m)
and therefore

* =1 * =1
max (ngl(m ), ngz(w )) < - (N1H2+N2H1) < - (M1H2+M2H1).

. -1
Since dg(w ") < 0, we have the case considered previously and we conclude
*

*
that P1 and P2 have a common zero, say Y. Since AN # 0 it follows that
1
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-1
Y # 0. Now y = is a common zero of P, and P,. 0

9.5. LEMMA. Let P, and P, be a polynomials in ®[t] of height H, and H, re-

1 2 1 2
spectively. Then the product P1P2 has height H1 + H2.
PROOF. Write P, (t) = A_t" + ! s +At+a, A #0. Define n, b
2208 18 = By AN-1 et By 0" w7 O 1 PY
dg An = Hl'
1
dg An < Hl' n = 0,1,...,n1—1.
. n,+n
Define in a similar way n, for P2. Then the coefficient of t in P1P2
has degree H1 + H2. Since it is clear that in P1P2 no coefficients with a
degree greater than H1 + H2 occur, the lemma is proved. O

9.6. LEMMA. Let P equ[X][t] have degree N 2 1 and height H. Let a € & be

algebraic of degree n and héight h. Then either P(a) = 0 or
(9.6.1) dg P(a) = - (hN+nH).

PROOF. First we supppose that o is separable. Let Q denote its minimal

polynomial and let ol,c ,...,cn be the n ]iq(x)—monomorphisms ]ﬂq(x)(a)¢+ d.

2
Hence the zeros of Q are Uj(a), j=1,2,...,n. Now if (9.6.1) were not true,

we would have
max{dg P(a), dg Q(a)} = dg P(a) < - (hN+nH).

Then lemma 9.4 says that P and Q have a common zero, i.e. for some

j e {1,2,...,n}
0 = P(oj(a)) = Gj(P(a))

and hence P(a) = 0.

Now let o be non-separable. Take e ¢ N such that upe is separable.
If Q € ¢[t], we denote by Q* the polynomial obtained from Q by raising the
coefficients of Q to the power pe. Clearly, Q and Q* are of the same
degree and H* = peH, with the obvious meaning for H and H*, Now let

e
Qe ]iq[x][t] be the minimal polynomial of a. Then Q*(ozp ) = 0. Hence the
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I . e . cos *
minimal polynomial of aP~ is a divisor of Q . In view of lemma 9.5 the height

e
of of does not exceed peh.

Suppose P(a) # 0. Then we have
*
P* (aP®) # 0.
e
Applying the part of the lemma already proved on P* and a? , we find that
(9.6.2)  dg P (aP%) 2> - (p hN+np®H).
The lemma now follows from (9.6.2) and

p° dg P(a) = dg P (P%. O

Now we are ready to prove the analogue of Cijsouw's theorem mentioned

in the beginning of this section.

9.7. THEOREM. Let {ak}:_o be a sequence of non-zero algebraic elements of

®. Denote
a, := max d (a,)
0<i<k
and
dk 1= []ﬁq(g)(ao,al,...,ak): mzq(x)].
Let Mk be a denominator for ao,al,...,ak. Finally suppose that the power
series
o
n
S(t) = ) ot x,

(=]
where {nk}k_o is an increasing sequence of non-negative integers, has
radius of convergence R > - «,

Then, if

(n, +dgM +a, )
(9.7.1) 1im__k.._Mk__ak__jd£=

o,
ko Mt
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S(8) is transcendental over ]ﬂq(x) for every non-zero algebraic © € & with

dg 6 < R.

PROOF. Let 6 # 0 be algebraic, dg 6 < R and let n denote the degree of 6.

M is a denominator of 6. Put

and

rk(G) := S(8) - Sk(e), ke N .

Now S, (8) ¢ F_ (X)(oa.,0,,...,0 ,0) and therefore S (0) is algebraic over
< . . . . _
Fq(x) of degree Sy S ndk. Denote its height by hk. Since Mk M is a de

nominator for Sk(e): we obtain from lemma 9.3 and from lemma 6.15

h 4 tdgmn®) + a* (s (8)))
nd, g(Mk ) k( ))

k

A

A

+nd (0 }
nk (0)1}.

ndk{dg M+ dg M + a,

Let P e:Fq [x1[t] be an arbitrary but fixed polynomial of degree
N > 1 and height H. Let 61,62,...,Bm be the different zeros of P in & and

suppose m 2 2. Then, by the convergence of {sk(e)}:=1 , there exists a 3
such that for k > Ky

dg(s, (8)-§,,(8)) < min dg(B;-B,).

1<i,j<m
i3
Hence for k > K1
P(Sk(ﬁ)) =0 ==~-P(sk+1(9)) # 0.

Clearly, this also holds if P has one zero of multiplicity N. Consequently
there exists an infinite subsequence {kj];_1 of the sequence of natural

numbers such that

P(Sk (8)) # 0, j = 1,2,--. .
j
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Now it follows from lemma 9.6 that

dg P(S, (8)) = - (h_M+s, H)
. . k.
3 3 3

*
> - ndkj{(dngj+nkjdgM+akj+nkjd (6))N + H}.

Hence

(9.7.2) dg P(Sk'(e)) > - Cldk_(dng_+ak_+nk.)'
J J J J J

where ¢y > 0 is independent of j.
We now estimate rk(e) as follows. Choose p ¢ R with dg 6 < p < R.

Then since

dgo.

lim sup = - R,
k> k :

we have for k > Ky the inequality dg ak < - Py and hence

(9.7.3) dg r, (8) £ max. n, (dgb-p) = n (dgb-p) .
k i>k+1 ket

N N-1
P(t) = Bt" + B ,t  +...+ B/t + By

and suppose that rk(e) # 0. Then we may write
i i
N S (6)-Sk(e)

P(s(8)) - P(5,(8)) = xr, (6) .z B S8 (® -
i=1 k

From (9.7.3) it follows that for k > K2 we have

dg{P(s(8)) - P(sk(e))} < (dgb-p) + H +

Dyt

+ max dag{si™l(e) +-si‘2(e)sk(e) 4.+ 55y ).
1<i<N . k

Since for k sufficiently large

max max dg Sl—l—J(e) si(e) < (N-1) max (dgs(®),0),
1<i<N 0<j<i-1



we certainly have

(9.7.4) dg{P(s(8)) - P(Sk(e))} < k > k.,

7% Pryqr 3

where <, > 0 is independent of k. Clearly, this inequality also holds for
the case that rk(e) = 0. The inequalities (9.7.2) and (9.7.4) yield for

kj > K3
P(5(8))-P (S, (6)) (dgMy, . +ay . +ny .)
J _ J J J
99 T (5, (8)) S"“k-ﬂ[cz 1% ]'
j i J Tk +1
J
Using condition (9.7.1), we infer that there exists a Ky > K3 such that
P(S(S))—P(Skj(e))
49 s, 00 <O kg 2Ky
J
Hence for k, > «
3j 4
P(S(G))—P(Skj(e))
dg P(5(0)) = dg[P(Skj(e)){l + P(Sk ) }] = dg P(Skj(e)),

J
from which we conclude that P(S(6)) # 0. Since P is chosen arbitrarily, we

have proved the theorem. 0

9.8. REMARKS. (i) A power series 2 is called a gap series, when

® t
k=0 %k
lJ.mk nk/nk+1 = 0. Thus we infer from the previous theorem that the sum

of the gap series

is transcendental over Fq (X) for every non-zero algebraic 6 from ¢ with
dg 6 < 0.

(ii) In case R is finite, S(6) need not be transcendental for algebraic 6
= k!, o = Xk!/Xk. Then R = - 1, the

k k
conditions of theorem 9.7 are satisfied and we obtain

with dg 6 = R. For instance, take n

1

S(X ) = 1

1. (1-x)"
= )

i ~18

k=0

The following example shows that S(6) can be transcendental for an

algebraic 6 with dg 6 = R; L.I. WADE (1941) proved the transcendence of
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o k -1 « k -
Zk=1 (x9°-x)" ", whereas x2 Z:=1 (x% -x) ! can be seen as the value for
6

= x~! of the gap series

k! k!
® q
X t
s(t) = } .
k=1 q
X =X
with radius of convergence R = - 1.

(iii) If the elements ak, k € BWO belong to a fixed, separable, finite

extension of Fq (X), then the condition in theorem 9.7 can be weakened to

n, +dgM, +a.
I S i Y

k-0 nk+1
(iv) The element

(o}

e

D

1]
Il o~18
7

k=1 X

of example 8.3 is a Liouville number, which can be seen as a certain value

of the gap series
©
S(t) = § e t o,

which converges for t € & with dg t < 0. Here ak =0, dk =1, Mk =1 for
k =1,2,... and condition (9.7.1) is satisfied. Now it follows from
theorem 9.7 that S(X_l) is transcendental.

With the method used in the proof of theorem 9.7 we can generalize

theorem 7.6 to

9.9. THEOREM. Let K be a finite, separable algebraic extension of Fq (x).

Let the entire function S: & + & be given by

Let Mn denote a denominator for ao,a

8 ¢ o\{0} be algebraic.

1,...,an with minimal valuation. Let

If there exists a positive, real constant c such that

(9.9.1) d%(a) + nd*(6) <cdgM ,
n n
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(o] o
and increasing sequences {nk}k=1' n € N and {Ak}k=1’ Ao € RN > 0 with

llmk+m Ak = © such that

(i)dg an + n dgb < - Ak dg Mnk, k=1,2,...; n> n,
(9.9.2)

Gi) ¥ a 6" # 0, k=1,2,...,
n
n=nk+1

then S(6) is transcendental over IEI(X).

PROOF. Since S is entire, we have

dg an
(9.9.3) lim sup = -,
n-> n
If an # 0, we have
NK-*]F‘q (X) Mo ) e ]E‘q [(x1 \ {o}.

Put h := [K: Fq(X)] and let 01,02,...,0h denote the h Fq (X) -monomorphisms

K< ¢. Then, using (9.9.1) and lemma 6.10, we have

0 < dg (Mnan) =

. dg(op(Mnan)) <

= R=a

Nesw (%)
q 1

IA

*
h dg Mn + dg o + (h-1)d (an) < (h+c(h-1))dg Mn + dg o -

Hence by (9.9.3) there exists an n, such that

dg Mn

(9.9.4) o) #0, n>n_ =

0 n > 1.

First we remark that we may suppose that

(9.9.5) o #£0, k=1,2,....
Ny

For suppose that (9.9.5) does not hold a priori. It may occur that we can

take subsequences
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such that not only (9.9.2) but also (9.9.5) holds for these subsequences.
Then we continue after the appropriate relabelling. But such subsequences
need not exist, due to the fact that for some kO

o =0, k > k..
n, 0

Then we proceed as follows. From the sequence {nk}:=1 we skip n1,n2,...,nk

and those n for which 0
On 41 T % 42 T ttn T O, T T 0.
k-1 k-1 x k
The remaining sequence of indices we denote again by {nk};=1. Note that in
view of (9.9.2)(ii) this sequence {nk};;1 is infinite. From {Xk}zzl we take

o
the corresponding subsequence and call it {A},_, again. Now define
m = max{n | n 4 < n < Do #£ 01, k=1,2,... .

Then Mn is a denominator for o_ , in fact
k

dg M =dg M ,
M "k
in view of the minimality condition of dg Mn'
Finally
o0 0
¥ e’ = J a 6.
n=m +1 T n=n n
e k+1
Hence (9.9.2) holds for the sequence {mk};=1, whereas moreover o # 0.
After these preliminaries we now start with the actual proof. Let
6 # 0 be algebraic of degree s and let M be a denominator for 6. Put

P

s (8) = J a6t

k iZ0 i
and

rk(e) = S(6) - Sk(e), ke N".

Then Sk(e) € K(0). Denote the height of Sk(e) by h, and the degree of Sk(e)

k

by sk. According to lemma 9.3 and lemma 6.15 we have
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(9.9.6) hk < cl{nk + dg Mnk},

where ¢y is a positive, real constant, independent of k.

Let P ¢ Fq[x][t] be an arbitrary but fixed polynomial of degree N 2> 1
and height H. Let 81,82,...,Bm be the distinct zeros of P in ¢ and suppose

that m > 2. From the convergence of Z:_o ane“ it follows that for k > k1

and v € N we have

dg (s (6) - s (6)) < min dg(B,-B.).
k 1<i,j<m o
i#j

On the other hand we see from (9.9.2) (ii) that for every k € NO there

k+v

exists a v(k) € IN such that

- < dg(s (9)—Sk(9)).

k+v (k)

Hence

(9.9.7) P(Sk(e)) =0 =P(S (6)) # 0.

k+v (k)

Due to (9.9.2) (ii) this is also true in case P has but one zero, of order

N. Relation (9.9.7) yields the existence of a sequence {kj};=1 such that

(9.9.8) P(Sk (6)) # 0, j=1,2,... .

J

Now it follows from lemma 9.6 and from (9.9.6) that

dg P(Skj(e)) 2 - (hij+sij) 2 - Cz(nkj+dg M ).

where c, > 0 is independent of j.

According to (9.9.2) (i), we have

< - .
dg rk(e) Ak dg Mnk

Hence for k sufficiently large



3.16

(9.9.10) dg(P(s(8)) - P(Sk(e))) S -2

X dg Mn + H + (N-1)max(dgS(6),0)
k

< -
< c3>\ dg M_ ,

Ty

where 3 > 0 is independent of k.

In view of (9.9.8) and the inequalities (9.9.9) and (9.9.10), we have

dg My
P(5(8))-P (Sy;(6)) Ky
B(s. () =00y {(°3)‘k._C2) n - c2}'
kj J 3

dg
Using (9.9.4) and

l'im Ak. = o ,
J7e J

we see that for j sufficiently large

p(s(e))—P(sk- (6))
dg 3 <0
1>(skj (6))

Hence P(S(6)) # 0. Since P was chosen arbitrarily, we have proved the

theorem. [
10. TRANSCENDENCE MEASURES

Let o € ¢ be transcendental over ]Fq (X). Then for all non-trivial
P e ]E'q [x1[t] we have P(a) # 0. Since the collection C (N,H) of all non-
trivial P ¢ ]E'q [xJ[t] with degree at most N and height at most H is finite,

we have

min dg P(a) > - o,
PeC (N,H)

Hence there exists an f: N x 1\10 -+ R such that dg P(a) > £(N,H) for all

P e C(N,H).

10.1. DEFINITION. Let o € & be transcendental over ]E‘q (X). A function
f: W X NO + IR such that

dg P(a) 2 £(N,H)
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for all non-trivial P ¢ E}![X][t] of degree at most N and height at most H,

is called a transcendence measure of o.

In this section we shall give an upper bound for the transcendence
measures of all those transcendental o € ¢ which occur as the limit of some
sequence {aj};=1' where all the aj lie in a fixed, finite, separable alge-
braic extension of Fq(X), see theorem 10.6. Lemma 10.2 and theorem 10.3
may be considered as analogues of well known classical results, generally

called after Siegel.

10.2. LEMMA. Let

Il ~10

- aki xi, k=1,2,...,r,

i=1

with a. € Fq(x) be a system of r linear forms in the s variables
i

Xy rEyreeerX and with r < s.. Let a € Z be such that

max dg . < a.
1<i<s ki
1<k<r

Then for all ¢ € N there exist C1,C2,...,Cs € ]il[X], not all zero, such

that
dg Ci < c
and
s S
dg (121 a, .C) <a+ (1-De, k=1,2,...,r.

PROOF. Let M ¢ Fq[X] be such that Ma, , € Fq[x], k=1,2,...,r;

ki
i=1,2,...,s.

The cube Ky := {(t;,ty,...st )| ted,dgt,

q°C lattice points () XyreeerX ) with X, € F_[X], 1 = 1,2,...,s.

<¢, i=1,2,...,s} contains
If for such lattice points we denote

S
Yor= Y XX e= Z Ma, .X., k=1,2,...,r

and if m := dg M, then Y, ¢ ]E‘q [x] and

k
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dg ¥ <m+a+c, k=1,2,...,r.

k

Hence every lattice point (Xl""'xs) of K
qr(m+a+c)

0 corresponds with one of the

lattice points of the cube
K := {(tl'tZ""'tr) { ti e &, dg ti <m+a+ c}.
Now choose n € N such that

(10.2.1) c

Rin
1
-
IA
=}
A
[}
|

We shall distribute the lattice points of the cube K over qrn "cells" in

the following way. For every E € ]Fq[x] with dg E < n we consider the set

m+a+c-n

A :={t e ¢ | dg(t-EX ) <m+ a+c - n}

E

B
dg(El—Ez) < 0, i.e. E, = E,. Hence the sets AE are disjoint. Furthermore

Suppose that AEl n A . # @, then it follows by subtraction that

1 2
we note thatevery Ge ]Fq [X] with dg G < m + a + c belongs to one of these
AE' Therefore every lattice point of K belongs to just one of the qrn cells
of the form

{(trtyreeait) [ t, € A

5 ! dg E, < n, k=1,2,...,r}.
k

k

From the construction above we infer that every lattice point
(Xl'XZ""'Xs) of KO corresponds with a cell of K. It follows from (10.2.1)
that

i.e. the number of cells in K is less than the number of lattice points in

KO. Hence there are at least two different lattice points
(1) (1) (1) (2) (2 2 . . .
(X1 ,X2 ,...,Xs ), (X1 ,X2 ),...,X; )) in KO which correspond with the

same cell of K, i.e. there exist EI’EZ""'Er € IE{[X] with dg Ek < n,
k=1,...,r, such that
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(3) () (3)

: m+a+c-n
dg (¥, (X707 /X7 e X

) = X Ek) <m+a+c¢c-n,

k=1,2,...,r; j=1,2.
_ L1 (2) ., _
If we put C, = X, -Xx,"",i=1,...,s, then C, ¢ F [X], not all of them
i i i i q
are zero, dg Ci < ¢ and

s s
dg(.X akici) - m + dg(.X Makici) <

i=1 i=1

IA

a+c-n-1<a+ c(1—§). O

10.3. THEOREM. Let K be a finite, separable extension of Fq (X) of degree
n. Let

O . X., k=1,2,...,xr

I ~n
~
™
P

i=1

with aki € K be a system of r linear forms in the s variables xl,x2,...,x
and let nr < s. Let a € Z be such that

S

*
max d (a < a.
1<i<s

1<k<r

ki)

Then for every ¢ € N there exist C1,C2,...,CS eIFq[X], not all of them

zero, such that

dg Ci < c, i=1,2,...,s
and
B s
< - =
dg(iz1 0 C;) Sa+b+ (1- e,

where b is a non-negative constant which depends only on K. More explicitly,

if K = F_(X)(0), then we may take b = (n-1)h(8) + n(n-1)a* (e).

To prove this theorem we need two lemmas which are interesting in
themselves. Lemma 10.4 is an analogue of a lemma of N.I. FEL'DMAN (1951;
lemma 2, p.54), which is also proved by K. MAHLER (1960) and P. CIJSOUW
(1972; lemma 2.7). Lemma 10.5 is an analogue of a result of R. GUTING
(1961; theorem 4).
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10.4. LEMMA. Let P ¢ ®[t] be given by
N-1

N
P(t) = aNt + aN_lt + ...+ alt + ay = ay izl (t—Bi),

Bi'ai € o, ay #0, N> 1.
Then

N
(10.4.1) H(P) = dg a_ + z max (dgB, ,0) .
N i=1 i

PROOF. Let R1,R2,...,R£ be the hooking-radii of P in increasing order. Put
Ry := =@, Ry . := 4= and define m ¢ {0,1,...,£} by R < 0 < R .4+ From
theorem 5.11 we see that
M. (P) = max dg a, = dg a,
0 0<isN * ‘n

and hence that
(10.4.2) H(P) = dg ai .

m

.= < i i

Now take a t0 e & such that 0 < pO := dg t0 Rm+1. Since p0 is not a

hooking-radius, we have

(10.4.3) dg P(to) = Mpo(P)-

Again from theorem 5.11 we see that

.4. = + i .

(10.4.4) Mp (P) dg ai 1mp0
0 m

On the other hand it is clear that

N
+ ‘z max(dgsi,O) + vpo,

(10.4.5) dg P(to) =dg a
i=1

N

where v denotes the number of zeros of P with non-positive valuation. But

from lemma 5.19 and corollary 5.14 we have v = im. Combining (10.4.2),
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(10.4.3), (10.4.4) and (10.4.5) gives the desired
N
H(P) = dg ag + ¥ max(dgB ,0). O

i=1

10.5. LEMMA. Let Q eIFq[X][t] be separable of degree N 2 1 and height H.
Let 61,82,...,BN denote the zeros of Q. Let N be an arbitrary non-empty

subset of

A:={(i,j) |1<is<sN 1<3j<N, i<j}.
Then
(10.5.1) % dg(;-8,) = - (N-1)H.

PROOF. Put

N
Q(t) =a T (t—Bi).
i=1

Then the discriminant of Q, defined by

A2N—2

_ _ 2
D := m (Bi BJ) 4

1<i<j<N

is an element of EkI[X]' see Corollary 0.6. Since Q is separable, the zeros

of Q are distinct and thus D # 0. Therefore
dg D = (2N-2)dg A + 2 ¥ dg(B.-B.) = O.
1<i<j<N 1]
Hence
)y dg(B,-B,) = - (N-1)dg A - ) dg(B,-B.)-
N o AW o

We may suppose that 81,82,...,BN are arranged in such a way that

dg 61 < dg 62 <...£ dg BN. Then



3.22

¥ dg(B.-B.) < J dg B. < ) max(0,dgB.)
(i,3)ea\N P d,eaW N PYAV J
N
< ) (j-1) max(0,dgB.)
21 3
J
N
< (N-1) ) max(0,dgB.) .
L J
j=1
Thus
N
) dg(B,-B.) = - (N-1)(dgA+ )} max(0,dgB.)),
oot 3=1 ’

which, by lemma 10.4, yields
Z dg(B.-B.) = - (N-1)H. [
N ]

Proof of theorem 10.3. Since K is a finite, separable extension of Fq(x),

there exists a primitive element B € K, i.e. K = I}I(X)(B)' (See O. ZARISKI
and P. SAMUEL (1958), Ch.II, §9 th.19.) We have

n-1 .
- j - .4 =
(10.3.1) o, = jZO 355 BT Ay € F, (X), k=1,2,...,r; i=1,2,...,s.

1
ke {1,2,...,r} and i € {1,2,...,s} we solve the system of equations

Let o ,02,...,0n denote the n Fq(x)—monomorphisms K> ¢. For every

n-1 .
= J =
ov(uki) = .z akij cv(B ), v=1,2,...,n
j=0
. . . J .
in akij' j =0,1,...,n-1. Since det(cv(S ))v,j¢ 0, we obtain from Cramer's
rule

]
dg a, .. < max dg o (a .) + (n-1) max dg o (B”)
k13 1<vsn voki 1<vsn v
0<j<n-1

a ]
dg det(cV(B ))V'j

sa+ @-n%"®) ~dag T (0 B0 (8).
1<v<p<n H
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Since the roots OV(B), v = 1;...,n of the minimal polynomial of B are dis-

tinct, we have according to lemma 10.5

N ag(o, (B)-0, (8)) = - (n-1)h(B).

1<v<u<n

If we define

by = (n-1)h () +(n-1)2a* (8) ,

then

< + .
dg a4 S @t by

Now we consider the following rn linear forms in the s variables

Xy 1Ko peoerX :
17727 s

Il o~

. akij xi, k=1,2,...,r; j=0,1,...,n-1.

i
It follows from lemma 10.2 that there exist Cl,...,CS in Iﬂl[x], not all

of them zero, such that
<
dg Ci c
and

S
(10.3.2) dg( ) akijci> <a+by+ (1- %)c.
\i=1

From (10.3.1) and (10.3.2) we obtain

]
dg<_21 “kici> Sa+by+ (1- e+ (a-1)a"(8). O
l=

10.6. THEOREM. Let a € ¢ be transcendental over I}I(X). Suppose that

o = 1imj+w aj, where all the aj are contained in a fixed, finite, separable

algebraic extension K of Fq (X). Then a transcendence measure for o cannot

be better than - cONH + clN, where cO

which depend only on a.

/¢, are suitable positive constants

1
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PROOF. We may suppose that H 2 1. Choose 6 € K such that K = I}I(X)(e) and

put n := [K: F_(X)]. Since o = lim, o.,there exists an a. such that
q Je 3] J

(10.6.1) dg aj = dg a

and
(10.6.2) dg(a—aj) < - NH - H.
We consider the linear form

N
+ + ...+
xo ujx1 Ol.jxN

in the N + 1 variables xo,xl,...,xN. If N 2 n we can apply theorem 10.3
and it follows that there exist CO'cl""'CN eZFq[X], not all zero, such

that

dg Ci < H

and such that

N+1

N
(10.6.3) dg(Co+ajC +...+ajCN) <N max(dgaj,O) + b + (1- —E—OH,

1

where b is a non-negative constant depending only on K, i.e. on a. From

(10.6.1) and (10.6.2) we infer that

N N
dg{(u—aj)c1 +o.0+ (0 —aj)CN} <

VIRY
o -0,
< dg(a-a.) + max {dg — J 4 dg c }
1<vsSN o479 v

< - NH + (N-1) max(dga,0).
Hence, using (10.6.3), we obtain
N+1

N b
(10.6.4) dg(C0+aC1+...+a cN) < - (—E—-—l)H + N{max(dga,0) + ﬁ}'

which proves our assertion. ad
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10.7. REMARK. All explicitly given elements of ¢ which are up till now known
to be transcendental, satisfy the condition of theorem 10.6. In section 9

we already mentioned that the element

o

w = L

k=1 x3*_x
is transcendental over Fq (X). (See L.I. WADE (1941), theorem 4.1.) We see
that w € F and from theorem 10.6 we infer that a transcendence measure for
w cannot be better than -NH. In 1974 P.BUNDSCHUH proved that there exist
positive constants cl,cz, depending only on g, such that

dg P(w) = - c1q3N - c2Nq2NH

for every non-trivial P ¢ EkI[X][t] of degree at most N and height at most
H. (See Séminaire Delange-Pisot-Poitou 1974/75, §3 th.2.) Recently

00 -s
P. BUNDSCHUH has also given transcendence measures for y(1) and Xk=0 Lk , s € IN.

11. A TRANSCENDENCE MEASURE FOR CERTAIN LIOUVILLE NUMBERS

It follows from example 8.3.1 as well as from theorem9.7 that

[
-k! * 0
c. + z c, X ’ c. e F , ke N ,
0 k=1 k k q
is transcendental over Fq (X). In the following theorem we derive a trans-

cendence measure for these Liouville numbers.

11.1. THEOREM. Let

(11.1.1) o :=cy + Y oe x T, c

* 0
e F , ke XN .
1 K q

k

Then for every polynomial Q e I}l[X][t] of degree N z 1 and height H one
has

(11.1.2)  dg Q(a) > - 51{N" ‘4+nm log22u}.

PROOF. (i) First we suppose that Q is irreducible. Put
k _it
o = ¢y + ‘z c; X .
i=1
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Then oy is algebraic over I}I(X) of degree 1 and height h(ak) = k!. Accord-

ing to lemma 9.6 we have either Q(ak) =0 or
(11.1.3) dg Q(uk) > - (H+Nk!).

Since all ¢, in (11.1.1) are non-zero, we have

k
dg(a-uk) = —(k+1)!
and
dg o = dg ak = 0.
Hence
i i
. (¢} —Otk\
(11.1.4) dg(Q(a)—Q(ak)) < dg(a—ak) + H + max dg\a—u } < - (k+1)! + H.
1<isN k

Now we define
(11.1.5)  « := min{k ¢ N | k! > max((N~-1)!,2H)}.

Then for all k = k such that Q(ak) # 0 it follows from (11.1.3), (11.1.4)

and the triangle-inequality in its sharpened form that

(11.1.6) dg Q(a) dg Q(ak) > - (H+Nk').

Suppose that Q(ak) = 0. Since Q is irreducible and since uk is algebraic

of degree 1, this is only possible if N = 1. Put Q(t) = A, t + A

1 0’ then it

follows that

w) =a ~(k+1) !

Qloy q) = By loy 470y 1 k1 X '

k+1
) # 0.

i.e. Q(ak+1

Hence at least one of the numbers Q(aK) and Q(aK+1) is different from

ze¥o and so, in view of (11.1.6), we have

(11.1.7) dg Qo) = - (H+N(k+1)!).
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Now we give an upper bound for (k+1)! in terms of N and H. First we

suppose that
(11.1.8) (N-1)! > 2H.

Then Kk = N if N 2 2 and k = 2 if N = 1. Hence (11.1.7) and (11.1.8) give

(11.1.9) dg Q(a) = - (iﬁglli.+ N max((N+1)!,6)

> - oL,

~

Secondly, if
(11.1.10) (N-1)! < 2H,
we have k = 3. Hence
(k1) ! < 25(k-1)! log> (k=1)!.
It follows from (11.1.5) and (11.1.10) that
(k-1)! < 2H.
Now (11.1.7) yields
(11.1.11) dg Q(a) > - (H+50NH log>2H) > - 5INH log? 2H.

Finally (11.1.2) follows from (11.1.9) and (11.1.11).
(ii) Now let Q be a reducible polynomial of degree N 2 1 and height H and
let

_ Mg W U
Q=9"9,...0

m

be a decomposition of Q in irreducible factors Q1'Qz""' Qm € EkI[X][t]'
Denote the degree and the height of Qi by Ni and Hi respectively,
i=1,2,...,m. Remark that Ni 21, 1i=1,2,...,m and that

(11.1.12) N = ulN + u2N2 +...+ U N .

1 m m
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By lemma 9.5 we have

(11.1.13) H = u1H1 + u2H2 +o..t umHm.

From part (i) of the proof we have

N,-1
dg Qi(a) > - 51{Nil + NiHi log22Hi}, i=1,2,...,m;

hence
_ m Ni—l 5
(11.1.14) dg Q(a) = - 51 .Z u Ny + N;H, log”2H,}
i=1
m uiNi—l m 9
> - -
> - 51 '2 (u,N) 51N .z uH, log” 2H,.
=1 i=1
Since
(n+m)n+m—1 > nn_1 + mm_l, n,me N
and since
2 2 2 0
(n+m)log 2(n+m) 2 n log 2n + m log 2m, nme N ,

relations (11.1.12), (11.1.13) and (11.1.14) give

1 + NH log2 28}. 0O

dg Q(a) = - 51{N
11.2. THEOREM. The function f£: W Xx 1\10 -+ IR given by

£,H) = -51{N" ! + NH log? 2}

is a transcendence measure for the element

PROOF. Obvious from the previous theorem. [



CHAPTER IV

ON THE TRANSCENDENCE OF CERTAIN
VALUES TAKEN BY E°-FUNCTIONS

12. A GENERALISATION OF WADE'S ANALOGUE OF THE GELFOND-SCHNEIDER THEOREM

12.1. DEFINITION. A linear function f: ¢ - &, given by

is called an Eo—function ifv

(i) there exists a finite, separable extension K of Fq(x) such that
a € K, k=0,1,2,..., _
(ii) there exists a ¢ ¢ R, ¢ > 0, such that

d*(ak) <cqd, k=0,1,2,... .

The above definition of an Eo—function differs from the classical E-
function, which, in addition, contains a condition on the denominators of

the coefficients o - (See for instance Th. SCHNEIDER (1957), p.112.)

;2.2 REMARKS .

(i) An Eo—function is an entire function.

(ii) The functions ¥ and Jn, n e Z, are Eo-functions.

(iii) Linear polynomials with separable algebraic coefficients are Eo—func-
tions. (See theorem 3.5.)

(iv) If £ and g are Eo—functions, then

r
£+9, 8 E@21), £ (r21)
are Eo—functions.
(v) If P is a linear polynomial with separable algebraic coefficients in

$® and £ is an Eo-function, then Peof is an Eo-function.



In the proof of theorem 7.7 we have given an exposition of Siegel's

method in the field ¢. We shall now use this method to prove the following

12.3. THEOREM. Let fl""’fn be Eo—functions, not all polynomials and none

of them identically zero. Suppose that for 1 £ v <n and r ¢ N we have
(12.3.1) Arfv(t) = er(fl(t),f2(t),...,fn(t))
where er(tl’tZ""'tn) is of the form

re-sst )

(12.3.2) er(tl't2 n

. . A . .
05q31+...+an5qr AEERRRE

with

A . . e F_[x]
vrjl---ln q
and for some cO €e R, co > 0,
r
12.3.3 max dg A | . < c .
( ) 3 3 Jn_ r Vrjl...] 0q
05q”?l4q 2+.. .+q "<q n

Then, if a,B € &, o # 0 and B ¢ Fq(X), at least one of the 2n+l1 elements
B, fl(a),fz(a),...,fn(a), fl(aB), fz(uB),...,fn(aB) is transcendental over
F_ (X).

q

This theorem is an analogue of a classical transcendence result on

algebraically independent meromorphic functions f 'f2""’fn of bounded

1
order, whose derivatives can be expressed as a polynomial in f1,f2,...,fn
with coefficients in a fixed algebraic number field. From this classical
result follow the theorems of Hermite-Lindemann and Gelfond-Schneider. (See
for instance S. LANG (1966), p.21 or Th. SCHNEIDER (1957), p.49).

Before giving the proof of theorem 12.3 we list some special cases as

corollaries.

12.4. COROLLARY. The analogue of the theorem of Gelfond-Schneider
(theorem 7,7).

PROOF. Take n = 1, £ =V, Be Q\]iq(x)' o¥ e ®\{0} with dg o < q? and

*
a = A(a ). From (3.8.2) we see that



r
= (=14
er(t) = (-1)"t* , reN.

Then it follows from the above theorem that at least one of the elements

a*, B, w(BA(a*)) is transcendental over Fq (x). O

12.5. COROLLARY. Let £ ¢ & be defined by (2.10.1). If B is algebraic over
Fq(x) of degree = 2, then Y (BE) is transcendental over Fq (X).

PROOF. Let f1 = ¢y, a = . Then, since B ¢ Fq(x), it follows from theorem
12.3 that at least one of the elements B, Y(BE), Y(§) is transcendental

over Fq (X). From theorem 2.12 it follows that Y(§) = 0. Hence, since B is
algebraic over Iﬁ‘x), we conclude that y(Bf) is transcendental over
F (x). 0O

q

If B € Fq(X) the opposite of the above assertion is true, as shown by

the following
12.6. LEMMA. If B € Fq (X), then Y (BE) is algebraic over Fq (X) .

PROOF. For B ¢ E}I[X] the assertion above is obvious from theorem 2.12.
Now put B = % , A,B eIFq[X], B # 0. Then it follows from the theorems 2.12

and 2.13 that

dgB . V. (B) ]
0= (s %) - i n? — (’—‘a),
Vo g0 3

i.e. w(gE) is algebraic over Iﬁl(x). 00

12.7. COROLLARY. (GEIJSEL, 1971). Let a € ‘P\{O}, B e @\]Fq (X) and n € Z .
Then at least one of the five elements B,Jn(a), »Jn(aB),AJn(a), AT (aB) is

transcendental over Fq (X).

PROOF. First we suppose that n = 0. Apply theorem 12.3 with f, = Jn and

1

f2 = AJn. According to theorem 4.4, the conditions (12.3.1), (12.3.2) and

(12.3.3) are satisfied for Arf1 for all r ¢ N. From lemma 3.12 and theorem

4.2(ii) we see that

r
= a q q _ q
Arf2 Ar Jn—l (ArJn~1) + X X)(Ar—lJn-l)

r+1 r

r r
_ g 9 9 qa_
=Jtr t (x X)Jn-r Ar+1 In t x X)ArJn'
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It follows again from theorem 4.4 that the three conditions from theorem
12.3 are also satisfied for Arf2' This proves the corollary for n 2 0.
Now let n < 0. Suppose B, Jn(a), Jn(aB), AJn(u), AJn(aB) are alge-
braic over F_(X). Then it follows from theorem 4.2(i) that the elements
B, J_n(a), in(as), AJ_n(a), AJ_n(aB) are all algebraic, which we have

just shown not to be true. [

Proof of theorem 12.3. Put

(12.3.4) £ (t) = ) oo, =—, 1 <v<n.

Suppose B, fl(a),...,fn(a),fl(aB),...,fn(aB) are algebraic over ]aI(X)'

Then, for some e ¢ N,
qe qe qe qe qe
B 'f1 (a),---,fn (ot),f1 (aB),-.-,fn (aB)

are separable over Fq(x). Let K beafinite, separable algebraic extension

of Fq(x) of degree h which contains all these elements and the ok’

v=1,...,n; k=0,1,2,... . Let T ein[X] be such that
qe e e
rg? ,red (u),ng (@B), Vv=1,...,n
are algebraic integers of K. The natural numbers k,\A with
A > 3k

will be chosen later. Put

m:=«k+ A -1
and put
n qzx—l qu—i e e
- ja Aa
L(t) := ) 7§ ) Xig €0 £, (at),

v=1 j=0 i=0
where the xijv will be determined non-trivially and in such a way that
L(A+BB) = 0 for all A,B € Iﬂl[xj with dg A < m, dg B < m. Moreover the
Xi'v will be algebraic integers in K such that d*(xijv) is not too large

with respect to A and k. We have
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2\ 2k
n qg -1qg -1 0® igC
(12.3.5) L(A+BB) = ) ) ) L (a+8B) 79 qu (0A+aBB) .
v=1 j=0  i=0 J

By the linearity of the fv we have

fv(aA+uBB) = fv(aA) + fv(aBB).

The expansion formula (3.10.1) gives

dgA ¥ (R)
fv(aA) = z
u=0 u

Aufv(a)

and hence, by condition (12.3.1),

qe
fv (ah) =

e .
dgA )\ ¢ e e+j e+j
SR )) ) 2T T .
H Lo 0<q 1+...+q Squ

e
From this formula we see that fg (0A) lies in K, i.e. is separable. In fact

e e
it is a polynomial in f? (a),...,f: (o) of total degree not exceeding

e+dgA mt+e
q <q .

By theorem 2.5 we have
0:
wu )

F
u

€ ]Fq [x]

e e e
and hence fg (0d) € ]Fq [X][f? (a),...,fz (a) J.From condition (12.3.3) and

from remark 2.6 it follows that

e e e
dga dga dgA
dg f3 (0d) < qe{(dgA)q g +-c0q g }+c;g max(dgf? (a),...,dgfg (a)) .

Now apply the h:Fq(x)—monomorphisms of K. Then we see that
* _q° m+e m *, q°
(12.3.6)  a (£% (aa) = ™ Cmtc) + q© max A (£% (@)), v =1,2,...,n.
v 0 v
1<v<n
Similarly we have
* q° mte m * q°
(12.3.7)  a*(£2 (a8B)) < " (mtc) + q° max a (£2 (aB)), v = 1,2,...,n.
v ° 1<v<n v

We observe that the coefficients of the Xijv in (12.3.5) are polynomials in
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e : 2)
Bq of degree not exceeding g
and in
e e qe e
f? (a),...,fz (a), f1 (aB),...,fg (aB) of total degree not

exceeding qmt2K

with coefficients in Fq[x]. Hence, since

(12.3.8) 2+ KM ¢ gAML

’

the condition

2)+1
(12.3.9) r4 L(a+gB) =0, ABc F _[x], dgA<m dgB <m

. 2m . .
implies a system of g homogeneous, linear equations, say

2m
'Z‘ Dy vk Xigy = O k=1,2,...,9,
1,J,V
. 2242k s . . L s
in nqg unknowns X,. with integral algebraic coefficients D,, . .
ijv ijvk

From (12.3.5), (12.3.6) and (12.3.7) we infer that

* 2A+1 2\ e *
4 (Dijvk) <gq dg T + (@ -1)q (m+d (B)) +

+ (@ -1 g™ Imre g+ max {a* (£ (@) ,a" (£ (aB))}].

1<v<n

Using (12.3.8), this yields

* 2\ +e
d (Dijvk) < q (2m+cl),

where cy is a positive constant independent of k and A. According to

lemma 6.16 with r = @2, s = ng>“"?* ana

2\+
=q e(2m+c1).

there exist algebraic integers Xijv in K, not all zero, such that condi-

tion (12.3.9) is satisfied and such that

* . 2\ +e
(12.3.10) 4 (Xijv) <dq (m+c2),



where c2 > 0 is independent of A and k.
From now on we suppose that the Xijv are fixed accordingly.

For u 2 m we define

B(u) := {A + 8B | A,B € Fq[X]; A and B not both zero;

dg A < u, dg B < u}.

Let B = U:_m B(u). The second step of the proof now consists of proving
that L vanishes on B. We have constructed L such that L(t) = 0 for

t € B(m). So it is sufficient to prove that for every u = m
(teB(n) = L(t) = 0) = (teB(p+l) = L(t) = 0).

Since B ¢ IAKX),the number of elements of B(u) is q2u-1.
Let t0 € B(u+1)\B(u). If A is chosen large enough, then

dg t, < u+ a*(g) < 2u.

By the induction hypothesis and by lemma 5.22

L(t) 1 (t—a)_l

aeB(u)
is an entire function. Hence we can apply the Maximum Modulus Principle

(th.5.16) and we obtain

dg L(to) - dg(to-a) < sup dg L(t) - 2u(q2u—1)_
aeB(n) dgt=2u

Therefore

(12.3.11) dg L(ty) € suwp dg L(E) - (u-a"(8)) (@*"-1).
dgt=2u

From the definitionof L. and inequality (12.3.10) we see that

sup dg L(t) < q2x+e(m+c2) + 2uq2x+e +

dgt=2u
+ q2K+e max sup dg fv(at).
1<v<n dgt=2u

From (12.3.4) and definition 12.1 we have



sup dg f (ot) < max (dgav +2uqk+qkdga—qu)

dgt=2u k=0 k
< max qk(c(v)+2u+dga-k) < cév) qzu,
k20
where c(v) and cév) are positive constants independent of k and A. Hence
+2k+
(12.3.12)  sup dg L(t) < (2utmic)qote + o g?ht2cte |
2 3

dgt=2u

where ey = max c(v).
1<v<n
Now put
n:=u -« + 1.

Thenn 2 A and it follows from (12.3.11) and (12.3.12) that

2n+ 2k-e-2 4 * 2
(12.3.13) dg L(ty) <q e ru(a-g“*7%7%) + c, + cya 4+ at g,
From the choice of tO and the definitions of L and T it follows that
2n+1
g9
T L(to)

is an algebraic integer of K and therefore its norm is an element of Fq [x1].

Since Kisa finite, separable extension of Fq (X) of dégree h, we have by

lemma 6.10
h
NK+I, (X) (L(to)) =T op(L(to)).
q p=1
where 01,...,0h are the h:Fq(X)—monomorphisms K< ¢, Furthermore
e k.
n g2t q§K—1 < E e op(tg i
o (L(t)) = ) } o(X..)cr(t)( o (o )—-—-—————).
P 0 v=1 j=0  i=0 p "ijv’ Tp 0 k=0 P vk FEe

Analogously to the derivation of (12.3.13) we derive

2k-e-2 4

2n+
" (4-q ) + ¢, t+cuq K-+d76)q2K].

dg o (L(ty)) < q



Hence
2n+1
q 2n+e _ 2x-e-2 4k
(12.3.14) dg N (X) (r L(ty)) shgq {u(4-q ) + ¢, I
q
where c, > 0 is independent of k and A. If k is chosen such that
4 - q2|<—e--2 <0

and then A is chosen such that d*(B)

2k-e~-2

m(4-q 4k

) + c4q <0,

it follows from (12.3.14) that L(to)

vanishes on B(u+1).

Now k and A are fixed such that
Product Formula for Entire Functions

fixed 4 (¢ 2 m)

L) =yt M (1-5

aeB(p)

beR \B (1)

< m and such that

= 0. Hence we have proved that L

L vanishes on B. According to the

(Corollary 5.24), we have for every

t
il (1-5)1

where p € IGO, Y € Q*, R* = R\{0} and where R denotes the set of zeros of

L. We now apply the Maximum Modulus Principle on

(1-5.

i b

beR*\B (u)

Comparing the maximal value on {t € ¢ [ dg t

2u} and the value in t

the Maximum Modulus Principle (theorem 5.16) yields

(12.3.15)  sup dg T (1-5) = 0.
dgt=2u beR*\B (1)
Further we write
m (a-t)
mooa-h -aBw
aeB(u) a n a
aeB(u)

Then it follows from (12.3.15) that

0,



4.10
(12.3.16) sup dg L(t) > dg y + 2up + 2u(qg>"-1) +
dgt=2u

- u+a* (8)) (@2-1).

For u large enough (12.3.12) and (12.3.16) are contradictory. [
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